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FREFACE

The SMSG Newsletter No. 2% (October 1966) contained a Preliminary Report
of & New Curriculum Project., The aims and general character of the project
are spelled out in some detail {n that document.

is currfculum effort io decigned to produce an experimental set of

materiels for grades | through 9, which build on @ modern elemeutary school
program and take {anto account recent chenges which have occurred in msthe-
matics and in the use of mathematics. A consistent emphasis on the relevance
of mathemativs to problems of the resl world; a rethinking of the ordering
of topier and the combining of aritimetic, slgebra, und geometry; the use of
the function concept whenever appropriate; and the inclusion of material on
mathematical models, flow cherts, and probability 8o ctatistics are some of
the features of these materialn.

Slnce the report {u the liewsletter appeared, drafts of & subrctantial
nuster of chapters decigned for use in gradec 7 snd ¢ have been prepared.
This volume coutafns preliminary versions of five of thege chapters, the firct
four amd the tenth in the cequence an presently concedved. The first four
chapters were taught In experimental seventhi-grade classes in 1968-69 amd are
revigions of earller draftc taught bty the same teachers in 196/-68. Chapter
10 is 8 clightly revised verolon of &n earlier draft taught by the same
teachers in eighth-grade clasces esrly in the 1968-09 school year, Further
revision of these chapters is snticipated.

The cample chapters in this volume {llestrate & number of aspects of the
curriculum project as described in Newsletter 24s association of ideas of
nusber and cpace throuwsh coordinate geometry; early introeduction of the
function concept; development of flow chartc and algorithms ac an introduction
to the role and use of computerc in modern socfety; attention to the role of
mathemhtical models for phycical situations; sand introduction of concepts of
probability.
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Jtudent's Text

Chapter 1
STRUCTURIRG SPACE

l-l1, Introdurtion

Geometry tegan A fevw thousand yesrs 8go vhen man began to study syste-
maticeally the size, shape, and locstion of objeets {n his physical surrsund-
ings. Thic understanding wag necescary then as {t ic today {n such artivities
%5 aavigation, tuilding, and surveying. Todsy, however, we find thet geometry
has been considerably refined and extended to deal with the more complicated
problems which confront us.

Geometry i{: a gyntem of {deas based on our experiences with physical
objects. For example, from our experiences with varicus boxes we have
developed sn idea of the chape and form of A box. This idea we have of &
box {s called n geometric flgure and it 1s this figure, not the box which is
Studied In geometry. In other words, geometry ic developed 85 8 mathemsticsl
xdel of our cxperience with physical HPACt.

The iden of n point (n geometry {8 formed from such objects as the end
of a pin, n sperek of dust, s grain of sand, and a distant ctar, Consequently,
we may think of a point ss » definite location in space,

Pointn nre reprecented by dots und are named bty capitsl letters as s

- shown for point A st the left.

A
We think of upnee nc belng u cet of points. There are an unlimited

number OF pointu {n spuce. Suppose that e mosguito ic flying sbout inside a
room. Itc loeation st s particulsr ipotsnt might be described as  point apd
811 such points make up 8 set, All the points inside of this room make up &
portion or vubset of ppace und nll the points outside thic room make up another
portion or subset of space, Therefore in geometry, spice {s the set of all
pointr.

Eseh of the various kinds of seometric figures studied here will be
developed au & set of points, We shall see how space (s structured by care-
fully examining the way in which the various flgures ure formed snd related
to emch other wring the tucie idenr of point, line, und plane. Later {n this
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chapter a systematic way of asoigning numbers to points in s plune will be
doveloped. This will provide us with spother very useful method of studying
the atructure of cpace.
Exercises 1-1
(Ciass Discuasion)

1. Complete the following serntence.
Geometry io the study of 2 .

2e What is the relationship bdetween geometry end physicel objects?

3. Describe three objects which c¢an be used to form the idea of a point,
other than the objects slready mentioned.

L, What meaning would & point have for a surveyor or navigatort Glve
sore examples.,

Se If vou vere to think of u point as s definite location, how would this
affect the way in which you would reprecent a point?
-

6. ‘In forming ihe ides of &« box as s geametric figure, what are gome
thingn sbout = box you would ignore?

1-2, Lines and Points

e The points chown st the left
.. lie on what ve think of s s "streight
. line”, or simply u "lime",
[ ]
[
e There are an unlimited number
L of points on 8 line, 8nd & line extends

without ending in both directions.

Think of two boys holding s utring stretched between them ac shown

below,

J" ‘\'—-__’---.

I




When the string is stretched tight between the boys! hands, the stretched
string ~eprecents part of a line, The line itself, however, gaes beyond the
bays' hands without ending.

Some other objects vhich help to form the {dea of s line are

(1) the edge of » ruler, ’
(2) the cresse of a carefully foldes paper,
(3) the edge of » box,

(LY n ﬂnml.e'.

The dravwing below repreaenting line £ can be made by tracing s pencil
along a strajghtedge on & sheet of
7 paper.
What do the srrovheads on the
draving indicate?}

Mark s point P on your paper snd drav three lines, ¢ m, snd n
vhich contain point P. Are there other lines on whieh point P lies?

We cwn think of many lines passing through a point, For two differant
points, however, we think of anly ane line pussing through them since we
think of & line as being atraight, We shall accept the following statement
88 & fundamentsl cheracteristic or property of the structure of our space.

Property l: Through sy two different points in space there is exsctly one
line.

This property may be restated in the following weys.

(1) For sny two points there is one line snd unly one line containing
the’ﬂc

(2) Any two points determine s line,

As n regult of Property 1, s line can be clearly ldentified by naming
any two of {ts points.

For example, the line shown st
the left csn be {dentified ss "line
AB" which is written “NB".

It may also be {dentified ss
"line BA" and written "RR".

-




Exerciges 1-2n
(Claso Discussion)

1. The following drawing wes made on the blackboard ultp 8 broud piece of.
chalk. It represents tvo lines ¢

‘ snd m that cross or imterscect.

(e} How doez this drawlng cuggest the poucibility that the Intersection
of £ and m may contein seversl polntc?

{t) Let's explore thic possibility by sssuming that the intersection
of £ and m containc two points, A und B,

Show that this means we huve two linec pascing through the same
TNl m int Lie

But Property 1 states that there cun be only one line passing
through ony two rolintcl

(c) If we wioh to continue to imclude Property 1 In the structure of
our space why must we exclude the possibility of there teing two
points in the intersection of two lines?

What sbout the poscibility of there being more than two points in
the {ntercection?

We have the followlng statement us o rather curprising result of
Property L.

If two lines intergsect, they intersect in exactly one point which is
cslled the point of intersection.

This statesent together with Property 1l can be summsrized ac follows.

Two points determine « line and two intersecting linec deternine o
point.
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Exereises 1-2b .

1, Nome three objects other than those slresdy mentioned which suggest
the ides of a line.

2, Points A, B, C, snd D 1lie on the

same line,

(1) Using these points, wriie five

D
2 different names for this line.
A
(b) How many different names are
there using thege points?
3. (s) How muny lines sre shown below?

{v) Nume the lines.

(c¢) Name the point of interscetion
for euach pulr of line:,

L, Copy the vet of points (A,F,r,D)} -rranged no shown,

A (a) Druw ull the lines you cun
o D@ through pairs of these points.

e {t) MName the lines you huve drawn.

c @ {c} How many such lines are there?

S Think of 5. peint. msrked on 4 cheet of paper, no three of which lie
on the same line, Now think of all the llnes through paiss of theso
pointo,

How many usuch lines are there?

Cheek your nnswer with a4 drawing.

ERIC

Aruitoxt provided by Eic:
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7.

1-3,

Name the point of intersection
for the following peirs of lincs.

(a) ®m and p
(v p anda ¢

{(¢) I and n

For the figure in Exercise €, name the pairs of lines which have the
following points_us points of intersection.

(v} A
(v ¢
{c) ¥

Pluncs

A pltne i an {des in geometry which {5 suggested by any flat surface

guch 8s

{1} # wsll of s room,
{} the top of & deck,
(3) 4 door in any position,

{4) 4 sheet of paper.

A plane {»n thought of as extending {ndefinitely in every direction. There
apre 4p unlimited pumber of points in » plune and s plene contains an unlimited
number of lines.
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This drawing represents a plage
K vhich contains two points A and
B!

Now consider the line ABR.

A both the lipe and the plane extend
outward indefinitely. Because of our
thinking that ell lines are straight
and 81l planes sare flut, we have the
feeling that the line AB and the

plage K will never leave each other. Therefore, we chall agree that the

following stutement 1o & fundsmental characteristic of our space.

Property =t Il two polnts of & line lie {n a plene then sll the points on
the line lie in the plane.

The flgure ut the right represents A
an upen notebook., Points A und X
mark the endpoints of the binding, and
the pages represent plepes. This figure
suggests that there ure many plsnes which

contsin uny two polnts. b

Property 3: For any two points in space, there are many planes which contein
them.

Now con:ider three polnte A, B, A
and C represented bty the tips of
your thumb and first two fingers spresd
Stiffly ss shown s0 that the points do
not lie on the .ume lipe,

Take & plece of cardboard reprecenting a plune and place it on the tips
B and C of your two fingers. OShow thst the cardboard may be rotated in
different pocitions while held fixed to the two finger tips. What property
doas this show?

—
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Press the cardboard sguinst all three tips A, B, and C. The position
of the cardboard is nov fixed., This illustrates another important property.

Property 4: Through eny three points, not all om the same line, there ic
exsetly one plage.

2
3

This property may also be stated in the following ways.

(1) For any three points in cpace not sll on the same line, there is
one plane which contains them and only one plsne which contsius
them.

{2) Any three points not all on the same line determine a plane.

.

As a recult of Property &, a
plane may be named by ldentifying
three of the points in the plane that
do not sll lie on a lise.

For example, the plane shown at
oA oC the left msy be called “"plane ABC"
or "plane BAC". The three polnts msy

be written in any order.

Exercises ;;1

1. Showv how Property 4 helps to explaln why s three-legged stool or a
tripod always regts flat on the fleor.

e Csn & line pagas through

(s) any ome point?

(v) sny two polnts? -
{c} sny three points?

{d) sny four points?

3. Can s plene pass through

{a} say ome potnt? ks
{v}) sany tvo points? ' i
{e) any three points? —
{4} any four potuto?




Se

Te

T ew

Copy the

points

Points A, B, end € 1lie in s plane

&énd point D is ubove the plane.

How many plenes ure determined by

these four points?

Nome the plepes,

A, B, C srranged ss shown,

() Draw a lime through points

A

and  B.

Draw a line through points

B
p

ans

{t) Mark s point R on %P

{n only one plane, how 4re points X, Y, and 7

end C.

Are 38 ang

in plane ABC?
Give s resson for youf

WerL,

in plune ABC? Give s reason for your snswer,

g

and » polat & on EC.

X, ¥, and Z arranged?

)
(s) Points X, Y,
contiin them, How are polnts
diagrum,
(v} 1If poimte X, VY,
8 diagram.
How meny different lines moy puss through
{s) one point?

{v} two different polnts?

How many
{a) one
{v} two

{c) three points which are not on

Aruitoxt provided by Eic: - -

different planes moy pucs thrcuéh

point?
pointa?

the came 1line$

Draw

RS,

1c

snd Z have the property that many different planes

Draw s

end Z have the property that they sre contained
arranged? Draw

;;.-,..m.u-ﬁi%
M
et

o

S YIS
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T Explain why there sre many plunes
which may conteip a given line AE. ,
13 . )
A ‘%
10. Line 1 intersects the surfuce shown .

st polnts A »nd R only.

Explain why the surface could not te
& planc,
£

11. Explain why = llae 35 end s peoint
¢ nut on the line determine s plane.

B Name the plane.
A o :

ic. Explain why two lines A end AC
' intersecting st A determine =
plane.

Nume the plune.

Ca




13. The drawing below represent: s box. Look st the side of the box
determined by points B, G, =nd F,

{(8) Name snother point that 1les {n

plane EQK.
E F
: Name the plape suggested by
i
C ‘ D (b) the top of the box,
‘)'.H. .......... e (e} the bottom of the box,
P G (d) the front of the box,
A il 1 {¢} the buck of the tLox.

1-4, Intersections
Let A and B be namec for the following .ets,
A - {1,3,5,7,7,11)
B - {1,4,3,16,5,16)

The intersection of A sand B {: the sot of 2ll number:s that belong
toboth A wsnd B. The Intersection !: the set {1,7}.

We write: ANt = 1,1}

where “A N B" wmenns "the intersection of A and K",

The {ntersection of the lines
fl und Z;’ iz the cet of all points
coamon t0 voth lines., Sinece P g
the only point in the intersection,
wee write L n 2, {P}, where
“{PY meuns Ythe set conciating of
the point 1,

When two lines i{ntersect they
huve one point In common as was shown from Property 1. When two lines do
uot iatercect they hsve no points in cosmon.

11
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In the drawing of the tox st the
-— L v
left the two lines FG snd EH do
not intersect. We say thut thelr
intersection i& the empty cet. The

A
f G R empty et may be named ty the rymbol
d : @ or "{¥. Therefore TONEE = &,
: - -
;? ....... —-- Sinece the intersection of G and EH
- o
-~ {s empty and they lie in the same plane,
E H

they are sald to be parnllel. This is
— —

written, FG}|EH, where the symbol

“I'1" meuns "1z parallel to".

The intercection of T snd HC o ulso empty, tut the two lines do
not lic in the ssme plane., The lines are not parsnllel but are enlled skew

1ines,

Whin we sny thut two lineg ure prurallel, we mesn:

(1) the two lines lie in the aame plune, und

(.} thelr interccction i the empty :et.

Exercises leb
Lo In emel case, write the intersecetfon of the glven cets

{a) A = {2,4,0, ,10)
B = {1,%,7,10,1:,16}
(t) © (3 .rn, Ethel, BI1l, Frank, All-e)
Q » {Frunk, Peul, Alilce, Disne, John, Helen)

{¢+) The letters used ln your full name snd the letters used in the name

ot your srhool.
{1) The set or na*lon4l hollidays and the set of days in July.

(e} The set of school duys in this year and the set of Sundays in this

yeur,

""Elilc
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In the drawing below, ‘3“‘&' Write the intersections of the given
pairs of sets,

{a) tl fn 13
A B
- 3§ (b) F SR, |
ﬁ‘\éi\\ ih
L,

H

e M &
o (c) gy o0 L
(d) ¢, n 2

>
£
1

In the drowing of the btox telow,
o (¢) name three lines that are

L
each skew to AB,

{t) nsme three lines thut are
each parullel to EEi

[

E
L,  Find the intersections for the
following pairs of lines.
(«) CD n#D
P‘ B

(v cC n FA
(¢) ¥ n FA

A () E¥ n BY

If two lloes do not interceet, are they parullel? Expluin,

Two lines sometlmes Intersect snd cometimes they donft. Also, two lines
sometimes lie in the cume plupe wnd sometimes they don't,

Whet do we eall two lipes which

{1) 1lie in the same plone and which intersect?

(v) 1le in the same plane and do not intersect?

(c) do not lie {n the ssme plane und do not intersect?

{d) 1s 1t possidle for two lincs o imtersect and not to lie in the
cume plape?

13
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(e) Copy the table below and write your anisvers to (s}, (b}, {c), ena
{d4) in the boxex indicated. .

Do not

Intersect intersect
Lie in same (a) (v)
plane ? 1
Do not lie (a) (c)
in same plsne ? T

1-5, JIntersections of Lines and Plunen

The drawving below shows the possibdle intersections of a line and 8
plane ABC. Line £, intersects the plane at point P. Then 11 f plane
ABC = (P). Line ¢, 1s parallel to
the plane. Therefore £2 N plane
ABC = f, Two points N and § of
line £3 lie in the plane. Why does
23 lie in the plaspe? Explsin why the
iptersection of 33 and the plane (o
13 itself, Then 13 N plans

A B A.Ec = .
t

1

Exercises 1-5a
{Class Discussion)

i. Hold two shuets of paper so that they have only one point of intersec-
tion.
Does this show that two planes may have only otte point in their inter-
section? (Remexmber that planes extend without limit in all directions.)

14




2. Let A end B be two points in the intersection of two pluncs.

(u) Explein why the intersection
muat contsin the entire line

------ : AB.

B
: {t) Explain why if the intersection

L]
A ; contning sny other point not on
7 XE then the Intersecting plunmec

sre the Lume plane,

This dicecusolon leads us to spother fundumentul property in the struc-

ture of our spnee,

Property b: 1f the intersection of two dirferent pluncs is not empty, then

the intersection {u u line.

When we cmy that  two plunes are purallel, we mean that:  thelr

interseection is the empty set.

Exereloes l1<5b
L. Deseribe some phy:iilesl objeects which uuggent

{a) two plunes intersecting in o line.

{v) u line und = plune Intersecting in s point,

{c) two pursllel pluges,

(¢} the intersection of s plane and 8 lime lying in the plane,
(¢) n line parallel to s plune,

e Think of the plunes und lines cuggested by the figure which represents
o a2 folding chair.

F Write the following interscetions.
(x) FI nW »
(v} OF n AD «
(¢) plone ARC N T -
() $¢ n plupe EFA -
(¢} plane ABC N plane B =
{r) plune CIL N plune HMB -
i)

O
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Thick of the lines and planes suggested by this drawing of s tent,
Name
{s) three planes.
E {b) three lines which are skew to
A“BI

{c) two limes which sre¢ parallel to

T2,

(d) two parsllel plsnes.

{¢) two plunes whose interssction is

&b.
(£} =~ line «nd v plane whose interscotion containc the cingle point E,.
{¢) «~ linc und s plone thut are each parallel to AD.
From the druwing,of u lox, write the following intersections.

(a) plane EDC N plane FGR =

A (b) plune cBG N AV -
X (c) EE N plane FCC
D ’L-‘;g"””’g (d) plune GAR N TH =
{¢} plane CIG N plane FOB =
(£} plune EDA N plune OBC «
* (g) plune FED N EC -

For the tox chown sbove {n Exercise &,

nume pairs of planes which have

the following linec .nz linec of Intersection.

(+) (c¢) &
(x) T (a) W

eseribe the three possidle positions for & line and o plsne, und in
wieh cssw tell what thelir i{nterseetion io.

Degeribe the two pocoible positiono for two planes snd tell what their
intercection is in each cace.

16
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1-6. betweenncas and Segments

Three bays sre standing together. You're told that, "Tom is tsll,
Sam is short, snd Ben {s between them."

Can you tell which bOy {s named Ben?

A -

The word "between" 1s coufusing herv. Ben could be between Sam and
Toa in height, or he could be trtween them in position. The beat we could
do is guess vhich oy ls Ren,

In mathematics we must not use language which forces us to guess about
the msaning of & statement, We need to know exsctly vhat it means to sey
“point B is betwsen points A amnd C". We would Frobably all agree that
the phrase should not refer to the alphabetical order of the points becsuse
the letters nr: onaly names for the points, However, it should have something
to do with some kind of order,

We will use the vord "between" for polnts only whem the points in
question ore on the gsame line. Look st points P, @, R, smd S:

R is on the line ?Q. snd the order
of the points i P, R, Q (or Q, R,

e S P} co we can ssy "R is between
P P and Q". However, point S is
R pot on line .P'Q., 80 it is not
Q between P and Q. [ook at the
points A, B, X, esnd Y on line
Figure 1 AY:
Is B between A s8snd X9
Is X between Y and A9 o
Is A Dbetwesn ¥ and Y7 Y X B A

Pigure 2 -
Your anower to the third question showld be "No" beesuse the order of the

‘thres points involved is Y, B, A (or A, B, Y) ond that mesns point B s
the one in between.

17
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In Figure 2 we know that X {a betveen A snd Y and thet B {c
als0 betveen A and Y. In fsct, there sre many points between A and VY.
We haven't named thex e}l becsuse we couldnt®t,

bhen we say that a goint P {o be'ween points A end B, we mesn
exsctly two things:

(1) There is s linc containing A, B, and P;

(2) On that line, the points are {n the order A, P, B or B, P, A,

We can simplify this definition a little by using the word "collinear”.
A set of polnts is collinear if there is 8 line which containu &ll the points
of the set. For example, {p Figure 1 the set of points containing P, Q, ard
R is collinesr, while pcints F, Q, R, ard § are not collinear. Using
this word, we may restate our definition:

When we gwy thst point P is between points A ond B, we mean:

(1) A, B, snd P ure collinesr, and

(2) on thelr line the points are in the order A, P, b or B, P, A,

Think of two different points L asand M. Csn you count sll the points
between L and M? Think of the two points L und N together with sll the
pointo between thems The set of pointc you are thinking of {s o part of @
line, and u pleture of it looks llike:

L

Such a get of points is called s line segment, or more simply, & gegment,
Poiats L =and M are the endpointa of the cegment. We name the cegment
by ito endpoints; for exsmple, the gegment stown io named IM or ML,

Definition. The segment AB is the set of points consioting of the two
pointw A, B, snd sll pointo between A and B.

18
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Exercises 1-6
1. In the figure at the right,

(e) ts N betveen B and R?
() 18 C betveen B and R? M
{¢) ts C bvetween N and X?
(8) 1s C on segment NX1
(¢) Naze 3 asegments on TD.
(r) Are T,KX, snd R collinear?
(g) Is K between T and R? T K D
(8} Name 4 seto of 3 collinear

points.

2. (a) Drev s picture representing 3 segments, AB, BC, and CA, vhere
points A, B, and C sre not collinear, '

(b) What would your picture represent if A, B, and C were collineart

3e Wrat word in the definition of segment shows that s segment is part of
@ line? Explain.

k, Points A, B, and C are collinear,
If the distance from 4 to B {8 5 tnches, and
the distance from B to C {s 12 inches, and
the distance from A ¢ C {5 7 inghes,
drav a d.sgrsm showing &, B, usnd C in their correct order. Which
point ic betveen the other two?

5e In the figyre nt the right,

() Name & seguents that X
interasect st 2.
z Y
(d) How many cegments have Y
88 an endpoint?
(c) There are & segments which L) v

contain point Y, Name them.
(d) wnat 15 & n TV

&, Draw two segments AS and CD for which AB N OD s empty but
L el -y
AB n CD 4s one point.

13
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Ts Nark two different pointa, X snd VY.

(x) Drav some segments which contsin X and Y.
" (b) How meny vegments could contain X and Y7
{c} How many limes could contain X and Y?
{4) How many Sigments have both X and Y &s endpoints?
{«} We have sgreed i{n Property 1 that "through any two different
points there is exsctly one lipe"., Is it true that "through
any two different points there ic exaetly one segment"™?

?
¥
-
f
Ce e = !u:-ié E

BRATNBUSTER:

Pointcs P, Q, usnd K are collinear. The distance from P to Q is
grester thsn the distunce from @ to R, snd the distsnce from @ to R
{u grester than the distance from P o R.

¥hich point must be bLetween the other two?l

1-7. Separution

Mark suy point A on s cheet of paper, and plsce the tip of your
pencil on that point. Trace out any drawing you like . aout lifting your
pencil from the pauper. Your drswing might look like sny one of these:

A
| | @
\ﬁ A
(a) 8 (a)
(r) (e)

A A A
A
( D
(e) o (n)
Figure 1 (g)
20

23



E

O

T

The geometric ides which all of these pleturec represent is called s
path. The paths you drew vere contuined in the plune of your paper. It is
possible to think of paths {n space, but in this section we will work only
with paths in s plane.

Look at the paths in Figure 1. Some of them crosa themgelves, like
paths (), (b}, (d) snd (£). Some paths do not eross themselves, like (c) mnd
(g). We will call a path which does not cross iteelf s gimple path.

Some paths return to their starting points, like (b), (e), (f), und
{n). We will call s psth which does not cross itself snd which goes back to
ite starting point s simple cldsed path. Which of the puths in Figure 1 are
simple closed paths?

What do you cupposc a simple open puth looks 1ike? Such & psth does
not cross itself und doea pot go back to its starting point. Figures {e)
and (g) wre examples of simple open puths.

You ean invent nsmes for the other special kinds of puths, tut we will
only be concerned with these two kinds of cimple paths.

A simple closed pnth hau un {nteresting property which no simple open
path has. Draw u simple closed puth, perhaps something like path p in
F'gure . Murk two points A und ¥ {ncide the cimple closed path, and

murk 4 point C outside.

Figure -

Try to draw u path i{n the plune from A to ¥ without interseeting p.

Try to draw  path from A to C without intersecting p. Fimally, try to
drav @ path from B to € without intersecting P. Were you able t0 draow
all throe putha, or were there situstlons in which you could not?

If you tried to draw all three paths, you probabtly notieced that s
gimple closed path like p in Figure 2 has the property thst it can seoparate
pointe in the plane. We sy that points A and C, for exsmple, sre
scparated by path p because (1) A and C wure not on path p, ari
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{2) every path connecting A asnd C {intersects p. Notice, however, that
points A asnd B sre not separated by path p; you should have been able
to drev & path connectdng them without {ntersecting p.

Are points B and C separated by path p 1in Figure 2%

. Exercfoes le7a
(Class Discussion)

1. The figure at the right shovs a )
gimple closed path & =aod points
L, ¥, N, 0, P, Q, and R not on
the psth s.

{a) RKame the points which are
separated from point N by
path s8.

{v) Name the points which are not
separated from N by a.

{¢) Trace the drawing, and then
draw paths on your tracing
which connect point N to
the points you named ip (b).

(4) Make another tracing of the drawing, snd on {t shade sll the
points on the page which are not sepersted from point § by
path s. This set of points is called the interior of =,

e The €igure at the right shows &
line £ and points A, B, C, D,
£, F, G, sand H not on £&.

{a)} Whieh of the points named
can be connectrd to point
H by paths whieh do pot
intersect (%

{b} wWhich of the points named
are separated from H bty £¥

(e) Immgine all the points {n the
plane whieh are separated from
H by £, Copy the figure sbove, snd shade the part of the planme
separated from H by L.
a2
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3o Shaw 'uhy points X and Y are
not separated by the simple open
path connecting A =apnd B,

L. Show why a segment does not separate sny points in the plane in which
it lies.

A line separates points in & plans Just as a simple closed path does,
Suppose line § wseparates points A snd B in some plane.

E.

The line ¢ separstes the plane into two sets of points:

All the points not on # in the plane which are separated from
peint A by £, &nd

All the points not on { in the plane which are separated from
point B by £,

Each of these sets of points is called s half-plame. Together they form a
pair of gpposite half-plsnes, Line { 1s the edge or boundary of the two
half-planes, We sometimes name 8 half~plene by one of its polnts; for example,
the "B half-plsne” contains, among many others, point B, When there
vouldn't be sny confusion, we can call the B halfe-plane determined by line

t the "Beside of 2", end opposite half-planes detormined bty £ can be
ealled “opponite sides of ¢,

a3
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Juot as a line separates s plane {nto two half-plapnes, & point separates
a line into two hslf-lines.

The point P separstes the line into two aets of points:

All the points except P on the line which are sepsrated from point
A by P, and
All the points except P on the line which are separated froc point
B by F.
Each of these sets {5 cslled s half-line, Together they form a pair of
opposite half-lines. PFoint P 1s the boundary of the two half-lines.

Point P s not contasined in either of the half-lipnes 1t deterndnes.
If wve join point P to one of {ts half-lines, the resulting set of poiats
is culled o ry.

Definition. 4 ray is 3 hslf-line together with 1its boundary point.

The boundsry point is called the endpoint of the ray.

If P g the endpoint of 8 ray and Q 1is another point of the ray, we name
the my "TPE". Note that P_.Q. {5 not the came ss EP? We nov have & geo=
metric mesping for the term "ray” which should mateh very well the picture
we have of s "ray of light".

_

P

¢

Two opposite halfelines, each joined with the common boundary point, form e
pair of opposite rays. For example, i

24



TPE and Fﬁ’ sre opposite rays; point P 45 their common endpoint. Note that
it {s slvays “rue that {f P 1is between Q end R, B and BN ere oppo-
site rays, und FQ #nd PN together form & line.

It should now come as 0o surprise that a plane separates apace into two
helf-spaces. We will ssiume that points A end B in spuce are seplnt;ed
by plane = 1if ewch path from A to B in space intersects m.

In the figure, pline m separates space {nto two sets of points:

All the points not on m in space which sre sepursted from point
A by m, and

All the voints not on =@ 1in space which are separated from point
B by Ol

Each of these sets i{s called a half-space. Plane m 13 the boundary of the
two half-gpaces.

Exercises 1-Tb
1, We now know that

{I) s simple closed path separates s plane
(11} & point separates s line
{TTI) a line sepsrates o plane
{TV) = plane separates cpace,

Kach of the following 1s & physical example of one of these sepsration
ideas., For esch, write the Romsn Numersl of the separation {des which
the example suggests to you.

{a) the net on s tennis court

(v) o shut-off valve on a pipeline

{c) a moet around a castle

{a) dividing line down the middle of s road

3
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(e) o station oo » railrocad line
{f) s window in your living room
(g) the plsne of &« movie screen
(k) the chore of a lake
{1} the Mason-Dixon line

L

2e Drav 8 line £ and mark points A and B on opposite sides of 2.

(s) Wil every path {in the plsne) from A to B intersect I

(b) Drev AB. Does it intersect f1 (Can AB be thought of ss s path?)

(c) Mark points C and D so that AC and AD intersect £. On
whieh side of £ must youmsrk C and DY

(4) Mark point E so thet AE does not intersect £. On which side
of £ must you mark E?

(e) Using parts (b) and (c), state a simple test for showing that some
points P and Q are on opposite sides of [,

{f} Using part {d), state a =zimple test for showing that some points
R snd 5 are on the same side of (.

(g) would your tests in (e) and (f) still wvork if  looked "wiggly"?

L7

3. Not counting the lines themselves, into how msny sets of points is 8
plane separated by two lines inm the plane

(+) if the lines are parallel?
{b) (€ the lines intersect?

L, Tell whether each of the following statements is true or false, Irav a
diagram supporting your snswer.

{a) A segment contains many other segments,

(b) Each segment contsins two rays,

(¢} The vords "ray” and "half-line” have the same mesning.
{d) A nalf-plage contains meny rays.

(e} A ray contains many other rays.

(f) A holf-plane contains many other half-~planes,




Se

Te

Fe

In each case, tdentify the boundsry between

(s) two nalf-lines.
{®) tvo halfe-planes,
{¢) two Maif-apaces.

Tell vhethar each of the following iu true or false,

(s} Space ts separmted by s halfeplune,
(v) Space {s separated by & lipe,
{c) Space s separuted by a ray.
(4) Space {o sepsrated by s closed box,

(e) Spsce is separsted by sn open box.

(f) Space 1s separated by an {nflated volley tnll.
(g) Spece is separsted by s point,

Not counting the plenes themselves, into how many sets of poiats is
spsce ueparated by two planes,

(¢) if the plunes ure parallel?
(b} Lf the planes intersecet? .

In the figure at the right, lipe
2 snd points P, ¢ R, and 8
are in one plune. Are the followe
ing statements true or false?

£
{a) The R-alde of t 1is the sume P,
as the Seside of ¢,
R
{b) The Seside of £ {5 the ssme ¢
88 the P-side of (. R
(c) ¢ n PQ 1is empty,
P

() ¢ n B (s empty.
() £ n BFQ ic empty.

Draw 4 horizontal lime., Lsbel four points onm it, A, B, C, snd D
that order from left to right. Name two rays

{8} which are opposite.

(b) whose intersection contains exsctly one point.
(¢) whose intersection is empty,

{d} whose intersection iz €D,

a7
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RRAINRUDTER #1

The geometric idea which (= s
model for the surfeces of ahape:z like
doughnuts, tire {mnertubes, or candy

Life Savers iu called s torus.

Find « simple closed puth on
torus which doea not sepurate uny points A

on the surface of the torus,
REAINRUSTFR #-

A child wundered off from his purenty in w park that wag fenced, but had
seversl pates, Guards st the gates reported he had pesoed through their gates
au followu:

Gate #1 ~- 3 times
Gute # = 7 timeo
Gute #3 == 5  times

Gute #4 <o 7 times

Where would ynu Jnaok for the ehild?

1-4, Angles

Angles have many nppllcetions {n our modern ecivilization. An alrplane
pllot wnd 4 chip navigstor use ungles to chart thelr cources. An engineer
builds n road o that the ungle that the road mukes with the horizontal plene
te not oo ateep. A bullder mnkes sure thut the plane of s wall snd the plsne
of the floor meet at right anglese In this ceetion, we will review the con-
cept of angle wnd ome of the {deas that arce reluted to it. However, we
firut need to recsll the idea of the "union” of two sets.

Definition, The union of two sets of points is the set consisting
of 41l the points belonging to either of the gets (or to both).

35
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For example, the figure at the right repree
sents the union of o‘-‘g snd AC becsuse {t
consists of all the points in A-'ﬁ and AC.
Uuing the symbol “U" to stund for "union”,

we can vrite "AB Y AC to stand for the A
figure st the right, the union of AR und ¢
A, '

Murthermore, the figure shown alco represents whut we mesn by the word "angle".

Therefore, we can say:

Definition. An angle i3 the unfon of two non-collinear rays

having the same endpoint.

Why "pon-collinear"? Femember that cets of points are collinesr if there is
& line wvhich containg them. Therefore, if we sllowed collinear rays to form
an angle,

Q P R

then the line formed by opposite rays Fs and _P§ would have to be thought
of as s kind of "angle", We will sgree for now that no sngle can be the same
83 s line, nnd hence, that any sngle is made up of rays which sre not on the
sume line, that is, "non-collinesr” rays. {Perhups the class diseussion
exerefses will give you further resson for wanting the definition of angle
to exclude collinesr rayo.)

In the figure st the right, we have s
representation of sn aengle. Point R, the
cosron endpeint, {5 the vertex of the angle,
and R-S. nnd R—'I"‘ sre the sldes of the angle. R
In order to be 4ble to talk sbout sngles we
suut ggree on o method of naming thenm.

The angle {llustrated at the right night bve
culled (EAB, or ZEAC, or J/BAD, or /DAC.
Rote that the letter at the vertex 45 always E
written between the letters on the mays. In
cRses whers no confusion {8 likely to result we B

name the angle by neming the vertex. In this
case, we would refer to /A,

i
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Do you think that every sngle ts contained
in exactly one plane! Lot us see wvhy thias must
be s0. BSince points A, B, and € do not lte
o the seme line {they sre not collinear) they
Eust lie in exactly one plane by Property L.
Thus, we may talk about ths plane of an angle.

Exercises 1-8a
{Clmes Discussion)

A
B
1. Draw an angle ABRC.
2. Does the sngle separste the plane? B
If so, how can we describe the parts ¢
of the plene?
1
,4.
L
B c

3. Shade the portion of the plane that
appeara outside the angle, as shown,
This shaded portion is called the
Sxterior of the angle,

L, Shade the portion of the plane that
appears inside the sngle, as shown.
This shaded portion is called the
interior of the angle,

5. (s) Describe the A-side of BC.
{b) Drsv a nev ZABC snd ochede the A-side of ‘B-E.

-t
6. {e) Descride the C-side of AB.
{v) On the figure you drew in part 5{b}, chade i{n 5 different way the
Ceside of E-

7. Deserite the doudbly~chuaded reglon in your drawing in 6{v).




© e an e e e eeis e

ZABC we say that E 1s between §

and g_. Note thut betweonness for rays
is similar to but not {dentical to
betveenness for points.

1.

3.

b

These exercises suggest the following definition:

Definition. The intertor of ABC ia the fntersection of the A-side
of B and the c-stde of AE.

If potat P {s in the interfor of

. Exercisea 1-8b

In the figure w
(e) name <2 in tvo other wmys.

{t} name the vertex of (Z.

{c) name the rays of /2. z

Label three points A, B, snd C not sll on the came line. Draw A
snd 'gsc

(s} Shade the Cesfde of AR.
(b) Shade the A-side of RC,
{c) Deseribe the set that is doubly shsded.

For the figure ut the right, write R
snother name for

() v ]
v &nH
Tell whether cach of the following is true or false.

{a) The vertex of an angle {s {n the {nterfor of the angle.

{b) If two rays sre not on the same straight line they form sn angle,

{c) An angle is the union of its interior and its exterior.

{8} An sngle ceparstes §to plsae.

{e} A point (s in the interior of an angle {f it i{s on s line which
intersects the sides of the angle.

31
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5. (s) Heme three sngles thut have ES

su 8 side. R
(b} what s Pq u PaY

{e} What {u the intersection of
the i{nterior of /@PC and
the interior of (/RPSY - -

e -—
O Suppoce OB is between 3 and 0C, nund 3% s between O and OB,
Then

()
{v)
T Draw ZARC.

i
QR 1iu 1lso between ? and T .
OX 15 nlso between 1 and ..
{s) Draw & few rays betuween BA und RC.

(L) Imugine 41l cueh ruys drawh. How ean you deseribe the figure
formed?

8, Draw  ZABC.

{#) In plane ABC draw n few ruyd with endpoint E  that are not
tetween BA und  FC. ’

(v} Imsgine 11 such rays drawn. How ean you deseribe the figure
formed {F I'?A’ and BC are excluded?
(Cluss Diceucsion)

1. {1} Points X, Y, wund Z sre pon-collinesr,
Oraw o figure representing the union of 'ﬁ", E, and XZ.

(b) Polnts L, M, and N sare collinesr,
Draw s figure representing the union of IM, MV, ana IN.

{c) The figure in part (s) {5 culled s triangle, and we name it
triangle XYZ or "AXYZ", Is AXYZ & plane figure? How do you
knov?

(d4) Using psrt (s), write s definition of s triangle beginning
"Triangle XYZ {5 the union of .e.".

{¢} Is 2 triungle = simple closed path?

ERIC "

Aruitoxt provided by Eic:



O

A v ext Provided by ERIC

AR T

2'

1'9-

Mark 3 non-collinesr polnts A, B, and C.
—t e
Draw AB, BC, and Ac.

() Shede the A-side of EC.

(b) Shade the Beside of AC. Name the set of points which is doubly
uhlded.

(c) Shade the C-side of AB. The et of points which is sheded three
times iy called the interior of MEC. ,

() Ustng parts (s), (b), and {c) and the idem of intersection of sets,
write & definition for the interfor of MABC, beginning "the
interior of AABC i{s the intersectiom of ...".

" {¢) Piek some point P in the interior of AABC. Piek another point

Q which is not in the interior of AMBC and which is not on the
trisngle e{ther, Does P_Q intersect AMABC? Always?

Definition. For sny three non-collinear points A, B, and C,

the union of AB, BC, and AC is called a triangle.

Locating Positions sund Points

Below is shown & sesting chert for a class in which the rows, and the

ceats In csch row are numberede.

5 Kay Mike Nors Eve Carl -
4 Fred Pete Gary Msy Fell

3 Ray £ June Myra Faul

2 Amn Bams Bill Don Max

1 John Mary Jane Jim Sue

SEAT
ROW 1 2 3 & 5
Figure 3
i3

-



From the chart we see thet Ed cits in Row 2, Seat 3. This could te
shortened to (R2,S3).

IY we sgree that the numder for the row is named first und the sent
ausber 1s nsmed second then Ed's position i{s located by the puir of numbers
{2,3}. In this way & puir of numbers cun be used to loeste s position in a

plane.

With the uame agreement in nsming the row and sest, Bill's position &(s
located by the patr {3,2), Therefore, the pair (2,3) and the pair (3,2)

locate different positions. Sinee the order of the psir of numbers is impor-

O
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tant in descriding a position, we shall sgree to the or . ° , seut) for

this discussion,

Exerceices 1-57_1&

{Clsss Discuscion)

1. (e) Who sits at (4,9)7
{v) Who sits at {5,4)7?
(c) what pair of numbers glves Pete's position?
{d) What psir of numbers gives Don's position?

e Write the set of nll the number pairs which correspond to seats occupied
by girls.
e Conoider the set of students:

{Fred, Pete, Cary, Msy, Nelll.

{s) What do thelr positions have in common?
{L) Write the set of number puirs corresponding to these students.
{c) What do these number pairs have in common?

4. Write the set of number psirs correspending to the get of students:
{Jane, BL11l, June, Gsry, Nora).

State what the number pairs have [n common and what the pnsitions of
thegse students heve i{n common.

5. {a) What is the intersection of the sets of students in Fxercises 3 and b7

{b) What {5 the i{ntersection of the sets of number pairs in Exercises 3
and 4%

3k
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6. (=) Find the set of students having row number and seat number equal.
(b) Pind e geometric way of describing the positions of these students.

7. (a) Pind the set of students having their sest mumber greater than their
rov number,

(b} How can you express their positions geometrically?

The ides of using a pair of numbers to locate a position on a seating
¢hart can be epplied to locating points {n a plane.

Firat, draw tvo lines, one horizontsl snd one vertical.
]

)
'

]

Notice that the four apgles determined by these lines are all right angles.
The point of intersection of the two lines {s to be the zero-point {origin)
an both lines. Using the same unit of distance on both lines, we can mark
off points on each line at equal {ntervsls.

!

35




The horizoatel line is called the X-axis and the verticsl line is called the

Y-sxis. The plural of the word “sxis" is "axes" (pronounced ack-seeze, with

the sccent on the ack). The point of imtersection of the sxes is culled the
origin.

Now let's see how s point such ss S in Figure 4 below can be located.

Y‘ )
L
3
o4 S
1
- . —a X
011 2 3 4 5
Flgure &
Flrst, draw o vertieal line il through £ w5 in Filgure s,
Y
b g
3
2
1
- oxe%us X
Flgure >

Icok at the point where 11 crossen the X-axis. In this case, the vertical

iine crosces the X-sxis st 3. Kow look st Flgure 6, where a horizontel line

¢, hag been drawn through S.

¥y
L
3
. . .8 £
1
Do 13 35§38 - X
' Figure 6
36
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Here, the horizontsl line crosses the Y-saxis at 2, We can now locate S

by the verticsl line through 5 on the X-uxisc and by the horizontal line
nhrnugn 2 on the Y-uxis., With the sgreement that the number on the Xeaxis
{5 to be numed first, S {o then located by the number pair {3,2). If we
denote & pumber on the X-sxis by the letter x und a pumber om the Y-axis Ly

the letter y, we cnn write
(x,y) = (393)'
Thus, we have n woy of numing viorious points in the plane.

Prawing 4 point {n the plane when the number pair ls given for {t is

rslled pintting the point. To plot s polnt, we slmply reverse the procecs
descrited above. For example, If we were to plot (5,31), we draw the vertical
line through 5 on the X-axis and the horizontal line through 3 on the Y-axis.

Where these two lines {ntersect lo the polnt {x,y) = {5,3).

)
54
4
- L, 3o
-
A
1
e
- ol 1 2 3 & & 6 7 X
Y

Figure 7
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Se

Exercises 1-2

Using the picture delow, £ill in the table.

]
5
E D
L . o
B G I
3 e @ e
F A c
2 . e [
H
1 e
=T o 1 2 3 & 5 6 7 B8 9 1o 11 12 %

Give the number pair for each of the points in Exerclse 1.

Point A B c D E F G H I

Nuxber Pair| ? ? 7 ? ? ? 7 ? ?

(e}
{v)

{n}
(v}

{c)

{a)

(v)

What do points B, G, and I hsve {n comuon?
What do the number pairs for B, G, and I have in common?

What do points K, F, and G have in common?

Why might you say that the point (91,91) would have something in
common with E, F, amd G?

How might the point {91,91) be related gecmetrically to E, F,
and 7

What do points D, H, and I heve {n common?
If s point (x,59) has the same common property, what is the number
x?

38
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9.

Flot the points located by the number pairs given below,

Paint P Q R S T Y

Rumber Patr § (1,4) | (6,1) | (&,4) | (0,0) | (2,5) | (0,5)

Yoint v W x |

Number Puir | (:,4) | (5,2) | (4,0)

(a) What do potnts 3, T, V, and W have in common?
() 1 (1,y) hes the ceme common property, what is y?

Qlve s number puair for a point hetween P and Y that hss the seme
common property shared by P, R, snd V.

How can you tell by the numter pair whether s point is on the X-axis®

Thu: far, we have been able to locste points that can be named by

pairs of wvhole numbers.

£ =
[ )
[ ]
L]
[
[ ]
[ ]
[ ]
L]

2
[ ]
L ]
L J
[ ]
[ ]
[ ]
[ ]
[ ]

~
[ ]
[ ]
[ ]
[ ]
L
L J
[ ]
»

Figure 8

There nre muny more poimts which can be locuted in the part of the

17 22
plage shown in Figure 8 by using such pairs of numbers as (%,%}, (—51, T
snd co on. In this wey more und more points of this part of the plane can be
f£i1led in until our picture begins to look like the following.

39
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Figure

Niotice that this still glves us only part of the plane. No point to the
lef't of the Yenaxis nor any polint below the X-axis has been {dentified.

In the next sectlons we shull develop 3 woy of locating snd naming these
other pointso.

1-10 Coordinetes

In constructing the horizontsl number line called the X-sxis, the point
of intersection witn the Yeuxtc (point A below) was sssigned the number O,
A unit point {point R below} vis selected und assigned the number 1. Then
pointa st unit intervale were murked aslong the ray AR and assigned numbers
as shown below.

A B c D X ~ axis
0o 1 3k o5 67 3

You will see eventuslly that <ach point on ray AB can be agsigned 2
number, as for example, the number for ¢ {s 2 % or g- and for D 1is
4.8. The numbers sssigned to the points on the lime are called coordinates
of the points. The coordinate of point B is 1 and the coordinate of D
s 4,8 on the X-axis above. Whet ic the coordinate of A? of 7

Now consider the opposlite ray of ray AR on the X-uxis. Mark s point
{pofnt P 1telow) at a unit intervsl to the left of A. The coordinate of
point P ts "I (read "negative one”) which {5 the "opposite” of the number 1.

40 ‘ .
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The coordloste 5t the next interval polnt {5 "0 (nesstive 2) whion £
the "opposite” of . This procesr is continued uz shown telow.

1]
.
1]
\./’ w
o
[]
r ¥
.I
- §e
[« ¥
> 'm
<a
-
w2
-
T
B>
3
P
»
x

In thiz woy numbers wre sgusigned to ewch point on ray 55, a#s for
- £
example, the coordinute of polnt « 4. ’é or = 4 which I the opposlite
of the coordinste of point €. Whit is the coordimnte of point R {t i+ (o

the opposite of the cogrdinate of =oint D?

The number: ussigned to the points on hulf-line AP Aare called negutive
nusbers, =nd the numbers sssigied 20 points on hulf-line AR are called

positive numbers. The number O {s neither pouitive nor negative,

The Yeaxis mny be "ccordinntized” {n the sume way u: wnn Just shown for
the Xeuxi:,

Exercloe; 1=10

1. Degeribe how pasitive wnd negative numbers may be nssigned un coordinutes
of polnt: on .he Yeuxis,

e Referring tr the disgram below, give the cooriinotes of each of the pointeo
Y
E, A, B, “nd T, {f ¢ 1ig located f the distence from 1 to 2, and
if B 15 midway between points with whole pumbers for coordinstes.,
A B g D - E

A .
-
0 L

3. G.ve the letter name in the dispram below for the point whose coordinute
& ereh of the following: &, "4, 2.9, 71, O.

r
o
P
n
(VS
=
wn
o
-3
o +]

by
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1-1l. Coardinnten in the Plone

Now thet we have 8 way of wusigning toth pocltive and negative numbters
{coordinate.) to polnt: on the X-uxis und Yeuxls, we cnn continue with locuting
roints in varlogs purts of the plane,

[n tre drawing telow the hortzontal «nd verticsl lines sare shown ‘o

Help loeste palntos The vertiodd Une thirowgh [ rrosses the X=axi st L

nnd the horlzontsl line through P

Y
IL -—T“’*ﬁ—:}"'ﬂ- J‘Lﬁl croases the Yeuxis ne .
T T 4 B S o Theo polnt P { loewted by the
‘T_h I~ _+ L I S - -
, , peir (74,3) where Th {r called
et IS
o : C the Xe-coordinats «wnd - i cilled the
AUt ———— ’ —m - -
R B 14_ {4 W ! Y-coordinite of polnt F. Notice tnat
—tot ot =y R - ————

! I . ; | the X-coordinute of P ie¢ nepative
toe o S ‘
'_f“4'ir* . i } +- und the Yecoordinate of P s posie

e IR

For pnint g, sou ean tell ut

e lunce thet Loth coordlnutes are
=T 1 7 - negative, It coo.dinntes are (-j,.l&).
$- 4=
) | For point R, which coordinate
e b B
. ;1 i ‘ f fo ponltiver and which i= nugutiv??
1 L k30 1# § The coordinntes for R oure {4,73).
7 d
- 3T
-1 T 17 *' : The Yecoordinate for £ i: Q.
‘ = -
T o1 ¢ I‘“ Why? Tts coordipntes are  (73,0).
4“4”‘1 + 1Jr B Which coordinate of T ic 0? The
‘ coordinntes of T ure (0,7},
A rluane in whish vqech polnt {0 gorigned o palr of coordinutes and euch
palr of enordinntes deslygnates 9 paint 1o cslled  coordinate plune. We cun
tell Inownien et o b cwsrdinete plane s polnt lies by olasneing At {tn oo.

ordinates,  For example, let P be w point which har v negstive X-coordinute

apd 1 opocitive Yecoordinate,



W
3 All points with pegative
| X-coordinates lfe in the half-planme
N X  to the left of the Y-axis, as shaded
"-—% ——————— -
{ in the dingram.
i
|
i
i
v}
g All points with positive
2 Y-coordinates lie {n the half-plane
{ sbove the X-axis ss shaded in the
e e e e g v twe e -t d—— —i
diagranm,
|
!
i
Y|
i All points with negative
I X-coordinates end positive Y~coordinates
i
; lie in the intersection of the two half-
..___.w____.f_.___,_-____x. planes.
: Therefore, P lies in the part
{ of the coordinate plsne which 15 shaded
' in the disgram to the left.
The four i{ntersections of the
Y’ halfeplanes for the X- and Y.axes
]
Quadrant | Quadrant are called gusdrants. They are labeled
11 ; I with Roman numerals I, II, III, und
......«____._._*._ ______ ___Z{_ IV as shown at the left.
|
Quadrant i Quadrant
1931 ; v
f

.
Note thut points on the X- and Y~axes sre
{n none of the gquadrants,
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Exerclces lall

1.

La)
24
B4

Yoo @ 1 Q 1 2 3 & 5 € T B 9 1c 11 1o

Uilne the dlvprem qbtove, 111 {n the following tutle,

Puint A + » Tt ¥IGIHITITIIKTL]MN

Coordimatrsf 2 2| 3 {2 v |v|2 {2 |2fe{2)e|2]t

Ve Far the ilagram telow, In cusdrant I, the cymbol  “{+,+¢Y" wmeanr thut

the coordinster of the po’ *: sre both positive,

.f ) In Quadrant II, the oymtol
I 1 "{eys)" menns thet the polsts have
e, 4) e, 8 negntive X-coordinatey and positive
Y-coordinutes.
‘ . Write the nymbole for the co-
I” [ ordinster of polnts in Lusdrent IIT
{2) ‘ {2) “nd Guadrunt IV.

[ ’
Q 4

PR



3.

Plot the following points und drav line segments comnecting A 4o B,

to C, ..., s&nd fipally, from P to A. [The notntion, A70,3) mesns
that A 1is & letter uced to nsme the point whose coordinates are {0,2).]
A (0,2), B {5,%), € (2,6), D(6,2), E(2,4).

FO,72), @ (1,7, ®(L,™n, 1:{71,", 71,02,

K ('r,72), L(72,3), M176,2), N (72,60, Pi75,5).
Do the smme as for Exercise 3 for the pointe listed below.

A (6,1), B (5:1#); c (7,0), D (10,-:‘,)' E (6"1)'

FO4™), 607,78, u{%,%2), 1(,%2),

J f-(,l), K <Op“‘): L ‘4-1“1).

(+) Plot the following polnts: A (71-3): B (.2110), c (-21-5):
D (7,7, E (73,2).

(t) Draw the line segments: AB, ¥, CD, DE, IA.

Without plotting, ¢ive the quadrants of the points whose coordinates are
given telow.

CORNERS {g) (7:,7%)
vy (1,74) {n) (0,2

() "7e,70) (1) {1,791
Yy 7.1 (3 (70,7
Te) 2,6} {k} (Ts1,m)
(ry (7:,1) (2} (27,7 100)

Plot a1l of' the following points on one coordinute plane,

() A (g, ) (£) ¥ (g, D
M or(-1,.h (&) © (0, X
ley r ;lg y - %) (h) H f% y )
) b - 2,0 (9 1%, -2
(e £ (76, %% (9 7 (0,0
b
[ _J



8, Flot all the following points on one coordinate plane:

(a) A (1.4,5.3) (d} p (73, 3.3)
(5) B (5.5, "3.5) (e) x{0, 1.5
{c) ¢ (6, 2.7)

1-12. Graghs in the Plane

The ctudy of geometry with the use of coordinstes is called coordinate
geometry. This branch of mathemstics was atarted by the mathematician Rend
Deccartes in 1637. This invention was s grest step forward in methemstics and
made possille the discovery of eceleculus which followed shortly after. In this
section, you will learn some very simple coordipate geometry.

Exercises l-12a

(Cless Discussion)

On the coordinate plane below, we have drawn the line [ through the
point A {0,0) snd the point B (5,5).

Y

]

L6

Cn
..




,,,,,,

1. Find the coordinstec of Some other point: on thiu line. Copy uni ramplete

the table below:

Palnt A ! B ¢ D E ¥

X-coordinntel O

wn
ra
-

T 3 -

Y-coordinate] © 9 ? ? ? ?

e What do you notice about the coordimates of theco polnta?

e Row try some point. whose coordinutes are not Integers (the oe¢

b

Integers: consicts of the number zerc, the counting aumters, and the

oppasites of the count {ng numbers)., Estimmte the coord instes ur elosely

@O yOu Cafle

Point ¢ || s x| | wulnx
X-coordtmute | 32 | 2] 2 | 2| 2| ¢ | 2
Y-coordinate | 3 ;{‘- 2 7 T 2 ? ?

Does the same relation letween the X- and Y-cooriinates thit you noti-ed
tetore stl1ll seem to holid?

de Whnt do you -onclude ntout the esordipites of polnts on this line;

You chould huve noticed that for all the points that you checked {n the
lact exumple, the X- and Y-coordinutes are equnl. Thisc relution holds true
for 1l pointe an thlu line. Do you suppote thut nll pointe with X£- and
Y-coordinntes equil will lie on this line? Try to find out. Plot these
polnts on the above criph.

el = -2 -

P (lpl)p Q0 3, %), K (%ew, %e3), 5 ( "—":) ?‘_-J)-

Do these polnts seem to lle on the line 4% It Qs true that ull pointc whuse
X- and Y-coordlnates are equal lle on the line .

Here s another wdy of looking at what you have just developed. Let
(x,y} be n point nomewhere in the plane, If y = X, then this point 1ies
on line ¢. If y £ x, then this point doe: mot llc on /7. We can think of
the 1ine ¢ a5 the "plcture” of *he equstion y = x. We suy that 4 Ls the
m of the equation y - x.

4 ¥4
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Exercises 1l-12

Plot points (71,71) snd (6,6), and drav line ¢ through them.

(s)
(1)
(c)
(d)
(e)
(1)

(g)
(n)

Is the potnt (2% ,22) on o

Is the potnt (7100,7100) om £7

Is the potnt (7,78) on s

Is the potat (75,5) om £%

Ir (s,b) 15 on £, what must be true sbout the numbers & snd bl

It (cyd) 15 not on ¢, what muct be true sbout the numbers o
and d?¥

If x is any sumber, fs the point (x,x) on %

Cnn you find & number n  for which the point (n,n+l) is on 27

Think of points whose coordinstes sre (5,y).

(»)
(v)
()

(q)

(c)
()
()

Flot (5,y) where 7 o 1,
Plot  (5,y) where y 15 “a,
Plot (5,y) where y 1o %.
Plot (‘),)’) where y  in 7
Plot (%,y) where § 19 h%.
Mueribe where these points lie,

The grmph of sll pointz whose m{dinstes Hre (5,3) is .

Think of points whose coordinstes sre (x,4).

()
(v)
(<)
(8)
()

(r)

(g)

Plot ({x,4) where x iv .-

Plot {x,4) where x 1is 2 % .

Plot (x,4) where x 15 "3,

Plot {x,4) where x s O,

Plot (x,4) where x s °5,

Descrite where these points lie, .

The graph of all points whose epordinstes are (x, L) Is .

LB
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If the limes for Exercises 1, 7, snd 3 were drawn on the seme coordinate

" plane, what would be the coordinutes of the point of intersection for

the lines formed in

(s) Exercises 1 and 27
(%) Exereises 1 and 37
{c) Exercises 2 and 3?

Draw the line through points G{75,5) snd H(5,s).

(s) Point J hes an X-coordinste of 2, snd J 1is on GH. Wnat
is the Y-coordinste of J%

{(b) Point K on GH hes o Y-coordimste of "3. What is the
X-coordinate of K7

(c¢) Find the mlscing coordinates for points L, M, N and P which
iie on -G_H.

Point L M N P

X-Coordinate| ™5 ? 1171 T117

Y-Coordinste 5 T 7

Pick two points A und B {n Quudrant I for which the X-coordinate
{s twlce the Y-coordinute. Plot those two points, and draw AR,

(n) Is the point (2,6) on ABR¢

{t) 1s the point (6,3) on AD?

{c} 1s the point (00,10} on A%

(4) Is the point (2n,n) on AR tor sny positive number n?
(e} 1Is the point ("0,”3) on RB%

{(f) Is the point (7100,750) on AB?

{g) Ic the point (704,600, "17,345) on AB?
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Summary

Section l-l.

The physical objects around us suggest the idess regerding shape
and size wvhich are studied in geometry.

We think of points as definite locations apd spsce ss the set of
all points. Qeometric figures are sets of points and therefore are
subsets of space.

Section 1-2,

A line is 8 set of points suggested by ‘& stretched string. Many
lines can pass through s single point.

Property 1. Through sny two different points in space there is
exactly one lipe. o

Lines are named by identifying two of its points.

If two lines intersect, they intersect in exactly one point called
the poimt of inversection.

Section 1-2.

A plsne i3 s set of points suggested by s flat surface extending
indefinitely in a1l directionms.

Property 2. If two poimts of s line lie in & plane then sll of
the line lies i{n the plane.

Property 3. For any two points ln space, there are many planes
which contain them.

Property k. Through sny three points, not &ll on the same line,
there is exactly one plane.

A plane is numed by identifying sny three of its points not all

on s line.

Section 1-4.

When two lines istersect, their intersection consists of exactly
one point,

~
-
e



"ERIC

A runtext provided by enic [N

When the {ntersection of tvo lines is empty,

(s) they are called parallel if they lie in the same planme.
{(b) they are called skew if they do not lie in the sage plane.

Section 1-5.

The intersectfon of & line and & plane may

(s) be empty, in which csse, they are parallel,
(b} consist of s single point,
(c) or be the line itself.

Eroperty 5. If the {ntersection of two different planes is not

empty then the intersection (s 8 line.

When we say that two planes are parallel we mesn that their inter-

section is the empty set,.

Section 1-6.

When we say that point P 15 between points A and B, we mean

(s) A, B, snd P sre collinear, and

(t) on their line the points sre in the order A, P/, B or B, P, A,

Definition. The segment AR is the set of points consisting
of the two points A and B, and all points between A and B,

Seetion i-7.

A path in s plane is 8 set of points which can be represented by

meking s tracing with s pencil on a sheet of paper without lifting the
pencil.

A simple closed path is a path in & plane which starts st @ point

and returns to that point without crossing {tself.

Two points are separated by a path p 1in a plape 1if the two points
are not on path p and if every path connecting the two points inter-
cects path p. .

A simple closed puth separstes the plape into two parts cslled the

interior and exterior.

A lipe geparates the plane into s pair of opposite hulf-plages

or sides.

51
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A point on u line separstes the line into a psir of oppesite

half-lines, =
A plsne sepaurates space into two half-spaces.
A ray is s half-line together with {ts boumndary point. The %

boundary point ig called the endpoint of the ruy.

TWo opposite helf-lines, each joined with the common toundary

point, form a pair of opposite rays.

Seetion 1-8,

An angle is the union of two non~collinear rays having the same
endpoint.

The ipterior of JABC is the intersection of the A-side of B
und the C-side of AB. ’

If point P 1ic in the interior of /ABC, we gsay that EF s
tetween HA and  BC.

De-f'inition. For any three non-collinear points A, B, and C,
the union of Kﬁ, EE, and AC 15 called a triangle.

Section 1-9,

A point may be located in n plupe by & pair of numbers {x,y)
uning an X-uxic and o Y-uxis., The order of the pair of numbers is
important. The pair (9,3} end the peir {3,2) locste different points.

Scetion 1-10.

