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PREFACE
Mathematics {s such & vast and rapidly expanding field of study that
there are inevitably many important and fascinating aspects of the subject
which, though within the grasp of secondary school students, do not find s
place in the curriculum simply because of & Iack of time.

Many classes and individual students, however, may find time to pursue
mathematical topics of specisl interest to them. This series of pamphlets,
whose production is sponsored by the School Mathematics Study Group, is
designed .y make material for such study readily accessible in classroom
quantity.

Some of the pamphlets deal with material found in the regular curric-
ulum but in a more extensive or intensive manner cr from a novel point of
view, Others desl with topics not usually found at all in the standard
curriculum. It is hoped that these pamphlets will find use in classrooms
in at least two ways. Some of the pamphlets produced could be used to
extend the work done by a class with a regular textbook but others could
be used profitably when teaclers want to experiment with a trestment of a
topic different from the treatment in the regulsr text of the class., In
all cases, the pamphlets are designed to promote the enjoyment of studying
mathematics,

Prepared under the supervision of the Panel on Supplementary Publications
of the School Mathematics Study Group:

Professor R. D. Anderson, Louisisns State University

Mr. M. Philbrick Bridgess, Roxbury Latin School, Westwood, Massachusetts
Professor Jean M, Calloway, Kalamszoo College, Kalamazoo, Michigsn

Mr. Ronald J. Clark, St. Paul's School, Concord, New Hampshire
Profesuor Roy Dubisch, University of Washington, Seattle, Washington

Mr. Thomas J. Hill, Oklahoma City Public Schools, Cklahoma City, Okla.
Mr. Karl S. Kalman, Lincoln High School, Philadelphia, Pennsylvanis
Professor Augusta L. Schurrer, Iowa State Teachers College, Cedar Falls
Mr. Henry W. Syer, Kent School, Kent, Connecticut
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PIANE COORDINATE GEOMETRY

Commentary for Teachers

Sections 2 and 3 cover material that is familiar to most
students, and classes should move on as quickly as possible. If
students already know the terms "absicca" and "ordinate", there is
no reason to object to their use of these words. The terms are
superfluous, however, and need not be introduced by you.

Problem Set 1

. "Cartesian” is used to honor the discoverer, Descartes.
. (0,0).
* - -3-

1
2
3
4. The origin, or (0,0).
5. (e,1) and (2,0).

6

. f(a) 1v. (e) 1I.
(v) 1I1I. (a) 1II.

7. One of the coordinates must be O,

10. (a) 1II. (e} 1IV.
(v) 1, (£) 1I.
{c) 1IV. (g) 1II.
(a) 11I. (n) 1I1II.
*12. (a) y-axis, x-axlis, z-axis.

(b) xz-plane, yz-plane, xy-plane.
(¢) &, 2, 3.

When we define the slope of a line segment to be the quotient
of the differences between pairs of coordinates, there is no need
to introduce the notion of directed distance, but 1t is absolutely
necessary to put the coordinates of the two points (xl,yl) and
(xe,ye) in the proper position in the formula. That is,

Yo = ¥ Yo = ¥ Yy - ¥
m = Eg_:_E£ cannct be used as m = Eg_f_il although m = E;_:_Eg
2 1 1 2 1 2
1




2ih

is also correct, Notice that in finding the slope of AB it
doesn't matter which point is labeled Pl and which one is
labeled Pe.

It is important to note that RP2 and Plﬂ are positiveRP
numbers and we have to prefix the minus sign to the fraction Fz%
if the slope is negative, However, the formula defining the
slope of a segment will give the slope m as positive or negative

without prefixing any minus sign.
RP
For the Case (1) if "' m > 0, then m = F‘%’ RP, = ¥5 - ¥
1

and PyR = x5, - x;. For the Case (2) if m < 0, then

RP
m= - PE%, RP2 =Y¥5 = Vo and PlR = Xy = Xn. Therefore,
Y2 = Yl Y;_) = yl
Case (2) becomes m = - —S——== which is equivalent to m = =——z=.
1 2 2 1

Problem Set 2

1. (a) 7 (b) -1 (e} ¥y-
2. (a) 6 (b) -3 (c) Xq -
3. (a) 2 (p) 2 (¢) 3

(d) The two points in each part have the same y-coordinate.

(e) 1If two points in a plane have the same y-coordinate,
then the distance between them is the absolute value of
the difference of their x-coordinates.

(f) No.

) 3 (v) 2 (¢) &

) dyy - vl or vy -yl

) The two points in each part have the same x-coordinate.
)

If two points in & plane have the same x-coordinate,
the distance between them is the absoclute velue of
the difference of their y-coordinates.

5- (2:3); (‘13'5); (3x'l)*



10.

*11.

SERA A ol SN v SRR s e T N VU
PA =2, QA =2,
PB - 5, QB = 3:
PC = 7‘ QC = 3,
3
L& 7
1
En
1
(a) % (e) - 3¢
8 .
(b) -3 (£} 15
(¢) £ (g) -1
(a) 2 (n) -3
(a) 6 (b) 4.5
First assume that y ‘S
FK, F¥ have the A
same slope m,
Let P = {a,b), Q
R=(a + 1,0). B
Let X8 ve per- P
pendicul&; ::hthe ;;: ;
X-axis. e er !
X nor P is Eb
perpendicular to a " ! R
the x-axis; hence, o
neither B nor v

12,
13.

14,

§§ is parellel to

ﬁg. let gﬂ, §§ intersect N8 1in Q, Q', respectively,

c'-b

Iet Q= (a+ 1,e), Q' = (a + 1,¢!’). Then

Whence, ¢ = ¢' and, hence,

QR=Q'.

¢-b

T_P=
Hence, ? - i

The converse has already been proved (Theorem 1),

collinear.
(a) Yes
(a) -1 (b) -2

6

(p)

No

(e) 2

Slope of Xﬁ is 86 = ., Slopé of ﬁE is

Point B 4is common. Therefore,

A% and 0

- b

100

.

-1

colnecide.

