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Abstract : ’ LT

This 8tudy investigated the effect of initial instruction om the,
brocesées children use to solve ‘basic addition5and spbtraction'
verbal problems. Priorito instructlon and foliow:ng a 2.month

™~
on, 43‘firstfgrade§ N

N

introductory unit on additlon and. subtrac

-

children were individually tested on rbalﬂproblemsirepresenting

different models of addition and s traction. Prior to instruc-

tion children S solutlon'proce 625 modeled the action or . relé*

4

taonshlps descrlbed in the oblem. Eollowing‘—f§truction they

generally used a separat g strategy for all subtraction problems[

- - Altheugh they could.joire the problems, few children could coor-

)

yns with the arithmetic sentence they wrote

" dinate their solut

‘e

- representing the/problem.-
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Ckildren's Solution‘Processeg for Basic Addition and -
LT "Euﬁt:acticn Probléms;

¥

A}. , :“ ! . ) '*l'v : . . ' | /
' ' ) Thomas P. Carpenter '

v

. ' . “‘ ‘ .
University of Wisconsin-Madison-

-
€

N The purpose of this sﬁudy.ﬁas‘to investiggte_the-effe s of

initial instruction in additiofn and subtraction- concepts and
% e, . ¥ i ’

) L. » . . .
skills on' the processes that children use to solve basic addition

.

and subtractiogivé:bal'probleﬁs. In ‘an earlier SEu@y (Carpenter,

‘Hiebert, & Moéerg in-press), it was fOund:that.prior to formal.in;

struction children are, extremely successful in solving simple’ ‘

E . . M,,verbal problems. Although they did nog have knowledge of basic

-
- facts or computational algorithms evaifﬁble to solve the problems i

arithmetically, children could represent thé problems using cubes,
Co S
fingers, or some internél gepresentation and solve the problem

-
2

: using various counting strétegies¢ ,

.It is generally acknoé&eagcd that w1th older children solving
. Verbal problems is an 3rea of dlfflculty in mathemﬁtiLs 1nstruc~
tion (c.f. Zweng, 1979). A basic question is why are the rela-

. ‘ tively(sophisticateﬁ problem sélving strategies of youngg7A




CYN

N

<
e‘ . v .‘ ’ . . 'S ‘ . -..-~
children that are based on the semantic structure of problems re- ¥,

placed by ghe superficial analysis of verbal probléms found in

-~

many older chilirén'as they attempt to decide whether to add,

subtract, multiply, or divide. Part of the answer to this'ques—

tion may lie in understandihg the t:ansition from informal knowl-

.edge of addition and Subtradtign to the formal'symbolic systems -

By comparing thé.processes that children use

of arithmetic.
. o ' -—

.
~

pfior to'instruc;ion in.aggition:and subtractibn‘to the érécésseﬁv
tha£*they use after several-méntgs of formaﬁ'iﬁsttgctjbn, this
:studQ'atteﬁ§ts to gérn é clearetr picture of the early‘develop;'
'meétrof'addition and subtréction conceptsland ékills as well;as

to provide some insights into"chiidrén's problem solving“abilities.

» , o - '
. Backgroﬁnd . .
cqr
» .!r \) R .. Q .‘
Problem Structunq_‘- -
. ) . ‘_ | By \ .‘\. P
A major focus of this study is tq investigate how children

-~

solve different types of addition and subtraction problems. 1In

order to examiné\the effect of protlem structure’ it is necessary

LA

to characterize the major differences between different addition

~
-

and subtractior problems. There are several approaches that

previous research 'has taken to characterizerverbal problems. One

4

~

\
. . - ' ‘. 5 : N
)
2 ° =
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is to characterize problems in terms of syntax, vocabulary level,

‘aumber of words in a problem, and so on (Jerman, 1§73 Suppes,

- -

Loftus;'é Jerman, 1969). A seeOnd,approaeh differentiates

between'problems in terms of the open sentences the§@represent

(Grouws, 1972; Rosenthal & Resniek 197& Lindvall & Ibarra,

-

2Nete 1), This study is based upon a third alternatlve that con-

sxders the semantic structure of the problem (Moser, Note 2).

s
. _(\ s

Thls analysis is generally consistent With eﬁher analyses based

on problem structure (Gibb, 1957; Vergnaud &—Durand 1976;

Grenno, Note 3):

. +

This analysis distinguishes'hetween féur semantically . “./

different classes of problems: . Joining/Separating, Part-Part-

Whole, Comparison, and EQualizing. Tor problems in the Joining/
\ ‘

Separating qlass there is 'a initial quantity and some direct

‘ -

or: 1mplied aetion that causes a change in the quantity. For -
problems in Qhe Part-Part-Whole class there 1is no.actdon direct

or implied. &This class represents situations in whieh there are

.

two quantitles which may be <onsideren indlviduall{ or as parts

of a whole. As the name imlees, preblems in the Comparlqon
class involve the comparison of twe quantities. This 1includes

problems in which the‘differenee\between two giﬁen quantities "is

~
<
3
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¢
' to be found and ptohlems in which one of "two qnantitieSfandvthed.
:msgnitude-of the,differenoe betwegqg them is given ano the decond

quantity is the’ unknown | Equalizing probleﬁ? share characterisf

tics of both Joining/Separating and Comparison problems. . There : A
2 ' . ] ) . . - /
is implied action on one of two given’ sets, ‘but areomparison is '
also involved. R R T ' .

