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PREFACE

Mathematics is such 8 vast and rapidly expanding field of study that there
are inevitably many important and fascinating aspects of the subject which,
tuough within the grasp of secondary school students, do not find a place in the

curriculum simply because of a lack of time.

Many classes and individual students, however, may find time to pursue
mathematical toples ~f special interest to them. This series of pamphlets,
whose production is sponsored by the School Mathematics Study Groupy is designed
to make material for such study readily accessible in classroom quantity.

Some of the pamphlets deal with material found in the regular curriculum
but in a more extensive or intensive manner or from a novel point of view.
Others deal with topics not usually found at all in the standard curriculum.
It is hoped that these pamphlets will find use in classrooms in at least two
ways. Some of the psmphlets produced could be nsed to extend the work done by
a class with a regular textbook dbut cthers could be used profitably when teachers

want to experiment with a treatment of a topic different from the treatment in the

regular text of the class. 1In all cases, the pamphlets are designed to promote
the enjoyment of studying msthematics.

Prepared under the supervision of the Panel on Supplementary Publications of the
School Mathemsties Study Group:

Professor R. D. Anderson, Department of Mathematics, Loulsiana §tate
University, Baton Rouge 3, Louisians

T

Mr., Ronald J. Clark, Chairman, St. Paul's School, Concord, New Hampshire 03301

Dr. W. Eugene Ferguson, Newton High School, Newtonville, Massachusetts 02160

Mr. Tromas J. Hill, Montclair State College, Upper Montclair, New Jersey

Mr, Karl S. Kalman, Room 711D, Office of the Supt. of Schools, Parkway at
21st, Philadelphia 36, Pennsylvania 19103

Professor Augusta Schurrer, Department of Mathematics, State College of Iowa,

Cedar Falls, Iowa
Dr, Henry W. Syer, Kent School, Kent, Connecticut
Professor Frank L, Wolf, Carleton College, Northfield, Minnesota 55057

Professor John E. Yarnelle, Department of Mathematics, Hanover College,
Hanover, Indiana
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SYSTEMS OF FIRST DEGREE EQUATIONS IN THREE VARIABLES

1. A Three Dimensionsl Coordinate System.

In this pamphlet we shall deal with triples of numbers (x,y,z) and view
them sometimes as constituting solution sets of equations in three variables,
and sometimes as representing points in three-dimensional space. Thus we will
wish, at the outset, to set up a one-to-one correspondence between ordered

triples of real numbers (x,y,z) and the points of three-dimensional space.

Take three mutually perpendicular lines and label these lines the x-axis,
the y-axis, and the z-axis respectively. These lines can be chosen, and
labelled, in any manner whatsoever. For 2
the sake of uniformity, and because the +
choice is & common one, let the x- and
y-axis be in a horizontal plane and the
z-axis perpendicular to this plane. The -
point of intersection of the axes is O, i

the origin. We assign number scales to

the axes, as we did with coordinate sys- 0o +
tems in cne and two dimensions, in such

8 way that the zeros of each of the axes
coincide at the origin. The positive
direction Sf extends forward, toward X
the observer; the positive direction

69 extends to the right; and the positive Figure la

direction 55 extends upward. A plane

determined by any two of the axes is called 8 coordinate plane. There are

three such planes, the XY-plane, the XZ-plane, and the YZ-plane.

Through any point P {n space draw three planes which are respectively
perpendicular to the three coordinate axes. The numbers attached to the
points in which these planes intersect the x-, y-, and z-axes are calied the
x-coordinate, the y-coordinaste, and the z-coordinate of the point [P respec-
tively. These planes and the three coordinate planes form a box-1like figure
(called a rectangular parallelepiped). We can then find the triple of co-

ordinates of any given point in space; and, conversely, we can locate a point
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in space when any ordered triple of real numbers is given. This one-to-one
gorrespondence between points in space and the ordered triples of real numbers

(%,¥,2) 1s called a three-dimensional coordinate system.

Example: Plot the point (5,-2,4).

Solution: Begin at the origin and proceed 5 units in the direction of
the positive x-axis, 2 units in the direction of the negative y-axis, and &
units in the direction of the positive z-axis. The point located is the re-
quired point.

P{5,-2,4)

¥gure lc

"
~
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Exercises 1.

Flot the following points:

1. {0, -1, 3) 6. (o0, 2, 0)
2. (-2, 0, &) 7. (1, -1, ©)
3. (3, 2, 4) 8. (2, -3, &)
L. (2, -1, -3) 9. (3, 2, -4)
S. (-4, -2, -7) 10. (2, 0, -3)

11. Wwhere do all points lie for which x =0
which x = -3°%

12. Where do all points lie for which y = O

13. Where do all the points 1lie for which =z

%1k, wWhere do all points lie for which x + y

for which x=2; for

L 1]

for which y = 3?%
2; for vwhich 2z = -27%
43

N e

2. Distance rormula in Three Dimensions.

Development of a formula for the distance between two points in space is
closely related to the problem of finding the length of the diagonal of a rec-
tangular parallelepiped. Let us review the latter problem first. By virtue
of the Pythagorean relation we have

B
de(A,C) = de(A,D) + de(D,C)
a(A,B) = 4°(A,C) + a°(c,B) c
Substituting for &-(A,C) we have
2 2 2 2 A Y
a“(A,B) = d“(A,D) + a°(D,c) + a°(C,B) Figure 2a
(2a) a(A,B) = 4a°(A,D) + a2(p,c) + d°(c,B)

Thus, the diagonal of a rectangulsr parallelepiped equals the square root of

the sum of the squares of its dimensions.

Consider now the distance between ¢

the points A{1,2,4) and B(3,5,6). ‘gaf"‘:;;}

These points are opposite vertices of {N -A .:_:___’é
. a parallelepiped as indicated in Figure DE‘: :: :‘é" E

2b . The distance between them, AB, : ! q:, i

msy be obtained by applying formula | jo i ? H Y

Vi v
X
Figure 2b
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(2a) a(A,B) = /4°(A,D) + a2(p,c) + a%(c,B).

From Figure 24 we see that .
d(A,D) = 3 -1 =2
D) =5 - 23
d(C,B)lé-h‘E

a(A,B) =/l + 9+ 5 = /17 .

Using the same method, we now derive a formula for the distance between
any two points in space, Pi(xl,yl,zl) and Pe(xe,yz,ze) .

From (28) we have

d(Pl,PE) - /de(Pl,Q) + de(Q,R) + de(R,PE) (See Fig. 2c.)