LI N OO PO N W U PR

-

Hence, 1if
?K, P8 have different slepss, then P, A, B cannot be



15, 8Slope of iB is = 1; 8slope of & s %-u 1.
We are tempted to say that AS||3D, but we must make sure
that they are actually two different lines, We test by
finding the slope of EE, which 1s %g% = 1, Hence, AB
and AC must coincide so that € 1s on AB and the lines

can't be parallel, It follows that A8 and 65 coincide.

16. Draw the segment which joins (4,3) and the origin; any
other segment through the origin lying on the line determined
by this segment will also suffice,

The information concerning slopes of parallel and perpendic-
ular lines constitutes a very important principle for the solving
of geometric problems analytically. For instance, if a student
were asked to show that two non-vertical lines were parallel, he
would have to show that their slopes were equal; to show that a
palir of oblique lines were perpendicular would require that he
establish +*he slopes to be negative reciprocals of each other,
Note that to show two segments parallel, it is not sufficient to
show they have the same slope; it 1s necessary to show also that
the segments are not collinear (see Problems 11 and 15 of
Problem Set 2).

To show why A\PQR ¥ AQ'PR' we first show that /Q'PR' is
complementary to /QPR. This follows from
m/Q'PR' + m/Q'PQ + m/QPR = 180 and m/Q'PQ = 90. Therefore,
ZR'PR' ¥ /PQR and /PQ'R' * /QPR. Since PQ = PQ!, the triangles
are congruent by A.S.A.

In the converse we use S,A.S, to show /A\PQR ¥ /\Q'PR'. By
construction, R'P = RQ and /R and /R' are right angles. We

R Rl t
get R'Q' = PR as follows: m = §¥ &nd m = - gy~ . Then
mi= - L becomes - g;éﬁ-: - gﬂ, and since the denominators are
m Q
equal we have R!'Q!' = PR.

Finally, we get /Q'PQ & right angle by using the fact that
/Q'PR 1s an exterior angle of APQ'R' and that /QPR ¥ /PQ'R',
Note that Theorem 2, and some theorems which follow, are
stated after the proof rather than before. In this way, the full
theorem seems to be a result of the discussion pertinent to the

topic being considered.

L L L PR AV RRIE £ = A1
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Problem Set 3

Slope AB --%; slope TD =-§; hence, AB||&5 or IE - Z5.

Slope EE'=~%§; hence, A, B, C are not collinear., (See
Problems 11 and 15 of Problem Set 4.) Hence, AR £ 88, so
that AB||CD.

Similarly, prove XEC||&D.

Slope of AFE = --%; slope of TD = - %.

Slope of BC = -3; slope of DA = -3,
Therefore, opposite sides are parallel and the quadrilateral
is a parallelogram,

L lL. and Lp{L,, by Theorem 3.

The second is a parallelogram, as can be shown from the

slopes of PQ, RS, @R, and P58, which are, respectively,
%y %, - é, -'%. The first i1s not a parallelogram since the
slopes of AB, BC, T and AD are, respectively, 4, %, 5

and %.

(a) Slope of AB = "%‘
Slope of ET =

© ol

Slope of A® =

(v) Slope of altitude to &R = %w

The altitude to AC has no slope; it is & vertical
segment.

Slope of altitude to BC

|

Both AB and CD have the same slope, -1; AC has slope O.
Therefore, AB||CD, AD and BC have different slopes.,
Therefore, the figure is a trapezoid. Diagonal AC is
horizontal since its slope is O. Diagonal ED 1is vertical.
A vertical and a horizontal line are perpendicular,

The slope in each case 1s the same, - %q the slope of line
joining (3n,0) to (6n,0) 1s 0O, Hence, the given lines
are parallel,

(81}
b

. ey
.



8. The slope of the first line is Eu The slope of the second
is - %. Since the negative recipreccal of §- is - %, the

lines are perpendicular.

*9. Application of the slope formulas shows that the slope of XY
is §3 and that of R is - %. By Theorem 3, IY|XZ.
Hence, /X 1is a right angle.

10. /PQR will be a right angle if PQIY¥. TR will be perpen-
dicular to Q 1f their slopes are negative reciprocals;

that is, if &
6 -2 D -
1= - P
from which b =« -17,.

11. Slope 'P'—Q'=§:_—_11-; slope ﬂ'=ﬁ; slope B = 0,

If 55 were the same as §§, these three slopes would have
to be equal; but neither of the first two can be zero for
any value ¢f a or b,

Ir TR]IRY then a'f'g = b-iEE1 whence, a =b - 1,

{

Notlce that 1t would be impossible for us to develop the dis-~
tance formula without the Pythagorean Thecrem, which in turn rests
upon the theory of areas, parallels, and congruence,

It might be instructive with a8 good class to have them derive
the distance formula with Pl and Pe in varicus positions in
the plane. 1In working with the distance formula, it does not
matter in which order we take Pl and P2 in as much as we will
be sguaring the difference between coordinates., The distance
formula holds even when the segment FZ?; is horizontal or
vertical.

Problem Set &

1. &8 and b. AB =1, AC=3, AD= 4,5, BC = 4, BD = 3,5,
CD = 7.5,

2. (&) [x2 - xl} or @/fxg - xl)g.
(6) vy - vpl or (v, - ¥))%

D



3.

g.

*10.

(a) 5 (e} 17

(b) 5 (r) /2
(e) 13 (g) 89
(4) 25 (n) 575

(a) (v, - v1)% + (x; - x5,
(b) x° +y2 = 25.

By the distance formula RS = 5, RT =4/2 and ST = 5.
Since ST = RS the triangle is isosceles.

A\DEF will be a right triangle with /D a right angle only
if DE® + DF® = EF°. This is the case since DEC = 5,
DF® = 45 and EF° = 50.

AB = /8 = 2/2. BC = /T2 = /2. AC = ,/IZ8 = §/3,

Hence, AB + BC = AC, and therefore, from the Triangle
Inequality, A, B, C are collinear. It now follows from
the definition of "between" that B 1s between A and C.

(a) 7 (p) 5

(a) (a,b)

{b)
Zl{o,b) Y {q,bl
wKO,0) X({a,0)

WY = yf(a - o)é + (b - ofg -q/hé + bé.
Xz -1/(0 -a)é+ (v -O)§=¢a§+b§.

