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The series, SovietQStudies Ain ther Psychology of Learning and Teaching

-

Mathematics is a cotlection of translations from the extensive’ Soviet '

*'literature of the past twenty-fiye years on research in the psychology
of mathematical instruction. It' also includes works on metheds of
iteaching mathematics directly influenced R? the psychological research.
The series is the result of a joint effort by the School ‘Mathematics
Stddy Group at Stanford University, the Department of Mathematics
Education at the University of Georgia, and the Survey of Recent Edst
European Mathematical Literature at, the University of Chicago. Selected
papers and books cdnsidered to be of'vaiue to the American mathematics
educator have been translated from the' Russian and appear in this
series for the first time in English. ' ‘ \\- |
Research achievements in psychology in the United States are !
outstanding indeed. Educational psychology, howeVer, occupies only a ‘
small fraction of the field, and until recently little attention has
‘been given -to researnh in the psychology of learning and teaching "
patticular school subjects. h

The sitdation has been quite different in the Sofiet Union. In

-

view of the reigning.sccial and political dogtrines, gseveral branches
of (psychology that are higfiy deveroped in the U.S. have scarcely been
investigated in’ the Soviet Union."on the other hamd, because of the
Soviet emphasis on education and its function in the state, tresearch in

educational psychelogy has been given considerable moral and financial

support. Consequently, it has attracted many creative and talented
* .

scholars whose contributions have been remarkable.

Even prior to World War II, the Russians had made great strides in
‘educational psychology The creation in 1943 of the Academy of Peda- .
gogical'Sciences helped to intensify the research effores and programs .

! in this field. Since then the Academy has become the chief educational
research and developmcnt center for the Soviet Union. One of the main

aims of the- Academy is to conduct research and to train research scholars

+ - ] ’ . ' ’ . ; ’
. * . . E . '
A study ifdicates that 37.5% of all materials in Soviet psychology-
published in one year was devoted to education and child psychology. See \
» Contemporary Séviet Psychology by Josef Brozek (Chapter 7 of Present-—Day

Russian Psychology, Pergamon Press, 1366). o
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- in general and specialized edocatioq, ine éducational psychology, and
in methods of teaching various school subjects.: C T
The Academy of Pedagogical Sciences of. the USSR comprises ten
research ipstitutes in Moscow ‘and Leningrad. Many of the studies
reported in this series were conducted at the. Academy s Institute of v
Gengral and Polytechnical Education, Institute of Psychology, and °* '
'Institute of Defectology, the last of which }s concerned with the . -
special psychology d&hd educational techniques for handicapped ‘children.
The Aéaﬁémy'of Pedagogical Sciences ﬁZi;Gl members and 64 )
‘associate membeys, ‘chosen from among ~distinguished Soviet scholars, .
seientists, and educators. Its permarient staff includes mofe than
650 research associates, who receive adviece and cooperation.from an KE
additiopal 1:000 scholars and teachers. The research institutes of .
the ,Academy have availlable 100 "base" or laboratory schools and many
other schooks in whicofexPeriments are conducted. Developments in
foreigm countries are close}y followed by the Bureau for the Studz\of
Foreign Educational Experience and Infermation.
The Academy'has 4tg own publishing house,’ ‘which iSSues hundreds, of .

books each year and publishes the collections Izvestiya.Akademii
Pedapogicheskikh Nauk RSFSR [Proceedipgs of the Academy of Pedagogical

Scientes of the RSFSR}, the monthly Sovetskayva* Pedagogika [Soviet - B

Pedagogy]; and the bimonthl Vopros Psikhologii [Questions of Psyehology]. .
GO8Y Y }fev.eji

Since 1953, the Aeademy has been isguingcollections entitled Novye -
Issledovaniya v Peda?oplcheskikh Naukadkh {New Research, in the Pedagogical

Scignces] in order ﬁo disseminate infqrmation on current research.

Aimajor difference between tha Soviet and American conception of
e&ucational Yesearch is that Russian psychologists often use qualitative
rather than quantitative.ﬁmthods of research in instructional psychology
in accordance with the prevailling European tradition. American readers,
may thus find-that some of the’ earlier Russian papers do not COmply
exactly td U.S. staﬁﬁards of desxgn, analysis, and reporting By using
qualitative methods and by working with small*groups, however, the goviets
have .been able to penetrat; into the child's thoughts and to analyze his
mental processes. To this end they hawve also designed classroom tasks
~and séﬁ&lﬁés for research and have emphasized long-—term, gegetié studies
of learnings’ - | . / : o

-~ ' . -



« Russian psychologists have concerned themselves with the ynamics‘

ef mental activity and with the aim of’arriving'at the principl s of the
"learning précess itself. They have investigated such areas as: the

deyelopment of mental operations; the nature and development of thought'
the formation of mathematncal concepts and- the related questions of‘

- generalizat;on; abstraction, and concretization; the mental operations J
of analysis and synthesis, the development of spatial- perception; the
relation between memory and thought, the development of logical reasoning,
"the - ‘nature of mathematical skills; and the stxucture and special features‘
of mathematical abilicies. -, « .

In new approachee to edueational research, some Russian psychologists
have developed cybernetic and statistical models and techniques, and have‘
made use of algorithms, mathematical logic and information sciences.i

q Much attention has also been given tg programmed instruction and to an
examination of its psychological preblems and {ts applicatign for’ -

LY

dreater individualization in learning. - .
" The interrelationship between instruction and child ment is '
" a source of. sharp disagreement between the Geneva Schoolxiz—;zgghplogistss -7
led by Piaget, and the Soviet psychologists.* The Swiss psythologists
' ascribe“limited signifieanee to the role of instruetion in the develop-
ment of a child. According -to then, instruction is subordinate to the

specific stages in the development of the child s thinking—-stages

manifested at certain’ age, levels amd zelatively independent of the

-
A R -

conditions of instruction. - ;
As representatives of the materialistie-eVOlution§.§$theory'of the /;//f

mind, Soviet psychologists ascribe a leading\rolerto ing ruction. They
assert that instruction broadens the potential of development, may
acecelerate it, and may exercise influence rot only upon the sequence of
the stages of develonment of the child thought but even upon the very v &
chardctez of the stages. The Russians sindy develoPment in the changing
. conditibns of instructien, and by varying these COnditions, they.demonstrate
" ,how the nature of the cnild's development changes in the prodcess. As a
‘result, they are also investigating tedts of giftedness end are usinﬁ‘}
elaboi:ate dynagic, rather thaQ static, indi‘ce%.

)

See The Problem of Instruction and Deveﬁbgjent at the.l8th Iéternptional
"“Congress cholovz_by M. A. Menchlnshaya and G. G. Saburova, Sovetsﬁaxﬁ
Pedagogif: OOﬁR 67, No. 1. "(English translatfion in Soviet Education, July
196? Vol. 9 No. 9a) . :
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'of mathemat ical instruction in the Sovief Union. This series should

‘1evels.

R | , - ] )

-

Psycholpgical research has had a considerable effect on the

recent Soviet 1iterature on methods of teaching mathématics. Experi—‘ .

ments have shown the student's. mathematical potential to be'gregter -

than. had been previeusly assumed Consequently, Russian psycholog@sts
have advocated the necessdty of variouh changes in the content and
me\hods of mathematfgél ingtruction and have participated in designing
the new Soviet mathematics curriculum which bas been introduced during
the 1967-68"academic year. ' - - "

The aim of this series is to ag¢quaint mathematics educators and
ténch@rs with directions, ideas, and qccomplishments in the psychology -

. ,

[] . .
.assist in opening.up avenues of i%vestigation to those wh?.are interested

in broadening the foundations of their profession, for itiis generally
recognized that exberinent and.research are'indispenseble for improving
content and methods of school mathematics. '

-

We hope that the volumes in this series will’be used for.study,

. 4 ¢ '
discussion, and critical analysis in courses of seminars in teacher- . ol i

training programs or in institutes for in-service teachers at various
\ :

At present, materials have been prepared for fyfteen volumes. Each

. book contains, one or more articles under a genera;fneading such as The

Learning of Mathematical Céxcepts, The Structure of‘Mathematical Abildties
and Problem Solving #n Gébmétry.. The'introduction to each volume is
intended to provide some background and guidance to its content.

* Volumes.I to VI were prepared jointlé;gy the School Mathematics
Study Group- and the Survey of Recent East European Matggpati al Literaturé,
both conducted under gramts from the National Sctemce Foundation When
the activities of the Sthool Matnsmatics Study Group enddd in Augd‘t, 1972
the Department’ of Mathematics Education at the University of Geergila'
underkook to -absist in the editing of ‘the remaining volumes. ‘We exﬁress

our appreciation to the Foundatioq.and to the.man people and organizations

who contributed to the establishment and contin tipn of the series. '
’ ’ P . . . - (
. o > A
4 ) Jeremy Kilpatrick
. . Izaak'Wirézup‘ N

¢ o%

Edward G. Begle

' : James W. Wilson v

(R
yaE

-



-

: ,autgprs names transliterated. } :

»
-

EDITORIALTN®TES v =
N o ' e --{'\ T o : —

- 1. Braekeéed numerale.in the text refer to the numbered
references at the end of each paper. Wherej;here are two figures,

: re g, ‘[5:123], the second is.a page ‘reference.- All references are

to Russian editions, althoygh titles have been translated and °

™ 2. The tngnsliteration scheme used is that of the Library

of Congress, with diacritical marks omi ted except that O and R
are rehdered as "yu" dnd "ya" instead of "iu" and "ia.y o
3. Numbered footnotes are those in the original paper,

staxred ‘footnotes are us?ﬁ for editors' or translator's comment 5.
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~ Mathematics education lacks systematic experimental investigations .
‘\\!ﬁ of mathematics learning and teachifgy that are baséd on theory. Begle ‘
[1] has expressed the opinion that further substantive fmprovement An v f S
b mathematics education will not take place until mathematics edlxcation *b
. is turned into an experimental science. Piaget [5] observed th&“’no rb*»l
nmore was known in 1965 than was known in 1935 concerning what 'ip;
remains of the knowledge acquirep in primary and secondary schools
'+ after.time intervals, ‘say, of five, ten, or twenty yearsyg Piaget 8 :
. observation is consiatent with Begle sv Both are comments on the’ |
. leck of theory-based experimental investigations of mathematics
| learning and teaching. ’The work of E1' konin,.Davydov, and Minskaya e
reported- in this volume_represents a start toward the alleviation of .
\ this condition. The experimental curriculum posited by these authors .
" was gerierated by_a tﬁorough-theoresical analysis and synthesis of the
B cognitive development of children, fundamental mathematical structures,'
and the content of mathematics instruction in the early school years. : g
The empirical reSults obtained are particularly noteworthy in light '
of this analysis -and synthdasis and are potentially applicable not
on%y to mathematics educati n, but to the psychology o& childhood
. as well. = " “. - e S L
In the introduétory chapter El'konin and Bavydov\ootline their
position concerning the relation of instruction to the intellectual .
development of children, a position congsiderably elaborated in later
chapters. Following Vygotakii they view a child's mental development
, as being ultimately-determined by the content of .the knowledgée studied. .
t‘ ' Reseagpchers (notably Piaget) who study the deve}opment of. mental . . -(.
operations generally concentrate on those mental operations whgch are

er.. 3El'konin and Davydov

. maximally independenn\of specific subject ma

criticize this approachk becanse it leads to a wjew that the sources

.o mental developmentéfie in the individual himself, independent of

specific historical‘c nditidns of existence (including,educ tion), and
A

becausge it leads to an absolute way of /characterizing featyres”of the o
- ! s Vs . .
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chlld's mind eccording to aée level. Cons;quently, thgqy believe that
existing intellectdﬁl(gg\hbif!ties can be studied only by making”

-chenges in the cdhtent oprhst children learn at school. In fsct, the’ N
msin task of their reseerch %ﬁsxfo\study weys of designing acedemic |

. ‘subjects and chil&reﬂ' séﬁ;?i .work o that much of it becomes LAY

' accessible" to the stddent . * E1'koafh and Davydov do not link‘their. " °

work to Bruner's famous hypothesis thdt "any subject can be. taught
' ffectively in some’ inpellectuglly honest form to any child at any’

' stage-of development [2: 33] " The particular weakness they seq in
Bruner's hypothesis is that it makes reference to abstract foims of
teaching the fundamentals of any subject to.a child of sny.age.‘ It = y,

‘ig not possible t6 characterize capabilities for'leerning with fegatd‘ T

. to gge level in the abstract -- forms of instruction must be found ‘ )
' thet are suiteble for each specific piece of content and given sge o
level. They contend that Bruner was corregct, however, in challenging .
the traditional absolote way o} cherscterizing features of the child" |

hind according to age level. : .

T
£

- *

One wonders, however, about the‘degree of divergence between the T
views of El'kdnin and I)evydov\jn the one hand and the Genevans; on th[ it
other. First, Piaget [5:21] has clesrly differentiated experimental

. pedeéogyjend psychology. experimental pedsgogy is concerned less with
the general and spontaneous characteristics of the child than with
their modification through pedagogic processes. ’Second in commenting ¢
on the velue of development stages in' educational science, Piaget R
[5: LZII rejects &ke notion of inflexible stages characterized %y ' B
invarisble chmonological age limits and permanent thought content.
As an integactionist Piaget [5 172#73] advocetes that the mind' s
structural maturation snd the child 8 individual experience each be N \
considered as factors. in intellectuel development. . Third, Pieget . ¢
[4.16} q?s commented tliat mathematical structures can be learned

if the structure you ‘want to. teach can be supported by simpler, mo b
.elementary structutes., These three considesations arg not cogyi;tely .

_ inconsistent with El'konin and Davydov§s basic position coficerning .

ot
A Y
" o , -
s xii . . ‘
L3 - Iy ﬂ“[p- -
* - /F . ‘
L A}
/s
+
- [ TV ’2 o ¢
< S .




. .
-

-

N

IS

y pedegogy*

most. ;enerel'weys; _But exPerimentel pedeéoéy does not. Btand 1n 2, -

»

oppositio:ﬂip cognitive development psychology. Rather, eiperimentel
quplementery toxg; with the potential of oontrihuting

knowledge”to developmental processes. Qne of the mpst feécund erees

for such potential contribution lies in the formetion of mentsl ?‘r -

13

<

P
-

operetiqne {which mey or may not heve been studiéﬁ by the Genevan . . -,
school) ~ that %e, in nnderstending‘the contribution df instruction
in school mathemetice to. the formation of mental operations. T

'w*'g In the second chepter El konin eleboretes'on the points mede in,

the introductory chapter.' Through analyses of the wnitings of Pieget,
Blonskii,:ankov, and Vygotekﬁh El'kqnin formulates a basic hypothesis Yo
‘that a chenge in the-content of instruction coupled wlth a, corresponding

R chenge in the type of teaching will influence the chronologicel outline

-

o

<

o . .

of 'the development of the-child's intellect. The following are smong :
the various basic i eas that lead to formuleting this hypothesis. ‘
t A central issue is-whethef to characterize e given age level “‘

in terms of the pracesses for which development is concluded at thet »”
_age level or in terma of the processes for which development is-
Esginning at; that age level. Ff the former point of view is'adopted}
then one is led .to a conception of intellectual development as being
inviolable and independént of the content and methods:of presentation

of subject matter. This point of view leads to exercises being
presented’to the children that demand only previously formeduintellectuel
.processes for solutien. However, if the latter point of view is ‘
adopted (and it is by El'konin) then the content of instruction

becomes exceedingly importentr?hﬁollowing V&gotskii,iEl'konin believes
that .the development.of the psychological processes for learning
methenatics do not preceder instruction in mathematics, but that thel
cherecteristics for lgerning~new content-are formed in the process
of learning it. The emphasis, however, is not placed/on the/method af
instruction (hize is where the author diverges from Bruner's hyposhesis)

but on the content gﬁ‘instruction.. The teaching metheds are te be

~orgagically commected with the content and are to creete a bond between
the child and society;where the teacher represents tlie knowledge
accumulated by society and is not merely the child's colleague.

- -
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) of the Bourbaki — algebraic structureS/ structures ‘of order,wand - .

.’

. In the third chapter, Devydov outlines,the three basic. structures

-

topolcgical’struotures -- as a.basis for structuring Schoor mdihématics X-

" ¥rom the beginning. Davydov is well aware of the rcle ﬁf these three.

. basic structures in cognitive development theory~espoused vis—a—vis

,

. 2}

4

.

. Piagetw In fact, it i& here that he genuinely usgs the reSults of

-

"..supported by Piaget s\theory. 1f the assumptien‘is made that. the

a

psychQIOgical research in structuring the experimental curriculs. :
He does 80, however in full" awar€ness of the' difficulty ‘of Qetermining .
plicitly ‘how mAthemgtical stfﬁctures snd genetic:Structures of®
thought are relateﬂ. In what way are mathematical structures a -
ntinuation of previously formed genetic structures? Neveruheless, R
curricula designed on the basis of initia; mathematicai structures are

 ¢hild's Qhematical thought * develops within the very process of the -

o

mathematical structures csn

formation of concrete operations, then becsus%'concrete aperatisns
are to be consideréd as operative gtructures,. c¢urricula- hssed on * .
//éﬁiintroduced at the beginning.pf the. e
period of concrete &perations. The pcssibility then exists that the . .-
onset of formal operations can be hastened tthrough study of mathematical
stricture. Experimental pedsgogy and psychological theory merged

.

naturally in Davydov s dnalysis, - jvertheless remained distinct
(or at least not completely marrie&

’Sf,értue of . the problems being
studied. Thiﬁ use of knowledge and theury “gained through psychdlogicsl
research is a welccme telief from harsh rejections, such as Menchinskaya s

[3: ?8] ‘ . : \ .
At the beginning of the fourth chapter, Davydcv discusses a myriad*

: of issues ccqgerned with the traditional mathematics course in Soviet

schools, issues brought abdut’ in part through viewing mathematics from

a structnral standpoint. T rough discussion of these issues,,navydov

. concludes that the concept o quantity needs analysis in the search for

-

the ‘common root of the branching tree of mathematics," A quantity is
defined as any set of elements for which criteria of comparison have

.been established satisfying eight postulates of somparison. Quantity,

. then, is a particular instance of, the structure of order. Kolmogerov,

however, restricts the notion of quantity so that the real numbers
become guantities. Starting from this more restricted notion of

quantity, Davydov gives a detailed description of the content of his
-t ¢
experimental curriculum for four months of the first grade (seven year

. ¢
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olds) and the organization'of inetruction'in thaﬂ'curriculuml This-

curriculum pertaining to the concept of ?uantity is orginized around
. eight topica, among which are. the properties of egaflity a d inequality

(Topic III) ‘The experimental methodology. employe incdudes actually._
teaching the.materisl in experimental classrooms. The reaults'reporﬁeo" e

#

are largaly anecdotal and are reported on the most characteristic’.

features of the teaching process and its réghlts, the features which
, are CYPical of the various classes,. Objective data are given, - j 'S
’ ‘//however, on various pE.blema given ‘to children at the.endrof'instruction.
Generally, the data reported (anecdotal and objective) were very favorable.
In the iinal chapter Minskaya describes the experimentation ‘on e

,
-

’

- the concept of number. Number is studied, using the previous material
'as a foundation, where major attention is given to studying nupbér as
a relationship of a given quantitx to a unit of measurement.' The results
reported are also quite favorable, consisting of -anecdotal data and
objective dafa from the administration of various problems.
* As highly provocative as the volume is, there are shortcominga.
What evidence should one accept that children have learned operational ‘.
’structures? Piaget [4:17-18] has identified thxee criteria —— (a) Is
the learning laating? {b) How much generalization is possible? (c) In’
the case oﬁ each learning experience,‘what was the operational level of
the subject before the experience and what more complex structures q%?
this learning succeeded in achieving? A fourth plece of evidence, which
seems necessary, concerns the organization 6f the- Ylearneg" structure
in the child'’s mind. ) -

- . A [ 3
No data are presented with regard to the third criterion. While the”

authors assumed concrete operations, the age level of the children would ’
suggest variability of stage levels Moreover, the system of problems

that were used in the experiments and .the experimental methodology are
highly disputable.with regard to each of the above general criteria: "In
the face of such disputation, one can only conjecture as.totthe subsatantive
contrihution of the instruction to the children'g mental development..
Here, it must be noted that Talyzing [6:22] considers the instructional
program not beyond the powers of children in the first grade and that

it was mastered fully by the majority of pupila\

N
oy
,
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. . ~ LEARNING CAPACITYZAND.AQ? LEVEL: INTRODUCTION £
...‘. 'O . ‘ * ' ' . “ )

D. B."El'konin and-V. V. Davydov -+ .

>

) / { . .«
" / here has .been much discussion in recent years, both here and

sbroa%\ concerning methods of improving content of grade school ° .

/ educe;ion. In the discussion, attenti n has been centered on findiqg
ways of bridging thef@sp between school curricﬁls and modern

}75?' s?ientific knowledge. Elementary instruction, with its resources

gpr broadening antd deepening educstidn as a whole, is an important °
i’instrument to be used in solving the complex problems in bridging

* this gap. Up tq now, however, the resources of elementary_}nstruction

. have not been used to their full extent. Furthefwore," attempts

which have bech made to substantially alter ejementary instruction
'+ have met with a number of serfous objectdons. One psriiculsr

objection has to do with the traditional conception of age level ‘as

a factor in the éentalfsctivigy“gg primary school children. Age
level supposedly radically limits the iénge of information and
concepts which grade school children can learn. !

 For several years, the researcﬁ group at the laboratory for the
psychology of the primary school child at the Institute of Psychology
of\the Academy of Pedagog;cal Sciences has been sfudying age level
as a factor in the intellect of primary school children. Issues
confrontiné this research gfoup are: Does age level in fact ‘
drsstically limit curriculum content and the ways it can be sltered?’
Are there capabilities for intellectual development at the primary
grades which remain undetected? gow are these assumed capabilities

related to ways of designing academic subjects?

*From Learning Capacity and Age Level: Priﬁary Grades, edited
‘by D. B. El'konin and V. V. Davydav, Moscow, Prqsveshchenie, 1966,
pp. 3-12. Translated by Anne Bigelow.
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//In this book, ‘we outline our approach to these issues and set T
fofth some specific’results of-our attempts to resolve them. Our ™ ot
A .
- esearch has been guided ‘by the theoretical statements formulated{‘\ <.t

a8 %eng ago as the 1930's by t'Soviet psychologist ‘L. S Vygotskii
which, ir our view, reveaI ‘the-basid long-term course of development
'of educational and child psychology. VYgotskii s statementg are®

being corroborated and developed further in contemporary.theoretical
and experimental psychological reﬁeérch (A. N& Leont ev [?] T,
L £ Ya. Gal' perin, A, W Zaporozhets, and D..B. EL'konin [63, and - °

' . . Iy "

Z /  others). For us the key statement was thet in the final/énalysis; o ‘

- a gupfl s mental development is determined. by -the con;égt of what he N

. is learn ing._ Existing intellectual capabilities mu értherefore be
studied pfimarily by 'making certain changes in wh§ clildren leern.
. at school. : '
When fnvestigating mehtal development\\peychologists tend to '
' study certain mental operaticms which are maximally indépendent of
specific subject matter (thie is essentially the approach.taken b§
psychologists of the school of J. Piaget). Vygotskii was critical

of this research method:
.

The attempt to analyze the mental development
of the child by making a careful division between
what comes from development and* what comes from ) '
learning, and then taking the results of both these .
processes ¢in their pure and®isolated form is typical
of this approach. Since.not a single researcher has .
.yet been able to do this, imperfections in
methodological procedures being used are udéglly t
cited"3s the cause, and an attempt is made to .
compefisate for their shortcomings by usikNg abstraction
to divide the child's intellectual characteristics into

+ thosd\arising from development and those resulting ff%m
‘learning [9:252]. :

We are. in'agreement with'VygotBkii that attempts at such a
“division not only are impracticable, but hinder fruitful study of

the actual conditions and principles governing the child's mental .
* development. The very fact that a child has mastered certain material -

is the most important index of his intellectual capabilities and thus o
of the next zone of development of Lis mind. Of course .these capa-

bilities need first ¢f all to be brought to light and established

¢




sn& then drilled and converted fromr"the next zone of deveiopment
(to use Vygotskii's words)“into*sctusl mentsl skills. Teachers.
fre ently.sre unable to do tgis ;n actual prsctice.-‘But this
insbflity is no reason to sdopt the theoretical view that' mental
.development is “independent" of specific content and the actual
lesrning process.. On the contrary, one of the basic problems of'
educational and child psychology is to make £his dependency known
. (and it is by no means diredt, simple or unambiguous). . -t

‘In this book several aspects of - this dependency are sns;yzed
and. certain¢methods of "groping" for .it- are described.. ‘Major -

ttention is devoted to children ] mastery and{use of knowledge and |

concepts which seem unnatural" and "super-difficult" within the
framework f ‘traditional underetanding of their intellectual
_capabilities as relsted'to age level, The main task of the regearch
is to study ways of.designing academic subjecgs and childrga's
school work so that much of it becomes "natural” and*"scceesible"
to them. ) v ‘ : LN

But it must be definitively stated that such a position is not
ta\belidentified with the assertion one meets that "the fundamentals

.of any subject can be taught in some form at any age" [1: 16] This .

assertion by J. S. Bruner is of positive value in that he challemges

the traditional absolute way of charecterizing features of the
child's mind according to his age level. In itself, the conviction
that ‘the child posseséés great reserves for intelldctual development

s correct. e

:

.

It would not belcorrect however, to make these reserves and
capabilities absolute. The reason for not making them absolute® is

" d?t because they are small or becduse we already see their limits,

but rather because we’ understand the /scurces and conditions under
which'thﬁgmind and its capacity for cognitien are shaped during
learning. No ﬁatter how strikingly great this capacity for cognition
1 abstractly, in each particular instance it is the product of
many‘non-psychological factors. First and foremost among such

factors are the social demands msde on the general intellectual

development of the person as he participates in a particular

N
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histcrical form of prodnérion. In the end social demands are s
precisely what set the "limits" for the education of the masses

~and, by the same token, for the exfent of tHeir actuel mentel o _’\
S develepment'as well. The EZEE of ;ggig and means of conveying ! ¢ e i
: knowledge inherent‘in igiarticular.society aIgo play a latge role ' o«
. v An in:ellectual develop nt. Means of conveying knowledge determine

the ways stéred kﬁbwledge and,the "norhs" for leernLng at various °

¢ ‘stegee (ﬁage‘level“) of mentel development are handed down. ;i.: ‘o
.- " ' In our view, it {s quite important to he“e specific knn%iedgg R -
. '__ ’ of .various® soclal sources end\\onditions of méntal developmenc . e L5§;E
) }" in ordet to "ehart{?he course" of the intellect &t any givencdggf: :“» “;f
‘level. Close cooperetion with mbdern sociology,;with theory of "
* %knowledge, and wiﬁghlogic is indispeneable,for acquiring euch _ ; . ’

“‘epeciffq knowledgeﬂ These disciplines in particular will help . .
overcome the idea, still currenﬁremong many psychologists and _
teachers, that the sources and motivation of mental development <o
lie in the indivi&nel himgelf, that is, in his "nature” (sométipmes '

. understood to.be physical or organic) and in the innmer laws" p
of his intellectual developmtent (supposedly inherent) independent
oi the epecific historical conditions of his existence and education .
;(in the broad sense .of the word) 1 . ' _

Sometimﬁs§§dvocetes of a "faturalistic” poimt of yiew claim they . -

‘are advocating the "specific character" of psychological principles

,'and are preserving psychological analysis from "flat sociologizeﬁion.
0f course it is neceséary to defend the specific character of
psychological "analysis dnd to investigate psycpological principles
proper. But it is ﬁmportant_ggg‘psychological ?rinciples are

. investigated, how they are understood, and inh what way they are found
to be connected with the soctal congitions of human develogmenti :

I3

lThis is the way the 'naturalistic" theory interprets the

sources of human intellectual development. It does not refuse -

to admit the influence of '"soclal" factors on this development,

but its "inner laws" are what it makes absolute. A detailed
criticism of this theory is given in the work‘of A. N. Leont'ev [?].

~
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1f one knows the~paru\~‘ler history end structure of soci&l : v_¥' |
& conditions ‘of Juman development, then one knows the very natufe of the , °
* soctal individual. The principles bm'which the individual appro-
..briates this nature are the very peycnologicel laws by which he . ' - ¢ i{
becomes 3 pgrSonaliQIf-e pe:son,.i. oy the laws of his psychic - . {& -;,»( v
}ﬁegglepnént. Sociology, phiioeo.h and logic éan show how the -_\ ' :‘
neturé of the social {ndividual s’ spructnrg? apd how'i:.functions ST

-

in sdcieﬁy They do not, howéver,reveal theé spacific weyq, megns,
qf and lawe-ﬁy which a gerticular individual appropriates his socially b0
N e

_given natufe. Thig is,g matter for ngchologg but for. psychology S .
of the sort throu§h which one ‘can regard mah's "inorganic" nature

) correctly and can turn.knowledge of it into a tool for studying the )
processes of: individual(psychic development..

-

Karl Marx, in his book bequeathed to psycholo;} said that: ~ -
..+ o the history of industry end the physical reality of industry.
.. as it has come to be afe an oEe book of egsential human forces,

‘ umihagsxchologx‘Presented to uségensually . p « « - The kind of ; ““
" psychelogy 'to which this book, 1i. e.,sensually the most tangible, h

accessible part qf history, is cloged cannot become a really v
significant or pgacticaﬁle science” [8: 594-595]. The. "history . '

® of industry" is, of course, the maximum and final expression of the

Yaggsential forces{ of human nature. But the 'essential forces"

.and their derivatives (the structure of macenial and»spirituel

. M‘o
culture) are precisely what need to be known(by the "practical" . -
[ - - ']

'y ysychologist called upon to study the developmen% of the human
"'peycﬁe, as this development occurs in part through socially organized Y.

,‘ f’&rmer of instruct: ion. "

»
L

i ' In Chapter One,* apepecific psychological and psycho—pedagpgical
* analfeis of this problem is given (in particular, the correlations

F . i .
7 begween learning and development). Before the specific analysis is
gl

background against which psychological research on the formation off/,i?

en, though, it is important to explain the general theoretical

the child's intellect, including its features and capabilities as

they relate to age level, can be carried out.

*
The next article in this wvolume '(Ed.).

€ . h‘:
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Even though‘we are fifmly convinced thet the potenti&l of the
human mind is at present difficult even to™ estimate, it 16 so great {\ff
thet its determination ig m&inly a matter of'studying and discovering d
"the Becrets of lea x. " _At rthe same time, it is'most importadt

in each perjod -- inclnding the present ;-- to study egetific,

. 'Rraetical (or realizable inxthe foréeseeable future) mebhods for - //“ }

raising the coefficient of usef&l learning activity and raieing‘the
leével of,children's intellectual dQVelonment. ) G
It is impossible to characterize capabilities for learning o
(nexticularly with regard te ege tevel) in the abstract. The
eweaknegs of Brtmer's formulation (the formulation itself but.not °
the actual thought) is that it makes'reference to “certain" abstract
"forms'' of teaehing "the fundamentale of -any Bubject" to a child
"of any age." The whole problem, really, is to find forms of instruction
which are suitable for each spacific instance and given age level,
And theee are not something which can be devised and made Yany way

.

.you want,” as the logic by which these very forms develop is an

ohjective logic determinedi\gs we mentioned above, by many general ' ¢
social factors. If one gropes for the jogic behind the development
of these forms, the specific phase or step at which the forms and
means of learning are chapging now, one 1s really investigating
s;:ecific new capabilities ?oxz learning and their manifestation at
various age levels.

" At first glance "the above statements appear to be only theoretical.
But they do, in fact, bear a direct relationship to the methodology

and tactics of psycho-pedagogical research into streamlining what is
being taught. It is advisable to study the capabilities for learning

.at various eées by rejecting and departing from the .accepted and

.socially established curriculum (of the elementary school in particular).

3

2We agree with the writer and scholar 1. Efremov:in his
evaluation of the great capabilities for leerning which "the averajpe
individual® possesses and the role of genuine "study" in bringing
- these out, as#e has characteriged this vividly [2].

.
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 child's- intellect ;at first, of course, in experimental conditions)

A

2 _
Intensifying ‘particular: sections of curricula, showing that
chfldren'can leard new content, and sh;;ing that the changed
curriculum both inteneifies fur:her instruction and affects the

- e

are practical steps from bur point of view in studying\hew learning

¢

capabilities. B e A

~ The following facts are therefore iuportant to us. ‘As our
experimenté&\:nvestigktion showe (see Chapte} Two*), as. early as
the first grade children can be introduce&-co certain basic: relationw\
shig;,between quantities, a description of their properties in a

system of formulas using}lettere, and weys of using these fcrmulas

in the-méthematical analysis of one aspect or another -of quantities.

. . [ Y
‘After these fundamentals have been IEarned succeesfully by "ordinary"

*

first—grade children, the concept of number as a form of representing

a particular relationship between quantities may, be introduced a

" very farsighted move for the further study of numbers (fractions, in

particular). Moreover, first—gra&ers are cepable of handling such

a problemfas follows. Given the.formulas

3 *
+ e

children can find that n > m. That 1s,they.are guided by the complex

dependencies existing among ‘the objective ‘facts of dimension, measure,

and- number. " o, . 8 \

The work reported in this book is focussed on a greater

. broadening and deepening of intellectual skills than is txediticnally

é”called for, capabilities of the child's mind which are notfordinarile\

taken into account nor especially "cultivated. " Second-graders who

follow the experimental Russian language curriculum (see Chapter

,Three) are able systematically to isolate, analyze, and describe

the grammatical forms of an artificial -language on their own which

%* .
The last three articles in this volume®(Ed.).
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'ois concrete evidence that these children have begun to think\about
thie complex-innerrelationa_h\tw?én the form of a word dnd what it
communicates. If this is the kind of knowledge thet the childp |
is able to begin to ponder ‘then the whole subse ent course of

-

. study of his native, language can be made more interesting, more

‘serious, and, most important, more intellectually challenging'than\

» .

e

withﬁt{aditiénal grammar. , , } é
The material presented in thi8 book shows that the intelleetugl

.

Lo
extensdve and mnre varie& than that toward which the eccepted///”’\%‘ B
traditional content of elementary instruction is oriented.& We é

cepacity of children in the primery‘grades is coneiderabLy more

-

‘believe this to be a proven fact [3 5].

The results were obtained while teaching experimental curricula

especially designed to 'ascertain certain "broader” intellectual .
potential in primary school children. Therefore, it fa not’ claimed
either that they are complete or that they can be’ instituted in )
@schools .ﬁn*a mass scale in the form in which they wer'e devised’ for
% experimental purposes. We are, in fact, becoming more and more
convinced that if the curricula are elaborated somewhat —- primarily’
in teaching methods -- they are regdy to be tested on a much broader
" gcale than the demands of "pure" psychological xperimentation.
" dictate, ' | '

Devising experimental curricula (in mathematics, Russian
language, and manual\training) and .using them in teaching are thus
the particular method used to investigate capabilities for learning
based on age level [5]. Of course, as sucn investigations are _
carried out, a number .of issues ‘are encountered concerning the*
general ways of structuring academic.subjects which in turn leads to
the necessit; fcr'considering certain Specific-methcdologicel
problems. And the latter cannot be analyzed without "involvement"
in the'subject matter -- mathematics, linguistics"and so forth.

’ Academic subjects actually meed to be structured jointly by
representatives of various disciplipes. ﬁutaeince such teamwork
nes nqt yet been wbrked cut as QEIl as it should, psychologists by

necessity must make excursions into the various disciplines. True,

a .



~ oily whet per directly td/setting up an academjc subjec .k’ .
\ ' e

interests ‘the psyehol gi ts, . T %‘Hipissues coneerm the netu;e of . \ .

)!f . + T

abstraction, the genekfc cohﬁection between dbnce’/s, megps of « \”ff"
expressing-c5hcepts in symbolf and’ so forth.® But if the fundamentals

of the experimentai-curricula are not plained in detail it‘wqpld«hg. : »
: difficultv:-\\ at the pr\esent :tage of“work in‘any case -= to §escr l "
the actual instrqction ptocess which leads to the dis&overy of new ‘
capabilities or arningu ConsideraBle space, then,.is devoted to

.0)“ '_- R

- an analysis - mathematical and LinguistiC\inaues tbut only from « ® 'Q\w,\ ’

the standpo nt of educational Esxchologx); Jn K ) . -~ . -
L 3 ~ N . ) .

P For a particular purpose,”research intq-oﬁe aapect of the so-"

. o
called "formal®intellect" the interpéi (mental) level of op ationa

'0

(see Chapter Five)-- wab éon idered in our wprk. But the data

.

obtained are significant only in the context of a total investigation C .
of the-child's tntelMctual capabilities.‘ ) . . S i_
As said before, designing A&xperimenital curripula wah our, method ‘ .
- of working. One must keep injmind however, that setting up and 2
providing for such work is ex%eedingly complicated time—consuming, ‘ \
and crucial because it has to do with the actdal.learning processfq"'
in real schools. Muchzdf the burden here falls: -

actually implement all the experimental notions/~- the teachers and . -~

- those who

school administrators. These people have

en a constant source of *
help, support, and, businesslike critical appraisals oi/ell our A
work which are so necessary in a ﬂéy.and‘complicate& ‘matter. Our
‘research gronn takes this 0ppoﬁlunity to’express its sincqre
appreciation to all the teachers who used our cufricula and toethe -
administration of Schools No. 91 and 786 in Moscow, School No.
11 in Tula, and the village school at Mednoe, Kalinin provincef‘
for their help in organizing the research. *

This book is arranged as follows.* The intmoduction (by D. B.
El'konin and V. V. Davydov) and Chapter One (by El'konin) state
- the theoretical bases for the experimental work and define our
appreach to the study of primary school children's capabilities fog N
learning based on their age level, Chapter Two (sections one and two .

by Davydov, and section three by G. I. Minskaya) characterizzf the

*Only Chapters l and 2 of the original work are reprinted in
this volume (Ed.).
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capabilities as tl';ey ‘apply te the study of mathematicn in first grade,

- LY . ®
‘ Chaptgg: Three (secvt%q,ene by L. I. Aldarova and section two by K
s A. K. Matkova) deals with the r:iapabilities as they apply to the ' LR

study of the Russian ‘langixage in grades twd through four. Chapter  —*
¢ Four ﬁby E. A. Faraponova) deals with the capa'bilitsiles aj they ;
7. apply to manual training in first grade. Chapter Five {by Ya. A"

Ponomarev) contains ,material showing the connection betwgen instruction .

N . according to experimental curr;icula and aspects of the internal B N

level of operations.- . . e o -t
We have been a’nlé to set forth only gome of the material we )
o o have obtained since the ﬁ:Lrst collection of our papens (4] came out... v'\'
. ’l‘he research isy;bontinuing, and new proble.m;s and task.s are¢ -appgaring.
.Still, it is hoped that by readlng this book educational theqrists,
methadologists, child pﬂrchol&ists, and thoughtful teachers will
' be convinced that the untapped capabilities of children are great ,
. and that much remains to be. c{:)ne to improve school :Lnstruct:ion, what

, the children are learning, and the tempo and level of the&‘ mental '

development e\ ' . .
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" PRIMARY SCHOOLCHILDREN'S INTELLECTUAL CAPABILITIES

et

~" AND THE com*mm OF INSTRUCTION™

4 L4 +

Do Bo El konin °
. '.‘ ’ \/ . ’

A/The advent of univerxsal compulsory eighth—grede education and,
h

einear future, tenth-grade education -in our countr broadens

_the opportunitiee for significantly improving the structu 4, content, -

and methods of academic ingtruction, which i? turn, is inv lved N\
witb our ever-growing interest in problems of the ehild‘s mental
and personal development. ‘In ordenngo benefit from these oppor-
tunities and to avoid haphazard and.premature solutiols to the
’ _§cticai ‘problems facing pub}ic education, a number ‘of complex
scientifie 1ssues needtto be worked out ahead of cime. Important
% conditions for a scilemtific approach to these taske is an ‘improvement
% in the level of theoretical and experimentel Investigation inte the
t//lmentel development of schoolchijdren and, in particular, increaeed
attention to an analysis of the theoréziéal views in Sogiet educatdion
and psychology-on these problems. At‘the same time, of course, )
a special examination of the Ifistory of the conngction between
instruction and pupils' mental elopment needs to be done.
The problem of ;his;ecnnee§§2n confronted child pagchology as
- far back as Fhe 1930'3, when & significant change occurred in.the )

«  educational system.-- the transition from comprehensive instruction

to instruction by subjects. Thirtyoyears ago two books devoted to
issues in the mental development of schoolchildren came out, each
written by an outstanding Soviet psychologist -- P. P. ‘Blonskii [2].
and L. S. Vygotskii. [8] *

L 3

3

* ’ ' ¢

From Learning Capdcity and Age Level: Primary Grades, edited
by D. B.-El'kopin gnd V. V. Davydov, Mascow, Prosveshchenie, 1966,
pp. 13-53. Translated by Anne- Bigelow.

- a

13
Do ‘
28 [

[



' v ' . . )
* . } ‘ N

'BlOnskii, relying on analysis of curriculum conteng, attempted

to :E;racterize the thought process at each staéé in the school .
yeafs
of thinking to another. He wrote: ‘ *

and the conditions for the child's transition from one form R
.

Y

In teaching children, the school inevitably must
consider the extent to which their thinking is
developed. We may therefore confidently assume that
to some &xtent curricula reflecg the general colirse

. of development of the pupils' thinking: .

Rather than analyzing any specific curriculum,

it would be more expedient to take the content that
nwthe most authoritative curricula all have in common

and#that to which there are Eg weighty objectidns

from anyone. On this basis can assume thal the -

part of the curriculum on which the teachers completely .

agree actually gives a true picture of the development

of a child's thinking.

But it does so, of course, only in its geperal,
. . approximate features, and from these.curricula we can.
St hope to obtain only the most general picture “of the
development of the child's thought process, satisfaq:eny“n
only at che ‘beginning of the investigatiun, as'a point ;5
of departure for it [2: 158]. ,
) )

Blorskii divided the school years into three stages: early
prepuberal childhood (ages 7 to 10), late prepuberal childhocod -
(Q§Zs'10 to 12 or 13), and pubescence (ages 13 to 16).1 As a .
summation of his curriculum analysis Blonskii out¥ined the general
course of development of the thought process as follows. Early

*and lage childhood is characterized by.thinking according to rules
and by striving for detail; pubescence is chazgcterized by proof-
seeking, including skill in, mental detail Ea

is the period of concrete thinking, late prepuberal childhood L‘ﬁ

y prepuberal childhood

‘the period of thinking in relgﬁionships, and pubescence is the .
period of abstract thinking [2 169-170].

/ ) )
* lWe shall not consider the principles Blonskil used to divide
the school years into periods. ° !
2
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Ihe method of analysis which Blonskii used may be exemplified
mnst clearly by his discussidn “of the mathematics curriculum.

L

In almost alllthe curricula, arithmetic is to be
studied in the lower grades, and algebra in early Y
adolescénce. The psychological difference between N
arithmetic and algebra is that in the former, when - B
one operates with numbers (figures), one is thinking
in particular empirical numbers, whereas in the
latter, when one operates with letters, one takes
them to mean any numbers of a given type. Abstract
. thought reaches its .culmination in algebrai In it,
' thought is abstracted even from empirical numbers.

By analyzing mathematics curricula ome can chart '
the important landmarks in the dqyelopment of abstract
thought in schoolchildren in so far as the stidy of suC

. . a maximally abstract subject’as mathematics is a good
. indicator of the maximum level which children's abstratt

thought will resgh at various ages. Arithmetic and .

. algebra -- first being where the qualitative distinctions
of objects are "abstracted, so that only the fact tha
they are objects, that is, only their distinctness e
(only number) remains, and the second Weing where efen
the specific numerical values of objects are abstracted ——

. these are the two basic stages. '

Gy The school arithmetic course breaks down clearly into
‘ two parts ¢~ whole numbers and fractions, where concrete
numpers usually form fhe transition from the fiyst part to
the second: Whole numbers are studied in younggr (ages

7 to 10), and fractions in older prepuberal childhood.

Through the study, of whole numbers in younger prepuberal -
v childhood, the CQ\Id will reach the stage at vhich the
Ko ‘qualitative attributes of an object are abstracted, the stage

of quantity and value. Through the study of fractiona the
child will reach a second ‘stage -— the stage/ of quantitative
relationship, This latter stage is the staée of abstract °
thinking abaut the relations of objects devoid of all-
qualities. The stage of thinking in abstract relafions
thus follows the stage of thinking in qualitative abstraction
[z :161-162].

The thinking ﬁrocess develops further in early adolescence as
the child studies algebra, and in particular, as, he solves equations.

Blonskii wrote:

/ .7 t}()




At this age the child learns to *operate with abstract
.y general numbers instead of specific empirical numbers, and
) to establish maximally general and abstract laws about
numbers., -This, after all, is essentially what constitutes
the unit on proportion and the solution of equations based
# om it [2:162]. . . ¥ ‘

4 Summarizing his analysis of the deéelopment of the thought

process in the study of mathematics, Blonskii commented that:
' The fundamental stages of development of asbtract
. thought in pupils can be perceived in mathematics
curricula. They are:_ 1) the stage where qualitative
v attributes of objects are abstracted so that only
particular empirical numbers and relations between
rnumbers remain; 2) the stage of general abstract : .
numbersy and 3) the stage of abstﬁact quahtitative
law L2:163]

The~ particnalar research whico Blonskii and'his assoclates -
interpreted in the-book we are discussin32 basically corroborated
:the general picture of the development of children's thinking they

obtained through\ curriculum analysis. Of course, the research '
added detail to the general picture, intensified it, and posed a
number of problems cdnqerning the connection between the development
of thinking and ‘the:. dgyelopment of perception, memory, and epeech. "
In his final chapter, Blonskii returned to a general outline . .
of the development of . the thoughs process and examined it as it .

relates to improvement in perception and memory,‘put this time fromw
a genetic standpoint. ot . 1{

Earlg prepuberal childhood is the age of very intensive
development of purposive attention, and late prepuberal
childhood is the age in which the mnemonic fun¢tion achieves
its. maximum development, while adolescence is the age@f
problems, reasoning, and arguments. The function wm% is
maturing at the greatest rate-—thinkimg--begins to manifest
itself with great energy, and it plays a tremendous role
ig the life of an adolescent and young adult [2:278].
(italics ours--D. E.)}.

w.

:

See Chapter III, '"The.Development of Concepts at the Grade
School Level”; Chapter IV, "Understanding, Keenness of Observation,
- and Explanation at the Grade School Level"; Chapter V,-"Learning
and Thought"; and Chapter VI, "Rational Thinking" [2] (it is not
oug tas§ to analyze the methodology of this research or the results
-_oE
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Thinking is one of the functions which in both
ontogenesis and phylogenesis develops later than many
others. Because we do nét wish to disparage or under-

rate childxen, we should not disparage the t ing
process by ascribing an unnecessarily great pacity
. for it almost to babes in arms. The thought prqcess
: develops on the basis of the most elementary intellectual
\'functions, and ip order to be capable of reasoning, one ~.
must already be observant, have sufficiept practical
experience and knowledge, and possess sufficiently
developed speech,[Z 279] . .

Blonskii thue_finﬁe that perfection of the most elementary
'functions of pe:ception“end memory,is prerequisite to the developmént
of tke ability to "think. This thesis 1s iq?ortant, because it
‘necessitates a return to the‘prineiplee for designing curricula..

_ Actnally; eince'teachihg is supposed to assist imtelllectual
develonment, and since the development of the ability to think at
the early stages of schoal is determined by tha development of
perception, then it is natural that the use of visual methods“-

not only as a didactic principle but alao as a principle for the

selection of material -- should be basic to designing cunricula

for the primary grades. Blonskii considered it proper that ."curricula

. for the early grades are constantly emphasizing the development )

- of the child's powers of observation, while methodology reiterates

the importance of visual méthods in teaching primary schiool children”

[2:275]. T |
His approach to the d velopment ;;\qamory was analogous.

'Bécause memory develops m&it intensively in older prepuberal childhood

(ages 9 to 12) and verbal memory attains its maximum development at

this age, then "1t is understandable why the memorizing of poems,

of the tultiplication tables-(and of tables of addition, subtraction,

and division, in fact), and of all kinds of rules, geographical names,

and so forth, occurs in the primary and middle grades" [2:245].
Thus Blonskii. first analyzed the curricula and inferred from

them the general developmental characteristics of the child's

'thinking process, and then proceeding from more detaileé research,\::}

substantiated the content of these very curricula by making references

to the '"characteristics"” of the development of the thinking process.

A} -
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As a result it appears to be corfect to assert that these curricula
. correspond to the logic of the child's mental‘development and,
moreover, that they have been substantiated by psychology.r Naturally,
while these curricula night be improved‘in details, they cannot be
" altered in any substantial way, for thisx-_,would contradict the laws’
of the child's mental developmént. X%_.{ . X

Thirty years have passed since Blonskiiss‘ﬁpok came, out. A
great deal 8f research has been done since the& ont ‘the child 8 -
thought processes. All of it has basically corroboreted the
characterization of the thoughtaorocess made by ﬁlonskii through
analyzing curriculum content and the logic of its design. It is-
interesting that he acquired his data by investigating concepts
which were formed outside the formal instruction procaeQ.as well
as those which were a part of what was being taught. "%‘ .

Blonskii's study has been discussed in detail hecausexlt
demonstrates most sharply flaws cof research into the mental
development of @hildren and because it permits a number of questions
to be posed about children's mental development. But first the . °%
‘origins of the conceptions of children s mental development to which
the curricula are orientéd must be looked into, as well as thé
'principles by which the curricula were designed.

Formal- instruction, achools, and curricula have a very leng -
history —- considerably longer than that of sclentific child
fpsychology. Scientific child psychology appeared in the nineteenth -
century, while instruction reaches far back in time. Of course,
teachers and curriculum designers in the past have had certain -
empirical notions about the child's mind. But what determined the
choice of curriculum content was not so much empirical notions as the
Eé&&é society demanded~of the training and instruction of the &ounger

generation. In a class soclety these tasks were different for

. children of each.soclal class — for children of peasants, workers,

s y

. tradesmen, landowners, and capitalists.
A
-One needs but to recall the school system in prerevolutionary

'Russia'(tne parish school, the district elementary school, the city

“
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elementary school, the city academy, the progymnasium, and the ° AN

gymasium) to clearly imagine the degree of differentiafion of -

instruction which then existed depending on the afms of the ruling
classes in the realm of education and to imagine the limitation on
the tasks for instruction in the schools for thoqe at the "bottom."
. The system of differentiated truction, intended for variOus
classes (and.layers) of society, w:§\§tructurad according to the

principle of closed concenters of knowledge and skills. Historically,

concentrism as a principle for organizing curricular material grew,
in our view, out of a mechanical process of arranging the types of
schools one on'top of another. There were foﬁr such closed
concenters in Russia's prerevolut)gnary schools: (a) the grammar
school in which only the skillsg of eading and Qriting wvere taught
(chiefly Church Slavonic); (b) the so—called public elementary school,

in which practical skills in reading, writing, and counting, and a
-range of eleméntary information about natural phenomena were provided;

(c) the cisy academy and the progymnasium, in which a summation ¢f

empirical knowledge from various disciplines (geography,; history,. $
natural sciences) was provided' and ffPally (d) the gymnasium (or
a compiirable educational institutian) in which a strictly-theoretical o
education was provided (in the classical humanities<or the sciences).
Certain of these closed concenters were dead ends of 'a sort.
._Transferring from a lower type of school to a higher one was -impeded
not only by direct political and economic obstacles but also by the
limited instruction in the lower concenters as compared with the
higher ones. P - N / ;
Although historians of the schools (but not just histgrians of
educational ideas) need to analyze the particular types of gchools
and the historical conditions which determined their ris&, the only
hisgﬁ%ical‘fact of'importance here is that the elementary school
began long before children's mental development was studied scien- |
tifically. The content of instruction in the elementary school was
dictated first and foremost by the tasks set for it by the government,

which was the mouthpiece for the capitalistic society. .

19
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'appearad in 1864, soon after the emancipation of the serfs.

+

A striking example of how the ruling class in the person of the

tsarist government limited changes in the content of elementary

instruction in every possible way is the erate 6ver the books
by K. D Ushinskii, Our Mother Tongue {Parts I and II), which *

. L
Ushinskii championed the idea of instruction as development. gﬁ;

understood that mental develppment is organically connected with the
content of instruction. However, even the very limited and, it ’
would seem, politically neutrgl changes Ushinskii‘kried to introduce
arouged stormy protest among the gureaucrat; of the tsarist government.
‘WEven the pﬁiloéopheré and teachers who were the most progressive
of their time (Comenius, Rousseau, ﬂiesterweg, Ushinakii, and others)
were always limited in their attempts to formnlate principles of
instruction’ (didactics) by-~the tasks the ruling classes of society
set for the gjhool. It might be asked 'whether the didactic principles‘\
formulated by teachers of the past are an ideological expression,
of sorts, of the limits which society placed on the education of the

masses. We are inclined to think that they are. If ‘some of these

"principles are examined, such as the use of visual aids, the pz}nciple

* of comprehensibility, and others, it can régdily be seen that each.

contains both progressive and conservative elements. The progressive

element was aimed against the sch&f&étiﬁ school and against the idea
that knowledge is incomprehensible to the mass of children and the
conservative element was aimed at limiting the content of education.
The progressive element of the principlgs had significance at the
very beginning of the struggle within bourgeois society for the
education of the children of the masses. It was proof that such ’
educationiwas possible, and it showed the conditions under which it
could take place. But as the schools developed, the significance

of the progressive element dwindled, while that of the conservatjive
element, which limited the content of instruction, increased. Still,
the didactic principles governing teaching technique and the

selection of content, at the time the public elementary school was

's
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being set up, were an expression of the curriculum designers' views
about the processes of mental develophent and their relationship to
" teaching. Even the most progressive teachers from the seventeenth

to the nineteenth centurxies (at leaé%ubefore the time of Marx, and

the majority until this century) viewed the mental development of the'\\\\\

child as a maturing process. This naturalistic approach to mental
development gained even more support after Darwin. Development
was viewed as gradual maturation, a natural process which follows the
inner logic of natural laws ‘in the same way as embryonic develoément )
does. This péint of view is still held by certain foreign investi-
gators of children's mental development.

Quite Paturally, go long as this view of mental development
. prevailed, instruction was only able to follow thig naturallky
unfolding developmeiﬁ and make,uée only of its finished preducts.

Vygotskii'described this approach in the following way:

The view of the relationship between instruction s

development held first and most widely here up
to now has been that instruction and development _ ..
!Egg thought of as two independent processes. Chilq -
lopment is represented as a process which obeys
~v.natural laws and is a kind maturation, while
ihstruction is understood as ¥ purely external use
of the opportunities3which ariRe in ‘the developmental
process [9:251-252]. . )

Suiat s

+

Lo

One thing is certain, During the struggle to establish the public .

elementfiry school in Russia in the mid-nineteenth century, the point
of view that curriculum designers took was naturalistic. Like any
curricula, the elementary school curricula of that time embedied
~materially the tasks assigned to instruction and the views ef mental
development which their designers took. Didactic princ%gles are only

their concre‘.t& expression. °

-

3Note that Vygotskii indicates that this viewpoint was very
widely held here, that is, in Sowiet education and child psychology
of the thirties. nfortunately he does not name specific proponents
of these views: ?grhaps he was unable to because the view was so
widely held.

21




. L

We know that eléﬁentary school ¢urricula have undergone no
essential changes up to the present. The'Soviet}mathematiciap-and
teacher Aév¥a; Khinchin, indicating that our mathematics curriculum
is a poor, c0py of prerevolutionary\curticula, ‘wrote: "In our )

dountry, where every worker is a conscientious participant inv/ -

production, school mathematics should nof be restricted to the

bourgeois inculcation of‘tare recipes and narrow practical skills
which open no scientific perspectives” [5:19] (italics our -- D, E.).

~ The same is true of the Russian language curriculum and of - .
others as well, even though the,elementary school underwent radical
reforms immediately after the October revolution. It is not simply
that elementary education became universal and compulsory. Funda-
mentally, the school was assigned new”tasks, and the content of
instrﬁttiou was reexamined. Stientific ﬁaterialistic knoble&ge )
about nature and society penetrated thinking concerning the elementary
school, a reformation which resulted in a radical difference between

the post—reVoihtionary elementary school and the prerevolutionary, .

"public" element;ry school.
But in spite of the fundafental change in the content of | ®
elementary instruction, the ways in which it is organized have
'remaiped~as they were ngore. The elemdytary school has remained
'a,qlosed concenter of skills and elementary ideas and the content
(even though iti.is new) has been organized on the bésis of didactic
principles’which limit yomung pupils' opportunities -~ such principles

as the use gﬁ‘@is 1 aids, cqlcreteness, and comprehensibility.

T ‘r" ~

The causes of is situation, while varied, are primarily
histoftical and sociofeconomic. While it 1s the task of historians

of the Soviet school to analyze such causes, éne cause is of intetest
and is indicated. The basic approach to mental~developmént and
{nbtruction was carried over along with the cyrricula, which are

new in content but old in the principles of their Eesign. .

- One begins to underst;ﬁd why. Vygotskii regq;ded the view that:
instruction is a purely external use of opportunitieg arising in

.the developmentalrTﬁaturétion) process as the one most widely held



views. However, not only did Blonskii justify the existing elementgry
curricula; he substantiated it with data from peychology. At the
‘same jime, he pointed repeatedly to the influemce of “the school on

mental development.

.

" My varied investigations, described in thg preceding .
chapters, have convinced me that the schools' influence _
on the thinking process, beginning from the day the child ( "
starts school, becomes particularly clear in adolescence. . ‘s«

~ In particular, the enormous influence of such a public
institution as the school on the development of the thought
process has become evident in all-of our research, in both

e particular and general conclusions™: [2 :281-282].

1

Blonskii in recognizing'the influence of the school on mental

- development, was ggerded. The reason the school's influence on )
the development of the thinking process "becomes perticularly
clear .ip-adolescence' has been answered by certain researchers.
As ﬁﬁe; see it, the meturefidp process is coming to an end by
adolescence end, for this.very.reason,'instruction begins to exert
1ts decisive influencét But instruction is not influencing deveiopment
in the proper sense of the word, nor is it influencing the appearance
of new forms of mental activity as these forma have already developed

. fully by this time, Ifistruction exerts its influence not op the
appearance oOr irlit:iation of forms of mental activity, but only on

the level to which they are developed--it only exercises them.

Vygotskii noted this conhection between the theory that nmental
development is maturation and the .view that instruction is exercise
when he wrote that : .

* The child's memory, Q;tention span, and thinking process
have developed to the degtee that he can be taught reading,
writing, and arithmetic; but if we teach him these, will his
memory, attention span, and thinking process change or not?‘
The old psychology answered the question this way: They will
chgpge to the extent that we exercise them, but nothing in
course of their development will change. Nothing new
has occurred in the child's mental development because we -
have taught him to read and write. He will be the same

23 N
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- child, only literate. This view, which epitomizes. the old .
educational psychology, including Mieman's famous work,
is brought to its logical limit in Plaget's theory =
[9:253-2541.4 ' . ' '

* L

Blonskii's conclusion that instruction exerts.its decisive influence

-on the development of the thinking pfbcesa only in adolescence indicgkgg;
a very significant defect in the curricula and in all the content of

instruction in the elementary school. Curricula are oriented toward
the already developed facats of Eh<£Child's mental activity and provide
rt '

nothing but practice material fo em. The theory that mental develop- .
A ¢

‘ment is maturation logically necessitates the theory of instruction as

e .
exercise. It is mo cointidence, therefore, that ome of the central

methodological problems has long been that of exercises -- how many,

what ‘kind, how fast to increase their difficulty, and so forth.

