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J(g) 354*(3:1@:10)*(5316)+(4=1) , . :
-_.;(b} 6421—-(6:113 10 x10) '+ (4;: 10, :lﬂ) + (2 :1@) + (1:1)
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:43_41414#?64
'343 = 644 34 =81
.(a) (4'x 10%) + (6'x 10) + (8 x1) .

.0 o

o

TEy o, o 4{
o el il < \:‘E

s4msans535:5:5

‘(b)- (5,x 10%) + (3 x 10%) + (2:: 10) e (4x1) ’

(e) (‘7 1\103) + (D x 132) +(6x10) + (2x 1)
(d) (5 x i%f) + (9 x10%) + (1 x10%) + (2 x10) + (0 x 1)/
eisht-y '

ﬁingty = quatre-vingt-dix (or 4 twenties, ten)

quatre-vingts (ar A tﬂantiea)

score =’ twenty




ﬂL.ag“m (2:@)*&:7)*@:1):%+28*6EE% ,

. en , -
g(‘) 55“7“—*(5:7)*(6:1) 35 *}‘4-?11:.&1:”"' v

(b) 251,“,5 (2:7;7)*(4:2)*-(1:1) 98 +28 + 1=

*iQ

;(:) Sﬁﬂsazsg =(5x7x7)+((0x7) +(0x 1) = 245ten

"(d) 4133,“@ (4:7:7:7)+(1:7:7)+(2:7)+(D:1) |
1372 + 49 + L = U35, |

50 €0 100 ' 110
51 61 101
52 62 102
53 63 103
54, 64 104
55 65 105 . :
56 , 66 106 , : "

tan

30
31
32

23, 10
1
12
13 33
1 34

15 25 35
16 .26 36

RURBES

LowmswNE ‘q
S5ESRED

| 25.. The two parts are “alike" in that they are symmetrical with respect ‘
" to the diagonal indicated in Ex. 24.

27. F@ifiy nine. <

\%23- Sef tabl¥\ ¢ Yes (see Ex. 25.) : -
~729. T34en} 62geven |

30. Yes

31;1, ten

32. Seven d

33. (a) 555!?95; (b) ;?géaggu (e) @ngan (a) SE;Egeve;ﬂ
(9) 1363§ﬁgn

34e 32g44yen
25gev§n

5 sevens ¢ seven ones = 6 sevens ) .

* See explanation on page T-II-12, answer 69, . N
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37.
. 38.

- — LFE‘

39,
*ho,

- (a)

(b) 4’7'

l‘3‘{55’%@1:1 = 106g4ven . “ten,
(e) 222

535 en

(e) 34
-
34=gven =3 gavans + 4 ones = 2 sevens + aleveh ones:
6
33
Z
, 51

(@) 252

ﬁasav'ein

= 1363gqyen
(a) 456

gi%%.

(b) 61

ZBEEYEB

2 3 Yes, two parts of )
11 15 this table are alike.

4 5
2 26 .
13. 21 26 34
15 © 24 %33 42
(b) 303  (¢) 231
43geven = (4 x 7) + 3 =28 +3 =130,
526

0’
0
0

o P =

4

5

6
(a)

(a)

(v)

(c)
(d)

216

—(5:7:7)+(2;7)+(6:l) 5+l¢+6=265

saven

Wbgpyen = 3x7x7) + (0x7) + (4x1) =147 +4 =150,

E@Egverx

IAx 3 =111

1llpen = 216geven
8iiten = 2314geven

135tgn =

150; =
211 x 4 = 844;

15 x 9 = 135;

(b) 25 x6 =
" (e)
(a)

Diﬁsienm base seven is done in a similar way to division in the
décimal system. Refer to the multiplig:atian table, base  seven
(Ex. 38) for each quotient.
20
(b) 6)420

5
(a) 6)72 (o) 6)To8
A @ 42 -

303geven

529EVED

@) 67t
AT
2

42
33
3

15°
15

23

2geven)Olgaven -
. TR 1

‘Ssév’eﬂj Eﬁaé;én ‘

The oges digit i8 0, 2, 4, 6, nr 8.

“Phe ones digit 1a 5 or O.

- The onks digit. is 0.

T See erplanétian on pagé T-II-—:LE, snswer 5?.‘

9 -alu X . - v’ ;i.

_(2 x7x7)+(6x7) +(0x1)=98+42=1U0pen "
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*46. 2, 4, 6; 11, 13, 15, 20, 22, 24, 26.
o Tha ‘sum -of the digits is divisibla by 2. - ‘-
47. - 10, 20, 30, 401;_5(). The ones digit is sero.
48. (a) The sum of the digits is nine.
SR Rule: 'If the gim of the digits is divisible by nire, the
_ number is divisible by nine.
. A
- ' (b) 108, 117, 126, .135. Yes, -
W (e) 101, 102, 105, 120. v
LT - If tha ‘sum of the digits is not nine, t.ha mmbar is not
T . divisible W n:Lne.
ﬂf " (d) Yes. See (a). A
: 7 49. " (a) The sum of the dig:%s in each case is 6. - 1f the sum of the
f ~ digits is 6, the number is divisible by 6.
(b) Yes
(e) 1If the sum of I,ha dig‘ita is not 6 the pumber is not diviﬁible K
oy, by 6. '
7 :
(@) Yes. See (a)il . .
-50, Each mbér =ii one- 1&35 than the base.
51, (a) If the sum of tha digits is divisible b’y 3, ‘the rumber is
: 4 - divieible by 3. ! . §
: (b) 1If the sum of the digits e not, divisibla by 3, the npumber
- 4a not divisible by 3. .
(¢) See (a).
(d) 7Yes.
(e) 4, 13, 16 etc., ux 10 1 1o where n 18 any integer. -
! 52- Yes. ‘
53. Yes. TYes.
54- Ethn = (1 49) + (U A 1) ¢t ‘A ad) = LGﬁvﬁﬂ : ,
f& 55. .lﬁﬁtén = (2 x49) - (6 a ) # (> x1) = f!f’saven .
" 56, .1958 ¢ 10 =195 R 8
195 $-10 = 19 R S5 - o
19+210= 1 R9 T
'1410= 0 R1 ' ,
Ipe succgsgive remainders are the digitg of the ariginal m;tmber.,
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57

