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PREI'\CE
- . ~ ' ( ! k ‘ ' \ * .
The.series Soviet Studies in the Psychology of Learning and Teaching

- Mathematics is a collection of translations from the exflensive Soviet .
L] v

,§; literature of the past twenty-five years on research in the psychology
of mathematical instruction. It also includes works on methods.of

teaching mathematics dirtctly influenced by the psychological research.

The series i; the result of a joint effort by the School Mathematics ?“\\\
Study Group at Stanford Unlversity, the Qepartment of Mathematics
= Education at the University of Georgia, and the Survey of Recent East
. European Mathematical Literature at, the Universi&y of Chicago. Selected
papers and books considered ta be of value to the American mathematics
- educator have,been translated from the Russian and appear in this
Series for the first time in English. . .
‘ Resegrch achievementa in psychology in the United States are ,
’.outstanding indeed. vEducational psychology, ‘however, occupies only a”
small fraction of the field, anduqgtil recengly little attention has '
been given to research in the psychology of Hearning and teachimg

L

,particular schodl sybjects. ' ~

The situation has been quite, different in thegSoviet Union In:
' viewwpf the reigning social and political doctrines, several branches‘
of psychology that are highly developed in fhe U.S. have scarcely been
investigated in the Soviet Unien. On the other band* because of the ’; ;
Soviet emphasis on efpcation dnd its Eunction in the state, reseefcb in
educational psychology has been given considcrable moral ‘and financial

1]

support. Lonsequently, it has attracted many creatiye and talented

scholars whose contributions have been remarkebie

Even prio# to World War II, the ‘Russilans had made‘great strides in
educational psychology. Fhe creation in 1943 of the Academy of Pedg-
gogical Sciences‘heloed_to intensify the research efforts and programs
in this field. Since then the Academy hds become the chief edicational-
research andg deneiopmcnt center, for the Soviet Union. One of the main ™~

" aims of the Academy is to conduct research and to train research scholars
) ; . ' f(
A s{udy indicates that 37.5% of all matcrials in Soviet psyé\ology

published 'in one year was devoted to education and child psychoLOgy Sge
Lontemporary Soviet Psychology by Josef Brozek (Chapter 7 of Ppesent*ny

‘ Russian Psycholopy, Pergamon Press, 1960). ' :
] B ET
. ,iid , f(f\
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in general énd spgcialized educotion, {n educational psychology, and
in methods of teaching various schoof subjects. .
The Academy of Pedagogical 3ciences of the USSR comprises ten
B .- research institutes in Moscow and Leningrad. .Many of the studies
o | reported in this series wera conducted at the Academy's Institute of
General and Polytechnical Education, Institute of Psychology, and
Institute of Defectoloéy, the kast of wnich is concerned with the g
special ﬁsychology and educational tef{:iques foY handicapped chiédren.
The Academy of Pedagogical Sciences has 31 members and 64
v associate membefs, chosen from among distinguished Soviet scholars,
scientists, and educotors. Its %e;manent staff includeslmpre than
650 rgsearch associates, who receive advice and cooperation from an
additional 1,000 scholars and ‘teachers. The-research institutes of
the Acaoemy have available 100 'hase' or laboratory schools and many
other s;hnols in which experiments are conducted. Developments in . ‘
foreign countries arg ,closely fodloweddby the Bureau for the Study of «
‘ Fhreign hducational Etpérlence and InfoLmatian. \\:
The Academy has its own publlshing house, which issues hundreds of
books each year and/oublisheb the collections Izvestiva Akademii’
. Pedagogicheskikh Nauk RSF®R [Proceedings. of the Acngsi;

Sciences of the RSFSR], the mé%thly Sovetskay; Pedagogika [Soviet

of Pedagogical

Pedagogy], and the bimonthly Voprogy_?sighologii [Questions of Psychology]«

‘Since 1963 the Academy has been issuing collextion entitled Novye

Issledovanigg_g_Pgdagogigheskikl Naukakh [New Research in the Pedagogical
Scienges] in order to dissgninate information on curreﬁt*researcn. r N
A major dl?fcrence betwqgn t1e:§ovlo; and American conception of o
ed&%ational research is that Russian psychologists often use qualitative’
rather than quantitative methods 5? researcn in 1nstructional psychology
) in accordance thh the prevalling PurOpean tradition American readers ‘i
may ‘thus find that some of the earlier Russan papers do not comply L
exactly -to U.S. ﬁtandalds of design, analysis, and reporting. By using
qualitative mathods and by working with small groups, however, the Soviets
have been able to penetrate into the child s thoughts and to analyze his
m%atal procgsse%. To thi& end they ngﬂo also designed cla3%room tasks
v and séttings for wesearch and have’ emphasxzcd long-term, genetic studies
of learnlng. . . ) , * T N Y
VoA | 3 3
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. Russian psychologists have céncerned chemselves with the dyngmics
of mental activity and with the aim of arriving at thé prfnciples of the
learning process itself. They have investigated 3uch‘areas as: //Ehe A
development of mental operations, the nature and development oﬁ\t hought;
the formation of mathematical concepts and the related questiods of
[ generalization, abstraction, qnd concretization; the mental operations
‘ of analysis andlsynthesis, the development of‘spatial pcrception' the
relation beétween memory and -thought; the decclopment of logical reasoping*-
\ the nature of mathematical skills; and The structure and special features
~of mathematical abilities. . . : coN
In new approaches to educational resefirch, some Russian psycholoé?gis o
have, developed cybernetic and statistical models and techniques, and have '%
o made use of algorithms, mathematical logic and -information sciences. '
Much attention has also been given to prograﬁméﬁ fﬂfzruction and to an

examination of its psychological problems and its application for-
. \

-

\x/,——greater.indlviduallzation in learning. ‘
The interrelationship betfgen instruction and child development is

. a source of sharp disagreement 'between the Geneva School of.psycholagzkts,
led by Piaget, and’the Soviet psychclogists.* The Swiss psychologists
ascribe limited significance to the role of iu~£ruction in the develop~ *
ment of a child. According to them, instruction is subordinate to the
specific stageé‘im the development of «the child's thinking—«stageé

A

manifested at ‘certain age levels and relatively independent of the g \\\\

conditions of instruction. “\‘t {
As rgpresentatives of the materialgstic —evolutionist theory of the
Qind Soviet psychologists ascribe a leading role to instruction. They
dssert that instruction broadens the patential of deVElOment may
acdélerate it, and may exercise influcnce not only upon the sequence of
the stages of development of the child's thought but even ueon the very
character of the stages. The Russians study development in /the changing
conditions of instruction, and by varying these conditions, they demcnstrate
- how the nature of the child's development changes in the pﬁocess. As a

result, they are also.investigating tests of giftedness and are using

elab‘rate dgﬁipic, rather than statie, %ndices. BRI
’ L oA ©
[ . ‘ﬂ b . ”
i - )
See The Prﬁglem of lneructton 3?§_Q9Y91°PE€EE.§£_EEP %%ghllnternational
. Congress of Psycholqu_by N.A. Mcnchlnakaya and G. G. Saburova, Sovetskaya
ggéggQgiggﬁ 1967, No. 1. (English translation in Scviet Education, July ‘
1967, Vol. 9, No. 9.) = , p
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" Psychological research has had a considerable effect on the

recent Soviet literature o‘ methods of teaching,nmthematics. Experi~

ments have shown the student's mathematical pqtential to ‘e greeter

than had heen previously asspmed. Consequedtly, Russienpsychologists

have advocated the Qecessity of verious changes in the content and ’
\methods of mathematical instruction and have participated in designing

the new Soviet mathematics curriculum which has been introduced during

theyl1967- 6§‘ecademic year. . - ) N

The aim of «this series is to acquaint mathematics educators and

~

teechers with directions, ideas, and accomplishments in the psychology
of mathematical instrubqgon in the Soviet Bnion. This series should
assist in opening up avenues of investigation to those who are interested 4
in broedening fhe‘foundetions of their profession, for it is generelly
recognized that experiment ‘and zesearch are indispensable for improving
content and methods of school math matics. .
We hope that the volumes im this series will be uspd for study,
discussion, and céiticel analysis in courses or seminars in teachéff

.

|
training programs or in institutes for in-service teachers at varigns

3

'-levels. . . . s » .

+

At present, materials have béen prepared for fifteen volumes} Each

“one or more articles under .a general heading such as The

book contains
Le‘rning of Mathematical Concepts, The Structure‘of Mathematicdl Abilities
and Problem Solving in Geometry. Yhe introduction to.each volume is
intended to provide some background and guidance to its content.

Volumes I to VI were prepared jointly by the School Mathematics
Study Group and the Survey of Recent East European Methematical Literature,
both conducted under grants from the Natjonal Science [Foundation. .When
the activities of the School Mathematics %tudy Group énded in Angnst, l972,
the Department of Mathematics Education at the.University of Georgia

undertook to assist in the.editing of the remaining volumes. We express

. our appreciation to the Foundation and tg the many people and organizetions

who contributed to the establishment and continuation of the series.
PR . % . / o
. _ Jeremy Kilpatrick
- Ce Izaak Wirszup N\

James W. Wilsorn!

) | ' FEdward G. Begle . ‘.
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EDITORIQL NOTES . ' : .

- 1. Bracketed ;umeréls in the text refer to the numbered
reﬁerences at the end of each paper. Where there are twowfﬁgurégs
e 8. [5 123] the second is a page reference. All references are

~to Russian editian§, altbough titles haua been transiared and
qquthors' names trghs%}tei;ted. o ) ) e "

- 2. The transliteration scheme used 1s that of the Library

S of Congress, with,diacritical marks omitted, except that ¥O and #® ~ .

are rendered as "yu" and "ya" insfead of "iu" and "ia."

»
-

, - 3. Numbered fodtpotes are.those in the’ original paper,

stafred footnotes,are used for editorg qﬁ translator's comments.

- o3 P .
.

\



. 1 ]
o : . : . ,.
/ . s * l * . ‘\ 4 Ce
' TABLE OF CONTENTS - - ‘ .
3 . \
' Page
- ‘ . )
IntrodUCtiQn L] L] : - . L] * . . L] - . . t L] I‘ . [ .. L] - .. - -~ ] . Xi
3 .
‘ Instructing Auxiliary 3chool Pupils in Visual Geometry
3. ’ P. G. TiShinp koo o ¢ o o ¢ o 2 e e, e o o0 e o o e 1
’ An Investigation of Auxiliafy School Pupils )
Koowledge of Geometric Formse . « « o o « » ¢ ¢ 3
“Kﬁ\iﬁvestigation of- Auxiliary School Pupils’ N
ﬂj owledge of Square 'and Cubic Mﬁpsuras. e e v . 33
o Pedagogical !Methods in Auxiliary Schqol Pupils’ g;?! ~
. . Study of Geometric FOIrmS. « « « o « v « o o o« 48
L * Pedagogical, Methods in Auxiliary School Pupils' - ‘
' Study of Square and Cubic Mbasyes. . - . . . . - 92

Vféual.and Verbal Means in‘Preparatory Exerqises in Teaching .
. Arithmetic Problem Solving
Nc Fo Kuz‘mina"syromyatnikovaa R I . 125
v . , :; , . .

) . Introduction e ¢+ e o . . e e > & & 6 @ ‘e @ e @« & @ 125

The Influence of Previous ExPe;ience on Solving o
New Arfthmetic Problems . . . . « & « o o o = ¢ 128

' * The Influence of the Venbal Stereotype in *

Solving Arithmetic Problems . .'. . . . « » o 136

*

) pr
o 0 The Gyiding Role of the Word in Visual Instruction
* in |Solving Arithmetic Problems. . . . . . .« » - 140

The Influence of Knowle!ge of Arithmetic in
Solving Arithmetic Problems « « -« 4 o o « & = - 149

. N

Reproducing the Conditions of an Arithmetic o~

. .  Problem on a Visual Basis . . . +« « « « o « - . 157-

. .
- , ; /
) ) Cogclusions « e f e e e e 4 ee e e e s e e 174

v Some Features of Elementary Arighmetic Instruction for
Auxiliary SchoolsPup .
3 5 T . V - K}lanutina L] L] - - - - -, L L] . . e - - * . . * .. 183
. »

. f

f) .ix | A / :




-~ .

Knowle¥pe of Spatial and Quantitative | S
Relationships in Normal angd Mentally
Retarded Children. s 4 e s s s s

.o-apa-
-

Thg Formation of Conceptions of Spatial ‘and‘
. C Quantitative, Relationships in Mentally
(‘ - RetardedChMrem.............Z.

-

- -t
*
’Q
. Y . i
{ :
3
. = » o~ *
) ‘
v
3 » . s
» ‘ ’ '
. N
) y L .f
'S
- L3 - *
&
2 L
F] Q‘
2 *
- N Q2
% ' - ™
\ * © £
o
. F] - L
f o *
'(\ , ”K rf-‘
s ", - \
. , ~— .y . .
. -
) o |
. | ¢ ~ f
. . 1
- . v, ! *fs /‘; -
. ¥ —
- 1 ]
- -
1¢ S
* -
N . —_ »
."
LY s .
M V™ ~‘ . ' - * .
- Y -~ / ' 2 ~ ~ -
PR ‘ B . L,




i 4
. g . Y -
“
¥ .
3 {t 4
» .. R [\‘ ’ - ) L]
. ST AR S L : AN
. N 'ér. ’..L”M .. : . 1 =y ) N~
"\\ . 'd’ e ’4,'” . . - - » R
.t . . ,—f .
. e * .S ww - - ~
' . (2 ) - - »
_ e .. , INTRODUCTJON | . L .
o ¢ )
- ‘X N - [ ] . -

] [ 3
The“articlee 1n,this vorhme deal with the instruction in geometry
- and arithmetic of mentelly retardEd pupils in the Soviet Union. These *, .
pupils attend special Schools, calied auxildary schools, where they )
are trained in content that can later be related to specific job skills. g
Authors of the articles have attempted {o identify the specific
knowledge that the pupils posééss and to design more. effective instruc-
tional methods for increasin% that knowledge. . v
In the first article Tishin cites visual geometry as being of much i Y
greater importance in the Soviet auxiliary schools than.in the public
schools; The purpose of Tishin's study was to dgtermine the natun§ R *
and extent of the auxiliary sghool pupil's geometric knowledge and to
suggest methods for increasing this knowledge.’ The results of the ‘ﬁ
investigation are reported for groups of six children from each of ‘
gradfs one threugh‘eeden. An enalggous investigation was carriéd out Gk
with normal‘ childrem in lower grades in the public schools. 1In all,
there were nineteen series of investtgetionst eleven on the knowledge
of plane figures and eight on the knowledge.of geometric bodies or ;/‘f

1 -

‘solids. : : 7
s

Y.
-—

. Tighin carefulty explains the methods he used and gives deteiled
results. 'he concludes, among other thipgs that auxiliary school pupils
can select geometric forms when given meodel; that with slightly more
difficulty, euxiliery schodl pupils can select geometric forms according
to name, draw geometric figures, and model geégitrig bodies; and that
puhBic schoof’pupils have less diffieulty naming geometric forms than *

do guxiliary school pupils : //(‘-\\\‘\\

In Tishin's investigetdon of auxiliary school. pupile( knowledge \\\‘\f‘~f‘

of square an%\cubic measure, hehfirst asked efudent “to compute the

igures ‘were presented

. area of three rectangles and ftwo sfuares. These

x1i~
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t

v

R ‘ in order of increasinghdifficulty The figures were’drawn,_andﬁ . -

pupils %é do meny of thﬁqmeasuremeuts and computations correctly, S

_ eentent.f Hére again{ the publie school pupiis were deemed bettet
‘ at solving,

. " - .-
A +
. . - '
.
“ . < . .t - . PR
. .
s .
. v .
S [ - .

. the pupil were required to measure to get-the dimension’s. The o -

heweverh they Were not’ always eorrect in indicating the units use& A
in. the. computatiens er'obtained in the answer. ° ' ) = ‘.. - '

In another series ef investigations, Tishin gave the pugils -
~word problems @alling .Jor the computation of square and rectangular . 
measurements. The pupils were mucH more suecessful in obtainipg.' h

correet answers to these Rroblems, notwithstauding their verbal

..

]

tse problems then the auxllia:y sehool phpils. o ";"

\\ TQ determine their knewledge.pf cubie measure, the pupils were
presented wi three parallelepipeds and two squares and were told o /
to deLerqine the volume. They enc0untered many diffieulties inr‘-
determining the mensions of the’ figures. \Hewe’ver, ‘when given word
'probleﬁs'the pup%%s were able to solve them much more easily. Again,
as, in the investigation with square measure, the pupils were not egp-
sistent in their presentation of the units M the answer. )

After exhaustively deseribing his inyestigations, Tishin gives

concrete suggestions for " improving the pupils' knowlegfe of geometry. L
He deseribes many Lké?Cises'thag‘ean be&used in an# classroom where
these concepts ne\g to be taught. Tishin g article is long and detailed '
but %9n be easily read and’ understood by teachers. The idees included

in the sections on "Pedagogical Implications' cgn’be adapted to one's .

own classroom. . c

Kuz'mina—Syrqmyatnikovi, like Tishin, feels that the mentally

" retarded child needs @ pedagogical treatment designed specitically for

him and not merely adapted from that designed for a normal child. ,
This idea is also held by-many American researchers “[1]. Sshe build?“’Jx
a rather strong case for ut&lizing both visual ane‘verbel means iy ‘
teaching pu}ils to solve arithmetic?problems. | »

In the nvestigation discussed in this article, the students were
interviewed singly while solving problems and wers questioned on the

meﬁhods they used. Kuz'mina-Syromyatinikova concludes that pupils



were mueh more‘successfﬁl'in problem sél&lng‘when they conld recog-

-nize ‘a link between the problem they were attempting to sgdve and

verbal-visual form was taught

Many.times, however, they Wished to{epply what_
She %lso found that ~

somé past experience.
they 'did- in the past without any moaification.

in choosing the operations needed to .get. the correct selution, the .

pupils were influenced by the order of the numbers presented as/well \

as by certain *guiding wg:ds, sudh as 'he hed in all” and "hbw many v

» N .
more?'r ’ . Ca e e
. . 4 - S ‘

In discussing the use of visual afds ‘in, solving verbal @roblems,

™~

Kuz mina-Syromyetnikqva eeutions teachers to chooSe aids carefdlly,
depending on the specific,problemsvbeing/tqught. She also gives,e -
method of notation that cen)be usedlby:prils tQ aid them in their géggu

computatfon. o : v e

i ‘ .

8.

Kuz mina—Syromya&nikova also inﬁestigated thelfelationship ' ;
between the pupil's ability'to reproduee the problem And his ability
to solvelph!Fsﬁﬁe problems.. Unfortunately, half of the subjects were
unsuccessfnl in reproducing the problem and none of them solved it.-
An experimental lesson presenting problems in verbal form and in
The approach utiliz{ng both visual

and verbal means was by far the most ;ECCessful with auxiliary scthl

¢
pupils., When visual aids were, cignéinated with’ the verbal problems,

the pupils were muchfmore able’ ew%uce the problems and arrive
at a soLutfon(than when the problems wer'e presented only ip\yerbal
, - S/

Khanutina reports a study

“form.

In the final article in this volume,
designed to ascertain the knowledge of spatial features (big-small, »
long-short, etc.), the knowledge of quantitative relationships
(greater-less, etr Y, the ability to ¢ount to ten, and Lhe ability
to work with problems anolving numbers f{rom one to ten. lnstructions
were given verbelly, and concrete materials were used whenever‘possible.
Normal children could handle all tas®s well, whereas mentally retarded
students scemed to have difficulty with qany of them

-

\
. xfii
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. ‘Based on the preliminary invescigstion, methods for teaching
the concepts involved’ /in spatial and quantitséive relstionship?
: ,vcounting, and . elementary problem solv‘ing were carefully designed
q . and are explained in the conc’ludilng portion oﬁ‘H‘e article.
'I'his volume contains much that should interast teachers workin“g
* with children who have learning difficulties. It has many contrete

suggestiens that can be adép;:ed for the};lassroom. . ' -
* ' ' ’ Yo : . ' . ‘
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INSYRUCTING AUXILIARY SCHOOL PUPILS IN VISUAL GEOMETRY v,
AN ’ N ’ . ‘ .
- . \ ' Lad . -
- A P. G. Tishin . , ¢ :
- ‘ - . " ¢ . P ) .
Mathemétical knowledge is exceptioqglly important in a system for ' ; rfi
instrpcting pupils. Engels wrotegy "Pure\mathematics hhs as. its objeet LTy

the spatial forms and &uantitative‘relationehips of the’real wnrld,

‘end hence it is altogether real material [3:37]7. " Arithmktic is the *

study of quantitative relationships, and geometrytis theAstudy of ~
spatial forms. In equippﬂng pupils with mathematical kndwledge, it
would be inc[rrect to give the teaching of geometry a place seCondary
to that of arithmetig in the teaching process. .| T
The history of the development of teaching vlsuel geojgetry in the =
ﬁublic elementary school**‘has shown that severdl methodologists have , '

\tluded elementary information from visuel geometry in the general '

arithmetic course. e . > . r .
The volume of arithmetic materiel_provided in the curriculum of
the auxildary school corresponds to the -arithmetic material in-the’ "

curriculum of the public elementary school. Hence, the elementary
information of visual geometry in the_grithmetic course’ in the auxil— ’

iary school should correspond to that in the arithmetic course in

‘the public school.’

From Proceedings [Izvestiyel of the Academy of Pedegogicel
Sciences of the RSFSR, 1952 Vol. 5YT pp. 81-164. ‘Trenslated by : o
Michael Ackerman. :

-

In this article '"public sehools" are those, open to the general: .
P

public and are contrasted. to "auxiliary schools,” which admit only /
children who are retarded in some way (Ed.). - ‘\?3
£ 1 .



‘ visual geometry than d}‘the pupils of the public elementary school,

"Life and into productian.

 retarded children, .in whom spatial relations -are very weakly

€
i

Clary s

'subjeets, but especially in professional training

oo ., R
/ '
) -~

'lr; The pupils A& ‘the auxiliary school need more information from

‘

since, after sevesf years‘of instruction, the former have received a
dEfinite amount of knowltedge with’ which they set forth directly int
. JMoreover, an acquainrtance with geomet

formilexpands‘the store of elepentary ideas and concepts in mentAlly

The pupils of the auxiliary schoal need,geometric knowledge' n manual

training classeg, in claeses in geography, science, drawi

" No form«oﬁ work <an, proceed w&thoub‘nsing knowledge of elementary
visual geometry.k Knowledge of geOmetric material is widely used in
.sewing, in garpentry, in cardbaard binding, and in, severil other ‘types-
of profeesionel training. Without~measuring and drawing, withOut a
-knowledge of geonetric forms and their reMationships, a pdpil is unable
to carry ou;‘. his work\tasks. . ,\ e '-_

mentally retarded children need a knowledge of visual gao-—

mefry for/ the purpose-of raising their general educational level, apd .

also fo anieducational and practical goal. The program of the auxil-

ool states that;_ . , >
. : .

n’all grades——~from the first to the seventh—-it‘is

necessary to conduct lessons whose goal 1is to provide

the basic concepts of elementary geometry, to teach

\ the pdpils the simpleet procedures of measuring and

. drawing [2:29-30].

o : -

f ) In addition, the ability to'use knowledge of visual s’ometry that

one has obtained has enormous importance in the development of the
mentally retarded child s personality,
‘Although the study of geometric material in the auxiliary school

is stipulated by the educational curriculum, studies of visual geometry'.

of ten have a‘formal character and do not fulfill the general require-
ments of tgaching and educatipg pupilg of the auxiliary school., This

1s because not much 1s known about the study of geometric material in -

the auﬁiliary school. The ‘teachers of the auxiliary school, lacking

special methodological direction, are forced to use the methodological

‘.

., and other’
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| literature on visnﬁl geonetry.in the-public e&ementary eehool' which

. ldoes not teflect the special characteristics of work with pupils of
t o the auxiliary school. ’ o o : - ' .

” - ; An Investigation'f Auxilial School Pupils - ‘

| | Knowledge of Geometric Forms ‘ :

2.

-

-1.. The Problems and Methods gﬁ_the Invest gation . -

* The goal of our investigatlon was to” discover the basic: ‘nature of

the process of studying geometric material in.the’ euxiliary school..
"+ The teaching of visual geomegty to auxiliafy school pupils.pnrsues !

. tﬁe following primary goals. , Lo ' S

1] v ' » e ¥
”

a) the development of- Spatial ideas and the expansion of
) thp scope .of ideas and concep}s of geometric figures\ .
. ‘and bodies; + ‘
“b) the mastery of a definite‘ééstem of,knowledge of
visual geometry; v _zei '
c) the development of abstract logical thinking;
\d) the practical utilization of knowledge obtained in
lessons in other school disciplines and in professional
training, . N .
a) the application of the knowledge, skills, and habits
in practical work aftet completing school. I
In thie connection we p&%ed the following problems: .
, a) to investigate the pupils' idea &geometric forms; .
b) to discover the characteristics of the geometric
knowledge of anxiliary school pupils; and
c) to determine ways for auxiliary school pupils to
study geometric material. '
In investigating geometric ideas we thought we should elucidate
a) whether the pupils can draw geometric figures and
model geometric bodies;
b) whether they know the names of the geometric forms;
c) whether they can find the geometric form cgiresponding

to a given name; and ' -




-

.
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s The individual investigatiion was conducted with groups six

e

[y

< f . - t. -
: ’ L)

- - -

d)-whether they can find the name correspondiug

o t
to a given geometric form. .

S Our attempt to ascerfiain their knowledge invQlved the‘pupils' *- .
active garticipation. Not’only did. the pdpils-yerbally define and '
name the geometric forms, but they supplemented’ their answers by
- drawing and}tracing geometric figuras modeling geométric bodies,

‘and tracing and cutting oft £igures. , S

pupila from the first to ‘the seventh grades. ‘For a comparison fée ’ v

conducted an analogous investigation in the lowest grades of a public :fii, .

schiool. 1 Each pupil's rate of progfess wa? considetedlin selecting 0 ‘ .

participants : for the’ study ot . LENE: S ‘ ‘ 1 . )
Alt%gether we’ cpnducted eieven setiea of investigations in reveal—

ing the pupils' knowledge of geometric figures and eight series in

clarifying their knowledge of geometric bodies, We followed a definite

order closely, to reveal the pupils' real knowledge of geometric forms.
0 v ‘ N

5 2. Results of the Individual Investigation o Ascertaining the - .

Auxiliary School E_pils' Kncwledge of ﬂ!ﬁhp(ric Forms

L]

As & reault of the investigation we obtained the following material,
\ .

which we shall examine.’ , o ‘ . ‘ L
, : '

. {
lThe individual investigation was conducted in various gchools and

'classes in order to clarify the special characteristics of the pupils '
in the auxiliary School and to avold introducing the individual pecul-
iarities of the instruction of particular teachers. To emphasize the
material obtained we took only part of the data from the experiment;

#” we selected the results of. the inyestigation of groups of six pupils

. each from the first .to the seventh grades. The pupils of other grades

gavegisnilar results, In our general conclusions we used the entire
expersnental material obtigned.

2In our work we retained the terminology of the auxiliary school's
program; that is, plane geometric figures were called simply geometric
figures, and solid geometric figures were called geometric bodies.

The pupils of the auxiliary school learn this terminologyiﬁore easily.

L3
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. triangle. Four third graders drew triaugles.

'

- [P

The Pupils' Ability to Represent A Geometric Figure in a Drawing and

LY

to Mode} a Geometric Body, - ,
y N iy

. wnen the pupils were asked to sketchfﬁshircle, only one second )
grader did not carritout this task. The: others drew a- eircle. The C.
fourth graders used cegpagees and the others drew freehand.

I
When asked to draw a square, some pupils made errdgs. One firsé

& 5
grader drew a rectangle instead of a square, and{another upil drew. a-

N

“ Figure 1 !

The children have .a less'egeurate idea of a rectauglei Most w
pupiis represented a reciangle incorrectly. gnstead of a rectangle,
they, dew a triangle, and three third graders drew a rectangle as a
-tight angle or set square. (Figure 1). . ‘ -

+  The pupils' ideas of a triangle were correct in most cases,.but
some pupils drew a group of three triauglésl(F ure, 2) instead of
one, understanding by the term "triangle' a set sﬁéé;e for mechanical
drawving. One pupil drew- three angles placed separately (Figure 3),

and one pupil drew the representation shown in Figure 4.

. t

I's

-

Figure 2 ' Figure 3 Figure 4
5
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In drawing geometric figures the fourth graders useﬁ compasses and}

rulerg, but in drawing a right triangle none of, the pupils used a set -

square. In the first and seconq grades the best results were displayed

in drawing a circle and a square, but the third graders gave better

results in“drawing a circle and a triangle. The pupils made more‘ﬂ .

pupils idea of the circle was most a%?urate, then of the square, of N
~the triangle, and of thHe- xectangle. S ] 4,

‘errors in drawing the related figures of square and rectangle. The\‘

-

In nepresenting ggoyetric figures in a drawing, the pupils ingthe

. omy

higheSt grades ofuthe auxiliary schoolq(S -7) showed the following

N T gesults.- when asked to draw a circle, a} the pupils of the highest
. |
,grades did so, mqst of them usin com ses” _Almost gote of the pupils

- (from differ%pt classes)‘drew freehand with a high degres of precision.-

Mistakes were made in representing a squ re and a rect&ngle.' Three
fifth graders drew a rectangle instead of a square. All other pupils
drew a square correctly, sope freehand.

A significant portion of the pupils drew a rectangle correctly.

The following mistakes were made in representing a rectangle: a fifth .

: b
- grader drew, a triangle-instead of a rectangle, one seven grader drew a

‘square instead, and another a right triangle. In drawing a rectangle

3

Ji,%_ -

. .

and a square, and in constructing a right angle, a set square was not’
used. The pupils were instructed: '”Beforepyou are pencils, ruler,

set square, and compass; trace a circle, square, rectangle,,anu tri- |
angle.'" Then they were allotted complete freedom of action. Given
this-instruction and freedom, somsﬁdrew figures.with a.ruler;'and some .

freekand.

The pupils had a more accurate idea of the triangle than of the

i square or rectangle. All drew a triangle Lorrectly‘ Thus in our

\investigation the pupils did better in representing the\circle and

" the triangTe tfan the square and the rectangle. The pupils of the:
»

" auxiliary school confuse related figures more easily than contrast-

- ‘
ing figure

In drawing geometric fligures from a model the pupils made signi—

ficantly fewer mistakes than in representing the same figures when

»

-

[
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their names were ‘given. Almost all coped setisfaotorily with the .

prob }em. All the pupilé'reproduced a triangle and -circle precisely,

‘and fin the fourth grade they used ruler amd- compass in tracing these
’ figures. Only one first grader drew a square. instead of a xectengle,

other pupils drew correctly.«( o v :

gnd only one second grader ‘drew a rectangle instead of a sqnare, !gff
!
In representing geometrictﬁigures the pupils in the higher grades '
made nistdkes only in drawing a square and a recgkngle, that. is, in,
represénting related figures. Most often the pupils confused the

_ squaye and the rectangle, because there aré no sharp differences

-

*

between these figures as,_for example, between the circle and the

- . . ) , :
triengle _ 4 T . ) o '

o

Upon comparing the results of the investigation conducted in the
auxiliary -and public schools, we noted some differences and generaid
tendencies: the pupils of the public school reproduced geometric
figures mofetnrecisely. Almost sll pupils of the normal sohool used |
compasges in drawing a circle, but in the auxiliary school they, did not --
use comﬁessés until the fourth grade. In'neither school did any pupil
use a set squafe to dra® a square and rectanéle. the pupils in both
schools represented the circle anq the .triangle more accurstely and
the square and the rectangle less accurately. A )

" The representations of geometric figures made by the pupils of the
tWvo schools differed in the precision and accuracy of 1ines. Figure 5
shows some of the fipures made by a fourth grader in the public'school.

"
/ )
. 3

£

triangle J / rectangle

-

sguare circle
W

3
-

Flgure 5
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Figure 6 shows the same geometric figures drawn by a séventh grader
in the suxiliary school. '

, '

: . Fi

Fe®

+ . circle:

. - ﬁigure 6 Y — 0 ~

E The pupils of the auxiliary “school were*also asked to make nodels

of a series of geometric bodies. The results of their work were the
following: ‘out of 24 pupils of, the loer grades (1-4) of the aukiliary
school only four could model a cube’. In one case a pupil gave up; the
rest did it wrong by modelling a parallelepiped instead of a cube. In

14 cases the parallelepiped had a square base, In most 'cubes' mndelled

‘the edge of théf;quare base.was greater than the height. Some
) pupils modelled a parallelepiped with other bases. One modelled a
- a .
cylinder. s

#.c children had the most accurate idea of a sphere or ball. Omnly
one third grader, R. A., modelled a cylinder instead; g sgcond grader,
¢’ V., modelled a disc. :

Only half of the subjects could model a parallelepiped or square
bar correctly Three modelled it in the form of a whetsto and the;
rest stated their inability to do this. . nET\\\\\\\

The children did not know the cylinder, cone or pyramid, and
thus in almost all cases gave up. Only third grader Ya. E. made a
pyramid in the form of a toy, and third grader B. K. modelled a
parallelepiped instead of a cylinder and pyramid, and a whetstone in-

stead of a cone.

-



v When t@e p:p‘ls of the upper grades of the auxiliary sehool were
asked to model a cube, only half did it correctly. Three fifph graders -«
and two sixth graders modelled a parallelepiped with a\equare base
instead, and fiftﬁ grader P. N. could not model atéall Seventh grader
K. M. modelled a perellelepipeﬁ' /f‘ ‘ C

All the pupils being examined modelled a ball, half correetly and
hélf neerly eo. " . k .

More then half modellei a parallelepiped. The others diﬁ nomb
produce a moﬂel since they .had no idea of the given geqdetric body
Seventh grader R. M. modelled a long plate, and three fifth gradere,end

four T s ixth gra&ers did not model the given geometric body at all. éhe
| seventh graders no longer called a parallelepiped a beam, “but a
parallelepiped™ \

The pupils of th? upper grades did not maedel a cylinder a 3one,
or a pyramid. Some pupils tried to model a cone and a pyramid in the
form of objects familiar to them. For exsmple: two pupils of the
fifth and sevehth grades modelled a hammer instead of a cone, and a
sixth grader modelled a truncated pyramid, but he also é&aelled a
truncated cone instead of a pyramid. The other pupils did not’'try té
model. ' 4 .

Almost no one modelled a pyramid. A sixth grader modelled a trun-
cated cone insteed, and one seventh grader modelled a toy pyramid, and
"another a horseshoe. The other pupils did not try to model, since

they did not know the given geometric body. None of the pupils could
model a cylinder, aﬁd no one even tried. ‘

Making geometric bodies from a meodel eaused significantly fewer
difficulties, since the pupils could compare the models they were
making with the given model. .

Comparing the results obtained in the auxiliary and the public
schools, Wﬁvobferved some general similarities, as well as qualitative
differences. The pupils of both schools represented a ball more
accurately than a cube, and a cube more accurately than a parallele-
piped. A common characteristic of reproducing a cube is an insuffi-
clently accurate idea of the given geometric body and.feilure to single

| | Ty

f
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] out'its inctive feekures;_ The mistakes dgfe Homogeneolis. With
o the a a mo&el, the pd?iigtregroduced \\t‘e cube but a patallei&— 1 s
I F *
piped with a ;;?‘re Dbase. K . . ’ & Y
o / ' A 8 .

Thelpupi .of the\@ublie school fepresented geometric bedf%s more . {
accurately than the pupil$ qﬁ the’ auxiligry school. - o g )
e " For cdmparison we give regresentations of .the geometric bodies’ - o

arwabdelled by ‘the pupids of the auxiliary $nd the pquicJﬁthools.

(Figure§ﬁ7 and 8) o : .
= : ' .

~

bl . ) ’
Figure 7: Geometric Bodies Modelled by Papils of the Auxiliary School
' v
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Figure 8: ~Ge€ometric Bodies Mode]ledby Pupixs of the Public Schood
' \

Ascertaining the Pupils' Knowledgg of the Names of Geometric A
Figures and Bodies ) '

-

The pupils were shown geometric figufes successively-—circle,

square, triangle and rgetangle——and were asked to name the geometric
figure preséﬁted. For the figures.given, the pupils of the lower
grades of the auxiliary school almost always gave more incorrect
names. - — ! '

The retarded children had a iess mistaken idea of the circle

than of the other figures. Most correct answers'were:’ "little circle'
(khruzhochek and kruzhok). The name kruzhochek was given by first
XIUznhoK, Xruznochex

through third grgders,'and kruzhok by fourth graders. The incorrect
answers "little ball" or "round ttle ball" show that some children
confuse circle and ball. ¢ -

They, also gave many correct answers for the triangle, calling it
a ''three-angl'e," according to the number of its elements. In determin-—
ing this geométric figure, there is only onemessential feature——th®

three angles. The .fewer the essential features, the easief it is for

)
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. the child to name the figure correctly if, in additiod, there is a
similarity between the name of the figure and its defimition by
essential features. Some first and second graders called the triangle
a "mirror" of "a little house" s that 1is, they gave the geometric figure
in objective inierpretation. The third and: fourth graders named a
triangle in base position correctly. Two fourth graders called the
trianglé a set square" or "angle—thing." )

When a rectangle was presented, the first and second graders
either did not name the given figure' at all or gave it mistaken namesy
such ag "little square," "little cube," "mirror," "little plant,"

. "domino,'" "long thing," an? so on. The third and fourth graders gavg/
correct names. The children easily confused the rectangle with the
square. Perceiving a square, the éupils called it a "four;anglg" or
"ittle four-angled thing.'" Thus, there was one essential feature at
the basis of their definition-—-theé four angles. Most mistakes '
¢tonsisted of the answer "ireTa cube.' Cube and squa;glwere confqgﬁd
because the face of a cube is square.

There were three essential‘featur;s in the definition df the
rectangle and square. The first feature was the four angles; the- ,
second, that all the angles wera right angles;.and‘the third—for the
square--the equality of all sides, and for the rectangle the equality
of opposite sides. ﬂab the pipils called the square and rectangle
simply "four-angle''; that 18y as the basis of their definition they
chose only one essential feature. .

In the Ul'yanpvsk Auxiliary school we asked thé children to name
a rectangle and a triangle of oblong form (Figure 7).

.The correct naming and recognizing of a-square and a circie pro-—
ceed differently than the naming and recé izing of a redtangle and of
a triangle. This digference is because in the Bquare and the circle
only the scale of the figure can change, while in the rectangle and
triangle, the telation@ of the sides can change., This influences,
to some extent, the change of form of the figure (Figure 8).

When shown an oblong rectangle, the pupils ’answered '"ruler,' or

"1ittle ruler.! There were significantly fewer correct answers than when

-
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the rectangle had been introduced, tﬁe latter having a form familiar
to the children. Most pupils cauld noc'name an elongated triangle
: . ) correctly although they hadstnamed the previous cfiangle corractly.
k The rectangle, because ity form was like that of a'squaré; was called
v a square. ‘ ' - ’ .
| -In the naming of geometric figures"ge obtained the foliowing data
from the, pupils of the upper grades:
When a circle was introduced, almost all the pupils named it
correctly ("circle," "little circle," "round thing"), and only two
| (/seventh gradérs called a circle a "circumference."
- When a square was introduced, most pupils riamed this correctly
, too. Three pupils (two fifth graders and one seventh grader) called
" a square a "four-angle" and two fifth graders called it a "little cube"
and a "flat,” that is, gave'an incorrect name.
When a triangle was introduced most pupils called £t’a "three-
. angle." Two fifth graders called it an "angle-thing," and two slow
seventh gradex§ a 'rectangle' and an "obtuse-angled thing." .
When a rectangle was introduced the pupils gave more incorrect {
answers in comparison with’ the other figures. A sixth grader called
a rectangle a "four-angle,” and a fifth grader called it a "right-

angled thing,'" and three seventh graders, a “'square” and an.'angle-

thing." e . ' )
The pupils of the upper grades already have a more accurate idea
of circle, square, rectangle, and triangle than those of the lower
grades. We asked the pupiﬁh\to name three rectangles: One was 12 cm
"long, 2 cm wide, the second 12.5 cm long and 7 cm wide; and the third,
9.5 cm long and 8.5 cm wide. Eight out of twelve pupils named the
first figure corfectly. One sixth grader called it a “four-angle,"
and one sixth grader said: "This is not a rectangle; it is like a
rectangle; we didn't learn about such things.'" Two seventh graders
called such a rectangle a "parallelepiped."” All sixth graders named
the second figure correctly, and three seventh graders also named it
correctly. Besides this, one seventh grader called this rectangle a
square; another, a parallelepipeé; and a third said that he had for-

gotten. The third rectangle (close in form to a square) caused more

13




difficultiés for the pupils. Three sixth graders and two seven graders
at first talled this rectangle a square, but éfter'meésuring the sides
they gave the corxegt names. Three sixth graders left it with the n&me
_ "gquare"; and of the seventh graders, ong called it aq”foug-angle";
. another " square," a thi&d, "a cube'; and one, eveé ter measuring
the rectangle, called it a "parallelepiped." Thuéih:Eéﬁgnitipn depends
on the reltsionship of the sides to 'a significant extent.

Yhe naming of geometric bodig; proceeded thus:

Most pupils of the lower grades of the auxiliary school named the
ball correctly. Some pupils called it a "little circle" [kruzhok or
kruzhoghek], "little ball," or "nut'; that is, either they did not
distinéuisﬁ the geometric body from the figure sufficiently, or they
named it after an object similar in form

When a cube was introdused, most children called this body a "little
cube," one pupil called it a "four-angled little cube," and only a few
pupils called it a "square,' or "little box," a "four-angled thing."

. The.chxld;en have a less accuréte idea of the parallelepiped as
a geometric body. ’ a

The pupils do not know the cone as‘g geometric body and call it
a "litfle cap," a "hood," or the like, that is, they give an objective
{nterpretation to the given geometric body. ' )

The mentally retarded school-children called the cylinder "a
little jar," a "little box" and some called it = "eircle" and a "little
cube." | v

They called the pyramid 'little house,", Yside—cap,' "tent,"
"tri—angle,”'”lighthouse,” and the like.

- The pupils of the upper grades ;f the auxiliary school gave the
following answers: ) ‘ )

whda a "ball" was introduced, almost all the pupils named it
cbréec y. The greatest percentage of ‘correct answers came from sixth

. and seventh graders. Only one seventh grader ,K, N., called-a ball a

11}

"circle. One should also note that seventh graders I.Z. and M. R.

e o1t

had an ipaccurate idea of a ball, which they called a "circle, cir-

cumference," and "ball."

When a cube was presented the corregt answers were: ‘‘cube,'-—- .

¢
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maiﬁly from seventh graders,'agd "little cube"—from fifth and sixth
graders: Some fifth and ‘sixth graders called a cube a rectangle and

Al \

a square. . N

The pupils have less accurate knowledge of the parallelepiped.
Most correct answers were g;ven by geventh éra&ers. One sixth grader
called it a 'beam,'" and a fi{fth grader called it a "little beam," For
the most part, the fifth and si;th graders cmlled a parallelepiped a
reetangle,.a square, Or a matchbox.. 7 E

\ In naming familiar geometric bodies the -pupils of the upper grades
e made misgékes much less freqliently. When a cone was introduced, one

' figﬁh grader named it correctly, and the remaining pugdﬁs either did.

not name it at all or gave mistaken names (''three-amgle," "lighthopse,,

"eircle," "

cap,' "tower''). lost names were names of objects similar in
form ("lighthougs," "cap,¥ "tower ") or names of geometric figurSS'
- which are projections of the given geometric body ('triangle," "circle").
-w When a c¢ylinder was introduced only one fifth grader a&d three “
sevEch graders named if correctly, and the others either did not name
it at all or gave it names of objects similar in form to a cylinder
'("ilnd of a little barrel," "box," ”round,"‘rhup," "roundéjar," "tub'");

1

one fifth grader Q?lled a cylinder a 'circle, and seventh grader 1. Z.
called 1t a "perimeter.'" In their answers most pupils noted the
distinction of ythe given geometric body, especially its round form.
, In naming the pyramid the pupils followed.the .same pattern as in
naming the cone; that is, only one sixth grader gave a correct answer,
and the reft either gave np ndme or called it an object similar to the
pyramid ("cap," "lighthouse'). Some pupils named it after é%ometric
figurés which are p}ojeﬁtions of the given geometric body ("triangle,"
' "five-angle'), and some pupils called a pyramid a co;e, basing this on’
'séme similarity between thém. +
Comparing the results of the investigation conducted in the public
school, we noted the following:
A characteristic aspect, common to'both the mentally deficient

children and the pupils of the pdblic school was the absence of a

generalized word designating the given geometric form (figure or body).
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The number of word names designating geometric forms is given
in Table 1.
_/
[ TABLE 1 :
_ NWMBER OF WORD NAMES USED TC DESIGNATE GEOMETRIC FORMS

Number of Names
Form | Auxiliary School Pupils Public School Pupils
C - .

N " Circle ( 3 8 : L . 6
Square ' 10 8
Rectangle 16 7
Triangle - 9- ¢ -6
Sphere “ 6 5
Cube 5 4
Parallelepiped 12 11
Cone | 12 12
Cylinder . 15 ) 10
o Pyramid 12 ' 12

P

The pﬁpils of bgth schools have an insufficient idea of geometric

forms. Table 2 shows the percent of correct names given to individual

figures and bodies. » . >
*  TABLE 2
: PERCENT OF CORRECT NAMES GIVEN TO GEOMETRIC FORMS N
Form " Auxiliary School éupils ) Public School Pupils 1%{
Plane o
Circle 40.8 *i% ' 83.3
Triangle 62.5 B 66.7
Square 20.8 #50.0
Rectangle 16.7 , 20.8 -
Solid
Sphere 72.2 87.5
Cube ‘ 83.3 87.5
Parallelepiped - 25.0 37.5
Cylinder - 0 - ' 12.5
. Cone 0 4.2
. Pyramid 0 8.3
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Some pupils of the auxiliary school gave objective-geometric names
to familiar forms, which the pupils of the public school did not. We

obseryed an entirely different picture when we introduced unfamiliar
geometric forms-~for example, the cone, cylinder, and pyramid. Thé
pupils of the public school also naned these three geometric forms
. - . -~ et

*after obiects., -

Geometric figures are plane geometric forms: The pupils of the”

auxiliary school distinguish the plane form from the solid poorly, and

they name the geometric figure after an object. Geometric bodies have

three dimensioﬁs,‘and, by .their form, recall an objecty hence, the

pupils of the public school named an unfamiliar geometric form of three
dimensions after & similar object. TMgy did not do this for the plane

forms which they easily diséinguished from the geometric bodies.
One should note that the pupils of the auxiliary‘schoal have a

. better idea of'g solid geometric form than of plane forms. At the same

time, they have unequal ideas of the solid forms. They have a better

idea of the ball and cube, and a poorer one of the other solids. Of

the plane forms, they have ﬁ better idea of circle and triangle, and -

a poorer ome of square and rectangle. : oy -

Ascertaining the Abilities to Find the Corresponding Geometric Form
from-a Given Name. ‘ - ' s

s

. ‘
The pupils were asked to find particular geometric forms among

oges spread over a table, torepeatthe name and to answer that this

is the geometric foré sought "or to ‘tell all that they know about the

geometric body." When the pupils of the lower grades of the auxiliary:

school were asked to find a circle, all pupils solved the problem
coyrectly with the exception of one first grader, Kh. S.

The next most accessible form for the mentally deficient child

~Is_the triangle. Correct solutions were given by 22 out of 24 peopile,

(S
or 91.7%. The next form in degree of éccessibility is the rectangle:

87.5% of the children's answers were correct. The most difficult fig-

ure for the pupils to perceive 1s the square. Only 66.7% gave the

correct answers. For the most part they confuged the square with the

rectangle and the triangle.



In the selection of geomatric bodies accordingso name from a
collection which had been set out, wé obtained- the following results:

.

Twenty—four pupils chose the ball correctly, and twenty-three,

‘the cube. The children had less ﬂcqpfate knowledge of the parallele- .
., piped (beam). Only 16 out of 24 sele&teé the parallelepiped. The
 others selected instead five, a cone; \two, a cylinder° and one, a

pyramid. The pupils of the lower grades @id not know cylinder, cone,

J
vy

\
Let us examine the results of the investigatlon conducted in

or pyramid.

the upper grades of the auxiliary school Asked to find a square,
most pupils of the upper grades did it correctly, only one fifth grader
ard three seventh graders selected the rectangle. _The lack of review
‘ of the geometric figures in the seventh grade and th%!sketchy study
of them in the sixth grade raise ‘the number of mistakea.
When we asked the children to select a rectangle, W observed
an anomalous pattern. One fifth grader and three seventh graaers
selected the square, and the others. solved the problem correctly.
Selecting triangle and circle gave the pupils of the upper grades no
difficulties. All pupile carried out this task correctly.~‘
The selection of geometric bodies showed the following pattern.
Not all pupils could manage to select the parallelepiped. Seventh
grader R. M. selected a cone instead, although she had named the
parallelepiped correctly in a previous'series (though sﬁe didvmake a
* mistake in that). This indicates an uncritical attitude towards the
‘operation. Some fifth and sixth graders chose the cylinder and pyra-
mid. Salecting the cube caused fewer difficulties, only one fifth
grader chose a cone instegd. All selected the ball., The pupils
of the upper grades encountered significant difficulties in selectipg
the cone, cylinder, and pyramid. More than half of the pupils chose
the cone correctly; the others, for the most part, selected simpler
figures instead, less familiar ones in particular. One fifth grader'
selected the parallelepiped, two pupils of the fifth and sixth
grades selected the cylinder, and four pupils of the sixth and seventh
grades selected 'the pyramid. In general, the pupils confused the

cylinder wirh the cone and the pyramid. Almost half the pupils
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correctly selected the cylinder, the othexs selecting the cone or pyra-
mid_instead. The frequent selection of the pyramid was because the .
cone, in ipdividual-zhildren's conceptions, is a geometric body that |
has édges{A The pupils were accustomed to seeing a "cone" a; a part
of & hammer. | ‘ ‘

They also confused the py:amid with cone and cylinder. Only half "
the pupils selected the pyramid correétly. In selecting cone, cylinder,
and pyramid, the child;en used the method of exclugion. Because of -
the lack-of concise kﬁéﬁledée of' the given.géometric bodies, their -
chéice was limited by unfamiliar geometric forms. ' \

. Answers to the questions, '"Why does the pupil think that this
is such-and-such a figure?" or "Tell all that you know about.'this
geometric body" show the development of the child's logical thought.
From the pupils' answers it iS‘ﬁossible, to a certain extent, to
judge the process of the fo}mation of concepts of abstract geometric
forms. | |

In the fir%t gradeithe pupils gave simple answers for the defi-
nition of a circle; in some the distinctive features of the given geo-
metric figure were not nqted} Most'answers werae devoid .of any thought,
for example: ”some;hing drawn,' "this figure,' and the like. . ..

In defining a.circle the ;hird and fourth\§raders remarked in
most cases: 'because it is round” or '"it has no ahgles, but is all
round." Tﬂé third grader P. K. juxtaposed the circie to the square;
he sharply distinguished these two figures. His answer was: ."Be-
cause it has no ends, ‘like a square, gut is always round." ‘

The triangle, too, has only one essential feature, and it was
relatively easy for thé pupils to give a verbal defimition of the
given geometric figure; thaé i§, they expressed the elementary fea- * -
tures of the given figure i1 verbal form. In the first grade the

pupils did not answer the question posed them correctly. Only one

pupil, B. Yu., answered, ”Bgcause i; is three—angled, one above and
two below.' This”pupil still cannot express his thought accgrately
in verbal form, but he already has, Iin elementary form, a concept

of. the triangle as a figure of three angles. Some third graders and

most fourth graders answered that the given figure has three angles.
¢ »

-
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The pupils of the éuxiliary school have greater difficulty in
m:verhally defining the.reciangle and squar%} These figures each have
three essential features. The mentally deficient children of the lower
grades cannot grasp all three feagyres at once. Not considering the
first and second grades, most third and fourth graders single out
in‘their definitions only one essential feature: elther "riéﬁt angles"
or "the sides are equal" (for a square) and '"opposite sides are equal"’
(for a rectangle). in calling a rectangle or “square a ''quadrangle,”
the pupils emphasize that it has four angles. This shows that the
mentally deficient child forms the. elementary geometric concepts in
verbal form,only towards the fourth grade.