At the same time, Blonskii's obsérvation concerning school imstruc-
tion and maturation raises anosher issue as well. Why does the school

not exert an influence on mental development in the elementary grades

"+ as it does at the adolescent stage? This issue has been noted in more

recent investigations. B. G. Anan'ev, who made a special study of -
elementary school instruction, came to the following conclusion: .

In comparison'hiéh the other 'stages in elementary
instruction, the greatest advance in the child's development
‘actually occurs im the first year of imstruction. After -
this the rate of mental growth slows down somewhat, as a
result of insufficient attention to the developmental aspect

« . of instruction. Paradoxical phenomena appear: As the sum of
knowledge and skills acquired increases, the child's mental
powers and capabilities, especially for generalization and
practical application of this knowledge, increase relatively
more slowly. Progress through the material the child 1is’
taught does not bring an automatic increase in what he can

] be taught. This phenomenon deserves careful study, inasmuch =
as it 1is evidence that many possible educational influences
8 _on child development, on the formation of the child'’s T

persohality, and on his endowments have not been used in :
actual elementary instruction, and the inconsistencie$

between instruction and development have not beep fully
overcome [1:24]. v

e

——a

N &Ns:cannot agree with Vygotskii that this 1is an old view. After
all, it is being developed by the contemporary psychologist Plaget,
it is presented in Blonskii's work, and it persists in curricula.

‘It 1is "51d" in the sense of when it was originated, but unfortunately

it is not yet out of date. ' ) .
; .
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L.V Zankov he; noted the insufficient influence-.of elementary
instyuction on mental development: ' h o |
Our observations and specilal investigations in

schools in Moscow and the outlying districts will _

. testify that no particular success 'in pupil development . N
accompanies the attainment of a difficult level of '
krnowledge and skills in the early grades [11:20].

Thus, the contemporary investigators Anan ev an% Zankov are

obtaining the same results as Blonskii did thirty years ago.  This ¢

indicatmst, that in these thirty years, mo essentlal changes have,

occurred inp elementary instruction, and second, that imstruction does
- not have enough influence on the mental development of children in the
 elementary school, {n light of these facts it is not at all surprising
that when they® enter secondary school, the children turn dut to be ¢
insufficiently prepared to master systematic courses, such as mathe—
'metics, languages, science, or history, the- evidence of which is a
decline in good grades. )

, Why, in fact,rdcesn t elementary instruction exert necessary and .
sufficient influence on the child s mental development? Vygotskil's.
views, as spelled out in a book [8] which appeared at the same time as
did Blonskii's, are of intereét~here.5 :

. ‘There is a difference between Vygotskii's, and Bloneki}’//
'characterizetion of mental development for. school age children.
Vygotskii thought that mental development was characterized not eo
much by the level of development;of specific mental processes as by

interfunctional ccnnections and thelr changes. As he saw it, each -

period of mental development involved a certain structure of the .- ‘
mental processes, with the function developing most intensively at the

period located at the center and influencing the’ total mental development.

~

‘Vygotskif wrote that:, - ' 3

-
.
\

-

‘ '
5V},rgot:s;kii s basic works were reprinted rather receni and are
widely known [9, 10]. -

“

. .
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o ‘The child's psychological develdpment consists
"+ 1less in the development and perfection of particular
" functions than in & change in interfunctional ~- ,
connections and relations, on which the development .
of edch partial psychological function in fact depénds.
. Consciousness develdps as a unit, changing its internal
: . structure and the connection among its parts at each
s .. new stage, and not as the sui-of the partial changes
S taking place in the development of each specific function.
In the development of consciousness, what happens to each
" functionad part deperds on a change in the whole, not
vice versa E9:242]. :
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"¢ " Everything we know about mental development teaches . .
" us that interfunctional relationships are sefther e,
constant, insignificant nor capable of being removed - ’
.frem\the_hggct:;giwithin which the psychological '

Ut

'y calculationis ng performed, but that a change in
the interfuncti®nal connections,:that is, a change in
the functional structure of -consciousness, in fact

constitutes the chief and central content of the entife ' é;\ »
process of mental development as a whole [9:243-244].

> , R .
His characterization of the specific’periods-pf mental development

’is rélated to the above interpretation of the process of mental development.
"' What we know about the child's mental elopment
of consctousness, characterized by a lack of differen- .
tiation of specific functions, is folloggd by two other ¥
stages ~-- early childhood and the preschool age. In ' _ .
the, former, perception is differentiated, goes through
its basic development, is dominant in the system of
interfunctional relations, and” {as the central function)
. determines the activity and development of all the rest
of consciousness. . In the latter stage, memory comes
‘to the fore as the dominant central function. Perception
_and memory, then, have matured considerably by the time
the child enters school and are among the fundamental
rergqﬁisites for total mefital development at this ‘age S
9:1244]. ‘
¢

'The development of: the intellect comes to the fore in the early school £

years. This development is, in fact,,what leads to a qualitative reorgani-
» zation of perception and memory (which developed earlier) and to theilr

conversion ‘to purpesive procesdes. Vygotskii explained this statement

in ome of his last lectures on mental development at the school age.6

o~ .

S ‘ _ | ‘
R GHe delivered it on Febtruary 23, 1934. We have a shorthand record v
" of it, certain'parts of which we dan cite here (unfortunately, the text
of this record has not yet been publishad). . o~
; T
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This, of course, must be understood very conditionally.
First it is necessary to emphasize the words 'is developing,"
and not "has developed.” This does not mean that the child
is a thinking creature by the tima he goeg to school; it megns
. that his intellect is functioning quite weakly at this ‘stage.
~ One ‘might say that the school child [at the beginning of this
o age] has a pygmy intellect with grandiose potentislities for -
remamberiﬁg and even more gradiose potentialities for per— o
ceiving. Consequently, the intellect is not a powerful and
predominant aspegt of mental activity at the very beginning;
. on the contrary, it is at first exceedingly weak in comparison -
with the functions that have matured during the earlier stages.
But it goes through its maximum development during the [early]
school years, unlike memory and perception at this time, -
) L ‘ . -
‘' If we compare the original and the final statég of the
intellect at the school age and.the original and the final
 states of the memory and the attention span, it turns: out ,
~that the otiginal and the final statesrof the intellect will . ~
0 g “be widely divergent, while the original and the final states :
: of the memory and the attention span will diverge little;
. . that. is, the intellect is mowing into the déﬁﬁég\of development.

N -~

To Vygotskii, the consequence is

... that each of these fungtions
ﬁem!!%] in turn becomes infellédtualized,
change as they aré penetrated by the compone .
intellectual activity. . . . Thig*means that“these functions
e become more and more glosely coordinated with the intellectual
' : operations, that they have favorable conditions for their
'development, and that they advance and develop insofar as they
are a part of what is fundamentally developing at this age.7 '

erception and - (;

] Thus, in Vygotskii's ;iew, changes in memory and perception during tbe'

early school years are secondafy; a consequence of the development of
‘the intellect., When describing the development of the intellect |
itself, Vygotskii'said'in the same lecture:

The new form of inner activity at the school stage ..
consists of the following: While at-the preschool stage
these inner activities are directly connected with ougpward
activity, at the school stage we have inner activities
which occur relatively independently of outward activity.

Now we have a child . . . in whom inger and outward activity
is being differehtiated.
‘ " o LR -

o PR .
sy iy
N n . -

7For a more detailed discussion of the problem of the intellectuall-
zation of functions and of how the child becomes conscious of them and:
makes them subject to his will, see the works of Vygotskil [9, 10].

<
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Vygotskii thought that the early school age was act;ally\the ’
period in which the thinkidg process develops actively. Thie develop—
ment consists primarily of inner intellectual activity independent of
' gantward activity, a system of strictly mental activities. Perception
and memory develap under the dete;mining influence of the intellectual

: procesaes'that are taking shape.

Blorskii presented mental development somewhat differently. -

"Tge first half of preputéral childhood," he w:ote: "is the age

of the, fastest, most intensive:#eeelopment of gsicalled purposive -
attention. But what psychologétits usuelly call purposive attention

-1s none other than perception regulated by thought" [2:276].

He continued"

t . -

LY

Late prepuberal childhood 1is the age in which the
memonic function achieves {™¥'.maximum development,
and- adolescence 1s the age-of problems, reasoning, and , -
. debate. The function which ig maturing at the greatest
~ rate — thinking ~- begins to manifest #tself with great
energy, and plays a decisive role in the life of an °
adolescent [2:278]., _ .

'As 1if he were "frightened" of this overly high eetimatio%'of
the development of‘;he-thinking process in adolescence, Blonskii
. added: - PR - . - .

1 And yet although this thinking process reflects
relationships within the objective material world
and demonstrates a certain awareness of time, it is,
#ti1l lacking. While it is comfortable enough in the
concrete world, abstract thought is still a long way
from being fully mature. An intensive development
of abstract concepts is chly beginning in early
adolescence and continues with greater. intensity in
later adolescence. ,;. . Abstraction -- thinking '
involving generalization —— can develop to the proper
extent only on a foundation of rich concrete material,
that i1s, abstract thought can develop only when concrete
thought is highly developed [2: 278—279]

In Blonskii's periodization, early prepuberal childhood éxtends from
the ages of seven to ten, late prepuberal childhoéﬁ from ten to twelve,

and pubescence, from thirteen on.

0t
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If the wa& in which these two authors characterized mental

| development in the early school years is examined (from the ages of ' w.

seven to eleven or twelve), certain differences can easily be noted.

“In Vygotskii'é view#: by the beginning of the early school years

perception and memory have gone through the bulk of their development.
Blonskii believed that this period is characterized by the intensive

.development of ﬁérceptionfduring the first half and of the mneﬁonic

function (memory) during the second half. Adolescence, to Blomskii,
is-the~§griod of the most intensive development,df‘ﬁhe thought process
but to Vygotskii thb most'intensive'development'of the thought s
ﬁroaesses is in the early school years. _ )

These two investigatqrs'describg the éame period of mental,

deveiaﬁment. Moreover, the facts both of them cite hﬁé accurate on

the whole. The problem is not that qné's results contradict the

- other's. Of course, each had at hi& disposal an arsenal of data which

differed from the data of the other. But each was adequately informed

of the other's work, and knew and took into consideration his data.

‘At issué then 1is not théir.facts but instead their fundamentally .

different approaches to singling out characteristics of .mental

development at any given period. At least two approaches are possible.

" The first is to single out the aspects of mental development which are .

concluding their formation during a peried. Of course, both memory
and percebtién aré develoging during the early school years. While
they do not stop developing they acquire’a relatively finished form
duriﬁg these years (om which both investigators agree). If Ehg
view 1s adopted that, at any given period, me%tal development ks
characterized by the processes which have gone through the bulk of
thelr devéiopment and are juétlﬁeing completed, then Blonskii's
characterization would be ggrrééé. But another approach is possible.
The aspects of mental de;elopment which are being differentiated for
the first time and are only beginning their relat}vely independent
and intensive development can be isolated. If this view is adopted,
then'VygBtskii is «correct in his characterizgtion of the primary
scheol pupil. |
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The central issue, therefore, is whether to characterize a & .
given age level according to the processes which are concluding
their development or according to those which are only beginning.

. -Tﬁis isgue is important not only for child psychology but for |

orienting actual teaching as well.—_ ' .
"L It is clear, then, why Blonskii considered it proper that
"curricula for the early grades are constantly emphasizing the
development of -the child's powers of observation, while méthodology
reiterates the importance of visual methods in teachipg primary school
children " [2:275]. Elsewhere, in discussing the rola.of thought

and memory in learuning, he wrote. . . &
ey ,
. The most accurate pedagogical conclusion to be drawn
from what has been said in this chapter would be that the
‘child is basically occupied with learning Dy thinking, DR
and the basic function at this age is remedibering by '
" thinkdng, that is, memorization accompenied by pondering
what and how to memorize, and recall accompanied by

pondering what and when to recall [Zii/}

Instruction, its content and the methods brganically connected
with it should thus be oriented toward the «development of observation

and. Verbal memory as"the basee for the future devalopment of the

. thinking process, that=isy pkiented toward the processes which are _
| either almost completely developed or are already developed. Frog_
-tﬁlgﬂgb!ns.gﬁkview the curricula being followed, then as well'as '
now, are fully justified. | v

Vygotskii approached the problem in a fundamentally different
way. It is well known that he esPecielly emﬁhesized the key role
of instruction in mental development. In itgelf this thesis is not

new, having been put forth by many progressive teachers of the past,
such'as Ushinskii. But the modern discussion of the-problem is the
work of Vygotski{. It is interesting to recall his attitude toward
the preschool and school instruction of his day:
Teaching should be oriented toward thé child's
- future, not his past development. Only then will

it be abYe to unlock the processes of development
that lie in the area’ of immediate deyvelopment.

30
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_ ‘Let us clarify this by a simple example. As we
‘know, the comprehensive system of academic instruction
was given "pedagogical substantiation' while it prevailled
‘here. Teachers affirmed that it corresponded to the
characteristics of the child's thought processes. The .
basic error wa§ that the matter was stated. wrongly in
principle -~ a result of the view that instruction shﬁﬁld
'be oriented toward past development, toward the aspects
of the child's thought process which had already matured. A
Using the comprehensive system, teachers proposed to
consolidate what the child in his development should have
left behind when he started school. They oriented them- ‘
selves toward what the child could think out on his own
- and did not considey the possibility of his shifting from
what he could do to what he could not. They evaluated the 4
fruit that was already xipe. They neglected to Qonsider--
that instruction should carry development forward. They
did not tdke the next area of development into consideration.
" They were oriented toward the line of least resistance,
toward the child's'weakaﬁide rather than his strength.

. The situatton becomes reversed when we begin. to
understand the reason why the child entering school with
functions which matured at the preschool stage tends toward
thought patterns’ that correspond to the comprehensive
system. The comprehensive system is none other than the
- transfer to the school of a system of instruction adapted
to the preschooler -~ the consolidation, during the first
- four years of school, of the weak aspects ®f preschool
thinking. This system lags behind the child's development
instead of leading it [9:277-278].
. ?r 0 ol
- Recently the relationship between instruction and development has
again attracted the attention of scholars. Several years ago Zankov
and a sroup of collaborators began a special investigation of the
interrelations betwéen learning and’ development [11, 12]. The material
publi;hed does not yet give us a chance to judge the progress they
have made toward solving this problem. The concept they are developing
will have to be critically analyzed in detail sometime in the future,
Meanwhile several purgly theoretical remarks are made.
First, Zankov interprets certain of Vygotskii's theses in a very

odd way: ’ S —
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" The substance of Vygotskil's theoretical views is
that the development of the child's mental activity is
genuinely social in ngture. CoXlaboration and instruction
are the determining jgnditions of it. At the same time,
development is not to be equated with mastery of knowledge
and skills: Mental functions are restructured and take
on a new character during instryction.

‘This approach to the problem is very important both
™ theoretically and practically. It correctly orients
educational theory and practice in that is stimulates . “\
. the creation and application of teaching methods that
are highly effective in promoting pupils' mental
development.
~

In setting up the learning process in our experi- s
mental class we are proceteding from Vygotskii's -
theoretical views and are structuring this procegs so
that instruction precedes development and thus achjeves
the optimum results in the development of the intellect
[12:12]. :
»

One important correction needs to be made in this interpretation
of Vygotskii's views. Nowhere did Vygotskii relate the high effective~
ness of instruction for development to the wmeans of ingtruction. On
the contrary, he always emphasized the content of what was being
learned as hawing primary significance for mental development. We
know that he approached the problem of instruction and development
as it related to the problem of "worldly” and scientific concepts,

which for him was a model of the ;eiationehip between instruction and

development. 'He thus wrote, in fact, "Essentdally the problem of B
’ non-spo eous and, in particular, scientific concepts is a problem '
a prod en
of instm‘end development . . " [9: 251] In addition he

inéicated t@at "from the standpoint of logic, the differentiation of
the spontaneous and non~spontaneous concepts children form coincides
with the differentiation of empirical and scientific concepts”
[9:250] (italics ours -- D. E.).

Vygotskii's basic idea was that the greatest strides in developing

. the intellect during the school gge —- becoming aware of mental

processes and mastering them -- are made "through the gateway of

~gcientific concepts” [9:247]. He'thus thought that decisive progress
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in development was associated ﬁr;marily with the content of instructign.
As a result, he was less .concerned with working'od: and applying

"effective teaching methods" than with the content of instruction, the

scientific character of content in paftﬁéular (the "methods' themselves
are derived from the content). ‘ '

To amplify Vygotskii's views a-bit& it haﬁxhe said’ that 1if the
basic content of school instruction remains empigical knowledge, thlen
no matter how stimulating and effective the methods of instruction
are, this content does not become the determinant of the pupil'é
.baéic mental development. 'Instrﬁc;ion in this case only exercises =
" and thereby improves the méntal pquesses which are involved in'théxl
ﬁastery of empirical kmowledge, the dévelopment of whiech i?(ébaragter-

istic of the preceding period of development. Althaugh‘he‘did.nbg

.investigate it fully, Vygotskii foresaw the organic connection ST

. b . AN ‘.& ".‘*‘ .
between mental development.during the 57hool years and mastery of -

. scientific concepts specifical; . )

A second misunderstanding has to’do with Zankov's intérpretatioq
of Vygotskii's statements concerning "the next area of development."”

* Zankov wrote:

When we analyzéd the factual material we had
obtained in our research we came to the conclusion . oy
that the so-called next area of development is '
not (as Vygotskii assumed) the only way for instruction
to influence child development. : $

The specific role of instruction is manifested not
only when the adult is using leading questions and examples
to help the child in his intellectual activity and the child
ig imitating the adult. The teacher can organize the maﬂerial ¢
. the child is using in a definite way so the teacher is nqt
helping the child but is letting him perform the tasks wholly
‘on his own. Imitation is thus completely excluded. Mean-
> while, as he solves the problems on his own, the child 1s
rogressing in: that particular area of mental activity N
12:12-13]. '

.

Then Zankov clted an instance in which children, on their own,

examined in succession three objects which had much in common. Observation

improved with each object, and the children noticed twice as many
characteristics in the third as in the first. The sense in which the
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-




teacher "did not help” the children is not clear in this example.

He did not in fact show them how to perform the operation, but hé

-d d show what kind of operatioa was needed. Although the instructions
.menticned defcription, the children in fact were comparing the objects.
They performed this operation on their own to a certain extent, but

]

it was not new to them.. There can be no doubt that the first—graders

had already had practice in making‘sach comparison§ and had bedn
taught to do this. '

Thus, in this example, perfection of an operation in co’ditions
which change while the problem is being examined are being dealt ‘
w?th. Zankov came to far-reaching conclusions on this basis however.

The facts cited provide a basis 8or asswing that .
instruction influences pupfhi development in various
ways. These ways are not isolated from each h other,
of course, but are in complex interaction. {The
formation of so-called 'next area of development,'
in particular, interacts with other ways in which
_ instruction influences the development of pupils’

. mental activity. - .- .
=Y .

One of the‘important tasks of research is to
ascertain the varied types of relationship between
instruction and development and to study the inter- -
action among these types. It is of great importance
for theory.to perform these tasks, since it will
lead to a fuller knowledge of the interrelations
between instruction and development.

One should not underestimate the importance of
the solution of these tasks in actyal teaching either.

The formation of a "next area of development' as a
definite way of influencing mental development is
characterized by the teacher's showing how to perform
a task and the pupil's imitation of him. The types
. of-relationship between indtruction and development
. in which the emphasis is shifted to pupils' independent
intellectual activity are limited considerably here,
as a consequence. And yet this very approdch to -
: tructuring the learning process is more important
. ndw than every before [12: 15—16}
. . (- -
.Q{f b We have cited this statement by Zankov bgcause it demonstrates
quite clearly the principal distinction between his approach to’ the
'“& problem and that of Vygotskii. Vygotskii did in fact believe that
P
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- the influence of iastruction~en developmént is-determined to a great
extent by the guiding role of the adult in instruction. Thus he

‘wrote: _ . . RN

. v~ An animal, even the most intelligent one, is - _ 1'
incapahle~of develgping 1its intellectual capabilities R . -
_ through imitation or imstruction. It cannot master -
anything fundamentally different from what it already
- has. It is capable only of being trained. In this
 sense it can be said that the animal 1s not capable
... 6f being taught at all, if we take "teaching"! in a
,specifically human sense. :

For the child, on the other hand, development
through instruction is basic -~ development through
collaboration involving imftation, the source of
all the specifically. human mental attributes. Thus
the opportunity, through collaboration, for rising
¢, - to a higher level of intellectual potential,.the
' opportunity for moving with the aid of -imitation
from what the child can do to what he canmot —— this N $
, 1is the key to all-of educational psychology. The whole
meaning of instructish -for development is based
on this, and it in fact constitutes the concept of - .
the "next area of development." Imitation, in a
broad sense, is the chief form in which instruction’
* influences development. Learning to talk and learning °
" in school, are based to an enormous extent on imitation. .
. . For in school the child learns not what he knows how '
to do on his own, but what he does not know how to do,
which becomes comprehensible to him in collabdration with*
the teacher. What is fundamental in learning is the very
fact that the child 1 is learning something new. The
next area of  develdpment, which determines the.realm
of transitions that are accessible to the child, thus
actually turns out to be the most decisive factor in :
tha: relationship.between instrtietion and development '
[9:276] (italics ours —— D. E.).

e, R -

Vygotskii thus thought that so far ‘as development is concerned . .4'1
the most effective form of instruction is that which is carried out~

. with the guidance of an adult, the teacher, or in collaboration with
the teacher as the Bearer of the new material for the child to learn.
Zankov, on the other hand, actually limited the role of such instruction
in development and shifted the emphasis to instruction in the ferm of
pupils' activity oft their own. At first glance it might even geem

’ R ) I
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' that Zankov's position s the more prcgressive and modern omne.
‘But only at first glance. '
Concérning what might appear to be learning on one'ﬂﬂbwn,

’
: a

Vygotskii wrgte:

.- . .
{ RN

RN
+

L After all, when we say that the child is operating
by imitation, this does not mean that he looks the other
N person in the eye and imitates him. If I saw something
-'ft “done today and do the same thing tomorrow, I would be e T
doing it by imitation. When a pupil solves problems at
home after he is shown a model in class is continuing
collaborate even £hough the teacher I;Zﬁoc standing
v - by him just then. From a psychological standpoint we have
right to consider the solution of the second problem
‘ : [involving the application of a scientific comcept], by
analogy with solving problems atihome, as a solution arfMved
4 at with the aid of the teacher. 'This aid, this collgbora-
f tion, is invisibly present.and. is involved in the child's .’
solution, which he seemg to be arriving.at on his own \
* : [9:284]. :

2"

‘ . "' . s At .
We may be furfher agreed that acquaintance on one' s own with an

gbjact may reault in empirical knowledge of it, and acquaintance with
an,eggregate of like objects may result in an empirical conceptﬂpr a.
general notion. But it is hardly accurate to say that an eleméntary . ~
V\écho'ol' pupil can indepedently discover the préperties of an object
on which the concept of it is based and fo;m a scientific concept

on his own. It may ne agreed that pupils’ estivity "on their own"

is very igpertant fofwdrilling knowledge which they have already

acquired for exercisi_g it, but not for the actual * process of

acquiring new concepts,not for the initial ‘discovery of their real -/
}neaning. E ‘ " ", .
‘To limit the types of instruction based on collaboraton with
the teacher, and to increase the types of imstruction based on
+ '"independent activity" 1s in fact>to confine elementary instruction

to the realm.of empirical notions and to reduce developmental processes

et —— e . e A i

to exercises. Actually, therefore, fundamental theoretical differences
lie hidden behind Zankov s and Vygotskii's differing interpretations

of what vould aeem to be a particular issue about the "next area of

~ development” and 1its function_in instruction. ‘ -

.
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' How, then, isgZankov's statement to bedmterpreted that ".in‘
setting up the learning process in our experimental class we are
proceeding from Vygotskii's theoretical views and are structuring
.this.‘proce,sa 80 thot instruction precedes development and tbus
achieves the optimum results in the development of the inteilect"
[12:12]. Evidently he acce@pts only the thesis that instruction
should precede development, that instruction plays the key role in
development. But he differs tadically from Vygotskii in his
specific™interpretation of the function of instruction.
What is original with Vygotskii is not his general view of
the role of instruction in developmenty but that he saw the source
of this role in the content oﬁq..pﬂkgofledge being acquitod, in
the mastery not of empirical concepts. but of scientific ones, which
calls for a special form of instruction. Collaboration with the
teacher and his guiding role can be seed most distinctly and
direct'l;r in this forf® The teacher is not simply a person with1
whom tne child is collaborating -- he is not the parent, nor 1is he
the kindergarten teacher. The teacher does not simply organize the
child's personal empirical expetience, nor simply transmit his

.personal'empirical experience. The{teacher‘iq the representative

of the knowledg_}accumulated by society. The form instructien takes

during the school Yyears is important because it is the form of the
child's 1life in society, the form of the bond bétween the child and
society. This bond should be as clegr and distinct as possible.
The essential difference between Vygots i's and Zankov's
views may be located in the hay they charactggkze the relationship
betweepminstruction and devalopment. gankov does not pursue Vygotskii's
new conc@ption of instruction and development during the school years.
Zankov indicates that the approach to structuring the learning process
in which the ampﬁasis shifts to the pupil's independent intellectual
activity igAmore important now than ever beﬁo:e. True, the problem

of making instruction more effective has been posed in recent years

L
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in numerous studies by Practicing teachers, didacticians, method-
ologists, and psychologists. By more effe%pive instruction is meant .
both .the extent to which the knowledge and skills stipulated in the
curriculum are maetered, and the.children's mental development. -
Without‘going iﬁt& an analyéie of specific studies, it can be

-asserted that the basic approach to this problem has been to make
instruction more. active, with an emphasis on children's independent
intellectual activity as one of the main features of vitalized
instruction metheds. This movement has involved great numbers of
teachers and has produced pqsitive results in many schobls.

Howeyver, whi}e the significance ofuthis trend among tgéchers
is being so high¥§ evaluated the reasons for an attempt to vitalize':..
instruction and ébe possibilities for it should be clarified. , Such=
n evaluation is.especially’important for the elementary school,
where the childzs intellectual activity is just beginning a new"

. cyq&e of development. The reasons, in our opinion, are the following.
Oon .one hand, there is general dissatisfaction with present school
instruction while on the other hand, it 1is impossible to introduce .
any essential changes into the content stipulated by' the curriculum.
This situatiequfdes-rise to a search for ways to increase the
effectivenesé%éi instruction within the existing system of eiementary'

' education ~- within fhe content as it is now specified.

This eeardh, significant in itself, is aimed essentially at -

+ compensating for shortcomings in the accepted system of instruction
and for the limited scope of its content. The more intensively this
search is pursued, the sconer the real possibilities of the existing
system will gbecome clear. Everything theoretically poseibie wil% be- .

"squeezed" out of it, that is, it wili be carried to its logical ’

conclusion. .

At the sameﬂéime,'it is important -to keep in mind that tﬁe

limited scope of the existihg edueational system has been determined |,

histe;ically and primarily eoncernsughe content of instruction, which

is determined by the goals of educat:nion. Thefefoi‘e evgn completely

"vitel methods' and an* increased emphasis on pupils' independent

intellectual activity cannot change this gontent. What 1is more,

. . . . h 38 ) .. '
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example he wrote:
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one should also b@ swaye that negative results can ensue if the
effectiveness of instruction is increased and content remsins
lna&equeﬁe. e

Let us examine some theuretl&al views spelled oyt by Zankov

aw
which are at the root of his "new gystem" of elementary instruction.

* Z2ankov assumes thit this system has already been comstructed and.

tested experimentally, the basic features of_ﬁhich have been
described in a number of books and articles. Eveh so-these descriptions

' 1ack sufficient data about the actual progreds made by the children

who are taught according to the new system. This makes it difficult

to ;elate the published material cbncerning the .extent of the children‘
development with the content of what they were studying, an

ascertain the depth of their learning. What determined the effective-'

" ness of learnlpg and development remains unclear. o1t 18 hoped that

complete materials will be scon published, for them it will be
possible to examine the theory and the system in their interrelations

[ ~

and in operation. ' D ' &

, In his statements Zankov touches upon many theoretical issues,

1and in particular, on, the essence of development. But his staéements

are very general and are sometimes difficult to correlate with a

-

speeifie interpretas}on of ﬁhe conditions for-mental development. For

-

» - -

The correct approach to investigating the development
of the child's mind as he ledrns is closely bound up with
an interpretation of development as a kind of unit of
opposing tendencies. - -

’ }

Fear on the part of some of our psyehologists and >
educators ta resolve firmly to discover the true sources of
‘"gelf-motivation” results from their apprehension that this
might'lead to an under-estimation of external, wespecially
educational, influences. There is no basis for such .
‘apprehension. Marxist dialectics does not underestimate
and certainly does not deny external causes. But external }
~eaubeztoperate through internal ones [12:21]. . .

. ’ ) Lo
$ N .
. . ) - '
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. Tt 1is'unclear which causes of dsvelopment are considered
. external ones and which are internal. How is the quration of
—————— T——————— . .
externsl causes "through"” imternal ones to be understood? .The S

'_\. : following ‘statement by ankov sheds some ‘l1ight on "self-motivation."

.o . 4

-

Oux -agsumption is that during the experimental
instruction various typeés of mental activity are
i ‘developing — in particular, analytic observation *
ot on the one hand,.and isolating and generalizing .
essential attributes and forming concepts on the |
other. In ‘each unit of instructiog, and in each of
the lessons, the type of mental acfkivity alternates.
. The lessons of one type are separated both in time
and by the content of the material being taught.

Each of the particular lines of experimental
instfuctién ig having a direct influence as well,
ST of course, in the sense that it is altering one
" . of the types of mental activity. This direct

inflwence is not all that 1s taking place, however.
The internal processes are operating according to
their own laws, and the varicus-modes of operation
are becoming unified.into a fufictional systenm.
- This, evidently, “is what determines progress in
: mental development. . . . The formation of systems’
involving various modesyof operation is evi&ently . . '
_ . ‘the most importhnt line of mental development. oe e
. In formulating our) assumptions, we are relying on
= - Pavlov's idea bth the systématic character of o
*" the work of the cerebral hemispheres [12 281. '

~ If 1t ig agreed conditionally that mental development consfsts
basically of the formation of new functional systems (although it is"
Gncleax what.these.are), how then do they come about? It is the
¢ task of instruction to develop the particular isolated forms of
mental activitx,ono%e it apparently cannot do). 'From this
‘material obtained through instruction, "self-motivation” synthesizes
something and progpces new functional systems, necessarily of a
oo higher order. . The self—motivation possessing this magic power
is none other than the laws by which the brain functions, constructing
functional systems out of the mosaic of separate’édlements. .
If our interpretatiof is accurate, it is not at all surprising

that some psyehologists and’teaehers are wary of sueh "self-motivation."

.
. . .
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* To recognize it in this form is naturally to assign imstruction ‘

a secondary role. T ‘

-

Another ip?grpreﬁation of the facts Zankowv cites‘is pdssible,
"howéveg.- In actual facg, some lessons cuiti?éte detailed obser~
vation, that 1s, the 1solation of as many particular visual attributes
of an object as posgible, and exercise perceptiLe activity formed
?  during the pregeding stage of develogment. In other lessons
conceptualization is cultivated, ‘that is, a new iﬁtelleétual-activﬁgg,
thinking, is formed. 'As a result of the "influence'" of thinking,

detailed observation is transformed into ggneralizing,obéervation ——

observation mediated by thought. In this possible explanation o -
there is no reference to abstract "self-motivation" nor to igws |
pertaining to the systematic nature" of the braim. "It is a simple

{4 example of the way the previouslyfformed m@ncal processes are: .

" - rearranged as the thinking propgss'is forméq. ' |

The principles of Zankov's new instfucfionai’system, which

——

should be the concrete embodiment of his general theoretical

Braand

views, needs’ to be examined. But first how it came to be‘considered

ﬁxnecessary for a new instructional system to be set up must be

-~

examingd.' Observatlon and special investigétions testify that

- —

primary school pupils' development progresses very slowly. With
respect to this fact Zanknu\gaid: . - . ) o X

-t
-

We found‘this to be so even in classes where

the teachers were achieving satisfactory and,

even good results in impartiﬁg knowledge and skills.
Real success in teaching knowledge and skills can
thus,occur unaccompanied by significant changes, ig
the child's development. What results is a seissors
effect, a ﬁivergence between the knowledge and skills
the child has learned on the one hand, and his'
developmental progress on the other {13:16].

R
s

;9

It "is difficult to ddispute these facts.. Zankov continued:
One may logically conclude that 1if this 1s.so
(as indeed it is), then in order for instruction to
stimulate significant progress in the child's .
. development, it is not enough to proceed only from
.the task of imparting knowledge and skills. The -




o fundamentals and methods of instruction must be
" thought through especially so that both tasks L
. are performed at the same time: attainment of L .
significant progress in the child's development ' -
_ as well as knowledge and skills of a high order :
* . . of difficulty [13:16].

¢ . -

Zankov expressed the same idea more cledrly elsewhere..

If there is a posgibility that a methﬁdologfeal -
approach which is successful in imparting skills ° '
and knowledge may not succeed in terms of the pupil's
‘development, then special direction of. the learning
process is needed in order for it to be effective

% for development [11:21]. _ ) .
: _ P
Agreeing with Vygotskii that instruction must be oriented

toward mental functions whieh have not yet matured, Zankov wrote:
- Although he was correct in emphasizing the &
' role of instruction in forming still undeveloped -
mental functions in children,.Vygotskii did not
. - take into consideration that the pupil's develops
ment can vary greatly depending on the way the
learning process is set up. For instance, instruction
in writing contributes to mental development in ‘
. varying degrees and effects depending on the method
' being used to teach it [11:24-25]. \

\ ' . .
- The solution which Zankov proposed 1s ‘similar to Ushinskii's. S~

L I

As a matter of fact, the problem of the divergence between the learning
stipaleted by the curriculum, and mental devequment was poseQ.long

ago as the problem of "formal education." Ushinskii viewed the

_ problem this way: “Formal development gf}the faculty of reason in
the form in which it used to be understood as taking place is an
illnsion. Reason develo;s'cnly mhrongh actual knowledge.l. M

(qnoted in Zankov [11:16]). o ’ -

But Ushingkii is the very one who worked out special exercises
and activities 3pecifically intended for developing logical thinking.
There is a contradiction here of course. He saw that instruction
was not providing for sufficient mental development and saw ways

of changing it. But he was not able to change the content of

4 *
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L aqa&emic instruction in any essential way because of historical

¢

-

conditions. He was forced to compensate“ for insufficiencies

in the content of what was learned. through perticuler problems and

. exercises specielly eimed at developing the thinking process. But,

efter all, this was 100 yvears ago! R

-Many teachers are following Uehinekii's methods. But is
such a division of methods, with particular .emphasis on proceeding

not "only from the task of imparting-knowledge and skills" ——

is such a division proper in our -conditions, especially in an ,
experimental investigetion aiQfd at creating a new didactic system?
4 The modern school faces three separats.tesif (1) it must *
impart a definite volume of knowledge; (2) it myst bring about
mental development; and (3) it must form cognitive motives. Each

" of thime tasks 1is performed by its own particular methods. The
~very fact that performing the first task does not take care of the
. other two attests to a difficulty that cannot be overcome by 111

more differentiation in the methods used. But they could be performed
all at once,vby a eingle method. The centrel, determining link in
performing a1l of them is the content of what is being learned,

end adequate teaching methods orgenically connected with it,

The solution to this problem provides the basis for solving others -~ '

especially those concerning intensive mental developmept, the formation

"~ of cognitive motives for study, and so forth. .

hY

~ Zankov himself perhaps considers this point as he works out
the details of his new imstructional system. There are three basic

principles in his new system. First, it is necessary to ''maintain

- instruction at a high level of difficulty (at the same time strictly

" obsérving the measure of difficulty, of course). Only a teaching

procedure which systematically provides abundant material for strenuous
mental work can aid the pupils' rapid and intenaiveudevelopment"
[11:25]. Second, it is necessary to "go through the inetructiona;
material gg;g_ﬁgg&fggtgi Thus in each grade not only the curricular

materlal for that particular grade but also what is intended yfor
- A%
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'suﬁsequent grades is studied' [11:25]. Third,dfthe emphasis on
the dognitive side of elementary instruction and on theoretical

knowledge needs to be sharply increased" [11:26].8
¥~ , It is Jnclear whether these principles are given in ascending
order of significance, but it. is striking that the principle
relating to what is being learned (the demand for greater emphasis
on theoretical kmowledge) comes last last.
Zankov indicated that the firsE:ESinciple is closely connected
with the second ""This principle [of maintaining instruction at a
high level of difficulty] is closely related to a fast rate of
progress in sthe material’ [12:40]. T, o
The requirement for difficulty may refer to the most diverse
aspects of the learning process. . For insténce, after pupils have
learned to add numbers of several digits, they should be given only
mexerciscg involving addition of six-digit nnmbero rather thgp three-
or four~-digit ones; or in the study of unstressed vowels, only
words which are haréestfto check and which need to be examined
in their most complex forms should be used; or again; only poetry
that is complex in both form and content should be given for
memorization, not poétry with simple content.' If this 1s the.way
‘the. demand for a high level of difficulty is interpreted, then it

 refers only to exercises. But even when a weight lifter is training, *

he never exercises with maximum, record lbads.

Does difficulty perhaps mean the degree of complexity of the
material to be learned? There are grounds for this interpretation
as well. "Even 1f the very best teaching methods are being used,"
Zankov wrote, "and the puplls are exerting maximum effort and hove
the necessary_preparation, and they still cannot comprehend the
material, then it will inevitablybe dead wcight in their minds" [12:43].

<

80ne further didactic principle is mentioned in the bosgthgil
Development in the Learnig& Process: ''The necessity for following
a sequence of steps as the material is learned is closely bound up
with observing the measure of di icultyf’{lz 1447,
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The degrea of difficulty is thus_the'EEgree of possibdlity for
comprehension and has.to do with the problem of the.content of (“
knowledge, but the sequence of presentation cannot be based only on
the degree of difficulty. In general the specification that pupils
' always be progressing in the material and that they always be finding ‘
out something nev in the field they are studying is not directly '
depeqdent on the difficulty of learning ;t; Specifying that pupils
should always work to the fullest extent of their intellectual powers
indicates that development is being interpreted as a function of
practice. N .

The principle of dlfficulty involves the content of what 1is
being learned, at least to a slight extent, but the specification
of a fast rate pertains not to content but to rate as such. In
Zankov's opinion, no matter what the material, mental d%velgpment
depends on . the rate at which the pupils go through it. TFor a given"
unit of time such is probably the case for the simple reason that at
a fast rate more material will be covered in that time. But’ ‘the
quality of developmgnt itself is hardly going to change in this
process. It is a fact that if childremn go through the present
curriculum in three years jinstead of four, thelr mental development
Cwill keep’pac§ with the ixgleased speed. Whether the quality of ,
mental development changes is problematical and not proven.

If the difficulty of the material and the rate at which the
‘children progress in it have any meaning tor development, then it
is not direct but only mediated through the content of what is
being learned. Thus in essence Zankov, too, is forced to conclude
that it is the content that determines menta£ development. This is
reflected in the principle that is last on his 1ist and first in =
importance. But the way it is formulated elicitgldoubts. What, in
.fact, does the stipulation that "emphasis onutﬁe cognitive side of

elementary instruction and on theoretical knowledge. . . be sharply
increased" mean? The "cognitive side" and ''theoretical knowledge”
are not identical. The "cognitive side' can be broadaned significantly
and the emphasis on it iné%eased significantly, but the emphasis on

theoreticél knowledge can be held.constant. Analogously, if the
® . .
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amount of empirical knowledge is broadened significantly; theoretical
“knowledge can he held constant because theoretical knowledge proper
is scientific knowledge. The issue is thus actually to increase the

emphasis on theoretical, scientific knowledge in elementary instruction.

, But "increasing the emphasis on such knowledge is possible only if it
‘ is already a part of the content. As there is hardly any such content
‘in the modern curriculum, it needs to be added. In traditional
curricula, emphasis on empirical inowledge is all that cam be increased.

Curricula are provided.in the book'Elementa_g Instruction, but

unfortunately they are not detailed 80 that it is impossible to judge
“from them what each item covers. . *\
. Just to give a few examples, in the curriculum now in effect for

the study of Russiam in the first grade, words designating objects,

actions, and Qualities are classified. This classification is based
.on empitieal attriéotes. In Zankov's.curriculhh this item is replaced
by three others: (1) the noun {(term and defioitiOns), (2) the vexb
(term and definitions), and (B)Pthe adjective (term and definitione).
Nothing is essentially changed by giving children t{je terms and the

8 remains

.definitions. Thus if the definition: '"Words designgting objects
are called nouns" is given, the notion of what a nou3\§

just as émpirical as 1t was before the term and its definition were

. introduced. The same may be said of the concepts of "root," Yprefix,"

+

and "ending."

Zankov wrote that:

' During the first two years of instruction, the »
children are not given the terms which designate :
parts of speech ("noun," and s¢ forth), and remain
unaware of the formal attributes characteristic of
a given part of speech. It comes down to:- the point
that even in the second grade the parts of speech
are distinguished in the following manner: ''words
designating objects," "words designating the actions
of objects,” and "words designating the qualities
of objects." Consequently, even though the pupils
are led to generalize (a group of words designating
objects, or their actions or attributes), these
. words are not brought together in the form of a
A definite linguistic category with its own term and

formal, attributes. Thus awareness of a relationshiip
among words does mot reach a qualitative level.

“em {;ji ig




Qur. experiamce has shown that by the time children
are in the first gyrade, they are already capable of

\learning a number terms with good comprehension,
and observing the formal attributes of parts of speech
[11:76=771.

, . }‘ 5.
In our opinion, these data still do not indicate that anything .

. besides an empirical notion of parts of speech is being learnmed.

Neither the introduction of a term nor observation of formal

- attributes in itself clarifies the nature of the concept being learned.

(3

Zapdiov criticized modern elementary school curricula for not

~_equ;ppiﬁg pupils with the fundamentals of science. "Because they -

1t:’do not,! he wrote, *'the mental development of pupils is being
impedéd, since material which does not correspond to the logic of
the sciences cannot be learned with comprehension” [11: 78} Wihile
'this criticism is accurate, there is no yroof that this basic
deficiency is remedied_in the.new instructional system. For .
example, consider the arithmetic curriculum., It has three bases:

(1) number and numerical series, (2 awareness of the decimal systemn

' and computation methods, and (3) understanding of interrelationships

in performing“hrithmetical operations. In.essence these principlea

are not new as the traditional curriculum containsfand accomplishes

the same objectives,’ The empirical observations made on numberzﬁg’é///
nt

and on the operationg with them are simply systematized. in a di

way in the new system. .The concepts of number, of the decimal

system, and of arithmetical operationmns, ﬁowe?er, do not change. " Of
course that 1is trie if one does not think that by singling out terms -

sum, elements, difference, commutative law, and so forth -- the cqontent

of the corresponding ‘concepts changes ande that they are converted
from empirical notions QS scientific ones. The demand for more
emphasis on theoretical knowledge in ‘the content of elementary
instruction in the new system is'notnmet. This is quite oatural
beoause suéh a change necessitétes gspecial experimental researclt in
e&ucational psycholo_y. .Furthermore, withoit fundamentally changing
the actual content-o? elemeﬁtery education, it .is impossible to

solve the basic problem of. increasing the effectiveness of instructien
by imparting more knowledge and skills thereby intensifying mental
deveiopment. .
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‘The theoretical vigws whieh Vygotskii formulated have served
~as a basis for our erimental research. 0f fundamental significance
was his idea that imstrdction fulfills its main role in mental

development primarily through the content of whit the child is

‘learning. The adult -- the teacher —- is the key figure and helps .
the child to develop ways of operating with objects through which
he can discover their essential properties -- those which copstitute

~ genuine concepts. _ ‘ '

What Vygotskii said about” the comprehensive system of

"instruction which the sehdols followed ugtil the beginning of the

J thirties , has been already quoted. After the tran%ﬁtion to teaching
by subjects, the content of what was being learned essentially did
"not change, even though it was divided into Subjects. Instruction
still has remained empirical in content. One may say then, with
‘compleate accuracy, that instruction consolidates preschool modes of

- thought and the preschool empirical attitude toward reality. It
doesknmefshape a ‘new theoretical attitude nor new modes of thought g‘

~ and does not advance mental development. '
"cademic subjects proper, in the sense of systems of concepts :
to be learnee in the elementary grades, were not designed. The |

‘task of designing them has just now come up and ha¥ not yet been

’ - -~

satisfactorily resolved. /

One of the objections currently being raised to a fundamental
ghange in the content of the/elementary stages of ipstruction is
based on developmental chaiscteristics of children which limit the

possibilities‘for such a change. But the objectors usually forget -
that the "characteristieé" necessdry for learning the new content

are themselves formed in the processes of learniqg>it. Vygotskii

‘~ - himself noted this: "&he dévelopment of the psychological basis

for learni_g»fundamental subjects doesnot precede the beginning

g

.+ of instruction but takes ‘place as an integral part of the learning

process' [93269].‘ Furthermore, it is usually not taken into
C e consideration that the characteristics of mental activity observed
in primary school children at_present are themselves a definite

result of the existing curricule, which are empirical in content.

: Q
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At the end of the twenties Vygotskil and his collaborators'
studied the child's capaﬁility for fgrming concepts on his own.
They established three basic stages in concept developmept:
syncretism, complexes, and concepts proper. The stage of complex
thought includes five successive forms: (1) the eeeociative ;' .
complex, (2) the "collection" complex, (3) the chain complex,. (\j
'(4) the diffuse complex, and (5) the\pseudoconceﬁ%. Ig*we sgper~t//§ S s
impose this on a time scale it turns~out«;hatfthe prim3ry school

years are characterized by complex thought with a predominance e

of so—ealled pseud0concepts' concepta- proper develop in adolescence.-
“In. their internal makeup pseuddconcepts are typical complex,
that is, generalizations in which the child does not go beyond the

bounds of visual immediately perceptible properties $f objects. r

Their external similarity to concepts lies in the fact that some SN
of the attributes on which such a generalization ib‘based cohid
‘coincide with ones which might be selected and brdught together
on the basis of an abstract concept. v —
‘In the last twenty years Pilaget and. his collaborators have.
"qgconducted numerous invastigations of the development of the
thought process in the chi#ld. In these investigations they have
estaﬁlished thre; basic genetic stages of mental'developéent. The

first is the preoperational stage, the second is the stage of

‘concrete operations, and the third is the stage of formal opetatiohs”'
[6,7]. The jearly school years are chaiaeterized by a predominance P
of concrefg/jperations, ont the basis of which properties discovered
through iﬁhediate visual experience can be systematized.

Essentially, the stages in the development of concepts .
indicated by Vygotskii and the Stages of mental development
established ‘by Piaget coincide, even though they describe mental . ";/

development from different standpoints -- Vygotskil, from the product

.

C .

standpoint, and Piaget, from the operational standpoint. N
The numerous facts cerrobOfating Piaget's data are interpreted
.* by many psychologists and teachers as showing the hecessity of these
| stages for mental development -- necessity in terms of both their

~




B : .
sequence. and their "distribution" by age level. In our vieﬁ,‘these .

' data accuratsly portray the actual characteristics of the child 8.~ Lo
mental development. However, they do not make explicit the
condigions and causes for this particular "outline” of the formation 4
of the child's intellect. Moreover, they provide a basis for ‘

_making this outline absglute and turning it into a kind of | :

"constant" found in any course of mental development no matter <(jr

what the conditions of instruction.9 We believe that there is no

reflects énly- the fully defined am\specific course of childhood
)ﬂental development which is taking place im ‘the particular P

S

basis for such an absolute apprqai:;\\ln reality, this outline

d of the word) within which —- at the early stagas, in any case —-—
.empirical knpwledge is pnedominant gﬁd modes of learning which
are mediated by genuine concepts as elements of the theory of a
subject are poorly represented. There is reason to think that a
change in the content of instruction and a corresponding change
fiﬁ“the "type of teaching,” as P. Ya. Gal'perin calls it [4], will
- influence the "chronological outline' of the development of the -
' child's intellect. ' . : . ? '

- | y =
" Our position on this issue is that it is a theoretical

ﬁ# hypothegis which needs to be tested experimentally to be further

substantiated and corroborated (this is thé very task we have been
" pursuing in our specific investigations which in part are spelled
out in this book). MoreOVEr, material demonstrating the accuracy
and farsightedness of this approach to the problem has’ already been
gathered: Thus, on the basis of sﬁecial research Gal'perin has
come to the following conclusion:
When’concept.formation is taught according to

‘the method of developing corresponding operations .
by stages, one finds neither complexes, nor

-

9'l‘here is an analysis of Piaget's basic view of the problem

. f"development and instruction” in the afterword by A. N. Leont'ev
and 0. K. Tikhomirov to his book about the genesis of logical )
structures [7:433f£f.]. /’ﬁ\
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pseudoconcepts, nor intermediate forms composed .
of elements of scientific and everyday concepts.
The'child can neither omit an essential attribute
from a concept nor introduce anything nonessential
into it. Real concepts are formed succesafully -
and rapidly in the later preschool years, and ,
their range is limited only by the knowledge and A .
skills_needed as prerequisites. o

We believe, therefore that the results of’ ' -~
Vygotskii’'s research retain a dual significance
for the present as well. First they show the

. course of concept formation in the conditions
which still prevail “today, and second, they
degcribe strikingly the ¥concepts" children have . :
at the early stages of-general development, where - .o !
this situation probably cannot be altered.

¢ . .
At the same time one should not forget, _— -
however, that concept. formation by stages is . ) -
revealing incomparably greater potentialities ... : s ) o
for the later (and perhaps also middle) preschool '
. years than has been realized .before, and thgt the ' ~
~ way concepts are formed in contemporary school o . -
e instruction, which also characterizes a pfocess -
only by its final result, should not be considered
a standard for mental development or a a natural
Iimitation on instruction, [4:22-23] (italics ours). Vé

In our view, these statements can rightfully be applied to
Plaget's characterization of mental develogggnt as well. At ng_
same time it is necessary to kegp in” mind that the overéll approaches
of Vygofskii'anq Piaget to estimating the child“s capabilities for
lgarning newv material differ fundamentally. The defenders and
followers of Piaget believe that new material can be learned only
" if it 1s gransiated into the language in which the child himself
thiﬁks, that is, if it is gdapted to his current lgyel.of mental

development. Since scientific concepts requ@;é operations other _
" than those'wﬁlqh have formed in the child's personal empigical - ! -
experience, the first twe years the child is im school are supposedly
"to be spent teaching him the fundamental operations of logic which

s

underlie the further study of mathemattcal and.dther‘éciences.

L
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It is thus proposed that’ the child's thinking process be
developed first, through special exercdses, ?o the level at which

"he will be able to master the basic concepts of a particular

branch of science, and only t@en introduce new curricular content

 (see the book by Brumer [2]). These'propositions explicitly are

| based on,the point of vieQ'that the devéiopment of thought is a

process having no direct conmection with the content of what is

being learned and therefore is independent of instruction.

L4

Vygotskii approached this issué in a fundamentally different

‘way. As already noted, he proposed orienting instruction not \

toward the aspects of mental development which have already beeﬁ
formed, bt toward :%ose which are still forining; not "adapting"
the ﬁaterial being taught to egistin%'characteristics of the child's
thinkiag‘ﬁrqcess, but introducing material which would demand of |
him new and higher forms-of thought (within the limits ascertained

through specialized research into mental devélopment, of course).

Thus, in order to carry out research into real possibilities

"+

for childhood mental development it is necessary, while holding to

certain premises, to introduce new material the mastery of which
is a very important measurement of these same mental capabilities.10

*Vygotskil wrote in criticism of Piaget's views:

For Piaget the indicator of the level of the
child's thinking is not what the child knows nor
what he 1s capable of learning, but how he thinkss
in a field about which he Has no knowledge.
Instruction and, developmeng, knowledge and thought
are opposed here in the sharpest way [9:254].

As we see it, the conjunction "and" in the problem of "instruc-

tion and development”~is neither disjunctive nor ceritrastive but,

3 .

& * / :
loSome premises underlying new ways of setting up mathematics,
Russian language, and manual training as academic subjects’are spelled
out in subsequent sections of this book. [The latter twe are not
included in this volume (Ed.).] The materials which describe the

way primary school children learn new curricular content Serve at

the, same time as indicators of their intellectual capabilities (mot’
"4bsolute" ones, of course, but only as correlated with this content

and the way it is introduced).
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on the contrary, copulative. Apart from {nstructioh there is‘'not.
and cadnot be mental -dev_elapment at all. It is the most importanty
cﬁe key con&iﬁion‘ and source of mental development.
The problem of setting up eleme‘ntary instruction, that is,
' expanding the content of its basic subject:s, so that it will
finally result in the formation of.'full-fledged concepts, is the
subject .of speciab\ research. In the very processes of determining.
- the psychologicgl premises for setting up elementary dastruction
material and testing experimentally the possibilities for learning
this new material, the pot_ent‘:ialit:ies for the mgncel development
of 'c}_’lildre.n of early school ésge‘ are :Ln.'faét#being inve'stigat_ed.
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LOGICAL AND PSYCHOLOGICAL PROBLEMS OF
ELEMENTARY MATHEMATICS AS AN ACADEMIC SUBJECT*

N

V. V. Davydov

6- ' . » t . .
Deficiencies in the traditional mathematics curricula for the

- school are being discussed frequently both here and abroad. These

curricula do not embody the basiec prineciples and ¢oncepts of modern .

__mathematical‘scienee;Vnor do they proviﬂe for the necessary develop-

ment of childrens' mathematical thought, nor is theee continuity '

from the elementary school through the university.

Studies are being carried out in various countries and by inter-
nationa& organizations for the purpose of dmproving curricula. ‘
Proposals are being made for ways of presenting modern mathematical
"concepts rationally in academic ‘courses (for high school, oh the’ _
-whole). Some of the proposals are unquestiOnably of great theoretical '
and. practical {nterest. ' ' -

A curriculum in its-concentrated formrconveys the content'of_aﬂ
academic subject and methods of developing it in teaching. 1In esseﬁce,
therefore, attempts to ehange a curriculum have to do with a change in
the content of the subject and the search for new ways of structuring
it. Structuring mathematics as an integrated academic subject is a
very complex task, demanding the cooperation of teachers, matheﬁaticians,_

psychologists, and logicians. Selectling the concepts with which the

study of mathematics in school should begin is an important part of

solving this general :jfii_#fispé concepts are the foundatiop on which

U =

*From Learning Capacity and Age Level:  Primary Gradeks, edited
by D.’B. El'konin and V. V. Davydov, Moscow, Prosveshchenie, 1966,

pp. 54-103., Translated by Anne Bigelow.

lSee, for instance, the currlculum proposed by V. G. Boltyanskii,
N. Ya. Vilenkin, and I. M. Yaglom [&], a survey of American research in
this field [40, 50, 47], and others.
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the(whole) ad@demic subject is built. Children obtain their general

or tion in the .reality of mathematics in great part from the

itial co cépts they learn, which, in turn, has an important

influ on subsequent'progreiﬁ in this field.” Many of tﬁe students'
difficulties in mathematics in elementary and high school come about,
we belfeve, first, because what they learn does not correspend to

the concepts that actually constitute mathematical structures, and‘

second, bécause.general mathematicel concepts are introduced into

. school courses in the wrong sequence.

Unfortunately, the content of elementary mathematical concepts
and the method of intraducing them'iﬂ teaching have not been discugsed
at any length nor carefully investigated up until now even though
this is the only‘basis on which tha curricula now in effect can be
thorough}y and critically analyzed, their virtues and major shortcomings
pointed out, aﬁd new variants in the content of school mathematics
prbfected. Work in this area is further impede@ by the fact that .

curriculum’ designers as a rule do not take into account, to the degree

that they éhould, modern methods of ‘psychological and logical analysis

of the learning process, and they underrate the significance of these
methods for structuring mathematics as an academic subject.

In our experimental work on curriculum design [10,12,15], we a1

found it was particularly necessary to determine the most appropriate

" concepts with which to begin mathemgtics instruction in school.

Ascertainment of these concepts created a number of more general prob-
lems. There is the problem of the logical nature of the initial
concepté of the discipline itself and their relation to tﬂe concepts
tgzt are initial in the degign of the academic subject. There 18 the
problem of ‘relating sc;entifit defintions to the attributes of the
object toward which the person learning these definitions is actually

oriented. There is the problem of abstracting the attributes of an
' . .

2Of course, the designers of any curriculum orient themselves
toward the psychological and-iogical aspects one way or another; the
questlon is on which psychological and logical data the curriculum
developers are relying, whether they are taking modern methods of
psvychology and legic into consideration, and how much emphasis they
are putting on these data and methods as they structure the academic
subject.

se/" |




-

so- clear as it at first seems to be. A mag?ematical analysis was
“ .

‘to do with logic and psycnology than with "pure' mathematics.

object -and converting them into concepts, both in the course of

elaborating knowledge historically and in the mastery of it by an
individual. And there are many other logical and psychological
problems,

]

Traditional curriculum designers have also had to resolve -

‘these 1ssues one way or another. However, curriculum designers

prefer to focus not' theoretiéal and cognitive or logical and

[ 3 . N
psychological matters, but on the mathematical aspect ~-- problems
of connecting the mathematical material itself. _ As a matter of

fact, the discussion of tremnds in redesigning mathematica% education’

. v
. .also basically revolves around the amount’ of mathematical knowledge

to bf;included in (or excluded from) the curiiculum (see [48], for

- insta e) Logical and psychological issues again remain in the

background first, because of insufficient exposure, and second,
because the opinion prevails that the content of an academic subject
L in spite of its uniqueness ~- is a relatively ditecﬁ projection,
simply an undeveloped copy, of certain purely."scientific” informa-

tion -(an original critique of this widely held opinion is given

‘by G. P. Shchedrovitskii [42]). -

*At the same time, if the striectly mathematical aspect of the
curricula is examined, especlally the fundamental conceqts, much
is found that is perplexing from the standpoint of advanced mathe-
matics. The study of mathematics in 'school begins with natural '
nuﬁbers, the basis for instruction for several years. The selection
of this "basis" is usually subgtan;iated by mathematical reasons, by

indicating the role of the natural numbers in thegéystem of mathematical

.knowledge. But the role of the natural numbers in mathematics is not

I

thus called for to bring out some basic feaﬁurqs of number as a

mathemétical concept. It turned out that purely mathematical argu—
ments were less of a factor in "basing" the mathematical curricula .
on number than were the nethodologists'ﬁapparently obvious ideas of
the "primacy".of certain concepts and ihe origin and development of

abstracpion both in the history of knowledge and in the ontogenetic

. process of the child's mastery of it -- that is, ideas having more

-
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Recently, particular attentiqn has been givén to basing the
school course on set theory.when curricula are being modernized
(this tendency is quite conspicuous both here and abroad). When
this change is made in teaching (partiéularly in the primary gra&es,
as is o served in American schools, [SO]), it will inevitably
create a\ number of difficult questions for educatfonal and %hild
psychology .and for_didactics, for there is almost no research
presently on how the child learns the meaning of. the concept of a
set (as distinguished from learning counting and numbers, which
has been inéestigated from many angles).

It is worthwhile to examine what is said concerning the concept
of a set in/nathematical literature,‘especially because some authors
do not acszmiedge it as the initial and primary concept. The very
basis of mathematics and its initial and general attributes currently
are being completely reevaluated (see the studies by N. Bourbaki).

This matter is closely involved with defining the nature of mathematical

“abstraction itself and ways of deriving it, that is, with the logical

agpect of the problem, which must be taken into consideration as the

academic subject is being set up. . L

Material cited below is taken from mathematical sources char-

acterizing the conpnection of the concepts of number and set with -

other mathematical concepts (the general concept of structure, in
particular). This is being done not by ahy means to iesofvé any
mathematical issues ag such as most of the issues to be touched upon
have already been resolved and made a part of the ‘'general" literature.

