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Supplementary Chapters

4

Teacher's OmmuentarY

FREFACE

4

-

) The,fi t ten chapters of this text constitutds a complete course:

This supple nt cap be used as enrichment and extension in accordance

with the interest of the studentNand te-achers. The chapters can be

used in'any sequence.

.

There may be a little overlapping of material. However, whefte this0
ocburs, the approach to the subject will'usluoly be diffprent. Several

.sections contain exercises and most -scautions are presented in this, som,

mentary. Supplements lq B, and ,C &resod' general interest the

remaining sectioni supplement'specific.chapters.
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pt =

caie preeervini,

2. 'pl =',22

scale decree:sing)

pl =, -1

scale increasi,ngs

4. p' = 15 4,

sa1e ,decreasing,

2 17=
. .3

scale increasing,

6. pl = 2

scale preservinK,

7. Let P be the

i.e., P = 0

-

(5) Pt = 3

(6)
PI} 1

(7) Pt = T
(8) Pt = 0

(9) Pt ---73"

(10 p = 7'

c

Teachers' Commentary

Chapter I .

SuPplement to Chapter 2

.acercises 82-la

.1

ql 50 r' =

order.reversing

a

q' =.10

order preaerving,

ql = 1 TI = 2

order' preserving

= -21

order revereing

1 7tq = =

order reversing

= 10

order preservinl

origin point, ,Q .the.unit

°

S.

5- i4

4

point in the original

4

system;

A5
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let P be the or'igin of the new 5fstem,

= 0 (II.= 1

(5) 13

(6) = q
3

(7). P = -1 q 3

= o
q = 2

(10) p -7 q -6

9. Surpoge a = 0 'in x'
,

Then for any point P with coordinate p, we: did get Ipl = 0 p +

..e

the Dew unit point; I.e.,

'So eVery point .in the new system would imve .:b, thus preserving

neither measure nor order. nor betweennese

10. = ax3,+ b

Let p *and be the *intrinsic

s1m11e:x-1y for q and q'N', *etc.

dt.(P,Q) = lap .+ b a-q3 - b

he new coortilinatwes of P, bar.g1

dtP,Q).-= Ipt I.. Then

I IP3 q3I

110 qf ip2

Similarly

P

Suppo PCil*--. ES. Then,' .1'-.) - AI = ,Ir - 131. However, d'(.13Q) = d' (RA)

. dnly if 1/52 +4pq + q2r.; 1r2.-F rs + s2I, which in general-is,false.

p = 1, q = .2, r = 3 and s = 41' then 1 = iFor example, if
ic r_i_ q21

w

while Ir2 + rs + s2j .- 37., It is also trile that.we call have
. ,

(P,Q) = dT(R,S) although PQ arid RS Etre not ccingruent. The example

+ pq +

dt( S) = Tat tr - si Ir ,rs + 221.

g - 0, q = ; = 1 and 8 = 2 ithows. this. p < q cZ r always

" 3
tmplies g q <.2. , so betweenness is preserved.

11. xt = ex

d'(R,S) =

'ewe

Co PQ - RS' does npt .always imply dqP,Q) ..d'(R,S) i .

p < q < r do always imply ep < beti/eennecsq r

e . .
is preserved.

a



0

1,2. xl = if x 0
X .

xl = x if x = 0

If none of p, q, ro is zero

d.1(13,Q)= -*If 1p -Cc&

dl(R,S) = 1r -

So PQ ; RS does not always imply. d'(P,Q) = dl(R,S). However, if

='R = 0 and FQ L"RS,'.then Iqi = Isi ant d'IP,Q)

l'Let g < q < r. Then betweenness is greserved only if q = 0 or

r < or g > O.
4" 4.

13. x = logiox

This 'cannot handle points On negative side of the origip sinee' log

is not defined for negative nuMberb or 0.. Where.it is defined

d'(P,Q) =411°,610

_d'(R,S) = lloglo II

So PQ -2= RS does notwalways imply d'(P,Q):= d'('RS) Betweenness is
..f

prederved where loglo is defined. /

.The notion of a group will mean very Lattle to the students unless they

consider mally examples. They should study carefully alllbhose mentioned

in the text andatry to think of others. If they lulpw'sometiling about cbMplex

numbers, they can be asked to prove that the three cube roots of 14 fOrm

.11 group under multiplication', et dd the-wfour fourth roOts. These examples

show that a group ,4nay be finite. If the.students are asked.for o ther finite
gz'oups, some of bhem may,zumest the kind of arithmetic that suits clock

aces. Fizally, no complicated,mathematical definitionsbecomes clear to.
*students until they have thouEbt, of examples that don't qui. te flt. WIlat

about the integers'under tultip4cafron, *the non-ne'gative integers under ,

6.%
It addition, and the rational numbers under multiplication? -

0 9

fs.

4



1

Exercises Sielb

It f be the- function defined by f(x) = ax + b
Le a be the functiozi (refined by 'g(x) = ex + d c

We wish to prove f(g) is a funetion defined by .(f(g))(x) = ax + t
for real numbers B 02 and t.

(f(g))(;),= f(g(x))
= a(cx + d) + b
= (ac)x + (ad + b) ' ....

l I

p i nc e a / 0 and o / 0, we \know that q(ac) / 0.. .
) l

Thus theri.e do eIist real numbers s = ac / 02 t =.- ad such that
('f(14))(x) ,. sx + t. '''l r
Consider f, g, h as three fmnctions in ourset:-Th

. f(x) = mx + n2. ,g(x) px + cli h(x)i. rx + s m, p, 0

a
1ft

We wish to show (f(g))(h) = f(g(h))
if, ... ..

We find ttat f(g) is defined by (f (4(x) = (mp)x.,+ turf* n). and -that'
g(h) is defined by (g-6))(x) = (pr)x 4 (ps -+

Then for' all x (ftg)).(h) ) = cmp)rx + (mp)s. + mg -1` n o

'for all x f(g,(19 ) = mi(pr)x -r-ittpa 4- q) + n ...

Henct for Exp. x (f(e)(h)(x) = (iqg(h)))(x) which is ;the negessary
.

.e

and slifficient condition that the S, or for each X,

(f(g))(h) = (f(g(h))).

Note: this is special case of -the theoreR that if h maps set A into 5"'
set B., g maps B into, C, anA f maps t into D then
(f(g))(11) = ffg(h)). .The general proof follows: Ifs x A, let,
g h(x) C B, 'f g(y) CC 'and f(z) C D.:4spat k f(g) mapping

B 0into D, J= g(h) mapping A into\ C. San
= k(h)(x) = k(11(x)) Ic(y) but grY) f.(g)(y) =

Also. f(g(h))(x) ,OP(.ax) = f(z) since ..(x) = g(h)(x) = g(y) = z.
Therefore (f(g))(h) -.,Ng(h)).

c)

A a,

r:



e

3. Let f be-dehned by f(x) f ax + a /
.../

..
.

. . ,
g be defined by g(x) = c.." + d, c / 0:

.... 0

If(g))(x) . f(cx I- d)...A.(cx + d) + b = (r)x + a'd + b) .

(g(f))(X) (..... gem +7)7. (ca)x.4 (cb + al II,
.

.

rr

400(g) = g(f) only_if ad 4. b ="cb + d.

'lb sdow that thecemmutative property does _not hold, we need simply ,

. .

. i exhibit bne;case when it doescat.t. Takd a 4a- 1, c = 2, d = 1, ,b = 1;1

/then ad + b = 1 ... 1 + 1 = 2 cb +. d =. 2 4 1 + 1 = 3

(f(g))(x) = 2x + 2 (g(f))(x) ..-.- 2x + 3 f(g) / g(f)

k. To' show that i.n.anyiroup the idenZIty is unique.
t .