The X-9xis {v separated into two opposite half-lines by the origis,
the point of intersection with the Y-sxis. Positive numbers are
ascligned to all the points of the half«line to the right. Negative
numbers are susigned to 2ll polnts on the oppésite half-line to the
left as opposites of the positive sumbers. FPositive asnd negative
numbers are assigned to points on the Y-axis in & similsr manner.

“The numbers asssigned to the axes are cslled coordinates. ' -

o5
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Section 1«11.

With the assigning of negative anumbers to the sxes, points may
be located in any part of the plane by pairc of nusbers {x,7). The
aumber X 13 cslled the X-coordinate and the number y is called
the Y-coordinste of a point.

The coordinate plane is a plane in which each point ic assigned
& pair of coordimstes snd esch pair of ccordinates designates & point.

The coordinste plane {s separated into four quadrsnts ss shown

Te el s o eseas B e

PY at the left., In each quadrant
Quagrant Quadrant the X- and Y-coordinates of the
(=,+) {+,4) polnte sre indicated ss positive
-— X {+) or negative [.).
Quadrant Quadrant
111 1y
{(-,-) (¢,-)

Section 1=1.2,

Foints whose X~ and Y-coordinutes are equal lie on s line &2.
Then for uny point Plx,y), If y =x, P is & point on £, and
£ 1s the cet of ©ll cuch poinus. We say that £ is the graph of

the equation y = x.

In this way verious lines become graphs consisting of points
having X- end Y-coordinates reluted in certain ways.

23




Teacher's Commentary
Chapter 1

STRUCTURING SPACE

i=l, Introduction

Geometry is smpprosched here 83 & subject that is based upon or modeled
from our cxperience with physical space. The students by now have gained &
substantial amount of experience snd knowledge about the shape, form, and size
of ‘mrious phyciesl objects im their surroundings. Reference should be made
continuously to this background i{n developing geometric idess.

The basic comcepts of geometry - point, line, plane, space -- do not
actuslly eppesr in the physical world but are fdeas that are suggusted by
various physicsl objects. Thia {5 the theme carried throughout as other geo-
metric flgures are formed. Space (o idenlized ns the get of 81l pointc and
the various figures sre formed as subsets of points., The way in which the
flgures are formed determines the structure of our space.

The strueturing ot spuce 1o presented wo o dynamic process of formuluating
the properticc or churacteristies we think our apice should have. Euch pro-
perty ls cheeked for consistency with wur knowledge of physicul spaces These
properties provide s basls for uystemoticslly orgenising our knowledge and
for focusing on the really fundamental elements of our structure.

In 8 coordinate system, points sre sasigned mambers in m cystematic way.
Consequently, we c8n represent guometrle ldeas numerically und study the Prof-
erties of uets of points (figures) by means of numbers. Later we shall study .
the properties of numbers by meaps of our model of space. Furthermore, this
sets the stage for the astudy of the important ides of function in the next
chapter,

Exercises l-1 (Clauss Discucsion)

1. There gre many possible completions, including:
eeo idess bused on the size, shape, and loeation of physical objects;
-«o modely resulting from experiences with physiesl objects;
«oo relutions among points, lines, snd planes, in spuce; ete.

2e Geometry deslo with ideas which sre suggested by physieal odjects.

3 A knot on 4 thresd,

. the tip of a pemell,

- the spot where the corners of 4 floor tiles meet,
ses Lo,
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bk, Very definite location, espscially s model on chart from position in
the physieal world.

5. It could not have size, because if {t did the location it reprecented
would be indefinite.

6. ... what it is oade of
eee CQlor
eee texture
ees Welght

ete.

1-2. Lines and Point:

The fundamental relatlionships btetween points and lines sre studied in
this seetion, We sarlept as a basic characteristic of our structure of space
that for uny two pointe in spuce there is one and only one line that passes
through them.

The aceceptance of this property leads to s rather surprising result.

It cun be srgued from Property 1, as is done informelly in the claess discus-
slon exerclges, that two limes cannot interseet in more than one point. This
{n the rirct encountuer for the student of en srgument or pfnof presented very
informally. It ls an indirect proof, but the technicalities need not be dis-
cussed., Mout stidents will see the reasoning that if the sssumption of these
being two points in the intersection of two lines gets us in trouble {lesds to
a contradiction) then we should discard the assumption.

Fxercises 1-28 (Clsss Discussion)

1. {a) The intersection 15 thick and fuzzy. It simply looks like there
is more then one polnt there. .
{v) Sipce A and B are contained in the intersection of £ and =,
then
£ containzs A and B
and m contsins A end B
56 both { and m contain, or pass through, points A wsnd B.
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(e) The szsiumption that thurce sre two bolnuts in the intersection leads to
the result thut two lues may pass through the ssme two points.

Property 1, however, statec thst only one line may paos thrmugh
two polntus.
Theoe two stutements csnpot both be true so one of them is fulse,

I we agree that Property 1 iz true, we must diccard the sssumption
that there sre two poilntsc in the [nterscetion und agree that ¢ and
m  intersect im juct ome point.

If there were more than two points in the intergection, things
would oven te worseg

Property 1 would :till te contradicted.

Fxerefies l«t

Ll
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Ancwers will vary, Pooulbllitlesn inelude:;
the Line of :lght I'rom your .ye to a =stur,
a8 thin luser beam,

the ipterscctlon of & will und floor,

vto,
-~ - _—— - —

(#) and (£): L' numcs: AR, BA, AC, CA, AD, DA, BC, OB, BD, TF,
tr, IC.

() s
(£} There ure muny vays to nsme AE, ‘K-i?, and WD,

{e) AE and ¥ intersect ia point EH.

-

KF und HD interseect in point G,
AE wnd WD intersect In point Dl
{+) tudent activity

(x) A%, 3%, i, 7T, ¥, V.

{¢)

0

o

N

Y
2
2
&
-
b
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.

6, (s} B .

{v)

{c) E E
7. (a) = and n

(t) ¢ snd m

(¢) p and n P

1-3. Planes -

In this cection some very important structuring takes place., Each of
the three properties stated here needs some demonstrstion to show that they
are fundamental to our experlence iln physical space.

The ecgential message of Property 2 is thst i{f a plane contains two
points of & line it must contain 81l the points of the li{me. This means that
the line and plane are then irrevoeably committed to each other and will
never part company. This ties together our ideas of the straightness of lines
and the flatness of planes.

The demonotration with three finger tips and eardboard is helpful for
developing Properties 3 and 4. Showv that there sre msny positions for the
cardbourd tixed to one finger tip and to two finger tips, but that there {g
only ome position for the curdboerd when fixed to three finger tips not all
on the same lime. Since many plapes msy contain sny two points it follows
that many planes mey contain the line determined by the two points.

The exercises offer am opportunity for students tO give rescons or provid
sn informsl argument. This will help the students to become aware that these
propertlies sre quite fundamental and lead to important results. Also, the
students may begin to get an inkling of what {5 a structure of ideas. Note,
particulerly, Exercises 11 snd 12 {n which students are agked to show thst a
plage {c determined by @ line and 8 point not on the line, snd is also deter-
mined by two imterseecting lines.

It is hoped that students will become tired of saying, "“not all on the
sume line”, They will be ready for the terms "collinesr” and "nonecollincer”™ .‘
which are {ntroduced leter i Seetioni-6, 7 .
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kxercisens le3
1. The ends of the 3 legs {of the stool or triped) can bte thought of &s
3 points, and Property M ctates there 1o slwsys e plune contuining them.

Theretore, the 3§ legs can always be mude to rest flut on the floar.

a, {a) yes

{t) yes
(¢} no
(d) =no
3. (8} yes
(b) yes
{e) yeo
{d) no

4 plsnea: AHC, ABD, HCD, ACD.
9 {u) AR wnd IC ure in plane ABC by Property .'e

{t) Purt {s) showec R and S
thut wo u result RS 1o in plune  ABC.

are tn plance ABC, und Property o sayc

ric

R A 1 7ex: Providd by ERIC

6. {s) Pointe X, Y, snd 2 1lie¢ on the oume line.

(t) Point: X, ¥, snd Z do not lie on the vame linc.
1. {s) an infinite number
{(t) exsetly one

s, (#) an infinite numder
(L} sm (nfinite number
{c) exactly one

T Many plapec may contain the two points A, B. {Property 3)
Each of these plsnec.contains the line AB. (Property ©)
Therefore, many planec contnin the line AR.

10. If the surface were 8 plane, then the line AF would be wholly cone
tained in 1t {Property 2). Oimee AP intersects it In Just . points,
the surface could not be a plune,

i11. The 3 points A, B, snd € 1lie in exdactly one plane (Property 4) and

AB 1icc 1p it slso {Froparty 2}, =0 A8 and © le in exactly one

plafic.

The plape could te named plsne ARC,

29 -
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1. By Exerelne 10, XF and C . 1lie {8 xaetly one plunc, end ty Property
" AT 11 In 1t ualnn, Therefore, A end AC 1t in exaetly one
plane. It e.uld be named plane ARG,

1. (s} D

(t)  Ancwer: may be uny comblostion af lettor: from  {7,D,E,Fl,
(¢) Ancweorc muy be any camblmation of 3 letters from {A,F,G,H]).
letters from {A,F,0,D).

(+) Auiwers may be nny comb.imstion of 5 Lletters from  [E,F,G,H].

o

(4}  Anowers muy bLe any cant.ination of

-

lad, TInter ectlon..

feviow 1o Ltudents the doe of brueen, (], for et notntlon. The
definltlon e Interoeetlon {0 pelven, nnd it feceinary, you chould provide

other oxampde tar finding fnterecetione of set:.

Poaple: Lot A (47,11,19) «md B - {4,7,10,10), then ANK = {7). -

[t 12 well o lutroduer toth aymbol: for the empty cot @Y opd "7,

teenpy e they are toth oneuntored o anthematic.: texthook:.

Polnt cwt thnt the Intercectlon of 4 palr of et e always o octe Alio,
polnt ot that we Lo woe Yinteroeet” weow overt. Mo Lines may interoeet op

they may not ntore ont,

Priraildel line o snd ckew laes ure introduced brere ince there are two
pacnibiliitier tor Line; which do nat Intersect,

Teote eufe-elnll, Excreloe o which cummirizes the pornible relutive postie-

i for twn Llin .,

o ot fno ot gon rleld conformity with respeet to uwlwayre uclng traces
when rcepreontin the reoults of forming the union or intersection of coti.
It 1. the conerpt welse af'ter here tot the notatlon. Hopefully, the ctudents
Will nequise the propeor wotatlon ty otcerving the teucher snd the text.
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Exercioes lob

1. (a) (&,10)
(b} {John,Frank,Alice)
(e} {Answers will vary.)
{d) (July Sth}

{e} ¢
2. {a} (R}
{6} (p)
(e) ¢
(¢} (<)

3. {(s) Any 3 from EF, IG, DH, «nd 0D

(v) A%, ¥, ond ED.

L. (s} (D}
(t) ¢
{e} {a)
(¢} (H)

5 Not slway.uj {f they do not li« in the came plune, they sre ckew Lioes,
not parallel Jineo,
6. (a¢) intersceting lines

{v) perallel lines
(¢} akew lines

{a} o
{} . Incerseet Do not .
intersect
Lir in inte (*“:}t’ (tu). 5t
uugie plape n :i;;c Loy ;m;'"ne;
(d) {e)
o not 1. "No" aKew
in stme plone (impos 1ble) } lines
&1 )
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1-%. Intersectlions af Lines snd Planes

This seetion is & Eantinuuticn of how lines and rlames may be related to

eweh other lao terms of thelr possible intepsections.
A liov und & plune mwey have the following pousible intersections:

{1} the empty set,
{ ) the set con:isting of s single polut,
{3} the lipe ttzelf,

o
<

In the eque where the luterscetion of & lime and a plane is the line
steelf, some edditionsl c¢xplanation muy be necessary., Note thet in this cuase
the line lies in the plane, or in other words, is s subset or portion of the
plune.  ruch polnt of the linc them {s common to both the line snd the plane.
I generul, whenover A iu o wubset of b then A N B A,

Example: et A+ {1,3,4) und 5 = {1,2,3,4,5}. Clearly A
ls v subset of B, Them A N B « A,

The cleon discusclon exerclses present @ very lnformal argument that {f

twe ploance ipteroseet they must interseet in s line.

Two plane: then may huve the following possible {ntersectlons:

. *

{1} the empty sct,
()

8 line.

The exercloes provide opportunity for the studentsz to explore the
various possibllltieos nbout how lines and plsnes are related.

Excreloe: l=Hu {Cluss Discussion)

1. Noi  zipec the pluncs do not stop st the edges of the sheets of paper,
the intersection of the plages will contain more than Just the single
polint common to the sheets of paper.

. {8} A snd B lie in toth plones. Property 2 says that, a5 8 result
AT must 1te in both plancs.
{3 Property & and euboclslly Exercise 10 {n (1«3} show thut 75; and
sny uther polnt not on y) may lie in exaetly one plane., There=
, fore, they could not be im the intersection of (or be common to)
};;" : two different planes.
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Exercices 150

1. {Answers will vary.)

2. (a) (M)
(v} (D}
{c) (B)
(a) ¢
(e) AR
(ry ¢
. 3. (a) Any 3 from among planes ABE, CIF, ARCD, BCFE, snd EFDA, (Each
of the last 3 maey be named bty sany combination of 3 of the four
letters mentioned here.) .
(v) £, IF, ond OF
(¢) AD and £F
{3} plspe ABE und plane CIF
{e) plupe ABCD and plane CIF
(f) 2 possible snowers: AE snd plsne BCEF, BE and plsne ADEF,
or ;‘-E.t and plane ARE,
{g¢) plane BCFF and cither BC or EF.
b (u) &F '
(t) (B)
(¢} {6}
(¢) ¥} )
{e) &
(r) ¢
{(g) E
¥
63
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5. (4) Plunes FFGH ond AHGH. (Com- utudents may see that If polntc

¢, D, G, and H uare {n the sume plsne, then that plane CICH
eauld be une of the pulr of pwpes which interseet in ﬁ.)

(b) Planes EMGH snd w¥G. (As In part (a), plane ADFGC could be
included.)

(c) Any two from umong plumes ACK, KHCE, snd GCE.

(d) Any two frum among planus DOGH, ECBH, end ACFH.
(The fact thet D, ¢, G, and H all lie in the ssme plane may
prompt diceusslon which 1o best haundled Ly referring to a physfcal
model o the bux.)

iy The Lig~ & muy tle tn the plane m: 2 Nam = £,
The line ¢ muy Intecucet the plune m o in one point P:
tnm: (P},
The Line f msy Lo purwllel to plune m: £ Am = @,
’, e twa nlanes may iaterscet: thedir intercection io s lime.

fhe Lwa piones may te purallel: thelr interascetion is .

Leti, e tweeenness and egment *

fetwoenness £ polnt.s e s very speeinl mueaning. The word "between”
f.oowied oul, for three polnt: thuet Lie on o line, The term "collipear” is
introdue~d at thi: time and it uwoed Iy the definition of bLetweenness.

The canecpt of totwrenneas 1o needed to define A cegment end {tn use in
the definition recults In @ segment Lelng a subzset of a line. Sinee s segment
frounlquely determined b Ite endpoints, 8 cegment ! nemed by 1ts cendpoints.

Exerede . [of
1. {4) no
vy e
{e) yro
{d) S
{e) ﬁ, D, XD
{r)
() m
(b)  (M,:,TY, IM,C,KY, IM,R,DY, [#,0,R), [L,K,0)

. b’* .

).
[
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i ALA} 5.

A
2. (2}
B c
{t} A segment.
For example, ac

A B c
3. The word “"between" in the definition of & segment requires that the points

of & segment lie on a line.

A {c between  and B.
5. (a) E.X-, Hn ﬁr ™

(v} 3 are shown

{e) f{-, _ﬁp .‘X'_V-p and  ZY

(8) W2 NV (W)}

&, Arswers will vary. Here are two drawings.
C
P A B
\
ABNCD = ¢ B nlDa- (pr)
7. (a) A7, AC, AD, BY, BC, BD
. - -— all contain points
A B X ¥ C D X end Y,
(v} {nfinitely many
(c) exuetly one
{d) exaetly one
{e) No. See 7{a) above.
RRAINBUSTER:

e - - » — R>AR
SR P R I} QR > PR
- R must be betweenn P snd Q

&

O
~
i
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L1+7. BSepuration
The important idea of uepasrstion is introduced through the intuitive
notion that two points may be separated by certain kind: of paths,

First, the concept of paths in s plane is developed. Then these mre
clagsified so that the meaning of s simple closed path is clesr. A simple
closed path seprarates two points that do not lie on 1t 4if every path connecting
the two polnty intersects the sinple cloged path.

"In the class discussion this idea {s purcued further until the set of
points celled the interior of the simple closed path is identified. If you
wish, you may continue and identify the set of points called the exterior.

It is lmportsnt that students see why some psths do pot separate certein points.

After the clasy discussion exerclses ‘the students are ready to examine
the separation properties of points, lines snd planes. In each case there is
8 boundery, s point, & linc, or & plane, and two parts, called appropriately
half-lines, half-plenes, and half-spaces. With helf-lines introduced, & ray
can be ldeatified aus n half«line together with its boundary point, The con-
cepta of opposite rays, opposite half-lines, and opposite half-plenes or sides
of a lipz are Importunt beeause they will be used gquite frequently.

Exercises 1-7a {Cluss Dlseussion)

1. {a) 0, P, R
{v) 1, M, Q
{c) {d)

~7
o

A

A FulText Provided by Eric [RREERA R,
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2. {¢) A, E, B
() ¢, D, F, G
< {e)

£

3. X and Y are¢ not sepsrated because there is s path fram X to Y

which does not intersect the simple open path connecting A and B.
The path from X to Y can
"go around" the path conneeting
and B.

*Y

L, Let students-drawv an example.

*

"If X snd Y are sany two points in the plane not on a segment l_B,
X and Y can be connected by a path that does not interceet AB.
Therefore X end Y are pot sepursted by AB.

The path from X to Y can
"go around”" the segment.

ERIC
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Ak uext providea by enic [RCENRMaR o NER LA NN N

67

~

i )

i
s
;
A

ST | R

Lk,



Exercises l«Tb

1.

3.
L,

6.

Te
8.

(w)
(g}

(a)
(%)
(<)
(d)
{e)

(£)

(g)

{a)

fa)
(d)

(s}

{=)
(d)
(&)
{s)

{a)
{a)

Iv (b} 11 {e) I (a) 11T (e) 1I () 1v
v (n) 1 {1) 101

Yes

Yes (AB can be thought of as a path.)

C snd D must be marked on the opposite side of A.

E must lie on the came side uc A.

Two points P snd Q not on s lime ¢ lie on gppogite sides of
t if «nd only if BQ intercects 4.

Two points R snd S not om a8 line £ lie on the sume side of
£ if and only if RS does not {ntersect 2.

The “segment test” in {e) works for the "wiggly" path to test for
points on opposite sides.

The "segment test” in (£) for points on the same side does not
necessarily work for "wiggly" paths,

Exumple: A and B are on same side, yet AB {ntersects puth.

Segment test worke only for lines.,

three {b) four
true {b) fulse {c} rfulse
true {«} true (£} true
a polnt {b) & line {c} =8 plane
fulce {p) false {¢) fulse
trus (e} false (£) true
false
three {v) four
true {(v) false {e) true
faloe {¢) false

68
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A B c D
(s) T ana BE & ama 8
(0 MnE-(3) Bndl. ()
(¢) ANCTH-¢
(d) Bl [53)
BRAINBUSTER #1
Sce {f students can find two answers. )
P P
path p does not path p does not the boundary of the
) geparate surfsce separate surface patch does separute
of a torus of & torus the surface of a torus
BRAINBUSTER #
3+47+5+7 =22 (even number)
Since the child starts from inside the park an@l his path intersects
the park boundary an even mumber of times, you would look for him ipside the
park.
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1-8. Angles

To develop the definition of an engle it is necesrary to review the cone
cept of union of sets. "A UB" means "the union of sets A =xnd BY, eand
the union consists of all the members of both sets. You might provide some
exasples.,

Let A = (1,4,7,7) snd B = {2,4,6,7}.

Then Au B = (1,2,4,6,7,9).

The two sets in effect are "joined™ to form the union.

An sngle is now deftned 85 the union of two non~-collinear rays having s
common endpoint. Since an angle ls determined by three non-collinear points
with one of them designated as the vertex, we can use the three points to nesme
the angle. The vertex {s slways named in the middle. If an angle ic named by
three points, we can name the rays that form the angle. For example, (BIX is
formed by the rays 0B and OC. /BIC = E§ V) EE. Since the three han-calli-
near points which determine an angle slso determine @ plane, we can spesk of
the plane of an angle.

The regquirement thst the rays forming an angle be non-collinesr eliminates
"straight angles” snd "zero sngles”. The resson for sgreeing that an angle
cannot be the sume a5 8 line or 8 ray becomes spparent in the class discussion

exercives where interiors and exteriors of sngles are discussed.

Two non~collinesr segments with 8 common endpoint may suggest an angle
slthough the rays are not shown. For
example, the two segments AB and AC
shown at left suggests the angle /BAC
even though the rays Eﬁ snd AC are

c not shown. This sllows us to tell
later about angles of triangles and
angles of various polygnns.

Betweenness for rays is defined., If P 15 8 point in the interior of

. /BAC, then AP 45 betveen AB and AC. It might be well to show an

example where the ray AP is pot
between 35 and EE g8 is shown at
the left.
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In the finel cluss discuasion exercises the definition of s trisngle {s
developed wnd the interior of & trisngle (s shown to bte the intersection of
three half-planes.

Exercices 1-8a (Clasc Discussion)
1. Show drawing.

4 Yes. Two parts of the plene can be identified so that every psath from
sny point In one part to sny point (n the other part intersects the
sngle.

The parts cun be deserlbed ss the {nside part and the outolde part.
3. TNope on drawing.

4, Done on drawing.

5. (4) The A-side of FC is the hulf-plane with boundsry Fe which
" contain: point A.

()

6, (#) The C-side of AR is the tsulteplane with boundary AB which
cantaine point €.

71
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7. The doubly shaded region represents the intessection of the two half-

planes, =
Exercises 1-8b =
LRpiolsed RoaB 1

1. {a) 2X2Y, 2YZX, sX2V, VX
LNZY, JYTW, [NZV, (VIW

() 2

(¢) ZX or 29 aend 2¥ or ZV

The duubly chuded part represents the interior of ZARC.

3. {a) /PQR or JRQP

(v) (<}
4, {0) fraloe ‘ {v) ralse {c) false
{d) true (e} calse

5. (&) :SPT, (SPR, £SPQ

{p) P uPS - caps

(¢} The intersection {s the interior of (/RPS.
8. (a) OB 1is slso between OX and OC.

{t) OX iu olso between A and OC.

12




(8} /
B <
¢

{t}) The figure formed would be the union of sABC and its interior.

(e)

ft) The rigure formed excluding ?ﬁ and I:E, would be the exterior
of [ABC.

Exercises 1-8¢ {Class Discussion)

ll

{a)

X
Qz~
Y ‘

L M N

-

{v}

{e¢) Yeo. AXYZ iu oa plane flgure becsuse the segments XY, YZ, and
¥ lie in the plane dotermined by the three non~collinessr points
X, ¥, Z.

{4) Trisngle XYZ 15 the union of the segments XV, Y2, end 2X
{X, Y, Z are non~collinear).

'
RE

J

ds

,. .
b hrmw b



(e Yeu. A trisngle 1y ~ simple closed puath.

It can be traced sturting ¢t & point snd ending st the swme point
without 1lifting the pencfl from the pyper and without the path

crossing ltaelf.

(t) The doubly chaded psrt represents the interior of ZACE.
{c) " The part chaded three times 1o the Interlor of AABC.

{d) ¥or three non-colllnesr points A, ¥, C, the interior of AARC
Li the Intersection ot the following three half'-planes; the A-side
- — L
o BC, the Beside of AC, and the C-side of AB.

{¢} Yoo, PQ will slwuys Intersect AARC.

17, Lacating Positions snd Points

In thiz scetlon, 4 wuy of locuting and plotting polnts in & plane ucing
pairs of numbers Lo developed. At the outset, s sesting chart {5 introduced to
show how students muy be locuted by 8 pair of numbers. If you ere sccustomed
to consldering rowe horizontully lmstesd of vertically on the chart, plesse

=;;~. feul free t0 interchunge the designation of row and ceat op the disgram. We
- #re told that moot sedting cherts uce the designation of row and sest as
;:;um shown {n the text. The important idsou ig to use the palr of numbers in the
‘ sage way 85 is dome ln locating points in s plape,

h
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Tht stepaly-step method of showing how s point £ lu located Yy 8 gsir
of numbers uhould te understood £y sll students. The number on the X-axic iz
slways named firut. The order of the numbers fu important beenuse I the
order of 8 pair of two different numbers ie changed then s different point (s
located. The term "ordered palr” {s not Introduced at this early stage.
Lots of practice chould be provided for the students if necessury. It
1o noted thst the plotting und locating of points ic restricted to only a purt
of the plane {0 the beginning.
Exercives 1= (Clsss Discusczion)
1. {a) Eve {t) well {e) (2,0 {d) {4,
‘. fann (1, ), Kuy (1,5), Mary (,1), Emms (0,0), Jene {3,1), June (3,3),
' Nora (3,5, Myrs (i4,3), Muy (4,5), Eve (4,5), Sue {5,1), Hell 75,1)}
ie (m) These students sit {n the h&E ceat in egch rov.
- (v} Fred (1,4), Pete (,4), Gory (2,4, May (4,L), Nell {5,%4).
(e} The second numter in esch puir ok,
4, Jane (3,1), B (4,.), June (3,3), Gury (3,4), Noru (3,5).
The flrit number In eseh puir Lo 3,
These students sit In the ﬁidn row.
S (u) The ipterccetion of the two cets »f ctudents consints of Gury,
{t} e lnterasetion of the two sets of number prirs consluts ot the
numter  (3,4). ;
R {a} {John, Ewma, June, May, Cerl)
(L) They =it disgomully from lert-fromt {1,1) to right-resr (s,5,
ot the roum.
7. (¢) f{Ann (1,), Rey (1,3), Fred (1,4), Koy (3,5), EQ (2,3}, Pote (- L),
Mike ("9‘”; Gary {5:2“); Nora (3:5): Eve (1‘15)}
(B) They <it to the left of the dingonsl from left-front to righteresy .
of the room.
T ;
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Faerei e et

1.

foint A 13 M D 13 F G I3 I
X . . i g h T 2 g g
s : . L L : 2 1 1

Paint o |3 M D F F G H I

Namteer cale B W0 O 0, Y O WY LG B L Y s, s C4,1)](9,2)

= ey

L]
(Y “wints b, %, wnd I lie on the horlzontsl tine through < on
the Jenuxioc,

OV v nd gamber oo eqeh numbe s prlre L0 4.

Y i omt. By ¥y ound 0 beve number poirs n whleh the £lrat numbers
w4 teeand numter st epaid.

Y op et (a1,0Y wliu b o flrot pumber snd second number which
RE NS DTN

Y e paint f a0, a0) D ot ttmgonal fine which pasres throweh

: te T ~
R AT e tndd ie

9y 0 et o, M, and T lte m the vertlesl Dime througk 7 on the

Xervxi. y oomd thel e pmgmter pales fnowhieh 3 1o the flest number,
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e {a) Potnts §, T, ¥, snd W Lliv on @ line. They each have numter
puirs ¢n which the cum of the rirst number {x) and the second

number {(y) s 7. x +y a7
(k) 1+ =7, therefore, y must equsl 6. {1,y) = (1,6)
8. {:,4)

2. For any point 2n the X-sxls, the second nuwmber ({y) in its number pair
must e zero. {y = 0) Thus, {(x,0) s the nuwber puir for sny point

on the Xeux!i.,

1-10. hordinntes

In order to contlouc plotting and locating points {n other parts of the
pilafe {t [0 necessury to extend the gosigning of numboers to points on the X-

arnd Y-uxeo, The negntive numbers sre trought in us "oppositer” of the already
sssigned pouitive numberss  Thiv ties in nieely with the fact that positive
and negotive numbers are yosigned to points on opposite half-lines. This also

unticipete, the Jevelopment o oppocites far Integers In s later chapter.

I+ Lo implied that esch point on the line 1o nosigned s number, there-
tore we arergetunlly “Pringing In” the real numbers which ineluw  oth the
retionul yand irestionsl numbers.  For the time belng we shnll refer to them
simply s pusbers that sre oilled coordinstes. Loter, after the ctudents husve
Studied the varlous kindc of numbers, the procecs of coordinstizing @ line and

s plane ean be exnplalned more tully,

Frerglses 1-10
Lt 0.2 S Sl A

1. The process 1v the sume oo Yor the X-uxis, Drew o vertical line and

ascign O to the point »f intersectinn with <he X-axis.

Select wounle polnt upwird end esoign it the number 1., Mark off points
at unit Intervals upward apd soslign the whole numbers in sueeession. It
{v sosumed thut numbers can be gosigned to all the unmarked points sbove
0. £
Now murk off the ssme unlt lntervals downwsrd and lsbel with the pegs- ‘
tive numbers 1, v, "3, wnd so on in sucecession. Again it is assumed
that pegative numbers can be assigned to gll the ummarked points below
0 au "oppocites” of the alresdy sonigned positive numberc.

S T

o
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Aruitoxt provided by Eic:

2. | Potnt Ao ¢ D | E
Coordinate} v | L | 12 f;l 3 | 6

3. | Point T | K < L] o
Coordimatey < | 73 7.8 1 0

1-11. Coordiuates in the Plane

Now thut toth positive and negutive numbers sre 2ssigned to points on
the X~ and Y-uxey, the process of plotting and locating points {n s plsne is
continued. The process ts the ssme 85 Lhe one deseribed in the previous sece
tion for pnints locsted Ly pairs of whole nutibers. ‘

For esch pulr of numbers 7:,y)  the rirst numter is callodfthe X-coordi-
nute  (x} und the second number 1o enlled the Y-coordinate {y). The coordi-
nate plune 1 deflned as a plane in which cuch point {s assigned a pair of
coordinntes, und cuch pulr of coordinates designates a point, In other words,

there {5 a one-to-01 correspondence between points in the plane and pairs of
coerdinateg,

The enordingte axes sepirate the plane Into four parts called quadrants.
Theae gusdrants esn te defined uc interceetlons of half-planes. It would be
time well spent with the students to nnalyze each quadrunt {n the same menger
an iy done In the students' text tor quudrant II.  Students should develop
skill im telling {n what quadrsnt & polnt i{s iocuted by glancing st its co-
ordinatea,

Ererefues 1-11
e—— T AT

le Point A % r » ] =E F G

Coordinutenf (3,2}, (2,30 (73,.31(2,73){("2,3)](3,72) | ("3, 2)

Foint i I J X L M o

Coordtnatest (72, 3)1{7,75){ (3,8} {77, 7Y {"2,2) [(10,2) { (0, )

Fd
-~
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-1, Graphs ir the Flnpe -

The purpuse of this last seetion {: to provide some opportunity far
students to exsmine some patterns of coordinates of points that lie on the sane
line. The development is very lnformsal and exploratory.

“he libes sre deseribed very {nformally ss being horizontal or vertical
through w:rtsin points on the Y- or X-axis. The only vquation of e line
introduced Lo y = x In the class diseussion exercises,

There will te ample time lster for students t. develop equutions for
Lin-iy, 0wt this stuge they sre ssked only to look for patterns.

Exerelies Lets {Clucs Discussion)
1. rPninL A b ¢ D E
X-coprdinate 0 5 > °y “a L
f-coordinste 0 5 2 IS e
J
-
‘e ¥ur each point, the X« and Y-coordinates sre the same.
5o [roint G " X L ! N
— B IS S, e .
) 1 ~ 1 1 ’ -, 1 1 - L
X-coord lnut: - 3 = E 13-' = -= 4 5
f-coordinate § L T3 % % 1= ~- L - % L %
L. Teon
P For onch poaint o thic L1ine, the X- snd Y-coordinstes are equial. y = x
- .
. .
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Exercises 1-1 L

. 1. . {a) yes
U TR T 4 () ses
¢ (e} mo
(€, {d) no
(e} a =1b
(Y c #4d
(&) yes
‘zt {n) no
& a
( [ 0
{
Y {a) A(5,1)
(v) ®(5, )
+1 —~— «N’rd{»--}!« - — (“) ‘7(5:‘?'
(d) D(S’:-h)
1
{@) E(ﬁpl‘ :»')
Ey {r) The points lie on the vertiesl
line through & on the Xe-axis.
(¢} The graph of 81l poin®: whose
A
* coordinates nre (ﬁ,y) {s the
vertieal line through & on the
b Xeuxlio.
83
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=
¥ | <
S — '_"'"T 1 (&) A(~’12‘)
1
SEENG SORETEE N
-
(c) C(-S,h)
E g D A B
© o (d) oo,
{¢) E(75,4)
T X (f) The points ife 5n the horizontal
] 0 i Iine through 4 on the Yeaxis.
{g) The graph of @ll polnts whose
i eoordinates are  (x,4) iz the
B | herizontsl line through 4 on
—_— 4 the Y-axis.
~4_ ,_i. . ‘.1;. 1_.
k. The po.int f interseetion would te
(n) (5,) (b) (4,4) (e} (7,4
soh b Attt ) yicordinute of 0 is .
i1 T
i 4. 4 L) Xecoordinute of K 15 3,
— ot
. 8 »
i :
1 R
X
- :
.
Ll ; J
i _{'..._.‘F_ - X
1 ! i +
T { -
4= T ﬁ
RS At
(¢} | Point M N 3
Xeconrdinate | 0y 17 {7117
fecacrdinpnte |5 ICER RS A
8
.\4,"" R s
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ey

&, {a} o (b)Y yes {c) yes
(d) yes (e) yec {t) yes
() iNsg

Suggested Test Items

Multiple Cholew

Le Let set A = {1,3,%.7,7)
and wet B . (.,3,7,7).
The union of sots A sand ® iug

(A) {3!?.)) (D) (1,2;3.517,9)
(B) 11,3,%,7,7) (E) (&}
(¢ (v,3,7,1)

e Which une of the following 'y & simple closed psthy

Y () ()
A
{p} (D)
i
3. (See Figure 1) Polat P sepurates line £ $nto two:
(A} rayas ‘, -
{3) segments :

- {C) nulfelines
——— - (B} half-planes
: {®) ‘nalf-spaces

Figure 1

®




S . . ) B e R TR R R B N

Queations b« are Lused om Flgure 2. -
Le Foints P snd 4 are both:
{A) in the interior of AAHC. -
{8y in the exterlor of angle ECA.
(¢) on the same side of BC. \
{p} oun A
{E) in the interlor of angle HAC, Flgure .
5. Py intersects AMABC in:
{A} no pulntc {p) 3 pointc
(B) 1 point {£} u egment
(¢) - points {(F} un unlimited number of points,
wutstions G=7 are bsced on Plgure 3, For «uch question choooe Jour apswer
f'rom the foilowing list.
() XV () X
ey 7 f£)  the empty X ¥
RIS 4
()
‘s Wtat 1. the intervection of
7 wnd 2
7. wat fs XV U X7
M. What 15 XU N YV?
— A
e What iz UZ O VY?
. Figure 3
- -
H6
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10, Angle YX& {Figure 4) {3 ¢ set Y
of pointy conusisting of the
uhion of twn: -
X Z
{A) segments
(B) lloes
(¢} pnint.
(B} half-lines
(E) rays Flgure b
11. A plune {u sepurated into two helf-planes by:
(A} s puint {D) & plane
(B} 4 line {E} an angle
(¢} o simple cloaed puth
wutsions Lo=ll ure taued on Flgure ¢,
- —
1, AR NOBRA 1o
(a) Av A B c
vy &7 o
) A, b .
() A%
{E) the empty et Figure 5
Ls. acn 23 {og
(A ¢y ac (£) CR
(py oF (n X
k., AT U RY 1.
fay ar (Y AT () #C
Load D g
¥C

{(rY aAc {n

2y
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Aruitoxt provided by Eic:

15. A ray without its endpoint is called:

fA) a line {P) & haif-space
{BY & segment fE) « helf-line
{C} an angle

Questions 15-18 are based on Figure 6.

For emch quection chotse your saswer

from the following list.

(A)

1.

v v X b4 2
W sna X¥ () UX and W
77 anda W () Y sand Y7
X and XY Figure.6
Name . sogments whose {nterscetion {: o segment.

Name O tegmentc whose interseetion ig empty.

Name . cegments whose uplon Lo UY.

stlons lvey are tased on Flgure 7, A
Ezr'?n&vrmvvtlﬁn of  MRC and L
RC L
(x) 3
(v) ¥ ¥
(¢) B ¢ g
(D) points B sand ©
fEJ) the ¢mply set Figure 7

-~
]

C

t
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0. BHABC angle ACE 14 the ssme wae

(A} AC yCE () ¢
— — T Y

{B} AC NCw (E) CAuycE
(¢) ATuid

21, Trisggles EBF end ALE intersect in:
{(AY 1 rpoint (DY 8 segment
(B} . polnta £) a reglon

{¢) & line

MPC {3 the: unlon of:
. — - -~ e
(A} Anp, AC, BC (D) wunglr BAC, BC
(v} AB, aT, ot (E) A, ¥, ¢
7} AR, AT, ¥C

‘se In Figure 3 how muny different
Guglent. g Jetermined Ly the

pofnts P, 4 H, und 7 P

" R 3
. (ry - -
630 B (g} -
{oy o Fipure 8

he et riane ARG te the plune of the chalktoard in rour clessroom, and
lete B oand 0 name ooy twe paints of spoce on eppocite nides of plane
AsC. Then, the interaection of plane ARC and segment RS (s

(AY s iine (DY u sogment
{8} < puint (E) the empty et
(¢ «wo point:

e The point with coordinutes (0,0) s locuted in the:

{A} upper half-plane " 1D} right helfeplune
(B} lower helfeplune {E) notie of these _4
{C) loft hulit«plane (f‘) all of theue '
n x
Ny
{r .

CERIC |
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Completion

l.

ie

The point with coordinates (47, 47) 1lies {n the:

(A)

" (R)

(c)

Euch of the following objects suggests s

upper half-plane (D)
lower half-plane (E)
right half-plane (F)

Supply the correct word.

&,
left talf-plane
both right and lower half-planes
none of these

int, a line, or s plage.

or u plage.

B name s point

and BY

{a) the floor of this room,

{(b) =5 button on s chirt.

{c) the wall of a house.

(d) » fishing rod.

{(¢) n thumb tuck on u bulletin board.

{(f) 4 191l on & sullbost.

Eneh of the following objects suggests n point, a linme,
FI11 In t.hf' correct word.

(1) 1 typewriter key.

{t) the uchool gymnusium floor,

(e} «u iraffic light.

(4} « spuce bar on s typewriter.

{¢) # sereen on a window.

{(£) « parking lot.

()} n buton.

I+t A nome g point on the floor or this room, and let
on the ceiling of this room.

(#+) How many lines msy be drawn containing points A
{b) Otate tho property which Justifies your answer.
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Aruitoxt provided by Eic:

The figure on the right represents
a tool box with hinges for the top
at points A and B. ) —

(a) How many different planes are
guggested by the door as it

owings upt

(b) How many different plunes contain pointe A and BY

(c) State the property that justifies your answer to (b).

Conuider the following pointc suggested by

X, 4 foot of your chair
Y, the top of your head
Z, the knob on the door

(1) How muny plunes are suggected by these pointst

(b) Stute the property thut Justifies your snswer.

A, ¥, 7, und D are four distinct points, not sll {n the same plane.
Aluo, no three of these points are colllinear.

() How many different planes arc determined by these four points?

(£) Nome the planes,

{c) Do sny puir of planes named in part (1) intersect?

——————————————

(d) If so, how meny puirs of planes intersect?

(+) Druw the figure formed by the Intersections of the planes.

4l
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8.

The diagram at the rlght: represents
& corner cupboard vith a shelf.

(e)
(v)
(e}

(a)
(e}
(r)

(&)
(n)
(1)
N
(x)
(2)

Name tvo skew lines,

Name two parallel planes.
Nape two intersecting llnes.
Name their int(rsection.
Name two parsllel lines.
Kemg two iatersecting planes.

Name their {ntersectlon.
vat 1s X8 n &%

What is plsne EDF N plane ACKY .

What &s plane ABC N plene OJK?Y
what is AT n F.%
What is plame AJG n ED?

The disgram at the right represente
u bookcage with a shelf,

(=)

(v)
(e)

(a)

{e)

()

(&)

(n)
(1)

Name two parallel linpes,

Name two skew lines.

—————

Name twd paruallel planes.

— R ——

Name two intersecting planes.

Name the intersection of the
two planes mentioned in part (d).

Name two intersecting lines.

Name the intersection of the
tvo lines mentiomed in purt (f).

What is ﬁ n §§r
what ts T8 n plane BIXY

J

A B
1
1

D

) — H
'

Te~--- N
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7. See the figure at the right.

(a) AF N FF.

(v) ®K n FC.
(¢} & n GB.
(d) KF u FA.
(e) BE u AG.

{£) Nse three collinear points.

(¢) W n . o
(n) T u KA.
(t) Th n AR,

(3) TO n 2E.
(k) HName two opposite rays.

{1) ¥E n FX.
{m) FK u Tr.

* 10. In the figure nt the right, tind:

(H) RS n E?.
{v) & - oV,
(,;)ﬁf'ﬁ,—“- R & T v Y
(d) RS vy IV,
(+) RT u V.

i

11. e the flgure st the right,

{4) Nume three collinear pointc.

(v) rFind #F N AD. A
(¢) ¥ind T N TF.
(d) Find FD U CE.
B D E
* c
F G
44
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13.

1%,

16.
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See the flgure at the right,

(s) Find AB u AC.
(b) Heme two opposite rays.

n i,

¢ AC.

(c) Find
(d) Fina

&b Bl

Complete cach of the following:

{a) A point ceparntes n into two .

(b) A line sepuruten o into two .
(c) A plune sepurutes into two .

What ure the boundsries of each of the following?

(4) n huif-line.
(v} = half-plupe.
{c) = half-spuee.,

Fxpluin how ecach of the following may be regarded ns o sepnration
flgure:

(4) the midfteld stripe on s football fleld.
(b) n net on « tennis court.

—————————

{¢) n pencil polnt.

Which of' the followlng figures have boundaries? If the figure hos o
boundary identify the boundary.

(4) =« Line
{v) « half-plane
{c) spuce

(d) « half-line
(¢} 9 half-spuee
{r) 4 plune

{1) Into how muny non-overlupping reglons do three para] ' lines
sepgrate n plane?

{t) Into how many non-overlapping reglons do two interrecting lines

separate 4 plane?




18. (a) Into bov many non-overlapping
reglons doee the union of the A
segments AB, AC, amd BC
gseparate the plane?

(b) Into hov many non-overlspping
reglons does the union of the _

lines A.§, XE, azd BC /B E\

separate the planet?

19. A trisngle separates its plune {nto three sets of points.
Degeribe theoe sets of pointe.

(a)
(v)
(<)

20. An ang'e separates i{ts plane into three sets of points. They are:
(a)
(v)
(e)
2le  See the flgure st the right.

{a) What s /BAC y ZCAD? A

(v) what iz /BAC N /CAD?

2. (a) Into hew many non-overlspping
regions does the union of the
segment AB, B, CD, sp8 ™ A B

separate the plane? —

(v) Into how many non-overlapping D ¢

regionu: does the union of tihe J
lines AR, BC, &5, and W
separate the plane?

ke




3. Into hov many non-overlupping regions {z the plane separated by each of
the followipg figuren?

. ' (s)

(1)

L, Seen the FLgUre 1t the right.
(4} What o e N AMARCE A

(v me point on the A--ide of

-
[

{e) HNume 4 polut In the exterlor
2 MBC,

D

~—9
(d) Whnt L5 hC U BEY o / B e

H

R

o gt

ERIC
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25, See the figure at the right.

(¢) what ts B n anmc? A
(b) Neme a point on the Geside
of NC. )
G D
(e} Name n polnt in the exterior / B c
of AAEC, -

H
(d) What {s GE u GCY

6. Which of the following figures sre simple closed pnthst

() v

{d) ()

XTe Which of the fallowing aure cimple closed paths?

o

() {t) ()

{d) {e)

o




il.

3.
3.

36.

In @ coordinate plane, the point of {ntercection of the horizontal snd
vertical number lines {s called the .

In s coordinate plane, the horizontal number line i{s named the
axis, and the verticeal number line {s nmmed the axis.

In @ coordinate plane, the intersection of the half-plane Lelow the
horizontsl sxis snd the half-plane to the right of the verticsl sxis

is definsd to be gusdrant .
The vord qusdrant refers to one of ) di{stinct regions in a
How many
coardinate plane.
Esch point in @ coordinste plane has nwibers sssocisted with
Howv many :
it.

What ere the coordinates of the origin?

If a point belongs to the x-exis, then its y-coordinate mu.t be

.

Write a mathemstical sentence deseribing the line such that the
x-coordinate of each point on the line i{c equsl to {ts y-cocordinpate?

Identify the location of the points whose coordinstes are chown below.
Choo.e your anaver from the following list.

guadrsnt [
gqusdrant II
quudrant III
quadrant IV
horizontal axis
vertical axis

(a) (&,7)

(v) (75,74)

() (79,0)

0y ¢,9

(e) (6, 4.5)
(£} (0,745)

(g) ("1.4,4.85)

(n} (3,79 %)

"-*G
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38,

9,

Given the folloving ordered pairs of numbers, write the number of the
quadrent {no which you find the point corresponding to eaech of these
ordered pairs.

Ordered Pair raat
(I) (3-5)
(v) (1,7%)
(c) ("&,4) —_—
(4) ("3,"1) —_—
(=) (8,6) ' _
(£) (1,71) -
(8) (-31-5’

(a) Both pumbers of the ordered pulr of coordinstes sre positive. The
point ic in quadrsnt .

() Both numberc of the ordered pair of coordinates sre pegative., The
point {o in quadrant .

(¢} The x~coordinste of un ordered pair ic negutive and the y-coordinate
{s positive., The point {s in quadrant .

{d) The x-cooirdinnte of an ordered pair io positive and the y-coordinate
Ly negutlve, The point 1o in qusdrant .

(s} If the x-coordinute of an ordered pair is zero and the y-coordinste
is not zero, where does the point liet

(v) If the x-coordinate of an ordered pair {s pot gero and the
y-coordinute s zero, where does the point lief

(¢} 1If voth coordimates of an ordered pair are zero, where is the point
locnted?

(4) Do the pointec on either the X-axis or the Yeaxis lie in any of the
four quadrants? Why, or why not?

‘1



1=

(=)
(v)
(e)
(a)
(e)

(r)
(g)

The coordimates
The coordinatec
The coordinates
The coordinntesn
The coordinsten
line 4, are

of point
of point
of point
of point

of the point of intersection of line ¢

2 w >

D

are

are

are

are

Name the point which {s located in Quadrant IIY.
Rame the point which {s located {n Quadrant IV,

and




Problems

1.

Plot the points correcponding to the following pairs of numbers.

(a)
(b)
(c)
(a)
()
()

(g)

(n)

(2,5)

(6,

(0,3)

(3,0),

("5,1)

Iraw a line through the points whose coordinates upe
("5,1).

Draw a line through the points whose coordinates are
(3,0,

In which quadrant do these lines intersect?

(2,5)

(0,3)

™
o
o>
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(o)
(v)

(c)
(4)
(e)

Plot the potnts of set S - (A(.,1), B("2,1), c(72,73), ple,”3)).

Use & ctrulght «dge to Join A to B, B to €, € to D, and

D to A.

What kind of figure {s formed?

Draw the disgonsls of the figure.

The coordipates of the poiut of fntersection of the diagonsls seem

to be -
Y
3
1
T
-4 - ol

Apswers 1o Tuggested Toot Items

Multiple Cholee

1.

<
icw

3
l‘-

11,

D

T

1.0 A
13. B
W, ¢
15. E
16. D
7. A

18, C or D

1%, B
0. A
1. E
2 C

10



1.

2

3.

k.

5.

m m o o

tion

(a)
(v)
(e)
(a)
(e)
(2)

(a)
(v)
)
{(4)
(e)
(r)
(&)

(a)
(v)

(a)
(v)
(¢)

(a)
(b)

(B and C are also correct.)

plane
point
plane
1line

point
plane
potnt
planpe
point
line

plane
plane
1line

ane

Property 1: Through any two different points in space there is
exactly one line.

an unlim{ted number

sn unlimited sumber

Property 3: If there are two points, then mnny planes contain
this pair of points.

one
Property ¥: Through sny three points, not all on the same line,
there i{s exactly one plane,

103



(a)
(v)
(c)
()
(e)

(s)
(t)
()
(a)
()
(n
(e)
(n)
(1)
(1
(x)
(2)
(s)
(v)
(c)
(4)
(¢)
()
(&)
(n)
(v

&
plane ABC, plane ABD, plane ACD, plane BCD
Yes
6
D
A c
B
EH. and E’E

plane ABC and plune DEF
Eg und ;6

A

-~
AB and DR

plune ABG nnd  plane ACK

-e

AJ
¢ (the empty cet)
Sy

¥

g (the empty set)

R Rl S5 °

and FL.
und §C.
planc ARC nnd  plane JML

plane ABC and gplane DCL
und XL

(the empty set)

g = Bl R

104
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10.

ll.

13,

Lk.

.

{a)
(v)
{c}
(a)
(e)
()
(g}
(h)
(1)
(1

(x)
(£)
(=)

{u)
(v)
(e)
(4)
()
{)
{v)
{c)
(d)

()
(L)
{c)
(d)

{«)
{t)
(c)

{a)

' ()

(=)

¥
FH
¢§ (the empty set)

@l

E -
~

F, F

TR - -

e
=

—r
and FC

RY

RV

A, 0, F

Al

ﬁ (the cmpty set)
FF

— —t

At on AC

— —

A nd O

-

At

line, hnlf-lipes

pliune, ralf-plunes
rpuce, hulf-npaces

1 point
+ 1ine

4 plune

15.

16,

17.

18,

17.

4’1‘

e

105

(a)
(v)
(¢)

(a)
(v)
(c)
()
(e)
(£)

(u)
(v

{a)
(v)

(=)
(v)
(e)

(a)
(v)
()

{u)
(v)

(s)
(v)

{u)
(v)

(a)
(v)
(c)
(8)

(a)
{v)
(¢)
(d)

models a line
modelc e plane
models s point

no boundary
a8 line
no boundary
a point
a plane
no boundary

the trisngle
the interior of the triangle
tte exterior of the triangle

the angle
the interior of the angle
the exterior of the angle

LBAC U £CAD
AC



26, 9,0, 4 39. (a) on the Y-axis excluding
21. s, e the origin
.. ortgtn (b) on the X-axis excluding
the origin
29 X, Y (c) at the origin
30 v (4) Ro. The word guadrant
1. . " refers to the interior of
any of the & right sngles
32, 2 formed by the two axes.
33.  (0,0) ko.  (a) (1,3)
3h. sero (v) ("8,3)
(e} (1,72)
B ymx (@) (1,0
36. (a) Quadrent I (e) (72,1)
(b) Quadrant IIT (r) B
(¢) horizontal axis {(g) ¢C
(4) GQuadrant X
{e) Quadrant IV

(£) vertical axis
{(g) Quodrant I
(k) Quadramt IV

37. (a) I
(v) 1V
(e) 1Ir
() 11X
(e) I
{£) 1v
(&) 1mx
B, (s) 1
(v) 111
(¢) II
(4) 1v

106
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Problems

1. (&), «coy (@)
T

a5

- g B
ok} [+) X
- o - -
. 0
-J
™
1
(n) Quadrsnt II
2, (a), (v), (&)
X §
=+
1d - 18
(¢) s square ' !
(e) (0,71)
107
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Student's Text

Chapter 2
FURCTIONS

2-1. Car Tmvel

The relationship between the distance traveled, the speed, and the
time, is familiar to everyone who has traveled by car. For example, 1if you
could maints&in a speed of exactiy 0,6 miles per hour, you could travel %0
miles in one hour, 100 miles in two hours, and so on. A shorter way of
saying this would be:

distance traveled « {miles per hour) X (mmber of hours).
In terms of the situation mentioned above you could simply write:
¢

4= 50et,

where 4 repregents the nuster of miles traveled, %0 represents the speed
in mlles per hour, ani t represents the pumber of hours,

Another way of lescribing this relautionship is to say,

"The distance traveled depends on the mumber o
hours you have been traveling."”

In present day language we would say that,
"The distmnce traveled is 8 function of the time

spent in traveling.”

The rule, or formls, 4 = %0-t, says that, if you input & value for

L snd do the indicated calculation, then you putput exactly one corresponding

O

numerical value for d, It is this kind of relstionship, called s function,
that we want to .i{scuss in this chapter.

0.
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Aruitoxt provided by Eic:



Exercises 2-1a
{Class Discussion)

l. Couplete the table of values below. For each t we have a distance,
50t, which corresponds to the inmput ¢,

Input Qutput

t S50t
o} 0
1 50
e
e | L
3 | 1
oo
5 250

Figure 1

When we use the relationship between d and t, we are actuslly
using a model of the real situation for which a number of necessary details
such as heavy tmffic, gas stops, and meals seew to be ignored. In the
actus] plasning of an automobile trip, however, we often do estimate our
speed and how far we can travel by such a model, You have probably heard
people make such remarks as, "You can avermge 65 miles an hour on that
stretch of highway,” or "You'll be lucky to average 25 miles an hour om that
narrov, winding road.” Do these statements mean that the first speaker kept
an exact gpeed of 6 miles per hour and the second speaker was able to
drive always at 2% miles an hour? Perhaps, but this {s not often true.

110



It {c possidle that the trip of 250 miles might have been as
follows:

Hour of §o. of uiles

travel | _ traveled Compent
1at 65 Interntate Highway had very little
tmarfic.
2nd 50 A different highway had a

few traffic lights.

id 20 A quick lunch and
@88 stop was .
necessary. é ﬂE
[ -
Lth 60 A return to the Inter- L
v : state highvay followed.
S5th By) The tmaffic began

o o g L P,

That {s, {1 the trip Legan at noon, by one ofclock the car would have
traveled 65 miles; by two ofclock, %0 wmore miles for & total of 115
wiles, The avermge speed after two hours would be 57 :l; miles per hour.

Bxercises 2-1b
{Class Discussion)

e Putting the above information i{n another fom, add to this fnformation
by completing the following table:

{=/p/n) (Total distance) | (Aversge speed)
No. miles No, miles of Ro, uiles per
added total tmavel at hour averaged &t
Time esch hour end of each hour end of each hour
t w1 65 d =65 &
tes?2 50 d =115 57 %
t =3 20 d = 13 1
tek 60 T %
teS 5% L] 50
111
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P 2

2, Another example of & functional relationship is the correspondence
between the number of the year mnd a person's age in yearg, This
relationship can be shown on & graph. We show below the graphs of
the ages of two brothers during a ten-year period. Bob was exsctly
8 years old vhen John was born in 1950. Just recently, the
brothers were wondering about the relatiomship of their ages at
different times., Can you answer their questions from the graphs

given below?
(a) Can Bob and John ever "‘
be the same age? i‘,?
(t} Was Bob ever twice the 1
uge of John? If ao, 15
1k Xy
when? A
G 13
{¢) ¥as BoL cver three E 2 &
3
times tie age of John? I 11 ‘353
I{ go, when? *
Y o
{1) was Bob ever five ﬁ 8
times the age of R Ee "#
Johnt It zo, when? s G 3
{e) wWas Bob ever nine 4
times the age of 3
John?! 1If oo, when? 2
1
y -
e
1990 1955 1960

YEARS

In Exercise ! above, the correspondence between the "time" and the
"sverage opeed” wns easily shown in a table. This method of representing
8 function is very often the only way that such informstion can be shown.

In Exercise 7 an {mportant reason for studying functional relation-
ships I8 11'ustmted, Nawely, that by "looking at" functions you can figd
additional, {mportant {ntormation that usually is not spparent in the
original fory of the given situstion. In this situation the representation
of the functions by gmaphs shou!d have mmde it esgier to di{scover the answers
to the questions,

112
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2-2, Falling Ol jects

Near the end of the aixteenth century (around 1590), as the story
goes, Italian mthemntician and acientist, Galileo, performed an {mportant
experiment {in the city or Fisa, which is located on the Armo River in
central Italy. He heuled a ten-puand
veight and a one=pound welght to tne
top of the now famous leaning towver of
Piss and dropped them off at the same
time, Friends of Galileoc on the
grouni Lelow stoorved that the weights
remeined aide Ly side as they fell and
that they seemodi to hit the ground at
exactly the same {nstant.

This siwmple experiment upset many
people, for aimost 2000 years eariier
(sbout 3.0 B, C,), the great Arictotle
ha !l argued thal the heavier the ob‘}c;.-t

whoe facter the rall, During the many
years bLetveen, no one hat really tested

Figure .’ Aristotie?s statemnt.

kotuming tu the oxperiment in Pica, letfs vee what {t 1o that Galileo
digcovered, ince the two stones wore always cide bty side as they ell, we
sy that f'or any given number of seconis the two welghto will tmavel the
oame {otAance,

What Ga!lleo iiscovernd waS thit the dictance traveled by a fulling
b lect Adoes not depend on {ts welight, but only .icpends on the length of
time during which {t 80 bveen falling. It {5 more common novw t. refer to
falling toiies, mather than ralling objects, btut the meaning is, of course,
the same, In present iay languags we would cay that the digtance tmaveled
by a falling body 18 8 function of the time opent in ralling,

Oal{leu wanted to describe this relationohip using the language of
mthemtics; he vanted 8 sathematical wode! {or what physically happened.

Thus & mu'e or formmla for Tinding the dictance tmaveled will exprers
the diatance {n terms of the time and will not involve the weight, This

\) Y
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relationship, vhich we will not attempt to Justify here, turns out to be:

The pumber of foot tmaveled by & Malling object is
approximately oqual to the product of 16 wnd the
square of the number of sceconds the object was falling.

Using & nev cysbol, ™, to mean "approximately equal to", we shorten this
statement to:

dm 16t et,
or the more unual notation,
1®16.t°
vhere d s measured in feet, mad t is measured {n seconds,
For convenience, we often write this statement as follows:
d = lﬁta.

We ghould keep in mind that the answers are not exact in the physica! sense,
for not only {s sccurmte, sPlit-gecond timing fmposcible, but the %16

is an approximstion that hus been rounded off to the nearest vhole number.
(The mosning of the “16", in the statement, will be discussed i{n lster
coursess )

Let us consider an example of how this formula might be used,

Emgple: Suppose that two boys wished to messure the height of a
waterfall, using the rormula, d = 1&2, and timing the fsll with = stop
watch. Actually, physical conditions, such as vhether the cliff is vertical
or slants cutwari at the bottom, and vhether the spmy of the water tlocks
vision, often make such experiments Aifficult to perform. Let us assume,
however, that the very best conditions exist in this situstion.

One boy went to the top of the falls, and the other stayed at the
bottom of the falls with a stop vatch. The boy on the cliff dropped &
rock to the ground belov. The other toy started the stop wateh when the
stone wvas dropped and stopped {t vhen the stone hit the ground. He found
that 3.5 ss#conds had passed. Now the boys made their calculations. They
started with the formuls that tells them that the height (in feet) of the
falls can be estimmted by the Product of 16 and the square of the time
(in seconds). This {s how they made their calculationms,



In this formula
ds 161;2,
they replaced t by 3.5 to obtain /
4 s 16(3.9)°
» 16(3.5X3.5)
& 16(12,25)
= 196

Jo the boys concliuded that the
fills were almoat 200 feet high,
0f course, it would be i{rpossidble for
these boys to find the exact time
difference uaing the stop wateh. Al-
though & stop watch measures time to
the tenth of = second, for this experi.
ment & mistake of & frection of s second Figure 3
in seasuring the time would produce
quite different results, since the stone drops 112 feet between the third
and fourth seconds!

