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Getting Started ' . 4

't is difficult to convey to_peopleithe_nature of the ¢tourse -and how

the mathemytics actually relates to classroom teaching. One of the most . .

~effective ways is to invite all teachers-who.mlght:possfbly be interested to

.

. View one of the films and. inspect sample cgirse material. ¥ - IR

TeachéFs should have a taste of the mathematlcs, and a taste of the
.i' : . .
' (" . L} AEY

matetials of the course, before being asked to decide whether'to take an
institute. ShaEng an excerpt from one qf the films is one possibility.
You may wah{htp have teachers do oife or two pages of problems'from a written

’

lesson. that relates to the.fflm they saw. The Arithmetic Project will be:
happy to ‘recommend a film and written"materlals'that might be suitable for
- your group's introductlon'to.the course. _Conrse materialslwhlch mlght'be;

distributed as samples lnclude Maneuvers oh Lattlces, ”Answers to Common
T

d&Estions About ‘the Course,” and posslbly the first written lesson.

I'f you wish, the initial meetin! may be considered the flrst sessnon
of the course. (Show the first course fllm ) Teachers can try the Instltute

. .
.h for a few weeks before declding Flnally whether tq take It, They should do

. the wrlttqn Jessons as Iong as they are consldering ‘taking the course,

(”Audfting” without doing the lessons never works, in'a few weeks a person'
who Is not wolhlng the Iessons can no longer follow the dlscussions and al* -

most lnevltably drops out. Besides —much of the fun, as well as the sub-’J

-
-

(N g

stqnee; ls {nfthe wrltte\>ie$sons )
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- (Notes on Using the Course) = S
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Reieased~time or salary increment qredlts-»whatever is avaiiabie to o

you' for in-serwice courses—-wiii ensure that teachers know that the course;

' .. [} - . .

will make substantial demands on them, Schooi systems have given two to

[}
[] - ]

four inTservoce credits to«teachers who have taken thé éourse. ‘ 55\;_.

’

-

.Tthg‘s'vou Will Need

P

' v

For your |nitial meeting, and for g|ving.the course, you will need an'

v’

attractlve qulet room wnth good acoustiés, and a |6mm projector in good !
/ .

condition with a separate loudspeaker. ‘ ’_’f

)

S w ’y
o . Y a

) .

The room should be ampiy equipped W|th blackboards, SO that d|scu55|on

»

ieaders have space to write problems ‘and solutlons, and 50 that partlclpants

’

'can write their problem sequences B | !

\‘. . Y

AR - -\ ﬁ E : B

. For ease.in viewing films it should be possible to darken the reom‘

L4

.

)
v

almost totally. - _ S Vo

.
. - . )

.

. . v
- A -

ErQJEction equipment should be_offgood quality, with a sound system of

adequate “power: for your room, The loudspeaker should be near the ‘screen. -

_ .o\ .
¢ .

A quiet Foom is important for‘comfortable discussions as. weii as for

film-pro;ection. Avoud rooms with noisy aic conditioners or biowers. .

“ .-

Carpeting makes a"good acoustical treatment, Tables or desks are useful for

. -

. @
notebooks, coffee cups! and -other paraphernalia, but théy are not essential.

. L]
» .
'
.

Finding Personnel to‘Conduct an Institute T 4

The course is designed to be conducted by elementary teaching per-

: : : o ’ ’ o
-sonnel *‘who have a’betj'f-than~average background‘in.mathematics and who a¥e

A

‘ »~ ) . . -” - .
intetested in helping others improve their mathematics teaching.

-

*
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" the institute.)

,teachers'_classro?m preriences.

"¢ - (Notes ‘on Usirig the Course)"

. . r
Ca R R . . . TR L. .
! ) N Co s R oot

\

-

Whoever you choose to conduct the institute shouid activeiy share with

participating teachers the process of iearningi-and iearning to teachd-the

,materials _ I j | o - '

/ o« -
T. 4 . . ©
C, 2

Thus, each discussion leader and corrector should have a,ciass,of-i

_students with whom to try out” the new materials In the classroom.

. -

‘\
o .
. )
* .

To find interestdd teachers who might serve as‘ieaders,ihefore or
during your |n|t|al meeting ask people to contact you |f they might iike to\ -

heip give the |nst|tute (Your request will generate addltlonai.interestvln

- r .
) . ' _ S ST

S D

’ ‘ .
. . i
. ) .

Participants in earlier institutes are ideal as leaders of an institute
. U

HowaNer, prevuous experlence with PrOJect ideas is not essential, nop IS any

A

"'modern'' math ‘course a.prerequnsute (Most of the course is abput new- things

to do with ''old math," and the course materlais _provide ample guidance for {f'

¢
-

anyone wnlilng to study them.) - TN “n ' . ,

Planning the Institute Sessions.

. w

Each meeting.of the course shouid,iast*for.i 1/2 to.2 hours to give

. . » i X l‘ A s - .
time for viewing the:'film, discussing it, and discussing the™written work anj.-.

L]

- Different orders of events are possible. o S
- ) . , » . . . . . - "
¥ . --‘ ‘ : ‘., ¢
You .may want to discus¢ the written iessons-at>the'beginning of a -
‘session, since_teachers will have questions about problems fresh in their
,minds.\ Then view the film and discuss that, ‘' ot ,
- ' -




<. same time 50 that thex;pan’§hare

-9

. Thr;gs You Can Dlscuss at the ln|t|al Meetlng

n
- <y

RTIEREEI L
PO s
cr PR AR

. ; Another gqod ﬁossjbrlptv;f vJew the fllm fnrst and discugs lt"then.

'dlulde lnto;smaller groups..perhaps_by grade level,

,Try- to~have several‘teachers in eagh school take the course at the
/

[ SN

— 3

Lneces%arxn-@';,; e e T .-

[o]

4 Yo ”U el : : ' .
P . ) ; . ?

S " s : ey ) .

e T al&also helps if correctors can work together or conveniently be i
. toychowith one/another: =~ . = » t ' - T
.y » o . ‘;I, ‘.'-:. ) ) . - - ' - < ’ ..

.. JdoL l_‘)_, ;,__ - . ‘ o R . 3 , . ' ’ . R /\-’ .
4 . - R . ..‘. ]

<) ¢

i . © €

W O

0
., o

brlng about a subsnantlal chapge.ln his classroom teaching- of mathematlcs

. . . ) . I‘
< . . o S : . . 4

. vt '. ' ' . ' . . - J
hours a week on the written lessons, occasionally a little more. '

The lnstitute'should be both'work and - fun. There arelstrlctly .

optlonal starred problems in the wrltten lessons, JUSt for those who want an

*

. i

extra_challenge._ 2

Your teachers ‘should be- given every encouragement to try the. ldeas

A . . , _ ‘ _ » '
B . .,' . .' .

they are learnlng with thelr classes.

Lo
L

i

A . Teachers should be urged to help each other solve problems, plan~3_.

