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.“This p:acass may ba thﬁﬁght Df as beimg purﬁ,ﬁaisé; knawiné the history of . ° 4

: Lo AT R
o the prozess and 1ts eurrent value.daés not aid'in predicting its future. (/) .
In substantlve at pli ations, eazh*raalizatiégﬂaf {K }“méy'bé’cong .
. : - ' |
sidered to be the sum Df many 1ndependen€ fcraes, Ln teshnlcal terms the ;

sequence is she. SEPEEPDSltlDﬁ mf many ;ﬁdepEﬂdEﬂt s&quences s If sa, the. »

central 11m;t theorem appl;es and- {K } may “be consillered Gaussian or, e
,nﬂfmally dlsﬁrﬁhuted So in discre tfsEDﬂE analyéls, WhlEE Gaussian » L

e ¥

 sequences: glve a very 51mple speclflcaﬁlan for the éffects of amltted

variablés ‘one thaﬁ agfees ‘clos ly i ,piqﬂt with the SPElelcaEan’
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usually used .in static analysis.
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- '~ With this background it seems natural to‘define,a continuous-time
. e ] .‘_, ) ) . - . i --_ N D - : ,‘ ..j‘
analogue to white Gaussian sequences for use in forming JSDE's. Thus we-
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o define z white Gaussian process {Xt: t & TY with independent increments:
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.functl n Y(E + T; ﬁ' = E(Xt+7 ”g)i Supptse Re process tas zeto méﬁn:

& -

_and correlation function given by oL _ o

e Y P ey = o2(psay eIV / Sy :
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» : =~ o, L . . L
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; I . ! b : ) v :

! \ . . L _ - . 1 e LI
. the whife* Gaussian process. In particular, for large 0 the correlation . .
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_ fungtion is Ypry small even ovgr brief intervals. If p is restricted to the

A

fRle - ot T e e e e

Aruitoxt provided by Eic:



iﬂt%gérs, Ehé saquenca {T /cr » Py ?'92 ? +++} defines Ehé Di;:a\: delta funét?ian'

P

A ; : see’ Braun 1975 325 35) This ifuncti\-n, dencted (S(t = T) \i Zero., Eireryvheré
‘. >| =
T A BUE '15 équél E@E(at t !'- i1ts™ integral “GVer any ;nterval ccmtaining t \;

ey K

S S 1
S is 1. It is nm‘: of course an Grditlary %Jnét;cm but treat;ng t as if S

t

e L 1t we’fer has I | veh useful results in the study of mpulse fum:tians.% And!
- & . R

b =

A wa\lcan Eview white‘-Ga‘.iﬁsian ﬁQiEE as just sughzxa ;m_pulge funr::tion. That is,

I . : & - Y

ks
-t that _each hald fpf cmly £ bfle; lnstant , T : @

- o

. ‘ .
v ' Thus* we ds‘fine a white Gaussian pfacess’ as a Gaussian process with

1 = Lo &
L N S o
whare Q(t‘)* is: i pas;tlvé semiddbdmite :avar;am;e matr;}; and é(t - T)
N ’ B . . | .

' is tha D:Lrat; delta functlcn *-This* pro:ess is usually refafred to as

| ;‘ {(x defx )y, - E{XTX)}iQ(m 6(t=.:fﬂ> ;A @

»

