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PREFACE

Mathematics is such a vast and rapidly expanding field of study that

there axe inevitably many important and fascinating aspects of.the subject

which, though within the grasp of secondary sdhool students, do not find a

place in the curTiculam simply be&auise of a Iadk of time.

Many classes And individual students, however, may find time to pursue

mathematical topics of special interest to them. This series of pamphlets,

whose production is sponsored by the Sdhool Mathematics Study Group, is

designed %,71 make material for such study readily accessible in classroom

quantity.

Some of the pamphlets deal with material found in the regular curric-

ulum but in a more extensive or intensive manner or from a novel point of

view. Others deal with topics not usually found at all in the standard

curriculum. It is hoped that these pamFhlets will find use in classrooms

in at least two wsys. SOME of the pamphlets produced could be used to

extend the work done by a class with a regular textbook but others could

be used profitably when teachers want to experiment with a treatment of a

topic different from the treatment in the regular text of the class. In

all cases, the pamphlets are designed to promote the enjoyment of studying

mathematics.

Prepared under the supervision of the Panel on Supplementary PUblications
of the School Mathematics Study Group:

Professor R. D. Anderson, Louisiana State University

Mr. M. Philbrick Bridgess, Roxbury Latin School, Westwood, Massachusetts

Professor Jean M. Calloway, Kalamazoo College, Kalamazoo, Michigan

Mr. Ronald J. Clark, St. Paul's School, Concord, New Hampshire

ProfesJor Roy Dubisch, University of Washington, Seattle, Washington

Mt. Thomas J. Hill, Oklahoma City Public Schools, Oklahoma City, Okla.

W. Karl S. Kalman, Lincoln High School, Philadelphia, Pennsylvania

Professor Augusta L. Schurrer, Iowa State Teachers College, Cedar Falls

Mt. Henry W. $yer, Kent School, Kent, Connecticut



PLAINS COORDINATE GEOMETRY

Commentary for Teachers

Sections 2 and 3 cover material that is familiar to most

students, and classes should move on as quickly as possible. If

students already know the terms "absicca" and "ordinate", there is

no reason to object to their use of these words. The terms are

superfluous, however, and need not be introduced by you.

Problem Set I

1. "Cartesian" is used to honor the discoverer, Descartes.

2. (0,0).

3. -3.

4. The origin, or (0,0).

5. (2,1) and (2,0).

6. (a) IV. (c) I.

(b) II. (d) III.

7. One of the coordinates must be 0.

8. D, Bo C, A.

*12. (a) y-axis, x-axis, z-axis.

(1;) xz-plane, yz-planel xy-plane.

(c) 14, 2, 3.

When we define the slope of a line segment to be the quotient

of the differences between pairs of coordinates, there is no need

to introduce the notion of directed distance, but it is absolutely

necessary to put the coordinates of the two points (xilyi) and
(x

2 2
) in the proper position in the formula. That is,

Yl Y 2in cannot be used as m although m
xx2 xi xi

2 xi
2

1



is also correct. Notice that in finding the slope of X it

doesn't matter which point is labeled P1 and which one is

labeled P
2°

It is important to note that RP2 and PiR are positive/1p

numbers and we have to prefix the minus sign,to the fraction 154

if the slope is negative. However, the formula defining the 1

slope of a segment will give the slope m as positive or negative

without prefixing any minus sign.

RPFor the Case (1) if' m 2
0, then m ww, RP2 = y2 - yi

and P R = x2 x
1'

For the Gase (2) if m < 0, then
1
RP

2 ,nm = - Tr.T Ar2 = y2 - yl, and P1R = xl - x2. Therefore,
1

Y2 Y1Case (2) becomes m which is equivalent to m
- x2 xlxi -2

Problem Set 2

7 (b) -1 (c) yl.

6 (b) -3 (c) xl.

2 (b) 2 (c) 3

(d) The two points in each part have the same y-coordinate.

(e) If two points in a plane have the same y-coordinate,

then the distance between them is the absolute value of

the difference of their x-coordinates.

(f) No.

4. (a) 3 (b) 2 4

(d) 15T1 Y2I or IY2 Y11.

(e) The two Points in each part have the same x-coordinate.

(f) If two points in a plane have the same x-coordinate,

the distance between them is the absolute vRlue of

the difference of their y-coordinates.

5. (2,3); (-1,-5); (3,-1).

2



6. PA 2 ,

PB 5,

PC 7,

3 37. 1 3, 7

8.
136

9. (a) Is'-

(b) -3

(c)

(a)

10. (a) 6

*11. First assume that

rr: rt. have the

same slope m.

Let P (a,b),

R (a + 1,0).

Let It be per-

pendicular to the

x-axis. Neither

ft nor ft is

perpendicular to

the x-axis; hence,

neither fX nor

n is parallel to

11. Let 71, ft intersect It in Q, Q's respectively.
-b cl-bLet Q = (a + 1,c), Q' c- (a + 1,0). Then m

Whence, c = c' and, hence, Q = Q'. Hence,

The converse has already been proved (Theorem 1). Hence, if
ft, fg have different slopes, then P, A, B cannot be
collinear.

tA.