.

let e. and et be idntity'elements.
. ... .

hen for.s11 a, a(e) ..1e.(p...) ..a - (1)",to

a(et) = et(a) . a (2)

So in partiaaar et(e) = e(0) = et

e(et) = et(p) = e

-Nch gives us e =

5. Tb show that in ally groups ,G th inve is unique. Let a G.

from

from'

letting-. ay). e-:\

'letting a.= e

Suppose b and b' are both inverses; i.

b(E;.) = e

a(b9,L l(a) =:e

Now consider ,b(a(b1)) = (b(a))(bt)
.

by associativity; but
. .

b(a) =P .and a(li9 = e so

( .b(e) = e(bt); :

4 + .

but e is the identity element, so u
%

1 4b = bt.
``.. -.

6'. hibashou.thatithe Inversef the identity ta.:the identity, let e be

thevidentilw, ail.its inverse. ,

,

t
. c

. Then a(01 = e 'since a is the inverse of e,

but a(e), is the*i
4

'44

ty, therefo;e a = e:

.d,
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k
r .` . . 4 f

: 6
7. ta) fa x + ab + b () .1--x - 2*.

P P
4 .

(I.) a4 + aq + b o. _.(h) --x
1.

. ap aP.
a ',*r. ,.

ap .
.- .

% l 1) + iLli
a ( c. ). ' apx + bp + q - ..-- :

I. t. (11 j ',ATP X 7..
.s - .

i_x .1.2_±.N
/ ap.. apt

%00 Ex Ilk

(d) p
2x

+ pq + q
-. .

.

.° (e)
'a3x + a2b + ab I)

a
+ q

Ek ,...

(r) g3x + p
2
q * pq + q 4

tg.) P ."1C ''
P I)

'

p
* S. Let'Cf be defined by f(x) = ax + 10 a i 0 .

4.

Ify h(h) f we must have p 0*.and q such that

h(h(x)) p2x pg + q =iax + b = f(x)

?us p and q raut satisfy
.2
g = a pq q =

Case 1. a < 0

0

a

4

1 There is no real enulmber whose square is negative so ihere is

function h such that hth) = f.

Case g. a >'.0 and a / I
'

Both p IC. and p-- a satisfy p
2 a. So we have, in

gener'al solutions to =

4

defined by
1
(x) = k +

1 +,4
.b

h2. deftned by h2(x).= -

- . ,
h defined for all 'value-6 of' a / 0 and b. However; in the special.

case a 1, h2 is not'defined because 1 - 4 = 1 - 1 - 0. SD tahefl

b
a - 1 we cet the unique solution h(x) x -tT .

-

Although. tecti.On :12,-;.) can be Omitted.without s4ripus lose pf cOntinuity,

.. there are a .good many.ideas,in it,-1..thIch are importdni in other branches or
, , %

vithematics.-, if youllo not thinkthere Is time to qpver 1,t,in class,- perhaps

-, . .

-the better student6 cOuld.study it-and Ad'some *of the exercises. :
, .

.

.. . 1 ,

-.:,.... :-. In garlier.e.purses, stndents have studied various number systems and .

larned to conbider them_an'seta 61.0Sed- under certain operat Is hut nois

.

.

t ion
.

.....

undf:r-othexe..4 'Phr: undgMental. operations of' nddi tiOn and0 p

. ' R
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. .
,
.

.

,? .4

N.:, .
.

axe commutative. In the seta of libear trapsformations'of'a line-Onto22itself
* ... " i .

,..

..,
.

we 'haye ari 'algebraic -operation 'whose elementeaie not nupberd\but functions. .

. I .

%
. le ' *. ,

Tfie oray_oPepatior:211011Psi*ion cit% funct ons"--is not cOmmutative.. Nevertheless,
..

4

. T

'Ahe operation is.assoA4filltivet, Thelte48 a elftehtahich plays the sada role
, ar . c . . ,

.for cem06t ftion as zero does foT:add4,tioil and one for milltiplication.. Per -'

C _each-linear transformation thertts a tranalbimation which 'undoeS" the first
%

, .

and-thus acts like 'tht recip.rotal of-a nonzero nundber-whe'n the operation is

..muliikication and like thc.AtgatiAre of a nUMber';,iherr the,operatibn it
. -

addition.

It is"Che faa thatso many_ 41.fSernt,algebraic.systems trlare these' .
,. . t ... .\ p ,

'propehiesAhat ted mat:heilicians to.define a grat.lp,:. This Concept-was ,
. ... . -

.
defined earl1er.6d,the ,kkample treatildAere is one whicITYS veiy.imtOrtant

.

- . .

in advanced Methematics.; -._
..

.

If the exercises on- cardina.1 4het axle to be'assigned, it-will probably
. . . . . .

1.:.,e necesitary- lu prep theway_iwith abrief:diPtis=sion in class. ItCan

,

-

be pointed out that when we e asked whether twojfinite sets-hay-6 th14-same .

.11

,
.

, ',number of members, we can c unt em. Ndw counting a set ea/141)e described.
-., V.

4.

as setting.up a one-to-one correspondence between the set and part of h
.

.
- standard sequence of noises. If we do this for-sets A ahd B and discover

that we,used the saMe part of the standprcd-eqUence Of noises in both cases,
i

we have set up a one-to-one correspondence between A an'd B. We cduld have

done this without counling. Since ri_cantt,-In any ordinary sense, couiat

the members pf an infinite set, it isvilatural Co define what we mean when

we say that twu such sets have the same number of members in terms of one-

toc.one correspondences. Alihough the students will probabLy be A bit div-
turbedby the fact ihat the set of positive linteL:ers and the set-of odd

positive integers'have the Sane number of members, they will soon come to .

realize that no other definition seems reasygable.

The student o. should be asked to give detiiled Jumofs, in'elass, for

e or two cases of the theorem that an
0
imaua is between two other imaues

if an4 only if its imace is between ti4e Trre-imares-of the other two
/

t_imnues. This will p#pare them for the first.exereise in the next set.
lb

/

Olnce we are dealing with a necessary and sufficient vondition, two implications

-muse,be proved. The proof 'an be shortened, however, by notinu that the

inverse 0.f a transformatio4 of any of ow four types is of the same type.
.

iNercives 3'--6 of the followiny., set justify that the Linear tr.,..9.4cformution

a line onto itseLf forms a group 1:ndcr the operat on of composition.

.(1
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Exerciees 52-Pa

1. , Let 1 fc 1

7
goe betweeis P and R; i.e,., eilther p \< g < T or p > g >*7

, .
. . ,

where p", q, r are.coordinates of 1P,..Q, R c;,ii liniq gr.' If T .7..is

.
. .

c
' 9 a

-a linear transtdrmation, then there are nurribbrs a i 0 and.b such
-,

that the 'coordinate
6'

'T(11 P'

P

< < r and-

I.

of T(X) + b 'where --th4h coordinat.e of
a

a then

< < r and a.< 0....then

> q r and a 0 then

> r aná a < 0 then

Hence in all

4. Let' PQ apd

Let T be a

xi = ax + b.

fulPs T(Q),

"FE

= ap b

y
,

r

= eg + t T(R) ri =.-ar +
P

4 All ' :

. " 6 .6

.ap < ag ar. and pi < gi,:/ 1.1.
. -

tap > 8,11-> ar . and _ps 5. crt > rt
.

> aq > ar and' pi > > ri

&P. < 'and/
I <1 <

-

is. between, T(P).. and.? AR). .

bd congruent segifents; f.e., Ip 141 rr - 81.

linear tranSformations defined:- l'(X) Abas coordinate
. .

