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INTRODUCTION

\
The eext Amslytic Geometry had its beginnings iA 1962 When a email

cotmittee of mathematicians and tqadhers met to discuss the question as to .

Whether:there wts a need for a netrtext.in analytic geometry far higN3choo1,

and-whether th'e School Mathematics itudy-Graup should undertaie to *rite one.

Since 'the concluOpzit s affirmative, sone guidelines were prepared to indicate

the-form and cantat'd ired.
1

In the Ammer of 1963 an eXperimental text and accollipapyiag ccdaetltarY

.were prepared by an SMEG writing team consisting of unp4ity mathematiciams

and high school teachers. During the foll'oWing schoolt,year,this text was used

by about 30 teachers in sehdols distributed from.Califorhia to NevElogland,

hi.kt mostly in 2 c6nters vhe're the teaehers had the benefit af conferences

with elph other azievith' an intrz.Kitted college professor. -The complete re-,

vision of the tel* and commentary in the summer. af 1964 took into accoiint both
-

the comments and-criticisms pf these teachers, and the AcomdeAdations of an

advisory committee of the tMSG1Soard. We are deePly indebted to those whg

helped with suggestions, especially to the t/eachers who used the'experimental
fit lk

,text. .
w.

Analytic Geoietry is .intended for use as.a cnie-semeater cCarse in the'12th

grade- It is e2pected that thestudents would hare completed SMOG inte'rmediaie,

Mathematics'or the equivalent. If it is planned 'to use E1ementy Functions
,

,with the pame clasp, it is suggested Wet that text be ed before the AnaUtic

Geometrp. However, knowleOge of Elementary Functions has not been assumed in
f.

tilts. text .

The sgggesteortims,schedule here is only tentative; the teacher will adapt

it to the particular clas;. Certain topics are presented here for camplete-

nese; for example, some, of the ip4 on forms of an equation of a line, on conic

a sections, oy on Vectol7s, will have been studred previously by many claases.

ro's

Very little time need be skent on familiaziwork, giving more time for.new

topics-or for supplementary work.

We believe that a reasonably idell-prepared class of the%etudents who elect .

i2th grade mathematics can complete our basic text (Chapters 1 to 10) in a

semester. The material-in the aupplementary Chapters VW placed there because

,s

it was not felt'espential to the continui4 df the course. ,However,'& feel

that this is important and interesting material; weithink that it is yithin

. the grasp of adle students and will broaden their mathematical background.
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It is hoped that good ciassa alaid individual able students will, use tht supple*

Antary Chapters.

Following the opening reparks for esph dhapter in'this Cop6entaryi,you

will!ind running comments keyed in,the margin tothe pagei of the student's
text. These contain further explanation And background which we hope will

useful to you.

A WORD .ABOUT THE EXERCISES

' Some of the exerciseS are designed to provide just exercise, but you will

fkid that somp others are far from todtine. Within each.set of exercises the

arrangement is usually from the more rou tini to the more complex problems.
-4,

The most difficult problems are 11ked spaFately as "Challenge Problems".

A few problOms have been included which extend the material beyond thieregular

textual treatpent. We advisetrou to look st each su4h prOblem before assign-
.

ing it to a student so that you may asdertain whether\it'is appropriate and

\how much time it yill consume.

We cannot suggest aivropriate class aasignmebta qineItheyw.lv7 with

the preparaition and ability of the class. Of course, enough drill work should

be incluSed to fix the fundamental skills and coficepts. In the case Of a -

well=prepared class, the. drill-type prObtems might.be omitted entirel4f On any

topic previously studied. While the partkpular problems assiined will vary

with the class and Perhaps even with ihe individual.pupils, it is hOped that

all students will be assigned some of the problems which may be move time

comiUming but which will show them,some of the "fun" of Analytic Geometry.

Solutions for tfle exercises appear at the Aint'in the ng commenterYV4

corresponding to the plgbement of the prol?lems in the student' ext. Any

given problem may have several acceptable solutions; therefore, the solution
,

presented here should not be considered as the "right", or only, solution.

The ptudent isencouraged frevently to use, his ow, juorgment in AFrsuing a

solution; hence, if he presents a solution which is.correct, it Ololild be

4.

accepted.

2
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A SUGGESTED

4

The basic text (Chapters'l ito 10 ) s.s designed to be Covered.in ne

semester of eighteen veeks. The time s edU10 given berlow is the result Of

*combining thi opinions ofghe authors w.th the experience ottbe teachers 'who

tpe prelilinary edition: - -

If you'find that sour aaaeifafliig behind the Suggested sdhedule,

you'may with to ooMpeneaie by treating somS4opics in less depth or.by assign-

ing fewer exercises. If thts procedure la\not sdisfaciory4 you probably 4

ahould consider cUtting short, Sirst on Ch*ter 10 and len on Chapter 9. The

text vasidesigned so thatthe leastkIoarsto'the studentslould occur In this=

circumstance.

Chapter

I- Analytic GeometrY

2. Coorainates and the Line .

3. Vectors and Their Applications

.111, Proof's. by Analytic Methods

5. Graphs aid Tlieir Equations

6. Curve Sketching and Locis.Problems

7. Conic Sections

8. The Line and the Plane 41 3-space

-9. Quadric Surfacts

10.: Geometric Transformations r

C....

4411.
I

3

.110. of CummulatIve

DAYs Total

-10' 11,

12 23

8' 31

9 40

11

9

7

10

8

60

67

40
85
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Chapter 11\.

.4umbrite GEOMFTRY.

Chapter 1 ia.a briar introduction to the telt. . It is ihtended.to give

the stadents an idea of.What anal:ytic geothetry.is and te show them they

aiready.knowksomething ebout the kubjct. If possible, they should read it

before the first meeting of the Class and reread it atqntervals during.the

course. '

Since coordinate systems Are so impoi.tant...in anallytic_geometry, it is .

advisable to disctisssin class somAot the examples Mentioned. -The studeles

shoUld be asked to explain latitude and longitade, Which are. mentioned.bA

not defined in the text. They naght be invitedAo suggest other di:ordinate

systems for a liner," plane, space, tb sphe ical surface; and a torus. How-

ever, the coordinate systems which are t in the course are treatedAn
A

detail l.ater, so not much class timejahould e spelit olt mat thipepoint.

Chapter 1 also. includes a discussion of.the reasoms içt.idying.1ieiyt

geometry. It.ia felt that students should know sometbing of the role or

'analytfc geometry amongthe Various branches of mathematics, and that they.-

should realize that their main goal is notinformation about the particalar

itopics.studied, but isther understanding oi alad-abilikty to use thetechniques

of analytic geometry. .

Analytic Geometri really began Whin it wai realited that every geometri6

objeceind every geometric operation can be referred to the nuMber sNatem and;

erce, to algebra.._pie-mpet significant steps Ilethis,arithmetization of .

gi...ometry were taken bf two-French-mathematicians, Pierre Fermae (1601. 7- 1655)

and Rea Descartes :(1596 .L,1654). Fermat began wnjk (Dn analytic geometry in

1629 but his treatibe:14tOCus Pianos et Solidos agoge.wss not published

1679. Chief credit therefore, is given to Deicartes whose Geonetrie-

was published ith '1631 and Who influenced the work of many-mathematicians. In
V

the.Geometrievone finds the earliestrunificatiOa of*afgebra-and geometry.

Apollonius and other Greek mAhematicians had used coordinates to loCatellOints

#
in asgeometric'figure. t. was Descartes xho introduced,the algebraic represen-.

tation of a curve or surface by an-equation inVblying.two or three variables.

A
%

Sb

95
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'Descartes' book does not Optain a systematic development of the subject

such as you find tn thistext. The method must be constructed from isolated

statements in different parts of the treatise. It is inieresting that Feraat's
-

2' 2 2- -2 + 2 2 2work included the equations y=, mx xy s=k x 41y ma ,.x _ay b

for lines ant conics.
A

-

Many mathematicians.extended Descdrtes' lbrk.' Among these:we* John

Wallia in hts Tractatus de Sectionibus Conics and John DeWitt in his Eledtenta

Curvarum Idnearum. Nest of tge work of Descartes and'iS7-contaisporaries vas

concerned with the:geometry of Apellonius. NewtOn worked with algebraic

equations'in his study o; cubic curves in 1703. The first analytic geometry

of conic Aections divorced from the work of Appollonius Imo developed by Euler
e

.in his IntrOductio in 1748.
*

Since that ti the methods of Analytic Geometry save beeome the meet

sTgnificant in th study of geometry. In more advanced mathematics they-have

essentially replaced the synth*t1O method. Mere recently vector methodi have,
. 4

peen incorporate-Id in Analytic Geometry and are.beIng used more and more

videlY irPmathematiial applicat'ions.

10
6
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Teacher's Cimentary

Chapter 2c 7'

03CEMMTES TA LIRE

This chipter is fundamental to the rest of.the book. In it we discuss

coordinate systeiss.f7 a lin,e.and Eoplane. Ifr also,treat the analyti

%geometry of lines'in a plane. A good deal of the material in the chapter

..la familiar f previous:ccilarses; it is3ppeated here for purpose of

revieYand Ietenes!. You Ail probably,find.that the material of Sections

2-1, 2-2, 2:38;and 2-5 may be covered very quickly. It is likely that-the

matsrlal on polar oaordina tes, direction on a line?, angles betwden lines, and

the n?rmal'and polar forma.of ar; equation of a line will be new to most

4Udents. Tbe majority 9: the cless time shrld be sjent on these tbpics.

Many examples hate been interspereed. throughout the tAXt. Though these

.
increase the nuMber of pages in the chapter, hopefully they will belp the

studint to prOcee t. more-raihdly and decrease the need foir classroom explanation
. .

and discuss,ion Many more exercises have been included than any given Claes
-

might be expected to do. you will probably find it advisable to break the

ch4otenaintio two units for testing purposee. For this reason 41,E.mt of review

exercises hal been included after Section 2-5.
8

7-15 If the students are to get anything out of this section, th L

f

+11. isa.

by at

ifnderstan clearly the treatment of distance in SMSG Geometry. By the
, ,

Distance i,stulate, to every p.air of,different points'there =responds a
,

unique positpe number. It s called the distilnce.beti'men the points bicause

t-it is the "official" version o f the intuitive notilm of distance. The Ruler

litiler.iflacement Postulates enable.:p to make any-pcitr:t on a line the

origin of,allacordiAste system, and -96 make-either direction from that oeint

the positive one. However, we can not chooSethe scale. It is/already there

in the geometry. Betwegnness ana conixruen'oe are defined in terms of coord.in-
4 '1

at4,.and.th;Ls 000rdiriEXe systems are funUMenta1, in7the1aivelopaent of the

SMSG Geometry. - .

k . *

NeVerthelesso intuition 4611s us that ecale doesn't really matter: If,

two:boats are equally long,.'their lengthsfixpresprIn meters Eine equal just
4 *

as their lengths expresse& in felet'erliVlual, Let b, and be thee 100 0

,'.. ,4

I.

a

a

4
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cooF4inates of the pwitit 11, and "C ..on a lane, in a certain' coor,inate
lk

system, and a <.b < e . Thigh'ig we change the size of th sunits.(but nothingA.,. b
7

.,.741 1.,

0

else) in our coordinite,systed, WI and co are the new coordinates

of the same pointse'rhould fi dithat al <1:01 < . We.have nqt attempted 4-N,

-

to grove that we d vet1itsf4dom ineile'text. In order tc get siarted, '

on the *task before We have offered examples illustrating the.WAYs 4ftich
. .

"r

we normally assume thiS\freettoT intlaphying grometry. The examples themselves.
7

are trivial in diffictiltY and siare; deliberately chosen so; their puFRpse.ii

to Allustraie the manY as6umptions ve make in solving even a simple.problem

as well as the iMportance of these assumptions.

' 9 . The techniques of awalytic geometry are more saleable if we exploit jo
4 V4

the fullest the freedam to choose various toordinate systems. When the

occasions arise to mention this freedgm, we shall make much of it, usually by

invoking'a grandiose principle'as here in the Linear Obeirdinate System

Principle.

In this principle imill'axe actually postulating:a theorAm we could prove;

but the proof is difficul?for mOst students. We have indluded

the supplement toThapter 2, for able.students'who are well yersed in SMSG

teometry and'the concept of function, and who are interested in the deductive

natUre.of dathematics. .

Note,that the syMbol "d(R,S)" is den:fled in terms of4a fixed coordinate'

system. It would be-nice f our notation ,sflowed 4ks,rbut that would.make

it rather'complicited. It is advisable to stresserthis point.when the sytbol

is introduced, so the students will 1:)e reminded,of it every time they see it

later

4

10 The definition pt a directed Segment will probably seem rather unnatural

to the stuients. They will feel that the id4of the segment AB' consia'red

as running froM A to. B. iS quiteclear and they will wonder'Why we give

this strange definition. It;may help to ask them to try to defing the,concept

NI terms wlich are "official" in'our Plormal. systm. 1iTley will firld that any

deffnitionof this kind, ana.no 6ther kind is permisjiblc, seems unnatural.

This is not the first time the 4udents have seen such a deftnition.

They undoubtedly felt7they knew what the inside of*a triangle was before they

studied geometry, and most of them were probably surprised to find nut how'.

much trouble it was to give an acceptable def
a

inition-

12
8

,

J.
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.Exe,.orses 2:1

.

e,
t

1..,There shotzLã.be agreemea between th4 numP:ANObtained by comparipg
..>

.

,t ..

these measurement's andtholk Aubbers in' the-text.15How;ver, the degim 111P

A. . .

, . .

.

of Agreement Will dek,end upon' hoi well-the aUhdivisions of the Units are
.

, t.

eatimated..... Theyonttants of.proportionality.shoulh be coniistent. '

. w- . ,
;.

.
_

.2.. Ille side id tekstired-to-2 ance accuracy finethe resulis are:ORrivet'
-

. tir.a.plape ac4racy: ThedAperepency between -.5, ...and Ft.&4-,'4*

,
.. .. ,,. ,

4.

tab

:

210 sigV,floant:46catse tWard the samg to 2-p1tiCfaccuraF.y.
..-*

..-

..!-* -. ..
.

lcipefully;.-studentifwill be .061e.tp anticipate that the proper units

are feet; the comput'edwer,(12n h. =374992) seems db ideplized;

to be meaninglps.s.
. ,

, 7,
.:. . 4 e ,

The.answer depemd.upoiLthe source 9f ihe infopatition as to the

distance from New-Ye, 0 San Yranjisco. The answer'Should be ..clofire
i

.:. .

to 400 miles t9 the inch. .

5."\LAE155; repx4sente moj30 Miles; tiTe "line" from NPW Yogc td 8046-Francisco. .

'would be dpproxIpately 9.2 inches icing...
$ .

6. The bicyclist travels at the rate of 8 mi/houi.

at the rate of 32 km/hou;l.or as 20 mi/hour7

a) 8t 20(t - 2) distance apart at time t

The friend travels

One hour after the

friend 'begins (t = 3) the distance apart is 4 miles.

When the distances both have traveled are,Olual, 20(t - 2) = 8t

1
and t = 3 hours. The aii;tance is '(approximatelY) 27 miles.

3

7. Rate of bicyclist A is 4 milesnlour.

, Rate 9f bicyclist B is 5 miles/hour.

Rate of prepoSterous bee fs 10 mires/hour.

a) lot + 5t , 3p

b)

IDistance bee traveled 2'X 10 == PO mi.

4t + 5t = 30

9t = 30
. -.

-10 1
t 7. or 3.7- hours

3

15t = 30

t 2' hour

1
Total distanc bee traveled - 3-r- X 10 or

3

1
3--*mi.'
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16 ' The statement oftile Linear Lbordinate'Sistem FrincUle cleariy AdLates
. . .

Ithafthe meEisuree of distence are;r6portibnii, but it id pqhdp not Fa;
.,

1.'ear.that the criteiia for o'rder, or beiweennossl.alsolcarry over in the

-coordinate.systems which We consider. It is not atriTial Ritter to show
.

., ..-..-
/ .

.

1 :tbat it does._ UnfortunAely anynimierical'exemple'you14 be.hopadailly ''sf

. . . .
..

artificli1.- Ah illustreition of this idra 4an be^foubiiiiPhyitcs. fhe
. .

.
.

, ..--

\ boiling point of alcohol is between the,1q0i1ing poiet of waler anag. 'the 7

fr6iing poirt ofowater. dile relstiónahip dr.bet.4eenness Would hold7for.the
_

e.

..

-"corresponding temperatui-es at ttlese_points, whether indica4d iphe.,
.-

1Fahrenheit or the Centigrade scales% .
4-

..: .

.

i

A

-- ° 4X
The notioh of a point O

. .- (
f'division may be extende4,t6Ahclude the en4poinis

of the Segment and ;Oints external,to the 'segment, but"direldted distance'
. .

timid be used in this case in order,to hssuie uniqUellea.. If in tbe,ectwation

511.(P.,X)
_ t,,,we'd4ine 'TUX to be thp'direeted.distinee.frmn- P to, X and

ci(pA) 1 ' .
.

e

.17(P,Q) to be the Arected distance frbm P to ,Q may write
4

-1

In this ease, when 0 < i < 1, we still obtain internal poiLts of division.

When t = 0 , we obtain the coordinate oft P4when. t = 1 , we obtain the

coordinate of Q. When t < 9.1 we obtli \Itiprdinates of pOints in the
7.

ray QF which are external to PQ ; when t4>.L ,weobt' n Pointt in.the ray
.

PQ which are external to PQ

18 If yoUr students axe like ours, they will comprehend the'notion of a-,

weighted average even More clearly when it is dppliee'to test grades which

are.'lweighted" in calculating tine final average.

20 There is ditional material on'linear Combinations in the Supplement

to Chapter i; an in SMSG.Intermediatd'MAtheMetics on pages 3747376 siad,page

449.

The parametoric r resentation is equivalentto the extension of the

notion of point of division given in the note on page 18. If the SMSG
.

Geometry with Coordinates is available, you may ,wish to look at'the material

on pages 107-111.
. .

1 The material on the analytic representations of the subsets of a line is

more important as an introduction to later work than it-is.in itself. It

pruvidw; a review of the notion df the graph of an eqdlition and a reminder

141.°
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that conclitionis tethe.r than equations also have g;.apli:;.. Athfi stlikents ate,

not familiiar vith the yroperties of inequalities, it may bs pecessary to

spencra little time on them at this point..
.

+.

2-2

1
Exercises 2-2 .

. ""t

(0 -2 -1 -0 1 2 (i) -1 0-

1HH+1H+HIH .111411+11J11+,11

(b)
9

111H111+
3 4 5 k)

0.4. OW MO 1.0 La I 1.4 isis

I 1 + 4, 11101H+414,11104
ft

Cc) .0 1 3 5 (1) -5 -3 -1 0 1 ,2 3 7

I.HH1.1141H+H 11-1-44-01.14311\1

.(d) -3-2-1 0 1 2.3 4 5 6 7 (D) -2 -1% 0 1 2

411e41.-1H-+I-14 ÷1f-i-F 11114014+1111111

(e) _3 `,

4H--1-1-4-1-1H-1-1-1HF
(n) 0 1 2

(f)
-6 -4 - 0 4 0 t .11 2? if3.

14111+11111114111+1W++ I I 1 1 1 1

(g.) (P) 2 3-6 -4 4. 6 3 2

dir++""l'i-11.4?-?H-71-++.011..

(h)
-6 -4 -2 0 1 2 4 .6 tre

(i) 0 .
(r)

-1.111 -j 0 I 2 '79

lw f f+imr101 1



. (a) 3 (g). (x

4

.Alternativm.(x-; 3)(x- 4) ,-

-( (bc -2 .2cs< 2 (g) I3C 5/ 5
(e) if b >4: ., 41 1

x > a + 2(
isl.ternative:.5

1? ; 2b -.a ..

(d) x'.5...x2 + (x2 - xiY
. .

.,-

(e) (x+1)(x)(x-1)(.3)3 < 0, a-
I x

Alterpative: -1 < x < 0
or '1 <ix.< 3.

(a) 3ei / -3a

x-1

o

(13)

(±)

(i)

x< 3
, .sin u

qin 0

.

* a.11
> 0

*M.

(b) ai values of x such that 0

Ii. .(a) -m
. e

(b) m =

(a) m
cr--., \ .

4d) RI
$I;: .(r ,+ tr + 1 a = (r + t) b = (r + t) + 2
- 4 2. .(e) in = r +...42 a . r + t

3 3,
7 4 8 1

,

111, = -f a2 - a) 2(1.2 I.- r) + 1(82-0 = (r -r) +1 2

a

a

x

6

3

1

1
3

b = 8

b = r 1a
3

0

(g)
i.

PC 3
1

. 3 3

.

2 1 o 1 2

-
(h) m = l(r + a)

- 2

a) x

(b) x P

(c) X is between P and Q

(ci). Q 'is between P and X

(e) P is between X and Q

(.1'1 is between P and X

16
12

4



-

a

) 4t

(b)

e.

.2

7. (a)

(b)

(c) dcC,D)
d(D,E)

2 =

1 11 - 2
2 2 -1 1

1 .32? =

2-2 - - -2 .2
2

1 1

2 2 -2

4-9 -42

8. (a) b = a 1
3, c

(I) ) c b + 1
3 5

c d = 4

13 1.3 e

9. (a) T
1

=
2

T =
1 z

(c) T1=

10. P
4

or

Q = 1 or 4.

R = 6 or 12

13

17

a

.

4

4.-

a

14. 4

4



a

0

26 The teacher 0.117have to UsVis :tial judgmept as to how. much-Uneishould

be spent,on oCtIrdinate systems in:the plane lot'of the type we defilit...-.

....
FOr example, if we confider tvorn,1114,- perpendicular lines and on each

0
of them a perfectly arbitrary lihear coordinate system, then by the method

desctibed in the text there if egtablishedia one-to-one'correppondence
,

. b'etween the points in the plane and the ord&d,Pairs'of real piabers.,
.

, b 0
However, many tbimes become mote complicated. The aistinte between two,

t
. ..,,,

points, for example, is no longer gAven by the usual fArmula. Probably.
- .

no Aore than,a'few minutesshoulAe spent 9n this in dikes,- afler'whieh

. Challenge EXereise 4 on page 54 can be ass2enedlr,(Se Supplemeit C for
t ..

more on thip subject.) .

,

.

27 We may,. of course, extend tli notion of.point of division as we did on,
page-18. .

.

d

29 If tilt SIPG Geometry with Coordinates is available, you 'may want 'to

lookfat pages 543-550%.whel:e there is 4n alternative development of the

parametric representeitigrof the poifits on a line.

1. (a) M = (3,14)

A F (2,3)

B = (4,6)

(b) M = )

A , (4,6)

B (6,9)

1 1
(0) M 2, .d

1
3

(d) m

2

, 17
.11 T )

Ekereises al

18
111



V.

(Y) =

P
A

4 $

B = (-51-)

Ch. 12 (12(""
____6___4s2P14. 2PI C12

=

.P; + `P2 +1."--q.2
3. $ 3

(h)

(a) e-r-t)
.43 3

' jL.b tB=t-3--p

(I) M It' 2r -

A =
(7r s )

3 3

2r a
B =

.3 j
2. (a) x = 2a + 6h

y = 3a + b

x = 4.ka 2b

y = 5a -

x = -3a - 6b

I +

3. (a) x = 2 +

3 2t
(b) x = + 6t

y 5 - 12t

(c4 x = 3t
y Int

40 .

110 r

4

,

2.3

.1.

../

4



41

If, in

or

SimPnrYing,
1,

or, 3$64="1i.v.

40 '

c + d

44')C dy0 '70 1

x x0

A
or

: '70 .

These aie anditions dencrilAni pointkon lines. rrallel ttthey-4xis
t

,

'N

S.

pr xlsxis resiectively.
-

5. st. (a) Substiting inr quism (1) we Am, that
e

Chs, :

d(A,B ) ,./(' (-3)) + (-6))

1136 = 213t

0 -6

9

6
25

10

2 2
$ = Poinis A B C

2

(b)

ir

Check:

d (B,C) =

7

-1,42 + q-6) -

F 1E55 = 5,13W

:I' (OL

= 1T5N = 3.1T4

d(A,B) + d(A,1C) = 2i1 3-61 = d(1B,C)

.' A, B, C niult be collinear

d(A,C )2"..

-1 - 3 ? 1 -

-5 - 3 -

1.

- -1

-4 / 18f 8 not collinear

ci(A,B)'. 4(-1) 3)2
+ (4 (-14

150 2,T5

d(B,c) 4Z3 - (1))2 + ((-14) - (-0)

ci(A,c) /((-1y ())2 _ (-0)2
7557 = 4137

d(A,B) + d(B,C) / d(AC)

This verifies that the points are not collinear.
120 6

P

collinear*



hat: A (11-1):,

(4,7) ep 'and

F (1)-3)

Jr
4 '1777
4

:"Lg =
_ _10

. ,
i2 im 30

81a

-

30-38 :Palm' coordinates are a new topic for most students and care mustte

,
taken in their presentation. The primary difticulty is the Multiplicity of

the polar representations of a given point.

T. . 1
1

.

. .

31 - Other examples of the physicil application of polar coordinates ocear

in 'air and sea navigation. The path of a racing sail,boat beeting up to a

mark.may appeal toilsome students. The paths acrpss newly plan.ted lawns 7on-

corner 19ts bear this 'out) too.-

31. --/"Wi.the definition of the polargle it may be necessary to stress that

t terminal ray of the angle need not contain the point,4 ilitlit6 is a recurre;at
. .,

pitl1 in verbal descriptions. The angle POM is not the only polar angle

. %
1/4-

.N

1.4

of t int P .

2 The fact that (r)e) and .(-rje .hoth represent the same point

is-worthy of emphasis. A student of thp calculus must exercise particular care
r

41 inkthe use of polar coordinatei. If a carve is symmetric with respect to the

115Vgi!ay it is all tod easy to sum up the area bounded by the curve on one

same time subtract away an equel area on the
' side of the origin--and at the

tther. A judicious use df

'

3, price again we want to

any way which will make

In general) if P and 4

(p1,p2) and (q:1) q2) are

symmetry and boundaries is essential in such cases.

stress the freedom to choose our.amalytic framework

algebraic manipulation as painless as possible.

are'anytyla distinct points in any plane and if

any twb distinct orderea pairs of real numbers,

there exists a rectangUlar cooreinate system ill that plene in vhich
. ,

hermore) if we let (r1)0i) and (rip

. be any two disiinct ordered pairs of real numapetsthere exists a polar

coordinate system in the plane in which F (r)81)

that the change from (p1Ip2) and (q11q2) tO (r1 ) and (r2,e2)

P = (p10p2) and Q !q1)q2)

and (r21e2)'

17

9

NOte

was



f.

2-4

-

unneessary,; any twb:distinct ordered pai;s of real nUmbers may be,c0ordinates

6:t P and, Q in doordinstia systema of eadh tYpe- If at least one of the

points itenot on an axis, the. cooxatate bystet is unique0
't

35P Ammett's thdught should convirke you thlt the'nsual equations rtating

pblar anti rectaniultir doortliates arefrpletelydepeatent upoitapartldular

orientation pt-both chordinate systeiS in the eaMe.pinn.1 If either zoordinat,e
.. ,

syste0 sriduld, be inti*Oduced differently into the plane, we wLuld have to
P

develop new equations of transformation.

36 The ordered pairs '(r6) satisfAng equations (2)Idescribe two distinct
,

, points,.!but.onde th6 student has le4elope'd same facility. with Rola' coo

li will be-easy to choose the appropriate oneiit lf the sindenis are f4 ,

.

with the'inverse trigtmdmetric relations, they May prefer some equelvele

the follwoing defirlon, .

P . ((r 0 where .r = ifx2 + y2 / 0 0 . cos-1 A .r
tk

=sin X
r

where x
2
+ y

g
0 r = 0 ahd 6 is any real number.) Hopefully, 'a student

will ask what to do when x = 0 since one of ihe equations of transformation

is ndt defined. Soie otherstudent should be able to point out that in this

'ncase 9 = + y where, n ib any integer.
2

37 Example 5 is worth some attentionj for'the application of the Law of

Cosines as'a distance formula in polar coordinates is often convenient.

Again there is a loophole, fox it may not bA. apparent that the Law of Cosines

still'applies if 81 = (32-+ rkn where n ,is any integer. In betiOn 2-7

we shall have ocrmsion to point out tfa:', the relationstp described still holds'

even when the "yeAi'ces of the tiiavgle" are collinear.

