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Mathematles is a collection of translations from the extensive Soviet

3 I3

. PREFACE

The series §ovie __ggigg_in,;hg Psycholqu,of Learning and TeacHing

'been given to research in the psycholpgy of learning and teaching

literature of the past twenty—five years gp research in the psychology
of mathematical instruction. It also includes wogks on methods of
teaching mathematics directly influenced by the psychological research.

The ‘series i@ the result of a joiat effort by the School Mathematies

" Study Group at Stanford University, the Department of Mathematics
. Education at the University of Georgia, and the Survey of Recent East -

European Mathematical Literature at the ﬁhiversity of Chicago. Selected

papers and books considered to be of value.to the American mathematics

\

educator haVe‘Peen translated from the Russian and appear in this

‘series for the first time in English.

Reeearch achievements in psychology ‘in the United States are .
outstanding indeed. Educational psychblogy, however, occupies only a
smdll fraction of the field, and until recently little atteé}ion has f’?
pé}ticular school subjects S

The gifeation has beeu quite different in the'Soviet Union. In
view of the reigning soc1a§'§nd political doctrines, several branches
of psychology that are highly developed in the U.S. have scarcely been
investigated in the Soviet Unien. ., On the other hand, because ef the
Soviet emphasis on educatian and its function in the state, research in
educatiohallpsychelogy has been given con%iderable moral and f£inancial
support. ‘Qensequently, it has attracted maﬂy crea:iveand Ealented
scholars whose contributions have been remarkable. y:

Even prior to World War II the Russians had made, great strides in
educatxanal psychelagy. The creation in 1943 of the Academy of Peda-
gogical Sciences helpea to intensify the research efforts and' programs

n this field. Since then the Academy has become the chief educational

. research and devei;}men: center” for tBe Soviet Union. One of the main

aims of the Academy is to conduct research and to train research scholars
4

-

~ . t

A study indicates that 37 5% of all materials in Soviet psychology
published in one year was devbted to education and child psychology. See
Contemporary Soviet Psychology by Josef Brozek (Chapter 7 of Present-Day

» .
Russian Psychology, Pergamon Press, 1966), , \
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in general and specialized education, in educational psyehology, and

P

in methods of teaching various school subjects. .
) _ The Academy ofnPedagogical Sciences of the USSR comprises ten
rasearch institutes in Moscow and Leningrad. Many of the studies
reported in this series were conducted at the Academy's Institute of
Ceneral and Polytechnical Education, Institute of Psychology, and
' Institute of Defectology, the last of which is conCerned wpth the |
_ special psychology and education%l techniques for handicapped childreém.
- : The Academy of Pedagogical Sciences has 31 members and 64
associate members, chosen from among distinguished Soviet SCholars,
scientists, and educators. Its permanent staff includes more than ‘
650 research ‘associates, who receive advice and cooperacion from an
additional l,OQO scholars and teachers. The research institutes of -
- the Academy have available 100 '"base" or lacoratory schools and many .
other schools in which experiments are donducted. Developmerits in . S
foreign countries are closely followed by the Burgau forlfﬂe Study, of
Foreign Educational Experience and Information. - ?' ‘
The Academy has its own publishing'house}thich issues hundreds of
books each year and publishes the collections Izvestiya Akademii :
Pedsgogicheskikh Nauk RSFSR LProceedings of the #Academy of- Pedagogical

¢ Sciences of the RSFSR}, the monthly Sovetskays Pedagogika [Soviet .
Pedagogy}, and the bimonthly VoprosyAPsidhologii [Questions of Psychology}
' Since 1963, the Academy has been issuing collection entitled Novye

\
Issledovanpiya v Pedagogicheskikh Naukakh [New Research in the Pedagggical

Sciences] in order to disseminate infcrmation‘on current research.

A major difference between the Soviet and American conception of
educational'research is -that Russian psycholggists often use quslitative'
rather than quantitative methods of research in instructiqnﬁ% psychology
in accordance with. the prevailing‘ﬁuropean tradition. American readers
may ,thus find that some of the ecarlfer Russian papers do not comply
exactly to U.S. standards of design, analysis,.and reporting.® By using
qualitative methods and by working with small‘groups, however, the Soviets
have been abie‘to penetrate into the child's thoughts and to analyze his
mental processes. To thes end they have also designed elassroom tasks |

and settings fon research and have emphasized long—terﬁ, genetic studies
. %

of “ learning.

{ .
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e Russian psychologiSts have concerned themselves with the dynamics
of mental activii;gﬁgbﬂwith the aim. of arrivin% at the principTES of the
self "

,learning process They have invéstigated such areas, as: the

- development of mental operations- the Aature and’ development of thoughg;

. the formation of mathematical concepts aga.the related questions of _
generalization, abstraction, and concretization, the mental operations
of analysis and synthesis; the development of spatial perception, the
-relation between memory and thought; the development of logicgl reasoning;
the nature of mathematical skills, and the structyre and special features

. A
'of mathematical abilities. o

41In new app;oaches to educationalrresearch, some Russian psychologists‘
have developed ¢ybernetic and statistical models and techniques, and have
made yse of algorithms, matnematical logic and information sciences. ¢
Much attentdon Iras also been given to prog:ammed instruction and to an 'u\~*
ekaminatlon of its psychological problems ‘and its apﬁ%}sation for C e
‘ greater individualization in learning. _ Lo
$ The interrelationship between instruction and chi{ld development is

a sou;ce of sharp disagreement between the Geneva Schj;l\h§\psychologists,
led by Piaget and the Soviet psychologists.* The Swiss psychologists
ascribe,limited‘significsnce to the role of instruction in the develop-
ment of a child. According to them, instruction is subordinate to.the
specific stages in the development of the’ child' s thinking:—stages
manifested at certain age levels and relatively independent of the
conditions of instruction.

As representatives of the materialistic evolutionist thepry of the
mind, Soviet psychologists ascribe a 'leading role to instruction. They
assert “hat instruction broadens the potential of ‘development, may
saccelerate it, and may cxercilse influence not only upon the sequence pf
“the stages of development of the child's thought but even upon the very
character of ‘the stage;. The Russians study development ip the changing
conditions of instruction, and by varying these condltions, they demonstrate
how the nature of the child's development changes in the process. As‘a
‘result they are .also investigating tests of giftedness and are using
elaborate dynamic, rather than static, indices. . ) .

[ P I

—— .

See The Froblem_gg Instruction and Development at the 18th International

Congress of Psychology by N. A. Menchinskaya and G. G. Saburova, Sovetskaza
Pedagogika 1967, No. 1. ‘(English translation in Soviet Education, July

1967, vol. 9 No. 9.) ‘
T .
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¢ ?sychological research has had a considerable effect on the

_ recent Soviet literature on methods of teaching mathematics. Experi- ‘
ments have shown thetstudénx s mathematical potential tq be greater
than had been previously assumed. Consequently, ipssian psychologists
have advocated the necessitf\of’various changes in the content and
méthodsuof mathematical instruction and have participated in designing

' the new Soviet mathematics curriculum which has been introduced during
the 1967-68 academic year. '

«

-, " .The Elﬁ of this series is to acquaint mathematics edutdtors and
teachers vith directicns, ideasm and accomplishments in the_ psychblogy
5\ of mathematical instruction in the Soviet Union. The series should |

assist in opening up avenues of investigation to those whp are interested
in broadening the foundations of their profession, fSY it is generally

recognized that experiment and/research are indispensable for improving

.content and methods of scnool'mathematics. “
! . * We hope that the volumes in this series will be used for study,
) discussion, and critical agalysis in courses or seminars in teacher-
training' programs or in institutes for in—sérvice teachers at various
- levels. \ Tt ‘ ’ )
T ' At present, materials have been prepared for fifteen volumes. Each
.. book contains one or more artidles under a general headiﬁg such as The

Learning}of Mathematical Concepts, The Sé%utture aof Mathematical Abilities
and Prbblem Solving in Geometry. The introduction to each volume is
intended‘to‘provide some, background and guidance to its cbntent.’

Volumes I to VI were published jointly by the School Mathgatics
Study Group aﬂﬁ the Survey of Recent East European Mathematic Literature,
both conducted under grants from the National Science Foundation. When
the activities of the School Mathematics Study Group ended in August, 1972,
the Department of Mathematics Education at the University of Georgia
undertook to assist in the editing of the remaining volumes. We express
our appreciation to the Poundatian and to the many people and organizations

who contributed to the cstablishment and continuation of the series.

Jeremy Kilpatrick
. . lzaak Wirszup
‘ Fdward G. Begle

James W. Wilson

4 | | v




. "\EDITORIAI;\‘ NOTES
1. Bracketed numerals m the text refer to the numhered

referehces at the end of each paper. Where there are two figures,
e.g. [5:123], the second is a page reference. All references are °
| . to Russian editions, although titles have been tramslated and
" authors' names transliterated. 3 s ' .

4 2. The transliteration scheme used is that of the Library
of Congress, with diacritical marks omitted, except~that t{) and R
“are rendered as "yu" and "ya" instead of "iu' and "ia." *
3. Numbered footnotes are those in the original paper,

starred footnotes are used for editors' or translator's comments. .

.
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INTRODUGTTION ,
-~ : o .
' Joseph R. Hooten, Jr.
_ “ The authors of this volume, Menchinskaya'and Moro, have . ' ,

. accomplighed what many have tried: they have created .a unique and
vafhable contribution to the plethora of expositions of “methods
of teaching arithmetic in the elementary grades." Thé‘reader is
cautioned not to allow the all too familiar title to 1ull him into

*

-*the fa%se Security that this is éomething hg has alrea@y seen
many times before, . y ‘ _
‘ Rather than choose the usual schema for such works (i.g., é\getailed

- analysis of teaching techniquas for specific arithmetical instances),”

" the authors have instead chosen what may be best described as a
ﬁhilosophical—psycbological analysis of the special problemé of %
teaching mathematies to children. Relying héavily 6n their own and |
other Saviet research in early learning, and assuming that the school
serves a defigite purpose in the Soviet political-social schema,

‘the authors first create g psycﬁological construct, then develop

7 teéMiques that follow. ’ - ' '

. : 4 .
A careful reading of the table of contents clearly reveals the

ity

fundamental outline of this voluge and should quickly indicate ‘
to the readef the audthorsg' basic approach, Therefore, :d further
comment here on the organization of the volume wodld be redundéntz
Rathér, it may serve a more useful Purpose simply to cail attentieon
&0 some of the more interesting sections and to comment briefly
on one potential difficulty for the reader, - .
To”take.the latter first, the authors ffequently refer to a \
specific problem that occurs in the child's textbook. Unfortunately,
the problem is not always reproduced from the student text nor is
it always possible for the reader to know the sequence in which the \
problem-occurs.‘\Thus the readerwis forced to'make'hislown inference

about the nature of the problem. While this makes for difficult

N\
reading on occasions, it 4n no way detracts fr%g the value " of the
discussion at hand.

¢ . . )




.7 . . - .
: The reader is- strongly urged to read Chapter 1 most éarefully.
While he may find himself iﬂ»frequent disagreement thhAone or nore N,
of the authors' statements 0T assumptions, these are absolutely , ~
basic to the authors' subsequent positxons with regard to teaching
methods. Indeed, the authors never once violate their own. system, .
Perhaps the sections that will most interest American readers '
will be those dealing with "Mental Calculations' (Chapter 111),
"Teaching Problem Solving' (Chapter V), and "Geometry in the Primary
Grades" (Chapter V). Chapters 111 and V give the best insight |
"{nto the nature of the content of the Russiar elementary—school
arithmetic curriculum. Some readers may be astonished to discover
the ‘degree of mathematical sophistication expected of the children.
Others may be & bit'surprised to see so much emphasis on getting | .
the correct answerrand so little (relatively speaking) on the "nature

of mathematics."

Chapter III reveals one of the strongest contrasts between American
and Soviet arithmetic curricula. Where the American curricula f
completely ignore the role of mental calculations, the Soviets consider ' °
"'mental caicaiations one of the best means of deepening the a
theoretical knowledge which children acquire in arithmetic lessons."
The authors present A powerful argument for a heavy emphasis on
mental calculations based wpon the thelr belief that to do soO produces
.a greater knowledge of mat‘nemat:Lcs\=~ This writer does not recall &’
similarly powerful argument for not includlng such instruction in
the American turrxcula. while there are other eonally interesting
. contrasts in this: volume, perhaps it i{s at this point tnat the
fmost fruitful {nvestigations mightWegin so a8 to resolve the issue.
In Chapter v the authors discusi at some length- the research
on the source of errors in problem solving, and then‘build a problem-—
solving technique designed to prevent such errors. This approach
is quite unique and should add considerable breadth to the other B
available literature omn this topic. |
~ The concluding chapter on providing different kinds: of instruction
for different kind of children not only contains fine pedagogical
" techniques but also leaves the reader feeling that in the Rpssian

elementary school the uniqueness of the individual is cafefully

¢
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T CHAPTER I . -

o»

* THE PSYCHOLOGICAL AND DIDACTIC PRINCIPLES

5 "OF iEACHINF ARITHMETIC

! 4
e . ‘ﬁ ‘ LN
. .

+How can arithnetic inséruction be made more successful? How
can adequate learning be attained iﬁ a shorter time? . ’ e
Knowledge 25 the principles of instruction (didactic principles),
that arise from the goals of instruction and reflect definite laws
governing assimilation of stgdy material should be of essistance here.
" Although educators of various countries and epochs epply the principles
Sfamiliar to us (conecious learning, use of visudl aids, end others),

the content ‘varies substantially, depending on the goals and conditions

-
-

of, instruction. : : ‘ J _
The, teacher who is organizing arithmetic igstruction should be
.clearly aware- of the principles that will guide him in his work and
of the laws govérning learning that he should take into account. He
also should know distinctly the interrelationship among diverse
principles; thet is, what place eech one occupies in the system of -
principles. ) ( Qﬁ?
In disclosing the content of didactic principles in this chapter,
'?we shall -give particular attention to their interrelationships, and to
,tne‘primary significance of some and the subordination of others, which
; can have various meanings depending on how the main principles are

under stood. , L .

1. Content of the basic didactic principles.

'iehd'how they are related
. M . N

In the éoviet school at present,_two'principles“erising from the
goals of éducating our young people acquire decisive significance:
the principle of educative (developmental) instruction and the
principle of the relation of education to life outside the school.
The goal formulated in the program of the Communist Party of the
Soviet Union--to ensure the development of the well-rounded personality——

can be attained only if instruction is carried out with maximun
’ i

-

P



RN .
" educational effect. That is, thevinstruction must facilitate not -
orfly the acquisitinn of knowledge, not only mental development, o
_;but also development of/the persnnslity‘ae a whole, the formation of ti;;
(A' Comaunist ‘morality, sﬁd dialectical—materialistie wnrld—views \vgff'

—_
and. convictions.,

o In June,” 1963/ the plenum of the Central Committee Qf the . . . . o
B - Communist Party/set the task ‘of overcoming the gap between training ‘ _[ez A
and instruction’thsf still exists in our schools. This signifies ‘; _
& need to realize first of all the principle of educative’ instruction.'.,:
o We should bear in mind thdt the principle of "educative inséructiop":;'
h&s held a large place in the bnurgeois science of education. 1t ‘
was linked with the name of the German éducator, Johgnn. Triedrich fierbart.

However, this principle was understend quite differently., nnt the .o E

L

all-round development of the personality of a free man . but, gn the PO N
contrary, discipline thrnugh crushing the will, cnmpnlsionf—this R .' _
‘was the aim of education according to Herbarts SR mf - N

' » It would be wrong, however, to talk about,educative instruction
in Soviet schools without regard to the principle of its relation

© .to life and the need for unifying theory and practice
The purpose of education is to instill in children both a '
desire tn study 80 that they can do their share in laboring for the
common geod,.and soclally useful skills and habits, Naturally,

" the question may arise, what are the noesibilities for reelizing
thege goals at the elementary levek?' These possibilities are-
censideranie. ‘Tn‘realize them, it is mnecessary. to take into
consideration certain other principles which more concretely *

‘determine howrtn'teech‘ We have in mind, above all, the well--
known principles of learning, and practice of instruction. If the .
teacher is able to effect them cditsistent’ with the principal
requirements formulated aboye, then he can be assured of success.

First let us show why these two principles are closely lipked
by showing that one necessarily presupposes the other and that this
relationship is founded on g definite law of learning. The student can




. - . _ A , -

‘\,.,urﬂ
\

- attainm full awareness of mastery only when he does mot passively &ake |

'n‘;m

in new material but uses it actively. A generalizatiom of some law of

" arithmetic such ‘as :he ecmmutative law of ﬁAdition will be 1earned' ,

?

consciously whetr the student himself has discovered, from sdlving
suitable addition examples, that the result does not change-when_the
addends are transposed. . ' | . 1 ’

L Activity has a positive influence not only ugcn the thinking

prgcesses (when the student is required to master‘concepts and laws),

~~» but ‘also upon the memory processes, inereasing the capacity to remember_

and to reinforce what is remembered. - o R ‘._f‘ .';;

5 Try a simple psychological experiment on your pupils and you will
be convinced of .the existence of this prigciplé Without: warning, tell
them to produce {(name) the numeriesl deta in the eondixiqn ‘of an
arithmetic problem they have 5olved. ‘Perform twn,versions of this

experiment: in one, use prepated numerical data as is usually done

in problem solving; in ‘the other, te}l the children to make up numbers

themselves. The experiment 'as a rule, \will show that they remembex ,
the numbers they. ‘thought up themselves better than the ones which
thay werd given.l ) e . ) T,

Thus, an opportunity to work actively with the material‘is the ,
mogt impartant condition of conscious. learning. This does not, however,
exhaust the\requirements for constious Jdearning. To learn consciously

means to understand what learning is for and what the possibilities

_are for applying acquired knnwledge in practical activity.

Again we see the important role of the student's active applicaticn
of his knowledge in his own practice, academic and occupational. But
the student’'s comprehension of why 'axithmetic is studied cannot be
;deternined merely by his own practical activity. -Extensive social
nractice, that is, using mathematics in life, gives children a motive
for studying and‘hrings about a desire to study mathematics. Thus we
see that the principle of the connection between instruction and life

. lThis experiment was performed by the psychologist}?. I. Zinchenko
[76].
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| ,such a desire is inseparably linked to the formation of stable

0
]
*

directly detirmines (in the conditions of our schools)‘the _content ofA
the principle of ceonscious learning. Net only the cqptent of the
knowledge acquired but alsg, the very meéhoés of its acquisition and
use must be mhtivated. In t teaching%process wé must arouse in the
children a longing to peﬁtheiri methods of calculating and solving
problems and to replface less Brecise ones;with more precise an

economical ones.

In practice we often find that’the prﬁnary schoolchild tries to
~\\z;id difficulties, - preferring/to use more conventional methods. .
Fo

example, some éhildren ‘xiter mastering the techniques of written

: calculacion begin 5P use, fhese methods even in solving\mentally And

if they are 1ot a‘llowed to write, they ' write -dowd" figures ‘mentally
("To add 9 and.r 2 It write ?own 1 and carry l") What“m\af@s "these’
children resémt to stich a cumbersome method? * The "desire to act
according to eonventional rules, thereby ‘avoiding active mental effort.
They have not adopted the pract.tce of deviating from the beaten path
and searching out more rational methods.

. ;A A most important task of mathematics instruction is to give
sehoolchildren the impetus to think actively, to surmount difficulties
in sbl-sd,ng_‘thevar.ious problems encountered in life, and to searc_h d

for the most rational ways of solving these problems. The arousal of

cognitive" interestis (interests linked to the process of cogn tion B
of the sclence“being studied). But here agaln we encounter the

principles of active practice and conscious learning in their intimate

R relationship. In this encounter we discover a new aspect to these

‘principles. .

Conscious -learning presupposes not only the work of the pupil's
mind but alsoythe direct, active participationjof his will and ¢
emotions. It assumes formaéion of a definite emotiongl attitude toward
the learning process. 'Without 'human emotions,' thege is not and

there cannot be a human search for truth," wrote V. I. ienin {34}

To some extent.this tenet, is applicable to our pupil, for whom 1earning '

must become, to a certain extent, the process of prpcuring" know&edge.

— L] ! «
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| The greater the teacher 8 akill the better he can organize the
pupils' process of procuring knowledge; -not only is he communicating
the requisite sum of knowledge, but he is also forming an active

. member ¢ of the future Communist society. Under these conditionsithe
Cpapil, not only gains knowledge in the process of imstructionm, but
becomes pr§ficient in methods and techniques of procuring and applying .
knowledge. l o ' T . B . *

It is thesq(two elements which are_neéeasary in order for
instruction to be. developmental .As we know, "an empty head does not
reason" (P. P. Blonskii), but a person may have much knowledge that .

_ ins, a ﬁdead weight" 1f he is not able to expand and use it,  This
‘ km ability should be systenaticafly 'formed 1 ‘young children. R .
" This is conaiderably more difficult for the feacher than merely imparting’

.

| the knowledge stipulated by the curriculum. - PR
In this book we shall give particular attention to the problem of
forming the skills of acquiring and applying knowledge in arithnetic.
~ We shall try to show how}these_skills are formed and manifested in
various kinds of school activities—-when mastery of new material is
required in connection with solving various examples and probems.

It is especially important to discover which teaching conditions
(organization of the lesson, different formsépf independent work, and
the like) facilitate the formation of useful skills, and which retard'
their development. We should keep in mind that skills differ depending
upon whether they are limited-and specialized or whethexr they gre more
general, appearing in various types of activities. For example,'the ~'-_,§ﬁ
ability to add numbers cortectfp in performing written calculations is
a limited, specialized skill. The ability to analyze‘(break down)p
synthesize (unite), and generalize—~that is, to carry out a particular.
mental operation—-belongs to the other category. If such a skill has
been formed, it may show up in different kinds of work, both in the
deduction of a new rule of arithmetic and in the solation of examples and
problems. Finally, there is a cate$ory of more general, broader skills--
knowing how to organize one's procedure, planning the work, checking it

systematieally, finishing what has been started, striving for accuracy

&
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and thoroughness'of execution, and so on. Such skilis may be manifested\,f.
not only 4n arithmetic clasgs, but in.other kinds of schoolwork and ‘ _
vocatioi'l activities as well. N . . : L
The teacher's efforts should be directed at developing a complete‘
system of such skills. in the children——both the narrower, more particular
skills, and the broader, more general ones. Now lét us briefly describe A
what activating a skill" means and what is needed for it to occur. N\jl
¢+ For the primar§>schoolchild to be' ad%ive in the leg!ﬁing process’,
first he nedds plenty of opportunity to display independence in school-
work; second, a knowledge of effective techniqués of working independentlg,
. third, the arousal of a desire for dndependence through the creation of ot
‘a_suitable motivation. In' other words, an independent creative approach
. - 'to problem solving must become vital to him. .t e T
) Recently the principle of the acﬁ@vation of learning which calls o
\ for awareness and practice of what one learns, began to be utilized o f “
rather extensively, and to have a decisive influence on the under—
standing of such well-known principles as aocessibility, the systematic °
approach, and visual presentation in teaching. ' L.
In terms of the activstion of learning, accessible material meaﬁﬁl
material that the student can master thrpugh unassisted mental effort _
- (under the teacher's direction, of course) This is an essential point
« in understanding accessibility. One should not only avoid excessively
diffglcult material but also material that is too easy for the student
to master, in which everything is clear to him from the very beginning |,
and in which no problems or questions demanding mental effort arise.
Systematic instruction also takes on a somewhat different meaning
when seen in terms of the activation of learning. The principle that
a definite sequence is necessary in assimilating knowledge and forming
skills undoubtedly  remains in forcé; to master more(complex knowledge N
~and skills, one must master the simpler ones on which they are based.
+ At the same time, a different method may be fully justified in
the actiyation of learning. For example, in teaching children in the
“first.grade how to solve problems, the question arises how best to

R LE . . :
pass from problems in one operation to compound problems in two operations.
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Two different ways can be edvanced. In the firet' one\ﬁhould proceed
from simple problems and, combining two prohleme 4bto one, show the

peculiar character of the new compound prohlem. In the second, one N
_ A

. should tell the children to solve a two-operation
new to them, -and to break it up into two simple probleiks while solviag
it. ' ‘ ' |

'Q"

-

¢

§%8earch shows that the chond way is more effective. It ie i
easier, when using this method, for children to realizg the specific . ‘fo ; .
character ofue compoynd problem compared to ¥ simple one. Why? -

: How can this be explained?’ In the, seeond cage fhe teacher confronts . ¥
': ;them with a difficulty ediately, giving them e new kind of proplem o 3r
\ ' and expleining th&& id:no.t be eblved :lmnediateli 1n’ one operacion C )
" that is 'in the .usual way. In the first case, however, this cbnfronCation R
- with a new difficulty is lacking. The children graduelly pess from o :ﬁ
.simple problems they know to a new problem created or composed on the '
.basis of the old omes.

When deciding a question of. instructional nethode‘involvingleays.of ‘
introducing certain material, one should be flexible and not'elwajs ' 4
follow the’ same path (from the easy to the more difficult). It ig
often expedient “to present’ ehildren with a new difficulty so as to make
them aware of’ it, and so that later it will be gasier for them to use
this new material. In the example cited, the difficulty children
encountered in solving their first two—operetion problems will help
them to hendle problems of unﬁamiliar form later. >

Activation of learning fundamentally influeucee nnderstending of
the principle of visual presentation as well. "From things one must

' go to ideas," Jan Amos Komensk?, Czech educator,.said. Since then this
principle has been extensively elaborated in ‘edutation. In particular,
in the elaboretion of arithmetic methods it has, received much attention. *

As instruction proceeds, the child gradually masters certain
abstract concepts, but apart from those éhich have been assimilated.
New, even more abstract ones, are introduced, and again it becomes

/  .necessary to make their content concrete by using varioys meams of

visual presentation. Even today this iinderstanding of the principle.of

Al . ’
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;vigual presentation remsins unchanged, and Soviet tedzgdrs are applying
it fruitfully. Sut'one aspect of it which should be particularly
stressed when the task is tO‘activAte learning, has not yet" found
sufficient reflection in practical arithmetic instruction. We mean
the independent se of visual nids by primary'schnolqhildren.* Until
now little artention has been -given to this essential practice. k;;;r .

~

S;udents have been given definite visual aids to use in calculatidn; \
and aftef a certain amountinf‘ ractice with them,‘the teacher takes |,

« them awa}. If they had a diff%}ult arithmetic problem hnweverfbthe
‘teacher would nmaké a diagram that sould hggp them understand the -+~
relationship bexweenathe data and unknown. conmained in the problem s

' condition. But the questipn ariées.. Under these conditions, will a-

v'u‘child learn to, use visual aids im independent wnrk? This qpestionlgnn_‘

“to be answered in the negative. -Under “these conditions this skill

cannot be formed because the child lacks practice in using visual aids

by nimself. The'dkildren themselves should imagine clearl§ what the

problem is talking about without any special'prodding from the teacher..

Students in the upper grades of primary school (third and fourth grades)
are able to construct a diagram that helps them to find the relation-
ship between the problem's data and the unknown.

In a number of cases it is enough to make a problem given in
abstractvfdrm more concrete, without resorting to pictorial visual

aids. For example, in a special experiment, a third-grade pupil was

asked how the remainder varies if the subtrahend is increased. Thd J

boy could not give an immediate answer. He had not yet studied the law

f defining the interrelationships of these components. However, he

handled the assignment successfully after independpantly giving it

‘concrete subsfnncevby transiating an abstract problem into one of

- prdctical value. "If I had 5 rubles and they took away 2, then I1'd

| have 3 .rubles; and if they took away more of my money--4 rubles--then

there'd be less, only 1 ruble.” The boy then knew how to formulate

an answer in abstract concepts: ''If the subtrahend is increased, the
remainder decreases."
, P“ . Pl
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. - Thug we have shovn that dideetic‘principles are not simply the sum
of prere&uisitea for success in the learning process. They comprise

a system whose’ elements, although linked" inseperebly, are not equivalent,
.They play unequal roles‘in this system. Some of them, such as the,
principle of educational: instruction and its comnection with 1ife, have
decisive significance. Through the principle of activetion it affects f
all the other principles. Others, *such as the principles of
accessibility, the systematic approach, and visual presentation, hive
secondary significance, and their content depends in substantial measure
on whether the principle of activation of learniné is realized.

In characterizing the pfinciple of activation of learning, we have
'ehown that while it arises from the teaching aims of the Soviet school
it rests at the same time on a definite psychological lew gaverning the
mastery of school material. ' ’

. However, still other laws govern learning, which the teacher must
know in order.to have better control over them. $e shall describe them
below, giving attention to what is required for edequete learning and
application of knewledge (and what demands are made on a pupil
thinking in the learning process) and to the conditions under which it

is easiest to attain these requirements. ' .

2. The link between analysis and synthesis in learning arithmetic
—

In mastering laws and concepts of arithmetic and in solving ‘problems
and examples, schoolchildren are eontinuelly carrying out the basic mental
‘- operations of analysis and synthesis.‘ At first they have poor control
over these processes, and only graduekly do they form the ability to
analyze and synthesize. i

. Each of you can observe in yourselves, manifestations of the laws
of analysis and synthesis., Imagine thet some unfamiliar apperetus or
‘mechanism is being demonstrated betore you. You pere21ve it in its most.
gdneral, unbroken form. Neither its purpose nor its working principle
is clear to you. At this first stage in the examinetion of an '
" unfamiliar object, you perform an elementary_yet~still imperfect synthesis

which is not based on analysis. Then in examining the object,»you .

g \_\‘
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separate its individuall narts@and interpret&their purpqse, drawing
&, upon what knowledge ynd have-—i;e.,_you;perform an analysis of the .
' object, .On the basis of this_analysis dn integrated, idea of the object\\\\\

is synthesized, which makes possible a definite surmise or speeulation .
as to its function:® The synthesis whiich you are now performing is qgre - f“.
.complete, since it is based on analysis. . o ’ ~. v .

The success of any intellectual work depends on the completenesg
of analysis and synthesis, ‘on a person' 8 ability to effect these two

.

processes. in close assaciation with each other.

, : In the process of learningaarithmetic, a certain gap is unevoidable
in the levels at -which children carry out both operations. _This gap is

~

tegporary, and whether it is .overcome .An as little time as possible,
whether the’ children are taught to perform closely-linked analysis, depends
'w'holly on the teacher's skill, : v

e We can find a most striking example of the temperary'disunity of

analysis and synthesis in an experiment with pre-school and nursery .
¥ school chiIdr?n in forming their first numerical Concepts. The following

.
1

A A mother held two stic;ks in her hands and asked
her two-year-old girl, "How many sticks do I have?"
"1, 2, 3, 4, 5" wgs the answer. When the question
was repeated the child again recited gumbers,
without giving any designation to the whole aggregate
"1, 2, 3. But immediately afterwird, although:she had
not been asked “'How many," the little girl said to her
mother, "Give me the two sticks." Seeing ¥wo butterflies
flying together, she cried, "Two butterflies.:”" But a
few minutes later, when the question followed, "How many are
are there?" the answer was different "1, 2, 5 7."

was cemmonly‘obsarved.

What do these observations say? At a definite stage in a child's
development in cannectien with forming his numerical ideas, two
imperfect forms of preenumerical concepts co-exist. e form reflects

" says ‘the

primary synthésis’, not*?ased on a preceding analysis.‘ "Two,'
child, reldting this to a definite quantity, without having previously -

s
v

ey "gv'

~_ 2Case taken from the observations of Menchinskaya [38].

10 ., r

~

- s ' -




- - Lo - ey
L) q ' . P . . .
. 4 ;o : . " N + .
. . N . , , )

_-bfdken it down into individual units, without counting. The second . - o
form, on the other hand, amounts to elementary analysis, since the child

I3

‘enumerates & consecutive series of fumbers- ("l 2, S 7") However, this

:analysis does not lead to a subsequent @ynthesis, sinee this enumeration’ =~ °

. 1s not followed by naming the last number .as the designation of the tota\\

¥ result of counting. Furthermore, it must be kept if miad that'the analysis\\\ﬁ‘
in itself 18 extremely imperfect in the initial stages since a unit in . 7w

. a numerical series still does not ‘correspond t® ah element in the aggregate

- of objects_ eing counted, and the child makes an error in reproducing
~ " ’ o

~ ‘ : . . R '
\ -~ | )
Gradually children bec0me profieient in.xhis complex-operation of

the series Of numbers..

analysis, but . the corcept of number is formed only when analysis and’-
synthesis are implemented in close relagion to each other. Breaking
;"up the sum total into units and accompanying this with a reeitation

of a geries of numbers leads to subsequent unification of the given -

quantity s elements, naming the last number in the series as the

total' quantitative result. X 3
At all stages of instruction, attention should be directed at | -

forming the ability to carry out analysis and synthesis, implementing

the link between them. A child cannot'farm a single concept without °

executing analysis and synthesis. Comprehensive analysis has great : : . -

significance here. Incomplete analysis inevitably makes for erroneous
synthesis; This phenomenon is especially striking in solving
arithmetic pronlems. . T T .
First and second graders frequentl;‘ ke mistakesilike the ) ‘ KR
following. Imn choosing an arithmetica '0peration,-they do not consider
the question, “but perform whatever operation the numbers themselves
"prompt" them to. For example, to solve the problem: "Vanya  had 2
anples and Petya had 3. How many more apples did Petya have?", some
‘ef them mistakenly add 2 and 3, making this mistake simply because
they do not analyze the text‘of the problem and do not single out the.
question,‘even‘though'it was needed for choosing the rightAoperifion.

' : 11 *




‘words "flew away,' but it is solved by adding, not subtracting. A —
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Often in choosing an arithmetical operation, primary school-
children tend to rely on a specific word taken out of contéxt, in
isolation from tne rest of the problem. For example, in coming
across such words as'"flew }way" in a problem's conditioh, some
pupils subtract, even though the presence of tnese wordé in the text ,
does not always in&icate'subtraction. (For example, the-prﬁblem:

"’Some nirds were sitting on a branch. Three flew away and 2 were

leff. How manyﬂgirds had there been on the branch?" contains the

N\ Agaih, this kind of mistake results from incomplete analysis.
- ““However, in speaking of- complete analysis of facts 'and phenomena,

one should stress that this analysis must be subordinate to a

'y
)

definitg_ggoblem. Any complex phenomenon has many different aspects,

' Depending on the problem, one should sometimes single out one aspect,

sometimes another. When we are dealing with a concept, it reflects

not ail, but only the most significant, aspects of objects and |
phenomena. Various asPects may function as essential, depending

upen the c0n3epts. For axample, in forming the-concept of an » -
integer, a child deals with quantitative correlations; from the

standpoint of ﬁnis czgﬂépt, the size and form of the objects being

counted are not significant. But in geometry, form is first and

foremost, and other characteristics are no lopgeér relevant. Thus,

the task of teaching is to train children to'nerform purposeful analysig‘?)‘
which takes into consideration the goal of the assignment. '

‘ Mathematics requires children to discern relevant‘chafacéeristics
inherent in a whola\gggien of facts and phenomena and to generalize

them, formulating suitable concepts and laws. How can the formation

of correct generalizations be ensured? We shall answer this question

~in the next segtion.

3. Principles determining the formation of

correct‘generalizations

The question we have raised is very important. It is difficult
at first for children to discern and be aware of the characteristics

which are relevant, thereby separating them from numerous irrelevaidt
12
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aspects of facts and phenomena. Frequently these insignificant

e
characteristics are expressed visually and the cpild sees them first.
\ \ . Try giving a child who has not yet formed numericaldggtions the
same number of objects (for esample, five buttons), but arrange them
differently. First arrange them in a smell circle, then make a
figure of extended length. If you ask the child which group has
more bys#ons, he will poiﬁt to the one which occupies more space.
Thus the arrangement of the objects in space determines his judgment;
and the child does not notice quantitative relationships beyond
these visually expressed characteristics.

To make discernment of relevant features\faster and easier, the
children must repeatedly eonvince themselves that the same quantity
can have different spatial arrangements. Children find it especially
convincing to change the spatial arrangement of a definite number of
objects .themse?ves. For example, they can be told-to put five buttons
that are arranged in a circle onto a ruler, thus extending them in

.length. Of similar signifieance are first-grade assignments in 7
'icounting and establishing the equality of quantities made dp of |
different objects or objects of the same kind but varying in size,
" ¢olor, and the like. ‘
y It is very important for the methematical development of primary
schoolchildren that they understand thet the results of the mumerical
operations they perform (addition, subtraction, and other8) do not
‘depegdﬁhpon the names of -the objects. If children add 5 matches
and 3 matches, for example, they will get the same numerical result
as by adding any other objects (sticks, blocks, etc. ).
Whether the children hawe formed this necessary generalization
can be checked very easily. TFirst, tell a student to add 3 matches
.dnd 5 matches. When he giées 8 as the result, ask him what happens if
K “'3‘pencils and 5 pencild are added. The child who has formed the
;generelizagion will answer, "That will be 8, too,” or ''still 8."
The one who has not yet mhde the generalization will want to get
penctls to-perform the numerical operation anew. (In any such case
the choice of numbers depends on the limits beyond which the child
can no longer comtute without.using oojects.}~’

13
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7¢ To form this generalization it is necessary to demonstrate
'visgally to the children that the resulﬁ does not change although
the names may be the most diverse. They should repeatedly cenvince
thamselvgsa?f this with their own experiments. '
~Exactly the same requirements for forming generalizations hold
true in other gections of the arithmetic course (Ehé study of
‘geometric material, problem solving}: but ‘only in these cases do
the children have occasion to handle other relevant and irrelevant
* features. N
Eyrors in generalizations similar to those described above may
be encountered not only in first and second grade, but in third
ahd;fourth grade as well. . For example, some pupils cannot recognize

* . a rectangle extended in length since they have the mistaken idea

‘that the ratio of the lengths of adjacent sides  is a criterion of
the given concept. This érroﬁéous conclusion would not Hhve been
made 1f the qﬁildren had seen and conséructed,for'themselves,
rectangles wfth”aifferent\gide ratios. .
In.the solution of arithmetic problems, mistakes in generaljzatioms

' occur in various forms, Either, as noted earlier, childréﬁ consider

one definitg word’(most often a verb% to be invariably lihked‘with

a definite operation when they are choosing an arithmetical operation,

. or they regard some verbal expressicngas‘mo;t significant in determining
the type of prébiém; For example, after getting to know the type of
probiem in which two numbers are found from their‘sum and ratio,
some childrep think it 18 enough to notice the words "so manyrtimes
as much'" in the problem's condition in order to decide that the problem
must beloné :5 this type.

Again in these cases, a necessary condition for correct generali-
zations is demonstrating with concrete examples that features which
. can change draétically are not relevant for a certain concept. ¥For
. example, one may encounter rectangles with different proportions of
lengths of adjacent sides, or a ratio may océur in different pfbblems,
typical and atypical; it may have a different meaning depending on

what other data it is combined with inhthaféé%dition. Thus we can

now formulate a general rule: A necessary condition for instilling

.14
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eorrect'generalizationsrgg childrfen is the variation of inessential

features of the material presented, keeping the essentials constant

and unchanged. Here itis important that the children actively vary
the inessential parts of the material themselves when illustrating
., ¢

a concept or .law. .

The teacher should have sufficient material availaﬁle for

i

exercises. The children can be asked to substitute names of the
objects subject to calculation while performing the same numerical
operation, draw rectangles of various sizes and with various side .
ratios, think up problems in an arithmetical operation using
different verbs in the condition of the problem, and so on,
It is of great iﬁportance for the students to identify not
~ only the relevant characteristics (or the principle), buf also the
tirrelevant (variahle) ones. The former are usually given in the
" textbook defiﬁitions' where they are Specially emphasized Irrele-
vant characteristics usually are not specified Still it is very
+ important that ch;ldren know how to express vocally what character-
istics are irrelevant for a given coﬁcept (or principle). 3 " Here,
of course we do not have in mind any complicated statements. It
-\is quite enough if first graders say, '"It's the same no matter what.
we count.' Or eimilarly, while drawidg frectangles, they might say,

"Rectangles are different--big and lityle--and their sides can be

different.” But here, one important/requirement must always be
observed in teaching procedure: he definitions children give of
- concepts,.their statements of laws, and enumeratien of irrelevant
‘features, should always ariee from their own experience, and be a
result, not a eonditio&7 of their werk with the material so’that

they are provided with the opportunity to become fully aware of'them.

* )
.

1

3This requirement was formulatéd .on the basis of a series of
investigations by Kabanova-Meller [25]V : )
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expressed this requirement: A word is good when it faithfull

Ore should always remember Ushinskii's dictum which viviéiy

expressee an idea; and it expresses an idea faithfully when

grows out of it, like skin from an organism, and is not put on /

N

like a glove sewn from other ekin [68:34]." ) ;f
Even now a dispute is going on among methodologists and

I’

teachexrs over whether it is necessery to give the“children the

nanes of problem types. We shall easily resolve this dispute if~

. . : . »
we proceed from the requirement set forth above, .Naming the type

vis useful thn it results from the child's comprehension of the

characteristic feature of the type—probiem, when he himself makes
acgeneral conclusion. . Conversely, the name may enly do harm if the
aeacher ‘communicates it prematurelywaﬁd reduces it to sone tag,
related to the pyrely external features of a type=-problem.’

Let us consider in greater detail wha:‘the‘yrocess of
generalizing represents in mastering arithﬁetical concepts, as well
as others. - The child learns a general pr0position because he
compares observable facts and phenamene reveals ‘the similarities

and differences in them. We see\ﬁrbm the previous examples that

" discernment of the general (ratios, object form, problem type,

etc.) is based on ascertaining sijmilar features inherent in a number
,of phenomena. At-the same time, distinctions in ‘these phenomena

are neted, allowing the relevant features to be separated from the
irrelevant. In. counting identicel quantities, when chtldren say,
"Five white balls and five red balls," they are noting a similarity
in one essential respect, while keeping in mind that this yesemblance
is- inherent in different phenamena. i

 Comparison is the mental ectivity which the child coﬂ”fhntly

,implements in learning. Furthermore, Ushinskii [68},gqinted.out that

comparison is the basis of all thinking. Success in learning is

- determined,to a significant degree, by whether the pupil has formed
the ability to compare, i.e., to notice the similar and the dissimilar.

} .
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In mathemat;cs instruction, even in thé orimary grades, pupils
are‘required to perform complex forms of comparison. They have to
note what is similar in phenomena which outwardly differ greatly,
and at the same time, they must discern a difference where the
resemblance is strong. o ' |

A significant number of mistakes that pupils make in arithmetic
occur because they do not know how to compare; instead, they _
operate by analogy (in solving examples and problems) when a change
in ‘operation l}?’\cd is required and, conversely, fail to use known
methods_where t ey should, since they dé not notice the _simileg,,{ty.

The little words "na" and "v" in the expressions "na sk&i'ko"
(""How much'" larger or smaller) and ''v skol'ko raz" ("how many times"
larger or smaller), which require fundamental changes in operational
method, are often overlooked by the pupils, and mistakes inevitably
occur. , L

One stumbling block for children is the difference betwéen two
systems of names in ‘solving problems of division ;nto parts and
division by contemts ' In both cases one~has to write the concrete |
name that accompaniés the dividend; but in the first, it is the
divisor that is written without a name, and in the~§econd, it ds the

. quotient. Quite frequently ohilhren do not notice this difference
and, in writin; down the answer to a problem, liken one sfstem of
noﬁg;ion to the other. R . ' e

. ‘Even 1in type-problem solutions one often encounters similar
ﬁistakeo. For example, the pupils coryectly solved problems in
finding two numbers rrom their sum and ratio, but when they were
_-given another problem whose terms indicated the difference and the |
ratio, they failed to notice the important distinction in the
conditions and did the problem incorrectly by adding the parts.
. At the same time, the reverse is often found in the classroom.?
Pupils successfully solve a oroblem in division into parts, but
through a definite verbal formula (when the conditions say '"how

,,mgpy times more"). If the wording is changed (for exampi®, "If
‘we divide one number by another, how much will the result be?"),

a number of students perceive it as a s#gn}fQCant change and fail

to use a method they know well. J

)
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.awareness of the other, are fo

Vhat are some ways of preventing this.kinh'of mistake, and hcw

‘can one combat it once it has appeared? ‘In particular, how is one to

counteract mistakes of confusing similar facts and circumstances?

One general 1aw of mental activity is well ‘known. Concrete,

~.ccntrasting phenomena are most easily distinguished. This law

applies with eqpal validity both to perception and to thought
processes. It is based ‘on the physiological law widely taught by

.Pdvlov and his pupils: of a number of stimuli acting on the nervous

‘system, contrasting stimull are the first to be differentiated. In

the study of concept fcrmation at the preschool and early school age,
we constantly meet the same fact .- trasting concepts, one aiding

d first of all: '"pig--little,"

"gocd-bad,”‘"many¢-fcw," "long~-short,'" and so on, Such canccpt,‘

| pairs are easily learned becausejthey are in contrast to each other.

A mathematics cou;se, particularly a primary-grade arichmetic
course, contains manyvpairs‘of contrasting concepts: the cpcrationg
of addition and subtraction, multiplication and division, or a direct
problem and its reverse. In many cases (if not im the overwhelming
majority), however, reversible concepts, operations, and prcblems are (| -
studied in school at different fimes, and the study of thﬁm }s often
separg&ed by rather long intervals. Whether this hampers learning is

,r

a questicn we shall answer a little later.
) Psycholcgical research using various materials‘(cuf;icular and
extracurri®ular) shows that contraposition of distinct ccncepts and
rules prevents subsequent confusion of them. There are two-ways of $¢

contrasting~~siﬁultaneous and consecutive. In the first; both

. concepts (or rules) are introduced at the same time (in the same lesson)

in contrast to each other. In the second, first one of the concepts
being compared is studied, and when it has been mastercd,(the second
is introduced, on ‘the basis of its contrast to the fir§t \
In~teaching arithmetic, ‘what pairs of contrasting ccncepts can .
expediently be introduced simultaneously, and what concepts should ,

be contrasted consscutively? Can it sometimes be expedient to make

-
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- the features of one,eoncept reinforces the mastery

" the contrast only after both concepts have been mastered? Up to now.

this third way has been most 'widely used’ in school. Educational

research is still unable to answer these questions definitively,

Further experimentation on the effectiveness of the three different
ways of teaching in ccnformity with various sections ef thetnarriculum,
needs to be organized.

Even now, however, one can assert the following in all certainty:
Contrast creates ﬁndeqpted advantages for learning, since both concepts
or rules are included in a single system of knowledgé, and learning

j? the features
of the other. Thus one may infer, for example, that it would be
expedient to- \atroduce addition and subtraction simultaneously."

But when the concepts or principles being studied represent a
rather complex System of features, and not all features of this
system are diametrically opposite each other,'it is more expedient
to contrast theém later.. This method was used, for exemple, with respect
to the two kinds of divisien-—division into parts and division by
céntent.5 The difficulty in solving these problems consists in the
different ways of writing conctete nameés, as noted above., The-

'ﬁbﬁg;ion of the dividend is the same in both cases; the difference
i

e methods ar8 in.the two other cdmponents. In compliance with

‘the curriculum, the division into parts problem was studied first,

and the discovery by content was introduced on the basis of contrast
with the first.,  Typically, the pupils themselves discovered what
peculiarities distinguished the new problems from problems on’

division into parts.’

1T,
PR

Therefore, when a new assignment recalls an old one in certain
- s

)

respacts, inducing’ students to apfly already famillar operationmal

]

r

4Such an attempt is being made;fin.particular, by Erdniev and

-a number of Stavropol teachers.[l?,xlsj.

L 4 P
N. I. Xozheurova, a teacher, ran the exper iment with the
assistance of Menchinskaya [37].