1

T(P) = ap

T(R) ri =

+ b = eti + b lap+b-ag-b L = lal

b T(S), =-as +'b =
8

Ir L

, .

4.

PQ 1. RS ipplies lp - q =

which means Prir =

r;r411.4g-bl 7

so cel = A311

.

Let T
1

T
2

be arbitrary liflear transgp ns of the line Anto itself

defined by coordinate equations: T
1
(X). ti!..7.41x ; bA T

2
(X) = XiV. ',

= cx4+ d. We wieh to know whether T 2) .10a Iine*-transformation

of the Line.

T,)(X) is' a point Y. with coordinate ex + d

But ac /

T
1

is defined at Y;

(ac (ad + b).

since a / 0 and

So T (T) Is defined for

T (
1

is a p oint with coordinates.

4

0. And (ad + b) ,is a number.'

all point! X by,coprdindte equation

(ac)x + (ad + b). Thus it is a linear transformatiOn or the line.



4. TO show

T T
2,

T2(x) =1

taking

taking

1

that composition Of linear assileiative let,

T
3

defihed by coordiiate equationa, T(x) = ax-+ b1
ex + 4 T3'.(x) --;ex + f. Ellen T

2 3
(T ) 4istha li:nearctransfmaiiqn,

:

x to (od)x cf + d) and T1(T2) is the linedltransformition
x tO (ac)x + (a + b). Let X0 be an arbitrany point with

coordinhte x
0. '. 4k

T3(X0) = Y with cTrdinate, (exo + f), .

. 4-,
wlth coordinate (ae)(exo + i) +_(ad +

So UT
1
(T ))T )(X ) = Z with coordinate (ace)k + (acf + ad + b).

,
P

V with'coordinate v = (ce)x0 + (cf-+
(. Now (T2(T3))(

with coordilre a((c0x0 + (cf + d)) ,b.

So (T1(T2(1y))(X0)' = Z1 with coordinate (ace)x0 + (acf + ad + b).

TherefOIT Z = V' since both }lave the same coordinal which means

T
1
(T

2
(T
3
)) = (T

1
(T
2
))(T

3
).

41111

To show that the set of linear transformations of a line has an,identit.y

with respect to coippositioni consider line r and the transposition

such thht I(X) ,-, X. I is given by the coordinaie eq4ation

I(x) = x = 1.x + 0 so I ls a member or the set of line'ar transformations.

By the definition of I we know.This I is an identity.

(I(T))(X) I(T(X)) = T(X)
Or (r(I))(x) = 711(1(x)) = T(X)

so 1(T) . T(I) = T,
k

Suppose l' were any other identity. 0

Then

but

It(I) = l(I' ) I since II
1-
I(II) since

Therefore I' =: I. which means I .is the

.1.

)1r,7

is.an identity,

is an identity.

unique identity.

10



6. To 4; that each'elemient on the.set S of linear transformations Of

)1p...11e line has an inverse with respect to composition, let T 'be an
r

1. .

3

aibitrary. element of Ja-T(x) is the pont Y such that y.= asc +b,
t

,
b p O. /

4
4tf, there were an nverse T

-1
to T we would have to have

-1. . -

t., X al =T(T- 1

11116
.

, . ...e.
I..,

1

.

Their would Ilave to be nuMhere, c / 0 and d, such .1.11at Tor all poAlts -

131- with coordiiiate tx,
.

.,

.:,

,

Mlis*reqqires

c ax. = a(cx°+ d) + b 4.x 410. .

cax = acs = lx (1)

cb + d = ad + b 0 (2)

'1

Since' a / wel can choose c = p 0 to satisfy (1) and then
a

1
d = -b along with c = y 'b .be the inverse of TI and

.1s. a linear transforribn.

7. We exhibit one,counter example to show that compositiorfis not commutative.

Consider

T
1

( ) = Y y 2x.+ 0 [":" is read

T T
2

= Y, y
42

T , (T1(T2))(x) =

T
2
(T

1
) : (T,(T ))(X).

1

T1) / T1(T

T
1

: T
1
(X) ---- Y, ky ax + b

22 .T (X) j Y, Y
2 -

be such that - T (T1 ), i.e.i

So we must have acx cax and ad 4 b ch'J d.

The conditions are (i) a c 1 and b' and d any, real. numbers.

Themfore

Suppose we require

I:defined by"]

= i.x + 1

2(x + 1) + 0 2x + 2

1(2x 0) + 1 . 2x + 1

cx +.4

a(cx + (1) + U -

c(n.x 4 b) + d,V x.

(L) and b d any real number.

) a, c any real numbers and b - d - 0.

0.1!
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e

Lel F: i(X) = Y,611Y = ax +b beatransformation.

Case (1)'a> 0. 10= T(E) yherekE:y= ax T:y=3y.-Fb

V X, E(X) has coOrdAnate ax, T(E(ri) has.ccordinate ax + h.

,Case (2) a < 0. F.='T(E(R)) wheoe. R:y = -ix E : y = laix T :

R(g) laasqcoCedinate -x, E(R(X)) has coordinate::

ax

M(B (X) ) coor4inate ax + b hence VE(R)) . F.

'
Exercises S2=2b

o A

Let 'the Aints 136 R and 60. We maY assUme ta

non...Zero nUmbe'rs is positive if 4nd only 'if bo*nuthhe
6

sIgn. r <a means r -'s < 0. Therefore SI:L-81 > 0
r -

if_ rl - 61 < 0. tut we'have rt < 0. if-and only i ;"<

which'is the condlition that the coordinate change be order pteserving.
ri - e

<0 if and only if ri - > 0 which.is true if- 13

e ratio of two

have ihe same
P
and only

and only if the coordinate Change is.order rgyersing. ...

2., The.Coordinatit Change f determines an equation of.the form

f(x) . xl . ax + b. From r! . ar-+ b s, . as -I- b., We find
P

0 re - es
a = b -

r -. s

, . I

.

i

( ) f incluaes 4 contraction if and only if 0 < a < 1 'Which is the
rl s'

condition 0 <
- a

< 1.
r

(b) f. includes a contraction and reflection if and only if -1 < a < 0

which is the contition -1 < rt el < 0.
r s

(c) f includes 44 expansion if and only if, a.A1 which is the'
-

condition 1.
- s

5.

4
(d) f includes an expansion and reflection if and only if a < -1

rl - -

*- which is < I.
r s

The coordinate change f determines an equation of the form f(x) = ax + b.

From p= = np + b ql aq + b w; find a = bPq 1 P-q
(a) f includes a translation if and only if a = 1 whiCh is'the

42condition PI I.
P 9

f irludes a4xefiection if and only Af a = -1 'which is the

condi)tion P' qt -



, 4. We wish tO shoy that pe intiinsic c&tirditate systems are'identical to .

Ulf coordinate systems wtitse difiCling functicZniavtthe form
_

xl = x + b or xl . -x +% lath T.) iany real nuope=.
Q . ...,,..

. , aok'one /ntrinaic coordinate system, call its Icadgin .P0 and reter to)4
. .

it ds.the ;Po-system.
. .

- Consider luny other intrinsicscoorginste system (one having the same Unit

. '
r

* length) with origin P add the same positive.directdon.

1

-

.
, .

if and only if X ..is left of -,.Y 1

11 -*stem 0 P
; 1.0.<yl tf

.

find einly if X As lat of. ,Y
...,

.

new\ilrstei Plot 0
, .

'

,

So d(130, P1),,. 0 - Plo = P1 - b -since Unit'of measure is the same.

.
r 8 I

SolVing P0'..'s-0 + b and 0 . aP1 + b we get xit . x +.(-p1).