38,40 There is a wealth of practice exercises here. Exercise 5 would require

seventy different answers if till parts were done; Exercise 10 has over'thirty

, answers. You will probably want tb pick and choose within this set.of

exercises, but there is plenty of extra drill available for.students who need

it.

A
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Ekercises

2.

0.*

I.

":"-;

(5,495°).

! (4;-5)
(2,0)(-2 2.Td°)

(2,ipe)

(-4;45°)(4,-135°)
(4,2i,6)

(3,-12e) (-3,0)
(3,24e)
(3,6e)

oirp ,210e)...

'AAA&
"RP oirs(4,0,)

19 23

)$0



2 4



-

5. A(2,270°)
(2,7960)

e
B(3 3d0° (3 ,-60b)

D(5,0°) olis

E(6,30°)

v7,600

G(8,900)

H(9,1290

1(10;150°)

1800)

K(2 , 210° )
2

14 240° )

Ei;50
5

(14),309)

(5,-o°)

(6 )

i009)

(8,-27q°)

(91.L2)40°)

(10, -210° )

(,-18o°)

N(6,315°)

(a) OM/
(b)

(c) (3,-P5)

(d) (4,04.7

, 7. (af (-/E , 45°)

(b) (21f ,315°)
Cc) (p, , e)
(a)

-12o°1
2

_750

, (

n.

-1",/ . *

52.(

3,1209)
e .

) , ;144')

(2.5,180°) q.19),

(-6:219°) .(6

P . Zif

( -8,2;f0?), ;(8.4
14, 4

(-913001 (94)

(i:63t)

745° )

4

62,9d),
ioe -

12e),

(-4,15o0
)

(5se).
(6130 0)

(7,160 )e.
(8190-6)

(?,126°)
- I

(10,3590
)'

- (3. it) a -4, , e
3Qbi

(1 -421) (- 1 601)2 .3 2

(-5,105°) (5 14)

(-6,135.°)

21

.1

't

(2,150°)
(2,240°)
6/,722°)

(1177 166° ),

1,)

(5,1050).

(-6,1e)

e
a



t 12-1s

8. ( d.(A,B) Alen A = (2,1500) and B =41216°)

242)2+ (0.42 - p(2)(4) 06s (2100 1500)

I ,ft

Using rectangular Coorldinatei
IP

A . (2010) rectanialar coordinates (4511)

0
BA2 (4,21e) tin rectangular coordinatev(.24c..'2)

A

. d(A,B) -7 k"..4 ; (..2143)) + (1 ( ) )2-

61) + (3)2 - 2/5

110 Using re,angulax coordinates:

A = ( .,4.) in rectarjr coordinates (-. -5§,h)

A

(-6Z2B = (124 -3,t in- re ctangUrat coordinates *-6q).

.

d(A0B) 2qC

A . (2,37°) B =*:(3:100°)

d(A,B) 14:+ 9 - 2(2)('3) cos 1100 - 37

d(A2B) = 44 9 - 12(.4* *

d(A,B) w /4 t 9 - 5.'45 //755 = 2.7,

(c) d(A,B)

(d) d(A/B) =

(e) d(A;B) = 7'

(f) d(4,B)=---525

,

26

22



.

.9(14 ale)

e 00,43,00,
4

0.1. C.

cE

'0211A"%TT Jp (5,60°)

0 (5,180°) (5,00)
4

12413i0°)
3 a

0

(1
3

24

(5,240°)

11!

(E6;400)
3

The twelve interior points of intorsectiop
-

*

(2/5 90°)
3

ftL=1"; 070°1
3 a

(5 $ 600)

(5 , 21e)

This chart shows the points

of intersection of the dia-

gonals of a hexagon insCribed

in circle with radius

one vei.tex at (10,00). ,

different from 0 are

(111/3 150°)
3

(15 330°)

120o) .

(5,3000)

4.

Jr-



2-5
VAVV!.

!

U. (a) ((-11krb 0(00 + 180k)(:)

(b) ((-1)kto leo t sk)

41-49 Studigis shou1 4 find little if any new material in this

included for 14view and completeness. V

section. It is

Tb.e geometric fora is usefUl in developing equat for a line, since

it is olOsely allied:both to the geomeiric picture since ike denomin4ors

are direction nuMbers for tbe linel-to tile paratetric semtation firthe

It correspc;nds to tbe aiMmetric.equations for,e Lipe in 3-space.

.43 Inclination is defined geometrically, since our point of view is

geometric. This definition may also prePare the student for the definition.

'of direction angles in the following section.

44 '114L that inclination is define4 even whei slope is not.

49 Since the general folo . an equfitton of a line does not reVeal

immediately,the geometric characteristics of the'line it is WorthWhile to .

develop facility in interpreting the geomettic groperties'from.the coefficients.

1.

2.

3.

5. y k(x - a)

y 3 . 2(x

y - 5 = 3-(x-

y = 3.x + b

2
- 5 =--(x.

3

2)

+ 3)

4)

ax + by = CP

5x + 3y = 0

7. Slope of is
3

2* - y 7 0

p = -6

7 - b

3

two lines are .para1lel.

4

q
3

q = 15 + b

y-intercept at (00-ka)

a b real nuMbers.

contaZns

slope of OB is

TOD lines axe perpendicular if and only if

(a) the product of their'slopes ie -1 Or

(b) one has no slope and the other zero slope.'

8.
+ 8 y - 8

2 8

24

.9



v 8,
9- (1)

(2) 5x + 6y 28 7 o

t(3)4 y 8 . .(x + 4)

(4)

Slope: -

(5YIr 2Eh=
3. 5

(6)

(7)

28x-intercturt:
5

=
c

-4

y-intercept: 1
3

10. (a) if b .4,3b ac / 0 , line is vertical., through (- 11; 0)

(b) If a . 0 , bc / 0 line is horizontal, through (0,-

(e) if c - 0 , kb l 0 line has slope it , through (0,0) ,

12.

0

(a) y = - 1: x +
. 3

(b) y = x 5

2 17
(e) Y +

7 7

(d) 47x - 2

fa,

/ 1 - 3 -2 - 2

(b) The midpoint of BC is (7 3)

can be .represented byMedian from . A
x - 1
-2

or 1.0x y - 12 = N,

The midpoint 'of AC is (.2 1) Arvi,fraol. (b) midpoint of

iS ( , 3) . Line 'ijoinini these two points is represdaed by

1 .

' ''-'x -2- y - 1
or 2x - y . 0 g

12

2 9

2-5
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4.444

13, Given the conditions of the problemi, it appears that there are three

possible solutions. (sketcy below)

(011.02)
ts

Triangle 0: This triangle its not satisfactory, since its area: must ,

be greater than 40 ; that is, its area includes that of the rectangle

with 0 and 'P as opposite vertices, and adjacent sides on the axes.

Tr-Angle 0: The .area of the triangle is 7 IA, . De slope of
1

BP = elope of. AB and

Bolving for a2 .

8
'a
2

+ bi
1

1
Subst1tuting into r2bt.1 1 we find that the positive root is 5(b1

8b1

Using a.
2 5' /

Ire find a
2

=
+ b

1

The evation of the line thrbigh (0,4) 75,0 and (508

the syumietric form iS

o r '5y + 20 = 0.
0 + 5 .

3Q

4

4.ng



1
Triangle Area of triansle 3 is 2 a2

.Slope,oi FS slope of .)

8 a2

5

polving for a2 s we see that

8b
1

20
SUbstltutins in area formula, bi = -zr and s2 8 ,

The evation of the line through (0,-8) 0), and (50 8) in

symmetric form .is

x -
5 - 0

4

40

p or 16x - 5y -

Since this is such a long chapter, you may want to test the students

this point.. With this in mind we have included a capes set of,review and

2-5

chalrenge exercises-frdm Which selections may be made.

Review Exercises - Section 2-1 throug4.Sction 2-5

I I I t
- 2 - I 0 3 4 5

2. (x - 1)(x + 2) 01

.27

II
2 war"

a

s



1:c1 < 3)

t c I I

. . 4 -4

lt. (x:

>.10...A..4...1.1.4.4.1.4-aL-L..4...isua,.1 11 4 4 4 7 Ir
4

One-spacel A point ftma-its to the left

of the origin. ,
-

Two-space: A line partilel to the y-axis

four units to the left of it.

6. The empty set.

7. One-Apace: A segment of the x-axis

aetweeno but not including the points

x = 2 and x = 6.

2-spacer A portion-of the gy-plane

betweei but excleing lines x . 2

and x =6.

8. One-apace: The portion of the x-axis

to the right of 2 incluAing x = 2

and to the left of and irluding x
v.

2-space: The portion of the plane to this

right of and inauding the line x 2 and

the portion of the plane to the left of and

including the line x -2.

e

3 2
28

---t-1798"t1"11

411)



Hf
1;7\3e-space: A segment of the x-axis be-'S °IgatAL

.\\ "

tween and. ineluding..the points x 6

and x
2-giace: The portion of the plane

between and including the lines
xl= 6 and x = -6.

<"1

'1 10. Let m represent the midpoints and t1
represent the trisection -

k
points.

.(a) m =.1

t
1

= 0 and t2
= 1

(b) = -2
and t2

= -1t
1

= -3

(c) m

1

11. (a) (2, i)

(b) (2 3n)

(c) p

12. (a) (2Z,2Z)

(b) 2 2

(c) §

1and t =
2 3

approximatelY.

13. 3x + 4y =

14. Bx lly 4- 446 0

15. 5x - 2y + = 0

(d) (43,236°) approximately

(e) (1,0)

(r) (1,i)

29

33

r.



16. y = -im5x 5 - 4./5

'17. y = 6

18. x.. 4

41411.
lg. The equation for. AB is y

The equation for BC is y

The equktion for CD is y

The equation far DE is y-=

A

The equation for 17 is y ..-34T

The equation for UP:: y = x

20. The equation.for AB is .15 x,+ y.- 64. 0

The equation for BC is y -'3115 . 0 :

The equation for .CD is 4 x y +

4sw.
'The equation for DE is .4 x + y + 64 = 0

The equation for EF id,. y + 34 y = 0'

The iquation for FA is ,/.3 x - y - 64 a 0

x 6
21. The equation for ri is

11/N

The equation for BC is not defined

22.

-3

The evation for 75 is x 4 6 j....

if . 3

The equation for Di is
'-3 34'

The equation for 37 is not defined

4, 3)3
The'equation for FA is

3

3

fa
3

is the slope of AC .

is the slope of BD .

\teethe slope óf AE

is the slqpe of

44

3 313



23. Let 't
1

and t2
represent 'the trisection.pOints.

For AR t1 . (5,4) and t2 =. (4.,21N)

For NU 2 t1 (1031N) And- t2 ..-113)Nr.

For FD tl = (-4,2)N) and t2 (-5013)

For , t1 = (.5, -113),49(i t2,. (-4,-215) .

For IF- p t1 = t2 = (11-3)3)

For FA , 4,-2.6) and t2 = (50-1/§)

tit

24. (a)

25 .

.P = (41215 ) or

(4, 34.) or

oi (9,1V5)(C) R = 4- ia

The inclination or s . 1209

The inclination of. . 1509

The idelination of . 309

The inclination of 60° -

26. Symmetric form.

displays direction pair' does'hot exist for lines

4

General form.

alwave.exists

displays direction pair

ease in computing intersections

ease in telling if' L contains (0, 0)

Point-slope form.

di4p1a7s algpe does not always exist

ease in testing Af P is on L

Slope-intercept form.

displays slope and intercept does not allanyo exist

Intercept form.

displays intercepts does not alvaya exist

displays a direction pair.

Two-point forni.-

usual way of finding'line must be used in different foi'm

through.two points 'lit' ;I is vertical
.1 2

.determines slope

.parallel to t. r axis

cOnceals intercepts

4

31

35



general form'

intercept form

general form

slope-intercept form

27. A:square as &own in the figure

slope-intercept

symmetric

symmetric

symmetric

f'.4S

28. It is interesting te hive students note what happens as the &natant

term Shrinks to zero. At this instant the square shrinks to a potnt.

The:teacher might ask whist hapieps when the constant is negative.

?P. The half-Rlane above a;ad excll!ding the line x - y 1.

30. The half-plane dbove and including the line x y 1.

31. The ntriangillar" portion of the plane helov and excluding the lines

x y = 1 and x + y = 1.

Graph for Exercise 17.

Cross hatch shows intersection set

36
. 32

,.



A

4

f

32, The graph of RI in 2-1Face is the vertical strip-of the plane between

and excluding the-lines x = -4 and x = 4.

;w,4A-2,tAx,
,

:% A

:^
%kit. 414.1061V.

S..\ : % t ''S Z :: . >SI .q. ,.... ,

N
I , ,....\ ,,, '4. 4440.:.: 4,V...i

'vs
.

;A- .7,:' Vh.nasz.W.,\-1

The graPh of. R2 in 2-space is the horizontal strip of'the plane between

and excluding lines y = 4,f y = -4.. The cross-hatchkin the graph

represents R.1:(1 R
2.

In one-space R, is a'segment between and ex uding points x = 4 and

x = -4; ;or R2 the same #tuation prevail on the y-axis.

1 '

fThe line for points 7 may be aNy'line.1 R1r) R.2 IS a single point,

provided the x-ixis intersects the y-axls.

.
In 3-apace, we ean visualize RI and R2 as the path of tbespace graph

for each separate set as ii moves perpendicular to the plane of the page;

y) 112 as a rectangular solid perpendicular to tbe plane of tile page.

The bounding planes are excluAd from the graphs.

N

a

33. If < is replaced by < the graphs wOUld be as in Exercise 18 except

the boundariet, would be included in every case.. For Ri k...) R2 apply

definition of union of sets. The instructor may very well use'this

grOup of exercises as an informal introduction to'families of curves.

/foie the role of the parameter.

34. Use two-point or point-slope or otherwise to obtain F = 4. 32, and

C 41, - 32). Science students need not memorize the formule; they can

deriVe it.

3337
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35 The separale graphs RI to R6 are labeled in the figure.
4n n R6 is the set of all points on the triangle and its interior

as show by the cross hatch.

,
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Chall6geEXerc es

k Good students should enjoy this tation witivideas that go beyond

the routine.

(a) Set of lihes parallel to y-axis.through p ints (x, 0) where x

ranges over the integers. e.

(b) Set of lines parallel to the x-axis through points 40, y) where

y ranges over the integers.

(c) The set of all lattice.,points of the plane.

(d) Includis all of R1, R2, 113. A, grill such as paper ruled in

cross section.

(e) Boundaries on the heavy sides are included.

(f) Same graph moved k ypits to the right.

(g) and (h) Notice effect of placement of minue signs.

(a) = f(x, y):[x] = x)

3

-1
4

*if

Of

(b) R2 = ((x, y):Iy) = i)

3539

-3 -22 -/ 0

-1

-2

-3



.1

(c) R3 = ((x, )r):[x]. xl (1 [(x, [y] yl

(d) = Biu R2

(r)

3 S. ,
de

-3 0 a 3

-2

6

5 -3

(e) ((x, y);f7c] 41)%

x, = + (g) R7 = ((x, y ):tx] (ny))

4-0
36

\
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.0

6

f.

01.

(h) R= ((x, 04(x].. 45,1)

2. ((I-, C):r .

(Cr1 0

a

t .

jciotted line accounts for negative values of r]

:r
2

= 0)

b

5

413Yr

4



I A-

(a)' 111 .I
g

(x2 xl) (

r)2

(Y2

(b ) d( Pi, P2 ) kt-)2(x2 - xi)2 4 (y2 L yi)2
a

( ) PQ and RS must either be paraller.or have suplenentary

inclinations. 6

)
.

Let a . ls: . krcaa part la) we know that for . d(120Q) = d(R S) we must
.

.

have (pi - qi)
2
+ a

2
(p2 - (12)2 = (ri - si)

2 + a2(r2 -
k.

But also (pi - lqi)2 + (p2 - q2)2= (ri - si)2 + (r2 - s2)2 .

Thus '2)(112 11.2

(1 - a2)("r2 .1102 Since or 11 We

Imow a2-/ 1 Therefore, 1 - a2 / 0 and vip, zee divide .by 1 - a2

Prom the result we see -that the distances in the y-direction nalet be
4

eqUal. But then thedistances in the k-dirction must be equal. .These'

condAions are' satisfied only when PQ and BO iare parallel or when.

- they have supplementary inclinations.

6. The graph of

The llne may te,wTitten

in a simpler analytic

representation.

4m + 3y - 5 0 .

(ax + by
`

+ c)k = 0 is the Same as the.graph of

ax + by + c = 0 . A simpler'representation is ax + by + c .

42



8.

9.

.t

3x + 23r - 1 z.

2X 31 + 2 = 0
2 2 -I = +

x
= 2 2

+ 2 3 32
1x

1.3

8
13

(3x + 23r - 1)(2x - 33r + 2) = 0 1

x y)( - y) = 0

39
43



10.

Oft.

'rational

rational

real

'copplex

12. (a) R may be any line co4aining the point except

L ((x,y) : x + y + 1 .

(b) S may be any line containing the point ,(- gxcept

L = ((x,y) 3x - F 0 I

(c) T nay be any line containing the4point (- 5,
5

1 (a) U _is the whol6 plane except for the points of

c.01, ((x y ) : y + 1)

tother than (- 151'

COI y is the whole plane except for the points of

L ((x,y) : 3x - 2y + 2 = 0 )

4
other than

A (c) W is .Che whole plane.

44
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14. There are two possibilities: Lo = ((x,y) : aox + boy + co = 0 i

SBA L1.= f(x,y) aix + biy + ci =, 0 3 may intersect at a point

(x01y0) . n tbis easel\

(a) 'R maw-be an'W line containing .(x0IY0) :except Li

may be any lin! containing (xoly0) except Lo 2

(c) T is the Whole plane except those Poiats of T. other.than

(d) U is the whole plane except th6se points of Lo
ether than:

(e) V' may be any line containing ( olyo) 0 and

(f) W' is the Whole plane.

LO and Li itay be parallel. In this case,

h.

(a) unless R is empty, it is a line parallel to Lo and Li eXcept

Li , when k = 07, R Lo whOL 0 < k R is between Lo, and Li

When -1 < X < 0 0 Lo is between Ili and R ; then k = -1 y R is

empty (the null Set); When k < -1 , L .1.5. between Lo and R

(b) The same argument holds for. S , but the roles of Lo. apd Li are

reversed.

(c) T is the Whole plane except Li

(d U is the Whole plane except Lo .

i

(e ) unless V is empty, it is a rine parallel to L... and Li When
1

. u

n t 0 , V . Lo ; when 133 = 0 0 V = Lo .

(f ) W is the whole plane.

15. (a) the.null (or emptY) set.

(b) the whole p,lane.

We include a copious 'set of Illustrative Test IteMla Pram which we may

wish to maie selections.

44 5



S.

Illustrative Test Items for Sections 2-1 through 2=2

L. If P and Q have coordinates 3 and -5 respectively in one linear

coordinate system on the line Apd corTesponding ceordinates -2 anal03

respectively in a second linear coordinate systen, what are the

corresponding coordinates of points with the following coordinates in the

firit coordinate systei
a

46,

2. If .14,A,and,B are the midpoint and trisection points of PQ

find'm a and b when

(a) P = 3 =. 12

(b) p 73 , q=l
(c) p = -2 , q = 13

(d) g . 2r + 3s , q 3r - 2s

If the coordinates of Q and R are 2 , x 12 'Tespectiveli,

find the value(s) of x such that

d(P,Q) = d(P,R)(a)

d(P,R) = 2d(P,Q).

(c) d(P,Q) = 5d(P,R)

(d) d(P,Q) 2d(R,P)

(e) d(Q,P) = j.d(PIR)

If M A, , and B arp the midpoint and trisection points of PQ

find the coordinates of M , A , and B when

(a) P = (2,1) Q . (-4,-2)

(1)) P (7,1) , Q = (-2,1)

(c) P = (-2,5) Q = (7,12)

(d) P = (P1,P2) Q = (11,c12)

(e) P = (1,r) (s + r,2s -.3)

4 6
142



.de

5. Fii Q and R are points in a plane with,a rectangular coordinate

. system. Determine whether the.three points are,col;inear if

(a) P = (-5,5) ,

P

tc) P (1,2),

(d) P = (9,-10) ,

Q 0 (0,0)

=, (8,73) 7

q= (9;10)
,

Q (-8,5) ,

2
6. 4k-line with slope - passes through (-314) If the points (1)17

3
.

and (5,q)i are on the line, find p- and. q .

7. Sketch the graphs of the sets of points on a ifine with the following

analytic representatilpa,

(a) Cx: -1 x < 4]

(b) Ix: Ix,- < 2]

(c) Ex: (x - 1)(x 43) 0]

(d) Ex: x(x 2)(x - 3)

8. Find analytic conditions which describe the'illustrAted sets of points.

(a)

.(d)

Find three polar reprethentations for the point.with rectangular

coordinetet

(a)

(b)

(c)

(d)

(3,313)

(-1,13)

(-2115,-2)

(e)

(r)

-(g)

(h)

(4,-4)

(1,$)

(6,0)

(0,'-12)



,

10 Find rectangular coordina'tes for the point with polar coordinates

(a) (4,0)

(C) (4g,45°)

(c) (6,-120°)

(d) (5/)

(e) (73,-

(f) (-4 41)

Wittiout changing to rectangular coordinates find the dista4de between
!._

the points whose polar coordinates axe

(a) (5,0) Eind (124)

(b) (6,0) and (6,-n)

-(c) (4,45°) and (5,-135°

(d) (3 If and (4,3E)/3
3

(e) (-6,- and (54)

(0 (-3,-90°) ;nd (6090°)

12. Find an equation in the indicated form for the line WhiCh

(a) .contains -(5,3) and (62.4) ; symmetric-form:

(b) contains (0,4) and (310) ; intercept form.
lab 2

(c) contains (7,-6) , slope - 3 ; point-slope form.

(d)*.
cottitaina

(13,-6) and (-2,12) ;' general form.

(e) contains (0,-5) slope 37 ; slope-intercept form.

(0 contains (9,10) and (-Z,4) ; two-point form.

(g) contains (-5,12) 3ninclination -4- ;,point-slope form.

(h) cbntains (5/7) and (5,-3) ; two-point form.

(i) contains (3,-6) and (-3,3) ; intercept form.

(j) x-in rcept 2 ; y-1ntercept 4 ; general form.

.(k) x- tercept 5 ; inclination 600 ; slope-intercept form.le

1

(1)

(m)

contains (-5,7) , slope ,# ;'symmetric form.

contains (-5,-4) inclination 45° ; general form.

(n) contains (7,-2) r slope ; synnetric form.
13

48
44



(0)

.(10.

(r)

(0)

contains (60-5) .and (--302) ; t-point form.

contains (304).0 Slope -2 ; interOpt form.-

contains (601) 'and (-205) ; alope-intercept fOrm.

=taints (9,3) and (9012) '; general forp,

contains :(43) and (-703) ; general form.

(t) contains (-504)

13. Show that the triangle ABC

inrlinatio4 ; point-slope form.

is a.right triangle if

A . p B (1108) $ axi C ='(-304)

14. *Find an equation in general form of the line attaining tge median

to Ride BC of triangle ABC if A = (-207) p B = (304) y and

15. Find the area of the triangle determined by the lines

1

2x - 8 = 0) P

12x - 5y - 53 . 0) j

4x.-'5y + 19 = 0)

In triangle ABC / A = (000)( B = (600) and C = (008) .

(a) The bisector Z A divides the Bement BO. in what ratio?

(b) The point. D at 'which the bisector of Z A intersects In
(c) Find d(B,D) and ..d(C,D)

/ 17. Find.the coordinates of the points in which the line that contains

(-8,3) and (3,-2) intersects the axes.

Answers

(e) 1

(g) -7

(h) -6E5

45 49 g'



(a) m7i, .a6,
2

(ia) ui = -1 n P 3

(4 R1 a ac 3't

r +
1E-t.211214) m

'
a .

.2 3 2

/le

1
3

8

-
m. 3

A = (0,0) ,B

(1,11

B = (A)
2P23----' 3 /

(r+ s4-2 2r+ 20 3)
3 3

M p2 C12
'

)
2

( 6-y t; (2-4- s r +2a -3)
2 2

5. (a) les

' (b) No '

(c) 'Yes

(d) No

1 -re
+2q

1
p
2 +21

3 3

4
2r+ 28+ 1. r+ 481

3 3

(Determine the distances between the

pairs of points; the point0 are collinear

af and only iittre sum of t*tmv Shorter

distances equals the longer.

use slopes; the points are collinear if .

and-only if the elope,of FQ equals the

Slope of PR 0

46
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7. (a)

(b)

-3 -2 -I 0

(a)
1 di

-5 -4 -3

a)

46.6.,4
V-2-3

1 di -I-1.0 1

1 I I I4561
1 di I 1

2 3 4 5

(x: -2 4) (x: j - 11 31 x: (x + 2)(x 1 ) < 01 4

or the equivalent.

x -
,

b) (lc -5 x cl) 2 (x: -x 1 lx + 21 3) 2 x: 2-E-...-71(x 5)(x.1)01,,

or the equivalent.

* (c) (x: x(x + 3)(x - 2) ... 0) p (-32022( 2 or the equivalent.

(d) fx: x -2 or x , (x: ix ?, fx: (x + 2)(x - 3) 0),

or the equivalent.

(There are,,,of course, lull ed possibilitiefor.ihe answers to this
question; we give only a few.

) (6 .1.) (1-6 -1-42!) (6,60°). 1 (-61246°) .
3

) (2k" ) (-2Z, ) , (2-/E1225°) ,

(6) (
, (221200) (-2,300°)

(d) (411/) ) 1 4,210°) 2 (-42300)

(e) (412;341) , (-14.12-,-14) 1 (4Z y3150) (;135°)
1.,210°)

(f) n (/2
74

in) (2_130o)

'7- -g
(g) (620) (76,n) (6,dP) (-62180°)

(h) (122,r (-124) 2 (12,270°) (-12,90°)



ta) (4,o)
(b)
(c) (-3 -3.6)

11. (a) 13 .

TcO 12
) 9

12. (a) H. 3

.(b) i+t
(c) y + 6 = tri(ic 7)

(d) 6x + -

(e) Y 5

(f.) 4 -

-Z -9
(g) y - l2y -1(x + 5)
(h) (y

(i) = 1
3_
2

(i) - 2y - 8 o
= x 513-

-104) 2 + - 7
(t) x y 1 =

x - y 4- 2

(0) y + 5 = _2 + - 6)

(d) (4,
(e) .43.4

(f) (-24,21)

7)

9).

(p) 1Y5 1
Os

(51.) Y 1-0L

(r) 9

) vY = 3
(t) y 4 = 15(x + 5)

4

52
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13. (a) (i(A,B))2

(d(B/C))2

C))2 =

(-1 - 11)2 + (-3 - 8)2, . 265

(11 + 3)2 + (8 - 4)2 = 212

(-1 .1- 3)2 4. (-3 - 4)2 = 53

2-6

Ah Since (d(A/B))2 = (i(B042 + (d(A,C))2 by the converse 6r the

Pythagorean Theoreini triangle ABC ib.a right triangle.with JACB

the right anfle.

(b),If*ou permit stUdents to use the fact that the product,of the

slops is -1 if and on1y if lines are.perpendicular, the proof

follows more reitdily'frosi the fact that

m (-

7

-r .
AC io 2

14. 3x + 2y - 8 =

15. 20`J

16. (a) 3 to 4

(b) (34 p 37)

(c) d(ByD) = 4 ; d(C,D) =

17. The line, intersects the x-axis. at

the line intersects the y-axis at

4

-

1

4

57-63 Most students will prebably believe they have a clear intuitive under..

standing of the iklea of the two directions .on a line and may feel the

AdiscusSion here'is pointless. As with the notion of a directed segment, f.t
'

may help:to askAhem to try to explain what'they mean accurately, using

terms with clear geometric meanings. When they find that this is not at

all easy, they may be convinced that our approach ts worth studying.-

57 The open question of lines without slope is considered in Exercise 5

on page 64. At thia point we abaume that the student recalls that parallel,

nonvertical lines have the..same slope. In Section 2-7 we sheik( reafirmqnis

.fact.

ma.

57 :,"ThWe shall use the idea 'of equivaent direction nuMbers for a line'a great

deal; if a student does not grasp thia idea noW, he may find it 4 frequent

stumbling block.

