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, INTRODUCTION < s
. ' “ This tepert eoetains the ‘d;eumentetien for the LPASS progtmﬂ.
It cone‘iets.of-‘ tlfe clesign procedure uaed; a description of the
L\_J pj;ogrexln, and design examples usieg the program. o
® ‘ :#' -. The putpose'of the LPASS progtan; is the deslgn 'of a maximally
flat Butterviorth or an equiripple Chebychev 1owpass d‘lgital filter.
Starting with an analog filter, the bilinear Z transfem is used to ’
t . £1ind \an equivaletxt digital filter_. The user epters the. foll'qwing .
| 'parﬂam-eters: the_ number of second order Sectioﬁs, the type of filter,
.the sampling 1n‘terval, the -3db tuteff frequency, the astatting frequeney'
e. - ‘an‘d the ffequeney increx.n'en.t_ CIf a Chebychev fllter ls belng designed,‘
the ripple must also be entered . . | | |
. ‘The program cglculatee the digital filter coefficients for up to
.. - ) three second order sectiona in easc.ade. The program is designed to
calculate up. to a sixth order: filter, thus. the filter order’is two
* timee the number of eascaded second on‘der sections. . The filter _
® f magnitude response is _generated' over the frequencyr ;[ntet_\(al specifled
by the input. ) | | | \\ .
~ The LPASY program, written in Fortran IV, is supplied as a card
‘,' t o deck with ‘this report. " The program is in the form of a subtoutine
‘ and can be used as is by a call statement from the main program.
. Data may be input via cards wit‘n output available through a ling
® ) printer, The input/output devices may be altered asjexplained in
x this Fepott. Graphics routines may easily be appendgd to the program.
! _ _ .
° X
N ‘, . .
v
)y ) .o
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Iii-pesign Procedure ;

A. Prelfminary DieCQasion‘

3

The transfer function of & second order digital filter in the

Z domain is given by '
. L4 . )

2 '
OZ +AlZ+AZ)”

H(Z) = R
S Z°4+B, Z+B,

K, (A

1

(1)

where the A's énd B's are the caefficients of the numerator and

denominator respgctively._ One common method of_designing a digital

filter is to start with an analog transfer function' H(S) and

\
transform it to the digital transfer function H(Z) This

program will calculate the scale factor Kl and the coefficients '
4

AO’ 1’ Ay, By, gnd B,. The transformation used is the extended

bilinear 2 transform defined as

2 z-1 ' | :
s -+ T G o - . (2)

.where T is the sampling interzal._ When this transform is employed

e o -

!

the desired frequencies must first be prewarped to make them com-

"patible with the digital filter. The prewarped cutoff frequency is

. given by

2 ) m T : . .
WDC = T Tan (—-—) : : ' (3)

®
i

This prewarping is done by the program.
B. Butterworth Low-Pass Filtar

" We start with a normalized second order low—pasé filter in

the § plane. | - K o

1

H(S) = — . I %) .

B §° + 2Scosf + 1

vy

P -
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‘ .  where the angle 8 1is in degrees (in. the program). 6 may be found

T

from the Butterworth circle and the relationship

PO s fin@D/m | (5)
' where n 1s the order of the filter and m =1, g, 3, «..., N
* This relationship is determined by the foilowing procedure. By
* ' . definition, a filter is n_th _order Buttérwor.th lose-pass Af its gain
. ‘characteristic 1s . - o - .
... . l. N 2‘. . ‘ )
2 _ a . o : - (6) _
N .{Hn(jmJ} ) ,Q‘Zn . . ‘
1+ ) - . S
[ - . ' .‘ ’ ' C . ‘ .
’. S “where a fis t:_hé gain, W, ;s' the desired cutoff frequency@nd n is
o the order of the filter. Note that "!Hn(jm)lz ‘goes to zero as w goes
] . . o ' '
;:o.infin\ity, indi_cating the filter does attenuate the higher frequencies.
Py . - To determine its efficiency as a low—pasi filte'i'we calculate
. 1 . o . -
S . W 2n-1
| t. R (—w—)' . .
. d - " an ¢ o
- \ T . F—- b e - . ,;. Lo dmt‘ﬁn(jm)I " - wc .“’ " zn 3/2 ] CN (7)‘ _ o
@ . PR | S Gt L o .
N . s . . ¢ . -C . . - .
Thus t
\ ,
§ ' » |
, N Al e =0 T .(®
e . dw [ n =0 | | -
» for all n and hence the gain characteristic stéys flat for w close
: to 0.  Also
e
d - | |
[g;lﬂncjw)l] - -2 o (9)
W= 2w ,/2_ . .
c C -
® ' and hence, the decline rate or 'roll-off'".of the gain characferistic
) : .
‘ ’
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d |

at w= w becomes sharper as n Tincreases. In other words, the

E . approximntion to the 1deal lowhpass filter improves for larger n..

o .
| : The order n 1is chosen according to desired specifications. The a
. references~have equations, curves, and tables - that select n, given
°o the apecifiqations. Feox examplé, page 227 of kabiner and Gold gives
. 3 . ’ 1
. an equation for calculating %. when the transition band is specified.
+
, In the dgsign, the poles for the full freqiency response, H(S),
z‘.‘ o of the nth order Butterworth filter must be determined. The pro¥
. , - ]
. -cedure 1s as follows: . . .
2. S - — ,
i i Quy|® = nn(s-m>un(;j;gg'_5' A By (G, (u) = B (G)H (30) .
® o o a2 | Co 2 |
o = M ES) gy, "[ — Zn], Ry “In .
y ' ¢ =y J P
, 1+ (m ) 1 1+ (jm
“ ‘ * c' j. c t
- ] ; < | . \
'Y o )
‘ . ST o2 , 1 : R ,
' . -a. . !
. : : : . . for n even
. »” SZ n ’
+ | =
. s 1 ’ {w 2] ! - - )
L e B ) 2 . ) _ c ", X P . o
o . Lze RS O ae
‘ Sz n. . ¢ :
1+ -|— 2 ¢
2 i -8 . for. n odd
c ' 2_.n ,
. 1 - [S0 )
’ Y4
o . [;c }
N ‘Setting the denominators equal to zero,
5 - :;(_’ﬂ)1/2n (11)
- w -, .
c
Thus, the pole 1ocatiéns afe thé,Zn roots of El, depending ph whether
o ‘'the order .is odd or even. These roots are located op a ci‘tcle ‘;ritp

\ . ~ . . o )
radius, W, centered at the otigin of the 'S plane and have aymmetfy’

Ny .
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| ’ with reSpect 50 both real and imaginary axes. For n odd, a pair of
* roots -are on the real ax:&s and t:he rest are separated by n/n radians.
® . For n evén, a pair of roots are loeated /2 radianl from t)-ne real
axis end the rest are again separated by w/n radians. No roots are
’ on the imaginary axie for either even or cdd n.
® N : Let ‘pl, « o« 9 Pyg be the roots. From the syme_try of the pole
. - locations, if Pys + + + » P, ame the roots lying in the right-half ‘
t} ‘ . ) ‘ ]
%  plene, the left-half plane roots are =py, .- - , “P,.  The
® megni;ude-_squared function ean then be writéen as B | ‘
o2 (-1)% 2 | |
H S H -S
o (S7H, ¢ ’ <s+p1)...<s+p )<s—p1)...<s—p ) Ll
P ' To be stfxble, H (S) must have all its polee in the left—half plnne, thus
) o R _ | o o -,
SR © H(S) = e ‘ - @
¥ . (S+pl ...(S+p ) . - \\ 4 '
. \ N . \
_ < The program is written with uni}:y gain at Ds‘(ww()), therefore a=1,
® . .
- { , In order %:o;‘ locate the poles as.specified\ above, consider the o ~
‘ . . A ‘ . - A . l“ A-
LY _ , following set of equations. P _
‘_../’f/ A i . |
® B ' 1l = -‘eijﬂ(zm-l)! T, m = i, 2, -. .‘- .. , T far ‘n evén N '
* ' ' . o ) (14)
( -1 = _eiijk , k=20,1, . . . , n; for n odd
’ . Subsfituting equations (14) into equation (11) yields .
. ~ S + 2m~ 2 : ‘ ' )
- . {;C-]-im = -e jr(2m-1)/2n ,m=1,2, . . ., n; for n even
’ * . (15) L
S _ + o , _
) ~ ' : '[E;]ik = -g jmk/n , k=0,1, . ., n; forn odd .‘
® . c . - : : L
o, Equations (15) will give the pole. locatione s‘s desg¢ribed. 8'50\;623 . | P
i . . ’ C ' o s . N
N o (;ensider the form of equations (15) ¢p E
L | s = -w 9% ey [-coso + jsinod S | e 16
. A » Y . Y
PN . . s\
t 9 _—
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From this relationship, it can be seen that the magnitude for each pole

at

‘[ T ¥ W.s regardless of the angle, and thus all the poles lie on a circle v

. .- 1 . _ .
' - vith radius w_. o o . . o
. As an example consider a second order filter, n = 2. )
- . S syn(m-3)/6 m=1, 2 L
o . | ==, = e 3 o | .
o c ' - s ) . o
Sgl =, /+45° . | f - .
} .
S,9 = 0 /+135° _ s | : - | *“{
' 9= 45° R
o . .
The relationship of these roots about the circle of radius w,
iaAiiluatrated id Figure 1. The angle 6 is always measured from
® o ) the riegative real axis. | v
} In “the program, only the angle(l) less than 90° are considered i
. 'so that poles lie in the left-half plane aince poles in the left-half _
e : ‘  .-plane are atable. Putcing .6 = 45“ into equation (4) yields poles
at -0 707 jO 707. These locations are in the Left—half plane. .
In the program, only even order filters are considered
' o ' ' ‘Below are the values of © for l, 2, and 3 second,order sections
. in cascade.
, _ Cascaded Filter ° '
; L ' Sect{ona Order Angle
f:, . : . N . n 8’
1 .2 45° . . .
' 2 ‘ by, .22.5°, 67.5°
o s 3 6 75°, 45°, 15°

These calculated angles are incorporated in the program in the order
. g g

given above. S ' G
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" For 7N second order sections there are N 8's. Oniy one specific
d

9 is usad per atage, becauae aach stage has only one set. of pole -

Iacatioqs.

-

Thé following 1s the procedure to derive the magnitude Qf the i th e ..

stage,:where i varies from 1 to N.

-

4 : Given the normalized second order low-pass transfer function
. 0 .

equation (4), we employ the’ low—pass to low-paas tranaformation for

an arbitrary cutoff frequency w, given by ' oL B
‘ . s . o v
. , s ) . ‘ i ‘
B ‘7 . . S*Pm— o ) (17) .
c - S
' th ey IR
. For. the 1™ stage,- equation (4) becomes L
2 SRR | '
. : mc . .
. H,(5) = T -7 (18)
- o 1 _Sz+28m cosb +mc2 * .

1

I

. The extended bilinear Z transfogm, equation (2), is used to get to
. . . ‘

-fthe digital domain. Employing equation (2), on equation (18) and sub-
“stituting "WDC for @c _yields

'y . -

welz+2zey L0 s a9

+WDC?(£2+22+1)

H,(Z) = -
1 —%(22—22+l)+i(22—1)WDC cosb

7 X

' R
Putting the danominatot\ﬁi equation (19) in monic form yields the

i

transfer function for the i,v stage of the filter

| K, (A Z°+AY
H, (2) = 112 0 A; -~ . (20) '
2°4B,, 24B,

*

Equation (20) is the same as equation\(l) with the exception of the

subscripts. In equation (20)

LY

s
L
Pos
-
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. ~

Ay = A, = 1 ‘ .

Ay =2 : '
G, =~ + % WDC cos® + wpc? 1 .
| T HT&- i.

Kl = _—_(:—2_ -

. 11 G, ) ‘ (24
. 5
B - - .
i . Gi .
- - i—WDCcoaei+WDcz“

B, =+
2 / Gy

]

Letting Z = es? and S = jw and taking the magnitude of Hi(jm) we

have

\[(Aocos‘(ZmT)fAicos(wT):&Az)Z-{-(AOBid(2&T)+AlsinﬁnT))z ‘ ‘

1,0 =y L
‘ (cos(2mT)+Bli¢os(mT)+Bzi) +(Sin(2mT)+Blisin(mT))
S | (22)

~

This‘magnitudé function ia;thésémg_for'both the Bu;térwéréh.énd the
Cheby;ﬁev filters where _i varies from 1 fto N.
.C, Cheb?cbev Low~Pass Filter

The advantage of the Chebychev low-pass filter over the
Butférworth iow-pésé filter'is that the tr;nsition‘banﬁ of the
respbnSQ atfrequencie;igréater than R .}s sharﬁer for the Chebycﬂev '
low~pass.filtér;ﬂ This 1s achieved.by'specifying a Smali percentage
of ripple in the low;pass région. The éﬁﬁlitude.of:the'ripple is
specified by the unntity, § (labeled RIP in the prggram), Figures 6,
7 and 8 illustrate the rippling for sé&cond, fourth, and sixth order £11-

-~

ters, respectively. The poles,éf the filter are found on an elliﬁse
i s ~ , | o ‘
$

.
.

L

X
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3 plane poles on the ellipse is given by

filter. An example of Chebychev pole-locations is illustrated in

described by two Butterﬂar:h circles of radii A and B with A<B.

-

*The location af the poles on the ellipse is & function of the ripple,

'6, apd,ia given by the‘follawins equation: - | o
. * - ‘ ' I

‘ ) R = R !s ‘ B . - A . . . ’

' - - . -

B, A "%((JE +14e I)IIZN'? (Ve +l+e “ky- 1/2N ,’\\\ @2
where . - . - ) 3 - ) . | | _ -A S .

o 1'- 1/2 ' " R —" . , .-& ~- : .- . . ‘ o,

: [(1_6) 1] v A . ) \ e L §24)

- ‘ L]

B 1s'g1ven for the plus sign and - A for the minus sign. The Chebychev

ellipse'then has major axis B and minor axis “A. . The 1ocat@on‘qf the

Real Part = A cos® ., . . : -
. " T @

Imaginary Part = B sin® - ) .