5
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'methods, it'is'éséep§ial to stress the difference between the new
assignmént and the “61d one and to establish its specific character
from the Very beginning of the assignment. The third way, contrasting
both concepts cr rules only when an interval has erapgggféiper they
have been‘studicd seﬁcrately, is absolutely inadmissible in cases of
this kind. Thus contrasting at different stages should help- prevent
confusion of similar c?ncepts and rules. Contrasting needs to become
a systematically applied methoé in academic practice .’
Sometimes it is advisable;to supplement the present curriculum
in those sections which limit Opportunities for contrasting. This
observation is madc in reference to*ﬂype—problems. The curriculum
introduces_one variety (for example, problems "on the sum and ratio") T °
and excludes another (for exaﬂ%le, problems "on the difference and |
ratio'), Lack of opportunity-to change the type-method as the problem's
condition ‘changes not only robs type-problems of cognitive value, but
. also does harm by preventing the pupils from thinking, since it.is «
enough for them to."adjust" the problem S solution in a particular

pattern to make it successful.

4. Abstraction and its role in the process of learning

and applying knowledge. The link between concrete o

and abstract thinking in learnigg»ari%hmetic.

N~
In the sections devotgd to the problem of generalizations and

conditions for forming them, we have tocched upon the problem of the

asbtraction process, since mastery of concepts and laws is impossible

without distinguishing certain characteristics and abstracting them

from others. To discover what claims practical schoolwork demands of N

the abstraction process, what kinds of abstraction exist, and what /
ff“ conditions facilitate successful completion of the process, it is
d"hccessary.to reconsider this question specifically.

In learning arithmetical concepts &nd laws, students unify similar, {;2
relevant features inherent in a number of phenomena, separating them

from the other, irrelevant ones. Generalizatlon and abstraction are

performed together, inseparably linked. ‘ ~

But in academic practice there is more than this one form of
«

-
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aﬁétraction. Another significant form of abstraction uses previous knowl- .
edge to solve a problem . Thgt is, the child must find a familiar con-
cept (or principle) in an unfamiliar, concrete probleﬁ. The difference
‘between these forms of abstraction is quite easy to grasp if they aég
compared by using an example taken from arithmetic_ instruction. To form
the concept of a problem type (for exaqple,Ainvolving,"the sum and ratio"),
you show llow the given type pfoblem is special byrgiving several exémples R
(with the active help of the children). The characteristic feature of

the condition dnd the appropriate methods of solutlon, which are identi-
‘cal for the series of homogeneous ‘are problems.emphaéized. (for example,
;hé problem's cpndition gives Fhé sum of twb numbers and their ratio, and
-the*;yg;ga} method is-to introduce a contingent "part' and then‘to:add the
parts);gw? . v - ' y

' The children notice what the problems in this categor ve in common--

;ah essential step,in solving them--and omit irrelevant kési es (different
sﬁbjéct, different numerical data, etc.). In other words, when classi-

fying the pre¢blem accorﬂing to a given type they do not consider insignif-
icant featu;es. Here we are dealing with the first kind of abstractionm,
which is implemented together with generalizatidh. <

At later stages of instruction you tel} £he studenté to solve a prob-
lem of this type on their own. You naturally make various changes im the
irrelevant aspécts of these'gzﬁblems——you change wording, subject, numeri-
_cél data, or you introduce an additional condition.

This psychological task thét confronts the child is to recognize in a
given arithmetic problem a type of problem studied earlier. To do this he
must distinguish its essential features, '"purifying".them of the irrele-
vant features that "eloud™ or "mask," so to speak, the features of the
problem type that was studied. Here we are dealing.with the second kind
of abstracti;n, which acquires the §ignifidance of an indepen&ent process
since it is not implemented together with generalizétion. The child has
already formed the generalization. le only needs tqff%nd a géneral prin-
-ciple, articulating it from new concrete conditions. - '

The difference between these two kinds of abstraction has impor tant
consequences which dictate a different teaching approach,” A pupil's |
difficulties in carrying out the first fofm of abstraﬁtqz; klet,us call

»
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‘tOpical'ﬁescriptive problem:

©and only then‘give them a problem with abstract content:

it the "primary" form) are lightened when the second form of abstraction
(let us, accordingly, call it the ''secondary" one) is implemented. Indeed,
when we are forming a concept éf a.Eype of ﬁfoblem, we need to begin with
a tore concrete probled and then have:the children go.on to an abstract
problem.” To fall back on an example used earlier, we should first show

"the sum and ratio" type of problem with real objects, then move on to a-

-

Two boys had 12 apples. One had 3 times as many as the
other. How many apples did each boy have?.

~

‘;)f The sum of two numbers is 24, and one number is twice
as large as the other. What are the numbers?

By contrasf, when we are dealing with secondary abstraction, introduc-
ing specific, topical details into a problem can only make it harder for the

pupil to solve, since*he has to recognize a familiar mathematical structure -

. in a more complicated concrete phenomenon, discarding many inessential

Al

details. 1In one investigation this fact was demonstrated in an exampie

H

of solving problems by U'equating data." The fourth graders suicessfully

applied the equating method to “solving problems in w ch they e directly

told the different prlces of two groups of objects,/ For example, the
problem:

Three books and 5 notebooks cost 40 kopeks, 1 book and 1
notebook cost 12 kopeks. How much each do a book and a note-
book co¥t? :

But when they were given a problem to which more specific cbnditiqns had
been added: ’
A girl bought 3 books and 5 notebooks and paid 40
kopeks the first time. The next time, she bought 1
book and 1 notebook at the same prices and paid 12 kopeks
for thep. How much each do a book and notebook cost?
many of the qaﬁe pupils could not solve it. The cayse of the difficulty

was that in this problem, the interrelation of the prices of the two groups

~of objects was ''clouded" by new, specific, purely topical details: ''the

first timie," '"the second time,', "bought,”" and '"paid." The necessity of

" abstracting from a large number of mathematically insignificant details

complicated the solution of the problemi
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Consequently, a prohlem varies in psychological difficulty (for ‘the
pgéil} depending on whether we are formfng a concept (principle) or giving
exercises in recognizing a familiar concept (principle) under new, con-
crete conditions. This results in a diffeyP®t order of presenting problems
from one case to the other. ‘ : T - o

in approaching the two forms of abstraction in eolviﬁg arithmetic prob-
lenms, there is another highly significant consideration.‘ When_prﬁnary |
abstraction is carried out, one should ensure fairly extensive experience
by acquainting the pupils with various instancea of the concept being e
studied. JIn secondary abstraction, the diagram, which aids in the selection
of a general principle under new, concrete conditions, should'Play a decis-

a ive role.

Psychological research has renealed the posiﬁive role,of'diagrams in
problem solving [6]. It is well known that the basic difficulty pupils’
_have ‘in solving arithmetic problems is the gap which exists for them betweenf

* the concrete story aspect of the problem and the abstract mathematical

"relationship expressed i; it A diagram (expressing in ebstract spatial

. form a relationship.between data and. unknown——for .example, in the form of
rectangleifof various lengths) helps to ovetcome this gap by uniting visual
elements and abgtract material. A diagram, on the one hand, helps to elim-
inate the problem's specific subject since it is more abstract (outside \ -
the Subject). On the other hand, it facilitates awareness of the abstract
mathematical relation, since the diagram itself expresses this relation,
in more visual, graphic form.

From this point of view it js quite typical for the diagram to be
unable immediately to help overQeme the gap between the specific and the
abstract in the pupils' minds. An important condition for using it success-
fully is to compare it with a more concrete sort of drawing--a picture
1llustrating the interrelation of the objects described in the problem.

In this instance a gradual abstraction from the irrelevant facets of the
problem's condition takes place. In analyzing a picture, the pupil is
’distracted from details of the story and directs his attention to relating
the: ohjects. In analyzing a diagram, he is even distracted from the
objects ‘themselves and concentrates only on the relationships of the quanti~'

ties expressed in the condition. —
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" In the course of this exposition we have been approaching formulation

I

of a most important principlerf instruction in general, and of mathematics

instruction in particular: the principle of the interactiop“of concrete

and abstract thought ingthe‘learning,pgocess.. The significance of this

principle (and the law it reflects) is clearly revealed ip the material
\
we have counsidered.
- We . see that a necessary-'prerequisite for forming abstract concepts

is the accumulation of concrete experience, including acquaintance with

‘different phenomena. Recognition of a general, abstract principle will

come about only with the conquest of the gap between the concrate.and
the abstract which initially exists in the mind of the person who is solving’
the problem. '

At this point we should remember that the concepts of "concrete" and

LY

"abstract' are relative. The same academic material may be abstract for '

©

a pupil at one stage of instruction, and at the next stage become concrete,

since its role in the learning‘process has cﬁénged and'it begins to function .

.

as a concrete support for new, more abstract material L -
For example, at the initial stage of instruction, in which pupils
a
advance from practical\operations with quantities of objects to arithmet-

ical operations, the numbers they work with and the calculations they

.perform are abstract. But,to the pupils, these.numbers and the operations

with them becotme a distinctive, concrete support for studying the arith—
metical operations and for solving problems. S ,

You can easily discover this for yonrself-if}You give firstkgra&ers
who are just beginning to solve arithmetic.problems a}problem withopt
number data. Many of them will not be able’to solve it, since they lack
the bé&ic support of operations with numbers. 0perations;with nonbers play
an anaiogous role (of concrete support)lin,the transition to more abstract
material in the upper grades—-e.g.,'manipuiatinglletter symbols in algebra.

_ The role of concrete material varies not only with the stage of
instruction butvéiso with the problem. .In mastsring new -concepts and prinr
ciples, concrete material~is a suppokt to iearning. Bnt in recogﬁiziug/a_
preyiously studied concept or principle under new conditions, concrete
material (as was shown in detail in the example invoIVLng solution of type—

-—

problems) becomes a condition which not only fails to simplify but»actually

- .
. ?
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' complicates an assignment. In both cases concrete material is useful in
school, but in the second case it will play a role very different from that
in the first case, as we usually imply when discussing the principle of

“visual deinons tration. | '.
. The prior use of visual aids shoul& be considered in the light of the

" broader problem of cdordinating tho conﬁrete and the abstract in the teach-

ing process,

We must turn our attention to still another facet of visual aids. They

" are certainly not always useful in teaching: Often in the classrxoom we find

- them misused, when they are applied unnecessarily. Sometimes they can even
play a negative role, divefting us from the problem‘at hand. Many cases -
can be cited, For example, a first grader is being taught how to choose
an a:ithmetical-operation (addition or subtraction) in solving arithmetic
problsms, and to this end the teacher brings out a picture of birds, some

.sitting on a branch and some flying toward them (or.awsy‘from them) . By

looking at this picture the pupil sees the_birds-that are to be counted.
Obviously he need not mull over what operation to use when he can tell
| - vimmediateiy‘how many birds there arg after the others have joined them (or
. have flown away). Here the visual approach does not facilitate formation
of the abiiity to choose an operation to solve a probleni, but hinders it.
A picture plays such a ‘role when it is used at the initial stages
L of teaching children tq formulate problems. Keep in mind that at first
-children find a basic difficulty in putting a question‘into a'problem.
It is often observed that when first graderé are told to think up a prob~
lem they make up one without a question or instead of a question they
cimmediately give the answer. Se it is espeCLaLiy important to have the
pupil constrict problems by himself in_ orcer to teach him how to formulate

-a question. But what 1is gained when a picture is used as the bas1s for

‘formulating a problem? What happens 18 just the opposite of what the

~ teacher wants. For eXample, childrem see in a picture that a little-girr
picked 3 mushrooms and a little boy picked 5. Naturally t§ey see no
reason to put into words the question, "How many mushrooms in all do the
" boy and girl have?” in their problem. Instead of a question they give'
a numerical answer, ''They picked 8 mushrooms in all," Tn this case there
is no need for a question, since the result is immediately obvious.

Such unjustified usedof visual aids ogcurs at various levels of

v
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~+ 4nstruction. For example, in arithmetic books for the’various grades,

. one can find illustrations of the things described in the problems even
. though the childrbn are wall acquainted with these things, and looking
at them can only lead their thoughts astray. So how can they concen-
trate on the problem's mathematical structure? | .
. . In practice, one visual form, the illustrative form {pictures), is
oftenmisused, while enalygic types of pictorial visual aids-—diagrams
and sketches--are strikingly underrated. A sigﬁificanﬁly larger place
in arithmetic teaching should be given to these forms?' The goals of
polytechnical instrtction demand it. ﬁ:gy Fhie viewpoint, development of
. children's spatial ideas, formation of the ability to read and construct
a drawing'(draff) both mentally and on paper, the ability to transform
drawings and their eeparate elements mentally, and the like, acquire great
 significance [5: Chapt. VI]. Only if we make sure that the ehildreu~heve
egough exercises of this type gill we succeed in accomplishing the netes-
sary development of their concrete thought in the primary grades, impera-
tive for their subsequent success, not oely{jn.acegemic‘fields but in

.

other work as well. .

’

It should be kept in mind that concrete thinking, the basis for
developing abstract thinking, develops by itself in the course of school-

ing, .at all ages. .

We stress these propositions because until now a simplified idea of
fhe development 9f children's thought has been popularized and reflected
in arithmetic teaching methods, eepecially those that have to do with the
visual aids principle. The idea comes‘down to this: A small child thinks
in concrete terms; therefore in teaching him mathemeties, one needs to use
visual aids extensively. Furthermore, to the extent that he will master
abstract concepts and rules, it is necessary gradually to remove visual
aids, going from full to partial use of them and then removing them entire-
ly. . v

What is correct and incorrect in these assertions? It is corract that

{n the early stages of growth a child is capable of learning abstract

material only through the concrete or thg visual. It is also true that '"~-,;

visual aids, so necessary in the early stages of acquiring abstract
knawledge, are unneccessary later, after playing the role of temporary

support.

N , 26 . _ f
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But in what was said above an essential idea has been left out;éﬁ.
Both abstract and aconcrete thinking develop with age. A small child's .
. foncrete thinking is developed to a véry limited degree, So 'visual
aids are natyenly.necessary_tqrfacilltate developpent of abstract think-
ing, but also (to no less a degree) to form various aspects of j?hcrete/
.thinking. In connection with this, certain yisual aids must be/eliminated
and others introduced on a wide scale. -
, We have given much attention to the vfsual principle because to a
.signlficant degree ffie success of a grade school teacher s work depends
on a proper understanding of . In concluding this section, all that
remdins to be said is that it would be’ more accurate to speak not of the

"visual aids principle" but of the princlple of "interaction of speech |

and visual alds" as %eriged from the research of Zankov and his colla-
borators [72,.75].. '

The material presented in this chapter testifies tﬁat at the baeis )
h of this principle is a definite law——the intimate interaction of concrete

and abstract thinking in the learning process.

5.° DevelOPing children's skills for indegendentlg;solving problems

=

To enable children to* solve probleﬁs withqut assistance( is one of
the most iﬁportant aime,of primary education., In-the primary érades,
not only knowledge,‘but‘also skills necgssary for any #ndependent activity,
must be established. These are, the ability to gain insight into a prob—"'K..

- lem's meaning, the ability to analyze the problem's conditions and become§

. aware of the questlon posed in it, the ability to break up a complex prob—

—

lem into a number of particular questions whose answers lead to the solu-
tion of the bésic~problem, and the ability to plan one's work and check

it while‘solvingfthe problem.
One condition crucial for forming these—skills-is the.organization —il

of a purposeful system of suitable exercises in the teaching procedure.
In this regard, it is very important for children to carry out the
exercises not' just under the direct guidance of the,teacher, but also
- totally unassisted; _

The\principal feature of a pupils' independent work is that he lacks
the teacher's tutelage, which he has been accustomed to for some time, and

he is left to face alone the task before him. In doing the assignment,

i
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he shoqld test his powers and, by resorting to his own kmowledge, abili-
ties and skills, observation, imagination and'sometimegmswen inventiveness,
 find ways of solving the problem and bringing it to-a éatisfactorxfcdn~
clusion. e o . o

In connection with this, it is perfectly natural for certain mistakes
to afgée in the_course'of problem solving, for one mistake to bring about
‘another, and for an incorrect answer to be obtained as a result. Does this
mean, then, that the ﬁeac%er should help the pupil at the very first diffi-
"culty? When a real threat of error appears, should measures always be
taken to protect him from the possibility of error? Shnuid the teacher
interfering with the pupil's train of reason, remove any difffculty that\
arises and direct’ his thoughts and actions along the proper channel? 1Is
it not -more useful to give him a chance to ascertain for himself the error
in his éolu;ipn, to attempt to find his own mistake and then correct it?
dne'cay say with certainty that educationally, the latter course will be -
more advisable whenever the pupil isksufficiently prepared for the appro-

priate wark. . T

-

N

The teacher should interfere only when the assignment to be done
independently does not correspond to the pupil's level of preparation.
Then of course, the teacher should take measure to remove Certain diffi-
culties (those beyond ‘the child's pewers!), but in so doing he is depriv—
ing the child of genuine self reliance. The above does not reduce the
value of the teacher's guidance of tHe work. What comprises this'guidance,
of what is it composed? ' |

First, the teacher thinks through the content of the assignments and
the sequence in which they will be introduced, to ensure on the one hand,
the accessibility of every problem, and gn the other, a gradual increase
in difficulty. Moreover, éid&:grk that prepares the children for doing
a certain assignment without assistance proceeds under the teacher'’ s
direction. The teacher takes care that the children have all the knowl-
edge, skills and habits necessary to complete the given assignment by ‘
themsélvesn. Finally, thé-géacher thinks out and determines the form and :
content of the directioms accompanying a specific assignment and observes
how every pupil's work is proceeding. |

At all these stages, one has to consider three phenomena. First is
.
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the peculiarities of theistudy material upon which the assigements {which
the children are to do independently) have been built. Sécond is the

stock of knowledge tﬁe pupils in the class have had to master earlier.

Ehe third is the individual differences in preparation, the racteris~
tic mental proceéses‘of each chiid. Thus the teacher's guidance should
embrace the most diverse facets of wprk at the prepardtory stage, But the
ultimate goal is to prepare the children to do an assignment totally
unassisted, without direct help from the teacher in the course of the work.

With this kind of teaching procedure, the pupils' independent appli—

cation of knowledge takes on great meaning. We distinguish two kinds of
application. The first kind takes place when the pueil is faced with the
task of learning new material (a concept or law). Here, by solving defi+’
nite problems, he learns from his own experience what criteria enter into
a concept and what features characterize the-arithmetical_rule being
studied. (In.presedting the problem of the principle of the activation
of learniné, we have already mentioned that if a student 1s passive, he
cannot_fully master the material.) In the case-described above, appli-~
cation of knowledge is subordinate to the task of acquiring knowledge,
"which is one of the most important means of learning.
We are dealing with the second kind of application of knowledge.
~when application occurs as an independent process. In this case the pupil
uses the acquired knowledge to solve new school problems in different
kinds of practical activity. Correct. organization of both forms of appli-
cation of knowledge plays a decisive role in building the pupils' ability
to work independently and to think rationally.

Application ensures one very significant point that positively in-
fluences the result of instruction. It makes it possible for the teacher -
constantly to check the child's assimilation of the material. By giving
pupils exercises in which new material is introduced, one can ascertain
how well they understand it, and later, by:assigning problems to which
this knowledge can be applied, one can check whether the child has formed
the proper skills. Regularly receiving such "feedback' from the pupil
about hig knowledge and skills facilitates: theggubsequent construction of
teaching procedure, since it becomes clear to the teacher what material
requires further explanation, what gaterial needs to be repeated, and E

what skills need more work.
v
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‘The well known, ancient’ proverb says, "Repetition is the mother of

1"

learning.”" ‘Now it is sometimes opposed by another, "Application is the
mother of learning.” - The latter answers better the present tasks o%ﬁour
school but one should keep in mind that application includes repetition.
We do nQt mean monotonous, unvaried repetition, but the kind that
cgi‘s for an alteration in the knowledge itself as well as of .the condi-
tions for using it. ? ( ‘ _
Independent study assignments rquiring pupils to apply previously

acquired knowledge differ both in degree of complexity for the children

and in the nature of the activity that takes plade in carrying them out.

Assignments based on tﬁe pupils’ imitation of the teacher, reproducing

his actions and reasoning, are the simplest. This work is used in arfith-.

metic lessons in the] lower grades with a viéw to instilling the skills

~ of writing figures correctly‘in the first days of school, by doing a
‘series of practical assxgnments linkgd, for example, with constructing a

paper meter, demonstrating fractions, forming measuring skills, and so

on. The substance of this kind of work is that the teacher gives an

example, accompanying his actions with the necessary explanations. The

children are to follow carefully his demonstration and explanation and
then reprﬁduce them when the teacher teils them to. The goal of these
tasks 1s, as a rule, the formation of certain practical skills.,

~ Somewhat more complex are assignments that requirg;the children
independeg%l§ to apply Rnowlédge, skills, and-habits, éféviausly aequired

under the teacher's direction, to conditions analogous to‘those”und%r

.which they were formed. By this we mean so-called practice'assignments,

of great significance in arithmetic instruction. Let us consider as an
example the study of-tabulatgd.arithmetical operations (addition tables
in first grade, multiplication tables in second grade). Since the chil-
dren are suppo;ed to learn these tables by heart through:studying them,
teachersAconduct numerous exercises in solving a large_number of the «
same é;amples from a table. Such exercises are conducted both' when the
teacher works witﬂ the class as a whole, and as indépendent work by the
children in solving examples. The main idea is always the same: The

children solve the same examples from the table which they had considered

-
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previously when they were helpedland gui&éd by the teacher.

Here the child's operations are independent in the sense that through-
out the assignment he is to maintain his concentration himselfggnd strain

his memory without the teacher's stimulating influence. When doubts and

difficulties arise, he~éhould_resort to knowg means of determining the

result, recall the suitable reasoning, independently find the answer, and

“verify it. The teacher has spe¢ially instructed the children in all' these

processes during the pteyious assignment, so that even hereswe are dealing
only with activity that "reproduces" or “carries out," but this time this -
activity proieedé at a muc?,higher 1evei than when doing assignments based’
on imitation. ~ " \

A351gnments that require, children independently to apply the knowl-
edge, skills and habits they acquired earlier with the teacher s guidance
to chdgtions diffaring more or less from those under which they were ‘
formed, are the\hext, st1ill higher level. Assignments of this kind differ
fundamefitally from those considered above. Depending on how much the

conditions in which the knowledge4is used differ from the conditions under

which it was learned, this kind of assignment will demand increasingly

intense independent thought and initiative. Let us show with individual

~ examples how the degree of difficulty of these assignments can be increased,

S

¢ The simplest and most widely occurring case is when the teacher, after
going over a new rule with the childrén; gives them examples of the rule to
solve by themselves (the difference between this and the above is that th%?
we were talking about~s$iving examples identical to those in the tables;
here, about solving examples similar to those studieé with the teacher,
but not the same omnes). )

This is how fourth graders become acquaiﬁted with the rule that sayé,
"To find the unknown dividend, multiply the divisor by the quotient.'
This rule is explained in a number of examples which at first are performed

under the teacher's guidance. Then as independent wofk, the cpildren are

) : -
glven examples to solve in which the letter x designates the: unknown

. dividend {50: Ex. 720]. The corresponding exercise given in the text

’embraces various cases: 'when the divisor is a two-digft number and the

quotient has a singfg digit; when the divisor is a three—digit number and

the quotient’'is a two-digit number; and so on. Such a selection of

A -
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exercises introduces a certain variety into the conditions of applying

the rule. However, these variations do not beiong to the elements of the’

assignment which are~relevant in applying the particular rule. Indeed,

in all of these examples the same assignment form is used, which indi-
cates to the pupil exactly what rule should be foilowed in solving: He
reads Problem No. 720, "Find the unknown dividend (xs ' then he reads

the example, '"x : 32 = 8," recalls the roper rule, and acts in strict
X p ,

xw

accordance with it.  § N gs

og.
Rria]

“'A somewhat different picture is observed when, for exampfe, the’

children are told to invent an example of”dividinghby a two—digit pugber

'so that thé quotient comes out 307. Here the ohaﬁgé'of conditions touches

not only the problem's secondary but also its basic eléménts, affecging
the choice of method in carrfing it out. (The wording is general--instead
of "Find the unknown dividend" we have "Make up-an example of division,"l
familiar from working under the teacher's dire&iion. Instead of the
customary problem form, we have "x ¢ 64 = 281" etc., determining the
exact position of the unknown). ) _ ' .

Here the pupil has to make extra effort to give meaning to" the prob-
lem, to classify it under a.general rule, and to apply this rule to the
new conditions. ' é ‘

Such problems can be considered intermediate between drill assign-

., ments and creative ones——those which-réquire the children, to seérqh for

ways of solg}gguby themselves. Creative work requires children to show
self-reliance in stating a question and/or searching out ways of solving,
to make the necessary obsérvations independently, and to draw a conclu-
sion independently. . v o ' ‘ I
These are assignments related to‘supplementing, transforming, and
independently constructing examples and problems according to the varied
assignments of the teacher, or freely composing them, restricted by no

conditions. These are also tasks directed at. independent analysis and .

‘generalization of observed facts conducted in inferring a new rule. «
g _ | erring

These are assignments that reqnire children to search independently for .
material (numerftalfmaterial, subject:%mterial) to make ‘their own prob-

lems.

0f par@}cular interest are assignments fhat require children to seek
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out and select the most effective, rational methods of solving. Let us
illustrate what has been said with‘a few cases from classroom éractiee.
One of the fourth grades was told to solve the following example:
3 x 2 x 7 %2 x5 x5. The teacher told them in advance to find the
quickest way to solve it. The pupils grouped the numbers in six different
ways (fo¥ example, 5 x5 = 25, 25 x 2 = 50, 50 % 2 = 100, 1b0 X 3 = 300,
300 x 7 = 2100), but the teacher told them .there was a faster way. At
last, under the teacher's. direction, the children arrived at the most
rational grouping, (2 x 2) x (5 *5) = 100, 3%x7 = 21, 21-* 10Q = 2100.

" Thus, by solving examples, the children formed the habit of search-
ing for the most rational ways of solving. Such a habit should be culti-
vated in children, with various material, systematigally and according

to a plan, taking into consideration that it will not form by.itself.
“Moreo§er, we frequently observe the reverse tendency in young children‘

who take "the line of least resistance,”

so to speak. Without pausing
to think where conditions demand it, they give the first answer that !
comes into their head, choosing the way they are most accustomed to. s
This comes out clearly in the following case: Fourth graders were
given the following example with concrete numbers: “The'dividegd 4is 1
day, the divisor is 60 minutes. Find the quotient." 1t was found that
all the pupils (but one) in two pardllel classes solved this example
inefficiently. They broke up the 1 day into hours, getting 24 hours,
then\EEey broke up the 24 hours into minutes, getting 1440 minutes; then
they divided this number by 60 minutes. The rational way of solving the
example, ﬁhich only ooe student used,:was the following: He E;oke the )
day up into‘bgurs and converted the 60 minutes into hours, which alloweo
him to escapeweumbersome calculations. He obtained the answer 24 quite‘
simply by dividing 24 ﬁou:s by 1 hour. This boy knew how to ovefcome
the tendency to repeat the breaking-up operation and found the economical

way of employing two opposite Operations.6
-

6Both illustrations stressl?g the importance of choosing rational
ways to solve examples are taken from an experiment by the Moscow
methodologist, M. §. Nakhimova.
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'change.”' By contrast,'quite a few children followed the unreasonable

. noticing that they got the same 60 kilograms as the result. i

N

Arithmetic problems provide very valuable oate§ial for molding skill ~~

liﬁﬁchoosing the most effective methods. ' Particularly difficult, compli-

cated problems do not always need to be used ggr this end. Even with
simple problems one can teach children to reflect on the problem's condi—
tion, analyze it, and thereby wean them from the harmful habit (very
frequently -observed in primary schoolchildren) of considering ‘calculation

the chief part of the problem and therefore hurrying to get a numerical

1
answer.

For example, a valuable exercise of this9type is presented by the
problem: \ e ' e G 4

. e
Yo

There were 60 kilograms of grapes ip two boxes. 16
kilograms were transferred from one box to the other.
Then how many kilograms of grapeg were in both boxes?

; .

* The purpose of this and similar problems is to train the pupils to refrain

from-a hurried numerical solution. As the data of one investigation showed,
a number of third and fourth graders handled this problém-eucceSSfully; |
After caaefully acquainting tﬁemselves with the conditiog}Athey answered
wvithout making’ any calculatioms, "It's still 60 kilograms," "It doesn't

* \

course of making-caituletions (60 - 16 = 44, 44 + 16 = 60), without even
Thus, to cultivate children's creativity in thé process of instrue~-
tion, and to form in them the habit of reflecting where circumstances
réquire it, is an objective without the realization of which it is impossi~
ble to teadp children effective methods of gorking independently. Later "
it will be necessary to form, step bzrstep, the ability to study, watch-
ing so that the pupiis learn to organize their study activity correctly. &

It is very important to teach children to use their perception for the -
task before them. For example,'iﬁéa textbook gives a drawing or diagram
having to do with a certain arithmetic problem, students should know

how to use 1t as 1t 1is ictended to be used and to see in it what‘cen help
them solve the pfoblems. In some cases, the intended use is to see an
illustratfn in the drawing explaining what objects are the subject of
the problem. In others, the intended useis to direct one's perceptiOn

to another -goal, that of seeing or discoverding 1n the dliagram the basic

Arelations given in the problem's condition. The children's approach to

'
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¥ these two types of drawings should be different. In the former they -
consider the illustration at the initial stageJafacquaintance with the
" problem's conditiﬁn and pay mo more attention to it in the course of
solving. In the latter, however, they use it in solving. It is fully
possible to devefop this ability to selectively perceive illustrationsA.
in primary schoolchildren. In an experiment in a2 Moscow school (No. 115),
this was accomplished in the third and fourth grades. The pupils in
‘tﬁese grades, considering the various illustrations in the textbook deal-
ihg with the problems, said, "This picture explains what a tractor is,"
- or "This picture helps to solve the problem. In the first oese~they had
',recourse fo the drawing only at thé very beginning of acquaintance with
the problem’ s“coodition, while in the second, they studied it extensively
© .in the course of solving. ' .
Similarly, pupils have to kmow ﬁow to oréehize their memory properly.
The view has .gained wide circulation that in primary schoolchilareo, the
‘mechanical memonx predominates over logical, meaningful mempry. That is) e
children memorize withoot even trying to make any sen§e out of the -
material, to esta%}ish a connection between the facts being described,
or to distinguish what is most important. ' .
Thi;‘view, as the work of many psychologists shows, is not quite
correct.  Such a predominance does, in fact, occur, but only under certain
conditions, such as Qﬁen a primary teacher neglect§ to work at helping the
children form rational methods of remembering. But if this‘umrk is ' con~ -
ducted, primary schoolchildren can be specially taught to use methods of
making sense out of the memorized material. In particular, they can be |
t?ught to turn their attention to the textbook rules and definitions in
bold-face type, to check themselves when they do their homework (this
is very imporoant), and to these ends, to reproduce or say to themselves
(after reading it in the book) the rule or definition to be learned.
. Later they can be taught not- to limit themselves to examples cited in the - -
\ book but to invent their own. . |
‘ In teaching children effective methods of thinking, it is not enough
to give "them relatively new problems. It is important to bring home the

basic rules of solving problems rationally. But that is a special prob-

{lem, and we shall consider it in the chapter on problen solving.

.
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6. Skill formation

1]

We have been talking about the role of active,‘creative thinking in
arithmetic instruction. However, active thinking is possible only if a
significant number of arithmetical operations can be performed fast

'enough and without expending thinking effort, thus freeing time for

intensive mental work on new, more complex material. Therefore a very
, s .

important task in arithmetic teaching is the formation of "automatized"

‘skills.

"Automatization' designates the transition from g_consciéus t0 a

mechanical pefformance of an operation. Such a transition ta@is place

in the formation of é—great number of study skills—reading, writing, ,

._“calculating, and others. First they are carried out consciously, and

ﬂ'then mechanically, without the participation of the consciousness.

In case of necessity, however, whem an obstacle is encountered in
an operation, the consciogsnéss again comes “to the rescue and the opera-
tion is executed with its active participation. , v

. A most impoifant condition in forming adequate gkills consists in

“ensuring sufficient awareness of them at.the very beginning and only

then bringing them into the category of automatized operations. Dbserv-.
ance of this condition makes it possible for pupils to carry out many
necessary study operations quickly and mechanically and at the same time
to implement them under the control of consciousness. Then the children
can always (at the first request from some source, or if they themselves
feel uncertain about the answer) go back to the level of consciously
performed operation% '

The source of a substantial number of errors in schoolwork partic-
wlarly 1in calculation and computations, 'is premature autogatization of
operations. Pupils who have begun to perform calculationo mechaoically
without sufficient awareness of them display utter helplessness if they
make an error. For example, a first grader who had multipliéd incorrectly
from the table (3 x 4 = 14) could not corroot his mistake by himself,
since he did not realize‘that‘mu}tiplication is the addition of equal
addends. And when we gave him visual materialp(sticks, matches, and so
on), he could not use it to perform multiplication. .

How is the teacher to proceed iq/these cases? First, he must not

P
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begrudge the time spent returning such a child to past stages cf instruc~-

tion and re-establishing the whole chain of reasoning lying at the basisg
of performing the operation. To this end it is necessary to draw on

visual material. . : - 07 _

The skills formed in the process of arithmetic instruction differ by
éegrée of comprxity{ Some of them represent a direct link (er association)
between perception of the condition and the answer, such as the skill of

ultiplying from a tabiev—after the pupil has perceived the cdndition,
such as "7 x 8," he immediately gives the answer 56. |

Anoder category of skills is ther chain of connectious, 4n which case
the answer can be obtained only through a whole sexies of intermediate

- 1links, in which every link entails the next one. . For example; in multi-

¢

\

plying 158 by 200, we perform an openation consisting of three sequential
links: 1) discarding the zeroaSvin‘the’multiplier, 2) multiplying 158 by
2, and 3)- attaching the two zeroes to the product. Some of these operations

are carried out very quickly, so the zeraes can be discarded almost at the

‘same time as.multyplying 158 by 2.

At the initial stage of instruction, a series of definite rules was

‘tng basis for\thesa operations, but when the skill of calculation has

been elaborated, the pupil performs operationsvwithout recollecting the

corresponding rules.‘ These operations can thus be called “rule conforming"

operations.7 ' ‘ v
Study activity consists of a gféa%§§;f:ir of these "rule conforming"
operations. Hese, the rules in accordanc th which operations are i

completed are general. That is, they hold for a large number of distinct,

concrete phenomena. This can be clearly seen in the example cited above

discarding zeroes and then attaching them to the product is domne for any

numbers multiplied . ? ‘ .

The opportunity to rely on a general rule in developing skills is ;\\
means of very great economy in schoolwork, particularly in fulfilling a
computation task. The need to memorize a large number of particular cases

Y

disappears when one relies on a general rule. If, for example, a pupil

7The'i§hs governing formation of 'rule ‘conforming' operations are
rexgaled, studied, and minutely described by Shevarev [60].
L-’P—f/
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has become aware of the general rule that multiplying numberé hy one does
net change them, he can multiply any number by one quickly and carrectly
and avoid the necessity of memogizimg that 5 x 1 =5, 6 x 1 = 6, and sb "

.
Oon. :

t ..‘!

1f the pupil has become awake of eral rule for.the formation -

and naming of.f;actions, then, r ning by andlogy, he can formsand

name any fractdon quic and correctly, even not one yet menizfned in
AY T

class.

v % Not only the pupil's comprehension of the rules on which they are

based, but also the system of exercises he carries out, have significance
for the successful execution of automatized operations.

Cases like the following are well known in school practice. Pupils
learn the words fo a rule adequately and can even adduce suitahie examples:
but they make mistakes when they apply the rule. Frequently teacherg
explain errors of this type by saying, "The child wasn!t being careful."
But why did lack of caution show up in this particular case? This in
turn requires explanation. The reason for a mistake should be sought in
the pupil's pre\‘gus work, and in the exercises he carried out.

In every year of schooling, but especially in the first and second
grade, we discover that in solving a series of examples, the children
did not carry out the cperation indicated by the sign. For example, they
added when they were to subtract. From examining their previous work,
it is easy to. notic:\that before solving the subtr%ctian example, they
had to solve several addition ex§mples in succession. Thus the studants
continued to add the numbers. as if from "inertia," without noticing that
the operation sign had changed.

- _An analogous phenomenon can also be observed in-solving type-problems.
If a pupil has solved seéveral '"sum and ratio' problems in a row, it ﬁaye
be observed that he tends to use fhe type method of addingﬁ&he parts even

“~or a non-type-problem if it contains a ratio. Apparently, in solving
.examples of the same t&pe, a peculiar 'principle of economy of mental
activity" begins to operate-—the children do not note those aspects of
the changing reality that remain unchahged, paying attention only to
the features of it that chan§c. The pupils stopped noting the operation
sign because it had remained the same (addition) in a number of examples,
but they were always aware of the numbers since they had been different

.
~

in every ekample. k
J ¥
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. easily, overcoming the inertia of operations.

K «
N ., e r

However ;' the "etonnmy principlé" applied in thase cages is false.

*

It is necessary to' pay attention to the operation sign every timg and to

the structure of the mathematical task as a whole. The children st know

.how to switch quickly from one openation\to another, responding immediately
to the new signal. To form these skills, examples and problems requiring

different mé&thods of operation must be alterpated on a breader scale. After'

an additioqﬂexample, give one in subtractioq, after a Eype—problem with a

' ratio, assign a non-type -problem with a ratio.

2

The prinoiple of variety ar heterogeneity of e#ercieesnio-used in‘
practice by our country's foremost teachers. As can be seen'from what
has been said it has extensive scientific substantiation.

As we have seen from the precedine exposition, varied exercises ate
necessary at all stages of instruction for various goals. In learning

concepts and laws, they -are necessary in BSrder tg,éeparate the varying

‘irrelevant features from the relevant ones, which are constant. In inde-

pendent problem solving, they are necessary for forming thinking skills.
Lastly, in carryiﬁg out automatized operations, they are necessary for:
devgloping the child's capacity to switch from one operation to another

1

i bl

Also, a system of varied exercises in arithmetic instruction promotes

growth in the activity of the child’'s personality.

7. The principle of full realization of children's cognitive possibilities
for their age :

In the preceding exposition, in characteri;ing the conditions of
effective teaching, we had {n' mind primarily teaching methodology and
touched' on the problem of course cootent only in passing, when we eluci-
dated the rq&f of contrasting. We said that to increase the effectiveness
of learning, the study of certain similar related themes {(or problems) must
be brought closer together in time so that the children will be assured of
an.opportunity to become aware of the similarities and differences in the
material~being studied (and applied). In this connection, it is pertipént
to decide whether topics are correctly grouped by.year of imstruction

and within éuspptogram for each grade, or whether the sequence of topics

 should be changed.

But this is only one aspect of the complex problem of constructing a

curriculum. . At present we cannot be limited to a single regrouping of
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topics~-the need for a more radical change in the curricula has arisen,

particularly in the arithmetic curriculum for the primary grades. This
need has been brought about, above all by the swift growth of science
and technology and the necessxty of including a number of new subjects

"in schoolscourses;-, Naturally, under £hese conditions the question arises,

is it not p ible to reise the leyel of the demands on the children,

offering them more°complex naterial beginning with the first year of

school? T o, L o

Y

To answer this quesfion, ib was necessary to study the process by
which children learn arithmetic undet changed conditions that included

more complex study material (compared to existent programs). This was,

done in a number of investigatlons. Zankov and his collaborators-taught

ptimary sechoolchildren experimentally and, succeeded in getting through

_ the exiﬁting curriculum (in all subjects, among them arithmetic) in three
_ ‘years rather than four.{74}. El'konin and Davydov [14} introduced ele-

ments of algebra into the'elementary mathematics course in the first year

of school, and Skripchenko [64] did this in the third- and fourth-grade
curricula, e N «g

»
- ¢

All researchers who had tried to teach elements of algebra in the .

primary grades have reached the conclusion that it Is-fully within the

powers of primary schoolchildren._ Therefore, existing programs. are

underestimating the cognitive possibilities of primary schoolchildren
and are not uslng these possibilities'fully.

But the legitimate question arises: Should the sole guide 1n
constructing curricula be what children can learn? Children can be )
taught a great deal, we know, but, it may be asked, what do they need to,
study? 1In deciding course content, we must be guided above all by the
goals facing our schools, we must take into consideration' the present -
status of science and the system of constructing an academic: subject’
at every grade. Only" in the light of wnax/should be mastered should we
consider the question of what can be'mastered.

Thus, full utilization of children's cognitive possibilities must be
realized in respect to the other demands, both educational and scie¢ntific,
upon course content. The authors of this book neve tried to groceed from
the entire sum of desiderata in working out the foundations o?\an

o
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8The principles on which the curriculum is constructed are set forth
in an article by Menchinskaya and Moro [40].
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CHAPTER II ° N N
“THE INTRODUCTION OF NUMBERS, COUNTING, ' '
AND THE ARITKME‘I‘ICIAL OPERATIONS = . ~

2

Formation of the concept of number and of the arithmetical opera-

‘tions is a difficult and crucial task ®f arithmetic instruction. The =~

history of the development of methndology testifies that the approach to

revealing these concepts largely determines the directian of all subse-
whe . .

quent arithmetic instruction.

-

‘What is the best way to lead children to an awareness of number
remains debatable even' today. In this regard, it is instruct {

- analyze how,-in the history of the development of human culture, the very

concept of number originated and developed, how it was continudlly enriched
with new content, and what significance thie concept has at. the present
level of development of mathematics. We by no means share the opinion
that the modern ¢hild should necessarily take the' road traveled by pre-
ceding generations in mastering the number ccncept and becoming acquainted

with counting and the arithmetical operations. However, we do believe it

‘important to imagineﬁthe situations and- the practical problems for which

people first needed numbers, and a broadening of the original concept of
number, in the course of apprehending the quantitative aspect of their
environment. ' o

Such dnalysis is still especially important because fundamental

- discrepancies in the elaboration of a methodological system aimed at

forming a concept of number are explainable, we feel, by the particular
Zact that their authors, in concentrating on some one function of num-—

ers, one aspect of the concept, wrongly push otheraspects of it inte

.the background and sometimes completely overlook 1it.

We do not intend here to give a detailed historical essay of the

development of the concept of numbers. (For this questionm, the reader

43

1]
oy



-

can refer to [15]). We shall recall only the basic functioms in which

,numbers dppeared in man's practical activity, and the basic approaches

to a theoretical interpretation of this eoncept that ‘have been made in

the development of mathematics.-

1. The origin and development of numbers, counting, and the

arithmetical ;gerations

¢

In his practical activity, man must constantly deal with the most
diVerse quantities of objects (the quantity of birds or beastg-killed ‘in
the hunt, the quantity of fish caught, the quantity of animals tamed,
and}the‘like). The problems of stocktaking, sharing, and barter that
came4up in practice demanded more and more accurate neans of numerical
analysis of these quantities of objects so that they could be compared.

+ When two groups of objects at hand at 2 given moment had to be
compared,‘it was enough to use the metnod of cprrelating their elements

by pairs (the method that in subsequent‘mathematice received the denom-

v .
‘ination "establishment of one-to—one correspondence between quantities').

This method. of comparing groups of objects might have-been good enough
if barter had always been conducted under siich conditioms. In practice,' ;

of course, this is far from the case. What if a fish caught .today is to

be exchanged for some birds the hunter has not yet obtained but will in
- the future? The new problem gives birth to a new method. From direct

- correlation of objects to be traded, man goes ‘to indirect comparison of’

two guantities of objecte. To this end any third quantity may be)USed
which can replace one of the quantities being compared in the given
situation. ® _

The most succeseful of these gquantities turned out to be the fingers
and toes. So, juxtaposing one at a time the objects being transferred R
"in advance” and, say, the fingers of the hand, people begdi to use the |
concept of "hand" as ‘a description of the number of traded objects. For

a "hand" of fish I should get a "hand" of birds later. Thus, a man not

yet proficient in counting and numbers, in the proper sense of the words,
could reason in making a "trade. : Y

All right, but what if the number of bartered‘objééts does not corres-

pond to the number of fingers on a hand--what if it exceeds the number of

- IAA



fingers and toes? A batter method is devised. For example, as many

"gcratches are made omra sﬁick as' fish traded to a huntex. " Later, on

- receipt af the bird traded fcr a fish the fisherman crosses out as many

are crossed out.

scratches as birds he .has. received in payment, until. all the scratches

.

As social relationships developed, more and more words appeared in

!

man's speech denoting some quantity—along with natural grgpps sexrving
as a description of quantities ('how many wings a bird has," "Show many

fingers on the hand," etc.), certain conventional units appeared.

The ever-growing ngeds of practice could not always be satisfied
by this method of describing a quantity.. Another step forward had to

be taken which would make it possible to describe any quantity--to £111

in the gaps between separate word numbems. It required perhaps many

. centuries to make this step, but it was finally*taken The~ greatest

achievement of human, reason was subseguently to systematize the large
number of word numbers--to establish a sequence such that’@very next

word would designate the number of objects in a group containing one
more object than its predecessor. , The series of word numbers ordered

in this way became the universal standard quantity by means of which it

" became possible to compare any size aggregate of objects in conditions‘

under.which the use of praviously known methods would be 1aborious..
What did each word in this sequence mean? The word “five," for
example, acted as a substitute for "hand." It reflected the property

of a series of object groups (regardless of Q%gt objects composed thepm)

that all elements of these groups could be put %nto one-to—one pofres—_e

" pondence with the fingers of the hand. The word ™ "'two" reflected what

is common to all pairs (be it a pair of eyes, a pair of‘horscs, or a,
pair of mittens). Along with this meaning, however, every word number .
also gained a new, hitherto unknown-meening——each word number allowed
one, when counting, to judge the place at which a cettain'object would
be. This dual meaning of a number found reflection in man's speech--

along with cardinal numbers (one, two,....) there appeared ordinal num-

bers (first, second, ...). ‘ Q

In this way, the ordering of a great quantity of numbers, in
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‘addit{on to the sdvsutsges,it provided in determining the capacity (num-
ber) of quantities of objects, lgghte a trda&er use of nuspers and count-
ing. The use of a number to. indicate an ordinal numeral acquired .great |
significance not only in itself but also greatly simplified the counting
of objects in a group fon‘ad from two given groups (when the number in /
each group is known) and determinfhg the number in a group obtained by
removing a portion from the known group. o -
‘ Thus before, to determine the number in, a large group“Left after

'Yemoving one or two objects, ‘one had to count sll the remaining-objects.
Now it became possible to reason like this: "I had eight sheep, one I

' slaughtered (the‘eighth), the last one in the count will be the seventh,
and seven sheep were left in all." Similarly, instead of recounting from
one, it became possible to add another quantity to the givee quantity,

. thus jaiping them. Only beginniné at this point can one talk about the
origin of the first arithmetical operations, addition and subtrsction,
since here, for the f;rst time, numbers appeared in a form abstracted
from concrete objects,‘and the operations were dene with(numbers rather

than objects.' This made possible the examination of numbers as such.

.