4953
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58 You mayswell note:ALIO hadowe chosen directed angles to describe the

lines in the plane, a singlosangle would suffice. However, a pair of

nonnegative angles is conventional and leads to symmetric representation; it

.is also desirable, sincp a triple of direction angles is much neater in

. 3-space. The eitensioArto spaces of higher dimension is immediate with the

-approach adoptiedfiere. 401

59-60 The fact that the pair of normalized direction numbers and the pair of

directilon cosines are equal is extremeli convenient.

.61 The context which speciries a direction fqr a line varies and ib, of

'course, l'requently qtlite colloquial, as "the line frOm P* to Q.

Exercise 6 on page 61e asics for a,justificationthatthe alternative

direction aniles tor a line are respectively supiplementary. .

The in&rmation developed in the solution to Zcample 4(b) is quite
udeful. The student should,develop facility in extracting from a general:

form of an evation of a line direction numbers and directiOn ciaine.'s for

the line.

The importance qf Example 5 may pot be apparent. It provides wilt little/

initfal motivati9n there iffoi the ncn1 form of the equation of a line.

64 Exercise 7 mifht well'Ipe discussed briefly even if it is not assigned',

ror it develops a relationship which is useful in relating the equations of

a line in polar land rectangular coordinates...,

1. (a) (-3,4) or

(b) (4,1) or

(c) (0,0' or (0,-6),

(0 (-5,0) or (5,0)

(e) (1,1) or

(t) (2,2) Or (-2,-2)

(q) (-1,1) oil (1,-1)

(h) (-4,4) or

Exercises 2-6

54

it



2. (a)

(b)

(c) (021) or (00-1)

or (120) 6-

(e) (-1°- )Qr 4- -2----

-1-) or -
- z

it)5 5
4 or ( )

af- vrr A-f

-(f)

. (g)

(h)

or (.1...\2.--)

or
F

*.

3 (a) a . 127° j 'f3 . 37° or 'a . 53°, $ fi on 143° (approximately)

(b) a = 760 43 ;14° ; or a . 1014° s(ip ex 166° (approximately)
(c) 99° oci ; or 900 1800

.
(a) a.= 1800 , 900 -or a = CP /

900

(e) a = 45° / p = 45° ; or a =1135° p = 135° .

(r) 45°. Le or a . 1350 0 fil -2-, 135°

(g) a . 135° y 0 = 45°' ; ,or
gi-lw 45: '. 13 ,1-35°

(h) a . 135° f3 .-- 45° ; or a -= 14:5-
..

(a)' (30-4) (2/4) (0,-3)
4 4

o 334 definid

t
(b) ( or any equivalent given by (?. c' 31 0

= 53' , f3 4143° ; or a = 1270 0, P. 37°.

(1,6) or any eqiiivalent given by (cob) , c 31 -0..

0
o 0 . 9CP or a = 180 $ p = 90°

( -1) or any, equivalent given by (01-c)

a = 90° $ f3 = 180° ; or a = 90°

1 21 or am equivalent given by ( _-,) c 31 0 .

= 117° ;.sfi = 27'° or a-. 63° O. = 153°

Sc 0
oo

'2 1
2c e \0) or any equivalent.given by X--)

05 15 --]
t ;5 15

a = 153° 1 p = 639 ; or a = 27° 0 = 1170

51

55

0 .



(c) and, (d)

a

A pair of direaion nutpbers .determined by Po and P
1

are

Y;) mi = Y1 - t 0 s

A pair of direction millers determined by Po and P2 are

:( 24r.a2) (02), xj; = y2 - yo / 0 and

Since mi, / 0 and vo / 0 I both

m2
c and c

2mi

axe defined and not equal to zero, _Thus,'

(12 ift2 aud ( c212 (11 41)

3,0) and (o0y2.- yo)

axe equivalent pairs of direction numbers for the vertical line.-

.6., cos a _
. Coss _42 m2 I? le

-mCOS a° COO p12 m2 12 m2

So cos cos p = - cos p

-Hence d'. a + pn 0 = + 0 + qn
D

.0 1 and
/

areTbetween 0 and g,

P + n, a'+ a
7r-

PP q odd integers but

so the only solutions are



7. (a) In the Figure 2-13a ILO = + . Therefore'

sinp . sin q - 0) but since the sine of 401 angle is

equal to thi cosine of its oomplerent

sin 03 = oos p

2. In Flake 2-13b 0 = p + 2gn. Therefore

4

2-6-

if

3. In Figure 2.a3ci + = 180 + an nd =
2

-. p + an .

The.reault is the same as part 1 above.

4. In Figure 2-13d; - = + Pan and CO ge . A + an

Therefore sin a.) = sin (1
2,

Since-

_sin . sin cos + cos -g sin p

1 and 'bos
2'

sin 00= cos p

CO 1. If the positive iNy lies on the positive half of the x-axis,'
2nn

.1

and 13 7

ki

Since we wish to shov that sin a) = coe p we mai substitute

and see that

a
. sin 2gn = cos - = 0

2

4

r



2. If the positive ray lies dh the positive Self of the rmapits,

sro
+2nvad=OandsjncoaO

. If the positive ray nee on theonegative half of the xmaries.,

=. + 2itn and v. and film i = cos off so 0

4. If the positive ray lies on the negative half .of

1n'= + 2ansp=st and en 121-t = moo= -1

8. (a) (-202
a

(1_2 :.1.)

15 15

0
a = 153 r3

(b)' -2 .1.)

(zz

1530

(c) (6,5)

= AT

=63°

'a 4o°' I a 50

44

;%A.

65 It is traditional to talk about the angle between two lines, but present

standards of precision'require that we take account of the fact that at least

four angles are formed when twD lines intersect. These anglesocan be distin-

guiahed in a diagram by various methodsl.but all of these methods must induce

a sense along eadh of the lines.

.58
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S.

67.68 The,seomniodi solution to EXample.(2) is given as a Suggestion to the

student that once life has recognized ti3e form of the equations of the lines

norMal to a given line, he'may write immediately the equation of the =16'a--

containing a given pant. '

66 Sometimes the results Of our analytic approach describe additional

situations not usually approaChed in the same way geometrically. .The

situation here furnidhes a nice example of this.

69 Example 3tb) is also offered:to show the student how he may use an

equation Of a givsn line in general form to write immediatelyan equation

of a parallel line captaining a given point.

70771 Since (b1,-ai) had (b2,--a2) are pairs of direction fiumberp far the

lines Li and it respectively, we also:note that

A
21222

cos e =

in2t.

c?' 0= AiN2 1- gig;or

In EXercise 12 on page74 the student is asked to develop thia relationShip:

It has some merit when the lineó forming L S. are directed linSS. In this

case L e is the angle formed by positive rays of Li *and lit with

endpoints at the point of intersection (if any) oi 'Li and It ...EXercise

15 on page 617 elso calls for suCh an interpretation.

71-72 Example is really a lemma to be Used in the development of the normal .

form of an equation6Of a line in the following section.

or

EXerrises R-7

1. (a) d(A,C) d(B,C) + d(A,,d) $ by the definition of betweennesd for

points. This is equivalent to

d(A,B) = d(A,C),- d(B,C)

which.implies

(d(A,B
(40,y0)2

(a03,0)2 - 2d(AIC )-d(B,C)

since cos C = coe
o
= 1 ve may, write

(d(A,B),)2 = (d(A, + (d(B,C),)2 2d(A,C) d(B,C) cos

55 5 9



2-7

(1)) Here 'we

which implies
A

(440)2 (gAY0)2 (000).+ 2d(V) dOsb

since cos C = ODS 1800 ,= -1 we say wilte

(ICCO)g 27'

.(4A20)2 6(B4O2
24A, C) c1.0320 toe C .

2. (a) E4ustion (6) states that

cos 9
411a2

+ b b
2

h.
1

2
+ b

1
St 21 57:77

Sdbstitutina into Equation (6),:,

ala2
cos e

10 if 2 .

cos 0 =
+- a
, 2

152 + b
2!

Let a be the ihelizzatton of L2.. Then the.measures of:the

angles 0 between El and. L2 are 900 - a and, '04-a.

cos 9 cos (4,CP - a) = coB 909 c6m a + sin 900)4n ci sin a

or

cos 6 Wicos (ck+ = cos 96° oos a -clan 900 a n a = - sin a .

Also we have tan
sin a 2

cos a
,

b
2

b
2

sin a . -a cos a
2 .

,

and b
2

2
sin

2
a = a

2

2
cos

2 a 52
2

kl - sin
2

This is equival4t to sin2 a -

and

a
2

2

a
2

2
+

2
sin a =

42 77712

56

= cos



(b)
a
1
a
2

cos 8 =.

,

,r--2--
a2

o
o

or 1809 , .iltieh is the case for parallel lines.

3. It and L5 'are the same lines

LI and L4 are the same limes

It is piergeZITalwr to 5. and

9 = 7°
6

0 = 90

e,F 45°
Er 830

0.0 O. (lines-are parallel).
900

5. The'Slope of OF

Since Ill m =

6. I ra,' 2x = 0

is

p

(b) 3x 4- y - 8 = 6

(c) 3x 4. 2y - 17 =,0

(d) x - 3y 5 = 0

(a) 2x - 5y +.31 0

(b) 2x - 3y,+ 17 . 0

(c) - 6y - 13 = 0

(d) y=7
(e) x

and the slopvof OQ is

8. D = (4,-8) .

3 possibilities; (12,2) and (-20112) are the others.

9. The slope of
4

y 2 =

57 61

277



2-7

4100

10. (a), AB : 2x Ty - 17 = 0

: x it_s 3x + Oir ,- =

2
tio) 13S 7

". m LCBA = 151°

2 + 7
cos 0

1
=

4T7.77-4 + 49

?9°

.874

/ f

.The angle desired is the eupplement of 01

01,
LBCA

cos = .910+

+ +

= 21f°
2

B1 =

6 + 56cos 93 .997-

4- 119 1/9 :I' 611.

'

(d) Altitude to side ri
7x - 2y + 29 = 0

Altitulto side BC

x -,y - 0

Altitude to side re

8x - 3y + = 0

11. (a) .Lit = ((xly): blx r

y = ((xly): b2x a2Y = 0 )

1
a
2

+ blb
2(b) , cos

412 bi 07772 2

62 58

411

4.

Ir'

and _using Eqbation (6),



cos 40,= "1-4,a2

)2 4;

2-7

If Li is j to Li and L2t is r.,.thei tie., measure

of an angle,iketlieels, Li and 112 is egg;a1 tkt the measure of,3 an

angle ttetween Lit and

(a Li = ((x0):

((x0):

butt.

L2.

+ + = )
-6' 4

7\2x + I-12y + c2

cos e = r
11?P2

J.2 1;12
42

2

+ 412 W22 2 4:

.. COB 6 7'1%2 + 41Y2
,

(1) ) If cos 0 is positiie e fro 479CP and Le
forised by Li and L

2

d

( c ) AS snme.
14.3)-112t /

/ A2
ni2 = - Tr.-land

7+r:2") = -1/ Euld
2 2

?'17'2 4142

21204.=

.s.$ Conversely a s sume
1.7\2 4142. °

but + j2 0 cos

and cos 0 =

. 8 .,soc' and

Li I- 142 *

59

is the least angie

or

t

r

A
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2-8

75-78 The nOrmal form of an equatii:4 oi a line is troubleaqMe to

iltudents have usually not considered the characterization qf a

normal segment from the origin. Therefore, the argument for

develop it at all must rest upon its applications; it is not

extension in the students' eyes. With this in mdsadl berore beg

seciion it might be helpful to challenge the students V find the

between a line and a point noi on the Once they have been forcedrto

theatrouble of finding (a).the slope of thp pe;pendicaara to pe given line,

(b) an equation of the per;pendicular containing the given point, (6) tile

point of intersectlan 4f this perpendicular and the given line, and (d) the

distance betwee4ibe point qf intersection and the given point, tlry may be.0
4,

more in a mood to pursue a development which solves this problem more easily.

76 The conventional notation-does lead i; confusion here.- Xi is easy tor

*the studedt to confUse the coefficients in the nor7a1 form with the direction

cosines of the liy_itself. Emphasis onithe,r7ason for the name "normal t
tore MMY thorten le period of confusion. 'Then, too, an oral-drill on the

following information to.be gleaned from the normal form may hell.

41. If X 0 and p. > 0 the line extends above the origin from upper

left to lower right; if X <0 and p. > 0 above the origin from lower left

to uppek righty if. X < 0 and 4 < 0 0 below the origin fram'upper left to

lower right; if X.> 0 and 4 < 0 below-the origin from lower left to

upper right. If X . 0 and . 1 0 the line is horizontal and above the

origin; 5, = 0 and 4 . -1 horizOntS1 and below the origin; if 4= 0

and X4-1 vertical and to the right of the origin; if = 0 and X =

vertical' and to the left of the origin.

develep, for

e by a

thpring to

all natural

stance

TO make sense of this pformatio a student will have to keep in mind

that (7,4) is the pair of direction neti of the normal segmentY

77 'The fact'that,authorities differ in

origin has a backhanded sosA.'bf

reason to reco

1.5 ; there

e case, of lines containing the
' -4

ignificance. There seems to be little

a different which'.does not make a differendb. E.g.,

no numerical difference.

78 If4our students are Slready versed la:the parametric reprbsentation

of lines, there is a neater approadh'to the problem.

fte.

The line FP
a has the parametric representation

y
1

4. .

4.



a

r

With this.representtEion itt is the distance between (xsx) andi

Pi (x1sy1) 14 particular, 1.f we let F = (x00y0) s for some t .F

haa\a rrese7xtation

xo '41

Yol= 4t1

40 X1(= At1

yo 3,1 47 lit1 y

dCP - x1)2 4. (yo - y1)2 -
.

+ )
2

-

+ = It1

Since the point 'F = (x0 satisfies the equation Xx +

We haVe

761 .Xt1) 11(Y1 t .

Whieh is eq4v4ent to

-
,(A2 112

d(PisF
Ax]. +.43'1 I)

With this approach we 4o not have to consi,der the five different cases.

P

2- 8

a

7 82 The amount of classroom explication necessary on the polar form will-
.

depend upon the students' background in analytic,trigonometry. Some '

familiarity with the addit1o4 formulas LI essential. These are develoioed in

SMSG Initermediate'Mathematics, pages 605-6101 and, of course, in any standard

trigonO6etry,text.
4 A

79 :tit this point you may wish to consider that since P (.!rS +' , the

'Ane also has the polar representation

cos +In - cui) p

This opens a question to which we shall return in Chapter 51 when we consider

.related polar=equations.

80 Althugh the polar angle which contains the normal segment to. L is

the same set of points as the direction angle a and Zcs - La 1 our

conventions for measuring tkese anglea are different. The measure Of Lcu

f 61

4



a

tiTP,

may be any real nuMbefi. while 0 < a n (or 0 < a 1800) . Thus, even if

we choose an Iso..,suc.4 that kni is minimal, we still are assuredo'041y

that lad = a 0 or 03 = ± a . Howe'ver, since co ;-.± a 4- 2nn for apy integer

n, in the'casqowe describe, we do have coa a.) = oos (2nn * 0) L-cos a

The test should read .co = f a + 2.nn for any integer n

81 'Students may:not be familiar with the techniqueof "normalizing"

'Coefficients in order to rewrite

where

-
° X2

a cos e b 9 a s + b2 4"f'

a
sin ai - an

47:7

or as 42 + b2 Coat2 - 0 where

COS

a + b

elf

cos pi =
a

and sin pi

+b2. eir4717

Therefore, you may wish to consider Other examples tban kart (e) If Example 5.

84-85. In assigning exercises you may well wish:to con7sider EXerdiss 7 through

90 which suggest a further application of the normal form, and aercises 12

through.170 which furnish practice in- transforminetquations from,representa-
,

tions in one coordinate system to the other.
-

These last exercises open questions which will be considered in detail

in Chapters 5.and 6. In the algebraic manipulation of polar equations we

may frequently do some rather (wild things which woad.get.us into trouble

in rectangular representatiOns. The.freedom we-exploit stems from three
e

considerations:
4

i) the mUltiplicity of the polar repreaentations of a point,

ii) related polar equations (See Chapter 5.)

iii) -"factoring" equationu. (See Chapter 6.)

For.example in Exercise 13 we suggest multiplication of both members of the

equation by r In rectangular representations such multiplication by a.

factor containing a variable iu quite likely to add points to the graph, but

here the points (0,0) which might be added, are already included by the,
1

original as (01(n + 7) TO where n is any integer.



.4

2-8
vet

In Exercise 12 we.flrst Obtain 1`

r
2
. 36 , or r

2
- 36 (r - 6)(r + 6) O.

Nolt the equations Obtained bi setting the factors of the left meMber equal

to zero,

r = 6 and r,

are related polar equations (Ss defined on.page 167 of the text), for they

-each have the same graph/as r
2
.-36 . Since each is a simpler representation

of the graph, later on,we shall prefer either one to the first,eqpation.

In Ekercise 17 we first obtain

(r2 r n 0)2- r2

'divide both metbers by r rue obtain

'(r + sip 0)2 = 1

but we have not lost any points from thp graph. The pole is the lonly point

.4e might have lest, and it is still represented bk

1(00(n 4- t)g)

n is any integer. Then We may factor to obtain

(r - 1)(r + sin e 1) 9

where

the equationi

= 1 - sin 0 and r. = -(1. sin 0) ,

.,Which are/suggested hy,the'factors'of the original equation,'axe related

polar equations. Their graphs ate, identical to the graph o5 the original

etilation, and either one is a far sImpler representation,.

1

In summary, multiplication or.'division of-both meMbers of an equation

;by a factor containtng-the v ariable and taking the square roots of both

4,
members of the equation, are'txchniques which are fraught with-danger and

- . .

seldom desirable, in,rectangular repr6sent4tions. They:axe moreirequently

acceplble and even desirable in polan representations:

However, we are not suggesting that the teacher shoulod open thede questions

now. Thy will be considered in Chapters 5 and 6. To discuss them now
- .

'would probably only confuse the students'. We prefer that the a.nswersto the
-

exercises here be left in the oritinalform obtained withoUt any attempt at

siiplification. Rather we ineiude this discussion to alert the teacher to

the questions laid open and tp prepare him or her for the questions that may

arise from curious and inquiring students.

63 67
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2.8

tb)

- 12.4c +
.5 5

1 + 1-2-y3 13

- 3 -

- 5.. 0

Exercises 2-8

y i2 . 0

(g)

ic) _1L.y = 0

Igg /34

-A-x -7-
A-5 115

(11)
8

Tfc
r 32

4x - 3y + 0

tkl)120

01)

a

0

r'r`' ,

a
5x + 12y - = Oe

Of course this ip not_an efficient way to 4-sw the grspb. The

,exrcise wasTut in tb help familliarize the students with this form
e

of equatioh for a line. A
4.

3. (a) r sin 0 . 4

-(b)1 r cos e . 4

(c) e . 6o° 0 Or e =

r Oos(e - 315°) . 3 )

4. (a) r cos e - 14.

(14 r sin e 4 0
6

(e) i'cos,t0 - 300.

"x
(f," e .4.. 45° p. or

pop ((A) r 9 J 1 50P ) .= 2

Oai r cos (Er+ 135°) = 2

(c)
0

0 = 90 , or e
2

(d) "r cos e i sin 64 2 0

(e). 3r cob 0 - 2r sin 6 +.6

Sr)
r cos e r sin 0 . 2 .

(0 15r sin 0.- 82. Cos 04 34 , 0

\ 6864)
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2-8

5. (a) p is on L s then 1Nxi + 1 = 0 But the distance
1

.0101 from P to IA is zero ',when P is on L.

8.

07)
A

P is an the same side of L ap 0 ; P is closer than 9, to
.

1

L T.n this ease d(ElsF) = p,- pi + pyi

(el Al! is an 1?be sane,side at L as 0 ; and '0 are equidistant

from L Inthis case Li cgontaina the origins .pi = 0 0 'and

duitn = p - pi . + PI

(a)
-13
58

(b) 22 A

5

2 0

A-7

(d)

(c)

-

(e) .0

A paint P6 = (x0016) 'on the bisector if.the distance tram

is equal to the distance P to L2 .

Then rram our distance formal me have

3 4x -y 4- 1 112-x -4- - 11
5 5 '13 13J 0

Taking both Choiced for the s

and.

yields the two desired quations:

21x 4- 77y - 130 . 0 ,

11x - 3y = 0

7x t 9y - 152 = 0

99x - 77y =, 144

1?Ix 11/Y - pll IN2x + P.2Y 1321

?%2)x (PI 112)Y (PI- P2)

(X1 X2
(p1

/-1)Y (PL P2)

65 I

-gives us

O and

O .

0



2-8

10. x - 3 .

11. r cos r sin 0 ..- o

13. r = 4 oas 9

r2 4 r cos

(x2 4.'*3r2) ..4x

x' - 4x y
2

0

When 0 = r = 0 Thus the pole is in the graph of the original
2

equation. . One 'must make this check because both sides of the equation

have b04,multiplied by r r = 0' is then a root of the new eqUation.

14. r =46 cos'0

Note hat the pole ie in the graph of the equation. Then

or x
2
+ y

2
--- 2ax

15. (a) y x

(b) y + 4 . 0

42 y2

2 2
x + = 25

16. (b)

(a)

7 0

(c)

.k
4

r
2
. 2ar cos 0

4



17. cos e

(b) bat the pole is in theograph of the equation. Then

r2 = 3r cos el 3r sin e

2 2
x y. - 5x. 4. 3y = 0

y = 4 ,

or y = -4 .

(r2. + X sin 02 r2

% .

Review EXercises - Section 2-6 through Section 2-8

1. direction nuMbers

(a) (70-10

(b) (25,24)

(c) (-617)

(d) (716)

(e) (3,-3)

OR

(f) (4,1)

direction cosines direction angles
(approximately)

a - 55° , 0 = 145°

4147r'- /149

-

24(EL
/EMT, iffdi

1460 0 = 50°

In

7 6
. 4i° , = 49°

AT5 ig5

n, 17
a 45° y 0

a . 600 , 0 =

le

309

15 15

t! 7

630 1,01, 2

1530 630

a



2. The points axe collinear if two line segments determined by the points

have the same slope..

(a)
13-1 12 4

114-4) 15 5

13 - 5 8 4

11 - 1 10 5

. 4

a -(-5) 6 2

10 2
1 - -5 y

23 - -1 NW 4
17 - 18,

N

(d) -4,- 8 -12

17-777 3

-4 -
0 - 5 -5

3. d(A,B)

4. : 4x - 5y + 17 = 0

AC : 2x + 7y - 1 = 0

440

BC : 3x + y - 11 = 0

d(A,C) =

length of altitude from A
1E5

length of altitude'fram

points are collinear

points are not collinear

points are collinear

points are not collinear

.1!53

length of altitude from C 38
AT

6. area (4A1C) . 19

7. (a) x(2171 415S) + 71714-1-. + 5;53)

(b) x(4155 + 3/71)- + y(-511.5.+ AT)

(0 x(245 + 3153)-+ 30115 + 153)

d(BIC, = 245

- (147 + 17153) = 0

4- (17115 - 11.17I) . 0

(1375 + 11153) 0



8. (a) d(A,L1) = d(Astt) -151

(b) d(B,L1) = d(B,Lt) a(B,L3

( d(c
4

d(C,I4,2) = 5 d(c,L3

IFT

9. (a) x(10 3/13) y(-15 4d13) + (30 + 12113) --. 0

x(10 +.311.3) + y(-15 + 41/1S) + (30 - 12;13) = 0

(b) x(215mT, ITS) + Y(-3/5 + 211S) +-(645.- 417,3).. 0

x(2/51W - 2113) + (05 + WI]) . 0

(c) x(315 - 5) + y(415 + 10) + (-1215 20) = 0

x(315 5) 4' Y(1145 10) 4. (-1215- +.20) = 0

10.
6 -

- c

A 17' 17

12. 91
82°

e 98°
2

(

63 8
P

13. Li may be written 3x + 5 - 19 = 0

112
may be written 5x - 3y + - 0

('e) -§-

1'5

If a1a2 + b1b2 . 0 the lines are perpendicular

Substituting

and

/'

14. Find the angles between L1 and L2 , Where Li contains the points

(3,4) -1,-1) : and L
2

contains the points -4 6) 3,0)

3) (5) + (5)(-3) = 0

1,1 11,2 .

1°7

Solution. Since no sense is imposed on Li and L2 we will find their

angles of intersection.

4r We may take as direction numbers for Ll , (4,5) and for L2 , (-7,6) .



sit

15.

(Why?) 'Therefore:

(4)(-7) (5)(6
cos

42,2 )((_7)2 62

V
880

2.034

We ropy, most simply,* find the qther angle of intersection as the supple-

ment of. 0 but it ie instructive to use equivalent Airection numbers

for
1

Which have the effect of reversing the sense induced byAe

first choice. We use now (-4,-5 ) and (-7,6) as pairs of direction

nuMhers and get

cos 9,
-4)(-7) + (-5)(6)

-
(..5)2 14_7)2 62

).1

- 92°O a.

which is, sas we expected supplementary to 9 .

cos (",g)(kg) +(itM .647

a 47:71 /149 9

= 130°

16. A - (3,4) B -2 c (6,9)

4 -In

Since

ra.

BC

2_7,_ 2

9 - 4 L.)

m 6
XT 7 3 '

mAB RAC (- 1

± AC and 6ABC is a right triangle

74
(0

a

034

a.



17. (a)

. (b)

(d)

(e)

1.
153'

112

24

-1-y .
158

0
-.5g

.= 0

0

153
20x+
29

4 3

15g

x - #.=

1111;,(a) r cos (E) - 60) = 1

(b) r cos 0

ec) 0'. 147°

19. (a) x + y = -5
(b) 3y - 4x 12

20. (a)' r (8 cos e 7 sin 0) = 56

% (b) r (15 sin 0 - 8 ips 0) - 180

Challenge Exercises

a 3
1. 3x - 4y + c . 0 or ax + by + c _ 0 ith .

2:14111K 3y + c . 0 or ax + by + c 0 urith
-3-

a 4

3. aX + by - 0

4. y 3 , m(x - 2)

43.
y - 4) (Fixing the value of m reduces the family to one member.)

6. y = -3x + b (a pencil of lines.)

7. Let Ll: ax + by +-c = 0 sand L2 mx + ny + p - 0 be two.interseeting

lines. The e4uat1ons of the lines of the angle hi ectors are theh

x(:

141.21b2 412.4-7 1:2477:2-

y

+ n2)

a

a
4-

1112 .n? 1.11,.. n2-7 Y (
a
2

+ b
2 14712

7,5

+ b2

42 2

i2



Their slopes are
b2 842 112

bh+n nia2

The Product.of the slopes is

-m a + b - a

afla + n2 + n

2 2 2 2 2-m (a +b )+ a (m +n2)

2 2 2. 2 2 2.b (m n n (a b

Hence, the lines of the bisectors are perpendicular

8. L = ((x,y): .8X by + c = f(x,y) = 01 and

axi + byl + c = f(x.1.4y1) = 0)

The direction numbers of eadh lino are (a,b) .. Therefore 'the lines

are parallel. 3

114:2-47-712

2,2 2 2,Mq +an
12262- a2n2

9. Given AABC with vertices .A(020) 0. B(l10) and C(a0b)

To prove that the altitudes are congruent at a point H and find te

coordinates of H .

C(0,b) the slope of rB is 0

a - 1

A(0,0) 9(1,0)

the slope of AC is

the sldpe of BC is

The slope of the altitude from A is -

.
The slope of the altitude fram '13 is

The altitude from A is represented by y =
a 1
b

a
The altitude frail B is represented by y

If the-altitudes al-e
a - I

concurrent, - x

,a(a - 1)
and x mh and y _

- 1 )

- 1)

the equation of the altitude fram C is x = g and the point of

intersection of the other two altitudes is clearly on this line.

72

id,



. 10, 'The ma int of' 410 )

Trc
77"-s-Ei

Ste In.l.dint of (S.

.41PThe median from A is represented by

a r = (+ i)xa

The median from B is represented. by

1)

These two niedians inters'ect at the point

ta + 1 by

4411
3 s

The median from C is represented _by

and the point (1.±-1)..1))
3 3

b- 1
--/2a

is contained in this line'.

Therefore thedians are concurrent a- (
a 1

3

11. The bisector of LA is given by

bx ay
Y

2b

and solving for y

142 b2
a

The bisector of ZB is given .!)y.

b bx (1-a)y
Y

a)2

b(1 -

I

k 1 )

and solving for

(1 - a)2 - a + 1

77 7

-a

(2)



4,

Equating (1 ) and (2)

bx, b(l -

4777 .

a
/

+ k1 f + 1 - a

Solving for x we gets

47-.7.77
a

42 a)24

1bstituting x into eqvtion0(1)

1 4-

47,
4

lb + (1 -
2

+ + /0717
So the point of intersection is

)777
42 a)2 42 b2 /

C(0,10

b,

1 - a)2 + 1 + g7.177-
f,.

