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*pompon prOblem which irises ih handlinetime ies data: the

...

/ ! .

modeling and testine of pypotheses concerning iliferiodic rises
.

. and fills in f.,he level of a sinile variable measured over time.
.

,.
I

PgRIUDIC,COMOONENTS IN COMMUNICATION DATA:
MODELS AND HYPOTHESIS TESTING

I.

,

'. INTRODUCTAONuS.
This paper4 wiil i:oncern itself with some solutions to a

With communication researchers increapingly using. over-time
. .

cdijia to repretknt oynamic. ,commulDibati9n processes (e.g.. Xrull

and Paulson, 1977; .Arundile, 1977), disCuisions of alter4nitive

techniques 'for scil.bing anif testing hypotheses ooncerning'
\

cyclic r.pet1tn in data are nebded.
10

Corunication data is particularly likely to exhibit a

periodi nature. Mass media coverage Of a controversial

subj. orten appears for 'a while, tatfr&off, then again

reappears, in a cyclic pattern. Audience preference for 1

part;pular television content isdoften cyclic; as'tba periodic

reappearance and diiatipearanoe'of Westerns, comedies, 'etc.,

testifies. The total amount' of news a newspaper carries is

cyclic over a week, be0ause of factor00.ike slOw news days per/

tbe weeiend, the large hews hole in Tihupsdity Opera oriatiad by&
.

supOoMirket advertiaing, Ind other environmental variables.

There are two general reasons 'to create a model.of

cyclically changing time series of communiCation data'. rirst,

the ()Wit) ohang4 might be theoretically important. An A.

.1.
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criori, hypothesis prAdicting the frequenCV and/or the amplitude

change over time could be set up and.statistically tested:

This is the analói o'f predicting a linear relationship between

two sets of static data, and testing the significance of a

fitted regression line. _

4,The secOnd reason to create a periodic model is to

describe, in sftplified terms, an-extensive data sei,. Thil is

parallel to using'linear regression'. to A, aoAlAriort describe

the relationship between two 4tati,c variables.

k There are two general teceniques by whiCh models ofNtime

serie4can be cre!tted. The ligaitAssaila tchniques, ,based on

linear regression concepts and methods for the most part (cf.

Box and Jenkins, 1970; Ostrom, 1978), yield linear models in
. ..

which varit6le value's at one point in timd-preaict subsequent

1
values. TiMe domain modeling is the more prevalent technique

it communication research, but it is somewhat more difficult to

use in certak, situations than the

ltuaLay. doling.

alternative .method,

Frmquency domain models fit perio9lic sinusoid (sine and

cosineY functions to the observed data. Irrmucth the same *Ali
.

linear regression fits straight line funotiOns to

,

Multiple fynctions.can be additively 'fitted to produce complex,'

/variations over time. In contrast to time.domain módels, which.
\

prodUce prediction equations which art a function of prior

'variable valueal -/Orequendy domain models give functional

relit,ionships between the variable and a fixed ,frrquency

2-
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1

PERIODIC WAVES

Any pattohn of 'values or a variable .which rtpeats

.regularly over time is a periodtc wave': A simple example is

the cosine wave

y le.f(i) 2 R cos(wt p) -/

R ia the maximum amplitude of the wave, w is the frequency tn
6

. radians per unit time, and p is the phase angle with respect

to the origin. this phase angle is also expreasedlin radians:

If p is zeroo thi maXimum ,vafue of y will fall at tic();

otherwise tite time origIR:ill interlt the periodic curve at

saime other point. The beriof wav'e, or the time it

takes' to complete a single complete cycle, is 2 pi / w.

It, can be shown that any_set of data can be represented by
a series6(possibly infinite) of sinusoid functiolls aimilar to

the above (Kreyiiig; 1972). This remarkably general.

stateMent, Which applies not only te data which is clearly

periodic' over time, buX to Ala functions (even ones with.

A
Oisoontinuties, 'like step or impulse functions), is genOtally.

termed a,Fourier series representaion of a function. It is

.
*nasied Tor .?5seph Fourier (1768-1830 who\was in,trumonti4in

,
, I, .

,

devalopips ); t is now generally calleCrOuritr anilyais, i.4-.,

the ripreasmi'a'tio of ootplex dynamic( fuhtions as a series of

, sinusoid (An. an eosins) tunctiOns.
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luau" slr Liamonar.ta .ar A hicitutia
Consider the xample periodic wave plotted in fikpre 1.

It consi5t34 or lor tithe points of a square wave with period 50,

or two complete cycles.
. Since one cyofe tak3 a pitriod of 50

4/

\
,

time.units, d corresponds to .2 pi radians, le fundamental
1

Trequency ot* this wave ia 2 pi / 50 .st .12566 radians per time

unit.

4

Fourier procedures (discussed later In this paper) show
1

. that A,wave such MS thii can be represented by odd.Sarmonics of

the fundamntal freqbency. Let .(1.13 remove thse components one

at a time, look at the residuals,- and gradually build.' p a .

model of the square wave. Figure 2 shows the original data

with i sinusoid of the 3ams fundamental frequency fit to the

Nita under a least squares restriction. Note that this .

fundamental fit is a reasonably 'good approximation of the data
,

(the F-value for explained variance i over 450!) by itself.

Figure 3 plots the residuals when the fundamental

frequency is removed. Figure 4 showethe third harmonio ( w

6 pi / 50) fit to the residuals, and Figure 5 shows the

rdaiduals after both the fundamental and .third harMOilio are

removed. The fifth harmonic (w 2 10 pi /50) is fit to these

rsiduals in Figure 6, and the final set of residuals plOtted
If

in Figure 7,-(

Figur* 8 illustrates the,p0int to b made here. When only

ttie first -three periOdio oomponents of,the squar wave are

a

oombined, we have a very good approximation of the original

As
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data. Addition of further compqnents Will improve the fit,

althoUgh eaoh will contribute proportionallY less to the

goodnest of fit.

It is diffioult to mddel thit data with time domain

prooeduros, becaus of the disoontinuities in the data, yet

tnequency domain analysts will produce this si,ple model:

s SrdMA ( A c'os(kwt) -NB ain(kwt)

kx1,315 k k
)

In this data sot the coefficients A and B must be

estimated to give a least squares fit, and in a realittio
4,
situation w must also be stimated. The derivation of these

prooedures, due primarily to Bloomfield (1976) and Kreyaz,ig

972) will next be addressed.