white pép.se or gs a dEl{:a carrelated prDEEES -1 ’NGEE thak

:E . ‘ - :'\:
%h‘ cf the dgalta fum:i;lan wh;te woise has zero ccvarlan: but infinite : .
= L ] = = . ‘:l x. % £y L9 ) ff
varlancé 2
o * s / E L ) s = bl L
R We!‘ an obtain, addltltmal insight :Ln%: this PfDEESS By :;ans:.gerlng the .
o I v ¢ E lf
related{Bfownlan matl@ﬁ or Weiner ptégégs Thi widely used pr@cegs is naméd ‘
. ; | . ‘ i
5 -t afte: Robert Braw*rg Eha Engllsh batanlsé}qho dlsgavered('\the ﬁtfegular ‘ £t
s ﬁlDVémEnE of- partlt;lass 5u5pended in g galutlr;u;l: and Ncrbert Weinar, . whc A s
e = B L . \d\ ‘ P . A
* . _ “f‘arrﬁalize::k Ehe mcdel Df the process. It is dlsc:u sed in past texts on i
;El‘f_chastic prt:c:sges, e.g., Kar’liﬂ and Taylor (1975: C’h.‘, 7). ‘a# B L e
T . v : ’ . . : . T Ig :‘i? o ‘
: \Bfamian motion ig a agcchasﬁicﬁpfm:ess“{x()) slt2 0} with the .
I R = S ") 70
f@ll@Wiﬂ‘ngDpEjtiesi .. (. H Bl . ;
o % - S . * Yo
N (i)|  Independence: X(t + At)- ’5{(\;} is 11% g n £
= N St = )
, - ) {hat 1q lncrgmtntd are 1ndependauc %; Ehe thlf%/,;
: . I~ - - Em a
Py / process.  This assu ptlD is éss ‘ggr tha
and implies it. | X, } : .
. L : [ . = “ .
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- . L a \{ ) s . e
b o © (i{) stationarity: e distribution of X(t + AR) —~)fg'ﬁ'). does not -
S - e o AR T : Ve
4 Wy o~~~ - depend onm t. L o Iy '
o U corimteys 1gn TRE L= XE)E BV o for anl
' : . (iii) Continuity:  lim ro- At g i -
. .- _ o é s [ e =0 - . .
: : . . . ae—=0 e - - : y
’ - : ‘ _ o g \‘ | : , e
S8 Then if X(0) = 0 it follows that increments in tHe procegs, X(t + At) - X(t)
. : ) 7 S e 1 * L5 2 i
. ~ are normally digtributed with mean Pt and variange .t = . ¢
’ i - Py Ty i . . e * N
;fsee Breiman.1968: 249;—?%; And, any Brownian motion procass fhay be *
N : ‘ ’ S FE . o
. transformed. into a standard Brownian motion which'is normally, distributed
* . v T i : | L . . . i . . - L 'a % ) -
N ®* with mean {erqand variance of pne. The correlation function for the process ,
) a - ’ } T R L
S is given by | T S o,
¥ = } Y. o LI [1‘ ) ! o L . ) ' R = ]
Jooo Y(e, TF Omin (£, TV, T .0 ) T
T , ot . PR R o
; .+ That is, its éu;rcgfgelatfan‘fdepﬁndse only on the. time separating the fealizétiogis:*
7 . R 3 o & . . . = . i,H B '." : . !. -?,L -
- This process has obvious appeal: ‘namality{f\azllaws from very simple - =
- . , B R 5 o : T L R - = [
(but Stithlg) assUmptions ,about the process; and tFE first .and second moments
‘ . B
\ . dre simple funcﬁic:ﬁs of, elapsed time. chlever ‘this p&'ocasg has sche gdd
f . o Dé 3 Is N =\=‘
L \ _ prapaleesi Thaugh sample path:s of the profess are’ cant;ﬂuoug with j _
Y - T o W
g ., . ]
probability one gwpi)'-;t s nawhere di_ffe‘féﬁtiabl—é 'wplg nor does it have L i ’
) . . : ] & F . B ’7 . i -k Lo - e B
. bounded variation WP]. .(DDDb’lQiS;}BB)i o ) »
_A‘f v ‘—‘ # 7 ,
) ‘\} T F;nally we :gns;der Ehe ;‘elat;@nshlp between w@%e noise and Brai
| 5 / . mtion Leﬂa.kdenoté a ch:wnlan mot ion pfacess anﬂ{w(t)}a white ﬁe‘iseh’
P . R T g; 3 *
T ‘, . & 5 R E )
X "~ Though we km:xw g—g— dces not,. éi{lst p)fEEend far. the mament that it does, ' ) "o
: ’ =t - 7 ..;;5;;
.. Then it f@llgws (see Jaw;nskl 1970: 85) that. whlte anSE lsfthé ﬁurmalz o '
. . = N o !'; i o o i : i)
y ] jé“givative of Brownian motion: : . P AP
5 . . . ? [y . * - i .
8, & ¥ . : . Ee 5 iy =y
o , r T - T S R
= . 7 B " EE,E - W(t) ) R Lot ;ﬁ: [ ( )
i of . :
!’}. , — = N « = L /
. ) WRecall that-B[ 15N(Lt -0 t) when £, = 0. On "thet@t;ma'lissm in (4), w(t)' - '
N { 7 2 v ¥ ‘tr' ' . ‘
P - is W(u, a“)) or ia the Q)ase Tt‘ standard Brownian matlgn N(0,1). However,
¥ ‘ - gj . - ' = _ ,fJ . . -
) * \we have afready seen that igh ite noise haq infinite variance. ' Thus the .
E - : v B = . : . {i{ _ e
\)‘ Ly 7‘ o . . : . ) A
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) s fcrmalism, thaugh suggesty\re, daes nugl serve as a ba 15 fr:r c:on51ﬁ,:ent
= -! ; = N i% = ] - - - . i
" ? B : mathematicé‘l anglys 8. . J; _
o © N , o s )
: 3. SEochasEic Differential Equatlans ' ' ,
o AN ~ -
& . . - : ¥ : .
' * We now turn to pra‘pertii@éf pr cesse& driven by w/bite ncise T -
: prwnian mazicm.' . We beginiw a; very famus spéci l ?a‘s’é, t;he;_Dl;’ns,Eeinf.
o e _Uhlenbeck (8U) pr@gaSS, ’Bi:gmiapg;n?jﬁi@ as a deszripti@n of the movement =~
‘ - Q '\! . = ‘ 7 . N .V !-h ’ N ’ l
i aﬁ. psrtitles in some liquid is particularly unrealisti¢ in that it assumes’
L . . . : 5 ) . - = . s
© ' that ingrémgnts are independent.” THis amounts to .ighoring the effezt;'s ! w
. Aii ’ . L . L]
'y . - R N
ofa particle's velar:ityr The OU process corrects ‘this in a straightfafwafd
i - e E] f
é" (seé ch argi Miller 1966 2254393 :Lem,an 1978‘ 347‘-*51) -
L ]

e
" o
2

 Let ‘V(t) be the eloc ity of a particle cf mass. m sqspemﬂed in !

f‘_sfiquid_and let mAv(t)'.ba thd change in, ﬁlsmaﬂmm/ during the periad eﬁ'hen -

A CmAvee) = - BV(E)AE \Am(t) e (5)
where 'BV is 'Y:he v1scaw§)f25lstlng fort;e and Am is the change in momentum 4
due to ra dDm impacts wrth nalghbermg partlgles.;f As"a first app:@xﬁnatign

5 . Al h 3
1 A : - = i i
one may can51der Am to, be a Br’cwﬁ;an rﬂ@t;@ni If t/hera is n;:: drlft (see .
. bél@w)— we 'ﬁqay write the ou E ocess as A -
1 . - ¥ . - . o )
a L mav(e) = - BV(E)AE + onB, oW,
£ | - s = .
A e -where E is a st anddrd 'Brownian motiom.. . ; LA =

. .

[ - ¥

Ihé usu%l ne_:{t §§p in, such models l//tD lelde by At and let At -> 0
’ . o L . A . - ;
Y- o S mdV(e) = - EV(t) + 0 dB o 6)
. .. dt , Coat ; o .
¥4 = £ . . . . :
¥ - . i e . , 7 o .
Yo [.c:?: mdv(t) = = PV(t) + 9w(t), where wW(t) is white noise; see (éf’
" “dt (., ) -
D PR o) ;Y‘ o ,
¥
- 3 o
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‘ . Eﬁf@:ﬁuﬁé.ﬁéljr;,_,,gs“we,;hava_._seen,f,,d@t /dt_does not_exist. § 0.(6) does -
not have an‘ﬁl’:thndf)x“ﬁléa;liﬁg! Suppose we :’igncfe this amd push ahead --

'ijsfingj formal rules; Following Brieman .(1968;348) write (6) as «

. a ' .i | L\)_ .K?)\\

Y SR A (9%

L&
" . =

[a ™
e
P}
>
Lo g e

£
-
m
L]
1]
R
L]
™
S,
B
-
[}
o]
.
=
o
(]
§
m
<l
—~
o
Mot
1}

-0 ai}d integrate from 0™to t to

: '7 t . . A ’ 1

ok b . ; Sk

ey = v [ &° ap_. : . (8)
o 0 . . _

. Ly : X

Doing an integration by parts’gives .. S 7

S C - .ati . o _) 3 .
ot : ; )

V() = Ye t,B,: - Y g eggds ' (9)

. t 8 . - . S

S 0 | .