) . ‘ v & 4

There are two dimensxons on which the four! classes of
problems differ. One megor distinction-is based on whether the
‘ ' proE]ems deseribe‘action or statii rela ionshipsr In Joining/ | .-- | ... g?
. | Separating and Equalizing problems,‘there is direct or implied | |

t -
QAction in which one set is joined to’ or separated from another

- 13

set. On the.osber hand,.both Part—Part—Whole and Comparison

-
. ?
s s ¥ i

. ‘ problems involve relationships between quantities, 'and there is . . ;

no action implied or direet The second major distinction is o ‘
et i ‘ ‘

a0 |
bascd on set inclusion: relationships. In both the Joining/ |
. Separating -and PertfParthhole classes two-of the entities{in— S ‘.%_

volved in the problem are necessarily a subset of the third. In .
‘o . “ . . . . . ) o LR <
other words, either the unknown.quantity is made up of the two

given quantities or one of the given quantities is made up gﬁ

the other given qnantity‘and the unknown. For'ﬂgmparison and
. \ ‘ ] ‘
2 Equaiizing problems this is not the case. T ) ‘

Ey
e
t



.

\ 4\
\ \

By varying the unknoWn quantity or the nature.of the action -
in the problems (joining or separating}, koth addltion and sub-
traction operations can be\represented by problems in each of the

four classes. .
J .

4 .
a

Strategies.

The initial problem solvﬁpg stody (Carpenter, Hiébért;'&
Moser, in press) identified a number of strategies that children

use tafsolve addition and subtraction problems prior to,instruc-

tign. Most of these strategies are based on counting and are

similar to those fourd in the response latency studies of symbolicV

additlon and subtractlon (Groen & Parkman, 1972 Groen & Resnick
1977,

N

Suppes & Groen,‘l967 Woods, Resnick, & Groen, 1975),

although several additional strategies were identifiedlas well.

e |

~The basic addition strategies can be summarized:as follows:

Y

using cubes or fingers as models, or by counting mentilly

Counting All:

-

The counting all strategy ean-be carried out

1t

cubds are used, both sets are represented, and then the union of

the two sets is recounted beginning with one

If. counting 1is

done mentally or with fingers, the counting sequence begins with
A .

. ) v '
one and egds with the number representing the total of the two

. . . €
given quanti&ies. ’




. . . | '\ o J

]

‘\

Counting On From First Number: In this strategv the counting
'eequence begids eicher with the fifst given number in the problem

or the successor of that nu@ber. Countiﬁg may be dohe-menteily,'

. \

" or by using cubes or fingers to keep track of the number of steps

- : ‘ i
caunted. . -

Counting On From Larger Number: This is similar to the pre-

vious strategy except that’ the counting sequence begins with the

-

1arger given number or. w1th the successor of that number.
3

74Known‘Fact: The child gives an answer with the justlficatlon

-

~ that is was the result of knowing some basic gddition fact,

Heuristic: Heurié\ic atrategies are employed to generaCe - .

solutions from a small set of knowi basic. facts. These'strategies'
' . ) oY . ’ : ) -

”

usually are based on dougles{or numbere whose sum is 10. For

example, to solve a problem representlng 6+ 8=27 a?subject-

LI

responds that 6 # 6 = 12 and 6 + 8 is just 2 more thap 12. In’

another example involving 4 4 7 = 7 .a subject responds that 4 + 6 =
. : _

¢

10 and 4 + 7 is 1ust 1 RoTe than 10.

- - -

Uncodable: A correct answver is provided but the interviewer

. /
is unable to determine what strategy a child is employing.
‘The Counting All strategy directly models the actions or -
_ , P
relationships described in the addition problem. The Counting On

: »
“strategies provide a more abstract representation of these rela-
N . v

- 9

- t

L4




<, qionships, There are paréllel levels of abstraction for the sub-
- ¥ ' . . o \\
traction-strategies, but the subtraction strategies are a grgaﬁ
) , o . . € s

“ »

- deal more varied. Differ%nt subtraction strategies repreéent

completely different interpretations of subtraction. The speci-

- R . ']
- fic subtraction strategies can be summarized as follows:
4 . k " . v ‘ .
Separdting From: The child uses concrete objects or fingers ‘
’ : ' -

)

. - . to construct the larger given;set and then takes away or séparates,

. one at a time, a numberf%f cubes or'fingers equal to the smaller

i ‘ |
given number n iZ the problem. Counting the set ofAremaining

cubes yields the answer.

- .

: . . A
. : Counting Down From: In a moré abstract representation of the

. | v o : | v
..« "' Separating From strategy, a child initiates a backwards- counting
/ : ’ ’ ) . " y l - .

sequence beginning with the given larger number m. The backwards.
counting sequence contains as many couﬁting numberx weydé as the

- - i .

* given smaller number. The last némber uttered in the counting

€

v ) sequence is the answer. -

L]

Scparating To: The Separating To strategy 1s similar to the

by

Separating From strategy except that the separating continues

until the smaller quantity is attained rather. than until it has
been removed. In the concrete case, after the laréer set is

. . ™

counted out, the child removes cubes one at a time until the

remainder is equal to the second given number of £he problem.

Counging the number of cubes removed gives the:.apswer.
¢
4

) | . «




T ., . Counting Down To: A child initiates a backwards counting
sequence beginning with the{larger given number. fThg Eéquehce - - - ”} 

3

ends with the smaller number. By keeping.track of the number of

Py .

counting words uttered in this sequence, either mentally or by . >
( ‘ ] ’ P . . T \ -~ - ;
. N . » : < : Lo ' u‘ i R
. using fingers or cubes, the child determines the answer to be the , , . ey W)
e . -‘ . ' - . " B ‘ .‘Q ’
number of counting words uttered ip the sequence. S ' T
“ . [y I
. e

‘Adding On:’. With concrete objects the child sets out a ‘ S

o . number of cubes equal to the smaller given number. The child
X ’ . ‘ .