A (0,0)

a
Midpoint of AC

Midpoint of BC

A

Midpoint of T.-B .

=

a +
2 12/

-

Slope df AB 0

b
S1op of AC -a-

Eilope of \ BC - -
a -

B(IM)



13.

Equations of.perpen*Ular bisector through\

Fa
a

y

EquatIon of perpendicular bisector through E =

1
x

EquatiOn of perpendicular.bisector through F =

a 1 a
2'

- 1 b
2b. +

A

If x ts Substituted irito equation (1) and (3) the values of y

,are Therefore the perpendicular bisectors ate concurrent at

1 a2 - a b

a

H (,,
a(1

b
a)\

I

fa I la%trn $ -51

11 a
.2

b
2

a)

.3. -.3a2 b2

(2a - 1)bThe slope of HG

a
a + 1

3

-2 2a -a a +b a

The slope c;f HE _
2b

a -
1

3a - 3a
2

-

(2a - 1)b

Therefore, the points are collinear. An equation of the line is

Oa, b
2

3a)x (2ab - b)y + a - a3 - ab2/ 2

e
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A

Illustrative Test Items - Sections 2-6 through 2-8

1. Find a pair or directiop numiiers for the line

(a) P = 42,3)

(b) P = (10:4),

.(c) P = .(-2;7)

(d) P =

Q . 17,4) .

= (14O)

M = rl .

(e) .P = (-1,7) p: a . 150°

a. (f) x-intercept It ; y-intercept 3

2. Find a pair of direction cosines for iAine,

(a) L ((x0y); x - y + 2 = O) .

(b) containing (3,5) and,:-(1.07)
,

(c) with sloPe .

(d) with inclination a = 300

(e) parallel to the x-axis .

(f) perpendicular to the x-axis .

3. Find direction angles 'f0

a

(a),Ahe line containing- (-1,-3) and (-3,-1) .

(b) the ray emanatingifrom the origin and containing the point 60-6-6.) .

(c) the line with evation i x + y 7 0

(a) the normal segment td L.= ((x,y): x + -6- y + 7 = 0) .

4

4. -Which, if any, of the lines with the given equations are parallel?

perpendicular? the same line?

y 1 = (x + 2)
a

x y

133 : 3x 4Y 3 0

2 1
L
4' Y.=

x + 2 y - 1
1 + 2 3 - 1

5. Find the cosine of the least angle between the pairs of lines with the

indicated equations.

(a) x + 3y 1 0 ; 2x + 3y - 7 0

(b) 2x + 4y 5 4 0 ; 3x 4y - - 0 .

(c) x y + L3 0 ; 5x -4-.p)+ 12 0 .



6. Let L = ((x,y): 4x - 7y + 13 . 0) . Write an equation in general

form of a line

(a) parallel to L and containing the point (302) .

perp,ndiculai to L and containing the origin.

(c) parillel to L and with x-intercept 4 .

(d) perpendicular to L and containing the point (302)

7. Find an equation of the perpendicular biSector of AB 0 Where

A = (10.!3) y M

8. Let A = (101)

triangle ABC .

= (8,3) and = t5,$) * Find the area of

2 zr

9. A line TA, makes an angle whose cosine is 5 vp with

0

L2 (Cx0y): 2x y 7 Z--= . What is the slope of Li Find

an equation of Li if it contains the point (-402)

10. Find the normal form of each of the following equations.

(a)

tb)
/

(c)

(d)

(e)

fil

(g)

(h)

3x - 4y + 15 . 0

x 2 -

y 7 = (x + 4)
3

+
21

=

y
18

x - 2

y - 4

21 + 3 11

7x - 2y = 0

7 - 3y . 0

11. Find the distance between P -and L

(a) P = (5010) ; L = ((x,y): 3x - 4y + 10 . 0) .
X

(b) P = (50-1) ; L = ((x,y): 12x - 5y + 26 = 0). .

(c) P = (6,4) ; L = ((x,y): x + 2y - 4 03

(d) P - (7,-3) ;' L = ((x,Y): 2x - 3y + 5 = 0) .

1
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12. Fize equations of thei lines bi secting the ang1,es. formed by

(a) Li ((xe): 3x .4 4y.+ 5 ..0) and L ((x y): 5x - 12y + 2O = O)
2

(b) L.. = ((x y.) ; x - 1 = (i) and L . ((x,y): 8x - 15y + 34 - 0) .

13. Write in polar form the equations of thcefoilowing lines:

(a) parallel to the polar axis and 2 units above it.

(W.perpendicular to the polar axis and 3 nnits,to e right of the

pole.

( ) containing the point .(-2,77) and having inclination ,7:1

. 0
(d) throUgh the pale wi4blope 1.

v14. Traffsform each of the following equations into polar coordinates.

(a) 3x - Ats5 = 0

(b) 7x + 8y - 56 = 0

'(,) x2 + y2 = 25

(d) y x2 + 4x +4

ft

15. Transform each of the following equations into rectangular coordinates.

r seas =

2r 'cos 9 -4- 5r sin 9 6

r=3sinO
It

it. Let the vertiCes of the triang4 ABC ee A (-4,2 - (606

C.= (4,-4) .

(a) Find the length ofjhe sides.
4

(b ) Find the equatio of the lines containing the sides.

(e) Find an equation of the perpOdicular bisector of side AC .

(d) Find an eqUatiL of the line containing the al!bitude to side AC .

4 () Find the length of the altitude to side, AC .

(f) Findln equation of the'line containing the median to side .AC

(g) Find the length of the median to side AC .

(h) Finebtlie area of the triangle.
a

0(i) Find the centroid of triangle ABC (intersection of ihe medians).

(j) Find an equation of the line containing the bisector 0 A .

I

.



Auswers

1. ()( )sa, .?p2,., or eq uivai,ent pair

'(b) '(6,8) , or equivalent pair

(5) (6244 s or equivaLnt pair

2. (a) .(.L "1-) y Or. (-

(b) (

.s

ea,

&-

n - 0
. (a) 51 =135-' j p al 457 ; or va -

CO a ,,7 600. , p-,: 15o° .

(c) a",-120° , p .7, 3e ; or. a

(d)- a , le., p . 150°

and L, are the same.

101 L4 s and L5 ale paral1e1

112 and 113 -areperaliel

(d) (1,-1) .1, or equivalent pajx.'

(e) (-16:21.) ?r ecutyalent pair..

(f) (a.4,3) , oi- equivalent pair.

.13
or -

1
2 2(d) (21=1 1)2 2 2

(e) (110) ; or 0) -

(0 1011).2 or (0,-1):

60° "p 150. .

*
f114; p and L5 are p erpendicular to

11

ITT)

6. (a)" y +

b ) .7x + 0

(c) hx - 7y - 16.- 0

(d) 7x 43;

d "I-

. 3 + '2y -900 0
,

1 -
gr.

U .

2

3
m

.6

+ 4y + If _-,

-

and 11. . -

- (e) *-i
'

o.;

Sri
L

t

,

9



, .40

10. Ca)

- 44.5'*

(c) y
4521 11511.

(d) g 4 + 123-'15r

(e) x _ 0

(r)
.241

25 25

(a) 32.
. 153

(b)-' y I

11) 3

- (Or 7
(c) 2-5

28

12. -(a). 3.10( + B; - 65 = 0 and 64x' - 1113r + 1§5

(b) x(17 8if) + y(17 .+ 1.5Z) - 344-0 = arid

+ y(i7 - 15Z) - - 31) 6

13., (a) r (9 - )'.2
(b) r cos & = 3

(c) r cos

311 cats 9 - 2r sin 0 + 5 = o
7r cos 0 + Br ainvp - 56 0

= 25

r itian 0 =- r cos

4
flit

+ 4r cos 0 4-

80
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91. 'In the opening paragraphs reference il thto e increasing importance

/
., .o vectors and vector methods in the fields of applied mathematic9, science,

and engineering. You need only pick up any text in these subjects to be

assured!4of the accuracy of.this statement. Nbst recent booke in Calculus

(e.g., Calculus and,Analytic Geometry by GmB. Thomas) make considerable use of

Vector methods. You may like to read Analytic Geometry: A, Vector Approach by

Charles Wexler for,an extensive treatment of this sUbject. ,

It.is quite likely that Most of your students will go on to study calca-
k u.

lus and more adVanced mathematics, MOLt'students in science and engineering

are nov encouragtd to take courses in vector analySis and linear algebra. The

Chapter 3

VIZTORS AND MIR AJILICATION

3-1. Why Study 'Vectors"?

latter course starts with vector algebra an uses it to approach the subject

ot matrices. In this'context, a vector is a ow or column of a.matri.x. Our

approa* is frov the geometric point of view (ds is.veetor analysis) but the

two are clearly closely relfreed.

The beginnings of this subject can be found in the writings of Aritotle,

and
rlater in the works of Galileo (3564-1642, Italian). Hovever, serious

' Study of the sqVject began with William Rowan Hamilton,(1805-18651 'Irish) and

Herman,Grassmann (1809-1877; German). Their work was dependent upon the

earlier development of analytic geometry. Hamilton was inspired by problems ,

arising from NewtOntan Thysip and estronOmy. In solving problems related to

the motipn of partidles, Hamilton needed a non-commutative algebra. The

2 2 2
quaternlon A - a() + + a24 + (vhere j - iik _ -1 and .

i.

the a's, are real), provided the answer since, for'example, 1. j = -J.1 .

The quaternion led 'to the vector'and, in the cross-produCt of vectors,

-A XII = -B X A . (See this Commentary on Section 3-7). (7"

Grassmann approached the subject of vectors from the algebraic point of

-view. ge was 'seeking an afgObralc teihod of prtending geometry from three

into n dimensions. A vector in tWO 3IMensions ip defined as an ordeked

83 86
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3-2

pair of real nuMbers and in three dimensions as.an ordered triple of real

nutbers. In n dimensions, a vector is an ordered n-tuple of real nutberst

This is the approach Used tOday in the study of vector spaces in modern

algebra. ro

If your studenti have_alreadY studied vectors in MSG "Geometry with

-Coordinates", "Intermediate Mathematics", or "4ait.Ix Algebra", a large part

Of the material in this chapter mlll serve as a rkvlew. Somc time should ile
A'

spent, however, in anhlyzing.the different approaches to the subject. In thi

way the students wldrreview the topic from another pointsof view. Some of

the subject matter and'many of the problems are new to all.

3-2. Directed Line SeEments and Vectors.

92 For more information regarding diredted line segments, you should read
I-the SMS0 "Intermediate Matheligtics", p. 629-634.

Probably the most distinctive part of our approach to the study of vec-
.

tors lies in our definition of a vector. Since tAere is no way to distinguish

any directed line segtent from another with the sameviegnitude and sense of

direction, it is therefore reasonAble to define a vector as an infinite set

of equivalent directed line segments. Any member of the tet can be used to

represent this vector. The origin-vector (a newterm created bers00.s very

often used to represent the set because of its convenience in geometric

proofs and in the study of vector components.

Unless specific geometric conditions'obtain, our approach to the subject

also gives w; the freedom to use free vectors or bound vectors as we choose.

The "Origin Principle" on page 93 and the "Origin-Vector Principle"%on page

96 are carefully and explicitly stated tb malce this point clear.

93 The question of equal or inequality of vectors refers only to sets.

When we say "two vectors are qual" we are only talking about the tame in-,
.

finite set of directed line segments. Thus equality" really means "Identity".

The use of the term in this sense is consistent 'with its use In all other pMCG

texts. For example in earlier texts, if AB . CD Oen AB and -CT are

identically the same segmerit, with A ,,C and B = D.
7

However, in applications of vectors, it is convenient.to use.the term
1

vector, as we state in the text, to mean a single member or the set. We con-
-

sider it proper to do this when there is no danger of ambiguity.. The students

will then be em more fapillar ground wheli they meet vectors Ln other courses.

84 FZ



3-2

96 The discusalon surrounding the origin-vector principle is of greatest

importance. You yill have many occasions to refer to it ip the succeeding,

sections, particularly in Chapter 4 'where many proofs of geometric theorems

are'discussed.

St

1.

e

Exbreises 3-2

2. FE and .11 ; LK and UT ; QB , OP and MN , Q5. and TV

Each'set is a re'presentation of the same vector:

(a)

re and AB

CD and BA

AD and BC

DA and CB

and others)

(b) a

g -n
46 A.
h -f

others



3-3

5.

a

la

6. 4 inn of a car, winds, weiiht, momentum, angular mamentum, eletrical

and magnetic fields, etc.
b

,

4
1-6. Sum andmifference of Vectors. Scalar Multiplicatiod.

97 The definition presented on this Page is concerned only with the sum of

two nOn-zero vectore not lying in the same
lle.

,

.a .
..... ......

If A and B lie in the , me1 and have the samesense of direction.
. s

then A + B is a vedtor in th ame line with the same sense of direction and

witikmagnitude IP + If li. and 17 have different senses.of direction .

..-.1.

4. and, let us say, 1A1 > IBI ) then A + B will have the direction of -A and

magnitude
I/11 44 1.%

98 By part of the definition of the sum of two vectors 17+ -; is a

vector with magnitude twice the magnitudeipfes Similarly. (P+ 77) + is .

a vectorviih magnitude 3' timels the magnit1Se of 17. Thus thre efinition
111 .414. 441144

of rP generkiiits naturally from what we think 2P and 3P shouldbe

(neither being defined.aiithis point+.
4

a
4 99 An emphasis on atraction of v ors dein in terms of addition dhauld

,

be made. Tiiis should bedone nO't only or purely algebraic reasons, but also',

to simplify finding.the difference of two vectors in d vector diagram;,

89
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Nr%.

it.

et

a +.1) =

A

r
It can aldo be seen that -a 4-c=b . .b=a- a

*Mr

From the diagram-above a = b and c = d# air ..ara Jar
also b m-d=t and a+c= t

.-.a+c=b+d
0

1411 = 12 4 Mr

I =

15ZI =

8. Since Z=T y a and 1:7' are representatiVes of the same infinite set

of equivalent directed line segmenAp. Mills,
Say

and

8*
Now rand: and ra id r times as large as a . Alsip x7171117 and

is t times as large aa b Thus

a
=.1r171 and.

. ra = rb

rallrb

equal to the magnitude of

88
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11.

( ft) b = e.

h p

g = -n
= -a

C -r
= m

g + b = a + m
c + g = 0

h + n k

b + e = 2n
e + h = -a
(and others.

One example: .9ne could follow the path',from

from S to

12. (a) not necessaril
(a) yes

92
89

to

-

0
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3-3

isjength of a

-is length of V
taa

is length of a

A Aft

Since c .is equivalent to a then

'

Since the sum of the lengths of two-sides of a triangle is greater than

gr equal.that o the third, we have

lal + 1-171 it :

fai

93

I.

-6". is the reflul-Lnt

14" representing approxi-
.

1
mately 3-- miles in the

2

direction indicated.
.1

44.



16.

t,

,

Let the speed and direction of the

ewreht be represented by 46. '1.0.9ng

the y-acisi' Leto the actpal sAed

an& dire&tipn of the boat be repre-

sented by R. ye want to find the

vector B representing the boat's

S.

S.

motion in still water. which wIlen added

to C represents the combiried, ef-

fect of current and engine on the

.boat. C +13. trePresents

6 m.p h at ZROB.

55.

0 ///
Ole 40

17 . A and B are distinct vectors

Let A haw coordinates (alb),, B

Thin -B has its terminal point at

ari 2.7A has its terminal point at

Thus A - B has its terminal point

coordinates (cld)

(-cy-d)

( -ay -11) .

at. (a - cy b d)

and B - A has its tc,rminal point at (c ,IT*

b / d

Then slope of line lin is giVen by

4NO
and sloPe of line OC is given by

Therefore the ;tines are'parall

9094

b d

a - c
b
a - c

- 0 b - d

- 0 a - c

IP.
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3-3.

a Case two: b = d.

Then line IT has no alive defined.Aut it is parallel to the line

x 0, -which is the line OC.

The Proof that B - A lies on a line parallel to the line through A

and B is siMilar.

-If b d then m( It$) = tet

and m( lir ) (d b
d - b

. -a -0 c- a
. a

1

. So the lines axe parallel.

If b = d, then 11 is parallel to the line x = 0 Whict ls

Alternatively, we need-not use coordinates:

/
/ /

/ / '
/ /

/ // /
/

411.

Let D _B and E -A . A - B is

the.vector determined by the vector

opposile 0 in the parallelogram

formed with 'iii .and 55 as.sides.

Hence ji=7 BUt d(F,A) = d(D00),

add d(D,O) = d(0,B) . So
.110. .110.

d(F,A) = d(oiii) Because OD OB

and FA 11 OD, .vie See that.

I FAD'. .Wth d(0,A) =\d(A10)

we now-know that- A FAO A BOA.

We get .d(kr0) = d (a,B), which.tells us that 0*AB is a.parallelogram.

since we alreadi have d (F,A) = d(0,B) . So F A - B lies on a lfne*

parallel to /
18. Given that a,b,c, and are eonsedutive veetor sides of a

quadrilateral. We,wish to prove tbat the figure is a parallelogram if

and only if b + d". 0 We must show tha:

(1) if ..717 + = , then the, quadi-ilateral is a parallelogramand that

(2) if the quadrilateral is a 'parallelogram, then T;1.( =
. Ink

..Prgof:

(1) Assume , + d 0

b = -d

Bb and are parallel., have the same magnitud* and are

opposite sides.

. Quadrilateral is.a parallelogram.

(2) Assume the quadrilateral is a parallelogram.- Then the opposite

sides must.be equal and parallel; i.e., b ,-- -0 .

../11



3-3

19.

diagram above° show_ labeling which leads to a simple proof.

, a

5

To prove: The sum of six vectors drawn froni the center of a regular

b

(1)

hexagon to its vertices is zera...

(-Z) + 1;* :4- (4) .+ 6 .-
L

AB = a BC = b

(2) Note that for triangle ABO ,.we have

AB + BO = - OA

.5. AB + BO + OA . 0

PA = g

51.1

'S

r4

p.

(3Y en if we divide our polygon into tti'angles as showr, we have:
. . .1.

--' (AB + BO + OA) + (BC 4 VO + OB) + ... + AO .0-'4

art AO = -OA # BD - -DB

. (4) a +104,+ c +

1"

it 0 P

etc.

or AB + BC ... PA = 0 .

92

9 6 *
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3.4. Properties of. Vector

a'
164, The ptirpode of this section La to develop sone algebraic iraciure for

tie operations of vector addition and sdklet multiplicatfon. ,

Perhaps the best law of showink the assocAative proPerty by means of ,
`. aFigure 3-9 i to 'considerk.he quadrilateral whose vertices are the terminal

a. 4. Alb JR!

point 13 le P Q Q 11, and CP + Q) + R. It is a parallelogram' eincel
each of da pail: of .oppobite sides 14 parallel to I end has, length eqilal to

Abe length of it. Similarly the texednal points of 11+ 'y
as lifig

and + (61 + R) are vertice,e of.. a parallelogram (opPoeite: sides equal, Pk
length .and parallel to 7). 1n.3e_2the tvdparallelogrants aie identical melt
the fourth vertimes Must coincide.

105- - A inicer proof deVmds on the one-td-one Coireppondence between poinits in
tale plane and ordered pairs of real numbers. It aipearciti Vie-solution in

-Exercise 17, Section.3-6.

v

THEOREM 314. The vectors jrs)17 and r(s1;) both have -termilaal point, X
- such that d(0,X) = "ra d(0,P) .

nor tha
If
then

. Itxercises

+

(

4

Ti

(f$ + (-1)) -X . -it
.,

and X .; I,. ..- . .,
.

- 4 4 , -
.-Sinoe this last statement is true, the steps can be reversed to

I.

prove the% ic + (I - 13') . t , : 4,9
k

(A B) t B = A ; '
.0. 4,.... r...... ... .

I

(b): Iat ., )

then I- + (( .3) ,+ 73') . -Z .
/ , -

1

.....

d A . .r ..

El , `(See remeerk in part, la))
0,

I*

%Rap

. 1

st 93

I 1
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4.

Pi

I

r° dm. 1 -** as
le) X = B

"No

Ars

(d) X

0

41110.

X is on AB whtn the slum of
*p q is' 1 .

r e

4

- 94

9.6 VD

4*

4



-

A.

.?

,0
(b) A B = r(B - A) 'for

4

.4

ta , 5 r
. ahva

Let 0 be itite origin and points 1' Q R determine vectors IT Q and f.

itt it" b"e the 4rtex oppbsite 0 in the parallelogram determined bY

and r.= . .
Let B be the vertex oiposite 0 in 'the parallelogram deterniin4d by

a-nd '1.e.,,

Let T = A + R -and = 11

+ +1.) .

We, wish to prove. = It is enough to show.that T and, Tt coinci'de.

By usitcg Exercises 3-3`, Problem 17 , ilZIT I I 'ON aqd

d(A,T) d(0,B) = d(Q,B) .
t

Thus ATBQ 1.8'a parallelogram so ri } 1 QA and d(B,T) d(B,T

C. aav

By constrpction -of A

By construe-Ulm of T',

Therelore I

'So we must

Whence T

rif 11 Zg and d(OP) = d(t1A) .

-11,0P and Id(B?T') =

d d(Bpir) = d(B,T1).

"e"

ve

and T = . Q.E.D.

95
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a

4.

1.

.

l

.

.0//
4,

..`
0".

o

-.i. k

jr *p

4 1/4..

. .I
..." ,/

./.. 0i

; a

MIER .1=14 AIM tag

'1.

6.. If . . ..z)1' = ii -14) y

a then . (-01"..= r[(71)(1))

...,
(../4.F. = (r)(...1)(7")

. and (-r)-14 - J -r )1; .

_
.

Since thta last statement is true, the steps

that (-r)r> = 1*(41)

1-5: 0haracterizattbn ofthe Point on a Line.

NaL

-a

can he teversed

'109 it. Inithe proof of the distrAbutive laws (Theca.= 3-6 )0

as unfinished business. Thy first was the proof in the cage
4,
are collinear and have opposite genses of direction.

In this case, assume r.;1 Then: .

tO prove

two items

where 17 and '4r

(1) "'By the simi'definition we ased earlier, P+1Z has.thisame'direc-
. a

a 1

tion as P and has magnitude mi .

(2) If r > 0 y then
.

Ir(P +,Q) has the saMe direction as (P+ a).4
....

O and, by (1) ,yboVe, the same direction as' P The maghltude of

1.(1T + jei) . I r(7; + . + aldi 12s, by (1) at;ove, eque13. to

t.The distribu tive law giveseth mainitude,asr(1141 -

QI

(3) le now consider rP and' rta p which,

direafOns respectively, as P and Q

Q have oppositeasenses of directions,

since r > 0 , havethe same

. By'our hypothesis., P and

and therefore so do r13.1-and

er-4.. Since we have ask& , we have -rrP1->

and.therefore 141 >
a,

1.0

110

T



0,

0
(4) fi_ OurAenition far,the 'pm of Ivedtors naw requil:es that rP + ria

have the sane directiofi as wr.F. and.I.hisjs the same direction-as
,

3-5

Fr: The same definition requires thaethe magnitude 6f rP +

.4 bet A -14.1;. but this latter expression cai.be written as

1'0;1

SinCe we haveehown that the veators rat' + and rfr+4. have.

'the same magnitude and the same sense of direction, ve have shown
I.

that they are equal.

The second item vedid not discuss concerned the proof when r <,0

this case, our figure must be changed to the following:

0

Since r < 0 rP and rQ have directions opposite those of ir and Q

respectively. The proof'for the case r 500 in the-text will need to be

modified as follovs in order to hold when r < 0 .

In step (1) since r is negatft'Pe and.the absofute values positfve,

11-1 = and Ili' L'r179

In step' (2) Ifl

rfl -ral MI

Si

TS



In step. (5) 00,D) alrd(Oid)I $

1.61 23 Val
,

In step (6) since the vectors are in opiposite direetionst; rC .

a , 4,

11.0 When teadhing this section, ve would recommend that at first.specific.
* .

2. numbers Ile used for p and q lie an exa6plerxionsider the line
6 4 i

4111. .1 2
AB.= (X0C = PA + IP 4" An* p + ci 11 .. Let

r
Ithen . .

,r0

.7

2."A + B .
3

4

aake any vectóra,0'A apd 'B . Find the sum:cif

'ft?

.2.4.

apd :5!3 and verify, by

1
construction., that X lies on 717 . Then let. and q = and,

*

see ir the statement sll holds.
.

Such experiences will helpdt,he siudents`visualize Vhat is really taking

0

laace.

111 In Chlpter 2, a formula was developed for finding the coordinates of a

point Vhich divides a line segmEnt,11 a given ratio. A 'comparable result for

vectors is derived in Theetem 3-8:. It may be of interest to the student to

compare the qrivations and the applications of the results.

a I

1.

Exercises

if .1 is

if lr is

.11.

if C= A.,p=1,q= 0
I

the sero vectv C . qB nd

the zero vector C =

98

102

.

1410

4



ire

((a (t) cr

t) 113

It) 244 Qi2 0
41/1

(0 (I) 23 1r;q 2
4,

etad

.0

er*411241 23%* or Zil Ziee

io.t.ut o, C1'4' 243

.,

ga C 2ies oil we
....

.

.
110

t.

.,

.

a



r.

41.

01/4,

9

2
( a) n and

5

a(b) m ; and n -

(

a

01.

100 1194
o

I

e



,

am. Am. 6
4. Pro Ve: (r + rP + sP

We note that- (r + s)f t I '-rPti- aP
7 e

gskg 1: r > 0 ,:s > 0 .
6

4 s
> 0 , s > -0 imply %r+0>0 : Thus (r + 01P and rP + sP

.. 40

0

have the same sense of direction, and .

44,

40

4
4.

1

0

1(r + s)19 = (r+s)i1=rI1s11 = 147.* lal

base 2: r >JD is < r > isl

; Aft

IrP + .

.

Then r + s > Cr and .1(r + 071 (r s )17310 (r

- isIP= -41 BPI = !xi" +

r >0 s < r < Isi

Then r + s < 0 WI -(r.+-6)111 = (-Fri 4 191)11"1

+ I s Ilr . 47411 I+ s. rr' +

Case 4: r > 0 < 0 , r.p lid
ail

e
1( r )11 0 and irl" + S19 . 0

s

rr .

Case T r = 0 or s = 0 . The proof follows from the,definition df

scalar multiplication.

4? 7

S-6... Components..

, .

113 . The notation introduced iniAhis-section simplifies vector m

A componez2t is itseAt a real number and not a vector.

u/ations.

What if actually done, in this section is to esablish an isomo 06

between veetors with certain operations and ordered pairs of real nuteers for

which certain oPerations are defined. This leads eventually to vector spaces
4 k

k

4



vAch.aricharacterized abstra'ctly by postulating the basic prppertes ex,.

bi4ted.in this treatment. ,A set of postulates'for a vector space cartbe.

found in SMSG Intermediate Mathematics, Page.67&682 of any text on.modern

algebra dr linear algebra.

Since the origirector isunique, te 4ector [a.,b) equals the vector

'food] if and oilly if a = c, and b = 4 . This desCriptiOn of equafity is .'

used througilodt the rest of the teit and in many_prOblems.

115 Part of the material presented earlieT 6n.the topic of linear combine'-

tions.(eree psges 108-109) is especially; pertinent hire. The unit vectors

. [10,0] .and j = (0,1) ip tie'? dimensions and4f.r= (1,010] . [0,]r0]

and k.. (000,1) in three dimensions are us9epi most applications of ihrtor

analysis. The i,j0k vectori are discussed in Chap:ter 8.

A

Exercises 3-6

.1

Re
,

4 / (e) (-?,-6)

(I) [-67-6f

,(g) [10,9]

(h), [141:3] #

(4) [2,-16].

/

(5) [1,2,..2) .

(6) [-10,76]

da(b ) ( 1) X = A 4, 13 .. '5. -= (02 '2]

3.- 1

.;( 2T-4,
4

- 4,0) = ]5
2-a- a 31

3

CS) x - 31. [4.1,44]
1- I.- 4

(6) = A B f-
3 2 -2- 1 3

4. (a)

(b)

(c) b2

(d)

.4

.19lo 6

4 4.

A



4

ddr

a , 4

8. +

7. The midpoint-of the line segment joining 2;5)$ and

`2P 2
7 1p = +2.