7.

So this (intrtsip) coordinate.system has defining function of the form

xl = x + b relative to the Po-system. t5onversely for any equatlion

xl = x + b. we can find-the intrinsic coordinate Astem whose origin

has4 P coordinate (-b) and the P
0

positive direction.
,*

SI041y we establish an identity between coordinlp systems with

positive sense opposite-to...that of the. Po-sytitem and.systems with de ning

functions xl = -x +

Notice
P
0 1

4
416

Po-system 0 'P
1

x < y if and only if X is left of NY.

new system Plita 0 x' < y' if and only if X is'right of Y

17(P0, PlY is 151 - 0 in Po-system, but p'0 - 0 in system with opposite

positive sense.

-3 -2 -1 1 3
pre-imRges

7 2 3

11114 111114-111111111-ii11141
_ -1 -2-4 O 4 2 1
3 2 3 3 images

6. (a) Domain of F(G(H)) = domain'of H =

range of F(G(H)) :c? < z < 1)

460

:w is real)



: . 0

1.

Transformation F(G(H)) is ivito the line, na Onto.

It is one-to-one.

8 2 1 A3 _ -3_ -8 pre-images

.

V.8
C:5

images

-1:-.-t

00
---!

a ,

-5

The'cal:Idinality bf the interior of a Aegxent ie the same as the -5.-

cardinality of the line.

Domain DII(E(F)) = (w.:.w is real)

Range b(E(F)Y = (z : ,0 < z < 1)

DtEfFi) maps the reels into but na. Onto tue,reals.

0nel-to-one.

"(b) The cardinailtr-4 R is ir;finite.

8. let the coordinate.dhange lie-given by

Then
p - oic dral) bi - aq + b

-tar + 3c0 - as + 1:) a
. .

Ixf ax t b.

1:1 11313)3

_c soThe operations are justified s nce r./ s and
a

r - s / 0 and - = 1.
a

A j
A

.7his may be obtained from tile change of Coordinate formula, or, using
,I '

YVOblems 80 fxipm
l

ratios ofdirected.diptances (lettin§ A . 1,0

B = R.= q,
1

,

k sibl - al\ (alb 'l
b -,a /

IO. X . x -. Nl
' p - a I

-

' 11. Let f be lilinear transformation of the line into itselT such that'.'

for two distinct pointE., Y, f'(X) . X and f(Y) = Y. We

. wish to show that for all points -Z, f(Z) = Z.

f(X) = X and f(Y) = Y yield coordinate equations

x =ax + b and y = at b
40

whiChlimplies a 1 and b.= 0. 56 for any point'- Z with coordinate

Z, f(Z) Ilsivoordinate

----: 1 -z + 0 = Z.

So f keeps all points fixed.

1 9

s



41,

f

0 Teadhers' Commentary

.4.

Chlf*er 2

4.Suppleien-p.D

(Supplement to Chapters 2,3,8)

POINTS, LINES, Agp ANEZEI

.4

In thii chapter-the,student will face 3;azy problemS arising from the re-

lative pOsitions of . points, lines, And planes in syace.. Among theSe are the."

measurecents of angles and distances, mairtiers of parallelism and pe icu-

(f laxity, and qui;stions of incidence and separation.

Various sdheMes and devices are sudested as being appropriate in ceAain
. II

cases, but in the last analysis we believe that astudent should not be told

too mddh. He has many tools; therefore, he shOuld be encouraged to find his

own solution for any given situation. N .

gere is where a Student begins to need same facility with determinantd.

There ;.s help.in Ap'pendix

If the eqpation of a line is written in the fain ex -1-* by
1+

t then

the equations
A

ax
1
+ by

1
+ c 7 0

ax
2

+ by + c = 0

ax
3
+ by

3
+ c = 0

may be considered a systam of 3 linear homogeneous equations in the. 3 un-

knowmsa bon . Equation (3) in the student's text is the necessary and

sufficient Iconditian that there are non-trivial solutions of,the syAem.

3

ifc:

a



4mtreisfles D-2

(a) collinear (b4) k = 5 (c) ibc edl (d) collinear flP

2. ac; -ac; ac; ,ael6yes; nio4.. The direetion óf traverse of the triangle..

affectsthepgn (positive for egunter-crockwisel negative for cloCkwise);

the vertex at whidfiode starts does not.

.3. Consieer the triangle with vertices P
i

= (x
1,
y )

4

Vow that the area is

frt-i

= dxiky2

4

i.e.,absolute valise of determinant ,

-6x2(Y1 -tY3

1Y3 &2Y1 x2Y3 x3Y1 x3Y(

x3 Y1-742)1

-ii(x1y2 x2Y1,

,)4.0 ,
ik

2

(a)

(b)

t

a
B

1(
1

-2 1

.2 -2

6 -5

- A =

1

.1

1

[40-31

A Hence 2
-(.6

-ott
4P-ev

v

Pr
'.But AB is',parallel to the line .of-- B - A 1 and

"
( AC is parallel to the line of C - A which is the line of

- 3 .

So coincides with AC

(c) d,(A,BY =.5 , d(B,C) = 5 , d(A,C) '= 10 ,

By the triangle inequality, th.s implies B lies on AC .

r .

(x_y - x
e 3 3

y
2 (x3x)'" x113)1

Y21." x3 Y31)

- 2(6) + 6(3) . 0

- 71. = 8'0-6]

)164
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4

I. .If lines 'Ty meet in a point (x1y5r1) then

alxl b1y1 el °-

a2x1 1325r1-+ c2.= °

a3x1 b3i1 C3

.

This system orthree linear equatiobt.imthe two unknowns (xlyyl) bas.a

***..

eammon;solution only'if the determinaht ollthe coefficients,As zdffio; this

condition is Equation .(3) ih tne.student's text. ),

»,

'It bight b;ltwOrthwhile to place*considerable Ai of
Thii concept will appear later in connection with curvep in the.I ,

plane and in 4:ace. -

Exercises -

1: (a)r No' (b ) Yes,
T1 '

(c) No,.(the lines, are parallel) .2

2. (a) 4

(b) k3.+*41; - 16 = (k 2)(k +.-21-* 8) = 0 ; real values

3. General.form, 3x - 2y + 5 + n(x + 4y - 1) = 0

. (a) 21x - 28y + 43 =

(b) 14x + 21y + 6 = 0

(c) 4x-+ 9y 0

(d) 5x - 22y 19 = 0

(e) x 3 = 0

4. 9x - 3y + 8 -

e

5. This exercise bay be done in a variety of ways. If students use the
4

methods in this section, some af the following may be useful in checking

their iiork.

(- ) Centroid, (a

(b) Orthocenter

(c) Circumeenter,

41*

+ c

3 3'
Etc

465
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4144

1..

a

.(d). INaluate,determinant in- (3) og telt'by faetoring out

CI: 2 ZS from C multiplying 4eirolts og R2 b'y
e

1 4

adding to elements of R
3

-r

o'

0. ,

a + c.

3

a + c

-sie 1

1

a + c

3.

2 0
b + ac

6b 6b

2 2b

te)

4

a + c

36b2

0 '-6ai 1

2 2b
2 1

1
4,- 3ac

a.

2=42(-2)(3ac - 3ac)

36b-

= 0

II .