Rather, it is being done to relate the available solutions to methods
'3

of organizing the academic subject, the purpose being to clarify

certain logical and psychological issues.

Logical and psychological researgh in recent years (the work
of Piaget, in particular) has found a relationship b¢tween certain
"mechanisms" of the child's thoupht process and general mathematical
concepts, We are making a special study of the characteristics of
this relationship and what it means in structuring mathematics as an

academic subject (the theorectical aspect will be dealt with here,

rather than any particular variant of a curriculum).3 The basic

3§pecifi( problemq of organizing the elementary course im school
mathematics are dealt with in the next section of this chapter. [Ree
the next article (Ed.).] [V
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8l and psychgddgical problems which must be discussed before

"the math atical ourse material can be arranged are briefly

enumerated at™tiffie conclusion of this sec¢tion. © (

v

A -
<

The Concept of Number and its Relationship to. Other Mathematical Concepts

The natural numbers have been the fundamental concept of mathe-
matics throughout mathematical history; They play.a very significant
.role in all areas of production, technology, and everyday life.
Consequently, theoretical mathematicians have set aside a special
place for the natural numbers among mathematical concepts, Statements
" have been made in various ways to the effect that the concept of
natural number is the initial stage of mathematical abstraction, and
that it is the basis on whiph most mathematical disciplines are built.4

The choice of basic elements for the academic subject of mdthe—

matics essentially confirms these general statements. The assumption
is made here that as the child .becomes familiar with number, he is

~at the same time discovering the initial features of gquantitative

“
L]

relationships. Counting and number are the basis of all subsequent
study of mathematics in the school. ’

There is reason to believe, howeveyx, that while these statements
justly point out the special and basic significance of number, they

still do not adequately convey its relationship to other .mathematical

~
\

Q '3 4”Number is the basis of modern mathematies. . ." [8:20]; "All
mathematicq depends upon the concept of a natural number . [23 12];
“The concept of number is the inltial one in structuring the majority
of mathematical disciplines. . . . +It is thus no accident that the

study of mathematics begins with an introduction to number" [22:230].

concepts, nor do they accurately evaluate the role of number in the

S"The study of whole (natural) numbers is the basis, the founda-
tion, for mathematical knowledge" T43:5]: !'Whole (abstract and compound
concrete) numbers form the basis of the arithmetic course in elementary
school" [38:6]; VIn elementary school one first must deal with the
concept of (natural) number and the counting Operation" [39:6].

.‘)
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process of learning mathematics., Certain significant shortcomings
in the present mathematics curricula3 teaching methods, and text-
books are primarily the result of this fact. The actual relation-
ship between the concept of number and other concepts especially

needs to be exdiiined. R

For this purpose let us consult E. G. Gonin's book, Theoretical

Arithmeticcfzz} which 1is notable in that § significant portion of

it is devoted ®o setting forth basic general.mathematical concegts
, <~ on the basi§ of which the properties of numerical systems (the
subject of theoretical arithmetic) are then brought out.
w\ The {nitial congepts here, possessing certain properties and

relationships, are set, element of a set, and subset. There are

certain simple methods of obtaining new sets from those-giVen (union,

interSection, and difference). These methods and their properties

are designated by a special set of symbols (A U!B for union; ALl B
. for intersection; A \B for difference). The concepﬁ of corfesgon—
dence between elements of sets is of great importance. A correspon-
kdence between elements of sets A and B determines the mapping of
set A to set B, designated for instance, by the letter f (function
or unitary ogeration also are sometimes spoken of instead of mapping).
The special conéitions of composition ‘and the identity mapping are ¢

introduced (the latter ig a nartieular case of a one-to~one corre-

‘k v dence) If a one-to-o¢ne oorrespondence between elements of sets

exists, then set A\is called equivalent to set B. With the intro~f

y -

duction of the concepts of equivalence and proper subsget of a set,

it becomes possible to define infinite and finite sets ( a set

equivalent to some proper subset of itself 1s called infinite).
Related to.the concept of correspondence is the concept of a
relation determined in a set. Relations possess such basie pr0per«

ties as reflexivity (nonreflexivity, antireflexivigx), symmeg_g,

transitivi:x, connectedness. The concept of isomorphism is a general—

ization of the concept of equivalence of sets. Every set has the
property of power (equivalent sets have the same power, nonequivalent,
differing power). The creation of the system of natural numbers has.

to do with the necessity for describing this important propexty of sets.

. .
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Along with the relation of equivalence, an important role
in mathematics is played by the relation of order (the antisym~
metrical and the transitive relations), through which the concept

of an o;dered set is defined. The continuoug and discrete

ordered sets are defined by'introdueing the concepts of section,

coterminous element leap, gap, and others. .

‘The concept of scalar, additive, and additive-scalar value

is another very important mathematical concept. The power “of a
set 1s a particular case of scalar value.

The concepts of a binary operation and certain properties of
it (composition, identity, and aséoc;ativitv), and the inverse

operations permit special forms of sets‘Cf groups and subgfougs -
to be dietinéuished. A.set with its allied operations of addition
and multiplication is in certain conditions a ring. A particular
case of a ring is a body (division ring) A special form of a
_ division ring is a fleld [22-7 96].° | ‘
Numerical systems are defined on the basis of this chain of
concepts. Thus "the discrete well-ordered commutative semiring
. with a unit element«which is not zero is called the system of non-
negative wholeinumbers”SE:%;9?]; Ythe ﬁinimel.wel}—ordered semi-
' field is called the systeh of non-negative rational numberg" [22:131},
~and so forth., o, Y _-
If the cohcepts“We.have enumerated ere‘examined, several things
are noticed.. First, the concept of number is related to many
concepts which precede it —- the concepts of "set,” "function,"

" and "power," in particular. It is only a description

"quivalence,
of a partfcular ~-— if quite important -~ property of sets: their
power. Thus number is not primary or fundemental in the generel
structure of modern mathematical concepts. Very important concepts
(set, value, group, ring) are iﬁtroduced.before it and indegendently
of 1t. The properties of numerical systems ;hemselves, in fact, are

.‘_,‘-v-f"’

6we are simply enumerating the basic general mathematical
concepts here in order to show their relation with the ‘concept '
£ number (for definitions of them see Gonin's book [22[, or the
rticle by B..Glei%evikht [20]2. .




| e
' revealed on the basis of other gener;l mathematical concepts.
Such is the actual relation between the concept of number
and other‘mathematical concepts. The reasons for certain categor- -
ical sna Aﬁs that the concept of numbé& is primary and that
mathematip §'not contain the definition of it:7 are therefore
- not quite cleag\ 1f what is meant here is the lack of a sa is-
-factory definition, then this in itself is no reason to as4:rt
the hprimacy of nhmber. If the difficulty(or impossibilidy, even)
~"" of defiping it within ‘the limits of arithmetic is what is Aeant,
- this does"not exclude the possibility of a full-fledged definition
within the.limits of mathematics as a whole. If it ig. assumed

whether in mathematics or in other fields of knowledgs
fouﬁdag&?ns are being discovered in loglc, for instance [23]).

One should keep: in-mind that the term "definition' has more
than one meaningg When it is taken in the’ sense it has ip formal
_ggig, the impossibility of setting up such a definition 1s iden-
tified with the "primacy'" of the corresponding object, with the
impossibility of deducing it. But there are theories of definition

;'in existence now which do not coincide with the-traditional approach
of formal logic 4§ the matter (see the works of B, M. Kedrov [26],

" among others). .. _ )

- It should also be.mentioned that attempts have been made in the

history of scienfe, and a great man§ attempts are still being made,

to provide a definition for the concept of number. The definitfon

by Frege-Russell, which stimulated a number of other attempts, is

well known (an account of it is given in R. L. Goodstein's book [23]).

B

< )
?T. N. Shevchenko thus writes: ''The concept of number is
primary. Arithmetic does not provide a definition for it.
Mathematics does not contain anlanswer to the gquestion of what
number is, an answer which would consist of a definitiopfof this
concept through other, previously established concepts: Mathematics
gives this answer in another form, by enumerating the properties

of number expressed in axioms" [43 13-14]. . .

| .
|
|
|
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Thus the present difficulties, mathematical as well as logical,8
in defining number are no reason to acknowledge its ﬁ;imacy in the
general mathematical system of concepts. ~—

It capld be assumed, of course, that even though.pany preliminary
concepts zaig

- I
quired simply to* describe numerical systems, these"
systems taken together constitute th¢ subjectvof mathematics itself

in its general features, for somethink becomes a mathematical ™

phenomenon oﬂiy {nsdfar as it is expressed in numerical form. But

be found in the equality of segmgn%s or in the similarity of figures.
Examples of the relation of order (an .antisymmetrical and transitive

relation) are "

smaller" with regard to segments, "younger," for
people, and "softer,'" for minerals [22:27,33]. Here the subJect
forAﬁathematical consideration 1s given without being expressed .
ffirst in numafical form. Seen this way a series of numbers is
itself anly a special case of these relations.
This state of affairs is not basically at variance with the
\\ - fundamental signiflcance of the-concept of number for mathematics
\\\ as a whole nor for. the st&dy of it. It is important only teo
;Forrectly evaluate the specific role of this concept and its.relation-
éhip to othear concepts. While an important place 1s assigned to

number in the general system of mathematical knowlegge, one shouild

not come to hasty conclusions about the place 1t should occupy in

v
- 2

the mathematics curriculum. .

The foilowing situation is typical. Methodologists (N. S.
Popova, for example) who ;hink that school méthem;tics instruction
must begin with an introdugtion to natural numbers theémselves still ’
note that the quantitative relations of'séts can be taught without .

having recourse to counting or even being able to name the numbers.

~

-

- A . ~-

>

- -

8Goodatein in particular mentions the re;ationship hetween the
definition of pumber and logical’problems: "The answer to the ques-
tion 'what is aumber?” depends at least in part on the answer to the
. more general question 'what 1s logic?’' We shall see that there are
various levels of logic, permitting various definitions of number"
[23:12]. (1t should be noted that the formally logical -"indefinability"
of numbeq seems to have to do with only one of these levels.)~ . -

- -
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As ye study the ontogenetic and phylogenetic ‘.
developgent of numerical ideas, we have become
convincfd that the concept of number and the count-
ing opgration emerge simultaneously when the category ‘j
of quaptity and the category of order thteract, ' ‘
although both categories can exist.independent of -
”Eumbei and counting and independent of each other
39:9 : -
A O
Even before he can count, the‘child distin-
guishes familiar-groups of objects in twos and
even threes. . . . This direct perception of a
set attests to the beginnings of guantitative
notions in the child, although at this point he
is still a long way from mastering the concept of
nuaber [39 11].

These ‘ﬁa;_ements acknowledge, on the one hand, that number

" and counting 'cai; be derived from the categories of quantity and>‘

order and that the latter are independent of the former. Also,

they acknowledge the possibility that the child can conceive of
quantity before he masters the concept of number. But again the
way the*academic subject 1s set up prgceeds from the view that at
school "one must first deal with the concept of (natural) number '
and the counting operation“ [39:6]. This approach to the selec-
tion of starting points fér ingtruction becomes possiblé if at
least three- assumptions are made. ’ .

First, it must be assumed that although the categories of
Qﬁaqtity and order occur in phylogenesis before number and inde-
pendently of it, they lose their independence when 1t appears
an&&aré so "displaced" by number that, practically speaking, they
cantot be the basis for the formation of mathematical concepts.
Number, as the nesult of the interaction of these categories,
embodies them so completely that they themselves can be discovered
_through numbers, the sequence of which, incidentally, the child
learns rapidiy and successfully. Their dual thature needs to be
disﬁlnguiqhed within number and counting [39:14]. .

Second, before number and counting appear, the quantitative

assessment of aggregates in both phylogenesis and ontogenesis

bears a prearithmetical character; "prearithmetical operations"
have to dﬁl:ith elementary quantitative and ordinal ideas [39:10, fl].
“ .

" The appearahce of arithmetic in phylogenetic development results

t
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a
'_in conscious counting &and full—fledged‘numericél-concepts

[39:10]. In. ontogenesis, which does not repeat phylogenesis
in totality, it is evident: one should begin immediately with

‘the formation of "consclous counting" and "full-fledged -numer-
ical concepts.” Tﬁe éual‘nature of numbers and counting re-
quires that the teacher pay special attention to.the child's
"prearithmetical® training, but in itself, apart from instruc-
tion in number and counting, it has ne meaning.

. Third, the relationsip of number and counting (full-fledged

concepts apd‘arithmetical operations) to the categories of

» . .
quantity and order which occurred prior to ‘them (undeveloped

concepts and prearithmetical formulations) permits arithmetic

{number) to be made the basis for learning all of mathematics.
In our view these assumptions ignore certain important cir- L
ccumstances, both strictly mathematical ones and logiéal-and psy-
chological ones as well. First, as has been shown above, many
general mathematical concepts, concepts of the relations of *
equivalence and order, in particular, can be dealt with syste-
matically in mathematics independently of numerical form. These
concepts do ngt“lose thelr independent Character.‘ With them as
.a basis 1t is possible to destribe and study a specific toplc, "
that of .various numerical systems, whOSe concepts do not in tf/’~
selves cover the sense and meaning of the initial definitions.
As a matter of fact, in the history of matbemaé&cs, general concepts
_haveldeveloped to the extent that "algebraic operations,” of which
the four operations of arithmetic provide a familiar example, have

come to be applied to elements of a totally "non-numerical"

character [5:13].9

glt is appropriate to cite heré the detailed characterization
\of this process by N. Bourbaki: "The concept of algebraic operation,
\originally restricted to natural numbers and measurable quantities,
gradually broadened parallel to the broadening of the concept of
"number' until it outgrew it and began to-be applied to elements of
a completely 'mon-numerical' character, such as the permutation of a
set, for instance. . . » Undoubtedly, the very possibility of these .
nuccoqnive expansions, in which the form of the calculations remained
constant but the nature of the mathematical objects on which the
calculations were being performed changed fundamentally, led to the
gradual discovery of the guiding principle of modern mathematics:
Mathematical objects in themselves are rot so eSsential -- what are
important are their relatlons” [5:13].

65
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In phylogenesis, people evidently distinguished gets and
. their powers as objects of certain gracticai transformations before
they did the numerical éharacteristics proper of aggregates (sae,~
for gxgmple, the viewpoint of I. K. Andronov [3:6, 11-12]), but
the general concepts of set and power were formulated much later ‘.
than the jttempts to define number theoretically (see the comment
by E. G; Gonin [22:13]). Of course, the motion af set and of tﬁé
relations of equivalence and order did not have the theoretical
form in ancient ‘times which mpd;rn scientific concepts have. But |
one should not cdnélyde from this that "prearithmetical" comparisons
of aggregates in themselves are less significant than "arithmetical" -.

ones, nor that arithmetical operations are a more "important" form

of knowl dge than prearithmetlcal" description.

s point has to do with difficult theoretical-cognitive and
" logdcal problems about the connection among the universal, the par-
tic 1ér, and the.unique in cognition, and about the relation between
p?a¢tical ("real") and theoretical abstraction. Thege problems,
unfortunately, have not yet been sufficiently worked out in relation
== ' to the origin and development of mathematical knowledge. But we
'can assume that even théugh arithmetic (numerical systems, lawé of
' calculétion, and so forth) was the leading mathematical discipline
in* a partieular period in ghe development of mankind —- in connection

g .
with specific economic needs -~ the development of production and of

mathematics itself pointéd up the limitations of its forms for
desighating quantitafive relationships, and the specific nature of
its defipitions. For a while it was as though this specific form
Toutdid” the( general features of the subject of mathematics and
even appeared two be "loﬂtier”.. But subsequently these featurgs were
expressed in 4 form Specific to them and they revealed g structure
which called for speLial means of description that did not coinclda
\ with the arithmetical reprosentation of mathematical relationships |
And yet arithmetic itself (the theoly of numbers) has come to ogcupy

a new place in the general system of mathematical disciplines; its

specific methods and concepts have acquired the necessary relation-

-
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ship to general mathematical and algebraic, definitions.lo e
:The occurrence of "prearithmetical" behaviar in ontogenesis

indicated, not a lack of awareness.of ''quantitative notions,” but

only a special -- and no less significant -—- way of designating

and anal§zing them which. can and should be expanded. “And of course,

it is mecessary to see %khat the child forms an accurate conception

of the relationship between prearithmeﬂ@cal” and "afithmetical"

operations. But attempting to Introduce a specific arithmetical

form for expressing mathematical relationships ‘as fast as possible

distorts the child's conception of these relationships dnd the re-

lationship betweeg the general and the specific. ’

' \ There have been recent attempts to extend the stage of instruc-
tion at which the child is intrc%mced to ‘Qathematics. This tg:e.ndh can
be geen in methodolpgigel manuals, as well as in some experimental
textbooks. For instance, problems  and exercises designed to train :

'chil&ren to establish Qhe identitz of groups of objects are introduced
in the first few pages of one American Lextbook for children six or
seven years old [&6] The children -are shown how to unite setd, and
the Appropriate mathematiqgl symbolg (the symbols {J &nd“f\ ) are
introduced. Theqstudy of numbers is baseﬁ on an "elementary knowledge
of sets [‘6 +82]. The concrete attempts to move in this direction
may not be of equal meérit, but the trend itself,.we think, is entirely -

-propef and ﬁarsightefl.}l
. '

- n

i

loLet us quofe Bourbaki's characterization of the relationship
between Arithmetic and algebra: smuch as the set of natural »
numbers possesses two internal laws 3f composition -- addithop and
y multiplication —~1classical arithmetic (or the theory of ‘numbers), q‘h*
having as Its subject the study of natural numbers, is included in
~algebra. But from the algebraig structure. defined by thesg two laws
there emerges a structure d:{ !

ined by the relationship of order _a
divides_jp'; the very essence“of classical arithmetic consists of the
@ study bf the relationships between theseptwo structures which occur
/‘\cogecher [5:15]. = - a
llAl,so among  the opinions which have been expressed about im-
provingthe mathematics curriculum is a defense of the traditionmal
method of introducing the child to number, a defense of the advis-
ability of starting the school mathematics course directly with nums
ber (see the book by N. A. Menchinskaya and M. I. Moro [33:88-89],
for ingtance). , & = _ D

.
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- One other circumstance ~—~ the specific nature of mathematical
: abatraction -— is of great importance in choosing starting pointsa
Lfor the school mathematics .course. A. N. Kolmogoroﬁ;graises highly

matical concepts’ but he criticizes him for underestimating the '

- independent nature of mathematics. In confcrmity with Engels views,

-

Xolmogorov emphagized that mathematics S
. N : R » ¥
studies the material world from a particular point of view,

that its immediate’subject is the. sbatial forms and quanti-

we, relationships of the real world. .These forms and o

Monships #hemselves, in.their pure form, rather than »

"“'c material bodiés, are the reality which mathematics -

C sp¥
\studies [29 11] _ -}.
Kolmogorov is speaking here of mathematics as®™™Science, of

-
- A

_ course} but the matter needs to be taken into considerati n. in set-.
ting up the school subject as well. .The curriculum should provide
the child with work ‘in which he wil}~be able to; "move away" from

concrete bodies accnrately and at the prope® moment, after having

distinguished thelr spatial forma “and quantitative relationSoand
having given them their ' ‘pire form.' ‘ Only ©on, tise basis’ cf _this can

he develop an accurate understanding of mathematics. But he muat
develop this "form throbgh constant* relation to Specific bodies, -
operations With which the' concepts gain a’ real material meaning.

»

There is a contradictior of a sort here in the elementary stages of

mathematics instguction. (and not only elmentary, it seems). What

-

-

the reaearch9§athematidian has before him in its "pure form'' has to ®
be constructed in the child's head.. This "form" is not given to him

-

-~
‘latftheustart. It must be derived, arrived at. through a definite course’

’ »

. of'gtudy.~ . -t
\ At the sam time it is clear ‘that,. for the time being, the child
cannot gpproach ‘academic matérial he"&s beginning to Work with. from
- the poinQ@bf view oﬁ,”pnre forms and relationships because -he does
not ye;\have this poimt ot‘view. On the contrary} by the time a person

has“distinghished "pure form," he will be -perceiving the material bodies

*

thenfselves differently.- S . -
Ho® can this contradiction be resolved in the coutse of teaching

~
LY

mathematics? * What organizatiﬁﬁ“mf”(he course and what methed of intro-

ducing concepts contributes best "tolt he'éolution“ot¢this étoblem?~ Not .
» o “ ° .o .
S o SR Y

RS : R -
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" Henri Lebesque s attempt to explain the material content of mathe~ @E.d‘\
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The Concept of aSjet and its Relationship to Mathematical Structures

a

A3

e;z :
Oparations oft sets and their properties. The concept of a set

1s introduced in mathematics without being logically-defined. What
this meanys is the following. ' Disciplines primarily have to do with

certais objects which are combined into aggregates, classes, or sets.

Objects belonging to a set are called elements of that set [22:7-8].
. Sometimes a set <an be described precisely by enumerating all’ of the
elements in- it.: But fqt very extensive sets this is difficult or
. simply impossible to do. The moxe common method of designating sets
consists of citgpg the'rule which lets one deteftmine whether any ob-
Ject does otvdoes not belong to the set. This rule (or requirement
- nlaced op objects} is connected with a certain propetty;present onlyr
- \in those agjects which sstisfy this rule. Consequently, "bound up -
in each set is a certain property present in those and only those i
, objects which belong to that set' [22: 9] s '\ s .
It cah be seen.by examining this way of introducing "get" thatr‘ ‘
-+ 1in itself there is nothing specifically mathemstical"bont it.‘-
' Actually, apart from a mathematical interpretatiod“égésets} people
both in everyday life and in various ecientific research are constantly
distinguishing classes, aggregates, collection of objects, and separate
elements making up these collections '+ And in aach particular case the
Af. 3 .property according to which the set is distinguished is the essential
< one. Finding this property (\distinguishing the collection") and Te-
‘lating itlx‘the element (including the element in 'the set) are the
problem for the sciences involved {physics, chemistry, biology, politi-
cal economy, 'and others). Rules for designating properties of objects
) and for distinguishing a certaln-collection of objects on the basis of *

these properties were formulated within the bounds of formal logie as.

“ far back as ancient times. Every noun, sinc& it is a generalization,

_ designates a certain property and sets apart thc claqs of things T
Y .
X 13, ‘
. The concept of a clssi oY an aggr gate or a set of objects is
- ond of the most fundamental in mathematics. A -set is determined by a
- particular prope “or attrfbute . . which each object being examined
either should of sBould ngt possess; tha objects which possess the
‘ property. : . form the ,set. . ." [8: 163} — -
o i & . * E
o ¢ . ‘
. ¥ -
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éven the elmentary units of the course can be set up in a sound v
way if the answers to these questions are lacking. The greatest
defects in traditional methodology gome in the way these\very .
issues are solved. It does not reveal, to the extent that it should,

. the characteristics of quantitative relationships which must be dis-
tinguished in order for the initial mathematical abstractions to be
‘structured in the child's mind and for further work to be done on the

<

level of these abstractions.
: The isstie concerning how to begin the mathematics course and ~~
" wh&ther it is advisable to begin &t directly with number 1is not a

narrow nethodological and specific issue, but 3, fundamental\one from

n”the standpoint of developing general notions about mathematics in the

child. It may be assumed th&t the real significance of the elementary
stages of instruction in fact conaiste oﬁ shoking children thg general
characteristics of the abstractionsAconstiE?ting the subject of further'
study and’ comprising its "pure form." The nature and degsee of this -~
"purity' will not directly coincide with the thefry of the subject, oi-
ning

course, but there should be, some similarity in the content: Determi

exactly what the differencé and -the partial similarity consist of is a
subject for logical and psychologftal as well .28 educational research.12
-In any case,: heré is the point from whigh two paths lead —— either in
the direction of ,real mathematical knowledge or in the direction of 1its
"verbal—-.a"ymbolicFX fictions, which one f}ngs Y#eqnentlf#incactoal~teach~

-
h

ing practice. . : : . . N

-

The material cited abdve indicates that the general. concept of a ,

aet occupies a special place in modern matiiematics. It i

more and more frequently in the literature pertaining purely to

-

chéol as well and is receiving ever greater emphasis as number is

-

introduced Therefore it is worth our while to discuss the meaning of

this concept as one of the possible starting pointe n ‘she teaching of

mathematics. 'f . : -

12The peychological significance which‘&he first stages of the

, ‘child's acquaintance with linguistic phenomena have for the furtper
study of the Russian lanuage is‘dishuseed in Chepter 1T [of the origi~
nal book (Ed.)]. AR . .

¢ ‘ . Ve
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corresponding to it (house, person, and so forth). Simply setting

apart an aggregate, a class of real objects, and interpreting them

as a "'set” is no sign, however, that the .approach to objects made

in other sciences or in praétical activity is specificglly mathemaﬁd'g
ical. In mathematics, an importént abstraction occurs. For a ''set),”
the natq{e of the elements does not matter; what belongs to the par—
ticular set is all that needs to be inflicated. But such an abstrac—
“tion in gyd of itself is within the bounds of formal logical descrip-
tion and ﬁufély logical rules by which certain relations (as in

syllogisms, for instance) can be made apart from the "

nature of the objects being examined‘l4

concrete'

. Bourbaki has an interesting idea abdut the historical role of the
. o !
cancept of a-'set in modern mathematics. L

.
. -

* We . . . are not touching upon the ticklish issues,
semiphilosophical and semimathematjcal, which have come
up in connectien with the problem of the "nature' of
mathematical "objects.'" We shall limit ourselves to the
comment that the, original plualism in our conceptions of .
these "objects,” regarded at first as idealized "abstrac-
tions' of sensory experience and preserving all of their
. heterogeneity, was replaced by "a single notion as a result
of axiomatic research in the ninteenth and tWentieth cen-
turies, by.successively reducing all mathematical cg¢ncepts
first to the concept of whole number and then, at tie
second stage, to the concept of a se The latter, which °
for a long time was thought to be "ordginal” and ''indefin-
. able," was the subject of numerous arguments because of
its exceptional generality and the foggy ideas which it .
elicits in us. The difficulties disappeared only when
"the concept of a set itself disappeared-(and with it all
~ the metaphysical pseudoproblems concerning mathematical
"objects") as the result of recent research.into logical
.. formalism.” From the point of view of this notion of a set,
.mathematical structures, strictly speaking, become the only
mathematical objects [6:251].

.

Ld

There are a number of essential points in this fundamentally
i}
important statement. One notices first that reducing all mathemat-

ieal concepts to the concept of a set resulted in difficulties cauged

.y by the exceptional generality and foggy ideas (this qhould evidently

S

) ' .laA set is ah exceedingly general concept . . . . We conceive
of set as something which can be discussed acecording to the laws of
formal logic" [27:79].

¢ . T v e
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be interpreted to mean the real preperties of objects) which this
concept elieite. These difficulties“were overcome only with the
"disappearance" of the very concept of set. Since "set” is still
_in very wide use (by Bourbaki among others), this statement appar~
ently refers, to. the disappearance of the original, initial, inde-

finable character of the congept of a set. Mathematical structures,

not sets, are the sole mathematical materi l.iS The concept of set
assumes that these structures have certain%gropertiee, even though:
this might not be'at all evideér at the start,

R. Courent and G. Robbins have noted a particular circumstance
having to do with mathematical research inro sets. The mathematical
“study of sets is based on the fact that sets may be combined by
certain operations to form other sets . ...+ + The study of operations
on sets comprises the 'algebra of Sets'” [8'108] These cperations*
*are “union" ("logical sum'': A + B), "intersectiqn” ("logical product':

AB) and'"complement"v(A').of sets [8.110,111

lsThe problem of the nature of the subject of mathematics, as
well as of the other sciences, has specific philosophical aspects
~which must be taken into consideration 1if the whole problem is .to
be resolved. The most important of f&ese is the recognition of the
ohjective existence, independent of the position of the inveetigator,
of the very prepertiee, qualities, and relatiomships of thé things
being studied which are only reflected in the Wystem of sclentific
knowledge. On this plane it is quite accurate to ask what mathematics
reflects in the real world, and what properties of things it “distin-
guishes, designates, and investigates, that is, what the nature of
its material is (and this aspect of the matter cannot be dismissed
with any arguments about the allegedly "metaphysical” character of
the problems occurring here). What is studied by any particular
science, including mathematics, is not things in and of themselves',
- not objects with all their properties &nd facets intact, but certain
aspects, points, relationships, and connections among real things.
The structures studied by mathematics might be a particular instance
of such relationships. '
16"The set of all elements each of which belongs to at least one
of the sets A and B (designated by A U B or A+ B) is called tihgeunion
or combination of sets A and B. The set of all elements each of which
belongs to & and B (A Y\ B or AB) is called the intersection of sets
A and B. The set of all elements.each of which belongs to A and does
not belo?g to 8 (A \\ B) is called the differertce of eets‘A and B [22:
12,13,15 '

*
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are used in algebra.

" in a system of equalities. Cgurant and Rebbins isolate twenty-six of
7 .

.

| In and of themselves, these three operations are a translation
of quite ordinary connections among things intoc a conventional lan-
guage, These connections have also been expressed through formal |
logical structures. - In ordinary logical terminology. 33393 becomes

"either A or B or both" Ca particular thing belongs to at least one

- of the aggregates); jntersection becomes 'both A and B" (this thing

belongs to both aggfega;es);tcomglement becomes 'mot A" (this thingh

does not belong te this aggregate, which itself 1s part of another.)-17 '

In our view the operations enumerated do not, in and of them—
seld¥es, reveal only mathematical characteristics. The translation
mentioned from one ''language" to another cannot, -in itself, reveal

a Wew quality of an object. The purely quantitative specificity of

objects, that quantitifive relationship which mathematics investigates

in one way .or another) does not come to light in this proqfssl

" Obviously, matters which reflect a specifiéally mathematical approach

to the investigation of sets are actually concealed, left unexpressed

at times, in these descriptions of the operations ‘and in the ways Fhey
This comes to light in the fqllowing circumstances. When the

ope}ations mentioned are introduced, mathematicians focus. primarily

on the study of theilr properties (or laws) which'manifest themselves

-

these laws, among which are:’

1. A+ B=B+ A,
2.-A+(B+C};(A‘+B)+C, :

3. A+ A=A, '

4, AB = BA, \
5. A (BC) = (AB) C, -
6. AA = A, ’

t
and others [8:110].

e e e ——— e

L;The possibility qf this translation of formal logical terms idto
the language of sets,ls noted by Courant and Robbins [8:112-114] in par—
tlculdr, as well as Qy Bourbaki [6: !% 13]

lSAt the same tfﬁe this does‘not eliminate the importance of mathe-
mat fcal symbols for describing logical relationships and the- poasible ~
"catching' of new aspects of them in this_process (rhe latter are not’
always clearly indicated, unfortunately).

.
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It should be noted that the first, second, fourth, and fifth laws
are.axternallywidentical with the commutative and assoeiatdive laws of |
ordinary algebra, but the third and sikth laws have no parallels in

: thie algebra,l?"

Thus A. G}.Kurosh has written: "“The operations of rntersection
and union of sets are connected by the following mutually reciprocal.
distributive laws: For, any three sets A, B, Ci«

AN BUC=QANBUGBNQO,
Au{BnC)=(AUB)n(AUC)"[ZSQ]

t

T In the laws eiteg it can readily be seen that set operatians are
not, isolated one from another but are combined in definite rzlatiqps.'
IhiP combination emerges in the form of egualities “indicated By a , °
special symbol ("=").

The statement "A is united with united B and C," by itself -- even
when extremely abstkact elements are assumed —— signifies only the fact
of union and ;ays nothing about its proeerties. But 1f it is further
agkirmed that this union is equal to anotheg (that is, to the united A% g
and B, united with C), then a specific prqperty of the operation is

réyvealed, a ptoperty designated the associativeq law, which indicates

that the order in which the sets are united is unimpoétant for obtaining

the final result (the other laws having equality '='" in theiy formulas

can be viewed analogously). But do all real-life aggregates ("sets')

come hnder the associative laws(and. the other laws)? e

The laws of campositigg_and the cancegt of mathematical structure.

Imagine that there are three sets: ack of old wolves (A),*a group -
of rabbits (BO, and a paclg of wolf cu (C), and let nhem be combined

in the following way: First ‘tombine B and C. The result of -this "union"
will be B U C, for the wolf cubs are hardly going to 'devogr“ the rabblits.
Then combine A with (B U C). It is quite possible that the old wolves
will become occupi&d with-"caring for" the wolf cubd and willinet touch

r
¥

lgﬂThe laws 1 to 26 form the basis of the algebra of sets” rg:112].
"Ihe veriflcation of the laws of the algebra of sets rested on the
analysis of the logical meaning of the relation A C B and the operations
A+, B, AB, and A'. 'We can now reverse this proceqq and use the laws 1
to 26 as the baqis £0t ap 'algeb¥a of logic.' More precisely, that part
of logic which Coheggns sets or, equivalently,eproperties or attributes
of oblects may be uced to a formal algebraic system based on the laws

1 to 26" [8:7127]. (Here the relation A € B signifies that A is contained
in B, that ig, is a subset of B. ) T : - .
' : 7h oy . . > .
~p f\\t
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the raﬂbits. The result of the union will be A U (B U C)s But
will this be maintained 1if the order of union is altered, if A
and B ate combined first and only ‘then combined with C? Obviously,

L

it will not be maintained. The wolves will "dewvour' the rabbits,

and it will turn out that the associative law does not ‘apply:

AU BUCLE (AUBU C.

Only at first glance is thié ekamphe naive.20 In fact the
introduction of the associative law and other laws obviously assumes
a system of limltations on the objects to which they can apply. .
These limitations can involve'the‘simple "exclusion' of some set of
-objects from a broader_set, or a specific inéication of the system ‘

" of conditions in which the rule being applied '"works." But in both -

instances the process of structuring,gg_absfraction and setting up
constructions (of mathematical elements) which can then be the_subjecﬁ
of mathemaéical tranaformations proper are being dealt with.

From this- point of view it 1s impossible that all real-life
("natural’) aggregates of things are inherently méthematicél sets,

or* the inclusion or exclusion, union or intersection of aggregates .
L3 . .

mathematical operations. Obyious}y, a real-life aggregate becomes

. a mathematical set only when it is presented in certain conditions,
or under certain "limitations," that is, one 'must be able to distin-
guish and abstract certalin properties and relations in it (a certain
structure, to use Bourbaki's term). What "are these properties and
how are they isolated in yeal-life objects and become a subject for

mathematical analysis? These questions are of primary signifdcance

a}.

2OCourant and Robbins have .gsome interesting ideas about the
appiicability of the laws of arithmetic: 'These laws of arithmetic
are very simple, and may geem obvious. "~ But they might not be appli-
cable to entitles other than integers. If a and b are symbols not
for integers but for chemical substances, and if additiom- is .used
in a celloquial sense, it is evident at the commutative.law will
not always hold. For example, if su'gguric ackd is added to ¥ater,
a diluted solution is obtained, whil% thé addition of water to pure
sulphuric acid can result in disaster to the experimenter. Similar
.11lustrations will show that in this type of clemical ‘arithmetic'
the assoclative. and distwihutive laws of addit¥on may”also fail"

[8: 2] : S | . ‘ n
- ¢ ‘ ) *
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when it comes to actually setting up the elementary curriculum.
As 'a rule, a person who already has a practical know}edge of
mathematics is not aware of the way the subject of its operations

can be delimited. For thisrperso; it is already delimited and hag(f.r

. its own’pargicular characteristics.2l _Bﬁt this subject is stili
concealdd from the child and needs to be distimguishad from other
aspects of tﬁings (physical, chemical, and so f‘rth). Teachers'
ideas concerning ways of distinguishing the necessary relétions in-
fluence the elementary‘mathematics curriculum and the cheice of
suitable concepts, means of representing them, and types of exercises.

. ’From,a psychélogical point of view, problems which a person solves
by establishing (and mastesing) certain ways of Operatiniifnd distin-
guishing the necessary attributes and relations among things, are of,

particular interest. If these'proﬁ!Fms and wa&s of operating ére
knoym, t nstruction grocess'cap bg orgahized so ghat‘adequate

. abstractions can be formed 500n'§nough in the child's mind,'instead of

chains of external verbal desigoations directly copnected with the -
numerous properties of the things.' ‘ ‘ l
Describing these problemé.and operations 1is difficult because they

have already been removed from the knowledge that has been learned and

/ ¢

<

21Lebesque paid special attention to this matter as it pertains
to arithpetical operations: "We assert; for instance, that two and
two are four. I pour two 1iquids into one glass and two into another;
then I pour them all into one cohtainer. Will it hold The four liquids?~”
"That 1dn't faix,' vou answer; 'that's nqgt an arithmetical question,'
I put first one pair of animals into a céhe, then an&ther palr; how many
animals will there be in the cage? 'You are being even more glaringly
unfair,' you say, 'since the answer depends on,the species of the animals.
One beast might eat another up; we alsd need to know whether the count
{s to be taken immediately or after a veat, in which time the animals
could d%e or bresd. Essentially we do not know whether these agg;egaées
ydt are talking about are unchangeable, or wiether each object in the
aggregate preserves its individuality, or whethar there are any objects
which &isappear and reappear’.' . :

"B\t what does what you have said mean if not tgat the possibility
for applying arithmetic requires that.certain conditions be fulfilled?
So-far as\ the rule, of recognition . . . that you gave me is concerned,:
it, of coursd, is perfect in practice, but it has"no theoretical value.
Your rule ig reduced to the assertion that arithmetic is applicable whenﬁ///
it is applicable. .This is why it is impos®ible to prove that two_and tw
are four, which nevertheless 1s indisputably true, since the application .
of it has never deceived us" [29:21322].. ‘ . .

- : ' * J )
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even seem supe uous. In itself it is as if thié knowledge were
directly connfcted with the properties of the things to which it in
fact is diredtly related.z2 -Tﬁxa certain extent this is permissible-
in dealing w; h theoretically developed "minds," hpg'unfortunately
the type of child who often is confxonted by such a problem does not

‘yet know the methods of setting up a particular.abstracﬁion.' Natural-

izing 1t, making it into an object, thus résults in the loss of the ¢« *
ability to "see" the PrQQerties of the thing itself on the one hand,
and in the limitation of the abstragtion itself to the object on the.
other, that fé,'the impracticability of the abstraction, no matter how
profusely it is’illustrated with.''concrete" examples. ! : »
. This needs t& be discussed especially iﬁhview of the fact that _
the term set has been introduced in school courses too superficially A
and mechanically at. times in the modern methods of mathematlcs teaching. \\\\\' (
This term is equated with any aggregate of” objects as a kind of generic
designation (a set of apples, a set of chairs, and so forth), an the
assuymption that it gives the’ toncept of number a mcqern grounding.
In itself, the tendency toward providing this "grounding" is‘justifiaﬁle.
But at the same time one cannot simply replace such words as ''pile” and
qgroup with the word "set,” deliberately not indicating the system of
spécific conditions under which real-life aggregates become seté (in
'“bérticular, the widely used guides for téachers by I. K. Andronov [2,3]
sufﬁegﬁﬁgQQA;his‘deﬁ%QFAin the way they.ground arithmetic in set theory).
Using the concept of a set as the basis for teaching mathematics
thus '"demands a much broader cdﬁfext;Lhaﬂ'the external characteristics of N
a set which are sOmetimes described. A set acquires its meaning from

and-operates within special systems of relationships ampng particular.

categories of thiagg.;ﬂgg;ywth;oggh an analysls of these relatioﬁghips‘
\can.éhe set ‘itself be didtinguished, that 1s, the unit possessing thes?
. relationships and the laws inherent in them ihdependeq&;@fﬁitg physical =

O
and oLher "concrete' nature. A set is abstracted as a cenjequence of

DR

iaolating certain,relationshtps among arbitrary objects The laws
y . ’ _ e . 4
- ?zln his study G. P. Shchedrovitskii [41] examined in detall the

problems of working out methods ef expressing "knowledge" in any sym-

bols and the role of certain systems of operations of replacing and

correlating tha.properties of objects with their symboliec analoguee, as

well a8 the illusions one thus gets of the immediate nature of ‘knowl-

edge.’" . \ N
~ .
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characterizing these relationships are the ”1imitations" by which the
specifically mathematical features are isoiated and abstracted.23_ It -
is praeticelly a prerequisite~for working with the concept of set to
be acquainted with thése laws. ‘

<

-

But basing the teaching of mathematics on "the algebra of sets”

means devising §.tdtaliy.different academic subject from the one now

taught in the schOols.g4 It is important to note'just how,relevant
this task is. Inasmuch as attempts are already being ‘made to perform
it, and the concepts of ' relationship - structure are even penetrating
psychoiogical thegries of the thought procgss (Piaget), it is ‘advisable

to discuss the meaning of these concepts®*more specifically.

«

« . Bourbaki's statement describing the units" of mathematics as mathe—_f

matical structures has been cited. But what are structq;es?

The common Eeature of the various concepts having this generic
name ‘is that they are applicable to a set of elements the nature —*
of which23 has not been determined. In order to determine the

~» structure, one or a few relationships by which ‘elements of the —
set are found are given . . . ; then it is postulated that the '
given relationship' or relationships satisfy certain conditioms®
(which are enumerated and are axioms of the structure being’
examined) [6: 2511 T _ _ -

Bourbaki points out three basic types of mathematicgl structures;

algebraic structures, structurge of order, and topologieal structures

(while noting that the further development of mathematics may quite

, o L}
23 - . N .
Of the two basic comﬁbqents of any 'calculation,' that 1is, the
cbjects on which operations are being carried out and the rules of the -
operations, only the latter are really essential At this higher level
of abstraction . . . ‘'objects’ of caleulations have 'a nature .which ?}
remains almost completely undefined:- ,More precigely, 1n his celculations
an algebra studdnt does not want to know anyt'ghpg about these ob
other than the one fact that they obey the laws he is séudying
$ .
24Ey "basing'" we mean the genygine basis of a course —-- the loglc
and content of 1ts foundations and not just those elements of the termi-
nology of set theory and scattered information about sets which are
introduced in connection with solving certain methodologica& problens

* within the traditional mathematfcs course. .

! ‘szourbaki h footnote he¥e which we have cited agéost in full
on page 7l. < ' \ . , ' -

[
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possibly lead to an increase in the numbe% of fundamental structures
~. 6: 256]) The point of departure for defining a structure consists
of\xelationships, ‘which can be quite, diverse. -
The crdering‘principle of modern mathehatics as a whole is the

" ‘hierarchy gg_structures, going from si e \to complex, and from gen~

AR
eral to particular. At the center are the typas® of structures enu-

_merated above —- the generative structures, which are mutually irre-

ducible. Outside this nucleus are the complex structures, in which

one or .a number of .generative structures (topological algebra, alge- -

‘braic topology, theory of }ntegratiep, ett.) are organically combined.’

ter this come Baréicuiar theories in which the umerous mathematical
;ructuree of a morer gener,_:al character col_lide and ﬁteracé as at anV .
ntersection, the units thereby acquiring "{ndividuality" (the theories
classical ‘mathematics - analysis, theory of numbers, apd 80 forth)
[6 256]. . .

The above yswaccording to Bourbaki is the architecture of modern

mathematics. This architecture is brought to light by moving from the

gener§l the fundamental, the prcductive, and the.-simple to the gerticular,

the derivative, the comglex, and the individual, respectively. The content

" of the transition within which the original, simple‘structures are com-~
- : «

bined organically and interact gepgerating particular and individual ones.
This outline of the development of mathematics-as a science-has a .

direct relation to the theories of setting-p the academic subject. The.

charecteristics of the elementary, initial structures are of particu-

»

dar significance. . » ,
Algebraie structure i§§defined b§.the "law of composition,' that is,
by the relationship among three elements which defines the third element
simply as a function of the first two. These laws of composition are
of two types, internal laws and external l!aws.
A mapping fofa certain subset A of the product E X E into E is

M\
called an internal law of comﬁosition of the elments of set E. Tﬁé

26”'I‘he distinctive feature of ‘the concepts of modern memtics,
the basis of them, is the primary importance of structures.and algebrailc
dperations’ [30:56]. . : { . \\

’

Py

- of complex sttuctures can be correctly understood only through an analysis’
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value f(x,y) of mapp;ﬁg f when (x,y) ¢ ﬂfis called the image of
x and y.with regard to this law" [5:17].
. The associative and commutative laws have to de with the internal

laws of composition. "A certain law of composition (x, y) » x T y of

~ the elegfents of set E is always -called associative if no matter what

the elements %, y, and zof Eare, (x Ty) Tz2=xT (v 7T z)" [5:23].

Let T be a law of composition of the elements of
set E. Elements x and y of E are called permutable with
regard to law T , 1f x T § and y T x are defined and
xTy=yT.ux

"A law of composition T of the elements of iset E
is called commutative if for any pair (x, y) of elements ,
of & fér which x T y 1is defined, x and y are permutable”
[5:28]. (The symbol T signifies an arbitrary law of
composition hege o) N ' . -

"A mapping f of a certain set A C QX EBE is
called an exteshal law of eomposition of, the' elements .
‘of set @ , called the set of operators (or the area of . .
operators) of the law, and of the elements of 'set E. e
The value f(a, x), taken as §{ B (a, x) ¢ A, 18 called '
the image of a and x with regard to this law. Elements
of § L are called the operators of the law [5: 551.
. C o
A full definition of algebraic stnucture follows.

‘

Algebraic strdﬁ&ure in set E is any structure .
defined in E by one or several intérnal laws of compo-
sition of elements of E and by one or several external
laws of composinion of "the opetators from the sets of’

These laws arg subject to certain conditiong (for

instance, asgociativity and commutativity) ¢r arg
Asubject to being combined with each other in certain

relationships %S 601, ‘ :

The structure of order is defined by the relation of oxder.

This is the relation between\two elements, x and . S

vy, which is expressed most frequently in the words 'x

is less than orgequal to y' and which 1is designated for

the general dase by x R y. It is no. deonger assumed here,

as it was in the algebraic structpres, th® this relation

simply defines ome of the two elements as being a function

of the other, The axioms-for an order relation are: (a)
* for all x,x R x; (b) from the rela

it follows that x = y; and (c) r

' “and.y R z, it follows that x [6.

‘operators  ,. 0 , and so forth, with elements of E. .
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The concepts of:”neighborhood," "boundary," .and "continuity," .

which the'idea of space’ leads, are formulated_mathematically in
topological stgyétures [6252-253].

Bourbak § ideas about the "architecture of.mathenatics" are N

quite tempting to teachers, logicians, and psychologists. One begi.ns -
to envision,the Study of mathematics as being based on general
(simple) stn&ctures and the scademic subject as being developed ‘
through the‘interrelafions an interweaving among them. Two aspects
of the matter need to be distinguished when discussing the feasibility
of this prosnect. The first éoncerns the posgibility and advisability’
of the arrangement of such a course, given the educational goals and
instructional methods of the pkesent mass school o the?school of\v -
the near future. Thsre are standard answers for su arrangement
and stamndard, usually limited, solutions with which ome must agree .
when tpe "actuyal" circumstances are taken into account. ‘

But there is another aspect of the matter as well concerning the
-exploratory nature of the experimental study of generq%/problems of 2
. structuring academlc subjects, snd mathematics in particular. The -

ideas inherent,in the experimental study of gtructuring' mathematics -

PR I

are of primary significsnce for they establish the‘prerequisites for »
a substantial an justifiable revision of the ideds of traditional
education, for working out a new interpretation of the nature of
abstraction and generalization, for the connection between general .»” .
and particular, for ways of developing the child“s ‘thought process, and.
80 forth. In other=words, research in thiS“fielQ.can answer various
g; diffféult questions, questions that are important.tQNthe present:and

g future school. - \

A number of foreign publications show that some of Bourbaki ‘s 1deas
already are being used-in one way or another in experimentsl cunricula
‘and textbooks (in certain units of the high school ceurse, mainly).

They are reflected to a certaln extent, for instance,” in the textbook

by R. Davis [9] intended for mathematics instruction #n the fifth and’

- ’ -

27E P. Rosenbaum has surveyed some studieqwggowing this trend
nt

[40]. article by A. I. Markushevich [31] co ns a crltical analysis
~of simijar investigations. Also, see the '"memorandum' by a group of
Aperican mathematicians [32}, ak well as [45] and [213?

AL
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 basis of tle more spectalized operations and concepts of the various. '
branches of science" [7:45]. ° (We should note, incidentally, that if %
the child is given“this training, the laws of the "algebra of sets!

oy X Essentially, exploratory research in this area can only ﬁe complex,

_the difﬁerentiation of "general': an& "particular attributes, eté.,

¢ . +

\

subsequent grades of the Americen school (ten- and eleVen-yeir-old
children). This textbook is aimed at the study of the elements of axio=

matic algebra, the Cartesian system of coordinizes (coordinate geometry), N
and functiong. The author, in summarizing his>own andi§ome other T
experimental projectsf/remarked "that fourth—, fifth~, and sixth~graders

- are more receptive to abstract mathematicg &nd approach the subject

with more .creativity and originality than do older children" [§:2]. . '
Some authors oelieve it possiple.and advisable to introduce the

concepts of finite mathematics, the theory of probability, and the.

like to children at an.early age.28 The special significance which .

~ the geinciples of logic have for learning mathematics and other g

discipli &q.#pcomes apparent here. In paxticular, it has been proposed v
that the child's first two years in school be especially devoted to
introducing him to the operations of logical addition, multiplication.
inclusion, and so forth. "These logical?operations undoubtedly are tlHe paé‘ﬁh

e T .
-

can also be introduced relatively early.). ‘ L " %

since it involves mathematical logical, psychological, and instructivmal ' .
matters For example, probkéms concerning the order/in which structures
are fo b'gi‘troduced the range of concepts to’be studied and the rela-.

tioms among them, the determination of the attributee of these ,concepts, «
[ ]

<
~

occur on the logical and mathematicai levels. S - - <

ey

For psychology the problem consi3ts particularly of using centain

instructional material to reveal thefsystem of the ckild's gperations R

through whieh he discOvers, distinguishes, and learns initial matﬁematical a\

relationships. In doing this it is important to consider the stages.~ ) \

w

of learning, and the various ways and degrees’ to which,tne ctiild learns L

. rd

and dses tle concepts.

A third group of issues may be called psychodidactic. Conld sych |

an experimental curricnlum actuelly be instituted in tﬁe school?’

-

28N Ya. Vilenkin [49] has proposed ah oripginal system of exercises

which introduce primary school children to the ideaﬂ of the 'theory of . -
probability and ways of warking with matrices. N B .

s .
A\ . - . . i
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Would it be within . the children s capabilities, and at what age
(in which grade) should it be introduced? And mainly, what would -
be the effect on the intensiveness with which mathematics is Jearned

and on the quality of the learning? Psychological knowledge concerning

the sources, con itions, and rate of development of the ehild's think~-

g ‘will have much to do with answering such questions. These
points shall be dealt with, since interesting data have been gatheged
‘about them in‘child psychology

-
e

cel Prerequisites for Structuring

Psycho

themat cs as an Adademic Subject '

s—

_ ‘At first gla t seems as if the concepts of "relation,”
f”étructure,"'"lawe of compositioq,' and bther concepts having sgrlex
mathquatical definitiong;could not ‘be involved withfforming mathemati-
calfideas in small children. Of course, the real and ebstrth sepse

of these«concepts in their entirety and their place in the axiomatic
-structﬁre of mathematics as a science demand a well-developed, methe- .
matically "trained” mind in order to be learmed. But there are concrete .
psychological data iné}bating that thé child grasps certain properties e
‘gE things &esignated by these concepts relatively early. :
¢ ‘_éne should keep in mind that fron the moment of birth urk1l the

age.of sevén to ten, the child is developing\ igh mplex systems of

general‘ideas about the world around him and laying the foundetion for

thinking abouﬁ objects. In doing so, the child acquires a general . ..:

. orientétion toward spatial-temporal and causal—resultant reletionships

*orf the basis of relatively limited empirical material. These orienta—

#tiOn schemes are a kind of framework for the ' 'system of coordinates’ ?

‘ within which the cht1ld begins to learn in’ ever greater detail aboyt the

varioue prOperé&es of a'multiform world. 'He is not acutely aware of R
these general ethemes, of coursé, and canndt express‘them ve well in
‘the form.of an abstract statement. To/put it figuratively; : y,
the intuitive forp of organization of ‘the child's behavior (elthough /ﬁ zf;
'he comes to express them more and more readilytin etatements, too, of//‘
29 . ] k /!
course). . L \\Wg
N Lo ‘ : . . . '2f . /'/

¢ ya

.

dre /

Many Soviet and foreign authors have studied the preschooler s
formation of general orientation schemes. . Part Qf this reseérch has -
.been summarized in the book by D. E. b’konin [14] and in the studies
edited/ by A. V. Zaporozhets and El'kon /
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7child's ability to alter the bagis of the classification as’new eleme

, o . AN 3 .
In tecent decades the Swiss psychologist'Pieget'and his associates
. have intensively studied the development of the child's intellect and
his general conceptions of reality, time.‘and space. Some of the
. studies axe directly related to problems of the development of the .
ch%&d‘s ‘mathematical thinking, and thus it is (;\*rtant that we dis-
In one of his most recent books wri in collsberation with B.
" Inhelder [37], Piaget cites experimentel data about the genesis and
formation in children (up to the age of twelve \r fourteen) of ‘such

elementary logical structures as classification and seriation. - i-

fication assumes the performence of the operation of inclusion (A + A =

- B, for instance) and its inverse (B -~ A' = A). Seristion is the ordering .

of objects .in Syste&stic gseries (thus, sticks of varying length can be
srrenged in a geries, each member of which is lénger than any of the -
preceding ones and shorter than any of the” subSequent ones).
In their analysis of the formation of classification, Pisget and
Innelder show how the child moves initially from the creationh of
" a "visual aggregate" based only on the spatial proximity of the ijeets,
to classification based on the relationship of similarity ("non-visual
.aggregate"), and then to the moyt—complex form —— the inclusion of ‘
clasges into an hierarchical- arrangement as determined,by the re stionS'
between the extent and the content of a éoncept: The authors discuss

the development of classification not ‘only on the basis of one but on . //

the basis of two or three-attributes, and the development of the - '}

are aédedn‘ They also find analogous stages in the formation prcqéss
of.seriation as well. ' | . ﬂ

The specific goal of’ their invastigdtion was to finé regular
in the development of .the operative struetg;es of the mind. The
property of reversibility (the ability of the mind to move forw rd *

tione and actions can develcp in two directio?s, and an undeyéfanding
of one of these directions brings about an understanding ot/the other,
igso facto" [36:15]. . ' .

-
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According to Piaget, reversibility is the fundamental law of

comgosition inherent in the mind. It has two mutually complementsry'

_anq irreducible foxms: conversion (or inversiom, or negation) and
reciorocitg, Conversion occurs, for ‘instance, when the spatial
shifting ot\an object from A to B cgn be nullifiedgﬁy moving the

* % object back from B to A, equivalent in the end to the identity

transformation. ! .

’ Reciprocity (ox. compensatipn) is the situation in which, for . .
example, after .the object is moved from A to B it remains at B but
,L " the child himself moves from A to B and recreates the original situa-

tion in $hich the object was next to him. Here the movemapt of the - .

‘s

- object iB—not nullified but is compensated for by the corresponding '
-+ eshift the child himsélf makes. This is no longer th same form of <;/f\\
¢ ' transformation as conversion.[36: 16] \ ' .
Pisget'has shown in his studiles that these transformations first
occur (at the age of ten or twelve‘nonths) in the form of sensory-
motor schemes. In a'series of stages, through the gradual coordination
of the sensor}—motor schgmes and through function&l symbolic and lin-.
. guistic respresentation, .conversion and reciprocity become properties

of intellectual operations “and are synthesized into a single ogergtive

structure (from the ages of seven to eleven and from twelve toO ffﬁteen)
SLIucture

At this poioﬁ the child can coordinate all the spatial shifta into a

single one. !

*

N Piaget believes thet thtough psychological‘investigation‘of the

development of arithmetical and geometrical operations in the child 8 .

<. mind (particular}y the logical Opelations) operatiVe structures ‘of

re
"
R

- thought can be identified with algebraic structures, structureg ‘of
O order\\and topologidal structures [36: l3] Algebraic structure (“"the
group") thus corresponds to the operative mechanisms of the mind which v
come under one of the forms of reversibflity - invetsion;(or negation).
A group has four elementary properties: (a) the composition of two
elementsﬂof a group also yields an ,element of a group; (b) one and only
one inverse ‘element corresponds to any nonge_gxelement, (e) there
exists an identity element' (d) successiye compositions are associative.
In the language of: intellectual operations‘this means that: €& the °

_ ». coordination of two systems of opetations,comprises a new scheme whicgr"
: R .

,

*

85

~ s " ' ' .L F;/.{/




G- I ‘

can be combined with the preceding ones; () an operation can

-

develop in/two directions, (c) when we return to the point of
departure, we find it’ unchanged; (d) the same point can be arrived
at various ways, but the pgint itself remains un'chang‘ed.. . Piaget
wrote: "In a general sense 'group' is a symbolic tramslation of
certain particular functional properties of thought operations:
r‘the possibility of the coordimation of operations, and the possibil-
ity of recurrence and deviations' [36: 16]
. @ form of reversibility such as reciprocity (transposition of .
order) corresponds to the structure of order. In the years from
, seven to eleven and from eleven Yo fifteen, the systed of Telations
based on the principle of reciprocity results in the formation of
the structure of sorder in the child's mind f36.201.31
The facts concerning the development, of the child hoh\his own''

A

*(that is, 'development independent of the direct influence of instfuc— | !
tion in school),indicate a discrepancy between historical deveIopment -
" of geometry and the stages in the child s formation of geometrical
concepts. The latter spprOximate the order of succession of the
- basic groups in which topology comes first. According to Piaget's
data, topological- intuition_forms first in the child and tin he
orients himself toward descriptive end geometric gfructures. . Specifi-
cally, as Piséet notes, when the child first attempts to dreﬁm)he . .
deas not distinguish)squares, circles, triangles or other geometric
figures, but he does distinguish open and close& f{gures, a position
"outside" or ‘4nside" in relation to a border, and division and .
neighborhood (without distinguishing,dis&ance,‘for the time being)
end so forth, perfectly [36:23]. J

A

Since the operstiVe structures of thought form in stages, ié is

:

-+ important that we present ﬁhe scheme of stages that Piaget qutlines.

From birth yntil the ‘age of two is the stage of sensory-motor:shinking.
*  Conversion and reciprocity already occur in its schemes, but as purely

-
[y

. " |

30The‘formation of a logical structure such as classification,

* involving the inclusion of the part in the whole, presumes algebraig
structute, according to Piaget |36: 18]

31The devglopment of skriation as a logical gtructure is a process
of "discovering" the form of relationship which yields the structure

of order. !
86
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< .
extermal, motor characteristics of the child’'s bghavior (moving
an object away from himself and back, for instance).

The stage of visual thinkingp(the preoperative period), when
the child is broadening his knowledge of his environment and is

transferring schemes of externmal operations (with olrjects) to the
level of representation and is becoming capable of per%orming'them
mentally (for instance, he begins %o carry out mentally the system
of transfers which he has dgne on ooﬁects up tillﬁ;gﬁ), extends"_'
from the ages of twa to seven. The mind's capacitfy for a certain
mobility forward and backward improves whenxobjects are being usad
although it encounters a number of difficulties. -

The stage of concrete operations occurs from the ages of

seven or eight to eleven or.twelve. The child's mental operetions
acquire the property of reversibility and a definite structure,

but only for solving problems with objects, not the level of '‘purely” .
verbal statements. Convereion and reciprocity exist separately.

Operations on classes and relationsﬁips are still elementary

.

(elementary "'groupings' ) .