.9 . .

The '6's are the same as given for the-coﬁrespondihg order Butterworth

<, -

Figuretz. For A = 1/2'and :B'- 1 in a fourth order filter,

8 = 22.5° and 67.5°. The. Chebychev pole ldcétions are determined
from equations (23), (24), and (25) e

The analog second order Chebychev 1ow—pcss filter is

.

R Kza
CH(S) o (26)
S 4K SHK, o
wherc .
g - | —5 L o (27)
areH?| | .

e is calculated from equation (24) and N is the numbar of second

order seccfoﬁs. @g cnd KZ' are calculated by

*® S g

r



@
‘ Al
° o | Rg = 28cos8 - 3 @8
KZ - Azcoszﬁp-+ stinze . . : (29) ‘
‘.‘-, ‘ The substitution of the low-pass to low-pass transformation for some |
g cutoff frequency w_, " equation (17), into equation *(26) yields
i . ¢ ' ' ‘2 ! ]
l- ‘ ‘_ Kzamc .
A - _H(S) = =5 ) . - (30),
o \- S+ SKgu, + w Ky I
| Using the extended bilinear 2Z transform, equation (2), and substituting
é\TDC for e 'we have for any section. R o
o S -KzaWDCZ(Zz+2Z+1)
H,(Z) ' 4 2 . ‘ ] T 2 .. ‘ 2 2 [ . N, (31) )
e : —7(2 ~27Z+1) + TKSWDC(Z -1) + WDC Kz(Z +2Z+1) S
- ] T . . . - i )
® K ‘Gollecting terms yields the foliowing for the iT" section
. 2 . [ o 1 . .
| Ky (A ZTHA ZHA)) "
o (2) = “2A° . _Az - G
R T i |
o . _where A
L] - \.
Ao - A, = 1 .
. &
o ' «
- A = N
. 1 2 I ¢
o - o o=t 2 e 2. " .
| Gi T2+TW.DC.KB+WDCK'2 ‘ ‘
e - . akwoc’ . ‘
; ‘ ' K11 - JG‘i’ T _— : ) R
~ 2 8
« B, = —m— T v
® 11 G g '
i
\ _
- * ‘
. 4 A
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4 2 2.
F——iwn&fxc8+wncx2‘ Y

¢ - B - - s P ‘ .‘ .
21 .8 o .

i varies from 1 to N. These coefficients are used to find. [H (jm)l

- given in (22)

P - * - t

Por applicationa where a sharper’ roll—off i teQuired the Chebychev

filters are used. The roll-off increales with n for any fixed €.
For fixed n, the roil-off decneases as ¢ 'decreases. For small
| € the rippie.width, §, 1s small, see equati;; (23), but S0 is the
}611—0f%. _For larger € 'thé roll-bff 1mprovea-but the ripple width
,inéreases. In the first case the filter will be.good at DLC and
Jlow frequencies, unsatigfactory at.high frequencies. The convgrae is
true in the second tase. -
Thexabove observations.suggest the proéedu?% to be used in

B selecting a Chebychev filter to match a’sét of specificationa; The

permissible ripple width éﬁecifiea e. With ¢ fixed, select n

. to attain the required;roll~off. - .

L]
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I1. Us g the' Program

The first data card tead into the program contains the number of

3

. : ;second order sections to be caseaded. N, and the type of filtet '}_ _ ;

desired, KN. N is eQuei~to 1, 2,.0r 3, which qorresponds to

nd th .

the 2 4, ortéth

order filtef respeetively. XN =1 yields a ;

. 3, ‘
A Buttetwurth filter, while KN = 2-yields a Chebychev flter. The

- format on the N RN card is 212, The second date card read in S ‘f

cfis the sampling interval T in F10. 6 format. When choosing T 1/T

- L

' . hould be approximately equal, to ten cimes the cutoff frequency, wcl

-The third data card conte};s the value of “c in FlO.A fonmat.,

.- : For the Butterworth low—pass filter, w, is the -—3db cutoff freq,uency.
For the Chebychev filter the magnitude Qf the response is 1/(1+e )]‘/2

=1 - 6 at w = w,. is in radians. & 1is the wmipple factor.

° ‘If the desired filter is Chebychev, i.e., KN =,2, the next
-, . deta’cerd\ the ripple factor (RIP) in F5 3 format. The filter

-

response for all even ordét Chebychev low—pass filters. passes thrcugh

° L ' 1/(}+ 1/2 =1 ~868 for m" =_ 0 and mc. For odd order 'filters, the
. "% ) - N [ D
B magnitude is 1 for uw'= 6 and 1/(14¢ )l/2 1 -8 for w= W, -
This program produces only even order filters. .If the desired

filter is‘Butterworih, i.e., KN'= 1,- this data card is omitted from
the data deck. - ) e
. ) A R . ' 3
The final data card is the starting frequency (FREQl) and the

frequency increments '(DELT) in radiahe. The format of the FREQ1, )
~ s y - DELT card is ZFIUQQ.: Determine DELT 'by the folYowing:

'final Frequency - starting frequency
1024 )

DELT =

&

Y

® 1 ( : ,
‘ ~ This 1s necessary bacause ‘there are 1024 frequency data points calculated

in the program. Choose FREQl and DELT to insure that calculated values




-

e - N . . .

will include the date of interest. For ma:ti.mum efficiency,of th‘e :

. ' progranm, ‘DELT should be‘a multiple of "2 X 80 no _ilecmal to.binary' ’

. o conversion errors are incurred. . : o . ‘ K .

-
- : -

- The digital filter coefficients ere computed and printed out for

4

® each second order gsection. The full ‘fil,ter magnitude, response, as ve11‘ | :

as each section magnitude response, is printed for ‘each of the frequency

]

-~

increments specified. When N = 1, the section maguitude response is

H

[ ] ) ) ‘ " the full filter magnitude reeponse aqd is only printed once, T

£ The program ‘may be easily modified to incorporate a grephics

4
[y

displsy of <the magnitude responsé. There is a &ément card in the

C ) ‘ _ LPASS progrem indiceting where the gre:hics subroutine call cerd should '
, be inserted. ) L o . L,
The ptog’ram is written with input obteined vie device 4 and output - .

.' " written to device 6. These numbers should be assigned to the appro- |
‘ ) * - priate devices prior to running the program. '_ . ; ":
o Lo ; The program was developed on the PDP-ll/ZO with a DOS/BATCH
@ ’ opereting system. 'friel runs frequently used a TTY terminsl 'as :

7 S ;qell as a card rea‘der for input (device 4); and a TTY terminal as

b 1
: e

well as a line printer for output (device 6).
@ ' Double precision arithmetic is ‘employed. To decrease ~required

memory storege, only the frequency iutervel values end the full

magnitude response are saved. The gsection magnitude responses are
« ) . \r

o c printed out, but are not stored. The program will produce approxi- .
mately 21 pages of output. - | o ' ‘ | .

‘Shown below are semple deck set-ups for the Chebychev and
@ ' : Butterworth low—-pess filters. ‘ | L

£ “




L .o
‘Daté Format ' Example A
» " . Card ’ S : - ’
. ' 5 LI ‘ ‘- i ‘ ) . . ‘I . .
o/ g 1 212 )‘ ) 0302 (3 sectioms Chebychev. low-pass)
R~ 2 . F10.6 / ’ 0.001 (T = 0.001) " < .
P 3 F10.4.. , 100 “(w, = 100 ra\adians)
o e . . .
o ¢ 4. . F5.3 =, 0.10 (Ripple ampplitude = O. 10)
. . . *
® ' 5 . - 2F10.4 \ : 70 0. 06 (Start at w. = 70 Steps of
, IR - : ) 0: 06 radiang. Will finish just
-t . , ' - < past w = 131- radians ) :
, }y : 212 y 02(71 (2 sections, 4 order, Butterworth)
o T2 F10.6 . ~0.005 (T = 0.005) |
3 F10.4 . 20 (w_ = 20 radians) .
4 2F1044 ’ -0 0. pa (Start at w = 0, finish Suat
' C ' . ‘ past w = 40 radians in steps of
! , ' | - 004 radians)
.‘ ’ ] ot . ‘ . .- ', l‘ . .. | - - | ‘
! - The following- pages contain annotated examples of1out1'>ut ‘d_at:a."‘ _
This is an example of the output fpr a 4 th ofder Butter*_wortrh o
() _ 1ow-pass filcer with T = 0.0Q05 and- o 20 radians. 'The starting °
;' frequency 1s 0 radians and the frequency increment ;13 (.04 radian.
- WDC = 20.01668 WC = 20.00000 T = 0.50000E-02 . -,
. H . : | , - ' , ) o '
- . . FORI =1 Ay = 0.10000000E+01 A, = 0.20000000E+01 * . *
s ° aA, = 0.10000000E+0L. K, = 0.22869799E-02
B, = 0.18219614E+01 B, = 0.83110937E+00 -7
° © “FORI=2 °Ay < 0.10000000E+01 A, = 0.20000000E+01 o ,
' ' Ay = 0.10000000E+01 K = 0.24059972E-02 . ’ Co
, © .By = 0.19167786E+01 B, = 0.92640257E+00 L
° W o H1 H2
- 0.0000 .. 0.10CG00E+0L. ~0.10000E+01 0.10QQ0E+01
0.0400 ,  ©0.10000E+01 0.10000E+01 0.10000E+01 - :
. - 0.0800 .. 0.99999E+00. 0.99999E+00 -~ 0.10000E+01 ;
©0.1200 0.10000E401 0.99997E+00 0. 10000E+01
: 0.1600 0.10000E+01 " 0.99995E+00 % 0000E+01 .
) 0.2000 0.10000E+01 0. 9999 3E+00 ooom-m
o 0. 2400 ' 0.10000EH01 0.99990E+00 0. muomwx.‘
. ™y . . .



* - o

I is the i th stage. 1 varies from 1l to N. . | f

HDC is the prewarped cutoff frequency. .

.

» _WC is the cutof f ‘frequency. . | | | .
T is the 'sampling intex:vh'l. _
K“‘ Al mnd A, are the low—pass filter numeratbr coefficients

Bl and 52 are -the lcw—-pass filter denominator coefficient:s

e T K ie the gain faetorc.. I I T e

A - .
¥ | ;__ ’ ’ S Yy, .. Co.

S/ W 1is the frequency.-, |

H 1is the overall magmitude of the digital transfer- function.
H1l 1is 't:he'magnitude of the digital transfei"functioh (].sc stage).

‘512- is the magnitude of the 'digital transfer ,funct“ipn (an stage)

Y . ) * .

H = H1*H2,

See Figure 4, : _‘ S | Lo

This is an exemple of the output fcr 4 6" th oréer C%{ebychev
low-pass filter (three gecond order stages cascaded) with T = 0 005

and w, = 20 ratilans. The starting frequency 18 0. and the frequency

Y N

‘. oo ' increxﬁent s 0.04 radian.: The 'ripple is equal to 0.100.

WDC = 20.01668 WC = 20.00000 T = 0.50000E-02
Al

) A= 0.24783947 B = 1.03025433 “KS
w7 - A =0.247839%47 B = 1.03025453 K¢
| 8

A = 0,24783947 B = 1.03025453: K

0.99443709 °
0.56142438
0.12841170

= 0.12829114
= 0,35049793
= 0,47878908

NANANS
‘" W B

\{,.
FOR I =1 Ao'ﬂ 0.10000000E+01 Al - 0._20000000E+01. e

A, = 0.10000000E+Q1 K, = 0.23830688E-02 =
® - B, = -0,19774006E+01 B, = 0.98727357E+00

WDC2 = 0.40066761E4+03 G(I) = 0.16142562E+06 A = 0.96548939E+00

FOR I = 2" 84 = OL10000000E+01 A, '= 0. 20600000r:+01
o \- A, = 0.10000000E+01 K, = 0.13321469E-02

B, = ~0.19600541E+01 B, = 0.96557320E+00




NS

‘,‘ B L. « . . . ‘ °., - .
" A . . * - . .
R . . . o ot
. « . . .
. ° . d -

WDC2 =* 0,400667618403,  G(I) = 0.16303127E+06 A = 0.96548939E+00

~ ."'.« -

FORI=3 Ay = 0.10000000E+01

A = 'o:zoooooooml

-

. A, =-0.10000000E+01 ~ K, = 0.30310788E<03 ._
v ‘B - ~0.19519613E+01 B, = 0.95321709E+00
‘ WDCZ = 0.40066761E+03 ©  G(I) = 0.1638B496E+06  .A = 0.96548939E+00
o - PN : o T
® W " - HL. \ H2 H3
o . . . f“,"r.. . ‘ . ] . )
| 0.0000 0.89998E+00  0.96549EF00 - 0.96549E+00  0,96547E+00
0.0400 - 0.89999E+00 . 0.96549E+00. 0.96549E+00° 0.96548E+00
e 0.0800  0.90001E+00 - 0.96550E+00 0.96551E+00 0.96547E+00
) 0.1200 Q. 90009E+00 0.96552E+00" 0.96554E4+00  0.96550E+00 -
' 1 0.1600. 0:90016E+00  0.96555E+00 - 0.96558E+00  0.96551E+Q0
b Q.2000  0.90028E+00 - O. 96558E+00 0.96564EF00  0.96555E+00 .
0.2400  0.90042E+00 0.96563E+00 0.96571E+00 0.96539E+Vu
. - . . . o . . \
. WDC is the prewarf)ed cutoff frequency. ‘/-
W is the cutoff frequency. B .,
- : q
. . ) . -y 3
T is the sampling interval.
B, A= % (( s;-n-l‘-l-i-edl)l,/ZNt(Jeﬂ +l+e-1)-]f/2N) _ "
.}"‘; . ’ ) ' A . ’ . . ) - .
; I 1is the ith stage, I varies from 1 te N. ot X
Py ‘ _ .
i(s = 2Acosf. - | |
K, = A2c0528+3251n26. o o | ' .
‘ , Ad, AI’ and A2 are the low-pass filter numerator coefficients.
. . R * N .‘ - ' - . -
S B, and B, are the low-pass filter denominator coefficients.
Kl ’is the gain factor.. | ot
. WDC2 = (WDC)Z.
e : 4, 2 2 :
' G(I) = — + ZWDC-K, + (WDC)'K,.
' T2 T 8 2
' . ‘ /28 - : .
> The A following G(I) is a = [ 2} :
T o ] 1+ ¢°J :
o 4 NS
‘ 7 o . W 1s the frequency. ¢
- H 1s the overall magni_t{ude of the digiéél -transfer function.
ERIC T -0