A

frau

a

Yes, beCause by appro riate Choice of Coordinates any triangle can

have vertices with t 6 coordinates given for A 2, B y C 4

6. Consider trapezoid ABCD and.chooslo coordinate-system so that A = (a00)0

B (100) 1 C'= (01c) 0 D =.(d1c) . The diagonalspare cx + ay : ac = 0 :

cx + (b d)y.- be = Q Joinini

midpoints of bases is the line *

2ex + (a b d)y = (a + b)e = 0

a -Etc

A b d -bc

2c + b - d -(a + b)c

1,1 ,

a 0

4t

466

4
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N. . J
ate subject matter of this course can be grouped and developed in val4bus

watil." Although we hdGe used some.of the contents of this section inifarner.
1

sections, we now consider, in a dore systematic way, the general topic Of in-
.

tersections and parallelisms.
14

0 ,

We inak.e extensive uee of determinants, with ch. we asse someredson--

able familiarity. An appendix presents erbriefitreatment of the tOpia whish

was conskdere0. ta6 algebraic to' be part of the text. Matrices also, wld

have,facilitated oar aevelopmen4, particularly the concept of the rank,of a 1

matrix, and an augtente4 matrix; bu-k, these tcleavere considered to beAoo'far:
4

afield from our central theme,,and so do not appier, even \pi an appendix.

Teachers and Uth.rsted siridents are referred to the SMSG Nkt.on Matrix.

Algebra, or to any of the rec t elementary texts on matrices. W6 recodisend
0

stirongl; Nat students be encoraged to gain seme competence in those aspects

of matrix algebra which apply to the present content, and perhaps prepare oral

or written reports on these applicitions.1

Authors: as well as students apd teachers, are not pleased with pages

that seem overloaded with letters and sub;cripts. However, in three aimensions,

equationd,Of lines and planes do require many symbols. We chose to usqlfewer

letters with different subscripts, rather tAan many different letters, be-

cause we felt that, with a bit of effort, thAtterns of relationphipskcou/d

be m&e easily seen. Students shouM be encouraged to see' these patterns, and

Ito try tdextend them to corresponding situations in higher dimensions, where

subscripts, become more signielcantly necessary. We have avoided here, and

geneiWy.throughout the text, the use of Z notation. If students have the
%

proper background and ability, they might 11 encouraged to state, as far as

possible, the results of this settion that could be generalized to n dimen-.

sions, using whatever symbolism they think most appropriAte.

FA

Solutions to Exercises D-4

(a) parallel ((1) skew

( b ) skew (e) skew

c) skeif (f) skew

Pe-



le

. .i.

2. x = 1 +
(,a)..ly =.2*-

...

z =63 - 2t-g7

x =1 .16t
(11):1 yo --.. 2 + 2t

z.. 3 + 4t . -.
.

........\ . .

3. (a) xi : 4x + 1$7 - 3z - SIC = O
...,

m2 : 4 xJ8 yr '3z..- -."6,9 -- 0

. ,
(b) MI : 1 x

.
+ 24y. + 9z + 09" = 0

,

142 : 14x .4 214y + 9z - 35 =v0

-/"4. .
,,

; zsi
a
.

e

4. (a) 4x +.418T - 3z :NCN
,/

4

( b ) 111.x 41 24y + 9z - 35 = 0 Note L, ro

5.(a) ?Ic =t,
(b) lix + 9y + 12z
(c) 2x + y + 8z = 0

. .(d)' 3y + 2z =

r

fr4

'6. (a) Li hoes over L'.4 (c L2 goes under L.4

(b) I goes over L3( (d) L3 goes under LI+

1

If tiA goes over I- and LB goes over La., :then it is sometiies trite

.that LA
goes over Lc

8. It is false that if L and
' A

are distinct, then LA gois over L.;

or LE goqs over L4 . Consider th6 lines LA : x = 1 , LB : x 2 ..

It is never.:67e case that P
1

on LA
and P

2
on LE have the same s

x-coordinate, heince, one criterion is never met.

9. (a) 1.1,0,2)+ tf),11,7]
(b) {0,-11,-17) + t[1,7,7J0 [x,y,z)

(e) [1,-1,01 + tr5,80] [x,y,7,1

(d) [3,2old t[7,1,5] [x,y,z1
(e) [1,-3,1] t[5,2,4]-- rx,y,z1,

t[8..2,71 [x;35z1

a.



fia).[16-1-4?4;162)

. (IY) t:1 :-1-1- '' 3 2- 31
N. (1.4. 1 1
i

((IN (2 ft 47,
. i 3.,-3-,7-1

32.

1

(a) 3x 2y + z ,

y 0

1(e) X - 2z =
(d) 1-2x y + 2z

7 14' 1:01.

3 *

+

=

1.2.1

et'

Y

Li

, N

-2 50 57 '
(P.) "

4-1-1

(d) 61
;.

= a ,2
.." 2

rj" / y --=. b

2.
+

+
2

are coiheident if and only if

and:there exists an s suCh that 4

-1, , 2 "0
b b m

1 2 2 '0
- 0

ote . Mir.; is equivalent to the xistne o r a -t vatch 'that
0

Li and- are pitrallel f -and on ly i t'

4

A

?'



I.

'and there is no s such that .

0

anCi

- a2 12 so

bl - b2 m2 so

intersect ih a unique pointAf and only if

0 ..

_It748 traditional to talahout the angle between two lines, but present

stAdardS of precision require.that'we take account of the fact that at least

foUr angles are formed When two lines intersect. These angle tv. can be distin-
, ,e'

guishbd in .aidiagram by various methods, butall of these methods must induce

a sense along eaah of the.lines. We indicate explicitly in the teXt that

suCh a sensing must widerly any method of distinguishing these angles.

tically

IX 4s convenient to carry througq thedevelopment in the textN, using the\

parametric forms of equations for lines. We leave to an exercise (Problem,16)

it the,end of this section the development of same of these ideas, using the

usual general forms of the equations of these lines, i 2-space. Students

should' be endouraged h1?ei, as in other places in't)e text, to.use the corrdi-

nate syttem and method of representation that seems most naturall, and to be

preparea.to show the eqUivalence of the results obtained in different'ways.

It is not expectedtthat any class complete all the exercised itt the end

of this section. Wj have supplied sufficient exercises to give some variety

in assignments, testing, etc.

Solutions to EXercises D-5

1. (a )

(13)

(c)

-172

775

-.83°

cos e

cos

cos e
.

10

156 0.263

- 4).124
65

)470
# 1

.or



x = 3 4- 3f

.(a

,

(b)
y 5 + t

or y 5 =
3

or

1

(c).1x
= 3 - 2t

or .y
y = 5 + 3t'

= =-4 x --21
2 2.

("23. 'Lines L '..- -4` + 3x 11 . 0
1 -1'. .

direction pairv Li = [-1:31

L2 1 Y 4-
2x - 5 = 0 L2 = [-1.,21

B1 : (3 -.412-)x 1 - ir2-)y - 11 + 5la = 0 13-1 = [1-1-2-,-3+21"21

B2 : (3 + 21-f)x + (1 + Ja)y - 11 51-2- = a i2 = [-l-1,3+2Ia]
( ..

Let 0 13e one angle determined by L1 and 1)32

cP be one angle determined by L2 and B2
.

,.

Since L. L
±

and
'e

B.
2

are in the same cluadrant we can be sure that..

cos 0 = cos 0 implies that ze 7z4)

1-32. 10 + 71(2-.