Man's cognition of “the nature of numbeps in the operations of arith—'(
metic required tens c?f centuries and still has not been perfected. Mov-
., ing from one relative truth to another, the science of nunbers, their
dﬁ%roperties and operations using them—-arithmetic——graduslly eiposed
var lous aspects of these coneepts by - examining different applications
of them in practice. "
Thus the various scientific ways of treating numbeks, counting, and
the arithmetical operations were born. Let us gonsi&er scientific ‘
theories reflecting the two basic functions that numbers perforp in §r8c~
tice. The first 1s "set theory," elaborated by one of.the greatest scien;
tists of the late 1%th-early ZOth century, George Cantor. ' :
Definition of number on the basgis of this theoty is linked to the

l »
concept of equivalence of ﬂusntities or sets. The concept of a set is

lThe terms podoble (similarity), ravnomoshchnost' (equivalence), and
and ekvivalentnost' (equivalence of sets) are sometimes used on a level
with the term ravnosil'most' (equivalence). :

Let us recall ‘thatiequivalent (similar) quantities arethose between
whose elements 'a oneetQAQne correspondence can be established i.e., a
correspondence in which every element of the first set can be assigned to
a corresponding element of the other, so that distinct elements of the.
first will correspond to distinct elements of the second, and vice versa.

N / 5[@ |
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., not defined; 1t 1s’ used as, a point of departure._ No matter how the
. definitions of number originating from set theory differ in detail, the
main feature is always the same: A natural number means what is common
to all equivalent sets; a natural number is’a description of the capacity
(or number) of a set.2 o V; X lJ o |
The .arfthmetical operationms of addition or subtractiof are defined
in Cantor's theory as the operations of combining Stsor removing part
- of a\given set. Thus, we see that in this tn%ory number is considered as !
primarily a description of quantity, and the development oﬁ.the idea of
d‘numterz in Cantor's theory, reflects the historical path of 5he origin it
and development, of numbers in human practice. That is why Cantor's theery
is sometimes called the "genetic" or "cardinal number"“theory.
Starting with the work of the Italian mathematician Peano, who
attempted an ‘axiomatic construction of arithmetic, still another approach
to disclosing the concept .0of number and of the arithmetical operations
has begun increasingly to penetrate the science of numbers. In this
' theory, a number was considered a conditional symbol conforming to the .
system of axioms (assumptions without proof and supporced by human prac- (
tice). Essentially, the properties of the set.of natural nnmbers are
formulated in-the axioms. The comparison of numbers and, the operations
. of addition and subtraction arég inseparably linked with the_propegties_

L]

of this set. . ; — .
Let us give examples to show how the relative sdwe of numbers is

determined according to each of these theories. In set theory, to compare

two numbers ond must resort to a one-to-one. correlation of sets of objects

corresponding to the numbers. Thexnumber corresponding to the set of

greater capacity (the ofie in which, "extra" elements remain afte? pairing’

Noff its elements with elements of the other set) will be considered

larger. However, to compare two numbers on the basis of the properties

of ‘the natural n&mbers (Peano's theory)% it is gnly necessary “to know § -\g\\;\

whicl of these numbers cqmeé’earlier‘in the sesies. The smaller is the

]

» M 'Y

3 2Thus, in Andronov's textbook for, departments of elemaentary school
teacher-trainipg institutes and colleges {2], this definition is given:
"The generak; invariable thing that completely characterizes each of =&
certain class of quantities is called a natural number" (all equivalent
quantities form a "class of.quantities'). .
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lone which comes earlier, the larger comes later.

. For example, the sum of twa numbers a and b, according to the.axiom
theory, will be a number c, located in the bth place after a in the
netural number series. In contrast to set theory, which, as we mentionad'”
above, is sometimes called the theory of cardinal numbers, ‘the ‘axiom
‘theory ls called the Fheory of ordinal numbers. We see that the latter
theory'deals exclusively with abstract numbers and operations with them | -

-

as.Sucn, without relying on actual operarions with quantities. of oojects. .
The axiom theory is a_higher degree in man's:cognltion of\numgers and
arithmetical operacions.n It 1s considered more logically rigorous.;

) Both theories which we have consjidered show the dual nature of'
numbers and reflect the basic functions they fulfill in practice. These
‘aspects of numbers arelinseparably linked, since every word number named
in counting can at the same time be regarded as the ordinal-number of ‘the .
last objectienumerated.end as the quantitative (cardinal) description of -

,7 the:group counted. ' ‘A ' | . -

... Everything said above has referred to the use of numbers for quanti- o

. tative analysis of discrete quaﬁt}ties (quantities composed oﬁ‘separate

B objects). However, man constantly encounters continuous quantitiee'

(extension, weight, area, and the like) in his practical activity. A

, Qquantitative evaluation of them is no legs,important than counting - &
objects. This task is performed in practice througﬂ~the invention of
methods of measurement: . e, ?fﬁ~ .

ﬁi ' As is kn&vn, the comparison of two homogeneous quantities, “one of

which fulﬁ}‘ls/the function of a measure,' comprises the basis of measure-
ment‘ Bug measurement 1s inseparebly linked to numbers and counting. (For -
. example, in unrolling five meters of material, a clerk measures omne pilece
; of matergal after another on a meter stick, counting up to five.) The
number obtained in measuring can be cpgsidered the ‘result of counting.
By the very nature of the matteré %byever, it acts in a new capacity

* here, expressing the ratio of one quantity ttranother.3 The operations

“

3This new capacity in which numbers appear here leads to an extension
’of the number concept, since in many measurements it is impossible to
express the ratlo of two quantities by a natural number. When one succeeds
in finding a common measure, by means of which both quantlties can be ’
measured in whole numbers, their, ratio is expressed in the usual fraction
form. If, howevet, the quantities being compared are incommensurable,
the search for their ratio leads to the appearance of irrational numbers.

»
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Y counting dnd meaeuring differ quite substantially,'end the~meaning of

. the numbers obtained as a result of these operations isifundamentally

different, though they remain indissolublyrconnected (as ve observed in

the comparison of cardinal and ordinal ,numbers) .

e "It is usefui to dwell on yet another function of number which it

'y

acquired in the course of the development of abstract mathamaticar theory..

We. have in mind a number which functions as an: operator. Let us show

by examples in what cases a number has the value of an Qperator. The

"multipller shows how mafy times the multiplicand should be repeated as -

an agdend, i.e., what arithmetical operations should be performed on

~

this number. Analogously; in the expression ab the number b will serve

L ]

to.indicate how many times the number a ‘should be used as a factor. Thus
in these and similar instances, numbers act in a new ea@acity. Still_

. another agea for applying them is opened up.

b

Y

SimpAifying the problem, we can say that in practice, cardinal num-

. bers indicate how many separate objects are in & group; ordinal numbers

PR
w

indicate in which place a given object falls when oonntingf numbers

. »obtaifed as a result of measurement indicate how.many times a certain

quantity is contained in another; numbers -in an "operator" role indicate

.which_arithmetical'operaﬁions should be performed, with enother number .
It is fundamental to methodology that every one of these asggcﬁs of num-
bers can be shown in terms of any other.

,Thus we see that "number" is a multifaceted. phenomenon; consideration

“of only one of fts facets would lead inexqrably.to'unjugmified restriction
qf this concept and would 1imit the possibildities for applying it im
practide. The 'ask' of- azithmetic instr‘u'ction consists, in this respect,”
in mgking cnéld;en aware, in the_most'economical,and rational‘way, of
number as united in all fts aspects, to acquaint them with all of its most

]
"important func;ione,‘and to teach them’ to use numbers, counting, measure-

- ment, and the arithmetiqal operations skillfully in solving various-érac—”

tical problems. Let ug see how this task was solved and is being solved

,through the methods of teaching primary-grade erithmetic.

2. Basic trends in the methods of introducing numbers and

-

~

the arithmetical operations

Progressive educatoré and methodologists have always striven to pre-

' pare mathematical theory so that the information being communicated will

t
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be within the children's power to learn consciously and durably and yet

will retain its acientiﬁ}g quality. In this regerd, difficulties observed

in children studying mathematics have ‘been explained mainly, by “the 2

.
t

unusual abstractness of the concepts ‘being formed, on the one hand and \
by the concretenéss, the visual quality, and the pictorial nature of
children's thought, on the- other hand. The only possibl&.wey to over -
come this contradition between the demands made on the children by the
material itself and their mental capacities seemed to be maximal use of
visual aids and a strictly graduatedétranaition from the concrete to the
abstract in the teaching procedure. '

. From the time of Pestalozzi (rightly considered the father of arith- “

. metic teachgng methodelegy) up to the present these principles haveé

determined the approach to forming children 5 concepts of numbers, count-

ing, and the operations of arithmetic. it. is obvious that with such an

&

approach, there could be no poSSibility of const¥ucting a school‘course
'in aritnmetic according to the axiomatic scheme. /The opinion of Professor‘
. Felix Klein, famqus as the head of the refekm movement directed toward
introducing; into the soliool, instruction that meets the contemporary *

- level of the developmept- }k science, is typical in tE{is regard He »

‘ites"" : B
4
N L 3

The child will neVEr‘underatand if we introduce numbers
axiomatically, as objects Naving no codtent and upon which we
operate according to formél rules established by ‘our own
agreements..On the contrary, he unites real images with
numbers; to ‘him they arg¢ nothirg other ‘than quantities of _
apples, nuts, and eimiiar good things; onl& in this form can >
these concepts be tragsmitted .in ‘primary teaching, only in this
form will they actual&y be transmitted tgwthe children [29]. o

L4 "“

This 1is why Lantonfs set theory, which opens up ‘the widést possi- -

-~

. bilities for the . use of visual aids should be the theoretical basis of
the i{ptroduction of numbers Practical operatibns with speciﬁic object
groups should be the basis upon which the concept of abstract numbere, and
the ardthmetical‘operatipns, are formed.

'All basic methods systems, as a rule, originatedwtrom such a genetic
approach in arithmetic instruction. However, the sequence and inter-

" relation in which numbers. and arithmetical operationg should be studied
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were decided differently in these systems, and as a result, basic arith-
:metical concepts were revealed diffegently in them. All the same, with~ )

out éﬁing into detsil, let’us examine from this viewpoint, the best-known ©
methods systems in arithmetic instruction, which have been designated as

the "number study ‘method” and the "operation study'method."v

As the name indicates, the study of nnmbe:s was the basis cf instruc-

'~ tion according to the first of these methods. Comprehensively considering

each humber sepsretely with fﬂg‘zupils, the teacher had to bring them to

£

perceive clearly how a number is composed of addends and factors in all °
possible combinations. 'They came to knnw the operations of arithmetic
on the basis of a sound knowledge of the structure-of numbers. The
consequence was the ability to perform the appropriate computations.
Children taught by this method succeeded in receiving a clear idea
of number structure only through numerous exercises.in which they had
to consider grodwps of sticks, circles, and the like, corresponding to
the‘nnmber being stydied.. The arrangement of these sticks; points, ani~

circles was to help children "notice" the composition of the number Mat

e,

first glance,'

on the basis of direet perception..

- The idea of forming a "group image' in the children ccrreSponding
‘to each number became especially popular after the teaching experiments
of Laie, on the bagis of which they were given a system of square number
fiénres which quite graphically illustrated the structure of each number
and its link with all those preceding it.4 ' L '

The method of , studying numbers proposed by Grube, a German educator

of the last century (a follower of Pestalozzi), was brought to Russia
o~

through the labors of the famous Russian educator and methodologist
Evtushevskii. Evtushevskii perfected Grube s system and prepared arith-
-metic textbooks, good for their time, that faeilitated_the introduction
of this method of number study intp the %Bssian primary school. '

The main flaw, of this system, which later forced progressive Russilan
aducators to speak out against it, was that children received an extremely

1]

4Laie s number figures are used in studying the first 'ten numbers in
our schools, but only as supplementary visual material, along with various

other kinds of apparatus.
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one-sided mathematical development. As a matter of fact, under this
system, children acquired a large “fund of ideas, thanks to which all
the arithmetical operations were reduced, in the lestfenalysis, to the - ‘
‘mental resolusinn\ofla number into its addends and factors.- The arith-
metical operations themselves, as mental operations with abstract num-~
bers“%ased on a knowledge of the properties'of the natural numbers
 and the principles of the structure of the decimal system, receded to
vsecon&:place here. The number concept that was formed in the pupils-
became limited. Chiefly, it reflected number in its.tunction of describ-
ing a quantity However, an understanding of the laws governing the <
" structure of the natural series, of oral~and written numeration, of the
operations of arithmetic, and‘f basic calculation methods was neglected.
The method of studying numbers did not provide adequate presentation
of the. implications of the properties of the natural series for describ-
; ing each number and for methods of carrying out ‘the arithmetical opera—
tions. It artifically impeded the children's acquaintange with basic
principles of the decimal system, which allow knowledge of humber proper-
ties and the arithmetical operations (a knowledge which is acquired in a
smaller province of .numbers), - to be transferred to numbers of greater
size: For example, the addition\of 3 and(36 wai considered only in study-
ing_the number 39, and it was assumed that the children could not make
the appropriate calculations by themselves until they had studied this ' ‘fi
number, even.though,they had already considered 6 + 3, 16 + 3, 26 + 3,
and others. s . .
The school artifically ‘held back the development of children s abstract
thought, since the logic of mathematics was moved into the background in
comparison with the formulation of visual "numerical ideas.'" So. it was
no accident that the struggle against the monographic study of rumbers led |

to the replacement of’this teaching method by an essentially ne method,

vemphasizing just this aspect of arithmetical knowledge--the method of
studying the operations.

The transition to the operation study method was, undoubtedly, a
progressive phenomenon. Teaching based upon it significantly advanced ‘
the pupils' level of theoretical preparation for further study of mathe-

_‘ matics. However, the rush to base all instructlon on children's early N

H
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understanding of the properties of the natural numbers led to the other
- extremé. Without a suffICtedSﬁstock of. 1ife impressions, the children

learned formally the knowledge communi¢ated to them. But the abstract

+ mathematical laws which were to guide them im carrying out certain opera- |
tions with numbers sometimes lacked real meaning for them; tﬁey lacked
a solid foundation of sensory perceptions. ' |
Legs and less attenti&ﬁ was given to acquainting the children with
The ided was that knowledge of the composi-

tion of numbers, in this system, had to come of itself from numerous

the composition of numbers.

cagculations made by the children on the basis of their Kknowledge of the
properties of the natural numbers and the laws of the arithmetical opera-
tions. 8o, in adding w;thin the first ten humbers, children were obliged,
for eiampfé, in finding the sum of five and three, to use the technique
which they had learneéxaf rearranging addends and/then to use ﬁhe method
of adding units or groups. The appropriate chain of reasoning was
supposed to look like this: '"To'add 5 and 3 is the same as. adding 3 and 5;

3 consists of 1 and 2; first I add 1 and 5 and get 6; I add 2 and 6 and

get 8. Then, 3 + 5 = 8.". By performing suchicalculatiéns many times, the .

o Ehiid was finéily to remember that 3 + 5 = 8. If he wanted to check him-
ZSElf(whén he met this example again, he had:to perform it again, relying
on his well-entrenched knowledge of the natural numbers and the methods

of calcuiation thét were described.

A child who had been taught by the nftimber study ‘method would have
answered the question immediately; without ré, oning it out, based simply
upon his clear idea of corresponding groups of objects (if only the fin-«

- gers). The second way in this particular case (which uses small numbers)
is simpler and easier for children to grasp;?it»is more rational. But
the picture changes when the operations are to be performed with large
nhmbers. Knowing the basic methods of calculation allows the child to
The method reduces a more difficult

If he

find the answer through reasoning.

case to an easier one which he has studied agequately earlier.
is not proficient with thege met?uds, he has only his memory to rely upon--
if it.fails him, he must J§ZOrt to visual material, without which he may

be helpless.

A .
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Thus, instruction'by operation study armed the pupils with a more
nearly perfect means of solving by giving them}ggneral rules which they
could apply on their own to any specific casefﬂ however; it sometimes '
caused extra difficulty for them, especially at firsr, since it Aid“not

Atake into proper account the chifld's peculiarities of thinking. Further-
ﬁore, with this teaching method, the ides of ordinal numbers moved inta.
the foreground, anﬂ considerably less'attantion was given to showing
numbers as- a déscription of quanrity..

On the whole, it can be said that the operation study method-zbrought
'forward to counterbalance the number study method, which gave a limited
notion of numbers and the arithmetica§ operations—was itself gomewhat

\

limited. 1In both systems, regarding a number as the ratio of o quanti-

ties and acquainting the children with the operator function of
were not special tasks, Numbers as ratios were copsidered mainly \{n
connectiom with thg study of fractlans numbers as operators were uged
in practice in the transition to multiplicatien, but their new functjon
here was not brought home to the children. ‘ . A
~ The conremporary methodology of forming" the roncepts of number, cunt-|
ing, and the arithmetical operations is based on the general principles |
elaborated by‘the-partisans of the operation study method. At the
present stage of merhodology, however, certain correttives have been
included in this method which aim at eliminating the shortcomings tﬁat

» have been noted. . ~

3. - The methods currently used in our country to introduce numbers

o and the arithmetical operations -

Nowadays, when the culrural level of the populace of.our country

! - 1is rising from year to year and the network of preschool insritutions is*~;
constantly expanding, ¢hildren first meet numbers, counting, and ‘the
arithmetical operations long before systematic instruction,begins in
school. Unfortunately, until now almost no work has been done on methods
of elementary instruction of children at home (before the child starts
school), although methods of teachinp the fundamentals of arithmetic in
klndergarten have seen quite a bit of attention in our educational litera—
ture. The system by which kindergarten curricula have been constructed

is preseeted in full in Leushina's book, in its second printing, which

¥
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every primary schoolteacher would find very useful [35]. The system .
elaborated by Leushina is a combination of the number study‘method and
the operation study method. |

In accordance with the curr%culum and methodology, children in

kindergér;en,arithmeticvclass continually deal with quantities of objects.:

- From percéi@ing groups of several objects as a wholg they g;adually move

| on to resolve the quantity into its individual elements. The§ are

- taught how to correlete the elements of two groups.of objects by pairs and
hotho compare size of the groups on this basis (establishing the equali-
ty.or inequality of the groups beiné~compared, and determining which of
them coniéins more objects). ‘

But along with this kind of exerci$e, the children are taught how
to count objects. Having mastered the operation of counting, they uee
it in practical exercises to compare two groups of objects. Instead of .
correlating their elements one-to-one, they enumerate the elements of
‘each group. On this basis a link is later established between adjacent
numbers in a series. Thus the foundaticn is laid for studying the proper
ties of the natural number series. ,The ordinal number is considered along
with the cardinal number.. .

Even in’kindergarten, the children get acquainted with different
methods of calculation. In -this connection, the study of an ad&itioh
table ls broken down into the three stages of cpnsideration of the cases
1) in which the sum does not exceed five, 2) in which a smaller number is
added tp a larger, and 3) in which a larger number is added to a smaller.

During the first stage, children learn the appropriate cases from
the table '"on the basis of the atudy of number’comgPSition, Leushina
says in her book. That is, the children learn primarily on the basis of

c%neepts that have been syntnesized as a result of numerous practical
exercises in breaking down a given object group into two parts. lHowever,
the second stage of work assumes that the method of adding the secend
addend to the first bj units-has already been used. The third stage
(adding & larger number to a smaller) conce:ns schoolwurk in which the
corresponding calculations are performed by rearranging the addends.

Thus we see that the preliminary work done in kindergarten as

s preparation for regular arithmetic work in school envisages all around
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knowledge of numbers. The children get to kmow numbers as a description

of the size of gf ps of objects. They learn how to use numbers and .

counting to detgigihe the relative size of groups of objecté. -In counting,
they become‘faéiliér not only with cardinal numbers th also with ordi-
nal numbers. Having learned the natural number sequence, they investigate
how it is comstructed (they ascertain that every next number is the result
of ,adTing 1 to the previous number). All of this leads them in earnest

to a conscious use of the properties of the natural series in calculéting,

rand to actual perfoXmance of -arithmetical operations with abstract num- -

bers. At the same time, during this preliminary, preparatory work, ser-
» ious aﬁfention is given to having the children accumulate a large stock
o of concepts which help them to analyze how the numbers being studied are
e compﬁsed %f addends. We see ;hat the method of introducing numbers,
- counting, and the arithmetical operations here described combines features
of both.the number study methqd and the opefatian study method.

The same principles are ?he"basi; of tﬂe methodology of introducing
numbgrs; counting, and arithmetical operations which is uééd in the first
grade of our gepneral é&hcation schools, a hethédology which we shali now
consider. Quite tlear iﬁichildren received the kind of preparation

"in/arithmetié envisioned Ay the kiundergarten curriculum, the work done in
regular school could be planned as a natural continuation and develop-

" ment of preschool imstruction. But mass~inspection of the preparation of

children éntering first grade, performed repeatedly by the Academy of«

*

S Pedagogical Sciences, has shown that children differ greatly from one.

' anpther in this respect [9, 44,‘55].
©o The general conclusion of careful study of the characteristic fea- .
tyres of the knowledge, skills and habits, of sqven-year-olds when they
l‘enter school is that, despite a rather large fund of such knowledge, it
/is still inadequate. It needs replenishing, strengthening, and systema- .
tizing. All of this work s to be egfected in é class whose pupils differ
“sharply in'afithmetic preparation. This is one of the greatest diffi-
culties any teacher inevitably encounters from the first days of classes,
assuming that he intends to continge developing the arithmegical concepts

Al

o the child formed before entering school .
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The gfurrent methodology solves the problem the following way. ' Be-
fore initlating systematic study of the arithmetical operations ‘(addition
and subtraction) up to ten, from whichﬂone could begin if all the children
had the preparation specified by the kindergarten curriculum, one must
conduct intensive.preparatory'work, directed at more prsciselj defining,
replenishing, and systematiz%ng the Inowledge that the children have
previously accumulated. This work, which is oftec repetitive for chil- .
i en who come from kindergarten well prepared, envisages a more exact’
definition of 'basic ideas and the like, numerous exerqises in counting
objects, and the formation of the concept of 'so many" (based on count~-
ing). Thereafter, the childrep proceed to study the first ten ‘numbers
.in order. Usually two lesscns are allotted for ecach number, and they.argh )
vconducted as a rule, in a specifled manner . +In the first lesson tha .
children learn how to form a new\hymber by joining one to the previous
number (by means of corrésponding object groups and practical opergticns
with &hem). They then study how to form a group of objects,ﬂcorrespond—
~ing to the new‘number, .and practice counting up to the number being
~ studied (in both directlons, using concrete visual alds and square number
figures). Once familiar with the characteristic features of the printed
and written numeral co;responding to the number being considered, the
children do exercises in correlating thesnumeral with the quantity and
vice versy, as well as exercises which require them to know the place, .
of the numbers studied in the series (naming the numberjs "neighbors’
in the series, naming thé one following the given number or thé’one
preceding it, remembering a gap in the series, and the like). The lesson
as a rule ends with the children writing the numerals in their notebooks.
The focus of the second lesson in studying a number shifts to an
analysis of how it 1s composed of addends. Every possible combination of
two numbers adding up' to the given number is considered through actually
_'éividing a group of objects into parts, and by working according to illus~

trations in the textbook and number tables. Along with object demonstra-

tions, square number figures are used in studying the composition of
numbers. . . %T\\\\\_4f)

As they are studying numbers, the children are meeting their first

. arithmetic problems and examples.- A{ this level of instrgctioﬁ, they
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solve only such problems and exafip{es which require a unit to be added to

a given number or taken away from it, and they determine the result on the

basis of practical qperations——joining one object to a given group of
objects, or removing one object from a group. .

After all ten numbers are examined this way, one after another, the

teacher proceeds to introduce addition and subtraction up to ten. The

" method proposed by the textbook is that, from this moment on, children

_ should not perform addition and subtraction by counting, but rather by

adding on (and taking away) units and then groups (twos, threes). The
order 1in 7htth all cases are considered is: '"Add and take away one,"

1!

"Add and take away two," "add and take away -three," and so on. . After
adding four, children are visually introduced to the commutative property
h ]

of addition, and use it later in adding a larger numbér to a smallef.

,'Learning all the cases in the addition and subtraction tables by heart

should be the result of numerousvexercises in adding and'subrracting by
units and groups. '

* This methodological system of working en the first ten numbers has

gained wide popularity in our schools, esPeLiaily gince it was made' the

basis. of the standard first—grade arithmetic text. However, a number of
criticisms were leveled at it in the works of Soviet methodologists.
These remarks usuaily'dealt with the order of introduciag the cnilnren
to individual questions of this tdpic, and ended with a specification of
the content of work at separate stages of studying the topic {1, 10, 57}

In certain methodological Investigations, it has been noted that in
actual school teaohing, {nsufficient attention is given to creating in
children the sensory foundations necessary for forming the concept of
abstract numbera: for cOmparing numbers, and for studying the properties
of the natural’ numbers, and that in this connection some knowledge, of
arithmetic in children is formal from the very start.

Let us demonstrate with some examples. To explain the concepts of

"bigger" and "smalles,'"separate objects (a big ball and a smaller one,

etc.) rather than groups of objectssare used for comparison in the first
lessons. 1n such a demonstration, the pupils do not become sufficiently
aware of the arithmetical meaning of these concepts. Later, when they

study the first ten numbers and are asked which of tfeo numbers is larger
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and which is smaller (for example™5 or 4), the children orient t@em—
Aseives by a formal feature (the number's place in the series) when they
answer, without being ;blé to check their conclusion experimentally -(by
dbmparing corresponding groups of obﬁects). The teacher is noﬁ verifyiné
" the children's grasp of the arithmetical meaning of these basic concepts.
He is not guiding the formation of these concepts without which conscious
mastery of numbers émd the operations of arithmetic .cannot be ensured.

Another criticism that deserves attention concerns the waywih which
children learn the order of the natural numbers. Numerous observations,
as well as the special experiménts cited [9, 37, 44, 56] prove that chil-
dren learn the order of the first numbers of the series easily (as a rule,
‘before startiﬁé school), but their corresponding comprehénsion is almost
inert. Though they eaiily reproduce this order in the forward direction
‘Béginning with 1 (1, 2, 3, 4,...), they experience considerable difficulty
when told to continue a series starting with any other number (4, 5,‘6,

7, ...), to count backward, or to name the number follewing a given num- -
ber or preceding it. Also, knowing how to count from one allows the pupil
only to perfqrm,the task of counting objects. For all further work
connected with the study og arithmetical operations and number“properties,
gonfident and f12§ible mastery of the‘geries is necessary.

To Ensufe just such mastery of the number sequence, it is necessary
to organize suitable exercises. Observations show, however, that many
teacliers depend excessively upon frequent repetition of their_number
sequence in the forward direction, "from the beginning" (starting with 1),
and falil to pay enough attention tb exercises directed at more flexible
mastery of the number series. ‘

Specific ways of using the various schoolroom visual aids to’form
children's concepts of numbers and the operations of arithmetic have
. also been subject to criticigm. It has been mentioned that the method
of using visual aids should vary accoYding to ﬁhe:tasks confronting thg
teacher at each separate stage of forming these conéepté:

A %ailure to meet this chvious requirement can be seen), for example,
~in the following case. Having introduced the first ten numbers, the '

teacher moves on to consider addition and subtraction. The chief tasks

at this period of instruction is to ensure the children's advance f rom
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the method of counting from one to the method of adding (or taking away)

A S
by ones and groups. If the (ﬁildren then are given only concrete visual

a}ds (i.e., objects) in solving examples and problems, as they did
earlier, the instructor not only fails toﬂmake the transition easier‘ but
on the contrary makes it more difficult for them £o advance, to the new

method of determining the result. Indeed, if, for example, the remainder

which the children are to determine in solving a subtraction problem is

presented in visual form, it is easier for them to count the corresponding
objegts than to use the subtraction method, which is less rational .under
these conditions; ' -

Clearly, when a new problem 1s’ put forward at a given stage of
instruction, the way invwhich visual aids are used should vary so that
the teacher creates conditions for completing the assignment which set /~\\
off the advéntagéé of the new method of solg}hg, or better yet, which ‘
absolutely require its applicaq&on. Various partial uses of concrete
visual alds (e g., in'which one of the addends is‘given in numbef form
and the other is illustrated with an ubject) suit this purpose (for more
details, see [42, 56]). ,

The above and other criticisms of the method of forming concepts of

L3

numbers and the arithmetical operations are, we see, directed toward a

3

more exact definition of particular questions, toward perfecting the
present system, and do not generally concern its substance.

The merit of the method used in school to form the most important
]

concepté of arithmetic was not subject to doubt until very rékgntl&.

Everyone agreed that the concept of numbers and a;ithmeticgl operations

‘was to be formed by giving the children abundant experience in actually

- working with quantities of objects. In the course of comparing groups

of objects, establishing one-to-one correlations between elements of
compared groups, joining groups of objects, etc., the concept of num-

bers as descriptions of'quanti;y, the concept of n%?bers as ordinal names
for objects being counted, and then the concept of arithmetical operations
with numbers, were to take shape in the children. No one was confused by
the circumstance that enlargement of the number concept--acquaintance with
other functions of numbers;—was-deferred for a rather long peri&d, and

when the task of broadening the number concept arose in the course of
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instruction, children aften met with substantial difficulty, since it
was then necessary rrange previously formed kncwle&fe, skills, and
habits. Such phcnome ve been observed in introducing fractioms,
negative numbers, and so on. .

No objections were ever raised, either, against the general approach
taken in acquainting children with the principles of mathematics, an !
appr¥oach which was charted by the curriculum and can thus be defined in
very simplified, schematic form: from gracticsl operations with real
objects (mainly before primary school and during the first weeks of school)
to operations with numbers and the study of their praperties.(the first
5 or 6 years of school); from considering the properties of nugbers and
the four arithmetical operatiens with specific examples ang from conside;-
ing the interdependenca of certain specific quantities to ; scovering
general properties of numbers and the operations of arithmetic expressed
in letter symbols and éa studying various forms of interrelation betwecn'.
quantities in generalizéh form (from 7th grade on). A gradual transition
+ from the eoncrete to the abstract—-from consideration of particular cases

to gé%eralizétion (gpr ekample, from operations with numbers to leftcr
expressions), gradsal enlargement of the number concept by the introduc-
tion of certain new cumbe; forms and subsequent generalization of the
numbers studied (by comparing them with ones considered earlier)--thi
is the primary trend in the formation and development of basic mathazf
matical concepts which has been determined and reinforced‘by experience.
- In recent years, however, this general trend intarithmetic teaching
and above all, the very approach to forming the concept of numbers, considf
ered to be tested aqd'confirmed by centuries of school instruction the
world over, has been cast in doubt in the works of certain investigators.
The urge, so charcteristic of our time, to revise radically.the entire
system of teaching mathematics in school (particularly in the lower
‘grades) is explained primarily by the fact that_against‘the background of
grandiose successes in science and technology in modern times, against
.the background of rapid deveiopment of the exact spiéﬁEEE:F%ﬁé inadequacy
6f the mathematical preparation of t&igiygcuates of our schools is being

felt more and more.
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The relatively insignificant improvements and corrections that have

been made in our curriculum and methods up to now still have not been able -

to ensure eliminatben of the gap between what the school gives the students
in this regard and the requirements of life. The creatf&e thinking of
methodologists and psychologists, scholar-mathematicians and practicing

L] 'Y ; ~

teachers is8nvqlved 1 search for a way to overcome this contradiction.

To everyone.inter ed in the organization of mathematical education in -,

the school of the fuBure, the projects for radical revision of elementary

‘school arithmetiec instruction advanced by various authors and whole

&-@

scientific groups today, both in our country and beyond her borders, cannot
fail. to arouse the liveliest interest. So let us look in somewhat more
detail at certain modern trends in elementary school mathematics instruc—
tion that have direct bearing upon the problem of introducing numbers and

the arithmetical operations.

.

4, New trends in methods of introducing the principles of

mathematics . -
#a‘ .
- In this section, certain new trends in methods will be considered, all

of whlch call for radical reorganization of primary school mathematics
teaching. One of them is linked to the name of the Swiss educator )
fuisenaire.. The !new method of teaching arithmetic in primary school”

that he worked'out has been widely disseminated-in the schools of a

number of foreién cquntries

Luisenaire posits as the basic task ‘of arithmetic instruction the
pupils' conscious mastery of mathematical relationships, based on practi-
cal operations with special teaching material. To this end he proposes

the, use of rads of various sizes and colors that would replace definite

nu 6rs. All the operations of arithmetic and the correlations between

HMumbers are :évealed, in his system, with the aid of these rods.S For
example, in introducing the goncept of multiplication as the addition of
equal addends, the,aufhor usEé*one long orange rod and five short red
ones whose aggregate equals it in léngth} The appropriate entry is made:

"] orange = 5 red," or "5 red = 1 orange."

e

5For 4 detailed description of Cuisenaire's devices, see [7].

‘£ -
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Cuisenaire similarly shows the relationship between the different
operations of,arithmgfic} - three light-greeh rods and one white ome are
matched in length to the orange rod, so that the pupils perceive various
possible corrections visually. For example: ' "3 light green + 1 white =
1 orange," or "1 orange - 3 light-green = 1 white." .. ‘.

' ' However, this is all determined by color (without numbers). In .
various pragtiéal exercises, for example, a rod three units long 1is -
replaced by three rods (1 unit) or two bars 62 + 1). All this looks
very unusual to our eyes, but this method can facilitate cémprehension of
certain mathematical relationships because it(gs_quite graphic. In this
case, the pupil has the opportunity to ﬁerceive visually a'numher of
écmbinations that show diverse relations between quantities and between
the arithmetical operations. : i .

 From the study of mathematical relationships through color, Cuilsenaire
leads the pupils to study them "in terms of the numbers from one to ten."
vThe expression "in terms of the numbers'" is not accidental here. ¥or
Cuisenaire, numbers are not the object of study, just. as} earlier, color
was not. Both are only a means to another end--the comprehensidn of
‘matHematical relationships. )

Characteristically then, the value of using "semi-abstract' material
that can replace (symbolize) mathematical‘relatiohs in teaching arithmétic,
lies, according to Cuisenaire, in the very fact that it is "semi—abstract.“
He criticizes bringing everyday situations into arithmetic teaching. He
1mﬁms that objgcts from the environment should not be objects of calcu-
lation in arithmetic lessons, since they distract children from discover-
ing numericalﬂrelationships.

School instruction in our country aims to effect close links with
life. As we see it, in contrast with Cuisenaire, the use of numberé ig
everyday situations not only does not lead the pupil away from the basic
academic task but, quite the contrary, it‘facilitates more conscious
learning of mathematics, an understanding of 1its link with the practical.
From associating with adults, a child begins very early to choose objects
to count in his environment. By the time he comes to school he has already
accumulated his own arithmetical experience from his life. ‘And no colored
rods symbolizing abstract mathematical relationships can '"tear him away' /

or isolate him from this life experience.



'
cont N

Iﬁdaed, even during the first days, manths, and years of schooi,
childrén will continually have to solve problems in life, problems re-

- quiring the use of numbers, counting, and.the arithmetical operatiqnﬁ._
To deny for an extended time any guidance whatsoever to children in solv-
ing these é%g}ygay—problems, to create an exgeedingly artificial situation
in which they have to perform various manipulations with "cemi-abstract”

,material in mathematics classes (and they are unable to comprehend either
the sense or ulti&ate aim of the manipulations) would mead to repudiate
the leading principles of instruction and eﬁucation upon %ﬁich the work
_of the Soviet sthool is based. . \

Cuisenaire's‘approéch to numbers also raises fundamental objections.
Keeping in m¥hd that one of the most important tasks of the school is to
nourish a scientific, Marxist world-view in ¢hildren, it is exceedingly
-impo;tant to construct mathematics instruction from the very beginning so
as.té make them‘aware of the link between this science and practice.
Children should realize that the number concept has been adopted by man
from the real world and is not a product of pure thgught, and therefore,
number should be a special object of study in school. |
However, these fundamental objectiong to Cuisenaire'e initial posi-
- ' tioms do not preclude the us® of individual methods he has reCOmménded
A 1in practical instruction in our schools; in particular, onefshodgdftry
using rods of various sizes and colors to show the pupils visually the

‘ vafied relationships between numbers and th@\arithmatiéal operations,.
as well as basf!parithmétical laws. The arithmetic counting box of rods,
which we use, is not sufficiently adapted to these ends.

“Individual attempts by Soviet psychologists to revise radisally the

~ content of mathematics education, particularly its elementary stage,
deserﬁe‘more attention. Thus, Gal'perin and Georgiev's work, in which
they elucidate the results of experimental kindergarten teachiné, regards
as paramount, in the formation of the conckpt of number, the analysis of
the numerical relationships ﬁ?fween quantities through measurement. In
one of their reports we read: ''The mathematical approach to the quanti-
tative aspect of things begins;with the isolation of a 'measure'' [23].
Therefore, in their next‘reporé, which‘discloseé a program for instilling
elementary mathematical concepts, they chose the "formationfof a mathemati-

cal approach to studying qua@tities" as the first topic [22].

1
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The authors seé‘one of the chief tasks of the study of this topic
to be, to teach the children not to estimate size by the impression they
get from a direct comperison of dimensions, but to systematically use a
o ruler and the results of measurement. ,

All work involved in studying this topic, which “includes formation ,
of the concepts "larger," "smaller," and "equal," is done without numbers
or counting. Wheﬁ two homogeneous qﬁanéities are compared with the help
of a chosen common measure, chips {or notches, etc.) are used ‘instead of
counting in the comparison. Every time the measure can befput on one of
the rods (or one glass‘is measured offJJEtc.) one chip is set aside; the
groups of chips so obtained are compared by establishing a one-to-one
correspondence, and a conclusion is drawn—which of the quantities campared
is larger, which is smaller—according to the results of the comparison.6

Twenty-two lessons are allotted for such preparatory work, the pur-
pose of wirich is to establish a link between a quantitative estimate of
quantity, and its measurement with a unit of measur Then the children
" proceed toﬁitudy numbers (38 lessons). At first they form the concept of

', unit, formulated by the authors thus: "That which is measured and equals

1t

a unit of measure is unity, or one. All subsequent numbers are formed

. from 1 by adding 1 and are studied consecutively according to this plan:
5\5/ forming a new number and naming it, applying the number im measurement, /\
\\.cardinel and ordinal counting, addition anq subtraction up to the giyen

\ number . - ‘
After “studying numbers, special time is allotted to considering, in
generalized form, the relationship between a quantity, a unit of measure,
and e number. It is explained that one cannot compare numbers obtained

from measuring heterogeneous quantities, or from measuring homogeneous

% i ) ) k

, 6T‘ne third report [22] relates in detail how the experimenters begin
with exercises in which the children compare quantities composed of simi-
lar objects, chosen with the aid of a unit of measure (there is a unit
for every kind of object), The direct comparigon is replaced by indirect
(with the help of chips, marks, etc. Y. Finally tRe exercises create a
situation in which number® are necessary, in connection with tasks of
the form: "Go into gnother room and get as many... as there are things
(chips) here--but you may not take the things with you.'" Hence the
advance to counting and using numbers as a description of quantity.

-
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quantities, or fram measuring homogeneous quantitiés using different
units of measure. At this stage, a series of practical exercises is
conducted showing how a number obtained from measuring depends upon thé&

unit of measure by which measdTement of  the given quantity is accomplished.7

And the reverse situatjefis are also considered--how the unit of measure
must vary 1f a number is assigned and the quantity increases or decreases,
and how the quagtity must change if a number is given and the unit of

~measure increases or decreases.

We can see that the system of intréducing numbers, counting, and
the’ arithmetical operations proposed by Gal'perin and Georgiev [22]
has much in common with the one currently employed. Indeed; numie:s

"even here are introduced by actually establishing one-to-one corre5pondeﬁces
between the elements of groups of objects. Fundamental to the‘introductiqn
of.numbérs:here is the concept of "so many" that arises from comparing“ ‘
object g(pués. | |

The éhiéf difference between the way children are introduced to’
numbers now and the one contemplaﬁed by Gal'perin and Georgiev is that l
in the latter, work begins by comparing continuous quantities introducing
ﬁhe,principles of measurement and‘doing suitable exercisgs without using \

" numbers or counﬁing (until they are introduced in class).‘ According to |
the experimenters, children should first perceive numbers as the result |
of measuring (aé the ratio of the ﬁuantity being measuréd and the chosen
unit of measure). Howe#é;, counting and numbers are actually introduced
in exercises to replace the chips that had registered how many times a
unit whs contained in a jmeasured quantity. In'this connéctien, in fact,
numbers are introdured, as usual, to describe quantitatively a group of
objects in this experiment (by establishing a one-to-one cor;eépondence
between the numbers arranged in natural sequence and the chips making up
the group being countéd).

Actually, as we have seen, children meet numbers for the first time
in exercises that require an an;wer to the question '"how many?" (that
is, exactly how many sgpa?ate objects——chips, nogches, and so on--not
"how many times is the unit of measure contaiﬁ@d in the quantity beding

measured?'"). True, familiarity with numbers and counting is used |

7Seg preceding footnote.
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immediately in connection with measurement. So when children are taught

experimentally in Gal\perin and Georgiev s gystem, they are introduced
earlier than usual ?u numbers obtdined not only as a result of counting

. but also as a result of measurement. They meet numbers not only as a

| description ofathe quantity of individual pbjects making up the group
being counted (numbers as "a collection of units?)ﬁ but-also as indicators

'

of ratio. : ' x

»

From the very beginaning of instruction, the impoertant fact is brought
home to the children that a number-'depends on the unit of measu;e chosen,
that the unit of measure is part of the quantity being measured but is
by no means identical with the concept of unity in itself (evén diserete ™.

‘««

quantitiés can be counted in pairs, in threes, etc.). Such an approach

to formingathe number concept 1s of undoubted interegt. -
In criticizing t?e modern teaching method Gal' perin and Georgiev

stress that it does ‘8ot give Sufficient atteation to %pmbers as an indi-

cation of the ratio of one quantity to another. Galanin pointed this out

in his time, when he wrote more than 50 years ago:

»

v : ...Elementary instriction insistently builds the idea ' o
o ‘that a number is a collection of homogeneous counting units,

‘ " but this idea cedrtainly does not contain the idea of ratio,

although. ..the number concept is, rather, con ined in ratio,

for which a collectiom of counting units is a particular

instance [21]. ]

" 'One must admit, apgarently, that this defect in{tne method of num-- e
bers study has been pre;erved to the present day. Gal'perin and Georgieuxffggé
have outlined one possible way to overcome this defect. “fo”’ \

Then there is doubt about the advisability of planning instruction
v‘ so that, in arithmetic class, for a relatively prolpéged period of  time)
the children do not use what they have learned about number . It is
also very doubtful whether lessons devoted to introducing numbers should
create a conflict, to a certain extent, between what the teacher says and
the knowledge the children have acquired earlier. The question erises,
can the defects of present methods mentioned above be-avoided, at the
same time guaranteeing, in the first stages of instruction, a natural

continuation, development, and extension of the relatively rich store

\




of knowledge, skills, and habits in operating with numbers and,counting
which children learn before school.8

The same questions arise in considering the experiment conducted
under the direction of Davydov. This experiment proposes a radical revi-
sion ofthe entire system of teaching mathematics principles. Da{ydov‘
gives much attention in his research to questions connected with’the study
of nnnbers and counting [13]. | . | .

'~ ‘Davydov's basic plan is to begin teaching mathematics in school by

developing in children'an understanding of the most common mathematical
relationships, stated in letter symbols. He proposes that basic numer+
ical relationships between quantities be considered first so that numbers,
their properties, and operations with them will appear as particular cases
‘of already familiar general laws.

Accordingly, Davydov allots‘three—fourths of the first year.of school
to considering the basic relationships between quantitiesr—forming and

" Ysmaller," and "equal'; considering

comparing the concepts of ''larger,
the conditions of maintaining and violating an equality, going from an
inequality to an equality and vice versa; considering the relationship
between elements of an equality. All the while the children have:nothing‘
to do with nymbers: they operate only with specially seleoted tesching L
material (rods, containers of water, sand and scales, etc.).

in the study 6f eqoalityé—ﬁbw it is maintained and violated;—addition
and subtraction signs are introduced. The children learn to express as
a formula the transition from equality to inequality and the reverse. For
example, A= B, A-e > B, A>B ~e; 6r A > Bj/A ~e=B, A= B, - e,

The experimental instruction showed that first graders learn these
relationships in letter symbols without numbers and before numbers. Num-
bers and counting are introduced, in Davydov's program only in the second
semester. Numbers are introduced as the ratio of two quantities, which
are compared by measuring them. ’

After solving problems related to measuring various quantities (of ‘
length, weight, etc.) with the aid of various measures, the children be- =

come familigr with this kind of task, for example: 'Put the number 3

sGal ‘perin and Georgilev [22] investigated kindergarten teaching,
where these questions are less meaningful than for work in the first
grade.
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on the axis, taﬂing 4 boxes fcr a unit .(a measure),'' and so on.
In this way they become familiar with the principle ﬁm.which the .
natural numbers are constructed. Relationships be%ueen quantity,
measure, and ntmber are then considered. Exercises of this form are
~carried out: "Quantity A by measure g equals 6; the same quantity
A by measure e equals ﬁ:p Which measure is larger, g or g?"
The next part of the program calls for intrdjucing addition

and subtractiof of numbers, but unforttmately, Hof these arithmetical
“operations are inculcated is not considered in detail in the published
materials, which only say that addition and subtraction are introduced
"by means of reducing an: dnequality to an equality."” ‘ Examples like

\\ this are cited: ) ‘

\ . '
' .8 > 3<7
. ' 8§ -x=5 3+ x =7 ) ’ .
8 =5+ x x=17-3 ;
x=3

Al €
s .

\ «Iﬁ is explained ‘that in both cases x is founé first by using A
a tah}e (the instructor asks how much should be added to 5 to 3&: 8,
and ‘the«children look at the table and find 3). The table is then )

Ll

memorized by means of the exercises. . v
o Furthermore, it can be seen. from the published curriculum ‘that

later, numbers will be understodd, as the ratio of the quantity being '
considered to the quantity that is taken-as a unit of theasure, a notion

employed particularly in explaining the meaning of the operations

‘' of multiplication and division. s

~

Neither the procedure or Leaching experimentally aCCording
to the curriculum under diSCUSSlon, not 1its resulfs, have yet
received 'sufficient elucidation in print. So it is not podsible

%, to make a detailed analysis of the merics of the proposals. We .
must, however, turn our attention to!%ﬁe most controversial
“aspects .of Davydov¥s~propased system,.and methods, of forming the
number concept and of tcaching\children count ing and the arithmetical
operatiOne. .It was mentioned above that Davydov's experiment raises

the same doubts ‘as did the view uf'Galpperin and Georgliev:. 1In

*
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“cénnection with,ﬁavydov's‘prpposals, however, we ‘must raise a few

'

.additional questions of fundamental importance. .‘
‘ The first question: Can\ene arm'students w1thpthe akill of
'"immediatel manipulating quantitative features in generalized form'",
on the basis of practical work with sticks, paper ribbons, blocks,
and plasticine, with water, weight, and- other sueh teaching material°
Will this generalization be ,so broad (as the experimenter is

. -
convinced) as to make it possible later to consider corresponding

que§§~§}' with numbers 3s a particular casé? This question cannot

be anxuggrd merely on the basis of theoretical analy51s. It needs
'to\he stndied in actual instruction. What is more, even if suitable
research is conducted which answérs the question in the affirmatiée,
it is still-ne¢essary to check whether the method contemplated
meets the criterion.of raising the effectiveness of instruction as
- a whole. ' \ Y .(h . | |
The second question: + Is it right to®%se letter symbols as such
an early stage of instruction,for writing the generalization being _ -
.taught as Davydov proposes? There is ever; reason to fear that
su!% early 1ntroduction of latters can lead to the unwarganted
' "formalization of instruction and to its isotation from life.
The fadt that children, judging by the data cited in Davydov's

article, learned to carry out exercises linked to the use of 1etters

‘in mastering the desctibed curriealum ddes not prove that they .-

will be able to supply the knbwledge acquired to practical pp&%lemﬁ f'
o Flnally, the third question that. should be COK§;;533t3d~Ebsn

considering athis system i§,thisf By placing the idea of ratio

in alposition of prime importanee in teaching the number concept,
studying mainly the c;z~arison and measurement of continuous ¢
qiantities over an entirt year of instruction, do not the experihenters

reduce §;na srgnitieance of a fumber as the result of counting, as a

\\ N quantitative characteristic of sets cqomposed of separate objects
(sometimea not uniform in many respects)? _ .
. Tow s RN N
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It is difficult to say definitely Which tasks are more often
encounteréd in life-—those requiring measurement or those requiring the
\EQE;ting of separate ijects.9 Each of these tasks has its own specific
c@a acter, and if Davydov is right when he reproaches ‘mbdern methodology
for neglecting the task of insti}ling'the‘conCeﬁt og number as ratio, is ~

not he making the same mistake in‘regard to establishing the numerical

,quality of discrete quantities?

