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. ' Supplementary Chapters
S ) - )
. . Teacher's Commentary ,
] - . .
« . t . ' )
PREFACE . -
. } The‘fijit ten chapters: of this text constitutes a complete course,
.This supplement cap be used as enrichment and extension in agcordance

with the interest of the studentg\and teachers. The chapters can be
~used in any sé&uence. !

\ L]

- -

h¥

There may be a jlttle overlapping of material. However, whdbe this
oceurs, the spproach to the subject will' usually be different, Several
.gections contain exercises an@ most holuticns are presented in thisigom-

¢ mentary. Supplements A, B, ahd .C éretof genergl interest; %he
remaining sections supplement “specific chapters, '
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S Teachers' Commentary e
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s . . Chapter I. . K ' .
Supplement to Chapter 2
» .- .
; " . Exercises S2-la . =
- . ) ' . o . . ’
1; p' =8 Q' 50 .. rt o= -
scale preserving, order reversing
2. ' p' =22 “ g =10 Ty = 26 T
scale decressing) _ order preserving L
- , ' ’ ~ !
3..p'=-l" ' =1 rt =2
‘scale increa.sing, . order Preserving . o
. k, p' = 15 J " - q' = -9 r! = 21’ '
s('e”e.le decreasing, '~ order reversing v
. 3 1 - N . i ]
17 1 ‘ 7 -
5. ' = — Lq! = = ’ r' = e - . ' .
5 Pq . '3' ) q 3 . : 3 \ ] ! -. o )
scale increasing, order re\pé;-sing \' .’
: ‘ * Q .t sV
6.. p' = 2 q' = lo .S f = lh ¥ [
scale preserving, ' order preéervixi‘ . \
| ' *
. ? 3
T« Let P be the origin point, Q  the unit point in the original system;
i-e- F} p = 0 q - l- - ' '
(5) »* =3 qi~m 2 ‘ . v -
ST @ )y g . 7
. ' 1 1 : .
. = .
(M »7=5  a' =3 . . o .
(8) »* =0 g' = -3 g |
(o) pr -1 @ =2 |
(10 p* = 7" at - 8 ’ ‘
/ o -~ * 4 . - - N
f . r - . [ [
s -
- 3 e
. ¢ ®
¢ . * -
’ Lo 7 . .
er '
’ d = ] - -
Ae - . . . ¢ N
. .
- »
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. ' i \
. . . - . J «
Iet P be the origin of the new system, Q the new unit point; i.e., .
. N - s-ﬂi{
p! =0 ¢t =1 coae - P P
G) p=3 . . a=2 -4 . | A
& p=%2 ' a=% s S A
- ' P =3 a.-=f e
(1) p = -1 q =3 v e
(8 p = 0 ] q = - ; v N f‘;z(.(f
‘ .7 &3 \ . s ,‘t"
9) > <3 q=2 Cp
s o ‘#}‘(’r“
(I6) p = -7 q= -6 CaT _ pa
| t:‘ijf’.t

t

¢ 10 & =8.Xw+b '

"So every point ‘in the new system would have

: pose a =0 "in- x!' = ax + b, - s ‘ A
{ . \ ffwf .
ey D . . -

Then fcr any point P with coordinate | P; we.-' 1

’ inate, -b, thus preserving

neither measure nopr order. nor betweermess 0 ‘ -

let p ‘and p*+ be the "intrinsic eﬁ&” fhe new coordinates of P, e.x}g
similerly for g and q .etc. eiﬁt d"P Q) tP' -q | Then
at(p,Q) = |ap> + b - &g - bf =}‘a} |03 - q3! )

e’

Similarly ‘ ; 77 ' ‘

r

.a*(g,s) I!lr;91|r+rs+s! , ‘
Supikﬁ; RS. Then/ &b gl = Jr - s|. However, d'(P,q) = d'(R,S)

.P

dnly if ng +'pq + qg{ : [rg_ +rs + 8 l, which in genera.l is false.

For exenmle, if p=1, q—2 r =3 and 8 = 4, then lg Y pg +gq f .
e
while [r + 378 + 85 J = 37. It is also true that we cg&h have .
ar(p,q) = d4'(R,S) although PQ and RS dre mot cdngruent. The example
p - 0, QHW{ r.:l and 8 = 2 Ahews, this. p<q<r always
tmplies p < q <.r’, so0 betweenness is preserved. - .
1, x - . ‘
- Ca(par s e -l | ,
W @' (®y8) = |7 - °] - '
. 60 Pq T RS does not .always imply da'{pP,Q) =.d'(R,S) , .
& . & . . ‘. .
p<g<T doe\alwéys imply c? < el <ver, so- betweenness
L - . [ .
- ", .1s preserved. . . ) ,
f i v “ s ! F ]
( ~
[ ] ' .
£ ‘ . - 8 ' ‘
‘ -
2 )Et)O . &
S ' . - ’ ]
€ - #/ .
~ . - *
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] ' = N
PN ) - ' '
. & . - .
l\ - \
L ' _ = .
12, x* =2 1§x;éo ‘ \ .
x* =x if x=0 . . v \\ i
If none of p, q, ry s is zero . - p
- l . . ' -
t D= -
at(p,Q) Toal ip <qi , .
d‘(R s) ;T_Ti Ir - s| ) !
- rs i . : R -
So PQ - RS does not always imply_ d'(P,Q) = af (R S). However, if )
P =R < -0 and PQ RS, then |q| = | | ana a'{p,Q) = q!(R,s).
"Let pP<q < r. Then betweenness is preserved only if q = 0 ‘or
. L . . .
: r<0'or p>0.. ‘ . ‘ |
' _ Iy ’_' .
13. x = log.le | . /
B This scannot hamdle points on negative side of the origin since loglo
is not defined for nega.tive numbérs or 0O . Where it is def‘ined
a'(p,q) = 1og, 2" - - c
. ' ~ . . )
* I . - ' : -
~d'(R,s) = iloglo A ‘ |

»a group under muitiplication, &k dd the*ff‘our fouxth roets

, addition, and lhe rational numbers under multiplication? -

*

So PQ = RS does not alwa:{s imply d'(P QL d'(‘R S) .- Betweenness is .
preeerved where logfo is defined 1 ¢

- . ) L ]
. - ]
- The notion of a group will megn very Little to the students unless they
consider many examples. They should study c'mx:efully all Whose mentioned
in thg text a.nd.t,ry to think of other‘s. If they krﬁaw‘something gbout cbr?xplex

numbers, they can be asked to prove that the three cube roots of 1% form -

L

These examples -
show that a group may be finite. If the students are asked for other Tinite

groups, some of bhem may. suggest the kind of arlthmetic that suits Ll.OLk

aces. Finally, no complicated mathenmtical def'inition. becomes clear to
students until they have thoug,ht. of examples that dontt quite rit. What "

about the integer ‘under ?nult,ipiglcafdon, the non- negatlve integers under .
-
/ .
- ] - L ] ) . . .
. " ' -

4 . ] ’
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. Exercises S2¢1b , ‘
B n - - *
. ' 1._Let f be the function defined by f(x) = ax +b &£ 0. .

‘Let g be the function defined by 'g(x) =ex+d ‘cfor .

' e

We wish to prove f(g) is a funttion defined by (f(g))(x) =8x + t
for real numbers s £0, and t.

CL ). ) N
’ =alex +d) +b b ‘3 7 ' . o
s . . = (ac)x + (a.d + b) ‘ .- , .

4 o -
*Since a;éo and 0#0 we Xhow that oac) A 0., )

.\ .
Thus there do exist real numbers B = ac £ 0, t = ad + j/such that -

I (‘st))(X) =sx +t. A
- e 4 - .
2. Consider f, g, h as three functions in our~set:™ T , -
T £(x) = mx + n,, S(x) PX + g, h(x)}= rx +s .m: P, l:lé 0
We wish to show (£(g))(h) = £(g(n)) | - .y .
' [7 We find that f£(g) 1s.defined by (£(z)(x) = (m)x + (mg+Pn) and that
g(h) if defined by " (g{h)) (x) = (pt)x * (pe + a) | e
n ¢ ) - » -
Then for ell x (£{g))(n) = (mp)rx 4 (mp)s +mg +n '
“for all x £(g(h) )x) = m(pr)x Fafps +q) +n - . ..

«

Henc& for all x, (f(g‘)’)(h)(x) = (f'(g(hr)))(x) which is the negessary *
and sufficiént canditicn that the fun t;tons S, or for each X,

. !
(f(g))(h) (£(a(n))). ‘ , .
— Note: this is 3 Sp-é(n&l case of the thecrem that if  h ‘maps set A into 5‘
set B, g maps B into, C, and, f maeps U into D then "‘ .

(£(g))(h) = f'(é(h)). .The general proof follows: If x €A, le.t .

¢ - h(x)€ B, f = g(y) €C, and f£(z) € D. 4Jet k . f(g) ms.pping k
, B.into D, f= gﬂ(h) mepping A intq C. Then ‘., \ ' ‘.

(£(a)) (1) (x) = k(h)(x) = k(h(x)) = k(y) but é}‘) £(g)(y) = £(y)7

Atso £(g(n))(x) = EUMx) = £(z) since (x) = g(n)(x) = g(¥) =

Therefore (f(g))(h) = Me(n)). ,/

+

-4
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.3+ Let f be defined by f(x)eax,y{‘a,go "‘. - . ‘y
o g be defined by. g(x) = cx:+d c ¢ o. . S -
| 'I‘bezl £(8)) (x) = £lex + d) = glex $4d) +b = (%c)x + (a.d + b) . :
# (8(£))(x) = g(ax +) = (ca)w (cb +a) .

. . i

o
-

*(g) g(f) only if a3 +b =cb + d.