12. (a) Yes (b) No

3
13. (a) -1 (b) -7 (a) Illii4

14. Slope of Z is # - _. Slope of !!' is igg . 1.

Point B is common. Therefore, -AT and !! coincide.

3
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15. Slope of Xt is 1; slope of 15 is . 1.

We are tempted to say that 01165, but we must make sure

that they are actually two different lines. We test by
101finding the slope of Za which is Tur = 1. Hence, n

and In must coincide so that C is on rt and the lines

can't be parallel. It follows that IT and n coincide.

16. Draw the segment which joins (4,3) and the origin; any

other segment through the origin lying on the line determined

by this segment will also suffice.

The information concerning slopes of parallel and perpendic-

ular lines constitutes a very important principle for the solving

of geometric problems analytically. For instance, if a student

were asked to show that two non-vertical lines were parallel, he

would have to show that their slopes were equal; to show that a

pair of oblique lines were perpendicular would require that he

establish *he slopes to be negative reciprocals of each other.

Note that to show two segments, parallel, it is not sufficient to

show they have the same slope; it is necessary to show also that

the segments are not collinear (see Problems 11 and 15 of

Problem Set 2).

To show whz ZiPQR LQ'PR' we first show that 46Q1PR, is

complementary to 2QPR. This follows from

rn,LQ'PR, + mLQ'PQ + mLQPR - 180 and mZQ'PQ - 90. Therefore,

zalpRI ZPQR and .Z.PQ'R' LQPR. Since PQ NI, the triangles

are congruent by A.S.A.

In the converse we use S.A.S. to show ii.pQR 2.AQ'PR'. By

construction, R'P = RQ and IS and are right angles. We

get RIQ' PR as follows: m = and m . Then
1 PRml= becomes - 14 - 7- , and since the denominators are

equal we have RN'
Finally, we get ZQ'FQ a right angle by using the fact that

LQ1PR is an exterior angle of APQ11i, and that LUR 2 LNIRI.
Note that Theorem 2, and some theorems which follow, are

stated after the proof rather than before. In this way, the full

theorem seems to be a result of the discussion pertinent to the

topic being considered.



Problem Set 3

1. Slope Mg. ;'3; slope riff i; hence, 116F1166 or

Slope . 4; hence, A, B, C are not collinear. (See

Problems 11 and 15 of Problem Set 4.) Hence,

that

Similarly, prove 17110.

n, so

2. Slope of rE = 4 slope of t95

Slope of BC = -3; slope of M - -3.

Therefore, opposite sides are parallel and the quadrilateral

is a parallelogram.

3. L IL- and
1 0

A. The second

slopes of
2 2 1
7,

slopes of
3

13'

5. (a) Slope

Slope

and

Slope

L2IL4, by Theorem 3.

is a parallelogram, as

PQ, TM, 0 and
1

- 15. The first

t95 and AM

IT,
can be shown from the

which are, respectively,

is not a parallelogram since the
1

r 5

of

of SC'

of 17 . 0.

are, respectively,

(b) Slope of altitude to 7M

Slope of altitude to BC = ;.

The altitude to zu has no slope;

segment.

4,

it is a vertical

6. Both AB and CD have the same'slope -1; -A7 has slope 0.

Therefore,

Therefore,

horizontal

A vertical

MHZ% AD and BC have different slopes.

the figure is a trapezoid. Diagonal AC is

since its slope is 0. Diagonal n is vertical.

and a horizontal line are perpendicular.

7. The slope in each case is the same,

joining (3n,0) to (6n,0) is 0.

are parallel,

C
.

- 7.; the slope of line

Hence, the given lines



8. The slope of the first line is The slope of the second
a ais - Since the negative reciprocal of is - v the

lines are perpendicular.

*9. Application

is
'

anda
Hence, ZX

of the slope formula shows that the slope of 77

that of MP is - fik. By Theorem 3, 741727.

is a right angle.

10. LPQR will be a right angle if PAIPT. 1M will be perpen-
dicular to 7 if their slopes are negative reciprocals;
that is, if

-6 - 2 b - 5
5=1" + b

from which b -17.

11. Slope PQ = ; slope IT z-4-7 ; slope -4-S`r 0.

If PQ were the same as RS, these three slopes would have

to be equal; but neither of the first two can be zero for
any value of a or b.

-If .515ZI ITT then 11.--51 =
1

whence, a - b 1.

Notice that it would be impossible for us to develop the dis-

tance formula without the Pythagorean Theorem, which in turn rests
upon the theory of areas, parallels, and congruence.

It might be instructive with a good class to have them derive
the distance formula with P

1
and P

2
in various positions in

the plane. In working with the distance formula, it does not

matter in which order we take P
1

and P
2

in as much as we will

be squariv the difference between coordinates. The distance
formula holds even when the segment 15-7-

1 2 is horizontal or
vertical.

Problem Set 4

1. a and b. AB=l, AC - 3, AD 4.5, BC = 40 BD - 3.5:
CD 7.5.

2. (a) 1x2 - x11 or V(x2 - x1)2.

(b) 15'2 Yll °r 1/r(Y" Y1)2.

6



3. (a) 5

(b) 5

(c) 13

(d) 25

(e) 17

(f) A0/72

(g) 89

(h)

4. (a) (y2 - y1)2 + (x1 - x2)2.