Since Bt is a continuous function (wp ), the integral in (9) for any "

realizatioff is just the integral of a continuous function and is ﬂu&iwell

\‘ : defined. , Thus the process given byy | o ' g;sé‘ .

. . ¢ B e - i . )
Yy W) = Y eX(e7e) a8 s ,N T (10)
T i N D . 5 ) - » .
can be Wéll{defiﬂed by this procedure and results in a process with .continuous

: , . , o ] _ o
'_ jsamgle paths. The iﬁtegﬁglpin (lO)ﬂis'Cermed:a-Stachastic model. oo

A ~* 80 we £ind that Dveilagking the mathema‘;icsal‘, pathology of Bg@wnisrx

/\ motion. En[d proceeding with formal rules gives a reasonable .result for®the

X . N .
“.:-Qvarm:assi A we will see b%w, ‘this \Es)true_whgnever the SPE is linear,
[ 5 - : .

4

. ' k] , <
the state of the process. Results on this special- ease are particularly useful in
i i - . ; . : .
. oy : - . . B ' . .
‘esiimating models of. the sort discussed in the previous chapter. To show
t S - . — @ - ~
this, all we need to do is‘adc;l "drift" that is a function of one or more

} that is. when the parameters of Brownian motion disturbance do not depend on

&

o SR e T
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' exogenous vartables,

s

b - = %

Leﬁrus start Aw:l.th an OO pré/c. 58

M - . L
T = 'i,;

AY(t) = - E‘i‘({:) At + WAt + OAB .

e
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.As we have seen,

the aLgssic prazedutg iﬁ_the calzu¥ﬁ§ in which
N -, Y : : P :

‘ terms. of derivatives' (as anti=derivatives) and

and let W= nf (%) '

e =

= EE‘g(t) + £(x) +0 gjt

: -.

5

This has Ehg”

=

with eausai variables discussad in the prVlﬂuS zhapter “sAnd

clear that to understaﬁd the stochastic

a

the distfibutignal prcpeftieg af such stachastic 1ntegfals.,

T

The genér%}ffirstﬁafder,SDE-has the form

’

N N dr(e) = FCE(0),0) de +B(Y(D),0) dB,

1 % d
- 1 E =

51; . =

da not have aﬂy orthodox maanlng For this reason,

‘.., B
integrals
- i :

to define

g - : : 5 3

Y(t) - YEO) = Q f(Y(s), s)ds +_f g(x(s) 5) dﬁ ";

Yo o

That is, the SDE is defined in terms af_théés;cchastia integral.,

consider

w
b
e
)
r*

interpret thg pfapgfﬁies of Y(t) we must tence,
etc. gene ‘ngic_integral .

. _ : J- S(’J)) dE’ lx ’ ;‘h;-.g

a . ’ -

(m) is a randgm function.

‘it is now

ef@ze,gansidEf}ng ;t@gﬁ%Stic integrals, we gtate-the general

u

he path@lagy of EfﬂWﬁlan mGEan, such
it is usudl to

are defined

-

eﬁéfal-farm of the l;néar diffefeﬁtial-Equatian models -

pgﬂpertiesﬂaf Y(t) we must cansider .

(12)

a

reverse

in

(¥2) as the

» . (13)

Thus to

uniqueness,

(14)

equations

where x 1s some exoge enous variable. Then, as above, we may T e

&)
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fpr

e o Integrals suz:h as (lé) cannot ba,. defln xsa:né _functions (thaﬁ is,

. . \ : .
Ly L WPl,)v» .be;aus% __of,ﬁha peculi X ‘Ef of Brmmian mctign mentianad ab@va They. N
RS ggye, however, been deﬁiﬂad in Eha mean square sense by Ito- (1944) and -

Stfatcnﬁvigh (1966) Thg sequence {}{ }15 s_aicl to zonverge ‘in mean ‘squafe'~

:ta }E(if E{LX '2} <'® fcﬁ: Ell n' E{[}[l } -‘f: cié,gn-d N R o 6 T

P

) 0. ;_ . c,

- - lim E{D{ - X rz}
. ! ¥ . n,,. o . i . K i
4o * - =

. : Co- SR i 4 ‘
¢+ in which case w%‘write Lﬁi.mixﬁ X Thgsfﬁarmlgf convergepce implies
; _ th . : r
convergence in probability (the plim t:cnvergence so commonly used . in

s o structural- equation aﬁa;}s;s) -but: is- sllghtly weaker than c@nvergenc‘e‘\dgh :

. §rébabilizy one . ,A.vary ciegf statameq: of the mégﬁ square calculus is
E - ‘presented b‘y Jazwinskl (193@.;6{)5?@).' N b 1 o " o
_ We, consider first the general Icd d;fiﬁitiﬁi‘i é}f thé-gtachaSt;c a T
- . . s e .
integral (14) . We rbly on . the treatment in jag‘xsinskf (1970) ;<the

*

-

clas.siré Ereaﬁmént is by'Doob (1955: Ch. IX). Let T = [a b} and let

LI 2 P -

) . - {Bt* t € T bgﬁ_ a SCSlEI‘ Brawnlan ‘motion ‘py CESS w;th’ Var (}B ) = tjz,
i .:-'\ \ . ¢ N \
. - Pafﬁizlcﬁ T such that N :

=t t
! / a 0 o y
o . L . . . - ' . .
) ’ /and consider the step functions =~ =~ : -

1]
N
b

. L v 0 €<l .y s e s g
>ﬁhare g. (W) is-iﬁdepaﬁdeht of {E - Bt ityift < b} éﬂd E{’E Cw)lz} l
EERE SV . et ; - Tt l ’j(x"k. A LU E 3