.~_then adds cubes to that set-one at a time until the new collec- o LN
tion is equal to the larger given number. Counting the number of R
" o L e L .

cubes added ory gives the answer. s ) ot . O

" "Counting Up From Given: A child initiates a forward counting

. a . ' ¢ S . . : .
sequence beginning with ‘the smaller given number. The sequence s o »

ends .with the larger given number. Agéin, by using an§ of the

» . . : RS

! ' available devices, the child keeps tfack of the nﬁmber of-counﬁing' ' \. A\

. . - . . Va .
words uttered in the sequence, and thereby determines the answer.
. ?

4

are available. The child puts out two sets of cubes, each set

) -
standing for one of the given nymbers. The sets are then matched

‘Matching: Matching is only feasible when cdnéré;e objects

. . :
¢ one-to-one. Counting the unmatched cubes gives the answer.
- Strategiés may be related to problems in several ways. A
\‘ian child might use tHe same strategy for.alleubtraction problems.

- . -

-
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. model.

/e

7

.

dsgending on the relative size of the numbers in the proﬁlem )

(WQods et al.,.l975) A third p0551b11ity is that the strategy

- ‘-

would depend on the structure of the'ptoblem. : .
R R : . - e

Certain gf the'strateéies hetufally model the'%ption destribed

h : ¢ N
in specific problems. The Separating problem isAmost‘clearly

<

modeled bytthe Separating strategy. On the other hand the

implied Joining action of the Joinlng (missing addend) probleqs

P

ig most closely modeled by the Adding On strategy Compa qg. R

LY

preblems deal with relatlenships between sets rather than action. .

e,

In this case the Matching strategy appears to provide. the best

L 3
' ]
~ -

For the Part-Part-Whole and Equélizing problems the situation

L]
[

is’mpfe aﬁb@guoue. Since Baft;Part-Whole problems have no-implied

. - . .
action, neither the Separatingiyer Adding'On'strategieE,_which in-

-~
+

| - -~

volve action, .exactly model the given.relatiomship betweei quan-

. _ * .
tities. But since one of the given quantities is a subset of

{ ot -
‘the other, there are not two distinct sets that can be matched. ’

>
5

For the Equalizing problems the sxtuation is reversed. S;nce
the'EquaIizing problems involve both a cemparisoﬁ and SOme implied
. g . '
L]

. action, two different strategies might be seen as appropriate., The

¥ , .
\ '~

additlon Equalizing problems involve a comparisen of two quantitlee

. 1
¢ M A
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- - P A .
. comparisoR aspect.of the problem.

"beé investigated in this study is whether this general approach

) R ' . o 7 ) - .
- B . | ——
' . //" . . 5 .
@
. r * . . ' N . . - 4 - ) '.. .«n
“and a decisien ‘of how, much shduld be joined to the smaller -
&
quantzty ‘to make the ‘ ivalent.f Thus,rboth the Matchipg er . “f .

-

: the Adding Gé{strate ies might be appropﬁiate..‘icr‘the suh- L e

¢ .
.;.

-

tractlng Equaiizihg problems the imglied action invo&ves.nemovlng A

. 'Y P

’ } « L0 -', .
elementS»ftom bhe larger set until'fhe twn sets “are equfualent., .o

° .
E T
' . & ’ ‘_.

~ This’ action seems to be bes; modeledsby the Separating To strat— o,

PR

egy while th%gMatéKing strategyaiS'agaih.éppropriate,fer tbe"

]

. . . e
. . . .

"In the initiai study'of.ehildrenfs solutien processes

L]

_(Carpenter et al., in press) it was found that prior. to instruch

tion in additxoﬁ'ﬁnd subtraction children s strategies were based L

[

primarlly ony the structure of the problem. A major questian to

v .
. 0!

)

.continues-to operaﬁe'aftervinstruction or whether ehlldren ‘begin -

.
U

. tof view subtraction as a single operation that has a single

Bl M

method of solution.

\ .o
o A ¢ . . . . : . -

R

The- basic objective of this study was to jmvestigate the *

effects of initial instruction in addition and subtraction con-
¢ S ' ’ ’

cepts and skills on the processes that children use to solve

©

K simple addition and subtraction problems. The effect, of instruc-

1

»

. e

A T "
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tion was measured in terms-cf (a) the changes theELocéurea inn .- . -t
"che pfocesses)that child;en use to solve eddition and subtrAC— R ...‘-
', 4 ! ._“ * . e ) S ‘ .
'ticn probféms as a reSult of instruction, (b) children s 'zz§§ ‘ Y
. . I . . . .
: \.ability to write arlthmetic sentences to renresent different
® :
; addi&igp/gndfehbtractfbn problems, and (¢) the specifid effect _— . T e
P e N : : ' o K
of sentence writing on the processes that children use to solve - T L
addition and subtraction sto?y.érqblems.v . : * )
’ i N ‘ . . \ . .
3 . . Y
‘ , "":Method
Procedures - ) ";J;
. . .