¢, ./ ’ .
The stage of formal operations extends from the ages of eleven

or twelve until foq{Eien or fifteen. These operations are performed
on the level of "pure™ (verbal) stetemepts és‘weli as on problems
with objects. The'two structures earlier~lhse& separately on con-—
version and reciprocity are synthesized and correspond completely to
algebraic structure and the structurg of ordet. }

These stages always come in the same order. Piaget sees the
source of méntal developmen2?essentially in the inner logic of the
formation of the mind as a particular ' system comparable to an
organic system. THe real milieu (the social conditions) can hoLg
back or stimulate the course of mental development, but it cannot
determine fts basic contant, direction, or general rate.

Specifically, Piaget believes that mental development is not a
direct function of instruction. In fact, opposing tendencies can

LI L

develop here. For instance, 'independent, spontaneous development

Aleads the child from, topoldgical ideas to descriptive and geometric

ones, but the 2?hool geometry course begins with metrics. This

independent development needs to be taken igto consideration, and *%

I

N
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instruction correlated at the right time with the developing opera-)

tive structures. Then instruction will accelerate the’ further |

'development of the child's mind. .
‘Let us examine Piaget's basic views as they pettain to mattérs'

o curriculum,design.32 ‘His. investigations show, first, that in the | 3 )
"préschool and school years,‘ihe child 1s forming operative structures
of thought by which he can, evaluate the fimdamental characteristics
- of classes of objects qnd their relationships. Eurthermoie, at the .
stage of concrete operations (from the aée of seven or eight) the
= c¢hild's intellect is acquiring the property of reversibility, which |

is exceedingly important for an understanding of Ehe theoretical
. ¢content of academic subjects and.ﬁatﬁematics in particular. ,
| | These data indicate that tr;ditionél ps?chology and eduéation
have not given enough atteﬁtion to the complex and capad&éus ndfure ’
of the stages of the child s mental development in the periods from
two to seven years of age and from seven to eleven years of age.
.Piaget himself directly correlates these operativé structu
with basic mathematical ones. Hawever; althhugh'it is completely
T accurate and justifiable frém};factual.standpoint'to talk abéut'tﬁf SN
" "trenslation" of certain properties of a "group' into the language of.
operatiohs, Pisget has no clear and well founded aﬁswer concerning
" "the source of this correspondence. What hig position comes down to
is.essentially that mathematical structures are a formal "cogtinuation"
of the operative structures of thought [56:1&,~27]. The cause of the
_ correspoggégie, then, is a genetic relationship between the-gwo types
of structures. r A \%‘ ‘

This relationshi} exists because operative structures come about

as an abstraction of the o Aggrations performed on objects. The content ;’.gi;}
of the Rhsktgction in mathematical logic is of the same nature, as T
distinguished, for instance, from physical abstractiom, which is
:performed with regard to the properties of the object itself [36.30].
Thus, the source of the "correspondence' between operative and

mathématical structures lies in the general type of abstrsction (the ¢

32 A. N. Leont' ev and 0. K. Tikhomirov provideﬂ general analysis
of Plaget"s conception of childhood mental development, ‘as well as a .
characterization of his theoretical and cognitive positions, in the (
afterword to the @tudy mentioned ahove [37§n =

: | a s 4 173
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' abstraction of ogerat;ens).' Without going into a discussi)n of )
whether such a type of abstraction exists and what its actual ‘ {
characteristics are (there are grounds for assuming that it exist&)t '
it is fair to ask the following question. What kind of real object
give rise to these operations which are subsequently abstracted? :
I s posgible to avold ans#ering this question directly (as Piaget
essentially does), in which case the source of the correspondence

v\\\\between the structures is»seen only in the particular type of abstrac-
tion which they share equally. But if an attempt is made to answer
this queatf%n,‘the answer should give an indication of the Erogerty

‘the real objects have which, when isolated and 'formalized" in an
operation, gives rise to both oﬁereZive and mathematical structures.

Do the opperative and mathematical structures have a common ' ‘
v%@ject", and if so, what is it like?® Piaget gives no indication of ‘
this, becauee'the essence of his view is that no such common object
exists. All that the structures of thought and mathematical structures
have io.commop is the type of abstraction. And it is natural that
41f mathematical structures are a.''continuation' of previouely formed

+ "operative structures,” the child will discover the real subject matter
of mathematics only‘felatively late —- betweeo\the ages of t;elve and
fifteen, when the strgctures become forhal. Iﬁ‘“tﬁer words, mathematical
thought is possible only on the basis of formed operative structures ”
(and evem then the object of these operdtions remains in the background).

Thus, the child's de&elopment of the operative structures of his
mind 18 not determined by "familiarity" with mathematical objects or
b; learning ways of operating with them. Rether, the preliminary
formation of these strucﬁﬁ%es (ae the "coordination of operations") {is

the basis for mathematical thought and for the "“isolation' of mdéhe~

matﬁi}i structyres. - ‘ .
n the end this solves, to a certain extent, the "tricky" theoret-
' icalﬁcognitfve ouestion about the Soorces~of mathematical knowledge.
?iaget himself posed it directly:':"Does the activity of the mind give
«ise to mathematical relations, or does'it‘}ust discover them as a
kind of external reality which actually exists?" £36:10]. He does
not give a definite answer to this question. ,On the one hand, he
acknowledges the external source of mathematical knowledge, and on

-

o) '
the other, after actually comparing operative and mathematical struc-,
[ . t
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tures, he cancludes that "the activity of the mind gives rise to"
the latter. A more detailed analysis of ‘his position on this matter

is needed; we shall remark only that the {mswer to this question

determines the way in which the sources of mathematical theught,

and thus the conditions of its development, are understood.

From our point of view, msthematical‘relstionships are an ob-.

' jective rdality, relationships among things that really exist. The

activity of the mind just discovers them, and to the degree that it
distovers their content, it itself develops. The child appears to
encounter these relationships very early. At the‘age of two or three
he d4s alrea@y in fact learnipg msny mathenfatical relatiomships of
things. - These are spatial~temporsl characteristics of objects having

a definité quaptity. Evidently, as the child becomes familtar with
the objects through physical manipulation of them,,"operative struc-
tures" (in particular, "rewersibility') are formed which thereby

~ Memerge from the very beginning as characterigtics of the child's

actual mathematical thought. This thought is not scientific&lly

mathematical yet, but it does concern mathempt ical relationships among
things. As the.child gains further underst ding of the relationships

among definite quantities of objects he develops. classification an

-seriation, which apparently are practical t:ansformstious of a msthi.

matical nature, that is, not "logical” structures, as Piaget assumes,

but, practical methods of distinguishing and designating certain mathe-

matical relationships. And "raversibility" is théymechanism for carrying

odt these methods of operating with objecta.} In this case it pecomes

clear why the properties of operative and mathématical structures

'corre5p?nd to each other. The former from the very beginning are

formed as mental mechanisms by which the child orients himself to-
general mathematical relationships. '

Thete is a "'genetic relationship" here, too, not based on a com-
mon type of abstractionm, ‘but based on a common object, the orientation
to which requires a particular type of abstraction._ of course, genetic
(child) psychology confronts a difficult problem -- finding the®charac-
teristics of this object, the ways the child ‘'discoyers' it, and the
reasons he "discovers' the very properties of tnings which'at the
height of formal‘mathemst%csl analysils are desétibed as special'rela~

-«
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tionships and structures. We thus’have tse‘experimsntsi'problem of
detesmining the csuses and conditions of the- correspondence, investi-
.gated by Piaget in such detail, between the operative structures of = .
thought any mathematical structures.

. On ‘the pasis of Piaget 8 results, a numher of importamt conclusions
' can be drawvn about designing the mathematics cu%riculum. First, the
factual data about, the develogment of the child's intellect betwaen

the~sges of two and eleven iudicate that the properties of objects :
described in the mathematical concepts of "reletionship or. structure’ -
.not only are’ not "alien”. to him at ‘this time But themselves becope ‘
an orgamic part of his ‘thinking. . ’
- Traditional curricula (psrticularly in geametry) do not take
this into considerdtion. Thus they do not bring out many of the
_hidden possibilities‘in the child's intellectual-development. Material
from contemporary child psychology supports the general idea of designing
_an acaddmic subject based on concepts of initial mathematical structures.
0f courge, there are.great difficulties here since there has been no ’
- expe ence yet in desigéing this kind of subject. ©One, of these diffi-

¥
. culties has to do with determining the age-level "threshold" at which

‘instruction accgrding to the new curriculum can begin. .- If we follow * '°
Piaget's logic, apparently these curricula can be used only aftsr
children have fully developed the operative structures- (at fourteen or

. fifteen). ‘But Ff we assume that the child's actual mathematical thought.
develops within the very process which Piaget designates as the forma-
tion® of operative structures, then these curricu}a can be introduced

.y
much earlier (at seven or eight, for inst#hce), as the chidd be ins

to perform concrete operations with a high level of reversibility. iIn
"natuzal” conditions, when traditional curriculs‘iﬁe being used, it is
ﬁquite‘possibie that forual operations devélop only between the ages
~ - of thirteen and fifteen.. Byt cannot thelr development be "accelerated"
through earlier introduction of material which can be learned only by )
direct snalysis of nmthema ical structures? N
We believe that_there is sufﬁfa possibility. The plane'of meé;alp
. operations is slready developed sufficiently in children by the age
of seven or eight, and through the use of an appropriate curriculum
" which gives the properties of mathematical structures openly,

9l :
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. ‘are themselves inseparably connected with the ways inatructicn is ro e
organized in the traditional elementary school. This instruction '

t
- . . B
5 ~ . ' ‘ b ..

" well as the means fo analyging them, children can be brought up
.more rapidly-to the livel of "formal" operations than they are when
' thejy discover these properties -"od their ovm." | . S

At the samertime, ‘there iéfreason to assume that the character- - -

.‘-htics manifested by the thought process at the stage of ‘concréte

' ‘operations, which Piaget plages at the years from seven ‘to elaven,

| IR

(bath here and abroad) 1is based on maximelly gggirical content which

o
frequently has no connection at all with a conceptual ftheoretical) l. ‘;:
approhch to the subject.33 Children's thinking which is geared to : '

'the external, directly perceptible aftributes of things is supported . '

and drilfbd through this ‘kind of instrugtion.
Gal' perin [17,35-36] has noted the connection between the ‘phe— tl

. - nomena' Piaget has discovered 1h the .development. of the child's thinking,

and. the way iy which the. ingtruction wh{ch develops)this thinking in o

- the child is organized. A special investigation by Gal'perin and

L. S. GeorgieV'[IS] has brought but an important fact.® They discov—

ered that by changing the organizgkion artd content of preschool °

instruction in elementary,mathematical concepts, certain "phenomena

which Piaget had previously found in children of this age consistentlg-

disappeared. of pérficular significance in their new organization of
instrucgion ygs the earlier.introdnction of means of measus}ng quan-_
tities of objects, which}"removed" the possibility that children
could evaluate quantities of objecta only by impression, by the most
directly perceptible attribute (the child's primary orientation to
directly perceptible attribuﬁes is inherent in Piaget's "phenomgna,
in fact)., , ’

In our experimental investigation of the way first—gre\Rrs count
when they#have learned apout number’through the ttaiitional curriculum, .

we too haye discovered a tendency among many of them to evaluéﬁev &
' }

5 i : 3 o
33 £ : !
El kenin hae done an aﬁalysis of @he empiricalfnature of the
content of elementary instructiom [16]. We have indicated some faators

’
.. explaining the- empirical nature of the content of elementary schFol <
- subjects, in another study [11]. o /* 3 v
’ & T
' *See Vélume I”of this series for qbéthegpxeoearch reporf by
. Gal'perin and Georgiev (Ed.). i ) o /fi
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quanti:ies of object& directly. _Theée‘cﬁildren orfancﬁtheﬁsélves ' |
mainly tcward the outwardly'p eﬁtiblc attributel of aggtegptﬁé

- of objects, ignoring the 55. a&ion id counting they have'.been
given beforehand, which diﬁﬁera frcm the immediate properties’of

“the elements of aggregatﬁs [10]

situation, which is analo~ ’
gous to Piaget =3 pheno%Fna, "actu fégularly with the accepted -
“system of .introducing tha child to umber aﬂﬂ counting in the

', schools. But these “phenémen are removed (simply eliminated) by’

Fe

changing the system, and’ by rénrgqnizﬂhg*ail of the children s work

leading 'up to the concept, of numbet. If the introduction to number

is based %rom the very beginning on the operation defining the
relationship of a whole and a part (any whole and any part), then -
all chfIdren from their first few days in first grade can correctly e

' détermine the numerical characteristics of aggregates without "re-

impression of the aggregates. True, such instruction gives the

gressing," to eatimating numerical charadteristics through a direct (f-
&

., child another gbstraction besides the one he obtains in the traditiOnalj
- curriculum, but this is precisely the task of this differengforgénif
zation. From the very beginning it develops in the child the ability .
'« . to use special "gtandards” as means of orienting himself to his
surroundings (work having to do with this way of teaching counting -
¢ 1s dgscribed in d;tail in this book, as well as in an article by’ E. S.
" Orlova [34D. . . / . -
Although Gal' perin notes the great significance of Piaget s in-
vestigations, he says: R . -

. ;Th theoryfthe<;hift from direct thought to mediated -
» thought is the r#al problem . . . . This shift is dictated
not only by the logic of the gradual mastery of '"intellectual
operations,” as Piaget supposes, but by_the way Yhe shift to
"thinking with tools" is actually(prggnized by the way the -
mastei} of the use of standards and measures, those real
. tools of intellectual activity, is organized, and by the way-~
the develogpent of mediated thought, «i L. S. Vygctskii 8 -
. sense, is actually organized [17 36] ; ~
In our view, the . real charactetistics of the child's thought and tth,/////—__\\\
. stages .and rates of its dewvelopment can He judged only in the co ’gxt

E

-~

— ¥

d the role ;
.in this

general conditions for the development of mediated thought
ofysocially elaborated modes of‘activity ("tools -and signg
process [513. 93
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is actually organi %ﬁ In particul r, the.rstes are derived frpm
s k 29 :
- the extent to whicéb‘snd ‘the age lev ls at whith children master

Cof an . experimental solution of this general oblem. &ﬁé xrates

themselves are derived £rom the specific*ways n hich instruction

.the real “etandaxds" (orx concepnual "narms“) of mental activity. .-

‘At the seme time within the context. of this problem, angwers will

‘# in” the instruction' ess (in the broad sense ‘of the «prd).—

be sought to questiqns egyut the so-c elled developmengéfrcharacter—
istics of the child' Ehinking, which in ‘essende can be only relative,

dependent on the way the develcgment of thinking is actually*orgsnized"‘

4
LS

=t

The mesb important- ect of thie “orgsnization“ is the cogtent

_ cf the acaﬂemie subjects, which in fﬁ:n is cloéely associate@ with

the type of instruction (in the-sehse- developed by Gar'peri [19]) ,'

By altering the content and the: type of ingtruction in a perticular
way, the optimal condition for develoging'mediated thoughn can be 'i'j‘

éghelggytﬂological prerequisites for :
structuring academic subjects thereby brought® to light.

studied experimentally and

Thus factgs-are now available which show a tlose qelationship
betweédn .the operative structures ofnthe child's- thinking and general
mathematical structures, although the mechaniem of this relationship‘
is far from cleer and has begn~iittle investigated. The existence
of this relationship opens/up brgad possibilities (for the time being,

only possibilities!) for ketting up. an academic subject which develops

"from simple structures fo their complex combinations " 'To makg these '
possibilities a reality it will be necessary to study the shift to ;
mediated thought, and its developmentel norms. The method we have
mentioned of setting up mathematics ss an academic subject may -itself
be a key factor in developing in children the kind of - thought process

which has a sufficiently stable conceptual.foundation.

Some Gsnerel Problems of Deciding on . )

i
the dontent of Academic Subjects.

From the material .cited above we may single out certaip key

- logical and psychological assumptions in the way the traditional

mathematicae course is set up. First, it is assumed here, in one

way or anothex, that the course mUSt begin with a relativély siqple con-

94

. ) 1(7.‘) *o . ‘

§

L



a

Fd

-~ cept, the first abstraction. . Number is asaumed to’ bé this kind of

0 . . .
concept. . . .. ‘ e .

) - ] [ LA

"N
. ' We have antempted to ehow (p. 59) that number is’ neither'simple .
nor the first in the system of moderﬁ general mathem?tical conccpte.'
Taking ‘it as the 'basis" essentially é@ntrédicts the asaumption it—‘

" self. * The "simplicity" of learning it 1s fot the saie as the "simpli-
eity of the oontent of the" concept of number* as, the proposed founde.

tion for school matHEmatics. It is a retber,complex abstraction‘whith

» - 35 . ‘
\Jnecessitates ‘many "simpler bsses. s . : ¢,

~« .+ The existence of this, cohtradiotion can be eeenq‘for one thing,

in the growing tendency. at present to ihtroduce -dther baSes intd the .

elementary mathematics course (one of these being the concept -of set).

Onie. of the arguments in defense of numberuas “the "basia“ ts to point .

out that 1t was first in the histogz of mathemetics itqelf as well. 36
This argument reflects another assumption made in eetting up the : °~

. gourse -- linking the "basis' of it with the history of knowledge. K
But was this concept "first' in the hietory of mathema;icél knowledge?
And what is the most edvantageous way to approach the hietory of .

concepts? : : T A2

Numerous data indicate ‘that in human history (amd in ontogenesis,
.for that metter' .8ee p._ 64), the{categories/of éguantity "(:ﬁ/ger, '
and a number of others appeared gnd were beia tsaﬁ before ey were
expressed in‘specificeliy numerical form. ™ Thig esséntial point cafi

hardly be ignored. Further, as mathematical theory shows, certain-

abstract laws of modern elgebra are inseparably conndcted with' the

simplest calculations and can be seen in them. “There are few con-

+

- 35The following statement by J. Dieudonné is striking: ”We/ '

should note. . : that aven though they fthe concepts of number, §pace
and time] se(ve the needs of practice, these concepts are still very:
abstract. . [13:42]. ' ’

3§"In the thousands of years of existence of mathematical science
mathematical abstrgction has gone through three stages . . . .  The

first stage belong® to the time when mathematical science was conceived -—

to the mofrent of its very beginning. The first, basic condept with which
mathematics deals.-- the concept of number ~- was born at this stage
of abstraction" [2? 11]. o :

.
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cepts in mathematics which would bé more primary than the. 'law of
» » . ..,“ ¥
composition': It seems to be idéeparahle frop elementary calcula- '

tions with natural numbers and measurable quantities" [6;64].37 "
The architects of the traditianal &cademic subject i‘hé;ifppref
4qumerical," “ﬁon—arithmetical"'methodg of analyzing mathematital | . .
» relationghips. 'Thé; do not isolate phenomena: having to do with’ s
comébsition or the.calculétions characteristic of;ipem (but n9f only

of them). Both of these approaches are pgssibie only if oné already

. ! -

bglizgﬁs that in the history of knowledgeiitqelf "whole number"

" occupies the'key position. definite theory is gui&ing the stﬁdy. .
of history here. 0 < ' o I - . s .
' But as we-have indicated dbove, there is another theory, in .

'+ which the concepts of "relation or structure' are of the greatest

/ significance. Through this theory, aspects of the history of knowl-
edge itself which usually are not detected can be brought to light N
~and investigated. /Ln particular, one can trace the close relation~-

ship between operations on natural numbers and tM laws of composi-

A )

. tion. That the “calculations" are preserved here is not what is .
4mportant. What matters is that which is the center of attention -
.. of the person performing the analysis ~- particular tharacteristics (/’-

4
of particular objecZ?/or more general thods of transforming,them.39

~ 3 “

; 37Bourbaki gives a detailed description of.the relationship
between the concept of the law of composition afd classical mathe~
matical theories, in addition to showing how this concept is

gradually set apart and becomes abstract in form [6:64-72].
. . Y

?SBourbaki has  investigated the "arithmetization' of mathematics .

as it relates to a very specific historical level of development of -
, 1its ideas and means of analysis [6:35—37]. ‘

39This is how the French educator and mathematician André _
Lichnerowicz describes what happens 1if this relationship is ignored: _ -
It [classical arithmetic] is set forth in early nineteenth—

. century style and . . . i1s a kind of amusing worship of operations.
whose hidden meaning is independent 'of the numbers with which it is
operating. Our pupils, as they come to us, believe: in the existence. -
of additibn and multiplication which operate in the absolutely
infinite universe [30:55].
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In empdrical histpry the sequence of the change in calculations
wag from "number" to operations. The academic subject\i§~also set
up tb "follow' this ‘sequence, directly.” The thesis ~~ and it is correct —-
* about* the nece;sity of beginning the course with the sources of knowledge
actually furns out hewe to mean/the subordination of the outline of the
’aca emic subject to the exterﬁel empirical hi;t;ﬂy of the discipline. |
This kind of "historiciemﬁ/turne into- external\chronclogism. In other
WQrds, “when the problemfﬁf the relationship between the historical and
the logical aSpects pﬁ/tne acadenmic subject is being golved preference
is given to the hiatbrical "which frequently 1s taken in its concreté

. )
ggirical form. 49“-. : . y
, This points to still pnother assumptiOn about the traditional way

‘e

in which the academic subject is set up. The material in it is .arranged
d)that as the‘child learns it he gradually‘forme a generalization,

'which‘repreeents the figg[iggg of progress through the material. Imn
the history of knowledge:, general principles (generelizatione) emerge

. relativelywlate Thus, it is assumed, the transition to the general ..
notion, to thé abstraction, needs to be kept gradual in instruction,
too. For instance, the child should first learn ,the techniques of

. working with whole ‘numbers (with particular mathematical objecﬁs") and
only then shift to working with letter symbols, which reflect more

general "objects." Far several vears the chil&q$§fuld store up ideas .

about particular cases of functional relationships*and only later acquire

the comcept of a function and general ways of describing it.

N This arrangement of the academic subject is ba;ed on the assumption
+shat the general notion only follows from an aggregate of partieqlaf,
"concrete" knowledge and crowns it. But in fact, thﬂe particular
knowledge'existsteide by side with the general notion and with what

«

A

’ AoIn different ways, but with equal justification, many authors
have criticized this fact. We shall cite sope of their statements.

~ "We need . . . to perfect teaching which right from the beginning
will be closer to our sclence. I do not think that we need to
arrange teaching according to an historical scheme in order to achieve
this goal® [30:55]. -

, '"Many problems which children are solving in the elementary school
right now have come down to our day from ancient times. They differ
from the problems solved in Babylonian schools-only-in external form,
but not in mathematical content. . . » Excessive interegt in arithmetic
results in a poor knowledge of mathematics" L49:19].
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came before it. A peculiar situation develops here. In order to

.

* fearn pafticular informatian there 1s no need to havé a general inter-

, y
pretation of it, but having/fhis interpretation dboes not change the
., esgence’ of the partlcular.' ~ . ’ \:
" This interpretauiqn of generalization fully corresponds to the

way the academic subject unfolds according to. the- empirical development
of scientific knowléﬂge itself. In the real history of science, however,
and in the learning process which corresponds te it, the gené&al notion *
and the ab%tra ion play a different role from the one they are assigned
in tredi!ionel pedagogy and educational psychology.x The appeanance of

r

)l
new general/ideas in scLence hgs ‘an importen{ inﬁluence on how 1td
T - 4
previousl? original, simple starting points are interpreted The ideas
ot the/"top" inevitably alter the way of laying the foundation, which,

iﬁsﬁlf tgzn reflectg ‘the ' new general ideas. The general not only follows

&f’ mathe particular here, but also changes and restructures the whole

ppeérance and arrangement of the particular knowl ge which'has given

rise to it.

As applied to mathematics, this point is expressed In the followin

_ /—giatement by Lichnerowicz: 'The characteristic feature of mathematics
,*  to think and reth:;§

' and basic hindrance to teaching by.historical outline, byt at the same

everything as-a whole —-- is the essential &ifficulty

time it is the very guarantee of progress in mathematics . . . . Because
. mathematics is so general, the original concepts ard theorems undergo-

an'inevitable and cOmplete reinterpretation. What appeared during the

searching process to be the original stage turns into a simple exercise,

from new points of view" [30:55-56].

The academic subj®ct should, of course, correspond to the history

of the discipline, but as expressed in theoretical, logical form which,
- cleared’ of chance ocecurrences, concentrates in itself the sources of
the discipline as well. Differentiating between genuine historicism

and external chronologism in each specific instarice is-a special research .

‘ »

4lThis interpretation of the relation between general and particn—

. lar, which is found 4n didactics and specific methodology, has deep

' roots in the theories of abstraction and generalization, which themselves
are rooted in classtcal sensationism (the study by A. N. Shimina.[éé]
is one which examines the philosophical aspect of this problem).

¢
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task. We should note that at‘times it is impoasibleito go by termi- vf.
" < nology alone. When Lichnerowicz‘[30]-objects to the ‘dominance 6f the
"historical plane" in teaching, for instance, he éssentially has
. chronqlogism in mind. A defense of the "historital plane,” on the "
‘other Qana is}mometimes a demand for gendfhe unity,of theory and

history. For instance, in the preface to the book, The Teaching of' .
Mathematics, it is stated that Dieudonné (a prominent French ‘mathe= ’

fove mattcian) "holds to the idea of introducing mathematical structures'
according to historical perspective” [13:8]. But 1f ome “examines
Dieudbnné's study itself [13] one makes a remarkable discovery While
he distinguishes ﬂefinite historical stages of mathematical abstraction, .
in teeching he categorically ‘opposes blindly following tire modes ‘of

: thought peculiar to the, ancients.Az' He calls for a search for the
r ' 4

‘relationship betwegn ‘""historical persepctive” and moderxp 1deas.
This” is how Dieudonné describes the task of teac iﬁE‘mﬂ&bematics.

f}ﬁ; ~ "We are inclined these days, particularly ajmong,
teachers . . ., to contﬁive to conceal or minimize the
abstractness of mathematics for as long as possible.
‘This*is a big mistake, in my view. Of course, I am
not saying that the child should be confronted with
very abstract concepts from the very beginning, but
that he should learn these concept& according to the ——
\development of his mind and that mathematics should
appear in its real form when the structures of the
child's thought have formed . . . . The essence of
- mathematical method should become the basis for
‘' teaching, while the Material being taught should
be presented simply as well-chosen {llustration”

[13:41], - .
: &

Dieudonné maintains that even though it is important to take the’
historical perspectine of the development of algebra into account, the

child should openlszefshown the abstract essence of algebra, and

should dewvelop a capacity for abstraction and for using its theoretical
power. . :
— X ¢ ¢

1

L4

z‘211:1 particular, he sharply criticizes the teaching of methods of
problem solving by means of reasoning ad hoc each time, methods whicil
were known even to the Babylonians.

"Undoubtedly it is because of the vemerability Lof these methods]
that these rules remain as they are taught in our day, in spite of
frequent protestations by mathematicians If we accept 1t as a proven
fact that at the age of ten, a child cannot understand the mechanism of
equations of the first degree with one unknown, then we should wait a
. few years, but not cram a great nuiber of unnecessary methods into his

head" [13:43]. 05 ‘
L1y
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.The theoretical 2§pre3sionfof'the.history'df kndwledge'coincidés

with the gradual discovery of “general ideas, with the shift from simr
‘ple mary, and "empty" abstracqgons to complex, derivative, and

concrete?conceots. Knowledge develops here , from the abstract (one-

”

sided,*extremelyf"meager") Eg_théAconcrete_(maay-sided,-theFunity of
the diverse). This. very path -~ the psth?of ascent from the abstract
‘to the concrete -- corresponds to the theoretical method of mentally
-* reproducing reality, the method develOped in dialectic logic, . -
Here, Yoo, the ways of setting up the academic subjectﬂcsnnot
‘.' help but have something fundamental in common with scientific thought,
. ' since they both ‘have the same goal -= to reproduce concrete knowledge
_ about an object in the person's mind. The school ubjecé has cértain
. features which distinguish it from "puge" scieqce, for its épecial
function is to form the very mental capabilities of individuals for
which special didactic methods are necessary. But basically ityia
. simila(Pio theory., Both move from simple to complex, from abstract
to concrete, from thd one—sided to the unity of the ciixré.rse.““3

The theoﬁy of generalization and abstraction thus is closely

related to achieving the logical and psychological prerequisites for
setting up an academic subject. The choice of initfg!“noncepts for
an academic subject at a given level,of development of the particular
science, as well as the principle by which these concepts will be y
o * developed, dehends greatly on the interpretation of the relationship
between general and particular, logical and historicalﬁ~empirfcsl_
v and tﬁgorétical. . |
The theory of generalization on whicg the traditional mathematics,
course {s based can be characterized ag the process of reducing emp%r—
ical knowledge to a general abstract description of 1t. But one does
/f\\qﬁt f‘nd here the reverse influence of abs rac™on on the "reworking"
of empirical, Particular knowledge.~ In egience “this theory ignores
- the special ligic which abstraction possesses, the logic of the theo-

3

43E V. Il'enkov's book [24} for one, gives a detailed explanation
of the dialectical-materialistic theory of the ascent from the abstract.
to the concrete. In a special study [25] he analyzes the content of
certain academic subjecta and ways of stracturing them from the stand-
point of thié theorxy. . .

-
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retical form oY knowledge bf which’ the concrete can be derived from
_the abstract and use can be medé cf'the‘concrete content of the °,
concepts themselves.54 From this comes the ' fiear'of abstraction S
(see the witty descniption of this point by Dieudonné [13]), the * 1
inability to work with' it (the opinion that mathematics ie "hard" '
to learn has beeome commonplace, sgter all), and the use of various o

"tricks" to simplify the teg&hing of mathematics (its methodology .
is tge mogt highly deVeloped of all specific methodologies, bét even

so the traditional course in school hag only barely ' made it" to the ; .
R
. mathematical ideas of the seventeénth century). " «
¥
L Ihe remewal @f the search for ways of structuring the\mathe— P

matics course, and in particular ‘the'inveitigation of the possibility _
of setting.it up on the basis Qf the concepts of ''relatign or structure,
presupposes, in our view, another theory of generalization -— a theory
which reveals the '‘mechanisms" of working with the concepts themselves
and of working on deriving concrete knowledge through the interrela- { ,
tions among abstractions. Suth a theory is the dialectical materialistic

theory of the relation among the universal, the particular, and the
uniqué in cognitien, and of the forms of theoretical generalization and
its relation to the history of cognition. These problems, which were
posed by Hegel in kis day and spbsequently by the clagsics of Marxism-.
Leninism, are being analyzed more and more, broadly and deeply in our ‘
philosophical literpture (we refepmthe reader to the works of B.'M.
Kedrov [26], E. V. Il' enkov-[il&], Z. M. Orudghev [35}, and Zh. Abdil'din, :
A. Kasymzhanov, L. Naumenko, and M. Bakanidze [1], among others).
Psycholbgical\ﬁnd educational research ie needed dnto the way
childreng learn the forms of generalization ihdicated in éhis theory.,
as well as the way to structure academic subjects so as to insure that
this very course of generalization is taken. in other wordgq.!t is an
important task of, research to determine the mgans of developing theo-

retical thought in children (mediated thought, in psychological termi-
. . Q . IS

44The processes of "reduction” and "derivation,'" as they are un-
derstood ‘in modexn logic, cannot be identified with "induction" and
"deduction" in Mill's classical interpretation (see the analysis of
these concepts in the studies by Il'enkov [24], G. P, Shchedrovitskii
[42] and others). : -

. ) . \“‘*~“_~
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nology), the princ:ple'of which consists of the shift from‘abgtracp,‘
/4  general definitions tdfcdnétexe, particular,descriptfons of aﬁ'objectﬁ
‘This problem ﬂzéds to be:solved in order to set up an academic subject
which will aét{sfy the requirements of modern science. Otherwise, any .
."révoldtioné" will result only in superficial changes in_the t:raditicnal_‘t
curriculih, which will often contradict its estabiished content, an i
exémplé of which is the way mﬁgf methidological studies propose'using
..set/ theory characteristics. ??ef” is a strgeglx theoretical term .

having meaning only'ﬁithin a particular system of apﬁroacﬁgng the hathe-' .-

-

-

maticdl® modeling of objects téee p. 58).- At present the point of
departure for this 'systém fs “relation“or struature,”  The problem of ™
finding a meang® of Ipreseiting and explaining this system po‘children |
seven or eight years old is really the problem of finding the "beginning"
of thé.mathematiCS course. But this is.precisely ﬁzit mény people awoid,
ferent logic and‘ai
different theoxy of generalization from the one by which we are usuél%yr

for the introduction of "relations" requires a dif

guided. "Set" {(or more accurately, "quasiset') is presented as a
' diregt, extefnal,'Eeneric‘characteristic of aggregates of abjects, énd
*  thus it is not allowed internal mathematical movement, the chance to
"unfold" (incidentally, such "reforms" are readily accepted by the N
strictest ‘supporters of the traditional mathematics course).
Any relation (or structure, on a part%c&%ar liyel of énalysis) is
the object of a profound abstraction and at the same time the beginning
&f a céncept.(the bgginning, and not the end, as the logical tfaditiqns
.. of Locke and Mill customarily assert). §pecial symbolic means are -
.>~péeded to introduce it (the relation) fh;o(teaching (see the general
‘(szaeferization of these in Shéhedrovitskii's study [41]). #A lack of
1}? :;knowiedge of special symbolic means seriously hinders the study of the
¢ a tﬁeoregicai form of generalization and ways of developing it through

/u instrudtion. It is important to keep in mind at the same time that

-

rElA;ion gg.étructure is learning material of a special type which
¢ has not really been studied as it should by education and psychology
— (Vygotskii noted certain features of it in his day [51]).45 Structuring

E) ) *

»
45We are speakingrhere of learning which is taking place in special
conditions of purposeful instruction. Piaget has carried out a general
psychological analysis of the role of ¥elation or structure in the child's
" thinking [36, 37] (see the summarysof his studies dn pp. 83-89).
(€) . ’ ‘ 10_2 ~Z l{'
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"ﬁathematics‘as a modern academic subject and, par

‘this type of learning.
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ﬁining the actual content of its elefentary units, will.depend

* greatly on the performanceiof_complex research into the baébs of
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THE_PSYCﬁOLOGICAL CHARACTERISTICS OF THE "PRENUMERICAL"

*
PERIOD OF MATHEMATICS INSTRUCTION

- - -

o | V. V. Davydov
F'S -

The Fundamental Concepts of School Mathematics and Their
\ o -
. v Gecetic Relationship: A Theoretical Analysis

"In the search for the logical and csychological beeeﬁ for
_ stfucturing,ﬁathemacics as’ a school subject, a distinction was made
between cwo aﬁproaches to_solv&ng'the problem. . ' '
_ On the one hand, the possibility of studying-fundaméntally new
. -methods of setting up the mathematics course on the basis of the
concepcs of "relation or structure" was discovered. This aﬁproech
B involves a compLex of logical, psychological, and didactic issues '“;"
whose solution will open the way for a subject radically different -
" from the currently accepted ‘one, both n its content and in its
.. educational goals.l . ‘ ' )
7 On’the other hand, within the framework of the traditional -
, 'mathematics course there are a number of psychological and logicalv
; _issues which, if solved, will mean a-moc\—iational "companicnship"
of itg basic units and an improvemenﬁ'in the way they are arrenged
\ from grade to grade (a change in the relationship between school
§ arjthmetic and algebra,'for instance). Issues of this type are . N

’discussed below. .

\

F

* - -

) | ' _ .

From ‘Learning Capacity and Age Level: Primary Grades, edited
by D. B.El'konin and V. V. Davydov, Mdscow, Prosveshchenie, 1966,
'PPe 104-189. Translated by Anne Bigelow. ™

1]
, I“In the preceding section of this chapter we discussed the
bases on which this kind of academic subject might be structured.

’ e
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' The Origin ¢f Concepts ags Its Importance in

~ Structuring the'School Subject ~.
‘The mathematics course (excluding geometry) in our ten—year
school is.actually broken down into three basic.parts: arithmetic
{grades 1 to 5), algebra (grades 6 to 8), and elements of analysis
(grades 9 ,to 10). The basis for this subdivision is not clear.

)

" of course.

' Each basic part has its own special "techniques,
Those {f arithmetic, for instance, have to do with calculations
on numbers of several digits, those of algebra have to do with -
identity transformations and finding logarithms, and those of
analysis have to do with differentiation. But are there deeper .
bases stemming from the conceptual content of each part? .

;befacademician‘A.wN. Kolmogorov has satd, "The entire , ¥
structure of school algebra and all of mathematical analysis can
be erected on the coneept of redl number. . . -." [13:10]. At the
same time he made this striking remark‘

The "algebra" heing tapght in high school, with
its approximate extraction of roots, its logarithms
and so forth, is almost closer to a first chapter in
analysis (or in an introduction to it) than to pure
algebra proper. If modert specialists in algebra.
succeed in convincing everyone of the necessity of
interpreting the word "algebra' in the sense which
suits them and which is fully justified logically,
but which does not conform at'jall to school tra
tion, then we are going to haw{ to railse the question .
of renaming the subject now bging taught in high "
school as algebra [13:101.2
Thus school "algebra' is such in name only. In fact there is

no essential difference between the second and third parts of the

0

ZMcdern ("pure") algebra studies algebraic structures {see the
brief description of them in the preceding section of the chapter
[the preceding article in this volume (§d.)]).

r

-



. course (a number of the units of "algebra" inhérades 6 to 8 are l

-y

preparatory to the transition to analysis proper). Of'cquréé, the
actual relationship #etween "algebra" and anal}%éis -1s more complicated

~and confused, but this is because of the historicalrdevelopment'of *
- school mathematics as a-subject which attempted to satisfy the’
" most diverse and at times contradictory demands.

This issue is toucheqd upon in a study by Ya S. Dubnov [6] .

who, on the one hand, notes that many concepts in "algebra" lead

B pupils directly toward the basic ideas of analysis (such concepts:

»

_as function, l1imit, and coordinate),vand on the other hand laments

the lack of an organip relationship between "algebra™ and "the

~
new mathemat‘ps (analysis) To emphasize the great need for

achieving as ?implete a rélationship'here as possible), Dubnov sgid:

The Mew mathematics should be not an snnex built
to adjoin the traditional course, but another story o '
ng_on it, “a superstructure for which the foundation
of the entire building should be prepared well in
Ji “advance. We .thereby approach the problem of gregaring
for analysis and analytic geometry. The ideal
“ arrangement of mathematics instruction would make it
~impossible to determine the point of tramsition f‘gm

" .# the old mathematjcs to the new [6:156].

As we see it, a distinction needs to be made here between two
things: the existence.in principle of a similarity between "algebra'
and analysis, and theé degree to which the relationship beté/;ﬂranalysis
and school "algebra,'" geometry, and trigonometry is actually achieved.
In traditional curricula the latter has not been d2veloped nearly

enough. The former matter, however, is firmly grounded on the concept

- .

'3

3This is how one meﬁhods manual evalugtes the content of‘
"Algebra": The gchool algebra course embodies separate issues

.of various mathematical sciencest algebra), theoretical arithmetic,

and theory of numbers, and mathematical amalysis. . . . This

all goes to show that the school algebra course does not reflect

the unity which may be seen to characterize the contemporary

state of algebra as'a science. . L14 243] (italics ours -~ V. D.).

/
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, commenting

ting: "[Lebesgue]

of real numbexr. The following statement by Kolmogor

on the position taken by Henri Lebesgue is worth

school has one indivisible task —- ;hat of prov ing as clear an
1 ' number" [13:9-10].
' obviously ;ay be

understanding as possible of the concept of re

t

The means of performing this "indivisible tas

varied but all of them should be in keepin with the final goal .
facing school algebra.kk

The next question concerns the basis for distinguishing between
school Aritimeti¢ and algebra (that is, between the first and’ second

parts of the course). Arithmetic inclydes the study of nature}

~ humbers (positive whole numbers) and fractions (simplée fractioms and

L)

[

decimals). Special analysis indicat s,fEOWever, that it is wrong
to combine these types «f numbers i to a 8ingle academic subject.

concern the measurement of quant/ities. This is very important to

.Krfﬂi>fhe standpoint of
Kolomogorov noted: ) :

4The basic difficult’ hefe evidently consists of finding the
bases and the form of ins¢ruction fox. "the concept of real number.
Dubnov, fqr one, thought that in tontrast to the university course
in analysis, which beging with the theory of material (real) numbers,
this theory is a "luxury! on the school level because of its .
difficulty [6:175]. But/he pfobably was questioning only the method
of direct exposition of this mathematical theory through lectures,
rather than the actual need for designing approeches to the concept
of real number. : :

e measurement of quantities, as

&

5‘In“theoret:ical arithmetic the following systems of numbers are
disting&ished complex| {real, or material, numbers plus imaginary
numbers), real, or matetial (rational . numbers plus irrational numbers},

numbers (and thus rational 'and whole numbers) other than 0 are divided
into positive and negative numbers (and besides these tHere are also

systems‘f hypercomplex Yumbers) [91. - %

rational (whole numbers&plus fractions), and whole numbers. Real

A 112 j 28
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There is not such a profound-distinction between
rational and irrational real numbers. For educational ﬁi'
reasons children keep studying rational numbers for a g

_ long time, because they are easily written as fractions ‘é
but the use to which they are put should lead immediateéy
to real.numbers in all their generality [13:7]. f

- Kolmogorov thinks Lebesgue s proposal of shifting immediately to

the origin ‘and logical nature of real numbers, after studﬁ ng natural

numbers, is justified both on its own merits and fronm the‘stendpoint
of the historical development of mathematics. At theafﬁpe time,_ c . N

éinnal and ] ..
. real numbers from the standpoint of the measurement of qgantities 8 -

as Kolmogorov noted, "approaching the structuring of r

no less scientific than, say, introducing ration‘l num efs as "ordered
pairs," fyr instance. And for the school it has a de inﬁte advantage"
[13 9]. S “42

Thus there 1s ‘a definite possibility that "the most general

'a

concept of number'" (to use Lebesgue s expression), the oncept of

real number. can be developed directly after a grounding 1s given. ’J,f;/f/}//
1o natural (whole) numbers. But“what this means in terms of curriculum |

#%:design is no less than an end to the arithmetic of fractions as it
is interpreted in the school. ‘The shift ﬁrom whole numbere to real
numberg is a shift from arithmetic to "algebra,” to laying the W\\;‘-

foundation for analysis.7 ) '

.

A 3

g _ : N

Teetr EmTeay e 'y

6This is the way Lebesgue describes his method of. introducing
numbers: '"We went directly from the concept of whole number to the
most general concept of number, without needing to use or, if you
wish, to lsolate the concept of an exact ‘decimal or a rational ) R N
‘number. . . . In the very same way we ghall go directly from an
operation on whole mumbers to operations on general numbers. . e ,4‘5
[13:27] (italics ours -— V. D.).

7We are not discussing the relationship betweepn analysis and
thegretical arithmetic (or its basis), which is defiﬁed as the
sc?%ntific discipline which studies the fundamental properties of
all numerical systems (or rather, which provides a logical grounding
for them). : Y V' .
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The meaning of this shift is hidden in actual teaching by thé

fagt that fractions are studied without particular attention to the

- measurement of quantities. Fréctions are given as relagionships

betweep pairs of pumbers (although the methodé manuals nominally
acknowleq§e the importance of the measurement 6f quantitles). .
As Kolmogorov indicated, introducing fractions in detail on the
basis of the measurémentpf quantities inevitably leads "to'real-
numbers in all their generality"[}3:7l.s'3ut in faot this does not
ugually happen, because the pupils are kept working with rational
numbers for a long tiﬁe and are thereby delayed from coming to |
"algebra;" - : ! S
1@,oﬁher words, algeﬁfa in the school begins at thg moment
when the conditions becoﬂé right for éﬁe shift fro:[ﬁhole‘/umbers

to real numbers and to the expression of the resultfs gﬁ_measuremént

in a fraction (a simple one and a finite decimal one and then an
infinite one).® o # S

Kolmogorov wrote:

Lebesgue's basic pesitive educational idea . 4 .
is that mathematical instruction at the various stages
of learning can be completely unified. The same
concepts, in basically the same ég%:ﬁ'first are
perceived visually through example®: then are formulated
more distinctly, and finally are subjected to careful
logical analysis.

Infinite decimals are the most éﬁﬁgable approach
to this unified expositiop, so far as real numbers are
concerned. In the elementary school, pupils are
introduced to the operation of measurement, they obtain
finite decimals from it, and they study arithmetical
operations on decimals. The idea that a number may also

. ¢

8This definition differs substantially from the widely held
opinion that 'algebra’ begins with the introduction of letters
as symbols (this 1id expressed distinctly, for instance, in the
following statement by V. L. Goncharov: "Aritimetic teaches the
use of numbers, while algebra teaches the use of letters and
formulas" [8:18]). Letter Symbols, of tourse, are of primary
gignificance, but in themselves —-- without a change in the

conceptual foundation —- they cannot be the basis for a new

"subject."

»



. \k .‘\.\‘ . . . .
be expressed in an infinite fraction.is first
- broached with the example of periodic fractions‘
" which eccur in division. In‘high schocl, the
precision of measurement is discussed i ‘greater
-.detail, the complete correspondence betw éh :points
-en a semistraight line and infinite decimdis ig
established, the general concept of real n be
1s formulated, and the existence of i;%x{io
* numbers is proven. A logically rigor tiug
along the same general principlies is presented \iu N -
* in the fipal year of high school or in the univei‘sitx e
[13:14-15]. X

These approacﬁes to introducing real number are intg:eéﬁ@ng

from the,standpoint of educational psychology as mich as &nything. 4

The "vidual" and "manipulative" approach and the "logical" apprbach

to a concept'not only are not juxtaposed here,’ but ip fact aré:.
geneticglly conngcted. The logical approach, egsential in the §;‘.
concluding stage.of the formation of a concept, becomes evident -'%f

by the first stage. The genuine unity of mathematics instrﬁction ]
in the“achool is thus ensured. . ST
) The initial steps in unification may includg being introduced )
to the operation of measuring, obtaining finite decimals, and studying

the operations on them. If the students have already learned this

form for iéeérding the results of‘measuring, it serves as the basis
for the idea that a number may also be expressed by an infinite
fre;ction.9 And it 1s advisable that this basis be established
ddring the elementary school years.lo .

4
I

.
.

9"Of course, practical measurements are.always taken only to
a finite degree of accuracyy and in order to arrive at a ﬁositive
confirmation of the irrationality of a relationship . . .if 1s
necessary to go to a higher level of abstraction than the one
which corresponds to the nalve approximate measurement of quantities.
But the possibility of expresstng a relationship between two
quantities by means of the relationship betweeh two whole nugpbers
is a chance circumstance, _even in the first steps of nalve measurement

. . " {13:7]) (italics ours —- v D).

OIn presenting Lebesgue's "curriculum,' Kolmogorov has the
elementa:y school of the French educational systeimrin mind, but
there are no significant age-level differences between it and our
elementary school.

i
*
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If the concept of fractien (rational number) is removed from
school arithmetic, the dividing line between arithmetic and -

"algébra" will be the difference between whole and real numbers.

3

It is what "chops up" the mathematics course into two parts. We

have here not a simple difference but a fundamental "dualism"

o% .sources —~ counting and measurement..
By following Lebesgue's ideas regarding the "general concept
of number," it is possible to unify mathematics teaching completely,
but only after the child has been introduced to both counting and
‘ _ whole (natural) number. Such a preliminary introduction may last
: varying lengths of time (it is definitely too prdvlonged in the
traditional elementsry currixula) and elements of practical-measure-
ment may even be brought into the beginning arithmetic course (as .
is done in the curriculum). But none of this eliminates the
difference in thé bases of arithmetic and "algebra" as academic
kﬁbjects. The "dualism” of the points of departure also keeps the
sections of the arithmetic course which have to do with the measure~-
ment of quantities and the transitidn to real fractions from really
being effective (thls apparently is the main reason little attention
has been paid to Lebesgue9s‘;dgas). Curriculum designers and
'methodologists are striving to preserve the gtability’and "purity"

11 The main.reason mathematichk

of arithmetic as a school subjeét.
teaching presents arithmetic (whole number) first, and then “algebra"
(real nunber) is the difference of sources. ;

This approach seems completely natural and unalteréblé, and

besides, it is justified by many years' experience in the teaching
of mathematics. But certain logical and psychological ﬁgtters make
it imperative that this rigid scheme of presentation be analyzed

‘ more carefully.

il -

ll.n a certain sense school arithmetic can be seen as a very
simple copy of number theory, the study-of natural numbers which
, ° remained completely independent even after the broader idea of
real number was conceived (see [13:8]).

R
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The fact is that even though these numbers are quite different

in form, they are still numbers -~ that is, one pgrticuler form

in which quantitative relationships are represented, First, if
it iﬁ(aséumed that the sources dnd functions of wholdin:nbers and

that'both
are "numerical in form" be explained? Second, if the real

real numbers are abgolutely different, how can the fact

Vnumbers are based on the whole (naturial) numbers but their sources’

' such a

are fundamentally different, then bow is such a "bnsié,'
relationship possible? Third, if a special "numerical form' of
' representation exists, then nay it not be assumedjthat such a
""numerical form" has a spurce of its own which is relatively -
independent of “particular” forms of numbers and is the forerunner
of them? . | o
That whole énd real numbers are "numbers” is reason to assume
‘that the very differences between counting and measurement are
originally derivative‘fn nature, They have a single source which
corresponds to the very fggg}of number. Knowing the:eharacteristics y

?
~ of this single basis of counting and measurement helps one to

understand more clearly the conditions in which they originated
and the relatlonship between them. P

In order to discover the source of the form of number, one
must make a special analysis of the problems man has which he cannot
solve without determining the numerical characteristics of some
object (through theserproblens one may establish that numbers are
neces;ary and determine why they are). In another study [2] these
.problems were examined in detail. It was concluded that, in its
generel form, number has to do with the need for indirect comperison
and assembling of objects. A person may satisfy this need only by
first isolating ané sonehow'naking‘g madel of the divisibility of

the objecf as a whole by its part (the object may be discontinuous

or continuous). When a person is searching fér this relationship,

he is performing a specific operation. It is the result of it that
"is represented in the form of a standard aggregate of units

(objects and words) which comprise a particular number [2:54~-80].
' ‘, °
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. Isolating the "whole' and the "part" depends-on the particular
"element" of an aggregate (if it is neéése&ry to assemble discon=-
" tinuous objects). In one problem this element may be the part

'through which the required relationship is found, whi;e,in another
preblem the'vegg same element will no longer be the basis of the-

teletionship"(the basis mey now be‘either a group of separate
. elements, or a part of the one element, or something else).

But by performing this operation on different objects and
substituting one basisA(qr yart) for another, one learns to -
distingqish‘the cheractefistics of these o?jects and the standard
methods of determining their parts. Work on discontinuous
objects brings one to a special "technique"— counting, which is
the tool of the study of whole numbers, and, at the same time,

produces the concept of Jhole number.. Performing the operation on

gontinuous objacts results in measurement and real number.12
But developing different "techniques" for performing the same
initial JE!.htion subsequently cenceals.this common basis which in
turn creages the semblance of a "dualism" of whole and real numbers.
, If a person learns these concepts as completely {inished and

g far removed from their .

. theoretically formulated products, he
‘sources, not only from their "distant! oges but even from their
"nearest' ones. Such seems to be a stand d phenomenon in the

formation of concepts and in work with them on the theoretical level.
Y . .

ﬂ[ ‘12Certein writers have noted the connection between the method
by which numbers are formed and the establishment of the relation-
ship of the whole and the part; they bave indicated two typesi
of objects in which this relationship is egtablished; and they
have found measurement to be the most repreSentative form in
which this operation may be expressed. Descartes wrote, for instance:
"The method by which numbers are formed is, properly speaking,-a

. special form'of measurement. . . . Considering the parts in their

relation to the whole 1is calculation; on the other hand, considering

the whole as divided into parts is measuring,it" [4:151].

"The unit of measurement is that universal property (natura)
te which . . . all ‘things which are being compared to ea&h othexr
should be applied. . . . There are only two types of things
which can be compared to each other: sets and quantities' [4:152-153].
(We should note that by sets Descartes meant discontinuous objects,
and by gquantities he meant continuous objects.)

. 118 -
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Kolmbgorov gave a vivid description of thi§ "obliviousness” to

the origin of mathematical conceptg:

Mathematicians who already know a finished
mathematical theory are inclined to be ashamed
of its origins. 1In contrast to the crystal
clarity of the development of the theory,
beginning with its already finished basic concepts
and assumptions, it seems.an unsavory and dis-
tasteful job to rummage into their origins [13:10].

¢ L3

With this attitude toward the origin of his own concepts, the:
'theoretician'(probably for reasons of his own) is.detachEd from even '
their closest specific sources and strives to work with "finished,"
"pure" concepts which,. in principle, is possible. ''The entire
sﬁructure of school algebra and all of mathgmatical ahalysis,"
Kolmogorov wrote, ''can be erected on the concept of real.number
without any reference at all to the'measurement of .specific o
quantities (length, areas, periods of time, and so forth)",[13:10}.13

Special "rummaging” 1s needed just to determine the relatiomship
between real number ang the measurement of ‘quantities, 'to say nothing
of more profound relationships. Questiqns concerning éhe necgssity
of detérmining such relationships and the significance of knowing
the origin of concepts to the science itself and to the related
scheol subject “arise. ‘Howevé, analysis shows that if concepts are
divorced ffbﬁ their sources, in certain conditions, they may lose

their content which

) B LR i
s an effect on research. Kolmogorov supported

x

Lebesque's view:
' .

_Lebesgue shows Yow forgetting the actual origin
of cdncepts may lead ¥he researcher astray even in a
purely scientific fiefd. . . . Thus the stryggle to
restore to mathematical concepts their original

material content occuE;:§{;Pe’center of attention
thrqughout his book. me the basic interest of

his {book lies in this stfuggle [13:11].

13The possibility of working this way with a concept has itself
developed in the history of science and necessitates certain logical
means. N. Bourbaki noted one of the aspects of this: '"In his -
lectures Weierstrass acknowledges the logical interest presented by
a complete separation of ®*he concept of real number from the theory
of quantities™ [1:155]. (Welerstrass was a German mathematician
whose studies In the area of real numbers date from the’'second
half of the nineteenth century).

11 9 » hd
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‘ The fact is; "obliviousness to the real origin of concepts
may also be observed in the way the-school subject is set up.
The authors of textbooks and methods manuals try not to linger

over the sources of concepts but to get ‘pupils to work with the

.

concepts themselves as soon as possible, especially as there‘ere

o

opportunities for this. : T . ' L '

Kolmogorov wrote:

A constant trend manifests itself with . :
varying boldness at the various stages of N
instruction: to get through with the introduction
to numbers as soon as possible and then to talk
only about numbers and the relationships between
them. Lebesgue is protesting against this trend
[13:10].

LY

3 _
What is the reason for this protest and of what importance is

-

' an introduction to numbers" (and to/other mattersa in setting up

the subject properly? Here is what Kolmogorov has to say: “The’
problem is not specific defects, butbrather that divorcing mathe- .
matical concepts from their origins, in teaching, results in &

course with a complete absence of principles and with defective lqgic

[13:10] (italics ours. -— V.'D.). Unquestionably he has stated the
14 .

esgence of the matter succinctly here. ‘ . )
..' It 1is complicated and difficult to keep the origin of gconcepts
in mind in setting up the entire'-academic subject? The material
ontent of concepts which acquired their theoretical form long in
the past needs special.analysis, as do .the ways of 'transforming"
this content inte & genuine concept (we need onl; recall the -

difficulties ‘which arise in sclving ‘these problems with regard to
" . . . - '

’

14We have.purposely quoted extensively in this section from

Kolmogorov's preface to Lebesgue's book. We think that his evaluation
of Lebesgue'’ 5 position, as well as his own ideas about such matters
as the content of the school mathematics course and the role of
analysis of the origin of concepts in setting up the school subject
are still of prime importance. Although this preface 'was first °
published in 1938 (date of the first edition of Lebesgue's book},

whis ideas, in our view, have not been used nearly enough either by
methodologists or by psychologists (see the study by Dubnov [6:134- -135],
in which he notes the role of Lebesgue's ideas in contemporary methods

of mathematics teaching). . ¢ \\\\\\\\
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whole numbers and fractions, for instance). The academic subject
organized with this requirement in mind will be structured differently
from the traditional one, since cohsiderable space in it will be taken

up by sections introducing the child to a concept. .
But let us return to the issué we raised earliet about the
connection between school arithmetic and algebfa. We have advanced

the assumption'that whole and real numbers have a common root and
that their differences are derived from the particular way in which
numerical form" is uggdtto represent théﬁ&elatienship of whole '
and part. What are the characdteristics of this "root," and might .
:'the child's intrpduction to such char;cteristics be made a épecial
section of the elementary mathematics céurse Ereceding the study
of numbers? Attempts shall be made to answer these questions
concretely as we go along Right now it might be noted that wé are
asking them in order to find a way to introduce numbers so as to
- ensure that there will be no "Great Wall of China" between whole
numbers and fractions (real numbers, that is) later, and that the
differences between them will not become absolute. This preliminary
section should provide the basis for studying numbers in theis
organic relationship to ‘each other and should be without that

break in time and in mode of introduction that one éinds in the
traditional courses.

In other words, we are talking about doing away with the "dualism"
of whole and real numbers thereby making it possible to minimize the
break between arithmetic and "algebra.'" This in turn will facilitate
~the genuine unity of mathematics teaching on all levels beginning

with the primary grades.15

lSOn p. 14 we cited Kolmogorov's view that introducing the

operation of measurement and finite decimals to children even iIn
the primary grades is essential to achieving this unity. We
believe that this introduction needs to be comprehensive, starting
in the first grade; then certain provisions must be made for a

subsequent 'natural" _gramsition from whole numbers to fractions.
- ' -

-
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If the goal of school mathematics is to develop "as clear an
understanding as possible of the idea of real number," this goel
should be visible in the child's first ventures into mathematics.
Rather than be at variance (as is often observed), the foundations

_ of elementary knowledge should be preetressed" in preparation for

the building which will fulfull th4s goal. ‘We are not talking

-about starting with the "goal" but about having it dictate the

basic development of the entire school mathematigs course;‘from

" its "ABC's" Wut in order to determine these "ABC's" 8 special |

attempt'must be fhade to disclose their materisl sources, which,

as a rule, afe not apparent to the people who work with the finished |

COncepts. If Kolmogorov's advice is followed, this is the very

. time "the distasteful jqb of rummaging" into the origins of the '

basilc concepts and aesumptions should not be shunned.

Where are we to turn, then, to find the‘ﬁommon root of the‘
branching tree of numbers? First it is necessary to analyze the
concept of quantity. .True, "quantity" leads directly to another

term —— "meagurement.” "But this does not eliminate the possibility

that "quantity"'may have a certain meaning on its own. It may be
concluded from examining this aspect of the matter that, on the .