. [
_share ‘'successful ex- °

v

lessons, observe each. other in the classroom, and

to dlscuss the wrltten o

thelr experlences and help each other when

3 o .
| | \
! ‘ ] . ' -

>

\

W

The course |s demandlng, but it should make severy part|C|pant able to

While taking the course, most teachers'should_%lan_to spend up to .two

-

‘o
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A C oo T o BRI
o e nD|scuss wratten lesson .to’ be S '
. handed In - - - = = = < = - <o oo o Tem s

ST lhﬁroduoe-fllm ST T Tt s s e e e e \.“'2 minutes.

Lo ~ Here aré‘two'possible”schedules for your institute sessions:

? 15 to 25lmin0ies;~

1
'
|
)

1
)
1

1
1
1
' -
s
'

1
'

)
'
f

Lo e view film - &

- L
» g )
\ . - .
. . e -, .
. A
k!

v_Dlscuss fitm = = = 2« = 2o e e e e T

25 to 45 minqtes'

IO to 15 minutes

’
14

- 10 to l5 minutes

-

. . Return corrected lesson discuss it -. -~ - - = -
A (P055|bly sub-divide by .grade level for small . .
: 5 group dISCUSSlon ) _ v A v
S : «* - ' - -
. e e 'JTalk further about ° partncnppnts experlences, _ - - _
'P_ .« lesson plans, problem sequences - < - - - == - 0 to-20 minutes - 3;'f-_

] - . ) . . S A s . . B
. . . | 8 . . "o S

!

- - : /s . . : S o .
o Introduce film - - - - R I T e T . . 2 minutes b
) View;f}ﬂm e IR 7 ~ to 45 minutes
\.' ( EEEEEEN . . ] . . . o .
b Discuss film - - - = = == == m oo v~ - - o= 10 to 15 minutes
. ' -Dlscuss wrltten lesson .to be ' : : '.-‘ S “' o
' handed in - - - - - - PP L R ,l5 to 25 minutes
Return corrected lesson, discuss it - === - - l0 to 15 mlnutes'
(Possibly. sub-divide by grade level for small S
, group dlscu55|on. L . T S
oo  Talk further about partlcupants' experlences S "\ L
. lesson plans-problem sequences= - - - - -- - 0-to 20 minutes _
' . Y . .o : . h N
. . “_ . ;‘ _ \
. »
o | | ..
._::‘]- g A
) h] ’
) -
] [} L
p e
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lntroduoingfthe_film

o >

~ Discussion of written
~ lesson. being “handed in

“Discussion about the film "

LY

.

about the- corrected

Dlscussiod
ng returned

lesson be

¢

N

Further discussion of s,
"~ participants' experiences,’ .
lesson plans, and problem - -

. 3 \
o e

» .
¢ .
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" You -need say only 3 few words — the pade T
~and background of ‘the class as . glvea In -

the adiscussion, notes are usually Y
; sufflcleﬂt o . o
.. Since thls is a time when particlpants A

Interest ‘in finding the answers i% very )/ 31'
high, discuss fully every problem anyone/ ‘
asks about. e . “l-

Lo ° ; v o
¢ —— - . e
N .

Let each person keep and write on his
- lesson. (If you wish to keep track ‘of _
the answers wrltten during the session, .
dlstrrbute green pencils for use during =~ M
the discussion.) Full discussion not o
only helps pegple find out about the —
mathematics .(which iihwhat you want), it. = -
also savge work for- the correctors. ‘

.'c‘).‘ .

This may be short or long depending on the .

~ fi'lm and how far along in the .¢tourse you ~
are. The film discussion notes frequently
suggest questions about the class that was .
seen, as well as addltlonal work related .
rhe Film, .. 5 o T

)}

Here is the chance for participants to
explain questions many-people missed, as
found by the ¢orrectors, and for those .
who got unusual solutions to explain them.“
Questions about corﬂectors' comments may
also cqme - up '

Classroom experlehces, general questloﬂs
about mathematlos, generating and eval
ating problem séquences are all releyant .
here. You will find many ideas in the RS
» discussion notes and’ Corrector's Guides, . '
and others will occur to you as the course
proceeds. . L ' o




SaN

You .may. eXpecy’the discusslons which you wlll be 1 }ding in tﬁis R

course to center around the fl1ms, the written lesson ﬁme supp]ements,._

' R -«

. »and questlons ¢hat come up as teachers begnn to try course materlals in 8.

thelr own’ claseroms Because the course i's designed to be usefu1 without _
' expgrt mathematlcal gundance the d|scuss|ons are of partlcular lmportancé._

P R &
N v

Ihey enable the whole group to profut frpm the knowledge of those who have
-, .
had more-exper;ence wlth mathemat;cs, and from the intuitlon of those with

specnal aptltude for the materlar' Any reasonab]y slzed group- wlll possess a. -

dlverS|ty of backgrounds and talents. Exploltlng thlS dlversity for.the
.® I3 Q . . v / ? .

benefit oz(zvekyone Is the dlscussuon leader s Task lt is not aﬁbeasy one |
, but |t_can be exclting and rgwarding - '.."_ T S dd's

- The notes |n “this gulde ~eal wi th each Film .and each wrltten lessan.

e ® .- =

i the course. They are based oh .questions that ‘have come up ln prevnous e

. /\' . L

institutes u5|ng these materlals and on other mathematlcal ldeas that have

t . . -

TOVed o)
S}

|nterest to teac ers. ', ( B
Many of the notes ade ‘in questlon and- answer form, . | is not our-

v A : e

|ntenT|on that the moderator read each questlon to the group; call_for
» .

answers, and then read ”what the book says.”
. ’ - .
’ _Jn many cases members of your group will asgk questlons simllar to °

‘

thosejglven,here. 0of these, many wlll'be answerable by other members of EE

" the’ group. " The éomments glven In these notes will help you decide whether ’,

? we ] .

. i

a questlon has been adequately discussed, In some cases, partlclpants in\,'f}';

your lnstitute w!ll give better answers than we haVe given here, In other i

P

" !




_.b;;cg(]ntroduct‘on_to',;
' .casés, the answers are a matter of taste, aqd there I

. . 1 ‘\ .

of vlewpoints._ In stlll othpr cases, the mathematlcs lnvolved deflnltely o
.“;3.'19. determlnes which vaewpoints ar q&gaHTe and which need to be corrected /

. . . ) ﬁ ¢, ; ‘ .-‘_,
.‘?‘2;17'"”2 You must use your own Judgment Nh'decfdlng l( |t wll} be he p

(AN

to -a group But bear, hwnnlnd that much readlng aloudv_..; )

. .
-

".'_;a'portlondf of‘ this guid' _._'

. . e . v Y .
«thlnk about a problem. Npt only is th|s false, but also |t will lnhith,many JREN

o "t 1 ' k] ‘ . e . K - R . 'h'_.t-\ ’
’=jfpeople In yolr unstitute from dlscusslng the quest#on%“" ' "'-'ﬁ;. IR