Fcrtf-thr e firsts -grade children were individually inter—

L.
Fl .

viewved in February, befcre théy had received any schonl instruc—

¢+
<

tion pn ndditinn.andvsubtraction. The tasks fnf.the,interview ' \ : o

T

consisted of 10 addition and subtraction problems. In May, S 3

. ‘ . ; .‘ 4 . s - ' .

following 2 months”of instruction inaddition and subtraction,
. ! ' -\

the same subjects were readministered a subset of 6 of "the

L]

[
¢

same‘verbal prcblems. Several days later they were administered , Lo
‘ o ) A S '

a set of paraliel ptg@ieﬁs forgwhich they were asked to write

. 5 T A

b

an arithmetic sentence before they solved the problem.
This study used indiv;dual interviews in oréet to be able’ ' ,

to 8escribe ‘the process that children used to solve each of the

) e '

- o
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) « .o . . - . . L .« . .
- . . < )

_ problems.. Interviews were canducted in a smail‘rcom removed from

A . .
‘e . »,

.. - the“classroom. Each problem was read té the subjects by ane of L S 7]r?ﬁ

N i e ‘ e . . - “ ' . L L "
Lo j - thfee'expefimenters. Problems were, reread as often as neciﬁsary e S

R §0 that remembering the giveh numbers.or relatibnships was not a_“ : A R A
factor. A set of red and white Un;fix cubes was made avail "@"; SRR RV N
R I S - to'the subjects. Subjects were encouraged to soIve fhe prcblem

- e,
bl
i i y

HQ}@’ . _ without the cuhes but were told to use the cubes to help them

S .1 L .
EEEEIE S N . PR
. Tt :

. -
A, H

'f Y, "solve the prcblem if they needed them or.wer% not sure af the}r o o : .’.fj
S answer . If subjects were having difficulty solving a problem. ' ' R

without cubes~they were reminded‘;het they could use cubes to e R
4 : L ‘ . b .

find the answer, ‘ A S . ¥ o . -
3 ~ o LT S . o .

o Essentially the samé procedures were used'for‘the”problems |

- . for which'subjects wrote arithmetic sentences. But for these 

4 . ' ‘ . \

problems subjeétg were also given a'pencil_and §aper and in-

- “structed to write a number sentence before they solved the : L
t i .

f

L)

~

problem. ' } : - . : . ,
40T If subjects used cubes or fingers, their method of solu- Lo '

tion was often evident. 1In thid case theiexperimenter coded the “;\d
. - . - . - .

response and went on to the next problem. If the suﬁject did ' , - .

not physically model the problem or it was not completely clear

how a subjéc& had arrived at a given answer, the subject was

PR

R T asked to describe how the answer was found. The experimenter

-

- : .
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n
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4
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\
s

4 v ' . 8 ' ., "\ ’ -

‘centinued questioning until Tt was clear what strategy the sub-

.f

Va . TN
ject had used or it was clear that no fplanaticn was - forth—
@ /9

. -

. coming In the February interv1ew, @roblems were presented in
=X

- oo one seésiog that lastedflo to 15 minutes. In the May interview,

: .‘

-y

sic types of addltlon problems a7d feur¢types of sub—

/
problems were included in the study@ Qne Subtraction-

J
selected from each of the fout basic classes of

.

problems that had been identified. Since .'the initial investiga'—"

¢

tion had found no differences in the processes ‘that children
‘usé 'to solve Joining and Part—Part~WhoLe‘addition problems only

the Part- Part Whole problem was included Since Equa*&zing

f.x
o ~

, o addition ‘problems are somewhats awkwardgvthey were also not

-

used. The six verbal problems administered in the February and
< . ) . . 4
. ' . o

May ifterviews are presénted in Table.,l. ', N
' )l‘ . ) . - [ .;"“-

- - AR
. . o
D Insert Table 1 apout here

4o

— ~—
; ot .

To avoid any danger pof contgmination, a set of six identical

*

problems were written for the sentende writing interview. The

- ; .

/
pb
oI

)
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a i

. ’ . "\ ' . - f :
problems were identical except for a slight change in wordmng L , e

]

For example, the Part—PaE;*WFole eddltionté;oblem became'

- - (e

’ Seme qhild;en ee;e}playing besebegl. {5 were girls 3 "-‘_ B .
andlﬁ were Bo?s., How meny,chileren‘&efe‘playieg ; . o ’
’ baseball altogether°, f‘ A ‘ .ﬁ' ‘ fb"."-;jﬂlv e ) .f
" The numher triples foe‘the‘problems were selected to con—. i“: :f | :f

'-fd;m to the fdilowing-speciﬁications: _(a) Each of the addends  °
) was-greater than 27and 1esé than 10, (b) their sum was greater

than ll and less than 15, and {(c) the abso&ute value ef tﬁe_ :

difference between the two addends was greater :han 1. Theee )
rules generated the following,set ef six triples:' (3,9,12), o

* ‘ ‘ :
(4,9,13), (5,7,12), (5,8;13), (5,9,14), (6,8,14). This number

-~

‘°qomain was selected Beeause':he numbere were smallleeaugh 50
thet;the probleis could be reasonably'medeled using concrete .
objects eut were large eneugh'so that it was ﬁnlikely’;hat
many children would heve alfeedy learned the addition erAsubtracf

“tion combinations. It was also more likelyvthat:ehe children's
etrategiesfwoule be'obeervable with numbers of .this size than
with smaller numbers. Doubles and near doubles were eliminated
because it was hypothesized that children may.eperate differéently
with those combieations (cf. Green & ‘irkhan, 1972).

/ "The number triples were equally distributed over the set of

2 . . '
problems so that eachﬁi&mber triple was paired with each problem .

» ) s .

* [}
£ ‘.
.
,



\

) ) , - f
either four or five'times Each subiect received each number_

’ triple exact}y once éithxn the set of . problems, but different

I-f 'y 2
sqbgectsxreceived diffetent combinations for a given problem._'

. For-the additlon,problems, the smaller of the two addends was"
& RN .