But . d(Pl:Q) = ‘xe xll

d(Q:R) = !32 - yl'
d(R,Pé) = ]zz - zll
(2v) ® 4(p P)-/(x-x)2+(y-y)2+(z-z)2
: s 172 b 1 2 l 2 17

This is the formula for the distance between two points in three dimensions.

The formula is correct no matter where F& and Pé lie in space,

Z

-0
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Exercises 2.

Find the distance between the following pairs of points:

1. (6,7, 1), (2 3, 1) 6. (-4, 2, -7) , (8, 18, 14)
2. (&, -1, -5), (7,3, 7) 7. {0, 1, 0), (-1, -1, -2)
3. (0) hl 5) ] (‘6; 2, 8) 8. ('3; )“J ‘8) s ('8) "6) ‘6)
. (3,0, 7), -1, 3, 1) 9. (3, 4,5), (8 &, 1)

5. {4, -1, 3), (12, 7, -1) 10. (1, 2, 3), (¢, 0, O)

3. An Equation of a Plane.

From plane geometry we know that the set of points in a plane, at equal
distances from two given points, is a line. Similarly, in space, the set of
points at equal distances from two given points is & plane. We use this pro-
perty to derive the equation of & plane, Since it was proved in geometry that
this property characterizes a plane, the equation we derive will represent a
plane with all the properties of the plane studied in geometry.

Example 1: Determine the equation of the plane whose points are equi-
distant from A(1,2,3) arnd B(2,5,4) .

Solution: If P(x,y,2z) 4is any peint in the plane, we know that

d(A,r) = d(8,P)

B

-y -

1
i
t
r
i
i
i
F
i
{
]
+
t
{

<29
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Fgure 3a

Using Formula {2b), we have

l(rx-1)2+(y-2)24'(2-3)2=f(x-2)2+(y-‘j)2+(z-h)2.
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From this we have

X - X +1+ ye - by + L + 2 . 62 + 9

-xg-hx+h+y2-10y+25+22-8y+16
wvhich reduces to
(3m) 2 + 6y + 2z = 31,
Thus, the equation of this plane is of the first degree in 3 wvariables.

Using this same method we prove that the equation of every plane is an
equation of first degree in 3 variables. Instead of two special points, A
and B, we uge Pl(xl’yl’zl)- and Pe(se,ya,ze) to represent any two distinct

points in space. Then we have

d(Pl,P) = d(PE,P)

JQx - xl)2 + (y - yl)2 + (z - 21)2 = fx - x2)2 + (y - y2)2 + {z - 22)2

2
1

e, 2 2 2 2 2 . o 2
b dxx2+x2 +y =2 y-y2+y2+z-2222+22

2
X -2'-x-xl*ﬁ2+y2-2-y-yl+y12+22-E’.z-zl+z

(3b)

2 r~
2(x2-xl)x + E(ye-yl)"'* 2(22-21)2- {(xg’?-xl )*‘(y;- y12)+ (z2£ - 212)] =0,

Since d(Pl,P) and d(PE,P) are positive numbers, this argument can be re-
versed. Therefore, we know that a point I{x,y,z) whose coordinates satisfy
equation (3b) is equidistant from P, and P,.

Equatlon (3t) is an equation of first degree provided the coefficients of
X, ¥, and 2z are not all gero. Let us denote these coefficients by

Aze(xe-xl),}%ne(yg-yl),C-E(zg-zl).

These will all be zero only if Xn & Xy s Yo = ¥y and 25 = 2y, i.e,,
points Pl and Té coincide, But I& and Pg are distinct. Therefore, we
have proved that every plane in three dimensions can be represented by an

equation of the form

Ax + By + Ce + D=0

6 I1

e
’ o s .5’?4



vhere

2y

De -((x22 - xle)f (yae'- 312) + (222 - 2.°)

1

and A, B, C are real constants, not all zero. The converse theorem can &lso
be proved, {.7., that every equation of this form represents a plane. The
yT00f of this converse {s given below.

Proof: Let P(x,v,z) be any point on the plane that it the set of points
equidistant from {0,0,0) and Q(kA,kB,kC) vhere

-2D
+ 52 + C

K =

. A2 2

Then da{o,P) = d{Q,P)

X2 + y2 + 28 - (x - XA)° + (y - kB)E + (z - kC

-2kAx + k2A° - 2By + k%B° - 2kCe + k°CT

2)

)2

0

2k(Ax + By + Cz) ke(A2+52 +C

Ax+By+Cz--§-(A2+BE+02).
Put k-g-eg 5 e
& + B +C

The equation tecomes
Ax + By + Cz + D = O,

This argument is reversible. This means that any point P wﬁose coordi-
nates satisfy Ax + By + Cz + D= 0 {is equidistant from the two points O
and Q . Hence Ax + By + Cz + D=0 18, by definition, the eguation of a
plane.

Note: If D=0, it follows that k = 0 ., The two points coincide, and
no plane is determined. The case where D= 0 1is treated in Problem 3, Exer-

cice 3.

Exercises 3.

1. Use the method of Example 1 t» find the equation of the plane whose points
are equidistant from each of the following pairs of points:
(8) (-1, 3, 2), (&, -2, -2); (a) (2, &, -5), (0, 2, 3);
(v) (-1, -3, -2) , (-2, 0, 4); (e} (-2, 0, 6) , (1, &4, 3);
(e) (5, -1, 2, (-5, 1, -2); () (-1, 2, -3), (1, -2, 3),

I ~
P

Sl e mmm e s e e e
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2. In each of the following, rind'the equation of the plane that is the set
of points equidistant from the given roints, and sketch the graph.
(a) (&, 0, 0), (-2, 0, 0)
(v) (o, 3, @), (0, -1, 0)
(e¢) (0, 0, 0), (&, 2, 0)
(d) (o0, 0, 0), (0, 5, 3)
¥ 3. Prove that the equation

ax + by + cz2 = 0

where not all the constants a, b, ¢ are Zero, represents the set of
points equidistant from the symmetric points (a,b,c) and (-a,-b,~c) .

4. The Solution Set of An Equation in Three Variables.

We shall examine several first degree equations in three variables, both
graphically and algebraically, to gain familiarity with this representation
of a plane.

Definition 4a. The solution set of an equation in three variables is the

set of real number triples (x,y,z) that satisfy the equation.

Example 1: Find some of the elements of the solution set of the equation
(Z‘s) X+2y+z=5.