In the following exercises you will find out & little more {nformtion
atout the distance tmaveled by the rock used in measuring the approximate
height of the frlls menticned in the example &bove,

Exercises 2-2
9
1. Using the formula ¢ = 16t°, Cfind the approximmte distance traveled
by the falling stone during each half-second during its fsll. Fill
in the missing velues {pn the following table:

t ¢ number of seconds

If t - 0 0.5 1 1.5 2 2o 3 35

then d« | 0 L ? 36 b 100 b3 196

d : number of feet rock has fallen

119
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‘e Now rind gut how fer the rovk £8lly cach hulfesecond. Using the
information of the teble In Exerclse 1, complete the tollowing table,

During the following u Number of feet
halr-oecond intervalo rock fell

t =0 to t = L5 L

t = . ta t =1 T

1t =1 to t « 1.9 ?

t = 1. to t=:.0 7

1 = .0 to t =Y b4

t = [, ta t = -,0 b1

t = .0 %2 t & .5 T

{e Suppose the cli¢'f ha{ been sumewhat higher; from your table in
Exercive 2, can you copjecture {this means "make an intelligent

gueos™) how many feet the rock vould drop between t = 3.5 and

t ~ 4% betweea L =h and t s b,y? between t = 4.5 mAd t = 5,09
"

(D2 pot uoe the rosmula o = 16t7, This problem needs very little

arfthmeti~,)

In using the rule, or fuormula,,
a
4= 167,

ve gubatitute ur "{nput" 8 number as & value for t and then calculate or
"output” the numerical walue for 4. For each input there is & corresponding

output. Thio corresponjence between the inputs and the outputs i{s an example
02
af 8 “function". The furmuls 4 = 16t° serves to specify the function, but

the formule {toel? {5 not connidered to be the function. Thus
a2
y = 16x

3
can be cuncilderet as designating the same function as d = 16t° does,
because {t produces the same correspondence between input and output walues.

During this dimscussion you may have doubted that & feather would really
fall as faut ag 8 stune, Qalilec vas well awvare that the feather rmlls more
clowly, and he assuwed that the sair reaistance wae very great with such s
1ight vbject. later experiments chowed this to be true. When & feather
and & lead ball are droppei in 8 closed container Crom which 8§11 the air

11t



has been pumped they fall side by gide and strike the bottom at the same
o]

time, The answers obtained using the formula d = 1/“ are regariedl as

of the real physical problem. For solid objects, such as lead halls,

falling through short distances, the model is in mther close agreement

vith real 1ife. : -

2-3. Some Examples of Functions

Functions occur everyvhere in mathemati{cs 85 well as {n situations
vhich may npt be st-ictly mathematical. Because they occur so often we
shall have many occasiuns to discuss them., We cannot hope to give A list
of exampies which will suggest &1l the possibilities. However, we shal!l
give a fev examples to suggest the wide varfety of places in which the
function {dea 1s used. Let%s begin by aumerizing the informtion from the
last gection.

In the last section {t was mentioned that the distance trmaveled by
8 falling body {s a function of the time spent in talling. Here, it wac
noted that by substituting ur "inputting” wvalues tor t (in seconls), we
can calculate or "output” values for d (in feet). For esch input, there

, 18 8 corresponding output, or fmage. This correspondence between the

O

a: ceptable inpute and the outputs is called a function., The mathemsticsl
senience, 4 = 16{*}', helps to describe how the correspondence is Lo te
wade, and i{s only part of the lescription of the ftunction. Other parts
of the description of the function include the set of inputs and the set
of outputs.

It sometimes helps our understanding to think of a function 8 &8 kind
of machine {see Figure L). This machine {5 equipped with a hopper and 8
spigot. When we place an input into the hupper the machine produeces the
corresponding ocutput at the spigot.

Thus, for our talling toldy function, the output, or fwage, will always
be 16 times the square of the input.

11y
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INPUT HOPPER

- - -
FALLING
BoDY
FUNRCT ION
p U
QUTAUT SPICOT
Figure 4

In this example, ve input & mumber of seconds and output a8 distance
that corresponds to the number of seconds. Thus, with the inputs 1, 2,
3, 4, and %, we get the outputs 16, 64, 14k, 256, and L400. This
can be shown as follows:

] —e 16, 2 6k, 3 LY
b 296, 5 = 100, and so om,
In genersl, an input of ¢ {seconds) outputs 2 (reet), and dia-

groemsatically, this is indicated in & fashion s.illar to the above:
£t —16t°,

The letter ¢ 15 a mame for the function. The ressinder of the notation
states that under this function, 16t° corresponds to t. In this case,
f namea a function wvhose {nput 1is & pumber and whose ocutput is a number,
Since the values of t {time) sare never negative in this function, the
condition t > 0 (t 1s greater than or is equal to 0) can be included
in the description. Thus,’ ve can now vwrite:

T t.-ust‘?, t2>0.

Schematically, we can think of this statement {n the followving way:

Name of the Input Output Deseription of
function Value Value acceptable
inputs
4 : t - 16¢° . t 20,
118
-
12
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This way of representing a function is called arrov motstion, and it can be
read as follows:

(1) “the function f such that to every t there corresponds
;6&2, and t {s & nom-negative nuwdber”, or

® (2) “the fusction f such that { 1ic the fnput and 16t° 1c the
output, and t i3 a non-negative nusber”, or simply

(3) "r takes t into 16t.2, vhere t > 0",

Two other examples of functions, which can be illustrated by a machine,
are the doubling function and the squaring function.

awber
N For exasple:
) 1 has the image 2, on 1 =2,
Doubling 2 has the image &4, or 2 =k,
function
3 has the imge 6, or 3 =6,
b has the tmage 8, or L =8,
double of The grrov notation for this
the mumber function {8 f : n —2n.
nuzber For example:
~N '
1 has the image 1, or 1 -1,
Squaring 2 has the image &, or 2 - .
functioa 3 has the imege 9, or 3 ~9,
L has the fmage 16, or 4 =16,

The garrov notation for this
square of e T 2

function is f : n—-n".
the number

Suppose you say, "The time I wake up in the woming is & function of
the time I go to bed, and I always sleep 7 hours." If t represents
the time you g0 to bed, then t + 7 4s the time you wake up, We can
deacribe this function {n arrov notation by

f:t=t+7,

The f, usel here, is probably the moat common nawe for & function, but
F, & h, and other letters are also used as mames for functions. We could

11y
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Just as well describe this function by using these other letters, for

example,

Functions smy establish correspondences

mmbers,

Pample 1:

Names of Four Buildings

in New York City

t =t +7
t -t +7

t -4t 37

between aobjects other than

"fleight (in feet)

Bapire State Building

Chrysler Building

RCA Rockefeller Center

Pan Am Building

1472
1046
850
808

We have four {nputs and the corresponding output for each., In this
cmse, the height (output) is & function of the bullding (input),

Emmple 2:

The worldfs tgllest known trees are all in California.

If we input

the name of one of these big redwood giants, we output the height; for
examplie, the height {s a function of the name of the tree,

Bames of Si{x Redwood Trees

Helght {in feet)

Howari Litbey Tree

Harrv ¥, Cole Tree

Bationa! Qeographic Tree

Rockefeller Tree
Founders Tree
Redwood Creek Grove

It 1{s also true that {f we input the heights of thesce particulsr trees

we would output the name of the tree. In this case, the name of the tree

is a function of the height.

ERIC
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It {5 {mportant to note that when we reverse the direction of &
correspondence which is & function, the resulting correspondence is not

alwys a function,

Bxple 1t
Below 1s & table which shows a correspondence between pairs of numbers,
& correspondence from the top row of numbers to the bottom row.

Input 0 1 2 3 L 5 6
1 1 1 1
Qutput 12 3 8 4 3 2 5. 0 3

You cen see that corresponding to each input there is exactly one
output, Therefore, this correspondence {s & function.

If the direction of the above correspondence is reversed, ther the
tatle below shows the following correspondence between pairs of nw. . 3,

15
ol S

Input 1 8 k 2 0

[+ B

& | Mt
] Mol

Qutput

Q

1 2 3 5

You can see that there are two outputs, Lk and 6, corresponding
tu the input % « Therefore, this second correspondence is not a function
becguse ther {s mor  than one output for a particular laput,

Exagple 2:

Bvery article in your neighborhood hardvare store has a price. The
price is 8 kind of lahel associated with the article, Thus, the price is
a function of the article.

We may describe the correspondence by such a statement as, "Bvery
article in this store has a price.” Or, we might say, “Assoclate vith every
article in the store its price,” Since, for each asrticle there is ome price,
we have & functiona! relationship. We can use the arrow notation to des-
ceribe this function, wherc price i{s a function of f.he article,

p : article = price.

Now, suppose we say, "Associate with every price (for which the store
sells goais) an article.” Since, for somwe prices, there would be not one,
byt severa! articles, we 40 not have a functisnal relationship.

Q 2 |
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Exercises 2-3s
(Class Discussion)

1. In some cases below, the statement describes a function. In other
cases, the statement does not deseribe a function, If the statement
degeribes & function use the arrov notation to represent the function.
If the statement does not describe a function explain why {t does not.

{a) Aasocimte with 8 point in space & lise through the point.

(b) Associate with two different points in space & line through
these points.

(c) Associate with & point in space & plane through the point.

{d) Associate with two different points in sprce &8 plans through
these points.

{e) Assceiate with three non-collinesr points in space s plane
through these points.

Bxercises 2-3b

Below are four statements which descride correspondences between
pairs of things. Write each statement on a sheet of paper, and, under
each of them, write & nev statement vhich shows that the first correspondance
tas been reversed. You should have 8 statements (4 pairs) on your paper.
Fow, follow these instructions:

{1) Decide whether the first statement, in each pair of
statements, describes a fumction, and then

(2) decide whether the pev statement, in each pair of
statements, describes a fumetion,

(3) If any of these § statements descridbe a function, then
represent this fumction in terms of arrow notation,

1. {a) Associate with each momber of your mthematics class his or
her age in years,

{v) Associste with each state of the United States the name of its
present governor,

e




- (¢} Assaciste with each height, in inches, a citizen of the United
States.,

(d) Associate with & first nase for a person, 8 last name.

2-&, Ways of Representing Functions

We lave 3een that functions may be represented by using the arrow
notation. OSince a function is s correspondence it is ressomable to expect
thet & function may be represented in many other wvays. In this section, we
vill discuss sume of the more common vays of expressing functions.

(a) A function may be represented by 8 statement. For example:

With two distinct points in the plane associaste the
4iatance between them,

This may be expressel by using the arrow notation:
f : (A,B) —distance between A ani B, A § B.
Here, inputs are pairs of points in the plane, vhile outputs
are pusitive numbers.
(b) A function may be expressed by a table, For example:

In a basketball game, the mumber of points scored
Ly #ach player on the Lincoln High School Leam is
shown in the following table,

Player Yoints
Andrews 12
Brown 8
[avis 9
Taylor 10
Harrio €
Fater 10
Elliot 7

In this case, we have a function from a set of players to 8 set
of positive numbers, The table actually states the correspondence
~ompletely and {3 probably the most useful form of represent ing
the functiun, Hovever, we may indicate the function ty using the

ERIC | |
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arrov notation, as follows:

h : player - pumber of points scored by player.

(c) A function may be inifcated by s disgram which pictures the
correspondence. For example:

Fred
Arthur\
Bl
Dick

This disgram shows the correspondence between & set of boys and
the set of their fathers, Although we could do so, it would be
of little use to express this function by using the arrow
notstion,

{1) A function may be described by & formuls, Think of & formula as
8 rule wvhich has been abbreviated and written in the form of &
mAthematical sehtence., For exasple:

P = ks.

In this formula, s (representing inputs) stands for the length
of & side of & square and P (represemting outputs) stands for
the per{meter of the square {see Figure 5).

]
Figure 5

In describing & function by a formula, such as P = 4g, the
letter representing the putput occurs only once in the formla
wnd is alone on one side of the equality sign, If this function




(e)

is named g, then it can be represented in arrov notation
as!
g:8 —bks, >0,

Repewber: s > 0 means that "s 4s greater tham O".

A graph is one ©f the uost-tseful ways of representing a -
function. Before wve learn to draw the graph of a functiom,
let's agree to the following statements:

(1) "To drew the graph of a functicn” means to find a
collection of points {n the coordinate plane
14 ]

such that they will accumately picture the certain kind
of associstion or correspondence which we csll & function.

(2) Inputs of a function will be sssociated with the coordinates
of points on the X-axis {the horizontsl number line),

(3) Outputs of a function will be associsted with the coordinates
of points on the Y-axis (the vertical mmber line).
Rov, we will dmw the greph of the function, h, described by
hsix-+2x, x>0,

Remember: x > O means that "x 4s greaster than or i{s equsl
to 0",

In order to drew the graph we will firut choocse a few inputs,

represented by x, and calculate the corresponding cutputs,
represented by 2x. Our results are shown below.

msxoé1§2§3‘%k

Qutput: 2x fol 1|2 |3|4]|s5|6]T7 |8
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Sotice that inputs were chosen so that the calculation of outputs

wvas easy workl

Notice algo that man increase in the input causesc an increase in
the m!EE.
Now, we plot the points corresponding tv thege pairs of numbers:

1 . Ry 1 .
(0,0, (5,1), (1,2), 2,3, (2,8), 1,2, 3,6, &,,
(4,8).

é e -
g
ol t 67
-—-v 1+
"} —
L — 4 -
U ~ U P -
-H + —AT ~ —
2 - 7 I 3
- %_ —
U

T O -

)
5 1 ] T

Figure ¢a Figure ft

_ Figure 6a shows these points, Of course, the graph of this

function congists of more points than are shown. You can see
that {t wou!d not be pessible to make u complete table for the
function, Therefore, it would elso be impossible to plot ail
the puints belonging to its graph., However, as shown in

Figure Ob, the points we have plotted Scem to be collinear,

In fact, if we find other number pairs which Lelong to this
runction, such as ()% . %), (g,g), (4,10}, their corresponding
points seem to be collinear with those 8lready plotted, Letts
Agree that the graph of this function {5 a ray, whose endpoint
{8 the origin, ani which passes through the firct quadrant as
shown in Figure 6b. Notice that this graph is rising from left
Lo right, This shouli pot surprise us Lecause we have already
noted that an increase in the input causes an incresse in the
output. A function wvhose grmph has this clamcteristic {8 .rten
called an lncreesing function,

1t
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To gain more experience in drawing graphs of funstions, we will
dv the graph of the function, f, described by

t‘:x-oxe,OSxSB.
Rompmber: O0< x< 3 means that “x >0 and x < 3".
Again, in order to draw ths greph we will first choose a few

Anputs, represented by x, and calculate the corresponding
outputs, represented by :2. Our resulta are shown belov,

Inputs :’o

Qutput: xg 0

1lz2(2] 3]s

1 g8 |9

&b | R~

Again, notice 2 thinge:
(1) inputs were chosen so that the calculation of outputs
vag easy work;
(2) wmn increase in the input causes an incresse in the
Qﬂtﬂt-
How, we will plot the points corresponding to these mumber

:nim: (0,0), ('é‘ ’ ]1;)- (111)1 ('g ’ %)- (21“"‘)- (g ’ 12‘2)1
3,9

Y b 4
Fq OH i
U1 -
6 ' T+ {
: BTy
b AN
-3 3
—2 . 2
1. f"‘" 53 X
- R e

‘Figure Ts Figure 7b
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Figure 7a shows these points. Of course, the graph of this
function also consists of more points than sre shown. You can
sce thst {t would pot be possidle to mmke a complete table for
this fmncticn efther. Therefore, it would, sgsin, also be
igpossidle to plot all the points belonging to its graph.

Hovever, it 1is easily seen that the points ve have plotted are
Bot collinear, But, by draving a smooth curve through the plotted
poiats, as ghown in Figure 7b, we can obtain & fairly accurate
skatch of the true graph of the function., Notice that this graph,
too, is rising from left to right. Recall that an incresse in
the input causes sn {ncreage in the output, Therefore, we should
expect the graph of this function to behave as 1t does (rise from
left to right), Thus, this function, too, can be cslled an
Ancreasing fwnction,

When dmwing the graph of a function, we may choose any unit
of meagure for the X-axig and any unit of memsure for the Y-axis,
This informmtion will be useful vhen draving the graphs of certain
functions,

We have leamed to drav the graph of & function by making
& table of inpute and outputs. Now, let's learn to read the
graph of & function {see Figure 8),
Y

i

n
[ VY S U,

1
> 1 o] 1 T 4 5 6 7T 8 9 v uono—*
INFUT

'
Figure 8
128
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¥e can read this graph in the followving way. Suppose we vish
to knowv the output for the input 2, We first locate the point
labeled 2 onm the ioput axis (here the horizontal axis). Then
ve search along the vertical line through this point until we
find a point on the graph, The horigontal line through this
point of the graph passes through 5 on the output axis. Hence,
the point with ccordinates (2,5) 1s s point on the gmph;

and 5 4is the output corresponding to the i{nput 2. We can
see that by using this method, & single output can be found for
each i{nput. The reason is that each vertical line intersects
the graph in Jjust one point.

It would be difficult to express this function by using the
arrov notation, In some cases, & graph is the omly convenient
way of representing s function,

In Figures 9a and 9b, we see graphs vhich do not represent
functions.

Y

S
6
5
N

ourpuT
LoV B O

Figure 9a

In Figure Qa, what would be the output corresponding to an input
of 41 Here, ve see that instead of getting & single definite
image, three possible immges are put forth. Thus, there is no

one output corresponding to sach input. So, although this graph
may be useful for other purposes, it does not represent a function.
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Figure 9b

Ia Figure 9b, what would be tho output correspondiag to an
input of 5?7 Here, we see that this fnput will bde associated
vith two {mmges. Again, there is no oue output corresponding
to each input. Therefore, this greph does ROt represent &
function either,

£heck Your Reading

le Can you name 12 ways of representing & function?

2. What does "to drev the gmph of s function" mean?

3. Which axis in the coordinate plane {0 associated with the set cf
Agputs of & Nmction?

b, Which Axis in the coordinate plane is mssocisted with the set of
sutputs of a function?

Se What is & function called 1.1’ its graph rises from left to right?

6.  What does "to remd the gmph of s funetion” mean?

Te When you look at a graph, how can you decide whether it reprefents

& functiont

130
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arcises 2=k
1. Associate with each counting mumber, ¢, {its triple, 3c.
(s) Express this function by using the arrow notation.

(v) TIs it practical tou express this function by means of a tablet

Give & resson for your answer.

2. The folloving disgma represents a& function.

1 2 3 & 5 &€ 7 8 9 10 11 12 13

{a) wWhat 15 the i{nput if the output is 6%
(t) what is the vutput i the input 15 27
{c) what {s the output it the input is 107
(4) Express this function by using the arrow notation.

3. Study the arrow notation describiing the function n,

n:w-=lw+ 1, w represents & vhole number,

(a) Wtat {5 the output ror an input of Lt

(b) Wwhat s the input for an output of 15%

{c) Can an output be an even number? Give & reason for your answer,

5, A car tmavels at & steady mte of LO miles per hour. Associate
with the time (t) in hours the distance (d)} in miles covered by
the car.

{s) Rxpress this functior. by a formula.

{(b) BExpreas this function by using the arrow notation,
{c) What {s the output if the input is 3% ?

(4) what is the input {f the output is 150%

Se The function, g, 8associates with each positive number s the ares
of & square whose side is s units in length.

e J
g :8 =8 ,s8>0,
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(a) Find the outputs for imputs of 3 and 6.

outputs related?

How are thege

(b) FPind the outputs for fnputs of & and 8. How are these
outputs relatedt
(c) Does the same relationship between inputs sad outputs hold for

any pair of fnpute such that one is double the other?

The graph below represents a function.

Y

A4

QUTAN
"

1
- X
o 1 2 37 5 ¢
przisg

(s) wWnat s the cutput for an input or 2%
(b) what {s the output for an input of &%
(¢) wWhat {s the input tur an output of Lt
(d) Dues this graph represent an increasing function? Explain.

Drav graphs uf the following functions.
{(a) x:x -2,

(v) 2: x -1,

Use the language of geometry to &ccurstely describe these graphs.

Explsin why functions such as X and 2 are often called
constant functions.

In messuring tewpersture we ondinarily use the Fahrenheit scale.
Hovever, in many parts of the vorld and also in the science lsboratory,

the Celsfus scale {formerly called Centigrade scale) is used. Mhe
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relstionship between the two scales is & functica. The function say
be expressed by the following formuls.

P - g C+ 3
FL— i
-4 2190 100°
320 o°
FARRERHEIT CELSIUS
THERMOMETER THERMONETER

(a) what is the output for am fnput (C) of OF What is the
sclentific significance of this output?

{(b) wWhat 5 the output for an input (C) of 1007 What is the
sclentifric significance of this output?

{c) Complete the given table:

Input: c 0 10 Lo 60 8o 100

Output:§6*32 7 7 g ? 1 v

(d) Choose convenient units of messure for both axes, and draw the
graph of this function.

A certain amount of & gas shut up in a container exerts pressure on
the wells, If the size of the container can be changed, as bty &
piston, then the volume (V) of the container determines the
pressure, in agreement with the function

g:V-o%,V)O.
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(a) Coumplete the given table:

Input: Y 1 2 L 5 10 20 50
output: 22 vl e el e} 2] ¢ 1
{t) Drav the graph of this function.
(¢) Is the function, g, an increasing function? Explain,
Which of the following graphs represent functions?
(s) (v)
[ B 4 Y
- z - b
1 J
() (a)
Y
Y
X X
— e et el - o
ﬁ
]
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2-5. Discovering the Usefulness of Graphs

We have seen that graphs can be uged to give clear pictures of different
kinds of functions, More than Jjust & picture of some relationship, & graph
can show other {mportant petterms of behavior of a function on closer examina-
tion. Consi{der the following exsmple of charting growth in height.

Example: Tum Jones?! dad liked to keep records of facts and figures,
When Tom vBa borm and un each of his successive birthdays, Mr. Jones wrote
down Tom's height {n inches. He stopped keeping records when Tom was 21
years old, Here are his records.

Age 0 1 2. 3 L 5 6 7
Height | 21 | 25 i— 28 1} 'slg‘- 35 'ﬁ:.l; 37 ,l; 'w{*;
Age 4 ) 10 1 12 13 14

l b 3 -y k [ l
Hetght | &1 | 4 4 5 Mg | b1 5 ¢ 5k §

Helght | %6 | ~3¢ | & | 11| n | n| n

In oome of our other examples, the tables don't completely represent

(the funcetion, If the number of acceptable inputs is not too mray, then by

showing ail these Inputs together with their corresponding outputs, a
complete representation of the function can be given., Thus, the information
that we have abuve, {n table form, on Tom's height at cach birthday through
hia twenty-frirst, represents the entire function: namely, Tom®s height-at-
b rthday function, If we graph the function, Tom?s growth pattemn shows up
more clearly.



sy 67 Y 1011 12 13 1k 15 16 17 1B 1y 2C 21 22 23 24 25
AGE { TN YFARS) Figure 10

There are two things to notice sbout this graph. First, we have used
Hiterent srales on the twe a’xes fur convenience in representing the facts.
Second, altheugh unly the peints plotted belong tu the graph of the function,
we have Jouined conserutive puints by segments to make the graph easier to
read,

We -afnot reat the graph as well as we can read the table, However,
we can U'ini a8 number .f pruperties of the height-at-birthday tunction from
the graph mure quickly than we can from the table, We will discucs & number
ot these properties.

Before doing oo, iet us agree to usc the symbol h (suggesting height)
as the name for this function. Throughout this section, h represents
.
TomPs height-at-hirthiay tunction:

h : sge — height at birthiay for the age.

st
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Exercises 2-Sa
(Class Discussion)
Look at Figure 10,

1. (a) Is the graph of the function h rising or falling, from left to
right, for the inputs (ages) from 0 to 18% Explain.

{t) For these inputs, 1s functifon h an increasing or & decreasing
function?

{(c) Wwhat meaning can we give to the answer to question 1{a)f

2. (a) What 1s happening to the graph of the function h for the inmputs
(ages) from 18 to 21% Explain.

(v) What meaning can we give to the ansver to question 2{a)t

(c) What worl do you think we can use to describe the behavior of
h for the inputs (ages) from 18 to 21%

3. The graph of the function h consists of 22 points, Perhaps we can
di{scover some nev information by examining the segments Joining any
two consecutive points belonging to this graph.

{s) Is there s segment which seems to be sSteeper than any other
segment? ‘

{(b) What meaning can we give to the answer to question 3a) 4if we
want to relate {t to Tom's growth pattern?

{¢) Can we fini the cooriinates for both of the endpoints belonging
to this "steepest” segment by looking at the table of Toum's age
and height?

{1) wWhat are the ~oordingstes of the left endpoint and the right
endpoint of this segment?

{e) Between which tvo birthdsys did Tom hsve his greatest growth?

{r) wWhat arithmetic protlem can we do to find Tom's growth between
these two birthdays? Howv much did Tom gruw during this 1 year
period?

{g) Can we tel! from looking st the graph of h how Tom's growth
between his 16th and 17th birthdays compares with'sny other
1 year peri.d?
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{rh) What arithmetic problem can we do to find Tom's growth between
his 16th and 17th birthdays? How much did Tom grow between
thege birthdays?

The class discussion exercises suggest that we consider hov much Tom
grev from one birthday to the next, The change in his height during each
year may be associated with his age st the end of the year., In this way
ve describe a new function, In Exercise 3(f) we found that Tom grew 7
inches between his 17th and 18th birthdays; thus his growth during his
18th yesar was 7 inches. We mmke 7 correspond to 18 under the "growth
funciion”., If we represent the growth function by g (suggested growti),
we have

€ : age — growth between preceding birthday and birthday

fur the age,

The growth is, of course, the change in height. Thus the output under g
is given by .

(helght st birthday of given age) minus (height at preceding

birthday).

Al.au, in Exercise 3(h), we found that when 17 1is an input for the growth
function g, then the output is ‘,.»f .

The graph of the function h (see Figure 10} rises rather steadily
betwecen Tom's second birthday and his sixteenth tirthday. This represents
the fact that Tom grew at 8 fairly steady rate during this period. In
terms of the growth function g, this statement means that the outputs for
8 &re nearly the same for all these inputs. Let us check om this by studying
the pattern of Tum's growth in more detail, We may do this by going to the
table for the function h and using the facts given there to f'ind outputs
under the growth tunction,

We now give part of the table for the growth function g. Then we
will use this table to answer Aifferent questions about Tom'c growth.

o _ 1. :
ERIC , B
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Input for Growth

growth froa to

function g sge age Qutput for growth function g
3 2 3 3f-28de0g-28¢-28-22
4 3 4 Bg-NpaBF-nge- 2}
5 b 5 Hi-334- 2
6 5 .| 6 Tg-354-36¢-35¢= 14
7 6 7 9gE-3T%- 2
8 7 8 S0 -39%-&0%-39%;- 14
9 8 9 Moo = 3
10 9 10 W3 -u - 21
11 10 11 Bg-u6lau8d-u65. 21
12 1 12 S1 -h&ﬁ-ﬁo%-wﬁ- 23

(1) During the ten-year period from age 2 to age 12, what was
Tom's largest yearly grovth? When did this occur? Ry examina-
tion of the outputs shown in the table we find the largest
output 18 3. So Tom's greatest yuwarly growth during the
ten-year pericd was 3 inches, and this happened between the
ages of 8 and 9.

{2) During the tem-year period, what was Tom's smallest yearly
growth? When did this occur? The smllest output shown in the
table 18 1§ . Do you find that there were two yesrs during
vhich he made the least growth? The first was between his fifth
and sixth birthdays, and the second was between his seventh and

eighth birthdays.
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Nov consider another questicn concerning the ten-year period between
Tom's second and twelfth birthdays. What was Tom's aversge mte of growth
during this time? Another way of putting this question {s: "Suppose that
Tom had grown the game amount each year from the age of 2 to the age of
12, What would this amount have had to be so 88 to produce the same total
growth over the ten-year period?” We can ansver this question Ly finding
the change in Tom's height between the ages of 2 and 12, and dividing
this total growth into 10 equal parts,

Height at age 12 was %1 inches.

Height at age 2 was 28% inches.

Total growth from age 2 to sge 12 was 20 ,‘; inches
because m-e&f-gof-e&ﬁ-e&%.

Average growth per (for each) year =

We can simplify this frection by multiplying by the number 1 ({named
as %):

If we remember that the numemmls " % " asnd ".25" are just different

names for the same number, then we could simplify this fraction by replacing
1w

"2 by "02,24":
22 % 3% 2&
o TS = 2.2

In any case, we see the avemge mate of growth is Just about 2 ﬁ inches.
Remeaber: 2 ]?5 = 2,279 and efther numernl names & number s little less

than 211;'
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Exercises 2-5h

For these exerciges, refer to the table snd gmaph of Tum's helght-at-

birthday function h (cee pages 51.H0),

1.

3.

ERIC

Aruitoxt provided by Eic:

We know from the class discussion exercires that Tom grev more bhetveen
his 17th and 18th birthdays than during any other recorned ! year
pericd. We know also that Tom had his next greatest growth uotween
his 16th and 17th birthdays. I.ook at the graph of h and declie
when Tom had his third greatest yearly growth. GCive the ages Letveen
vhich this growth happened and then use ﬁhe table to find how much

Tom grev.

Look st the graph of h avd decide when Tom had his lemst yearly
growth, Cive the ages br:tween vwhich this growth happened and then

use the table to find how much Tom grew,

(a) From the graph find at which birthdey Tom's height rirst tecume
greater than twice hic height at birth., When did his height
firgt become greater than three times his height at birth?

{t) Tom's rina’' height was how many times his height at birth?
Name this number {n three difterent ways: Ly a {maction, ty
a mixed numeral, snd by a decims] numersl (rounded to the
neares’. hundredth),

(a) Make & complete table showing Tom's growth tunction g.
Carresponding to the input 1 give the growvth fromage 0O to
age l. We have started the table for you, Don't forget:
Matputs corresponding to {nputs from ¥ to 1 8re chown

-m page M,
Table: Growth function g
Age 1 o 3 e
:mmth since preceding hirthday h]lz T 3‘5 i

{b) why {s O an acceptable {nput for the function h, but not an
sceeptable input fur the function g2

{c} The largest imput for the function h s 1. Is it a!so an
acceptable input for our function g?

I



e

(a)

(v)

(c)

(a)

Drav the greph of Tom's growth function g from problems &.
Choose & scale on the vertical axis so that your graph will be
about 3 4inches high.

Join consecutive points, belongisg to the graph of g, by
segments. Do these sogoents belong to the graph of the growth
function?

Corpare the graphs of functions b and g for the inputs (ages)
from 1 to 6. Hotice that the graph of function } 1is
increasing for these inputs wvhile the greph of function g s
decreasing. In terms of Tom's growth pattern, what dves this
mean?

Compure the graphs of functions h and g for the inputs (ages)
from 14 to 18. HNotice tiat, for these inputs, the graphs of
both functions are increasing. In terms of Toa's grovth pattemn,
vhat does this mean?

What vas Tom's ayorage mte of growth during his growing period “rom
birth to the age of 18 years?




Exorcises 2-5¢c
The Evans family consists of Mr. and Mrs. Evans and three children.
Whien the children were young Nr. and Nrs. Ewans decided to start & savings
fund to pay for the college educstion of thefr children. The correspondeace
belov shows how much money was §n the fund at the end of emch year,

The mumder of years the Evans The masbor of dollars
have had & savings fund in the cavings fund

$ o
1,020
1,680

- 3,312

2,906

- 4,850

= 6,784

8,120

6,215

7,028

- 9,560

- 8,420

- 10,164

2 -

]

L= 20"« BN » SR SO « VY
]

[
[

(!

1. Thia correspondence between number of years and number of dollars
represents a functiocn. '

(a) How do we knov that the numbers i{n the left-hand colimmn &re the
inputs for this function?

(b) What name can we give to the numbers in the right-hand columng

2. The gmph of' this function ccnsists of a set of 13 points, With
the exception of the point whose coordinates are (0,0),

(a) in which quadment of a coordinate plane can you drav the graph
of thia function?

(v) Wnat can be done to mmke the graph of this function easier to
read?

3. Drav a graph of this functfion: lLet points on the horizontal axis
ropresent the yosrs and points on the vertical axis represent the
savings. (A convenient scale on the vertical axis {8 1 umit of
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9.

10.

measure = §500.) Join consecutive points of this graph by segments.

The segments, joining consecutive points of this graph, seem *c have
2 different kinds of gteepness.

Bome segoents are steep in the sense that they rise rrom left to right,

For example, /

Some sogments are ateep in the sense that they fall fruvm left to right.
For example,

Now, let's find meanings to assign to these segments, in terms of the
Evans family and their savings fund. It seems reasonable to state
that a rising sefment shoull mean an increase in savings., What
meaning should we give to A falling segment?

From the greph find the year {n which there was the greatest increase
in cavings. How does the graph shov this?

From the graph -lstermine the year in which there was the sharpest
drup in savings. How -lves the graph show this?

From the graph deteqnine the longest period of years during which
there were only increases {n aavings. How does the graph shov this?

During the fourth year of savings the Evans fMamily bought & new house,
Expisin how this informmtion "fita™ with the segment Joining the points
vhuse coordinates are (. 910} end (4, 20).

During the tenth year of savings Mr, Rvans received a big incresse in
salary. Explain how this {nformation "fits” with the segment joining
the points whose cooriinates are (9, 7028) and (10, 9560).

(a) How much woney di{d the Evans fswily eave over a pericd of 12
years? )

(b) For the entire period what wvas the aversge change in savings per
yeary

ph



#=6, The Identity Function

Certainly one of the simplest ot' 81! functions {8 the {ientity
functions:

I :x —x.

If we imagine this ‘unctiun as & machine uperstion, then whatever number
we use &s input {s returnei to us ag output. This happens, for example,
vwhen we put 8 ~uln {nte & machine rur o214 drinks, and the machine has un
out of culd iritks; the coin is returned to us, In Figure 1lla, the

fdentity tun-tion machine outputs L. for the laput L7,

IRFUT HOMPER
QUTFUT SFIGOT
Filoue llu Filgure 110

It cortainly ought to be easy to bulld such & machine, The inner workings
would cunalat entirvely o 8 tube connecting the input hopper and the uutput

spig.st, ss sh.wn in Figure 1L,

Graphing this tun-tion is, of ~surse, quite simple., Take a particular
input, cay 34, ani {ts curresponding sutput, also 3, and plot the point
corresponting <o (4,3). Similarly, the points corresponding tc the number
pire {0,0), (1,V), (*,°), aniss on, belong to this gmaph.

In ronnectiorn with the {dentity function, let¥s examine the set of
four prints: O with coordinates {0,0), B with coordinmates (3,0),
I' with ~.oriinates (3,3}, ant A with coortinates (0,3). It is clear
that these points are the vertices 0! & square. The dlagona!l of this square
{see Figure 12) "rom O{0,0) v P(3,3) divides this square into two
trianglen having the same shape and size, A AOF andi A BOP.

.
4N2
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A
A(0,3) ~A¥(3,3)
(l
‘l
ft!
Eftt
— - X
- 0(0,0) B(3,0)

v Pigure 12

To understand this, think of cutting & square cut of paper, as in Figure 13a,
and folding the square over the diagonal OF, as suggested ‘n Figure 13b.

Figure 13a Figure 13b Pigure 13c

After this folding, the pofnts A and B will coincide. See Figure 13c.
So will the angles: (AQP and (BOP. (You have seen this done many times
in folding square napkins.,) Thus the angles, (ACP and (BOP, have the
same measure so that in Figure 13a the may OF bisects the angle BROA
formed by mays on the coordinate axes. The sawe ressoning holds for any
points with the two coordinates equal such as (2,2), (k.5,4.5), (8,8),
and 8o on.
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(-2,-2) poo-o-o- 12
-3
Figure 14

So all these points lie on the may bisecting the first quadrant. If we
extend this ray into the third quadrant, thus having an entire line, we see
that al]l points on this line have both coordinates the same., Thus the graph
of the identity function is & line through the diagonal of the square in
Figure 12. The graph of this simple, but important, function is drawn for

you in Figure 14,

Study it cerefully.

Exercises 2-6 .

1. On one coordinate plane, drew the graphs of the following functions,

(a) I ¢
(b) &
{c) k:

(d) 2 :

.
.

X ~x
x—*x+2, x>0
X—x+3, x>0

X2x+5, x>0

2. We know that the graph of the identity function I can be desceribed
&8 & line.

(a) How can we describe the graphs of functions h, X, and &%
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(b) Bow are the graphs of h, k, and £ related to the graph of It

(c) Are tunctions I, h, k, and £ incremsing functions? Explain.

2-7. Rew Kinds of Functions

Exmuple 1:

Mr. Cray wvorks for the National Metals Corperation. He is often called
upon te work overtime and has agreed to do so provided he is paid $4 per
hour and 1s to get & full hourts pay for any part of an hour that he works,
For example, he iz to be paid for 11 hours when he works 10%‘ hours.

This correspondence between number of hours worked and pay received is a
function. The input is the number of hours worked and the output is the
corresponding pay; and corresponding to each input there is examctly one

output,

It we try to describe this function by using the arrow notation we
run intsy ii¥ficulties. We may get 8 clearer understanding of the function
by irawing a graph. When we consider the set of inputs and the set of
witputs we note that they Jdo not follow a familiar pattem. For example,

For al! inputs, n,
if 0<n<1, then the output is U;
if 1 <n<2, then the output is 8;
if 2<n<3, then the output is 12;
ir 3<n<U, then the output is 16;

if 4 <n<*, then the output is 20, and so om.

Let us :draw & graph of these inputs and outputs, plotting the inputs
wn the horizontal axis and the outputs on the vertical axis. KNote that we
are using different scales on the horizontal and vertical axes.

148



20¢ O
15* Oe——

ourPur
(SALARY EARNED)
K

0 1 2 3 L 5 6 T 8

INPUT
(NUMBER OF HOURS WORKED)
Figure 15

The tiny circle at the left of each hurizontal segment shows us that
this endpoint dues not belong to the graph.

We see that the graph of this function is made up completely of &
number of horizontal pieces, A function whose £xaph has this property is

called a step function.

Bmsple 2:

In the manufacture of certain machine parts at the Rational Metals
Corporation {t is necessary to cut 1-foot lengths of steel out of large
sheets of steel of standard width, In this proceas, a leftover piece of
steel ‘with length less than 1 foot {s considered waste, Thus, for s sheet
of gteel of standard width that 48 6 feet 5 inches in length, six
machine parts may be obtained. The extrs 5 inches are waste. This
correspondence between lengths of steel and the mumbers of machige parts
obtained is & function. The get of inputs consists of the various steel
sheet lengths used and the get of outputs consists of the mumbers uf
mschine parts obtained,

1hg
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Again, & graph may help us to get a clearer understanding of the
function., The inputs and outputs do not follow 8 familiar pattern. For

_example,
For a1l inpputs =1,
1f 0<n <1, then the output 1s O;
1f 1< n<2, then the outpiut is 1;
if 2<n <3, then the cutput {8 2;
if 3<n<k, then the output is 3;

if L <n <%, then the output is k; d 80 on.

— —

Iet us ‘Irsv a graph of this function, plotting the inputs on the
horizontal sxis and the outputs on the vertical axis.

w1

@
[
B Y
e
.‘g 3 Ore——
°§ 2¢ [}
g 1¢ Qv
<

o) 1 2 3 L 5 ©

INPUT
( LEROTH OF STEEYL. SHEET)

Figure 16 .

The tiny circle at the right of each horizontai segment shows us that
this enipoint Jdoes not belong to the graph.
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Exercises 2«fa
(Class Discussion)

1. We know, from Example 1, that the correspondence between number ~r
hours worked ani calary eamed 18 & new kind of function called &
step tfunction.

{(a) When is a function called a step function?

(b) In Example 2, {5 the correspondence between length of sheet
gteel and number of machine parts & step functiont

(~) 1In Figure 15, why sre di¢ferent scales usei on tne horizonta!
and vertical axes?

There are functions whose graphs are obtained by repeatedly sliding
an in{t{a! portion of the graph to the right always by the same smount.
Surh 8 function .c calle! 8 pericif- function. The number of units by

whith we must sliie the firgt portion to get the second and slide the
second tu get the third, ani so forth, is callea the period of the function.
The function whose graph {5 irawn in Figure 17 (s & periodic function whose
perif.x'l is .

Figure 17

Note that over the interval from 0 to 1 the graph of this function
Is the same as that o the identity functiun, The rest of the graph can
te thought o as being ottained by successively shifting this portion,
between O =mai ', one uait to the right. If & function has s period
“«f 1, ani x 15 sn input, the .utput correspunding to an input of
x + 1 is the same as the ocutput assoclated with an input of x,
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Of course, there are periodic functiona with periods other than 1.

For example, Figure 18 shows the graph of a periodic Junction with & period
of 2.

Figure 18

We can see that any vne section of the graph must be ghifted two units
t.0 the right to rit the next gection of the graph.

The tunction whose graph is shown in Figure 19 is a periodic function

whose period is 3. Any one section of the grmaph wmust be shifted three units

to the right to it the next section of the graph.

0 93u5¢‘,78910u12"x

Figure 19

It & function has period 2, and = is an input, the output will be
the same &g the output Yor an {nput of x + 2, ILikewise, if a function has

period 34, ani x is an input, the output will be the sawe as the output
for an input of x + 3,

Exercises 2-7b

e The Ace Car Kental Service rents & certsin type of car for §7 per
day with the agreement that use for any part of a day will carry a
charge for the ¢ful! day.

{a) This statement i{nvolves & function, Below are 3 columms
of currespondences belinging to this function. CStudy cach
column segmteli.
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How do we knov that this function 1s a step function?
(v) Drav the gmph of this step function,

An electrical repair service charges $10 for the first hour and
$6 per hour, or fmction of an hour, after the first hour.

(a) wWrite 5 dinputs and their corresponding outputs for this
function,

{b) Draw the graph of this function.

The cont of sending & letter by air wail in the United States is
10 cents per ounce or fractional pert of an ounce. Draw a graph
of this function.

Drav & graph of the function
1 if 0<n<3,
f 1=t
a2 ir n> 3.
Consider the function described by the following statement:

The cost of sending a telegram between two given
poiats 1s 50 cents for the first 10 woris
{or less) and 5 cents for each word over 10.

(a) Represent this function using arrov notation.

(v) Draw the graph of the function on & coordinste system 1ike the
e o the following page.
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Te (s) The function whose graph is shown in 6(a) has two different
outputs, What mre the cutputs for this function?

(b) The function whose graph {s shown in 6{b) has the output -;-
corresponding to an indefinite mmber of different inputs. If
X represests the cmllest input whose output s &, thea
what counting number must be repeatodly sdded to x to find all
other inputs which have the ilmage % ?

(c) Look at the graph shown in 6(c), and decide what output will
carrespond to any input between, and including, 21 and 23,

2-8, Summary

Section 2-1,

An {ntroduction to functions was given in this section by way of
& Iiscussion on automobile travel using the familiar words, diatance,
gpeed, and time, For & given speed, we found that distance is a
function of time; for cxample,

if the car tmavels 0 mi!es per hour, the distance, d = 50t;
if the car travels 45 wmiles per hour, the distance, d = LS5t,

The average speed (in miles per hour) is the tots) distance traveled
divided Ly theo number of hours spent {n travel,

Section 2-0,

If & heavy stone is dropped from & cliff or a building, it
travels farther during the second one~second interval than during
the first one, farther during the third one-second interval than
Auring the second one, ete. In this way, & new rule, modeled on an
actuai physical problem, was intmd{xced. Again, wve have the distance
as a function of time, The distance which a t®lling body, or falling
object, drops can be approximated by

d = 16t2.

A new gymbol, W, meaning "spproximately equal to", was introduced,
. and tho a&bove rule, or formula, is sometimes written

d= 16t2.
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Section 2-3.

A function is & special kind of correspondence such that cor-
responding tu emch input, there is exactly one output.

It {8 sometimes helpful to immgine & function as & kind of

machine,

Arrow notation {s a convenient way of representing & ftunction
in brie! form.

The arrow notation ¢ ¢ n -+2n can be read as "the function f

which sssociates with each {nput 1n, the output 2n",

If & correspondence is & function, the reverse correspondence
may or may not be & functiun.
Sectlun -4,

The text has {ntroduced you to 5 ways, other than arrov nota-
tion, tor representing a function:

{1) =& stateaent,
{2) a table,

{3) = 4iagranm,
(L) a formuls,
(%) a graph,

"To {maw the graph of & tunction” means to find a collection of
points in the cooriinate plane that will accumtely picture the
special kind of agsociation or correspondence which we call a functicn.

“hen dmwing the graph of & function, any unit of measure may be
setected for the X-sxis, and any unit of mesasure for the ¥Y-axis,
Section 2+5,

The graph <f a function very often shows the currespondence wore
clearly than a table.

Certain properties of a function can be easfly discovered by
examining {ts graph,
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1 Sgetion 2-6, i
i A sigple, but important, function f{s the identity function,
x It x—x,
=
e The graph of the identity function, I, 4s a iine.
¥
r}
LEv I
i-
': X
L4
{
Section 2-1.
A step function is & function whose graph i{s made up entirely of
& number of horirontal pileces.
A periodic function is & finction vhose graph can be drawn by
finding that part of the graph which constantly repests {tself, and
then sliding this part to the right always by the same awount.
:
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Teacherts Commentary

Clapter 2
FURCTIONS

This is the studeats? €irst formml introduction to the important
mathematical concept of function., Since physical situations often lead to
functions and grephs o1 functions the chapter also contains some introductory
remArks about methemmtical modeles.

Although the function concept is one of the most significant ideas in
the mthematical world, the textua! treatment 18 merely & gentle introduction
to the subject, Plese treat it this way.. That 4{s, do fot expect your
students to mmster the concept at this time. The student will meet and work
with the function copcept through the rest ot the sequance,

A function is & currespondence between two sets of things, uswally
numberg, such that tu every member of the firgt get A there corresponis
exactly one mamber of the second get B8,

This statement can be fllugstrated as follows: -

B )\

S \_+ B
——
A function A function Not a function

Using the very descriptive words, input aad output, we can say thst
for every japut from get A there corresponds exactly cne output 4n set B,
The output {8 sometimes called the immge of the member of set A.

We have initially chosen to emphasize the "arrow notation" to represent
a function since {t seems to convey to the student the basic fealing we would
1ike him to gain about this conem.;w Refinemants {n the notation will occur
as they are needed to handle more sophisticated situations. Do pat fntro-
duce sy additiomal notation at this tige.

We ugually vrite & fortmla which tells us the member of set 3 that
correaponds ¢5 the membor of the first set A, For exagpla, 4f A s the
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get of all integers, and x {8 a member of set A, then

1 x=x

1o the function that takes any integer into its square, B is the set of
all perfect squares 0, 1, 4, 9, 16, ... .

Sometimes instead of & forsule to denote the image of 8 member of set
A wve use a description of this image in words,

ate with each circle in the plane the single point which is its center and

write

f 1 circle =

center of circle

to explain the function which we have {n mind.

A brief version of the well-known story about Galiles is told not
only to introduce an interesting function, but also to give the flavor of
what discovery meant to Galileo, Newton and others, People have sought
since sncient days ¢0 find a mode] af reslity, to iiscover mathemstical

rules for such physica! phenvmenon as motion. Discovery meant finding =

model, an ideal, or a mathematica! description, which would approximate as

nearly as possible a natuml moticn,

In Galileo®s experiment, we think of falling sbjects as points and we
regart the earth as a plane. Our model for falling bodies is quite accurate
ror nearly spherical, dense objects dropped from a fev hwndred feet off the

grourd.

SUGGESTED TIME SCHEDULE:

1

Sertion =

ra
J
o
rs
)
kad

Days 1 1 i

s

: Jourdin, "The Nature of Mathemntics", Jemes Newwon, ed., The World

of Mathemtico, ibid., pp. bb-'ss Another reference which might be of inter-

est 1o the teacher ls Rudviph Carmap®s Philogsophical Foundations of Physics

{8. Y. Baatc Booka, 1966).

160

For example, we may associ-



RS

2-!, Tmve! by Car

The studentfs introducticn to functione i{s woven into & discussion of
automobile tmavel. This {llustration ig chosen for two reasons:
(1) It 1 linear (8 term not used with the studeats), and simple
(2) Thia 1s a topic about which the students have some intuitive
fee!ing, since this ig ususlly a part of their previous
experience.
Exercises 2-is {Class Discussion)
le input vutput
t 1 = 0t d = 50t
0 0 If t =0, then 4 =% 0)- 0
! 40 If t =1, then d=150{1)e S0
2 100 If t =2, then 4 = %50(2) = 100
3 i0 Ir t =3, then d s 50(3) = 150
4 KoY Ir t =4, then d =450(k) =200
4 2,0 If t =%, then d = 505) « 250
olles hours
The stuients {: nut asked to 20 {input)
&) N
plot his puints on the coordinate d = 50t -~
axis, since this is pot the emphasis £00y '
in this sectf{on. The teacher might 150,
wish to returm to ‘his graph when 1 008
the students are studying
Sectiom -4, 5%
0 t
hours

161
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Exercises 2-1b (Class Discussion)

i.

While the students have not had a "formula", as such, for computing
sversge apeed, this is o familiar area outeide the classrocm, and
they can intuitively handle this important idea of average ®peed.

time n/p/h Total miles Avernge speed
t =1 65 65 65

2 50 115 57 3

3 20 135 45

5 60 195 18 4

5 95 220 250

Some of the values in the table above were given, but let us review
how they were obtained and add the new ones:

During the first hour he 4rove 65 miles, averaging, of course,
65 miles per hour,

During the second hour, he drove an additional 50 miles, for s
total of 115 milea. His average speed for the 2 hours would be

%‘ = 57 5 wmiles per hour.

During the third hour, he drove oaly 20 miles, for a totsl of
135 miles. His average speed for the 3 hours would be %i =45
ailes per hour.

During the fourth hour, he drove snother 60 miles, for & total
of 195 miles. Eis aversge speed for the L hours would now increase

to % - kﬁé miles per hour.
During the fifth hour, he drove an additional 5% miles, mising
his sverage speed a little, to gg—o = 50 miles per hour.
(a) No, Hob will always be eight years older than John. This cas be
sesan fiom the graph,

(b) Yes, when John wue 8 years old and Bob was 16, Bob was twice
the age of John, in 1958.

162



{c) Yes, when Juhn was 4 years old and Bob was 12, Bob™s age
was three times that of John%e, in 195k.

{d) Yes, when John was 2 years old and Bob was 10, Bob's age
was five times that of Johnts, in 1952,

(e) Yes, when John was & year vld and Bob was 9, DBobfs age was
nine times that of John's, in 1951.

2-2. Falling ObJects

The story af Gallleo is told to help introduce 8 function which is
perhaps & little different from the ones the students have intuitively dealt
vith before. In this story the idea of functional dependence (function of)
is encountered before the actual function is ascertained. Incidentally, the
function concept is consliered to have originated with Galilceo.

After graduating trom "functions! dependence” to the actual function,
ve lmpediateiy tum to the application of measuring the height of a water-
fall with s stop watch.

Although "domain” (the set of inputs) and "range"” (the set or outputs)
are not menticned, we stress the i{dea of input and ocutput where the input

value determines the output value. The last part of this section focuses
upon the variatles which have lLieen ignored in the earlier discussion, and
brings to light the model involved in & mRthematical Jdescription of & real~
life situation.

ERIC

A Fuivext provided by ERIC



Brerciges 2-2.

le t ¢ number of seconds
Ir t = 0 | 0.5 1.0 | 1% | 2,0 | 2.5 | 3.0 | 3.5
then d = 0 4 16 36 6k | 100 | 14k | 196
4= 16t°
It ¢ = 0,0, then d = 16(0) = 16(0) = 0
If t = 0.5, then 1 = 16(.5)2 = 16(.24) = 4
If t = 1.0, then 4= 16(1)° = 16(1) = 16
Ifr t - ., then = 16(1.‘;)2 = 16(2.2%) = 36
It t = 2,0, then 4= 16(2)° = 16(L) = 6h
If ¢t =020, then 4= 1«3(;3.‘))2 = 16(6.2%) = 100
Ir t - 4.0, then 4= 16(3)° = 16(3) = 1b
If t = 3.4, then 4= 16(3.5) = 16(12.2%) = 196

O Computing iifferwnces from the table of prublem 1 above, we have

Heferonce {6

t O R 1 1.5 2 2.9 3 35

R J N 16 36 64 100 144 196
T SN AT R 7 L

vl (e | B s | =] 2]

Ther-oret furing the < - second intervals,

ERIC

Aruitoxt provided by Eic:

t

1

o~

the rock fell

=0 to t = .4

= oh to ¢t = ]

=1 to Lt = 1l

= le to t=2.0
=2 0 t =2,5

a 2,5 te v = 3,0
=3 to L = 34

Tk
Tt

4 ft,
12 e,
20 ft.
28 rt,
36 .
NI
2 ft.




3e If we take difrevences again we have (repeating the tatles of
protlemc ! and 2, and extending them),

¥ e e c = e

t a Q o 1 lats 2 <oy 3 3.4 4 . )“s !‘ ():

[ R TR |

1w O |'% 116 |36 (6 | o0 | 144 | 196

111 s T 'T"—":
¢ erence ] , . ] ,_ -

of distance 4 e [ 20 28 36 Ly < 00 ! w8 ' 76 ;
Aiff'erenees . ! ! ‘
of differences 8 8 4 8 8 8 8 E 8 : 3} '
[ SR D |

That is, 1" we obaerve the Jifference between the numbers representing
the number of feet that the rock Yell in consecutive half-second
intervals, we wiil note & constant difference of 8. From this &,

we cun extend the talle bty aidiing; l.e.,

h
P ool

. ‘he rock fell 2 + 8 = 60 £t. between ¢ = 3.9 and ¢t
tt fell 60 + 8 =68 frt, between ¢ = L and t = L4,%;

it fell U + 8 =76 ft, between t = L. and t =4,

=4.  Jume Examp!og 21 Funetions

Thic seotion vea'ly has & four-rold objective, It introduces the

atufents to:

{1} & Cow variod funct lons,

() the machine interpretation of a functien,

{(4) the arrow notation method of representing a function,

(4) the reversing of the direction of correspondences.,

The class iiscussion exerciges are designed to review certain funia-
mental ldeas rrom geometry as wel! as to test whether students can recognize
the ptatement o & functiona’ re;ationship.

Assign Exercises U-3b., When discussing these exercises with the
students, cmphasize fdeas rather than language.

it

ERIC

Aruitoxt provided by Eic:



Bxerciges ~4ia (Class Discussion)

1. (s)

(e)

Exer-igng

O

1. (a)

(v)

ERIC

Aruitoxt provided by Eic:

Thie statement ‘ives nct ieccribe & runctiun. Given u p.int in

space, there arce an unilmite: number of lines cuntaining it.

This statement describes & function. Through eny two i{ffarent
puinte in space there {s exactly one line. £ : (A,B) —» T.

This statement ddes not describe & tunction. Given & p.int in

spare, there are an unlimited number o planes cuntaining 1t.

Thic stetement foes not Jdencribe 8 functisn., Glven tws ii'Perent
p-ints in aspa‘e, there are an unlimited number uff planes contain-

Ing them.

This statement descrites u runotiun, Through any three puints,

nat all on the same line, there iu exartly one plane,
£ : {A,B,C) — plane ARC,

= 3b

Arcoctate with eath member ot your mathematics class his or

her age in yenars,

Thic statement les:rites a “unction,

¢t memtor —gge oY memior

Acgurlate oith each age, in yesrs, a member 0! your washemas ! -

lass.

This statement iues nut describe & functlon.

Asnuslate with ~ach state ¢ the Unitel States the name o0 ita
preoent governur,
This statement {escrires a functiun,

¢ ¢ state - name 1 present guvernur

Asssciate with the name or enh present guvernur in the Unitel

States the state which he sorves.

This statement jescribes a function.

g ¢ name o prosent g.vernur - state
Associate with each helyht, in inrhes, a citizen o7 the United
states,

This statement {oes not deseribe a function.

1ot
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Asgociate with each citizen of the United States hig cr her
helght in i{achea.

This statement describes a functicn.
f ¢ citizen - height of citizen

(%) Associate vith a f{rst name for & person, a last name,
This statement does not describe & tuncticn,
Angoclate with a last name for m person, A& first name.

Thic statement does not describe & function.

Ok, Ways ot Repregent ing Functions

The Lbjective ot this sect! ' is to introduce the students to signifi-
cant (1) fLieas, (7) symbolism, ani (3) vocabula s Televant to the function

cuncept,

It 15 abpylutely easential that the students understand the content of

this secti.n. There are twu major reacsons fur this statement.

(1) It prepares the students to cope with the remaining sections
2f this chapter.

{#) It slso prepares them for much of their future work in
mathematica.

Althuugh this section is not explicitly called s clsss discussion
exercise, it should he treated as one, but unly after the students have been
{ngtructed o faretully read the entire section.

The text intruducer the students to 5 methods, other thsh arrow
notation, fur mpr"esenting a tunction., BEach uf these ways should be dis-
cusged ant in the urier of presentsticn: (), ..., (e). Give special
attention to part (e), the graph, There are many subtle, an? significant,
ideas {nvolved in this exposition.

Concemning Exercises 2-4, questions 8 and 9 will probably be most
41£f{cult for the students (5 anl 7 to a lesser degree), ALl questions
should be assigned, but especially ] as 1t introduces the constaat
function, a8 function which the student will frequently meet im subsequent
sartions.
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Rxercises 2-4
1, (8) n:c -3, ¢ represents a counting number,
{(t) No. There are an unlimited number :f correspondences. -
2, (=) 3 (v) 5 (e) 13
(d) €:c —=c+ 3, c represents a counting number.
3. (a) 9 (v) 7
(¢) No. Ir w represents a whole number, then 2v represents an
even aumber, Thererore, 2w 4+ 1 will represent an odd number,
L, (8) 4 =Lt
(b) g :t—L2t, t>0
{c) 1ho, bo-3 % -
L h0.(3+3)
(40+3) + (koo 3) =
120 + 20 =
140
(1) 3% - If LOt « 190, then ‘t = -’%) .
S (a) 9, 36. Since L+9 = 36, the second cutput i5 four times the
firot,
{(v) 16, 64, Since 4«16 = 64, the second output is four times
the t'irst, '
(c) "It seems to huld" is an acceptable answer, ”

The teacher should know that it alwavs holds,

168
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{v) Input: x ‘2 | T: 0 1 2
Qutput: *1 ! =1 -1 1] =
. .
— "
4

R

The gruph of each function 1s a line, snd both lines are horizoatal

(pammliel to the X-axia).

The function, k, deserited by k : x 2, 1s such that regariless

of the {nput chosen, the corresponiing output is constantiy 2
(11kewise ror the function £).

5, F

Baliing Puint 2120

-~
Freezing Puint 329

Thermoneters are available in

both F and € scales.

1o due t> the sa:rkings in these scalen.

B A o provided vy e RS
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Freezing Point

The relation

WH.



Thic is the point on the Celsius
{Centigrade) Scale where water is

1005 converted into cteam (with additional
heat) and cteam ic converted into
vater (vith removal of heat).

rxoo"

Thisc 1o the point wherec wvater ig
converted {ntc ice (with removal

00*

of heat) and ice 1s converted into
water (with additiona)l heat).

(a) 32, freezing point of water

{t) 12, boiling point of water

{c) Input: ¢ 0 10 Lo €0 8o 100

output: 2cew | 32 | so ok | ko | w6 | 2w

If ¢ =0, _ If C =10,
thcn?C*}?- ‘ thengc+32-
g.o+ge. §.10+32n
0+132 = 3 TS*BE-
4 “Q
Ir € = 40, . I C « 60
then 2C + 3 « _,f’,f‘ then §c+3e-
o =0 '
: gl.hc‘.p’“ j 22.604'32-
: P :
T2+ = e 108 +32 =
10k 140
174
I7
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Full Tt Provided by ERIC.

(1)

I C = 80, It C = 100,

then ?;c+3;a- then 2c+ 32 .
g‘m+32- 52;‘100*32-
1hh + 32 « 180 + 32 =

176 212

-+ 9

A

——

|

l
),
o “'\o O [+ <) é Ié
S

D
X

[ ' LY 127 228" 3B

Concerning this grmph, some students will guess that the points
which they have plotted are collinear, others will guess they are
nat collinear, In tems of pruof neither group can Justify “their
guess. 1t is hoped that the mejority of students will agree that,
at this time, they really don?t Jmow, At a future time, the
cullinearity of theoe points will be proved.
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whinrh are reaiily availiable from the graph o & funetiun i 1t ie exauine!

in an appropriate wuy.

This cection will be helpfu!l o stwients in leveluping o . untars
gstanding ot the tacle magons ror sbttaining functions and thelir gruprs. The
analysls of functions ani thelr graphs produces Information ot a Vgiota?”
sort not ususily upparcnt frum fhe Initia® tmervation of *he Tanctiong®

re ationship.
Sume of fhe main {deas in this section are:

(1) The grmph .1 the functlon ey oUen {luplayc the Twctlona
retationship more clearly than o tal te. {In this section

qum?.s growth pattorn ghows up fMooe cleariy on the graph. )

() T bientifiestion ot sume preperties of' & function can to woe

more restlty from thee graph ot the funetd a..