.,

always presented Tirst. ﬁor the subtraction ptoblems, the larger

¥ X

of the two addends was always Qelected for the. unknown 5The“' o l\

‘order.of the problems~wa§ rendomi;egﬁﬁor eaoh Subject.

.

' Subjects | . . o

2 2
. \

~ The‘subjects,for';ﬁe study consisted of the 43 children’

in the twyo first-grade elasees of a parochial Sehool that dra&s o

3 .
- - . '

etudents from a predominantly middle class area of Madison, -

'Wisconsin. Mathematics instruction in both elasses'haé consisted

» . L,

- of topics 15 to 22 of the DevelopingMathematical Processes (DMP)

.

program (Romberg, Harvey;;ﬁoser,.& Montgomery, 1974). At the
time of testing‘tn;early February, only two arithmetic topics

]
-

. & L,
had been cdvered, Writing Numbers and EOmparison Sentences.

3

-The other six topics deal with meesorement and geometry The

-
k2 ' w‘- -
topit of Comperlson Sentences introdiices the notion of a

'Y
-

mathematical sestence, though it only* deals witb-representing
. . . y -~ : i ' N '
a static relation (equality) between two numbers. Thus, at the

q -

time the children were tested iﬁ February, no formal fnstruction

L

-




. _.&'#

s
- . .
.

in symbalic.representation of addltion and sdbtraétlon had been

F o ../.'

g1ven. On the,other hand, several lessons whigh 1nc1uded .

. ) -
8

'iproblem situétidns involving jcining;_separa:ing, partepart?:‘

!

whole, and comparﬁson had Been presented : In éhose insténees;' S

‘madeling with objbcts to determine the solutlons had been'j\ .

.. { i '

N
. . . .
-~ . - . o [

suggested 1/ 4
.8 : Lo
a By the time of the May interview, two instructlonal unlts

on addltlon and subtractlon were presented The.units required

apprqximately two men;hs of’ins;ruction and focused on the

following ebjectives: writing number sentences' of the form

v , . «

a+b=[] or a - b =[] to répresent concreté and verbal problem

.

situations and solving number sentences of. the form a + ET*=E3

-

and a\} b ='[] for sums between 0 and 10. The prob;em'situations
were of the joining, se?arating, comparison, snd‘part—partfwhole
types. Several key features highlight these units. First, the

children'a{g strongly encouraged to use medeling behaviors by

representing numbers with sets of physical objects. Second,

-vartous forms of countifig are sdggested. Finally, ahalysis of

verbal problenms is taught using a device that has the part-part-

owhole relationship %§~its basis. This device tends to highlight

the inverse relationship of addition and subtraction.
4 o *

s
Ve
| N3




_— - ' . . Results

t o . : * ‘."‘ . - f‘ ‘ ‘. ' . .
C ) The chahge in,perioqi:nee from the February interview to the
. ‘ f . . ¢ - -

-«

LY -

. ' C . LI oy i : ° ¢ . T i ‘-;
. problems given in both'issessments and does not include the
;. ‘ | . ,_ .- I$,.* b-_ . . v “‘, . :m -‘., .

b
-

Insert Table 2‘%Pout here ‘flw"

I

f'- ‘pféblems ﬁhat gequired‘children.to wfifg arigﬁmetit‘sentences. A
N respénsé.was‘code& as indicatingacqrrqct‘stfat-- if éhe methqé
- . e~ .
vwo@ld have generated the_co%reét answef’ppovided thék itIWas_
. \iappliéd without efror. In other erQS'miscounﬁiné or forggt;;ng

'“,’ . one'of the numbers in the problem did not invalidate a correct

. . 5
Vi . L

: . e .
4 o,

. - strategy.
#% ¢ Performance on the Part-Part-Whole problem im February left
Lt 4 ‘ > |

little room for imp;‘ovemeﬁt, but the five ‘subjects. who could not

s ¢ .

" figure out an appropriate strategy at the time of.thed first

N

interview were able to do so after several months of instruction

in addition and sbbtraction. Children continued to have diffi-

A culty with the Comparison problem but there were substantial gains
. \ . L ' . . - | -
o ¥$;, from the first interview. N .

e ¥

: 2n

fv‘

May interviewis sumarized\in Table 2.: The table- on¥y- includes ' .
) . . . + L A 0 L, Poe I .




;;_ - L ft (ﬁ « '“1 .51 'J ,{ - SR
. « There is an interésting s@ift in errors'for.the_Fogpa:;sog‘ A -
grob¥g9. Whe;;Es-gtth? tim§=bf the firgt_iﬁterviav mbg} ofq;h? s

.a ’

LR errors resulted from childreén immediately responding one of the

vh}~: _‘.“.f"vﬁpmbérs*giﬁeh ﬁn ﬁhe p;obigm,“in the secand'inﬂérview_éf}dEs E

. . . T UL L e ey L . s
?'ye;?falmoég*eyenly{éivide§ Seﬁwééé resfandihgjqneg§f the given
'hum;erS'épdpchéoéi@g the yréég;operétidﬁ;; éfefafi?n‘ef;ofs in;A‘.

