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T . " CHAPTER 8

SYSTEM II

THE RATINNAL NUMBER

*

8-1. Ratios and Proportion
Sometimes we can.discover interesting things by comparing
different numbers. For example, conéider the fqllowing sitdation;
One sunny day a boy measufed the length of the shadow cast by
each member of his family. He also measured the length of the
shadow cast by a big tree “n their yard. He found that his father,
who 1s 72 inches tall, cast a shadow 48 inches. long. His mother, -
who 1s 63 inches tall, cast a'shadow 42 inches long. His little
brother, who 1s only 30 inches high, cast a shadow 20 inches long.
. He didn't know how tall the'tree was, but its shadow was 40 feet
\‘long. . . |

Let us arrange this information in a table.

Shadow length Héight
Fatherﬁ : 48 inches 72 inches
ﬁbther 42 inches 63 inches-
Brother éO inches 30 1inches
Tree 40 feet - ?

' We see that the taller people have longer shadows. But let °
us examine this more closely., Suppose wé divide the shadow length’
¢« of the little brother by hié height. We get'gg'or'g. Supposgewe
N try the same thing for,the father. It will be easier to measure
‘the'fathér's neight and shadow in feet. The father is 6 feet tall

and his shadow 1is 4 feet long. If we divide shadow leﬁgth by

4
helght we get — or'g . ,
6 3
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) Now do this for the mother--divide her shadow length by her
__;_EEE§EﬁiarD° you again.get'%? ‘
L Let us assume thgt this principle hozds for ali objects (we
must measure the shadows at‘thelsame time; the shadow changes during
the day as the position of the sun changes). Then the tree must
be 60 feet tall in order that 1its shadow length divi&Z? by its
height Se-%. Thus we can discover how tall the tree 18 without

‘actually measuring it!

Definition. The ratio of a number a to& a number b (b £ 0),

is the quotient ¥. Sometimes this is written a:b.

Thus we have formed the ratio of shadow lengﬁh to height, and
we discovered that this ratio was the same for all the people whom
we measured. Using this we were able to discover that the tree was
60 feet tall,

SupPose that the boy's uncle is 66 inches tall (5 feet 6 inchéé).
How long would his shadow be 1f it were measured at the same time
and place as the other people?

To answer this qucstion, we let s be his shadow length measured
in inches. Then we must have:

s _ 2.

% 3
181nce‘g§ and % are the same number we find that: _ _
66 (g2) = 66(%) |
: ‘n
‘ 3 s 3X66 ’/
= 2x 22 !
= 44,

¢

So his shadow would be 44 inches long.

7/
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Exercises 8-la
1. What 1is your neight in inches? What would be the length of
your shadow 1f 1t were measuréd'at the same time and place as
thevﬁeople in our story? |
2. Some other objects were measured at anofher time and plaee6

‘and the data are recorded below. Fill our the table completely.

:/// ‘: 'A < . ) Ratio of shadow lengfh
: -_Shadow length Helght tc‘height

Garage 12 feet , 27 feet
Clothes pole 36 inches | . 'é

Irree 10 feet | 225 et

| Flag pole ‘  144 inches | Ei_ |
Fence 15§_1ncnes | 30 tnches . s
3. In a class there are 36kchildren of whom 12 are giris. .,

(a) How many boys are in the ciass?

() '“hat is the ratio of the  number of girls to the‘tota} :
number of children in the class? - : S ’

(c) Yhat i§\§he ratin of the numﬁer of boys'to the total
number of children in the class? |

(d) What is the ratio of the nupbef of girls to the number
of boys? ’

L. 1In another class, the ratio of the number of girls to the

-«

numbe® of boys is the same as in the. previous class. This
class has 36 girls., How many boys does it have? -

5. In a third class, in which the ratio of the number of girls

to the number of boys is the same, there are 100 students. Is
such a class possible? WHy? How mahy boys'would there have.

to be?

- - g
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In Chabtér 6 you learned\;hat % a"f wheﬁ ad = _be, State

whilch of the following ratigs are equal.
: ‘ ? i

0020 - . 68, 76
(a)‘, 5’. 10 L \@) 7
O

. 48, b2 .
(c) Ter IF . ) ot

-
. A
£

In each of mheAfQ}lpwing; determine x, so that the equality

-

ggtween the ratios is vi ..u:

(a) _?-’_g = £ . (d) -ng% = - "
(b) "l—zi = = i L ) b, 35
30 . 90 (e) 15 = 37

() 3 - £ R .

When triangles are the'éame shape, but not the same.size, they
are called similar triangles. The measures of the lengths of
correspgnding sid;s of gimilar trlangles form équal ratlos.
Triangles ABC and DEF are similar.

{a) Find the length of side EF.

{b) {}nd the length of -side DE. £

E D
A cookie recipe calls for the following items. | . ¥,
. 1 -
1 cup butter ‘ 5 cups flour §
.% cup sugar 1 teaspoon vanilla ;
2 eggs ' ) ) ‘
\\
9
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Thig reoipe will make SG'éookies, Rewrite the reoipe'byf

enlarging it in the ratio 3: i How manﬁfoookies w;ll.i% make _

RN . [
-

. now? . ' ( : -, -

Suppooe you wanted-to meke- only 30 oookies--how much would

—\

you need of eech of the items listed above? TN

10. Joyce has a picture negative 4 inches wide and-5 inches long.

She wants an enlargement that will be 8 inches wilde. How long

will the enlarged print be ?

-

11. If a water tower casts a shadow 275 feet long and a 6 foot

man casts a shadow 15 feet long, how tall is the water tower?

12, ‘Mb. Landry was paild $135 for a Jot which required kO hours of

-~ work. At this rate, how much would he. be paid -for a Job that

required 60 hours?

f - ' ) .
Taking another look at our example and at the definition of

ratioc, we see.that a ratio compares Jjust two numbers. In oup

example we had two sets of numbers, the lengths of the shadows,

and the heights. In each case we"™formed the ratio of the first .
number (the shadow‘length) to the second nutiber {the heiéht). In
our example these ratios were all equal to one another. In such

a situation we say that xhe physical quaritities measured by the

numbers are proportidnal to one another.

L

Definition. Two physical quantities are salg to be Egpportion-.

al to one another 1f the: ratio of their measures 1s always the

same. The valde of this ratio Is called the- _constant of proportion-

ality. A proportion is s statement of equality of two ratios.

Thus in our example, the shadow length is proportional to the

height, and the constant of proportionality is‘% If the shadow

/
;
{ .

. - '

L \ . ¢
, . «

N ’ 1)

B % i Ll \
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. length of a water tower is 150 in. long and ; is the nu&ber of

inches in the height of the tower then the statement -

150 - 2 . .. v
“ W 3 - ' . “ - :

'{s a proportion. Another way to define proportional physical

-

quantities is to.say that the ratios of aqy two corresponding values °*

may be used to form a praportion.

——

the distance traveled at a constant epeéa\iS» of ortional to the . -
time. Let us consider this law in the case of an inaccurate s eﬁz——‘“~“"“

‘ometer. : .o ' - ) C : ‘e
——— .

-

Another common example is the phyeieal law which states that 1

,-\_.

Richard and his parents are setting out for a drive in the ’
.desert’ White‘his father drives, Richard watches the ;nstrument
,panel of the car. He pays special*attention to the sneedametee_ o
. whiéh tells hcw fast the car 15 going, to the odometer, which teils
hoh far the car has gone, and to the clock. The speedometer shows

8 eteady speed of 60 miles an hour, with no slowing down or speed-

Aing up. He writes down some data as thavﬁrive eontinues.~: }; . :’j.
L. o | Table I - : g - i _
y -Odcn'rxe'c‘:er'€ o | ‘ _ggggggt L |
1 34,700 = 800 : ‘
'\\\' )‘1 34,720 Hﬂ -, | " Bi24 N _
- \ 34,725 ' | 8:30 |
. 34,733.3 . 8:40. ' ;" ‘
‘fiﬁ ~ | Rtchard builds a new table. from these data by subtracting each

entry from the one below it,
1 . -
Vo -

-
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C e , . ‘Table II: |
Distance &raveled Time elapsed ‘Ratio of distance
e (miles) (minutes) - to time
' / Pa . . - . . .
S T 20 24 2
© ’. 5‘ . . ":i6 6 't
_ 8.3 10
e, ' The first two ratios are bcth'g, and the last one is almcst

equal tO'g Indeed Richard recalls that when he made -that reading

—————

e ey— - —— T

the tenth's wheel on the odometer had JUst.passcd the "3' mark--

e e ————
——

1
the entry 1n Table II really shculd have been ‘8 and'g tenths, which

is 8 + 3‘ ‘Therefore the ratio should again be-g. Sccﬂiehard

,ccnclcggs that all these rat;oc éfc equél, and thus that the car

is traveling at a constant 5peé5£’~What is that constant speed?
'*Tc figure this out, let ua 1magine that the next readings were’

. taken at 9:00, when the elgpsed time was 60 minutes or 1 hcur..

A ~ Make this entry in T;EIes!; and II ‘Assuming a ccnstant speed, the.
.ratio of the distance‘tqgveled tc the time elapsed would be-g. |
. What should the "distaﬂce traveled” entry be in Table II? What

shculd the cdcmeter reading he in Table I?

If your. arithmetic is correct, you ﬁave fcund that the “distancc
traveled" entry 1n Table II should be 59 miles. But this means :
| that the car's speed is 50 miles per ‘hour, not 60 as the speedometer‘

reads.” Richard tezls his father that his data do not agree with
the spcedometer. ) _ |
When Richard'pc;nts out to ‘his father éhatcthere is'%n errop

SOmewhere,'his father says, "Yec, the speedometer is wrong, In

fact, the error in the speedometer neading 1s_proportiona; to the

” .

Ce D



- speed 1t actually reads. Thus, the errar_ap }ow speeds 1s small,

to deterniine the actual speedrat any reading of the speedemeteg.“

\ - <

350 ' 8-1

while it 1s great at hign spreeds. The ratio of-g should enable you

Richard thinks s minute and says, ?Yeé, when the spegdometer reads
30, the car is really going 25." -Is Richard correct?

~ You have seen that a ratio 1s a comparison of two numbers by
division. The numbers may be measures of physical quantities. The
words per, indlcates divislon, It expresses the ratio of the
measures of two %hysical quantities, such as:mgigg aﬁdlggggg.
Store prices proviée addit;onaf,examples. Prices relate value to
amount such as $1.00 per pound, or $.5§ per dozer.. .In each case,
the per indicates a ratio, generally betwéen two different kinds
of quantipies.\ This is sometimes called & rate. Notice further

" that the second quantity in each case represents the standard of

»

- 1. Change each of the time intervals to hours. in Table II,- and S

comparison. A store charges "1lO¢ per comb"; one comb 1s the standard
of comparison, and they want 10¢ in the cash register for each comb

sold. Of course, thls standard does not always represent a gquantity

of orie, For example, cents per dozen, dollars per pair (for shoes), '

dollars per 1000 (for tricks).

Fxercises 8-1b

find the ratio of mides.'to hours 1in each., Are all the ratios. ,

® equal? Do you see now'that speed is measured by thé ratio of

the distance traveled to the corresponding time elapsed? Your
car-speedometer computes this ratio constantly while the car /

1s moving. The units used in 1ts computation are miles and

hours, so we c#*' the ratlo mlles per hour, or m.p.h.

. -

i3 "
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(Research) The speed of Jet alrcraft 1s often given in "uach"

391

See 1f you can use the above ideas to complete the following -

-table:r -
Distance Time | Speed
(a) - 25 miles _ ___ hours 50 mph
(v) _____ miles 45 minutes | 30 mph
(é) 1 mile : k5 seconds mph

In the case of:the car whose speedometer registers 60 m.p.h,
when the car actually is going 50 m.p.h., find ﬁhe actual |
speed of the car when the speedometer reads
(a) 15 m.p.h. (b) 45 m.p,h. - (ec) © m.p{h.' (¢) 80 m.p.
(a) “hat is the cost of 3 dozen déughnuts at $.55 per dozen?
(b) wWhat is the cost of 12 candy bars at 4 fdr 15¢? (How
could you state‘tﬁis Price using the word "per"?)
(c) What is the cdst of 8500 bricks at $14 per thouisand? _
(d) A road has a grade of 6%, which means that it rises & e
feet per 100 feet of road. How much does 1t rilse in a
mile? Find the answer to the nearest foot.
Another common unit to express speed is “feet,per second",
A "go-cart" can go 30 m.p.h. How many féet per second is
this? (The degree of hazard of speed urnder various conditions
often can be realized better wﬁen the speed is given in feet
per second).
Sumbers. What‘do they mean? Do they indicute a ratio? If

so, what is the standard of comparison?

* The following table lists the'meagures, A and B, of ‘two

quantities which are proportional to each other. The first

\‘\\ - L l4
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entry can be used'té determine the constant of prirortionality.

Co&piete the table: . .
A B Ratio-% Ratio in simplest fqrm,
() 12 . 1% %% .gd '
(b) 21
_ (e} 30 |
| (a) 100
(?) ldO

 #3. The area of a triangle is proportional to the product of the

pase and the height. Find the constant of proportionality.

*Multiple ratios

Sometimes it is natural and desirable to compare more than just
two quantities. - For example, a mixtureiof nuts calls for 5 pounds
of péanuts, 2 pounds of cashews, and 1 pound of pecans. Here the
gatio'of the number of pounds. of peanuts to the number of pounds
of cashews 1is 5:2, and the ratio of *':e number of pounds of cashews
to ﬁhe number of pounds of pecans is 2:1. This may be stated |

' briefly as 5:2:1. Suppose a grocer wants to put up 24 pounds of
fhis'mixture. How many pounds of peanuts,VCashews 5hd pecans
- should he use? /To determine your answer, first answer these questlons:
(1) If 5 pounds‘of pe%Futs, 2 pounds of cashews, and 1 pound
of. pecans are mixéé'%ogether, how many pounds of nuts are
there? / \ 1\ | ‘

(2) What is thq ratio.of the number of po&nds of peanuts to‘

the total ﬁumber of pounds?
/

15
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a(3) Since this ratio will be the same in the mixture whose
total weight is 24 pounds, how many pounds.of peanuts
are required? |

(4) Answer questions (2) and (3) when “ﬁeanuts" are replaced
by "cashews". |

(5) Answer questions (2) and (3) when Ypeanuts" are repiaced'

cy "pecans®.

*Exercises 8-lc

1. If a nut mixture, with the same ingredients in the same ratio-
as above, 1s to total-56 pounds, how many pounds of each kind
]

-

of nufts will the grocer need?
2. If a nut mixture with the same 1ngred1ents,‘5ut in the ratio
- 5:3:2 18 to total 100 pounds} how many pounds of each zind of
nuts will the grocer need? ‘

3. If a nut mixture with the same ingredients, in ratio 3:2:1,
has 20 pdund of peanuts, how many pounds of cashews and pécans
w11l be needed? What will the total weight be?

4. A triangle has sides of length 11 inches, 8 inches, and 6
inches, if anothér triangle, the measures of whose sides have
the same ratio, 1s to be drawn with a perimeter of 100 inches,

how long will the shortest side be?

£-2. Percent -
Many of you are familiar with the word "percent", and you may
know sometﬁing about its meaning} If your teacher says "Q0 percégt'
of tne answers on this paper are correct", would you know what he

means? The word "percent" comes firom the Latin phrase "per centum",

/

P
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thch’ﬁeans “"py' the hundred". If the paper with 90% of ﬁhe answersv
correct has 100 answers, then $O answers out of the 100 are correct.
The ratio‘j%% could be used instead of:the phrase "g0 percent" to

Jeseribe the proportion of theé answers which are, correét. The word

PERCENT is used when a ratio is expressed with a denominator’b?
. p "

100, .
B _ 90 | o x —k

For convenlence a symbol, %, is used for the word "percent". This

1
symbol 1s a short way of saying Topo- .

= 90 X ml" = 04

fl

b~
Q”“ 8}"
G O

16 x o5 = 164

o5 = - s
105

7"?5%('—‘ ?

il

-

= 13qu-é

In the case of the paper with 100 problems, 90% of which are

. 13g [

BN

ansmefed correctly, what do we know about the other 10 answers?
(fAré you sure that one of the following statements must be true?

Ten problems have incorrect answers.
,Nd;solutians are givep for any of the ten problems ,

Some of'Lhe ten problems have solutions with incocrect answers
and the remainder have no solutlons given,

The ten problems are-I%% or 10% of the 100 problems,

Suppose ﬁhaf the paper has 90 correct answers out of the 100;

6 incorrect answers out of the 100; 4 ansvwers omitted out of the

17

A7
by



8-2 | I 395

100. Since we know the total number of problems we can express

the number of each type of answer in terms of pergent.

°
1—8% = 90 X Tﬁé = Q0% (correct answers for °0 % of problems)‘ .

6 - 1 (incorrect answers for 6% of problems)
™6 = Xy = 6%
l+. - 1 (4% of problems omitted)
T < LXop = 4F
0 . 6 4 100 (all possible answers)
i % *+ T8 00 = 100 .

90% + 6F + 4% = 1004 (all possible answers)

100 1s another name for the number one,.

3 13 2 100 _ -100¢
L =3 =1 =~ 2 1 O

The number 2 can be wrltten

2 _ 6 . = 50 - 200 . 4
. f-3-5 %5 " T o
In other words 200 %me ns 200 X T== —= . 200 = 2
2 100 = TIO0 <

The ratio a: b 1s another way of expressing the number & 5 You

“know that the number ‘5 can be written in many different ways. The

A 2, 7_3
number 5 can be written as Tgﬁ Tgﬁ Thus

1:8‘8‘ 50 X 105 - 50% "

. ' 1
Hence 50 $1s one way to name the number = 2 How can the number%

be written with the symbol %?

_%. :-R%g =‘20)<m = 20%

A class of 25 pﬁpils 1s made up of 11 girls and 14 voys. The
ratic of the number of girls to the number of pupils in the class
cangbe expressed many ways. For instance:-

-,—--_2_@_’:_&.__“_4: §5= 66
“ > 50 75 oo | 18R T w0

I8 D -
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If we wish to indicate the percent of the class that is girls,
which fraction gives the information most easily? Why? The ratio
of the number of boys to the total number in the class may be

written . R
W . ¢ . _d _ 6 _ e _ £ .
®CH TSI T W T T
What nﬁmerators are répresented by the letfers c., ¢, e, 2.
Notice the two ratios-—5 (girls) and == (bcys) What 1s the suﬁ
of the two ratios? Find the sum of “he two ratios 132 and'I%U
Express the two ratios and their sum as percents using the symbol,
The number of students in the entire class may be expressed as
the ratio §§ or the ratiO'%%g or 100 .

a - ‘ !
Property 1. Any fraction-g can be expressed as a percent by
a _
fj.nding the number ¢ such that 3 - —fé-g = o ¥ TO% = c%

Exercises 8-2a

‘1, Using squared paper draw a large square whose interior is
- divided inﬁo‘lOOusmall squaress. Write the letter A in 10
small squéres. rite the letter B in 20% of éhe squares, Write
"the letter C in 35% of the squares. Write the letter D in 30
of the squares. Urite the lepter X in the‘remainder of the
squares. |
(a) In what fraction of the squares 1s the letter A?
(v} In =hat percent of tne squares is the letter A?
(¢) 1In how many squares 1s the letter B?
(¢) In what fraction (simplest foré) of the squares is the
letter Bé

(e} 1In how many squares is the letter C?

19
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(f) In what fraction (simplest form) of the squares 1s the

letter C? |

(g) In what fraction of the squares is the letter D?
(h) 1In what percent of the squares is the lettgf D?
(1) 1In what fraction of the squares 1s the letter X2

: 3 L
(J) Ia what percent of the squares is the letter X? "
Whot 13 the sum of the fractions in parts (a), (d4), (£), (&),
(1), of problem 17 -
What is the sum of the percents of the squares containing the
letters A, B, C, D, X?

Write each of the following numbers as percent.

(2) 3 (0 § (o) 3 .(a)'-;- (e) 2 () 3
& 3 w2 wqg @i |

Jeaﬁ has a weekly allowance of 50‘cents. One week she spends

12 cents for a pencll, 10 cents for an 2ce cream cone, 15

cents for Sunday school collection,eand puts the rest in her ¥

piggy bank.

(a) Express each amount as a ratio of the whole, and also as
percent. |

(v) Find the sum of the ratios.

(c) Find the sum of the percents.

(@) What check on the separate answers above 3o you observe?

The monthly income for a family 1s $MQO. The famiiy budget -

fbr the month is shown. : ~. |

Payment on the mortgage for the home $30

Taxes "’ 20

20
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Paﬁment on the car 36

Food ! | 120

Clothing g 48 | “ ,~‘
Operating expenses f 32 | '“5
Health, Recreation, etc. : ; 2b . ; ~
Savings, and Insurance ; § ! 8o o

(a) Whst percent of the income is assigned to each item of -

the budget?

(v) What is one check on the accuracy|of the 8 answers?

Percent is a convenient tool for givihg information involving

ratlos. Athletic standings usuélly are giPen in percent. Two

_ séventh grade pupils discovered'the reasdnﬁfor this use of percent.

<

. i ‘ .
The boys were discussing the scores of thedir baseball teams, In
-the Little League one team won 15 games oup of 20 games played.
Ancther team won 18 out of 25 games. Nhicp team had a better record?

The, second team won 3 more games, but the first team played fewer

|

games. " Look at the ratios of the number of games won to the number

of games played for each team. The ratiosfﬂg and.%g .cannot be

{

compared at & glance. ILet us use percent for the comparigpn.

The first team won-%% of the games pLayed

2 - 15 754, They won T75% of the games played.
20 100 )

N 18 o
The sectond team won 53 of the games played.

18 . 72 = T2% on 7
5= T%ﬁ | They won 72% of the gamgs played.

The first team which won 754 of 1ts games had a higher standing R

‘than the second team which won 724 of 1ts games. We could say that
| oo . ! ' 'c.:‘
T2% < 75% or 75% > T2%.

. ! ~=
L \

'

Q . /" ) 4
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Data about business, school, Boy Scouts--are eften glven in
percent., It is more convenient to refer to the data at some later ’
time 1f it is given in percent than if 1t is given otherwise. ‘

A few years ago the director of a boy scout camp kgpt some
records for future use. ‘Some information was given in percent,
and some was not. The records gave tﬁe following items of 1nfor-  )
.T mation,

(1) There were 200 boys in camp.

(2) One hundred percent of the boys were hungr& for the
first dinner in camp.

(3) Fifteen percent of the boys forgot to pack a toothbrush,
and needed to buy one at camp.,

(4) On the Second day in camp 4% boys caught fish.

(5) One boy_wahted to go home the first night. |
(6) 'A neighboring camp director said "Forty percent of the ..
boyé in my camp will ledarn to swim this summer. Ve

shall teach 32 boys to swim."
From items 1 and 2, how many hungry boys came to dinner the
First day? | )

100 _
100 = 55X 200 = 200

Of course we should know without computation that 1004 of
200 -1s 200, |
From item 3, how many extra tobthbrushes were needed?

| 1 1 '
l§$ means 15 X Tgg = -Igg | , )

,‘ .Eag X 2 <55 3 | .

Another way to do it is to find the number X such that

£

i \




/-Q 15 o X - . - | ) |
<7 T8 " e .
;,. . lg - 30 ) - ‘ : . . | 3

o So x = 30, and 30 toothbrushes are needed. )
From item 4, we can computé_the perceht of the number of boys

who caught fish on the second day. We wish to find x - such that

W . x -

Ay 522 . | | ' A “
J T 7 100 T e N

22 _ 1 o
W = 2xT00 ~ BE

Therefore 22% of the boys caught fish on the second day.
From item 5, we can compute the percent of the total number .

of boys who were homesick. We wish to find x such that

1 _ " X , .
200 T00 .
1
1 'E
B &
' P 1
= 5%
100 % X‘Iﬁé - ~
\ . .
~ Another way to say W%%" is to say “% ofi;iP: -~
| f 200 - X 200 2
% o means Tg5g = _ .
So 2 boys are l$ of the total number of boys, and 1 boy is 5 of 1§

. 5
- of the number of boys. Sometimes it 1is. convenient to use 1% of a

“number and 10% of the number in solving prchlems. In the case of

.the 200 boy scouts, $ of the 200 is 2, as shown gbgveJ .Een.pepeeﬁb
of them would be

‘ 10 o osan ’ . =
O .23
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. In determiniﬁg how many boys are 15% of the group (those who fop-
‘~ -‘M got tcothbrushes), we might say that 15% is 15 x1%, 80 the answer

is 15 X2 or 30. In the case of the 44 out of 20 /whe caught fish,

> we might reason that by = 22 x 2 (and 2 ;s 1 %of the 200). So
b4 1s 22% of 200.
; | ' ' From the information ir 1tem 6. the total number of boys in
N the second camp can be found. | .
«\\ o
et 50% means Too °f ‘the group, and also refers to 32 boys.
40 32.
We wi = =
We wish to fi?d X such that —— 100 =

Some of you can determine x by inspection, thus

bo _ 32
T00 X
~ “ . P
40 32  So there arg 80 boys in the second camp.
T00 ° B0 ' :
Another way to solve the problem is
b0 32 ‘
. , | X
S 40 = .%2 . 100
a X
x_'rJ nox = 3200 ‘
é L 3200 o . W
X 30
X = 80

A thirﬁ way to solve the problem is to compare 40% with 10¢.

' 1
1r 4ok of the group is 32, then 10% would be 7 of 32 or 8. If 10%

of the group is 8, then 1004 would be 10 x 8 or 80. gIn other words,
we wish to find- x such that \ ~ é - E'

W]

10 - § . , IS , iﬁ
™ ° % | S - | \;
10 _ 8
, Y00 B0
’ Q . 4 24 "
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Exercises 8-2b

1-:‘A Little League team won 3 out of the first 5 gamés played.
(a) What percent of the first 5 games did the team win?

(b) What percent of Lhe first 5 games did the team lose?

%

| \
L \\ (c) ;What percent of the games played did the team win or lose?
2

Later in the season the team had wcn\S out of 16 games played.
\\(a) Whatowas the percent. of games wan at this time? '
(b) Has the percent of games won 1ncreased or decreaSed?
3. A the end of the season, the team had won 26 sgges out of 30.
N (a) \yhat percent of the games played did the team win by the

e

ghd of the season?‘
(v) Ho;\aagsﬂthisvpercent compare with the otheé two?.
ExCﬂcises'&-lc all~refef to the same junior high school. |
«~ 4, There are 600 seventh grade pupils in a Junior high school.
~« The Principal hopes to divide the pupils into 20 sections of
edqual size.
(a) .How many ﬁupils woﬁld be in each‘secﬁicn?,
(v) What percent of‘the pupilé woulé be in each section? 
‘(c) _How many pnpilslis 1% of the number of éppils in tyg
seventh grade? _
' (d) How many pupils is 10% of the rumber of pupils\in the
seventh grade? . " & \
Answers to‘(c) and (d) may help you with other answers.
5. Suppose one section contailns 36 pﬁbils. What percent of t
seventh grade pupils are in that section? |

s .
6. One hundred fifty seventh grade pupils come to school on the

- school bus,
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(a) whnat pereent of the seventh grade pupils come by “sehool

. . bus?

(b) What percent of the seventh grade pupils come to school

Bl

by some other means? -

> /

7. In a‘class of 30 pupils, 3 were tardy one day.

(a) Wnhat fractian of that class were tardy*

(b)‘ What percent of that class were tardy?, _
8. In this Junior high school there were 750 eighth grade pupils.
) The number of eighth grade buplils is what’ percent of the number
of seventh grade pupils? ‘
, 3. One'day 3 seventh grade puplls came to schwoi on-crutchés (they
Q ' ) had been skiing.) What percent of the numter of seventh grade
puplls were on crutches? '_
.10, One day a seventh grade pupil heard the Principal say "Fourl.
' - percent of the ninth graders‘ére absent today."- A list of
o . absentees for that day had 22 names of ninth grade pupils on .
it. PFrom these two pieces of information the seventh grade

pupil diseo*ared the number of ninth grade pupils in the

schoql Can’ you find this number?
83, Decimal Notation ) \
A numeral such as 328&‘ca5 be written as 3(103) + 2(1025 +
8(10) + h‘ This is called expanded form, (See Chapter 2, )
Written as 328& the numeral is said to be written in positianal
,notation. If the base 1s ten as. in the 1llustration above, this
form is also called decimal notation. ' Each diglt assumes a
certain value according to its piace in the numeral; that is, the

1]

3 1is 5n the thousands place, the 2 1s\in the hundreds place, and so

-
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on. The pattern for place value in base ten shows that each place
! immediately to the left of & given place 1s ten times the value of
the given place (or each place immediately to the right of a given
"place is one-tenth of the value of the given place). Another way
| to ook at this pattern is to recognize that reading from the left
to the right, the exponents of 10 decrease.
Here 1s arother example: 3(103) + 2(102) + 8(10 ) + 4+
5(?) + 6(2?) + 9(?). The 4 1s in the units (or one) place. The
value of this place is lé of the vaiue of the place before it., If
we extend our numeral to the Pight and still keep the pattern, what
‘should be the value of the next-pléce to the right? Of the next
place after that one?: The numeral in posiﬁﬁohal notation for this
example ig‘in two parts--3284 and 569. It is an example which
i1llustrates expanded form to the right of the unit's place:
3(10%) + 2(108) # 8(10%) + 4 + 5 (75) + 6(=22) + 9(=La)
~ The fol}owing chart shows the place values botﬁ.tc the left
of and to the right of fhe units place.

. .
Place Value Chart
S =5 <
- R - CINFER LR | LB
TS . > . o ‘ )
A9 E 3 | A E £ | 2 @ La
°T 3 L3 3 gl Sl T | T - o 3
52 52 2|5 |88 5 | 2 S 2 52
oS g & o B{D B = B ¥ e
100,000 1 10,000 | 1,008 | 100 | 10 |1 (0.1 | 0.01 | 0.001 | 0,0001 | 0.0000]
—" f *
105 10 | 103|102 | 10H 1092 L Ly L, =5
: ~ 10| 107 10 10 10

27 | N
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When the above number cxpression is written in positional =
notation we might copy the digits in order and write each in its |
proper place. Thus we might write 3284559, However, #his is not
what we mean since tﬂere is no way 1o tell the whole number places
irom the fractional piaces. The punctuation mark used fo locate’
the one's.hlaee is the decimal poiht. Thus the numeral is writtep

3284.569. This 1s read, "Three thousand two hundred eighty-four
and five hundred sixty-nine thousandths" or "Three two eight foupr-

f“
point-five six nine.™ ~

Example 1. Write 5(102) +_7(i0) + BOI%) in decimal notation
(that 1is, positiénal notation). 570.3.
Example 2. Write 42.306 in expanded form. u4(10)-+ 2(1) +
3(=5 )+o(
Could it be included?

Notice that the (1%2)‘plape was not written. Why?ﬁ

L4 ) ’ . T
Exercises 8-3a

1. Write each of the following in decimal notation:
(a)- 6(10) + 5(1) + B(75) + 7(102) _
(b) H(102) + 3(10) + 6(1) + 1(<h) + o(s3p)
(c) s(m) + e(-é) + b(==)
(¢) M55 ) + 8(103) + 3(-- )

(e) ( 3) + 6(—1;)
2. Write each of the following in expanded form

®(a) '52.55
(b) 1.213 | | o
(¢) oO.% | |



_{d) 3.01
(e) 0.0102
3. Vrite each of the following in wopds: .

(a) 7.236
'\\ . (b) 0-901‘ . ¢ )
'\\ (¢) 360.101 - -

\ (¢) 1.0101
-4, s,Wra!.t:e in decimal numeral form:

{a) Three hundred and fifty-two hundredths

7

{p) PFive hundred seven ten thousandths

e

- i (c) Fourteen thousandths

. (d) sixty and 7 hundredths

%5, urite O, Leyo 1n base’ ten.

%6, krite-— in the duodecimal system,
*7. Write-5 in the duodecimal system.

\ 6

'#8. Change 10.011,  to base ten.

S

In Chapter 6, a rational number was defined as the quotlent of
& whole number by a countiné;pumber, andﬁthis quotient was interpret-
fed Qﬁ the humber line,. |
| For example, the rational number-% was interpreted as follows:
Divide a line segment 2 units long into 7 equal parts. " The measure

of the length of one of the parts is-%. The procedure 1s illustrated

bélow.

<Y

/
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- Suppose we want to expréss-%fin decimal form. We know,thgt
£ 4
7 .
point 1is zero. We need to find a digit for each place to.the right

S less than 1, so each of the digits to the left-of the decimal -

| of the decimal point. That is, we need to find the digits indicated

by question marks in the following number sentence:

g = A toagER) o)t

, et us'take them in order. - First, we will find the digit in

the tenths place. We want to fingd the length, in tenths, of the

segment labeled AB in the figure.

A B8 . .
L - { ) 8 . 1 1 1 1 4 ’
0 i ' ‘ + 2

1

. . .
| S S U S 1 S SR SR S NN N S N U T S S R

Since a length of 2 units is 20 tenths of a unit, and we have

divided the/length of 2 units into 7 equal parts, each part must

e 5% tenths of a unit in length. But ﬁ; = a?f., so the length

of BB, in tenths of a unit, is between 2 and 3. It is 2 tenths
of a unit and some left over; the tenth's digit is 32";

Now let us find the hundredth's digit The reasoning 1is
easier if we start from the beginning. A length £ 2 units ;g
200 hundredths of a unit and,-since we have divided the length‘of
2 units into 7 equal parts, each part must be'-7- hundredths of
a unit in length. But _f;_Q = 28— 80 that the length of AB, in
hundredths of a unit lies between 28 and 29. It 1s 2 tenths of
a unit plus & hundredths of a unit and some left over; the

hundredths's digit is "8",
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Do you see the pattern? To find the thousandth's digit,

notice that 2 units is 2000 thousandths of a unlt, so the length
2000

7 4
length-of B, in thousandths of a unit is between 285 and 286. It

of A8 is

thousandths of a unit. Butagggg = 2852, so the

18 2 tenths of a unit plus 8 hundredths of a unit plus 5
thousandths of a unit and some left over; the thousandth's digit
is 1" 5" . '

The steps above can be done by division as follows:

~

0 .
7 )2 The whole number part of the quotient 1s zero.
0 Fach diglt to the left of the decimal point is
2 a zero. ' , ‘
0.2
7.)§-E , .% is 2 tenths and some left over.
)
0.28 ’
7 )2.00 = 1s 28 hundredths and some left over,
14 '
50 a
%
0.283' . ,
7T )e. ? is 285 tnousandths and some left over.
1 4
30 .
56 -

4

 0.285714
Continuing the division: 7 )Eﬁtﬁf%ﬂﬁi

14
! ,’ -—-69
_ Enough steps have been )
shown to conclude that & : 0
could never be writ- T 3
~ ten as an exact deci- '_gb
mal. i
‘ 0
. Why? . .7
30
23
2

/



8.3 . . | y 409° -

You should do this type of problem by short division.

0.285714
7 Y§Tﬁﬁgﬁaﬁ

When rational numberg are changed to decimals it is often
necesgsary to round the number, ‘_ |

Exa@ple 1. Find a decimal for-% to the nearest tenth. (Round -
to the nearest tenth.)

Look at 2 - 7 above. \

In order for us tbo decide to the nearest fenth we iook ét
the hundredth place. If the digit in the hundredth place 1s greater
than 5 and the decimal has not terminated increase the numeral in
the tenth place by one. Thus,~$ rounded to the nearest tenth is
0.3. f |

If the question is being answered by performing the division,
8 is convenient to look at the remainder from the tenths place.
‘_If it 1is morenthan-% of the divisor, increase the last digit in
the quotient by one. Otherwise, drop the remainder.

Example 2. Find a decimal for-é to the nearest ten-thousandﬁh.

7
(Round to the nearest ten-thousandth.)

)

Examine the digit in the hundred-thousandth' place. In this
case the digit is 1 and since this is less than 5, the preceding
place is left as 7. Thus,'% to the nearest ten-thousandth is
0.2857. |

If you were doing the division make this decision by looking
at the rémaihder.

In rounding numbers, if necessary we alyays examine the re-
mainder from the last sub%raction in the division process or we

look at the next digit in the decimal. If the digit is exactly 5
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in a terminating decimal, a common agreement {especially among

scientists) is: rouﬁd to an even digit. Examples: Roﬁnd 3.65°
an§ 3.75 to tenths. The 3 65 becomes 3. 6 and the 3.75 becomes 3.8.
In/eaeh case we have rounded so that the last digit 1s even, Why

.’

/woulc this rule be good for scientific calculations?

Exercises 8-3b

1. Write each of the,following as a decimal.
. 1
(a) f (a) =2

100
(e) =15

e )
o
o

P )
l
b 4
w i~ viloo =

2. Write each of the following as a decimal to the neareé§

hundredth place.

(a) (d)

(e)

.y
o
Nogt”
Ohn wirv N
-
wls S

—
¢
——

3. Round each of the following to the nearest tenth pléce.

(a) 16.38 | (¢) o0.03"

(p) 148,72 - (e) 0.051
- | (¢) 108.05 . (r) 1.16 ’
4, Round each.of the following to the nearest thousandth, %
(a) 4.0486 (o) 0.0006 %
(b) 17.107% (d) 0.00049 !

33

;{l
v
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5. (a) Round'g to the nearest tenth; hﬁndredth; thousandth.
(b) Make a sketch on a number line of each of the rounded
numbers. |
(¢c) Which is closest to the actual number«%?
(d) wWnich 1= least like the actual number f:;’-? @
©. Change each number of ﬁhe pair to a decimal and rénk them;

place the larger first.

_3. 26 /
(v) 16’ 83 .

| *7. Yhen we discussed writing.g as a dégimalﬁit was compared ﬁo

./ " " the problgm of naming avpoint on a 1ine. The explénation df

/ changing a'fragtlon like'$ to a decimal "could have been made
by using expanded notation form. The problem would be:
2(10) + 2(1) + 9( ) + (*52) + 9(153) . Since each place to.

_the right 1s one tenth of the preceding place we always asked -
the question: "How many one—tenths are there in the small
amount that was left over from the previous calculation”"
We were finding numerals for.the gquestion manks. Use this
/

idea tc answer the following: /

¢
!

(a) Write~§ in base two using a (.).
(b) Write-é in base two using a (.).

(c) Write X in base two using a (.). 7/
3

(a) Write-% in the duodecimal system. |
. . L Y

(e) From (c)} and (d) does the fact that a cecimal "comes out

exact' or not depend upon the nufber or the base in which

-
the number is written or both?

?ﬁ* :T
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A f) Gf?e one base other than 12 which would make-% come out

7 exact.,

1 1 1
16+6h+256+ e

#8, Find the sum of the following series: '% +

8-4. "Arithmetic Operations with Decimals
Supjose we wish to add two deeimalé, for example, 0.73 + 0.8%4.
"We know how to add these numbers without'thé decimal places:
73 + 84 = 157. How do we handle the decimal plgces? -We may

_proceed as follows. _
‘ 1

1l
0.73 = 73X o0 and 0. 84 = 84 x 160~

p' Therefore,

i

0.73 » 0.84 (73 x Tﬂé) + (8% X'TU%)

E . = (73 + 84) X’Tﬁé

‘= 157 k‘Iﬁé = 1.57.
Notice thgt we have used the distr;butive property here,
Suppose now we wish to add a two decimal place number and a
three decimal place number, for example, 0.73 + 0.125. Just as
before we first rewrite ocur numbers as fractions:

1 1 1

'We use the last form of .73, since then the factor-Tﬁaé will apbear

in both numbers.

| e 1
| 0.73 + 0.125 = (730 % looo) + (125 X looo)
> 1
= (730 + 125) x'looo

= 855 X'Tﬁﬁé = 0.855.
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£

E’ - These examples can be handled mora conveniently by writing
one number below the other as follows.

| 13 ' 0.73

e + . + O.IEE

- I-;; - - 2

Notice that we write theddecimal points directly under one another -

This is because we want to. add the éigit in thetié place in the

. . 1 '
first number to the digit in the T3 place in the second, and the

, 10
‘- digit in the 155 place in the first number to the digit in the -
= pléée in the second, ete. Thus,

100

735 = =L 43 e -2 4
0,73 0 + 55 anfi, 0.84 5 + 00

_and therefore
7 + 8

0.73 + 0.84 = st 0
73 10 100
10 100
N
= 1,57
Subtraction can be handled in the same way. For example,’
0,8k . 0.83{
- O.%B .- O.gk
. R - 9
R Exercises B-4a- ¥
1., Add the following nﬁmbers. |
(a) ©0.76 + 0.84 . | /

(p) 0O.719 + 0.382
(e) 1.002 + 0.00102
(d) 1.05 + 0.75 + 21.5
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 Subtract the following numbers. ' - Y

(a) 0.84 - 0.76 . S
(b) 0.625 - 0.550 S |

(¢] 0.500 - 0,125 l

(d) 1.005 - 0,0005

Pérform the operations indicated. ’
(a) 1.051 - 0.702 + 0,066

(b) 0.4075 - 0.32 + 0,076 | |

Foﬁr men enter a hardware store,*énd the f;rst wants t€o buy .

<A’7.

Note. In the basé two: 0.1

10.1 feet of copper wire,.the second wants 15.1 feet, the

third wants 8.6 feet, and the fourth wants 16.6 feet The
storekeeper has 50 feet of wire in his store. Can he give
each man what he wants? i

A storekeeper haS*ll.Sipounds of sugar. A woman buys 5.6
QS .