(I

CREATING PERIODIC MODELS

SAtiOaliana AulituslA j, fixam
Consider the time seriet data

x ,x ,x ... ]

1 2 3

Wo oan model any periodio component irrthe data as

x mue+ Q oos(wt + p) + e
t t 0

Where x is any data pOint in the series

mu is the mean of the'series
R is the maximum amplitude

w is the tesquonoy in radians per unit
p is the phase ang)e in radians
t is time units-

is residual error
t.

time



Residual, error terms are assumed to be urcorrelal, and all

discrete observations of x are taken at equal time intervals..

For a aeries of discrete data points the sum of squares of tho

residual values must -be minimizeA. To facilitate tts, the

equation is rewritten by trigonometric identitty.as

x * mu + A coS(wt) B sin(wt) + e
t

Where; A R cos(p)
B -R sin(p)

The function to be minimize6 is then

2
.Si(mu,A,B,w)iSIGMA ( (X - mu -.A oos(wt) B sin(wt)) ]

tal

The procedure fOr minimiz,ing this function for any,w is to set

the partial derivatives of SS.with,respect to mu, A and B equal

to zero and solve for the estimated values of each parameter.

Bloomfield (1976) provides a very readable presentation of this

derivation. For any fixed w, the least' squires e&tjmats for

mu, A, and B are approximately given by

i 2 1/N'SIGMA (x )

44

A 2 2/N SIGMA ((x- )jcos(wt) )

t

2 2/N SIGMi [(x R) sin(wt) ]

The iyaot soluttons for A and 8 are given in Bloomfield, and

are computationally difficult. The above appi'oximations are

generally accurate_e,to at least :Ibur significant cligits. This

is more than sufficieht for-most applications. The estimate (if

-6-
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k
the' mean, 2, is the simple arithmetic mean of the sries. In

this. and all further formulae, SIGMA will be aseumed to cover

th0 range 1 to N if the range is unspecified.

.Litiiliatsizicl

and A have additional propertieslINich make them ujeful

in estimating the w which will best fit the, data. The

eamplitude R of the fitted periodic component is estimated by

'2 2 2
R(w) a A(w) +

The frequency is optimized when the magnitude of the fitted
\ .

component fs maximum. The squared magnitude is usually

referred to as the periodogram, although strictly-speaking the
,

true periodogram values diffitr by a scale facto of N / (8 pi).

The amplitude of /.he periodogram at fretIencies nehr the

strongest periodic component describes An invorted-U, as in

Figure 9, which is taken from Bloomfield. It is simple to find

the value for w. which maximizestite amplitude in the

neighborhood of w by numerical methods, such'os Newton's (of.

Conte, 1965). One muit begin near .the actual frequendy,

however, as m6st nuierica/ methods will detect only 1-ocal

makima. For,example i4onattoapt.d to optimize the frequency

at op: starting point 00 wo.23 iW Figure 9, Newton's Methoct
4 r

wodid produce a maximus of less than 10 near the frequency of

.23 radiaits, when the aotual maxiium is about 110 near ws,2175,

_7-



-CtialUglAradi

'Estimates of A, B, and w 0161 be found for models made up

of-morp tnan One periodic cbm onent. The following algorithm

was used to compute estimates for mUltiple component models in

this paperi.

1) Set initial estimates for A, .8 and w

2)_ Remove these components by subtracOrng out each.

periodic') runction in turn, i.e., remove each Subsequent

periodic obmponent from the residuals.Jeft after removing the

tPrior component.

3) Compute the mean of the corrected (residual) series and

remove this mean from the residuals.

4) Rstimate.new values of A, B, and"'w for each component;

if the new w differs rom the previous- value by more than some."

criterioi valuet'go to 2 and repeat.

5) When no w value for any of the components chaps by

more than the crite4ion value in a cOmplete cycle, the

optimization is complete.

The tirtue of this procedure *is that it treats each

periodic component separately. The importance* or this can be

seen y inspecting the periodgram in Figuet 9: Note the'side-

lobes in the amplitude producedlby the single strong periodic

component. In,a multiple oomponent model, these side-lobes may
\i;

'interfere with eetection of Primary periddic components.

However, since aoh component is removed the

next, this "leakage" is of no consequence in the parameter

. estimation or optiMization process.

of

(

4,
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After a model of period0
components i3 fit to observed

data, it 13 appropriate to ask if it explains more variance

than chance alone would provide. Since all perimeters wore

lestimated under least 'squares constraints, it is easy'to,carry
o'

out.an analysis of variance for'the specified periodic model.

The sums of squares are partitioned as

38 S3 + SS
model residual

, 2Where $S 2 SAMA((x -R-SIUMA(A cos(wt)+B sin(wt))) 3resid tig1 t kal k k

N is the number of time points
M is Ols number, of components in the model
All other variables are at before X

From this part/tioning, the appropriate F-test ie evident:

MS sS / M and
model. model

MS 2 $S / (N-M-1)
residual residual

F MS / MS -with M and N-M-1 degrees
model residual of freedom

4

Each oompOnent in the model introduces one degree of freeclom,

as two constante (4 and a) are being estimated, just as the

stimation of intercöpt and slope ..(two constants) in linear

regressior introduces a degree of freedom for eeCh variable fit

to the data. Thelwror degrees of kreedom follow from ihuk,

By using apprppriate r»tsts &Is possible to deterbine-A

if single codponente explait significant amouhts of variance,

test the ()Wall slinificande of,a multiple component model, or
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1 I.

see if, addition of_ another single component explains

significant additioral variance..

To test a single'component model, the SUMS of squares are

obta d directly from the parameter estimation process, and an

F-rativrith 1 and N:2 d.f. is computed. Multiple component

*Nal:, first undergo the parameter' optimizatiOn process and at

its completion have'F-ratios with M and N-M-1' d.f. computed

from ,the SUMS of squares from all components of the optimized

model: This, F-test gives 11,4 sAnificande level for'variance

explained by all periodiccomponents taken:together.

Jo teat the sig,pificancepf adding an additional component

to an existing ;lode], an inoremental F-ratio is computed its

F a tSS - SS ) / 'COS, / (N-M-1)1
inc with new without resid

Component component

Degrees of freedom are t and N-M-1. (See Kelly, 1970 or Nie,

et al:, 1975, for A discussion of th'is procedure, in the

contiMt Of linear regression.).