L . 'voiyed'tﬁe éppliéation af;som%‘stfateéy.that.would be épptbprié&e

| L N
.« + for a subtraction. problem.
Although earlier studies had suggested that children in= =

creaéingly use,Countiﬁg On s;rategiés.rather than Counting All

" (Groen & Parkman, 1972), there were no apparent changes in“the 1f C e

strategies that children use to solve addition problems.'“ééuﬁting‘: 

| . ‘All was the primary strategy at both interviews. It should be -
A ges® ' ' : '

noted that instruction oply covered additioﬁ*facts tHroquJIO, 80 f

the chifdren had ‘no experience with the number rombinations used
N . ' .

in this study and it is not surprising that few of-thfm knew the

arithmetic facts at the time of the May interview. -
o . A N . .
¢ o The change data for the subttraction problems are summarized

>

in Table 3. Since there was no significant pattern of change in

H ¥

Insert Table 3 about here
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G o _ - _ oA

errors, this &&& .was‘hot included in ofdgr to simﬁlify the“table.'

AN . 2

!

For the fourtgubtractibn peoblems the wrong pperatioﬁ was never

: use! in khe first interview‘and was used only‘three‘timgs in the

A ' - ¢ L

The cor;esbondiﬁg'figuges for,resﬁandiﬁg oge.of the given

L

sacﬁnd

4 o . . .. ) N . , . '
-are 10 and 12 respectively. | | t S

.: ) }’. ‘.. \ . . . , ) ¢ «
Theré was relatively little margin_for'éﬁprovement in the

-

_number

number “of correct strategies, comsequently there wds relatively a
L3

little.qhangg in performance:. The ?grtrPagt;Whole prebiém had_
‘an'unusualiy high inéidencé;qﬁ.couﬁting errofd‘during tﬁe fi%st
iﬁtngiew and 13 additionéi;éubjegts'found a correéﬁ answer in
the second inte;éiew. ‘It-does ndtvappe':, howgver, that Ehere.
was gﬁ overall impfoveggntﬂin the accuracy with which .children

applied couﬁtiqg!skills. This was theﬁgnly.problem which showed
. s § *

such an increase and it probably results from the uncharacteris-

n
‘ ¥

tically high number of counting errors for this péf?&culér problem

during the first interview. .

Although most children could identify an appropriate stfgfegy
to solve each problem at both interviews, there was a significant

shift in the strategies they selected. At the time of the first

interview thost strategies were based on the structure of the

’

/ L

problem and consequently varied from problem to problem. During

£, . L . . | ) ,
the second interview most children consistently used a separating

‘strategy for all four subtraction problems.

~

IS

4

B
i
4
'
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Sentence Writing

<

Sentence wrifing responses are symmarized in Table 4. Re-
. ] L ’ [ ) . :

sponses were coded as correct if they'Gére Vvalid open number
o - A : -
b, , . .. oo '

.g“' e : PR

f o R -- ‘:) A‘-.. ] ‘. ““ ‘ 4

v\T( ' - _ Iﬁéert‘Tahle'é-about,ﬁere

) . . . ¢

‘sentences or phrases that could 'be used to solve the‘problem.or_'

~
a

if they were true sentences involving the number triple in the "

problem. - %xample§ of cqfract'and incorrect responses are given .
. I . an . N R .

,in Table 5. . . - ’ . :

. . . . o

lInsert Table 5 about here

. . I3
] Al —t

=N

In spite of the fact that- children were consistently given
. - \ :

»
. )

directions to write the sentence before tkey solved the problem

. ] 4

I3

about a fourth of the children ggnefally_solved the préblem before

they wrote the sentence. 1In manf cases it appeared that they
were unable t¢‘write the sentence before they knew the complete

number triple. This accounts for the response 5 + 7 = 12 for

the subtraction problem in Table 5. .

The Part-Part-Whole addition probﬁem and the Separating {

problem were most cleg;lx\associated'with appropriate sentences.

, -

A}

22
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- There were only four incorrect sentences for eithe? problem,

-

. . ail involving the inéorrect operation. The Comparison subtrae—
L | . tion problem and the Equalizing problem were the most difficult.

.o ~ In fact, 8 of. the 15 correct responses to the#ﬁhualizing problem

: P were addition sentences (5 + 7‘E 12) written after the problem“

was solved.‘ Three children responded in this way to the Comnarlev
spn problem; Over half the children wrote invalid sentences for ;
.the Comparison and Equalizing problems. .The:most,common in-
correct resoonse was wr{tinggan addition sentence‘involving the °
two numbers -given in the problem' 'This accounted for 17 oé the i
Comparison responses and 24 of the Equalizing resanses. It is

'not surprising that the(ﬁqualizing problem would have a higher

, .
relative number of errors involving addition sentences than the

i { v, = Comparieon problems because the imptied.action in theEEqualizing'
problem.is a joining actien.

. _ A number.of children nade the error of reVersing the
‘o numbers in their subtraetion sentence (5 ~ 12 = ~F): In both

Y i
L}

‘problems the smaller number is given first. A child may recognize‘

AN that subtractios is required; but if they wrise\the sentence with

- s ) . L
the numbers in the order in which they are given in the preblem,

. .
5 £

the sentence'is not correct. For- the Separating problem this

difficulty does not occur because the larger number is given

T



P3N
.

.

~ first. Seven children wrote incorrect subtraction sentences for

' Toa . . ' “
) N .

.
- . -

-~
bl

. N : . e b . ' : &
, the Comparison problem and three did so on the Equalizing problem. .
“There. were né responses of this'kiﬁd for the Separating proble@\ r
. Cﬁildreq‘s relafivévsucceSs‘in writing a sentence for the .