It is'yet more complicated with the description of geometric
.bodies. Most children have difficulty tellirg about a given geometric
body and more easily answer the:question, "Why do you tfink that this
is a ball?" Hence, during the investigation.we had to resort to ome
of two f6f%s of pupils' answers—-either to a description of the geo-
metric form or .to an answer to the question of whyuhe thinks that*this
is a ball or a cube. g

In most cases the verbal.description of geometric bodies with all
the essentia]l features is beyond the powers of mentally deficient
schoolchildren. Most pupiis described a ball as a figure having a
round form. But some pupils defined it thus: ''One can play with it,"
"one can roll it," "this is a playing ball’; that is, in their defi-
nitions .they noted particular qualities characteristic of this geo-—
metric form and connected with the child's previous experience. "In -
the lower grades the pupils of the auxiliary school attributed the
qualities of similar objects to a geometric form. To a great'exFeﬁﬁ
this dealt with geometric bodies.

&heﬂchildren encountered significantly more difficulties in
describing a cube. For many children a cube is called a Eubg because
it is "four—angled.'" For some children 'this is a little jék, in
which one puts ointment." 1In describing a cube, the'children ascribe
to it the qualities of bbjects recalling a cube by their form. We
observed the same phenomenon in describing a parallelepiped. Some

children remarkegithét one could sharpen knives with a beam. 1In
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describing cons, cylinder, and pyramid the children noticed qualities
of objects which they célled by tPat name. .
For pupils of the auxilisry schoo}, describing geometric bodies ‘
presents more difficuitieé than does definition of geometrié figures. ,
The difference between the pupils of tﬁe‘auxiliary school and of ‘?
the, public school is especially obvious in their descriptions of
geometric forms, that is, when intexpretation of the forms is required,

especially an abstract idea of some pérticular geometric form. As

examples, let us present the answers of pupils in different grades. //
, To %he question "Why do you think that this is a square?" the
pupils of the auxiliary school answered: |
K."S., first grade girl: "It is drawn."
V.GL.; fourth grade girl: "Because it has right angles every-
, where equal." \ i‘: , K ’
R. M., seventh graae g§i1: "Because .it has four sides all
equal." i
/‘... These same pupils déscribeg a cube thus: :
K. S.: "It is made to pack things in." ‘;>§‘.‘ 0
V. L.t "Because it has four sides."
R. M.: "A cube has foursides, all four sides are equal; these
arg angles, these edgés, these ides." | .

Unlike the pupils of the “aux liary school the pupils bflthe public

school, as early as the first grade, noticed the distinguishing feature

of .phose figures which they selected. 1In the fourth grade of the public
school, the pupils already gave accurate definitions to geometric fig-

ures. Tor example: '"Because in a square all angles are right and

~ the sides are equal."
In describing a cube and a parallelepiped, the pupils gave the

following answers: "A cube has gix faces, twelve edges, and eight

-
t

vertices. All faces are equal and have a square form." "A parallele-

piped has six faces, twelve edges, and eight vertices. In it, the

opposite faces are equal.” And one pupil even added to this: cee

There are parallelepipeds which have four faces *equal, but this one

t

has only two." In the fourth graders' answers there is a clear under-

standing of the basic distinctive features of the given geometric

figures. Thus, in the description of geomeéric figures a sharp
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difference is observed in the construction of logical connections

*

¥"by pupils of the auxiliary and the public SChools. y

The formation of elementary geometric qoncepts is ‘connected

with a series of factors, one of which is the structure of the geometric

form, and another of which is the child's previous experiénce. The ball 4

and circle are less complicated geometric forms than the triangle. The
children master these geometric forms more easily in the process of
perceiving them and ehcounter no difficulties in the process of forming
elementary geometric concepts -of these figures and bodies. The next
geometric form with respect to difficalty is the cube.

In the forma iﬁ? of elementar§ geometric concepts the child's pre-

vious experience also plays a-great role. The children encounter little

circles, balls and cubes not only in lessons, but, also in everyday life

(playing ball and balloons have the form of a ball). Since egrly chil-

hood the pupil has observed the given geometricaform, and the impression

is made more deeply. The same holds in relation to cubes, which chil-
dren often use in games.

Mentally retarded children made more mistaﬁes than pupils of the
public school. The answers to questions also indicated a qualitative
difference. 'Whereas the pupils of the public school defined geometric

forms accurately, the pupils of the auxiliary school gave vague, inde—

-finite answers, st of which were devoid of any thought. The differ-

ence between the pupils of the public school and those of the auxiliary
school is observed malnly in the interpretation of geometric forms.

The answérs given b§ pupils of the upper grades of the auxiliary school
show that they alsa ara'capable of mastering geometric material; but )
successful mastery reguires specific methods and planned systematic

work beginning frgm the first grade. : ’ ‘ .

Ascertaining the Ability to Find the Corresponding Form from Given. .

Geometric Form. N

3 .
In investigating geometric knowledge of figures we proceeded in

‘the following way® figures of various dimensions were arranged on a

table: .a circle, radius 5 cm j a triangle, base and height 6 cmj a

square, base 7 cm; and a rectangle, height 8 cm.
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When a circle and triangle were presented, the children selected"
the appropriate figufes.~'When a rectangle was demonstrated,'the
follo&ing mistaken answers were given: a®third grader selected a circle,
and one first grader and one fourth grader of the auxiliary'school se;
lected a square. When a square was presgnted,’a first grader and a
fourth grader selected a rectangle. 1In pergelving géometric figures
some pupils of the auxiliary school confused the rectangle with the
'squalg and circle, and the square with the rectangle.

In the next assignment we cemplicated the material, asking the chil—'
dren to select a figure analogous in form to the one demoﬁstrateh‘from‘
among collections ofpcolors, red and blue, which had been set out. The
dimensions of both collections were equél to the object introduced.

When a fircle and triéngle were introduced, all the pupils selected
the appropriéte figures, mostly from the blue ones although;to a lesser
extent from the red. Two pupils selected two figures of different
colors. When a rectangle was introduced, first grader K. S. selected
a square. The pupils of the auxiliary school sometimes select figures

‘ by their a:z%?ental features (color, dimension, but not for;). Most

.often the ils confused the sqﬁare and the rectangle; this happens
because there are no sharp distinctions between these figures as, for
example, between a circle and a triangle. . ‘ ‘

In ohe 6f the assignments the conditions' fer solving the problem
were significantly more complicated than in the previous one. On the

table figures of three colors wére arranged: red, green, and yellow.
The figure being demonstrated by Eﬁewexperimenter was brown. For the

_ most part the selectlon of figures depended on their placement. Color
played a secondaty role. .

The figures Qyere set out in the following order (Figure 9). )

In most casef the pupils selected green squares, yellow triangles,
and'green rectaypgles. One first grade girl answered, "It 1s not here,"
and a fourth grader selected threce figur;s. The pupil sgle:%ed the
figures of a certain color because it was more convenient to take them.
In the next assignment the number of figureg set out was increased.

Before the pupils were figures of eight colors (blue, red, brown,

yellow, white, black, pink, and green). Moreover, the collection set
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Conventional designations of the color:

. red 77 geeem [ yellow

Y
Figure 9’

out included one complete set identical to the one demonstrated. More
than -one-half the pupils selected the triangle, rectangle, circle, and
square equal in color and dimension to the,modei, then the figures
having dimensions equal to those of the model but of different colors.
The a&xiliary sthool pupils made color and dimension ‘the basis of their
selection. When a square was presented iﬁ this assignment, only one
pupil, first grader K. S., selected a rectangle; all the other pupils
solved the problem correctly.

In a new assignment the pupils selected figures from a collection
in which there were no figures identical to the one demonstrated. Most
pupils chose yellow figuresj that is, ihey maintained a constancy in
the perception of color (the figures demonstrated had been yellow):
Some first, second,and third graders confused rectangle and square;
and one second grader ahswered, when a triangle was introduced: "Ehegg
are none of these here." The pupils made more mistakes in this aséign~
ment than in the previous ome. '

In thé\iﬁzt assignment the ﬁgpils were trequired to find, from a
given geometris figure, all the corresponding ones. One can divide
the pupils' responses into two fundamentél groups. In the first

group go the selection of blue figures, and in the second group
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the selection 6f all the given figures. In the first group, the domi-

nant aspect in the pergeption of geometric figures is color. Form is

L4
A
THe children gave the best results when the circle was introduced;

" the dominant aspect for the second group.

- then the triangle; then the recfangle; and finally the square. Some.
pupils did not distinguish rectangle and square, just as in the previous
tasks. The greatest number of‘figures selected were identical to the.
ones demonstrated. Then came figuresynear in ddmension to the one

d trated. Figures of smaller dimensions were selected by the chil-
d% a insignificant number. X |

-nentallf deficien:tchildrenispend much time solving this problem.
But when they were asked "But did you chdose all the figures?" most .
pupils answered "Ali," although some of the same figures Eemainedtin
the collection. The children considered that they had solved the given
problem correctly, and many éid ngt loog for theArem;ining figures.

,In the series of assignments the pupils of éhe upper grades select-
ed the appropriate geometric‘forms;'but in one 6f the assignments two
seventh gradérs, M. R, and I. Z., made giétakes: instead of a rectangle,
one selected a square, and the second a triangle. In all the assign-
ments color dominated in most cases. Sometimes however, the pupils
selected figures of‘arbiirary color but of similar form.

When the pupils were asked to select all the geometric figures
similar in form to the one introduced, the selection of circle and tri-
angle taused the fewest difficulties. All pupils selected the circle
with the exception of a sixth grader who chose a yellow square of much
- smaller dimensions from.the collection. To the question ”Wﬁy do you ~

think that these are the same figures?" the Sﬁg&ls answered that 'they
are all eqq@l”'qr "because they arelall round" or '"because they are
all round and of the same color." The basfs of the pupils' determi-
nations was the similarity iﬁ form of the giveg geometric figure "
In the selection of the triangles, there were some cases in which
‘.not all the figures were selected. The 'pupils had tfe greatest diffi--
culties in selecting the sqlare and the rectangle. selecting a
square, a seventh érader chose two rectangles, instead; and a fifth

grader, V. L., selected only two blue rectangles at first; but when ~~.'-
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he"was asked ''Did you chose éll‘the figures?" he began to select
equares and rectangles from the collection. After the above ques-
tion the other pupils looked more attentively than the pupils of the
lower grades, and chose the remaining similar figures.

in‘sele{cting the square the pupils did Dot equally select figures

.of different dimension§2~for example, only half the pupils selected a ,

green square (the smallest). In selecting the r&ctangle, fifth grader
V. L. selected all the squares in addition to the rectangles. In the
upper grades the dimensions of the figures, to some extent, also played
a definite roie in the selection of geometric figures.

Upon complicating the assignment, when the pupils were asked to
choose figures wiqpout regard to color and dimension, the pupils made
a series of mistakesg if tHe figures were sharply distinguished from
each other as, for example, circle and triangle, then all the puPils
gselected them irom the model without mistake. The auxiliary school
pupils made mistakes when among the geometyic forms similar ones were
found, that is, a rectangle and a square. . .

\The selection of geometric bodies proceeded somewhat differently.

In one of the assignments all the pupils of the upper and lower grades
of the auxiliary school COrrectly selectgg geometric bodies identical
to the onesy introduced. In this task a cube, a sphere, a parallele-
piped a cone, a cylinder, and a pyramid were set out on a table.

In the selection of geometric bodies we observed a certain differ-.
ence from the analogous tasks with geometric figures. Whereas, in
the investigation on a;certaining the knowledge .of  geometric figures,
the answers were grouped according to color and form, in the investi-
gations on ascertaining the knowledge of geometric bodies, all ér—&pup-
ils selected the geometric bodies similar only in form. The difficulty

in the selection of geometric bodies depending only on dimension was

'~ smoothed out. T

-

Whereas in the assignment with geonetric figure; only, two pupils
selected the squares:of-the‘smalleSt dimaQsions, in the assignment on
geometric bodies mere than half the pupils seletted the bodies of
s@a&lest dime?siegén A geometric bedy is objective, a ﬁerm in relief,

and of three dimensions as distinct from figures which are plane forms.

-~ €
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The childrg; more essily perceive and select bodies if they are similar >
to those demonstrated In addltion many pupils selected the geometric v
bodies remaining in the collection, while in the selection of figyres

this was not observed.' ) ‘
N In one of the tasks in sel;cting geofietric bodies the results
obtained were significantly better.than in selecting geometric figures
in the analogous task. Almost all pupils selected all the appropriate
geometric bodies: the most complete selection occurréd wien the ball
was demonstrated, then the cube and parallelepiped. The pupils msde
more omissions inlselecting cone, cylinder, and pyramid. The auﬁlliary
school pupils still do not distinguish these geomekric bod¥es sufficiently.
Of the remdining geometric bodies more were selected when the pupils

were asked, "Did you select all’the'figures?” ‘Thus geometric bodies,,
since they were more in relief and hag three dimensions, were more

clearly perceived by the pupils than geometric figures.

In the process of selecting geometric forms according to.a given
model, we asked the pupils to prove dﬁ? they had: Selected the required
geometric figure or body. The questions "But by what are they simjlar?”
or "Why do you think that.this is the same figure?" evoked some diffi-
culties, since the ¢hild had to bwild up'definite logicsl connections

“in the process of answering. ) ! B .
In the first grade not all children answered this questieg correctly.

" VBecause they are

Some answers were devoid of thought: ?It is drawn.
little ches.” And when geometric bodies were presented, they answered:
* "These are little umbrellas for the rain." "This wears caps.' ~Withv

their answers the children emphasized the imdividual distinctive fea-

tures,and did not connect them with the question posed. And only a

few pupils said, "They are egual." The pupils of the upper grades

would.say, "They are equal, or '"This is a triangle and that is a tri-

angle," "They are round, "They are round, they are equally madey, —
these are little balls," and the like. . o

The pupils"answers to the questlon “"Why do you think this is the

same figcre?” for the most part reduce to the followiqg two groups:

For geometrié\?igures the answers were of this kind: ''They are equal,”

"This is a triangle and that is a triangle,” or "This is round and
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that is round." Forx feometric bodies the -answers were of this kind:
"They are equal." R ~

For comparison let us examine the results of the investigation
conducted in the public elgmentary school. In,%ll aésignm%gts the
pupils of tha public school selected the geometric figures and bodies
'correctlyg except for one assignment on geometric figufes. A second
grader responded "There are no such_ here”; and, when a square was {ntro-
auceé in another task, a weak first grader selected, along with squares,
several rectangles, and when a yectangle was introduced, selected

~

several squares. -~ . ¢ .
" The number of figures and bodies selected in the public school
exceeds the numher of figures and bodies selected in' analogous assign-
fpénts in the auxiliary schoel. This indicates a more critical approach
by the public school pupils to fulfilling the assignment. When asked |
"Why do you think these are the same figPres?" most pupils replied that
"They are equal" or "This is a 1little cirele and these are little
circles,'" "They are also of the same form," "They are equal little balls,
" neither greater nor less," "This is a trfangle and that is a triangle,"
and the like. : ‘ v
For the question "But have you selected all the figures?" the
pupils looked among the remaining figures and bodies long and attentive-
ly and selected the additional ones. For the pupils of the.public
school color played a less essential role than for the auxiliary school
pupPils. This is because the pupils of the public school form more
accurate concepts of geometric figures and bodies, whereas‘§ﬁ§?§§§§§§;r_-
ary school pupils' concepts,are more elementary and border oﬁjgimple
representations. Fuf exam;le, when two compigte sets, equal in di-
mensions, were set out, one blue and the Qtﬁer red, the number of
figures selected by the“;upils of the public school were nicely divided
“intoequal parts, but in most cases the pupils of the auxiliary school
selected the blue figures. In another case only first and secoﬂd‘graders
selected figures equal in color and form; the ﬁeird and fourth graders
selected the figures %;?ilar in form which it was most convenient for
them to take.
vV oIn selecting geomgtric bodies color plays an even less significann,,

role than in selecting geometric figures. Unlike the pupils of the

[}
L J
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public school, the mentally deficient children have mistaken and -
imprecise perceptions of geometric forms. Most of the mentally
deficient children begin the selection of figures by choosing tnose
simikar to the one introduced, according to their color and dimen-
sions (of equal form). The pupils of the public school begin to
select from the first figure they come across and choose oneslsimilar
in form. ‘

In selecting &eometric bodies the auxiliary school pupils did not
follow the same pattern as in selecting geometric figures, but selected
the first body they might find similar in form. yk\ ,

On the basis of the series of assignments we can conclude that the
pupils of the lower grades of the auxiliary school have‘elementary geo-
metric concepte. Honever, the children cannot yet give verbal expres-"
sion to the elementary geometric concepts which they have formed.

The pupils have elementary concepts of some geometric figures even in
the first grade, but in most cases they are expressed in concrete form.
When different figures or bodies of different sizes and colors were

set out before a child and he was asked to select one or all the figures

according to a model, even though he had no elementary geometric con—

‘cepts of the given forms, he would nevertheless select figures identi-

cal to the model. In reality only in some cases did the pupils select
figures of identical color. Even tﬁen when the child selected figures
similar in color, the dimensions wvere not always equal. 1In all other
cases the pupils selected figures similar in form but different in
color and size. This fact indicates that even first graders can form
elementary concepts Ghout a given geometric form. A

The most complicated process, that of expressing elementary geo-
metric concepts verbally at a given stage of instruction, causes many
difficulties and takee place in the auxiliary_school only towards thel
fourth grade. Besides, defining a geometric form also depends on the
number of essential attributes. The fewer the essential attributes
which some particular geometric form possesses, the easier it is fdr
the mentally deficient child to define {t. .

Comparing the resnlts of . the investigation of the individual assign-—

ments, we can remark that the process of fulfilling asslgnments does not
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proceed equally.
' In analyzing ‘the average results of the correct solutions in the
lowar grades of the auxiliary school, we note that the pupilspof the
auxiliary school easily select geometric figures and bodies according
to a model. The mistakes thatoggurred when the pupils were given the
‘name and were asked to select the geometric forms. And the pupils
experienced significant difficulties in naming geometric forms inde~
pendently. . In all these tasks better results were obtained for geo—
metric bodies Lhen for figures.
| There is not enough instruction in naming geometric forms. The
pupils themselves have difficulty namizy geometric forms. When the
Z:?ly connects thevname with the

S
teacher names them, the pupil more e

form." Agifference is also observed in the process of drawing figures

and models of geometric bodies. xbe'children represent geometric fig- "

ures mare easily and have difficulty in medelling a geometric body.
The auxiliary ,school pupils more easily reproduce geometric forms

-

when given a model than when given a name.

Although the program of th& auxiliary echocl provides for classes
in modelmaking, not enough of this type of work 1s provided. In one
of the aesignments the pupils of the auxiliary and of the public schaol
mad¢ representations of a ctbe, parallelepiped, and cylinder. The task

| consisted of two parts: first the repreegg;acion was constructed be-
/¥ewo _the model was demonstrated, and second the pupils made the repre-
sentatlon after the model was demonbtrated.

None of the pupils of the lower grades of the auxiliary scheol‘
could make a representation of a cube and parallelepiped corrcctly be-
fore this was demonstrated. In the upper grades only two fifth graders
made a development of the cube and parallelepiped correctly, and almost
all seventh graders did it cbrrectly.

) Significantly mote pupils made a representation of tM* cylinder
correctly. (Even some puplls of the lower grades made a representation
of a cylinder;igor example a third grader and a fourth grader did it
correctly.) In the upper grades three fifth graders, three sixth
graders, and four seventh graders made a correct representation of a

cylinder. -
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For the mostypart the pupils of the lower grades represented a
cube and a paralla@gpiped by means of tracing and cutting out only one
face, and in making a representation of a cylinder they cut out only
one base. Somgrpbpils represented a cube and a parallelepiped by
cutting out the six faces separately, "and a cylinder by cutting out

its two bases. Some pupils represented cube and parallelepiped in

the form: o , ' /’p\

Figure 10

and the likeg that is, they cut out three, four, and five faces. Many
pupils could not éarry_out this task. v | ‘

The pupils of the upper gredes, especially of the seventh, in
most cases made the representation correctly. The mistakes made by
pupils of the upper grades in making the representation were the same
as those of rhe lower grade pupils; that is, they cut the representation
out according to one.face, or according to six faces separately, or
three, four, and give‘faces. Half the sixth, graders did not know how to
carry out this assignment. .

After the demonstration the pupils of the lower grades made all

three representations correctly. The greatest number of correct

constructions were in representations of the cube, cylinder, and parallel-

epiped. v \

One first grader, K. S., even after the demonstration cut out all
three, representatipns in the‘form of bands, and second grader G. V.
traced elght squares and cut them out as a whole. After the demonstra-
tion, the pupils of the upper grades made all three representatlons
correctly. ,

Two weak seventh graders, R. M. and Yu. N., made representations
correctly during the lesson, but in the individual investigation be~d”

fore the demonstration of the model they made mistakes, and only after

the demonstration did they do it correctly. How to represent a cube,
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a cylinder, and a parallelepiped. was taught only in the seventh grade.

As we can see from the investigation, after the demonstration even

the first graders carried out this tdsk correctly. For comparison let

us examine the‘results of the investigation cpnducted in the public
school. Before the demonstration only first_graders could not carry
out t‘ task correctly. For. the most part they cut out one face for
representations of the cube and parallelepiped, and one base for the
representation of the cylinder. One pupil cut out six faces separately
for the cube and parallelepiped and two bases‘fér the cylinder, and one
pupll did not fulfill this task at all. ﬁefore the demonstration half
the second graders made these representations correctly. The rest
either cut out one:facé (a square for the cube, a rectangle for the
parallelepiped,land ; circle fSr the cylinder) or did not know how to
co&plete this assignment. i '

In the third grade the results were more favorable. One pupil
did not make .the representations of the parallelepiped and cylinder,
;nd two pupils did not complete the representatiqn of the cube. The
other pupils managed this task ggll. All the fourth graders carried
out the task accurately.

After the deﬁbnstration, without exception, all the pupils of the

lower grades of the public school carried out this task correctly. We

* see -accuracy and confidence in the work of the pupils of the lower

grades of the public school and the lack of accuracy and precision:in
the pupils of the lower grades and even 1iIn some pupils @ﬁ‘Fhe upper

s f the auxili hool.
grade%§§ the auxiliary schoo . i
Sq Y up what has be:n stated above, we conclude that: -

LY . < 1 .
8) 1The pupils Qf. the auxiliary school easily gelect a form

.accordingly to a model. ‘The increase in difficulty dependagﬂg; the

supplementary features. Upon complicating the assignment by asking
the pupils to select figures without regard to color and dimensions,
the pupils of the auxiliary school made mistakes. If the figurés wefe
sharply distinguished from each ‘other as, for examﬁle, circle and tri-
angle, then all the pupils selected them according to a model without
mistakes. The pupils oftkhe auxiliary school made mistakes among the
similar geometric forms, such as a rectangle and a square.

P —
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«plane form. At the same time they do not have equal i&éas of solid

I

b) The next stage\of difficulty in the study of geome£>id forms
is their selection according to name, the representation of geometric
figures in a drawing, and the modelling of geometric bodies. ‘

¢) The pupils of the auxiliary school encountered more diﬁficuities
in naming geometric forms than did the pupilsRQf the public school. At
first the child does not master ghometric concepts through precise verbal
formulation characterizing the geometric f&rm, but by means of concrete
comparison with some object familiar to him from his daily life. For
example; the cylinder is a little jar, a.pipe, a 1¥ttle barrel, and
the like. ‘ ;

d) The pupils of the auxiliary school have .diverse ideas abollit.
geometric.forms; They have é be;tef idea of the solid form than of the

form; they have d better idea of ball-and quba and a less accurate idea
of others. Of the plane forms they have a better idea of circle and
triangle and a poorer idea of square and rectangle.

e) More is required of the auxiliary -school} pupils than of the"
pupils of the- public school, especially in organized studies, since in'&

the process of practical activity these pupils master abstract geometric ;¢

L e
e

concepts with greatef difficulties. Hence one must conclude that

studying geometric material should occupy an especially prdominent place f:
in an arithmetic course. . _ . \
f) The auxiliary school pupils are capable of mastering elementary
geometric ideas and concepts. . '
An Investigation of Auxiliary School Pupils'
T Knowledge of Square and Cubic Measures (\ < ~

The study of square measure in the auxiliary school occurs in the
sixth grade as stipulated by the program. In the public school this

topic is studied in the fourth grade. For this investigation we

selected six sixth graders and six seventh graders of the auxiliary

school and six fourth graders from the public school. The investigation

was conducted in the four th quarter; by this time square measures had
been studied. i
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The following different types of problems may be encountered in
the process of studying square measufe; ’

a) computing the area of a rectangle or square of a given geome-~
tric form; '

b) computing the area of a rectanglé or square from the dimensions
of given figures, : \

¢) computing the area of a rectangle and of a square in a concrete
situation (this problem is a practiﬁal application of the first cese);

d) computing the areas of rectangular or square sections or lots
of given dimensions (this probiem‘is a pre tical appliczzzhg of the

»

second case).

-

Besides the cases indicated above, e complidated problems may
be encountered: for example, computing t!i total area of a figure
composed of several squares and rectangles. In fhe work process aeqther
problem may be encountered: the .task of tracing a geometric figure of
given dimensions and calculating its area., The pupils become acquainted
with the drawing of geometric figures while studying geometric forms.

We made it our goal to ascertain the knowledge, abilities, and
skills of the pupils of the auxiliary and public schools with respect

‘to square measures and the solution of problems in calculating areas.

As material for. this investigation we took three rectangles and two
squares of different dimensions which were traced out on a paper.

) The dimensions of the rectangles were as follows: -

a) length 12 cm , width 2 cm; ‘
" b) length 12.5 cm , width 7 cm; ‘?
c¢) length 9.5 cm , width 8.5 cm.
The dimensions of, 6 the squares were: 1) 6 cm end 2) 7.5 em.
The assignments Zere given to the pupils in 6rder of increasing
- difficulty.” In determining the dimensions of tpe rectangle the pupils

]
encountered three cases:




a) The sides qf the rectangle were expressed by whole numbers
of the basic units of measuring. .

b) One side of the rectangle is expressed by a whole number of
the basic unit of measure ahd the second side is expressed by a frac-
tional number of the‘basic unit of measure or by a composite concrete
r{umber . . ) - . (

JAn attempt to ascertain the pupils’ abilitiés tosetermine the
area of a rectangle and of a square énd to solwe concrete problems was
conducted in a seconﬂ series.

A The following problems were propesed to thé pupils:
‘a) '"What is the area of a rectangle whose length is 7 em and
*  whose width is 3 cm?" ' : ' ’

b) "What is the area of a square having a side of 8 cm?"

¢) 'What is the aréa of a Pioneers' room if it is 7 m 1long
and 6 m wide?”

d) "What is the area of a threa roofn apartment if the length of

' the largest rooux‘@ 6 m and its width is 5 m , the length and width of

the middle room are each 4m , am the smallest is 3 m long and 2 m,

witde?" |

1. The Pupils' Knowledge of Square Measure

( . Let us examine the results of the investigation on Xhe pupils'
/ kndowledge of square measure.

Before determigiqg the area of a figure, a pupil ‘ndepeﬁdently
measured its length and width. In‘solving this and the following prob-
lems the pupil who carried out the task independently was given coml
plete freedom. ‘ P

Determining the dimensions of a rectangle 12 cm 1long and 2 cm

»wide in the sixth grade of the auxiliary school caused no difficulties.
, . S

38y basic units of meaquring we mean those which for the given .
concrete case express a whole number of units which does not exceed
the next larger unit. And in this case there may be #bme exceptions.
For example, the length of a rectangle is 12 cm; this would be written

.as 1 dm 2 cm, but in practice we used centimeters more often than
decimeters. .

o
~
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All the pupils determined the dimensions correctly and correctly

.

A%

éown the solution in the form:

computed the area. Yet oOne question arises, the most complicated one
for the pupils of the auxiliary school--this is the form of writing

down the units. Beforé the experinmeént had hegun, all pupils were told
to write %own the sblution'correctly. Three ways of writing down the

solution of the given problem are possible:

1) 12 sq. cm x 2 = 24 8q. cm
2) 12 x 2 = 24 (sq. cm ), .
3) 12 cm x 2 cm = 24 sq. cm.4

No sixth grader Wwrote down the solution of the given problem
correctly. _ |

TwQ pupils wrote it down in the form: 12 x 2 = 24 sq. cm. One
upil, 3%

o had measured the sides of the.rectangle correctly, wrote

12 x2 = 24 sq. cm.

There were other ways in which notations were made:
4

[

12cm x2cm = 24 cm ,
12 em x 2 = 24 cm °,
12 em x 2 = 24 cm. -

In the first three notations, mistakes are found only in the form
of the eotetion.A But the final result“is written down correctly. In
the fiotations immediateiy above, the solNtion is devoid of thought..
These 555113 still did not uﬁderstand‘the essenceof computing areas.
The pupils ‘mechanically recalled that for determining the area of a
rectangle one must .measure the length and width and multiply the numbers
obtained, but they still had not ﬁhstered the essence of measuring an
area. The pupils still did not differentiate between linear and square

measures. It was all the same to them in whatever measures one

»*

‘ , ‘ - , *
AThe contemporary methodologists N. N. Nikitin, A, S, Pchelko, and
others use the following form of notation in the elementary school:
12 sq. cm x 2,= 24 sq. cm. In the auxiliary school it is also
advisable to have only one mode of notation.
r - ’
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expressed et:he area of a rectangle, }» long as the calculations were
correct.
The next figure whose area was to be found was a rectangle 12.5
cm long and 7 cm wide. In this problem the pupils encountered new
. difficultie§~—a precise determination of the dimensions. Only three
| of the six pupils determined the dimemsions correctly, and three pupils
rounded them off to whole numbers——instead of 12.5 cm they wrote down |
only 12 cm. The pupils who had determined the dimensions correctly
\made mistakes, in multiplying the two numbers: from 12 1/2 x 7 they
got 84 1/2 sq. cm or 84 1/4 sq. cm. The erroneous results of the:
calculations are due to the lack of a definite algorithm forimulti-
plying a common fraction by a whole number, although the sixth graders
had already studied a section of this topic. Thus no sixth grader
determined the area of the recténgle cprrectly. '
ﬁetermining the area of a tectangle whose dimensions were 9.5 cm
and 8.5 cm called forth more difficulties. In determining the
dimensions there were almost the same mistakes.as in the previous case:
three pupils determined the dimensions correctly, two pupils rounded
. them off to whole numbers, and one pupil measured only one.side, having
taken the given rectangle to be a square. The pupils who determined
the length and width correctly made mistakes in multiplying. «
The following results were obtained from three pupils:
1) 91/2 x 81/2 =72 1/2 sq. cm;
2) 91/2x81/2 =72 1/2 cmy
» 91/2x812=1L <z 172,

\

The cdurriculum for the sixth grade of the auxiliary school does

hy

not stipulate multiplication of a common fraction by a fraction. To /_*,__
}‘change (

éet the éorrect,solution in the given case, it was necessary t
centimeters to millimeters. No pupil did this. The pupils did not

even begzﬁ to think about the question of whether they could multiply
@ fraction by a fraction or whether they had studied this in class.

Such an approach to solving the problem character;isp the peculiari-
ties of the mentally\fetarded chifld's psyche as distigct from that of
the public sehool pupil. This peculiarity consists in the absence of

a ctitical attitude toward one's actions.
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Instead of the area one pupil determined the perimeter, and wrote
his final result in square meters; this was also-his form of solution-
for subsequent problems on determining the area of a square. The
'pupils form of notation remained constant for the most part, i.e., Fhe
same as in the previous probiems. Only one pug}l in the first case
wrote down her afg;er thus:

12 cm x 7 = 84 cm , .
and in the second case: n  -

81/2 x91/2 =721/2 cm,

-

The auxiliary school sixth graders could solve such a'problem completely
1f the centimeters were changed into millimeters, or if the dimensions
were all measured in millimeters, but no pupil did this. s
In determining the’area of-a squarg we took two possible cases:
1) the length of a side of thé square is 6 cm, and 2) the length of
B slde of the square of 7.5 em ; that is, the length of ﬁhe side 1is
expressed in whole numbers and in fractions. Computing the area of a
square with a side of 6 cm produced’almost no difficulties; 5 pupils
out of 6 calculated the/area correctly, but one 'pupil calculated the
perimeter of the square. The form of tth;G;II; notation was just
the same as in calculating the area of a rectangle. Three pupils wrote
down 6 x 6 = 36 sq. cm , and the others wrote 6 cm x 6 cm = 36 cm ;
6 x 6= 36 6cm x 6= 36 cm.

In detérmining the area of the square with side 7.5 em long,
the pupils encountered difficulties, not so mucﬁ in determining thé
dimensions, as in calculating. The pupils who determined tﬁe length
of a sige as 7 1/2 cm, upon multfplying 7 1/2 x 7 1/2 made v%rious
mistakes: 7 1/2 x 7 1/2 = 49 l/;; 71/2 x71/2 =14 %/2; and

7m5m x7m 5mm =50m,
Although'pgpil K. T. did write down the dimensions in the form~of
a composite concrete number, ﬁé did not put‘down the units correctly
and he did not break down the measurements into smaller units. .
For the most part the form of noﬁation remaingd the same as in

the previous probiems. Two pupils wrote down the solution as

'71/2x71/2 =49 1/2 sq. cm ; and three pupils as 7 cm x 7 em &
14 1/2 = 7. \\

-

49 cm ; and one puﬁil'wrote 71/2x7 1/2

38‘ *
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'In.ascertaining thé sixth graders' abilities to calculate the
- area of a ge;;etric figure from drawings, the following insufficiencies
in the pupils' Egﬂwledge were uncovered: | T
1) When the child¥en are given the ta\ of calculating the area
of a figure whose dimensions are expressed by' composite concrete num-
bers or by fractional numbers, the pupils cannot make the calculation
correctly, not to mention writing down the solution in precise form,
But in practice such cases are exactly thosqd most often encountered.
- 2) Sixth graders do not know how to w?ite down the solution of
a ﬁroblem correctly. Among the mentally deficient children a state’
is often encountered in which the pupils do not distinguish- linear
and square ‘'measures in solving problems. The mosp\diverse forms of .
notation are}encountered. In the sixth grade tlere wasjot one correct
*  “notation. For examﬁle: 81/2x 9 1/2 -lz =8 1/2; 12 em x 7 cm =
8 cnm 8 1/2cm x91/2cem =72 1/2; and the like. T
Let us examine the results of the seventh graders of the auxiliary
school in calculating the areas of & rectangle and of @'square‘from
drawings. A rectangle with sides of 12 cm and 2 cm was determined
correctly by four out of six“pupils.’ More difficulties”were encountered
in determining “the area of a rectangle of dimensions 12.5 cm and 7 co.
Only three ‘out of six pupils détérmined the dimensions correctly. It
this case thé notation was also marked by the absence of uniformity; for
example, 12.5 x 7 = 87.5 sq. cm 3 12.5 x 7 = 87.5cm ;12 1/2 x 7 =

‘25 _ “
14 14

The pupils did somewhat better in deﬁcrmining the area Dﬁ‘a rec-
tangle of dimensions 9.5 cm and 8.5 cm. Four pupils.éetermined the
« dimensions incorrectly, and M. R. determined the perimeter in addition.
One pupil,determined the dimensions ccrreetly, but when she began to
write down the result in decimal fractions, she made an errox. Instead
of writing down 9 1/2 sq. cm x 8 1/2 = 9.5 sq. cm x 8.5, she wrote

down 9.2 sq. cm x 8.2. Changing common fractions into decimals caused

~ an erroneous answer |
‘ Five out of six pupils determined the area of a square &tth a side
of 6 cm, ccrrectly. The notations were diverse: 6 cm x 6 d@. =
36/sq1 em 3 6em x 6 em=36cem.; 6x 6 =36 cm; 6 sq. cm % 6 sq. cm =
3é-sq. cm.
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It was a somewhat more COmplicated matter for them to compute
the area of a square with a side of 7.5 cm. Only four out of six
- pupils determined the dimenslons correctly. Forﬁtﬁe most part ‘the . -4,
\ ‘motation remained the same as in the previous case, with the follow— .
ing ‘changes. Instead af the casé§?6 sqs ci x 6 sq. cm = 36 sq. cm § -
R and 6 cm %:6 cm = 36 cm ; there appéared notations of the form: /
7.2 x 7.2 = 51.8% and 7.5 em x 7.5 = 56.25 cm.

Ascertainingathe Pupils' Ability to Determine the Area of a
Rectangle and a Square When the Dimensions are Given )

Four probiems.Were given the pupils. The basic aim of chese.prob— .
lems was to ascertain their ability to determine the areas of figures ,
from given dimensions. 'In the first problem, "What is the area Qf a
rectangle 7 ecm long and 3 cm wide? " all the sixth graders of the
auxiliary school gave a correct answer — 21; but in every case there
was a midtake in notation, the answer was 21 cm. In their notations
the sixth.graders confined themse%yes to the forms: 7 ecm x 3 cm =
2l cm and 7 em x 3 = 21 cm.
In the second problem, "What is the area of a square’whose side
is 8 ecm long?" only four pupils made the correct calculation, 8 x 8 =
64; and, for the #ostjpart, the form of the notation remained the same
as in the first p em;, that iéA% ecm x8cm =64 em or 8 cm x 8 =
64‘£$ insteédlbf computing the area, two pupils computed the perimeter
of the square, one of them computiug the perimeter in, squaré units: _ t
8 x 4 = 32 sq. cm.
Ihe third problem, ''What is the “area of a Young Pioneer's room
®  {f it 18 7 » long and 6 m wide [7:77]7" did not produce special diffi-
culties either. A%l the sixth graders made the computation correctly,
» but the form of the notation remained as before--42 m was obtained
As an aﬁswer. ‘omTy one pupil wrote down 7'x 6 = 42 sq. M., ﬂere, too,
.there was imprecision in the units, but the final result had>a definite
geometric sénse. N . |
In the fourth problem, '"What is the area ofia three-room apartment
if the length of the, largest room is 6 m and its width is 5 m , the

length and width of the middle room are each 4 m , and the length of
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the smallest is 3 m , and its width is 2 m [7:;§J?" Four sixth graders
determined the area of the‘'apartment in linear measurements. The
notations were: 1) 6 m x5 m = 30 ml; 24 nm x4m = 16 m;
3)3n x2m = 6(y 44) 30m +16m +6m = 52m.

One pupil 'solved it thus: 1) 5 x 6 = 30 sq. m ;- 2) 4 x 4 =
16 sq. m 3 3) 3 x 2 = 6 sq. m 4) 30 + 16 + 6 = 52 sq. m. Although

in thig sglution.the partiai and final results do have definite sense,

_the units were handled imprecisely. And ome pupil confused all the data,

writing down the solution thus: 1) 6m x 3 = 18m ; 2) 5m x 3 = 15 m ;
3)18x4=72m; 4) 15x3=45m; and 5) 6 x 2 = 12 m. She multi-
rlied the dimensions of‘one room by'the dimensions of anothe;.

. Although the pupils encountered more difficulties in solving the
practical probieq, they solved the problems mone corgeotly and quickly
when computing the area from definite data. This is because the pupils,
in order to determine the area of a figure from a drawing, first had to
determine the dimensions, and then compute the area. The approach to

solving problems of this category is more creative than the approach of

the second category, in which the pupils determined the area of a , ﬁ

figure from its dimensions. In this case the pupils often multiplied"
the length by the width mechanically, without considering the sense of
the solution. In witness to this are the answers‘ given by the pupils

-

who determine the area in linear units. o . . |
The seventh graderss solutions of problems could be distinguished
from the solutions of "analogous problems by'sixth graders. The seventh
graders gavé more accurate notation; Half of thé,pupils wrote the
solution down in the form 7 em x 3 cm = 21 sq. cm, and the rest wrote
the solution in the form 7cm x. 3 cm = 21 cm, These two notations
alone were cha teristic of the seventh graders. These pupils’
encountered sgiicdifﬁiculties in computing the area of a square;
three pupils computed the perimetésfwone of them in sq. ecm ; and, in
computing the area of a rectangle, only one pupll calculated the peri-
meter igstesd of the area. All six pupils solved the third problem
correctly, but only two had the correct notation; three wrote it in
the form 7m x 6m = 42 m , and one in the form 7 x 6 = 42 m, The
solution of the fourth problem caused more difficulties. The first
three questions (calculating the areas of separate rooms) were deter—

mined by five pupils correctly; of these, only two wrote down

*
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the solution correctly. The fourth question, determining the area

of the whole apartment, was correctly computed by four pupils; of
these two.wrote it in the correct formj~that is, 30 sq. m . + 16 sq. m
+ 6 sq. m = 52 sq. m. One pupil, instead of adding togetdker the
results obtained from the %irst three questions, wmultiplied these:
numbers and &rote the final result Iin square meters.

In this series we observed in the pupils a more accurate form of
notatiop than in the first series. Greater uniformity was observed in
individual pupils' notationms. After the study of square measures we
conducted a control work—-experiment in the Auxiliary School No. 77 of

.‘Moscdw and the Ul'yanovsk Auxiliary School N4. 39. The puplls were
asked to solve two problems, which we also proposed in individual
studies. A characteristic aspect of their solution was more accurate
notation, and more precise computation, All_thirteen pupils of both
Auxiliary School No. 77 and the Ul'yanovsk School No. 39 solved thed
following problem correctl;T. "What is the area of a Pioneers' rdom if
it 15'7 m long and 6 m wide?" Twelve pupils of the 77th School
wrote the solution in the form 7 @m x 6 m = 42 sq. m , and one puﬁil
write it as 7 m x 6 = 42 sq. m. In Ul'yanovsk Auxiliary School No.
39 thene were three forms of notation. Five pupi}s wrote down the :
"~ . solution as 7 x 6 = 42 (sq. m ), and two pupils as 7m x 6 m = 42 i:y\‘xfx\\\
" In solving the more complicated problem "What is the area of a

three room apartment if the largest rooﬁ is 6 m long and Sgn wide,

the middle room ls 4 m long and 4 m wide, and the smallest is 3 m

long and 2 m ‘wide?" some diversity in the notation of the units wa&

observed. The computations in both the Ul'yanovsk and the Moscow !

School were made precisely, but in the Ul'yanovsk School diverse b ™~

notations were observed in determining the area of all three rooms.

Along with the correct form of notation, 30 sq. m + 16 sq. m +

6 sq. m = 52 sq. m. and 30+ 16 + 6 = 52 (sq. m ), some pupils wrote:

30 sq. m + 16 sq. m + 6 éq. m =52 (sq. m); 30m +16m +6m =

52’m 5 30 m + 16m + 6w =52 sq. m; and 30 sq. + 16 sq. + 6 sq. =

_ 52 sq. m.
In solving the problems some pupils formulated'the questions
imprecisely. R. M. made an essential mistake in formulating the

question; inste?d of writing down ''What is the area of the room?" he

y x - 42
-+

~ -~
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wrote "What is the width of the room?" R. M. did not distinguish

such geometric concepts as argg, widthe and perimeter accurately
enough. R. Kh, made g mistake in copying the’conditions of tﬁ; prob-
léﬁ; instead of 6 mgters she wrote down 6 centimeters. As a result

of this mistake thefproblem made no sensef for*¥here are no rooms

éf such dimensions. But R. Kh. did not consi&;r the conditiond of

the problem and d;d not correct‘her error. In formulating the question
N. K. also made a mistake; instead of writing down "What is the area
of a three-room apartment?' she wrote "What is the area pf three apart-
ments?” N. K. did not make an accurate analysis éf the‘éiven problem.
In determiping the area of the Pionisrs' 760m, L. M. wrote down: "What
is the volume of the room?" . .

In determining the areas of rectangies and squafés the pupils of
the auxiliary school made‘mistakes, but the nature of these mistakes
was different for individual pqpils. Whereas some pupils made mistakes
of a semantic character (for\example, they formulated tRe questions j\
imprecisely; instead of the area they determined the volume or peri-
meter, not grasping the sense and meaping of the problem), other chil-
dren made mistakes.which we can ascribe to insufficient concentration
of aktention (for example, instead of meters they wrote down centi-
meters). | ‘

One moxe fact should be noted. In some caseg in one assignment a
pupil made a correct computation and a correct form of notation, and in
Qnother, similar task, the form of notat}gg was erroneous. This fact
~indicates an incompdete mastery of the problem being solved.

‘ Unlike the pupils of the auxiliary school, the pupils of the
public school determined the dimensions more précisely, and operated
better with composite concrete numbers.

Let us draw some brief conclusions:

a) The auxiliary school pupils are weak in their solution of
problems in computing the areas of geometric fighrés from a drawing.
More difficulties occur In determining the dimensiens of f{igures whose
length 1is not expressed by a whole number of the basic wmnits of measure.
In these cases the pupils usually tound off the dimensions to whole

nu@bers. »
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b) The pupils encounter fewer difficulties in determining the
areas of geometric figures when the dimensions are given. | |
| .c) In most caseﬁgthe pupils of the public school give an accurate
and precise notation and understand the solution of the problem well,

although with weak pupils some mistakes are encountered.

%
2. Investigation of the Auxiliary-School Pupils' Knowledge of Cubic

Measure

-~

To ascertain the pupils'- abilities to determine the volumes of geo-
metric bodies, we conductg@ﬂtwo series of investigations. An individual
_ investigation was conductéa ;3 the seventh grade of the éﬁxiliary school
and in the fourth grade of the public school.

To ascertain their ability to compute the volume of a parallele-
piped from a given geometric model, we asked the childrem to compute
the_volumes of the following bodies: . : 2

a) a parallelepiped 6 cw long, 4 cm wide, 10° cm high; ‘
bf. a parallelepiped 4 cm long, 4 cm wiaé:_1§ cm high;

c) a parallelepiped 2 cm long, 2 cm wide, 20 cm high;

d); a cube whose edge was 10 cm long;

e) a cube whose. edge was 2 cm 1long.

The numbers representing the dimensions of these geometric bodies

X

produced no difficulties. The parallelepipeds were of two forms.
One had faces of rectangular form, and two had faces of square form;
one 6f them haiﬁan elongated form((2 ch, 2 cm, and 20 cnx?. The pupils
were requiretd to be able to determine the dimensions of geometric bodies
and to‘compute their volumes.

Some auxiliary -school pupils had difficulty in determining.the
dimensioms. Two pupils did not determine>the-diﬁg;sions completely.
0f the three dimensions .given, they determined orly two. Moreover,
they could not use these data correctly. One sﬂﬁuld also note that
R. M. determined all the dimensions of the parallelepipeds and cubé;
correctly, but she could nog-use-them in determining the volumes. In
the first problem, instead of the volume, R. M. detefmined the surface
area face by face, that is 6 x 6 = 36 sq. cm ; 10 x 4 = 40 sq. cm.

Three pupils did the computation correctly.

; | bt
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For the most. part the notations were of three forms: 10 cm x
bem x4 eom =160 cub. cm ; 10 em x 4 cm =40 cm; 40 cm  x 4em -
160 cub. cm. More often, @pwever, one encountered notations like
l10ecm x4 cm x 4 cm = 160 cm. Only one pupil's notation was correct
in all ré§§€€€§f | - | |
Determining the volume of a cube produced more difficulties.. One
pupil multiﬁlied the_length.of an edge by the number of faces. In sol-
"ving this problem there was no logic. In determining Ehe volume of
the cube one pupil even calculated 1ts total surface area.. After
ascertaining the pupils' ability to determine the volume of paral-
lelepiped and cube, given thei} dimensions, and to determine the
volumes of objectg having the form of a parallelepiped'ér cube, we
asked the pupils to seolve the following problems:
'~ a) What is the volume of a rectangular parallelepiped 5 cm
long, 3 cm wide and 8 cm high? ' ‘
'b) What is the volume of a cube whose edge is 7 cm long?
¢) What is the volume of akclassroom if it is 10 m long,
7m wide and 5 m high? : ~
d) There are eight patients in a hospital ward. How many
cubic meters of air belong to each patient if the room 1is é m long,
6m widd and 5 m high?5 ) . y
| Solving .these problems caused fewer'éiffiéultieslfor seventh
graderé of thé auxiliary schoolﬁthan solving the precéeding assignments.
All the pupils computed the firat problem correctly, but they did not
use 4 correct form of notation. One pupil wrote it down correé%ly:
5cm x3cm x 8 cm = 120 cub. cm. }hree pupils-wrote it as 5 cm x
3em x8cm” = 120 cm ; one as 5 cmk Xx3em = 15m , 15°x 8 = 120 cm;
and one as 5 x 3 = 15 cub. cm, 15 x 8 = 120 cub. cm. The pupils gave
anaiogous forms of notation and c;mputation in determining the volume

of the classroom. In this problem two pupils used a correct notation:

10m x7m x 5m = 350 cub., m.

~

&

Lo
o)

5We took the last two problems from [7:82], although we have
changed the last proﬁiem somewhat-—instead of sixteen people,
we put eight.
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The auxiliary school pupils sometimes make the comput&ations
. mechanically and give little consideration to the meaning of the
solution, a phenomenon analogous to what happened in the computation
of areas. In determining the volume of a cube, just gs in computing
the area of a équare, the pupils encountered more difficulties than
in computing the volume of a parallelepiped. ‘Only two Fupils calcu-
lated correctly. One gave an incorrect answer; two pupils calculated
- the entire surface area expressed in cubic units; and one pupil deter- -
mined the perimeter of a face. in square centimeters. The‘auxiliary school pﬁpils
-’ " sometimes confuse certain concepts which they acquired in the process
' of studying geoTetric material, for instance volume and perimeter. "As ‘
. a result of this, the pupils determined the surface area or perimeter, ~ 1¢
© . insteafl of the volume. This is explained by'certéinmgiffiCulties ’p
. egper enced ié determining the volume of a cube. The pupils do not '
have a‘good ldea 8f the essence of determining volume, and rather .
mechanically use the methods of determination which they have studied.
.;n-determining'thE“volume of a parallelepiped, the puﬁil more easilfj
recalls, that 1t is necessary to ﬁultiply length by_width and by height
than in determining the volume of a cube,mn which one must repeat the //"
length of the edge as a multiplder three times.
The children also encounter some &ifficulties in determining the
volume'of"§:3arallelepiped in the more complicated problem in deter-
mining the-€ubic. capacity of,air in a hospital ward. For the first
question all the pupils made a correct computation; but in determining
the number of cubic meters of air per person two pupils made mistakes
in the computation., For the most pdrt the form}of notation remained
the same as in the previous cases... Three pupils wrote down the solu-
tion as 8 m x 6m x 5m = 240 m; three pupils expressed their
answers in cubic meters.
One cannqgmégpore the fact that the very cbndition of this prob-
lem directs one to determine the .volume in cubic meters, whereas in
the previous problem the question was formulated as "What s the vol-
ume of a classroom.” In this pfoblem, in formuiating the very ques-
tion "How many cublc meters of air are there for each patient...?" it

is indicated that the volume ls to be determined in cubic meters and
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not iq linear br square measure. Four pupils paid attentiqn“tb this;
but two pupils, even in this case, went on to determine the volume
innsquare meters or without units at all. |
*To see how the subjects determine the volume of a room we c0nductéd.
a*control experiment in two classes, in the seveﬁth grade of the
Ul'yanovsk Auiliary School and in the seventh grade of Auxiliary Schooi
No. 77 of Moscow. In Auxiliary School No. 77 the control work was
conducted before the school material on calculating volumes was taught. .
In' the work of these two grades a significant difference was observed
ip the.notationrof the units. The computation in the problem "What is
the volume of a classroom 1f..,?" were correct in both schools, but the
\notations differed. With the pupils of the Auxiliary School No. 77
one could find diverse notation; in the.Ul'yanovsk school all the pupils
L f computed the volume and wrote it down c&rrectly: 10 x 7 x 5 = 350 (cub. n ).
The second problem,"In a hospital wa£B there are eight patients...”
was harder for the auxiliary school pupils; they wrote gown the most
. divers®e notation for the units. Even among the correct answers there
‘were several with errbneous notation; but in the Ui'yanOVSk school all
fifteen pupils wrote down and computed the first question. The notation
of the second question was also more accuratf in the 77th school: of
thirteen pupils, ten wrote it correctly. 1In the Ul'yanOVSdeuxiliary’
School the éomputation was correct, but the notation was of three forﬁs:
1) nine pupils wrote it as: 240 cub. m * 8 = 30 cub. m .5 2) four \
pupils as 240 ¢+ 8 = 30 (cub. m ); 3) two pupils as 240 cub. m : 8 =
30 (cub. m )f
Let us‘éraw some brief conclusions:
a) Both in computingﬂthe area of a square and a rectangle and
in cémptging;the volume of a cube and a parallelepiped of given geometric
forms, the pupils ‘ncounter significantly more difficulties ghan in
determining the areas and volumes of these same forms when their 7
dimensiong are given. One can explain this by the fact that in the
first casé the pupils approach the solution more creatively, and in
the second casé more mechanically, lacking a sufficient number of
exercises. Hence one must conclude that’for better mastery of square
and cubic measures, more lessons on determining areas and volumes of

given geometric formg must be conducted. §his work must be varied as
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much as possible, computing the areas of a table,wthe classroom floor,
a room, a plot of land, and similar objects, or computing the cﬁbic
capacity of the cIdssroom, of a room, and of various objects having the
form of the given geometric bodies. |
b) The seéonﬁ inadequacy in the pupils' studies is the aBsence
of an accurate and correct form of notation in solving problems: This
indicates that one must pay serious attention to correct notation in
solving problems in computing areas and volumes. ’
c) Some pupils do not distinguish such geometric concepts as
area, vélume, and perimeter. These pupils often confuse one concept 4
with another. One must given this problem serious attention as well.
. d) Correct not;tiqns is perfecfly accessible to the pupilslaf
/// ’ the auxiliary school, but one must give this prdblem the most serious

attention. ' C \\\

Pedagogical Methods in Auxiliary School Pupils' y

tudz of Geometric Forms :

~—>The study of geoﬂgtric material is one of the integral factors in
a peréon's cognition of the material world, and proceeds according to
the general laws of the diglectic—matérialistic theory of cognition.