°. . o R o -
R . - Hl 1is the ;nsgniﬁud'e _of _thé dig;ltal transfer function (ISt qtage).
| . H2 is thg magnitude of the digital transfer fu;:tction (Zt,xd stage).
' H3 is the magnitude &f the ddgital transfer function (3rd stage). -
 H = HI*H2#H3. @ '
- . . ’ | . = oL ) 7 ' -)
P . See Figure 8. o S
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- P < § - £~ \ o s , ~ ~ . . .
Lap o *
B . e * ‘ : & i . o
e o Iﬁrnomcnon R - s
T . Thie repert containe the doctmentation for the BPASS progrm.~ Itm‘> }
e : cﬂnSistB Of the design procedure used, a Seeeription of the prosrem, “)% . : ;
e SR o and design examples ueing the prﬁgram ‘ ‘ o @ “ e o ‘ #F
&i - ‘ 'rhe purpose of the BPASS progrem -ie the deeign of either a ‘ . - ﬁf
. . . maximally flat Butterworth or a Chébychev filter with e;mel rip;ie, . -
! ‘ ' _:- the pass bami. e\For each type of filter there ie a choice of bend-paeo 3 e - .
2l L \* k3 ox:5 band-stop filterc. Starting with an analog fi}.ter, the bilhiear ) 1 : ;ﬁ:" J
Aé;{ ;‘” ;':J;uéh z transform is ueed to design en equivnient digital filteru “The user _";;j%‘%i
P \ .. | - " ,"....entere tl‘x’e low-pass fiiter erder, the, type- of»\futer destred the -' 1
R 1 o sampling interval the upper and 1ower cutoff freouencies, the , . ‘- {”
s '._b‘ R starting frequency and frequency incrment, and if a. Chebychev filter %
i.“xi":bf _val‘ is being designed. the ripple. The 1ow—pase filter gections a;e K .
”__-; “ traneformed to. second order hand-pase or band-stop eectiono. Then the '
o program generates the digitel filter coefficients for up to six
.‘_ . second order sectioue in ceecade ot up to & I2th order filter. The I .
o . \\. Y
‘auu‘.: 'i“ ;-.” design is cerried out in*the frequency domein.: The program calculates
| : the transfer function coefficients for ‘each. second order section, the ,G
:-' 4t; ' magnitude function for edch section, end the- final cascaded filter
| magnitude response over the . frequency interval specified by the input. i P
. The BPASS program, written in Fortren‘IV is oupplied as a care
® . | ; o declt with'this report. The program i‘e.'iu_ the form of a subroutine and
BN o ;*ﬁ N cantbe‘used as 1is by“a call statement from the.main program. Data
; fk,; N;;‘ G 1-’ may be input via\eerds with outout aveilabie through a line priuter.__
-1p‘ . m The‘input/output'deyices mag}he a1teredaas.eggmgined'iewthis reoort.

Graphic routinee may- easily be appended_‘to the 'p;rogrem.
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* %er <= digital transfer fmction.?‘_ H(Z). o R e
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where the . A's and B's ‘are the coeffieien:s of the numerator and . .

.
» .

denominator sespecti\fely This program will c.alculate the eea,l-e - B
" | : | factor KJ- and the coefficienta Ao, Al, 2, Bl, and 32 ‘l‘he
. . h . transfor‘mat:ion used is x:he extended bili‘near 2 tr&nsfom

‘ ; v - where ,‘ T i's the sampling i’ntenrel. Whe the extended bilinear Z" .

.’ L .. ) . | - | 3 ‘“ . . .

:ranafom is employed ‘the desired freq' cies must first be pre- -
o . warpee to make them campatible with the di tal filter. In the = k

g . band—pas‘s\ and 'band—stop filters, the upper d lower cutoff frequenciea 5

7and the center frequency of the’ filter are nintereet. Calling the

qpper and lower ﬁrequencies w, u and m1' reepective}}y,:the pre-
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- : ™ ¢
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.‘r‘k“,_;f.;‘ . R N Lok ~. 5 /.,__ N o ﬂ (3) . .
. em o “(. . .",-f_": . 1‘ S o A N . ’ o ‘ - .
. o _,m'u" and ' wl are spacified by the designer and the grewarping is done

o ] . 'hy the program. T

o ok - ',.-‘g ‘:“: , . ¢ '

'-"V'*ﬁ )% , In the design ptocedure for ail band—pass ‘and bana—stop Eilters of
‘ o _.prder n', (nb;.. even), the prggrem begins by firat findinbhe poles _‘,,i;_-,.i-' ,;

) " 'for :he correspontmng a' /2 order law-—pass filtet. "The low-pass, - A :

' o . . 'filter :Ls then transfomed into a band-—pase m: hand-stog Eilter o£ R o

A t

-otder"*nn (n =), o

) A Sy ; Butt.'ermfth Band—PaSs Fi‘lter : R 1- , i o | ﬁ

" We .start with a nomlized necond order low-pass’ B““Brworch E

PY & f.ilter' trapssfer'fmc;;‘ion in thg S plane - I
By ‘ ; S N ‘ R o o . : “ o o . . L .

T H(S) = —— S O B
e e ‘-:,‘ i 8% + 25cos® +1 . - [ |

«. ' ._ oA where the ‘angler B . is in degrees (in the program) and may be found =

: }. - “‘, s -~ : ) . o

: from ‘the Butterworth circle and the relationship

re b *
. ~ N - . ‘

o T S = etj“(zm 1)/2:1 - o, 06

,._. | g - . ‘ . ) ) . . 4 ‘

: S " whére n:is thé order of, the low-pass filte‘[’ and ™ e 1, 2,..0, M

This relanLonship is detemined. by the- follawing procodure. By

.

T definition,' a futer iﬂ nth order Butterworth lcxw-pan 1f 'ite sain -

s . v . s . .;

ST ""‘ch_a"rac_teristic 18 * ' S L .




is the order of the 1ow—pass filter.,y- | S

S ‘ Y ¥
»
' T i
SR : L ,2 N e . . . . .
A N 2 a . N . . :
= CN . R . R
1 + (__.) ) I . B {::: LXNRRE -

C

LI ‘E.R,

N .
2 N

In the design, the poles of H(S) nust be found. The prdcedure :

“w

is .as follaws:

-«
.

' where a 1sfthe DC gain, mc 1s the desized cutoff fre&ﬁ§§gg and“m

B () |® = B (Ju)B_ () = B (ju)B (Jo) = B, (Qu)i (<10) R

L IS AR S 2
; [ - = SRR &
I —
s ) Lo
. s f » for .n even
5 — - ,, RN ¢
- L _-§E_ - : o
-2 -~ , for n odd
.m .
. )
Ségcing therdéngminators equal to zero,
o (+1)1/2“ L - ®
: c » L - , o , AT

Thus, the pole 1ocatien&.&re the - 2n ‘roots~éf 1, depgnding‘on

whether the 1ow~paag filter order is odd or even.m ‘These roots are

1
# * . §

o located on a circle with radius w_: centered -at the origin of the §

.

plane aﬁQ\have sympetry with respect to both real-and igaginéry axes.

.
CokeL

_é‘:



* f ; L TN ‘ ‘
'\.\. . ‘ce.‘#&
. 8 For n odd, a pair of roots are om the real axis and the rest are
. . D L’,‘ I i . s ” L)
" separated by wln radians. ‘For n even, a pair of roots are locatad
- 7/2n radians’ from the real-axis and the rest Bre again separated by
N | k e ' _ )
.+ . .. .7 =/oradians. Ne roots are on the imaginary ai;s, for either evem or
‘ R odd n.* ' S
' - -, . o [ ) - Gy .. - . . a
- - Let pl,.:;,pz _be the Yoots. From the symmetry of the pole
. ® ' . . N V -
| T 10cat10ns, 1f. pyaeeaapy afe the roots lying in theé right-half plane,
,. . Ny . the left-half plane roots ‘are  =Pyseccs”Pye The még’ixitude-squa’red -
t‘ ; , - :
N function,cap then be writ;gn as . -
P ' H -S 3 9)
« (S ) - (sH-p1 .-.<s+p)(S-p1)...<s-p> o
To be stable, Hh(S) nusf have all its poles in the left-hand plane,
U hue | L )
DGR S . (8) '= — . 1
S ‘ . Hn(S) (s +.p1)"'(s'+ pn) Bt
‘};? ;‘,‘> ‘ ’ H .
-‘i}"‘ 5 The program is written with unity gain at DC, (w = 0), therefore’
- a=1. .
%i”i '; S In order to locate the poles as specified above, consider the
?1.3‘;1 - o fgﬁlowing set of equatioms. ‘
L .o . 1= ~eij“(zm - ,m=1, 2,..., n; for n even
T TN - - 1)
. -1 = —eijzwk , k=0,1,..., n; for n odd
. " .
:fu' A Suhatitﬁting equations (11) into equations (8) yields ’
v ; ‘. * . ’ ’
R t§—1§ . im(m - 1}/2n , m=1,2,,., n; for n éven
k:'.ﬁ.al-« 9 T P & f.dc .._mé A e e e - ) e i
o - Ty
4 .1 i + . )
¢ = “k
L, . Vo [Bzitk —e“j /n s K T 0, I,%¢., n; for n odd -
‘ A
! {‘ ! ‘\ ' . . » N
e@fu ‘ i1
{ - :’ ' . . : :

LI R



‘e
-

' Equations (12) will give the pole locations as desc_ribéd above.

e ’ : ;
\\' Consider the form of ‘equations (12) ’
- tie ’ ' -
S = ~u, et1® o wc[—coae t jsin@] . o (13)
‘.. | i | | . . ' | . L | ’ " R N |
From this relationship, it can been seen that the magnitude for each
péle is Wy regardless of the angle, and thus all the poles lie on a
circle with® radius w . -
° , c

As an examkﬁ'le, consider a second order filter, n = 2.

. o T (2m - 1)/4
[, = e N

m=1, 2
‘ c ,

.S,y = [45°
[ ) - Stl " wcL:EB—SQ
N D | ‘
,.-;_‘.-,‘ ' 'i'hsé. relationship afv.t;iese roots about the circle of réd{.us mé is
,“ ‘illustrat:'ed in Figﬁ;e 1,7 The"a.ngle 8 1is aiways. megsured ;rom the
‘tl‘eg‘ati've }real axis. o |
. JIn t}je program, only the angle(s) less than 90° are co:x_si:iered
® e ; so ‘tha‘t the poles lie in the l.efé-half plane bécause poles in the
] | left-half plane are“stable. Pu_ti:ing 6 = 45“"'int:o equation“ (4)
yiélds poles at ~0.707 £30.707. These locations are in -‘the left-half
. plane. From gc;uations (12), fo: low-pass ‘filter AordeArs n=1,.2,..., .
6, the values of 6 are given below.. .
e. . . . i T SR ) . .




> .
' ' : ‘Second ' Band-Pass
o . Low-Pass , T Order \ Band-Stop
- Filter ' ' -+ Cascaded Mligter
Order Angle’ , -Sections .. Order
& _ o 8 | . | a' N\
e -1 0° 1 2 .
2 45°. 2. 4 07
3 . 60°, 0° 3. 6
4 22,5°, 67.5° 4 . 8
-5 72°, 36°, 0° 5 10
6 75°, 45°, 15° 6 12
. T » . . a Lo . ' ; .
' ‘ n is the order of the low-pass filter and is used to determine pole
_ lacations.. n is also the number of second order band-pass oxrband-
. stop sections which results from the transformation of the low-pass .
filter sections and which will be cascaded to form the band-pass or
band-stop filtersof order n'. The transformation is exﬁlained below.
‘ [Ty : i
S * The calculated angles are incorporated in the program in the order
® ) g prog _
given above. ‘ .
Given the normalized second order Ibw-pass transfer function
‘- . ‘ Y l & . . . ‘ ¢
® A equation (4) » we transform this low-pass into a band-pass transfer
function for some bandwidth WB, and center frequency: WDM by
usinﬁ the transform
e 2 - 2
@ ‘ - S° 4+ WM~ ¥
. . 5™ TSwE. - - | (a4)
Equation (4) then transforms to a 4th order transfer function
. s’ .
® H(S) = 54— ' TS 2 o 2 2 % -
: : : S + S~ 2WBcosf + S ( + WB") + S2WB WDM . cos8 + WDM
(15)
® . K Using the root finding subroutine "POLRT" from the IBM Scientific
== o ' oo el & R R PP IR “"\e S a o s mew . 4 AT RS Lo
Subroutine Packag,e (SSP), the roots of the denominator of equation (15)
& . ’ ¢ ) | ‘ | ’
L3 F




are found. (Note:. POLRT has been attached to BPASS as a double

precision subroutine and is inéludeh in.the card deck). _Tﬁéﬁroots

-found will be complex conjugate pairs. Calling the real and imaginary
parts of the pairs REl? AIMl, RE24 AIHz

equation (15) is factored
to yleld two cascaded second order aect#pﬁs |

SWB . l st . X ‘ (16)

H(S) = S . .
; 7 "3 2 o
S - ZSREl + REl + AIHl S - ZSREZ + REZ +‘A 2

For each 8 of a given N, the program calculates roots for both

~sections of eauation (16) and labels them the ith and the ith + 1

section. If N, the number of second order sections gpecified, 1is
even, the program will calculate N pairs of RE and AIM values

or 2N = n'. roots. If N 1is odd, the last value of 8 4s O.