An Additional statistic of interest'cap 14-jcomputed from

the sums.of Aquares--. This ,statistic is the equivalent" of the

Multiple R-Square. Of regrftsion or EtaSquare'of analysis of

variance. It will be called t-Square here-to avoid confusion

- with R-Square whidh represents the squared amplAtude of a.

periodic wave. E Square is interpretable as the analog of

Multiple R-Square,
.

.e. , percentage ;or total !Variance
. " cs.

-10-
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explained sby the fitted model. It is computed by

2

g is SS / SS
model

HARMONIC ANALYSIS

A critical 4.cluestion arises in coniidering the dtscussion

of the previoui Aption, namely, tow does Lon determine the

number of periodic components and their starting values? The

answer depends on w ether one is testing hypothesis about the

presence.of componenti o is attempting* to describe.a..,set 01'4,

data. If the former ii thit case there is no problem;

presumably the theory being tested supplies the description of

the components. . However, if one is attempting A zatArisarj,
description, some meitls of detecting strong periodic componenks-

,
is needed.

The first technique which seems obvious is to plot the

data-and look for periodicities. If there are very Strong

periodicities, this is an adequate procedure. However, *the

human eye is not a sensitive pattern detector, at when

daling witn data plots. It is almost impossible, for e$ample,

to visually detect statistically significant linear

relationships with correlations of les*, than .50. Yet

detection of periodic oomponent which irplained 10% of the

variance in a time series might be considered quits .important.

Fourir analysis provides a systematic .procedure for

detecting periodic components, A full discussion of Fourier
tc



'analysis is far beyond the scope or the paper. Only a

conceptual outline is included here. The interested reader-may

consult a number (5r intermediate mathematics texts, such as

Krayszig (1972) or Wylie (1960) for the proofs of the

statsmets made here.

If a set of frequencies are chosen so that

w a 2 pi j / N\ N/2

it can be shown that the sinusoils corresponding to these

frequencies are orthogonal, and hence independent. Only

frequencies corresponding to 0 to pi radiars need be-

considered, as higher frequencies are indistinguishable from

their lower harmonics. This phenomenon is cali,ed "aliasing",

and it implies that the highest frequency detectable in a time

series has a period of 2t, i.e. a frequency of w a (2 pi) / (2

0 a pi / t radians per time uni.t.

We can define the sini and cosine coefficients

corresponding totthe Fourier frequencies as

N-I
a I/N SIGMA [x]=R

tigel t

N-1
A a 2/N SIGMA (x cos(w t) I

j. ts0 t

N-1

2 2/N SIGMA Cx sir,(14 ]

tstO t



N-1
A f/N SIGMA ((-4) x ie N is even
N/2 tstO

if N is odd

Gi If N is even, th e. last data point correiponds to Fourier

I

frequency a pi radians, at which the cosine term will, be

either positive or negative unity. If n is odd, the last data'

point does not correspond to a Fotirier frequency, and thus

there is 'no cosine coefficient.

'--11rotSrihst the cosine and sine coefficients correspond to

the velues derived for mHodel fitting in .the last section'of

this paper), They have one important additicinal property,

however: 'they are orthogonal, and hence can be linearly

superimposed without any interaction among ciomponents. Any

time series can thus be represented as a series of summations

r
of Fourier coefficients

N/2-1
x it A + SIGMA (A cos(w t) + B sin(w t)) 1 4. 1) A
t 0 jal j j j j N/2

The A and B coefficients oftn,be computed at each Fourier

frequency by evaluating the above sums. 1 The resulting'set of

coöfficientsris called the =MOO* falizitr. TrAllAfont of the f

time series. Conceptually, it describes a series of periodic

components which, _when added together, produce a continuous

functiOn which pass's through each point In tbe discrete time

series.. In practice, the A and B coefficints are Computed t/

sore effic4ent aethOd's than .tha evaluation of sums. The-"pait

fourier Transforr developed by Tukey and others (Tukey, 1967)



U11031/ Mathematical identities . to simplif)t the, computation

.procese,,while producing the UM, results.

Having established that a time series can be represented

. .--ty a serieikof independent periodic components, we are n a
). r

position to detect iiportant perieidicities in a data set by

observing the magnitudes of the Fourier transform coefficients

at the Fourier frequencies. These amplitude', as before, are

the square poOt of the sum of the sqtlared sine and cosine (B

and A) coefficients.

Figure 10 shows the plot of the amplitude squared of each

(
Fourier frequency for the square wave example. Noee the very

strong peak at w i .16. This is close to the actual

fundamental frequency of .13.. If the periodicty was not

visusaly evident, it still coUld be detected by choosing the

strongest Fourier component4 then optimizing the w, as

distussed in the previousiiection.

It might occur to the reader that fitting a model of k

components would si In involve choosing the -k strongest

Fourier components and sing them 'as starting points for the

previously outlined Model fitting procedure. Unfortunately,
_

the "leakage problem evideni in Figure 9 still exists. Strong

periodic cdmponents produce side.lobes in the Fourier

periodOgrad which may mask weaker independent components.

Bloomfild (1976) and others have. devoted muoh effort to

outlining data smoothing proollOures which will dampen the'
/

leakaige iffea. Those are very useful if one is restricted to
.



"bLe-pass" data analysis, such aa tr processing real-time

signals. ,kowever,.communication data iS usually not lubjeot to

this restriction,- so step-wise procedures which isolate a

single component,-ihen remove Nits effects a4 p9ssible. Since

one component at a time is processed, leakage isIrrelevant.
4

A

A PROCEDURE FOR DETECTING AND MODELING PERIODICITI

The following algorithm draws upon Itartednic a Ilysis to

detect pe.riodicities in data, and jPd,l .10arameter atimation

techniques- to fit these periodic tiqs, in est squares

fashion to thef(ie series data.
raila

/140

1) Colrute the diaerete Fourier transCon"6

a starting'point the freqdincy wtioh pr. ces the largest'

and choose as

amplitude.

2) Optimize the frequency to

amplitude in Ope neighborhood of the 3

roduce the greatest

rting frequency,, and

obtain the A and B estimates for this requency. If the F-test

for explained variance is non-:signi cant, this frequency may

be the spurious result of other . g iodicities in the data, or

there say-be no significant perio c components.