‘ ' ) ) . ] -
‘To sh{)w that the ‘cemmutative property does not hold, we need simply '
. @ exhibit one:case when it doesh't. Take a =21, c=2, d =1, b =13"

‘- then &d+b—l°l+1 cb +d =2 ¢ 1 %1 =3
K - ! . \/ * N ‘ - '
(£(g))(x) = 2x + 2 (g(f))(x) z2x+3  £(g) # e(f)
h; To show that in any group the identity 1is unique. T g
let e. a.nd‘ e! Ye identityx elements, ' ' !
- - . ~ ]
fhen for. all a, a(e) =e{n) =.a - (1)‘} e ‘ .
= .+ ale') =e'(a) =a (2) .- ‘ . N
. e e : ) | ‘\
So in partitilar e!(e) = e(e') =e* . from (1)  letting- = et
« . < : .
e(e?) = e'(e). = e from: (2) ‘letting a = e

= ! - '
| Wh.éch gj..\nes us e = eft, . ' \
. « o £ Z 1]
5. To show that in eny groups ,G the inve is unique. Let a € G.
Suppose b and b' are both invers}es; 1.e8,

a(®)=b(d) =& . " | S

a(d?) = ¥(a) =Ze L | I
Now consjder ‘b(a(b‘)) = (p(a))(b?) by a.sspc_iat.ivity; but ¥ ‘

b(a) =,t‘3 _-and g(t;") =e . 'so ‘ . ' ( )
b{e) = e{b'); . Cd
Q . EY i _ .

I

. bm;, e 1is the identity element, so L o

!
T
’ . . e a ‘
[ ‘ ' 3

b = b' ) . L \ ~ i
. ) s o * - ! ’ *
(4 6. %45110.“ that the invers‘e the identity i\s\,the identity, let e Dbe
the }denti ag its inverse. £ o . ¢ ‘,
\ . Ef’ . ° - ) . E Q
. Then afe) = e 'since a 1is the inverse of e, . 4

but afe). = a simce € is the id&aﬂéty, therefone a = e



R A ‘ ) \ e
Af -~, “e i ‘,j’ : - ' .') k :
. po . g <
. £ ) 2 h N o, e,
7. (a) #%X +ab+0b () Sx—g [l .
) . . ‘ . ) v ( . .
' 1. q+vp . f
(b) epx +mq +D (\ .('ﬂ) gix-—;ﬁkg .
: . P ‘ . .
»‘. ;|. B L . b + ‘-. .
o (e-) ‘8px +Dbp + - .:“ & .&(nf) &px _-———E'ga‘p‘ | . v
'2 o Vi, ® .1 Db+
d x + + . (5 © =X = . -
. @ pxerara g T ) >, e aw, - oo
- (e)'.a3x+aab+ab&+,p$‘ v ‘ﬁ&) P—x-EB-l»q (‘ L
f ) . '; . % . . . .
. \: '_ Y | . N . :
' (f) p3X+p2q*pq+q beon \A§£-')';x--a—'§+b
) A - ‘ N .
7 % 8, Let&f be definedby £(x) =8x +b 8 A0 . .
" 1£f nin) = f we mist have p £ O .and q such that ' .
, Bla(x) = p% + pg + g —ax + b = £(x) A
Jhus p e.nd q must satisfy . . : .
[ Y .2 N '.(‘ . N ¢ A )
. P =8 “ rq +{q =1 . PR
i Case l. & <0 . . ,
t . /.
% , There is no real mumber whose square is negative so £her§: is no:
‘unction h such that h(h) = £. - - L
. Case 4. a>0 and a f1l o .
. : >
Both p = Y& and p-= - /E u&tiﬂfy p2 = 8. S0 ve have, in
e« Feneral, {tgo solutions to .h(h) =f. .
C . N b - .
h) " defined by ,hl(x) = Ja x + m . . .

1. = - i K 2 -
hg defined by hq(x) Ya x 1—77;

N hL ia, def ined for gll values of & £ O gand b. However,' in the é}peci,al

case a = 1, he is not’ def‘ined because 1 - 7/_ 1 -1=0. 5o wheh

= 1 we get the unique solution h{x) = x +\2 ) )

4

. ¢
- R " “«

. ' .
' .
\ & . ) » .
.
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Alt.}mugh gecti_on $2-2 can be omitted «ithout sérious loss of condinuity,

: there are a good man.v ideas In it which are important in other branches of

‘,mnthematics.: If yOu do not think there is time to ggver itain c-laa , perhaps

_..‘." . - FY

rthe better students ccu%d study it ‘and 'dd* some of the exemises. .o

~ . ~

. h ) .
In earl ler:. cpurses, studen‘rs have studied various number systems and N

o ‘Learned to consider them as sets clcsed under certain operat JOrs but not
j;qu;a ot};c;:a. ‘I‘hc' funda.tnenta] cperatlons of‘ addition &nd &tmﬂ

&

P

= ' . . L
LR - . ‘e .
e R R S e

C R

-

LN
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are commutative. In the sev of linear transformations of'e line’ ontofitself
. we ‘haye an'algebraic operation whose elements‘are not numberé\but functions.
The only operatim-?c‘osition of. functions--~is not commutative. Nevertheless,
mhe operation is. asso!‘gfive* Ihere-is jg’element.whieh plays the saée role
for compb%ition as zero does foy. addition and one for multiplication. Fer -’

.each linear transformation there Ks a transfbrmation which Mundoes" the first,
and thus acts like thé reciprotal of-a nenzeno number when the operation is

multiplicatiun and like the.§%gative of a number when the operatibn is oot
edditlon. . R _' - i - 7 ..l
' Q ) ¥t is ,the fact that s0 many diiﬂerent algebraic syetems share these . .

properties.%hat red mathematicianb to.definé a group. This eongept wes .

defined earlier,. and the example treatid here is omne whicn—gs very - 1mportant
- in advanced m&thematics.' - I~ : ", o o Yoo, Co

IT the exercises on.eardinal nJEher are to be* a551gned, it. will probably

be necessary o prep the waygyith a brlef diécuUSion in class. It can

be pointed out that when ve e asked whether two flnite sets “have thq~same ..

¥ number of members, we eqn C, unt, em. Now tounting a set can’be described
as setting. up a one to -one correspondence between the set and part of &
standard sequence of noises. If we do this for sets A and B and discover
that we, uee% the game part of the utandard-ﬁequence of noises in both cases,
ve have sel up a one-to-one correspondence between A and B. We could have
" done this without counting. oinée y&.cen t,nin any ordznary eense, count
the members pf an infinite set, it Es'nuturai‘go define what we mean when
we say that two such sets have the same nupber of members in terms of one-
to;one correspondences. 'Aithough'the students will probuably be 4 vit dis~'
turbed by the fact that the set of positive gntegers and the set.of odd
positive intepers have the tame number of memberg, they will soon come to
realize that no other definition seems Ieuggpablc.

The students nhouid*be asked to give detgiled proofs, in’class, for
XQC or two cases of the theorem that nn‘imuge i between two other imagee )
.li and conly it ito pregimage Is bttween tRe p}(—xmigofnot the other two
imagcs. This will p‘t;are them for the first. exercise in the next éét.

hn be shortened, however, by noting that the

vince we avre deaiing with ) necessary und sufficient condition, iwo implications
~must be proved. The proof

inverse of u trannio:mntlon of any ot the four types s of the same typg.

* Exercises 5 6 of the tollowlnv sel Justify that the linear tra H sformation

of a l{nc onto itself lorms u frroup nnder the operation of rcomposition.

.
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. . - Exercises S2-bg - .
) - ) . - e [ \' L]
. 1., Let Q Trbe betweeh P a.nd R; 1. €. eibher 'p\< g<r, “or P> q > ?
where p, q, T are coordinates of ‘P, Q R on line ?‘R‘ If '1‘ is - .
) -8 Iinear tra.nsfornﬁtion, then there are numhers afo and ' such .
) that the -coordinate of T(x) — ax +b ‘where x -is-th& coordimate of
.‘ - . ‘ . . A
- /,; X.- . et . A Y \——-Q - .
ST re et e eb (T(Q) ~ PR T(R)«-r'=ar+1b‘ *
. i .‘;A o ' ? . + " . ‘ -~ .
If p<g<r‘and-a?0 t?en,.ap<aqq-ar.andp <gq'. <zr'
“-‘\',d" If.p<q<r and a'< O then ap > aq’> ar . and .p' >q‘>r"07 A

: . +
If p>q>rand a0 then~b.p>aq>ar a.ndp >q,>r'.'A ,
, [\If p>a>r and- a< 0 then ap‘<aq<a.r and/g<g <r“ ' ',

M
E S

.' Hence in all .cases T(Q) is betweem T(P) and <« 'I’(R)

t . . _‘ " \

e Let PQ and RS be congruent segments, t.e., lp - ql = rr - s|

- ‘:* Let T be a linear tr&nsfomtion, definedi- &‘(X) =¢X' “has coo;dina.té ;
o xt=ax +b. ‘ e T
. ’ ) Lo ' RN ‘ - .
,T(®) ~p*' =8p +b_ T(Q)~g' =a +b, [p'-g'} = |ap+- aq-bL,= la] |p-q| |
. T(R) ~r' =8r +b T(S).~ s* ="as +'db  |r'-s%| = | m-&g b| = |a] |r-s|
] » | * .
P PQ RS implies |p - af = |r - s|. ¢ |p'f q l = |rtd ‘s'[ ]
which means P'Q' = RTST, | o . | «*

¢
1

"+ 3, Let T, T, be arbitrary liflear transfp

1 ons of the lipe into Aself

defined by coordinate equatioms: 'I‘l (x)- X! -7 ax + T (x)
) x' = cx»+ d. We wish to know whether ‘l‘l TQQ - is‘a }ine;'“tr&nsfcrmation ‘ /
of the Line. ° - . '
o Tg(x) is & poln‘b Y with coordinate cx +d - ~ic
a . ) T, 1is defined at Y; Tl(y) is a point with cocrdine.tes;
\ . (ac)x;(ad+b) . . R
L] N
T But ac £ o since afo {md ¢ #0. And (ad +b) ,is a mnnber.
) So 'I‘L('I\ ) is det ined for all pointg X by .coordingte equation ‘ :
R x' . {ae)x + (ad + b). Thus it is & linear transformation of the Line.
t - §. b

- TS : -




)\.- . o . * ‘ — ) o
- ‘ Y ‘. .- /’
) ‘) . * ., ..‘- ..
¢ . .
h. To show that cnmposition of linear traqsformations— is ass“ciative let~

T 5 To, T ”Bé(defined by coordihate equation& T, (x) aa&—+ b,

Ol
S (x) =ex +d, T3(x) = ex + f. ‘Then r (T ) is the, line&r-transformatiqn‘ ‘ Ry
~ taking x to (cé)x ¢ (cf +d) and T, (T ) 16 the linea¥ trensformstion
. _ taking x to (a.c)x + (84 + V). Let xo be an arbitrary point with . .-
coordinhte xo y - \ ' _ -

T (xn) Y with coordinate. (exO +£), . et e

(-Tl(Ta))(Y) = Z with coordinate (aé)(exo +F) + (ad + b‘),' : o ‘
S; ((Tl(T ))TB)(XO). = Z with coordinate f(ace'.)rico 4 (act + ad + b). ."