(b) x2 y2

5. By the distance formula RS is 5, RT .4 and ST 5.

Since ST - RS the triangle is isosceles.

6. LpEF will be a right triangle with zp a right angle only

if DE2 + DF2 EF2 This is the case since DE2 5,

DF2 - 45 and EF2 50.

7. AB - 212.. BC 4/7g 64,iff. AC - vrn
Hence, AB + BC - AC, and therefore, from the Triangle

Inequality, A, B, C are collinear. It now follows from

the definition of "between" that B is between A and C.

(a) 7 (b) 5

9. (a) (a,b)

(b)

Z (Ob) Y (atb)

WY -1(a - 0)2 + (b - 0)2 .142 + b2.

XZ -1(0 - a)2 + (b - 0)2 = Va2 +

Hence, WY rL.

*10. (a) Let A = (2,0,0), B = (2,3,0). From the meaning of the

x, y, and z-coordinates, OA - 2, AB - 3, and BP = 6.

By the Pythagorean Theorem applied to L0AB, 0B
2

= 13,

then applied to A0BP, OP
2
- 49 and OP . 7. (r may also

be considered a diagonal of a rectangular block.)

7



10. (b) Generalizing the procedure in part (a), the distance

la 042 + +

(c) P1112 V (x2 - x1)1F + (y2 - y1)2 + (z2

The midpoint formula will prove to be very useful in the work
which follows. This will be true, for example, when we are speak-
ing of the medians of a triangle. If we know the coordinates of

the vertices of a triangle, and apply the definition of a median,

we can find the coordinates of the point in which the median inter-
sects the opposite side. This will give us the coordinates of its

endpoints and enable us to find the length and slope of the median.

The proof of the midpoint formula is easily modified to hold
for horizontal and vertical segments.

I. (a) OM
(b) (-2.5,0)

(c) (2,0)

2. (a) (8,12)

(b) (-5.5,-1.5)

(c) (1,IER35.)

Problem Set

(d) (0,0)

(e) (0,0)

(d) (1.58,1.11)

(e) 04-4)

3. (a) (4,2)

(b) 12+2i, 30 . 1.241:

x = -31. y . 41.

The other endpoint is at (-31,41).

gr since both have lengths .1,47F by the distance

formula. ACIP Wince the slope of AC is 4 and the slope
1

of BD is - 7. These are negative reciprocals. ra. and
N5 bisect each other since, using the midpoint formula,
each has the midpoint (3,5).

8
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5. The midpoint X of 155 is (3,2).

The midpoint Y of rff is (-1,3).

The midpoint Z of ti is (1,0).

By the distance formula CX =NIT, AY m N/T72* or 2,12,

and BZ m 5.

6. By formula, the midpoints of AT, RF, 55 and a are

W(001), X(-1,6), Y(4,6) and Z(5,1), respectively. WY
has length vIn5 and slope -5. PE also has length %/7217

and slope -5. YY ha6 slope 0, hence VI so that,

WY II V. With the same two sides parallel and congruent,

the figure is a parallelogram.

7. By the midpoint formula the other endpoint of one median is
fa 3a% (4 3aN

) and the other end of another median is

By the slope formula, the slopes of these medians are 1 and

-1. Since 1 is the negative reciprocal of -1, the medians

are perpendicular.

8. From the similarity

between AP1PR and

1
AP1P2S, P1R 7P1S*

Since TU P
1
R and

_ 1
TV = P1S1 TU = 7T1T.

In terms of coordinates

x xl = ,12.(x2 - xi), or

x 4(x2 - xi) + xi.

x
2

+ 2x
1This can also be written x = ---7---- . By a similar argu-

ment with 17-1 7- projected into the y-axis
2

y
2

+ 2y
1Y = 7

Iherefore, the coordinates of P are
xp + 2x1 y2 + 2y1

(

1
(a) Replacing 7 by --E--

r + s in the solution of the previous

problem, if x2 > xl, we get

x 74-7-5(x2 - xi) + xi,

r (x2 x
1
) + x

1
(r + s)

from which,

9

r + Es



*9. (continued)

If x2 <

result.

into the

rx
2
+ sx

1or x =
r

x a similar argument leads to the same

By a similar argument, with r1 -p--
2

projected

y-axis,

172
+ s Y1

Y r + s

(b) x = 3 23 r,w5 = 12.5;

3.36 4. 5 .11

3
20.375.Y

Although we may place our axes in any manner we desire in

relation to a figure, there are advantages to be had by,a clever

choice. For instance, if %,3. are given an isosceles triangle, we

may place the axes wherever we wish, then use the properties of an

isosceles triangle to determine the coordinates of the vertices.

Suppose we place it like this:

The student should be permitted to draw upon his knowledge of

synthetic geometry and make use of the fact that the altitude to

the base of an isosceles triangle bisects the base. Hence, the

x-coordinate of the vertex should be half the x-coordinate of the

endpoint of the base that is not at the origin. On the other hand

the y-coordinate of the vertex is not determined by the coordinates

of the other vertices and is an arbitrary positive number. Suppose

we place the axes like this with the vertex on the y-axis:

10



Then, since the altitude bisects the base, the lengths of the seg-

ments into which it divides the base are equal, and therefore the

endpoints of the base may be indicated by (ajO) and (-a,0).