In considering the different functions numbers perform in the solution

of yarious practical problems, we have already mentioned that each of them,
’ generally speaking, can be seen iIn terms of another.
‘Methodologically, however, the aspect of numbers which is "turned"
, toward the childr;; when they first meet them is scarcely an indlfferent
matter. It is also impg;&ggt for all aspects of numbers ta be sufficiently
illuminated .in later instruction. The need for a system of suitable
work, and for a proper sequence in considering all problems related to the
children's formation of the number concept and mastery of the arithmetical
operations, shquld Qélfulfilled by beginning with tife general didactic and
psychological principles described in the first chapter: i '

lFrom thie standpoint, it is more rational to lead the children away

frum'forming the number concept*on the basis ef practical operations, with
concrete quantities and sets of objec;s, to an eﬁgn'deeper study of the
abstract properties of numbers and operations with them. This course
makes it possible to organize school instruction as the natural eonéinua—
tion and development of pre-school instructjion, to use more fully experi-
ence in operating with object groups and iiitial knowledge of numbers and

counting, acunEed by the children before they came to sthool, and allows

i

* 9Theoretically,tof course, one €an consider any ptroblem of the second
type a particular case of the first. But is not this too hard for a

first grader? Does he understand, for example, that when he answers the
question, "How many chairs are in the room? he has used the concept of
"ehair" as a measure just as in measuring water he used g glass as a
measure. Is not the reverse reasoning simpler, in which measuring is
considered a particular case of counting (let us count how many units of -
measure are contained in this quantity belng measured)?

.
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mato\matics teaching to be‘clvsely related to life from the start. Under

® hese conditions, the knowledge children acquire in the first grade allows

them to solvé a wide variety of tasks .that arx&é in their playtime and

school ctivity aod,in daily life. At th& same time, the- study of numbers.

and Xhe operationa of arithmetic®provides a foundation' for later generali-

¥

zations and for moving on to letter symbols. .
The problem of perfecting numbers and the operations of arithmetic
and of removing the defects that were justly pointed out in the works
considered'above should be consldered from this particular standpoint.
" We are attempting .a solution in our experimental curriculum which is based
on these considerations. This curriculum is preaently being checked by
the Institute of General and Polytechnical Education of the RSFSR Academy

. -

- of Pedagogical Seiences.10

*

" , .

lOThe experiment, was begun in the 1963-1964 school year in Moscow
Schools No. 314 and 44, in the V. 1. Lenin School, in Kursk School No.
7 and Kardymovskaya School in the Smolensk province; In 1964-1965 it
covered more than 40 claesea in various,_ provin<oe of, the RSFSR.
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. | CHAPTEiuIII ‘ o ' \
’ '  INSTRUCTION IN MENTAL AND WRITTEN CALCULATION o

- "\ , -
1. The rolé of teaching mental and written calculation in an

e

" elementary mathemaxics course ' : .

-

It #s generally agreed that along with the inculcation of basic
mathematical concepts, thé stu3§eof number properties and the laws of the
arithmetical operations, the formation of children's celculation skills
occupies a most important positiun in elemenxary school- teaching At .
various times and in 'various countries, qndamental discrepancies have &>,
been observed in determining -the relatiﬁe impartance of mental and
written methods of calculation, as well as:in the very approach to forming
the approPriate skills. ' i

The American school, for example, has alwaye%characteristically been
enchanted with written methods, and in forming celqulation skills‘ i¢ has
" always attached fundamental importance to mechanical.practice exercises,
which occu?y most of the time allotted to arithmetic\éhﬁfruction. Ve .-
~ By contras.t the Russian schaql I@S always been distingu;{shed by its
great attention to mental calculation and its desire for children to gain . .
a thorough understanding of the calc tion methode used in carrying out
the arithmetical Operatiane,'in both mental ené written form.
In the'hmerican schpol, children are taught to wriEé*addition and

subtract}on in ' colu " while they are still studying,the first ten £,

numbers, and then as they become familiar with these operations up to
2Q, 100, and over, they are taught to use written methods of calculatigpf
Thus even in the first year of school, written calculation predomlnates.
Our thildren use exclusively mental methode during the first two years‘of
SLhOOl (when the first 100 numbers are stunied). Later, the children

" must mentally solve sinple problems in addition, subtraction,hmultipli-.
cation, and division with large numbers, resorting to writteh galculation
only when actually necessarﬁ

i
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Obligstory daily exercises in calculating mentally, performed at
literally every arithmetic lesson in the elementary grades, have become
'a deep-rooted tradition of school instruction.
L To what can we attribute the adherence to mental calculation so
characteristic of our schools. Apart from the practical significance of
the ability tg perform simple calculations "in the head” rapidly and
correctly, Soviet.method%logists have always “considered mental calculation
one of the best means oY deepening the theoretical knowledge which chitl-
dren acquire in arithmetic 1essons. ﬁgntal calculation facilitates the
formation of basic.mathematicsl concepts, a more thcrough knowledge of
how numbers are\composed of addends and factors, a better assimilation of
the laws of the arithmetical operationg, and so on. Also, great educational
importance has always been attached to exercises ip mental calculation. It
has been felt to facilitate the development of children's resourcefulness,
quick«wittedness, atteﬁtion' memory, a:Eivity, speed, versatility, and
independence of thought. = ° i _ '
omparing mental and written methnds of calculation, progressive
pre::§5olutionary Russian methodologists often noted that in all these
respects, meﬁtal calculation opens up . significantly wider possibilities
khan written calculation. In their effprts to underline this basic
distinction,~methqdologists of the past“ﬁometimes even exaggerated the
significance of mental calculation, incorregtly contrastihg it to writ->
ten. For example, the Russian mathematician and methodologist, GolIden-
berg wrote that mental calculation deals with numbers while written 631-'
culation deals . with figures. iﬂu,first\is natural whilﬁtﬂmzsecbnd is
artificial. Further, mental calculation Is creative but written calcu—
lation, is constrained Authors of methods \\huals oPposed such a sharp
juxtaposition,  even in the pre-revolutionary period.r They particularly «
emphasized that even written calculapdon reduires a ce:tain_degree of
awareness ) . , o T oot
It is ncessary to stress another aspect as well, to which Goncharov.
[24] ‘addressed his attention. 'To a certain degree, automatism_should L Nhdee
play a part even in mental calculation. Lven then one must talk about‘""
developing particular skills.on the basis of specially selected exercises.

Even the stage of mental calculation that appears the most creative, that

4
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o
is, enalyzing‘the numbers subject to calculation and choosing the most
rational course of calculation, requires special skills acquired only *
through exereise. In recent years, voices have begun to be heatd concern-
ing the unjustified "dominance" of calculations in the elementary arithme-
tic. vourse {13]; They refer to the exisrence of handbooks of tables thatl
children must know how to use. . ' _

) ‘what place should mental and written calculation occupy in a modern.
school? What more particular queetions related to this topic are fudda—y
mental and require special testing in school? Both forms of calculation

v should retain an important role in the system of e ementary sc%ool mathe-

: ( L
matics instruction. A book of tables cannot embrgge all situations that

the pupils will meet in life. ‘If they carry out arithmetic transformations =
by themselves, it will help them understand the very essence of the transl\\\‘/)/
formation, without which it will be hard for them to understand even the .
tables. ~Bur the teaching of, mental and written calculagion should be ¥
streamlined by introducing expedient changes in both curriculum and |
methods. o ' | ‘
The posSlbility of an earlier introduction of meghodsgof written
calculation yp to a hnnﬂred (not up to a thousand, as stipulated by the .
current curriqulum) should be determined later. One should also check
whetlier concent{ic cycles might be curtailed by discarding one thousand
as.a speciel cycle. There are serious ‘grounds for considering the possi-
- bility of reducing certain instances of written ¢alculation in the curric-
N ulum which deel with multidigit numbers.. Ceftain cases of mulﬁiplication
and division by a three—digit ‘number could be suhgect to curtailmentuﬂ )
first. Certainly, calculation methods are the same for largei numbers as i
they\are foP smaller numbers. ‘The student masters these methods,conplete— ¢
ly by dealing with smaller numbers. And if in pfecttce'he finds ‘4t .
necessary to compute w1th larger numbers, he will be fully able to deal
with thHem. He¢ knows the methods and has only tp concentrate. throughout_
the_entire calculation process. ( . T s
It should be noted {n passing that children in sghool make the most
mistakes in written calculations (with large numbers) not because they "
do- not know the calculatiog methods, but because they fail ‘to maintain E N
their attentionlﬁuring the whole ealculation process (for details, see '

_the following section)., Having the studﬁnts generalize the study meterial




mare.often should play a decisive role in streamlining the teaching of

calculation technique.

2. Heavy reliance gg_ggQé}alizing in teaching calculation

A\

o The basic.methods of mental and written calculations which_children
ﬁusﬁ master in~elementary school are based on the properties of numbers
in the decim§l system and on the properties of the arithmetical operations.
Children ar introduced to methods of calculation, hawever, long beforé
they know tif} general laws on which they are based. | |

We havi\already talked about the difficulties which the child meets

when first iRtroduced to numbers and about his great need to consider a
sufficient number of concrete facts——practical operations with quantities ”f)
of objects. Even here, however, lite;aliy from the first steps of instruc-
vhon, the numbers‘themselves should become the children's object of obser-
vation.
joining 1 to 1, and then how 3 is fprmed by joining 1 and 2, 4 by joining
1 to 3,

Thus, when telling the children how the number 2 is formed by

nd so on, the teacher should impress upon them\the generalization
that eVery next number cam be obtained by joining 1 to the preceding one.
Analogously, in considering the composition of each separate number in _
order, it is necessary that the childrer: grasp the‘ main principlee-that ‘ ‘
every number can be composed either of individual units or of’various
groups. i
Quite clearly, at this stage of instruction one cannot eXpect the
pupils to verbalise these general prineiples, but one can and should stim-
ulate them to carry over ‘the knowledge they have acquired in studying
certain numbers to other élassroom material. -
If these iﬂitiai,generalizatioas are reached in the study of, the , .
first ten numbers, it will be possible to raise the level of the study .
* of addition and/éubtraction within 10 on that foundation. But in doing
so. one must qﬁnsider each case of addltion and subtraction separately,
~ relying’ pr%ﬁérily on the visual methods principle, as is most often done
. in ﬁractigé. Another way, however, is much more effective for impress-
ing uﬁo: the children the general proposition on which these cases are
iased:/ ”hvery number can be added (and subtracted) in parts, elither in
unitg or in groups.' The children come to this conclusion by obseérving
th teacher add on 3 circles, 4 squargs, anththe like. The children do

)
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not, formulate the conclusion, but they rhemselves begin to act by analogy
in considering new situations. Because of this, one may raise signifi-
cantly the share of work done independently by the children in analyzing
new material. , .

Here——though this procedure is not stipulated by the curriculum--it
is useful to introduce the commutative property of a sum (as the textbook ;\
urges). The children are introduced to this property Visual;lf\\he 1ay N
is not put into words. They are required only to learn how tq use it
consciously and in the right‘plaoe in calculations. Thus, éBlving the
example 2 + 7 = , the pupil will say: "Adding 7 and 2 is the same as

TT——— : S

adding 2 and 7-= you get 9," and will write the answer, 9. That is
enough. | ‘ . v

In studying the topic, '"The Second Ten Numbens," the children master
basic methods of mental and written calculatioo\(representing a number
as ohe sum of‘a row of ones, methods of adding and subtracting with and
without "carrying'). Therefore, it is very imporrant to point out to
them these general principles as well as to have jthem memorize the- table
of - addition up to 20. Knowledge of - these principles not only'will help

the children to consciously use a particular calculation method but -

| it will be good preparation for a later consid&ra}ion of the propgrties \ )
. of the arishmetical Operations. W
One can say ap rox1matelx the same thing about muiﬁ§§ixcéiion in

. first grade. Here S& i8 even wmore important_to understand the principl s
and not just learn particular cases. A basic task in the first year of
school is tp show the meaning of the operation““fo indicate the link
between @uliiplication and addition. All work on this topic should be ?
‘subordinate to instiiling the concept of multiplication as the_addition
of equai addends. The exercises given to the children should show that
multiplication always can be replaced by addition. It is best to do
this with simple problems in multiplication, with the aid of an illus-
tration of the conditions of such problems. On the other hand, it is ~
important to show that not all addition can be replaced By multiplication,
but only addition of equal addends. To _this end, ¥n addition to examples
of the type: 3+ 3+ 3+ 3 + 3,= “_u;.é +4 + 4=, etc., and the\

assignment to replace addition by multiplication, one should‘givg‘ekamples_

. /
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in which such a substitgtion may not be made,
S+3+3+3+5= .

as well as mixed examples:

Furthermore, when studying the aritnnetical operations in first
grade, children can learn certain particular cases.in general form, such
as, for eﬁémple, subtraction in which the remainder has a zero of multi-
plication by 1.

Under the heading "A Hundred," work continues in forming and per-
fecting skills of mental calculation. One can rely on what the children
were taught in first grade more fully than-has bgen done until now in
studying operations within 100 in second grade. Everything should be
done to make the children|see how much there is in common between the
new examples and the ones they solved in first grade. For this, one

should first compare examples solved analogously, such as the following:

In demonstrating the solving method with visual/aids, it 1s better

the sames alds as in first grade, to give

Y 2% +3 =2

\ 14 4+ 3 =2 36 + 2 =2

o 14 = 10 + 4 24 = 20 + 4 36 = 30 + 6
4+ 3 =7 b+3=7 6+ 2 =8
10 4 7 =17 20 + 7 = 27 30 + 8 = 38
14 + 3 = 17 24 + 3 = 27 36 + 2 = 38

O use

oral explanations in the same

form,.and SO On.

Children perceive the resemblance between adding (and subtractieg)
within 20 and within 100 fairly easily. ,But they do not always perceive
the distinction so well as the similarity, and thus they make mistakes
in solving. Consequently, it is useful to organize exercises so that
examples of this kind are contrasted . fj\
In order to study multiplication and division up to 100, the chil-
dren must not only learn the proper tables, but must also explain the
'relation between the Operations under discussion, and apply knowledge
of this relationship to deduce the appropriate tables

In second grade, children become acquainted in practice with cer-
tain new properties of the arithmetical operations. Besides the commu-
tative and associgtive properties, they use thevdistributive'property.of
multiplication over addition and others extensively in calculation. The

corresponding laws usually are not stated here. But in fact the children,
in solving appropriate examples, can already perform operations sed on ‘a

%
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- general rule, without resorting to visual material every time.

' First- and secohd—grade experience in applylng the properties of the
arithmetical operatioﬁs and the decimal system whén studying meﬁtal calcu-
lation is an excellent foundation for the final fourth—grade drill in

"the correspondtng generalizacions. N

In teaching written calculation in ‘third and fourth grade, it is
‘extremely important for the childrem to realize the meaning of the opera-
tions carried.out in each specific case. -Although they give much atten-
tion to teaching the children conscious methods of mental and written cal-
culation, teachérs do not always fully use, in later work,, the total knowl-
edge whig@® the children acquire. ' N

Thus 1in aévancing frourﬁﬂ"concentrit cycle to another, from the study -

- of operations with numbexs ‘up C0‘!500 to the study of operations in the
whole field of numbers, the teacher arbitrarily spends much time on
explanations which add very little to what has been said earlier.

Much attention should be given to making children aware of the
features of the numbers of the decimal system as ;hey advance from one
concentric cycle to another. On this.basis, having noted the similarity
between operations with different sized numbers, children can independently

_carry over their knowledge, skillg, and.habits,(acquired, for example, in
studying addition and Subtractiongxp to 1000) when performing these opera-
tions.with numbers of any size.1 ‘

In speaking about the role of generalization in teaching operations “ '\
of calculation one must touch upon the question of introducing third
graders'go fractions, although this leads us slightly beyond the bounds
of the topic at hand. )

Fractions‘are introduced in third grade, according to the curriculum.
However, as mentioned in the explanatory note to the curriculum, familiari-
ty with them bEgins essentialiy in second grade, where tﬁe students ase
given the cpncept of a part of a number, they learn how to find a half,

a third, a fourth, etc., of a number. In third grade this work must be

developed, of courséﬁ\\ﬁnd here a special cycle is introduced, the content
# / ' o '

. 'lThe methodoiQgical literature throws much light on the question
of mental and written calculation [49: 54].

P
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of which is listed in this way: "1/2; 1/4; 1/8; 1/10. Expanding and
reducing, reading and writing fractions. Solving problems by finding
a fraction of a numbgr" [58} | |

Here one cannot but note that along with a natural expansion and
deepening of the work in second grade, occurs a relative restriction.
In factr in second grade the children learned to find any part of a num-
ber (within the limits of the numbers and operations studied), and in
third rade their‘work is limited only ta the four fracgions indicated
in the curriculum and,~accordingly, to fractions with denominators of
2, 4, 8, and 10. ’ * ‘

Thus, cven though the second grader has no difficulty finding a
third or a fourth of a number, here for some reason it is proposed, after
teaching the child to find, say, 3/4, 5/8, 7/10,.to teach him to find
2/3 of a number, prematurely {?!). |

Obviously, this reflects the influence‘of-tradition,Awhich proposes
monographic study of certain specific fractions: whose number and form

did not remain constant as the curricula changed. The authors of pre-

~ vious curriculasquietiy rejected the possiﬁility of children's realizing

=

the general principle of forming and naming a fraction even in fourth
grade. In this respect, the current curriculum takes a step forward,
since it proposes that in fourth grade, in solving)problems involving !
finding a fraction, the third-grade skills and knowledge for fractions
with denominators 2, 4, 8,Nand 10 will be expanded to finding fractions
wi4l denominators from 1 to|{l10. '

However, in third grade the monographic quality is retained in
studying parts. The experience of the best teachers testifies that
gfter learnif§‘how to form, read, and write fracjions by thrée or four
examples, the children are able correctly to explain how to form, read,
and write other fractions not yet considered in cluss. The students are

fully ab}e t%Elearn the law that is the basis for obtaining any part,

~und to make the necessary generalizations. But in order to do this it

{s important mot to isolate the study of one part from another. On the

contrary, the teacher must. show. the connection betwgen the cases being

, considered. If the teacher tries to imstill suitable generalizations,

it will make it easigr for the children to study the curricular material

"

and will make. them mbyre aware of what they.are learning.
! . ) [
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' '3, Calculation -errors and how Eg_oveﬁcome them ‘ .
‘ ’ = .

hY

The basic idea advanced by psych%}ogicel‘theory_cbncerning errors
‘»H_\ comes down to this. A mistake is notijust the absence of the right |
féh&wers. It is the result of*a definilte process, the nature of which N
must be unm&gked This proposition is} often neglected in teachlng prac—
ticed’ Interest is shown only in the examples or problems in which the
children make mistakes, and .the same conglusion is made in all such cases. )
A mistake means additional exerciee is needed. We en\ZIIEﬂ?apply this 1 ‘
conclusion to all cases. )

The distinctive nature of a mistake dictates di{stinctive methods of
attacking ige In a single example “there can be mistakes of different
"origin. Even the same-mistake, moreover, may have a varying nature. To
understand.how diverse errors tan be,” we ‘must be guided by a- definite _
classification. A study of the mistakes our pupils makéf in ca§§ulating
‘makes it possible to draw up suf¢h a classification. ) ‘.

. a

We divide all mistakes in calculation into two basic categortes,

ko

accarding to the source of the mistdke-—in the comddtions 3__carry£ng out. .

-

ag iven _Eerat}gnAgz_igvtheﬁquality_éi mastery ngaritﬁmeticél kpeoylddge

. - \e
-, and skill. - : : 5 ' '
s Mistakes chused by conditions under which an- operation is éarried out 1

are "mechanical.'" They arise when, beeagse of certain conditions (fatigue,
-loss of interest, excitement, distraction, and the like), a child's con~- R
scious control weakens in solving exampiee. Th¢se mistakes do not imply Z¥‘Zx
‘lack of knowledye, nor do they imply that Some arithmetical opgration has
not been learned thoroughly enough--they arxe linked only to tgi pupil's
weakened attentfon as he carries out the operation. Thetefore, mistakes S§§§T
of this kind fluctuate. An example solved incorrectly the first time is
solved correctly the second time,geven 1f the first mistake is never : \ ‘zyg>¥
corrected., Among these mechanical mistakes are slips of thd_tongue and
pen, when instead of one number, another number bearing some resemblance
.to it is uttered or written, This‘:esembiance can be caused by various .
factors such as the sound of the numbet-beinﬁ pronounced or the way the
figures are written. It may have an acoustical, optical, or motor basis.
Renlacement of.one idea by a similar one may occyr not 6nly in the

final step of the process--writing or pronouncing the finished result-- }

«
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4 but also a;_earlier stages, when perdeiving the ﬁumbers (by ear or eye).
. This catagory of mistakes also includes so called "perseverative" mis-
“ takes, in which some number is fixedly retained in the mind. Such is
the nature of the mistake 43 + 7 = 70; in this case the digit in the.
second addend was mlstakenly written in the total In certaim cases thié
phenomenon is caused by assimilating or likening one number with another,
s&éh as in 6 + 7 = 12, in which the second addend obviously was likened
to the first (6 + 6). The mistake 47 + 9 = 66 has an analogous origin.
In this case the. tens dig;t is likened to the units digit. . ..
LV . These mechanical mistakes are quite varied and yﬁeld to explanation
& nly with difficulty. Therefore, attempts to explain the conditions under
\\J/ihich this kind of mistake is more likely to appear deserve great atten-

tion. ' ‘ 1

14 s 1

Research has showq.;hat in the performance of all four operations, -
examples containing ideﬁtical digits gjve Ehé‘greatest number of errors.
In a number of cases, the ''perseverafive' tendency was strengthened in
the presence of identical digits, which encourage errors such bs 4 x 4 = 24
or 6 x b = 66. This phenomenon needs additional research and analysis.

v Weakening of consciousqccntrol because of fatique is peculiar to
written calculation. An increase in error is observed when progressing .
from the lpwer'plaCe/valueq to the higier, This phenomenon was specially
studied by Pghalkoyl It was found that of 200 third graders who solved
the féllowing ad@i@ion example, 40 made errors--no errors in the units

. place, 5 errori/guuthe tens place, 14 in the hundreds place, and 13 iu the
. -
« T 70,824 "‘ 7
' - ~ 15,782 ,
. 6,594

+ 7,986

thousands. In this example; addiﬁg %he“ﬁnit%, the sum of which was 16,
was ﬁhe eAQiest for the Pupi!s, next in difficﬁlty was adding the tens, -
~yhic} totdlad 27, and the most difficylt was ddding the hundreds, which
- totaled 23. One mlgh: infer tlat_ghe degree &f error in adding the num-
bers i; a givegiplace—yaluc dependi'on the magnitude of the addends. "s
» TdTheck thi%'infe:pnce thg pupils were told to solve an example

in which the sum of Lhe units was the- Largest number, the sum of the tens,

f - SMAS A Iitsﬂe lesa ‘the sum of the hundreds still less, and so on. The
~ . .
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rd K ' B2 s -
" . L U | . v : ry .
9 s y “. oh f’ . ] ' . __)‘)




inference was not confirmed. Adding the units, the pupils made 4 mistakee,
the fens, 8 mistakes, the hundreds 11 mistakgs. (Thousands and higher

place-values have fewer addends in the example, so that they do not enter

o 968,469 . | | .
o 77,698 | .
- . : 4,577 : | o
. + ) 348 ae . . * . .

into the comparison.)

- On the basis of a number of these examples, Rchelko draws the follow-

ing conclusion: | . - »

In adding several addends, the number of mistakes incréases
with progregéion to higher place-values. Obviously, a great
many numbers and an abundance of operations on them quickly
tire the pupils and dissipate their attention. , Furthermore, \
every error in the preceding places influences the results of
adding the numbers in the next places [47: 53].

-
. -

This cause--weakened conscious control--is the basis of a very pér-
vasive error, in which pupils fail to carry out the operation \indicate

by the sign. The’peculiar character of the numbersggiven in

may determine t%e choice of operation in this case. Certain numbers
create very ~favprable conditions for a particular operatiqﬂ-—tbe
nation of 56 and 6, for example, creates conditions for_eesy subtrgction.‘
In this case, through weakened conscious control, subtraction may be per-
formed in sﬁite of another sign in the e;‘mple.

Performlng an operation which does not coE;espond to the sign n;§
alsq be conditione& by the influence of preceding operations, a phenom—
enon which might be walled inertia of action, For example, a pupil
solves several addition examples 1n‘succession. After a while_he\stops
paying attention to the sign and adds, even tho?gh an ‘example hgs' some
new signq, such as subtraction. This kind of mistake is typical and is
encountered at various lgvels of instruction.

’ A mistike such as 80 : 15 =6 occupieé a rather special place‘amonﬁ
mistakes caused by weakened conscione control. We fdund this error in-
the test papers Qf a numbe; of third graders. Even adults make this kind
of miétake. They usually explain it By referring‘to their experience--
"Usually it can be divided without a remainden.” The number 6 was chosen

,as quotient Beeause multipi&imggit by S‘gives‘a number ending in zero.
Q . o . .

;
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The same proce%s,is the basis for this error ameng‘schoelehildren. ¢

Weakened conscious control if solving an example 1s "doubtless another

basic redson for this mistake. But faulty learning of division with a

remainder is also involved. That is why such 4 mistake can be chsidered

a transition to the next group of mistakes. oo : ?/

Mistakes in the second graup are caused by insufficient mastery of

o arithmetic skills. This group can be divided intofg/e large subgroups,

according to thé nature of the mental process upon which the knowledge

and skillls are \based
1f the calculatlon skill is based on rote memorization of definite
numerical rebults and if it is Eoorlx established, the incorrect answer

Ty vary and scmetimes may even alternate with the correct answer. For
examgle, one pupil was observed to giwe three different answers for. the
example 7 x 8, One time he answered incorrectly—-54, anotper time -
correctly--56, and the third tiﬁe, on a test, again incorrectlys 7 x 8 =
58. YR e )
. Mistakes of the second subgroup, contrasted with mistakes of the
earlier kind, relate to skills based on a general rule. The nature of

the mistake is determined here by how the rule was learned by the extent

to which the rule used to perform the operation has been generalized.

Such mistakes are relatively constant.

For example, on the tests written by pupils (two second- and two

third{ggﬁde classes) indone Moscow school, more than 50 mistakes were

' made in solvirng the example 1000 : 200 but all of them could be reduced

to twop forms—-50 or 500. -In certain children we also discovered a sub-
stgntial eersistence of the error. On three tests separated by intervals
of time, one little'girl¢wrote the same incorrect answer., A nuﬁ%er of
pupils repeated thelr mistakes on twe testsvseparated by an interval of

3 1/2 months. ) ' .

Cases like this belong to the same category: A pupil who got 10’

,when he divided 96 by 6 left the mistake uncorrected when he checked his

work, -and when,he thecked a classmate s work he replaced the other's

lncarrect solhtion (96 ,16 = 9) with his own incorrect solution. A

number of pupils retained the wrong answer of 10 l; this egample over

: rather extended %gtervals of time. . . ~
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On what processes are these mistakes based? How does the pupil
modify the known rule when he carries out a wxong operation? A study of
the mistake permits an answer to this question. ° A’ rule the pupils learned‘
earlier acquires an unjustly broad application, ar %ertain necessary steps
in it are'omitted, and as a result the rule is catried over to cases where
it does not apply Such is the origin of mistakes like 1000 : 200 = 500
or 1000 * 200 = 50. 1In perferming addition and subtraction on numbers
qontainlng zeros, the pupils operated acoording to a definite rule. They
performed the operation by discarding tae zeros beforehand and then attach-

ing zeros to the result. Passing on to division examples., they proceeded

.

in exactly the same way.  Thus, in the example 1000 : 200, they obtained
5 by dividing 10 by-2. To the-5 thef~attached a number of z®ros (one or

tyo) . ( . - , .
. The mext mistake, 96 : 16 = 10, arises- analogously. A pupil himself
explaing the steps of his calculation as 90 : 10 = 9,‘B 6 =1,9+1-= .

10. Again a rule appl&cable to written addition and subtraction (in.which

the operations, are performed seperately in regard to the tens and units)

4

Al

1 3

. »

is cagried over into division. - .

In the two examples cited above, the rule's application was extended
to involve not only addition and subtraction, but any operatiorr.-
' ‘Mistakes engendered by tne similarity of two tules are a special
variety of mistakes of the eeeond subgroup (mlstakes based on general rules).
There area‘for example, two similar rules for short addition, and for

subtraction, of 9. Jn both cases, one must perform the appropriate opera-

. ¢ g
‘tion first with ten and the revérse operation with one. Thys ong 1s

subtracted in the first case and added in the seeond;' In a number of cases,
the oupils ire not aware of’ this latter, particulgr, and'differentiated:n
task., They are aware of it only Xn general, indefinite form (some opera-—
tion with 1 has to be performed). ‘ 1n this case, an incorrect answer may
have even a bettgr eh\nee ?f arising than a correct one, since the pupils
have a tendeney to carry gut the same operation with one that they carried
out first with 10. For example, some pupils got 26 when they added 15 and
9, since they added lO to 15 and added on 1 (instead of subtracting 1).

A numher of researchers distinguish errors conditioned by habit as a

special group of mistakes. Hdever,'our analysis of mistakes shows that

'

.
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thehconeept of habit as applied ib mistakes needs -to be analyzed. Habit,
- can bggexpressed through psychologically different processes. First, it
can be expressed by the establishment of a habituai operaiion. In this
‘case, it is easily overcome bY exerting attention (see the examples in
rthe first group of mistakes described). Secohd, it can appear in ‘the
+form of a habitual genera%}zation (mistakes of the second subgroup, jpse
described). " In the latter case, it is not enough for the child merely
.o .49 exertshis attention to overcome the mistake it is necessary to show

him the -drror of the generalization and to instill new informatibn, and .

N e, ., v

then new habits. .
The methods “of attacking mistakes should be varied apd ;he choice
of method is determined by the nature of the mist ke. THe causes of
mechanical mistakes lie outside afithmetical kny ledge and skills. " The é-’,j
fore an attack on these mistakes should be directed toward increasing

&
Y the child s interest in arithmetic’ exeésises, mobilizing his attention,
N
s ) T,

The methods of attacking the othen ‘two kinds of mistakes ate qnigg .

heightening his sense of responsibility, gtc. - .

different. Here the cause of the nistakes iS‘tevealed in arithmeticgl
knowiedge and skills. Thepefore the correction of ‘a mistake must pri—
marily.concern Just thoqﬁ skills and,knowledge. ' L
" The problem {is often put this wayf' Is there any posisive valye for
overcoming an erro by analyzing it? Of can coneentreting oK an error
only lead to harﬁ, so that, practice in correctly’ solving’appgppriate v
examples mustsbe the basic measure? R
As ouzf}esearch has shown, it is not leg{timate to make such a’
"statemen;ﬁgbOut the relative value of methods withou: considering the
' nature of the mistakes. In one case anaiysis af a mistake plays a very
large role "in overeoming it, byt in another iy is totally useless. “When
we ‘deal with mistakes based on a mieunders;anding of a rule, it is very « .
.impor;ant to analyze the mistake itself and show the pupil how it arose,
so tﬁat he may realize his mistake. Qn the other hand, ib is totally
if | useless (1f not harmful) t¥ rivet the pupil's attention to a mist3ke .
»f/{ ‘ . that arvse as a result\af an insufficiently established skill. The
. <7 pupil cannot extract any instructive lesson from analyzing the solution
#f 7 x 8 = 54. Here the sole methed of attacking the mistake is supple— v
menﬁary exercise in a pooriy estabiished skill, - ’

L] : .

- . ; Do 86 *

; : 9g o 5

7%




»h

' repetition cease to be perceived. The law manjfests itself‘ngt'onlf in

R >4 N [ -

¢ " \ e

In one school, 'various methods of attacking errors were tested .

+ The' results, showed that analysis of errors based of 'a false understanding

of rtiless had a very great effect. The pupils who ‘previously had made this

kind of mistake did not repeat it. Moreover, error analysis prevented

other, pupils, to a significant degree, from makag these mistakes later. .

The effect of awareness of the mistake was so powerful that the ‘pupils

who made the error remembered ita _They received a kind, of "intellectual
.

burn" and Subsequently were wary of the mistake. For the other category

of mistakes, which resulted from insufficxent ‘retention of a skill, extxa

. pragtice was the only effective-method . ’ L

©

Int attacking mistakes, much attention should be given to 'proPhylaxis"

or mistake prevention Every teacher knows that it is necessary above all
to guarantee the pupils effective understanding\of schoolwork in.order
to protect them from later mistakes, But there is still anotner way of .
prevepting mistakes, the significance of which soma\teachers underesti—
mate. We mean the way ‘in which exercises are selected. EYen with a
sufficiently thorough understanding of a rule, a child may err because
the exercises using this rule werejtno monotonous. ' | .

| These mistakes demonstrate the following law, which is characteristic
of mental activity (we described it in Chapter I, but let us recall\it):

When homogeneous operations are repeated under identical conditions; the

&

-]

elements of the situation that rehained gonstant for the duration of the

mathematical'skills but in all other fields as well.{ When pupils solve"

many examples in succession using the same operation, they stop paying .

R «

attention to the sign. But, *f one obserxgs the principle of heterogenity

in selecting exercises, the cause bf the mistakes wﬂlf\be eliminated.

The pupil who 'is solving examples in various operations alternately will
pay attentian to- the sign each time. " Here it is necessary constantly

to m&Re the children watch for possible changes in the condition of the
examples being solved. Instead of the general warning, 'Be careful,”_l

special directions can be given from, time to time: ''Watch out for the

ogsration signs,' 'Check whether you may or may not use the rule in .

it

this case,'" and the like. There is every reason to believe that the

shortcomings which still occur in our pupils' practical calculations occur

am——— -

.
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2 not so much because they dd not know* the rule, as becausé Phe system
. | of exercises fhof'actually using thegse rules is insufficiently organized.
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_in the lowest grades? - v

CHAPTER 1V
'TEACHING PROBLEM SOLVING

b Arithmetic éroblems in the elementary mathematics courge

Tha question of the place of arithmetic problems in the system of °
mathematics education demands serious considerationf7

On the one hand, the experience of the foremost educators and .
methodologists 'shows Ehat solving arithmetic problems (using a prqper
method of instruction) plays a véry important, positive role 4in mathe~-
matics instroctioﬁ:\‘On the other Hand, more and more voiced are beihg

heard regarding the inexpedience of keepling erithmetic problems in the

curricula, or at 1east.regérding the’ improgriety of usiug them to the

extent to which. they have been used.up to ﬂowr . .

Academicians S. L. Sobolev, A. L. Mints, and others declare thdt

‘mathematics ig neoght in the schoolsrcontrary to "the rules of optimaf

stwategy," so that children who are taught arithmetic mist waste'their.
energy ''learning abstract thinking all over again in-algebraic form."
From this standpoint, arithmetic problems receive the most criticism.
According to Sobolev, after mestering algebra, a child is ;o longer
able, as a rule, to solve an earlier problem by erithﬁetie methods.

Why then deceive the children? Why not teach them abstract thinking 5
Jn .

N

ﬁecadse of this contrpversy}it is eecessary, in expouhding the

fpundations of the method of'téichihg the solutiog'of arithmetic.prob—i
lems, first to recount clearly the real role of arithmetic problems in
arithmetic instruction, why they are needed and what mentsl processes
they develop in the childres. In eddition, it is very important tok\
understand how the algebraic method Of solving differs psychologically
from the arithmetical one and what mental processes "sre car§EEd out in
each case. ™~ '

* Problem splving has always been consiﬁefed in an arithmetic course

as a study activity with & douhle aim. Pirst, it]facilitates mastery of
. [ -
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‘ mathematical concepts and laws by shoeing their relationshio'to\life; and
promoting their use. "Second, it has an independent value as it tends to

; ~ serve to develop the p&ﬁilé' creative thinkiqg. if you analyze the arith—,

f oS metic texts for the primary grades (the ones by Pchelko and Polyak or

' others), you will quickly note that a substantial number of problems serve
te instill mathematical concepts and laws .(the concepts of difference and '

~/} ratio, the operation properties, etc. ). Other problems are aimed at
teaching pupils'particular methods of solving. These are the so called

“"type-problems." In anition we find in the third~ and fburth-grade
texts, a section of "interesting problems, Consistin of extremely hetero- ‘
geneous ‘probleéms such as somewhat more difficult type-problems, examples

in story form, and riddles.

~

To discover the role of problems in mathematics education and td'
analyze the arithmetical and algebraic techniques of solvidg them from
a psychological standpoint, it is necessarzry to analyze different kinds of
problems. A stidy of the problem—solving process discloses the following:
In all cases the children, must perform two basic mental operations-~analysis
and.abstriction. The pupil has to analyze the condition of the problem
into the data and the dnknowh'and choose an. appropria e arithmetical opera—
"tion. He must abstract from the subject of the problem and translate into
mathematical language, so to speak, the relationships between the data and
thé unknown -which are- deacribed in the text in everyday terma '
‘ When he advances to problems in two operations, the pupil's zone of
‘choice is broadened. He must ghoose not‘only the operation but also a,
pair of numﬁerstfrom several given in the condition. 1f, however, the
composite problem ﬂas only /two numerical data, he is“required to provide
. an intermediate datum from the condition, and here again the ehoice of
the intermediate datum is determined by what must be found in the .problem.-
It is determined by the' question which the ﬁ!ﬁﬁlem raitses.
Let us investigate the ‘processes effected in using the algebraic
. method of solutjon, which presuogoses setting up an equation in these

elementary cases. First, it is necessary to determine the possible

'methods (and their psychological meaning) which form a transition from (
arithmetieal solution to solution using an equation. Setting up a numeri-
cal formula (not after solving and obtaining a result, but before, when .
. . . ‘*
90
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'the(unknown has not yet been determened) is sueh a transitionsl form.
Let us consider as an ‘example. how-&aformule is used in two single- ) .
‘ operation problems. In the direct problem _/ - '\ -

' There were 7 apples, of which 4 wetre eaten, How éany k
N apples were left? | . ‘-" -

L . - . \‘ - ' .,
the unknown is the number of epples left, and the reletion between the data

and the unknown can be expressed by ehe equation x = 7 - 4, or (if a ques—,
" tion mark is used instead of x) 7 - 4 =.? |

" In the reverse pqobl!m. xpressed indirectly , ' - ‘ g

; There were several apples. Four were eaten and 3 : ‘
L ~"were left. How many apples were there at first?

the unknoﬁn'is the initial number of apples; and the relationship is ex-
- pressed by the equation x'= & + 3.. T
‘Comparing the artthmetical method of\solving with the one which
-approaches the algebraic “we must pay attention to the following circum=-
stances. At‘first glance, the use of X intreduees ;ething new and specif -
ic into the.problem—solving .process, and in the right—hend side of the
equation, we are dealing essentially with a numeriegl formula.  But
| there {s one essential P ychological poin; that should be eonsidered.here. Y

. When we tell the pupils' > write an equation bBefore solving, they ere

faced with a special taBk: find{pg the unknown, designating by x (or a
es t&rbe found in ‘the’ problem™ This

~ -
pples were lefe'—in the second, - \ ;

question mark) what is unknown an

. unknown (in‘the first problem, "How

-

o "How.many apples were there?") det rmines thj?numerical.formula (in the
first case, 7 - 4; in the second, 4 + 3). Deterqining t?e,unknown tﬁusﬁs .
- becomes the central, special task.
Psychologicelly it is also veéry important that the pupil be reqpired

not simply to repeat some part of the condition. Indeed, pupils do this
v;‘.constantly in answer to the teecher's‘question, "What does the prbolem
| 5&2" but not uncommonly, this turns into an empty formal repetition of
the final question, which does not make the pupils, aware of the unknown
as ‘distinguished from the available data. The psychologieel factors
involved im setting up an equation is something-else. Here onemge? not
.limit Bneself to repeating parg pf the text. _One needs‘to refleet upon

L}
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the éhole text of the problem bréaking it\down into the unknown and
the data, and to write~down the result of this reflection in expanded
form on.the left and right sides oﬁ the equation. o
The use of- x has another impontént advantage in this case. By,

dire%Fing ‘the problem solver, to looklfor the most general feature-- '

\\;}fthis is not knawn,"."this'has to be found," it should hasten the pro-
*

'tion problem’ in\first grade:

cess of ahstracting {rom the nonessential story aspect‘bf the conditjon.

) At the game time it shpuld be stressed that setting up such an
equation Seven in the simplest férm) preéupposes that the pupils age )
‘able to read the condition éarefully: to un@erstand the megning c@mthe
concepts used, and tb.reﬁieseﬁtlciearly the situation described in tﬁe
‘problgm; And this ability is aéquired_whenf%sing the arithmeticgl method ¢

of so%ving problems, So in this respect, arithmetig ‘'is necésséryvfor

aISEbfé. ~ ‘ | | v e . :

L

A significant number of arithmetic problems in two or more opera- -

tions can be solved, like one operation problems, purely by arithmetic.
In this case, however, writing down x brings something new into the K

sélving process. Let us show this by the example of solving a two-opera-

There are 6 liters of mikk inyone milk can and in
another®can 2 liters more than ih the first. How much ?
milk is thgre in both milk cans? ' ‘

[‘g e

Chifﬁren solving this préblem often make the mistake of fusing fwo
operations into one. They add 2 liters and 6 liters, and when they get
the result they feel they have answared*the final question of the prob-
lem. at good 1s it to write the equation x = 6 + (6 4+ 2)?' Here again ,
the unknown, or what is sought, is separated from ‘what {& gig#n ‘and the
necessity of writing out the data should help in identlfying the two
‘operatioﬂs——botﬁ the intermediate and the final one.’
s Setting up an equation gives the pupil a Lhance towsurvey the whole '
system 8f interrelationships expressed in the prohklem's conditiq\%‘which
1

he ‘does before he solves the problem with numbers. .When a probled is.

- solved by arithmetic, without first setting up an equation, the pupil‘

qften is so absorbed in solving a‘particular problem and concentrates

so hard on the calculations that he overlooks the mathematical
2 , )

-
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‘structure of the problem as a wﬁole and the system of interrelationships.
~connected with it. Solving equations of the types cqssidered does fot

yet require mastery of special algebraic apparatus, Since operations with

the unknown are unnecessary. -
Among the problems, cited. above was a problem expressed in indirect . %
form: . s 0 : ‘
There were gseveral apbles:. Four were eaten and 3 were . .

left. HoWw many apples were there at first? _ .

“ To solve' it we devised the equation X =4 + 3. One can, however, set it *

up differedtly: x ~4 =3, And this equation, though it calls for an
' operation with the unknown, cah be solved without using algebraic appara-
A tus——by knowing the relation between the components of the operation (in
thids case, that the minuend equals the subtrahend plus the difference).

o An equation for a division problem can be constructed and selved

analogously. - ‘ .

\ TWelve meters of cloth were used to make all the ; | T‘
dresses, 3 meters for each dress. How many dresses were
made i} all? ‘ ' . ”
, ‘ ) , |
"In thig case x denotes the number of dresges, and the eQuatioo has the
form 3k = 12. Here again the equation can"éésrly be solved on the basig
of 'what is learneé in the arithmetic cour §e~—one of the factors is equal Ty
to.the product divided by the Yother factor., o o ka?

It should ba noted that solving problems witg equations which call "
for an operation with the ,unknown would not seem, to be any simpler than
solving By arfthmetic. On the surtéce, the reverse is true. In solving,
for example, division prd%lems by the arithmetic method the reasoning
consists of one step, and accordingly, omne operation-—division——is per—
‘formed immediately, wlereas in composing an equation the reasoning
Consists‘of two steps: first the operation on the unknown—~multipli;
cation--1is designated, and only then is the division written out end per-
formed, | ‘ ' '

But from the purely quantitative aspect of solving, the arithmetic
method of sol&ing 18 somewhat more difficult psychologically, since it
assumes qualitatively original ways of thinking which differ for every
yroblem. In this case, for example, it is’he:éfsary to imagine that as

-many dresses will be made as the number of timés 3 meters is contained

93
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in™1Z meters, and when solving the indirect "apple" problem it i's necessary

. !
B ‘

to choose the operation of addition,‘which contradicts the terms in the

text of the problem ("were eaten," "were left') which are closely linked

‘ with subtraction in the child's experience. By conqéast, solving a prod-
llem by an equation supposes a method of reaﬁoning characterized by greater

: .uniformity and varying little for various problems The pnknown is
singled out, its quantitative relationship with other data is determined

and so on. The CQurse of constructing an equation in solving an indirect

problem reflects the course of the everyday actions described in Ehe prob—
lem 7 . ¢ . . a
If x is the initial number of apples, and 3 apples were
eaten, then}} must be taken from x. . '

-

The qualitative diversity of arithmetical Solving methods and the

uniformity of the algebraic are even more striking in solving type— m,7
problems. In them, setting up an equation helps significantly.- to: simpli—
fy the solving process. " This ptoposition is true Primarily for - preblems .
which require‘an arb@trary assumption, anartificial transformation of
the condition. Among others, sum-and—ratid problems, data~equalizjng
problems, and substitution problems belong to this category. For example:
. Ten books ‘and 20 notebooks were bought.fon 2 rubles. A |

C\e book is 8 times as expensive as a notebook. How much each
do a boaok and notebook cost? . .y :

-

lo solve this™"substitution" problem by arithmetic, we have' to resortkto
‘.; ag artificial method, supposing that only notebooks were bought, and
‘7£ccordingly concluyding that 80 notebooks ean be bought in Pplace of 1
books {naturally, the children find this train of thought difficult and
cannot do it by themselves), Then we fi&ﬁ the total number of notebooks
(80 +.20 = .100), then the price of each notebbok (2 rqples 7 100), aad
SO On.
The algebraic method of solviné does not require any artificial
assumption. Reat correlatidns are reflected in the process of devising
an equation: "The cost of one notebook is %x. Thgn the cost of one book

'{s 8x." It is quite easy to devise the equation ¢

%
(8x)10 + 20x = 200.