Hence, WY = XZ.

(a) Let A = (2,0,0), B = (2,3,0). From the meaning of the
X, ¥, and z-coordinates, OA =2, AB = 3, and BP = 6,

By the Pythagorean Theorem applied to /\OAB, 0B® = 13,

then applied to /\OBP, OP° = 49 and OP = 7. (30 may also
be considered a diagonal of a rectangular block.)

~w
~
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10. (b) Generalizing the procedure in part (a), the distance

is ‘\/xg + yE + zE.,
e

(c) Plpg “V/(xg - xl)e + (Ye - Yl)g + (32 - zl) .

The midpeint formula will prove tc be very useful in the work
which follows. This will be true, for example, when we are speak-
ing of the medians of a triangle, If we know the coordinates of
the vertices of a triangle, and apply the definition of a median,
we can find the coordinates of the point in which the median inter-
sects the opposite side. This will give us the coordinates of its
endpoints and enable us to find the length and slope of the median.

The proof of the midpoint formula 1is easily modified to hold
for horizontal and vertical segments.

Problem Set 5

1. (a) (0,6) (a) (0,0)
(b) (-2.5,0) (e) (0,0)
(c) (210)

2, (a) (8,12) (¢) (1.58,1.11)
(b) (-5.5,-1.5) (e) (B52.%)
() (g (£) (%5

3. (a) (4,2)

(b) -9 = 32_5_53 30 = lE_E_I,

X = -310 y = 41‘
The other endpoint is at (-31,41),

4. AC ¥ BD since both have lengths /B8 by the distance ,
formula. AC]BD since the slope of AC 1s 4 and the slope
of BD is - %. These are negative reciprocals. AC and
BD bisect each other Since, using the midpoint formula,
each has the midpoint (3,5).

12



§9.

The midpoint X of AB 1is (3,2).
The midpoint Y of BC 1is (-1,3).
The midpeint Z of TK is (1,0).

By the distance formula CX =437, AY = /52 or a/13,
and BZ = 5,

By formula, the midpoints of 3R, BC, TP and TR are
w(0,1), X(-1,6), ¥(4,6) and 2(5,1), respectively. WX
has length «286 and slope -5. ¥Z also has length 26
and slope =-5. XY has slope G, hence WX #‘Yi, so that,
WX || ¥Z. With the same two sides parallel and congruent,
the figure is a parallelogram.

By the midpeint formula the other endpoint of one median is
(%5%?}, and the other end of another median is (%§3%§).

By the slope formula, the slopes of these medians are 1 and
-1, Since 1 1is the negative reciprocal of -1, the medilans

are perpendicular,.

y
From the similarity A

sy

between A\P,PR and

1
Z§P1P283 PlR = 3915.
Since TU = PlR and
R 1 i
™™V = Pls, T = ETV. E
In terms of coordinates TE H
X

w

RS UR U S

\J
]

”
»
[ ]

1
X - % = g(x2 - xl), or

1
X = g{xg - xl) + X
Xq + Exl

This can alsc be written x = ‘ELE____ . By a similar argu-

ment with Pl§2 projected into the y-axis

Vo 2V
y=—":
x2 + 2x1 ye + Eyl
Pherefore, the coordinates of P are ( < 2 - ).
{a) Replacing %- by ?75;3' in the solution of the previous

problem, if Xo > X1, we get
- — -
X = arEiXp - %)+ Xy,

r(x2 - xl) + xl(r + 8)

from which, x = ror— s




L e e PR e =3
. . : Mo

*g, (continued)
Xy + 8Xq

or on.

If x5 < Xy, 8 similar argument leads to the same
result. By a similar argument, with FIFE projected

into the y-axis,
T * 8¥4
y=——>%s °

(b) x=328222:3. 10,5

Although we may place our axes in any manner we desire in
relation to a figure, there are advantages to be had by.a clever
choice. For instance, if w2 are given an isosceles triangle, we
may place the axes wherever we wish, then use the properties of an
isosceles triangle to determine the coordinates of the vertices.
Suppose we place it like this:

)

b} {O,b)

¥.00 0,01 * Fa,0 ©.00 (g0 *

The student should be permitted to draw upon his knowledge of
synthetlic geometry and make use of the fact that the altitude to
the base of an isosceles triangle bisects the base, Hence, the
x-coordinate of the vertex should be half the x-coordinate of the
endpoint of the base that is not at the origin. On the other hand
the y-coordinate of the vertex is not determined by the coordinates
of the other vertices and is an arbitmary positive number. Suppose
we place the axes like this with the vertex on the y-axis:

&
10



Then, since the altitude bisects the base, the lengths of the seg-
ments into which 1t divides the base are equal, and therefore the
endpoints of the base may be indicated by (a,0) and (-a,0).
There alsc are limits to what we can chcose for coordinates.
For parallelograms we find that three vertices may be labeled
arbitrarily, but the coordinates of the fourth vertex are deter-
mined by those of the other three, Naturelly there is more than
one way in which we may label a parallelogram., Below in the
figure on the left the cocordinates of peints A, B, and D were
assigned first. Then the coordinates of C were determined in
terms of the coordinates of the other three points. In the figure
on the right A, B and C were chosen first. Notice how the
coordinates of D are given in terms of the other coordinates.

y y
A A
D(b,c) Claeb,c) D(b-g,c) clb,c)
A[(6.0) Bla,0) " TAl0,0 Blo,0)

Cne word of CAUTION. The above discussion is based upon the
fact that such things as isosceles triangles or parallelograms are
given in the problem. If the problem is to prove that a quadri-
lateral is a parallelogram or that a triangle is isosceles, then
we cannot assume such properties to be true, and must establish,
&8s part of the exerclse, sufficient properties to characterize the
figure,

Problem Set 6

1. DB=4/(a - 0)% + (0 - b)° =4AL + b2,
AC =4/ (a - 0)° + (b - 0)% =442 4 b2,

Therefore, DB = AC.