- . . . - . -

u‘ r'y

Coni‘der the dascusslon notes as: only one.of many sources of assls-‘_h ,#f:7v
'tance to“your nnst*tute. Another Important sourqe is the Corrector s,Gulde&
'\: : \
V ’ )
;par {ggpants Yet another source Ts youn,pwn sense of what ls worth pd{sulng ) -

too hég;le on’ the e guldes. You may disagree with parts of! them,
o “"‘* - _,w"\ C .
-r-_to depend ingﬁead on the strengths of the members of your

L A

- i
he 1nstltq;e to have a class of chjldren to. work wlth

The course wlll be Immenseiy

<

-
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""’.\J'": N "" L . o .o ) . S . . L N . 'j__, . ~.' 4 . : - ’:. . ‘ ' R “ ..,
- . T VO N "(Introductuon,to_the“Dlscusslon‘Notes) Lo,
S B FREE L s S N "[‘_‘
L fertlle quéstlons and to, help each other probe the mathematlcs and how to" ;' B
U teach l‘ o . B S R ; '-"-‘53"-.' " " ool kK
CpLow, roe YL . ’ - WE . o N ’
. A o L -
' C r-“ Many people “howeVer, are frlghtened by mathematlcs. 0thers.may S B
. . ,' ;'e\»"'f'.‘ N N .
RN SEPENN ¥ ~ T IR
i@#jpg not" yet be cOnvlnced'that they %pould use some of “the currlculum lnnovatlons L
N . '.‘. . - Y
A LR o . T - T
_(YS\& L afhey haye been lntroddted to, “For whamever reasons, you .may well encounter* B L R
e - : . L
et iﬂ,a grbﬂp uhat, for all your efforts contlnues to remgln,sllent and A
T ) - A woe R L
o une uslastlc.. Jf so keep in'mind two obvlous but often lgnored rules. ,
R 4 R e : ’ " '.ZF
o Flrst, llsten to what Is belmg sald. If thls sounds too slmple, .
Tyt . ., o T !
‘ -;"i.- recall how many discussl ns you have attended in whlch nobody in charge .
:”seemeﬂ to -are/whether a questlQnAhad been sultably answered or whether a__ .
R commenl-waS‘germane. ,Some'moderators wil) llsten superflclally for the
B T . | ' R S . S
'i answerg: in thelr prepared ‘notes' and move on .as ,s00n as something similar is T
sald. [Other leaders_wlll 6&¥‘;helr-best toeget.an-argument started on'any"
Py .
. ¥ / . . ' .
subject. A Both approaches make clear a lack of lnterest in what ls actually

1-»:"l]*belng-sald.' Nelther is likely tq achleve a dlsqusslon that clarlfles

*; :ouestlons, olves problems people want solved, and brlngs out worthwhile ‘ . igije-
new ideas and vlewp0|nt'r - - A - 'i
“._..Second, dp not talk too much: the more you talk* the less the

'partlclpants wlll DoObtless lt ls belng “on stage” that makes a moderator X

;%fl : tend tQMta]k lncessantly The urge must be‘reslsted with all yéur strength

Do not flll ln the long embarrasslng sllences wlth your own volce.; Do, not
_.'-be afrald of sllences. Ffrst‘of all, they are. not as. long as they seem to .
» )

E‘I;f'ffyqy Secondly, these sllences wogk For youl' somefof the;people.ln the~
. § r ‘ ’

group may galn the coyrage to speak slmply to relleve the pressure of the K e

.,
-

.
s

o sllence. _;h_ ‘ ‘: ~ ..._.1-y». _: ; ] . - ,.' |
. 1. - ) . R ) . ‘ . ‘ B “_ .
S o Watch carefully for llttle slgns that someone ls conslderlng puttlng b .o

.

hls hand up. Adults, uhllke chlldren, freqUently are lnhlb]ted about ralslégkw"

v . . B
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Ny ' - . ‘ ) :
7.

_thair héndsﬁvery high. (They may be afraid they'll be called on,'or afrald !

s \ L

| - they won‘t be-or perhaps both ) If you wait long - enough you-may'sé‘ “‘ S
- timid index finger begin to sneak up by its owner's chinfg'f:- |
. Movung acound the room wiII heIp keep you occupied whiie you

concehtrate on belng silent. ln some cases, if you find yourself/near one

-

N\
“or two' people you know, you may find it heipfui to start a locai conversation.

’
H

It should'be related to the question or subject tp_be.cOnsidered: You may’

~.

‘ then.bringwlhjs'conversation'into open discussion with some remark Iike,

.o
)

" ''Would you.say'that again'for everyone?'' = 'Can. you explain that to the

others?'" (You shoulp not: contlnue ‘a iocai conversation iong, either make

I " ’

'ﬂtheadiscusslon publrc or terminate at.soon ) . Sometimes a retlcent group

wnll become* more.‘u\erbal if the moderator, while addressing a question to tho

n

whole group, concentrates on- Iooklng at two or three members at & time.

»

mou wiil dlscover other, use ful techniques as you go along. Once you . i  },
'become acquainted with bhe group, y?u wiii come to know'indIV|duaIs who are
likely to help Consuit with the. correctors to find who has given interesting T

', answews to hard-problems, and (preferably before the sessioni seek"out'and

v

' ask these teachers if they would e willing to expiain to the group what

I

they d|d L ‘ S | . N :*' I

% C, ) ' . N o
‘Many teachers who are perfectly at ease“in their classrooms are - " . .
< R . [ ..‘ . - i "

-
. . . i,
i ‘ . 7"

painfully shy.about taiking-to other'teachers on an uniamiiiar subject:q

Do not 'be discouragea if- your ‘early efforts to get people taiking resuit oniy

ﬁn a few nervous sentences._ Eventuaiiy, after a few teachers haVe 5ummoned

-

the courage to expiain something, others will be less reticent, and every-"
. , o . .

one's courage will grow. v
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As the Institute Proceeds . S c B

*

0nce e discussion is really: going, the task of the moderator is to.
Welp get lnteresting things sald., Heng there are no formulas. These note
- will 'glve_you clues to.fruit£~1 territonies for exploration, but your own . -

L]

sensitivity again must. datermine whether you, should encoyrage a conversation )

to continue, cut it off,hchange Its direction (by adding a‘new thought,\

« ., perhaps), or postpone it for further discussion. ° ' v
. - T s ) . . . . . . . )

Of course, a nice balance Is ‘requjred between -over-domination and
[ . . . - : . . - .

laissez-faire. Any r_up"resents being led from one pr etermined.question
. qroe 3 er

L 3

t6 another. A rambling discussion that goes from one ‘unfinished topic to

SE ;anotheruis,frustratingl And_one which:is _dominated by one.or two vociferous

, : : , S
.. particlpants is not likely to be of much help to others. - =« .Qﬂt A

1 T

.BeCause'disoussions cannot resolve many of the worries which teachers D

~

have when starting the course, it I extremely valuable, If you can arrange
.. . . . ' ! - "

_it, to have teachers who.have al ady begun to teach Arithmetic Project'

~

- tOplCS speak }o your institute it is. c0mforting to a group first plunging

|nto the course to meet someone who recentiy emerged from the experience .
‘and who is enthusiastic about it and working with the Ideas In the classroom.