PO
", " is fidite. '{Faf sucht step functions the. I\EB integral is defined as ,

oy e :
Dt WY . . Y




i

] & *
. q N 11
:‘,,: = T . - o . # =
N , n=1 . . / ‘ : .
v N : . - . t e
. o @\L f i o
| . fgttwmdﬁt 2L g (B, - B ~ . asy
. - ST PN T~ i=0 “i1 i : - : \
B B ' ’ 7 e L ) ' -~ V ) i
By the. independence assumptiaﬂ - - _
N - . . . \ ’ ) N ,\n §
’ C {j g (W) dE = " ) ' : -, (16)
N ’ a ) VN
" : “If ft(m)iis gn@iheriscep)fuﬁgtlan;with'the above pr@pércies (see Jazwinski
¢ : - /‘ ] - - .
} BN o - -y .
= f E{gj £ ngt - o (17,
J;’" . i 7 i L -
. That is, under the expectation operation, stochastic integrals reduce to
*KX*  ordinary integrals, (integration with respect to t rather than with respect .
to ﬁt)’ As a consequence
E{f g, (@) daj g, (W) d_E} =0 _f (uu)* e .- - (18)
i : £ = L. t : t Cs : :
‘ T T .
-gSince we are not interested in step functions per se, consider a
sequéﬁte of step functimﬁ& (with successively finer cuts in T), g:(m).
Suppose these converge in mean square "to gt(w), Then it follows that
j g (W) dB_ = 1.i.m. f g‘ﬁj(m) dB (19)
S - t T - t t
- T : n— = T
Doob (1955) has shown that this mean square limit exists for a very broad
class of functions. More generally, the It integral can be defined as
the limit of Riemann-Stieltjes sums. Let P be the max (Ei+l=ﬁi) in the
partition of T. Then the Itd stochastic integral is defined by
n-1
v’
l.im. &L g (w) (B -8B ) zj g.() AP, ‘ (20)
=0 i=0 . i i+l i .
T\
. A concrete twample helps show how this definition differs from that
: of the usual Riemann integral. Let gt(@} = Et - B Then (see Doob 1955:443)
b . - 2
= 1 - 2 1] {
(B-B)YdB =2 (B~ B )" - 5 (b-a) 21y
ey z b A 2
a
AT *
) C L
Y ' , .

ERIC S

Aruitoxt provided by Eic:



12

AN

s : - ) _

\gg_te Ehac the usual rules of integratton would give only the first term
on the right hand side of (21)

Stratonovich (1966) proposed an alternative definition that is
H ; -

‘somewhat more specjialized. Whereas Ito's definition holds generally,

Fe

Stratonovich's approach is ". . . just versatile gnough to handle stochastic

differential equations' (Mortensen 1968:287). In ‘particular, gt(m) must

be an explicit function of Eﬁi ‘

If as before we let P = max (Ei+1 - ﬁi) in the partition, the

m

atonovich stochastic 1ntegra is fined as

C g(B_,t) dB 1.i.m. £y tifl oty + typr) (B - B
‘§;SC t ) t [JiD g(—‘L-———£=— ) _i___sii%> ( Ei+1 t,>

=g

1=t 2 R i

Consider the example just discussed.. It turns out that

o

b

§ (8- B,) B,
. a 3

which agrees with the usual rules of the calculus. This holds

|

2 .
(By- B .

generally: the Stratonovich integral can be evaluated by the usual formal

rules.

. The difference between the two approaches 1s one of definition.

NTJ

Pu
Fh

And there is not yet any agréement about the comparative advant,g
4
the two approaches for substantive work. Mathematicians, of course,

strengly prefer the 1to approach because of its generality. Substantive

researchers are attracted to the Stratonovich approach because-it retains

the usual rules of the calculus. This is an especially appealing feature
to those who consider the white noise specificdtion to be an approximation.

I

=

I

ERIC
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only an approximation is involved, it does not appear fruitful te davise-

i

(22)
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new calculus out of concern with the pathological nature of white noise. For an "

illuminating discussion of the issués involved in choesing between the

< ‘ two perspectives, see Gray and Caughey (1965).

_ ¢

~We' began this section with the OU process, an exaﬁplé of the important

special case of linear stochastic differential equations:

———

dy(t) = £(t) Y(t) dt + g(t) aB, . (23y

3

. . e;"
Note that g(t) is not a function of Et' Whenever the disturbance has

this linear form, the ItS and Stratonovich approaches agree and there is
no debate whether the stochastic integral can be manipulated with the

usual formal rules: So as long as we restrict our attention to this special
_ . . - 3
case; much of the mathematical complexity recedes.
For the linear case? the intégral form is
Y(t) - Y(tal;gf £(s)Y(s)ds + 5 g(s)dB, L (24)
SR t
w0 0
- . L |
is Gaussian, that is the initial distribution is normal, or
=0 the prCéSS Y(t) is a Gauss-Markov process. We can use

3

. this fact and the rules fo

ot

r' taking expectations of stochastic integrals

(16) and (17) to derive the distribution of the process.

[
n
.

dY(t) = adt + bY(t)de + cXdt + 5dB8 (2

E KTC _ i

Aruitoxt provided by Eic:
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'Because of the linearity of (25), Y(t) is Gaussian (if Y(t,) = Q or,

.is- Gaussian). To find its .mean and variance we solve (25) by formal

Jules to get )

@P1) ¢ P8y a £ (P20 + o) (26)
t ' ’ '

[=al Fs

-

Y(t)’

2

where E(t) = Gj-‘eb(ﬁjs) dBS (27)
and At t - t.. Cleafly E(E(t))

£
0 0 by (15)./ r

B D
And t g t

; Var(E(t)) = E &(t)° ggﬁf &P (£-5) dESJ e (£7%) ap_

o o ‘

[n
¥
Lr]
L

which, by (18) is equal to . : | I
+ t . S J
627 gzb(t;s) ds '27 —Eé'zbﬁﬁ
t(j‘

ma] G

=2

) (28)

Thus the process {Y(t)}has '"disturbance" E(t) ~N(O, Qﬁ),wheré ag¥ is givenr

3

by (28).  We will use this and other similar derivations extensively
insf@rmiﬁg estimators in ﬁhe next chapter.

We will return to non-linear SDE's in Section 5. But next we
consider the second majarﬂperépective on continucus-time, continuous state-
space stochastic models: diffusion processes. We will first derive

diffusion equations and then discuss their relationship to SDE's.

~
o

——

e
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"a small parameter h. Let x = nh, x

k5
4. Diffusion Processes '
Just as in the analy51s of discrete outcomes We wish to write
expressions for transition densities and for the changes over time in
. 4 ' N +
transition densities. Since we have introduced Rrownian motiog distur-

bances Df.féfciﬁg'fuﬁétiéﬁs, we have turned Y(t) into a Markaﬁ pfccessi

And it seems naﬁufal to search for the relationship between the qéal}tacive
and quantitative case by cansfﬂafing Y(t) as the limiting case of a% »
finite-state Markov process where the states are made "%nfiniﬁely small."