{ Now (TE(T3))( ) =V with'coordinate v = (cedxy + (cf + d); -4

¢ E)

with coordidete a((ce)xo + (cf +4d)) + b
So (T (T (’I%)))(X )} = Z' with coordinate (a.ce)x + (acf +ad + b)
Therefore Z = Z' since both have the same coordinat! which means

- 1y (1,(2,)) = (1,(x, (L)
»
L] . :
“ 5. To show that the set of linear transformations of a Iine has an identity ,’7
with respect to copposition, consider line C'XT and the transposit.ion I

such that I(X) = X. T 1s given by the coordinate eqyation

I(x) =x =1*x+ 0 so I 1s a member of the set of linea.r transformations.
This I 1is an identity. By the definition of I we know . ) .
F 4 a
- 1 (T(?)) (x) * 1(7(x)) - o(x) |
or (2(I))(x) = T(1(x)) = T(X) C s
- 50 HT) = (1) = T, ‘, '
. &
Suppose I' were any other identity. @ : el
’ ’ 7
Then ‘ I'(I) = I(I') + I since =I' is an identity,

but I(I') = I'(I) = I' since I- is an identity.
Therefqre I' = I. which means I . is the unique identity.”
< s . '
5 . : '
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™ a . . . . . ) .
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Y ’ * [
' 6. To shbw that each e].ement on the set” § of linear transformations of /

e line hés an inverse with respect to composition, let T be an ‘ .
. arbitrary,. element of SeT(X) is thetpo:&n‘t Y such that y. = asc +b, ‘
oo i N o - . o
L . . ., -
ﬁf there were an %nverse T to T we would have to have
¥ . | S 1 1 : . : )
. - T - T(T.) = Ty y L -
v \ : g ‘ . .
.. Thege would have fo be numbers c #0 and d, such that for all pofts -
« " "8, with coominate K L ,
v .. . R
. ) c(a.x-f-‘ )% d = a(cx‘+d)'+b=/ix 20. .
. ‘. g . . .
- This 'requires . cax = acs = 1x - (1) o .
- . , . . '
B - .cb+d=8a +b=0 (2)
Since® a £ O "we'can choose ¢ = é 40 to satisfy (1) and then
d = =b aloﬁg with ¢ = é s YD ‘will;bé the inverse of .T, - and

‘ls, & linear transformptidn. . - :
. rIT A 'i . ’
7. We exhlbit one counter example to show that compositiorf is not commutsative. :
- ' Consider '

- ' : 1

e 7, (X) =Y, y=2+0 M is read )
_ : R : "defined by"]
- ) ngTe(x).=Y, y = lex +1 ,
. ‘ h T, (T,) « (7, (T,)) (X) = o(x +1) +0=2x +2
' . . my(1)) ¢ (T,(1))(0) = 1(2x +0) + 3 = 2x +1
' A ] < .
v . ’
Therefore TE(Tl) £ Tl(‘l’é).
‘ ' Suppose we require L T, Tl(X) =Y, \y': ax +b and
. .
. oy s, (XY A Y, ¥ s ex g ‘ .
L S .
¥ {o be such that v T (T,) =7, (T ), i.e. a(cx +d) + b
: A AR} 1
- ) - c(ax+b)+d,Vx.

So we must have wex = cax and ad + b = ot de
¢ .
The conditions arc (L) a . e 1 and v oamd d any, real numbers.
(2) « ¢ / l and b - d any real number.

{3) d, e any real numbers and b = d - O.

e

' ‘ ‘ L
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'
8 Let FxF(X)=Y%=ax+b be & transformation. ‘
‘Case (1) ' 2a>0. F=T(E) pherA E:y=ax T:y=x+b /

- ! VX, E(X) he.s coordinate ax, (E(X‘)) has ,coerdinate ax +b.,
’ ‘ | .
. ,Case (2) & <O. F ~‘T(E(R)) where R:y = -ix E:y=|a|lx T y:}#\
. ; .V X, R(X) has coofdimate -x, E(R(X)) 'he_ss_coqrdinaﬁe ,;,"
t - . “ !
- . o lal(ex) = ax v o~ .
L T(E(R(x))) lgas coorqinate ax +b hence T(E(R)) = F. ,
: ‘ - { . 8 .
L Exercises SE‘-Eb’ 4

" . . . N . . . ¢ * . . .- .o . .
“+ 1. ILet the pMints bé R’ and S. We may aas{imé r < & e ratio of tw
SRS non-Zero nuinbers is positive if a.nd only 4f boﬂx nunibe h&ve %he same
- sifgn. r<e means r -'s < O. Therefore 'r /5 - > 0o and on.Lv
" -~

i'f‘r'—s‘<0. But we have r'»-s'<0’ifandonlyif;<s'
. which'is the condition that the coordtnate change be order preserving.
r ;’

sim1efly, = <0 if and only if ' - s' >0 which is true if . < ...
* % and only if the coordinate change 1s:order rqversing. BRI

-
-

2. o The coordinateg change f determines en equation of the fom

£(x) & x* = ax + b. From r! =ar-+b, s' =as + b., We find

= ! - st rs' - r's :
a = -_— b D e——————— «
T - & F-s . J o
v . ¢ . 2 ‘.
(a) £ inelu&es a contra.ction if and only if 0D <a < l w‘hich is the *= .}
. . ' S' .
y, condition 0« —r—— < 1.

. {b) f- includes a contraction amd reflection if and only if -l<a<o
‘ r* - gt

which is the comdition 1< = < O.

- (c) f includes an expansion if and only if a- il which is the’

: 1 1
. condition f_r"% > 1.

»
(d) £ 1includes an expansion a.nd reflection if and only if a < -1

t H .
‘- which 18 T A2 <1, .
/ rés o . -

-
*

3. The coordinate change f determines an equation of the form f(x)' = ax q-4- b.
) ‘ N Y _oat na! - B!
From p! =ap +b, q' ~ag +b we find azg—q—, p -2 -2 13

P-q P-q
. (a) f includes a translation if and only if a = 1 which is the
| B |
. condition E -4 . 1,
P-q : .
(b) £ N:ludes a reflection if and only if a = -1 “which is the
RS D |
condition H = -1, : 5
rj ) - . .
\ );‘)‘? .
' * ” . 1 ::‘f
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-~ bk, We wish to shoy that the intrinsic coordinate systems are ‘identical to

X r . VI v f“

: " thf coordinate systems whose défiiing functions havd the form Ll ol
x? '=qx +b or x' = -x +b with gnanyre&l numbexn. .' .
+ . Pdck’ one 1ntrins.ic cnordinate “s;rstem call its ‘origin POF and refer to”
' 1t ds_ the ,Po-system. ' T " L
R A Consider any other inmtrinsic. coox:dina.te system (one mmving t‘he same unit '
. length) with origin P mﬁi the same positive directd.on. S N
. .- : T 4 ® A.. . ¢ c
-~ N Py | g P,y “r " T oot
¥ . { “a x <y if and only if X .°is left of .Y, °
: 1/ s{ystemé ;':l- R <yt af &hd only 1f X 16 167 off ¥
e Pyt - o e TR
. So d(PO l} 0 P'o =P - 0 “since unit of measure is the same. | .;\’.

r . -
Solving Po'-=g-0+ba.nd0 a.-Pl+b we'get x¥=x+(P) .
So this (intrthsic) coordinate system has defining function of the form
x' = x +Db relative to the PO
x! = x +b we can find the intrinsic coordinate ?&etem vhose origin
coordinate (-b) and the P, Positive direct:ion.

-system, - %onversely for any equsetion

hasy PO ;.

simidbriy we ‘establish sn identity between coordinay systems with /\
positive sense opposite-to_that of the P -system and systems with de ning

‘ﬁmctions' x' = -x + b,

0

Notice o B o
) ‘ . PO Pl ' - . ‘ N
1 ] ) y .
=T 1 . . L .
PO-system 0 'Pl X <y if and only if X is left of MY,
) - . R
new system Pb -0 xt < y' if and only if X is right of Y
‘ Lo .
a(p ,P.)Y is p, -0 in P -system, but p' - O in system with opposite
0’ 1 1 0 0 Bysten W
positive gense.
. . .
’ pre-images
- 2 -3 —é 11 E -
) AU U N U N U U G N T T T VR T A N A Y U N N N N S |
q L R I T 1 I IR 7 1 1 1 L R | L LR A R R LR AR
-1 1 2 ko 21 1
"3 23 1 a-h ok 2 1 3 a 3 images
(a) Domsin of F(G(H)) = domain'of H = {wiw {is rea,L} \ <
range of F(G(H)) = {2:0 < z < 1}. ‘ o '
- " ' = . . . ) l ~
¢ |
L60 A B .
L




— « . [l

» . . « .
) ' 3 ¢

\ - e
. Transformation F(G(H)) is igto the line, ot onto. .
Tt 1is one-to-one. - a . ' L
(b) 8 2 1 ®» .1 -2 -8 . Pre-images
[ ,) ~ ﬁ} i '
' 0 t‘ / 1 ' = )l ‘ ‘ . -
' 'ms 5 3 2. 3 5 '99?‘ ‘. ima'ges - “

(c) e cardins.uty bf the interior of a segment is the same as the s
‘cardinality of the line.

e (B)‘DDmain'D(E(F)) (wer w is real) V. .".‘ L G

Range me)=w-0<z<l} . "L
D(‘E(F)) maps the reals into but ot onto the, reals. )
v Sis anen—to -one. . B PPy

SO (b) The ca.rd.inaliﬂr og R is infinite. e J : i“"‘

. e

. 8.  Tet the ccordinate. c‘hemge Pe- given by .x' = ax + b.