*hohop ols .;: '

, ;:.~13453gven (1 :.343) + (3 x49).+ (4x7) + 6= 524ten
zijSSiwfnividg by seven ;g above nntil last quﬁtiant ia :grq, '%a 5§Ei£g7

=

3rive

64 (a)Jgwo () Two  (c) Tvo | R
" 65. Two v R

66. Base ten Base six Base four Base three
: 1
2
10
11 B A
12 Lo
20
21
2"
100 ey
Ry e e

1

Bﬂﬁuhﬂﬁwmw

E o x ‘*1 O B A N
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. : , ;- \ s
@ mﬂ%ﬁea.x S x 3) v (030 + 0x3Ppl2xl) i
x_ f?\ o N S
(a) (G:SL)+(27) 4-8-\1.86+27+3_5a C% qot A
B R T R RS L A
‘f} (=) (27) +2_29. S I O
%69, (s 2Pt1ve = f2x 5%) « (3x5) 4 (4'x 1) |*Exercise 69, .Inthe k. .
' expanded notation, ve | .
@ = 52) * ("1 x 5) "‘(-3 x 1) ‘ | interpret the numeiral Ton Lo
5 as expressed 'in‘the
(4 x 2) (l x-5) + (2 le) | decimal systems ~The pao "0 %

‘word "five" might pre-
‘;_fergbly ‘be used..- C

‘ ot

L) 193rivg
. (-‘") "l‘zfiﬂ
;_.A,_v__._-..-.f_t.r_;,.._;‘-(;1;)_ 4,58, 254, 8125, eve. ) L
| r;*,'?O-A _ (;) uﬁtwelﬂ: 1x 122 ) + (4 I}Z’? +. (6 x 1) = 144 J“’LS* é = 19i';~;
- --é‘ (b),: 3t2twelve (3 x 122) + (10 x 12) + cg\: 1) = 432+ 120 * 2 = Ssl“han

Tors : zsbaa em'= sm,n\ H

él
(e) 4761:.1@1.731 (4 & 122) +(7x 12) *((]_1 ;%1)
ary(peasure of’ 1angt.h o

1ble by 2, 3) 4. .

A

S n. Many things are counted by tyalveg; our ordipar
s begins with-12 inches in one- fuat;:t.uelve il di 7

772 x b b VR . \\ .
ol 234 5 6 7 8 .9 10 1 12%13 L4 15 16 17
10 11 1.00 6191 110 M1 1000 1001 1010 10;'; noc: 1101 1110 1111 10000 10001

Four. Noi.

: P -\ - e
- %76, (;’)._m.w;:(lzz)*(%;g)+9;1) | | | '
(b} 10004, = (1% 2%) W (0 x2%) + (0x2) + (0x1)

(r.,::);;‘;.}c_)lﬂ;tw (1 :,24) *(0:23) *(1:23) +(0x2) +(1x1)
= (1:2")*(1:23)*(012)*(3123*(0:1)
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A . , vy
- & ) i 3 ™ !iil .

e

7‘7 23=~$;22*A;§, v
| zi'*—z; 22 =4 23 js; =16;7§¥5§32; 25 <éz. 27 123; 2 -256- 29-512
7 () 4*2&?‘7“} N ol Ty

H

;:‘é‘f ) o 2 ’ - . . f ¢ )
@ - (E) _léti' Fa * l = zlhg - ' a . . i
L i ) . p ﬁ ) L 8 a . ‘,; s r T , —%q“‘s%s"_ . _,.
; 9. i;(s.)’ Mo gb) l,gu'gw'; ‘\(g) 110001, . - (4) 110120, " * - :
C : T L
‘(5,) 5;: 2= 7‘5/9:15 1111:\1& = Tten Co ‘i‘

J(b) 6 + 5 “’J‘Lt.egi lgllt-wa = 1115-8:! C L s - : ) P
) 22 = A9y 100015, = St o R
(d) 23+ 31 = Shygns | 1001104y = Shyey " } , 1
T80, (&) 104y (b) lltua () ll}'wa (d) 1lpye - o, 4’—~- |

_ El‘ (a) 7= 55" \zteni iOfHﬁ = 2ten A./ . SR

B .' (3) 6‘3"31;3:15 utn;ri;:;;}tgnv L | o ““*r o
. " (e) 1 ‘j 4= Tyens  11ltwo = Tten

(d) 25 - 22 = Jtent lltwo = ten ‘ .