The dialectic method of‘cognition of truth was accurately formu-
lated by V. I. Leni his Philosophical Notebooks: ''From live
cogtemplation to tbéught and from that to practice-~ that is.
the®§jialectic w
reality [9:166]." \

The child, beginniné to be aware 5% the exterlior world, turms to

of cogniﬁ&on of truth, the cognition of objective

objects and phenomena through practical activity. Speaking of the,
child's thought, K. Marx indicated that :

...his judgment aswwell as his practtcal thought 'have
primarily a mechanical and sensory character. The sensory’
properties of objects and phenomena are the first bonds
connecting him to the exterior world. Practical senses,
primarily the_senses of smell and taste, are the first
senses with' whose aid he appraises the world [9:1608].

Recognition of the material world is possible only through sensa-
tions and perceptions. ''Semsation is the image of moving material,"

wrote Lenin. "''Except through semsation we can learn nothing about forms

~
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- of matter or forms of motion; sensations are evoked by the operation
of moving materisl upon our sens® organs [10:288]." With the aid of
the sense organs, supplemented by the activity of the memory'and of

~/

thought, a'pefson is capable of reflecting not only the separate
properties and qualities of an object, but also the objecss of the ~
material world as a whole.
Psychological investigations have shotm thdt perceptio , ideas,
and concepts do not exist isolated from each otjer, but are a unified
@sychological process. Thus, for exanple, the\immediate petgeﬁtion
of objectdve reality with the aid of the sensi;organs is always supple-
mented to some degree by our -conceptions, based on previous~experi%noe,
concerning a given object. Simultaneously with this we acquire the
capability of analyzing a given object and sigling out its essential
features. Geometric concepts are also acquired by contemplation (with N\
. the eid of perception and ideas) of objective realitj.’.The process -
of abstracting is accompanied by the analysis of facts iato individua£<~
features or signs (analysis) on tHe one hand, and by the combination
< of these elements into a unified whole (synthesis), on the other hand.
. Perception of concrete form is accessible to children very early.
The mastery of geometric form presents some difficulties at first.
‘Children;%etyeen three and seven years of age "...at first objectify"
a geometric form, "That is, they give it a naiveeobjective interpre-
tation: triangle——‘little pocket,' circle -- 'little wheel,' quadrangle,
c:i/}hrough crogswiee by intersecting lines perpendicular to each other—
ttle window,' a triangle placed atop a quadrdlateral is 'a house,'
anﬁ‘the like [11; see alsé 5:137-181]."
. Then, in learning a geometric form, the child begifs to perceive
it as a similar form ("this 1s 1like a little window' and so forth).
In the general course of the development of an objective and of a
geometric fotm, a change 1s observed in the child: at first the child
perceives the geometric form as proceeding from the ob$ectivé; tnen,
according to his degree of mastery of geometri representatione and
\\ concepts, the concrete form of objects begind/io be determined byfmeans
of abstract geometric forms. According to the degree of his familiarity
with geometric materied in the process of instruction, the child begins
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to distinguish detfinite geometric foFms (ball, cube, circle, triangle,
square, and so forth).

Let us how examine the ways of studying visual geometry in the
auxiliary school, taking into account the peculiag}ties of the intel-
fgftﬁal development of mentally deficient children.6 The study of ‘
geometric material in the au§1liary school is‘stipulated by thg edu-
cational curriculum, in whicﬁ there are two basic stages. The first

-
stage is the aqfhmula;ion of '‘geometric information and elementary ideas

‘and concepts in the lower grades; the second stage is the systematic

studyyof geometric material in the upper grades. Hence the ways of
: .

studying geometric material in }ké auxiliary school shall be examined

I3

according to these stages, tﬁg; is: ' L. ©

1) _The study of geometric material in the lower grades, and

2) The studywof geometric material in the upper grades.

1. .Methods of Studying Geometric Forms iﬁfthe Lower Grades of the

Auxilig;y»Schooi

The scope of the geometric material is determined by the educational
programs from the third grade upwg;d. In th% third grade the pupils
familiarize.themselves with geometric figures (ciircle, square, rectangle,
and triangle) and with geometric bodies (ball, cube, and beam).7 The

pupils are able to distinguish these geometric forms from others, to

. find such forms in the environmental situation, to name them correctly,

to outiine the geometric figures by their contours, and to model geome-*: =
tric bodies from clay or plasticine. In the fourth grade the pupils

are able to trace ééometric figures-—circle, square, rectangle, and tri-
angle--by following their contopré aﬁd also with the aid of a ruler,

a compass, and set square. In addition, the program stipulates that, in

the first and second grades, studies of geometric formg shall be conducted

¥

. " -
6 *

We will examine the study of geometric material at different stages,
of instruction in connection with our experimental data obtained as a

result of our investigation of the pupils' knowledge of geometric forms.

7The auxiliary school curriculum provided oniy for the study of
the right parallelepiped. In the future we shall refer to the right
parallelepiped merely as a ''parallelepiped."
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using various work methods: outlining, shading, and composing ‘designs;
cutting out and making models.

' Mentaily deficient childrén come to the auxiliary school with an
extremely poor store of geometric ideas. As our investigation showed,.
the spatial and geometric ideas of auxiljary school first graders are -
greatly limited and at times erroneous. The teacher's task is to make
more accurate, and to put in good order, the pupil's store of geometric
ideas, through systedhtic studies beginning in the first.grade. In the
first and second grades of the auxiliary school, studies of geometric
material st alsc" be, conducted systematically.

¥ On the basis of our investigation we propose the‘following order p
of studying geometric material. . ' | . -

The first step in the work is the study of geemetric figures and
bodies according to a model, and ‘at this stage of work one must adhere
to a definifle sequence of the introduction and selection of geometric
forms. This is especially jimportgat in the auxiliary school. On the
one hand is the selection of'geqmetric bodies and figures by form with
dimensions and golor identical to the one introduced. On the other ?
hand is the selection of geometric bodies and figures® by ferg,with ‘
colors and dimensions different from those of the one demonstrated
The second stage in the work 1s the classifying of geometric
forms according to name. LI
The third.and conclading stage is the pupil's naming of geometric forms.
The M§rst stage in the wnrk as has heen indicated above, is the
selection of géometric figures and bodies according to a model. 1In
our investdgation all pupils correctly selected geometric figures and
bodies similar in form and with disensions and color identical to those
of the model introduced. But when the pupils were asked to select from
a collection in which there were figures of different dimensions and ' \
'colors, they sometimes made migtakes.
The mentally,deficient children havé imprecise and diffuse per-
ceptions. With such children it is espec1dlly necessary to conduct
the work on selecting geometric figures and bodies from a collection
with dimensions and colors identical to those of the model introduced.
Then one must proceed to the selection of‘geometrig figures and bodies
similar only in form. , . '
This stage of the work is initial in forming elementary geometric
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- cept of the ball.

2

ideas ‘and concepts. When a child selects a geometric form according

to a model, he turns his attention to the essential‘features of that -
geometric form. At first the child cagﬁot ye® verbally analyze,
according to these features, the specific properties of the geometric
form; but'dpring his practical activity, thelchild begins to establish,
on-the basis of previous experience, the similarity of two figures

having the same form. When the child has concluded that objects having

a solid reund form are balls, he has already formed an elementary con-' .,

* ¢

The selection of homogeneous forms according to a mjiﬁl should
begin with the ball. The children have a better idea of is geometric

form, since e®en before entering schoal in their games they have used
¢

apples, and the like). When guided by his previous‘*experience,
masters geometric forms more efficiently. The bail is the'simpl
metric body and has the fewest essential features de;etﬁining it..
our investigation we discovered that this geometric form was the mogt

familiar to the pupils gf the auxiliary school and of ‘the pubiic Scﬁhol.\

The form next most familiar to the pupils of the auxiliary school is '
the cube. i \ °

4

To familiarize pupils with geometfic material, one should coﬁduct .\
with them a series of exeré;ses in selecting geometric bodies and fig- |
ures. These studies will help to distinguish geometr}c forms and to
single out the el&mantary essentlal features. ¢ ) ‘ ‘

In the process of’ evFry task the teacher must name the geometric
bodies dnd figures correctly. The mastering of names will be gradual
but from the very beginning it-is necessary to fix the pupils' atten-
tion on the correct name of ;he geometric form. The first impreasion
which the child gets in the instruction proéess gillee'simpler and
qFtLer consolidated in his mind. But if froﬁ the. very beginning one
gives the child imprecise names for the geometric forms, then later in
the iiiﬁpﬁgzzgh process it will be significantly h%rder to teach him
anew.” At this stage of studying geometric forms one must‘conduct
i{nitial lessons which will promote a better assimilation of the material
being studied. Then one should pass over to modeiling geometric bodies

from clay or plasticine.
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» The modelling of geometric forms should begin with the ball,
by rolling the clay or plasticine between the palms of the hands.
It should be noted that modelling in the auxiliary school promotés
a better mastering of geometric form. The.cognition of geometric forms
~‘will-become better and more meahingful.only when we Include more sense
organs in the process_of cognition. To the aid of vision and hearigg
cqme touch and the kioesthetic sohere. . Correctly organized handicraft
‘lesgons are a powerful means promoting mastery of geqmetric forms.
.Without knowledge of geometric forms it is impos®ible to occupy oneself
successfully with handicraft work? and without handicraft work leSSonsé
the study of geometric figures~will .not be as effective and will not
promote correctional edutational work sufficiently. A .
One should conduct work in the study of plane figures J;ing a
similar plan of operation.‘ f&om a Hox of flat geometric mosaics,
variousegeometric figures are chosen according to a given model. The
selection should begin with the circle since it is the geometric figure
‘most familiar to the children. At this stage a good educatiénal tool
is visual dictation, which develops the child‘s memory and thoughts :
Qutlining geometric figures and also the bases of geometric bodies,
is a necessary stage in the process of instructing pupils of the auxil-
iary school. fhis'form of work not only promotes a better maéiery of |
geometric forms but is also a good preparatory measure for the study of
‘writing. The auxiliary school pupils often have'insufficieht coordination
of movements, esgecially of the hands. One should begin with outlining
forms of larger dimensions in order to carry out the transfer to smaller
ones afterwards, and finally to letters. So that the work might be more
ef fextive and interesting, after oueliniﬂg one fhould conduct shading,
- coloring with crayons, and cutting out the figures drawn.
One should further conduct different assignments in éupging out
and pasting together models Without dwelling on this in great detail,
we can only recommend to the teacher that he conduct various work with
‘paper in handicraft classes [see &4].
The use of variocus table and movement-games develops and widens \
¥ the children's circle of elementary geometric ideas [see 8].
The next stage of work witﬁfthe children is-the selection of

geometric forms according to name. - Various projects in selecting -
. ’ ) -
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geometric figures and bodies accor to a modei bring into a definite
systeﬁ the geometric ideas of the-auxiliary school pupils and promote a
correct mastery of the names of gedmgtric forms. And it is possible to’
* conduct a 'seriles-pf prpjects on this material 1in selecting geometric
forms according to name. Work with a designer will ;ﬁ@plement and widen
the ﬁupils' store of geometric ideas. All the previous work 1is basic

to the third stage-~the pupils themselves naming geomet%ic torms.f At

‘E?is stage one should conduct projects on consolidating” ard widening

ideas—-modelling geometric bodies and drawing geometric figures accord-

‘ing to name.’

A comprehensive study of geometric forms in the first. and second
grades of the suxiliary school including modelling., outllning, shading,

and making constryctions promotes a betterimastery of the geometric .

N\
materia}.

We “Should always-remember‘the words of the great Slavic pedagog

John Amos -Comenius: )
. . f
...Let there be a golden rule for the‘pupils' allot .
“everything, as much as possible, to the senses—the visible,
for perception by sight; the audible, by hearing; odors, by
smell; what can be tasted, by taste; and the tangible, by
« touch. If any objects are perceptible by several senses

at once, let them be grasped at once by the several senses
[1:207]. :

.

anh_lesson should draw upon all of ,the senses to the maximum degree.

Only then will the teacher recach his goal with the’ greatest success. -
Studies of geometric material in the first and second grades must

be conducted systematically. There may arise-the prac%}csl question

of how to study geometric material 1f there is no construction box in

the school. .In this case the puéils must make a series of geometric

figures and bodies jin handicraft classes. The geometric ftgaizs may

be traced on caédboar& thick pdper, on thin plywood and then cut out.

The dimensions may vary from 1 to 6 cm with an intervalhgf 1 em. 1f

- P . .
figures of one centimeter will be too small arfd inconvenient, one may begin

with dimensions of 3 cm: Then all sthe figures should be colored. The

“coloring should be as striking as possible, for in the lower grades

the'ohildren show a greater interest in figures with striking colors.
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The preparafion of geometric bodies also presents no great diffi-
culty. They may be turned out of wood if the school has a lathe, but
if dgt they may be pasted together from thick papef by the children
themselves. 1t is also advisable fo color geometric bodjes differently.
The ball may also be prepared by the pupils. If it is impossible to
tuxn balls out of wood, they may be modelled from clay or made from

paper—maché

If the pupils prepare geometric supplies under the teacher 8
diregtion, they will better consolidate and master the geometric
material. We sugghst that the pupils prepare the geometric supplies
as much as possible. For this, the, handicraft lessons may be used.

At the first stage of instruction we present the children with
_ only one concept: the object. By

Beginning in the third grade ihe child acquires some system of
knowledge of geometric forms and some skills at reproducing them with
- t8e aid of modelling, Lracing out a stencil, making-cut—outs, and the
like. This does not mean, however, that the auxiliary .§chool pupils
have already mastered the geometric forms. The children s mental
“functionZ§~which are altered by their cergbral diseases, characteris-—
tically cause them to forget more quickly than the pupils of the
public school; hence they néed a greater number of repetitions in
order to learn something.

It is useful at the beginning of the thifd grade to review what
went on in the first and second grades, and then to start with a
systematic study of geometric forms; it is not necessary that this
section of the program be put off to the end of the ysar. Let us
introduce an example of the study of geometric material in the 39th
Ul'yanovsk School. The first amd second graders had outlined and
shaded geometric figures--g¢ircle, square, and rectanglg. In the
drawing lessona,—gaamu%f{ggfigures were proposed: éhese were the
circle and‘squaie, and to a lesser degree the rectangle, and to an
"even lesser degree the triangle. In the third grade the study of
geometric forms was assigned in the fourth quarter. Thus, after three
quarters the third graders were not familiar with the geometric

material (we were in the school in March, 1948). i(
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process of individual studies with the pupils, we dis-
thit the first and second graders knew ﬁhe geometric figures
s gpific ntly better and drew them more precisely and more accurately
t the third graders. FEven a small complex of highly organized
lessons on geometric forms égaducted in the first and secgnd grades
. showed significantly better results than lessons with the third graders.
*—=rAssigning geometric material at the end of the school year 1is incorrect
and uncalled for and should not be don; in the practice of the aﬁxiliary
school. With these pupils it is necessary to systematically repeat the
material being studied and to consolidate it more deeply, using vari-
ous forms of work. Gfometric material may be widely used within arith-
¥ " metic lessong“as didactic material in the study of computing. Even
modest stqﬂii;‘using geometric materials increase the pupils' know-
ledgg/sfg;ificantly.{\But a system of speciglly selected exercises
inaf;ases the pupils' knowledge even more and attracts their interest
- to studying the geometric material.

The whole store of knoyledge acquired in the first and second"
grades will serve as a basis for studying geometric material in-the
third and fourth grades. In‘studyipg geometric material in the lower
gr;des one must consider:

- First: which'geometric concepts should be presented to the pupfis
at that stage of instruction. ~

Second: which geometric concepts are least clear to the child
at that time. |

Finally: which geometric concepts are accessible to 'the child.

From this information, one may also propose an order of studying

g%eométric material. At first the children should be presented an
accurate concept of a specific geometric form. The cﬂild should also
clearly associate the name with the form. Then the child should dis-
tinguish one form from another. In our investigatioﬁ we discovered
xthat pupils of the auxiliary school inadequately distinguish geometric
concepts of the ball and cirele, cube and square, rectangle and paral-
lelepiﬁéd (beam) . '
In the first studies in the third grade it is advisable to present

the geometric concepts of ball and circle, and their differences, and

of cube and square, and of rectangle and parallelepiped (beam). It is
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no acclident that the first geometric fogms we consider are the circle
and the ball. Those are the most familiar geomet;ic)forms, Qith the
fewest essential features. Thus in first becomiﬁé acquainted with
these geometric forms, the pupils need not acquire many concepts from
such forms. The transifipn from the less to the more complicated forms
will be clearer to the pupils.

The primary and the elementary form of intellectual activity is
compa}ison, in which the likenesses and differences of geometric forms
are revealed through juxtaposition and examination. The lesson should
be coﬁstructed so that the puptls will work with interest. An explana-
tory lesson on a given topic might be constructed according to the
following scheme: |

The first stage.of the work is direct observation of a ball.

The teacher points out the "ball" and asks: 'What is the name of this
geometric body?" The pupils ;nswer without hesitation. Among the
answers, which may be ve;; diverse, the teacher fixes attention on
‘the word "ball" (he will always find one or several incorrect answers)&
The pupils have already become acquainted with this geometric form
(in the first and second grades), associating it with. the name "ball"
“or’"little ball." In most cases the pupils have been familiar with it
even before entering schoel. , o

The pupils are also to be included in the second stagé of the
work—-1in conducting laboratory work. From geometric forms (placed on
a table, for example) .the pupils look for objects having the form of a
ball; here it is necessary to allow the children to compare and contrast,
to find similar tributes of the given objects.

In working Mith the auxiliary school pupils, the teacher reveals
a phenomenon wigh the question: "Why? How can you prove that?" The
studles become active and reach high educational goals only when pu-
plls develop the ability to analyze, and thus develop logical thought.

Then the teacher outlines on the blackboard a cardboard circle
and asks: "What {s this figure called?" F¥rom among all the answers,
the pupils' attention is concentrated on the word "circle." Then the
puplils selpct circles from among geometric forms set out on the table.

After this ;he pupils outline cardboard circles in their notebooks,
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shade them and write beneath them: '"This is a circle” or simpler:
"Circle." Then the teacher di;QCts.the pupils' attention to the
differences between a ball and a circle. The teacher then divides
the blackboard into two parts. On one side he hangs up a ball and
writes beneath it '"ball," and on the other side he outlines a circle
and writes "'circle." ' ‘% .

In the process of the recognition of geometric fofms, the great-—
est possible number of sense organs should be involved. The process
of recognition will have a definite value only when the pupils see
differences in similar objects and similarities in different objects.
Without this it is impossible to form geometric concepts. _

The next stage of work is modelling a ball. . The pupils model a
ball from c¢lay or plasticine., This aspect of the lesson produces an
emotional enthusiasm in the children, and they carry out this project
with great interest. Fach child strives that the ball he models might
bé better than his comrade's. When the ball has been modelled, he can
either write down 'ball" on a small paper and attach his name to the
ball with the aid of a match, or write the word "ball" on the surface
. of thefbdll with a pin or a needle. _

For the children to have accurate ideas of the ball and the cube
and distinguish theﬁ, it is necessary once again to concentrate the
pupils' attention on these geometric forms. The auxiliary schood pu-
pils must comprehensively and vividly feel the forms of the ball, and
the circle and see the difference between them. By all means and
methods the teacher should secure the pupils't&ﬂ&rstanding that the
ball 1s a three dimensional geometric figure, and the circle is a flat
figure. Then the teacher should show several objects an& ask the pupils
to call out which of them have the form of a ball and which have the
lfm‘m of a circle.

By approximately this same plan it is possib%p to conduct the
first lessons on the toplcs "Cube and Square” and '""Rectangle and
Parallelepiped.'" The concept of a triangle can be put off v¥o a sep-
arate lesson. These lessons are to give the pupils elementary con-

cepts of th%\geometric form being studied.
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. Mémare visual conception of the course in the instruction

we introduce a summary of a lesson.8
Summary of a Geometry Lesson in the Third Grade of an Auxiliary School

Lesson Topic: "Cube and Square'

Lesson Plan:

1. Ascertaining their ideas and knowledge of a cube.
2. Ascertaining their ideas and knowledge of a square.
-5. Comparison of square and cube.

4. Modelling a cube from clay.

5. Homework. |

Equipment for the Leséon:‘

# 1. Various geometric figures.
2. Cubes of differént sizes.
3. Squares of different sizes. . -
4., Children's blocks for each child.
5. Colored squarégkfor each child.
6. Clay for modelling cubes.

‘7. Rulers.

Course of the Lesson:

- Teacher: Tgke the cubes in your right hand. Take the squares
in your left hand. Zhenya, pick out all the little
cubes on the table.

e Zhenya put all the cubes to one side.
T: What am I holding in my hand?
P: A cube.

T: And now, Raya, pick out alrythe squares.

Raya put the Sqtjiiifﬁgﬂqgi‘Side-
L

4

The lesson was conducted in the Auxiliary School No, 30 of
Moscow by N. V. Sherkasova of the Faculty of Defectology of the Lenin
State Pedhgogical Institute if Moscow.
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T:

P:

T:

What is this figure called? , -

‘
A square. ' ¢

Everyﬁody take a square in his left hand. Count how many
sfdes a square has.

\ The p@ls count the sides of the square.

Pie
L 4

T:t

The square has four sides.
A

And now measure the sides of the-square.

Theypupils measure the sides of the square and conyince them-

A

selves that all sides of a square are equal.

! P:

T:

The
1 3
squares.
T:
P
[N
@
~._PF

And how many angles does a square have?

A square has four angles. %

Take the colored squares in your hand and write on the
colared side "square." And now write on the other side
of 'the square "A square has four sides," "All sides of
a square are equal," "A square has four angles."

pupils write down the properties of the square on the

And now let us‘repeat what we have learned about the square.

: * Theré are large and small squares. A square has four sides.

All sides of a square are equal. A square has four angles.

Take a cube in your left hand. Point-out a face of the
cube.

A% .
This 1s the face of the cube.

The word "face'" is written down on the blackboard and repeated

several times by the pupils.

T:

P:

¢

P

-~
How many faces does a cube have!?

A cube has six faces.

What form doesy a face of a cube have?
A face of a cube has the form of a square.
A

And now take clay and make a cube out of clay.
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With great interest the pupils modelled @ cube. Each pupil wanted
to make a cube better than his comrade. /;?

, T: Point out a square. Now outline a square in t.he§ air with
- your finger. ' ‘

The pupils outline a square.
\ ’ ‘T: And now point out in the air what form a cube has.
The pﬁpils show a cube im the air. o
T: Name some objects having the form of a cube’,
P: Children's blocks.
T: Name some objects similar to a square.
P: A window, a portrait.
HQmework:

Teacher: Cut out from paper as many squares 88 are necessary to
make a cube. .How many squares must you cut omk?

Six squares. | .\\

P:
T: Why? .

¢

P: Because a cube has six faces.
In the fourth grade a lesson of the following form may be proposed:9
Summary of a Geodgéiy Lesson in the Feurth Grade of an Auxiliary School

Lesson Topic: ''Ball and Circle"

P

Equipment for the Lesson! . /

1. Several balls of various sizes and colors.
Several circles of various sizes and colors.

3. Objects having the form of a ball or a~tircle: a ball
of thread, a globe, several coins, the face of a wall-clock.

4. A pl&wood'blgckboard of arbitrary form, a tack, a string,
and a pencil. '

5. One large pair of compasses and seventeen small ones (one
for each pupil).

. 4 .
gThe lesson was conducted in the Auxiliary School No. 30 of

Moscow by V. Smirnova, a student in the Faculty of Defectology of
the Lenin State Pedagogical Institute of Moscow. |
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‘6. Clay.
Lesson Plan:

Ascertaining their ideas and knowledge of a ball.

certaining their ideas and knowledge of a circle.
ing a cirole in notebooks with the aid of compasses.
4. Tri\iﬁg a circle with the aid of a tack and strﬁng.

5. Modelling-.a ball from clay. f
§ * A
6. Homework. \

l

Ceurse of the Lesson:

Teacher: What am I holding in my hand?
Pupil: ¢ A ball.

T: You have all seen baseball players; but do ‘you know what
,they play with?

P: With a playing ball.
T: What form does. a baseball have?
//‘}s: A round form.

\

T: And ap% can you show this with your hands?
The pupils spow the form of a ball with their hands.

T: What is this figure called?
P: A ball.™ ‘

The teache; divides the blackboard into two parts and hangs up

a ball on one side in a net and writes beneath it "ball."

T: And now name some objects having the form of a ball.

P An éiple, a balloon, a tangerine, a globe.
T: What is this figure called?
S
P: A circle. . ) «

The teacher draws a circle on the other half of a blackboard hy

outlining a cardboard circle and writes below it "circle."

Too circle oun the blackboard is shaded in.

T: Outline a circle in the air with your hand, and show me
what form a circle has.

The pupils outline a circle in the air with their fingers.



le

T: 'gick out objects having the form of a circle.

Pupil Abakumov picks from the table, objects having “gfhe form of
a circle. | ',‘ “ ]

T: And now name some objects ;zich-hav;.:;g.form of a\circle.

P: A’'wheel, a stad{fum, a button, a coin, ghe face of a cldék,
a flower-bed.

The teacher tells how a gardener<?§aces out the base of a flower-
bed, and the pupils draw a_circléfon the piywood with the aid of tack,
stringggnd pencil. N

T: But with what else can one trace a circle?

P: With a pencil, with a cylinder, with a compass.

With the aid of the lé;ée cémpass‘the teacher shows how a citcle
is to be drawn.’ )

T: And now trace a circle Qith the aid of compasseé on sheets
of paper.

The pupils trace out circles and color them with pencils; beneath
each t¥ey write "circle."”

T: What is this figure called?

P: A ball. :

%iw And now let us model a ball from clay. _

With great interest the pupils began to model balls. Most ballﬁ\

were of the correct form. On the blackboard they then write down the

names-of objects having the form of a ball or of a circle (Figure 11).

/e
Figure 11

+



~Auxiliafy School N6. 39 by teacher V. N. Blagosklonova. After a series

Form of a Ball: Form og a Circle:

1) ball of thread N ' . 1) "round mirror
2) globe ‘ N 2) coin
3) watermelon ‘ 3)  glass of a clock
4) playing ball - 4) gramophone record
' S
Homework: ,

Teacher: With the aid of a coin trace a circle and shade it.

Lessogs conducted according to such a plan are of great educational,
correc:ionga and practical value. The lessons proceed with much enthus-
ifsm. The pupils enter into such a l€sson with heightened interest. By
various types of work the pupils get to know the geometric forms: ball
and éiicle, cube and square, parallelepiped and rectangle. The chil-

dZen's atﬁentign‘is directed to solving one question from different |

points of Qigw with maximal utilization of diverse methods. f

At the end of the school year lessong of this type can be conducte
in the second grade as well. A lesson on the topic "Ball amd Circle"
w%s conducted according to such-a plan in the second grade Qf Ul 'yanovs
\
‘L
of such lessons had been conducted and the children had begun to dis- \
tinguish such concepts as ball and circle, cube and square, ‘parallele: \
piped (beam) and rectangle, the work was to continue in the direction
of strengthening these concepts b‘ having the childrep draw geometric
figures with the aid of ruler, compass,and set square..

The sequence which should be observed in drawing geometric figures
is the fallowing:_ a) teach pupils how to draw a figure by outlining
a pattern, b) teach pupils how to draw a square and rectangle of arbi-
trary size and of a given size by using a ruler on squared paper,
¢) teach pupils how to draw a square and rectangle of arbijrary size
and of a given size using a ruler and a set squgre, but not on squared
paper.i o

Using a set square to draw geometricifigufés 1s an ilmportant’ method
in the instruction of the auxiliary schdol pupils. But insufficient
attention i1s given to this tool in geometry lessons. In the individual

investigation, not one pupil used the set square in drawing a square

and rectangle. The pupils dfé& a right angle by sight, even though

IS
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\ .
each child had a set équare in front of him. The pupils of the public
school stated that they had not been taught to draw a gﬁﬁht anglé with
a set square.

The teacher's problem is not only to teach the pupils to draw a,
square or a rectangle with a set square at her direction, but also to
teach the child to use this instrument independently in everydas'work
in drawing geome:ric figures. The problem is primarily to get the pu-
pil to think about the work being done. Everysadvance, no matter how
insignificant, develops the menﬁj%fy deficient child.

One should use various methods in drawing a circle. Besides out-

*  liaing Qith a pattern, ;he pupils must be taught w draw a circle with
thelr compaéses. In the fourth grade it is useful to show the drawing
. of a ci;cumference with the aid of a thread, pin, and pencil. .

There is another method of drawing a circumference using strips
of paper. One side of the paper strip is fastened by a pin or a needle
at vdrious distances, and in the other side a hole is made for a peﬁcil.
With the aid of such an uncomplicated device, one can d;aw circumferences

M;* of circles of various radii. The auxiliary school pupils must be
. acquainted with all the above methods of drawing circumferences.

) In the third and fourth grades of the auxiliary school it 1s possi-
ble to teach the pupils how to draw with the aid of three eraight lines,
and also to be able to make such lines out of matches, little sticks
‘and the like. But ghat concepts can be presented to the pupils of th
lower grades of the. auxiiiary school?

Through practical measuring and studying of the square, the fodrth
4 graders acquire the following(geometric_concepts:
-~ 7 1) A square has four angles. /r-———‘
2) All angles of a square are right angles.
3) A square has four sides.
4) All sides of a square are equal.
Similarly, the pupils master the following concepts about a
rectangle:
1) A rectangle has four angles. ‘
2) All angles of a rectangle are right angles. TR
3) A rectangle has f{our sides. )

4) In a rectangle, the opposite sides are equal.

i
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At this stage of instruction we still éannqt define the square as.
* a quadrilateral which has four right angles and all sides equal. We . |
" can only describe the‘essential features whereby this geometric figure )
is determined. Even here there are superfluous descriptions. For
example, 1f a square ﬁas four sides, then it would be possible to ax-
clude the four angles, but for the pupils of the.auxiliary school it
i{s important to emphasize both of these;ffor, by reason Of‘Q}S intel~
lectual inferiority, *the pupil of the auxilia:y school, having ‘mastered
the proposition that a square’ hé% four sides,’ qannot answer the question
"How many angles.does a square have7” if he has pot counted {ﬁg% before-
hand. o f ¢ ‘ '

In our investigation we discovered that in the fourth grade the
pupils hpve already determined geometric figures -according to individual
‘ essential features. In distinguishing a square or rectangle, different
pupils focused on different features. We can cénélude‘%ﬁat the geometric
b;ncepts indicated abovg_are completely comprehensible to fourth gfaders,
and it would be a mI;taRe not to use the abilifies of thé auxiliary
'school pupils. .

-

In determining the essential features of the square, of the \
rectangle, and of other figures in the proéess of laboratory work, thé. -
pupils themselves should examine a series of squares or rectangles pre-
p by the teacher befdrehand, for which it ie necessary to count
tkéﬁjgmbcr of sides and the number of angles, to measure the length of
a side, and to measure the angles wghp the aid of a drafting set square.
Each pupil does this independently. As a result of their work the pu-

v
pils come to a definite conclusion, which is then written down on the

blackboard. Then thegﬁhg%i;'trace out a square or rectangle of given
§

dimensions in their notebooks and write down a conclusion which they
obtained fro£ studying the sides and angles of the square or of the
rectangle. Further, one should show the pupils the similarities-and
differences between the ractangle and the square. The‘pupi}s‘will
acquire more accurate concepts of a-geometric form only when théy can
find diversity in similarity antl similaritx in diversity. ' )

In our investlgation there were frequent'céses in which the pupils

did not distinguish the square-and the rectangle, especially when these

figures were near in form., 1In this case only by measuring was it

-
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possible to conclude that one form was a rectan;}é and the other a
square. In the process of such wark we not only widen the child s
kﬂowledge, but we afso develop his thought. .
For this purpose one ‘can take a rectangle similar to § square,
+  1in dimensions and ask the pupils to Aame it. Most answers will be ''a
sqgare,’ since the children relate a figure close to a square to a
' square. Then‘zne should ask them to verify their assertion. How,an N
one verify it? Only by measurzhg thg,sides. Thé pupil tH?réby con-— |
vinces himself that this is not a square, but 4 rectangle.’ Further,
one shoula give the pupils a_geries of figares to compare,;and each
time to note that.it fs not always possible to answer correctly and
inmediately the question: "What is this figure called?” As a result
~of such studies, we learn that it is necessary to teach children to
‘ relate critici;ly to pﬂ!ﬂomena & the material world. .
L * In those cases in which analysis and synthesis are necessary,
the pupils develop their thought, since analysis E?d syntpesi; are
'hspects of a Person's intellectual activity.

, In comparing the rectangf% and square, these figures can be dis-

A .
S
]

tinguished only by measuring the sides, since all the other féatutes ,
are simjlar; henég the, pupils shpuld trace out the %ollowing table
in their notebooks (Figure 12). In addition it is a good idea to copy
such a table onto a large sheet of paper and to hang it 'up as a visual
ajd. \ ) | Y !

\ ) In studying the cube and, parallelepiped, the children ‘should be ‘
preseﬁted with the following concepts (Figure 13), in which one should

‘alsp emphasize similarity and diversity.

» 1

?AL this stage the pupils acquire the new concgpt ofl”face, and
"{n the fqurth grade one.can acquaint pupils with thg‘name ”ﬁ‘iﬁlle;e—
piped." The pupils must be acquaipted with the varieties of the
parallelepiped. TRe faces of a patallelepiped (béam) may be either all
(ffreCtangles, or four rectangles and two squares, or all squares (the
cube is a special case of a parallelepiped). ®ae can show this espec-

/
tally well in the process of modelling geometric bodies.
F 2 . A
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Similarities and differxences between
. a rectangle and a square
E B v "Q
~ [
. SRR T
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- | S e
Square . Rectangle .
. " ’ [N
N

€

‘l) A rectangle has four‘

anglq&\r . R

2) 'All angles of a square are ' ’ 2) All angles of a rec-
+right angles. . " . tangle are right-'angles.

4). A square Nas four sldes. 3) A rectangle has. four

1

N - ‘ . . ¥ . Sides-
Differences . U s
. . ' L J t. .
- 4) All sides of. a square are 4) Opposite sides of a
equal to each other. ) rectangle are equal.
. - . . [ . .
] . N . LS
- Figure 12 : ~
. v . ‘ C .
& . vt .
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. ' . Cube C Par%ilelepiped (beam)
Simildrities ) ., ' ) !
l) A cube has srx facesQ R Ql) A pardllelepiﬁed (beam)
) i L ' has six faccs.
o _ §§ Ty A
2) All faces of a cubehhave the 2) All fateg of a parallele—
*¥orm of a square. piped- (beam) have the form
‘ ) ' of «a rectangl or of a
y ) rectdnple and a squar
3) 4 cube has 12 edges, T ! 3) A paralleiepiped has 12 édgeé.
| : 4) A cube. has 8 vertiges. . 4) A parallelepipad has 8
! S v ‘(4 s, vertices. )
LT .- Figure‘l3 T -
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* The stpdyﬁaf'oube and parallelepiped (beam) should be conducted
with obligdtof%ipodelling. When the pupil makes a model of a cube, it
n

can tien be gi to another pupil to verify whether his comrade

- modelled a cube well, and if it must be corrected so that the cube will

. have the correct form. By measuring faces the pupils determine whether

I

. =

LI

the faces of the modelled cube have a square form; 1f not, it is not a
cube. ' e o ’

In our in&estlgaﬁion we discovered that in the process. of model-
.ling geometric Bodies, "ot only in the auxiliary school but also in
the public school, most of the pupils modelled a cube in the form of a

parallelepipe® with a square base.’ It is not easy to reproduce a cube

. correctly by'modelling, and in-*this case the pupils should develop a

certain_gkill in carrying out the problem correctly. .For\variety in
the work, one can propoée the followiog check: each of two pupils
"sitting nexl to each othér determines, by measuring theﬁfaces_of a cube,
whether his neighbor ‘has carried out the teEE,Conrectly

To make the process of becoming familiar with geometric forms as

Lomplete as possible in the lower grades, all forms of study should be
conducted with maximal use of practical projects in class, at home, on
the school gxounds, and in the field. For practical purpoges the pupils

ust be able to measure the 1ength the width, and the height of the
qziseroom and of a room; and they must also knew, haw to construct
geometrlc figures not only on. papar and on the class blackboard but also
on the groynd. For Constrdeqlng a right angle in a certain plane a

T-square flay be used. The puﬁ%ls knowledge of the .elements of visual

geometry will hive vakue only whe forms Of practical projects and

in studyiog geometric forms. Henelﬂ

all the pupils' abilities are us
in the 1OWLr‘gradeq ﬁhe studies should be conducted systematically,
in a definite sequence, and should be p}anned for the entire school .
year. Unsystematic studies, put off until the end of the school year,
will not produce the effect needed. o _

The mentalky deficlent child %hould be oaugét to distinguish a
geome&rie form, to name it correctly, to find It in his envlronmcnt

and to reproduce itein a drawing or by modelling . Only comprehensive

study willfglﬁﬂsii better mastery of &he 5eometric form and correction
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of the defect of the central‘n?rvous sytem. ‘Before modelling a geo-
metric body or drawing a geometric figure, the pupil must have an

idea of the shape of the given geometric form, an® then reproduce it.

‘ 1f the child simply contemplates the square and rectangle, even
namiug these fOYmb correctly, this is still insufticient for his mastery
of ' the given form. He must be able to tell why fle thinks that this is

a rectangle and not a square. He must be ab;e to say that the opposite
sides of a rectangle are equal. And he must‘be able to meaqsfe the

sides of a rectangle and say that in this fiéﬁre the opposite sides are \;
A

. iy N
. equal, and hence it is a rectangle (in the preéénce of the other pro-

‘- .
perties of a rectangle). Only reasoning.on ‘the part df the pupil has
. definite pedagogical GFLpe: it traigs him to think and to make a de-,
. duction; It is especilally necgssary to see that this occurs in the .

- auxiliary school. - o . .

Atrousing curiosity in.thé,thikﬁhen is a very impdrtant aspect of

instruction. .. x

Without a systeﬁ of preliminary'exéré%ses tn the lower gf%Zes,
the further study of geometric material and the elabbration of fthe
fundamental practicai sgllls will be more dgffiéult. Preliminary
studles of geometric materfgi by auxililry school pupils in the.lower

4 t
grades have both eéducational and ®orrectional sigpificance.

R Methodg of Studying ( Geomctric Mdte{&gl in Lge Ugger Grades

L4
-

“of the Auxilid;y School ) . ‘ . . N\ ‘

From-the {ifth fo the seventh grades, studies of geometric mate-

rial are to be conducted rhguldrly "The program st»)ulat ., that there

be a required d&ily lesson throughout the whole school yeg By this

{ ,Limc, the pupils should have a,deiinite system of knowledge of geome-

tric forms. The pupils should name geometric fggurgq and bodips cor— -
\J

rectly, should bP able to distin'uish them frog otxer forms, and should-

also be skilled In elemvntary geometric drawing. Only in this case will
, ' . »
the lessons in the study of geometric material in the upper grades}hv‘

~~

conducted sucdessfully and on a 11g upvek . -

Most® pupils of the auxiliary schoo; compluté thelr. edugat ion

and then go into mdnufactuxlng herce an elemvntary geomelry course \
t 3
should be somewhat dIfferanL from the %tudies of, visual geometry in the

[ d
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public elementary school. The course should be systematic. One must
. give the pupils a complete knowledge of the geometric ideas and con-
cepts accessible to them. . ) h
Logically and practically the study of a systematic course of
elementary visual geometry in the upper grades of the auxiliary school
) i&ould begin with the simplest geometric concepts.
We tonsider it advisable to begin the study of geometric material
‘_with the point. The point is a primary concept. One should not define
a point. »A model of each primary concept can and should be shown. One
must show how it is possible to set down a point and how a point should
be designated. On the blackboard the teacher uses chalk to mark one
point and Sayé that he has put down a point; then he puts down another,
and so on. Then it should be stated that it is possiﬂie to piit down
. points in a notebook. Points will bé put in the book. In order to
Wpoint out something on the grouno, one makes points with the aid of
pegs. In practical projects the pupils make points and designate them
in their notebooks, on the blackboard, and on. the street.
The next concept that should be presented to the auxfliary school
» pupils is the concept of a line (straight, curved, and broken). \The line
. is also a primary concept; hence one should not define a straight line.
With a ruler the teacher draws.a straightllinegoh the blackboard and
shows it to the pupils. Then he sMNws how it can be extended on both
sides with a ruler.

Thén the pupils draw out straight ljines in their notebooks. The

auxiliary school pupils should be shgfm repeatedly how gtraight lines

- are drawn out; as many exercises ag possible are necessary on drawing
. out straight lines, segments, a;d especiaily segments of a particular
.length. To teach an auxiliary school pupil the correct use of a ruler
is not very easy. We may encounter the most diverse difficulties. The
teacher's problem ig not only to showthow a ruler is used on the black-
board, but alsc to show each pupll, individually, how to use a rud.er.
One must perform a series of exercises wigp the pupils in looking
for sL}aight lines in the surroundings—--in .a room, on the edges of a
book, on a table, on a desk, and the like; and show a straight line
with a taut thread, with fhe aid of a thin wire, with a sméll stick,

and the like, Also the teacher shows a bent line and a curved line.

-
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The children qraw and label thesk 1ines in their motebooks™Figure 14).

. o $

. [ / \‘\ ’f’\\\.._//F
st‘:raight line , broken line curved line

~ ]
© , Figure 14

Then once more the pupil's attention is directed to the straight

line and these concepts are presented: 1) straight line, 2) ray, and
3) segment of a line.

Until familiarity with these concepts is attained, it is not
advisable to draw a line on the grouﬁd, or to copy a lime with the aid

,of a card. It is advisable to“conduct these practical projects on

consolidating knowledge after the pupils have become acquainted with
the ray and the segment.

For familiarilzation with the ray, a line ds drawn which is bounded

Bl

on one end by a point, designated by a letter (Figure 15).

L

A o

. Figure 15

One must clarify that the ray may be continued as far as one likes.

.

. »
Then show that, a line may be bounded by points from two sides, and such

. a line is called a segment (Figure 16).

»>
L J
)
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»
Figure 16

-

Here, drawings of the line, the ray, and the line segment with
appropriéte names under them should be made on the blackboard and

the pupils' notebooks (Figure 17). In the study of 'lines 1t is necessary

o )
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. Figure 17

to show the pupils that lines, rays and segments may be drawn in
different directions. \Emzpractieal projects of thig section are
'laoking for straight lines in the immediate surroundings and drawing
lines on the blackboard with the aid of a stretched cord as carpenters
and housepainters do; it is also necessary to conduct a series of
studies on drawing lines in the schoolyard or in the field.
) After the pupils have been acquainted with straight line, ray and
line segment, one should conduct studies in comparing segments. Here
the pupils are presented with new concepts{ 1) "equal segments,"
2) "greater segments,' 3) 'lesser segment."
Qcicks provide a good meéns of comparing segments. Theﬂ one must
show the difference of qegments using threads, and, after this, pass
«on to comparing the segments by measuring. Thus the pupils acquire
a concept of the étraight line; they become familiar with lines drawn
on paper, in carpenter's or in housepainter's projects, and on the
ground
Further, it is necessary to acquaint the pupils with the mutual
position of two lines, and with parallel lines. One should show the
pupils that parallel lines do not intersect no matter how much we
: extend them. In g series of concrete examples show parallel straight
lines: straeL}ar rails, a table's edges, a book's edges, and the like.
In addition, iw is necessary to teach the pupils to draw parallel lines

with a ruler and set gquare. .
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Then the pupils béeome acquainted with perpendicular lines. One

must teach the pupils to draw perpendicular lines with a set square.

‘ In studying lines, special attentlon should be given to meaSuring
) segments. This topic is most important for the auxiliary school pupils.
. A necessary aspect 1is for tae puﬁils to become acquainted with the units
of méaSuring length—millimeker, centimeter, decimeter, meter, and kilo-
meter. A segment the length of a meter, of a decimeter, of a centi-
meter, and of millimeter should be drawn on a paper or on the bl;ck—
‘board. )

The most important aspect of stuéying geometric material is the
comparison: of }he'ﬁnits of measurement-—linear, square an%‘cubic. One
musﬁ clearly differentiate among these units of measurement. :

f\ The next stage of work is acquainting the pupils with angles. ibe
angle is also ﬁot defined, but is shown visually, and the teacher says
that "This is ghpangle." A serles of exercises is conducted demonstrat-
ing angles. of various objects. Then the pupils are acquainted with

¢ elements of an angle (Figure 18),

- +
vertex of
the angle

Figure 18 ~
re . :

L]

s Por a better mastéry of the concept of angle it is necessary to
have an dngla on a hinge made of two sticks. A-series af practical

K/ exerclses on drawing angles is conducted with ‘the pupiﬂ&. YWith a

moveable angfe one can show an acute‘angle, an obtuse angle and a right

dnbfe Further, it Lsz\kqo necessary to show acute, obtuse, and right

angles on varioeus objects in the environmental situation; and to élo—

vide better mastery, it is HELabdey that the pupils find the Angle<

themselves.

o A good tool is provided by angles cut out of colored paper. With
) 74 Y
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' the colored angles one can spow the difference beéween acute; obtuse,
and right angles. By comparing, the pupils should learn that an acute
angle is less than a right angle, and an obtusé angle 1s greater than
a right angle and an acute angle.

.In théir notebooks the pupilé should draw‘anglesvand write their,

names beneath them (Figure 19).

~»

.«

acute angle right -angle obtuse angle

[N

Figure 19 -

The pupils should experience the difference between anglqg

inmcut-out constructions not only by sight but also by touch. ;
) In the future, the pupils will often encounter right angles; hence

the study of the right angle should be alotted more time than the
others, and the pupils should be taught to draw a right angle with a
set square, If there is no set square, then a rightzangle is easily
made out of paper wﬁich should be folded twice for this purpose; this
method must also be taught to the auﬁiliary school pupil.

In the sixth grade in drawing and measuring angles, a protractor
{s used: Thié section follows the intial study of the circle and
circumference. ) “

When the pup&&§ are presented with any new concept it should be
written down on the class blackboard, and the pupils should write it
in their notebooks. This concept is repeated several times. At fifstr
only the good pupils repeat the name, and then the whole class repeats
it. In the process of fprming mew concepts and for better mastery of
them, the tegchex must use every means at hls disposal. In mastering
‘new concepts it is necessary tlo retu&s toe the old %nes, but tg repeat
them in another context so that\the pupils will not bé bored.

. In the fifth grade ongﬁshould not restrict onese}f only to the

study of lines and angles, but should gﬁso review the geometrgc figures
and bodies which The pupils have studied in the third and fourth grades.

.
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The review should consist of measuring the Yengths of segments;
the lengths of the sides of squsres, rectangles, and triangles; the
lengths of the edges of a cube and parallelepiped; the review also
shouyld consist of looking for angles in these geometric forms. 'In ‘
doing this, the pupils must recall the names of these geometric forms
and alsq'must reproduce them by drawing and by modelli{ng. Qtherwise
tne geomeuric material which the pupils haverlearned in the fourth
grade will be forgotten in the fifth and sixth grades. In this case
geometric forms will be visual tools and a means of better mastery
of the basic geometric concepts studied as designated by the program
of the fifth grade.

° Sixth graders begin the study of geometric material with the circle
_end its circumference. The elementary concept of the;§1rcle has been
mastered by the pup{ls in the third and fourth grades. In the sixth
grade this concept 1s broadened s¥gnificantly; tHe papils become
'ecquaﬁg%ed with the circle, with the circumference and the radius,
with the chord and-~the arc, with the property of the radii of one
circumference (all radii of one circumference aée equal), with the
diameter and its property {the diameter divides the circumference .
into two equal parts)féand with‘the property of the diameters of one

“ circumference (all diameters of one circumfeyrence are equal). “'

To acquaint the.pupils with the circle and the circumference,
one must draw a circle on the blackboard and shade it in. In their

'notebooks the pupils draw circumference and circle by outlining, and,

-

in agdition, the circumference is traced out with compasses, pin and
R

thread, and strips of paper. The pupifbuare asked to indicate the

line whidh has been obtained by drawing a circle; such a line is called

a circumférence.

: S :
The auxiljiary school pupils sometimes confuse the concepts of

#circle and circumference. One must give this qﬁestion the most serious
attention. For this, one can propose the following. Draw a circle and
shate it in (preferably with crayons), and write jpside it "eircle"

\ (Figure 20).




Figure 20 ’ { Figure 21

Then, by one of the methods indicated above, draw the circumference,,
ang-yrite along its border "ecircumferemce" (Figure 21) Draw a circum- '
ference,‘with crayon preferably, or with colored chalk, on the black-~
board to give the punils a striking image. These twq drawings shcul&\\\\ ¢
be placed side by side. Then one should cut a circle out of paper;
and on this model of a circle, outliné the circumference ,with a finger.

In addition ome should make a circumference out of a wire. In drawing,
designate. the centers of the circle and the circumference. Then fold
the circle along a diameter and compare the two semi-circles. The
pupils do this.with their,circlei. Having fdlded,it,in.helf onée more,
show the radius of the circle and the circumference; anh.nu this Same
paper show that a circumference has any number of radii, and that all
the radii of a circumference are equal dn two. equal circles cut out
of paper show that a circumference has any number of diameters, and
that all diemeters of one circumference are equalt Acquaint the pupils
with other lines of the circumerence and with chord and arc, of which
there are erbitraﬁépy many in each circumference.

The new concepts 'diapeter," '"radius," "chord," and "arc,' are
written down at apprcpriaﬂy places in the circle. The pupils make <

simfiar notations in their notebooks and repeat the new words mdny i

timea to learn them better (Figure 22). These 1i#ée should, for better ,
_L\ mastery, bg singled out with colored grayons., In addition, one should

show that diame ers, radii, and chords can be drg!g in various direc—

>
tions. Arcs may also be drawn,anywhere‘in a circle. For the auxiliary 4§

+ school pupils iR is esRecially necessary to emphasize this fact, for
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Figure 22

« &
the pupils often draw a diameter or'a radius in the horizontal position
only. Such a comprehensive study of geometric concepts promotes a.
better learning of these concepts by the pupils.of the auxiliary school.
After the section on circle and circumference we return to angles,
to measuring and constructing them with a protractor on the basis of
the students' familiarity with the circle and circumference. A serieé
of projects and exerclses are condgcted in measuring angles, drawing
angleg, and the like. ‘ ’ ' ‘ ' . .
One can go on in different ways. One can begin with the study of
triangle, square, or rectangle. From our point.of view it is advisable

to begin with the study of the triangle, because.this figure is the
simplest, consisting of thxee segments, and can be-constructed with

ruler and protractor, that is, on the basis of what has just been

°

studied. | P . ) : 2

The third and fourth graders became acquainted only with the form
of the triangle and, w&th this, with the triangle in general.