There also are limits to what we can choose for coordinates.

For parallelograms we find that three vertices may be labeled

arbitrarily, but the coordinates of the fourth vertex are deter-
mined by those of the other three. Naturally there is more than

one way in which we may label a parallelogram. Below in the

figure on the left the coordinates of points A0 B0 and D were

assigned first. Then the coordinates of C were determined in

terms of the coordinates of the other three points. In the figure
on the right A, B and C were chosen first. Notice how the

coordinates of D are given in terms of the other coordinates.

Mc) C(o,b,c) C(b,c)

0,0) Ei(o,0) A(0,0) B(13,0)

One word of CAUTION. The above discussion is based upon the

fact that such things as isosceles triangles or parallelograms are

given in the problem. If the problem is to prove that a quadri-

lateral is a parallelogram or that a triangle is isosceles, then

we cannot assume such properties to be true, and must establish,

as part of the exercise, sufficient properties to characterize the

figure.

Problem Set 6

- 0)2 + (0 - =,$/a+ b2.

AC =1/(a - 0)d + (b - 0) =i + b2.

Therefore, DB = AC.



2. Loeate the axes along

the legs of the triangle

as shown.

Therefore, P = (alb).

By definition of mid-

point PA ;lc PB.

It must be shown that

B(0,2b)

PA PC (or that

PB - PC). By the distance formula

PA -1/(2a a)2 (0 b)2 =142 and

=1/(a 0)2 0)2 142 b2.

3. Let the x-axis contain

the segment and the

y-axis contain its mid-

point. Then the y-axis

is the perpendicular

bisector of the segment.

Let P(0,b) be any

point of the y-exis, and

A(-a,0) and B(a,0) be

the endpoints of the

segment. Then:

2 , 2
b - 0) = v/2PA-1/(0+ a) + ka +

PB - 0) + (0 -

Hence, PA = PB.

4. Place the axes so that

the segment will have

endpoints A(-3.10) and

B(a,0) , and the y-axis

will be its perpendicular

bisector. Let Q(x,y) be

any point equidistant from

A and B. From the distance -GP
formula

QA
2

= (x + a)
2

+ y
2

and QB` = (x - a)
2
+ y

2
.

0

/2
+ b .

OCx,

12 c

B(a,0



Since QA 10, 40 QB
2 or

(x + a)2 + y2 . (x a) Y
2

.

Simplifying, liax 0.

x = 0 since a ;4 0.

Hence, Q must lie on the y-axis, which is the perpendicular
bisector of Mi.

ta + b z + 0 ,a + b eThe midpoint of AC = kr--37)
,a +b0+ c fa + b clThe midpoint of M kmsy--1 =

2

Since the diagonals have the same midpoints,,they bisect
each other.

6. R (44)0 s (12+2..0.p.

.64..
Since R and S have the same y-coordinates, RSIIAB.
Since Ti7 is horizontal,

b +a d b+a- d
RS --r--
DC -= d - b and AB . a.

1 a - - b) b + a - dTherefore, f(AB - DC) -
2

1Hence, RS . (
f Fob - pc), which was to be proved.

7. R = (2a,0), S = (2a + 2d,2e).

T (2b + 2d,2c + 2e), W (2b,2c).

Midpoint of WS - (a + d + b, e + c).

Midpoint of TR = (a + b + d,c + e).

Therefore, WS and TR bisect each otner.

Area ZSABC = area (XYBA) + area (YZ0B) - area (XZCA).

Area .LABC .;;(s + r)(b - a) + i;(t + s)(c b) - t)(c-a).

Multiplying out and combining terms,

1,area ZABC = Afrb - sa + se tb + ta - re or

area a(t s) + br - t) + c(s - r

1:5



9. ZY2 (b - a)2 + c
2

.

. a. XR = b.

(b _.2 c2 (102 c2) a2a) + 2ab,

therefore, ZY2 . }CZ
2
+ XY

2
- 2XY sXR.

Observe that this proof remains valid if R lies between
X and Y.

10. Select a coordinate system as indicated.

M = (b0c ), N = (a+d,e).

AB2

BC
2
= 4(a-b) 2

+ 4c 2 .

CD2 = 4(b-d )2

DA
2
- 4d

2
+ 2

.

AC2 ='4b2 + 4c2.

.BD
2

= 4(a-d) 2
+ lie

2
.

MN2 = (a+d-b)2 + (e-c)

From these expressions the given equation can be verified.
Note that

(a + d - b)
2

. a
2
+ d

2
+ b

2
+ 2ad - 2ab - 2bd.

11. Place the axes and label

the vertices as shown.

AC
2

- b
2

+ c
2

.

BC
2

(2a - b)2 + c2.

AB2
2a

2

MC
2

(a - b)2 + c
2

.

Since

2c 2(b2+c2)+(4a2 - 4ab + b2 +c2) 2a2
a 2ab b2 + c2),

.2 2= 2a 2 + 2[ (a - b) + c ].