Solution: We may tabulate elements of the solution get of this equation
by assigning values to x and y , and ccmputing the corresponding values of
2 . In this way we may find &s many number triples of the solution set as we
wish., -

In the first lines of the tabulation given below, we give the assigned
values of x and y ; in the third line we glve the computed value of z .

X 0 1 -1 1 2 0 X arbitrary
y o) 1 1 ]-1 0 e Yy arbitrary
z 5 2 L 6 3 1 2 =5=x =2y

Example 2: By considering sets of points in the solution set of
x+y=14,

sketch the graph of the equation,




Solution: Viewed as an equation in three variables, this equation has
the fomn

(4b) x+y+0ez= b,

Since the coefticient of z in this equation is zero, we are no longer free
to assign values to x and y at random. For example, if x =1 , we must
assign the value 3 to y . On the other hand, wvhen x =1 and y = 3, we
are free to sssigq any value whatsoever to 2 . We know from the definition
of the coordinates of & point P(x,y,z) (See Figure 1lb) that all the points
for which x =1 and y =3 'ie on the perpendicular to the XY-plane
through the point (1,3,0). Jince a1l these points (1,3,z) correspond to
aumber triples in the solution set of Equation (kb) no matter what value =z
nas, we see that this perpendicular line lies in the plane x+ y + O.z = &
(Figure 4a). Similarly, all points
(e,2,2) , (3,1,z) , (&4,0,2) 1lie in the
plane. Continuing in this fashion, we
see that the plane contains all the

perpendiculars to the XY-plane that /

intersect the XY-plane in the line

Y 4
x+ys4

"

x +y =4, Since all these lines lie

in 8 plane perpendicular to the XY~ el — Y
plane, we see that the equation %ﬁ;)

X +y =4 represerts a plane perpen~ (2,2,0

dicular to the XY-plsne. Its line -->7"14,0,0) x+y=4

of intersection with the XY-plane has X

the equation x+y =4 (z = 0). Figure ha

Exsmple 3: By considering subsets of the solution set of the equation

x = 3, sketch 8 graph of the equation.

Solution: Viewed as an equation in three variables, this equation has

the form
X+ Qey+0ez =3,

Here x must be assigned the value 3 , but y and 2z may assume any values.
We see then that this plane is the set of points at the directed distance,
+3, from the YZ-plane. It is therefore parallel to the YZ-plane.

LI
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2
x=3
O "‘4"7 *
C"
X .
Figure 4b

Exercises k.

1. Sketch the graphs of each of the equations
(a) x-2y=5 (d) y-22=0
(b) x-2y=0 (e) 2x -2=0
(¢) y+22 =28

2, TFour points on the graph of the plane

2x+y=6

are seen to be A(3,0,0) , B(1,4,0) , c(2,2,0) , D{0,6,0) . Give three
other points on the graph with the same x and y values as A ;i as
B;as C; as D . Sketeh the graph.

3. Sketch the graph of 2= «2 ; 0of x=5 ;0f y =3 .

5. The CGraph of a First Degrec Equation in Three Varisbles.

If either one or two of the coefficients in the equation
Ax + By + C2 + D=0

are zero, Section 4 gives us & method of graphing the equation. If all the
coefficients are different from zero, we proceed in a similar fashion.

Consider, for example, the graph of the equation
(5‘) x+23+2=5.

An easy way to plot the graph of a linear equation in the plane is to find
the intercepts of the line., Similarly in three dimensions the graph of 8
rlane is emsy to sketch if we begin by finding the intersection of the plane
with the coordinste planes. These intersections with the coordinste planes
are called traces. If we want the intersection of plane (5a) with the

10

1 ~
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XY-plane we must put = « 0 in the equation
X+ 2y +z=95,

The resulting equation is
X"‘@:ﬁn
This is the equation of a striaght line

in the XY-plane, and this stralght line 4
is called the trace of

X+ 2yt z=5H

in the XY-plane. Similarly the XZ-
trace is

xX+2z2=5,

and the YZ-trace is

Ar+z=5.

The graph of these lines in the coordi-
nate planes makes the position of the
plane

x+2y+z=§
clear. Figure 5

Exercises 5.

1. Sketch the graph of each of the following equations.
(a) x-2y+2=5
{(b) x+z=5
{e) x-2y -2z
(d) x+2y+2z =5
(e) bx -2y +2=0
(£f) 5x + by

]
k94

n
nJ
(o]

(g) 3x -2y +

(n) -
{4) x~-2y -2 =0

() 25x - 32y =0

11

-
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2. On the same set of axes sketch the graphs of the following pairs of
equations, indicating the graph of the intersection set.

(a) x+2y+z=5 () 5x + by = 20
x =1 9x + 6y - 52 = 0
() x-2 +z=5 (¢) x-2y+z=5
z =2 2x - by + 2z = 10
(e) 5x + 4y = 20
3x-4y=0

6. The Solution Set of & System of First Degree Equations in Three Varisbles.
Definitions.

Definition 6. A system of first degree equations in three variables

consists of two or more equations in three varisbles. In this pamphlet we

will consider only systems that involve either two or three equations.

Definition 6b. The solution set of & system of first degree equations
in three variables is the set of all number triples thet satisfy all eguations
of the system. (It is the intersection of the solution sets of the equations

of the system.)

Definition 6c. Two systems are equivalent if their solution sets are

the sane,

# 7. The SBolution Set of & System of Two First Degree Equations in Three
Variablies. Graphic Approach.

In Section 3 we established the fact that every equation
Ax + By + Cz + D=0

(in which A, B, and C are real coefficients not all zero) represents &
Plane. If we have two such first degree equations, they represent two planes
that have one of three positions with respect to each other. The graphs of
the two equations may intersect in & line, they may be parallel, or they nay
be the same plane. Our problem is to discuss the solution set of a system of
two such equations. The most important case is the one in which the two planes
intersect in a line. However, we will give an example to illustrate each of
the three cases.

12
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Example 1: The two planes intersect i
of the system

(7a) x+2y+e-5=0,

x+2-3=0.

Solution: The complete solution set of the system (7a) may be ob-
tained by studying the equivalent system obtained by combining either of the
equations of (7a) with & combination

a(x + 2y +2 -5) +b(x+2 ~-3)=0
of the equations of the system. By choosing & =1, b = -1, we have
(x +2y+2z2-5)-(x+2-3)=0,
which reduces to
(‘o) y =1,

Thus, the line of intersection of the given plenes, (7a), is also the line of
intersection of the planes

{ X+ 2y +z2=95H or { X+ 2z =3

y‘l y:l.