B Y s

If this person entered the course with Iir;%e previous mathematical training, .

correctors of written lessons for your institute to taih‘about their teaching

.. )

.experiences, Beware, however, of an overemphasis on’ “staff“ ireports to the

o grqupfn;As soon as the participants themseives,havefthings,to say about thelr -

“own experlences, such-comments can often be more.usefui“anq mOre.convincing. o

@ L .
1 .

;

so much the better for the morale of your group. “You may ‘want to invite the -V
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" NOTES TO ‘CORRECTORS

[ T S } > " ~
. . B " . . .
$ . ‘ /

Thoughtful, considerate correctlng ls lmportant At Heips_

.

partn;ipants profit from their mistakes. They iearn more about mathematlcs -

;.:
and ways-to_teachuit effeqt|v7iy. Your caring makesllhe whoie institute
'expegience a_richer, more human‘rdlatfqnship. -(Incldentaily,nyourlqwn a

9

insights Inta teaching and mathematics will also benefit.) - I

Before beginning to correct papers, take the trouble to work through

[ 4

the written' leg'son yourSeif.Q Use the Corrector's Guide to correct your

work'af erwards. _Even though, you may have done the assignment previousiy,

‘ Y

~

/1] find it vaiuabie to be reminded how you found many .of the answers.

blems again seem quite difficdithand,thatﬁyou make. some discouraging .

it consider themseiveé partiy to be,taking i:\:?gaj‘along.with'the other |

" participants. Surprises lurk among the assignments, new thlngs are to be'

found in the films, and new ideas and questions will be ralsed by

_ participating teachers—and their students. ‘ : _ /

’ S * : ..‘* . - s

U’H6d_to help participants who are havingltrouble with computatMon;

Having'found an error, what does one do?. Sometimes .you Will want ~

simply to.write the correct-answer.v'Sometlmes you-wl]i:thlnk up' a question
, AR ‘ g |

“that will enable the teacher to find the answer for himseff. You may be.

able to write dowp the~pr6b|em the teacher probabiy worked."(Likely
)

'.posslbllltles are glven In the Qorrector 5 Guides ) You may wish to

_restate dlrections.lf you think they have been mlslnterpreted. If yod can

k] v
~

many.of the rest. of us, yoy may-be_surprlsed-to.flnd‘that some of the

ot

errors. . Be reassured, however: an institute benefits when those who give -




.. - - - .
. T e e e,

correct ideas and expands on them, realizing that teachers whb anticipate

" teachers, at least ln the beglnnlng of~the course, wlll solve probléms

L B . X Loy T ' R '
. ° - . - B ‘L . . [ .
< N R . . . . o N §
o s o e T »
. - X . C . _I. - . e . . . . R N

L u .
C
S e
.,
. .~
'Y A

guess at what stage ln a solutﬁbq the teacher went off ‘the track you may

explain and correct that step, and then suggest, "Now try It agaln " o

\ 3

~ A-wlse-corftc;n; I's encouraglng | If a person bogs down In the middle

of a lesson, tell him, '"You were dolng flne up to here." Then ekplain a

-few problems where the dlfflculty began and offer to look at hls paper agaln.
| If a teache55ls JUSt on. the edge of understandlng, there ls no eed to ‘make

: mlstakes hurt more than they already do If a teacher haslhad trouble ln

many places, it is unquestuonably important to flnd a page. well done and

write on it, "Good." . | - . MRS
a(uu ‘o L * '
) T % % % . . : T _
How to comment on. answers that require verbal explanations: o

[ N o KX )

c

You. may nnd_xgnballanswers which are vague, ‘i1logical, or only.

fpartlallylcorrect. -Look for the best posslble lnterpretatlEEA?’Téachers

' meetlng these |deas for the flrst tlme often cannot express themselves Well

.

about them, just as chlldren can't. The careful corrector emphasl2es the
. t

/

~

<

children's approaches to problems wlll.probablﬁ'be‘able to teach more

effectively. ¢ o n A | - , '.Jﬁ

-

A

Many queetlons'ask for hypothetlcal'chlldre@'s responses, such'as
LN E ; ,

'"How might a:chlldidescrlbe a fast methodbfor.dolng this problem?" ¢ /.

: Practléally~any'answer to«thisjquestlon.should be*considered'correct,”slrcee

it ls hard to be sure of the capabllltles of a. hypothetlcal chlld Man/

A

algebrelcally. whlle.most children do not. To a teacher ‘answering a

v ' ) S ’ ) ]

’

L Sl . (Notes to Correcfors) - .




:‘3.{h'_ : -'b(Notes to Corréctors)

! Y o
b ._5" - "'How might.a ¢hild. question with an’ algebralc method, you mlght comment'J
L)
i/ﬁ-“_ R 'Wes, a very clever ch|ld mlght say thls, but can you thlnk of some method )
T - that mlght be used more commonly by young chlldren?“ « . _ “- -
S o . . C kT kL ek . '
* . How to respond to teachers' sequences of problems: D _ i:B

- N A

1t s particularly dlfflcult to comment usefully on sequences of .

| | S i
o problems,wrltten by teachers. Whaf“yardstlck can be used for gradlng

A dlfflculty, pacnng, varlety,ﬁflalr, 1nventlveness? The notion of pre entlng

. v -

- an idea through a serles o

ms hs a, subtlF one. lt does not come l at

. 1]

\ once. There is n ormula for dolng it, and no general lnstructions are really

. » |‘-
—of much help Moreover ;there ls always the nagglng chance that the corrector s -

suggestlons might not really be as good as. the WOrk be.ing crltlclzed

1 -

f_ The real value in haV|ng teachers begln early to wrut\lproblems |9 that

.

[ wrltlng problems, even - lmporfect ones, helps teachers get started in thelr

classes Trynng these ldeas with thelr students I’ cruclal if teachers are

t ,-. Y l

‘to learn about them and learn effectlve ways to’ teach them.

r

j » "
¢ n . .5_. X 4 v
Checklist for Correctors e T v
&y . 1 ' .:' o .
v | ‘* Do the assignment yourself. L o . - ' ?
- .o- L ’ ’ . . -., . ’ ' ’ o
. ."

-

ok Remember that correct answers are to be found on the far rlght

i

- Page of the gulde. Answers-ln samples oftechontaln ervors, | (/‘ o

* Use erasable red pencll SO that you can chad!! your mlnd when

S

.‘t

you decide the teacher was rlght after all...""‘




oA

LT e | . (Notes to~Gorrectors)

N ’ -

Cr

Y . * Do not wrlte over pdrticipants' work or text; It Is difficult T
" - . . . .
to -read afterwards. |f you need mdre épace for an'explahatlon v

use a separate sheet’ of'pape§end clip it~t£’the page In question.

o . o . . -
- . R .

VheVerything_on a page'is correct you might slmply put a “C“ S
'+ .. or "Good" at the bottom. Make sure that there ls some mark L - R
..v. . . .\' M '. \ - PN .\.

", = on’each pagé attempted to indlcape that\you'have.]ooked It‘OVer., e

y . . “ ) ) . \ - .