2 AB2Therefore, AC
2

+ BC . + 2MC2 .

114 F



Problem Set /

la. The vertical line
through (5,0).

2a. The half-plane above
the horizontal line
through (0,3).

lb. The two vertical lines
through (5,0) and (-5,0).

2b. All points between the
lines y = 3 and y = -3.

15



3. All points between the
y-axis and the line
x = 2.

5. All points within, or
on the lower boundary
of, the indicated strip.

4. All points within or on
the boundary of the indicated
strip.

6. All points within the
second quadrant.

7. All points within indicated angle.

16

2 0



8a. All points on the
vertical lines
indicated.

8b. All points on the
horizontal lines
Indicated.

8c, The intersection,of the
solutions for (da) and
(8b). i.e., all points
in the first quadrant
with integral coordinates.

9. The intersection of the
three half-planes formed
by the three given
conditions. i.e., all
points within the angle
formed by the positive
part of the y-axis and
the ray from the origin
as shown.

17

21

10. All points within or on
the boundary of the in-
dicated rectangle.



*11. 12.

All points in che interior
of the square with vertices
(4,4) (-4,4), (-4,-4)

*13.

The nays bisecting.the
angles formed by the x
and y-axes in first and
second quadrants.

*15. The square with vertices

(5,0), (0,5), (-5,0)

and (0,-5).

All points except the endpoints
on the two se ents joining
(-4,4) and 4,4), and
(-4,-4) and 4,-4).

Lines bisecting the angles
formed by the x and y-axes.

(0,5)

(-5 0)

18
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16. Sample number pairs,

(a) -1 0 1 2

Y 5 3 1 -1 -3

(b) x -2 -1 0 1 2

y 4 1 0 1 4

( ) x -1 0 1 2

6 3 2 3 6

(a) x -2 -1 0 1

y 0 0 0 0,-1,-2,1,2...

((x,y): x - 1 = 0 or y 0

19
"

go,

b.

animmolmni
11111111111111111111
11111111111111111111111E

EIMINI11111111
111111100111111111
111111111111111111111
11111111E11111111111M
11111111111111111111113
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(e)

-1
-3

(f)

-3 3 -1, 0, 1., 2,

x 0 or y -33

-1 -.5 0 -25
6g

2
3 1 0 6

-3 -3

(g) x 4 3 2 1 0 1 2

(h)

y -2 -1 0 1 2 3

Some number pairs for

y = x + 3 are:

-2 -1 0 1 2

1 2 3 4 5

The graph is shown by

the line and the region.

.. 20

f.

1111111111111EIM
1111111111111111011111
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Some number pairs for

x y
2

are,

y 2 -1 0 1 2

The graph is ((x,y)':x

the shaded region.

2
> Y )

(j) The shaded region is the

graph of ((x,y):57. > Ix!).
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Problem Set 8

1. 2.

y 2 4(x.1)

3. 4.

22
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5., 6., 7., and 8,

9.

y

10.

y

y

x

y

0 y2(x-3i)
or,

y+ 7=21

x



11. 12.

13.

24
2 p



15.

17.

16.

The graph is

the y-axis.

The graph'is the x-axis.

18. (a) The yz-plane.

(b) The xy-plane.

(c) A plane parallel to the yz-plane, intersecting

the x-axis at x 1.

(d) A plane parallel to the xz-plane, intersecting

the y-axis at y = 2.



The material in Section 11 may have been previously covered
in a first-year algebra course. If this is the case, do not spend
any more time than is necessary on this section.

You will note that in the discussion on the first page of
this section, it is necessary for us to find an additional point
in order to plot the graph of the equation. We may do this in two
ways. The first would be to assign to x a value, substitute
this value in the given equation and compute the corresponding
value of y (or we could assign a value to y and compute x).
The second method depends upon the discussion here in the text.
For we know how a line with a positive or negative slope will lie,
and we also know that if a line has a positive slope then

RP
2 RP

2m = 15-6 and if its slope is negative, m = - irtr. Then, given
'1" "1"

one point on the graph and the slope, we can find a second point
by counting the units in the legs of the right triangle. Consider
the example used by the text, y = ax - 4 We see immediately
that the y-intercept is -4 and that the slope is 3. Since the
slope is positive, the graph will rise to the right. Hence, we
aan find a second point by starting at (0,74) and counting 1
Unit to the right and three units up to the point (1,-1). We
can check to see that we are correct by applying the slope formula
to these coordinates.

Let us consider one more case; namely, when the slope of the
2given line is negative. Draw the graph of the equation y=-7x+ 3.

We see that the point (0,3) lies on the graph, and to locate a
second point by this method, we must realize that we will be work-

2ing with a slope of The graph, then, will rise to the left
and we can locate a. second point by counting 3 units to the left
from (0,3) and 2 units up, as in the figure below.

26



1.

3.

Problem Set 2
2.

4.

The graph is the whole xy-plane.

The graph is the empty set; i.e., there are no points

whose coordinates satisfy the equation.

7. The graph contains a single point, the origin (0,0).

8. The graph is the empty set.

27



9. 10.

f5x-2ys0
5SyS10

13. 3x y - 1 = 0. A = 3, B = -1, C

14. x + y - 1 = 0. A = 1, B = 1, C = -1.
15. 2x - y 4 O. A = 2, B = -1, C -4.
16. y O. A = 0, = 1, = 0.
17. x = 0. A = 1, B = 0, 0 = O.