1 3) Remove the componenta

the A -and B estimates.

the original data, using

Rope steps 1-3 untii all desired

'omponents are removed. If

values one may conclude

which are distin1uish/1W

component gives significant

there are no periodic compOnents

Om noise. Components whictOgive

sitniticant explanation o variance will be used in the final
-ON

7.15-
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. aod.l. Removing components may be 4ntinued until further
r

.componenti do not produce significant F-values for explained

varianCe in the residuals, until the edditional explained

variance is less than a criterion value, or'until a maximum
I.

number or Components have been extrapted.

4) Choose the frequencies which gave 4ndividually

significant P-values as.starting estimates in bui1din3 a multi-
/

component model'. The frequencies of 'the optimal fit will not

ir general be identiclal to the frequencies.obtained from step-

wise harmonic analysis and single-component model fitting, as

'the set of frequencies obtained from the above steps will not

be orthogonal'. The final frequencies and A and B coefficients

from ilh model fitting4rocedureky be. tested for significance

by avutinal F,ratio computed for the entire multi-componanti
o

model.

1.

Tho procedure outlined above is similar to stap-wiae

regression. The strongest component ia isolated firstl its

parameters stImated, the variance ixplained bi it removed,

then the next strongest component chosen, etc. The same

warnings uakially associated with stop-wise regression also

apply to this procedure. The prder in which the compone9ta are

chosen will afteot the relative variance explai;neB by

subsequent componontii; and any component may have been chosen

over aripther as,a result of ohanocOvariation in the data.
.

it

-16-
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The prOceddlie outljned above is not the only onIcposslble.

An alternative to. be explored involves using only Fourier

'.frequencies in models, rather than estimating optimal

frequencies. This would capitalize on their orthogonal

properties and allow ond to speak of the components separately,

juat as one speaks of orthogonal beta weights in regreasion.

However, using only Fourier 'frequencies magnifies the

complexity of the resulting models, RS

components may bp necessary to describe

1

does not occur, at A Fourier frequency.

a number of Fourier

a periodicity which

tN EXAMPLE av ,HYPOTHESIS TESTING AND MODEL BUILDING

Thit following ,is an example of tne proceduees outlined

,,bove

applied to a real communication (late set, The data used

were gathered as part of a mass monitoring project. .Thea

details of the project and i.he data gathering4procedures can be

, found elsewhere.(Watt, 1977) and will not be discussed here.

.The time series plotted in 'Figure lla-d represents the

daily prominence of stories about .the Concorde supersonic

transport carried in Washington, D.C. mass media, Including

network television. The data shows no obvious periodicities.

III.U111, All AL riorIHyotheai

It was proposed that mass media coverage is subject to

three major cycles:

-17-
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1) A story "wear-out" cycle of two days.period. This

is an reau4 of the elient-orientation of the media. Any single
Ow!

announcement or event will be prominent only for a short period

of time and will result in short bursts of coverage of high

frequency.

4
2) A "weekend" cycle of seven days duration. Fe r

newsworthy events occur on the weekend, especlally when a major

portion of the news events concern governmental anno ncements,

As was the.case in the Concorde trials. There is :also less

breaking news priled on weekends, due to normal 'staff days-

off in the news organizations.

3) An "issue" cycle of about 30 days duration. A

continuing controversy will exhibit recurrent coverage. For

the issue to remain on the public agenda, spme coverage once a

month is hypothesized.

It must be noted that these are very stringent hypotheses.

They are the equivalent of specifying the slop, of a regression

line in linear regreSsion. It is more realistic to specify

approximate frequencies of hypothesized components and then

optimize the function fit within the neighborrod of the

frequencies, similar to the regression procedure of adjuSting

the slop, for maximum explained variance.

Table I contais the results of the model fit. The throe

Oomponents were first fit to the datia independently to test the

hypothesis that each component was present in the data at
,

greater than ohance levels., As the table indicates, only the



30 day cycle aptroached significonce. The optimiatd frequency

gave a 29 day period. This component gave the greatest E-

Square value of almost .01, equivalent to a Multiple R of .10.

The lower portion of Table I shows the full test of the

three cqmponent hypothesis: As would be expected, the

explained vaiiance is improved only marginally over,that of the,

29 day component alone. The significance of the F-value is
. -

less than .10, but greater than .05.

if the alpha level for rejection-of the null hypothesi

was set at .05, as seems normally to be the case, we would fail

to reject the null statement that there are no periodicities of

period 30, 7, and"2 days in the'data. If the 4evel was set at

.10, we would conclude that the longer cycle of nearly 30 days

was present, indicating an "issue-oriented" coverage pattern'.

In any case; only about 1% of the variance is explained by the

4
hypotheilized component(s).

13ardt Ar4. A Eaktrisazik Bagel

Thtprocedures for.detecting ahd modelint periodiCities

outlined in the previous section were . ca&ied out on the

Washington data set, in an attempt to create a.descriptive

model of the data. A discrete. Fourier transform of the

original data was first Obtained.

The full transform is shown in/Table II ror illustrative

The oomputational tlrocedure seed to Obtain 'the
purposes.

\

transform utilizes oomplex variable algebra, 40 the transform



is expressed in real and imaginary components., rather than sine

and cosine coefficients. The squared amplitude can be obtained

from these coefficients, however, and it corresponds to that

obtained from A andB coefficients. Since thq.Aplitude and .

.frequency values are the important ones in model building,

there is no need t'O go into the details of that .complex.

algebraic procedure except to state that the 1112 Fourier

transform term, J, expressed in real and imaginary terms is

to A and B as defined previously by

J 1/2 (A iB )
A

Where J is the Fourier term
i is the imaginary operator

(square root of -1)
A and /3-are the cosine and sine coefficients

Note that the strongest component in the Fourier transform
4

occurs at w 2 .515A, which corresponds to a period of about 12
,

days. The amplitude squared of this.comloonent is .5093,

corresponding to a maximum amplitude ofdpabout .71.

This component waS entered as the ate

I

tin-A point for

frequency optimization. Thlowesults of this single component

model fit are shown in the. first entry of Table III.

Surprisingly, the explained variance was not sigilificant.

Apparently the actual periodicity in the data was far enough

from the Fourier frequency that the optimization process

converged on side-lobe frequency, rather than the actual

frequency. This is further indicated by the estimateraximum

.equared amplitude of the fitted function (the sum of the

-20-



squares of the A and B estimates). This value is only .39,

consideably below the .51 found in the Fovier transform.