.1

= + 92j

.17 = 51 --j
POI-T=0-0i+

dr

(b)
. (c) r -5j

(s1
-1j

a-6

5,0 is

-1(b) Y .
5 5 #

13
8,27

Y 13
h

(..(OF X ''''
4 ' (d) = r y .for each real numb Th-er. e real numbers1

2-
i form an infinite set.

I
10. (a) fa, ] = ail;01 4,1)0111

(b3
-

.--
a + b b - a[a,b [1,1] +

. Er. rz ' 1 1k(c) [apb] =..- -b-c2 1- V....) + (b ... f.'1,0)
%be. 1 a .

lrf /r
.i 1 $ir 11. T 5)2513, lbs. = 43.3 ;lbs. , Ty =,25 lbs.r-1 . ' '' I s oe'''

103
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6-
12. Letting .1 fk-palielspOnd tb

be-
a.e

20. /013), :#
0

I

30 bs`
,

B.

rt.+ [16,12] +

13. (4)- 240 , below

vector,

14. 240301

(a)

(b)

pit, set tea
A = EA ;Ay = LAIx

.i20.11 20.11
. 5 5

-
cOordirate system.

cos p- ITT sin. 37°]

'1

1B1,B ] 1.11 ccla( -30°Y: IP sin

lq 1= (30T 30(:- -2-) )

'15] = [16 4' 15.3j7..3) (1121 4413) 4

x-axis in 4th quadrant. The components of the-second

...30 0))

vector, B [26, -.12)

4(b)' 3e fikam y-axis in 2nd quadrant:
. [-i6,30]

15. 21.3 lbs. actilg
31.3 actir

In part (a) the

In part (1a) the

16. 14.6 lbs.

17. THEOREM 3-1. Let

+ = [a+c,b+d] atid Q+P-7 [c+a,b+d)

2
o

The compopents of the second

north of west.

north of Vest.
-

components are [-150 , 15A -' 20j
colponents -ar [-10 -4,11/f, 151.- - 20]-

..-

P = [a,b] = fc,d1

a,

But dition'in the real' numbers is cgmmutatlyp so a +,c =.c

b A d = d + b . Therefore
aft.

.111`

+

a + c ob.+ (I) = [c + a, d + b] which

THE0R.114 3,2. 7 [a,b) = c,d30,17 [e,f]

(ft+ +11Z = [(a + c) + e ',(b + a) + rJ

-11'.t. + [a -1- (4 +
But addition in the reals is associative whichI.

+ e , (b + + fly = [a + (c +
1,6 -17 7 1.; (-4_1) .

b + (d. + ±)] -

[(a + c)

,Hence,

TEE0RE74 3-6. r and s are 'real numbers.' = 1-a

(1) r:(7" 1-,n="lit [a C b + di)
[ra + rc,

4
1.

rP + rcl

rb +

[rc,.rd] \,41101

means

d +

,d1)



"4- t GYP': (er,.+ ilLer.b)
W .

Sr! 21 1 ( e .4-- ir)a,k(r.+ 6)al

T
. .... - .
. 2...

,4 ra'4 sa ziN + oh)
=. (i.a;rbi

. #

, : .... .6.
.' = rP + si):

....
184 =NM* j-10.' If X. =If-asb.3-

.. ..rX = (.1iilrly] . ".., . .
-

r is a l';eal nwsber, then
.

!

-
Case Vaell X .lies along tbe.7-aria. r definition,

lies along. the 7-to!is .also'vith ter:nine:1 poipt at, it ,
rt crik 1.1. rbl [ra-sr.b] .

I . f
IA!

ff. of. fff PE imme
Case 29:, 0 . sat* argmnaen. rX

e

-L-A 0 evici.'4-A.9..
Wege A 0XA.e.11.92e

d &OM, - A OZB'

d(01X) d(0,1
d(0,Z) = d( ,C 0,

Bat 40,A) c}(0,B) h
Therefore d(0,Cij= ra
(alternatigely)
If = rab] define r aO
rX = rA +
By Cases I and 2, rA = (ra,0] y =[01rb]
Bo rX (rap()) + (0 rb] .= [raorb]

19. The' vector representation of each set below is written so that if
Alt ea.

we obtain A andIf r = 1 we obtain B

fl

je

Irarbj .
e

-4

3.6 .

11.

A. alb -
.Let rX

x .

[01b] so that

(a) ([2 - 6r 13 +:2r) r is a real number).
(b) ([1 + 2r 3 +, 6çJ : r is a real number)
c) y -7 +*9r] r 'is a real nutherl/
d) ([2 + r) r is a real nunter]
e) + 4r 2 - 4r] : 0 < r <1)
r) 7[1 + r] : o < r < 1)

..(g) ([3`- 5r , 4 - r] : 0 < r < 1)
(h) ([1 - 4r, -2.4 4r] : 0 < r).
(i) ([2 - r] : 0 < r).
(j) ([3 r] 0<r)
(Ic.) (..[-2 + 3 + rj : 0 r). .

% 199
105 'sti
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P

E. 20.

4?*

a

I

(1) ([2 - : < .

5r , ta, 0 >
r

'(i1) (-3 + , 2 - 41.) : 0 r <

[361 , 12,64) #12

1 (2. Ili. T....

.

8.1+ ag. 2a.4. +.3)3; ga2 + b2
( ) [7.7. 41: I lir

*

.i- . p 4P . ' t

aril- 2b1 a
:s

T2 -2 [....7.T.7._, .r,
,..

.3; -
-'161

. _

a... ( a) !FA] -., ..- .

(b).- [71 . .
... 1;

.. .

.(c) (0,91 I

.. (a) gli ...-
.

; . ,. ...if. ,

39n + 24 `.2611 -I-. 211./.,- i -
v

( IA f-----. , 1 le 5

26(-1§ +170 3§(11 + n),. .. .

.

(f) I7J :
.

.

art,

i4r3-7.finer Product.

121 ,A114-hough it is desirable 61,111.gal1y tttave sowe kind. of vector
0

multiplication, it Is a little more difficult to introdUce in a geo4etric

framework, It would bepossible td start by, simply defining tAe.inner product

of two vectors by

)`,t.

Eal,a21. l' 2] albl a2 2

This is quite satisfactory from the algebraic point o view, butdoes not
P ,

connect very lien with our development of'vectors to this point.. Hence a

geometric approach is used by applying the law of cosines to the triangle

formed by, X and Y . The definition of inner produet is th6 made in terms

fri'
of the resultisng expression. The physical-concept of work is one of the

simplest applications of the inner product. It is izieluded here to'show that

the inner productehas relevance to a'practiltproblem in scienc'e.

123 Theorem 3-13 establishes the connection between the geometric definition

of inner product and its representation by components'of the ve6tors. Either

form cau e used as indicated by a partiCUlar situation.

i.o6 1ji )

a



ite

- 3-7

121t 'ide did not present the vector prodUct or crdss-product) a x b .becaue
i*

6

some )4mitations h&d te 1?e set for .-this co er. The magnitude of.

ng'â line- perpendicular to theZ ;( r-.; = ril 1171 sin 9 ; !its direct-1bn lies
,

'If U ...
4 plane determiwned by a and v; and its sense of direction is `determined by
.4 , , . a , e

the motion of a right-hapd sdrew when a is rotated lato

k

c=aXr.0.11.

116 4fte p

You should note that at; = .13 x a because the sense of 'directi yr is

reverd. Thus the commutative' lau fails.
parall ogram with a and b as sides.

147i. x . is the area of the

Your interested 'students may ;like to investigate this topic in a standard

text on vector analysis. N

Exercise's

1. (a) . 0 CO 0

(b) 0 (f). -7

(c) 1 (g) ac + bd

(c1) 1

2. (a)' -11 (f) -205
. AO

(b) -66 (g) fr.76

.(0)

(d)

(e)

113

-110

29

(11?

( i )

(j)

0

34.7

64

91.

3. (a). 90° (e) 132°
\ ...

(b) 80° (r) 34°

(c) 1090
. (g) 00

(d)' 600 , (h) 18e ''

4. (a) (b) 11112 = 169



.(0)- .-3
0) 4 7 ft NY.

-16i + 121 ; .16i °- 12j

;

-6.

.44

AAOB is a right A .
If C is as show,

. C nal B, - A

+ qj

= 21

21 +

73- = MI!

(a) "r t-;= (2)(-2) + ( -3)(1) -7

From Z.73 cos 9 , we find that cos 9 = -.863

(b)

e Is approximetely 1500

Since W = F. S and F = A =-21
= = 2i + 03

we have W r-- F.S a1a2 + b1h2 and

W = (2)(2) + 3)(0). = 11. (in proper unite),

1:08112

"41



(0, 940 ft. lbs.

t (by .8&60 it., lbs.

(A) 104

588.2 ft.

.

IP --7
cos2 0 + sin: 61-. 1 1 1131 at COE1l :I- sin2 $ --,---1` and

A B iti 1111 cos It: wh4re * -1.'s -the angle between X and

.... ....

r
(b) In this case * = 0 - 6

A: B = IAIIBI 'Coe ($ - 6) = 1- 1. cos .() 1 0) . cos.
:Using components . cos 0 cos 0 4- sin 0,;in .

Thus too (0 7 6) = cos cos + sin 0 sin 9 .

4

11. .To show -1 <..)--zE-7--Y < 1

IXI IYI

This expnession is 'defined only, if 37 and -(!): . 'In this case

cos'0 ,., Now -1 .5 cos 0 < 1XY is defined as
for any anglv,

XOY 17.!IrTI / 0 ao wemay multiply through by

1.#getting -1

ITC[Mi ITO 171

. .
12. There is nO associ tive law for inner products. The inne product of

Ptwo vectors is a calar.

3-8. Law and Applications of the Inner Tot) oduct.

128 Most of the proofs of.geometric theorems have een left for Chapter 4

. These two proofs are given here to demonstrate that an abstract concert, such

as the inner product of vectors, can be useful. The proof of the concurrence
.

of the altitudes of a triangle is, we hope, impressive.

a.

1



.3-8

129 A briihtlat&dent mayrask why BE mupt ipt

Intersect BC . The answer is faefrom s

theorems involiinethe colippts.of order,

caneful treatmedt of.such questions is giv
_

qielP 410
eto CF or vbly AR mwEri-

involves AL number-qf.

cep and betveenness. A,

E.Ei Moile in his book

Elementary Geonery, from an Advancir.1 V A arefUl non-vectOr.proof

of this theorem is in NBC GeomertrYjVithtoord nates 6007,69X.

131 A second derivattbn of the'form4a for nie'a of a trtdrigle,

1 -

is.2k follovv:41

-2- I x1Y2.-.1.2711

X

. I

a I

(1) Cohside* AOXY and4he realted non-zero vdctors X = (xi,x2) and

y = fy113i2) and the angle 0 betweqp them, Applying-the trigo-
.

nometric form for the'area of 4 triangle; we have

.(2) Since X' Y -

K 01111 sin 9 .

2

cos e ,,wv have I1 Iii =

x..447.1) tan e e -
2

(If ihe vectors are perpendicular, K

To write the result in terms'o

(a) 7. 7 LIY1 x2Y2
AM.

x.Y
(b) cos 19

17H71

(P) sin 0 t - cos

,(1.11Y2 x2Y1)

x.,Y
cos 6 '

aul

componelts ve obnerve the fo11oWil7.1g,l,

x1y3 + x2y2

2 4 22

1 '2

+/

);c1 2
2

4 2 2
+ x

2

(4) Thus K = -51x1y2 - x2y11

(x1Y1 +'x2g2)
2 242 2

(41 x24)(Y1 Y2 r

t(x1Y2 x2Y )

Ix1114

110 1 4
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6
4

EXerc1sei4 3-809
4

A4!
1.; 1( .1,2 (2041. T =7 Lai 3) 4 t = 5

(ti). (3.0 (t11)

(10;20) t.3,..3) (.1,-3]) = (2,14.
'1.ty- 6p . 5(.,2 - 12) . -10 - 60

4C) = -70 .

2. rf X . xi, y and lt sc. IY1Y2) prOVe that

( 41) .= 7. (A) Or. any spilar t
4

a. A.
oPrOofii, X) Y = (41) 14

YIYal
+ ty,

y.

fx1,x.,2J(tyipty2]

tyly2

or

II/nee-this last statement is ttue the steps cssn be

; prove the original stateMent of the theorem.

To proves

(4EI + b4i) a( ..T) t(ic- , we

that

a

( + (137)

aCir. + 1;45% 7.)

+ 17) a_

Construction: Two

=a(t7)+b(77)
= att. +

11.12

notd

at.

so.

reveried to

(Theorem 3-114a)

(Theorem. 3-114b)

(4Theorem 3-114a)

(Theorem 3-114a)

2 (760MmutStive*A-operty of Inner

Product and the fact that:.

lines are parallel or interiect ,at a point.,

(1) Theorem,3-I2 and

(2) Same,reason..

(3) Equality of real

Theorem 3-14a .

nuMbers and the commutaive property.^

Additive,property of equality. ,

Theorem 3-,14a and Theorem 12.

lies on rD and (7- 1;) lies on gsd .

115

111
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ad,

11,

*6

*ft

1

.

I.

o

5

(b)

(a) x direction, 15i§

y direction, .1.510T

(b)

(q)

f

fx1y2, x2711

. .11
=,10.8 + 21

. tP0t1 . 10
.

.

check b alternirge method : Orgg

lox
d

since '',is..the nefattve.

N "
, 11 varr'

reciproca1-ot, meg un Pis an

4,

.81t1002 of.4i0Ap..*, ..

*d(00A) = 415 _Antl.ed(03).

.4(4"0)A * = 10

4

112



A

SW

A

11. Let P be any point not on A ABC,
.-Let iirtersect

sides le, its respectively
at points

gImo

To show dcA,EQ: .1.2.4431.

ai A.

6:en -;c1:(ilAk,101

44
CS contains points,:x-a

Alb ak*

conCtins .points yB + y)R

'Which reducesia

Thus

But

For intersecti9n (I :(A.

dTholg d(b,C
d(A,S)

d(AA) d(A,C)

x it (1 -,y)

d(SkB )
d(A,5 dRIRT
d(.R_,C)
d(A,S) CAA)

il(A,13) d(R,e)
d(A$B) d(A,C) - .d(A,S) d(A,R) B

d(A,R) d(SaBI
cl(A,B) d[A,C) - dcALS) d(A$R) .

Q is on so for some t we have
d(Q,B)tP = B + a(Boi) - 13)

whence

and. t

( d(A,II)- . donc)
d(A,S) d(RJC1 d(B,C) -

d(A$14. d(A,C) d(A,S

d(AIR) d(S,B)
asA,B).d(A,c) - d(A,$) .d (A R))

Substituting the expression for t obtained
1

simplifying we get
d(M). d(s,13) .d(m). d(B,C ) .d(B a(A,$). d(R,C), d(r,$)

CAA) d(C,,R ). d(Q,,B)
d(S,B) .d(,A1. oci,e)

whiohNgives

from (3) irit:0 (4)' and

*

1

, 117
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.

2.

. .

Consider ABC

is a point oni5
intersects , `AP

inte&Wcts at: M.

.

A D 46, B
. Taste..origin at, Ds- x-arts along Anyt aLteng .1)6

22 (a00] B g3;;b00)- C Na [the] P*34 [9sp]
(This exercis( Fopsiderg only the-case .1) striatti-laetween A and /3

so that a afd .114 t .)" t
4410. , e

(xy y). is' on ACy. then r=". (x
713.

(xo y.) la on 1213, 'then y = 4. (x b)

Solving these to findecoordfnaies' ijf N

..cp(a b)1 [14

a ap - be y

RE

N

If ( xoy) fa on. PC 0, then Y (3; b)-b

If (x) is on' Pr? theA: Ca a)

Solving for the coordinates elf 14 1:e,get

fab(p c) sp(b,-
bc ap bc - ap

ge t

e

Because both PMC and PIE10 are smaller thin 90° angles they are

1 1

. Isin hPdi
2

= isin PIDCI for which it is enough that

loin = Isin 200012. But thiS follows fram
. 1

.

,

1 12
, 114;c1 a2,32(e. _N

.

2

PBC' I
iu

P /

.. (12(m) 036 -,ap)
2 112102(c p)2

congruent if
pinc

and lain

A

(be - aja)

1)1,3:12

ZMDCI2
d2(MD) (bp -

a21;2(p (be - ap)2
a2..b p)2. c2p2(b 02,.



3.
as

e

ma.

eonsideff B as ori n.

I.

a

Let..1 be any line which*does- not pass
thrxmla an,:f yeller ofC SABI:. 4.
inracts M at P9Q9R9

"respectively. (Tbis tonttItif.'impLitic
aisnaptiop that 4 is p4rallel td non-e
gf -,tae sides**41sfr A ARC.)

Alb

%a isoi
41' is on a

.Rence

o for eilme
so for some

From these we get
'

d(B,C) d(B,P) d(191.). d(13,R1 (1390) d(1391)
d(RIP) 403M- d(R,R1 amr). c

x9

.7,

111j.13)

1

(1)

is a defined point only if the denominator is not 7.exisy which is the
condition that excludes I Parallel to a side.

'Similarly we may write
d(Q C 0%1 :6-

42' d A +
d(A9C

Then the coefficients of A!, and -a in (1) must be equal rvspecti'vely jr.

to the Corresponding coefficients in (2). From which we find

..-

a(Asc) d(C9R) 1?)

d(Q,CY d(13,B)

119
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41,

+.3V2)2t: 3!i12 4: 22.iW2 + xA"
.. a. ,.

2 ,-2,31, 2 +i

(W-+ x2)ItY .4. Y. '') xi2Y1 .142 1
....

vi

Thus WeLneed to show that ,,,

a
airixeyi 5 xl y2

-

.

BUt this is true betause we always haie

: 23r1 2 ri522 24,71C2x2yl x2)rl ?:4

(b) 'Iet X = Yi], = 142: Y2] in 2-space, di

men we write (it 1)2 < 1112 1112

(c) (Z. 7)2 f; f;12 if and Only if IlY2 =

ana only if -3rd r i 0 .
A

Review Exercises

.1. (a) X . - C = [QI-2]

(b) X = 2A 3B 4,c) = 1-1
5

( c) . Al.+ Pm
(d) x =1("gt+ '6 - 7) Lel

(e)

4f)
144. 3.- 1 4A - -B . (... - . ._.]
3 3 2 P 3

2. Prove: -di -4-,7 1.7 is' stiaflted by

7 = (-1)T . -A .

3. (rs) F = r(s)

Alk

Proof: (is)1 and r(4) are parallel and have the same sense of

direction.

l(rs)11

6

+ r+ (-31) (Substltution)

(Definition of (=IA
=15 (Zi is additive inverse

of 1) 'a

a`

irlIsi = 14109 = 1 ( 1:

316

4
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9. (a) = 6i - 23

(a) 2(21 + 33) + 3(31. - 24) = 4(-1. + 33) + "4. x2.1)
t

+ 6j +191 - 63 + 123 + 5x,a41

171 -,12j 5i 4 5x23

(c)

(dr
3 3,

21 + 3j + + 353) 23 - 1 + 3j

2i + 3j + + 2x2.1 = 31 --2j + 33

01 + 23 = -31(1i 3x2i

534.=

12

'17 12X =

(e). X = -71

(r) 13x = - -6-- i

1.6

= 0
J.

-3X2 2

4 2
3

W. (a) .(2i + 33) (31 23) = (2)(3 ) + (3)(-2) 0

(b) 2(21 + 33) 3(316- 23) = (11.i + 6j) (91. - 6.1) = (4 )(V + (6)(-6)=0
(e) 21

(d) "36

e) 0

(r),
(g) (3(2i + 33.) + 501 - 231.- (3(31 - 23) - 2(-1. + 33))

(61, + 93 + 151 - (91 - 6j + 21 - 6j)
(234 - j) - 14) .= (21)41) + (- )(-.1.2) = 24.3

a

u8 1 22

,4



a

*
11. (a)

12.

m LABc 1° .90

m ham = loo

m LCDA 55

111AB u5
(b) Area of AOAB 9

Area of AoBc =1
Area of ADAC = 7

in degrees)

(e) Area of AABC = Area of AcIABv Area of ACO3C -4Area AOAC

9 + 8 - 7 1,0

Area ,of AAOB = aib2 a2b1 I

11or Area of ABM = -2-1b1c2 -

Area of AACC -324a1c2 a2ei I 4

From the diagram above: Area.o -A-ktei* Area of ALMS +. Area of

Area of

Area of

Et1u2

AABev -111a1b2

At= - Area of AAOC .
t t I 1a2b1i + .-i2- ble2 - - 1 .

a2b1 b1c2 b2c1 81c2

123,
119

a2c1
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13.
In

. 1

1Area of 6,A0B -2.1a1b2 a2b11

Area of BOAC 2(Area Of 6A013). alb2

i. ( $7

(b) (JO

(0) t2p'74) 14]
t

1 (a) bABC u u

4.

((2 - 3r, 3!,- < r < ). + 2r 2 + 2r] : 0 < r < 1)
U((1 + r , 3 + : t < 1)

RSgion ABC, = (ii+r(1-B) +e(C B) : 0 < 2.,.S 1, 0 < < 1, r + s < 1)
((-1+Sr+217,2+r+201:0411,0 <0 <1,r+s <1)

Int.(Reg.ABC) (B+ r(A - B) +s(C- B) : 0 < .51,051; r+ a ea)
((-1+3r+2s, 2+r+..s]:0<r<1., 0 < s <1,r+s<33.

ta) (43) = (-1 + .2(t) , 2 + + 2 .01 where ire ditrtainly have

1 10<r=.<1,0<s=.4,<1,and r+sai<1
Bo (3,11 e Int .( Reig.ABc) .

[14] 7 (-1 4 3r 28

=11 SO ClearlY

in Region

2 + r. + 2s] if and only if r .1
'

[1,1] does not satisfy the conditons to

120 1. 2 4



(d)

-a1. R e g i o n A B C D R A D eRegion BDCURagion BAC

= (0+ r(A -B)+s(C-B)+ t(D -8): 0 <r< 10 0 <54110 < tr.< 1/ r+s < 1,
s+t < 10 r+t <1)

(r-1+3r+28+3t, 2+r+2s+2t : <r<1, <s<1,0<t<1 1r + < 1
t < r +t < 1)

Note: the mamas indicate logipal conjunction of.ther six individual
7 conditions-

sespent ciFie ((1 $ 1 + 2t : cf,<:t < 1)

Fran graphical considerations, ve show Pg intrrsects AB which

is a subset of 6/4BC . !he conditions 4,,

< r < 1 -0 <t < (2 3r 3 - rI * (1 1 4' 2t) art met fo

r a Hence the segments 'il`;tersect in the point (1

17: Region ABM
(13+r(A- B) +s(C7 B)+t(D -B ):0<r< 1, O <8 < 1, 0 <..t < 1, r +

s +t <1r +t <,4

18. (a) 90°.1

(b) 970

(a) 16°
(d) 4610

19. ZCAB a 90°

LABc 45°

LAO 45°

20. ABB 13?

ZSBQ 135°

45o

LVB ' 45°'
Tikpezoid

1 21

-

125
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Chapter 4

MOORS BY APIALYTIC M.FIODS

This is the first of what same students refer to as "fUn" chapters.

There is nothing new to learn in the sense that there are no new theorems or

definitions. The stUdentAave accumulated a vort4ty of toos; now thew will-
. ,

see how these tools mak be used. In apite of the groans and comillaints one

hears from the class, Most.students thoroughly enjoy this type of thing.

f
00r primary concerlCn this chapter is that each student develop a

1;1
systematic approach to solving problems by coordinates Or vectors. feel

that a saiisfactory beginning can be made hy writing analytic proofs gf

familiar geometric theorems. It is also our aim-,that, whilehe is operating

with these analytic tools, each student realize4nd appreciate the power

available in the application of these tools. These methods represent a'

treme9dous advance in mathematics, and the students shOuld be aware of their

heritage. .41

After't discussion of thlve.methods of proof--by rectangular coordinates

by vectorsp.by polar-coordinatesthe chapteA.culminates in a section where

the student must makesisonscious choice of Method. In order that the stiadent

not be denied this vIluable opporpnity to develop mathertical maturity, the

teacher must avoid the temptation' ta.'decide for:the'student. 'ftefiAtudent

is entitled to learn what happens when he maker poor choice. jik.t;.titernore,

his choice may be, _f_pr him, the beSt.

The exercise solutions are given in.re form we think is the most

natural; but, to folla4 the spirit of the-text, the teacher should:accept

any presentation 4hich is matikematicallY sound. Then if the teacher feels

that ?the student could have.produced a simpler or More direct proof by uding

another mettodi this could be pointed out.

4:

610 .

123 .ff

.
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4-2

Z2. Proofs Osingleetangular Coordinates.

Thiesectionl.Which illk conderned with profs usiag rectangular

.-eoordinates may be skiiiised2r.s4.ftly reviewed if the class has already

oovered tchis material inAnother course.. Same timantight be saved in this

-way since the time algotment for.this ciapter assumes that moat of the

'students liave had' little or no eXperience in this,area.
c

,

. -.

The tedhniquea we recommead are developed by means of examples.
'

Eollowing Example li-we have suggested a short outline of systematic steps a

student may follow edr' the problems which seem liarticularly suited to
,

rectangular coordinates. Jo faci

ili

tate.the.study of the examples, we suggest

nthat each student copy ihe figure .
d supply coordinates for it as the pToof

'proceeds.

-

AmOng.other things, Example 1 illustrates a rether delicate choice the

-student must'ieke. On one hand, Ile must select coordinates Which make the
-,..

. '

figure'perfectly genfral; on the othir hand; he
4
should choose coordinates

. .

Which make use of-the information given in.the.problem. If he does this

improperly, in the first instance he may have a proof Which is Valid for"
,

only a Special pasi; in the second iaStanee he may have a very complicated\ii.

proof Where sithple one would suffice'. Ekaliple 1 shows how the Choice oci,

;yCoordinates 1.e improved without lopfrig geOrality ih the figure. "4
4 e

142' We use the fact that d(A,C) = dNsC) to show that CD has no slope.

or._

4-2 c2'=
Ar; 2a) 2 4..c

2

- 'tab 41,
2

Therefore, 4ab
2

and, if a / 0 , then a = b and CD is vertical.

142 Regarding the choice of enordindtes for A and B in Figure 4-4we
r

aeliberately chose "-a" to the Algtit of "a" so that some students Who' need

the reminder may.note that -a does not necessarily represent a nedoive

number. ItPmeans the opposite of a; hence,, when- a is negative, -a is

positive.

or

no show that p lies on the y-axis, we note that

d(A,C) d(B,C)

)
N2 2

(-a) 4 c

lq

r.



Z.-

or be 2ab + 42 b
2-

3.. 2 +
2

.=

Therefore, 0 . 4ab,

and, if a i 0 then b 0 .
4

143 we justify the choice,of abbcissa for'int C in Figure 4-5 in the .

following way. Let D (b0c) and C (4,0. Since' BCHAD their

slopes are equal. Thus
.

and

or

C C /
b d a ,

d a + b .

We are dealing with well-known and previously proved properties of

geometric figures; therefore;"sone confusion may exist in the chase asito
,

which of these prOperties may be assumed in chbosing coordinates for the

figure. Although the teacher is et'liberty, of coqrse, toset up his &Ion

und rules", we 'recommend that only th9Re properties ascribed to

tric figures by their definitions 62.'6 the hypot4sis be allowed when

selecting the coordinates. For thr.purposs Ot_this section, we,pave also

allowed the theorems (after proof) of Exei.cises 4-2. The teacher is not

bound by this. Our reason for the exception is to make,it uinecessary for-

a student to 0o4e the same thing in two separate exercises.4

144 To 6imp1ete the proof ILEXample

3, we note.that for the'conclusion,'

d(A,C) = d(B,C) , to be true, we must

have

2
Ifta2 + L;C2 = + t.

2 '2
This will hold is a * b From the

hypothesiss.we have d(A,N) F d(B,M)

or

fi l" 2 2 2 2
rkb + c = 142b - a)- + c

This simplifies to Figure
2 2 2

b
2

- 4ab + 4a 4- . 41), - 40 4. a
2

+ c
2

or 3a
2

. SID
2

o

tram which we have a
2

= b
2

as required.

'

9...^

128
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1.

2

We include a

Hypothesis.:

BM and AN

rN .

Conplusion:

AQ= BC .

temple syn%hmti4 proof for &ample 3:

are mediaps.

.1. IR and AN are medians.