D S erte overall commef%s op the last page on which problems were -~ . & .
s . _ 3

" : answered orulnsyde the front coyer. Do pot wrlte general comments on . #y.

. =

|
¢ the friig of the booklet, since they fay be seen by other . partlclpants
. )

v : when they coltect thelr returne‘crwoﬂ(\ 7 T | - V.f'-'
L % Do not add paren}heses to an answer-unless ‘the answer is wrong ~
# ~ without them. |

4

R
v
o .

' vff\\o . *'lgnore.errors-in~spelling and'grammar; lf *a person consnstently o

makes the same mathematnc?I error throughout a. wrltten lesson \-
_ X .

e e comment on it only. once. o ' ’( N T~ \\_
3 . ‘ . Q’ . . . ) - hY
. . . . BN I'4

. . * Keep_equations separate, Expressions like the following are’

sometimes written by correctors (and others) to explain how an-

.-
’ S . oo 1

answer ‘was reached: -~ v " _ T T e R

KRS RN ES T I b

1,Although dhe meaning s usua]ly clear, the expression 1s Incorrect L v 55”_

- W
»

: and should be wrltten as:

-~

6+ _~.l .7 I +,9 -22 o .. L o .\“\‘ . -
N oo _. 7 3 . 3 - ] //—/ | | 26 :. .
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.(Notes to;porrectqrs)'- e 'f-’ | .l ' | _l

W

.

- T .2 ] e

.

. ot .. | ‘ . o \/

" % Do not mark uﬂattempted starred problems. Particlpants

[

should feel that these problems are really optlongl

L

They may want td try them later. If'a.starreq‘problem has

4 .

" been attempted ‘but” the amswer is wrong, you may want to =\

PN
.

'"shpply'helpg ': N - T

. .o .
o oL . ) .\ . T

.*yDo'not overpraise eésy'work.  As‘the*course'progreSses, .
. . . -\ . \\
exercise judgment as to what wds difficult for a éznticular'
~person. Some participants will become increasingly sophisti-

cated about the work.-

e good toplcs for™

discussions

It |s not necessary to, comment on everything -lf‘you areo

in doubt about the appropriateness of a comment, refraln from :

' making it

N ) /..‘“

* Try not togforgpt,,és you correct papers, how it ‘felt when

the. ideas were new to ygu. Sometimes correctors™become

Ty
l

., Impatient for Bthers to'learn,-forgett@pg‘in_thefr-zeal how

long they themselves spent becoming familiar with the material.
. : . . v 3 ’

o

-




v

v Mode-rat_o'r:' R1ght Now consider this rule.

) Moderator (wrltmg E]'“‘-—> 7 )

' \ . ’ ' | ‘ . . . . ) . , -‘ . »,' .“'~'.. Y ) ]
- Here is how one &oderator led a dlscussmn of the first ertten lesson N c N
Moderator: Are theféwciuestwns tha you' d like to b'rmg up about the ;
' 3 " written lesson? B ’ e . _ ' ¢ .
. \ -‘ , . . .‘ . ‘ " 4 A . ) . |
Participant A: .Why do you need O ———> for a Jumpmg ru’fe? Why can't.
" ‘ you Just write 3 X O? . - e

: P'ar-ticipan_t B: I suppose that it s;‘helpful to. keep track of where you started

s . s ' o
- ) Lo

First Sessioh o T
ertten Lesson Dlscusswn Notes - ' ‘ '

-4

. a jump. . Isn't this question dlscussed in'the comments at the
- end of the written lesson? | ' '

Participant A: But'l ‘stil.l don't understand. oL

Moderator writes O —>  Oxo + 10 ~ (5X0 )"on board. . »
. * ) o
Moderator: ' Wlth this Jumpmg rule, where do you land if you start at 17?
Participant C:  You go to 6 ' o
Moderator: - Now start at 4 and use the rule.: . L
Participant D:  You also land at 6 . T 5 _
Moderator draws ‘both jumps :
. =2-1 0 1°'*2 3 4 5 6 7 8.

P_érticipant A \ I see. It's the starting numbers that make the jumps different.

' - . ) ’ .. .8

Why do you suppose you need the box and.the"

o arrowhere?

‘Partic:pant E | It looks as if you'll. always get 7 as a landmg point... Unlpss you

\"'

. ,have the starting points, you wouldn't be able to distinguish one
’ ‘ jump from the othOr, would you‘r‘“

(. Pa?t%éipaﬁt A: Yes, .that's,whatljust‘saic‘. ‘ b o " "

> T o

o




\( ._ . N . - . .A & . . “-' . . B ] . ’\:' . P L . P . ‘ )
Participant®F:- +Is the arrow the same as an equal*sign? o
b . | . .. |._ " . - . ' » _— .. L .A_.‘ | . . . . | ;
¢ ' Moderator (writing O'——> 3 X O~ 4) ‘Start at 5 and make a jump with |
o S th1sru1e.f’ L e e
. ' . l" ' A} . . ' - ’ ‘ A ’ . ) )
‘/l | . ' . : " . e ,‘_ ~ .. . o - ’>
. . ) N ) N . "" ’ , - . . . ) "
Partl\elpa-nt. F: You land at 11 .- - . ' A . : - v
‘Moderator writes: I's —> 3x |5 - 4 T ‘ R .
} i_ S ._ ) 4 . : e _. . .- ) . ‘. : ‘~
Lt ". . . A : . - 5 . '_;_%-/ 11 N A . - ’ ) ' B - . Lo \
'\Moderator: L Th1s is - read "y goes to 11" or "if you start at 5 you land :
| L ‘at 11, " But no one would clalm that 5 : 11, . o
. Participant F: So the arrow is not like an equal _srg‘n. L S Y
» Note to moderator: . _ ...+ ... - ’ R e f....._‘ et T

Perhaps someone in your group will recognize that jumping rules are e mples
of functions. The arrow is standard mathematical notation indicating some sort of
jump or transformation, Further on in the course the teachers will receive: Supple-

/ mentary material on functions. " After having worked with jumping rules for some.

.J‘

time, they will be ready to appreciate a more thorough explanatwn of functlons as
well as some 1ntere‘9tmg examples of other types of functlons. _

.Meder_ator; e Oth;r 'qﬁestiOns?- o | : v
¢ S : - N N _
‘Participant C: For problem 19 on page 5, 1 trled some numbers and they worked.

' - But how can you be sure that all number& work? ‘

Moderabtor '\_;vrites problem 19: 1 + (2 XD) +2 = O+ 3+0 vy s ¢
. : b . [
. ~-a ",
articipant B Well, I figured thats .. . may [ come to the board?
Moder]tor:'__ o Yes, - . BN o . '_ ' )

. Participant B: I rewrote ‘t.he_k-expre‘ssio'nf on the left of the equal sign as.