Broadening the concept of the triangle in the sixth grade, wE
acquaint the pupils with various types of triangles, with the altitude
of a triangle, with its base, as well as with the simpleqt cases of
constructyng triangles. In addition, in sLudying ‘this section the pu-
pils beL;EE familiar with the new concept of "periweteg o

After the triangle has become familiar, iﬁ may be defined as part’
of the plane bounded by three straight lines. The pupils should be told
that one of the sidés is called the base, and a perpendicular drawn
from the vertex to the base is called the altitude of the triangle

(Figure 23). All this must be visudlly demonstrated using triangles

"drawn on,the blackboard, cut out of paper, or made out of Eticks; and

the pupils should write down all these concepts in their notebooks.
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In connection with the study of the trianglef§ a series QE practi-
cal projects is conducted, which consolidate a series of skills in the-
pupils and cultivates in them.accuracy in work in fulfilling" these
projects the material learned earlier is‘&epeated. By measuring the
lengths of the sides of dif!%rent trianglgg, the pupils perceive that
one group of triangles has different sides, that in another groug)each
has two equal sides, ‘and that in a third group al} sides of each tri-

angle are equal. The pupils conclude that triangles come in three forms

with fespect to their sides’—scalene, isosceles, and equilateral
(Figure 24). To consolidate this material one must conduct a series of

practical projects to determine the different forms of trdiangles by

Y

measuring the lengths of the sides. R
* -
w
:\
~ scalene isosc%;es equilateral .
*  TFigure 2 ‘

P ~

Then, measuaéng the angles of'different'triangles the pupils

c&ncludeAzhél triangles cone *in three forms with respect to angles:

e

acute, obtuse, and right angles. 1In all cases it is necessary to con-

duct a series of practical projec‘s in looking for the different forms

of triangles. Theqe forms of triangles must be written down in pife
notebook (Figure 25) B

In this section the knowledge, abilitigs and skills acquired by
the pupils in becoming gcguainted with the section "Angles" are.

reviewed and consolidated. 1In becoming acquainted with 4n obtuse

{79 ‘ \ o
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acute obtuse right triangle
triangle ' - triangle ’
\ .
- . Figure 25

auxiliary--school™upils can learn to.draw an altitude well when the al-

titude passes within the triangle, but sometimes they encounter diffical-

ties when the altitude is placed outside the triangle; that is, when

» it meets the extension of the base in an obtuse triangie. We observed -
cases 1n whicﬁ ﬁﬁ? pupils erroneously drew the altitude in an obtuse
triangle as it is reproduced in Figure 26. 1It-is neéessary-to give ‘

this problem serious attention in the auxiliary school and to teach

the pupils to draw an altitude in an obtuse triangle correctlya.

i S SN o

L3

Figure 26 .
L e ‘ c S - : ) »
Using movable models one can visually show the pupils how the altitudes
are plaéed in .vaWous triangles. In examining a right triangle it is
also n?#éssary to give spegial attention te drawing the altitude.

" after becoming acquainted wi¢h the basic forms of triangles, the

*pupils are acﬁuainted‘with the simplé%t cases of constructing triangieg.

' One must teach the pupils to construct équﬂla;eral triangles and isos~

€ \'m}
celes triangles, and also to construct triangles according Yo three

given sepments (sides), frpm'th segments (sides) and an angle included

e : -
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»between them, and the like. \

Measuring the sides of a triangle, the pupils determine the sum
ngths of all its sides. The sum of the lengths of éhe sides Vi
of a triangle is called its perimeter. This new word and new concept )
must be singled out very clearly. The pupils should’be taught’to read .
this'word\correctly. The pupils should learn the meening of.thié con-
cept, accurately. In computing the areas of a Squa:;‘;na a rectangle,
‘the pupils often Lonfuéé 'area' and ”perimeser and compute the peri-

meter 1nstead of Lhe area.

" One can easily show the perimetep)of/a'yriangle composed of match- '

sticks or wire, by pulllng the sides ou& into a straight line and deter—
mining the,length of this line. Snow th the measured perimeter of
such a trianglezwill be equal to_the perimeter computed by measuring
each side separately and adding the results of the measurements.
' fn studying the triangle, the rigidity of the form should be notad.
-/ ~ Show the pupils that the form of a triangle composed of matchsticks and
fastened by jointpins at the angies‘is nqt sub%ect to change. But {f
one fastens a square or rectangle at its ‘angles, the forms of these
figures c¢gn be changed freely, changiﬂg the square into a rhombus and
the rectangle into a parallelagtam. ggggshould direct the pupils'
attention to a series of ohﬁegﬁﬂkfsgféneé into the form of a triangle
f~,-‘5or gﬁgidityf, for example,,a brace for a shelf has a triangular form,
whereby grearer firmness_is.secured’for the shelf; the board ‘o gate’
is nailed oniiquelyi raiiway bridges are ;trengthened by triangles.
'Triangular fdr&s are used very often, as ghe.simplest form, Such wide
usage of the triangle 1is based on its rigidity. So that the concept
of a ttlangle's rigidity will not be formal, one pust give, the pupils
~an assignment to find in their environment different supports in the
form of a trianglq.’ Such a task hdscpractical and Correction&t signi-
ficance and promotes the growth of the pupils' logical thought The

pupil should find triangular supports and explain why they were made so.

»

In the process of stndxing the triangleg, it is necessary to conduct

a series "of practical projects so that the learned concépts might have
a &efinite correctional and educational value and the pupils might,be

: j§ble to use thair knowledge in practice. A :
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] During the previous work, the pupils have bécome acquainted-with.‘
lines and segments, qxth measuring segments, with.equal segments, and
with right angles. On the basis of the work performed we. can deepen

,,,.- Fhe study of the.rectangleland ‘the sqpare.g We can give the distinctive
features of these figures, thelr similarities and differences, the )
measurement of the perimeter qf‘these figures, and the measurement *of

. their areas. The study of the rectangle andythe square should he con—
ducted in the following way. At first these forms are. singled out from
amoné other forms and from among objects of the environment, using
awareness gnd perception the pupils observe these geometric forms

dizettly. L | ' -
2

. ' The pupils have. already been familiarized with the rectangle in -
‘ - the previous years of instruction. In the. fourth grade, the concept
of rectangle is mede precise. Then the teacher: _pasdes oger to the
second stage .of WOrk that is, he- 'explains the fundamental préﬁea‘?yies

- of the figure being studied and directs the pupil td~a corfect observa—

i

tion and understanding oﬁ the figure peing studied. The teacher directs

\- the pupil's attention to the fact that . the Iatter has™ inyestigated the
. sides and angles of the re;tangle and drawn appropriate‘conclusions.
In the’ process of studying-this geometric form comprehensively,

. the pupils estaplish the equality of opposite sides, the -equality. ¢f

L. all the angles, and the fact that in a rectangle all the angles are b ;

f;' right angles, The conclusions of these propositions arerarrived at

¥

'inductivelﬁ.‘ The pupils -are given a series of tectangles, whose )
angles‘they measure. After measuring repeatedly, the pupils conclude,
‘that all angles of a rectangle ark equal. Then, measnringgthe sides
in a serles of :ectangles; the pupils conclude that ip a rectaqgle'f{ '

.the opposite sides are equal, "In this same way the pupils find out

£

that in a square all the angles are right angles and 411 the sl@ss_
t h., 4 .

are equal. ‘ , :“ oL
In the process of all this work, the pupils come to the cogelu~

\ sion ‘that "a rectangle is a quadrilateral all of whose angles are N
3 . - .*
right angles and whose opposite sides are equal "

.

Then the pupils.draw a: rectangle ln‘this a strict saquence is
observed. The more exercises used and ghe.more diverse they are, the

¥etter the concept i1s learned. At first the pupils trace out a

. - - ' " . 82 \ . a *
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rectangle from a pattern or by outlining the base of a rectangular,
llelepiped; then they trace it out on squared paper without a
given gize and with specific dimensions; and finally, they trace
out a rectangle with ruler and set &quare Bdih with and without
speciff{c given dimensions. o \*
‘Tracing out & rectangle does not present great-difficulties, B
nce, the pupils already know how to draw right angles and segments.
\ﬂi‘\*iet as congider certain aspects which must be emphasized to the
auxiliary school pupils. The pupils ere,already acquainted with the ,
ter from studying the triangle. In studying theé rectangle and

‘ le square the concept of perimeter once more is reca led to the pu-
o piIN and. is, consolidated in a series of examples epd zxercises,.in _
‘ - arithmetic lessons._‘The pupils are also presentediﬁﬁth the new con-~’
o *  cept of the diagonal of a rectangle and of a equare. 7 v
All new concepts which the auxiliary school pupils learn in the
o procese of instruction must be rewiewed often. Repetition nust be
.conducted by different méthods so it is not boring and mono tonous “arnd’
so that mastery will be more thorough. Diffieult words like "perimeter,
""diagonal, " and others must be written down on the blackbodrd, i$ note-
, books, and, more often, they must be pronounced both with individual
pupils and with the whole class. k) s
. * . A necessary condition for the best mastery of the reptépgle and
- the square is the comparison of these figures as they are being etudied.
Suxh a method promotes better mastery of the forms being studied as
Jwell as growth of abstract thought in the auxiliary school pupil. The
method of comparison must be ilbuétfitpdrby a figure (Figure 12).
Here the pupils %ust show which sides of s'rectangre.are equal,
'and which sides of a square; they must indicate the opposite sides of

-

a rectangle. The conclysion that "the opposife sides 'of a rectsngle

- In the auxiliary schoo practice the pupils sometimes compute

'

are’ equal" simplifies compu;ing the perimeter of the rectangle.¢:§§P

palf ;he perimeter instefd of the entire perimeter; hence at first
in, computing the perimeter one ‘must copduct computations in the form:
"S5cm 4+ 3,em + Sfem +3cem =16 gm. This somewhat\lpnger notation

»

*leads the pupi%pﬂto a more complete understanding of perimeter. At
“' . ¥

‘/f‘" ) ) 83




"~

x

s

/
/

=

~ first the fiotation should be illustrated by a diagram (Figure 27).

Later the perimeter of a figure is calculated withcut phe diagram, and

only thed can one pass over to the second form of notation:
] ' .

5¢m x2+3cm x 2= 16 cm, . ‘

P
-t '

* The conclusion that "all sides of a.square are equal" simplifies calcu-
lation of the perimeter of a square and facilitates the transition from

notation . $

4em +bem +4cp +4dcom =16 egdi AQ:

. "(’A Y\/ : ,/'/ ) )
.l ) ' l’J /, .
[4 4 cm x4 -16 Cme' ‘ // -, . ﬂ‘ ) *
r'/ . : ! a :

To cbnsolidate this material it is ne;éesery to solve a series of

to the notation

practical problems in determining thenpeyimeter of the class black-
board, the area of the floor, the tpb top, and the like.

Al

: - - " . {
\\ ' ¢
D 5 .Cmm ) /"/ . ¢
- . J,/v" S cm
o s *
// , ) .
£ * g
g ;,/ . G . o
- » 7/
™ s el sl .
- ) 4 ‘ - ‘
‘ ,/ T s
A . - R « A B -
5 cmy/ ya B 5 cm-
/ - R '
Figure 27 /’ . . Figure 28
/ ) - - o

When t@e pupils have mastered\tpe essential featu?es of a rectangle

* and a square and have learned to distinguish these forms from each other,

i

28) «

they may sh%ﬁt to the construction of a ‘rectangle and a squere of given

_ dimenéions ‘with a ruler and set square. A problém is gdven: "Construct,

a rectangLe with sides 5 cm and 3 cm." The construction should be .
done thus a 5 cm segment, equal to one side of the rectangle, is -
marked off on a®straight line. With the set square the right angles.
arel then constructed at points A and B and 3 cm segments are marked ' 1\

off.on their sides. The points obtaihed are joined by a line (Figure

» ) ¥

.
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- After studying the rectangle and square, the pupils go on, as

" has been dlentioned above, to the study of square measures. We post-—

¢ s I

pone the study of squaAre measuressuntil the next section. . ., y
Lét us now exdmine the study of geometric material in the seventh
(‘\’gnaée.‘ At the beginning of the schook;yeap, one myst review the geo-
mefric material that hdb.been studied‘in ehe previous years pf inefrueﬁ
tion. The pupils should recall everything about the square and fec-
tangle. One should dwell on the rectangle ‘im somewhat more detail, ’
note the essential'features of this figure, then show a new geometric ’;f
figure, the parallelogtam, and compare it with the rectangle. By
examining the sides and angles, e discover that the paral logram also
/gidEB\are

equal.” The parallelogram has four angles, but they-are pot right angles.

" has fgpr sides and that, like the rectangle,: lts opposite

Here lies, the difference between parallelogram and the rectangle.
A valuable device with which one can show the changé of a rec-

- tangle into ‘a parallelpfﬁgp is a figure composed of four Aittle sticks '
i

gélfastened‘at the ends by
lelogram.oqg should point out that its opposite sides|are not only equal

nt-ping "{Figur2 29). 1In'studying the paral-

but also parallelk. Then an altitude is drewn to tﬁe baee. Using the
parallelogram we once more consolidate the coﬂcepts of altitude and
base which the pupils have studied in ather figures. Now it is possi-
‘ble to proceed to determining the area of the parallelogram. Altitudes

of the parallelogram should'be‘drawn from different points of the base

(Figure 30). ‘ . e
4 ) . i \ .
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' Figure 29 ’ JFigure 30

1
The word- 'parallelogram" is difficult to pronognce\§ﬁd‘to remember.

The pupils must répeat this word often and writegit déwn several times

in their notebooks and on the class blackboard. A good device is a ,

-




parallelogram.cut‘out of paper. We shall consider determining the are
of the parallelogram below, in the next section.. /jx
. Seventh graders are familigr with regular polygons: hexagon,
? pentagon, and octagon. The pupils find these figures among others
‘ﬁﬁ " and name them. With a pattern tné pupils trace out these figures in
. their notebooks and write their names beneath them. The pupils' atten-
tion ehould be directed to the fagt that polygons are named from the ‘
number of thefr sides 1f a -figure has five sides, it is &alled a ;2\\S -
pentagon' if it has six sides, a hexagon; and 1if eight sides, an octa- ‘
gon. By themselves the pupils should find all these figures among- other
forms. ' ‘. P .
The section following in “the pupils' text is calied~"Circumference
and Circle; Length of the Circumfe:ence, Relation of the Lengﬁh of the
‘ Circumference;ARelation of the Length pf the Circunference to the |
Diameter of the Circle; Sector." It is advisable to gostpone this

éection “until the third quarter, when the pupils study" multiplication

4 _ : .
.
~ ‘We shall not dwell an the study of the form of the circle. and cir-

and division of decimal fractions.: ) ‘

. cumference; but let us consider determining the length of the cirgum—
ferenee .In the auxiliary school, qpermindng Pe length of a clrcum-
ﬁerence shou d be condugted only by means of direct measuring. A’
series of devices may be' usad to this énd Envelope the latenal sur-
face of a cylinder with a wire, “unwind the wire, and measure its length.

’ The circumferénce of a coin .may be measured by a thread or a strxip of .
paper. Then draw a circumference on the % lackboard and ask the pupils\

‘ to measure Lits length. The problem is not beyond the abilities ogfﬁhe
'auxirid;y school'pupils; One musf enPhasize_t at determining the p
length of § circumference-by winding a thread or wirgnabout it is 1in~
convenient, and one cannot always.measure the Lengtn‘of a‘circumference S
.by this method. “Apother way of'measuring the length of a circumference
tmust be found. “ ,4 . - i . ‘

~ One should conduct supplementary work which helps the pupils deter-

. mind'the‘length of a circunference. On several circles the pupile
point out the circumference and the diameter. One{must remember that

L™ . '
all diameters of the same circumference are equal. "But will the length




( . ' ’ : v . .
of the circumference and the ' diameter, be fgual?" If the pupils cannot
answer this question at once, they:%hould b{ asked to solve this prob-

lem by measuring the length of the circumference and the length of “the

diameter of{a coin or of other round objects. The pupils find that the
" length of the circumference is greater -than the diameter. Then it is

L2

appropriate to pose the question: - "How many times greater is the length

" of the circumference than the length gf the d{ameter?" . .
. A1l the measurements made shou}éﬂbe entered in the followide table.
. The teacher makes a table like this on the blackboard, and ‘he children
draw it‘in their notebooks. :
. ‘ ¢ 1 Length bf1Circumference
2 : . : . . Divided by Diameter =
Lgngth of the Circumference Diameter’ (approximately) .

r « "3l.4en 10 em - | 3,14
{ '
) © 25.1 cm \ 8 cm 3.14 .

Then the pupils measure yarious gircles cut out of cardboard'and
tell the teacher the results of their measurements. In this ease it
is not even required that oneg pupil carry out many measuremeuts,h If,
in a class of thirteen to sixteen children, one measyres one cireué—
ference and one diameter~ then thirteefi to, sixteen Eesults are’'obtain-

ed. This is fully sufficieng for the conplusion of the rule. Each pu-

pul's results will be different, but always close to 3.14. The calcu— .

.

lation should be carxjed oyt to”the hundredths, g
Then the teacher concludes that ''The lengfh.of‘the cirgumference
is approximately 3.14 timgs the diameﬁer ‘ r
The teaeh?r writes the conclusion down on the blackboard, and the
‘pupile in their notebooks. * ‘ ) 2
1%@ pupils thay be led to the solution of the problem in the follow~-

-

-

. .

Ing way. * ) ' ’ s, .
| Teacher: How many times its diameter {is the, length of the clircum- ‘R
. ference? ., -
Pupil: 3.14 times-

T: If one diameter is known, how can one determine the length of

the circumf{erence? & .

£

her . .
- . P: The diameter must be multiplied by 3.14. () . -
Q«‘ ' . ) . B .
: . 87 "
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+ The teacher, formulates and writes down "the rule: To determine

the length of the circumference it 1is sufficient o multiély the length

nntebooks and then solv a series of ‘practical prob=
"Datermine the length of a circumference WMgose-

[

oo .f; ; . e .
§§§Y}‘.The Study of Geometric Solids ;
r‘rrz - e
‘A . In studying the cube and the rectangulsg parallelepiped the
{
gseventh graders expsnd their store of elementéry {deas and concepts
~ about geometric solids and also accumulate knowledge for determining
their surfaces and volumes., ’ . foe

In studying the cupe agd the rectangular parsllelepiped one ehould

observe the following sequence ‘ 1" ‘

a) 'Studying the form of the cube (face, edge, ;gftex), construc—

tion of a cube; determining the lateral and ‘total surface’area of a
cube. . .
b)“Studying the form of a parallelepiped (face, edge, vertex) ;
development of a ;arallelepiped (face, edge, vagtex); development of a
parallelepiped. - . _ N x ‘ ‘

c) .Comparing cube,and parallelépiped. One @an show mbw to
determine- the total surfsEe area of a parallelepiped; but only if the
class is good; this .section is very difficult for most pupdls and may
be omitted. ‘ ,

' d) Determining the volume of parallelepiped and cub .
Y From a series ofjgeometric bodies the pupils select a cube. For
the most part they can correctly select and name this gecometxic body,
but one\mﬁz eficounter pupils who do not name the body at once or will
give it an erroneous name. Then on a model of* a cube the pupi}s find
the faces, edges', and vertices. Thus tbe puplls once more scquire.cén-
‘cepts ab;ut the cube. By counting up the number of'facesg edges, and
ot ' ‘ - , ( '

- 88 .
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vertices the pupils estaﬁlish‘thetg ; ' | - ' )
".a) a‘cube has six feces; '

b) w ‘cube has twelve edges;’ l

s

. c) a cube has eight vertices,

In measuring the face of a cube they conclud2

an
-
-

‘d) a face of a cube has the form of a square.
Then the pupils model a cube from clay or plasticine. - .
E By outlining the faces of a cube the pupils trace out and cut out ,
a representation of the cube and then glue it together to form a cube.
Even first graders could make a representation‘of the cube after a_
demonstration. Prepating su®h a representation presented no diffi-
culties for the sewenth graders. ° ' -
‘ To broaden their spatial conceptione, the pupils should know how
to draw a cube on the blAckboerd and in notebooks in the form repro-

duced in Figure 31. : ' \J

_——— v
- . ‘ ~
p : & -

{  Figure 31 | | ' Figure 32

Similarily we.examine‘the 'ectangular patallelepiped. The p 11"
single out a parellelepiped from §mong other forms. 'The word "pardllele—
piped" is difficult both to write and to pronounce hence this word
should be read several times, and written on the blackbeard and in the' .
notebooks. ‘ , T ' @ s '

After the pupils have learned the name, one séould proceed to
destribe this geometric body.) We consider it adviseble to begin the
study ofra parallelepiped‘yﬁfi a description, and then go on to modely .
‘1ing. In the process of modelling, the pupils will get a bétter idea
of this geometric form. Then using prepared models, the badic concepts ' ¥
which have been acquired in the description procees are consolidated.

o

Describing the parallelepiped proceeds roughly in‘the same way as

' - (
= -
N . 89 - .

A 1 C .': : r .
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» describing the cube. The pupils,” by counting, establish that:

o 1) A parallelepiped has six faces;. . =t
." ~2) ' A parallelepiped nas twelve edges; . ‘ I
f ) 3) A parallelepiped has eight wertices. ' .. :

The pupils' attention should be specially dﬂrected to one final
point. By investigating the faces the pupils'establish that' ' e
s v 4) Tie faces gf a parallelepiped may all be rectangles, “or
four facesfmay be rectangles and two faces squares, or, as a particular /'
% case, all squares. $ . ot . . .
. The pupils should become familiaf\(ith parallelepipeds of the mosﬁ, ’

-

/ diverse forms,. and orily after- this proceed to preparing a model of the
= parallelepiped in clay. - , ‘ '
) . . The pupils should be taught to draw a parallelepiped in Ebe form |
. /

reproduced in Figuré 32.

-

-

In studying the parallelepiped‘the pupilé have a great choice of
devices and inexhaustible possibilities'in conducting praetical measur-
~ ing projects. Matchboxes,, a pencil case, the\cfassroom, books, cup—

boérds, and things similar to them hdve the. form of 8 parallelepiped.

This form is often encountered'in everyday life in their surroundings.

As mygh time as possible should be given to the pupils practical pro®

fects in studying the form of the parallelepiped. Y ‘ ‘

An important aspect of stud¥ing the cube and paral elepiped is , Y
companison of thege geometric forms. Comparison may be conducted acgording to

the scheme represented i1 Figure 12; L

* It is especially hecessary ijto emphasize to tne'auxiliary‘school
# pupils the‘differences and similarities of a cube and of a parallele—
piped. 1In this dbnnection it is useful to conduct eaercises in which
one introduces to the pupils parallelepipeds close to- a cube in their
dimensions, and the pupils are asked to name the given geometric body.
4} As a rule the pupils will call this geometric body a cube., Then one
.should ask them to" prove that this is a.cube. This can be done by ‘ L
measuring %he faces of the geometric body. Guch an exercdse, accord~

ing to the ability of the pupils, also plays a gref@t correctional role.

-t

One must strive to show that it ‘is necessary to consider how to prove
, [} ‘.‘»
. ,
Y . [}
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somethidg in all work with the auxiliary school pupils.
‘ When the work on studying)gcomeeric forms has been completed, one.
can.begin determining the areas of:the surfaceslg\and the volumes of

the bodies. We shall postpone determining the surfaces 'and volumes '

- ‘., -~ . " gf‘
i . A ‘ ' LY
Next we acquaint the pupils with ‘the cylinder' this can be done .

until the next section.

using the following plan. Infroduce a cylinder and ask the pupils to
name this geometric body. Some willjmname 1t correctly. Then the

teacher writes down the word "cylinder on the blackboard and reads e

this word several times with the pupils. From -a collection the pupils
, pick out cylindena of various sizes. Small cylinders are distributed

~ to the children. ‘f - ' ? .o tor .

o
‘The teacher describes the cylinder and poihts ouu its base and h‘
~its lateral surface, the pupils point out the same on their cylinders.
Theén the pupils madel a eylinder out of clay or plasticine, first . - °
" having felt the surface of the cylinder with' their hands. Then they . .
age asked to wrap the lateral surface .of the cylinder in paper and 0
N trim off theiexcees paper accu;ately Then they outline the .two bases..
Thé pupils' ‘attention must be d rected to the figures which they have
obtained in the construction. The lateral surface of a cylinder has
the form of a'rzctanglelt To determine the laterai\surface area of a
cylinder one must.multiply the base of the cylinder by its height. The
base of the lateral surface of a cylinder is gqual to théflength of  the
circumferente of the base multiplied by the®'height of the cylinder, the
) length of the circumference may be ‘computed by multiplying the diameter
of the base of the.cylinder by 3.14. The' pupils are already familiar
with computing the length of a circumferenc;, and with the new material
.they only deepen their understandigﬁﬁﬁ The pupils must bé acquainted

\ P

with devices for measuring the*Cylinder:  with calipers, sliding cali—

: : \
. pers,.and inte{ior calipers. A series of practical projects should be

~conducted in measuring the diameter of a cylinder; one should also ask

[y

.the puipils to name objects havjpg the formgof a cylindér, and, finally,
LI " ‘A

Y

+ ' * ¢
. ” . ,
Oror brevity, in the future we shall say 'determination of the
lateral surfaces' instead of "determination of the areas of the laterdl

(surface. ‘ a ‘ - 8

J ¥ 9 | N /. ¥
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reitereté’all that the pupils have learned about the cylinder.
. ‘The pupils are acquainted with pyramid, cone, and ball hy models.‘
.- They £ind these geometric‘bodies among other geometric forms, model

them out of. alay or plasticime, and find objects having tpese‘geometric‘
’forms in the environment.ll Modelling geometric bodigs is a necessary
means of instructing the. pupils of the auxiliary schpiiﬁ since in the
modelling procees the pupils not only learn the studied material bette -
‘but also coordinate better the movement of ,their hands. They develop
ueetimation by sight. 1In the ?}Hﬁess of modelling they learn a. betteri\r
sense oY form and develop spatial imagination, which it is necessary to

) . o

4

develop to high degree in the auxiliary school pupilsa’

. . Correctly arganized studies of geometric material,promote a better -
mastefy of geometric forms and promote .the general develppment of the
o personality/of the au‘iliar} 3chool pupil.-’ ) _' . ’
—L * -

-
*
~ .

- . Pedagogical ﬁethods in Auxiliary $chool’ Pupils': -

¢ ) Study,gﬁ_Sq_are and CubicIMeaSures
A . ‘i N . " - ' s
The study of square and cubic measure is. oné of the basic considerj

. » L
gtiong in the inStruction of euxiliary'school pupils in visual geometry.
o ,The piﬁils master these sections well if they master\the elementary con-' |

cepts of" area, volume, and units of meaeurement well. addition a

knowledge iS'required of the -basic concepts of .the geometric form 'whose

g area or volume is to be determined. ‘

w
The-pnpils.must learn such concepts as base and. altitude, length
and width, and, for gepmetric bodiea, length, width and hek*ght. Be-

fore préceeding to the study of square and cubic meesures, all these

concepts must be solidly learned/yy ‘the children. . v
. Q L
" 1. ,The Study of "Square Measure 9 ' SN .
After we acquaint the pupils with .the eleqentary concepts of square
A
‘ and rectangle, the next stage of work 1s adﬁuainting them with the
11 ' ' )
. The pupils were already’familiarized with the ball at preschool
’ © age and in_the 1ower gxadés. In the “upper grades they only recall and

ideepen their understanding of what has pessedﬂbefore. .
% ' . Y , . .
e \\ Co92
s [ o . / d ) ! v
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concept of ar,ea The measurement of areaa, should 'begin with the req—
tangle since ::Cwils’learn the ;aréa of a ,rec;aengle nore easily. .

. Mqreover, de‘g‘:
mining the ar.ea of& feet.angle. S "" \ o o'

-

ing the area of a square is :! special case of deter-

‘. f\First ‘we ahow th}..:}mpifa ‘two rectangles of different. colors, where
’ dcne of theu‘_is placeq within the other. ' oo T I

.
¢ . . -

N Teachﬁr ¢ ghat is' thia figure eaIled?
l . Pupil: - A re.;.tang - . . )
. Tt And x{ha is this figure called? ’ ) : s L

LI . ' - ‘\
P! Also a reetangle. ; e . ' » ;

L3

£ .. . -

& ¢ ’i‘\ w‘ni'ch of these two -rectan,gles is larger? . ' o
P: " The pupila po;.nt out - the larger - rectangle. . , o .. L.
)] . .« °

T: ’And how can thie’be broven? . _ RS v
P: Place.one’ on top of the other. ‘

-
-

- . Then they' compare the larger ectangle with another one whose area = - *
«  1is greater still, and the /E_upila “¢onjvince themselves that the new rec- -
' . tangle has an area greater than that of the givén one, anc{ that t&e T "

¥
‘-given ene s ared is less than the new one's area. And finally, equal- v

'rectanglee are shown t& the pupils. = - ’ g ‘o -
e By comparing the tWo different rec‘:tangl ; one can show that rec— >
v v tangles can be equal or different \ At 'the fgrst stage "larger,"
smaller, .or equa-.l " can be shown only on figures whose difference
! or eqpality can be shown b?z superposition. ’The pupils learn that# “\
‘\figures ntay* be equal or different. o /
o, Then we take two different reetangles, one of them with an area '
twiee that of the, ether, and we ask the pupils "which figure is larger?" -
The pupils‘?ind the answer to this que/stion by superimposing the -fig-
ures. o \ )
"But can we determiné how. many times orle rectangle is larger than
~the other?'" Among the rectangles, we ghoose three or four of the same
sife as the smaller. "Two pupils p.lace the rectangles on the given g@Qnes,
by superimposing, they determine that the area of one of em

the area of the other, for two equal rectangles fit }nee’ i, | v~
. - ; , :

. ) ' . 93'




the, as of & rectangle, and a square, when- the length of the rec-
‘ tengiegis twice the length og the side of the square, and its width
B half thevside of the square. A o "‘ o
' "Which df these‘figures has the greatef area?“ o : f -
The pug}ls have difficulty in answering o .

-

%
’
b
Ay
N
.o
-
»
»
.
>
-
4
~ >
’
-

..

the area of*a square is presented in the same ways

*

Then the pupils are asked to determine the difference between

~

. Then 'the tescher, by foldihg’the rectangle/square in half and
nutting along-the line of the fqld changes .the rectangle/square into

'3 squsre/re sngle‘of equal size. Through‘this aemonstrstion the

Y

teache srgﬁét different figurés nay; have equal‘areas. e

!

~._~'\§: Ihen‘the teachep, with eoncreﬂE examples, shoﬁs the eres of =
d fferent OTmS! the—area of the floor,. of a 7tairCase, of a corridor, -

of a yard, and of a gerden. By superimposing, the-megnitudes:of the

- areas are comp red. LT v ".. <L ’

i t ]

Then the puPils are esked to- compare the areas of two figures which

'cannot be compared by superimposing. A new question arises: is'}t

a line is measured in linear measure.

possible to first measure the areas of the¥ figures and then to compare
these areas? Thus we lead the pupils to the necessity. of suring
areas. Y ' _‘

. Afterdthis step it is eppzopriate to review the units used.in
measuring lengt‘é The pupils determine in their practical projects
the length and width of a rectangle and a square, the perimeter of
these figures, and the perimeter of a triangle.: The pupils are shown
a table -with linear measures’y and repeat the practical measuri;g of

segmentsonceﬁwre- They conclude that the length of a segment or of

The ‘pupils are given various units of measure: 'measures of
weight, of angles, and af length. The pupils should understand that

different measuremeants have their own particular units of measutdng.

.One shoulagshow that areas cannot be measured in same units used to

measure lelmgth, weight, or angle size.

Area 'is measured by areas’. It is most convenient to measure
L

the area by squares. One adopts square measures for measuring areas.

These are special squares. Here one should review about squares

- v
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in generel, and then «from among them;. s"ing,le aut squa‘res with sides’ ' N

o€ one centimeter, one decimeter one millimeter, and sq‘forth Such

- Bquares- are, drawn in the class not-ebooks and, below them 4s written

<

8q". Cm ”sq. dn , and 43. , eht. T e .
- The pupils shbuld be. visually shown'the difference batween 1inear

)

and square measures. In the'euxiliary school it frequently hﬁapens

thet punils éasure area with linear measures. Thie is becéuse of their

N e
inaécutate ideas of square measures.‘ . ' '4 ‘ -~
In thedr notebnoks the. pupils sﬁould have a tahle like Figure 33.

L . 2 4

) . ¥ - -

E ¥nit of measure ‘ Uit of measure
e for Yength 1 , for area’ . - .
S 1 SN IR i T *,
P -1l mm . . ‘0.1 sg.mm ‘
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- . ‘ . ’ .
In our investigation we frequently observed'dases in which the

pupils wrote down linear unitﬁ when measuring areas; most serious

" attention should be given tor t T&"problem in the auxiljary school.

A square metef isidrawn ™ thpﬁhﬁadkboard. The‘sqnare centi-
- " g .t
meters contained in the square meter should be shaded in. The pupils

should understand that 1/ cemtimeter and 1 square centimeter are not

the same thing )

<§;ﬁquare meter ehould be pasted together from paper or made 6ut
of st

:ks. The square meters should be drawn-into square decimeters,

and the square decimeters into square centimeters. One shpuld count
q % q

-how many SQuare eentimeters there are in one square decimeter ‘and how

many square decimeters are in one square meter,.~” A large number of
squares the size of each square unit should be cut out of cardboard.
Thus, the pupils will have visual ideag of square measures. .
After acqueint{ng the pupils with sq&are units, one should begin
measuring the area of a rectangle. At first the area of a rectangle

4
is measured by superimposing square units. Here one should conduct a
. .

85
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series of practical projects in computing the areas of rectangular -

figures by superinipoaing The :eacher measures the 'areas o,t' figurea/ .
beforeéhand .so that the sqhare units fit exactly on the surface of’ /gche
figure being measured.- The area of a tabl* a desk, a book, and/the
> "like are measured; )one sb.ould also measure a. large rectangle cu,t out
‘ of paper. Decimeter squares ard® put next to each other, aﬁd ;hen
‘their number is counted and written/*wn as: the area of the tablee=
p 80 sq., dm. The inconveaieage ofathis method of. measuringffs pointed
] out to the pupils,.and it is prpposed that they determine the area by
© gjother metﬁod ‘ ‘ N o / ) -
A reo&angle is:traced out. By covering it with aquare deoimeters, K
. pne divides it into a series of squares. These are then counted ‘In
this case the teacher points out to the pupils that it is possible to
measure the area of a rectangle using only one square unit of measure~

ment.

- 7 B C i Cod

// “ ?igure 34

After the rectangle has been divided up into squaresi-(Figure 34),
its 'area is determined by directly counting the squares gptained; then
the teacher states that it is possiblé to determine the area of a g
rectangle in another way, and the fpllowing dialogue is condutted.

Teacher: ' How many square decimeters fit into the lower row?
Pupil: ‘ 5 8q dm. (This is determined by counting direcﬁiy).
T: How many fit into the second row? o
P: 5 sq. dm. " And so on.
T: How many eucp rows of 5 sq. dm each are there?
P: Four rowe. ‘ )
T: Then how aany squares are there altogethex?
\ [5 Bt One must taLe 5 8q. dm h times. \\

96
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y One may conduct a lessofi on

/according to the following plan:
N

T" This can he written as:"”

P: Area of the rectangle = 5 square decimeters X 4//- 20
square decimeters. .. . s

¥ i )

Summary of a Geoﬁétr; Lesson in the Sixth®Grade of an Auxiliary School

.

4

hY -
8. Homework , ‘j o . .

Topic: *'™Measuring re Area of a Rectangle"

- . ¢

ﬂesggp Plan: ‘
1} ) / €

-

1. " Reviewing the material‘p the rectangle. v
» oN
2. Familiarization with the unitg of)measuring area.

3, ‘Drawing a square decimeter, &'square centimeter, and
rectangle in notebooks..

Rl

v

a

4. Measuring the area of ‘a rectangle by covering one withn

square decimeters on the blackboard and with square
cefitimeters in the notebooks.

3. Measuring the area of . a rectangle by measuring the base

and the altitude.
’ 1
6. Formulation and natation of the cenclusion.

7. Problem solving.

Equipment for the Lesson: -/

Cardboard squares the size of/é sqilare meter, square dec

square centimeters; rulers, set squares, and paper.

L

Course of the Lesson: . » -

Teacher’: What is the figure called7
Pupil: A rectangle. ‘
T: What kind of figu;é is a recténgle?

P: A rectangle is a/euadrilateral in which the opposite
sides are equal and the gngles are right.angles.

T: Point out the/@ase and the altitude.

* The pupil polnty out the base and the altitude.
¢ : '

P: One of the/eides is taken as the base, and the side perpendi-

cular to it is taken as the altitude.
/ ‘

;
/

1)
- I -
R .

12

39 by teacher %. A. Golubchikova.

-

}meters,

The lesspn was conducted in the Ul'yanovsk Auxiliary Scheol No.
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T: Today we will medsure the area of a rectangle. To measure
the area of 8 rectangle one must know How many units of
‘measuremeént fit into this area. With what units of measure-
ment gan.one megsura the area of a rectangle? (The pupils
are already familiar with the units of measuring arxeas.)

"P: With square meters, square centimeters, and square decimeters.

The teagher shows the Units of measuringiﬁrees, cut out of paper.

~

T: Show a square meter, ‘a square decimeter, end a square centi~
meter,

<
AR

A girl indicates all the units of measurement correctly.
T: Why de you think this is a square me&er?

.

P: (measures_a side_of the square): Because this is a square

. Wighx9 side‘cf one meter.4 " - o ) |
Another girl measures the side of A square decimeter. ) g
T: "Why is this figure called a squere decimeter? ' , . )

P: Because a side of this square equale lO centimeters or
1 dedimeter.

'The pupils measure the sldes gr'squ e degimeQers'ane'centimeters

which are on their desks and poﬁnt out th -square decimeters and the

square centimeters. ”;f ;( -
T: Once again name the units of measuring area.

Ps Square kilometer, square meter, square decimgter, square
centimeser,‘and square millimeter. .

-
[}

T: JExamind how square measures are designated. Let ys'wrfte
them down on the blackboard: sq. km ; sq. m ; sq. dm ;
S8q. cm ; sq. mm. R '

A pupilfreeds‘these square units of measurement.

T: An& now n#¥asure the side of a small square. What 1is the length
of a side of this square?

Ps: One centimeter. - f

T: What is such a square called? M

Ps: ‘A square centimeter. o ‘ .

T: (calling one of the pupils to the blackboard): Write down
' the notation for a square decimeter. Pay attention to how
a square decimeter is written. 1In your notebooks draw
square decimeters- and square centimeters. And now every-
body write down in your notebooks the topiec of today's -

i
3

lesson. . j

The‘Pupilsiwrite the tupic-of the lesson in their notebooks.
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On the blachbard a rectangular sheet of paper 1is fastened on

.’ - .-
'

" which a rectangle “1s arawn (Figure 35)/
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iy figure 35 o S ‘

: Py
T: We must measure the ares of rectangle ABCDY, With(gpat-

¢ , kfnd of units can we measure, this reetanglé?

»
.

: With the square decimeter.
T:

To meagure the area of the rectangle ond must find out
how y times a square decimeter fits in this area.

* The tea

b,;éuare decimeters, and two sqﬁare ded

er shows how the area ti;be méasured is covered by
eters are oytlined. Then one

’ ) . . '
fipil 1s called up; she sections the area of the rectangle by super-

imposing and outlining the square decimeter (Figure 36).

-

d L L L ‘-

Figure 36

Q

o~ .
e
And now count and*tell us how many square decimeters
fit into this rectangle. . o
. Ps: 15 équage decimeters were fitted into this rectangle.
' ‘T: What 1s the area of this rectangle? v .
+ Ps: The aréa of the rectardgle equals 15 square decimeters.

This may be written down as¢ The area of rectangle ABCD =

. 15 square decimeters. \

T: With what measures can one measure the area of the floor?
‘ "Ps: With square meters. . <

. Q

T: And how shall we measure 1it?

' .
Ps: We lay out square measureg on the floor.

.
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T: But is it convenient to measure it thus?:
Ps: No, it is not convenient. The tables and deskwill '

, hinder us. - (
~" " “T: And if one had to measure the area of & forest or a
‘ field, with what units could oﬁ?]meaSure them? o
" Ps: With square kilometers. C _ \ K “ o
T: "But would it be convenient to measure by covering? :

.

. Ps: No. T ) R -

' - T: And now draw in your notebooks 'a rectangle qith}sides'
ofi5 cm and.3 cm. What is the length of the base

of this rectangle? ' ° ’ o0 "

Ps:-The'base(of thei}ectéﬂ§le'equals 5 cm. L v .

“P¥:'5 square centimeters. ‘ .
,- . T:" What is the Héight of the'réctangle?' hd \
| Ps: The hqighﬁ equals 3'centiméters. ‘ . .
(‘ s T lggzsmizztzi:iz?ddes 5 square centimetgrg fit igto,_ .
) <,

Ps: Three times. .

T: How can this be written dowm?: *‘\

Ps: 5 square centimeters x 3 = 15 square centimeggrs.

T: 'What is the area of 'the rectangle?

-

Ps: 15 square centimeters. . .
T: How can one writeithié down?
Ps: Area of the rectangle = 5 sq. cm x 3 = 15 sq. cm.

T: How can one measure the area of thedrectangle in
another way? E ‘

Ps: One should measure the base and the altitude (the' o

"length and_qhe width) and multiply the numbers obtained.
)
T: How can one measure the area of the floor now?

Ps: Qﬁe should measure theilengéh\and the width of the floor
and~multiply the-humbefs obtalhed.

‘lThe teacher calls on a pupil to measure the lengthrand the width

of the floor and compute®its area. ‘
Let us solve this problem: Determine the area of a rectahgle
‘'whose base 1s 15 centimeters and whose height is 3 centimeters.
fs: The area’ of the rectangle = 15 gaq. em x 3 = 45 sq. cm,
T: How can one determine the area of a rectangle? ’
b 100 :
‘ 1
! -
L1
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ing of ared, one assigns a series. of practical

Ps: Tos determind the area of a rectangle one should ,‘!
measure ‘the base and the height (the length of
+~  the wid.th) and multiply the numbers obtained.

. The. pupils write down the conclusio in the mtebooks.

.- N 2 . R s - g

) Honiewgrk:' 6 E A T ) , .
vl ‘ n . . ‘

-

N Measure, the le@th and width of a room and determine. its area:‘ .

. After thé pupils are,given an initial.acq aintance with the measur-
‘Y:rojects in computi&g ‘
_the areas of rectangles by covering the figure with square unitd of |
measurement thereby dividing the given figure into square units. 'I'hen
the areas of rectangular figures are, compugeh only by dividing t.he.m up
into. square units. But Lhe t;eacher should messure the length \and width

.\ n——

o { 1«78

of ‘the rectangular f‘orms beforehand to make sure it is pdssible to

measure the areas by division into squares. . ‘ -

Y In studying square measures in the auxiliary‘school, this stage of

work is very impvgrtant although it takes much time. In determining the
areaff of rectangles and squares the auxiliary school pupils ®dften mechan—
ica’lgy myltiply the length by the width and do not understand the sense
\of determi@g areas; they will understand it only when they discover,
through practical p‘rojects,kthat to measure an area means to find out -~
how many square units*fit into the giveh area: -~

‘ If we omit this stage df)determining areas in. the auxiliary echool,
the later projects on the tOp)rc of gquare measures will bear a formal
character, and will oot ‘have carrectional and ed}xcational significancle.
One should also measure areas in the l'field, determining the area oAf a
rectangular lot Instead of dividing the Lot into squares, one should
merely’ drive in pegs and count the squares formed with each peg ser’

ing as a vertex. : ‘ ) : .

‘Only after this work is it possible to lead the p/éila to the R

discovery that there §s anotibr, easier method for determining the
areas of figures, Before the pupils are shown this method, many
examples of the ir1convenience of the firat and second methods should
be pointed out. For this purpose one shoyld propose to measure the
area of 'a rectangle or of an object having‘ a rectangular form on which

a whole number of units of measurement do not fit, or propose to

-
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~  teasure the area of the classroom. The taLles, Hes§§; and cupboarés’
will be obstacles which, to a sigﬁifie%nt extent, will make it diﬂfﬁl
. cult to determine the area o of the classroom. .
Emphasize to the pupils that it is sometimes even impossible to v
measure’an area by this method.  For example;None cannot meesuié large ""- ;
‘ . areas of ground by the method of covering. The pupils cannot lay down - '
. and pick up such unﬂts of messuren§nt as the square kilometer, hecﬁ&ts,
" or acre. In'measuripg, one encounters‘vilLegés"forestsa Takes, or

swamps'yiéhin'or on fhe border 5f a'lot, so that one cannot determine

c, - the areas ofznectengular lots‘ry the. device of covering. o N
’ : In the} class the teacher then s on theiblackboard homr ta d‘er— .
' ning the'area of a rectapgle by ti al method. 'The blackboard is
divided %pto two parts and on both s35ﬂ4 rectangles of equal si re , -
traced out and the areas of these figures determined by the two methods y
: (Figure 37): " / : ) ' <._‘ ' '
_ f ' : ’
. L - , o ‘
B0 B ¥ c
’ \ . * . "
- Y ] ’ (
. - » b
: 4 |
Al— D A o/ :
’ (a) ’ (b), T
| . , e
Figure 37 | ~ A

4 Y

(a) '%his rectangle is divided into *squares and, on the basis oﬁ%

» ‘ :

reasoning, the area of the rectangle is written down as:

"The area of the rectangle equals 4 sq. dm x 3 dm = 12 sq, dm.”e'f ‘
(b) This rectangle is“not divided into squares, and the line,of
’ reesoniné is: ’ '
&.-‘ T: What‘is the length of the rectanglé? - ~ ‘ ‘
| 4 decimeters. ]
How many decimeters fit into the length?

P

T:

P 4 square decimeters.

T What is the height of the reetangle?l
P:

3 decimeters. ‘
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T: How many rows 4 square decimeters loﬁg will fit into4 ,
the rectanglels

. - e 4
¢ Three rows. : . ‘ ‘s

How many square decimeters fit intq the whole area?

P

T

P: 4 square decimetefs x 3 = 12 square decimetirs.

T: What did we do to determine the area of the rectanﬁle”
P

J‘v We meéasured the @eng hxand the width and multiplied I
. * the numbers obtaingd. The area of' the rectangle = ¢
4 sq. dm x 3 = 12%sq. dm. . . %
T Yhat answer did we get in the first case? AR
o ?: 12 square decimeters. ' oo - ‘ N
T: 'And what answer did we get in the second case?
‘ ‘P12 square decimegers. ’
" After thls another pair of rectangles shou)@ be measured in the
same way. = ' ‘

In determining?the area-of a rectangle in the auxiliary schoclf

“such a parallel exercise must be conducted. Then the pupils conduct

a series of exercises in degermining the areas of rectangular figures
b

by measuring the width and the length (the base and the height).

* Now the pupils caﬂfcaﬁpare the areas of two f&gures by measuring,
. P _ :

.and can solve the prquem they could not solve before.

In the auxiliary school we shall not teach the method of computing

areas in the form presented in Figure 38.

Figure 38

Such a method will create an incorrect geometric image, and in

determining the area of a rectangle, the pupils may compute the peri-

meter in-square units, as happened in our investigation. Jhe iqforrect—

ness ‘of this method is pointed out by P. A. Kompaniits:

103 :
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. This .nethod -is completely inadmissible,’since it gives an
incorrect geometric image. The gbove-mentioned %nswer of a
pupil ['The length should be multiplied by the width,” giving, -
as an explanation, "For éne ‘should find. out how much they are /.
together" is explained by’ the use of this method in the instfua— \
tion [6:55].

< X , A " ! N\ g -
We consider that in the auxiliazy school only one form of notation -

>

‘should be used in computfng the erea&of a rectangle, and this is:

Areaigf Rectangle = 4 square decimeters X 3‘5 12 square decimeters.

. '~ This 'form will be quite sufficient for the pupils solution of
- -all possible problems in computing areas. . .
There.is another form of notation, 4 dm x 3 dm’ = 12‘sq. ‘dm i
.which is unacceptable in the auxiliary school. The meaning of this.
. notation.is not uuderstan&able to mentally ieficient children. They
' cannot understand why, when multiplying linear measures by linear °
measures, théy obtain square units of;measurement. ‘This form of mo-
tation more often leads the pupils into errors, and the® pupils write
down the solution of a prdblem idgthe most diverse ways:
a) 4dm x 3 =12 dm ; ™
b) 4 dm x 3 dm., = 12 dm ;
' 3) 4dn x 3 =12 sq. do.
- We obser;ed this form of notation in our investigation. 1In this
form the sdlution of the problem loses its meaning.
. When the pupils use only one form of notation, without excess

units, and when the final result must be in square unitd, they always

p'solve the given problems corregtly.

L

When the computation of the areas of rectangles has been learned
‘well, one must pass on to solVing practical‘problems; here™qne should
conduct a series of practical projects in calculating areas, not only

k;p.w-‘“‘frem‘éiyfn dimensions, but, for the most part, also from given forms.

‘ .In the auxiliary school, special attention must be given to-computing'
tpe areas of rectangles when their forms are given. In our investi-
gdtion we discovered that the most difficult problems are problems Iin
computing the areas of given forms. Here it 'Ls necessary first to

< determine the dimensions, and then the area. Then one should g¢ on to

solvine nroblems in computing areds.

-

[ .
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IComput}ng the aQea oﬁéu square is done in the same way~as comput;
ing the area of a rectaugl ‘Here one must not neglect the work con-

ducted in calculating the ‘area of a rectangle, siﬁce it "i5 important-

for the pupils tctgnderstand the meanings of compuiing tﬁe arehs not

Lnly ef rectangular. forms but also of square oges In: eur :Luvest:i-h

L]

gations we-observed that in,calculating the agrea of a gquare - ‘the pupdls

encountered more difficulties than in deternfining the area of a mec— .

tangle. In determining the- -area of a square one should point out that
the length gnd height of a squaf& are equalJ and that tc determiné the

.area of a square one should multiply the base of a square by itself

‘When working on practicﬁl projects, the pupils had to be showé the

measures of grognd areég' are and hectare. To acquaiut the pupiis
with the are and the hectare one should conduct a lesson in tﬁe,field'
(outside the city) or somewhere in a park. The pupils become visually
acquainted with a squére whose side is 10 meters long. SucC a
équare is called ap "are" or, ‘in general ‘'usage, a sotka (hundredth
part of a hectare). In constructing a équare on the ground with a
side of 1Q0 m , thé pupils come to know the hectare.‘ ¥

The ﬁupils will have a cotplete and accurate idea of square

measures and the measurements of areas only when they have become aé+f;d3’

<
quainted with the various’unit me&sures and the variOus methods of

measuring them. In calculating the areas of a rectanglb and of a
square, one should give special attention to the difference between
computing the.area and computing the perimeter of a given figure. The.
auxiliary school pupils often do not distinguish accurately enough
between the concept of determining the area and that of degtermining
the perimeter. It is necessary to show that these are not tﬁe gsame.
We can indicate the follo&ing basic stages in studying square

measures and mefsuring areas:

a.s giving the pupils an wccurate concept of area as the space
contuined within a figpre;

b. giving the pupils visual acyuaintance with squafe measures:
square millimeters; square centimeters;’zjuér

¢. measuring the ar?a,of a rectangle (square) by completely

coveting it with square units;

>

[
e meters; are and hectare;

4

5
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"and width (bage and hgight) aﬁd multiplying the numbers o tained s

= e e e e
d‘*uring the ;rea of a rectangle (square) by gividing it into -
4
t

squa s.,‘by dividing, wigh j& .unit e335¥e asya sﬂccessive cﬁyer,7 8
r .-
and by outliﬁ}d& agﬁ by df‘?ﬁ?hg {nto ég{gre units with a ;uler and . 7 '

by censtructing squaggs-: within thatfigure, : o L

a e) determining the afeq of ,a recta&@le (square) by measuning lenéﬁh '

L]

-ﬁ\¥) consolidating the conclusion obtainéd in detefmini the area
2
of a rec;gngle (”To determine the area of a rectangle one should

measure éhe length and width and muﬂqiply‘the dhﬁhers ebtained")be
conddcting a series of practical ptojects iﬁ computing aréasﬁgft;ec- . -

.

tangles and of#;quares. : *:& T * =T /

» 'dn the auxiliary school oRe gﬁould give attent102 to deﬁe;m}ning
the area of aJight triangle and that of a ‘parallelog am. fThe area of
a right triangle is determtnﬁd as Half the ‘area, of the réctangle having

- R .