That is, define a birth and death process on the real line where states

are non-overlapping segments of the real line. Then let.the width of

=

segments g@k%@ zero and study the behavior of Ehé stochastic process,
;i The relevant analysis is sketched by Goel and Richt r=Dyn (1974: 33-34)

--see also Feller (1968: 354-539). nsider transitions from m to n + 1 |

or ton - 1, blftha and deaths, respectively and assume that the

pr@bagiiiﬁy of a birth in (t§t+At) is An AE + o (At) and the probability

of a death is u At + o(At). The procedure for passing from the discrete
n F - :

model to models like those discussed in this chapter involves introducing

(]

mh and P (t) = P(x

s L1 X
" “mn D:Qi j{it)?

W
b

the probability that the process has the value x at t, given that it had

Next consider a ‘sequence of birth and death processes with h — 0

with transition rates AnCh) andk$n(h). We have

h{A (h) =4 (W)} = a(ah) + o(h) - (29
2 (h) -u ()] = b(nh) + o(h) (30

where a(nh) is finite, b(nh) is positive and

im o(h)
+ i

i
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‘ « The forward equaticjn for the discrete-state progess is “
: ; W : , ‘
=A t) - + A t ) 1y
. a1 Pm, - L) - (kA b CE) + Hbt P (F) 61y
Now we rewrite (31) as follows. -
3p (xn, En }: t) ) , . ) ,
0! "0? = A ' x ; x+h,t) - 2(A . X . t.:x,t
: e (n-i-l * ) P(gotgs ¥Hh,E) = 24 Hw) P(ﬁ\a’ta’x’t)w
/ » . X & . ‘fT . K]
/ T o A€
. o : +;(A ;B L) p(x t; xih,t)ixiiik - ) p(Rp,t . x+h,t)
n=1  n-1 0’ T 2 M n+1” Parl 0’ D’ T
fg - (& - tj ER,= " p(x. ,t : x,t) -
R N ( n LL ) p<}:D D! q ) ( (}"D!*D!J }E!*v) .
1 ) )
A - . .
Ghpo1 7 oo 1) PC’{D’ of *°h E)j *
Letting h’ﬂi‘jr'ﬁgiﬁé)(m) “and (3@) gives one of the fundamental
equations pf the proeess: ' , ]
N 1 o? S , .
%p, =-3_[a(x)p] + 5 3Fr2(b(x)p] i ©(32) ¢
at ax - . '
i . ) . Lo t
where p = p(;{O,ED; x,%). This is called the Kolmogorov forward equation
S ) S ) ! : . ) *
(in physical application= it is often called. the Fokkes-Planck equation).
The sp-called backward variables XD’ED are essentially constant and enter
through br;:ulrldafy conditions. Since thia; equation takes the initial com~
ditions as _given and generates the future of the p\j‘@cﬁésﬁ, it is the natural
A
. ; . [
R
Q Ly

ERIC | o
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appfaach tgi ubstamtive modeling. By similar proagdures we can obtain
N \’s 5 'v ‘x: . : ‘ =

4 . -
ki “

S 2 [b(x, e 33y

; - % ‘ .
B ) R *

] 5 HY

: 4, o - ,
. in whlgh the .outcome is treated ,as fixed. Ih@ugh this équatian'daes nct

. - = '
ppeaf\prémislng fgf'mﬂﬂellﬁg [since causation goes backward in'a !anse]
it siﬁpﬁiflés certain analytic pfgblems and is paréiﬁulafly.wéil suited fér

- %

zhe study @f@béundary problems, first passage time‘distfibuziéns, ete. '
< .

. the backwa;é equation plays a prgmlnent role in mathematical treat- S

R B L

ments of diffusion models. / . - ’ : . /

. Either of the Kolmogorov equations\provide a complete probabilistiﬁ
A : ’ . -
%descriptian of the evolution of the phenomenon. They tell how the mean, and

iaflance (and other moments if they exjst) changé gver thg © They give °
J" - = .
steady-state distributions, if they existi With appr@p;;ate bcundafy can-“

Cy o , , ) , .
ditions, they also permit study of the distribution of times for flfst passage*
past some level (e.g., extinction of a popdlation). Unfo rtunately
: . %
it is very difficult to solve these partial differential equations gpd'

this has been done only for g)limiCEdknumber of cases. Various known

F

- solutions have been tabulated by Goel and!Ri;htEstynC1974:52-3). Y P

¥
Pl

i . An obvious queatlan concerns the relatio shlp between the diffusion

"
o
l"’i

eters, a(x) and b(x) (or a(K,)3 b(x 1) aﬂd the coefficients| of SDE's.
v To address this guestion we need an interpretation for a(x).ghd b(x) in the

diffusion equations. 'The first, a(x), is the rate of gr @Wth of the mean when

) A - , ; ~ L
the stochastic process is at x: - —

@

Q. _ iy e
EMC ‘ - s b ,
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S Lo et N B * N
ey . N i
- . i A F I
s * R * ;. ’S I )
— ra . } . . ¥ . .. \"
- Ea(g') _ ;,7%;& J ( ) (}; Cl’ . . K ( i;
) ; ffgém*T Z=X p G’ ngv ydz . } SR 84y . | i
" S 0 o ~ ' .4
S , '“ Ce ' ' S . : oo :
“F'where is ‘the state 'space of the process. And,' h(x) is the rate of \= \(7—
* growth infthefﬁarigﬁcefaf the process Whéﬂ it is gEiX{,_ : :
T b(x) = Lqm = .5r(3 -%) p(x O,x ,t)dz - (35).1
I T'==eo__ R ) . 3 : e
[ 29 : i iit - i
*The relationship between the two sets of. parameters is particularly |/ -
, ) ) ! 2 ! i ) o / .
simple under the ItS interpretation cﬁ Ehé SDE; gTbén (see Doob 1953: o

273-7), a(x)

£(x(t),t), b(%) = g(x(tj;tgf  That is, if {xcc);)fzo} is

a Markov process sufficiently regular -for ' (34)ffnd (35) to hold, then'
the solution of L e Y l

dX(t)

£(x(t),t) dt + g(x(t),t) dB .
- B . ) . . . l, o
give% the same tfangitign densities as does the Kolmogorow diffusion
_ . - L.

equation. If (11.36) is interpféced'%n the Stratonovich sense, the
reiaﬁionship b%tweep a(x) and b(x) and £(-), g(+) is slightly more complex