. L 2X0 + 1+ 2, Andthe r"}gh't gide' may be wnittenas = = .

i 0 +0 + 3, Now each side has 2 boxes. and a 3,'90:'- P
the expresalons on e1t‘her gide of the equal sign, though' = o
writtén in ‘a different form, are readly equ1va1ent. There;-‘ o
fore any nu,mber you put in the boxes will work, oy

*Of couree 5 does not get up and walk to ,11 but thie \s a common way of

‘reading the expresslon. LR S - _ }
. ' LIS , ( 2.3 ¢
‘ ' s . o



g IR o S Co
B ' e ' . ro- ‘2-. . ) ) "' . B T . ’ 0 [ ‘. l
~ - One' of the mdst fruitful discussion topic¥ is question 4 on page 9 of. the firgt

-written lesson which asks par icipants towritg rules whose’ jumps always go to

T the left (to lower numbers), O e o . \ 0 - ’) L

" -'Mah,y,}_rpleé-s_uggested'W.ill be iﬁ'éq‘r rect but will g‘1ve some jumps to the left.

CoInt is usually interesting to pursue this in dis¢ussion. If no one raises the question, '
you niight bring it up: "What .'a):»oxbt question 4 on page,9? -Does anyonre have a rule

"/ e can try? " - . . o e S oo
Y . . . o - - . »

. e ., : . . @
- & . N . . J " . d e -

Y |
. A'rule is written . on the board. Fof.exampla '

. Moder

e

ator: _ Does that do it?
’ " o . o e

| Rarticipant A: It goes to the left._', E

Mo'de'ra__tor:‘ " Someone give me a starting pl}ce;

M-Participant B: 5 .. o . v

_ Moc.l'er_ator (writing 5 in the boxes); ~Where do you land? -
. Participant B:, Minus 57 ' _ | o | P "-“’: T ? -
- M_o..derator:' - Does everyone agree? O.K-,_ give another starting place.

. . ' - :.). ) . ) - . / B s .. " . ) . . ) . . . -'. ) - ot
v (The moderator collects and draws several jumps, getting starting and landing - -
‘points from the group. \s long as no one suggests a negative number or O, he v

- will only have jumps going to the left.) - = . T ,
Moderator: ~ Well, what about it? Have we made ‘all the jumps we need in order*
' . to be sure? . IR _ LR e

Participant C: ..What about starting at 0?

: Mod_era'tdr:Writes 0 in the .ques.f; ,
« Participant D That stays o} 0, doesn't {t? -

p2y

&

.'Méderatc)r:' : 0 minhus 0 m}pu's 0.is -8till 0.
anywhere,
.o

Participant D:. ' Yes. Sb that julnp doesn't go to the left. It doesn't go

’ ) Parti.cip,ant:‘v E: What happens if you start on a negative dumber?
L 3 Mod.et‘ator': 0. ‘K., give mesone.

. | (‘n-
ey




IS

' P’artic-ipanfj E '('after ‘a ?ause): . 'Ne‘gati_ve 2 T -»_.'._f‘ ' A
ce . v v .
( v Moderator (wr;ting -2 in ‘each box) Does anyone know;how to do thxs? (He wr1tes ;
- - B o "!6)"( 2)*'( 2) . {9 '\L : - . S

,Part1c1pant E: "There's somethmg about th1s k1nd of thlpg in the’ notes at the end
<4 T L of the lesson. ‘ _ SR '~.'
| ._ SR - . | N
N Whether using the notes in "the lesgon or ‘relying so'r‘meone in the group, the
'moderatdr should compute and put on the board the cfrect‘answer to the problerh .
~ which, in th1s cage, is 2. There may be some bewilderment:in a typlcal group of v
teachers Wlth respect to how.one performs such a computatlon. 'The moderat .
should as sure the group that as the course proceed'ﬁ there will be more 1nf0rmat10n
'about computmg w1th negatlve numbers. ’ _ '
“With such a"rule as [J —> 0 —"fD 0O, the moderator rnight also ask, "Does'
.- anyone know a slmpler way to write this rule?" He is “loeking for O —> -0, |
'_ but may get such a suggestlon ag H—> O~ (2 X El) ’ Wthh is also the same ruie. :

) \

«

v

< Lo ) . -
. ] .

‘Many o({the various incorrect rules wh1ch-are given for this qq’estlon are like -1
the precedmg example in that they have jumps to the left only when you start at pos1t1v

v numbers. The moderator may Say to the group that thig id 11keY to be the case, ‘and ,
v 7 _ask hoew’ many others may have such rules. Here ar'e some typ1 al examples from

other: 1nst1tx&es e - , ‘o . : e 4

- O

e o Tge—s gz

. - "" . [&_L_) _2 Y D : o . . . ﬁ""- ‘ " \ |
B +w O=—> [ X 0 (This is the Same ruleas O—> 0 .)

© g .

"

"Some rules will have Jumps tc the left 1f and only if, you start above some
particular number.. O—> .0 -0~ ‘O-0~-0-2 goes to the left prov1d1ng you
~ start above -1 ' The exact point need not always be determined (later in the course
- people will learn how to find it); Any jump to the right d1squa11ﬁes the rule. * If the .
group wants to find roughly where the transition 'point is, you can ask for or suggest
various startmg pomts’and make a table such as the f0110w1ng '
A - o Jumps w'ith El‘-—~*> 0o-0~0- o - 0-2 -
. | . . o » . . ‘ | ) " ' . .‘.. | ' . .‘\. . /,
« . o R ~ or, in simpler form, O > (-3 xQ)-2
. - u. - Start Land. o Ju‘mg' goes S » .
| - | el =32 Left . - -
. S5 : ’ . ~17 - . : Left ...‘ - ‘
0 =2 Left 'ﬁ" ST
> » L} . . ’ .. . - -
) ‘ -5 . 13 . Right oo
. ‘6‘ \ . v .'
’ . N . o ,& .




o - . : BRI . . - - L. . v

_ By now you know that the transitionus somewhere between 0 and ~5 'Narr.owi-ng' ;
; 1t down f'urther- T R R -

T .' r Start Land -~ Jump gﬁéeg " SO - '\
R -1 1 | o v.'Ri W ' IR .
e . 4 . . . ] B . . . . g. ) -l ’ N . . i ..