2. Locate the axes along
the legs of the triangle A
as shown, B(0,20)
By definition of mid-
point PA = PB, P
Therefore, P = (a,b).

It must be shown that
PA = PC (or that Cit0,0) A(20,0)

et

- X

PB = PC). By the distance formula
PA =4/ (28 - 8)° + (O - B)2 — 42 + 62 and

PC =4/ (a - 0)° + (b - 0)° = 4% + b°,

3. Let the x-axls contain
the segment and the

P{O,b)
y-axis contain its mid-

point, Then the y-axis
is the perpendicular
bisector of the segment.

Let P{(0,b) be any
point of the y-axis, and
A{(-a,0) and B(a,0) be A(-0,0) B(q,0)

the endpoints cf the
segment. Then:

PA =4/ (0 + a)° + (b - 0)° =4A° + b°,
PB =4/ (& - 0)° + (0 - b)° =44 + b°,

Hence, PA = PB. :

4, Place the axes so that
the segment will have
endpoints A(-a,0) and
B(a,0) ; and the y-axis
will be its perpendicular
bisector. Let Q(x,y) be
any point equidistant from

A and B. From the distance A(-0,0) BW X

formula

[
QA2 = (x + 3)2 + ?2 and QB = {(x - a)2 + y©.

Q(x,y)




Since QA = QB, Qﬁz = Q52 or

2 2

(x + a)2 + 7" = (x - a)2 + vy .
Simplifying, L4ax = 0.
x =0, since a ¥ 0.

Hence, Q must lje on the y-axls, which is the perpendicular
bisector of AB.

The midpoint of AC = (E—g—éuc z 0) = (8 E b‘%).
The midpoint of ED = (E.%_H,%_C) = (%B,%).

Since the diagonals have the same midpoints, they bisect
each other.

o b +
R = (é‘:%)x S = ("Ta:%)-
-l -_-i
Since R and S have the same y-coordinates, RSIIAB.
Since RS is horizontal,

RS = b+a d _ b+a-d
ST Te T ERTT —3— -
DC=d -Db and AB = 1.

a -(d-b) b+a-4d
e - 2 *
Hence, RS = é(AB - DC), which was to be proved.

Therefore, %(AB - DC) =

R = (2a,0), S = (2a + 24,2e).

T = (2b + 2d,2¢c + 2e), W = (2b,2¢).
Midpoint of WS = (a +d + b, e + c).
Midpoint of TR = (2 + b + d,c + e).
Therefore, WS and TR bisect each other.

]

Area /\ABC = area (XYBA) + area (YZCB) - area (xzca).

Area /\ABC

1}

5s + 2)(d - a) + &t + s)(c - 1) - Hr+t)(c-a).
Multiplying out and combining terms,
area /\ABC =-%(rb - sa +sc ~tb+ ta - re), or

area /\ABC = a(t - s) + bé;,- t) + e(s - r)

13
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1Q.

11,

ZY2 = (b - 8)2 + ce. xz2 = v° + 02.

nga. m=b.
Since (b - a)2 + e° = (be + c2) +a° - 2ab,

2 2 2

therefore, 2ZY* = XZ° + XY° - 2XY - XR.

Observe that this proof remains valid if R 1lies between
X and Y.

Select a coordinate system as indicated.

M = (b,e), N = (a+d,e). y
AB® - 4g® !
* C(2b,2¢)

BC® = 4(a-b)2 + 42, Di2d,2e)
¢D® = 4(b-d)2 + 4(c-e)2.
DA®= 4a° 4 ke2,
Acg =‘l+b2 + &02.

2 2 2 x
BD = 4(a-d)° + %4e“. Al{0,0) B(2a,0)

2

MNE = (a+d-b)2 + (e-c)g.

From these expressions the given equation can be verified.
Note that

o
(a + 4 - b)2 = 32 + d2 + b + 2ad - 2ab - 2bd.
Place the axes and label y
the vertices as shown. C(b,c)
ac® = 2 4 ¢°,
BCZ = (2a - b)2 4+ o2,
2
%3— = 2&2. )

MC = (a - b)° + o2,

Since A (0,0) M(o,O) 8(20,0) =X

(b2+c2)+(nag-&ab+-b2+-c2) = 2a2+-2(a2-23b-+b2 + cz),
= 2&24—2[(3 - b)2 + .

2
Therefore, AC2 + 882 = ég— + 2M02.

14 s



Problem Set 7

y
f )
A '\ ' 'y
(-5,0) (5.0) x
) ) ) >
\j Y
la. The vertical line 1b. The twe vertical lines
through (5,0). through (5,0) and (-5,0).
y Yy
) $
{0,3)
=~ (0,3) O R
0 = X 0 = X
- TP B

2a. The half-plane
the horizontal
through (0,3).

above
line

2b. All points between the

lines

15

-~

= 3 8nd Y = -3¢




L . . . C T e

y y
! 4
) $ $
{-1,0) (5,0)
g x 4
of (2,00 0 =X
 J v
3. All points between the k. All points within or on
) y-axis and the line the boundary of the indicated
x = 2, strip.
y ‘ y
A A
(0,2)
-
X X
) - 0 -
@
(0,-2)
5. All points within, or . All points within the
on the lower boundary second quadrant.

of, the indicated strip.