This aide-lobe component was remoqed,from tcpe data, and

the reiiduals again Fourier transformed. Suspicion that the

first,frequency was46purious was confirmed when,again w if .5154

emerged as the;strongest Fourier component, with a squared

magnitude of .47. Since the spurious frequency had been

removed, the frequency estimation procedure this time converged

to w .5032 with a squared amplitude of .57, higher than the

Fourier *Amplitude. This frequency also explained much more

than chance variation in 6he dataoas the second entry in Table

Iii show ,(over 2% of the variance, prx .003). The period

Corresponding to.this frequency is about 12 1/2 days,

This component was removed from the data (which had

previously hod the spurious component removed), and,the whol4

process repeated. Table III summarizes result* of the first

five Components. For the purposes of this example, the model

was arbitrarily limited to five components. However,

,significant F-ratios for single components could still be...
of

obtained atter 10 covonehts were isolatel,

In order to test the final five component.model,,,'- ell the

freOencies obtained :-above-- were-- entered--in 'the. frequency

.opt4a4.ationprootss as starting points. :The final model,is

sUmmarised at the bottom of Table III. As it indidittes, the

model fit is quite gOod, with", an Square viiucor .18,

equivalent:tOultiple Ft of over if an.additional five

-21-
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0.

cbmponents were added tÔ the model, indications are that about

3,0% of the variance in the tfme series could have been

explained with the resulting 10 component model.

It should be nbted that the sums of 'squrcres are computed

about the mean for the fitted function, rather'than about the

mean fOr the data, so the total .s.ums of squares may be

-different for different models. But the sums of squares due to

VIfunction fi varies accordingly, as removal of tir n,e costant

mean constitu es a linear transformation, and thus the F-values

are identical.

The final model consists of the addition of periodic

components of period 12.52, 20.43, 15:21, .613, and 683 days.

The values predicted by this model are plotted with the

original data in Figure 12a-d. The effect of each.component

can be seen in the plot., The eight day component,produces

rapid fluctions which are superimposed on the 12 to 20 day

components. This complex relationship gives several peaks in..

predictive function near peaks in the observed data. The

683 day component goes only through half a cycle in the data.

It is responsible for th'e rising trend in the' predictive.

.function-at either end-"of the plot. Wee 4-030 were periods

of peek coverage, it accounts for large amounts of exillained

variance.

24
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7.
CONCLUDING REMARKS

A relatively simple procedure for Modeling periodic

components in time series data was presented, with an example

application to communication data. The mathematical rocedures

outlined have been fkvailable for 150 years, and .h:e been in

U30 in engineering applications for over 30 years. As

communication data increasingly becomes time-based, procedures

ssuch as-these should become more common.

A number of topics have not been addressed in thfs paper.

* All time seriea discussed here are assumed to be equally spaced

in time, and have Gaussian error terms (uncorrelated error).

Neither of these assumptions are neceslary, with modificition

of the estimation procedures (Bloomfield, 1976). A primary

topic not touched upon is the use of harmonic models to detect

relationships between variables in multivariate time series.

Thia iS a quite important extension for individuals interested

in testing hypothses about -covariation (and possibly

causation) bcetween two variables measured over time, and aa

such deserves immediate attention.

Finally, it is evident that periodic modeling can only be

carried out with the aid of a computei" program, as the data

Aanipulation is xtensive. In this it is not unlike many

comeson statistical procedures sUch as multiple regression,

factor analysis, tc. The computer program used to analyse and

plot the data in this paper is aVailablel, along with a

documantation and usrs' Manual, from the author tor a small

reproduction fee.
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1Ai)LE I

ANALYSIS OF VARIANCE FOR HYPOTHESIS TEST OF WEE COMPONENT BODFL
ViASHINGTON DATA

Start

S'ingle Component Model F1t3

Final 2 Sig of

Frequency Frequency 'A-, Fi

3.14159 3.14124 -5.4516 .003 .992 .320

.89760 .89642 .18096 .2886 .006 2.116 .147

.2094 .21652 .41413 .0219 ,009

Dcgrezs of FreedOm for-F-ratios are 1 arid 364

INITIAL VALUES ARE -
COMPONENT FR.EUENCY

Three Component Model

COSINE SINE

(RADINS) COUF1CIENTS
1 3.1415901 0.6 0.0
2 0.6975971 0.0 0.0

3 0.2094393 0,0 0.0

FINAL VALUES ARE -
COMPONENT FREQUENCY COSINE SINE

(RADIANS) - COUFICIENT3
3.1425810. -0.334536E+00 0.148439E+01

2 0.8965008 0.180508E+00 0.285941E+00

3 0.2165423 0.411908E+00 00..227290E-01

FITTED CONSTANT (MEAN) IS
TOTAL SUM OF SQUARES IS
SUM Of SQUARES DOE TO FUNCTION FIT112-
RESIDUAL SUM OF SQUARES IS
MEAN SQUARE DUE TO FUNCTION FIT IS
MEAN SQUARE .ERROR IS

F 2.1321 WITH 3 AND 362

. SIGNIFICANCE OF F-RATIO IS 0.1398388

ESQUARE .002 E .131
no,

0.694916E+00
0:367834E+04
0.632766E+02
0.361507E+04
0.210922E+02
0.998637E+01
DEG. OF FREEDOM

p.



/1)7 INC
7. )1.: )
0. 0 243
J. ) 3t) I
0. 04 11
. )514'
0. 0 7)5

7/'1X
Dt"-Ir

»))
2cfvnn(
11).As0,7-
124.,No(.
i)2.41))'

91( 3333

1"07.71"

)..1))
0. 10 )0
0,111'
0.1714
1.1746
0.1131

rmv,:,,ktr
).
1.173
1.11)3

-0.3301k
-).)))3
0. 023(

eiFrrit''
) . ) 11.