_pounds. Another woman buys 4.8 pounds. Then a delivery truck

brings 25 pounds to the store. Finally, mice eat 0.05 pounds.
How much sugar 1is left?

There are 16 ounces in 1 pound. Which is heavier, 7 ounces or

0.45 1b?

Add 10,01 + l‘OItwo and then express the answer in the base

two

®
-

ten.

1 1
two = B and 0.0Ith. = -

‘Suppose we wish to multiply two decimals. For example,

0.3 X 0.25. We know how to multiply these numbers without the

decimal places: 3 X 25 = T5. Just as before we write
- .

SN

ﬁf' 37 \\\_;,;;f”;_‘-

. ~
\‘Q
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| ’ \\\\
| ‘ , 1 1 S
= 3 X\Qix -1—6 X m . ‘\‘ N
- 75 x =k RN
1000 o —_— ‘ ~_
.‘ RN o BN
= 0, 075 o S _

* ™ (1) How-many digits are t*ere to the n;ght of the decimal

\

point in™©.,3°? \k & ~.

\

. . . (2) How many digits are there to the right of éaé\ﬁecimal

-

point in 0.257 | o ‘ f
(3) wnat is the sum of the answers to (1) and (2)° ‘
!(4) How many digits are there to the right of the dec 1

Vo . - . point 1in “0 0759 "Q /
| (5} Compare the answers tef(B) and (%), /-
Now multiply 0.4 xngzés. 'wﬁat is your answer? Answer ;he
five questions .above, (1), (2), (3) (4), (5) for these numbers.
S b

Do the answers to (3) and (%) sﬁill agree? /
N | Progertz 2: " 1o find the number of decimal places when two
N Ehumbers are multiplied add the number of decimal places in the-

!
two\numbeys.

) , For example, suppose we wish td multiply 732 by .25 The
first number has three decimal places gnd the second has tw&, 80
there will be five decimal placés in tﬁe answer., We, multiply out
732" X 25, and then mark off five decimal places in the answer,
counting from right to left, ‘

.732
. "L .2
1464

- 18300

We consider now the problem of dividing one decimal number by

another for examplg, 125?( 5.
. o

Q . | ) 38




N -
¢ . - > . -
; ' B .
f L] . : .
; 12 . \ -
. 2125 = 'IUﬁg S -
g . "‘

C 125 % _l_Q
& = 5
s 125 X 10 e
\ 1000
1 ‘ g
i = 25 x'iaa
§ :
‘ '025 . - .4"{

Let us try another example, .5 + .04, From Example 1 in Section

8 we know that 5 = & = +1,25. Therefore we have

-Tﬁg ) ';Ié o | @
- B

= 1.25 x 10 ..
- 12. 5 : ' s

Finally, -let us try an example with a repeating decimal, From
.

Ex ple 2 of qec}tion 8-3 3 we know that 2 & 7‘ = 0, 28571428571“...
wh re 285714 is repeated over and over egain, without end,

Let usg try the Froblem: .02 + .7T.

~ a ,’. 2‘ $ - -
.02 =, 100 ~
i , :
b
[
. / = TOC X 7Y |
/;’ = %x lo h ..
//. 100 1 . - <Q Q
/r‘ ‘ = .28571“ . s X m - . ‘

= 0285714
' ' > 39

Y
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C . 1 . b : . .
In Chapter 6 we had the following property > .
~ If thé numerator and derominator of a fraction are both

" multipliedsby the same number, the number which the -

| fraction represents is unchangeém ‘ .:\
Thus-% = .% = hs ” We shall uge  this property for fractions with
r decimals. For example, . _ . -
‘ R 1 ) :
and QOE = 020 %
5 5 =3 e T _—
'Here we have multiplied the numerator and the denominator by 10..
Another example is . ; .
% ir ) ;
. . . : . '\ y

By what number were ¢numerator and denominator multiplied in this

" example? ' . o . S S S

eq e e = R i

- P,

In dividing one de imal by another we first shift all digits
in the divisor to the left of the decimal point by multiplying
dividend and divisor by a sultable power of ten. Thus: .'

L1255 .6 = 1.25 5, .5.: .0 = 50 : 4, and
02 5.7 = 2317, . - - e
After all digits in the divisor-havefbeen shifted to the left of x/

the decimal paint the division is performed‘\ e

.' 5'.)*11—;%2 Ty )'é%f‘g - 7)‘2‘60‘82028’

. 1) L o
=25 10 S 1o R , -
_2_8 - . 8 . 6 . .’ ‘
'§g 0 oot | .
| .5 ; , NS
= 2? N .

These three examples should all be done by short division:

LY

S Y -

T
PN
1
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' Notice that the decimal point in the answer is directky abeve the

\d"acimal point in the di:vidend

Exérclses 8-4%

E

(Assumc that the decimals are exact.)
1. Find the following products.
(a) .009 x .09
(p) .0025 x 2.5
(e) 1.2 x 120
xw(gyuﬂjiggjiﬁiéoa ' T L
'2.‘ Fingd tggffollowing quotients., - —
(a) .009 = 30
(v) .015 : .05

(C) \OSP?.S\:: 'n I .
(a) =2.04 : 008 - T |
_ 3"~-Express the fvol. - .g fractions as decimals.
3000 300 30 3" 3
(a) L2 (o) T () F (@ 2 (e) 2

b, 015 x '20285‘ 2.5 .

(£)

1"1

Im

800

5, John's father has a garden 25.3 feet long and 15.7 feet wide.

How many square feet are there in the garden?

#6, Find the folloﬁing product of two base seven numbers:

: l‘luseve? ><ﬂ_'“:suaven' Y
Remember, 1.14 - 14+4=4+4 d 2.4 = + -,
Hg » seven 7 72 and 2 2 7

{ .

Sometimes in dealing with decimal numbers we dc not need all /

. of the decimal places. For example, some machines .will cut metal

‘pods with length accurate to two decimal places but no more .

. P 41
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.f/J ’ ;. ¥you could t&ke a long rpd ang eut off 3. hgxinches. But f

yéu tried to cut off exactly 3. k52 inches you could not be sure

»7

of getting it right Even a good cutter will slip a little and
make a small error.
If we are only 1nteres£ed in two decimal places and we have a
number with more than two placés, we . "round it" to the nearest
two places. For\éxample, .238 1§ closer to .24 than to .23, and
S0 we round 1t of'f, tc' 24 In general, if the third place 1s more
~— '~»than 5 we agree to add one to the second place when we round it.

If the third place is less than 5, we do not change the second

(%

kj\;\“ J place when we round. Here are some further examples.
) Number ' Roundgd to two places ~
234 | | .23
é 237 . .24
- .21;1 ‘ ' .24
RRE T . | .2k
.1049 f\\\\ * .19

If the third digit is 5 we agree to round in such a way
‘ tMat the second digit of the rounded number is even.
Thus .235 is rounded to .24, and ,245 is also rounded to ,24,;

The reason for this is explained after the following examples.

-

Number T Rounded to two places
.325 ' | | .32

, 335 | | .34
. 345 .34

'Jgss | .36

FY .
When we round a number we deliberately make an error.

4

ST
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Thus éhen we round .325 to get .32 our answer is smaller than' the
original number. When we round .335 to get .34 our answer is
bigger than the original number. This error may bYe increased when -
we add or multiply numbers. For example, -
| 160 + .16 = .32.
However, if we had first rounded these numbers to ohe place we
would have
2+ .2 = b,
The error will sometimes‘cancel oﬁt. Thus
245 + 245 = ,500
If‘%e had rifst rounded to two places we ﬁould hé&é
.24 + .26 = ,50. '
- The rule about rounding when the third digit is 5 was made
to increase the chaﬁces of the errors cancelling out. If you are
rounding a lot of numbers, ther about half the time . the rounded
number will be bigger than the original number, and half the time
it will be smaller. Thus when we add or multiply rounded numbers
some of the errors will cancel out.
Sometimes & number is rounded to just one decimal place. Thus
.15, .21, .24
all round to .2.
We may alsc round to three places.‘ Thus ,2345 to .234, while
.2355 rounds to .236. A -
~ If we want to get two decimal piaces correctly in an answer,

we compute three plsces and then rouné. Thus.% = 0,285714,,.
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If we round it to one place we get .3 ' , .

Correct to two places we have .29.

Correct to three pléces we have .286 = . . . | .‘.  X

Correct to four places we have .2857.

Exercises 8-4p

1, qund the following numbers to two places.

(a) .0351
(o) .Ohug
(c) .0051
{¢) .0193

2. Round thé following numbers to three rlaces.
(a) 0.1599 N
{b) .0009
(e} .00009
(a) .3249 |
3. Express the following fractions as dceimals. correct to three

places.

(a)

-

(b)
{(c)

winv = odw

5. Express the following fractions as decimals correct to one

C lace. - '
e e P “ﬁ}ffa

o (a) <§§' N (c)

* (v), 32 - ()

B Bl

“. “ , | : E ‘:;
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5. (a) A piece of land is measured and the measurements are
rounded to the nearest tenth of a foot (in other ‘
words, to the first place). The length, after rounding
.is 11.1 rods and the width is 3.9 rods. Compute the
area. | , |

(b) Suppose that the correct length is 11.14, and the correct
width 1s 3.4 feet; Compute the correct area. What 1is

the difference between this answer and the previous one?

8-5. Percent
You have learned that 50% is another name for the number-%,
: Q0 0 _
because 50 = 'Tgﬁ = ‘%. 'Alsq, we can write'igﬁ as the decimal

.50. Sometimes 1t is convenient to use each of these four ntﬁerals.(

‘ -- I
You have changed fractions to hundredths and then to percent, *

Suppose that you wish to éhange a percent such as 65% to a decimal-

or to a fraction in simplest form.
e 65 _ 13
65% Tﬁ% .65 =3

Te$ = ?7 = ? = ?

.Suppose that you wish to change a decimal such as .28 to a
percent or to a fraction in simplest-form

28" T
28 = 1op = 8% = 33

92 - 9 ) ' 4 |
915 = . ¢ = * . /
!

If one of the four names of a number is shown, you can deter-

mine the other three names.

.% = 22 = ,25 = 25%. These are all names for one number,
100

L = 2 = 2?2 = ° - /

5 | ) _ . !

'l

- -t 4‘“
[ )
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= 2?2 = 75 = 2

In some*géses the first two numerais as shown above are the
same. For 1nstance'ng, or .03, 3% are the only number names
that will f%t in she tabié for the number three hundredths. So

T@% belongs in each of the first two positions.

-

.

Exercises 8-5a

1. Fill in the missing names of numbers in the chartabelaw. The

completed chart will be helpful to you in future lessons.

Fraction Hundred ’
Simplest form as denominator Decimal Percent
1 = — ,
(a) = 100 . .50 504
1
(o) m
(¢) ‘ 'T%g
(a) | .20
(e) | | kog
- - L
(=) 100
i
(g) i
(h) ' . | .33...
T O
(1) | | | 100
(1) | ,. .66, ..
, (k) 5
(1) - | .10
(m) ) | | | 20%
(n) % |
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v Fraction . Hundred ; . -
Simplest fomm as denominator | @ Decimal | Percent
300 .. |
(o) | : | 5 ‘
() - N .375
(q) _ - - 150%
~ 62.5 S
(r) 100
(s) 2 ' .01
(¢) £ |
(W) - 100%
. . : 3
(v) 163
100
(w) 2

2. Draw a number line and iocate the percents in problem i on it.

3. Using squared paper, draw a large square containing 100 small
’sqﬁares. By proper shading.locate the ﬁercents in parts (b),
(a), (1), (p), (s). o

“h.i What fraction in simplest form is another name for
() 32¢ () 904  (c) 120%

‘5. Give the percent names for the following numbers
13 o 1 '3
(a) ¥ () % () B (4) 18

Percent 1s used to express ratios of numerical quantities in
-~ everyday experience, It is important for you to understand the
notation of percénf, and, also, to be accurate in the eomputationafr

use of percent.

i
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Suppose that a family has %p ahnual income of $4860 (aftera

8-5 425

withholding tax) The family b?dget includes an item for food
i of 32%. How much money is allowed for food for the year? This
ﬂ means that we ‘wish to find P Fuch.that

or % .32

TS < 156 ] o
. Before solving the eqﬁation wegshould estimate an approximate
answer using some %nrorﬁhtion ibodt percents and fractions from
tﬁe chart in Exercise'S-Sa. N;tiée that Seﬁhis a bit'émaller than
333$ (another name for-g) Ong third of $4500 1s $§1500. So sur
answer should be close to Slsmb. We will show two ways of writing

;
the steps of solution. Properby g from Chapter 6 18 used in the

solution.’ : T
X . 32 | X = |32
TS T T | stp -
x = Toe.4860 -, | . k = 14860-.32

X = 1555.20 ($1555.80)  x = 1555.20 |
This answer seems reasonable w?eﬁiqgmpared %o our estimate of
$1500. ) ,/'
Suppose that this same fanily rents a house for §77.00 per
- month, "Wha+ repcent of the family inQOme will/ be spent for rent?

First! we fino that the rent fdf the:year 1s/$924,00. If x is

the percent that 924 1is of4B86d, then we w¥sh to find Xx sueh

1

.that'rgéi- = X 7o estimate the answef, notice that 500 1s-§

0 100

or 20 #of 4500. Two ways of wrfiting th¢ steps in the solution

-are shown.




}:24 ‘ /fx - a2k X
185 - 150 . T8 - IO

S 2 &
X = 100*3%%5 *4860 x = 92400
X A/ 19.01 x A 13.01

In thiﬁ/problem the answer will be rounded to 19%., 1Is this
reasonable? |

;/An advertisement said that a blcycle could be purchased "on
t}ée“ bﬁ ﬁaking a down payment of $14,70. The merﬁpant stated

‘/further, that this payment was 268 of the price. What was the
// hbicg of the bicycle? If the price of the bicyclelis x dollars,

we wish to find x such that. | o %
14,70 26 '
7 X = m

26x = 1470
/ x oy 56.538... ($56.54% would be the price. why?)
_Hewfmight you have estimated ghe'answer? Thg answer $56.54 raﬁnded
to the nearest 10 cents ﬁoulq be $56.50. Which price do you think
would be shown og\the price tag?

Commissions and Discounts

' People who work as salesmen often are pald a commission instead

6f a salary. A book salesman is paid a commission of 25 of the

selling price of the set of books., If he sells a set of books for

$60.00, nhis commission would be 25¢ of $60,00 or $15.00, How d1d
‘ 'we find this answer? Sometimes the percent of the selling price

which gives the commission 1s -called the rate of the commlssion,

~

Definition. Commission is the payment, often based on a percent

of éelling‘price, that is pald to a salesman foﬁ\his services.

40
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Merchants sometimes sell articles-at a discount. _ Dnring ‘ .\\
sale, an advertisement stated "All ccats will be sold at a discount
of 30%." A coat marked $70.00 then has a discount of 30¢ of $70.00
or $21.00, The_ég&g_ggégg (sometimes called the net price) 1s -
$70.00 - $21.00 or $49.00.

Definition. Discount is the amount subtracted form the marked

.price.

Definition. Sale price or net price is the marked price less ‘///
the discount.

Exercises 8-5b

In the following problems it may be necessary to round some answers,
Round money answers to the nearest cengb,and round percent answers
to the nearest whole percent
1. On an examination tnere was a total of 40 problems. The
teacher considered all of the prablems of equal value, and
assigned grades by percent. How nany correct answers are in-
dicated by the following graﬁes” |
(a) 100% (b) 80% (c) 50% (a) 65%
2. In grading the papers what percent would the teacher assign for
the following papers? |
(a) Al1 problems worked, but 10 answers are wrong.
(v) 36 problems worked, all answers correct.
\ . {e) 20 problems worked, 2 wrcngﬁenswers.
(d) One problem.not answered, end,l wfong answer.
3. If the sales-tax in a certain state is L% of the purchase price,

what tax would be collected on”the following'purchases?
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(g) A dress selling for $17.50
(b) A bicycle selling for $u§.50
k. A real estéte agent receives a commission of 54 for any sale
that he makes. What would be his commission on the sale of
a house for $17,500? ’
‘S.. This real estate agent wishes to earn an annual income from
7 commissions of at leasf $0000. ‘To eérn this income, &hat would

his yearly sales need to total?

A.salesman who sells vacuum cleaners earns a commission of

/ ' $25.50 on each one sold. If the selling price of the cleaner

,// \\13 $85.00 what is the rate of commission for thé’salesman?

7. Sometimes the rate of commission is very small. Salesmen for
'hegby machinery often receive a commission of ¥ . If, in one
year, such a salesman seils a machine té ah.industrial plant
‘for $658,000 and another machine for $482,000, has he earned
a good income for the year? | ‘

8. A sports store advertised a sale of football equipment. The

"~/ discount waé to be 27%.

~ (a) What would be the sale price of a football whose marked

. price is $5.98? |
(v) What would bé;Eﬁe sale price of a helmet whose marked
/' price 1s $3.407 | x .

g, Ina Junior high school there are 380 sgven;p grade pupii7{
383-eighth grade pupils, and 352 ninth grade pupils.

(a) What is the total enrollment of the school?

(v). What percent of the enrollment is i.. the seventh grade?
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{¢c) What percent of the‘pnroliment is in'the eigﬂth'érade? ‘
(d) What percent of the enrollment is in the ninﬁh'gfade?
What 1s the sum of the answers to (b), (c¢), and (a)?

107 Mr. Martin keeps a record of the aﬁounts of money his fam;é? ‘s
pays in sales tax. At the end of one year-he found thatithe -
total was gsé.oa.fer the year. If the sales tax rate is ig,
what was %he'tetal\amount of taxable purchases made by the ' °

#

Martin family during the year? {.

e Percents used for eemp arison 4

In p?eblem 1 of Exercises 8- Sa, some of the percents were not
1l
whole percents. 'I‘he fraetion -8- changed to percent is 12—-% You
have learned that —%can be read i}- of 1%4. Decimal percents are

often used, such 3s .74

= ___l = -_'_Z = =
/ 7%(.7 of 19) T X =5 o TGb% .00,

These are all names for the same number. If we wish to.find 7%

of $300, we wish to find x such that

: X = . ) - or X, _ 007
- 300 TUE 300 . | &
‘ N
100x = 210 - ~.x = 300 - ,007
x = 2.10 ($2.10) ; X = 2.10 ($2.10)

.7%1s less than 1% Since 1%of $300 1s §$3.00, the answer $2.10
.1s reasonatle, ' / ’
Suppose that we wish to f‘ind 2,3% of $500.

2.3% = %%% = 'Tﬁ%% = ,023. Find the numbter euch that

X _ 2.3 | or X _ .023
'Em - m pe m ’ |
100x = 1150 ~ ' X = 50O . ,023
J X = 11'.50 ($11.50) - - x = 11,50 ($11.50)

Lo
! 4%
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Baseball batting averages gfe found for each player by
dividing the nunber of hits he makes by the number of times he has
been at bat. The division is carr‘ed to the nearest thousandth.

So the batting average caﬁ be"considered as a'percent.expresséd to
thevnearést,;enth of a percent. If a player has 23 hits out of 7;
times at bat, his batting average 13‘%% ér'.32#. ) H ‘%

Sdhetimeg answers are called fer to the nearest tenth of a |
percent. A‘téacher might be asked what percent of his grades are

_‘E; The teacheé issues 103 grades, 35 of* them B.'.He wishes to find

. 35 X
X such ;hat 333 = T00-

X ' oé - 3 X
= T00 TE% = 7100
o X = -ngf. 100 © 163x = 3500
‘ x = 2l.47... - “ x = 21.47...

®

- In section 843 you learned how to round decimals. If the

. _~percent is called for tc the nearest tenth of a percent, 21.47...

‘would rouné to 21.%%.

Percents of increase anhd decrease

| Pergent is used to indicate an increase or a decrease in some
quantity Suppose that Central City had a population of 32,000

(rounded ‘to the nearest thousand) in 1950. If the population

QEcreases to &D 000.by 1960, what will be the percent of increase?

40,000 , ' © 8,000 _ X
’ : 32,000 100
- 32,000 | . |
‘ X = _C.:_O@,log
C,000 (actual increase) 32,000
- | e x = 5 (increase of 25%)

Notice that the£p¢rcedt of increase is computed by comparing the

actual- increase to the earlier population figure.

53 ° .
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32,000 ——>¢—8,000—> .

100% . 25 %

« 40000 —— —> -
. ’ ‘.\‘/

The 40,000 is made up of the 32,000 (10Q%) plus the increase

of 8 ,000 (25%). So. the populatien of 40,000 in 1950 1s 125% of
the population of 32, 000 1n 1950.," ]

L. Suppose that -Hill City had a population of 15 000 in 1950
If the population in 1G60. is 12,090, what-willjbe the percent of

decrease? If x represents the percent of deerease, then

3,000 actual decrease

15, 000 - 3,000 _ .
oo 12,000 " 100 - 3,000
| : : X = 15, 000

~x = 20 {(decrease of 20%) |
Notice that the population decrease also is computed by comparing

i the actual decrease to the earlier population®figure.

« ~———18,000 >
80% . | ! 20%
e < i 12,000 ————2<—3,000—>

b

%beﬂlE,OOO is the éifference/beteeeﬁ’ls,ooo (100%) ané the
decrease of 3, 000 (aq%) So the population in 1960 of 12,000 1s-
80% of the population of 15,000 in 1350,

If the rents 1n an apartment house are .increased %%, each
'tenant can compute his new rent. Suppose that & tenant is paying

§£0 for rent, whet will he pay in rent after the increaee? If x

. vebresents the 1ncrease in rent, then

g ~

. -
- . \»
. N N H
¢ . - . . . R
3¢ RO |
.
. - i ) . B ;
- . Y .

*
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X = SQ'TG?’

X = § (increase of‘Sh.OO)
new rent will be $80 + $4 = §$84,

Exercises 825_

A junior high school mathematics teacher had 176 pupils 1n his
8 classes. The semester grades of the teacher were A 20;.

B 37; C 65; D 40; E 14,

< f(a) What percent of the grades were A? (to nearest tenth percent)

/{v) What percent of the grades were B?

" (c}) What percent of the grades were C?

(d) What percent of the grades were D?

(e) What'perceﬁt of thg’gradeé were E?

(£f) vhat is the sum of the answers in parts (a), (v), (), (4),
(e)? Does this sum help check the answers?

Bob's weight increased during the school year from 65 pounds

to 78 pounds. What was the percent of increase?

 During the same year, Bob's mother reduced her weight from 160 ‘

 pounds to 144 pounds., What was the percent of decrease?

The enrollment in a junior high school was 1240 in 1954, 1In

11959 the enrollment had increased 25%. What was the enrollment

1n 1950'
Jean earned $14,00 during August. In September she earned only
$9.50. . What was the percent of decrease in her earnings?

o]
S |
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6. A salesman of heavy machinery earned a commission of $4850 on
the sale of a machine for $970,000,
(a) At what rate is his commission paid?
{v) Vnhat wil; be his commissfon for the sale of another
machine for $8u7 5007
7. James was § ft. tall in September. In June his height is 5 ft.
5 in. Both heights were measured to the nearest inch. What
is the percent of increase in height?
8. Do you know your height at the beginning of the school year?
Now? Do you know your weight at the beginning of ‘the school
. year? Now ? | ’
(a) What 1s the percent of increase in your height since last
September? | : ¥’
(b) What is the percent of increase in your weight since last
September? T i
9. A baseball player named Jones made 25 hits out of 83 times at
bat. Another’ player named Smith madelha hitsjout of 143 times
at bat.
(a) What 1s the batting average of each piayer?
(b). Which player has 'the better record?
10. An elemgntary schbol had an enrollment of 790 pupils in _
| September, 1955, 1In September, 1959, the enrollment was 1012,

What was the perceht of increase in enrollment? —

Two methods for solving_p_pblems of percent of increase and decrease

In the solution of problems involving percent of increase opr

percent of decrease, two approaches can be used.
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 If the cost of butter increases frahUSOA a pound to 92¢ a
' pound, what 1is the percent of increase? The method you have been
using is f | |
92¢ - 80¢ = 12¢ (increase). If 12 4= x percent of 80,

_then
12 - X
W = 0
12 ) .
X .? 100 . 80 ‘ v v

X = 15 or 15% increase
A second method finds what percent 92¢ is of 80¢. Since 92 is

larger than 80, then 92 1is more than-loo% of 80. If 92 is x per-
cent of 80, then |

- _

x = 100 * %% ' y

- x = 115 or 115% |
This means that 92€ is 115% of 80¢. If 100% is subtracted from
115%, the percent of increase (15%) results.

In a certain city the f.re department  extinguished 160 fires
during 1958, During 1959, the number of fires extinguished
dropped to 120, What was the percent of decrease? We will ghow
two ways to solve this problem.-’In one method we find what percent
thetdifference (IGQ -~ 120) is of 160, 1In the other method we find
what percent the number of fires in the laﬁfr year 1is of the number
of fires in the earlief year. This percent is then compared with .

100%. If 120 is y percent of 160, then

BT
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160. : ' :%ég - 'TE%I
- 120 | - - 120
F 40 (fewer fireé) Y= 100 '1‘615 -
¥-= 75 or 75 -
'100%- 75% = 25% |

. The later number of fires was
If 40 1s x percent of 160, then :
. 75% of the earlier number.

40 X ' ‘
160 = 100 _ There was a decrease of 25% for -
0 : :
x = 100 - 135 the number of fires in 1959
. < - when compared with the number
- | X = 25 or 25% _ !
//."\ in 1958-

*  There was a decrease of 25'% in )

the number of fires in 1959

when compared with the number in

145E, | “

Of course, the answers should be the same for the two methods of

solution.

Exercises 8-3d o=
In each problem, 1 through. 5 eomﬁﬁte the percent of incregse or
decrease by both methods. If'ngcessary, round percents to the
nearest tenth of a percent. ‘
S 1. In a Junior‘high‘school the 1lists of seventh graée absentees
for a week numbered 29, 31, 32, 28, 30. The next week the
five lists numbefed 22, 26, 24, éS, 23.
(a) Wwhat was the total number of puplil days of absence for the

first week?

L]
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(b) What was the.total for the second week?
(c) Compute the percent of increase or decrease in the number

of pupll days of absence.

‘On the first day of school a junior high school had an enroll-

-ment of 1050 pupils. One month later the enrollment was 1200.

What was the percent of Increase?

~

One week the school lunchroom took in $450, The following _

week the amount was $425. What was the pefcent;cf decrease?

From the weight at birth, a baby's weight usually increases

100% in six months .

(a) What should a baby welgh at six months, if its weight. at

|
|
!
|
|
R
4
i
i

_increased 20 % over those of 1959.

birth is 7 1b. 9 o0z.? |
(b) Suppose that the baby in (a) weighs 17 1b. at the sge of
six months. What 1s the percent of increase?
During 1958 a family spent $1490 on féod. In 1959 the same
family spent $1950 ‘on food. What ;as t?e percent of increase

in the money spent for food?

-During 1958 the owner of a business found that sales were below

ncimal. The owner announced to his employees that all wages
for 1059 would be cut 20% By the ‘end of 1959 the owner noted
that sales had returned to the 1957 levels. The owner then

announced to the employees.that the 1960 wages would be

R

(a) Which of the following statements is true?
(15 The 1960 waéés‘are the same as the 1958 wages.
(2) The 1960 wages are less\ than the lé58 wages. '
(3) The 1960 wages are more than the 1958 wages. |

EPRY
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If your answer to part (a) 18 (1), Justify your answer.
If your answer to part (a) is (2) or (3) express the 1960

wages as a percent of 1958 wages.

*7. In an automobile factory the number of cars coming off the

assembly line in one day is supposed to be 500 One week the

plant operated narmally on Monday. On Tuesday there was a

breakdown which decreased the number of completed cars to(hasr

for the day. On Wednesday operations were back to normal. /

(=)

. ()

What was the percent of decrease in production on Tugsday‘ﬁ

compared with Monday?

\

What was the percent of increase in production on Wednesday’

T -

compared to Tuesday?

-

8-6. Decimal Expansion

We have. learned how to name a rational number by a decimal

numera’ (or decimal) Two questions which present themselves now

[

"May every rational number be named by a decimal numeral?

Does every decimai numeral name some rationai number?"

Let's think about the first questicn. We may begin by chocsing

some fractions which name rational numbers and see if we can find

a8 decimal numeral which names the same rational number.

1

\-
«

% is the quotient of 1 divided by 8.

{g e

1

So g'and 0.125 are names of the same rational number,
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"We say that a decimal numeral ends or terminates if it is
.obtained by a division which is exact or in which there occurs a
zero remainder at some stage in the division process, In this
sense the decimal numeral 0. 125 which names the rational number-3'
"'is a terminating decimal. | |

1
Consider the rational number 3. We all know the decimal

1 - - -
numeral which_nameS'g. it is obtained by dividing 1 by 3.
0, 3333...
3 )T 0000
Can you tell without performing the dimision the digits that
should appear in each of the next six places? |
Does this decimal finally end (terminate)? That .1s, at some
gstage in the division do we obtain a zero remainder?
Let w# use the cots to indicate that the decimal nuﬁeral
never ends, but goes on and on without end.
_Lét's try to find a2 decimal numeral to name the rational
1 .
b -
number = .
0.1u28g%1u288%... ' - *
7 ) L4 . . 0o ' . h
N
P
Class Discussion o
1., Can you tell, without performing the division, the digits that
should appear in each of the next six places?
2. Does this ﬁicimal numeral finally end? - (That is, at'éamg\fiage ‘
in the division do we obtain a zero remainder?) N
3. Is there a block of digits which continues to repeat endlessly? k\\ K
Let s place a horizontal line over this block of digits which ‘\\,'
repeats. ' Thus 0,14285715285(... The dots indicate that the
~_

block of digits never ends, but 1s repeated endlessly.

) ’
| LY

61
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. Name'z% by a decimal numerdl.

. How soon can you recognizeia pattern°

/

4

5

6. ‘Does this decimal numeral fnd?‘ How should you 1ndicate this°

7. Is there a set of digits which repeats periodically? How
should you indicate this?

Exercises 8-06a

l. ‘Irite a decimal numeral for-T%.

(a) - How soon can you recognize a pattern? -
(b) Does this decimal numeral end? |
(c) “How should you indicate that 1t does not end?
(a) Is/fhere a set of digits which repeats periodically?
| (e) How should you indicate this?
2. Hrite decimal numerals for:

(2) 2 (v) 2o (o)

o

Vo) I

s

See how soon you can recognize a pattern 1in each case. In perform-
ing the diyision wateh the remainders, They may give a clue about

when to expect the decimal numeral to begin to repeat.

Exercises 5-6b

1. Write decimal numerals for:

(&) 1 ) 2F (o) (9 2 ()
2. Study these declmal numerals and see if you can find a
‘relationshié | &
(a) oetweon the decimal numeral naming-r% and the decimal.

2
numeral naming EE;

-~

H1m

(nrsonn
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(0} ‘betueen the decimal -numeral haming TI and the decimal

numeral naming l?"T%’ ii, et;\

'3, Can you find a decimal numeral for T% without dividing?
4 .Can you find a decimal for 4 without dividing?

5. Is it true that the decimal numeral forwi% is three times that
L 1 R

r'/ | i
/ _ \
/ - Exercises 8-6¢

1. Pind decimal numerals for the following numbers,

O () 2 . (1) %
e (1) 4 (N T
() 3 () - (x) 2 /
T () 2 VR |

2. Which decimal numerals in problem 1 end?
j3. \Nhich decimal numerals in problem 1 repeat but do not end?
\\&}, Find decimal numerals for the first number in each group

and\ca{culaté the others without dividing.

1 2 & 1 3 11
(a) 5: 53 5 . . (E) 20; 20: 20
(/b) l’ u’ z . (f) 1’ )42’ Ll"z .
© 10 10 10 ] 50 50 50
137 1 112 927
('C) 8’ ,6, S (g) —'—looos m: -1-0—06
( ) "'i‘:‘ —ip ""2

We have found a Qecimal humeral for-g We said 0.125 was a
terminatfng decimal numeral bgcause at some stage in the division
j : 1 \
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process we obtained a zero remainder.
1l

-Let us reconsider s decimal numeral for-g. -Recall it was
obtained by dividing 1 by 8,

- 0,12¢8 |

& Y008 )
8 //

20 /
16
“§0
40
0 ,
After the first subtraction the remainder is 2.
the second remsinder is 4.
the third remainder is O.
We stopped or terminated our division proéess at the stage when we
obtained a zerc remainder. However we éould Just as well have
continued dividing getting at each new stage a2 remainder of zero
(and a quotient of zero).

It is clear'tﬁat.once,we get a remainder of zero every re-
mainder thereafte# will be zero.

Let us pause for a moment and consider whit we mean when we
say that & decimal numeral is & repeating decimgl. At some decimal
pléce a digit or block of digits begins to repeat and continues to
repeat in a cycle over and over again without eng. We see that the

<

decimal numeral 0.125000,.. for-%.fits these conditions. From the

o

fourth decimal place on, the digit zero repeats over and over again.

without eﬁd: Therefore 0.125000.., 1is a repeating decimal Just as
0.333... is a repeating decimal. In 0.333... the digit 3 repeats
over and over again, )

We have referred to the two examples 0.125000... and 0.333,..

They are usually called the decimal expansions cx‘-é and%

Ef;; —

-
A
:

—
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respectively. By decimal expansion we mean that there is a digit

. 1
for every decimal place. Note that the deci@gl expansion of‘g

4

is repeating and also terminating. The decimal expansion of-% is
repeating but not terminating. |

You have seen that every ratibnél number may be named by a
fractian'%, where a is a whole number-and b is a counting number.
You have also seen that we have a procedure for {inding é decimal
numeral to name the rational number-%.

We now have the answer to-our first question: "Maﬁ every
(raﬁional number be named by some decimal numeral?" Not oniy do we
know that e may find some decimal nﬁmeral to name the rational
number, but :e also see that in all the exercises we have worked,
the decimal numerals naming rational numbers either end (=

i3
- ﬁ, s .
-%,-%, etc.) or repeat’(é,-é,-%,yi%, etc.) after some place to the

1
v

right or to the left of the decimal point.

Here are some more samples:

(a) -598 = 100.000...
2000
(b) +~~—%

»= 222-222- ..
(c) % = .142857T8Z557...

(é) 743,000,001, 000,011
019,000, 000,000, 000

(e) 223123 - Lus.125000...

g
LTH3THATLATELTS5755TBE. | .

Do tine decimal expansions fcr rational numbers all either end

or repeat? Let's loolr back at the proéedure by which we found a -

decimal numeral for;%;

A - ) ~ )
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7 ) s \ saaoe
: .,"%&3' _— | ' | :
A . ,

28 o ' .
.\ =30 . .
14

2
’ “iﬁo
3

0

After the first subtraction the remainder is 3

| ’ TQF second remainder ;a 2
B _ The third remainder is. 6
| The fourth remainder is = 4

/Tne fifth remainder is 5
' The sixth remainder is 1

The seventh remainder is ' 3 again
The eighth remainder is 2 again
Class Discussion Questions
1. List the.(a) 9th, (b) 18§h, (¢) 1ith, and (d) 12th remainders.
Observe that the decimal numeral repeats as the remainder
repgats.

2. Can you tell why this must happen?
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. 3. Why 1is it that the remainder ‘can never be 7 or more? Whét
error would we have made in the-division if; at some stage
_our remainder was equal or greater than 7?
The only remainders we could have are O, 1, 2, é, 4, 5, 6.
If the reQaipder at some stage were zero the decimal numeral
would end or the digiﬁ zero repeats. If the reﬁainder is
never zero as in Fhe example above, it can only be 1, or g,
or 3, or 4, or 5, or 6.
Therefore, after no more than 6 steps, a remainder will havé
" to éppear which has appeared before at some earlier stage.
The next step in the process, then, is to repeat a division
which has“been done earlier, so the whole process begins to
repeat. Remainders and digits in the quotient begin repeating
. Aat this stage. - Notice that the repetition may begin after
fewer than O steps since it will begin wheneverig numbere
aﬁpggrs as a remgindér for the second time.
In finding the decimal numeral for =, you know that.the
remaindérs can e O, 1, 2. The remainde{ is never zero, so©
the decimal numeral doesn't end. As a matter of fact the
remainder -i1s never two elther. The first remalnder is one . 7

N\

and the repeating begins in the very next steplj By

\

e 4, How mény remainders could we have if we were di&edi 3 by l?jA
to find a decimal numeral nam;ngiié? . ) |

5. If a remainder is zero how do we describe the decimal numeral?
6. If the decimal numeral does not end, how can we be sure it

will repeat?




7. What s the maximum number of remainders we. would have to
wriée before the'decimalhnpmera; would.gggg7to repeat?. .
8. May the decimal numeral’repéat before Qe“have written the
first 16 remainders? | r
_ Hence every f;tional number may be named by a decimal

numeral which either ends or repeats.

Exercises 3-6d

1., Write decimal numerals for the-following numbers:

(a) 2 (@ 2 .
_ (v) 2 s (e
(¢) T (1) 2
2. Write decimal numerals for the following numbers:
) (a) 2 SRR CI - (s)-g_x
/L ) (<) 2 o §
*/ (e) 35, <}>‘§.‘;-, (1 3"

[

What conclusion can be drawn about the ansiér‘ta (s)7?

3. Write decimal nﬁmerals for' the fallowing'nuﬁﬁérai

(a) (a) \ (g) ,Q,C' :

2

{v)
(e)

Nl N -
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L“Aak.. Show that: The rational numbér;% may be named by & decimal
| nuﬁeral which ends, if b has 6nl§ 2's or 5'%s or both as prime
fagtpra. Hint: |
- (a) Is a rational number‘ﬁhose fraction name has a

,denominatoﬁ which 1s?g powel of 2 named by a terminating
decimal numeral? | |

(b) 1Is a rational number whose fraction name has a denominator
which is a power of 5 named by a terminating decimal
numeral? | | )

(c) Is a rational number whose fraction name has a denominator
which is a product ¢ powers of 2 and 5 named by a

terminating decimal numeral?

{(d) 1Is a rational;:;yﬁer whose fraction pame has a denominator

which 1s not power of 2,‘or a zzﬁgf of 5, or a product

of powers of 2 and S,Fpamed by alterminating decimal’

f~\ numeral?
%5, BRAINBUSTER¢ Show: The rational number.% may be named by a
decimal numeral which either ends or repeats after (b - 1)
remainders at most. }Hint: Can you re-write such a fraction

as one whose denoainator is a power of 107?)

Now let us considér\the second question: "Does every decimal
expansion name a rational number?" Can you think of a decimal
" expansion that does not end and does not repeat no matter how
many digits you write?
Consider the following decimal expansion:
-.OlOOlOOO1600010000010000003... |

- Lan you discover a law of formation?

L RN d ey

4
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Qoes it end?
Does it repeat?
We now can guess the answer to our second question: Not
every declmal expansion names a rational number. |
If it were convenient' for purposes of calculation to use a
fraction rather than = repeating decimal numeral, eould/we find
one? |
Name: <(a) 0.333... by a fraction
| (vb) 3.333... by a fraction.
Is 3.333... ten times as large as 0.333...°7
What 1s the qifference between 3.333... and 0.333...°7

Z = 0.333...
3 -
1
33 = 3.333...
1 1 . |
}3 -'—§ - 30333.0. 0033300-
3 = 3

Let us suppose we'did not know that % = 0,333...

" * Let us call the rational number it names x.

Then £ = 0,0332...

lC‘}{ = 3. 333. o .

ick - x = 3.333... - 0.333...
gx = 3
. 3
9
‘ 1
X = ==
3

AN ?
[N =~y
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Let us develop a s}milar procedure for finding the rational
number named by 0.666. .. -
| x & 0.666...
10x s 6.666...
10x - x & 6.666... - 0.666...
gx = 6 j

!
1

X = f

K=

whv ooy

»

Example:

(a) Namé 0.12127Z... by a fraction.

(v) Neme 1.212TZ... by & fraction.

Solution: The above examples illustrate a possible
procedﬁre which we may follow.

(a) x = 0.12127%...

100x = 12,1212T2... Why did we multiply by 100
: this time? -

100 »« x = 12

gox = 12
i2 4
xﬂggsss
(v} ~ y = 1.21213... ‘
100y = 121.2127%3...
i 100y -y = 120
9%y = 120
C Ty o 120 ko | -
o g9 33

PerfoM tAe division to check that the decimal expansion cf
RS
8 o o1kt

' ."-" . | ‘““?1
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Exercises 8-6e

Name the follawing'numbers by fractions,

(a) '0.1313T3... (f) 9.668...
(b) 0.4545%3, ..  (g) 4.121273...
(c¢) 0.8333... (h) .z.24247%, .,
(d) 0.8484TRW. ., ~ *(1) 1,5162516%...
(e) 7.333... ' *(3) 4.714284TI03EE. ..

Check the answer you obtain in each case by performing the
division.

8-7. The Metric System

In Chapter 2 you studied systems of numeration. You will

‘recall that human beings, after many years of struggle with various

systems, finally developed the Hindu-Arabic numerals and the
base 10 Qr decimal system of notation.