: *Thére are 100 kopeks to a ruble (Trams.). ‘
’ ' o % ) : '
19y .
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One. can-assume that solvifg such an equation will be fully within the
abilfties of priméry échoolcﬁildﬁgn, $ince it 18 basedcn_the‘knbéledge v

.of arithmetic the¥ acquired earlier. : ) LT
80x + 20x = 200 )
' . 100x = 200 * . L .
L. . 'x =200 :100 _ R
: ' x = 2 (kopeks) | ' . . t
) -Among the interesting problems there are qulte a few which arg C
solved mich morq easily with ap equation.‘ - )
We' have been considering problems in which x has always designated
the final unknown. There is, however, a category of prdbleﬁs in which it .
' ig expedient to solve by~§aking for Ejﬁot'thé unk#own expxessed’inhthe
problem's final qﬁestion but one pf ;he‘intgrmediate ones. Let us give .
-an example of such a problem:’ v : . R

On thé first day, 84 kilograms of cake were sold. On
the* second day, 192 kilograms were sold, and 8 rubles,

64 kopeks more was made on them than on the first day. . .
. % How much money in all was made en the cake in the two
P days? . . o

In this'ease?ﬁﬁesignating the final unknown by‘§_wotld greatly coméli— .
cate the solution of the problem Analysis of the condition make it possi-
ble to choose the cost of one kilogram of cake as the unknown to be desig-

Y

nﬁ\?d bysx. Then it is easy to constrdzzzém equation:

* 192§j- 84x = 864, therefore .
" 108x = 864 : s ]
‘ | x = 864 : 108; .
i - géns' . - DV
ButAa legitimate quéétioh grises: To-what deggeé ig/it expedient tq:'
Yesort to an equation in this case? Indeed, when a'pupil chose the cost
of one kilogram.as an intermediate upknown by analyzing the‘problem's
condition, 'he had already in fact solved the problém arithmetically. The
arithmetical solution of this problem is made much easier when the comn-

dition is writ:en schematically o .
I - 84 [y
// IT — 192 -- 8 rubles 64 kopeks > than in I.
il )
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'With suoh a schematic notation,- the pupil cen survey all at once
the entire system of interreletionships contained in the condition (as
;~ " he did in wrlting .an equation), which’ provides.a basis for choosing an :
| operation o solve the first particular problem by looking ahead and
| realizing that later the cost difference is mentioned; and therefore he
‘vé must not add the number of cakes sold the first and second days but must
‘ fihd their difference. This operation 1s necessafy sq that the cost ‘of
one’ kilogram may be determined. Thus a previsior of subsequent operations
,occurs here. ‘'This is a higher form of the anelysis which pley§ a most
important role in solving any creative problem. Enrichment of fhe |

—
N

N t ought process by tkis form of apalysis is essential in describingﬁthe

their PSYchologicel and educational value. - " .

('

* s¢lution of arithmetic problems -and may serve as a criterion for judgini '

4 Aﬁart from problems for which the arithmetieal method has a certain

-

advantage over the alge%gaic (ons such problem was jyst discussed), there
e

- are others to which the algebraic method is generally'inapplicable (true, '

Siere are few of them in the arithmetic workbooks). These are problems

"

ich have to be solved by comparing_numbers'

’ lwenty five birches and 32/poplars grey in a schoolyard
In the fall 10 more birches were planted. “Theén which trees '
"were there more of, and how many more? (Probligﬂy . 358 in
sge second grade text by Pchelko and Polyak )

CY

Fl

So what conclusions can be drawn from our comparative enalysis of
the process, of ~solving problems by two methods--by arithmetic and with

the aid of an equatf%ﬁig All this material shows that both problem—solving
8 om0
methods essentiaﬁ@y“supplement each other. They reach the same goal

but in different ways. The algebraic way is not always the shortest and

most economical. The expediengy of using one method or the other depends -
.o~ ; .
on the nature of the problem. .

In cértain cases, both methods are approximately equivalent and can
35\'
achieve the goal with the same effectiveness. in other cases, one turns

out to be more.effective, and the advantage ‘might be either on the side

————— v KN
1For the rest of this chapter we refer to the standard arithmetic
‘textbooks published in 1964.
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of the equation method (as peoble usually think} or on the side of the
. Varithuetical method of solving. The latter usually oecurs in problems -

in which & 1is more useful to designate an intermediste unknown by x By

than the last unknown expressed by the problem s question. Then it is .
‘ .necessary to carry out ‘arithmetical transfofmatione and’ to a large

- -

ex constructing equations no longer makes sanse, , .

- We should isolate three basic categories of arithmetic problems '
according to the type o§$§§uation which can be set up to solve them.
The first kind of problem calls for an equation on thg left Bide of

which is X, the unknown, and on fhe right a numerical formula. This v

.equation is easily solyed by aypurely arithmetical method. The. second
kind of problem results in an equation which éalls for aperatian with o
‘the unknown, but here the equation can be’ solved arithmetically by using ‘4§>
one's kﬂ&wledge of the relationship between the components of the opera~-

tions. Finally, the third king of problem also calls for equations

requiring operations with the unknown, but here the equations can be s6lved

A

only if the student has mastered the special apparatus of algebra
) (regicing like terms,- etc.). . ‘ -
¢ The isolation of .these three categories testifies to the existence
of varigup transitional forms of study activity bétween the arithmetical
and algebraic. There is every reason to belileve that these transitional
yforms should occupy & very prominent position in primary mathematics
- education. It should be stressed that some of them have already been
<£§ed in practice in our schools, although still on a limited scale.

The game of "Guess the Number" is employed as omne forn of mental
calculation as early as the first year of school and is essentialry
nothing but an elementary form of using x, the only difference being

« that an empty square takes the p¥dce of the algebraic symbol.
| In the later grades, X 1is introduced in solving examples (see
- Pchelko and Polyak's third-and fOurth:grade texts)n With this in mind,
pay special attention to phge 91 of tite third*grade book, where examples
with x are first introduced, and the‘pupils are asked what is known and
what is unknown in the exapples. Af terwards, they are told‘to compose and‘
solve a problem, using the relationship between three quantities: 1) the

price of one meter, 2) the number'ofimeters, and. 3) the cost. The %rbblem,;

.

. ¢ !
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cites numerical values for two quantities, designating the third (the
unknown) by x (accordingly, three possible-ways of making ho the prob-—
lem ar'e suggested). This exercise leads directly to solving problems
with an equation. Conotruotioe of nfmerical formulaggor a problem
already eolved, or. the weverse (eonstruction of problems ‘on the basis *
of a specified numerical formula), plays an analogous role. These
,'exercises have- a\jefinite place in arithmetic instruction in our schools,
although various teachers treat them differently and introduce them in
' different 'grades.z s o
.i C Apparently it is n.;c:eSSery to include forms of working on an arith—
metic problem which call for constructing equations of various types
and degrees of complexity {(before the problem is golved with numbers).
One should take into\considerationjthe data cited sbove demonstrating
the positive role which: equation-construction can play in solving prob-
lems that verj'in difficulty—direct and indirect, oﬁeropergtion or two-
operation problems--and the more difficult typé;problems. As was shown,
the analytic processes (and the first stage of analysis, breakdown of
the condition into the unknown iod the givens, or data) and abstraction
from the stoxry and calculative aspects of the problem are processes which
‘ are?facilitated by constructing equations.’
. The advisability of using equations which pupils can solve by re-
.Jdying only on their knowledge of .adithmetic can scarcely be doubted. 1In
this case, the proper system of introducing this material, as well as the
nature and number’ of suitable exercises, etc., are subject to verifioation_
.. in teaching practice. It may prove useful to solve problems of one kind
by arithmetic ‘and problems of anot@er kind with an equation. Obviously
{t will gften be useful to solve the same problem fisst by arithmetic,
and then by algebra (or the other way around) to give the children a
chancle to compare the methods. Furthermore, such a comparison will help

to establish the meaning of the mathematical transiprmations and the

’ wd
y | 2A teacher, N IT. Kozheurova, succeeded in having the children
write a problem's sqQlution as a numerical formula as early as first
grade [31} )
» | 98
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‘arithmetical operations which they. perform to find the value of the un-

'
known aftet setting up the equation. . ©
A different problem concerns using equations whose splutions are based
on Special knowledge of algebra in the primary grades. It is necessary,
first, to ascertaih the feasibility of introducing this knowledge in the
primary grades, since it would hardiy be advisable to tell the pupils to
construct equationswhich they could not solve. Then the ude of equations
in solving problest would lose its basic neaning for the pupils ana_would
be totally unjustified. “The pipils would be deprived of the chance to

. éompare the arithmetical and algebraig methnds of solving, to check the

| solution, and to appreciate the greater rationality of the algebraio

method in solving a ‘number of problems. o e = v
| From all that has been said, one cannot agree with tha current teﬁdr"
ency to undercut arithmetic &nd to feel that it detraoég froﬁ the basic "
goals of mathematics education. In considering ﬁhe aritﬁmatical ‘and

" algebraic methods of problem solving, we were able’ to show that arithme~
tic plays a very important role by teaching childran;to perfo:m analysis. ;

. synthesis, andvabstraction. These are processes’ whicnlare necessary in |
mastering any branch of mathematics. Arithmetic proBlems provide an
opportunity for pupils for practice in.graaping a mathematical relation--
ship and in using a number of mathematical”laws (for example, tnose C
determining how the components and the reajlts p% an operation are
related); practice which is essential for constructing eqoations.

Above we cited the view that solving by arithmetic ahould not be

« included in the curriculum because At is difficult and can be immediately
replaced by the simpler algebraic method. However, we cannot agree for
two reasons. First, for certain categories of problems, the arithmet-
ical _method is no more. difficult.ﬂhan the algebraic. Second, the very
difficulty or 'problematic" nature of the preblem may even have a posi-

_ tive didactic use. That id, diéficult arithmetic problems which make
substantial demands on the baﬁic thought precesses develop the pupils’
thinking. This view of the problem has been very clearly crystallized
ih %oviat methodology and is shared by many progressive teachers. "We
mathematicians think nothing of giving pupils assignments requiring them

to overcome .difficulties, beginning in the lowest grades, writes

Pokrovskaya. She continues, "york'that calls for no effort from the pupil
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has no educational value [511'" The positive role played by problems of
S increased difftculty is elucidated by Shor [61] and Skatkin 3], who have

carried out special research. The latter, together with a teacher, N. 0., -

Zharova, experimented with difficult problems in the fourth grade. A
. Although only a separate group of students solved them, not onlyvthey, but
.:f- the whole class became more interested in arithmetic.

Many‘have written about the interest thus aroused in intelleegual

effort and in .independent conquest of difficulties including both the

methodologis:*Polyak and Honored Schoolteacher of the RSFSR, V Ko’

Monastyreva .of Vologda. The feelings which arise in connection with solving

hard’problems were well communicated by one fourth grader: "I like

L]

solving hard problemsg besl'b§§all. When you solve problems like that,- . * .

you get a specigl kind .of stubbornnessf’ It‘giveﬁ me great pleasure to
sit oser a problem and destroy one solution after another and then un-
tangle the thread, of the problem."Bff%inally, in vindication éE‘the value;
to‘a:mathematios course; of salving probleés by a:ithmetic, one musﬁrnote
the g¢hief point: iopefating withﬁnumarical data.ties arithmetic directly
to life and creates the only solid basis on which the ability to operate
wich abstract mathematical symbols can be formed. - . C .
Solution of problems in general form, using letters to . designate
specified and unknown quantities, should be introduced as a generalization,
after a number o? problems have bgen solved Wlth Speciflc numbers. In
teaching practice, however, algebraie generalization of the very ritchest
factual material, which the children have been acdcumulating since the
first grade, is put off for a long time. ! ,
Arittimeric and’algebra thus are rigidly divided. Upon careful analy-
sis of the present curriculum, one gets the impression that pupils in the
primary grades are protected against the general conclusions for which the
- pr;vions work seems to have méde them completely'feady. Such an attitude
could only be‘justified if 1t were pro&edlthat maﬁing suitable generali-~
zations is in fact beyond the ability of children in the first througﬁ _
the fourth grades. l

Data from recent psychological and didactic investigations, however,

3Ffom a manuscript by Polyak. o 7
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Qi specially devoted to{studying the cognitive possibilities of primary-

‘ grade pupils, testify to the direct opposite.. These investigations co= |
gently demonstrated that under the current instructional system (partic-
ularly mathematics instruction), the children's cognition’ is not used
to the fullest. The children s capa ties for generalization and ab-
stractien, moreoverare particularly underrated. It was shown that this
underestimation leads to artificial suppfession of the pupils' develop-

-méht in. the process of instruction;/hgéee the works of Zankov and hiks
collaborators--for ‘example, [74]. )4 T o r
. Ine¢connection with this one ehouldinaturally consider an efrlier.
dl introduction of the elements oﬁalgebraic symbolism. Data from numerous.
psychological investigations shqq that heavier and more extenéive reli-

ance on generalizations i&farithmetic -instruction is gne ‘of the ‘best

ameans of increasing gee ng effectiveness. Therefore there 1s every

5
b

reason to suppose, that
generaliaation of ar#;hmetieal facts, will help to raise the level of
mathematical 'knowleﬁge, and ‘will, in particular, help 'improve the q
assimilation of arithmetic‘in the primary grades. - -

lements of algebra, if introduced through a

‘One of ‘the most important problems of the psychology and methods of
mathematies teaéhing, not yet solved«decisively, is the system according
to whieh'arith;etical and algehraic questipns should be considered; to
what extent gin what form, on the basis of what exercises, and in, what
connection éith arithmetical material can elements of algebra be included:
in the introductory course for the primary grades? It is perfectly clear
that all these questions can be successfully answered only on the basis
of experimentation and verification in wide schdol experience.

In recent years, experimental attempts at introducing.elements of
. algebra ip the primary grades have been undertaken by a number of investi-
| gators. Each attempt deserves the greatest attention especially consid -~

ering the importance of the questions raised and(the roke that‘the results
. of thege inve$tigations may play in the subsequent fate of g@thematics~
education in our schools ‘
But before we consider the preliminary results of this research §

(the fifth section is especiafly devpted to this question), it is

'
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necessar§ to inquire what shortcomings‘in teachiﬁg problein solving are .
' obserVed in current school practices and what methods’ can rationalize the

L meqpndplogy of teaching préblem solving, regardleSS\of the anSwer to the
‘ question. alneady discussed—how to introduce elements of algebra into the
-
elementary mathematics course! A ‘ -t
2, Basie defects in teachig&kprohlem‘solving T e ' et

, Two fundamental striking and closely—linked defects in tejching prob—'
lem solving must begnoted. These are the unwarranted werdinesa of reason- ".
. iog and the fact that the teacher implements it, thus condemning the, chil- "
dren :to passive imitation of this- reasoning. . -
n olving a problem, pupils usually take the trauble towcorrectly
© " reproduce a definite course of reasoning, rather th&n seeking and bring- !
'ing 35 light the mathematical relationshiﬁ hidden in the problem's qondi——*
tionn Thése shortcomings of practical ﬂggtruction are, to a significant
extent, predetétmined by the method of presentation of the problem in our
| ag§ﬁodologica1 literature, which gives primary attentian to the teacher s
-role in explaining aad analyzing problems. E
. Methods manuals and articles emphasize .the way in which the teacher ‘
should read the text of the problem, brie%}y write its condition on the
blackboard and explain it with a sketch or diaéram. We are told in greéat
detail how the teacher should analyze the problem, and so on. Byt there
are extremely few’airectiéns about’ the pupil's rQle in acquiring the abil—
ity to solve problems by himself“‘ _ ;h“: ' -
All the same, the method of the so-called "analytic" breakdown (from
the problem's question to its data) which has been widely disseminated is
' ene in which the ‘teacher conducts the analyéis himself while the pupils
are required only to answer the questions the teacher asks: the questions
are strictly regiMated and are asked in the same stereotyped form;(see
' Chadbter 111 of [51). . . .
- Inthis analytic method, a long enumeration of 'what we know and
what we do not know yet' artifically complicates the'solétion of/? prob-
~lem which ean’easily be solved by studying the condition: factual analy-
sis of both the data and the unknown. e
. Tof§§Zertain the value of the analytic method, a number of investi—

gatiops.were performed by Kalmykova [28], Bogolyubov [3], and others.
N ¥ ) A
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~ apply enly'to problems which the teacher has already explained how to

-

-

“lem; they learn certain ‘stereotyped forms of reasoning which they can

«
~ ‘ .

. ) ‘ r .
It was established that when this fnethod is exténsively used, students

fail to acquire skills necessary'for iﬂdependent analysig of a prob-

solve, or to problems like them. dkatkin wal pfofeundly correct when
he asserted as early as 1947 that the analytic breakdown of d problem,
(without synthesis) cannot be used to find a solution; at best it can
only explicate the result after the problem has been solved [62 63].
The solution of problems by this method is excessively prolonged
(if, of course, we are talking about a problem requir{\g several opera-’.
tions) When a pupil reasons during the solution of a partial prob-
lem, he overleoks the remaining steps, ‘ceasing to beaware of the ‘prob-
lem's' condition‘as a whole.. Although when carrying out analysis the
pupil proceeds from the unknown, he. gradually forgets thas unkhown in-

the course of solving. It ot amazing that, as a rule, pupils ana-

lyze a problem successfu only when the teacher continually inter-

£eﬁes in the process prodding them to perform the next‘step of analysis._
- But there 1is ene widespread negative, feature in the teaching .of

.Eroblem solving that is also characterized as ‘verbal over—indulgence.

It most often oecurs in so-ealled '{syn.thetic" breakdown Srom the data

to the question), in which the pupils are reguired to formulate a ques-

Fion each time they solve a problem (''We find out such-and—such from ,

the first operatiom,’ etc.). But again, through the misuse of 'verbal

"lreasoning," the extent of the pupils' independent practice in solving

varied proﬂlems is unjustly restrfcted, and iz 1is this work that is most
important. '

As we will show 'later, both the elemengs . of analytic breakdown of
problems, and the formulation of questions before carrying out opera-
tions, are fully admissible in teaching practice, but under particularf
conditions. They should be used only eithin strict limits, without
standardizing the procedure of solving problems, as commonly happens.

But the point is not jusy that these widely practiced methods of -
working on problems leave little room for the pupils to practice solving

problems by themselves. There is the view that, in general, only

those problems whicn g&e teacher has explained earlier in Mass (or
\
analogous ones) ma?‘ﬁé given to pupils to solve without assistance. Even
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“‘one of the better methods menuels on teaching elemgntary arithmetic *
(Pchelko s) makes such a recommendstion {1481 ’ - )
\\i Under these conditions, try giving pupils in the elementary grades‘

- a problem they have not solved with the teacher The overvhelming major-
- ity will refuse, justifying their refusal by the fact that "We hsven t
solved this kind of problem Yyet." Schoolchilﬁreh tend to develop ‘the
habit of thinking that they have to- find oyt “from the teacher how. every
»
~ With respgct to problem solving by pupils, beginning in the lowest

LﬁPeCific problem is solved. 4

. ' _grades, an aim opposite to’ “that which often occurs now should be created..

», One must think over the problem; siqg_“\etheds of solving it ate unknown,
one nust find them by « eseTR . Only- by. systematically giving pu&ils.“-
prectice in seardhing for ways of sclvieg problems by themselves can they
be taught to ‘think,!and thus’ cad they form the ability to -solve differemt

- -

kinds of/problems. _ .
A~' What does ability to solve problems represent? Of what elements is
it composed? How is it formedt

. ~ S -

*

—~—3Z

3. Analysis of the abflity to solve problems

The ability to, solve problems, 1ike any other ability, presupposes

o

knowledge of techniques (or methods) of carrying out operstinns. Theie
operations should be executed according to definite, genersl rules, which
promote a rational approach to a problem.S )

' " What are thesg rules? Are they stated in the methodological l{itera-
- ture, and do teachers. use them?‘ These rules do exist, but they are not
spelled out in our metbodological litersture devoted to elémentary mathe-

matics. At the same time, every person who knows how to solve arithmetic

problems conforms to these rules. Let us state several rules that are,

4We have described the basic shortcomings in teaching how to solve
problems in the elementary grades. This dpes mot mean that worthwhile
methods of teaching problem solving are never found in the experience
«of individual teachers and methodologists. We will repeatedly refer to
this valuable experience in subsequent exposition. . ‘

5 - ' :

This does not mean, however, that the pupil cannot solve a problem
before he, has become aware of methods of solving it. But we will consider

) as a full-fledged skill .one that is groundéd in a distinct awareness of

* these methods. (Aﬁrfgf‘ ¥
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N ~a) " in reading through the whole . problém,. pay-
particular aftéqgion to the question;

S .4

N b) return to the problem’s condition and select
+ ,related data; it often helps to write out the condi~
" tion brigfly,. . y
- - .

e) if problems of a famil _sort can easily be
distinguished.in a glven complex problem,}solve them;
then the .problem is less complex and w@}l ¢ easier
to solve. ) .

'
T e e 2, In salving a hard problem, use different ™
mathods' :
* : a) first, try to imagine\gxactly what the problem
is talking about. To do' this is helpful to modify
the problem: replace large numbers with small ones,

problem, and try

tical language;

I .

L . b) a drawing or diagram made i} class can help

: greatly in solving a difficult prolylem. The drawing
or diagram should .express the corrélations between
‘the given and the unknown (the question). When
making a drawing or diagram, check, yourself contin-
ually and construct the drawing from what is said in
the text of the problem. Watch for mistakes in your
drawing. If you find a mistake, correct ig at once;

and what you need to find out in t
to reproduce'its contents in math

L]

~ ¢) once you start to solve, performing every
operation with numbers, keep asking yourself what
you have. Learned by this operation and whether+vit was
.  necessary to perform this operation in terms of the
question asked in the problem.
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_ notebook, 'Read the problem’ 5

Q

3. After completing the solution, return to the problem's
question and check whether you can given an exhaustive answer to
this" question.6 g

- .
Methods of introducing these rules need to be. carefully tested in 4
teaching experience. At present, such teating has begun in the V. I. |
Lenin School (Moscow, Lenin Hills). The geachers are asked to look fer
the most successful form of communicating the rules to the children. {A‘
fourth—grade: teacher, A. P. Voronova, has linked communication of the ~
rules to Bn analysis of mistakes in.pupils written work. Depending on
the kind of mistake a child makeg, the teacher writes in the child's )
lﬁgi:tiea carefully," "Write out the condi-
tion briefly,' etc. [39, pp. 50-56]. - ‘ ' )
~ Checkidg ia/easential in mastering any skill. 1In aolving arithme- :
tic problems it takes the following forms: The pupil constantly com-— '
pares the solution with the problem's condition aaébquestioa, recognizés |
a mistake if he has made one, rejects a wrong operation and replaces it
with another, checka the result, and so on. " |
Every teacher knows that children's inability to solve a*prohlem
is characterized primarily by a complete absence of checking. The

pupils in such cases ask some questions, do a series of arithmetical

operations, but never ask themselves the most important question—-whéﬁhm@“:;?

Y K

everything they are ‘doing is correct, whether it corresponds to the .
prohlem's requirements. And only the 1mposaibility of doing a numerical
operaNon can stop. them, can hinder them from continuing their thought- .

less .and unchecked activity. v
Developing the habit of checking one }s ‘own work, in schoolwork in

y ‘,;

M 6A few words are said regarding the significance of rules of fhia
kind in [59]. This question 16 given much attention in a book by the
Kaluzh methodologist Voronin [70]. He formulates a feries of rules that

- determine successful problem solving in’the secondary grades of school
Of the, foreign literature, Polya's ggy_to_Solve a Problem [52], trans-
lated into Russian, should be mentioned.’ This book is of interest even .
for the Soviet teacher. Of primary importance in it is an attempt 0
list rules that facilitate mastery of effective problem-solving methods
But in terms of substance, maqy of the rules require revision and
supplementation.

The rules we have formulatéd are based on the data from our inveati- -

gations and teaching, in the Soviet school.

»
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general, and arithmetic in particular, | shonldne a very impontant‘task of
elementary school educatiof,- In the middle and upper grades this problem
is given much attention (See [19]), but success can be attained only if . . N
 the children. have been learning in primary school to check themaelyes in
the simplest form of school apd work activity.
Practical‘experience is needed to form any skill, but tlis experience
can vary in character, depending on the complexity of ‘the skill. Thus, |,
, to develop simple, specific skills (for exampﬂ‘ arranging numbers corree;\zj
in written calculations), uniform exercises, which teach pupils the same
system of writing numbers, are necessary. On the other hand, to develop
more complex skills, the kind needed to solve problems, varied experience .
n if necessary, in which the pupil encounters. Various conditions requiring
him to modify the specific methods of solution being applied to ‘choose
the most rational of them, to vary to a certain degree the general rules _
~ which determine a successful solution. . ‘ -
{g' Though general, the problem—solving ability, like all other abilities, - |
lends itself to development, but we require a special system of exercises
which make the childrén want to think creatively and which interest them
in solving: example problems by themselves and therefore in siz§>hing for
(and -~

solution) by pupil® of problems on numerical material from their environ-

the most rational ways of solving them. Independent composi

ment, p lems related to their practical activity, should occupy a
large place in this system of exercis?s. Only if unassisted problem -
solving is organized if difficulty iﬂ'solving grows gradnally, so0 that
surmounting it is within the pupil's powers, will his interest in solving :
icreatively and independently be sustained and eventually become a need.
The general atmosphere of the work of the class as a group helps
greatly in this respéct The atmosphere should be one in which when
' the teacher systematically encourages the pupils to use various methods
#of solving, and prods them to look for the most rational methods. The b
upils, experimenting on tnfii{own, should become persuaded visually of,
the advantage of some method which they have found, ard then modify solving

. techniques of their own accord, strivxng to find and use the most
. ~

'rat onal. . .
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BN As iInstruction proleeds, the system of skills which the pupils have ‘
to master is enriched sequentially. New skills are built onto those
acquired previously. At varipus stages of .instruction, according to the '
complextty of the problems being solved, a‘mental.opera;ion (or a number
of them) ne;ﬁﬂng special maéteéy by the children in their independent
% practical schoclwork comes to the fore. . Problems to be solved should help
‘to fulfill this aim. For example, when the first story problems are being

]

solved in first grade (in one operation), the process of choosing an arith-
-

metical operation becomes important. Therefore, special exercises should
) be created so that the pupils can lea;s this process practically.,
'There is another general question concerning the system of problem o
- selection-~the correlation between prepared problems and the ones the'
pupils compose by themselves. What placé’should the latter categorz\ﬁf
problems have in the total system? There is no scientific answer to this
e Questidn, and in pracéice it is resolved in various ways.7 st
In the seﬁtbookS'for'the various grades, assignments for making up
problems are introduced in the most diverse sections and in various
relations to prepare& problems. There is, however, a definite tendency «%
] in the textbooks to introduce problem composing after the children have
solved an analogous prepared problem. The opposite approach has also
‘feund expréssion in the methndelogical literature. The‘Poliéh‘methodolo—
_‘gist Elen'ska puts it into words quite pointedly. In speaking of how
much easier-it-is for pupils to solve problems they themselves have con-
structed, the authors resert; tg 2 figure of speech: &The more we know about

A 2N

tie the knot [16 1513." . T

how the knot was tied and the noose was fféhtened, the easier it is to un-
; h

.
\

But it is impossible to agree with that attitude. 1In the first plage,
the person who tied the knot is not always aware of how he tied it, and,
in the second place, in real life a person, as a rule, comes ACross knots
to untie without knowing how they were tied. Of éourse it is easier for

a pupil to solue a problem he himself composed, but solving is not the

Q

7Another question--how to seledt various klnds of problefs to compose~-
“{s better elaborited. It is answeréd in a paper by the teacher and metho-,
“ dologist Solov'ev [65]., A few amendments to his proposed system have been
introduced on the basis of psychological research (qee [37], Chap. V1, and

[31).
.
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'§asic objective here. And therefore one can by no means conclude that
solution of composed problems should always precede solution of pre-
pared problems. . |

From observation ang‘psycholo icai research we know that in the prob-
lem he composes, the pupil most often reflects a mathematical structure

"which he has mastered very well. .But teaching should lead the pupils
forward, create new difficulties and have them encounfer more comp%g%

. problems, and.once they have unraveled them, they themselves can then

construct at a new, higher. level. <
' Thu§\~in a number of cases, probiem codtruction should immediately
follow solution of a prepared problem. : But it ‘is eapecially necessary ‘

to choose suqh a form when the teacher ’ composes a problem before the \
childreq s eyes, enlisting their services. This is an Jdntermediate form
between & prepared problem and a problem made by the pupils themselves.

+ It may’precede solution of a prepared ﬁroblem. Popova, in particular,
recommends this form [56, 57]. ‘ | '

The effectiveness of this form when work is begun on a problem,

-and also the feasibility of employing it at later stages, requires -
qﬁditional testing in teaching practice. (Elen'ska's b&ok gives much
attention to this form of comstructing problems, but the principles of
its use are not absolutely clear [16].) '

4. Fundamental questions concerming the methodolqu éfg:;achi
problem solving

Oue goal is to describe briefly a methodologital system of exer-
cises which facilitaté development of skill in solving arithmetic prob-

& e
lems. In connection with this, our attention will focus mainly on

determining the most expedient type of exercise,-conditioned by the
psychological nature of the skill being formed.anduby the nature of
the mental processes which the pupils are to mastef. But the number
of exercises of a certain kind;‘and‘their specific content, should be

determined by the teacher himself, taking account of his pupils' level

of preparation. -

The specific ex;?hises we shall cite should be considered only as

illustrations and could be replaced with others. 'A teacher's initiative
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should be unllmited in searching for the most effective teaching methods.

We are considering the Eystem of exercises suggested here in terms of

yerioes categories of problems, from the easiest to‘the hardest. ‘ ;#}

Meste5§ of problem solving consists of a number of skills which . °

onstitute a complex system. When a pupil advances to new, more diffi- s
cult forms of problems, new,tmore complicated ‘demands are made on his

mental processes. And at thé same time, mastery of new operations depend
upon skills formed by solving simpler problems.

| We shall be especially interested in the transition stages, when a .

. skill begins to be formed: We shall especially consider solution of. the®
first arithmetic problems (in one ogeration) in first grade, when children
learn how to chnose an arithmetical operation, and thensthe. transition to
solving_originalvproblems in the same grade, when the children heve t:.os

. choose not only the operations, but also suitable paiis of numerical data.

.Later we shall consider ‘the basic directions in which the complica-
tion of compound arithmetic problems proceeds, ard accordingly, what new
-&ethods should be used to enrich skill solving problems. - f-ﬁg.

| ‘It is first necessary to recount the experience children have with 1 *Eﬁ
arjthmetic instruction when they begin to solve arithmetic problems. ,ﬁ “i
Children have some practice in solwing examples—by now they have added © w7
and .gubtracted. But since they did §0 with objects, and since these opera-
tions' were imbued with solid, vital meaning, solving an example andsolving
‘a problem at this stage of instruction actually were fused into one
form of activity. Now another educational goal arises——to show the speci-
fic tharacter of a problem as ,distinguished 'from an example, to separate
them in the child's mind.

The children do not grasp #his distinction easily, as proved by the
numerous mistakes in solving and constructing problems in the first stages
of instruction in which the children are actually likening a problem to

;\an-exampleﬂ Thus, in solving a problem, they often give a numerical
;nswef wl;heué'even having read the gquestion formulated in the problem

(lndeea,vin solving an example, the important thing was to get aegumeri-

A

cal answer, and no questions were asked in {it).

A

ACj?rdingly, when the children compose problems, they include the
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Rumerical result ig the condition: Mgy gn afirport there were 10 airplanes,

4 fley off, and ¢ airplanes were left," "Magg bought 19 apples; I ate one,
“and 9 appleg vere left,Y gnd go on.

,1s ‘to make the pupilsg more gware of’ the Question wh they §0lve a prob-
‘lem, to ghoy visually {tg real meaning 1ip their owp eXperience, to sepg-

even visually‘effective €Xperience. The integer and fractipn concépts
are fotmed at fﬁ;‘iqifiél staées éf instiruction through the children's
percéptions and Operations with obtects, Mastery of an arithmetic prob~
lem takes 5 similar Course. The first Problems are dramatization Prob-—
lems, as Pehelie calls them in his methogy handbook [48].
e However, with g dramatization Problem, ip which a11 the actions are
»  Performed realistically, one must be carefu] frcm‘the Very, start that
the children do not pPerceive'the unknown ang thereby Separate it frop
what is given iq the condition, v
In an experiment by a Leningrad schoolteacher, K. D. Zaitseva,
'ﬁﬂich is described in the Popova_book [57], this‘prerequiéiqe was ob-
- 8€rved when the first Problem wasg introduced, In the Problem, which the

teacher compbseq in the Presence of the children, the given -yas demon-

Parts, saying; "What ¥Oou saw is what we know, fhat was the beginning of
the problem." In regard to the unknown she asks, "And what do you not +
see?'l Getting the ‘proper answer from the children, the téaéher continyes,
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~ the absence 0§ both the objects themselves and yeal actions with them.
In this case, what is known in the problemkié no 1onger~what<the
pupils see directly but what they havghle;rned in the problem. Accord-
ingly, the quantity,which they have not yet ¢ound—which the‘problam's~
questions asks—;functions as the unknown. Again, the basic goal here 1is
to attain in.their minds a clear cut'separation of-&&é data‘from the
unknown. ' o ' "
But ta do ‘this it is necessary to develop in the children the abili-
ty to imagine clearly what is being described {n the text of the problem,
to “reproduce mentally the process described in the pr;:?éQ:" as Topor ’
puts ‘it, generalizing”her wide experience‘in'methnds work in omne of the
districts of Moscow [66:30]. o
i Many tﬁgchers give_childten the special assignment of.imagining what
L tha probleﬁzis telling: and to make this process casier, they tell them
k(‘dfjf to close thelr eyes. Some temehers conduct 8 whole system of exercises
| aiméd at teaching the children how to imagine clearly what is described.
For example, a8 reacher at’ School No. 172 in Moscow, V- D- Petrovna,
whpse‘experience is aﬁalyzed and general zed by Kalmykova (261, conducts

epecial nyisual dictationa" {n the first period of instruction in first

~grade. The childFFan are shown various jects, and then they have o

draw them fyom memory, trying to communjcate gmre,exactly their arrange—
o ment, color, etc. . ) | L
Along with the ability to vigualize the operations andrelationshipS'f“J
described in 2 problem, the pupils need to be taught the reverse processT -
abstracti;n. ‘Indeed, in solving & ?roblem; they are required tO know how
to trapslate 8 jarge number of varied everyday actions into the language ’
of arithmetic, reducing all.tlielr diyeréity to the four arithmetical
cperations. ' . 4
To carry out this task guccessiully, gpecial exercises correlating
the operations of life with those of arithmetic a8T€ neéessiry.‘ A good
, exercise of this kind’is for the Snildren to construct problems by anal-
ogy ©Ff {n which they nust use another“verb. For example, if.a problem
about escaped.rabbits has been golved, then the children can pe told to
pake a similar problem about  fish. . 1f a problem with the verb “pought"

is solved, the teacher can then ask (them to make & similar problem but

4
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out tﬁé”ﬁbrd "bought." 1In this respest, assignments which rsquirem
ofe to comﬁbse probiems of variable content according to a given numeri-
al formula are also useful ("Canstruct‘a problem in which S5 is taken
from 10."). This kind of assignment is often encountered in the first-
grade arithmetic book. When the teacher uses these assignments, he
must demand the most diverse versions of everyday actiizzzas conforming
to the given’arithmetical operation. 1If, for example, the teacher devises
a problem that includes the verb "ate'" for the numerical formula "10 - 5,"
in addressing thsnclass, he asks the pupils to construct many Pther prob-
lems with the same nuitbers, trying "to make them use different verbs: "took
away, lost, spenf, went away," and the like.

When the pupils begin to read the' text of the problem by themselves,
a new goal arises-—to teach the ch ‘é;en, as Topor [66} points out, "to
take pains to grasp the msaning df‘thgwtext of the problem,'" and for this
they have to have special exercises. We mean teaching children correctly
- to single out the question th;ough a suitable voice intonation, not to
omit certain important words of the tkxt that influence the choise of an
arithmeticalIOperation, and so on. . In this connectios, the better
teachers do not limit themselves to s&steﬁatically giving the children
practice in reading the text of a problem, but- show them how important
a correct reading of the text can be in solving the préBleﬁ-successfully.,
For example, V. D. Petrova often says to the children as instruction pro-
" ceeds, '"Now Valya read the problem badly and gan't explain it," or "Katya
got the answer wreng because she skipped the very important word 'moref.‘
' when‘she was reading at home." Not limiting herself to these himms, "
Petrova teaches the children to watch how their'classmstss read the text -,

and to make appropriate comments. Thus her pupils make remarks like,

""She didn't read the word 'mor§: very well" "She said the numbers badly,"

~

N .,etc .

3

Teaching the children how to analyze a problem's condition is of the
most essential significancs even in first gradet Ability to analyze the:
condition in solving one-operation problems presupposes discetnment not
of any one element, but of a whole complex (although still a simple one),
that is; bokh data and question. Only through awareness of bgth comporents

of the problem can an operation be chosen.

~ N
o . ~
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Thié is; the new charaétaris:ic which distinguishes é_éroblem from
an example. To solve an exaﬁple, it was endugh for the pupils to pick
owt one element: they extracted one word from the,entife condition and,
guided by it alome, chose the operation (fox example, "'leés'-—that means -
yoy have tc?subtracth).. '
7 Above we were saying that to avoid such mistakes it is necessary to
vary the wording in the conditions of problems expressed in direct .form.
But an even mdre powerful means of counteractipg the ogcurr&gcé of such . ‘
mistakes is the solutign of '"indirect' problems,, since in these one mustygf
‘choose operations the oﬁposite of those directly indicated by. the indivi#?%
dual words of the text. According to the existing curriculum, problems '
expressed in indirect form are given to_pupils in the second year of
- school. In the textbook, they are collected into separate groups con-
talhing a large number of problems of one kind, But it is better to
follow another principle in analyzing problems, by giving the pupils
problems in direct and indirect férm, "alternately. This will teach them
e  to analyze the condition of a problem more thoroughly and will help to
overcome their tendency to choose an operation on the basis of individual
' elements of the condition. f ~
Analysis of a problem's condition should be the sybject of special
. » exercises, and this is possible only when the center of gravity- is trans-
ferred from calculation to analysis of the condition. Today's laxtbookg ’
do not provide material for such exeroises. It must be selectgd(@y the
AV ‘teacher, or else the children will inevitably consider the point of the‘
problem to be calculation, not analysis of its condition. Modern teach-
ing practices often make children think this way. Pupils (not only first
graders, *but older ones *too), striving to get to the calculation faster,
hastily and superficially analyze the problem's condition (or fail' to - )
analyze it at all). They do not know ‘how to refrain from calculative
- operations where the condition calls for it. )
" There are great and still totally untapped possibilities for pro-
moting development of the skill of analyzing a problem's condition;l
Firsg and foremost, it is necessary to give children problemb not only
for solving with numbers but also for another purpose-—analyzing the
*gcnditions and choosing an arithmetical operat%pn. There may be dlffer--
"ent versions oi exercises here--giving the pupilq a series of problems

“ vﬁ
e
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and requiring them to indicatg'tga problems which can be solved by a .
'particulij operaﬁion,8 or presenting a pupil with a certain preblem,

requiring him only to indicate the operation needed to solve it.
‘ . This method is recommended by Popova, but to a different end-—
to check how the children use operation signé in problem solving. In this
connection: the author requires them to write the answer along with the
- operation sign. To‘teéch how to choose an operation by analyzing the
condition, it is enough to have the children indicate Ehe operation
sign without writing the answer.

One should stimulate the childreq'to‘analyze a problem's conditibn

thoroughly 1in other ways, too, by having them find a situation in which

it is absolutely necessary to pay attentiony to the question.

Solving problems with the same data t with different .questions

Y

. has -great value in this respect, siﬁﬁi it

then the question Which
q%gtgtes the choice of various 6§érat ons: -

£ -
’ vf 1. "Vanya had 2 apples, and he was given 3 more.
Then how many apples did Vanya have? (Solved

: - by the operation of addition.)

2. '"VWanya had 2 apples, and he was given 3 more.
Then how many more apples was Vanya given the '
second time than the first?" (Solved by
subtraction.)

The second problem belagggééo préblems in difference compar;son, and
this kind, according to the 1960 curriculum, belongs.in second gra&%.
However, teachers have the opportunity o go beyond the curriculum somer
what if thelevel of preparation of the pupils in the class'ﬁéfmits.  )

ut use of this kind of problem can be avoidéd without -exceeding

the limits of the curriculum, and with this in view one can resort to

-«
joke problems such as this:
?- -
Bofya has 3 apples and Vera has 5 apples. How many
apples does their grandmother have? )

»

SThis method is employed bng.fIJTMoro, as well as by L. E.
Zainkina and T. V. Titova, teachers at School No. 315,
’ W =
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.+ I. K. Novikov employed this kind of problem ¢ ccessfully in School No.

110. After the children incorrectly performed addition to solve the-joke

‘problem, Novikov explained the mistake, focusing their attention on the

problem's question. Children react very*emotispélly to a mistake made
under these conditions, and subsequently they pay more attention to the
problem's question. o _

_ In papers on psychology proaf has been offered that the material
learned best is the material that was the subject of the person's activity
(child's or adult’ s); that is, material on which he worked acgively. These
facts demonstrate the importancg‘of exercises requiring children to in-
vent a question to fit a problem s_condition. Active work in composing

a ‘question promotes awareness of its role in the problem. The fixst-

__grade text does have this kind of assignment (for example, see p. 42,

exercise No. 90), but only a few of them. _

- Teachers could give pupils problamg without a Question earlier t
is usually done, in certain cases limiting such assignments to a statement
of a question, and not requiring a solution. Indépendent composition of
problems without any limiting instructions ("Think up a problem") is used
on a rather wide scale in teaching practice, but this kind of work can
be maﬁsg:ire valuable if along with it the pupils are told to "think up"

or "condtruct" an example and a problem, directly alternating both these

"assignments. This will ﬁeip children to distinguish clearly between an

example and a problem and to learmn to construct them according to the
assignment. : , -

Once the teacher is convinced that his pupils have mastered the skill
of analyzing the condltion of a simple problem and of choosing an opera- ‘
tion on this basis, he may go on to compound problems. To check it is
necessary to use ‘special assignments from among those cited above. I
this respect, the most appropriate are the ones recommended by Popova
[57]. Pupils are_given a series of problems and must indicate what opera-
tion is needed to solve each problem. Having the pupils ¢arry out this
assignment in written form and having them put down the operation sigﬁj
makes it possible to ascertain, in a brief‘period,‘éb what degree tpg
entire class has mastered ghe skil} of chooéing‘an operation. ‘QQ?"

A pupil's mastery of operation selection at the preceding stage now {11

makes it possible to shift the focus to choosing the numerical data, and
]

L
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a new system of selecting exercises should comply with fhis. First it
is necessary to recall theji@w~of educational psychology which we have
: used in tonkidering a metﬁodology for solving the first arithmetic prob-
:ﬁflemS. In going on to the débelopmeﬁt of a new skill,.;t is necessary,
from the very first, to let the pupil sense what constitutes the novelty
of the problem before him, to confront him with a new difficulty, having
: sharply detached the new conditions from those to which he has been
l aceystomed. _ ‘ |
It is necessary to forsee what mistakes childrep can make while
sreasoning from fheir previous, experience in solving eingle~operation prob-
lems.’ In solving simple prooiems, the children did not ponder over what
numerical data hao‘to be dorrelated, since there were only two data in  *
the problem's condition. To answer the problem's question it was necessary
to correlate the data in the condition. It is perfectly natural that
children should approach compound problems with ¢he same idea. Thus, the
"teacher's aim is pfimarily to create conditions undér which it is clear
to the children that they need an additional datum not in the text og the
problem, and therefore to retard or brake, so to speak, their natutal
impulse to solve the problem immediately in one opergation.
' A textbook in which a series.of simple problems with a missimg datum
is given before the section introducing compound problems helps somewhat '
to prepare {hem for this. By doing these’ exercises, they are schoohed
in the idea that there may not be enough data to answer the problem's
question. . .
| How should the gi;st compound problems be constructed? At]present,
this question is being investigated by many methodologists, who are
taking stock of psychological data [37:249-299; 48, 56]. The analytic
transition has an advantage over the synthetic. The first-oonsists in
expanding or breaking dowg,a compouno problem into two simple ones, wbile

the less rational, synthetic way is characterized by joining simple Lf

¢

problems into oné--into a compound problem. ‘ e
' - The choice of the analytic way is dictated by the necessity of
showing pupils more vividly the specific character of a compound problem
compared to a simple one. But 1t is necessary to choose a problem with
a structure which faciliﬁates céh&rehension of the most Important fea-
tures of solving a two-operation problem.”~That is, problems with the

v
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impossibility of immediately answering the question, and ‘the need for
. an intermediate datum This requiremenz is satisfied by a problem
which includes two heterogeneous operati@ns—-addition and subtraction.
This is such a problem: | . . .

—

There are 6 pencils in one. box anh 2 fewer pencils in
another. How many pencils in all are there in the two nggSE;

Here the gontraoiction between what can bé learned by the'oneration of

o subtraction (2 moxe) and what is asked in the problem is brought otit

clearly, since thg question ("How many pencils in all' are there in the

two boxes?'") is oriented toward the opposite opetation——addition.

, How easy it is to‘calculate a missing datum in a problem of this

kind is proved in various ways. It,haa been found tﬁat in solving

these problems, children err less fraQuently by biending two operations.

into one (when, having completed the first Operation, they fee éy.:

have already answered the problem's question). Furthermo a {specially

organized_educational experiment (M. I. Moro together with A. Logacheva

and L. E. Zaikina, teachers at School No. 315) showed that by introducing

a compound problem firsg, the distinction between a tWo—operation probl&p

( séblished . y '

In dxyfcase (in which an quomolicated two—operation problem is

and a simple one is e ‘
given), let us fully apply the method of amalytically taking a problem
apart (from the question to the data). The teacher asks the pupils if
‘they can find how many pencils are in the two boxes immediately. After
a negative aqawer, he asks new questions '"Why?" and '"What do you have
Sto find first?" At this point it 1is very useful to obtain a &etailed
fermulation of the intermediate question from the pupils. (For example,
in solving the probl%F cited above, the pupils should‘state:' "First
you have to find out how many pencils there are in the second box.")
Along with solving compound problems of various structures (at

first including heterogeneous operations, then homogeneous) it is
necessary to practice axeroises4%pecially intended to develop the(chil—
dren's skill in telling a compound problem from a simple one. To tnis
end, they should be given pairsvof related problems, one simple, the
other compound. So that the specific chakacter of the ggxlyroblems
will be the focus of the childggn's attention, they should sometimes

be given to the pupils not to be solved{‘but only so that the children
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can establish whether the proBlem can be solved immediately with one
operation, or whether it cannot be solved immediately and needs th
operations fof‘salﬁtion. ‘ ' _
| Gradually, after accumulating some experience in solving compound
problems, the children need to be brought to.the formulation of one of
the rulésAye indicated above. 1In proceeding ﬁb solve a problem, it is
first necessary to ascertain what has to be found and whether there are
enough data in the condition to find it, or whether a new datum is neces-
sary. .

In teaching how to solve compound problemk‘ the teacher must give
attention to a certain feature of the structure of two-operation problems.

Some problems contain two numerical data, one of which is used more than

_.once. (Thus in the problem cited abovif the datum "6 ﬁencils" is used

‘two times: to answer the intermediate question, ”How many pehcils were

there in the second box?" and to answer the problem's question, "How
many pencils in all were there in the two boxes?") Another category of
problems (in two operations) contains three numerical .data, none dé which -

is used more than once. For exampler

) During the summer, the children‘raised 13'hens'an§ 7
ducks. They gave up 16 fowl to the kolkhoz. How many
fowl did, the children have left?

Problems in the secoﬁé category are of interest to us because they
require the pupils to choose properly two data out of three.. It is the
presence of the third dathm that creates the possibility that the pupil

‘will make an incorrect correlation, a ''false synthesis."

This characteristic of the problems must be further utilized in a

diffsrent form by complicating the possibilities for choosing, thereby

helping the children to form the ability to restrain or "inhibit" extra

vsyntheses. This has paramount ‘significance in més&ering the skill of
—_——

solving sufficiently complex problems.