~ Substituting 6 = 0 into equation (4) and factoring yields two
identical first order sections, 1/(5 + 1). The program will célculaté

N+ 1 pairs of RE and AIM yalues, but because the last two pairs

are the same due to the identical first order éections, the last péfr
will not be used. M | | - / -7
Because both second qfﬂér sections of gquaciéﬂ (16) été of the
same format, we will deal with only one aection,'the ith section
and let
*ZBE =D,

1 (17)

2 2
REi + AIMi = Ci

The design of an n'th order band-pass or band-stop filter leads to

n'/2 second order ‘sections. Substituting equatioms (17) intp one



A

section of equation (16) yields the transfer functionyfar.tha ith

ééction

-

B (§) = o | o (18)

2 kS
$° + 8D, + C, |
) -
The extended bilinear Z transform, equation (2),1s used to get to
the digita} domain. Employing equation (2) on equation (18) yields

Hi(z) for the ith second order section.

"

Zmz? - &

e

H,(Z) = B —  an’t
' 2o+ DUy oy w agae -8—-)+(ﬁ--&+c-)’ |
T Y Bl L B B L

futting the denominator of equation (19) in monic form yields the .

gfanafer function for the ith second order stage of . the filter

2
K14

(A" + AZ + A)

0 1

H @ = = | SENCU

2" +B,,Z+ BZ

11 1

This equation is the same as équation (1) yith the exception of the

} subs_:fpts. For all four filter types discussed here, the scale

factor, Kl; and coefficients B1 and B2 are -a function of the
section calculated, while the coefficients AO’ Ai, and A2 are the
same for all sections calgulated. In-going from equation (19) to.

equation (20) we have



® -
) | A, ,%ms .
A "’ .
A =0
. S R
. - ) 2D
. 4 n «
Gy=73+7F +C (21
: T s
co1
° K14 G, .
. ‘ | 8 k .i-
2Cy - =5-
) B T
| By G,
®
e P +C.
2 1 i
B =

21 6, |
o | | ) ST . 4uT.

Letting Z = e  =.e fér_ S = ju and taking the_magnitudg of ©

Hi'(jw)" we have:

® . . /(/A cos(2uwT) + A cos(uwT) + A )2 + (A 8in(2wT) + Als'in(m‘l‘))z
. | ()| = 0. o .1 2 0 . .
1 %1 .
| v > 2 - , o2
(cos (2wT) + Blicos(mT) + 321) +'(sin(2wT) + Bliain(wT))
‘ : (22)

° | | |
The magniiziﬁ function, gquation (22) is tRke same for all the filters
discussed.in this report. ~ _ }

: C. Butterworth Band-Stop Filter
® S i ,
The design procedure is almost exactly the same as that

: " of the Butterwo:th'band—pass filter, except that the tramsformation

° to band-stop is the reciprocal of equatién (1&); i.e,

S » 2_5&__5 ' ' . (23)

. . 8§87 4+ WDM™ - .o

e , | X




'.and ve find H (S) ‘to be i

5% + wnxz

2. - o .
s +.SD1+C1 | .

Hi(S) -

After employing the extended biligear 2 transform, equation (2),

~ we have )
» S
_ 4 2
ho = Ay = 7 F WM o
st ) . - (@5)

A =m0 - o o

1 T2 o .

, T : o .

and Bli’ 94 Kli are the same - functians of Ci and Di‘ as in

eq#ation_(Zl). These coefficients are then used in the calculation
of éqqé?iqn.(ZZ) té{find [H (G|, |
n'g. Chebychev Band-Pass Filter -: , . .

Yhe Chebychev filter ri;ples with equal 3mplituda 1n~the
pa;s-baﬁd. The amount of ripple'is specified by'the quantity &
(labeled RIP in ‘the program). The polesiﬁf the filter are found on
an ellipse de;cribed by two Eutterwnrth ‘circles of radii A and B
with A < B. The location of the'pples on the ellipse ia a functian of

. e &
the ripple*gnd is given by the fQllowing equation:

1,-1/N

HN e a1+ eHTN e

B, A -%((/e:'z +1+¢€ )

es‘[_—l—‘—g-}%‘ e (27)
1-29) ‘ . .

-

1/N

where

”~

and* N 1s numerically equél to the order of the low-pass filter

which is transformed to yieid the band-pass filter. B 1s given



for the plus sign and A for the minus sign. The Chebychev ellipse

R then has major axis B and minor axis A. The location of the. 8
, plane-poles on the ellipse 1s given by ' o et
r B - ‘Real Part = A cos8 -
Iniaginarj Part = B_,Sina‘, o . (28)
R The 6's are the same as given for the cbrresponding' order .
Butterworth filter. An‘example of Chebychev pole locations is :
- {1lustrated in Figure 2. For A= % and B = 1 :l.n \fsmrth order
, filter, 6 = 22.5° and 67. 5° The Chebychev pole locations a:e |
. .
: - determined from equations (26), (27) and (28) .
o The analog second order Chebychev low—pass filter is =
| o Kz 1 J2/ ’
| L H(S) = 2“11” Lo h (29)
. . . s° + kg5 K, o SR R N
.‘ € - is calculdted fr,oh" equation (27) and N is equal to the order,of
“ ‘the low-pass filter which is*transformed to yield the band-pass filter. _
: Kg ond K, are calculated by :
. ~ 2 . ‘
' + . ) : ) . L]
. A . : KB = 2Acosb ' . . (30)
KZ = Azcosza + stinza . - | ) (31)
o - The stibstitution of the low-pass to band-pass transformation,
-equation (14), into equatien (29) yields
Sz‘mzK 1 ]ZIN
: ‘ . ° + oy
® H(S) = £ . (32)

WB)+SKWDMZWB+WDM

SA+53KWB+S(2WDM +K 8

8- 2

¢




L

After finding the roots of &quation #32) and making the substitutions

T to yield the banq~step filter.

. ) given by equations (17) we find tﬁe' 1th secSnd.erder section.
) s |
.
: Hi(s)‘ 2 .. - .
| - | 5 + sp; + €
R '. . ~ 1 ' 1/N . .. A '
e | . o Ky "K—;..\ = . | | | (33).
o . J1+ ¢ v |
@ Applying the extended bilinear Z transfam equation (2) Yields an
’ equation of the form of equation (20) where |
. , A = 1 s
0 ' .
.- ) .
‘Al - | 0
| A, =-1 . |
.‘ _ ' 2WB .g}'.‘ B : : ,“ R
) Ki= 7 "8, ~ S - (34)
. . - ‘ i PR o o . .
e ’ U . ‘ '
Bli, and 'Bu ~are the same ftm.etj.ions‘of Ci ax.zd Di .given: by
Qo - equations (21)- :.T’&se coefficients -are then used in equation (22) to
find |H, (Ju)|.
- T Chebychev Band-—Stop Filter
® Given equatien (29) for H(S) we apply the 1ow-pass to ,
band-stop transfqmetion equation (23) to obtain the 4th order
! A
' transfer function . .
" 2 2,2 1 2/N
o (87 + WDM®) 1(21:/__2}
- l1+¢ : '
H, (S) = : - _ .. (35)
i 1(254 + S3K8WB + SZ(W‘B2 +. ZKZWDHZ) + SKSWDMZWB + K2WDM4
@ N is equdl to the order of the low—pass filter which is transformed

14

.
S~



After finding #hé tooté’ofxequation‘(35) and ﬁaking the
i>' 'substitutions given by equations (17) the ith sdcond orfder section is '~

(S + )K3 - - S ‘(‘.. v:ag:-- -,.'y-«b%t.‘ma,\w et \.,:.,.,v...,’.v.‘_ﬂ\-wl _**Sﬂ';-hvf‘&\.<r-
Hi(s) = 2 = P f‘-.,u-’.,-a. PR A ";;:E'F;.-é':r .- "ﬁ'-‘;z " ) :““’ - -
+ o
§" + 8D+ Cy e
K, = M| MY .- S O (36)

Applying the extended bilinear Z transform equation (2) yields an

égquation of the form ofrequaticn‘(ZO) where

- 2
AO A2 3 + WDM i
T ;
S A, = 2uom? - & - . L @an |
-1 : 2 . . _
T
« -3 | |
16 . T
3 L . |
Bli and BZi‘ are the same functions of Ci and Di givgg by . -
equations (21). These coefficients are then used in equation (22)
to find iHi(jm)l.-
\ )
:
d-
7
e "'; - FH B - T N N L . .~ B s S ﬁ L -
‘ .
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_ . B
o . IL. Using the Progfam o ST
o ‘ i |
L ¢ The first data card read into the program eonta,ins the number of
e - second order sections to be cascaded N and t‘ne type of filt:er : _
SR ST R T nreR TN _‘i'.' B owl Y aT e - ST A
desired, KN N i.s equal to 1 2,..., or 6 which corresponds t.o
@
: the order of the low-—pass filger, and ‘hence‘ co;responds to the 2nd, -
4th,..., of. 12th order band. pass or band stop filter respectively.
_ . . KN is the type of filter desired. The values of KN specifies
. . ) - _— ! L . .
one of the four choices given by
. | . | RP ’ | P .
® Y Butterworth Ban‘d-P&l\s‘s ‘
o 2 Butterworth Band~Stop
: 3 Chebychev Band-Pass
: . & Chebychev Band-Stop .
- The fo;mat‘on the N, KN card is 212, ‘
The second data card 'read in is the sampling interval T in
"F10.6 format. When choosing T, 1/T should be approxiniately equal
6 i - . to ten times the center frequéncy (WDH)
The third data card read in contains the values of the upper
and lower cutoff frequencies, w agd Wy, in 2F10.4 fomat: For
the Butterworth filters, the cutoff frequencies are the -3db cutoff
. frequencies. For the Chebychev filters, the magnitude of the T
response is 1/(1 + 82)% =1 -8 at the cutoff frequencies. w 1is in T
° radians. & 4is the ripple factor.
’ If the desired filter is Chebychev, i.e., KN = 3 or 4, the i
. next -dat:a card contains the ripple (RIP) factor in F5.3 format.
2 - »
° 1f the desired filter is Butterworth, i.e., KN =1 or 2, this
card is omitted from the data deck. ) e :
o S S W A ,
R ~ &~ .. . ‘e . - . . pi o : ) : )
. : , S .




The final data card is the starting frequency (FREQI)' and the
* . ' | f‘reqnenc'y increments (DELT) in redisns. The formst of the FREQl.

DELT card is 2F10.4. Determine DELT by the followins'

Shecn | e N R - ‘ o= - e . . S me —,‘.'.- . - B #"'-' e Ax'... -. L, o E S ULV .a .. e e ",' .
ramts T

final fre&uencl - starting frequency

° DELT = o 1o R -

,': This is necéssary because there sre 102& frequency data points .
calculated in the program. ' Choose FREQI snd DELT to insure that

.'. | _ calculsted values will include the dsts of "interest. For msximum ‘
efficiency of the program, DEL’I should be a multiple of 2 K 80 no , ._ _ _/‘
decimal to binary conversion, errors sre-incurred. o | | “ .

L v The digital filter coefficients are computed and printed out for

o A o esch second order section. The full filter magnitude response, as well .‘

‘ i as -each section magnitude response, is printed for each of the
. . e
® ' specified frequency increments. When there is only one second order
section, the se_@n magnitude response is the full filter megnitude
response and is only ptinted once. _ ‘ | |
o B ' The program may be. eesily modified to incorporate a graphics
display of the magnitude response. There is a coment_ card in the |
. ' ' o !
| BPASS program indicating where the graphics subroutine call card
_.‘ | . should be inserted.
A The program is written with input obtained via device 4 and
‘ output written to device 6. These nunibers should be assigned to the

,. : appropriate devices, prior to running the. progrsm.
The program was developed on a PDP-11/20 with a DOS/BATCH
: operating system. Trial runs frequently used a ’i"I'Y.terminsl"as well '
K

| as a card reader for input (device &), and a 'I'I‘Y terminsl as well

Sre e .- . . LI3 . -‘ g ~ . . 1N

as a line printer for output (device 6) Double precision srithmetic

39



¢

-~

L L is employed. To decrease required ﬁemory stofage, dﬁly the frequency
® S : A
: interv11 Vﬂ‘ues and the full magnitude response are saved. - The '
‘section magnitude responses are printed out, but are net stared

" The program will pibduce approximately 21 pages of output. ‘

Shown be1ow are aemple deek set-ups.

. Data . . ,}
s Card . Format ‘ F xample
, . - v LT .
e | ' . 1 212 ; 0504 (5 sectior . Chebychev ban -s. )~
0 F10.6 ~-0.002 (T = 0.002) |
3 2F10.4 D 60 40 (w = 60, wi = 40 radians)
4 F5.3 ' : 0.10 (Ripple amplitude = 0. 10)
‘ - R - 2F10.4 . 0 0.1 (Start.at w = 0, Steps of
@ . o - ST T © 0.1 radian. Will :inish -
: ' ‘ just past w "102'radiaV“
1 212 .' 0401 (4 sections Butterworth baxd-,rbs)
: F18.6 | 0.002 (T = 0.002)
» 3 2F10.4 60 40 (u_ = 60, w = 40 radians)
| 4 2F10.4 0 0.1 (Start at w = 0. Steps of
‘ 0.1 radian. Will finish
. . just past w = 102 radians).
o & Tﬁe‘fpllowing pages contain annotated examples of oetput data.
® o v ‘ . o . : : o C
@
- L4
®
, ‘ ¥
o ‘
- - ¥
@
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This is an examﬁ;e of the output for an Sth order Butterworth .