18. y + 3 O. A = 0, B = 1, C = 3.
19. x + 5 = O. A = 1, B = C = 5.
20. x 5y = 0. A = 1, B = -5, = 0.

28



Problem Set 10

1. (a)

1 2y27'

(c)

(0,3)

(b)

(3,01

The empty set.

The equations are
equivalent. Any
pair of numbers
whose sum is 3 is

a common solution.

2. (a) (1) and (4), (3) and (4).

(b) (1) and (2), (2) and (3)0 (2) and (4).

(c) (1) and (3).

3. 4000 miles.

29



4. (a) The intersection is

point (2,4).

(b) The intersection is

the ray shown with

endpoint (2,4).

(c) The intersection is

the interior of

LABC.

Y

(d) The conditions are y < 2x and y < 4.

The intersection is

the interior of the

triangle with vertices

(2,1),' (2,4), and

(b) x + y < 3,

x > 0,

Y > 0.

30
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6. The midpoint M has

coordinates

3 + 5 4 + 8 . (4,6).

The slope of M is
8 - 4 so the

slope of L is - and

its equation is

y 6 - - 4),

y - 6 +

x + 2y = 16.

Alternate solution: L is the set of points P(x,y)

for which PA = PB. This gives

x ) 2 + y ) 2 - x y 8 ) 2

which reduces to x + 2y . 16.

7. In the preceding problem, we found the equation

L: x + 2y . 16.

Similarly, for M and N we find

M: ax - y -3,

N: 2x - 3y ..-- -19.

The intersection G of L and M is obtained by solving

their equations:

(24122.71)

Substituting in the third equation, we find that G lies

on N also.
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Take a coordinate system in which Queen's Road is the x-axis

and King's Road is the.y-axis.

B(xlya)
M (ova')

ANA)

S4200
The coordinates of the elm, spruce, and pine are as

indicated. The maple is gone, but its assumed position is

labeled (0,m). The slope of EP is so its equation

(in slope-intercept form) is

EP: y 4x + 3.

The slope of SM is - SC so its equation (in point-slope

form) is

SM: y - - 2).

Solving these two equations simultamously, we find the

coordinates of A:

A :

Similarly, we get the equations

17r: y ix + 3,

+ 4),

and the point of intersection is

4(m - 3) .x2
m + b

The line AB has the equation,

Y2 Yl
45;

32
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The intersection T of and the x,axis is found by letting

y 0 and solving for x:

x." - xi
x = xl

' J2 Jl

x1y2 - x2y1

Now

9m
21Y2 x2Y1 16---311n-;3 ei7E+ kmi+-63) 2m + 3

72m(m - 3)
(m + 6)(2m + 3)

. 9m
Na2T-7Y2 Yl m +

( m rill(im3+ 3)

Dividing, we get x = 8. Therefore, the treasure was buried 8

miles east of the crossing.

Suppose now that the pine were also missing. Assume coordinates

(0,p), for P and carry through the calculation in terms of

both m and p. The algebra is a little more complicated, but

if it is done correctly, both m and p drop out in the final

result, which is again x 8.

9. The y-e.xis is a line through C, perpendicular to the base

AT, i.e., it contains the altitude from C. If AM, where

m is its slope, contains the altitude from A, it has the

equation

y = m(x + 4),

Since AMA m 1

slope BC

But slope BC . so m = 4.1, and the equation of 75r is

y ;.(x + 4).

To find the y-intercept, let x 0:

7 4 7y

33



Now do the same for gr, which contains the altitude from
B. Slope IT . 4. 2, so the slope of lig is - and
its equation is

y i(x - 7).

Letting x - 0, we get the y-intercept

Therefore, AM and lir meet at the point (0,;) on the

'line containing the altitude frm C.

For the general triangle,

slope BC -

Ital bslope AM - so

AM: y - a), and

the y-intercept is -
ba

Similarly, slope AC = Teo

slope BN ts so

BN: y Fet..(x - b), and

the y-intercept is -
ab

Therefore, the three altitudes meet at the point (0,- 4).
Note that this proof does not depend on the signs of a, b,
and c, but only on the fact that A, B, lie on the x-axis
and C on the y-axis.

10. Let A = (x11y1), B = (x2,y2), 0 = (x31y3).

Then we have
Cfics,y3)x2 + x3 y2 + y3

R =

)



The slope of IT is

Y2 13
J1 Y2 4- Y3 2Y1

ml x2 + x3 x2 + x3 - 2x1

2
xl

+ x2 + x3 yl + y2 + y3
If a

3 3
), then the slope of

Y1 Y2 Y3
Y1m

1
'

ml°x
1
+ x

2
+ x

3

3
x
I

41.1.

so G is on the median AR. Similarly, the slope of BT is

Y1 Y3
---7--- Y2 Y1 Y3 2Y2

m2 x
1
+ x

3
x
1
+ x

3
- 2x

2
'

- x2

and the slope of BO is

YI Y2 Y3
m _ 3 Y2 In

2'2 X
1
+ X

2
+ X

3 x
2

so G is '..11 the median r. Similarly, we find that G is

on the median 11% Hence, the three medians intersect in the

point G whose coordinates are the averages of the coordi-

nates of the vertices.
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1 1The equation x + 3y + 1 = 0 is equivalent to y -

which is in slope-intercept form. Therefore, the slope is
The line M through (1,2) perpendicular to L has

slope 3, so an equation for it is

M: y - 2 - 3(x - 1),

y 3x - 1.