82. (a) 3yum = ?..5 *2.1= laaél;gﬁ |

(b) = 7= 1@ 000, 000

_ (e) lgtgg

" (@) 10045 =

84+ Base two: | ahﬁrt‘ ad\ditims anfl

1w

2 _ L
23 s 2= ucat“ : - ,
25425, uooa& C\ -

m*ﬂltiplicatien tables:

Base tuel’ga See (E‘l‘ 71)
8. Pour. Thé uaigbses"’uau;d be 1 1b., 2 1b., 4 1b., Eglb.
86. The trick is ha.sed on the applicati@g of the binary nmberz. Write

‘the first fifteen bipnary numbers and use them as yaur guide. See :
Merrill referenceyypp. 26-28 and Sﬁain p. 111. . : ' '

” | - ’ o ; S .
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713 25 29

' 1,14 26"
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27_31|
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;it ‘ “Ef;_ Sample Test Queatians ggf‘ S
R A ém I.. TRUE- _tFAISE | L
| AﬂiﬁT%;l“Eiésevéﬁ and %I are nu;erals that refer tg the Eame number._i
»;;iy‘lg 'Tffgi  Sticks, stanés and natchea are numera%é ir- used to tall )
;;-;i 7% ) quantity. o ‘%%1 ‘;fff,r. . .i*r . : , "
l_;;"; ,ﬁ,ﬁT 3. (‘I‘he 3 dn 3%7 stang} or . thp {u;q}reds IR cT
' P4 The  In 42{13 ‘twice the Value DRthe 2. -
pél ? T 5, ‘The 7T in 7654 1is ﬁhe saég & 7 X 103, T “a
1§ 6 Thé expanenﬁ 3 1n 5 means thmuitiply 3 time% 5, :
,‘K,T -z# Had man been created with aight fingers and eight tces, 5‘ o
- - —WJVJWh?wsystems based on eight énd sixteen wculd prﬂbably havé been -
— U f _ .more common. .' N j v fi",‘ ‘ (g_ (
N 'gg ) T 8. \\Wiﬁhnut place valué,'we could not ecunt beydnd ten in Qurf
. }i; ' “;} g decimal aystemi ] : G L7F4~; ;

tagether thréé times, - “ ‘ -

a

v*-i:-ﬂ'gﬁ TBe cube .of & number>1s gotten by multig;yiﬂg the number

A

i =

. f :are numérically the Eamé} -

=

F-ili .Dcubliﬁg_tﬁenugﬁer

. number of basic aéd’;ian‘faétgfin that system.

-l P2, We can make a number symbelrméan anything we want 1t to

. mean. ’ L ; .
T 13, fhe number ' 8" (gight) ‘has the same me 'iﬂg in the thelve
N _ | number system as 1ln our common number system,
 ? T ;i% ig perrarm%ng ccmputatians there are mpre number combinat- -
P . ; ions to Temember in the ten number bagg than in the two N f;
_§¥! ’ | . base. - N L ) . k .
BETS |

\a_,_fi'

T lD.x The base Df a sysggm andathey?umber cf digits in the system.

3

—

f digits’in a system yill give the ' °



Bt eﬁhzlbase 12 as in the base 10. . ’ L :

| F--léz»; Whén we xbarrc:w ;Ln the dazen system in a prublem such asj
=L F Lt . . ‘7 ¢ i /
‘(ﬂ 154 - Et we’ actually horfem ten units[ oL ‘ v \ }Q

,» ot

) Tl‘T. In the dczan systemg 7%X 9= 53.
. F 18.. In the five system, b + 3 = 13§§f§~*

" 19, The larger the number baée, the fewer’ t-he figures needed -

-tar re%resent la;-ge nmn’bers.

T

F 25._ T,n the rggnber 842 base twelve, the 8 haa a value that is - -« ‘g
_;Wf"mT;m,twenty times the value of the 4 in the base ﬁwelve aystem.“nwmj:é.,

T 21, In-the number base five, the fraction 3 is equal to 14
ﬂ '.. | a l. B 1] it ﬁ \@

| PART II. MULTIPLE CHOICE.
& ‘1. The x's at the right are grouped 80 that the number of x's can

- easily be written in a numeral.to some .

‘base. What 18 the base?

_ : . . %
"A... Base two. ) - ‘ o
B. - Base jghree. _ ‘ _ C__\
T wx ;

*C. Base i‘aur;

D. None of these.

2. In wh,ieh of th

e numerals below does the 1 stand fcr 1 eightg

' B. 2leigh . 7
c. 102¢hree | .
*D, 10004yo |
_ 3. Thé number of x's at the right is written in num.ewlg in faqr’
different bases. Which numerals . ’

A 16 7 -
(o o " ' 22 ' o

Fs




L . R . x i Coy x

- » . . . oy

A g N e B , \ , .
© o a) X00poup b)) ligyelve ©) 16ten d) Blpiye- -
g T pour . : - Tive

e ;L L . . i
: A. a.,and c are correct. . .

*

N ? B. b andc aré correct.