S B o ) SRV
E | 3 -— . - .Neither right nor left = - .
v - For“other interesting rules that may be expected in resp'o_ns to this*q.u.éstion.',
i see the Com‘ector. s Guide. o ff‘ . =90
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Book | T tirm ﬁi&éﬁﬁﬁon"‘Nﬁt‘ ‘s‘ VENGERE _ .
L R f,_"‘*A Efi'a.t lass With Number’ L.ine Rules and Lower Bracketp" ' ST '
P Plelmnnc{'rx 1nforma,t10n-' Lo ‘ San B T i '
v : : . L . . . . i
-f ~ You w111 see a fifth grade class from the Gleason S‘Qhool in Medford
. Mas saq—hﬁsettb,‘ The Btudents had never beforé worked with Projéct matemals.
Ihu: wa s thc1r first mcctmg w1th the- teacher ee Osburn,' The film was
made near the end of the svch'ool.year.. [I‘llm runm 33 min. ] o
3 ' Here is how one .moderat‘or led a discussion after the film, L _i' IR
’ X , [ ! ' . l“. ! g ' 3 -' ’
e T, ) . ‘ .- . r « . ) . ) GP -. !
.~ Moderator: Near the end of thg film, the teacher /wrote this problem: =~ &
. - o Toe ' " Ty DTN l
‘ . < K : LY e . : : .
. . ) z . N ' N . . ) . .
i v . I_.—Z-'+-+§-+§+'_-§’r-2- = ‘
’ _ : . 5, -5 5 . 5 .5 5. ' T
. . ‘}'. . )
a " Do’ you recall some of the wrong ahswers that the students L
* . . ) "’ ) ._ . . . " L ‘
] Participant A: 'S',i‘x'”was‘a,-popu],ar.answer. ' . .
’. -- 103 ) 12 [} ]
“ Participant B; + So was 5 _ b ‘;;&o '
' ’Pe\rtic’lipa'rit C: I remember that two students gave 0., Lo '- S . |
. ‘Moderator: ' Where do you think these answers were coming from? o
. Co ' | 2 o o |
) Participant D; - Poss1bly some students saw 5 wr1tten six t1mes and -
. . ¢
A . thought tl}at the dnswer was 6. '
‘a ‘ .' .. ’ . ’ . ( . . : .
Participant By I suppose that you could f1x ﬁhe problem s0 the answer S
Soew . - would be, 6. ‘ | L
Mod_e\r_ator: s How would you do that?-
I _Pa'rticipant.'_B w«gites' o ) o ) S .
S o N I E N Y 21 2] T2 T27
- . . J=1+ 121+ 121+ 1&)1+]12]1+. 15 =6
. . . ) . ’ T ) - v ' . . ' , - ¥y
".» . ‘. [4 . ) . . )

' A B . . ) !

.

. Participant C: .- In that.case, if you switched each upper v_bra'.é‘ket to a lower = .
S ' ‘bracket, then you would get 0 for an anawer: Perhaps the *J '




1 " «? B . ) ' : .
- . - ‘ . 4
‘« . , . , . , BOOkL
,0 t . ’ . ’ ‘ ' 4 ' '
¢ - . :- ) Co. X ! r ) . e
& . .. " X . i z A " [
‘\ DR students .thPught that since I- -é- J = 0, then . : -
T - e SRR T | S
SRR ST - 0t = =+ = = = also
- ! l 5 ' w5 Iz * B 5 5 J might also equal 0
K ; .o, N '. . ‘ . 1& .
Participant E: Of all the wrong answers, I think 5 was closest to the
T . . : . [N ‘ % .
correct answer, since the students just forgot to use the-
o7 . lowerbl‘au‘kéts. ' ) ) T *
Participant I, What else can you do with ‘brackets? . S
'Peu:tic_'ipant.'(}: 3 Are the brackets a made-up symbo}ﬂ‘%r are they used . - 3 S
. Co in mat_}}en'latics? ) A A ' ) _ : , ot
Moderator:. Yes, brackets are used in mathematics. We will be see— -
a ' - ing .more of this topic later in the course. If you will save
your questions for a few weeks, we can discuss them then,
The topic of upper and lower brackets w3gs included in this
. film to give you a flavor of what lies aheag. Doesginyone
have questions about jumping rules? ‘ :
. ! . . . . a .‘.{ - ! . . .
~Participant B: When the teacher wrote the fir6t jumping rule on the board,
“ “the arrow seemed to be very long. Why did he.do that?
Moderator ‘writes . 1 .— —> X0 - 5 . . | T
Moderator: =~ - Students first 1earning about 'jum‘ping ‘rules somefimes
’ o T ' . confuse thg arrow'with a pius, "a minus, or an equal sign.
«  Mederator writes * 0O —> 0O + O - o SRR
Moderator: .. When the teacher wrote this rule (using a rjelatiVely short
' arrow), the students did show sonre confusion, T(_J,'hyr for .
: example, ;suggested 3 for a starting number, hoping to =
o P - . landon 9, an odd number. Clifford thought that if you
OV _ ' * started at 1, you'd lahd at 3.  What were théy probably
K ! - . s " t ’ A
' “thinking? ‘ . *

-
L]
* !

Participant A: 1 suppose they just. added all the numbers, If you make
‘ the arrow longer, it seems to separate t}f starting
number from the landing number, =~ . - " ’

! . 4

v e

‘
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Book1 | 4.

N . 20

Yes.- I égrc

. Moderator: Here's how some- of the jumps looked for
v ' ‘the rule ) *—> 2 X[ - ‘5 | I -
[ L . . i .
g I . . C
S SE—— S Tm e
(o 2 34 5 G T 8 7T /0l 1213 41516 (T

: Participant B:

¢ . - «

Partic ipant Dy,

Modcrator:
o

P

‘ ‘Participant.D:.

Moderator:

K 4

Participant B; °

. ¢

Moderator: .

Participant F;

’

Praticipant B¢

Participant ‘A

Modgrator;

v

- Can you find any [)atfcrns'_to these jumps?’

i
\

Elght spaces,

21, which js eight'spaces from 13,

» ’ ‘ .
I figured out that starting'at 21,

The Jumps are d1ff0r(,nt lengths and they go in opposite

d1rcct10ns. : "

‘
4 ~

I noticed that you have two jumps of one space,
of two spa,ce;;,

. twolju'r“hp‘s
but then only one jump of four spaces,

from 1 land?

»

If the pa'ttcrn were preaerv; where should the jump

l

'Would it be four Spaces ‘to the left of 1 ?

Yes, it would, How long/ao you predlct the Jump from
13 will be?

o - .
Theh you'd have 16 spaces, 32 spaces,
and so on, The distance just d'oubles, doesn't-it?

: \
,L"et's'tr;r it, -W“heré do you land whv:&h you put 13 into
the rule? = L ' - '

- w?‘,
‘ ¢
you land at 37, whlch

is a.jump of 16 spaces, sol was r1ght

)
I"not'iu‘d that forta while, the tther always took jumps
from the previous landing points® Are you allowed to
start on other nimbers? Can you start on 10, for
example ?( i o v
. \ .

‘ ! i3
Yes, you certamly can, You can start on any numer
on the line, Do you think you can land on any numb@r
on.the line? Gould you 1and on 11; , Or ev‘en on* 102-3
' 4
.. L _

\ . e °

?

v ' Ry -

N
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L] \

léTe are some other “questions about the fum')ﬁﬁr group may be, mtereﬂﬂ!"*
in discussing. Do not feel compulled to ”COVGI‘” them nor to provide all the

. answers, . 3 - K e
: : : - _ . e . :
l.. Why do you suppose the teacher _glid not introduce negative numbers? .
2 'l'or the rule ) =—>-11 + 11, the class was lookmg for starting
) ‘ pl‘u us 50 that.they would land on an odd number. One child said, *
) "Fvery number with 5 added to it.". Strictly speaking, this is not -
correct, since 24 + 4 would not work. What would you have done ’

in your class?