LY < = ‘ L S A
® S . and—scop filter 60402) with T = 0, 002 w, = 60 radians. and

wy, = 40 radians. Ihe starting frequency is 0 radian and the frequeney.
. increment is 0.1 radian. | |
o ’

= 60 07210 WDL = 40 02135 WDM = 49.02902 WB = 20. 05076 .

T = 0.20000E-02 . ]
| ~ L
o THE ROOTS OF THE FILTER ARE GIVEN BELOW .
S REAI 1) = -8.52659476 IMAGINARY(1l) = -44.46786740
Riak 2) = =$.99788916 IMAGINARY(2) = -52.14D959%
REAL(3) = -4.55076557 IMAGINARY(3) = -59.01588870
REAL 4) = -3.12232691 mAGmARY(z.) = ~40.49140500

@ L THE )EFFICIFNTS OF EACH DIGITAL FILTER SECOND ORDER SECTION ARE
‘ - GIVEN BELOW '

FOR =1 A 0.10024038E+07 A, = -0. 19951923r.+07

1

1

L A, = 0.10024038E+07 K, = ~0.98125481E-06 .
- B = -0.19584863F+01 B, = 0.96653295E+00 .a
° © FOR 1=2 Ay = 0.10024038E+07 A, = -0.19951923E+07
| A, = 0.10024038E+07 K, = 0.97769448E-06
BY = ~0.19498774B+01 B, = 0.96090048E+00
FOR T= 3 Ao = 0,10024038E+07 A, = -0.19951923E+07
| A, = 0.10024038E+07 K| = 0.98755180E-06
® BS = ~0.19681836E+01 B, = 0.98202353E+00
| FOR . = 4 Ag = 0,10024038E+07 A, ='-0.19951923E+07
. A, = 0.10024038E407 K = 0.99216788E-D6 .o
. . ‘ r 1 e - et e N ~ ~ - e g Ve
| op o QeiToLs ITHOL B, o 0.07TH7TT MO0
'® ' W . H CoHL \H2 H3 Ha

‘ 0.00)0- 0.10000E+01 0.11726E+01 0.85284E+00 0.68611E+00 0.14575E+01.

0.1000 0.10000E+01 0.11726E+01 0.85284E+00 0.68611E+00 0.14575E+01

10.2000 0.10000E+01 0.11726E#0L 0.85284F+00 0.68611E+00 0.14575E+01

©0.3000 0.99999E+00 - 0.11726E+01 0,85283E+00 0.68610E+00 ., 0.14575E+01 -

0.4000 0.10000g+01 0.11726E+0L 0.85283E+00 0.68609E+00 0.14576E+01 -

0.5000 0.10000E+01 0.11726E+01 0.85282E+00 0.68609E+00 0.14576E+01

I



1‘,‘_ WDM s the prewarped center frequency

WB is. the bandwidth, WDU - WDL.

. K, is the gain factor.
W is thé“frequency - - - Ce

_Hl.is‘ghe magnitude of the digital tranefer'function (}st stage).

H2 is the magnitude of the digital transfer function

H4 is the magnitude of the digital transfer function (4th stage).

WDU is the prewarped upper frequency.

‘ WDL zs the prewarped lowet frequency

a

T is the sampling interval o i o o _ _"__ T _;_w

The Real: and Imaginary part of the roots of ‘the. filtEr are given next.:

¥ LY
e . *

I is the ith stage. 1 varies from 1 to N.

. 8.

AO Al‘ AZ are the Butterworth band-stop filter numerator coefficienta-
l’ and B, are the Butterworth band—s;op filter denominator coefficients.

¢

2

H 1is the overall magnitude of the digital tramsfer Function

eée).

H3 is the magnitude of ‘the digital transfer function (3rd stage).

See Figure 4. | .

F



a _~‘ - . - , - ) . Q

This is an exaﬁﬁlé of the output for an 8th order Chebyéhev

band-pass. filter (0403) with T é,o.ooz,;mu = 60 radians, and .

m1'='40 radians. The starting frequéhcy is O rédiaq, ghé frequency
- . incremeng is 0.1 radian, and. the ripple 18 Q;ir
.* - ) a ‘ < .- _‘. . X .ﬁ . o . PP

wou = 60'07210‘WDL - 40.02135 WDM = 49.02902 WB = 12005076

= 0.20000E-02 .
’ . -~ ' R". . . ’ .
) iiA 1.06850027 K = 0.69553541 K, = 0.28813942
» ,A

.0685002] KS = 0,28810020 K2 = 0.99524620

0.37642105 B
0.37642105 B

o
y ] Il

THE ROOTS OF THE FILTER ARE GIVEN BELOW LN _ .

-« - REAL(1) = -3.19528085 IMAGINARY(1l) = -44. 97792290 - o n
o  REAL(2) = -3.77772492  IMAGINARY(2) = -53.17662810 ‘ '
® . REAL(3) = -1.15829660  IMAGINARY(3) = -40.10115290
REAL(&) -1.73001696 IMAGINARY(A) = =59, 89&56990

ZIIIIIB

- . -.THE COEFFIGIENTS OF EACH DIGITAL FILTER SECOND ORDER SECTION ARE
o o GIVEN BELOW - - T .

o.1ooooooos+01i? A, = o.oqoooooom+oo
-0.10000000E+01 K, = 0.10395603E-01

20.19792607E+01 B% = 0.98732565E+00

FOR I =1 A

4
>
™o
oo

= 0.00000000E+00-
0.10375296E~01
0.98504460E+00

0.10000000E+01
~0.10000000E+01
. : ~ o ~-0.19737935E+01"
® ‘ | 1. .
5 ' " FQR I =3 0.10000000E+01 A,
. -0.10000000E+01 K

~0. 198897233+01

FOR I =2 A
A

w N
RY b
B

nn i

0.00000000E+00" -
0.19406846E-01
0.995384935+00

u
BB n

n

wt - >
- NO
[

0;10000000E+01 A
~(.10000000E+01 K
o 87 = -0.19788675E+01 B,

¢ ) 1 . S

W . u S | , H2 H3 SR
‘t;OOOO 0.00000E+00 0.00000E+00 0.00000E+00 0.00000E+0Q .OOOOOE+00
0.1000 0.12493E-12 0.51560E-03 0.36886E-03 0.12106E-02 .54265E-03
@ | 0.2000 0.19990E-11 ,0.10312E-02 ©.73773E-03 0.24211E~02 0.10853E-02

' 0.3000 0.10121E-10 0.15468E-02 . 0.11066E-02 0.36318E-02 0.16280E-02
0.4000 0.31991E-10 0.20625E-02 0.14755E~02 0.48426E-02 0.,21707E-02
0.5000 0.78116E-10 0.25783E-02 0.18445E-02 D.60536E-02 0.27134E~02

- R '

FOR T = 4 0.00000000E#00
' 0.19346636E-01

0.99312838E+00

w5 g
e O

o n
n n.n8

OO OO OQ

N

’

.
. X L] . . P - »
: L] - . L] -




.h

WM is the prewarped center fteéueﬁcy. .

" T is the sampling intefhal.

‘A

"HZ ‘is the magnitude of the ﬂ%gital transfer functiom, (2nd stage).

“ See Figure 5.

Al

WDU is the prewérpe& upper frequency.
, .

' WDL is the prewarped lower ﬁxeqdenéy,

S o
WB is the bandwidth, WDU - WDL.

Lo

B, A - %((¢5_ + } + efl)lzN * (lefz +1+ sﬂl)-;/n) .
KS = 2Acos(6) | . ‘ A

K2 = Azcosz(é)u+ Bzéinz(e)

Thé Real and Imaginary part'of the roots of the filter are given next.
* N . ) ] - 5

1 is the Ith §tage. I varies from 1 to N. .
0* Al’ %2,a§§\the Chébychev band-pass filter numeratpr coefficients.

¢

K, is the gain(factor.“

1

-

Bys and Bj are the Chebychev, band-pass filter denomipator coefficients.

)

H is the overall magnitude of the digital transfer function.

“

W is the frequency.
H1 is the magnitude of th§hdigitél transfer function (1stwstage).

H3 is the magnitude of the digital transfer function (3rd stage).

A -

H4 is the magnitude of thé.digital transfer function (Ath stage).
1

i - ks <
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" Figure L

Figure 2.
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INTRODUCTION
- [

: Thia"fepo.rt describes how to- use twe programs for the wei_ghte& _

' least squares design of ‘noﬁrecursivea.and re'é‘uréive digital filiters.
Py L _ First the theoretical aspects are considered and the design equations

: , ané developed The signal model in this work [s assumed, to be a

polynomial because the state model is simple. However. the -ti:eory is
3

“ - eaaily extended ta inc].ude any signal model reptesented by a linear
differem:ial equation. ‘ _-
Then the operation of the two programs & described along with
® | «._ examples to 111ustrgte their operation. )
A 2 ,
. .ﬁ . 4\ ~
‘ v N
¥
. . » i
- . f
*
1 @ S‘
. \\
¢ \
®
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- .‘ . ’ s L : 4 o . .
LEAST SQUARES DESIGN OF NONRECURSIVE DIGITAL FILTERS -

L3
»

The desigﬂ offnonrecursive end recpreiee digital fiiters,using‘
L weighted<}ees:.equeres 15 based on a model for-thezinput signai.‘

The most common mo ~that are curéently-in use are differential

'

equations. The subse uenﬁ;repieeen:a;ion of-the Jifferentiﬂl equa~
Qtion by a first«ctder vector differential equation leads to the
I concept of a state variable and :he state space tepteseﬁtation for “ - -
a ey8tem. By uge of- the pﬁeper Eormulation, a continuous signal
2represented by a differentialvequatian can be described hy e‘first—
‘order.Veetor\&ifferenee eqdetion or a.disere;e_time'etate space‘
model. ﬁeferences thetideacpibe the essentlal’aspects of statei
,yeriablee are by De Russo;/Roy and Close [l]-and_Chen;ﬁ2].f
Since signalg from laboratofy 1nsf;umeﬂ:s are not“usualiy des- B
cribed by a diﬁfetential equation, ap;;eximstions often ufil;ze a
polynomial; For this reason, the vector forg afra'polynomial approx-
imation will be used in this report. The reader showld be eware
T ‘that this can be geﬁeralized to include eny s&gnai model that can~be
repreeented as a linear timeevarying differentiel equation. Leter;
in the paperﬁa scalar‘medel repreaenting a Gaussian time;eignal
" will also be utilized to develop a time—varying‘fiiter'thae can be
~ used fof reduciﬁg the base-11iné erfor'and for the 1eL££al sepa;atioh
of signal cempenents. . |
To develop the polynomial model let ;he signal z(t) berreprev;

sented by a polynomial of order m” At the time t = nT the state

vector for the signal is. given by



-~

N

/
ST B 2 ) :
z(aT) = (1)
.. N [ ]
o Redefiniﬁg the state vector as &
r ’ | '
(3 ' . x(nT) = - (2)
- ' N .
® ‘
- the - use ‘of a Taylor series representa'ti_on for each elem\gnt of x(hT) '
-~ - now permits the state of system at t=(n+h)T to be described in terms
® of the state at te=nT by thé relationship' )
x[(n + h)T] = oftlx[nT] {3)
. . ‘ ) N
® where ‘fﬁ{h} 16 the mxm state transition matrix with elements
; ’ ¢ : ' ‘ N .
S R S L | ) oy
. 30 =G v ostm @
i<j<m

1<

-j)
The state t:tansiticn matrix [h} sétisgies all of the relgtionships

for general state transition matrices with the ihporfant

this work

o[-h] = [o(n)] L

Njing for

(5)



"are each defined as

and -~

o[m] olp] = o[m+p] o ®

" At this point, these models can be utilized in the deaign process.

Deaign of Noqrecursive Filtera

~

Let the input signal atart at time t-O and assume that the signal

over a finite data window is approximated by a polynomial z(t)

— N

. .,
Defining the state of the signal by (2), then the state of the signal
- ' C '

at.time t=(n+h)T is given in_terms-of the signal at ‘time t=nT by (3).

Given that the signal starts at tiQ, the first £ observations“

. 5 A o i . =

-

@(3T] = Mx[4T] + v[IT] §=0,1,2,...2-1 _ ~ 1)

8

. where M 18 a row matrix that relates the measurable state variables-

ta the actual measurements. The elements of each noise vector gle]"

are the-measurement noises. In general these are taken as random

-

variables with zero mean and the time dependent g&tocovariance matrix
[ & :

X R[jT] - E[v(jT)v (jT)] : o (8

S

{

. » -
e

Howevet, in most laboratory systems ‘only the data is_available and

#

the depivatives are not measurable. Furthetmore, the noise covariance

matrix is usually not known and for scalar measurements the noise

A

variance is assumed constant and the noise samoﬁfs unqgfrelated For

the remainder of thia paper,,only scalar measurements "and uncorrelated
measurenent noise with time—invariant statistics will be assumed; The

L]
mean value of the noise will be taken as zero and the variance as oz. .

. , —~ . .
The results are easily extended to vector measurements and to measure-

men¥ noise with time varying statistics.