C. a; %, and c are correet. ¢ g
*D;f=Aﬂ1;f§ﬁf are correct. - ' v "
;&;  When %Du;write numerals.in Ease elght in.crég:,:what eaméé v

/

- after 5'7'312&? a o
V; A;;-58%ight o _—_— _ ’
B. 6leignt ' ; \

*D, 60eight .« e
5. Which of the numerals below re?résent% the largest number? .
A. 101 ko
 B. fElltbree »

3 - A ﬁf . u‘: .
*C. U3rive \;,/'f

S | 9
6. Which of the following numerals represent the same number?
.6 ‘ T,

*A., a, b, and c . : :
'ﬁgf a, ¢, and d {}m o E\\ ’ fiﬁi

?;!* b, ¢, and d - F'
D a, b, ¢, and d . o

7;{?Whieh of the foilowing are cSrreet?
va)_ In the symbol 53, 5 As the base and 3 1s the exponent.
b) Iﬁ the symbol 53, 3 1s the base and 5 1§;thé éxpanént;:-
o e) B=s5x5x5 "




o=

,f;TVf;A S%Ehd“a EIEfQErfEEt;:'““"”*'"

B b and e are caf2éct, | ;= -
"‘ﬁfgva and ¢ are correct.

_;:ggaD, b and d ;;é'carzgct ,
_;28;f HhiLh Qf tﬁe fellewing shcws the méaning of 42351x
;i?;iﬁi (4 xe ix X six x six) + Qa’x six X six) + (3 X éix)
jfiff‘E.‘h904-204-3) .- gﬁ R B T

*C. (¥ x six X s;x) + (2 x six) + 3 P ‘

E D (li—'lx- six) + (é X 8ix) + (3 xksixi ' 7

§,'Tgﬁieh of the féllbwing s%atements are ‘true? ’ T

:;Tt““;f”a)” -The - Egyptians had no symbol for zerﬂ.li .
" *b) The Rcman numerals CD and DC stand for the same fumber.

¢) | In the Roman numeral XX, the first X stanés for a bigger

number than the aecdnd X. T

in scmewhat the same way éﬁﬁt we uge the nupber teg._
§f-'a and b are correct. ) - - :
\Lﬁéﬂ- ¢ and & are correct. : \ o
*é}l a and @ are correct.
;f : EB. b and ¢ are correct. l LT ”
10, Which cf the 2's 1in the base ten numeral below stands for
)2 x one th@u?and? ‘ , I

abe o { -
21232.-

A. the ane marked a

B, the one markeﬂ b

‘C} ﬁthe qng_harkgd c
*D, None of them. ; .

- 18

K . ] S A - oA D) :
Q S L . e ) A Py {j* . \5.; . '
g B LI - R . - e ) :

J
‘d), The Eabylanian? uaed the number sixty in writing>numerals L



o 'i"':f

’?
'..'i-i
) il-aL

T

baseﬁia ?raﬁf¥1y<;hat;.. T e

A
 ;x_f‘V-'; Q*B_
A

number the base nine numeral represegts... '

A.

B,
S
13.

A.

 B:

c.

D-

j‘ ‘Di _decimal fractians are expressed in tenéha. )

'becomes twlce as«;agée.

In ﬁhat-base are the:numerals'written if

A‘ij
i

) Thg‘rﬁﬁﬁﬁn“P33Pléhb%san ?é count by ‘tens and to use "tén &8 a

- &~ V,,p \i'i//

Y - ' T -
it is easy tc multliply by ten. ! o K #'
f N ) ¥

péaple have ten fingers. o~
« ten is a “raund“ namber, - ) T ’f;'

lf a;serﬁ%ig written at. the right nf a base nine numeral fhe

i

beeemes ten timea as large.

_stays. the same, . o -
bécomes nine times as large. J
2x 2 = 107?

base tw¢i

"base thrée

base four

base five

If you have only the symbols O, 1, 2, 3, 4, and 5 for a
system of numerals,'andjcan use as many of the symbols as you

wish, a list of all possible bases 1is:

A,
*B.
C.

D.

;;“_;;w,h,ﬂMwQ,Th

In this additian example, in what base are the numerals erttén?
- ”.-! A o e

 *B, base three

one, two, three, four, five, or six,

 ?ﬁa; three, four, five, or six.

tﬁa,rthree, four, five,\six, or ten.

twn, three, four, or five,’ j
v -

-

base two - X ‘
123?] ot
+ 2107
1100V

19

?'E‘, “ 3 R e :



. & . -
i i PO ', N = *

’¥16;- In this subtractien example ih what&basg are tﬂé numerals .

- written'?

= &

As. base seven o "élg s /.
’ ! 2 - o -

& =F = P Y DY . - - .

B. base eight} S - 36ky - F TN

*C, 'base nine . « v W T

D. You can't tell. L |
'f;T. aln this”addiﬁién'éxample, in what base are the nﬂmeralsiwrittéﬁ

A. base two . o e
_— 1015 4
B. base four » + 100107
: —J0ITI- : »
SR .(.G_ base ften 7. . St
D ’

D, You can't tell. )
'18. In this multiplication example, in what Eégé are the numerals
' written? _ : e '! §\

A, Dbase flve o
moe L . e 349
*B,. ‘base elght ,: 5_ 239
C. base eleven 70
L T025¢
D. You can't teil }

L 19_ In the division example uvaiow, Lhe numgfals are writt%ﬁ’;n
Y

T,

- base elght. Which of the eaamples 1s correct?