In the year 1585 a Flemish mathematician named Simon Stevin
made one of the simplest yet cleverest contributions of all time.
He took an ordinary dot (.), placed it to the right of a whole
number and made a symbol to indicate that the position to the
immediate left of the point is the ones place while the pasitiqn
to thé immediate right is the tenths place. The decimal point
exfended the "tens" system to the right as well as to the left.

It made it possible to use positional natation for fractions as

well as whole numbers.

“In the year 1789 a group of French msthematicians and
sclentists were called tugether to develop a simplified system of

welilghts and measures. This system was to be used throughout the

new France created by the French revolution. They decided to take

e N . H
0 . o [4 .
f; ) . ¥ . ',
“~ )
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1‘ fGll advantage of the Hindu-A;abic‘numerals,;lhé decimal system

© - of notation, and Simon Stevin's decimal point, They planned and
measured and calculated. Finally, they decided upon the meter

as the unit of length. It was intended to be-éﬁ:saa%ﬁss of the
meridian through Paris. (A meridian\is:a half-circle on the

' earthts éurféce joining the north and south poles.) In other
words, the distance from the north pole to the south pole when'
measured én the earth's surface was taken to be 20,000;000 meters.

,On June 22, 1799, a platinum meter was adobted as the true
meter, and was &epb§1ted in the Archives of the State, where 1t
has become known as ;he Meter of tﬁe Ardh;ves.,

. We now know that errors créﬁt inta the gaiculations. The
computations were revised in 1927, Aﬁﬁ the stéhqard meter was
then defined so that: | |

The Hindu-Arabic numerals, the base 10, and thé decimal
point were used in the following way:

They subdivided the meter into 10 equal parts calling the

1
length of each part a decimeter of 75 of a meter. Each decimeter

1

was divided into :f equal parts. The length of these parts they
‘called a centimeter Oté X 15 or-Ivé of a meter). Each centimeter

was divided into 10 equal parts. The length of these parts they

calleg a millimeter LI% X‘I% X'T% or l) of a meter. For longer

. 1000
distances they used 10 meters called a dekameter (10 x 1 meter),

a hectometer (17 x 10 d?\QOO meters), and a kilometer (10 X 10 X

:0 op 1000 meters). \\\\\

~

The following table shows théip\glan in an orderly form (the

~.
starred entries represent those unilts wﬁich\are most frequently

~ ~.

n73 . . \\\‘ «
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-Table 1
| ;‘ “-' b decimal
1010210 =1000 | 10 %10 = 100 10 ﬁ ! TS SXTke | 16 (616" T00| notation
thousand hundred ten § unit tenth hundredth thousandth | for length
.k ' .
*kilometer hectometer dekamgt:er *meter, 1 \d cimeter | *centimeter | *millimeter metric
(km) (hm) (dgﬂn) (,m)"-"\\k Soalam) 1 (em) 4 (mm) - | measurement.
A
1{ | \
P f
i ’
!
b 3
i
,\ 'J
\ ‘ /
71 : b
{,
f |
. e
iR
i
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: \ Exer¢ises 8-7a e
1. Write 1g\gxpanded £om eachhor thé\rollowing:
| Sample: ix;u.567 meters"‘=-imk1;gﬂgter + 2 hectometers +.t
'3 dekameters + i meters + 5 decimeters + 6 centimeters
+ 7 millimeters or 1 km+ 2 hm + 3 dkm + 4m + 5 dm
v + 6 cm 4 7 mm . -
+~ " (a) 3030.303 meters
(b)) 245.36 m | ; ‘
(e} s.3%2m f ~ | Cow
(d) 0.564 m | |
(e') 0.0k3 m ‘f‘

i

2. Complete eacr of the folloing:

{a) 1 kilometer = _ hectometers
{p) 1 kiloZeter = . dekameters S
{e) lfgik?métef = meters h \
(d)*”i’kilbmeter = decimeters _ ™ L
/{ffxie) 1 ki{ometer = centimeters
kaf’ () 1 ki#ometer = ' millimeters
3. Complete each of the following: | h
(a) l% km = m |
(p) 3% m o cm
{e) 2.5 cm = | mm - ya
(d) 200m = ' em 4
(e} 500 m = km
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4, Measure the baundary line of theae closed- curves " The' maasurq-
ment is to be made *t;o the ne#.rest centimetez\'.

4

]
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Measure the boundary lines of the same. closed figures. Each
\ ) o o
measurement is to be made tp the nearest millimeter.

Whick\is thé more precise unit of measure, the centimeter or
the millimeter?
\

The measSurement of the line segment below is cne decimeter.
% \ .
\

r— —

(a) Use your ruler to help you divide it into 10 equal parts.

(b) What is.the measurement of each part called?

] \ ‘ y :
~ {c) Divide one of theseparts into 10 equal parts.

*9.

' \ .
" (d) What is the measurement of each of the parts called?

(e) What is éhe measurement of a line segment 10 times as

\

long as the decimeter called?

Use your ruler t© draw line segments each of whose measurement

is:

(a) e2.5%em - —_—

(b) 10 mm | B )

(c) 5 cm g ) a

(d) 25.% mm \} : &
(e) 50 mm BRI f

(£} 10 cm g  \ : |

(g) 100 mm. \ - L

If a meter is defined taxbe-rurc%ﬁrnﬁv of the distance on the
earth's surface from the r.orth pole through Paris to the
equator

(a) How many meters are in the circumference of the earth?

(v) How many dekameters are in the cifcumference of the earth?

(c) How many hectometers are in the ciﬁcumfereﬁce of the earth”®

( .
73
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~(d) How many kilometers are in the circumference of the/earth?

(e) How many decimeters are in the circumference of the earth?
(f) How many centimeters are iq the. circumference of the earth?
‘(é) Hcc many millimeters are in the circumference of the earth?
Research problem
(a) The micron 1s'a unit of measure which is used to measure
bacteria. Smal{er units are called the'"ﬁ"Iﬁﬁ '1355 of
a micron and are used\to ‘measure viruses, components cr
tells and large mclecules.. Scme of these units also eerve
* to measure the wavelengths cf _Some radiaticns. What
fraction of a centimeter-ie a micrcn?
() Atomic meat: irements required the use af an approximete

H

unit of length: The Angstrom (abbreviation A)., For

L

1nstaﬁ§e, the dimensions of the atcm are of that Bize;

. 1 ,
s | while he nucleus has a raﬂius of-iga—aas of an A ﬂhat'

- ' ' fraction of a centimeter is an Angstrom?

(¢) The meter is ncw defined in a new way. The new definition
appéars on page 23 of the tuentieth yearbook of the
National Council of Teachers of Mathematice. Look up the
definition and report it to your class. i

(d) The early,nistory of the metriepsystem is descrived in
’the above reference book, Prepare a report for the claes

based upon your reading of pages 22-33 of this reference
o [ ‘
book. . /

4 /
Ncw that you are familiar with the various units of metric
linear méasurement let us study the metric units of area,,vciume
weight, aqc capacity.
- M~
\ : ‘.)

\ . | )
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"~ In Chapter 7 you were asked to find the areas of the interior
. of a variety of simple closed curves. You were also asked to

find the vplumes of the 1nterio§'of various rectangular solids.
Yourrecal} you rihally chose a square region as.the best unit of
measure#écr the area of the 1nterior of the closed curves. The
interior of a cube was chosen as the unit of measure for the
volume of thg Interior cf the rectangular solids. )

\A‘ 7he metric units for measuring areas 1s also a aquare region.
The easurement of the edges of thls square 1s one meter. The

areal of the interior of this square reglon is one square meter

(abbreviation 1 mg).
Figure 1 below is a picture of one—square centimeter (1 cme);
Figure 1
152” joms~- OF A METER
- o

s

=-l— N
lom=;5o" OF A METER

2 | ! | 3 ; ‘ /
lom'= 55 ™6™ 6,000 :

We can now show the multlples and subdivisions of the square meter.

Table 2

*jem hm dkm km dm *om *mm

L‘ensth g ‘ //f l l I l
(1000 m) | (100 m) {(10 m) *(TU m) oo ™ |\1o00 m)
1 wyme hme dkme | *me dm@ | *cme *mme

Area |

/ 2,2 2.2y| (102m2 2y | (L 2 1 2
,../ (1000 m ) (100 m ) (10 m ) [mam ) (-1—03213 ) l0002!'1'1 )

8).
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/ Exercises 8-7b
. 1.7 Complete each af the following: s
Sample: Thepe/are 10° or 100 me in 1 dkm? '
" (a) Thgre are 100% or m in 1 hme, '
(b) There are 17002 op me in 1 km©, ,
(¢) There are ( l)2 m€ in 1 dm®. /
(d) There are 0335)2 - m@ in 1 em@.
2 | 2 ; 2
(e) There arg (1000) , mc in 1 mm“,
2. Use your ruler to find the measurement of the length and

width of u%e rectangle below and find the area. Make all

measuremehts to the nearest cm.

Fa

3. Use your ruler to find the measurement of the length and

width of the rectangle above and calculate the area. Make

all measurements to the nearest mm.

The metric unit of measure for measuring volume is also the

1nterior of a cube.

1 meter.

The measurement of each edge of this cube is

Tne volume of the interior of this cube 1s 1 cubie

meter (aboreviation 1 m3). Figure two below is a picture of.1

cublc c:ntimeter (1 em3).

-y ¥

e 1
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We can show the multiples and*subdi?isions of the cubic meter in’
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Table 3
Decimal
" notation
,Et:éngth *lem | hm dkm * ool *om *mm
. _ 1 1
(1000 m) (100 m) (10m) (v5 m) (o5 ™) (o055 ™)
Area | #km© = hme = dian® = *m2 | am® = *cm® = *mme =
(1000)2m2 (100)2m | (10)2m2 (6)%m2 | ()2 (To3) 22
3.3 3.3 133m3 o | #m3 ] (1133 —2)3m3 = | #(—213,.3 _
Volume | *(1000)%m (100)3m (10)3m *m® | (75)°m *(155)3m *(3555)°m° =
lan3 hm® dkm3 dm3 “em® mmS
‘ 81

81
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' Exercises 8-7¢ .

1. Complete each of the follawing;
Sample: There are 10° or __ 1000 m3 in 1 dkmS3.

(a) There are 1003 or m3 in 1 hm3,
(b) There are 10003 or m3 in 1 km3,
(c) There are (T%}S or m3 in 1 dm°.
(d) There are 055%)3 or m3 in 1 emS.
(e) There are (355%)3 or m> in 1 mmS.

2. The rectangle measured in prdblems 2 and 3 of Exercises 8-7Tb
is.the base of a regtangulaf solid. ‘The measure of the height
to the nearest cm 15_6 cm. Calculate the volume of the interior
of thls rectangular solid. Remember the volume of the interi
‘of a.rgctangle S0lid is equal to the product of thé number of
units of measure in the length, width and height. ‘

3. The measure of the height of the rgctangular solid mentioned
in_the avove problem is 59 mm to the nearest mm. Calculate
the volume of the interior of this rectangular solid using

the area of the rectangle calculated in problem 3 of Exercises

8-To.

The metric unit for the measure of weight was intended to be
ﬁhe welght of the water éontained by a vessel whose volume 1is one
cubiec centimeter. The.yeight of 1 cuble centimeter of water 1s
called a gram. Thus, the instant we kﬁow the volume of the interior
of a container we immediately know the weight of wated it can
contain. For example if the volume of the interior of a container
1%\500 cm3,‘then the welight of water it can contaiﬁiis 500 gr ms .

-
.~

500 grams & -1 pound,.
Sy
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Table 4
Length | *im hm dkm *m | dm *cm *mm
Area | #(1000)%m® = |(100)2m2 .| (10)%m2 - *pe -i-él—,)amE . (% (i) 2n® = *(Iaa.l).)?me
- kil hme dkm® dme em? mm?
Volume *(1000)3m3 = (100)3m3 = (10)3m3 = | #q3 OIé)amB = *(IB%)Sms *@qué)sms =
lkm hm3 dkm3 dm® em3 mm>
Welght | *kgm hgm dkgm *gm | dgm *cgm *mgm
1 1 1
(1000-gm) (190 gm) (10 gm) (15 &m) (g5 &m) (7555 &m)
Y " Q<
8
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E§ercieea 8-7d

l; Write in expanded form:
\(a) LLL4 44 gms
}b) 567.8 gms. |
2. What is the weigh\ of water«kin gramg}‘that'can be contained
by the rectangular solid of pfgolem 2 ér Exercises 8-7c?

| \
3. What is the weight! of water (in kgms) that can be contained :\‘~ \

. by the rectangular solid of problem 2 of Exercises 8- 7c9 \ \\

Eapdéiey’fgfggether name for volume, but it refers to those

L]

vesgels that are supposed to contain something, &hile volume
refers to any portion of three G;Tensional space. f&q,

A box is a rectangular solid} The volume of its interior.
can'be f'ound aeﬁin problems 2 and |3 of Exercises b-7c., To speak
of 1ts capacity is to hint at what} 1t can contain.

In everyday life in America, pe say the capacity of a tank

is so many gallons,%itssvolume is fo many cubic feet, and the | -

|

N\\\\weight of its contents ;s SO0 many %ounds. It is usually customary

to talk of the capaeity of a milk éottle as a quart or two pints

3

and not the weight Qf the milk or the volume of the milk. To

talk of capecity weiuse a special ynit of measure.

In the metric sbstem the unit pf capacity is the liter. It

v - :
is defined to be the \capacify of a pube whose edges eaé¢h measure

10 centimeters or.1 decimeter. Thug a cube whose edges measure

x\

- 1 decimeter has a volume of 1000 cmdx It can contain a weiéht of
1000 grams of water ana its capacity is 1 liter, 1 liter 1§ about

ore quart. L :

We can now show the multiples and subdivisions of. the liter.

B ) ' N ¥ 8 . _ -\ " “{ ‘ o 3 §
JAuText provided by ERIC \ . » - . i £y
Lo oS ' 8“\\" L O N\
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| Table 5 \
| \
Length *lem hm dikm *m | dm \ *em *mm
| A\ «'
g \ .
ol | .
#(1000)2m2 = 2me o 2m2 o | %2 Lo 142 2 1,2 .
Area (1000)cm (100)! m (10)em m (Tﬁ) m *(m) m *(1000).
km@ hme dlan® dn® Y |em® mm®
3 3 3 33 3 1,3 34 1,3 1,3
LS * (1000 =| (100)3m3 - = | * 3%. |#(—2)3,3 — =
Volume ( ) m ( ° ) md (l():)3 m m? | (%) °m \ (100) m *E\IOOO =
km3 hm™ dkm dm3 \- em ‘ x_nm3 o g
Weight *kgm hgm dkgm *gm dgm \‘1 *cgm *mgm’
9 1000 gms 100 éms 10 gms TEIJ gm i\ TF% gn -m-g% gm
Capacity | *k1 hl dk1- *1 |41 *c1 *ml -
| J 1 Vo D!
1000 1 100 1 10 1 —_ Y- 1 —_— ]
10 IlsOO 00
\ )
. ‘;\
i
\'\. 5
)\
30
89
.- =
. ) - O)
S
Q ‘ : v N
. ‘ . )“x ! P \



= uen | - 8-7

A

The table above clearly shows th% use of the decimal system
of\§otation.‘ However it does not conveniently reveal the 1 to 1
corﬂesponden;e between the units of measure for volume, weight,
_and capacity. | |

Table 6 below shows this 1 to 1 correspondence more clearly

Table 6
Vbluée Weight of Water - Capacity
1 cubic centimeter 1 gram ~ "1 miililiter |
1 cubic/decimeter — 1 kiﬁogram 1 liter - '
(1oqo ems) (1000 grams) (1000 milliliters)..
1 cubié meter 1 kiloliter

(1000 cubic decimeters)-1 metric ton 1(1000 1iters)

\

N Exercises 8-7e

1, Write‘fh;expanded form:
(a) 6666.666 1liters
~ (p) 2.03 1iters
2. What is the capacity (in millilitérs) of the rectangular
sclid mentioned in problem 2 of Exercisés 8-7¢? ’

3. What is the capacity in liters of the rectangular solid

mentioned in probiem 2 of Exercises 8-Tc?

‘¢
.

Now that you have lived with the metric system of weights
" and measures, perhaps you might be interested in converting frcm
the metric system to the English system., Table 7 gives a

v eonversion list of the more commonly used measnfes. )

«

91 |




- Metric
T 2.54 centimeters -
1 meter |
1 kilometer
1 kilogram

1 metric ton

2 2 2 2

1 liter

-

~

'l.l tons

465

Taple 7

English
1 inch
1.1 yards

-g or .6 miles a
2.2 pounds * . '

1 qﬁart

f

~ Exercises 878 R

1. Convert each\of the<follow1ng metric measurements to equivalent

English measurements. (You may refer to the table of conversions,

ir necessary )

(a) 25.4 cm = (the length of the usual slide
: - ( rule)
(b) 100 meters 2 yds.
(c¢) 200 meters 7V yds. |
- A few of the standard
(d) 400 meters v yds. r distances for track
‘ and field events. -
(e) . 80O metevrs’ ) ] yaés. '
N Y

{f) 1500 meters o/ yds. |
(g) 10 kilometers n, miles
: ~
(h) 100 kilometers™y, miles.
(1) 10 kilograms ny lbs.

(3) 100 kilograms p, 1bs,

( ' " ‘ }

- (k) 4 liters N quarts 4/ gallons,
(1) 60 liters 1V quarts | gallons.

v n

(m) 10 metric tons A American tons g, 1bs, -
(n) 100 metric tons ¢ | , Amerfcan tons 4/ lbs,’

-

N

- r ‘}
Ay

B 7 W
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2. (a) PAnd the veiume in cubic inches angrin cubic reet (nearest

o
L4

10th) af a cdbibal tank 6 ft. 9 inehes each way. If the
tank 1s filled with water find 1 “weight. Time.yourself;

Note: 1728 eubic inches l eubic\{s
1 cubie foot of wete'

| \ te} Weighs 62. k_ bs. ” :
tb) Calculate the yelume in me e;;\Ehd\E?e wefght in kilegrams

of a cubfcal tank 2.07 m ters each wéﬁ}\filled with water.
~., - N

Time yourself. (Note: There are 1000 1it¥rs in a,cubic.
meter. 1000 kilograms/ is the weight of 1000 11te::§\\

(c) Compare the time needed to solve problem (a) with thevex.
time needed to splve problem (b). Which problem required

more of your time? | ' ?\\\ s
~C

4

Research problem: | \ | \\\;}

- Use the Twentieth Year¥ook of the National Council of Teachers -
!

of Mathematics as your, reference book.

(a) Colleet a 1list cf‘all the various units of measurement
for length, area, yelumegfand capacity that you can find
listed in your rererence eeck. Bring this list to school.
(b) Write a compoeitioeyon "Why I Prefer the English System
of Weights and Measuree ta the Metric System"\er "Why -
. I Prefer the Metric uyetem to the English System ~ You
may use your reference book to aid you in getting
information. . \ N
#3. Which weighs more, a pound of geld or a pound of feathere?
N . .
To summarize our worl with the metric system we present the
fellowing table: (From this table you can derive all of ‘the
multipley and subdivisions we rresented in Tahle 6). |

Y ‘ . 2
’ . \\ .{3 31! .

&
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X Table 8
. Length
i.Qengimgter (em) -
1 meter (m) =
_ /" 1/kilometer (m) =
/ Capacity
© 1 1liter {1) -
4[ | |
" -~
~ Welght
1 kilogram =
1 metric ton {(t) -

8-8, Summary

467 \

10.- millimeters (mm)
100 centimeters (cm)
1000 meters (m)

1000 milliliters

1000 grams (g)
1000 kilograms (kg)

1, The ratio of a number a to a number b (b £ 0) is the

quotient-g

H

2. Two physical quantities are saild to be proportional to one

another if the ratioc of their measures is always the same.

3. Property 1. Any fractien, s can be expressed as a percent by

C

finding ¢ such that 3 = app =

c X TUU' = c%.

k. A rational number-% can be written in decimal form by dividing

a by b.

5. Property 2. To find the number of decimal places when two

numbers are multiplied, add the number of decimal places 1n‘

the two numbers. \

6. A commission is the payment, often based on a percent of éelling :

"price, that 1s paid to a salesman for his service.

7. A discount is the amount subtracted from the marked price.

9y

-
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8. Sale price or net price is the marked price less thé discount.

9. A decimal numeral ends or- terminates if it is obtained by a
division which 1is exact, or in which there occurs a remalnder
of zero. ‘

10. A decimal numeral is a rcpeating decimal or repeats if, from

 some decimal place, a digit or block of digits repeats.”

11. -Every gationa; number may be named by a declimal numeral which

‘either terminates or repeats. | |

12.. Conversion Table ¢

‘ Metric ; English
' 2.54 cgntimeters - 1 inch
| 1 meter Y . 1.1 yards
1 kilometer R 0.6 miles
1 kilogram AY; éia pounds.
1 metric ton i AV, f;l tons
/ 1 liter Rﬁ 1 quart
13. Table of Metric Units: f ; ‘
1 centimeter (cm) - - 10 millimeters (mm)
1 meter (m) | - 100 centimeters 8
1 kilometer (km) - 1000 metenz
1 liter/(l) . . = 1000 milliliters (m1)
1 kilogram (kg) | . - 1000 grams (g)

1 metric ton v - " 1000 kilograms

AN

Nt
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PARALLELS, PARALLELOGRAMS,S
LELS, AL AHS
LRIANGLES, AND RIGHT PRISMS

9-1. ‘Two ILines in a.Plane‘

Ve b4

Ceometry had an 1nr1uence on the way 1n/which man lived as ‘early-
as 4000 B.C. Clay tablets made in Babylon some 6000 years ago show
that Babylonians knew how to find the a;ea of a rectangular f%fld.
They used the same relation you léarned in Chapter 7.

The great pyramid at Glza in Egypt was built‘about 2600 B.C.

/

The constructions of this and other pyramids show that the E&ypti&ns

too must have knopn much- about geometry. About 1850 B.C., Egyptian
manuscripts were being written which show that the Egyptians‘ﬁere

. o o
developing geometric rules. One of These was the general rule for

finding the area of a triangle.

AN

Wh:n a m%éhematician begins an investigation, .J@ usually sterts
with a very siﬁﬁle Ease. After he %eelséﬁhat he understanda‘this

case, he may then proceed to more ccmplicated sicuations, In ordir
5 v
to get a feeling for spatial relatfbnships,let us begiA by studying

_/

more about figures formed by two%linps /{

N Figure 9-1-a shows that the 1nterseetion of lines 1? -and 1&

is point A, Rays on 1&2 are AB and'—a (Recall that AB meﬂns the

ray with A as endpoint and containing point B. ) Rays on ,é are AEV

-----

and AD | . . B . e T



Figure g-1-a

Observe that there are foﬁr angles formed by the réys in Figure
9-1-a: angle BAE, angle BAD, aﬁgle CAD, and angle CAE. We shall
" speak of these angles as angles determined by / , and 1 o+ In this
. chapter, then,é'wer_ shall speak of two intersecting lines as deter-
;unihg four angles. |

- ook at angles CAD and DAB.  These two angles .ha;e a common ray,
AD, and a common vertex, point A. Any two angles which have a com-
hon ray, a common vertex, and whose interiors have no point in com-
mon are called agdlacent angles. (Adjacent means ™"neighboring. ")
Thus, angles CAD and DAB are adjacent angles. Are there any more
.. pairs of a‘dJacent a;lgles in the figure? YeS: DAB ana BAE, BAE and
| 'CAE, CAE and CAD, are all pairs of adJacent angles,

Are angles BAD and CAE adjacent angleé? No, they are not! But
they are both formed by rays on the two lines ﬁl and L or 1In this
~ chapter, when we speak of a line we will always mean a straight line,

extending without end in both directions. When two lines intersect,

‘the two pairs of non-adjacent angles determined by these lines are

N7
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‘.
given a special name, verticzl angles. Note that here "vertical®
-18. not associated with "horizontal," Thus, angles BAE and CAD are
a.pair of vertical angles.
| B¢ s 18
In Figure 9-1-a, consider the line BC containing the rays f
and AC. Recall that in Chgﬁter T you learred that if we place a
. . , — * -
protractor with vertex at A ‘'so that AC is the zero ray, then AB cor-
responds to the number 180 on a protractor.
' A line divides a piane into two half planes. 1In Figure 9-1-b,

the two half planes determined by ’[1 are shown by the shaded area

above Zl and the non-shaded area: below 'Zl'

3

Figure 9-1-b

In Figure 9-l-c, the two half planes determined by l,e are
shown by the shadéh area below',gg and the non-shaded area adove

) | | :

2. R

Q ‘ ) f} \’)
EMC ) . . {



ia I
%am C

472 . - ‘ - ga

»

~ Figure 9-1-c

Thﬁs, tyo intersecting iines sepafate a plane into four-regions.
The interior of one of s pair of #ertical angles is thg*interaegtion
of tﬁo of these four half planes. Figure 9-1-& shows the interior
of angle BAE as fthe 1nte§sectiop-of the two half planes described
| fabove. The interior of angle CAD; thé other angie in thg pair of
: verticél angles, 1s the intersection qf the two remaining half planes.
Can you see tge two half planes kﬁicﬁ'include the interlor of angle

CAD? ' N

Figure 9-1-d

a8

o,
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Two sngles whose measures in degrees add up to 180 are called

Eglggentsgz angles. In Figure 9-1-3, angles CAE snd CAD are sup-

Plementary, Are any other pairs of angles in this figure supple-
nentary?" Yes: /L CAD and Z.BAD;iZ.BAD and / BAE sre,pairs of sup: ,
plementary angles, Can you find any other pairs of supplementary
'sngIPS? In Figure 9-1 a the supplementary angles are also adJacent
. angles. 'In Figure 9-1-e, the measure of angle M is uo‘and the meas-
ure of angge'N 1s 140, Angles M and ‘N are supplementany angles.
M . N/

-~

Eigui'e 9-1.e
' You learned in Chapter 7 to measure angles. We shall frequentli |
talk about the "™measure of an angle™ in this chapte; so 1t is con-
venient £o have a symbol for this statement To 1ndicate the number
of units in an angle, we will use the symbdl "m" followed B§ the T' -
name of the anéle eﬁélosed in parentheges. For example, m( L;ABC) |
means the number of units in angle ABc;

As we learned, any sngle'cen be used as a unit of measnre, but-
in our work so far the degree has been the only standard unit We
will use the degree as the standard unit unless something else s
specifled. Thus when we write m( L_ABC) = 4o, wehwillﬂunderstand

angle ABC is a 40 degree (40°) angle. Note that since n( /. ABC) 1is

a number, we write only m( £ ABC) 40, not "m( Z ABC) = 40°."

o “ ‘ "IO -
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Exercisen 9-1

Use Figure 9-1-f in answering 1 through 3. -

Figure 9-1-f

J. (a) Name the angles ad’acent to Z BAE,
(v) Name the angles adjacent to /_DAC.
(¢) Name the angles adjacent to Z BAD,
2. (a) Name the angle which with /_ BAE completes a pair of vertical
angles.
(b) Name another ﬁair of vérﬁical angi;s in the rigure. .
_ (e} When tw& lines intersect in a point, how many pairs of
vertical angléé are formed?
3. (a) Use a protractor to find‘the-meésﬁres éf the vertical angles,
/_BAE and LDAC; - o -
,(b)l What,are the %éasures,of angles‘CAE and BAD? )
(c) What appears to be true concerning the measures.of a pair

of m@rtical angles?

(d) Draw sets of two intersecting lines as in Figure 9-1-f,

- Vary the size of the angles between the lines., With a
| 11}1

..‘

.
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'protractbf.find the meaéﬁres of the interigrs of each pair
of vertical angles. Do they aﬁ%ear equal?
Séudy your answers to Problem 3. Then state your res;lts in.éhe
form of a genergl property, by copying and completing the foi-

lowing sentence:

» Property 1: When two lines 1ntersect, the two angles in each

§

pair of ?‘ X agglés which are formed have 9 measure.

E
'y |

You have found by exporsiment a certain relation to be true in a
number of cases. Let us see why this relation must be true in

-

all cases.

(2) In Figure 9-1-f what is the sum of. the measures of /. BAD

and /_BAE®

i

(b) Whav is the sum of the measures of /_ CAE and / BAE?

(¢} If the measure of / BAE is 60, then what is the measure of

'L.BAD? -Of L CAE? .

(d) If the measure of “‘angle BAE is 70, then what 1s the measure

*6‘.

e

of /_BAD? 0Of /_CAE?
(]

(e) What,caq you say about the measures of angles BAD and CAE
when the measure of angle BAE changes? Explain why angles

BAD and CAE in Figure 9-1-f must have the same measure,

e

The following figure 1s similar to Figure 9-1-f. Iet X, ¥, and

z represent the angles DAB, BAE, and CAE respectively¥. The

(.3

angles are indicated in this way in the figure.

-
R

» ’ ./ r)'n
; N

s
Y

I



| COAy and compiete the followling statements:
(8) m(Lx)+m(Ly) = _2 ..
() m(Lz)+m(Ly) = _2 . > ’
(¢} If m(Z y) is known, how can you find m! /. lx)? How can you
find m( £ z)?’ | )
(d) wiite.your answer for part (¢) in the form of a number sen-

tence as is done in parts (a)and (b) by copying and com-

pleting the following:

‘ N
m(Lx) = _2 -_2 | | '
m( L z) = ?2 _-_2 | .
(e) Write a number sentence to show the relation between m( L x)
and m{ /L z}. g o - )

#7, Imagine two lines in space. - o »

(il/fIE there any possible relation between two lines in space

\ng/?Aﬁ ‘whidh would not occur between two lines in a plane?
LT
. <A ' |

£

-~
-

I
answer,

¥ -*(p) Pind an illustration in your classroom to explain’ your

1,3

g
“
. ot

. b
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9-2.- Three-Lines in;a'Plaﬁe

% -t

. L&y ) o ) W ’ .
The Greeks were the first to é%udy geometry as a body of knowl-

edge. Thales (640 B.C. - 546 B.C.) studied in Egypt and introduced °

the study of geometry into Greece. The discovery of the property
dcaling with pairs of vertical angles which we ‘studied in the previous
section is credited to Thales. .As you study geometry you will learn
about other propert%es that he and other Greek mathematicians dis-
covered, | i L ‘
In the previous section we primarily studied figures formed by

two lines in a plane. In this section we will s?udj figures formed
by three lines in a plane. “ |

7‘Dréw a figure similar to 9-1-a. Can you draw another line, fﬁs, o
through \point A? Can 1lines 11’ , E , and 53 have a common poi;mé'(

2 .
of intersection? Your figures should look something like:this:

‘é 6 - -
- Figure 9-2-a |

Will three lines drawn on a plane always have a common Ppoint of

intersection? Look at Figure 9-2-b whereé line & intersects lines

‘ll and l e In the language of sets we would say ,ﬂ ﬂ t 1s not

“the empty set, and 2 n ¢t 1s not the empty set.. A line which

4 ',l
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1ntersects two or more lines in distinct points 18 called a.
transversal of those lines. » Since line t- 1ntersects ,Z 1 and ﬁ 5

£ 1s a transversal of lines ,l and [ s

Figure 9-2-b

<

. . Exercises 9-2 ' L]t
' \
A /

1. Draw a figuge similar to the one at

¥,

the right.. Lines ;tl and t2 do not

intersect, (tl N teéis the empty

set.) Line t, intersects t,,.

- 1 Call | te /
the point of intersectton A. Line t3 .

intersects t,. Call the point of intersection B.

(a) How many pairs of vertical angles are there in your figure?

&

(b) How many pairs of adjacent angles are there in your figure?
{c) Is line t3 a transversal of lines tl and .te?
- 2. Draw two 1ines,_ml and Moy which intersect in point»Q. Draw a

third line, m which intersects m1 and m_,, but not inﬁboint Q.

3) 2’
Call the intersection of‘m1 and m, point 5, and caill the
1,5 |




N I s

_ interdection of .m2 and m3 point R.
-« {3) What is the nmne of the set of
points made up\nf segments sQ,

QR, and RS in your ﬂggure? .

~(-See Chapter 4 1if you don't

- ™ / | \ :
_know, ) \\\ o '"

4 \

(b) How many . pairs of vertical angleg‘are there in your figure?

60) How many -pairs of adjacent angles age there in your figure?
3. Use Figure Q- 2-c in answering
) “the‘fo;lowing questions:
. (a) Name thé trénsversgl

" and tel} what lines it

intersects., ) -

(b) In this drawing, how

many angles are deter-e

-

Figu?e 9;2-c‘

mined by the three lines?
(¢c) How many pairs of vertical angles ‘are there in fhis drawing?

‘(d) What do you know about the measures of each of a pair of

Q

vertical angles° - T v o
(e) ‘Doeé m(angle h) - m(angléch)? How ean you téll?
(f) Daes m(angﬁé c) ; ‘m(angle d); Howrcan you tell?"
4, (a) How mamfkpairs of adjacent angles'are there in Figufe 9-2~c?
f(b) What do you know about the sum of the measures of any pai- .

of adJacenp angles in Figure 9 2-0?

AN - ’ . ) . \/’“
L \\\ . -I | I ’ . " "[6’ .
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- * ~ ~

| (a) Are angles ¢ and d in Figure 9-2-c~supp1ehentary?

(b) ‘Are angles a and d 4in Figure 9-2-c \\{Pplementaryv

(c) Are the angles.hn eaeh pair of adjacent angles in Figure
¥ . .

9-2-e supp;ementa;y? N ' R )

. (d) If the measure. of /£ h is'éb, what 1s. the‘measure of /_ g7

-

Of L e? Of Lof% _ S ' ‘e

—

(e) If vhe measure of Z h 1is 90, are-angles h and f sup-

plementary? o : ¢

' (:f) Ift m(L h) = m(/ g), are angles e-and g -supplemen-

tary? .

+

“Notice that cne of Ehe rays which forms angle b in Figure

\g~2-c 15 a part of a ray whméh.forms angle f, and the 1ﬁ¥er1qrs

of both the angles are on fhe same sille of the transversal.

— y v ’ ~ .
"Angles placed 1g_ﬁhis way are called corresponding angles.

(a) Name another pair of corresponding angles on the same side °
v o o am ae

<.

éf;the transversal ag angles “b and f 4in Figure 9;2-c."

-
-~

(b) Are angles a and e corresponding angles? “(Note that

the<ray on 1line t which forms angle a 1s only & part of
o . \". ’

, the ray on line 't which forms angle e, but none of the
rays forming angle e. are parts of the rays forming angle

a.) .

)

: (c) Are ¢ and L g coﬁ'esponding angles?

(d) How many padrs of corresponding angles are. in Figure 9-2-¢9

(ed If the megsure of Lb 1is 80, can you teil yhat the measure

of L f 187 1,7

[}
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(f) .If" the measures of L a and'{L e are 90, what can you say

‘about the measures of all tne angles in Figure 9-2-c?

) If the measures of L.a and Le are 90, are angles, h and

b supplementary angles?

#»7, (a) How are the figures in Prablems 1, '!"and 3 alike? a
(b) How are the figures different? . | RS
(é) 'Cén you think of anether wey to draw a set of three :lines
in a biane? (Do not use the leterSectiod of §hree lines‘in~
a eoint.) | . |

(a) uCopy and compiete the following statement:
"The union of the’intersectioes of each two lines of a
group of three different lines im the same plane consists

-

‘of 9 , o , 9 _or 9. points."

*8. BRAINBUSTER. Look .around you and find illustrations of sets of

three 1lines like ﬁhose in Ehe‘gisﬁres you drew in this exercise.

Now imagine the 1ntereep£10h of three planes ip space. What

figﬁres'are formed? ) ‘ . .

9-3. Parallel Lines and Corresponding Angles

A civil engineer must bulld two .gtraight roads intersecting a
: &

highway, but not 1nterSecting each obher. In the following figure, -

2

the highway 13 represented by the transversal, t , and the roads

are represeﬁted by the lines ry and re.




‘t‘« ?
> a\a
r w
\
. »
- Y
) I\ _
4 - \ | ‘
Figure 9-3-a
[ *

In the language of geometry, the engineer 1is asked to build the

[
e

 roads so that 3

r. N t 1s not the empty set,

rg N ¢t 41s not the empty get,-

| T N r, is the empty set.
" That is, the englneer wants to build the roads so that r, andr,
will be parallel. Neither r; nor .r, is parallel to t.

The engineer wants to tell his workers what angles the road

should form with the highway. J

Class Exercise and Qiscussion

i.‘ Make a drawing likeiihat apove; with points A ;nd é about I%
inches apart, Make the measure of / a 70 and the measure of
“Lb %0, Do the roads intersect if extended? If s0, on which

‘side of t, the left 'or the rights
2, .Dréﬁjanéther_figure making the measure of / a 30 and that of
| | b 30, Do the roads-intersect if extend¢§é If so, on which

side of t, the left or the-ﬂ;ght? '
. . A .~

i e

+ X
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Make at least six experiments of this kind with various measures -

for angles a and b. In at least two cases use the same meas-'
ure for L a that you use for Z b. Record your results like
this:
Measure of /_ a Measure of L. b Intersection of
;n degrees in degrees rl and_ r2
70 ko left of ¢
30 4o - right of ¢
40 40 ?
k. Copy the follcwing table. Predict whethep r and ré inter-
sect'and, if so, where. Make a drawing to check your prediction.
-(Iou'may extend the table and choose your 6wn measures of angles
1f you wish.)
Measure of £ a Measure of /b Intersecticn of
in degrees in degrees - rl and:‘ré
50 . | 80
50 | 50 |
50 4o _:_
. ;
5. After cléss discussion of Problems 1 through &, copyrand‘com-

plete the following statement- ¢

Property 2. When a traﬁsversal intersects two lines which

lle in .the Same plane gnd a8 pair of corresponding angles have
different o

, then the lines 9

11¢ o | .
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6. What about the case where tge corresponding angles have enual
measures? Write a statement for this case. Copy and complete:

Pfogerty‘Ea.‘ When a transversal intersects two lines in the

same __ 9 2nd a pair of corresponding angles gggg.egyal'meas-

ures, ;hen the l1lines are ? .

i

Exercises §-3 .
1. ngke 3 figure like the one below, What ang.e forms with anéle r-

x a pair of cofresponding angles? Iabel it angle p. If angles
X ‘and p ‘have the.following xheé’suremen’cs,’ do [1' and ,( 2

intersect above t, below t, or are they parallel?

i ! : 7 A

. X
17
Copy and comé@ete:
Measure of x| Measure of p 4y and Lo
in degrees | 1n degrees
\ ‘ Are Intersect | - Intersect
X Parallel | above ¢ below ¢
b . - -
- \
(a) 120 i 1%0
N i
1(v) 120 | 120
{e) 120 | 90
(d) g0 | . 120
1(e) g0 | 90




9-3 | | | . 485

(£) 90 | 70 | .
() [ 40 _ 1 90 "

(h) o | s

(1) % | 20

2. List several examples of parallel lines that you find in the
classroom, - . | '

- *3., Iay a yardstiek.qr a euler across some of the paral] 21l lines you
find in Problem 2 so as to form a transversal, Do this so that
the intersections with the paralilel lines are at a2 minimum, dis-
tance apart. Measure this distance in each case. What is the
measure of the angle formed by the transversal and eazh line

9

when the minimum distance i1s found?.

9-4%. Converse (Turning a Statement Around)

We have seen that if certain things are true, then centein otﬁer
things are true. For example:

(a) "™If two angles are vertical angles, then the angles have the
same measure, " |

Suppose we make a new étatement bylinterchanging the "if" part
and the "then" part, This is the new statement:

(p) "It twc angles have the same measure, then the angles are

~vertical angles." A statement obtained by interchanging the “1f“\§

clause with the "then" clause 1s called a "converse" of the first
statement. The second statement written above 1s a converse of the

- first statement

N W _ :;_v_.',,i e n..,. }'! 9_ B —— e g
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If you "turn a true statemeﬁt around," wi1l the new stdtement
‘ élways be trugé Let Qé 1ogk at two statements and their converses
and decide. | |
1. "if Mary aﬁd Sue areféisters, then Mary ‘and Sue are girls."
Converse of 1: "If Mary and Sue are girls, then Mary and Sue
are éistqrs.” Is the original statement true? - Is the‘converse-also
true? e
Now consider the next statement:

2. "If Lief is the soh of Eric, then Eric is the fathéf of
. Lief." |

Converse of 2: "If Eric is the father of Lief, then ‘Tief 1s the

son of Eric.,"™ Is the original statement true? Is the converse
-tmm}

We can see from these‘two i1llustrations thét, if a statement 1is
t;ug, a converse, obtained by interchanginé the "{f" part and the
"then" part, may be true or may be false.

- 3. Is stétement;(a) above, dealing with Vertical angles, true?
| Is;thé converse statement,'(ﬁ); true? We cannot accept a converse
~ statemqpt as alwgys being true. Soﬁetime; when a true statém;ﬁt is

~ "turned around," a converse is true. Sometimes when a true state-

‘ment is "turned around,"” a converse is false.

Exercises 9-4

1, Make a drawing where a converse of statement (a) .inm Section 9-l

B is not tfue. Must any'two'angieé-ﬁhich have the same measure
' K T : ‘.4 -

- ¥ (N : *
’ = . ‘ i ! ut ¢ " ‘:

»
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"always be vertical angles?

-4

For each of the‘follcwing statements write "true™ 1f the state-

ment 1s always true; "false" if the statement 1is sometimes |

%

(a) 1f Blackie is a dog, “then Blackie 1s a cocker spaniel

(b) If 1t is night, then we cannot see the sun.