1124 (6b 1.1+1

17321 1;1 (1204-7-41) /5
, I

la .(4

(2c),ITTo
This can also be checked by noticing that cos i9 is the cosine of half

the angle between

4.
-4o 1.1:3_

(a) Pi [*, 31
2 11/ 11

P
3

- [60-Y]

(b) Alt. frau'
11

[ 3 [ 3 line through P1 1 Li

Alt. from P
2

-40.
'

+ t[2,1J rine throUg
11 11

Alt. from [ I 4- [ -2,3] lino through P
3

The lines are parallel. Therefore, 0 =



ii

6.
(a) arccos z arccoa 0.161 w

80.50 99.5°

(b)- arccos
(-11) 180o a.rccos (0.786) z 141.7° and. 38.3°

(c) arccos - 180°- arccos (0.654) z 1300 and -50°

r5-7

(a) [xly,z] [1,2,3] + t[a 3a - 2c

(brix,Y,z] = [1,2n] + t[a , a + 3c , c]

(c) [x,y,z) = [1,2,3] + tEa , 3c - 2a c]

8. (a) N [x,Y,z] = t[0,3 1]

(b) N2 : [x,yzz.] t[1,1,1]

N3 - : [x y z] = t[5,11,2].7 ,

9, (a) -3x + y + 2z - 10 0

(b) Y + 3z 19 = 0

(c) y - 3z +

10. (a) 5x + ily + 4,701 =, 0.

(b) x 4 y + z -

(c) 5x + 11y + 2z 53 , 0

(d) 3y + z 14 = 0

(e) x + y + -2, - =

(f) + 10 o

li. (a) 860 and 940

(b) 69° and U.

(c) 60° ai 120°

12: -(a) + - 55

(b) x j's), + oz - 11 - 0

(c) 3x - 12y + Yz + 2 - 0

(d) -8x :(y + 5zI- 62 =76

(e) x f '(y + 2z - 35 - 0

(r) '3x + 93r

(g) 2x y + z - 4 0

00_ x 1-.33r 4 !)Z 11:( 0

(1) - 3x 3y + z 1 =

t

'for any a and c not

both zero.

99

a.



13. (a) 5x - 7y - 112 7 0

(b) 11x 7y + z = 0

(c) le+ y z'= 0

21 (d) (g) 45.6°

25.3° (e) 53.6° (h) 4°

4° , (r) 40.4° (1) 21°

with x-aXis

321.3°

53.2°

15.5°

y-axis

53.20

15.5°

32.3°

A

z-axis
15.5o

3.3o

.53.2°.

16. cos
a
1
a +.b

1
b
2'

Ia b
12 42

2
4- It 2

2

1

t.

p.

v

to,



270

600

22.5°

Teachers' Comantary

Chapter 3

40,1 Supplement to Chapter 7

Exercises" S(-6

(a) 36°

(e) 30°

(f) 63°

(a) X2 + 4Y2 (c) 2X2 + Y2 = 4

rotaVon through h,5° rotatlpn through 30°

ellipse'

(11) X? + ItY2 4

rotate-: 145°

translate X x +

ellipse

475

ellipse

(d) 2X2 + Y2 1

rotate G.-, 45

translate X = x +

ellipse
1

31



(e) 4x2 8y2 99

rotate 45°

tr4slate X = x - 34' 0

t hyperbola

4) x2 y2

rotate 45°

translate X

hyperbola

(f ) 4.X2 - Y2 4 .

rotate arecoS

translate Y- = x -

6
Y y +

o

y = y +

(h) y2 = -6x

,,76

4
rotate arceos

translate X = x

parabola



.*

.1

Exercises S7-7a

,Giyen that' xl + h

and y' = y + k/
a: a

and 4x2 + y2 - 8x + 4y + 4 . 0
,

,

Find h and k sudh that the first-degree termsmill

442 1 y2 - 8x + 4Y + 4 . 0

x = 7 h.

, k

(1)

Substituting in (1) and grouping terms, we find that the transforid

equation it

1002 5,12 (

S1ving simultaneo

- 8h - 8 .

- 2k + 4 = 0

8h - 8)20 + (-2k + 4 )y' + (4h2 k2 + 8h - 4k + 4),.

ly

h = -1

k = 2*

,

The transformed equation becomes

4x'2 + 502 = 4

1".= -4

477



2. (a) 8x2- 4xy +5y2., 24x+ 24y= 0 (c)

Translate to center (1,-2)

8)02 y' 5y12- 36 =

Rotate thrdugh arctan 2

- 9Y2

(b) 3x
2

+ 10xy
,

+ 3y2 - bx + 22y - 53. 0

'Translate to center (L4,3)

+ 10x'y' + 330 2 - 8 0

Rotate through 45°

4X2 - Y2 4

Tx
2 - 24xy + 120x + 144 = '0

Translate to center (0,5)

7x'2 - 24x'y + 144 = 0
4Rotate ,thmugh arctan

9X2 - 16Y2 = 144"

3

(d) 4x2- exy+ 4y2- 91-27 711U +14.

Translate to (3,1) -

X 2Y2 + 2

.Rotate through 450

4y'2 - 830.- 2x' + 14 = 0

Parabola: S = 0

34
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1. Center

2.4.114:Ceryter

"fttrcises S7-71)

Axes of sytmetry (X,:1- 5) = (x 2)

Axes of symmetry (y-+ ,5z) irr 14)0,

(y 2r) ..(47 4:4)(x +

gm..

Exercises 57-8

1. (a) Ox
2
+ oxy + Oy2,+ 3x - 8y - 4 .=.0

A=
0 6 3

6 0 -13 = -6 . 6(24) = 0

3 -8 -8
t ,

Thus it is a dbgenerate conic: (2y + 1) (3x - 4) . 0

Linap: y +

.2
0.0 2x + 8xy +

1 . 0 , 3y - 4 = 0

\
- x + 4y - 1 = (;)

,

4 -1

A --- 0 4

- 1 4

4(-16) 0

Thus it is a degenerateconic: (2-N + 1)(x + y 1

Lines: ;-.bc + 1 . x + 4y - 1 = 0

'2
14) - 5xy + 9y` - 1 - 0

A

8

-5

-5

18 0

0 0 -;)

8(-30 + 5 10

"-thus t is no. a degenerate conic.

A

lxy - 6y- - 0
-

4 -1 0

- 1 -1? 0

0 0

0

So it is, a degenerate conie:

2x.+ 3. 0 x - 0

-288 + 50 / 0

`

a

IP



4. 2
22. Consider Ax + Bxy + Cy Dx + EY + F = 0

where LS= 0 and S 0 .

111

Case 1. Suppose the factors of the left member represent dependent

linear equatione. Then we could write the left membeT as

(Mh + Ny + P)(kbloc + kNy + kp) .whbre k 0 .

But then we get

kM2x +.2kMNxy.+ kN2y2 + 2kMPx + 241Piy + kP2 = 0

g.. 4(2)(02) (2kmr02 0. which contradicts our hypothesis S / 0

Case 2. Supposing the factors represent inconsistent equations, we

get that

Rib( +.Ni-+ 13)(kMix + kNy + = 0 for k / 0 h k

But ag n thits implies that E. 0 contrary to our hypothesis,

3. Consi

where

and

Then

2
+ Bxy +1,Cy 2 + Dx + F= 0

2A B

=B 2C E

D E 2F

B
= 0 .

B ,2C

E(aAE.- BD) 41- D(BE 2CD) =
\

-2AE2 + BM. + BDE 2CD2 = 0

Or -2AE2 -4-\BDE 2cD2 - BDE =

, ;
Expression (5) is (B'

2
- 9AC)x

2
+ 2(BE - 2p)x + E

2
- 4CF

5= 4AC - B2Q makes the coefficient of x
2

vanish.

It remains to show that the coefficient of x is 0 .

Ftom t = and B
2

4AC we get

Matiply by -4.4S and use B2 = 4AC to get

2
t, 0 = 14A2E2 - liABDE + 4ACD-
16

.2 .2
Q = 4(AE) 4(AE)(BD) + 4(BD)

0 = (2AE - BD)2 .

pence -BD - 2AE = 0 which completes the proof.