Comparison addition problem pgbbably teflects a :endency'tp-write

@
L

‘addition sentences when in doubt rather than a recognitiod ghaé

L

the problem is.réprésented.by_an addition sentence. Thirty

children wrote appropriate sentencesqur the Comparison addigﬁon

problem Whi£253h1x,zn used a strategy to solve the problem’ that ,_

-would generate a—cofrect‘solution...On the other hand only a third

£

N of the children wrote valid sentenées fcr the Compafison subtractio

2

. .

or Equalizing prdblems while over three-fourths generate& appro- .-
priate solutions. Although about half of the children wrote in-*-

o=

correct addition sentences for these two problems, only five

; H

children used a procedure that represented addition to solve them.

-

These results indicate that children's solutions were not

seriously influenced by the sentence that they wrote to represent

-

the problem. Further evidence for this conclusion is presented ¢

in Tables 6 and 7 in which performance'on'prcblems on which,

children did not write sentences is compared to performance on

-

o . -59
./
Insert Tables 6 and 7 about here

19
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L3

L}

~A4

.

problems that required children to write arithmetic sentences be-

~ - . -

fore’ they solved the problem. There is practically no difference

-
[y

between responses in any category
N \ .

can be observed is that there were fewer 1nstances of . children "_

L

1 - ’ {
using a matrhing strategy for the Comparison and Equalizing X

.

‘ ‘.m .,“ hl\‘

problems. The- numbers are so small that one should be cautious

e
L

in attaching a great deal of significigge.to this result.‘ How—

ever, the trend is consistent WLth children s shift from direct
modeling of problem structure asﬂa result of instruction on

~ ’ .
. - )

sentence writing. . ‘ _' . 3

Conclusions - \

Prior to ;}struction the general strategy that most children
use to solve addition and subtraction problems is to directly

model- the action or relationships described in the problem. They
have a number of different strategies for solving subtraction
problems which represent d&étinct'interpretations of subtraction.
A completely aevelopeo concept of subtraction involves an‘inte~
It appears, however,

gration of all these interpretations.

that most children at this stage do not recognize that the

dif ferent strategies are equivalent. ;bg} seem tg\ngsiii*them

". The only possible trend'that; ‘

LA™
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as distinct strategies that are used to solve different types of

. : ~ o
prqblems. ‘The evidence for this conclusion is 'the uniformly

2 . -

" close match of solution strategy to the structure of the problem.

a.;Following‘initial'iﬁstructipn.thgré ié:a.distinc: shift in
. - . f . B Al

the general approach children use to solve addition and subtrac-
: v .

tion problems. Rather than using a variety cf strategies to

:_ golveﬁdiffe#engfsqb@f?gg;on'probleﬁs,fmosf ghildrgp bggin t@ppse
a single strategk t01501ve'al; subtractian pfobieﬁs. ‘;t is not
clear whether fhey clearly feéognize.thé equivalencg ofithe
differeAt_strafegies'they‘were using earlier or whether ;heir
.egléqtic approach has heen&répla;ed by a'siﬁglé ;ni.

‘tation of subtraetion. _ . - v
[ ] . . N o :

Some caution should be exercised in intg:preting thdse find-

ings. This gtudy did not include a Joininé—missin% aadend problem,

for which the Adding On strategy is extremely pronounced. A

'study that is currently in progress suggests that at tgéf stage'

of insPruction most éhild:en would probably continue to use an
N -
Adding On strategy to solve’ the problema. In‘other words, the

L] \ L]

shift to a single strategy probabiy is not compléte at this

¢ . -

point. The study currentdy in progress also suggests that the

shift to a single dominant strategy occurs somewhat later ;han
is indicated by the study reported in this paéer.
‘ ’ « ! *

» .
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A change that might be predicted that did not occur is a

shift to more abstract strategies.. be_eﬁampie, following in-

struct™on one-might ekpect chil&ren to uée'the more efficient
4 p . ! : :

- Counting On‘stra:egies rather than Counting All or td'move from

a Separating strategy to a Counting Down strategy.- This study

~found a much lower incidence of-Counting On-s:racegiég than

were reported by Groen and Parkman (1972). Onme reason‘that.this
may notjhav;IQGCnrred is that the presence(ff(cubes ;ehd to en-
courage the more compiete_representafions. * The study cu;rgntly
in progress indiéates that wﬁéh cubes are,pat:availablé there is
an increase in the usgﬂéf-mare abstract sﬁfatggies. |
IﬁSt;uctiog in addition appears‘to'hgve-caused-sbme shift
in thé éfégéegies‘that children use to solve additionrané sub-
tracgion broblems. Most children also learned to write addition
and subtrdction sentences to represent‘certain addition and sub-
traction_prcbiems. At this stage, héwever, very few children

recognlzed that the arithmetic sentence was a mechanism that

they might use to help them solvé\\?e prcblem. Once they had

‘written a sentence most, children appeared to ignore it and used

3

the verbal problem-to decide on a solution strategy. In fact, in

spite of instructions to the contrary, about a fourth of the

S

-

subjects would solve a problem befare‘writing a sentence. In

27
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‘cases-where children wrote an incorrect sentence but computed the
correct answer, they»would of ten complete the open sentence with

their answer. Although there was occasional hesitation when they

©

did this, none of them were able to resolve this conflict. The

fact that the ‘specific act of sentence writing did not influence

\

children s*solutions further snppOrts the conclusion that children

have not yet coordinated their problem solutioms with the sentences

-

they.write‘to represent the'problem. ' :

) -

These results, indlcate that following sevaral months of in-

- - 1

struction children have begun to shift from a concrete direct

modeling approach t3 solving word problems to a more qpified con-
ception that incorporates symbolic representations of eddition

and subtraction problems. At this point, however, they are still

r

in a transit?onal stage and hsye a long way to go to a completely

.

. . .
. developed concept of addition and subtraction.