(j) tropectfes o the functi.n are Jdlgremitte {ram the graph ans an
Pee uget fnoa prcetletIve Cuohion to Intieate vt the pattern

might b lke loeyont the tatular valuded.
of

f

Coneemning Bxeccdaos =01, s questions chou e ascignetls ITne o

caperddaily MU,

A et aet L oquentlons, Exerclues o= oy dmmeadl ooy Vo) Dows e
Plrat sete Noopew s edge Lo neredes by the stutents Lo Lrier mo anowes
thepe questions.  ut, o queastion by the Stuteats are firected Lo mine &
o' ight, but slgnit'lcant, extenoion o their -xieting conceptua: rramewark.
Thele Intultl g shou § srompiok <bhils.,  The questione are Intended,
primarily, t . celnCorre e gtuber st anderstanding o thedr newly aequlced
econcepta,  The entire set should de assigned, but 2nly alter the previous

gt hao teen acslgned an! tiscusred,

Exerclsos o~ {(Cones 3 locassion)

Te {a) Ploing. An Lfnerefise in the fnput prolbacee an jnerease (nothe

(Y An Incressing rfunction,

(Y, As Tum growe o e, Crom tirmh 4. '8, hie i'ag grows wal'er,

2. {@) Tn temms Of rising .r URI.ing, nothing {6 happering t: <h~ graph.

A ohange {n the {nput produces 1o change in the outpu s,




3.

(v)
(2)

(a)
()

()

(1)

()
()
(&)

(h)

Exercises

le

“ERIC

Aruitoxt provided by Eic:

As Tom grows older, from 18 to 21, he does not grow talle-,

For the inputs (ages), from 18 to 21, the functionm, h,

behaves like & constant function. (Refer the students to question

7, Bxercises 2e4.)

Yes.

There isa & | year period, between the ages of 0 ¢nd 21,
in ghich Tom grew more than I. any other | year period within
this interwval.

Yoo,

Coordinates of the 'eft endpoint: (17,64)
Cooriinates of the right endpoint: (18,71)

Between hic 1/th and 18th birthdays.
i1 = Sh, 7 inches

Yes, The steepness of the segment Joining the points whose
~unralnates are (16,8 ﬁ ) and (lf,éh) innicates that Tom
grow more hetween his  140th and 17th birthdays than in any
ther U year periud, ecxeluding the perfod between his i7th
an!{ 10th !irmhwys.

t

USRI o i ﬁ inches, 64 = <8 i = 53 % -8 % =5 a

J=it

Between tirth and his (st birthday, O and 1,

Y
- L= = »
R inches)

Betwnen Nis  18th ant [9th birthiays, 18 and 19,

I

71 = (O inches)

Between his  19th and 20th tirthdays, 19 and 2¢,
f1 =71 =0 (0 {inches)

Between hic 20th and 2ist birthdsys, 20 and 21,

ey

t L

=1 =0 {0 f{nches)




Lo A g

3. (a) His 9th birthday, his 17th birthday \

(v) H
a1 i
L. 6,8 _.,8 .8
2i"ai*tar~3t*ar=331
3.38
L. (a)
Age L j2 P 3 b sts) 617 8 (9] 10
Growth since . ,
preceding wilsdlz23 e%:xlefjs_’%
birthday
Age Ty 12) 131 ] | 6] 17 (38f19 leofor
Growth since , ) , :
preceding ctleg|vd|ra{dleg] o] (| ofofo
birthiay =

(v) 0 4s an acceptable input for the function h because the
function associates the age, in this case O, with the height
at tirth for the age.

Q ~0

0 1is not an scceptabie input for the function g because the
function associates age, in this case O, with the growth between
prereding birthday and birthday ror the age. There 15 no
preceding birthday for age O.

{¢) Yes. i is an acceptable input for our funetion g, oince g
aguoclates age with the growth between preceding birthday and
Lirthiday tor the age.

20 =0

The output is 0Q, because the growth between 20' and 21
is Q. .

i

A 11701 Provided by ERiC:
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6. Average growih per year =

Exercigeg d«f¢

1. (a)

Total growth
Numbter of yes’rs

{1 =21
18

[d

By previsus agreement, the nutation (ec.g., 1 -» 102C) 4implles

this.

(L) OQutputs Jr images

Quadrant I {the

16t quadrant)

(t.) Join ~onsecutive puints, Lelonging to the graph of the funetiun,

Ly segments.

b
1y ——<~~+< PRI S S O = -J POy e -t
y bt OIS PR SN ' - PP SN S Y TIEE SRR PR m) I +
X N URNY VI W — l‘ Jr ‘T: -
doa | v .
. ey
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6.

Qe

€a

A decrease in savings

The !0th yepr. The segment, joining the points whose coordinates
aro (j, rozs) and (10, 9570) 15 steeper than any o.her segment
which riges from left to right,

The 8th year. The segment, Joining the points whuse coordinates
ar: (r, =10) and (v Lus) s steeper than any other eceogment which
'allp ¢‘rom left to right,

Z years. If & cegment rises frum lert to right, then this indicates
an in¢refse in savings. The maximum number of consecutive segments
which 10 this {8 3. There are 2 3-year periods during which there
were guly increages in savings, the st 3 years ani from the Sth
year through the Yth year,

The segment, Joining the puinta whose coor inates are (., ..12) and
{%, .#0.) falls from left to right, and this {ndieates & decrease
in savings (f.c., & vithimwa! of savings).

The segment, juining the points whose coordinates are (i, 7027) and
(iu, ¢r0), rises rrom ieft to right, and this indicates 8n increase
in savings., From quostiun iy Wwe 8lso know that this increasse in
anvings io maximum sver the ’-year interval,

{a) $19,104
(1) ;g;'é,h iyt
$¢§e {

The Iientity Funetion

In this section the students are introduce. to & significunt function,
the fdentity funetion,

The exposition concerning the folding of a aqmre-shayed item, such

89 a napkin, {5 excecllent, It should lead to a visual 4 msgmtim that

wi 1l nelp relate geometricsl and functions] concepts, end thus coutribute
to & better understanding of mathematics. The word "bisects” appesars in the
text, At this time, 4o not attempt a formal definition, but be prepared

to 1i5euss the flea [nformally.




v o, Ry
Exercises 2-6 are not dffficult, but they are impurtant, Both
questions shoyld bte assigned,
1. (a) (v)
Input: x § =21 -1 Lo 2 I O ) Input: X oty 214
Output: x | =2 {1 ] 0| 1 :31 Qutput: x + 2} 21 3| & |«
(c) (1)
Toput: x J o] ]2 7: Input:  x ol 1 T=7;
Output.: x + 31 s{ bk |+ |6 Qutput: x + 5 1 61 7 8
- U SR W
‘ k
A Al
T -
— — g
<
1
6
L
p -,
R}
O T 2 & 6 B
—4— ——t 2
e
1 IRRES EERaS "
2. (a) Al : graphs are rsys.
{(t) Ba:i ray 1s pamllel tu the !ine,
{c) Yes. The graph of each functiog s rising from left to right, !
3
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2=7. Hew Kinis 7 Funcrions

This gectiun viil scquaint che stutents with o new kinds o

functicns, the gtop functisn and the periodic function,

A class discusciun exercige has been inserted inte this sectliun.
It serves a dus! rule, Step tunctionc are introduced tirst, and this
exercige attempts tu relnforve learning relevant to this kini ¢ trun-tiun.
It algo serves tu separste the textual presentation of one funetiun Uroa
that . the -~ther.

The step tunctiun pruviies an early exposure to discontinuous
functiung, vhish plday an important part in some areas of mathematics. DJome

.

tapiea for brief if{scussci.n an! s~gwphasis with students inolude:

{1) The resson we call It 8 "step” function, This iz rather sbvious,
Lut stuidents right like to talk about it @ little.

{0} The va~t that this is a tunction--i.e., fur each inﬁut there is
a single cutput,

(¢} The taer that the gmph 15 "maie up . . . of horizontal plecss"
but that the pleces are wot segmento, sinee each lacks an eni-
peint. It this were not 8o, then at each value o x  where one
horteontal plece ondg and YT
thiee pext neglng we wonld N
have une {nput with tvy 1
asutputs, For oample,

the grmph iniirated here

|

{& nt the graph o' a
function, since for the

input 1 it shows out- X
P Q———J—-—m--r‘ — >

puts of buth | eand 2, 0j 1 2

(4) "Misuing® endpuints are indicated by open circles.

Another specia’l function is the periadic functiun., A physical
application o 4 perlodic function
1%};9% sonsider a red spot on the
w?;@ol ot 8 car. What iz the graph
of the motion and position of this
spot {m the car moves Torwari] Certainly there are numerous examples of
pericie functions and the discusnfon of this sublect here is only sn
iatroduction.

e

sy

A

-




Concerning Exerclaes U-7b, it {s ggain recomuended tiat a!l questions
bLe agsaigned. ‘

Exercises 2-7a (Class Uiscussiun)

(a) A function ia named s step
entirely -7 u aumber »f horizontal pleces,
wental characteristic of this Kind of & functlion.

tfunction 1t itsc graph is made up
This is the funia-

1.

Yes,

(v)
(=)

For sonvenlence L representing the dnta,

Bxercisag 2={L

columns of correspondences, telonging to this “unction,

le (“) Thi. 3
{mp!y that the graph .’ the fun~tion is ualde up completely o' a
nunber of harizonial pleces.
IRN
PO Oumt——
G
=
=
3 T g - Y
-
&
[uh
il . + — $ —
© t 2 3 4 5
' TME {IN ZAYS)
L
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- LU Bk [ N . B By R ML e ™ s rug o

a, {a) {input -+ output
Exampleg:
2 =10 1g = 16 23 - o2
\ g ~ 10 13 16 2l oo
3 2
1 = 10 2 o~ 16 af - 22
(v)
¢
-]
10
- ]
L,qﬂ,
7] E———
§ 20
(%] .
E } On—
L é 10 peememsnemy
]
- +- + + -+ P
1 2 3 4 fy 6 .
' TIME (1N HOURS) 3
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e (a) 50 1 n belwmgs to {1, 2, 3, ..., .0}
£ 1n -
90 ¢+ 4(n - '0) if n belongs to (11, 12, 13, «s.}.
{r)
,.1'\_1_ dd ‘ | Jf %
i pal 20
L
(0,0, 3
-1 +
—4)<~~1
t—4 ++ ?—-’«

0 b dede e -+
-4+ -+ ﬁb—--*l---ﬂr —1} 3 - ,.‘
4] i t
r - >—+- -4 —r
2 B _,T*c Y BT EREEY AT Snary: BT
L e e g oy oy
R et
(a) (ry {¢) 8
{a) 0 ani !
{v)y 1
(e} =1, i =%ty 8ot 23 -8ely

The fngputs, 4 and 19,

appear {n dmwing

1k

_.—L—w]—d——-l» 11T
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Buggeated Test Itemo

Muitiple Chol =
l.

by

'

- x7C
N\

Tlentify the graph which dves mot represent 8 function,

b

1 | |
‘ {A) (B) (c)
Ve ¥ ¥

(n) (E) (F) S

Iienti'y the i{agma which joes not represent & function,

(c)

Wi




3. Identify the diagmams vhich represent functious. -
’

"5

B = ]

(a)

k. Each of the diagrams below shows a correspondence, Identify the
diagmm that represents & function and which will still do so if the
carregpondence {8 reversed.

(8) (c)

Completion
1. A function is & specinl kind of .

2. A function whose output value s the same for each input value in
$ the set of inputs s said to de s function.

b 3. The perimeter (p) of a square 15 four times the length of one
sitde (s},

{a) Bxpress this function bty a formla.

{v) Express this functiom, using the arrow notatiom.

188
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(c) Write & mathematical sentence which describes the met of
aceeptable {nputs for this functiom.

(d) An fnput of 9 detemines an output of .

(e) An output of 2 results from an input of .
k., Two numbers are co related that one is five times the other.

(s) Does this statement describe a function?

(b) Iame the input with a letter,

{(c) Name the ocutput.

(d) Write the arrow notaticn indicating this relationship.

(e) If the input 1s 7, what is the output?

“e Given the function, f, described by t : x ~3x ¢ 2, find the
osutput corresponding to each input in the table below.

Input: «x oli1]2({3]l 451617

OQutput: ix + 2

6. {a) The velocity (cpeed) of a failing body can be found by using the
formula v = 30t. BExpress this function by using arrow notation,
ani name the tuanction f.

{b) 1In the formuia v = 3?t, which letter refers to the set of
inpute of the function?

(c) The rformula v = 37t informe us that an input of 10 produces
ag output of , &nd an ocutput of 256 must have been
produced by an input of .

.{1) VWrite n mathemntical sentence indicating scceptable inputs for
the formulsa v = ¥,

194
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T. The graph below represents & function.

-+ .
) 7
-y
L
3
2
1
— g
i por - = _1— 0 3 T—ﬁq—ﬂ»—x
T
“Y
L~ &
From the graph, complete
~3 the table below,
oL Input Qutput
- (B) “2
t (B =
-4 by e (e) 2
N (4) :
(e) 2
() What wili be the output tor an input of a?

{g) Descrite this function ueing arvow notation.




8. The graph below represents a functiom.

{ t

|

"

1=

i

1

(a) What nawe is given tv & function that has a graph as is pictured
atove?

(v) From the graph, fil1 in the following table. .

Input 3720 |7y -

S I
-
&
%
N,
P3f—

Output 01111




9. The graph below.represents a function.

}

1 ~

301kloc 60«- co 0 \
0 —t T B—Kn—’
- N j N

() Tis 1s the graph of &

function,

(v) Hov far mmst you shift any ome section of this graph to rit

the pext section of the graph? units
10. The graph below represents a function.
!#
13
-— . X
0 T 2 3 L 5 6 7 8 9
(a) This 1s the graph of a function,
(b) How far mwst you shift any one section of this graph to it
the next section of the graph? units
Probless
1. Bach stateme.t below specifies a correspondence, Sowe specify

functions, some do not. For each statement that specifies & function,
use arrov notation to shov the input and the corresponding sutput.

Bmmple: Associate with each article in a store {ts selling
price. g : article — price of article

(a) Associate with & father his four children,

(b) Associate with each student in this mthematics class, vho took
the test, his or her letter grade on the last test.

o2



-':“}1%
L4

~{e) Associate with each legal driver in the state of California
his or her drivers license number,

(4) Asscciate with each ordered pair (x,y) on & coordinate plane
the corresponding point P.

(e} :asoeciste with each non-negative integer (vhole mumber) a
poeitive integer {counting number) of equal value.

* Beverse the correspondence in each of the statements above, and for
each nev astatewent that specifies & function use arrow notation to
show the input and ihs corresponding output,

(a)
(v)
(c)
(1)
(e)

2. For the correspondences shown in each table below, answer the
following questions,

(1) 1Is this correspondence s functionf

(2) 1Is the reversed correspoudence a function?

{a) Inpm—ﬁ-b 2{o0ol2f 4] 6

output § o | 1| 4] 9] 16 |2

() [ Toput J-1 0] 1]2] %] 6
output [-1 | o] 1] 2| &) 6

ow
n
o
n
o

(c) Input IIB
outpt [ -1 [-2[ o] 2] 4] 6

3. In the formula h-%dz,

h 16 the distance sbove the ground (messured in feet) and
4 18 the approximate distance to the horizon (measured 1n miles).

Thus, if & person wishes to see s distance of 4 miles over level
ground, he wust he h feet above the ground.

193




(a) Write this relationship as a function, ueing the arrow notation.

; (b) Wmat 1s the height of a lighthouse from whose top the horizom
is & distance of 24 wmiles?

(c) Wuat is the height of a balloon if the distance to the borizon
s 48 miles?

{1) By vhat number wms the height multiplied when the distance to
the horizon was doubled in questions (b) and (c)?

K, {(a) Represent the identity fumction in arrow notation.

{v) Druw the graph of this function.

| Y
!

S. Drav the gmph of the finction, f, described by f : x — 73,

,
L4
%
)
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6.

7.

Drav the gragh of the function, g, dascribed by g : x +3, x <0,

H 11

\

Drsv the graph of the function, h, described by
h:x~—+2x, 0<xx2,

A functfon is expressed as f : x +2x +1, x>0,

() Fi11 in the following table for this it..ctiom.

Input: x o 1 2 3 b |5

Output: 2x + 3

1%

&




9.

(b) Draw the my that is the graph of this function.

First class postage costs 6&f per ounce. For each additional
ounce, or part of an ounce, another 6¢f 1s charged.

(a) What kind of function i represented heref

(b) Drav & graph of this function for first class wail from O to
6 ounces inclusive.

4




S

10.,

A dress manufacturer has several bolts of cloth of standard width.
In order to make & certain type of dress it {s necessary to cut
three~yard lengthe from these btolts. The correspondence between the
length of & boit and the number of three-yard lengths thmt may be
cut from it is a function, The set of inputs consists of the boit
lengths and the set of ontputs consists of the number of three-yard
{engths obtained, Drawv & gmaph of this funcetion,

3 = |YARL

o

1
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11, A circulating librery charges 25 cents for the firet 3 m.nh
5 cents for each additional day for reating & certain type of book.

(a) Represent this relationship as a function using the arrow
notation,

(t) Drmv & graph of tails functism,

I

’_

12, mhhle belov shows the first tem scores-(based - 100 points)
earned Yy & student {n & wathemstics class.

Input: test namder| 1] 2] 3} & 5] 6} 7] 81 9110
Output: test score| 90|80 |8 |70]B80|75]|85{60]90]85

(a) ° Bxpress the "test score” function by using arrov notation.

(b) If we were tc reverse the correspondence shown in the table,
would we still have a function?

18
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ERIC

Aruitoxt provided by Eic:

1 3.

(c) On the coordinate syatem below, drav the graph of the "test score"

function.
-«LT L{
P
- 7
- 1 F134¢ 1 10 T
N

(4) The class average for these ten tests was 7. Drav the graph
of £t~ -+7% x>0, but use the same coordinate system on
which you drev the "test score” function.

(¢) Bxplain why it {s not necessary to computc this stulent®s aversge
score {n orler to {etermine whether his average score was above
or below the Tlags Rverage goore.

() wWas thia stulent®s average score above or below the class
avemge?

Insurance companies are interestoed in letting pecple know the stopping
distance of a car traveling at different speeds. If the i{nput

{o thr moasure of the speed in miles per hour, gnd the output is

the meagsure of the stopping ilstance in feet, the function is
~Xpregaed by the rollowing tatie:

Input: Speed 10 |20 30 ko | -0 6o
OQutput: topping Distance Wk 78 |12k | 180 | 246
e SUDID A - 4 - .




(s) Plot these points on the coordinate system below, and draw a

(v)
(c)

(4)

smooth curve through all these points,

i

&0192'0301;0506{'70*
T

Is the graph of this function a line?

Accordiag to your gmph, what distance (approximately) is
needed for a ear to stop if:

its speed 13 25 wmpht

its speed 1s 37 wpht?

its speed 18 k% wpht
Gpeeding automobiles often cause accidents. After such an
sccident, a policewan or insumnce company representative may
try to determine hov feet a car was traveling by measuring the
length of the skid marks., How fast may he assume that the csr

vas traveling {f the skid marks were measured to be 200 feet?
60 feet?

‘x‘ul



Answers to Suggested Test Itews

Multiple Choice
L. B

2. c

3. B, €

k. c
Completion

le Correspondence or association
2. Constant
32 (a) Peuls
(b) £ :8—=bs
(¢) s>0
(4) 136
(e) 3
k. (a) Yes
{(b) n (any letter will do)
(c) “n

(d) £ :a-5n

(e) 3%
Se Input: ofj11]2 3 § 5 6 T
Qutput: 3x + 2 2 b 8 11 1k 17 201 23

6. (a) £ : ¢t 232t
(b) t
(c) 320, 8

(4) t>o0

201
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Te

9. -

10.

€Y)
()

(c)
(4)

(e)

(r)
(e)
(a)
(v)

()
(v)
(a)

" (b)

+ Problems

1.

(a)
(v)
(c)
(a)
(=)

Input Qutput
-2 -1
- -t
1 ()
Q0 0
1
1 2
a 1
1
58

Step function
0<acx<!1
l1<b<2
/1<c<2
yral
Input 3 |-225 [-12]a|v]clst|s]s2
. 2 PO I
Output § -3 -3 2 (oj1]1{k 514
Pertiodic
6.28 eee units (’1:@.’ 2‘ \mitﬂ)
Periodic
3 units

not a function

student — grade of student

driver — drivers license number

(‘p)’) - P

not & function




2.

3.

b,

(a)
(v)
(e}
(a)
(e)

ohilda -+ father of child

not a fimction

drivers license mmber -+ driver

P - (xy)

poaitive integer -+ non-negative integer

(a1) Yes (a2) Yes
(bl) Yes (x2) Yes

{c1) %o (c2) Yes .

(a)
(v)
(c)
(a)
(a)

(v)

£f:4 -e%dz, 4>0
384 feet

1536 feet

A

I :x =x

g

203
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3.

6.

Te

9

—o

5

&

n

L

-



11

51719

3

i

LR

1

LR

Output: 2x + 1

(u)

i

|

123 b9 67 891011

(v)

Rau

(a) A step function

(v)

9.

(3n

B I L TP

/2‘ Y]




10.

11.

A

s rannf
H
- g
- ¥ 01z 1h 16
4 L] Lot (1§ YARDS)

LI L

25 if 0<n<3.

{8y f:n -

(v)

25 +5(n-3) 1f a>3,

e

]

= ;\.1 S\

ik

S )

T Hvﬂkjlll

Kote:

\j ] v A T

It is possidble to interpret the probleam such that the
arrov notation for the function is,



P

25 if n belongs to (1, 2, 3)
f:n -
25 + 5(n - 3’ 1f a hlm to (h’ 5’ 6’ -n-)

Of course, the graph nov differs from that shown above,

12. {a) £ : test oumber -+ test score
(v) R
{(c) anmd Sd)J

2 k6 8 10

( ]

i LR

(e) We merely have to examine the gmph of the "test score" function
vith reference to the graph of f : x 275, x> 0. We can
determine, visually, how the sum of the distances of each point
sbove f, to f, compares with the gum of the distances of
esch point below f, to T,

(f) Obviously, above the class aversge.




.........

o

o

13. (a)

% -
i

4

0 10 20 30 W 50 60 70

hiad 4 U
+ TT T T T T 17T 11

(v) B

(¢} 25 -+ 60 (approximately)
37 -+ 105 (approximately)
b5 - 150 (approximstely)

(d4) (approximately) 53 - 200
(approximately) 25 - 60




TEAR OUT SHERY

Exarciges 2-1a (Claas Discussion)
1. Complete the following table. Show your work below.

Distance traveled = 50 mi. per hr. X no. hre. traveled

4 = 50t
[(tine (distance

in hrs.) in miles)

input output
: ' Chd MEWYORY C(TY
0 0 o miEs
1 50 t
2
3
L
i) 20

Show work here:
q = ¢

If ¢t=0Q, then d=50{0)=s 0
Ir t =1, then «1-5“1): 0

If ¢t=2, then d =

Ir t =3, then d =
Ir tﬁkp then d =

If t«f, then d = 50X%) = 250




TRAR OUT SEEET

Bxercises 2-1b (Class Discussion)

(time) (dsstance) | average 1. Complete the work
' t dnhrs, | w/p/hl| total mt, | speed below, then complete
t =1 65 de= 65) 55 the table to the left,
t =2 50 4 = 115 51 %
t =3 20 4« 135
. t =4 60 de__ )
o .

Find distance:

During Ist hr. he drove 65 miles.
During 2nd hr. he drove 50 mi., for & total distance of 65 + 50 = 115 mds.
During 3rm hr, he drove 20 mi, for a total distance of 119 + 20 = 135 wud,

During 4th hr. he drove 60 mi. for s total distance of

During »th hr. he 1rove 55 mi, for e total distance of

Find average speed:

kot pess « dltance

At the end of 1 hr., average speed -% = 65 l/p/h.
At the end of 2 br,, average spued = 222 = 5T n/p/h.
At the end of 3 hr., average speed » __ = __ w/p/h.
At the end of 4 hr,, average speed c __ = ___ w/p/h.

At the end of 5 hr,, averuge speed = __ = __ m/p/h,

210
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P
-]

L1 11111

el A AN - )

)|

1 1.1

3K

2,

Fill in this table
from the greph:

Bobfa Jahn'o!
Year age | age

1950 8 -

L ]

(1 )

1951 1

1952

1953

1954

1955

1956
1957

1958

1959

' ol

<

3.

3%

.L"x%x‘ps:1 1555 1955 1957 19581959 19%

(a)
(v)
(e)

(a)
(e)

Can Bob and John ever be the same age?
W¥as Bod ever twice the age of John?
Wag Bod ever three times the age of John¥y

¥aw Bob ever five times the age of John?

1960

From this table
answer the questions
belov,

If so, when?

If so, when?

If so, vhent

¥Was Bob ever nine times the age of John? If so, vhen?
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Exercises 2-2

Follow tho probless in your text, and 111 in this table.

3.

le

~{nv, seconds)

Lt = Q o 1 1-‘)

3.5

{no. ft. object
falls)

4. o | & 36

100

196

di{stance object
falle each Y
halfr-gsecond

1if'ference
between distance
fallen each
half=gacond

This space is for your work.

Ir
Ir
If

Ir

Ir

Ir
If

Ir

t

tel, dw

«0, d = 16(0)° » 16,0 = 0
o, & = 160,50 = 16(.25) = &

15, d = 16(1.5) = 16(2.25) = 36
2,4«

2,5, 4 = 16{(2.5)° = 16(6.25) « 100
3, d+=

3.9, 4 = 16(3.5)° = 16(12,25) « 196
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Sty gentto Text

Chapter 3

IRFORMAL ALGORITHNG AND FLOW CHARTS

31, Changing s Flat Tire

You have experienced many times the need to foliow instructions in
order t0 cArry out some process successfully. For example, putting together
a sodel airplane, rollowing a recipe, playing & nev game, complying with the
rules af conduct set down by your parents, are all instances vhere {t o
necessary to follow inctructions {n order to carry out & process.

Definftion. A 1ist of instructions for cariying out some process

gtep by step i cailed an slgorithm.

Moot processes can be represented as algorithms in many different
vays, Here ic one algorithm for changing a flat tire,

Algorithn for Changing a Flat Tire

le Jack up the car.

Je Unscrew the (ugs.
3« Remove the wheel,
L, Put on the spare,
e Screw on the lugs.
fie Jack the car down.

You my feel that we have not put enocugh steps into our algorithm. We
have not considercd getting the equipment out of the trunk, placing the Jack,
removing the hub-caps, loosening the lugo before jacking up the car, etc.
These are good ob jections. OJtill, our Iist 15 good enough for gettiing
across the fdea of an algorithm, When we get to the stage of writing
algorithms for msthematical processes we will have to be much more precise.

A flow chart is a dimgmm for picturing an.algorithm, We will give
a flow chart for our lat tine slgorithe and then explain {t.

Ol
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¥

1
. | Jack up the car | e

2
[ Unscrew the lusﬂ

| Remove the vmlj]

I
¥ | Put on the apare |

3
[_8crev on the lugs|

6
[ Jack the cer down]

=)

Flgure 1. First flov chart for a flat tire.

In this flow chart, as in most, ve see

& - e

We also obsarve in our flow chart that each instruction is enclosed
in & frame or box. A little lster on we will see that the shape of the
frame tells us vhat kind of instruction appears inside. Commands to take
some action are writte: in rectangulser frames.

[ J




In Figure 1 all instructions are of this form, so they &ll have
rectangular frases.

To carry out the process shown i a flow chart wve go to START, follow
the arrov to the firat "box" amd carry out the instruction given there, then
fo'low the arrovw to the noxt box, etce.

After drawing & flov chart we always 100k to see whether we can isprove
it. In the flat tire algoritim we forgot to check whether the spare vas flst.
Drivers seldoa think at a service station to check the air in the spare tire,
and somstiges 1t 18 flat when it is peeded.

If the spare is rlat then we certainly do not want to go to all the
trouble of changing the tire. Instead we should call & gamge., To make this
decision we introduce 8 new kind of fmame into our flov chart. The frame {8

C )

Inside this frame we find a statement on vhich we make a decision.

‘ The spare tire is fl.at)

We have two exits from this box, one labeled T (true) and the - - - labeled
F (false), After checking vhether the statement 1s true or false, we leave
the box at the correspanding exit and go or to the next box.

__L(The spare tire ic ﬂnf)r—

[Change the tire ] {call s garsge |

Such an oval box is called a decision box. Whem we put this flow
chart fmagment into our flat tire flow chart of Figure 1 we obtain the
flow chart of Figure 2.



Figure 2, Second flow chart for changing a flat tire.

' There 1s still one wmore isprovement we would like to meke on our flow
chart, Let us look at box 2 im our flow chaert.

{2

| tnecrev the lugs {

Actually this stands for a mummber of tasks, or rsther the repeating of the
sawe task. Since this automobile wheel has five lugs, one way of showing this
is to mave five frames.
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[Uhsmwalug]

| Unscrew a lug |

| Unscrev s lug |

}
! Unscrew s lug |

[ Unscrev 8 lug ]

This {s correct but we can simplify this diagram by introducing a loop.

rlmscm a lugJ

We gee that vhen we leave this box we are sent right back to repeat the task,
The trouble with this 1des as that we have no way of getting out of the loop
to the next task. ¥e are caught in an endless loop. We can correct this

situation by placing a decision box in our flow chart as shown in the figure
below.

8
{Unscrev & lug]

9
—FGH the lugs have dbeen unacrevedj
T

We get our_fins! flow chart for changing a flat tire (Figure 3) by
roplacing box 2 by boxes 8 and 9 and making & s{milar replacement for
box 5-
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7

&

0

@he spare tire is flat )

iy

¥

3
{ Jack up the car|

8
| unscrev & hxsj

9
—L(Aut.helugshueheenmcmng

T

3
[Rmthevheel_]

L
LPut on the spnreJ

10
[ Serev on & lug ]

11

—{(All the lugs have been screved on)

L
| Jack the car down |

|ca11 s

garage |

C

Flgure 3

~
"
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Exercises 3-1
(Class Discussion)

1, Mark's fatherfs favorite breakfast consisted of omnge Jjuice, toast,
milk, and 1 fried egg (swmyside up) baated in butter, On Fathors?
Day, Mark decided he would surprise his father by cookimg breakfast
for him but didn®t know how to fry the egg. Mark?s older sister {who
was & computer programmser) constructed a flow chart showing Mark how
to fry an egg the way their father 1iked it cooked.

To start, Mark®s sister listed the basic processes needed to cook
an egg.

1le Place frying pan on bumer.

2. Set heat under frying pan to medium-low,

3. Put butter in pan.

L. Bresk egg into frying pan.

5. Baste egg with melted butter.

6. Serve egg to Dad,

(s) Construct the first flow chart for frying an egg. (See Figure 1,
page 2.)

{v) It is slways possible that the family may be out of tutter or
eggs. Change your flov chart to account for this possibility by
inserting a decision box in the correct place with the statement
"We have both butter and eggs.”

(c) As there are two exits from a decision box, one labeled T (true)
and one labeled ¥ (false), the sister decided that if they were
out of butter or eggs Mark®s father would be served cold cereal.
Change your flow chart to take account of this possibility.

{d) Before breaking an egg into the frying pan the dutter should be
melted. Insert a decision box with the statement, "the butter
has melted”, into the flow chart.

(e) 1Ir it 18 T (true) that the butter has welted, the next step
would be to "break the egg into the frying pan®, If the statement
1s P (false) then Mark must "wait # wminute”., Using e loop and
& rectangular box, change your flow chart to account for this
possibility.
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(f) To determine vhether the egg s cocked or not, the vhite should
not be transparent. If it is transparent, then more basting 1s
needed, Changs your flov chart by putting in & decision box, and
loop, with the statcment "the egg white is trensparent”,

With this last change, we get our rinal flov chart for frying an egg,

3-2. Algorithms, Flov Charts, and Computers |

First you should know that our study of algorithms and flow charta is
inapired by computers. Basically a computer does arithmetic: it can add, 1t
can subtract, it can multiply, it can diride. The cosputer can perform these
operations very rapidly, In fact, the computer can do millions of these
arithmetic operations in & single second. By cowbining a vast number of
simple arithmetical calculstions a computer can solve in less than a minute
a problen vhich might require weeks of hand computations. In an hour it can
handle & problem needing years of tand computations,

The computar®s great speed in perrorming an arithmetic opemation would
Le of little value 1if after each of these calculations we had to stop and
give the {nstruction ss to what to do next. The time required to give the
couputer its millions of instructions would mke it iwpossible for the
computer to reduce computing time by much more than half. The secret (s
that all the {nstructions ere put into the computer at the begimning of the
problem go that the computer can get at these instructions using the same
kind of spead which it uses on its arithmetic operations.

8t11]1, 1f the computer is to perform miilions of operstions, will this
require uillions of instructions? Surely these would require an enormous
amount of time to prepare. The snever 18 that as few 8s ten or twenty actusl
instructions may be used to tell the computer to make millions of calculations,
The secret here iies in algorithms involving repetition. On a sml} scale wve
have met this ides im our flat tire algoritim in the preceding section when
we introducel the loop in the flow chart. We peased through this loop several
times before leaving it to pertform asnother task. The instructions given a
computer are in the form of algorithms, {nvolving much looping, so that &
small number of Instructions can result {n & large mmber of operations.
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The

first task in preparing a problem for & cosputer is to construct an

‘algorithm for the problem. Usually it i{s not possible to see {n advance just
emctly vhat the cogputer will do &t each step. We do knov that if the
fastructions are followed the correct answer will be cbtained. It may seem

O

aifficule

to understand how we can give instructions for solving a problem

but not know in advance what steps will be taken. The following exercises
will {llustmte.this., . A -

Exercigses 3-2a

{Class Discussion)

1. Suppose & hiker is lost {n the woods without & mp or & compRss. We

will sssume for simpliicity that the man has found a river or stream,
We want to construct an salgorithm that will help the hiker find his

wy
an-d

the

(a)

(v)

(c)

{4)

{e)

(r)

(e)

RIC

Aruitoxt provided by Eic:

hack to civilization so that he does not wander around aimleasly
never find 8 town. {We will assume that &1l rivers flow towari
cem. )

After the hiker has found a river what is the first command that
you would glive him?

Ir the hiker :ollows the river and comes to & town, then what
command would you give him in the salgorithm?

What would you instruct the hiker to do if the river flows into
another river?

WVhat would you instruct the hiker to do if the river flows into
8 1ake?

What would you instruct the hiker to do if he comes to & river
that flows put of the lake?

What would you instruct the hiker to do {f the river flows Into
the sea?

Compare your answers with the following flow chart.




another river ,?——1

T \T
(!uumto-th

-

3

{ i0u come to

8 body of water

L

Follow the shorelins of the body of
wvater with the weter on your left

F

CE

come to

-——J-t,m

8 river

The river flows out of

the body of

water

Figure &,

Lost in the woods,

b,

|




As you can see, sven though ve have no fdea what path the lost hiker
will sctuaslly travel in following our flov chart, wve believe that this flovw
atart will finally lead his back to civilizatios.

Of course, there are many differest algorithus that could be constructed
which would also lead the hiker back to civilization. Notice that in two of
our decision boxes the exits are labeled with words rether than T or F,
Also motice that the "body of water” referred to can be either the gea ora
1ake,

Bxorcises 3-2b
1. ‘Tvo parties of munters (A, B, C, D in one party, sand X, Y in the
other) on Gull Island became ceparated during the hurricane of 196k,
Their positions after the storm are shown on the map in Figure 3. fach
followed the flow chart of Figure 4 to find his vay back to civilization,

(a) For each hunter give the tovn he finally reached.
(b) List the hunters in the order of the distance they traveled.
{c) Which hunters from different parties Feached the same tovn?

(4) Which hunters from the same party arrived at towns that are the
farthest apart?
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Figure *.
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2, In 1768 Gull Island was a haven for pimtes, ani it is cleimed by come
timt buried treasure still exists somewhere on the island. An 2ld
pirates® log book wes found recently which indicated that the trea.ure
vas buried under an old ok tree at the headwaters of some stream on
Gull Island, It is known that there are old oak trees at points
A, B,C, D, E, F, X, sand Y whose pusitions are shown on the myp on

- the preceding puge. The {notructions given ig the log buok sre chowm
in the following flow chart, Figure ¢. Find the point where the trescure
hunters should dig for the tressure,

Go to the mouth of
one of the rivers

Follow the river
upst ream

S -1

wWalk around the

leke, keeping the
lake on your right, Y°§ ;2: to
until you come to

8 river F

Follow
You come to & fork \T the right b
in the river fork

i . F

You &ome to an old oek tree at \ F
the headvaterc of s river /

T

Figure 6

ERIC . | s
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3-3. Assignment and Varisbleo
In computing work & variable is a letter used to represent a& number,
You bave seen exauples of letters used in this wvay in such formulas As

A= L'“.

vhere [ and W stand for the length and vidth of & rectangle and A
reprasents its ares, As ancther example we have the formuls

Wa=ReT

for computing wages. Here, R staads for the hourly mte of pay of s worker
in dollars, T for the time worked im hours, and W for his wages in dollars.

In computing work, st say particular time, & variable must represent
one definite mmber. This number {s called the yalue of the varisble. Al-
though at any particular time each varimble has Just one dsfinfite wlus, the
value sy change from time to time. For exswmple, ve might wisn to use the
formula, W= R.T, to compute the vages of seversl workers who my have
different pay mtes or may work for different periocds of time. Soon we will
develop s flov chart for doing just that,

Before draving this flow chart we will devise & mode] which will show
very clearly how variablea are used in computing.

We immgine that for each warisble used {n our problew there 1s an
associated window box, On top of each box is engreved the associated variable.

Inaide the box is a slip of psper vith the presegt walue (or current yalus)
of the variable written on ft. The variable is & name for the number that

appears inside. .

9 7

Figure 7, Nemory

Each box tms & 11d vhich may be opened when we wish to assign a nev
value to the wariable. HEach box has & vindov in the -side 50 that wve may
reed the value of the variable without changing the value. These window
boxes make up the memory of our computer,



Yo {mmgine that the computing operation i performed by & "master
cocputer” and two asgictants called the "ascigoer" and the “reader”., (Ina
real computer their tasks are performed by eloctricsl circuits.) The saster
coxputar receives his instructions from a flov chart and gives certain tasks
to the sssistants.

r

Supposs we wish to have & worker's wages cosputed using the formuls

- -

H-R'Tc

The {nstruction to cospute the valus of W will come to the wmister computer
in the folloving flov chart box.

Inaide this bdox ve find an pssignmen: statement. To read this statement alowd

ve say,
"Assign to W the value of ReT,"

The left pointing arrow is called the assigmment operstor. This
arrov i{s to be thought of as an order o~ s commund, Rectangular flov chart
boxes will always contain spsignment statements. Such & rectangular box is
thersfore called an assignment box.

Rext, we shall see vhat happens vhen the mmster computer receives such
an instruction. We shall asgume that R and T (but not W) -.imiy have
the desired walues, say those shown in Pigure 7, (How they obtained these
values vill be discussed later on.)

The computation called for in the assignwent statement occurs on the
right-hand s{de of the arrov, so the msater cowputer looks there first,

He seos that he must know the values of R and T. 8o, he calls the reader
and sends him out to bring these values from the mewory,




The reader goes to the memory and finds the window boxes lateleid R
ani T. He reads the values of these vari, ‘les through the windows,

@) : 7

writes the valuce down, ani takes tiem tack tu the master computer.

The master computer computes the value of K« T using the values of
R ani T brought ¢- nim by the r-eder. He gets the value 94 ¢ar R - T,

Row the master computer 'ooks &t the left-hand slie of the arrow in

his instruction.

t_h’}h«— ReT

He nees that he must ascign the computed value of Re T, namely b, to
the variable W. Jo he writes ".4" on a slip of paper, calls the assigner,
aad tells him to asuign tnis vRlue to the variable VW,

ERIC
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The assigner goes to the memory, finds the window box labteled W, and
dugps out {ts contents.

Then he puts the slip of paper with the nevw value in the box, closes
the 144, ani returms to the master computer for & new task.

(1 J /

We cay that assignment 1s destructive becguge it destroys the former
value of the variable, Reading is nondestructive because this preocess in no
vay changes the values of any of the variables in the memory.

Check Your Reading

le In computing work what is a variable?

2 What will you alwmys find {nside an scsignment box?

3. , The 1eft pointing arrow {8 to be thought of as an or 8 .
L, Why do we say assignment {s destructive?

fre Why do we say reading is nondestructive?

.
Jded

ERIC 2,
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Bxercises 3-3a
{Class Discussion)

1. (a) fhe starting (or initiml) values of B and € are given in the
table below. Fill in the values of these variables after carrying
out the instruction in the assignment box on the right.

starting values 9 L B &— ¢

final values

(L) Inmstructions the same as in psrt (a).

starting values 9 4 C ¢— B

final values

(¢) 1If we compare the values of B and C after either of the
assignment statements

B &~ ¢ or ¢ &- B,

what do we find?
(d) Are the effects of the sssigmment statements

B & ¢ and C & B

the seme or different? Wwhy?

230
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2. (s} The starting values of A, B, and C are given in the table.
The tvo sssignments on the right are to be performed in the
{ndicated order., Fill in the values in the table.

A B c 1
A &— B
starting values 9 |11 |13
' values after first
assignment lB ¢ U
final vmlues
(v) Instructions the ssme as in part (a).
A B c 1
B & ¢
starting values 9 111 |13
values after first A &— B
assignment
final valuen

(¢) In whet vay are the instructions in the sssignment boxes of parts
(s) and (b) the same?

(4) In whst way are they different?

(e) Does the order in which two sssignnént statements sre carried out
affect the fingl result?
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Exercises 3-3b

Compute the values of V and A according to the two assignments
on the right for each set of values of L, W, and H given in the table
below,

L W H v A
VeLeWeH
1. 7 3 2
?_. 8 5-‘) )
A «2e[(LeW) +(W-H) + (H-1)]
3. 1 9 / -
L, 2 2.3 | b6 ]

3-4. Input snd Qutput
In the previous section the master computer was instructed to perfom
the following ascignment:

W & R-.T

The values of K and T at the time were 2 and 27. The task was performed
vith the recult that the memory looked like this:

-, : >

The decired value of W ic riow stored in the computer's memory. Next we
vant the computer to produce the answer so we csn see it. This vill require

an instruction to the master computer to print out or output the snswer, While
we are about it we may ns well hnve the computer print the values of R and T
along with the vnlue of W. In this way, in case we have to compute the weges

for severnl workers we wlll know which wager go with which walues of R and T.



. Qur lostruction io the maater computer to output the values of B,
T, and W takes this form:

We see that wve have & nev shape of flow chart box. Insi{de the tox, separated
by comsas, sre the variables whose values we wish to kmow. This box is
called an output box. When the master computer receives this instruction

he sends the reader to bring to him the vAlues of these variables. When

the reader returns with these values the mester computer types them out f{or
us to see {n the same order as they are listed in the output box.

The shape chosen for our output box suggests & page torn off a line
printer, one of the wost common computer output devices.

Figure 3. Output from line printer

In Figure 8 we see how the output data for ocur problem might look if printed
by & line printer.

Putting our two flow chart toxes together {n the proper orier we now
have:

W é— R-T R, T, W

We potice that the actual numbers, the veiues of the variables being cutput,
do not appear in our rl.w chart,

233
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Now we give our sttention to how the verisbles R and T get their
values. Remember that ve are making a flow chart for finding the wvages of a
waorker whose hourly rete of pay and hours worked are glven. The rate of pay
and hours worked must be read in as input from outside the machine. Just as
the actual output values of our varisbles do not sppear in our flow chart,
neither do the {aput values of our variables.

Instead, the master computer will be given an instruction to take whatever
values are supplied from outside the machine and e@ssign these values to R
and T. This lostruction will take the form:

R, T

The shape of this bax is supposed to cuggest n punched dsta card of the type
shown below,

] a
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You may have geen such cards and referred to them as "IEM cards". We will
enll them pumeh cais or "Hollerith cerds” aftsr Ferman Follerith vho {nvented
them in the late 1 /th century. The holes punched in the card are g apecial
code for the numbers printed directly 1bove them,

When we see an [pput box llke

R, T
—_ ]

we know there will Le 8 stack of punch cards, each enrd having two
numbers printed on {¢. When the master computer receives the Instruction

:‘j“

o 2‘

RIC -
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R, T he resds the firat card in the stack. He then gives the

values printed on thic card ta the assigner t2 he assigned reapectively to

R sad. T. The cari which wves read is removed from the stack.

Before proceeding to the next part of flow charting, let us review the
{ieas stulled thus Tar. We have discussed fuur kinds of flow chart boxes,

The assignment box. This btox i3 rectangular in chape and alwvays con~

On the left~hani side of this arrov we ajivays fini a single variable. On

tains an arrow pointing left,

the right-heni side of the arrow we Iini an arithuetic expression, The

asgignuent tox ic & command tol

(1) reai from the vomputer®s memory (winiov boxes) the values of

any variables oncurring to the right of the arrov;

(2) using these values 'or the variables, compute the value of the

expression on the right of the arrow;
(:). assign this value to the varislle un the lert of the arrov (+hat

{s, put this value in the sssoristed vindow box).

The jecision box. This tox is oval in shape and slweys has two
exits, one lateled T {true) ani the other labeledi F {ralse}.

(The spare tire is ﬁ‘lst}-f*——-
T

The iewisim btox always containg a statement insteai 0o &n instruction.

Afte - ~herking whether the statement is true or false, we leave the box st

th.. ~orrespunding exi' sndi go on t2 the next activity.

The sutput box. This box is shaped like & sheet Of paper tom off a

liar printer.

L, %, F, D

Q D
ERIC <7
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Inside the box we rind & single varisble or a list of varisbles sepammted

by comms. No computation takes place in an output step, The output box
18 a command to:

(1) read the value 2f each 1iated variable rrom {ts window box;

(2) print out these values i{n the order listed.

The input Lox, This tox is staped 1ike & punch card,

( A, Q, B

Incide the box we ¢ind a single variable or @ list of varisbles separsted

by commac. Ko computation takes place in an input 8tep. The input box
is a ~ommand to:

(1) reai, for each Jinted variable, & value supplied from outside
tre -omputer;

(') assign these values in order to the varisbles in the 11st,

We note that ausignment is called Yor in an input box as well as in
an assignment bux, The tference ig that: 1n an sssignment box, the
asaignel values are sbtained frog calrulations done inside the computer using

values uttained from inside the computer; but in an input box, no computation
is invuivet! anl the values come from outside the computer,

RIC
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Exercises 3-la

(Class Discussion)

1. Which of the following are valid input boxes? If not valid, tell wiye.

(e) ( A,B,C,D,E,F

(s) ( Y

(v) ( A+2 (£) (HXA
() ( 5 (g) (A — 7
(a) (

A,B,C

2. Which of the following are valid output boxes? If not vslid, tell why.

(a) Z, X () y
() | z+x () L./A/e"
(¢) b4 (g) | P,R,I,N,T

{4) 13
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3. (a) wnat do you think would happen 1f we had an {nput box Iike this:

LA,B.A )

(b) Suppose that the punch card to be read ig:

What values would be in the wemory after the card has been reai?

k. (n) What {2 you ouppose thar the computer would print out or an
Jutput hox 1ike thics

(k) Cuppose that the computer memory contains the values 19 and
1 for C anl Y, regpectively, What would the ~omputer print

Jutg
‘et Which o the fallowing are vali Asaignment boxes? I not wally,
tell why. ‘

(a) b, B, C j () [2e=a 7] (0 [A B, ¢ ]
{t) LA«-B*CKEJ () Lﬂ— l+l].(‘1) &1—3 or c]
() [ascoa ] (0 [ 2 ] (Ar-Lxw ]
(4) [_n_:_—_*_j (m [a+sBec ] (2 [VeexExE)

ERIC
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Now, let us return to the flow chart for the cosputation of wvages.

s S T

, Figure 9. Flov chart for computing wages.

- -
-

R, T, W

The steps involved in this flow chart, together with the flov chart boxes

vhich call for these actions, are shovn on the following page,
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ACTION

Start.

Co to box 1.

1
Input two numbers and essign ‘
themto R and T. R,T
1
Go to bux 2e l w—-ﬂL
Compute the value of R« T 2
and ascign this velue to W, {v «— R-T|

Go to box 3.

Read the values of R, T, and
¥ asnd output these walues,

Return to box 1 snd repeat the
process vith a nev set of dats
walues.,

ako




You may have noticed that the flov chart, {n Figure 9, provides no
fnstruction to stop. Without such an {nstruction the flow chart would
suggest an "endless loop", We could introduce a decision box before box
so that our flow chart would look like this:

-

START j—t«{ There are more clrds_}—'rf R, T}———{i«_ﬂ‘__lz_}—dﬂ, T, W
F /

We will not ordinarily do this. The -eason is that one of the jobs of the
input box is to stop the computing process whem there Are no more carfs to
te read. Most computers require & specisal card at the end of & data deck
which tells the computer to stop. However, we vwill agree that

I¢ 8 flov ehart arrow carries us into &n
input box and It turns out that there are
no cards left in the stack, then the
computation is to stop.

To help you really understand ascignment and variables we urge you to
act out the osperations of & simple computer that are described in the ¢ollow-
ing Class Activity Exercisces.

Bxerc{gses 3-Lb
(Ciase Activity)
A Simple Computer
The Parts: The Master Computer, The Assigner, and The Reader,

Haterials: Three window boxes {shoe boxes with holes cut in the cide will
40), biackbosrd, chalk, pencils and tvo pads of paper.

Zo prepare for the operation of the computer:
(1) Mark the t_; of one window box with the letter R,
another T, and a third W,

bl

RS El{fC‘ 2" X )
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(2) Put the following inputs on a deck of six cards and put

the output headings on the blackboard,

INFUT OUTEUT
R T R T W

‘ 2,00 27

2.50 5

175 6

2.10 40

2.2% 3

1.% 40

Opersting the computer:

(1)
(2)

{3)

(4)

(1)

(8)

Ench line in the input 1ist represents a punched card,

The Macter Computer should work through the flow chart of
Figure 9.

Atter starting, the Master Computer should read box #1 which
tells him to input values of R and T. He tells the
Assigner, "Pick up the rirst data car’ snd put tne value of
R in the R box and the value of T in the T box."

The Master Computer then reads box #2, He says to the
Reader, "Go read the values of R and T, write them down,
ani bring them hack to me,"

The Master Computer then computes the value of R.T, He
then says to the Assigner, "Teke this value of R.T and
put it in the W box,"

The Master Computer reads box #3 next., He says to the
Reader, "Co to the R, T, and W boxes, write down these
values, and bring them back to me,”

The Master Computer then tells the Assigner to write these
valugs on the board under the appropriate Output headings.

Repeat steps {3) through (8) unti] all dats cards are used.




To more closely pamillel the operation of & computer the Feader ani

the Assigner chould remlly pertform only one task &t & timss. One can otserve

that "reading the value of the variable” is nondestructive and that "assign-

ment” 18 destructive.

Alss as the "simple computer” operstes it {s helptu! to observe the

role of the variatle in computing work. One can see that the variable

represents, at any particular time, one definite number, and that the value.
of the varisble may change from time to time.

ll

O

ERIC
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Exercises 3-Lc

The Mow chart of Figure 9 {s ta be carried out with four sets of
values 2¢ R ani T (four punch caric). The velues on these caris
are founi in the tatle telow:

R 7T
First card 2 27
Second card 2.1% 37
Third camd 1.87 41.75
Fourth card 1.9ks 37.25

{s) Display the output using one card tor each time through the
output box 3,

(v) Game as part {a) but this time round off the weges to the nearest

penny. (K 1is given in dollars per hour and T in hours.)

a3
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2,

3-

The flov chart of Figure 7 is shown in silhouette.

|

Using the dats shown in problem 1, find the values of the varlables R,
T, and W &t each of the following stages:

(4) the second time we arrive st the point marked (D),
(r) the third tize we nrrive at @,
(c) the last time we srrive st (),
(a) the first time we arrive st (9 ,
{e) the first time we arrive at @ .

[Fote: 1In some parts of this question you wiil be unsble to give the
viiluec of some of the varistles. When this happens indicate which
varisblee do not have their vslues determined by the svailable informa-
tiQn-]

The volume, V, of & box {s given by the formula

V’L'U'H.

P>

Drow a 10w chart ror inputting various values of L, W, and ¥,
computing the values of V, and outputting the computed values.

A
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3-5. Using a Variable as a Counter

In the last section we built a flow chart for computing the wages of
esployees. If we drev this flow chart vertically instesd. of horizontally it

looks like this:

W 6&— R-T

If the input data are the following:

then the output values look like this:

2 27 Sk
2.15 39 83f85
1.47 k1,75 T3.072%
1.945 37.25 T2,45125
245 i



We night wish to have our lines of output numbered for casy reference 5o as
tO appear as follows:

1 2 27 5b

2 2.15 39 83.85

3 1.87 .75 T18.0725
N 1.945 37.25  T2.4512%

In order to number the lines of output vwe put an extra variable, vhich we
vill call ¥, 1n our ocutput box.

We would like to make tha variable N take on the values 1, 2, 3, ceey
in order, To do this numbering we place in our flow chart an additiomal
assignmant box.

N e KN+1

To see vhat this instruction means we remember that an assignment
statement is a covmmnd to:

first, look up the values of the variables on the right;

second, using these values compute the value of the expression
on the right;

third, assign this computed value to the weriable o the left.

To see how this works out with the instruction, NN + 1, suppose
that the value of ¥ s 5 before carrying out the instruction. We look
up the walue of N,

L~

2

Window box before
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which 18 5; we compute N + 1, wvhich 15 6; we sssign this value to K.

Az
)

Window bax after

The effect of this instruction, then, is to increase the value of N b 1.

This is just vhat we wvanted, So we place this box in ocur flow chart as
follows:

e §N+1

5
N, R, T, ¥
Figure 10
2kt




1.

2.

3.

Exercises 3-Sa
{Class Discussion)

Trace the pair of data values

through the flow chart in Figure 10.
L3

What is your instruction when you come to the newly added assignment

Is it possible to follow this instruction?

What change in the flow chart must be made so that the instruction

can be followed?

To solve this problem we give the variable "N an "initisl" or

starting value. This must be done Just pnee. Theretore, we put the instruc-

tion in an assigmuent box ocutside the loop, as shown in Figure 1la,



Figure lla Figure 11lb
. In Figure lla, we ascigned the variatle N a starting walue of 0O
I7 we begin with the value 1, {t would be stepped up to

instead of !,
The first line of output would then be

2 in box 4 Yefore any output.

nusttered 7, 8 result which of course we do not want.

Q N
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It {e possible to start K off with the value 1 if we rearmange
the boxes, The flov chart {n Figure 11b achieves the same result as that
in Figure lla, In Figure 11b we step up the value of N after, rether than
before, the cutput step. This probably seemy uwore satursl., However,

Figure 1lla has ths advantage that we can simplify it in the following
mAnter:

Figure 12

Whengvar two Or core asslgnments are called for in succession with no
other steps in between, we will allov all the assignnent stepe to be put
into one flow chart box with the underetanding that these stepa are to be
caxxjed out in onder resding frgm top to bottem,




l.

1.

Exercises 3-Sb

{Class Discussion)

An employer uaing the flow chart of Figure 12 would also like to know
the total amount of his payroll (that is, the total of all the vages
paid). This can be accomplished by introducing s variable P (for
payroll) into our flow chart, HBach time a wvorker's wages are computed,
the valus of P 45 increased by the value of W,

(a) Write the mssignment statement that orders the Master Computer to
increase the value of P by the value of W,

(b) Write the assignment statement that assigns the starting value
of P.

(c) when will P have the iesired value (that is, the sum of all the
vages paii)?

(4) Revise the [1aw chart of Figure 12 to inulude the above features
ani to provide for the cutput of only the fina. value of P,
Hint: you will wvant to use the flov chart box:

1

Qhere are more caris )——F—-—
|
‘

&erciaes 3-5¢c

Ucing the [low chart developed in Class Discussjion Exercises 3-5%,
write the cogplete output for each of the following pairs of input
datat

R 5 T
(s) 2.50 } 32
(v) 3.00 f 38
(e). 3,40 5 22
(1) CTTs I L0
(e) 3.60 2 39



3-6, Decision mai Braaching

In our inform! “flat tire” and “lost in the woods" flow charts we have
seen decision boxes, Mach decision box with its two exits introduces &
branching. Often one or both branches lead into a loop. We have alresdy
noted the {mportance of lsoping for computers.

Ve are ready to consider mathematical flow charts involving decision
Loxes, The statements that appear inside these decision boxes are mathemati-
cal statewents, either equations or inequalities. Some exasples are:

As a simple example of the use of 8 lecision box, suppose that we wish
to {nciude an overtime feature {n our payroll rlov chart. If an employee
receives louble pay tor a!! hours worked over forty, then we need the
following iecinfon btox {n our low chart:

o —— - —— _— - 1 e s —————— ————y
g Proceed as : :canpute wages including!

1
{ tefore : : overtime pay !
_____________ a Pt o . e ome m EE e o -

&

o\

~
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Before procesding with the development of our flow chart we need to

find & foruula for the wvages of an ewployee vhich will include the pay he
receives for working overtime, The following exercises will develop such
& formula atarting with the familiar formula

WemReT

vhere W represents his wages, R hic pay per hour, and T the mumber of

hours worked.

1.

3e

b

Bxerciges 3-fa
(Ciass Discuasion)

If the employee works 40 hours for R dollars sn hour, then write
an exprescion that represents his wages for the 40 hours.

The employee {s paid double the hourly mate when he works overtime,
¥rite an expression representing his mte of pay per hour for over-
time vhere R 48 his regular hourly mate,

If T represents the total number of hours worked, then write an
expression which represents the number of hours of overtime (i.e.,
the number of hours he warks in excess of 4O hours).

Having found the rate of pay for overtime, (Bxercise 2), and the
number of hours of overtime, {Exercise 3), vrite an expression

representing the wages for overtime work,
%

To the regular wvages of the employee we must add his wages for overtime
work, Write an exprescion which represents the total wages of the
employee that includes the pay he receives for working overtime,

By uwing the assignment box

[WeR ko +2.R: (T - 4o)]

wve obtain the following flov ~hart which provides for extra pay for overtimse,
for output of the weekly wsges of any employee, and for the total amount in
the whole payroll.

O
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STOP
3
r ()t
—(7>w0)-
L ‘ 5
We— B.T| Lwe—g-hoq.e-n-(m-hoﬂ
N &— Re+¢1

P & P+V¥W

N, R, T, W

Figure 13, PFlov chert for payroll, including doudble rate for overtime.

o5k




Notfce that there are twvo output boxes {n Figure 13, one for the wages
of the fndividual employes ani one for the total payroll,

Exercises 3-6b
1. Trace through the flov chart of Figure 13 with the {nput given below.
Give the output for emch time through the output box 7, and firally
the output for the total payroll (P), box 8,

First cerd 2.15 39

Third card 1.98 27

Fourth card 2.15 4o

Fifth card 2.26 45

2. If two asssignment statements occur in the same assignment box, give
coniditions under which the two statements wmay be interchanged withouc
changing the values which will be mssigned to sny variables,

255



3. Trace through the rollowing tlow chart and give the output valuec,
In narrying out such a trece you 'should have a pilece o paper on which
to list the output values and a scratch pad on which you keep &
running recori if the latest value assigned to each variable. Esch
time you assign & new value to & variable, crogs out the o!d value
and write down the neu one. The appearance of the output sheet and

the seratch pad are given below for the first three times through the
1o0p.

START OUTFUT
] T S
1 1 1
1
Ne—1 2 3 ke
T.—"l 5 b}

Ne— N +1
Te—T=+2
S e S5 +T

6

ERIC
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Answer these questions about Exercise 3.
{a) Descrive in words the output 1{st of values of N.
(t) Do the same for the 11ist of output values of T.

{~) Bach value in the 1iot of values of S {after the {irst one) ~an
be found bty sdding what other two numbers {n the output 1ic5t?

(1) What instru-tion in the "low chart illustrates your answer to
part (c)?
(e) Can you express the output values of S entirely in terms of

the various output values of T¢

(r) Fil! in the blanks, The result of part (e) can be expressed Ly
*ying that the purpuse of the variable § {8 to keep s running
of the values of _ .

Tracs through the accowpanying {low chart and give the output. Carry
your work tu the stage where N has the value 14,

e

A & ]

B & 0

N & 1

7]
-
+
s .}

Ne— R+1
A &— B

B &— §
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Recall that 25 represents 2 X2 X2 X2 X2 and is equal to 32,
Similarly, EK, K a counting number, represents the product

2 X2 X2 X 4ee X2

where there are K factors all equal to 2. This number is called
the Kth powver of 2, We wvant to make & flow chart to output each
power of two from the first through the 20th. We cannot use an
ingtruction with & string of dots in it and we will not permit the
uge of exponents. The table below will help in figuring out some
correct instructions. (P represents the walue of the Kth power
of 2.)