2: M is the midpoint of, AC;

N is'the midrint of BC.

3. rN (Pt

4. Introduce MD and NE

perpendicular to AB.
.60

5.

6. IV

7. ABM and Mlle are right

triangles.

8. aND ; bANE.

9. ZDBM LEAN.

10. IE.; .474

bABM 7.- halm

12. AM BN.

13. d(A,M) = d(B,N).

14. d(A,C) = d(B,C).

15. Ar sc.

1. "HYpOthosis.
t

2. Definition of medi

3. .The liàç joiaing the midpoints of

two sid,4oratritingle ia parallel

to the lieontaining tithitrd

side.
s

There is a uniqUe *pendiculár to

a line from avpotattmpt, on the line.

5. Parallels are everYWher

equidistait.

6. Hypothesis.

7. PerPendiculars form right. =poles.

A

Rypotomuse - leg theorem.

9. Corresponding angles of congruel-

triangles are congruent.

10.' Reflective property of congruence

for segments,.

11. S. A. S. theorem,

12.- Corresponding sldes9hgruent

triangles are congruent.

13. Definition of congruence.

14. Definition ofmidpoint and,

multiplication property of equals.

15. Definition of congruence.
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A

.4,

45 It is not anticipated that the teadher will assig7 all of the parts of

Exercises 4-2 to a single student. The ess exercises may be used for test

items. It is suggested that exercises 101-130 16 be assigned to everyone.

.These theorems are proved by vector methods in the next section, and the

stUdenis may profit froia a 'comgoarison of the two methods of proof.

Exercises 4-2

(Note: Formal proofs are not presented here. We merely indicate the

essentials of One possi411e.solution for each problem.)

1. M = (Elie); N = (ble).

Slope of RN.= 0;.

slope of XIV= 0.

I ;CIL

d(M,N) = Cl7a)7 = la - bl.

d(A,B) = 1(2a 2b)2 I2a 21:1

=.21a bl

2. M (ale); since

1TP P = (x,c).

P lies on BC; therefore, slope

of PC = slope of BP; that is,

-c -c

x 2b

Thus, x b and P (b,

midpoint of BC.

3. Part I. If d(A,P) = d(B,P), then

Al.( 02 y2 a%2 2
I Y'

2,
12

2 2 2 2
x 2ax + a + y ax + a + y

and 4ax = 0. -

Therefore, if a / 0, then x = 0,

and P lies on'the y-axis, the

perpendicular 'Mee< of AB.

4

C=(O,2c)

a

.Part II. If P lies on the perpendicular

and .d(A,P) g-----y2 k_a)2
+ y2 =

SIM 16 0

bisector of AR, then x = 0



4.2

By'.definition ,OC.11AB and.their

slopes Pare equal. alms

d =
4

and b a c . Therefoie,

a(B,C) QIa1 = d(Apt)

arid d(C,O) = t d2 = d(BrA).

5. B = (a k cpd) because

cd(Bpd) = d(0,A) and BC H

Slope of 0C -c- = slope of

therefore, OC 1 PU3.

.6 Midpoint of 03 =GA)
mi4nt of AC . (2414)

Sinde
= (244.1.-01

b a + c and d = e.

This satisfies the conditions for

the theorem of Ekertise 5.

Since °ABC is a parallelogrmm, it

may have coordinates as in

Exercise 5. Since d(0,B)

tAa + c)
2
+ d

2
= 14a - c)2 + d2 p

.

2
a + 2ac + c + d = 2ac + c

2
+ d

2
p

a 2 2

arid 4ftc 0.

If a 0; then c = 0 and B = apd);
- '

therefoA, PAR isva right angle.

tar

C.:2(e cl)

As (otO)

128 13.1



8. The coordinates shown in the name

take account oqthe fact.that a

rhombas is'a parallelogrmm with

congruent nides

The slope of 1-6 ia
Ia2 ..,c2

c - 0 ,

ia2 c2
the slope of 15B- is

,a + c

a2 - c?
The prodadt of the slope's is

e
2 ,a2

pergendicalar.

9. The s*DeAi, A C L :7-11-1 ; the

'd
-alope of 067 ;77 Sinclasopw,

d d
c - a a c

. -1 .

Therefore', d
2

= a
2

- c
2

, or

a2 c2 + .

la] = g7i7T . d(o c) d(O,A).
,

10. P = (a,0); Q = (a +

R = (b + c,d + e); (c0e).

d
Slope of T4 = slope of XS = El

11.

slope of 'PS = slope of RQ

p = (a,o) ; Q = (a + bld)

R = (b + c d + e) ; S ..(cpe

Midpoint of
fa+b+c d+el

2 /

midpoint or.15.4
fa +b+c d+
\ 2 2 -

132

129

; hence, the diagonals are



a

t.

12. ,d(kpc) a)2 +

= _ 02. d

d(OpB).

13. D = (cpd); E .4a d .

BloPe of M . 0 . a1ope of a
and slope of- BC.'

,d(OrA) = d(411) = 2a + 2b - 2C

= -2(a 4-:b -.9).

d(DpE) . a + b - c.

14. D = (cpd); let E = (epd.).

Since E lies6on ip.the slope

the slope of 4,124 hencer

d d

e t 2a
vOe.= 2a + 2bp

-

and,. e = a + b. Therefore

E . (a + bpd), the midpoint 9f A.

15. Let the acute angle be

(d(ApB))2 = (b a c2

B=(b4o)2 2
b
2 + a + c .

Also (d(01B))2

2d(01A)b

(b2 + + a
2

- 2ab

2
--2ab + a

2 2
4, cb

130

.03
%.



4

it. lc

f3b 3c
t

V28 4.)
.The point, (a + divides each

of .CK, BM, and AL in the ratio '

.2:1.

17. Since AP BC, ,tte

b -
AP a -1'since 7BQ ,.the

c

slape of' B,Q Z-t
c .

441.

AP = ((x,y):: y

BQ ((x.,Y): .y =
.

-

- Or;

-

Since the intersection must lie on

-.the y-axis, x = 9 , and. thepoing/is

18. In che solution.of this eercise.we

proposition:, ifhe segment Joining the center of a circle to theisidpoint

of a chord of the circle is perpendicular to the Chord. We dispose of

wish to male use of the

this prOposition first.

Since .d(0,A).= d(O,B)'

4a2 + 4c b d
2 4-2

+ 4
2

or a2 + c2 b2 + di .

c - d
.The slope of AB . r b 3

d
the slope oi OM

a 4 b

She product Of these slopes is

c
2

- d
F

2
since

a - b2.

2 2 2 2 2 ' 2 2 2a +c--b+d0c-d. 1) -.a .

13 4
131

at



0

Substituting in tie produ f the slopes obtained above, we have

the;efcee,

We return to the first problem and,select a coordinate pystem as

dricted-in the figure. We have placed the ()Agin at the midpoint of

4s

PC and we let M = (x2y).

We then thave -d(F,M) = 1/(x + a)2 +
2

d(M,C) = 14x - a)2 + y2

and d( C = 2a .

By employing the Pythagorean Theorem in dPCM we obtain

a)2 y2
(x - a)2 + y2 . 4s

2

x2
+ 2ax +

+or

2 2
22ax + a + y2

2
2

2
2x + 2y. . 2a p

2 2 2
x + y. =a -

We recognize this as an equation of the circle of radius a which has

its center at the origin.4'.However the entire circle is not.the locus

4
A

in the case we have depicted. The locus is the arc of this circle which

is contained in or on the fixed.circle. Thee is the case for which the

radius, r , et the fixed circle is less than 2a; the point P is ext.trior

to the fixed circle If r - 2a , P is on the fixed circle; if r > 2a 1

P is inside the fixed circle. In both of these.latter twe cases, the 4

2 2 2
entire circle x + y = a is the locus.

132

135.
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4-3., Proofs Using, Vectors.

The purpose of this section.is to show another methad of proving

geometric porpositions. It is inappropriate to say that ore method is superior

to another. For a particular problem, one method-may be simpler than another

.pethod, but the point here is.to increase the diversity of available methOds.

ikiinfteCtors may be an approach wthich, though new to many st4Udents can be ok

401111rnsiderable interest to theM. If the teacher (02., any stUdent) wishes to
. \r-

PUrsue this topic of,vectors,applied to geometry, he may consult Elementary

Vector Geometry *by Seymour Schuster.

4

147 A reference to the discussion of Figure 3-8 in Chapter 3 mAy help some'

students to understand the Vector Eadition performed in Example 1. This

example is Exercide 13 Of the preceding set.

An application of Actor additiom

which may interest some stuilents.involves

the stiis around.a closed region. For
,}` Ale =Or Jae

. example, a+b+c-fd=0. One of
Kirehhoffts liaws, which is widely used

.

in dealing with'elearical circuits,
,

stateaithat the sum of the potential

(voltage) drops around a closed circuit

is zero.

0

147 The students.'should discove; that altering the directions of any of the

vectors.in Figpre 4-:84114-111 not essentially changethe proofonly some details

will be modified. The students may encouniLer some diffic ty, ho ve7r, if

they are careless in the way they label the vectors. For example, i ce E

is themmidpoint of AD and we chose s to designate the vector from A 'to

E, the vector from. E too D is also labeled a. But if we used the vector

from D to E, it would be labele4 .41%

148 Example 2 is Exercise 10 of txereises 4-p. We ha4e suggested to the

student that-he copy Figure 4-9. We hhould like to emphasize.this suggestion.

We think this will help the WAdent to see that the choice of an origin is

completely arbitrary, and the drawing of the origin-vectdrs as the proof
1 -

proceeds may aid in visualizing the steps of the proof.

149 Example 3 is Exerdise 16 of Exercises-4-2. Note thet a particular

choice of origin:(aided by a Prior knowledge of the result) greatly

simplifies the proof.
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In solving any sort of problem it-is difficult in génerar"to. tell

beforehahd %tacit will "workli.an4 What %all not. pis is trUe of themore

;complicated exercises where 4 particular choice of the roigia may give

simpler calmilations than.occur with another choice. In general: an origin

should be selected which allows the hypothesis to be' expressed simplY. It .

should alSo be chosen-so\hat the nuMber of independent vectors needed is aa

small as possible. Apart from this, experience gained from trial and error

is a valhabIehelp. If ealculations bog down with one choice, perhaps another

choice should be made? However, some proposittons siMply do not possess short,

elegant proofs.... %

151 .

The centro4 of an area or a volume can be defined in mathematical terms'

using integral-calculus. The center of gravity of a thin uniform sheet or of

uniform mais is theeentroid ofthe corresponding mathematical area or

151.

Volume.
. 4

Physically, the center of gravity of an Object will always lie.on a

vertical line through a point p;oeuspension of.the Object. Thus the center

of gravity of a triangular object tan also be determined experimentally by

suspending it from. 2 different points: say vertices, and then determining

where the lines of suspension inteAect.4111

There may be some mystery suemunding the choice of unit vectors in

EXample 4. Of course,* we alWays.can say,_"It works!" But we can give a more

sound justification. The fact that we need an angle bisectbr could lead

someone to tpink of the diagonals of a rhOmbus, andthe congruent sides of a

rhombus could lead soMeone to think of unit veci'ors. Students (and teachers)

should not be discouraged if they do not think of thing2 llige this; years of

/
experience and/or a little luck play a large part An these activities.

153 Exercises 5 and 6 of Section 4-3 are the same theorems used in.Examply

3 and l'of Seation 4-2. Tfiese may be assigned for purposes of comparink,the

two methods of-proof.

Exer.cises

(Note: Formal proofs are not presented here. We merely indicate the

essentials of one possible a. for eacE problem.Y

."

134



oalE144

Let E be the midpoint of DB,.

me have ;am + 111 and'

q = m + a ; therefore, g = q

and goint..B bisects 'ALCI

2. y Consider klie diagram ats the left.

7f2 YE

* wish, to show ttat 7 and, OX

trisect Uy and that AB passes

through points of trisectist of OY

add. b"TC.

Any point' on K-B can be represented by zr + (1 - z)-13; O<z<1 .

Any point, on FY can be represented by yi; 0 < y < 1.
Any point on ac can be represented by fit 0 < x < 1.

.116,

We wish to find values of ex and z such that zA +

But we-also know 31% t;(6+ and 5% I+

so we want zA + (1 - z)Ei = + 113)
2

zA + (1 - z)ji = 1 (f xr1

2so we find z = 1
3 x .

ll'hus the intersection is'at ilt+ifr,__ f

S.

We find by similar compntations thai B intersects N at + .2-27
3 3 3

This means OY and. dOX trisect AB and alp that AB. passes through

points .of trisectlon of 53E and UT.

a

411.

afor

3 SI

135
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44-

S.

aq,

4sing A as the origin, we hikre

..A -(B
2 .

10*

The intersection of medians BQ

and CR can be located by finding

lolve

the values of x an4., Y whiC

xB Xf(I yC + (1 y )11'

Substituting, we obtain 4

.B -C re yC + Y
2

1x + 217.:4,
la" I a` a`

Equating corresponding eoetficierts, 11:re have

C.

1 1
x = -41 - yY. and y -(1 -

2 2

Figure 4-12

fram which we oaain x = y = ....7
.5

/ ...

& .

N.
1.4 IA

This tells us that the intersect1oz of Bq and a 18

which Is a trisection point of eaeb of these medians. A trisection

N

(.1
k.....,- .point of AP is /1

A 2

4. Since- d C
dr,B),P) 1; the vector

r4

al. 1 .1.

from C to P is c a .

The vectdt rum C to A is

a - ..;) and we;wish to find

n(a - b = d , the scalar multiple

of it. The vector from- 0, tó Q

may be expressed as 47 + 1) or

as a scalar multiple of the vector

136 13 9
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we' therefore have

11..+ i) 116 .

r

alb
b + na nb = mb + r

Equating corresponding coefficients give s Us

n and m 11 - n).;

1
for t.be erations we find In = Therefore,

r 1
-7;), and

+

From the'diagram we seer that the

,vector from N tO lc. is er-1;

and:the vector'from M towfB is

Sinc d(M,A) = d(M,B),

we have' 12; _ .:412r

Using the'Law of Cosines, we may

write thiv as

1
r .1. 1

.417;12 + fq2 + 4E17f) 7 hire + itt 2 + 417'71

This equation simplifies to

41712 1.1-712+ =

1

-'or
3,1-1712.

From tide we see that 2 = 21r1, and AABC is isosceled.

This vector proof.of Examo.a 3, Section 4-2, is somewhat' artificial

44tecause of the use of ihe Law of Cosines. It may be profitable for7the

students to compare into proof with the rectangular coordinate and uynthet e

proofs appe,ring in Section 4-2 of this commentary. It can be'noted that

appiying vectors to equal lengths may:become awXward if the vectors are not

1-042
Is'

4-3

fk§

4

parallel. 4 .

toi

137
V.e
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4.

6. The vector tram C to D may

"-* 1 -
bee....2yessectraa

the vector from -"to -...k\-may

-
be express,eVas b - a The .

produe.tof these two vectoi i t

(b )-(0r4.

" -§ 2 a b

1.1.Ta12)

Since the isoceles triangle has JaJ
4' I

the vector prciduct Ia zero,

and

7-, Let ABCD be a quadrilateral; i.e., A, B, CI D jare distinct.

= + 13) ri.,= +

+
2

47 112-05. +

P,".141 are the midpoints of the side .

We wish to show V.iF bisects K.

,Points of MP: Ar+ (1 - xYlr .0 < x < 1

'Points of NQL: .(1 -

Intersection requires that

x11+ - )0P-1-13; + (1 i.yY 4,

x41 lt) + (1 - 0(1U + 15) -
2 2 2 y(-e 2 )

so X = -§k1 y) and t(1 . =

1
hence x y

Thus RF intersects a point which.bisects both

X C

1

138 ,141
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4-4. Proofs Using Polar Oaordinates.,

Polar coordinates nre,not partoicUlarly adaptea for proving thegrems of

the.type:We have been discussing. The beauty'and usefulness of this form

Will be more apparent in later chapters.' Exercises.using polar reprdsentation

are, therefore, deferred. We haveincluded two examples to illustrate the

possibilities for polar coordinates at this point of our progress and to 4:

set the stage for the next section.
,

4-5. Choice of Wthod of Proof.

This Section, which contains rather specific directions for problem

solving, should be carefully read and discussed. Most of the ReviewExer es

which follbk may be used/to give the students experience in choosing and

'following through with scee particular,method. The solutions we presentaare

-merely the bnes which occurred to us; tiley are not put forth as the oaly

ones available or even the best of the many posiibilities. As was said before,

any mathematimlly sound presentation sbould be aCceptable. 10'

1. . ao,m) 121b2

d(A,M) OA) 42a

ew Exercises

,3

kr:7

ON

)2

2. Let the fixed points be on the

x-axis) as indicated in the figure.

By multiplying the slopes ff the

sides of the angle we lis;e

.
x -a a

4

Y
2 - -x

2
a
2

) or X2
2

+ y
2 , a 1

ow.

(Ny)

140143

,O) 0,0)
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3.

d(O,C) a
2

4- ,and d(Ay11) = via2T7-72

C Ib

A=(o,O)

The coordinates of B are (a + bld).

+ (d(A,B))1,2 + (d(Bic))2 + (d(Cso))2

= a
2
+ th

2
+ d

2,
) k + (b

2
+ d

2); 2

2(a2 b2-+ d2)

(d(01,13))2 (d(A,c))2 (.(Et b )2 + d
2)

+

, 2 2 2
= 2(a + + d )

= (a,0) ; E = (2 cyd) ;

F = (6,2d) ; G = (cyd) .

From Exervise 10 of'Exergises

we knovt'that '.1)EFG is a' parallel-

ogram; from Exercise 9 cif Exercises

4-2, we know that DEM is a

'r)O-ob..us if DE' I GE. It is evident

erect the coordinates of -the midpoints

that DF it vertical and GE is

horizontal.

.74

1*.



06

6. D =' (b,d) ; E (a + c d) . .

.

It is evident: frau the Coordinates .

and IR . are

hence, para1141../

= 2a - (2b - 2c)

2(a - b. + ic)1

- b.

that .a p

horizontal and.,

d(0,A) - d(B,C)

d(D,E) gm a + c

4* Aril(
411

The vector fraa D to G is : - 1; ; the vector frau H to B is

2if - .r - I: . li , ir, hence', IIHB:.. The vector frau A to E may

he repreSented by 12Z+ (1 - x)17 or hy y(2: + To). Setting these

equA we have

2017+ (1 - 41; . 23Z+ Ab.

Equating coefficients results in x = 2y, y 1 - x Solving these

The vector from A to F raayt

or by y(217 + t). Equating

1
equations together gives us y 3

represented by x(2137) + (1 - 'x)(71 + S)
2theses we obtaiN y = -3- .

2 1 5

.1_
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qt

10.

Let El, B, and F be.the midpoints

of the sigasl.and let the perpendicular

bisectors Oii.n and BC intersect

at the origin. Since:17 is

perpleicular to the rctorfrom IC to B,

'(7k4 + 7.7) - 1b) ; or

. 1.(r. B - mr. = 0 therefore'
2

Similarly, Ir12

Since 'f" (16' +

221(vz_

--4(1111'

But slice (612-1 t(Iw

c

ID

= 0 and F is perpendicular

,to the vector fram C -to A. Oonseventiy the perpendicular bisector

of AC intersects the oth r two perpendicular bisectors at 0.

Let M and N divide AC and BC

in the same ratio, r . Men ;r- 5r

(rr.+.(1 rYt) (rri + (1 r )46)

e aIte 4I alb
x a + .c - b. 1.

.16 *lb

Xle= -a + d -(-b) .

Adding, we obtain 2x c d

4

or -1-x = ( + dJ

.



We are given parallelograms AND, AEFD, WM.

Define numbers d, h such that 15 = dA; I = hF.

We will express everything'in terms of dy Z, ea assume 411 points

are distinct.',

The line through If contains points x + 4
or x(dX) + x)(r +

Vile line through contains,points yE + -,ygr
'or

For these two lines to intersect, we must have

Thms we must have

yh +1-y.h- xb

'Jed +1.x.d- yd.
_,..-....

Solving this system we get, under condition that- h / 1 -

i d - 1 h - 1 ,

. y = h + d - 1
x .

which puts the intersection at X such that

4- + 1 - yYt

hd

h + d - 1

From this we see immediMely that X Wes on the line containing biE

since +

The restriction h / 1 - d arises because in Ule case. h = 1 - d,'we

get h . 1 d which makes the pirallelograms similar

an4 the diagonals parallel.

11



12. Since 4(41P) m d(Q,1) -1,- can

".be.repreaented by I+ 1111;-.1).

thid t by + - 1).1

Z.+ k(a..1) and 2.

so that
- ,

Equating coefficients, we have

q(1. - P) and k qp;

therefore, 41111476."---1

and r --P-. B.
P

A Similar arguient gives us Y= '13+
1

Aft fa.

I-P 1 - p

hence,

iti; 4-4

.1 . The sum of,the 'Squares of the

;mew of the four sides is

.t

0

(2b1S(1)

(2c,2

,(2b - 2a)
2
+ (2d)42 + (2b -

(20,0

2 %2 %2 t 2
+ (24 - 2e) + (2e) :+ (2e)

. 8s2 + 8b
2

+ 8c2 + 8d2 +1/40e
2

- Bab 8bc - 8de

The sum of the squares of the lengths of the diagonals is

(2b)2 + (2d)2 + (2c - 2a)2 + (2e)2.

4a2 + 4b2 + 4c2 + 44 + 4e2 - A--vuu

Stibtracting these sums, we obtain,

4a2 + 4b + 4c2 + 4d2 + 4e2 + Bac - 8ab - 8be - 8de

= 4(2
2 2 2 2a +b+e+d+e+ 2ae 2ab 2be - 2de)

The square of the length of the line Slegment joining the midpoints of the

diagonals is

c b)2 + (e d)2 a2 + b2 + c2 + d2 + e2 + 2ac 2ab 2be 2de .

1A51

a



4-4

14. We select coordinates for the

two rocks and the tree as ihova

dia-rgam. After marching

the required distances and directions

from the rocks, the positions

Pi and P2 .are located: The

midpoint of IT is (1, 11)

therefore, the buried. treasure is'

located at the Center of the square

whose side is determined br the two

racks. (The location of the tree

is.unimportant.)

c(14bil-a)

149
146
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Chapter 5

'GRAMS AND STIR EQUATIOIE

s

5-2

. 'The materialof this chapter starts with familiar content including much

that:has been encountered in earlier courses. 'The treatment is broader and

deeper'herethanobefore. It is broader because we now haire analytic,repre-
.

sentations in reetangular, polar, vector, and parametric forms. It is deeper.

because we take account of some troublesome 41Wtails and special cases that

aie not adequstely treated on.a more.elementary ;evel. The work is cOnse.,

luently a bit.more difficult, but alao more rewarding.

We call particular attention to.the.treatment cf related-wlar equations,

, and of paths, as distinguished from curves. Neither(treatmentis met in a
#

traditional first course in analytic geometry, but ve feel.that they
'

illiimi-

nate some significant mathematiCaI content that is appropriate to t s.work.

There are many'eXerciTea, but, as has been mentioned bef book,

they'need not all.be assiAA. We particularly urge the teach

1, a vievioint we recOmmended to students., ,Stresa the dynamic aspect o

relationship between geometry and algebra. Some appropriate questions here

are,'"What would be the.effect iethe graphif we Changed this 5 to -5?";

"What change would we have to make in the'equation if we wanterto raise the

graph 3 units?; if ve wanted a larger.circle?; ifwe wail* 'only the portion

in the first quadrant?"; "What kind of.graphs would ye get 4 we replaced this

6 by a variable M p and then'toOk larger and largervalues of m 7".

#

1. y 3

Exercils

2 2
3. y = x and y -x ; or x =y

y = 2x ; or y
2

. 11-x
2

r'. a ; or x
2

+ y
2

. a
2

ISO6.
2 2

a
2

147
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N.

8. 3x - 7Y 11$.. 0

a

9. + y 2 = + 2y + 21 ; or,

(6 ."(2")xiit. (15.7- 21)r - 245 - .24

11. If p (x,y) As a -point of, the locus, then tle istance froni P to the

line is 12x + y +, 2 1. s and from fP to the pant (2 0) is

ta:

4.+ (y.4. 1)2 The stfiiementipof equality of these

yields-our equation: x2 - !my 4.721-y2 - 28x + 6y + 21 = 0 ..

- 6e4i 142

two di,stances

12.. 9x2 + 25y2 = 225

13, 9y2 . 63

14. 18kg -;-48xy + 72 156x,
,.

15; -5x - 6y + 17 = 0

, 16.

17. -3 < Sr < 3toe IMP

18. 2 2'0x + y .> -4..

19; 4 _4
20. (x_1 )2 .4- (y 3) 2.2

s
21' Y >

x2 + 834 >
a

23. y
2 < ICO E0x

N -6 < x < 6 ; or I xi < 6

25.

k2 > 0 0
f

,,, or . 'x2 .+ y2 .- <" 0

Ate

x2 +ly2 < (8.08) 2 ; or x2 + y2 < 62864

'OK

-an

148 1.51
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5-3

5-3. Parametric Representation&

The content and treatment oilkthe material inthpi section are closely

related tb thephysical and shientific applications that pupils villa:get in

othircladres and in later work. Science teachsTs.in the school should be

shown thli sections.and_their cooperation solicited in devising labOratOry
1.

experiMents along the lines suggested.

2.

pawroses

, 0 1 2 3 4 5 6 , 7 8
Y"

9 10

X 0 2 8 18 32 50 72 98 128 i62 200

Yt 0 3, 12 27 48 75 108
/

192 , 243 300

t 0 . 1 2 3 4 5
-

6
/
7 8 9 10 1

X 0. 176 352

.1

528

-
704 880

4

)615 .1232 1408 i581 1760

y 0 16 64 144 256 400 576 784 1024 1294 ,1600

j X = 5t y
.1\y = 2 .

x = -6 ,

t = 2t

5. x .3t

y

6.

24,
= 1 .

5

A

7. Eliminating the parameter gives y =
2

With the usual placement of

the axes this means thtt the point,ptarts from rest at the origin and

moves steadily to. the right as it movps morskand more rapidly upward.

Its path is along a parabola whose vertex is at the origin and-which is

concave upward. Since we Assume' t > 0 0 the point travels on only the

right-half of the parabola. 25.9 units.

(
E5 2

149
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8.. For the line 4x - 3y + 2 = 0. we have direction numbers forthe normal,

(4,-3) . Therefore we may take direction nimesteis for the line as either

0,4) 1 or .(-3,4). Since no nense of direction along the line is

specified vemust'cosinsider both. If we use direction consineg then the

displacement along the line will be one unit for eadh unit interval of

the parameter t . Sinbe the given rate is ,10 units per second we

must now take direction puMbers ten times the direction cosines, i.e.,

Since the point goes through (1,2) at the time When

9.

3 0 the elapsed time after that is indicated by t - 3 . We have,

in the first case, therefore,

x = 1.+.6(t - 3) ,

1 y = 2 + 8(t - 3)

and in the second case,

In the fir

t . 10 the

position is

Refer to the

4

or
( y = -224 8t

jx = 19 - trt

4k
1 = 6 8t .

case, When t = 0 tehe position is (-17,-22) and when

sition is ()i3,584% In the Second case, when t = 0 the

19,26y , and. when.t . 10 the position is (-41 -5))

solution of (8) above._,

_22

10t

-Assume: -(t. )0 t
. 1 0

or

_Direction nuMbers for

_and direction cosines

4

- a

x =3

y = 0

the line

The velocity"of the point along the line is

ea.

a , d b)

d-b -

a)2 (d b)2

a,

and this is tile factor by which we must multiply the' directiomco nesso

that unit intervals pf the parameter t correspond prope5Iy to dis-

placements along the line. Since the point goes through (a,b) at time

to
indicate with QUI' parameter t the elapsed tine since then,

t to . Therefore we have'the parametric equatibnsl

j 150 153
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S2,1

-x a +,(d c
(t t )

0 10
+

2

These formidable equations become:

ca (t
t - t
1 0 ...

d b f
y = t

o
)

10

OP

, c

'You may easily verifyfromlhiese equations that When t
0

the posi-,

tion is (a;b), and when t 4 t1 the position is (c,d) .

N

41 . Assume t in seconds. The point movesq'rom the. point ,(1,0) to the

point (-1,0) and'lmsk again, Making a round trip in 2g seconds,. It

starts from rest.at increeles its speed until it reaChes the

origin, then slows down until it comes to refit momentarily at (-1,0) ,

then reverses the vrocess endles aly. Its maximum speed ogcurs

at the origin. (By methods of the calcului this maximairspeed

shown to be one unit per second at that instant.) Such motion

a "simple harmonic motion" and hts many pbysical applicatio

eac4i time

can be

called

All 3 56 7 8 9 10

ON .540
....