&

(see Jazwinski 1970:131). The main point is that the two interpretations a
. : , . ¢

disagree on this fundamenta. iss é\ Mortensen (1959:275) summdrizes the

¥ i

* issues as foPlows: . : ' , ' . B

.the situation is that the one unamblgu@us way to specify Sgsf)'
a Markav process 1s to specify its transition density, or, s

equivalently, the Fokker-Planck equation obeyed by the

transition density, The diverpence arises when one wishes

to genérategthé apgclfled procgss as a solution to a stochastic
differential equation forced Wy the dlfferentlal ag-a Weiner 2

process [i.e. dw(t)]. The dlvergEﬁce boils down to two different
ways of associating the coefficients in the Fokker-Planck equation
‘with the coeffieients in the stochastie, dlﬁftréﬁﬁlal equation, and,
' respecé&v&ly, two ways of integrating this 'stochastic equation. S/

[ . . . ' S e

g o . . - . : .
. ;
!
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- kol ' L : : - )
ourse, Zhei‘-e is.nb glsag&'eement CDﬁ’é‘Efﬁlng the fElatanahlp ’

s - 7‘*
3 ) %‘q}[}.: r r.a L= ¢ . - w
’ of linear SDE's. ta dlﬁfus:.an equatleﬁs . CD:;Slder ;ha—‘Brawnlan motion &3
- process withe drlftg l-!e aﬁd var:.am: EnLthé megrd -equation -
L ".k- s o i - . __, . 1 N w .ot s
; gvidently—1s oA - : . ) , .§1 . ;
= . , ' . 2 !'J o . u:: &
- Q‘&Q A TP T2 k2 GB7)
N | / | < - ;
’ = " Ao Cy : ) S o
with initial condijtion: " - ' B
¥, L, e o g ' : . R
. © lim P(;{D:' tD,;;,t) = é(x—xa) | o }(3@)

where & ig the ‘Dirac delta, f@%;iicn. +The latter is just a fcrmal way of. in-

-

dicating #hat the probability mass at tO ts all t;aﬁx:'entratéd on thé point x..
, Assume that the boundaries are the naﬁural ones: - 7 . . - F
s . = . i . = _ N - - v ;!’ ‘, _ =
P(XJ,tn; @,t) = 05 p(xpy,tys =2,t) = 0 . (39)
N o g o e LT o
which state that the p¥ocess cannct move an infinite amount in’ finite time.

* Subject to.these c@ﬁditians@wgfmayv\‘salve the pgftial d-iffefent’?al'refluatign
‘fox p. ’ B
Following Cox and Miller (19_65:2(3‘?-:-1@) we simplify the prabled by
. making a change of variable -= using the known solution from Section 3:
¢ | R il o
- ot : : T
9 i " Y
i which gives us the forward "equation
=N I3 s - R = "
ap 1 ézg o0 '
L= = L _ %1
ot 2 ax 2 - ¢ ;)
- where p = p(y,t) is n@w-the prabability transition density of ‘the Y(t) o
?rat‘:éésvwith ¥(0) = 0, Use the moment generating function of Y(t)
¢ 4k
e ., ~8Y(t &
M) = BT ) f p(y,E) e (42)
,d‘ *
which, accor#ing to (41) satisfies
~
i 21 e
O
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v o - 2 ?%E% # I s B : (43)
7 a . ‘

=+ ' = R oy

R ‘with initial condition M(8,0) = 1. Thus _

Y
Du“
[l

N
|
i

~ o
rt

- - f T -

) oo MO, t) = e T ' ' . LY

o ) S . . , L
which is the moment generating function of a normal distribution with

h F L : .
mean zero and _varidnce t. Transforming back to X(t), we see that
. T ’ . ) & '

-
J -
;‘!{ -

t !,XEF) ~ N(pt, ;§t) ag éé found éa;iier by using’éhe SDE.
;_i . é; ?g rélxxhesﬁily in 13t§§ chapters on generalizations of the
OU process a | e N &
";‘L ©dX(t) = Sg(t?dt +qugt , - : g (45)

T

we skétchiiﬁs solution ,(again f@llcging,é@xjand Miller) Ey means of the
, ‘ e TR g

diffusion equation. The forward equation for this OU process 1is

NlC

. - s 2 ;E';r -

ot dx“

i

(e
P(9; t) :_S e * p(x, t)dx N CYD)
=2 ‘f_}; i

3

a0 Bped + 0l0%p L “w8)
At a% 2 " .

This is simpler to use expressions in the cumulant generating

function K(9; t) = log %(9, t):

242 Al
K. + BOoK = 0”87 (49)

XQ is

) bt . 2 7b 2 : i
K(O; t) =X e b6+ 0% (L - e25y(36%) (50)
. 0 Em 2 k

"-The solution of  (49) for X(O)
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?i'.l j ;“ §~ i t o | ' S
. vié9  ;pA E {X(E)} 0¢ ,_Var {K(tj} =g (;igéfi) - (51):

~ * and this too agrees wiﬁﬁisur earlier calculations.’
4 . § Toa

:\ c : '

5. An Exampl

= - . : 7 %

]
In Part I we noted that social scientists &ften study distributional

' consequences of social structure. We added that only a stochastic péfspé21
1 i

tive lends a-systematic treatment to spch issues. Thus in choosing a
substantive example of the p@ siible sociological applications of SBE's ‘X;

and diffusion models we have chdsen -one that concerns a distribution’

that arises frequently in social data: the lognormal distribution. .-
Our choice has also been guided by an interest in illustrating the

possible value of pursuing the study of nonlinear SDE's
§ i

.

B
We.start the example by considering a stochastic ﬁ:gatmen;;gﬁ ex-
* % i
. , = g
growth. This corresponds to taking the deterministic

K T

Malthusian model Eaﬁﬁaundiinterest mode]l and incorporating random en-

.ﬂﬁ’lz ponential population

@

= . 4
vironmental factors that perturb the growth rate. "The modern treatment
Y :

of this issue begins with Ieowontin and Cohen (1969) and Levins (1969).

It was extended by Capocelli and Ricciardi (1973) and Tuckwell (1974) among

by
s

7 others.