(3.4)

7. All points within indicated angle.

16
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TIIRL ek

y Yy
A 4
A A A
- llﬂ; -
- =
afc.
o rep =~ * o) > X
Yyvyy
8a. All points on the 8b. All points on the
vertical lines y horizontal lines
indicated. 4 dndicated. ‘
A 4 A [} .
s —an
4 —
34— e
2 —
i >
ol rzses = %
8c. The intersection of the
solutions for (Ga) and
' (8b). 41.e., all points
in the first quadrant
with integral coordinates.
y y
[ A
{3,5)
45°
o O
g, The intersection of the 10. All points within or on
three half-planes formed the boundary of the in-
by the three given dicated rectangle.

conditions, i.e., all

points within the angle
formed by the positive

part of the y-axis and

the ray from the origin
as shown,

17
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11, *1e.
y y
4 A
44 | (44 (-4,4) (4,4)
0 i —> X 0 — X
(-4,-4) (4,-4) (-4,-4) (4,-49)
All points in che interior All peints except the endpoints
cf the square with vertices on the two segments Jjoining
2&,4& %-4,4), (-4, -4) %-4,4 and ?ﬁ,h and
4:"3- '1“:‘ )and 2"~ s-
*13. 14,
y y
4 A
I 1 - X
The rays bisecting the Lines bisecting the angles
angles formed by the x formed by the x and y-axes.
and y-axes in first and
second quadrants. y
#15, The square with vertices $
(5:0): (O:S)s ('510) (0'5)
and (0,-5).
(‘510) 5'01 X
o
(01'5)

18
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16
. Sam
ple number pail

(a) xJ-e -1 ©
1
y [ 5 3 1 -1 -
-3

(b) x }-2 -1 0
1
y’&- 1 0 1 21
(e) x J_e -1 0 1
v } 5 3 2 3 6

{(d) x|.
-2 -1
0
1

y|o
0
0
0,-1, -
{(x,y): . l ) ; ] 2,1,20!!
or
y = 0}

v

g




(e)
x| -2] -1{ 0 | 2
Y! "ﬂ '3"31 -2, -1, G, 1} 2, te- !_3 i -3
{({x,¥) : x=Oory = -3]
(r)
150 .05 5 1 2
;‘l 3 j:. 0 -.105 % T 6
(g) x ] 4y 3 2 1 o0 1
v l-e 1 0 1 2 3

(h) Somé number pairs for
¥y =X+ 3 are:

x;-e-l o 1 =2

y‘1231&5
The graph is shown by

the line and the region.

20
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(1) Some number pairs for
x =y~ are, Y ‘ i.

X ! & 1 0 1 &

y]—e <1 0 1 2 a-ﬂ"#-:

The graph is ({x,¥):x > ¥°),
the shaded region.

{J) The shaded region is the
graph of {{x,y):y > |x]].

21
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2C
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A

o BaslE

d



5.' 6.; 7.3 ‘nd 8.

e g

¥ L Lo L 4 -

L3

ye2:0 — y-1s2{x-4)
L (3-3) or,
i y=2(x-37)
or,
T y+ 7= 2x
S. 10.

hom
™~



1% iR S A A A A . - R R ] B R~ R e R ek il e Kl i i a. e wewem e e e e = ._‘_.__:...._.A,..:a&‘;

PR 1)
et

11. 12,

13- l“.

y=2(x-3)

(3,0)

24
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15. 16,

y y
‘ !
<+ ‘
+
-*- &
L -+
3 &
s 44 2 (4;’0) 1
+ + b e e 3 = X ———ee—e e
1!
L J o
x=4 1
x=0
h 3 -
d \ 1 The graph is
the y-axis.
Y Y
17.
y
y=0
b ———— X

The graph-‘is the x-axis.

18, {(a) The yz-plane.
(b) The xy-plane.

(¢) A plane parallel to the yz-plane, intersecting
the x-axis a8t x = 1.

(d) A plane parallel to the xz-plane, intersecting
the y-axis at y = 2.

FEY Lai#n’



The material in Section 11 may have been previously covered

in a first-year algebra course, If this is the case, do not spend .

any more time than is necessary on this section.

You will note that in the discussion on the first page of
thls section, it is necessary for us to find an additional point
in order to plot the graph of the equation, We may do this in two
ways. The first would be tc assign to x a value, substitute
this value in the given equation and compute the corresponding
value of y (or we could assign a value to y and compute Xx).
The second method depends upon the discussion here in the text,.
For we know how a line with a positive or negative slope will lie,
and weR%lso know that 1f a line has a positive s;gpe then

m= - F—g- and 1f its slope is negative, m = - Fﬁg' Then, given
1

1
one point on the graph and the slope, we can find a second point

by counting the units in the legs of the right triangle, Constider
the example used by the text, y = 3x - 4. We see immediately
that the y-intercept is -4 and that the slope is 3. Since the
slope 1s positive, the graph will rise to the right. Hence, we
can find a second point by starting at (0,-4) and counting 1
unit to the right and three units up to the point (1,-1). Wwe

can check to see that we are correct by applying the slope formulas
to these coordinates,

Let us consider one more case; namely, when the slope of the
given line Is negative. Draw the graph of the equation yw=-§x+-3.
We see that the point (0,3) 1ies on the graph, and to locate a
second point by this method, we must realize that we will be work-
ing with a slope of -§. The graph, then, will rise to the left
and we can locate a second point by counting 3 units to the left
from (0,3) and 2 units up, as in the figure below.

<2
2

Jasby
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Problem Set 9§

1. 2.
y
%y-Zx*S’O
X X
3. y 4. y
A
A i
ﬂb
x4420 1
F
e e s S S U S TV S S S ————— b x
y+4=0
| -- -

5. The graph is the whole xy-plane.

6. The graph is the empty set; i1.e.,, there are no points
whose coordinates satisfy the equation,

7. The graph contains a single point, the origin (0,0).
8. The graph is the empty set.

27
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R R A SR U B e N A

I

{

H

f

I

-4

i i

x - ] ]

- 4. ! f

i I

! ]

T { i

1 + : :
> X

11, 12.

+

’ o

' L o

i

i - 54

! {y-0) =0

: - y ) —

+— — X —tt > X

+

13, 3% -y -1=0, A=23, B=-1, C=-1.
14, x+y-1=0. A=1, B=1, ¢ = -1.
15, 2x -y -4 =0, A=2, B=-1, C = -4,
16, y = C
17. x =0
18. y + 3 =
5

o O o
i
H
-
b
!
o
-
(@] (9]
i
o
.

16, x +

I
Q

20. X - by =0, A =1, B=-5, ¢C

32
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Problem Set 10

“a-*n

(24,4%)

\.l

(c)

(v)
y
(C,3)
The empty set.
y
A

\\\53J” > X

The e

N\

guations are

equivalent. Any

pair
whose

of numbers
sum is 3 1is

a common solution.