%

vy

L



® :
‘ j,‘_ o - : For % observatians, the total ohservat'iéh vector at t=nT;is
-4 . | | : .
. ' A : de‘f:_Lne_d as . | . : “~ ‘
. ‘ P S : N ' | ‘v -—. . - —1 ‘1
- . . | m[aT] N '
C | el @-DT)
o ' o o r_rl_t[}lTl;F. - . (9)
. r - . - B - ) ' * . : EEA Y .
' ' . . . ' . | .‘ “.‘ ) n ~ , . . . . . .
ST -M[(n-—2+l)TB . B
_ ' This vector now forms a data window of ¢ data points. For an estimate
¢ I | of the data at tsnT the use of the expression
) . ) o . '. . o . " - - T . 1]
. - | 7 x[(n-1)T] = ¢(-4) x[nT], (10)
Py - - is comb{ned with (9) to yield :
- -~ . " . " R B ‘1 i Q R F«M . 7]
L R Mo (-1) ' IR
. o m [nT] = o L | x[aT) 4 v [nT] (11)
LI o | Mo[-241]
B The matrix of cm;stanta H[n’i‘]- 18 now defined as T
. MDD S
. * H[nT] = - . ‘& . 1
f i‘ ' ’ L ' . ’ T . .
. ’ ‘ ‘ ﬁ ’_2_4:1 ‘.;__. . : _ i
.. L . v L ”’ { l - -
. | sggthat (11) can be writfen as ) " g
-gt[n’l‘] = H[nT] x[nT] Xt[n'l‘} £13)
The elements in H[nT] are constants éiven by
- : 1
- H,, = (-1)3 o<i<e (4
o . 14 = , oL S

] . ﬁ' ' 0<‘J<q . -
' . ) ¢ ‘ - R
| ) .
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where 2 is the size of the data window and q isAthg'm:d_e'r_ of t.he ‘

polynomial plus one. When i=i=0 the value of (14) is one. Note that °

- ¢ since- (12) i8 a matrix of -constants there 1s no need to make the
*j-,: . matrix a f-unctien'of “time.-. However, the derivation for. the recur-
sive filters this provides a method for separating different ‘H ‘matrices.
. * . ~ "
The optimal estimate of the datafat t=nT is now given in terms
of weighted least squares or minimum variance. because this form is
) utilized in the derivation of the recursive filters. If.the covari-’
& ™~  ance matrix for the total observation vector 1is e '
o o« : ‘ . oo
- R (nT) = E[v, (aT) v (n'I')] - (15)
® T the optimal minimum variance estimate is
-~ * ~ *‘ « . ' i
x[nT] = W[nT] m [nT] . i €16)
_ ' where K;I[n'l‘] is a series of constant weights given by
® 5 o |
~ t -1 -1 t '
WinT] = [ﬁ (nT)[Rt(nT)] H(nTi] (nT)[R (nT)] '\ (17)
. For uncporrelated noige with constan;&iance 02 (15) is a diagonal
e _matrix with elements o and (17),.red‘ es to ;
( a
: WinT] = [H® (nt) H(nt)} it (nT) - - (18)
( 3 This 1is the same result obcained using cenventional least squares when
I3 ‘.:"1&‘. ;v_,“’_4§,
the noiae covariance 18 a“ﬁﬁ%gonal matrix of equal cnnqtanta .The
o reader aheuld be awaﬁé that the estimate vector lq an e’stlmate of the
) Voo ', 1
® . iéggdata and alr of the derivatives in the model. However, all of the
B ‘&0\;" . . . ’ h -
' weightsvin the derivative terms must be scated by the scale factors in

the state vector defined by (2). - ' /'\
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The covariance matrix for the estimate given by (l6) is given by

I §(aT) = W(aT) R, (nT) WE(nT) | 9y

. Substftuting (17) iotée (19) now yields

w

$@n = *an R EDIT Hen)™ o

which simplifies further to - ’_ . ‘

-1 2

S(m) = (HE (D), H(aT)] A ¢V}

-

for nhe uncorrelated noise

By defining a delay or prediction féctér a, estimates of the data
b

aT units’ behind or ahead of the point t=nT can be done To do this

the gotal obserdation vector is written as

4

(nT) = H (nT) x[{(n-a)T] + v (nT) (22)
where H&(nT)'now takes the form “
- : - © -
. Md(-n)
h M (~a-1) e
Ha(nT) = . ' ‘ 7 (23)
M8 (~2-a+1)
The individual elements éf the matrix now become
H (nT) ~ (a-1)}  p<i<t (24)

j
0<j<q

-

The form for the optimal estimate now utilizes Hd(nT) in (18). The

covariance of the estimate uses‘Hu(nT) in (21).

-



Example
‘-For a five-poipt windbw with qu.lthe optimal weight matrix aﬁd
the cp&éfianéé matrix for'thé estimatesare Qhown-#n‘Table 1 for.a
_third—order polynomial fi;. For a=2, the estimate of the data in .
“ the middle.of the window is obtained and weight matrix and cqyarianqe
"matricés are shown in-Tgble‘2. _This case cgr;equnds to weightél |
given in reference [3]. )
In ﬁfactice, the design.of nonrecursive filters is initiated by
specifying the size of the window whiéh is the number of rows in the
H.ﬁatrix; the order of ;he polyﬁqmial approximation which is one less
than the number of colums in the H matrix and o which determines
- the coefficient values in the H mattix {This makes the design suit-
able for use with interactive graphics since only three parameters
need be specifie§ to generate'the weight and covaria;ce matrices.
1f ghe model of the signal proéeas is modified by additive
: uncorrelated driving noise, the variance terms of the driving noise
fade the memovy so that past data. has less effect on the estimate.
This can be thought of 35‘uncertainty in the sign@l model. §The con-
ceét'is pafticulatly importanf in.recursivé filter design. For non-
recursive filters, it can also be utilized and can be useful when
. using a non—recuraiVe‘filter to initialize a recursive filter.
If tﬁe mo;;l includes driving noise, the sﬁate at cime tenT is

given by

s | x[aT] = (=11 x[(n-DT] + wl(n-1)T] (25

*

where g{(h*x)r1 is a sample from a nolse process with mean zero.and

® covariance matrix Q. This noise process is assumed to be white. In




°
terms of the total measurement vector, Et{nT} now becomes
. Et[n'l'v] n_.(H[nT] x[nT] + Rt(n’l‘) + _\{t[nT] . (26)
’ , where gt[nTl is the total noise vector due to the driving noise. For
scalar measurements this is giveq by
'y ‘ o 0
| -Me[-1] w[(n-1)T]
p [nT] = | -M0[-2] w[(n-1)T] ~ M8[-1] w[(n-2)T] (27
ot ' — T -
The total noise vector that corrupts ‘the total measurement bvkector‘ is
o now defined as
. . ‘ .
. X (nT}] = pfaT} + ¥ [oT] . . L (28),
For scalar measurements the covariance matrix for'g_t[n'l‘] has diago.nal
L ' elements whose value increases down the diagonal. Since the di-a‘go'nald
elements are not the same, the minimum variance expressions of (16) and -
(17) must be employed to find optimal linear estimates.
. L. !
- Example
To illustrate how the drivgng noise affects the filter weig‘;hts,v ) f‘
.' consider a zero order process which is équivalent to estimafing a signal
' ‘ of constant value. For a three-point filter with scalar measurements,
i S : ' .
fhe"total noise, vector 1is
.
vinT} - K ,
E_t(n‘l‘] = v[(n-1)T] - w[(n-1)T} ' ' v (29)
e ' Lg[(n—-Z)TI - wl(n-2)T] - ‘}![(ﬂ‘-l)T}x _
® e L | u : $
-8-
.Q‘ —




1f the variance af the measuremeht noise i? nz'snd of the driving

noise 012 the covariance matrix of gt[nT} is . .
® ) ' | '
' o 0 0
: Re(nT) =f 0 o +a2 o0 | . (30)
0 0 o + 201
l,.«*" - .
The resulting weight matrix obtained using minimum variance is
» . s o . : . . )
A‘. - . ' . WinT] = {ao 81'82] : ’ ] ' 7  - (31
where 2 .
. ;(_0“1;“‘ +o ) (20;" #+ ?.3 ‘ (12)
0 ‘ D S
2 2 2 .
° G WA NEL)
g S | D o .
! and
: 2 .2 2, . -
A SRR R )
® | 2 & D .
, Where D is given bygy S . ' . =3
D= (2612'+ cz) (012 + cz) + o2 (2012 + 02) . (33
S ‘ o ' 2,.2 2, . |
The terms in the weight mBtrix satisfy the following inequality
) a, 2 :: > a. & ‘ | (j(,)
o ) 0-"1- 72 o
, . For qlz =:0, the equalities hold and ay = a; = 32\'ig 1/3 which are .
' | "the well known weights to estimatg§ a mean. If 012 is not zerb, the
. .
' inequalities hold and as 012 becomes large with respect to 02, aq
) app}oaches one and a and a, become smaller so'tgat.fading is
* ‘
!
‘.lf‘ . i o /
u\\
é 4 ‘ \\
v \




introduced - The covariance of the estimate is a scalar given by

| > (012 + o?) 20,2 +°0% 2
® . | S(nT) .. - Co? 37y

e

D

where C is a-dimenaionleas constant whose value.approaches- one as 0'12
° E ' becomes larger than 62. ) ‘\Thua for 012 >> g2 only the current obser\gra-
. ' tion ia effectively used and the variance of the estimte is apptoximately
2 ) = N ) ‘ ) . . - .
. g . . . T ! . : . ’ o .
The fading obviously reduces the signal-to-noise enhancement of a
nonrecursive digital filter. On theeother hand ‘fa&ihg ~can‘ be used to
~reduce the determiniatic error due to a. nonexact model In practice,

fading in nonrecursive filters Lis not often utili\zed Instead. the

‘window length is more typically used as a.deaigt\ parameter. In future

: v -
A : .

- work, hWevet, ‘it may be desirable to further explore the relationship
.' ' ‘ between fading and the size of the data window to achieve im;')"roved design.s

when nonexact signal mod¥ls are employed.

LEAST SQUARES DESIGN OF RECURSIVE DIGITAL FILTERS

, . _ ' , ‘ ‘ )
,._" . o The fixed memqry or nonrecursive filter design is now extended to
recursive digital filters that utilize all of the data. The result is

alrecur-sive form that is usually called the Kal-uian filter. While there

~. are a variety of derivations for the Kalman filter, stai‘ting with a Eixed
memory filter using a polynomial model with driving noise gives the result
in such a way to give the reader greater {ntuition about how the filter
¢ works.
The derivation of the recursive filter is started by using a signal
; model ¢
. x[nT] = ¢f1] x{(n-1)T] + w[(n-1)T] ° (38)
".‘Q ' '
i _(l’ e
“
_-10--




a and the scalar observation of measﬁ;ement wndel
| y[nT] = Mg[nfﬁ‘+ g{ﬁTJ. o | (319)
| -/ ‘
In (38) and (39) the terms‘w§(n;1)T} and v 4] are Lhe'driyfﬂg.nuluu
and the méasﬁrement noise; .fheée'noise ter have-zerﬁ ﬁean and are

uncorrelated with themselves and each other. 'éiveh-the.n+1km%?surements

*

starting.at t=0, the total observat;on vector at time tenT is given in

terms of x{nT] as .
yInT] = HinT] + p[nT] + v _[nT] © (40)
In (40) the matrix H[nT] is :
) M
MO[-1] oy |
. Y _
. . H[nT] = S - BRCI VNN
R o .
B S . . .- -
M@{-n]
the vector Et[“T] is_ ‘ - - | | ¢ ;-
f - < 9N
0. |
| L -Me[-1] w[{n-1)T] !
¢ LR :
o S e . 2“ ' S
1 . Et{QT} - -Mjgl ¢{-(3-1)] wl(n-3)T] (42)-

kY . .
/ . . ’

M) -] wl (-1

¢ and gt[nT] is the total measurement noise vector. Defining the sum

gx{nT] - pt[nlj +NgtfnT}‘ ' ' ) . (43)




as the_ total noise vector with autocovariance

Rt[gT] - E{Et{nT] gt(nT]} e | (44)

i. the optimal estimate using iinear' inimum #ariance is given by

x[nT] = WinT] &t[nT] ' | $45)

. where W[nT] is the weight matrix

W[nT] = Ht[nTj R, [a1]| QE;%q ! ¢ ar1|R [or)| !

(46)
The covariance of the-estimate is
b[nT] = W[nT] R [nT] wt [nT] S - (47)
Substituti6“'of (46) and (47) gives an alternate -form .
S[nT] = | H [nT] Rt[nT} ‘H{nT] : - (48)
which allows the alternate form for (46) to be wriften as
W[nT] = S[nT] H'[nT] Rt[}nTE]'l ' "(49)

The forms giveh by (46), (47), '(48) and (49) apply to the remaining
estimates used in ‘the derivation and &heﬂreadef ghould remember them.
Next the prediction or forecast of the signal state X((n+1)T} is

found by first writing the total observation vector zt[nTl as

¢
\ -
\ :

Y [nT] = H L [nT] x[(n+l)T] + p,;, [nT] + v, [nT] (50)

where H {nT] is given as

| [0%] = H[nT] o[-1] : (51)
[ s

: | y

~12-

:7‘:\ l
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. o S
n+l x n+l matrix with elements 02, Taking_the covariance oféSZ;[nT]

and performing some algebraic manipulatioﬁ gives = /
S | - )
| t ST A |
E{Elt[nT].glt[nT]}.f E{gllnT] gl[nT]} + HllpTl QH1[PT]. | (57)

s
/

If

wvhere Q is the diagonal covariance matrix of the driving noise vector

. o o / o B ‘
winT]. This matrix is usually assumed to bi time fnvariant. Thusy from
RN CY) B S : T

1¢[nT] = R_[nT] + H, [nT] QH][nT] : (58)

Subatituting (58) into (56) now gives

5, [(@+DT] = W, [nT] R, [aT] WilnT] 7 (59)

. : t ’

If xl[(n+l)T] is an unbiasedestimate then ;he’%ons;raint telatiohship
o | - , .
wllhT] HIInT] =1 ‘ ‘ (60)

must be satisfied [4] so that (59) can be stmplified to

8, [+1)T] = Wy [nT] R [nT] WI[nT] +Q (61)

gﬁﬂAléo'qecegnizing that‘§l[(n+l)T} can be written as
R ¢

) x [DT] = o[1] x[aT}] 1 - (62)
-.the weightimatrix wl[nT] is : -
| W, [nT] = ¢[1] W(nT). | L (AS)

\ ~~ .