-.418 -.990
IIMMI ."111:211111 .9o1 111111 -.150 -.913 -.836

At the epd of one minute t = 60 and Table II does not give cOrrespond-

ing values for cos t We use the%fact that cfr1.t i periodic, of

period 2n . (TheNistters will be detrelop
de

her in the next

chapter.)

We express. 60 as a multiple Of it and a remainder.less than

.which we find by dividing 6o, iyfa Suitable decimal equivalent of n .

Tables ,I- and II are given cdi-rect to three significant figures and

a careless student may then take 3.14 as a proper eqUivalent of g .

However, any inaccuracy in this approximation wtil be multiplied by a

factor c;febout 20 and 4111 give us a Seriously inaccurate answer,

It is not our intention to entkrAmto an extended discussion of

significant figures and accuracy of compUtation, but in this exercise

we caution that we must choose an appropriate approximation of n .

151
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We assube t = 60 =4,0.0000 and.use n .1416 and obtain

60.0000 . 1911 71- .3096 p Which ve write briefly a 60 = 19v:4- .310 .

Therefore cos 60 . coa(19g + .310 )i.:- cos .310 - .952 .

7)
In the.same way we sasume t 'ifor one hoUr to equal 3600.0000000

not 3600';'and then take the proper approximation, g m 3.141593 . Th4
3600,0000000 .2 1145g 2.876015_, or 3600.0000000 m 1146g - .285578

Which we write more briefli as 3600 = 1146g - .266 . Thus

cos 3600 = cos(1146g,- = cos(-.286) = cos .286 Z .959 .

You need not belabox the details 6f approximate computation, but

this is a good place tollhow the.need for A proper approximation.for g

400 a good place to tousw that when 4e are workAng with measure-

ments and we add zeros to tlikidividend in division we are assumIng more

d re accuracy in its determination. A measurementof 10. indhes is

less accurate than one of .10.0 inches WhiCh is in turn less decuripe

than a measurement of 10.00 inches. We purtieularlx warn against tbe

error of dividing.a 10 inch length into three equal parts and writAg

the length of one part as 3.3333... inches! 10

12% The motion could be that of an object dropped from an altitude of: 500

feeiy in which case we assume no air.resistance, and a value of .i6 feet

per second per second as the acceleration due to gravity. A value of y

represents the'altitude, in feet"above the surface of the earth, at',

corresponding time t 2 in secondg after the instant of release. The

change'of,sign,of y in the interval t = 1 to i = 6 can be inter-

preted to mean that the Objectaches the surface of the earth in that

interval. The negative values of y afterwards would indicate tie depth

below the surface, if the fall continued down a vertical gAaft.

t QI 1 2 34 4 5 6 8 .R 10

500 484 436 356 244 lob -76 -284 -524 -1100

i3. (Refer to the solution of Exercise 12) This "equation could represent

the motion of.an object hurled upwardat 64..feet per second from an

altitude of 120 feet.

-

,t 0 1 2. 3 4 5 6 8 9 18

, y 120 168 184 168 120 40 -72 -216 -392 -600 -840

152 .
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.14: ,(Refor to the mlution of Exercise 11.) This eqinxtion CoUld desdribe a

simple harmonic

position of rest st thd. 0 in; moves, in the next seconds, to its
4

farthest right.position at (400 Where it halts 'momentarily and.re-

versee direction to move to ita iarthest left position ai (4,0)

arriving there in an additional seconds. It accelerates from (410

tO thd origin wherg4t atteins its maximum velocity, then decelerates

froA.the origin to -(-4,0) =deo on making a round- triqn o secondorli

Sua:dequations of motions occUr in the study of vibrations, and of varia-
,

tions of an alternating current.

these conditions: Thegpoint starta fromet,

t'0
,

1 2 3 4 5 6

..
./..

8 9 10

x 0 3.636 ,3.03? -14* 3.956 -2.194 ;2.124 3.864 -1.184 -2,980 3.668

15. (Refer to the solution of Exerciée 11.) The point now farts fnms
-t

(1,00) and moves to (3,0) and bLk as before0.making ie roUnd tibip

in 2o sec&ds.

16. We must assume they, start at the same4nstant, in,which ease the

variable t has the same interpretation in both, ;quations. Thereiore

cos t - - cos. t from which we get cOp t = 1, and t = 0 p a p 4x #

% these values of t", x 1., therefore thapoints start

Ea rendezvous tilere every 21 seconds thereaftei;together at (1,0)

)

A

57 Faramptric Equations or the Circle and the Ellipse. *

Focal phenoMena are fami/iar 16noUgh to 4,hys1cs, but it is

to see how the iZsociated mathematical analysis Can berused in

tions. Authors in recent publication's have app1ied ttese concepts in such
.

ar:eae as: epidemioiogy, to study the spread and control of diseasevdeno-
'

graphy, to study the distributions of gPoups of people;.bacteriology, to

study the spread or control of,bacteriel growth; communication theory, to

study the distribution of "information", and so on. Weileave theseefor later

yews, and concern marselves now with the sipplest mnd most natural of the

applications of parametric equations of the circle, thatlp circular paths.

SPI

interestingi,,/

othe$ sitUa-

I.
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The teacher is urged to make aysimple
. C

visual aid: The essential features are

two movable radii OA and aB, mounted

on a panel of spitable size. Tifo students

can then give independent motions to points

on the rim of the circle. -This model will

betparticularly.useful when you get to

perOblems of "meeting" or Virimtaki;g". :

Exercises 2:_.1

1; x lo coo 9 II"

1 y = 10 sin 0 .

(44 assume 't in seconds. A cl9ckvise rotation means that a4 t in-

creases from ,0 p 0 decreases from 0 y and in this case a. rate of- '4

rps gives the angular dispil,peient, -8st . The equations ave

;I X cos(-8st)

1 y zio.10 sin(-8mt)

Consider x . a cos(b +cat) . Since the radius l 6 inches then

a = 6 arid we are.committed to inches as'the measure Of f

'Stance the numbers (3 'and 60 are assigned to'the 12 ill'Clock'potti-

.

tion the *units of rotationin this.problem are intended tg be minutes.

The angular position of any point on the risi can 1:4 given in terms. of

these.m-ugits, measured fram the 12 o'clock positiah, or in terms,of the

4141
19 in radian units frOm the polax axis. -Thus the.2 o'clock posi-

,

tion can be described 1;)y- m = 10j, and also by 0 = g Sincewv rotate

clockvise at the rate of one rppatiOn in 60 minutes we have ay, the

directed rate of angular displacement, equal to 1 m-unit per minutt

-g
or -55 radians per'minutes.

If in the equation x a cos(b + atr ve use radian units for b

4

we hale b
3 )

since we start from the 12 o'clock position. nually,

sinceve are asked for 'th- e path during ane hour, we take" 0 < t < 60 ...

`The result of all this di ecassion is the folloving pair of equations:

x 6 cos(21 -
2, 30 0 < t < 0 .

y = 6 s1n(E 2Lt)
2 30

t is the time in minutes, x and -y are in inches, and the angle is

measured as usual in radians, counterclockwise from the polar axis.

154
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k + 3 cos ,

3 din 8 .

5. x = 4 dos s

!

x = 4 + 3 cos( - - 400,

ly 3,s1n(. 4 - Ihtt) .

Note: These equations sup*y.information aboutAlehe starting positiori

(- i) s and the direction and speed of rotatiOn (-410 but for p4Pppses

of computation they may be replatedApy the equivalent equationss,

ix
. 4 + costi + 4ot)

)y = -3 sin(i...+ 45t)

These latter equations ehqy that the itlei of the point P of

!exercise 6 is the reflection in the x-axis of the path of the point
,

P' whose equations are
,

,

xl . 4 + cos( + 4nt)

yl = 3 sin(9+ 4nt) .

*

The poirit PI starts at the highesi point of fts path and moves counter-
, .

clackwise, as we shouA expedt the reflected phint to do.
to

7. x = 14 cosq + 6,1.0

y lt sin( + 6fft)
48.

8. The poipt coves arotnd a oirclg.whose enter is the origin and Whose

radius is 4 . The,point startefrom the 3 o'clock posT5and moves

1
-counterclockwise at the rate,of It rotation per second.

0

,

9. The point moves around a circle Whose Center is the origin and Whose

radius is 6 . It starts from ihe 12 o'clock position and moves clock-

1
wise at the rate of rps.

2
.4,

Note: In Solutions 10-16 the paths are all Circular, and we s. all

condense the information Which could be' written out in flan as in ..(8 and

(9) above.

113
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10. Circle; center, origin; r
lft;

clockwise; ratet rps.

; start, 9 0101,Sac position direCtion,

11: pircle; ceAte4°, origink. r 10
V
; start, 6 o'clock position; airection,

CounterclockWise; rate, 5' rps.

12. Circle; center, (4,0) ; radius 1 ; start,

tic% ximnterclockwise; rate, 3 rps.

13. Circle; center, (0,-3) ; radius, 1 ;

tion, counterclockVise; rate, 4 nos.

F4,

14. Circle; centerr, 4(2,5)'; radius', .1 ; start

tion, counterclockmise; rate, 6 rps.'

15. Circle; center, (e,c) ; radius, b ; start,

tion, counterclockvise; rate,. 1 rps.

16. Circlek center, '(P,r) ;41us q ; start, at

1(7

- a on.the circle; direction, counterclockwise

at all if n = 0 ; rate, n rps.

17. (a) .pircle;' center, origifi; radius, 6 ; start,

.
direction, countercloCkwise; rate, 2 rps.

o Clock position; direc-

o'clock position; direc- .

3 0.1111P

(h

position; direc-

o clock positiont. direc-

the anguiar position

n < 0 , nO-motion

o'clock position;

t
,

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
.

1.0

y
'

6.00

0

1.84

5.71

-4.

3. 97
-4.88

-3.49

.1.84

-5.71

6.00

4

1.84

5.71

-4.88

3.49

-4.88

-3.49

1.84

-5.71

6.00

'0

i x = 6 .cos(i 4nt) ',

) y . 6 sin(r 4nt) .,

. /

(d) / . 6 cos(,-2At) ,

1 y = 6 sth(-2.0t) .

(e) Since.the,first and.third pointt,move in opposite direstions they

will meet When the sum of their angular displaceients equals their-
original separation, and, after that, when theiradditional angular

displacements add to an integral matiple of 2x . That is,.

2nt 4nt .= 0 , since they start together, from Which t = 0 and

the points are at. (6,0) . After that, 2ot 40t = 2n , 41c, 6n ,

that is t 1 . The2I. points start together,
'

1
and meet everY. 3

(6,0) (-j -5.196) , (-3,5.196) (6,0)

second thereafter. The corresponding points ar

(-30-5496) .

I.
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As in the reviouiapart, ve add,the angular displamients, and find

the first meeting vault vhen this sum ip equal to their original

angular separation: that is, vhen 2xt . Thus they imi:t%

first Vhen t = st the POini40.196,-0. Then ve find,

above, tbeir subsequent meW4ngs, tipke plaC'e ev9l second vhich

a

should be expected, since the fir* and seco points are tralime
. r

d at the same rate. 'me meetings therefore take *Ace when
014

1 5 _2. ..1't = 1 ,

]?
'

... P
.......

at (5.196,-3) v(-5.196,-3) (6,0)T.-2.111212
.

(0.196,..3) II

1 ". 2 ,t
18. . (a)

-27
coa(zo -51( -&)

A.
1 7i = Efill(.6 .

t

,C

A 1 /11 1
iX = CFOOV7 it *0' p

1 1 _/11 1
rn, sink-6-x .

ix coi47( + t). p

C:

Tit^ Sink '2 + 3 it t )

-Ael: When t . 0

When t = 1

When t = 2 p

When

(- 4-; pwhdh t = 2 ;
A4 1

i sp position

1
4 Wlien t = 3 7 , position is vgi .gp '

q: When t = 0 5 ;11) position is (60.159) ;

When t . 1 p 6 posit/On is (-.1'51, .049)

9 posiionAs. / 15t G $ 417;

7 1 10 position is (0,1)

iq 1
P Ws,

15
8 , position is t..

1 IN
9 ;position is

8 , positiOn iS

\

\ Wkfvfn t v, 2 , 7 , position is (-.094.0 -.129

When t = 3 4.13 , Position is (.094 , -.129) ;
.,

s. When t =,4 p 9 p. position is (:151, .049)

157
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(c) By the methOds of the solution of Exercise 17.we find: 4.

meet When

meet when

meet when

mke;i when

(1) A and C

(2) B and C

(3) A and C

(4) B and 0

(5) A and C

(A)

t = .625 (-.1120 .112)

t = 1.480 at (-452, -.046) ;

t = 2.500 p at (0; -01,9) ;

t 30700 p at (.15.90.-.008)

meet When t = 4.375 0 at (.1120 .112) .

1

Bg the methods already referred to we find that A and C meet'in

; seconds and every "V seconds thereafter. .That is, their

1meetings take place at times t :11.p where p is a positive

integer. In the same way, we find that B and C meet in 4°

seconds agol every fa seconds thereafter. .That is, the B and C

4 Meetings take plaCe.vhen t +-fq, ihere q is a positiVe

integer. If A.,'B p and C, are all to meet, there muit be a time

at Which the A C .; and the B., d meetings occur simultaneously.

That is, there must be positive integral values of p and q such
2

that +.21-Ep= 4-2 + 2-qq. This equation is 'eoigivalent to
27 9N,

81p 964! =.37
-In this equation, howrer, the left MeMber is

bvenly diviaible by 3' but the right meiber is\not, the:reit:re

there can be no ihtegrai values of p and q t otitis* it, There-

fore there can be,nocommon meeting Of A013,,nd C.

19. Sirice the points move in reflected paths with.reopect to,the y-axis",.

the second p9int t start from the position symmettfC to A , that is,

at -x20), 0 where he angular,displaCement from A is. Therefore

the equations fo the second point are

x r cos(z - lixt)

y = r'hin(g 4At) .

20. (a)

1
Assume a unit circle, time in seconds, and angular velocitor in

radians per second. The 10 o'clock position, T , has an angulai

5%
displacement of -6- . Since point

P arrives at position T in 14

seconds, its anguli.= velocity is

ig ,or . .In the same way theA

angular velocities of Q RI and

2x
S ate and - 3(5 or

158
15
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Therefore, aalef'ore the equations of motion are:.

a le

cos fit,

ly . sin t.

( = sin(t + ) .

cos(u ),
)y = ain(n .

3g u
c"(T 13t )

y sin(-32n- f5t )
.

(1) By the methods of the solution of the previous-exercise we find

that. the .meetigs of the.following pairs take place at, the indicated

tiies .(wheie a , b c 8 , are )ositive integers):

a 0

(.1 and R when
1

= 10 + 40a ;

Q, and 5 when t, = 10 4420hc
f

P. and R p when t
3

= 10
.

P and S when 10 +. 3

We verify tha en a , b , c , d are all iero, the values of
.. ,t1 t3 P t4 p are all equal to 10 , as required by tlie

statement of the problem. If there is to be a,simultaneous meeting

at another me hhere must be values of a , b , c th
, f d other an

zero for 'I'dliciNthese' times are ec4lal. Clearly, if we take d = 3

t,k

or any .Tultiple of 3, we can- find such values. When d = 3; theti
;-"..--1:0 + 4-0: = 50 . Sliccessive multiples of 3 as values of d

.give values of .t, 10 , 50 90 130 , ... , and these are4
(

clearly possible values of t
1 '

t
2 '

and t
3

also. That is, the
simultaneous meetings taka place every 4o seconds after the first ir%,

such meeting. The angular positions of these meetings are found to
Ep 24.5,...g
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Questions of meeting or overtaking on circular paths are related to.

'important problems in space exploration./Consider the complications'that

arise: the paths in apace are not circular but essentially elliptical; the

patha are'not along the same ellipse, and:the different ellipses are not

usually in the same plane, so that wie must.not conaider the meeting points'

(they would be catastrophic), but'the points-of nearest approach; the veloci-

ties'along these paths are not uniform but variable in very complicated ways.
*4

The solutions to the exercises imour text are essential first Fteps in

arriving at the level of &Dili* needed-to.solve the difficult problems of .

astrogation-that arise in space travel'.

5-5. Parametric Equations of the Cycloid.

The physical applicationfrof the cycloid are interesting indee

their anal:ysis is beyond.the sOope of t5a-lipectudents

in photography can make photographs of a,cycloid by takihg,

a flashlight attached to an'automobile Wheel as it rolls along the

but

terested

ure of

ron-

. We give another derivation 'of the equations of the cycloid which us

the ideaof a transformation of coordinates. You'may wish to leave this

derivation until you have reached the more iomplete treatment of ttansfo

tion in Chapt-er 10;

-1(,0
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Since d(0 T) length of ET = a9 , the coordinates ol; the center of

the circle are (a9 a) We take this(point as-prigin of

nate systeim, hence P (i,y) becomes

where

)

x = + tie

,1 y YI d

But in this ney coordinate System'

Since

t
. therefore

Therefore,. finally,

3n
e

i.x = e sin
y = - cos e

we have

116

= a COS 0 p
4

cos -sin et

-a sin 0 + at) ,

cos e + a ;

= a sin $ .

and

xi -a sin e
= co e 2

Or

!Nercises .2:2

I

an it- # y

-

x it(e - sin 0) #

1 y - cos e) .

n

The intervals suggested Indicate. degree measure, ..bOtt it 'would be ah

error to use these 'measUreR in the equaitions ebove0

yere derived on the basis of *ism measure 'for -e

formulae to suit, degredk meaeure0 or conveA the:int

measure. The' latter procedUre is the eaiier and

sin.ce the equations

.1/e.i4.5r revise the

rvals to radisn

ne follovr.

e degrees 0 60 90 120 150 180 210 270 300 330 30

0 radians
A

E
27f

3

7A
77

14n 3n 5g
T

11A

--6`

x 0 6 . 2 .6 1.2 2.1 3.1 4.2 5.1 5.7 6.1 6.3 6.3
,

r

Y 0 .1 .5
r
1e0 1.5 1.9 2.0 1.9 .1.5 1.0 .5 .1 0

11-4
161
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The values of x and y. are compute# to tlie nearest tenth,lind

the graPh is gketChed below. .

. The height of the rectangle is the #diameter of the generating circle

Whose radius is thdrefore equal to 3 .The base of the rectangle is

As long as the circumference of that circle and is therefore 6.1t . The

equations of the cycloid are

j x 3(0 - sin 0)

y = 3(1 - cos 0) .

lie have a = 3 inches, and equations,for the graph,

= 3(0 - sin 0) y

y = 3(1 cos (p)

The angular V'kocity is giVen as 4 rpa which meant; that cn =

,

radians per second. Since e = cut the equations above become

x 3( - sin 8iit).,

1 y = 3(1 - cos ant)

.1
,

.2 .3 .4

-
.5

x 5.77 1793 19.75 28.38 37.68

5.42 2.08 2.08 5.42 0

To compute these va,lues we had to find functions/of angles -whose

radian measures,exceeded 1.60 which is as far as our Table.II goes.

We must use the pi-ocedure exptainan in the solution to Exercfse 5-3,

'HuMber 11. Thus sin .87( =sin 2.51 ..sin(A - 2.51) . sin .63 = .589 ,

and so on.

P 141117.;:ch its first high point at the end of the first half turn

which will. occur,at Nhe end of thirst
1

second. When t .125

P (9.4 6). .

162 '
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(a)

5-5

All cycloids have the same shapes therefore an accurate scale

drawing requires arty, carefully drawn dicloid and a properly dhosen

scale. The width of one arch is 2ga 2 and the height is 2a 2

where a is the radius of the generating circle. In this case the

base line represents 66 inches, or 2ga , Therefore

1
a = 10- inches. We suggest a scale of 1:12 which means that

- 2

1
the drawing should be 5-§ indhes across And lg indhes blgh.

(14

(b) We have

x = a(0 - Bin 0)

1 y = a(1 e613

1
a = 10- .

2

We Must correct-the linear rate of 30 mph into an angular rate

of rotation for a Wheel with 66 inCh circumference. A rate,Of

30, 280 12 . 280
30 mph inches per. minute rotations per

5280mi
10560

nute - 2ft radians per minute. Therefore - g and
11

9 gt . Finally we have the equations of Motion with values
11

for x and y in inChes, and t in miriUtis:

- sin1P-P-L° gt)

10560 )

2 11

11

11

You may wish to present the following "paradoe and solicit explanations

from the class:

AS6



nicke

d A

pose a'nickel and a dime are firmly attached concentrically, and the

s rolled one fUll turn without slipping along the line is . Then'

is the circumference of the nickel and since d(A1B)'. d(P,Q) the

circumferences are equal. 411.rmlft they?

. Answer. (Don't tell the class too soon.) Of course the circumferences

are not equal. If the nickel doesn't Slip along AB then the dime must slip

along PQ 11

Challenge Exercises for Sections 5-3 54, 2:12
.

1. From Figure 5-13, since d(0,0) . length of fa = a0 the co6rdinftosk

of C are (a0,a) If P = (x,y) is a point of the locus, then

ix . ao - b sin 0 ,

1
)y a - b oOs 0 .

In Figure 5-14 the point Q less coordinates (0,k) . TO find k

tt first find 0 from 9 , 40:7 6 sin 0. Wi can do this only approxi-

mately, from the tables and the.fact that sin 0 1;0. From Table II

we have sin 1.50 = 0.997 and Sin 1.48 . 0.996 A reasonable estimate

gives di m 1.50 within the limits of accuracy of this table. Therefore

k 4 6 c)1.50) or 4 6(D.07,1) Q = (0,5.574

As .1) gets larger in comparison with a the lower loops get

relatively larger, and the graph looks as if it vere being compressed

horizontally The lower loops will inteseet and overlap and the graph

will look more and more like a plane projection of a tight helical spring,

or like an elaborate doodle.

2. This drawing should make clear
A

the relations:

x d(0,G) b sin el

ly=a-bcos 0.

The equations for thris curtate

cycloid are exactly theysame as

those for the prolate cycloid.

) x - a0,- b sin 0

y a7b cos (;)

1 6 7
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The distinguishing feature for theirigraphs is in the relative

sizes of a and b as indicated.in the text.
'41

_... -

(Refer t4sFigure. 5-15 in the text.) Since length of Aa.13 = length of BP

We have ao = be . Also, .. c . ((a + b) cos 9 $ (a + b) sin 9) . if

P = (x,y) is a point of the locus then 11
= d(O,E) -. d(P,D) = (a + b) cos 8 - N.

..,.. k

e
y = d(C,E) - d(C,D) = (a + b) sin 9 -: a cos w.

. 17

irSince 9 + 0 + 41/ we have si y.= cos(9 + 0) and
2

thus we may êlimi _te * from the equations abovecos v, sin(6 + ea)

and write

x

\ bFinally, since = e we may eliminate

_and get
b"4

/lc = (a + b) cos e - a Cos(0,j- -z i 19 ) ,

Y = (a + b) sin 0 4 sin(9 +1-i9) .

These are usually written S

= (a + b) cos e - a cos(b +-do)

= (a + b) sin 0 - a sin(9 + 0) .

from the equation's above

a + b
f,----- 44)X = (a + b) cos 9 a Cos

a

y = ( a t. b) sin a6
ein(a + b

a



The analysis here is closely_related to that of the prev ous solution.

We furnish a diagram apd essential' steps only.

at be

t 0 e

d(I,J) = a sin 0 ,

d(C D) . a cos 0 .

P = (x,y)

, 4(
x (b a) cos e + a

y (b - a) sin 6 - a

x = (b a) cos e + a

(b 11) sin 9 - a

sin 0

COO

dcob - ae)
A a /

sifb aeN.Aa .44,4

A WV

0

b.

Symmetric in y-axis 0

x-axis, tangent to y 2a

points D , A . Draw DS

(POD) = e = m(ZDA0) ; y

Therefore, y = 2a sin
2
e .

equations for the graph,

< 2a , x

To get

to tyl.t

d(ri,$)i

Al so x =

covers all reels asympolic td

the analytic representation, connect

x-axis. Then in (POD

d(0,D), sin 0 ; d(OiD) = 2a sin 0 .

2a cot e . These art parametric

x 2a cot e

2
2. as1ne.

To eliminate the parameter we may square both members of the first

equation and then combine with the second to. obtain eventually,

/

x'y
I.

ffa
2
k2a y

166 t6

8a3
2 , 2

x f ga



Choose coordinate sistem so that

P
1

= (O.0) P
2

(-b,0) . Then

we get the condition

2 2 2 2
x' + y =. a - bor: If faj < 1bl

there are no points in ,locus. If

lal: = the locus is the point

(0;0) . If lat. > Ibi , the*locus

is a circle with origin at (0,0)

'and nmdius )77:7

7. Square ,(a,a)(7a,a)(a,-a)(-a,-a) , constant 14k
2 x + y2 = k

2
- 2a

2

If 0 < 2a2 , locus is empty.,set. If k2 is point 4W

(0,0). If k
2

.2> 2a
2 .

locus is a circle with center (0,0) and radius

- 2a
2

H

B. Setae square; side x = y = a y = -a constant 4k2

x2 + y2 )1 2k2 2a2 . If k
2

< a
2

, locus is empty set. If k
2

= a
2

,

4

jecus is (0,0) . If k
2

> a , locus is circle wdth center (0,0 and2

radius 077 .

(2c)x + (

allow lplues

a + b) (The sides of the triangle may be extended to

d x 9utsi1de of the triangle.)

10, y2 + (x

11. (Refer

(q02

21 '2'
Q does lie on the locus.

to Figure,5717 in the text.)
Y'

d(P,S) =,d(O,R) = 2a cos 9 0 from right 60AR .

d(0,S) ....2a sec 9 . .Therefore

)1- = d(0,P) = d(01S) -, d(P,S) . 2a(1(ec El - cos 0 .

6
This is a polar equation for thrgraph. An equivalent form for this

equation is r = 2a sin 9 tan 9 To dhange to rectangular coordinates

ii is convenient to multiply both members by r and obtaiil

kr 2 - 2a(r sin e)(tan.e) y Which yields

2 2.
be written, x(x + y ) 2ay -or e

x2 + y2 = 2a(y)(i)

x3
2a - x

which can



The procedure of multiplying

both meMbers of the equation by

r is convenient, but we mat check

that the graphs of

sin e tan 8 *ad

- r
2 . 2ar sin 0 tan e are the
,-

4 . , same. The Only'Points that 4ght

'be eln the graph of the latter .but

let on that of.the former are

points for whidh r = 0 , but the

pole, which is the only sudh point,

ls already on that.graPh. The

equakions therefore do have the, .

4
same graphs.. The idea will escape the students unless they think about

. 1

such-simple examples es x . y and x
2

= Ay whose graphs are difffrtnt.
-.

The situation for polar coordinates can be stated as follows. Suppose, -

the loole lies on the graph of the equation f(r10) = 0 . Then- the graphs

of that equation and the equa40.on rf(r20) = CL are identical. The same

thing can occur When we are dealing'ulth rectangular coordinates. For
,

exaMple, the equations x
2

= xy and x
3

--, x
2
y have the Game graph, The

expliaation is essentially the same as it was for polar coordinates. All

the poind which would otherwise have been added to the graph when we

Mdtiplied both mebbers of it's e uation by x 0 were already points of

'the gralp of x2 ,--- xy .

12. (Refer.to Figure 5-18 of the text.)

a
A polar equab on for the locus of R is r

cos e
therefore

equations r the loci o 1 and Pr

Oft)
r .

cos e

The trisection of an angle is one of the great classical problems in

mathematics un)er the usual conditions, allowing only compasses and

unmarked straightedge; the problem is provably insoluble. (See e.g.

,What is Mathematics, Courant and Robbins.) However4y the use of

special curves Which cannot be drawn solely with compasses and unmarked

straightedge the problem can be solved. Any such curve used for this



purpose is called a trisectrix.

TO show the use of the eonchoid

as a trisectrix we proceed as

follows:

We are given any ZABb
r-11.

From 0 0 any poiht.in )3C , draw

.011 I 17. Construct theleft

branch of the condhoid.as in the

text,Using d(0,1) as length i .

(This is the step-Which is.barred

,under the. classic restriction.)

Alov construct a circle with B

as center, and as radius, to

cut the conchoid at .P Draw

'OP 4 cut AB st Q . We assert

that m(ZOQA) .Am(L0BA)

Proof: Draw PB . Then, from

isosceles triangles PQB and

PBO ,we can verify the relations

indicated he diagram.