[ . . ‘ ’
We should like to,note one more exercise which is not included in

>

the auxiliary school\curricﬁlum~—showing the pupils ‘that every triangle

base and height equal to those of the triangle.

~

can be turned into two right trianglo.s whose a:eas can be d,e:Zermined

The areaof a parallelogram is determined thus: The parhllelogram

’
*y

*

iz changed infp a rectangle of equal size, and the area of the regtangle

is determined, Thus the area of a parallelogram is defined as the pro- - %'

v

duct of the base and the height. -« .

o* . fo

The ability to calculate the area ofxa right .triangle and of a
parallelogram is consolidated by a series, of P tic exercises: ; ~
Determining the eurfase area of'a cube reduces to'determining thc areas
of squares. Each face of the cube 18 first divided into sgg&re units
of measurement and the areas of the separate faces are comguted, then
thé*full or lateral su%%ace area of the cube 1s computed. ‘ ~

The surface area of a cube can be determined by measuring the edges
of the faces. Since all faces of a cube are equal, it is sufficien® to
determine the’areg of only one face and to multiply by six to determine
the complete surface area and by four gg determine.the lateral surface
area of the cube., By this same method one determines the complete

and lateral surface areas of a rectangular parallelepiped, in\which'it

is necessary to consider that the opposite faces oi/a parallelepiped

‘

106 ~

.

/. 421



. -g ) N . ~ . 4
’ : T 3 y o '\*T‘ . .
A ¢ are equal In all cases when determining the areas of figures, one
Aust give very serious attention to the form of notation. ¥
The practical use of\sauare measutes must be conducted in the'
school yard and in the field “so that -one fcan not,only consolidate this

se*ion but also review linear measures and .recall thg‘construction of

Yo . ‘ 3,
geometric figures in the vicinity.. . * ~ v
2, The Study of Cubic Meesures ' : ‘ s «

- ;’ Before showing them how to measure ~Nolumes ig is necessary to pre- .
N . sent to the pupils the concept of the volume of a body. " For this pur—.
‘ pose the preliminaty work described below.is conducted. -The'pupils
‘. ;already have elemehtary.ideasjénd-concepts of éeometric bodies: One .
/ ~i must recall tp*them that every body occupies a position in spsce.‘ >
) Different bodies occupy different positions ‘in space. If a.geometric
body is empty idﬂide, then !thas a definite capacity. i A
. To visually show the capacities of bodies, one must display several
| different tin or cardboard goxes with an .open face. For this ‘purpose "4
J it is good to use a set of children's blocks, each of which fits inside .

the one of the next larger size. One can point out which cube is

-
?""

greater (i.e., occupies more dpace); the part of space which a given
geometric body occupies is callgqd the volume of this body. Or to put
it another way, "the capacity of a given geometric body 1is called its

¢

.volume. .

With the diffete&t,cubes one can show which body haé the greater
volume. At first this can be shown by putting one geometric body
inside another. If one cube is greater than a second, the volume of

‘the first will be greater than the volume<§f the second; Then one can
fi1l the cubes and parallelepipeds with any substance. Fpr example,
ofle can pour water in or fill them with sand. In this way one can
”show the oupils that different bodies have different volumes, and that
. there are geometric bodies which have equal volumes.
e When the popils have been visually acquainted with the volumes
of bodies and with their capacities, aftd have a visual idea of the
‘volume of a body as its capacity, one can learn the units by which one

measures volumes. Before naming the units for measuring volumes, one
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should recall the linear and square units, of measurement. The pupils
name and draw on a blackboard the linear and square units of measure~
. ment. _ .
- In studying the cube one should consider cubes whose edges" are
. one centimeter, one decimeter, one meter, and one millimeter. These will
" be special cubes.
After the pupils have named the linear and’square units,. the teacher
’<5imself explains that for measuring volumes corresponding measures are
used: oOne cubic rceterg one cubic centimeter, 1 cubic decimeter
and 1 cubic millimeter. One may ask the pupils beforehand whether thé
« ' volumes of a cube and of a parallelepiped can be measured in linear or
square units. From the Very beginning the pupils should learn that”
‘the volumés of bodies are messured with cubic units of measurement.
These units of measurement must be shown to the pupils visually.
One cubic centimeter and one cubic decimeter are in the arithmetic
ox* (or it is easy to construct them ou; of cardboarg). A cubic meter
can be made from'plywood or from six pieces of cardﬁagrd each tge size
of a square meter, with sticks attached around them. Fas§en these to-

gether with loops of wire.

. a

The pupils must be given a visual idea of the cubic meter. It is
somewhat more difficult to make a cubic millimeter. An approximate
idea of the cubic millimeter may be given to the pupils by cutting one
out of plasticine. To give the pcpils a more accurate idea of the cubic
units of measurement, one should comstruct a table of measures on the
wall having a form like Figcre 39, ) . )

"Such a table may be made by the pupils themselves. A square %illiv
meter, square centimeter and square decimeter should be colored in, but
a cubic millimeter, cubic,centimetef} nd cubic centimeter should be
modelled out, of wood or out of ciay c:fgiasticine and attached to the
cardboard by wire or a thin cord. So that the éupils might have a

realistic idea of the units of measuring length, area, and volume,

these units should be represented in the table at their natural size.

¥

*
Box of manipulative materials (Ed.).
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Lehgth Area : Volume
Unit Measure /Enit Meagure Unit Measure

N ‘ Al . a ! ' <t
. lom - A;/,J : 1 sq.mm 1 cub. mm '} -
‘ % o ! | |
Iret— - "L -

1 cm 1l sq. cm 1 cub. cm

L]

, Figufe 39

Such visual representation of thé units of measurement pfamotes more

accurate mastery of square and cubit wmeasures. -

’ ) The,pupils should learn clearly that One can measure volumes only
with cubic units. After the pupils have been acquainted with the
units of me;;priﬁg volumes, one should begin measuring‘thé volume of
a-recfangulaf parallelepiped. At first the Gofume of a parallelepip%d
is meésurgd by a complete insertion of blocks the size of the units of
measurement into the given geometric form., For this purpose it is
necessary to have thefpupils build, in the workshop, a plywnod or a
wooderr (be sure to use thin‘ﬂbards) box of th;se dimenéians: length,
4 decimeters; width, 3 decimeteérs; .and height, 2 decimeters. Or they
can make a parallelepipe&\of dimengions 3 decimeters, 2 decimeters,
and 4 deciéeteré with tMe front face open. They shﬁuld also cut 24
éubes; each should be thefsizg of a cubic decimeter. These can be
painted any color. , - C

The volume of thé-ﬁérallelepiped is determined thus. At first

decimeter cubes are set outlalong the length.
‘ ‘Teacher: How many cubic decimeters fit along the len h?’

o~ Pupil: Four culfic decimeters.

Then three such rows with 4 cubic decimeters in eath are set out.

T: And how many such rows fit onto the bottom of the box?

P: Three rows.
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T:- How many cubic decimeters fit into each rew?
. P: 4 cubie decimeters .each, _ ‘.
T: How many cubic decimeters fit into the" first léyer?
~P: One m&gf\multiplx‘é cubic' decimeters by 3. -
T: How can.this be written down? ‘ : .
P: 4 cubic agcimeters x 3 = 12 cubic decimeters. \\\ Coe
Then ancther such layer is set out. ‘t
. . T: And how many Such layeks are there? .
P: Two. ' .
T: How many cubic decimeters fit into each layer?
P: 12 cubic decimeters each.

% T: And how many cubic decimeters fit into the rectangﬁlar
parallelepiped?

- P: It must be 12 cubic decimeters x 2 = 24 cubic decimeters..
: How else can this be'written down?
P: 4 cdbic'&ecimeters X3 x2= 24 cuBic decimeters.

T: Because 4 cubic decjmeters fit into each row on the bottom
. of ‘the box, there are three such rows which fill up the
' bottom of the box, and there are two such layers. Then what
is the volume of the parallelepiped?

« P: The volume of the parallgleﬂlped equals 4 cubic decimeters x
-t 3 x 2= 24 cubic decimeters.

The. pupils can measure the volumes of small boxes by filling them
with cubic units of measurement. We propose that one determine the
. volume of a parallelepiped or a cube only byefilling it completely with
cubes the size of the units of measurement, and then begin determining
the volume of a cube by directly measuring the length, wildth, and
height and multiplying these numbers. ' |
After acquainting the pupils with finding the volume of a paralle—
piped or a cube by filling a model of it with Lubic units of measure-
ment, one should note that such a method of determining the volume of
- a‘cube or parallelepiped.cannot always be used. TFor example, to
determine the volume of a classroom by this method does not seem possi- .
‘ble, since one caﬁngt empty the classroom of furniture and make cubic

,matersrespeciall} for this purpose; and if a pupil has to measure a

solid parallelepiped rather than a hollow one, then its volume cannot h
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be‘qeasured at all. by this method. There are simpler, more tonvenient
" methods. To lead the pupils to such a method of determining volumes it
' is necessary to conduct a conversation of this nature with them:

Teacher: How many cubic decimeters fit along the length of

o the box? ‘
Pupil: 4 cubic decimeters. ' \\i\

T: And what 1is the length of the parallelepiped?
P: 4 decimetexs,

T: How many such rows of 4 cubic decimeters ea£A will fit onto
the bottom of the box? |

i
P:. Three rows. ' o . .
; T: What is the width of the cube? 4’ .
x o N o
P: 3 decimeters. .. , . - f

T: How many cubic decimeters are there in all? _
: . P: 4 cubfe decimet®rs x 3 = 12 cubic decimeters. '

T:, How many such layerd of 12 cubic decimeters each are there?

P: Two layers. — : ‘ ' “

¢ What is the height of the parallelepiped?

P: 2 decinmeters. .
T: iHow many cubic decimeters fit into the box eltogether7
P: )12 cubic decimeters x 2 = 24 cubic decimeters. .
T: How else can this be written down?
P: 4 cuplc decimeters x 3 x 2 = 24 cubic decimeters. // R ’
- T: What is the length of the parallelepiped?
' P: 4 decimeters. . . -
T: ‘What is the width of the parallelepiped? '
Pr 3 decimeters. o
T: What 1is the height of the perallelepiped?
P: 2 decimeters. ) Y ’
J: What should be done to find out the volume of the A
parallelepiped? '

P: It is sufficienf to find out the length, width, and ﬁeight
of the parallelepiped and to multiply the numbers obtained.
This can be written as: - ‘ .
4 cubic decimeters x 3'x‘2 = 24 cubic decimeters.

The pupils formulate and write dowm the rule for calculating the

volume of a parallelepiped: '"To calculate the volume of a rectangular
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R parallelepiped it is suffilient to measure the length, the width, and
the height and to multiply the numbers obtaiﬁed.” After this, this
rule is implemented in a series of pre?lems. Then: when the pupils

“have solidly mastered determining the volume of a rectangular parallele-

© piped, one shouid pass on to the volgme‘of a cube.

" In determining -the volume of a cube, one should also measure its
volume by filling it completely and by directl?Ameasuring the lengtﬁ,
width, and height. In determining the volume of a cube one shoyld
point out that inia cube the length, wtdth, and height have the sgme
measurement’; Pencento determine the volume of a cube it suffices to
measure only the length of an edge and to repeat the number obtained
as a mu%:iplier three times.ljagéigan go on to this only after the pu-
pils have thoroughly understood the measuring of the volume of a cube.
Otherwise the pupils may multiply t%e length of an %dge by three.

"One may cpnduct a lesson in detefmining the volume of a parallele-

piped according to the following plan:13

ﬁVSummary of a Geometry Lesson In the Seéventh Grade of an Auxiliafy School

ra

Topic for the Lesson: The volume of a parallelepiped
3

Equipment for the Lesson:

A model of a ,parallelepiped without a front face, and twelve +
cubic debimeteré, cubic meters, and cubic ciptimeters.
Lesson Plan: =
Y
1. Review of the previous material on the parallelepiped.
2. Explanation of the new material. ‘E{

3, Consolidation .of the conclusion by solving problems.
i &, Homework,

/
NS - Course of the Lesson:

4

Teacher: Point out a parallelepiped and tell all:that you know

abaag\it.

Pupils: A parallelepiped has six faces, eight vertices, and
twelve edges. ‘Each face of a parallelepiped has the
form of a rectangle. .

I3

] ‘13The lesson was conducted in the seventh grade of the Ul 'yanovsk
Auxiliary School by Z. M. Kazanskaya.
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Pupil Danilova pointed out a parallelépiped indicated 1its faces,
etges, and vertices and told everything about a parallelepiped. .
\3 ) T: Point out a cube and tell all that you know about {it.

[Note: The model of the parallelepip®l and the cubicﬁaecimeters

were brepared by the seventh graders in the school workghap.]

h Ps: A cube has six faces, eight’%erticeé,'and twelv€ edges. An
edge of a cube has a square form.
A pupil picked out a cube from among geometric bodies and told
everything about the cube’ ‘
T: What is similar about a cube and a parallelepiped?
Ps: Both the cube and the parallelepiped have six faces, eight .
vertices, and twelve edges.
T: What distinguishes a parallelepiped from a cube?
Pg: In a cube all thé faces are equal, but in a parallelepiped
) the opposite faces are equal, and they are rectangles.
The teacher repeafE the similarity and difference between a cube
and a parallelepiped. ' ‘
T: Now let us determine the volume of the patrallelepiped. What
units of measuring length do you know? v
Ps: Meters, centimeters, decimeters{ kilometers, an@mﬁillimeters.
T: What units of measuring area do you know? |
Ps: Square meters, square decimeters, square centimeters, square
millimeters, square kilometers, ares, and hectares.
T: And can one use linesar or square measures to measure volumes?
'Pst No. Volumes are measwxed in cubic measures. ‘
T: With what measures can one measure the length of the classroom?
Ps: With a meﬁ:r.
’ Pupil Seliverstova took a meter from the tabl® and measured the
. length of the classroom. She wrote down on the b&ackboard:
! length of - the classroom = 5 meters.
' T: And with what measures is the area of the classroom measured?
Ps: With square measures. )
T:, How can one measure the area of the classroom?

' Ps: One should measure the length and the widthand multiply the
numbers obtained. Or it could be measured by covering it with'square;
meters.

| M
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T:

Ps:

Seliverstova measured the Wi&tp of_the classroom and wrote:

v T3
Ps:

T:

Ps:
T:

When we measure tﬁa length of the classroom what else should
be measured? o

.

The width of the clas&.

Width of the class = 4 ﬁgten§
What 1s the area of the claisroom?

The area of the classroom = 3\square meters x 4 = 20 square

meters. VNG -

And dow let us measure the volume of a parallelepiped. With
what units of measurement is volume measured?

With cubic anits. . ‘fs

We shall measure the volume of this parailelepiped.

The teacher shows the box with the front face open. We shall
measufe it by filling it with cubic units (Figure Qp). '

)l fﬁth{-i’_x;.)'* .
" Figure 40 ' Figure 41
Along the length of the parallelepiped, they pack 3 cubic deci- ‘\\
meters. o N
T: What is the length of the parallelepiped?
Ps: Three decimeters. : ' f ‘
T: How many cubic decimeters did we fit along the length?
Ps: 3 cubic decimeters. i
T: How many rows did we fié? 5
Ps: One row.
T: Let us put down another row of 3 cubic decimeters. Ndw
how many rows fit on the bottom of the parallelepiped? . -

Ps: Two rows of 3 cubic decimeters each (Figure 41).
T: What is the width of the parallelepdped?
Ps: Two decimeterxs.
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T: Why could we fit two rowsé

Ps: Because the width of the paré&lelepiped equals two ‘
decimeters.

T: How many cubic decimeters are there in each row?

Ps; Three cublc decimeters each.

T: Why could we fit three cuhic decimeters jnto each row?

Ps: Because the length of the parallelepiped equalg three
decimeters.

T: .Has the whole volume been filled with cubic decimeters?

Ps: No, not all of it,. : . )

T: How mény layers did we put?

Ps: One layer. .

T: How many such layers remain to be fitted? A

Ps: One layer more. . .

T: Let us put one layer more. How many cubic decimeters
are there in each layer? . '

Ps: It must be 3 cubic decimeters x 2 = 6 cubic decimeﬁers.v

T: How many layers of 8 cuﬁié\zgziheters each fitted into
the parallelepiped?

Ps: Two layers.

T: Why two layers? “

+Ps: Because the height of the parallelepiped 1s 2 decimetets.

T: How many cubic decimeters fitted this parallelepiped?

Ps: 3 cubic decimeters x 2 x 2 = 24 cubic ecimeters.

T: What is the volume of the parallelepiped?

Ps: The volume .of the parallelepiped equals 24 cubic decimeters.

T: What form does the classroom have?

Ps: The class;9om has the forﬁhof a payallelepiped.

T: Can we determine the volume of the classroom?

Ps: Yes.

T: With what measures?

Ps: With cubic meters. One would have to fill the.class with
cublc meters. ‘ :

T: 1Is it convenienl to determine the volume of the classreom
this way? -

Ps: No; the desks, table, and cupboard would &épder us.
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."T: 1s it possible to measure the volume of a parallelepiped
. by another method? When we measured the parallelepiped,
we put cubic decimeters along the length, width, and height.

Then we multiplied these numbers. How do we determine the
: area of a rectangle?

' Ps: We measure the length and the width and multiply thé numbers
ohtained. '

- *
/ T: How can we measure the volume of the parallelepiped?

Ps: One should measure the length, the width, and the height and
multiply the numbers obtained.

-

) ‘ T: Danilov, measure the height of the .classroom.
' Danilov measures the height of the classroom, which is 3 meters. -

~ P: The height of the classroom is 3 meters.

T: And now let us compute the volume of the classroom. The
volume of the classroom is ‘equal to 5 cubic meters X 4 x 3 =
N 60 cubic meters. And now write down in your notebooks the
rule for determining the volume of a paralledepiped.

T4 determine the vblume of a parallselepiped one should measure the
length{’ﬁidtb, and height and multiply the numbers obtained. The rule
was formulated by the pupils themselves. . . . P

8 T: Let qs.solve the problem: "A room is 5 meters long, 4 meters®
wide and 3.5 meters high. Compute the room's air Sapacity."'

Plan and Solution:

T: What is the air capacity of the room?
Ps: 5 cubic meters X 4% 3.5 = 70 cubic meters. J
Ve

T: What have we found out today?

Ps:*Today we have learned how to compute the volume of a paralle-
= lepiped.

T: By what methods can one compute the volume of a parallelepiped?

Ps: The volume of a parallelepiped can be computed by filling -it
completely with cubic units of measure or by determining the
length, width, and height and multiplying the nugbers obtained.

¢ Homework: ¢

HOmMEWOTX

T: Every pupil should measure the volume of his room. How will
you measure the volume of a room?

¢
Ps: We will determine the length, width, and height and multiply
the numbers obtained.

When studying cubic measures in the auxiliary aschool it is espec-—
i{ally necessary to give serious attention to the form of notation. 1In

solving practical problems in the auxiliary school one may encounter
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very diverse forms of notation jus% as we found in our investigation.
We recommend that in the auxiliary school only one form of nota?
tion be used: 4 .
5 cubilc decimeters x 4 x 3 = 60 cubic decimeters.
The computation may be done separately*in a form like:
5 x 4 =20, '
20 x 3 = 60.
The form of notation "5 decimeters x 4 decimeters x 3 decimeters =
60 eubic decimeters' in general should not be introduced in the auxil-
iary school since: by its structure, it is not understandable to the
mentally ‘retarded child and produces a series of imprecisions and mis-
-takes in solving a problem. The pupils may write it down as "§ deci-
meters,X 4 decimeters x 3 decimeters = 60 decimeters,' or may introduce
other incorrecﬁ\forms of notatian . )
In our practice we encountered cases in which the puplls deter-
" mined the.volume of a parallelepiped in partial calculations. First
.iiey determined the area of the base and then they multiplied the result
obtained by the height of the parallelepiped. The notation was in ‘a
form like: -~
5 decimeters x 4 Meimeters = 20 square decim&ters;

3 decimeters = 60 cubie decimeters.

20 square decimeters

These pupils had come to the auxiliary school after the fourth

grade of the public school. 1Imn the public school they had been
ip;tructed in such a form of notation, and these pupils continued to
use this method in the auxiliary schoal. For the pupils of the auxil-
iary school such a form of notation is also inadmissible, since deter-
mining the volume in a given case is carried out mechanically, and the
pupils do not understand: ffhe logical essence of this notation. As a

* result of this notation, J@he pupils made more mistakes. This notation
is introduced only in the.upper grades of the public school.

‘ After the pupils have been acquainted with computing the volumes
of the parallelepiped and of the cqpe by these two methods, one should
conduct as many practical studies as possible to consolidate skills
and abilities in determining the volumes of geometric bodies. The

practical projects may be very diverse: determining the volume of the
117 ' /
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classroom, of a room, measuring the volume of wood, the volume of a A
: S . .

pit, and the like. \ )

In measuring the air capacity of a classroom, %f'a room, and of
similar things, the pupils should be told whateair capacity is and
Ny <

visually shown with what units one should ,measure. For ‘this purpose

it is good to use a cubic meter with the front face open.

With these pypils it is especially necessary to solve problems
in determining the volumes of cubes and parallelepipeds from a model,.

In this case the pupils solve the problem creatively. TFor the pupils

. of the auxiliary school, determining the volume of a cube is more

difficult than determining the volume of a-Barallelepiped. m deter-—
mining the volume of a cube, the pupils often determine the full surface
atea, or ,.they even multiply thﬁ length of -an gdge by the number of
facE® ! ",

In determining volumes the pupils should understand that to deter-
mine the volume means to find out how many cublc units of measurement
the given volume c&htains. When the pupils master this proposition,
they will, not write a final result in the form "48 centimeters" or
"48 square centimeters' but rather "48 cubic centimeters."

Determining the volumes of geometric bodies should be cohducted L
in the féllowing basic stages: '

a),acqua!ﬁtance with the conéept of the volume of a geometric
body-~the pupils convince themselves that a volume is the portion of
space occupied by a given body or the capacity of a given body;

b),acquainganée with the units of measuring volumes. One
should showgche pupil; the difference between linear, square, and
cubic measures; .

c) measurement of the volume of a rectangular parallelepiped
and a cube by filling a model completely with unit cubes and By
directly measuring the length, width, anh.hgight and multiplying ;he
numbers obtained; n

d) in the process of measuring volumes, designation of a pre~

cise form of notation:

5 cubic decimeters x 4 x 3 = 60 cuble decimeters;

Va 118
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e) attention to determining~the volume of a cube;
f) consolidation .of the conclusion obtained (To determine the
volume of a parallelepiped one should measure the length, width, and
height and multiply the numbers obtained) in ;he pupils' memory by
their solving practical problems in computiné volumeés. )

On the basis of our experimental inves;igationhand of the.com-
prehensive study of the pedagogical process, we gave, in a definite
séquence, certain methodological instructions for the study of geo-

metric material in the auxiliary. school.

-

Conclusion
As a result offour ‘investigation we come to the following conclu-
sions:
1) The Russian elementary school has a rich literature on the
problem of teaching visual geometry. The concepfion of the idea of
teaching visual geometry ("children's geometry') for us in Russia goes

back to the end of the 18th and the beginning of the 19th centuries.

This is independent of foreign authors. An attempt to introduce visual

geometry in the school course took place in the 6th decade of the %?th

- century.

2) The educational programs of visual geome{ry were rather
numerous and proceeded from various methogs of teaching:

a) = At the basis of:the program By V. A. Evtushenkd, M. 0.
Kosinskii, A. Gel'mah,'ana others lay the examination of geometric y
bodies. In the examination of geometric bodies the concepts of geo-
metric body, surface, and figure;ﬂénd similar concepts were brought
out by the pupils themselves. A group‘of these methodologists
émphasized certain didactic principles as visualization, independent
activity, and active participation.

b) At the basis of P. van der Vliet's program was the prin-
cipie of ground measurement. The basic geometric coucepts were elabo-
rated in visual form in the solution of prgctical problems of measur-—
ing the ground.

c) E. Volkov and M. Boryshkevicﬁ based their programs on
the principle of the pupils' individually constructing the figure

L ]
being studied. After such concrete study they passed on to geometric
119 N~
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- abstractions. The authors of these programs considered that the mere

contemplation of geometric forms was insufficient. In the latter two
systems the process of studying visual geometry was constructed through
the pupils' active participation. The independent activity motivated
the child. The.pupils traced out geometxic figures and tried to formu-
late appropriate conclusions. The study of geometric forms was begun
with the line as the simplest geometric form and concept.
3) The basic aspect uniting all these programs was the fact that
in the study of geometric material all these authors proceeded from .

models, independent activity; interesf, and the pupils' active parti-

7cipation.

Thus the basic didactic principles of the best pedagogs—XK. D.
Ushinskii, N. I. Pirogov, L. N. Tolstoi-~have been reflected in instruc—
tion in geométry. ‘

:0 In the prerevolutionary school, lessons in visual geometry
were of an episodic character. The teaching of visual geometry’%as
worked out according to the initiative of individual methodologists
an& practicing teachers. The necessity of introducing visual geome-
try into the school course was not deteruined. >

5) Only the Soviet sch;%l positively détermiued,the necessity of
introducing visual geometry into the school course. In the Soviet
school of the twenties there were two trends in the teaching of visual
geometry; some methodologists proposed to begin the study of geometric
mater}al with geometric bodies, others, with the line. L\\Q

6) Visual geometry is the basis of the study of geometric mater-

\
ial in the auxiliary school. Thé prerevolutionary auxiliary school -

did not include.ghe studﬁQof visual geometry in its curriculum and took’
as its basis the curriculum requirements of the public elementary school.
Begimning in 1927, the auxiliary school began to adopt its own curri- .
dulum, ,and the study of visual material was conducted. The basis o
this curriculum was the curricfa of the elementary school, with
considéfation of the work experienue gf the Moscow and Leningrad Auxil-
iary Schools. A

. After the historical Resolution of the Central Committee "Pedago-

t

gicai Distortions in the Commissariat of Education," when the auxil-

iary school began to assume Its true individuality, the curriculum

3
2
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upper grades.

-tangle.

requirements began to suit the abilities of the euxilia:y school pu-
pils. ) . ‘ ‘ i v

7) The studyﬁzf visual geometry in the auxiliary school sgpuld
be conductd’cnﬂy’in the upper grades (5—7), in-the lower grades (1-4)
preliminar& studies should be comducted. The goal of thege studies‘is

to sharpen and widen the store of elementary geometric ideas and con-

cepts and to prepare the pupils for the study of visual geometry in the

® ¢
8) The pupils of the lower grades of the auxiliary schovl should

mSented with elementary tdeas and concepts about geometric forms:
the ephere,'cube, parallelepiped, citcle, triangle, square, end rec—

9) With the bupils of the upper grades one should conduct eyste—
matic lessons to widen aMg deepen the geometric concepts about these
same geometric forms; the pupils should also be acquainted with the
parallelepiped, cylinder, cone, and pyramid. Moreover, one should pre-
sent 4 definite system of knowledge about square and cubic measures.
The latter section ts especially neceegary for the'’ mentally retarded,
schoolchildren, since it has wide use in practical activity.

-10) The study of geometric material in the first and second
grades should be condueted according to a plan. The students should
learn to: ‘ 4

a) splect geometric figures and bodies according to a model;

-b) select gepmetric figures and bodies according to name;

c) name geometric figures and bodies. . R
It is advisable to begin the selection of geometric forms with “the
geometric bodies which are\most easily learned by the mentally retarded
children; 1t ie advisable to begin the initial exercises with the ball
as the simplest geometric body and the one most familiar to the chil-

‘dren. Then one should conduct the selection of geomgtric figu;;s. It

is advisable to begin choosing the circle as the simplest geo trie
figure and the one most familiar to the children.
11) 1In the third and® fourth grades the elemengary geometric con-

cepts are broadened} studies should be conducted along two ‘lines:

*
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a) comparing geometric figures and bodies (ball and circle,
. cube.and square, parallelepiped and rectangle); .
. "b)-comparing similar geometric figures (rectangle and square)
. and geometric bodies (parallelepipéd and cube). - o
v In fbe ﬁrocess of these gﬁudies the pgRF%F look for similarities
in ‘Eversity and diversity'in similarity. Such studies enrich the pro-
cess of becoming acquainted with geometric form§ and proﬁote fhe devéiop—

[

ment of the child's abstract logical thought. ' ,
12) In the upéer grades (5-7) the study df geometric material

# should begin.with the simplest geometric concepts, and the teaching

should be conducted so that what followé-is based on previously known

mategial. -

In studying‘%quare aqd cubic measures special attention-should be
given to the fo;mbof notétion,'té the order of presenting the educa-
tional material and to the units of measuring length, area, and'volume.

It is necessary first to acquaint the pupils with the céncepts of
léngth, area, and volume and;thén to acquaint.them with the "units of
measuring length, area, and volume. 4

The studies on measuring areas should be conducted thus: ‘

a) by covering completely withysquare units of measurguent;
b) by dividing up the area of d™rectangle ar square uéing
one unit of measurement . .
A ¢) by dividing inté-square units with a ruler and counting the
number of squares directiy; )
d) by determining the length and the width (base and height)
of a'rectanglé or a square and ﬁultiplying the.nqmbegs obtained.
The studies on measuring volumes shoul? be conducted Lhu S
a) by filling completely with the units of measurement and
counting them directly; . i
*b) by determining ‘the length, width, and height and multiply-
iﬂg the numbers obtained. '

With mentally deficient chilﬁren‘it is especially necessary to

conduct more stu@ies‘on determining the Areas of geometric figures and

‘the volume of geegetric bodies using models. Such studies promote the
o ~ .

r 4 ‘
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developmgaf of the creative abilities of the auxiliary school pupil.
- 13) In the study of geqpet:ic material in the auxiliary school
it is necessary to use visualization, active participation, and an
individual approach to the pupil. 1In the lower grades it is necessdry
in the study of geometric forms to use’ extensive visual and auditory’
stimulation, and to work with modelling geometric bodies and tracing
geometric figures. In the upper grades both in the study of geometric.
forms and in tHe study of square and cubic measure, it 1% necessary
to usé extensive visualization, modelling, tracing, and surveying.

’

Mastery of geometric material by the auxiliary school pupils will take
place only if the solution of vital practical pr@blems is* conducted )
during instruction. .
14) Our investigation has shown that the auxiliary school pupils
display individual differences in their davelopment hence, an
individualizad approach in visual geometric® instruction in the auxil—

iary school is of great Importance.

.
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Visual. and Verbal Means in Preparatory Exercises in
' Teaching Arithmetic Problem Solving*

N. F. Kuz\mina—Syromyatnikova

4

Intrqﬁ%ction ' b

Describing the cerebral hemispheres aé'"a épecial instrument of
assoclations and connections, also having higher reactivity,' Pavliov °
. « ¢

indicates that "any disorder in one place must-make itself known,

. affecting the entire instrument, or at least many individual points

or parts." The imperfect work of the “special' instrument of agso-
ciations and connections of aﬁmentally retarded schoolechild also

appears in the process of his cognitive academic activity. The teacher

will continually notice that in mentally retarded childr!ﬁ the for-

mation of new associations is difficult, the shallowest analysis ia
imperfect and at times, without special teaching metheds, is impossi—
ble. The thinking of a teacher-defectologist o in such a case is
naturally directed toward the peculiarities and difffculties he en-
counter§ in feaching the mentally retarded child, and those whioh he
must overcome by special measures. |

First of all, it should be pointed out that in all areasvof the
mentally retarded schoolchild's oognitive activity, more or less pro-
nounced dissociations are observed. in the activity of the fi;st and
second signal systems. It thus becomes clear how essential it is in
schoolwork to organize the coordinated activity of both\signal systems
in. order to provide a more successful assimilation Qfﬂknowledge. in
this outline we will try, to examine some of the pfdﬁlems of’ teaching

mentally retarded children how to solve arithmetic problems.

.
g ‘}

Puhlished in Proceedings [Izvestiya] of the Academy.of Pedagogi~
cal Sciences of the RSFSR, 1955, Vol. 68, 96—132.\ Translated by

Linda Norwood. vl
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We begin by pointing out that productive activity by mentally
retarded schoolchildren 'in solving arithmetic nroBlems is realized as
a result of prolonged, systematic, and, we propose, special%ced instruc-
tion. Like Pavlov, we understand school instruction in this connection
to be the formation of a ”long series of conditipned reflexes. gy
* Teaching mentally retarded‘children ‘how to solve arithmetic prob-
lems, despite all the attention teachers have givan this task, often
does not produce the necessary effect. Man§ mentally retarded school-
chiIdren no arithmetic problems poorly, and in the process of instruc-
tion do not acquire the knowledge, skills, or habits necessary for
_practical work. '
A lack of research into the spégzkic faatures of problems con-
" fronted by mentally retarded children in mastering arithmeggz material,

researcﬁfwhich could serve as a guide for teachers, must be considered

one reason for this. Such work Began to anpear only in the last decade.l

Compilation of data characterizing features bf problems which mentally
" retarded auxiliary school students experience with arithmetic materdal

had only been recently begun, and there were still no general theore-

tical positions upon which a scientific analysis of previously gathered
>

material could be made. This situation was changed after Stalin's work,
"Marxism and Linguistics Problems' appeared, and a session was” held
dedicated to the physiological teachings of Pavlov, Since then, exam—
ination of problems in mastering schoolwork--and, as a result, of prob-
lens in teaching——has‘changed in principle. The method of examining
data related to pathology has become afparent.

A comparative appraisal of facts obtained while investigating nor-
mal and anomalous pre-schoolers is still timely; however, today a solu-
tion of preoblems concerning a system of pedagogical, and, further,
methodological modes of teaching children with anomalies of develop-

ment is not intended to adapt the methods of teaching the normal child

lDissertations of K. A. Mikhalskii, P. G. Tishin, T. V. Khanutina;
articles and investigatlons into the question of mastery of arithmetic
material by auxiliary school pupils by N. F. Kuzmina, M. E. Kuzmitska,
K. A. Mikhalskii; from psychological works, an article by E. M. Solovev.

~ '
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to the instruction of the mentally retarded but rather to develop a
~ system of method&\suited to the mentally retarded. This is necessary
because the analytic-synthetic activity of a mentally retarded school-
11d, which results in the solution of any arithmetic assignment, is
highly distifctive. . '
In teaching arithmetic, problems may be presented in one of two
forms, visual—verbal or verbal alone. Generalizations that the school-
* child meets in solving an arithmetic problem, and which are necessary
for solving this problem, gppear before him in definite wotds and word
.combinations. Numbers, the conventional representatives for concrete
quantities,'enter into certain correlations only under the ¢#rect influ-
ence of the verbal part of the problem. The solerion of each arithmetic
problem, even if it reflects a real counting situation (measuring or
weighing), becomes possible only as a result of knowing how to verbal-
ize certain general laws. |
Methods intended to develop speaking and thinking in the mentally
. retarded schoolchild always lead the teacher to the question of the
relationship between visual and verbal means of instruetion. Beyond
doubt, 'basic laws, established in the work of the first signal system,
must alsp govern the secand; because thig is the work of the same nerve

" Igolating the second signal system from the first can "distort

tissue.
our attitudes toyard reality [3:722]." Thus, only coordinated activity
of both signal systems ensures a correct understanding of objects and
phenomena of surrounding reality such as relationships among nqmbers
in.an arithmetic problem. ’ - ‘
We ark assuming that te~pr vide coordinated work of the first and
second signal systems of a menejlly retarded child, particularly in
teaching him to solve arithmetic problems, it is necessary to find
speciaL modes of utilizing visual and verbal methods of instruction.
In this work weé are examining only a certain part of the problem of
visual and verbal methods; and we are doing this using only a system

of prepared exercises in teaching how to solve arithmetic problems.

4
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The Influence of Previous Experiende
on Solving New Arithmetic Problems

s
In doing any assigmment, the pupil is always to some extent

guided by his experience. And the richer and more varied, and, in
particular, the more organized this experience, the easier it is to
do the assignment. Ivanov:§mslenskii's statement that a child can
solve an initially unsolvable problem 'by appropriate expégimental
organization of his past experience [2:19]" is completely valid for ~
the teacher who uses the system of school assignments in teaching.
In constructing each new assiénment the teacher must inevitably be.
guided by the exact level of his students' knowledge aﬁd‘by their abil-
ity to draw on this knowledge in solving new assignments and exercises.
_Furthé}more, a teacher in an auxiliary school should know and consider
the characteristics of his students when referring to and applying his
experience in overcoming new difficulties.

<The dtudent's previous experience is always to some degree re-
flected during the csurse of completing-a new assignment, as well as
in the results obtalned. In»some cases this influence is positive;
in others, reference to past experience alters the assignment and leads
to a wrong solution, and is therefore negative. .

When the pupil's experience is too limited and. fixed by monotonous
exercises, solving new prab;ems is difficult. This is especialkly stfikf
ing in the work of mentally’retarded students and even of juweniles who
have finished auxiliary school.- The system of tempd}sry ties that was
fdﬁ§é the cortex during instruction in school s retained and in
neyvsét vitigs often appears only in the form fixed by the exercises
ré%aa%ed:in school. New efforts and new'eﬁercisss are qgﬁded'to lead
the'mentally retarded'student to the solution of new problems.

Our pesagogical investigations convince us that children can solve
a new problem most often when, besides oral instruction, they are given
an example of a concrete activity from their past in the presence of
some visual teaching devicé}‘ When verbal and visual means are not
properly combined, ingtructieon does not provide the stsdents with the
necessary knowledge and, still more important, does not provide the
necessary and productive independent activity needed by the child or
adolescent in solving various new problems. The younger the child the
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zyl ~more visible his helplessnesa in a new situation.
Let us present some examples.
Felix L., 11 years old, first grade. Studying under several suc-—
- cessive tutors, the boy learﬁed to count. Frequent repetition of the
numberg from ome to ten and back again brought him to the poiﬁt where
the problem of counting objectak drawings, points of a numSer figure,
- and other things he had not already counted during instruction, left

-

him at a deéd end. Not only was he unable to determine the number of
objects in a given group, but he saw no need to determine this. Count-
'ing meant naming words, it meant reciting all the words—the numbers
from one to ten and ten to one. k L &.
ngg“gf,'lo-l/z years old, first gréde. Having learned as a result
of frequent repetition that a cat has two front paws éﬁq two hind paws,
she could still'not answer when asked how mapy paws a cat has in all.
Furthermore, she asserted that tﬁe question itself is impdséible.

"what are you asking? What were you thinking? Don't you\kﬁow, a
cat doesn't have 'all' paws. It has two front and two hind ones.™..

And even after directly counting a cat's paws Yana still dianﬁE 
agree, and stretching a rubber cat, maintained, '"Why do you need to o
count like that? Here they are--two front and two back.'

Yura L., ll\yeags old, second grade. In solving a two-oéeratién
arithmetic problem (augmentation by several units and finding the sum),
Yura, whenever he had trouble, resorted to visual representations of
the problem which had been used in his previous schoolwork. Solving an
orally presented problem, he changed his solution several tiﬁes, getting
it wrong every time until the investigator let him count the groups of

objects. Twice Yura read the problem. Then he recitpd. 4
Text of problem Yura's interpretation of problem
A hen had 12 yellow chicks, A heﬁ had 12 yellow chicks, and
and 4 more black chicks than 4 more black ones than that. How
yellow ones. How many black many black ones?
chicks did the hen have?
Yura 8 solutioqgf His explanation ¢
I. 4 3+ 2= 2. ‘ So there are yellow ones and

black ones, and 4 of them. There
were 12, they were black and y&l-
low. You have to divide into

- equal parts.

II. 12 ¢+ 2 = 6.
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when asked, "Why divide when they say in the problem there are 4
more black ones than yellow ones?"f . Yura ;-eplied, "But we're learning
how to divide." Classwork experience was applied to solving a new
problem which had nothing to do with division into equai parts. By
sketching the problem, Yura saw how to solve it and carried out the
solutioﬁ correctly. He met willingly the suggestion that he sketch
the problem, and his interest in it was heightened.

"What should 1 draw first?”?asked Yura. The investigator sug-
gested that he examine the problem by himself. Work proiFeded ih an

" exceedingly interesting manner. Yura drew and wrote, continually con-
sulting the text of the problem. ''We have 12 chicks." (He writes the
, number 12 and draws 12 sticks.) ) R 4
) "Here they are all in a line. What kind are they? 12 yellow
ones, but I don't have a crayon. But so what? I know and you'll undagz
stand. Look, these are the 12 yellow ones. And there are 4 more black
ones. low many?" (He reads, "4 more black ones than yellow ones.')

"Thpre must be 4 more. Gee, how long the liné will be with 12
and theﬁ‘A." (He draws only 4 sticks.)

"Here are the 4. The 4 more. The first 12 are yellow, and these
are black: 12, 13, 14, 15, 16." (He reads and writes 12 + 4 = 16 on
the right and the number 16 on the left [see Figure 1].) He was very

happy that the problem was solved.

| &’ ~\ \ Vol |\ \ \ \ P J A 1 é{ = 1 b
¢ v
I (o

Figure 1

The assignment was complicated. The teacher said, "And what if
the problem were, 'There are 12 yé}low chieks and 16 black;ones. How
many chicks does the hen have in all?;”’

The boy looked at his drawing and talked and pointed. '"That's
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easy now. Only you'pava to say this first (draws a Roman numeral I, by‘\
$ his sketch) and this will be the second problem." H® writes the Roman
numeral II, then 12 + 16 next to it, and begins to solve. 'He writes

the answer 18 (Figurqﬁ?).

1t 12 +16 = 1Y

'Figure,z

Yura's answer was nét accepfed. "It's right, no, it's right.
12 and 6 are 18," asserted Yura. - And whep it was po}nted out that he
had to add 12 and 16, not 12 and 6, he answered calmly, “But we don't
know how. We Ighow how to do 6." |

He was then given help in solving the problem.

Teacher: Can you add 10 and 107

Yura: ' Yes. 20.

T: And 2 and 67

Y: Yes. 8. .
T: And 20 and 8? ‘
Y: We can't. We haven't learned vet. ‘ .
' T: And what if I help you? ‘I will give you 20 kbpeks )
and then 8 more. '
Y: We know that. . 28 kopeks.
T: It's the same here.
- Y: No, ‘this isn't kopeks, this is chicks.
T: And have they solved the problem?
Y: .They don't know; we know. ‘
‘Yura di& not limit himself to one solution. ’On a scrap of paper
he drew two circles, and in each he wrote "10 kopeks' and calculated:
"10 kopeks amd 10 kopeks are 20 kopeks, and 2 and 6 are 8." Writing,
- he says, '"20 kopeks plus 8 more will be 28 kopeks in all. That was
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" easy, and we'll write 28. We must cross out 18." (Figure 3).

12
T *

¥ o L IRFH e
4 . . . :

! : - .
H 12 41t = \T§L 25

' Figure 3

J T .

Yura tore up the scrap of paper with the auwxiliary drawing, saying,.
"This was for us." As to my facetious question whetHer we would tell -
the chicks that’we had counted kopeks and found out how many chicks there

i‘were, Yura understood perfectly and answered, "Kopeke are easy, but thefe
~ are no chicks here; they're in the numbers." . ‘

Yura solwved the following problems independently, making drawings
for each one. In class at this time they were solving problems by
dividing by 2, We gaveé Yura division problems, not division by 2 but

by 3. Until he had made a drawing of it, Yura selved the first prob-
* ' lem by dividing by 2 (instead of 3). Only after illustrating it in a
\l drawing did he get the correct solution/ The u;its in this problem
: were needles that had to be distributéd into three packs. N
In solving the next problem Yurgt not finding the answer immediately,
started sketching. The units in this ﬂtob em 'were nuts which were to \\
be distributed into ) boxes. Yura beggn draw néedles. He stopped.
"I am drawing needles gnd I should be drawing nuts." 'He drew 12 little
circles (nuts) add 3 quadrilaterals (boxes). Then he started solving
. the problem. '"We must have boxes. If each has 3, there will be 9, and
there have to be 2." He drew 3 circles in eaeh quadrilateral and
crossed out 9 circles. '"There are still 3 nuts. There is one for each,"
and added a '"mut'" to each Jeox.” He wrote down 12 ¢ 3 = & (Figure 4).

N ¢
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' For one of the following assignments Yura was to solve a problem - .
" difficult tN represent. The problem was taken from a second grade .
text. Even after reading the prohlem twice, Yura could neither .solve
ndr repeat it.
Problem Yura's interpretation
Five identical loaves df Five loaves of identical kilo-
. bread were baked from 10 kilo- grams were baked from flour. How -
grams of flour. How many kilo- much flour was used for the
grams of flour were used for loaves? . o
each loaf?
. , His solution
10 - 5 = 5. And 5 loaves were left.
4
* Yura did not obtain the necessary solution even after analyzing ‘
the problem, since he 'had no understanding of the kilogram as a %nit
¥ of weight, N
Yura asked for permisiioq to draw’ the problem. "Then I'1l see it
} and solve it." In-drawing and solﬁ:.- the problem; Yura resorted to
his previous practical experience: "With 3 kilograms in each, we ‘
2
) bought 2 packages, and here's 10." He drew 3 quadrilaterals (packageg) (’“#FE—
and wrote the figure 3 in each onme. 'In 3 there are 9 kilograms, and

we need 10. There's still a little one left." He drew and wrote a
small number 1. He looked at the drawing for a long time and came to
- N *{‘ﬁaﬁ&iﬁ?ﬁ‘ ' . "
the conclusioh¥ ere can't be 5 loaves, we have'4 kilograms.
He looked at the problem., "We have to draw 10," and he draws 10
squares. Again he eferred to the text of the problem. 'And we must

have 5 more loaves." He drew 5_'bricks." 'We must put flour on the
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brick." He drew a little quadrilateral in each "brick." He crossed
out 5 of the 10 squares (kilograms). He then drew anothe('quadri—
lateral in each 'brick" and scratched out the remaining 5 squares
(kilogrhms). "There will be 2 in each brick." (Figure 5)

Figgre 5 '

1 -

.\ He was asked to explain the terms of the problem 3§ing the draw-
ing. _§ow‘his interpretation of the pr;blem was much more complete:
"There were 10 packages with kilograms of,flour. They baked 5 bricks
qg'bread. How much flour is needed for each loaf?" The solution
10 #+ 5 = 2 was correct, although this solution was expressed in the
form of ‘an arithmetic sentence without correspording units. When re-
quested to explain the problem in writiﬁgj_§3;§ obtained the correct
answer "2 kilograms for one loaf." s |

Elena M., having finished auxiliary school and havingzstarted'
night schoel in the fifth grade, came to us complaining ébout the diffi-
culty of hé;\g}ithmetic lessons. It was particﬁlarly hard for her to‘
solve arithmetic problems. Numerous difficulties were explained in
class, but her basic problem was an inability to apply what she had
iearnedaén school to new and unfamiliar-conditions. The slighp&st.
variation from the usual way of doing a problem left her at a dead end.
She'partially undegstbod the assignment to count by gr&upst Eleana
reproduced the numbers from 1 to 20 successively. ‘ <

An assignment to count by £1VEE with the example "5, 10, ...',
Elena did this way: she named in succession all the numbers in the_
series, 1-20, raising her voice on 5, 10, 15, and g0. She counted by

2's the same way.'. She did it corrgctly only after a concrete example

.0f counting by groups was given. She was asked to recall how chaﬂie

is counted out by pairs of kopeks.

» t
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Teacher: '"How would you count, if I put down two kopek coins
in front of you?" and further: 'How would you count if I put down

-

five kopek coigggbefore you?" P

.
-

It is interesting. that solutions were\gealized oan as‘an imi-
tation of a concrete activity, that is, couniing coins. ‘

She carried out an assigmment in counting by numbers larger than
five by réproducing the lines of a multiplication table. Elena did
not grasp the model of counting by sixes--6, 12, 18... 'No. We must
. do it like 'this: 6 taken twic€ is 12, 6 taken 3 times is 18, ;.. “‘she
said, reporting every‘line of the table. When asked to write the

answers she had obtained, she wrote arithmetic lines from a multipli-

« Y
~

cation table. . ‘ " PR .
i When aiked to count by sixes by marking.thm off\%Fe af ter .the
other and writipg‘aown the answers, she used addition signs and equal
signs, that is, she translated the aSSiénmeht into an arithmetic
example. The new, conventionsl férm of writing was not acceptablé to
the‘examinee even when it was suggfsted thaE she solve the‘assignmeﬁt
with multiplication. Every ‘line of writing underwent a change; the
figures were joined by operation signs and without fail an equals sign
‘was put into €very line. .
s Generalizing the exampleJ“&;Ven here we can conclude that étudqpts
of the lowey gradcs‘gf the auxiliary school often try to apﬁly thedir
previous experience to new problems without any modification. They
find ways'of solving a new problem by relying on visual aids which
they used before in solving similar or identical probiems. Older pu-
pils also had to rely on past experience. But concrete examplés (kopeks
in counting-chicks with Yuré, coins in counting by gréups with Elena)
* are not always needed‘%or'tﬁis gréup; more of ten this 18 a patterm of
the usuai Qé& of writing. For example, Elena inserted addition signs,
miltiplication signs, and equals signs to carry out the-assignment of
counting by groups.
| We find an explanation of this fact in one of lvanov-Smolenskii's

works. He writes:

] ' \ N
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. Weth frequent repetition or, exceptional intensity of
%%;;&in conditional situations, struectures of relationships\
ich frequently dominate and, because of breke induction, .«
suppress other -cortical*activity, are created in the large - o
cerebral hemispheres-of man [1:403]. ’ . V7

S , LS

The Influence of the Verbal Stereotype‘in Solving Arithmetic Problems

Knnwing how to solve complicated arithmetic problems presupposes
a knowledge of ﬁew to solve simple problems, which enter into any

'complex problem as parts in certain interrelations. However, solving

even a simple. arithmetie problem requires varied abilities of the child:

he must discover the reiations among/nnmerical facts dependent upon

the problem's question. But mentally retarded schoolchildren, unless '

provided with/special exercises, can not figure out the function of

the questionf and approach it, influenced sometimes by their last

experience, and, in other cases, guided by their reliance on individual

elements of rhe problem.. In both cases an incorrect application of .

past experience is the cause of erroneous solutions. {
One.can notice, even in first graders, a tendency to be guided hy A

external elements which causes them to choose the requisite arithmetic ”ﬁ'jxé*‘

operation. Examples of these external element% are frequentlm re=

.peated "supporting” words in the problem as ''the total will be"; "there
.were in all" (sfipulating a solution by addition); and "111 remain" g

(indicating euhtractionﬁ.

A child's experience, obtained as a result of solving pumerous
problems Sh finding sums or remainders, causes him té choose the -
correct arithmetic‘operatinn., But this exnerience is inadequate and
the nroblem is solved, incorrectly 1if the custonary supporting word is

missing from the text of the problem. In this case the child's exper—

" ience serves as emguide, but has no direct relationship to the essence

of the\problem——ﬁps content. The child solves the probiem by manipu-.
& .

*"lating numbers. He 1s used to seeing that for subtraction the larger

' number comes first. He knows that he is supposed to take the smaller

>

number away from the larger.
In the terms of the problem, the larger number is first, therefore’
one can and must solve .by subtracting. The reverse sequence lmpels the

child toward a solution by addition. Two identicdl problems with

LY
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different number sequences and arrangements were shown to the students.

1. A boy had 5 kopeks. His brother gave him 3 kopeks.
How much money did the bey have in all?

o ., I 2. How‘ﬁucH money does a'b5§'heve if he had 3 kopeks
- and -H{is brother gavé him 57 -
e o
The first problem was solved. The second caused some difficulty.
The puo}ls‘concentrated on the numbers here. The second proolem was
not solved because there were no words that definitely elicited a choice
of the necessary arithmetic operation--no 'than he had" orv"ﬁe had io/jff
all." ‘ l . . :
Children consider it quite legitimate to answer the p;pbleolefﬁﬁgg-
tion by repeating the terms of the problem: "He had 3 kopeks and 5 ‘
kopeks"; "The boy had 3 kopeks and got 5 kopeks from his brother."
Comparing the terms of the two problems, the childfen did not agree
when it was pointed out that the problems were the same. They contended
that in the first one; "They ask how much he had in all," therefore, ' \<\
you must add." Supporting words had caused them to add. The familiar '
‘ words, "he had in all,' serw®d as directions whose result was the ]

&

correct solution. !