Solving the equations for M and L simultaneously to find
their intersection F; we get

Computing the distance d from (1,2) to P by the distance
4 AM.formula, we find d 7;Aou.

*12. The line L with
equation y x has

slope 1, so the line

M through (a,b) per-

pendicular to .L has

slope -1. An equation

for M is

M: y b -(x - a),
x + y = a + b.
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*12. (continued)

Solving for the point of intersection Ps we get

P (114A412).

The distance is obtained from

d2 =
(b)21

d =

ab13. From Problem 9 we have H = (0, - .

,a + b c
From Problem 10 we have M k

To find D we get the perpendicular bisectors us v of

Xf and n:

Therefore,

v

fa + b c
2
+ abt

Now

Hm2 (42.)2 (c
2
+2ab)2 (a+b)2 + c2+3ab) 2

(3c)

HD2,a-p)
2

(c
2

1-c3ab)2c2(a+b)2 + kc2+3ab)2
k

(2c)

2 _2 , 2 _2,a+10)2 (c24.3a1012

MD2 - (4) (u -1-be.mu)
_

(6c)

From these equations we get,

HM = ZAD, HD = 3MD,

HM + MD = HD.

This shows that H, M, and D are collinear, that M is

between H and D, and that M trisects 7f: MD -
P

37
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Problem Set 11

1. In each case the result is 25. This becomes obvious if

radii are drawn to the points on the circle.

0.
(a) (1), (3), (4), (6).

(b) (3), (4).

(0) (1).

3. (a) Center (0,r: -0 3. (f) (4,3); r = 6.

(b) (0,0); r 10. (g) (-1,-5); r = 7.

(c) (1,0); r 4. (h) (1,0); r - 5.

(d) (0,0); r =4/7. (i) (1,0); r = 5.

(e) (0,0); r =-2. (.1) (-3,2); r = 5.

4. (a) Replacing x and y in the equation by the given

coordinates satisfies the equation.,

(b) x2 - 10x + y2 = 0,

(x2 - 10x + 25) + y2 = 25,

(x 5)2 + (Y - 0)2 - 52.

The center of the circle is (500); the radius is 5.

The ends of the diameter along the x-axis are (0,0)

and (10,0). The slope of the segment joining (0,0)

and (1,3) is 3. The slope of the segment joining

(10,0) and (1,3) is - -11%. Since 3 and -.II.' are

negative reciprocals, the lines are perpendicular and

a right angle is formed.

5. (a) The x-axis intersects the circle where y = 0, that is

where (x - 3)2 . 25, or at points (-2,0) and (810).

The y-axis intersects the circle where x = 0; that is,

where 9 + y2 2, or at points (004) and (0,-4).

4
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(b) 2 8 = 4 4 = 16.

The radius of the

equation is

larger circle is 1 +i/7.

2
A
2
+ y

2
. (1 +,,/f) .

So the

There would be another tangent circle of radius

and the same center.

39
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7

The including circle is x
2
+ y2 = 100.

8. (a) y = m(x + 7).

(b) x2 + (m(x + 7))2 =. 16,

(1 + m2)x2 + 14m2x + (49m2 - 16) = 0

-14m2 1.14m2)2 - 4 1 + m2)(49m2 - 16)x
2(1 + m2

-14m2 14(16 - 33m2)

2(1 + m2)

-71/12 +116 - 33m

1 + m2

7
= m(x 4- 7) (-on

2
- 33m2 7 7m2

2
f )m

+ m

m(7 -2:1/46 - 33m2

1 + m
2

If 16 - 33m
2

> 0, there are two points of

intersection:

P
1

-7m
2

+ 16 - 33m
2

1 + m

6 - 33m2)
2 3

1 + rn

-7m
2

-A/16 33m2 m(7 -446 - 33m
2

'2
1 + m

2
1 + m



:-.7.1rus

(c) If 16 - 33m2 = 0, there is one point of intersection:

and

2
p (-Z1M-12.8. 7m )

1 + m 1 + m2

m2 16 4
- 751

107

This means that the two lines

4y ____4x 7)

4/7

4 7)

are tangent to the circle.

If 16 - 33m2 < 0, there is no point of intersection.

9. Put the given equation in standard form:

(x 5)2 3)2 22.

The given circle has center (5,3), radius 2. Let the

required circle have center (a,b) and radius r. Then

b = a = r, since the circle touches the x- and y-axes, and

the distance from center (a,b) to center (5,3) is r + 2.

Hence,

r + 2 =.1/(r
5)2 (r 3)2

r
2
+ 4r + 4 = 2r2 - 16r + 34

r2 - 20r + 30 = 0

20 + .t/7577-- 176'
r

2

r = 10 +,%/78".