(c) If it 1s July U4th, then 1t is a holiday in the - United
States. ‘

(d) 1If Robert is the tallest boy in his schocl, Robert is the
tallest boy in hi% class..\

(e) 1If an animal 1s a horse,—thé animal hés four legs,

(f) If an animal is a bear, the animal has tﬁick fur,

Write a converse for each statement in Problem 2 aﬁd tell

whether the conveése.is.t;uelef false, ' | |

Read the following statements. - Write "true" if the statement

is‘aiQays;true;lffalse" if the statemegt i1s sometimes false,

(a) If a-figure Is a circle, then the figure is a simple,
closed curve,

(b) If a figure is a simple closed curve composed of three
1line segments, then the figure 1s a triangle. .

(¢) If two angles. have equal measures, they are right angles,

{d) If two lines are- parallel, then the lines have no point in

common,

(e) 1If 'two angles are supplementary, they are adjacent,
A
Ty

‘\§ L = 3
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L

(r) 1f two.édjaeent‘angles are both right anéle%, they are
supplementary. |
5. (a) write and state truth or}falsity of a converse statement
* for Property 2a (Section 9-3):
Property 2a., When a transversal intersects two linés
in the same plane and a pair of corresponding angles have

equal measures, then the lines are parallel.

(b) To test the truth or falsity

.\;
of this converse, first M, 'q\ —
draw two parallel lines,

This can easily be done by

drawing a figure as shown, Me A _\
. making corresponding angles .

a and b of equal measures.

1

transversal of m1 and me. Call 1t tl. Measure the angles

in each pair of correspondi§g angles along ¢t

By Property 2a, m, and m2 are parallel. Now draw any other

1 Are they

equal? Compare your results with those of your elassmateé.
(c) On the basis of this work, do you think the converse of
?raperty 23 stated in ‘a) above i; true or false?
~ #6, " Write 'and state truth or faisity of a conversé:statemént‘for
. ' ¢ .
_Prcpérty 2: When a tranéversal'intersects two lines whiChAlie
'in tﬁe same plang and a pair of corféspohdilg angles have dif-“”

.
L3

" ferent measures, then the lines intersect. Does the statement

r S 155
. J/f : | - N |




9-5 | o 489

- - %
seem to be true or false? You can ﬁest your results by makihg
c
drawings as in Problem 5. ' R
*7. Can a converse for a false statement be true? If so, can you

give an example?
&

'975; Triangles
You have been discoyering angle relations in a figure cbmposeé
of three lines, two parallel lines and a transversal. Suppose the
lines are arranged so that each line is a transversal for the other

i

- two lines. Would such a figure appear like this figure?

A | | o B\ .
In the drawing above"l 1 is a transveréal for 12 and ,(3; ﬂe
is a transversal fcr.[-l and 13; . /{3 is u transversal for [ l and
.1.2. Aj é, and C are fﬁree points ané Kﬁ; §E; and Ez'aré segmegt;

joining them in pairs. In Chapter 4 (Non-Metric Geometry) the

union of three points not on the SQme line and the ségmenté Joining,

them in pairs was said to be a triangle. Our sketch, according to
) .0 v -
this~ae§}nit;on, contains triangle ABC. The points A, B, and C are

called theyvertices Qf the trianéle and the segments EE; EE; and CA

are called the sides of the triangle.

A
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. Which of the figures below are triangles? "It a figure 1s not a

trianéle, tell which requirement of the definition is lacking.

@ @ | ®

The triangles in the grbup below are members of a particular set

. of triangles bechuse they have a eommoh property. What 1s the common

property? What do you notice about the lengths of the sides of the

Al

triangles? (The symbol 3" means three inches. The symbol 3! means
I

. three feet.)

3Y0

-
‘IO,
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Note that each triangle has ai least two sides which are equal in

length. The triangles of this eet and all other triangles that

share this property, are called isosceles triangles.

-

- The triangles in the group helow are membere of another particu-

1)

lar eei'ef triangles. What is the common property.in this set of L

triengles?

Note that each triangie has three sides weieh'are equal in length.
Another way of saying this is that all sides in the saméztriangleu
have.equal me;sures All triangles of this set, and all other |
triangles that share this property, are called eggilateral triangles.-
The word ‘eguilatera;“ comes from the words, "equi™ mean;ng equal
and "lateral" meaning side. |
"'The trianglee in the following group are members of sgill‘ )

another particular set of trianglee. What is the common property

ln this set of triangles?
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Do two sides in any of the above triangles have ‘the same measures?

-

Do any of the triangles have three sides with equal measures? No

two sides in any of the triangles above have the same measure. The
- triangles in this particular set, and all other triangles having tie

same property, are calléd scalene triangles.

Here is a picture of a soda straw a * )

and here 1t is creased at two points .« N/ Y )

ready to be folded so that the ends come to«ither 1like this:

P Shaint ey YpSpinfopiaiinde

What kindéﬁof triangles could be represented in this way by

-‘ folding the following straws:

(a). | o ~ . . ~ . - ~

i " -
. 2




\. (e)u‘ . N - - ]

Now you are to draw some -triangles) Draw an angle, and name the

vertex A. Locate a point B on one ray of\ the angle, and a point €
. \ .

L2

on the other ray, Draw segment BC. Your dkpwing_should look some-

_ \
thing like this. : \

~ \

The union of Egl EE; and AC is called "triangle ABC.™ MNotice that
in your,drawing; poiné C and‘é are the only points shared by angle
A and side EE:‘ Angle A and side EE'afe sald to be opposite each
oﬁher because their intersection consists of Jjust the endpoints of
BC. Is 4_5 opposite AC?- Why§ Is Z..C opposite KE%. Why? What
other ang;e and ‘side are opposite each other ig your drawing? Why?

Draw another triangle 'as befofe, but this time very carefully

locate point B and point C so that Kg and KE'are equal in lenéth

- _ ’20‘ " ' s




as shown below: . . : ’ .
AN .. .

- €

What kind of a triangle is A.ABng Whyv Make a tﬁheing or angle B

amd try fo fit the traeing upon angle C. What dcee this prccedure

-

suggest about the measure of angles.B and C? ‘Make several more

- tracings and fittings for the isosceles triangles on the second page

-

of this section. What do you ebservéy Cepy and coﬁplete the fol-

e

-

lowing statement:

Property 3. If two sides of a triangle are _ 2 in length, then

the'anglés 2 these sides have ., 2 measures.

Now make a drawing like the one below. Draw AB about four inches

in length. Draw 40 degree angles at A and B as shown. Locate points

€ and D at, some convenient place on the rays of these angles,

Notice that we have drawn two\éngles‘whose measures are the same.

'Extend AC and BD. Name their pointiof'intersection E. Thus triangle’

: -i . 4 .
A RY is determined , , I
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[} . ' [N

" "What do you obsServe about:the sides opposite -/ A and Z B in
this triangle? Make severalrother sketches according to the diree—
tions“giren. Keep angles A and B acute and equal in measure, but-
VAry the measure for different triangles. What do you obsemve about
the sidee in each figure? To what special set of triangles do your
figures appear to belong?

'Copyiand complete the following statement:

Froperty. If two angles of a triangle are 9 __ in measure,

then -the sides 9 these angles are 9 in length,

-

& .- Have you noticed that this statement resembles the statement

T

completed as Property 3 previouely? ‘What new word learned by study~
ing Section 9-4 could be used to describe the relationship between

these two statements? We will call this statement the cenverse_of

- . ) R L '

Property 3.

o

-, -Class Discussidn Problems

1. Could the three sets of triangles we have discussed (isosceles,
equilateral and. scalene) be determined by some common- property ) .

- pertaining to angle meesures instead of side measureev What

-

advantages or disadvantages would this method of classification

: . f ) o . s -
heveo . g - - '

. ) * . \, ‘ ) to

2. How could the converse of Property 3 be used to.show that a

! !
.triangle having 3ll three of its angles equal in measure qﬁst'
S ‘necessarily be an equilateral triangle? _
.

o ‘;‘ o v - ";2 ‘ -
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~pairs.

-(c)i State a preperty about the lengths of the sides of a tri-

9-5

Exeecises 2-5. ‘ : : | I
Draw a triangle éith two sides of the same measure. Such a tri-
angle is called an isosceles tﬁiangle.
Draw a triangle which has three sides with the same measure.v It
is called an equiiateral triangle. a

Draw a triangle in which no two sides have the same measure.

Such a triangle is called a scalene triangle.

If a triangle is ispsceles is 1t also equilateral? Explain your

answer.

If a triangle 1s equilateral, is it also isosceles? Explain your

answer,

& . -

Draw an equilateral triangle and letter the vertices P, Q, and
R, Match ezch angi% with 1ts opposit. side by listing them in
!

To"

'eRAINBUSTER- -
ya

(a) Could a triangle be represented by folding the soda straw

,‘ shown in this‘figureO Ekplain your answer,

[ . — ol bl v . )

.téF N ‘ tgf. 3" - -

(v) Could a triangle be represented by folding ‘the soda straw

" shown here? Explain your answer,

. — - o ]

tﬂ_ A ] I_ﬂ‘

3 +

Y
engle as suggested by your observations in parts {a )y

.

and (v).

3 1.3 -

/

. v



T fo%‘all triangles.—
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8. OPTIONAL: Copy the following patterns. Fold on the dotted
lines after cutting aloﬁg the edges and paste the flaps. 'Note

the equilaﬁeral triangles. Try to enlarge these paﬁtérns for..

better results,

tetrahedron : ‘ octahedron

~N

(four faces) | | (eight faces) -

9-6. Angles of a Triangle -
“In the previous section we studied ébbub special propert:.es for

tiaa

-

Class Exercises and Discussion -

1. 'Drgﬁ a triangle, maﬁing each side'abbﬁt'two or three inches in
S ™S _ .
length, Cut out the triangular region by cu.ting along the

_— . - ' .

f,-}#«‘,c e

*
TN
RN

e
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sides of the triangle. Tear off two of'éhe_carnéfgfgf this re-

—
. e
L

e
e
e
I
_-‘

as shown 1n/the figure below. Note: Corners ‘B and C are placed

ff““‘é;Ound the vertex A, {The corners may be pasted or étapled in

e

3

place.)

~
~
~
~

\~\\ CORNER B
~
~

D . " A - c

{a) Measure the angle DAC. Compare the results with those of
your classmat;s. What is the measure of /Z_DAC?
(b) Wwhat do yeu_obsérve about angle 1, aﬁgle 2, and angle BAC
in this new arrangement? o
2. - Cut the interior of a triangle ABC nut of paper and mark off the
midpoints D and E of the sides AB and BC respectively (The mid-
point is halfway from one endpoint’ of 8 line segment to the other
endpoint, Each segment of a pair of segments,will then have the
-@ame leﬁgth. Thus AD and DB will have the same length, and BE
" and EC will have the same length,
- Fold over the éegment AD so that A lies Sver séme:paiht G

of the line segment AC as shown in the following drawing.
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FOLD NUMBER 3.

— o ——" -——I* e o .
|
]

P
\
\

<

G

Similarly, fold over EC. Where does point C seem to fall?

Finally, foldﬂalcng the segment BE: Where does point B seem
poﬁfall? |
l(a) Where do the éegments Sﬁiandyﬁﬁllie?
(b) What is the sum of the measures of the angles of
triangle ABC? |
(c) Does this exﬁerimgnt work with other triangles? Check
your results withrthose of your élassmateé.
(a) Dées the property you found in Problem 1 fit-these
observatith? T o

3. Copy and complete thé.following statement:

Property 4. The sum of the measures in degrees of the angles

of any triangle is 2 .
. | b.. cOhsider the trianéie ABC shown on the followiﬁg page with ré#s .
K; and'ga. Line RS is drawn through point ¢ éo téat the measuré‘ |
6f ZL Yy and the measure / y' ‘are equal. (We will use.a new

notation,‘y';_to name an angle. y' is read "y prime.")

Tt




Use a property to explain "why" in the following questions

4 . ' ] I

ever you c¢an,

(a)

()

()

(a)
(e)

(1)

(g)
(n)
(1)

" measures of the angles of- the t_r.{angie,is 180.

Is RS parallel to AB?

What kind of angles are the pair of angles

-marked x and x''? Is m(Lx) = m(z_xg)., .

What kind of angles are the pair of angles )
marked z and z' % Is m(Z z) = m(/ zt)%

m(Ly) = m(Ly')

when-

Why?

Why?

Why?

why?

m(L x)+m{ L y)+m{l z) = mf /_x') +m{ L y*) + m(Lz')

m(Lx) + m{L ¥y) +m(L z) is the sum of the

 measures of the angles of the triangle.

m( L x') +m{L y9) +m(Z 2z1) = 180
m{ Z_ x)+'m‘(Ly)+m(Lz) = 180

We conclude therefore that the sum of the

Why?

Why?

- Why?

whye?

Why?
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<  This 1s a gggggiof Property 4. We wil} not study many ﬁrocfs
thig Year, but 1n éame Exeréisesfyou may -be asked to try to dis-.
cover a prpbf; As you study more geometfy in later years.yoﬁ should -
become quite §ble4t§ discover proofs.

“ Notice'thatlin this proof we drew just any trianglé. Does the
proof apply to g;;_t:iangleéé If you are in doubt about this, you .
might draw some other trianglés quite diffeneAt in shaﬁé‘from Ehe
one in this seétion, iabel points, angles, segménts, rays, and.lines
in the same way. Then, try the proof abo#e for the figure you have

drawn,

Exercises 9-6

1. What 1is the measure of each angle of an equilateraitriangié?‘k
2. What is the measure of the third angle of tﬁs triangles if
two of the angles of the triangle have the gallowing measures?
(a) 40°and.80.
- (b) - loo_and 50;
(c) 70 and 105,
(d) 80 and 80. o
3. Suppdsé one angle of‘an 1sosceles triangle has a measure of 50.
Find the measﬁres“of the other two angles, Are two different
.8ets of énswers pdssible?
4, 1f tw0'triangles,3ABC‘and DEF, are drawn so that m( BAC) =
m( L EDF) = m( L BCA) = m(/ EFD), what will be true about

angles ABC ahd DEF? Upon what property is your answer based?

. &
Q N ‘ * Y

CERIC - I.g
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Given Find Property
| (a) m(£L#BC) = 60, m(L BCA) = H0. | m(L caB) ?
\ h(b) m{ /. CAB) = 52, m( £ BCA) = 37. -m( Z_ ABC) 2.
{(¢) m(/ ABC) = 40, m(AB) ,. 2, _'
and m(AC) = 2. m( £_ ACB) ?
(a) m(®B) = 3, m(A&€) = 3, m(BS) = 3. | m(Z BCa) ?
{e) m(L BAC) = 100, m(Z BCA) = 4o,
) _"and m(AB) I | - .m{AC) ?
#6, 1In the figure at the right /F.
and ,Z are parallel.
(a) Does m(Ly) = m( / n)? y\x
Why ? 1 z\n
(b) Does m{ _y) = m(/ u)?
Why 2 wis
L, us \v
(e} Try to prove that +
- m{ L n) | m({ £ u).
(d) Discuss with‘ycur classmates the things which make a proof

5.

In each of the following the measures of certain parts of the

triangle ABC are given, those of the sides in inches and those

of the angles in degrees,

of some other part.

.+In each casc, give your reason.

Ycu are asked to predict the measure

goog.

¢

After the class discussion rewrite your procf in accordance

with the. points brcﬁght out by ycu and your classmates
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*7; By the proof asked for in Problem 6, it has been proved: that the
. { - . . ‘ .
measures of angles a and b in the figure below are equal if
- . €
line r 1s parallel to BC. Use this property to prove that

the sum of the measures of the trigngle DEF shown below is 180,

4

9-7. Parallelograms

Distance Between Parallel ILines

look at the figure below showing lines through point A and .

meeting line r.

Use a‘protracﬁor to check the méésures of angles given bélow. The
- /

measurement d} angles here is in degrees.

m( /L SDE) = 4O m(Z SCA) = 90  m( 4 SBA) = 150

3
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| Give thé foilowing measures.
~ m( L TDA) = 9 m( £ TCA) ’=f ? - m(LTBA) = ?'
Measure the segments AD, AC, and AB, | .
Which is the shorteét? o Lo !

- 7Copy. the figure and draw other lines through A which intersect »r.

-~

‘Measuré.the segments on these lines .from A to the 1nte;§ept;9n§fof
the lines with r. L |
Do you find any of these segments that are shorter than AC? Note

-

<> .
that AC is perpendicular to r.

Yy and complete the follow-

-~

On thé basis of you
Mng statement:

The shortest segment‘from a point A to a point of a line r 1is

the segment from A which is to r.

The lengih o this shortest segment 1s often called the distance

i

from A to r.

| In the follo&ing figure, kl and k2 represént parallel lines.
:Lines a, b, ¢, are lines thréqgh three points D, E, F of kllghich
X 'are perpendicular to k,. That 1s, the lengths of FA, EB, and BC
are the distances from F, E, and D to line k,. ‘One often draws a

small square, as in the figure at A, B, C, to indicate that an

- angle is intended to be & right angle,.

121
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o ‘ Figure 9-T-a | . I

Drawing a line, such as a through D and perpendicular to k2
can be conveniently done by using
a card or sheet of paper with a
square corner. The figure at the
right illustrates this.

In Figure 9-7-a above tﬁere

L
are 21 other right angles besides

those marked.. Can you find them? k

How do you know they are all right T
A L .

-

angles?

o

2
———

: In Figure 9-7T-a measure the lengths of FA EB, and DC Do thay
appear to be equal in length? This commcn length is called the dis-

tance between lines kl and k2 . - Thus the digtanee getween two

AN

Vom0

B "1
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Earéilel lines may be described as the lensigxcf'any seghent con-
-'ta&ned in a line perpendicular to the two lines, and having an

 _endpoint on each of the lines,.

Parallelograms = - ' .

In Chapter 4 you were introduced to the idea of a simple closed

v,

- .a polygon, In later work you may sometimes see the.word "polygon" .

L

applied to curves which are not simple, but fér us it will mean a
simple closed curve. Unless it 1s indicated otherwise, we shall also
- understand that a polygon lies in a plane.
'« "PRolygons with different numbers of sides Ei.e., segments) ére
éiven épecial names. You already know that §°p01§gon_with three

L S L4

sides is called a2 triangle. Similarly a pclygon with four sides . is

called a quadrilateral; and a8 polygon with five sides is called a

pentagon. ‘
D c
A
B
Quadrilateral . - Pentagon -

In a quadrilateral two sides (segments) which do not intersect

are called opposite sides. (How‘Woyl??you describe two opposite

Q

curve, ' A simple closed curve which is a union of segﬁeﬁts;is caileﬁ

<
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. Site sides in the above quadrilateral. 3

. nalrs of opposite-'sides.

- QT - o ‘ . ) . : ‘ 507

s N J . .
sides by referring to their intersection?) 'Name the pairs of oppo-
. ‘ : , \
A particularly important kind of quadrilateral is the parallelo-
gram. This is a‘quadrilaterai'whose opposite sides lie on parallel

lines. The figure ABCD below represents a parallelogram. Name 1ts

_— - PR T T e e e ——————

. ~

' D ©
¥
A - B
: ' N

In the future, if two segments lie on parallel lines we will speak

of the segments as parallel., Thus we can say that the opposite sides

of a parallelogram are parallel.

Property 5. A pair 'of opposite sides of a parallelogram are

parallel and equal in length,

or couréé we already know opposite sidgs are parallel.r-For the

'equality,measure the sldes 1n the parallelogram above, Do you find

that the opposite sides have equal length? Draw several parallel-
ograms and measure the lengths of the pairs of opposite sides. Do

you agree with the property (underlined) -above?

’J
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ﬁhe‘figure at the right repre- A : - -

gsents a-rectangular sheet of paper. E \ "’ J
(thice that a rectangle is a | \
qpeciaiﬂkind of ﬁgrallelogram.) . o N

" Take such a plece of paper and - \

tear or éut it into two parts by A ' g

first folding 1t along the dotted
.1ine as shown. By laying one pilece on'ﬁhe,other, show that the

1nﬁerior§ of friangles ABD and BCD have the same size. Is tHe area

€

o 1tbe‘1nter1ar of one of the triangles equal to one-half the area of

Ay

the interior of the parallelogram? Why?

In Problem 5 below you are asked to repeat the”aboye steps using

arallelograms of different shapes.

/ 3

Exercises 9-7 ‘,?. ' Q;
1, Identify several pairs of parallel lines in your classroom, and
measure the distances between them,

2. Identify several examples of parallelograms in your classroom. “

3. ich of the following. figures are parallelograms, &dssuming that
segments which appear to be parallel are parallel? )
1 - a P

RS TN
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4

" 4, Draw per endiculars to lines in 'approximately the positicns .

~

111ustrated through points A as indicated Use a separate

1Y

, . piece of paper. "Do not draw inﬂyour book,

) ' {c) . A

e : - e

5. Draw a paréilelogram and cub carefully along its sides. The
reSulting paper represents the interior of the parallelogram.
Draw a diagonal (a line Joining opposite vertices) and cut the

’_paper'along this diagonal./ Compare the t.70 triangular pieces;

. What do you conélude about these triangular pileces? Carry out

the ‘same process for two other parallel?grams of different

shapes. Write a statement that appears to Se true on t@e basis

[

of your experience in the problenm,

~ : ' .]{fﬂ
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6. For .each of the sets of,.parallel lines in the figure below, draw
a line perpendicular to one of them. (Do not write in your book.
. Y .
Copy the lines in approximately these positions on a separate

plece of paper.) Are the lines which are perpendicular ta'one‘of

< " two parallel lines perpendicular to the other z2lso?

@) - (1

7. List the parallelogfams in the following figure,
( ) A . .

B L M G c

Assume the segments AB, DL, EM, FG are parallel, that the seg-
mgpté‘af'and AC are parallel, and'fhat segmenté KE and BC are
parallel. (Therée are 9 such parallelograms.)

8. Without measuring, list pairs of segments in the abtove figure

.3
which are equal in length., Should there be 18 such pairs because

_ therg are 9 parallelograms, or are there possibly more?

- ERIC ' \g\ o s//3'3? | | )
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”/’#Eﬁteral, as suggésted-by the

v‘\ lOe

The following questions.refer to

a figure which 1s a quadri-.

drawing. Esch question, how-

ever, involves a different

quadrilateral.

(a) XL is parallel to OM, IM is parallel to I-(a}_(f_ has a length

of 3 1n, and OK a length of 6 in. What are the lengths of

IM and Eﬁé

B P s ‘ > > :
(b) KL/ OM is the empty set, IM N\ OK is the empty set. IM
has a length of 4% in. and OM is three times as long as

IM. Find the lengths of KL and OK.
> <> «— >

(c) IMN OK is the empty set, OM N KL is not the empty set.
Can two opposite sideg have the same lengtﬁ? Can both
pairs of opposite sides have this property? (Draw figures
to illustrate this.)

Copy and complete the following statement of a. property:

If a line 1s perpendicular to one of several parallel 1lines,

then 1t is

Why is this property true?

~ *Prove thglproperty. (You may assume that a line perpendicular

to one of two parallel lines does intersect the other.)

0 ’
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H 9-8. Areas of Parallelograms and Triangles

‘.A aréilelogr§m, as.you have learned, 1s<;*;;%§filate#al (a”fﬁur
sided guge)“in which the opposite sides 1lie on‘paralle} linesQ
Doés the set of parallelograms contain the set of rectangles?

'As'yéu have alréady discovered, Hhe opposite éides‘of a.ﬁarallel-
ogram have the same length. “Which pairs of sides in the'figure be-

o

low have equal lengths?

At each vertex of the parallelogram there is an angle whose
Y
interior contains the interior of the parallelogram. At vertex A
- this is the angle BAD. Name th:2 angles at each of the other ver-

tices. These are called the angles of the parallelogram, If the

. sides of the parallelogram are extended by dotted lines as shown in

the figurg on the folloging page, there are several cases of parallel
lines cut by a transversal, How many cases dciyou find?

Copy the figure on the following page and mark the angle of the
~ parallelogram at vertex A as shown. We will call this angle of the

parallelogram "angle A." Similarly mark angle B of the parallelogram

-
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e e

- as shown ngles in ' ‘ N

your figure which have the same R / -]

- . /
measure as angle A in the same / .- /

way angle A is marked. Do the : '

same for angles having the same -~-AL 8__._

measure as angle B. In each case /. 4
give the reason why the léﬁel is
' correct,

If you have proceeded cor-
rectly, all the angles determined by the\lines in the figure are
‘now labeled. On the basis of the results Just obtained, complete
the following statements

m(L A) +m(LB) = _a

The angles of a parallelogram at twa consecutivg vértices
are 2 . o

The measures'of the angles of a para}lelogram at two oppo~ite'
vertices are ? .

According to the results above, what can you conclude about‘the
parallelogram if / A is a right angle? caﬁ you be sure it is a
rectangle? (Do you recall from Chapter 7 how to fin& the aréa of
a'rectangle?) If the figure is not a rectangle then L A and /B
are not right angles, and one of them is an acute angle. Why?

-

Suppose the acute angle 1s‘£_A. From point D, draw the segment DQ

perpendiculaf to the ‘base Kﬁ'of the parallelogram as shown in the

14

-~
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figure at the right. Since we

know that AD and BC have the same

length, imagine .the trigngle AQD
moved rigidly, that is, without

changing its size and shape, into

o PN
[
R e K ¢

the position of triangle BQ'C.
Then point Q' lies on the exten-
sion of Hﬁl How do you Know?
| The figure QQ!CD is therefore a rectangle. (How‘do you know it
has right angles at C and D;) Moreover the .rectangle QQ'CD and the
parellelogr;m ABCD are made up of pieces of the same size and thus
.;have'the same area according to Property 3 in Section 2 of Chapter 7.
Té,find the area of the pareilelééram it is only neéeésary therefore
- to find the area of the rectangle, which we élreédy know how to do.
If you do not recall this, refer to Section 7 of Chapter 7.
Notice that the gggg_ﬁﬁlcf the parallelogram has th- same length
as side EET'of the rectangle, How do you know that is Frue? The
other side of the rectanéle, Eﬁ; is a segment perpendicular to the

> > Co
+ parallel lines AB and CD. Such a line 1is called an altitude of the

parallelograg?to the base AB, The length of the altitude is thé dis-
tance between the two‘pafallel lines éhd, as we have already seen,lis

the same wherever measured. Thus it actually makes no diﬁference
whether we consider the altitude from D or that froﬁ C or that from
‘-wahy point of DC. |
| vy
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' On the basis of the discussion above copy and complete the fol- '

lowing statement: "The number of square units of area in the in-

terior of -a paralleldgram is the ? ~ of the number of 1linear
units in the. .9 and the number of linear units in the
? to this base. :

~

Either side of a parallelogram may be considered as é base. For

example, examine the figures below where the same paraY¥lelogram is

looked at in two ways,

D -
i /
' L ]
{
t
o
A Q B
ALTITUDE OO ;
BASE AB ALTITUDE RB
o BASE AT
Figure 9-8-a

In Figure‘g-S-a we have, for convenience in each case, turned
the parallelogram into a position so the base is horizontal, This
is not at all necessary, and you should practice thinking of any
side of a parallelogram as a base, no matter what its position. For
example, it might have been better to show the two cases 1in Figure

9-8-a without moving the parallelogram, as follows.

-

Tgo
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h / | / | \/
A Q B8 - A - B
BASE AB ‘ BASE AD
ALTITUDE WD ALTITUDE RB
- Figure 9- 8-b
Thus we really have two ﬂays or finding the area of any parallel—
| . ogram. The discussion above actually dees nct cover the case in the
right hand figure above where the point R does not lie on the segment
AD. The rule ¥ou stated above is true in any case however. For the
Justification in the case of the figure on the right see the "Brain-
‘busters™ below.

Notice that if a parallelogbam is a rectangle, the lengths of the
‘base and the altitude are simply the "length" and "width" of the-
rectangle, so the method above 1s the same as our earlier one in
Chapter 7. | I

Consider any trisngle ABC as

shown at the right. Through C and

B draw lines parsllel to segments

AB and AC and meeting in some point A

i
]
Q

S, The figure ABSC is therefore a
. parallelogram, . The segment CQ through Ckperpendicular to line AB is

~ called the &ltitude of the triangle ABC to the base AB, The length

‘ L ’4:7
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of/éltttude CQ 1s the distance from C to line AB. Notice that AB

‘ J AP
+' and CQ are also a base and an altitude of the parallelogram.

!
/
/

./ In Section 7 you discovered that the interiors of triangles ABC
/ o ‘

- and SCB are the same size, Since thelr interiors cover the whole
- - f » ‘

/1nterior of the parallelogram, it follows that the area‘of the in-

/

/ .
/ terior of triangle ABC 1s one-half that of the interior of the

I .

/ parallelogram ABSC. Using the method above for the parallelogram, /
_ ' - : /
’/ copy and complete the following statement: ™Ihe number of square /

| : ' -
/ units in the area of the interior of g triangle.;s the /

ro of the number of linear units in the . and the number

-

of linear units in the  to this base,"

Since any side of a triangle may be considered as the base, this
rule actually gives three ways of finding the area of any triangle.
This 1is illustrateq in the following figures showing the same

triangle using each of the 3 sides as the base:.

O D0
-

A . B A c s
BASE AB ' BASE AE . BASE OB ,
ALTITUDE 3T ALTITUDE RE - © AUTITUDE ®R [
Figure 9-8-c
N . ‘ ‘ ’4‘ 1
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,”Hére‘the samé triangle has been shown in three positions, so
that in each case the base is shown as horizontal, This is not |
| diessary, and“you will want -to practice thinking of the bases and-
correqunding altitudes in different positiong. For example, 1t
might have been bétter in Figure 9;8-c not to move the triangle but .

to show the three cases as follows:

-

c
]

P i
i
{
H
H
1
A ]
[

A Q B )

BASE AB BASE AC
ALTITUDE @¢ RN ) - ALTITUDE RB

BASE 3}

ALTITUDE SA

Figure 9-8-d
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s

A right triangle has sides of
r2 \fA

. ., o T
- - '-.
.

(e)

rs

yards in its interior.

A man owned a rectangular lot

150 ft. by 100 ft. From one

corner, A, there was a path to

the point M in the center of
the longer opposite side as

shown."Find the areas of the

5 yards and leuyards as shown, 5 \\\\\\\\\\‘
Find the number of square '}

#-«

\

9-8 - S£§\\
Exercises 9-8

1. Find the areas of the interiors of the parallglogréms shown, '

using the dimensions given,

= | ()
(a) (b) '

Vo 2

;3 2y

; ;

4 (e)

/7 n /

2. Find the areas of the triangles shown using the dimensions given.
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5.

6.

\

7.

9-8: .

of- the two pjeces into which the path divided the lot. |
it b is the number of linear units in the length of the base of
a parallelograh and h the number of linear units.in the length
of the altitude to tﬁis base, write a number sentence showing
how to find the number A of square units in the area of the
interior of the parailelogram. ‘

If b 4is the number of linear pnits'in the length of the base
of a triangle and h the number of linear units in the length“
\\? the altitude to the base, write a number sentepce showing how
to\find the number A of square units in the area of its 1nterior.

\

Measupe the bases and altitudes of the parallelogram below and

thus find its area in two ways. How well do your results agree?

. Since measurement is approximate) they may not be exactly the

samé,'but'shduld be close,




10,

Measure the bases and altitudes in the triangle ABC on the _

" next page and thus find the area of .this triangle in'three

different ways. How well do_your_results agree? As in Prob-
lem 7, they ﬁay~not‘be idéntiéal, but should be fairly cldhe;
ERAINBUSTER Iock at the parallelogram and rectangle d elow

whose bases have equal lengths and whose altitudes also havé

equal lengths,

Cut ‘the interior of the baralle;ogram into pieces ‘which can be
reassembled to form'the'!ntgripr of the rectangle. (First copy
the parallelogram on*another sheet of ﬁaper.)

BRAINBUSTER, *Let.QRST be any parallelogram not a rectangle, as

shown.,
v S
- p
| i
i §
t {
, 'h
1 1
[ ¢
i {
! i
‘ s o
Q R U

113
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PFron vertices Q and S where the angles of the parellelogram‘<fe
ecute, drew the perpendiculars QV and SU giving a rectengle
QUSV Iet b be the number of units 1n QR, h' the number of
. units in _us, and X the number of units in RU. Show that the
number A of -Square units of area fh\Fhe interior of QRST is
given by the number sentence A = bh (Hint- Thegarea<g§ﬁ
‘the interior of the paralleloggam 1s the area of the 1nterior

. | of the rectangle minus the areas pf the 1nteriors of the two

-
.

triangles )} This diecuesion Justifies the rule for finding the

area of a perallelom_ly_ case.

4

. o - 9-9.5—Right Prisms

& N

" In Chapter 7 you learned about rectangular prisms. Here some

-

other kinds of prisms. will be introduged, Let ue imagine two tri-
engles nf exactly the.same slze end shape lyiqg 1n parallel planes.

Triangles ABC and AfB'C' in the figure belou represent such triengles

Al
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AIt the gegments are draégéﬁoining“cqprespondins vertices, three
"‘quadrfiéterals (four-sl&ed polygons) are obtained. In this casé
 they are ABB'A" BCCt'BY, and'CAA'C' If the tria@gles are. so placed
with respect to each other that these quadrilaterals are all rec-
tangles, the resultirg figure is called a triaggglar-gggL__ggigg.

The‘six points A, B, C, A%, B‘ 0t are called the vertices of
the prism, the various segments shown in the figure are 1ts edges,
and the 1nter10rs of the two triangular ends and of the three |
rectangu;ar sides gre called 1ts faces,_ To distinguish them from
~ the :nteriors of the rectangular sides, the interiors of the two
triangular ends ééé o.ten called thevggggg_of the prism. How many
edges; vgrtices; énq faces are there on é triangular prism?

Very likely you have seen solids made from glass whose surfaces
are triangular prisms. When held in sunlight such a solid has the
effect of bending the 1light rays to produce the familiar rainbow
affect. In fact, such solids are often called prisms.

If, in place of us;ng the interiors of triangles for bases,
we use the inﬁeriers of cthe% polygoné,'the resultingrfigures are
other kinds of prisms. (Recall ﬁhe definitiop cf polygoa from
Sectien 7.). For example, look at the figure shown on the next page
in which the ends are pentagons (five-sided polygons) of the same

-s1ze and shape in parallel planes, and so related that thn quadri-

laterals ABBYA!, BCC'B', etc., are all rectangles. This figure 1is

called a pentagonal right prism.
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In general a right prism is a figure obtained from two polygons

- gons, thé quadrilaterals obtained are all rectangles. The prism N

“of the same size and shape'sc located in parallél planes that when

. the segments are drawn Joininé'corresponding vertices of the poly-

consists of the interiors of these rectangles, the interiors of the

criginal polygans,‘and the segments which bound these irteriors.

The interiors are called the faces of the prism, the segments are

its edges, and the points where twq or more edges meet are cealled

vertices, Thé bases of the prism are the interiors of the original

polygons,

As was indicated, the figures described here are called right

prisms, Later you will meet more general prisms for which the

quadrilaterals mentioned are allowed to be any parallelograms

rgther than necessarily rectangles. In this chapter, however, we

--

i

-
() ]
’.JQ

;o

|



conaider only right prisms, and whenever fhe word prism 1is tsed it
will mean right ppism. The rectangular prisms discuéséd in Chapter
7 are, of-course: simply the right prisms whose baseé are the in-
teriors of rectangles. These prisms have‘a very 1nteres;ing‘ |
property. Any such figuré can be thought of as a §rism in"three
ﬁifferent ways, since any pair of opposite faces can be used as -
bases. No otﬁer figure can be thought of aé a right prism in more
ﬁhan one way. )
In the drawings:of the prisms on the preceding paées, it has
been convenient to show the planes of the bases as horizontal. How-
ever, there should be no difficulty in identifying such figures when
théy occur in different positions, For example, the figure Lelow

represents a triangular prism with bases ABC and A'B!C!', even though

"4t is shown resting on one of its rectangular faces.

Let us consider now the problem of determining the volume of
the interior of a prism. Turn to Section 8 of Chapter 7 and reread
the discussion of the volume of the interior of a rectangular prism,

This discussion showed that if the area of the base were 12'square

- l ' -
-Ric ) 132
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unitr, then by using a total of 12 unit cubes of volume (some of

which may be sybdivided) we could form a layer one unit thick scross

the bottom of the prism. If the prism were Sé-units high, 1t would

2
cubes, so the volume is 42 cubic units.

take 32-such layers to £iil the prish& or a total of (12)(3%) unit

In Ehis discussion it was not necessary to consider the actualv
shape of the basé: In fact the same reasoning applies to finding the’
volume of the interior of any right prism; no matter what the shape
of the base, for the interior of aﬁy‘righq prish can be considered
as consistihg of a series of 1dentical layers piled on each other.
We thus obtain the fcllowing(cenclusi;n:

The\number of cubic units of volume in the interior

of a right prism is the product of the number of square

units of area in the base and the number of linear units

in the heighf.

In this statement, the term height means the perpendicular distance
between the planes of the bases. It is the léngthﬂef the ségments
from any vertex of one bése £o the correspondiﬁé vertex of the
other base. Notice especially that the height is not meésured
vertically unless the planes of the bases happen to be horizontal,
In the iaSt figvre, for example, the height is the lengyh of any

one of the segments AA', BB', or CC!,
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‘As an exemple let us find the volume of the interior of the

triangular prism shown below.

.Thé bases é:e the interiors of triangles, and by Section 9-8 tﬁe
number A of square inches in this triangular base‘is A = éﬁG)(S) =
24, so the area is 2% sq, in., but the number of inches in the height

' of.this prism 1is 25. 'Thué by the statement above the number of e;bic '

inches in the volume is 24 - 25 = 600, so the volume is 600 cu. in,

Exercises 9.0

1, Find the number of cubic units of volume for each of the prisms

shown below:




)
-
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.2. Find the number of cubic units of volume for each ofSthe prisms -

shown below: | ~ ‘ - i
f ., () T () -
IO I
by
G /

Area of the 1nter10;§j
of the pentagon is
21 square inches.

3. The columns in front of a bullding are in the shape of prism#

18 ft. high, The bases are the interiors of hexagons 15 /

{

inches on a side. (A hexagon is a.polygan with six sides.)h
If the columns are to be painted, find the numﬁer of square
feet of surface for each éolumﬁ to be painted. (Notice tlat
the bases--i.e., the ends--are not to be painted. )

4, A pup tent in the-shape of ;
triangular prism is 7 f't,
long. The measurements éf

one end are given in the

drawing,

(a) If this pup tent has both
ends and a floor, how many square feet of canvas is used
in 1ts construéticn? (Make no allowance for éeams.)"

() If the tent has both ends but does not have a floor, how

&

"I(i
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much canvas is used? |
(c) ‘How many cubic feet of air are in the tent? |
5. If B stands for the number of square units -of areé in the base
(of a prism, and h 1s the number of 1ingar units in 1ts height,
write a number. sentence showing how to find the number V of
cubic units of volume in the interior of the prism.

6. A conﬁainer'in the shape of a prism is 11 inches.high and holds
one géllon. Hfow many square inches are there in the Sase? Do
you know the shape of the base? (A gallon contains 231 cu. in,)

7. A triaggulér prism has a base which is the intérior of a right
triangle, with the twoaperpendicular sides 3 iﬁches and 6
inches, If the priSm.is 20 inches high, what i1s the volume in
cubic inches?

8. A trough in éhe shape of a triangular prism 1is made.by fasten-
ing two boards together at right angles and puttihg on ends,

- If the insiég measurements are
6 inches, as ‘shown, and if the
trough is 12 ft. long, finé
how many cubic feet of water
it will hold. ‘

9, Make models of triangular and

| pentagonal prisms from stiff
papeEQ Either make your own

patterns, or use those on the following pages.

f’
v'.t -
,e]:‘
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10. How many edges, faces, and vertices are there on é triangular .

prism? a penhtagonal prism? a hexagonal prism (6 sides)?“

an octagonal prism (8 sides)? .

P

K»-—....»..—.-—r»,——-.—-..—_..—*.—-"-..._..-----7
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| - §-10, Sumﬁéry
Chapter 9 dealt largely with someféf the reiétionships which
-@xist between lineS‘éﬁ a plane, Section 1 dealt with propertiesaof
two lines in a plane, Here you studied paifs of angles called ver-
ticalnangles and observed the following property:
| Property 1. .When two lines intersect, the two angles in each
pair of vertical angles formed have equal measures. ,
In Section i adjacent angles and supplementary angles were also -
considered, | |
' Section 2 dealt with properties of three 1ines in a plane,
introducing the 1deas ol transversals and‘ggirs of corresponding
angles. Do you recall the different kinds of figures that may be
formed when three lines are drawn on a plane?
" In Section 3, information from Sections 1 and 2 was used to
X investigate(two impoétant.praperties.
Pregerﬁg 2; When a transversal intersects ﬁwo lines 1in the
"samé plane, and a paif of corresponding angles have different

measures, then the lines intersect.

Froperty 2a. When a transversal intersects two lines in the

'same plane and a pair of corresppnding angles have equal measures, .
then the lines are parallel.

- In the language of sets, Property 2 refers to two lines whose
iptqrsection is not the empty set, while éroperty 2a refers to two

- . 1lines whose intersection is the empty set.