L]
i

The absence of supporting words which organize the usual activity '

)

of the mentally retarded schoolchild leads to ax} incorrect solution I N
of the second problem. The main point of the problem is understood E
“ correctly when coins figure in its terms or when a problem is accompanied
" by visual explanations, that is, when the situation in the problem is
made concrete. ' C 5{‘
In the second grade, problems about differences vere solved T
individﬁal assignments the children were given, one after the other,
the following two problems. Terms of the problems were read by the
children. - ' | ¢
1. There are 11 white rabbits and 9 gray rabbits in a

rabbit hutch. How many more white rabbits than
gray ones are there? '

2. A hen has 11 white chicks and 9 gray chicks. How many
chicks are there in all?
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The students solved both problems the same way (11 - 9 = 2,

\

there are 2 more rabbits, 2 more chicks). Furthermore, previous
. connections supported by the first problem were found S;rongerf
These same problems werd\given to the students to solve a second
time. However, the con&ition of the problem involved a difierent.

3
color. The children felt a need to compare tables. A question arose: f

"Why ar;lthey alike (the first parts of the problems) here, but here T
they:re colored differently?" (Ehe questions of the problems). The
questions were reread. But rereading the‘quest;ons did fot lead to
the correct solution edther. Certain children, ﬂoticing the colors ‘B

he in”the construction of the problems, did not discover their esseﬁti&l

difference, "'since there are rabbits here gnd chicks there,'™ and
solved the problem the same as before. Qthers noticed the difference
* and explained correctly: 'Here it's 'how many in all?' but here it's
'how many more white rabbits than gray ones?'" In spite g% this,dthey
repeated the erroneous solution: '"St{ll everything's the same here
[the problem's numbers].'
For certailn children, consistency in the number arrangement was
decisive in choosing the arithmetlic operation: "You take away, since
11 ig bigger than 9." A problem similar in thegtext with the same
numbers in reverse sequence (9 gray and 11 white) was solved by adﬁt*—{fﬁ\\\
tion. . .
N A single word in a problem's conditions or question gfn cause a
mistaken solution. TFor example, the students solved two problems with
{dentical solutions differently simply because one contained the word

mure and the other '"fewer.'

8 R " .

1. There are 9 short nails and 6 long nails in a box.
How 'many more short nails than long uails are there?

2. There are 9 short and 6.1ong nails in a box. How
many fewer long nails than short nails are there?

,“

They solved the first one by addition, the wecond by subtraction.
Expanding the text of the problem in words which focus attention
on quantity relations (which kind of rabbits are there more of, and
how many more?) improves things. Having established that the quanti -
- Wties were unequal, the children nonetheless did not seek a new,

., correct solution, and the situation remained as before.
-
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Only after each problem had been made concrete by examples of cal-
culation (cardboard chicks, nails), and after the children looked at
and coﬁpared the unequal quantities while getting direct oral-instruc-
tion from the teacher, did ﬁhey g0 on to the correct solution.

It should be noted that the children‘who did not receive instruc-
tion did not get the rlght results, but not because the concrete '
examples distracted the children. No. The children acted purpose-
fully. Each stroke to solve the problem. But in any case, the indi-
cated problem with concrete objects was solved without the teacher's
instruction by isolating the extra objects and countin .them (how many
more). Putting 9 shoxrt nails in a row and. a row of fgié'nails right
upder them, the child immediately d@%érm%Zed that there'were ﬁore short
nails. It was not necessary to ask '"What kind of nails were there J
more of?" The followine’ questions were absolutely necessary. Here
one may proceed in one of two ways. a) Ask the child to answer the
teacher's question, or bzgréfef him to Fhe problem, thq§ is, tell him
to read the problem himself and answer it.

The second way is better since the,chi}d is not distracted frem
the text of the problem. Solving thg problem this way he still is
directed by verbal‘instructions; but independent activity~-reading
the quest%on and relating it td'the visual ‘way of grouping extras,
fecounting the extra objects--all this facilitates problem solving.
The child gives the right answer: ''There are 3‘more short nails."

"

The words, ''than longer -ones,"” most often are not part of the, child's

answer, . :>
In this case the child did not unflerstand the essence of difference
relationships, and visual aids did not heip{ furthermore, the given
situation prompted the child to isolate the exéra three and not sub-
tract éix from nine. This possibility could only be discovered by
uniting verbal and object activity. The teacher definitely played

the leading role here. He directed the child’s activity with his
assignments and questions. " ‘

Teacher: What kind of nails were in the box?

Pupil: Long ones and short ones.

~

139



T: How many short nails were in the box? Look at
the problem and answer. o b

r o

P: [The pupil finds the corresponding part of the ’
h . problem and reads it.]

: Put the short nails in a row.

[He does_so:j.u

[The thsk is carried out.]

How many long nails were~{n the box? Take the
necessary number of long ils and arrange them
{n. another row under the ghort ones. Explain
the problem and point everything you talk
about.

2

T

P

T: How many are there? Count them and tell me.
5 ,
T

’ }

[The task is carried out.]

T: What does the problem ask?
[The pupil reads the probl questien.]

Y Repeat the question and point out everything .
that s asked. -

P: How many more shart nails [points} than long
nails [points] are there?

After this he was told to write out the solution. He didn't know
*  how, but he no longer indicated addition as a means of solving. ’

A A picture of the pré?}em makes him thoughtful and qqgstions arise.
"How? And how many more? Three more, maybe?' All this tells us that -
his thought has awakened. Slowly but definitely he began to free him-
self from the word-stereotype which“controlled him and was a hindrance
tp solving the foregoing problem. Subsequent activity was always
directed by-the teacher's essignments and questi%ns. It was concluded -

when the student gave a verbal account, interpreting the problem's

conditions while pointing out each group in the sample problem, tell-

e

g how_to solve, and giving the full answer. .-~ ' /
The Guiding Role of the Word ig_Visuel Instruction -

ig_SolviggAArithmetic Problems

*

The employment of visual aids in teaching auxiliaryvschool pupils
is imperative only when thelir use makes it possible to reveal the
essence of some assignment, the essence of the question being resolved.

When organizing school activity around visual aids, the teacher should
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" ensure attentive guidance until the pupil is able to consciously uti-

lize them independently. In teaching schoolchildreh to use visual
means, the word, the teacher's speech, relying on personal\demonstra—
tion, describing beforehand, and organizing the pupil's demonstration
plays the leading roles. ¢
Incomplete forms of the ac{ivity of the mentally retarded school-
child in general and his academic activity in particular are often
observed by the teacher. In implementing a system of exercises and in
organiziﬁg the academic activity of the pupils of thi§3sqhoéi, it 18/
especially necessary for the teacher to protect ghe pupils from in-
correctly completing assignménts. ’ " '
Pavlov, revealing the essence of intelligence, defines 1t as
"thought in action, and as "a series . of associatinns‘that derive
expe;i:L

partly from past ce, partly right now, before your eyes, and

before your very eyes are combined or added into a positive whole, or,

conversely, are gradually impedeh, leading to failure [4:430]."

Thg puéiis' mistakes in completing arithmetic exerciges stem
very often from the fact that the teacher did not check to see which;'
associations——correct or incorrect—-and in which combinations-—correct
or incorrect—«are consolidated iff the child with the initial demonstra-
tions qu explanations of the study~material. Organizatiog ‘of the pu-°

pils' school activity around visual aids plays. not the least important

‘role here. Failure in arithmetic instruction is often th%.resulg of

the teacher's giving his pupil some aid or another, but neglecting to
teaéh him to use it and neglecting to watch“the pupil until he finishes
working. He does not replace one aid with another,at the right time.
He does not seriously consider his own instructions when teaching the .
child to work with an aid, i.e., he explains with words alone, or only
demonstrates how to work. A one-time demonstrat{on—-and a personal -
demonstration in géneral—-is insufficient. The teacher must watch how’
the child himself begins to work indepegiently with thie aid and use

the instructions as a guilde. The teacher must hear out the'child's

story of how he works with the visual aid.

To illustrate:@ Vitya E., a second gradef of the aﬁxiliéf& school,
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was described to us as incapable of being taught arithmetic. The

notes in his notebooks would be proof of that. Indeed, an examination
of his notebook could lead one to conclude that the boy had not master-
ed the study material. All solutions were incorrect. Moreover, more

profound examination of the mistakes did npt reveal any underlying

-regularity. The results of repeated solutions of one and the same

problem were different, almost random. There were no incorrectly
lidated devices for counting. *Naturally, we had to seg how the
boy counted. ‘ )
In solving each problem given him, Vitya resorted to his fingers,
but what he did was not counting on his fingers. It was only sorting ',
out his fingers--not counting. Not one qoantity coincided with a num-
er. 1t was ascertained that the boy could not usg-other devices for
counting either. SR | ;
" In individual fessons with Vitya we decided not to give him any-

thing which would cause incorrect, solutions. “We began the work using

~ dominoes. Visya knew these numefical configurations because, as we

learned in copversation, he’often sat with his friends and watched them
play. He correctly named all numerical figuree? However,, he flatly
refused to meke up a problem on addition using a domino with two quan-
tities.of dots. But when told that he was not released from the assign-
ment and had to do it, Vitya, ignoring the ifstructions, began to count
up allf;O'nts‘on the dominc. A’tepeatedviﬁstruction,,supported by the
solution and notation of a problem on nuﬁerical groups of dominoes,

was listéned to and the progess of the notation procedure was foilowed.‘
After this Vitya asked that it be repeated. He listened and followed
the demonstration accompanying the: explanation very attentively. He
said that he understood the assignment. He wrote down a problem and

did not count the dots in each figure. The solution occurred after he
counted all the dote,ffrom first o last. When aeked what had to be
done, he answered, using a‘demonstration, "A problem must be made. How

much all .together, three here and two here."

And only after the gques-—
tions and demonstration accompanying them did he give the conditions
of the problem: "We have to find out how many dots-in all, 1in the first

one there are three dbots, and in the second, two dots:."
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After joyfully composing a &blution of three more problems, hé
set about working independently on composing and solving arithmetic
problems Eight problems were composed and solved with no mistakes.
For the boy, success was unexpected. He' voiced thé desire "to solve
another &hole column." And another eighthrobiems.were solved with-
out error. "§o that's how! And with my fingers it was all mistakes.
I've learned with dots."

The assignment was made more complicat@d. He was asked to compose
an addition pfoblem, given groups of three numbers. At first two
‘dominoes were given.him, then three. Until the assignment had been
consolidated with a demonstration and arithmetical notation, the boy's
activity did not commence. Oral instructions without an accompanying
visual form of the assignment were rejected. "I don't know, I'm
afraid there will be a mistake." However, after a demonstration and
an explanation of the assignment, the work was completed successfully. '
As the work progressed, one domino was replaced by angther‘again and
again, and Vitya quietly solved each new problem (the first and second
assignments were ai%ernated). The child's activity was wholly conscious.
Howevgr, his ability to recognize the‘assignment (with two or three
quantities)“das impaired as soon as a blanf domino was put in place of
a domino with quantities. The boy did not throw it out, he did not
refuse to compose and solve a problem, but from the empty field he ]
gave the example 2 + 1 = 3. When asked "How's this? Where's 2 and
where's 12" he calmly apnswered "There was a domino like that, maybe."
When éive% a domino with one numerjcal group of dots, Vitya gave no

example. MHe firmly exclaimed: '"'There can be no problem because there's

g

only one number; you have to substitute something.'
We went on to play a game. Before composing a problem, he had to

and whether a stm cnuld be obtained. Dominoes with one, two, and

_,‘ .

three quantities ‘and blank ones were put before the child. There was
no definite order in which they were showi to him. The, boy worked with
interest. At first the work proceeded very animatedly. '
"No, noJ” Vitya shouted happlly. 'You can't-—there's no number.
Two numbers. Here is a problem. Thefé is no problem—-only one num-

‘ber 1s here."”
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The composition and solution of problems proceeded totally
consciously. On)y consciousness could lead to those correct answers
which the boy gave o questions of the possibility and impossibility
of composing an arithmetic problem. - ("Without numbers you can 't; with
one number you.can't; you have to have two numbers, and maybe more. "y

'The,ohild's newly obtained experience allowed him to make these
generalizations. ‘But the boy could not transfer these geherslizations
to the solution of a slightly expanded problem. To compose a problem,

;"you have to have two numbers, and maybe even more,"' says the Boy.
When the experimenter said "And even more?\ the child responded correct-
ly, "You can have three numbere/’ He composes these problems with two
and three items. Thé question of the possibility of composing a prob-
lem with four items remai&s unsolved: "I don't know, they didn't show
me." And when we placed before him a domino with two quantities, or
four dominoes with ogpe qdantity,each or three dominoes, one having two
quantities and the others having each .one quantity, Vityd came to a
solution of the possibility of such a problem: 'You can do it, but
"’fg;#se it's hard to oohnt.” He gives the correct notation and refuses
to solve it, fearing to err.- Again the solution o%‘the-problem had to
© . be facilitated orally and visually. )

«The boy firmly answered all questions concerning the possibility -
and impossibility of forming an arithmetic problem, but in the actual
/@olution he was still far/from {ndependent. The boy's helplessness
was clearly evident whenever he had to pick out the dominoes with whose

'.help composition and s lution of a problem would be possible. The boy
was always requesting’ that he be giVén only the requisite dominoes:
"It's hard *for me, qhe teacher must give them to me.' ' .

The assignment to compose and solve a problem from four dominoes--
one was blank, ong had ¢ue quantity of dets, and two werleull——was
completed only after hesitdtion. The child sorted the dominoes into a

~row. He looked at them for a long time and moved them around.

"Oh, 1've failed! Go away. There's nothiné on it. You can't do
it without numbers.' He takes the blank domino from the row. He looks
for a long time, takes the domino with one quaptity and puts 1t beside
the blank one.
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"You can't do it with one quantity." But he still was not satis-
fied with this. 'Maybe there'llmbe another one. Did we have them with -
one? Impossible with one. But we had them." He puts the domino aside.

He begins the notation and solution of the.problems. He gives two

problems with two items (each with quantities from one domino) He writes.

\
down the solution of a problem with four items. .He counts them.
_counts the f™ams in the first examples. FWhat @id I leavef \_:f’y .
know what I left out." He wavers. He takes t%g blank donfino hg,ha

set aside. ”Impossible with onefx,But did we have such?"

A positive answer makes him think. 'Imiassible wi;h éng. Where
should I put_it?: He puts it by the blank ope. He takes it away. He
puts it beside two full dominoes. 'Many like this.'" He counts the
groups. 'Oh! So many! We didn't learn,abou§ these!' C,
He reselects the dominoes. He moves the right-hand one (the one o

- with one quantity) away. He moves it back again. "It doesn't work. -

Impossible with one." L

Advice is given: "Take away: either the left one or the middlt .
one." He moves away the one on the right then moves it back. "Take
thch one? The left or the middle? Which oné?” He moves the left one

away. For a long time he looks at the two remaining ones and is silent.

1 ask hi® to take a pencil and write out the solution. "But“is there

one?" He writes sluggishly. ‘
After writing down the two numbers, he inserts a plus sign and
very joyfully shouts: "It's possible." He writes and adds the‘itémsl
1 can do it with three grougs." He:solves the problem. S .
" When the work was concluded he;wanted to be assured that all
assignments were done correctly; and when he was given spproval, he
went awéy happy.

At one of thgefollowing lessons, Vitya was asked the already fami.l -
iar qﬁestioﬁs: "Can one compose a problem without numbers, with one
number, with two or three numbérs?” He answered all ;be questions
correctly. He undertakes the solution of new problems. Vitya asks
permission to use the dominoes ”so‘I can count right." The process

of the work followgh )
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I. A problem with two numbers is given. Vitya is‘asked:
- 1) to repeat the conditions' of the problem without using-the
daminoes,
2) to repeat the conditions of the problem by first taking from *
;féﬁong several dominces the domino havihg two quantities of dots corres-
Aponding to the numbers of the problem;
31 to tell the path~of-solution and solve the problem orally.
Although in the first case Vitya was most often unable to cope
. with the aseigned tgsk, in the second, using the group of numbexrs as a
support, he was more successful at repeating- the conditions of the prob-
lem:’ But‘here too the teacher' gulding word was DeCessary: "We will
“f . count ducks. These dots arg#fizrducks.” Or: '"We must count kopeks
| your dots are kopeks," The boy.accepts these conditions and solves&
the problem. Suppott from Humerical groups (dots) promotes both the
repetition of the conditions of the problem amd its solutfon. | .
+ IL. A problem without;numbers is given. Vitya,‘listening to the *
problem, turns to the dominoes and finding a blank, goes back to review
the conditione, only after this does he firmly and confidently announce
~that 1t 1s dmpossible to solve the problem because there are no numbers.
I1I. A problem with one number 'is given. ,Vitya. again singles -
out one of the dominoes with one quantity of dors, refuses to reviéw -
- the problem, and says that.it camnnot be solved: '"It's impossible,

&

there s only one number. B . '

~.In the examples cited, verbal instruction alone did not promote, -..
solution of the problem. Whenever Vitya was given'a new assignment,
he needed to relylon the experience of a previous activity, on the
visual image of a number whicg wasvexpressed by a numerical group of
dots. Even when a numberless problem was given, a statement of its
impossibility came enly after he had held and seen the blank domino.

One must not overiook the fact that a conclusion was drawn only

‘as a result of the gg}ding role of the oral instructions and not.as a
coneequenre of merely presenting dominoes to the student.

The first help usually given to the pupils ih arithmetic lessons

are in the form of concrete objects. This is quite correct, since any
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integral set can be formed only through uniting objects that can be
counted.

The concept of number ofiginated in the real worid, in surround-

'ing reality. Numerical groups in all cases are some combination of a

2

quantity of aétual-objects. Hence, objects must be used to teach
childrip to count. Only on this condition can one present the con-
cepts that 1) any quantity 1s formed as a result of the unification of
concrete‘objectg of counting into one group; 2) various objecés nay
be counted into each:of the quantities; 3).a quantity; no:matter what
objects of counting- it may gé formed from, is constant, i.e., it always

1A

contains a specific number of objects. ) )

When children are forced to work for a long while with the same
objects of counting, their experience is restricted, and‘the children's
deQelopment is retarded. Thiy does not promote the understandihg that'
counting antl érithmétic operations are possible only with homogeneous
objects. The data of our observations,- confirmed by the materials- of
N. A Solomin's dissertation study speak very COnvincingly of this.

“.Let us cite an example. Pupils with different teachers in two
first grade classes solved the assignment, which was,to drag a quan-
tity of objects, in different ways, corresponding to each numeral shown
to them. Where the counting matérial was constant (the’teacher used
colored circles and numerical figures. again consisting‘of circles), the
children solved all the proposed problems in the same way. Under each
number the pupil drew the corresponding &uantity of circles. The
explanation thaq[one may draw different objects and that these pbjects
must be the same only within each group was not understood by the chil-
dren. The solution again followed that same path familliar to them.
Whenever the childrgn tried a new approach to s;lving the problem, the
solutions went against the basiq requirements. The quantity of objects
wh;éh the children dgew corresponded to the indicated nﬁmber, bﬁt the
principle of the homogeneity of ,objects ‘was distorted. Under the
numeral 2 they drew a fir tree and a mushroom, a star and a giri., Under
3, a house, a'ladder, and a flag; a window, a‘ball,“a house; etc.
Although the explanation of the solution of the assignment was,repeqted

several times, the children solved it in their ow? way. The children
b 147
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did not understand thatd‘in counting, only homogeneous objects can be
included in each of the quantities.

The verbal instructions alone, ewgn if repeated several times,
were essentially of no help. The children's previous-experience came

to the forefront, characterizing definite forms of imstruction. The

child understood the problem only if it was presented through a demon- ,

st;ation end dn ékplanatidn of what was required of him,
~—But even in those cases in which the children understood the o
problem, its proper solution was possible only under direct’influence
. qf instruction. As soom as the teacher was silent, her con%rol over A
the ‘pupils’ independent activity disappeared. They again gave incorrect

solytions. Omiginal explanations or explanations not reinforted by

exercises were few. Previous experience influenced the child,\and his" -

activity remained stereotyped, despite the new inmstructiom.
tonous verbal repetitions and monotonous activity with the same
aids influence formation of a stubborn verbal stereotype. The me tally

.retarded‘schoolchild Just beg‘pning his education, cannotdﬁ;ter \
ual operations independently, despite new instructions. ’ \ \

Selection of visual means of instruction should not be based solely

on the suggestions that the teacher finde in the methodological hand- \ o
books on the relevant section of the school curriculum. The teacher | \
must always provide for the selection of an aid in accordance with

the specifie problem presented by the imstruction. Each time he must
evaluate the level’of the pupils' knowledge, ang he must be aware of

| the difficulties experienfed by each of them in studying the material.

One must also know how the selected visual device can contribute to . ¢

overcoming these difficu;ties "and to the pupils' best mastery of know—-

ledge. _In using manipulative alds early in instruction, one must D%

very ¢ cal of their selection, taking into accoumt the concrete

*roble t® be solved with them. X

1f we look at initial instruction in counting, we cannot help

nutinzfﬁhﬁ€m2§n'much time is devoted to work with separate objects,

each: ‘ which appeare as a unit of counting. Croun counting is post-

poned, a delay which restrains development. In individual cases, '

counting by units is unnecessarily extended; the pupils, becoming

»
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&dults, refuse 'to count on their fingers or with sticks,leven ,

though’ they know no other aids and dexices. for counting.

! , . - {
The Influence of Knowledge of Arithmetic ‘ ' PR
E "~ in Solving Arithmetic Problems é

Qur pedagogical investigations, organized as indiggdual lessans,
were conducted with below average, lagging pupils who often lacked
abilities for learning arithmetic. )

) In all cases we preliminarily esteblishquxne.extent to which the

"pupil was able 1) to read, to repeat without questions, and, using
questdons of the ccnditiens of the problem, to tell the method of sdél-
ving the problem aftef, analyzing it, and, finally, to solve the prob-
lem without using visual aids; and 2) to do the same thing/employing
various visual aids and visual devices of graphic notation.,

\ Before beginning the %ork, we carefully ascertained the state of

. each pupil's skills in calculation technique, since the absence of

| these skills or incorrectness in methods of calculating always leads .
‘to incorrect solutions of the arithmetic problem. .

" In most of the'children who could not’ solve the arithmetic prob-
lems, tnere were also oﬁher difficulties in arithmetic instruction.
Very often the weak ability to,differentiate and the weak amalytic—
synthetic activi{ty of the mentally metarded child was only Slightly‘
considered by‘the teachers. As a result, many_pu@ils‘here unable to
master the principle of decimal calculation and, therefore, ‘could not

| give an analysis of the decimal”composition of a number; i.e., they:
could not break it down into series. |

< The explanationsvwhich the teachen usually gave the whole class
when studying numeration, the gemonstration, and even the work con-
ducted for a while with visual aids left ‘no firm tracesfinfindividual;
children. And this caused their helplessness in completing the cal-
culation exercises. ; .

We did not attempt to reteach such pupils in individual classes.

Having ascertaiged the\basic difficulties, we offered the pupils a
series of devices for making visual graphic notation, which promotes

independent work, on whose basif the solution of the problem was made

pessible.
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* new, I understand everything.

We present.some examples.

1. Raisa Sh., age 12. Third grader in the auxiliary scheol. She
correctly analyzes a two—digit numbek, détermining the quantity of tens”
and units in eaap parf. She knows the digit s place in- the series.

In analyzing the number 29, she says, 29 i1s two ten® and nine units.
Two teps because 1t is written in the second place, and nine gnits be-

causa they are in the first place.’ She cannot add a‘two—digit pumber

“gnd a one-digit‘humber. There is no clarity in the order of addition;

the units’ number is sometimes added with the units and sometimes with

" the tens of the first item: Information that aids other children in™

their work just confuses her, .

_Raisa Lnows that "It's easier when you first have to add a little
number'to a big npumber." Raisa solves thg problem 31 + ‘6 thus: '"You -
have to add one to six because one is smallér, it's easiér." She
obtain;“73. "To six.add three tens because three is smaller, and if
you add on(to three it;s‘very hard." She obtains 91.

Raisa also}khows that in additioQ(; larger number is obtained, and
in subtraction ?‘smaller number results. '27 + 2 = 29. ‘Why‘does it’

have to be 29? You have to add 2 to 27. ' Indeed, 2 and 2 will be 4.

_1s this true? And we still have 7, which makes 47." And again: "Add

2 to 27. We have seven units and another two little units, nine in

all, and you have to write down another 2, You get nine tens and }wo

units." When asked why she obtained that, Raisa answered: ''Because

~

you have to ‘add units to units and tens to tens.'" When told that the
solution was incorrect, Raisa began to argue and presented a preof:
"You can check it. 1f we add, the answer will be bigger, and if we

take away, smaller, so 27 and 2 give ‘92, Which 1is larger? We got a

+

larger number, and every one we had was smaller [indicates the numbers

he
27;\2, and 92], Cbrigctl" i ”fﬁq

An attempt to give her visual aids evoked a protest: "I'm in the
third grade. In the first grade I got fed up with sticka and blocks,
and I won't count on an abacus, T did it in second but I'm in third
"

New visual devices had to be sought.

Ralsa- was<given written work,



.

-
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1) Numberé in the {problems were written with pencils of diff-
erent colors: tens in one color, units in another. Before the prob-

(W .
lem was solved, Rajsa analyzed it. ''27--there are two téns and seven

units in this numblkr. And this 2 is two units, there are no tens here.
You have to adg its to units [demonstrates]——which 1s nine and two
tens. You gef 29." In this way she solved several problems: 27 + 12,
36 + 23, 15 + 5, and others. Raisa makes the notation of the numbe
obtained in the results with the two colors—tens in one colqr, unit
ip another. .
2) Numbers in the.problems were writtan.in one color. Before

solving, Raisa was asked to indicate the order of addition with colored
areas. Raisa asked to be given the directions again and to be shown
how she must work. After this she told andtshowed everything herself.
When told.she was right, she begén to work. She described everything

splaced by brackets. Raisa looked attentively at tj)fe notation and con~-

she did. After she had solved several problems, t;zvarrOWS were re-—
cluded that "This is like with the arrows.'" She Jorked assiduously and
for a k;ng time. She asked to be given more new problems. When she
recelveld-ong, she asked us to hear it apd look at it, to check that

everything was cqQrrectly marked.
Models of Notation

Assignment ‘ Completion

27 + 2 = 27 + } = 29
36 + 21 = 36 + 21 = 57
15 + . 4 = 15 + 4 =19
yo oy
12 + 45 = l% + 45 = 57
. 4 __:...:—' -
4 4+ 32 = __/ 44 +.32-= 76 .
. —
35 + 4 = 35 4+ 4 =,39

In solving the problems on addition involving regrouping, indivi-
dual instruction was again required. Using colored notation again, we

utilized in all cases ''open," detailed notation.-
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Models of Notation
signment , Solution
37 +45= 30+ 7+ 40 + 5 =70 + 12 = 82

56 +17 D50 +10 + 6 + 7 =60+ 13 =73
) (] L e d I .

29+26= 20+20 +°9 + 6=ho+1s5-55

Raisa gradually made the transition from the detailed nptation to
the usual notation, but she still used colored arrows and brackets.
This facilitated the correctness of her solutions.

Later, in studylng addition and subtraction with three-digit num-
bers, supplementary lessons Wefe again required. The first examples
were solved again by using colored and detailed notation. '

In columnar notation, the columns of numbers denoting units, tens,
and hundreds were separated from each other by a colored line. A de-

tailed notation was also required.

300 + 80 + 1
400 + 10 + 7
700 + 90 + 8 = 798

2, Rita B., age 12 1/2. Third grader in t‘h.e %nxiliary school.
She is an averhige puﬁil.in this grade, but her position in arithgetic
is very weak. She gets D grades in all her assignments. Despitedthis,
Rita works systematically, obstinately, and pgrsisgently. She solves
proﬁlems in class and at home; She is afraid and does not want to
remain in third grade for a second year. She doeé extra studying will-
ingly. ‘

It cannot be said that Rita knows nothing of arithmetic. On the
contrary, if her grades are compared with the scope of her arithmetic
concepts and knowledge, the evaluation of her knpwledge seems wrong.
Rita reads all numbers from 11 to 20 correctly. She knows the table
of the sums and differences of numberssup to ten. She knows the multi-
plication and division table quite well. She understands the essence.
of each arithmetic operation. Nevertheless, she cannot cope with
assignments within the abilities of the rest of the class,.

in experimental lessons with the girl, it was established that



\
she could not give a decimal analysis of numbers. This was the basic
cause of errors she made in her arithmetic assignments. The direction
of Rita's work in solving arithmetic problems is extrgmély interesting.

_She is convivial and friendly until she encounters difficulty. Then
the girl changes radically. Her voice becomes quieter, she lowers her
eyes. We cite an excerpt from one of the lesson records. i

Rita was asked to solve a problem on subtracting-two numbers:

42 - 20.

Teacher: What must be done? !

Yupil: I must solve the -problem.

T: What problem? g
P: To take 20 from 42.
T: What is the arithmetic operation?
P: 42 take away 20.
T: How many numbers in this problem?
P: Two.
T: What do you have to do?
P: Take 20 from 42. ’
) ( T: Which of these two numbers is bigger?
° P: 42; 20 is smaller.
T: Whickh number do you take away from, 1f one is larger .
and the other is smaller?
P: From 42; it's bigger, and 20 is smaller.
T: low will this be doneé
P: lsilence] |
T: Tell me how you will take 20 away from 42.
p: |She silently solves the problem, becoming confused,
and whispers something to herself.]
. T: Please say louder how you are solving {it.

P: LShe is silent and continues toswork on the solution.]
. [The solution is correct.)
- I remark that the answer is correctf Rita becomes more lively
and answers freely and rapidly when asked to tell how she solved the

problem,
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"From 42 I must take away 20. You take two from four and get
two, and from two units you~?ake away zero, and get two., The total is
22." . |
The second time this same problem is solved differently: "Take
two from two, that gives zero, and four remains. The total is 40."

_ ghen asked to solve this same problem repeatedly, new incorrect -
’sdléﬁibns qré bbtained: "Take away 4 from 20, that gives 16, and we
have:i left. ' That will be 18." Or: '"Take away 4 from 20, it gives
16." She could not go further, "I don't know where to put the 2."

When asked to break down each of the numbers into tens and units,
she first refused, saying, "I don't know how." Then she made an
attempt (with our guidance): the number 42 isvﬁaken first. She
counts the teng: 10, 20, 30, 40, and then makés'this notation:

42 - 20 = 22 | 64 ~ 41 = 23
2§§<iz, 10, 10, 2 16-10-36-30 10 10, 4 - 1 = 3
57 - 35 = 22 33 -12=21

¥-16-+8 10 10, 7 -5=2 N 1010;3 -2 =1

84 - 62 = 22

10-16-16-1016-10 10 10, 4 - 2 = 2

100 = 75 = 25

5
1+ 16 16 6161038 10 + 10 + ™ - 5 = 25

This step was the transition to solving simple problems on
adding and subtracting two-digit numbers. She was continually success-
ful after being asked to designate the numbers showing the quantity of

tens with a dot, or to jein them with a bracket.
¥
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40 + 36 =

My 1llustrationm:
|
40 + 36 = 76

Rita's Notation of the Solution
of Problems

.

- 1 7
20 + 75 = 95 25 + 30 = 55
F‘““ﬁ
17 + 42 = 59
|
—— ¥

86 - 42 = 44 54 ~'30 = 24

In solving complex problems on addition (without regrouping) the

work was done correctly, but at a slower rate. Of twenty cases, none

coritained any mistakes in solution. These were of the type

‘ 43 + 21 +
16 + 31
30 + 24 +

However, in the solution

35 = 99
42 = 89

437= 97,
) N
of complex problems in which addition al-

ternated with subtraction, difficulties again arose. The usual tech-

nique of the school metho&h&q&z (to write out the first result over a

- line) had been mastered by Rita, but the work went very slowly, since

the four elements marked with

two numbers necessary for the

dots prevented her from bqgéiing down

second arithmetic operation. Rita was

shown a notation separating the first operation from the second with

a line, and thig made it possible for her to obtain correct solutioms.

A model of the notation separating the problem's parts is:

88 )
73 + 15’-.10 = 78
'_‘.’
78
42 + 36
—h

LY

96

84 + 12|~ 30 =
—

6
L

- 50 = 28

The girl was also shown the form of sequential linear notation of

a solution, which she easily mastered. Subsequent work was very pro-

ductive,

N

e



A model of sequential linear notation of solution is:
41 + 27 -30 = ﬁs ~ 30 = 38

The same sequential notation was utilized in the solution of
complex examples on multiplication and addition or subtraction, on
divisig”“ nd addition oy . subtraction.

‘ We cite the-notations of the solution of problems which, with the
heI% of dots, was fully mastered by Rita:
- <

8 x 8 -30= 64 - 30= 34

M . 7 x 6 —20= 42 - 20 = 22
7 x7 +50 = 49 4 50 = 99 '
‘ ‘\ . - ‘e
' ) 6 x 6 20 = 36 - 20 = 16

)

In completing arithmetic operations includigg regrouping, the

same technique was used with the indispensable aid of detailed notation:

¢

27 +35 =50+ 7 +5=50+ 12 = 62

This technique was effective because Rita's attention was con-
stantly fixed to the problemfbeing solved. The ;equence of the elements
of the solution, designated by colored dots, became visual. '

- We agplied this same method in the -process of teaching the solu-

v tion of_aéithmetic problems to otheér popils of the auxiliary school as
well. . In organizing the exercises, our 'basic proposition was the
‘i neeessity of analyzing and combining the work of each pupil.

SR The condluding stage in the completion of each exercise was the
oral account given by each pupil. This was not supposed to form any
particular rule for completing an ooera on, but, supported by the
notation of the solution, was to determine the course of the solution
of the assignment. Thus, the prelimi;;ry plan and the possibility '
for. constant independent checking of the completion of the a&signment,
and the subsequent oral account, promoted understanding of the solution
completed by the pupil The control dot&\the pupil placed below the
digits or the control arrows with WhiCQQFé designated the necessary

elements of the various numbers occasip ally had to be replaced by

3
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detailed notation. This protected the pupil from the unconscious
repetition of the exercises and consolidation of a sluggish stereotype
of operation. This was also the aim of changing the exercises,
essentially homogenebus, but differing in the numerical compoments.
An essential and significant element of the indicated study
\ , activity was .the pupil's intefeét, which was increased with each visi-
blé success-—the problems were solved without those continual errors
which had previously plagued the pupils' work. The very process of
their activity not only became visual, but also was intimately combined
with the explanations. ‘This combination of visual and oral means pro-
tected the child's thinking from deviatiéns and errors in his comple- |

tion of the exercises.

4

After it had been established that calculation could not be the
source of errors in solving a problem, we attempted to ascertain the

. . . A . o s
difficulties encountered by the poorer pupils when reproducing the “\

conditions of g problem.

¢
Reproducing the Conditions of an Arithmetic

Problem on a Visual Basis

In schoo ;gctice, reproduction of an arithmetié problem's con-
ditions is thj;§2hstant element preceding its solution. Most often

the teacher asks the pupils to repeat a problem's conditioms after

he has read or told them to the pupi s once or twice, imagining that

this repetition serves as a means promoting solution of the given prob- )
"lem. In this the reading of the problem's conditions is not accompanied AL
by notatlon of the numbers, or illustrated in some form (model, sketch,'
drawing). 1In this case the teacher uses verbal means and requires a-
verbal answer from the pupils. It is supposed that such an assign-
ment is completely within the pupils' capabilities at any stage of

their school inétruction, for the assignment itself was chosen accord-
ingly (smaller numbers and fewer words in the problem's conditions for

the lower gradeq, increasing them for later years of "instruction).

‘The data of our pedagogical investigation did not confirm the

correctness of this wldespread technlque of instruc®ion. What is

~\;orrect is the central premise that the solution of an arithmetic

]
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problem is influenced by the mastery of the conditions and their repro-

duction by the pupils. However, this reproduction is necessary and
useful only when it is given correctly by the pupils, although not-

ardly verbatim. Whenever the gonditions are distorted in repro-

the necessary solution cannot be given. The solution is

'fe‘liz ither correctly or incorrectly. This holds true with respect

: to the soI‘tions of problems by pupils of various grade (grades 2~4

in our data).

This is especially apparent with pupils whose intﬁllectual ability
is most limited. We present selected comparative numerical, dats (by
gradég) from the materials of our investigation, illustrating and

supporiing them with cases from individual lessons conducted with

_pupils as control investigations. ‘ .

Grade II (special). 15 pupils in the class. The teacher has
special‘training.'-fhere is good discipline in the dlass."Thé children
work at their lessons systematicdlly and with interest.

/#*h On the day befgfe the lesson, we conducted individual lessons
with each pupil. The aim of these studies was: .
' 1. To gscertain the pupils' abil&ty to reproduce the conditions
of an arithmetic problem.

2. To disclose the interdependence between the reproduction and

-

‘the solution of @n arithmetic problem. i

3. To construct a plan for an experimental lesson after anaiyzing
the observations made.

The pupils were given this problem: '"Someone bought biscuits and
donuts.‘ The‘biscuits cost 7 rubles, the donuts 4 rubles. How much
was the total purchase?" .

As a result of the individual lLssons, the pupils were raquired to
reproduce the problem's conditions after it had been stated Lwige Of
the 15 cases, /7 were unsuccessful. 1In no case was there a so%pt1on.

In three cases only<the first, introductory, statement was re-

1A}

tained: '"Someone bought biscuits and donuts,' "Someone bought biscuits

and bought some donuts,' "Biscuits and donuts were bought in a store."”

. Even in these cases no solution to the problem was #Hrthcoming. There

158
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was a girl weo could reproduce only three words: ' "Someone bought
biscuits." She also did not solve the proﬁlem.

In two cases the reproduction retained the first or omly a part
of the second element and the last element’of™wige conditions: ''How
much was the purchase7" or '"Someone bought biscuits. How much did
they cost?" O0Of course, “these reproductions did not give the necessary
result--the children could not solve the problem. 1In reproducing the
-problem s conditions, one pupil’ remembered one of the numbers, which
caused him to introduce thii;number in the answer. From his point of
view, this was the result--the solution of the proElem. "Someone

bought biscuits for 7 rubles. How mueh did 1t cost?" After he had

o . 1
communicated the conditiens in this way, he gave the answer, ''7 rubles."

This is no solution. Only in one of the 15 cases was an approximate
reproduetion of the problem's conditions given,,resulting in a solu-

;ion of the problem, which, however, was incorrect.

' ¢ Reproduction . ' Solution
. Someone bought something for .
¥ rubles and something else for 7 -~ 4 = 3. 3 was necessary.
4 rubles. 1ilow much in all was
&agcessary? .

4

The téacher's guiding questions did not help the situation. ?Hé
solution was not changed. Statements like "From 7 one ¢an take 4,
giving 3" and "correet, because they solved 7 - 4 = 3" were advanced
as grounds for substantiating this solution/

Thus, the overall results are clearly unsatisfactory. It was
impossible for any pupil in the class to reproduce the problem's cgn-
ditions. Each of these pupils had been imn school not less than three
years and during his arithmetic lessons (with very few excepriees) a
teacher has had tbé pupi}s répeat the conditiéns of some problem every
day. An ability to repgbduce the text ofia problem's conditions has
‘not#been cultivated. /& significant number of the pupils displayed
total helplessness when trying to reprqducemﬁ proeblem's conditions--
ﬁthey quit. But even the children who, set about completing the given

¥

assignnlent were unable to realize it. In the conditions of problems
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reproduced by the pupils there were no numbers, necessary forgtoy
. arithmétic problems. Even in those rare cases whenrnumbers were
remembered, the problem was\not understood, and the solution did not
occur. - ' N )
Followiog an analysis of the facts obtained as a result of indivi-
dual studies, a plan for an experimental lesson was worked out. Accord-
ing to this plan, .2 lesson was given in two second grades and one third
grade. The children of one of the grades were not given individual
lessons. 1In this grade the lesson was begun with a statement of the
condition® of the problem and a request that they be repeated. This
was noﬁ done in the other classes. sime we already knew the pupils’

capabilities in reproducing a problem.

\Jhe curricular-methodological aim of the lesson was to lead the

$upil; from the solution of a simple arithmetic problem to the solution
of a complex problem.

i

The egperimentsl aim of the lesson was 1) to check the effective—

ness of pupils' activity ﬁn solving an arithmetic problem whén shown
the problem's conditions in different forms, verbal and verbal-visual;

2) to disclose the relationship between the reproduction oflthe condi-:

tions and the solution of the arithmetic problem. ‘

Successive course of the lesson , A \
T
I. \ o \
1. Direction of the pufls' attention to the first assign- '
ment of the lesson: to listen carefully, try to remember
and repeat the problem's conditions.
2, Problem's conditions stated twice.
. 3. The'pupils are questioned. (A good, average, and poor
pupil are questioned. The teacher writes out their
' answers.) ‘
4. Solution of problems (with notation in the netebooks,
. then on the blackboard).
IT.

1. Presentation of the prdblem's conditions in visual—
verbal form.

2. Pupils' reproduction of the probiem's conditions using a
sketch and’ the teacher's questions. :

360



3. Reproduction of the problem s conditions using only
a sketch.

4., Solution of the problem with notation in the notebooks
and then on the class blackboard.

I11. .

1. .Transformation of a simple problem into a cdgplex one
(sketching a supplementary element of the problem, .!

o analysis, and repetition of the problem's conditionms,
using a drawing and the teacher's questions).

2, Pupils' reproduction of the problem's conditions, using
visually illustrativg notation on the blackboard (the
elements of this ngfation are sequentially indicated
by the teacher). -

) ' . '

. ', 3. Reproduction of the problem's conditions using a notation
made on the class blackboard (without the teacher 8 indi-
cating the individual elements).

4. Solution of the problem and subsequént notation in the
children's notebooks and on the blackboard.

Iv. . ° :
+Supplement to the lesson plan (or its fourth part). In
case both parts of the problem are solved and the outlined
- plan is fulfilled, another complex problem 1s' offered for

#/’ ) solution. 1In this problem the objects purchased and their

cost remain as before, as does the sum of the money involved.

- The problem is expanded by the addition of a new element—-—

another object is purchased. ' Otherwise this part IV 1is used
as material for & subsequent lesson.

Problems and Models of Their Notatisén on the Blackboard ’

Texts 4 Y Forms of the Notatio%)of
' - the Conditions and
Problem 1 (simple) Solutions
1 ]

Someone bought biscuits and
i donuts. The biscuilts cost 7
7 rubles, the donuts 4 rubles.
How much was the whole
purchase?

7 rubles +. 4 rubles = 11 rubles
The purchase was for 11 ‘
rubles. Figure 6

lé6l
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Problem 2 (complex) 1.

Someone bought biscuits and
donuts. The biscuits cost 7 rubles,
the donuts 4 rubles. He gave the
cashier 20 rubles. ‘

How much change did he receive?
1) 7 rubles + 4 rubles = 11 rubles
2) 20 rubles -~ 11 rubles = 9 rubles

AT CE T .
T = tagher T

- onuly } vl p
& = NN AL
L—;ﬂxjjf?@#, P

.

He received 9 rubles in change. : . Figure' 7
. 9 ", '

Problem 3 (complex) . "

. «
o F

Someoke bought biscuits, donuts, . A
and candyQ He paid 20 rubles for e oM N
the whole purchase. The biscuits [;*‘j [“—”&' “{j

cost 7 ribles, the donuts 4 rubles. o Sy
How much ‘did the candy cost? : Qy}gglt:?{\‘fﬁ%%f Zi;;nu_lgf
1) 7 rubles + 4 rubles = 11 rubles . C?;E:}ET@G

-'

2) 20 rubles - 11 rubles = 9 rubles

The candy cost 9 rubles. - Figure 8

The problems are given in succession, one after another. The -
teacher relates the coﬁditions and simultaneously draws on the black~
board, always addressing the class.

. What was bought? (Bigcuits.) A box of biscuits are drawn.

And what else? (Donuts.) A~ box of donuts 1s drawn.

So, what was bought? (Biscuits and donuts were bought.)

And what was paid? (Money)

How much were the biscuits? (The giscuits cost 7 rubles.) The
cost of the bisé&its is written down.

sHow much were the donuts? (The donuts cost 4 rubles.) The cost
of the donuts is written down. ‘ | -

" Now let's look at the drawing and tell what was bought and how
much money was paid.- ’ )

The teacher indicates each element. Pupils answer individually
(two or three pup{ls of ;Arying arithmetical ability answer).

What is the question of the problem? What is asked in the grob—
lem?

The teacher collects several answers to this question and obtains

e e F
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the one best in form ({How much did the whole n\¥chase cost?'").

Having selected the best answer, the teacher asks the pupils to
establish the numbeg of words in the problem’'s question. Thereggre 73
With the teacher, the children recite the question word for word and

tap their hands on the table for each word: first, "how,' second,. - -

it

"much,"” etc. 1In the rectangle where the question of the problem should
be written a ;npi} draws seven vertical lines and puts a question.mark.
The teacher asks the pupils to\%epeag,the problem's question (two or
three times), and then relate the whole problem. The teacher indicates
parts of £he drawing, and the children ;eproduce the text of the prob-
lem's conditions. Thén solution of the problem is proposed. The pu-
pils tell the teacher the results of their solutions, indicating the
arithmetical notation or only the final part of 1t (the answer), which
each pupil made in his‘EWn notegsbk. After all the children's work has

* ‘ beem examined, .the solution of the problem is written by one ef the
pupils on the blackboard. Two puplls are called lip; one relates the
‘conditions and then the solution of the probleni; e other accompanies.

+the narration by indicating tﬁe parts of the problem.,

The other problems are analyzed in approximately the samé wa¥.

. - Following tfg lesson the pupils are questioned&individually in
‘ .order to ascertain what was mastered at the lesson. (Verbal repro-
duction of the first and each subsequent problem was required. When '
this Qﬁs uns;cceeeful, a drawing was shown.) Y !
A The results of reproductjon of the'conditions, and depending on

¢

this, of the solution of the problem, were strikingly different from
‘thoqe obfained the first time, i.e., after the problem had been given
only verbally‘ I o , ‘

Mosay importantly, not one pupil gave up. In reproducingikhe first
problem, two nupil‘ omitted numbers (both numbersrin one case, and the
second number in tHe other case). In the solution the numbers were

(ffnoﬁ named,. but a final result was given. A request to write out the

solution was complied with, and the lines of t® notation were prec
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- metic line, lhe unit was obtained by subtracting the minuend from
'S

"200, 10, 29, and 27 rubles). v - .

] ' * "
A\ ' -
]

these reproductions there were the following flaws: R ‘

1. In 4 cases the sum of money given the cashier was. changed (to

d

"change' was not uSed. Here the prob-

2. -In 7 cases the word
lem's question‘was'formuiated thus: R ﬁ% N
How much movey did he obtain? (Two aneﬂers.j )

How much did the cashier return?; (Three answers.) _
How much did he have left? : ! o
How much @&:é could be bought?
s‘sqr n all these cdses one may 8peak of impreciserformulations* but
o) logical mistakes in the question. . B / o

The solution of problems was incorrectaiw_five cases, ‘but in only
one of those cases in which the total sum. of money Hhad been changed
The sum of 200 rubles, named by one'in the conditioﬁs did not. figure
1n his arithmetic operations- ‘Here all numbers corresponded precisely
to the problem s conditions. * The sums of* 29 and 27 rubles were not
used either. These numbers were included in the problem 5 conditions,
* but . the'sum of 20 rubles were given in the aolutions. “Thus, the solu-
tiong did not reflect the changes brought into the conditions of the
problem when they were repeated. A pupil'included the suim of 10 rubles ~ ,
in the sqlution too The pfoblem'in this case inccrrectly solved in

its second part;_ The pupil wrote: " 10 rubles, - 11 rubles = 9 rubles.

- But when his attention wgs called to this mistake, he did not correct

the whole Solution but merely crossed out the 9 and put a 1 in its
place. In his first solution the 9 had 'been taken from the prgblem ]

final answer and placed to the rixght of the equals sign on the arith-

the subtrahend, since the latter was greater than the formetr. He b
did not return to this aolution afggr he related the problem e condi-

tibns using a drawing~~he then solved the problem Lorrectly ~In two

'solgzions of a’singl problem, the pupil ddd not see the total and .
%

t&at altezation which he himself had introdnced. A\;:rrelation “of the

two solutions was impossible. grhere were no connections between the

first and second assignment each of them appea\ed independ&ntly

P -
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Mistakesqgn all other solutions (four cases) occurred in the
second‘paft the problem and consisted of the following: )

s1. 11 igglgg_were subtracted from 20 kopeks, resulting in 9
rubles. ‘ : '
<. Notation of thé numbers was made without“-designation of the

A}

unis in the answer: 9 kopeks.

3. In subtracting 11 rubles ffEﬁ“EQ rubles, one girl obtained
7 rubles.. - o
) EE . .
4, A reverse sequence of numhers in the subtraction was given:

11 rubles - 20 rubles = 9 rubles. The number obtained in solving the

—first part wgs taken as thg starting point of the second part.

Reproduction of the thir§ problem's conditions (this problem“hét

solved at the lesson), as we ascertained from the general questioning,
. . ’ LY h

.was vé;y'diffiCult for most of the pupils in the class. Only two of

the 15 pupils gave more or less verbatim texts of the conditions and

complete solutions. ot

Someone ‘bought bistuits and donuts. The bisecuits cost
7 rubles, and the donuts 4 rubles. The person gave the
cashier 20 rubles. How much did the.candy, cost?’

~

Retained in this case were those elements which were repeated
several times in the solutions éf the first two problems,‘aﬁd‘which ™
f@re constituent parts of the third problem's conditiohs,'although

in a somewhat differdnt sequence. -

The second pupil's répﬁzi:ction of the text was:

$omeone bought bfscu 5 amd donuts. ‘The biscuits cost
7 rubles, and the donuts 4. *He'gave 20+ gubles. How much
did the candy co$t? He gavecth& cashier 20 rubles and
received no change. How mugfi did all the candy cost?

Here too one can see the same regularity, i.e., the elements of
the. problem which were constituent papts.of all the previous E;oblemQ-

were not forgotten. The problem's quéscion wag” given twice, since

after the suppiements to the initial given gond}tions of the problem,

~

“* . .
" One ruble equals 100 kopeks (Trans.).

Ld
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the text of the problem was unusual and incomplete. The ending in the

form of a question made the conditions usual, and the transition to the
solution was more substantiated,
In two cases the text of this third problem's conditions was com-

posed of elements of the first two with only one'word, "candy," added:

Someone bought biSCuits, donuts, ‘and wandy. The biscuits
cost 7 rubles, the donuts 4 rubles, and the candy. He gave the
cashler 20 rubles and obtained change, How much change did he
receive? ‘ \

»
N

Someone bought biscu1t§ donuts, and candy. The biscuits~ - l;
cost 7 rubles, the donuts & rubles. He Paid 20 rubles. How
much Lhange did he receive?

The solutioens f these problems were identical to those of th?

second problem. Th cost of the candy was not determined, although

.
4

candy was entered into the number of\burchages. 2,
+ In the remaining cases the ghildren either gid not give the condi- - *
tions of the third problem (they "forgot "Y or g§Ve only the first qen— .
tence or the first sentence and the Queﬁtion of' the problem. Only when
*asked the supplementary question 'Were there numbers in the lroblem?"
did each of the child%en name ald three numbers. But even after‘this,
the problem's conditioné\%ere‘not constrocted. The solution was-re~
plaeeo bW the final answer of &he second or.thlrd probleh: "9 rubles
change,% "9 rubles should be the change" (in seven cases); '"The candy
cost 9 rubles," "He paid 9 rubles foﬁ the candy"‘(ip four cases):
\ It is too difficult for the children to discern the fioe Mstinc-

*
tion inm the elements of the latter two problems, since the children are

not yet accustomed to juxtaposing and comparing exts ofNiconditions and

solutions of—arithmetic problems. Only (n iater lessongfwere they aﬁle
to 'obtain the necessary results. o, . .