0.33 ( r
2"6

0.i
3.21r4f,
0.1ogo

5')

1

3.0 35) 73.14 1.9 3.24170.( 932 64. (moo 0. 1977 -0.0091 0. 30661'411 )4 56.8949 1. )536 0.1134 3. 32150. 1227 51.2000 0. 1041 '0. 0567 0.30223. 1 35) .46. 5454 0.1125 313) ). 0°930.1473 42. 5567 0.1617 -0.0100 0. 22630.1515 37. 35 45 0.1267 3.145 3 J.11.2';0. 1713 36 .5714 0. 1046 00562 o .111:43. 1641 34.1)33 5.14345 7. ) 55 3. 32 )00.1 743 32. )000 0.0047 0.016 0 0.00223.2 786 30. 1176 1.1013 ..0 .4952 J. 314A60.2209 .411411 0.0537 O. 0293 0.033143. 2 332 26. 4474 0.1245,, ."). )439 J. 1340.2454 25.4000 0.12)3 0. 0390 0.14281.2577 24. 34 1) ). 1)77 .1.0858 1.144."0.2 700 23.2727 0, 1765 0. 0545 0.27740. 21323 22.26 07 3.0472 -3.1758 3. 134Sla 745 'A 1 . 3 3 3 3 0.2131 -0.0019 O. 3554
C.3 365 2 ).433) 3. )505 -0.0412 3.33330. 3 141 17.6423 0. 2441 - 0.0349 0.4760). 3313 18.75 0. )744 -3.3511 3.05420.343S 13. 2457 0.1410 -0.0352 O. 16 531.355) 17.655 2 J 1597 -0. )757 3.24450. 3E82 17. 0657 0.0917 -0.0087 680. 34 )1 16.5161 1.163) -1.1(47) 3.2 570.1327 16.0000 O. 114 3 -0.01542 O. 1 53

f r 15.5 15 2 (3. 2236 1.3.3736 3.43380.41-72 15.0548 0.0897 -0.0514 0.08220.42115 14.6216 0.129) -3. 1152 3. 23470.44 1 14.2222 0.1617 -0.1042 O. 3103
3.454 1 13.5 178 0. 1661 -0.3(469 3.02.10.4663 13.47)7 0.1223 -0.0971 0.11190.470S 13.1202 1.063) -0.0235 1. 1150.44407 12.1000 0.1936 -0.0529 0.315112.48'8 0. )745 -1.)3)7 1. 05560.5154 12.1105 0.2 104 -0,1442 0.50937.5 277 11. 7)74 0.)131) 1.1111 1. 02130.5403 11.6 364 0.1001( -0.0329 0.i00011.3778 0. 1341 -1.1168 3. 192a0.5545 11.1304 0.1347 -0.0780 0.1902

a.4576i 1).1936 0.01314 -3. 1173 3.066.30.3040 10. 5667 8.0351 -0.1230 0. 1214
0.6 313 11.449.3 0.1664 . -1.1679 0.2!270.6135
,3.5 257

10.2400
1).1394

0.035)
0.1127

-0.0251
-a1.159 1

0.0150
0. ins,

0.63051 4,4462 0.0150 -0.1029 0. 1035
z 1e 504 1.6614 0.1914 - ). )018 1.06"110.6527 9.4815 0. 1314 0.1814.67.5 9. 3091 1,1)71) -J. )59 3 '1.3669011,2 9.1429 0.1498 .o. 0.34114 47 5 4.3425 0.0926 -0.0377 0. 07830, 1 /1 4,8276 0.1530 -0,1622 0'. 38930.724 8,5750 0.170) -1.0452 3.07.18
0.73133 8,5333 0. 142L,, -0.1420 4.3144

z 2 8



n,7en) 41. 21!41 0. 0344 -0.1 rk( / 
4.12') 14,1674 - 1.0,62 0.7451 4.0000 -0.0062 -0.1144 0.1r3f 
7.075) 0.14 3,4 -.1. 1c51 J. 2316 3,437) 7. 7576 0.1312 -0.1144 0,1124 07.42:2 7.54 14 3.055 1.1154 3.1295 

0.')S i 7.52)4 0.0r5 1 -0.1362 0.1f 4 ).ot tic.1 7.42)3 3.173 -1.1750 3. ofl.3 0.5517 7. 1,143 0.0461 -0.1213 0. 1,117 
7.2113 1. )523 -J.I224 0.10434 7.1111 0.0545 -0.0767 0. 0( )3 q.4951 7. )137 -0.0183 -).04J4 0. 0517 

0.9031 6.9149 0.0704 -0.0987 0. 1151 
1.92 14 6.412,17 1. )1684, -0.J47) 3.0357 

D. 432 7 6 .71nol 0.0400 -0.02.49 0.0166 1.9 44) 6.0194 .t1O40 -3.149 4 0.2423 0.1572 6. 5641 0.0275 -0.0318 0'. 0 138 
).0515 6.103 1) 0.1436 -3.3516 ).1P22 0.'1817 6.4000 -0.0509 -0:1296 0.1817 

6.121) 0.1848 -3.3753 3.3117 1.0063 6.241) -0.0036 -0.0395 0.0123 N 
1.1146 6.1697 3.3991 -1.1245 ).1P35 1.0339 6.1(352 0.025q -0.0911 0.0703 
1,1431 6. 3235 1).1261 -9.046 3 3. 1412 1,0554 5.0535 0.0129 -0.0730 0.0430 1.)674 5.051 0.16q) -0.1128 3.1379 41i 1. 07q) 5.q182 0.1631 -0.0606 0.2370 ,.1921 5.7528 9.3036 -3.1c56 3. 0716 1.1045 5.6499 0.12601 -0.1302 0. 25535 
1.11E7 5.6264 7. 347) -0 .f4143 8.1?)) 1.120 5.502 0.0986 -0.0E97 0.130.14 
1,1.0413 5.5 )54 0.3)%3 3.2rwo 11.15:16 5.4468 0.0458 -0.0f69 1.1E53 5. 3895 11745 -.3.1349 

00,018755: 

1.1791 5.3333 -0.0205 -0.0S85 0.0792 1. 1014 5.2783 0.033 -3. 1174 3. 1192 
1.2025 S. 2245 0.0366 -0.0523 0.0636 1.2149 5.1717 0.3436 -1.1233 0.1334 
1.22'2 5.1200 0.0025 -0.0401 0.0126 

1, 2395 5. 3693 0.356) ."). 1145 0.2039 is2517 3.01196 0.05911 -0.0560 0.0125 
1.264 1 4.9739 -0.1661 -0.1164 9.1t 1.27A3 4.9211 0.1074 -0.1074 0.1P06 1.2445 4 . 97 6 2 .0.0623 -3. 134) 4.1151 

1.1004 4.1)02 0.0662 -0.0483 0.0525 1.3131 4.705) -3.32,3 -0.124) 0.1263 1,3254 4.7407 0.0471 -0.0453 0.0334 
1.1376 4. 6972 U. )1541 -3.082.9 3. 3557 1.347) 4,6545 0.0386 -0.0714 0.0516 
1.3622 4.6 126 1. )676 002713 
1.3746 .5714 -0.0001 -0. 1264 4.1253 .1.3867 4. 5310 0.0944 -0.0712 0.1093 10 47 ) 4,.40 1-2 0.3031 -1.1071 0:1013 