{(8) How 1s each value of K obtained from the preceding one?
(v) How is each value of P obtained from the preceding one?
{c¢) Fill {n at lemst five more columns in the table.

{4) How make your f'low chart. Be sure to give K and P starting
values and also provide for a stopping mechanism.

This problem is similar to problem €. The number "five factorisl”
is written 51, and means 1 X2 X 3 X4 X5 which {s equal to 120,
Similarly, if K {s & counting nuwber, then K! is defined as

1x2X3x4kx,..XK,

that 18, the product of all counting nusbers from 1 through X,
As in problem 6 we tabulate a few values here. (F represents the
value of K1)

F 1 2{6 2k | 120

{a) How is each value of ¥ obtalnmed from the preceding valuel

(b} How is esch value of F obtained from the preceding value of
F and the current value of KY

8
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(c) Fill tn two more columns in the table.

(&) Dmaw your flow chart, Arrange to stop vhen 15 values are
printed out.

Exercises 3-6¢
{Class Discussion)

A teacher assigned her students a prodblem of congstructing a flov chart
as follows:

(1) The input consists of the lengths and widths of seversl
rectangles.

(2) The purpose is to output a 1ist of consecutively numbered
lines, starting at ome, giving the length, the width, and
the area of only those rectangles with perimeter greater
than 12,

The flow charts shown on the next two pages were gubmitted by students as
solutions of the problem.

1. Which of the solutions are correct, and which are incorrect?

2, For those that are iacorrect, in what way will the answers produced
be wrong?

3. For those which are correct, list them in order of efficiency with
the one requiring the least amount of computation first.
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d*L+2w>»10

[a— 1. %
NRe— 5+

‘o2

LN, L, ¥, A

: JOHN

W) > 12
T

Ne— N+

Ne— N +1

N, L, W, A

PETE



Ne— 0

192

A‘._L‘“
HNe~ N+1

Reo0

&

Rée&90

-w>@

N,

Ne&e& N+
Ae0L.W

L, W, A
,,/K_J

N, L, W, A

2 .L+2 -w>1@

Ae—1L.Ww
Née—§N+1

N, L, W, A&

&

Ne&—o0

Ae— 1 ¥
e N+1

2-(L+w)>19

N, L, ¥, A




In the previous exerclses you have seen that there are severml correct
flov charts for the desired algorithm., Usually we want to find the most
efficifent one from 8 computational viewpoint, but gometimes we want snother
‘feature included vhich may not lead to the least number of calculations.

The tasic requirement for any flov chart is still, "Will it work?" Simplify-
ing and "streamlining” the flow chart can be accomplished as needed.

3=7. Flow Charting the Division Algorithm

A playground director found s sack of marbles while cleaning up the
storeroom. Instead of throwing them away, he decided to divide them among
the seven boys on the playground who were helping him, If, after dividing
the marbles equally among the boys, there were any left over, he would put
the extms away for the time being.

Here is the way the director distributed the marbles. First he lined
the boys up.

Joha
Paul
George
Pete
Tom

Gorly
Lars

Then he reached {nto the sack and took out seven marbles and put one
mrble in front of each boy. He repeated this process over snd over.

Let us take a look st this process somewhere in the middle. We see
that the marbles distributed form & rectangular array.

. Jom o 00 0 0O

Paul C 20 0 0 ¢

George O O O 0 O ©

Pete ¢ O Q00 O

Teox O 0 nO O C

Gordy C C o000 o

Iars Q¢ 0O00 ©
202
) M
eric 20,

Bl e Provided by ERic
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We know that the total number of marbles in the army is equal to the nusber
of rows times the number of columns (rows mre horizontal; columns are verti-
csl). As there are seven boys there are seven rows. Let Q be & varisble
representing the anumber of colunms. Then the number of marbles distributed
50 far s

TR
We see that the number of marbles already distributed plus those remeining
in the sack is equal to the total number of marbles thst the director found
in the storeroom. Thus, if we let R be a variable representing the number
of marbles remnining in the sack and let M represent the number of marbles
he had at the heg'nning, we have the formuls:

¢

M - 7+ Q + R
S— e— “——— ——
Total number number
number of distributed remaining
msrbles in sack

This formmula is true at every stage of the distribuﬁian process.

We can recognize the director?s process as an algorithm and we will
dmv & flow chart ror it. The bas!c otep is taking seven marbles out of
the sack and using them to form & new columm of the armay. In doing this we
decrease R (the number in the sack) by 7 and increase Q (the mumber
of columne) by 1. These activities are represented by the assignment
statemonts:

. Re— R - 7

R &= Q ¢+ .

Since this process is to be repeated over and over we write:

5

Reée— R « 7

Qe— Q + 1

EA i Tox Provided by ERIC
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The difficulty with such & loop is that no way {8 provided for stopping. As
you remember, in order to escape from this endless laop & decision box must
be introduced.

ReR=-7

QeQ+1

The statement to be placed in the decision box will stem from the fact
that in distributing the marbles there comes & time when we cannot remove
seven marbles from the sack becsuse there will not be seven marbles left,

In other vords, in order to remove seven marbles it is necessary that the
reminder (of marbles) be greater thanm or equal to seven, that {s,

R2T.

If we place this statement in the declefon box we will provide 8 weans
for atopping the process.

o — — e ——

¥ ) Output reaults |

-~ —— e w—

| Repeat process |

o — o — ot
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Combining thia with the above assignment box we have:

Re— R -7

Qe—Q+1

L1

That is the heart of our flow chart, Only minor details remain: nagely, tu
provide output and to give starting values to our variables.

As output we merely give the values of Q and R, thus:

We wvant to input the value of M:
E

We start R and Q out with the values they should have before any marbles
have bteen distributed. These are given by:

Re— ¥
R 0




Putting all cur flow chart fraguments together we get the complete flow
chart,

T
RéR - T % R
QéQ +1

Figure 1k

The final value of Q, the value that {s output, is the muuber of
columns in ocur fimal armay of marbles~-the number of marbles oach boy gets.
The fimal value of R is the number of extra marbles kept by the director
snd 1s one of the numbers

0, 1, 2, 3, 4, 5, 6,

The slgorithm can be called the algorithm tor integer division with s divisor
of 7. We have Aivided M marbles into 7 piles of Q mardbles each with
R mardles left over, This is the best distribution that can be made without
breaking any mrbdles.
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1.

Exgrcises 3-Te

(Class Discussion)

T™e flow chart of Figure 1k is shown balow,

Using an input value of 17, find the veluss of the variables Q and
at each of the folloving stages:

R

(s)
(v)
()
(a)
(e)

STARY

ReHM

The first time we arrive at the point marked ®.
The second time we arrive at .
The second time we srrive at ®.
The third time we arrive at .

The first time we arrive st @.
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We cee that there are four numbers involved {n this integer diviaion

process.

N
AR,
Dividend:

nusber of things
to be divided,

7

S e,
Divisor:

number of
piles into
which the
dividend
is to te
divided.

Q
S —

Quotient:
number of
things in
each plle,

R
A ——

Rema inder:

nugster of
things ree~
maining un-
distributed
{remainder is
leps than
di-tsor).

Or course, the same kinl of resgoning would work tor any diviscr., The

d4{vigor does not have to be 7,
for any ‘divisor, we use a variable,

preceding flow chart by [.

To make & flow chart for integer Aivision

D,

Then we will have the flow chart:

O

- ERIC
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1
i

to denote the divisor,

We call for
both the ilviienl ant the divisor to be input, and we replace emch 7

in the

(S 4

N,

Integrsr division

¢ \7.

ol

LY

D,

@

Q
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This time we have called for the output of the ‘alues of all the
varisbles M, D, Q, ani R 1in this order, 5o as to suggest the formula

M - D . 5 + R.
——— a——— a— ‘
Dividend Divigor Quotieyt Rems inder

——

.

We can think of integer division es a function whose input i~ a pair
of numbers (the 1ividend and the divi.or) and vhose output i another pair
of pumbers (the quotient sni the remainder).

(17': f <

dividend

; ; . divicor

integer
diviaion !
L (2,3)
é‘ — remainder
quotient

The div'dendi and the divisor are a pair of whole mumbers {with the
Jivisor not «qual to Q). The quotient and the remsinder form another pair
of whole numbers--the only palr of whole numbers ¢ and R satictying the
two conditions

(a) M=D.q +R,
() R<D,

During an application of the algoritim the first of these conditions holds
at every otsge. We repestedly decrease the value of R by subtmcting D

unt{' the second condition ig satisfied.
A ]

L]
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Te. ! what wi.! happen in 2ur algorithm for integer division if we
Hoobrey {nutruccions and input the value 0 for D,

Tree through the tiow chart of Figure 19 with each of the following
palcs of lnput s/miv . Fur esch palr of 1nput: walues make 8 tat'e
gitvwing the vaiuec of &'l four variables at each pussage through

tox 4 of the "low chart, The 1ast line in the table will te the
atput of the flow chwrt, In each 9F these pairs the ifividend is

give.. (1rs* ani the Jdivisor second,

(«> (2,0 (1) (0,?3)
(1Y 10,0) () (24 ,4)
oY (5, ) (ry (73,6

Wee ¢ive the colution to part (u) as an cxample:

K N < K

1t N ! o 23
nd 3 7 1 16
of S ! 2 )
‘b ) 7 3 2

In ench 7 e parts L7 the previeding probiemt you note that the values
2 ant U noever ohern o, What s {t atout the flov chart wvhich

expirine $h107

Gluen thee 700 owlae pafrs 00 values for M and D perfoma the
necessary {ivicion sni find the ~orresponding pairs of output values
t.r g anil H,

(a3 (20, 1) (- 17, (k) (1%,1)
vy (2,19 («) (52,12} () (62,1)
-y (boy () (1, 125) (x) (272, 16)
(v (., (Y (19, 68) (n) (3168,7)
(3 (n:,59) (1) (3%, 12) (o) (%8, 236)

{(n) Wha» wil te *he output values of ¢ and R 4 M an D have

fhe came vaue?
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(b) what will be the output values of Q and R 1f the input value
of D 4s 17

(c) If you are given the output vmlues of Q &nd R, are you able
to detemine wvhat the input values of ¥ msnd D were? BExplain.

Sumwa ry

Section 3-1.

An algorithm 15 8 list of instructions for carrying out some
process in a step-by-step, sequential manner.

A flow chart is 8 <diagmam which represents the steps in an
algorithm,

In a flow chart, comuanis tO0 take some action are enclosed in
rectangular boxes.

In a flov chart, statements on which we are asked to make some

declsion are enclosed in oval frames, and these boxes alwys have two

eXitBe.

In a flow chart, a loop is a convenient method of handling a
repetitive process, but there must be some way out of the loop to

prevent it from tecosing sn endless process.

Section 3-7,

wWhen preparing to solve a problem with a computer it is usually
necessary to construct an algorithm for the probleme In preparing the
algerithm it is not necescary to know exactly what the computer will
10 at each step, tut it is necessary to provide instructions which,
ir followed, will lead to the correct answer. In other words, in
constructing a flow chart we try to provide for 8ll of the alternative
paths that the computer might take even though we do not know exmctly
what paths our computer will tollow st any given stage.

Se~tion 3-3.

In any computing problem, there corresponds t(o each variable
used {n that problem a location in the computer's 'memory. By
aasigning & number to a varlable we mesn simply putting the mmber

o7t



a1egtouctively into the storage location corresponding to that varistle,
In evaluating arithmetic expressions & variable Is to Le treate: as a
aame for the aumler lo the eorresponiing memory location, The numbter
in the corresponding meaory location 13 referre! to as the xslue (or
current value) of the warisble. During the course of computstion many
tirferent values (perhaps even millions) may be assigned to & given
variatle, Thus it will not he meaningiul tu speak 2! the va'ue 2% 8
variable without cpecifying the time, or more precisely, the stage ot
the computing procecs. But once the stage U the prosess {s specitied,
the vilue of the varfable {s uniquely ietcemined,

An asoignment statement {s always placed In & rectangular tox

HEo the tollowing: [T« FeReT| , We remi this ctatement

"assign to 1 the value o Pele T,
This 0w chaet tor {5 -al el an asc lgnment. t oy,

Acslgnment Is festruetive in that 1t iestruys the rformer value

2T the vmriatie, fenting the value o the warial!e 1c not sestruct ive,

RODAR W SR
Lt e

An sutput 'ox, (na 'uw chart, contains 8 single varisble or a

“ior o variatles which 1o & command to reR! the vRluee uf tne

varial feoan! prin® out these values in the srier |{sted,

An f{apu'. lox, {n & Clow chart, contain: & single variat'e ora

‘lat ot varfaties an! (s 8 commani tu aosign the walue of the variatles,

i *he given orinr, 40 the appropriate place In the memiry. Anotier
function o chie input tox is to gtop the computer when il 0 the 4ata
camic have been used,

cectlon oo,

Jumet imes we Wish to count the nmber of sets u¢ inta assigned to
“he memory or number the &ceeptable outputs. We use a wvariatle in an
assignment box like the rollowing to ac~omp!ish this process,

' FeE )

You must he sure 4o assign the variatlc an iaitia) value such as

We<"] or [Me0] s that the counting can begtn.

s {g

L™
=1
...‘ ?'




Sestion 3-4,

Branching ls indicatet in t'luwv charts by 8 decision Lox that is
owal in shape., The decision box gives us the ability to choose & new
path depeniing on whether 8 certain condition is satisfiei. Ome or
the functiunus o!f the tecisiun box g that it enables us to get out of

an enileus Juvp Ina low cha—-t,

Section -7,
In 10w charting the division aiguritim for integer division

we think o [t as & function whose input {5 8 pair of numters {the

iiviieni an! the {ivicor) snd whose output is another pair of numters

{the quotient ani! <he reminder),

When we {pput & value of O or 0 in our rlow chart (that is,
try tu tlvide bty zeru) we get locked into an endless loop in which the

quotient {ncreasecc inlefinitely.

RIC N
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Teucher's Coumentury

Chapter 3
INFORMAL ALCORITHMS AND FLOW CHARTS

Ceneml Commente

A methoi of comunication tetveen an fniiviiual snd the romputer hac
been accomplished by the ievelopment 37 prucedural languages. They nave BG
their purpose the task of relating t> the computer some "unambigucus plan
telling huw to carry out 8 preess n 8 inite number 27 steps,” The
algorithm (as the plan Is called) requires a highly sequential step-ty-step
method of ~umputing an answer or answe:s to & provlem. An early link in this

line of commun{ration is the flow chart.
Simply statea:

{1) #aalgerithn 15 a pro.edure tu g lve zome problem or protlems.

() A fluw chart {5 une oxprescion o an algorithm,. -

One shoull btear in mind that the “low :hart, though less furmu! <han
the machine language, requires the stulent to put fown & series uof low urder
ateps {with we'l {iacipiined sare an! Corethought) for a simple mindeld
machine.

An expressiom 57 how to do something 15 escentially what {s meant by
8 T'luw ~hart; huwever, it {5 expedient rur pedagogic reasons, as well e our
fesire 1. nave this werk cumputer uriantc-.i,‘ tu adopt suitable Clow chart
language.

Language I8 a means oF expressing and communicating our {ieas. In
~omput {ing we want to be alle to communicate not only with peuple but also
with compiters. To - muunicate with people we normally use the "natural
language” we have learned ns children. Still, in specialized fcpics, peuple
have always round it userul tu levise specialirzed Jargons and languages.
You will disrover that the rlow chart language helps us to evelop, iisplay,

angd Adiscuss algorithas in an unambiguous way.

We knuw 0" no Jther wmy to express algorithms that can be ag efVetive
as @& flow ~hart In hlghlighting signiricant points. After an algurithm has
been expressel as g “low vhart, an aquiva’ent machine language program mus?

be developed 5o that a cuomputer -an execute the algorithm. However, the

r
~?

RIC
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translatiza Trum Clow ~lart language to & machine language btecumes nearly
painiess ty expiuiting & prucedural language as an intermediate stage.

Conversiun " 8n a!gurithm t'rom !low chart language to 8 prucedurs language

{3, tor the noct part, & osimple translation process, Translatizn “rm &
pruredural language to a mAachine language is sione autumaticaliy ty & computer
prugmaa alled & "nupiler,

Leaming and using the rluw chart language will encuumge the tevelipe
ment and use Lt A problem sulving technique of tremenious power, This
prucess will emonstrate hiow to sutddivide relatively complicated prot lems
inty simp er, Gure cusily unlerstood sulproblems. This le a technique vital

to salving peotiems In &l walke o Iire.

NOTE TO TEACHERS '

Baged un previous experience andt the esiimrtes uf the authurs of the
pret{mingry ~iitiun {({nluiing Sunfor high sohuol teachers), 1t is recummended
that the tea hing time . this ~hapter be no more ttan (0 lays, {nsiuding

tenting,

Teafa chest e reminled that, complete motery of the councepts and
processes In this chapter sbhuuld ngt e expected, R fntor e-wm o nt 8ai Yurther
fevelopment .7 fuese oncepls and procenses will o secur {n s spirm! manner [n

UutUry chRptes,

T rners @ee urge! T ey ast to exveed the suggeste! time allotment

3t thet pupits wil' not mics the chapters at the end of the ~ourge,

¥F.at Tire

[}
e

3=te & aglng

The {ien ¢ an nigurittm an! a "low chart 'as been purpusely Introiucel

in a8 nunp-mathemat 2! secting, Hope'ully, the stulent wi'' learn ‘hat most
proeecaes can be Droken luwn [nto 8 serles of ilrected steps ant alss that
the grulent will leamn to YUl low these steps. Alno, It shoull be cieas that
there can te a great variety .Y Clow ~harts a'l 07 which can recult in a8

correct solution,® This concept rould be the tirst step in helping the

i

*Jote: In (niust:ry, many programs may be culmitted for the golution
of & singl~ problem. It fs the function of the master progremser to
determine whi~h, of those submitted, wiil wvork the most erticfently an!
thus the =aont inexpensively,

4%
ok




Puis:

the student av.i4 rigld thinking In mathewmatics,

The language and nutativn used in this section is p.t the rinal riuw
chart language or notation, Theretore 40 not emphmsize the language or
notation st this time. Bmphasis, 1t any, should e placed on the step~oy-step,
sequential -levelopment of the flov chart illustrated in the Class Digeussion,

Exercises <=1,

The -feciaion Lox ani the io.p are two bits of flow chart notation that
are in Tina! “urm. At thls ctage 9 the development though, the lsngusge
which tiey confadn is not. [tudents should know that the decision box should
cuntain o statement (not 8 questlon) that can be answared efther T (true)
or F (taige) ant tist there mast Lo two exits from this box. The basic
idem o the luop i st it provides 8 simple means to perturm repetitive
steps. The fun-'tiun of the loop ¢houlil be emphasized tu the students.

Fina!ly, .tulents should be made tu realize tha' 1f the flow chart

T thelr a'wocith® fues LO* provide 8 solet o overy *lae-, then they have not

written 8 a! algerithm,

EBrerefnos - {Clans Digruseion)

It {& suggested that the Instructor levelop thic exercise either un
the chalkioart e with the overtiea! projector,  Stulents should deve! op
theele MTow chart “ragaents Clrity, teture the Instructor proviies & sultatle

o te! LY the '.:Wn'-n

Teaching suggestiong

A ullToxt Provided by ERIC

I¢ you tevelop *heae t7ow vharts un the chalkboard be sure that the
{nitia: Clow chArt has ample room between tuxes to insert the required
rel'inements w6 yuu progress threugh the development,
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Place frj!.ng pan on burmer

Set heat under frying pun
to mediun-low

[ Put butter in frying pan )

L
[ Break egg into trying pan —J

[

Pl
[ Baste egg with melted butter_]

Serve egg to Dad

Students may bhave drawn the flow chart but omitted the { START
ani | STOP } . This will provide the opportunity to remind the students

that the machine must be started and stopoed {n some wanner.




(v)

0

(_We have both butter and egg )- F
T
1
Place frying pan on bumer
2
Set heat under frying pan
to medium~low
3

LPut butter in frying pan J

LBreak egg into frying pan ]

]

L Baste egg -with melted butter

6

Serve egg to Dad

STOP

ST

- ERIC

"

Remind students that
all decision boxes
require two exits.

s
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( We have both tutter and L7 4 DF———

T

LI’que trying pan on burner J

det hesr under ¢

7ing pan to medium-low

!
(]

Serve Dad cold cereg]
L fut tutter {n rrying pan }

[ Brewk egg intu “rying pan ]
|

|

[ RBante ogg with reited tutter ]

Oeerver o to Da

Here §t wouut te well 1L relterate that not only iues 8 lecigiun
L regidre two exits tut thet buth exits must lead to sowme ressongble
partion o7 fhe ochart,

Y .,
~a

ERIC
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(1)

: F
) LH’e have both butter and egg )——

T

[ Place frying pan on burner _]

Get heat under frying pan to medium-low

Li'ut. butter {n rying pan _J o

ISen'e Dad cold cemaq

c——-—F@m butter has melted )

T

lir't-&k ege into Irying pan ]

[ Baste egg with melted buu.eq

Serve egg to Dad _I

It might be well to cpend some time in discussion of just where
the F (false) exit will lead sad what to do if "the butter has [pot]
melted”, For example, with heat under the pan and butter in the pan
there 1o no reason to asoume {t won®t melt in time. See {f the
students can e ied to suggest that waiting will result in the butter

melting.

2é



Cﬂe have both butter and egg )L———‘

'_Place frying pan on burmer _I

Set heat under frying pan to medium-low

Put butter in frying pan l

|

Iy

l

The time,

Hu!t.?;_m:mt.‘e LF_( The butter has melted ) Serve Dad cold cereal

Break egg into frying pan

Bante egg with mi'lted butter

Serve egg to Dad

P fre

minute, is purely srbitmary. Remind students

that wvaiting too iong, though, may result in bu=mnt butter.

Pl o)

.
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(r) START

Cwe have both butter and ‘2‘9"&"‘_—"

Yes

Flace frying pan on bumer

Set heat under frying pan to medium-low

Put butter in fryipg pan

Smrev—

Wait < minute

NE;{?he butter has melted)
Yes

Serve Dad cold cereal

limak egg into frying NB

| Bmste egg with melted tutter ]

,__ﬂ,tm egg white is tmeusparent J

Ko

‘tk'ﬂﬂ egg to md_]

At this atage of the levelopment stulents should have little
41r¢iruity lnserting the derision box in the required position and
looping hack correctiy.

.3

Q 2(;;.;'
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1, Algorithms, Flow Charts, an! Computers

In this sertlun we try to motivate the centra. topic of this chapter,
algorithms. We are interested {n details of actuml computers on!y tu the
extent that they are necessary to motivate or explain rertain aspects o the
study 27 algoritim ronstruction. OSome studgnts will want to know much more
about how computers are Lullt or how they work. Questions on the const-uc-
tion ¢ cuomputers ant how they function are concidered to be out of the
geupe 0 thic ofapter ani particularly this sention, However, some material
and gome ref'erencec pertinent to these topics will be {ncluded in subsequent
partions ¢ the chapter, ani these may help you satisfy the questions of

yaur utuirntn,

A cutmon characterictie of gigorithms {s that the step-ty-step plan
must be upambigious. We ranno® tell & computer to "efther add or subtmect.,¥ -
Rather, we must say -- "t gpeciric ~uniitions are satistfied, then add;
it thege gpecific ~onditions are not met, then subtract.” There can be no
v fur doutt. 83 to the meaning o0 the steps in the algorithm.

A secons common characterictic of useful algorithws {o repetition.’
In a wusi-a: -omposition, cperlal cymbols sre used tu tell & perfummer to
opeat & part of the plece, Tn the same way, it ic extremely usefu! to
repeat 8 serfes o steps in a computing algurithme One reason computers
Aare g0 ucets' {s that algorithas o depend heavily on repetition and the
~omputer £ | repeat the game steps ticessly and without complaint,

Exercises j-'a (Class Discussion)

There s ronl'y ¢wo unterstaniings that can be developed in these

exercises, They s .

{1} An alg.rivtm is & stepeby-stop set of instructions which
guarant~es 8 surcessful solution to the protlem, burt {t 15 not
necessary Lo know expileitly what the computer will do at each
atep, Ant

: {’}) Ther are sany pussitie "gooi” algorithms, GSome of the a!gorithma
; WY appear o be more efficiont than others, but many times the
chafee as Lo which {8 "tetter” (s an arbitmary judgment,

<

: -7
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1, (w)

(v)
()
(d)

(e)
(1)

(&)

Follow the river downstream.
(of course other commands are poasible, such as, "Foll w the
river upstresm.” The ansver given is the one that is
generslly aAcceptable to woodsmen, but there could be
ocensions where other directions would be more appropriste.
For example, if the river flowed into the desert and
disappearsd, then the above command might mnot be too useful.)

Stop. (He's resched civilization.)
Follow the river downstreas.

Follow the shoreline of the lake, Kceping the water on your left.

(It would be Just as correct to say, "Follow the shoreline of
the lake, keeping the vater on your right.")

Follow the river downetream.

Follow the shoreline of the sea, keeping the water on your lefti.
(This procedure was chosen because it corresponds to what
happened when the hiker came to a lake. As you will see
in the flow chart, this enables us to combine these two

oteps in one decision box.)

{The comparison can be valuable if the student is led to unler-
stand that there can be muny differmt, acceptable algorithms
tor & glven situation. You might point out that we used "tody
of water” to refer to both the gea and the lake.)

Bxercises j-Jb

1. (a)

ERIC

Aruitoxt provided by Eic:

Hunter A resches Seaslide
Hunter B reaches Woodland
Hunter C reaches Rock Beech
Hunter D reaches Seaslde
Hunter X reaches Interlachen
Hunter Y m™aches Rock Deach



(b) Hunters traveled distance (shortest t- longest) in given opder.
D

P O W M ow

(¢) Hunters C and Y reach Rock Beach
{1) Hunters A and C

e The treasure hunters should dig at point F,

We include in this section of the Teacher's Commentary a littie
historical background about computers. This article may help you answer
gome questions that might arise in your classroom. It is an excerpt from
Algorithms, Computation and Mathematics, Revised Edition, SMSG, 1966,

"Man's efforts to ease the task of calculation can be traced back
thousands of years. It is & story of fsmous people, such as Pope Urban IX
who introduced Arabic calculations into tenth century mongstaries. HRapler
(the inventor of logarithms), Lefbnitz, Pagcal, ss well as unknown contribu.
tors who developed the abacus, invented Arabic numsmls and positional
notation, and devised the rirst noticns of aritimetic. Regretfully, we must
skip over these ancient contributions as well as the more recent contribu-
tions of people such as the {nventor Charles Babbage (19th century), the
BEnglish mathematician Alan Turing in the 1930%s, the American Howand Alken
in the 1930%s and 1940's, and many others.

"Baginning in about 194, & remarkable series of inventions and
sdvances in understanling has made computing the fascinating and important
topic that it is today.

"Four recent developments stand out &s being instrumental in deter-
nining what the computer {s and how it {8 used today. Brietly these are:

‘e replacement of mechanlical devices by electronie ones,
. Y  adoption uf the "stored program” concept,

e extensive use of "301i4 state” electronics, and

ERIC
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L. introduction of "proceduml languages” as & means of
expressing problems.

The first and third of these develomments vill be mentiocned cnly briefly.
They are largely eagineering developments and our interest will be mminly
in the mathematical aspects of using computers. Nevertheless, these
developments have been i{mportant in determining the characteristics of the
compuiers ve nov have.

"1. Blecironic devices replaced mechanical devices in 19&6, when
Je P. Bekert and J. W. Mauchley at the University of Fennsylvania con-
structed & machfne called ENIAC (for Electronic Mumerical Integmstor and
Calculator). BEarlier calculating machines had depended on some kind of
mechexrical movement like rotating gears (or toothed wheels), or awitching
electromechanical relays to perfom arithmetic and record results. ENIAC
was the first machine to rely basically on electronic devices (4{n this case,
some 38,000 radio or vacuum tubes). For the rirst time the speed of an
addition or multiplication was limited by the speed with which an electronic
circuit could react to s signal mther than by the speed with which a wheel
could be tumed {or some other mechanical device moved)., Now a thousand
steps {think of them as sdditions) could be done in a second, as compared
to ten Or twenty steps per second before, a really tremendous differencel
Suddenly, the solution of problems that -equired enormous computation became
practical. GScientists could think about calculations ten, twventy or s
hundred times more extensive than they had been able to think about earlier.
Continuing {mprovements in the speed of electronic devices and circuits have
nov produced machines that can perform roughiy a million steps in a secend,
perhaps 8 thousand times faster than ENIAC!

"2. The second major development that we have singled out is an 1des
suggested by John von Neumann and his associates in 1945, Calculating
machines to that time {and i{ncluding ENIAC) could store data for any problem
in {ts "memory” but special wiring was needed to control the steps to be
taken to operate on the data. Bach new problem meant different wiring.
Von Reurmsnn suggested that numerals, to be treated as instruction codes,
could be stored electronically and so eliminate the specisl wires. A
machine could dbe designed to interpret a stored mumeral a8 8 code for s
particular instruction. Once the type of instruct!/_» was determined {t
would establish connections between +'~~trouic circ'.ts equivalent to the
special vires that had to be added to eari.er machines. GSince s series of

RIC
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inatructions controlling the behavior uf & machine is called & progrem, this
1dea has come to be called the "stored program” concept.

“For machines built under the von Neumani plan the time Rnd effort
required to change a machine from solving one problem to solving a second
one wag dragtically reduced. A computing machine could now be thought ot as
general purpase. It could help in solving & wide variety of problems without.
having to make external physical changes from prublem to problem.

"A more subtle ragult of the stored program concept. tnt an imm:, Lant
one, is that & series of instructions (i{.e., a program) storei in the machine
could, when executed, make changes {n another sequence of instructions. That
is, a program cou!l wake changes in another program, or, in tact, in itself.
In this way, a8 program can be Jdesigned to modify itself to do different
calculations depending on what has happened before.

"These two evelopments provide the ba&sis for the modem device with

~ e long-wintel name: stured progrem digital electronic computer. (From now
on we will retfer to this as simply & omputer.)

"

i« The thir! development is the widespread use of "solii state"
alectronics {n ~omputers. 5014 state, ms usel here, refers not only to

the tmansistores ani semlconduceting -1{odes with which you are probably familiar
from thelr use In radios, tut aled to certall magnetic ceramics, magnetic
coatings an! inke, an! extreme!y thin tiims produced to have specific
electronic characteristics. In "mct, much current rescarch In advanced
electronics {¢ stimulated] by the desire for ever better, ever faster

computers. .

"The application of this- rescarch to computer design and construction
has resu.ted in both {ncreased cpeed and simplified fabrication. The net
effect is that the ¢cst of computing has Jjecreased drastically {although
computers 8re otill very expensive indeed). Moreover, modemn electronics

has ma le the rnomputer far more reliable than previously.

"In the ear!y !9.0%s, when computers were made largely of vacuum tubes,
one could reagonably hope for a “ew hours of operation betore a tube failed.
Sometimes 8 tube would faf! afier only a few minutes. Although vecuum tubes
were later improved consiierably, the use ot solid state components throughout
& computer has drastically reduced electronic mailure. Failures still happen,
tut most sten they arr connected with mechanical equipment. Basically this
means that & research proliem can now run for an hour on & mouern computer

without fear o equipment faflure, while the same problem would have taken

lalal
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as long as half & year on ENIAC even {f there were no equipment failures
to introduce further delays.

"The high level of relisbtiity of modern computers has far reaching
implications for the use of computers. Now it 18 practical to use computers
th situations in which continuous twenty-four hour operation is mandatory,
or where s computer malfunction would be potentislly disssterous. Such
situations artise in the automtic control of oil refinerics, the monitoring
of bicod pressure (or other vital functions) of a patient in an operstion,
the control of air tmaffic around busy airports, or computerized telephone
swvitching systems. In situations which can tolerate no failures &t &ll, the
computer is supported by an {ientical twin computer. The twin is salwvays
ready tc take over instantly vhen and if the rare machine failure does
happen.,

"4, The sveries of coded instructions or numbers thst make up & computer
program must be written out in advance, To opemte correctly, each instruc-
¢ion must be properly coded and must relate to the other instructions of the
program in the intenied way. As the computer developed, the task of preparing
programs became the tottleneck in solving problems., It wes not unusual for
& person to spend seveml Jdays preparing the code which took the cowmputer
only minutes to interpret and carry out, Computers got faster but people
couldn?t speel up. Of course, once coded, & progmam could be used as often
as necessary to solve & given type of problem, So, with repeated use, the
investment of a person's time was worthwhile, Nevertheless, some way surely
had to Le found to either slow down computers (obviously & step in the wrong
direction) or to speed up the process of ivrepsring programs,

"The notation of mathematics has been developed over hundreds of years
to enadble pevple to quickly and concisely describe ways of solving problems,
If the computer could be controlled through the use of mathematical notation,
people would have an easier and far more powerful way of expressing problems
for computer solution. This i{s essentlally what has been accomplished by
the development of procedural languages. The use of such languages has had
a major positive effect on our sability to er- s problems for solution on
& computer, anl {s the subject of most of the ,est of this book."

If you wish to |eam wore &bout how & computer operates you can read
Chapter | and Appendix A of the book referred to at the beginning of this
srticle. A simple hypothetical computer, GAMOS, 1s discussed and the
details of how a computer operates are presented in these sections,
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3-3. Assignment and Variable

The most fundasental ideas in this section are those concerned with
sariables and asgignments. The concept of variable is very explicit. We
feel that this is one of the more important by-products of flow charting,
Wo hope and expect that the student will carry this interpretation of varisble
wvith him to other chapters.

The werit of our attitude toward variables in this context is that it
emables the gtudent to manipulate with more complicated aritimetic erpressions
without continually asking wvhat they mean, He knows that the expression has
s value vhich can be determined by looking up the values sssigned to the
variables and mnking the indicated computations, This visual model for
interpreting expressions relieves the student of the necessity of nowing
at all times the value of the expression.

This attitude toward varimbles 1s that a "variable” is a letter or
symbol. Assoclated with each varisble there is & window box. On the cover,
the associatel variable is engraved. Inside the box is 8 number. The
box. The number inside is the "yalue” of the variable. This value changes
from time to time, “Ansigmment” 1g the process of giving & new value to a
variable. In this process, we destroy the old value and put in the new one.
When we wish to make a computation with the value of s varisble, ve "read"
the value through the window, This resding does not alter the value of the
varisble. Once a varisble is assigned & value, 1t will keep that value
unti] rome other velue is specifically assigned to it.

SARHING 10 IR IRACHER

Assignment is quite different from any concept the student will have
wet in mathematics. Because of its sirilarity to "equality” it 1s often
mistaken as such. The use of the window boxes should avoid such s mis-
conception on the part of the student.

Class Activity Bxercise 3-ib, in the next section, will be of great
vajue in firmly establishing the concepts of assignment and varisble.
Be sure this activity takes place,

ERIC 2.
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1.

reis

{a)

(v)

{c)
(a)

{(a)

(v)

()

(4)

{e)

d-3s

(Class Discussion)
B c
Starting values 9 k
Final values L L
B ]
Starting values 9 L
Final values 9 9

The fina] values of B and C are the same.

Different.

A B c
Starting values 9 11 13
Values after 11 11 13
f"{ret sssignment
Fina! values 11 13 13
A B c
Starting values 9 11 13
Vslues after 9 13 13
t'irst assignment
Final values 13 13 13

They mssign different values,

In both cases the assignments are the same, that {is,

and €] .

The order i{n vhich the assignments are carried out has been
interchanged.

Yes.

Compare the final values in the two tablles.

<9l
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Exercises 3-3b

L W H v A
1. T 3 2 L2 &
VeLW. K
2. 8 3¢5 5 140 171
3. 11 9 7 | 693 478
. A <2« [(LeW)+ (WeH) + (B-L))
kL, 12 2,3 L6 [126,96 | 186.76

3-k.  Input and Output

In this gection we discuss two more basic kinds of procedums] steps :
called input and output. "Input" and "assignment” statements are closely

related in that both result {n the mssigning of values to the varisbles,
Moreover, input is closely related to output in that ome process can be
thought of as the reverse of the other, Hence, all three concepts, imput,
Jutput, and sssignment, seem to be directly or {ndirectly related.

F~r clarification {t should be noted that there are two kinds of
input associated with the computing process--input of data, vhich is what
we are 14 scussing; and input of the program (1.e., the set of {nstructions -
or commands). Frograw input will not be discussed in this chapte:.

The phrases "read a specific value into storage” and "write out &
Specific value from storsge” are often used in speaking sbout input and
output procesgses. Modern computers sre equipped with a variet, of input
devices vhich can read dsta supplied through appropriate input medis.
Computers st banks, tror exswple, have fnput devices which read account
nuwmbers printed on checks if these numbers are printed with & special
magnetic ink, When typevriters are attached to computers, the data may be
supplied simply by typing it, One of the most popular input devices {s the
card reader which reads punch cards, so you can see that it was natural to
adopt s & flow chart conveation the silhouette of a punch card to suggest
the input prucess.

L
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Exorcises 3-ba (Cliss Discussion)

1.

2.

3.

&,

-

()
(v)
(c)
(a)
(e)
(r)
(a)

(s)
(v)
(c)

(4)
(e)

(1)
(8)

(a)

(v)

(a)

(v)

Valid

Invalid Ho computation should be indicated in an imput box.
Invalid Only wariables should occur in an input box.

Valid

Valid

Invalid No computation should be indicated in an input box.

Iawalid An assignment symbel should not occur in an input box.

Valid
Invalid No computation should be indicated in an cutput box.

Invalid The variables should be sepsmated by a comsa in an
cutput Lox.

Invalid (nly varisbles should occur in an output box.

Invalid Neither computation nor assignment should cccur in an
output box. '

Invalid Only variables should occur {n &n output box.

Valid

The machine would accept the card, A, B, A o, and read

into storage, in orger, the values assigned to the varisbles
in the 1ist. When the second valus of A 1s read into storage
the first value would be destroyed.

B would have & value of 9,

A would have & value of 7.

The computer would print out three values. The {irst and
third values would be the sawne,

The cosputer would print out
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5. (a) Invaltd There is no assigmuent arrcw and no arithmatic ex-
pression in the dox.

(b) valid

(e) Invaltd The arrov is pointing the wrong vay. The arithmetic
expreasion should be on the right-hand side of the
arrow and the single variable on the left-hand side.

(d) valid 2 1s an arithmetic expression which can be assigned
to the variable A.

(e) Invalid A single variable should be on the left-hand side of
the arrov. "2" 1s not & variable.

{r) Invalid A single yariable should be on the left-hand side of
the arrov. "2" g not & variadle.

(g) Invalid A single variable should be on the left-hand side of
the arrov. "2" {8 not & warisble,

(n) Invalid  There s no assignment arrow g8iven, and no aing'e
variable to assign the value of the arithmetic ex-
pression in the box.

(1) Invaltd "B, €" & not an arithmetic expression.
(3) Invalrid "B or C" {s pot an arithmetic expression.

(x) Invalid  The equal sign, "=", should not occur in an assign-
ment box. ‘

(2) valia

Bxercises 3-4b (Class Activity)

The actual, physical similation of the operation of a simple computer
seems to be indispensable to the understanding of the idess of assignment,
variables, input, and output. You are strongly urged to introduce this
model of & computer i{n your classroom. You DAY wWant to dmaw the window boxes
on the board {nstead of using shoe boxes. The student then can ghow destruc-
tion of a value of a variable by erasing the value before he Rssigns it a
new value, It might &lso be helpful to have the flow chart in Figure 8
on the board. The imput and output values are listed below for your
convenience,




——Jdnput —Qutput
R T R T W
2,00 27 2.00 27 5k, 00
2,50 38 2.50 38 95.00
.75 36 1.75 36 63.00
2,10 Lo 2,10 Lo 8%.00
2.25 39 2,25 39 87.15
1.95 40 1.95 Lo 78,00
Exercises 3-hc
1.
{a) R T W
2 ar 5}‘-@
1.87 k1.7 78.0725
1.945 37.2% T2.45125
(b) R T ]
2 ! 54.00
2,19 39 83.85
1.87 k1,75 78,07
1.945 .37.25 72.45
2. R T v (Note: Discuss this
(s) 2 27 54 problem carefully.)
(v) 1,87 b1.75 83.85
{e) 1. 945 37.25 78.0725
{(d) 2 27 Ko value known

{e) No values lmown




3. This is the first flow chart that the studsnta vill construct for
themselves involving a mathesmtical algorithm, BHe prepared to accept
some variation in their responses. The basic criteria for ag aceeptable
flov chart 1s, "Does it wvork?" It might be informative to discuss
several "student versicns” {n clmss. Here are two possible flow

charts,
START START
There are no \T
[ L W, K more cards

- . F
th-L WeH LL,V,H

L, W, H, Vv Vel W-H

L, W, ®, V

3-5. Using 8 Variable as a Counter

There are three basic {dema presented in this chapter.

Firs:, ve meet the situation vhere the new value of s variable is
calculated in terms of the former walue, If any of your students are still
thinking of assignment in terms of “equality"” here is an oppertunity to
clarify the meaning of such an sssignment box. In the agssignment NN + 1,

it should be obvious that the value of N caanot be equal to one more than
itgelf.

Second, the ides of the necessity of & varisble having & starting
value {s brought out clearly in Class Discussion Exercises 3-Sa., It is
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'r-uﬁelted that the teacher trace through the flow chart on the chalkboard
or o1 the overhead projector as the students tmce through it at their desks.

£

‘(f >~ Finslly, Figures lls, 1lb, and 12 are all exagples of different

1 Tts of the samc algorithm. Again, it can be pointed out to the
atuégnt' that the choice of which of the three flow charts is most desirable
usually depends on vhich one {8 the simplest and most efficient, namely
Figure 11.

+« Clmgs Discussion Exervises 3=b reviges the flow chart of Flgure 12
tg-incorporate an additional output. Since Exercise 3-%¢, which follows,
s #pendent on the revised flow chart, the teacher should be certain that
tﬁe“‘n@hdenm have developed it correctly, prefembly in conjunction vivh
the teacher's development.

Ererciges 3-a (Class Discussion)

1. . The reason for this trace is that hopefully the students will arrive

- e
§ " at the asgignment BeR+ and realize they cannot go any
:"‘%krther, btecause N does n ve a starting (initial) value,

i )
<. %ﬂgign to N the value of N + 1.
¢
3e No. The variatle, N, has not heen assigned an initial value.

:

L. An sssignment box must be added to the vlow chart that will assign
4

¢ &a initial value to R.

i

L]
-

c K

&g‘fctaea 3=5b {Class Discussion)

L

(b) PeO

a () P will have the desired value when all the wages have been
&  calculated and totaled.

. J
&, ..
Si, . e
T .
1
:‘,.t"
QO  y 3'
4 i =®



NeO

Ped
F
ere &re more cards } P
T
fR, T
STCOP
‘/,’
’ 4 [(WeRr. T
& L=
Exercises 3-5c
1. N Y T v P
(a) 1 1 2.50 R 80,00 519.20
(42 | 3.&’ 38 114,00 .
&

()| 3 3.bgy 22 }Qam Hote: In this problem
@ 1t {5 desimable, but not
(s ¥ ; 110,00 \ ’

7 , that the students
(e) |'s folldw the above format.
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3-6. Decision and Branching

The development of decision boxes that contain mathematical statements
enables us to construct flow charts for slgorithms of any degree of complex-
ity. "Branching” gives us the ability to choose & new path depending on
vhether & certain conditlon is satisfied. A decision box slways haa two
ex{ts and it is in this way that 1t differs from sll other boxrs we have met
Ian flow cnarting.

Exercises 3-6a (Class Discussion)

Hote: If your students are famllisr with the distributive
property, then you might want to discuss the
simplification of the expression developed in this
gection, Don't overemphsaize this simplification
process as it will be treated at an appropriate
time in & later chapter. The simplification steps

are as follows:
4O+R + 2R« (T - 40)
2R «(20 + (T - 40))
2eRe (T - 20)

e LO«R or LOR

2e 2«R or 2R

3. T -40

4. 2eRe (T- 40) or 2R(T - 40)

tle LOeR +2eRe{T - 40) or L4OR + 2R(T - LO)

29}



J A

’_g R T L
1 2,15 39 83.85
2 2,64 Lb 126,72
3 1.98 ar 53,46
& 2,15 Lo 86,00
5

2.26 ks 113.00

The order of two assignment statements may be interchanged if:

(a) the wariables to the left of the arrows are different,

A (b) the value of the variables on the right of the arrov in the
second egsignment is not changed by the first assigmuent

statenent,

{Note: Both conditions must be met.)

For example:

In the assignment box

A &2

Ae«]

the order of the sssignments

cannot be {nterchanged without altering the values assigued te

In the assignment box

Le2-<A
AeL-V

the order of the assignments

cannot be interchanged without altering the values sssigned to

the variables, L or

A,
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3.

Se

Output

B T S
1 1 1
2 3 4
3 5 9
b 7 16
5 9 25
6 11 36
7 13 k9
8 15 &4
9 17 81
10 19 100
{a) N has an initisl value of 1, N {increases by one each time

through the ocutput box until a value of 10 1is reached.

{b) T has an {nitial value of 1. T 45 increased by 2 for each
cutput until a final value of 19 1is reached.

{c) After the first value of S, each value of 8 can be found by
adding the current value of T to the previous walue of S,

(d) The assignment commnd S «8 + T,

{e) Yes. Add the current velue of T to all of the previous values
of T to get the current value of 8.

{(f) Sum, T.

Q

g3123h56789101.112131k1§

Es11235813213k55391hk233377610

(s) Bach value of K is obtainad by increasing the previous value
of K by 1.

(b) Each value of P is obtained by multiplying the preceding value
of P by 2.

{c) K T 8 9 10 11

P 128 | 256 { 512 | 100k | 2048
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(a)

(»)

(v)

(e)

Kel
Pe2

fe=K+1
Pe2.P

Each value of K 1is obtainad by increasing the preceding value
of K bty 1.

Each value of F 4s obtained by multiplying the preceding value
of F by the current wmlue of K,

K] 6] 7 8
720 | S0%0 | 40,320

e S
e

e

P



(a) START

Bxercises 3-6¢ (Class Discussion)
1. John, QGeorge, Tom, and Gordy had correct solutions,

2. Paul’s solution is .necorrvect because hia outputs would be mumbered
starting with O instead of 1.

Pete?s solution is {ncorrect because his outputs would not be numtered
consecutively.

Iars® solution is incorrect btecause he would be able to input only
one card,

Bobk's solution is incorrect becmuse he could only get one output.
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3. Tom?s is the most efficient flow chart,

Cordy and John are next since they will do fewer computations than
Ceorge because an input will be rejected {f the perimeter 1s less
than or equal to 12, and the area computation will mot be done,

Ceorge®s is the most inefficient ‘because he will compute the area
for all input values of L and W,

3-7. Flov Charting the Division Algorithm

This section uses flow charts to analyze the process of division.
In this particular cage, division is presented as & formm of "repeated
subtraction.”

The flow ehart for division by 7 1s developed primarily to enable
the student to easily make the transition to & flow chart using & geneml
diviser, In making this transition, the student needs only to replace the
7 with the variable D, The development and use of the flow chart of the
integer division algorithm should enable the student to improve his under-
standing of the division process. In sdditiom, the development provides one
model for transferring {rom the particular to the general.

Bxercises 3-7a (Clsss Discussion)

1. Q R
(a) o |17
(v) 1 10
(c) 2 3
(4) 2 3
(e) 2 3
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Exercises 3-7b
1. Follow the flow chart of Figure 5. Use any input for M &and let
Re~R=1D :
I = 0. In the assignment box R 45 assigned the value
QeQ+1
R-0, and Q 1s increased by one. R >D for every step. The loop
will coatinue indefinitely, R will remain the ssme, andi Q will
increase indefinitely. You therefore find yourself caught in an
endlegs loop from vhich there is no way out. Note: Here is a visual
representation of why division by zero {s meaningless and this fact
should be emphasized,
2. (a) Done in the text.

(v) M| D Q R {(r) M D Q R
1at | 24 ) o] a4 1st | 73 6 o] 73
2nd | 24 Y ] 19 2nd | 73 6 1 67
srd | 24 5 2 14 3ra | 73 6 | 2 61
Leh | 2k ) 3 9 kth | 73 6 3 55
5th | 24 ) L 4 5th | 73 6 I Lg
6th | 73 | 6 5 L3
{c) M o Q R Tth | 73 6 6 37
st | S |2 {0 | 9 8th | 73| 6 | 7 | 31
gth | 73 6 6 | 25
(4) " D Q R 10th | T3 6 9 19
11th | 73 6 {10 13
1st 0 |23 0 0 12th | 73 6 | 7
13th | 73 6 |12 1
(e) M| D Q R
1st | 24 8 0 24
2nd | 24 8 1 16
3rd | 2b 8 2 8
hth | 24 8 3 o]
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3. At no place in the flow clart are there assignments to either M or
D that would change their fnput values.

5, Q R
(n) 2 3
(v) 3 0
{c) 24 1
(4) 6 0
) (e) 1 )
(r) 0 17
() 3 2
(n) 1 0
(1) 3 2
(3 7 0
{x) 1k 0
(&) 62 0
{m) 17 o]
{n) 52 i
(o) L 1%

Se (s) ! and O,
{(v) M and O,

(c) No. Since MwD.Q+ R, ifonly Q and R are given there is
not enough {nformation to determine ¥ and D,

The folloving is s more practical flow chart development for the
divigion algorithm incorpormating the {deas of our Place value notation.
Because development of the abbreviated division algorithm is so time
consuming, ve have omitted it from the student text. We have included
it in the teacherfs commentary in anticipation that students may wish to
investigate the division process more thoroughly.

If time pemits, {t may be of value to reproduce both the flow chart
and the trace and go over the process in class. It cas then be pointed cut
hov closely the flow chart describes the "escalator” or "lsdder method
of division lesmmed in elementary achool.
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Making the Divisfion Algorithm Practical

In the preceding section we constructed a flow chart for an integer
division slgorithm. This algorithm is perfectly correct as it always pro-
duces the right ansver, but {t {s rather inefficient. For example, 1if we
use this algorithm to divide 3168 by T, our fnput values of N = 3168
and - D = 7 yield output values of Q =452 and R = L. The trouble is that
to obtain these outputs Ly using our mlgorithm requires 7 to be subtmacted
52 timesd

: 3168
. 1
3161

e
3154

—1
31k7

etc,

This {5 extremely time consuming and you know we would not do {t that
way. The thing that {s poor about our algorithm is that {t does not take
advantage of the short cuts offered by our place value notation. 1In our
bagse 10 (or Jecimal) notation, multiplying by 10 1is especially eaay.
Each time we need to multiply & whole number bty 10, we merely tack on &
zero at the end of the numeral.

We use this ides in division in the following way. Firot we multiply
our divisor by s power of 10, namely the largest possible pover of 10
that gives a product ne larger than our dividend:

70 < 3168¢ Yes.
700 < 31687 Yes.
7000 < 31687 No.

Thus 700 = 7 «100 4s the largest such product, Subtracting this number
from our dividend Just omce is equivalent to subtrecting the divisor 7 s
hundred times. An obvious short cutl

In flow charting our {mproved algorithm we muat remember that each
time we subtract 7 ¢100 from our remsinder we must add 100 to our
quotient, Let us try to write a flov chart that includes our {des for a
short cut, Beside all the same variables as before, N, D, Q, R, we will
have a nev one, F, that is the appropriaste power of 10, That is to say,
P takes on values such as 1, 10, 100, 1000, etc. And instesd of decreasing
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the walue of R by D we will in our short cut decrease the value of R
bty PeD.

N
ReR~-(PeD)

QeQ +7?

What should we do to the value of Q? Well, you must remsmber that Q is
Just keeping count of the number of times D s subtmmcted. Since D has
been subtmcted P times, the value of Q must therefore be increased by

P to keep the count correct,
L

ReR-(P-D)

QeQ+F

¥We repeat this process &s mAny timss as we can.

N
ReR=-(P.D)

QeQ+P

L |

By "as many times as we can” ve mean "as long as R > P.D". A decision
bYox is necessary to tell us vhen to leave the loop.

| : ( nz;;p_)f.._
ﬁ T

L
ReR~-(PeD)

Qe=Q +P

IR

This is the basic mechanism {n our flowv chart.




The next step is to reduce the value of P and go back into the loop
of boxes 3 and 4, How doss P got its new value? The snawver is: by
dividing the old value by 10, (Here ve must assume that the computer Knowa
how to perform such eleoentary divisions as dividing 10 or 100 or 1000
by 10, vhich merely consists of lopping off a wzero.) Of course, this campot
te done once F has already obtained its lowest permiscible value of 1.

With these features our flow chart looks like this:

=
T
6 7
" (Pﬂl Po—:%
ReRe=(P:D)
Qe=Q +P

Finally we must find hov P gets the value with which it first enters
box 3. P must be the largest pover of 10 (1 or 10 or 100 or 1000,
etc,) such that R > P«D, We get this value by starting P with the value
1 and stepping {t up through the values 10, 100, 1000, etc., until the
next larger pover of 10 (that {s, 10-P) would not work, that is, until
the statement

R>10+PeD
is false,



chart,

A flov chart fregment for accoxplishing this is:

3]

10
Pel0e P

All that remmins {s to put on the begimming and end of the flow

9

I(r210- 7. D)
F

———t o

enter box 3 ‘

r
L

j10

— = o — - of




Agseabling the pieces we at last have cogpleted our flow chart for
efflc::nt integer division.

S
"pﬁ L] 7
R ‘
M, D
~
. 2
. ReM
P q._o
L §
8
Pel
t! —
10 9
Pe10-P R>10+P«D)
—
7
-~ “m
“

Efficient Integer Division

"i?'
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S
. 3
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K
. o of Flow Chsrt for N =3168, D=7
Step Fm];::t e Velues of Verisbles Decision
Box o Q R P
1 1 M= 3168, D=1 ___
2 ., £ 0 | 163
3 e 8 o 1
& 10 R 10
6 k) ; 3168 > 700 T
a 10 RS 100
8 g - 3168 > 7000 F
] F _ 68
™ 3 — oot 31682 700 T
11 ¢ 3 S 2468 > 700 T
12 L ? kP 200 | 1768
1k L F 7 400 | 1068
15 XS - N 1068 & 700 T
16 L - 100 ] 368
17 3 ' 08 > 700 F
F
18 6 9 100 = 3 F
19 7 10
20 i ) #8 > 10 T
a1 b 4101 28
22 i 298 > 70 T
23 L 1. 420 | 228 _
2k PR . < TIN 228 > J0 T
o) % Sl R3O 158 ]
26 3 155 2 70 T
T N TR
4 88 > 70 T
29 N S0 | 18
30 E) B> 70 F
31 6" 10 = 1 F
- T T
2 18 2 Tﬁ T
T——— —r
35 3 P2 -l
K72 X ¥Ha i
- 4 T > T
38 a ';s, * 1s1 T
39 5, 4 M= 363, D7 Lo b
iy
. s ! L 1. ”_..\' -
« & .
~N gt *
(‘*-\_.\‘e
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Suggested Test Items

Multiple Choice
1. Which of the following i{s not a valid assigmaent box?

(A) 3 [3+er (¢) |ses
o) ®)
2. In the assignment box BeC the symbol B « C means,

{A) assign to B the value of C.
{B) mossign to € the value of B,
(C) B 1s equal to C.

{P) B and C have the same value.

(E) none of these,

3.  Which of the following are valid input boxes?

(A) (5) (c)

(0} [A+7 (8) {&a,c,n,sj

L. Which of the following are valid cutput boxest

{A) (B) ()]
En [
(D) (B)
FAIL A+B

S, An algoritim {s
{A) one of the symbols used i{n flow chart diagmams,
{(B) & flow chart diagrem.
{C) another name for a decision box.

(D) & liat of instructions for carrying out & process.
{B) & division problem.
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6. In computer vork a variable is
(A) wn operaticn used in an assignment box,
(B) the memory device of the computer.
(C) a set of instructions for draving a flow chart.
(D) & specific mumber that never changes its-value. -

(E) a letter that represents a numder,

oy S gy S b
‘ R>11
Re0 T~ QeQq+1
Q, R 0

The figure above is & flow chart of the Integer Division Algorithm.
The divisor in this problem is 11. Answer problems 7-10 using this flow
chart,
Te If the dividend is 56, then what are the values of R, M, and @

the first time you pass (D) ¢
(A) 356, 56, 56 (8) 0,00 (c) s6, 0,0
(D) 56, 56, 0 (E) o, 56, 56
8. If the dividend 18 56, then what are the wmiues of R and Q

the first time you pass @ %
(A) 11,1 (8) 45,1 (c) 4,0
(p) 56, 0 (E) None of these

S. If the dividend is 67, then what are the values of R and Q

the third time you pass @ ?

(a) 34, 3 (B) 23, 3 (c) &5, 3
(p) s6, 3 (B) Hone of these
Ik
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10. Find the cutput Q, R vhen M s 81,

(a) 8, 0 (8) 7, 4 (c) 65 (p) 5,3 (B) &4, &
F_ T
Nc-l-‘~ {_LJ___‘vAc-L-L LeL >»)2

S«-Ei-lk

The above disgrem is & flov chart for !‘iudlgg‘ the area of square
regions given the lengths of the side L. Prable;i 11=15 refer to the
above fow chart.

11, What i3 the output if the input L {r t
() 1, 3,9 (B) 1, 3,12 (¢ 2, 3,9
(p) 2, 3, 12 (E) TNone of these

12, What is the output if the input L s 5%
(&Y 1, 5,25 (B) 1, 5, 20 (¢) 2, 5,25

(p) 2, 9, 20 (E) Nome of these

13. What vas the input 1f the output for A was B1°%
(A) %03 (3) 9 (c) 36
(p) 81 (E) HNone of these
1k, Input the following three values for L: 4, 8, and 16, and

calculate the corresponding outputs. How are the outputs for A
related?

{A) No relationship.

(B) The walue of A is doubled when L {s doubled.

(C) The wmiue of A {s tripled vhen L {s doubled.

{D) The vwalue of A s multiplied by 4 when A is doubled.

(E} None of thease,
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154 If the input for L was: 1, 2, 3, &, 5, then the last output

would be
(A) 5,5, & (B) 3,5,25 (¢) 2, 5,35
(o) 1,5, 2 (E) Nonme of these

Problems

The initial values of A, B, and C &re given in the table below,
Follow the {natructions indicated by the flov chart fregment on the right.
Fill in the values in the table,

initial values 10 {15 | 20 [AeB

1. values after first
assigmuent

2. | rinal values J ) _J_«F,-,J-—J

USE THE FLOW CHART BELOW TO PROCESS THE DATA INDICATED ON THE PUNCH CARDS
DISPLAYED AT THE RICHT. COMPLETE THE TABLE SO THAT BACH ROW REFRESENTS
THE PRIRT CUT FOR THE RELATED DATA. mmmmmmmmm,
STATE ™HIS FACT.

&
—— 3
=1 M
e [ 3
HeN+1 8.
>
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Trace through the flow chart below using ths tatle to the right to
1ist the output wvalues each time through the cutput box.

START

B T

N0 10. =
Te0 11.
12,
13.
1k,
15.
- HeN+1 16,
TeT+HN 17.
18,
19.
51 20.

In the space below, copy the atove flow chart but change the order of

the sssignments. Trace through this nev flov chart using the table to the
right to list the ocutput values each time through the output box.

N T

21.

23-

2k,

30.
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In & previous chapter, you leamed that in the "falling body"” function
an input of t (seconds) outputs 16¢2 {feet), that 1s, £ : t ~16t°,
The formula, vhich serves to specify this function, is expressed as
D w 162?, vhere D 1is the distance traveled and t 1is the time spent in
fall {ng.

Below 1g & flow chart of this formula with the necessary i{nformation
nissing from each box. Fou are to supply the variabdles, commands, expressions,
or decisions tlmt belong in each box in order to flow chart this formula.

Be sure you output all the varisbles, and remember, the computer cemmnot com-
pute te in this form.

31-
35.
There are
sore cards
t

. : l
33.
3k,

36. The area of & triangle can be found by multiplying :i; the number of

units in the base by the number of units in the altitude. Thus, &
formula for finding the area of s triangle can be specified as:

1 bea
A-Eb-a or A= > .

Construct & flow chart that inputs the number of units in the
base (b), <¢the number of units {n the altitude (a), and outputs
the arem {A). The purpose i{s to produce an output with consecutively
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nusbered lines giving the base, altitude, and ares of only those triangles

baving an area greater than 7 square units, (Rint: It will help if you
construct a tadle with columns for N, a, b, and A.)