. The following conditions wore decisive ln the successgs achieved:
first, the poqsibility of help from pi(tu:ef of the objects purchased,,
from the visually pergept1ble correlation of the cost of each of them,
from 't he alearly and visually deslgnatdg question of the problog, qLcond
the r&pedted review of the indvaduAl parts of Lhe p;oblém s conditions, o
once agéin accompanied by Yisible uniflcatioo of these parts into an
\

integral unit, Chy
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In the general questioning, each pupil was.oriented so that he
would consciously come to the problem's question, either by watching
a demonstration, or by indicating the elements of the conditions himT
self. This demonstration produced goal-oriented activity according
to a clear plan., The text of the problem's conditions, before it was
' reproduced as a whole, was composed of parts, each of which, when
&singled out, was understood by the pupil. The visual p}an for his
analytic and synthetic mentaf activity protected the child's speech
against~accidental introéuction of extraneous material and digressions
frof the main course. ‘
First we should note a decrease in the number of pupils' refusals
. to reproduce the problem, for reasons like "I forgot," "I don't
remember,' "1 can't" in grades two and three. Secong graders of the
special (weaker) class gave up in 33.3% of the cases, regular second-
graders gave.ué in 23.57% of the cases, and'third graders, 16.67% of the
cases., ‘ '
In an examination of the texts of the problem's conditions which
- had been ‘reproduced by the pupils, some definite order wgs disclosed:
_the flrst part of the problem's conditions, which contained the names
of the objects purchased (i:e:, the five words ''Someone bought biscuits
and doduts'), was expressed bast§in the reprodyctions of the pupils of
all clSSSgs. The last part (th problem's question, "Hqw much did the
whole purchase cost?") was sign??jtantly less well expressed, and the
most poorly expressed was the main part of the conditions, contaiﬁing
the data of the co;t of the objects purchased (the bisgulits cost 7
rubles, the-donuts 4 rubles).
We present a summary table of the results of the repréduction of
each pért of the problem (See Table 1). i
Although these ;ﬁ;&ltspdo reflect a positive influence from the
instruction, they bafically illustra}é the poor potential of the
mentally reta%ded schoolchildren (or‘understanding the conditio¥§ of
the arithmetic problem presented in purely verbal form. EKEven some of
the third graders, who had already had some eﬁpg fence {n solving
arithmetic problems, did not know that thé problem must pecessarily

have numerical data. Of 50 pupils in all three grades, 14 persons
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~ TABLE 1
PERCENT -OF PUPILS IN EACH GRADE WHO REPRODUCED
*"  PARTS OF THE PROBLEM

3
P a4;ff-§ of the Text
*‘ ]
- Someone bought The biscuilts cost How much did
biscyits and 7 rubles, the the whole pur-
Grade" - donuts. Qﬂéuts 4 rubles chase cost?
2 (special) 40.0 \ 5.7 . 13.3
2 66.1 244 . 35.3
3 . 73.3 31.7 45.8
.

¢

(28%) failed to give both numbers in their reproduction of the conditions,

and in one instance only one number was named. The larger part of all
. cases occurred in the specialksecond grade (one and one half times great-
er than in each of the other two grades).f

The lessons we developed on the basis of data obtained as a result
of individual studies conducted in the second and.third grades bf geveral
auxiliary schools (in Moscow, Riga, Noginsk) confirm that children re-
produce the texts of arithmetic problems much more successfully when
they have the opportunity, during the reproduction process, of relying
on the basic visual elements of the téxtﬁ correspondfng to the teacher's
speech. This occurred whenever we presé;ted new study material or a
new, still familiar arithmetic problem whose solution required collect-
ing all one's previous experience in order to select from it everything
useful for understanding and solving the problem. ®
We gave the third and fourth graders a simple arithmetic problem

unlike those they had solved in school, but one which was freely and
easily solved by second and third graders of the general public school.-
After the teacher had read the text of the problem twice, the children
were asked to solve the problem. No correct solutions resulted. The
children's attempts to reproduce the text of the conditixnﬂ!r which were
necessary for solving:the problem, did nat give the result required and

did not,foster completion of the assignment. .

. ' ¢
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Text of the Problem

It is 10 kilometers from a kolkhoz to a forest, and from
the kolkhoz to a mill on the same road it is 4 kilometers.
How many kilometers from the mill to the forest?

In the problem's text there are 34 words [22 words in the Russian].
Not one pupil reproduced the text of the conditions precisely and com-
pletel§. *THere were occasional approximate reproductions in the third

grade. This increaged somewhat in the fourth grade.
N ,
It is 10 kilometers from a kolkhoz to a forest, and to
a mill 1t's 4 kilometers less. How much to the forest from
the mill? 10 kilometers - 4 kilometers = 6 kilometers. To
the mill it's 4 kilometers and to the forest, 6. (Third
grade) , ~
- . N
It is 10 kilometers from a kolkhoz to a forest, and to a
mill on the same road from the kolkhoz it-is 4 kilometers.
How many kilomeﬁgrs from the mill to the kolkhoz? No. To
. the forest? 10 kilometers - 4 kilometers = 6 kilometers. :
Because 4 kilometers to the mill are already travelled, and we
still don't know how many to the forest, but there were 10,
so we take away. (Fourth grade)

These are the best reproductions and solutions. A'significant
number of third graders understood the words "on the same road' as
an additional route. ‘

It is 10 kilometers from a kolkhoz to a forest and on

the same road 4 kilometers to a mill. How many kilometers
altogether to the fOf&ht? '

10 kilometars + 4 = 14 kilometers.

He has to go 10 kilometers from the kolkhoz to the forest,
and 4 more kilometers to a mill on the same road. How far
altogether does*he have to go?

10 + 4 = 14 kilometegs.

It is 10 kilometers from a kolkhoz to a forest, and to a
mill it is 4 kilometers. He has to go along the same road
so'as not to get lost. 14 kilometers in all. He has to go
far--10 k{lometers and another 4 kilometers. It would bef
10 kilometers from the forest to the kolkhoz.

The fourth graders made this same mistake, although less {requently.
In repz:ducing the conditions, many pupils changed the problem's

question. g formulation often did not coincide with the conditions.
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Third graders said: '"How far must oné travel in all?" '"How far did
the kolkhozniks go into the forest?" "How far in all to the mill?"

0f 15 thi;d graders, six did not give a question at all.” The
text of the conditions is transformed into the solution. All these
pupils had incorrect answers. .

In the fourth grad¢ the conditions were not.ccmpleted by the
question in four of the 15 cases. An incorrect solution resulted.in
all these cases. '"How far remalned to the mill?* 'How far to the
forest?"

~ On a positive note, in all the reproductions of the conditions,
the numbers wege remembered. And when the text of the problem's condi-
tions was accompanied by a graphic demonstration,vthezresu;ts of both
the reproduction and the solution were notiéeably better. ' The weakest
pupils were drawn to the sequential demonstration (analysis) of the
drawing's basic elements. »

The ciﬁ?d s speech became nore sure and confusion disappeared

The task was completed with a correct solution. Four third graders

and three fourth graders required a chond reproduction of the qpn&i—

9). THe solutions were

tions using a drawing befgre each would go on to the solution (Figure
iiilect. S~ '
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Figure 9 .

In the experlmental lessons and the individual &tddies we made
with the Ehildren of the different classes, we were able to determine
the nece%si:} of céﬁgrefe objects or drawings of the conditions or an .
arithmetic problvm for its reproduction and subsequent solutidn ,

It is interesting that, the ability to single out the essential and

main features of each arithmetic’ problem in the practice of school
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instruction is cultivated very slowly. The daﬁa we obtaiﬁed from
our experimental lessons in the fourth grades of seQeralaauxiliary
schools (in Moscow, Leningrad; Noginsk) also confirm this.

We present here some excerpts from records of these lessons.

~On the class blackboard are presented incomplete conditions fxom
..two identical arithmgtic problems (without the questi;ns); several
numbers determinin% the cost of objects purchased are missing. The

pupils’ attention is called td the conditions of the first problem.

1. They bought 4 kg of sugar 2. They bought 4 kg of
at _ rubles for 1 kg and 4 sugar at rub1®¥or 1

4 kg of granulated sugar at kg and 4 kg of granulated
rubles for 1 kg. . _ sugar at ____ rubles for 1 kg.

The teacher asks the pupils to read thesegconditions and answer
the question: '"Can the problem be solved?" 0f 10 classes in which |
this lesson was conducted, there was not a single one in witich the
ppupils fully recognized the impossibility of solving the problem. In
all classes the opinions\were divided (with small vacillations in either
direction). A significant number of children considered the solution
possible. And only after asked to begin solving .the problem, after
the children had picked up their pens and were ready to begin writing,
did doubts arise. '"It can't be solved, there are no numbers," ”You
can't solve it because we don't kﬁow how much the sugar costs," "It' s

" In those classes in which the

nQL knOWn how much the sugar costs.
word one was placed before the-word kilogram in these conditions, the
answers were more precise: "It can't be solved; it's not said how much
one kilogram ;?Wsugar costs' (the same for the granulated sugar).

When the necessary numbers were inserted, the children again were
asked: '"Can the problem be solved now?" And again t%ére were quité
a few positive answers. We cannot help noticing that’ these answers
were given less Hastgly than in the first case. The suggestion to
begin the solution, given only to those pupils who had stated that a
solution was' possible, evoked vacillatton. These yacillatdons_occurred
in both groups of children who begaﬁ the solution very amicably. Some

whe had just stated that the problem could be solwed did not begin

working, while others who had Sﬁb@élvof the Impossibility ¢f any
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solution leaned oser their desks and begannyorking. After a while
those solving the problem stopped worﬁlng and announeed that a sqlu-

. tion was impossible. "There is nquuestion;" "It is not known :ﬁét
is askeq,” "The problem's question has to be asked." A qnestion was
adtled without trouble: 'How much did the whole purchase cost?" - There
Jwere no incorrect formulations of the probiem, although in individual
cases tWe formulations were not so smooth: "How much do they have to
pay for all the purchases?" "How much did they spend for sugar and
granulated sugar?" After a question had been stated, a solutlon of the
problem resulted in all casess ‘

»

The children's attention was switched to reading the text of the

’ second problem. Numbers were inserted——the same:numbers which had been

. appropriately substantiated before: ''We have ident{cal prices every-

~ where," "If the prices are decreased, they are decreased all over the

countgy." Several pupils even Mnew that "we hgve btate prices."2
’<£§mmediately ail pupils, without exception, announced that the

question of the problem could not be answered. ‘However, statement of

the question was difficult -Almost all pupiis in all classes offered

the game question with which they had solved the first problem. And

when this question wpis Dot accepted, since a problem with the same

1

‘question had just been splved, many pupilsfwere discouraged: prob-

lem is the same,* "They are identical," etc. The request to ascribe
some other question to the problem put the(;upils in a difficult posi-
tien. Again and again the pupils read the conditiams of the problem
and saw no, essential distinction in/the two‘parts of the problem:
{dentical quantities (4 kg ) and different prices of the same unit of
weight (kg ) of sugar and granulated sugar. The ch}ldren were unable
to compare these prices and ask "How much more expensive is 4 kg of
sugar than 4..kg of granulated sugar?” or "How much more expensive

# is the amount of sugar bought than the amount“of granulated sugar

bought?" Their thought followed another direction; they could not

détach themselves from the question thefiﬁad just formulated. They

s
. ’ V.

2 . ‘ .

- The lessons were conducted shortly-gfter the value of currency®
had been increased, and the children knew about this from conversations
at home and in class; many were buyers themselves -
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y stated the question they had used for the first problem,

g its formulation.. The children offered 14 variants of one
he same question These variants were similar in essence and
. différent only in tﬁei’ external formulation.
© "How much money was spent. for the‘pd§chase?" "How much did they

pay for all, the sugar and the granulated sugar?'" "'How much did they
give the cash{e}?" "How much must be spent for everything?'" Whenever
they werekésked to think about the difference between thig ;uestion
and that of\tﬁs\fifst problem, the children found it in the fact that
there were seven words in éhe first one and more here, that is was

the whole purchase there, and only sugar here, etc. Only after they
had beenxasked "How do all your questions differ from the question .
of the first problem, by words or by meaning?'" did the children cease
their unsuccessful attempts to alter the form of the question, buE\\\b r
_they asked their own question, "How shg;ld it be?"v THey were asked t
look carefully at the problem's conditions. The first pair of data

(the quantfty and cpst of 1 kg of sugar) was underlined in chalk of

one color, and the second pair, in'ﬁhalk of'another color. The chil-
dren were asked to compare and answer the question:-. "What is identi-
cal and what- is different in the underlined parts?h L l {&

In four of the ten classes there were children ;hnée compérisons

followed the line of juxtaposition by fo}m——"in the first you have
kg written big and in the second not s0 big," "there you wrote the
A é‘little~alffér;ﬁtly,”v“you'qnderlined the firdt in blue and the

' etc. Only after several questions had been asked,

LN
- which were accompanied by a search for the notation of the necessa}y

, second in yellow,'

elements in thevkext, were the necessary answers forthcoming.
How much sugar did, they buy? Indicate if and state it.
y &F‘_—‘__—._H‘—'__‘d_‘_‘—“‘"

A

How much gfaﬁulatad sugar did they buy? Indicate it and state it.

They bought 4 kg of sugar and 4 kg of granulated sugatf (teachgr“
indicates). What can be said about the weigﬁ€‘5§veach of these? ,
- : Tée weight dfmthe sugar aﬁd the welghf of the granulated sugar

are identical. . ’ '

How much did they pay for 1 kg of sugar? Indicate it and stateg

it. T ’

-—

173

1895
\ ]




«

-

.

How muchi did they pay for l'kg of granulated sugar? Indicate it

. . »

and state 4t. :
Let us compare the nunHers denoting how much 1 kg of sugar and 1

kg of granulated sugar cosf. What can we see in comparing these numbers?
: €

(Point out the nhmbers.)

The numbers are different. The numbers are not identical.
The weight of the sugar and that of the granulajed sugar bought
are identical,‘but the prices are different.

L

What can we find out from these data?
Only after this was the‘original and,détegmining netessar§ question
. 4

of the problem obtained: 'How mucli more expensive is the amount of

v

sugar bought than the amount of granplatéd’sugaq " \

After the second problem was solved the sol&t;on; of both prob-
lems were analyzed, and the pupils were asked to compare the conditions
and the solhtion. What is identical and what is different in the .
conditions of the problems? This encountered no special difficﬁlties.
Correct answers were also given to the questioﬁs "Why are the problems
solved differently although everything is ideng}cal exceptethé quéstfbn?"
and "Can you solve & preblem if you haven't read and understood its .
question?” Tf
' Theéa examples suffice to convince us how poérly the éuxiliary .
school cﬁildrep analyze, S&isgrentiate, an@ generélize. The means oﬁ‘

instruction are incorrect; the teacher does not organize special

o : : S s
%mnditions necessitating the pupil's independent isolation of the prob-
lem's main elements, and his independent formulations and concluslons,

based on visual means of instructiom. . , ‘ .
2 s \ ‘
IS ' , . v
\\ 3 Conclusions . A
. —— e —— —— ) , )
' - € N

The major shortcoming in teaching arithmeticvﬁrobiem soi&ing'to
mentally retarded schoolchildren is the teachdrs' inability to create
conditlions neces;ary for the pupils' goal-oriented and organized cogni-
tive activity. The teacher {requently assumes functions quite differ-
ent from those he is called to realize. At arithmetic.iéssohs the
teacher frequently does not act as an organizer of ceonditions in which
he gqideé the child's speech and thought along the road to actlve and

-

more independent activity, protecting him againgt slips and digressions

-
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\
from the outlined plan of .work. ; He takeq on himself all the activity
of operation: he does not lead the pupils to conclusions, but himself
states them; he dges not wait until the children, operating according

to the proposed system of exercﬁses, are able to formulate one or

”another rule or ggneralization, but gives this rule in prepared form;

»

he does not Roentemplate forms of combining visual ana verbal means- of
ttruction in accordance with the aims of each Tess¢n, but usgs
them in the course of the lesson or holds toJestablished tradiiﬁpn,

which is often ipsufficiently checked and substantiated. fﬁ‘all these

cases the teacher doas not- crea:e the conditions necessary for the for-

mation and consolidation of the geneﬂﬁhﬁzing connections which would
promote thg singling oo of basic features, in problem solving, from
much more numerous secondary features, wf%% the aim of dgyeloﬁing the
analytic-synthetic abilities of mentally retarded schoolchildren; 'The
incomplete forms of this kind of a teachers' wogk appear espeé‘@lly
cleaaly in classes in which the pupils! intellectual abilitiés are

.§reatly limited. .

Productive activity in soiving arithmetic problems becomes possible

for the mentdlly retarded children only as a result of lengthy, systema-

A
tic, special instruction. The necessity of such instruction is condi-

tioned primarily by those peculiarities characteristic of all cognitive
activity and, gs a part of*1t, of the mentally retarded child's scho-

. . .
lastic activigy.

When ATrithmetic problems érq being solved one can.frequéntly see

clearly expressed dissqciations in the activity of the signal sysﬁkms;

ong may continaully observg that the formation of new connections is
hindered, that wgery precise analysis 1is incomplete and even impoaqibla
without special educational devices.

In lessons in the classes of the auxiliary(school there is a

+ very real need to bring the opelit ion of the si’Znal systems into:gree;

ment, thereby prqomoting a more complete path for the development of
i RN
speech and thought and, as a result df~this, more complete knowledge.

An analysis of the problems of deVeloping the mentally retarded school-

K

é .
chiid's speech and thought always leads the teacher to' the problem of -

the correlation of visual and verbal instructional devices.
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Arithmetic instruction is no exception, since in teaching arithmetic,

3

and hence in teaching arithmetic problem solving, every assignment may
be revealed to the pupils in one of two forms: visual-verbal or purely
verbal.

At va;io steges of school instruction, this main problem may
be ‘examined with consideration for, and anelysis of, the pupils’ exper—
ience, since/%&e child's previous experience is always reflected- to
some exteft’during and in the result of completion of the assignment,
i.e.; the solution of the problem. ' .

Whenever the pupil's previous experience is too narrow and consol-
idated i¥ homogeneous exercises, the solutiom of ‘new problems 1s
hindered The solution of a new problem becomes possible’more-often ’
when, besides verbal instruction, reference is made tp some concrete
activity in the past, ito those visual aids and concrete forms ‘of work-’
ing with them thft accompanied this actfvity; then the pupil is .able
to orient himself according to previous experience.

The pupils of the lower grades of the auxiliary school often
transfer their past experience unchanged to(the assignments new to'them
They go about finding wgys to solve the new assignment by basing them—-
selves on known vieual aids, references to past work with some‘parti—
cular visual aids.' The upper-grade pupils alga need'tne supportiof
their previous experience .Hoyever, they do not always orient them—
selves according to concrete models, but according -to models of those *
arithmetic notations which have become customary for them.- h

The etxuctures‘of hgbituated associetions,'created because of
frequent monotonous repetition, often dominate and interfere with thes"
transition to new methodsvof solving new problems. There tan be no/,
independent activity from the children, even if they rely on known
visual means, wjithout the teacher' s appropriate, guiding, and organi-
zing verbal insWeuctions. .
Employment of visual methods in teaciing arithmetic to auxiliary

.

school pupils is indispensable, but only when one or another ald is

unavoidabie,'ggen_Eérg_yitgwit makes it possible to-discloge gée es%gnce

.of some particular arithmetic relationship, the essence of ¥he question

to be answered.’ - ~
\ : ' . . . , .
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: In organlzing the study activity (in our case, teaching how to -//
solve arithmetic problems) th teacher mast protect the children
especially caf%fully against erroneous paths .in the solutiom of prob-
lems. . . E

In organizing the study activity when 'using visual aids, .the
teacher qust give attentive guidance until the pupil can conscilously use
these #ids independently. In teaching children to use visual aids, the
teacher s worky, Based on personal experience, is of prime importance.

+ The teacher's personal demonstration and his’ speech anticipate and

organize‘the pupil s demonstration. ﬁMM\

The teacher must follow how themchild began lis work with the aid,
after the teacher gives him guiding instructions, how he completes the
firbt one o; two solutions, and finally,lthe teacher must listen to
the child's narration (his verbal account) of how he works with the aid.

One will use for aids, during the first meetings of the instrucfion,
primarily objects; one must consider the selection of tHese alds very
carefully, taking into account the concrete problems whlch will be
'solved, and accurately selecting those aids wggch promote purposeful
cognitive activity on the part of the pupils.-»f .

(ln solving problems invﬁlving a pur;hase the children should have
money, oOr tbkenS_Jn,pIacq.Gf ggngyy‘at their disposal; in solving prob-

\_-‘~(fems on measure they should ‘have meter sticks, in solving problems on
computing»time they should have cloek fa;ee, etc.) ///

T

In teaching arithmetic problem solving the concept vis means

" ' ghould not bewtaken too narrowly. Not only objects of counting, not
only concrete units of measurement, but 5{1 concrete actingty in count-
ing and measuring enter into tiris concept. The forms of notationﬁf
illustrative, graéhic, structural, a problem's'conditions written in
colored pen8il, colored symbols shoging the connection betweea,numbers
in an arithmetic problem--are all visual means, and.should find wide
application in a system of exercises for instyuction in how to solve

arithmetic problems. :

.

L . {
In wiew of the weak abilities of mentally retarded children for
agalytic-synthetic activity, many of them, for a long time (from our
' 3
>data——until thf fifth grade), are not awide of the function of the, -

2
4 ey
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questiqn‘of the arithmetic problem. A system of exercises aimdd at

. -

L J

revealing the quest}bn sfunction must be organized At the initial
stage of instruction these exercises must be conducted An direct O

connection with visual means of inStruction (tables, models of viSual

' notation on the class blackhoard, pupils independent activity in e
choosing a question for some garficular concrete problem, etc.). !At- N
{ ' -
these lessons the teacher's verbal iﬁstruction plays the. leading role. .
< ¢

Reproduction‘of the conditions of an arithmetic _problem 1is neces-—
sany only 1f it is correct (if {t retains the text), although mot -

necessarily verbatim. The ability to do this is cultivated by exer- ; . \“

cises.’ Jhe first exercises are those in which the mentally retarded’
.

scHoolchild relies on visual aids (a model of the prohlemg designation , " °
of the problem s conditions, etc.). It becomes possible to make! advances -
in the.ponstruction of models, drawings, and sketches as the pupil, Yoo \

¥ .

during the work, is taught to address himself to the text Qﬁ‘t?i prob— N
another’

lem's conditions. The vistial accumulation ‘from one element ‘to
promotes synthesis.: Reproduction ‘of the text of a problem is antici— ' <
pated by cont inual repetitiens of the parts of the thole, from first

to last. Direct active participation with ohjects, clay, sketehing,‘ . ..

. or drawing is a firm basis for the child's speech Here reproduction .

egrthe probﬁem 8 conditions is ‘realized as an oral accdunt of'thé. S
concrete visuax“activity. Hence ‘the quality of this acebunt is muah . Sy
higher and more complete than reproduction following something heard 7
or only read. In instxuction in solving arithmetic problems the ] d"
conditionsof each prablem are usually given inr a prepared form, Often . >
they are not even .spoken by the students, hut*merely read by the o, - .
teacher (and by ‘the pupil in the uppar grades) o A" ; - L
This established'device having become almost a tradition for all RPN
levels of school instruction, was not supported by aur investigatfon.;
It must be changed. In Introductoty exercises one must providg forms. o
of work in which the arithmetic. problem is preaented in ‘some farm of
the ,puptls' ,concrete activity, and its sorutipn is dncluded as the .
requisite final stage of this activity For, the’ first Few times thisl’
activity is with objects. | At subsequent gtages in‘echool instruction -

the arithmetic prohblem arises once again during concrete work

f

178

B



(weighing, measuring, work with clocks and calendars, coqpésing
ple diagrams, in the preliminary work in handiereft, etc ) end its
. sglution is once again the requisite final step of the activity. Direct,
work with objects, units of measqre, thetpupils‘ illnsg;ative and gra-
. phicfwork, i.e., the widely employed visual teehpiquee, with organized
iﬂtelligent verbal guidance on the part, of the teacher, make for suc~
cessful instruction of mentally retaréed schoolchildren Ain solying
\\\ETithmetic problems . .g‘ - L
When studying at lessons. of all school disciplines, the. pupil is
ced with the task of having to solve some kind of.prablem. These

- problems ate unique, snd‘this uniqueness depends an the chsreeteristics
‘ each of the discfpiines. v . ‘ .
t ‘Russian lessons there is an‘orderly sysg of problems whicn
are consistently included 'in exercises and prepare the pugils for
independent activity in writing, reading, ahd speakihg. At geography .
lessons the pupils solve ‘problems which combine to provide‘them cogni~
> tive work with the geography map. At natural scienee lesdons the nqpila.
~*aoquire abilities and skills in observing phénomena of the snrrounding
_erld ‘At arithmetic lessons the schoolchild also is taught how to
solve.problems These problems are unigue and distinct from those he

"-solves at lessons in other disciplines. In th& arithmetic problem the

e pupil encounters questions such as '"How much results?” "By how much

'u-or how.many times is one quantity more or less than another?" In the
arithmetic problem the pupil ‘dedls with quantities, numbers. In sol-
ving an arithmetic problem the child nust know that any problem can te
selved only 1f ‘there are at le%gt fwo ndhbers in 1t, and that the sdélu-
tion of a problem always depeﬂas on 1its question. -

Tie mentally retarded child doeg not learn all of this immediately,
Alsystem of special exercises is needed. Each element of this system,
is worked out by.the teacher, eonsidering, first, the continuity
between one element and %e next and, second, the final concluding goal

'of the’ instruction in soZving problems. The aim of this instruction is
to foster knowledge and skills of independent work in solving practieal
Aproblems, Arithmetic problegs which the pupils of\tne auxiliary school
y must solve in their socially useful actfvity or in serving themselves
v ] Ty
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and people they know in everyday life will rarely occur in the pre-
pared, standard forms which £111 “the pages of school textbooks. The
abjlity to solve &n arithmetic problem, from the page of a textbook

is more the final phase than the initial phase of scholastic activity
Even solving a simple arithmetic problem requires much knowledge and
many abilities that can and should be ecqgired by the pn?ils in pre-

; liminary exercises.

In defining the sequence (system) of these exercises, the most
pregsing probPem is that of the correlation of visual and Nerbal
means of instruction. At arithmetic lessons the auxiliary school-
pupiis activity is Drganized as practical visual~verbal activity.'
Depending on this, the teacher's role is modified; the cher is
rquired not sg mdch to instruct by the work as to skiif?illy
organize the pupils’ activerccggitive study activity. —

. qumalism in‘teaching hoﬁ'to solve arithmetic‘problems can be
eliminated only if the established system of school practice is re-

examined. The main and decisive . .factor here is the resolution of

the question of combining visual and verbal means in instructionm.

_r

- .

We consider this investigation the first of the pedagogical investiga-

,tiong directed toward develcpin; and' resolving that questijp.
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SOME FEATURES OF ELEMENTARY ARITHMETIC INSTRUCTION ' ,
+ FOR AUXILIAKY SCHOOL PUPILS X '
T» V. Khanutina® -

It ds well known that visual instruction plays a significant H\\\
ole in the development of children s thinking. This role of visual
aid in the development of thinking was accurately defined by Ushinskii&\ .

' The object standing before the pupil's eyes or étrongly ’
impressed gn his memory, by itself, aithout f{he means of the
alien word,, awakens in the pupil & thought, corrects it if it
is mistaﬁen, supplements it if it is not compléte, leads it .
into a natural (that is, correct) system if it is illogically ‘
placed. Forethe first exercises it ig necessary that the ' !
subject bg directly reflected in the soul of the child, and,
so to Speak in the.eyes of the teacher; under his guidance
~ tha child's sensations will become concepts, from the concepts -+
4, an idea will be formed, and the idea will be invegted in a- p
word [1:6-71]. . '

-

L}

* The specific character of arithmetic as, a school subject allows

’ broad possibilities for developing thinking on the basis.of visnal

}instﬁuction. ‘Mastery of arithmetic knowledgeﬁnecessarily involﬁes-
compating,_generalizing, etc. Through‘visual comparisoﬁ\at arithmetic
lessoris, numerical concepts are formed and calculation develops.

As early as the firet sqages of the study of “arithmetid, when the
children are taught to Berform the primary arithmetic operations,
wvisual presentation aids the develOpment q{ the{xr logical thinkingl

- In the practice ‘of teacuing arithmetic to mentglly retarded children,
however\ this basic didactic principle is ways realized,

! Theé®*facts we have observed' show 4 need for the development of
the problems of visual preseptation Twith the aim of forming in ;
children atcurate numerical conceptions, with which they can master,

the -whole system of, teaching established ‘by the school progxam
‘ ‘ , ‘ N

- '. \ R, oo ) ,
. %Pyblished i Proceedings [Izvestiya] of the Academy of Pedagogical
. Sciences of thé R%FSRl71957, Vol. 88, 159-185. Translated by David

+ + A, Henderson. : _ . ‘ ’
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_Among the teachers of auxiliany schools there are many master v

o

teachers, In our investigation we have used the expgrience of these

]
~

-
-

fine teachers.

- .
Knowledge Qf Sp;fial and, Quantitative Relationships

. in Normal and Mentally’Retarded Children-
k)

- ' R 3
The study material in arithmetic for the first grade of the oo J/
auxiliary school was determined q&}the program of the Ministrg_of '
E@ucation. Tn the beginning of .the curriculum the necessity qi_xn .

introduction to the course is indicated. .o

The concepts equal, gremnter, than, and less than?heve great
significance in'mathematics. Mentallyﬁretarded thildren must be
. tﬁproughly acquainted with, these conegepts as well as - their diverse,'

variants (longer—shorter, wider -narrower, etc.), since these concepts

are included in many ardthmetic prohlems. The children must be - .

taught to equate and comlpare ngt omdy units of megsurement but also

-
.

, of quantity (greater-less). . .
The inclusion into the curriculum of an introductory course
' rwas made-necessary by the insuf ficient preshrati of the pupils for.
. mastery of the study méterial in mathematics. Higte we considered -
1t necessary first to ascé‘taiﬂ the degree of preparedness of pupils
of the first grade to master knowledge of an elementary arithmetic
course. ' - - . ) . .

We conducted work in the, first.grades of the auxiliary schools ¥
of Leniagged,‘mainly‘intAuXillsry Sehool ﬁo. 1, and ip the upper groups »
of public‘klﬁdergartens~§o. 20 and No. 47 of Leningrad's Dzerzhinskii

district. ‘ o o - o

.In the beginning of one school year; we acquainted the teachers
with our methodology; and in the beginning of th& subsequent sk hool
veat, the. first grade teachers thémselves were already COnducting the 42
workfeccording to this methodology M ~,rx’}

'Following this same methodqlogy we conducted work with children
of _the upper groups.of kindergarten, fzom February through April ln\

all, 83 children’ were investigsted 68 of them were mentally retarded

K: 15 were normally developipp children o
¢ // .
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* The ages of the mentally retarded children were from eight to
eleven years (5 eight year olds, 22 nine Veaw olds, 30 ten year olds, o
11 eleven year olds). 8even year old children were taken from. the
public kindergartens. . . . . ,
~ Of the mentally retarded -children, 51 had studied one‘or two
years in mass schools, 11 had entered thexegziliary school from
kindergarten, and 6 ‘had entered first grade of the auxiliary school
directf§ from home. o . - . ‘ / ’
In our’ investigation we ascertained: ‘ . .

Y

1) the kpowledge of spatial features of objects (bi —small

s thick-thin,. long-short, etc., and also greater-less, thicker—thinner,

\

o

etc., the same in size, the same in thickness, etc.),

2) the knowledge of elementary quantitative relationships

. applicablé to a group of pbjects (greateleess, and .tHe same in _f

guantitx , , ' ‘ \\_*'
ov3) the abiliey to count to ten, “\

N

"4) _the ability to perform arithmetic operations. and the ability

-to solve problems with numbgss from one to ten. . . _
We examined and constructed the pedagogical expe;g.ment as a -
teaching experiment, in whicly the experimenter s oral instructiona .

guided and directed the child' s actfon with visual aids. Thp’quality
of' the child's performance with assignments depended op the quality
L ] .

of the verbal instruction; hence we strove for precision and clarity

of instruct*on . ° ‘ 3 !
Moreover; we carefully registered and strictly Tonsidered the., &

+ 4 child's speech accompanyisg some of his actions Q%r the teache{ts
n the

actions. We consideréd the influence of the cﬁild's,speech o
character of his fulfillment dbf the'assignment, and his correldtion
of words with ‘actions. When they digd not correlate (due to inaccuracy
of snfeCh or incorrectness of action) we pointed out the mistake to
the child and? car#ected his speech and actions .

Verbal instructions and help from the teacher‘directed the pupil'
apperception and thinking to the primary, essential aspects of objects

and helped divert ‘them from non- essﬁntial asgects
Ry
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Knowledge of Spaffgl Features. - . : ) )

A

~ Features of objee%s big-small we;ﬂ efg%ained wﬁth a set of ten,
. blocks with edges of one centimeter to ten centimeters. The pupils ’
were{asked to give the experimenter the smallest block then_the
smallest of the temsining blocks, etc.. When the last‘blopk had been ) ; :
_\\ ': giveh ;;ay, the set ﬁas akainiblaced before the child, and the )
experimenter asked for. the biggest block, then the biggést of. the
. remaining blocks, etc. The whole, set was used in this manner. ¢
The featyres thick: thitk—thin were explained using a set of pencils
‘of various thicknesses but of identical lengfh and color : The )
pupils were asked t® give the experimenter.the,thinnest pencil, tuen :
. the thignest of ghe nemaining ones, ete. CAfter: this the pencils'
Were,placed again before the pupil and he was asked to give the
a experimenter the thickest pencil, then the thickest of the remaining .
onpe&,x etc., ’ B ‘ «
A set of ten rulers of equal length, varying from one centimeter
to ten cehtimeters wide, were uséed for eLaluating the pupils’ i&powledge

of the features wideJnarrow. The children were asked to give the

experimenter the narrowest ruler, then the nayrowest of the remaining

rulers, etc.; then the ehildren were asked to give the widest, then
the widest of the remaining ones, etc. The pupils' kmewledge of the

features long“short was evaluate& in this sgme way, using a set of
sticks of various lengths (the so-calied counting ladder)

Tor evaluating the pupils' kﬂ‘ﬁledge of the features __g_ and low, '
the ¢ounting ladder placed vertically was used again The .pupils -
were required to give the experimenter ,the lowest stick, then the
'lowest of the refaining sticks, etc. Then they were«fequired to give,
the highest stigk,'the highest of the remaining 7ﬁes, etc., ‘

In all cases, we moved on to the next experiment only after using

]
all elements of a set, :
The investigation spbwed that seven Year‘oﬁ& ildren from the -

upper groups of thé'msss kindergarten could cope pasily with all the
indicated tasks, while the fentally retarded children fulfilled only
607 of the problems proposed to them. * )
Of the 30 pupils fyrom the duxiliary schoel, despite their age

of 10 and 11 years, only six’ cotild handle fully all their assignments.

9 ‘ ) ] ;
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Eighteen pupils only partiaily fuITilled the assignment; six pupils
could not cope with a single task. .

- igA comparison of the fulfillmentof separate tasks showed that the
chi

block when there were blocks of 4, 3, 2 and 1 centimeters remaining,

\
ren coped much more easily wifh Lthe selection of the largest

and had\significantly greater difficulties when doing the same problem'
with blocks of 7, 8, 9 and 10 centimeters. This is because the differ-’
ence-between blocks in the first case is more abvious than in the second.
For the,pérmaliy developing children, this cirdumstancerhad no signifi--
cance. . : o ) ' .
The no?ﬁally déveloping chiXdren a;proached the fulfillment ef the
task immediately after receiving $nstructions. The imstructions
did not need to be repeated. N .ot ’
4 The mentally-retarded,ehildren after a éirst exp;anation of the
«task could not grasp its méaming. "Each assigndent had to be repeated
could begin to do it. ﬁv b ¢
As a rule, children from the kindengarten sought the required
Aobjects actively,. compared them, for example, placing the bars side
by side They already" had ) command of this method of compari{n
The children checked alMthe bars in the set (to see if there was
a smaller one)'. "Thi# ope, I think, is the tiniest,' ‘gne of the

i
-children of the kindergarten explained after his stubborn search}ng

*

on Lop They did not search fpr the required objer
-

The mentally retarded children‘post often took hagevaer was lying
)}Sand did not use

. the method of comparison by placing the blocks next to or on top of

each other. ' . ' \

The normal seven year old, having given the experimenter the wrong.

object by mietake, was capable of reilizing his error and tried to

_correct {t, "1 made a mistake,' explained one of the .children in a

’businesslikéfmanner; "Here, take this one, now it's correct.” -
Mentall§ retarded children, as a rule, did not_ notice their

mistakes and, consequently, made no aétempt to correctrthem. The

featdres Qigeggangwere handled by the mentafly retarded with'the

least amount of errors. The contepts long, wide, high/and thick led
» B * . ) S
. .

, two or three tifmes before the ghild understood what must be done gnd \\\ .
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thenxtothecnnceptof big, which is most often used in life and there-
fore was more familiar to the mentally retayded chiddren. For this

. 4
same reasomn the concepts hig low, narrow were more diffdcult for

them, since in daily life the children experience , them more rarely
‘ They were replaced more than other conceng\by the concepts‘glgf
 small. ) .

The ability to compare and establish which of the objects 1is
bigger- smaller, longer-shortex, &ider-narrower, thicker -thinner,
higher-lower was evaluated using the same sets, namely, the'sets of

o - blocks, rulers, sticks and pencils. -V

‘ In investigating prientation in the™ concepts bigger- smaller in
size, two sets of blocks were used, The first set Berved to explgin

v the task the second was used to complete the task. The experimenter
/ehowed the pupil one of the blocks of the first set and asked the
~pupil to give.him all the blocks in the second set that were larger
or smaller than the block he held. The task was re%ﬁ?ted ‘three times
using different blocks \

. Using two identical sets of theicounting ladder, knowledge of

*

the condepts wider-narrower, thicker- thinner was eveluated

Together with this and in the same order an investdgation was

conducted of orjentation in the concepts of the same size, of the ~

v same length, midth, etc. In these cases "th® child wab required to

give the experimenter only one object from a set, omne equivalent to
the given object, This task, like the preceding one, was repeated
three times; each time the‘bbject of the assignment was Changed
The children from the kindergarten performed all the above assignments
completely ? ‘Y Coe

0f the mentally retarded ghﬁgdren, only one fully performed
the assignment ''give the same' (in size, width, height, etc. ), 1
did it- pax&ially, and 15 did'not do it. The assignment to give all.
objects smaller (qi.narrower, shorter, etc.) than the one shown was
filly completed by only tw pupils! partially completed by 14 and’/
not done by 14, The assigx;gnt to,glve alZ objects larger (wider,
longer, etc.) than the one shoyn was fully completed by three pupils,

'partially, by 14, and’ not performed by 13 pupgls. R

’ : 188 | .
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The most difficult‘yas the assignment to select 'an object of the.
*}\>§ame size (width, height, etc.) from a second set. The difficulty .
. was that the children conld‘not isolate the required ébject, and tpus
selected objects which were close in size to the 'given object.

a3

Research was further conducted in the orientation of children

. in the concepts biggbr~smaller, Yhe same in size, longer-ehorter,‘

the same in length, etc., when only one of the comparable objects:

was placed before the child, the other being compared mentally i »

was done by placing the sets at different ends of the classroom. el
~? -
The pupil was given the assignment at one end,of the room and per—

formed it at the other. Under these conditions, the subject had to

- ] ¥ )
retain in his. memory tWe image of the given object¢for a prolonged
fength of time. The mentally retarded children gave a significantly -’

@

lower number of correct answers than in the preceding tasks.
« &

' =, Of the 30 auxiliary school pupils, only six handled the assign-
‘ments partially, while the other 24 co?ld not gope with a single.

assignment. )

“

. L
. The children from the kindergarten gave 967% of- the answers to

this assignment correctly. : ' Y

., The general character of the performance of the assignments in the
two examined groups of children varied. The normally developing
childreé performed the assignment care y, with great accuraqy.

S ' They checked to see whether ong more ojutéé\rﬁﬂuired objects dld not
still renain in the collection. Performance of the assignments was

‘often acconpanied By discourse: "I'll go look gnd see if one is

gt1ll there." . ’ .
The mentally retarded children were not interested in accuracy

'in their comPletion of the assignments. In the majority of cases,
there was no discourse concerning the assignment. .

The normally developing childref, fxydng to make the completion
of the task easier for themselves, introduced didactigvmaterial into
the system, For examPle, of 15 children 6f the older group from. the
. kindergarten 42- first put the set into a definite system} then began

T, to fulfill the assignment. In working with the criterion length,
they arranged thel&tické of thé\counting ladder into a little ''ladder,"
I - , - ) ® Lo
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making the ends of all the bars ever on, one“"s’ide so that it wa's? . @
easier to seegehe digéerence ﬁk their length§; To the questidn of

. \ r . ; | y (?

\ why they d%g his, the children answered: !It'ds clearer this way," N .

and "You can fin% it .better this way. + ) , , .
\ A% 4 rule, tn!_méntaily retarded children made no independent ’
‘ffchange8s3n the arﬁengement of. the displayed material: . . v

Having eﬁtablished that® the counting bars, could be arranged in

a definite ‘order (a dder"), the normal children, having received

rulers in a scatteteztz}le (in werk with the criterion width), - ¢

§aid: ”Here, too, probably, you can make a little ladder, and .

immediately began to order the rulers. .‘

_ The experimenter prompted the mentelly r;tarded children by
sugéesting the possibility of grranging the sticks of the counting
ladder in order (a ”ledder”),athereby making the solution of the- . Ef*
problem easier for themselves. Under the inflnencé‘of such direct : y
prompting, the children did this with the counting ladder, but were
still unable to apply this method to complete a problem On othQr didactic
mhteridl During work with the rulers, the experimenter again had
4y to remind the childnen of the possibility of putting the scatterede
‘ material into order. N ' . ‘ .

When cqmparing ‘objects* with eéph other, the normally developing ‘
g%ildren placed one object an another (for example, rulﬁrs) or placed
‘one object beside another (for example, sticks ¥ the counting ladder).»
, The mentally retarded childrgn did not do Phis If the experimenter f;if
trled to direct them to an appropriate device, the children could :
* zbalously equate, obiectq by a non—eesential criterign. For example,

éhe rulers that were of different widths but of equal lengths were

zealously equated by length, when it whs required to compare them by

width, : e, _
Knowledpge of Elementary Quantitative Relationships “
3 We be an the investigation of the children's knowledge of

elementary quantitative relationships by ascertaining o;iéntat?gn\\\‘N
in quantity of 'objects without counting them: many-fe¥, more-legs, TS
: e .

-
*

as many as: C o e

The investigation was condected with the help of buttons of the

same size, shape, and color. Here is the sequepce of “the assignments

N 190 .
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< by the actions of the child himself. The c
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l) _«The’ child was shown two gmups of buttons and asked to N
indicete in’ which group nhere were many buttons,'and in whﬁch there

- R LN AN

, ‘5 few, g ' )

-

*

.

f‘”iﬁ He wae aske\P%o take as many buttons as the experimenten.zp~
took then more, then less thdr the eﬁkerimentér' he wes gso asked N

. . )

to take an- equal amount inh bdoth hands,\‘ ¢ ) St LA
{

-"

3) He was qunired to determine in which of two sharply sepa—

Tated grougs there were more hgttons, and .in whinh there were less‘

4) He was asked to separate the buttons into two groups s0 that -

the;:{wi;;d be more hut tons in one of them, fewer buttons in ‘the
' _oth

\
N ' . RS
in the other. ' SN '~ . s , _ N

- ! v -
a-

Thus the child’s orientation in ﬁhe ind cated—concepts was checked
éildren from the kinder-
garten did all the assignmenﬁs freely.: The concept as Eé_z'as .was
unfamiliar EQ only one of the 15 children who were exanined.
Of the group of dentally retarded children, only three hendled
all the assignments. The others‘handlqg the assignments partf%lly

® . -

" or not at all. ) .
The concept 'as ___x as was the most diffic:i;ng?/;hem. This
concept is rarely encountered in the everyday l{fe of a child, in
any case, not:.often enough‘Tor the mentally retarded child to be able
to master it’QEMoreover, to master the correlations as many as and
equally, the child must understand that to each’unit of one quantity
there must correspond only_one unit of another‘quantity. This 1s

complex for the mentally retarded child,

The concepts largér-smaller are also difficult. In mastering

thesé concepts, the pupile of the auxiliary school ean be seen to

have a quantitative peculiarity. The concepts larger-smaller and

many-few were not related to each other by these pupils. The knowv

in the

the woyds, but they do not connect the concepts designated by them |,
U‘yairs larger-smaller, large-small, long-short, and others, but

perceive each of them as a separate quality of objfects. This is

) . confirmed by the number of correct answers oBtained when investigating

the indicated concepts (pairs of opposites). For example, in orienta-

tion in the concept many, 82% of the answegs were correct and in the
”
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cone\pf few, 68%; in the cohcept arger,“SAZ and in the concept smaller,

" '

- -39% of the answers were correct. ‘ . L .

.-

' . To make these concepts more~breoise‘and to consofidate them
L vin the consciousnesswof auxiliery sqhool pupdls, ift the first grade,

it is necessary: to return 4o them constantly during-further instruction

-

‘ U in arithmetic, and to iroaden and deepen them. . 4 .

«

—~ A

y ofl’ numerical order the child should know

.

o As eafrdy as the s
- pfaetically (without verbal generalizations) that aqy number in
numerical order is greater Ehan the preceding one and sm@ller than the
" following one.' Furthermore all,numbers in numerical order up to a

. given number are smaller than this meber, “and ell numbers after it

-
.~ ¢ L4

are larger. .. . , . .
. The child should also know practitﬁlly (by comparisony not 55;

naming other ‘components of bperetions) that ‘the sum 1s greater than

[
i

either of the summands, that the minuend‘is greater than the subtra—
hengf&ﬂﬁ’greater than the -remainder, and that, in counting.byvtwos

.and by threes,‘there.afe.more tmos than ghrees in tenl
In the second grade these oonCepts acquire special signifiqpnce
+ when increasing -and decreasing a number by several units, by so many
. more and by so many less. The eoncept must also be instilled #in. the
( child that in mqltiplying ﬁy agginteger the obtained product is greater
R than the multiplicand, andgssp;diqidend is always greater than the

bl

Hivisor or the quotient.-‘ s€ﬁ§§2ng measures oftweight, length, and
time it must be shown that one measure is greater than. others.

In 'the third grade the concepts larger—gmeller are encountered °

. ‘in the st#dy of multiple comparisons. ’
Ability to Count to Ten . o

N Investigation of ‘the state of counting to ten was conducted in

- the following order: «# g - .

.
PRl

1) We Checked knowledge of the names of the numbers and the
/
“ order in which they are found up to ten (counting without didactic
material); - . . . . .

2) We checked the ablility to tougt objects up to ten (the ob-

, jects were buttons). AL

L3

In the second case theachildren were asked to determine how many

s buttons there were in a box (tén buttons), and to pick out a specific
) | . {92 -
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number of buttons Cndhbers selected' at random).

An analysis'.¢f the material- obtained shows that the‘nehtally re-~
tarded children lagged,significaptly behiﬁd the normally developing

.

seven year old children.’. - PR dﬁ

.

The seven year old children from the older group of the kindes- .
garten not only counted to ten. but significantly higher (in»somefcases
to 100). ; - )

- ket
The mentally retarded children could: name “the numerals’in oxder

~up to ten in 69% of the cases they could count up to ten objects

in 63% of \he@ases. : _ _;__ e ) N
Ability to Perform‘Arithmitid Operations ,

Understanding o§ the operations of addition &nd subtraction

" was checked by the solving of very simple problemé (etory'problems)
"'F‘!h’t ){~‘
Vb B

and examples (number ‘problems) . REEE
-

The pupills were shown four pyoblems in one oﬁeration using the

most simple Werbal® formation Numbers in the. prgblems did not ex-

. o
ceedfgive. The texts of these prolglems follew..i‘*

.

gl. "You had two pieces of candy, ‘and youf msma gave you another
plece. How many pleces of candy did you have thgn?" ;

2. '"Misha had three pictures. Vova gave him&two more. How

Y

many pictures\did Misha have?" - L o
3. "A boy had two rabbits. One:of thep regfeway.“ How many .
rabbits were left?" Ceon ‘ ’
4. ''Shura had five pencils. He gave twé pencils to a friend.

)

How many pencils did he have left?"

H

The problems were given orally to the qhildxen, thew repeated
them, ‘then solved them orally. The pupils weye told in advance that,
'in case of difficulties in solving the proble&s, they could use

I

didactic material ‘ - . . '

In solving the examples, ohich’were given after the problems,
the possibility of using didactic material was again indicated.

The examples were analogous to the problemsz 2‘% l, 3+ 2;
5-2;2-1. % ,' ’

The mentally retarded children's solutions of tne problems and,

even more, of the apstract examples were sharply distinct from the

A L
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//" Solutdons by the kindergarten childrenj In doing the openations &E

2 - the problems and examples, - the mentally retarded childéen‘gave only
" SGZ of their answers correctly. S K » . o
]
Y Without exception, all of the kindergarten ehildren solved the

prob®ems and examples given them; they very seIdom used didactic
materianl (only one child, in one instance, "5 - 2", used his fingers).
,One: «entallz retarded child who solvéa a problem counted on his
4 ‘fingers; another child countedwon stick :

In' solving the abstract examplesf/all the mentally’ retarded
children, without exception,ilade Y e of didactic material. _.'
The problems in one qperatiof had concrete conditiens. 1t is

'understood that it is easier t

solve a toncrete problem with numbers

from one to five than it iaj ‘solve an. abstract example
On the contrary,.in tpﬁ/upper grades, when the aonditions e&
a probleh become complex,’when logical work is required{ia-order to
_understand the problem and 1its solutioﬁ, then the saiution of the

e abstract exAmple becomes easier in comparison with the solution of

" the problem. ' - . - ‘

-Summarx ' . ST .

' On the basis of the data obtained®it may be Concluded tRat: }

1. The mentally. retarded children from ages eight to twelve
whom.we investigated were not prepared judging by- the level wf. their
knowledge, for instruction in arithmetic, despite the. fact that many
of them had already studied one or two years in the mass school’

The intellectually ‘normal children already had the corresponding

preparation b? the time they were aeven years oldﬁ' A

2. Approaching instruction in/ arithmetic, one must first pre-

- _pare the mefhtally retarded child to master the study material. Such
preparation should be expressefl in developing in the children an
orientation in the spatial features of objecte and in their quanti-
tative relationships, as wgll as in the development of numerical
conceptions. )

3. Mbreover, preparation for mastering the study mdterial should

] fbe expressed in the development in children og the fundamental logical

L

operations:
[}
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a) . the-ability to nete similarities and differences of objectsQ

»

and their featunes,‘S

b)* the. ability te abstract from: separate features those aspects

[
¢+

charactetistic of thefobjects or phenomena;

c) the ability to generalize and form general conceptions and

P

concepts; s .- ) ~~

RS

d) the ability to‘hlassify and systematize;

4

) the ability to plan. , . .o "

“+ 4

The Formation of Conceptians af Spatial and. guantitative
]
Relationships in Mentally Retarded Children -

‘

The préiiminary investigaticn helped us fote several ways of
broadening mathematical conceptions and concepts in mentally re~ ¢

tarded children when studying in a preparatory course, as well as

‘several devices of study of numbers between 1 and 20. In, this Vein, !

A

we ‘conducted-an experimentai inmestigeﬁgrn.' .o
0

The investigation was conducted ovdr a period of two years in

the first grades of Leningrad's auxiliary schpol. Altogether, the

4

s

investigation involved 141 subjects varying in age from ®ight to”

twelve years (eight years--six pupils, nine yee}s—-$2 Pupils, ten

years—-—31 pupilﬁ, eleven yearst—33,pupils, and twelve years—--nine

pupilg); 0Of these children,.70 had studied one or two years in the

mass school or had been in kindergarten. ' , _ \
In order to esteplish the devices for visual instr§?bion in

arithmetic and to check their effectiveness, we conducted systematic

,observations of the work of the best teachers of the auxiliary schools

of Leningrad, and scattered observations of the auxdliary schools of

Moscow, as well as of the:mass school No. 210 in Leningrad.