, & a) 3eight) DO

t) '._QAS,ILL,)

* 4.,\ ‘e * x




are exaetly diviaible by nine.-f

:All ef them.ere ezeetly divisible by niﬁe.»gy;fiﬁdf

1.;fgli The numefels belew ere writtén in beee eeven. Which enee-”i

repreeent nnmhere whieh ere exaetly divisible Y- tﬁe? ‘emw;ﬂ

,gd) l53even | 'b) 323even G) 455even d) 1013even

‘*t?A: b and ¢ are exeetly divisible by twe.

‘";B;’ e end d ere exedtly divisible by two., lf. o

SNV e, c; and d are ,ﬁ@thY diVisiblg by two.
fﬁé_ All efﬁthem ere“dkaetly divisible by tWQ-[':l.l

1 -

~?¢ eent an’ eveg np'her?

S YN e By

{ie. in beee ten

in beee twelve B o '_,l

@*E}W*in“base*nine*

qi E’f’*‘ nﬁne—dfvtheee—beees . T*”T“T“; S

;frad._ In vhieh of the beees nemed belew deee the numeral ngréﬁ?%f;Lfff

senﬁ en ddd nnmher9 | v;_f ) .e':':;

Alw,in bese feur i e BRI A

'B in base ten . “;f

TR D S A




 ";ﬂ$£ % end b ere eerzeet.' _ |

. TWhieh ef:$he etaﬁemente Eelnw ‘are eerreet?:Jiygg?w;j;;;:_-J
‘"e251'75teﬁ5= 1°°1°1ltwe i.~‘i‘e' b) 3iten : 111fiVé ‘
"“:QQTten - 537twe1ve;= f’ ﬂ) lgutem - ETGeieht

iga

;A'af;Stexemente a and b are eerreet.-

”jTStetemente a, ‘b, and d;are eerreet;
’LQG.-'Etetemente a and d ere eerfeet

0 %D; - All the statements are eerreet L

& o L X o
v -!

e

%?};'LliieWrite 3 X 3 x 3 X, 3 x 3x 3 ueing expenente.:p
' ﬂ_fgéf Whieh number ie lerger, 23 or 327 2y

PART Ili; PRQBIEHS- "‘"T‘ﬂ“"f"‘*“

fVS;;”What numbér ie represented By 92? (8

w 1&,, -

Y, "Write ‘the fellewiﬂg in M‘e‘bie numerale" M

'Write the fellewing base seven numhere in the baee ten eyetemf

b e 25 A eSSt o 2 5 4 pare
+ A e

'“5;7f155év (lgten) !e o é § T 'fhf V”‘ L“}'””;

[
H




I‘IATCHING. -

EART Iv,_

, "2;_;4;fivé . %; L 35.‘21-5_V_‘7
- 3‘ ETtwelve o o c‘ .;1‘3 ,
A, _i]L*five x 4f1ve Lo De 3 g

5- _locltw; + lllt‘.ua g e "B, None ef t.hea%

A S S e S P .




e Srmipns £

THE‘EAGK OF TEI% SHEET TP YOU NEED-EXTRA é%ACEVTD
" ?ANBWER ANY QFlTHE‘QBESIIDHS EELOW

~.8ta ity., .el ef theipupif%.in the
;d state whether jcur Eehaal:uses same plan efihomcs‘ffﬁfwi

_VWhat parts af the uniﬁ praved tg be the mqst difficult to
"teach? : .

Didiygu amit'f”y'part9 o o =
3';,_D1d ycu use any supplementary develepmenEiE materials? fl;:f! ;[fi

If sa, wha% were they; and t what. Qcints Were ﬁhey used*

,_?.

1%;*5; Did yau find 1t nécessary to previde the pupils with addltlon—'-"rv X
. al- materiaI? A . L o IR

T E - o L

Qiffiii”If SG; Was" it frem textbacks or' did%yau write yaur D“ng-'

,i’

' 76;; Dc ‘you think that a unit on this tapic ‘should’ be 1nc1uded in
regular textb@cks fcr Tth and Sth grades* B .

T Pleasem <ﬂNY adaitienal cammentsjabgut;yaur teaching ex—:
‘perience: with this unit which you think would be helpful to _
‘the Panel responsible for preparing and experimgnting with o
textbéck materials for grades T and 8., - _ o




6 deye.A It 18" Euggeeted thetv15, 18"

: our £ time for the unit, There was some: flagg 9)
of pupil’ interest when the unit was continued tbo long. - Pres
-ably;—when-téachers-have become - thereughly femiligrﬂwith ‘the-

?, terial end apprepriete teeehing teehniquee, e eeneidereble

1 , :en'En divigibilffy be omitted '
: 2,ﬁreated 1ightly exeept ln the maet capable eleeeee.f Teaehere R
repertee on the eeetiene as fcllawe* ‘ o ST

Heet teeehable.mmhl;) Other Dbases. (E) Hieturlcel treatment;~$-
3). Operations v

1) Tests for divleibility : -(2) .BEEE?EEVEB'
Changing beeee . - ’_ IV

!‘,;H?et diffisult-’“

Z“ O b

f;: A few representative eemmente ef teaehere fnllaw*- 7
x¥I heve never seen” lntereet as high tewagd mathematice.m
“"'There was no need fer metivetien- fv_ L S
 :I feel that more ezereieee eheuld be ineluded. Tﬁev;'_e
“ehildren need lots .of practice: before" theyf an handle'“
5thie meterial with underetending-” '_”“f S