‘Mmmzmm'

Multiple Chotce

1. B 9. A

2, A 10. B

3. €, B 11, E

b A, C . 12, A

S D ' 13. B

é. E 14, D

T« D 15. ¢

8. B

Problems

1. 15 15 20 16, 7, 28

2. 15 20 20 17. 8, 36

3. No print out 18, 9, &5

k. No print out 19, Ro print ocut

5. 1, 5, &, 20 20. No print out

6. 2, 9, 5, W 21. 1, O

Te No print out 22, 2, 1

8. 3, 10, 8, 8o 23, 3, 3

9. 4, 1, 6, 6 2L, k, 6

10. 1, 1 as. 5, 10

1. 2, 3 26, 6, 15

12, 3, 6 27, 7, 21

13. L, 10 28, 8, 28

W, 5, 15 29. 9, 36

15, 6, 21 30. Ro print out
39




i1.

13

36.

D 16

Ap%-b (XY
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2o the eacher

The following 8 pages contain the flov charts or the flow chart
silhousttes of the more isportant algorithms covered {n this chapter. These
paged can be removed and either dittoes or overhead transparencies made from
thew, This ghould provide the means for the atudent to easily develop the

flovw chart at his désk as the teacher develops it ca the chajRboard or oler-
head projector.

el

4l
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TEAR SHEET

O

Fipal flow chart for changing & fls* tire

ez



TEAR SHEET

Final flov chart for frying an egg
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Using a wvariable as a counter
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TEAR SHEET

—\

.

Flow chart for payroll, including double mte for overtiame
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TEAR SHEET -

Integer division
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Student's Text

Chapter 4
AFPLICATICES AND MATHEMATICAL MODELS

k-1. Introduction

Mathematics does not deal directly with physical cbjects. Mathematics
does talk about ideas such as points, lines, numbers, and functions. If
these two statements are both true, then hov can you use mathemstics to
solve problems dealing with real 1ife objects or situations? The following
story, told by a mathematician, way help you see the answer to this question.

"On & recent trip to New York, I got off at
Pennsylvania Station. I walked to the taxi platform,
but the tmin had been crowded and scon dozens of
pecople poured out of the station for cabs. Some of
them waved and yelled; some stepped in front of the
cabs; some, who had employed porters, seemed to be
getting special treatment. I waited on the curd,
convinced that if I acted in & civilized, proper
manner I would attract a cab driver. However, when
a8 driver stopped, he was smatched out {rom under
me, I finally gave up, took the subway, denouncing
the railroad, the cabbles, and rwople in genersl,
and hoping that they would all get stuck for hours
in the crosstown tmffic.

"Several weeks later, on & trip to Philadelphia,
I got off at the 30th St. Station. I walked to the
taxi platform. A sign told me to take a number. A
a0 in charge loaded the cabs in numericsal order, and
I vas soom on my way to the hotel. It was quick, 1t
vas pleasant, it was civilized. This wvas an example
of 8 fine, though very simple way in which mathematics
can affect social affairs. The rule for loading was
the order of arrival on the platform. The numbers
have an order, snd vere used as 8 model of people
standing in line without the inconvenience and indignity
of standing in & line. The numbers wvere used to help
turn raving madwen into polite human beings.”!

I'Fm an address delivered by Fhilip J, Davis &t the Anmual Dinner of
the Society of the Sigms Xi, Auburn University, Auburn, Alatame, May 23, 1962,
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One way {n vhich oathemmtics is used in the solution of resl world
problems is indicated in the above story. In order to solve problems about
real life objlects we usually create a "Mathematical Model" in which the resl
life objects are represented as mathematical objects. It is the purpose of
this chapter to review and present some ways in which mathemtical models

play & part in applying mathematical ideas to the real world.

Let us begin with the uses made of the so-called natural numbers: 1,
2, 3, «ve « These numbers are also cailed counting numbers. You can easily
imagine situations in which even quite primitive peoples would have s need
for something l1ike counting. It is also easy to imgine that once this dive
into mathematics had been taken such things as "addition” of ccunting numbers
vould be invented to describe sowething about what happens vhen two sets of
things are combined and that some early mathemitical genius might discover,
for example, the commutative property of addition of counting numbers. Our
min point here is that what you have done for some time in applying numbers
snd geometry 18 not very different {n tasic spirit and method from what is
done by men who write about how to use mathemstical models to solve problems
in business or an Rinstein who seeks mathemstical models for the functioning
of tuings in the universe. (Working out mmthematical models for such problems
usually requires more mathematical knowledge than you have now, of course.)

With these things in mind, please consider the following exercises.

Exercises L-la
{Class Discussion)

In each of the followlng exercises you are given a mathemsticsl wodel.
Try to imagine and describe & real situation that can be represented by the
given mathematical model.

Bxample: Given the set of naturs! numbers and the operation of
addition. Deseribe a situation that is represented by

the above model.

Ansver: The total number of students in & mpthematics classroom
where there are 16 boys and 15 girls.

(The specific mathematical model of this situation would
ve (16 + 15),)
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1.

2.

Je

9.

Give examples of situstions in the world for which the mathematical
wedel produced in the world of mathematics involves addition, or
muitiplication, the set of nstural numbers, and one of the relations

= <, ar >,

Give a situation using sddition vhere tie nuubers that represent things
in the real world are naturel gumbers but where sctusl counting vould
probably not be possible.

Give an example of & situstion in the world for which the mathemtical
wodel would involve fairly sme.l natural numbers and subtmmction.

Now think of a different kin< of situation for vhich the methemtical
model would be exactly the same.

Give an example of a situation for which the mathematical model would
involve natural numberr and division. Now try to think of a quite
different gituation wiich would have the same mathemstical model.

Give a situation which would be described by natural mumbers in the
real world but whire counting of individuml objects probably 414 not
ledd to the numters.

Give a situstion where the {nitia! description {s in terms of natum!l
numbers but vhere manipulation in the world of mathematics forces one

to consider fractions.

Give & situatlon for which the appropriate mathematical deacription
involves negative integers.

Give & situation from the rea! world for which the mathematic’l model
2uld involve both geometry and arithmetic.

Give a situstion vhere the appropriste mathematical mode! involves
an «quation, or s function.

Une advantage of describing real gituations by numbers is that numbers

are "portable"--that 18 "2" {5 emsfer to move arvund from one place to
&nother than iwo cows. Numerical informmtion can be sent over telephone
vires, used in computations dome on paper, or easily "fed into" a computer,
Another advantage i{s that the same numerical expression might serve as a
mathematical model for many different kinds of situations in the real world.

ERIC
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In the first part of thic section you found & situation or problem
which could be represented by & given mathematical model. In the following
exercises, you will be given a prublem situation and asked to suggest &
mathemmtical model which could represent the situation.

Bxercines 4-1b
(Clmgs Discussion)

1. Suppose that you're standing on & spot in & room and could shoot any-
body in the ruom with your water pistol. Are there any room shapes
vhich would prevent you from doing thist

2 Suppose that you are the manager of & baseball team. You need = new
shortstop. You can trade for Willle Much or Mickey Little, both of
vhom appear to be equally good glove men. In previous play Willie Much
has come to bat 225 times and has 53 hits. Mickey Little has come
to tat 183 times and has L3 hits. Oun the basis of this informmtion
which would you choose?

3e A T.V. antenna wire enters & room &t one of the corners forwed by two
walls and the celling. The owmer of the house wanted the wire to run
down through & wall and under the fluor to the opposite corner formed
ly tw. walls and the f'lcor, What is the shortest length of wire he

can use?

L. Guppuse that yuu gu te & picnic and are invited tu join either of two
tatles. At table A there are now sitting 7 people with 5 quarts
of {ce cream. At table B there are sitting 10 people with 7
quarts of lce cream., At which table will ycu. share of ice crean
be greater?

The previ.us exercises mAy have given yuvu come understanding of the
reagons why people are encuursged to learn & good desl of mathematics. It
turms out that mathematics is not only convenient, but very useful in dealing
with real wurld events snd problems. This is true even though mathemstics
{tself s made up of things that are not "reel” at all, at lesst not in the
sense that molecules, cows, bacertia, rockets, bridges, etc., sre "resl”.
The discovery of & good mathematical mode]l for & given citustion is a&n
interesting but rhallenging process.
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k-2, Situations Leading to Geometric Models

In Chapter | yuu represented mathematica!l 114ra8, such as lines, mys,
planes, and angles, with drawings that were referred ts usually as geoumetric
figures. Such figures and their characteristics serve as & rich sourre of
mthemmtical models of real 1ife situations.

In Chapter 2, yuu considered the prouvlem of faliing ol jects ant
Galileu®s experiment. Nov ve wvant tu take a look &t tpe madeling process
iavolved 4{n these chupters,

We made the rullowing acsumpt'ons when talking about Galiles?s expery-
ment
(1) We thought of the fa’ling ubjects &s puinte. (Mure accurately we

thought of the locetions of the ubjects as being puints.)

(2) We thought of the surfice uf the earth as a pisne, ani we thought
at the paths of the ubjects as being pamaliel 1ine segments, both
perrendicular t. the earth?s surface,

{(3) We noglecte, air registance, that is, we sail the ublects were
talling in a varuum, (no air).

(4) We asoumrd that the helght that an vblect (s droppei t'rom has no
effect c¢n how f&r it travels {n une second.

(5) Final.y we assume! that the Jdistance traveled bty a ralling object

is given by the formula:

3
q4 o+ 16t°

wiere t is the time in seconds and d {s the distance in feet,

This is a rmather strang? picture of the world! fThe earth is & plane
¥ith no &ir abuve it ani a ralling object is squeered duwn Into a single

paint.

In fact, every une of sur sssumptions is wrong. We knov that the earth
is rough'!y spherical {n shape and that falling ovbjexts will fall toward the
center of the earth and their paths will not be pamllel,

o - 3-}')
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Furthermore, the distance traveled by s falling body in one second is
not tndependent of the height of the starting point. Even if we noglect the
affect of air resistance, an object falling from & mile high will fall less
far in & second than an object dropped near the earth's surface. The amount
less would be about one part {n 2000, (The change in the pull of gravity
.due to the distance atove the earth {s responsible for the difference
sentioned here,)

Alr resistance s certainly not slways negligible, It is because of
air resistance that = plece of paper falle more slowly than a penny.

Ali of those remarks must have weakened your confidence in our model,
That was vhat they were suppose to do. FNow we ave going to rebuild your
confidence,

Although the earth 1o a aphere, it io such & big sphere that s sm]l
~ortion of {ts surface {s very nearly & plane. If two objects are dropped
so that they land no more than 100 feet apart, then their paths miss being
pamllel by sbout ?ﬁld_b of one dagree, vhich is pmctically negligible.

The effect of the height of the starting point only produces a
difference of one part {n 2000 for objects dropped from & mile high, The
effect will be even more negligible if we consider only oblects dropped from
within & fev hundred feet of the earthis surface,

The effect of air resistance is very complicated, Its effect depends
on the weight, shape, and speed of the falling body. For objects that are
nearly round, feirly heavy, and falling for no more than two or three seconds
{soc ms not to build up too much speed), we can comfortably neglect sir
resistance,

3,9



8c our mode] for the motion of falling bodies is not go bad after all.
In fact this model {a used for very accumate scientific calculations in-
voiving problems vhere the distance above the earth is relatively short. In
such work, ;mr. the more precise formula d = 16.1t2 is used instead
of 4 « 167,

Bxercises 4=2
{Clmss Discusaion)

The following exercises give some situations vhich lead to geometric
models, Try to describe these models and, if possidle, indicate what
assumptions atout the real worid you have mmde to get your model,

1. On a shelf in & market stand two cans of beans. The first is twice as
tall as the second, tut the second has & madius twice that of the
firet, If the asecond can costs twice e wuch as the first, wvhich is
the better tuy?

2, Bapolecon’s forcer, marching into enemy territory, came upon & river
wvhose width they did not know. HNapoleon demmnded of his officers the
width uf tha river. A young officer immedistely stood erect on the
bank and pulled the visur of his cap down over his eyes until his
line of vision was on the edge of the opposite ghore. He then turned
and sighted along the shore and noted the point vhere his visor
rested. He then paced off this distance along the shore. Why was
this distance that he paced off an approximation of the width of the
river?

3. - In book~binding & large sheet is usually printed so that after folding
and cutting, the pages appear in proper position.

(s) Suppose that & large rectangular sheet is to be folded,
left-right, and bottom-top, forming an 8-page section.
Determine, befure folding, the proper numbering of the
rages.

(b} How should the position of the print on esch page be located sc
that when folded {t?s not upside down?

L, Hov many square inches of skin do you have?
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beq. How Do You [ack Your Marties?

Keacent.y & cumpany marketei a8 ox!t with gréine that were J{am.ni
ahaped ~ryctals insteat of just .rilmnary cubtes. The clalim, vhich appears
to be true, {8 that the gruins, shaped !ike diamonis, 4o not "bounce” uff
your truai (ike upilnary sait loes, However, {t turne “but that it teken &
IArger Lux t, patk the came weight of the tlamond shape! salt comparel t.
the spa~e negiet {.r the name weight - uriinary sa't, Thic means that
cuske using thio et muct increacse the amount usel by atoul : in orter
tu have the game amuunt Jf 08'* that they weull have uped {f f,l*‘st-y hat uael
arilnary oalt, {(Heve y U ever *riel to gefoure out —5 of -]; 51" & teaspaun

A tY) )

The sicuation tesorited above fntroiuces 8 prollem which has some
{nteresting app.ications. In the tegign o insulsating materia's one is
intervotedl in having alr space {n the furm of small "pockets™ of air which
are not lacge enaugh v permit cireu'ation. One wvay to simpiity such
protleds {3 tu "mate @ mAathemat{ca. aste!., That {s, to conslder the packing

1 gl apherea, ke wrtles, tetween two 'Aayers Lt harl material. Some-
times the gurtace ama oY the gpheres must be taken int account, &g we'!
a6 the phynica. propertics 0f rae materials tlemselves, Similar priblems

seeur $n the fenfgn and tenting Lt plastico,

Luppuge LhRY you lAave & ABrge nuoler of perrectly spherica: marb.es
whi-h you want ' pack into a very large tarrel, How sheuld you pack the
martig go that zou got in 85 mAany as possit .y

Thee .5 Wing exer-iges wi' ' levelup an answer t¢0 this question ani
filuatrate come 3 the {smpurtent procedures involved in rreating sAthematical

mo i B,

Exercigen Led
{(Ciano Diacusstun)

e fur virst simp'irying acsumption was contained {n the statement that
we hat A "very 'arge tarml”, So novw we are really Jjust asking,
"How 1) you pack the mart!es so that you have the greatest mumter
mart es per cubie e, in, for exampie, & box?" We sti;. need to
15 more in o=ier o tring the protlem down 'O & level where therefg

sxme hope of fs ving {t, We need to make sme additional simplifying

saump? §{ .us,
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(a). Figures in three Jdimensions] space gre sometimes complicated to

B " * think &bout. What figure, in the plane, is related to a box?

- (©) *wpat figure, in the plane, is related to the spherical marules?

(c¢) State s problem similar to the "marble-barrel” problem using the
%g’- figures suggested in parts (a) and (o) above.

g b
2e P&ppcae we use pennies as identical circular disks and see how mRaY
we can place side by side, without overlapping in a given plane
' regioen.

‘(u) 'If you armnge the pennies in & square in the tollowing way, how
many ‘v you think you could pack in the square?

Asgume that the dismeter (the
distance scross) of the penny
is the umit of dtsrance, ant
that the square 15 8 units
on & side.

¢

Tu) Ahis method rea!ly amounts to thinking of each circle as

ingerited in & squarc one unit un & side, !ike this, C\
J

ani then fi:ting squares together so that their interiors i1l
sut the square region. (They actually cover sbout 78.5% of
%tw region, leaving sbout 21.5% uncovered, ) '

_s'" -

= { Ry S
1 i 1
How many pennies 'does each penny in the wmiddle of the arrangement
;_,ﬂ&nuchi

}' Gan you think of another way of fitting the permies together so
that the "{nner” pemuies will touch more thag four pennicsf Draw
Q picture {llustmating your method. How many other pemnies do
*

She "tmmer” pemnfes touch?
(tﬂm pennies can you put into your § wnit square with your

" new “packing” wethod?
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Probadbly the follcging armogement occurred to you a8 & good possibil-
ity. :

It is helpful :.:.-}hink of each disk as deing
inscribed in & regular hexagon and the hexagons
fitted together ms shown by the dotted lines

in the figure to the right, Hexagons will fit
together to cover & plane region without over-
lapping. In this arrangement some 90,7%

of the plane region is covered by the isks,
which 1s fsr better thay our previous

srrangement. ".}
o
er arrangements of the pennies which might be

Can you think of
better than this? A

, ly the arrangement above can be shown to be the
best one, though we wifyipot try to give a proof of this fact.
<

Now le}sus furm ] e probles of packing the marbles in the barrel,
Do you have & gue _‘ boufigthe best way to pack them? Experiment with some
mrbles before youigo on @#d see if you can make & guess as to the most

efficient pge%

&

One possipfe prﬁagm would be to start by putting a layer of marbles
with their centers ‘1‘ in & planc pamallel to the bottom=-that is, s layer
on the bottom of the box &% barcel or vhatever we are filling. From the
top, they wil{ Jook just like & covering of a plane region with circles,
and {n the !ight of our qxscusian about circles it seems that we should
arrange our spheres in the same vay, as shown below.

- >

-
e
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Nov 1t seems plausible that we should try to make a second layer of marbles.
Jo you think {t would be & good ides to place this layer of marbles such
that each marble is directly sbove one in the first layer? No, it appears
that we would get 8 better packing by trying to place the marbles of the
second layer over the "pockets” or "holes" in the first layer. Actuslly
there is not room to put a marble above each hole, but we can place a layer
above half of the holes, say these shaded in the figure above, Then a third
layer can be placed on the second, covering half of the "holes" in the
second layer. This can be done i{n two ways, depending on which set of
"holes"” we chouse to fi1l. The spheres of the third layer may be exactly
above those of the first or may be above the unshaded "holes" in the first
layer.

This seems to be a reasomable guess about the best possible packing.
It can be shown that for this method of packing the matic of the volume

b
of the marbles to that of the region is 575 = 0.7405, so this packing

ril1ls about 74% of the space vith spheres. No one knows vhether or not
this is really the best packing. The best result known so far was obtained
by & British wathematician, Rankin, in 1947, who showed that the ‘: is no
packing in which the spheres 11l more than 82.8% of the volume of space.

k-4, Some Other Mathematical Models You Have Known

In the first three chepters you developed several very useful igess
which will help you create good mathematical models of real 1ife situations.,
The obvious ones are the idege about points, lines, planes, tables, gmaphs,
functions, algorithms, and flow charts. These idess, along with your back-
ground in arithmetic and measurement, make up a powverful set of tools that
you can use to investigate many significant problem situations. As you
proceed through your mathemetics courses you will continually expand and
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refine these and other important i{deams. This should emablie you to think
about an even greater variety of practical situations.

The following exercises illustrate the use of some of the mathemstical

ideas you have developed, in the constructicn of appropriate models for some
different situations.
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Exerciges h-L
(Class Discussion)

One of the interesting problems facing those who design computers is
how to design a computer that will translate a foreign language into
English. Let's "tackle” a simpler problem. Suppose you &re asked to
find 8 step-by-step procedure (an algorithm) vhich will tranglate
Roman numerals intc ordinary Arabic numerals, (say numerals whose
values are less than or aqual to 1000), can you write such an
aigorithm? The following table shows letters usei by the Romans to
write their numemls.

Amsbic nuneral 1 4 10 50 100 500 1000

Roman numers! I v X L c D M

The values of the Roman symbols are added when & symbol represent-
ing & larger quantity is placed to the left in the numeral.

MDCLXVI = 1000 + 500 + 100 + 50+ 10+ 5 + 1 = 1666,
DIXI = 400 + 50 + 10 + 1 = 561,

When a symbol representing & smaller vwlue is written to the
left of a symbol representing s larger value, the smaller value is
subtracted from the larger.

3.10-159-

XC = 100 - 10 = 90,

The Romans had restrictions on subtrecting.

(1) v, L, snd D (symbols representing mmbers that
start with %) are never subtracted.

b
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(2) A number may be subtracted only in the following cases:
I can be subtracted from V and X only.
X can be gubtracted from L and C onlye.
C can bte subtracted from D and M only.

Addition and subtraction can both be used to write a number.
First, any number whose symbo! is placed to show subtraction is sub~
tracted from the number to i{ts right; second, the wvalues found bty
subtrsction are added to all other numbers in the numeral. Notice
that the table defines a function f : Roman numeral - Arebic numeral.

(a) OStart at the lert side of the Roman numersl and by proceeding
from left-to-right, write out & basic algorithm for the tmans’a-

tion procesas.

(b) Construct a flow chart for your algoritim and see if it will
translate MCLIV into ordinary numemals.

{c) Do you think that something 1lke your slgerithm would work for
translating a foreign language into Bnglish?

(4) What are some of the simplifying assumptions you might have to
make in order to create such a model of & "translation system"?

Almost everyone {s awnre that any kind of work (even thinking), causes
fatigue. You also know that vhen you get tired, you can rest awhile,
recover, then go on. Uuppose we want to investigate the effects of
fatigue snd to find out how rapidly a person recovers from physical
exertion. OSuch studies are obviously important for blologists,
physical therspists, physicians, astronauts, and the like. To see
how these studies might be conducted, let us perform a simple
experiment and construct a8 mathemitical model of the situstion.

An Experiment: Work in teams of three, consisting of & subject, a
timer gnd recorder, and & counter.

The only equipment you will need i{s 8 watch with 8 second hand,
some paper, and a pencil.
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The firot person will be the subject.
(1) He will use one hand in the experiment, the left hand.

(2) sitting {n a comfortable position, his mmu straight in front
of him resting on the desk top, fingers together, palm up,
he should open and close his hand.as fust &s he can. KHe
should be quite sure each time that his fingers touch the
desk wvhen the hand is open, and his fingertips touch the palm
vhen closed.

The second person will be the timer and recorder.

(1) He will watch the second hand, start the subject, and call
time at the end of 90 seconds.

(2) He will also record the total mmber counted by the
"counter" at the end of each 15-second period.

(3) The "subject” will now be allowed to rest for 30 seconds,
then start the exercise for another 90-second period.
As before, the count should be recorded at the end of each
15=-gecond periecd.

(4) The timer should also see that the subJlect’s fingers
straighten completely, touch the table ton, and then close
until the tips touch the palm.

The third person is the counter.

{1) The counter will watch carefully and count the mumber of
times the subjectfs fingers touch the table top.

(2) 1t is important thst he count guickly, but aloud, so that
the t{mar-recorder can hear and record the count at the end
of each l9-second pericd.

(3) To get the number of times the fingers were opened for each
15=-gecond time period after the first pericd the recorder
should subtract the first total count from the second
total count, the second total count from the third, etc.

34
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The following ie a table of sample data, Make a table 1ike this
for each member of your team and rotate Jobs until everyone has had a
chance to be a subject.

Muscle Fatigue
Name of Subject
Difference between the

Time Total Count per count in one periocd and
Time in Count for Time Period the count in the next
Period | Seconds] Left Hand | for Left Hand time period
1st 14 38 38 -
2nd 14 e 12 - 38 = 34 38 -3 =4
ird 15 104 104 - 72 = 32 -3 e2
Lth 14 132 132 - 10k = 28 3 -28=14
“th o) 197 157 « 132 = 25 2B-25=3
6th 19 179 179 - 157 = 22 a5 -22=3
REST 30 REST REST
7th 14 26 26 -
8th 1, 50 50 - 26 = 24 26 - 24 a2
9th 1% 72 12 - 50 = 22 2k -23 a2
10th 14 %2 9 - 72 =20 2 -20=2
11th 1+ m 111 - 92 = 19 20- 191
12¢h 15 129 129 - 111 = 18 19-18=1

(s) Draw a graph of your data where the input is the number of
the time period and the output is the "Count per Time Period".

(v) Dees your graph indicate that you got tired? Did you "recover”
fully in the 30-second rest period?

(c) Draw a graph of your data where the input is the mumber of the
time period and the output i{s the difference between the counts
in two successive periods,
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(4) Can you use your mathematical model to predict what the "count”
vould have been in the 7Tth time pericd if you had not rested?
If so, explain how you could do this.

(e) Can you use your mathematical model to predict what the cownt
would have been in the 13th period if you had continued the
experiment? If s0, explain how you could do this.

k-5, Sumsry

A mathematical model tries to duplicate some of the actual characteris-
tics of 4 real 1ife situation. If these chamacteristics are properly
represented in the model, then we can use the mode! to predict what might
happen in different situations. To be successful a model should:

(1) contain as many of the main chamacteristics of the real 1ife
situation as possible;

(2) the characteristics of the real life situation that are included
in the model should behave in the model like they do in the real
situation; and

(3) the model should be simple enough so that the mathematical
problems that &re suggested by the model can be solved.

It should be clear that a mathematical model is never a perfect
.Fopresentation of a real life situation. Ususlly wmany "simplifying
‘assunptions” bave been mde before the mathematical model is finelly

congtructed. The answvers found by aalving the sathematical problems sre
not the answers to the real problem gitustion, but just predictions of
what will be geen when the real situation is obcerved.
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Teacher's Compentary

Chapter &
AFFLICATIONS AND MATHEMATICAL MNODELS

Mathematics cannot deal directly with physical objects. Mathematics
can only talk sabout ideslized objects such as points, 1ines, numbers, and
functions. These oblects are abstmact creations of the mind and have no
existence in the real! world, In order to use mathematics to solve proLlems
about real 1ife objects, we must first create 8 "Mathematical Model™ in which
the real 1ife objects are represented as mathematical objects.

In different types of problems, the same physical objects may be
repregented mathematically in different ways. For example, when we draw
geometric figures on a sheet of paper, we think of the sheet of paper as
representing a plane. However, when we have a problem involving the volume
of & book, we think of the sheet of paper as & box shaped solid with one
dlmension very small compared with the other two. We would say that we have
chosen different mathemmtical models appropriste to the different types of
problem.

All thic {s obvious encugh when one thinks about {t, but the working
out of 1t in pmactice is falrly subtle and has seldom, {f ever, been mde
explicit for secondsary school students. The purpose of this chapter s to
make 8 very small beginning toward making explicit the uges of mathematical
models in problem solving.

The recommendstion that schocl mathematics curricula do a better Job
in making rlear the relationships between mathematics and its uses has been
a feature of every suggestion for "reforu"” of mathematics educstion since
at least 1900. The matter seems even more urgent today becsuse of the
extreordinary expansion of the uge of so-called "mathemstical models” in a
wide viriety of flelds that have pretty much done without msthematics before
now. For example a8 list of booKs recoently circulated for college mathemstics
teachers intended to "give those interrsted & ressonably clear idea of the
nature of mathemstica! models and the techniques being used in these applied
fields” had 63 titles under a Biology heading, 41 titles under Bconomies,
and 63 titles under Sceial Science.a. In addition, the latest litersture
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in many fields includes “mathematical models” efther in the title sr in the

developZent of mmny reports.

The more or less standard rhetoric vhich describes how mathematics is
appiled iz {ndicated by the following brief summty of an excellent article
printed nearly 20 years ago in which R. S. Burrington axplained applied

mmthematics in terms of "models™:

when considering problems that are concemed with
applying mathematics to situations {n the real vorld, one
15 often confronted with the i{ssues in a complex environ-
ment full of distraction. It remains to develop & well
organized structure so <hat the essentiamls of the problem
can be viewed with less confusion. The delicacy of such

a8 tack lies in the following:

(1) Removal from the original setting of only
the barest features of the prublem. This
requires due examination of the original
setting to gain direction in determining

that which is fundamental.

The result of

such an effort is a simplified, idealized
concrete or physical mode] of the original

problem.’

(2) This tdealized model is to be made the
subject of mathematical {nvestigation by
direct translation to mathematical terms,
i.e., an igomorphism. Essentially this
tmnslation {5 & mathemdtical model of the
iiealized model of the original problem.

(3) Through manipulstive computation & solution
is obtained for the mathematical model.
In this stage there is mo reference to the
origimal setting or to the idealized con-

srete model.

(4) The solution is interpreted in terms of

the {dealized model.

(%) Finally, the solution is interpreted in
terms of the original problem,

The validity of the results must be verified and depends
upon the extent to which the models include all the known

pertinent facts,!

*R. S. Burrington, "On the Wature of Applied Mithemstics, "American

Mathematics! Monthly (April 1949), 56: 221-242.

This has been reprinted in:

SMSG Studies in Mathematics, Volwme XVI, Some Uses of Mathematies: A Source
Book for Students and Teachers. If you become interested, you may want to
read the entire article and perhaps the article "Mathemstics and Social

Policy" by P. J. Davig, slso in the SHSC volume.
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After a decent interval of time and after several more sessions
devoted to examining hov mathemmtics is applied, & "flov chart” of the
process descridbed by Burrington might be developed by teacher and class
togsther, or sizply displayed by the teacher on a poster or bulletin board.

For examples!

real world

Siuplify to get
idealized physical
model

Make methematical
wodels of simplified

situntions
Work out the
et 1o Thisk some
more, get somo
new inforumtion,
etc.
Interpret the

results in the
simplified problem

Interpret results
in the original
problem

In simple, everyday, applications cne does not, of course, go
explicitly through all of the steps indicated in the flow chart.
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Suggented Time Schedule

Section 4-1. Introdycticn é class period
Section 4-2. Situstions Leading to Secmetric 1 class period
Models
Section 4=3., Hov Do You Psek Your Marbles? 1 class period
Section k-4, Some Other Mathematical Models 1 elass pericd
You Have Known
[ 1 Al
Section 4-5, Summary 5 cless perfod

ALL EXERCICE SETS IN THIS CHAPTER ARE DESIGNED 7O BE USED IN DIRECTED
CLASS DISCUSSION SITUATIONG.

4=1. Introduction

In this section wo focus upon the process of goling frow the mathematical
{def to the rea! altustion and {rum the real situatisn to the mathematical
idea.

The sectiun shou!d be completed during Sne class periecd. The stuient
is first given a brief {ntruiuction to what s involved in using mathemstics
tu describe things in the real world, followed by two gets of Class Dis-
cugsion cxercises, The first of these specifies certain mathematisal
entities, like 3 + 1', and agks the students to invent situstions for
which the mathematical entities would be & model. The second set of
exerciges turmns things around and starts with problemo and asks the students
to think about what mathematica! cntities would be appropriate ss models in
attacking these problems.

The exercises shou'd be done in ~lass discussion with a free, game-~
1ike atmosphere prevaiiing. The teacher has the recpongibility for setting
up the situstions in such & wvay that an interchénge of ideas takes place,
and also for judging examples offered by studonts to meke sure they are
appropriate to the points at hand.

In hani!ing the discussion, the tescher should Keep at least the
following things in aind,

(1) Near!y every student should participate. Ask them to write Jown
their own {ieas, and then discuss, omally, & few of these
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suggestions, If some students are not able to handle the
exmmples s given, then give them specific numerical expressions,
2.§., "What is & real situstion that leads tc 2 +3 as 8
mthematical modelf”

{2) Be on the locokout for guite different situations which are
suggested for the same numerica! model. You should especially
watch for situations that 1{llustrate quite different concepts,
a8 is possibtle in Exercise 3 below.

Exerciges 4-18 (Ciaos Discuseion)

la "In eix wonths Mr. Adsms earmed more than §/000. How much did he
earn per month?®"
Note: Of course there are many situstions where the
question ccild be, "Who nas the wost ... %",
“"Who {s oldert™, "Who has the best (lcast) golf

score?".
GCome other sitwtions are:

{*) "The 4istance an object falls during the first second is
&' feet iess than the distance it falls during the second
gsecond. During the two seconds it fmlls less than L8 feet
becausa of alr resistance. How far does it fall during the

secont second?"

{2) "Peddy is more than 3 years old, How old 15 Teddy®"

{3} "A student has test grades of 79 and B2, What must he
secore un & thir test to have an average of 88 or higher?”

2. “The tota! number of gmins of sugar in three cups of sugar.” Some
other situations are:
{1} "The total number of fish in !l the oceans.”
{) "The tota! populatiocn of insects in the 4“0 states.”

lote: It would be appropriate to note thet the numbers used in
these situations are probably approximstions to the actusl
situntion.
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“Iim hae 10 marbles mnd gives 2 of them to John. How meny does
Jim have left?” (The model 48 (10 = 2),)

or

"Jim has 10 marbles and John has 2 wmarbles., How many more does
Jim have than John?" (The model is (10 - 2),)

fiote: There are mny “take avay” and "how many more” situations
possible, This is a good time to introduce the fdea that
different real world situstions can lead to essentially the
same mathematical model.

“If there are 22k boyr in Gym first pericd, how many squads of 8
boys each can be formed?” (The model is 225& o)
Qar

“If there are 224 boys in Gym first period, how many btoys would be
in sach of the B8 classes that were formed?” {The model ig gaa-lt «)

or

“An owvard of £224 was to be divided equally among 8 people.
<}

How much did each person receive?” (The model is g‘é& .)

Note: Hopefully the students will see as "different”:

(a) Given a certain amount, how many are there in each
of & certain number of groups?

vs, {b) Given s certain amount, how many groups of & certain
size can be formed?

"The speed of & car at any given moment.” (The model would be, for
example, 40 wmph.)

"The air pressure in a tire,” (The model would be, for example, 22
pounds per square inch,)

Note: There sre many other similar measure situations, It 4s likely
that many of these involve ~ounded-off aprroximstions.



o,
6. "The number of feet in !i7 inches.” (The mode! wuuid te =5 .}
"The perimeter of m square .ot is !213 yards. What 15 the 'ength
B [E4 %]
of ong, 8jte?" (The model is —‘1—4 <)

&‘\‘t recipe that makes five d%’;.cn cookies calls for 3 ounces of
M@“ How much vanilla shou!d be used 1f & person wants t3> make

oniy sdozen cookies?” (The mode' wou!d be ; o)
. . p

7. “Whkt 1c4EeWlrvation of the lowest point in the U.5.7" (The mote:
. A,
18, “’:’.%;- § (This ta in Death Valley, Calitornis,)

¢ 4} the North Pole during & blizzard."

kil <
}!« aguunt of money-dne has if he charges $‘.‘_;0 warth 2of
o iothec .»neyweek ani eams §2 during the same week."

8,  "How can you t'ini the height of 8 gilant redwodl tree if {t stands
un 8u 1¥'ani on which it {s {mp.ssit'e to !Rnd?"

- .
"How @g‘bosrt feet of umber is contained in & log &t & 'umber
mxnf.*d‘
- e
3
"How much wacte 18 there {f the largest possidle circular reglon is
- cut from & given square region?” (This problem has obvious industrial
N @
1mp§~L§1 15ns.)
C % <
Je "'The_nusb  hutrs @ student spends .n homework {n ' days."

- {Thn moder’ d&! te f :t 't where t {8 the rnamber of hours

a stulent sp;;n\ix: on his homework per day.)
]

"‘-:" bl -

.

- .

Exercises?__z_!_l. (Ctass Discuscion)

le The Qocussion chouit load gent.y to the fact that this is always
possible { sy convex reglon | ike:

.

s

SO

s

2

O

LRIC

a




O

ERIC

Aruitoxt provided by Eic:
¢

3e

but that ﬂ, is ?t possibie in non-convex regions like the

ol lowing:
.. . »
4” q
»}q . f.
The words convex re are aut important at this time., The iatuitive

The gun point ikic situation 15 that s mathematical model will be

Mmte fe talonts of these two baseball players, It would
be ta precigely describe these particular skills without s
watl Mt inn: model since the sathematical mode! escentially recreates
024 d{fferest situations for one man and 183 different situations

ror the ufg player, Notice that in this situation the mathematical

mlel hag 'racteristic uf bheing more perwanent than the real life
gieus @ &é “i

Awri on of the rational numbers, —‘:’:3; and h3 , usually
in z.num m& vitl he!p determine who hashthe best batting sverage,
In hic badd ;—i = .hj“"... and —93- 2 .23497, thence
’ -3

g - >
_‘[. . 200 13 ¢

The mode! that we mu;':d';ike the student to think of is & rectangular

buxe




However, to solve the problem easily it 18 helpful to represent the
walls 86 "flattened” out, thut is, in the ssme plane 88 the floor.

A
i -
’f
E - B
Cal o
, -
. -
F; ‘z'f &
- o
222" 5
[ length

There are two possible paths represented by segments AC and EC.
Usually AC 1is the shortest distance unless the width of the room
is larger than the length.

No specific room dimersion: were given since we wanted to avoid
getting entangled with the Pythagorean Theorem at this time. We
think that the students will agree with the intuitive idea that the
line segment, KC-, will represent the shortest path, In the model
the shortest path will be path ARC.

b, The comparison of the rational numbers g and '111‘ helps direct the
students? decision-meking process in this socially critieal sf{tuation.
If your students don¥t Imow how to compare numbers written in this
form, you might be able to gain some "sdditionsl milesge" from the
situation by gently pointing out that there sre some situations where
such & comparison is important.

% >g- 80 the student should choose table B, {(The 8 and 11
in the denominator are the total numbers of people.)
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k-2, Situations Leeding to Geometric Models

In this section ve tried to select some simple prutlem situstions
vhere the need for some geometric model was painfully apparent. He!p your
students over the "rough spots” in any mathematical calculations. We are
trying to develop some awareness, on the part of the students, abou. how to
Spply mathematics and we don®t want them to get "lost" in some complicated
caleulations at this time.

It 18 also recommended that you discuss this secticn, after the
students have read it, prior to doing the exercises. The section points
out the simplifying assumptions mAde in constructing the mode! of the faliing
body protlem. It then briefly discusses the limiting effect that these
aimpu.i'iesti.ms have on the use of the mude! in interpreting real situations.
The student should acquire s feeling that ebsolute faith in o methematica'
model can sowetimes be disastrous, but that if he is careful about his
assumptions the model can have pretty good predictive qualities,

Bxercises 4~ (Class Discussion)

le Help the students

O with the vords "radius"
and "height” 1t they

need it,

==y

r
")
VI- gr''h
- In this situation h = 2H and »r = K,
VII = gR°H
VI -xr’h i.g.¢’2.12-)x).12._;-
= —— . =
VIT Vao x.if.g 100062
Y
"« 2 )
-ur? H.I-E EV!-V;)
. 2]
oo 2V = VII

Accurding to the mode! neither can is the hetter byy.

L
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ote: We don't want the students to go through the formal a&nalysis

——

given above. If you can lead your students to suggest that
you need to compare "how much each can holds" you should be
able to convince them of the arithmetic, especially if you
use specific numerical values like r =5, R=10, h= 12,
and H = 6, aa shown on the previous page.

It's hoped that this problem situstion is common enough that it will
provoke the students into making & guess, and then to evolve gome
method to support their guess,
Some simplifying assumptions are:
(1) the top and bottom of the cans are "flush” with the sides;
(2) the cans are made of metal with the same thickness;
(3) both cans are "full of beans" (no water); and
(4) the quality of the beans in both cans is the same.

Your class will probably think cf many more,

The model we're thinking of Jooka something like this:

-

Of course stu’ents 4on't know anything about congruent trisagles but
the process of estimating distances by "sighting” should be familisry,
Once the student has been led to represent the first part of the
situation by & ABC' 1t shouldnft be too hard to get him to swing
this triangle around until it 4z in the same position g8 A ABC.
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Sowe simplifying sssumptions are:

(1)

(%)

and many

3. The sheet should Jook like the fcllowing:

the man can cee along the bank <f the river, (no trees);

the bank and river are in the same plane;

the man can hold his eyes in exact!y the same position as

he tums;

the angle forme! by the mBn and the yround ic a right angle;

others.,

(DORN'T ALLOW THE CTOUDENTS TO DO ANY FOLDING UNTIL THE END OF

THE

{a) (1)
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The arrows point to the

top of' each page. The

ey

1
boxes, {______. ! ’

enclose the page numbers
that are on the back of
the large sheet.

Have the stulents iraw a sketch of one side o the sheet

{ncluding the "fo'ding lines."”

]|
|
|
!
I

-
el
-

1
LY

s o —— —— — . —, o

From this sketch the students should cbserve that four pages
£a &f the iarge sheet,



{2) By looking st some books, if mecessary, help the students
- realize that, starting with the {irst pair of pages @
m«i@ , the pairs of pages will be printed on opposite
sides of the large sheet.

{(3) Now, have the students imagine & point on the "backside"” of
the lower right-hand region of their sketch, (indicatei on
the Araving ‘:_:‘ ). Then say, "What happens to the point
vhen the first fold {s made?"” Then ask, "What happens to
the point when the second fold is made?"” This procedure
should help them locate pages @and @ .

(4) Next, lmagine & point on the "frontoide™ in the lower left-
hand region. Ask, "What page is this point going to be
next to after the first fold?" "Does this position change
after the second fo1df"” These questions should help the

students locate pages @ and @ .

{*,) fThe rest of the page numbers can be located {n a similar
mAnner.

{b) Now have the students put an arrow, f , in any one of the tw
lower reglons in their sketch. Ask, "What happens to it after
the rirst tfol!d?" Then, "What happens tu it after the second
fold?" Hopefully the students should see that the orientation
af the print on the bottom half of the sheet should be
“upside down,”

The students could now take & sheet of paper, number the
pages, iniicate the top, and then fold it to see if it works.
{That 1s, ~heck out their model with the real situatlon,)

As 8 brainbuster, some students might l1ike to try a 16 page situation
where the folds are L-R, B-T, L-R.

Q 3 {;
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L, Foseible models suggested might be:

Model 1 Model 2 Model 3

Some of the almplifying sssumptions are obvious. We are representing
8 three-iimensional, irregularly shaped object with planar figures
in the first twu models and regular solids in the third model., Your

students will undoubtedly come up with many other, sometimes bizarre,
suggestions for approximating this area,

b-3. How Do You Pack Your Marbles?

The "packing problem" and its applications will most l1kely present
the students with an untamiliar situstion. This is intentional, since our
vbjective s to have the student think about an unfamiliar situstion, make
some simplifying assumptions and bring the situstion down to 8 level where
there is some hope of solving the problem. Then we wish to indicate how the
solution of the simpliried problem can lead to an adequate golution of the
2riginal problem,

It 1s hoped that sctual handling of both the disks snd the spheres
will develop real geometric insight into the meaning of these packing problems.
If another reference i{s desfired the problem is discussed briefly on pp. 148
151 of Rouse Hall, Mathemstical Recrestions and Rssays (revised by Coxeter),

One point should te omphasized. In an actusl packing of either disks
in & region of & plane or spheres in a region of space, there 1s almost

3%0
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SlvAys waste space around the edges of the regiun. For exsmple, {n
Exercise (1) be!ww, where pennies are teing packed {nto & rectangular
region, every other row will have abtout half a penny of waste space 8t une
end or the other. This is the reason why the actual results on the part
of the area@ covered by rennies {s 'ess than the thecretically computed
result. As the regiun gets larger and larger, this boundary waste is a
smlier and sml!ler fraction of the whule region and the actual results

get cluser and claser tou the resu!t found by using & mathematical modgel.

Please repist the temptaticn to teach all abuut Areas of Squares
and Circles, Hexagons, ani the !'lke, Use these lie8s inturmlly and

"

proviie & "helping hani" in the /liscussions when the mathematica’ skills

of the stuients appear to be inadequate.

Exercises 4-3 (Class Discussion)
le (a) osquare or rectangular regions (Just square or rectangle is 0.K.).
(£} Circular region or cir~ular iisk. (Circle)

(¢) "How many circular 4isks can you pack into a very large
rectgngular region so that you get in as many as possiblet”

o (a) Using this arrangewent, 64 pennies. {If you have an overhead

prajector ani f4  pennies thic coull te easily demonstrated,)
(L)} FPour

{c) This is the armangement welre looking for.

The {nner penanies
teuch aix other

punnies,
(1) wo. The ﬁx.-nnie'ﬁ cover about  33.4% uf the area of the square,

IT your pupliic seem pe.rticularly interested in such geometric
prot lems, you may wish t. mention the following problem which {s
unsolived, but not too hard to understand.

How shoull n points be placed on the surface of a sphere of
mdius I, so thsl the smallest of the distances between pairs of
points 15 as 'arge as posgitle? You can visualize this protlem by
{magining that you have 1 ants on the surfasce of the sphere who
hate each other enthusiastically and want tu stay as far apart as

.

el
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possible. The question is how they would arrange themselves on the
sphere. For a few of the simpler cases the solution {s easy to ser,
For example, wvhen n = 2 the two points would be placed at opposite
points of a diameter., The problem was sclved in 1951, by Schmitte
and Van der Waerden for the cases, n =5, 6, 7, 8, 9, 12. But even
for n = 10 the golution is not knowm,

4-4, Some Other Mathematical! Models You Have Known

In this section we present two situations which will use several of
the mathemtical ideas developed in previous chapters to construct suitasble
mthematical models. Since these situmtions are degigned to use recently
acquired gkills snd understandings, the stuients should be able to partici-
Pate more fully in the development process.

Bxercises k-4 (Class Discussion)

Te The key part of the slgorithm is that as you resd the Roman pumersls
from left to right you 8dd their values unless the velue of the "left"
numeral is less than the next numera! to the right. For example,

XIv:
Sum
(1) The rirst numera! on the left is X.
{2) The next numers! s I =and the value 10
of X 1is greater than the value of I
80 we write down 10, the value of X,
in our Sum.
{3) Now we consider I, The value of I 10«1 =9
is less than the value of V, the
next numeral, 50 we gsubtract the value
w1 from our sum,
{4) Now we consider V. There are no 9+ u

mOre numersls so wve add the value

2 V%o pur gum,

Remember that {n the development of algorithms and/or flow charts
you wsum!ly start somewhere in the middle with the key idea 8nd work

3t
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your way outwerd to the start and stup stage. The following is an
exauple of a baoic algorithm that you might develop with your class.
Rewember that the Roman numeration system is basically additive,
reading from et to right.

(s) Basic A!gorithm ror Tranolating Romen Numerals to Amsbic ¥ merals

(') Write down the value of the Roman numeral on the left,
(2) Write down the value of the next Roman numera] to the right,
(3) Compare the values of these numermls,

(4) If the value of the numeral on the lett 45 greater than
the value of the next numeral, “<hen add the value of the
"lett” numers! to the sum. (The sum starts out with a
value o 0.)

{,) 1If the value of the numeral pn the left is lcss than the
value of the next numeral, then subtract the value of

1"

the "lett" numera’ Crom the sum,

() Hepoat .trps ! through ', shifting over to the ieft
e numern! &t 8 time unti! a1l numerals have been

cungl iered {n otep 1.

Note: The key parts of the algorithm are steps (3), (L), and
(A,y).

(L) The deveiopment of the flow chart should occur in atages with the
mfinements being added step by step. Gome pussible stages in
the levelopwent of the flow chart are shown below,

()

(V&iuﬂ or A< value QLSF___[S « 8 + Value of A]

T

[‘.3@-13 - Value of A_]

This Is the main part of the flow chart, It illustrates
the palrwise comparisun of the adjacent numerals A and B,
and then the addition or subtractiom of the value of the

numera’ A to the gum (.

363
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(2) Now that we have s "middle", let’s see if we can devise &
beginning. Our next major problem is to simulate the
numemml-by-nuNeral movemsnt from left to right, First we
sssign the sum S the initial value of gzero (box 1). Hext
ve input the Roman mumeral (box 2), one numersl at a time,
reading frow left to right. This input {s designated by R.
(Remember that once an input is read and sssigned that card
1s destroyed and the mext input card comes up to be read.)

Be&R
A«B

@emam more card_s).g__. BeO

B &R

'

{3) By using the "dummy"” variables A and B we can now model
the inspection of pajfis of numermls as wve move along the
Roman umeral. In box 3, we assign to B the firet
left-hand Roman numeral, and then we {mmedistely sasign
B to A. In box L we ask, essentially, if we have come
to the end of the mumeral., If ve have read the last
numeral, then we sssign O to B, and this will be our
signal to stop the machine,

364




(k) The following is & complete flow chart for translating from
Roman nunersls to Ambic numermls.

There sare\ F
more cards | BeO

L)

BeR

( F
Value of A < Value of ‘B}—- S «§5 + Value
of A

S &8 = Value
of A

65
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v 2. A wat~h or cluck with & gecond hand 16 necessary for timing purpeces.

It i{s moat important that the utudents be cautioned to follow
instructiong exactly. Touching the tabic and the palm of the hand
with the ringer tips every time is essential. Some gcoi-netured
puiicing wili uniouttedly be necessary. (It was necessary even smong
aluitel)

If 8 student shows an increase in number per 30 geconds, he is not
daing 1t praperly,
Be gure the ingtructions are thoroughly pr-rwad and that the students

underotany the activity btefore teginning,

. Thee rest perist should not a'iovw complete "recovery”, so the ceventh
time peerlod should read higher than the pixth but not as high as the
rirst,

() (iamp'e graph of data given in text.)
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~ (b} The’graph constructed from “he sasple data shows a definite
A .
. ' matf{gue in muscles and a s'ight recovery with rest, The stulents?
¢, graphs wiil vary cunsiderably,
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(1) The wrauph . the ‘v data in part () inileAates thet the
= lrereage hat b ronctant , so & good estimte here tor the
T (nferval with no reat, wou'd be 19 Arips.
~ L]
{~) Mgood ot imats from the graph of the sample data for the
Ty <&

Wtk Imterml {s V) gripa.
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Extrapvisgion {8 the st tmml¥on or the value of & function beyunt
an interval from valuer of the function wi thin the interval. Here
v fire Ju;x} making an Sducated guess of the next vaiue based on
pee .08 inrmmmetion, isOne muet be esneful tooenuse LY the data is
Timitend, f+ !n&an:f; to ARrrive at a wrong cone usion.
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Suggested Test Items - ,_l ; \.
It is st ' mcnﬁ;;de'd‘that no test be given on this chapter. An
inforaml ducuu@u of the fdeas presented in the following article might
gerve as a satisfactory f’lﬂﬂin‘tmg activity.
. ‘8

o f‘
g : Excerpts from
o~
"Phiiosophical Remarks on Mcde!-Making”

by M. L. Juncosa
= RAND Corporation

A search vur an "unierstanding of phenomena’ has dominatel human
intellectual adtiyity from ;s'beginning of time, This pursuit of knowledge
of structure uand a‘caumtia can te motivated by desire for comfort, fear
of the unknown, satisfaction‘of curiosity, ani so on.

Four the scientist--and thic {ncludes mathemmticlans--a strung motiva-
tion {8 the desire for predictabllity; that is, within certain tlunds the
structure or mode! nan be interpreted as being "consistent.” For the
inductive crientiot, resu!ts of the theory, i.e., predictions, wi!l "agree"
with experiments, For the mathematician, contradictory theorems will not

regult,

To nrrivg’ OnCius jone, o« process of what some people call model
building is eng€ged (n. The primitive man invents concepts of supernatursl
gods with anthropom rphic attributes, such as anger at bLroken taboos, and
enormous powers, such as the power to cause awe-inspiring earthquakes,
eclipses, an! o2 on. The orientist otserves physical, ecunomic, socio-
1agical, hlviogféa], or paychoiogical phenomena: He {nvents {dealizations
of the phencmena at hanl! acgording to some laws which may exist from
previously studied "similand situations ur which he construets for the
purpose. These < .ntatff what 18 ree s fs the "essence” of the observaticns.
Ag what he 2a'ls ~dmoequences of these !aws, he makes certain stetements
or. predictions, ssserting that he has nov an explanation, a theory, or more
mdestlyg?ia mpde! {not m:cess&r’i."y unique and which my or may nct te
mthimtical) for the phen:menon.  The predicticns are checked sut to see

how va'it *hey are and, It neceggary, the mxdel {8 changed,

The 'yn'emticisn Yoes ‘nut necagsarily -leal] with real! wor!d phenomensa

~dlr§_!cﬂ_y but {oes ~ongtruct mAny ~oneept a] models of other concepts or

g
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theories that he {8 in the prucess of exploring. He f'requently finde that in
thé Bode’ ur {mAge he way have greater insight or may be sable to use !anguage
whiRh 18 nut juite asvallable for the original., This enables an "end~-run” in
the proofs uf' gual theurems or suggests new goal theorems and techniques fur
the origina. . It {s nut uncommon that he makes physical models ani pictures
ag models fur his theory r'ur greater e'ucidation and inspimtion,

It is »csentim! to recognize the univercelity and variety in the
phlivoophy ut mudeling, regardless of what it {s called. Not only fues
everyine v modeling At sume intellectum] level, but frequently transiticns
from one wurli .. anuther and back again are maie. An engincer may meke &
mechanica!l mole! (hore called analog) of springs, welgh*s, and dash-pots for
an clectrica. clreuit of resistances, capacitances, and inductances, or vice
versa. If he has 8 mathematical mude! as well, he may not even make, i.e.,
physically ronstruct, the mechanica! or the electrical analog but will rether
gulye ther pretinent equations and then interpret the resuite In either the
wriginal sltuation ur the anaiog, using the language of the one most ramiliar
to him tecause "{t (s casler (ror kim) to see 1t that way."

Continuing with the veriety ol instances of the modeling activity, we

have:

e the provess of going Urom the real world to the real world, eited

atove leongtrutsedon L uwnalog computer, ooide rules, ete.);

Ve the provcess oY galng Crom the real to the conceptual or mathemmti-
cal, and then tack L. the rea! (mathematical physics, ma*hematica! biology,
mathematica economiss, ovperations r;sesmh, app’'ied mathematics in genera’,
the prucest telng amirml. .y tescrited in Burringtonts article, "On the Nature
uf Applied Mathemat tos™ Y

Lo the process Y going "rom the conceptual to the rea! and back
again {~unscructi.n o Vorn ilagmms and switching circuits t'ur set theoretic
ani Boolean ojemtions, c.nstructl.n of finite group multiplication tables,
uuns?.n;c*,.iqn " orings, trees, graphs, knots, cruss caps, Klein bottles fur
certain topo iAot Jects);

" Burring .n, 2p. cit. -
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L. the process of gulng from & conceptua. t. an.ther concaptlua’
withuut pagcing to the rea! ani back again {identifteation between rea!
numbers and peiats un 8 !ine, langusge structures A8 trees or graphs);

‘ia ant even processes vl guing f'rum lower to higher concepiua: 'evels

and tack, as wel' as vice versa,

some mode! -mking also gues from determinictin cunceptions ts
prutaniiity aonceptions and bvack again, ’

We wlll restrict our attention here to the phliusophy of mule. ing as
app:lerd Lo rea! wor!d probems, as indicatedt in number o above.  Since

e

the termm "mathematica! mode!s” fs used very extensively in biulogy, econumiers,
TRRAZCMTIL POy uo, JKY, Jperations research, control applleatiuns, chemistry,
statistlcs’ mechanies, ete., we acerpt this usage. At the same time, we
recugnlze that mode (ng {6 8 broader inte!lectua’ concept and caution
strongly sgaingt o monops'y a0 & RArrov use of the term that might cRUSH
puiarizatn W atuitudes among pesple who shoull recognlze the univeersa’ ity
#f" the proecsc. Juch symomyme shuulf always e pointed o2ut with their

s ight ¥ t1"fament shates U conmotat{on Intlcated,

Anotier otoermation un mude’s is the strung essence of approximation
pregent, partl-uar y (o reg! worit protlems inv. ' vipg elither eontinuuus

.

varia ‘oo or lArge numbers of variatles {o,g., gases, popuiationg, tratric)
fn some pr.i oems,  Wee have slmple exampios 0f this in the representation
(mple’) 7@ At gheet Lt paper Ac & rectang'ce for mubt purpuses Lut ac

& rectangu ar porallceloplied (') whon oomer Lo lntercsted Inocotlmueting: the
volume LU oa bookg the hatltabie worid in antlquily v much smailer ocali-
tlen tolay us s 18l aegment o & plane {lgnoring the !.ecs! mountains,
alleys, riverm) but the--hnbitsh'.v wvorlid as & sphere tulay (ur happlly for
Erat mthenes sesking an estimate Of the size ¢ the earth), or the earth as
vtate spher{i tor satellite work becsuse LU the precision requimed in orbit
computationg the 2lreulatory system as a pump; 8 gas {collection o mo'ecules)
ag 8 'ulli -, These approximations frequent!y are made tu enal .o the
rycognition f mass btehavior or ma:'rum-f)piu Lehavior: at‘uthf:r times they
sre m.iec ‘o mBge 8 probliem either mathématica! iy tructable or computationally
“c&oit.c. Al obgential Tact.r ln a gool mende! [o this cisss of situations

{e tha* .U gtabl {ty; smal. deviations in the original should resu.t In

fma. . variati_ns in the predictad resuit,

A paor mode! in these s{tust{ong is ne with enormous variations in

the resu'*s Yor sma. . deviations in inputs. {We shou!d sbserve that
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aceasional ly 1l is because of the nature u¢ gome startiing varlation {n <he
predictions by inadequate models that original discoveries are maie 274
entirely now formuiationg, )

In ancther class of modele the essence of approximati_nc doce nut
figure strongly or ¢ven at al!. In these 1t 18 structure that io {mpurmant:
Du the variabics o the probilem figure iineer'y ur not? Can an a gotrale
group structure e gasumed In the mwde: for the phenomoenun <r notd Ig the
model Yur the wuril Fuclidcan (parsiie! postuiste, ete,) or not? Protioms
for vhich tre-iike or graph-1ike mude!s are constructed have tids £ aver,
It 18 {mporant o meugnize that the nutfon of stability sesms to be
irreievant here, The familiar prot 'em of the three houses desiring tiree
utilities without over apping coanccti.ns frum the maing to the hu@s,
wodeled as an attempt to eunstruct & certain (impossit!e) graph 5f six
verticeg, is again structuml., OStabfility and appruximation considerations
ar= irrelevant, therw being no "neighturing” prot‘em.  (The "so'ution”

ts "pussihie” as soun as the number Lt homee fs reduced to tw.)
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Chapter 10
PROBABILITY

10-1. Introduction

A story is told about 8 lady who bought some {lash bulbs for her husband
who {s an enthusiasti{: amateur photographer. When the husband cumplained tial
nu.ne 2% the bulbs were any good, the lady said, "That's funny, I tes.ed every
one and they a1l worked!”

Of course this {s not a true story, but it does point out an interesting
thought: "How can & manufacturer be reasonably sure that & shipment contains
very few detective flash bulbs when he knows that testing a bulb will ruin ft?"
Answers to such problems may be approached with the help of probability theory.
Here are a tew Lther examplea i{n which the subject of probability exerts con-

silerable influence,

{(a) Mr. Ames is running ror mayor of Springviev, a town which has
20,000 reglsterei vuters. The town newspaper conducts & straw
prll overing 200 voters tuken at random. If 105 of these
viters say that they inteni to vote for Mr, Ames, what is the
protability that he will be elected?

() Mr. Franklin is now 30 years old, What is the probability that
he will live to be &) years 1d? How does 8 life insurance

=ympany make use of this type of information?

I'v »babillity 18 8 mathemtical topic about which many people have
intultive {deas. It turms out, however, that one's intuition camnot slways
te trusted, Consequently {t (s important to develop a tim foundation for the

taais notions,

10«2, !ncertainty
some events are lertaln, If you go swinming, you are certuin to get
wet, If ymu selext a boy from your class, you are certain to “in: that he is

more than 1 years 14,
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Jome events are not certsin., We use words ltke "probable”, "likely",
“unlikely”, in talking about tnem, For example, when a veatherman make:c &
furecast "Rain”, he actually means, "It will probably raim.” Gimilarly, yuu
mey preifct thet, "fle Cardinalc will win the vennantV, but what you mesn 1.,
“I think that 1t is likely that the Cardinals will wir *he penrant.”

we often mwke tecisions about what ts do in situat{uns where we cannot
be ~ertain .f what will happen. Very often these lecigions have tu Le maie
by "welghing the prus and! ~ms” and finally choosing cne ¢ two or wmare
altermatives. The phrase "weighing the pros and cons™ {s used st this puint
for m sperlal reasun. Jriinarily when we weigh something we measure it«-we
Rasign & mmeri ! value ¢ g chamcoteristic of {t that we c81] weight. When
we "welgh the prus ani cons” we are trying {n our minds to give s numerical
mensurs t, the circumstances that are "€or" one mlternative ani compare it
with s numer{-al oeasure ! those "against™ the altemative. If we can assign

numcricnl wlues ty the pros and ~ung, we reel happier about our lecision,

We ure (n o gupermarket, nave cullected our gruceries in a basket, and
push the lLasket towari the -ash registers, Which line 4o we pick? We try to
make & namer{:al cecisi.n-=we count pruple, estimate the number of packuges

in their Laskets, and then choose a line,

Here fo wnther mathematical lecision in the supermarket, The manager
watshlng sver the cture sees the [ines Bt the cash reglsters getting longer
ant lmger, A vaiw ver the interrom .ay.c, “Clerk A to Gate 7, Clerk B to
Gute H," This manager may know Fum experience how long the lines should be
Lefure soither man {8 sent t. the ~ash registera. Notice that he counts the

~udtomers, His lecislon {8 broei on numlers,

Here ure several pairs of statements., Which st ent of each pair

tells more?
Te (A} : think /1! (8 & better tatter *han T,
{tY T emink ! 11 i3 a tetteor batter than Tomw. Bill's batting average
this year {8 300 ani Tom?s {s ,190,
e {n) 1 think homeroom 207 will beat homeroom 112 in today?'s gane.