4
b.

EXercisesS7-10

S 400 A = -16000

4Rotate through 'aretan

ellipse

3. 5x
2
- 6XY + 5Y

2
- 16x 16y + 8 .

64 A = -10124

Translate h = 1 k = -1

Then rotate through 45°

x2 4y2 4

ellipse

2. 3x
2
+ 12xy - 13y

2
135 =

S 7300 6 = .81800.

IRotate through etaxl

X2 - 3Y4 =

hyperbola

3

2 24. 9x - 24xy + loy 20x - 15y = 0

S = 0 a -875o

4Rotate through arocos

paraboXa

y2 x

S.

481



Se.

9x - 24xy +16y2 + 80y 100 = 0 7. 5x2
6xy -I-5y2 - 16x - 16y+ 8 = 0

2

dr5=o A=0 6 = 614, A = -1024

4 Rotate threugh .45°
Rotate through axecos

7

Translate Y=y-2 X x

Y = 0

coincident lines

6. 34+ 10xy 3y2+ 16x +16y + 0 %.1 8.

A = 512

CRotate thrdugh 4 9:

Translate x=x+17
0

hyperbola

Y3,

Translate X =_ x Y y

14-X2 Y2

ellipse

27x
2 r,-4oxy +13y2- 12x + 44y - 77. 0

-900, A = 196200 .

3Rotate through ardeus

. 2
iranslate = 7 7 Y = y +

9Y2 - X2 = 9

hypprbola

r.

40'



9. 12x
2 - 7xy - 12y - 41x +38y +22 =0 11. 9x2 - 24xy+ 16y2+

- 120y +200= 0
2

4110

S A=0.
1

Rotate through arccos

541

Tra.nslate X = x -

Y =
511

(x + Y)(x y) = 0

Intersecting lines

nor--

10. 13x
2
+148xy +27y

2+44x
+12y

E = -900 A -196200.

3Rotate arccos
5

Translate X = x +

9x2 - Y2 = 9

hyperbola

S=0 A = 0 ",..

4
Rot/be thpough arceos

5 4
PriLxisl&te r.= x Y = y - 3

(y 1)(y + 1) = o

rallel line

77

y +

0

14

12. 10xy + 4x --15y

= -100 A =

Rotate 450

Translate X

6 = 0

11177,75- p

483

1917
Y 4- 20

(X + Y)(x - Y) 0

intersecting lines

3 9

9
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' Teachers' Commentary

Chapter 4

Supplement to Chapter 10

GE0ME1YRI6 TRANSFORMATIQNS

In a sense, this chapter can pe thought of as i review of the early

?Ohapters. It is essentially a summary of the various treatments of transforms-

tions, but now they are obsexvedfrom a more sophisticated point of VIew. The

concepts of mapPinga and groups constitute ve background for the-discussion.

,The writers wOuld be interested in knowing how.the teachers. feel about

including this type of material and also, if it is included, Whether it should

come earlier in the presentation--perhaps even near the front of the booli.

4P.

Exercises 510-2

1. The reflection abodt the x = 1., line is (x,y) al) (-4+2,y) .

The reflection about the x = 4 line is (300,1)-1.-.0.(x",y") (-1(11-80y1):

Taking .x = 1 then x 4 we get

X

Taking 'x q4 the --1 we get a

-xl. + 2
yil-x + .8)" 4 2. X -

So they don't commute.

ts,

1



0.
. ,2. !Upping of reflbctiOn dbout

MAppin&of reflection dbout y = k

( x,y) ( x' ,y0 = -y + a)

3. Two suecessive reflections about horizontal lines:

'ca.) 0- ( xv syl ) = (x y + 2k) (x1,50 ).*- ( x"yy") (x/

x"

y" .3r I + 2n = .

xff = x
y n k) = y"

,De

f-L2n)

Twq successive reflections about vertical lines:

(xsy) = (1.1f y) ( x9 sys ) ( x" y") = (-x2 + 2m s )

= -x9 + 2m =

Yn. Y = Y

I.

. (Xsy)--4.-(xfsy') -x + 2h)y s

X" = Xi =,

i" = 2k =

-x + 2h = x"

-y + 2k 7 y"

ylt
A

yr. +

The mappitk in (1i) will commutevonly if k = n and h = m
411k

The noppings in 4) will commute.

Exercises IS10-3

1 1 .Suppose th0y have the rotation 0

rII = r

Then rewrite

0" = 2e2 - (201 7 0)

7T" = r

/'

Then it r rl and 28 - 0 0 and we hgve, 1)",= 20 - 09
1 2

Then wr see that the f6iation.l.s. the product of the line reaections

r,$)2L4,--(r1,01) = (r,?01 0) and

(14,01)-0.(r",e7 .= (0,292 - 6

;186

'
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2. ROm where

IP "

Rm

RL :

29 - =

= r

(1)1 ) (r,202 4))

(r"it ) = (r',281 7,0)

atereises S10-4

yi kxyy = (ELIC + by, ex + ay) where ad - .be

)1 Now solve for x and y in terms of ;0-and y1 .
a

ex1 BY dx1 - bYtThen Y axid xbe - ad - bead

Now substitute these into the line

. or

0

y 4 m =e0 and we see that

kdx1 kbyl + hex' ay1 .+ m = 0

(kd + te)x1 4 (-kb - ia)y1 + m =

1;4'

which means that any transformation of the grouii-in. Theorem Sl0-3 will

map a line into a*line.

(a) .(x,y) (2x,2y)

x11 = 2x y1 = 2y

x1 + y1 ,2 2
`-) so the circle x2 + y2 =x + y

maps into x12 + y12 = 4 .

.

.(b) ()Ea) ( 2X0Y)

e ="7 2x y1 , 3Y

2 2 1 2 1 2 2 2"x 4y =Tx* +-y1 _1 so the circle x y =

1 2 1 .2maps into the ellipse x + ".9
a

= (x + y

X x 4 y y1 = ,2x*-1- 2y

2Y)

wa

Consider the point a , 2a on 2x = y then Bt..= x + y and
. 2a = 2x + y so afl pointsmapped into a point -on 2x = y satisfy the

equation x y - 8.411= 0 This is the equation of a line.

487 .41



Show that.the angle is preserved between two,lines through the 'origin

under z z' = kz .

Let z r(cos 0 +,i sin e) then let Li be r(cos 81 + i sin el) and

,12 be r(cos 02 N i sin 02) Now the angle between L2. and Li 1441

simply be 1.02 Under the mapping Li. Lil Where L.

nicos e
1

+ i sin 01:- d L
2

L
2

1 Whdre L
2

11 is
#

Kr(cos f:) + i sin 02) So we see the angle between L11 and L2t again

equals 102 - ell ... Therefore the angle is preserved.

1
5. DiscuSs z =

z

I

Z F

so xt -

Then the circles

circles

Also we halvc xt
2

gliy/
P.

1
+ iy y = ZI x+iy

x2 + y2

1 _x- iy

-y
2

and yl
2

in non4linear coordinates.
+ y x + y

/ 1 2
= 1

2
areomapped onto x7 = k and the

x
2

+ (y + )2 1
--12 are mapped onto
4k

X
2

4- y
2

1

yg)2 Z yf

x + y2 2 2 2 1
= r are mapped onto the ci cles 71 + yl = in the zi

= k

0 hence the circles

plane.

a) It is simplest to consider this problem in paia coordinates then

the solution is (r,$) (1.1.:60) = (pet/t) where the origin is

defined to map onto the origin.

(b) A second forM, would be't (xly) (yy1) 1
) wbere

4, a
2

)

y = ax is the line involved. Again the origin would have to be

defined 'as mapping onto the origin.