(1) The easiest system to graph is the last one.

Z
l !
|
Line of ‘
intersection : x+2=3
1
0 i
g Y
f‘fl
X
Figure 7a

;

[See also Tb &nd Tc.)

13
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(2) Let us sketch the graph of the pair

The second plane is parallel
to the XZ-plane and one unit
to the right of it. Thus its
trace in the XY-plane has a
point of intersection with the
XY-trace of the first plane;
and its trace in the YZ-plane
has & point of intersection
with the YZ-trace of the first
plane. Both these points have
They determine the
line of intersection of the
two planes. This line is
rarallel to the XZ-plarne.

y=1.

x+&'+z-§’

y'lo

Line of
Intersection

4
y= |
Y
|
1 x+2y+zs 5
:
o |
— Y
ft
Figure Tb

(3) The third graph (Flgure 7c) gives a skeich of the given planes

This graph is the most dif-

ficult to draw. The second
plane has as its XY-trace
the line

x=3-

This intersects the XY-
trace of the first plane,

namely,
x+ 2y =5,

in the point x= 3,
Yy=1,2 =0, The traces
of these two planes in the
Yi-plane sre X
z=3
2y +z =5,

x+&'+z=5’

X+2 =3,

x+2y+2 5

12 \t0.1,3)

,I \\
\
z’ \
II 0 ‘\
[t f-r\ Y
/ -
F -
(. - l /
31,0
(3,1.0 Ls +z=3
Flgure 7c
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They intersect in the point
x=0,y=1,2=3.

We see that the line of intersection of these two planes is the same line as
the one we obtained in (1) and (2), and that it is parallel to the XZ-
plane.

Example 2. The two planes are parallel. Find the solution set of the

system

x+t2yr+tz=5,
x+&+z“loo

/4

x+2y+z2s 5

x+2y+ z =10

X

Figure 7d

Solution: By inspection, we can see that there is no number triple that
satisfies both these equations. This is so because, for each number triple,
the sum, x + 2y + z , has & definite value that cannot be both 5 and 10.

The planes have no point in common; they are parallel. The system is
inconsistent, since any triple (x,y,z) that satisfies one equation will not
satisfy the other.

Example 3. The planes coincide., Find the solution set of the system

X+2y+2-5=0,
3x + 6y + 32 -15=0,

. 15
o 20
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Solution: By inspection, we can see that every number triple in the

solution set of the first equation is also in the solution set of the second

equation; and conversely.

The given planes coincide. The system is dependent;
the left member of the second equation is three times the left member of the
first equation.

Exercises 7.

Determine which of the following pairs of equations represent straight lines.

Sketch the graph in each case.

gaph where the line of intersection lies.

ll

Za

(8a)
(8b)

and

X -2y +52
=1.

- 2y + 5z
=& ,

- 2y + 52
= -2 ,
ty=5,
T+y .
ty=5,
+y +z
Jy+z=9,
X+ Ay =4,

3

¥ ® K M < H R MK N

1

=10,

=10,

=10,

10 .

Te

8.

9.

10.

11.

12.

When the planes intersect, indicate on the

x+hy -4,
z-x=0,
3x+y-z=2,
2z = 6x + 2y - & .

z ~x=0,

x+2y+z=5,
-Xx+2y+z=5.
x+2y+z=8,
x-2vy=0.

Algebraic Representation of the Line of Intersection of Twe Intersecting

Planes.

In this section we study the intersection of a pair of planes

X +2y~2z2-5

=0

x+y+z“2'00

Qur procedure is to obtain the equations of three planes which pass

through the line of intersection of the given planes and which give particu-
larly useful representations of that line,
linear combinations of the expressions

We construct three different

(x.+ 2y -2 ~-5)

(x+y+2-2),

and find three components of equivalent systems each of which has the coeffi-

cient of at least one variable equal to zero.

16
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A component of -an equivalent system can be written
alx +2y -z «5)+blx+y+z-2)x0,
(1) We eliminate x by choosing a =1 , b = -1,
(x+2 -2-5)-(x+y+2-2)=0
(8e) y-2-3=0
(2) We eliminate y by choosing a =1, b= -2,
(x +2y ~2-5)~-2Ax+y+z-2)=0
(84) x-3-1=0
(3) We eliminate z by choosing a =1 ,b =1,
(x +2y -2-5)+(x+y+2-2)=0
(8e) 2 +3y -7=0

We now have three distinct new equations (8c) , (8d) , (8e) , any two
of vhich may be chosen to rerresent the line of intersection of the given
planes.

If we represent this lire by the planes

(8e) y-22-3=0
and
(84) -x - 32 -1=0

we can e.press x and y in terms of 2z ¢

(8s) (8 gxmows b
ye=2az +3.,

This is an especially convenient form for determining particular points
on the line of intersection of the two given planes, It enables us easily to
write down &s many number triples in the solution set as we wish., We see
that we may assign values to z &t random, and obtain corresponding values
of x and y. Thus the solution set contains infinitely many number triples,
This {s what we should have expecied, since the intersection of these two
planes is & line,

Example 1. Write 4 members of the solution set of the above system
(1).

Solution: Using the first representation given avove, (8t), assign
arbitrary values to 2z , and compute the corresponding values of x and ¥y .

‘o [4
17 an




«1 | -4 21 -7 X = «32 « 1
3 5 1 1 y=2¢ +3
z o} 11} -1 2 2 arbitrary

If ve use (8d) and (8e) , we can express y and z 4n terms of «x;

)’“%(23"7)3

(8) X
g = - S(x +1).

Using this representatiun of the line of intersection of the two given planes,
check the number of triples obtained above by assigning the tabulated values
of x , and computing the other values.

X -1 |-k e | -7 x arbitrary
4y y‘_%(ex_'{)
z
1
zZ = - g{x + 1)

Using (8c) and (Be) we can express x and 2 4in terms of y :

X = - %§3y -7,
(&n)

n
|

= éﬁy -3) .

Using_this representation, check again the number triples obtained from (8¢f)
by assigning the tabulated values of y , and computing the corresponding
values of x &and gz .

X x = - H3y - 7)
Nj 3 5 1 7 y erbitrary
z z = éﬁy - 3)

Dximple 2: Find four number triples in the solution set of the system

Px -y + 22 =6,
2 =2.

i}

How can we describe the whole solution set algebraically?