-Note that if 4 is greater

than the distance from the point

tc; the tine, hen the left branch

of the conchoid has a loop, as in

the text. I? i equals the

distance from the point to'the

line then the left brench has a

cusp as in the illustration here.

If 2 is less than the distance

from the point to the line, the

left branch will have an inaenta-

tic,* toward the fixed point.

.4
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(Refer to Ftgure 5719J

'7brough Z draw lines parallel

the axes as,indicated.

as ;

-

Y = 4(11AI) + d(l';1)
;

I

.

x = a? cos(e i!) + a'cos(n- 0,
a sinsi

1

1

Y = a9 sin(8 -1) + a sin 9 . 1

. 2 ;

t.*

'Th4refore

x = a cos e +. a8 sin 8

1 y'= a sin 0 a8 cos 8 .

14. Students sometimes refer to this

1,111 problem as 9e "hula4toop" problem.

Figure 5-20 in the text contains

lines which aree,not Pertinent to

this solution.' Please ignore them

an0 refer to the figure 4 the

right: ^.

d(ca) = d(c,F) = b ; d(0,T)-= a;

a(67E) = b a

= fi , a8 = b

P =.1(x,y) .

x = d(0,F) + d(D P) = (b - a) sin (0 -0) + b sin 0

y = d(D,C) - d(F,C) = b cos 0 (b - a) cos (0 .

Since e = 0 -

sin

cosi,

A
, we may elininate 0 :

sin(0 - 0) = sin(e

cos(O 0) =:cos(e -

= 0E1(0 - e +

= -Nola e ,

coa(0 - f cos(e 0)

,.-ain(m 6) sin(e

170
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There,Fort p ix (b0- a) cos 0 + b cos(9 -

y (9 - ci)) - (b a) sin e

Finally, since -

4
x F -(b - a ) cos,etb cos

y -Cb - a) sin e + b sine-Lee

5.6

-6. PuranetricEquations of a Stralght Line.
0

;

The material in this section uses methods developed in this Chapter to '''?
,.

extend and apply the content introduced in Chapter 2. 'We recommend here and '

throughout the book that students be required to refer backwards and forwards..

To prepare for this section students should be given, in,the preceding few

)ay
-.,

s, some home-work e4ercises from the latter half of Ch ter 2, and that
.,...

yoltcontintre giving sone home-work exercises from that-'61.ter.as you go on

,ihrough this seetfon. A systematic overlapping of such ass .ents is a

feature of what is called "spiral" assignments, which we rec,,m- nd.
*

The geometric verkon of the assumption that xi . xo is t t the two

points sie-equidistant from the y-axis, the geometric version of the conclusion

(that.the equations are x = xo y = yo mt) p is that' the line through these

poiints is parallel to the y-axis. In the second case .ihe assumption is equi-,

valent to saying that the points are equidistant from the x-axis, and th

conclusion is equivalent to saying that the line through,them is parapel,to

the x-axis.

It makes no difference what letter is used for the paraneter.in

paranetric equations for a line. Thus we could have represented the lines

1!1
and L

2 of.Elample02 as follows:

Li x = 4 - 2t

y 6t y-= -1 4. 3t

If a student asks whether the two t's are equal, it must be made clear

thatthe question is meaningless& They are both variables and can take
any resl,value. Suppose we had used the.representations ahove and had then

;tried to find the intersection of the lines by `sól.ving the simultaneous
equations

'\

\4,1
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5-6

s
taw

4 - 2t = -3 - t;
2 6t -1 3t.

.,The question we would really have been trying to apswer is whether there are

values of t which give the same point on.both lines; and this is not

,the question we started.ufith. This point comes up again in &ample 3.

1. (E. = 5 - 3t
y = -1 + 4t
x = 0 + 4t

k
= + lt

(c) = Ot

(d) x = -1 5t
y = + at

(Or= 1+1 t
y = +

(f){x = + at
y =, -1 + 2t

(g)

A y

(h)
{X

y =

1

0

-2

- 1 t

+ 1 t
-

+ .12-t

2. (a),

4

A

Exercises 5-6

j x = 2 + 3t
1 y 4 3 - 4t
i x if 4 - it
1 y = 1 - lt
i x T 2 - Crt .

If= 3 - 6t
{x 7P-6 + 5t
y = li. + Ot

i x = 2 - 1 t
1 y = 2 - 1 t

2t
1y = 1 - 2t
i x = 0 + 1 t
1 y = 1 - 1 t
ix 2- -2 + lit
1 y = 2 - itt

4 s.

1 5
1 2

4,4

4".



(b)

=

t 4, 2(8 2) 8,2

(e)

173



(r)

(g)

(h

(a ) (-14,21)

(a) The lines are parallel; their pairs of,direction numbers are

equivalent: (6,-4) = (-2(-3)0 -2(2))

(c) The lines are coincidentlFtheir pairs,of direction ni4bers are

equivalent ahd they have at least one point vt-3,f! common.



to *

4. Using. points (111)(4,3) on 'de ;line 4:kr 3y t 1 =. 0 ..

x = 1 + 3t

+.2t...

- xlp (ti -.,t2)1. i71

:

7-1.0 v %.1
+m24"1

6. x 16 + t(-210
y = 2 + t(10)

111-

. (f.t) Substituting x = X t

+ M
f

- -vt + m,

Y= , Into

aX t +
2
t
2

=

4(0.2 +' bp2) Ob2

aX2 + bitc 0

2 a2b2
L.

.aX + 144

2
aX
'2 >

abt=
X +

5-6

4

hence rihe interseCts figure at points equidistant from 0 under

gives

7

conditions menti ned.

3
(b) Putting x ?,t. t 'into x.- ax we get

'a.> 0 for 4 / 0 ; /.o and cdnSidering' onty

t2 4

'.
IL and intevsectfonsi

lib e
Tf-. 4;7\ < 0 , there are no intersections for t

Aus the prigin is the center.
.% ...

1

3 3
t . If

..

e get

are ayrnrnetric.

-and considering ,e



If > 0

If 1.1. < 0

there are no intersections for , t
ft

then -there are intersectiew for

Again the o igin is the center.*

(c) Putting x = X tl y = m't intP y =
x - 1

-

, we 'get t

I f. M t

If iZ /* 2

7%2 20

i3t3
whic'h is not defined'for X t .= 1

2
t
2--

1

3
A = A

3t3 .

23
-

2 3-

1 =
2
t
2

,

I
t202 - 'p 2).

2
te

then the line'interseets the curve for

b Ther:e _is no Value of'
as 1 ts centeit.

8.

'No

,

t r
2 2

tilat is, symmetr I cal y
, -

,
,

/4

*if ? < pr . Thus. the c!urve has. the errigin

WO OUPpode, thit a bound.ed itt. 4 has two centers, and show th0 we get
contr.adi cti on. We cal 1 these cent!err, 0 and. I and establi sh a

. Iii
coordinate system wi th ori gi n tli. 0 , wi th x-ax 1 s a ong OT , and 1 as

the, pofnt ,: (1,0) , 1 f -0 and i- ' arc con tem: t.hen 0 haq a symmetrfc.
w ..

. image, 01 1,n 1 ,, and ()I. 0.) . 01 has aVmmetri c itnage 0, in
,.

.

and , 0,,, -( L`,0) (,1., ha.s Asymmetric im Ice p3 :in I ; and

0 I c: N

( 3 , (,)). and so pn The po I nt,:: 0 _
i / . ,0 OL .., . , are al I members

). '

.of and tl r coord i mites, ( (-),;())
4a,

tfiey are Var r and farther

A
( ) , . ,1 nd N.cate that

Toth the or 1 g I n. Cl ettri y they cannot al I

be encl oped by' an V i,fil te. rekt5rui g 1 e whi oh means that , cannot be

boundecf.

tatrment; i.Fil'Tio't!. r e for unbounded sjts; .Tor
P.; I '

of A I Inc im a center of' th 1 nJ poi Ilr'!; OC Ulat

p 9

exklmpl e any point

"



v.

9.

. .

:
"We ress the line in parametric form using direction cosines:

x 5 0.8t p'

411- ( y = 8 +

When t =

When t . -1

10. 0.-+

9.4- it

153r) = (5.81 8.6)

(xvy) = (4.2 , 7:4) .

It is Simplest here to use d(A213) units along the line. tWhen

(x.40 = (15029).;when t,. -5 p' (xli) = (-15,-11) .

RevieW Exercises

In the answers to these,exercises we supply, in most'eases, the simplest

and Most.directly achieved answer. It is always to 13e understood.that a'
-

given graph.hasA.nfinitely many analytic representations. Some.Of these may.

.be trivially related aa: y .-5 and 2y = 10 ;.soite non-trlvall as:

x + gyl.= 11 = (5 and

j.,;( 5 +

1 = 3 - Pt

The teadher is partidularly Urged in this chapter to.consider carefully any*

ansWerwhich.mmy differ from the onepresented here.. -It may.be

corrett, but written ip unfamiliax-form, and the student may, with benefit,

carry the burden of showing-the equivalence of the two.

f
.

When we are asked for an-Analytic description of a'set, for example, .

2(a)l.be1ows; we will usually write our ansl&r in the form in Which it appeArs'

in the literature:

instead of the fonger form:

x

0 0
pie Lines: y x and y ; or y . x .

The line: x , .

The line: y . 4 .

The Tine: 3x.- 4y - 8 = 0
4

' 0
8)' 9

/
which can. so be wr4ten:(e) The.s1r0e: (4 -

F y ,- 10X 16y 4- &5--- 0
4-

) Th.e lines: 1. /2 EdIA' 'X-, 8 .

Y77 1..
0

4#



(g) The lines: y = 1 and y = -5

(1) The lines: 3x - 4y + 22 = 0 and 3x - 2+y - 8 p

(1) The lines: x k + h and x = k h

(j) Thelines:.y=q+p,y.q-p:
(1

(k) ,If ax + by +' c.. 0 'represents a ling then a + 1:12 0 and the

distance from P = (x02y0) to this lines is given by

ax 4 by
0

4 el , r
d This equstion is equivalent4%:_to

ifte bat

ax + by + c dh2 + b , therefore the locus of all such points
\ 0,

P = ()Ea) is the pair Of linedrepresented by

ax 4 'by 4 C '6412 b 0 and ax + by + c - difa 2b .

(1) The dista-nle from, p

snd to' B .11146

xty/ .to A -,_ (5,0) -Vets 5i 4 Y

4((lc 11)2 + Thevconditrion is

equilialent to; i(x F.j) +,yi= 21(x -.111)2 4- y2. This equation

is an answer to the exercise, but it can be written tore simply as

x2 + y - 6x + 1143 . 0 , or.as (x 13)2 + y2 = 4 This last
equation yieldfli° the additiogal fnformation tilt the graph is a

cirale with center Est (L310) and with radius 4 .

(in) The condition yields directly: y -
2

+ (y - 8) or more

simply x2 - lox - 36y 89 te 0 . This 'can falsO be _written*

(x 16(y - 4) , which can be interpreted to be an' equation

of a parabo1 F3, with vertex at (5,4) aNi g the y-.axis, and

open upward.

As above, we.

rIL di stance
A

The distance
I3x 1

get the parabola: - 8x I ?).' ,. .
I

'frOm P.-- ,(x,y) to D. (5.,3) is 1(.x - . Y - 3)c.
i IP

from P . (x,y) to t4e LI ne 3x - 4y I. Y ,. 0 ip

L .- An answ,r to thh; exere 1 se i s given by the state- ,
- _

,--)

4 )4
AO_

ment of equal I ty for theje twb di

4x - 5)2 .(3r ; 3)2 bx 7 4Y .4 11.
Thid caA be written soni.-

4

t,what more sfmply as 1 .)x`' t '24 'II! - 801 0 . we

state that the graph i s a parabol a wi th an, ob 1 i que axl s perpendpi ru-

lar to the given line, but we le/Lye any further discussion.of ths

equation and graph for Chapter 10.

178 .1 0, .
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(P) .As in the previous exercise, an answer is given by:

r)2 (
N2 lax + by +

+ y - 8; = , which can be writtk also 4s:

(ax + by + c) 2
= a2 + b2. ,

) kx - r )
2

+ Y - , or, as a poly-
,

nomial in x ancl, y :

1

,
b
2
x
2
- 2abxy + a

2
y - 2k ac + a

2r
+ b

2r
x - 2(be + a

2
s + b

2
sa

, 2 2 2 2 2 2 2 2 2+ (a no +as +br +b.s -c)=0.
We state again without proof that the graph of this equation is a
parabo1a4ith 4ts axis perpendicular to the given line.

"In (a) - (1) we giye our answers in bath rectangular and parametric

forms; either or both may be Used.

(a) x - V + 7 -, 0 ; or

1 y . 1 + 2t .

(.b) x - iiy + 7 ---- 0 x > -3; or ix ,
4'-3 + 8t

t > 0 .
. 1 y = 1 + 2t

,I

(c) x - 11-y + y a , - < x < 5 ) or i x = -3 + 8t
O < t < 1 .

1 y = 1 + 2t- ,

(d) x + 2y 11 0 ; or\ 1 y = 3 + 2t .

(e) x + 2y 11 = 0 , x <'5 ; or af x = 5 - 4t ,
1 Y. = 3 + a y

(f) x + 2y - 11 - 0 , 1 < x oF = 51 4t
tip

1Y 3 + -2t

(g) x y + 4 = 0 or x '-

- 14t .

(h) x + 14. , , < I ; -or x = 4t
y = 5 - ,

4 ) x y - < x < 1 ; or x - 4t
y

,

O < t < 1.

t > 0

O < t < 1.



(j) This, add the next four parts'of this exercise are most readily
.

done with liarametric represents-
*
tions qr vectors. The,interior.

of PBC can be described as

-the set of pointd of the in-

terior of allorays BP ,. where

P is a point of the interio

of a . In that case

P.- (x,y) ; whe:e x = 1 - 4t , y = 5 - 4t , 0 < t < 1 ; from (i)

ove. We need another parameter to gd.ve us the interior of BP .

Thu's direction numbers for BP are (1 4t - 5 p 5 - 4t 3)

or .(-4 4t., 2 - 4t) . Thus, for a *int Q (x,y) of the

interior of BP we have x = 5 + s(-4 - 4t) p y =.3 + 0(2 4t)

s > 0 We present this answer more neatly:

((x,y) : x = 5 - 4x -'1-4st y y = 3 2s - 4st y >0 p 0<t< 1) .

, In vector form? if P is an interior point of CA then .

p = c + 4C.7) 0 < t < 1 If Q. is an interior point of B- P

then q .1E; + si; -1110 s > 0 . In terms of '74: 1 1,, we have

q b + + t(a - - 717) q = (stia" + (1 - sjt + (s sti; 1

with s > 0 , 0 < t < 1 .. Note that the sum of the scalar multi- .

pliers is 1

We.can dhow the equivalence of the vector %and parametric fOrms

-by.xpressing each vector in t of its components and then com-

bining, retaining the parametric conditions > 0 , 0 < t < 1 .

Thus: q bc,y] , [-301] Ili =- 15,31 y c = 11,51 . Then

[x,y] st[-3,1] + (1.- s)(5,31 + (s -?st)[1,51 ,

[xly) = [..3st +.5 - 5s + s st 1 st + 3 - 3s + 5s - 5st]

= [5 - 4s - ,.3 + 2s - 4st]

Therefore

x 5 4s - 4st ,

y 3 + 2s - 4st ;

.

)iand these are the parametric equations we found bef e.

(k) rr- P Is a.point of the interior of 0 then
.

p , (-3 + Bt. , a I.2t) p 0 < t < 1 Proceed as in the previous
.

solution and obtain the answer,

((xly) : x.= 1 - 4s 4 Bst , y . 4s 4 Pht 1 s > 0 < t < 1) .

In vector form I; = f tC17, : 11) ,0 < t < 1 , and z, the vector

to any point Q of' the interior of LBCA is given by

1

4
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1.74- 8(77- Ig- 0 . This can.be vritten in terms of
-

a,b,c as was done in the previous solution:

..(s - 002 + (ot)S + (1 . 04; , o > 0 , 0 < t < 1

Note the resemblance to the result in the previous exercise.

-The componeTt forms of these vectors can be used to relhte

this result'to the parametric equation found a few lines

earlier. \
. .

(2) (Aefer to the two previous solutions.

( 1 - 07; + (st) S + (13 - strC

The parametrid form is

((x,y) : x = -3 4- 413 4.,40 1 + ko - 2st s > 0 , 0 < t < 1).

(m) The interior of 6AB0 is part of the.interior of LABC ; .Tf

we refer to the solution of part (j) of this.group volieed

nov.use onlyythe interior points,of BP'. vhere:. P is an in-

terior point W AC . We can effect this result by a oltop1e

change on the parametel- s which ve now take 0<-0 < 1 . ,Our

iolution in vector form is therefore: 1

Sri; (s BO"; , iti 0<s < 1 , 0 <'t < 1.

We coul use the results of. (k) an) (I) above, and obtain

q - stY; + (WS 4,(1 - sr; < a < 1 , o < t

(11. - OZ. + st rt 4 (8 - et TD; , 0 < a < 1 , 4r. t < 1 .

The similatty of these expreasiong leads to a more

sylunetric.formula, lOrwe note :that the scalar multipliers are

non-negative and have the sum 1 . We.may write 11 Vector

formu4 for the interitar-of bABC thus:,

q = OA 4- Pp 4° 7 c', where , Ir are non-negative and

> 0 0 < t < 1 .

. cr+ 0 +.7 1 .

(ri x + 2y + , 0

(o) x - y - 2 0 .

(15) x - ity + 1 9 0

( ) 2x- y + '( 0 .
j

(r) x + y = 0 .

( ) li-x '+ y - 9 , 0 .

( t) x - + . 0

(uire/ . 3
lSq
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-.4r6

x =
,

(v ) The line y = 1 is parallel to iheNt-axis, and the nue

x = -3 is parallel to the y-axis.

(x) + y 6 .0

.(y) 22 - y - 2 0 .
#

(z) If the center of the circle ii at then

v)2 =,13 +02 (1- - )2 r2

3olv4g these eituations Owes the coordinates of the. center,

4 2. 47(-5
, and the length of t;he radius, . Thus the,

10
circle has 'the equation (2 - 1.) + (y ) whldh

may be written also as 32
2

+ 3y
2

. ox - 4y - 50 . 0

The Aviated sketch we supply for each part of this exercise

should indicate the answers requested originally. Other brief

comments are supplied as seem necessary.-

41
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pair of

vertical
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c)

(f)

(g)

(h-)

hyperbola

4

liaraboia

(k)

Pair of
vertical
linew

VIOW

The region.

between butH

not including

the vertical

a

The entire

plane except.

parabola Cm)
The x- An&

(n)

y-axes.

The two lines

indicated

x ,-, 1 , and

y



(0)

(p)

b.

The pair of ve

x
2 - 3x - 10 =

- 5)( x + 2)

cal lines.

jperegion below-the line y = x.

(q) *

The shaded region between the

,lines y = x , as shown .

2 2
X < x is

equivalent

to

x
2

. 30:> 0

or

2g1- - 1Y> 0.

-This inequality i;true for all

x. 'exçet for 0 <x-<1 . The'

graph is the'entire plane except_

region between the ve'rtical lines.

.14 We dd not supply C11 answers.herel but.only.enough in sketch or e

to make contact with familiar material.

Circtle with radius 3 and center at 'the pole.

(b) The interior of the circle in (a) above.

.10

(c) Since there.is no negative restriction on r , the set is the,_
entire plane, "Jf 0 < r < 3 Nthe set woL1,1 be the same Is (b)

' above.

(d) The plane outside ;the circle of (a) above.

(e) The line through the.tRle makiqg with the polar axis an angle of

meadure _2

(f) Since there is no negative restriction on p qatiset is the

entire plane.

(g) If r > 0 the graph is a spiral similar lo that of Figure 5-5 but

spenl.ng more ilapidly. It contains the pole and crosses the polar

axis to the right at 4n ; 8v , 12n , , and to the left at

.(abs&issas) -27 76n , . If r < 0 the graph is the".

symmetric image with respect to the pole of the path jat described,

thus the entire gfaph is a doubre spiral op7ning cmnterclockwise

and crossing the.polar axis at (absc1ssas)/0 0 4,1 , -4 ,

61r -631 ,

s'
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Is

(h) The entire plane. Compare the polar, and rectangUlar conditions:

y gives a'iine, and x <y a half-plane; r 0 a spiral,
1rand AO the whole plane. .1.:

i) Two lines thrOugh the °rig* 9 = 2.1 and 13 1.9 .

j) The annular'region between two concentri'c circles of radii

'and 5.1 with centers at the pole.

f

In the next few solutions we supply a familiar equivalent equation in

rectangn coordinaies related in the obvious way, to polar.coordinates.

The graphs fpr parts (k)...: ( q) are all lines, and in eadh case the

absolute value of the numerator the distanpe frem the pole to the line.
\

(k) The line y = 6 .'

.(2) The line. x = -3

('m) The lin x . -2 0

(n7 Thé line x = 5

( o) The line through ( 110) with slope T
e.

(p) The line through (-44,0) with slope .1

(q) We take° 0 < b.< 2n . If b t the graph, is the line

all

y a ; if b . 2A the graph is the line y = -a If b'=
'

31(or. -2- the- graphR is the line 'Iry :ft -hi' ,; reinectival51:-

If b has any other calue,in the indicated domain tbe graph is,

the line throughNS-a csc V 0) ; with the slope tan b

(r) Pay.ar. inequalities Twit be earefully analyzed. In ylis case

2

.if 0 < 9 .Z.TE the graph'is the region above the Iine 1 .

If 9 . n tlieg is no value of., r for Which

1 1
).7i1-1-175 Stnce 717-6 .is not defined then. If A < 8 < 2n

then the graph contains every point Which is.below the line.

rJ _andi?on any line whidh'intersectade line y-. 1 and

which goes through the origin. Tbat is, this part9of the

graph is the region below the lin 1 p excluding ta!eiiwo,

half-lines aaong t]ile y CY > 0 and y = 0 ,.

x < To summarize, the gra of
.1

is the entire plane except the points of the line4in 0

.

'T. 1 and the points of the twolhalf-lines along the x-axis:

y = 0- x > 0 and y = 0 1 x < 0 It is instructive to

.investigate but wr 14,11 not; the relation between

and' r sin 0 < 1 noting that this second inequality,is-

r <
6;

related to y < 1 .

185 1 ss
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411

(1) We consider 0 '9 41; .,- If 9.'6 0. the graph is ,that pert

Pt the x=.axis to the left of x 27N. If 0 < H4 we get,
. ,

ilbr 0 < r
9

the vertical strip above the x-aiis and
..00s 2 2

between the y-axis and the line x = 2 For this same doMain,

. if r o we get the origin and all points ip the third

quadrant.. If 9 <4. ve get the region to *be right of

the line x 2 . pince
2 is not.defined gpr = or

31f there is no value Of r defined fOr these values of 9 .*

If 2-- < e < 2 and 0 <7r <t5.375 we get the vertical strip

0

below the x-axis and between the r6-axis and the 4.ne x =. 2 .

0

For this same'domain if r < 0 we get the.origin: end all

points in the second quadrant. To summarize, the graph we want

is the entire plane .except the line x 2., anNhe two half-'

lines along.the y-axisyl = 0 y > 0 ; ahd x = 0 < 0, .

It is instructive to investigate, though ;re will not', the

relation between r> 2
co

and 'r.cos e noting'that
s e

this second-inequality is related to x > 2'.'

(t) The pole.

. 'In the discussion of retested polar equations An Section 5-2 we used tIle

faet.that t.1;e point P . (r,9) 'has also the coordinatda .(-r, 9-4, g) 1.\

41 Thus, if P is on'the graph of r . f(9) we must also have P on Ihe

graph of -r = f(e + If) . Then we ob.6.ined the equivalent equatiOn.

r = -f(e 4\5) y but this stepscannot be carriedthrough so easily with
,

inequalities. If the point (r,9) is on the graph of r > f(9) , then.-

that te poInt, now indicated by (-r0e 4- yr) i is on the graph of

ALT > f 9 0 1.but this last inequality is equivalent to' r < -t(6) 4- 100

, . .

id this is tilt related polar inequality of r > f(e) . HoweVer, the

tinal ineqUality.oan frequently be written.in thk form g(r18) > 0

tor Wt;ich the related polar inequality is 'k(-r, e + 104> o and is

usually easier to handle. iNN\

(a) r2.. 9

b) < 9

) r > -3

(d) r < -3

186
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(i) le + - 21 ,z .1
j-r - 51 < y or < .1

6(k) r siè
(2) r

Cc7ki6

atm) r = cos a

(n) r 7 76,2,--6

r 1
cos(A it%
cr .4)

"\ a
(q) r

81.110 b)
1(r)

(s) 2
=is

(t) r = 0
6. (a) x

2 - 2x + 2
(b) x, + 4 0

(c) rrx+xy+

(d) x3 = + *xy

y = _x2 - 2

f)
x2

+ L6129

(x - )2
9 25

(h) 4y2 x2( X2

1 1(i) + ---,5 = 1
x2 yr,

(j) 2 16y2( 1 - y2)(1 -

x = 3 - t ,

a

18i

IP*
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0. x = 84t

r 288t

When t 3 0 A = (PM 0 B = (-1014) 0 d(A0B) = 127 .

\dim = 5 A = (140=2) B = (-%11) OA) =^ 16E5 .

10. When.
t 2 P1 (xl + 221 P P2 (x2 + ?-222 Y2 + 212;2).

d(F11,2

MM.

( ) x = cos(g. + 6nt) + 67(t)
'e 4

40' x cos(.. 4'7 400 y = - 41(t)
2.

(c) x = cos(ari + ,

(a.) x.Amos(it - 80t)

(e) = cos(4- nt)

itin(1 +

= sin(n - Pat) .

y = sin(Yir+ nt)

w2m2)2 -

121 We give the'time in second* aryl the angular pofition in

only. The rectangUIar4toordinates of theiposition are

I

1 fllnx
'a/ P 10,
-CO (

13. Assume that it starts from

V

(f) (0)

(g)

11 11

(,J) , (37w-),

its farthest riget-lobsition

x ii. + 3 cos 4gt

1 sy = 5 + 3, sin 4itt

IT, Awn t = 0 it starts from the angu1a:4 position e

center, theh thp equations of motion are

x = 4 + 3 cos (4nt ,

y = 5 + 3 sin (4nt + ..

14. Assuc4.1t'starts froth the angular posItion p relative

Then

x = -1

Y =

+ 2 cos.(0.- 2nt)

sin (e - 27it)

188 1 91
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relative to its
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S I
A ,

" 14.

. .4

Tliese'are all circular patlis with center at the ceAteiof the cloCL

Ove the radius, angular position .of,Starhing points direction pf rOta-'

tion, tied angular V city in revolles per mindtOW'
, .,

' (a) '4', 0 1 couñter1ocki1e, 2 rpt., ,

(b) It, n
/

counierclockvise, 3 rpm.
%

2 .

' (0 10 A:plc:1,118i, '5 rpia. 1

L, (d) 8 , u coUhthrclockwise04 2 rr!...

s

(e)- The even equations are equivalent to
4 .

.7/
X = 2 cos ( 2xt)

2

.
thereforethe motion fs as hbove:

116. (a) j x = 5 cos 61 y ni

1 y & 3 %in 8 .

4

END Of DOCUMENT"

(b)

1 . e

x cos e

y sin 8

(o)

clockvise 1

,.
.

W.. '(a} The path of:1,11*, s a cycloh with.paraMetric equations
. f

s, s A

ve pC =48,(34- sin 6) ,
1 .1.

4

1 y = a(1 - cos 6) .

a

We assume the following; a = 12 inches; the liheel rolls from

left to right; x is measured in inclAiSlong the roqd to the

ritht from the first contact poifit of P y is measured in

inches-above the road; 0 is'the angle of rotation measured

clockwise from the 6'ofcleck position.to the pOsition of P ;

e.- aft-. *Isere t is measured.in seconds-and = 3 rps =,6U

radius per second. Our equations are:

x = 12(6Ut 7 sin 67tt)

y = 12(1 - cos 6ut) .
,

b) The path of "Q. is,a curttia eyclo)a Whose-equations were.derived

in the solution to Challenge Exe ise 2Apn.page 18.v
The equations of the path of Q .are

x = 12(610 7 6 sin*(67107,

y 12 - 6 cos (6Ut) .

1 9
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