Substitution at (58) into (61) and-appkzin§‘(47) now gives thé*final

form fof Sl[(n+11T] as .
£ | /

s, [(@+D)T] = of1] $[nT] ¢%[nT] + Q : (64)

RS . -

The recursion is now formulated. When the observation at t = (n+l)T

arrives the new total obsgrvation vector in terms of the signal-state

-

~14-
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x[(o+1)T] is N |
o zt[(n+1)T] - H[(n+1)T} + Et[(n+1)1l + v [(+DT]. (65)
The estimate 18 given by | S - |
2[ (n+1)T] = S[(n+1)'1'} Ht {(n+1)'1‘] R [(n+1)-r] ST (66)
with the covarimnce .

${(+1)T] = |H [(n+1)T1Ea [(n-i-l)T] -1 H[(ﬁl)'ﬂ L en

'where R [(n+l)T] is the covariance matrix of the total measurement noise

vector . o ‘ o | .. -{
. £ [(+)T] = p FG@+1)T] + !t[(mmT S
Firéﬁ the recursiaé'for the covariance matrix\ia fbuhd; Given that |
' . r___ o .‘-'T
-M&[-1] w[nT] \ |
. ‘ . 2 ’
‘ S e Mz el-(3-1)] wl(ntl-Y)T]
1 3=l | '
R [(n+1)T] = o . (69)
n+l
-M I ¢[- (n+1-j) wl(n+l-§)T]
, i=1 |
.- - L —
;ubstiﬁution‘of’(§2) into (69) gives
L ‘ J
R [ (n+1)T] = (70)
Next H[(n+1)T] is given as \
M B
B[(n+1)T] =| M8[-1] (71)
o . [-(at+1) ]
L & I




3

ve

which can be rewritten with the aid of (41) as

— il L
, Mo[1] , "
¢ 7 ‘, t . ? 2
H{aT] =] - ¢f-1] (72)
-/ H{nT] ~ :
The covariance matrix for v, [(n+1)T} 18 now an n+2 x n+2 diagonal.
-
matrix with elements 02 so that R [(n+1)T] is seen to be
; 02} 0 ¥
- R [(a+)T] = — |- - y (73)
0;‘ th[nT] .
Since this is a diagonal matrix its inverse is
N :
_ 2, 0
. . " | \
S Rt[(n+1)T] - - ~-T - B ‘ (74)
o -1 -
0 Elt[“m
: — i& _ — g .
Substitution of (74) and (72) inte. (67) and performing the matrix
multiplication now yields |
|
S[(n+1)T] = Efﬂ + of [- -1] H* [nT] [jlt{ng] H{nT] of-~ l} -1 (7%)
. - G‘ .

- -

Suﬁstitutioﬁ'of (51).1nt0'(75) and the use of tﬁe inverse of (56) gives

S[(n+1)T] -,__~-+ [f [n?;l o

Equatibn (76) along with

(76)

(64) now forms a recursion for the covariance
of the estimate.

<.
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* ’ . . : . .
. : . . .
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.

. L2 .
“WFor the quantities in (76) the applieetion of the matrix tnversion \\ |
- lemma [5], givea g ‘ S N 4 v
o ‘ - -— I
o . My | -1t IR |
A S e L B B (4

- §,[nT] N:IM(klinT]AMt + ot M s [aT]

This form will be used to generate an exptessien for the Kalman gain. Post'
/ \_, multiplying both sides of (75) by M /o and using (75) the Kelman gain is
defined as " |

. K[eDT] = S{@T) W02 © T g
© =S DTN [o” + M s [en)T) ME)7E
' Thus -the covariance matrix given by l(2‘6) becomes
S[(m+1)T] = (1 - SIC JENT ST N (79).

‘ 'I'he recursion for the optimal est imte is now formed that uses the Kalman _
o gain given by (78) Using the form for the optimal estimate given by
(47) the estimate 3:_{ (n+1)T] is

we

- - . - ' - ; S
Py . S x[(n+1)T] = S[(+1)T] .H-t[(n+1)T]tR1t[§n+l)T]} 1 zt[(nﬂ)'l‘]*‘ . (80)

- where [(+1)T] is the new total observation vector given by
x‘t

-
-~

- ; STl
@ : | {(+1)T] =] - = -
B . Le y, [nT)

Substitution of (74), (72) and (81) 1into (Sp)_ and carrying out the matrix

(81)

:. multiplication yields ),/‘
! ‘ _ /
‘ ' " ) | ' t ) ; ‘ . ' .
" \ x[(n+1)T] = S[(n+1)T] LLLSLZIII_LU 82)
. | ° | |
o | i R
o + o[-1] HtfnT)Eltﬁ}T.]J 1 ¥, (nT]

-17-
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Using the estimate of the forecast :gl[(n+;)T] (82) is simplified to

_ I I
. : a : N - t : ) : -
| 1M o - : * -
¢ x[(#1)T] = SE(H)T] | =5 y[(a+1)T] + Ell(nﬂ)'l] t x [+ )T]]  (83)
o A ' o ' _ ‘ I N
'‘Adding and subtracting (MtM/oz) g_ll'(n+'1)fl‘], performing some algebraic . '
® : manipulation, and apﬁlying (76) now yields |
o ' E R . i . o
x[(n+1)T] = %, [(n+1)T] + K[ (n+1)T] E[(nﬂ_)ﬂ - M §1[(n+l')'l‘jj -~ (84)
° where K[(n—i-l)T] is given by (78). Equations (84), (79), (78), (64) and
) (62) now forh the recﬁrsive_ formulation called-the Kalman filter. These
equations are now summarized as
* S x @1 = 0Q1) x[(a-1T] (85)
. . | A . ". . ' 3 ' . .
5,(aT) = (1) S[(@-DT "W+, (86)°
_ Tt 2 : t,-h | » |
° i(nT) '_Sl(rlT) Mio” + M S (aT) M7} 7, o {‘(87)
. - ' {,_{i{%" . ( l ) ‘s
A ! P
) S (nT) -d(}_zﬁgfnr) M] S, (aT) (88)
Y . A
and . :J R ’
B T / - . . L )
e © x@D) = x,(@T) + K@) [y(aT) - ¥ x, (a1)] (89
. ’ . = I = K@DM] o) x[(a-DT] + K(T) y(nT)
‘_ " In this set of equations, xl(nT) is thf forecast or prediction of the -
.. E o . estimate ébt-n’l‘ ‘using the p.revinusiy generated eaﬂmate at t=[{(n-1)T]}.
The covariance of the forecast is’”sl(n-’l‘). The tepm K(nT) is the time
TR '. S - o i
varying Kalman gain matrix and y(nT) is the observation at t-n'l'é. The
@ ~ o . o )
o terms x(ﬁ and S(nT) are the estimat’e at t=nT and 'its covariance.
) The term 02 is the varian7e of the ﬁéas‘uremént‘ noise and the term Q is
K the cwria.nce of the driving noise. It is ‘the term Q that serves as
, . @ key design parameter. .
-18=
A '. . ( ' b 2
e I IR T
™ ‘2 ) ! , %ﬁ
’%
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4 ~If‘rthere i8 no driving noise so that the dlagonal elements of Q

‘are all'zero, the fi.ltex'_ is simply an expanding memory filt‘er ‘This means

that if the filter is’ initialized properly, the estimateg will correspond
- ‘ to thooe obtained by designing nonrecursive filters where the data window
sta;ts*at zero ‘and a pew weight matrix.ﬂ(nT) is computed ds each new °
.. . . oe:soremnt is mad? ObviOusly as the window expands, the variance of
. | : .
o O ‘:the estimate will d@cfease, however, if theAmodel is not exact determinis— :
: . - i
. . : tic. errors will begin to indrease.
;.A‘ \ . 14 using“ghe eﬁuatiqns. they must bi inittalized pToperly if a truly
1 ‘ ﬁ&nbiased eﬂtimage,és to be formed. In practtce thls is.usually-done using
; éiq | rf a nonrecutﬁ&;e flltez. Fo? exact ipltializatton, driving noise must‘be'
L ot . . ;,f : .
:’%{_; ‘ - included in the comput;tion of the nonrecursive filter weights To mioi~'
vix e s
J;‘é@ . ““ mnize the computation, the minimum H matrix should be used which msans t‘he -
-l . ‘
‘ifgru . | numbet of rows should equal the numier of colums. By using this.minimum~

- ‘H matrix the fiiter-weights are computed ‘and ®he initial optimal es:imate

is formed from the actual data.

v . -
.

® . oD USING THE PROGRAMS —% 'y | |

& 1 )

SR /HARDWARE . ’ e | .~

r I ——— Lot

The p‘rograms are writtéen in DOS FORTRAN. They weére dévelo_pe& ‘on a
PDP 11/20 with a DOS/BATCH operating system. Printed results are written
" to logical unit 5, which can be ‘a"ssﬁigned at run time to,a line printer: ‘

-

l‘ CRT tertoioal. disk file, or otﬁer‘s'uitable output device. Data 1is entered

@ A R ' ‘ : -
L from units 6 and- 3, whioh can he assigned to afcard reader, disk.data.

v » fiie, TTY keyboard‘ os. any othet suitable inpuf device. Plots can he

obtained Xith a 3'1‘60 graphicg display terminal and‘ the plotting quhroutines

. R Bif Py .

L provided The programe can be easily modif}ed to use other 'pl-otting routines.~

. o ) » ‘ - » . . .
\ L ]
) ) . . ' .: . ‘ . _19_ . | - ‘
s ‘ ;4."5'




\
NONRECURSIVE FILTER PROGRAM
The program for generating the coefficients for non-reCursive £ilters
@
. . is caue&mocm WINDOW. WINDOW is written in DEC FORTRAN, but may be
run on other versions of FORTRAN 1V with minor modifications. The program
o g can call plotting packages to produce CRT or hardcopy'plots of the filter
® o . %
\ i¢ response to various inputs.
Program WINDOW réads the filter parameters SIGMA, N, M, IA, IPLOT
_ from logical unit 6, where: _ -
® | ¥ '
‘ ‘ SIGMA o determines the input _?:ovarlance matrix R. .
- If SIGMA > 0.0, R becomes o2*I, where o2
oo ' = SIGMA and I is the identity matrix.
If SIGMA < 0.0, the matrix R is read from
unit 6 in 10F8.2 FORMAT.
o . .
) . N " 18 the number of points in the window
* T . (1 <N < 20).
M " 1s the order of the polynomial fit (1 <M < 9).
® \ : 1A is the offset a from the first point in the
' window. If IA > 0, the fillter predicts IA
T sample times ahead of the most recent sample.
If A <0, the filter smooths IA sample times
. behind the most recent sample.
® . . IPLOT is _the plotting control variable. Tf IPLOT
' ' ‘= 0, the program finishes after the coeffi-
cient matrices are computed and printed -
‘ ' - o ‘. out,  If IPLOT # 0, an input signal is read,
. - ‘ - : " and the input points are filtered using the
.' | = ! . coefficients computed.’
o B -The\paramei:egs are regd in F10.4,.413 FORMAT.
' o "o . . _ .
' - ; ’ane the filter para_{neter‘s have been 'read, WINDON‘generates the re-
® quired S %covariance) and T matrices ,.and computes the weight matrix W,
: . - % .
All three matricies are then written to loglical unit 5. If IPLOT = 0,
B . . + .
the program terminates after the weight matrix W has been printed.
. If IPLOT ¢ O, WINDOW reads 101 sample points from logical unit 3 in
G15.6 FORMAT. These pointts,.are provided by the user, and are used by )
: WINDOW as the ,filter input signalt The prdgram filters this input signal

. _ k‘,‘fti
. A <
.,./ . . N



. LY . . - ‘
| ‘ _ using the weight metrix W, and tabulates the input signal,‘:utput signal
. ) (filter response) and error signal (inpu‘t minus output) for each sample ) e
@ . time. The tehulated results are printed on unit 5. The sum” of the totall
absolute etrot is also 'eomeuted and written to unit 5. WINDOW then. c
'the pletting pacl;age routines (subr'outine IDIOT) to plot the i't':pu‘ and
’ | \\ Output (estimate) signale vS. time After a PAUSE, the program calls the
| | Rlotting package to plet the error signal (1nput minus o put) ve. time.
The plvcztting packagee are included to be u'sed with W now, or WINDOW may
. . be ‘c':hanged to call other plotting -'routines.
Pm‘gtam‘ WfNDOW can be modified to wrif/ the derivative estimates i o
s - | Note from equation 2 that the m derivacive term is multiplied' by a |
° : .- T /m! fa;&of where T is the sample time. Thus, if the derivative
_ estimates are written out, they will be scaled by this factor. To
i1lustrate the. use of the prograui, WINDOW wes run with the earameters ‘
e SIGMA = 1.0, N= 5 M & 3, ‘IA' -‘VO, and IPLOT = 0. The filter weighting q
coeft:icientie are "listed rewP by ro;a-, and are shown Qith the input para-
R § meters and S and T matri'ces' tn Fig. 1. The filter obtained using the
i o o "weight matri -shown estimateq the input data and the first three deri-.
vative. In equation fo_rmuf“these estimates are given by : (\\
o , x[nT] = 0.9857 y[aT] +-0.05714 y[(n-1)T] - 0.0857 y[(n-2)T]
+ 0.05714 y[(n-3)T] - 0.01429 y[(n~-4)T] ,
. ' s X ’
oy x[nT] = _J‘.:M:;S y{nT] - 1.619 y((n-DT] - .5714 y[(n-2)T]
® ) &~ : T . ~-
+ 1.048 y{(n-3)1] - 0.3452 y[(n-4)T] , \f
& - 'x[nT} =-(. 6429 yinT] - 1.071 y[(o-1)T] - 0. 1429 y[(n-Z)Tl
' : : T2/
- +0.9286 y[(n-3)T] - 0.357L y[(a-&)T]
| o - 12/3 ) .
': Q ‘ : | - -21- Y ®

ERIC .. ‘ | S Sy




x[n’l‘] = 0.08333 y[nT] - 0. 1667 yl@*l)'l‘j

) /6
o | . 4+ 0.1667 y[(n-3)T] - 0.08333 y((n-6)T]
‘ , 3¢
- RECURSIVE FILTERS - A
. ? &
.‘ | The Kalman filter prog:ain is° called ADAPT. ADAPT is writtem in DEC

FORTRAN, but may be rud on other versions of FORTRAN IV with mipor modi-
ficétions. The program can call plotting packages to prdduce CRT ét
PY har'elicopy plots of the filter response to various inputs.
| Program ADAPT reads the filter parameters ~SIGMA, M, and Q from
logical unit 6, where |

V.. S‘ICA\{A Jdetermines the initial covariance
. Ly ' : matrix R. If SIGMA > 0.0s R becomes
\ ' . 02*1., where o2 = SIGMA and I is the
identity matrix. If SIGMA < OTO
the matrix R is read from unit 6 in
10F8.2 FORMAT.