T p'iZ gf " ap +b) - (ag + b) Eb - b;
:m'enr— _(a.r+b)~‘(a.a+ﬂ a:t;-s b-b) . r<sa

The operations are Justified ‘since T £8 and afe so that \
r-s£0 and S 1. '
B : o ' °
= P N - o
9. X ) ‘ ) e T AN . . 4

_This may be obta.ined from the change of coordin&te formula, or, using
‘ e
.Problem 8, fx;om ratios of’ directed dis‘ba.nces (letting A=P,

B=R=@, C2=5f. A e ) .
") bf - af a'b - 80ty ' m .‘ g
lo’xg=x(b-.a)'+(_b-a)_ '

. . e S : .

11, Let ¢ be g linear transformation of the line into itseIT such that' -
for two distinct pointg X and Y, £(X) =X and £(Y) = Y. We
.wish to show that for all poimts 2, f£(2Z) = )

£(X) =X and f£(Y) =Y yield coordinate equations .

X =8X +b and y=a}%y +b A,

whféh‘j.nqxlies a =1 and b .= 0. o for any polnt~ % with coordine:te_
Z, f£(z) hagcoordinate S

.

zb =1 "2 + 0= Z,

° So f keeps all points fixed.

\
4 . \
1
. .
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. ® ‘Supplement .D o ) (

! Yo - (Supplement to Chapters 2,3,8) ,

. . ( ‘ . v : \ ‘ x ;

. R . S '
ﬁ POINTS, LINES, AND FLANES (

T " P . . NP -

. - L3 i

In this chapter-the student will face mady problems arising from the re-

“lative positions of. points » lines, and planes in space.. Among these are the
B meesurqents ef angles and ddstances » matters of parellelism and perpe.m{icu-e

larity, and questions of incidepee a.nd seperetion. / “

Various schemes and devices are suggested as belng appropriate in certain
cases, but in the last a.nelysil we believe that a gstudent should not be told »
too much. He has many tools; therefore, he should be encouraged to find his
mr.n solution for any given situation. = = N , .

Here is where a student begins te need some fecility with detemina.nts‘.

There is help in Appendix Ad i v ) . S
If the equation of & line is written in the fotm &x + by' + ¢ =0 , then

f

the 'equations

L ' a : . . ¢
axl+byl+c‘v=0 .
: . <
+ + ,
- oy . ahxe bye c = 0 [ ey
¢ "' a.x3 + 'by3 + c =.0

may be considered a system of 3 linear hamoggneous equations in the 3 un-
knowns & , b, c. Equation (3) in the student's text is the necessary and
sufﬁcient leenditien that there are non-trivial solutions of the sys‘tem.

4

¥

: <)

-



.e

2. ac; -ac; 8c¢; -‘a.@-yes, nd."
' affects.the ,sign (positive for cqunter-clockvise, nega.tive for clockwise);
~ the verte.x at whicl‘r ofle starts does not. . . v
_ ', 3. Comsider the tria.ngle with vertices P, = (x,y) , {=1,2,3. Ve
A ' Kpow that the area is - ;' . LR
,. . " - ‘. ' - ¢ - ‘
" a e i JlEl_ y.l . ! )
p VKNS v , " 'i.e. absolute valwe of determingnt- .
‘ @ ‘ L. ’ y . L - ’
. *3 ¥3- s T
T . L3 ’ ’ ’ ‘ l.
= ey, - 8t ¥ - ¥3) + x5 )| T
. C 2 2 33 x2 1 3 y1 =¥ o
) \." - J- . Azy | \ ‘I. n‘ .p e
s T2FY2 " 113 1 x2y3 x33’1 3"2' , .
: e gy - ) * iy - Xy )| SR
| - NS TE R S U 33'2 x3‘g e S
[} . | \ x y X y A IS -
. Y B fe T 2 “2{- 13 73 |
-—a-é x. y + y + . .
- 2 Yo .’,‘3 RE I §
., 18% .
2 2 -
5. (a) |2 1 1 { ’
FL 2 -2 1 = -2(3) - 2(6) + 6(3) =
. & -5 1 ' ,
J o - = - - s »
. & (v) B-A-=[k-3) C-A-= [_8,-6] :
Hence §-K=%(E—K) .
.? ’ J.: bl . —_— : - -
. - “.But AB 1irg parallel to the iine of--B - A, and
) ;‘ . (c C is parallel to the line of C - A which is the line of

\ .

So ﬁ coincide

Y1, . (8) collinear

B -

-

(b) % <

'Exercis‘es D-2

&

w» >

s with TA.-E.

(c) lbe - edl

¢

(d) collinear

L]

(¢) d(A,BF = 5,d(Bc)~b,d(Ac)—lo, ‘ (
By the triangle inequality, th;Ls implies B lies on ac .

*

The direction of traverse of the triangle

.
- >
L) c

AN ]
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S L If 1£nes L L2 13, meet in a point . (xl,yl) s then |
o | ”'{"1"1+bl”1+°1=°- T
. ' . ‘ ..‘ ) , 8%y ,+b2yl'+e =0 ) .“\‘ )
‘ ; . B a3x + b “+ c3 = Q -' _ '- Y, - ¢ ]

' This system off three linear. eqnations i@;the two unknoﬁns (xl,yl) Qas a

common; solution only'if the deteminant oithe coefi‘icits)s ze‘:‘o, thiz .
condition is Equation {3) in the, studant's text. é

o [y SR 4
. L )

It might be‘worthwhile to place eonsiderable emyhasis onLghé idgg of
-t families. This concept will appear later in connection with curves in the. g

\ pPlaze and in spacé. o v )

1 , - T e

1]

" T Exercises D-3 - \

.
b 4 . -
s

. . 1 . - ) ) ‘ )
1. (a) WNo (b) Yes, 5,'2) (e) No, (the lines are parallel) «

2. (a) b > S | | .
(b) " k3 .+ bk - 16 = (k = 2)(k® +7K~ 8) = 0 ; resl value, kv=2 ,* -

-

3. General form, 3x -2y +5 +n{x + by - 1) =0 - ’i:g‘ , .

(b) 1bx + 21y + 6
(e) bx-+ 9y =

(d) 5x - 2y + 19
\ () x-3y+3=0 ' " '

L, 9x -3y +8 -0 ' .

[l
e

Il
o

!

.. 5. This exercise may be done in a variet} of ways.,.If students use the
“ “methods in this section, some OT the fcllowing may be useful in checking

their work. .
AN A .
. . )
o (8) Centrota, (& j,c,“‘?})
(v) Orthocenter, (O,- %5
- . 2 j . C ‘
e) oi g +c¢c b + ag
‘( ) Circumcenter, { z ) ) - ‘
» - o o '
- e. Jf
S ‘ LG5

4
02
&9

i(a) .21x - 2By + 43 = 0 R : oL S
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' e o« : L\ i .
; - . . o |
- J ) [} . )‘} .
(d) Evaluate- determina.nt in (%) of tekt' by factoring out 560_ from | .
¢ l ’ g‘ frcm_/g/, multiplxing f‘l&ﬂts of R2 'by - %Ad _
adding to elements of R, : . T L, F
) -, - 5 . ‘ “ h | ‘
0., < 1 0 ~6ae . -1 ¢ .
e 4 .
re B | + o*
2 ‘ta c b .8 [ c -
3 I R < N,
{a+c b2+ : ' l 2 \ ' ) -
. C' < N . 3
< |72 D) 1p o3 3 t3ae 1k
[ ' ) » 4 0 -6&9 1 . ’
+ <o
= 8 Ec 2 EhQ l ) - g‘ ‘
- . ¢ ‘ 36b . . 1 . .
. $ 3ac -3 T =
: R
. H _
: - % p)(38c - 380) N,
. 36b
* "‘ ( n -
: ( =0 " ‘ ,
Ye) Yes, because by appropriate choice of coordinates any triangle can
. ha.ve vertices with tie coordipates given for A, B s C
Consider trapezoid ABCD and. choos® coordinate Bystem so that A = (a,0),
B = (b,0) , C=(0,e) , D="(d,c) . The diegonals are cX +ay -ac=0 , B
ex + (b - d)y .- be = Q .- Joining :
midpoints of bases is the line °
oex + (& + b -d)y = (a+ bl =
’ . /
c a -ac
¢ »-d , --be =0 "
e s+b-da -(a+bdle ) )
AN A . ¢ “
: ‘ ° . ‘ ‘ A
i ¢ \,
‘ |
- {{
£
¢ ' .
'Y
“ L
+ N .9 '
L66 - 3 :
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The subjeet matter of this course can be grouped and developed in var: bus
wee‘ Although we heVe used same.of rthe centents of this section in, earIien

. sections , We now consider, in & n}ere systematic waY 5 the general topic 'qf ‘in- .
A L .