Jln this respect, it is very important to vary the arrangement of
the numerical data inﬂthgfcdndition, and along with the so—éalled ordered
problems (the courseﬁéﬁftheir solution coincides with the order in which

the numerical data afé arranged) to give the children groblems to solve

‘which are not ordered {in which the order of data and solution do not

o

coincide).
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An analysis of arithmetic books for the elementary grades shows
that ordered problems predominate. Hewever, the teacher has every oppor-
tunity to increase the number of non-ordered problems by using the prob-
lems in the textbooks but suitably changing the order of the data in them.
For example, in the second-grade book, Problem No. 578 gives this ordered
problem: ' |

The young Pioneers sent 50 kilograms of fruit to their
friends. They put 20 kilograms of apples into a big box and
5 kilograms of grapes into each of several small boxes. How

many boxes of grapes were there?

This can easily be made a non-ordered problem by changing the wording

The Young Pioneers sent their friends 20 kilograms of
apples and several boxes of_grapes, 5 kilograms in each,
' They sent 50 kilograms of fruit in all. How many boxes

ﬁx - of grapes wezﬁvgbntez )

Experience shows that when a problem is worded in such a way, some

. ; pupils tend to correlate thg numerical data next to each other. Thus, in
ﬁi;k solving this problem they may divide 20 kilograms by "5 kilograms in each.”
_ © Mistakes of this kind bear witness to a low level of problem analysis.

To ﬁrevent them, it is importent to a;ﬁernate ordered .with non-ordered
problems systematically.

It is also necessary to watch so that particular-data are mot pre-
sented in an invariable combination. /If this happens,vchildren tend to
carry out a habitual synthesis without performing exhaustive analysis.
They slacken their checking and may easily falLfinco error.

For example, the second-grade textbook (PP 23 - 24) gives a series
of two operation problems in increasing and decreasing a number by ‘several
units. In allff these problems, three quantities axs considered. What
&oes the first one equai?k.OE the second, how much larger (or smaller) is
it than the first; and of the third, how mdch larger (or smaller).is it
than the second? .The third quaﬁt&ty (or both the second and t é third)
has to be found. In all cases camparreon is conducted in jusy§ this order—-
the second with the first, and the third with the second. Un{er these
conditions, the level of analysis declines, and &s a result tRy children
make mistakes in solving problems analogous to the ones they have just
solved, but in which the third quantity is compared, for example, not

%
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g
with the second, but with the first. One must therefore see that the

pfbblems vary in ghis redbect.

To teach - pupil how to analyze a problem's condition, it is also
' important to 'ngmégical data written not only in figures,  but also

- every timé and not. be directed purely by externals, correlating data .
‘written as figures. This purpose is served by including in fhe condition
a figure datum having a direct bearing on the problam's story and not
used as a numerical datum in‘solving. There are problems of this kind in
the textbooks, although in insignificant quantities. For example, prob-
lem No. 255 in the second-grade textbook:
In 3‘days the children glued 40 books for the library:
the first day--15 books, the second day-—~14. How many books
did ﬁpé childFen glue on the third day?"

Problems of thi;‘kind perform the same functign as problems ''with éxtra
’t data,”" and at the same time they are not artificial-—this is their advan-

tage. One can delibergtelyimake §till more "'provoking' assignments. -
Write in numbér forp a story détum not used in the numerical solution (as
"3 days” is written in the problem cited above), and write in word form
. one of the numerical data necessary for solving the preblam If the
pupils make a mistake even here, realizatian of the mistake they‘made
will be very useful helping to raise the level (acuteness) of anslysis‘
in connection with problem solving. )

At subgéquent stages of instruction, the possibilities are expanded
oﬁfusing‘a different kind of interesting problem which requires the thil-
dren not so much to solve as to analyze the conditions. The shortcpming
of problems of this kind, which are given in the textbook (juét as in
 the fourth-grade text, a special section of "Interesting Problems and
Exercises' is marked at the end), is that most of them are nq;.simple
enough for the children to solve without assisﬁance, and thgrefofg they o
lose their edggational value. ' )

At the same time, there are a number of problems which are both with-
in the abilities of the children and very useful, since they probd them |
‘to analyze thg conditions more thorouéhly. We will cite only one.spec§fic

example of this,kind, thg’solution of which requires no calculations at’

all. Rather, it is enodgh;to ponder the conditions: 'There were 60
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kilograms of grapes in two'boxeit .Sigteen kilograms were transferred from
one box to the other. How many kilograms of.grapes were there in both
boxes?" . | .

- The children who are thinking, after carefully familiarizing them—
selves with the’ condition, answer without any calculating. ."It's still
60 kilograms"; "It doesn't change," they say. By contrast, thewother
children perform calculations (Gb -~ 16 = 44, 44 + 16 = 60), without even
noticing that they get the same 60 kilog;ams they started with. Problems-
of this kind train pupils to re‘ain from hasty~action until exhaustive
analysis has been completed, and this has great significance in forming
creative thinkingf | ’ ' ' '

Problems in three or more operétions make greater demands on the
pupils' analysis of conditions. Therefore the authors of the second- -
grade textﬁodk are correct when they intfoduce a‘special section in which
the solution to two and three operation problems is g%yen, and the chil-
dren are told to compare the solutions of pairs of &nalogous problems
and answer. why one of‘them is solved in two operations and the other in
three.

After a certain amount of practice by the pupils.in golving com-
pound problems, however, the number of operations ceases to be a factor
determining the deéree of difficulty. The character of the relationshipwf
between data, the ease (or difficulty) with which the relationship can‘
& v exposed, (its more "hidden," or conversely,' its more "open'" character,)
) begin to play a decisive role in this respect. For example, the‘chﬁracter

of the relationship is completely clear in a problem solvable in three

operaﬁions which says that so many fewer cucumbers were taken from the

second plot than from the first, and so many more cucumbers from the T
third than from the second (see’problem No. 436 in the second-gradd-—gext-
book). A two-operation problem solved by the method of ratios is much
harder for the pupils. Let us cite one such problem:

«‘Twélve lemons were bought for a kindergarten. Fifty

.kopeks were paid for every three lemons. How much did

all the lemons cost? (See pyoblem No. 407 in the fourth- :

grade textbook). " - ) : PR
This problem lacks any‘words which ‘directly dictate a correlation of
. numerical data (as in the first problem, in which "so many fewer" or

N
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"so many more' is indicated diréctly). Only\through analysis of the
specific features of the numerical data (thelfélation of 3 to 12) can one
uncover the relat}onship co?tainﬁd in the problem's condition.’ '

‘Problems 5$~ch§s kind, ;hich can be solved by special techniques,
are marked in the te§tbooks and but into groups, and_ a note, apparently
for the éeacher, points out what type of problem the given group'belongs
to. ThHe works of Menchinskaya U§7] and Kalmykova [27] map out a system
of work that ensures the children's formation of the concept of problem
type. Let us indicate only the basic stages of this work. i ~

At first, immediately after analyzing thQ;Eeshcd'of solving this
type of problem under the teacher's direction, the children are given
various problems of this type differing from the one discugsed only in
details--the story, the numerical data. But the essential elements of the
condition which determine application of a type-method of solving are -
always given the same form in these problems.

At‘the next stage, the teacher ;Zts a goal for the children--to learn
to distinguish problem-type when there are substantial differences in
wording which concern an essential part of the conditions (for example,
the customary wording of the form "the first number is so mary times as’
large as the second” is replaced by 'the quotient in dividing the, first
number by the second eguals....'). ..

Later, problems of this type are included in the structure of more
complex ones, and finally, the work concludes by comparing problems of
the given type to problems of other kinds having something in common
with problems of the given type fn the wording of the cqnditions or in
the method of solving. , ,

Thus, after the children learn to solve problems on finding two
numbers from'their sum ;nd ratio, they are told to compare problems in
which tge'difference and ratio are givén. Although these problems are
not stipulated in the curriculum; in this case one may utilize the
directions in the explanagory note to. the curriqulum, which allcwé the
teacher to expand the study of a cergainitopié if fhe proper conditions

-

are present.
]
. o~
It is also quite useful to contrast a type-problem to non-type-prob-
 lems whiclr are similar in wording. For example, after solying a problem

on finding two numbers f{rom their sum and ratio, it is a good idea to
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give a problelm in increasing a number several times, whose wording includes ‘

the same expression "so many times as much,” Indeed, introducing exercises

.of ti¥s kind into teaching practice aids the uevelopment of pupils' flexi-
_ble skills in solving type—pxoblems, by preventing the influence of" a -
stock phrase in solving 3 ) ‘*V
Alongside of prohlems Ghich lead the‘pupil forward, we discover in
the textbooks a number which in no. way enrich.the pupil. “These are pecul-
jar "intervals" and "pauses" filled with other forms of sctivity, during |
which problem solving acquires especlally subordinate significance and

the structure of the problems which the children are told to solve is pur~.

posely simplified, although they have alreadyﬁlearned a more complex struc-

ture. This occurs, for example, in. the first-grade textbook in ‘the tran—
sition to studying the ney operations, multiplication and division.‘ Twor”
;operstion problens, which.the first graders=have alreedv solved} klmost
completely disappear in this section ThEy appear only in ‘the section
’"Practice,' and then do’ not appear ungil the» secoﬁd—grade textbook.
' © The authors of the textbook gave the following reasons. Only simple

’.":

multiplication and division’ problems are introduced into the curriculum
of the first.year of schooi.‘ These two new opergtions of aigthetic are
studied in the«second haIf of the yesr, and theﬁ%election Qf. problems is
entirely subordinste to the objective of studying uhese operations. g .

Such "intervals" are met again and sgain. In first grade°the "Mhlti-
plication ‘and "Division sections inelude only single operation problems,

and the same thing occurs in a substantial part of the section” "Numeration-;ﬁ

up to lO "It is natural that the probkem ‘structure . is also greatly
simplified in the study‘pf multiplicstion and, division tables; in the
fourth—grade,textbook for a while the numeration of numbers of several
figures, and operations with them, supplant srithmetic problems ‘of 4 more

tomplex.ftructure, and the same thing occurs in the study of concrete

numbers, and so on. ' . '

bl
et

What dogs all this say? It testifles to the faot that the systenm
of teachingfprcblem?solving is very often violated. And it is well

known- that every skill can be formed successfully onl§ if . systematic

¢ - coe T \ \\». . - .
exercise is ensured. % , . SN >
] L

How is one to get out of this situation? How should the tedcher
. N
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proceed with the textbook material? The teacher should not slavishly
follow theltextbook‘in selecting problems. He must strive to ensure a
definite‘system in solving problems, gradually increasing their diffi-
culty and reinforcing acquired skills. {égerefore in first grade in partic-
ular, when working with children on single operation problems in multi—.
plication and division,’ it is’ necessary constantly to alternate these
problems with compound problems in addition and subtraction. Then the
teacher does not have to worr} that the ability to:solve two operation
_problems, acquired not without labor in first grade, may be destrovyed -
because of a prolonged lacﬁ of practice in solving them and that it will‘.
‘have to be re-formed in the second year of school.

Moreover, if the pupils .preparation permits, the teacher can go
somewhat beyond the bounds of the first-grade curriculum,’ giving com-
pound problems to solve that include not only addition and subtraction,
but also multiplieation or division {along with the simple problema in
the text). The explanatory note to }he curricdlum grants a teacher:this
right. o Lo L
. The teacher can proceed in a similar way with t?pe—probiems; aome—
" times deviating from the textbook and 1f expedient, going someéwhat be--
yond the bounds of the curriculum. When students 1ndependently, though
with the teacher s~help, "discover" a type-%ethod of solving (and this -
is what the methodology of explaining type- problems should be), they do
not, as a ruley; need to solve as large a number of analogous problems ‘
in a row as. the textbook gives (25-30). It is considerably more useful
--to move some of these problems to other sections, alternating them with
problems of simpler structure, rela{ed to studying some new question of
.arithmetic. .Solving a type-problem some time after it has been intro—
duced will be very udeful, since it requires the pupil to analyze the
problem'sacondition a second tme'and will not be simply the rgsult of
recalling a specific method repeatenly used earlier in solving analogous
problems.

_ In_teaching how_to solve compound problems (which demand consider-
able'mental effort‘from the pupils), the pupils' awareness and mastery
of methods of solvini;§hem, and knowledpge of the general rules by which
they must act, acquir

still greater significance (than when the solving
of simple prob}.(n\s was being taught).
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The methods with which the ehildren were acqoainted at .the initial
stages of instrugtion (concretization, abstraction, and the like) acquire
richer substance; now the primary ohject should be the use not of jindivid-
“ual methods but of fhe whole system of them. Children should o§412ught |
td choose methods cdrrectly depending en the nature of the problem.

We liave seen the content of one of the most important mental opeta-
tions-—-the operation of cooosing—-gradually déepen. 1f -in the osginning"
the pupil has been required only to choose the arithmetical operation,
end then to choose numerical data to correlate with each other, now in

éﬂﬁaddition, he must choose methods which ease the task of finding the path
+ of solution. | | ' _

The question may arise, is this latter task within the powers of
primary-grade pupile? The psychological research that has been conducted
‘allows this qoestion to be ensﬁered in the affirmative. ' }

' According to Kalmykova's data [26], many pupils could be found in’
~third and fourto grade who actively searched for methods of solving un-
 familiar problems. They resorted to constructing & diagram illustrating
‘the problem's condition, or they tried various type-methods they knew,
or they varied one of éhe data to ascertain how it would affect the other
data. * They did this even though they had received no'speoial instruc- 3
tion in a system of methods of solving problems independently. There is’
good reasan to suppose, there%ore, that witl such instruction, children
can learn to choose more effective methods according to the character
, of the problem. T ~ .

It is important to teach children, for example, to resort to the
method of making a condition congrete if the problem is stated abstractly,
or, the reverse, to use the method of abstraction for a problem with a
concrete subject. And finally, it is particularly important.to teach
them to try out different methods, replacing one with another in case
of failure. o ST

This latter objective can be realized only through giving pupils
extensive practical work in solvxng problems independently. The number
of problems children solve.independently should be sooetantially increased
at the expense of problems solved with the teacher's direct help and
guidance. What should be the conteht of basic methods for solving rel-

atively difficult problems independently?
126
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The method of'making a problem's condition more concrete should
be applied in more active forms than at -the initial stage of instruction. .w~;¥v‘
" Then the teacher limits himself marely to advising the pupil to pict‘fe " a };
- clearly what the problem said. The necessity of a vivid "image" of what . .
+ 1is described in the pgoblem retains its significance even now.- B:; it
" should be taken into account that one must know how to use images. A .
vivid image nf“individual, complex details of a problem's condition ”may'
even play a negative role, leading the pupil auaf from discovering basic
correlations. And, most importantly, this process if‘hardly shb_:]ect to
* control. ' v s .
Other farms of concretization, linked with active afteration of the
v;ext of the problem, are much more convenient. It is very useful to
advise the pupilé'to alter a problem given {ﬁ‘abstract terms, if necessary,
into a problem with a specific story;' For é;ample, if a problem is given
about a sum and ratio in abstract form: - '

The sum of two numbers is 12, and one number is 3 times , '):
as large as the other. What are the numbers? :

. . .
L]

the children themselves can make it into a probiem.with a Specifip story:

Two boys had 12 piecés of candy, One had 3 times as “‘
many pleces as the other. How many pieces of candy did * - :
- each boy have? B < o A
In certain cases, temporarily replacing large numbers in the prob-
lem's condition with small ones is useful. Such substitutions are a .
particula{ form of concretizatién, sinée they help to bring the pfbblem s
closer to the pupil's experience, It is necessary to give the pupils
sped&al exercises, telling them to alter the conditions of problems, and
then to pfod them to use this method .as they search for wé;s of.solving‘
an unfamiliar, abstract problem by themselves.
. Interpretation of a problem's condition 1is aided by the opposite | .
) method--abstraction~-in which the condition of a problem with a concrete '
subject are formulated in the language of abstract mathematical corre- N
atlons of gdantities. Not enough(éttentioﬁ'has been given ko this v
‘,‘(ispect of reinterpregang a problem until now. Still, this kind of work
is véry imporéant,*since it trains the pupils to "trénslate" into mathe~

matical terms various correlations clothed in the concrete form of acdtions

127

\1. | | L




W

ey

-

-«?

»

-~

»>

-

of 1life without assistance.

v

Bogolyubov, a teacher, worked out an entire system of such exer-
cises [4}, Several problems were given, varied in subject matter gnd
identical™in mathematical structure. The pupils are to replace words

denoting various everyday actions (''bought so mang," "

spent so much,"
and the like) with one and‘tﬁg same word, which has the nature of‘a
mathematiéal'term, "cost." From ghese abstract terms the pupils easily
pass to the arithmetical operation, since the relationship between R

quantities becomes completely clear to them.

Bogolyubov 13], in generalizing his many years of teaching experi—_i

. ence, gives a scale" which ref ects the different degrees of apqroxi—

mation to abst;act mathematical language. He shows this by the wording

of one and the, same final questioh!of a problem:
-~ ¢ -« :
"4) .the most concrete wording: '"How many mushrooms did
™ the bay and gird pick together?"; ' ' ’

- . ’
, 2) more abstract: 'What number of mushrooms did the
boy and girl pick?"; ‘ .

. « -~
3) . still more abstract; "Find the total number of

mushrooms."; . .

e , N

4) the most abstract, completely frgé of all aspects 4€"
of "plot'": The problem is to find the sum of the '

-

‘numbers. -

In this last case, the content o¢f the prob]igz is virtuélly reduced to
naming the arithmetical operation éith which the problem should be
solved. ' ' . .
Doing such exercises gradually makes it podsible for the pupil to
use abstraction as an independent method for solvininProblems. This 'is

facilitated by the textbook which dntroduces exercises in composing and

‘solving problems, in which the data are given in the form of abstract

, concepts: "number," "cost,'" '"Value," and the like.

-

-

More»efgggtive and\a&vantageous for wide-scale use in school prac-
tice ;s-a method whichi unites conéretization and abstraction. We refer
ta the usefbf graphs and diagrams which help show the correlations be-

tween the quantfﬁfes mé%tioned in“a problem. A graphic illustration, on

the one hand, makes it possible.for the pupil to pilcture these correlations

in visual form (concretization), and conversely, it helps him to abstract

+
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himself from the details of the story and the objects described in the

text of the problem (abgtraction). This is the basic value of the-
‘lgraphic method. o -

. In practice in our schools, graphic illuetretions and diagrams. usually
are implemented by the teacher himself. Very little has been dome till now‘&#
to make graphic, schematic representation of the coadition { the uﬁ#nown,
and the link between them, a method of independent problem solving by
the pupils. A diagram doas not show the objects discu;sed in. the problem:

w1t presents mathematical relations between quantities in abstract form.
This is why it is hard for a child with a0 special preparation to grasp
the connection between an abstract sketch and concrete conditions.
One psychological investigation showed that the use of drawings
of the kind given, for example, in the second-grade textbook on pages 7,
16, 18, 22, and others, in éhe fourth grade-textbook on pages 63, 79,
‘.and,others, is good preparation for enployingﬁﬁlagrams [6]. In these
" drawings (which Botsmanova called "object—analytical")&the pupdl eeeslj
the_objects discussed in the problem. These drawings reflect the quanti-
tative correlations between data and unknoﬁn. Suth a drawing is closet
- to the text of the problem and is distinguished by greater concreteness
 than a diagram, and in this respect it 1s easier for the children to

. ’N,\
¢ -.. understand. However, to be limited to the use of such drawings would be

_14'4.

" utterly wrong. Just because of their.concréteness or "attachment” to the
story of a definite problem, they can do little to help the child under-
stand the general method of solving problems of the same kind. . .

‘ A diagram revealing links between quantities which are veiled inithe
text of the problem is more likely o leao the pupil to discover a way

of solving the problem than the object analysis'drewing. Therefore, it

is very impertant to teach children to use diagrams in solving problems.

Very useful in this respect 1is the method of contrasting an ohject analy—

_— sis drawing and a diagram of one and the same problem. In thie case,

— the object analysis drawing plays the role of an intermediate link. By
conttasting the text of the problems, the drawing, and tne'Hiagram, the
pupil becomes aware not only of the concrete correlations described in
the given problem, but also of the connection between the quantities
considered *in it in N general scheme. For example the, link between coft

\
price, and quantity in general is shown, regardless of what objects are

Y
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being talked about.
Research shaws that ability to construct a diagram develops in chil-

‘drep by degrees. At first, they grasp and express in the diagram.the

most general features of the problem, and only afterward do their diagrams
begin to reflect the structure of the problem. Making a diagram is not
an end in itself. TIn comstructing it the pupil gradually perceives the

‘relationship contained in the conditfon. He continually compares his
_draging with what is described in’the_condition and makes corrections

if .necessary. Consistently perfecting the diagram means perfecting the

- analysis and raising the level of analytical wcrk

When pupils become convinced by experience that using a diagram
aids successful problem solution, they begin to apply this method on
their own initiative op a large scale, without waiting to be prompted o

. by the teacher. Those te&cher;\&ho systematically teach‘broblem sblving
Y N A

with the graphicﬂﬁathod achieve good results. For example, A. V. Olevanovg,‘
a teacher at School No. 330 in Moscow (whose experiment was studied by A
Botsmanova), who uses the graphic methad extensively in teaching problem
solving in first and secoqd grade& gave children problama of‘increased
difficulty to solve by themselves, which went far‘%eyonﬁ the limits of v
the curriculum, and the children coped with these problems successfully,

- Certain ﬁethodologists [61, 67] give much attention to elaborating T
thelgraphlc method. However, it has not yet found proper reflection in
the‘arithmetic textbooks. Though we could cite a number of examples of
object aﬁalysis Hrawiﬂgs which are availa§le in the books, we can hardly
do this with diagrams. The only exception is specific diagrams for motion

problems. Atl&&@ same time, the textbooks have many illustrations for

:quite another purpose: to show the meaning of a word used in the text of

the problem. These drawings often concern things sufficiently familiar
to the children, so they may be discarded without detriment.
In speaking of the use of diagrams in teaching problem solving, one

inexpedient form should be mentioned, albeit briefly. We mean the con-

‘struction of diagrams in the course of a so-called "analytic'" breakdown

of a problem (from the final questian to the data). Popova often recommends
that such diagrams be used even when the\gxgglem itself is easy. At the
same time, the construction of a diagram of the analytic breakdown is dis-

tinguished by certain specific difficulties [56:.al05]. However,
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the diagram here is an end in itself, a certein speeial exercise in logic,
whose psychological and educational value is at least questionable.
Popova proposes another principle of diagram construction in her

work on methods of teaching arithmetic in finst grade [57]. The diegrams

. she proposes for first graders help to show the orrelations between data’
and the unknown. -But according to the directions in this book, the most

active role in constructing diagrams still belongs to the teachet, not to

the pupils. ﬁ}\
e " All of the -methods desetibed above were directed at analysis of the

| conditione of a problem and exposing the’ relationship between the quanti~

:}ee discussed in it. The use of the analytic question "Why?'" belongs to
this group of methods . Utilizetion of this method#is possible only for

ﬂQertain kinds of problems. Thus, in solving problems "in finding & num-

s
BN

rber from two differences,“ the statement of the ques!&on, "Why was the

eost higher in one case then in another?" for example, helps to "untie"

the basic !'knot" of the problem, since analysis, naturally, a%Pslet

exposing qxe dikference in the number of objects which causes the

difference in cost. - . o .
‘Pfx. Whether or not unassisted use of this method {s within the pupils ) ,1‘ ‘
| abllities Wes tested in an experiment by a teacher, A, E. Kozlova, in -

connection with teaching third graders [32], But the pupils must be

gradually led to enessisted_use‘of the method. 1In the beginning, the

teacher himself poses the question 'why?" in dissecting a new problem,

lad later,he tells the pupils to ask the qﬁestion in analyzing a problen

which is familiar to them; finally, he prompts them to use this method

in\enalyzing a problem which is new to them. In this case, the pupils

themselves ask a question aimed at exbosing4the basic relationship, angd

they tﬁémselves answer 1t and independently ‘find ways of solviog the new

problem, B

- Analysis of the reletionship between data can be approached a differ~

ent way--by arbitrarily changingone of the data and then ascertaining

how the,chaqge af{eetemtge_otoer!oeta. This also helps to show the

relationship between basic quantities. Certain exercises, widely used in

practice, can help pupils to master this method. We mean assignments -

which call for transforming the problem into, another, when the question

of a problem which hes already been solved is changed awd the pupils are
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required to c&enge the condition, or the reverse, to think up a new ques-

“tton’ fo?\sn altered eohdition- E;ercises of this kind have been worked
.out by Eolyak [53]; they also occupy a: large place in Pchelko's methods

manual [48} i
If analysis of the problem s condition by the methods described
above. does not lead to the goal, there remains one metbgd—-a less perfect

numerical solution as a "trial." These ttials can be effeative only {Lf

the pupils consider them as steps toward deeper analysis of the problem.

ong, which, howeder, children often resort’'to on their owm: /berformﬁgg a

In other words, if any pair of data are carrelated and a Jumerinal solu-.

tion is produced, then right away the question‘must be asked--can' one

correlate these data? does this not contradict the other data? and would

it be. necessary to find this out, from the standpoint of the problem's

question? . 7‘ ‘

- In using this method, there is. always the danger of transforming

‘the solving process into mindless manipulatiem of numbers, “which some

pupils who are not fond of hard problems are prone to do. Therefore,
use of this method by pupils must be approached with great.raution.
Carrying out a numerical solution before exhaustive analysis af
the problem is justified only if the pupii knew how to-expand the prob—
lem into a series of simpler ones during preliminary analysis, first
isolating a familiar problem from one whose methods of solving had to
be found. By progressively solving such familiar, simpler problems,
he simplifies the complex problem given him, and thereby can-direct all
his thinking efforts toward solving t%e basic problem.9
Thus, teaching the pupils methods of solving problems independently
by practice should be the basic objective of the methodology of teaching
problem solving. But along with eleboratlon of the most effective

. methods for pupils to Wplve problems, one” must consider another aspect——

a reasonable simplification of .techniques of working on problems: Some
firmly established requirements could be coesidered optional, or even
superfluous.

\ For instance, in solving problems, must we insist that the pupil

.

k_l 9The technique of expanding a problem into simple problems is

described by Shor [61]. . '
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-write down the concyete mame of every component in an o?eretian? Qs it
not enough to write the concrete name in the result? As we know, much
time is spent getting puypils to learn two different kinds of division—
"into par&éﬂ and "by content” and having them master the two corresponding
. ways of writing concrete names in solving problems
An observation shows, even if teachers contrast these two problem\
forms, a number of “pupils wif]\:plnfinue to make mistakes;: in writing "the
concrete napes. Is the expenditure of time and effort on this kind of
schoalwork justified? . Apparently, it is often enough to require the pupil
. solving the problem simply to explain his result briefly, or even merely
to correlate his answer with the question asked in the problem.~w
Similarly, legitimate doubt arises as to whether it is advisable
always to require :Ze pupil who is solving problems in two operations _
| (d%?mére)*ta analyz¢ the process into i1solated steps, when it would be
‘-,dore economical to wriee the necessar} operations on one line. We refer ,
primariiy to the kind of problem which can be solsed either by double
subtraction or by additiog and subtraction. |

One often encounters problems like the following:

o,
O

Some schoolchildren had 10 rabbits. They gave the
kindergarten 3 rabbits, and another rabbit ,ran away. How
many rabbits did the schoolchildren have left?

[

~ The child;en solve the problem very quickly, successively tsking Jand 1
away from 10, while the teacher is trying to get them to fOrmplate two
separate questions and-to perform ajdition first and then suééréction.

One asks, should children belhindered from using the simpler way?
- In connection with subsequent improvement of arithmetic teaching
. procedure, two objectives should be established: 1) to simplify teaching
. by removing from the arithmetic course everything retained in it for v

. ;radition's sake alone, an5§2) to inrroduce more complex academic material.
Attempts tg reorganize the subject matter of the elementary mathematics u//

‘ courset>endertaken in recent years by a number of researchers, are moving
in just this direction. We go on to consider the preliminary results

of these.experiments. :
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5. New experimental research considering the possibilities giﬁ

introdiicing elements of algebra into the eleméntary mathematics, .

course

The first experiment in introducing elements of algebra was performed
in the experimental class of El'konin and Davydov [14]. Unfortunately, . (
insthe published materials noQSpg;ial attention was givem to 2aéching chil-
dreg- problem .solving. But, from the outlined curriculum {143 it can be seen
that the experimenters propose that children as early as second grade begin

\
to construct and solve first-degree equations in two unknowns in connection

“with the sol@@ion of problems. Jhere is still no .data showing whether the

.

‘exﬁerimenters‘succeeded in realizing this program in practical teaching,

.and if so, under what kind of system the cdrresponding work was conducted.

Substantially more material on the.qgestion under consideration is
coﬁtéined in an article by the Ukréinian ﬁsycholdgist, Skripchenko [64].
During the school féar'1950-61, Skripchenko conducted some interesting work
on developing in fourth-grade children generalized algebrak methods of

solving problems. Convinced that this material was not beyond the powers

. of fourth graders he transferred his experiment to the third grade during

1961-62. L , |
' The preparation for soIvingvprqbléhs by equations is described in the

followlng manner:
?ﬁ?y Before going on to setting up equations from the conditions
of problems, the pupils distinguished and elaborated individual -
steps in this complex process. In the beginning, they formulated -
iadividual algebraic expressions from statements representing the
conditions of problems [64: 87].

4

"It would be more accurgfg to-say that they learned to express one of the

unknown quantities in terms of another when their difference or sum was
known. For example, the children are told to formulate algebraic expres—\\

sions according to this condition:

On the first day, a worker made several machine parts,
and on the second day he made 5 more than on the first day.

Designating by x the number of parts made by the worker on the first day,
the pupils then formulate an expression (x + 5) to designate the number

of parts made on the second day.
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Then the children went on to problems in several unknowns, The

- authors states:

v After the pupils had developed elementary skill in construct-
ing individual algebraic expressions from the statements function-
. ing as parts of the problem’s conditign we taught the children
" to join individual expressions into gquations—judgments, . Tis
work was carried out on problems¢ similar in kind, then on prob-
lems varying in content and gtryucture [64: 89].

Later, by’contrasting the«a:ighmetic method of solving problems with
using’ equatipns, a link was established between the skills developed
'4n the children earlier and the new method of solving. The genmeral con-
clusion the author makes from the experiment is that’
Methods of solving arithmetic problems by eerting up
de('equations in one unknown can be learned by pupils in the

primary grades—-not only fourth grade, but third grade
also [64 92-93].

, From this summary, it can be seen that Skripchenko's experiment
envisaged introducing the algehraic method of salving problems earlier
than in sixth and sex&gth grade but in approximately the same way. The
general direction in teach the formulation and solution of equations .
nas maintained in the fizii\;Ear, solving problems by the arithmetic'
method; later,.constructing simple algebraic expressions reflecting the

| problem's individual elements; and finally, constructing equations. The

- algebraic method of solving ﬂ%nblems is introduced on the basis of the
arithmetical one and in contrast to it.

The proposals formulated by Pchelko took approximately the same
direction [47]. But he approached the sclutiqaspf the question ﬁQZE
cauticlsly. Pchelko wrote:

, , 0f the two basic meihodS'of solving problems, the arithme-
tical one will occupy the leading position in the primary grades
‘under all conditions, because the arithmetical structure of the

majority of problems solved in primary school is such that it "N
makes use of the algebraic method superfluous [47: 68

E

™ As an example for which '"the algebraic method simply does not make sense,"

he cites this problem: N

#
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Two trains left two cities at the sam® time, heading .
toward each other.: One was going 40 kilometers an hour and
the other, 60 kilometers an hour. “:The trains met in 4 hours.

Determine the distance between the towns. [47: 68}

g At the sane time Pchelko considers it expedient to use equationm
construction in fourth grade to solve simple problems on finding an un-
knnwn minuend wheh given the subtrahend and the difference, finding two
numbers from thelr sum and ratio, and certain others. He proposes that

v thé:géry simplest equation, such as “these should be solved on the basis
of knowledge of the relationship between components of the arithmetical
operations. Since these relationships are at present "studied funda-

" mentally" only in fourth grade, Pcnelkn considers it possible to intro-
duce suitable equations only in that year, in order to use the algebraic .

- method of solving in fifth grade for complex, "intricate' problems :

| o Thus even here, as with Skripchenko, it is a matter not of changing

the«system of teaching problem solving as a whole, but only of introducing
equations a little earlier than is done now, in-order to make it easier

for pupiléftn-solve-more complex problemg and to save some of the time

it es to cover the curriculum. ' |

Another approach to the question nndér discussion was outlined fn
an article by the authors of this book [40]. We proceeded from the fnct
that the/nlgebraic method of solving shifts the focus of attention from

" the calculation process to the analysis of the relation between datn

and unknown, énq that‘such a method requires compreﬁension of the mathe-

L

matical structure of the problém as a whnle'(in'the arithmetical method
the pupil’s attention is often taken up by individual, particular prob-’
lems and the whole is overlooked). '
) The dlg%?raic approach to problem solving thus suppeses a higher
level of. generalization, and makes greater demands on the ahility to
perform analysis and syntlesis, than the arithmetical approach. There~
fore conscious mastery o%{the élgebraic method-of solving complex prob-
lems should be preceded by special (prolonged) preparatory ‘work, the aim
of which would be to gradually instill suitable skalls in the children.
This is why 1t seemed necessary to us to condnct such én‘”algebnaic
préparatory course,' beginning in first grade. In’'the ténching experi-
ment organized during 1962-63 under our direction in the fi;st grade‘of

the V. I. Lenin School (R. F: Sen'kina, teacher), this prepératory work:

0~ | o ' ; l‘j\( | B ., "1 "'
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- was begun from the moment the children were introduced to soiving very
' simple‘aﬁditian and subtraction problems [39]. The children were syste-
: ‘matically taught to discern closely what is known from the problem'’s
conditions and what is not known—what has to_be found. In the notation
for solving thesg problems, x was introduced immediately to designate
thé unknéwn number, and the children had to learn to express the unknown
_'in terms of the known quantities with the aid of the signs’of the arith-
metical.opgrations. | _ |
Let us show byvexémples‘hdw the pupils themselves explained the
course of ﬁhgir solutions. Repeating the problem given by the teacher, '

the pupil imﬁediately isolated the known from the unknown. For examéie:“ g

We know that Kolya had 5 stamps and that his papa gave him o _ ‘\ 
1 more stamp. We have to find out how many stamps in all
Kolya had then.

Further reasoning goes like this:

I call the unknown x—-that's how many stamps Kolya
had in all. We know that Kolya had 5 stamps and his papa
gave him one stamp. So he had mogre stamps. We need to
add 1 more stamp to the 5 stamps. I write x =35+ 1. Now,
I'11 figure out what x is (calculates -mentally and writes),
x = 6. Kolya had 6 stamps in all.
It can be seen 'from this course of solution that here (as in the
problem involving "oncoming traffid' cited in the Pchelko article),
neither the introduction of x to denote the unknown, nor the construc-
tion of an equation, by themselves'made the problem any easier to solve
(at first it even perhaps complicated the pupils' work somewhat). How-
ever, as we said above, it is necessary to evaluate the expedience of
such work according to its use in preparing students for mastering the
algebraic method of solving complex problems. From this standpoipt it is
highly significant, since with such an approach, from the very beginning,
problem solving is ciearly divided in the children's minds into the ﬁoll&w—

ing stages:

1) discerning and delimiting the data and unknown;

‘A 2) designating the unknown by X and writing the relation \ B
between unknown and ‘data in the form of a definite mathematical ’
expression; . . . »\

3) finding the numerical value of the unknown. B
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equdtions.
Evén.in the first. gradé the ¢hildren were intxoduced to so—called
Mreverse" (or "indirect") problems in adding and subtracting (problems
involving finding one of two addends, given the sum and the other addend;
finding the minuend given the subtrahend and difference, and others)
Problems like these were pert of the first—grade curriculum in the past
but were tranSEerreq to the second grade in 1950 because of theilr extreme
difficulty for seven—year‘olds. The expediency of this decision rai§$d°A
"doubts from the very beginning. At that time, in 1950, Menchinskaya
observed thgt ;gifficulty in learning is no argument” and that 'we should
have striven to overcome the difficulty first graders had in learning [36:
73]," taking into copsideration the psychological value of these problems
~ for edocation in thisffirgt year of school. This consideration was subse-
quently reinforced by an analysis of the difficulties linked to studying .
lwproblems expressed in indirect form, in second grade.v The analysis |
showed that rejecting these problems_in first grade regularly leads the
children to adépt an Incorrect approach.towérd problem solving !in general’
e [43]. _:.1A‘f“ _ - ’ . L
. There was every reason to sliippose that solving reverse (indirect)
problems in first gradehwould facilitate development of the children's
ability to grasp the problem as a whole and to choose an operation
consciously on the basis of adequate analysis of the conditions. Consid~
ering direct and reverse problems at the same time creates conditions
“which preclude the deVelopment of stereotyped solutions and-which do ‘not
permit children to establish a mechgnical tie between certain isolated
worde in the text of. the problem and'a particular arithmetical opera— ﬂ
tion.lo L ) . o , ) ‘. *
: ) . There was endther éurpose‘in introducing problems of this  type into-
the experiment, that of~gra§ually“preoaring tpe'pupils to use the metho&
N ~

101heee considerations were taken into account in an experiment per- -
formed under the direction of Zankov [73]. In connection with teaching
"problem qolvin?~§h first grade, this experiment attaches special signif-
’icance to reverse problems and comparison of them with direct ones. '
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. of setting up equations. 'To this end, in solving reverse problems, x -

(lana N

was used to designate the unknown. The solutioh of a problem on finding "
one of two addends from their sum and 8 second éﬁdend for example, was’

written this way:

2t 3= 75 x=7 - 3; ;_g =4

o

. h ¢ ¢’ : ' T
The transition from x + 3 = 7 to x =7.- 3 was accomplished by analysing

the concrete life situation described in the problem. For example, this

problem is solved: . S . N

.

')

v There were several pencils in a box. The teacher put 'f\ll
in 3. more pencils. Then there were 7 penails in the box

altogether. How many pencils were there in the box at - -

irst? . . v, ' . \

¢

The pupil explains that to answer this question, one needs fo' take all
seven pencils.and lay aside ("take away'') the three pencils the teacher
put in. Then the pencils which were in the box in the beginning will

" iremain. By solving ‘problems of this kind many times and carrying out the.

reverse assignment of composing problems from a given solution, the pupils T

. accumulate factual material which prepares them for realizing in general

. form the link between componepts of arithmetical operations. Conseious—

»

‘of solving componnd pnnblems. Let us show this.with an example.

ness of these links is a prerequisite for solving first-degree equations

11. v
in one unknown. ' .

K

Preparing first graders to make equations was not limited, however,

to solving simple problems. Changes were introduced into -the methodology.

-

There were 8 .pieces of candy in_ a bowl. Four pleces were
eaten, ~Mama put 5 more pieces in the bowl. How many pleces
of candy were there in the bowl then?

_ The gupils in the experimeniél'class reasoned and wrote the solution-to

N fe .

.
.

llThe feasibility of using x in solving reverse problems in first

‘fgrade, and- the feasibility of teaching first graders a general method

‘what differently than we do.

of solving these problems, was demonstrated in Kossov's work [30].
This is borne out by the experiment conducted In the schools of the
Sverdlovsk regién under the directidn of E. M. Semenov, although both
authors .approach formation of such a generalized solving method some-

.
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this proolem in the following way: ‘ S

AN It is necessary to find out how many pieces. of candy
‘there were in the bowl then. I'll call that x. We know
that there were 8 pieces in the -bowl, but’ 4 pieces were

"' eaten~-s0 there were fewer—you have to take away 4.

Mama put another 5 pieces in—you have to add 5. Then

x =8 - 445, I'll calculate what x equals (calculates

and writes down x = 9). There were thea 9 pieces of

candy in the bowl, :

' By such a method of analysis, the pupil mentally grasps the entire solu-

\tion of the problem as a whole before he proceeds -to calculate.
Other forms of compound problems were’ approached in a similar way.
*.In order to form the children s capacity to analyze and synthesfhe,
generalize, abstract and "concretize," techniques of analyzing‘a.prob—
len's condition, such as scﬁ‘Patic and object illustration of the con-
dition, we . constructed, or had them construct, diagrams reflect&ng the
link between data and unknown, and o{hers. All of ‘these techniques wvere
used not only by the teacher, but ‘by the children alao.

To prepare the children for algebraic generalizations {n the later
grades, we gave them, after they had solved a large number of problems .
with numerical data, analogoua probleiy questions without numbers, in '
which they had &erely to indicate what operation of arithmetic was needed.
to answer .the question. Fer example,. the teacher would say, "If you know

_how many books aré on one shelf and how many are on another, then what
~ operation do you use to find out how many books in all there are on the :x
shelves?" )

The first experiment conducted in this directlon, in the d I. -~
Lenin Séhool in 1962-63 gave positive results. The above mentioned inno-~

_vations had a beneficial influence gn the way the children learned the
entire curricular material, and not only permitted, the curricular liaits <
to be exceeded, .but also significantly raie d the theoretical "level of |
pupil ssimilation of mathematics study m terial in first grade.

'6§/éexperimental program calls for, in particular, implementation

of the algebraic preparation, im connection with the instruetien in

4
F]

problem solving which was considered above for first grade.

In the next grades, this work receivés further develop&ent. Thus
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A \ﬁxfihe second grade, in generalizing the vnét factual maté;ﬁgl'accnmu—‘
lated during their first yegr, the children learn, in general form, the
rélationship between the componeiits of the. arithmetical operations.l On
this basis, they solve problqms which are'eésentiAlly elemcntary first-
degree equations in one unknown.
In third grade, they become familiar with using the method of
ahuation construction in snlving problems such as: -
A housewife bought 3 kilograms of potatoes at 10 kopeks per

kilogram and 2 kilograms of cabbage. She paid 62 kopeks for the
whole ‘purchase. How much does 1 kilogram of cabbage cost?

' The equatiol constructed from the pro}flem's cohditions can be solved by

: knowing the relationship between th componentsbof the arithmetical opera;.

tions. The pupils reason this way:

*  The housewife paid 10 x griopeks for the 3 kilograms of -~
_potatoes, and Y (x 2 kopeks for the 2 kilograms of cabbage,
and the entire purchase cost 62 kopekg. Then 10 x 3 + yx 2
= 62. To find the unknown term, it is necessary to subtract.

the known term from the sum: yx 2 = 62 - 30, yx 2 = 32, s

"To find the unknown factor, the product has to be divided
by the known factor: y=32 2, y= 16 One kilogram of
cabbage costs 16 kopeks. N
“Other problems which reduce to” constructing and solving first-degree qf
equations in one unknown can be salved in the same way. )
"Furthermore, beginning in second grade, along with solving problems
constructed on specific numerical material and problem questions with-.
.out numbers (discussed‘above), the children become familiar with solving
<
preblems in a general form, in which the assigned and unknown values are
designated by letters. Problems like this are solved
The first‘day, A kilograms” of potatoes were sold, and on tle
second day, §(kilograms. How many kilograms of potatoes were
sold 'in the two days? or, There are A students in two classes.

There are B.students in one class. How. ma studénts are there -
in the other class? , . :

(Solution: x = A - B.)

_Problems of this kind, formulated and solvig in general\form, are made
specific by the children, who give A and B distinct numcrical values.
In the experimental classes, exercises in indepenéent construcfon

141

T



" &
£ »

~
- 4

,_.‘} of problems, from a prepared. solution and from a schematic or brief
notation of the cendition, are systematically gonducted. After problems
with letter dataf%ave been introduced, problems .are constructed according
" to formulas as x = A + B, K+ X =3B, x - "A = B, and the like. These prob-
lems are constructed both in general form and with numerical data (depend-
ing on what the teacher‘gssiggs). The exeverse assignments‘are also given.
For example, a probiem'with nunerical data is used to-set a general form.
All these exercises, as _observations show, help the chiidren to be-
come’awsre of the features of a problenu They begin to identify\what‘
innumerable distinct, concrete problems which are mathematically identi-
cal have in common, and the basic differences which determine the choice.
of different arithmetical operations in solving problems which appear
quite similar at first: glance, for example, solving a pair of problems
involving finding the sum of twa addends and finding one of the addends
from the sum and the other one. They are good training for studying how

the components of ar{§§ﬁ€fical operations. are related.
The use of al 1c symbols thus promotes more thorough. mastery”of

S

arithmetical materi‘},qEThe exerciges described, moreover, are found to
be very useful in developing children's capacity to generalize, abstract,
and concretize. In this respect, the use of letter symbols has proved
‘successful in considering the, basic properties of the operations of
arithmetic. N ) ’ S
In second grade the children learned, with full comprehension, to.
write the commutative property of addition and multiplication in letters,
and,in third grade--the distributive property oﬁ multiplication over
addition, various methoos of addiog.(and subtracting), the associative
propéerty of addition, and others. In this case, the use of letter sym—
. bols helped the children to tormulste sppropriate propositions in general
" form and to cite cancrete‘examplesvto illustrate a general rule.
The system we have Outlined of progressively training pupils to
construct equations in order " to solve problems in thefprimary grades,
of progressively introducing letter symbols as the generalization of the
ar{thmetical knowledge which the children have built up, nedds, of course,
to be seriously testeq by experiment. The experiment begun in 1963 in

18 classes of six schools has been expanded and is continuing, as we said
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above. It 1s also necessary to experiment with bth%r possible
. approaches to solving the problems raised. However, the data from
the .preliminary experimenté described above demonstrate that an

earlier introduction of elements oflalgebra is completely ybrkgblg

;and can be successfully devéloped in the future. =
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CHAPTER V .
GEOMETRY IN THE PRIMARY GRADES®
R . 4

Questions of subject matter, system, and meéhods of studying geome-

e'ltric material in the primary grades are still far from settled. Recently, A :

interest in them has ,grown especially in connection with the need to -
raise the level of mathematics education in school, to strengthen the
' connection between instruction and life, and to $ntroduce polytechni-
" cal education.’ In the light of these goals, and the.current state of
- affairs no one can be satisfied with geometry preparation in the primary
.grades. ' '

<

Let us ooneider, first of all, how the aims of including elements of

N

w

geometfy 1in the primary mathematics course are stated in the explanatory

__ ,note to the.present urriculum .
- ; S
The chief task of geometric work in the primary grades is,to
give children clear—cut visual images of the line 'segment, angles,_'
the rectangle, the square, the cube, and the rectangular parallel-
epiped; %o consider certain preperties of figures; and to use this
< knowledge to arm'the childrer with practicadl ghtlls in measuring
Coo length area, and volume [12:53-54].

The importance of instilling‘gﬁatial conceptionsf}s aigg-stressed in

statipg the‘general a of arithmetic instruction, and <in considering
7 the bases of'methogolp:i

N
L1

——the practical direction of work in geometry.
Thus, at present, the ‘study./of geometric material in the primary

;rades is aimed chiefly at practical geals, since donsideration of the

properties of figures and the formation of apprqpriate concepts help

to arm the pupils with the practical abilities gnd skills neceseary for

solving practical problems in caloulating»a?ea or volume. !
Perhaps, in connection with this, the sgléction of geometric mater-

- ial is largely a matter of chance. In fact, neither the explanatory

&

lA. F. Govorkova participated in writing this chapter.
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note to the curriculum nor the basic methods handbooks in arithmetic
make any attempts to justify the selection of the material comsidered in
gradés lfthrough J. “One can only suppose that figures such as the rec-
tangle and square are chosen because of, the relative frequency witn which
they are encountéred in practical‘problens requiring calculation of area,
and the ease with which these problems can be solved. Apparéhtly, the
,same criteria dictate the choice of the cubeﬁand rectangular parallel-
epipgdffor determining volumes.. - .