¢ . ‘Let N(t) denote the size of some population. Then exponential -

population growth follows (as we saw in Part L) from

ERIC

Aruitoxt provided by Eic:



dN(t)
d
dt

In the deterministic treatment, r(t) is_a constant parameter aéﬁé

N(t) = Naar

¥

= g (t) N(r)

3

ot

Cngeds, =y

4 _ 3 .
Suppose, however, that r(t) varies randomly over-time

due .to a variety of independent-environmental variations. We‘migﬁt

begin by considering r(t) to be a white no¥se. Then the appropriate SDE

c ar&ﬁ written

dN(E) = N(t) dEti

™

(53)

Bl

where Bt is a Brownian motifn process. Note that this equation is non-

ligear since_g(

and integrate from t, to

5

.)_ = N(t),'a funcfion of Eti

dN(t)

N(E)
Q,
figg* N

ot
r-r.‘

(=]

= dB

And we have seen repeatedly that:

t

Yo

0

t

i e 2
E j .gag =0 , E S dEt }

t
(",
‘ED

2

a

ok

Rewrite (53) as

Thus it follows that log (N(t)/ND) has a normal distribution with mean

zero and variance o't,.

kY

2

That is, N(t) has é‘lagn@fmé}fd%s?;}butiqn!

It is a simple matter to add "drift'" to this model, allowing the

average growth rate to be i (which may, depending on the problem, be

positive or negative).

WIS W

-(log

Z |2

0

Similar calculations give

L2
- ue)”

2

o]

fut

t

(33)

L
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or, N(t) kgsxlagnormal'éistributipﬂ with mean Wt and variance O t.

L . . B ’ . S R . (——
= .= *That is. °

= v

- s : . ) ’ ~
- . 2 . ]
S o , E(N(t)) = Noem +o /Z)E, - ! (56 )

L

Var (N(£5) = N, e’ t-1) SRR CY )
Next we wish tg'zalﬁulaié;éxtingtibﬁgpfababilities, thatris éhe

, probébiiiﬁy’ihat N(t) will "hit" zevo. To do so we must use the diffusion

equations., ' And; recdll, the It6 and Stratonovich intefﬁfétaticﬁS”disagfee
on how to relate coefficients of this SDE (53) and those of the
Kalm@éarov equations. Both appréachas;havg been used in the ecological

4 f : . v o ‘ o
literature. Levins (1969) follows ItO and Capocelli-Ricciardi’ (1973) and

interpretation, the préﬁabiliﬁy of ultimate extinction is unity if < g,
zero when W >o-and .5 when g = 0.:- On the 1t interpretation, populations
may §§ extinet with ﬁfabability one even when the dverage growth rate is

positive.(Tuckwell 1974). So choice of interpretation does make a substantive

difference. -And, agreement appears to be mounting among popm lation

e

cologists that the implications of the Stratonovich interpretation are
substantively more reasonable for thiswprablem,

It is worth contrasting this formulation with the classic discrete-
time motivation of ‘the lagﬁormal (Aitchison and Brown 1953)gv According
to the "law of proportionate effect', the grawﬁh!(at gécliﬁé) of any unit

LI i

S5lze; -

N(E-1) | (58)

‘where €(t) is some well-behaved random process. 1If the latter is an

independent, identically distributed random variable, central limit theorem

f, .

O
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fr : . A . . 6 - . L s
in' personal/income, growth of siZe of organizations, ete. the con- .-

. t¥ibutio

=5 = == 3 = . 3
&
.dérivgﬁgsfesults on Brownian

- B N . . ) ) ‘E' . . 24

‘t;‘ * - : : =

arguments lmply that N(t) converges to a lognormal dist%ibuﬁig%. S9

Ewhatuwe‘have ShDWﬁ is that such a conclusion is retained in the limiting

e

continuous-timé, process. And in the ‘study of processes ‘such gg;g;gwth
iy T. s e P oRET

tinuous-time specification is m@fé‘féélistié --.there. is'no fixed gesta-

' ' . d Ay . -
HE— = g} ¥

tion period in such processes and ianEmEﬁtS may occur’ spargdlcally

sia

Thus the mathematical structufa outlined in this ¢ hapter provides a

potentially useful tool for analysis of distributional features of social
Y, I : .
stfugtﬁr§!

This analytic structure may also ! xterded to more complex dis-

above also

Lo

ju ]

18

o

.1lssues. The-po

capacities

addresses

in logistic growth, i.e., tic growth in random en-

=9

vironments. The results, though nec ssarlly more complex, are suggestive

’Uru

‘L’U

application

7]

for® sociological

6. Boundary Behavior of Diffusion Processes

We mention one final issue that,must be faced in using diffusion

I

models iﬂ_gubstantive modeling and empirical research. This concerns
the choice of boundary conditions in solving the Kolmogorov equations.-

In some contdxts, where the outcc

o
M (o~
]
s
<
r
I
=
M

on positive or negative

values, it is reasonable to assume that the -boundaries .are the so-called

use the boundary structure implicitly in

.':1
M
| h-'
I
=1
i
¥
it
b

.
=
ial

B
=
[y
o

‘ot ion and OU processes.

‘:‘

rtunately many 51tuat10n5 of interest to social scientists do

i
o]
i

Un

not have natural baunda ies at

II—"

1f inity. This is true of all thos

autccmes that somehow depend upon counts, e.g., size of an organization



'Zi

- .votes for a party, etc Such variables may not be negative. Canéequently

“—any p:ééésé ﬂépiéﬁiﬂgfthéif dynamléggﬁﬁét“bé;?éstriéEéﬂ“tbfthe non=" e
\ negative half linéA[D =] at a minimum. In some.cases (e. g , hours of

=wark), there is also a logical upper. 11m1t so that the pr cess is'egnfined

‘%‘betyeen Ewo barfi§f$5 e.g. [0, a]. The study of prcc es Qnétfainedl

by béunéarieg is mote éomplei; And we :annat hape to tréat the subjeat
:édequately here. The classic tfeatmentxof tﬁeéefissues is by Feller (1971);
a vér}’cleéf and less technical ex?asiﬁion sf éhe.issués can be fognd inj
.Dy‘nkiﬂ and Yushkevich (1969). E -

f{f WE will 51mply illustrate the implications of the most wldely used .

o &

;_bgrrief 5pe§1f1§atigns for t ha sort of model we propose as a starting

_point fo émpi:iéal analyéis == the 0U pféEESS; Consider-fitst,

boundaries at which ‘the unlé is trapped , An example 15 zero populatian
size (f@r population not éxpdsed'ta immigfaﬁiaﬁ) -- éﬂze size hits zerdy__ -
the papﬁlétion’g@es extinct, whéch is merely another way of saying-thét
it. is trapped at 22:‘;.'.; Goel and Richter-Dyn. (1974 Table 3.4) solve the
simple OU process ) | o
— dx(t) = bK(t)dE + dE .