"I noticed ‘the elewer pupile expreseeé great intereet
’i}ijEﬁ fivst-but-lost" 1ntereet“ﬁe“eamemextenﬁ“1n?ﬁﬁ§”m;re**
-_}diffieult pertiene of the unit -

i pende
SURRE xg eemewhet on hew mueh eiperienee ene hee in teeehing thie
-~ e T ——— materie.;. —— : ;

f;“;ﬁnesperent~eemmente6wthet themaéventeeﬁmthe~new—mathe- :
- ‘matles had made their dinner conversation very etimuleta-v»
- wing, . She heped the “new“ math was geing te eantinue

f'next year,- , r, - :

[ 9S8 '-:

Dn the whele ‘the unit was, well receiveﬁ 1 have a few -
- puplls who were very poor producers, but did very :fine ;f;%
~ work on this unit. . On the other hand, a few pupils (2)-
~d1d not make eny effert to absorb thie new ?eterial
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Aruitoxt provided by Eic:



ERI

Aruitoxt provided by Eic:



h? cnunting'aatg ﬂf thingg, Bﬁt

gventu;ll: ths 1&3; is clear even .

Toe

The 1dea’ af eaunt!%g by matehing

(Qne;ta-ana garregpcndegce) sheuld IR

IH’Lst be dsvelaped. Thg idea qf:“tuica

= - N setapecs -
. . f
B = 1 a
- 2 =
i - -
- . . g
B -
* 2 = ' =
. =
. =
* " i
E
T i
T . . - . Lo P
2
L4
- -

o 2 :Addipioﬁ of ﬂatural ﬂumbgrs is a

i

ERI




,Ask Hg mvegglrgady geen thgt mmhe;-a lIIli mergl vara d,ifferant.

"-f---'.-:;(rﬂiaw this)% now let. us gee if e c:an gat a hat.*t.er iﬂea ai‘ whg' :

7:778. mbr i!- A . '_ . o '{. -

Gaﬂ yau rgmamher hmi yuu laarnud the nﬁmber 9? Hav‘a chaa dis"“

.:‘Menwss thia. Er;lng nut. that. a nhild ceunts se‘Ea Qf 9 t’hings
" timés and gradually gats the idag of 9. SB, althbugh tha 1&9; ﬁIE
- mbe:r atuts with :mtmg, ﬂent.ualiy ve get t.he idea ‘80 usll

o

“;that ve can think af it Hithnut eaunting-g,‘._"l};_'wmf{”lf,g,.wi;“

. i ‘Ask . Can yau “think-of amath:lng alsg t.h.at. 15 ;:Lkg thia basidas v

mmber‘? Suggegt. the ealar red, :L't‘ a goad Gna i; net put farﬂard-r- g

o H;ve elaag diacuas this.-v Bring m.it that. tha Erapert.y af ;-ednen o

s ‘f"ig again an idaa (lika threanasa) - na:t. namething t.hat ‘one ‘can :

ffeel or see. Dna can aea s. rea car but. r,nat *thg‘ .calar red’. ' ,_s =

: ‘ jj"'m*!eaithrea npgles but"net the ﬂumbgf _s. =._" .

e _ (ﬁthar similar gmegptrthst’”esrﬁ u!aﬁ ’;rﬁalmass, -

o stran@ass ’ hanasty, etg., But th-ga ara a liﬁtlé laas prei

eiaa) Emples ‘of “twice as many (eyes md paaple) shnul:i be ‘ ,
jivén bj‘ the atudant. One might ga an ta faur timea as’ many, :«

Eﬂrchu :) e — e

-}2 Prnvida as.ah nt.udent with aame_ahjact far Eguntera\ such as squares
Y : 29 o - S

1:-:"
I

R AR ':‘-~.'.'i

L




F

cammutativity Hhen

apprapriate"ﬁ , ,
‘ g

Aruitoxt provided by Eic:



,mé;*”é;: Dglyﬂu

+:
) M%. g
w Lo

ﬂumbe:s? Dees g + ’b

ﬂaturalﬂ mmbsrs?

(this way nf ‘Hriting is te mean i:hat. uhenaver ve put a
iﬁ B _'i . -
numeral far a ‘and & numeral fcr b i«e always :gg ”a

xeofyai =

tgncex- )

L
2k ign
S . -

Emphaaiza that thia is the cémut.ative prapert; af additi ,- n o

c

natural m:mbars, " _';- ,
; B Alga paint gut that t.h:.s is a pr@pert-y nf nEtural numbers,

aﬂd dcaa rmt depend Qn Hhat kind ai‘ numerals we use. |

L F < &

, Ha:ve st.udgnts da a few exgrcisss 111 additiap uhara thay,'

' hattam to t:gp add check by adding from tgp ta battam.

o 121796 83927 (1t can be paiﬁtei out that thig vas ot
!Rﬁ;s~h;;5'*,=,_ 83927 VEEZEEQ . _ ; S
O e ~A7869.....1217%.... early H@:f;ni‘ wri_ting addit;qns,, e

R x I x X
. X X X
i :: xxx

s

raws and calumj:s and m’lﬂ.tlplieﬂ )gnint_

- od
5 qu;ckar-tua;r to do it..
;

;_;\.p

Bring gut ‘that t.h:l.s is the. 5ams .iiagram a8 befare,
‘E : : B
a 31 o %3f:' ;1'flEg-fh11