&

L3 JTry to make ‘a jumping rule so that when you start on any integer, )
N you ledYb land on an odd num,bcr _ _ : ' .
* o N .. | . . .' )
4. Try to make up a jumping rule so that if you stasrt on any integer,
you never land on a multiple of 3.
. . T : R

i




Book 2

. . -
" i ¢ : L .

- . . - (Y s -
y . Second Session
. . \ . . . il - . r .
v Written Lesson Discussion Notes
‘ ’ [y
Moderator:

Participant T :

t

Moderator writes, L)} -—=> (] -3

Moderator:

. Partjcipant:

‘.

‘Participant

g
~

Moderator:’

Participant

Moderator:’

L3

&

+

L

B:

- . Where would you start to land at zero:

7

-1 alwaysgave a positive number, - o : '

~Are there any questions on the lesson?

1 | o S
- I didn*t know how to,go about question (j) on page 4. : The

rule is [} —> .00 - 3 "and the question is where car'x'.yqu
start so that after' 5,000 jumps you land at zero? i

..‘ “ .
“‘" ! . “

L

after 1 jump? . - (3,),.

after 2 jumps? . ﬁ \ {6) . e
. s TN e ' -
after .5 jumps?

_after. 10 jumps ?

after 100 Jumps? '

atter 1,000 fomps? / Co

after 5,000 jurhp% ?

¥ ’ . »
v ’

I was wondering about question 3 on page 3. The rule is
still €1 —> 1 = 3, If you start at' 10 you'land at 7,
Sihce the jump has beén to the left, why ‘don't you w,rlte
-3 instead of 37

.‘ ,"-‘
I'decided that 3 spaces is 3 spaces and that negative three
spaces does not make gense. So when asked for spaces moved,

Ypu dre corregt. Spaces moved asks only for how many spaces

« long the jump ig) regardless of whether it is to, the r1ght or to
‘the left, -

Does anybody h'ave‘a quick way to do question ( m) on page, 4
c P

Question (m') asks you to use the same rule’and start at
Yoy are to give three numbe);{\less than 80 on which you wi

not land. ,
\ '_ 3 j 1 -
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Notes to moderator:

10 jumps you are at 120" o 2
20 .
30

umps you are at 90 ' S

\jumps you are at-60

- 31 Jumps 'you are at 57

Since you.are’ startlnl, at 1'50 which Cél be d1V1ded by 3, and

you arc- subtracting 3 each t1me, you will alWays land. on a _
number divisible by 3 T . , Co ’

i

o
“

¢?

“w

4
L3

- As part, of this written lesson, teac;her-s were to write a sequence of problems

on compeéting -riumber line rules., Teac};ers generally find it 'helpful to see what

oo the b(’)ard

other participants have.written'.' Try to get a few volunteers to put their. groblems

The' group can d1scuss the sequencmg of 1deas, alternatwe prob-

lcms, and possible pitfalls to av01d lSomve teachers‘ will be tempted_ to try their

sequences in the classroom. You m1ght ask the participants to report later on

L —s IXI) + 40 )
' —>

‘the results. Ce o . ' .

4

&

N ¢
-

Can you tell a priori the number of tie points a pa*r of rules will have ? I

o

one or both of the rules anOIVbS M1 X011 (and not I X 1 X 0O or O X 0O X0 X E},

“ete, ) thvre may be zero, one gr two tie po1nts. Examples:

- 1 —> (1% + 6 ! | ‘
v o , Two tie pointsi 0 and 10
s L1 == 10 X1+ 6. ) | o o o

ot 1

dne tie pgint: 5

By 10 XF1 + 15 ’ _,
s N 4 ‘\.
] ' . ' (continued nexgpage) )

Coo LT




A

~at rost two.numbers will work—and so there are at most two tie points.‘for the

() —> (%t e
v L _ ' No tie points
o> O X0 + 2 : T

[P

At N = XL | R
L - - . No tie points-
g L) ——/-> 2 X1 - 100" o

N
?

Ii one or both of the rules invalves [ X[ X1, (with nothing more com-

Py

plica@ed{ there are at most three tie ﬁoints. Exa_r.nplé.: L I w
. A - . « N
. ) . * ; .
0 o— 0 | : -
- . . Three tie points: -1, 0, and 1
O —> OxOx0O )

\‘

The ¢onnection between tie points of jumping 'rule's and the frame équation_s ’

..of the first written lesson becomes clear if we observe that the rules ~_ 
0D — Ox0 + 6 | -~ .

¢ [N

tie whenever the same starting number (same number in bgth,boxes' on t.h'e left

of the arrows) yields equal landing numbers. Thus numbers that work in the

- ‘equation. Oxo + 6 = .1‘0 X[- + 6 are tie points for the pair of rules.

. f . .
$ince the equation involves O X[ (butnot OXOXDO or 0O X0OXOX D,‘eté.}‘j

A S

rules, In fact, [1X [Z] ,+- 6 - = 1.0 X + 6 has _ex'af:#:lx two rootis. 0_' and
10, and so the rules tie at exactly two places—0 and 10. | . ‘
It ;hould be mentioned that although a p.air of rules may in fact ha@o.tie‘

4

points, the tie points may be very difficult to find, N

.b

Al -
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o Film D1scuas1or{Notes o © . .
. ° \-\ : ‘ o .
[ . ) . ¢ [ L
: S, - — YWhiech-Rule "lv u;s? U v
v ] 3
: 1 .
L " . ! v [
» | . | N

’ ]
Preliminary informatiomn

Y] )

o You will see a third grade class from the Cunnlff School in. Watertown, .

| Massachusetts The teacher is Phylhs K1e1n.( The day before this clasa, _the
“students had been 1ntroduced to jumping rules. The fllm was made in the mlddle

‘of ‘the schqol year. [Fllm.runmng tlme: 30 mm ]

: . s -
PRV ! ¢ , - . .

Discussion a_fter the film:

+For each pair o‘f_ rules in the-film there was one tie point; to the left of

~the tie point one of the rules won ahd to the right of the tie point the other rule
won. It is natural to ask if any other situations are possible. . Here are three

whbich are worthwhile discussihg:

. A Y
b
“
Ll

. (a) Are there twe-rules which never tie? That is, could we have a
p1cture hke this? : .

Y

€——— b°b b b b b b —>

[N

(b) Are there two rules Wthh tie exactly tw1ce, glvmg 'a. p1cture

like this? ' . ‘
[ ) v “ :,(
o .
< - b bbb ™ a aa a a b
' , R ‘
, (c) ' Are there two different rules which always tie?
| s T T - -
———— e S e _— >




\ : .oV;;V" ) D E ot: e B W1l he gk

-'Ifmt Suppose rule a “is ’D'——-> D+4. WrNe rule b so that for ) _
‘ any startifg number, rule b’ always wins, L ' ‘
Some pOSBlbllltleS for rule b are:

* | t | - N—> 0.+ 100 - . _ t» / )
~or , .
. : 1 . ' v f ‘
“ o O—>0+ 5
\ - e R or even . : B o

D—>I+ 4_11—6

-Situation (b) is somewhat harder. If the participants get bogged down here, |
’ ~you could either let them think -about it for a whlle or? suggest that they try the rule .