1.4 11) 4.4522 0.9235 -0. 1136 0.1053 
1.4215 4.4138 0.15'7 -). 1345 3. 1F77 

1.4 11k) 4. 37 61 -0.0056 -0.0453 0.0163 1.4401 4,33)) 3. 3173 -3.151 0.2420 
1.4603 4 .1025 -0.0224 -0.031e 0.050 1.4726 4.2667 0.1171 -1. 1138 3. (AR 1.4114) 4. 2314 0.1055 .-0.0758 0.1321 1.4942 4.19g7 0.102 -0.112 0.2611 
1.5044 4.1626 -0.00 30 -0.0814 0.0".20 1.5217 
1.5540 

4 .12qj 
160960 

-0.3051 
-0.0226 

-3. 1c -0,13 2 
4. 035 

0.1357 s 
1 .540A 4. 3f 35 S 0,4431 -0.1881 0,1161 

t-4 

36 



3.

V. oN ") \44.7273 s).).14 0.04341. 71.) . »1) -1.). )2 -3.,lis 3. 1'411.5411 0.0!.11 -0.37149 0.01411,5 94i , 1.1145 -0.3439 -).),21 J.4f 311. 5115 3.9044 0.0021 0.0215
f1.6 112 3. -301)4 .9.11iS 0.1077

1.E 32,2 3.14)6 0.0486 -0.0432 0.0 1311.6444 3.42)9 -O. 1312 ..).10)4 O. )01)1.047 3 .7926 0.0004 0.0f.02 0.021314641) 3.7( 47 0.0416 --7.1223 U. 13193.6412 3,7 372 -0, 0342 -0.0536 0.03411.6 *33 3.7 1)1 0. )366 -0.3743 J. 3436
1.705 1 3.6P35 0.0043 -0.1266 0.12611.7 141 3.(571 -0 .31'15 -3.1494 3. 0215
1.7 30 1 3.6)12 0.0184 -0.0400 0.01521.7426 3.5)56 -0. )242 -1.1321 1411
1.744 3.5404 00/07 -0.0535 0.07341.7671 3.5556 -0,3554 -1.)767 1.1-391.771% 3.5.110 0.0714 -0.1255 0. 16 321.7917 3.5064 -3.342 9 -1.1071 3.1)131.404 0 1.%830 0.049 -0.0661 0.0553
1.1 101,2 3.4595 -3.3516 -3.1522 0. 2^21 \-1A21S 3.4362 0.0209 -0.0951 0.07421.1403 3.4 133 -0. 34,16 -1.1)53 0.13)34530 3.3907 -0.0424 -0.1106 0.1098
1,11,653 3.3534 -3.033 ) -1.17t1 3. 04541.17S 3. 34616 -0.0571 -0.1001 0. 11371.4619 1.3247 3.) 2)4 4.33131. 3021 1.3032 -0.0409 -0.1364 0.1630. a 144 3.2121 -0.1414 -1.1476 0. 31251.957 3. 2511 -0.00844 -0.1247 O. 12231.931 3. 23)5 -0. )f46 -1.167* 0.3688 N.1.9512 3.2201 -0.0006 -0.0060 0.07651.c bls 3.2 11) -0.1013 0.1152

1.c 7R 4 3. 130 1 0. 0312 -0.1264 0. 1366 k1.944 ) 3. 1615 -0. 1116 -1.7217 0.1157
I.2.0033 3.1411 t -0.0 133 -0.0164 0.047 02. )126 3.122 ) -3.3351 -1067/ 0. )45f2.0 241 3. 10 30 -0. 0333 -0.0322 0.0168

3.18%3 -.0.1 133 0.33602.0404 3.0f 5i -0.0402 -0.01451 0.0932.0617 0476 0.0202 -0.0514 0-.0 249
2.n/1*
2.0 tP2

.1246
3.011e

-1.) 336
0.0 359

-1.3763
-0.0726

0.1332
0.0519. .4

2.3045 2.9942 -,0.1754 -2.11'7 O. 1324
2.1 1014 2.4767 -0.0143 -0.0243 9.0063
2.123 ) 2.15-45 -1.1141 3.1237

1 353 2.9425 -040348 -.0.0356 0.01V51476 2. 9,257 -0.039) .0.1903 111 38762.15'11 2.1091 -0.0142 001052,1721 2.91 27 .0.(1535 '.1.1156 0.1269
2. 11144 2.1454 16.0304 0.0.36, 0.01112. 1167 2 .016 4).3215 0.144i
2.2 099 2.1444 -0.0401 -0.0971 0.0114%2.2212 2.4287 *3.1679 -4.1467 0.0731
2. 2135 2.1113 0.0024 -0.0619 0.05262. 24S7 2 711/6 4.1314 3.1699
2.2540 0.0047 -060517 16t02612.2713 2.7676 .04844 -340504 060522.2 424 .7527 -0.018$ -0.0366 0,0279
2. at 44 2.7511) 4.070 .4.3674 J. 1133 a.
3.3071 2./234 -0.0313 .440205 0.0110
20144
3. 3316

2.7343
2.6647

..0.3644
-0.0133

*4.0776
'4.0601

3.4643
0.0424

is 3430 2.41 )6 4.3336 .040166 4310127
as 5461 2.6667 *COO) 01011 S. 11.1,1111

3 2



3 3

2,16 -5
)P),

2.Ni 20
2.6392

-1. 1.1'1t,
-0.0'15,3

-t ).
-O.Ort1

3. niA
0. 0'10

2.19)) 2 .c256 -n.le 11 -1. ) 1)2 0. j212
2.40) 2.512; -0.ng49 0. 1353
2.4 1-5 2144) -3.3455 ).1774 ). )633
2.4 213 2.5551 -0.0 114 *0.14314 0.1F19