It

\‘l " ¢ ¢ ’ &
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Converse statemént; were considered in Section 4, Examples .
werghéiven to sho;MEhat the cpn;erse of a true stat;meht might be
true, and that the converse of another truelstaﬁement'might be
false, You were asked td\nﬁite a con;::;e for Property 2 and for
Property 2a, as fo}lows: |

Converse of Proge}tx 2. If two lines in a plane intersect,

then if they are‘intersected by-a transversal any pair of corres-

b

ponding(angles ha§e different measurés.;

- "Canerse-of Property 2a. If twp lines in a plane are pérallel,
then 1f they ére intersected by a transversal any pair of corres-
ponding angles have equal measures,

You will remember that you. found tﬁese converses were.both
| true.

Section 5 introduced the names for different sets of triangles;
isosceles, equilateral, and scalene., Scalene triangies are those
having no two sides with the same measure. Isosceles triangles are
those having at least two sides equal in length, while equilateﬁal
triangies are the special set of isosceles triangles for which all
- three sides have the same length.* In this section we discovered the
following property of isosceles triangles, and found that its con-
verse 1s also true,

Property 3. If two sides of a triangle have the same lengéh,

'then the angles opposite these sides have equal measures,

.,(;?
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_' ‘Converse of Property 3, If two anqles of a triangle have equal

measures, then the sides opposite these angles have the same lengths; |
In Section 6 we obserﬂsd.
Properéx 4, The sum of the measures, in'degrees;;of fhe angles
of any triéﬁgle is 180. N
You obtained this property by using the inductive method of
-reasoning when you tore the corners from a triangular region and

.plaeed them as adJacent angles. You also learned to.prove this
N . . .

property by the deduective method when you used other properties to

show that
m(<x)+m(<y)+;n(< z) = 180
where x, v, and z stand for the angles of é triangle

The parallelogram studied in. Section 7 belongs to the special
set of polygons called quadrilaterals. Do you remember what?quadri;
lateral means? A parallelogram belongs‘to the special set of
quadrilaterals whose obposite segments lle on §arallel lines, Thié
was Included in Property 5.

Property 5. A pair of opposite sides of a paralleloéram are
paréllel and equal in length,

'You also learned in this section that the shortest segment
from.a pointlto a line is perpendicular to the line, and that two
parallel lines have a constant distance épart. ’ .

You used certain properties of parallelograms in Section 8 in

4

{inding the areas_cf a parallelogramAand a friangle:

ey t
)

76"1

~
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(a) 'The number of squareJUﬁits of érea in the ifterior
( of a parailelogra& is the product of the ?umber of
iinear units in the.bésg and the gpmber‘of lihear
units in the altitudé to this base. i
(b) The number of square units of area in khe‘intériar;
of a triangle is half the prcduct of the number of
linear'units in the base and the number of linear
units in §he altitude to ?his base. _ . |
Section 9#dea1£ with volumes of interiors of right'prisms, and

[y . & &

was ‘an extension of the work with rectangular prisms in Chapter 7.
- [ .

Here' you learned to find the volume of the interior of any right
 prism:
fThe number of cubic units of volume in the interior

of @ right prism is the product of the number of square

units of area in the base and the number of linear units

—

in the height.

~N 7
' 9—11. Historical Note

é’. Some of the geometric 1deas we study about in Chapter Q were
discovered by the Egyptians and Babylonians almost L, OQO years ago.
. For example, “they knew how to find the area of a triangle and used
this knowledge in surveying and measuring fields,
Thales, mentioned in Section 2, is credifted with the di§cov§ry

that the measures of the base angles of an isosceles triangle are

There is some evidence that Thales also knew that the sum

l6.)
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[

~af the measures in degrees of the angles in a triangie 15 180.

E )

]

There were many other famous Greek methematiciane. Their work

made aneiene Greece famous -as the "Credle of Knewledge. We will

t

RN

dlscuss only a few of these men. Pythagoras (569 2 B.C. - 500 B.C.) "

-

organized schools at Croton in seuthern Italy which contributed te

fur;her progress irn the etudy of geometr? You will learn about

some of the diseeveries credited to him”gert year: Fuclid (365 »
BlC. - 300 ¢ B.;.) beeame famdus by writing one ef the first gedm-
etry textbooks cé&led the Flements. Thisgfextbook has been trans-

lated into many languages. It has been used in teaching gebmetry

classes for some 2,000 years without muéh-ehange Its form has been

somewhat moderni zed to fit'nreeent needs, All of the properties we

heve studied in this chapter may be feund 1n the Elements. A

From the Tth century until the 13th century very little progress.

~

was mede in mathemetrgs."Frem the 13th century, howev!g, the study

-

of geometry -and cther mathemdtics spread repidly throughout Europe.

Mathematicians began to examine new ways of studylng elementary

~

‘mathematics. You will learn about the work of men such as Rene

‘Descartes (1596 - 1650, France); Blalse Pascal 1623 - 1662, France);

Plerre Fermat (1601 - 1665, France); Karl Friederich Gauss (1776 -

1855, Germany); and others as you eontinue your studies of mathe-

matics, , ' L .

At the present time many new mathematical discoveries are™

/
3

being made in many parts of the world. There are still many important

o
, ' A/ i,

Al
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unsolved problems in ggometry. As one example, supéose you have a -
1ot -of marbles all exactly the same size. How should you pacﬁ them
}h 8 large“container in the best possible way, that is, so aglto
get as magy‘marbles as you can into the given volume? Nobody knows
for sure. VWe knoﬁwa very good wéy to pack the marbles, but no one
has ever proved that it is the best possible wuay.

i‘bfiginally geemetry.meant a study of earth measure. The word
"geometry” comes from two Greek words, "geo!" meaning earth and
 "metry" meaning measure, Through the years geometry has come to
ﬁean a study of such elements as points, lines, planes, Sspace,
surfaces; aiid solids. These elements are used ﬁo describe the

shape, size, position, and relations among objects in space,




CHAPTER 10

CIRCLES

One cf the most common end most useful simplé closed curves 1is
the circle. No matter where You are, 1t is probable that you willl
be able to see Oone Or more obJecta which auggest a circl¢., Find
some in your classroom now, and find as many qs you can:'in your
home. Perhaps there may Se a traffic circle near your school. Do
you think a circle is a good figuré to use in this way? |

In Chapter 4 you learned about simple closed curves, and in
later chapters you studied some of the characteristics of several
kinds of simple clpéed curves, such aé parallelogramé, rectangles,
and triangles. In this chapter‘you will study some of the properties
of a circle as a mathematical f%gure.' You know that a iine or a

simple closed curve may be thought of as a set of points., First

1let us see how we may ‘describe a circle as a set of points.

10-1, Circles and the Compass
Choose a point on a sheet of paper and label it point P, Then
use your‘rulef to mark at leastrteﬁ points, eachlat'a distance of
3’iﬁ§hes from P, Vhat figu-e dc’tﬁese points suggest? If you have
located the ten pointa in widely different directions from P, they

. should suggest a cirele,

To draw the complete circle, use a compass. Most of you are
already familiar with the compass as a device for drawing circles.
{.n instrument for indica'“ing which diréction is north is also

caliad 2 compass, but w: are not concerned with that kind of compass

hnere.) T¢ draw the circle with a compasé, adjust the arms of the

16y
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compass sc that the distance between the sharp pa nt and the pencil
“tip is 3 inches. Put the sharp point of the compass at the point |
P. Then pivot the compass about this point, making the pencil tip
‘trace a curve. When it returns to the starting point you have a
circle. It is clear that a circle is a simple closed curve. You |
drew 1t in the manner described in Chapter 4 for drawing a simple
closed curve.

| In your circle, point P 1s the center of the cirecle. Choose
one of "the points you located at a distance of 3 inches frnm.P,
- and label it point T. Draw the segment PI. Your figure should
look like the one below, except that yours should be larger.) This
~circle may be called "circle P!, meaning a circle which has as
veenter point P. Sometimes we name the curve by a letter, aé "eircle

C‘l "

Y

The segment PT is called a radius of the circie. A radius is
any line segment which Jjoins the center P to a point on the circle,
Draw a second radius and call it PY¥. When we apeak of more. than
"one radius we say "radii". PT and TY are radii of the circle,  How
many radil may there be? .

We use the word "radius" in another way too. It means the

disﬁance from the center to any point on the circle. The radius.of

167

PR EE N
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the circle that you drew is 3 inches. There is just one distance
which‘is'“the“:radius of a circle, but "a" radius may be any line
segment with the center and-a point on the circle as its endpoints.

We can now dgscribg'a circle as a set of'points. The circle
with center P and radius r units 1s the set of all points in a
plane at distance r units.from P, | _

Look ét your drawfng again. Choose any new.péint in the plane
and call it point Q. Draw the ray PQ. On the ray PQ measure a
distance of 3 inches from P. The point you obtain will be on the
circle. Call the point S. Is T3 a radi&s of the circle?

The compass has a second use, It is used for. transferring
distances, Draw a line Jﬂ and label two points P and R on- .
Draw a segment AT anywhere on your paper. Without using a ruler,
we wish to find a point Q on PR auch that the length of T§ is the
length of &B. .

R ' .
o .
L P . ' B

Take your compass and adjust its arms so that when you put
_the sharp point at A the pencil tip 1is at B. ~ Then, without chang-
ing the opening of the arms, 1ift the compass and place the sharp
point at P. Draw a small part of a eircle crossing the ray PR,

still without changing the opening of the arms of the compass, Call

IG};.
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the point of intersection Q. Then the length of TS 1s the length
of XB. ' | | R !

Exercises 10-1
In the problems below you will have practice in using your eampass
to draw circles and to transfer distances. Read the directions
' careful}y, and label each point, circle or line segment before you
' g0 on tc the next direction{
1. (g) Label a point P on your paper. Draw a circle with center
P.and.fadius 7 cm.. Call it circle C. |
(b)"Label Q a point of circie'C. Draw a circle with center
Q and radlus'3.5 cm, Draw another circle with center P
and radius 3.5 cm, |
(c) What does. the intersection of the last two circles seem to
be? | '
2. In this problem, you are to(transfer some distances ﬁohyeur

paper from the figure below.

L »

+ 0
*0
&l

k 4

(a) Draw a verticalll;ne m on your paper, and label a point
A on the lower part of the line. )

(b) Use your compass to locate point B above A on line m , so
that 4B = PQ. (Note that "AB', with no symbol above it,
means the measure of segment AR.)

(c) Locate poiht E abové“A on line m , so-that AE = PR,

- (d) Locate point I above A on m so that AF = PS,

| g Q . “ ) ’0-,
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(e

- {f)

‘5-

(a)

(b)

(a)

Draw

(a)
(b)

(e)
(a)

(e)
(£)
(a)
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With B as center and BF as f&&iﬁifﬁdrau a -eircle.

If your drawing 1s accurate, there will be two labeled
points on the circle. Naﬁe the point.

Draw two 1ntersect1ng lines which are not perpendicular,
and call the lines 1 and 1 . (Notice that we have named
both lines with the same letter, but have writtgn qumerals
after the letters, and a little lcwer. You wiil recall
that such numerals are called “subscripts“. ‘l is read

" ! “sub-one” , or sometimes just " [ one.") |
Call the point of 1ntersect;on’of l::énd XL point B, With

B as center and radius 1 inch draw a circle.

‘Laberl the intersection of the circle with L points R ang

S, and the intersection with f, points T and Y,

Draw RT, RY, BT, and BY. What kind of figure does RTSY
seem to be? | |
a line [ and label points X and Y about 1 inch apart onf .
Draw the cirecle C, which has 1its center at X and pasaea
through Y. |

Draw the circle 02 which has 1ts center at Y and passes
through X. | \ L |
Label Z as the other intersection of circle Co and line 1@.
Draw the circle Cy which has its center at Z and paségs
through X.

- 9
What is Cl F\Cs.

- What 1s 02 N 03?

Draw two intersecting lines )ﬁ and [, . Label as B the
intersection of J and £, . (

o 17y

\.
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(b) Lavel A s point of ), and.C & point of 412, so that the ;
length of BX 1s not the length of . - -

(e) Use your compass to mark a point A; on Eﬁ such that A; 1is
not on'gz and A;B = AB, |

{(d) Mark a point C; onlag; but not on BC,ﬁsueh that BC; = BC.

(e) nraw'xc,'xcl,‘xgc, ah@”KIUZ. What kind of figure does

. ACA;C; look 1ike? -
(f) How many triangles are represented in your total figure?

10-2. Interiors and Intersections )

A circle is a simple closed curve. Consequently it has an
interior and an exterior, Suppose we have a circle with center at
P and with radius r units, A
poiﬁt such as A inside the circle
is less than r units from the
center P, while a point outside
the circle, like B, is more than
r units from P, Thus is 1s
easy, 1n the case of the circle,
to describe precisely what its interior and its exterlor are. The
- interior is the set of all peints at.distance less than r units
from P. The exterior is the set of all points at distance greater
than r units from P, | |

Given two sets, we have frequently worﬁed with the notion of
- their intersection. A circle is an example of a set of points.
.Qonsequently we may raise questions about intersections involving
circles. o | |

Let us choose & point P and any lengfh. Let us draw the circle

L}
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- with center at P and with the selected length as 1ts radius. (With

your compass, make the drawing on a pieee of paper. Your picture
should look like the figure.)

Next let us choose any point Q on the circle. (After we make our

cholce, the diagram may appear as shown.)

We now ask two questions. How many points on the circle are also

— .
on the ray PQ? What is the name of each? To answer these questions,
you may find 1t much easier to draw the ray -on your paper and then
inspect the picture.

(In general you should acquire the habit of putting on paper what-
ever you need in order to understand the ideas you are studying.
Notice how we have done this, step by step, in our discussion.
Follow this suggestion throughout the remainder éf the chapter.)
With the same situation as in the previous paragraph, how
many points on the eircle are alss on the ray agr? (D1d you draw

the ray QP before you attempted to answer?) Do you feel the need

17~
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. - QX
to label one or more points which we have not yet named? Can you

describe carefully (in words) the 1o§ation'of each extra'poiné which
you believe ought to be named? . |

Now shade 1ightly the interior of the circle. What is the
union of the circle and its interiof?
(Did you need to look up the word
“union“ in Chapter 4 4in order to

answer this question?) No point of

the circle also lies in the interior

of the circle, sometimes we say that

the intersection of the circle and its interior is the empty set.

The set of all points which are elther on or inside the curve is

therunion of the circle and 1its interior. Another way of thinking
i about the union of the circle and 1ts interior is the following:

Athe union is the set of all points whose distance from the center

P 18 either the same as or less than the : ‘of the circle
(what word belongs in the blank?) Let us use the letter D to
represent the union of our cirEle and 4ts interior,
| What is the intersection of the set D and the line ®¥? m
what way is. the set D (ENEQ quite different from the intersection
of R and the circle?

In Figure 10-2, the point P is the center of the circle, the
four points A, F, B, O lie on the circle, the intersection of the
1lines Tﬁ and?a consists of the point P, and the two linés are

 perpendicular. Copy'the diagram on a plece of paper, (The steps
1n‘cepyiﬁg are as_follows: with compass draw the circle, mark

the center P, 3

f?x;.
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draw the line AB through P, use a ' F
protractor to obtain a right angle, ' ///’#~~\\\\§ -
. draw FG perpendicular to‘zgi‘labél : al - P 8
the points.) Shade the halfplane : \\\\\~_‘;z//
 which contains F and whose pou;dary 5

>
is the line AB, (A colored pencil

or crayon is-good for shading; but
if you do not have one handy, Jjust F}gure 10-2 |
shade 1lightly with your ‘ordinary pencil. ) Let ud call this half-
plane H. | |
In tﬁe same picture on your paper, indicate very clearly thf'
igtersection of the halfplane H and the circle. .Does A belong
to this intersection? Doeg G? Does F? Does P? Cén you count
how many points belong to this 1ntersection? Choose (and label
.a8 M and N on your diagram) two points of this intersection which
also belong to the interior of the angle BPF Similarly choose
one point (call it K) which lies on the circle and also in the
interior of the angle APF, Identify the intersection of the circle
" and the angle MKN. Then identify the intersection of the interior

of the circle and the interior of the angle MKN,

Exercises 10-2

l, Let C be a circle ﬁith center at P and radius r units. Let

S be any other point in €he same plane. (Are you d}awing'the

figure, atep by step, as the problem is deacribing it?)

(a) How many points belong to the intersection of the circle
C and the ray i@ﬁ



548

. . - . . > DRSO
. Al < ‘,“.
. ' « . \ .
‘ . -
.

| 10-2
(b). How many points belong to ghe set ¢ N\ F » )
(¢) Do your answers to parts (a).and (b) dépendﬂupon-where
'youfcﬁose»the peint'S?" |
(d) How many points belong to the set C /\ PS? Does this
answer depend on the choice of S? If so, how?
In a plane, can there be two circles whose intersection consists
of just one point? A ¢
Choose two points and label them P ard Q. Draw‘two circles ' -
 w1t§ cgnter\at P such that Q is in the exterior of one circle
.and in the interlor of the other. Label the first circle C
and the second circle D. B |
. 'The diagram at the right is a F . S o
-copy of Figugg 10-2. We let ‘ //’fffk\\\\ ; 'L ".;
the halfplane on the F<side o A .' P \b ’, {‘
_of AB be called H. Let'J be '\\\\\~_,x/// T |
the halfblane on_the B-side k ' G | o A
- of FG. | - h - o | | .
(a) What is the set it [\ J? - L S .
(b) What is the intersection of all three of the sets, J and
H and the circle?. : ” ‘ o
(c¢) Does the diagram suggest to you that the circle has been
separated into what might be called quarters? If so, cap ‘
you describe several of these portions?
(d) Can you find'a portion which miéht be called half of the
circle? Can you describe it in the ianguage of inter-
sections or unions of sets? Can you 1dent1f§ several ) e

such portions? - More than two?
Yy e -

i -3 L or . ¢
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5.

that 1is, they lle in the same

Choose two distinct points P and Q. Draw the circlg with
center at P and with the segment TQ as a radfus. Then draw
the circle with center at Q and with P on the circle. ‘

(a) What is the intersection of these two cyrcles?

(b) Can you draw a line which pavses through every péﬂﬁt of
the intersection of the Eﬁq\gircles? More than one such
1ine? ~Why?

(¢) In your picture shade the intersection of the‘interiors.

of the two circles. (If you havg a~ colored pencil handy,

use 1t for shading; if you do not, use your ordinary pencil

and shade lightly.)

(d) - (In this part, use a different type of shading or, if you
have one handyguse a pencil of a different color.) Shade
+the intersection of the interior of the circle with
ceégfr'P and the %}ter‘or of the circle with center Q. °°
(Before doing thershading of the intersection, did you
find it helpful to mark Sseparately the two sets whose

“ intersection 1s desired?)

!
(e) Make another copy of the plcture showing the two circles,

and on 1t shade the union of the interiors of the two

* ¢circles.

The 'tw% circles are concentric, .

plane and have the éame center,

(a) Describe the intersection

" of the two circles.
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. (v) .Give a word description of the shaded region. (You should
' use 1n\your response such words as “"intersection,"
‘"4nterior," "exterior.").

o

- T, Ré?er;tp the figuée “n ProbYem 6. The intersection of the
exteniors of the two circles may be more simply described. How? >
"é; The_:;ntéf.or each circle | o /
lies on the other circle. éopy ]

the figu;é on your paper. Shadé—

the union of the exteriors of the

two circles. | |

 wg, Choose two distinct points P and Q.. Draw the line Y. Draw

the circle with center at P and with Q on the circle. Draw the

. eircle with center at Q and with'ﬁf as a radius. Draw a liné
which passes through each point of intersection of the two
circles, and call- the line Zs By inspecting the diasgram, make

an opservation about @ relationship between the line £ and the

line PQ: Use your protractor to check your observation.

¢ .
S

. - 10-3. Diameters and Tangents :
Closely associated with the Qord "radius" is the word "diameter.“'
‘ We have seen that the word "redius" can be used in two different
',ways. By way of review, 8 radius of a circle is one of the segments
Joining a point of the circle and the center; the length or one of
these aegments is the radius of the circle. -
‘A diameter of a circle is a line segment which contains the
center of the circle and whose epdpoints lie on the circle. Just
~as a circle has hany‘radii; so 1% has mang{?iametera. For the

~‘eircle éepresented in the figure, Yhree diameters are shown, namely

3 Y
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A, M, and W, / . many radii r
are shown in the figure?

-

A set of péints which is a diamgtégrmay bé“dgscribed in -
another way. A diameter of a circle is the union of two different
radii which are segments of}the same line. How 'does the length of
a diameter compare with therlength of a radius?

* The length gf any diémgﬁer of a circle we cail the dismeter
of thé'circle. The diameter is a distanee, and the radius is a
distance. The measure of the diameter 1s how many times the measure '

. of the radius?

Ir we choose any unit of length, and if we let r and d be
the measures of the, radius and the diameter (of the same circle),
then we have the Jmpo-tant relationship: d = 2-r. What replace-

-~

ment for thé question mark makes the sentence r = ?%d a true
‘statement? e '

The line and the circle. in the figure remind us of a-wpéél
(without flange) gésting on & o
track. How many points on the
circle are also on the line?:
Name each sﬁch péint.~ We may say

that the line is tangent to the

circle, and the single péint T of )
their intersection may be called |

the point of tangency.
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G;gsa gueetibns

‘ ‘1. In Figufé 10-3, the line DE séparates thé.plane DPX into two
| ‘halfplanes. How can you describe the intersection of the hglf—

*i&ne eontaining X and the circle? What i1s the 1ntersection

of the halfplane containing P and the interior of the circle?

2. ‘Cén you draw a circle and a line in the same plane such that

‘ ‘their intersection 1is the empty set? “

7 3. Can you draw a circle and 3 line such that their intersection
contains four points? | | y

h
4, How many lines are shown R,

‘in the figure? How many

of these lines are not:

tangent to the circle?

Name each point of

T
=
v

tangéncy shown.
5. Suppose that we are glven a circle and a point oﬁ the circle.
How many radii of the circle contain the given peint? How many

dlameters of the circle contaln the giver point?

Exercises 10-3

1. How many illustrations of the tangent notion do you {ind in

this pattern?
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2. During the next week, everywhere you goﬁ keép wateh for all |
the examples you can find which represent the idea of a circle
and a, line tangent to the circle, that is of a line and a
—cirecle whose intersection consists of a; single point

3. The diameter of a certain circle is ko cm. How ' many centimeters
from the center of the circle is a point on the circle?’

4, Draw a circle C with center at the pcinp P. Draw three diameters
df C. Draw a circle with center at P whose radius is equal to
the diameter of C,. ‘ |

5.(*(Warn1ng: this problem requires very careful handlihg of the

compass.). . )
(a) Near the middle of a sheet of paper, mark a point Q.

(b) Draw a large circle C with center at Q, and keep the open-

) ing of the compass arms fixed after the drawing is completed.
(c) Mark a point U on the circle c.
(¢) With the compass, find a point V on the circle C such that
UV has the same length as JU,
(e}  Again with the compass, filnd a third point W on C such -
that VW has.the same length as JU. | B
" (f) Continue on around, locating points X, ¥, ZonC (gse
compass three times) such that the léngth of each of the: )
segments W, XY, @ 1s the same as the radius of the cirele.
{(g) Now compare the length of the segment'?U with the radius
of the circle. )
If you had a fine quality compass and if you were able to

perform the construction with great care, the simple closed —

curve UNWXYZ would- represent a "regular hexagon."
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{(h) What name might you give to each of the segments UX,
WY, and W27 |
6. In the diagram the point Q is the center of the circle and the

center of the square EFGH. B

<«

{(a) What is the inter-

. E R F
section of the circle and //fffr_\\\\\

the square? . U Q S
(b) What is the intersection \\\\\‘ ;(!//f
| of the line QEI-I, and thz |
| . H T 6

circle? ' -

(e)- WhatAneQ name have we given to the ‘point T?
(d) How many other lines (segments of which are represented
in the figure) are téngent to the circle?
(e) Name all the points of tangency ycu can.
7. On your paper make a sketch of the diagram for Problem 6. (A
careful dfawing 1s ;not needed here.) On your copy, draw the
 quédrilatera1 RSTU. _
(a) How many sides of this quadrilateral are segments of lines
' tangent ﬁo the clrcle?
(b) What is the intersection of the interior of the circle and
fhe exterior of the square EFGH?
(e¢) Describe carefully the intersection of the exterior of the
.¢ircle and the 1ntérior of the square EFGH.
() What is the intersection of the interior of the cirele and
the exterior of the quadrilateral RSTU?
*8.( Refer again to the'carefully drawn figure in Problem 6.
(&) Do you think that all'thfee of the points R, Q, T lie on

one line?
| Is

|
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(b) Do you believe that the three points U, Q, S iie on one
1ine? g -
(¢) Make an estiméte‘of the size of tﬁe angle QTG. .Can you
check your estimate with a protractor?
. (d) Make an observation about a reiationship between thegline
QS and the line FG. Can you check your observation with
a protractor? |
*3. Draw any‘circle'and any line tahgent to the circle. Draw also
the line which joins the center of the circle and the point of
téngeney. Do you believe there is an ;mpartant relationship
beéween these two 11nes?. If so, what is it?
*10. We know'from the description of g circlé that all radii have
| the -same length. How do we know that all diameters of a
‘given circle have the same %engph?

¢

' 10-4, Arcs and Central Angles
In Chapter 4 we learned that+a single point on a line separates
the line into two pileces.. This ideag of separation led us to see

that on a line o single point determines two half-lines.

|||“‘|||||l° X
.-- t‘ . ) Y
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- Does a single point on a circle separate the whole circle
'1pto two portions?. A siﬁgle point such as Q in the figube above |
does not separate the circle into two parts. What does it take to
separate a circle? . In the figﬁre to the right abave'do points X |
and Y separate the circle into tw§ parts? Notice in the figure to

the right how the two points A and

B separate the circle into two ~ A
parts, one of which contains R and R
the other of which contains Q. No | Q

path from R to.Q along ﬁhe circle
can avoid at least oné of the points, A ori%. In summary we would
say that it takes two different points to separate a circle into
‘tuo distinct parts.

Recall that 1f three different points A, Q, and B are points
on a line as in the figures below, Q would be considered "between"
A and B. This is tied in with the separation properties of a point.

- aon a line.

5

Q B 8 ‘ Q. A

L P 4

o
]

This notlon may seem so obvious that you wouder th we even bothered

with 1it. Let us consider a different situation.

In the figure above a confusing variety of observations could

be made. On the circle (or‘on any simple closed curve for that

Pas

Q
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thirk of the clockwise path fro Q ércund to A, we could say that

, matter) Q could be considerea Letwéen A and B. However if we

B is between Q and A. Can you lbok at the diagram and interpret
A as bging between B and Q°? ‘\

‘On a line "betweenness" and “separation" ape closely related.
Contrasted with ﬁhis is the fact tﬂ?t on a circle, or other simple
closed curve, a single point does nat separate the curve into two
parts. This 1s related to an unsatisfactory notion of betweenness
on the whole circle.

In our earlier discussion of geometry we have f;und‘it useful
both to talk about and to use segments of lines. It will often be
Just as necessary for us to consider portions of a circle, or ares.

In the figure to the right the
points A and B separate the circle A
with center at P into two portions,
Each of“these Pleces together with
A and B 1s an arc. A and B are B
called end-points of the arec. We |
muét keep in mind that any two distinct.points on a cirele determine
two different arcs having these two points as end- points.

Do ares have any prcperties
similar to the properties of line
segments? In the figure to the

side consider the shorter of the

two arcs determined by A and B,
It is the arc which is associated
with the interior of « APB. ¥0

| B

3

’8‘
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connects a point F of PA with a point G of PB. Observe that there
is a natural one-to-oﬁé correspbnéence between the set of painté
of the arc and the set of points of the segment. Rays with end-
points at P which intersect'?ﬁ can be used to establish this one- -
to-one correspondence. A point of segment ¥G and a point of the

" arc correspond to each other if they are both on a ray with end-
point at P, | ) \

Here we have established‘a natural one-to-one correspondence
between the set of points of an arc and the set pf poinﬁs of a §eg-
ment. This relationship should give us a firm basis for relating
some of the préﬁerties of portlons ofxcirclesuwiﬁﬁ‘those of 1§ne
;segmehts. It cén be seen that Just as a point méy separate a seg-
ment into twe pleces, anarc mayfalso be geparated into two portions
by a pqint;’ Thus the fact that one poiﬁt may be "between" tﬁB other
boints on an arc is not true with a whole circle. As with a segment,
52 arc has a "starting" point and a "stoppipg“ point, the two end-
points.

With only two points on a circle, A and B, we cannot easily
distinguish the two arecs which 5

these two points determine. 'I‘hergz-7

fore on the figure at tﬁe right we M

have marked and labeled a point be- A

tween cach of the two end-points on each of the ares. These two
points are conveniently located somewhere near thes middle of each
 6§ the arcs. Now we can use the symbol ﬁﬁg to represent the arc
containing M and ANB to represent thé arc which contains N. In

place of AMB we can use BMA. Uhat other symbcl represents the same

T
arc as ANB?
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Draw a circle and a digmeter and label A and B the end-pointg
of the diameter. The two arcs determined by these special end-
. points are semi circles. Another convenient way of stating the
condition on the points i3 simply that A and B are the end-points
of a diameter of the circle. However if the two points A and B
and the center do not all 1ie on the same straight line, then we
have an angle associated with the rays.gz ahd E@i This angle,
L AFB, with 1ts vertex at the center of the circle is called s

central angle. bentral angles are measured in the same way as

other angles and the unit of angle measure is an angle of one degree.
| We will often find it necessary to compare one arcAwith aﬁother.
- Therefore we wili find it convenient to devise some method for

measuring arcs. You will recall |
that in measuring angles we used a

scale based on & set of 360 rays

from a point., These rays form 360
angles wnose interiors afe all the same size. (Most protractors
show . just half this scale.) If this set of rgys ig drawn from a

- point which is the center of a circle the sides of each one-degree
‘angle determine an arc. The sides of the 360 angles determine

360 sﬁch arcs each of which is called "one arc-degree." In the
figure at the side the measure of arc AMB in arc degrees is equal
to the degree measure of the corresponding central angle. For
instance if m( Z APB) = 80 then m(AB) = 80, where we are
thinking of a épecial kind of unit in the latter case, the arec,
degree. Its symbol (°) 1s exactly the same as that for the angle

degree.
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. On the set of numbered rays of" the énglé scale the numbers O
and 180 correspond to opposite rays, that is, rays which lie on
the same line and have the same end-point. The union of these two
rays forms & line whose intersection with the é;rcle 1s the pair of
" efid-points of ; diametef. These two points determine a special are,
a semi circle, which we have mentioned earlier irn the chapter.
Thinkfhg of this angle scale we can think of the seml circle having
an arc degree measurement of 180° since it would consist of 180 ',
one degree arcs. Corresponding to the semi circle (a special kind
of arc) 1sM; special kind of central angle with a measurement of -’
180°., Some people find it convenient to speak of the central angle
of 180°.as'a "straight angie“; (Why does "straight angle" not agree

" with our definition of angle?)

In the flgure above aré shown two céncentric circles (concentrié
circles were defined in Problem 6 of‘Exerciéés 10-2.) Arcs AB and
DB must have theusame arc degrée measure because they share the
saﬁe central éngle, /_OPH. You will recall that the 6egrée measure
of an arc is identical wilth the degree measure of 1its corrééponding
central angle.' However'ﬁﬁJappears longer than‘ﬁ§§ Focus your

- attentlon and thought on the fact that in this case we are talking

S fh’?
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about the distances along twa'arcs as being different. Two arcs
may have the same arc degree measure but have different lengtha

The reason will Se apparent when you study Section 5 of this chapter.

~

Exercises 104

1. In the figure at the right the
pair of points A and B separate

the points X and-Y. waich'/
points, if any, do the pair éf
points listed below separafe? )‘.
(a) B, Y (v) A, Y (e) X, Y (a) a, X
2. 'In the figure at the right
determine with thé‘use of your
protractor the measure of the

following arcs. Indicate 'your

results¢w;th correct use of
symbols, for example m(KES = 15, ]
(a) BBC () 7ABCD (¢) BE  (a) BB (o) TR
3. Construct a circle with radius approximately lé inches. 1In

this exercise mark off the points in a zounter-clockwise path
around the circle after starting anywhere on the circle with A;
Mark off and label arcs with the following measures:

() m(AB) = 10 (v) m(AC). = 45 (o) m(B) = s0
4(5}‘ m(ﬁﬁ) = 170 . {(e) What is mCEE)z ' o

J

4, Demonstrate a one-to-one correspondence between the sets of
points on the two semi circles of s given circle which are

determined by a diameter.

H
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o5,

6.

circle D have the same center, P.
Name & diameter of circle C; of
éirclefD. Which circle has the
longer diameter? Which circle

seems to be the longer?-

has the longer diameter. This
suggests-that thqré may be some

Q

‘(e¢) What is the measure of the central angle of any of these

1025

How many arc degreés are in a quarter of a circle? one-eighth
of a circle? one-sixth of a circle? thrée-feurthsfo: a circ;e?
Draw a circle with a radius of 2 inches. Starting at any point

on the ciicle use a compass with the same setting:(2 inches) to’

describe a series of equally spaced-marks around the circle.

- CAUTION. Be carefui that your compass setting‘dges not change.

(a) Do you get back to exactly the same point where you started?

-
-

(b) How many arcs are marked off? | .-

arcs?

(d) What Is the degree measure of any one of these arcs?

D E

e

P

Given the arc ABCDEF, or more briefly AF éetermine the following:
(a) & N B (v) AF N Dk (¢) DN EF |
(a) 6 N fE (e) OF N A |

-

10-5. Length of a Circle
s , I S
In the figure, circle C and

Apparently the longer circile

.
¥ e
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f

definite relation between the &engtr of a eircle‘and the length of
> 1ts diameter. (The length of a‘‘circle 13 called- its cireumference )

- ‘We shall use two methods to study the relation, of the 1ength
of a circle to the length of 1its diameter. Problem 1 in Exercises

10-5a below gives you directione for Methcd I, and Problem 2 givesr

you directiene for Method II. °
-
| _Exercises 10-5Ha
1. (Method I.) - )

(a) Choase three circular objecte in your home, and use g tape
measure to find the length ‘of each eircle. (If you 40 not -
have a tape measure, use a plece of firm sgringk_and then -

", ‘ | meaeure the string, ) | ' | - _ ‘

(v) Measure the diameters of the same three circula; obJects.'

| \ﬁ\§ince it may be hard to locate the center of the Fircle,

, measure the diameter several times to obtain as good, a
- A measure, as possible e

L Y

(c) Arrenge yoyr results in a table, 1i3e thié“ -

n

\

find their ratid, Find thedifferenig between the circum- -

Name of object Measure of.circle Measure of diameter c-d .§
- e - 4
. ! ¢‘-— ’ A~
. Water glass ) —
(d) To compare two. duantities, we find their difference, or

. ference and diameter of €ach of.. your Lircular ob}eezs, .

’

“and write the reeults in the thirqzcolumn, heaé - 4d",

-, .

* Do the differences seem to ‘oe the eeme? b
S ’ < 4 )
- ‘(e) Find the ratioe, by dividing the measube or the length of

each circle by the measure of its diameter. ‘Write the

- = . . : .
. c LYy L
: B

o L I . oy 'f)d ,T’S\

‘\

=
1'
’
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quotient, to the nearest tenth, in the fourth column of
'§6ﬁr'table} ‘Do the fétias:seem to be about the same, for :
8l three circles?

(f) The results in the fourth column should suggest that the

-

circumference of each circle is about ? times as long

al
L

o

as its diameter.

§.co1umn with those of your )

classmates. Yhat seems to be true about them?

. (g) Compare the ratios in your

2. (Method II.)

(a) On stiff paper or cardboars mark a point P and draw a circle
with center P, Make the diameter of the circle between 2
inches and 2§ inches. Then cut along the cirele so that
you have a.circu{ar figure with the circle you drew as 1its
boundary. *

(b) Draw a line AZ about 10 1nché§ long,vand labgi a point
near..the left end of the line polnt A. Then locate point
Bon £ so that tne segment AB has the same length as the
diameter of your ci:ile. -

(e) Lay out a number scale on line_,Z , with O 3t point A and
1 at point B, Extend the number scale to the number 4 or 5. S

(a) NQW'ﬁark a point onn your circle and name it point C.

‘Place the cﬁrcle'so it is taﬁgent to your numbe£ line, with
c at‘the zero point. '

(e) Carefully rLll the circle to the right along the number
line. Each point on the circle will touch a point on the . /.
;ine; Cantinue rolling-the circle until point C is again -

£

on the line., Mark the point where C touches the line point D,
N “ . - . A

ERIC | 2
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(f) Between what wholq\éumhsrs is point D? Estimate, to the '/ﬁ
nearest tenth, the decimal number which corresponds to F
point D. - . ¢
(g) When you rolled circle P aiong the number line, each poiat
'on the circle touched ekactly one point of the line, and
no two points of the circle touched the‘same point of the
line, VWhat segment %n the number line has the same lengtht
as the circle? |
(h) “hat ségment on the number line has the same length as the
diamete; of the circle? o
(1) How does the leng“h of the circle seem to'compare.with.tbe
iength of its diameter? |

(3) Does this result agree with your answer to Problem 1(f)?

~

Do the results of your expéfimentatioz in Prohlems 1 and 2
suggest the following statements? '
1. For any circle,{the ratio of the length of the cirele to the
. lengég-of its diameter is always the same number.
2. This rumber is a little greater than 3. ‘
3. If experiments are carefully done, results suggest that this

number is between 3.1 and 3.2.

Mathematiclans have proved that the first conclusion above 1is
correct. A special symbcl 1s used for the number which is the ratio
of the length of a circle to the length of its diameter. This syme-
~bol 1is written “w" and 1is ‘read "pi". (It is a letter from the Greek
alphabet, and is the first lette" in the OGreek woré for “perimeter.“)¢
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We may state the relation of the measure c  of a circle to~

‘the measure d of its diameter as: < = T Or € = T.d,

Suppose you know the length of a circle and wish to f£ind the

length of its dlameter. Slince ¢ 1s the pioduct of the factors
. . c b . .
T and d, - r = d .

What 1is the relation of the length of a circle to the length

- of 1ts radius? | ‘
Since - d =.2-r, and ¢ = w-d
then c = mw-(2:1)

or C =" (V.E)'i’
or‘e = (2.7)-r

And since ¢ 1is the product of the two factors (2r) and r ,

7w =T
and ¢ = op
r

The Number 7w

The number which the symbol "#" represents is a new kindlbf
number. It is clearly not & whole number. Neither is 1t a rational
number. Recall that any decimal expansion of a rational numberris
a repéating decimal expansion. Mathematiclans have proved that
cannot be a repeating decimal, A decimal expresion for T to 10,000
decimal places was published in the year 1958.

4 :{‘~ff;’)3 . . /f
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kHere 1s the.decimal for w to fifty-five places. i

3.14159 26535 89793 23846 26433 83279 50288 41971 69339 36510 58209...
(The three dots at the end 1§d1cate that the decimal expression |

continues indefinitely.) | |
If you examine this decimal fof the number 7 you see that it

i1s difficult to locate the point on the number. line to which it

corresponds; However, by examihing fhe digits in order we can fing

smaller and smaller segments on the number line which contain the |

point for .

'Study the following statements:

1, ™ = 3 + .1%15%2... Therefore v > 3, and T ¢ 4,

, wWny? (3 <¢<mwch.) |

2. 7 = .3.1 + .,041592,.. Therefore T > 3.1, and 7 < 3.2.
(Why?) (3.1 ¢ 7 < 3.2) | |

3. T = 3.14 + .001592... Therefore ﬁ > 3;14, and T € 3.15,

(Wny?) (3.1% ¢ 7 ¢ 3.15) {~
| What shouldzthe next stavement be?\x

In the figure 10-5-a is shown a numﬁgr line subhﬂas you used in
Problem 2, Exercises 10-5a, The circle with dlameter one unit in
length 1s shown in its firét position at point O, and also in its
pésitidn after rolling élong the number line. :The approximate
position of the poiﬁt which corresponds to the number 7 is the point
of tangency, C. i

pine I in the figure i1llustrates Statement 1 above. The point

¥

corresponding to v is on the segment with endpoints 3 and 4. .

o | .,‘ R ' ‘r"f}(,
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The segment.on Line I with endpoints 3 and k-41s shown enlarged
‘_‘_(ten times as large) on Line II. The segment 1is subdivided to
show tenths, so the points of division correspond to the numbers
- 3.1, 3.2, 3.3, etec. Statement 2 tells us that the point for v is
-on t-e segment ﬁith endpoints 3.1 and 3.2.
The seggenf with endpoints 3.1 and 3.2 is shown enlaréed (ten
~ times as lafée) on Line III. The points on Linc III subdivide it
into tenths, and correspond to the numhgrs'S;ll, Bilag etc. From
StatemenﬁSS we know that the point correspondihg to T is on the.
\_ segment with endpoints 3.1% and 3.15. !
'\ * What numbers should'be at the endpoints of the ségment marked
IV? How should the points of subdivision be labeled? On what seg-

ment of line IV 4s the point for w?

o - 195
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- Look again at line III. Notice that the whole qegment on line
III was made 100 times as large as it would actually be on the num-
ber line I, on which the circle was rolled. Using Juet three digits
in the decimal for ™ we ha«e ‘shown that the point 7 lies on a
partieuxar segment which is very small - 1ast-€5é of the segment of
tbe number line between the points 3 &and 4,

If you used one more disit you coqld show that the endpoints

of a segment which contains 7 are ? and ? .