Solution: 1In this example every number triple in the solution set has
2 = 2, By substituting this value in the first equation we have

~

2x -y =2
y=2x -2

18
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or X~ %ﬁy +2) .

Thus four 2ther triples in the solution set can be written by assigning arbi-
trary values to x , and computing the valuas of y @

x o) 1]i-1 2 X arbitrary
y -2 0] =4 2 y=2x -2
2 2 2 2 z2 = 2

or by assigning arbitrary values to y , and computing the values of x !

X X = %gy + 2)

y arbitrary
2 = 2

The complete description of the golution set is given either

X arbitrary X = %ﬁy +2)
as y=2x - 2 or as y arbitrary
= 2 2 = 20

In this case, 2z may not be chosen arbitrarily.

Exercises 8.

In each of the problems given below if the planes intersect in a line express
two of the variables of the solution set in terms of the third variable, and
tabulate a subset of the solution set consisting of four number triples.

1. x-3y -2 =11 6., 2x + 6z - 18y = 6
X -5 +2 =1 X = 32 «y=+~3

2, x+ 2y -z =28 7. 3x -4y +22=26
xX+y+2=20 6x -~ 8y + Lz = 1k

3. x-z+y=>5 8., -5x + 4y + 8z =0
X+ 2y = -2 -3x + 5y + 15z = O

b 2 +4y -7 =52 9, 62z - Ty + hx =13
hx + 8y - 14 = 52 Sx + 6y -z = 7

5. =2x +y +32=0 10, -10x + Lky - 5z = 20

-Lx+2y+6z=o ax_%yi.z,h

19
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9. The Solution Set of a System of Three First Degree Equations in Three
Yariables, -

We now consider the solution set of three first degree equations in three
variables. A simple example vill introduce us to the problem.
Z

b 2x+3y+2+: 6

2x + 3y +2 =6,
bx + y+2 =4,

g =2,

Figure 9a suggests the graphic solution in which A 4s the single point of
intersection of the three planes. Algebraically, we may use the value of z
given by the third equation; substitute it in the first two equations, and
then solve for x and y @

x + 3y =4,
bx + y = 2 ;

X = % sy = g s 2 =2,

The point of intersection of the three planes is (%—,g,e) .

Usually the graphic representation of the three planes represented by
three first degree equations in three variables will be too complicated to
drav, But it is helpful to keep in mind the geometric meaning of the equa-
tions when we consider the types of solution setﬁ\@h&t we may expect. These
correspond to the types of intersections that are %ossible for three planes

20

Q"




in space. The method of solution will be the same in all cases. It is illus-
trated by the following examples. In each case the problem is to find the
solution set,

Example 1: X+ y-32=9,
-x+3y-1+2-1§.
Step 1: Eliminate x from the second and third equations by adding appropri-
ate multiples of the first eguation. We now have the equivalent system

X+ 2y -32=9,
0-5y+82-'26’
0+5y -7z =2k,

Step 2: Eliminate y from the third equation by adding an appropriate mul-
tiple of the second equation cbtaining the equivalent system

X+2y-32=9,
0-5y + 82z = =26
Q+0+2z = =2,
Step 3: Substitute 2z = -2 in the second equation obtsining
Sy = =26 + 16
y=2.
Step 4: ODubstitute z = -2 , and y = 2 in the first equation.
X+ h+6=9
X = =1,
Step 5: Check the solution.

1+ L4 +6=
2-2-4
1+6+8=15 .,

1 Ll
1 O
8o
.
-

We see that the soclution is the number triple (-1,2,-2). The planes inter-
sect in a point. Figure 9b, shows three planes intersecting in a point.
(“Be ln)

Example 2: 2x - 3y+z-3=0,
X+5 -2z-3=0,
x*l?y-gz-leaﬁ.

21
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To simplify the arithmetic, we interchange the first and second equation,
and proceed with the steps described in Example 1.,

Step 1! Eliminate x from two equations, obtaining the equivalent system,
x+5 -z-3=0,
O-13y+32+3=0,
0-13y +32+3=0.
Step 2: Eliminate y from the third equation.
X+5% -2-3=0,
C~-13y +32+3 =0,
0+0+0+0=0.

In this case, the third equation contributes no new information. If Step 2

gives the identity, O = O , one of the givea equations is 8 linear combina-

tion of the other two. Here the left member of the third equation,
5x + 12y - 2z - 12
c&n be obtalned as
(2x - 3y +2 -3)+3(x+5y -z -3).

Therefore, we know that the graph of the third equation must pass through
the line of intersection of the planes

2X ~3y+tz2-3=0
X*5)"z"3=0-

{This relationship will be studied further in Section 10.) Thus,the complete
solution of the given system is an infinite set of triples representing the
points on the line. of intersection of the given planes. We may use the
method in Section § if we wish to determine the numbers of the solution set.

Eliminating x from the first two equations we have

(2x -3y +2-3)-2(x+5y-2-3)=0
-l3y + 32 +3 =0,

Eliminating z from the first two equations we have

(2x -3y +z2-3)+(x+5y-2-3)=0
IX+2y-6 =0,

Solving for x and 2 in terms of ¥ :

x=%('2y+6):

22
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z =1y - 3),
¥ is arbitrary.

Figure Gb shows three planes intersecting in a straight line. (Case 2a.)

Example 3: x+5y-2~-3=0,
x-3y+2-3=0,
2 + 10y - 22 - 6=0.

Here Step 1 ylelds

x+5~2-3=0,
0-13y +32+3=0,
0+0+0+0=20.

We see that the left-hand member of the third equation is twice the left~hand
member of the first equation.

2x + 10y - 22 - 6 = 2(x +5y - z - 3).

Therefore, the first and third planes coincide. Again, the solution is com-
pletely described by the firs+ two equations. It is the same line we found
in Example 2. (See Case 2b, ' .gure 9b.)

Example 4: x+ 2y +2 =14,
x-E}"FZ:O,

x+z=h.
For simplicity, move the third equation into the first row

x+z=h,
X+ 2y +e =4k,
x-&!+2=0.

Step 1: Eliminate x in the second and third equations.

x+0+z=14,
O+2y +0=0,
0'&4’0--&.

Step 2: FEliminate y from the new third equation.

x+0+2z =14,
O'&a"fQ:O‘
0+0+0= -4,

Since there are no triples for which 0 = -4 there are no solutions. In this
cage one plane is parallel to the intersection of the other two. ({See Case 4a,

Figure 9b.)
a3
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Bxazple 5 x+y+mal,

x+y+22=2,
X+y+22=3,
By subtracting the first equation from the other two we find immediately
X+ y+0z =1,
0+0+0=1,
04'0*0!2.