4421 2.3729 -1.0131 -,). )326 0. 1"1
2.4544 2.5600 0,0353 -0, 0715 0.0601
2 .4656 2.5473 -1. 1)54 -1. )209 0.3955
2.4,81 2 .5 47 -0.01)1 -0.0 967 0.0751
2.4112 2. -1 .3434 ). )266 0. )2 )3
2.5 031 2.509 -0.0571 -0.0621 0.0561
2.5137 2.4°76 -D. )671 - ).Q931 3.39)6
2.5251 2 .49S4 4-0.0511 -0. 0,393 0.0413
2.1 4)3 2.4734 -0.3615 -1.3527 1.1517
2.5525 2.4615 -0.0977 -0.0326 0.0530
2.5645 2.44113 -9.12 15 -1.3470 1.3236
1.57/1 2.4151 -0. 100/ -0. 0393 0.0918
2.5614 244265 -0.0115 -3. )15 3 3.1121
2.6015 2. 3151 -0.1114. -0.0973 0. 1857
2.5131 2.1138 -O. )225 3,1143
'2.6262 2.3325 -0.0746 -0.0774 0.0907
2.6 383 2.3514 -0.055) -3. 1198 3. 4!96
2.5s1/ 2. 3704 -0.0643 -0.0345 0.0416
2.6633 2.3534 -0.3214 -3.0364 0,3171
2..5753 2 .34436 -0.135/ -0.0125 0.1'46
2.6675 2..1379 -0.3164 -3. 3 158 3. 0041
2.5 933 2. 3273 -0.0935 -0.0204 0.0792
2./121 2.3157 -0..3424 -1.1124 0. )223
2.'7233 2 .3063 -0.0°50 0.0351 0.0835
2.7 356 2.296 9 0.01/5 -3.(./795 0.3519

.71013 2.257 -1. 1146 0.321) 3.1362
2.7512 2.2755 -3.1052 -3.3413 0. 3135
2,713% 2. 2655 -0.0461 -0.0512 0. 0785
2./457 2. 2555 -0.1477 1.3277 3.02311
2.7 9140 2.2456 -0.0598 -0.0667 0.0628
2.8 1)3 2.2350 -0.1339 3.0 16 1 0. 0110
2.5225 2.2261 -0.0579 -0.0501 0.0459
2 .4341 2.215 4 -).36143 -1.1446 0.0479
2.54-4 2.3061 -0.0408 0.0076 0.0135
2.1511 2.1974 -0,16471 3.2523
2..6716 2.1550 -0.0457 0.0121 0.0175231) 2 . 17 87 -0.3353 -1.3653 0.0451
2.11162 2.1495 -0.0557 0.0295 0.0311
2.19114 2.1-6 )3 -0.0969 -1. 1411 , 3.2292
2.920/ 2.1513 -0.0350/ 0.0516 0.0634
2,6331 4.1423 -3.3356 -0.3801 0.1192
2.1652 2.1331 -0.1013 t.0157 0.0526
2.3575 2.1265 -.1.0)26 -3.3252 0.0350
2.161i '2.1157 -0.1009 -0.0102 0.0806
2.5021 2. 10 7/ -3.0777 -1.)3'7P 0.0!114
2.11.1Ik3 2 .0°54 -0.0429 -0.0110 0.0154
.,41)65 2./600 -0.0613 1.4131, 0. 2612
3.01*) 2.4911 -0.066,5 -0.0360 0.0658
3.13,1 2.0726 -0.P3 1.1)143 3.33771
1.064 2.1165 -0.0375 -0.0150 0.0136
3.1537 2.1562 -(1.1293/ 31E 04 1186
3.0653 2.0480 't -0.035 0.022o 0.0138

2.13H1 -1.11,1'7 -0. 3391 0.1070
6213 2.0317 -0.0635 0.0531 0.0626

391143 2. 3237 -30413 -0.14)0 0.0931
V.4170 20157 -00127 0.0201 0.0126
3027) 2.1)74 ,-/)..1072 00.31140 0.0611LW, 2.0)00 i'.0.0616 0.0060 0.0200
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TABLE 111

ANALYSIS OF VARIANCE FOR FIVE COMP'ONENT FITTED MODEL
1iASHINGTON DATA.,

Single Component Oodel Fits

r
Start.

Frequency
Final
'Frequency, A

2 Sig of

.51540 .52175 .34422 .10124 .006 2.347 .126

.51540 .50328 .55060 .40989 .024 8.640 .003

.31910 .30754 .65429 ..16693 .023 8.707 .003

.40500 ..41336 .49421 .24951 .013 4.699 .031

.711b0 ..72361 .40900 .37539 .016 6.073 .014

.02450 /00924 .19756 -1.54000 .112 45.706 .000

Degress of1Frecdom for F-ratios are 1 and 364

Full Fivt Component Hodel

AN1TIAL VALUh:i AHh -
COMK)Nr;NT FHEQUENUt

(HAD1ANS)
COSINE SINE

COEFFICIENTS
1 0.503260.3 0.0 0.0
2 0.3CW)3P4 0.0 0.0

3 0.41.535b2 0.0 0.0
4 0.72)6307 0.0 0.0

5 (Lo09.419 0.0 0.0

1.1NAL VALUES AHE
COMPONENT FREcUENCY

(RADIANS)
COSINE SINE

0EFF1CIENTS

1 0.6016992 0 .624748h400 0.239774E+00
2 0.3076050 0.653865E+OP 0.1570524+00
3 0.4132021 0.439358E+00 0.237236E+00
4 0.7231592 0.406224E+00 0.365k53E+00
5 ' 0.0092050 0.190464E+00 -0.157298E+01

FITTED CONSTANT (MEAN) IS
'TOTAL SUM OF SQUARES IS
SUM OF;SQUARES DUE TO FUNcTION FIT IS
RESIDUAL SUM OF SQUARES IS
MEAN soUANE DuE TO FUNCTION FIT 13
MEAN 'sQUARE ERROR 13

S.

0.160342E+01
0.398156E+04
0.706653E+03
0i327491E+04
0.141331E+03
0.909696E+01

F i 15.5306 .WITH 5 AND 360 DEG. OF FREEDOM
SIGNIFICANCE OF F-RATIO IS 0.000012

sQUARE * .1775 E. .421

35
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1 2 0 . 0 0

1 0 0 . 0 0

8 0 . 0 0

6 . 0 0

4 0 0 0

.2 0 0 0

0 -

FIGURE 9

TYPICAL'PF*IODOGRAM WITH SIDE-LOBES

, 2 0 2 1 . 2 2 . 3 . 2 4

Figur* 2.1 Pertodograia 4 the variable-star slats for fregeendes 6.), 0.20 <1...)< 0.24.

From Bloomfield (1976)
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