(L) 1 think hmeroom 207 will beat homerocom 112 in today's game.
Homeromm 27 has wvon “ive of {ts seven games while 112 has won

three sut of seven,

® ‘—t-wi




4. {a) Westher torecast: rain tumorrow,

() Weather forecast: H0% chance or rain tomorrow.

4, (a) Dr. A: "Try this remedy for your sunburn. It may help you,"

(t) Dr. B: "Try this remedy for your sunburn., It has helpei € out

a8 ! patients who have tried 1t.®

You have probally noticed that {n emch palr of statements the aoconi
wuuld be mure helptul, becnuse it gives you more definite intormation. In
each case, the aldi{tional in:mmati{on lavolves tuww rical measures o! game
sort. You shoull realize, however, that the numerical information given iues
not make the conclusion crrtain. Tom may have played all year with a sore
amm, the btetter team foes not always win, {t may not rain, and the remedy may

. not work Cor U,

In probability we sbhrll study systemutic methois of weighing pros ani
conse  Although we cannot change an uncertain future to a certaln one, we can

8 metimes cumpare !ikelihoods of various occurrences,

‘me 7 the objectives o7 this shapter is to learn how o assign
apprupriate numerical geasures ‘2 uncertaln events, These measyres will te
calledt protutilitics,

The stuly o protabi ity has many pmoeticul ases, For example, etersl
ant atate g rwvernments uae probabliity in setting up tuiget requirements;
military experts use [t in making le-isions on iefense tattics: sclentists
use {t in research and stuly. BEngineers use protatility in -iesigning ani
mnut'&./:?uring reliat 1o maciiines, plancs, ani satellites; business Uirms wse
it t help auke 1{9{~l+ aanagement decisions: (v (s the main t20] oY the

Insurnnece {ndustry !n fe~lling n premium rates ani on size oF Lenefits,

We will use 8s [1]lustmtions severnl exsmples Jf games 1 chunce,
enpl oying auch “mmillar ot Yects ag coins, {i~e, and playing caris., The
oxampleg have teen chogen slince they are alirly simple wo unierstani, WwWe all
have sme intul*i.n atout <he "~han-e” 4t throwing heads when & coin Is tossed.
The practisa! situutions indicate! {n tue preceding paragraph are t,0 Compli-
zated or the present, alth,ough we will mention oome special protlems from

these ielis " appliration,

it is 27 {nterest *hat, histori-ally, the mathemsati{i~-a’ <heory 7

probability arose U'rr tae consideration Hf gambling gameg.

O
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14, Fair and Unfair Games

Juppase that we fecide to play a game “or tw. playere In vhith the
outcome depends upon chance, a0t skill, We agree that the gmme is fafir ir
edach player has an equal thance o° winning. Fur the time being, we will
assume that you have an Intuitive {lee 17 what w» mean by "eyual chance”,

. How may one teclde whether n game {5 rfair? Sumetimes arerul thinking
gbout the rules w{ll enable us tu lec(Ne, Another poga{bility is t> play the
game many tﬁnes, keeping a record oY the results., This may give us a "feel"
88 tu whether the particular game (s fair. We would expect that {f & game is
grussly un'air, sevemm! trimls might Indi'ate that ract. IS a game is a'mast
“air, it muy take leagthy experimentation <. d{scover that fact. Far some of
the gumes dedcribed In the Yollwing exercises, you may wish to coniuct, SRY,

20 trials 4, glve you & >lue abtout whether they are fair,

Exertiges 10=ia

{Ciuss Discuasion)

Heres are & me games ¢, think stuutl, TFor each game a rule is given to
toll whether v o ur yur ppment wins., [¢ neither wins, the game Juunts &8

# tie, In eath age loc.te whether thee game is tair,

Te These games are playeti by tw. players with a lfe having aix ‘aces,
mameerst 1, 0, 4, Ay 0y 6, respertively. The Jdie 18 tussed

b 1

() Y.ouwin 1 the fate numberm! 1 i trrown, Your opponent wins

(v & 18 t‘hrown,

(v Y,uwin I? an >id amter {5 thrown, an? your opponent wins {f an

aven nuster g thurosme.

(' Ywwin {. - {s thrwm, anl Le wins {* & number greater than
I8 *thrne
"o These guues are p.ayel ty tossing a dle with "!" on one race, "2

- 3 tWs other YR2es, and “3"  on the three remsining fases,
fuw) Youwin £ & 18 throwne Your opponent wins I 1 is thrown,

{7 Yuwia i 3 is thrwm, and he wins (¥ any numbes less than
¢ 1s thrown,

Y Y.u win !* nn even mmier (8 thrown, And e wing otherelisc,
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3e These games are played with twa ordinary dfce, one white and une
green, Both dice are thrown t.gether,

(8) You win {f 1 4a thrown on each die. Your opponent wins {¢
1+ 18 thrown on each d{e~,

(b) You win if there is an even mumber un the white die, and he wins
stherwise.

{e) You win 1¢ 6 ghows on the white die, and he vins { L ghows
m the green ile,

1) Youwin £ 1 s on each dle. Your opponent wing it one iie
has 1 and the other has 2,

(e) Yuu win If the number om the white die i greater than the number
on the green die, Your opponent wins otherwige,
L, Thegse gumes are played with one oriinary /die, The die {8 thrown two
times,

{#8) You win {1 the number on the second throw {8 greater than the
numter on the “{rst throw., Your apponent wins otherwise,

(1) You win {f the number un each throw is even, and he wins if the
numbier un each throw (s add,

et us summarize, We have used the idea that a game played by two
people {or teams) 1o fafr iv vinning is as likely as losing, "Winning" means
that pa’t{rular eventas sccur: "1")sing" means that sther events uncur, You
28[N0t bath wip R loge,

DIt you dls ovar which of the rules described in the class exercises
d0e8 nut renlly describe a game, because it permits botn players to "win"?

C'msiler throving an Jritaary ile. 'I‘h'rm.rlng cne gpecitied number is
Juat wa 1ikely &8 throwing any .*her speciried number, For exanple, the

Appoarance 27 N 19 as likely as 2. On the other hand, throwing one
specified naber {5 less likely than not throwing that number, For example,
it 18 leas likely that “ appears than that % does not appear, Throwing

&0 even number and throwing an 214 number are equally likely events,
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Exercigses 10-ib
{Class Discussion)
1. Throv a die ani recort vhich tece comes up, Have the class repeat the
experiment unt{l 100 trials of this experiment have been male, For

nonvenience in counting and reading, record the numbers in tlacks of
five with t'{ve blocks to a rov,

For example, the rirst rov might look like this:
2L131 64235 26563 22522 21355

2, Muke 8 ~upy 4f the Form bLelow and use It t5 record the mumber of times
Fach tace appeared in yuur experiwent, This number is cslled the

frequency and the table {as called a frequency table.

Runber on a die face

1 2 < N 5 6

Frequency, first row

Frequenay, second row

* - Frequency, third row

Frequency, fourth rw

Titel

(Fuor the sauple row given above, the first rov of the frequency table

would be

3 8 h 2 ] 3 l)

3. Use your iata agel:s to -omplete the table below. This time we are
interested in "rung” of like numbers. We want to knmow how wAny runs
ot =ach length occur--the actusl number repeated in a given rmun {s of
ne interedt ror this questiun,

(8) Copy the form and {11 in the second column,

Like Consecutive
¥requency Numt.ors Numters
Pxactly two .
Bxactly three
More than three
- 3-‘93

ERIC

Aruitoxt provided by Eic:




L

[Fur the sample row sbove the result would be

2 (22 and 55, blocksa & ani 9)

1 (22 2, 1last two in block ~ aad first
tn block 5)]

0

(b) For the third column look at your datm and count the number of
"runs” of exactly two consecutive numbers in increeaing order,

FJr example, in the second block of the sample row the third

and taurth entries are the run "2 3", Also {n the third tlosk

fg the run "5 &%,

(2) On the basis of your record above, do you think that a pair of
cunsecutive numbers 18 fuet as likely as & pair of like numbers?
How 4o you {eel about triples of each sortt

Here {8 a record of 25 throws of a die,

23333 33322 121133 3521‘3 23231
(a) Do you telfeve that this record could happen with an ordinary dief
() Do you think it is likely t> happen?

() Can you offer any other possible explanatiuns of the record as
reportei?

One pogsible explanation yuu may have offered is beased on the game
desoribed {n Problem 2 of Bxercises 10-3a, As a matter of fact, the
recori (8 typleal of what such & die would yleld., You may wish to try
it for yourself. Since you undoubtedly do not have a die whose faceg
are marked 1, 2, 2, 3, 3, 3, respectively, you can adapt one
oritnary dle as olloww: Fhink o° the face with four gpots as being

8 2, and think 3t the fazes with five or six spots as being 3%s,.
This {s the scheme used by the writers to obtain the record presented
above,

ferc are two more examples of games which may or may not be "fair”,

Baasple 1. Suppose that & friend suggeste playing @ game that you

think i3 fair, You play {t 100 times.-You win 45 tiows ond he wins =%

tizod,

You would probably feel, guite rightly, that this i@ reesonable
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enough. You should not expect to vin exactly 50 times,

Example 2. Now suppose that in 100 plays of s certain game using a

4ie you lose 9% times, Which of the following statements do you think are
reuganable zonclusiona?

Statement A. The game {s fair, and you have had & run of bad
luck,

tatement B, The game {8 fair. If you play the game an~threr
100 times, ywu will win =00t of them.

dtatement C. The game i not fair. The evidence of 9° 1losses
out 2f 100 plays is convincing.

You should certsinly have not accepted Statement B as reasonable. If
the game lg f~1ir, then in the next 100 plays you should expect to win only
about %0 tlmes, The die has n> tendemey to try to counterbalance i{ts past
performance,

Statement A 18 8 possible conclusion, but as you study more about
probability you will digzover that & run of such bad luck in a fair game is

extremely rare,

itatement C seems the most reasonable 3f the three sltematives, The
evidence {8 convincing, but nute that the results of 100 trials cannot

prove ithnt the game is unfair.

Exercises 10-3c

1. An experiment similar to the vne in Exercises 10-3b {Class Discussion)
af' throving one d{e 100 times and recording esch tlme which face is
up, wus pertormed, with the following results.

b33 Cikh 14166 43004 LGLs1
D63 L1393 35335 65536 64112
b3y Rlok 53263 33423 21531
2ip3r ka3 26563 o 21455

(a) Construct & frequency table for these data as in Exercise 2 of
Exerciges 10=3bd, .

(b) Is the total frequsncy of each number about what you would have
expected to get in 100 tosses? Which mumber occurred wmore

oy
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frequently than you would have expected? Which occurred less
frequently?

2. (s) For the data in Rxercise 1 above, construct a table as In
Exercise 3 of Exercises 10-ib to record the frequency of "runs”
of like numbers and congecutive numbcrs,

() On the basis of your table, does & pair of successive numbers
seen just &3 likely to occur as & pair of like numbers? What
gbout triples?

3. Suppose we have ar ordinary die with aix faces 1, 2, 3, &4, 5,
€. For sach of the following games decide whether it is fair or

untair,

{a) On a single toss of the die you win if the number on the fare
vhich comea up is prime; you luge {1 it is not.

(b) On & single toss you win i the number which comes up 18 the
square of an integer; you lose if it ig not.

10~4, Finding Probatilities

In the preceding section ve considered the likelihood that an event
dccure. In particular, for two events we attempted to decide whether they
are equally likely or whether ome Is more likely than the other. To describe
these ideas more satisfactorily, we need numbers. This section will be
devoted to finding appropriste mumbers to messure likelihoods.

We begin by asking you to do two experiments, written {n terms of
colored marbles., If you 40 not have marbles of the 2o0lors mentioned, you
may use other ~olore, Or even substitute colored disks or slips of paper for
the mrbles, Just be sure that the oblects you use {1) can be distinguished
from each Sther by color or in some other way, but (2) in all other respects
are slike, s> that the experiments will not be bigsed,

. Q A
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Bxorcises 10-ha
(Class Discussion)

1. Put three oardbles, one red, one green, one yellow, all the saze sire,
into @ box or a jar that you cannot see through, and nix them
thoroughly, Without looking, reach in and drev one marble, Record
ite color, then retwn the mardl <he container, MNix all the
marbles and drav again, Repeat ¢ g & marble and recording tixe
color until you have dram 12 times in all.

(a) Approximately now many times did you expect to draw each color?
(v) Hov many times did each color actually sppear?

2, Again put three marbles, but this time two white and one blue, into
the container and repeat the same process as before: nix, drav &

marble, record its color, return the marble, Repeat until you have
made 12 trisls,

(a) How many times did each color appear?

(v) Did you expect the number of vhites to be about the same as the
number of bluest

In the first experimeat above there sre three possible “outcomes”,
~4ch outcome can be identified by the color of the marble drawn: red, green,
ar yellow, From the nature of the experiment, it scems that these three
outcoses are equally likely. Since we wish to use numbers to express such
ideas, we will sssign to each outcome 8 non-negative mmber. This mmber
ve call the probability of the outcome, We shall use the symbol

P (red)

to represent the probability that the marble drawn is red, Notice vhat
P (red) 1s the symbol for a number,

In a similer manser, P (green) represents the probability that green
is the color of the marble obtained on a draw. Can you tell what is meant by
the symbol P (yellow)?

P (red), P (green), P (yellov) are mmbers. 8o far we have not said
vhat these numbers are, However, if they are to fit with our i{dess about
vhat is likely, we can see that not Just any numbers will do, We want the

e
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prchability of an outcome to te & memsure of its likelihooc, Just &s the
veight of a bdlock 13 a measure of its heaviness, It seems semnaible, then,
to require that: ‘

Hqually 1ikely outcomes have equal probabilities,

On the basis of this agreement, the numbers P (red), P (greem), P (yellow)
should all be the same,

If all three of the marbles were red, we would be certain that if ome
marble were drawn the color would be red, Suppose that we agree to agssign
the number 1 &9 a messure of the probabdility of dmawing & red marble fros
8 container holding 3 marbles, all red. What mmber, then, do you think
would be appropriate to represent the probability of drawing & red marble

from & contafner in whish %— of the marbles are red?

Since the draving of a red marble 158 1 of 3 equally likely out-
comes, it seems reasonable to expect that in many trisls of the experiment,
the colar of the marble drawn will be red about % of the time, This number
-;- i8 & measure of how likely we believe the outcome red is, and gives us &
clue about how to choose the probability for red, The same type of discussion
applies to each of the other colors., Thus we agsign to each of the three

outcaomes the probability % « In symbols, we have:

1
P (red) 3
P (green) -%
P { yellow) =% .

As another example, consider a spinner with half its area red and half
.vhite, 11k~ the one ghown here, ’

An experiment consists of
tvirling the pointer with & good push.
By the same reasoning as in the case White Red
of the mardbles, in this experiment
ve have:

1

1
P (red) =5 ani P (white) -5 -

Figure 10-1

We are asswming that the pointer does mot land exactly on the boundary
batween twy regions. Indeed, we shall adopt this underatanding in all of our
exasples involving soinners. (This agreement represents an idesal situation.

83
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Sometimes the spifiners in children's games have wide marks for the houndnriee,'
and the stoprping of the pointer on such a mark is not unusual, If this
happens vhen you are actually perfurming an experiment, discard the triel and
spin again.) '

Exercises 10-Ldb

1. Consider the experiment of throwing one time an honest 1ie (a cube) in
& fair manner.

(s} How many faces does the die havel

(b) 1If an outcume 1§ represented by
the number >f spots on the {ace that appears on top as R result
of the throw, how many possible outcomes are there?

{c) Are all of the outcases equally likely?

{(4) 1In many repetitions of the experiment, about what fraction of the
time would we expect each of the six outcomes to occur?

(e} To each outcome we assign the fraction described sabove as the
probability, Hence we write:

1) = ML) =

P2) = Ms5) = ______
3) = M6) =
2. One of the simplest experiments in probability consists of tossing a

ca2in. Suppose that we have an ".hmeat“ coin--one that is not weighted
{n any vay. We toas {t {n & fair manner and let it fall freely. When
it comes to rest, {t shuws e{ther heads or tails.

{(a) Far a single t78s of 8 coin, hov many possible sutcomes are
there? Nase them,

(b) Assuming that an "honest” coin i8 tossed in & fair manner, what
{s the probability of its showing a head?

(~) Complete these statements ror the coin tossing:
P (heads) w
P (tatle) =

{4) Suppose that you repeatedly perfors the experiment of tossing an
honeat cuvin, and that on each of the first {ive tosses the coin

344
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shows heade, What is the probaebility that om the next toss the
coin will show tails?

Je (s) Suppose that an honest die has been thrown 20 times without
yielding the outcome 5 at all. What is the probability that
on the pext throw {t will ghow S?

{v) Suppose that the spimer shown in Figure 10-1 giupe on red in
10 consecutive spine, What is the probability that it will atop
on white on the next trial?

It the second experiment with marbles you put two white .srbles and &
blue one {ats the container, and drew out one without peeking. The likelihood
of drawing any one of the three marbles {s the same as the likelihood of
picking any other, Thus we can again think of 3 equally likely possible
outcomes. One of the possible vutcomes is choosing t..e blue marble, so we
can write

P (blue) -—;- .

What number might be assigned to P (white)? When you d1d the experi~
mwent you found that the color of the marble drawn was more likely to be white
than blue, In fact, you probably found that white occurred about twice as
often a1 blue., Thus it would seem that P (white) should be s mmber greater

than % s Perhape about twice as large as

1
3

Continuing our analysis, we shserve that the outcome white occurs
vhenever either of the two vhite marbles i picked. The drawing of one
specific white marble is one of 3 equally likely outcomes, co its prob-
ability should be % « The same remark applies to the sther white marble.

It seem reasonable, them, <18t the probabllity of draving one or the other

1,1 2
should be 3*3, or 3 e Thus
2
P(vbite)--i-

Suppose nov that {nstead of putting two vhite and one blue marble in
the container, we put in three vhite mardbles. If you drav once from the
container, what {s the probability that the marble you draw is white$
P (vhite) = _____ . .

If you throv a single ite, what is the probability that the face
vhich comes up shows & mumber of spots less than 7%
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In these last two situntions we considered events that were certain to
tecur. In each case, we found the protability to be 1. In genersnl, ve
egree that: ’

If an event ie certain to ogcur, then its probability is 1.
This, then, gives us the wunit of meagure we choose &8 & standard of
conparison in probebility.

We think sgain of the container with three merbdles, all vhite, and
ask: What is the probability of drawing & black marble?! This, of course,
is not a possible outcome, but we do wish to assign 8 probability. Bach time
you repoated the experiment, you would obtain & bleck warble none of the time,
henre we take the probability to be the number O,

In general, we ggree:

An event which canmot occur has probability O.

Exercises 10-lc

1. Consider a single toss of an honest die,
(a) Wnich of the poasible outcomes are even nmumbers?
{b) What fraction of the 6 possible outcomes are even mumbers?
{c) What mmber represents PF{even)?
(1) wnat 1s P(odd)?

These probabilities represent our belief that an odd number and an
even mumber are equally likely events.

(e) Suppose that ¢ 1@ the mumber of epots shown when the die {8
throw. PFor what values of & 1is the sentence 5 < 3 true?

2. The spinner shown here is colored
vhite throughout. The region X
has an area 3 times the ares of
region Y. {(For simplicity, the
needle has been omitted from the
Araving, )

{a) It is certain that the spinner
vill land on white, hence
P('hite) - .

3o
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(t) it ia resscomble to expect that P(X) = « P(Y).

(c) Since region Y haa one-quarter the ereas of the spinner,
Kr) e ? P(x) S e ®

(4) E(x) « M(Y) = » Vhich confirms the feeling that
P{X) + P{* " &nould be the same as P{wvhite},

3. On this spinne., regions A,
B, C, D sre all congruent.

The area of each i % the
ares of the spinner, .

{a) P(A) = P(B) = P(C) = P(D) « .
(v) P(A) + PIB) « P(C) + P(D) + P{J) + P(K) = .
(¢) 1t BN u—;- , then FK) = .

10~5. Qutcomes and Events

In apalyring complicated situations, it is sometimes useful to have
some special terms, We have spoken of an experiment consisting of one gpin
of & spinner, Sometimes an experiment consists of several repetitions of &
ceriain action; in euch a case we epeak of emca performance of the action as
s trial.

For an experiment, before ve perfom it, we can give a set of poseible
gutcomes, or simple events, that can happen. When you perform the experiment
in sccordance with the rules set up for it, you are certain to get exactly
oo outcome Jut of the get of possible vutcomes.

On this spimner, the red U,
red Y, green Y, and blue U regiomns
all have the ssme ares, and the blue Y
region has twice the area of the bdlue Blue
U region. In an experiment coneisting
of otte spin, the set of posaidble sutcoves
has five menbers repredented by the five
regions,

Red

{red U, red Y, green Y, blue U, bdlue Y}

387
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Exercises 10-5a
(Clase Discussion)

1. (s) On the spimer sbove, why are not all five outcomes equally
likely?

(t) which outcomes sre equally likely?

{(c) What probabilities do you suggest assigning to the five outcomea?

2. 1If you perform the experiment comsisting of one spin, are you certain
to get exactly omne of these outcomes?

Nov suppose ve @re intereste' in the likelihood of spimning red. However,
"red” 18 not one of the five outcomes listed. We have red vhem we have

gither outcome "red U” or outcome "red Y'. We shall speak of "red” in
this case &5 an event. Thus we {dentify the event "red” with the subset of
outcomes (red U, reda Y}.

-
3. List the set of outcomes in the event "blue'.
4, List the set of outcomes in the event "Y".
5. Conaider the experiment of tossing a single die once.

(a) TI4st the set of possible outcomes.

(b) Nov consider the event "even mmbey”. List the subset of cutcomes
in this event,

(¢) List the outcames in the event "odd number®.

(4) List the outcomes in the event "mmber greater tham &%,

An event, therefore, is & subset of the set of possible outcomes,
Recall that an ouwicome is sometimes called & simple event. All other events
are built up out of simple events.

Hss e we roe the probabilities of simple events to find the
probatilities of cther - - ~¢g¢

For example, in the experiment thet we have been considering, we
noted that the event "red" is the subset of outcomes (red U, red Y}]. We
found that P{red U) = P{red Y) -é . Examining the spimer reveals that the
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fractional part that 1s colored red is %, hence Hm)-%-§+é.
Thus we can write

Plrea) = 3 = £ + & = P(red U) + P(red ¥).

As one more example, consider F(Y). Of the area of the spimner,

a
3
18 lettered "Y", 80 wve expect that RY) "% .

The event "Y' 45 the subset (red Y, blue Y, gresn Y]. The prob-
abilities of the three outcomes in the set are
Mlred Y) = %
Mblue Y) =

(VN1 (0

»{green Y) -% .
Agatn, P(Y)-%-%+%+%-P(red\')+?(b1m!)+P(5men¥). .
Ve thus see that:

An event is a subset of the set of possible
outcomes. The probability of en event is the
sum of the probabilities of the outcomes inm 1t.
In our examples, the sets of possible outcomes have had only a fev
wesbors, We vwill soon see some more complicated situations in which there
are magy possible outcomes. For some experiments, the set of outcomes is

infinite. In this chapter we will consider only situationg {n which we can
use finite sets of outcomes,

We are nov reedy to summmrize our development. In order to analyze an
experiment and find prodabilities, we proceed as follows:

(1) We choose a set of outcomes for the experiment. This set
must be chosen so that the experiment is sure to result in
exactly one of the outcomes.

(2) We assign to each outcome & probability. Bach of these
protabilities is & number between O and 1, and the sum
of 8ll of them is 1,

{3) Bach event is & set of outcomes. The probability =/ an
event 18 the sum of the probabilities of the outcomes in
the event,

There {8 nv single simple rule for deciding on & set of outcomes and
deciding how to seésign protebllities to them. Practice and experience will

38y
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help improve your ekill. We have noted the following remarks which cerve as
guidelines,

(a) If two or wore outcames seem to be equally likely, they should
be assigned equal probabllities.

(b) If an event 1c certain, its probebility should be 1,

Among the subsets of the set of possible outcomes, 8 special example
is the empty set. Thus the empty set ig an event. Since there are no out-
comes in the event, we must understand vhat {s meant by the "sux" of their
probabilities. We interpret this "sum” as the number O. Thus the empty set
is an event vhose probabllifty is O,

This remark fits with our earlier feeling that an event has probability
0 1if the event can not occur. 3Since our experiment must result in an wut-
come, the empty set is an event that does not occur. We shall gee further
applications of this idea when we discuss intersection® of events.

Bxerclges 10-5b

1. From an ordipary deck of 52 playing cards, one card is 4rawn.
(a) How many possible cutcomes sre there?
(L) Li-. the subset of sutcomes in the event "king”.
(=) What 1s the probatility that the card dravn is a king?
(1) What {s the probability that the card drawn is a spade?
(e) what s the probability that the card 4rawn is the queen of

hearts?

2. One of the whole numbers from 1 through 30 (including 1 snd 30)
{8 selected at random; that 1s, the celection is made so that one
number {8 just as likely t0 be chogsen as any other.

(a) List the subset of the outcomes in the event “priwme number".
(L) What §s the probability that the number chosen is & prime number?
(¢) what s the protability that the number chusen i{s even?

(1) what is the protebilitv thet the number selected s between 18

ant 4%
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wu black marbles and one vhite marble are in a box. Without looking
inside the box, you are to take osut one marble,

(a) Find the protebllity that the marble will be black.

(b) Find the probability that the marble will be white.

Suppose that you toss an honest ~oin 9 tiuwes,
(a) Are you likely to get & head each time?

{(b) wWhat ic the probability that the coin will show & tall on the
tenth tosa?

(c} Do the outcomes of the first 9 tosses have any effect on the
auteome 2f the tenth toss?

Suppoce that a box contains 48 wmsrbles, of which 8 are black and

40 are white,

(a) Find the probability that one marble picked without looking in
the box will be white.

(t) Find the probabllity that 1f nine martles sr: taken out

oimultaneously all ot them are black.

There are ) otudents in & class, of vhom 10 are girls and 19

are buys. The teacher has written the name of each pupil on & separmte
cari, If the cerds are shuffled and one card {8 dmwn, wvhat is the
probabiiity that the name written on the card is:

(a) the name of & boy?

(v) ywur nase (assuming you are in the class)?

You lave five playing caris: the ten, jJack, queen, king, and ace of
hemrts., You irav them, ome at a time, at random,

(a) What {s the probability that the first card you drev is the acef

(b) Assume that you drev the jJack on the first draw, snd put it
"'s, What is the probability that the second card you drav is
the a:re?

(c) Why are your ansvers for (a) and {b) not the same?

(1) Arter dAraving the jack first, and putting it aside, assume that
the secmd card you 4Arav {s the ten. Put that aside also., What
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is the probability that the third card you draw is the ace?

(e) What do you observe about the prodabilities in parts (a), (b),
and (d)7

In our discussions of the spinner pictured here, we selected as our

aet of poseible outcomes (red U, red Y, green Y, dlue U, blue Y). Some

other set might have been selected as the set of posgible outcomes. For

each of the following, decide whether it is an acceptable set of pogsible
outcomes, If it is not, explain why not.

{a) (red, greem, blue)
(b) (red, dlue, ¥)

(e) (u, ) Blue

For the spinner in Exercise 8 above, the following sets were proposed
ag sets of possible outcomes:

(1) (red U, red Y, green Y, blue U, blue Y)
(11) {red, greem, blue)
(111) (red, blue, Y)

(iv) (Up Y)
(a) For each set decide whether or not the outcomes are equally likely.

(b) wWhat prodbability would you sssign to each outcome in esch set
above?

(c) For sach of the sets, find the sum of the probabilities of the
cutcomes in that set.

{d) wnat do you notice mbout the sums for sets which are acceptable
sets of poasible outcomes?

(e) What do you notice about the gums for the other sets?

iR



10-6. Countigg Outcomes; Tree Disgramo

Exercigses 10-6a
{Class Discussion)
1. Tosa ane coin twelve times and record the result of each toss.
In this experiment let h bhe the number of times that the coin

ghowed hesds., Thus the possible values of h are 0, 1, 2, 3,
oo, 10, 11, 12.

() According to your Previous experience, what value of h did
you expect?

{(b) What value of h did you actually get?
2. Toss two coins together, a penny and a nickel, Record your result

as an orered pair by writing (side penny shows, side nickel shows).
Repeat until you have recorded 12 pairs.

(a) How many times did both coins show heads?
(b) How many times did you expect both to show heads?

(¢) Was the nmumber you stated in (b) sbout the same, or greeter than,
ar less than the value of h that you stated in Exercise-1(a)?

(1) How wamy times did you &ctually observe both coins showing tails?

(e) How many times did you obaerve the two coins showing one head
and one tail?

In determining probability, we often have had occasion to list all
of the possible outcomes of an experiment. In particular, we shall need 8
way of telling how many possible outcomes there are.

By way of 1llustmtion, suppose that we consider tossing a single
coin. If we toss {t once we heve exactly two possible cutcomes, heads and
tails, vhich ve shall denote by H and T respectively., If we toss the
cain twice, we have four possible outcomes from the succession of tosses.
We can show them in a table:
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First Toas Second Toss

H H
H T
T H
T T

The sm. information can be given in s "tree diagram,” sg pictured below:

Results of Results of
Firat Toss Second Tosa Qutcomes

Start

/a <: -
\

J
4 H5

The tree shows that, for each result of the {irst toss there are two
results >f the secont toss. This 15 represented in the disgrem by two
&rrows from each entry in the first column., The possible outcomes for the
combination of two tosses can be seen by reading from left to right along
the "branches of the tree”. They are HE, HT, TH, TT. The mumber of
outcomes 18 found by counting the ends of the branches at the right. Thus
“e can see that there are four gutcomes without bothering to 1ist them.

Exercises 10-6&
Te (a) Construct a tree diagram for the experiment of a single toas of
& penny and A nickel,
(b) what are the possible outcomes?

(¢) 1If the vutcomes are equally likely, what probability would you
asnign to each?

(d) How does the probability of BH compare with your results of
12 tosses of the two coins in Exercise 2 of Exercises 10-6a?

ERIC
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2. {s) Copy and complete this tree diagram for the experiment of tossing
& coin three tines.

Result of Result of Result of
Pirst Toss Second Toss Ihird Toss

(b) How mmay possible outcomee are there? How does this compare with
the pumber of possible outcomes for two tosses? How many outcomes
wauld you expect from a sequence of four tosses?

{c) Complete this list of the possible outcomes for three tosges:
m' m' e ¥ a‘ F ] F ¢ .

3. (s) Complete this table showing the number of tosses of & single
cuin, and the pumber of possible outcomes:

Tosses OQutcomes
1 2
2 b=2x2
3 8a___
L -

(b) 1In general, 11 an experiment consists of tossing & cofn n times,
where n 18 & counting number, then the number of possibie out~
comes depends upon n, and can be written:

X L XDX L., X2 with factors.

Thic number {8 more simply expressed with the exponent notatica
as:

by S
«

{#) Use srrow notatlon *o «xpress thic as 8 functlon T which assigns

' n
o8y countins number 0 the number o,

30
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k. (2) Refer to the tree diagram you mmde for Exercise 2, and complete
this table showing the mmber of hesds involved in each ovtcome.

Sutcome Bmber of Heads
Y 3
m ——
HTH —_
TTT 0

{b) Suppose that we let h represent the nmumber of heads obtained,
In how many cases does h = 37 does h =27 does h = 1%
does h = 07 In hov many cages 18 it true that h > 2%
that h > 17

(c) Since we have 8 possible outcomes, all equally likely, what
probability should we assign to each? What is the probability

of getting:
three heads? no heads?
exactly two heads? at least two hoads?
exactly one headf? at least one head?

In each exercise above we have studied situations vhere esch trial
had exactly tvo outcomes. The uwe of the tree diagrasm can often help in
analyeing experiments for vhich the pusber of outcomes of a single trisl is
greater than two,

For example, suppose that we have & box containing 3 marbles alike
except for color: 1 rvred, 1 green, 1 yellow. If we pick one marble at
random, then there are three possible results, which we shall call R, G,
ar: Y, for red, green, and yellow, respectively. If we return the chosen
marble to the box and drav again, we again have 3 possibilities. Bach
outcome, for the experiment consisting of the pair of drawings, can be
described in terma of the color on the first drav and the color on the
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second dmv; for exmuple, RY. The possibilities are showm in the tree
dingran:

1.

2,

First Draw Second Draw Quteomes
R

A

287

[+ ]
© Qm o< QO
285

1483

Exercises 10-6c¢

(Class Discussion)

In the tree disgram for the 3 marble experiment above,

(=)
(v)

(c)

(a)

How wany possible results ere there on the first draw?

For each result of the first drmaw, how many possibilities are
there on the second drew?

How many possible outcomes are there for the succession of two
dravings? Hov is this mumber related to your answers to (&)
and (b)?

What probability would you assign to each outcome?

Suppose that after the second dravw, the marble is sgain replaced and
& third drav is wmade,

(a)
(b)

(e)

Construct & tree diagrem showing all of the possidble outcomes.

How many posaible outcomes are there for the succession of three
draws?

How is this number related to the nusber of marbles (3) and
the number of drawings (3)?
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(4) Mske a table for the 3 merble experiment like the one in
Exercise 3, Exercises 10-6b.

(e) Suppose an experiment consisted of n trials, vhere each trial
consists of drawving one marble from the bhox containing 3 wmarbles,
recording the color, and replacing the marble. How would you
express the total number of posasible outcomes, using exponents?

3. Consider an experiment which consists of tossing & single die several
times.

(a) For one toss of the die, how many possible outcomes are there?

(b) For two tosseés of the die, wvhat is the mmber of possible outcomes
for the succession of tosses?

{c¢) For three tosges of the dle, vhat 1is the number of possible
outcomes?

»
(d) Make a table for the die-throwing experiment like the one ia
Bxercise 2(d) above.

{e) How can you express the total number of possible outcomes for
n throws?

4, We have looked at several experiments, each consisting of n trials.
Let us summarize what we have found. ’

(a) For coin tossing, (Exercises 10-6b), there are 2 possible’
outcomes for each toss, the number of possible outcomes keeps
doubling so that for & succession of n tosses we have
possible outcomes.

{v) For the drawing of a merble frum three marbles, (Bxercises 1 and
2 sbove), there are 3 possible outcomes for each draw, hence
for & succession of n draws ve have __ possible outcomes.

(c) For tossing a single die, each individual toss has
possible outcomes. For & succession of n  tosses ve have

posaible outcomes.

The outcomes of throwing two dice can be thought of as 8 set of
ardered pairs, made up f (number on rirst, number on second), We could

4




make & tree diagram for this, but because of the rather large mumber of
poasible outcomes, there is & more coupact way in vhich ve can 4o it.

1.

2.

Exerciges 10-6d
(Class Discussion)

In making & chart for the two-dice experiment, let us call the first
die the red die and the second die the green die. Thus the ordered
pair (5,2) indicates "5 on red and 2 on green".

(a) Complete the following table showing all possible outcomes of
rolling the two dice:

Creen
1 2 3 k 5 6
1 (1,1) (1,2)
2 {2,1)
E / (ﬁpﬁ)
4 (4, )
’ (5,6)
6 | (62 —_—

Save this table for use later.

(b) Hov many possible outcomes are there? What probability would
you assign to each outcome? )

(c) How would you change the chart if, instead of rolling both dice
together, you rolled the red die first, and then the green die?

(d4) Make a table 1ike the one in (a), but enter the sum of each
ordered pair. That {5, {ustead of (1,1), write “2%,

(e) Mske a table showing the frequency of esch sum.

Sum 21 31451617181 9)10] 1112

Frequency | 1

Use the charts sade in Exercige 1 to find the probdability of esch of
the following events,

{(a) The event "doubles”.

3re



(b) The event "sum ts 9".

(c) The event "sum 1s less than or equal to 5%,

3. (a) What sum is wost likely to occur vhen two dice are tossed?

{v) Is its probability greater or less than 11; ? % ?

In this section and the two preceding onss we have found ways of
assigning probabilities to the posaible cutcomes of an experiment, and of
using the probabilities of outcomes to find the prodabiiity of an event
involving two or more outcomes. In the experiments so far, we have deslt
with outcomes that seemed sguslly likely, end vith events which were subsets
of the set of outcowes., We have uged tables, charts, and tree disgrame as
aids in counting outcomes.

Bxercises 10-&

le Consider an experiment vhich consists of tossing three coins, a penny,
s dime, and a nickel.

(a) Complete the tree diagram below, and list the possible outcomes.

Pemny Dime Hickel Outcome

(3




(b) Asmuming all coins are "honest”, state the faliowing
probabilities for h, the mumber of heads:

P = 3) Hh = 0)
Ph = 2) Kh > 2)
Ph = 1) Kb >1)

(c) Coupare your results for (a) and (b) with Exercises 2-b in
Exercises 10~6b, in which you used a tree disgrem to snalyze
an experiment in which & single coin was tossed 3 times, What
conclusion can you reach conceming the two experimentst

2, This time we comaider anocther 3-marble experiment, still using a
box conteining oner red, ome green, and one yellow marble. We pick
& marble at random, but this time we do not retum it to the box
before selecting another marble. The possible outcomes are showm
by this tree disgram:

Result of Result of Outcome of
First Draw Second Draw Experiment
RG
R
Y RY
R aR
a <
X oY
a YG
Y <
R IR

() What protedility should we assign to esch cutcome?
(b) Cowpute the probabilities of events as indicated:
Plone mardle red) = ___
P(second marble green) =

P{first marble yellow) =

(c) Make & similar chart showing the outcomes of drawing thive times
vithout replacing mardles, assign probabilities to the outcomes,




3.

5e

snd compute the following:
Plone marble red) =
F{firat marble red) =

M{first marble red and second warble green) =

P(two red marbles) = .

A bow] contains 10 wmarbles, of which 5 are white, 3 are black,
and 2 are red, We shall assume that they are identical in sige,
hence that each merble is equally likely to be picked if you reach
int~ the bovl and take ome warble without loocking.

(a) shat is the probadbility that you will pick & white warble in one
drev?

(b) . Aseuming that you pick s white marble the first time and do not
replace it, what is the probability that you will pick & black
marble the second timet

{c) Assuming that you pick a white marble the firet time and a black
marble the second time and do not replace them, what is the
probability that you will pick & red marble the third tiwme?

An experiment consists of one toss each of an oxdinary die and s
coin,

{(a) Make a tree dimgram showing the possible outcomes. [oes it matter
which you list first, the outcomes for the die or the outcomes for
the coin?

{v) Assign probabilities to the possible outcomes of the combined
tosses, and compute the following:

M3,H) =~ ___

H6,T) = ____

P(die shows a priwe number) »
Meoin 18 tatls) = ___

A gsue {8 played with a die and &

spinner, The spinner showm at the
right contains regions vhich have

egual Areas that are colored red,

yellow and green. In the gume,

Lo
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you spin once and throw the die once, What is the probability that
you will spin red and then get 6 on the die?

10-7, Bstimating Probabilities

In many of the situstions we have stwlied as examples (using coins,
dice, spimmers) it is possible to discuss the probability of certain events
siwply by thinking sbout the problem. We resson: If we have honest equip~
ment and use it fairly, we can reach certain conclusions about it,

Boample. Consider two spianers, I and TI.

. ! \ ™

Blue

If the pointer i{s balanced and 1f {t {s honestly gpun, we are willing to
agsert that:

for Spimner I, P(blue) -é ;
for Spinner 11, P{blue) -11; .

Notice that we assign these probebilities without actuslly spinning
the puinter. We reason that, for Spimner I, the red and blue regions are
equally likely if the spinner is "honest”. Our ressoning is correct. How
much this reasoning applies to a particular spimner can only be decided by
actuslly experimenting many times. Suppose, after wmany trials, our resulte
shov approximately the same number of reds and blues. Then we are sosewhst
conrident that the spinner 18 fair and that our reasuning is correct.

-You may very well maise some questions regarding the last parsgraph.
For example:
{a) How many trials should be msde?

(b) What precisely is meant by "approximately the same nwaber" of
reda or tlues?

Q Y
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{(c) How confident would we be?

These questions are all related snd can only be ansvered somewhat generally
here; our degree of confidence increases as we conduct more trials and as

the fraction of red comes cloger to % .

Bxercises 10-7a
Suppose that & friend tells you that he has & apimner colored red
and yellow. You cannot see the spinmer. Your friend spins the pointer 30
tines and te ls you the result of each spin, which you record as follows:

RRYYR YRRYR RRRYR
YYRYR RRYRR RRYYR
1. Hov many of the 30 spins yielded red?
2e What probability can you estimate for the outcome of red on each spin?

3. What would you guess to be the relation of size of the red region to
the sire of the yellow regiont

&, If you were told that you could vwin & prize by predicting correctly
the color on the next spin, vhich color would you choose?

De Suppose that many more trials are sade and recorded-- 3000 trials
in all. What would you guess about the relative areas of red and
yellow 1f¢

(a) 1900 reds appeared?
(b) 1512 reds appeared?

The problea that wve have been discus.lng-~vhere we know the results
of performing the sxperiment a certain number of times but do not kmow the
exnct design of the gpinner--is {llustretive of many real life situations.
There are sany examples vhere decisions are made on the basis of estimated
prodabilities. These estimates, in tumn, are based on past experience. Kere
are twvo exanples.

(a) In a baseball game Robinson comes in as s relief pitcher. The
opposing ssnager then orders Jones to bat for Smith. His decision
{s based on previous games, vhere experience has shown that Jomes
has had better success than Smith against Rodinson. Regardless
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of the result in the present gawe, the maneger may well claim
that he is "playing percentage tmsetall”.

{(b) A doctor decides not to operate on Mrs. N. His decision is baged
on the fact that, in medical experience, & large percentage of
the patients vith her symptoms have been cured without undergoing
expensive (and, perhaps, dangerous) surgery.

In a particular situation the confidence that is placed in a decision based
on the results of previous trials depends both on the mature of the results
and on the number of trials,

In the exsmples above, the ider ,f percent i{s applied to probabilities.
Probabilities are often named as percents,

Recall that any retional number has many names, When a rational number
expresces & mtio, it 15 frequently named as a percent. The symbol "#"
neans T%ﬁ . We can find the percent name by using the property of 1 to
name the number by & fruction with denominator 100. Thus,

f-g-2 150155 1%

1 .
1 ab ol 5)-:' . I
* ’m 52? T jj? 7.

o f o

53

Y]

Altermatively, ve can use the divieion algorithm.

k6r

‘3‘;? ® L67 = 46.7(.01) = k6.7H. 531 (3% E.Eoo
212

35 60
1

3 7k0

111
23

Exercises 10-7b

1. From many thousands of manufactured articles of & certain type, the
company selected s sample of 100 articles at random. These were
very carefully tested and it vas found that 98 of the articles wet
the desired standard,

{(a) What is the ratin of the mumber of satisfactory articles to the
number of articles tested?

Lo,



(b) What percent of the articles tested were satisfactory?

(c) What is the estigated prodability that an article made by this
proceda is up to staniar?

(d) Wy is 1t more practical to test a sample of the articles than
to test all of those manufactured?
2. A random gaumple of 500 patients with & certain discase were treated
vith a nev drug. Of these, 380 were helped.

(s) what i{s the mtio of the mumber helped to the number troated,
expressed as a fraction {n sismplest fom?

(b) Express the same ratic as s fraction whose denocminator is 100,
What percent of those trested were helped?

(c}) What 1s the sstimated probability that & given person with thie
d1igease will be helped by the new drug?

(4} 1f 4000 patients were treated with the drug, about how many
would you expect to be helped?

3. In bageball a playerfs batting average is computed by dividing the
number of his hits by the pumber of his official times &t bat. It is
usually expressed as a 3-place decimal,

(a) After 240 times at bat, a certain pmez: hae 72 hits. Wmat
i{s his batting aversge?

(b) wnat is a ressonable estimate of the probability that he will
get & hit on his next time at bat?

(e) If he comes to bat 180 more times during the season, about how
many more hite might we expect him to get?
&, Bi11 Bdwards 18 especirlly proud of his ability as a foul shooter. In
one series of games he wade 19 goals out of 20 attempts.
() What was his matio of number of goals to mumber of attempta?
(b) In what percent of the attempts did he shoot goals?

(c) wnat would you estimate the probability to be that he shoots &
goal on his next attempt?

(4) In the next series of games, ho shot 22 gomls out of 29
attempts. In what percent of the 295 attempts did he shoot
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goala? How does this compare with hie percentage in the first
series of vames?

In the exercises atuve, ve have used different ways of expressing the
probability of an event: as & fraction, &s u decimal, and as & percent,
Actually, each Of these 18 a different way of naming the game pumber,

The fraction é;-é and the decimal .79 mname the same number as é .
The percent symbol, %, 1is used to name the ratic of a number to 100,
Thus 7% means -;I-OLO , GF o1

Exercisea 10-Tc

le Bech of the following percentages gives the estimated probability that
& certain event Will occur, Write a fraction in simplest form which
algo gives earh probabil]ity.

(n) ot (e) 375 %
(v) 169 (r) 6,59
(c) 1008 (&) 119
(1) we (h) 335 %
2. Which 9¢ the fulloving decimals could be the probablility that some

event will occur? Write each numdber as a percent,

(3) -37 (d) -m
{(v) 1. {e) 3.5
(C) 124
3. Copy and complete the following takle of probebilities.
Fra-ti .4l Form Decimal Form Percent Form
{s) -
4 ——— t——
() - {to nenrest
thovusandth)
() P
(1) -;- {tn pearest
1 hundredth)
{a) a—
200 —_— ———ee
QO
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Suppose that we try estimating probabilities in an experiment for
vhich we have remson to think that the outcomes are not equally !ikely.
If & rivet (or a tack or a flat-hemded screv) is tossed outo a flat surface,

1t may fall "up” li{ke thia: .L or it may fall "down" like this: A .

Exercises 10-74

(Class Discuseion)
1. Ihink about tossing the rivet 50 times. Just by looking at it,
guess hov many times it will fall "up” and how meany times "down",

2. Now toss your rivet (or similar object) onto a flat surrace 50 times,
recording the result each time,

3. Hov many times d1d you get "up"? How does this compare with your
guess in part (8)% '

L, n the basis of your result, vhat i1s an estimate ot the probadbility
that your rivet will laand "up® on a single toss? Exprees the
probabiiity both as a fruction and as a percent.

Se Why ls {t better to base the estimated probability on the results of
50 togses than ofi your guess in part (a)?

Toscing a rivet provides an example of a situation in which we have
no wvay of determining the probability of each outcome by inspection. Cer
tainly you would expect a broad-headed tack to fall "up” more often thans you
would & long screv with a small hesd, For s given rivet, vhatever guess you
make 16 not likely to be close. When the vriters pertormed the experiment,
they guessed 20 "upe" out of S0 tosses, but obtained only 9, so their
guess was not very close.

Exercises 10-Te

1. The record of a weather station shows that in the past 120 days
fts weather prediction of “main” or “no rain” has been correct 9
times. What is the probability that ite prediction for tomorrow
will be correct?

2 Life insurance and life annuity rates are based on tatles of mortality.
A table of mortality {ncludes statistica! data on 100,000 people who
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were alive at age 10. The folloving are ten lines from the Actuaries
Table of Mortality.

Number dying Fumber dying
Bumber during next Fusber during next
Age living year . Age 1living year

1. 100,000 676 Lo 78,653 815
12 8,650 672 50 69,517 1,108
13 97,978 6T 60 55,973 1,698
1 97,307 671 70 35,837 2,37
21 92,588 & 99 1 1

According to the table, 676 of the 100,000 will not be alive at

11

years of age. Of the original 100,000, there are 97,978 alive

at age 13, but 671 of these persons die within one year,

(a)
(v)

(e)

(»)
(v)

(=)

(a)

(v)

(c)

How many of the original 100,000 were alive at the age of 501

What 4o you estimate the probability to be that & person who is
10 years old will live to the age of 507

Approximately what percent of the origimal 100,000 were alive
at the age of 507
How many people of the original 100,000 were alive at age

Of those alive at age 40, what fraction were alive at age 50t
About what percent?

What {e the estimated probability that & person who s k0 years
21d vil1l live ¢to the age of 501

What {8 the probability that & boy who is 10 years of age will
"i{ve to the age of 997

What {e the probability that & man who is 50 years of age will
live to the age of 997

Who has the better chsnce of living to the age of 99, & boy
of 10 ur & man of 507

04
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10-8, Probability of A or B

Coneider an experiment which consists
of spinning the spimner shown here and tossing
an ordinary die. Suppotge that we need to find
the protability that the color on the spinner
is red gr the number on the die s 4, -

Exerciseg 10-8a

(Clags Discussion)

1. Complete this chart, shoving the set of outcomes of the experiment,
Number on DMe
1 2 3 L 5 6
Red (R, 1) 'R. 2) (R, 3) Y« )« )
Color
on Yellow | (Y, 1} (Y, 2y ( Y | ) Y )
Spinner
green | (G, 1) ( Y |« Y ) | Y | )

2. If all outcomes are equally likely, what is the probability of each?
3. (s) Write set A, the set of cutcomes in which the color is red.
(b)) PA)e_1 '
k. (a) Write set B, the set of outcomes in which the number {s L,
(v) P(L) - _2 ‘

Se {a) Write A ¢ B. This means that we are looking for the set of
outcomes in which either the color {8 red or the mmber is four.

(b PlA v B)= _ 12

(c) Why is the number of elements in A U B not equal to the number
of elements in A plus the number of elements in B?

6. (a) Write A 0 B, This means that we are looking for the set of
outcomes in which the color is red and the number is four.

{v) A n Ble ¢

7. {a) Show that the number of elements in A ¢y B is equal to the
number of elesents in A plua the number of elements in B

L 10



minus the number of elements in A N B,

(b) Show that P(A u B) = P(A) + R(B) - F(A n B).

If ve are given two sets A and B, will {t alwys be true that the
mmber of elements 1o~ A y B equals the mmber in A plus the mmber in
3 minus the number in A N B?Y Consider a spinner divided as shown here.
Suppose that you play a game where you
vin if the pointer lands on blue or on
W. Verify the following chart which
shows several events ani the number of
sutcomes in each. (Nz.e:- By n(A)
ve mean the number of elements (n

Blue

set A).
Set. L nt crges Number of
Event {n Event Qut comes
Blue A - (blue W, blue Y} n(A) - »
W B blue W, red W} n{B) -2
Blue or W AUB (Llue W, blue Y, ret W) | n{AUB) - -
Blue nnd W ANB - {blue W) n{An B) =i

Thus again we see that
n(A Yy B) =n(A) +a(B) - n(A n B).

We can show this .n a Venn dlagram as {ollows:

rej Y @

A - even' tlue

Wil




Since there {8 one element, the blue W, that is in both set A and
set B, 1if we add n(A) and n(B) we shall have counted that element twice,

hence vo et subtract 1.

If we assign to ewch outcome its probebility, them the Vemn diagras can
include that inforwmation also, and we have:

Check that: P(AuB)-%«%«é.%
11
p{m).%g.5
Tl
HB).E*E-g
A n 8)-é
2 1

1 1
3-;_-;4'-3'-3, ar

P(A v B) = P(A) + XB) - (A n B)

Exercises 10~8b

1. let us think of throwing two dice, one red and one green. Either make
8 chart showing the possible outcomes or uge the charts you completed
for Exercises 10-6d to help you answer these questions.

(a) If A 18 the event "the sum of the numbers 18 6%, state
set A.

() If B 1s the event "both numbers in the pair are even numbers",
state set B.

(C) State A N B,

{4) Compute F{A), P(B), and P(A n B).

il
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3.

{e) Use the relation F{A u B) =« B(A) + M(B) - (A n B) to
rind A u B).

{(f) Thus the protebility, on & single toss of tvo dice, that the
sun will be aix or that both dice will show even numbers
ie .

The principal of Jones Junfor High School said: "60% of the students
{n my school are bays; 15% of the students in the school play in the
band, The number of boys wno play in the band is 10% of the total
mumber of students,” If & student is chosen at random, what is the
prubability that the stuient is either a boy or a band member?

(a) If A 1s the event "boy is chosen™, then P{A) = ___ .

(v) If B 1is the event "tand member io chosen”, then N B) = .

{(c) T™en A N B {8 the event that a hoy bani mewber is chosen,
P(ANn 8) .

(1) The probability that either a boy or a band member i{s chosen
is K )c

(’) P(A U B) - —t

On a single toss of an ordipary dle, find the protability that the
number is either greater than 3 or an even nimber.

On & single toss of two dice, find the probability that the sua of
the numbers thrown {s efther an odd number or a prime number,

Mn a single throv of two dice, find the probability that the sum of
the numbers thrown is elther a prime mmber or a "perfect” number,

(A perfect number is & number such that the sum of all its factors,
except the mmber {tself, is the number,) Now, 6« 3.2.1, and

6=3+2+1, 80 6 18 a perfect mmber, and {s the only perfect
number less than or equal to 12,

{(a) If A is the event "a prime number”, then P(A) = __ .
{t) If B s the event “a perfect number”, then P(B) = __ .
() Han B)~__ .

(1) A v BYe

iy



In the exervise above, you found thmt KA A B) =« O, This is because
there 16 no possible way in which you could throv the perfect mumber 6 and
A130 throv one of the prime sumbers 2, 3, 5, 7, ll. Thus the inter
section of A end B heas go mewbers. BSince AN B =, 1t follows that
™A n B) = 0.

Tvo eveuts A and B are said to be mutually exclusive (of dibjoft)
if the occurrence of either excludes that of the other; they cannot both
occur,

Exercises 10-8¢
{Class Discussion)

1. If B and F are two mutually exclusive events, then B N F «
and P(R 0 ?) - .

2, If & single card is 4mwn from & deck of cards, drawving an ace snd
drawing a Jack sutually exclusive,
hre, are not)
3. Draving an ace snd dmving a spade sutually exclusive
{are, are not)
events,
L 9 On one toss of 2 coins, the event "ome head and one tail” and the
event "two heads" ___ mutually exclusive,
(are, are not)
Se (a) On one tose of two dice, if E is the event "the sum is even"

and F 1is the event "the sum is divisfble by 3", B and F
sutually excluaive,

{are, are not)

(v) P(B) = , P(F) = , (EA F) = y ME yP)w__

6. (a) Draving a queen and draving a king on one draw from a regular

deck 2f cards autually exclusive events.
Tare, ave 7o%)
(v) Piking) = . (There are 52 equally likely osutcomes and

4 of them are in the event "king".)
(c¢) P(queen) = ___ .
(4) P{queen and king) = .

(e) Plqueen or king) = ____,

L1k




7.  The probability of throving the sum 6 with two dice is ?5 . Ir
you throv two dice, what is the probability of not throwing a 6%
Think about this defore you go oa.

(a) MA) = ___; MavuC)= . (It 18 certain that the sum
either {8 6 or {s mot 6,)

" “{b) A and C 'are mutually exclusive, so that P(A an C) = .,
(c) Hence P(A v C) = P(A) + P(C)

l-%’sOP(C)
P(C)-'L--?g- .

Exercise 6 sbove {s an {llustration of & general result that i{s very
userul, If P{A) 1s the probability of event A, ani PF(not-A) is the
probability that A doee not occur, then

P(nat-a) = 1 - P(A).

Notice that the event A and the event not-A are alwvays mutumlly exclusive,
A and not-A are Jften called gumplementary events.

Exercises 10-8d

1. {a) If a tatter®s probability of getting & hit i .325, wvha< is his
probability of not getting s hit?

{b} If the probablliity that a student passes & test fs .85, what is
the probabf{lity that he fal's?

(2) If the probability that a certain manufactured article is
defective {8 ,O0l7, then what i{s the probability that it is
not defective?
2. Which of the fo..wing pairs of events are mutually exclugive?
(a) In tossing one coin: throving heade; throwing tails,
(t) In throwing a single lie: throwing an odd number; throving a 3.

{(c) 1In throwing a single die: throwing a 6; throwingas 3,

L2




3. In a bag there are 4 red, 3 white, and 2 blue marbles. One
marble is picked at random,

(a) what is the probabllity of picking a red marblet
(b) wWnat s the probability of picking a white marble?
(c) what is the probability of picking either & red ar a white warble?

(a) ‘What 1o the probability that the marble picked is neither red nor
white?

4, The gum machine has just been filled with 100 balls of gum of
sssorted colors; there are 25 red, 15 black, end 20 esch of
yellov, green, and white, The balls are mixed thoroughly, so that
the chance of @Ettiné one ball {s ag good aa the chance of getting
any other, You buy one ball Trom the machine, What is the probability
that you get:

{(a) a red?
(b) & yellow?

(¢) either a tlack or s green?

‘e There are 3 boys and 2 girle in & group. Two of them are chosen
at random to buy refreshments for & party.

(a) Ia how many ways can the choice be wade?

(b) How many of the pairw consist of two boys?

(c) How wany pairs consist of two girls?

(1) How sany pairs consist of one boy and one girl?

(e} what {s the probabil ity that two boys are selected?

(f) what is the probatility that a boy and a girl are picked?
(g) Wnat {s the probability that at least one boy is selected?

6, Below are tw) sets of information,

(1) Joe®s mathematics temcher has taught 1600 students in the
past 10 years. During this time, he has given A as a
final grade to 132 etulents, and B &s a final grade
to 408 students,

(11) During the past 3 yecars, Joe has received as final grades
in mathematics four A's¢, one B and one C,

Which of the above sets ~f data would you coneider more appropriate

it
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10-9,

in estimating what final grade Joe might get in mathematics at the end
of this semester? Why?

In a game, Mary oboerved that the probabil{ty of & certain event M
was % e Cathy analyged another event C, gnd obgerved that

FC) = -;- . Max arrived on the scene Just in time to hear the iis-
cugaion about the probabilities. Being quick on the draw, he made
the cbemrvation that since P(M) + P(C) = 1, then M and C wmust
be complementary events, lars disagreed with Max, stating that M
and C 40 not have to be complements. Who was correct, Max or lars?
Support your deciaion either by proving or by producing an example.

Probability of A and B

Suppose that a box contafns 8 red, 8 green, and a8 yellow martle, and

that an experiment {8 perrormed &8 OY1ows:

The tox 1o chaken and 'me martle {s drawn without looking as you imw,

The color of the marble Is recorded as R, ¢, or Y, and the marble
is returned to the box.

The tox Is shaken again ani a marvle {s (drawn,

The ~alor is recorded with the result of the first draw, to give &
pair such as RR, RG, etc.

What do you think {s the probabi!ity of getting red on Loth draws?

ERIC
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Exorcioes 10-9a
(Class Discussion)

1. Coxplete this tree disgrem for the experiment,

Pirst Drav Second Drav Qutcomes
-] RR

!

_<_

2. How many outcomes are there in all? What probebility should ve assign
to each outcome? What is P(RR)?

3. How many of the 9 outcomes are in the event "red on the first draw™?
List them, What is the probability of red on the first draw? Wwhich
of the § outcomes are in the event "red on the second drew"? What
is the probabdbiiity of red on the second draw? )

What is the product of
M red on first) * P(red on second)?

k., How does P{red on first) * P{red on second) compare with
P(red on first and second)?

« Se If event A 1s "yellow on the first drav" and event B is "greean
on the second draw”,

(a) use the tree diagrem in Exercise 1 to find P(A), KB), and
A n B);

(b) compare P(A A B) with F{A). PF(B).

6. Consider another experiment, this one consisting of & throv of & die
and & toss of & coin.

LA




(s) Complete this chart, shoving the poseible outcomes.

RMumber on Die
1 2 3 4 5 €
Regsult of (R. 1) fﬂ. 2) ( ‘ ) ( ) ( )
Coin
- . Toso (T, 1} JfT, 2} |( ( ! ) | Y-

{v) How many possible outcomes are there for this experiment? What
probability would you assign to each of them?

(¢) If E 1s the event that the number on the die ic & composite
number (eithera 4 ora 6) and F 1s the event that the coin
lands tails up, find PF(E),

KF),
(4) Compare F(E n F) with P(E). H(F),

and MEN F).

In each experiment, we have aecen situations in which the probability

of the {ntersactiom nf two events {s equal to the probability of ome event

multiplied by the probability of the other event,

Do you think that this

relationship holds in rvery case? Let us examine another situation,

Exercises 10=-9%t

(Class Discussion)

1. From the tux c.ntaining three merbles, one each Jf red, green, and

yellaw, we again irav twice, btut this time

marble drawm.

(s) Compute this tree diagraw,

Recult of
First Dmw

we do not replace the first

Result ¢ Oute me of
Secaond Dpnw Experiment

G RG

3/
\y

eyt S —— Hf*

\__ -
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(t) what 1s the probability of each of the six outcomes?