. The curriculum and methodology noticeablysfail to consider carefully
what geometric work in theé lower grades might best prepare .the children .

for the regular geometry course later. The same tende! cy which we noted

earlier in criticizing the insufficient use of generalization when working

with primary séh‘llchildren, is clearly evident. both in the selection of

material and in the teaching methods. ' ‘ '
Actually, the.same procedure is followed hereipteaching only certain
practicél material (mainly through sense perception) in the primary grades,

~and putting off generalization and the transition to operating with con-

cepts until the futuré. Here the objective is not even to establish a
lik between the facts considered. Only this tendency to put off general-
ization can account.for the stipulation in the currxiculum that the chil-

"dren Ee familiar with‘the streight line and the line s&gment,‘but not
- with the half-line; that the children deal only with equilateral tri-

.angles during the egptire four years of schooling, even though they are

familiér with the trisngle from the first steps of instrucgion,'and study
angles after that; that ‘they arefnot even bed to understand that the rec—
tangle and the sd’are are_varieties of the quadrsngle; and so on.

But even this direction in the curriculum is not followed with the
necessary consistency. Suppose tnat the selection of figures is made
according to the approach stated above. -Then the question naturally
{comes up, why are. figures such as the circle, and solids such as the
sphere and the cylinder, familiar to the children and often encountered
in their school and play activity and in practice generally, omitted
from the curriculum?

Furthermore, 1f the development of children 3 spatial concepts 1is

considered one important purpose of teaching geometric material in :5;{
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primary\grades, then why not introduce  exercises which woulé réquire the
children to rec®nize familiar forms, not only in isofgiioh,rbut also
‘pnder more eomplex conditions, in thch, say, a familiar figure is ‘an
lLémeﬁt of a more complex configuration? This is clearly very important
-bath‘for applying acquifed knowiedge to practical problems and for pre-

) paring for later work in geometry.in the uéper grades. ‘

Furthermare, the authors ef“the curriculum and of textbooks“ere very

' cautdous about usiné mathematical terminology. In order net to intioduee
the term "rectangular parallelepiped,” they go so fyr as to state the'
rule for computing volume in this way:> |

To calculate the volume of an object.sych as a drawer,

\ .» a box, a room,etc., one must measure its “length, width,

: and height ‘using the, sane unit of measure, “and multiply
the numbers obtained. The product is.always in cubic
* units [50: 139]. :

*'We séé thet,rejection of a term leads to an inqccurate dtatement. In
otherxease;; although the circumlocution chosen éo replace a mathematical
term may describe the'eaﬁeepg accurately, it takesAlonger to say, For .

example, ''the sum‘ef all‘ﬁhe siéé% of the rectangle" iestead of "the

perimeter of the rectangle,” and ihe like. sStill, familiarity with the
most cofiion mathematical terms is xnecessary for successful continuation
of instruction in the upper grades. N The~ conside?hble difficulty children
meet when they bBegin to study the regﬁlar geqmetry course occurs partly

. because in primary qchoal they were,pobrly.t:ained to perceive and use

the tprSe, accurate mathematical l;hguage with which ihe mathematies

- teacher operates. / I R ) !

~~ . QObservations and special experiments lately conégcted by pgycholo~
gists and methodologists give %é reason to assert that ﬁ%e exceeding
caution displayed in this :igpeet in curred teach}ng practice can be

“attributed only to an underestimate of the pupils' potedtial. 1In the

licht of the new goals confronting our gchools, the necessity of revibxng

the subject matter and method§==s;§tu ing geometric material in the
‘ .
J ¢ ey

primary grades is obvious. A { ..‘_~ S

4, e

1t 1s in this Lonnection that, gn the practice of individual teachers,

and in.experiments by different groups of teachers, methodolo%}sts, and
: ‘ . Coem

]
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scientific research institute workers, a wide scale search is being made o

vfor the most rational way of improving teaching in the primary grades in

‘this direction., More and mhre often someone calls for expanding the ‘
content of the geometric material considered in the lower grades and pro-’
poses thé introduction of a number of new figures (for éﬁamples,ﬁthe
parallelogtam, rhombus, cylinder, and others) to supplement;those now in
the curriculum. - ' | , ‘

Tt is proposed to include in the curriculum new topics which are

especially important for a more thorough and cons¢ientious study of the

‘ " properties of the figure's considered (for example, parallel lines and
the concepts of horizontal and vertical, among others). . Howe;er, revision

‘oflthe cufr}culum should consist not merely in amending or supplementing

the nomenclatute of the objects under consideration, or in adding a few

‘new topics ‘to those now included.” It is importantvto eliminate the lack

of system in the early introduction of geometry, and the lack of direction
'n. " in working with this material. '

In particular, it is necessary to decide what place ggﬁmetry is t§\
occupy in the elementary mathematics course. Should it' be pqt“to the
éervicg of arithmetic and function chiefly in the visual interpretation
of arithmetical facts, laws, etc., being considered? Should geometry
'problems merely demonstrate one practical application of arithmetie, or
should geometry be given independent lmpd’éance in the course?

.~ An analysis of the current curriculum h;; convinced us: that ds long
as geometry occupies an insignificant, subordinate pbsition in relétion
to arithmetic, it C9nnot serve to prepare children for&the regular geome<
try course. | ' .

Obviously, the approach toward geometry in the mathematical training
of younger students should be somewhat independent. But does this mean
that géometry should be singled out as a separate, independent academic
subject and that the study of arithmetic and geometry ,shoutd eed
along par;llél lines? o '

An idea that has recently gained wide prevalence, that 65 creating
a single mathematics course combining arithmetic with elements of alge-
bra and geometry, calls for g course in which all ‘these clements are
shown to be inseparably related Of great interest in E}iswconnevtion
is the questdion of what general approach might subsume the study of

~arithmetic and geometry ih the primdry gradts




‘ )
_ Deserving of the mest'sefious attention, we think, is the approach
tnééglving this problem outlined in the works of Pyshkalo ‘[58] and
NeGhkov [46], co-workers at the mathematics sector of the Institute of
General and Polyteehnieal\gducatinn of the RSFSR, Academy of Pedagogical
Sciences. Tbe Institute developed just such a program for teaching first
through eighth-grade mathematics, in which arithmetic, algebra, and geom-,
setry ‘are interrelated. The main idea unifying this course, and helping
to show the organic connection between aritnmetie and geometry problems,
is the theoretical-quantitative approach. _
| ;Indeed, the operations of joining two quantities or of removing the
‘appfopriate part from@¥quantity, the concept of intersecting quantities,
and the like, can all be interpreted both by using numerical quantities
and by considering geometric figures as loci. bf(course,’this idea needs
careful elabcration with regard to the goals of elementery instruction,
and to the way primary,schoolchildren think, and then experimental veri-
fication, but the work in this direction is intutesting and productive.
Hoyever the above approach, relating arfthmetic to geometric mater—
ial in the elementary mathematics course, cannot by itself detevmine.what
speeific geometric material should be studied in the primary grades. The
o task of interrelating children's concrete\and abstract tainking should
5\N¢ play a primary role in 5solving this problem. Elementary instruction in -
. e
geometry should by no means be limited .to instilling wcertain spatial
concepts and practieal knowledpe and skills in children,, The procedure
for teaching geqmetry should create conditions*for more extensive use
of generalization. It is necessany to plan the transition from notions
to concepts.: This need is dictated primarily by the aim of preparing
¢hildreh to study the regulur geometry course. .
However, in empn;sizing the preparation of the pupils for later study
of geometry, it should not be forgotten that the theoretical level of their’
éeometrylpreparation can be raised pnly by systemétically and purposefully'
enriching and developing their sensory experience, and that practical
actions with concrete objects should help the children fo discover the
specific characteristics of their Torms, and the relationships between
different geometric figures and their elégents, and thus help them to

make suitable generalizations and abstractions.

-
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‘qukg;agple, by solving the elementary practical problem of fashion-
ing a triangie from three sticks of arbitrary length, the children will
.be convinced, from their own experiences that a triangle can be made not
; only from equal sticks but also from sticks of different lengths. And
they will meet a case in which a triangle cannot be made from the sticks
(the teacher‘shoulq make sure ;his happens) . Even 1f it is 1ot stipulated
that the children know how ‘the sides of a triangle are related ('Every
side of a triangle is less than the sum of the other two sides"), practi-
cal work in the primary grades will provide most valuable material for
acquiring the appropriate knowledgeulater. |
" Practical work should be of help not only to accumulating material
for later generalization, but also for teaching children more rational
‘ methods of operation. Thus, in solving different kinds of p£;:tical
assignment; reated to measurement (for example; meaéuring a broken line),
the chiidren can actually perform various operations leading to the same
goal by different paths, and from their own experience they can discern
S which of these ways ig more rational. For example, in measuring a piece
| of wire which is bent in several places, they can measure the length of
! each section, éhd then add up the nu&bers obtained to determine the length
/ of the piece; but they éan alféo measure its length all at once, by |
straightening out the wire. ' -
| " In organizing practical work for the pupils, one §hould always remem- .
ber that concrete and abstract thinking should be developed interdependemtly.
von When ensuring that the children's éensory expi lence is broadened, |
.one should simultaneously help them to develop the ability to abstract
themselves from these iﬁmediate perceptions, which reflect certain irrel:
evant features of the figures a; well as relevant ones. Inability to
abstract oneself from an inessential‘can‘often hinder the formation of
rsuitable concépts. Below. we will dwell especially on this question, since
we think it is of grave lmportance for inculcating a’ geometric approach
to analyzing the\objects in the environment. ' .
In selecting the geumetFic mﬁter;al, it is also important to take
into consideration What information gbout geometry the children desire
or ;eed in school and play and‘the daily conditionsigf life. In partic-
,ular, it is netessary to give special attention to inteérdisciplinary.

»
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conditions. It is well Enéwﬁ that in lessons in many académiCAQubjecﬁg,
pa;ticularIy labor inétruction, dréwing, and natural history, students *
will need much of the information and many of the skills and habits that, by
their nature, should Je introduced in mathematics lessons. .
Aﬁ the same time, the connection between subjects should be estab-
1i§hed in other ways beéides including, in the mathematics program, certain
questions needed in work with aﬁher subjects. Obviously the connection
™  sghould be two-sided. Thus, let uSusay,rinJQOrk lessons or dréwing lessons,
there are extensive posgibilities for clarif&ing and. developing children's
spatial notions and helping them to form 'geometric Qision '—the ability
to see the form of objects, to compare the shapes of different objects
in the environment Work lessons shodld be used, in particular, for mak-
.ing varipus figures and for applying sketching and measuring skills to the
job. ‘ . , R
All this doubtless rgquires serious changes‘in the méthqdolog§ of the

teacher's work. Our goal is not to work out ir any detail methods of
considering geometry in primary school. We would only like to outline’

- and discuss certain specific ways of improving present teaching practice
which caﬂ:be utilized even under the current curriculum.

First, if we want to raise the level of generalizations made in i T

< instruction in geometry (mentioned éarlier in regard to arithmetical
material), it is necessary to make a number of changes. For example,
there is no reason why children who are familiar with trianglesénd
quadrangles should be artificially prqtected from knowing .other polygons,
Even if, after exrlaining to the children why ope figure is called a’
tfigngle (three angles) and another is called a quadrangle'(four anglesx,
we then, showed them a pentagon, hexagon, and heptagon and tpld them,to {
name these figures,* we would not.say that this broadened the program.‘
This would not be an examination of new-figures but merely awareness of
the principle of how they are designated. At the same time, ;his exer~
cise would elﬁ the childrendto realize that the figures examined are.

particular cases and that a number-of others may exist besides then.

N g 2

’

% . . ) L
Russian-speaking children could, because the suffix —ugol'nik
remains the same for all of these terms (Trans.).
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‘ This’is.of no little importancevfor developing the children's thinking and.
. extending their mathematical field -of wvision. _ '

‘Furthermore, if we want them to form a general notion of, say, a tri-
angle, we must by no means limit their experience to knowledge of the .
equilateral triangle, as is done now (this, by the way, is stipulated no-
where inﬂthe curriculum), but on the contrary, we should®take care that
children have the opportunity not only to observe but also constantly to "
meet triangles of various shapes in practical work. Sketching exercises, .
construction exercises, and. the like, should be eelected accordingly.
| In Chapter I it was showm thgt the two most important‘conditions for.
forming concegts are wide variation of nonessential features, while keep- |
, ing unchanged the es§ent1al features that enter into the substange of ‘the
concept being formed, and variation (complication) of the conditions
under which the pupil is to apply the concept being formed.
:.' These propositions can, in full m measure, be extended to instilling
. generalized geometric concepts. Here it is important to vary the models
the children are shown, and to ehange the conditions under which they are
to recognize a certain figure. By slight moQification of textoook assign-
ments, one may use them to this end to a greater~extent. In studying, .
<say,'the numb&r 8, besides having the children mak??' small squares with - .

8 sticks,'it is also ueeful to- tell Lhem to make a big square with the ‘ L

. . L '
eame sticks. s+ ‘ ; . 4 ‘

LR

. In’ addition tb the figures given in the eppendix of the firstegrade

_text, one, should use sets of cdrdboeard: squares. and circles of diverse

[

sizes and colors. Then it will be poesible for the teacher repeatedly to

-

call the children s attention ‘to the fact that squares can differ in’
®
various Ways, in color, size, and SO on. s

_ Not only ehould the size and color of the figures for demonstration
vary, but also, witheout fail their position in the plane (children often
will 10N recognize familiar figuree if a drawing shows them in an unusual
position) Therefore, when se&ting the figures out on Lype ~settiing linen
or attaching them to a board with plaqticine, it is necessary to ke sure
that. their position on the plane is not the _same- Bvery ‘time.

. If it is nece@eary to vary the models of a certain shape widely in
prder to form general concept&, and then to diﬁferentiate the eoneepts,

the most important thing is to compare various figures somewhat more often.

1
S
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Exeréises in figure-making can be very useful matetial for such compari-
sons. Thus, after the children have been toid to make a square and a.
rectangle from*sticks, it is useful to ask how many and what kind of
sticks are needed to make a square, how many and what kind for a rectangle.
By answering this question, the children become more aware of the differ-
“ence between a square and a rectangle.

Exercises related to measurement, aside from their importance for
evolving measuring skiils, can also, under certain conditions, help the
childrén to differentiate \appropriate concepts. For example, before the
children are told to measure the sides of a given square and a given
rectamgle, they can be asked which,of the two figures depicted is the
-square and which is the rectanglc. After the children name the figures
and measure theig sides, it is important to call their attention. to the
results of the measurement. ILf the teacher repeatedly calls their atten-
tion to the fact that two pairs of identical numbers are obtained every
time the sides of a rectangle are measured, and that all four numbers
are identical when the sides of a square are measured, it will serve as
-good preparation for considefing_the properties of the rectangle a%i the

are in later.grades dand wi\ he a basis for distinguishing these

.

figures. [~
' 0f course, ome cannot carry out the tasks of refining, generalizing,
and differentiating the children's geometric concepts scparately. These
proc%sses are all intimately'relatedi However, first one and then another ,
of tﬁése‘tasks may take precedence. It is im?ortaﬁ& for the teacher to
keep these tasks in front of him and to ‘work conscientiously and purpose-
fully to develop the children's spatial ideas and not_hope that they
. will deVelop by themselves. | . A '

% Later, the children.should be taught to discriminate figuresg to
relate them to one category or another'zzy)mercly on the basis of external
similarity or difference, but onghhe Qg 1s of analysis;~of sides (equal

3, : or unequal, what sides are equal) and angles (right or not). That is,
| by consciously singling out theé significant features and abstracting
. them from the Ynsignificant. ‘The mcthodg}ogy should envision systematic
work tn this direction. ’ A

The process of mastering concepts, is Lhe process of Lrnnsforming

v FIEEY
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/. what knowledge the children have into still more generalized and differ-

entiated knowledge.. Let us demonstrate this by example. ’l‘rythis-v
experlmentfnith the children. Tell them to classify several small card-
board figures. Let the rectangles differ in the ratio of a@jacent sides
. (6 cm. long and 3 cm. rwide, 8 cm. long and 1 cm. wide, etc.). Tell the
children to-locate all the squaree and. all the tectangles, and to lay.
aside the figures that can be put neither with the squares nor with the
_rec&angles. The children will flnd the squares, but they will name as
rectangles only those figures whose wldth is two or three ~times less

than thelr length. Long, narrow rectenglee they will call 1rulers,
"little stripes," or '"columns.' K This mistake is quite often encountered
in children. To what can.it be aseribed7 The point is that the changing
ratio of the sides changes the external appearance of the iigures, making
them beéar llttle resemblance to- one‘ahpther., Relying on the external A
resemblance of thé figures, the children do. not regard figures dissimilar
to the eﬂenderd ones as ‘Tectangles. N ’

.1t is very lmportant for the child to have simllarfdiffiLuLty later 6
when he learns other toncepts of geometry (parallelogram,,trapezoid, etc. )
There the changing ratio of the sides makes variations of the same geo-
metric shape dieeimilar. . The mistekes will-disappear only when the chil-.
* dren learn to relate’a number of flgures to one cetegory (say, rectamgleej,
‘not on the bagis of superficial gimilarity but by discerning essential
_features and ebstrecting.them from the inessentials’ Thas, knowledéeiof

the properties of figures and mastery of the coneepts "square” and "rec-
tangle' allows us to overcome the linitatmon on Lnowledge that inevitably
result$ from letting ‘the children approach geometric flgures from the

standpoint of supérficial resemblances and differences. " As children form

geometric concepts, their knowledge of shapes rises to a new level end ..

becomes more generalized and dlfferentlated

However, it is not enough simply to impazt to the pupils information
. about the properties of geometric fipures; it is necessary to organize
work for mastering these nropcrtieS: we shall not list here exercises
which can be used to this end, We shall only observe that those in whicX.
it is neceeeary to use knowledge of the propertles of figures attively,‘

to manlpulate geometrlt forms, should occupy a central posltion among
f . { :
them, " oo , . _ B .
. . ’ . .
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In exercises which require the cﬂildten to measure tﬁe sides of a
given rectangle, to find the perimeter of a square with one side equal
to so many cgntimeters, oyp to draw a rectangle whose sides ;re known, the
children deal with an assigned and named figure. But to develop concepts
of éhapes, assignmeqts which requiré them to determine what the figure
is, how it differs from another figure, why it can be called a rectangle,
‘and so on, are-of great {mportance.‘ The text has very few assignments
of this type. UVowever, the teacher can easily supplement the textbook
by having the children work independently with teaching materials. For
example, every pupil gets a small card depicting a square and a rectangle
that is nearly a square in the ratio of its sides. The assignment is
stated ‘like this: '"Measure the sides of the figures on the card and deter-
mine which one is the square." | ) S

In doing the assignments discussed above, it is more often necessary
to use‘one of the ésséntial features of a cencept (equality of 'sides:
all the sides of a square, opposite sides of a rectangle). It is also
.important, ho&ever, to give the children exercises which will bring
anothe§ feature, right angles,‘in}o consideration. 1’

The role of this second feature can be dembnstrated to them only if
exercises are conducted in recognizing right-angled figures amoﬁg figures
that'are not right-angled, as well as by comparing a square and rectangleﬁ
Especi&ily valuable In this regard are é%aiqnments requiring the children
tg recognige squares among rhombuses, rectangles among parallelograms.

The curriculum for the primary grades does not stipulate the.intro-
duction of rhombuses and parallelograms. Therefore in conducting the
corresponding exercises, one may distingﬁish between a ''square' and a
"non-square," a "rectangle' and a 'non-rectangle." In practice, appro-
priate classwork can be conducted in the following manner. The teacher”
distributes cards to the children which show geometric figurés {(two or
three, and a larger number later) in various positions: for example,
let one card show a square and rectangle, another-—a square and a rhombus,
a third--a square, a rhombus, and a rectangle (or rectangle and parallel-
ogram), and the like. The children are to find a square among the given
figures and to measure its side (if the work is conducted in seconﬁ

grade®, or to calculate the sum of all the sides of the squgke (third

grade), or calculate the-area of a rectangle (fourth grade), and the like.
- x
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‘Such exercises will make the children-ectively use the knowledge they
have acquired and will facilitate the formation of theinecesSary generali-
zations. L -‘ ' .
if,bfurther, we wish to develOp propositions whose comprehension
requires intelligent abstract thinking by the children, which will not
remain empty phrases for them, then we should plan a. system of exercises
- in which these abstract&ons!will be replete with concrete substance, For
* example, if WL'introduce the concept that a straignt line can be continued
as far in both diifctions as one likes, then it is necessary to reinforce
thiﬁ proposition by making the children apply it :in practice. PyshRalo
\ - and Neshkov used a good exercise of this kind in their experiment {58}-
The children were given a drawing of a straight line and several points
on the line, outside of it, and on-the mental continuation of the line
segment “traced on the picture The pupils had to enumerate the pointé

" lying on the given line. . : .

We have'already mentioned'that the;ahility to see and recognize
*  familiar figures, not just when they are isolated in a drawing but also
when they are elements of more complex configurations has great signifj-
cance for later geometry work "in the upper grades. 1f we want the chil-
dren actually to learn this, we must create teaching conditions under
which they will repeatedly:earry out the.proper exercises. ,
The simplest of them is, let .us say, to enumerate all the segments
obtained when om a straight line there are given-sfour points; ail Lhe'
half-lines that can be formed here, and so on. ‘When introduciné a figure
. as a locus of points, great nosaibilities'ara opened up for considering
various instances of the intersection of two or of several figures. Suit-
able exercises can easily&be-relsted to an explanation of the new figures
obtained. ’ ) ‘ 4 - ) N
Quite useful, too, are exerclises in whicnjthe chiléren themselves
.o ust construct new figures'from several given ones~~for example, con-
structing a rectangle or a square'from given trianglés (to” make the
N sultanle materials, it is enough to cut up“a rectangle or square into
the appropriateiparts). The chlldren.receive both these exercisés,Jand
Fif~iwtthose whici callﬁfor super imposing, rotation, parallel shifting of

figures and -the -iike, with great interest [71].

.l {3§? | >:




Elaborating and systematizing such exercises, and searching for
more successful methods of conducting them, is one of tﬁe most important
tasks now confronting the methodology of elementary mathematics teaching.

It is perfectly clear.that all the complex problems which arise
in connection with creating a s e elementary mathematics course, an
organic part of which should~be geometric material,. can be solved.only
on the basis of special experiments. But even now in.teaching practice,
fteachers can do much to kmprove the preparation of primary-grade pupils
for the regular geometry course. E g ‘,

The accumul;tian of experience in setting up systematiciexercises
.intended to formland develop concrete potions of shape, spatial position,
and object siée, exercises wﬁose purpose is to ‘instill the necesgary
generalizations and the first geometric concepts, can render an inesti—
mable service in subsequently devéloping the methodology of elementary ‘|
_ mathematics instruction.. |

LR .

s -
(L €




. 5 F -

| CHAPTER VI
DIFFERENT KINDS OF PUPILS AND HOW TO APPROACH THEM
IN ARITHMETIC INSTRUCTION

The preceding sections d}SCUSSed ways to improve methods of teaching
arithmetic, guided by knowiédge of the way in which schoélghildren assimi-
late material. Knowledge of the general features of learning is very
important for making mgthods of teaching arithmetic more effective, but
it is not enough. In the same %}asé, at the same level of instruction,
orie ggﬁngCOunter children who differ greatly. . Some comprehend the
material easily, while others are passive, and so. on. -

Teachiné,can achieve gooé results only when the individual psycho-
logical differences disclosediin the process are taken 1nto account.

But the question natufally arises, where and how are these differences
‘revealed? Their manifestations are extremely varied, and the education-
ally suitable method for approaching a child can be ensured enly if we
know what individual traits displayed in the procéss of instruction are
typical or characteristic of the pupils as a proup.

This chapter is devoted to a considerétion of the features typical
of tpe way primary schoolchildren learn arithmetic. -ig revealing these
peculiarities, we shall be describing an individualized approach to chil-
dren in the teaching procedure. It should be stressed that.such an
approach, can be effective ¢énly 1f it is consistently implemented at all
stages of instruction: when new material is introduced, when independent
_ exercises are organized, when the pupils recite, and in thelr homework
assignments. ‘

~ There 1s still another kind of work made especially for slow pupils—-
supplementary assignments. These sometimes do not bring about the desired
results, but only.because they are used with the very limited objective
of giving the pupils additional pragtice.with sohething they have not
mastered sufficiently. This narrow objective is attainéble by supple~

mentary\sxerciSQS, but when these pupils go on to new material, they
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have simifar difficulties %md again 18 behind.
To overcome this and thereby forestall»failure, it is necessary,
in effecting an individual approach at all stages of imstruction, to
‘set higher goals; that ;s, to chinge the individual psycholigical traits
of the pupils by cultivating those qualities of mind and charaeter which '
are insuff Lci\en$ developed

and forming a creative

‘ rausxng -their interest. in arithmetic,

tiatogy approach to school activity, using
every opportunity devq}op their capabilities.

Howcverl accomplibhment of these broader tasks, under the COnventiQnal

, classroom system of "instruction, encounters a number of difficulties. Under

¢

these conditions, possibilitiés for individﬁalizing the teaching procedure
-aga?very limited. At the same time, avoidance of failure and of repeti-.
tisp of a year depends to a substantial degree upon expanding the oppor-

tunities for individualizing instruction. But.how can organized class

‘a’tivity be changed to this .end?

»

Teachers are working on this question. Deserving of particular atten-
tiqn is the experiment of Budarnyi, who heads fhe Methodological Center
of Kalirin District of Moscoﬁ and who, together with teachers, is putting
new forms of lesson organizatxon into effect [8]. ,
- ‘By this system, the class is divided into three groups, depending \
on typical learming traits, or as the authors expresses it, on their
”schoiastic aptitudes”——higﬁ, average, or low. The, pupil groups work
with three different ver?ions of the assignments, gaining knowledge,.
ability, and skills at tﬁeir lével.” With such an organization, optimal
conditions are created for the pupils' systematic growth, for transfer
from one group to another-~—from a‘group of poorer puplls to a group of
better ones.

The educational aspect has considerable importance in this'system.
The children who learn the material poorly have the opportunity of getting
high marks by receiving aqsxpnmentg within their powers, and thig,has a
positive influence on thelr attitude * CAZard schoolwork and awakens a
desire to learn even better

Such an organization of the lesson is being implemented experimentally
in the primary grades, group work being combined with work of the class
as a whole. Further and expanded verification of this experiment is

— . : .

needed, serious work on creating differentiated assignments is in prospect,
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.and mapy methodologicél problems are still un;esolved; But one thing is
already clear; it is necessary to conduct the ledson in such a way that
the .distinctive learning traits of different students are.taken into
consideration.~v '
In this chapter, we shall pay particular attention to the gquestion
of the form in which children manifest certain traits when they are assimi— .
lating various arithmetic materials. at different years of schoollng Thus
 the reader, having learned from this chapter how certain individual
psychological peculiarities of schoolchildren are manifésted, will be abl
to draw conclusions in two directions: first,'how to study the children
by bringing out their distinctivé trailts, and secohd, the proper ways of
~approaching each . pupil individually. : L |
We will give basic attention to'describi;é'two types of pupils. ‘those -
with a high aptitude for arithmetic and those whg . learFfarithmetic with
difficulty. We have chosen .to describe two contrasting types of pupils,
but we will not limit ourselves to showing the psychological features
only in these, the most striking manifestations, but will try to show
how deviétions from the ﬁype*ﬁf pupil described might be displayed.
Thus, we direct the teacher's atﬁention to discernment not only of
similar but of different traits when he studies the pupils, and we point
'putithat sometimes different psychological traits hide‘fehind outwardly
“similar 6nes. Relying on such a study, the teacher will be able, in
- working with the class, to outline methods of individual treatment which
should be applied to the‘éntire group of pupils, and along with this, to
plan work wifh individual pupils, taking their uniqueness into consider-
ation. - /2 |
In every section of this book we discuss the most effective ways
of approtch%ng pupils'individually. Ho¢ever, this question requires

further elaboration, with the active participation of teachers.

1. Pupils withaa high aptitude for arithmetic

This type of pupil usually reveals himself very quickly in the first
days of school. These pupils, as a rule, come to school with a better
fund of knowledgé; in particular, they come prepared for school instruc-
tibn,.preparation which shows up in their ability to subordinate their

activity to the tasks set by the teacher. They easily master the rules
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of conducg in school and comply Qith the demands made on:them in the
learning process.

The most striking feature of their academic activity is the quick
- tempo gg_which‘thgy'le;rn school material. Quickness in learning is the

external sign behind which lie hidden definite qualitative features of
the learning process and a higher level of mental activity, which is
implementtd in learning. 7 . v i
"~ This level is éharacterized, primarily, by more highly.d veiOped
analysis and synthesis, generalization, abstraction, and concfetization.,
This can easily be discovered as instruction progresses and wiﬁh‘varizus
school materials. Pe;haps a‘child who enters school in this category
does not know a great ﬁany numerals and knows how to count by units

only up to 10. This is not important. The essential  thing 1is something
:(else——how the pupil will determine quantity in the number figures offered

. - o

him, such as .. .. . The child who performs géglysis andsynthesis at

a higher level will immediately notice dnd select a convenient grouping

of dots and use 1t in counting. Instead of counting the dots one at a
time, he will resprt to the more ratfonal method of converting the number
figure into a cardinal number and count by grgups ("4 and 4 make 8").l

' The pupil who shows an aptitude for arithmetic will make‘a generali~

zation by himself in cases when many df his"élassmates still do not have .
one at their dispésal. For example, on the basis of his experience with ‘
performing the operation of addition (with objaq&s), he will §uickly come
to the canclusioﬁ é!gt the numerical result does not change when the':

name of the‘ébjects being calculated is changed. Naturally, he still will
not state it in the form of a rule, but he will use this generalization
in practice--when he receives a particular numerical result from computing
with certain objects (for example, "8 matches'), he will carry it over

to other objects (blocks, pencils, etc.), saying immediately, witho&t

1" 11

recounting, "That's 8, too." This single word '"too" expresses generali-

zation and abstraction, since the;pupil distinguishes an essential, general

—————— e |

lNaturally we mean here childyen who have been taught in kindergarten
to count by groups using numerical figures. As psychological research
. shows, under these identical conditions, some children master more
complete forms of analysis and synthesis when they operate with numbers,

while otHers only count by units.
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property (the gorrelatién:df numerical operation and result) and divorces ,
‘himself from nonessential fea;pres (the qualitative aspect of the calculated
objects).’ | . |

To ascertain to what degree a first grader knows hog‘to discern éssen—
tial features, we can offer him a problem in which inessential elements of
-the condition are deliberately stressed, while certa sentials are, so
to speak, put at a disadvantage. Such, for example,i?ﬂﬁihis arithmetic

problem:

A boy went to the woods for mushrooms 2 times. He found
5 white mushrooms the first tI™me and three white mushrooms
the second time. How many white mushrooms in all did the ' .

boy £ind? o .« . | |

It is not-hard to see that an insignificant datum ("2 times"), having
no bearing on the arithmetical content of the problem, 1s written as a
digit here (thereby prompting the children to use it), while a significant
element of ghe condition ("three mushrooms"), on the centrary, is express?d“
not as a digit ¥ut in letters, something the children are not used tq.'"
Pypils with high aptitude in arithmetic solve this problem. They diécard
the extra datum and use the necessary numerical datum correctly even
\\though it is written in letters. .
N Pupils in this category accurately and subtly dalimit concepts and
sygtems of knowledge and skills. A number of systems of knowledge and
skills which are introduced in the mathematics course have similar fea-~
‘ tures. The two ways of designating numbers when solving problems in

" which children have to

"division into parts' and "division by content,
learn in second grade,.are a conspileuous example of these systems.
Many mistakes ovccur with thls kind of problem. Elther one‘system
of designation is substituted for the other, or isolated elements of the
two systems are confused. Puplls who learn arithmetic easily ménage
even this difficult task. As theff become familiar with a condition, they
are aware of it in generai, that is, even in the initial analysis they
relate the problem to a particlilar type. From the vety start, this makes
them aim at a definite form owariting the numerical data when solving
proplems. In the one case (division into parts) they write a concrete
dividend, aqcabstract diviser, and a quotient with the same concrete
.hame as the dividend, In the second case (division by content) they
|
!
i
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also write a concrete tividend, but then change the form for writing

the concrete names, in comparison with the first case, by putting down

a divisor of the same name as the dividend. They write the quotient -
with another name, in brackets, or they leave it as an abstract number.

In solving problems of this kind, the solution should be checked
thoroughly,(and it is necessary to keep a generalized desc:iptién of the
typé of problem being solved constantly in mind. This feature of Eerceiv—

: «_g_academic material more generally, gj_immediately relatigg,it to a

definite categcry of phenomena (on the basis of rules or principlest

studied), is a very important trait of pupils who learn arithmetic easily.
. They have this kind of generalized perception, or more.accuratefy,f
:recognition, in ?egard to type-problems. In this connection, t%tognizing
the type of problem studied, they are guided, by the sum total of signifi-
cant featurds, ﬁot just by any individual features that happen to strike
the eye. They manage to perceive the relation between data and unknown
behind a reworded' condition. They separate the familiar the

condition from the new, extra part and distinguish (differentiate prob-—

f‘ﬁs of similar types. b

.- Such pupils can easily make problems more concrete. The c ass/£§;;nces_'
to operations with abstract numbers, such as doing table multiplication "in
their heads," but as soon as they are told, these pupils can return to
previous stages and make this operation more concrete. at is, they can
demonstrate it with objects as the addition of equal addziz%

In this connection, a very important_trait shows up~—a flexible or
mobile mind, by virtue of which the pupil can, on his own initiative,
change (vary) calculation techniques. For example, if he forgets a
‘result in the multiplication table, he either reproduces the result of
the nearest combination of numbers he can remember from the table and,
with this as a guide, determines the desired product, or he replaces
multiplication by the addition of egual addends.

Knowing how to use various techniques of calculating, the children
at the same time know how to limlt themselves in uqing them, selecting
the most rational of them, depending on the featu%es of the example being

7 solved. The pupils® discovery of characteristic features of assigned

examples hinges on an ability to analyze.

le4
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Schoolwork continually confronts children with the task of changing
the method of operation according to a change in the condition, and.
they must often solve a series of similar asgignments, after which comes

another one that requires them to change their method of operation. In

‘such cases our pupils notice the change'of'condition and reorganize their

method of operation accordingly. For example, after salving a series of
addition examples, at the right time they notice a change in blgn in the
next example and carry out subtraction correctly.

sides assignments of this kind, pupils in the upper grades have

~to sol more complex ones, overcoming the analogous tendency to repeat

the pregeding operation. ' This occurs in subsuming a series of, particular

cases under a general rule. Here it is not enough.to.discern any one

w
element (for example, the operation sign); rather, the relatiogiamong alil
the elements of the condition must be established. For examplé, when

third graders apply the commutative law of addition to solve the examples,

7+3+2+7=19,
342+7+7=27

- théy do not make calculaﬁions in the second line, because they notice that

it has the same numbers gs the first line. And although they. have had to

'apply this law over and over again, some of them, those with a flexible

mind, do not make a mistake even when, right after these examgies, they

are given an example outwardly similat but not subject to the given rule'

*
i

642+ 4 = 12,
2+ 5.4+ 6=7

n

So in this éase, overcoming the desire to act by analogy, they notice the
new addend in the second line, though to do so they have to carry out the
rather coﬁplex operation of comparing two rows of digits. |

Children learning arithmetic are often required to reinterp?et certain
prihciples studied earlier. Aﬂd pupils with flexible minds manage to do
it successfully, although it gives great difficulty to the athers. For

example, in over two years of practice in solving examples the children

. become accustomed to the necessity of performing operations with numbers

in the order in which they are written. Then in the third year they meet
a new rule: The solving order may coincide with the written order, but

it also may not coincide, depending on the operations (higher or lower)
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one must deal with. S *

. This task is especially complicated when the children have to apply
» : ] .

both these principles one right after the other. To prove this te your-

self give third- and fourth~grade pupils these three examples after

they study operation order:-

Q '“1psx3+e= :
) 295+6x4
C3 2x 344 x5=

In the first one, the order of solving coincides with the order .in which
the numbers are written, in the second and third examples it .does not.
‘A number of pupils will make mistakes when solving the last two examples,
4 likening them to the first and performing the operations with the numbers
in_éﬁe order in which they were written. ' _ , S
| _ Stu@ents with flexible minde, hovever,'can‘cope with this assignment.
They use not only the first, faq}}iar rule in solving the exapples but
also the second--the new one—-although it centradicts their usual experi-
. ende. ' It is characteristic of these pupils that studying a new rule
reorganizee the’ _very way they perceive the operations of arithmetic, as ,
operations of different stages. This is seen from how they substantiate. \m) "
the order in which they carried out the operation--they do not state a
farule but only indicate what stage the operation belongs to.
Flexibility of mind can manifest~ jtself in the most varied forms,
not only in solving examples and progg:me (as discussed above), but also
, in composing problems. In this kind of activity, the ability of the chil-
«»; dren SD vary ghe problem' s story to express a single operation of arith-
metic is of special interest. Por example, direction§ such as these
.dre given: "Think up a problem where you have to add.!" Afser the pupil
has composed a problem, he is again told to think up a.problem including

the same operatiom \

Let us quote a set of addition probleme devised by one of the pupils

« - who“learn arithmetic easily.
: Problem 1: "Masha had 3 kilograms of acorns; the second
o time they went to the woods she gathered 6 kilograms more.

How many kilograms does she have altogether? ;
‘\
o Problem 2: "First a boy picked 6 apples from an apple
< tree, then 4 more. Mow many apples did he pick7” ' ;

v

o
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, Problem 3: "Three cars were driving down the road, then 6
more cars drove by. How many cars were driving down the road?"

We see that-the story in the problem changes everyPtime, and the
everyday operation that expresses addition (”gathered;" "picked," "drove
by") varies accordingly. We see that the boy is not confined to a single
formulation. - . | “

We have been trying to shop in what form certain traits are mani-
fested in- Ehildren who learn arithmetic easily. Act veness and flexi-
bliity of mind are mdnifested most strikingly in tha these children
approach a new story problem as a mystetry whose methods of solving must

be found; they do not rush into calculation but analyze the problem's

qpndition. As they proceed to solve partial problems, they keep the

condition of the problem as a whole within the sphere of their attention;

as they repeatedly ask themseives whether a given. operation needs to be
performed, they constantly keep -in mind the problem's last question and
the other data in the condition. The most difficult kind of analysis—-
analysis directed toward Subsequent Operations and characterized by
anticipating '=-1is within the powers of these pupils when they are still
in thefprimary grades’ (of coyrse, with the proper teaching methods) .

It is also very important for" th,em to have doubts while they gre
'solving ("t don't think it'l] work/this way-—I'll see what happens, if |
I divide,! etc.): Having transformeﬁ the problem 8 condition, they "
continue the analysis, rejecﬁ methods they have used if necessary,
and again search for the right ohes. ,

Some begin applying graphic analysis (if the teacher suggests 1it),
that is, they illustrate in diagram form the relation, expressed in the
problem's conditionm, between data and unknown .

All of this characterizes the creative, or as they;still say, the -’
Mproductive" approach to problem solving -1t is closely allied with
an interest’in difficult problems, with the awakening of the so- called
"inLellectual" ‘feelings, and above all, with enjoyment of mental activi-
"ty itself, of successfully solving a new problem without ass1stance

0f course, these pupils also make mistakes sometincs (espet)ally
in solving more difficult problems by themselves), but being emotionally
involved in their mistakes, they qcickly overcome them, ’

“ L '. ' .
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* Typical of the category of pupils we have described are a pains-
taking and responsible attitude rpWards study and a high receptivity to
the moral aims cultivated by the 3chool. For these ch¥ldren, a con-

- scientious‘attitude toward their obligations as pupils is natural and ..
.. necessary. ~ St * 7 @3
T ' Pupils in this category display organization &nd concentration in - -‘C

their studies. If we observe them preparing their leSsons, we will notice
that they begin by preparing the‘work space. They carefully familiarize
l Ath the assignment* if they read the text aloud they observe

SRR
$%~§;onations. Some of them, in doing an assignment (an arith-

- metic problem, for example), whisper or reason out aloud in order to .

facilitate their own understanding Where the work causes no problems
they do not use speech They work with concentration and are not dis-
tracted as they carry out essignments in different subjects.

'

e ) " We have described the type pof pupils with the most highly developed
\ ~positive qualities. Their aEtivity and flexihility Qf mind combine with
an emptionaily colored, positive attitude toqard study, with interest,
a sense of duty as a pupil, and organization of their work.
TiMs®category of children should be approached, above all, by syste-
matically providing them with enoug& material to reﬂnforce'a;dvfurther
- - develop thiir positive qualities during instruction. 1In working with ~ |
s » " the &lass, there is always the danger of losing sight of these pupils. '
‘ , while giving special'attention to pnl}ing up the laggers. Making those’
learn who are distinguished by their slowness, can hinder the developnﬁpt .
of children of higher aptitude. Wirhout sufficient sustenance to satis-
fy Lheir interests and intellectual aetivity, they will gradually lose
their positive qualities~~the?r interest will be spent, they will show
passivity. They may even‘?eeome discipline problems. In what specific
<@ ways should children with a high aptitude for academic material be

approached @f a group? With this .in view, individuaiization of assign—

5 N .
. . . v

\\ ments for independent work ig necessary~—along w1th the examples and

—

« P e { ) A
Tk 2A Lumpfehensive deseriptien of primary schoolchildren, partic-
' ’ . ‘ularfy pf this, the most numerous, group with a responsible attitude
. tOWAEL study is given in [69]. v :
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problems solved‘bj the whole class, the teacher should always have an
additional number of assignments of increased difficulty to give -the
cﬁildren who. cope with the. classwork more quickly. To this end, Popova's

Didactic Material may be used with benefit in all four year§ of instruc-
tion . ' - .
The ' teacher has'sxtensive opportuﬁities to utilize the pupils' in-
tellectusl activity whep he introduces newrmaterial, by letting the
pupils participate directly 'in deriving a general rule or iaw by noticing
., common properties in numerical facts, helping to put the rule or law into
wdrds\snd inventiﬁg new;'parficular sxamples supporting it. fhé pupils
'can "take an active parg in checking papers by other pupils, and in
vanious forms of activity out of class, aimed at developing their mathe-
matical abilities. The mathematical olymplads organized for primary
schoolchildren are valuable experience. |
. We have.dgscribed the most striking type of pupils, who hav% a
whole aggregate of positivs traits. But it is perfectly natural that
in life, in school gractiéé, we should encounter the most diverse
representatives of this type of child, closer to or farther from this |
"{deal" we have described, who also have certain wesk points: For:
example, the pupil who is capable of high-level intellectual activity, but
“in whom an insdfficiently responsible attitude toward study engenders a
certain unsteadiness in his work—he works actively only to satisfy an
immediate intfres:, or he does not have habits of organized work. There‘
may be substantial deviation in the characteristic features of a pupil's
thinking: Quickness in generalizing may cambine‘with'a certain slowness
in switching from dhe method of operation to another, in the’ processes of
generalized recognition; the pupil may reveal an inclination to be guided
‘by inessential, external criteria, and sq on. ‘
That is'why it i1s very important for the teacher, in systematically
studying the.children in the course of schoolwor%, to expose thelr weaker

sides so that a harmonious development of all their positive qualities

may be achileved.

2. Pupils with a lower aptitude for arithmetic .

LN .
L]

In this section we shallgmaintain the same order of exposition.
1 :
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After giving adescription of the psychological features of this type
of. pupil we shall go on to discuss the most effective ways of approach-
. ing this group of children. Then we shall touch up4§~possibledivergenc—
. ies ¥rom this type of child and the changes that must be made in an indi-
vidual approach )
‘Frequently, difficulties in assimilating material are also combined
with difficulties in learning rules of conduct. In this connection, °
the pupil, so to speak, "walks away" from the task set by the teacher,
submitting to his demands neither in®*academic nor in instructive work.
This shows up in the first days of school. _
: \\ ‘ For 2xample,\in the first days of arithmetiec instruction ir first
.. grade, the children are told to sketch a certain number of objects in.
» their notebooks, corresnonding to the number and digit they are studying.
But some children disolay characteristic mistakes. The number of objects
in the drawing does not correspond to the given number and digit. They
sometimes draw as many as the notebook can hold. Thus the children,
carried away by the process of drawing, “overlook the academic task. A
-similar phenomendn may occur at this stage of instruction when the chil-
drew are given the assignment of expanding a nnmber. For example, they
‘are told to spread out six circles however they want onto the left and '
right sides of the notebook: A substaptiat dart bf the class uses a
definite principle of expansion, in accordance with the assignment, whileés
indivjdual pupils, overlooking the assigned‘tesk,qﬁraw circles in any
order, not bothering to correlate the rows in.Bdoth colgnns, and they feel
+ that theltasg\is compiete&.when‘the,whole shegt of paper is.crammed with
* circles. Lo '
Subsequent observation of these children during schoolwork discloses
that they are notable for the slow itempo at which they absorb the material.
Most pupils in the class have already gone,on to more complete calculation
by groups of units in connectiodﬁwith addition.vwhi;e these children '
continue to employ the mostﬂelementary method——counting by 1's.. Or, when .
a significant part of tne clasy has gene on to abstract counting, these |
children are stiil counting on their fingers,. with sticks, or the like. |
This slow\learning tempo test¥fies to a low level of mental activity.
Weakness in generalizing shows up most vividiy.. A pupilxwill repeatedly

/ . L e
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* ,add 3 and 4 by using sticks, for example, but when asked how much do 4

pencils and 3 pencils make, he either will answer "I don't know'" or will

a

get ‘some pencils to count them. \

An inclination to rely on purely & ernal, inessential <riteria shows
up very.clearly in‘khe genéralizations ZE suth a child. Thus in solving B
arithmetic beblems to him the main and.decisive thing is nat the meaning

\ of the pmoblem but rather certain farmal’asgects, as, for example, that®

o the number is written as a digit. Give such a&pupil a problem in which
* “sone of the data is written in léttersf and this Qill‘cngate difficulties
. < 7 .

M for him. * . - R
Nadya had 4 kittems. She géve~one of them to a friend.
How many kittens-did Nadya have left? . s

o

After reading the proBlem,thrcu%h, the pupil'igmeaiately names the first
numerical datum, "Add 4 and...," but here;heﬁ}ghses, saying in amazemerit,
"And what?" He didn't find the second numerical détuﬁ'hecause it was not
-written as a numeral. _Qg;e we sce not only weakness at generalizaiion,

'but another feature inseparably linked,with low wental development-- -
inertness of thinking, its low mobility. I o S

This group of pupils staunchly clipgs to customary methods of operat-

ing and tends 40 repeat an operatian over and over again.\\::is is mani-.
. « &
fested in vario&s degrees in differenf- pupils. Let us describe the most

§

. When examples are solved, one of the numbers in the condition is

extreme manifestatiuns of this peculiarity.

written (repeated) in_the result: 8 -7 + 5\%.9 (instead of 10) or
24+ 6 ~ 3 =2 (instead o ), and the like. When 4 seties of examples
are solved one after the oth®, the preceeding example s fixed in the '

_ mind, therebyé

excludiqg the new problem. This exclusion may have to

do with the operation éign, so t the pupil continues to carry out

the operation he did before without poticing a change of sign, or it
concerns the nature of the numﬁers. For example, a first grader would
initially *be ﬁolv}ng anmpieq in adding a two—digit number and a one-
digit number, the next column has examples Iin adding one-digit numbers;
he solves thgm Incorrectly, likening a one-digit number to a two-digit

»
number, under the influence of the examples done earlier.
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. When independently compoéing pfoblems, the most distinctive feature
of the slow pupil's procedure is the extreme uniformity of the story aspect
of the problem and, in particular, of the words that determine the opera-
tion. For exampie, take these three addition problems that one first-

| grade pupil thought up:

. -~

1) A Iittle girl first bought 5 meters, then 2 more
meters. Hew many were there. in all? ,

2) A little girl nda’ 10 books, and she bought 10 more
books. How many were there in all?