Again, we have no solution. The three planes are parallel. (See Case 44,
Figure 9b.)

Example 6: X-y-22=1,.
&-&f—hz-eg
-x+y+22-"ln

. Step 1 gives the equivalent system

x"y‘&‘l, ‘
0+0+0
0+0+0

]
o
-

0.

In this case, the three equations represent the same plane. (See Case 3,

+

Example T:

+

M1 MKl Xpw
+
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+
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These equations are linear in the varisbles ’ %-. We treat these recip-

rocals as the unknowns.

Retain the first equation, changing the order of the varisbles so that
the computation that follows can be carried on more conveniently.

-l-’--2+i-3
g 7 x

Step 1: Eliminate % from the second and third equations. We have the equi-
valent system

+
w0 Mhwn

'
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K
(Y]

L

o
+

L SO
+

P

P7Y



1.,2,3.
'z"’y"'x 3,
1,8,
0+ " * 3 9,
1 . 1
0+0+;=2. ..XSE-
Btep 3: Substitute % = 2 in the second equation.
I+16=9
7
Y T
1 .
;“"l PR y='lo
Step 4: Substitute % =2, % = =1 in the first equation, obtaining
1
—z-2+6ﬁ3
'i‘“l- ... z=l‘
Step 5: tCheck the solution,
3e2+2(-1) -1=3,
22+ 3(-1) +2=3,
b2+ (-1)-3=4,

Summary. The method described in this section is called triangulation
because, in the case of s unique solution, the non-zero coefficients (repre-
sented by Step 2 in Example 1) lie in the form of a triangle:

This method provides a systematic procedure that enables us to recognize
when the solution set is empty, when it cont&ins & single triple, and when it
contains infinitely many triples corresponding either to 8 line of points or
{0 a plane of points. The method can be summarized as follows:




Step 1: After choosing a convenient first equation, eliminate one variable

(say x) from the other two equations by adding appropriate multiples of the
(chosen) first equation.

Step 2: In a similar way, work with the second and third equations which now

contain only y and 2 . Miltiplying by suitable numbers, eliminate a second
variable (say y) from the third equation.

Steps 3 and 4: The third equation now glves a value of one variable (say ).
Substitute this value in the second equation to obtain ¥ . Substitute the
values of y and 2 1in the first equation to obtain x .

Step 5: Check the values of x, y, z found in Steps 1 - 4 in the given equa-
tions.

In Figure 9b we give sketches that illustrate the possible types of inter-
section of three planes in space,

1. The three planes intersect in a
point. The solution set is a
single number triple.

Intersection
2. The three planes intersect in a

line. The solution set is the Line of
infinite set of number triples Intersection
corregponding to the points on
the l1line.

(&) The three planes have a line

in common.

7 e e o Dy o s w00

Figure G

26




2.

3.

(b) Tvo planes coincide and
intersect the third plane
in & line. The solution
set is the same as in 2(a).

All three planes colncide, The
solution set is the infinite set
of number triples corresponding
to the points in the plane.

The three planes do not have a

common intersection. The solu-

tion set is empty. The system is

inconsistent.

(a) Two planes intersect; the
third ics parallel to their

intersection.

Two planes &are parallel.
third plane intersects these
two in parallel lines.

The

e

] Line of
intersection

~

3 Planes

Parailel Lines

Parailel
Lines

Figure 9b (continued)




L e
L e TG

k. (¢) Two planes coincide and are
parallel to the third plane. 2 Planes

(d) The three planes are
parallel.

| SR,

Figure 9b {continued)

Exercises G. ~—

In each of the following problems, determine whether the solution set is eapty
or whether its graph is & point, a line, or 8 plane. If the intersection is &
point, give its coordinates.

l. x+z =8, b, x+y-52=9, .
X +y+2z =17, ox + 3y - 12z = 22,
X +2y +2 =16, 3x -5y +z=-5,
2. x+2y -z="5, 5. X -2y + 32 =6,
X +ty+22 =11, 2x +y -2z = -1,
x+y+3z2 =14, 3x-~3y-z2=5§5,
3. x+2y-2z=-1, 6. 2x +hy+2 =0,
2x + 2y - 3z = -1, x-y+3=8,
kx -y +22 =11, 3x+y -2z = -2,
28
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9.

10.

1l.

12.

13-

1k,

¥ 23.

X -2y¢z=4,

-3x + 6y - 3z = -12 ,
x - by +2r =8,

2x + 3y + Tz -13 =0,
3x + 2y - 5z + 22 =
5% + Ty - 3z + 28 =
bx -y +2=6,
X+ 2y -bz =2,
Tx + y - 32 =5 .
20x - 20y - 3Cz = 0,
5% - 10y - H2 =0,
10x - 20y - 10z = 0 .

10
3x

15.

16.

lT-

+
+
]

|5V

-

18.

y—J
®io
+
X <l <k
o
-

]
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i ]
| SYIRN N VO A i
1}

+
[}
1
[

-

19.
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O

nl’

«|

+
<1 <l
+

®hae MBEN R
+

[ ]
W
]
(-

2 20.

X +y+z=2, 2l.
2x + 2y +
X=y+z=71.,
X-y-22-2=20,
2y o,

3x -5y - 3=0.

2.

- 2 + 1 =

We consider buying three kinds of food.
A,

two, three and five units, respectively.
of vitamin A and vitamin C, none of vitamin B.
9 of vitamin B, and 20 of vitamin C.

Have we enough information to determine uniquely the amounts of each

units of vitamin A,

(a)
of the foods we must get?
(v)

three units f vitamin B, and four units of vitamin C.

Suppose ¥ood I costs 60 cents and the others

S N
_“w;“;5§§

" n
¥ -3
- -

< M- Kl
n
(o]

+
i Hl- B B+

+

Loy
»”
+
+
A
«<

4+

-~ Kl M R
]

W W~ <D %
+

1T=0.

X+2y+2z=3,

2X -~y +32=7,

3x +y + 42 =10,

3 x+5y +2z2 =0,
12% ~ 15+ . 12,
6x - By - 82 = 8,
2x -y + 4z =3,
3x+2y -2 =-1,
10z = 7 .

2 +y+z2-3=20,
+ 32 -10=0,
3y =22+ 7 =0,
&y - 3z =2,

X - by - 13z = 14 ,

3x - 5y - 4z =0 .,

4z =

X = by +

x + L4y
x-

X -

n

one unit of vitamin
Food II has
Food III has three units each

Yood I has

We need to have 11

10 cents per unit.