‘tersections and parallelisms. . & ‘ . . .
' 4 > * .
‘o We make extensive use of de%erminants, withAch we assée sme‘reason\'
able familiarity. An appendix presents 4 briefstreatment 3t the topié. vhiqh
was considered tgé algebraic ta be part of the text. Matrices also, u&xl ! 4 ‘“ o~
have facilitated oyr developmenﬁ, particularly the concept of the rank of a \ _
- matrix, and an sughenteq matrix; buk these ;,deai were considered to be, foo fa.r Ui
v _afield fram our central theme, and so do not appéar, even ,in an appendix. S 'ﬂ
Teachers and intérested students are referred to the S]-EG\(c.on Matrix, ' ‘&\
Algebre, or to any of the recknt elementary texts on matrices. Wé recamfend )
strongly' that studeg‘_b-s be enﬁof ed to gain some competence in those aspects
A of matrix algebra which apply to the present content, and perhaps prepare oral

-

or written reports on these applications.\ . ‘ -
Authors ; as well as stlxdents and teachers, are not- pleasad with pages

that seem overloaded with detters and subscripts. However, in three. dimensions,
equationdpf lines and planes do require many symbols. We chose to usQ fewer
letters with different.subscripts ; rather than many different letters, be- '
cause we felt that, with a bit of effox:t, the W tterns of relat_ionship& could
be mote easily seen. Students should be encourgged to see these patterns, and
,to try to extend them to corrésponding situations in higher dimensions, where
subscripts become more significantly necessary. We have avolded here, and .
genergdly throughout the text, the use of Z aetation. If students have the

proper background and ability, they might be encouraged ta state s as far as
possit‘:le, the.results of this section that could be generalized to n dimen-

t

sions, using whatever symbolism they think most approprié..t'e.

" : \

e BN

. Soluti?ns to Exercises D-4
1€ (a) parallel v ] ‘ (d) skew
{b) skew . - (e) skew
{c) s}{ew . (f) skew R

O Yo, : {




4 .

P — ’ -/
~ /- - e ,“e ] ! 4
. [ .. "..-., . . -
2. x =kt y s A
(g)e y =.2‘- < i )
. e . L
. Z‘=¢3 - 2% % . - &
. , . et -
» ) X =rl b4 6t - . , ) -
(b} {y=2+2¢t _
. z,=3 +h4t .~ )" : (T
L) .\ ) ) -
3. (a) %:,kx+18;-3zf3#=0
' bt .
My @ bx ¢ 8y’7—‘32«:69 =0 "
' ' . - ) s
- (b)Ml:lx+2hy+92+69'=0'_ . .
. ) r . ¢ “‘ ‘.h ‘ L - H « - L
Hz:lkx-+2hy+92—35.=lc e . S e w
. s e e . . e ..
~ . ) _ o A, T - A
k. (a) lhx+18y -3z -34=0 2 P T
_ . . - . ) e o
(b) 1x ¥ 2y +92 -35=0 ,Note L |] &y - * = 0 . v
. ’ = ' v l -‘2 ’ f e N .
5. (a) 2x-8 +72 =0, y R A R '
(b) 11x+9y+123 =0 Ky SRS t L, . ..
- ) . .- h . ' o .
(e) 22x+y+82=0 . Y : ; ' L
. (dy 3y +2z=0 ' T y / .
7 e s . * ' - . \ U
B *4. (a) L, goes over Ly (e) L, goes under L, R . :
(b) L2 goes over L3’/ ., .(fi) L3 goes under L ( .
T. If ‘LA gtoes(cvef ;‘B apd LB goes over- LC- , :theﬁ :‘lt is smn.e‘tinfes trjﬁe o
. that LA goes f)*fer LC . » s ‘ .
_ . . ‘ . ‘ S}
8. It is false that.if I, and Lf are distinct, then L, gogs over Ly
, . 7 . LY ¢ . R
,or Ly gogs over LA . Qonsider thé lines L, : x =1, Ly P X = 2 .
‘ It 1is nevervf}j'e gase that Pl on LA and P2 on LB havg the same °
x-coordinate, henece, one cyiterion is never met. !
) 9. {a) {1,o,eﬁ+ t05,11,7] = [x,y,z] o
v (b)) [0,-11,-17] + t[1,7,71% ¢ [x,y,2]
(e) [1,-1,0] + t[5,8,1] - [x,y,z] )
(a) [3,2,4] + t[7,1,5] - [x,y,z] . .
‘. 4 . . 3 - N . . 7
‘ (e) {11'3,1} + t{ljge)u] - {X,y,Z}‘ - ? )
11) {‘i’:'ly'(’] + t{sy;‘?:?} = {X;YJZ] ‘ ) / -
- .
- _ | 2\
- o 2
. Vo8
. ~ N



13.

-» Note:
- *

~(b) 2x+y 43
Ae) x ¥

d)

y-22=

vy 11+ 10,
(V) [-i -f’— 1

11’ 11°

T
1]

N '317,_‘“ glt

y = bi'+ ml‘t

«

-

0

o',.:'
—2x+y+2zqo-'

and’there exists an.

Y

and“L;' are p
<

o~ .
K
’
: 4
.
o e,
-
«
.
- -
L]
- ' -
+ N
4
2
+ " -

(a) 3x -2y +z =o

s

at

.This is equivaient to the existgnce of' a 'to

£

. .
I «
1 . : ‘o S,
ety e kY
. Lo s
. i
e . RS .
+ Wt . N .
e N -
[
. . .
Tt
. “
T
N
. s W
8
L N
[T A (]
- N s RS
> '
- . ia
~ . 2 .i L]
)4 <
¢
v -
N i A
N KARA
3
Sy .
1

such 'that

S ."‘ s
. !'.l . ‘ . .q
T I
(\‘ I . _.2 O .o ' . ..
’ (9.) [ 3 % 2’-—1 .
(d) [‘—"‘: "h 6]
. La_ "% ‘f"gfet
o ‘y iMbE * mEt L
L, ' K
2 - 0
M Ve

A

3



e,
')'»enéthereisno 8q suchthet . ’ ‘ | B ‘

/.;
_ 181 8 % %
\. ' “‘“

bl-bg %50

T, and L, intersect 1h a unique point.if and only if «

=0 ., ‘ - -s‘

L]

v«

It.gs traditional to tali-about the angle between two lines, but present
st&id&'i‘dg of precision require"tha.t}ve take account of the fact that at least
four angles are formed when two lines intersect. These anglex can be distin-
guished in & disgram by various methods, but all of these methods must induce

" a sense along eagh of the. lines. We indicate explicitly in the text that -

e euch a sensing must underly any method of distinguishing these angles - e
tically. . R “/\ ?LV

It ,és convenient to carry throqu the‘develo;ment in the text, msing the

pa.rametric forms of equations for lines. We leave to an exercise (Problem, 16)

P S

et t.he end of this section the developnent oj‘ some of these idea.s , using the
: usual general forms of the equations of these lines , in 2- -space. Students
| 4 should be encouraged hkre, as in other places in tl}e text, to.use the corrdi-
g nate srstem and method of representation that. seems most natural, and to be
) prepared to show the equivalence of the results obtained in different ways.

L)
It is not expected fthat any class cemplete all the exercises at the end
" of this section. We have supplied sufficient exercises to give some varlety.
in assignments, testing, etec. . ’
. Solutions to Exercises D-5 ' \ '
-3 .
» 1. (a)i ~1'{2°_ cos 6 = 7 ~ 0. 9898 . .
- (n) ~715° cos P = B'E - 0. 2(;3
. - . '
Loy (o) ~83° cos @ i%-g—z ~ —0.121# .
) ‘ - o
P ( . ) 470 h . ' .
- :“" . o« 9 vy '
~ \ ! ' f




x=3+3t o

, 1.0 1., N
,(“)3y=“5‘+t or yro=3x -3 e
. (x = 3+2t N ' A .
() Jy o5+t ©OF ¥-5=5x-3 T ,
. 7 . )
' _ i m -
x=3 -2t ‘4
' o= T3y + 2. A - o
) 3y'=5+3t‘ or ¥ =X Yl C) .
N ) (N’:\ . ) -t
3. ILirmes Iﬁ};;®;+ 3x -11 =0 : direction peirs Ll = [-1,3]
Lyty+2-5=0 fb=[-1,2}
Bisecto: : (3 - gf)x + (1 - J')y S11 o+ 52 = 0 ﬁl = [1-/2,-3+2/2]
7 B, : (3+2/2)x+ (1+ /')y - 11 - 5/§ 0 52 = [-1-/2,3+2/2]
" Let 6 :Ybe one angle determined by L, and N
® be one angle détermined by Lé and 32 "
Since f& ,'fé fand 52 are in the same qpadran%.we can be sure thet
» o ‘
cos § = cos ¢ implies that /g :Z¢ .
Bt 10 + 72
cos © = TR ,
o BAlL | ({26 + 1&@)»75'6 |
~ Byly - 45/ _ 10 + /2

-
€05 "® =
3

T B (o s ) (m)a—o

This can also be checked by noticing that cos e 1s the cosine of half

—

the angle- between L. &and L2 .

1 .
<40 hj ‘ ' C?B

11
be (a) Py = [5,31 B, e (3 T 3] Py = 16,77
(b)“Alt. from P, = {T, 3] + t[3,l] line throﬁ'gh Py 1 L,
Lo, L . o
~Alt. from P, = [ 11*(1), 1%] + t{2,1] TIine through Pei L,
Alt. from P, = [6,-7] + t[-2,3] Line through P 1 Ly

‘ (o)
'5. The lines are parallel. 'herefore, 6 = 0 -,




¥ ’ - .
.