Thus, there are two solutions:

r)2 r)2 r2

where r . 10 +4/7 (approx. 18.37) and r2 = 337.3 (approx.)

cr r - 10 -i7T5 (approx. 1.63) and r2 = 2.7 (approx.).



Problem Set 12

op .itc2 y21.
.AA2 y2

4
2 2
+ yx the equation.

2. CP .../(x - 1)2 + y2

1 =i4x - 1)2 + y2

1
P(x,y)(x - 1)2 + y2

/3. CP =vx2 + (y - 2)2
/23 =1,tx + (y - 2)2.

9 x2 + (y - 2)2

4. CP .../(x - 2)2 + (y - 3)2

5 =1/1x - 2)2 + (y - 3)2

25 = (x - 2)2 + (y - 3)2

5. CP =4 + 1)2 + (y 3)2 k
(x 1)2 (y 3)2 k2

CP =i4x h)2 + (y k)2 r
(x h)2 k)2 r2

10

The set is a circle with radius r, center at
7. AP = BP

ofx 3)2' yE i4x 5)2 y2

3)2 y2 (x 5)2 y2

x = 4.
8. 1/(x 2)2 5)2 1/(x 3)2 2)2

5x + 7y = -8.

c(h,k).

4F(x,Y)

t 4 1 x
A(A)) B(5,0)



*9. P P = P2P
1

i/f. - .1)2 (Y Y1) '44x x2)2 (Y Y-27
2X(X2 X1) 4" 2Y(Y2 Y1) (X! 4" Y! Ye!) IK 0

10. PA . 2(PB)

+ 2)2 + y2 .
zvfx 1)2 y2

x
2

- 4x + y2 . 0

11. m(17) .m(FE) = -1, the condition for is-rin

m(T) m(E) 74-1.

ri-T 7Y:71 = -1

2 2x- + y = 1, y / 0.

This set consists of the set

of all points except A and

B on the circle with center

(0,0) and the length of the

radius equal to 1.

*12. Using the midpoint formula,

P(x,y) = P(t4); hence,

a - 2x, b = 2y. Using the

distance formula,

.142 b2

+ (27)2 -

substitution.

x
2
+ y2 = 1.

by

1;3



13. CT ... CA

y2 .i/ex2 (y

1 2 1y + 7

(The set of points is a parabola.)

14. This problem can be con-

sidered as that of finding

the set of all points 0

distance from the origin.

Hence,

PO x
2

+ y
2

= 0
P(xly),/

x
2 + y2 = 0

15. PO = Vx 2 + y2 2
0 (0,0)

x2 + y2 4.

But, this includes all

values for x and y. To

exclude the "right" part of

the circle, the description

may be written as any one of the following:

(a) ((x,5):x 4 - y2

(b) ((x157) x < 0:x + y2 = 4)

16. PA -= Vcrla ly

OB = 3
1/ Nf 1Area =

2 =

-
4

y = + 1-1 which means that

the set of points (x,y) is

the graph of two lines parallel

to the x-axis. This may be

described as,

4)U((x)y):Y = - 4).
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Review Problems

1. (5,0).

2 (). .

3. ly. The median is vertical and has no slope.

a
7-

5 2b; V1.2 + b2;1Aa2 + b.

7 5/1f;

8. 407); (3,6); (6,3); (44); (4,4); (4,24).

9. Place the axes and

assign coordinates as

shown.

(a) T = (2a,a), U = (a,2a).

PT = 4/ha
2

+ a
2

a/5.

QU Via2 + 4a2

Therefore, PT - QU.

(b) The slope of 77 - a2: - 0 e'

The slope of TT
2a - a 2°

1
Since -2 is the negative reciprocal of lf.

the segments are perpendicular.

45



9. *(c) Using the point-slope form the equation of 17 is:

y - 0 = (x- 0)
1or y

The equation of ir is:

y 0 . -2(x - 2a)

or y -2x +

The coordinates of V, given by the comFnhsolution

of the equationa of VC and Tr are The

distance VS is then

3/7---°1124/4 - 0)2 + as) par . 2a = length of side.

10.

D(2b 2c) C(2d.S;)

8(2090

Take coordinate system as shown. Then M (bsc

N (a + doc).

Equation of MN is: y = c.

Equation of diagonal r. is: y = ax.

Point R of intersection is (d,c), which is also the

midpoint of 0.



12.

Equation of rB is y 0. Slope

Equation of n is y = x - 6.

Equation of '5 is y

13. Lengths of parallel

sides are: Jai, ib - di.

Altitude is

Hence,

area = iici(lal + -di).

re. fa 1.

14. (2,1).

15. A circle with center at the origin and radius 2.

16. (a) x
2
+ y2 . 49.

(b) x
2 + y2 k2 .

(c) (x - 1)2 + (y 2)2 . 9.
*17. Find first the intersection of the line x + y = 2 and

the circle. Now x = 2 - y.

Therefore, (2 - y)
2
+ y2 - 20

4 - 4y + y2 + y2 - 2,

(y - 1)2 0,

sc that y = 1 and x - 1.

Thus, the point (1,1) is the only point of intersection,

so that the line is tangent to the circle.