. one hand, measurement is.related to counting, and on the other, that

' operating with numbers is related to certain gemeral mathematical

. relationshipg and pringciples. And so, what is "quantity" and of

what inteteet ig it in setting ug{the elementary sections of school

mathematics? ' ' . : -

The Concept of Quantity and its Place

in the‘School Mnthematics Course

*
y

-

In spite of the widespread use of the term "quantity,”" there is
little agmeement among mathematicians as to whether it is correct of
advisable to use it either for ‘scientific purposes or in teac é%
Ya. S. Dubnov has writtem: . ¢ ’ I‘
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: In coé&rast to "number,'™ the jerm quantity
- not only has not become stabilized in teaching,
_ but cdeot even be said to have been satisfactorily
" defined. We are forced to conclude that the term
) "quantity" is becoming obsolete, just as the term
kolichestvo ["ndmber, quantity, amoust” — Trans.]
. began to disappear from mathematical discourse
. not so long ago (. ., . although it has been '
. retdined,’ of course, in general scientific termi-
¢ - nology, " such as’ philosophical terminology) r
. [6:141, 1&2 l&}l

. \\‘giue, the meaning of the term has not been stabilized, but.
thi

.itself is mo basis for- nullifying" the term. The question

"is not the term, of course (actually it could be sny term), but

.'the concept behihd it. FroméDubnov 8 brief remarks it is difficuit
to ascertain what is becogiﬁgfobsolete -- the term, because of its :
"instability,' or the concept, because it is inadequate to the
“thing (one may conclude from indirect remarks that it is the latter,
however) The issue here, apparently, is not only the suitability
of. the term but a change  in the content of the _concept- which was

'once designated as - quantity. Certain properties of objects once

»

'diré!!iy referred to by this term have now become only ‘specific
‘ aspects of ¢ raoteristics which were discovered later but are more’
fundaméngs!{P:nd are gesiénated by other terms. 'Tn;.old term may

“lose, its meaning, but the prOperties it formerly specified stIll
. remain, ldsing only their former ' place. This is a typical case..
.« of the removal of new concepts from their real sources, for as
| a term "disappears,”" any properties of #hia~ts it may have snggested
are sometimesareduced to a mindmum. This fact needs aken-
into account as gne investigstes tne originfééo material content of
mathematical concepts. '

All the same ong may ‘take issue with the pessimistic view of

the fate of the term ''g ity," for it is still widely used in
‘theoretical and educational works"tsee Lebesgue's book [13] or °

- E. G. Gondn's [9], for instance). So far as the-consepéfmeant by
& ‘ .
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o unsa}isfactorily ‘defined," either. Knlmcgorov has given a clear
description of "quantity" [12], and Kagan16 and other authors 7“'have

it is concernad we ‘believe that there is no, basis for ghelving '

“it. In fact, mathematicians characterize ﬁt as follows:

. Quantity is one of the basic mathematical : :
concepts whose meaning has undergone 3 number = ‘
of generalizations in the course of the "t

development of mathematics [12:340]., 7~

. This . . . theory -~ the idea of quantity -
- plays a key role in laying the groundwork.for all of
mathe?atics [10:1097.

Furthermore, the meaning of this cancept cannot be said to be

.

defined and analyzed this concept in detail‘in their studias. Kagan.sfm

"approgch to the problem of‘quantity is examined first,-éince it 16' 

the .clearest and most consistent.

In common usage the term "quantity" is related to thé koncepts

. of "equal to," "more than," and "less than," which are used to describe

ghe most varied qualities (such as iéngth,,density, temperature, or ’

whiteness). Kagan wonders what common properties these concepts
- —_— . ‘

.
E ‘ . *
.

e

lGKagan spelle& out his theory of quantity in an essay written

"in 1917 (the full version is in an antholegy [10]). But he apparently

believed that the basic views he had formulated abbut quantity
retained their significance, because he presented this essay in
condensed form in one of°the chapters of the second part of The
Fundamentals of Geometry, which came out in the fifties (after his

death, as a matter of fact).

7Dubnov notes the exiftence of axioms for the concept of
quantity (see Kalmogorov's article [12]). But in the first place,
he believes that it is out of the question to present this complex

. theory in schoel (no doubt he means a stf&ctly theoretical presentation),

and second, he doubts the very necessity for a generalizing concept
of quantity for either geometry or physics [6:142]. He differs on,
this matter with those who still think that a general concept of

quantity is proper and possible. (Unfortunately, Dubmov set forth

_his interpretation of quantity so briefly that we are prevented from.

fully understanding the range of his real ideas concerning this problem.)




possess. He shows that they involve aggregates or sets of uniform
'ijects (such the aggregates of all straight lines, weights,
or velocities) Nﬁ:Zich when their elements are compared, the _

- terhks "more thaﬁ " "equal to,”" and "less than" may be applied.

‘ A set of objects becomes a guantitx only when criteria are

established by whicp one may determine with regard to any elements

A and B of the set, whether A is egual to B, more than B, or less °

than B. Ofe aﬁd’only one of the relationships: _

. ¥ ' A = B, A > B, A<B ' '

"will hold true for any two elements A and B. These statemente'

.constitute a complete diéjun@tionl(at least one is true but each
) excludes all the others). ‘ |
Kagan distinguished the following,eight basic properties of the
concbpts equal to,"” "more than," and "less than." . |
1. At least one of the releeionships /
A =B, A<B, or A>B is true. :

2. If A =B is true, then A < B will
not be true.

3. If A =B is true, then A > B will
not be true. ) ' o ‘ , ¢

]
4, '. If"A B\and-cB = C, then A = C,
5. If A > Band B > C, then A > C.
6. If A < B and B < G¢ then A < C.
7

. FEquality is a reversible relationship:
B = A always follows from A = B. , ' SN

)

8. Equality is a reflexive relationship:
No matter what element A is, of the set under
. * consideration, A = A. ) “

The first three statements characterize the disjunction of the

basic relationshigs fm UM gnd Y<." Statements 4, 5, and 6

L
characterize, the transitivity for any three elements A, B, and C.

Thevfinal two statements characterize only equality,‘ite reversibility

-~

and its reflexivigy. Kagan (following S. O. Shatunovskii) calls these

_ eight(basic statements postulates of comparison, on the b&%is of which

a number of other properties of quantity may be deduced.

. 1 .
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Kagan described these deduced properties im the form of eight

theorems:

1. The relationship A > B excludes the ' %
relationship B> A (A < B excludes B < A).

2. If A > B, then B < A (if A < B, then
B> A

3. If A > B is true, then A < B is not true.

. = =& =
. then A] = A_. _
- n . .
’ . 5. If A > Ay, Ar > Ay o o oy A > A,
~ ,then Al > A o 2 2 3* .Q_l n
. 7
If A, <A, A, <A, . « ., A < A, ‘
then A1 < A .l , 2’ 2 3 n-1 n
n ' " .
7. IfA=Cand B = C, then A = B. -

\ 8. If thegequality or inequality A = B, or
A.> B, or A< B is true, then it will not be
- destrayed if we replace one of its elements with an
’ element “equal to it (what occurs here 1s a correlation
of the types: 1f A = B and A = C, then C = B; or if
A>Band A= C, then C > B, and so forth).

-

The postulates’of comparison and the theorems, Kagan indicated,
"cover all the properties of qu concepts "equal to," "more than,"

- and '‘less than'' which are applicable in mathematics regardless of
the individual properties of the set to whoéé,elements we apply them
in yariops particular cases'" [10:95]. :

The properties indicated in the postulates and theorems may be -
used to describe many other aspects of objects besides the ones
~ commonly associgted with "equal to," '"more than," and "less than'
(they describe the relationship "ancgstor -- descendant,' for

instance)}. In describing thein a general point of view may be adopted

~and any three forms of, say, the relationships a, 8, and y may be
" examined from the standpoint of these postulates and theorems (also,
it is possible to determine whether and under what conditions these

.relationships satisfy the postulates and theorems).

&
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“Such a property of things as hardness, for. instance  (harder, b
3

soft€t, or identical hardness), or the sequenpé of®events in time % -

(following, prééédingj simultaneous) may be examined from this b \\\
N X . ..

standpoint. In all these instances the relationships a, B, and Y -

are given a sgeoific'interpretation. when we choose a set of bedies

which will have these relationships, and when we isolate attributes

ﬂgpwhich a, B, and ¥ may be characterized, criteria of comparison

for this set of bodies‘are being determined (in many fnstances it.

is not easy to dd in practice) Kagan wrote: ''In establishing

criteria of comparison we ar® converting a set into a quantity”

[10:101]. | . * g )

, Real objects ma§ be examined from the stand;::nt of various -

'criteria. For instance, a group of people nny be stuéiéﬁ according .
. to the order in which each of its members was barn. Another

criterion might be the relative positibn of tgéir heads when they
are standing next to each other on the same horizontal surface. In -
each'of these cases the group will become a quantity with the )
appropriate designation -- age, or height. In practice, what is
usually designated as quantity is not the set of elements itself
bnt a new concept introduced“to distinguish criteria of comparison.

This is the origin of such concepts as ''volume," "weight," and

"electrical temsion."” Kagan wrote:
. \
Thus for the mathematician, a qpantigy is fully
defined when the set of elements and the criteria of
comparison have been indicated [lO 107]. g

.

A'quantity is thus any set for the elements ‘of

which criteria of comparison have been‘established

which satisfy postulates 1 to 8 [10:101]. .

*

Kagan views the natural series of numbers as a very important

example of mathematical quantity. From the standpdint of such a
criterion of comparison as the position occupied by numbers in a
series (occupying the same place, coming after . . » preceding},
this seriles satisfies the postulates and is therefore a quantity.

v C
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According to the same criteria of comparison, an aggregate
of fractions also becomes a quantity. Correctly determining the
criteria of comparison for the set of irrational numbers (to make
it into a quantity) "is‘}he basis of modern analysis" [10:104].

This, according to him, is.the content of the theory of
quantity, which plays such an important parthin the basis of all
mathematics (we might add that in his essay Kagan proves that the

poatulates of comparison are consistent but dindependent).

Bourbaki regards the stfucture of order as one of the three

basic mathematical structures. The relationship which determines it, *

between the two elements x and y, is given the general.deaignation
xRy But it is most frequently expressed by the words 'x is less

tt

'than or equal to v. The following axioms govern this relatioship:
(a) for all x, xRx; (b) from the gelationships xRy and yRx, it
follows that x = y; ﬂc) from the relationships xRy and yRz, it
follows that xRZ. The set of whole numbers and the set of real
numbers, for instance, have this structure, "eith the symbol "<" -
being substituted for R here" [1:252]. Bourbaki remarks especially
that one axiom is absent here, the one concerning a property which
"seems inseparable from the cencept of order we use 'in everyday
life: "whatever x and y are, either xRy or yRx will be true" [1:252].
' The three axioms citedyabove apply to all the forms of the

redationkhip of order, including the case where the elements may

turn out to be incomgarahle (where X and Y gnify subsets and XRY

signifies "X 1is cgntained in Y," for instance, or wnere x and y are
natural\numbera and xRy signifies "y is ciwiQed by x''). But by
adding a fourth axiom to them, a.Special case of the relationship
of order is isolated —- the relationship of comparable elements so
bften observed in "everyday life."” : TN\ '

The, relationship which (according to certain criteria of -

compariaon) Kagan says describes quantity is a particular instance

of the structure of order. Only the relationships designated by
the symbols "=," ">," and "<" figure in Kagan's postulates; nothing

LY
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is mentioped Qbout any operations with the eiements involved. In
contradt, the axioms Kolmogorov gives [12) contain the propersies of
o addition and subtract iopsas well as the‘properéies”of'camparability..'
"7 First, Knlmngor yg that as mathematics has developed, |
, the mean of the concept of quantity has undergome a number of

generalizatidons. The properties of quantities now called positive
gcalar qnanﬁitig§, to distinguish them from subsequent, generali-

zatidns, were described even in Euclid's Elements. Kolmogorov
' gives the: axioms for these quantities and notes that the original .
conception of them was actuslly a direct generalization of more .
concrete notions: length, area, volume, weight, and so forth. Each \~.‘
:specific type of quantity is related to a particular.method.;g .
' comparing physical boddes or other objects (in geometry, for instance,
: segmghts are compared by mesns of superposition) _
A relatianship of inequality is established in the system of
all uniform quantities. JIn the case of lengths, areas, volumes, and

' weights, how the meaning of the operation of addition is established

1s known. The relationship a < b and the operation a + b = c
possess the following proparties.
1. Whatever a and b are, one and only one

of the three relationships a=b,a<b,orbc<a o~
MMSuW. e

‘ 2, If a < btand b < c, then a < c fthe
transitivity of the relationship). ’

3. For- two quantities a and b there
exists a sing icular quantity c to which . &
a + b is equaL
-) . 4, a *—b -ib + a (the commutativisy of _ l ,
addition).

5. a+ (b+c)=(a+b)+c (the
associativity of addition).

6. a‘+ b > a (the monotony of add}tion).

o

-
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7. If a » b, then there exists one and only
one quantity c for which b + ¢ = a (the possibility
of subtraction). 3

8. Whatever the quantity a and the natural - "*‘\
number n are, there exists a quantity b such that: a
nb = a (the possibility of division).

"9, Whatever the quantities a an} b are é there
exists a natural number n such that a < nb.l
' ]
10. If the sequence of quantities
| | a, < a, < ay < aes € 400 € b3 < bz l
l\ possesses the property that for any quantity c with a. _
o - large enough number n, ‘ : e "'
bn - an < c, - ‘ ‘
then there exists one singie quantity x which is larger R
than all a_ and smaller than all b (the property of \;
continuity . _ SR
K . . ‘\_.{\_ \“?
Kolmogorov writes: ' "Properties 1-10 defined the totally modern . -
concept of the system of positive scalar Q [quantities}._llf we e
ghoose some quantity %3s the unit of measurement in this system,
~/ then all other Q of the system are represented identically by
- S : Q =R,
- where a 1is a positive real number® [12 :340].
The system of all real numbers possesses all the properties of
e
scalar quantj{ities, so therefore "it is quite right to call the real
- ¢
" nu elves quantities. It is particularly appropriate when,
) quantities are being discussed. . . . This is a logiéal )
¢ .
point of view: Numbers are particular cases of Q@ just as lengths,
volumes and so fprth are, and like all Q@ can be both variable ajj ¢
constant' [12:341].
- If Kagan's postulates are compared with the first and second
properties of Kolmogorov's axioms, we can see that what the axioms
express in brief form (first and foremost, the complete disjunction
18 '
The theoty of the measurement of quantities developed by ‘
. the ancient Greek mathematicians 1s based on the ninth property .

along with the more elementary properties 1-8 (see [12:340]).
. . _ N
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and the transitivity of relationships) in essence is systematically
' ggnded in the postulates. But in additionm, the gxioms include a
number of other very important properties of quantities pertaining
" to the possibility and identity of addition, to its commutativity,
associativity and monotony, and also to the possibility of subtraction
(properties 3 to 7). : ' '
It is worth noting that what these properties are describing
is quantities (positive scalar ones), which majlbe dfscussed apart’
from and before being expressed in mumbers. That is,.if these 4
properties are kept in mind one can work with real lengths, volumes,
weights periods of time, and so forth (having first established
these parsoeters on objects according to‘criteris_of |pmparison;‘
of course). | o .
In working with quantities (it is advigable to desigﬁst? TS
their particular values _x‘letters), a complex system of transfor-
. mations can be produced through which the relations among properties
of the quantities cam be determined. In producing ﬁhﬁr}ransformations,
one may move from equality to inequality and perform addition (and

subtraction) —- with the commutative and associative properties as

'a guide in the addition. For imstance, if the relationship A = B
is given, then.kdowing B =-A can be ¢f help in "solving' problems.
As another example, given the relationships A > B and B = C, one |
%n conclude that A > C. Or again, since for A > B there exists -
some C such that A = B + C, it is possible to find the difference
between A and B (A - B = C). All these transformations can be
performed on physical bodies and other objects when one has established
criteria of comparison and the correspondenge between the particular

% relationships and the postulates of comparison.

x.,“;

The following point deserves special attention. 'Properties
gg”‘S to 6 of the opefation of addition describe what Bourbaki defines

\;l aa. lgebraic structure. 19 Actually, the relationship which yields
N . : .

v
N .
T ) a

lgse% the description of this and the other structures on pp. 79-80.
hY
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" this structure is a functibn.‘ That is, {; is a_relation batween

two elements such that a-third is determined..(law of composition

= [11).. If' for any quantities a and b there exists a third ¢ (not-

' necessarily different from a ‘or b) to which a + b is equal, then
this is a very simpie case of composition, whicﬁ possesses two

Inner laws'-- commutative and associative (according .to the . -
operation of addition. Furthérmpre, with the introduction of the
eighth property, which pertains~to“mult;plicatian, it becomeé
possible to apply composition to that operation as well). The
axioms cited above thus describe quantity both according to the
"relationship of order and according to the relationship designated
as function (or composition) ‘These are important gemeral

* mathematical relationships [1:252]%.°

- Let us examine ?roperties 8 t6 10. The concept of natural :
number does not explicitly appear before the eighth axiom, which
_establishes the possibility of division. For any quantity a and

. natural number n there eﬁgsts a quantity b such that nb.= a. This
« formula can be transformed so that division goes from pessible to
. actual: n = 33 where n 1is a natural number. .If the abstract
meaning of this formula is compared with the actual process of
finding the felationship between quiﬁfifies a and b, one may

conclude that a natural number can be obtained not only by "counting“

but also by "dividing" the quantities, which in fact 1is the simplest
20
way of measuring them. ) )
The latter fact -is of special importance because it rules out
the excessive contrasting of quantity to natural (whole) number. - :
There is a2 more profound connection between Quantity and natural

number -- through a chain of intermediate links —- than is customarily

) 2OOf interest in this connection is the following statement from

M. E. Drabkina's book about the foundations of arithmetic: "The ’
‘notion of the first matural numbers appeared at the earliest stages
of human development iIn connection with counting the objects in
some aggregate and has to do with the measurement of quantities
which contain the unit of,measurement a whole number of times"
[5:5] (italies ours ——=‘V. D.).




/

&

assumed in traditional methods of. teaching. Partieular attention

- needs to be given to the bases of the connections between counting

-and measurement and between natural (whole) number and the R .

properties of quantities. The connection between the properties

of discontinuous séts and those objects which turn into a quantity

under certain conditions also ‘becomés partioularly important.

Real number is based on positive scalar quantities, the concept
of whiph is defined by all ten of the properties. Some of the
properties are essential to natural nimbers as well. It is
striking that natural numbers, fracp&ons (ratiornal numbers), and

"jreal numbers themselves can be represented as guantities (both

Ragan and Kolmogorov mention this).

1t may be concluded from the msterial cited above that natural
and. real numh*rs are equally closely related to quantities and
certain of their-essential characteristics (properties 1 to 7)
Might not the child study these and the Gthen properties as a

special topic before he is introduced to the numerical form for
.describing the relationship'ﬁetween quantities? These properties

' vcould be’ the basig, for a subsequent detailed introduction to

s

,_numhar and ° its various forms (fractions in particular) and such

.“to physical objects and eriteria for comparing them,

concepts ai coordinates and function, even in the esrly)grades.

This Introductory section could consist of an introduction

‘with quantity °

being distinguished as a subject for mathematical cons¥deration.

Further, it could be/an introduction to methods of comparison,

symboiic means for desigdsting the results, and methods of analyzing

the general properties of quantities. This section needs to be

expanded Into a relatively detailed curriculum and, most important,

, this curriculpm needs to be related to actions the child can perform

in order to learn the material (in a suitable form, of course}. At
the_same time we need to determine experimentally whether seven-year-
old children are capable of mastesing this curriculum and whether ¢
it is advisable to introduce it, from the standpoint of attempting

to bring arithmetic and eleméntary algebra together inksubsequent

mathematics teaching in the primary grades. '

-

-
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The Expeﬁ}mentel Introduction of ipe.concept

of . Quantity in the First Grade

! The Content of the Experimental Curriculum

*

Up to now the discussion has been theoretical and has involved

~N
clarifying the mathematical basis for an elementary section of a

» course designed to introduce the child to the basic properties of
. quantities(before number is specifigally introduced). However:h'
for several yegrs instruction has actually been organized according
to such a curriculum for this section and used in Qur research in -
experimental classes. So the curriculum described below has been
'inflyenced by the results of exp imental instruction by one or

'ﬁf§~ ;-,;agother of its;preliminary variants. \

~ The basic properties of quantities were described earlier. It
_igfseaseless, qf course, to give seven-year-old children "lectures"
ieﬁout‘these properties. A way had to be found" for the children to
'urﬁ with the* instructional material so that they could, szrst,

s éiecover these properties in the things around them, and then
;t;? learn to designate the properties using certain symbols and to carry

i out an elementery mathematical analysis of the relationships they
had found.. |

Thus “the curriculum shquld contain first, an indicstion of the
- properties of the subject which are to be learned; second, a
. description of the teaching materialsz\and third ~= the most ’ &
! important psychologicslly -- a description oﬁ%?ie operations by means
of which the child distinguishes the perticuler properties of the
subjeg# and learns them. These ' 'components" #ake up the curriculum
* - in the tfte sense of the'word.zl‘{ | .
T It eems.reagenable to spell out the soeeific features of our

curricullm and its "components" by describing the actual instruction

-

<"1t stwuld be noted that curricula are usually reduced to a

_ list of topics\\with everything else being designated as methods.
Thig division se wrong to us, at least for new material which
is only being experimentally tested.

~ ' Y
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process and its results. An outline of the curriculum and its
"main topics are gi:ipfﬁith a -brief statement concerning the .

basis for each topic and an explanation of it.

N .
4 ¢

Tagié I ~~ Comparing and assembling objects (accordiqgﬁsg

Y
length, volume, weight, composition, and other parameters). -
1. Practical problems of comparing and assembling.

2. Isolating attributes (criteria) by which the same
objects may be compared or assembled. -

3. Verbal designation of these attributes ("by length,"
"by weight," and so forth).

*

These problems are solved on instfuctional material (such as

bogrds or weights) by choosing a "similar" 6bjecﬁ, and reproducing
. '-_‘-—-—‘& T .

(constructing) a "similar™ object according to the parameter
[

designated.

Topic II.7—- Comparing objects and des;gpatiqg,the-results_ig

a formula of e ,_g}p,lity or inequality.

\
1. Problems of comparing objects and designating

N the results symﬁoiigally

2. Verbél designation of the results of a °
comparison (the terms 'more than,'" '"less than,"
and "equal to"). The written symbols ">,"
¥§< ’H and “-. T

®

3. Making a drawing to designate the results of
a comparison (first a "copy,'" and then an
"abstraction' -- using lines). )

4, Using letters to designate the objects being

compared. Wn#ting down the results of a '

comparison using the formulas: A = B, A < B, -

A > B.23-

22We discuss this problem specificéily (as distinguisﬁed from
practical problems of comparing and assembling, for instance)
elsewhere [2:67-68].

23Various letters of the Rugsian alphabet (printed capital

letters) were used in the formulas. The children were introduced
to the Latin alphabet during the second semester.

S ' '
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'S 5.. The impossibfllity of‘usihg'different formulas
h ‘to designatedthe results of a comparison. The
s , choice of a particular formula for a given
. ' result (the complete disjunction of the relation-
e . ‘ships more thafl, less ,than, and equal to). \

-

\J
TopiS'&II —— The properties of equality and inequality.

* .1. The reversibili:y and reflexivity of equality
‘- (if A = B, then B = A; 4 = &). %
- 2, The connection between the relationships "mores
than" and "less than" in inegugki&éggfwhen
| \ : the sides being compared are "tranSposed”

(if A > B, then B & A, and so forth).

€

"3, Trgnsipivity as a property of equality and
. inequality: if A = B, and B = C, then A = C; '\\\N\h
s~ if A> B, and B > C, then A > C; if A < B,
v s and B < C, then A < C.

1

-~ N - .

~4, The shift from evaluating the properties S%
equality and inequality, using physical objects,
to having only letter formulas available.25 The
solution of varied problems which require a £
knowledge of these properties (for instance, ’
problems involving the conngegion between
relationships, such as: Given A > B, and B = C; )4
find. the relationship between A and C)

- -

-

: . Topic IV —— The operation of addition and subtraction).

1. Observations of changes in objects in one or anbther
| parameter (such as volume, weight, length, or time).
Representation of increase and decredse with the
symbols "+" and "-" (plus and minus).

€

24’I'o explain the curriculum we are using some mathématical terms
e we did not g#ve the children (we shall indicate the range of
terminology used by them in our description of the actual teaching -
done according to. this curriculum). . '
Qslndependent work with letter formulas is not new. But it \
was given particular attention here, and it has been systematized -
and stabilized.

-

e
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. 32. Upsetting a previously established equality
. by changing one or the other of its sides.
* . The shift from equality to inequality.
- % VWriting formulas of the type: if A = B,
\then A +-K >B; if A = B then A - K < B.

3. Methods of shifting to a new equality - B
. ("reconstructing” it according to the .
principle: Adding an "equal" to '"equals"
A - yields "equals"). .Wbrking with formulas
. . -of the type: “if A 2 B, them A + K > B,
but A+ K =38 + K. .
4, _Ihe solution of vafied. proﬁlems requiring {
o o thﬂt -addition (and sibtraction) be used -
/. 1in shifting from equality to ineqﬁality

.and back. - -

-

» JTopic V -~ The §h1ft from an inquality of the ‘type A < B to
e

J equality through addition (or subtractiq;l. -

. 1. Problems which require this shift. The
necessity of determining the value of the
difference between the objects being r
v compared. The possibility of writing an
. . equality when the specific value of this :
~difference is unknown. The method of using .
. Xa Writing_formulas of the type: ~if A < B,
» ~ then A +x = B; 1f A > B,Ythen A ~ x = B.

2. Deterﬁining‘the value)o X Substitutidg

_ this value in a formula (introduction to

By parentheses). Formulas of the type:

A<B, A+x =B, x=B-A, A+ (B-4) = B.’

3. Solving problems (including_ﬁword-problemsﬁ)
which require the.indicated operationms. v

&. ' - 2
Topic VI —- Addition and subtraction of equalities and
o

ineqpalities. SabstiCution. .
. l.‘ Addition and- sdbtractiog,of equalities and
inequalities: 1ifA = B and M = D, then
. A+M =B+ D; if A‘> V and-K > E, then
' A+K>V +E; if A >V and B = G, then .
' A+B>V tG.

£ -y
4

26The pdssibility of this shift has to do with one of the
properties of additiori, monotony (in a certain sense thig pertainsi/
« to subtraction as well). i : . e

-
S
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2. The possibility of- representiﬁgd:;e.velue of ,

a quantity as the sum of several values.

f——grbstitutions of the type. A=B,B= E + K +-M
=E+K+M « ‘ ‘
R .
3. ‘The solution of«¥arious problems inyolving the
‘ properties of relationships to which the children '
‘ ' have already been introduced (many of the

o problems redquire simultaneous consideration of

- several properties and adeptness at evaluating
I the meaning of the formulas; the problems and

their solution are described below). 7 z

Such is that part of the curriculum intended to take theee and
a half to four monthe“ the first semester. Qur experience with
" the experimentalxinet ctiow indicates that if the lessons aré planned ‘
" correctly, the teaching methods perfected, and teaching aids ‘well
_chosen, children can master the materiel’fully in a shorter time
(three months). . “ L
From this point on the curriculum is structured as follows,
First tﬁe child is introduced to number as the expressibn of a
'reletionehip between the whole of some object and a part of it. The
A releﬁionship itself amd 1its concrete referent are expresse&-by the
v”formuia‘% = n, where n {s any whole number, usuallylteken to within
. & “dﬁi%" (a whole number can be obtained only by choosing the’
' material especially). - From the vefy start the child is "fofced“ to
keep in mind that measuring or counting may yield a remainder, a

- fact which needs to be especially mentioned. This is the first

step toward working with fractions.

-

t . "
& .
' 271n this variant there is no topic to introduce the child to the

. commutative and associative properties of addition (prior to,the
introductipn of numbers). This is done in'the second semester when
the children are working with numbers (writing chem both as figures
nd as letters). In the most recent varfant of our ‘curriculum this
topic is presented in the prenumerical‘ section. Preliminary data
from experimental instruction show that it is worthwhile to include
this topic aud that first-graders are capable of learning it. Since

. ¢he material in this book was drawn mainly from instruction by an

» *  "51d" variant, the new topic is not included in it (a special article-
will be needed to describe how children learn it)}.

B




Once the child has learned the above method of obtaining a
number it is easy to teach him to describe an object using a formula ¢
of the type A 5k (if the relationship equals 5). Knowing this .
formula and . its equivalent makes possibli‘the special study of the '

interrelations among an object, its basic  .unit of measure , and the

results of counting (measuring), as well as .the prepsrstion of the
" child to work with fractions\(and in psrticular, to understand the
basic property of the fraction) 28 ‘ ' _
N '~ Another line.of development.the curriculum may follow in the.
 “first grade is to transfer the basic properties-of quantity (the -
7m£oisjunotibn qf equality and inequality, trsnsitivity, and reversiF'
bility) and of the operation of addition (commutativity, associativ—
ity, monotony, and the possibility of subtraction) to (whole)
‘ qaumbers. In_garticular, in’ working on a numoer 551, the child-can
~readily convert a sequence of numbers into a quantity (for instance,

by distinctly recognizing the trAnsitivity of such notations as

3<5<8 and at the same time making the connection between the
relationships "more than" and "less than": 5 < 8 but 5 > 3).°
*Once the child has been introduced to certain "struetural"

s features of efuality, +he can approach the relationship between 'y

.addition and subtraction diﬁferently. The following transformations,
| for instsnce, are performed as one goes from ineqnslity to equality.
7<11; 7 +x = 11y x =11 - 7; x = 4. Or, the child may adci and .
. subtract elements of equalities and insqualities, performing oral
calculations in the process. For® instance, given tthNS +1=6+3
‘and 4 > 2; find the relationship between 8 + 1 - & and 6 + 3 - 2. If
. this expression is unequaly make it equal {(first the symbol for "less
* than' needs to be put in, and then a "two” added to 8 + 1 - 4). Thus
if the numerical series 1s treated as quantity, the skills of addition

. R
M L]

28The shift to numbers, the part of the curriculum pertaining

td them, and the results of teaching using the curricnlum are
. described in the next seetion.
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And subtraction (and subsequently, multiplication and division)

may be developed in & pew way.zg . ) ' ;;
Let us compare the outline of the curriculum to the mathe- . — .
_ ‘ﬁiatical characteristics of quantity. There will be no direét (:r\\\\ '
R ' "

- correspondence between the two because the form inéwhich these ,
characteristics are expressed ig governed by the requirements of the

Meross” theory and axioms, while the curriculum is designed to-

< - Pperform a number of spacific pgychol al and educatiénal tasks

connected withfstructuring the academid

ubject, the most elementary
section of it, in fact. _“ . E
" The basic task of the sectign defined by Topiqs I and II was
to tgach thé child to distingiish parhmetersﬂgf ob?ecés which possess
‘three particular relationships. In addition to learning methods of
.isélating these parametersé he was to learn symbolic means of primary
mathematical description of the relatiopships (letter symbols and
formulas). In a series of fhtermediétefstages the child was to o .

structure a special mathematical "object" and proceed to the study

~of 1its propefties (this object takes the form of-abstractly.presented_' o)
A .
_equalities ‘and inequalities).

In Topic III, the child was introduced to actual properties of
quantiéies within a particular system for representing them (in - )
formulas of equality and inequality). The child increasﬁpgly :

"digoeced himself" from using objects to observing relationships and
shifted to verbal andllagical evaluations (constructions ofdtﬁe
typer "if . . . and . . .,éghen e o g ’

In Topic IV thé child learned to observe changes in the specific -
values of quantigies, Eq compare ney’values.with old 6ne§, to
designate the results of this comparison 4ds "{ncrease" or "déereasé,"

1)

to write the results using the symbols "+" and "-," to coordinate

them with the érqperties of”equality‘and.inequality, and to go from

one to the other by.means of addition and subtraction.’

. ~

29We are speaking here of possible new lines along which the
course may develop after the preliminary introduction to the properties
of quantities and the operations on them. In our experimental work,
not described here, we have in fact already explored many of these
possibilities in teaching first- through fourth-grade mathematics.
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‘,'In Topie “J, the child was brought to the discovery that an '
inequality between quantities may be "taken away" by detefﬁiningn\
the specific diffierence between them., The child thus confronted
~ a very simple form of an equation. ' Here, too, a deeper understanding

of the feiationship between addition‘and.subtraétion was acquired.
| In Topic VI, the preceding topics were synthesized. It was
. shown that the specific value of a quantity may be” replaced by the
sum of sevakal items, that one external form by &hich a quantity is
expgessed may be replaced by another "(substitution), and so on, all
, of which lays the groundwork for an introduction to the commutative
- and associative properties of additf;n. | ‘,
' From this comparison itKPN\\be concluded that our curriculum,
designed as it is to perform certain psychological and educational
tésks, contains information about the.baéic properties of gquantities
. as indicated by the axioms of mathematics. At the same' time, in
| setting up this curriculum, we were introduced to the concrete
‘problens of projecting scientific knowledge onto the plane of an
academic subject, and we do mean intréduced, for these problems need
further experimental and theoretical ékudy. - In particular, there
}é the prdblem of finding the mbst gyitahLEfWay of introduciqg
the child to the realm of "comparable elements,” so that he will be
able to combine it with and to differentiate it from the. realm of

"incomparable elements' according to certain attribute@ distinguishing
the relationship of order and correctly correlating it with the

structure of an operation such as addition. This problem touches

directly upon the ways éf:structuring the elementary section of the
schooi subject of mathematics, inasmuch as the child's most gegeral
orientation to the mathematical side of reality comes from the very

"hegrt" of this éection.3e

30As these problems are solved, it is apparent that the emphasis

in mathematics instruction will shift from "techniques of calculation”
to the study of the structural characteristics of mathematical
‘"objects.” A different academic subject thereby will take shape from
the present oné which mainly prepares the pupil for the further study
of mathematical analysis (in the preceding section of the book we
discussed some of té} bases for such a subject).
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The Organization of Inettuction«ACCofdigglEg.the Experiuental C .
Curriculum | ' )

One feature of our research is that the curriculum, with all

its "components,”" has been devised on the basis and in ‘the course' -

LN

" of specially organized experimental instruction. Each time a

psychological or educational problem of curric lum design arose,
‘M year when new

we attempted to solve it In the subsequent scho
experimental classes were using new variants of the curriculum.

Special attention was devoted to studying the child's own system’

of learning the material, and to developing research methods_fo;
determiuing the extent of this learning. Attention was also devoted'
to studying the possibilities for later "use” of the’ knowledge

acquired, and mainly, to studying the nature of the~ pupils thinking '
both in the course of the academic work and in the solutiom of
varied test problems fin the classes and individually).

During the scheol year, 1960—61 oue €irst—grade class at’
School No. 91 in Moscow (E. S. Orlova, teacher) was taught using the
first variant of the Curriculum. The following year, 1961-62
four first—grade classes used a different vardant of the curriculum
(at School No. gi,'with'v. {j
School No. 11 ‘at Tula, with T. A. Frolova and Y. A. Bol”shakov,’
teachers; and at the. school in the village of Mednoe,.Kalinin

Mikhina, teacher; in’twn classes of

'pfovince, with A. T. Pavlova, teacher). Meanwhile, the previous

experimentql first grade used a special curriculum for the seqond

year of instruction.Bl Many of the specific topics of the curriculum
A w .

i

31The majority of the experimental classes whiqb used our

curriculum in the first- grade continued in the second, third, &and

fourth grades (and in 1964-65, the fifth as well) to use special
curricula which differed substantially from traditional ones (letter
symbols were used ''routinely'; negative numbers and fractions were
introduced in the second and third grade; the system of coordinates in
the fourth, and so forth). As it vould be a separate task to describe -
the whole mathematics curricglum for the primary grades, we shall’

simply note that the groundwork laid in the first grade was built upon

in the second through fourth grades and at the same time the construction
of the foundation was improved from the 'elevated” vantage point of

these classes.
L % {
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. and the organization of school time were determined more precisely
" 'during this year, amd the basic difficulties that the children and
the teacher had were clarified. Detailed lesson plans for the entire
first grade were compiled with consideration for these matters.-
Four classes were taught in 1662~63 on the bgsis‘of these
improvements (at School No. 91, with A;_A.fE%ryushkipa;“at Sghbol
No. 11, with A. P. Putilina; at the Mednoe village school, with
- M. I. Dem'yanenko, and at the school affiliated with the pedagogical
academy at Torzhok, Kalinin province, with ‘T. B. Pustynskava).
Five classes were involved in 1963-64 (two at ‘School No, 91__E§£P
~T. G, $11 shchikova and V. A, Vvedenskaya; and one each at School
Ng. 78%%&}203::0:.7, with G. G. Mikulina; School No. 11, With
V. ‘P, Fclyakova and the Mednoe village school, with Z. N. Nemygina)
And finally, there were three classes in 1964-65 (two at School No. 91
" with E. S. Orlova and G. v. Cherﬂyrheva, and one at School No. 11,
with 0. P. Filatova). u

.. Thus, in five .years seventeen classes in both city (Moscow,

' Tula, and Torzhok) and rural (Mednoe) schools were. given eXperingfal
instruction according to our curriculum for the first grade.3

Elementary school teachers did the teaching in all the glassés.

--The majority of them had a secondary pedagogical education (while
some had college training). Theyvhad from three to.fifteen years of
experience. As a rule, these were skilled teachers who knew the
traditional curriculum and methods well and became "used to" the new

demands in the coursé of the experimental work itself.33 There

was nothing unusual about the makeup of these classes. They consisted

32In 1963-64 and 1964-65, our curriculum was used for first-grade
mathematics teaching at School No. 82 in Khar'kov (with F. G.
Bodanskii and V. S. Kruglyakova, teachers). In 1964-65, mathematics
teaching in several first-grade classes of the experimental school
No. -52 at Dushanbe was based on it (with M. N, Vasilik, teacher).

-

33We express our sincere gratitude to &ll the teachers who
taught by the experimental curricula, for their readiness to become
involved in something new and for their constant aid in solving many -
prodlems of organization and methods. .

X

o~

~

143

|
(e
™




N
of the children living in the schéol neighborhood, with no one
excluded (the nunmber of pupils in the various clasaes varied from
thirty-tWO to forty).
* Our research was aimed at tracing the way the curricular
material was learned and the thought patterns that occurred/in the
learning process. We used several methdds: (a) systematﬁc\::iif-

tion df teacher and students in class; (b) analysis of stude

8 -
performance of daily class work as seen in their notebdoks; /’\\\\\\\\;

+ (¢) analysis of results from special tests; (d) special individual .
checking qgﬁstudents‘ knowledge of particular topics of the
curriculum, as.well as the nature of their thinking. .

Obssrving classes and analyzing.the daily performance qf

assignments helped-us assess the dynamics of’ the work’being done by

1d reveal
not only whether the children had learned the material but also the .

teather and children at a given time, which i the kex.ji describing

the learning process. We devised special fests which w

degree to which they really understood_it. In addition to familiar

types of ‘exercises, these tescs included problems in which mathematical h
relationships thg children already knew were expressed in an unfamiliar

form for the first time. :To solve these problems it Y § necessary

. to have a real understapding of the material and a grazkcaf the

consequences of certain relationships. In some instance students

were given particularly difficult problems so that we could judge

‘by the way they solved them what the "ceiling" of th understanding
" of the matter was. ‘ '

Individual investigation of what the students knew and how they

thought was of’ special importance. It took two forms: (a) solving
difficult prdblems whose basic content coincided with the material
dealt with in class CHere ¥e were checking particular aspects of the
students' approach to mathematical problems. It is difficult to
agsess these matters when tne whole class is taking a test); (b)

o

performance on a special group of exercises not directly related to

J
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the material already dealt with but through which one may judge

the nature of each ‘student's inner (mental) plane of qperations.3A

(Since these test exercises and problems bear a close relationship T
to the instructional material itself they shall be described as
we glve the rasults of the teaching done by the experimental
. curriculum.f\ ‘
Considerable experimental material has been gathered in the 3
course of our five-year invest%g&tion (publisﬁed in part in our study °
{3], as well as in articles by the teachers, T. A. Frolova [7] and
A. A. Kiryushkipna [11]). We have concentrated on the mo&t character-
istic features of the teaching procegs and its results, the feetures
which are typical of the various classes. These are the featuree
which will be primarily described (naturally 1t will not be feasible’
to talk in detail abdut the characteristics of a particular class).
At the same time, in addition to giving summary.data, the results s
. of the instruction in two or three classes will be traced which were |
observed and ieze§£igated with particular care. . c

-
a

Characteristics and Results of Instructicn by the

- Ex imental Curriculum L _ .
I;;gnge shall subdivide the data atwerding to the main "steps™ in

- the teaching, and describe,‘under each topic, the way the material

{
‘was learned. ; : . {

y -

Topic I -- (comparing and assembling objects according to

various parameters).

Even before children start scpoﬁi, they have faced practical R ‘
problemg of comparing things according te different Rhgsical parameters
(Length, volume, and weight, maiﬁig). At home or in kipderéarten they
have drewn pencil lines‘of equal iehgth, for instance, have cut

circles of the same diameter (or area) okt of paper, or have made

identical "cakes'" (of equal volume) out of wet sand, clay, pr

34Ya. A. Ponomarev has made a systematic- study of our students'

mental plane of operations (the final chapter of this book describes
the methodology of this study and some of its conclusions).
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" work, for instance).

h length, volume, and weight.

plasticine. Many children are familiar with weighing before they
start to school, since they have observed salesclerks at work.
They have also faced the problem of assembling things according to
a model, in one fnrm or another (picking out blocks or doing appliqué
: ! |

We have observed that most urban and ruxal children not only
are familiar with these practical problems but have Sﬁreaé§ learned
some general methods of comparing things byv/ength volumg, weight,
and compo§ition (such as superimposing on material a. model of a -
shape to be cut out, or holding the edge of a ‘block up next to a o
piece of plasticine as i way of comparing their volume). Many
children know the words "length," "weight," "quantity” (in the sense
of volume), and .of course, "more than'' and "less than' #hd analogous
relationships such as 'longer and ' ehorter;' and '"heavier"” and
“lighter." Thius as a rule, by the age of six or seven children have .
a practical grasp of certain quantities, they can distinguish
relationships of the type "more than" and "less than' and use words te
designefz them, and they are guid by these relationships in solving

vpﬂBblems involving the compaYing a d assembling of objects.36 | .f

The goal of Igpic I (whlich lasted six hours) was to discover
and, more important, to systematize the children s notions about
methods of comparing things, and to teach them to make rapid and
accurate associations between certain terms and such parameters as
First tpe children were given the task of selecting, from the

available objects,an object of "the same" length, volume, or color
‘ [y

N

3SBy assembling we mean putting the component parts of a thing
together, after having selected_them from some other material.

36A study made recently by L. A. Levinova showed that many ¢

children of five and a half to seven years of age are able to

distinguish a property such as transitivity elatively well and can -

focus.on it in solving various problems -- in particular, those in e
which the elements being compared are given only orally or are

designated by symbols which haye been agreed upon (such as objects

a, b, and ¢).
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- might be of a different color or iaterial). It turned out that

as a model. The model might differ from the other object; in some ' -
of its pfoperttes (for instance, when length wa; the criterion, it

: ‘ o
initially almost half the children tried to pick out objects which
ware ;dentiv‘l to the models not only in the attribute indicated,
- but 1in other attributes as weli._ For ifStance, 1if length vas iﬁdicated,f
the children tried to find an objeét which matched the model in its
color, material, and other propegpies; Thesé children actually knew
how te focus on a particular attribute, of course, but they still

‘could not abstra%} it from other ﬁrope:ties not mentioned'inéfhe

. problegs when instructfons were_givenfs;ETI?*Tsame of the children-
 did haodle this successfully). ,
But by solving special problems, all the children quickly -

' learned to choose objects according to a single attribute. The same
’,object (such as a sfriﬁ of paper) could be the basis for the gelection ’
of various objébts (some by length, others by color, and so forth). |
-In the course of this work ﬁhe children gained practice in such .

skills ég\guperimposing‘oﬁe object on another (selection by length)?"
gytting the edges of blocks together (in selection by volume), and
so forth. _

.The next problems :gquiéed‘thé children not simply to ckoose

but tQ$E§EE a new object which matched the model in a particular _
‘~attribute. As they worked with strips of paper, small sticks, blocks *

and'plasﬁicine, water and weights, they learned to perform su .
tasks as making a piece of plasticine of the same volume as a%§lggk ~
(children usually call volume Jéize”), cutting a strip of paper the .

same length as a stick, matching weights, apd sé forth. They were
given gpegial exercises‘to introduce theém to '"making" an object out
of its compénent parts. It was ﬁointed out to them that things can
be matched byltheir gufatioﬁ or by their volume. ,
Understandably, tﬁ;s matching was done by the simplest practical
methods of direct sense perception (eye,-ear, etc.), In some cases. ~
(involving length or weight, for instance) the mé;ch witg the model

was relatively precise, while in others (sdch as making a %}a§ticine

-

-+

147

~

B



—~p
block) it wad hard for the chiidren to achieve the desired "fit"

Ay

. with the model, and they were quite aware of the possibility of
greater accuracy even though they could not actually attain it. T~
It is striking that many of the children grasped ‘the ctonditional,
- approximate nature of this match. In fact, some’ openly said that
"you can't de it gxactly anyhow" by eye, that "you'd have to have 'a
— special kind-of machine' (statements by Dima K., Tolya V., and
. others).» Some children, however, evaluated the results of the matching,.
categorically and "abgolutely" ‘("I made a stick just like it”),a
they did not see the practical.possibility of further improvement.
If they noticed a discrepancy or’ sensed" that their object might
deviate from the model they would agree with the teacher about the
possibility of "perfecting' the objeet in principle ("But it's )
supposed- to be very exaet -~ 1'11 try to do it. . ." said, Nadya D.,
 from Moscow). | , y | .
»  #The teachers indicated td the'children that the matching they
'wege doing was approximate, that deviation from the model might occur
but that it shoyld be as unnoticeable as possible. It is important '
tP note that the children understood this "limitation” which fprced
§ : them to qualify somewhat their statement that their object matched -~
the model {(/'We could say that the block is the same volume, but is
is a tiny little bit different. . ." was the view of Zhenya T. fdgm
«  Mednoe). At the same time when seme of the children (generally about
a third in each class) were asked directly, "Might there be a difference
here? Look carefully'"} they attempted not only to find it but to
"remove' it. But if they did not notice such a difference or noticed 1t
but could not eliminate it, they hesitated about whethex the object
.and the model could be considered equal ("I don't know. . . they might
be equal. . « Lyuba V. from Moscow gaid; "They're suppqsed to be

equal . . .} but I don't know if they are,’ said Vanya 0. from Moecow).37

3?During the work on Topic II all the children be#ome distinctly

aware .of the practical necessity for tolerating possible imprecisioen,
and the conditional pature.of statehents about the equallty of objects.,
; .

»
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Using objects.as alds to examine the _relationships of equality
i “

 and inequality assumes that the children are capable, of "separating"
the directly observable properties of the objccts ffom cersaine/

theoretical assumptions made in discussing these properties. This

A}

'interesting‘matter needs further study since it concerns the'child's
- developing theoretical judgment and his understanding’ of conditionality

and assumptions; counterbalancing direct observation;

The work done with all the experimental classes shows that children
have no difficulty learning the material ‘in Topic I (within the '
limits indicated in our curriculum). After five. or six lessons .

‘nearly all could select or make —— within practical limits-- an -

object which "matches” a given model. They could use the same thing

- for various models if the various parameters of it were indicated

to them., By this time all the childrén clearly and rapidly associated

the terms "length,” "volume," and so on with the corresponding

aSpéc:s of the things.

» x

fogic II -- (comparison; letter formulas for equality

and ineqnaliuy) Compgring and assembling are practical operations.

‘ 'which result in new things (such as a board equal’ in length to the

'.attribute, however, 1s a theoretical operation. It results in

model, or a weight as heavy as another). Comparing objects for an

knowledge about a particular type of relationship between objects, ,v
A course of practical operations may be charted on the basis of it.38
In Topfe II, children were introduced to the comparison qf
objects’according to particular parametérs where three forms of
relationships were distinguished and the results of the comparison

recorded in a letter formula. First the chi}dren were to determine

whether the material (strips of paper, sticks, etc.) would be

" sultable for comparing with the model. -In some cases they found 3

that the materigl would do -- and what is more, that'"nothing had to
be done" to it since it was "already just like the stick” (the
model, that is}. In othex cases the material would not do -- it

was ''shorter" or méller.

8Us;ing cbjects to make compérisons does not change the theoretical
nature of the matter, for the result of this operation is particular
knowledge rather than a thing made (or picked out).

>
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N The results of a comparison were usually formulated verballx;
"This board is the same length as that one" (with the anrdé being -
" held up)y ox "there is less water in the mug on the left tham in , - A
the one oh the right." 'Some children made this kind of distdggetion:
"These are equal but these are not." The teacler would "accept”

such answers but immediately demand that they be made more precise --

what else tould-be said? The éupils rapidly found the answers V _
. (loager;'lighter, and so foxth).: T - ' .

The teacher wpuld say to the pupils:‘ "Look é;ound gad’finé |
objects which are equal (or uneghal) in some attr%?ute" (the children
understood this term well). Some gupi£§ were able to point to the
windows in t%e classroom: "They\are eéual in size" -(they meant |
area). Others would hold up pencils: "The red pencil- is lonéef than ~
the blue one."” As a rule, many answgrs were given. .

At this point the children used the words "more than" and "Less
than' most often enly to regér to volume. In other cases they gave
‘the direct qualitative characterise;cs;. thiéker and thinner, longer/.
and shorter, heavier and lighter, and so forth. They needed special
work in order to be able to "reduce" all these characteristics to
the abstraction "more than" and "less than." It was carried out
graduaily and in several -stages. A

Fifst the childrengwould detefmine,on~th;ir own, the attrigptes
by which certaln objects could be compared. We shallk quéle from the .
report of a\lessdn on Septem%er 8, 1963 (in Moscow) where this work °
was being done. The ﬁéacher'showed the children two weights (one

black and one white) and asked by what attributes they could be

_ » i ’f
compared. . - L. .

Pupils: They can be compared by wedght (they point to
- the scales), by height, or by their bottog9
. L (they mean the size or area of ,the base).

AN

.

Teacher: What might §ou say?

_ 39These ansvers were given.by individual pupils, of course.
érre similar angwers which came in succession are combined (this
. to shorten the description of the legsons). Here and below,
typical answers will be indicated under g$he heading 'pupils's (while
in other instances we shall quote answers gilven by particular pupils).

Pl §
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ot " Pupils:  They are unequall (in weight or height).

Teacher: How can you express this more precigely?

Pupilss, The black weight ig heavier, higher
& bigger, thicker than.the white one.

: - { . .
Teacher: What does that mean -- heavier? That the o -
. black wejight weighs less than the white one? - f
Pupils: (They-lgﬁgh.) No, not less, but heavier. : .*' =~ .

It weighs more.

-

TeacheriﬂThe white weight is lighter -- how else might
' vou say that? _ .

*

* - Pupils:‘ (About half the class raise their hands.) The . Qg’\l
o ° white weight is lessh lighter in weight than g
v < the Black one. , . .

) Anaiogous work is done on other attributes as well with the teachér
supplying ‘leading questions, Along with the teacher the children A
- establish that "heaviér" is more in weight,'”fbnger is more in length
(or '"height! or "stature"), "harder" {s more in hardness, and so forth
. (andcorrespondingly for "lesé") In connection with#this,’ibe teacher:
gives the children various prcblems requiring this kind of ”deciphering.@éo‘
Special attention is drawn then to the fact that such words as
"longer ‘and ' 'heavier" in themselves tell what attributes are being
compared (when the children are- given problems using these words, they

find the necessary objects). But if the words '’ mQre and "less" are

-

"+ used, one mus te in addition what attribute is being compared (such

G
Mo~

as weight or
The éoncluding /bf this work was to point out that if it is
possible to find the attribute by which the objgcts are being comﬁéged,,

lthen they wﬁfl be either gqual or uneqpal written using the special

symbols "=" and "#.' But the latter symbol can itself be made more
precise, With igéqqality, one obgect is less than or more “than the

LA

Toe * * -
other. (in the particular attribute), written using the“symbols "<" and

o e

W ‘- ' -
N [

_ OClasswork consisted of specific problems the*chlildren were to
solve by working on their own with &bjects, ob‘g?%ivg operatlons by
the teacher or other pupils, and seeking and formulating verbal
answers. 4These problems are presented In the summary of the lessonss
Since it is not pessible to quote them fully here, in a.number of -
instagmees we uge such expressions as "the children establish” or "it
is p ted ouuéﬁjthe pupils” to designaté these proQ;ems and their

o :
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S The children learned to use all lof ‘these symbols to record the
results of comparison®: They also performed the "reverse' tasks.
Guided by the written symbols (''< ”‘ ">}, they would select the most
diverse objects to illustrate the relationships indicated -- blocks and
mugs (for volume), squares and triangles (for area), and bars (for -
weight). (The 'work being discussed involved special teaching aids.
In actuality, however, probldis were. constantly being given, both at
this poiﬁt and later, which'required the children to find these
relationships In the real-life objects around thetn, ) . $
A problem arose here in that relationships haé to be given

according to the special fule "from left to right" ("thls is less
than that“ -- from left to right). From five to sevenvéhildren (out
of 32 to 37) in each class needed special instructions from the teacher
and a number of special.exerciSes in order to learn the "direction"
of the compargson. The rest of the children mastered this pbint
completely after one or two explanations.

| Ab mentioned earlier, Topic I included problems of assembling as
well as ones of comparing. This, practical activity also has' its 7

theoretical parallel, a special form of comparison which was demon- -

strated to .the children and Whicﬁ was of great importance later when
they, came to numbers. Inasmuch as this form of comparison is quite |
out of the ordinary and the way Its results are evaluated -is unusual,
it would be best to digress from our presentation of the instruction
process and describe- it brlefly.

Imagine that a group of children are to be given a pencil apiece
(this is a problem of assembling in which thg mohel of the compleﬁeng
is "a child with a pencil™). One must firsg determine the relation

between the group of children and the %Foup of available pencils --

that is, determine whether there are gﬁough pencils. <
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° ‘ Figure 1. —— Comparison of aggregates of .objects.

' This is a comparison problém, The methoé of solving it (without
using numbers) 1s obvious -- each pencil is given to one pupil; a .
"one-to-one correspondence’ is established (Figure 1). Three different
ané@efs a;e possible. The groups are efual, there are more pupils ;
than pencils, or éhere are fewer pupils ﬁhan pencils, Before the
'-comparison was made, tﬁe criterion for- it was indigéied (each )
pencil is put with an individual pupil, which is the requirement that
follows from the model). The groups of "objects" have been turned
into quantities (see Kagan's definition, p 127) l .

- This particulag}gg;;;rison is striking in that the criterion
for 1t is the qutaposition of two physically distinct objects. But
an important matter has been left out. In actuality when a practical
problem 1s solveé.the objects have to be assembled according to the
most div%;se eriteria, with comparison of the objects sgparately
being onf§ a pérticular instance (the very concept of 'complement"
indicates this). A whole group of oﬁjects from one aggregate may go
Jwith (correspond to) one physically distinct object from another
aggregate. The correspondence is determined in each_instancé by the

. s
actual situation and the characteristics of the complement which,

since it is the medel, dictates the criterion for comparison.

-
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Apparently because of the specific nature of these criteria, they
have not become generalized under a "*single" parametér such as
"recognized quantities” have, with their special designation such
as "length" or "hardness" (see Kagan's ideas about the way these
designations have come about flO:lOS]). '

Here is an example of the comparison of elements pf~éonditional
aggregates (Figure 2). ’The model of the complement (a) and its
component 'parts’ (the aggregates of "thick" (b) and "thin" (c) bars)

are given. The groups of 'parts' are to be compared accerding to tgé

* : . Vi "
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5 Figure 2. ——#Comparison'bf aggregates of )

. objects according to the criterion given
vy the "composite element”: (a) is the
fiodel of the complement; (b) and (c) are
parts of the complement (their position
before they are compared); (d) is the
‘comparison of the parts and the results
of it.

¢

criterion contained in the model‘(a.groug of three ''thin'" bars

corresponds to a "thick" bar). One may conclude from comparing them

(d) that, first, the aggregates are unequal, and second, the left omne
is greater than the-right one (with respect to the criterion given).
The principle of ”one—to—one'correspondenCe" has not been violated,
for Ehe very method of comparison, the very operation required to
satisfy the triterion, "shaped' the groups of physically distinct
objects into abstract elements (indicated by brackets in the illustration).

But a "distinct' element which is formed éx_ég.ogeration in fulfillment

'\
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of some criterion cannot be identified with\fny phyéically distinct

thing at 811.41 o ‘ -

- .

Aggregatés of discontinuous objects based on some criterion

determined by the characteristics of the.model of a complement may
F . . . .

thus be turned into a quantity. At the same time it should be

" emphasized that this will be a quantity of a special kind not
identical with the physical gquantities usually designated by this
term. | B '

There were problems in Topic II which required the pupils to

'coméare aggregates of'objects,'withla number of instancges in whicﬁ
‘'groups of elements" were to be compared (the characteristics of the
model of the compieme t détérmined_tbis). The children solveg all
the problems involvi comparison of distinct chjects.rapidly and
with almost no errors. They would confidently place the objects in
vertical "columns" (with the teacher showing how they were to be
arranged) and, after comparing the objects horizontally, would formu-
late the aneﬁer orally or would record it with a symhol (equai.to,

~ more than, or less than). | ~ !

Probleﬁs involving "groups of eleménts" caused many childrénﬁ?
difficulty. For instance, they were told to choose ''bricks" to build
a "little house." chﬁ "house" was to consist of a big block and
several small ones (Figure 3a). They*had to.sort out the available

‘material for each house and compare the groups of blocks (they readily
\ ¥

-

4lof course, the theoretical mathematician working at the level
of concepts has in mind an abstraction having any concrete physical
meaning rather than something 'physically'distinct. Unfortunately,
in the area of mathematics teaching methods, this abstraction or
abstract distinctness is identified with actual physically distinct
things. In our view this leads to serious difficulties in teaching.

42Our general quantitative terms have the following meanigg
(here. and below). '"Many children” means about two-thirds of all the
pupils in the class (out of 32 to 37); "the majority of the children"”
means more than two—thirds of the pupils (27 to 31 out of 32 to 37);
"almost all the children' means the pupils in the class with the
exception of one, twogor three.
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‘understood® and used the word "group'). When given the problem,

-
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Figure 3. -- Diagrams of incorrect (b)

and correct (c) utilization of a criter-
ion provided by a model of a complement

(a). .
many of the children arranged the blocks one to one (Figure 3b).
It turned out that there were fewer big blocks than little ones. v
But some. of the children laid them out correctly and obtained an
~ equality (Fiéure 3c). The tefcher would juxtapose these answers and,
aided by‘the children, would explain the causes of the difference
between them, and then would draw attentlon to the model. Then for
thg purposes of demonstration he would solve an analogous problem
&h the children observing). He would use the same collection of
) oﬁjects‘(such as the blocks) but a #fferent model, and the rgsults .
of comparing the groups would differ. This would deménstrate to the
' children again and again that in makingessuch a comparison, dée must
always know and remember why the objects are being "gelected" and
what needs to be '"looked at" or '"remembered'" in order to make an
accurate comparison. ' ‘ ) .
It should be nc%ed that once they had correctly arranged the
”grouﬁs of elements,'" the children had no particular Jifficulty‘

determining the actual relationships of equality and inequality.

o
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~ The question accompgﬁying the problem.was usually phrased this way,

"What can we say about the left and right grodps if &g need to find

out whether there are enough of these materials (bricks, balls, and

so forth) to . L (A description of the complement would follow W e
here.) As a rule th%ﬁ hildren would stwer correctly, 'There are
enough ~- the left gfuup and right gronp ‘are aqual," or "there aren’t
enough -- there age more on the left." There migﬁ;in fact be fewer
separate elementsfin the left group here than in the right one. The
point was that the comparison was being made according to a particuiar
criterion, * ‘

e children experienced new difficulties in certain conflict

situa s For instance, G. G. Mikulina. (of Moscow) gave the
children the following problem in the twelfth lesson. Shé drew* some
migs on the board.43 Thg children were to make & cbpy in the£2.
notebooks in the same o;der and, after comparing them to a given
vcomplemeﬁt (Figure 4a), wefE to record the result. Many of the

children, corréétly following £he criterion glven (a little mug goes

with gaEh big one), wrote an‘”equals” sign. But some confidently

put the symbol for inequality (#) and, to make its meaning mere specific,
put in the symbol for “"less tﬂan.”. This was their reaéohing, "The

‘mugs on the left will hgld less than the ones on the right, so I put

‘the sign for 'lessthan'' (Serezha R.).