3) There were 10 floweré in Ehe window, and mother -
‘bought 10 more flowers. How many were there in
all?
It is easy to see that thé same word, "bought,! and thé same question,
"ow many were there in all?" figure in all three problems. Thus the
" pupil makes the task much easietr for himself by not essentially varying
the wording Jf the condltion..

Welhave cifed a series of examples, showing how, in carrying out one
stédy/;:tzgpment (or a series of assignmengs one after the other), the
pupil obstinately keeps.the preceéiﬁg operation in his mind, refusing to

N adm i thé’néxt new problem. A similar phenomenon takes place-when'the
study of different topics is :zparated by aeriod of time.
The more familiar sections of the materlal which were s;udied pre—

'viausly, influence the study of later ones in such a way that newer

methods of operation are replaced by ones the children are more. accustQme®
to. ) . ‘ ' g "t
Highly indicative in this respect are the mistakes first graders make
‘when they go from solving and congtrueting examples to comstrugting story
problems. For exampie, when Lold to construct an addition problem, a pu-
pil éays "At first there were 4 airplanes flying, then 3 more.... -
5, 6; 7, 8," With this he conLludeq the problem without having formulated
a question, and in¢luding in the condition a (wrong) numerical result
obtained by counting. 1In reply to the request made right afterwards, to
think up a subtraction problem ("where you have to take away'), he does
not respond to the changed instructions but again, ignoring the question

ke

of the problem, includes a numerical resultgn the conditlnn "First 10
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airplanes were flying, and 3 more flew after them; 3 more were added

¢ to the- m....m,.‘n 12, 13, then there were 13."

Thus, due to extremely inert ﬁhinking, the pupil reproduces thev
operation he is most used to-—counting-—likening the structure of a
problem to the more familisr structure of an example. |

Slow pupils often show a tendency to replace mental calculation
with wrttten calculations "in their heads," after they study methods of
written calculation in third grade. For example, one pupil, in mentally . y
multiplying 75 .by 3, calculates this way: "5 x3 = 15j1I write 5 and
remgmber 1; 3 x 7 = 2lvand the 1 in my head makes it 22} T get 225."
Curiousiy, the pupils prefer this wholly uneconomical qﬁthod (one iaﬁt
visualize the digits as written) only because .they can then rely on more
definite rules which have become for them, so to speak, "stereotyped"
rules of calculation, and can thereby avoid mental calculation, which
permits a variation of calculation methods and requires them to choose
the most expedient ones.

Pupils are observed to replace new methods of operating with the
old, more habitual ones when they sOlve arithmetic problems, asoreflected
above ‘all in the way they write the names of the nu ical data.’ Every
teachey can deteEt,tth easily by observing his pupfls. They have begun
to solve &ultipiiestion problems and in this case one of the data-—the .
multiplier——shsuld be written without names, while in solving addition
and subtraction problems LL was always necessary to wtite the names.
Wabchtuthhe pupils write names when they go on 'to solving the multipli~ -
.catlon problems. There will undoubtedly be pupils inqthe class who’at .
this stage make the ‘mistake of ‘writing, "3 notebooks *'3 notebooké =79 ’
. nbtebooks"-—1.e. ,~ they will q;sn name the multiplier. ‘ P .'

We happened Lo observe this phenomeron: A teacher vorked especfally
witthhe_}j§;le boy who.;ade this kind of mistakg and the boy‘,

a v

began to write names properly for the operation of Qultiplication. But

e

. whyn hé had to solve an dddition problem le pot it wrong, having writtem .

e operation of addltion according to the multipllcatgon;model. "2
kopeks + 2 14 kppeks." - ' p

It is quite clear that in this Ld:e supplementary exerclscd ip a
eertain operation arg not enough. 'é wvhole System of exercises Calculated

to form more flexible thinking, te overcome ﬁhe ‘trait of inertness, is
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needed. If special educational work is not cdnducted with such pupils,
they pass from grade to grade, retaining these negative feetures:of
thinking, and because of these,peculiarities, they subsequently strive
to avoid any felativel& new é%sk, relying only on the procedure of
mechandically reproducing the operations immediately precedingvor the.
opefations which teﬁz have often encountered in their earlier academic

, The first section of this chapter cited a number of assignments for
pupils in the third and fourth grades which make it possible to discover
eXactly how they'feact to a new problem, and whether they can change

their method of operation if necessary. Let us briefly recall one of .

- .~ them, having shown how it is solved by pupils with low aptitude for arith-

'metic% Third graders are given examples for:applying the commutative law

of adgition.~ These consist of two rows of addends. 1In the first row the

result is written down, and in the other one it has to be determined by

the pupil. He is asked, "Cen'you tell right away, witﬁout'figuring, what
the answer will be when the numbers in the lower row are added?" Im this
connectio;, along with examples permitting ‘application of the law,_examples
are,purposely introduced to which it cannot be applied.

It is found that the pupils who did not have a flexible mind, afder
having applied the commutative law to the first three examples, incorrectly
continue to apply it in the fourth and sixth, to which it no longer app;ies;'
thus, they simply repeat the previous méthod of operation without analyz-
'ing the addends in both rows, without comparing them with each other, and
therefore do not notice that the addends in these rows do net fully coin-
cide. p

The urge to repeat previous operations without analyzing the assign-

ment itself is a characteristic feature of this category of pupils.
So?e may manifest §his trait quite pefsisténtly, even right %fter‘th v
have been shown their mistake, thus demonstrating the necessity of’
dralyzing thé assignment. For example, one of the third graders under

study efroneously used the eommutative law on the fourth test example.!

‘ When she was asked to check, she noticed her mistake: "The numbers

] .
aren't the same here."” However, going on to the next one—-the fifth

example (which permitted application of the law)--she incorrectly rejected

the Opportunity of using it in this case: "The numbers aren't the same
174 ' N
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here, either--you can't."” She simply reproduced the prévious operati&n,
again refusing/to analyze the assignment. '
The desire to avoid analysis of the assignment is usually accompanied
in these pupils by lack of checking. That is, they exhibit a lack of
analysis of their own solving,gxocedure‘and‘gg_the result obtained. It.

[N

is manifested in'all forms of their activity--both in solving examples
and in solving problems. Thus when doing written calculations, the pupil
| manipulates figures without even thinking about what numbers he:géts.as
a result, and he does not correlate them with thevexample's condition.
We had occasion to observe one third-grade girl who, in dividing a
i three-digit number by a one-digit number, obtained as the quotient a
number exceeding the dividend in size, and yet did not notice the absurdity

of her numerical result. Let us cite only'one example of‘such'a
. calculation, which was not isolated. She divided 7@8 by 4 in the follow-

. ing manner:

: ~ 28 o ~
> 00 :
She detached not one but two digits in the dividend (not ha%ing
noticed that 7 is divisible by 4); dividing 74. by 4, she got the quotient s‘\

first digit, 9. She divided the remainder by 4 again, getting 2 as a r

remainder, brought down the last digit of the dividend and, having divided
28 by 4, thought that she had solved the éxample quite correctly. She did
not'even notice that the quotient (997) came out larger than the dividend
(748) since she made no comparisons —the numbers with which she operated
actually lacked any concrete meaning for her. It should be noted that in
this girl's class, her classmates knew how to determine the number of digits
“in the dﬂotient beforehand, since their teacher had taught them this espe- -
clally (see A. A. Tsank's article in the collection cited in [3]).
Analogously, when solving problems, the pupils in this group solve ‘

a problem as long as they manage to ‘o any calculations, solving separatg;‘

familiar problems included within the composite problem. And they ar®

175¢ &> -~

186




~

observed to pause only when some calculation cannot be performed ("It
couldn't be divided,” for example). But in the orogess of solving,
. they do not stop to ask themselves whether they have chosen the correct
operation, whether certain numerical data could be correlated, whether
it was necessaf} from the standpoint of the problem's question. In other
words, they do pot check the process of their mental activity, so that
their psychological work .does not coincide with the problem they are told
to solve. In their effort to avoid any difficulty or novelty, they
continually, in the course of studying, falsely substitute problems,
transforming a problem useful in a cognitive respect into an assignment
requiring no mental effort at all | _
/ This inclination to avoid any active mental activity is manifested
still more strikingly in the solution of type-problems. Let us analyze
"~ how elow pupils learn methods of solving type~ oblems.‘ To reveal this
we gave individual instruction to two fourth—gr de girls who solved
. problems poorly. A problem in equating data was \chosen. The problem
is 7o longer part of the program, but for our experiments it made no
difference, since it was necessary to choose a type 9f problem that had
not yet been solved in class. Many repetitions were required’ (17 for
one girk 19 for the other) before they learned to solve similar problems
of this type (while for the other pupils in the class, two, ggree, or at
most nine repetitions were enough) . _
Typically, mistakes in choosing an arithmetical operation were the
-fitst to disappear (with mistakes in formulating a question disappearing
later); i.e., the order of arithmetical operations in solving_aiprob;em
was learned first of all. .
It was also easy to see that the operatiofr'was not linked to the
question as a whole, which expresses a particular idea, but to ome of
{ts elements which in the pupils' previous experience was united with a

"o

definite operation most of the time: "how many moreé——subtraction" 'how

many times as much--multiplication,” and the like. )
‘ Thus, the children‘bad worked out very short chains of links ("assoc-
fations") between external, nonessential, features pf the condition and a
definite arithmetical operation. These links; applied to a problem of
equating data, could take this form: 'The last number. in the condition

"and the smaller number of the first two numbers must be multiplied."
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Ay
‘"The larger and the smailef number (of the first pair of numerical data)
must be subtracted,'" and the like.

It is not surprising that these pupils needed so‘many fepetitions to
learn a type-method. Indeed, it is knpwn that memorizing meaningless(
material is‘mqré difficult than remembering material that has geen given
.meéning and can be expanded’ into meaningful 'parts. Pupils like those
~ described show a tremendous waste of labor, but they achieve nothing,

even after’Jearning how to solve analogous problems of a definite type,
since thishis\not a "solution of sthe problem" in the real sense of the |
word. | a A .

This assgbtion is easy to check by telling them to solve problems of
this type but with\certain changes in the condition. You change the con-
dition's wording, and slow pupils, it appears,:can deal successfully with

the new assignment. . Instead of:

-

14 small furnaces and 4 large furnaces smelt 4500 tons
of steel a day at one plant. A large and small furnace
smelt 750 tons of steel. How much does a large one smelt?

¢

a problem like this is given:

A student bought 3 books and 5 notebooks and paid 40

kopeks the first time. The next time she bought only 1

book and 1 notebook at the same prices and paid 12 kopeks

for this purchase., tlow much do a book and a notebook

cost separately.
But this is _.only seeming prosperity. The pupils managed this assignment
only because they did not scrutinize the meaning of -the problem, and
the external aspects of the condition--the number, quantity, and arrange-
ment of the numerical data--permitted the very same operation sequencew
(multiplication, twofold subtraction, division, and then subtraction
again). In solving this problem, the better pupils typically had
difficulties, for they made an effort to investigate the meaning of

the problem and could not immediately ascertain that this change of

™~

wording did "not alter the mathematical nature of the problem.

ght now you bring anﬁxﬁer nonessential change into the problem,

changing the number of numerical data by introducing an extra condition:
£ \ *
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A housewife bought 2 kilograms of potatoes and 4 kilograms
of cabbage and paid 20 kopeks in 4 coins for the entire pur-
chase, What are the prices of potatoes and cabbage if 1

kilogram of potatoes and 1 kilogram of cabbage together cost
25 kopeks? -

Your beiaw—av%;age pupils will display utter confusion because the arith-
metical operation squenée they have iearned'by.heart has been violated.

. -~ .
They will take the number denoting weight from the number denoting cost,

and so on.

Now try méking a relevant change of con n. Give them another

type of problem (a “"substitution' problem) t individual features

of resemblance to the original problem in‘eQuati . The pupils in .
this case will act as if no changes had been introduced.

®

lem, the total cost of one item from each of two categories is not given,

n this prob-

but rather, how many times more expénsive one item is than another is

known. But the pupils handle this numerical datum as if it designated

A  the total cost. They multiply it by the smaller of the first pair of
numbers. For example, solving the problem, .
Twelve lemons and 20 oranges cost 6 rubles, 24 kopeks.

An orange is twice as expensive as a lemon. How much does
a lemon cost and how much does an orange cost? ‘

L T

they multiply the number "2 by "12," and ask the question, "How much do
12 yemons and 12 oranges cost?” , | —

Wle have been describing the problem-solving procedure of those pupils
who compiétely lack the ability to solve problems. Cases of this kind

»

are not often erdcountered in school mong pupils who have trouble-
learning arithmetic. Partial inability to&solvé problemé is observed

significantly more often, in which weakness of analysis is manifested. If

a versabile analysis of the condition is characteristic of above-average

<«

. pupils (as was noted above), so that they Jo not lose sight of the prob-

lem as a whole'in golving each partial problgm, énd, ir“ choosing each

operation, are aware not only of'the pr len'S\question but also of later

data, then the opposite is characteristfic of below-average children.
‘ .

Analysis is performed in short steps; 1t is always diregted at some ong

element withouyt takine intp account evi,bthing else, without "antici-

/

/

pating."”
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This peculiarity is particularly oﬁ&ious‘when compound problems are

solved in which it is possible’ to make %”"false synthesis,” when the .

-

“*._ numerical data can be correlated. in var#ouh ways: both correctly (wheid

éﬁéuproblem as a whole 1is taken intqaac' unt) and incorrectly. Fot i
o y . - . . :
example; in solving the problem, "

. ) . ,
I storeNgold 84 kilograms of cake the first day and 192
kilograms thg second day. 86 rubles 40 kopeks more was

received for] them on the second day than on the first day, -«
In the 2 s, how much mgﬁey was taken in for the cake ‘i
altogether? ‘ o ‘ .

the first two n%merical data (84 kilograms and 152 kilagrams) may idcor- ‘
' . Q-\. ¥ ‘ .

rectly be added if the:L is no "anticipating,' gthat is, if analysis

directed at the subsequent data and at the question of the problem is v

el .
‘

‘lacking.‘ . . '_“3 .
‘ffhe pupils who do not know how to solve problems perférm thiﬁrfalsggf,'
synthesis because, having selected’this pair of data from the coﬁhi#icﬁf
’;they pérf9rm the first possible s§n hesis that comes into théir,hga&s, o
paying.nb'attentiqn to the next datum, "86 rubles 4@%kope more'was“' ;
receivéd_the second day than on the firkt day," anéﬁit is_juét'thLSGizﬁum'
.that requires them not to add the amount of cake sqld du;ing{tbe Z:d. ;~

byt to ascertain Jhe difference in the quantity of goods sold. ! . ‘ «l
The frequency with which certain runmﬁnical data have been corfe— ‘ o
, lated in practice is of no small impcrtanse for éhé way below-évefage’ 2;*Zj
pupils solve. From this standpoint, problems in which it is necessary to

perform a synthesis which sharply contradicts the synthesls to which the
pupils are accustohed are of particilar interest. Let us given an example

of such a problem;

onto a truck. The first box wejghed 60 kilograms, and the
second box weighed 8 kilograms more than the third. Deter-

Three boxes of cargo, 170 kilograms in all, were loaded
‘ j
mine the amount of cargo .in the second and third boxes. '

The problem is not hard, but if you give it to a fourth-grade class, you “ .
will find several pupils who get iﬁ‘ﬁfdﬁg;‘ Aﬂd;this mistake is of a

definiée kind: They will add 60 kilograms and 8 kilograms as if the

condition had said, "the second box weighed 8 kilograms more than the

first." This can be explained by the frequent use of su‘ch= relationshifys

-

in previous practice.
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'Some children very persistently manifest such a fixed idea about
habxtual combinations of data, and it strongly hinders sllution of the
problem.' Thus, one o§xthe fourth-grade pupils we studied made a mistake
in reading the condirion of the problem cited above: ''more than the
seoond," he reed incorrectly. ‘The mistake was eorFected immediate}&'

by the teacher, but even so{ zye(boy incorrectly added 60 kilograms and.

8 kilograms when he did the pfoblem. So even in- reading the problem the

pupll introduces the content to which he is accustomed.
All of the cases described are phenomena of a single order. Under-
AdeVeIOPment of, the mental processes engenders great difficulties in ‘
learning the material, and in reaction to these difficulties, a¢%pecial‘
.-approach to learning ie elaborated which may be called “reproductive,"
(slnee it involves the mechanical reproduction of the study material.

In this case, the pupil strives to adapt the study assignments to his

limited capabillties. He systematically avoids active thinking every— . .

where. And this inevitably brings his development to a complete halt.

To complete this. description of the reproductive approach to fearn- .

' ing; we must address our attention to one more pecultarity of pupils in
this eategory, which we have only touched upon until now. Op ion with
empty stock phrases which have no concrete impressions behzgifZiem, ne

.perceptions or coneeptiogs of real objects or of actions with these

objects, is charaeteristit of the school actlvity of these children.

.Below~average pupils }as opposed to those with a high aptitude ‘for arish-
metic), who hqverpa?éed with dlffiéulty from calculating with concrete

'obgects to celculgting 'in their heads,' afterwards caqeot show their .
process of calculating.with real objects. Just as abstraction had given
then{trouble earlier, now the reverse process-—concretlization--gives
them trouble. Iﬁ‘soIVing probfems they try, above all, to depend on
ind ividual wordq (and word combinatlons) without trying clearly to
imagige what spetlilc images are bthind these words, what real circum-—
stances are described, in ght problem's condition.

USUallv this Qeculiarity ig calleé formalismtor verbalism in learn~
ing. Sometlmes tthe terms designate g superficial, shallow acquisition
cof knowltdge which mayAbe envendered in many pupils in the same class by

. faulty teaching methods. .| : e

s
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X But we have something else in mimrd--a trait igherentjin individual
children which is characterized by a definiﬁe. r ativelylstatic approach
to learning. Such"fo;malis@ is inseéafably linkjizwith a pupil's inclina-

tion to reiy~on méeﬂanical.roté-learning and reproduction of the purely

éxtgrnal, at‘tiﬁés inessential aspects of_ academic material in learning
something. It also Assumes aé one of its most characteristic features ;:he~
' puéilfs inability to éee the ébsfrécg, the general, in the specific, the
particular, and‘the reverse,.an inébiliﬁ§ to percéiyg the specific and
"partiéﬁiar in the apstract and general. Pupils in this category (as
- oppos&d to those cndracterized by their high degreee of assimilation) do

'nct pqrcq;vg a school assighment in a r'ene:rali:’:e,d way, relating it’to

a definite gyoup of~ phanomena. And” if for example, they do relate a .

problem to a certain type, it is done pot by érasping the sum, ;otél of

the relevant charac&efistics of the given- type but by taking account of
the first inessential featnr‘,;hat strikes xhe eye (if the condition say

problem is division-"into parts’).

.”how many times aé large," t

s

- ‘, This feature of formal or verbal leatning however, may have differ—
"ent origins _in differenx pupils. This has to be inveséﬁgated Béfore us

are two pupils,. characterized by the.manifest verbalism of their knowL- -
edpe ., Outwardly their learning processes are quite similar, but from.a
) psychologicgl standpoint there is a substantial difference between these
pupils. Both sgrivg to replace mental”calculation by written comparison,

_trying to use it even‘when they are calculating "in their heads,"” and ;.
“  both in fact "walk awaﬁf_from problem solving, beipf guided in the pro-
cess o this iméginaryg"solving" by purely formal word rules: 'When we

ot

say 'remaining' we have' to subtract, 1t says "tdgether' here, so you

have to add," and the, Iike. Wher given the problem, "There are enough
oats for, 8 horsed for 6 days. For how many days is there enough for

'one hoyse?'" one fourtlr grader, having read the condition, quickly started

to solve. ''We gan | find Out%...,” but: buddenly he stopped and said aiier

. ¢

a pause: "1t deesn't come optf When asked what stupped him from-so
ving the problem, 'he expléined, fYou can't leLdé\6 by 8." Thus, with-
‘out havdng tried to inderstand the specific content of the problem, he
reproduced a gustomary.datum reflecting formal, external (and irrelevant)

relationships, "If they ask about one thing, you-have to ‘divide."
.- . . . ,
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&ut what ds the difference between these two pupils? Clarifying *
this question requi}ed further study. It was nhecessary to go beyond‘the‘
Ybounds of academic activity and to determine how their perceptions proceed, )
what tleir conceptions are, how developed their moyements are; in other
words, one must- establish the degree §o‘which their sensogy«motof processes
are developed°and the extent af their sense'experience., It was fouﬁd tHat

they differed in this-particular resoect. One (a third-grade girl, to whom
learning came with extreme dikfieulf?) did not have elementary notions of
‘jfveryday things, she lacked the simplest skills that require the use of
motor, muscular, and ‘tactile sensations.' For example, she could not com-
pare weiglits of objects identical in size, she cauld not cut a square into

tyo or four equal parts, she was not capable of recognizing from among

objects shown her those which she hed seen immed%ately before~——that is,

~
.

her processes of visual recognition were not developed
By coptrast, the other pupil (who was making very poor progregs, ’
and whom we studied for three years, from first through third grade)’
was a totally normal child in the'development_of the sensory-motor ‘pro-—
A cesges went, He even coped quite successfully with a more difficult
assignment in visual recognltion. , .
Consequently, these tWa pupils lagged behind for two different reasons:
in one case, there was underdevelopment of . the sensory processes,| which
.explains the excessive verbalism of Knowledge, the use of ehpty words-$
words lacking concrete meanihg——while in the other case, unjustified
v%fbaldsm of knowledge with a normally developed sensory basis meant only

that the necessary c:épections had not been formed in due course bet&een

the words and their sensory’ images. 4 ,

. m
Cases in the first category are extremely raéelin the environment
of the mass.school. But the teacher needs to recognize them. In school,
*© we more often encounter cases in the second category, for whom there is
more hope, but even with them very sefious.wofk is needed, since usually
such a formel:attitude towards wogds (and therefore,, towards schoolwork)

is reinforced over a number of years of'schoolieg, and then a gap between

4

knowledge and life opens up for these pupils,.so that the learning process
becomes more difficult for them every passing year. - © ‘.

All pupils in the category of those who learn with difficulty and -
! .
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resort to methods of formal verbal learnimg are not, as a rule, fond of
mental effort. The intellectual feelings are foreign to them——the joy

of discovéry, of surmounting difficulties in solving problems, the sense
cf-satisfaction which comes from strenuous mental activity. They often
shirk difficulties in schoolwork: "I don't know how," "I can't" is the
answer frequently heard from them! They are not sufficiently codcerned .
~about their mistakes, and therefore surmount then with difficulty. Many

of them answer without thinking, making mistake after.midtake and arrive

at the right answer through a series of wrong ones.‘f ’ » .

' For example, ona third-grade'girl added 8 and 32 and gdt'Sl as the
adswer. To the questionl\"What do you think, is the answer right or not?"
she replied without checking'that it was cogrect. When the mistake was‘ '
pointed out, sha quickly changed her answer to 51. When told a second
time, she answered 50, andalearnidg tha§ this was wrong, she again named
52.as the result. Only after the error of hér result was pointed out for i
.the\fourth time did she find the correct answer of 40. The most - striking
thing about the way she answered was her utter-lack of interest ﬂf’getting
the right answer, the indifference to the results she attained. ’

1o *the pupils who strikingly display negative qualities of personal—
ity which hinder study, ldyer léarning capacity is combined with an irre—
sponsible attitude toward study and low receptivity to the moral aims beling
implanted by the school. Often they have a desire to study in Qhe begin-

ning, but it disappears as a’ result of systematic failure to study, and

-

is replaced‘by a formal and devil~may—care attitude toward academic activ-
; ity. USually mcre;complaints are made sgbout the carelessness of these
:c?ildren than anything else. And indeed, their easy distraction by any
external stimulus is characteristic of them both in class and in doing
independent work at home. But this cane&eseness is usually ;ot the
primary cause of their study problems; it is itself a result,of‘the very - -
many causes discussed aboyg: 'unreceptivity to moral aims, a passive
personality, underdeveIOped intellectuel processes. '’
| ‘Disorganization and inability to work also play a very large role.
Observe these pupils as they do their homework and you will see how they
work: They do got prepare the work space ahead of time and so are con-
stantly distracted from their studies by their sear/h for+a book, note-

vbook, or:pencil. They do their lessons in random order; without finishing
' N , e
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. ome thing, they proceed to another and do not check.what they have done. .
‘?ay particular attention to how they read a}pﬂoblem. In many cases you
may discover that it is read with incorrect intonations which eompletely
distort the meaning of the problem. Fof example, one slow third grqder - ‘;

. read this arithmetic problem [69: 125-131]: l' < y

‘ A sovkhoz turned in 3020 tons 'of wheat: and rye to
the state. .965 tons of oats lesa than wheat. *

' ‘ ﬁf; Five times less than the wheat and rye. Together. _
w many tons of grain in all did the Sovkhoz turn in - , ,
to the state? L o . . .

It is typical that this boy gave most of his attention to pronouncing
-individual words distinctly, but the connection between the words which ’.
(determines the problem s meaning totally escaped ‘his notice. Naturally,

+in reading like that, "he could not. understand the problem s condition. L
when asked how he understood the pxoblem, he was silent for a 1ong time,

and then he answered‘f,I don't know. I can't solve the problem ‘ v
o From this answer it can be seen that he did not even try to pierce?

the meaning of the text; he set ‘for himself a completely different

~

v psychqlogical task'--to read the individual vords smoothly and’ distinctly.
' And only after the psychologist working with bim inétructed him in how to o
w read a problem, breaking down the text of it into meaningful segments, did
| the content of the problem and’the entire solution become comprehensible .
‘to the pupil. SRR ‘ - - -
. By observing how second f?rough fourth graders read a problem, we can
deéect other instgnces. A puPil hurriedly reads the condition of an arith-—
ﬂmetic probfem'jéég as he would any other deecriptive writing, even thougn
a Special type of rea&ing is needed here: i.e., isolating the data from
the question, stressing those word comginagﬁons which express a relation-
ship between data and unknown. . Reading it once is not enough. The-first
K reading need not give attention to the data in figures, but in the second -
reading the figure data are the object of‘attention gyus, reading an
arithmetic P oblem s condition is, to a certain degree, an analysis of the
problem. + And inability to analyze may show up in the way the pupil reads
a %roblem. Y T ’ -
.So we have bharacterized the most striki‘g repreeentatives of the

group of pupils distinguish’d by their low aptitude for learning academic

3 -

L4 Vo
. Clagification of this problem can be found ¢n the Appendix (Ed )
. , & .
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materiall They combine passive and inert thinkin; with avoidance of any
mantal effort an indiffereat or even negative attitude.toward study, and‘
carelessness and disorganieation in working. There are not many of these
pupils in any class but success in preventing them from failing and re-~
'peating a grade depends on exposine théﬁ?in time and on organizing special
-educational work with them. ’ .'

Basically, these pupils are the ones whp are failing. Eventually

‘they become repeaters, unless special, systematic work is conducted with

A . -

.
v

- It *should be remarked aboue all, that the general shortcomings in
teaching -methods show up most. negatively in the slow children. If, for,
example, the teacher'does not vary the concrete material sufficiently
when he explains concepts and, laws, it is the slow children who asbume’
inessential features to be the basis of generalization, while quick puplle
add to what the teacher did not give in class themselves, from their own
experience, -on the strength,of their active intellects. Or, similarly,
1f the teacher does nat emplof contrast inxintroducingrsimilar concepts,

poor pupils will confuse these concepts, while the strong pupils will

‘catch the distinguishing features and delimit one from arother without

any centrast without the tEEcher s help .

Completeness of the general methodology of teaching, its conformity
to scientific requirements, is very important in preventing pupils from
laggin% but this is still not enough. Qupplementary work with individual
pupils is necessary If there are several in the elass, then it is nec-
essary to work with the whole group &Ep‘lementary classes'with, the group
are needed for this, chiefly, not when it has become clear that~they are
behind the class in learning certain sections of the curriculum (as is
usually done) but much earlier, before new material is introduced in
class. In these lessons, one should give su plementary egercibes which
the group of children need in order to mastef the new nate;ialu Then when
this material is 'introduced forthe girst~f e in class, our slow pupils
will be in a more favorable position and will-be, able to participate in
the'wori,together)wdth their classmates.

But in working with slow pupils, one cannot rely only on special
'supplementary lessons with‘then (even 1f such lessons protect them from

- r
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possible difficulties).',A special approach to these pupils during:

sessions with the whole class, actively drawing them into group work,

2

is of dectsive significance. P : SN ‘

Sometimes a teacher prafers not to question slow pupils when he is‘
explaining nev material, fearing that they will hold beck the rest of )
the class. But at this‘stage one should enlist their active cooperation;
moreover, it is possible to prepare them for this well beforehand. It
is useful to give grades for answers on new material which has just been
gxplained by the teacher K. A. Moskalenko proves the expediency of this
in a special paper [45]. The teachers of the Lipetskaya Region found this
method very effective in practice, whiich Gndoubtedly is linked to the

general system of making studies more dynamic which was put into effect

. by these teachers. ApparentLy, the psychologicdl advantage of this\method'

is that it makes the pupil an active participant at 31l stages of the

lesson. Furthermore, a grade provides the check tnat the teacher needs

on how well the pupils understand new material. The latter is-especially
. important for increasing the effectiveness of work with- poor pupils.

. From this standpoint, all the kinds of independent work organized in
class by the teacher have still greater potential The exercise material
‘shpuld‘hh,individualized. Popova 9 Didactic Mat®rial, which is used’ in

the schools, makes such an individualizatign' of the assignments easier for

. the teacher. The third-grade teaching material compiled by Polysk is
isSued especially with this aim. Assignments for different’ groups of .
pupils have been prepared by teachers of Moscow schools according to
Budarnyi s system: “A. S. Lazareva (School No. 844), T. A. Zhfravleva
(School No. 784), 'and M. F. Ivelva (Boarding School No. 44).

Thus, both ge eral teaching methods and supplementary lessons with
poor pupils,las wesl as an individual approach in classroom procedure,
can facilitate both a change in their pereonality traits and in the
qualities of mind which hinder them from studying, and the formation

.of higher learning capabilities. . .

For this, any assignment, for individual wark as- well as for work .
with a group of pupils or with the whole class, should pursue séveral

aims .at once: to nourig their intellectual activity, to awaken the

desire for intellectual effort, to form a positive attitude toward study,
< 1
a love for and an interest in independent work, to instill habits of
. | | - | o
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orgenization, snd to train them to concentrate longer.
. - Both the exercise material and the clgssroem method mist serve
these ends. The wost importent inciple in selecting material is .
nnving\the focus of attention frzﬁjéolution to analysis of the assign-
ment. Problems shodld often be given, mot to be solved, but only to
determine what operation has to be performed and with what numerical
data. In this connectioq, the children need to be asked why a certain
choice was made. Exercises _in determining problem type are also. valuable,
_ and in this connection, one should require the pupils ;o-explain why the
| problem was put under this type, i.e., they should be required to indi-~-
cate the criteria according to which the problem was related to a def~
inite type. . : . ‘

:Depending'on how the'pupils‘ﬁaster the operation of analysis,.one.
| need‘not require them to substantiate the operation being performed every
time, but ‘one should give them exercises of various kinds which promotes
formation.of this skiil problems with missing number data, problems
with extra elements, problems which have sufficient number data but can
be solved, without using numbers, merely by analyzing the condition,
among others (exampIes of such problehs are given in Chapter I).

Along with the operations of aA;lysis and synthesis, it is necessary
to make ‘the children practice abstraction and concretization givingspecial
exercises fo& this ourpose to deduce a law or rule frow a series ‘of
particular examples illustrating it, to write down the ,steps of the solu-

-tion as an algebraic formula, to relate'a specific probled to & definite
type, and conversely,to give their own examples illustrating some law or
rule, to\recreate the concrete condition of the problem on the basis of

- the slgebraic formula, to make up a series of problems of a definite type,

. ' 4
. " N

LIt is also aery important to teach the children how te translate a

and so forth.

' numerical operation dorie "in the head" into, a schemeﬁof concrete opera-
tions with objects, end if necessary, to ''deautomatize" "a numerical .
operation (that is, to make the automatic operation a conscious omne),
when doing written calculations, so thet the pupil will become aware of
he principles of notation and of what figures ‘represent, what numbers
they express. . /

‘ ¥
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Teachigg how to.switch from nne method of operation tn-ancther:de—
" mands special attention. To this end itgisznecessaryltc make assign-
ments of various degrees of difficulty/by assigning eﬁanplés in different
apxrations alternately, and to increase the difficulty by repeating the

~

same operation in a great number of examples and then giving an exabple

o~

in another operation.3 e / i' .
E Exercises in applying anyx‘rulex or exercises in solving proble@s,
"can be coflstructed analogously. Type problems provide especially gpod
- material for ‘these exercises——there it is possible to alternate similar

- types of problems, as well as to alternate type-problems with non—t pe- -

their methods of solving. In bringing to light the way they perforp

when solving exampleg and problems; it is necessary systematically‘ho
teach them more rational methods of working ipdependently (preparing ‘the

. work space, doing the assignment in a defiﬂ{fzdsequence-from the ﬁmnder
to the easigr, checking what has been done, using the textbook eXpediently,
and the like). Special attention should be given to teaching methoﬁs '
of salving problems independently (discussed in detail in Chapter I‘)

Kk
|
solving

The most important‘théng in warking with poor pupils is to chalge'

their approach tqg a probleh, replacing their tendency to reproduce

habitual methods of solvimg by the desire to search for metheds of
a problem which s relatively new to them. Speaking briefly and i}!
usifig 'special terminology, we might say that the ‘reproductive objeptiye
should be replaced: by a prodnctive” (that is, creative) one. It ig
‘necessary to demonstrate visually to these children (where pOSSibIEBIthe
‘gross mistakes to which lheir unwillingness to think and their iuability,
to natice what'is new in the condition of a problem may lead them. 'To

U
3On the question of "switching" in arithmétic, see [33]. 1

’

&

.

|
]

!
:
o
!

4The principles of varyimg problems have been disq&ssed in
. ' preceding chapters. N
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_ mathematical absur-

. lem every time.

* lar problems and it

_ of a positive atti

' him easien assignmay

g,

A »

the same eﬁd, one :
:y y in the condition, and use their mistakesd;g,sf}ess
i ”is necessary to understand the meanipg of tie prob-
i; should d;ill them especially i distinguishing simi-
iﬁringing 11ght “how their conditions are distinct
solved earlie&.

' But even obseiiﬁnce of all these cqnditions will not lead to the

:n sometimes give them special p¥oblems having a

more sharply that

. o

from those of probll‘

ﬂfralveducation aspegt is everlooked the inculcation
i;e toward sﬁudy and an interest in performing intel-

lectual tasksf It fitting to approach this goal from vaxiious aspects
at omce: on the o.:
ﬁis;eaperience, to 5‘
his faith in his o;?jabilitles by engouragihé him wherever possible.
One can always cre%*{ an excuse for encouraging a poor pupil by giving

: ‘l‘s whicﬁ can be assumed to be completely within his
grasp. - It is neceigfry to remember one psychological phenomenon: Bad _
grades and reproac(i% continually addressed to the same pupil ultimately

blunt his sensitivglp to his own misthkes and engender indifference, and.

A , , .
y. . s

gweducationally permissible, in evaluating a single
answer (oral or wr Qen) both to reprdech and encburage, separating, /f
f§lity of the work (which 1is etill unsatisfacjﬁry)

l‘perferm it without assistance, applying certain more

‘~d making. an effort, all of which deserve a positive
[qy:" and the like). '

j”icance, especially for poor pupils, 1s the teabher 8
; of arquantitative grade (in qeebers_) but also a

qualitative grade #f
m

sed on enaézzis both of the result itdelf] (the finkl
answer) and of the;
[t

pethods use vyfthe pupils. Many teachers justly give

i

5gd%tahce of 'this point, effecting this approach in

i ' ~ -

attention to the Q

their own practiceQ? _ : . : N
s . — " 4 . . ?k.
Russian schoygls give number grades, 5 being the top mark rans.).

-
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We have described typ%cal features of pupils with a low éﬁtitude

| ' - - A

4
for arithmetit by showing ‘these features in their most striking mani-

.festations,vin‘w?iqe the difficulties of learning are combined with

a

negative attitude toward study, lack of organizationh, etc. later, we

described an individual apﬁrdach to this category of pupils.. Howaﬁer,

¢ .
when using this approach in teaching practice upon children who are

having difficulties in arithmetié,eone must keep in mind the extreme

| diversity of their psycho}ogieal.tfaits and the possibility_of'thg '

~widest divergence from the type we have degcribed above.
‘ Is should be taken into consideration that every pupﬂ1~has his

strong points, which also must evertually be discerned in order that

gne may be guided by them in working with him. One pupil may be

'cﬁaracterizea by a very low learning'capacity;’but his diligence and

desire to study can help.to coﬂEEnsate for this shortdoming and un- -
in developing the qualities.he lacks.

~ doubtedly will play ad}arge rol

The learning capacity of another .pupil, on the other hand, is notasigniﬂg;
- .

cantly low, but his efuhation is greatly impeded as a result of his

organization, lack of diséipline, and stubborn reluctanck to study. -

Naturally, in approaching him, one needs to use his broader mental

. - ]
. capabilities and, guided by his ‘growing learning capacity, to excite

his interest in academic activity, at\§:e same time'réinforcing his
"discipline and forﬁing habits of organization.

??s-

JIn getting to kmow a child, ome should always try to single out some

leading feature, on whose develbpment primarily depends the development <

i
of the child's personality and his success in schoolwork. Sometimes
P y

/ children are encountered who Ere‘eﬁtreqely shy, easily hurt, and who have

trouble in social intercourse with their classmates. With such a éhil&, N
\]

the most imfortdnt thing a person can do is fo @ {nhibit" him, to

accuifom him' to the group, after overcoming his shyness and reinforcing

his. faith in himself and Qis abilities. Here one must begin with educa-

tional work. 1If this is not conducted, no later systematic training in

solving mentgl problems can bé effective. This training should be

-

effected After, then along with, reaPiza;ién of the educational aims of

altering the pupil's chargcter' (in this respect, Fevraleva's experiment;® -

which she describes in dgtail, {S‘instructive_{2OT)./
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éo very important inranalyzing a pupil'é mental activity fs to
.. expose~thet peculiarity of his which decisiJely influences the entire:

. style offhis echoclwark ‘and is one of the fundamental causes of-his ' _
- difficulties in his studiés.c Let us cite some examples. .
;;' Re observed two pupiﬁg‘_first in the fourth year of instruction,
and then in fifth grade# BotR experienced subsmn:‘;ai difficulties in

arithmetic instruction, but a careful study (made with the help of the |

Nt

“teacher) revealed essential differences in the character of these diffi—
culties and their causes. : )
The basic - shqrgccming which hindered- one of the pupils from studying
‘'wag lack of originality, inertness of thought. When studying, this boy
" would always try 4o avoid every difficulty, every necessity of making |
9._Imental effort; therefore he took the course of reproducing verbéﬁ;knowl-
:.':';edge methanically, yithoat conrelating.it with specific impressions, -
with reality. This boy was of the type described above. It was he who,
in sqlving the pioblem, { ; |
There are ‘enough oats for 8 horses for 6+days. For -
how maﬂ§ deys is there enough for one horse? :
_was ready to perform division, without trying to understand how the real
quentitiee were related by proceeding from a word formula ("1if they ask
gbout one thing, you have to divide"). When he was asked ‘"How does the
niffefencé vary when the subtrahend is incgeased?" he answered, "It gets
: 'giggen;" again not’ trying to understand the specific meening of the(‘
cgnceﬁts ("differerce," "subtrali®nd") and’ following the most familiar
-train ;t thought, ";f they increase it, it gets bigger."  Also character- A

N

istic of this child was the constant influence of preceding operations, v
~and his extreme difficulty in switching from on% method of operation to

ngfﬁgéther. For example, having solved omne example in opergtion order, Jin
which no operation took precedence, he analogously solved a second

o example in which an operation took precedence and in which.it was nec-
' 7

essary to perform operations in a different order from the one in.which )
- they were written. ,; . } . .
His classmate elsb had difficulties in arithmetic, but-he tried to
v oOvercome them--on his own he tried to concretize the abstract concepts

he had to deal with, but this slowed down the process of histyork.

‘ .
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Solving the problem cited: above by v sinple triple rule with inversely
proportioned quantities, he vas . confused not by the fact that one number
was not’ divisible by another (as his friend was#¥, but by npt knowing '‘how
much oats one horse eats." This difficulty testified to the fact that he
s ‘_ had tried to understand the specific content of the pfoblem. . ‘In ‘answer
" to the question about how the difference changes when the subtrahend is
1increased, he used a.concrete example which.helped him to comprehend the
necessary relationships. "If I have 5_rubles and I spend not just 2
, rulles but 3 fuble§,dthen I've got less left." ' ’
) Sincevthis pupil always tried to grasp the specific medning of the
- assignment,. he did'not maie mistakes under the conditions o6f having to
switch from one procedure to anqther., This was his strong poimt. But
he felt §Pe need to make something specific even when the*problem-could ,
easily be solved w1th abstract logical thinking. For example -&n.solving l}
_'the prnblem, "There were 60 kilograms of grapes in two boxes. Sixteen »
‘kilograms were taken from the first box and 16- kilograms were put into‘wN?Qi
. the second. How many kilograms of grapes were there in both boxes thed?"
he again resorted to a concrete example ("If I've got 5 rubles and I
spend 4,. and they give me another 4 rubles, then I'll have 5 rubles'™)
“instead of interpreting this change in'a gemeralized way: '"They added
as mamy as they took away' [41]. - ; . :
Discovering the psyéhological features of learniﬁg in these two .
pupils makes [t possible to plan various ways of approaching ’ them individ-
ually * in the teaching.process. It is necessary in the ﬁirst case con-
tinuaMy fo train the pupil-to relate abstract concebts to reality, to
. perceptions and concggtions of this reality, while in the second case .
something else ig needed--rd strengthen abstract lo%ical thinking, .
gradually weaning the pupil from dependence upon concrete methdds in un-
covering an abstract relation.-~But the way. to develop thinking in the
‘ second case is simpler, since in this child there exists the necessaryO

connreterbasi§ for thinking, while it still must be created inm his class—
*

mate, who sufters from excessive, verbalism of knowledge D~

Thusy,in working out an individual approach it is necessary. to be
guided by a thorough study of the pupils, distovering both their typical

(group) features aqd those features which create the Individual unigdeness

’
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of their psychnlogicel mekeup : :
"One question of greﬁt, fundamental importance arises. « What shbuld

be the goal of the teaching-process--shbuld one erase or level the chll-
dfen's indiwidual psychological'diffErences, or, conversely, after : \1_

exposing certain distinttive peculiarities of the&upd.le, should one try -

. to develop them, thereby deepening the edisting differences between

students?

« It would be wrong to answer this questinn categorigdlly, accepting ;_
either one solution of the other, Both need to be done, buf with regard
tp different personal qualities. The goal should be to develop in all
children a positivae attitude toward study and active, independent, ver—
satile thinking, thereby leveling children's differences in these charac- .

teristics of personality. This should also be the task in forming - ‘
academic and practical abilities and skills; again, they should be broughc
to a high level in all children : : o )

These are theé foremost ‘tasks of the primary schnol, “and that is why
this chapter has chiefly considered them. Butin the process of primary
education we nged to set ourselves another goal ‘at the same time, which
will be fq;;z realized 1n later years, in the middle and upper grades. A
We medh the aim of strengthening or deepening individual psychclogical
difﬁerenees.n This shnuld involve primarily such- aspects of the person-

"ality as inclinaticnsfﬁﬁd interests, which may be linked with apartic-
, flar cast of mind and yith cl‘ﬁrgyiexpressed aptitudes in scientific

‘or artistic creativity. . - . S <

During the years of prlmary educatien, a number of children may
manifest an aptitude ﬁor technology er artistic creativity in its vari-
pus forms. Some children show a vegy striking interest in neture, “and -
the young naturaliste become profic;eﬂt in natural science, going beyond
the curriculum. ' | o ' :

And finally, in primary school young. mathematicians can be feund

"who appreciably distinguish themselves from the other children by the o

quickness and thoroughnese with which they learn mathemetical material
gnd by theixr orig;nal ways of thinking in sclving problems >

' These differences——differences of inelination and aptitude—— must
“not bé leveled; on the contrary, they, should be develeped in every way,
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thug facilitating the development of the personality 4z all the wealth
and uniqueness of its individual manifestations. '
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“APPENDIX - .
i . ‘e , o . 4 N

s
1

. - : ‘
The passage on page 184 quoted from Volokina's Essays in the ™. TN
Psg;hology of Primary’ Schoolchildren [69] is likely to be unclear to '

‘ the reader who does not have access to the originadl. According to

.« Volokina, the slow third grader in question had trouble with a particu—

= Hr- homework problem although he:uéhaily perfd%med calculations with ease.
.His native &fngue was_the Tatar' language, byt he spoke and read Russian
qyite well. Occasionally he did confuse gander inflectiong (which exist
in Russian but not.in Tatar )r - : e )

. Although neither Menchinskaya and Moro nor Volokina gives ‘the text
of the problem as it appeared in the textbook, it,must have looked as .
fol%ows {with the original word order«in_gggsian preserved so as to

_clarify the pupil's errofs in reading):u;;jf ‘ R,

i
! . . -

N

‘A sovkhoz delivered to the state 3,020 tons .of wheat; of rye--

965 tons less than of wheat; of oats--

five times less than of wheat and rye

“together. How many tons of grain 1n all did the sovkhoz deliver to ﬁesﬁate

Volokina observes that when presented with the problem, the pupil sat

. motionless, silently reading it over with an indifferent expression on his
face, apparently understanding nothing. When asked by the psycholog}st Ghat
the problem was about, he answered, 'About tons.'” Then he was asked, "What

. kind of tons are they generally talking about in the problem and what must
you find out?" He looked aside and said nothing. To learn what was causing

the boy difficudty, the psycholégist asked him to Fead the problem aloud.
The boy gave the following reading: | '

®

I

A sovkhoz delivered to the state 3,030 tons of wheat and of rye.

965 tons less than of wheat, “of\ oats.

Five times less than of wheat d of rye.

Together. How many tons of grain in all did the sovkhoz deliver to the state
~ L ) ’ »
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wif,

- N & . ( . | * ) | ’
S * After instruction by. the psychologisq’ {as indicated on page 184),
' the boy finally\vrote the problem in his exerciSe book Volokina quotes
\ ) .
( Hhat he wrote: . - % o . N
~ ‘ o
‘ A sovkhoz deliveredx to the state.. CL ‘
; “e ! 3,020 tons «of wheat, e A ) . :
o - of rye, 965 tons less than of” wheat, ' .
¢ of oats, five times less than that of wheat and rye together. 3
How many tons qf raio in all did the sevkhdz ‘deliver to the state? =+

‘ _ *Since .the boy was ‘not a nat‘ive Russien, ‘he had some diffit:ulty R
understanding technical style in which problems are typical\ly stated.
: ,._'Further his lack of undefétanding of individual words. ang, expressions
; appeared to make it difficu}.t for him to ‘grasp the sense of - aprobleni-.
| ‘already partitioned into its components. Hie. incorrect reading of the
. problem resulted in arbitrary pauses that further obscured :tts meaning.
He had developed an attitude of despair toward ,problem éolving, figuring
before he. begen that whatever he did would' be udeless. According t ‘
Volokina, however, once he was able to make the smantic connectionk.

> between ¥ords, his more%e rose and his per formance “improved. (Ed.) .
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