' 6 (a) art;cen 2 _ o arccoa;'O.ltr)l % 80,5° 7 and 99.5°
(b)' arccos (%lr) ~ 180° - arccos (0.786) = 141.7° and. 38.3° B
. . N ‘ . ' . i R
(e) arceos (-—8~—)_ = 180°- arccos (0.654) = 130° and 50°
) f_.ﬁn ) ‘ o

F]

7. (a) [x,y,z] = [1,2,3] + tla , 38 - 2c, c) tor ey & and ¢ mot
' . o .
: (b)Y ™ ix,y,2] = [1,2;3] + tla , & + 3c , cl’ o
(c) {xxY:'é} = [1,2,5] + tha , 3¢ - fa cl g
8. (a) N, : (x,y,z] = t[0,3,1] .
(b) N2 : [x,y:.zal = t‘{l,l,l'] *
(c) My : [x,y,2) = t[5,11,2]
F 4
9. (8) -3x+y+2z-10=0
. (b) % -y +32-19=0 - _
(c) 2ki+y-3z2+10-0 .-
10. (&) 5x + 1ly + ‘89,,,-.\‘!‘31‘-—- 0.
' (b) x+y+z-97%0 .
(¢) 5x +1ly + 2z - 53 - 0 . /
* (d) 3y +z-abh =0 | .
[ (e) x +y+z2-7+:0
(£) 3y +¢-10=0
N 11. (a) 86° and S)ho -
. (b) 69° and 111°
(¢} 60° ami 120°
127 -(a) (x'r{ + 14z - 55 -0
(V) x + 3y +0z-11-0 B |
(¢) 3x -1y +7z+2 =0 L
(d) -8x + [y + Hz.- 62 A/é o : .
(e) ‘x+'ry+22—§5=0
(Y')'5X+0Y*z-'(lso A .
Eg). ox -y +z =00 . N
(W), x + L3y + Yz - &7 - 0
(1) .3x -3y +2z-1=0
o .
¢ ,‘f{;.r ‘ ‘21()
« R ;

-



13. (a) 5% - Ty - ilz"f 0 ’
(b) 1lx=7y+z=0 )
. (¢) x'+y-2'=0
1k, (a‘k 21° . ' (a) 29.2°
(v) 25.3°° | " (e) 53.6°
(o) ¥ (£) b4o.4°
15.° . with x-axls - ' y-axis
T (a) 32.3° . ' 53.2°
(b) 53.2°° :  15.5°
’ L. : L
(¢) 15.5° B 32.3° N
16, Cos - = —— 12 " M1l
2,2 [ 7.2 |
.‘/&l’ + bl /32 ,.+‘b2 y - R
¢ '
. Q g ) .
1 ' .
o 3
”~
h
P4
‘5

, | Wl 3()

P .
- L \l‘;h‘;:,

‘o



(a) 27°
(b) 60° -

(¢) 22,5°

‘('a) XE + kY‘? =

Teachers' Commentary.”

Suypplement to Chepter 7

~
Chapter 3

Exercises S7-6

rotation through 45°

ellipse
by
\*\
. N 1
A Y

{b) X+ by -
rotate” 45°

translate X -

ellipse

X + 7

W7

w

(a) 36°
(e) 30°
() 63°

(c) 2% + ¥ - -

r()tat*n through 30

ellipse

R
Y .

vl -
\ s

\
t [}
2 ‘D

p J P
\ -
\ -
-~
b .

(d)

\
\ W 2 X
“« \
ff \
-~

. A

-
-

!
-
td

) ,
2%+ ¥ -1
rotate @ = 45

translate X = x + ,/5 .
ellipse , “‘ﬁ

-t
Ry




Ce) WP - 8P -9

© rotate us°
txfa:i‘islate X

: fY=y- g

N hyperbola

o

I
s

'
w
i

(£) 42 - ¥ = h.e.

rotate arccos ‘x%
translate X = x
Y=y

hyperbola

+

wikon oo

Y 1Y

(6) ¥ -¥ 1"
rotate i&5° .
trénslate- X :-‘x sy Y=y + 2{?
hyperboia.

, ) (h) y© = -6x

rotate s;;‘ccos g-

translate X = x - %,Y =y +1
parabola |




Y .
o < 7
a‘: v \\"\
< i * R
¢ ‘\ ‘..'-‘ .
. - \
‘s ‘i .
& “\‘N\ “
. 4 N
_ .Exercises S7-Ta . \} \ ' .
.1‘. Given that' x' =% +h ' ; \ B
! . 3 .. \(“
. and Y=y +k/ : @ Ne e -
5 . . . - B l‘.‘ .-
, andkx2+y2-8x+.l+y+l+=0 X *3%,
-~ ' ' . .‘.f}";fp‘
Find h and k such that the first-degree terms.will .be"'g};l.ni:pated.
Ux® + y* = Bx+ 4y + b =0 (1)
. e
x=x"-h , * ' S
. s [ -
R AY=Y',"k . ( . \\S ’
~ Substituting in (1) and grouping terms, we find that the tmaforﬁéd -
/ equation i® - . e : “\‘ o
: . : [

bxt? 4yt k(B - B)xt 4 (<2k + M)yt 4 <uhi4+ ® +8n- bk + W)= 1+ |

\

Solving simultaneoully o ", ‘ o ' ' .
-8h - 8=0 " h =<1 ,
. -2k + 4 =0 - k=2 ' . =

‘I'hé transformed equation becomes

. hx'e+y'2éh 4 !
: .. F"= -u R ’ . . . L . ’ .
- " : -
[}

\ .
¥
. -
[
" / W1
. » ,
\ . \ '3 ~
¢ A l‘
4 rl .




Translate to center (1,-2)

8x'2-‘kx'y'_+5y'2- 36 =0

‘Rotate through arctan 2

i - oY - 36

(b) 3x2+10x‘¥+3y2-'6x+22y-53=0 (a) Exe-&ty-rhye-gfé;

‘Translate to center (&4,3)
>3x'2 + 10x'y' + 3y'2 -8=0

Rotate through 45°

b - Y = b

'3

Xe

.ﬂ--\/,

-

'Bxg- hx¥+5}f2'~f 2hx + 24y =0 (c) 7x2 - >2hxy +120x + 144 =0 ' ‘

Pranslate to center (0,5)
7x'8 - uxty' + 1k =0

Rotate through arctan %

'9x2 - 16!2 = 1&&

Y /X
Y J/
A p
\\\ /
/
h ’
N /
~o e »
t’r\\
/ N . ‘.
. i /’ : \\
/ <43 \\
~
.
’
’f‘f\ S»""‘ e A ST '
s \“ & P X
7’5 +l‘+=0.‘
Translate to (3,1) .

X =2F +2
.Rotate through h5°
hy'e - By'.-2x' + 14 =0

Parabola: § =0
Voo
44
\
\
. N\
2 \
kz" \\ 4
. - X
WA -
e ,‘3 i,\\ X
L7 N
A s N
/- N
Vi ~ {




R 'TJ . ‘,P::;"!M"‘ : S *
/- “ercises S7-Tb .
1. Center (2,-5) Axes of symﬁétry (y.+5) = g{x - 2)

2..*0entter A~ %,- ?f) Axeé of symmetry (yd+%) = (17 - 4)(x +-:.L71-,)

(v +3) = ~(AT + 1)(x + B

<

| Exercises 87-8

1. (a) Ox2+6)gy+0y2'¥ 3x-8y-2+,=‘.0

1o .6 3
A=6 0 - -Bf-.6(-24):6(24) =0
| 3 -8 .8
Thus it 1s a degenerate conic: (2y + 1)(3x - 4) =0
Lin§5:9y+l=0,3y-h=g S .

ce () 97;2'+ 8xy + of_ x + L4y -1 - 0‘\

4 7/8 -1
a=] €& 0o h|-u(-16) - 8(-12) ¥330 -
-1 n S b ° .
Thus it is a degenerate conic: (2x + 1)(x + by - 1) =0 .
PLineS:'?‘x+l..=O,x+vl;y-1=Q

| D o > i
(e) bx" = 5xy + 9y -1 -0 «
18 s o
2 8=|-5 18 of-8(-36) + 5(10) = -288 + 50 £ 0
0 O A
! Thus it is no¢ n degenerate conice.
A : - ‘
(d) 2x" - 1xy - by - 0
' R : . .o
R -1 o . ' ‘
A = -l -l;" Q = 0 . o
o 0 0o .

b

50 it is o degenerate conic:; (D% + 3)(x - Py) -0 y

Lines: ox'+ 3 .0 sy X =y -0 -
P
L3 -
. . -
t
, ( ¢ .
el e
Lars




b

2. Consider Ax° + Bxy + Cy° + Dx + Ey + F =0 -
where A=0 and § £O. PRI

-

Case 1. ©Suppose the factors of the left member re;;resent dependent

linear equations. Then we could write the left member as
(Mx + Ny + P)(kMx + kiy + kP) = 0 where k £ 0.
‘But then we get ) ' ‘

% + 2kMNxy + KOy~ + 2kMPx + 2KNPy + kP° = 0
§ = h(m{?)(mve) - (QkMH_)E = 0 which contradicts our hypothesis § £ 0 .
Case 2, Supposing tt}é factors represent inconsistent equations, we
get that .
(Mx + Ny + P)(kMx + kNy + hP) = O for k £ 0, h £k , S
But agdin this implies that §= O contrary to our hypothesds, § £ 0 .

3

2 ¢

3. Consi _Ax2+Bxy+\Q2+Dx+-E&+F=O

) where > :
o 24 B D e 2 -
S A=| B 2c - E|=2F - E(3AR - BD) % D(BE - 2(D) = O

I E 2o A |

and - , DA , LT
’ 2A B . -
$ = =0 .
. s 2c
[N o | k4
Then -2AE® + BDE + BDE - 20D° = 0
¢ T ) ' <, '

or -EAEE +\BDE = E‘C’DE - BRDE = 0 _, (

*+ S 2 " 2
Expression (5) is (B° - LAC)Xx" + 2(BE - 2¢D)x + E- - LCF ,
* ~ ' ‘ «
& = LAC - B® #i0 makes the coefficient of x°  vanish.
It remains to show that the coefficient of x 1is Q.