2, (a) (1) and (%), (3) and
(b) (1) and (2), (2) and
(¢} (1) and (3).

3. 4000 miles.,

(4).
(3), (2) and (4).

29
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k.

(a)

(v)

(c)

(a)

(b)

The intersection is
point {2,4%).

The intersection is
the ray shown with
endpoint (2,4).

The intersection is
the interior cof
z@BG.

y
4
(0,9) /(2,4)

—

y

A

/
(0.4) 7(2.4)

—

The conditions are y < 2x and y < &,

The intersection {is
the interior of the
triangle with vertices
(2,1), (2,4), and
('134)-

X+y<3,
X >0,
Yy > 0.

(2,4)

(2,1)

3




>
- AR

The midpoint M has y
coordinates

52,058 - e,

The slope of AB 1is B(5,8)

Hs 2, so the

slepe of L 4is - %- and

A{3,4)
1ts equation 1is
1
y-6=-§(x-4),
et ——t—tt—b—t—a X
y-6=-%‘x+2, i

X + 2y = 16,

Alternate solution: L 41s the set of points P(x,y)
for which PA = PB, This gives

V(x -3)°+ (y - 9% =4/ (x - 5)% + (y - 8)°

which reduces to x + 2y = 16,

in the preceding problem, we found the eguation
L: x + 2y = 16,

Similarly, for M and N we find
M: 3x -y = -3,
N: 2x - 3y = -10,

The intersection G of L and M 1s obtained by solving
thelr equations:
1 1
G = ('7(2:%')-

Substituting in the third equation, we find that G 1lies
on N also.

ts .



*8, . Take & coordinate system in which Queen's Road is the x-axis
and King's Road is the y-axis. '

y

E-4,00 | (2,00 T

The coerdinates of the elm, spruce, and pine are as
indicated. The maple 1s gone, but its assumed position is
labeled (O,m). The slope of EP is -%, 80 its egquation
(1n slope-intercept form) is

by 3
EP: y =X+ 3.

The slope of gﬁ is - %, 80 1ts equation (in point-slope
form) is

-

SM: y = - %(x - 2).

Solving these two equations simultancously, we find the

cocordinates of A:
- 4ém - 3!
xl= 3 L]
1 =T

Similarly, we get the equations

gP*: Y=-§x+3,

il
EM: y = %Kx + 4),
and the point of intersection is
_ 4(m - 3
xp = - B3,
V2 "5+ 5 °
g
The line AB has the equation,
- Ye"yl
AB: y -y, = (ﬁ-)(x - %),

32
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The intersection T of X and the x-axis is found by letting
y =0 and solving for x:

-
X = xq yl(ﬁ)s

e - Ml
Ya = 91

Now

b{m -~ 3) Om b{m - 3) Sm
X\¥p - X¥; = _ém T3 ‘m+er  m+sb6 "Tm+ 3

) - zamém - 3!
m + 4

g - om
Yo “¥1 " T +8 " m

m- 3
m + + )

+H& +

3 L

Dividing, we get x = 8, Therefore, the treasure was buried 8
miles east of the crossing.

Suppose now that the pine were alsc missing. Assume coordinates
(0,p), for P and carry through the calculation in terms of
both m and p. The algebra is a little more complicated, but
if 1t is done correctly, both m and p drop out in the finsal
result, which is again x = 8,

*q, The y-axis 1is a line through C, perpendicular to the base
AB, 1i.e., it contains the altitude from C. If AM, where
m 1is its slope, contains the altitude from A, 1t has the
equation

y = m{x + &¥),

1

b sl g
Since AM|BC, m = - ——0
slope BC

.

-_pe 8 7
But slope BC = - s SO m = ¥ and the equation of A is

¥y = %(x + &),
To find the y-intercept, let x = 0:

rojor-d

33
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Now do the same for Eﬂ', which contains the altitude from
B, Slope e %- = 2, 80 the slope of W o1s - %—, and
its equation 1s

y--%(x-'?)-

Letting x = 0, we get the y-intercept

y = -%—(—7)8%-

Therefore, A and ™V meet at the point (0,%) on the
"line containing the altitude from (.

For the general triangle,
A o]

slope EBC = - 5’ A
Ll b

slope AM = X S0

Ay s%(x - a), and

the y-intercept is - _b_a_‘

- o

Similarly, slope AC = - 3?
o 3

slope BN = cr 80

BN: ys%(x - b), and

the y-intercept is - o

Therefore, the three altitudes meet at the point (O,- ECR .

Note that this proof does not depend on the signs of a, b,
and c, but only on the fact that A, B, 1lie on the x-axis
and C on the y-axis,

“‘10. Iet A = (Xl,;‘}'l), B = (x2,y2)1 C = (X3JY3)-
Then we have e )
X5:¥s
Xp + X3 ¥p + Vg '
R = ( r F i 2 )’

B
X; + Xp ¥, + ¥
S = ( 1 5_2, 1_5 2)’ : (g“y‘)
Xy ¥+ Xq ¥y +Y
T = ( 1 . 3, 1 . 3). s
A‘“ﬂ’l)

34




The slope of B is

Yo + V3

—p— - ¥ Vpt¥3-
m, = = -
1l X, + X x2 + x3 - Exl

'ji1?"§ - X

X +XE+XSY1+YE+Y3
L]

Ir 6 = ( 1 % ), then the slope of
A6 1s
Yy * Yo + V3
-y
m,! = ] LR s
1 Xy + Xp + Xq . 1
3 1

-t -
so G is on the median AR. Similarly, the slope of BT is

Vi * V3
. Yo N1tV m e
2 Xy + xs j Xy + x3 - Exg
| —z "~ %
-
and the slope of BG 1is
Y1+Y2+y3_
m,t = 3 ye‘m:
2 3 + xe + x3 . 2
3 2

so G 1is un the median '35. Similarly, we find that G is
on the median CS. Hence, the three medians intersect in the
point G whose coordinates are the averages of the coordi-
nates of the vertices.

’ A
35 i
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*11,

*12.