ERI

Aruitoxt provided by Eic:
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Aruitoxt provided by Eic:



emﬁtiﬂ a;fmticnn. Er;Lng aut. _;'

’ :-awa ‘ag a.bave, ‘80 this halds fur a.ny 'natqrnl;' mm‘bar ..
Stata l.nd emphgaisa tha ¢ ommy | il

e DQ sama exarrsises ;.n" multiplizatrien ta Sh@u th&t the c:mtﬁtiva §

4 3
fae .a

prinéiple may be uged far rshaekinga o : '_ : '
693'7 ¢ 5334
6337

yy S

=

W*ffar tha clssa. Theae in Galm

Aruitoxt provided by Eic:



apsociative ‘operation

Aruitoxt provided by Eic:



ema @

Prcﬁida stuﬂents Hith eeunters and have thgm put daun 3 and 2 éhd 4.(

‘fffififg ; X OXXXX Than have. tham push the first5twg pilea'Aﬁ_ff:

tngather and eeunt the total ‘writing “(3 + 2) + 4= 9 - Then have’ur‘

tham push the seccnﬁ two piles tagethr and urita "3 + (2:+ L) = 9.

Rapaat far athar numbers if nacessary. v

{{(A short review af use of parenthasesfmay be nsggésary)

QVL: ifi:f Pﬁlﬁt Gut that tEis 1s a-slmple but very importanit ‘property of
R ‘natural numbers. If we didn't have it we would need many, ma;yb , 3" .
- ; paréﬂthgsgs. We would naed parenthasag in a numeral like 352,

. Eiﬁeg{this ia 300 + 50 + 2.

;:?_Stéte_égé_gmphssise the i,m

natural numbers: (a +b) + c = a + (b *;g).becames-é true sentence
whenever any numerals for natural numbers are ﬁuﬁlin place of ‘g‘,é
'b! and 'ec’'. - o
Aski— Ia multipliéaticg of natural numbers glsé aﬁ assocliative
operatinn? Have students try a fev gxzmples, such.-as : -.f
(3 +5)+2apd 3 - (5 . 2@: ' (*sama students may be able to
_.w'8ee this using countersy but thiﬂ-may be confusing to some.)

V;.&;@;: ' Make sure they do not eanfuse the cammutativa praperty in thase ih:\;]'*'

P N

!ﬁatufa% numbers: (a * b) *¢=a + (b . ¢) becomes a true gentence’
4+ . whenever any numerals for natural numbers are put in place of 'a'y.

Ask can yau think af . Some apératians that are not assaci&tive?

-"3 Bring.aut thgt division gnd_subtractinn are not _ S

.‘;ffl“;A'E;”if (Be2)s2F84 (242)
L (er 3)-2#6-(3 -2).

e e P w L P - e S O N




. T—Iii-iﬂ . o

1

}4__ Naturg.i numbara have t.he dis— b Readiness ta usethg

tribit.ive property for nmlti- © distribute érgpérty :
plicatiem aver addittun ' - L

‘;_: ‘ T - - R - _,_.A.,._, _;Afv_..;.:; e _:;—.,T___.,i_,,_._,:__,_,;__, .

The gtudent should be

T - able to distinguish

e

L P ! bat.ugah the ciperatian

i *

wn

af tha aasacigt.iva and

distﬂbutiva pﬂperties.
- - —_—

Lt

Ihia property is very Mo \\\ S ' -

multiplying . ‘o




Sd

CUoperzzel . b

w .

Egrgins - 3
' Exareisa 8. is givan to emphgsiss the dii‘fei'anea bgtwegn the

aasaeiat.ive and t.ha distributive- prépertisa. S

"l Pravicle students with counters. Have them 15y out 2 s 3 and 2 o 50
a'\ side by sida R o : __
XXX X x xX.x x ]> - |
- xxx :: XXxxx - v _ -

and ask - If ve put these tagether, then ve have 2 times Hhat?

/(have them puah the objects t.agat.her and get 2 rows of 8) and have

then write "(2 ©3) 4 (2..5) 72 8. ., o .
, Rat!eat for other numbers. R |
;’Have then lay céiI! e -
| xxxXX . xXx. ixz ; L

. xxxxx and separate into xx - xxx
- T x XX XX x x xXxx

/

'Havethemu‘rite n3 ', SE (3 - 2) + (3 « 30
Rgpes,t far otheg nm’gbéra of ijeet.s._t

‘Ask - What property of natura.l ,punbers can yau see fram what we ha,ve )

bean doing? Bring out the iatgi butive property ot
| over additdons . e
a (‘B +e)=1(a +b)+ (a- c;) becomes a true sentence Hhanwu- -

rmmera.ls for na’t.u:l‘al numbers are put :ln place of 'af, 'b‘,— and 'e‘
_ Do some exercises in replaeing the letters by mmaralg, :l:ncluding

Roman numerals, to emphasize ag;a;Ln that this sentence is talking

' a,baut m:mhers - rmt. mmsrslg. '

Aak Haw da ve multiply 356 by 7?»; Wrﬁs cut the emputatian
: tha bﬁard.- Peint. out that uhen we do this ve are really uai:\g t.ha
_ distritmtiﬂ pfaperty. " L o -

(‘? 300) + (7 » 50) +,(7 * 6) 418 what we gctually do and this

“\ig equal to (300 + se +6)> !7”\ s ek

37 L



- 7o Gomputational simplification is

. often jpﬁasibi%by using the dis-

oo tributive property

E-

8

\ L

Th"gétemicn of the distributive
pr‘operty to the prodigct | f two
binofilals is importafit:

(a+b)(c+d) =ad+betac+bd.