E v Ly

.

- Exercises 1015_

1

ot a

In Preblems 1 and\3 6, use T R4 3.14. In Problems 7-8, use w ¢¥53.1.

=,

1. Find the missing information about the circles deecribed.

(a) Circle C: Radius, 4.2 em. Diameten, 2 Circumference

-

{b} Circle D: Radius, ? Diameter, 5.6 in.” Circumference ?__

(c) Circle E: Radius, _? Diameter, ?  Circumference, 25 ft

2. (a) Pind, to three decimal places, the difference between 7

<

and each of the {ollowing rational numbers:

19 20 25
~£ = =g

(o) Which of the rational numbers in problem 2 is nearest T?

(c) UJsing 7= find the following:

22
=) .
(1) The length of a circle whose diameter is 14 in,

(2) ™he length of a circle with radius 21 ft,

(3) The diameter of a circle with circumference 132 in.
(4) Tne radius of a “circle with circumfererce 44 ft. -

(5) The circumference of a circle with radius 10% in,

)
5]

3. A circular lampshade 12 in, in diameter needs new binding around

the bottom. How long a strip of binding will be needed? (Dis-

regard any needed for overlap.)-

,'2

o 19¢ .
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‘A strip of metal 62 inches long is to be made into a eircular

~hoop. What will 1ts diameter be?! Would it bg large enough for

the hoop for a basketball basket? (Official diameter is 18

inches. )

A merry-go-round in a playground has a 15-fcot radius. I

sit on the edge, how far do you ride when it turns cnce?

Y

turns once. What 1is the diameter of the wheel?

f you

A wheel moves a distance of 12 feet along a track when the wheel

T Qﬁ circle with a diameter of 20 inches 1s separated by points

into 8 arcs of equal length.

(a)
(v)
(c)
(d)

What is the length of the whole circle?
What 1is the length of each arc?
What 1s the arc measure of each are?

On thils circle, how long 1is an arc of one degree?

In the figure, clrcle C and circle D have

the same center P. The radius of circle C
is 7 in, and the;‘rgdius of circlegD is 5

"in,

(a)
(b)"

(c)

(a)

(a)
(b)

¢

Find. the length of each circle.

If angle QPR céntains 70 degrees,

what is the arc measure of arc §T? of arc &R?

What fractional part of cirele C 1s" arc Qﬁ? What fr

part’ of circle D is ST?7 | |

What is the linear me;sure of arc GR? :Qf arc S§1?

Find, tc four decimal places, the decimal for 2r.

Find, to five decimal places, the decimal for 3r.
I~

5 {

actiornal
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10, Sometimes it is'; géod idea tb use T as & numeral, ihstead of
using a decima£ for 7. Answer the fglléwing queétions using -
7 as a numeral. We say the answer is expressed in terms of .
a (2) If the length of a circle 1s 54 7 in., what is 1ts F
diameter? 1its radius? |
(o) If the diameter of a circle is 13 in., what 1s the length
of the circle? S
(¢) If the radius of a circle is 3.6 cm., what 1s the length
of the clircle? | ’ | |
*11., Suppose that the d}ameter of circle C is three times as long
as the diameter of\é;rcle D. What is the ratio of their ecir-
cumferences? (Hint: ‘Think of lengths for the‘diaméters, and
2 then find the circumférences. Use ™ as a numeral.}

12, BRAINBUSTER, Suppose a tight band 1s placed around the earth,
over the equator. Then suppose the band is made 1 foot longer
which loosens the band, and that the band 1s the same distance
from the earth all the way around. Q
(a) Could a mouse crawl under’ the band?

(o) Could you crawl under the band? If not, how much lquer
would the band have to ve to make it possible for you .to
crawl under it?‘ ¢

{¢) 'hat mathematical property could you use to answer these

- questions?
' e

10-6, Area of a circle
* In the kitchen at your house you may £ind é circulaﬁ frying—"‘
pan called a, nine-inch skillet. The boundary of the frying surface

represents a circle, and "nine-inch"” tells the diameter of the

l{)g
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circle., Some electric skzllets ave square-shapedz- Perhaps-in
your.kitchen.there is an eight-inch squafé“frying-gén. If yéu look
at & nine-inch circular pan and at an eight-inch équaré pan, you
may ask which is bigger. By “bigger“ we mean more surface usuable
for frying.i In other words, we may ant to compare the area of
§hg’§nterior of the cireie with th areé of the interior of the
squ;re.: After a careful inspection of the two skillets, you likely

would conclude that the areas are so close that you cannot decide

2

-

‘by appearance which is greater.

ﬂSince each side of the square 1s eight inches iong, we Know
the area of the interior is sixty-four square inches. But we have
not yet studied a method of computing the area of the interior of
a circle whose diameter 1s known.

When speaking about a circle in everyday language, we custom-

" arily dbbreviate the phr&i\\"the area of the interior of the circle"

) : v
- the centef of the circle and the center )///HF— N\
of the square ABEF. Léf-fhe measure of ‘ ‘T\\\\
-'a radius of the-circle be r. Each of . \\\\\‘.P‘ |
the segments'X? and TZ 1s a radius: : c ' Aff/// =~
. T

N

!

|

o

and,simply say "the area of the circle" Very often the area of a

‘circle is expressed in 4erms of the radius of the same circle.

In the figure, the point P is

Explain uhy the measure of the diameter

< XZ is 2r. Vhat is the measure of the segment §B? What is the measure -

of the segment AB? Explain your reply. What is the measurc of the
interior of the square ABEF? Does the 1nterigr'0f ABEF have four

times as much area as the inéerior of square AZPV?

I‘f}")

vy o &
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glow does the area of the 1nterior of the circle compare with \
the area of the 1nteriorfo§ AEEF? Do you believe uh&t a.clrele
Qhose radius 1s r units hss an area ‘which is less th@n h-r uniﬁﬁ?.
After a careful inspection of the figure da you estimate that
the measure of the interilor éf the circle is more than one-half
the measure of the. interior of the square? More than two-thirds?

More than three-fourths? .

Now iet‘us try approximating the area of a circle by a
réther careful measurgment. You may wish to review in Chapter 7
the basic notion G a unit of measure and how we estimate a siée !
by finding how many units are contained in the figure.

On the next page, at the top, is shown a squ;re,'eaéh of whose
sides is one unit long. The large figure shows a circle-whose
radius is ten units in lgngth. The region has been covered with
units of areé. Count how many of the units of area- do not meet
the exterior of the éircle at a{},

Several of the units of areé have the property that gn’érc of
'the circle separates them into two parts. In some cases the larger
part is inside the cirele. Mark each sgquare with.this preperty,
and then %ount how many there are. In"sbe,ct the squares for which
the smaller part is inside the circle. Is the total aréa of these
small pleces inside the circle an approximation to the total area
qf the portion of the marked squares ogtside the c{rcle? DauyOu
believe that a good -way tb esti&ate the area of the portion of the
region near the circle itself 1is to disregard these small pleces

and to count the marked sqtares in full (as 1if they were completely

inside the circle)? Now that you have finished your counting, what

2“10
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N

‘meaéuné in terms{aSrthe'givﬁh unit of area, do yéu‘ﬁhink should -

be given to the interior of *he circle?' Compare your response with .

~

that of ycur‘b;assmaees.' ‘_ U o - »

Ng; take a sheef of rectangular- graph paper and on it draw
(with your com;ass) a large circle. Using the shortest unit of .
length pringed on the paper, measqu the radius of the circie.
Count the number of units of area which the”’ interior.of the circle

¢ - . -

has. As before, when a unit square is separated by an arc of the *
cincle{ count it 1f.y;u'é%;1matg that more than half of tﬁe interiér -
of. the square 15 inside thé-cigclé: But do not .count it if you |

“believe that the greater port;onrig o&tsiée thé'éiréle, Your U

N——

' observed measure -of the area is how many times the second powef.pf
\ -

the measure of the radius?. .
‘e have.obtdined by medsuremerit .an estimate of the area of *

N
*

certain circles. Now we will adopt a different épproach‘toward the \‘

~~  problem of determining the area. Let us consider a circle and

suppose that the number r is the measure of a radius. Suppose
:th;t many radii of the circle are drawn in a,régular pattern, The
~diagram now résembles a wheel with maﬁyispokes. ‘In Figure 10-6

wé chose to Have 51xty";;611 In order to have-'a definite number

to speak about .in the remainder of the discyssion, wr will continue

to use this choice 60 The sixty raysfséparate the circle into

sixty arcs, all of the same length. They also separate the interior

of the circle into sixty regions, all of the same area.

) ]

ar
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We [ix.our attentﬁon on a typicel one of these regione,.as
shown in ehe figu;e. This region sppears
to be nearly triangular, indeed, only a ]
short portion of its boundary, namely the P
arc AB, is not,straight. Perhaps we can
approximate the area of’thie region by -
findingléhe'aree of the interior of a
triangle. (Do you recall the method for . .
computing the area of a’triangular region?)ef |

" We choose the triangle whose base is as 3

F long as the arc AB and whose a;titude is A B
the same as the distance of P from the arc.
- Since the length of the entire circle is 2w-.r, the length of
the arc 15‘3“ EWP-‘ .

The distance between 3 and the arc is simply the radius of

the circle.

Thus fer the epproximating triahgle, as described, the area \\
of iés 1nter16£ is--é ( 1 . Sar)(r) = -g% T « I o I, . | .

An approximation to the area af the regioan bounded by the
curve ABP i&-gsovre Since there are sixty such regions inside
the circle (Figure 10-6), an estimate of the area of the circle is
60 times'gaawra that 1is, 7r°,

.~ How does this approximation compare with the results obtained
' by actual measurcments which you made earlier? v

In reality the interior of a circle with radius r units of -

length has eiaetly 7r€ units of area. Thus, although our method

of development used an appreximafing step, our result agrees with

»

. 2.ig oo f
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‘the correct result that may be firmly established in more advanced,

: %
mathematics.

. . . | S
. As an application, let us return to the comparison dgfphg +
frying-pans. The nine-inch skillet has a radiug of -g inches. The
| 9 8ir
(2 = =T which is

number of séuare-inches in its .area then is 7
nearly 63.6. (wpat decimé% appfoXimation to m was conveniently

used in this case?) in cdhclugion, which has the greater fr&ing
surgacé, the ninelinch circular skillet or the eight-inch square
'fryingwpan? Is there enough difference between them to pe of

significance to the cook?

® ' Exercises 10-6

1. Information is given for four circles. The'le@ﬁers r, d,
¢, A are the measures of the radius, the diameter, the length
'(or circumference), and the area respectively. Find'all the

missing data. Use 3.1.as an approximation to w.

r 3 c. A ~ Note that 'n'(ao)e % (3.1)(400) =
20 ____ ___  12k0 h | 1240
-
. 0.093
222

- ‘thch has the grehter frying surface--an éight—inch circular
"skillet or a seven-inch squafe frying-pan? |
3. A circular drum-head is twelve inches across. Vhat 1s the area
of the drum-heaa? S
4, Yidich method is easier’fof finding the area of a circle--to
measure the radirs and célculate the area; with the aid of vra,
or fto measure . @ area difectly with an appropriate unit of

€ . . ',).. | O
. L

-

Y |
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5.

measure? Should both methods yield the same result?

The earth 1s about 150 million kilometers from the sun. The
crbit:(or path) of the earth around the sun 1is not reslly
circular, but approximately so. Suppose that the orbit were a °
circle; then the path would lie in a plane and there would be
an interior of the orbit (4in the plane). What would be an
esﬁimate for the area of this interior?

A rectangular plot of land, 40 A

' feet by 30 feet, is mostly lawn.

The circular flower-bed has a
radius of 7 feet. What 1s{the
area of the portion of the plot '
that is planted in grass?

The figufe represents a simple

closed-eurve eomposed of an are - . .. .. _ ... _

of a circle and a diameter of [/ff—‘\\\\

the ecircle. The area of the

Pag

= =

interior of this simple closed curve, measured in séuare 1hchés,
is 8r. Do not use any approximation for in this problen.

(a) What 1s the area of the interior of the entire circle?

(b) What is the second power of the radiu§ of the circle?

(¢} How long is a radius of the circle? o

(d) How long is the straight portion of ihe closed curve

_ represented in the figure? |

(e) what is the circumferepce of tpe (entire) circle?

(f) How long is the circular arc represented in the figure?

(g) What is the total length of the simple closed curve?.

3'/()’
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8. The center of the longer circle
llies on the shorter circle. The
intersection of the two circles

; is a single polint. This point
and the centers of the two circ}d
iie on one 1lile. I the intericr

of éhe'shsrter,circle is chosen as
.a unit’ of measure, what would be
the measure of the reglon inside the longer circle and outside

| the shorter circle? ‘

9., Another way to disbqver a relationship begween the radius of

a circle and the area of the same circlé is the following. .
Perform the suggested steps. On a plece of stiff paper draw a
large eirele with your compass. Mark the center P of the \

circle. (See left-hgnd figure.) Use your protractor to

. assist you in drawing eight lines on P which will separate the -

interior of the circle into sixteen regions all of the same
area. (See right-hand figure.) Can you calculate how many

. arc-degrees each of the sixteen ares will have?

(B
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Cut away the portion of the paper outside the circle. Cut
through the interior of the circle along the fully-drawn
diameter. In each of the two halves, cut with great care along .
the dotted radii from P almost to the circle itself. The

eight angular portions should hang together somewhat like
teeth, '

~

with both portions cut in a toothed fashion, fit the two pieces
together. (Only a few of the N |
sixteen teeth are sﬁown in

this figure.)

The upper ahd lower boundaries

of the completed pattern have

a scalloped appearance. If tﬁey were stralght, the entire

figure would be the interior of a (£111 the blank

with the best choice of a name fop this simple closed curve.)
As an application of results from Chapter 9 you may estimate °
the area of the interior of'this curve by using the measures )
of its apparent base and its apparént altituée. How does your
result compare with the product of T and the second power of

the radius?

AN

'8
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10, "BRAINBUSTER, A barn is 40 feet long and 20 feet wide. A
| chain 35 feet laﬁg 1s attached to the‘barn at the middle of
one of its longer sides.- Another chain 35 feet long is
attached to the barn at_one of its corners., Either chain may
be used to tetler ; cow for grazing.
(a) Which chain gives the tethered cow the greater area of
land over which to graze?

(b) - How much difference 1s there between the areas of the two

regions? (Use 3.1416 as an approximation to T.)

| -10-T7. ﬁCylindrical Solids

‘In Chapter 7, you studied the rectangﬁiar solid, its volume
and its surface area. In Chapter 9, you studied the prism, 1its
volume, and its surface area. - Here we shall study another solid
which 1s frequently found in everyday life. Instead of having a
reetangular region ag‘a base, like a box, suppose a solid has a
cizeular reglon as a base, like & tin can. We call such a solid
a cylindrical solid (or sometimes just a cylinder). You are
familiar with other examples of cylindrical golids suéh as water

pipes, tanks, silos, and some drinking glasses.

‘‘‘‘‘

In the figures above, the left hand and middlé®drawings

represent "right" cylinders and the right hand drawing represents

.y

C3R
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a "stanted" or “oblique" cylinder. We rarely deal with slanted
cylindrieal solids in ordinary life. Therefore in this chapter
we shall assume our solids are "right" cylindrical solids,
We list same important properties of a (right)'cylinder.
(1) - It has two bases (a top and: a bot§om) and each is a
‘ circular region. Their areas are equal,
(2) Each base is in a plane and the planes of the two bases
are parallel.
(3) 1If the planes of the bases are regarded as horizéntal,
then the upper base is directly above the lower base;
(4) The lateral or;ﬁide surface of the cylinder is made up
of the points of segments each Joining a point of the
lerr ci;clé Qith the poinf diréctly above it in the
upper circle,
‘ Thefe are.two numkers or lengths which.describe a cylindrical
vsolid These are the radius of the base of the cylinder and the
altitude (or height) of tne cylinder. The altitude 13 the (perpen-
dicular) distanse between the parallel rlanes containing the bases.
For a right cylinder, the altitude can also be thought of as the
length of one of the segments lying in the lateral surface and join-
ing the two bases.

We now ask oursélves about methods of finding the volume of a
cylindfigél solid. In one sense there is a fairly easy method ‘If
the solid 1s 1like a tin can and xill hold water (or sand) we can
fil1l 1t up and then pour it into a.standard ccntainer. We would
like to know-what the answer 1s without having to do this every

time and for some cylinders this would be very impractical. R
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Recall how we found the volume of & box or of a (right) prism.
We first considered a box or prism one unit high. The number of
cublc units Ja this box or prism wouid be the ‘same as- the number
of square units in the-base; Thd% the measure oq the volume was '
clearly the measure of the area of the base times one. If the Eci"
or prism had an altitude of tro units, then the measure of the
volume would clearly be twice as much as the measgure of the area of

the base. That 1s, 1t would be 2 times the measure of the area of

"the base.

In general, iﬁ'the ares. of the base were B square units and‘

the altitude of the box or prism were h units then the volume

would be B-h cublec units. |

Exactly ﬁhe same situation occurs with a cylindrical solid.
Thp measure of the volume of the cylinder is simply the measure of
the area of the base times the measure of the altitude& The area

2

of the base of a cylinder 18 Tr square units. So the volume is

‘vra.h cubicaunits.

: N -
We now have one basic principle which aprlies to boxes, to

. other prisms, and tglé§linders. The measure of the volume is the

measure of the area of the base times the measure of the altitude.

-
)

-.‘{
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You sﬂeuld ieern’and remember how to compute the volume of a
cylindrical solid, For most of you it is probably better not to
memorize the formula wr<h as such. To compute the velume ef any
solid of ‘this type we simply multiply the measure of thé area of the -
base by the measure of the altitude. And the altitude is simply
the (perpendicular) distance between the paraliel planes which
contain the bases. If you think of the geometrical figure - and what
1t 1s you want to rind, then most problems of this type are very

.

easy.

A note on computation. Whep,ﬁaking cemputations involving w,

it 1s usually easier to use a decimal approximation for 7 only at‘
> the last step of the arithmetic. In this way we use long decimals
- as little as possible. ‘Consider T-5°-8. Ve note that 52 = 25 |
aed that 25°8 % 200. Therefore Fi52'8 = 7200 ® (3.1&)-(260)
©28. This procedure is ﬁuch simpler than multiplying 3.14 by 25
and then multiplying the result by 8.

Exerclses 10-7

1. A silo (with a flat top)-is 30 feei high and the inside radius
1s & feet. How many cublc feet of grain will it hold? (What
is i1ts volume?) Use 7. ~ 3.14, |

2. A cylindrical water tank is 8 feet high. The diameter  (not
the radius) ofxits base 1s 1 foot. Find the volume (in cubic
feef) of water which it can hold. ILeave your answer in terms
of wv. If you use an approximation for é? what is yaur answer
to the nearest {whole) cubic foot?

3. There are about F% galiens in & cubie foot of water. About how

many gallons will the tank of Problem 2 hold?

A
P

i | ' 2.
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Find the amount of water (volume in cubic inches) which a
100 foot length of pipe will hold 1f the inside radius of a
cross-section is 1 inch., Use T - 3.1%, (A cross-section

is shaped like the base. 2 cross-section is the intersection

 of the solid and of a plage parallel to the planes of the

bases’ and between them,) -
Find the volume of a cylind;ical solid whose altitude 1s 10
centimeters and the radius of whose base is 3 centimeters,

Leave your answer in terms of .

. In the provlem of (5), what would.the volume He 1f the altitude

were doubled {(and the base were left unchanged)?

Ir. the problem of (5), what would be the volume if the radius
of the base were doubled (and the altitude were left unchanged)9=
In the problem of (5), what would be the volume if the altitude

were doubled and the radius of the base vere also doubled?

(Think of first doubling the ‘altitude and then doubling the

*9.

10.

radius of this new cylindrical solid.)

In gereral, what 1s the effect on the volume of a cylindrical
solid obtained ty doubling the éltitude? By doubling the
radius of the base? ﬂBy doubiing both the douvling bofh

the radius.of the pase and the altitude?

BRAINBUSTER. *hat 1s the amount (volume) of metal in a piece

of wate?‘pipe 30" _long if the inside dizmeter of a cross-

section is 2".and ‘the outside 1s 2.5". Use m & 3.1.

10-8, Cylindrical Solids--Surface Area

In the previous section we ha.e considered questions about

the volume of a cylinder. Now we ask atout the. surface area.

Q

o .
&,3

N
.
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Y"%T%ére are two quéétions we might ask. What 1s the surface .area of
the curved part (the lateral area)? hat is the total surface area? °
Ig 1s easy to see the relatlion between these two il we think of the
solid itself The total area is the lateral area plus the area of
thg top base plus the area of thé bottom base. But the éfgas of
the tdp and bottom bases are the same. And the measure of each 1is
Tre where 1 1b the measure of the ra 2ius oP the base. So 1f we
knew how to find the lateral surface area, we would also know how ¥
to find the total area. o : “ . | ‘ .
The label of a tin tan covers the curved surface of the can. ..
The area of the label is the lateral area of the cylinder How
are labels made? They are made and printed 1n the form of rectang-
ular regions. The helght of_such a rectangle is the height of the
cylindrical solid. The length of the base 1is the length o the
"vase circle of t;; cylinder. (or, when made, it is this length | “
plus a little more to allow for overlappihg.) The lateral area of

a cylinder, then, is the area of a rectangle which will just cover

it. ~ ' ( | .

O
O

s i e s s s A s s
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We have obser&ed that the lateral area of a cylinder is the
area of a .certain rectangle, The altitude.of the rectangle and the
altitude of tne cylinder are the same. ' The length of the base of

thé rectangle and the length of the base circle of the cylinder are
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- the same. ﬂThererorg‘the measure of the lateral area of the

eylinder is the product of the meagure of the length of the base ]

circle and the measure of the height. Hence, the measure is

2rr-h. And the measure of the total area 1s then 2mr.h + 2wr2.

'Therg are some curved surfdces, like the surface of a ball,

. R
reg;ons, or -other flat surfaces, just don't wrap nicely around

which cannot bé-treatgd in quiﬁg{this imple a wayl Rectangular

2

' them. The arggs of such surfaces can be haniled in other ways. It

-
=
4

1s fortunate that cylinders have "easy" curved surfaces.

Which new foqmulas of this chapter should yﬁﬂ learn? .There
are -two of vital 1mp§rtancé. You'éhould know these 'by heart and
without fail. | |

(1) The measurse of the lengtﬁ“éf a circle is 2wr (or wd).

- {2) ‘The measure of the area of a ecircular region 1s=vr2;‘
fﬁe formulas fof the measures ol the volume and surface aréé-o% a
cyiindrical solid neeld notgpe.;earned, as such, if you are able to
think of what the formulas repfesent. | f |

| You shoulé understand and know the basic general principle for
getting the volumes of many sé6lids. For boxqs, for ptﬁgr prisms,
and fqp cylinders this principlé tells us that éhe measure of the

volume is the measure of the area of the base times“the.measure of

~

the altitude. .

Finally, in manyﬂﬁrcblems such as surface area you:ghould

“think of the geometric objects and what it is about these. that you

want to kngw. As an example, the lateral surface repreéents (if'

 eylindrical solid 1s obtained by thinking of what the lateral

" surface represents (if flattened out),; Then‘we get the ﬁegsure of

’.

2.5



' 10-8 T o - . . 589

" the lateral area as the measure of the length of the base circle
times the measure of szﬁpheight of the solid. For the measure-of
the total surface area we need only add to this measure twice the

T measure of the area of the base.

Exercises 10-8

1. Take an o6rdingry tin can. Measure i1t and make a label for it -
. - N ‘ t -

- - that will fit without overlapping. Your label will be #n the
form of a - . Its height will be the . of the

"tin can. The length of its base will te the length of the

of the tin can, Actuallﬁ try ﬁour labe{
to see that it fits, -

2. Tgké another tin can of different skze than that of Problemﬁé.
Make a label for 1% without doing any measgring. You should
determine the desired 8ize of the label by comparison w}th the
tin can. . ‘ -

3, ith a tape measure or string (to be measured) figure out the
léteral surface area of the tin can of Problem 2 by measuéing

el the length of the base circle and the height directly.

4. Measure the diameter {and then figure out the rééfﬁé).of the
tase circle of thé tin cén of Problem 2. Using this and the
height £ind the lateral surface area of the tin can, Should

your answer.agree with the answer you got in Problem 32

© 5. Find the lateral surface area (in square centimeters) of a f
cylindrical solid whose aititude is € centimeters and the
radius of whose ‘base circle is L% centimeters., Use v & 3,14,

6. Pind the total surface area of the eylinder. of Problem 5.

-~




HOw 6any.squar§‘meters‘cf sheet metal'dq you need to rake a _ -

closed cylindrical tank whose height is .1, 2 meters and the | )

2

'radius of whcse bawe ,clrecle is .8 meters? How many . square

meters do you need if the tank is to be .open on top?

<A small town had a large cylindrical water tank that needed

painting, - A gallon of palnt cove ahout MOO square feet How
S

1 3

*much paint 1s needed to cover the whole tank 1f‘the radius of | b
the ‘base is 2 feet and the height of the tank is 20 feet? Gie

your answer tc the nearest tneth of.a gallqn.V\

pel

Exercises 10-9. Review of Chapters 9 and 10

s

It is often helpful to use diagrams to show relations. Fof“

L4

example i 2& ‘ | o /
'ié may represent 2 - 3 = 6
Relations which znvolve sums as well as products may be shown
'by dlagrams. { |
. . may represeﬁt-‘ g
.JL;<§: . \ 2 (3 +5) = 2 3+2- 5

. - = 6+ 10
You have studied ways of computiné,perimeters, areas, andg-
yvolumes for a number of geometric figures and'their interid}ﬁs
and &ou have expressed thése methods bﬁﬁefly in number séntences-

or formulas.

Below are twelve dlagrams for sefeial of these formulas, and a.

"1ist of the geometric figures to which one {or more) of the

formulas applies. Copy each dilagram on your paper, and ceside

it write the following:
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__\53) The name of the ?iguré (or figures) to which the d;agrum .
.- . applies. (Choose fhﬁm‘£he list'qf*fié%réé below. ) |
(b) ‘hat thg.fcrmula tells about the figure: area, perimeter,
volume, circumference,.latéral area. | k
7 (e) fThe f&rmula shown 1in the diagram. - .-

List of figures:" parallelogram .

° fectangular prism
circle L
triangle” ~ }
réctangle '
triangular prism | \
_ cylinder; .
(1 (2l 73 ) (5 (6 (1) (8 (9)  (10)
I%‘ ) <
2 2 .
-~
\1" W
. T o ™ -2L e i m é' ., T
v v v J' J!a. v v
) ‘_’ s” -
Y L, & Y L d Y b, Iy Y
v v v v v J' v \if v N\
- 3 .
S S S e Y N .
[ . ¢
\ \ v 4’ '\l' v v v JV
. \ <
§ . i .
N | A, A
- - .\45' v v
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(11) 2

N
”-.

2. (a)- In your copies of the diagrams, draw a circle around

eath numeral. _ . .

hd

(v) Draw a square grourid each symbol for a measure you wopld Jf(‘)“‘
aJp§{#:ZuiF}L .*

figure. : . | \ . ¥¢ '.?

| S

have to know in order to apply the formula to

(c) Hold a ruler horizontqgly across the dlagr J to (10) . ..

-

in your text, to separate the numerals from the g%mbols

for medsures. Why are theM mare arrows below your ruler-

in some diagﬁams than in others? \pé i}- T

e ' [

(d) Each of the formulas tells how to find the measiire nf a

quantity which has either one dimension, two diménsions, -

*

or three dimensions.  Put a "1", "2", or "3" beside each .
. £ o .
diagram, to show the dimensipn of the kind of quantity

to which it relétes,

D '(e) Do you see any connection between your answers for

Ar"

el Questions 2(b). and 2(d)?

s, .
(f) -Look at the diagrams of formulas fob finding volumes. : -
(There are three ) Put a B at the end of: one arrow EQ -
separate the part of the fcrmula ﬁhieh gives the area of

-

e the base from the rest of {he formula. ' ' .
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*(g) Make up formulas relating to squares and cubes.: Mske
:diagrams for the formulas, and tell what each diagram
means.

*fh) Draw the diagrams 11 and 12 in a different way. Write thg-

formulas for your new diigrams.

In the above figure determine wlth the use cf your prbtractor
‘the measure of the following arcs, ’indicate your results with

correct use of symbols.

(a) £B ' - | ) | .

(b)) MR- : | _
(c) - 6Qd y o ° e
(4) ¢k . ' T o -

S (e) AM o S ,

R Each.side of triangle EFG 1s = . ‘
.‘ v measured as* 3& 6 meters lqng. The
distance between E and the center‘
P of the circle 1s measured as e0.0, .

meters. . The altitude of triangle ‘ N G\\\\:_‘,xf/F ‘ . ; "

. EFG from E to the side'FU is

.’r220~r
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measured as 30,0 meters long.
(a) What is thé area of the interiﬁr of trianéle EFG:
(v) What is the area of the interior of the:circle? (Use
3t142mas an apprcximation;td T, aﬁd ra&nd your.answer to
the nearest square-meter. ) - .
{¢) On your paber draw a sketch of the figure and shade the
" intersection of the inter;er of the circle and the
exterior of the trianglé EFG; - |
(d) What is the area of this intersection?
(e) The halfplane on the Q—Side_of EF and the interior of
’ the“circle have an in;ersection. What‘is the area of this
interséction? | - -
5.‘ Below are fcér figufgs repfésenting éimple closed curves.
- Each curve 1s the union of several segments and one or two e
arcs of circles. Each arc elther is a seml circle or 1is
measured as QO arc-degrees. lihé dottea segments are not pérts
'of the simple closed curves but are useful in indicating the -
lengths. . |

For each curve find 1ts total length and find the area of its

interior.

(a)

B S

‘
§
.6 METERS
i " (Use m & 3.)

24 METERS

- e o e o e e S e —— e et e e e e e

[ SN (U UPTIIS.
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AN (o) . - Each segment is 31.4"
o | centimeters long. The

- : distance between the

parallel segments is
17.9 centimeters. (Use

- s o ol

T & 3.14, and round

1.
i
]
i
f
1

final answers to nearest
‘centimeter or nearest

square-centimeter. )

Unit of measure is foot. -~

_(Leave your answer in terms of 7.)

*(a) ‘
//, : 3 Unit of measure 1s millimeter.
'8 (Leave your answer in terms of
T.)
0
3
o ,
203
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6. Find the volume of & monument maddy —
» as follows: The base is a rectangu- ‘ )

lar block of ﬁarble of dimensions
4t by 6' by 2! high. On top of

this block in the center is a - - -
eylindrical solid of height 8' and

" with the radius of the base circle

1', Use 7™ <~ 3.1.
*7. "Find the total area of the exposed surface of the monument of
*  the preceding problem. The underside of the base is considered

as not exposed.
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STATISTICS AND GRAPEHS

., 11-1. Gathering Data
. If you loog at the pupils ;n yaur.plapsroom it mgy occur to |

you that several pupils .appear to be about the same height, that - “
some .pupils are taller and.sqme are shorter. Suppose you want €o |
khow the height of the tallest, the height of the shortest and how
many are the same height. How will you go about finding out? You
would'first measure tng heightléf each pupil. In this way you will
be éollecting fdcts to answer the questions you have in mind. - In-

| stead of collecting facts we may say you are gathering data. (Thg

—  word "data" is the plural of the Latin word "datum" which means
"fact".) |

i

" Let us suppose ‘that you fInd each Pupil's height -correct-to- ——
the nearest inch. After this is.done, .the measurements should be
arranged in such a way that it 1s possible to select information
from the data as eésily’as possibie; Making such an arrangement
is done frequently by putting the data in a table as shown in Table
11-1. If you wished, you might list the pupils by name but here

each pupil 1s assigned a number.’

W1th the data arranged in this way it is very easy to answer»—_;—;
suc¢h questions as. the following. How tall" 1s the tallest pupilg
the shortest? How many pupils are 60 inches tall or taller? How
mény are less than 60 inches tall? What- height occurs most often?

#

¥

\ A
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Table 11-1 _
Heights of 15 Seventh Grade Pupils
N N

Pupll _ ! Heights in Inches R
1 6 -
2 o
3 63
b ' " C gl
5 1
6 = | . - 61
. 7 x : 60 : '
s g - 59 . .
9 - 57 -
10 _ . - - 55 -
11 _ SE
12 . | 5
! 13 | * 5
14 . 53
15 . D : 52

 This little example about the heights of the pupils in a
class is a sample of the kind of things we do in studying statistics.
————Statisties,_ingggrt at least, has to do with the collection of “

data and the making of tables and charts of numbers which repreaent

—_——

‘the data.. The tables and charts usually make it easier to under-
stand the information which is eontained in data that have been

" gathered. 'We will use the data in Table 11-1 later 1in this chapter

_ 'tc illustrate some other things theﬁ We do in our study of statis-
tics. | |

j-p_. Many of the dutles of different agencies 1n the U. S. govern—

eegé_;éaia not be perfermed*if-%he~agennies were not able tc collect
'a‘great many data to use in theilr work. The Cbngress of the United
Qtates has the ecwer "to lay and collect taxes~---to pay the debts

and provide for the comrion defense and general welfare of the

United States.". The amount of taxes to be cellected_depends on
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many thinéé. ‘Name some of them. Certainly one thing on which it
dépeﬁ§§N1§ the number of people in the United States. The Congress -
'mustlgrovlde for counting the people “within every term of ten years."
The census taken in 1950 showed that there were about 151,000,000_
'people iﬁﬂthe United States. When will the next census be taken?
‘Table 11-2 shows the population in millions for every census |
taken since 1790, The table shows that the population in 1790 was -
3.9'millions. This means there were 3,900,000 (3.9 x 1,000,000) -
people in the U, 8. at that time. Is this an exact or approximate

number? The column which is headed Percent of increase shows the

rercent of incrga¥e .in the population during the preceding ten-year

period. _ 3 -
" Table 11-2 i
Population Facts About~&he United States*
: Census Population 1in . lncrease in “Percent or
—— — -Years _ .. _Millions Millions ncrease
1590 3.6
1800 5.3 1.4 35.1
1810 7.2 1.9 36.4
1820 9.6 2.4 33.1
1830 12.9 3.3 33.5
1840. ¢ 17.1 b,2 2.7
1850 . 23.2 - 6.1 '35.9
1860 31.4 8.2 35.6
1870 30,8 8.4 26.6
1880 50,2 10.4 26,0
. 1890 62.9 12.7 25.5
1800 76.0 13.1 20,7
1610 : 92.0 16.0 21.0 -
1920 105.7 13.7 14,9
— . -.1930 - 1e2.8 1g.1 16.1 <
IGO0 e o] 131.7 A . 8.9 7.2
1950 150,7 19,00 14,5

- ‘('
AT

- *From Statistical Abstract of the United States, 1950.

2.1
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Exercises 11-1

s
.1. Do you see any general trends in the data shown in the table?

. In which decade was the percent of increase the largest? Do
you know a reason for this from your study of history?
3. In which decade ,was the percent of increase the lowest? Can

~_
you explain this by history you have studied?

4, The frish Famine occurred in the years 1845, 1846, -iShT. " How

“vertical line at the left was made very long. The distance between

did that affect the papulation of the United, States° _
ds.hw&hat was the- percent of increase in population from 1870 to
18802 |

11-2. Brokeﬁ Line Graphs
Such date’as given in Table 1112 are frequently-represented
by "drawing a picture". The picture for these data is shown 1n
Figure 11-1. The t@o_eélumns of data in the table which are headed

Census Years and Population in Millions are used in drawing the

— "picture", In the "picture" 1n Figure 11-1 the census years 1790,

1800, ..., 1860 are shown along the horizontal base line. The ¥
distances between the points representing the. census years are

equal. Before deciding what the distance between the points should

ve, we first counted the number of census years (17 of them), then
selected the distance between the points so that all points would

be on the base line and far enough apart to make the "picture" easy .

to read. The Population column in Table 11-2 shows that the largest

population to be represented is about 150 millions. Since 150 may
be factcred into 5.x 30 we decided to use 30 dQts along the vertical

~1line,- each dot representing S‘milltun»peeple,, For this reason the

Q ‘ . ) , ~
& 7
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the points on the vertical scale is small enough to g‘et all the
. points on the page and large enough to make 1t easy to distinguish

begxgeen the points, a ~
‘ ‘ POPULATION OF THE UNITED STATES | /
. _ 1790 1960 | ) o/

| :
-3 s .

. 150 _ ~ !

I

145 A — ' .
. 140 |— I e ; —] / .

R , : —

125 : — . .
‘20 — - —-:.- ERNRY S A S —- ‘ /
"5 etk SERTIC RS SRSEIESY S S o .

/

N .
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88 b - { od b -
80| - ' J :
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20—+ -- - ' N
I8 R
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5 ot ‘ - ‘
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‘ CENSUS YEARS )

POPULATION IN MILLIONS

W

Figure 11-1
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1

The "picture" in Figure 11-1 is called a broken line graph as

‘many of you already know. Such graphs are usually made on cross
secéicg bapéﬁﬂlike_that qﬁggﬂzn the graph in.F;gure‘llhl. Each
point 1in the graph represents the population for the year whose
_number on the base‘iine is directly below it; "For example,.tbe
‘point representing the ‘population of 31. 4 millions. in 1860 is cn
the vertiﬂal line through the point labeled 1860 and on the hori-
zontal line through the point labeled 31.4 on the vertical line at
the left. A%tually there is ro point on the vertical line_ labeled
31.4 but you can tell about where it should be--about'% of the way .
from the point labeled 30 to the point labeled 35. After all the
points are lacatgd, e%&h successive pair of points is econnected
with a segment to get the broken line gfaph. | e

The graph shows how the population of the U. S. changed from

_the year 1790 to the year 1950. The predicted change for 1950-

1960 is. shown by the dotted line segment.

Class Discussion Questions

—-Use Figure 11-1 to answer the questions.”

1. Did the population increase more between 1900 and 1910 than
between 1800 and 1810°% | |

2. Does the graph show a decrease in population over any ten-year
period° ; |

3.  If the population for 1810 and 1820 had been the same how
would this be shown in the graph°

L, What was the approximate population ih 19452 in 1895°? How

much had 1t changed in‘the 50 years between these two dates?
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5. If‘tﬁe Population increases at the same rate from ;gso to 1960 -
as. from 1940 to 1950 {if the graph climbs in a'stpaight line
from 1940 to 1960), what will the population be 1; 1960? (This.
is written in 1959, If the census for 1760 is known at tbe

time yQu ansyer the question, compare the census and your answer, )

‘ Exercises 11-2
1, Make a broken line graph to represent the data given in this
table: | | |
Tﬁ; number of students in Franklin Junidér High School in -
. Years 1952-1957: B ' |
1952 --- 86 - ) 1955 --- 196

1953 == 150 1956 === 235 ‘ .
1054 -~ 154 1957 --- 254 .

2. ‘Make,a broken line graph to represent the data in Table*11-3.°

P

Table 11-3 N
Popular vote 1n Millions Cast for_PAesidentiaI "andiaates of the U.3.
; 1928 to 1956
Year Republican Party Democratic Pa?ty
1928 S _21.4 15.0
¢ 1932 : 15.8 22.8
1936 . 16.7 - 27.5
‘1040 T 22.3 26,8
1944 . 22.0 2l .8
1048 : 22.0 24,1
1952 . 33.8 27.3
1956 . 35.6 25.7

bbserve these instructions: '

(a) In the same graph draw one broken line (in blue) for the
Republican party and one {in red) for the Democratic party.

(v) PFind in your textbook, or\elsewhere, the name of the
president elected and the ﬁame of the unsuccessful candi-

iy date in each election.

270
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r(¢) Use Tables 11-2 and 11-3 to find the total percent of the
,pépulaticn‘who voted:for either the Republican or
Democratic party candidate in, the presidential glecﬁion
in 1940, ‘ '

¢

- 11-3. Bar Gra§h5~ -
Table il-B-gives the ﬁupil.enrcllmeﬁt in the seventh grade 15
“thée - U. S: for the years i952—l959 and the expecteq enrollment for ' e
the years 1960—1963E ’ﬂ | | C
o . Table 11-3 -

| Seventh Grade PupilsEnrollment in U. S, 1952-1963 i

f - - g \\ *

O‘. R h - ﬁ\'
. Year ) . Enro;lment in thousands

" 1954 - - 2,354

198 238

. ’ i
1959 3,075 e
#1060 3,260 : v .
*1061 ‘ 3,302 ' .
#1062 | 3,333 ‘

#1363 3 3,398

»Expected enrollment for fhe years 1960-1963, .