From A =0 and Bg = LAC we get . o
. , s . ~ '
v 0 = -AE® + BDE - CD° ]
Multiply by -4AN and use B° = LAC to get
v A o .—'. e
® O = 4A“E° - LABDE + LACD® o
T a = L(AE) - L(AE)(BD) + 4(BD)®
) ‘ . .
O = (EAE - BD)E . : '\

Q{en.ce BD - 2AE = 0 which completes the proof. ,

A

480

.

3%




o

*

- ) '
2 2 .
1. &% - 12xy + 17y“ - 20 =0
~ §=400 A= -16000 \
Rotate through é “arctan %
X2 + II-Y‘? =. r
ellipse i
Y Y
)
\
\
\
\\ !‘ - x”x
\ f’
\ «‘L - .
“bA(!,a 4 X
xz’x --.g\\ /\
- \ ¢
\
B
\
A,
\
]

3%° + 12xy - 13y° - 135 = R
§=-300 - A= 800’
Rotate throv'.xgh. é— ctan 1‘?—

-3 -2y
hypgrb9ls.

Yy 4’

Exercises S7~10

»
»
L)

3. 5'x2-6xy+5y2-16x+16y+8=0

§=6 a-=-102 |
Translate h =1, k = -1
Then rotate through U45°

o+ 4y = b o
ellipse ¢
g
. Y
\\~ ! _ ,«’/x‘
. ’

N
V4
x |

~a

b, 9x° - Zhxy + 16y° - 20x - 15y =

S=0‘A=-87§O .~

Rotate through arccos ;

»

O ' . .



A
..

5.' 9‘x2-2hxy+16y2+601_:-80y+100=0 7. 5x2+6:qr+5y2-16$:-16y+8='o '
o - §=0 a=0 : ' §=64 A=-lo24

(] Rotate through arccos ;f Rotate through A45°

Tra:mlateY#y-:?,X:x Translate x=x-1/§zY=y
Y=0 | B+ ¥ =k
; ‘ " ellipse )
‘ 4
N S
M. p

.
L
vof

-

e. 3xt+10xy‘+jy +16x+l6y +?L—O\1 8 2‘?x2".)48xy+13y2-121;‘-;-‘!;1,&:,»-77':0

) f=-6 a=512 § = -900, A = .-196200
\Rotate through ~ 48 Q. - o 3
) ‘ Rotate through a.rt:eos». o
- Translate Y:_g,’){:xq../f_f : :
* ' 5 o ‘ - a.nslate X=x- l& , Y =y + -2
Y - ux° =k - -3 5
2] ‘)

hyperbola . 9Y" - =9 -
" h;n;ea‘bcla




9. 12x° -Txy - 125° - blx +38y +22=0 11, 9x° - 2hxy+ 16y +90x - 120y +200= 0
§=-65 A=0, . §-=0 a=0
Rotate through arccos. -%; o Rotglte througﬁ arccos % R
5v2 )
: 9 ‘ Trqoslate - X’=x , Y=y - 3

Translate X = X = ==, . _ N

5/3 : (Y - 1)(Y'+ 1) =0
Y=y + A3 | . ‘f‘garallel lines’ .
5@ . L‘; .- y -
| (X+¥Y)NX - Y) =0 Y\ } ‘
/j " 1Intersecting lines - . \

. A
10. 13x2+h8xy +27y2+ bhx +12y -77=0 12. 1l0xy + bx -:lﬁy -6=0
§=-900 A= -196200 - §=-100 a=0 .
4 0
Rotate arccos é Rotate 45
e e
R 112
"I‘rmqslate“)’{'=x+§,Y—-y+l,§_u Translate x:x-w,
o o
X - ¥ =9 Y=y+ %E
hyperbola (X+¥)x-Y)=-0 ¥
intersecting lines
Y“
Y ™ A X
N g
o \P ff
RN s ~r—x
VAN
<7 f‘ \\
# Vs N\
V4 AN
’ N\
L
- ' *
. 483




1.

" Teachers'! Commentary
- Chapter 4
Supplement to Chapter'lq

GEOMETRIC TRANSFORMATTQHS

-

‘In a sense, this chapter can be thought of as a review of the early
"/.chapters. It is essenti&lly a suwmary of the various treatments of transforma-
_ tions, but now they are obsexved from a more soplxisticat‘ed point of view.. The

concepts of mappings and groups comstitute the background for the- discussian.

-

. The writers wbuld be interested in knowing how the teachers. feel sbout
including this type of material and also, if it is 1ncluded vhether 1t should
come earlier in the presentation--perhaps even near the f‘ront of the book.

. Exercises S510-2 <,

The reflection about the 1, 1ine is (x,y)

The reflection e.bout the x

I

_.(xl,yl)...
4 line is (x?,y?) ~—= (x" y") » (~x+8,y1).

Teking x =1 then x =14 we get .
};'r—;x-¥5,y“,—y /
Taking ‘x=f’+ then'x—l weget . N
x" = —x’. = -(-x + 8)" 2= x-6 y' =y

So they don't cormute.
-

.t f‘“\

L

-

(-&+g,y) .



o
o

486

- - kS
- A
._ i - B
- .2+ Mapping of reflection gbout x'=h
- IS e — . ‘ :
Mt . (%,y) —=(x',y?) = (-x + 2h, y) o
_ Mapping of reflection shout y =k | )
2 ‘ ' “ -
\ (%,y) —=(x7,¥?) = (x,-y + 2k) -
. “ . . R -
3. Two successive reflections about horizontel lines: .
xy)—=(x1,y") = (x, -y + 2&) , (x',y")—=(x",y") = (x*, g’ ¥ 2n)
- x" - x' - 'x N - x" = X . . X
‘y"f’--?' ‘+2n=. }'»5' E(n-k) '=yu
. Twg successive reflections sbout vertical lines:
(%,¥) —= (x',y") = (v3 + Ro¥) , (x'y") —=(x", y") = (-x' + 2m, y")
o x“:-x’+2m= x*‘?(m;h)=x" .
T ogvayr oy ey - 0
PR ) ‘ )*;"-;:;;"
& . N » ‘
b (y) —=(x',y") = (-x +2h)y , (x',y?) —& (x",y") = (x*, -y" + 2k)
= x! =y -x + 2h = x"
£t 1 “ "
= «y! + Zk = -y + 2k =
& .. - ¥ .
) 5« The m&ppi‘?&i in (¥ will commuteronly if k =n end h =m.
The mappings in 9») will commute, -
. b . .
- ., . ' o . ' .
Exercises 510-3 o .
. ‘
1% .Suppose théy have the rotation PR .
’ o" = o +2(6, - ). co
. = r . " ~
Then re‘w;;it'e‘
" _ - - )
o o" =26, - (26, - o)
‘ oy - .
Then let r - r* and 291 -@ém‘ and we have. " = 282‘- ot , " =1 4
. i _ ) AN
. Then we see that the Fotation is the product of the line reflections
(r,) S (1, 0!) = '(r,gel - ¢) and -
- (rt,et) —=(r",0"T = (r1,26, - 6') ‘ \
‘ ’ - Iy -

11



" (x,y) L= (x1,y7)

S ” .
RyRy where R :(r,¢) —+({h’;¢:') =«(r,262 - ¢)

(r',@')—'-ﬁ (r",-q:") - (r',EQl - ¢r)
-}

e

=2
|
[

1t | I t - - =H’
20" - o' = Jo+ 20 -8y) =0

I =7r r=r

Bxercises S10-}4 , ' -

(dx + by, cx + dy) where ad. - be £o

®

Now solve for x and y in terms of x* and vyt . , .
-‘ . * - ‘ f
_ cx! - gy! _ dx? - by? /\ .
men ¥ = YeTaa ™ X =g oo -
7 -

Now substitute these into the line N Ly + m =-0 and we see that

kdx! - kby*® + géxt - fay' + m

0 .

.- or ' .

2o

(kd + fc)x? +. (-kb - ‘Ea)y' +m

O . .

which means that any transformation of the groxm in. Theorem S10- 3 will
map & line into a' line. )

-

>~
(a) {x,y) —={(2x,2y) - .
x!___ex,’y':a‘ . [ 4 ‘ A l;-»
x** 4 yr2 - 4+ ye) so the circle x° + y2 =1

maps into X124 y1e = k4,

() (x,y) —=(2x,3y) s
xt* = 2x, y' = 3y ?
x2+y2;xx'2+%y'2_-l so the circle x2+y?=1

et

1 4,2 1,2
maps into the ellipse Kx + §y. e =1

(x,¥) —= (x',y') = (x + Y, ax + 2y)
X' = x+y,yt=2x+ 2y -

Consider the point a , 2a on 2x = _y , then g =x +y and
2a = 2x +y so ald points'mappgd into a point-on 2x = y satisfy the
equation x + y - o¥*- 0. This is the equation of & line.

1_,.:*«-7..-
¥



N

- 4, Show that the angle is preserved between two lines through the ‘origin

under 2z ~»= 2! = kz ., . .

Let z = r(cos 6 +.1 sin 8) , then let L, be r(cos 6 + 1 sin 6,) end
‘ - ) . “
L, be r{cos 6, % 1 sin 92) . Nov the angte between L. and Ll will
- X - ; t ?
simply be [492 .el[ K Under the mapping Ll——- Ll wvhere L1 is

-

Kr( cos 6, +1sin 91) and L.,—= L' vwhére L.' is .
. . y 7 ,:\‘::{; . *

2 2 2

Kr( cos 6, + 1 sin 92) . So we see the angle between L,' and La' again
L ¢ ) -

equals {62 - el[ .+ Therefore the angle is preserved.