V
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1. R

Exercises S10-5a

(

0 -1 -1
. -

2. (a) Reflection about y = x

xt = y `4= 0 . X + 1..y

yC= x.=-l x + 0' y

(b) Reflectioi about y .

xf = -y = 0 x + -1 y.

yt =-x=-1x+0-y

- x

1)

(-1 0-1)

3., Reflection in y = x

rotation 7

composition is

1

62 sin 02

sin cos e
2

(1

10

1

0 I

e
1

sin e ,

01)

0

-sin

cos

-1

0 1

e
1e r
i.

c-

cos

6COS
2

cos ell - sin 00 sin
'

-sin el cos 02 - Fan 02 cos

3 sin el sin 02 + cos e cos 92

el

sin 62 + cos er sin e

(cos(61 + 02)

in( tsAii. '4 )

-sin( el 02)

cos(01 4 02)

we

This'mapping is the same as a mapping of a single r6tation through

4' ei + e,



a3

5.

4

a2 [(b1

a b3

b

b

K=

arid

,0

c1.

I
= 1c

( 3

a2

4 a4

) (b1c1 + b2
c

2 1

b3
c

1
4- e b 4

b c + b4c4.)

b' c +

3 2

b2c
al

+ aib2c3 + a2b3c1 +a2c3b4 aibl ci+ aib2c4 + a 3c2 + a2b4c4

a3 +a3b2c3ta4b3c1+a4c3b4. a3b1c2 +a b2c4+//41,3c2+a4b4c4

,

([a._ 4 b3

a2) (b1
.b 4

b 1 (el c
2

c3 c
3

al

+ a2b3 a1b2 + c:
Kt =

ri.3b1 + ailb3 a3b2 + a4bil.

a2b)
...(c3

= Kt

Kt =

and so

(a3

bl

(b
3

and so

alb1c1 + a2b3c + a1b2c3 + a2b4c3 a1b1c2 + a2.63c2 + alb2c4 + a2blicit

a3b1c1 akb3c1.,+ a3b c3 4 ailb4c3 a3b1c2 + a4.133c2 + a3b2c4 + abc

we see that K = Kt and matrix mtatip1icat1on is associatavF.

1
+ab ab

3

b3 a3bi + a4b3 a3b2 +

3 1?2ai

1)4. a3 a4 b3a1 4 b4a3 b3a2

alib4

= L

b4a2)b

we see that L j LI hence matrix multi.plication doesn't commute.

490
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In 'polar coordinates

xt = r cos(20 - 0)r r cos 0 cos 20 + r sin sin.20 = x cos 204y sin 20
yg r sin(20 - 0). r sin 2e cos 0-- r cos 2e sin 4) = x sin 2e -y cos 20

hence the matriX

(sicos 20 sin 20)

n 2e

;

cos 2e

1 0
-When Q , 0, we get which was previously shown to be a

0 1
reflection about the x-axis,when 9 = we get which was

1 0

_previously shown to be a re lectlon In y = x, when e = S we get

0

) which is a reflection in the y-axis,when 0 = -4-- wr get3s

0 .1.

4,

-1. 0
'which Is a reflection in the y . -x-axis.

( 9)-,

28

cos
2

sin 2e

1
-

cos 9 sin 29,

nin pe -cos 2e,

cos 20
1

sin 20 - cos 20 sin 2e + sin 26 sin-292 con 0 cos 292(

.

cos 2ep COS 2el + sin 202 sin 2e cos 20
2

sin pe cos 20 sin 2e, . 1 1 i.

2 2 1 1 1 2

2(0 - el)

cos 2(9? - el) -sin 2(02 sel)

cos 2(9,,
,

- e
1

)

This is the iliatrix of a notation where 0 =

0



)

1.

(

cos a sin a

sin a -cos a

2.

lt:Problem 7 (S10-50

t;

(

cos a sin i

)'sin a -cos a

or

r.

.Exercises 510-5b

(cos a -sin

sin a cos a

we saw that the product of two matrices of the Aim

( )

cos a -sin a

I.

sin a cos a
is. of the form

HY' PrOblem 4 (S10-5a) we saw that the product of tvo matrices of the form

cos a -sin a
is another matrix of the same form.

sin a -cos a

cos a sin a cos a -sin a
We see that the product

% sin ,a a-cos a sin a +cos a

cos 0 sin p
is of the form J.

sin 0 -cos p

(

cos a -sin a cos 0 + sin p . .

.
, is of the form

sin a cos a sin 0, cos D
Finally

a +

in a +

Hence we

(S10-5a)

because

0 sin a + 0

I.
0 -cos a + 0

see that the matrix Multiplication is closed. From Problem 5

we see that the multiplication Obeys the associative law / and

1 0

0 1

As included in this sat and it is the identity matrix,

that this set,forma a group.

a2

53 P.4

+ a2b3 a1b2+ a2b4

a2b1+ a2b a3b2 +

Cbi 4- a
2
b
3

a1b2 + a b
-2-4

a3b1 + alib3 a
3
b
2

+ b
a4-4

= (alba_ + a b +a
4

b1 a4b3)

aib2 a2b4)

= aibia4b4+ 9.21. b,,b a2a3b11 - a1a4b2b3

(ala4 a2a3)(b1b4 - b2b3)

al 52
b

1
b
2

54
b

492
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Th e matrix

2 I

isn th't an isometry as e vector (0,1) --.0-(2,1) and
'- -
,-.,

hence distance isn't preservea,yet the, det . 1

4. The matrix mmst be of the form or

(cos a .;sin cos a sin 0

asin a cot, sin a -cos 0
4i.--

by Theorem 10-5.
lk,'.

cos a -sin a
= cos

2 2
a + sin a = 1 -

sin a cos a
1

1

cos a sin a
2 2.

.= -cos a - sin a = -1
sin a -,...cos a

Hence the det of the matrix that represents an isometry is 1 or .-

aI a
2

5. If

a3 a4

2 . 2 ,= =

+ 1 then a1s.4 a2a3 f 1; also,ve have

2al
2

a2
2

= 1 a
3

2
+

2
. 1 and ,a

2
2

+ a
4

. 1. Now
,

if the sum of two squares = 1, the numbers can be written as sin and

cos of some angle 9 Hence ve have al = sin a or sin a.,

a2 = .t cos a or t sin. a , a3 = 4- sin a or "I" cos a p

a4 = cos a or t sin a . Nov,from these,we obviously

get matrices that belong to S but we get other as wel,1:

a3 = t sin a or t cos a , a4 t oos a or. !sin a Now from'giese.

we obviously get matricea-that belong to B but we get others as well:
a sin cos a sin 'a

a a a

sin a. cos a a cos

(
and

cos a sin a '

a cos

. All o
cos a. sin a

f these cases can be

sin a -cos a

sin a cos -sin cos -cos a sin a' cos)a -sina

reduced to members of S by letti -p , a + - or a . a g .
2

Heme, these conditions are enough to make the matrix belong to S .

1. Answers given in text

2. Answers given in text

Exerciees S10-6

4`)



3. I-1 Reflection in x-y plane

1-21, Reflection in y-z plane

1-3 Reflection in x-z plane

1-4 Identity
op,

1-5 ieflection in plane through x-axis with 45° to y-wifts

Refle;tion in plane througli y-axis with 45° angle to z-Axis

1-7 :Reflection in plane through z-axis litith 45° angle to x-axis

1-8 Reflection in plane through x-axis wit li5° angle to y-axis

1-9 Reflection tn plane through y-axis with 135° angle to z-axis
ter

1-10 RefleCtion in plane through z-,axis with 135
0

angle to x-axis

*4

gl
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