The data in this table are representec by the graph in Figure.
11«2.\ This kind of grébh‘is called a bar graph. The«years‘are

represented alopg‘the horizontal base line and the enrollment, in’
thousands is represented along the vertical line a¥ the left
'bars are spaced along the base line so that the distifde between
any*two,bars is the same as the 'width of each bar. The number

represented by each bar can be read from the vertical scale. It

$

231
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- - -

~+ .1s the number mpresenteé by the point on the vei*t.ical*s‘eaiq which

is in the straight 1line withj%hg-tepjur'tne bar. The numper of the

, \ year 1s written at the bottom end of ‘each bar. .
, SEVENTH GRADE PUPIL ENROLIMENT IN U. S. o
‘ -, 105 - 1963 o
A} . .
b Nl
1 / 3 (N4 .
/ ! ¢ .
) 4000 - - .
. ] o -
3500 - . - S .,
. { - .
@ 3000 1: DO S L v i I
o = . . b . )
- B ' ]
m - 7Y .
§ ..2500 4 i ‘ -~ - :
F- j' - Al ~
E ) I . N « : ) —
.. 2000 1— ——1 r ‘ 15 * -
2 ? + | . -
w . . -
S : { . . g
3 *3 1500 + -
o ]
& g o
z s - . ' .
“ W 1000 =1 - — +— ! =
" . R J * 2 ; . ‘ Lt C o .
500_: T B T wa 1 “L
" 9S2 1953 1954 1955 1956 1957 . 1558 1550 1960 961 1962 1963
. : . .5 -
. 3 .‘.‘ é
- | Figire, 11-2 -
; ' L e
- - - Exercises 11-3 -
i.  If each seventh grade ‘bapil in 1960 héedé; a mathematics text-
"- book which costs $3.25 what g;ll'be'the;total amount spent for
boouks td supply the whole seventhngradé? -
SERIC 7 (- 289 0 N\TF T
| — S S e -
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. * 2. During which year was c¢the enrollment about 3 million ﬁupilsQ

3. Eetween'which two ‘'years did the greatest change in enrollment
occur? Use Fig. 1l-2 to obt&in the answer, then use Table 11- 3

'to see if 'your answer 1s correct.

%, Draw a bar graph to represent the number of people killed in |

different types cof accidents during'lgsé as shown in this - | A
-, table: : |
. Motor vehicle acecidents w 40,000 ST
Falls ' , = 20,200
Fires and injuries from fires 6,500 .
Drownings » 6,100 |
Railroad accidents 2, 650 .

11-4, Circle Graphs
A circle graph is shown in Figure 1i-3. Such a graph is-used .
to-show\the comparison between the parts of a'whole and between | -é‘
the whole.and any part. This graph quws the percents of income | |
which a family spent for food, clothing, rent and miscellaneous

expenses and the percent of income which was put into savings.

¢

HOW ONE FAMILY SPENDS ITS MONEY

FOOD
30%

MiSC.
20%

CLOTHING
- 20%

)
Figu 11-3 .

, 3 |
. The family spent 30 percent of its income for food, 20 percent for

clothihg, 20 per;ent for rerit, 2Q percent for miscellaneous expenses

- ‘ 2973
A = A
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N “;é\\bme
and saved 10 percent.: The family s total in 1§\yepresented Ly
the areg__{ the circle. Any length/**x be ;;;:§§7for the length

of ¢ dius. The length is usually chosen so tﬂtt the circle is
large enough to show clearly the parts 1n\p which 4t is divided and
small enough to get 1t in. the space., . Y

Sit/g the part of the income spent for f°9§ 1s 30.percent  we
must have an area which is 30 percent of the cirdle's area to
.represent this part bf the 1ncomg. To get‘this area we begin by
drawing the ray OP . Label.with A the intersection point of the
ray and the circle. We know that we can divide the circle into 360

2 ‘ : -
equal parts by drawing 360 angles of 1 degree, each with its vertex

at 0. Thirty percent of 360° 1s 108°, we draw. a central angle of
108° with one side on OA. The other side is OB. The angle AOB is
30 percent of 360° and the area bounded by~&ggﬁ9105ed curve OAQB
is 30 percent of the area ofathe circle Hence the interior of the
closed curve 0AQB. represents the part of the income spent for food.
How many degrees are re in each of the following: AL BOC,
L COD, [/ DOE, /. EOA? ¥se a piotractor to answer this question.
If the family's income 1s $6,000 how much is spent A4

How much is put into savings?
‘In ;acertain schooi there are 480 pupils. At luneh time 80

pupils go home for lunch, 120 bring their lunch, and 280 buy their
luneh in the school 1unchroom. The .circle graph in Figure 11 k
shows the way the pupils are d;vided at lunch time. Before making
this ciréle graph we had to find either what percent Or what
fractional part of the pnézps g0 home for lunch, bring their lunch,
and buy their lunch. These fr.-~tions and Pertents are shown in the

tableo W : . Cooae

e

)

L]
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‘ Fractional
" Number of Pupils Part of Total Percent Degrees
Go home 80 1/6 16 2/3 60
‘Bring lunch 120 1/4 agv'“ 90 .
'Buy lunch - 280 7/12 58 1/3 210 .
- Total | 480 1 - 100 360

SOURCES OF PUPIL'S LUNCHES

BUY LUNCH

Figure il-k

Now wé‘{;ndrghe size of </ AOB by taking 1/6 of 360° to get 60°,
L BOC by taking 1/4 of 360° to get 90°, and [ AOC by taking 7/12
. B . -

of 360° to get 21Q°.

e

| . Exercises 11-4 |
'Make a circle graph to represent the information £§'§::;jor the -
following problems. Make one grapﬁ for each problem.
1. In lgﬂé 1t was found that school-related accidents which in-
- volved seventh grade pupils in.the U, S. happened as shown.
.(Figurea.givén are very close approximations toractual figures,)
60 percent of the accidents happened in the school buildings
30 percent of the accidents happened on the school playgrounds
10 percent of the accidents happened on the way to and from school

2. In 1956 the figures for the accidents of problem,l‘were as
.follows: [Again, figures are very close approximations.)

36 percent of the accidents happened in the school bulldings
. /’-" g'., ) iy -
‘ ‘.,}.)

4

T
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‘54 percent of the accidente happened on the school playgrounds '
‘10 percent of the acecidents happened on the way to and from schoel.

3. The;e were 1355 daytime railroad-motor vehicle accidents report-
ed in 1956. In 79% of these the locomotive hit the auto; in
_17% the auto hit the locomotive, and in 4% the guto.hit some
‘ether part of the train,
In the 1447 railroad-motor qehicles acecldents repd;tégf pen-
' ing At night in 1956, the locomotive hit the dufo in 50% of the

accidents, the auto hit the- loeometive in 22%, aﬁd the auto hit

: I

some other part of the train in 28%

\\ , 11-5. Measures of Central Tendeney

Some 1nfermation can be determined easily by looking at all
the data in table form. Some i;;;:\however, a large number of
items 1n‘a table makes ‘it ’ nfusing to understand .In this case
it wculd be better to describe ‘the set of data by using only a few
numbefe. Finding an average of such a set of numbers is often very
helpful in studying the dats given to you,.

Do you know how to find an average? You have baen doing this
for some time, but did you know there are Several kinds of averages?
Arithmetic Mean

| When you calculate the average from a set of numerical grades
in spelling by adding the numerical grades and dividing the sum by
the number of gredes, you aecept & number to represent the set of

grades. This useful a average with which you are already familiar is

'celled the arithmetic nean or the mean. (When the word hean is

-used 1n this chagpter 1t always refers to the arithmetic mean, )

- 234
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| . . Let us look ¢nce more at the heights recorded in Table -1l-1.
/;> This table gives a list of the heights, ordered from greatest .to

;ﬂfﬂ}g;ét. of 15 pupils. \ (iizj:).

Tabie ‘11-1
 Heights of 15 Seventh Grade Pupils

&

-

Pupils - ' - . Heights in Inches
1 . 65
e ' 6h
' +4 3 63
N 4 61
- 5 \ 61
o 61
7 60
8 59
9 57
10 55
; 11 5
12 54
13 54
14 53
15 52

In deseribing this set of data, can we choose a few numbers
that best represent these data? One number would be the average,

 called the arithmetic mean. In this table the average helght

(arithmetic mean) is 874 (sum of the heights) ~- 58. This measure
of central tendency can be computed without arranging the data in

any special way. It -4s a commonly used measure .-

Median )

Another way of mgasuring the central tendengy.of a sét of dats
is fin&ing, ;f possiplef & number so that half‘of the ﬂumbers in

‘the set are greater and half are less than the number found.

The median of a set of numbers is the middle one of the set

when the numbers in the set are arranged in order of size, either
\)(, N . »¢n‘:_’ _:}? - ’

‘s

] ™
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rrum_smallest'go largest or from largest to smallest. In the set

of heights in Table 11-1 the middle number is 59. This is the

median of the set. Half of the numbers are greater than 59 and half

are less. Seven pupils are tallex than 59 inches and seven are

+ shorter than 59 “inches. _ R,

-

The median of a set of numbers is not always a number in the"
set. If there 1s .an even number of numbe the set, and the two
middle ones are not equal, the median is commonly taken as the |
average of theltwo middle numbers. For example, in the set of num-

bers 8, 10, 11, 12, 14, 16, 17, 19 the two middle numbers are 12

and 14, The median is 13, the averagé of 12 and ;4, although 13
is not in the set. ' |

The set of‘scoges l2, 13, 15, 15, 15, 15; 16, 13, ig, 20 has
10 nuntbers in it. The two‘middie ones are 15 and hence the median
1s 15. But the third and fourth scores are also 15 so that 15 1is
not a score such that-5 scores are smallef and 5 are larger than 1it,
In this set of" data it is better to say that 4 scores are 15 and
two scores are smaller and four scores are greater.

In the set of salaries szoso $2100 $2300 $2400, sesoo

: szeoo $2700, $2700, $2700, $3150 the median salary is $2550. The

arithmetic mean is $2520. The median and arithmetic mean are .
nearly equal. But, 1f the largest salary had been $5150 instead of
$3150 the arithmetic mean would have been $2720 and the median

~would have still been $2550. This illustrates that the usefulness

of the median in describing a set of numbers often lies in the fact
thatlone, or a few, numbers which are much larger, or much smaiier,'
‘than most of the numbers in the set does not affect the mediah but

does affect the arithmetic meani

"2538
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Mode ' S | :
WhicﬁAheight'accurs more than any other in Table 11-1? How

many pupils have this height? This height is called the mode,

In sets which you have studied such as the set of natural num-
bers 1, 2, 3, 4, 5, .., no number occurred in the set more than cnce,
But in a set of data some number, or numbers, may - occur more than
once. f“ & number occurs in. theaset of data more often than any
other number it is called the mode. (We might say it is the-most
fashionable.) There may be several modes. In Table 11-1 there
was just one. In the set of Ealaries $2,050, $2,100, $2,300,
$2,400, $2,500, $2,500, $2,700, $2,700, $3,150 the mode is $2700.
But in the set of scores 19, 20 21. 21, 21, 24 26, 26, 26, 29,

30 there are two modes 21 and 26. (These are equally'fashionable.)

. If there had been another score of 21 in thils set of scores, what

would the_modé have been? 1In Table 11-1 if the ;Eth pﬁpil ﬁere 55
inches tall how would this affect the mode?

| The range in a set of data 1s the difference between the
largest and smallest numbers in the set. In the set of salaries
given above the range 1s $1100 and in the set of scores the range
is 11, | |

‘i(/ . | Exercises 11-58

Find the mode of the following 1ist of chapter test scores:

79, 4%, 85, 81, 74, 85, 91, 87, 69, 85, 83.\
2. From the scores in Problem 1, find the:

(a) Mean (b) Median (¢) Range

iyt
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The rellewing annuel salaries were received by a.group of ten
empleyees* _ | "‘
$4,000, $6,000, $12,500, $5,000, $7,000, $5,500, $%,500, §5,000

$6,500, $5,000
(a) Find the mean of the data

{b)’ How many salaries are greater than.the mean?

(c) How many salaries are less .than the mean?

(@) Does the mean seem to be a falr way to describe the

“average“ of this data?
(e) Pind the median of the set of data.
(f). Does the median seem to be a fair way to describe the
"average" of this data? . o
Following are the temperatures in degrees Fahrenheit at 6 p m,
for a two week period-
47, 68, 58, 80, 42, 43, 68, T4, 43, 46, 48, 76, 48 50

Find the (a) Mean {p) Median (c) Range

| Gregp%ng,Data

\

grou

g

divi

If you were listing heights of a very Iarge group of pupils,

it might be inconvenient to 1list each one separately. You might-

P tne figures in some such way as this:
Height 1n'Inches_ Number of pupils
62-64 : o | 12
2258 | i
28:52 | | 57
u7-29 ' 1u

In order to find the middle pupil, find the total number and
de by 2. The sum of 12 + 17 + 42 + 5? + 33 + 14 1s 175, and

2

2~ - 87k 80 the middle person will be the 88th cne, counting

. " .
: y - | <4y
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At

from the top oy battom. If we count down from the top, 12 + 17 +

k2 = 71 We need 17 more to reach 88. Counting down 17 more

‘1n the group or 57 brings us to the upper part of that group. Since

the 88th person is within that group, we say that the median height

“of.the whole group of pupils is between 53 and 55 inches. Since the

88th person comes rather high in that group as we count down, weisay

. that the median height 1s likely to be nearer 55 than 53.

Let's check our work and count up from the bottom to the 88th

“Personf 14 + 33 = 47, We need 41 more than‘h7 to make 88, so

we hgunt L1 more and that tskes us into ﬁhe upper part of the group

of 57 as we foﬁnd'when we counted down from the top. Again you

- £ind the 88th person in the group of 57 whose height 1s between 53

and 55. Thus the median height of the group is between 53 and 55

inches.

Exercises 11-5b

‘1. Give an example in which your principal might choose to group

data rather than use individual numbers.
2. 'Find the mediin of the following age groups. What is the

median age?

Ages in Years .Eégber in Group )
27-29 | 3
2426 | ( 4
21-23 - o 68
18-20 | 18
15-17 - , o4
l12-14 S . 53
9-11 T3
- - 26
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3. Find thetﬁﬁaian‘by_grouping the Tollowing da . 5‘

(Use ‘intervals of 5, namely 50-5U4, 55-53, ete. to 90-9& )
62, T4, 73, a1, ‘68, 84, 75, 76, 8O, 77, 68, T2, T1, 86, 82,
7& 55, Te, 50, 63 71,

Average Deviation

Another useful method of sﬁudying a set of numbers is to find
the deviation or difference of each number\fram the mean.
Consider the set of numbers 4, 8, 10, 4, 5, 4, 7. What is

the range of this set of numbers? What is the arithmetic mean af:

' this set?

Could you find the difference.(the deviation) between the
smallest number in this set and the mean? What is Qhe deviation
of the largest number in this set from the mean? The deviations

of the numbers in this set from the mean are 2, 2, 4, é, 1, 2, 1.
2+2+4+2+1+24+ 1

You find the mean of these deviations to be : 7
1% - 2. This 1s called the avergggideviation. This is still

7 A .
another "average" that 1is very helpful in studying data. Let us

see how thls measure, the average deviation, helps to throw light

on a set of data.

The total. receipts of the federal governmént in the years

1946- 1955 were as”?gllows. .

-
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1336. ‘ ﬁh _ . =11.58 . o
1 . "'1005
1949 | - k43 -12.5
1950 . ' ; 41 -14,.5
1951 53 " v - 2.5
10R2 68 +12.5
1953 S Ty . +17.5
1954 , T3 +17.5
1955 o - 69 " +13.5

| Total 555 . - S .

. The arithmetic mean.of tbese receiptslis the ftotal, 555,

—~———

vided by 10, or 55.5. |
The third column shows the'geviation of each yemr's recelipts
© from \the mean, 55.5. The -11.5 means that 44 is 11.5 below the

mean, r instance, and +13.5 means that 69 1s 13.5 above the mean.

\ . .
Have you\geen minus signs used for temperature.in a way similar to
those in this table? Give other examples of minus signs used

similarly.

Exercises ll-5c¢

(The-first'three questions in these Exercises refer fo the data.
ror the receipts of the federal government in 1946-1955, ) )
1. In which year was the deviation from the mean the greatest?
2. In which year yas,the deviation,from\the'mean the least?
n3.- Find the averag deviation by flnding the total of the deviations
- and éividins by 10. The signs before”the numbers are'disreéarded

since we want to fnow the size of the deviations, no- matter
which direction t 2y are fram the mean.
5, Find, to the neareft tenth, the mean and the average deviation

of the following' tdst scores:

8s, 82, 88, 76790, 84, 80, 82, 9’3 83.
. ) & :'}

Is
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5. Find the mean and the average deviation of the test ;cores
(same test, but in another class): | ]
o4, 84, 68, 74, 98, 70, 96, B4, 76, 96.

*6. Another method of calculating the arithmetic mean is shown in
the following example. . _ )
Example. Calculate the arithmetic mean of the set of scores:

10, 11, 13, 15, 19, 20, 21, 21, 23 -

We begin by making a reasonable guess of some number fo; the

mean, Suppose we guess 18, Next we £ind the deyiétion of eaghh

score in the set from 18.

Scores Deviations from 18
10 ' -8
- 11 ‘ . -7 S
13 . ’ -5 A
15 -3 ,
19 +1
20 ' o 42
21l +3
21 - v +3
23 +5

The Sum of the deviations of the scores less than 18 is 23.
The sum of the deviations of the scores greatér than 18 is 14. We
take the difference 23 - 14 = 9 _and divide ﬁhis by the number'of
lscores which 1s 9: 9 : 9§ = 1, Sinee the deviations from 18 were .
greater for the scores less than 18 than for the sccres greater
than 18 we subtract 1 from 18 to get the correct mean of 17.

Use the method of the above example to find the mean of the

set of scores: 40, 43, 44, 47, 48, 4g, 51,

The numbers which we have been finding for the range, mean,
median, mode, and average deviation from the mean for z set of

data are called the measures of central tendency. This name is

2L]¢”_m



.given to them since by knowing them we can tell whether the numbers
in the data bunch tqgether or scatter out. All gf these measures
of central tendency are 1llustrateé by use o? the following se £
salaries of 12 people and their representation in the broken 1line

graph in Figure 11-5. Salaries: $§b, 0do, su 5C0, $#,500, $5,000,
$5,000, $5,000, $5,250, $5,250 , $5,250, $5,250, $5.500. $6, 000,

SALARIES OF A SELECTED GRCUP
. .

@
R
-~ - - -

NO. OF
SALARIES

4

. ]
t
——— o—— —— S——— —hrs (i, M T, B S —h——. Sr————— S—— —

k .
- L -  aALARY "
4000 4500 5000 £500 5C .
7 MEM &2 — e« :
MEDIAN 5125 -~ - - _j
MODE 5280 — - -~ -—
~
° Figure 11-5 . .

. " -
O ‘ ) . . [ ‘ .-; -
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Calculation of average deviation from theﬁhean. $5,0h2-(to ‘the

nearest dollar).

______ _ Salaries \j Deviation from $5,0u42

. $4, 000 L . -$1042
o~ 4,500 - 542
A u,soo ) - 5k2
5,000 - k2

5,000 L b2

5,000. - 42

5,250 ++ 208

. 5,250 + 208
t 5,250 + _208 ¢
5,250 + 208

5,500 + 458

», 000 ) + 958

|

Total  $4500

P °§R§00 - $375, average deviation from the mean.
Range: $6000 - $4000 = $2000. o ¢

The locations of the lines whieh represent the mean, median,
and mode show that these numbers are nearly equal and the graph

shows the sai?ries a;e about equally distributed on both sides of

F )
r . s

these linés.

- 11-6., Sampling
| We all know that a presipenéial-election is held every four
years in the UAit@d States.“ In which year will the next one be
held? People are very much interested in the outcome of the
elections.‘ Sometimes,;long before the .elections are held,
organizations makehprediétions concerning who will be elected.
L These organizations not_only predicb.whczwill be elecfed~Xut even
L _predict the percent J;f:he votes cast that eacﬂ\gefiégzzzh;ill
. receive. hThe candidates and the percent of vote predicted for each
A R 2
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of tham in the election of 19k8 by three dirferent polls 1is ahown.f«

in ﬁhe table. , 0
Candidates ~ Dewey . Truman Thurmond Wallace
.. : <
Poll No. 1 g, 586 . ; 4
Poll No, 2 49.9% ' g% 1 6; | 3§
Poll No, 3 52.2% 37 1% 5 2% 3%

In the election the percent of vote for each was: Truman bg,5%,
Dewey RR 1%, Thurmond 2.4%, Wallace 2.4 Do you see why this
election~1s called the "surprise el&ction“? ‘

Although netther poll predicted the election correctly, thelr
predictions were close. How did they do 1t° Did they go™about
) the‘U. S. and ask ‘every voter how Ae was going to vcte? Or, did
they write each voter a letter? -Either?cf these wayn'nouid hane
~ been very expensive and would have takeb a great deal of time.
Instead of either of these they used a\method called sampling.
This means that the organizations wno made the predictions selected .

a "sample" of the populauon of the U, 'S. Then, after asking the

!

people in the "sample" how they would’ vote, the organizations pre-'

dicted that the vote in the entire country would be in the same
ratio as the vote in the "sample". '
If you have ever had a»blocd-eount,*the doctor took a very
‘nnall anount of blcod from the f£ip of yOar finger, or from your
| ear lobe, and then counteg the red and wniﬁé corpuscles in it.
This was a very small sample of your blood. The count in it was
 gaken as a reliable representation of the count in all the blood
in your body. -Perhnps you can think of other examples of sampling.
Let us suppose you know that all the employees whose names

‘are listed in the employee's directory of a certain large manu-

” 24>
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facturing firm are men over twenty-one years of age. Then let us

ask how we might use the sampling method to make an estimate -of the

- average helght of these men. Yau might select the firat and last

.man listed in the diréctory and find their everage height. Or,
you might select the first name listed under each letter of the

alphabet, or the last name under each letter, or both the first and
last names under each ;etter. There are many ways a sample could

be selected. Some would be good and some would be bad. Do you see
any objection to any of the methods suggeeted?' The way of selecting

a 'sample so that 1t will be a good representatfon of the group from

whomthe sample is selected 1s a very difficult part of the job.

As a project for your class you might fing the-avepege height
of the boys, or girls, in the claes by use of the sampling method.
Choose two or’three d;ffereneheemples.' One sample might be obtained
by selecting the boys whose'firet_namee have the eame letter.
Another sample might be obtained by choosing the boys whbse_birth—
days occur in certain months, for example, in March, July, November.
Then efte} measuring the height of. the boys in each sample find the.
average height. After ell of this 1e’§ane you might find the
average height of all the boys in tﬁe class and compare this with

. theﬁhverage'foﬁnd in each sample. The comparisons would show which

sample was the best xe,resentation of the entire group of boys in

the class for determining the average height.

11-7. Summary.
The subject matter of statistics deals, in part, with collect-
ing data, putting 1t in table form, and representing it by graphs.
The tabulating and graphing of the data should be dehe in such ways

/ . -
243
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that the story told by the data can he interpreted and summarized
easily. The braken line graphs, bar graphs, and cirdle graphs are
Just a few of the kinds of graphs that may be used.

You have learned that there are many different measures for
the central tendency of the same set of data. The next time yo
see graphs or tables of a set of figures in the magazines, news?g
papers, or your social studies book, look them over carpfully Ir
averages are mentioned, see 1f you can tell which average 1s used.
Vhenever the kind of average used is not stated, you have a right
to question whether cgfigyerage used gives the best representation
of all the data. . “

Ed  To help you recall the new terms you have used in working with
statistics, they are listed for you:

Range -- difference betwee: largest and smallest number 1n a

.set,

Arithmetic mean or mean -; the sum éf all the numbers in a
set divided by the number in the set.

Median -- the middle number when data are ordered either from
smallest to largest or largest to smallest. When' |
there is no one middle number, the average o the Two
middle numbers is the median.

-Mode -- the number occurring most in the 1list of data. There
may be several modes.

Average'déviation -- average of the deviations from the mean.

219
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CHAPTER 12

-

MATHEMATICAL SYSTEMS

l12-1, A New Addition

The sketch-above represents the face of a four-mingte éloek.
Zero 1s the starting point and, also, the end-point of a rotation
of the hand. | |

With the model we might start at O and move to a certain
position (nusleral) and then move on to another position Just lilke
the mcﬁing hand of a clock. For example, we may start with 0 and

move-g of the distance around the face. We would stdp at 2. If we

l
1 : .
follow this by a 3 rotation (moving like the hand of a clock), we

would stop at 3. After a rotation of'% from O we could follow with

3
a § rotation. This would bring us to 1. The first example could

be written 2 + 1 gives 3 where the 2 isf§ of a rotation from O, the

+ means to roliow this by another rotation (1like the hand of a clock),

. l -
and the 1 means 3 rotation, thus we arrived at the position marked

3 (or-g of a rotation from 0). The second example would be 2 + 3

4
glves 1 where the 2 and + still mean the same as in the first

example and the 3 means a rotation of L A comﬁan way to write this

1s: 2+ 3 ® 1 (mod 4). This is read "Two plus three is equivalent

~-to one, mod ¥."  Mod 4 tells how many numerals there are on the face

of the clock (that 1s, 0, 1, 2, and 3) and the system 1s called the
mod -4 system. Though this notgtion may be meaningless to you now

250
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_ 1n~ Section 12-8 this will be explained more thoroughly. ‘
~ "Example 1.. Find 3+ 3 (mod &).

"( .t f“.
Ryl

"o

12-1

. /
24+ 3 =w 1 (mod &) 1f3=0(modu)
(2+3)+3 = 143 = 0 (mod 4) |
' The following table illustrates some of the addition facts in
the mod & system. |
| : Mog U
+{ O 1 2 3 Ny
o0 o 1 2
1 3.0
2 1.
3 0

We read a table of this soprt by following across horizontally

from any entry in the left column, for instance 2, to the position -

2
[

_ below some entry in the top row, such as 3. The entry in this

‘:I
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,position in the'table fé then taken as the résult of coﬁbining the

" element in the left column with the element in the top row (in thst,\

‘order) In the case above we write 2+ 3 = 1.(mod h) Use the

table to check that 3+ 1 = 0 (mod 4),
Example 3. Complete the‘fellowing number sentences to’make
them true statements. -

(a) 3+4% = 9 (mod 5)

| The mod 5 system represented by the face of a clock should
" have five positions; namely, O, 1, 2, 3, and 4.
A3+u = 2 (mod 5)

The 3 means a rotation of 2 from 0. This 1s followed by

5

i
a'g rotatlion which ends at 2.
(b)) 2+ 3 = ? (mod 5)
2+3 = 0 (mof5). This 1s a £ rotation from O followed

5
by za.":2 rotation which brings us to O.

{c) 4+ 35= ? (mod 6) A A
In the mod 6 system, the éositions on the face of the
clock are marked O, 1, 2, 3, 4, and 5.
h + 3 == l(moé a)
If you cannot readily understand this, a sketch of a clock

will help you.

Exercises 12-1

1. Copy and complete the table for additioun mod 4.

2. Complete the following number sentences to make them true state-

ments,. .

(a) 343 = ? (mod 5) (c) 5+ 3= 92 (mod 6)

(b) 44+ 3 = 2 (mog 5) (d) 5+ 5 m 2 (mod 6)
230
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() 3+6 = 2 (mod7)  *(g) 4+% = 2 (mod ?)
(1) +3 = 1 (mod ?) | *(h) 3+3+2 = 1 (méd ?)
3. Make a table for additlon mod 3 and for addition mod 5.
4., Pind a replacement for x to make each of the following number

sentences a true statement.

(a) %+ x = 0 (mod 5) (e) 3+ x = 2 (mod 5)
(b) x+ 1 == 2 (mod 3) J(f) X+ 4 = 3A(mod 5)
(¢) 1+x = 2 (mod 3) (g) x+2 = 0 (mog 3)
(d) 2+ x = 4 (md5  (n) 4+x = & (mod 5)

5.. You have a fige-minute clock. How many complete revolutions
would the hand make if you were using it to tell when 23 minutes
had passed? UWhere would the hand be at the end of the 23

minute interval? (Assume thaﬁ the hand started from the O

position.)

12-2. What 1s an Operation?

We are familiar with the operatiéns‘of ordinary arithmetic--
addition, multiplication, subtraction and division of numbers. 1In
the preéeding section, a different operation was discussed. We
made a table for the new addition of the numbers O, 1, 2, 3. This
éﬁeration is completel&‘described by the table that you maae'in
Problem 1 of Exerciseé 12-1. The table tells what numbers can be
put together by the new addition, and it also tells what is the

" result when two numbers are put together. For instance, the table
tells us that the‘numﬁer 5 cannot be put together with ahy number
in the new addition since "5" does not appear in the left column

nor in the top row. It also tells us that 24+ 3 = 1 (mod 4).
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Study the following tables:

() #f 1 2 3 & 5 (v) +{ 3 5 7 g

1 2 3 4 5 1 3] 6 8 10 12
2l 3 4 5 1 2 5| 8 10 12 1
3 4 5 1 2 3 71 10 12. 14 16
4 5 1 2 3 9] 12 14 16 18
5/ 1 2 3 -4 s |

(o) Do 1 2 3 (d) o 1 2 3
ofo 1 2 3 1 3 1 2
1} 20 3 4 | 5 2 1 2 3
24 5 6 7 3 2 3 1
36 7 8 g9 -

From each one of.these tables we can find a ceftain set (the
set of elements in the left column and top row) and we can put any
two elements of this set together to get one and only one thing.

For instance, in Table (a), the set is {1, 2, 3, 4, 5] since these
are the numbers which appear in the left column and tép ow, )These
" are the only numbers which ean be put together by Table (a). In
Table (b), the set 1s {3, 5, T, ©}. What set is given by Table (e)?
by Table (d)? o

Here arc some e;amples from the tables:

3+5 = 3 1in Table (a) | | - }

3+ 5 = 8 1in Table (b)

201 = s5and 202 = 6 in Table (c)

101 = 3 1in Table (d). o
<5
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';Definition. A binafy operation definedxon a set is a ﬁay of .
-eémbining any two elements of the set to get a definite thing.

The two elements we combine may be the same oné, and the result
of the operation (the "definite thing“ which we get) may or may not
be an element of. the set.

You are already familiar with some operations defiﬁed on the
set of whole numbers.

Any two whole numbers can be added. Addition of 8 and 2 gives
10 '

Any two whole numbers can be multiplied. Multiplication of

8 and 2 gives 16.

Addition and multipligation are two different operations

defined on the set of whole numbers. o

. In discussing subtragtion, for instance with whole numbers,

;t is convenient to look ahead to the wcrk ofzthe eighth grade.
ffhejexpression "6 - 9" 1s not the name of anything you have studied
"1n this course. _That is, 1t is not now pbséible for us to combine
6 and 9 (in that order) by subtraction and get "a definite thing"

" and. you may wonder whether or not subtraction 1is an operaﬁion, Next
year you will learn that there 1s "a definite thing" (in fact, a
number) which 1s called "6 - 9", Because of this, we will consider
that subtraction 1is a binary operation defined on thekﬁhole numbers
(or rational numbers, etc.), even though we are not yet acquaihted

- with all the results obtained from subtraction. |

When an operation is described by a table, the elements of

the set are written in the same order in the top row (left to right)

and in the left column (top to bottom). Keeping the order the samé

will make scome of our later work easier.
23,
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We muet 8180 be careful about the order in which two elements o

are eombined For example,

201 = 5, but 102 « &,
For this reason, we must remember that when the procedure for
reading a table was explained, it was decided to write the element
in the left column first and the element 1n the top row seeond
with the symbol for the operation between them. We must examine
each new operation to see if it is commutative and associative,
These properties have been discussed 1in previous chapters; they are -
briefly reviewed here, ({hg

An operation + defined on a set is ¢alled commutative if any

elements, a , b, or the set can be put together as a + b =
. °
b + 13, 3

An operation + defined on a set 1is called assoeiative if any

elements, a, b, ¢, of the set can be combined as (a + b) + c,
and also as a + (b + ¢), and the two results are the same:

(a+b)+c = a+ (b+c).

Exercises 12-2

1. Use the tables in this section to answer the following

questions: ' ' ' ~ ' wr"
| 4

(a) 3+ 3 = ? if we use Table (a).

(t) 3+ 3 = ? if we use Table (b).

(¢) 302 = 2. (g) (2903) 03 = o
(¢) 203 = 2 (h) 20{303)= 2
e} 202 = 2 (1) (101) 02 = =

(f) 101 = 2 () 10(102) = ¢

J .
E?J( o \_;//”

)

s & i

< e,
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" 2. Which of the binary opersations described in the tables in this
section are commutative? 'Is there an easy way to tell if an
operation 1s commutative when you examiné the ftable for'the

operation? What is it? .

.3. Can ycu,teli if an operation is associative when‘you examine a
table for the aﬁeration? Do you think the operations described
in the‘tables in this section are associative?

4, Are the following binary operations comﬁutative? ‘Make at least

a partial table for each operation. Which ones do you.think
are associative? | |
(a) Set: All counting numbers between 25 and T75.
Operation: Choose the smalleanumber.
ﬁxample: 28 combined with 36 produces 28.
(b) Set: All counting numbers between 500 and'536.
Cperation: Choose'fhe larger number.
Example: 520 combined with 509 produces 520.
(¢) Set: The prime numbers.
Operation: Choose the larger number.
(d) Set: All even numbers between 39 and 61,
.Speratidn: Choose the first number.
ﬁxample:' 52 combined with 46 produces 5z. .‘<w
(e) Set: All counting nuﬁ;ers less than 50,
Operation: Multiply the first by 2 aqd then add the second.
Example: 5 combined with § prodﬁces 11 (2-3 + S - 11),
(£) Set: All counting numbers. |

Operation: Find the greatest common factor.

Example: 12 combined with 18 produces 6.

)

i
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(g) Set: All counting numbers. |
Operation- Find the least common multiple.
(h) Set: All cOunting numbers. -
Operation: .ﬁaisg the first numbgr to a power whose
- exponent 1s the second number.
' Example: 5 combined with 3 produces 59, .
5. Make up a table for an operation that has the,commutative
property. | o ¢ |
6. Make up a tabie for an operation that does not have the com-

mutative property.
. - _ -
We have been discussing binary operations. The word “binary"

indicates that two elements are combined to produée a result,.
"There are other kinds of opérations. "A result might be prodgced
from a single element, or by combining three or more elements. When
'we have a set and, froﬁ any one element of the'set; Qe can determine
a definite thing, we say there is a unary operation defined dg-the
set. - - \\VM |
*7. Can you think of a way of descrihing\the following &nary
opération by some kind of a table? | '
Set: All the whole numbers from O to 10.
Unary Operation: Cube thé number,.

- Example: Doing the operation to 5 produces 5° = 195,

- Eﬂ;;;
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'12-3. Closure

TR

() 4 1 2 L 5, " (v) H 3 5 7 9 L
.2 3 & 5 1 6 8 10 12 -

. 2 .3nukk 5 1 2 . .5 8 10 12 14 o

3 4 5 1 2 3 10 12 ;4 16 ,
4 5 1 2 3 ., 9 12 14 16 18 Q
5§ 1. 2 3 4 5 . - '
\

(¢) B0 1 2 3 (d) 1. 2 3 —
o0 0.1 2 3 ] 3 1. 2 '
y 2 3 4 5 : 2l 1 2 3 | <?
2 & 5 6 T - 1 2 31 -
1 6 7 8 9 .

: ) ) .
Stully the Tables (&) and (b). One interesting difference

between ythe tables: is this: In Table (a), the results’of‘per—

forming the operation (thap is, the numbers written in the table) 2

are always elements of the set on which the operation is defined .
(the set of elements which appear in the léfﬁ column and in. the
top row). Ir. Table {b), this is not true. For'insténce,
5+ 7 = iE in Table (b), and 12 1s not én ¢lement of t-= set
{3; 5, T, 9} on which the operation of Tabl® (b) is defined.

'We recall that a set 1s closed under an opératioﬁ 1f 4t 18
'élways péssible to combine any two elements o:‘;he set and if the -
result obtained is always an element of that set. The two elements

we start with may be the same one.

L=
LAw)
b
e 4

.
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Example l The' set of" even. numbers 1sJélqsed}under addition.

- This means that 1if *ﬁﬁ two even rumbers are added, the result is

always an even numter. 2 + 2 = U (We used the same number, )

M+ 6 = /29 Bl 4+ 86 = 130,
T - Ex : e 2. ‘The set of odd numbers-is not élosed ander addition,
This mean hat if two odd nuhbers are added, the result is not

"

—

-/

always an 0dd number.“*F r‘exdmple 3+ 5 = 8, 1Is one example
enough to shQvahquEEEJ:et of odd numbers'is not élosed under addi-
tion? ~ We couid give more examples, actually, the sum of two odd

numbez'e is never‘an odd number.

A

 Example 3. The set of whole numbers is not closed under sub-
traction. For example, consider the two whole numbers 6 and 9, There

are two different ways weé can put these two numbers together using

-subtraction: ¢ - 6~and 6 -.9. " The firs§ numeral, "9 - 6", is a

\d//wg/maﬁg for the whole number 3, Bu@ the numeral "6 - 9" 1is not the name

of any whole number. Thus, subtracting ‘two whole numbers does not

alﬁsys give a whole number,

Example k. The set of ' unting numbers is not closed under

division. It is true th 'E'is a counting'number, but there is no
counting number ‘2 Can fyou give some other illﬁst:&ns of
clgsure, that 1s, sets cNgsed under an_pperation and sets’ not closed

unger an operation?

| Exercises 12-3. | .
1/ Study agair. Tables (a) - (d) in.tﬁis section. Whieh tables |
determine a set that is closed under thé operé?ian? Which
‘tables determine a set that is ﬁot dlosed-undgr the‘operatiéh?
How do you know? |

EW?U A - "

e
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2. Which of the sets below are closed under, the corresponding
~_operations? -
(a) The set of even numbers under addition,
(v) The set of even numbers under'multiplication.
(e) "The set of 0dd numbers under multiplication.
(d) The set of odd numbers under addition,
(e) The set of multiples of 5 under addition.
(f) The set of multiples of 5 under subtraction.
*(g) The set {0, 1, 2, 3} under subtraction mod %. Remember
that subtraction is “he inverse oberation of addition.
(h) The Set of counting numbers less than 50 ﬁnder'the
operation of choosing the smaller number.
(1) - The set of prime numbers under addition.
#(3) The set of numbers whose numerals in btase five end 1in
"3" . under addition. |
l*3. If an operation defined on a set is commutative, must the set
be closed under the operation? |
#4, If an operation defined on a set is éssociative, must the set
bchlosed under tl.e operation?
5, Maké up a table for an operation defined on the set {b, 43, 100}
SO fhat the'set 1s.cio§ed.under the operation.

*6. Make up a table for an operation defined on the set {0, 43, 100)

so that the set 1s not closed uNSer the operation,.

12-4, Identity Element; Ihkgrse of an Element
In our study of the number cne in‘?rdinary‘arithmetic, we
_ observed that the product of any number éed 1‘(iﬁ e1ther order)

? gave that same number; that 1s, the produd?\of any number and 1 is

NI | 207
i . ,
L ’ N ! P ' . i
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.the number. For instance

2x1 - 2, 1x2 = 2, 156X 1 = 156, 1 X 156 = 156,
Fcr'any‘number 'n in oréinary arithmetie, n -1 = n and

1l n = n,.

In our study of the number zero in ordinary aritﬁmetic we
observed that thz sum of 0 and any number (in either order) gave
that same number; that 1s the sum of any number and 0 is the number.
For instance | ‘

240 = 2, O+2 = 2, u68+o = 168, 0+ 468 = 458
For any number n in ordinary arithmetic, n + C = n and
O+ n = n. ¢ ) '
One 1s the identity for multiplication in ordinary arithmetic,
Zero 1s the identity for addition in ordinary arithmetic.

Definiticn. An ident;_x:(or identity element) for z binary:

operation, *, defined dn a set is an element, e , in the set,
such that e * a = a ”an é * e = a for every element a of
the set,
What is the identity for uhe arithmetic of the 4-minute clock?
If we add two thingu ana gat the identity for addition, then

we call them sdditive inverses oﬁ each otner. For-.example, in the

table .
Mod 4
c 1 2 3
0 1s *he identity ‘9 o0 1 2 3
2+ 2 = N (nod %) 1] 1 2 3 0
S+ 1 = 0 {mod &) 2 2 3 0 1
1+ 3 = ¢ (mod &) 3 3 0 1 2
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Thesg pairs of numbers, 2 and 2; 3 and 1; are said to be inverses
of each other. Each element of this sét has ah invérse. The inverse
of 0 is O; the inverse of 1 is 3;'tge inverse of 3 is 1,

Definition. Two elements a and b are inverses (arAeither,
one 1s the inverse of the other) under a binary operatinn * with

identity element e if a* b = e and b*a = e,

Exercises 12-4

“1.. Study tables (a) - (d) in Section 12-3.
-' (a) which tables describe operations having an identity and.
what is the identity?

(b) Pick out pairs of elements which are inverses of each other
under these operations. Does eachAmember of the set have
an inverse? |

2. For each of the operations of Problem &4, Exercises 12—2;.

(a) Does the operation have an identity and, if so, what is 1t?

(b) Pick out pairs of elements which are inverses of each
other under these operations.

(¢) For which opérations does each element have an inverse?

*3. Can there be more than one identity element for a given binary

L]

oreration?