.

\ 9 1

a g
c
Figufc 4, -- Diagram of the "collision"

.i

of criteria of comparison: (a) is the
complement model; (b)* and (c) are the
aggregates being c§mpared. In a com-
parison by volume, b < ¢; in a compar-

- ison according to the complement, b = c,.

~

3In the tenth lesson the children had begun to draw sketches of
the Objectg\geing compared; the method of transition is explained later.
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~ Thus these children were comparing the mugs not according te
the complement but Ez_volumeQ For them the simpler and more familiar
critefion "won out.'" Using this example, the teacher showed the
pupils that ié'was possible to compare the same objects for various
atqsibﬁtes,'and.she emphasized the importance‘bf keeping them care-
fully in mind when working with them (all the children solved the
next "conflict" probléms correctly). \.
At first glance these problems seem artificial and unnecessary
(as we have been told upon occasion). But as we see it, such an
attitude is a manifestation of an unwillingness to '"rummage’ in the
sources of mathematical éssumptioné about which Kolmogorov was speaking
and which, unfortunately, one still finds. Of course a person who
has already learned an abstraction which embodies certain assumptions,
and -who is alcustomed to using numbers (and can even divide tuéSx
"cracks" these problems 'like nuts." But the child has not learned
such criteria. For him they all need to be deduced. As a part of
such learning he must be shown the difference between the immediate
characteristics of things and the approach to them from the stand-
point of mathematical problems.
Thus, the essence of ajgzﬁhematical problem. does not change as
the criteria of comparison changed. And this is the very point
which needs to be made pla§n'to the child in demonZtrating tﬁe possi-

bility of changing the criteria for the same .objects. In this pro-

cess it becomes clear that even though the specific form of a relation

may change (equality being replaced by inequality), the operation of

comparison itself remains the same, overruling the customary direct
evaluations (a group is défined as "larger," for example, even though
it might have fewer indlvidual elements in it than the "smaller" one).
Furthermore, working such problems undoes the tendency to evaluate the
relations between objects from the point of view of one particu%ar
* abstract illustrative case, when a ”one-to—oﬁe” correspondence is
identified in adggneef@ﬂfh the direct correspondence between specific
things.
]
* The children themselves enjoyed solving problems involving a

change in the criteria of comparison {with both discontinuous and
“‘ |0.
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continuous objects). E. S. Orlova's class (in September, 1964)
was particularly-lively during this phase. The children solved
¢#'hard" problems with interest and carried on an intelligent discussion

about the reas

v the form-of relationship chénges during compari;on..
They learned to pr themselves carefully to the criteria indicated

4ar implied.(rﬂrFuEh-‘ ing on the model), as was evident in their

performance on difficult tests. And in the second semester, when they
went over to_gsiﬂg numbers, these children had virtually no difficulty
- evalyating the numerical characteristics of an 8bject from the stan?—

4 point of any or a changing base of counting (especially with a com—

S posite" base). From these data it may be concluded that the direct
| relationship to a separate object as~t¥ it were an absolute brick for

‘building mathematical models was ''undermined" from the very beginning
in our children.44 ‘

R One of the main items in Topic II is the representation of
relationships using formulas. The shift to this representation is
.achieved rhrougﬂ'two intermediatglstages -- first a "copies'" drawing,
then an "abstract" representation with lines. In the ninth or tenth
lesson the teacher asks gie children to solve problems using objeqks

.. drawn on the board (mugs, blocks, and various “parts"lto be assembled

) such as a "bicycle" and its 'wheels"). These drawings are substitutes
for real objects although they" resemble them. True, there is much
oversimplification. A blogk may be represented by a-square - that is,
by just one of its surfaces. The cﬁildren make corresponding drawings
in their-notebooks, find the relatiOnsgips between the "objects”‘
in them, and put 1in the sprols;

With this method of working, the children can make abstractions .
from the immediate, material "texture" of the objects they are comparing
and more distinctly isolate the criteria of comparison in them. And
it becomes easier for the teacher to select problems, since the most
diverse objects can be shown in drawings Working with the drawings
does not in itself cause any particular: difficulty The children

y

!

v

4 ]
Again we should mention that "s;eparate object"” is not identical

with the concept of a !separate element' (of a set) in the abstract

mathematigal sense. ] ! P

3

3 159 ! —




transfer the methods they had used in comparing the objedts (Figure 5).
B
\ | ~
a I ' \
- | ﬁr@
‘ > h
[I:] '[:]§?~L3
. | [:] . ' -
o e
Figure 5. -- Representing the results of . ] .

. comparison in a copied drawing (notebook
of Olya U., a first-grade pupil in Moscow).

ol

" At the same time the conditional nature of the connection be-
tween the statement and symbol for the relationship of equality, and
\\, ' the representation of it in a drawing, becomes particularly apparent .
_ at this stage, since the lines, squares, and circles are "equal
ﬂ'k\ only in a very\approximate'way (all the more so because the children
\ usually draw hdphazardly). In September, 1962, we tested the children's
\\ettitude toward this fact. In individual conference each pupil in
a\Moscow class (there were thirty-two in all) was shown a large or
x'shall inaccuracy in 2 sketch he had made representing an equality.
In énswer, twenty-one of them {mmediately cited the symbol ("But I
. have an equals sign there, so that means they [the sqﬁhres] are equal,”
was Tanya Z.'s answer) ' The other eleven started to "improve on"
their sketch, attempting to make the elements of it as nearly egual
‘as possible. Then eight of these pupils also refenred to the symbol
(although four of them had not putﬂit in), and three considered the
improved representation itgelf “cgnvincing” enough to d&monstrate
fthe‘eqnality of the objects. i ) -
Thus the majority of the ghildren\dn this class (as in‘the others,
by the way) were guided basically by the assertﬁon of equality and by
e the symbdl for it, and not by the representatien of this equality in a

drawing (which {s itself a symbol). .

- In thé first variants of the curriculum, the shiit to letter

Y
1

S v ' _ . , ~

—

.



symbols came immediately after this stage. It proceeded satisfac-

torilyon the surface; but special checking shewed that many of the

child;en»theh had difficulty "interpreting' the meaning of the letter

designations.

In subsequent years, therefore, another stage of work

between the "copied" drawing and letter formulas was included:: using

the relationship between lines to represent the results of a comparison

of objeéts by afly criteria at all.

The necessity of using such a means became apparent at the pre-

‘ceding stage when the results of comparing the heaviness of weights

" or the loudness of sounds could not be depicted in a drawing. The

‘teacher would take the verbal definitions of the relétionships the
' "

pupils had found (éuch'as ”héévier,'

' meaning more than, or "louder,"

- meaning more than,\izé so on), and show that these results can be

"written" using lines. The relationship between the length of the

lines cgrrésponds to the relationship between the objects according

to the giveﬁ parameter (such as weight or loudness).

-

The following quotation is from the record ;kxa first-grade class

at the Tula school (V. P. Polyakova,;teachgp}v\\\

Teacher:

Tolya S:

Nina K:°

[
Teacher:

.- Pupils:

Teacher:

Pupils:

The weight on the” left fgfggavier « « + (points to the
scales). What is another way of saying that?

] -

It (the weight) . . . W ghs more than the other one.
The weight on the righ§ weighs less.®
Right. The weights look as 1if they are identical but

they differ in weight. How can we write this, mention-
ing the weights amd what we found out about them?

_Let's write down our result using lines ~- here, I'll

draw them -- one on the left for the left one, and the
right one on the right. I'll make them the same length,
since ong of the weights weighs less than the ‘other . .

(Many of them raise their hands immediately; there is
a buzz of astonishment.) Not that way: The weights
don't ¥eigh the same but the lines on the board are
the same length. They shouldn't be equal.

Then what should I do? Can T use lines to show what
the welghts are liKe, or not?

You can! But not. that way!

e ol

v 161



- & . s

#  Teacher: Then how? Who can de it? .
Pupils:  (Several hands go up -- ten or twelve out of thirty-
' four )

. Teacher: (Calls three pupils to the board.) You each do it
B .as you think it should be done. The others draw it
‘your own way in your notebooks.

- ‘
The pupils did this (tﬁe drawings expressed the rélationship
correctly), and then they- discussed the results with the rest
of the class.”
Lines were thee used in this .lesson to repreeent the relationships.
"more.than" And "equal to" in weight,'and to represent all three
%elationships in comparisons by volume, by the duration of a sound
uttered, and by the compositicn of groups of objects.

The teachers gave the children ''reverse' problems as well. _
Going by lines drawn on the board, they were to select objects which
. woul& vield\this resqlt if compared. As they'discussea pdeeible
‘errors, the thildren were repeatedly made to realize that only the
relationship between the lengths of the lines mattered in recoxrding o
the:results this way -~ and it was to be the same'relatisnshiblas the
one yielded by the comparison. A series of drawings appeared in the
chilgtén's notebooks done with colored pencils. In recording the
results of the same comparison’ different children drew their pair
of lines of different "sizes." The teachers took the following _
approach at this ‘point. The§ would show the class notebooks in which
-the pairs of lines were differept(}n length. Tﬁz question would be
posedy "Are these drawings identical or not?" A discussion would
begin,:and the children would establish that the "drawings" were :
idensgcal since each pair of lines showed the results of the comparison

¥ And several

accurately, and that they were "about the same thing.
more such "clashes' between the meaning and the external appearance
of a notation were set up (Figure 6a).

\ Several lessons later the pupils were given an unexpected prob-
lem. They were to use circles instead of lines to record the result
of a comparison of any two children's'ﬁeight. Could this be done?

- Many of the children thought so and wrote the answer in their notebook

162
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Figure 6. ;-,3epresenting.the results of
comparison through the relationship be-
tween lines, circles, or squares: (a) .
comparison volume (each pair of lines :
is identical to the others in meaning);

" (b) comparison of sounds by loudness and
by duratiqn.

“or on the board with no help. As a rule; the re;atiohship between

the areas of-the circles would c bond to the results. The teacher
would show the children that squares or triangles could be used to'
record the same thing and that what was important was to make the
relationship between their "size" (area) the same as that in’the
comparison. This activity interested the children.greatly. They
were particularly excited about problems in which the results of a
comparison of the 1oudness of sounds, for instance, could be. recorded
by any means other than the '‘customary” lines. The pupils would

use circles, triangles, and squares which, in %the relationship

between their areas, accurately depicted the relationship between the

oloudness or duration of two sounds (Figure 6b). The majority of the

. *

children could correctly explain the meaning of what they had put down,
the connection betweep what was being compared and how it was repre—
sented, and alsc the faqt that these differed completely except for
the matter of “"more" and Hless." - S

-

This phase of the work thus introduced means of transcription
[} L i
whose physical characteristics. had nothing in common with the charac-
teristics of the objects being compared (such as the loudness of a

sound being depicted by using squares). Tﬁe possibility of such a

transcription is determined solely by the isomorphism of.thegrelation—

'Y
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ships of equality and inequality themselves, which actually reveal
their pure form through such "transformations"\and become a subject
which can be dealt with later #

¢

This stage of the work was of great importance to the children. »

"In the finst place, it clarified and justi%ied for them the very
- possibility of represent;ng "311 in one' this way. And in the second

place, many of them,’ when interpreting a {elationship given, in a .
symbol, now tried not only to select actual objetts (such as sticks or

blocks) but also to represent the relationship ' ‘rapidly" in a symbolic

dréwing in their notebook (lines being dxawn or squares sketched to
correspond to the symbol given). What becoPes central for the children .
'is the relationship itself its type, rather than the objects through

-whi&h it may manifest itself.

On this basis a newsform of ganscrip&on —-— using letters —=°
was introduced (in the fiffeenth or sixteenth lesson) The direct
introduction of letter formulas in’ these lessons was preceded by -
preparatory work meant é; make two mattess clear to the children:

(a) the regults of comparison by a single attribute may be recorded
uSing.defe}ent "signs" (lines, sqd;res,‘circles.and symbols),&and

(b) these signs tedl about the weight; volume, hardness, or other

attribute of one object ig_éomgarison (precisely this: in comparison)
with the weight,/volumq! or hardness of another object or objects.o
These matters were usually studied by recording the results of varVous

comparfsons of a metallic weight and a hlock of wood (the weight was
heavier but of less volume). ) ' *
The Qeacher would give the pupils "freedom" in_ the cheice of | -
signs and then, holding up their notebboks, would show that diéfferent
tchildren had differdnt signs (some had'lines, others had circles, and ‘ﬁlf
so on) "You can do it this v," of course, but it 'is better to
choose a sign which is uniforggand coﬁstan; for everyone, Ag such a- -
gign, the teacher says, people have chosef the letter. If, for

instance, a weight and a block are being compared for hea&iness, the

%

. heaviness”qf the weight may be designated by the letter A, and that

of the prck by the letter B (the teacher writes A ... B on the ‘.

board). 45 But thesa letters are equal in "size'" and are different -
,.% - - ‘ -&.‘ ' (
&SThe actual work of teacher and pupils in these lessons 1is only ”
summarized here. 164 . : - .
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v in this way from other signs such as. squares. . What shall we do?

How are we to- tead what we have written 1f we knaw that the heaviness . / '

@

the pupils toward the goal by saying, "The heaviness of theweight is
N
A A and that of the bloek is B,& an& a substantial number of the .

\

‘qrally first.

thaﬂ‘the heavinegs of the block 8.4
. With the chidHens
. that the‘ symbol £

put it in.

' tription would be decoded again, the children taking turns exp&sining

b:Lts meahing:

of ‘the weight is greater than that of ‘the block?

They;would thus obtain the formula A > B.

"The heaviness of the weight, that's A, 'is more than B

The teacher gu;des _" oy

;;J childrén could continue on their pwn. They formulated the answer - G -

"The heaviness of the weight is A, ~and 1t is greater
. ¢
s participation, the teacher Would establish ’

‘ea\‘i

N

) \\“r"‘é‘ -
This trans- .

oy e

\ the heaviness §ﬁ the block.?‘ The teacher then replaced this paix of T . ..

% objects with a new pair to be cpmpared -- a an weight and 2 block 'ﬁ
- }

V. preserving the relationship between them but\ differing irom the former - . .

’ ones in size and color“ Co . ' -t T . | ,

} : -Teachhr: What results do we get from comparing these Bbjects

‘ Y- by wei§ht? A . S

?\‘: e . . - B . + @
T pypils: Again. the weight is tfeavier thin the block,. )

3 # , . . ' .
. Teaclier: Now vou kriow' a new slgn to use to record the reaults "
L e of a comparison. Well, sqg 1f you can use 1t. How
. .. 7 _ do you write the weight of this weight? The weight

DA ‘of ‘the . block? 'Let's write it o
A ' Pupils: With the letter A ind the letter B (follow1ng the
’ i_f . teacher, they write A ... B 1n thelt notebooks)
. j.Teacth: ﬁbes what’ you hﬁve written tell us eWerything already? .
-~ f Pupils: No! This tells about‘the weight here . ; . but we , .
. still néed sQgethidg about the result®. . . v -
. IR . - . . o ' . , N
. r . . » .
) ‘ Teach®r: . What & ve know @out these results? How shquld we
G rd them here when we have the letters? ' Try to do

“a
=3

it yOurselves.

2 i " ~ - *
¢ ) . . ' . g ) . B R ) A{
oy s

‘.ﬁt thfs pofnt ‘they had ofily’ begun to read and write, and of :
course 1in mathematitq cldsses the. teacher”reiled on their preschool . -
fexperience in writing "prin‘ﬂﬁ” letters. L, (ﬂ LM .ty { .

“ e L ) .
- " ‘ - ' ! - ' ‘ : .
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Many of theﬂpugiisﬁlgoisg by the preceding transcription, put
in the—symbol accuratesy between the letters: A > B; out severial
* put 1t a line Power, aiizough they were able to give an accurate

. explanation of what they. had written. 3 .

\ The teachet checked the work, again demonstrated the Eg&gg of

s ‘trsnscription’snd the proper places.for the symbols, and asked

about the meaming of the formula and of each of the signs in it. .
Teacher: We read it this way,‘childreh: A is more than B. But®
: . what is 'A<and what s B? What does what we have
. 3 written tell us? X '
Pupils: It saysewe have compared the:weight and the block for
. heaviness: The Heaviness of the weight is A, and that

Co . - ~.of the block is B. The weight weighs more than the

s _ block. The weight of the weight is more than the' -
* - \' .. w&ight of the block, This is written: A is more than:

o ‘
. The teacher .could substitute a new pair of objects and agaim compare

them by weight, but this time the weight could be lighter than the

»

block. The formula A < B would be written down and its msaning inter-

- preted. Then the same objects could be. compaxed by- another parameter -
3 " volume. The teacher wou}d emphasize here that the objects were ‘the same
' -but the attribute by which they were being compared had changed. At -
)
first the children, worklng orally with sssistance from the teacher,
.Atwqpld find that the weight is less’ in volume than the-block.
’ Teacher: Before, vou used to record such results this way with
" ' ' the Tine on the left shorter than the right one (hé
shows them). But flow we know~apother sign --.a letter.
If we desigpate the volume of this weighw by the letter
i A, tHen how might we designate the volume of the block?
. N LN .
. Pypils:. By theQBetter B  (however, several of the children Begin
. ) to show initriative and suggest a different ietter -- )
v Ce c, D, or E). .
. e ’ s . 'y
o Teacher: Good. Write it this way: A . . . B. What 1s A and what
- is B? . ) Y .’
’ r~ . ' . ' .- . <
c{ The pupilscanswer correctly.
“Teacﬁer: But w an use a different letter to désignate the 'v}
- volume oI\the %lock' Someone has already suggested
Y S ' D. Let's ¥rite i# underneath: tA . . . D. Have you
. " \ L] N . h] L4 I_— .
- doreit?~ L . . . .
‘ Bf. . . . ' l_ ,* . o .
‘ ‘ . 166 ( & '
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Pupils: . There isn't any symbol (they put a symbol in both
N formulas: A < B, A < D).

Then the teacher questions the pupils to clarify with theg_the
meaning of the formulas, and to establish that these formulas are
saying the same thing: That the volume of the weight is less than
the volume of the block (A is less than B; A is less than D). As
he does” this, 4 constantly reminds the children that the letters

are '"talking" about the attribute under comparison: the heaviness

! i 4
of the weight, in the one case, and 1its volumeL(or hardness., or height,

.and so on), in the other. But the lettaiﬁ do not in themselves regis-

-';er the results of a comparison. -A'symbol is needeq to connect them.

..

And only. the whole formulav(the children were given this term right

away) tells about these results, wh the weight or volume or length

-

of one object is in comparison with the weight ar vol&me or length £

of another. ' . - Lol

L0 J
. In the course .of several lessons, by introdué&ng more and mqre
3}

- new parameters (the loudness an¢ duration of sounds, thj area oﬁ fig—

"ures‘and real objects, the strength of a blow, the composition of . G

groups of objects to be aséembled)ukano:only a sgall selection of
letters -~ A, B, C, and D, the teacher trwined the ch}ldrbn to use

the new form of transcription. In many of theaproolens.the'children'
were given a formula, such as A = B, and were to select objects which
would yield this result if compared for .some attribute Here/1s .an
excerpt from the report of a lesson on September 21 1964 (in a Moscow ..

claqs, with E. S, Orlova, teacher)'

Teacher: Show us the objects you have choseh. Misha, you Hive
two new pencils thére. Why.did you pick pencils like ‘
M ., - these and not these (takes pencils of differing length
{ , from a pupil's desk)? - - r N
Misha V: Not ‘those —--it says in the formula -on-the board that :
: we have an equality: A is equal to B.- I tosk penclls
and compared them, ardd these two are equal in length
. (he hotds them up). _-

Teacher: .Good. What do the Letterq A and B tsll you? r ‘

Misha V: . They say that the pencils are equal

A

Teacher: Is that what the letters.say. lhey themselves, A and
B B hera, tcll about equality? . A
* .

"
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‘The pupils raise their hands. The class #€ animated.

Teacher: We won't help him for the time being! Now think.
Misha V: (after a short pause) The.letters tell me ‘about the
- length of the pencils -- this ¢ne and this one.

Teacher: Is that all? 1f the letters tell about the length,
B then I'1ll take a pencil of this length -- this is A,
& and one of this length T— this is B: What I get is .
‘ that .A is less than B. S

Pupils: You can't take thoge -- then you have a different formula.

\ i . . ”
Misha V: We have an equality —- there is an equal sign there.
y We have to take pencile of equal length and then 1it's
. right.. ‘>
. Teacher: Then what tells about the equality itself? ;

Pngils: The symbol between the letters —-- the whole formula.

Teacher: Now I'm changing the Symbol in my formula to read A
is less than B. Can you find objects to show what
this means? ’ —
. "
The children find appropriate objects; the teacher reviews the
» basis for the choice: the meaning of the letters, the symbols, .
and the formula as a whole; we should note that the children choose
objects which can be compared by various parameters, some of
them even demonstrating the inequality of groups o\ objects

according to some criterion.

0

A special series of problems in the form of games was introduced
in order to guide the children toward the idea of a collection of
formulas by wﬁich all possible relatienships could be expressed. The
teacper\would use the pupils' own work to shee that, despite the °
varistions among the objects being compared for length, for instance
(from pencils and strips of paper to the children's own height), and
despite all the differences in length of objects designated by the same
"name" (such as strips of paper), one gets either an equality or an ~
inequality, and the latter will be either "more than" or "less than.'

Therefore, no matter what objects are compared, we will get either

\the forﬁula A = B or the formula A,# B. An inequality‘will be speci-

fied as either A > B or A < B. The children would rela%{,&he results

of par?;;ular comparisons they made to this network of formulas they



had written in their notebooks. ‘At a special lesson, under the

' ;ghidance of the teachaé, they excé;}gd at choosing objects for
comparing in one way or ano}her, and the results of‘the comparisons

. alvays fitjone of these formulas. ' ot X

Buring this wofk (which was of gréat ;ﬁtefest to the children,

by the gay), the teacher would also require them to indicate whigh
atfribute a letter designated when they were giving the results of:
a comparison. This i8 a particularly important point,\since tH%“‘

: Qcﬁildren were actually forced to realiée;ﬁhat the results of comparing
lengths, volumes, weigpts,’or forces could all be conveyed by ,the

very same formulas, but that the letters in each case would tell not .

about thé objects themselves but about their length or strength or

- wéight.

.

-

In our view, the rule that the ''general be made concréete" was

I3

very important both for dealing with. the "meaning? of a formula and
" for correctly linking a letter (a symbol) with its object ~- the

concrete, particular value of some quantity. As was mentioned _
earlier, we atﬁempted to organize the instruction in this topic so

that the children themselves (at the first stage, in any case) would
interpret. .the letter as the designation for the weight, volume,

length, or aﬁy other parameter of a given object as compared with the
weight, volume, or length of another object. The letterg&nﬂd.ac&uirék'

the unique function of a general symbol for any concrete value of a’~

-

particular parameter. Since the children were actually able to derive
‘formulas from comparisons of objects by any spécific values of these

*

parameters, and by~the same.token, since they needed no .assistance in
praviding illustrations for the formulas, we have grounds for believing -
thét theyfweré making use of this very function of the letter. .

In the concluding lessons of Tépic ITI the teacher drilled the
chilégén oun the idea that the results of any given comparison San be

expressed by one and only one of the three formulas which make up the

_s*established "collection.” He would usually do this by presenting »
"clashing” formulas for the results of*one comparison. Then the

children would establish by discussion the wrongness of a "dual” er

- +

"triple" transcription and select the 'right" formula.
. Akt

*
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A second issue discussed at these lessons concerned a rather
subtle point -- the possibility of using various letters and t%e;
limits on this variability. A number of times,-;he teacher would
not indicate which letters were to bé'uSed in-reCOrding the results
of‘a compariéon. . The pupils would select letters on their own.

The teacher would writg the variants on the boérd: A>E; B> C;
F > K, .and so on, and would digcuss.whether these formulas were

identical. With no,assistance, as a rule, the children would establish

that these. formulas were identical, making reference to two matters - .

the symbol "more than" occurred in each, and the formulas were all
télking about the same result. )

“At the same time the teacher would give a number of examples
to show that it is better to uée differeﬁt_letters when gomparing
different attributes to know during this lesson which formulg refers
to what “attribute (even though all this would lose its meaning at the
next lesson since the same letters would be used in othexr situations).

One other odd matter shall be mentioned. At first some children

(as a rule, several in each class)_Would record the results of"cme
parisons'ﬁsing letters of different sizes; that is, they would carry
over the principle of using fiodels of the objects as symbols. The

teacher would show that this 'is unnecessary in a'fofmula since the

relationship is indicated by the symbol for inequality. At several:

" lessons the children would be shown formulas whose letters differed

in "gize," but whose meaning was the opposite of the appéarance .
(A< b, for instance). They were to select appropriate objects as
illuatrations, going by the s§mbol in doing so. The teacher wOuid
demonstrate again that the letters themselves could be any "size,"
and that what was important was the meaning of the fofmula which,
with {ts symbol, Qesignated the comparison’ of "any" objects (which
became an everydaf'expression for the pupils). .

The work in Topic II (fourteen to sixteen lessons were spent on
it) is a crucial part of tpe entire introduétory section of mathematics,
since In essence it hajyto do with setpfng'up a special aspect of the

child's activity, the gtem of relationships which isolate quantities

’ :
as the basis for subsequenf mathematical transformations. IlLetter

-
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formulas, which replsce a series of preliminary methods of tran-

scription, turn these relationships into an abstraction for the first

time, for the letters themselves designate any specific values of any
specific quantities, while the whole formula designates any possible
' reiatibﬁships of equality or inequality of theSe-values. Now , bys
relying on the formulas, it becomes possible to study the actual
properties of these relationships, turning them into a special SUbject
for analysisﬂ o
" Realizing the importante of Topics I and II to the mathematics
course as a whole we made a special check of the extent to which the .
" children had mastered them. ™ Belpw we give typical results from one
‘such individual check made during the last week of September, 1963, ! |
in-the first g;ade at Moscow School No. 786 (with G. G. Mikulina, : .
teacher). The children were ‘instructed to solve three problems which
would show, on the one hand,\yhether they had learned the methods of
comﬁsring objects (aggre ate:ng objects, in particular), and on the
other hand, whether fhef‘un erstood the connection between the results

" .
they had obtained and the mgthods of writing them down? These prob-

lems were as follows (th ndividual parts If them axe indicated below

by Arabic nuderals and letters) ~o .

Problem I. The pupil 1s shown a little "house’ made of one‘big 3
block and two littlé ones (Figure 7a). There are four more big
blocK and six more little ones on the table. The éxperimenter
4 ~demonstrates that new "houses' can be made from these blocks
*  according to the madel. After this the pupll is given the

problem:
N +

1. '"Sount out these blocks so that we can-find out whether there
are enough big and little blocks to make houses like this
one." The pupil must arrange thé bli#tks in an appropr%?te

~ way (such as is shown in Figure .

2. '"Are there enough hlocks of both kinds to make 'houses' like

this one?" The pupil must answer the question. 6
. ~

3. ‘'"What kind d&_bloeks aren't there enocugh ae7" (There are mnot
enough small blocks €or thi§ particular problem.) The pupil's
answer should follow frem an understanding of the conditions

of the problem. {
4. "What symbol can we use to record the results of comparing the
two groups of blocks?" (The group of small blocks .and the
group \of big ones are-pointed out.) The correct response is
to sd;t\-The symbol 'is less than!! and to write it down.
-
H e £ . - )
- .
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Figure 7. -- Diagrams‘of pupils' work in
" comparing aggregates of blocks: "(a) is
the model of the complement; (b) and (c)
are parts of the complement (their origi-
nal position); (d) is comparison of the
parts and the results of it. o

—

5. "Why are you using 'that symbol?" The pupil must substantiate
. his decision by citing the fact that for this particular model,
there are not enough small blocks te bulld the houses.

Problem II. '

1. Two mugs.filled with water are placed in front of the pupil
(the one on the left contains .5 liters, the one on the right,
*» .25). The problem is -- "Compare the volume of water in the
mugs and draw lines to show the results of the comparison.'
The pupil must draw t%h'lines, the left one longer than the
right one. ' . .
2. Two blocks are put in front of the pupil (a big one on the
left, a small one on the right). (a) "Compare the volume
of these blocks." The pupil compares the blocks. "Can the
results of the comparison be shown by drawing lines?'" The
,answer follows. (b) "But do you have to draw new lines?
. Or can you use the onés you already have? Why?" The gupil
should indicate that he ecan use the lines already there for
résording the results of comparing.new objects. 4

. ﬁi;ﬁiém III'. The pupil is given two weights (a 50-gram one.op
* the left, a 100-gram one on the right).

S~

2 q

-~
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1. '"Compare the heaviness of these weights and record the results *

o of the comparison in a formula. Designate this (50 gram)
weight by the letter A and the other by the letter” B ‘The *
o pupil should write the formula A < B. . \ X

Fan

2. "Can the lettars A and B be replaced by any other letters?"
The answer follows. "Which ones? Write them down!'" The
pupil wrilep the formula using other lettdrs.

3. "Yop now ﬁ;v“{ﬁhe formula A < B and the formula .}. . (the
JE letters.may yafy). _Are these formulas the same of different?"
The pupil s ould give the answer required by the sense of the
problem.

4., '"Why are they the same (or different)?" The pupil should
substantiate his answer by making reference to the symbol
and thé objects involved.

_ Problem I presupposes the ability; to juxtapose the parts of anf-x>
object being assembled (a "house"), and to determine the correspondenca
between them (that is, to compare them) from gﬂi standpoint of the re—

Q

quirements gﬁ,the ggggl. The children must make an aﬁstraction from

the 'particular eleménts' of the groups a purely visual aspect of
the situation. Problem II tests the ability to use lines to pecord
the results of a comparison and to use t@g‘existing lines as the,EE?n_
scription of the results of. a different comparison if these results
are identical in their meaning. Infroblem III the children's under-
standing of the fact that letter formulas are identical'in}meaning if
they designate the same relation;hip between objects 1s detgrmined.
We shall.quotesfirst from the report of one pupil Sftest, that
of Larisa S. (on September 25, 1963), which'is typical of many of tRe
tests (all thirty—eight pupils took it). Since the gxperimenteg s
questions have been quqtéd in' our description éf the problems, they

are not repeated (only their numbers are given). _iny the-subject’s

answers and reactions are given here; along with supplementary instruc-

»
'y

~~Problem I. . g

. tions from tﬁs experimenter. |

1. She staried to build "houses" but soon stopped and after a
short pause took the blocks apart so-that there was a bilg
Y one pext to each.two small ongs: "You can do it this way . . .

4

113

2, ™o . ... there aren't enough . . . this is an eXtra one."
(Points to a big block.) _ LN -
- N . /- /
. _ _ \/ | .
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extra one —— there aren't enmough little ones.”

. : 4, "Symbof?" (A pause.) '"There is a symbol of inequality
. here!'fl (Experimenter: "Be more precise.'") '"The symbol

'is less than'" (she ur%fes it down). ‘

* 5. "This block is extra, and there aren't enoQgh of these (small
pnes) for a house. There are more big ones, so you need the

symbol 'is less than. .

Problem II. ’ .

¢
1. She draws two\ltqes, the left .one longer than the tight one.
-’ 2a. "You cap do it with lines" Cehe attempts to draw them).

b. A pause.” \She starts to-draw new lines but stops immediately.
"You can do it with these lines —- one 1is" longer than the
. . other, 1liké here." (Experimenter: "Why didn't you draw
. them?") "You can do it this way.” (She points to the lines
drawn earlier.) !'We have the right kind already." .

L.}

4
Problem III.

1. She immediately writes the formula A < B. . . 3__ _//ff

v

2. "Be replaced? The weights?" (Experimenter: " "No -- the
weights are the same, but replace the letters.') 'Yes,
you can. I'll do it right now.” (She writes Z < P.)

' @& ‘ : oo . e
@

3. "The letters are different.. . . The iormulagq;re ideﬁtﬁéal.“w

~ ’ T N

: . . 4. "The symbols .are identical here and here" (she points to the
formulas). (Experimenter: 'How might you say that more
precisely?') A pause. "The weight of the weights is written
. - Y iith the-lett@t 8" (sHe points first to the first formula
and then to the secound one) . §?,The weights are the same --
’ and the formulas are identical "

This report shows .that the pupil understood the questions directed
to het and saw the connection- between the formulas and the objects

being compared She §Q;yed«¢he Pn5blems correctly and completely on

A i

Qer own . "
" Not every pupil responded this accurately, of coursef\\:everal

needed. help from the experimenter who gava either - leading yjuestion
- Ty O om e

or a hint. A fewwpupils were‘hot able to solve certain problems even

¢

after beaing given such help. "In Table 1, general quantitative data

about pupils' performance on the three problems} part Qy part are given

pr -

—
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(the number of pupils who managed to solve the problem in one way

or‘anbther is indicated). - ' . o .
1 3 . . .‘\
TABLE 1 .
. “ >
PUPILS' PERFORMANCE ON THREE COMPARISON OF
OBJECTS PROBLEMS: TOPICS I AND II ..
4 pl "x
A Problems
Manner in which 'the 1 ’ I1 ITI .
problem was solved |1 2 3 4 511 2a 28611 2 3 & .
. L3

Solved if on their ' _ ¢ o ) .

own 27 38438 36 34 (38 38 30|37 35 23 28 S

- ‘_ -

Solved it with the ’

help of a leading- v . .

q eStion ) 5 13] 1} 13 2 it tt Rii l 11} 4 2‘
501\‘>1t' With the | - | BRI

help Of a hint ) 6 . H‘ " . tt t 'H. tt 4 113 3 -, 5 "
pid not solve the . . | . ot T e i

problem 113 1] 11" 2 2 .H t ) 4 11} 1t ,6‘ ) - 8

) In solving part 1 of Problem I, el#¥en out of thirty—éight s

pupils needed help from the éxperimenter in order to sort the groups
of 'blocks/ into#rows, These pupils f¥rst tried to build "houses" , 5

and to compare the groups in this way. They were forbidden to do .
this. Only with the subsequent help of the experimenter did they- '~
classify the blocks as the problem requifed. . In.-parts 2'andf3 of f

—

immediately that there we{sm:ot enough blocks ~- not endugh gmall 3 O
ones, to be specific. The st crucial part of Prdblegsi wall the -

fourth part, which required them to rgcognige the relationship of

¢ . . ! o
Problem I, the pupils p rformed\%n their pwn. ' That i§,~tﬁeyfanswared
e

inequi%ity and to designate it by a specific symbol. Thirty-six i
out ofvfhirty—eight pupils performed this task, In spite of the .

obvious "predominance” of the small blégg;}\these pupils responded - N
as the sense of the problem depanded -- tha there were fewer small
175
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N blocks. Thirty-fouf of them Substantiated[their conclusion correctly
- /

|

All the pupils performed the first and second parts of Problem

N (two'needed a leading question).

",

S

II. "They drew lines to depict the relationship between the volumes

of water and the volumes of ;he blocks,'psggdly and with no assistance.
The last paré of‘the problem prove§ toﬁﬁgﬁmsre difficult. Here” they
had to determineuthe posgibility of using the lines they already had
in order to describe a_new result. Thirty of the pupils established

= this possibility on their own, and four did it/after a hint. Four -\
thought it neeessary to draw new lines.

e

roblem III'tu:ped'oué to be the most diffiC3%t (especially the

1ird and fourth parts) All thirty-eight pupils successfully re-
laced the letters in the preceding formula ithirty@five of them on !
their own; see Problem I11, part 2) But only thirty-two pupils werxe
" then able to establish the identity of the formulas —— twedty-three
on their owﬂiand nine with thg help of leading questions and hints.
Six were'dﬁabl;‘to establish the identity of the-formulas. Thirty
- were able to substantiate their conclusion\that the fomfulas were
identical, and twenty-eight of these did it on their own (Problemr1II,
part 4). )
These data and the reports of the testing indicate that the
»  majority of ehe pupils had thoroughly mastered the methods for re-
cording the results of comparison®™using letter formulas, and under-
stood the meaning of these formulas and their conneetion with the
47 -

actual relatinnships between Objects

Topic III -- (thé properties of equality and inequalitx) .

Py After the children had beeg introduced to formulas using letters,
they were ready for an explanation of "the properties of relationships
expressed abstractly as equality and inequafﬁty. The first of these

is thet reversibility of an equality (prese‘ted in the twentieth and

twenty-first lessons). The teacher, would demonstrate once more that

.S

the results of a campariign sgould be g{veh”fromﬁleft,to right (written \\.
| '8
7 ’ A i

o ) 4?After the testing had been completed, the teacher intpoduced

, speclal exercises into the lessons, by which all the pupils mastered
the points mentioned. . { . \

£ A
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as-A = B, with the objeots arranged<corresﬁondinéi;;. But at this
point he would reverse the ohjects (the red s%ick whose length was -
designated as A was now on the fight, and thevblue one on the left).
The children would observe,'first, that the objects had been trans-
posed and second, fthat the results of the comparison had nottoéen
hhanged; that there was still an equality, written B = A,

Then the children and the teacher would determine again and again,
by comparing various attributes of new objects, that when one reverses
the position of equal objects, the external appearance of theAformula.

-cgao§?s but its méaning remains the same. The teacher would cdnclude.
"If A is equal to B, jthen B is equal to A." The children would write
these formulas down and draw a box around them.

Then there w0uld be a series of ekercises, TFor example, the ‘
children would seldct objects’ to illustrate the formula C = E. Then
the teacher woold write down the new formula E = C and would ask:
"What kind of mew sticks (or blocks) do yoy need to get, to explain
;his formula?" They would ‘usually answer correctly. "We don't need
to ‘get any new sticks. We already have whatfwe need ‘we'just have
- to reverse them." The children would arrange the objects to correspond °
tO'the second formﬁla. \~r~ "

The following type of exeroise involved "filling out' formulas
with the proper letters and symbols. Formulas such as theseigJ?{

written on the board: /7 . : s
. / _ -
o Kz‘(r "‘/ ,A"B ; C=2D e *
’ e ... K T B ... K D= ...

(in place of the dots they were to put the omitped letters and symbols
according to the sense of tﬁe problem; in the secopd'péir of formulas
,which qontains K, it was.impossible to be sure whkt to put in, since
the re?§fiensﬁip between A and' K is unknowﬁ). As the children copied .
down these formulas into Lheigﬂnotebooks, they inserQed the necessary
elements. Many of the;?hi&dren would "faltet" on the ® sézond one and
ask whether there was a mistakes in what is written, with A meant
jnstead oﬁ K: But some children unhesitatingly put an equal sign
"spontaneously' replacing "K" with "A" in~th§ir expl ation. The
tpacher would take this occasion to explain how to work with these

furmulas and then would assign a series of similar éxezcieeq.

L3
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The teacher would use the following device to explain the meaning
\\\\\ of reflexivity t0 the children. He would hold up a board whose length

'~ was designated by t letter C, let us say, against the hla@kboard and
draw a "copy" of/z{Diith chalk>(the children woold do analogous work

in- their notebooks) He would point éut that the lemgth of the 1line ~ .
on the blackboard {ox in the notebook) ‘could also be designated by s
the letter C, sinee this was the very length from which it was obtained
If all this is witten in# formusg—zf will be ¢ = C. The teacher
could also say that the -length of the stick is equal to itself, adding

, that here the stick gnd'iﬁs "shadow' on the blac%?oard or in the : .
notebook are of equal length. y ° ’ '

Similar work was, done on the area of figures as well (here, too\ ‘
it was possible to. makes "copies'). But the teachers usually spent
little time on this, since we have not been able to propose & very

- acceptable approagh to handling this proper:t:y."‘8 The children ma&e
\ almost no errors on formal exercises, however. Tﬁey would put in an

"equals” sign in formulas of the type A...Aand B.... B end would

2
put in the proper letters in such formulas as ... = A and C = vua ; .

. The next stage of the work was to ‘explain the connection between
‘the symbols 'more. han and "less than" when the letters_(or objects) LT

in formulas of ineq\hlity are reversed 1his work also helped the -
child to understand the meaning of the reversibility of an equality
(becehse of the difference in the results of transposition). It was L
'introduced in a comparable.way. The positions of oBjects were )
) reversed; and the new nefults werereyaluated, yritten down, and compar ed
:;Yith thetold. The children did not seem to have an;-particular diffi—
+ culty here, apparently because even when they- used 1ine;‘to write down
the results of a compariSOn,Sin_ggzgi they would often repeat the
- cdmparison in the opposite direction: "This block is smaller ,than
that one, so that one is larger:" In any case, problems on the- level
. \> of "pure" formulas could be given immediately following the first

123

demonstrations using-objects. The ehange from the symbol "o to

-

4SIL‘ should be mentioned that we do not think at the method indicated!
is the'be~ . We are still uncertain how to'explain to children the
L real mea g of reflexivity (and unfortunately we have nol yet aﬁhieved
this in the work on Topic III)

4 . | ' N
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"g “'and back would bé accompanidd by verbal formulas such'as‘"lf
A ig larger than B, then B is smgller than A." The childfén would

ind the ‘most diverse objects.to illustrate these: "rules and” their )

written expression. - ' ' , ' s . ‘.,
‘At’ this stage the pupils solved such problems &s these (objects

sonetimes heing used and detailed explsnatiqne~being given): ‘
A>B - , =K N<D ~ G<Rk ' .

g B.oA  K.uC o> ... K...G |

It is striking that ig a nuﬁber,of instances the comparison- of

the objects would be madg in one direction'while the evaloation for .
'writing down would go in the other. For instanoe, some pupils |
would ssy: "Thy.s éeiéhc here is heavier then that one" (reasoning

from the’ right cup of weights to the left). "We have to write it

this way: A is less than B" (the notation going from left’ towright)

It might ‘be said that these children were "turning" the one relation-rﬁj“w‘ﬂf_“
ship into the other instantaneously. More and'more Such instsnces gkt
ogcurred subsequently, so that in time this kind of reevsluation wssﬁ‘
automatig\ The teachers kept calling to. the  children's. attention, .

meanwhile, that the presence of one symbgl, when movement" is frbm

left g$o right, indicates immediately that ft is possible to move from )
right to left’'if the opposite symbol, is used (this is contrseted ‘ f'. S
+  with the immutability of equal{ty) A s . 1 f_ -

o th enty—fourth and twenty—fifth lessonb the ohildren_Were “;y
introduced to the transitivity of relationships. They workedfhith . 1f’i .

special sets of planks, blocks, mugs, and weights which they could' - C,

<

jset up in series of relationships frome"larger" to smaller. The z - <

»
-

, ‘éhildren would arrange.these objects in-' {ncressing and “deoreesing
series (Figure 8). At the same time they would Jescribe the relation—

-ships verbally (without writing them down), designa;ing the elementy . . é\
» ’ .

of the series by letters. For instance, following the teseher 8, - e \
* instructfons and with his help, they would say! " "This stick iS'shorter.. <

"than that one, and. that oneis shorter nhan thet other one"; VYThe*
' length of the red stick is less than the length of this blue stick . s

-

*and the length of this blue one is less than thet of this‘@hite one"'

‘¢
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! "Stiek A is. amler ;ﬁan@“fick B, and scmox is smaller than stick
. ,‘ C. '$49 . . N . P . . X . *
. ’ : .. \ .
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o 7 ,gu B - Arrangement of various ob-. A
' _ ™ .. Jects in series (by gelative. length and
1 volume) . <) T e -

T / of The children wnuld also look for analogous "steps" in the ohjectg“'

. around them. 'When they talked about height, the teacher W uld cal}
their attehtion to the fact that Kolya was taller than Tanya, Tanya
taller than Misha, and Misha taller than Lida (and they would make
analogous multi-step compariaona by weight, hardness, composition of

.:_ }.groups' of ebj'ecte, and so on). g ‘ ‘

1* - . - The children also solved the fallowing problems. With two boards.
(or blocks, pe&haps) of differing length fore them, they %ould '
first choose letters, such as A and K, tthem They were
to select a board B such that A was 1arger than B but,B was 1arger )

. than K., These conditions were written on the board as a pair of

' formulas. There were similar problems in which the children were to
N | o - . e A . )

- . ¢
PN »

. o 49When the children first began to’ use letter desighations,
.Y they connectdd them with a particular parameter of an object such
— as ,length or weight. Thus in soiving a problem they would.say:
. "A is the weight of the object,” or "the plank has’length A." But
- gradually they. would shorten these f&tmulations, and more and more
o often a letter would refer to the object itself ("object B," for
instance) Bug\what was meant here, of course, was the quantities
« - being compared.. By special questions the teacher could bring the

o Eupils back' to the  original detailed designétiona but they would .
.do this less and less often, In their work on- .Topics III and $¥7
N, ‘they usuglly used only the shortened expressions.
_- ) . ' N ) ‘ {‘
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draw 1lines or circles in"their- notebooks. There were two goals here._'
(a) to introduce the children to setting up aseending an/ "descending

/ eeries and (b) to train the children to make accurate rglations between

4 B usually was smaller than theafirst one).

-

The latter needs special explanation.

“t

thQ‘elements of formulas and the objects in the corre:;7hding eeries. .

The first variants of the curriculum inc \\Qxi an/introducgion to
transitivity. But no system of exercises hdd bedn w brked gut xet
to help pupils learn to relate formulas with the o jects illustr;éing
them. The need for such.became particularly epp7FEnt from special
. testing which showed that many children depicted the, reletionships

indicated in the formulas A > B; B~ C; A >Cb drawing four linee

.instead of three, And only a few made the two middle lines identical. T
The rest drew them of dfffering length (alth gh the second 1line for
(o prevent such errors,
special exercises are needed to help to ge acipSSrthe meaning of the oL
paired formulas and the place of their mi dle term. - '
Using objects as visual aide, thé ¢ ildren wopld  write déwn the .
following chains of formulas, clearly d etinguishing the transitional

linke (but theyr would draw no conclusign from these formulas)

Y A >R ‘ A=2C .
. B> ¢ c=E | 4
’ c>p - . & -

by: thelr connection through th¢ middle terms. The need for using the LI
formulas to draw.a concluslon became very clear ‘when the teacher assigned

the problem: . "Board g/is la ger than ‘board R, and board B is larger ‘ 2
than board C. We do got have board C here. What should it be like .
in comparison with A/ giver these coneitions?“ It is interesting'thet ’
* found that "ﬁfie snaller han B and smaller than A, so4that means_‘

that A is larger than C.] They wrote down the formulas on the basis




o, .

'of this‘kind of verbal‘statenent. 'ohsg"ﬁéy had the formulas, the
statement itself became shorter and/mo precise and gradually turned
into the standard "{f . . ., anéjifgef. ., then .. . . ." "} S
'_‘. - Similar problems were given An varying.form for all three rela-
_ tionships.. Some were in game fo;q; such as haviéé to find the hidden r
T object on the basis of»cenﬁa{nﬂformulas. Find C if A and B are given -
,and we Bnow that A = B and B~ .C. The fofmal notatioh‘would‘érad- .

ually come to look a8 follows (the teacher wrote the problems on the

- &
board) . _fff' },/ - ‘ . ) -
A - T W R A< o (
l( ‘e _.fH B }qcﬂf‘ TR Sy . ; v
' - . ’ .
C , T AL e A<c | . |
¢ . At the starnh ‘without even neéding objects as visual aids, B /4§;/’\\

the children (qt ‘the teacher's xequest) would give detailed orlal
explanatiqps of eachtstep they topk. They were then told to put in c
| only the. symbols and letters needed. At various times ﬂhey were asked
’ to make a s&etch to il&ustrate a formula they had found (they wohld
draw lines) - - toa
In the final lessons of Topic iII the teacher assigned problems
fequiring that transitive and intransitive relatienships be distinguished.

@ }t whas desirable for the children to "feel" this distinction, although

"elthey could searcely be expected to provide a logical basis for it.
An example of a problem isi "The boy loves the bunny, and the bunny.
oo loves carrots. Does the boy thus love carrots, toojf Or: ''Tanya
id friends with Masha, and MashaEis friends with Valya, &o° that means ,
' Tadlya 'is friends with Valya. .Right?" These problems aroused a lively
. diséugsion,:infthe course of which the childten inclindd toward the

- -

. vieé?that 32 binding conclusion cpuld bé drawh. They weré able to .,

-

give some grounds er the conclusion. They correctly grasped, for
n ‘instance, that the boy might'possibly lack "Yove" for cérrots even
though He felt "love' for the bunny.' The teacher would uge ‘the .

£}

problems to distinguish more. sh%;ply the\g&i;acteristics of transitive

relationships, where the co&clnsion id\bfmperativeo ?? A '
(’/7’ . . ‘{ “’ .

- . ® * .
o b .

.

g °‘50We should commént that further research is needed into designing
a system of exercises which-will make transitivity clear to the child
and help him focus on it in solving problems. OQur experience shows

- that the child comes np against some difficulties in transitivity.

poy
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T;jwﬁhildrenhad to.solbe ﬁany'prpblems in these lesspns.(in- .-

cluding word problems) without relying directly on objects as visual.
gids. The trapnsition we planned‘to the analysis of relationships
)was bas §§ on certain abbreviatedfstatements about their properties.
As the children learned the material -in the following topics, the
possibilities for this kind of analysis kept broadening.J

. opic IV —= (the’ operatipns of addition and subtraction)

There were several stages in the transition to the first operations
(beginnipg with the thirtieth and thirty-first lessons). Figst the
teacher would simply demonstrate a change in some parameter of dm
object. This was most convenfent to do by changing the volume of

water in a flask, or the force of\a push or the weight of a load.

He would also give various examples from everyday life all of which .'Ltf

AR

had the same meaning: 'There were so. and so many, and this~\hanged “f&.;

¥
directions of change here -- increase and decrease. . v ) ,' o

* ot
PO

The next step was to describe the change. The .children .campared’ ¢

the volume of wster "in two ideptical flasks, (the wager level was marked
©_on the side), and wrote down ‘the formula A = B. Then the teacher f};j
poured a cer'tain amount of water into the left flask and propo@ed

~ that the new volume be designated by the letter C and A:hat' c>3 be -
&written down. But how was this new volume arrived at? Could C be;ﬁ
obtained from the former A? How should what happened to A be written? * -
The children indicated in some,form that a certain amoun} of wateriwas
added to A and' that C was obtained. yith the teachar's help, A + K

was written and -the meaning of the symbol "4 apd of the letter

K .established. (This was "handled" by such means as going back fo,
- .the former volume.) , ' , T, |
' Further, the children substituted a sum{into the formula for
‘inequality and obtained: A+ R >'B (this point is methodolo§icafly
difficult and requires certain moves” which are not described he;e)
The formula A - K < B was obtained in a patallel manner, as well as
.the for?ulas A<€C+ K and A>B- K, dihere problems were salved
using various parameters of varlous objects (it was especially conven—’

ient to use the weight of dry substances). C

4o so and so many.' The children fully understood that there are two.'f‘\'
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At the next stage the‘children carriedpout operations with visual

- o aids dccording to formulas the teacher indicated. Given the formulas

 _'C=D,C<D. .., for instance, they determined -the direction of

change and.reproduced it using strips of paper. As they did this, )

" .+ they reasoned out loud: “They are equal, and if the Jeft side becomes ~
smaller, that means'that the right side 18 larger, that it has in- }z
- creased," . ) . . : ' e

A few lessons-leter tﬁe child}en were giqezéé/neq problem:. What 3

‘had to'be'done to ‘make the eides-equal'agéin?

every class mearly"
& third of the children’ gave an immediateﬁgnswer: "You have to sub-
tract" (1f something had been added) or "You have to add" (1f somei )
. thing had been subtracted) With the teacher s help they checked this
method, and it was correct. But hardly anyone was able ‘to find the
other method ~- that of changing the other side of the inequflity.

\..

Although the teacher would show that this was 'also possible, by now

N ‘ a'spbstantial number of the ehildren (about half of each class) could
’!; *"  determine the amount of the change - ”by the same amount' -- on Pheir %‘ =
. own. The formula of the typey; A + K = B + K was added to the previous -
.formula for inequality. ) . . ' s

However,” in &\ﬁ\\olasses two ot three Rupils noticed a dis P—
~ ancy in the way the formula was writd&n and proposed writing it is -
way: A+ K = B + G where K = G. That. is, '‘the second items them-
selves should,be represented by?‘fferent lette‘rs. If the pupils
- did not come upon this ‘'way of writing .it themselv%s, the teacher would "
.show it to them, and thenjﬂt would be used along with the first way.
-As the pupils performed various exercises, they became more and
more skilled at explaining thelir methods of o‘eration verbally, and
with each lesson they had‘less need to use objects as aids. s solve
problems they would "mull oVer" (aloud or in a whisper) the possible

L

relationghips in.the given oonditlone. Problems were wrflten as

. follows , - ) ’ - .
K A=B A=D w #B=C
oo . A+D ... B - L ... <D B>C ...
f oo ol ‘ . B oaea=C ...
The chl{ﬁnﬁn s reaeoning constantly revealed that they under=~
Y4 stood the real conngction among the variouys types of relaﬁionships.\
. , _
* . 184 . . , : "
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A was equal to B. B was decreased, it became less than A, so that
[ ]

(Andrei L. from Moscow); ''The right side of the equ

' so that meane we have to put the-symbol 'less than' *~ if A equals

B, then A is less than B, increased by C" (Vova S. from Tula). -\

means A became Qarger -~ we have to put. in the symb:; "more than''

ity was increased,

} By introducing\the chilqren to the operations of §ddition and
. - subtraction, it.becomes possible to broaden the range ’oi "word" . A

problems whose conditions contain letters as datas - .
Since the next tapic is different, tne results g#pthe first
. four topics are summarized, particularly the results of ‘work with the
-« letter formulas, A series of individual tests using specially se~-
lected problems on'the topics which had beem coveréd was given in
" _one Moscow class (G. "Ge Mikulina,,heacher} during 1963-64.- For ‘the
- § children thesfests were unexpected" in a number of case?, since -,
. they includegﬁproblems on which they were not working directly at the

time and whiﬁh they might have "forgotten." The tests‘made it possible

to explore how much they had learned and hdw well. o - ‘
. . ‘Dagta concerning performanceton tnfse testg}fwhich includeééf-_~\j>\i e
problems of three types, are given in Table 2. The eight problems .
. of type I called for the- ability to write appropriete* letter formulas- '
* after observing certain relatiqnships between objects (A = B; A < B‘
; X > B). The seven‘problems of type 11 required a knowledge of the
| basic properties of, equality and inequality (insertion of eymbols
in formulas of the type: A =B, B ... A; C > P, D ... C5s K ‘~Na vee >
«+., and so on). Finally, the eighteen problems of type TITNgealt
with allfthe ways of going from equality to inequality; andI:§§§¥
returning to equalify through adnition and subtraction (such foEmulas
asi A=B, A+K...B, A+K ... B+ K; C=6,-C ... G - D). The
problems of types II and LIl were to be dolvgd only through analysis .3
of ‘the letfer f?rmulas, with no dependence on objects~as visual aids. ’_ng
(The tests were giwen from'SeptemBer 30 to November 1, 1963.) T ’ '
?he majority pf tne pupils~made no errors in solving the problens '
of tybes I and I1. The number of errors increased in the problems of ¢
type III, which the pupils were togsolve rapidly an Jto themseIVes." .
1‘1 with "'difficult"’
formulas: A = C, A.< e A=D,A+K ... D+K~ Although twenty— .( g

Almost all the errord on the November, 1 test occurr
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o ** FREQUENGY OF ERRORS ON THREE PROBLEM 1?{335: TOPICS I = IV .
?‘L \ - s . . t
& = et = S S — =
. \ . [V
. N . ' J o . Probled type®
No. of tests o RGP I " -
- with-- | < S 11 0 | I11 |
i 8:0ct. 1 |} 2.’ Wapt. 30 | 5:0ct. 2\.%_5:0'ct. 8| 3:0ct. 23] 5:0ct. 28 FS5:Nov, 11
R Eivorg 31 T 29" [ 36 . 31 28 26
' One Erro 3. R S S o1 5 9 K S
Two ErrOrS l <l e ) » 1 : l o0 j. l 7
Three EI‘I‘OI‘S l‘\‘_ ) v P 3 ' ; 'Y [} ‘ l !
Posdible ' . ‘~ v > -
Errors 2.88 70 '175 ‘ 190 108 190 185
Actual . . . P . _ .
Errars . 8 1. 7 . 3 5 11 .20
Perteht . o . N
Errors’ 2.8 1.4 ~ 4.0 J:.g L hb .. 60 10.0 .
Nd. of Subj. 36" 35 . '35 8 .36 . '38 37
P # ) -
#8:0ct. 1 means 8 ‘problegns, test ad‘ministrat"iqﬁ on Oct. 1
A 7 ‘{ ‘ ’ 1] o ! "
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.' six pupils out of thirty-seven nade no. eérors at all on this test,
it obviously caused the-children a. certaiq amount of difficulty.

. At the same time the summary data of performqnce on the problems of
htype II1I (out of 673‘possible errors 39, or 5.8%, were committed)

show that many ‘of the children had a firm’ knowledge of the material

in Topics I - BiA (Figung 9). . _ '
. \ . ' -
-0 o . .
S L LPLL L A=B o
* . . -
: - =E>2 Lo -
- . 3. A=B

‘Q . . ““ 4:7\;=E5' }i¥=(: ¢ E}_, {". . | 1.
¢ S - ,
. ﬁg ié: /A\ ES 1‘\ >.E3 5 ‘ | L- |
.\ , . /t\‘ E;'(:- Es‘éfq _ | .

P AR | As B SR

O e b
L - A+> B A-2¢B- Y

SRS T PPy A-1=B2 I

Figure 9. —— Results on individupl te;%s,
over Topics II - IV,. taken by Moscow .first- - ’
¢ grade pupil “ranya K: (1) representation - .-
' of the results of comparison using symbols; . L
. (2) the first letter formula; (3) the prop- oot
erties of equality and inequality; (4) thé .o :
. " transitivity of equality; (5) the violation ‘
of equality and its '"restoration"” through f
. addition and subtraction (she performed b '
' items 3 - 5 in her 'head" without using'
: objesﬁg to aid her).- . e
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Topic V -=> (the shift from tnquglity to equali:y) { ‘Once the  *°

children had made a comparison -and had recorded the results of it with

.
- A

.

the formula A < B, they were given the new challenge of turnidg this ~:‘
: inequality into 3n -equality. With an object before ;hem'as~a visual ‘ '
aigd, many of the childrén would indicate on their own how this might
“.«  be done - they would propose making B smaller or A" larger. By *
working with boards or striée/of paper :hey ev§: were able to demoni
strate this method. Then, at the first opportu fty‘(the fortletgﬂor.
Eﬁrty—first lesson of the year)- ~the teacher gave the ndtation for . | \‘.

this information. A< B, A+ .. =B, A =B - ..J 0. -7 >
" The dots conveyed to the children fhat something was added or L

PE]

subtracted with the result being an equelity. By demonstyating w;th .
° flasks of water or with weights, the teacher thwed‘thar it was not .

. known beforehand how'much'needed to be added or subtracted (relatively

IAng pieces of string ecould also be used). "Something" needed to be

added to A, &nd the- needed" part could even be written in advance,

but,what this "something" was exactly amd 'how much " was not yet |

known. ~ , . £ .«

Together with the children the teacher would estab;iﬁh that by
g or Elanning'

-
Y oa

swriting’isuch a fermula down, they were only contemplati

an ”increaee or a "decrease." The teacher would propose thé special
symbﬁffgf%o designate the unknown in this formula; that is, that which
heeded to be indicated in order to reduce the ineqdel}ty to an equality: -
A+x2B; A=3B -~ x. , . -

Y As a rule, tire children rapidly grasped the meaning of this symbol.
Thus the'Very first lesson many children were able to Correctly 4
explain that not just "any' weight, for instance, or volume could be

.‘edded or subtracted,‘but that tH ifference ﬂg§ieen A and B.needed .
to be known and that it was nﬁéiji knows. -
Several subSequeﬂt‘}essons were spent introducing the children
¢ QB methods of determining this ;differehce,"‘with objects used as: -

-
4 ) + .