Ay S ]

. . 1
- 28 = =
5. Discuss =z z = . ‘
- L _x -1y
' z“""‘.~+iy’g'z“x+1y‘x2+y2
so x! = ﬁ and y! = __2_;y_2_ in nor4linear coordinstes.,
X +y X +yT P
. . P _ :
.- Then the circles (x - %)2 + yﬁ = —1-2 are_mapped onto x? = k and the
Lk .
circles x2 + (y + L')2 = 1 are mapped onto y! =k . ‘
K’y hk§ ) <
*. 2 2 £ 4y 1 | '
Also we have x'“ +y? ' L = hence the circles

“E-é«t"**re)z - = +y°

X + Yy =71 are mapped onto the ci}-cles x'2 + y’z ==, 1in the 2!

I

plane,

.6, (a) It is simplest to consider this problem in polar coordinates then

the solution 18 {r,¢) ——e (r‘,‘(h') = (%,d’a') where the origin is

defined to map onto the oriéin.

1 Lk
T J

- x(} + 32)

y = ax 18 the line involved, Again the origin would have to be

(b) A second form would be* (x,y) —= (x\,y‘)=( y) where

defined as mapping onto the origin. N
&.
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L” ’ Exercises Slé—ﬁa

, (’1 0)(51 0)."-1 b)
(. \o a/\o p *.(0 1

2. (a) Reflection ahout y = x ) ’
x’:y‘&(}‘x-&-l‘}" ) 0.'11-
¥Yh=X=lex+0ey , 1\ 0/ - ¢

(b) Reflectio® about y = -x - '
- I;t' =~y =0¢ X + =1y - 0 -1 . i
: *Y' = =X =21ex+0-y \-1 0‘

3. Reflection in y = x '

A

(o 1) o
1 o/

ol

¥ .
- ]., rotation

composition 1is

0 '-1) (o 1) ‘(-1.,0 ‘
10 1 0 o 1 s

A H

I, cos. 92 - sin 8? (cos 91 -sin 91)
/
sin 91 coshel (’H;

coB 82 cos 91 - 8in 92 sin 9]‘_ s =-sin 91 cos 92 - sin_’eg cog el

sin a;:_s . cos 92

-

sin 91 sin 82 { cos 61 cos 82

c?s 61 sin 62 + cos 9? sin 61 ’

. -
cc)s(é)1 + 92) -sin(el,w‘ 92)

sin(ﬁi + 92) c’08(61 + 92) ) | o~

'This 'mapping is the same as a mapping of a single rotation through

) le + 9? radia.r:, a ‘ =~

¢ ’ -

, 189
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aBblc +al£b3 lg 3b2c3+ &l&bhc3

and so we see that K = K?

o

8 % 1 2

8.3 8y, ) b3 _bh‘

by Po\ [A %

. b3 bh ] 83 )
and so we see that L ;é‘L‘

i}

‘e -

- o ’
l -
> 8. % by P ©. ©
. - ‘= k
a 8 b b " C ¢
3 4 3 L 3 b

al 5.2 blcl + b2c:2 b'lc<b2ch
K = . a :

53 ah_ b3c:l + c:3bl+ b3c2 + bucl;:

a.lb s.l'b c,+a 1)3cl + 8,Cn bl& albl_c2e+ ~Blb2ch + a.eb3c2 + 8'2h!¥cl+
K =

s b
L a3 lcl + a3b c3 fahb3cl + ahc3b’+ a3b Cy +113‘02ch + a‘hh3 5 + e'hbkch
and = '
al ,82 bl b2 cl ¢ c2 - R,
Lo ‘ b b : = K!
33 a), 3 L c3 c),
ajbl. + a?b3 a.lb + a b cl’ c2
/ Kt = 7 |
513b1 + al&b3 ’ 8.3.1)2 + a.}*bh c:3 . Cl&

. B1Pyey * 8030 * &Pt 8 s 5P1% " 8305 % 81050 * 80,0,

a3b c +ah 3c +33 2ch:r ahbqu.

and matrix multiplication is .a.ssociat'iv?.

a.lb1 + 82b3 ‘ alb? T agbu' - .
1
b,a; t byag aal b8,
= I;l
b331 + bha bSBE + bhah

hence metrix multi{plication doesn’t commute.

hy0



6. In polar coordinates

..rt = r gnd '¢' =20 - ¢ | 5“ .

X' =r cos(26 - ¢)= r cos ¢ gos 20 + r sin ¢ 8in.20 = x cos 204y sin 26

“fl

y' = r sin(20 - @): r sin 28 coé ¢ - r cos 28 sin &

- enmmine

x sin 20 -y cos 26

hence the matrix is:

. ‘ . . cos 20 o sin 2@
: . ’ : sin 26 -, cos 26

o 1 o0 SRR
‘When @ = 0, we get < which was previously shown to be a
. . ., O M _l ad ‘ . [

' o - 0 1\
reflection about the x-axis, when @ =§ ve get ) which was

1 0
(.previously shown to be a refleét’ion in y = x, when @ =% we get
-1 0 . : 3
which is a reflection in the y-axis,when @ = 15 we get

0 -1 ‘ ‘
( ’ > vhich is & reflection in the y = -x-axis.
-1 0 :

. cos 292 sin 262 cos 291 sinlesl

sin 26, ~cos 26, T sln 26, -cos 6, -

cos 26, cos 26, + sin ?€, sin 26,  cos 2€, sin 26, - cos 291' sin 292

08 2 °6, -~ ¢ 2, + « T06, + cos 2 o
cos 91 sin 8;3 cos ?9? sin 91 sin 291 sin 9? + cos gel cos 92

cos 2(8? - 61) -sin ?(92 - 91) §
“ \sin 2(9? - 6)) cos 9(92 - 6,)
. This ls the matrix of & motation where 6 = 9(92? 91)
. . .
};c’)l .




1.
e

2.

. -

~e:  Exercises $10-5b
cbs (v ] sin & cos 0 -sin g '
or . 7
silna. -cos silnga cos

By Problem 7 (S10-58) we saw that the product of two matrices of the fgrm

cos & sin g “fcos @ -sin a
is: of the form B S
ein a -cos a , sina cos a
B:,,'r Problem 4 (S10-5a) we saw that the product of two matrices of the form

cos o0 -sin o )
' is another matrix of the same form.
sina -cos a : ’

\ - “ - ‘e ) .
cos sin o cosqg =-sinal

We see that the product . .
3 sina ,-cos q sina +cos o B
cos A s8in B o .

is of the form . ' '

‘ sin 8 -cos B

cos a -sin g cos B +s8inp . .

Finally L . is of the form o

_ sin o cos a sin f - cos B " '

cosa+P sinag+B

sina+f -cosa+ P

Hence we see that the matrix multiplicdtion is closed, From Problem 5

(510-5a) we see that the multiplication obeys the assoclative law, and -
|1 of. R - |
because 'i1s included in this set and it 1s the identity matrix,
‘ o 1} ’

. . R . 3
aby +agby  ab, +eh,

a3b1 + emub:3 33b2 + ahbh

a.lbl + aeb3 albg + agb

80t agPy Bb,t AN,

albl + agbB)( 33‘02 +aubh) - (asbl + subB)
(e.lbe + aebh) )

_(a.lah - 3233)(blbu - b2b3)

]

) & % b, PBp|”
K92 . <
& . AA-,



5 e o ‘
3. The matrix isn't an isometry as the vector (0,1) —e(2,1) and
e 1 . el e .
e " .
hence distance isn't preserved,yet the det = 1 2
cos a '-"-ain a cos a sin q
4, The matrix must be of the form or v
sin o cog a sing -cos a
by Theorem 10-5, : % |
\ ‘ cos @ -sin a ' ‘

cosea + sinea =1
sin a cos Q . ]

1

cos a sin a

B
[N

-cosq - sin’ = -1 v
~ sin a -~cos a _ ‘ A &

.. Hence the det of the matrix that represents an isometry is 1 or -1,

[}

% ' ' | . o

5- If . _ + ) * - e Y1 ‘ ST
8] . &, = - 1 “then &8, 3233 - 1; also,we have' | A

2_2_ . 2. 2 2, 2 2 2
& =a3 =1,.al~+ex2 —1,33 +°1+ =1 an}i.ae + 8, =1l. Now,

if the sum of two squares = 1, the numbers can be &ritten a8 s8in and

cos o‘f‘some é_ngle 6 . Hence we have a8, = *sina or Ysma,
a, =% cosa or Isina, a, stsinag or * cos g
- 3 - - '
+ N \
8 ="cosa or tsing. Now,from these,we obviously
get matrices that belong to S but we get other as well: '

,a3zisinq or fcos‘a, ahs:tcosa or- 'sin o, lﬁowf‘rom“‘.’gﬁéa"e,

» we obviously get matriées”t‘hat belong to S but we get others as well:

-cos a singa cos @ sina sina cos a sina cosa
) s 3 Id (
eina cos o -sina cos g ~cos ¢ sin o cos‘a winq
gin a -cos a\ ~ -sin a cos o
' and « All of these cases can be
cos o sin o /’ cos ¢ s8in

reducedtor}iembersof S by letti a:-a,a:5+—g or a=8+gn,

Hence, these conditions are enough to meke the matrix belong to S,

\

/ ExerciBes S510-6

. +

l. Answers given in text ¥

2. Answvers given in text

493




3. I-1 Reflection
I-2 Reflection
I-3 Reflection
I-4 Identity
I-5 Reflection
I-6 Reflédtion
) I-7 Reflection
I-8 Reflection
. I-9 Reflection
. T-10 Reflection
vy
"
o
A }
: \
LY
N
‘\“ — \\‘ ) N
v‘.‘t‘
. N

in
in
in

in
in
in
in
in
in

x-y plane -
Yy-2 plane
x-2 plane

L

plane through x-axis
througﬁ y-axis
through z-axls
through x-axis
through y-a.:d.s'

e
through z-axis

with
with
wigh

plane
plane
plane
plane w:l'th

plane with

v,

45° to y-axis
45° angle to z-pxis \
45° angle to x-axis
1350 angle to y-axis
1350 angle to z-axis
135o angle to x-axis !

-

Y / i'
¢
‘ .
r ((