, whe?e é.is a normal Bchﬁiaﬁ mot ion g%p%;ggriange 42 for the case where ;|
éhgrptqsess;ié ;amfined between an gbééf;ing(barriatbat ;eraiand positive
infinity. Insﬁéad Df.ﬁhe‘simple normal distributi@ﬁ cf-'(ZS);  thé‘
tréﬁéiﬁ§an>denéit§ is |
p(xD,FD; %E’t':) 5,. -[==-=j-(=t—ﬁ 172 E‘{P{ [{(}cem(t) /V(t)] /2} + E}{pi

B C vt (s59)

&

<7
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. WﬁEfE m(t) gxog!btand Vg(t) E-i (1 - E-th
e . - ‘ : 2b '

). The first exponential -

term in- (59} is identiéal*ta that in the uﬁfestfiéte&'pfécééS§ithe
" 'second exponential term reflects the probability of extinction.

" If instead, the barrier at zero is reflecting, that is the process

on hittiﬁg zero jumps back to its previous lavéij tge Efgnsikian deﬁsit?v'
.iafidéntigal to (59) E£éé§t éhat the second éxponéétiai.térﬁ is |
subtracted from the fi;;t d.e., tﬁé plus is replaced by a minus between
the two éxpanential tefms,(Géel gnd‘Richtér—Dyn 1974 - Tablé 3.4, A?pendix G).
Though theée densitiés aré not normal, they do mot ﬁravide&any§spéﬂiai g
, : : /
ébstgffé to empirical analysis. * If either spe¢ifi¢atian (absorbing or

reflecting bafriet).is appropriate to- the study of change in non-negative '
. . =

vériéblgg such as Sizéfsqéﬂlabcf suéply, oné may use expressions like ‘Q591
. to form estimators. Goel and Ei;h;éféﬁyn (1974) hg;e collected, results on :
.the tfanéitigﬂ)iegsitiesﬁcf_séVEfal pfacégse§ wgth various cambiﬁaéi@ns of
' These permit development of estimators for
In a wide variety 6f caseéj we ‘can obtain
exéféssicns for densities that permit the formation of estimators for
dynamic ﬁarametérs (by maximum likélihg;d)é We return to this issue in
the negt chapter. ‘ ‘ | 7
-~It.s;:ikes us that for many social processes, the appropriate
‘:Spééifiﬂatién of-a bcuﬂéary-is some combination of absorbing and refieéfﬁ:
’ 1ﬁg; Consider hours of work. individuals may become ﬁﬁém@lcYed fo:_qg
'Qafiable_peficds (tegécfarily ébsé;ﬁéd aﬁ zera) Eup'theﬁ return to work.
& It wouid be exﬁremely uséful to spegify baunﬂéry-icndiﬁiﬂns’tgat péfm;t
. o | -;; . : ;
? ) Y
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a_uniﬁ to be trapped for a period of random length and then be released

“to jump to some new initial Ronzero lével. Such a process would Combine

begun on such models and the term sticky barrier has been applied to such

- bﬁuﬁéafigs% D&nkin_and iusakeviﬁh.CIQEQ{ Ch. 4) gi?é’a.cléar treatment of
| the stratééy af forming mgdéls:wiﬁh §ticky bgtrié}sganﬂ'fééults on some T
discfetg—gimqundelsg We have found no siﬁgle tgeaﬁgéﬁt ﬂf”stickf

- barriers 1in cantinﬁ@us?time mééelsi However, the:petential.vaiﬁg of
such applications to social reéeatgh seems sufficiently great that we -
Eagérly;await further developments on ﬁhese maﬁels,l

7. G§n21g§i§;

What general imélicatinns for g@cipl@gic&l.amalyéis emerge from this
avalanche cf algebra?  The first ccnc}uéicn we draw is that it is both
feasible and ;séful for sociologists to formulate andéﬁest stochastic

&nd -this conclusion is appafently a

(¥

models of Ehangé in metric variable
 new one; we have remarked earlier on thé appafént;cgnsensus to the cgntfafy; We
éicécse that the general class of SﬁE's driven by Brownian ﬁaEi@n'SEEVES'as
a convenient and péﬁe?fnl Gehiéle for joining pr@baﬁilisti% arguments to
* the kinds of substantive céncerﬁs discussed in Part I. We might
heg{ﬁ with linear SDE's, e.g., extensions of Ohrenstein-Ulenbeck process
models, for which analyti; results are obtained readily. 1In the next

chapter we present a strategy for analyzing such models with c@nvéntiénal:

panel data. . ; . .
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A dEéper understanding of Ehe chaﬂge pfﬂcEESES requires attentlaﬁ tav

ey

-~ the diffu51gn equgtions, and phfticularly to the nature of baundary con-

o v ditians,that constrain social pra:essesf Effarts at such deepér study

also séeﬁ'likely taéinvqlvé us in the séﬁay of nonlinedr SDE's (and

_diffusion equations that may not @ave.egpliéit solutions)., If so, we
should attend to the developing literature on the two interpretationms

i

¢ of such maééls and form judgments about the fit of thésé>intérpfétatioﬂs
to sociological arguments.
. [
& .
.
£
R



Footnotes

LY

“*

R a t N ’ = : . . i ) . - ¢ il _'; B
lThe process is also referred to as onme with constant spectral density, - -.. -

£(w) Evgzir In fact the characterization . 'white' plays an?the‘éﬁglégy'v?~

= ° =,

to white iight which contains all frequenay‘;qmponEﬁts and has-é%ﬁétant"=

spectral éénsity‘ | o . S ’ - S o l\
s i * . E N B

2Ihe ad jective formal in'thiS'usage refers tc,éhg use:afuclasgical rules

in calculations to whiéh‘thay'dg,not SEfictl§ aﬁplyi_'

s L S0 o A -
" : BWg_afgped in the last chapter that the sociological analysis profits )

I

9 o ) from a focus, on distributional features of social structure. We Shgw
. by example in Section 5 -that such a focus will frequently lead to

_thezspééifféati@n of non-linear SDE's. iThus“we‘dd'néﬁ'advocate single-

minded pursuit of the simpler linear case.

4 .. ) .. i — . _ .
I wish to thank.Burton Singer for bringing ®Nis literature to my

-

~attention. _ R
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