»

- ! SlIn an article [ll] A. A. Kiryushkina has described the main
¥ features of the work done in this topic, as well. as pical difficulties
: ~ which the childten have in solving elementary jhuat ons Therefork,
~ we shall- only take time here to give the gener l\results of the work
_done in this topif < /
- : £
o, T )
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* vigsual aids. It was important here not simply to show ways of wofking

f .

' these processes and their results,

[N

-,

. with the objects (such as laying boards togetﬁer or pouring water into'

flasks) but also -to teach the children to use 1etters to describe

‘ \ . A | ‘ : . p\>‘ )
This was the most difficult part of the whole topic (see the - : _

srticle by Kiryushkina F1D. The-child encounter a new meaning of .‘ ;

snbtrsction.when he: wrote x =8 - A, It was pot an actual diminutiony

(as it was in Topic 1IV), ‘but only a formal description of the com~ . e
parison of- quantities B and A, where B.as an object rémained the same

. as it was and the quantity corresponding to x was to be obtained from

ether material This notstion is only a formal description of the
process of obtaining X. Since the children had actually determined
x '(the "difference"), they-would therw "add™ it to A and obtain the _

srequired equaldty. The mejority of the clildren understood the sning

he .

’

. of the letter‘descri tion of "addition" 'right away, al hough many of
P g E

them were still confuséd by thé way it waghfritten sinte it had several
letters and parentheses in it. Tn sum,- tife entire process of making

.up snd solving an equaﬂlon with the aid of objects ‘can be seen in the
¢

-

 following system of formulas:

3

-

A<?® (the initial condition), . | o *
. A-+ x = B (the planned transformation); o ) i "KL\

da B,- A (the'sesrch for the ?differeé;e"); F, .

Awt (B‘— A) = B (the actual equating). ¥ -

A '

—

3

The children would wWrite these down under the teacher's super- -
vision. . Then exercises were gredually iptroduced in which ‘the chil&ren
'were-either o observe a fellow studenﬁ wOrking with objects or to do

the work themselves, and then were to‘use formnlas on- thair own to

 desaribe the enmtire sequence of the GEJLersion of an inequality .

into an equality. The tesphers encountered certain difficulties here, - P
resu&ting mainly from tha children s lack of skill in J&ganizing their

own work. But after several lessons nearly all (with the exception

-3

\\\‘,of tnree or four_who s;ill‘neeged,dir&ct assistance)‘were*ssle to

-4

R J

gsolve these problems with only minhor ‘errorss : o~

~
A The next stage consisted of the gradual transition to’ solving ]

equatienson the level of the formulas” themselge’. The way was p¥epared = - '

' f/ *M o (

D) " “ O "
- -+ 189 ‘“’Oi)’ : - ' "
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¢ for this transition by extensive work with wosd prohlems ;’l‘he

children would be given @ble’such as: "'Ihere ate A)/kilograms

‘of appl-es in dpe box‘gzd. B kilograme in* another. We know that A
Fe 18 lees than B. Whal' needs ta Be done 8o the apples in the firs® . -

bax weigh the same ag thbse t eﬂaecond?" The pupils would quiokly .-

. write dovm the condi%.hon andﬂ'eno miqt'&kes, 'as a rule, would pro- L

pose a way of solving. it. Some apples need to be added to the first

Box. Writing:the equation d&m cageed no difficulty either. A< B, -

"A 4+ x =B, The children understodd clearly that they now had to ﬁdnd
. Xx. L - " Do « : .o

N At this point the, teachers would usually use graphic meansg in .
t'he‘ search for x. The children would draw lines to depict the

*
[y

weight of the apples._ Th&h there would be a discussion ‘of the way to
" find the "differenoe" in weight (actyally the teacher had Scalea on
t

his desk and he would imitate the -search for the weight of the _
apples). Line A would be "superimposed" on-line B, and the remainder,

T &: “

expressed, as B - A, would be defined as being equal to x? Using this . .
as a‘model; the children, with the teacher's help,would do - the nec— '
easary'weighing and find the-weight equal to x. lhen thia.weight
(or line segment, correspondingly) would be added to A and the
final formuls#¥ written. Othet problems'werehsolved similarly. The
goal was for-~the work with formulae, whioh was first accompanied
by simultaneous operations with objects, to be combined with graphic
: reﬁrésentation, and gradually to become relatiyely independent both
~in its geaning and im the order in whi;h it was done. K s

-

This® direct jransitiﬁn was preceded by work involving an "intes
‘ mediate" formula which performed a function of its own, By the time
they had written the equation—down, the children would usually have

already "unplugged" the initial inequality (in fact, sometimes they

would have received the equation itself “"second hand"). It was_

-

]
. necessary, therefore, to return to the initial formula, but this time ,‘_\\\\\

(; from the equation: If C +'x‘$AD, then € < D. Or rather,*it was
- o

" necessary, through this '"repetition' wof the flormula, to nake yhe
'cohnection, as it were,. between the equation and the #hequgiity in

order to go from it to subtractipgg "the less' from "the m re." The

whole prbcess’tgok.on the following appearance: . L@

3
& - a /i,

-
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. A> B- (this\ﬁ!ﬂ&Ula ig- given ”in the margin,' so to speak), so then
L keaems RN W o

- - r -

Af%er'a while the repetitien" became implicit,'but e#en when "

;-the first formula of inequaiity was completély clear the ghildren '
needed ‘to’ haVe the meaqiﬁ§ of it repeeted to, them, if only a whisper.
Shifting ¢b the equation seeme&-somehow td destxoy their understanding :
of. the initial relationehip betweén the parts of the inegzzlity
- Gradually the children came. ta be able to determina x withaut .
' .needing to rely on objects or grephic analogues of them. That ia, they

. could determihe it through a, theoreti’hl considénation of the, rélationq )
-~ ship between the siaes (er the ‘parts) of the inequality. 'Then they |
* would substitute the values they'had faund into the equation: . The'
" parentheses here helped the children to understanﬁ,the difference as- l_‘.
. a kind ¢f unit of an actual§QUantity +(We should mention that the

terms equation and difference were being used" regularly y - 7 N

. " The work on Topic v required a rather long time --,twenty-five
to thirty lessons. But the children were "practicing many skillé during
this time, having to do with understanding the properties of the g
relationships of,quantities tg which they had been introduced in the
‘preceding topics, and they i re perfecting the‘"techniques" of working
with complex formulas (Fig res-lO and 11 show pages from tests taken”
By first-graders from Moscpw and Torzhok; involving settiné up and
solving elementary equations) ‘ )

The results of the work on this complicated topic can best be
seen in the way pupils performed on special tests and problems they
did on their own. Table 3 gives the relevant data for a first-grade
class in Moscow (G. G. Mikulina, teachet}, indicating the results

“on’ problems having to do with the following basic stages of wérk: ™~
making up equationa (problems of the type: A > B, A =B + x),
s&lving eQuati§ns (x =ﬂ§‘; B), substituting the value of x (A =B +
[A - B]), moving from equality to inequality (A+ x =8B, A <B),
The texts of the tests are not being quoted since the problems on them

are simply variants of the ones shown above. The table contains data

191°
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T .Figure 10, - Test (Dec. 10,. ) -Figure ll.-~~ Pest (Jap.-26,~ . -
o 1963) taken by Moscow firste 1963) taken by Vova. E.,. a
grade pupfl Misha .N. . finst-gnader at Torzhok.

for only certain - testsaL- only letter formulas were, used in solving
all of these problems. (1t is helpful to indicate the dates on which
the children first began to do work of this sort en their owt. They
bega% to nake up equations on October 21, 1963, to solve them on ‘;
. November 10 to subs;itute oneNovember 16’ §§§ to find inequality o? _t

‘November 4.) o - . \
* ‘
From the data 4in Table 4, it is evi ent ¢ha% a-substantial number{ - /]

of the childred were able to make up equations without mistakes from 7

the time they began work on Tooic V. 1In the eoneluding lessons there = -

were very few mistakes (4%), even on the espeéially difficult tests f
(such as the one on December 10). Solving the eguations _and determining
.the value of x also proceeded satisfactorily from the veryibeginniné
(7% error on’the first test, and 4. #% on the final one). Nearly' a%ﬁ
children (35 out of 38) were able to find x without any mistakes'
(see the December 10 test). )

.On the whole the'children learned how to move to Inequality
(although a small number of children made persistent mistakes)

But substituting the value of x into the formula for the equation

caused the greatest difficulty. Only ten out of thirty-nine pupils

192 : o
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| 'b/solved the one ‘substitution problem they were given ‘on the .November
20 test (that 1s, four lessons aftEr they had begdn to werk qn it).. .
The,perfprmance improved in subsequent days, butdeven so almost half.
the pupils were unable to learn how to do this substitutiqﬂﬁ lﬁ}s‘ “.
Qifficulty seems strange at first glance, gince on the surface
‘substitution appears” to be "mechanical" work., -But the explanation -
became much clearer when the errors children made ‘xe analyzed
2% o On the December 10 test, twenty~two pupils out of thirty-eight
+ - solved all foudr substitutions correctly, seven pupils golved only
three (that is, made one erro®™, six pupils solved two' (that is, nade
two errors), and three soIved one fand made errors on three)._ Many .
.. of the errors followed, a definite pattern, however."All the phil&ren
A‘could,éetermine X in this (or an analogous) problem: A < C, A+ x =,
./ x =0 - A' But instead ofi substituting-it into the appropriate place
in the equation (A + (C - AY = C) they would write: C - (C - A) = A,
or A=C - (Cz A). f;here were RO errors here from the &tecbnical".
standpoint but the children had not clearly unders®ood the real meaning
' of substitution. 'That is, the replacement of an unkpown with a known:~rz
o They used this "known' in ardex to obtain a new egualitﬁ right'away, |
without x. : o : ‘
Analysis of these and similar errors indicates the'need for
special'work'to familiarize children with certain‘formal aspects of
working with mathematical symbols. In general, however, the data.
cited,in Table 3 supplies evidence for assuming that in principle the
material in Topic V is understandable to first—graders and ‘that they,'
are capable of learning it.52 ' L.
JIn some of the experimental classes (G. G Mikulina s class, in

particular) the work on equations was continued, The children wvere

- Sznuring 1962-63 T. B. Pustynskaya used our curriculum to teach
one first-grade class at Torzhok, and among other things she skill-
fully explained to the children certain formal aspects of substituting
the value of x in letter formulas ang the meaning of this operation.
Testing indicated that even with the most varied problem requiring

the substitution of the value of x, the number of mistakes was very

=i small (only two or three pupils made any).

.

‘ '- . »
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.No. of tests
“with -- ‘

Making up Equations

Solving quations

-~ b . T o T
‘. ‘ . L) N "" b ¢ . . ‘
" . M4BLE 3 .
. FREQUENCY OF ERRORS ON PROELEM TYPEY: TOPICV ¥ Do ‘
T “ . § ‘ - ‘ * r‘ A
R - . Ny & ¢ I3 »
. : . Problep type** .
. ' @ [} . : - t . .

3 Qct. 21L6 Nov. 1% LB Nov. 13}_4 tNov. 26} 4:Rec.l L10*

L

6: Nov. 1312 Nov., 19 5:Nov. 30{4 Dec. m* P

No Errots ¢ | 23 18 - 31 38 b 32 28" B 36,
.- One* Error 1 12 10 v 4 K .oy 6 y-° 7. 2 1
™o Errors |, = 1 4 R | ' - .o 1 - 2 1 ’
Three Errprs T, 4 1 . . N\ -1 1 1
Four Errors e 1 | . e .o 1 1 .
Poseible ) v ’ ’ ) ) '
Errors % yOS 222 304 156 152 ) 228 78 195
~Actual . 14 34 13 2 6 | 16 13 - 6
Errors ‘ _
Fereent 13.0° 13.5 4.3 ' 1.3 4.0v. 7.0 16.7. 31w ]
Errors, v ‘ 7.
No. of Subj. * 36 37 38 39 38 38 39 L 39 - 38 Z -
* f "(.
H N 5
o I t, -




BT & T f," {A'”*”i"" N 7ff“"““?"‘ﬁy 'IVY‘j T e TEAR e e T I A S D e e
, / . . . .o . f" . - - .». .-' ¢ . .' - . ; ‘ . ) .. . . ' _ 5 . A ' “ , S

{.f/ y $ . T . ., +TABLE 3 (Continued). =, R e T R IR
. j/ c - ’ e . ) N . . . . - - ' A.— | ‘. o ‘ '. ‘ . . 'ﬁ ‘_ . C .
O .- ' 7 FREQUENCY OF ERRORS ON PROBLEM ‘IYPES( TOPICV  * T T o -
: Al : ’ . 7 ' ’ ) 8 . : O ‘ A Lo * ’ ) e
. . 9 . . N . 41 e . L . B . ) , . . . . .
'\._,,/ 5 . . . . N ' 1._ ' \ - i . ' ’ : ’ . . "') ‘ \.'
,f; ‘ N _=‘> *m — = %:f L . ' »-
o : e . . ' Problem_type S ' : © ¥ o
e No. of tests R , : "1 R .. Mayving to I N . . w .
: . with - : cre Substituting - ' Inpequality, . : '
R . 1:Nov. 20'} 2:Nov. 22} 2 :Nov. *23 { 4 :Dec. % S‘Nov. 412: Nov. 7 | 4:Nov. 19],3 Nov. 21 . ‘

L% s~ -

<~ Yo Errorg . 10 o - 18, - ok | om. . 30“_"28 Y R
: One Error .- 29 ., ‘110, 12. ’ B - RN A ¢ 6 ’ 7

2
: . 7 , : .
« - . “ _ Two Errors . -, 4 - 8 . 6 -] 1 N .3 .o L
. 3

' és L) ;- * . '
= :rhree: Erro . e . LI . . e - . L) - .. i s e e s . A
" \‘- . . A » - r . - - 4 . {
W .,FOUI Errprs .. .o .e : .o “ LN ' ¢ ee .. LIRS . .
- : . b « . e - b . i * ' b
b 2 ¥
‘e " - —~——T

Poggdble | < . ' : o, : ' A
Errors ; -39 .L\&\ 76 76 : 152 , | 190 - ,'74‘ 148 o 131 -
- Actual . . . J ' o ) .
\ “Errors . « . 29 18 ’ 28 P ¢ 28 16 . 1-3 . 12 : 7
 Percent - : ¢ N . ) .
N ' Errors “* 74.4 23.7 36.8 ( l%;“ 8.4 17.6 8.1 | 6.3
¥ ) '

: No. of Subj. 39 38 . 38 38 | " 38 i7 37 37
& , - : _ — B
*tests of greater difficulty including férms of problems which the ) S .
children did not expect, ard marked with a "*". ' . .
4 .
‘ - *%3:0ct. 23 means 3 problems, tdgt gd@inistered October 23. M
- ‘ . - ’ o i
SRR . .
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. introduced'to equations of thé"type: x-A=23and x + A=¢

- (cheir sélution ,was based on the following statements: If x'- A =

.then X > B by A, ‘Thus x = B + A) B Lo - & - o

' In the course of this work the teacher would focus on having the
children structure detailed atements,;and train thgm not to be afraid
of making mistakes (at first).' The meaning of éach formula fwith ‘
varying letters), was diceussed and "weighed" carefully azd unhurriedly.

LOn a\test on December 27, 1963, the children in"G. G, Mikulina's

Ky

_cldss were given these four . .formulas, along with soge others: . T'
. x +C = E, x - R =K,S = x + A, and M = x - R (they knew certain
X letters of th\e Latin alphabet by this time). e Y ,' L

2 . Lo *
.- The method of solving these and §hveral other equations is Shown

‘o

in Figure 12.  The results are as follgws. Twenty-six pupils out” of
thirty—nine made o errors in solving the éour equations mentioned‘
eight pupils missed one equation, two @issed two- equations, two o eré_
‘ missed thyee, and just one missed them all. The total number of
correct answers pcssiblé‘was 156, and 22 of them, or 14%, wvere misseg.

We believe :hat these 4;sults ére not bad at-all for such difficult

problems., - N ' St | N .A )
A-xe8 La-x ~ X-H=K F4X =& .
A>B L< A Xreon  F<G .
X=A-8.1 X=p-L X= K+ X=g-F

H-(ﬁ-B):B LER-(A-L) N (K‘*H)"H" K F*(S"F)"‘G’ B A
’ S=X+4. VzL+X

X‘f‘c=E m:X—pR s>x ] WL "
X<E o mcX X=5-A X=V-L
‘xx'E-‘ Kamfg Y
Figure 12, -- Test (Dec. 27, 1963) . '
taken by Moscow first-grader Masha

S.
gﬁderstandably; the following queétion may be asked : Just hew
worthwhile is it to work on elementary equations and to solve them
in this form? Usually, 6f course, they are solved by transferring
lettérs from one part of the equétion to the other and changing the

sign to its opposite (the further issue of negative quantities comes

\/ N : )
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"up here as well) It certainly is not maintained that the approac§§
spelled out above ig the: only ohE‘possible or thht its value has been
-completely proven from the methdhological;gtandpoint,~a matterlwhich
needs further discussion and testing. Another matter, however, is
particularly imnortant to emphasize. From a psychological stsandpoint, - "k
instruction by the experimental curriculum has revealed potentialities' F
. in the sevpn-year-old child far analyzing rather abstract relation-
'ships Jﬁich traditional child psychology has nevgg clearly noteg ’ "..gL
In.their work with thegpimﬁlest letter formulas, the children showed‘f‘fﬁ‘

;pat they have a- lively_taéte for reasoning, making mental comparisons,

and giving a r%gical apprélsal of various ﬁ%lationships. The designers

.~of academic subjects féce the task of- satisfying this awakened interestf

. the primaxy schoolchildren have shovn. ; S, ' .
At the same time, an introduction to eQuations wri en with . ‘ ‘_

letters is important to the development of the. first—grader s skills \T\

.at making mathematical models and describing actual physical quantities

and the gh nges in them. This, our experience shows, is quite essential

quent mathematics instruction, espectally the soluﬂion of
53

to all su

&
so-called word problems which have letters as data.

- Topic VI -- (addition afid§ubtraction of eQualitiés and inequal-
ities: substftutions) In t is topic much of the information the

children had acquired earlier about the propertiesgof relationships
was synthesized. In assigning tpé children problems dealing with

the addition or subtraction of equalities or inequalities, the téacher
d¥d not try to give the children formal rules?which, after all, are

provioed in the systematic school algebra course. What was -important

,) was ‘q,&inc‘ulcate in the pupils the ability to use elementary reasoning,
A :

based on ‘the properties of relationship&, and the ability to approach

elementary(formulas from the standpoint of their meaning rather than

oﬁ a supenficfal combination of some of their characteristics.

.
-
i \ ) ’

— 53AS notea above (see p. 130), one of the most Important proper-
ties of quantitles manifests itself when even the simplest equation
ds beine set up: For any a > b there is alwavs a defipite cuantity
c such that b + ¢ = a (see golmogorov s axioms [12‘340])
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quent introduction to the commutative and associative properties of

B r'e .
- . . . Q
s .

’ Thus, in working on Tapic VI the children sglved problems yf e

the following type (there were many speciﬁic varian ), ¢ ' '
. . A=3B . B>C ;23)2
K> X T N=D . © ¢ M<G, I
. o . : o " - :§ . t' v
»A-K...B-H B+N..Cz%'D E+M...B+G ., %
After” performing a number of exerciaes Qesigned to acquaint them ., ’

with the form of the problems, ‘the children solved these problems

-

qnite sncceanuliy on the whqle (they shawed patticular interest in -
them since th%? require(ﬁwork not yen "sanctioned™ by the rule§)

Finally, a certain amount of time in Topic VI was spent showing
the pupfls how sto replace some value of a quantity by the aum of two,
three,’ or more itema B :fh C=A+ D + K B=A+ D + K). In a = |
series of special exercises the children would expand" or "contract' . |
letter formulas according to the operations‘indicate& (for instance,
they.were'to rewrite the inequality A > B, given the condition that
A=K+ M+ N). ‘All this served as good preparation for the aubse:‘

addition. - . | T | “
- .
. The basic stages of the first semeeter g work has been outlined

+

according to the curriculum we devised, as well as the extent to

3
. which children have §ucceeded in learning it. Since we believe that

the currigular material is important for later progress in elementary

mathematics, it is logical to ask how long children retain this -

knowledge (if they do not, then they cannot build on it subaeqnently)..
An answer to this question is provided by the resulta of

apecial tests administered at the end of the year and at the ggginning

of the aecond grade.?“ On May 28, 1962 for instance, the following

test, eonsiatiqg of twelve problems covering much of what had been

studied during the year, was given to a first- grade class at Tula,

- (M. A. Bol' shakov, teacher):

[N

'y : " . .

Saln another article [3] we have given data about\the performance é
of three classes of first—graders (in Mosecow, Tula, and Mednoe) on
a complieated\series ¢f test problems given at the end of February,
1962, . .

- ] . ‘ v : .

\ . . ™~
L <14

a
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- . o § ' . = e ) * .
?-. 1. .h.< B .2, A>B ',.3.~rM =D ' 4, M=0D ;; / . '
' o . . : - :
* Aono -B A‘cc‘ -B e >Df M ...Q"‘G . 'F-a\‘
. 5. A-x=8 T 6, A+x=M . 7. A=B-~x .
‘ L . ., )
. A...B ' X = ...7 A L...B T, ¢
: ’ x- .0 * ( ] . . . .t“x_-.‘-Q..\'.& .
8. A=B, - -] 9. A<C. 10, M+E=D+E .
- A*’:E ee e _E V A_‘K esa C‘ ‘ 2 “.._M'_0.0QD . . .

s - : e Y W ~ (} i
\ llg A>B*K 3120 K*M ] j .~ .. .\ . _. .
A ... B K-A‘...-M+A | ' '

THe reeults achieved by the tﬁirty—four pupils are presented‘in - .
+ " Table 4. The most difficult problem turned out to be No. 6, in which R '
. . i ) ) '
. i L] . . " ‘ \
TABLE 4 | ' B

. .
‘ {
- ) b

-k

. NUMBER OF PUPILS (OUT OF 34) MAKING NO
' , ERRORS ON EACH PROBLEH

Problem T 2 3 4 s & 7.8 9 10 11 12

Number of pupils 32 34 . 33 34 30 25 31 34 32 31 32 31

r'd

the ’children were to find x without being giv\en’ t‘f\e relationship t;e’ti@en '
‘the known quantities in expanded form beforehand (nine out of the thirty- -
four pupils missed it). Because problems 5 and 7 were written in. ' ”

expanded form and were solved with more success, it may be assumed that -~

some of the children hed not learned to mentally evaluate the relation-
| ehié between quantities within an equation (it was noted on page 190,
the role this abllity plays). ‘ _ |

Many of the problems.were solved correctly by the majority of
the pupils. Only twenty-nine (or 7%) wege missed out of the total _ '

400. ‘Twenty of the pupils made no errors on any pgoblems; eight

-

LY . | /
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miased only one; thgee miiﬁed two or. three, and three others. missed{ ’
C“ ‘
é‘ur or fiv3435-the twelve problems. The gensral results on tpis
.. test show thatithe majority of the pupils did succeassful work durlng

Py v __'}

‘ Whett the instructional ‘results were outlined, we wéﬁl into'

the first semester and learned the matqrial quite well.

. detail about the work done in G G. 'Nikulina s first—érade class ':i T
during 1963—64. To give a more complete picture 1t is useful tQ “e h N
-summarize the results on a complicated test which the pupils of that % X\

~

"class took at the very beginning-of « theix %econd year (on September ~ 2
b o712, 1964). The following problems were given._

", . b-cok+m .va~bt+tc=d-m a+m /l* "
lc » e = " e 30 «s e < e . ) d<k~ .
z.c oo = eeo s 6. eenr = ces 5 (8+m)“d....b"k

542=7 : 10 = 10 .20 = 20

# 6. 5+2-a=7..7.10-2~2=10,,. 8.20 ... =20+b .
. A
On the surffice these problems appear different from the ones the

children had been working on in the first grade (they had not, worked
’with such "complicated” formulas before). Problems 6 - 8 reQuigEd
an understanding of the basic properties of quantities pregented

as . pumbers. The results achieved 'on this test by the thirty-seven

pupils. are given in Table 5. s

TABLE 5

. >
w - -
.
,

NUMBER OF PUPILS. (OUT OF 37) MAKING NO
¢ ’ ot ERRORS ON EACH PROBLEM

¢

+ Problem 1 2° 3 4 5 6 7 8

Number of pupils 35 32 34 29 29 37 .35 37

@

The majority of the pupils were‘gble to éolve problems 1 and 2,

»

in which‘theyzneeded to know two methods of arrivinéift equations. .

*

200 ' ‘

v
»
™
W




v
~
a
’

-

‘Nearly all solvec}’ L 3 as Well.//(it\ nec%ssit;ated inhnﬁsing | ‘. .

‘the right “side or decr@asir;?: £ft sw a%(equglity)t The A L,
oblé

wealcest performance wWRS on 4 and 5. In- t:he-onf they had P NI

i
_lems involving the numbers. 'I\aenty out of the thirty-seveﬁ pupils . "

- to preserve an eq\{?;lity by inore ﬁig t.gr. decreasing both gides ‘the- :
“same amount and in the o;her, ﬂﬁé? had to grasp the meaning of a-% . :} S
.new formula. Nea;ly all :ﬁé children were ‘able to solve ohe prob—‘ //‘ : S

. solved all the probIems7with no errors; nine pupils missed on%y one **
. R

problem" six others missed two, and ‘two missed &M‘ee or ‘four. An- ) 4
example of the correct solution of Problems 1 -‘g f‘oll;gw,s (done by o~ -

Tanya V.). , A . ' - ¢ , ..

a : b-c>"k+m‘ . ‘«;s'ibﬁe-'c'-‘a\_':m‘_ ?/ ’;“’L
l. b~e=m (k+m + x ) 3. (a~-b +-c)vr'z <d-m C P
‘2. (b-c)-x=k+m b (@a-b+H-z=@=m=z- .. °

Out of 296 possible errors there were 28, or less’than 10%.° ‘

If we take into consideration that tiis test was givém. unanmoiinced,

after the summer vacatieon, and that’it included complicated formulas,

we may ssy that in general the results on it’ are.. sa?isfactory. They ' / \

'show that many children in the first grade had’ gainedva thorough L )

understanding of the i;undamen’tals of moving from equali’ty to inequality

and back and could apply these wheh working with either letters or

‘numbers. By following the experimental curriculum. the teaehers were -

thus developing in the children a sound knowledge of the basic

properties of quantities and the operatlons on them. e

What are the prospects for makigg use of this Earticular Tagrowl~
edge? They are threefold. First, once children understand the basic
charaoteristics oﬁkequalit§ and inequality and the ways of moving from
one to the other,. their work with numbers can be focused not only on
the "pure" technique of calculations but-also on the structural

.relationships which regulate these calculations. In particular,

it becomes possible for them to see more clearly the unityQof addition )
and subtraction (and subsequently, that of f multiplication and division)
and‘how a change in the result of Operations depends on a change in >
‘the component parts. In other words, there is another, more fruitful
approach to the study of operations on numbers than that found in’/

traditional teao?ing.
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Second, the work with quantities serves as a suitable basis for
'an introduction to numbers, both whole numbers afd fractions (see

‘above). By putting emphasis on the prgperties of quantities, it

is possible to decrease the gap between whole numbérs and fractions,

-a very impori&nt step which needs te be taken in structurigg el\mentary

C mathematics as an academic‘subjeet.55 : ) ‘ ‘ ]f ' ‘,
oo Third from the very be§inning working with quantities and ab-~-
’ stracting their properties has to do with letter symbols‘ through _
which the child can begin to examine particular relationships among” -
] objects, a matter of no Small importance for all subsequent progress oL ~

in" the- academic subject of mathematics.
]

Y L - .- ‘

In our view, ' thé Bgints,enumerated are justiﬁication enough s
*

for including a sz§fial prenumerical eection in the elementary ...

mQ}hematics coursefNand they. snggestngkermerits of such a section.
By acquainting the child with the basie'propeE;ies of quantities, this .
"section lays the foundation for the subsequent detailed introduction ;U
of whole number® and then for a "smooth™ transition to real numbens,
and™t makes it possible to "soften!' the sharp opposition teaching
tggaitionally sets up between these types of numbers, and thereby
to.algebreize the regular elementary schogl mathematics course. _
L The materials cited above shou that there is npthing about the ’ s\

intellectual capabilities of primarg,schoolchildren to hinder the

algebraization of elemeéntary mgthematics. 1In fact, such an approach

helps to bring out and to increase these very capabilities children
have .for learning mathematics. | _

Y  Data has been ga&hered Which describes -individual differences
in pupils’ reiponse to the experimental, curriculum Since we will

« not have an opportunity to spell them out in this book, we "shall mention

.

Sln one experimental third-grade class in Moscow, fractions were »

intfoduced at the end of 1964~ 65, based Of the measurement of quantities.
The pupils were successful in learning this matetial, and there is
reason to believe that it could be presented at the beginning of the
third grade or even at the end of the second. This research, which
was carried out in our laboratory by the Yugoslav psychologist
Cvetkoviéd, shed some light on the psychology of introducing children

f to quantities and whole numbers as viewed from the standpoint of the
subsequent introduction of fractionms.
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;'e>eaiy that even with these differences, the majority of the pupils

-
-

¥

ri

~

in each class mastered the curriculsr material quite satisfaétorily “ i
(with many getting A's or B's). . At the same time there were two or

three pﬁpils in each class who needed supplementary work and who had | *
difficuliy with parts of the curriculum (many teachers face a comparable .
situafion when they teach. by the regular curriculum). We should alse
mention that the work described above did not overload the pupils at

\ .
“all, since it waiﬁaimed at finding and developing their intellectual

potential rather ¥han at increasing the difficulty of the material in

" a purely mechanical way, something we comsider unacceptsble in exper- ~

\
§

imental work of our type.

A1l of this permits us to assert with some assurance that there 9

is an inherent connection between the material to be learned and the .
intellectual capabilities for learning it. The key problem in getting

up ao academic subject, in fact, appears.to consist in groping for ‘ ..

this connection and providing,teaching material which will bring out;

i' H' {A}

themselves are gradually transformed inte mental "ability," in the \

consolidate and develop intellegtual capabilities (these ‘capabil

broad sense of the word). )
T in our experimental research we have isolated the following
(but not the only) chsracter%sgicigeetures of an academic subject which
sutceeds in doing this. A large pirt of it is given over to intro-

ducing the child to the realm of material objects’which will serve as .

the _spurce of the relevant concepts. The child hag to learn how to

ogetste in this realm before he can make the transition to full—.

fledged comcepts. Special analysis is needed to determine the range .

o

of propertiesfgf the objects, as well, as the operations tnféggi;d needs

to learn. For instance, by solving special problems of match and | .
assembling and then of comparing, the child learns how to isplate
specific relationships among objects which can be con;erted into a
quantityv " )

' An ipportant role-in this process of isolating relationships be-

longs to intermediate means of depicting and describing the results

.of;operstions on objects. Fully formed concepts sometimes show no

trace of these means, which are significant in that they make it
< -~

—
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. possible to model the properties of objects in the form of an ogeration

" to be performed. Whes this operation 1s eliminated, there is no further

Ll

@eed for these intermediate means of descripﬁion. Now it is as if

the concept itself and the syﬁbolic means of expressing it refer
directly to the properties of the object. Intermediate means .of
deécfiptlon are of decisive importance to the academicKsubject sinte
they serve as the intermediary éetween an object and some property of
it reflected ic a concept. Qgg experimental curriculum was successful

-

. : T
Because just such means (as "copied” and "abstract'" sketches to help

i

4

isolat relationships involving comparisons) happeued to be discovered
and mége a part of the teaching process.
This academic subjeet possesses still another characteristic

featurd. By teaching the child to work with visual aids it gives

him an understanding of-the general featéres an object has which ﬁay
be seen in these aids and may be studied later. These geﬁera%‘features,
as iwere, are an indicator of the specific form new Enowledge will

subsequently take. Thus, when we delineated the field of scalar

“duantities we thereby outlined in prospect a whole cluster of specific

mathematical disciplines grouped.around the concept of real number.
Succeedicg in mgking the particular visible through the general

1s a characteristic.feature of the kind of academic subject which

awakens and develOps the child 8 ability to think theoretically at

.

the very time when he is sgudying it.
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DEVELOPING THE CONCEPT OF NUMBER BY MEANS

OF™HE RELATIONSHIP OF QUANTITIES*
. \

G. I. Minskaye
. ‘-‘ ] ot
The concept of positive whole numbers is basic to the entire
"study of arithmetic in the primary grades. With a grasp of this
concept and of certain properties of the decimal’ system, children I .
can learn how to add to subtract,. to multiply, and to divide numbers
in the cour;c of four years: *Ways of introducing the concept of whole-
number and counting in the firét grade have been worked out in\gﬂ\‘t
detail in the methodology of teaching arithmetic. fhere is an ex- ?
‘tensive bibliography on the psycgclogy of developing the initial A,
concept of whole numher,acd elementary coucting skills. It would L
' appear that this part of the curriculum and the methods involved .
have been firmly established. For -several ‘decades they have remained
. essentially unchanged. Examples are found in the first-grade text-
book by A. S. Pchelko and ¢t B. Polyak [8], and in the correspondimg

methods manugl by Pchelke [7].. Methodological research has been

focuse4 mainly on improving particular'wéyg of presenting the estab-
lished curricular material. . ’
But reccnt psychological studies, both here and abroad, have
cast doubts on the accepted content of the initial sections of the o
arithmetic course and have outlined new appreoaches to introducing
‘the concept of number into the coursei Certain studies (such as

those by P. Ya. Gal'perin and L. S. Georgiev [5], and by V. V. Davydov

¢

A *From Learning Capacity and Age Level: Primary Grades, edited’
by D. B, El'konin and V. V. Davydov, Moscow, Prosveshchenie, 1966,
pp. 190-235. Translated by Amne Bigelow. '

.‘\k
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[1]), have concentrated on childrem who were taught counting and
number usin

the customary curriculum and methods (in kindergarten
and in schoél) and have sought to determine what a&ttribute these
children fo?us on when counting a series of objects. It has been
found that for many children this attribute is what makes an object
distinct in space and time from the others in the particular aggre-
gate. ‘The children, even though they ware quite capable of counting
. out separate objects and had a clear 'motion' of each number (up
| to ten or fifteen, usually), either were completely incapable-of:
co&ntisg at all or else made gross errors as soon as a problem
required them to count out objects on some other basis than by the
£separate elements of an aggregate. B v
When .the "breakdown' of this previously estsblished operation

.. was analyzed psychologidally, it was found that the children identify
. a set o} units, such as the elements of a series of numerals, with .

the parts of a very real aggregrate. The children make no distinc-
(\tion between- what is being counted and the particular means by which
" the results are represented, that is, the standard set of separate
e units. They identify the unit with the separate elements of the set
"being counted. Thus, if tlrey'are glven a set of blocks and asked
how many there are, their oniy answer will be '"six," because they

mentally '"natrrow down' the question, interpreting it on the basis of

1] i

o the‘ﬁisibly separate blocks given, and find that there are 'six

such "units." "
It can readily be seen that a child will- "narrow down'' the question’
.an& respond this way only if he already identifies the unit (the
numeral "one").with a separate element (the block) of the aggregate.
Heré the numeral becomes just a new name for this separate objezgég
In principle, however, a collectioh of blocks can in itself be
4 ,defined by varioeus numbers, ‘depending on the base used for counting
7K(the measure th%t is selected), which may or may not coincide with
the "individual' block. 1In Figure 1, if '"the rectangle'" is selected
as the base then the collection of blocks is defined by the number "1."

It may be also defined by the number "2" (the number of horizontal rows),
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Figﬁre 1. —~ The possibility of using vari— : L. S~
ous numbers to describe one group of objects
(depending on the base for counting) *

.

~or the number "3" (the number of vertical rows). The cpllection is

defined here as a certain aggregate of units (1, 2,‘3, or 6),"Ihese
‘units designate the relation$hip betweeniwhat is counted and what

base (or measure) was established in advange and, taken separately, -

are a special kind of model of the relationdhip. éut the units do .

not merge with the actual, physically‘dis jects of the thing

being counted which is the reason any collection qf‘eléments can be ’

designated as the individual unit (to be called "one") if a "fractional"
- measure is taken as the base for counting. = ‘ .
" Whén the mental operatiQn of counting (see [23) is %ully devel-
oped, the person needs no special detailed instructions to be able
’éo distinguish, by himself, what base forvcounfing is needed ("neeﬁéé"
according to the conditioﬁs of the practical problem), to use this
base, and to find the relationship between it and what is being counted

without any particular consgious effort. If he can dhangg the base

for counting rapidly and ffeely, and can keep in mind the interrelatioms

among the object, the measurq, and the number,‘ﬂk has a grasp of the
actual form of number as a specialjmeans for modeling the relationships
among concréete physical objects. )
Unfortunately, as we mentioned earlier, there are many first-
gradars who‘do net have a grasp of this form. The fault lies, to a

great extent, with the accepted arithmetic curriculum and teaching

methods, which do not take into account the actual psychological
mechanism of counting as a mental operation or the co;ditions in which
it can develop fully. éith these methods, children do not learn to
disti:ggish what is being counted, the E§§§_for counting, and the

means’ for representing the relationship between them. Thus their

notion of counting is defective, since it lacks precise points of




reference for a. flexible change in thq hase as well as for undér-
"etanding that the number obtained depends on this chengeable base .

for counting. ' L

It is well known that ae¢cording to thejes 11 methodelogy,
learning how to count (up to ten) includes; '§;‘~‘.

- 1) knowing the names of the first fen nu§§erb and 'their order;

(2) understanding that when’ .one counts an gggregetg, thg last
numeral named tells how many objects there are altogether in that /
aggregate; o ' : - ‘{, ‘

(3) knowing the place of each npmber in the neturel series; and

(4) having a notion of the magnitude of the aggregate designated
by a number [7:143]. * .

‘ Let us examine the most striking items in this list. ‘ig item

. 2, the child must understand that the numeral he ‘has obtained - desig- ‘
nates the number of objects in the particular aggregate. In 1tém 4
this fact is further emphasized. The child must have a notion of the,
magnitude of the aggregate designated bytthe particular number (and - )*‘

"particular" is emphasized). Thus, to say that a chjld knows the
number "five" meansvthat he has to be able'to picture the appropriate
"magnitude" of an aggregate. ‘*Here again the'emﬁhasis is placed on
the’ idea that number is an immediate 'characteristic of an aggregate,
" a direct, visual property of it. '

This methodolog%cal requirement pan.be'seen most plainly in the
following e;emple. As a pert of their study of the numbers up to 100,
‘children may tie up 100 real matches in a bundle which, if done,
apparently gives the child a "visual" notion of the magnitude of the
number "100" (see [8:1331). . .

Number is understood here as a direct abstraction of a certain

immediate property of an aggregate, the 'volume,"

so to speak; the

quantity of individual elements constituting it. Clearly, the means
by which such an abstraction is aghieved, according to the require-
ments of the classical sensationalist theory of]abstraction, should

be tb compare many aggregates by the volume of elements in them.

That is, if an individual distinguishes what is common, or identical,

- X
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‘in the aggregates, then that is his "abstract" notion of the number
" of individual elements. This is exactly how the textbook says to
assién a number to an aggregate, from the very-start. Thus, a group
oflboys will he compared with a group of bicycle wheels, a group of
sticks, and a group of dots. What can thede aggregates, so different
in nature, have in common --' what can be identi;al'about them?
Nothidg, except the number of individual abStrac£ e1ement§ which go
to make them up ("two" ih this case). It charactérizes the immediate
praperty of mégnitude possessed by all these aggregates., .
The children are similarly introduced to all the numbers up to
ten. In every case, the numb r emerges as the abstract definition of
the.”magnitude” of an aggzzzgﬁe, which they find by comparing ‘its
individual elements, its ts, with the'anits of other aggreg‘ates.1
| ﬁhat results from this curriculum and its teaching methods is
that many first-graders who are ''good" at counting (by the ordinary
standards) still identify a number (a set of units) with an actual
aggregate, They make no distinction between what they are counting
and the method of recording the result «fd.are unable to choose
'bases for counting and are unable to go freely\from one to another --
they do not understand that numb &r depends on the base which is chosen.
As a result these children do not acquire a full-fledged concept of
number, and this has a negative effect on all their subsequent study

of arithmetic. It has been observed in particular that such children

have difficulty mastering operations on concrete numbers and ¥nder-
standing the connection between whole numbers and fractions. .

The traditional approach to introducing children to numbers has
even more serious negative consequefices. . In particulér, we fbelieve
that such negative consequences include the defects in the traditional
introduction of numbers that A. N. Kolmogorov has noted. (He was

referring directly to shortcomings in the Iintroductiom to the concept

I3 -

. lThis theory of abstraction was worked out most consistently at
* one time by German methodologists (Grube and Lail). The so-called
“*"numerical figures' we have in our textbooks are an echo of this theory
,and the methodological approach associated with it.

{
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" of real number, but as we see it, these shortcomings are deeply rooted

in the child s introduction to positive whole numbers) N

_To see that the generally accepted system [of
introducing number] is pedagogically defective, one
‘( needs only to observe the difficulties pupils have
" when they learn that the meaning of geometric and
. .physical formulas i85 independent of the units of | 4
measuremént chosen and when they study the concept
of "dimensionality" in these formulas- (from Kolmo-
gorov's preface to H. Lebesgue's book, The Measure- *
ment of Quantities, 2nd ed., Moscow, Uchpeggiz, 1960,
- p. 10). : e R

A natural question comes to mind: - Might.it be possible -- ex-

perimentally, at thig peint —= to develop in fifst-graders a concept

of number which would serve as a full-fledged basis for the mental
operation of counting? In 1962-63, A. P. Putilina, a first-grade
teacher at School No. 11 in Tula, attempted to do this in a stud)im
under our supe;vision. The mathematfcs teaching in this class followed
a special experimeﬁéal curriculum. The children spent the entire

first semester prior to the introduction of, number becoming acquainted
with basic gquantities (such as length, volume, and weight) end with A

' methods of comparing them and recording the results in ietter formulas

of equality and inequality. They were introduceg tot the basic pro-q'.

perties of equality and inequality. and the condifions in which it is
possible to go from equality to inequality and baqk.S And only during
the second semester were they introduced to number. In this section

the introduction of number is described according to the experimental

curriculum and the results of the experimental teaching are given.

.

)

~
1

21n previous years P. Ya. Gal'perin and L. S. Georgiev carried
out experiments in‘kindergartens for the same purpoge, %
. >
3The theof%tical Justification for this approach to structuring
the course, as well as some results of the tleaching done by the expery
" imental curriculum, are spelled out in articles by V. V. Davydov [3]
and T. A. Frolova [4] (see also section two of this chapter [the pre-

ceding article~in this volume (Ed.)]).

4In her teaching, E. S. Orlova has experimented with a comparable
way of introducing number which differs only in that it includes no
detailed advance intrdduction to the properties of equality and in-
equality of quantities.
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Even before academic work was begun in the first grade (and then
as the work progressed but with no special instruction), the pupils’
knowledge of counting was tested. It was found that many children

. were in fact familiar with the pumerals from one to ten and were .
able to say them in order, aqg some were even able to say them back-~
wards. Many were aware of the possibility of using numegg_s to count _ .

;objegts, and did so when directly given a small group of objects “'///

(from four to seyen) to count., At the same time many had & poor grasp
of the relations between numbers -- "Which is less, five or nine?"
they would ask. This was perticularly true when the numbers were greater
;gan ten (sixteen or eigﬁteen? nineteen or fifteen?). It should be
mentioned that before beginning the sections of the experimental
curriculum which h&d to do with countlng, all of the Pupils had learned
"naturally" the names of thk numbers froﬁ Qne to twelve or fifteen,
and even beyond. . o

' The section of the curriculum pertaining to number was divided -
into a seridmggf topics. We should'mentiop that since our .approach
to introducing number was based on teaching the cdﬁldréh to find the

.relationship between,an_pbject‘(a quantity) as a whole and some part

of it (the measure), in a certain sense ‘Rumber and counting was

. introduced on ,the basis of the measurement\of quantities, Actually,
5 however, this was not measurement in thefpre ise sense, for the latter
assumes a- fixed unit of méasurement (which we'did not have at first)
and as a rule .pefers only to continuous objects (whereas the children
were taught to look for this relationship in discontinuous objects
as %ell). The relationship between counting and measurement is not
analyzed here, bu?-throughout the description that fOllOWS-(&S in the
actual teaching process), we have found it convenlient to use the terms
"object being measured" and “measure”'toldesignate objects and oper-
ations in the expeéimental curriculum. '

In deseribing the instruction process and its basic stages, we
shdﬂl nut‘gO'Rnte an analysis of its foundationg. Davydov has dis-
cussed in detail the structure of counting and its relatioﬁship to
number in & study [1] to whiclt we refer the reader. Our experimental

curriculum is the practical outcome of that theoretical analysis,

4 t
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«t the end of January an the second simester of 1962-63, the
pupils in the experimental class began their study of the, following

. topics: .
1. Solving problems that required a determination of the relation-

¢

ship between a quantity (the object being measured) and a measure;

learning the spedial operatiOn needed for finding this relationship
(including workingkq\th the measure and learning the rules for desig-
nating the results), and depicting the relationship as a standard

set of physical units. ,.

2. Using the names of the numerals to designgte the results
of counting. *
The first topic was somewhat unusual. Its purpose wig to convey
to the pupil the necessity for using numerais as special mathematical,
"tools.'" 1In the first lesson the children were given the problem of
selecting a piece of wood, from several in the corridor, that would
_be the same length as a certain model. The.problem had one condition.
The§ could not take fhe model with them! What were they to do?
Anotﬁer problem tkey were given was to pour the éame amount of
water into one ‘jar as was in another jar (the jars differed in shape
- and diameter, so it was impossible to judge by the water level whether
the volume was equal). How could they do it? ' -
. _ After facing a number of® such situations, the children began to

realize that matching was possible not only in a direct way (by holding

object, in/a comparison by some attribute),
but also in an inéirec way. s fﬂrough leadiqg questions thg teacher
helped the pupils to dis over the basic requjrement for doing this -~
choosing é particular measgre with which to do the matching indirectly.

The children learned to draw a little block each time they gpplied:
the measure. The result would be small groups of blocks, and the
children[found that with these they could now pick out "the same size”
stick from those in the corridor, or they could pour in “the same
amount" of water. They rapidly mastered the technique of measuring by .
using the results of a previous measurehent {that 1s, by using an

aggregate of blocks).
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. It took only two lessons to master this topic. The teacher did
not attempt to Lteach the children all ‘the rules for using a measure
right away, of cowmrse. "fine-points' of the technique eame at
later lessons. Bnt'e;en at this point the children learned that the
block was to be applied only when the measdre would completély fit onto
the model (or material) or'qould be completely filled with water (when |
this 1is what they are using). Otherwise the remainder was not to be
counted. - . . | | |
- The teacher constantly emphasized the necessity for using the
blocks .to designate the results of measuring (the results of the |
search for the relationship, that is). The children all understood
the purpose well. Some used other objects instead of blocks, since
the teacher had called th@ir attention to the possibility of "substi~

tt

tution.

Any individual objects could be used here to depict the o
-results of measurement. \ o
Using a series of problems, the teacher then showed that it was
,alsolpoggible to choose any measure (within the limits of practical. .
convenience). However, once a particular measure had been chosen,
the subéequent work (of taking the measurement and measuring off the
matching object) could be done only with it, This topic was aimed .
primarily at teaching the children from the very start to make a clear
‘distinction among the object being measured the measure, and’ the
gggng used to designate the relationship between.them. A set of physical
units wns the "embediment’” of these means, and the teacher made a
.. special point of mentioning this at the very beginntng: He would ask:
"How many of these measures (he would hold one up) is there room for ’
(in the Dbject‘being measured)?'" The children would point to the pile
of blocks or group of other objects and answer: 'This many!"
Dnring this.period the teacher would ask the children to "ﬁeasdre;.
discontinuous objects (such as a group of blocks or squares), sometimes \
with a compound measure (consisting of twg blocks, for instance). In .
this case it wan still necessary to mark off-the individug}rblock
when applying the compound measure to the object. The aggrégate of

i@dividual blocks (units) expressed the relationship between the group
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- v. .Figure 2. -- Using a standard aggregate of
physical units:
.(a) the initial object, or model; (b) the
bases for counting; (c) the results of
counting -- @ standard aggregate; (d) the .
object reproduced according to the model. . ..

of objects and the compound measure. With this aggregate and the

. measure, the children could obtain a new group equal to the first

+(Figure 2). The distirction was very clear here between what was-

being "measured,' what vas being used to '"measure" it, and the

individual units with which the results were shown. W

The next topic included the replacemént of the physical lnits

by the names of the numerals and a more careful study of the relation-

ship between the measure and the part of the object being measured,

with the concept of "one" then being introduced.

The justification given for introducing numerals was that '"blocks
as units' are not very convenient (they can get jumbled; sometimes you
need 8 grea ny of them; you cannot put them in writing if you need

to give the results of measuring, '‘and so on). The teacher showed the

pupils that the rules for working with measures all remain as before

except that‘insti?d of using blocks, one says "times.' But this way
we do not know how many "times' the measure has been applied —- one
can say "times" endlessly, after all (one may see here the distimction
between the temporal development of unitsv;— since the word here is
"unit" ~- and the spatidl development). These ”times" have to be

distinguished Lne time, *two times, three times, and so on. Or one



does not have to say "times:" but simply one, two, three, and .sc on,
keeping in mind that each word denotes an application of the measure
" to the object. The last word ("seven,' for instance) tells how many

measures the object will hold. To solve a matching problem one must

take this'measure again'seven times, measuring snd saying’ the words

~in the proper order until one comes to ''seven."

By performing a series of exercises, the pupils rapidly mastered'

"the rules for. usiné numerals (they had previoﬁsly Pearned ti® names
of them and t r in which they came). In some instances the
teacher would ask them to substiﬁhte blocks or sticks-for'the'words,
80 the children would shift back to a physical set of units,” This
3'time, though they were counting, the blocks and sticks. (they would .
say "'five," for example). Then the teacher would ask new questions.
- "How did you get these blocks? Why did there turn out to be five.of
‘them? What do these blocks tell you?" The precise ansvers would
follow. f o

Special attention’ was given to carefully observing the rules
for using gompound measures and for working with discontinuous ob-
jects. At one lesson, for instance, sixteen blocks (laid in a row)
were selected as the object whose length was to be measured. Three
blocks in a row served as the measure, Using this measure, the chil~
dfenAobtsined the number five and a remainder. They themselves came
to the'conolusien that a 'separate block should not be counted -- "We
can't say it s six -7 that wouldn t be going by the measure. "

Here is an excerpt from .the record of the lesson January 30,
1963: " : : \

Teacher: Take two sticks (each-10 ecm. long) and lay them to-
gether this way on your desk -- end to end (he shows
how to do it on the bodrd, as in Figure 3). This
will be your object to be

measured. Here is the mea- r —
- sure (5 em. long); hold it
™ up (he checks to make sure =
. everyohg has the right mea- . Figure 3.
¢ . sure). Count to yourself ¢

the number pf thése measures the object will hold.

Sasha S: Our measure fit four times!

N
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. Teacher: , Right. Now show, what;fwo out ofithe four will be,
e i Soing by our measure. .

Sasha B., Lena P., and Madya M. hold up both sticks, the whole
object to be measured; the reJt of the pupils do the task

. correctly. - g : «
. i - Teacher: Lenas, s?ow the children éwo, going Ey our measure.
’ ”éeﬁajP. hastily takes away one of'the.epicksf | v
* Teacher: Show them how -you did it to begin with. Is\thet the
f. right way, children?
‘glpils: f No! ) 4 ‘ .

Teacher:, Why is it wrong?

| v .
: !

Natasha P. Becaggé»fhg; s Tour

Teacher: Going by what measure?
i \

Natasha P.: Thls one (she holds.up the Scm.-long stick).
¢ « ’

Teacher: Show us one, going by our measure'

"The pupils ‘grasp the lowef part of the stick in their fists,
& - - covering it with the fingers*of their other hands, and hold up
‘ ' half the stigk.

,Teacher: Now you have the same object to b measured, but this
: is  fhe new measure to use (10 cm. long). How many

. times will it fit into this same objeéct you are measuring?
- €

Sasha B: I get that 1t'll fit two times.

‘< Teacher: What about you,~»Olya? '
Olya N: Two times! o oo :
' g
. . Teacher:’ Now do you make sense out of that? First it went four

~times, but now it goes twice.

Lena P.: The measures are different!
-

\ Teacher: What kind of measure did we have the first time? .

. X N
. ~2gpils: A little oee!c . ; N
. Teacher: , And how mdny times did it fit?
. -
. S ¢\ _

. Pupiis: Four!~

* - v - > L3
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. . . ' #
Teacher: And the second time?.

. Pupils: We had a big one! o 3 o o
‘Téacher: And how many times did it go? W
L ‘ . ) .'. '. . .
"~ g ~ Pupils: = Twicel , "

One can see from the report that in the learning process. some:
:.children had "run together” qﬁ: points of reference. On' the one
‘hand, they jhad been shown the necessity for especially finding the
‘base for counting and for foeuging on this base as they counted,
’father than on the individual objects; On the otper hand, these
children still gave evidence of focusing on the individusl objézt'
as the thing to be counted. This was apparently a part of the
‘child's previous experience. As a rule, however, this orientation
toward ‘the individual object did not persist. Usually-the child
would correct himself. "Oh, that's wrong! This is what uur measure
" 1s!" Then he would hold the measure up and count by using it as the
'ste. Some relapses continued to occur during the subsequent work

~on cou?ting, however. This indicates that these children ha

difficulty focusing on whatever base was given and learni
using their former method of counting "indﬁVidual items |

Particular attention was then given to "bringing out" the,meaning
of the concept of 'one." Threugh special exercises the children were
shown that an object to be measured may first be breken up into parts,
each of which is to be equal to the measure, end-then these parts
counted. Each part will be "one," although it may itself consist of
smaller elements. . The children were shown tlat the contént of "one"
changes as the measure is changed, and thus thAt the total number of
parts will be different. . They preeticed finding ''one" for any.
measure they were given. - ’

Here is.an excerpt from the record of the lesson February 3,
1963. As usual, each child had sets of sticks, bleeks,'and mugs of

various volumes in front of him,

-~

Teacher: Put ten blocks next to each other in a row. This
chain of blocks is our object to'be measured. Hold

-«
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‘ - this up as your measure ‘(he picks up two blocks).
. How many of these measures are there in this chain?

. -

Sasha B: Five! '
. . - 14 .
‘Teacher: How many do you get, Natasha? : i

‘Natasha K: ‘I got five, too.
C_/ta 3, T got five,

" Teacher; "What is five?
RS *
Larisa T: That means the chain of blocks holds five of these '
> ¥ measures of ours! :

Teacher: Show what 'one" is, going by;oux'measure! _ e

-

Some pupils "got stuck""cne.girl immed{ately held up two blocks;
Vitya held up oné; in four seconds the majority of the children
were holding up two. ‘ .

Teacher: Serezha, show us "one" according to our measure, Work
carefully and don't hurry. , s

Serezha P. holds up two blocks.

[

Teacher: Would it be right to hold up a'single block?

Pupils: No! ' |
P Moi . ¢
Teacher: Why?
, ¢ .
Andrei: Becausé it isn't equal to our measure.

Teacher: Galya, why do we have to hald up this many blocks?

. ~
Galya: Because we have to show what "one" 1s, one piece, what

our measure. is.

‘ Teacher: How many of theseqfeasures did the object we were
measuring contain?

Larisa: TFive!
Teacher: Vitya, what were you supposed to hold up?

Vitya: ‘One block.

L' Teacher: Is he right, Olya? &
Olya: * No, this is the measure we were supposed to show (she
- holds up two blocks; Vitya also picks up two blocks)..
v p
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Teacher: Now ‘this time this is our chain (fiyé blockb).
~is the object to be measured. And here isfour measure
(one block). How many times wilL_this meagure go
igto the chain? /f
Nadya: It'I11 go‘five times! ‘f
Teacher: Why does it come out that way? First you had one kind
of measure, and it went into the chain flve times,
_ but now you have this other measure and it alsq goes
“ five times? ' o . }

Slava: .The first time the chain was big and so was the measure,
‘but now the chain is little and so is the measure!
Teacher: Now take one from our chain, going by this measure
(one block). ; .

VYova holds—up two blocks.

Teacher: Vova, show everybody what you have. Is he right,

- children? .
 Vova wantsl to take away one of_the blocks, but theefé;chef\%cn't.
let him.‘ .
~ Pupils: No!
Teacheré« Why not?
Borya: They don't equal our measure (Vova takes one block

_away) .

time I asked $pou to show me ''one," and the second time
I asked you the same thing and you held up this many
(one ‘block)?

‘Teacher: But why did y;E hold this up (two blocké) the first

L]

Natasha: First we had a chain and the measure was this many
. blocks —- one, one (she holds up two blccks)

Teacher: And then what?

Yura: We took this kind pﬁ~meaé§re (one block). Here is one!

Teacher::. You see, children, if I don't know what the measure is,
"

then I can't say what '"one'" is equal to. }

Four blocks arranged in a square were also used as a measure at
this same lesson. The children laid out 'one" by this measure, and

then "one' more by the same measure. Yhen asked, "How many are there
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altogether?" théy answered, "Two," even though visually they perceived

~ : * '
efght individual blocks. < < R
\l——w—# .
o W®m e X

Water was used frequently as

the object to be measured, and com~

pound measures ~— two and three MEASURES
cups ~- were Chosen (Figure 4). The ' . Figure 4.
children were able to find "one" in either case with no errors.

Then they were given the following task as a test. The object
was the word "Masha' written on the board. First the word was des-
ignated as the base for counting, then the.syllable,'and finally the

letter. All the children accurately answered "one' by the first base,
5

L}

"two' by the second, and 'five" by the third. '
At the_next lesson the children applied various measures, ''sim-
ple” ones and "compound" ones, to a single object. They learned to
"combine'" and "geparate' the elements of the object when working with
measures which did not‘coincide with these elements. For instance,
at the teacher’s request they laid out‘two squares of four blocks each

LY

on their desks. . -
. Teacher: Thi§ is .the object to be measured. The measure 1s a

_row of blodks (he draws a "palr” of blocks on the
board; Figure 5a). v .
[.N

a b EE}.

Figure 5. -- Changes in the number .
assigned an object as the base for
counting is changed.

. . 4
SThe‘children themselves used the word ''measure" to designate these
bases. We recognizé that the term is somewhat inadequate here, but we

are unable -to provide a more accurate one at present.

-
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How many times will our measure fit here?

Pupils: Four! .
Teacher: Now with the same object to be measured but a different
‘ measure (a sipgle block).

Pupils:  Eight!
Teacher: Why did you get different numbers?
Vitya: Because the measures were different!

Teacher: Now add more blocks to the objects tc be measured, the
way the drawing shows (Figure 5b). Here 1is the measure.
How many of these measures are there in all your blocks?

Pupils: One..., twe..., three, and ﬁhen there's a remainder.

Sasha!shows how the remainder was obtained.
&
' Teachers Why are you calling these blocks & remainder, though,
instead of counting them?
Vitya? Because less than a measure was left; it doesn t equal
the measure! -t

. Teacher: You already. know how to count different objects by .
‘ different measures now. What do you have.te know,
what da you have to keep in mind, so as not to make
a mistake when you are counting?
Serezha: The measure! By

/ .
“At special lessons exercises were given in which the measure

was either shown in a drawing (which was then promptly erased) or

explained oraily. The children would have to envision the measure

as they couﬁ}ed. And since the measure changed from problem to problem,
each child needed to exercise great care in determining the part of

the obfect which was to he designéted as "one." Almost all the pupils
were able to handle these problems without mistakes. ?articular
attention was devoted to counting some natural object by differeﬁt
measures. For instance, using the classroom, the children were to
count: "How many pupils are there altogether?" "How many boys?
girls?" How many seats are there (not.all the places were occupied)?”
"How many desks’” "How many rows?' and so on. The chiidren found

here that each instance yielded a different number.