Is there & solution for thic problem if exactly one dollar is spent

for these foods?

29
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#24. The solution set of the following nyéteu conuim'only one triple. De-

termmine which of the equations may be omitted without altering the solu-
tion set.

x+y=5

=X + 32 = 2
XxX+2y+z=1
y+tez=-h

%#10. Equivalent Systems of Equations in Three Variables.

_ We give here a treatment of equivalent systems for first degree equations
. ¢ in three variables.

Recall the procedure used in Sections 7, 8, and 9 to study systems of
first degree equations in three variables. We have been using the following
operations which can always be performed upor the equations of a system to
yield an equivalent system:

1. Two equations of the system may be interchanged.

2. An equation of the system may be multiplied by any number k f 0.

3. k times any equation of the system may be added to any other
equation of the system.

Consider now the set of 81l equations that we can obtain from two given equa-
tions,

(10a) { X+2y-2~-5=20

xX+y+e2-2=0,

by multiplying the first equation by a constant, a , and the second equation
by & constant, b (where & a&nd b are not both zero), and then adding the
two equations. This procedure involves operations (2) and (3) . Thus, we
can represent all such equations by

(10b) a{x + 2y -2 -5)+blx+y+z-2)=0
(a, b not both zero) .

By definition, any solution of the system (10a) must reduce each of the
expressions in the parentheses in (10b) to zero. It must therefore be a
solution of (10b) .

For example, it we take a = 2, b = 1 , we obtain
+ - -5) + +y +2 - = 0
(10¢) 2Ax+2y -z -5)+Ux+y+2-2)

3x+5y ~z=-12=0,

30
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Since this equation is of first degree, it represents a plane. Since it is
satisfied by all the triples in the solution set of (10a) , the plane passes
through the line of intersection of the planes in (10a) . Hence,the equation
(10e) represents & plane through the intersection of the planes in (10a) .

Thus,any two distinct planes formed by substituting values of & and b
in (10b) determine the same line of intersection &s the equations in (10a).
The left members of the equations obtained from (10b) are called linear com-
binations of the left members of the equations in (108). We have used this
converse proposition in Sections 7, 8, and 9.

Example 1: Find the equations of 2 distinct planes through the 1line of
intersection of the planes of the system

y=2

Sketeh the graph.

Solution: The genersl equation of all planes through the intersection of
the given planes is equation

(104) aly - 2) +bv(z -5) =0 (a,b not both zero)
l. It we take a8 =1, b =1, we have

0

[}

y=2+2z-5
y*Z;T.

The given plane y = 2 1is parallel

y 4
to the XZ-plane and 2 units to ‘ffgng
!
the right of it. The given plane !

2 =5 1is parallel to the XY~

plane and % units above it.

These planes intersecct in a line

parallel to the X-axis. The new

0 Y
plane y + z = has the foliow~
ing traces: y* 2
In the XY-plane where 2z =0,
, X
y=13;
in the YZ-plane where x =0, Figure 1l0a
y+z:;';

in the XZ-plane where

S
It
o
Ll

IZ='{'.
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It is a plane parallel to the
X-axis. (See Figure 10b.)
Note that the YZ-trace, 4

the point y=2 , 2 =5 |in
the YZ-plane.

Figure 10b

If ve take & = 2 , b = 2 in Equation (10d) we have

Ay -2)+2(z-5)=0,
2y + 22 - 4 =0,

This plane coincides with the plane we have Jjust studied,
y+e=T7T,

This is because the & &and b we have chosen &re beoth twice the =a
and b chosen above,
If we take 8 =2 , b = 1 , we have

2oy -2) +(2-5) =0
2y +z -9 =0,

The traces of this plane are

z=0,yns % H
x=0,2y+2=1Y;
y=0,2z =9,

This is another plane parallel to the X-axin. UNotice again that the

trace
?y+z=‘)

passes through the point {0,2,5) . See Figure 10c.

i
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Exerciges J10.

1. Find an equation for a plane through the line of intersection of the
planes in each of the following systems. By sketching the graph in each
case, show that the plane represented by the equation you have found
passes through the intersection of the given planes.

{(a) x+2=0, (v) y+4s=0,
z -4 =0. z-5=0,

2. In each of the following problems, find an equation for the plane con-
taining the given point and passing through the line of intersection of
the given pair of planes.

(a) (1,2,1) ; x+2y-3=0,
X -~-y+zs=1,

(b) (5,~1,0); 2y - 3z -2=0,
x+y+z=0,

{c) The origin; x+z=0,
X -y+2-8=0.

{d) (2,2,1) ; 2x - y+z~3=0,

x -3y +4=20
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11.

Prove that the planes represented by the equations

2x -y +32=1
6x - 3y +9z =5
are parallel. Show that, for all values of & and b , both different
from zero,
a(2x - y +32 -1) +b{bx -3y +9z ~5) =0

represents a plane parallel to the given planes.
Find an equation for the plane containing the point (1,-1,1) and
passing through the line of intersection of the planes,
x+y=-3=20
Z'h-Ol
Sketch the graph, showing the ‘traces of the three planes, #nd show that

the plane represented by the equation you have found pasées through the
intersection of the given planes.

Miscellaneous Exercises.

A number may be written in the form 100h + 10t + u , where h, t, and
u represent respectively the hundreds, tens and units digits. If the
sum of the digits of a certain rnumber is 13 , the sum of the unitc and
tens digits Zs 10 , and the number is increased by 99 1if the digits
are reversed, find the number.

Find the relation that must hold between the numbers &, b, ¢ 1in order
that the system

3x + by +52 =&,
bx + 5y + 6z = b ,
5x + 6y + jz =c¢ ,

have 8 solution.,
Find a three digit number such that the difference between each succeed-
ing pair of digits is 1 and the sum of the digits is 15.

A man has three sums of money invested, one at 3 ®/o, one at 4 °fo,
and one at h%"/o . His total annual income from the three investments
is §346 . The first of these ylelds $L4  per year more than the other
two combined. If all the money were invesied at :y§°/o he would re-

cefve $k per year more than he does now. llow much is invested at each

rate?