The equation x+ 3y + 1 =0
which is in slope-intercept form.
-'§. The line M through

slope

Rt L P iaiiaih Ui b et R R Il b S O S I AR

— e

(1,2

i

d

2 3

LA LT T TR RN

3, 8o an equation for it is

M: y~-2=3(x-1),

y-sx-lc

‘ + — )
N,O{lo

L

is equivalent to y --—%x - %b
Therefore, the slope is
(1,2) perpendicular to L has

Solving the equations for M and L simultaneously to find
their intersection P,

Ccomputing the distance 4 from

we get

1 2
P = (5&“5)-

formula, we find d = §1KR5.

The line L with
equation y = x has

slope

l, so the line

M through (a,b) per-
pendicular to L has

slope -1, An equation
for M is
M: y- b = -(x -3),

X+y=a+ b,

(1,2) to P by the distance

p/Y"k

{o,b)

- e . e e e e N

A



*12.

'13.

(continued)
Solving for the point of intersectlion
a8 +ba4+bd

P=Cgma)

T™e distance 1s obtained from

d2=(3+b_a)2+(a+b_b)2
q=Ja-bf
/2

From Problem § we have H = (O,__QE .

P, we get

From Problem 10 we have M = (EL{§-f§).

To find D we get the perpendilcular blsectors u, v of

).

AE and EC:
e x=§-—.£—b-,
] ¢ b, _ Db
Vi ¥y -® = E{x '§)'
a+ b c2 + ab
Therefore, D= ( 75
Now

&

2 2 e 2 2
2 atb) c“+3aby2 _ c“(a+b)® + (e“+3ab)
(&12)° , (etdany2

2

(3c)®

N
]
fl

c

2

&

2 2 e 2 2 2
2 (a+b) (& Bab) _ e7(a+b)” + (e“+3ab)

2

(2c)°

_c (a+b)2 + jc +3&b)

2
2 (afb) + (c +c3ab)

From these equations we get,
HM = 2MD, HD = 3MD,
HM + MD = HD,

(6c)°

This shows that H, M, and D are collinear, that M 1is
between H and D, and that M trisects HD: MD = %HD.
”~

37
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Problem Set 11

1. In each case the result is 25, This becomes obvious if
radll are drawn to the points on the circle.

2. (a) (1), (3), (%), (e).
(b) (3), (%) )

(e) (1).

3. (a) cCenter (0,0Y: » = 3, (£) (4,3); r = 6.
(v} (0,0); r = 10, (g) (-1,-5); r = 7.
{(c) (1,0); r = &. (h) (1,0); r = 5.
(@) (0,0); r =7, (1) (1,0); r = 5.
(e) (0,0); r =-2. (3) (-3,2); r = 5.

4.  (a) Replacing x and y in the equation by the given
coordinates satisfles the equation,

2

(v) xZ - 10x + v = 0,

2

(x2 - 10x + 25) + y© = 25,

(x - 5)% + (y - 0)% = 52,
The center of the circle is (5,0); the radius is 5.

(c) The ends of the diameter along the x-axis are (0,0)
and (10,0). The slope of the segment joining (0,0)
and (1,3) 1s 3. The slope of the segment joining
(10,0) and (1,3) is - %. Since 3 and - %- are
negative reciprocals, the lines are perpendicular and
a right angle 1s formed.

5. (a) The x-axis intersects the circle where y = O, that is
where (x - 3)2 = 25, or at points (-2,0) and (8,0).
The y-axis intersects the circle where x = 0; that is,

where G + y2 = 25, or at points (0,4) and (O,-4).

38




w&¥
=5

(b) 2-8 =44 =16,

~ B

A

(0,4)
4
8

(0,-4)

(N

(-2,0)

O
.
- g

The radius of the larger circle is 1 +4/2. So the

equation is 5
2 2
£+ ¥ = (1442 .

There would be another tangent circle of radius ,/Z2 - 1
and the same center,

39




—> X
(10,0)

The including circle is x2 + ye = 100,

8, (a) y=mn(x+ 7).
(v) X2 + {m(x + 7)}2 = 16,

(1 + mg)x2 + 1hmfx + (49m2 - 16) = 0,
e
o -lim? 4/ Q)" - 41 + n?)(hon? - 16)
2(1 + m2)
_ -14m® £ ¢4(16 - 33n°)
2(1 + m°)
_ =m® % 446 - 33m°
1+ m2
2 2
v = m(x + 7) = (—7m +4/16 - 33mE + 7 + Tm Ym
I+m
~m(7 i.1/£6 - 33m:§)
= 5 ]
1 +m
If 16 - 33m2 > 0, <there are two points of
intersection:
p _ =Tm° +4/16 - 33m° m(7 +4/A6 - 33°)
2 3
1 1+ m2 1+ m2
p . =Int - 416 - 3om® m(7 - 46 - 330°)
2 pel ? 2 ‘
1 +m 1 +m



(¢) If 16 - 33° = O,

p o (I, _In )
1 +<;E 1+ m2

and mezé.g., m =+ 4

A/33

This means that the two lines
y = ——(x + 7),

2/33

y =-——(x + 7)

A/33

are tangent to the circle.

Ir 16 - 33m° < O,

Put the given equation in standard form:

(x - 5)% + (y - 3)% =

The given circle has center (5,3),

required circle have center
P =a=r,

2

radius
(a,b) and radius r. Then
since the circle touches the x- and y-axes, and

the distance from center (a,b) to center

Hence,

r + 2:=~41'— 5)2 + (r -
re + 4r + 4 = 2r2
rg - 20r + 30 =0

+ /300 - 120
r - 20£4/T0
r = 10 +4/70.

Thus, there are two solutions:

where
er r

(x ~r)2+ (y - r)% = £3,

r = 10 + 470 (approx. 18.37)
10 - 4/70 (approx. 1.63) and

by

4%

3)°

- 16r + 34

2

and r
2
r =

there 1s one point of intersection:

there 1s no point of intersection.

2. Let the

(5,3) is r + 2.

2 337.3 (approx.)