12-5. What is a Mathematical System? 'k\‘:>

The idea of a set has been a'very convenlent cueg in this
book--some use has been made of ;; in almost every chapter. But
there is really not a great deal that can be done with just a set
of elements. It is much more interesting if something can be done

with the elemenD§ (for instance, if the e¢lements are numbers, they

24
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can be added or multiplied). If we have a set and an operation

defined on the set it 1s interesting to find out how the operation -

behaves. Is it commutative? associative? Is there an identity
element? Does each element have an inverse? The "behavior" of
the arithmetic operations (addition, subtraction, multipliecation
and division) on numbers was discussed in Chaptérs 3 and 6. Ve
have seen that different operations may "behave alike" in some ways
" {both commutative, for instance). This suggests that we study sets
with operations defined on them to see what different possibilities
there are. It 1s too hard for us to 1ist all the possibilities,
but some examrles willl be given in this section and the next.
These are examples of mathematical systems. _
‘ Definition. A mathematical sxstem is a set of elements to-
gether with one or more 6perations defined on the set.

The elements do not have to be numbers. They may be any
objects whatever. Some of the examples below are concerned with

letters or geometric figures instead of numbers,

Fxample 1. Let's look at egg- ~ Mod 3
timer arithmetic--arithmetic mod 3. H4 1 2 0
(a) There is a set of elements 2 0 1
tne get of numbers (0, 1, 2) c 1 2
{») There is an operation + 1 2 ©

mod 3, defined on the set
{o, 1, 2}. : .
Therefore, egg-timer arithmetic 1s a mathematical system., Does this

system have any interesting properties?

26‘;
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(¢} The opération, + mod 3, has the commutative property.
Can you tell bj'the té%le? If so, how? Ve can check éome
special céseé too., 14+ 2 = O(mod 3)and 2+ 1 = 0
frod 3), so 1+ 2 = 2+ 1 {(mod 3).

(d) There 1is an identity for the operation + mod 3 (the
number O).

(e) Each element of the set has an inverse for the operation
+ mod 3. |

Study the following tables.

(a) 0. Ao B (b) *#f P ¢ R 8
j A 3 P R S P ]
A B . Q S R Q P
Ri P Q R S
S Q P S R
(¢) ~ADTO N\
AA DO N\
O/0 O \NA
D0 N AT
\\zl:}O
\
Ixerclses 12-5
1. “hich one, or ones, of the'Tables (a), (b), (c) describes a

niathematical system? Show that your answer is correct.

<. Use the tables above to complete the following statements

f‘\\\‘\\\~_,,

correctly.

203
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(a) BoA = »? (e) Q*R = 2 (1) \~0 = ¢
(b)lA""'fO-? (f) R*S = 2. (j) BoB = ¢
(¢) N\ = ¢ (g) P*R = 2 (k) AoA = 2
(d) AoB = 2 (h) O~QO = 9 (1) s*Ss = 29
Which oné, or ones, of the binary operations o, *,~  is com-

mutative? Show that your answer is correct. -
Which one, or ones, of the tinary operations o, *,~ has an
identity element? What 1is it in each case?

Use the tables above to complete the following statements

| correctly.

(a) P~ (Q*R) = ° (f) R* (P*S) = o
(@) O~ (A - o
(n) (A~D)~\ = 2
(1) O~D~A = o .
(3) O~(O~A) - »

Does either of the operations described by Table (b) or Table

(b) (P*Q)*R = ¢
(¢) P*(a*s) =
(d) (P*Q)*s = =
(e) (R*P)*S = 2

(c) seem to be associatlve? Why? How could you prove your
statement? What would another persqn have to do to prove you
wrong? | | N

BRAINBUSTER. For each of the followihg tables, tell why it

does not describe a mathematical system.

(a) #_1_2 o (v) A 2 2
1 ) the product the sum
1 of 3 and 6 of 2 and 4
l .
a number
between
(e) * 1 = 2l 3 and 8 0
1y '
k 2 3
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12-6. Mathematical Systems without Numbers
- In the last section there were some examples of mathematica.
~systems without numbers 1n‘them.‘-supp03e we invent one. What do
we hged? ' -

We must have a set of things. Then, we need some kind of an
operation--something that can be done with any two elements of our
- set, ,_We have found that the properties of closure, commutativity,
assoclativity, etc. are very helpful in simplifying expressions.
It would be nice to have some of these properties.

Let's start with a card. Any rectangular shaped card will do.
We willl use 1t to represent the interior of a rectangle. Lay the
card on your desk and label the corners as in the sketch. Now

pick the card up and write the letter

"MA" on the other side (the side that

was touching the desk) behind the "A" D
you have‘already written, Be sure
the‘two letters "A" are back-to-back so they are labels for the
same corner of the card. Similarly, label the cgrners B, C, and D
on the other side of the card (be sure they're back-to-back w%ﬁﬁ
the B, C, and D you have already written). -
What set shall we take? Instead of numbers; let us-take
elements which have something to do with the card. Start with the
cabd in the center of your desk and with the long sides of the
ca?d parallel to the front of &our desk. Now move the cérd—~pick
it up, turn it over or gfouné in any way--and put it back in the
cehter of your desk with the long sides parallel to the front of
your desk. The card looks Just the same as it did before, but the

F\:
e
~ ey
~1i
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corners may be labelled differently (a corner that started at the |
top may now be at the bottom, for instance). The position of the?”ﬁ
card has been changed, but the interior of the rectangle looks the
way 1t did in the beginning. " (The “"picture" stays the same. In- -
dividual points may be moved.) The elements of our seé gill be
these changes of position, We will take all the changes of position
that make the interior of our rectangle look the way it did in the
beginning (Long sides parallel to the front of the desk.) How
many of these changes are there? |
We may start with the card in sSome, position which we will call
 the standard position. Suppose it looks like the figd}e above.

Leaving the card on your desk, rotate it half way around 1its

center. A diagram of this change is:

A A alf way
: around
gives:
D

Since the letters "A", "B", etc. are only used as a convenience :
to label the different corners of the card, we will. not bother %o
write them upside down. The diégram below represents this change

of position, and we will call the change "R" (fQF rotation),

A R:
Rotate the card
half way around

D , B

What would happen if the card rotated one fourth of the way

around? | |
' .
LY g <j;;e fourth of
‘ ; ‘ the way aroung
D : . C
Q ‘ : ' ‘ ( ) 2 6‘ Cf
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Does the csro look the same before and after the change? No, this
change of position cannot be in our set,'since the two pictures -
are quite different.

Are there other changes of position of the interior of the
rectangle which make it look the way 1t did in the beginning? Yes,
we can flip the card over in two different ways as shown by the
diagrems below:

A H: D
_1_~*~_____j._ Flip the card over, ¢
: using a horizontal axis.
D g A
| [
. A i Vi , B A
! Flip the card over,
! using a vertical axis.
D ! C : | c
i

Now you know why you had to ‘label both sides of the card so
oarefully. Remember, the card only represents a geometric figure
for us. .Turning over a eard.makes it different--you see the other
side; but turning over the interior of a rectangle would not make
it different (of course, some of the individual points would be in
different positions but the whole geometric figure would logk

A)hst the same). |
. There is ons more change of position which we must consider.
It is the change which leaves the card-alone {or puts each individual
point. back in place). ILet us calR?;t "X“.

A ' I: A
' leave the card in ‘
place ,
D d . D
b

26
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Since, in our diagrams above, we have always started with the
rectangle in the standard position, each change of position can be

- &
represented by the final position. The four changes are diagrampeé

below for easy reference.

A v~ A 7] rf
D cC_ \\\ Y B_
- |

I v

Now we have our set} it is (1, V, H, R}. Ve can start a tabie

for'the operation in our mathe- . I Vv H R

matical systém. But thé table -
cannot be filled in yet--we have

no operation! ‘'hat. operation

Woom <

'shall we use? How can we "com-
bine any two elements of our |
set" to get a "definite thing"? Could the names of any objects at
all be put in the operation table if we'ﬁant our set fo be closed
under the operation?

Here is a way of combining any two elements of our set. We
will do one of the changes AND THEN do the other one. Ve will use
the symbol '"ANTH" for this operation (perhaps‘you can think of a
better one). Thus "H ANTH V" means "fl4p the card over, using
a horizontal axis, and then flip the card over, using a vertical
\‘g axis.” Start with the card in the standard positipn and do these
changes to it, What is the final position of the card? ‘Is the
‘result of these two‘changes the same as the change R? ‘hat does
"V ANTH H" mean? Try it with your card. Now we can £ill in the
. : 270 .
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‘;abIe.fér;our.operation. Some ANTHH I Vv H R

of the entries are given in the I | .I V :
_ table at the right. ' T v R H
| H H R
R | A
Exercises 12-6 . N
1. Check the entfies that are giyen 11 the table above and fiﬁd'
| the otheréﬂ Use your card. D ’

2. ﬁ;bm your table ror‘the operation ANTH , or'by actually moving
" a card, £fill in each of the blanks to make the equations correct.
(a) ANT. H = 2 e | .
(b) .R ANTH ? = H
" (e),? ANTH R = H
() 9 ANTH H . =
“(e) (R ANTH H) ANTH V = 2

R

(
(f) R ANTH (H ANTH V) = 2
- (g) (R ANTH H) ANTH 2 a_V o )
(n) (R ANTH ?) ANTH V = H | - .
(1) (? ANTH  H) ANTH V = R o

3. Examine theﬂtable for the opefatiqn ANTH,
(a) 1Is the set closed under the operation?
(b) 1Is the operation commutative? -
o (c) Do you think the operation is associative? Use the
| | operation table to check several examples.
(d) 1Is there an identity for the operation ANTH?
(e) Does each element of the éet have an inverse under the

operation ANTH?

to

-2
[
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'

Here 1s another system of changes. i
Take a triangle with two §§ual
sides. [Label the corners as in

the sketch (bé&ﬂ's}ﬁes, baEketo-
back). The set for thé‘%ystem
will consist of two chénges. T
first change, called I, will be:

;
§

Leave the triangle in place. The - s
second change, Called F, will be: Flip the triangle ovér,
using the vertical axis., F ANTH I will mean: Flip the
triangle dver, using the verticai axis, and then.legve fhe
triangle in place. How will the triangle look--as if it had
beerr“Teft in place, I, or as if the change F. had been done?

\

—«f . Lt
What does I ARTH F mean? Does F ANTH I = F* or ‘does

F ANTH I = TI9

(a) Comiplete the table below: ’ -
| ANTH| I F
I

\ .
F | /

(b) Is the set closed under this operation? t//

o

(e) 1Is the operation commutative?
(d) Is the operation assoclative? Are you sure?

(e) Is there an identity for the operation?

'(f) Does each element of the set have an inverse under the

operation?

ra
~?
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6ls p . .
./,'SL‘ Maké a8 triangular card with three equs Sides and label the
‘corners as in the skefch = - - ' T
(both sides, back-to-back):A * g
The set for this system will /
be made up of these six changes. AN
I: Leave the'téiaﬁgle in place. /
R: Rotate the triangle clock-
wise'% of the way around. -
. .-S8: Rotate the triangle)glcék- -
wise'% of the way around. - ’
T: 'Flip the triangle over, using \ /)
| vqrticai_gifs. _ - L .,‘ ) -
§z>;;;:>Flip the triangle over, using an axis through the lower =~ = ,
right verte;. N \*; ’ R
V: Flip ths triangle over, Qsing an axis throughﬁthe‘ldwer v
) left vertex, Three of these will be rotations about the center.
(leave in place agd two_others). ﬁrbe other three wirx be flips
about the axes. <Caution: The a&es are stationary; they do nét
rotate with the~§riang;e. For example, th?{vertical axis re-
mains vertical;-;t would go through a different corner of the_/w
card after rotating the triangle one third of the way arogas‘\\usﬁ -
its‘center. Make a table for these changes., Examinqupe tabié. |
=iy this operation commutative? Is there an ident y c??ﬁge? ‘ 7
. Does each change have an inverse? :
‘6. fry making a table of change§ for a.sduare. \There'g_ elght

chnhéeé. What are they? 1Is there an identity changg? Is the
operation commutative? ” - ' :ff”{



12-7. The Counting bers and the Whole N be ‘
. | G studied§§o ar 1n ﬁhis
;} chapter are composed of a set and one operatien. Exam les ere -
| medular addition and the changes of g rectangle or triangle. A
mathematical system given by a set and two operations would apeear
to be_gore complicated than these examples. However, as you may
ﬁave guessed, ordinary arithmetic is also a mathematical sysﬁem and
weVknow that we can do more than one aperatfcn using the Same set
- of numpers--for example, we can edd and multiply. Can you name
three different eets of numbers‘geneidered in ordinary arithmetic?
Can you name more than three? |
. "To be definite, let us choose the set of rational numbers.
This set, tbgether with the two operations of addition and multi-
plication forms a_methematical‘system which wae}diecussed in.
chapters & and 8. Are there properties of this 'system which are
T entigely;different from those.we have'considered in systems with .
-~ only one_opeeatloﬁ? Yes, you are familiar wifh'the fact that
e r(3+5) = (2 3)+ (& 5). This is an 1llustration of the "~
‘distribdﬁive proeerty. More efgeisely, it 1llustrates that multi-
. Pplication distributes over addition. The dispributive property is

also 'of interest in- other mathematical systems,

finition, Suppose we have “a set and two binary operations,

and o, Qefined on the set. The operation *_distrieuteg over the

operation g\f&f a*(boc) = (a*1b)o(a*c) for any elements
' a, b, , 5} the set. (And we can perform all theee-operaticns.)

i
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Exercises 12.7

f.onsider the set of counting numbers:
. . ' of

va)

(v)

(c)

(d)

Is the set closed under addition? under multiplication?

Explain.‘ ‘
Do théucnmmutgtive and associative properties hold fog
addition? for multiplication?l,ﬁive an example of each.
What 1s the identicty élement for addition? for multi-
plicatioﬁ?

N ,

Is the set of counting numbers closed under subtraction?

under division? Explain.

The answers to (), (b), and (c) tell us some of the properties

of the mathematical system composed of the set of counting

numbers and the operations of addition ang multiplication.

Answer the questians of Problem 1 (a), (b), (c) for the set of

whole numbers. Are yaur answers the same as for the counting

numbeprs? : o

(a)

(v)

For the system of whole numbers, write 3 number sentences
illustrating ;hat multiplication distridbutes over addition.
Does addition distribute over multiplication? Try some

examples.

The two tables below describe a mathematical system composed

"of the set (A, B, C, D) and the two operations * and o.

sl A B ¢ D of A B C D
AL A A A A Al A B C D
B A B A B B B B D D
| A

c6 A A C C ¢ ¢ D € D
Db A B C D p D D D D
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(a) Do you think * distributes over o? Try several examples,’
(v) Do you think o distributes aver *? Tr& several examples,
5. Answér theSe questions for esch of thé;fallow;ng systems.
Is the set closed under the operation?; Is the operation com-
hutative? associative? Is there an identity?x What elements
have inverses? | |
(a) The system whose set is the set of odd numbérs and whose
operation is multiplicat;oﬁ.
(b) The system whose set is made up of zero and the multiples
‘of 3, and whose operation is multiplication.
(c) The system whose set is made up of zero and the multiples
of 3 and whose operation is addition,
“ (d) The Syétem-whose‘set is made up of the rational numbers
between O and 1; and whose operation .is multiplication.
f. (e) The system whose set is made up of the even nuﬁbers ang
whose operation ié add“tion. (Zerc is an‘eyen number, )
(f) The system whose set is made ur of the rational numbers be-
tween O and 1, and whose operation is addition. _
6. (a) In what ways are the systems of 5(b) and 5(c) the same?
(b} In what ways are the systems of 5(a) and £(b) different?
1 *7. Make up a mathematidal system of your own that 1s composed of
a a set and two operations defined on the set. Make at least
A . partial tables for the operations in yoﬁr system, List the
\ properties of your system.
#8, Here is a mathematical system composed of a set and two opergtions_
defined on that set.
Set: All counting numbers;‘
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.Operation * 3 Find the greatest common factar. ~

Operation o: Find the least common multiple.

(a) Does the aperation # geem to distribute over the operation
0? Try several ‘examples.

(b) Does the operation o seem to distribute over the operation

*2 Try several examples,

12-8, Modular Arithmetic

<

In Section 12-1 we studied a new addition done by rotating

_the hand of & clock. Using a four-minute clock, we said that

| 24+ 3 = 1 (mod 4), The tables which we made described the mathe-

matical systém mod 4,

" Modular systems are the resu%& of classifying whole numbers
in a certain way. For example, we}cmuld classify whole numbers as
even or odd. In this case, every other number from O 1s put in the
same family and the family 1s named by 1ts smallest member: O.
This is the mod 2 system. Thus the class of all even numbers is
0 (mod 2). Startin; from 1, every other number velongs to the

same family which we call 1 (mod 2). For the odds and evens, we

‘then have two classes, O (mod 2) and 1 (mod 2). The number 5

pelongs to the class 1 (mod 2), eight belongs to the class O
(ﬁod 2);

If we put every fourth number in the same class, we have the
mod 4 system. Here 1is a sketch of some of the numbers pelonging

to the class O (mod &),

"‘I‘
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Every fourth number from O belongs to the same class. Thus,
numbers which are multiples of & belong to the class O (mod 4).
Here 18 a sketch showing some of the numbers which belong to

the class 1 (mod 4).

o U - S~
s ' 1

6 A.g‘f\l}lL

Every fcurthxhumber from 1 belongs to the same class, ﬁhat is,
1 (mod 4). Thus the numbers whicﬁ are 1 plus a multiple of &
belong to this class.

"The two sketches below show‘respectively some.of the numbers

which belong to the class O (mod 5) and the class 3 {mod 5).

[y i " " i A A 4 - A . A A s | SN N L " L

0 5 1o i5 20

of 5.

The numbers belohging to the class 3 (mod 5) are 3 plus .
multiples of 5.

Our first problems in a modular system used the operation of
addition. If ;e change the operation to multiplication, we get a
different mathematiéal system, With both apEtations, modular
arithmetic 1s more like ordinary arithmetic-than it was with Just

- one operation.

Below are two partly completed modular mulfipiication tables.
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Mod 5 Mod . 8 ‘

£.0 1 2 3 . gl o 2 3 4 5 6. 7
6 6 0 0 0 0 o0 0 ¢ 0 0 0 0 o
1] o 1 2 3 & 1l o 1 2 3 & 5 6 T
2 3 2 ) oy
3 1 3 T
4 4

5

6

4

To find the proauct 2 X 4 (mod 5), we found'éhelproduet of
2 and 4 and then found the class to which it belongs. Thus
2x 4 = B8; 8 belongs to the class 3 (mod 5) (eight is the 5th
number from 3), Hence 2 X 4 = 3 (mod 5). Also, 3 X 2 -1
(mod 5). Six is the 5th number from 1.

An example of the computation in the mod 8 table is:

2Xx 6 = 12; 12 belongs to the class 4 (mod 8). 2x 6 £ 4 (mod 8).
- i A A 1_ 1 1 L 4 i A 1 J
‘ 4 2

-In Secticn 1, a mathematical system, described:by the table,
was trhe result of rotations of the hand of a clodk. If we think N
:of the positions as being numbers and the + sign as addition we
wéuld have modular addition. Thus, from the above discussion of =
modular systems, 3 + 2 and 1 are in the same class, mod 4, since |
. «3+ 2 or 5 1s the fourth number from 1. Also 3 + 3 and 2 are in -

- the same class, mod 4, since 3 4+ -3 or 6 is the fourth number from

2. , ' -
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Exercises 12.8

1. Copy and complete the mod 5 and mod 8 multiplication tables,
2. Answer each of the followigg~questions about the mathematical -
systems of multiplication mod 5 and mod 8.
(a). Is une set closed unde thé‘operatiqn?
(b) 1Is ﬁhe operation commutative?
(e¢) Do you .think thé_;;ér;tion is associative?
(d) Wnat 1s the identity element?
(e) Which elements have inverses, and what are the pairs df‘
inverse elements? )
(f) 1Is 1t true that 1f a product 1s zero at ltsbt one of the
| factors 1s zéro? |

3. Complete each of the following number sentences to make it a

true statement.

(a) 2x4 = 2 (mogd 5) (c) 52 = 1 (mod ?)

(b) 4x3 = 2 (mod 5) (@) 23 = 0 (mod ?)
4. Find the products:

(a) 2x3 = ? (mod &) (e) 43 = 2 (mod 5)

(b) 2x 3 & 2 (mod 6) (£) 6% m % (mod 5) °

(¢) 5x8 = ? {mod 7) *(g) 62° o 2 (mog 5)

(d) 3x4x6 m ? (mod 9)
5. F}nd the sums:
(a8) 1+3 = 2 (mod 5) (¢) 2+ 4 = 2 (mog 5)
(b) 4+3 = 2 (mod 5) (d) 4 +% m 2 (mod 5)
5. (a) Do you think multiplication mod 5 distributes over addition
‘ mod 5?9 ,
{b) Do you thihk addition mod 5 distributes over multiplication
mod 57 ‘ |
280 - o
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Remember that diyiaiéniia defined after we know about multi-
plication. Thus, in ordinary arithmetic, the question "Six
' divided by 2 4is what?" means, really "Six is obtained by multiplying
2 by what?' An operation that begins with one of the numbers and

the "answer" to another binary operation ahd asks for the other
number, 1s called”an 1nyersé operation;' Divisdion is the 1inverse cff
thg multiplication operation.
#7, Find the quotiénts: _
(a) 2+ 3 a ? (mod 8) (e) 042 m * (mod 5)

(®) 6+2 = ?(md 8  (f) Osk = ? (mod 5)
(c). 0s2 = ? (mog 8) (g) 7 ¢+ 3 = ? (mod 10)

(6) 3+ 4 = 2 (ﬁod 5) #*(h) 7+6 = ? (mod 8)
8.-.F1nd the following, remember that subtraction is the inverse
operation of addition. .
(a) 7 - 3 (mod 8) (e) 3 - 4 (mod 8)
{(p) 3 -4 (mod 5) - #(d) 4 -, 9 (mod 12)
9. Make a table for subtraction mod 5. Is the set closed under
-the operation? . » |
10. Find a replacement fur x which will make each of the foilowL

ing number sentences & true statement. Explain

{a) 2x = 1 (mod 5) (d) 3 x = 0O (mod 6)
(b) 3x = 1 (mod &) (e} x+x = 1 (mod 8)
(¢) 3x = 0 (mog 5) (f) 4 x = 4 wmpd 8)

11, In problem 10 (d) and (f), find at least one otﬂag replacement
for x which makes the numbesr’ sentence a true sﬁé:emgnt.
g . ‘ . o {
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-~ . - 12-9. Summary and Review

S Summagg

" A binary operation defined on a set is a rule of combination
by means of ‘which any two elements of the set may be combined to

aetermine one definite thing.
)

4

‘A mathematical system is a set together with one or more
operat;ons defined on that set. ‘

A set is.closed under a binary cperation’if every two elements
of the set can be combined by the operation and the result 1s always
an element of the set.

An identity element for a binary operation defined on. a set
is an element of the set whieh.does not change any element with
which 1t is combined.

r .
operation if their combination (4in either order) is the identity
element for that operation. - |

A binary operation is commutative if, for any two elements,

the same result is obtained by combining them first in one order,
and then in the other,

A binary operation is associative if, for any three elements,
the result of combining theAfirgt with the e%mbinaticn of the
second and third 1s the same as the result of combining the
combination of the first and second with the thirﬁ‘

a+(b+ec) = (a+ b) + c.

The binary operation *# distributes over the binary operation
o provided ' |
a* (boe) = (a*b)o(a*c)

for all elements a , b-, ec.

280

. r

Two elements are 1nverees of each other under a certain binary -
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Sample Review Questions

1.
2.
3.

9.
10.
11,

12,

! »
+

<

12-9

Find the greatest common factor of &, ia, and SO.KI

The basé two nueral for the numher twelve has hcw'many digits?
What 1s the intergectiom of the set of whole numbers between

1 ahd 11 and the set cf even numbers between 5 and 157

Find the simplest numeral fur*%% divided’by-g.

What is the largest number of rays 5 s -
indicated in tnisdiagrag? “,fﬁﬁﬁﬁiffffr

What 1s the reciprocal fcr'g in the set of rational numbers?

Explain one way of ﬁete:mining if'% = -§ is a true statemenf}

>

If the length of & line segment is measured tc the nearest~%
1ﬁnq; what 1s the greatest possible error?

Find T5% of 14. ;

Find anochexr name for -g % -E %-%--&using an expgnen‘t. |

If two aﬁgles of an isvsceles triangle measure 64° ané 580,
what 1is the measure of the third angle?

Which of the following measures of centrai tendency will always

be one' of the driginal data? Mean, median, mode,

I8N
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CHAPTER 13

MATHEMATICS AT WORK IN SCIENCE
LIHE -

L

13-1. The Scientific Seesaw
Have you ever played on .a seesaw?

If your weight is 100 pounds and your parthner on the‘pfher side

‘of the seesaw weighs 85 pounds, where does he have to sit to méie

the two sldes balance? Will he be closer to the center or farther
from it than you” Can you tell how far? ‘ ‘

" The seesaw 1is one form of simple machine thét is used a g;eét
deal around home, at work, and in science laboratories. Ié belongs
to the family of machines called "levers." Of course, not alil
levers work like seesaws! You use a lever to open a soft drink
bottle.‘ You use other forms of levers to Jack up your car or‘to.
Pry up a stone. Can §ou th;ﬂk of o;héf examples of levers?ﬂ

The sclentist uses levers of rather fine constriction for many
purposes 15 his laboratory. The simplest type is the common labora-
tory balance or scale. You probably have one in your science room.
Scientists long ago studied these scientiflc seesaws, learned how to
balance weights, ana expressed thein findings in a mathematical )/ff
formula. ~Having the formula makes the sclentific seesaw much easier‘
to use and understsnd.

Today you are going to*pléy the part of a scientist} You ﬁill
set up a simple seesaw éxperiment, make obéervations,‘try to dis-
cover a rule and try to state the rule in mathematical form. ‘

The experiment suggests how. a sclentist makesfobservations in

the laboratory, studies them mathemat-cally and draws conclusionsv

' ,, 28y
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from them. He then tries to state the conclusions by means of a

mathematical equation. Flnally he uses the formula to predict a

new result gnd then goes back to the laboratory to test whether the

rule works in &imilar situations. ' :

13-2. A Iaboratory Experiment -

Your equipment to study the scientific geeéa%‘will look some-
thing like this. ‘ ) l -

If ll T]ﬂ flj !‘l. llx t]x !]l‘ T}l 1{7

The-materials required in your 1aboratqry are:
A meter stick or yardstick;
Strong thread and two bags to hold the welghts;
(thin plastic makes very satisfactory bags)
A set of metric weights. (If a set of welghts 1is
N not available, a“suﬁﬁly of pennies or marbles’
can be used.) . , ' P

Procedure:

1. Balance the. Stick by suspending it from a strong thread
tied at the middle of the stick. Tnis point at which the stick

is suspended 1s called the fulerum. Y
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2. Hang ten egqual wnéghts on one side of the fulcrum and ten
equal weights on the other side and try to make them balance. Take
two unequal welgnts and try to make them balance. Do you find that
you must cnange the distance to achieve a balance when the weights
are unequal® |

\ Note: Solentists usually perform some preliminary tests to

* determine the best way to set up and darry out the experiment.
Thelr first experimental set-up doesnl}t alwajs work perfectly! Ybu'
may find it advisable to make some ‘
and procedures at this stage.

VWinen you have your equi meﬁt operating smoothly, you are reédy
to take the first steps in your experiment. .Scientists usgglly have

the experiment carefully planned out 1n advance, but we shall

develop our plan as we go along. *25
o 3. (a). Hang & weight of 10 grams (or pennies or.marbles if
you do not have the metric welghts) at a distance of 12‘cent1meters////

from tie fulcrum, and balance it with a 10 gram weight on the otngr

side. (On a yardstick you may find that % iach is a convenient
52;;7gﬂ distance.) Observe tne distance of tnis second weight when
'[tne lever is in balance .and record the distancé in a t;ble; column
(a), similar to the one below. Note that w _and dL'répresengnthe
welght and distance respectively on onglLslde of the fulc;;m. W and

D represent tne weight and distahce on the other side.of the
' /

fulerum. y (:\\
q~
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~ 0 i P
C {8) () T (o) (@) T(eledAR) (&) (1) (1) (4)
w = 10 10 10 10 10 10 10 10 10 10

12 12 12 12, 12 12 12 12 12 12

¥ = 10 20 -5 8 15~ au 12

»

I
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(b) Now double the weight W (make 1t 20 grams, and find

where it must be placed to balance weight w. write the diéﬁapce in
at

,your table under "20", column {b). . . .

-
-

(c) Make weight 'w only half as large as 1t wa 1n the - t
" first case, adjust tne balance and- read the distance from he "

fulerum. “Write 1t in the table, column (c) .under "s5", -

(d) Notice that i tnese first three trials, welght «

" and igs disfance % from the fulcrum remained the same. All
_F#Jchanges-were.maéégésc:eight W and balanced by changesgin D, \Ese
the weights -indicatied in columns (dJA— (g) and find the value of D. .

~

4 Eike sgvé?al other .changes for W and write the corresponding

sults/for < B\ 1n your table--columns (n), (1), and (J).

‘. .
. DU~
& . 5‘()'.
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Now, as indicated in Table II, let weight w be 16 grams

eudd its distance from the fulerum 6 cm. Find how heavy welght w.

will have to be.to balance at €.cm. on the other side of the ful-

crum, Wnat weight will balance the lever 4 cm., from the fulcrum?

16 em?

5. - ™y other welghts and distances as suggested in Tables

&

*

T

'TABLE II
16 16

6 6
16

16

o

16

III and IV and fill in similar tables.of your own,

18

\J1

20

20
15

18

n

10

TABLE III
40 10

20, 20 20

15 15 15
TABLE IV

5 5
30 L5

‘2éﬁq

20

15

18

15

20

15

Trj several otner diétances from the fulcrum, find the

16

18

18

- weignt whicn will just balance the lever, and fill in your Table II.

/
i
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13;3. Caution: Inductive Reasoning at Work!

After a sclentist has completed an experiment and collected
Qata, he tries -to analyze 1t. ﬁe tries to discover all the facts
thap'the data rresent. He attempts to interpret these facts in o
connécﬁéd and éonvenient way and to discover a general rule which
the data suggest. His hope is to-state these reéults in a precise
way, preferably by a simple mathematical formula.

Note that the scientist studles a number of spegific experi-
mental results and from these tries to reach a cpnciﬁsion which will
hold for all cases. Thié is the kiﬁd of inductive reasoning whlch
we dir 3sed earlier. It should be used with caution. There may
Qell be occcasions Wheh a few examples suggest a conéluéion which is
not true in general; Thus, if jou;go to New York and meet five
people 1in succession with red(hair, 1t 1s not safe fo conclude that

. everyone in New York nas red halr. A4lso, if you notice that

9 -1, W . 1, 4 _ 4 .05 24 - 2 you will be in
E% 5 Eé I Eg g’ 5 5 |

trouble if you assume that you.may always creoss off numerals in thls
way.
~ When a general rule has been suggested, the scientist tries tg

‘verify it by further eXperiment and, if possible, Dby deductivé

“---peasoning.- In all these-steps mathehatics»and-mathamaiicalhxeaaﬁn:_,.mw

ing are especially important. f'

’

.~ Let us look at ‘the results in our tables from tnis point of

¢ &

view. We are trylng to determine whether there seems to be a
general rule which describeS/ail,these'relationships. If possible,
we wish to express the rule in mathematical terms. If it is a |
generai law, ﬁe shc&ld be able to use 1t to predict where to place

28

Q
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Exerclises 13-3 | -
1. as In ﬂableﬁI,'do.yQu notieé”any cpnnection between the loca-
tion of equal welghts on opposite sides of the fulcrum?
Wnat 1is it~¥ | ;

b, If ﬁgight W 1is doubled, w and d remaining unchanged,

how does itsfdistance D from‘ﬁhe fulcrum cnange?

c. If weiéht ‘W 1s ﬁade nalf as much, how dog§ its distance

D from the fulcrum change”?

d. Do the values for w, d .and W, D ,appear to be related in’
any way? Can you state a general rule that seems to'hqld
concerning‘ w, d, W, and’ D?p State the rule in words and

. then in the form of a mathematical equation in which you

use the symbols w, W, d, and D.
e. Check your rule by applying it to some of the entries found
by experiment in Tables II, III, IV.
2. . Use the eguation suggested in the preceding exercise to predict

the missing entries 1n Table V.

TABLE V
w 25 35 12 45 21 15 23 11 14 ' 10 100 100 100
¢ 3 4 5 3 5 . 4 8 7 55 50 50 500 5000
Wis 7 120 12 1310

D 7 9 4.5 10 8 5 5 5 5

3. Go back to your experiment and check the results in Table V to

see 1f they actually produce a balance. é;

o . N 290 o
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. 13-4. Graphical Interpretation
In Chapter 11 you learneé about graphs and their usefﬁlness in
presenting numerical information in a clear and condensed way.
Sclentists often make a graph of the observations obtained through
experimentation for the help it can give them in summarizing and
1nterpreting the data. ‘ |
In the equation wd = WD which you obtained faf yourself in
the preceding experiment, four quantities are‘involved. This \
equatioh can be Interpreted in a number of ways corresponding to the
way you fellowed through in the expérimeqt. In the first part of the
- experiment, you chose fixed valLes for w and d and then found the
values for W and D which produced a balance. Frqueach experi-
ment yeu got one pair of values which satisfied the relation WD =
120. A graph of _WD = 120 pictures all the paire of values which
produce a ba1Adce when wd = 120. The graph, then,: supplies not
only all the information in Table I but other possible values for
W and D,
| The next step 1s to draw the graph of the relation between
f weights (W) and distances (D) in Table I.
" If you need i>lp in drawing the graph, the fellow{ng sugges-
tions should aid you: | |
) Use_sraﬁ_epaper and tegin wilth twe_perpendicularglineeAcaljedumka_*__

‘axes. The intersection of the axes is named point 0. ) . -
label the horizontal axis W and the vertical axis, D, i
If you use. % inch sauared paper, a suitable scale‘is one for

each space. | : - .

a '\D
Ny
e g
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In Table“I, Qhe first weight,is 10 and the corresponding dis-

tance 1s 12. Locate 10 on the W axis. Follow the vertical line

through 12 on the - D axis. Th;é point is called (10, 12). Mage.

- a small dot for the point.

Similarly, from Table I, ﬁhen w = 20, D = 6, Locate 20
on the W axis. Follow the vértical line through 20 to the point
where 1t meets the ﬂsrizontéa line through ¢ on the D  akis. This
point is called (20, 6). . \

Before you read on, locate and mark the other points from

" Table I.. These are (5, 2u4), (8, 15), (2%, 5), (12,10).

Mark the points which correspond to the result; you rouhd in -
columns (h), (1); and (3j) in Table I. )
F11l in the blanks in the following pairs for (W, D) and mark

 the corresponding points: (4, ); ( , 6); (16, ); ( , 18).
_ Use WD = 120.

Draw a smooth freehand curve through the pointp you'have .
located: ,Ihis curve gives ycu the general picture of the relation

between weights and distances as in Table I. If any point seehé\\

‘ to lie to one sidé or the other of. your smooth curve, check your

computatioﬁ. Not all experiments turn out perfectly and not all
results fall into neat patterns at onc;. The points obtained from
the measurements you made should fall near the curve, Often =
scientists expect no more than this from an experiment of this
typé. : N , l. N
The curve that you héve drawn 1s a8 portion of a curve called
.8 hyperbola. You will learn more about this curve in your study

of algebra.

2370 .
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GRAPHOF WD=120

FROM DATA IN TABLE |
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Exercisés‘xs-h >

St%gy the gfaph and then answer these questions:

(g)' What happens te the distance as the weight 1hcrease§?

(b) What happens to the weight as the distance increases?

In order fto find the value of W when D 1is 24, locate 24 on
the axis and follow the horizontal line through 24 until it

meets the curve. Read the value on the W scale directly

beneath this point. You should have 5. Find the values of W

-~

from the graph for the.following points:

(a) ¢ , 18) (v) ( , 15) (¢) (', 9)
Find the values of D from the graph: ' | )
(a) (6, ) (0) L%, Y.« (e) (15, )
. Tell whether or:not each of the following points is on the
graph: .
(a) (10,25 () (158 () (5,5 @ (20, 15)

Estimate the missing values:

@) (7.} (v (8 ) (e} ( ,9 (@ (17, )
(e) ( ,21) (£) (a3, ) . :
Draw a graﬁh of the rejation between W and D given in Table

. II. Use the formula WD = 96 to £ind the number pairs you

. in Table Ii.

need for lncatingfpointé. Check the val&es you f£ind with those

N

- From the graph find . D when W 1s 20; find W };hen D 1is 12.

What happens to the distance when the weight decreases?

LS

increas

*

Does this graph have anything in common with the graph you drew

L ] .
for WD = 1207 . T
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prineciple further experimentation was performed,

-

recorded data. By reasoning.from a set of specific. cases you
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. . . 13-5. | Other Kinds of Levers .
In the iritroduction to this chapter you read that mot all levers

are .ike seesawa. You ‘may be interested 1in asking about this in

your science class at an appropriate.time. In addition to tbe auto-

moblle 5ack, vottle opener, and crowbar mentioned before, there are
' ) .

other examples of widely used'fofms of the iever. You may think of

ice tedgs, nutcrackers, sciesors, claw hammers, pliers, prﬁning

shears, and hedge clippers as some uséful levers. o .
B ] ' . . Q .
13=6. The'Role of Mathematics in’Scientific Experiment
Althodgh the experimenffusing the lever does hot use a greati
deal of mathematics, it does suggest how mathematics is used 1n .
scientific activities. You saw how mathematics'‘was used in measur-
ing, counting, and comparing quantities. You noted how observationa
of data were recorded in mathematical terms.
‘ You searched for a pattern by studying the numbers in your

~

developed a general statement to be a?plied in a1l similar situations,

' This kind of reasoning is called inductive reasoning. It leads'from

a necessarily restricted number of cases to a prediction of -a general
relatioashiﬁ. This general reiationship was stated in mathematiaal
symbols in an equation: WD = wd. To establish this general

'In addition, you drew a graph of WD = 120 and of WD = 96

to shewﬁhcw these statements teil the cemp%eye story in each case. -
. : /.

' The gpaph is another instance -of the use of mathematics to interpret

dnd to summarize a collection of facts.’ The graph also helped tgi

reveal the general pattern which was discovered

25
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Many scientific facts were undigcovered for thousands of yésrs
until alert scientists carefuliy set up experiments .much as you have
dcne and made discoveries on the basis of observations. Some
exsmples of these are the following: | '

(a) For thousands of years, people asswmed that if a Reavy

| object and a light ebJeet were dropped at the same(tiée,

the heavy one would fall. much faster than the light one.
Look up the story of éalileo and his experiment with
falling obJécts and see what he discovered, )
‘Ib) From time immemorial, people watched eclipses of the sun _
and moon and saw the round shadow of the easth but did notf
discover that the,eaxrfh was round. Eratosthenes,'in 230
’B.C., compute ;he distance around the wcrld by his: ob-

4
servations of ﬁﬁe sun in two locations 1n Egypt, yet

seventeen hundred years later when Columbus,started on ﬁisiw
Jjourney, many people still uelieved the world was flat.

Look up in a history of mathematics book or .in an eneysle-
pedia the story of Eratosthenes and this experiment.

(c) People had watched pendulums for many centuries before
Galileo did some measuring and calculating and discovered
the law which‘gises the‘relaticn between fﬁ: length of tﬁe ‘
pendulum ard the time of its swing, | \\

Iook up this experiment in a history of maﬁhematics bpok,

A

. '_) :
" Notlce that all these experiments are.based on many careful
measurements and observations in order to discover the scientific

lan Then the law is stated in mathematicgl terms, A great’deal,

“of science depends upon mathematics in just this way. o -

, . 2196 .
;,_‘l' "f:\ . . ] ‘ a
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. The examples which we have glven here describe older fundamental
discoveries all of which used pelatively simple mathematics. The
sclentists of todey are using. more advanced mathematics, and many

of the newer %ijfs of mathematics, 1h thelr sclentific experiments.,

P

. : <  Exercises 13-6
N .

1. Some seesaws are-fitted so that they can be shifted on the .

© support. Why?» . ) | .
Find the missing value in each-case:

2.
32 LB. ? ) ~ 4YD  72LB
' JA
3. ° ‘
100 LB 6 FT. BFT ?
A
.
4 - ’ \n
N
? 2IN,. - 3IN, 50Z
aX -
. De ,
. ) . w ! ? d Ew .

. A . )

6. Do you suppose a 90 1b. girl could ever 1ift 1000 pounds?
Jkstify your answer, ' .

7. A ¢hild who weighed 54 pounds asked his father (180 pounds) to
ride a seesaw with him, The ;éat for the child was 6 feet from
the fulcrum, Where‘should the father sit to balaqce the child?

8. An iron bar 3 feet long i1s-to be used to 1ift a weigkt éﬁ 75 .

pcundp.'.The fulerum is 6 inches from,thedweight. A force of

) - _/ . ‘ Qi
v - L A
JAFuiext provided by ERIC ‘ ! “




how many pounds 1s needed to 1ift the welght?

Suppose a 100 pound boy sits on cne end of a six foot crowb&r,_

5% feet from. the fulcrum How heavy a weight can he 1ift at’
the other end of the bar?

—

&

Which points lie on thé graph of WD = 60°? ) \
(2) (12, 5) (0) (3,180 . () (176)
1
cg‘\ p ’
g
f .
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