»

L
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Table 1 E

' - ' " Verbal Problems

Addition
Part-Part-Whole

Some children were iceé-skating. g_were‘girls and g_were'

boys. How many children were skating together? o T

' t
Comparison

\\\\ "Ralpﬁ has a pieces of gum. Jeff has b more ?ieces than

Rdlph. How many pieces of gum does Jeff have?

A}

-

Subtraction

Separating

a

Leroy had a pieces of candy. He gave b pieces to Jenny. .

*
PO

How many pieces of candy did he haVe left?

Part-Part-Whole

-

There are c children on the playground. ‘a are boys and the

rest are girls. How many girls are at the playground? .
#

Comparison ‘ V-

Mark won a prizes at the fair. His sister Connie won ¢

-

prizes. How ﬁhny more prizes did Connie win than Mark? -

N .



o

L ’
. veg
- N *
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~ L ]
&
Table 1 (confinued)
- .

Equalizing (+)

Joan picked a flowers. Bill picked ¢ flowers. What could

- 'Joan do So,she could have as many flowefs as'Bill?

‘(SuggESt,fif neceségfﬁ, that she pick some more.) How

v @y _
many more would 'she deed to .pick? . .
s -
S h
-~ PGS
P
~ j"“‘ ,
A Y
o
. . s
\ .
.
bl
\/ '
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16

» ‘i \ .
o | Table 2 .
A Change in Addition Responses -
. Total Correcf* Strateg'y ' Errors
A R . )
: : - No re-
, Count' Count o ‘ Wrong sponse or
; } Inter- . .} Count from from  Heuristic ] Given opera- other .
- Problem view Strategy Answer | all ‘first larger or fact ' | number tion error
‘Part~ L 38 37 22 3 9 3 1 1 '3
W e . ‘ ‘ ' R
k:Part- : _ '
Whole 2 43 39 | 23 4 8 5 o o 0
1 12 710 7 1 1 2 23 -3 -5
Comparison :
w 2 1 1 12 9 2

*Total N = 43 subjects.

-
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. : . -
r Table 3 .
‘!‘ ) . ‘ . ’
N Change in Subtraction Responses -
Total Correct* Strategy
| . ; | ~ Count | - Count | . Beuristic .
- Problem Interview | Strategy Answer | Separate down [Add on up I Match | or fact
| ( 1 38 - 31 { 19 . 9 | o o | 4 5
- Separate - . , o : ‘ S
| 2 40 32 29 6 0 -0 0 4
. 1 33’ 20| .9 3 1 3 4 4
- Part-Part-Whole ‘ _ R . ' o
o 2 38 33 25 0 '3 0 1 6
-
1 35, 29 8 0 2 3 ) 17 4
Comparison o ' 3 -
- ' 2 35 31 22 2 0 2 7 2
. - ¥
: 1 39 30 9 0 5 1§ 15, - 6.
Equalizing _ ‘ ‘ . -
E . 2 37 34 A9 2 5 2 -7 3

|
t

*Total N = 43.subjects.
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Table &

Summary of Sentence WritingﬂQj .",‘ ;" - St
' ~

Number Number who

of wrote the sentence’

correct - after solving the '
o MR ¢ ' : . .

et Problem ~ sentences¥ problem
‘Addition o ' T ' _ o : o : .

Part-Part-Whole ' 358 ‘ QQ;..'v 9 *
Comparison _ _ 30 . _ L ‘: 8
Subtraction

P : . Separating - ' : 39
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Table 5.

AExamples of Open Sentence Responses

-
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Prdhlem: There are 12 children on the playgfound, Five are

‘boys.and the rest are girls. How many girls are at

the'ﬁiayground?,'

Correct responses
ke

-

12 - 5 =

12 -5

-

L]
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5 + =12

——

12 ~ 5 =7 - |
5+7=12 o o

Incorrect responses

C . . .

5 - 12

-0

(1

12 + 5

12 5
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" Table 6

' Compamison_of Additicn‘Problems With and Without Number Sentences

N

Strategy

. Total Cottect¥ - Wrang y
! - i ~ - .
R - * ‘ . R “\‘
. No re- . .
. Count Count - : . Wrong . sponse or
i irite Count from -from Heuristic| Given opera- other
' Problem  fgentence| Strategy Answer | all first larger or fact nusber tion  error.
Part- No _ 43 39 23 4 8 5 0 0 0 -
Part-
Whole Yes 42 38 23 5 8 3 0 0 L e
‘ :‘!_ . - e
B No 20 19 | 16 < 1 11 12 9 2
Comparison N
- >
Yes 21 20 ¢ 12 3 1 4 8 -6 8
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- *Total N = 43 subjects. -«
. o



) ! s
A ™
) Table 7 a
Comparison of Subtraction Problems With and Without Number Senteﬁ;es )
- ( ‘ '
Total Correct* Strategy '
. 1 v -
, &gite ' : . . o - Count Count { . Heuristic.
Problem séntence | Strategy Answer | Separate down |Add on up | Match | or faect
\; B No . 40 32 26 % -6 -0 0 4
- Separaté _ o ' . § ~ : )
- : Yes 41 36 28 -7 0 07 L . &
S . '
. No 38 33 25 0 3 -0 6
Part-Part-Whole , S - .
: ' Yes 38 31 26 4 -1 4 2
. No 35 31 22 2 0 \ 3 | 2
Comparison -t - ' _ \: . ‘
- Yes 35 27 v21 2 2 &4 ) 3
No 37 34 9 2 5 2 3
Equalizing ' :
Yes - 34 - 28 20 1 4 4 3
~*Total N = 43 subjects. *
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