M "~ is the order of the polynomial fit
<(15}1§9)a . ‘ [

\ Q - 18 the driving ﬁoise term.
® | \\\,\ The paramefets are rea& in F10.4,13,F10.4 F'ORM:’I’. o ‘ .
Once the filter parameters have been read, ADAPT geherates an initial
S (covariance) and T‘mac:'lix.A ADAPT then generates an \i‘nitia.l weight
‘ , lmatrix W, which is used to initialjze the 5 vector. The ipitial covari- |
ance matrix is used to ini,tialize the S matrix. |
! ' Oncé initialized, APAPT reads 101 sample points from logical unit 3
® (in G15.6 FORMAT. Ti1es§ points are provided by the user, and are used by
.AADAP'I‘ ags the Kalman filter input‘.\iA The program- filters the input using
equat:ions 85 through 89. The saxr;ple number filtervput, filter output
@ ,errar signal (input minus output), and Kalma&} gain are tabulated and

written to unit '5. The total absolute error !{s also computed and written




4 - to unit 5.. ADAPT then calls the plotting package routines (subroutine
IDIO{Q to plot the input and output (estimate) signals‘vs. ti@e."After
a PAUSE, the program calls the plotting package to plot the error sig-

nal (input minus output).vs.,time. After a second PAUSE, .IDIOT {is

,\\\\\\\fflled to plot the Kalman gain vs. time.
| t ‘ | _

“‘Program ADAPT can be modified to write the derivative estimates.
. . - . . ’ o~ . : R _
Note from equation 2 that the‘mth derivative term is multiplied by a

Tm/ml factor, wheré T is the-séﬁple time. Thus, if.ﬁhe'dérivative

estimates§§re‘&rigten'out,.they will be scaled by this Yéctor. .
Tqﬁi{lusttate the use of the?program._ADAPT was run with the .‘

parameters SICMA = 1.9,-M = 3, Q=0.0. The S (covariance) énd T

. matrices used to generate the initiallwéight matrix (W) are shown in

'Fig. 2. The S5 and W matrices are used to init{falize the Kalman fil-

X,
AL e N ~ o _
’ngJ“ters' S and x matrices. The Kalman

H

&

filcér was the?fuséd to filter
. an ideal sinusoidal signal. A portion of the tabulated results is
shown in Fig. 3.

GETTING ON LINE

In order to run progtram WINDOW and ADAPT, first build two files
'named WINDOW.FTN and ADAPT.FTN from ‘the sources provide& (card deck

or paper tape). Also create PLT.FTN and SENDGT.MAC from the sources.

\\ Compile programs WANDOW and ADAPT with the FORTRAN compiler to create

WINDOW.OBJ and ADAPT.OBJ. The ohe word integer option should be

selected for all compilatioms. Also, compile PLT.FTN to create

«

PLT.OBJ. Aagemble SENDGT.MAC under the MACRD aqijmbler to create

SENDGT.0BJ. Create a subroutine l{brary called RLTLIB.OBJ from

PLT.OBJ and SENDGT.OBJ' (in that order). Next, LINK WINDOW.OBJ, )

PLTLIB.OBJ ahd th@‘FTN library to create a file called WINDOW.LDA.
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_ now be deleted

Also, create ADAPT.LDA by LINKing ADAPT.0BJ, PLTLIB 0BJ and the FIN -
" " R 3
library. The files WINDOW. OBJ, ADAPT.OBJ, PLT.ORJ and SENDGT .0BJ ‘may

¢

\,
Before running WENDOW or ADAPT, build the file PLOTGT.MAC from

3

-

&he source. PLOTGT is the plotting routine that 1s loaded into the
GTAO. Asuemble and LINK PLOTGT 80 that PLOTGT.LDA may be loaded ;nto
the GT40. After PLOTGT LDA is running in the GT40, ADAPT.LDA or
WINDOW.LSA_may be executed using a' RUN commagd. The source listings

contain additional documentation on these programs.
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VARIAMNCE OF IERROR=
 SIZE OF WINDOW= 5

' ORDER OF F
TO PREDICT

&
*

MRGIC T MATRINM

IT= 2

@ UNITE AWAY FROM THE FROMT OF THE WINDOMW

—

+%+F INITE MEMORY DIGITAL FILTER FACKAGE4 ++

1. 9000 S - -
-

v

@ Peee 9. RROY

1. 88309 9. 986
1. GOBP ~1. 90OR 1. @988 | -1 6009
1. BOGO -2. 098 4. POB . -2 900
1. OO ~2 900 9. 298 ~27. 00"
1 Peaa . ~4, 30O 1€. 89 -54. 9@
| - y .
_VHRIHNCE MATRIX, S '»J@/@f |
8. 9857 488 429 Q. 2TZZE-01
1. 488 £ Z79 5 . EED R e,
0. 5429 . '*. geo F2%7L 4 B 417
8. 2232E-01 O 5972 - R 41€7 . O E944E-91
| o, %?

SANDON HEIGHTE,

@ 29857 ‘p

1. 432.

8 6429

9. &= E—@i

L,

b
- ROW 1

0. S714E-

4

U

ROW 2

-1. €12

ROW o =
- -1. 871

ROW 4
-0 1ee7

FROM FROMT TO BRCK

OF W, ,CQRRESPUNDIhG TO THE INFUT ZIGMAL

@1 -8 SS71E-91 @ STI4E-01 -0 1422E-9Y

OF W, CORFESPUNDING TC DERIVATIVE NUMBER 1

-3 5714 1 942 ~Q Z452

e

W W, CORRESFOMDING T DERIVATIVE NUMEER

-9 14273 8 222¢ -8 Z571
' {
OF W. ZORRESFOMDING TO DERIVATIVE MNUMBER

ZDTVEE-BS 3 1ze” -g u,ng 81

Fig. 1 - Program WINDOW Sample Output
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- DRIVING NOISE=

ORDER OF FIT= =

® INITIAL ERROR VARIANCE 1 0000

»
“

MAGIC T MATRIX

1. 8OO0
- 1. 090@
1. BOEO
1. GO0

1. eB8eq
1 222
1y AA06

B! 1ee?

WINDOW WEIGHTS, @

1. PPOB

1 82Z

@9 1867
&

*

Q. 8980

“. -1’ 2BGO

-2. 899
-3 98y
£

1. 823
14 72

12 50

< €11

ROW 1

N\

VARIAMNCE MATRIM.
| )

-—

oF

2. 4128E-98%

ROW 2

-3. 900

OF

0. oV

vorob AL MAN

8. d8v8

" 1. 9889

1

4. 890
2. QB0

1. GO

12 5@ .

i1 30
2. 580

A}

STRUCTURE DIGITAL FILTER PRCKAGE %%

ey

FROM FRONT TO ERCK

W, CDRRESFONDING . TO THE IMPUT <IGNAL

-2 25AZE-8%5

“ .C.

W.

9
i

CORRESPOND ING

1. 568

-~

CORRESFOMND ING

2 000

.\.

._B_

]

ROW 4 OF N..CDRRESPDﬂglﬂQ

-9 5900

-

8. %000 -

\

-

-@.

.

IBIVE-RE ’
TO DERIVATIVE MHUMBER
TSI . '
-t L

r
TO DERIVATIVE MNUMEER -
<00 )

h

T DERIVATIVE . NUMBER
1667 R

-

. Eig. 2 - Program ADAPT Sample ‘Output « 7
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R

. TIME
paa -
200
900 ;
323
Q0
)
18 084
11 a9

g2 00

E1

4z ap

14 08
1%, 00 ,
1569
17 08
18 91
1¢. 64
28 a9
21 3a
2z 028
2293
24 @a.
2% a9
26 B3
‘27 D@
28 Ba
JREAC I %
0 a3
21 22
22 06
ZIZea
24 0@
=9 00
75 99
T7 aa
O & 15
T @A
4™ O
11 3G
@A
o
%18
N L.
aa
515
15 ]%)
1515

4
44
45
46
47
47
43,
9. 00
S1 8@ )
2 oo
%2,.00
"wg @
S5 28
56. 00

57 00

*2 00
3. 30
€D. o0
o0

o
C
-4
.UI
C
b |

OO0 A0OONIENOEE00D0RDE®

2894
4794
5€4E
£442
7174
7e22
S41%  °
£a12
9220
9E2E
e85
9975
SA9E

. o917
arze

Q42
89z
S22
2085
7457
£EVR5

5283

=85

4274
2z%0 -
2292
1411
415EE-01
SeI7E-O1
1577 '
2555
250

- 442%

529
£119
£27E

TESeg

. eiez

ESTI

. b

TOoOOYODO

’ - : .
NN NOINOINOONTOSS®

|
oY)

MATE
ZE24
4734
S64E
XL L3
E e
7821
41l
g9ee.
2214
9e27
9842
2932
227TS
agee
1 D
Ad1e
98z4
855s
729z
7344
EEl1lE
nezl
43 v
40847
K87 1
z2eee

1854

226SE-B2
1025
2070

2108 ° s

419
SQ7T

€PB4 .
. 687E

TESS
2427
IBSn
W42,
a7
5 ba
. BT
. B824
Qe
.99z

o

=

Q4dE
. P@S

e

L e e s

. E914

€18

- [~
S25E

. E427
. 5429

4247
Ay 81 3
19¢ez
E97SE-B1

.ur-l

SOOI DEONNODNNEEDNUOSOSEOEODRDOG

-3

ERROR
2602E-0E

S4EPE -24
101 7E~-32>
ASEZE~-@T
2229E-02
312ZE-2Z
4220E-02
EQR2E-AZ
SROSE-BZ
1149E-0%
1551E-82
2OREE-B2
275CE-82
ZE2BE-B82
4EESE-B2
S9ZLE-BZ
7450E-02
Z29E-B2

11=Z8E-81

1E2SE-DL
19Z7E-81
227TZE~-81
2€48E-21
ZR48E-91
Z472E-81
2IT2E-B1

ST19E-01
TOS4E-91
FATEE-91
SATEE~L
ST4ZE-91
2FELE-OL
2ZZEE-61
FERTE-01
FEB7E~21
So2iE-al
QIIVE~-B1

TREZE-91
TRZE-91
S21TE-91
4520E~92L
ZRXSE-A4L
C 12418091
T TESE~-RZ
ZOZ2E-a1
.  BE2ZE-91
‘22€%E-91
1124

LE2TE-04

12€7E-0L |

. KR

Fig. 3 - Program ADAPT Sample Output
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; ' . * T
‘ L rMc:._9857 06:05714  -0.0857 - T 0.05714 -,-6:51429
| 1.488 <1.619  =0.5714.°. 1.048 | -0.3452
co tlowsizs o -nom 0429 L0928 -0.3571 |
® 6.08333* -0.1667 0.8 d._lseﬂ ( -0.08333
\ . E . ]

-

'
-

N ‘Welght Matrix

. e
® ‘ o .
. - 0.9857 1.488 0.6429 0.08333]
CE 1.488 . 6.379 3.869  0.5972
o ) 0.6429 3.869 2.571 0.4167
: | 0.08333 0.5972  0.4167 0.06944 1
N L - - o
.’I | ‘ , ‘ Coﬁariance Matrix
_ . , i
@ . ' Table'l Optimal Weight Matrix and Covariance Matrix For
‘ a Five Point Nonrecursive Filter Using a Third
r Order Polynomial Model., The Filter Estimates
L the Data at the End of the Window
®
® .
N Y
i \ “
x .
® ¢
., &
_ . .




H o ‘
-~
® ' S -0.08571 0.3429 . 0.4857 . 0.3429 -0.085/71
-0.08333 0.6667 . 0.0 -0.6667 0.08333
. : , 7 , ' } ¢
0.1429 f0.07143 -0.1429 -0.07143 0.1429
e . | 0.08333  -0.1667 0.0 . 0.1667 = -0.08333;
¥. . .
~ Weight Matrix
. . ' (.‘ ’ ’ e S ‘
P 0.4857 - 0.0 -0.1429 0.0
\ 0.0 - 7 0.9828 0.0 - =0.2361
o B ~0.1429 - 0.0 0.07143 0.0
0.0 -0.2%61 0.0 0.0694
."fJ ‘-
o @& , Covarlance ‘Matrix -
Table 2 Optimal Néight Matrix and Covariance Matrix For
. \ a Five Point Nonrecursive Filter Usixg a Third
® : ‘ Order Polynomial Model. The Filter Estimates

the Data in the Center of the dindow

-
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