(c) If event A 1s "yellow on the rirst draw®, which Jf the Bix
sutcomes are {n AT What {s P{A)?

(1) If event B 18 “green on the second drav”, which of tle six
vutcomes are in BT What i{s P(B)?

(¢) From the list of outcomes, compute P(A N B),
(r) Cumpare K{A). P(B) with MA 0 B), Wy are they not equal?

Wow suppose the box containg three marbles, two blue and one yellow,
The experiment will consist of drawing one marble, replacing it,
then draving a martle again, We wish to {ind the probability of the
event, "tvo marblea of came ¢2!ar", In onder to dist inguish between
the two tlue martles, we chall call them B] ani EL‘_,.

(1) Cupy ani complete this talie snowing the passitle outcomes of
the two=iraw experiment.

Second Dravw

B EJ Y
B, (Bi,Bj)
Fitoe K,
irav *
Y {Y,8.)

() What {s the number of pissible outcomes?

(¢) Drav a heavy torizontal line unler the B, rov in your tatle
ant & vertical line ¢ the right of the B, column,

(1) Wt fo ({tw) blue)? What is  P{two yellow)? what is
{same cotor)t
(«) How g0 the ({nes you drew in (o) make 1t oasy tu answer the

quest{ns in ()7

Now consffer agatn the box containing 0 tlue snd ! yolliow mert e,
Thee experiment t6is time coneists uf Jdrawing A marble twize, bLut
witnout replacing the C{rst martie dmmwm,

O ¥}
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(a) Make a tatle >f pussitle outmomes like the one in Bxercise (a).

(b) How many posscible outcomes are there? What outcomes in the
2(a) table are missing in this experiment?

(c) Drav lines as you dil in Exercise 2(c).
(1) Find I{two blue), M2 yellow), P{same color),

(#) If A is the event "bluc on firet draw", hov many outcomes are °
in At What 18 I{A)?

(r) If B {5 the event "bluc on second draw", how many outcomes are
ir. B¢ wat i ¥{B)?

(¢) wWhat tu the event "A 0 B"? What is P{A n B)? Compare
HA n B) witth HA)+K(B),

Thuo we Cind that the relat{onchip
P(A) » 1(B) = {A n B),

althiugh true "r some pairs 7 events A,E, Jors not huld for every pair.
The truth »f thic cquat!n lepends upon the particular events A and B,
Thisc gives us & way of characterizing pairs of events, a way that will have
~aelierat le importanse &6 you study more about probability and {ts applica-
tine,

Coneller the tw experiments in which we drew two marbles from a box,
The Tirst time we replaced the first marble before draving the second. In
thic cmge, it uevmé natum! to say that the two drave are independent. If we
know the -slop o the Tirst draw, thic knowledge does not affect the prob-

* abilities that we sooign t) the possibtle second drav.

O
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1o the se-unid experiment, in which the rirst warble was not put back,
we recgnige that knwing what happened m the first drav has & tearing on
the protabl {ties ascigned to the gecond (drawe  In this case the two draws
are ast {ndependent.,

The fecfision concerning whether two ovenis are independent is somet imes
mare complicated tan thege simple examples suggest. However, in certain
exprrigents that Invo.ve twa sctiong~-like throwing & die and tossing s iime,
ar like drawing one marble and then another--we may usually rely on common
penne ¢ recognize independence, In such caoes we foel Intuitively trat a

~



pair of events are independent 1f the occurrence of either one does not affect
the other. 1In case of doubt, we can consider that:

In any experiment, events A and B are ! t events
if they satisfy the condition

MA n B) = P(A) » P(B),

Bxercises 10-9c
1. An experiment conaists of throwing an ordinary die twice in succession.
Congider the following frour events: :
J, 8 composite number (4 or 6) on the first throw.
K, & composite number (4 or 6) on the second throw,
L, an even pumber on the first throw.
M, aun even number on the second throw.

(s) Use the chart (Exercises 10-6d) showing a1l 3¢ possible outcomes
and find:

HJ), P(L),
P(K), P(M),

(v) Find ®JI n K).
Compare P(J)« HK) with P(J n K).
Are J and K independent events?

{(c) Find P(J n L).
Compare P(J)* P(L) with P(J n L).
Are J and I independent events?

(4) Find P(J n M),

Compare P{J) - PF(M) with P(J n M).
Are J and M 1independent eventst

2. A Jar contains five marbles which are alike except for color. Two are
red, two are green, and one {s blue. An experiment consists of drawing
one marble at random from the jar and then drawing another marble at
random, vithout having replaced the first,

Consider the. . events:

A, the first marble {8 green.




B, the second marble is green,
C, the second mmrble i{s blue.

(a) Which, 1f any, of these pairs of eveants do you believe are
independent?
A and B
A and C

(b) We shall need to distingulsh between two marbles of the same

color, 80 ve shall call them Rl, R;" Gl’ G,, and B, Moke

& table like the one in Exercises 10~Gd showing the twenty pos . ...

outcomes of two successive draws.

(c) Find P(A), P(B), P(A n B).
Does P(A N B) = P(A) « P(B)Y
Are A and B {ndependent events?

(d) Find P(A)p I’(C), P(Aﬂ c)-
Does F(A n C) = P(A) - p(B)?
Are A and C independent events?

3. Suppose that you have & spinner like
the one shown here, with one-fourth
ot the area red and three-tourths Red
green, .
{a) For one spin of the pointer Green

there are two possible sut~

comes, F an:d G. Why do

you feel that these outcomes are not equally likely? What
numbers would you assign to P{(G)?t to P(R)?

(b) Make either a table or a tree dimgram showing the possible out-

comes of two spins,

(2) Wnich of the outcomes o you feel has the same probability as
RG? Why {s it reegomable to consider that “red on first spin"
and "red on second spin” are independent events?

P{red on first spin) =
P red on second apin) =
I{KR) = P(R) « ¥(R) =




O

le

ERIC

Aruitoxt provided by Eic:

(4) P(RG) = P(R) » P(G) = . -
F(GR) = P(FG) =
P(6G) = HG) » F(G) =

(e) The sum of the probsbilities of RR, RG, GR, GG should
be . P(RR) + (RG) + P(GR) + I{GG) =

* + * = .

In & rural territory a county riad crosses a state road at a dangerous
intersection. OSince the state road carries more traffic, the traffic
light for the county road shows red three-fourths of the time and
green one-fourth of the time. An agent on the county roed drives
scroos the state road eaich moming and retums each afternoon, at a
randon time, He wants to know the probability that on & given day

he will get a green 1ight both times, or one time, or not at all.

(a) As a model for this problem construct a spinner similar to the
mme In Bxercise 3. .What important change mwst you make?

(b) Draw 8 tree disgram or a table and assign probablities to the
not equally likely outcwmes, as was done before,
Peoe) = P(RG) =
HoR) = P(RR) = __
(¢) How many times as 1likely i{s he to get & green light in the

merming and red in the afternoon 8s he is to get green lights
baoth times?

(1) Wnich {s more likely, that he will get a red l1ight both morning
ant afternoon or that he will get at least one green light?

(e} wWhat percent of the time will he get one red light and one green
light?
Suppuse that you have a bag containing five black marbles and four

white marbies,

(a) What is the probability of drewing two white marbles in succession
from the bag, {f the first marble drawm 18 replaced before the
second irawing?

(t) Wnat is the probability of drawing two white marbles if the rirst
wrile {8 ot replaced Lefore the second Jrawing?



6. There are 5 socks, uneorted, in & bureau draver. Of these, 3 are
blue and 2 are green, If you reach into the drawer i{n the dark an1
take out 2 socks, what is the probability that:

(a) both are green?
(t) both are blue?
{c¢) one 1s green and one is blue?

Te In each of two bureau drawers you have some socks, not sorted into
pairs, One draver contains 9 socks, of which % are black and 4
are blue. The other draver contains 7 black and 8 blue socks.

If you pick one gock from each drawer without looking, what is the
probablility that:

(a) both are black?
(t) both are blue?

(<) one {5 black ant one is blue?

{0=10, Summary
Heetion 10=2.

We frequently make decisions about what to do by guessing what
1s !ikely to happen when we cannot be certain. An objective of this
~hapter {8 t) learn how to assign nuserical measures to uncertain
events. Such & measurc is called the probability of the event.

Section 10-3,

A "game" playoed ty two omtestants s "fair” if the contestants
have an equel chance to win, "Winning" wmeans that certein events
aceur, "iosing” that ther events oceur. Rules must make 1t certaln
that both camnot win, ani that a player cannot both win and lase on
thse same play.

Looking at the weeords of the results f an expericent may help

us t 1 lecide whetter sne event i{s wire likely tu occur tran another,

ERIC 4.
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Section 10-k,

In assigning measures to the probability of an event, the followe
ing guidelines are {mportant.

(a) An event which is certain to occur has probabflity 1.
(b) An event which cannot occur hes probability O,

(¢) Any other event has a probability between O and 1.
(d) Egqually likely outcomes have equal probabilities,

Section 10-5,

In performing an experiment it {8 desirable to decide in advance
on & set of possible outcomes. This must be dome in such & way that,
for any one trisl in the experiment you are certain to get exactly ome
uteome out of the set of possible outcomes.

The sum of the probabfiiities of the set of possible outcomes of
an experiment is 1,

An event is & subset of the set of possible outcmes. The
probebiiity of an event {s the sim of the probabilities of the
autcomes {n the event.

Section 10-6.

The probabiiity of an outcome can often be detemined by counting
the members of the set of poesible outcomes. Tree diagrams and tables
are helpful in determining the set of possible ouccomes, )

We find that i{f for a single trial in an experiment, there are
tvo possible outcmes, then the number of possible outcomes for an
experiment consisting of n such trials s 20,

Section 10-7,

In many slituations in which probability ic used to make predictions
it {s not possidle to count the set of possible outcomes. In such
cases, probabllities are often estimated on the basis of experimental
evidence. A probability {s sometimes expressed by 8 decimal or a
percent, as well as by & fraction.
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Section 10-8,

HA v B) 18 the probability that an event A or an event B
(or toth) will occur. This probability is related to P(A), PF(B),
ani P(A N B) by the equation

P(AuB) = P(A) + p(B) - P(A n B),

Tw> events are mutually exclusive i{f, when one occurs, the other
cannot o2ccur, Event A and event not-A are always mutually
exclus{ve. OSuch events are cslled complementary events, and
{not-A) = 1 = {A).

section 10‘2.

P(A n B) 1s the probabliity that an event A and an event B
bath ocour, If the accurrence of event A has no bearing on the
wcourrence of event B, then A and B are independent events.

Intepandent events must satisfy the equation

MA n B) = P(A) « P(B),

ERIC 43
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Tewcher's Commentary

Chapter ‘0
PROBABILITY

“This chapter {nfroduces the stuient ‘0 come fundamental {deas sbou
protubility. The theory of protabiif{ty p'ays an increasing’ly {mportant role
in science, governaen?’, infus‘ry, business ani econom{~s, An unierstaniing
of the bas{~ concepts of probahi ' {ty is eseentin! for the atuldy 0" s*atistica’
methods that are widely used in the tetaviora' and socia! sclences, as we'' ac

fn the hiologica’ ani physicail sclences,

Probatfiii'y {5 a mathemat{ca. cubjee’ about which most pegple have
intul*f{ve fieas, It turns out, however, *hat one®s intuition ~an no* al.ays

te frunted,

The mathemat {ca . tackground requiret ror this ~hapter {s not extensive.
The example: used proviie goot opportunitles ror extending the stuten*¥s
understanding of mtiona. nhumter: expresned in "metf{on, Jdecim! ani percent
notation. The recorilng 0 lata rrom experigents offeru experience in
orderly armngewsnt of ({nformation ar a prerequisi{ e to ana'ysis of tle iata,
Some tami farity wi*h tie 'anguage ani notation of te's {s needed; in

partirular, “he concep's O union anl {ntersec' ion are used.

Bxperinents are an importan® part of *the chapter. These are ‘les{gned
(1) to proviie *he stuien’ with ia‘a ‘or exmuination ant study; ()} to 'ead
the stulent ta leve.op a "frel” for protab!:ictic situstions; ani {!) to
provide opportunity or *he studen® to guess and perhaps formulate
genem'izat fonn., The oquipment needed {nc!udes coins, 8 Jdeck of caris, .dice,
containers, ~oiored mart.es or disks; a!' ‘hese are ‘mlitiona! {temc “or
experiments {n protati (*y. Opinners are usel a'so, because 'hey sre we:
suited for { us'marting [leas in a siwp!e ani eaci .y visumlized way. They
my he purchesed or adapted Crom those provided with many chi!iren®s games,
Suppose, Tor exampie, that 8 spinmner with ten congruen' regions numbered
=10 {3 amiab'e, Tt could be used, (¢ nececcary, when one which iz f
red and K green {s ~ailed for. Gimp'y ca'! the | andi 2 reglons
"green", the 3, &4, o, 6, 7, ani 8 .egion: "ret", mn4 {gnore spinu
which resu'¢t In 9 or 0.

4.
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The experiments &re so designed that & gtudent ~an uge them varking
siane. In mos! cases, however, they ~an R!so be used by sma’’ groupa of
students vorking 'ogetter ani pooling their results,

Suggested Time Schedule

Sertion § o1 | | 10-b || , , .
[ 10m2 10=1 104 10~6 10=7 .0=8 10=9
1

=4, Fair anl Unfalr Games

The purpose of *his nerrion is 'O en-ourmge 'he student Lo think
object fve'y atout ~hance events, [0 no' attempt at this time *o assign
mmeri~a! protab{’{t{es *q *ne even's in question. The mtionale for such

asaignmen’ comen In R RS gect o,

Exe:*lces (U3l cent«r mroun! an experiment which may wel! be usel 8s
8 proje~t ror a ~'ass perfod. Li.lie the ~'acs {nto four groups, give each
8 iie ani aek *hem 'O recor! *he resu’ts Of . tosses |n the form suggested
in Exercise ', A:i emch group repor's {1n resu ts, recori them cn the chaike
touri, Then prowiie each s*ulent with ‘orms tor making the ans'yses of the
reguits O the 1U) tosses °R led for {n Bxercises .), j ani 4 (& tear sheet

fa provi et {n *his commentary),

Inatil-fon *o prow iilng la*a Yor g {fmating the |ike!ihoo! of ccrtaln
avents, ‘hese exer~iges are va uat'e {n that they give the gtudents experience
in otraining an! orvanizing & masc oY 'la'a whirh mean nothing unti’® they have
been 3-mange! in An orter v tashion.

Rxer-iges ' =ia (¢ paqa T4a~igcion)

e {r) Falr, Thers (g wxact'v one fa~e markel ' an! one marked 4.

A. Other regii s 7ie' 1 8 tie,

1) Frir, There Ate *Yeee of l=pumterel ares (", 4, ) an: tutree

even-rim ored ‘Acas (', =, 6,



(c) Not fair. You win only if 3 1s thrown; he wins whenever &,
5, or 6 1s thrown. He has wore “chances” to win than you do,

2. {(a) Kot fair. You have an advantage--there are three faces marked
"3", but only one fsce earked "1",

(b) Pair. Three faces are marked "3", and three faces are merked
either "2" or ™1%,

(c) Bot fair. Only two faces (the ones marked "2") give you a win,
while four faces favor hiwm.

3. (a) Pair. Most throws vill result in n'tle, but throwing two 1%s
is as likely as throving two &0s,

(b) Fair. This game takes a bit of thought. Since it does not matter
what happena t0 the green die, this game is essentially the same
ns the game described in 1{d) above.

(¢) The rule does not emable us to Hdecide who should win 1f the dice
fall with a green 4 and 8 vhite & st the sawe time, Strictly
speaking, the "game” {s not defined. Notice that if we agree to
8 tie when this sitmation occurs, then we have a tx;ue game and
it is Matr,

(1) Mot fai{r. You win only on the throw white 1, green 1, He
wins on two throwe: white 1, green 2 and white 2,
green |,

(e) Not rair. You might 1ist sil the possibilities for the two
lice (there are 36 of them), You will notice that you win on
anty 15 of them, vhile he vinse on 21,

b, (a) Unrafr. The sftustion is the same is in 3(e) above.

{b) Fair. The ~hance of both even {8 the same 88 the chance of
both odd,

ERIC B ED

Aruitoxt provided by Eic:
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ERIC

Aruitoxt provided by Eic:

Bxercises 1¢-3t (Class Discusaiom)

i.
2.
3.
A4,

Ansvers will vary.
Angwers will wvery.
Angwers will very.
(a) end (b) It could happen, but is very un!ikely.

(c) The Afe probably had no "k", "5", or "6" on any face.
Actually, the row of numbers was made from the first row of
numbers in BExercise | by assigning numbers as {ollows:

b 34501 535 444 14166 3213 Léebo
VO DD D T L
23333 332z 12133 332t 2323

We were pretending fhat the dle had one face with 1, two
faces vith 2 (the real 2, and the L), and three faces
vith ¢ (the rea! 3, the %, and the 6). Incidentaily,
of these 2% throws we have: tour 1%s, seven 2%s, and
fourteen :fs, Reca!l! that the die in Problem 2 of Rxercises
‘0-3a has & 1 on one face, &8 2 on each of rwo other
fares, an! 3's on the remining faces. This is the kind
of resu't you'd find with such a 4fe, In fact, !f you didn't
hasr a 1{s [1ke this you couil 30 an experiment about {t
anyway. You could simply use an oriinary dle, and call the
L "wo", ant the “ and 6 “three", Just as ve did above.




Bxercises 10-jc

1.

2.

3.

ERIC

Full Tt Provided by ERIC.

(a)

(v)

()

(v)
(a)

(v)

| Number on die face

l ] 2 4 L 5 6

Frequency 8t row L 1 61 ¢ “ 3

Frequency 2nd row

Frequency 3rl row 2 ) 8 L L 2

Frequency Lth row 3 8 L 2 ¢ P
+

Total 2l e s & 1!

Fo, you would probat!y have expected the tOta' frequency of
each number 10 be the same. Since é X 10 - !6% ,
times in W
occurred more f{requently,

you
migh' expect each number to occur 16 or 17
tosses. The s and the ©

and *he 1 and the ¢ quch less frequentiy. The

frequencies of the 7 and 0 the L  were very c'ose to

the expectel 'f. or ./,

Frequency gxix:gern gl‘:ﬂb:cr:"“e
Exactly two i . 3
Exactly three N H
More ¢than 3 Q Q

Answero may vBTY.

Falr. The primes are ¢, 3, ' an{ the non-primes are !,
L, 6,

Unfair. The squares sre !, 4 and the non-squares are 2,
¢ 7y fv.




10-4, Finding Probati: iries

TO carry out the erperiments tn this section you will need c0.ored
wartles and an opaque lag or other container (Exercices 10-ka), a die and
a cotn {Exercisen 10=bb). We recommend that you usc these expermex{ts and
bage the iiscussion of hmaic conrepts on the experience gnined,

Three important {deas are developed:

(1) To tescrite the rfact that two events are equal'y .iKely
ta occur, or that one is wore iikely than another, we use
nusbers. The symbo! used to represent the probability of
an even' {c F{A), read "the protability of event A",
Thus, M A) represents a number,

{?) The protabi.ity of an event which is certain 10 occur
fs definel to be T, and the prolabfiity of an event
which camnot occur s U, A'! other events have
protal:{ it irs betwren € ani ',

(:) Equa!ly !ike'y events have equa! probabi:itfes,
Exerciees 1o~ (C!ass Discussion)

te {a) The astulent woull protab.y guess L .

(t) Answern wi @ vary., By coshining the anowers of all of the clacs,

the tota! frequency of each color can be compared with % of the

to'a nunter of iraws,
2. (a) Answerr wi': vary. Again, 'he tota! frequency of each co.or
when &' . resulto are cambined wil! t.  © interest.

(t) He wi!® protat y say that he woul { expect the total number of
whites "0 te atout tyice the numster of L'ueg,

Bxcreises -t
Lo ‘(a) (r) o {c) yes (4) Z
() PC) - s P3¢ PO - #
M) - Her o35 M) = 4
gl

ERIC 4.,

Aruitoxt provided by Eic:




2, (a) 7Tvo outcomes: heads, tails
(v 3

(c) P{heads) = 2
Ptatla) « 1

() 3

34 (a)

-

(v) i (You might, however, begin to suspect tnat the spinner is
2 ?
biased in come way,)

Bxerciego 10-ke
1. (a) 2, &4, and 6 (v) 5
(c) Pleven) - 3 (4) Pods) = 3
(e} 1, =
2, (a) . (b) HX) = 5 «HY)
(¢} P(Y) =f, HX)-¢ (4) B(X) s P(Y) =
fe (a) 7 (L) 1
() P(K) ¢ P(1) o1 -3 =43

10-5%, Qutcomes and Events

Up to this point ve have used the terms "trial”, “experiment",
"outeame”™, "even!™, reiying on the context to convey thelr mesning, Thege
terms have specific meanings in the theory of prolabiifty, sn! these
weanings are developed in this section.

In particular, the ifotinction 15 made between "outcome” ani "event”.
" he distinstion my te $i'ustmated by using a die, If an experimen' coneists




~

in a singie toss of & «ife a9 recoriing the numbter of dots on the upper face,
the aset of powsibie cutcomes {s obvious,

A - { 1'2' 5,&".1'6}-

A toes will result! in exactly one of theoe outcomes, These Qutcomes are
1
equal.y ifke!y, s0 the probabiiity of any one of them ic ?, .

We wmay be (aterested in whether the result of the toss io in & sukset
of thesn outcomes, rmathor than 8 particular number; ror examp!e, s aumter
greater than &, The members of A& in this subset are

B = f';,lf]],

We then dpeak Of H As an even'’, That is, an event is & suboet of the set
of pascit.e outcomen. J.nce the event B occurs whenever the outcome is )
) i !

or the out~ome is 4, the protatiifty of event B s Ay -; .

Tmportant underatan iings to e developed {n this section, then,

are fhene:

{1) Herfore an experiment fc pertormed, the set of possible outeomes
hoult te teterained, ant & theoretica! provahi!irty assigned
Qo rach outosowe, The oot of outcomes must be chosen {n such
2 way that in any 'ria’ {n the experiment exactiy one outcome
orrurg., The tum of the probabi!iti{es of the possitlie outcomes
is !, An 0u'cowe 10 cOwetimes cglled g simple event,

{.'} Any subaet Of the get Of possible outcoses is an event, The
protat] {*y of an event {8 the sum of the probabilities of the

outcomro it the event,

(1) ‘me sutset of the oet of outcomes (as of any set) is the empty
get,  Tince no one of the possitile outcowrs {s & wemter of this

empry get, {tg protati ity o O,

Exerciges =& (C'ass Discussion)
—tealree

e (n) Recause *he bive Y region has twice the area of each of the

other raglong,

{L) Bpua'iy 'lke:y outoom s aper red U, red Y, green Y, anl

biue ',

(=) plet) ~ Mt ¥) - Plgreen ¥Y) P(Eue U) ;-

wrfen

Plbrue YY o e P{U e 1) - l.’(;"-,)

st



da Yes

3e {blue U,blue Y)
L. {tiue Y,green Y,red Y)
e (a) 11,2,4,4,.,60)

(v) {2,4,6])
{(c) 1.,3,")

(1) (4,6}

Bxernises U=t

1. (a)

(v) (xing of cluts,king or dimmonds,king o* hearts,king of spades)

(c) Pling) » 2% = =
(1) P(spaitas) - “ =~;f

-~

{(+} I queen or hearts) = —.

2e (B) (o 4,07, 00,1 4,17,19,04,29)
Re !
t,  — e
() H(prime) 0=

{(¢) Pleven) = ﬁ =3

(1) Mnumter berseen '8 and ) a -% z:,;
(The set of numbers between '8 ani 2 1{s {19,20,21,22,23,24}.)

{e (a) PlLiack) = —’
() Mauhite) = “
“- (8\ No.
(v) 2
(e} No.

"'\‘
LV




5. (a) Pluhite) = f = %
(v) P(9 black) = 0

6. (a) P(boy's name} = 42 = 4

25 5
(V) P(your name) = 5
Te <u§
(v) ¢

{(c) In (&) rawing the ace is one outcome out of five, while in

() 1t {8 ome qut of four.

(4) -;-

(e) They are increasing. .

8, {a) Acceptable,

{v) Not acceptable, since there is overlapping between the outcomes
listed, Red ani Y, or Llue and Y, could happen simultaneously.

(~) Acceptat;e.

9. {s) (1) fHot eqully :ikely.
{11} Not equaily !ikely.
{111) Not oqually likely.
(1v); Wot equaily :ikely.
(1) (1) MretW ez, Hred¥) =3, Plareeny) =3,
Plbiue U) = 5 , P(blue Y) =% .

(11) P(red) -, Mgreen) =7, Pblue) = 5.
(111) P{red) '5 » P(blue) =2-’- , HKY) =% .
(1") P(U) § » P(Y) =§ .

() (1) Plred U) + P{red Y) ¢ P(green Y) + P(blue U) + P{blue Y) =

‘44¢+0‘A-—
?. £ €, ?! 3=l

{11) Plred) + Plgreen) + Wblue) - é +é + % =1,

4y

{, ;




-z ‘*:w{
P

(111) P(red) + P(blue) +HY)-—§-+%¢§-1%.
(1v) RuU) + B(Y) --§-+-§--1.

(d) The sums are al1 1,
(e) The other sw. is greater than 1.

10-6. Counting Outcomes; Tree Disgrams
The same kinds of materials sre used for the experiments of this
section--marbles, coins, and dice,

The students have already counted the poesible outcomes for experiments
in order to assfgn probabilities. In this section severmsl ways are shown to
facilitate the 1isting of cutcomes in an orderly way. Counstructing tree

diggrams end tables are efficient ways to be sure all poesibilities sre
listed.

Exercises 10-6a (Clsss Discussiom)

1. (a) Answers may vary but will protably be 6 (or 5 or 7).

(b) Answers depend on individua! results.

2. {(a) Depends upon individua! results.

(b) Answers will vary--the teacher should discuss all that ere
offered. Actually, on one toss of two coins, the probability
- that both show heads 15 { , 80 the best anever would be
3 out of 12 pairs,

(c), (d), snd (e) Answers depend upon individud]l results.

k39




1.

(=)

(v)
()

HH,
1

§

start

T,

™, 17

{d) Answers will vary.

(s)

(v)

{e)

There.sre 8 possible outcomes; this is twice ag many ss the

Result of
First Toss

aickel

T

Result of
Second Toss:

Result of
Third Toss

mmber of possidle outcomes for two tosses; for four tosses
there ghould be

HHH,

HHT,

iy

16 ocutcomes,

§II,

I,

I, W, I



3. (s) Tosses Outcames
1 2
2 he2x2
3 Be2x2x2
N 16e2x2x2x2
(b) 2x2x2x.,. X2 with a factors;
expressed with exponent notation: 2"
‘ (¢) T:n—2"
b, (a) Qutcome Humber of Heads
HEN 3
HHT 2
HTH 2
HIT 1
JHR 2
IHT 1
I 1
TIT 0
(b) he3 once; h=2 three times; h = 1 three times:

h=0 once; h>2 four tiwmes; h>1 seven times.

To each outcome, assign the probability -é .

P(3 heads) = § P(no heads) = §

Plexactly 2 heads) = g P{at least 2 heeds) = %

Plexactly | head) = § F(at least 1 head) = §
41

Fx)
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*  Bxercises 10-6c (Class Discussion) are designed to develop the idea
that {f one trial in an experiment has 2 possible outcomes, then repetitiom
of the trial n times will yield 2° possible outcomes; If there are three
poasible outcones for ome trial, then there are 3n outcomes for n trials;
for & trial with 6 outcomes, then there sre 6" outcomes for n trials.
This information is collected in Exercise L, If students should womder about
the pattern which seems to be .developing, you might encourage them to
formulate & general result for a trial which has p possible outcomes. If
it 1o repeated n times there will be p° possible outcomes. This oppor-
tunity for noting the naturs] mathematical tendency to generslize resu.ts
should be used only if it seems appropriste in the discussion. It 1s not
important to saddle the students with a geners! formulam to remember at this
time.

Bxercises 10-6c (Class Discussion)

1. (a) ' 4 possible resu!ts on first drew
(b) For each of these, 3 possibilities on second drav

{c) 9 possible outcomes for the succession of two draws:
this {8 the product of the results of (a) and (b).

(4) Bach outcome has probabiiity é .

N

. () Here {s the tree disgram for 3 draws from & box containing
3 wmarbies, | red, 1 yeliow, ! §reen, assuming each
marble picked {s returmned tu the box defore the next Amw (s
mie,

al?




(o)
{c)

(1)

(e)

{rst dmv

27 outcomes

33 » 27,
expanent

EBEG

i
2

3

Second drav

,/I\,

|

1

]

“ax

L

5D

o AR

i‘z\m

|

The base 3 18 the number of marbles; the

3

A&
S B ]

A
o BB

is the mummber of draws.
Qutcomes
3
9=3xX3

2T = 3 X 3 x3

Bl = 3x3X3x3

k3

41.

4



3. (s) 6 possible outcomes
{v) & - 36 possible cutcomes

(c) 6 - 216 possible outcomes

(a) Tosses Qutcomes

1 6

2 36 =6%x6

3 216 c 6 x6x6

4 1296 w 6 X 6 X 6 X 6
(e) 6"

(v) 3®
(c) 6; 67 r.

Bxercises 10-64 (Class Discussion)

Te (a) Creen
. 1 2 3 L 5 6
1| (1,1 | (1,2) § (1.3) | (L8) | (1.9) [ (1.8)
21 (2,1) (2,2) | (2.3) | (2.4) (2,5) | (2,6
e 3] (3 | (L) | (@3 | () | (3.5) | (3.6)
4 1 (k) (8,2) | (4.3) (k) (h3) (4,6)
S | (3al) | (242) | (5.3) | (5:8) | (55) | (5,6)
€ | (6.1) | (6,2) | (6,3) (6,4) | (6:5) | (6,6)
{§ote: Students will use this table again in & later
section.]
(b) 1363 515
{c) No change

Lkh




§‘a “
£
(a) Green
1 2 3 3 5 6
1 2 3 4 5 6 7
2 3 b 5 6 1 8
f 3l sl sl el 17]8]| o
Red
L 5 6 T 8 9 10
5 6 T 8 9 J1o |11
6 7 8 9 Jwo |1 12
(e) Sun [23556789101112
rmmyJ12355655 3 2 1
2.  (s) P{doudles) = 355 -3
LI

(b) HNesumts 9) “®"3

(c) Ploum <5) -%g-ﬁ
3. (a) Seven

6 1 1, 1.1

(v) P(seven) -4 & é<g v 3<%

In Exercises 10-6e sowe of the experiments begin development of
the probab{lity of untome and intersections, ideas which are comsidered
wore fully in Sections 10-8 and i0-9, Do not mention this to the students
btut be sure they understand.the five problems.

T k::

T e A



Xearcises 10-fe
1. (a) " Popay Dime Hicke) Qutcone
B R
.l<
7 ' HET
E B B
. z< ‘
I HIT
: g<
z =t
2 E m
x<
I =
() Pna3) =} B(h=0) = §
P(hw2) =g Rh>2) =3
Hhe1) =4 Wh21) ~§
{2) Tossing 1 coin three times has the same . £ of posaidble

qutcones as tossing 3 coins once.
the sane in bdoth sxperiments.

The protabdilities are

2, (8) 2

P{one mrble m)-%-%

Plsecond mardle green) -% -

wibh-

P(first marble yellow) = % -

LY o

b6




B e A TR

L »“_%

(c) Result of Result of Result of

. R 4
g
Y - R

Plone marble M)-g-l

1

3

P(rirsc mrble red and seomd mesble green) = 3

P(first marble red) -% -

P(tvondnrblu)-s-o
30 (&) Plwnite) =kl
(b) P(black on second dm)-é-%

(c) P(red on third drew) -ﬁ.{s

ka7

415)

YGR
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§.
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b, (a) Die Coin Sutcone
H 1R
1—-{:, 7
. "
SQK X
start T 3T
H 114
b= uT
H .|
K 6"
G—— T o
or
Qoin Die Sutcome
1 .38
2 H2
3 H3
4 11}
5 -3
6 H6
start
1 T
2 ™
3 3
4 TS
5 ™
6 %

Since the onder of the mumber and letter in any cutcome
doss not matter, the outcomes are the same,




(b) The protmbility of each cutcome is -‘115
-t
N 3,H) 13

HG’T) - .l%

P(die shovs & prime number) = -1-62- -é

L5 B

Hcoin {5 talls) = -1-55 -

Se Gince there are 6 outcomes for the die, and 3 for the spinner,
there sre, in all, 18 possible outcomes, Of those, only one is
{R,6) hence
1
KR,S) - m .

10-7. Estimating Probebi}ities

In practical situations it ic frequently not possible to agsign a
theoretical probability of an event by thinking about the situstion. Some-
times probabilities sre estimated on the basis of past experiences, as is
done in detemmining insurence premiume and in interpreting batting averages,.
Sometiwes the probability of an event is estimated by saspling, as in
electior polls and in the testing of articles aa described in Exercises 10-7b,
Exercise 1, Batimmted protebilities are often expressed as percents. This
section provides opportunity for reviewing concepts of percentage, but this
should wot be permitted to overshadow the chief idea of the ssction, estims-
tion of probability by empirical methods.

In this section our purpose {8 to give the student a little fealing
for empirical protabilities, The exercises deal intuitively with the "true"
protability of a given event; with an "unbiesed ' estimate of that true prob-
ability, computed as the proporticn of occurrences of the given event in
some mumber of trials; and with approximations to the resulting estimte.

For exasple, in Exercises 10-Ts, we never know the true P red)
because we are never shown the spinner. In 30 trials ve estimste F{red)
s %g, and then guess that the true spinner is approximstely % red and
% yellov. In other words, we guess that the red ares is approximstely twice

8s large as tje yellow one, while our best unbjased estimate of that ratio,

)



after the 30 trials s

19

A or ﬁ .

1’ 11

30
Iater, in Bxercise 5, the estimate P(red) = %% - %% is based on 3000
trials, 50 wve should be such less willing to approximate this unbissed

b J

estimate by § « To 40 50 would {mply that we felt fOr scme reason that

the number 1900 of observed occurrences of red as "off” by 100, We
would be adding this bims because 5 1s & "nicer” fraction than -2

3 30 °

Exercises 10-/s
| 19 reds

2
2. Estimate that P(red) = 30
: 12 19
3. If F{red) were truiy - S » then 30 of the spinner would be

red and ]3—25 would be yellow., The red region would be %? times

as large as the yellow region. As & guess, however, we would say
that the red region i{s abou’ twice as large as the yellow regiom.

L, You would be smart to choose red.

‘ie (a) Protably you would still guess the ares of red to be about twice
that of the yellow,

(6) You woulq be apt 10 guess that the sreas would be about equal,

Bxercises 10-(b
o) b9
Lo e
(v) o6
() f:u

{4) It is iess expensive in any case, and is the saly wvay
fesaible {n cases vhere the test would destroy the articles
being tested,

40




80 1
2, (a) g&"%
€ . .
(b) L&, 148
(c) & (or .76, or 768); an approximation to this might be £

(1) 768 of 4000 = 30h0; £ X 4000 « 3000 thus either 304G or
3000 wouid be & reasomsble answer, depending on the interpreta-
tion of the word "atout”.

3. (a) .300
(0) .3 (or )
(e) Atout ok hits
he (a) i% or f
(b) 7o%
{c) 1':‘ (or T5%)
{1) 68%; better, sinee B8%E > 79%

Brercises !0-/¢

1. ‘a) rl:
(b) =
(<) 7: or
(1 £k

-
]
—r
o PN

-
-~

{1

gl

(&)

wil-- %1"




2.

3.

[(a), (c) ant (d) could be the probability of some event.]
(s8) 37%

(v) 105%

(c) 12.5% (or 12 ei %)

(d) .24% (or '}:f)

(e) 329%

ractions]l Form Decimnl Form Percent Form

(a) £ 75 75%

(b) " i BLUS (or W2 4)
() B .56 56%

(1) g .67 67% (or 662 %)
(ey <L .08y 8.5% (or 81 %)

Bxercises 10-74 {Class Discussion)

ladi, Ansvers will wary,

e In the long run, we would expect t.r-.t the estimated probability based
an & large number of experiments gets quite close to the true prod-
ability., Unless ve have very strong reasons for our guesses in
Rxercise 1, "0 trials provide a much better estimate timn O
triﬂll.

Exercises 10-7e

Te % (or approximately .rk2)

2, (a) 69,517

69,517
(v) 700,000 (or .695 approximately)
(c) 690‘_"

b



3. (a) 78,653

(v) 22l ; oo

(c) g5t

K, (a) E’o%ﬁ {or .00001)

(v) gﬁ {or .000014L, approximately)

(c) & man of 50

10-8. Protebility of A or B

In this section we deal with this gquestion: If we know the
protabilities of two events, how can we determine the probability that
Qne ar the other will occur? Since probabilities are usually asaigned by
counting, this question really goes back to s more basic ope: Givean two
finite sets and the numbers associated with them, how do we find the number
agsociated with the union of the two sets? This question {5 deslt with in
Exercises 10-8a and the table figures in the discussion which follows. You
may wish to 'reviev get union and intersection by using examples such as the
following:

If A= (Tam, Jim, Pete, Harry, Joe)
and B = {Jim, Mary, Pete, Anne)
then Ay B = {Tow, Jim, Pete, Harry, Joe, Mary, Anne)
and AN B = (Jin, Petel.
Then n{A) =5, n(B) =4, and n(A) +n(B) =5+4 =9, n(AyB) =7,
which s
n(A) + n(B) - n(A n B),

the subtrection being necessary to compensate for the fact that Pete and
Jiw vere counted twice, once in determining rn(A) &and again in detemining
ﬂ(s)n

k53
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Exgrcises 10-8a (Class Discussion)

1. fumber on Die

1 2 3 Lo 5 6
Red (R,1) | (R,2) } (R,3) | (Reb) | (R3) | (Ru8)
Color T
a Yellow § (Y,1) | (Y,2) § (¥.3) (X.%) (X,5) (X.5)
Spinner -
Green (6,1) | (£a2) | (ga3) | (Gud) | (6a5) | (gu6

2.

=

3- (3) A= ((RQI)'(EQE)p(Rl3)I(R'h)l(al‘))l(nl6)}
(b) Ka) =5 -1
hc (.) B= [(P '),(Y,“),(G,h))
() P(4) = oy =3 —

Se (a) Awv B = ((R1),(R,2),(R,3),(R,b4),(R,5),(R,6),(Y,4),(C,L)}
(v) MAuB) =75 =3
(¢) Because (R,4) 1s tn A ant aiso In B, and an element of
8 set is counted only once.
6, (a) An B =~ {(Rph)}
(b) HAn B) =g
Te {a) n{A) = 6; n(B) = 3; nlAyB) =8; nlAnB) =1
n(A) + a(B) ~n(An B) =6 +3 = =8=nlAyB)

(v) P(A)+P(B)-P(Ans)w%*r%;-%ga%a%-lﬂus)

In Bxercises (0-8b, Exercise % develops the probabliity of event A
orevent B when, {f A happens, B camnot happen; that is, An B i{s the
empty set., Such events are called mutually excliusive events.

L5k




Exercises ;0-8b

1. (s) A= ((9,1),(4,2),(3,3),(2,b),(1,5))
(v) B = ((2,2),(2,8),(2,6),(%,2),(4,4),(4,6),(6,2),(6,b),(6,6))
(¢) An B = ((42),(2,4)
(1) KA) =& BB) =1 ; KAn B) - g

12

@ mem e gefeled

(r) %

2. (a) P(A) = .60
(v) H(B) = .15
(¢) P(AnB) =.,i0
(4) (Au B)

(e} P(AVU B) & .60+ ,1" - ,10 = .65

3o P(A)-P(n>3)=é-; P(B)ﬂP(even)=%

1

PANB) =3 =1; WAauB) -4+

hadt

e} V)
NI
wh—
(VL) 1M

£

I R L RT TR IV 4
1,5 . 1
HAUB)’,:,"IE -1%-3%
“e (a) myﬂ%

(v) PK(B) =3%,
{(¢) F(An B) =0

(d) P(AuB)sé%ih-%-?%.

A3
[}
Ll Sy

In Exercises 10-8c, Exercise 7 deals with the probebdbility of
complementary events. WNote that complementary events are slways mutually
exclusive, but the comverse is not necessarily true; thst is, sutuslly
exclusive events are not alvays complementery. Bxercise 6 1s a case in-
point: Draving & king and drawing & queen (on a single dmwv) are mutuslly
exclusive events, but not complementary events. -

L)

.
‘¢




Bxerciseq 10-8¢

1. EnfFa=¢; HENF) -0
2. Are
3-‘ Amm

1'% Are ([Note: On Exercises U6 we are considering & single outcome-~
cae toss, drawing, etc.]

5. {a) Are not

(b) ME)egz; HF)«g; MEAF) =3
1

H!ur)-%-#%-g-é-%
6. (a) Are
(v) Mking) = {5
() P(queen)--l%
(d) P(queen and king) = O
2

{e) PF{queen or king) = 13

7. (a) P(A)==3%; NAuC) =1
(v) PAnC)=0
() BC) =z

Exercises 10-84

1. (8) 1 - 0325 - 1675
(b) 1~ .8 e.15
(¢) 1~ .017 = .983

2. (s) mutuslly exclusive
(v) gpot mutumlly exclusive

{c) mutually exclusive

156




3-

k.

Se

7.

(a) R red) -g

(b) P(white) "3 .-%
(¢) ™ (red or white) 5%

(4) Pneither red gor white) = P(blus) .%

1
(l) P(rod) = % - -E
(v) P(yenag} - '1?6% - -;-

- ii -2—9' = =
(c) P(black or green) = T2 + = % éTE

{(a) 10 ways
(v) 3
() 1
(4)
(e)

(r)

gk gl g @

6
'&fl-o-ni

(g) =5

Set {11), since Joe is directly involved in this; his past performance
is a better predictor of his future perforssuce than i the teacher’s
tendency to give A's and Bfg.

Iars vas correct. The problem says that Cathy "asnalyzed another
event, C". However, it need not have been the complement of

event N. For example, suppose that the experiment comnsists of

8 toss of a die, and that M is the event "mumber > 2". Then -
(M) -% « If C 1s the event “prime nusber > 2%, then P(C) 8%
and P(M) + P(C) = 1, but the complement of N is “number < 2%,

k57
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10-9. Probability of A and B

In Section 10-8 we considered the protebility of Ay B, that is, that
event A or event B will occur. This section deals with P(A n B), that
is, that both A and B will occur. The ceses developed first {Exercises
10~9a) lead to the camjecturs that P(A N B) = P(A) - {B). In Exercises 10-9¢
casea are shovn in which the events A and B are related in such a way
that the formula fails to hold. This leads to the definitian for independent
events, & coacept which is very importaat for further study of probability.

We can in maay cases decide from the mature of the situation whether or not
the fact that one event Ocenrs has any bearing on the occurrence of a second
event, but this i5 not alvays the case, Events A and B aere independent {f

P(An B) = P(A) * F(B).

.

Exercises 10-9a (Class Discussion)

Te First Drav Secand Draw Outcomes
R RR
- _— .
Y jii 4
=R GR
R a
- Y ax
R IR
x<§ ¥
Y h 44
a, There are 9 outcomes; F({each outcome) "'5%
i
M(RR) = 5
3. The event "red on the first drew” coutains 3 outcomes. They are
RR, ARG, RY. M{red an the first draw) =§--§ .
The event "red on the secand drav” comsists of the cutcomes:
RR, GR, YR. P{rel on the second draw) = g -% .

merxmt)-ﬂmmucm)-ﬁ--%—-g.

’#r_,ﬂ

4 ";I\j

]



a. P(ndnumegmm)-%, hence
P(red on first). P(red on second) = P(red on first god secand),

5 (a) P(M-%z r(s)-%: P(Ann)-_-é
(v) P(AnB) ~ F(A) - K(B)

6. () Mmber on Die
3 , 5 é
P

(1,1) | (1,2) | (83 | (&S | @) | (88
(r,1) | (1,2) | (23) | (2) | (1.3) | (1.6)

) (v) 12 outoomes., M each mm).é

() AB) =5 =3s AMagal

et

NEn F)-%-g ‘

(4) HE)- AP ad.daz
Rence, P(EA F) = F(B) - RN(F).

| Exerciges 10-9b (Class Discussion)

1. (=) . Regult of Result of
First Drav Secand Drav m

]
Y
R
start G<
X
R
g

Imuamma

(b) Pl each outcme) -é

(c) A= (YW,Mm); BA) -3 -%
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2.

3.

(a)
(e)
(r)

(s)
(<)

(v)
(c)
(d)
(e)

(a)

and
(e)

(v)

(e)

S ads

B = (RS,50); M(B) - £
(AnB) = (v0); MAnB) -}

‘HA)eR(B) mtelal

Hence, P(A)+ M(B) # (A n B).

- They are oot equal because the result of the first dravw does

affect what happens on the second drew, since the first marble
drawn is not replaced before the second is drewn.

Second Drav
Re Y

(B,,8,) (xsl,v;.)-n
Draw (B8, | (8,1

(Ynﬂa’ (an)
9
See tsl:;le.
P{two blue) -% 3 P(two yellow) = 1 ; P({same color) = g .

The lines sepsrata the table into four sections., The upper
left section contains the outcomes in the event "two blue”,
The lawer right sect{dn contains the outcomes in the event
two yellow®™. A

First
Draw

6. The outcomes (31,31), (3,,8,) and (Y,Y) sre not possible
because the marble dravn first was not returned to the box before
the secand dmav.

See tabdle,




(4) Htvoblus) «F =3 ; Pltwo yellow) = 0; F(same color) =1 .

(e) b ®A)aP =
() b BB - f-
: (g) "An B® 1is the event of drawing iwo blue marbles.
PAAB) =
HA) - P(B)

™A a B) § H(A)- KB)

winy win

NN
wing
Wl

wire
ols

Exercises 10-9c
Exercise 7 is harder than the rest and might well be omjtted for
an average class. i

1. {a) fumber on Secand Throw

1 2 3 4 5 é6
(L | L, | LY | (L) ] (1,6
2 ¥ (2,1) (2,2) (2,3) (2,4) (2,5) (2,6)

3 0 (3,1) ] (3,2Y | (3,3) | (3.,8) | (3,9) | (3,6)
Firat
Throw L (s,1) (&,2) (b,3) (4,4) (an) (4,6)
S
6

Al

Number

(5,1) | (5,2) § (5,3) | (5,%) | (5,5 | (5,6)
(6,1) | (6,2) | (6,3) | (6,8) | .(6,5) | (6,6)

[Rote: Compare this vith the chart for ane throv
of 2 dice in Exercises 10-6d.]

W)=, r(z.)-%ﬁ-

-%s KH)-%-

]

W~ N

1
P(K)-'i,

o

(v) HInK) agzeds MI-HK) 333

HI).MK) s MINK), hence J and K are independent events,

461
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2.

3.

(c)

(9)

(a)

(v)

(<)

(1)

()

MINL) =32 -3 PI) ML) = 3.3

MJ)e ¥
events.

MJ nN)
J) e

Ansvers
neither

12 1 1

3

L) §P(INL), hence J and L are not independent

cgpmds HN-HW aLded

M) = {JAM), hence J and M are independent events.

¥1ll vary; wve hope the student will reagom that in
pair are the events independent, since the experiment

fs of the "draw without replacement” type.

Secand Drawv

Firat
Dray
8 _2. 8.2, paamoZ .l
P(A):ﬁ-ﬁ' P(B)geO-:‘, P(AﬂB)-ao 10
2,2 _ L
F(A) P(B)-g 5 =35
F(An B) § W(A) - A(B), hence A and B are not independent
evente.
2, A1 2
P(A) =55 KC)mgg =z P(Anc)-EO--ILO

P(A) - M(C) w;-’}'g-'gg
P(AnC) # P(A) - P(C),

events,

Angwers may vary, but the studenmts by aow should feel that the
auteons cormpémlng to the larger ares should have a greater

2

hence A snd C are pot independent

number assigned to it, and that P(G) should be 3« P(R).
Since P(G) + P(R) must equsl 1, we set

MG) » ¢

and FR(R) -1}; .
Le2
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(v)

Firat
Spin
or
First Spin Second Spin " Ut comes
B i
Kl
G 5G
atart

R GR

\g< GR
G x

(=) GR has the same probab{iity as ¥G. It {s ressomable to assume
that the events "red on first” and "red on second” are independent
becavae the outcome Of the firs! spin has no effect on the oufcome
of' the second spin.

P rei on rirst spin) -;‘;

e

{red on secand spin) =

P(RR) = B(R) - P(R) = £+ ¢ -

4

(u) P(RG) = K(R) - HG) stﬁ - i

P(GR) = P(RG) -
P(6G) « P(G) . P(6) -qjt._g 3%.

»

(e} The sum of the probebiiities of RR, RC, GR, and CG shou'd
be 1,

P(RR) + K(RG) + P(GR) + P(GC) --;'7;4-1}6*&-!164--!26:-%’.;

e 3



b,

l".

{a)

(v)

(4)

(e)

(a)

(v)

The important change {s to reverse
the colors, since red chovs § of
the tise and green shovs } of the
tine,

Green

Red

The tree diagrem or table for Bwercise 3(b) can be used. HNote,
however, the change in the probabilities assigned.

noo -bi-d R -ded
Hom - 13- ow -4 %

P{CR) .fg, P{GG) 'TIG' sohe is 3 times as likely to get
a green light in the morning and red in the afternoon as he s
to get green lights both times.

PER) « & , P(OR) + P(RG) + P(GG) = 5 .

(or: P(megreenlight)-l-?(ﬂﬁ)-l-ljg-{%.)

Hence, it is more likely that he will get & red light both
morning and afterncon than that he will get at lesst ome
green light.

P(on)*?(m)n-,%-a-s'!%i. He will get one red and one
green light 37-}_:‘# of the time.

M rirst marble vhite) = 5, after replacement,

9 [ ]
P(second marble white) .% H %-% = -é% .

We may use either a tree diagram or a table to count outcomes.
If ve use & tree diagram Ve congtruct enough to be able to
count the outcomes that sre of interest for this problew.

Ltd



M

2

First Dmv Second Draw Qutcomes
B, L8
x, "
B, AR
v, - " LA
: B w5,
- v, LA
v A
v, W,
B, V.B,
B o8,
/// B, V,B,
< @ 2
S %
¥ ¥
v AR
v, W,

etc.

It becomes apparen: that for each of the 9 outcomes of the
t.irst draw there are 8 outcomes for -he second drav. Hence
the total number Of outcomes Of the » iccession of two draws is
9-8, or 72,

To compute the number of ocutcomes in which both marbles are )
white, note that for each outcome of the first dmw vhich is a
vhite sarbl-, there are 3 white cutcomes of the second 1raw.
Since there are U4 white outcomes of re first dmw, the number
of outcomes of “both white™ s L3y . -,

Thus for two draws without replacement, P{both white) = % ® é .

et

4
O
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Aruitoxt provided by Eic:

Filrue
Lraw

The it o weuld soce Sige thise

B,

B

]

B, | B.W, BV, BW, BwW BB ’ "B, BB B
g S . . TN } S U
I tr LX) vy !

B, Bdu: LR B, B Bjﬂ‘ : B,shH BJB‘.‘ * H;Bi/
b~ - e - 'S R Y - -gs 4——»—1'—A . —Lq—«« —+———
B, bW W, | R B,"n‘u / Bbb, f BJ‘B;, ! B,‘B“ B'.‘B.

3 - . - 7 ¢ - e Y. - f.r —_—
Boghw BW, ES% BW BB BB, B B’ B K

. B R T B i

1
23 CWW W W W, W, B| WB iws
s St SRR SN2 S S SN
i Dy Cp D
V., .d'.'h' ! wgaf? .v.u WE W, WB w‘ﬁ"?" WE

B,B,; BB, BB, BB

. -t
i T

=
_R‘
kS
B
x
=
r

~

L w :
‘_l.
—

Tt the *&2 oo D0 1 e emr that the wmein iiegona’ AR have 4o

el teg rince che Secont ddraw (8 wadte without repiacing the

Ttroc mart.e (W4 {4 not & possitiof*'y), Since each row

.

TNt R et ries ant fheav are 9 rows, *he tota! numter

P ves, "
‘ N )

QO outtomes o Thee mien? "two wh e {8 the gubset

tontaine! in the reccans.e In the upper el =hand corper of the

‘mtie, is rectand e containg * et ries,  Henice
o )

Hto, white)l iz — _ -,
J 4]

Either merho! {5 Boceptat fe, tut the talile my te more on-

vineing co o utents,

Noto '0 ‘eschier: Tt in quicker 10 rompute: F{white on

Bl £

. < b5 A
) - M whito on seconl) g ¢ anid -3.§ = =,

€

Howewer, *nlc fnuoives "-onlirtona’ protat i 1ty", <4

s ton 0 whieh hag leeen pompon,..g,]



e Taking out two sovks {5 the same as taking out i~ sock first an!
then, without repiacing it, taking a seconf. A takie i{s very usefy:
in compu!ing outcomes and the events (subsets) asked tor in thic

prot.em.
fiecond Sock
B E, By G, G,
B, ) BB, 1 BB, | BG | BG,
b . - — ,+ - ' .
1 ES . BB, | BG, | BG,
¥irs b - e g e T - - [N W
Sock s BB o ,
; B B $BA"J G, | 3G,
1
N R A | GB, 6,6,
N R S R T
€ I3 . ‘ s < 1 - * «

since theve are & entrles In each row ani *here are -, rows ,

‘he: tola numter of ou comes (s e b = 'y,

(&) The weyon® "Lo'h green' 1o V- gubset OF ou'romes In < he " aower

rlghr-hant comer., This rectang e contains two ent ries, hence
., .
Plroth green) 5 - o,

RV Yo

(L) "Hoth b'ue” occurs {n the rectangle in the upper 'ef*-hanl
remer Of the tat.'e, It comtains ¢ entries and therefore

£y ¢
F1ovh t o) o e ==,

S Po

(=} Flone green an! one t.ur) 1s obratinel by soun'ing entries in
the tvo remaining par s o *ho tabl'e: since there gare 12

=0 ries .0 these *wo rectangles, [{one green and one
S

bger) = ",— = -,
. 4
Te Firs 1mwer: i ask) = ol P{biue) - ,-; .
’
gecont fraver: P(blavk) = = Mtiue) - -,g;- .

Draving Urom fie Cirst imwer and imwing from the second irawer are
inlrpeniont o,ents,

. . ‘ .
{a) Ifitoer taex) =L PRI &

) . e e

FY

ERIC

Aruitoxt provided by Eic:



L 8 32
(v) P{both blue) = 9°15 ° 135
(c) Plome biack and one blue) = 1 = (= + ‘L')

13‘ 135 13‘

Altermatively:

The event. "one black and one btlue” can occur in two different
vays: Lilack from first and btlue from secomnd, or
blue from first and black from second.

The protebility of the first way is 3% , and the probability
of the seconvi way is %-—‘L ;7 SQ
5.8 4 7 4o . 28 68
, B e e —_ = —— gy m—
Hone tlack and one blue) - AT A T A T TS

suggeste] Test Items

Claguity each of the fo!lowing games as "rafr” or "unfair”, Red
Jellow

e You spin the spinner at *he right,

You vwin {t" it points to blue or

green, You lose i {t points to Red | Gpreen
ey OF ye!low,

RN You toss 8 sing e ile. You win {f a prime number {5 thrown; otherwise
you oee, '

{e You throw *wo ilce, You win if the sum la 7; you lose {¢ the sum
s ¢: otherwise there (s & t{e,

L, You *hrow ‘wo {l~e, You win if 8 doubl'e is thrown and lose if the
suam o/,

e You *hrow “wo tice, You win {f the product of the numbers shown

{s " or greater than .8 and lose if the product is less than 8.

Liat the ze* of possit . e ou'nomes for m&ch of the fo! awing experiments.

fe Throwing one ile.
INES
O

ERIC

Aruitoxt provided by Eic:



7.

9.

10,

Draving aie marble from a bag vhich contains red, blue, o green
marbles.

Tossing & penny and & dime,

Tossing & single die and then spinning & spinner with red and white
regions,

Tossing & coin and then drawing & marble from a bag cantaining blue,
green, and yellow marbles.

Find the probebility of each of these events.

11,

12.

13.

A 16 the event "number greater than 3" when a single die is
toseed, PA) - ¢

B {5 the event "black" when & marble is drawn from a bag con-
taining *hree marbles, one red and two blue. P(B) = ¢

C is the event that a boy will be chosca when & studen' {s selected
at maniom from a8 ciass of thirty of whom '8 are girls.
Mc) = 2

D 18 the event "prime" when a number n such that 40 < n < %0
{s chosen a* mandom. FD) - ¢

.

E 15 the event thit an article 18 up to standard vhen & sample of
Q00 has showm © defective, PE) = ¢

Tell whether each of the following pairs of events are:

(:) mutuslly exclusive,
(2} ~omp' ementary,

(3} independent,

(4) none of the above.

If wore than one classification applies, list all that apply.

-

Lew

A ret 1ie an1 B green ile are tossed,
A I8 the event "¢ on the red", .
B s the event "3 on the green",

lots d



17. One card {s dravn from & deck,
C is the event "spade”,
D 1s the event "king".

18, A spimmer which 1is ]1; green, f red, and % blue is spum once,
E 18 the event "green”.
F s the event "red",

19, A die 1s toesed,
G {8 the event "number greater than 2%,
H s the event "nuwmber less tham or equal to 2",

20. Two dice are thrown,
I 1{s the event "double”.
J is the event "sum {s odd”.

n

. Uge the circular regions
at the right to drav &8 splnner

such that (a)

(s) P(red) = 40%

{v) M black) = .12 {v)

(=) P(green) =1
(e)

22, On & baseba!l team, player A has a batting average of ,320
and player B has an average of ,280. Both come to tat in the
seventh inning. Assume "hit for A" and "hit for B" &are
{ndependent events,

47




RN

{a) What is the probability that both A and B get hits i{n the
seventh imning?

(b) nat 1s the probability that either A or B or both get hits
-4n the seventh inning?

23. One card i3 dravn from & hand consisting of the ace and king of hearts
and the ace and king of spades.

(a) wWhat 1s the protability that the card i{s either an ace Or a
spade?

(b) What is *he protability that the card is either an ace ara
king?

Conplete:

2, I° an event is certain to occur, its probability is .

25, In & protablility experiment, events A and B are independent if
they satisfy the conditiom ___

26, A bax of candy contains seven caramels and eleven chocolates. If a
plece is choeen at random, P{chocolste) = .

27. If the set of possible outzomes ‘for an experiment consists of four
equaily iikely outcomes, then the probability of esch outcowe
is .

23,  The probability of throwing exsctly four heads and one tail on &
throw of five coins ie % o What i{s the probability of not throwing
four Leads and cne tailt

29. A stop light shows green -} of the time, If you make a trip o~ way
in the woming snd return in the afternoon, whst is the probabdbi ity
of getting a green light going and coming?

3G, Suppose you toss a coln five times and each time it shows heads.

What is the probability that hesds will ghow on the sixth toss?

L71



Answers to Suggeeted Test Items
1. Fair
2. Fair
3. Unfsir
k. Fair
e Unfeir
6. (1,2,3,4,5,6,)
7. {red,blue,green}
8. {mH, BT, ™, TT) A
9. ((1,R),(1,W),(2,R),{2,¥),(3,R),(3,¥),(&,R),(b,¥), (5,K),(5,W), (6,R), (6,W))
10, ((5,B),(8,6),(,1),(1,8),(T,6),(T,1))
. 3
12, o
3. H-.2
w34
5. X-Z .
16. (3) |
17. (%)
18, (1)
19. (1),(2)
20. (1)
2i. (a)
(5 congruent regions) €
LT2




SR

()
(<) '
';‘\-
22' (‘) (-3@)’ (-2&)‘ 008% = .Om

(b) .320 + 280 - ,(90 ® .510

23, () MA)=3: M) =3; MAAS) =%

$

(b)) MM =g PMK)-2; PAUK =3 +]wn

Bvents A and K are mutuslly exclusive.

P(Aus)aé+%-

b e N
1

-

2k, 1
: 25,  P(A) - P{B) « F{A 0 B)

?
e o Wi Tt gk

3




Jear Sheet (RExercises 10-3b)

2,

3.

b,

Fumber on die face
1 2 3 L
Frequency,
firet row .
Frequency,
second row
Frequency,
third row
»
F requency,
fourth L_
Total

(a) Frequency Like nuzbers | Consecutive numbers

Bnmctly two '

Bxmct.y three

Mote than three

Cecurrence

Number of blacke

Three of a kind

Four of a kind

Five of a kind