In nine lessons all the pupilé learned to coﬁnt by whatever base
was indicated or might arise in a practical situation (the counting
far exceeded the limjts of ten, as a rule){ The pupills were introduced
‘to numerical gggé and could move freely from one base for céunting to
another, understanding as they did so that the results of counting
depended ongthe relationship between the object being counted and the
‘base. : ‘

The task of the next topid (lasting ten lessons) was to show the
child, the possibility of working within the numerical Series itself,
the general principle behind it, and some principles of movement along
it. To do this it was necessary to di@grce the sequence of numerals ) .
from the direct counting of specific objects, that is, to give this
sequence a légic of its own. “We felt that this could best be done by
Sharting the numerical sequence on a straight line. This work includéd .
the following stages; (1) teaching the children how to mark out '
numbers on a straight line; (2) teaching them how to form the
"succeeding' or "preceking" number for any one given (by*the principle
nt 1); and (3) teaching them the method of'adding and subtracting
numbers., ’ ' |

In the first stagéﬁ as the children counted diffe;ent sorts of
objects, they would obtain numbers. The teacher called their attention
to the fact that no matter what objects were being counted and rno
matter what measures were used, the numbers one obtained were "identical"
(5 here and 5 there* 15 here and 15 thera) And in éVery case, to '
get" to 5, for] ipstance, one had to go from 1 to 2, from 2 to 3,
from 3 to 4, a§§§~ ly, from 4 to 5. _ * <;' 1 —

The teachgr explainéﬂ to the children th®t now they were going
to '"see" where th;se-numbers could "live,” how they were arranged, e“/
and how it was possible to ''get'" from one number to another. Then
he showed that the numbers themselves could be arranged on a straight
line or ray (the children fully understood this term). But to do .
this it was necessary to know certain rules. So the efitire class, -
together with the teacher, "deduced" th;se rules, using the knowledge
they had gained previously about the method of fqrming the numbers

themselves.

226 O~
<34

f




£

1" it

‘ Even earlier the children had iéarned the concept of "one'' as
. the designation for *the part nf an object equaling the measure and
thus unstable In its content. They understood, therefore, that "one,"
that is, the first step along the line, could be selected arbitrarily‘
When the teacher then asked, '"Where 1is a place on the lime for the
number two?", and proposed several points whith clearly did not

tt

correspond to ''two, many of the children (including Serezha K.,
Misha .P., Sasha S., Yura S., and Kolya Ch.) guessed that not just
any line segment could be marked off for the number 'two.” Serezha
"K. expressed the idea this way . You have to take a piece thqt's

f the same as one!' AIl the childrep then found the correct place for

" and so on. ~Thus when asked, "How far do you have to‘

“three," "four,
move from the number-four point to find the point for the number five?fr
'Borya K. was able to answer, "As far as from zero to one ot from one
‘to two . ., " | - g v
Af ter the children were given the rules for designating numbers
by points on a line, they were shown that there is no 1imit to the
possibility of moving "to the right'" (any number can be marked of f:
twenty-six, or a hundred, or glmillion) '

Then they were given exerqisesuiéponstrating that when an object

is measured with one measure, one nusber is obtained (the number "three,"

for example). But this number can be put in various places on a}line,
depending on what "step" we choose for the number ''one." The children

A

would choose various "steps'" and then find the places for the same

number on different lines (Figure 6). They had no particular d¥ficulty

10 ~ i - KJ (

Figure 6. —— Charting the same
number on lines_when different
"steps' have been chosen.

*
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explaining "why" the position of "three' varied from line to line’

*

(they referred to the different "steps"). , .

At the final lessons, as they charted numbers along lines, the

children established that the smaller the number, the closer it is to

zero, but the bigger it is; the farther it is from the zero.

L)

The following is an excerpt from the lesson on Febtruary 8, 1963.

\

Teacher: I have a jar of water here. ese two little jars
together are the measure. IYl1l measure, and you count
to yourselves. Mark out the number on a line.

L

Pupils: ' There were five ( they mark out this number on a line).

Teacher: What number do we start' from to mark out the pumbers?

Lenya P: From zero. .

Teacher: Which end is zero on? ‘ ) {

Tanya Z: The left end! ,

Teacher: What might the first step be like, from zero to one?

: - _

Vova M: .It can be any size we want . . . “

‘ i .

Teacher: And can we also make the other steps any size we want
to? : :

Borya K: No, we have to mark off as much for the other numbers
as we did for the first one.

Teacher: And if we got seven instead of five, where would we

ut it - .closer to zero than five is, or farther from
it? ' .

Lenya P: Farther from zerc than five is,

. V)

Teacher:™ Why? : \

Lenya P: Because seven is biéger than five . . .

’

‘The secq‘é stage of the work on this topic consisted of intro-

fecedknr and succeéding:

vducdf the formula for determining the number following a given one and
SR

‘::“fhg number preceding it. First the children were given the terms

“sreceding" meant 'coming directly before,” °



-

request, the children would name #two numbers :that came next to each
. other, mark them off on a lide, and ggterminé‘which of them was pre-
ce&ing.and'whiéh succeeding. Then they would find that the preceding

number was closer to zero and the succeeding one farther away from

sero. . -
| Aftgrfghié the teacher asked them to determine, for'sevéral :

different numbers, how much more the succeeding number was in each
‘case. The children came to'the conclusionm, 'after comparing the
succeeding number with the original one in each case, that it is
a unit larger than the original one, and that in order to obtain the
succeeding one it is necessary to add a unit to the original number.

Up tg this point the children had been working with separate
concrete numbe;‘s. They needed to be introduced tguthe representation
of numbers by letters as well (they haé been familiar with letter
symbols since the first semester, when they were recording the rela- .
tions between quantities). This entailed special wark,’which may f
be o&tlined as follows. # Lt i

The teacher asked the pupils to mark the number three on a v
number ray, with a "stép" being equai to four squares on their note-
book paﬁer (they used red pencil to mark the point corresponding to\
this number on thé line). Then they were given a new problem. "Find
what number will be at this same point if we changé the step and ééke

t

"it equal to two squares.' With the help of the: teacher, who was »
'wquing the same problem on the board, the pupils all found that the -
number six would come at the ''red dot.”™ And they readily found the
reason for the change in the number -- the "step" had changed.
In the next problem the "step' was different again —- six squares
this time. And the red dot now corresponded to a different number.
Together with the teacher; the children found it -- it was the number *
two. Again the "step' was changed,‘this time to equal one square.
The majority of the children were able to find the number twelve on
their own by this time and put it by the red dot.
The teacher called the children's attention to the fact that the
one "red".dot depicted various numbers. One number could be replaced

" were changed. The pupils performed exercises -

¢

by another if the "'step

-
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in finding the 'step" so that the particular dot depicted a different

number (such as the number four, in this case).

“Théy worked with various rays, on which different points ‘were
marked with colored Pencils, and by changing the ‘step“they were to
assign différent numbers to these points (one point thus corresponding,

-say, to the numbers tem, two, five, anq)one).

On' the basis of this work.the teacher was able to ask the pupils,
“How else can you Eet a new number?'" With complete self-assurance
they indicated the method -- select a new "step." If they had al-
ready taken one square as a "stepﬁ" then they éould'take half a square

and get a new number that way. The teacher helped them to see that .

_ an even smaller "step" could be picked and that the number would then

be even bigger. Any "steps' could be chosen. And the children had
no particuiér trouble realizing that __z!nﬁmber could be the result.
In particular, they had a lively discussion with the teacher about
what the "step' might be if the dot signified "a million." They knew

that this was a v large number, and they were able to get a notion

of the "?tep" by hemselves -- it had to bé a "wee little tiny" one. -
) As a result of this preparatory“work, each pupil had in his note~
bobk several number rays on which various numbers were assigned to

differept points. The teacher psed these to show th? children that

- \
T R}
’ Figure 7. -- Diagram of the shift to .
using letters to describe numbers:
b (er n) = 3, 6; 2, 12,5é, 1, and so f
on.

all these numbers could bg replaced by one letter -~ it would tell

about any numbér. If a point on a ray were selected and designated

> : “ -
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by a letter, 1t could‘stand for “"any number.we gdﬁt, depending on the
?step" we chose (Figure 7). v

This approach to'lettg} designations did not cause the children
any particular difficulgy. They started doing exercises on replacing
the letter symbol with specific numbers (by changing the '"step,"
they would find that point A w26 equal to 1, 2, 4, and so on). In

g Special problems they would replace the "many" numbers put down. next
to a point with a single letter symbol. They would use the most
diVerse let\hrs here (such as A, B, n, m, and 1).

Then the teacher began to use letter symbols in exercises on -
.determining 'preceding” and "succeeding" numbers. There were such
‘problems as: 'What has to be doanum_ber n in order to obtain

the succeeding number?” The majority of the childrén guessed right
away: "You have to add offe to n." For a few, however, the method of
forming the succeedins number by moving ' 'once more" was not entirely
clear. They needed individual supplementary/;xplanations and exercises
- in forming the succeeding number by the formula n + 1 before they were
ablle to grasp the méaning of it. After thigﬁthé children rapidly
deduced the method of forming the preceding number (n = 1}, with

e 2

guldance from the teacher (Figure 8). .

, .
7 ~ 0 n
4 1 I fe
- n-1 \e+ foo
Fiéure 8.
Then tHey determined that the difference between adjacent sl .

numbers is ajways equal to gne. In grder to obtain each new -number

adjacent to th

one they already had, the children would move one

"step" to the rigiNJOr to the ieft on the line, that is, add or sub-
tract one. Scr instance, they were told to find the point on a line
for the number four, then to find the point for the number which was

~one greater than four, and then to write the formula for fxndiqg*lﬁ anﬁ,“:

determine this number. The children said that the new number could ¥ :@fﬁl

be obtained accarding to the formula 4 + 1 and that it was/five. Then

.
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they found the number six and wrote this: (4 + 1) +1 = 6. Then
similarly they located the points for the numbers seven, eight, nine,
ten, “and so.on. . s .

In order to judge how well the children were learnisng: fhs mate—" ,
rial in this topic, we gave them a quiz consisting of ﬁheaﬁﬁi}auing =
problems, at the beginning of the lesson on- Febxuary‘ﬂl 1 3 (it
took twenty-five minutes).

1. The children were given an object to be measured and a -
measure (a Piece of wood). They were to measure the length, express.
the results as a number, and mark off this number on two lines, with

AN ;,:a'different first "step' in each case. All the tchildren solved this

AP P

problem with no mistakes* (100 percent solution) S,
2., The children were asked to mark off thelnumper five on a line, _,
"and thén the number preceding it dnd the number s%cceeding it. Then
they were to determine what each of these numbers were. There was
100 percent golution on this one as well. o
3. The children were asked to mark off a number K on a line .

) ‘and then the number that was a unit less and the number that was e)
unit lore. Eighty;fourypercene of the children solved*this problem.
.Tﬁe mistakes were'of the following types. NatashasG,, for instance,

marked off K and K + 1, but even though she wrote ;E:\I‘Ih the proper
place, she‘did not make the corresponding mark on the line. After
~ the quiz, however, when she was asked, 'Where should the number K - 1
be marked?" she pointed out the correct place. Olya B. 'carried over,"
so to speak, the conditions of the preceding problem to ﬁhis one. She
placed the number K the same distance from the end of the line segmenf
as the number fivgihad been in the preceding problem, and she marked
off the points for the numbers which were one unit less (four) and ' iy
one unit more (six). Most of the other children who did not succeed
in solving this problem made the following mistake. Having arbitrarily
chosen a point for the number K, they would then try to find the points
for the new numbers by starting from the end of the line segment as
they would to determine the position of a known concrete num%pr.
Several weak pupils thus had, difficulty learging to "find" a point '
. for a number chosen arbitrarily. )

4
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4. The children were asked to mark‘cff number P on a line, then
the numbers that were four greater and three smaller., Eighty-cne
percent of the children solneﬁ this problem. Mistakes were of the
' following types. Two pupils accurately marked off P'and P + 4 but *
omitted P - 3 completely. Two others wrote P + 4 and P - 3 but:marked
off identical line segments 'to the right.and to the left of the
number P. One pupil made the correct number of steps along the line
(four to the right of nﬁmber P and three to the left) but made a
" mistake in Qhap he wrote down (he put "- 1" instead of "- 3").

The overall performance on these problems indicates rhat the
majority of the children had learned that the results of measuring
any quantities can be expressed as corresponding points on a i}se\k‘
'They had learned the principle of forming numbers by moving along a
straight line. : . '

The-next toplz included the study of the interrelations of a
quantity (that is, the object),'a measure, and a number -(the children
“ would observe the relationship between measures when the quantity /

of ‘the object was held cofistant and the numbers were varied, or they

-~ . ~ . kY
would observe the relationship between the magnitudes of objects wh£n

the measures remained the same but the n rs were changed, and so
on). They were given problems in which they had to count ugigg’&t{fer-.

ent bases (different meggures, that is). When they gat¥e the answers
‘they had found (different numberd), the teacher asked, "Why do you
get different numbers when you count, some big aﬁﬁ some small?" Here
is an excerpt from the lesson on February 21, 1963, when this ropic

was being worked on. f

-

¥

~ Pupils: (answering the question). Because we were using
“different measures. : -~ .

¢

Teacher: .When you got the number six, what kind of measure were
you using?

Natasha P: A little one. -
Teaéher; And when you got three?

Tanya Z: The measure was bigger.

» , s
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3  Teacher: With_Ehe bigger'humher, what was the measure like?

g Nadya M: Smaller! : . :
N ¥ : . " : : -

1S

Teachér;} And with a small number, what kind of measure was 1f?

\ ‘. . ) . [
Zhora T: A bigger one! ) . 4 .
T Teacher: Th!fe.ié'a Special way to write all of this, children -~
this way (h® says it and writes it): A, = 6. The
i obiject gan be designated by any letter, A, for instance,
and so can the measure, and we write it here (he points
’ to it).6 What we have written means that when e is
the measure, oBject A equals'six/ Repeat this!
s A Pupils: When e is the measure, object A equals six.
Teacher: What have we jus% Been doigg? .
f M .o~ M '
Andrei D¢ Measuring a stick. e
A., . ¢
‘Teacher: What were we measuring it with?
'.
* Borya K: Measure e.
- A . : ‘ : @ /)
: Teacher: .What number did we get?
- o .
Lena P2 Six. o . ¢
. . N \ R *
¢ -Teacher: How shall w%fzrite this? Read {it, Vitya!
- . . ) . .
Vitya M: When e is thdffeasure, object A equals six. .

Teacher: Thenpvhat object were we measuring?

« \ N
[

Sasha B: The same object A. ‘ .

- N ‘ N -
Teacher: Let's designate the measure by the letter g. Now how
© should this be written? '

Borya K: !When object Agis measured by measure g, it equals three.

¢ L

The‘téacher writes A 2 3,
: *»

+The éupils write in their notebooks:

3 L]

A =06 .
4] A
- - A = 3 - -
B ,

-~

®rhe next vear this relationship was immediately given in the form:
= 6. :

ri ke

-

¥
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'/addition and subtraction (expreesed in direct and imdirect forms), the
twe ways of comparing numbers .(by subtraction and by division), the two
- ways of decreasing or increasing. a number (by several units and several
times), and others. . ‘ :
Taking this into consideration, tﬁe second grade curriculum stipu-
" lates that the children solve a large number of appropriate simple .-
arithmetical problems which reveal the essence.of the distinctions on
" which the differentiation of these céncepts is based, using material
which is concrete and close to the children's ideas and interests. Work
' on problems which are very diverse, not only in content but also in
arithmetical esseﬁce, affords wide possibilities for further perfecting
and deepening‘the knowledge, skillsg, and habits the childgen acquired
in the first grade. )
Along with the development of separate, individual skills neces-
sary for independent problem solving (the ability to read the problem, “
1llustrate its conditions, to pick out the data necessary in order to
enswet the qﬁesti&h, to outline a plan for solution, etc.) in the *
second grade, the ﬁext step forward, in the simultaneous use of theser
individual skills in selving not'only simple, but also.compound prob-
lems, must be made., The Qurricﬁiﬁm stipulates the instruction Rf
children in the second grade in the solution of problems in two or
three operations, including all the types of simple problems with which
they dealt in the firet, and then in the second grades. '
. In determining the goals of instruction in the second grade, it is
Recessary not only to consider the curriculum for th%s grade, but alsd
to think about the goal for which the teacher must prepare the chil-
dren in the firfst two years of arithmetic instruction. With this o
approach it becomes clear that the most Iimportant task in the second
grade (aside from those enumerated above) is to create conditions
under which the children amass knowledge of a number of arithmetical
facts, necessary for the generalizatioﬁé etipulated by the third- and
fourth-grade curricula. This requirement must be reflected both in
-work on problems and in work on examéies.
. Indeed aside from the significance of the solution of examples

in the develoqunt of computational skills, which was shown above (see

the section devoted to the various types of exercises dealing with the
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solution of examples), work on examples affords broad possibilities
for preparing the chiildren to understand the relationships between
separate arithmetical- operations and among compoﬁent operations, for
acquainting the children with the composition of numbers from addends
and factors, and with the Raws of srithmetical opergtions. ‘Account
must be taken of all these cenditions in the development of a system
of children's independent work inlarithmetic lessons in the second
grade. \
It follows from the goals formulated above, above all, that the
' basic content of children®s independent work in the second grade must
be the solution of arithmetical é&amples and problems (not only simple,
but 4lso compound) -{n order to develop the aﬂpropziate skills and
habits. A place, moreover,'must be set aside for. ercises 9irected
toward a deeoer study‘of the features of the arithmetical material
with which the children must deal. Below, we consider the concrete
" forms in which these requirements are.realized in the study of the
primary topics of the seoond—gredeﬂcurriculum. }

- Pupils’ indegendent work in lessons on the topic "“"The Four

" Operations within the Bounds of 20." The presént topic 1is devoted to

the review of what was studied in the first grade. Much attention
must be given to reviewing the tables of addition and multiplication
within the bounds of 20. It is also very important to freshen the
children's memory.of the devices and methods of computation with which
they were acquainted earlier and the devices and methods dealing with
problem solving. As always, the' review must be organized so that
it facilitates, to some deg;ee, the enrichment of knowledge acquired
tparlier, and‘the perfection of the skills and habits just formed.
Pupils' independent work must occupy. a relatively large place in
the review lessons. Along with exercises of types well known to the
children from the first year of instruction, it is useful to introduce
several varieties so that, in executing the teacher's assignments, the
children must look at the same material from another point of view.
For this reason, aside from the usual training eXercises dealing with
the solution of prepared examples and problems. 1t is eSpeciall§ .

important to make use of assignments requiring a great deal of
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independent'tQOught and initiative from the children. Thus, in review-
ing addition and subtraction with end without carrying over tem, the
aséignments,rngiring the children to compose examples frqm a given
model prove to be very useful. Models for these assignments are

made so that the~children, while executing the-assignments, receive
material for the composition of various instances of the operation. In
our experiment, for example, the children were asked to compose two

more pairs of examples from the model: -

~

6+ 3 = | 7 -2 =
16 + 3 = . 17 -2 =

7 After solving the given examples and Independently composing dnalogous
ones, the children were asked to be preﬁared to explain the solutions
they had reached. As a éhéck, the teacher asked how the examples in
each pair were alike and how they were different. ' '

The children's lndependent construction of examples from a given -
-answer 1s also frequently used as a review. For example, they were
.asked to compose any six examples with 18 for an answef. In this case,
it depended on the.pupils' own initiative‘whether'they made up only
examples which did not require carrying over ten, or whether they
‘used numbers for which the abilify to add and subtract carrying_over.
ten was required. It also depended on the students' own initiative
whether they used, let us say, only addition, or includéd subtraction
as well, and finally, whether they coﬁposed examples on multiplication.
. This assignment can be given during the review of addition and sub-
traction without carrying over ten. However, by the way the children
~approach 1it, the teachér can tell approximately how.well each of them
remembers other instances of the operations from the firstrgrade.

Further, because in future work in the study of addition and sub-

traction within the bounds of 100 the children's reasoning must often
proceed analogously their reasoning in the étudy of additiocn ‘and sub-
traction within the bounds of 20, we included, as early as the first
weeks of the classes devoted to reviewing'what had been covered, assign¥
ments which served as a certain preparation for such reasoning. The
children were asked to composé examples analogous to the ones in the

model, which used the first ten numbers, but ﬁsing numbers beyond 10.
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For example, as a model the teacher gave the chiidren‘examples like: |
345=8,5+3=8, 8 —5=3,8-3="5. Fron thig model they
had to compose analogous examples witl the numbers 18, 12, 6 and 20, 6,
14. Then the children were asked to independently compose any example
in addit;on and then construct the correspondihg subtraction exatple."®
Such exercises represent a development of the work conducted in
the first grade. Tﬁéy lay a wider foundation for the formatiop of
- the proper generalizations (about the link between addition and .
subtraction, and about the interdependence of the components of these
operations); and they are good material for practice in drawing analo-
giesg In drawing an analogy, in this case, the children must apply
a regularity which was obgerved in smaller numbers to work with Yarger
numbers. This kind of analogy.ié precisely what is necessary in pre-
'paring for the kind of reasoning which later must be relled upqn when
¢ considering operations within the bounds of 100. )

In the first lessons in the second grade, it is already quite
possible--and very usefui—~to give the children practice in independently
making comparisons by juxtaposing a pair of‘examples which differ by
only one feature. In selecting examples for exercisesy it"is necessary,
of course, to strive for the condition so that the conclusion which
the children can weach through comparison acquires gsﬁe cognitive
meaning, i.e. deepens the knowledge which they have aqguired earlier
and serves as preparation for the following work. The fbllowing is a

\ model that can be'used to create the fofégoing condition. ?gp examples
"are written on the board: 18 - 2 and 18 + 2. The teacher asks the
children to solve them, tO think about how they differ, and to explain

' , why, in the solution Sf one example, the answer is gréatet than 18

and in the solution of the other it is less. In the cheeck, the pupils

| explained that in these examples, the numbers are the same—-18 and 2,
but in the first it is necessary to take away 2 from I8 and in the
second é% add 2 to 18; that if 2 1s taken away.from 18, the number is
smaller, and that 1f 2 is added, the number is larger than it was.

Not only do such exercises develop the‘children's powers of
observation and capacity for %he analysis and understandipg eof causal

relations; they also help to deepen the knowledge of arithmetical

" y
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operations which the children acquired in the first gradé, where this
~deduction was not made in a generalized form.
| Independent work on problems in the review of what was covered

in the first grade must also be directed not only toward freshening
the children's memory Of ‘what they learned in first grade,.but also
toward deepening this knowledge. Thus, in the first grade sufficianti
,attention was given to the diagrammatic notation of "the conditions of
a problem on finding the sum of two numbers and on finding one of
the addends from' the sum and the other addend.‘ The children, for
exampleg knew how to mak% diagrams for problems of the following

type. ) v ' r . \
In one box there were eight pieces of candy, and
in a second, four pieces. How many pieces of candy
were there in all in the two boxes? There were 10
carrots in two bunches. In one bunch there were six.
How many carrots are in the 8econd bunch?

) T —re—— - - —

Eight candies [»Fog;”ggndies ‘ [?ix carfdts l -7 {

v K U e ";;;‘_ . e e—ma - : o '—“:i
| S~ T T e 10 cafrots 1

After reviewing with the children the notation for problems of

this type and also the composition of a problem from a diagrammatic
outline, tﬁe teacher may give the children a pair of tliese problems
for independent work with the assignment to write both.problemsvécéord-
ving to the following diaéram:'.

M e e =

. The cﬂildren must oot only independently apply ;he.familiar method of
the éiagrammaticfrepresentation of conditions, but must also unwittingly
perceive the difference between the problems under considération——a
variation which requires ‘the differential use of the same diagram and

leads to different solwtions.

Fd

In reviewing problems on increasing and decreasing a given number

by several units, it is also very useful to construct assignments for
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the children'svinéependent work so that, from the very beginning,
the children compose and compare, in the course of doing them, f.
corresponding pairs of concepts.
| Exercises analogOus in nature can also be cartied out in a review
of multiplication and “division within the bounds of 20. Most of the
pupils’ attention must be directed toward reviewing the meaning of
these operations. For this reason, both in solving problems and in
reviewing the tables, it is useful to organize thevchildren's independ-
ent work so,as to deal with the illustration of a problem's conditions; .
and to reveal the meanipg of an operation (replacement of multiplication
by‘addition, and vice versa). It is best to organize the-check of
the mastery of the tables in/ghe form of an arithmeticaj_ dictation."
After the review of what was studied in the first grade, the
chiIdren turn to the study of numeration, and the four operatioms within
- the bounds of 100. We willlconsider the pri;arY'ﬁnits of‘this“topic.
Numeration and the four operations with whole Rumbers of tems.
The children were acquainted with numeration within the bounds of 100

at the end’of the first year of instruction, so this question must,

- on theﬂwhole, be gonsidered as a review. What 1g new to the children
in this topic are the operations with whole numbers ofﬁtens, and prob-"‘
lems in two operations intluding multiplication and division.

The use of visual aids is very ihportant in understanding opera~
tions with whole numbers of tens. Using counting sticks tied in .
"bundles' of 10 each, the teacher nust make the children conscious of
the fact that 10 sticks constitute 1 ten, and 1 ten is nothing other
than 10 sticks (units). After the children gain an understanding of
this principle through visual demonstration and through work under
the teacher'’ 8 direct ggidance, all the operations with whole numbers of
tens can be: examined on the tasis of the children's independent work. .
The children's independent work is the starging point in the lessons
devoted to the study of each new instance. The indepehdent work 1is .
built on the ﬁaterial of the first ten numbers in preparing for the
study of the correspondin instences of operations with whole numbers of
tens. It is ?lso useful to make use, in assignments, of material

_which affords possibilities for the composition and comparison of

s
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corresponding instanesaggiéééfsgions. For exampie: 3+5, 30 + 50,
8 - 6, 80 ~ 60, -~ . - R T TR e e
After the pupils censider, ‘uader the teacher s guidance, the
~11lustrations and detailed nptations given in the textbook to clarify .
new Iinstances of operations with ‘even tens, it is possible to ask them
to try independently to’gain an understanding-of a notation relating to .
a new instance (for example, after they have already understood the
addition illustrated on page 11 and the multiplication on, page 15, )
division from & book can be used in conducting the childreh's independ-
ent work). The assignment may be given in this form: ‘
Carefully examine the solutdon to exaﬁplé 40 on page
17 of the textbook, show with the sticks all that is
written there and be prepared to explain the solution
of this example. .
In exercises directed toward consolidating the. acquired knowledge, it-
is important to include.numerical material, not isolating operations
with even tens, but combining work on them with other operations within
the bounds of—207 o ,

The possibility of using children's independent work when introducing
problems of a new type, and of using their independent .work on compound
roblems indluding multiplication or divisioﬁ'Was'mentioned’above. As

prepara on for solving such problems, one should review with the

children &1l the methods - and devices fon/work which they used in

first gra for solving eorresponding gimple problems. Just before

solving thq new kind of problem, the hildren are asked to solve, in

independentdwork, two problems analogous to those of which the new one
-~is composed. After checking this work, the teacﬁer can present the

new problem, analyze. its conditiong with the children, explain that .

it is not possible to get the angwer to the question at qnce, and then

ask the children to solve it independently. ks

In some cases the diagrammatic notation, to which the £hildren grew

accustomed in the first grade, proves very useful. For example{ in

order to clarify to the children the method of solving problem 127

from the textbook, a diagrammatic represeotation (apart from the

drawing in the book) is useful:
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' 1.‘, ‘ .g,)u

L_._,f-__

Two baskets, 10 kilograms each jdff{

\_'-/N - B ‘

?

&

'"T
30 kilograms
Bl I

e & . ~ '
The diagram is made in the following way.; The teacher reads.the‘//fj =
. problem's text: ’ vf’ - e '

Some schoolchildren gathered two basketis of appleé‘ '
with 10 kilograms in each basket from one apple tree,
_and from another tree, 30 kilograms of apples. How. . = e
many kilograms did the children gather from the two L

\ trees

BL

- 4
.
Then oné of the children repeats the question and it is explained that

they must find ﬁ@e kilograms of apples which were gathered from the =
two apple trees. Thus the diagram must have two boxes. (as is done in

the first grade in the solution of compound problems including the
increasing or decreasing of a number by several units). The childr;ﬁ'~ _
are asked fﬁrther, whether the mumber of-kilograms of apples which ~ - _ "
werﬁrgathered from the first apple tree, and whether the number of | '

kilograms of apples Which were gathered from the second ;fee are —
stated in the problem. .The appropriate data are written in the
diagram (a question mark is put in Box I, and "30 kilograms" is
written in box II). . ‘
: What-Is stated in the problém about the first apple
l v tree? - - .
.

Again, the appropriate'figuge is writtén, but this time below the
first box (as was done in the first grade, in the construction of dia-
grams for problems'ﬁhico require the increase or decrease of a number
by several units). Finally, with™the help of a bracket and queotion
mark, it is indicated what fust be found out in the problem. o
After the, conditioms are analyzed and noted in the diagram, the
children independently solve the problem. Lat&r, in the solution of
probiems‘of the given type, one may begin to include in the children's
independent work the diagrammatic~ representation of their conditions

and the composition of problems from such representations. This work




-
- \

provides further development of the knowledge and skills acquired

. earlie;, sinéeflhe_chiIQren learn to apply them under new conditiogs;'

this has great significance for instruction fh problem solving..
Pqpiis} jndependent work in lessons on the topic "Additions and %

Subtractions{within the Bounds of 100.” This major topic;requires )}

~ approximately six weeks of class time. Ek is divided into two sub-
tQpics;-addition and subtraction wﬁth, and without, carrying over ten.
The study of new instances oéﬁthe-arithmétical operations is here
inter&oven Qith the introduction of new.types of probleﬁs.(problems in
which it is neceséary'%p increase or decrease a number by several units,
: indirecafproblems on finding an unknongmiuﬁéga or unknown'gddend from_
“ the sum gﬁa the otheE‘addend,,problems on fi?ding the third addend,
o comparing numbers by subtraction).
_ ‘There is no major difference in the organization of children's
indeﬁendent wérk in the study of addition and subtraction both without
carrying, and with carfying over ten, since both are equally familiar
to the children from the first grade where they were studied using
numbers wIvhin the bounds of 20. Hence, we will consider questions
ﬁelating to éhe study of new instances of addition and subtriition as

uction

v

a group, and'separately aﬁalyze\questions connected with ins
in solving new types of problems. . )

e system for the study of varioué cases of addition and subtrac-
tion is very clearly defined in the textbook, thcﬁ provides for a )
gradual shift froé easier cases to more complex dneg. The selectiPn_gf
numerical material for children's independent work should follow this
system. Pupil's independent w&}k in the study of each new instance of
addition or subtraction should appear durigé preparation for the per-~
ception of new material, during this material's introduction, and
Jduring consolidation. ,Preparation for considering each new instance
will most frequertly consist'of solving appropriate examples, using
what was learned before. o | -

For.example, in the lesson on the introduction of addition, with-
out carrying over ten, within the bounds of 100 (e.g., 45 + 32, the
children may be given, as preparatory work, examples on addiéion within
ﬁhe bounds of 10,  and also correéponding examples on addition within

the bounds of 20, such as 15 + 3, 17 + 2, etc. It is also very useful

13
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.8t this stagé o?‘ins%ruction to comtinue using practical exercises
"+ ‘with visual aids. Hegre the same materialsg with which the cogrésponding
instances Qf operations were explained in the first grade (counting
sticks and bundles of sticks) are used This makes it pbssible to
demonstrate visually the similarity of the new casés to those which the
children encountefed working with numbers within the bounds of 20.

By gradually increasing the prOporﬁion of the children's indepénd—
ent parficipation in the study‘of new cases By analogy with familiar
ones, it is possible, finally, to bring the children to. the independent
examination of new material‘a; &gscribed above. This 1is relevant to
addition and subtraction carrying over ten. Here it 1is useful to use
visual aids analogous to those used in the first grade. There the*
device "The Second Ten,'" a demonstration board comsisting of two , -
rows of boxes with ten in eéch was used; here we propose the device

~described by G. B. Polyak called "Calculation Table. The First

Hundred" [17:146-471. - . .
€ In examining™problems of the type 30 + 26 or 87 - 30, it £s

necessary, as preparation, to solve not only examp}es on addition

and subtraction wikhin the bounds of 10, but also examples on addition/n

_ and -subtraction with even tens. Since all the material which mustr be

zzzi/én preparing for the study of the new topic is well knoewn to -the

\\\_, ldren, the teacher must try to construct assignments so that the
independent-work is not monotonous: using for this purpose various

« types of assigqpénté dealing not only with the solution, but also with .

the children's independent composition of examples, which we describgd,
above. This is also true of exercises for independent work directed
toward the consolidation of. new knowledge. Especially significant is
the use of assignments which réquire the children to méke comparisons,

//i.establish points of similafity and difference between observed examples,
and reason by analbgy. The appropriate work is a*éevelopment of what
was outlined for the first lessons devoted to reviewing material ’
already‘covered. Thus, so that the children may establish more preciselyr
the similarity between cases of a single type of addition, using numbers
of differ&nt magnitudes, it is possible to give the following assignment

for independent,work. Columns of examples are written on thé board

»
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(1t is even better if the corresponding gﬂé;s are prepared for the
individual work of each pupil): L /.',
-»

N 6+3 L 842 7+'5 | -
C16+3 18+2 1745
26+3 2842 2745
36+3 3B+2 37 +5.

rew - eee N eee . -

The cnildren are asked to continue these columns, constructing examples
of the same type. o . '

In checking the students work, we established how the examples in \
‘each column differ from eacg.other, ‘and. how the differences in examples
lead to differences in solution. Thus, a general rule for the solution of
problems of the given type is formulated. In completing the assignment,

"%« the children must not only perform the appropriate calculations. but alsoc

make comparisons between the exaﬁnles‘they have solved; note the general
principle by which they are arranged; independently composky on this« _
basis, the next examples, consider all the examples in ea Jumn as , 4

a whole; and draw a géneral conclusforf about the method of golving them.

~ It is also useful to give, for comparison, examples in which the

~

differences concern the method of computation. Thus, one'colnmn of .

* examples may represent addition without carrying over ten, and the .

second, with carrying. In comparing these columns, the children must

notice this ﬁeature,'and themselves compose examples relating to each )
. - ’ 3
a L -
v
All the examples carried out with ﬁaterial on the first twenty

number$ in order to provide a deeper familiarity with the composition .

- ., .aspect. .-

of. numbers and properties of arithmetical operations, must be repéated
with materiel on large humber§ which the children first encounter in
‘the second grade. The corresponding assignments will alsgp be built
around the traﬁéfer of earlier-acquired knowledge to a broader range

f numbers (with the help of analogy) Some examples of such assign-

- e

! ments follow.

1

Earlier the children did exercises in which they were required to
indicate the composition of a given number according to a model:
‘ . . »
17 = 10 +°7 12 = 10 +
14 = 10 + 4 16 = : .




< A -
N

- + : - . -

" Now the analogous exercise must be performed with\the first hundred

4

aumbers: - - . : , ' -

¢ 36 =30 +6 - 58 =

27 =204+ 7 . 43 = .

~

-In the first grade the children sqlved the so—called examples
with blanks of the type 6 + ____ = 8 and others. Here, they can be
given anslogbus examples with larger numbers: 26 + = 29
28 +  =.30,etc. Untill this time the children used the commutative

"property of sums only with numbers less than 20. Now they can be

- ghven theqopportunity to check it for larger ‘numbers. With this

purpose, ‘they can be' asked to compose examples from, the model: 23 + i/-

LT 423= .

Solution of examples in two oner‘tions, as well as in one operatiom,

C should be includ®d in the children's'independent‘work. It is alsq use~-

ful to assign examples with one of the components left out. For :
. /

example: 14 - 2 + = 15. Various examples of this type can be

introduced through exercises in the completion of "magic squares,”

whirch are perceived by the children as a kind of game-and excite great

-

interest. They are very useful for developing,the skill of mental

computation. ‘ .

This gradual increasg in the complexity of assignments dealing

‘'with the solution and -composition of examples facilitstes not only

Fhe formation{of the proper computational skills, but also the chil-
dren's deeper mastery of the methods of operation, properties of
numbers, and relationships among the components oi operasion.

In instruction in solving new types of problems, the nature and
place of the children s independent work &epends on the charecteristics
of each type of problem. Several of the problems introduced do not <
cause the ehildren.any particular difficulty, since thelr solution
is based entirely on what theichilé%en'already know and .requires
only the application of knowledge and skills acquired earlier under

somewhat altered conditions. In these cases, independent work can be

) gfgen to the children from the very beginning at the stage of, intro-

duction. This was shown above, for exampl%, in problems in which the

increase or decrease of 'a number by several units was cncountered twicea
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In other cases, theuexamination of a new t of problem can be
conducted through recourse to the children's acquiired expetience with -
gtaétical qgerations with objects. This is true pf probIems on | |
Comparing tumbers by subtrattion. ' Here independent work can also
serve as a starting point in the introduction of new material but it _ r’
will differ in nature from the preceding case. There the goal of )

- independent work was ‘to freshen the children s awareness of a’series -
- of arithmetiaal facts _which they learned in the first grade, i.e., the ‘
realization of the knowledge and skills of problem solving, knowledge
" " and skills which,must be used in solving a new type of problem. g ng\L
S ' In a lesson devoted to the cohparison - of numbers by subtraction, 2
,we are not dealing with earlier-acquired knowledge applied under new
conditions. The children do mot yet have the knowledge which would
"allbw them to indege?dently solve a problem of this type. Here we ‘
only suggest that, in their practical, experience, the children more
| than once have had to solve@the problem of the comparison of two
objects, that the very statement of the question may be familiar to s
them and that thus, if weluse their practical knowledge, it will be '
easier to bring thed to an understanding of the arithmetical essence
«  of the problent. ' - .
- Independent work preparing the -pupils to examine a new kind of
problem must thus be of a practical nature. The children can be asked ’.
for example, to6 cqmpare practically the length of two strips of paper,
two.tapes, etc., By performing the approximate practical operations,
the .children soon can understand what precisely must be'determine? in
this type of problem, and what arithmetical opé‘ation correeponds fo -
‘the practical operations which they used in solving the problem.
Finally, the pupils encounter problems which the knowledge they
acquired earlieﬁ\doesonot help Eo,solve;_thé kﬂbnledge may even hinder

¢« the mastery of new material.. We have in mind the so-called "

problems
expressed in indirect forn"—prgblems on finding the unknown minuend™
from the subtrahend and differenceiqor on find, an unknown addend

from the sun and other addend. Protlems of this type have more than’
once attqacted the attention of methodologists and psychologists. Their ‘
int:gfst.is detefmined by precisely this feature-—that the children's® .. -
stu

“of neWu&;ﬂfrial is, in this case, in direct contradiction to what

¢ .
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thEy leatned before this time. Thu ,/;lthough during the whole first
year the children always dealt with problems in which the expressions
"made in all, " "brought more," '"bought more," etc., invariably imp%}gd
the operation of additionm, and in which the expressions ''gave awvay,"
"ate up," "was left," etc., implied subtraction, it will now be neces-
sary, when solving problems on finding an unknown minuend or addend
containing these same exprigsions, to apply the operations in a way
qggpsi‘e to that which seems to suggest itself to the child under the
influence of previous experience in solving direct problems.
| Keeping in mind the difficulties such a reversal causes the
children, the teacher must, in this case, very carefully compose and
prepare.an explanation accompanied by visual material. (The most
expedient form of visual aids for explaining to the chilaren the
process of solving indirect problems is dramatization, which permits
the illustration not only of the gomponents of oparaﬁion, but also
- of the opergticns themselves; such illustration is especially impqrtanﬁ
for problems of this type.)

" Pupils’ independent work can be used here only at the stage of
consolidation, after the childfen, under the teacher's guida@ce, have
gained an understanding of thelspecialifeatures of the new pro§lems.
Practiéal experience and special studies indicate that even after the .
children have understood the characteristics of these problems they
continue, for a very long time, to make errors, confusing indirect prob-
lems with the corresponding direet ones.

For this reason, when teaching“children to solve indirect problems,
it is very important to provide a selection of exercises for indepénd-
dent work which would afford sufficient material for discrimination and
differentiation. For this purpose, it is useful, at this stage of
instfuction,.to solve not only indi det problems, but the corxesponding
direct problems studied epe&éer“ﬁgxzill. This excludes the possibility
of solving problems mechanically, without sufficiently analy;ing their
conditions, or considering the spécific characteristics of each type
of p;Bblem. R ' ,
' Howéver, one must do more than give direct and indirect problems

alternately to the children for independent solution. It is also

. . .
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necessary re that they have learned, when solving new

‘indirect ems, flo apply to the anmalysis of their conditicns the
od methods which they should have learged by this time, and

also to see t

devices

‘they have mastered siﬁeral new devices which prove
especially(ﬁseful in the solution of indirect problems. | ‘
In ccnnecfion-with this aspect of the solution of indirect
problems, as work for the whole class amd then ag independent work,
- we successfully aséigned diagrams and outlines of the conditions.  An
éxample is éited to illustrate how this wurk'was conducted. The chil-
dren were asked to independently solve the following problem, on find-

ing one.addend from the sum and other addend.
[

To prepare for a holiday, the children made 58 -
flags in one day. The next day they made some more
flags: there were 96 flags in a}l. How many flags
did they make on the second day?' (No. 336 from. the

Q second-grade textbook.)

- »

The iﬁdependent work was divided into two stages: (a) represeﬁt the
problem's conditi;ns by a diaéram, and (b) solve the problem. The
children were allowed to go on to the second stage of work only after
the teacher had checked the diagrams of the conditions. The teacher
conducted ithe check in the ipurse of the work--walking gpvand down
the aisles and looking over the pupils' notebooks. However, after
making sure that all the children had been able to handle this part
of -the task, he submitted the task of éhecking'fhe first stage of
the work to general discussion. For this, one of the pﬁpils was
called on to write the problem's conditions on the board, explaining
each stepein his work. Other children on whom the teacher called

‘ participgied in the explanation. Thg following diagram was written

on the board:

2 I II
" - . :—"——“ et - e .._-——_—.._‘-x— - I
58 flags - ? ‘
\;‘.__-———-“.‘ ,‘;".' - ‘
~ . = -
96 flags

The construction of the diagram was accompanied by an explanation.

>
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-, first grade.

-

In one day the pupils made 58 flags——we will write that
in box I. On the next day they made some more flags——since
it is not stated how many, we must put a question mark in
box II. Further, the problem says that there were 96 flags
in all-—that is how many they made in two days; we will draw
a bracket and write down that in ‘two days they made 96 flags.
The problem asks how many flags did they make on the second
day? We have a question mark in box II--we must answer this
question. '

'After this analysis of cohdition;, the children solved the problem
independently. It did not cause them any difficulty, since they recog-
nized in the fir@f‘diagram a problem of a type known to them since the

f .
In t above case the diagram helped to indicate the general
principi;hi;ickxunites problemsion finding one addeQ§ from the sum
and the other addend when they are expressed indirECtly, and when the

"problem's formulation does not contain expressions which suggest the

choice of one or another operation like ("In two bunches there are
20 radishes. In one there are 10. low many radishes are there in the
other bunch?"). For this purpose the device of outlining the conditions
was also used. In many cases, it facilitated the solution of indirect
problems,*iince such a notation includes a whole series of sgpafate'
expressions used in the complete text of the problem, and emphasizes
the indirect nature of its formulation. An example is given as illus-
tration. '
‘Asters were growing in a flower bed. The children picked

six asters for a bouquet. Afte; this, eight asters remained

in the bed. How many asters were there in the bed at the

beginning? (No. 266 from the textbook).
The éutline of the conditions of thils problem looks like this:

For the bouquet ~ 6 asters
Left in the bed - 8 asters .

] How many in ali?
In writing the conditions of this problem one is half-way to solving
it, since in this form it does not differ from problems well known to
the children since first grade.

It is not very gomplicated to prepare the pupils for the independent
execution of diagrams and outlines of the conditions of imdirect prob-

lems if they have mastered these methods of representlng various typess
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of problems in preceding lessons. For conmsolidation and drill, it is
continually necessary to include this type';? ‘assigmment in independent
work on new types of problems. Here again the knowledge, skills and
habits which the children acquired in previous stages of instruction
undergo development. .

However, as was noted above, the solution of indirect problems %
is related to the use of still another way to approach the analysis of
conditions, and the seérch for the method of solving a problem. We
will deal with this in more detail.

The indirectness of formulation whigh hampers the understanding
and solution of problems of this type is, in fact, still a formal
ind}cation; the pfoblem'stgormulation may be changed so that the indirect—
ness of formulation disappears, completly revealing the mathematical
essence of the problem in the new formulation. An example illustrating
this point follows.

In a state farm, there were 16 tractors. When they

sent some more tractors, there were 22 tractors in all

on the farm. How many tractors did they send to the: state

farm? (No. 334 from the textbook) .
In this formulation everything suggests addition to the pupil. Indeed—-
"There were, then they sent more...were in all.."--here not only are
the separate expressions strongly associated in the chiidren's minds,
with the choice of this operation, but the course of the practical
operation described in the conditions logically requires the performing
of addition. As a result, even if the children correctly adfswer the

question, they often write the problem's solution thus:
16 tr. + 6 tr. = 22 tr.
We will now formulate the same problem in another way.

In a state farm, there are 22 tractors. Of these, 16
tractors were there earlier, and the rest were sent later.¥
How many tractors were sent to the state farm?
We see that, from this rephrasing of the conditions, the essence of the
problem does not suffer at all. Moreover the problem formulated in
this way leaves no cause for doubt that*it must be solved by subtraction
(the children have encountered problems formulated in this way more than

once even in the first grade).
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Accordingly, one of the devices facilitating the understanding

and solution of “Indirect problems is this rephrasing of the conditions.
An alteraticon in the formulation is one of the general devices which
prove useful in the solution of other problems as well. In the work
on the psycho;ogy of instruction which we have already quoted [3], :
this device is recommended as ome of the distinctive means for facili-
tating problem solving. Thus, it is advisable,-whan the children are
studying indirect problems, to acquaint them with this device, and to
each them to use it with awareness.

.After carrying out the appropriate work with the teacher's guidange_
and help, the children may be assigned to change the formulation of a
.problem in their independent work bn'the conditions of this problem..
A model of an appropriate assigment 1is cited; '"'Carefully read .the B
problem and try to express-it so that it is immediately clear how it
is soized." The children must ge given sufficient time to execute this
assignment. Afterwards one should call on at least three or four pupils.
The rest of the children should listen carefully to how they formulated
the problem's text, and make suggestions for the correction and in-
creased precision of the formulation. This task is the next step for-
ward in instructing the children in the conscious reading of the condi-
tions and their precise representation. The ability to express the same
.idea, the same relationships in a different form is one of the important
indications of the pupils'’ deVelopment hence such exercises have great
edqggtioﬂhl significance.

In later exercises directed toward the consolidation of knowledge,

ls, an& habits acquired earlier, as we have said above, it 1is use-
gto gnclude not only indirect problems, but also those directly-
expressed with which the children confuse them. Here it is wise to
formulate an assignment for the children's independent work which spe-.
cially directs the pupils' thoughts toé;rd the juxtaposition and com-
parison of these problems. So that this comParison may thoroughly reveal
the peculiarities of these problems, ohe should vary the asslgnmert,
‘asking some of the thldrén to diagram the conditions of both problems
of the patr, al%owing the children to establish the difggrence between
them. In others, on the contrary, one should direct the work toward

bringing out the similarities between indirect problems and the
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corresponding direct ones (as we showed abové, with the example of the
asshgnment of diagrams and outlines of the cenditions); Finally,
one should assign work in which the children must mark the points of
similarity in comparing the formulation of indirect and direct problems,
and underline the diffeg@nces in the cngxse of solution.

Along with these dhsignments it is ‘constantly necessary to continue
" the work begun in ﬁ&e first grade, whose putrpose is,to develop in the
chilgren the ability to~supply the question for data,-to select the ;
data necessary for answering a question, to compose a problem by arnalogy,
etc. Here too in the exercises one may successfully follow the ‘same
‘princ n which the work on indirect problems was based. For example,
it isiﬁ\ble to ask the child_fen to compose two problems, one indireét,
the other direct, from one diagram. . %‘

They are given the dlagram:

>

J

l Eight rubles § [—Two rubl;;_w }\

E e ————

~

% . ' °

The children are aéked to compose one problem in whose conditions the
words "were left" are used and another in Whosg conditions is the word
"more." While checking tﬁe problems the children have composed tég
teacher may ask them to solve both problems in the same -way.

; the work o the topic "Addition and Subtraction within

., 4

the Bounds of 100," the chilgren's independent work must consist of
A

both the compleﬁely independent solution of simple ﬁroblems of a type
studied earlier, and the solution of compound probléms which they
solved in the first grade (Egkng all the diverse forms of assignﬁent
used- in the first grade) .

Pupils' indepenrdent work in lessons on the topic "Tables of

Multiplication and Division.'” This topic includes the study of all

instances of multiplication and di“ésion by tables within the bounds

of 100, and the introduction of various applications of these operations.
Along with the constructipn of tables, their study, and practice

- exercises having as a goal the firm mastery of the tables of multipli-
cation and divislon, much attention is devoted in this topic, as in the

preceding one, to problem solving. Here the children first encounter

&
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problems on division acco&ding to content, on finding the parts of a
number, and on increasing (and decreasing) a number by several times.
They'also encounter multiple comparison of numbers and problems solved
by the method of reduction into units. | ‘
It is possible to regard the work carriqd.out in the first grade
as preparaﬁion'for the study of multiplication and division within
the bounds of 100. ?or this reason, here, as ih the study of addition
.and subtraction, it often proves possible to prepare for and sometimes
even to carry out the consideration of new material on the basis of the
children's independent work.
Thus, as preparation for drawing up each new table, the children
may be given diverse exercises on familiar material directed.t;ward the
. review of the megning of multiplication. For example: Problems requiring
the replacenent of addition with subtrq;tion and vice versa, the contin--
uation’'of an appropriate series of numbers (3, 6, 9, 12..., 4, 8, 12, 16
«..) to 100, and others. '
During preparation foYt Ehe construction of multiplication tables
_within the bounds of 100, the children can be asked to draw up inde-
g pendently the poftion of the table which they learned in the first

* grade. TFor example, they éiskbe asked to dontinue this table:

3+3
3+3+3
3+3+3+3

6 3'x2=6 '
9. 3x3=9 |/

1%2 3 x 4 =12
[ . )

~ea e e s s e

I oH

i

il
If

It is not worthwhile to set any 1imits in the assignment——experi-
ence shows that many pupils construct ﬁhé whole table of multiplication
by three themselves, and not just within the bounds of 20. TIf there
turn out to be many such children in the class, the teacher may let one
of them put the new portion of the table on the board, including the
other pupils in this work as well. In any c®se, after the construction
of the first two or three tables, the rest may be made on the basis of
the children's indeﬁendtnt work. The teacher need only check on whether
all the cQ}ldren have really understood how these tables are constructed,
and organize further exercises directed toward their mastery.

When new tables are introduc%d, the cailiﬁFn bécome acquainted with
~

264

-

»

f‘)‘ R
RSP

S




7

-
- -
-

-

several new devices for selecting various addends. To make sure that
they master theseldevices based on the properties of multiplication,
i¥ 1s necessary to include appropriate assignments in- the pupils' inde-

pendent work

For exemple,;tbe \ cher may ask the children to write one of the

examples'in'tbe dultiﬁligggion tables directly. Let us say the example

;.4 x 8 was given. This example can be written in another way, as f
follows: 4+4,»+4+4+444+4+4 4 x4x2,4x2x2x2, ete.

A dets{Ted notation of the calculation can be used. for this same, purpbse:

"

o 4 x8 =
o ‘ T4 x4 =16
4 %4 = 16
16 + 16 = 32 .

Iy

It is possible to give this representation as a model and ask the chil—r
‘dren to write other. examples from this model (7\x 6, 2 x 8 etc.).

To consolidat® knowledge of ax;able, it is possible to use all the
exercises of the same type that were used in the study ef addition and
subtraction—-the constructfin of examples from'a given operation ané
one of the components (construct four examples on multiplication of six),
the construction of examples from a given number, the solution of ex-—
amples with a blank, and others. ~To establish the connection between
multiplication and division.e.and also to introduce the-commutative'
property of multiplication, assignments requiring the construction of"
examples from three given numbers (for example, 6, 4, 24), and all other
types of tasks mentioned aboge, are useful. ' |

’ It is useful to conduct the check on the children's mastery of the
tables in the form of an arithmetical dictation. Here, however, it
is elready possible to include the children themselves in the check,
forganizing classwork in pairs seo pupilsAsitting next to each other
check each other's work, and in case of‘deubt, check with the table or
ask the teacher. ‘
» In studying multiplication and divisidn by tables, it is very
important to conduct numerous practice exereises requiring the sold@iOn
of prepared examples. The children must in the end'learn the tables
by heart,_ For this reason, it is useful to drill them more than.once

i
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in the reproduction of the tables' results.

To increase the number of examples solved, it is useful to make
frequent use of the so-called half-written tasks, in which the children
write down only the answers to the examples they solve,\si out rewriting
the conditions in their notebooks. This form of work may be used
when solving problems from the textbook, as well as work from individual
cards and from variants written on the board.

Now let usféo-on to consider questions relating to instruction in
solving problems when'studying a given topic, The content and nature

of the pupils' independent work on problems, in this case, are determined,
to a significant degree, by the featﬂ;es of the’problems under consider-
ation. Here, as during the study of addition and subtraction, the pri-
mary goal of problem solving is the formation of iﬁportant arithmetical
" concepts. In the process of forming these-concepts, the differentiation
of simflar concepts and operations must be ensured. | . .
\Q { This i¥ algo relevant to problems on division according to content,
‘ which acquainh the. children.with the application of familiar operations
"\ uoder new con&l &ps——1. e.x solving a practical problem which is differ- *
bl ent in principle from earlier ones. The solution of these problems
\causes a series of difficulties connected with precisely the necessity
of' distinguishing this application of division from division into differ-
eol,parts, which the children,have been studying until this time. The
distinction here is one of principle, but it also inv%}ves the form in
which they are written.
The difficulties connected with the necessity of distinguishdng
similar concepts arise also in the consideration of problems on increas—
ing and decreasing numbers by several times, and in the comparison of

numbers through division. . P

"

The children often confuse idcreasing (decreasing) a number by
several times with the familiar instance of increasing (decreasing)
a number by séveral units; decré;sing gets -confused .with increasing.

N §
The children sometimes multiply when they try to solve problems on

-

comparison through division, just because in the question there is
P &

the word "bigger (”How many times bigger7”) comparison by division

also gets confused with comparison by subtraction.




.

All this requirestthe.wide use of juxtaposition and opposition .
of similér concepts during independent exercises on the material of
these problems. The juxtaposition and comparison of various types of
problems can here be carried out in' the most diverse concrete forms.

Here, as in the cases described above (relative to problems on
addition and sub;gaction), the work sometimes aims at the clarification
of the similarities, and sometimes‘especially at the clarification of
the differences between the problems. | '

We will not cite here supplementary examples of this work——they
may easily be composed by the teacher, analégous to those described
abeve. We note opily that they must lead to the further'development of
‘the knowledge, skills and habits which were formed by the material of
. earlier problems. \\ Lo

For examplefswhile tﬁe conditions of préblems requiring increasing
(or decreasing) a number by several units were formerlyﬁﬁritten dia-
grammatically and the illugtration was given through }ulr‘use of visual
‘aids with objects (the children had to draw the number of objects
in@icéted by the ;onditions), now these forms ate gradually replaced
by g diagrammatic illustration in the form of strips or line segments,
drawn at léast approximately to scale. |

Thus, illustration takes'on a céndiﬁ oned nature. While earlier
it was directed toﬁard helping the children develop a «<oncrete, graphic
idea of the canditions, this new type of graphic illustration reflects
in a visual form the relationships among the quantities given in the
problem. This is the next serious "advance in the development of school
children's visual concrete thought ;rocesses.

At first the teacher himself makes such drawings of the conditlons
of a probfem analyzed in class, directs the‘phildren's attention to the
method of their execution and requires them to reproduce the problem;;
- conditions from this drawing. Later he increasingly includes im the:
children's independent work the formulation of problems from a drawing,
and the construction of a drawing to represent.the conditions of a given
pr%b}em.

The formulatlion of a question for data, and the selection of data

ﬁecessary to answer this question, are included in.fﬁé assignments for

*
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independent work, as they were before. This work must also become
gradually more complex. We cite a concrete example. The children are

-

given the conditions and numerical data:

On one day :a store sold eight boxes of apples,‘on the
second day it sold four.

The assignment is formulate¢ ‘thus: ,
\ -
" Formulate a question such that the problem is solved
by addition; then change the question so that it is solved
by division. .
At chis.stage of instruction, it is necessary toc assign the chil-
. dren incressingly more often, the task of independently constructing
problems of a definite type. These assignments will be formulated as

_ follows:

‘
Compose a problem on increasing a given number, by

several times; or compose a problem for whose solution it
is necessary to use division according to conteﬂt, etcs
In the epposite assignment, when it is necessary to select the
proper numerical data for a given question, it is very important to
use material from the children's own observations~—everyday numeri-
‘cal data which théy have encountered in solving the preceding problems
from the teitbook, nunerical data drawn from class excursienms, .et
If this material from life, %nich nsy be used as a basis for the
‘dconstructiOn of problems, is systematically sCCu%Plated if these
numbers are fixed, written in special notebooks, used for making posters,
etc., 211 this material will help in organizing the children s inde-
pendent -work in class and will allow the teacher to vary this work,
.msking the assignments simpler or more complex at his discretion.
Thus, the teacher can, for éxample, introduce a poster on which'
various pestal rates are written; the children are asked to compose ‘
problems in which it is necessary to calculate how much more expensive

\
a stamped envelope is than an unstamped one, or how much more expensive

various types of “telegrams are, etc. This assignment will be relatively,r"'

easy for the children, since, they can draw the necessary data direct1§‘P
from a consideration of the poster. Somewhat more complicated is this

assignment:




-

Using this poster, compose a problem on the comparison
of numbers by division in which the precise numerical data
o ;o be used are not indicated.

This type of assignment becomes more complicated. if the teacper gives
- the children fre®&lom to choose any subject, or any data from those in .
their notebog ' o * : ) ,

The wofgkjgécrpbed aboée involving the children's independent con-

struction of problems will strengthen the link between:aritbmetic

—

instruction and life. Aside from simple problems directed t%ward the
formdtion of the concepts repeatedly mentioned above, the childreﬁ's

independent work must also & lude the solutipn of compouﬁd‘éfoblems.
These must be bofh éroblems of new types, and ;bose wﬁich wére solved

,

before. -

* x k% _ ~ -
o _

Since we limited our considegatiqn to the fundamental tébicg of
the curricula for the first and second years of instrﬁction,‘we | _
nathrally coplﬁ not completely describe all the aspects cf‘assignments
for independent work, or all the methodological devices and forﬁs
of organization used in carrying out these tqsks during arithmetic
lessons, | - - ce !

' We set ourselves the goal of merei&.giviug examples to illustrate
those topics which, during the course of the'worﬁz anéwer the require-

‘ ments and goals, advanced in preceding chapters, for organizing chil-

drﬁn's~inde§enden: work.

» s -
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