2.7 (approx.).

g



Problem Set ;L_g

1. OP-Vin-yE :

2 -4/x2 + yé
§ = xg + ya, the equation, ,"‘“N\ P(x,y)
4 + \
. ) 2 \‘
i . " M )
R
\\ T 1”
2, CcP=4x-1)°+y° y
A
1=4x - 1)° + g2
" P( .)
l‘z(x_1)2+y2 ,y‘!y
\CﬁQO)IJ =X
3. CP =44 + (y - 2)° N
3 =QA{2 + (Y - 2)2
9 =x%+ (y - 2)2 y
b, cp=afx - 2)2 + (y - 3)2 4
5 = ¢{x - 2)2 + (v - 3)° 2777 TN Plx,y)
2 2 / \
25 = (x = 2)° + (y ~ 3) H /\‘
| i
5. 0P = flx+ 1%+ (y - 3)2 =k UL R
2 Y- N v
(x+ 1)+ (y-3)=x ~--
6. CP=9/(x—h)2+(y-k)2=r
(x -n)® + (y - )% = 2
The set is a circle with radius r, center at C(h,k).
y
7. AP = BP {5ty 4]
o\RYy
Vix - )%+ 5% =/lx - 5)% +§° I ) o
2 .2 2 2 T Go) B
(x - 3%+ 3% =(x-524+y ] A(S,0) B(5,0)
X =4, ’
8. #lx + 2)° + (y+5)2=/x—3)§+(y-2)2
bX + Ty = =8,
ko




Ax - x)° + (v - 9)° = dlx = x)% + (v - v,0°

2
2::(::2 + xl) + E’y(y2 - yl) + (xg + xg +y] o+ yg) = Q

10. PA = 2(PB)

y/zx+2)2+y2=2/(x-l)2+3'2
2
= 0

P

x2 - 4x + ¥

‘m
A-2,00 A 8to ] > F

11. m(PK) - m(PB) = -1, the condition for PTXK|PFE

n(FR) = =1 5 m(PB) = iy y
Yy . _¥__ 3 A
x+1 x -1
x?+y2=1,y¢’0. L
’x" ~a P(gly)
This set consists of the set l, N
of all points except A and \ - x
B on the circle with center A\(-1,0) B[tr“:m
(0,0) and the length of the ‘\\ 7
radius equal to 1, i
*12. Using the midpolint formula, :
P(x,y) = P(%}%)i hence, =
\\
a =2X, b =2y. Using the B(O,e}, \
M{x,y)
distance formula, P
. = X
AB =4/° + b° = 2 Ale,0)
2 Y]
A2x)% + (29)° - 2, vy
substitution,.
2 2

X" +y =1,

&3




13.

14,

15.

16.

CT « CA
2
@ =45 + (y - 1)

1
s 32

(The set of points is a parabola.)

This problem can be con-

sidered as that of finding = X
the set of all points O
distance from the origin, y
Hence, A
XE + yE -0 /f
/
/2 2 1
PO = x‘ + ¥y = 2 { 0 (0‘0) —> X
\
x° + y2 = k4, N
A Y
But, this includes all RAE
values for x and y. To

exclude the "right" part of
the circle, the description
may be written as any one of the following:

(a) ((x,¥):x = = Ju - y©

(p) {(x,y) x < 0:x° + ye = 4)

P - A7 - Iyl .

CB = 3

Area = %(PA)(OE) b ____F 12 2
2 = Zlyl+3

4

- = |yl 0/(G,0)

y = i.%, which means that

the set of points (x,y) 1is SRS
the graph of two lines parallel

to the x-axis. This may be
described as,

((x,y):y = %EU ({x,¥):y = - %E.



Review Problems

(5,0).
(-1,5).

. The median is vertical and has no slope.

#lo

o

2b; /5a® + b2 4Bat + oo,
- 3.
%2 6/2.

($:38)5 (3,6); (6,3); (35,3); (4,4); (25,23).

Plgce the axes and

assign coordinates as
shown. S 20,2a)

(a) T = (2a,a), U= (a,2a).

PT=4/‘+82+8.E=8/§. VT
QU=4/&E+432=8./5.

Therefore, PT = QU. P{{0,0) Q(20,0)
g8 -0 1
(b} The slope of PT = %= -0 - >*

Q- 2a
The slope of QU = S g = -2

-

Since -2 18 the negative reciprocal of
the segments are perpendicular.

5
4

iy



- g
PO ot

k#r

9. +(c) Using the point-slope form the equation of BT is:
¥y-0= %{x - 0)
or vy = %x.
The equation of Eﬁ is:
¥y - 0= ~2(x - 2a)
or y = -2x + ka,

The coordinates of V, given by the common solution
o Ba 4a

of the equations of and QU are (-gy-gd. The

distance VS is then

4/(%?-. -0) 4 (.458. - 2a)? =,/.1§%§E = 2a = length of side.

lol
y
A
D(2b,2¢) c(2d,Z¢)
M N
R
X
A B(2a,01
Take coordinate system as shown. Then M = (b,e);
N = (a + d,c).
L
Equation of MN 1is: y = ¢,
Equation of diagonal AC is: y = §x.
Point R of intersection is (d,c), which is also the
midpoint of AC.
11. X = Oa

5n




12,

13.

14,

15,
16,

*17.

4

|
» ,Iﬁm

C
3/
/
» X
B(6,0)
L

Equation of AB 1s y = 0. Siope BC = 1.
Equation of BC 1is ¥y=x -6,
Equation of 8D is y = 3/Z.
Lengths of parallel ' y
sides are: [a], {v - 4]. A
Altitude is |cl.
Hence, (d,c) (b,c)

area = zlc|(lal + |v-al).

6,00 (0,0 ~ *

(2,1).
A clrcle with center at the origin and radius 2,
(a) x2 + yE = 4g,

(6) x° + y° = k2,

(¢) (x-1)2+ (y-2)2=3.

Find first the intersection of the line x + Y

the circle. Now X = 2 - Y.

Therefore, (2 - y)2 + ye = 2,

b - 4y + ye + ye = 2,
(v - 1)% = o,

s¢ that y =1 and X =1,

1]
N

and

Thus, the point (1,1) 4s the only point of intersection,
So that the line is tangent to the circle.

w7