3k
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For what value of & will the three planes represented by the equations
given below have & line of intersection? Give the coordinates of three
points on the line.

x+y+2=6
y~-z=1
& -~ 3y+tas =7
Three trucks were hauling concrete. The first day one truck hauled &4
loads, the second hauled 3 1loads, and the third hauled S 1loads. The
second day the trucks hauled %, 4, and & loads respectively. The
third day the same trucks hauled 3, 5, and 3 1loads respectively. If
the trucks hauled 78 cu. yds. the first day, 81 cu. yds. the second
day, and €9 cu. yds. the third day, find the capacity of each truck,
assuring they were fully loaded on each trip.
Frank Nixon has a metsl savings bank which registers the total amount
deposited. Only pennies, nickels and dimes can be deposited. Frank
knows that he has deposited one coin on each of 40 days. The bank
shows & total deposit of §1.80 . If Frank deposited as many pennles
as both dimes and nickels, {ind the number of each.
A printing shop has three presses. One press operated 8 hours on
Monday, 4 hours on Tuesday, and 2 hours on Wednesday. A second press
operated L4 hours on Monday, 1 hour on Tuesday, and S hours on Wed-
nesday. The third press operated | hours on Monday and 7 hours on
Tuesday. Monday's output from the three presses was 1270 units,
Tuesday's was 730 units, and Wednesday's was 55C units. Wwhat was the
average output per hour for each press?

If A, B, C can do a plece of work in 2?% days, A and B can do the

work in h-% days, and C does twice as much work &s A , at this rate,

find the number of days in which each can do the work alcne.

Three planes, A, B, C, working together can spray & certain cotton field
in 2 hours. After they had worked together for one hour, plane C
weveloped engine trouble, and planes A and B completed the job in one
hour and 20 minutes more, The next day it was found necessary to re-
spray the part sprayed by plane C ., This was done by planes A and B
in twenty minutes. How long would it take each plane to spray the en-
tire field?
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R, 5, and T are the points of

tangency of a triangle ABC cir- - A
cumscribed about a circle. If the S
sides of the triangle AB, BC, and R

AC are respectively 10, 8, and

7 units long, find the lengths of
the segments AS, SB, BT, TC, CR,

and AR. B

-41»
O

Figure lla

If a parabola defined by the equation y = ax2 + bx + ¢ passes through
the points (-1,1) , (3,1) , (&,-4) , find the values of the constants

a, b and c.

If & parabola defined by y = axe + bx + ¢ passes through the points
(1,4) , (-3,20) , (-1,0) , rind the values of the constants &, b, and
c. ‘
A local school gym entrance meter received half dollars from adults,
quarters from high school pupils, and dimes from elementary school pupils.
An attendant opened the box when the meter showed that 320 admissions
had been deposited, giving & total of §76. He found there wesre twice
as many dimes as quarters. Find the number of adults, high school pupils,
and elementary school pupils who had paid admission.
The stopping distance of a car after the brakes are applied is given by
the equation
5 = 2kt®+ At + B

where

s = number of feet the car travels after the brakes are applied,

t = number of seconds the car is in motion after the brakes are

applied.

If the following pairs of values were found for s and t , experimen-
tally, find the values of the constants k, A, and R,

{ g8 = 46 g = 84 s = 114
t=1 , {t =2 , { t = 3
36



16,
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*19.

20.

Averages for a marking pericd in a certain mnthematies class are based on
scores made on & one-hour test, & short quiz, and & final examination.
The gcores made by Frank, Joyce, and Funice, as well as their final aver-
ages, are shown in the following tadle.

Test (T) Quiz (Q) Examinstion (E) Final (A)
Frank 18 8 86 82
Joyce 78 98 b 80
Eunice 84 &4 BE 81

(a) Find values of w that the instructor may have used to

- o
1’ "¢ 3

compute A {f he used the formula

+ W

T + HQQ + w.E = (wl 5

3 + wS)A

Y1
to compute the final average, A.
(b) Can you find & triple of values for (wl,we,VB) whose sum is 1 .
A firm sent & messenger to tne post office to buy §$10 worth of 7¢
air mail stamps, L¢

to tuy a5 many air mail and h4¢

stamps and 1¢ stamps. The directions given were
stamps ac possible, getting twice as
many air mail stamps &s 4¢ stamps, and buying one cent stamps with the
change that remained after the air mail and four cent ctamps had been
purchased. How many of each kind of stamps will the messenger obtain?
After playing 18 holes of golf, & player reports his score as 8 certain
stroke per hole greater than the number

numbex. His actual score is 1

which he reports. If the number which he gave sas his score and his

actual score are averaged the resulting number is % greater than par.

A score of 2 over par is less than the number he reports by 1 . What
i{s par for the coursge, and what - -number does he report as his score?

Find an equation for the plane containing the points (-1,0,0) , (1,-1,0),
(-1,3,2) .

[NOTE: This problem should interest students who have studied chemistry.)
The problem of balancing chemical equations can be reduced to an easy
algebraic process. We illustrate by several simple examples:

(a) Balance the equation for the following chemical reaction:

( YFeS 4+ )02 — {  )FeU + { )sog
Insert the letters w, %, y, and 2 1in the blanks and write down
the equations resulting by equating the amoints of Fe in Fel
and FeQ,
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(w) Fes + (x) 0, —> (y) FeO + (z) 50,
vy v(Fe) = y(Fe)

Kepeat this process for the sulfur and oxygen.

w(sS) = z(s) 3 we=z
x(2 0) = y(0) +2(20) ; 2x = y + 22
v o=y
v o= Z
& =y + 22

Solve for x, y, and & in terms of w

y=w

Z =W

= =
X-EW

Choose w so that it is the smallest positive integer for which

X, ¥, and 2z are also integers.

ws 23 x=3
y=2; z2 =2
2Fes+302 2Fe0+2$02.

(b) Balance the equation for the following chemical reaction:

( )NH3+( o, — ( )H20+( )NO

2
(s)mi3 + (b)o, —= (c)HQO + (d)NGe

Nitrogen: a=d
Hydrogen: 38 = 2¢
Oxygen: b =c¢ +2d
d =8
- - ;
¢ = %a

bn%a

o s 8 must be equal to L
b=T7Tj3;c=6;d==%4

4 NH +’f02—_-61120+hmo

3 2

Balance the equations for the following chemical reactions.
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(s)
(v)
(c)
(d)
(e)

Ag + HNO ——*Agno3 + NO + Ii.eo

3

Au013 + KI —e AuCl + KC1L + I2

HNO. + HI —-ONU+IE+H20

3
Mn()2 + HCl -—-mmg + 012 +BEO

or (OH) 3 ¥ NsOH + H,0, —* NaCr0) + H,0
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