In this manner the wark was done in ordinary school surroundings.

In'several cases individual lessons were necessarily conducted with
the chi&dren. ) ] R

As a result of our observations and egperimental instruction,
we established a series of techniques which facilitated both the
conscious mastery of the study material in arithmetic, and the

development of the thinking-of the mentally retarded child,

r
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In this wérk we haveé not posed the problem of giving a metho—

’ o -

- R

dology of arithmetic iqgtruction but have tried only to establish

2

various techniques for utilizing visual aids in the study of the -~

!
fundamental sections of an elementary course in ,arithmetic,

Only by visual i 1uction did the child's ordentation develop

’

regarding spatia& features such as large-small, larger- Smaller,vof the,

\\\5me volume, long- short longer—shozter, gﬁ_the same length wide-

narrow, wider-narrawer, ﬁé ‘the sameswidth, thick- thin, thicker-thinner,_

. -of the same thickness, high lov, higher—lower, of the same height

As our preliminary inveesigation showed, these &nncepts, are

absent or insufficiently defined in many children who enter the first
grade of the auxiliary school.  In conducting ‘the work we, therefore »
céncentreted upon developing in thesa ghildren the above goncepts.

4 -

DeveloRi Concepts of Spatial Features* o >
0E

. é To: form concepts that corresgond o definite spatial features of

Dbjecte and to compare objects a&hording to i::hfgae:ific features,

~_we~u$ed the -same alds as those in’our prelimipafy reskarch:

B j‘ e'l) blocks: 1in forming the concepts large-small, larger-smaller,

; of the same size}

2) the counting-laddex, placed horizontally: in forming the

. !
“~concepts long-short, longer-shorter, of the same lengthy with the help

of the same ladder, placed vertically, we developed the concepts

high-low, higher-lower, of the same height: : .
- . » - .
3)" rulers: in forming the concepts wide-narrow, wider-narrower,

of the same width; &ﬁ .

A

4)  pencils: 1in forming the concepts thick-thin, thicker-thinner,

-

gg the same thickness.

The aids that we usee‘were characteﬁized‘by the fact that each
set isolated a specific epatial feature. For example, the character—
istic spatial feature of the block was its volume. One does not
say of a block that it is long or short, wide or marrow. All three

of its measurements are mutually equal, The most characteristic

distinguishing feature of the block is its size: large or small.

At fitst we taught the children to distinguish natural Dbjeets
in surrounding life according to Their spatial features, This work ~
was conducted during a walk or excursion with the children in a
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garden,]a park or on a street, The pupils found 3 large house and
a small house, a high and a low tree. In natural obj¥cts, however,

’

¢ -
features are given in‘combinations ;a tree is not only high, but also \

« thick a houee is high-but narrow in tﬁkparison with its neighbor-—

a low, but very long house. For the mehtally retarded child, this

Extraordinarily complicates the comparison 8f objects aci’&ding to |
. any one feature.. To isolate Qne or gpother feature from their enttre

cqmplexity is. often-geyond the powers of the’ auxiliary school pupil

' at the tgne of his first instruction o v ) . 2 N

o -

.J

¢ The mentally retarded qhildren entefiné the first grade of the
'auxiliary school cauld not perform the most elementary con arison of
objects. For exéﬁple the pupils eoulé coppare the. thickngéfﬂﬂf tWO
' pegggls only when the Igmgths of tne pencils were identical. When .
they were not identieal the pupils confused a thin pencil with a
~. short one. Ohviously they did not have any clear qoncept of width

and length, since they confused these features.

~

To help the mentally retarded thildren to make the simplesi s
cgmparison of objifts and tq teqih the'.gs\zsolate.the feature neces-
sary for comparison frpm all ‘other features, aids wereyrequired ine
which all an object's features were equal except oneu For example; .

) .
the feature long-short is iso¢lated with the help of a counting ladder,

in &hieh the bars are equal in alY features except lengthf The )
feature of width is isolated Qith the help of rulers in.length and'
thickness but different in width3 etc. . .
7 Thus isolation, with the help of an appropriate aid,*from a
. combination of features facilitates the apperception qf this feeture
by the‘mentally retarded child and, by the\same\token,'%acil}tates
the formation of the corresponding concept. \\‘ o
This is the first distinctive characteristic of the methods of
wofk which we have propoqed \ ~
% - The second distinguishing feature- of these methods is the pos—
+ .sibility of gradually widening the scope of the child's attention,
because of the large number of objects in each set and the system
« of its construction. As a rule, we began working with the mentally
retarded children in the towmparison of two objects and, adding one more

object to each object in the comparison: gradually.increaéed'their
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¢ " number, eventually‘offering,the whole set. When there was a relapse,

R with increased mistakes' (as the child, working with-a whole set,

¢

, . found it again d'iﬁ-ficult ip seme casesg to grasp all the objects&of A ’
e4 of objects _ | Lo !

the set), we again reduced the numb

* In the cﬂildren s work on the’counting ladder, we noticed that T .
‘,1 they compared bays of 1, \2 and 3 centitxeters easily, and that it . o
Lwas hard Esr them to compare bars of 8, 9 and 10 centimeters. The .
same was opserved during work with the ruldrs, blocks and other ob— <,
» \Bects. This can be explained by the fact ihat the large ohjects of . *
‘ a et were, less distinct from each other than the‘small objects. ' The

N

" relative differepce 1in the sizes of the former is less than in the
sizes?of the latter. qu example, in the couﬂting ladder a 2 de&!meter v

‘_ " bar is twice as long as a 1 decimeter bar, but a lO decimeter bar is 4 ¥

only\l% as logg as a“9}decimeter'bar. Consequently, in the first _' 'f ¢
case the difference is more noticéable and is thus more easily es-—
\ tablished. .. o . ‘
o To faellitate the gradual transition to the comparison of ob-
jects which are hard for ‘the children to distinguish, we used» the

+ following device. First we proposed bars of 1 deciméter and 10 de-
. | cimetersfor comparison, then 1 decimeter and 9 decimeter bars; 3
“decimeter and 9 decimeter' 2 decimeter and 8 decimeter; 3 decimeter

and 8 decimeter,\etc. Gradually reducing the difference in the lengths
. tof the bars béing compared, we 1ed the children to the comparison

of two, and then of several, bars wirieh which were slightly different
in Al'ength . i .
"In including the entire set ag a whole iptO'the work, we began
the comparison with small objects, grédually passing on to large
ones. -
‘ The transitlion fromlobjects with a greater disparity in, size -
, to those with less disparity, that is, the gradual increase in the
. difficnlty in distinguishing the compared objects, is the third dis-
tinctive feature of the .methods of work which we proposed.
All these technioues, as well as several special techniques,

'shall be described in more detail in ;the account of the separase '

stages of the Investigation, to which we shall now turn.

198 -

\\J . | h/{f

“\
X




- . N N , ’ r -
. N . . . ' o
. : |
. ]
. - > e A },

] . . ‘
. ' We-began our instruction of the\g@ientation in® spatia; featpres

with the features small-large,,the mosé{easily\ﬁhderstood by the f
children., . . 2 !

5‘Formation of the corresponding concepts was first conducted : -

;:on one set of ten blocks with edges of 1 centimeter to 10 cegfimeters. |

ﬁ ' For convenience in the future development of this statement, ' N ‘f‘
let‘us numger the b}ocks. of 1 centimeter--#1, of 2 centimeters~--#2, |

3 centimétgks——#3,\etc ﬁupile were given the blocks in_no par icular

¥’ order” (at random) Y ‘ oo T « ‘ N
‘e . First we condutcted the compatison of two blucks of 1 centimeter ‘x\(ffk
, ; and 10. centimeters, then of 1 cenpdgeter and 9 centimeters, 2 ce%i}heterg
) and 9 gentimeters and so on. the approach té comparing blocks
| . #5 and #6, ézready difficult to di nguish by sizey the chil&ren .
vere oéferedﬂblocks #l\\#2 #g; that is, the number of"locks was

/ -~
increased. Then bloct;éfl, #2, #3, #4, etc. were taken.. ' ’

N\

_ After we had condpcted the comparison of two, thgee and more
blocks of the greatest contxasting size, the whole set was presented

The blocks were plaged so that they were visible to all the children,

A slightly inclined pedestal was used for this, ahich was placed orf ’_«
the table. o |
. ) One pupil was called up to the table. The teacher gave him a

problem: "Give me the smallest block." After the pupil had given
him one of the blocks from the tabde, the teacher gave him the
following problem: !Give me the smallest of the remaining blocks. 'l -

This was continued until the?whole set had been used up. All pupils
g were called in turn. ’ : o ‘

Then the assignment was changed: ”Give‘meathe largest block,"

"Give me the iargest of the remaining blocks." And aggin the whole
set was used. " ‘

, &~ . In those cases 4n which, despite the preliminary work in comparing
two,‘zhgee, and more blocks, gradually inkreasing their numbér,\com*
pletion of the assignment on the whole set again troubled the pupil,
a;special device was used. Because the ditficulty was connected with
the large number of blocks, from which one had to be selected,‘the

teacher limitgd the numb®r of blocks to three or four. By the same

*

- .
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- . szallest of them. "“The pupil gives.blo&k #3. o, . (::*

T
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token the child's attention was concentrat d on narrower material.
This method decreaseq the number of blocks, unlike the method which

began comparison with a small number of objects and then gradually -

enlarged ‘this number. - .

Y

. . i
To show how the work proceeded in these casea‘ we produce here

excerpts frefl appropriate reports df the lessons. o

He 1s asked to selec e smallest block, then the smallest
of "the remaining one Both assignments are done correctf§a
»But in doing, the following analdogous assignment, the pupil °

" errs: he selects block #6 instead of #3. Thep the teacher
removes certain blocks, leaving only blocks #3, #4, #5, and,
#6 before the pupil; the assignment is Yepeated: select the

Ten blocks are fqh front of the child' in random order. B

us the tetchnique of reéueing the number of’objects gives a

positive result. . - - * Loat

The other assignments Snvolving blocks #4, #5, and

" #6 were done without errors. Then the remaining blocks #7, ‘
#8, #9‘ and #10 were inZluded in the, assignments until the
whole set was used up. *

. After 'this, assignments using the whole set were again
! attempted, in which the pupil, comparing blocks #8, #9, and
#10, again made amistake. In the subsequemt completion of
the assignment using the whole set, however, there were no
: mistakes. ' , . . .

3

In'different pupils other mistakes were encountered; when selecting

the smallest block (#1) from the set, the child gave the teacher the

‘first small block that caught his eye. The expression '"'the smallest"

was understandable to the children, since the ending -est had been
explained deparately, before the work with the blecks (the sweetest,
sourest, prettiestr cleanest, etc.).

If we turn to the materials of the investigation, we see that
normally developing children, before beginning to do the assignment
(for example, ”Give me the smallest block'"), generally on their own
initiative, put the set in order before doing the assignment, trying
to make the selection of the required object easier for themselves.
They seemed to be planning their work.

The mentally retarded children must be led to the correct solution
of the problem'along the same road traveled byAthe nermally déveloping

children: Hence to correct the mistakes mentioned above, the pupils
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- were asked to put all the blocks in order "by height.” Having dope

this, they easi%y found *he smallest block in the fet, then “the smallest
of the remaining bLocks. Using suc%he technique, the teaclher obtaineﬁ

positive results. s : . - .
- - Q -

. There we;e cases in which the, pupil CQPld not place the blocks'
"by height." Then the,teacher, himsglf positfoned the blocks, showing
-T} the order of their arrenéement Having done this several times, the
| teacher asked the pupil to do the same thing«and aided him in case
of diffi&lty ‘ " w :
J) Having arranged the blocks '"by height," the pupil found the :
smallest block without difficulty The system in which the ch114

arranged the blocks made it possible for him tor pekform correctly all

LY

the teacher s other assignments Ty =

There were tases in which the pupil pgade a mistake, not knowing
what the word small meant, and instead of giving the teacher the
smallest blotk, he gave him the laxgest block in the set, or\one‘of
the‘largest. In_these cases thé\teecher indicated the smallest block
to the pupils and named it, then indicated and named the smallast of
the remaining blocks, and so on. The set was presentec to the pupils
in a specific order: all blocks’were placed ."by heighg.' After the
!teacher had gradcally goﬁe through the whole set in hiZ\gemonstration,
the pupils were asked to repeat what the teacher had done.

Aftet one or two demonstrations the pupils usually mastered the
concept small. The same work was conducted with the concept large.

buring the work described above, leading questions were asked:

"lsn't thére another block smaller than this one?""the a good look,
there is a block smaller than this one tgere.” "Did you look at all
the blocks?" -

Such questions and advice helped the pupils. The teacher's words
organized the pupils' actions and directed their attention to the
necessary object.

The normally developieg children usually sought the required
object actively, by themselves. They were not contented until they

&H

had checked all the blocks shown to them. Isn't there a smaller one?'-~

the children explained their searchings. .

~
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As a ruge the mentally retarded children did'not search for the
ogject corresponding,to the assignment. They were nots interested in,
the possible existence in the set of an object more dlosely correspond- '
ing to the assignment. They did notreven guesd the possibility of . ’]
7 a more accurate way to do {he assignment. }ﬁe menﬁallz retarded
children usually selecteé whatever fell ihto their ;hands, whatever
was closest to them, ; ¢ ; . ,\ .
~. To the techniqués for helping develop in pupils an aétive relation- &.
ship ang interest to the assignment they are,doing, one may also
add the one in which the required block is placed by the teacher under
the other 5locks S0 that it is not visible to the child. Thengthe )
teacher's questions and advice facilitate the pnpil s search. In —
this way they find ehe appropfiate‘object, which was not immediately '
seen and which had to be searched for.
. The techniques described were also used by us in working with - *

pupils using the counting ladder and the set of rulers and pencils

(forming the concepts long-short, wide-narrow, thick-thin, high-lo

"' Ip several of the auxiliary school pupils we o¥ferved a lack
of self;eonfidence when they were doing the assignments. The tescher
constantly had to confirm the correctness of theif perfo;mance_of the
assignments. ' 4 . ‘
Having learned to isolate one or another spatial feature of objects
in the appnopriate sets, the pupils then dealt with them in work with ij
ordinary objects. _ ‘
After the ﬁupils had Jearned to isolate objects according to
? their size (large-small, 1§ng—short, etc.), they were given a new

asslgnment, connected with the formation of the concepts more-less,

longer-shorter, wider-narrower, thicker-thinner, higher-lower and
N

the concépt of the same length, width, etc.

The abilityrto compare objects deneloped during formation of

these concepts. .

L
r3

Fulfillment of? the preceding assignments in each separate case
was connected with a search for one object. In deing the new assigg4.
ment it was necessary to search not for one objeét, but for several. g ,
Thus this task 1s somewhat more complex as compared with the preceding

ones.
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\ﬁrk was cond/ueted using. the same sets as before The counting
& 3
w

! . as sa1s0 among’ the Qgt%} The teacher put its bals’ in/erderz R
<« For conven ce. in the herfdescriﬁgion of this}assi$nment,t we r

;haBl number th &hus 1 decimeger——#l 2 decimeter——#Z:"i& ‘decimeters

.#3, etc. . \‘g /e . . ‘e t & ’

c e

e‘pugil was - eslled up}to the table. The teacﬁer Cddk one»of

‘~h\the bars, say . f4, and told the pupil “Give me all tha sticks shorter

than ;E‘f one. " When one.ber was taken out the set was ﬂivided

into ﬁbo parts in one qf themqe%l tﬁf bArd gere shorter than, the

one the teacﬁer -had, and in the,other, %ll were logggr fﬁan this : “
bar. . 'ih - ;ﬁ » o / .

-

The mentally retarded shi;{en as a rule did~pot at ,ﬁd‘re‘t give
all the bags required by éhe assignment but‘&imi:Zd thémselves

to selecting ome or two_ef them ‘which stood qﬁt most sharply from

-
v F

the rest They did not complete &he assignment.

The normally eveloping children did the assignment more care-

-

fully. They gave’the teacher all tBa required bars and always tried

to check whether ythere were not s;&ll others’ which would correspond

+

to thg as&gnment. - : ) LN ~

. The mentally retarded chifdren were shown the method of s‘earching"
for the régulred objects by placing the given model on top oﬁ or next
to all objects of the set in turn, This method allowed one to check
the aceuracy of the assignment's performance. .

After a great many exercises Lhege wagf §evelnped in the pupils ~

the ability to coqure objedts by length independently, (withgut help

from the teacher) by placing one on Lop of an%ther, andfgp check the

¢ correctness of their conclusion.
'

ijects when working with one set, they were given a more complex

”

assignment in which another set, analoéo&s to the first, was‘included.
WOtkfims conducted on the two sets in this manner: the teacher

gave the sssié;ment on one, the pupil ¢arried it out on the other.
The pupil's set lay on rhe table with its elements in no particular
\’erder. The teacher's set was placed on the same table and was shown

to the pupil in appropriate order.

203

*

After the pupils had mastered the techniques for eomparing ~

T



The work's compf&catian eonsisted in the iack of an orientator
in the pupil's set. Giving the assignment, the‘teacher took a block
from his set, thus dividing the remaining blocks into t%’ parts: .

" in one all the blocks were smaller than the given one, and in the .
*other they were larger. Thé pupil, using his own:et had to eétablish
the blocks which corresponded to the assignment by_comgzring the model

palli}

ami the entire set of blocks. This was difficult for h m,.and he

Y
often made mistakes. - o . . "

~ Moreover, the number of objects for comparison was increaSed - “ﬁw
since another new object ‘was added--the block or stick from the “fx'

{ o
teacher s set. This also hindered the performance of the assignment, ’

—~ \

since for the mentally retarded child thedppearance of a new object ‘
in any strncture creet¥s new difficulties in mastexing this Strueture.

The pupids were re‘Spded that in searching for the' required
block or stick they could.compare them by placing one on top of or
next to another. But hare they ‘encountered another difficulty.

The comparison of two objects, even by placing one og top of the

other, was beyond the auxiliary school pupils'qcapathy in some
cases, since they compared objects by features which were not essential
+o the given asslignment; in some cases they did not know - how to look

for the essential feature eyen when it was isolated. For example,

in the assignment to show which of two rulers was narrower, the children,
comparing the rulers, painstakingly evened all the ruler's ends,

paying no attenti®n to the difference in width.

To correct similar errors, the teacher asked the pupils not onl&A
to look at, but to feel Qith their hands the difference in width that
could noted when one ruler was placed on top of another. Analogous
work was condicted on the'other sets (the counting ladder, the set

¢ of blocks, etc.)

The next variation which complicated thHe fulfillment of the
assignment was a change in the set's color. Instead of a counting
ladder‘whose st icks were dibided into various colored sections, a
set painted all the same color was used. It was more difficult to do
thePassignment using the set of one color, since the sticks were no longer

divided into parts according to length.
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In the work with a uniformly colored set, the number,of errors

)

increasad. The children did not distinguish sticks which were a
little longer or shorter than the given stick from sticks which.

were equal to the given one. ' *

The new coloration of the set disoriented the pupils. They
began comparing the sticks of such a set as if they were doing a new,
unfamiligr assignment. It was again necessary to conduct a‘sgries
of exercises with ﬁhem before they learned to do the given assignment.
A new technique also had. to be intr?duced, to establish‘gfdefinite
system for comparing the given model wisth the sticks from the set
on which the assignment was done. This technique was to advise the

pupils to cbmpare the sticks, beginning with the shortest stick (#1)

‘and to place the model in turn next to all the sticks in the set (to
stick #2, #3, #4, etc.), until the unknown was found. As a result of

several .exercises, the pupils learned to do this assignment without

errors. — , . D)
It must be remarked that, in doing analogous’czrk with normally
developing children, the change in the,set'g coloration yiad no‘signi-

ficant value.

. L]
*

‘Finally another complication was introduced in the assignment.
Two sets on Wwhich siées were.compared were placed at a disgance from
each other. One set was placed on the table near the teacher; the
second was asarried to the other end of the classroom., Both sets were
of the same color. The assigned object was shown to the child, and
he was allowed to holé it in his hands; then ft was taken by the
teacher. The child had to walk across the classroom during this time,
retaining in his memery the image of the object shown to him.

The new assignment produced a“sharp increase in the number of
errors. Only a very few pupils'couLQfda the. assignment completely.
Several pupils did the assignment only partially. ’

To make the assignment easier for the children, one set was
placed significantf} close to the other, and was gradually moved ;way,
as the pupils became. familiar with doing the assignment at the short
distance. Moreover whenhdoing the assignments the pupils were aided

by repeated demonstration of the object.
P.

205



.

-

Only as a result of many‘exercises, however, did the children learn

to perform this assignment correctly.

Developing Concepts of Quantitative Relationships v

The fundamental quantitative relationships (more fever, as many

as, and eguallz) are mastered by the children during their study of

[ 4

the first ten numbers. In the ﬁirst grade of . the aukiliary schobl K

the essence of the given concepts 1is explained. ' More and fewer are

studied as mutually COntradictory concepts. As many as and equally - Z ‘
are studied as equivalent concepts. )

?he concepts more and fewer, to a certain degree, have already

been introduced to the children. Comparison of objects by size, and

comparison by quantity, however, involves a greater distinction, which
we should introduce to the child' /S consciousness. This distinction
consists of the following. in the first case one obiect is compared
with another; in the second case a set of objectg is compared.

We first investigated the techniques connected with the formation
of the concepts more-fewer in comparing sets of natural objects. Used
as visual aids were objects of the child' 8, study, life and play{
as well as :xicks, paper circles and pictures illustrating groups ef
objects. )

The work was begun by showing the children two separate groups of
objects and asking them to determine which group had more and which '
had féwer objects. At first the nmjority of the children had difficulty ‘
in answering the questions posed. r -

We have already\ noted cases in which a mentally retarded child
had difficulty in comparing two objects 1if, inladdition to the feature’
by which He was comparing them, the objects differed in sqme other .
feature; for example, difference in color hindered co ariSOn of P
objects by size. ‘o l

Comparison of groups of objects by quantity wathhe;efore done (
at *first on homogeneous objects, the other conditions remained the .

same, only their quangity changed and was to be determined.
To show how the ;

ork was conducted, we give here an extract of

a
the report from one lesson: . Y
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On the teacher's table there is a glass containing 6
pencils and a box with 3 pencils. AllL .the :pencils are yellow.
The teacher asks: "Children, look carefully at the pencils
and tell me where there are more pencils." Several pupils s
give corré‘?\agswers, some answer confusedly, unsurely,

"Many pupils gifg incorrect answers. The feacher calls the
pupils who gave correct answers one' at 'a time up to .the
table. They then show thefr classmates the container in

. which there are more pencils and that in which there are
fewer .

lhe same work was done‘using little flags: Five red

flags were-.put into.the glass and 2 red flags into the box.
The work proceeded analogously.

Fven though the exercises were repeated several times,
ssome of the. pupils qri11 did not mastér the concepts more
~and fewer.

The teacher gave groups which contrasted more sharply.
In the glass he put 10 pencils and in the box, 2 of the
same kind of pencils.

. Fhe majority of the pupils gave the correct answers.

Similar illustrationg were conducted with other objects
whose qliantity was sharply different; for example, 15 blue
- flags were compared with 3. blue flags .

To show the work process better, below we give an excerpt from
a lesson report concerning the formaé!on of the concept more in
quantity .

The teacher checks the children s knowledge of the basic
colors,

Teacher: What color is this pencil? (ghows the children a
red pencil.)

The puplls answer correctly. The teacher takes 10 red nencils
' in one hand and 31 hlue ores in the other.

~Teacher: Which pencils are there more of?
Pupil: There are mor€ red pencils.
T: Come, show me where there -are more,

) The pupil comes up to the teacher and points to the group -
“ of red pencils.

T: Here (points to the red pencils), of these penciis Lhegg

are ...
. P: More.
T: And hére? She painf; to the blue ones. /
. P: Here there are fewer pencils. ‘
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But not all the puplls give the correct answers. Some
‘confuse the concepts more and fewér. A pupil is called up

, to the table. , ' ~
IT: Where are there more Bencils? |
P: Here there are'more. (He points to the 3 blue pencils)
T: And here? o ' )

P: Here there are fewer. He points to the red pencils,
then quickly corrects his answer. No, there are more
here. , c

T: Where are there more here? .

R ?: There are more here, than here. He points again to the
red pencils. E y
T: That is, where are there more pencils? Show me. The
pupil points to the 3 blue pencils. = . | 7
" It is.evident from the pupil's answers that it makes mo differ-

ence to him ghich groun the ‘concerts more or fewer are related to;

that is, he does now distihguish these concepts. Much work is re-
quired to teach him to distinguisk them. !
The pupil is given several consecutive tasks:

' The teacher takes 9 blue flags and 2 red flags and holds
them so that the whole class sees the number of both types of
flag. .

Tk which flags do I Have more of?
P: You have more blue flags.

Se%eral pupils repeat this answer, coming up to the table
and pointing to the blue flags. Then the teacher calls up
: another pupil and gives him an assignment: Give these pupils
the red flags, and thgse, the blue dnes. He points to rows 7
of desks. The pupll passes out the flags.

T: FEveryone who got a red flag, raise your hand.

The chfldren sitting in the first two rows raise their
hands; they all have red flags.

T: Everyone who has a blue sgag, raise your hand. | N
€

The children 5itting at the desks of the third row raise
their hands.

T: Which flags are there more of?’
P: There are more red flags.

’ Similar exércises are conducted with textbooks, notebooks,
and toys, '

Then the teacher fastens a pjcture depicting a bay and a
girl to the blackboard. The boy is holding 4 bunch of 10 carrots
i .
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and the girl, three carrots.
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T: Who has more carrots?
P: The boy has more carrots. . .

The teacher fastens another picture to the blackbaard.
The picture depicts a river-with children bathing in 4it.
There are many children in the water, splashing and ‘swim-
ming. Two girls are sitting on the bank.

T: Where are there more children, in the watar or on the
shore? 4

P: More are swimming. There are more ehildf%n‘in the water:

T: More than where?

P: There are more children in the water than there are on the

_— shore. ., ) , .
#

The answer is given with the teecher's,help;

The assignment was made more complex. The teacher showed
. the children a mixed group of red and blue pencils in which’
. there were significantly more red pencils than blue ones.
The pupils were asked to,determine which type of pencil
there were more of. They had to sepdrate from the mixed
group the greater- number of quects. This was difficult .
: for the children and they made many mistakes, which could
be corrected only by separating the mixed group of pencils
into separate groups according ;o color. This work was also
conducted with the flags.

Then a picture was shown which depicted children in a
forest gathering mushrooms. Séme were clearly visible. It
‘could be seen that two of them were boys and that the other
seven were girls (they wore dresses).

T: Who are there more of ip the forest, boys or girls? ?

P: There are more girls. %
After the children had learned to separate the obviously la{ger |
groyps the Qifference‘in'number of objects was gradually decreased.
For example, two groups were taken, eight objects iﬁ‘g?e group and
three in the other, then 8 and 4, 7 and 4, 7 and 5, 6¥and 5. 1In
such a gradual transition the children learned to compare and dis-
tinguish groups of objects which were not significantly different
in quantity. )
When the'children had learned to compare two groups, the' teacher
~asked them to compare three, four, and several groups. The children l
determined in which there were more objects and in which there were

fewer. ‘ A) N
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There the children had to compare quantities by co;ntipg them,

This is a difffeult assignment since it requires the ability to

count and a knowledge of numbers. '

* " As a visual aid in the work with t‘whole class the following
ob}ects were used: red and blue pencils {(tem of each), red and blue
flags (ten of each), a collection of white and red paper circles of
different diameters (ten of each celor), and pictures. Red circles
and circles of vériohsicolors and sizes placed in envelopes or
boxes served as distribution material for the pu?ils' work.

The work was first conducted on identical objects, in which
all features were equal‘éxcept for quantity (peqcils or paper circles,
of one color). After the children had mastered the comparison of
homogeneous groups; they were given objects with’differen? colorings.
At first groups which were sharply distinct'from each other were
presented, later the groups were more similar.
Gradually the childreh began to be @Wble to compare groups con-
taining a close number of elements (2 and 7; 3 and 7; 2 and 6; 3
and 6; 4 and 6; 3 and 5; 4 and 5; 6 and 7). °
The most important techniques were those facilitating instruction
of the mentally retarded child in abstracting himself from all the
features of the objects except their number. The ability to abstraét
is weakly developed in the mentally retarded children. In the eX"
periment we found that it was difficult for them to abstract themselves
#from the size of objects wher® they had to compare groups by size.
To develop{this ability i% children; appropriate techniques
were used; they formed a gradual transition from the comparison of
two groups of homogeneous objecgs to the comparisoﬁ of two groups
¢ ‘of nonhomggeneous objects, first distinguished by color, then by size,

etc. !

The objects of compa%ison were bhuttons, sticks, leaves collected 7

by the children in the park, squa%es and circles of varicolored paper.
’In magtering arithmetic conce%;s, the children were troubled

by the words as many as. They understood, for example, that the

number of circles In the groups was identical, but the phrase itself

was Incomprehensible to them. Hence special attention must be

directed to the mastery of this phrase. -
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. When the pupils hé&{oastered the concept as many as to some
extent, the teacher preséﬁ%ed a somewhat more complicated new problem
in which circles differing in size and color were used. For a long
time the children were still inalined to compare the groups not by\
the quantity of objects but by @helx size. Therefore, when the circles
were changed in size there appeargd mAny erroneous answers. (To avoid
them, work was conducted with the &hildxen analogous to that mentioned
above 1n describing the process of formiag the cbncepts more-less in
quantity. g \J i ,
When the children had learmed to compéoé two groups of objects
by size, they were asked to compaée'threo groups. with each other,
then four groups, then more‘greups The childfen gradually _acquired.
the ability to name all the numbers larger or- smaller than any number
up to ten; for example, all numbers up to ten were larger, than five, etc.
With the help of a special technique, the chL*?ren were taught
to compare sets, one of which was real and one of which.was imagined
We give here the materials from one lesson to show hewthis device

was used:

Each pupil had a set of,buttons consisting of 10 large
black buttons and 10 small white buttons. The teacher had
bunches of 24 3, 4, and 5 buttons tied together with thread.
He also had ‘sets of large black buttons, small white buttons .’
and a mixed set. B -

The teacher showed the children three large black buttons.

;
T: Take the whfte buttons. Put more of them on your desk
than I have. Cover them with your notebook.

The children do the assignment correctly, each putting ,;*
down 4 or 5 buttons. ,

T: }hw‘many buttons do 1 have? . T %9‘
You have three buttons.

And how many buttons do you have?

I have five buttons.:

o T B Re ¢ B

Who has more buttons? o=

The children give the correct answers. The teacher goes
on to a new assignment.

T: Now I will show you some buttons and you tell me how
many buttons you arewwutting on the desk (shows 2 large .
butttons). You must put more down., How many did you
put down?
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P: I put down five buttons. J/f*

The teacher repeats similar éékignments seteral times
- with different numbers. The children answer correctly.

T: I have in my hand (shows his fist, in which he holds the
buttons) five buttons; you put down fewer.

The pupils do the assignment. -
T: How many did you put down? o
I put down three buttons;

T: And if I had four and you had as many, how many would
you have?

P: Also four..

T: We both have an eQual amount. I have three and you have
how many? '

P: Also three.

To drill the studied material various games were usedy for
example, the gamé "silence' (with numbers). The teacher told the
pupilé earlier/to lay out the number cards with larger, or, on fhe
othef hand, smgller numbers than the teacher had. The teacher either
showed a number card or wrote a number on the blackboard. The pupils
laid out their cards like a number cashbox.

Sketches agd notations in the notebooks were éiso used. -

We list here some sample assignments done in this period of work.
1. Draw some small circles. Draw moke_on the right and fewer
\  on the left. | Y
2. Draw as many circles on the right as there are on the left,
3. Write the numbers with figures. Write a smaller number on
the left and a larger one on the right. ]
4. Write the numbers with fiéutes. 5”t on the right as many

.as there are on the left.

The concepts more, less, equal, and as many as were also drilled

during lessons in manual training, in which the children made various
objects (frg}ts, vegetables, etc.) from clay. The children were
given the assignments: ,'Make two pears, and more apples than pears’;
""Make an equal number of beets and carrots' '?ut three squaresd .
out of red paper and fewer out of white paper. Glue an equal nuwber
of each in your notebook.'" Here the selection of the quantity of

~ represented objects wag left up to the pupil himself®* ( .
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Independent work developed the children's independent activity
' and creativity. It coordinated arithmetic knowfedge with the child's
labor and~thus‘nicely consolidated the two.

Each number and arithmetic operation within the limits of ten
was studied separately. Eécﬁ‘such study\ca;sisted of the following_
sequence: formation of the given number; addition by adging‘on, and,
somewhat laﬁer, §ubtraction by taking off; and cdmposition and learn-
ing of tgbleé of addition and subtraction. .

The work practice of several of theteachers showed that this
method was completely within thé powers of the auxiliary‘SChooi pupifs
and led, to positive results?¥

The first number with which the ﬁupils were acquainted was the umit.
It was isolated by comparing a set of homogeneous objects and one of
them. .
‘ In the auxiliary.school, a necessary condition for isolating the
unit‘f;om the set was the homogeneity of thése objects with whose help
this process was 1llustrated. . | s ¢

Mastering the rule of forming numbers 1is connected with the .
ability to generalize -isolated concrete cases of forming numbers of
the natural order. The auxiliary schoo] pupils made these general-
izations with difficulty; pherefore; they came up against significant
difficulties in passing from the visual formation of separate numbers
‘to the concept that each number in a series is formed by adding a unit
to the preceding number. ‘

To help the auxiliary school pupils master the rule for forming »
numbers up to ten, preéisely the same operation must be repeated on. #
different Bbjeéts, thereby enabling the accumulation of a large
number of facts for their subsequent generalization. o

_The first conditdon for studying the rule of forming numbers .
and, gonsequently, the first method of work in this direction, is
a demonstration of the formation of each new quantity, ;;ing
homogeneous objects.

The mentally retarded child makes the same simple generalizations

with difficulty. Each instanceé of forming a number, which is dgne

v
ﬁﬁ'objects, is unrelated by the'pupil to other similar instances,
he perceives each Instance in complete isolation. The mentally re-
tarded child is not in a position to note thgt each time {n forming,
213
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for example, a group of six objects, five objects are taken and
another one similar object is‘ﬁdded to them. To help the pupil notice’
this regularity, the whole process of forming numbers is divided into

separate stages.

v

‘For demonstrating to the child that the number six can be
N

formed not only by identical objecis, but,aléo by objects of different .

~

colors, forms, and sizes, the teacher uses objects having a difference
in color and in other features. %

~Developing the Ability to Count to Ten

The child must count to dgtermine any quantity. qgten the
auxildary school teachers must observe the unique counting of the
mentally retarded children; the pupils cannot count a group of eight

.or fine objects if thgz aFe.positioned not in a row, but atrandom,
without the Apssibility‘of rearrangement, When these same objects
are positioned in a row, the pupils count them quite freely.

We present here an example of such counting. The teacher givesd

@):he assigmment: "Count how many apples are in the dish." The pupidl,
very carefully touching each apple with his finger, counts, -but omits
some of the appl;s in the count and counts some of the apples twice.

»  An incorrect result is obbgined.

.o When counting, the chi observed no system. He did not count .

in order, but picked out appl S\now from one place, now from another.
Beginning to re-count several times, he began-on a row of apples from
-darious sides; he made mistakes, and 6btained an incorrect resulg.
Finally, after repeated attempts to count the apples, he accidentally
counted them correctly and settled down.
The main cause for the children's difficulty in counting is the
structural complexity of the group of objects presented for coupting.
s If the material is not set in any system, the children themselvis
cannot determine 1t. The given case is analogous to the case in.which
\ the selection of a small or large block was facilitated by the presence
of a system in the set of objects® The same applies in this case,
in which it was necessary to systematlze the‘material. In the opposite
case, tﬁe ciildren did not complete the assignment given them, This
was shown by their questions; the children asked, "How do we count?"

and "Where should we Aegin, from here or from here?"

£y
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‘Cohntihg sk'the abjectirwas facilitated by dividing the group-
into smaller, structurally'simpler elements. For example, on the'
picture showing applés in a dish there were glued strips of paper
so that gll the apples were divided into sections, each of which was
easily visible. The strips divided a complex quantitatlve group into -
simple grbups. The pupils first counted the apples in one simple
group, then, continuing to count, passed ep to thg second and third
groups. They handled the counting of the entire "large'" group in
this way. '
To teach the children to establish a system in counting objects
in a complex group, we also uSedla table on which rows of circles
were gradualiy‘rearranged. One after another group of circles paSSe&
before the pupils, beginning Yith a simple group having a system,
and ending with a comglex group, which had no system. %assing from
one group to another, the pupil retained the order of counting that
he had accepted in c?unting the circles of the first group, that is,
£from left to rightf hDislocation of the circles in altering the direct
order showed the pupil the direction of motion from top to bottom and
vice-versa. As a résult of such work, tﬁe children mastered the device
of counting "complex" groupings. *
Conducting the experimental work, we éncountered.still another
‘characteristic ®f mentally retarded children which created difficulties
. in teaching them to count. For a long time they could not determine
the number of objeéts if the numbers..were given to them at random,

o

for example, "givé me 5 buttons, give me 7.buttons," etc. The pupils
tried to gi@e the teagher all the buttons placed in front of them; ‘
they gathered up as many as their handscould hold. ,
In the investigation of the normally developing children such
mistakes were not found. ‘ . .
[ To correct this flaw in counting, a technique was used in which
the teacper's oral assignment was accompanbed by numbers being laid
out. The child himself found the numb@r. As a fesult of many repeti-
tions of such exercises, the children’were taught to do correctly the oral .

assignment requiring them to give the teacher a specified amount of

objects. ) i
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The indicated techniqueswere used during all the work in developing
numerical concepts and arithmetic operations in the child®en.
| The designation of a number by a numeggl_piayed a large role
in forming numerical conceptions. But the auxiliary school pupils
did not first link the number with the numeral or the numeral with ;
the number. The pupils had to be given practice in designating
quantities b& numerals for example, the pupils are givem one of the
numerals and a box with a set of cards depicting groups of various
numbers of homogeneous objects. The pupils must sort out all cards
with a number of objects- corresponding to the assigned numeral.

Another variant of exercises of this type is the following work.
The pupils are given a set of cards on'which are depicted various
groups o& homogeneous objects, and a set of number-cards. The child
must sort out the numeral that corresponds to each group of objects.

A third variant could be to sort out a number of separate objects
corresponding to the given numeral. The teacher asks the ch}ld:en to
take' one of the numerals and to select groups oI various objects whose
number would correspord to the given numeral. )

Ail the indicated techniques help the child connect the numerxal
with the corresponding number of objects.

Developing Ability to Perform Arithmetic Operatiops

When work on one or another number is completed and the children
have mastered counting within the limits of the given number, one must
pass on to the study of operations within its limits.

As early as the formation of’conceptions of the numbefg two and
three,” the children encounter the operations of additien and subtraction.
At this time the teacher reveals the idea of each operation.

The teacher should select visual aids for studying the arithmetic\

" operations with special carefulness. Mastery of t@e cdlculating

devices 1is facilitated only by techniéﬁes which aid in illustrating

the addition of each separate unit of a second summand ;hﬁ allow the

units to be formed into any groups. In other words, in studying

arithmetic operations, moveable counting material must be used. 2
In studying addition and subtraétion, tﬁe primary visuai aids

are the equipment of studying, as well as objects of the child's life
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and play -- for example, péncils,'rulers, flagsy, chéckers, spools, .
linen buttons, spoons. A ’

Large circles for the blackboard (10 centimeters diameter) and
small ones for the pupil (3 centimeters diameter) .,can serve as an aid.
In addition, it is necessary to have sets of large and small digits
for the teacher and pupil. T ;'

Besides the requirements stated above, which‘must be fulfilled
by aids in studying the arithmetic operations, it is necessary that -
the first and second term be indicated boldly in each of them; for
example, yellow and black pencils, red and blue flags, teaspoons and
tablespoons, different-sized buttons, spools of different colors.
Cblofed paper circles are a very useful aid.

An aid which clearly reveals the sense of arithmetic operations
is the ceﬁstructivé picture (working model). ' '

‘Study of the operation of addition and subtraction is begun by

. disclosing and explaining the meaning of each., The sense of the

- arithmetic operation is understood by the mentally retarded child

better if the operation is connected with a épecific-COncrete situation,
especially if this situation 1is connected with, the child himself, if
he 1is included in it. ’

Moreover, the very process of joining, adding objeg¢ts or, on

.the other hand, of taking away part of a general quantity must be

shown very clearly to the mentally retarded child, with no digressive
motions, so that the chiid will see only what he must master.

After repeated exercises in solving addition problem in which
the terms are illustrated by objects, it 1is usual to begin solving
examples yith abstragtﬁnumbers. The teacher writes them on the black-
board with the help of figure cut-outs and reads what he has written;
for example, '"'One added to two equals what?" The pupils solve the
exapple, writing the sign\for "equals' and the answer. oA

Then at the teacher's dictation (without writing on the black-
boara) the children compose examples from their own number cut-outs
and solve them at their desks.

Having learned the sense of addition well, the children handle .
siﬁple problems and examples easily. At first they add by ones. Then

they add by groups of two and three and count by twos and by threes.
217
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Here the teacher encounters great difficulties.’ The mentally
retarded children have a stﬁbborn tendency to perform addition by a
factual unifiéagion of the objects into one common group, and then ?
an enumeration of this group. ! 7

It 1is certainly easier to do the operation.bi‘éounting, Bu; this T
meéns that the children do not learn to calculate. T; help the‘ﬁentally
retarded child master the calculating technique of adding a second
term one unit at a time, the.couﬁfing prop#is used. In adding, ]
the first term is. given in the form of beads placed on a wire. The

wcond teﬁn is represented by separate beads placed in a row. Having
.determined how many beads are on the wire and how many must be added
té the given number, the child begins addition. But it i; impossible
for the pupil to place all beads onto the wire at once; he must put
them on one at a time. By several fepetitions of this procegb in
adding various numbers the child masters ﬁhe device of adding a second.

Ao f \
term by ones. . .
?

After the pupils have mésféred!this.calculating technique and
use it in .adding various objects, the counting-material is'taken,
from their desks. The teacher ask;tthem to solve an example without
the aid of the count%pg material. But it is difficult to pass on to
this immediately and, in order to facilitate this process, a table '
of nu&erical order is used.

This aid consists of cut—oﬁt‘nnmbefs, fastened close together
in numé;ical order to the upper frame of the class blackboard. The
classroom chart dépicts the numerical order, aqd each pupil has a
chart prepared by the teacher on an ordinary sheet of paper. The
pupils must add two to five. They place tyeir finger on the number

1t

"5," then move it to "6,'" saying, 'one ddded to five is six,"” then

move their Einger te "7",and say, "one“(eged to six is seven'; in sum:

l n
"Two added to five is seven.” Such a performance of the opiiation is
based on the use of sequential additiom. 'In the future the‘dhildren

skim the numerical order on'the blackboard with their eyes only, and

E— \J

Lhe aid mentioned and the methodology of wdrking with it were
borrowed by us from,T. S.‘YakubQVSkaya (teacher in Auxiliary School
No. 1 of Leningrad).
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no longer handle any kin§>ofvaid. A gradual abstraction from concreté”

. objects for counting occurs. At™this stage many pupils pegin to add

" numbers mentally. They even close their eyes when calculating. 1In

-  the more difficult cases (for example, "5 + 4"), some childrenh

return to sticks and the hand tables, but’ ghis occurs more and more
rarely. Mnst of the children begin to,count without visual material.
The tables described have two other positive qualities: first,
" they aid the consolidation of numerical order ih t?é\pupil 5 memory; ) [\\
.second work with them facilitates performance of the assignment. .
In performing operations on sticks, the child must retain two series
of numbers in his mind: the obtained intermediate result from adding
the first unit, and the remaining units of the second term. Using
the tables thg chilﬂ\must remember only one number-~the remaining
ts of the,second term-*since the table shows him the intermediate
-rESult from adding the first unit. Italso shows him the final resultr
We consider this aid very valuable. All the children of the

‘ class where it was used mastered abstract calculation within the limi;s

of ten rapidly and rfirmly. ' , o
" After the addition of "2," the teacher instructs the children

. in adding "3," "4," etec., one ar a time, grouping the unitssof the

second term. For example, the assiggEente”é + 3" can be done thus:
DM 42 1 or 4+ L4 2.0 - )

. | In passing on &o;the addition of two terms of which the second
is larger than the first, one must proceed using the technique of )
inverting the terms.** But this technique may be used only when the
children know how to solve both examples (fer,example, "4+ 2 = 6"

and "2 + 4 = 6"), and are convificed on the basiq of calculation that

téé sum in both cases «is the same and that 1t {s easier to add on a

smaller number than a larger one. . s 'y

"Although numerical .figures are un&iuitable to usesSn mastering
the calculating techniques, since they hinder instructlon, they are

a useful aid in studying the composition of the number. In our

: N
opinion Lay's figures are the most precise numerical figures. The

**The commutative principle (Ed.).
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princf*lé of constructing these figures 1s very simple: In studying ‘

. the composition of the nugbe:, circles painted two contrasting

colors (¥or example black and green or black and red) are used. A pre-
cise expression of the composition ‘of the number can be obtained.

N A good method for studying thé composition of numbers are seta

of charts with buttons. Each pupil has two charts and a set of ten -
buttons of various sizes and identical color. The charts should be

of such.a wldth that’ two buttons could not be placed on them in a row,
that is, just wide enouéh for one button. Blackboard charts snculd

be placed side by side so as to make it possible gradually Yo incor—
porate into the system all cases of development of combination in tne
same order that the'child seés at his desk}_ > .

The pupil is first asked to put a{} the buttons onto one chart,

"then onto both, then again onto both, but in a different combination,

-

éte. ¢ .

To show how this work was conducted, we give here a notation of

" the report from one lesson: o, ‘ \

The pupils have sets of buttons and charts. The teacher
has circles of 5 decimeter diameter. The teacher giuwgs the >
asgdgnment: ''Take one chart. Put six buttons on it. Put .
tigiother buttons in the Jpox. .Close the box and put it a-
side.” The pupils do this. The tegcher walks around the
class, checks, then affixes colored circles to the hlack—
board (6 circles).
T: How many buttons did you put on the chart?

P: 1 put down six buttons.

T: Take another chart and place six buttons on the two
charts. (The teacher walks around the class and calls
on a pupil who has put five buttons on one chart and
one on the other.)

=
T:+ How are your buttons get out? How many do you have on
one chart and*how many on the other?

P: I haye put five buttons on one chart and one on the other.
T: Who se did it this way? ) ~

The pupils raise their hands. The teacher calls one of
them to _the blackboard. -

T: How many buttons are on your first chart?
P: Five buttons,.
T: Give me flve clrcles.

220

e rrea



The pupil gives him the circles.

' The te8cher sticks the circles on the blackboard, then
asks: "How many buttons are on the other chart?"

P: One button. .
s T:, Give me one circle. e
The pupil gives him a circle.

ot The teacher places fhis circle on the blackboard, set-
ting it apart from the other five circles, then asks: '"How
. ' many buttons altogether do each of you have on your char;s?”

P: Five buttons and one button, éix buttons in all.
: '

T: And how else can you place the six buttons? Who has
placed them differently? -

The children in tu¥n describe their variants in place-
ment of the buttons. Each example of the children's button
. placement is fiXed on the blackboard. ‘

We turn now to describing work on the mental compositfpn of 8
number. This ia accomplished with an’ aid consisting of small circles
tied together on a string. The work is first conducted so that one
of the summands is visually perceived by the children, the other must

be found mentally. ' '

T: I have six circles in my hands (he shows that he is
holding the circles). Thgre are four circleg in one
hand (opens his hand, showing the circles hanging on
a, string), How many circles are in the other hand? '
/9 remembers how many circles I have altogether?

%ﬁ You have six ciréles. .

Py

s

T: How many in one hand?
P: Four circles in one hand.
’ T: :+ How many circles in the ofher hand? .
The pupils gd¢e the correct answer.

After all variants of the composition of the number being
studied (say, 6) have been thus exhausted, we paés on to work on the
composition of a number by imagining both component numbers. The
same circles are used.

The teacher takes six circlés in his hands and gays: 'Guess
how many circles I took jn one hand agd how many in the other."
- The pupils give various suggestions. ¥'"And how can I take
the circles ‘in another way?" asks the teacher. When all
variants of the composition of the number 6 have been sug-
gested, he opens his hands and shows the children which
~ " of them ''guessed" correctly

[
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. Wﬂen the childfen were acquainted with all cases of addition
within the limits of " the studieé number, a table of addition Qaé
prepared. For best mastery, the teacher composed it togefﬁér with

ithe pupils at the lesson. The children did this with interest. They
were convinced that they had already memorized.gany cases,-but
primarily that they knew how to explain «4ach case of addition.
Subtraction was studied on ‘the basis éf addition. The teacher
approached subtraction after the numbers from one thrg five had been
studied. This was done because the simultaneous study of addition
‘and subtraction creates two difficulties for the children: they L
confuse these operations and éheir signs. Separate study’%f the oper-
* ations eliminates these difficulties. .
| Study of subtraction, as of addition, was begun with an e#plana~
tion of the-éense of the opgration and the mastery of the correspond-
. ing termé. ‘As in addit%on; elucidat®on of the sense of subtraction
was connected witl aConcrete situation and with small numbers.
Ail the work done in exﬁiaining the essence of addition was
. analogously repeated in subtraction. There was a small difference;
the notation of the 6peration was introduceq as Soon as the teacher
. | gave ébe children the concept of‘subtraction: since this helped
distingulsh subtragtion and: addfticn. >
‘When the children had learned the essence of subtraction, they
began to perform:the Dperatioﬁ. : ‘ '
The f{irst case was thelsgbtraqgiqn of units. In doing the
operation, the children used a table with a row of numbers. They
. learnéd that in subtraction they go in the other direction along the
numerical réw, and that the numbers diminish.‘ The latter fact is
~explaired by a constant comparison of the minuend and the remainder.
Understanding the link between subtraction and.addit{on was .
attained mainf}'thro;gh practice, in which the puplls, taking away
a number, found the required answer on the table of addition. The -
teacher helped in many ways, expliining how the addition table should

. be used in subtraction, calling attention to the table each time.

&
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Conclusion

As a result of experimental research we established seve:al

techniques for teaching arithpetic to mentally retardeg children which
affected the develepment of their thinking. These techniques are

| comnected with the special problems in using visual aids at arimetic
lessons in the auxiliary schooi ' '

1. In order to form the ability to compare objects in mentally
retarded children, one must utilize those same techniques of comparison
" which the normally developing child uses. jpe latter, approaching‘*
comparison, syitémizes the objects being compared (and in counting
objects hewgroups them, thus f litating his work).

2. In teaching compag;sozjzy spatrial features, the objects used
. first should be objects from the child's surrounding E!fe. ‘After this.
one may pass to the comparisop of objects (from épecial aids) dis-
.tinguished from each other %y one spatial featute (the remaining
features are identical). Then objects may be compared im which there
are seyeral different spatial features.,

,\\3_- An impgttant condition for successfully teaching the comparison
of objects by one*of their spatial features to mentally retarded 5
school-chfidren is the gradual advancement of the pupils from the
comparison of objects sharply distinguished from each other in one
‘feature to the comparison of objects that are more gimilar in the same
feature. Such work om comparing objects by spatial features dis-¢on="
cluded with establishment of the correlation the same as. An analo-
gous technique of gradually reduclng the difference between objects
is used in comparing groups of objects and in cnmparing numbers. For
initial compariéon, groups of objects sharply distinguished by quantity
are taken; then there is a transition to the comparison of quantities
closer in number. The same with numbers: for initlal comparisonm
numbers sharply distinguished in magnitude. are taken, then closer
numbers. The work is concluded with establishment of the correlatioﬁ
as many as, when the difference betwebn the numbers is zero.

4. In forming each new concept it is necessary to create in the

children a broad base for generalization.

5. Mastery of computational techniqjes of numbers to ten is
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facilitated to a significant extent by the use of special aids to
ensure correct(gerformance'of the operations.

6. From gﬂe addition of two groups of objects one must pass
to addition iﬁ which one group is given as directly perceived and
the other af imagined. Then the children must be askéd to do addition
of ﬁugntit;es mentall&,anq>finally; additjon of abstract numbers.

-
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