5. The set of natural numbers is
closed with:i'e;spegt to the
addition and multiplication

aperaticﬂa; A

v | | 3

T=111-12




ia ‘be:lﬂg ﬂaed.

eamput.atians e;sier if we Ha.teh for plages t.a use it.
/ Hbich is egsier to do:

) (3aa . 125) + (50 « 125) + (7 » 125)

[(309 . 100) + (300 + 20) + (3«30 +5)] + E(sa . 100) + (50 . 20) + (59 .. 5)]
+ [(7 . 1@@) + (7 +20) + (7 » 5)]

Tha studant might get to the point of seeing through numercus
; ﬁﬁmericgl examples that the product of two binomials.is the sum of
F

all the products of members of the first by ﬁemﬁra of the second.
See Exercise 6.

. ? | _E:taéaisa -4

s

%

=4

- e

Ask - Hhen we add two natu.ral num‘bers »” what do we get? Bring out .

t-hat we aluays get a natu:ra,l mber, and that there is only Qna
m fnr any two natural numbérs-

(I

Pa:!.nt out 'l;hst this is what we mean when we say that. the set of

natura.l numbers 15 clasei with reapeet tc the aperatinn of a.dditien.
Da the gimilar thing for multipliestim.

F

- ‘*Aﬁk i—\rmst. -gbout -division? - Bring aut. that-when one natural ‘mumber -

is: diviﬂed by a.m:ther we sametimes get. a. ns.ti.n-al num’ber ancl Eémei-
times get some ather kind of number.

Hence the Eet af na.tufal num=
bers is. nct elc:seﬂ w:l.t.h TEEPECEED the cpergticm of divisian.
T o Da t-ha gimi]_ar thing for subt.raetian.
v s S - . "\ ',
Q |
ERIC

39 ggg A

‘b

Paint aut tha.t the distributive pri.:;eiple can be usad to make some

F@r ample,

(343695 ¥ (343 2.1.44 o w695 2N

*Pgmt. nut that in finding 357 « 125 ve use the diatrimtiva prapsrty
repgatedlys

mmaral in a::pmdec(l f@m, to emphasize tha.t the clist,ri’hutiva praparty

-
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g*;~:6;~ﬁéuh$§iétih§?igfthe-inve:sg apafga
. -tion tomddition
v':”3 §iiisi$g-iﬁrtﬁé‘inierse operation
) tomaltiplicetion
Y T Subtraction’ and division are not
, alﬁajs;pasgihlgwfgr patural

i

.7 mumbers oo

Addition and multiplication are s
N the basic operations N

H
\k

7. The natural numbers have order

6.

-Ability to us:\tng -

concept of inverse

operations in checking:

computations

[

Readiness to employ

the concept of between-

neas

Ty



P

.vgxarcisea - 5 2 ' , | 5 oL

S 6 Ask Suppgsa you thiﬁk of 5 ané then add. 3. When you add 3 you .L
get. -1 -What is the iﬁverae Qf adding 3? (ansuar - subtgaeting 3) |

R / " How do we use this in checkiﬂg additioh and eubtraction?: -

P R Ering nut t.hat in additien of 2 nmbars, subtrgetiﬁn may K

be uaed-;s a chaek- In subtractian, additian is the :sheck

,

’?I”:’f"’”:'_”‘“*“f: e lbeeauas su"bt:actian ia the inverse of additia:i." T

| ~ Do:a few a:ai'ciseg in ahacking; ‘
. Aak What. :I.E t.ha inverse aperat.ian to mﬂltiplicaticn? E.';}lng aut
, thg gnalpgau ,‘deaa to those above. , R | -
Do some e;:erciaea in mltiplicat.ian and diviaisn and cheeking.
j Ask - Can we always subtract any natura; numher frcm anather? | B

‘Bripg out that one cannot (if smaene bringa itp sera or nagativgs

?nr differences, point out that t.his ia passible, hut tha:t. th@
result is nnt & patural m:mba;‘ ) :
Ask = Ga.n we always divide one natural mm’her hy anothery. -

out that one cannot, without ggtﬁing numbers which araggast, Pa;tural
‘numbers. . \ oo ﬁ} ‘

ni- rv‘

Ppint out and discuss that gddit.ian and multiplieﬁiap_ &aie o

ties, Hhila their inverses do not.
Exergiges -6 _ ,
7. Draw a row af dots in a horizontal iine a.nd
e *tlisﬁfuging_ 'jrm;fals. Write mmerals ’bea'idg t
1% iséias

at the far right of the board (when there is 1
'tinue) make elear that the anly reason tg at.ﬂp i§~

the E@arﬂ (ami pthapE lack af time) - t.hg.t. thig




-

Het

R L % . . = &

N ‘ *
'
.
% i
4 b
‘ i

8. Prépértigs of the number 1 as 8. No matter how m

13;Hff the identity element for multi- | times you
| plcation | by 1, the answer is

i N | thﬁ same -

9. To work confidently

with thé'numba}'zera.

Especially to dis- 7 - ;;

tinguish between 0/3 e

Aruitoxt provided by Eic:




>Wa .can; think _a,__,this kind af pietm-é" far n.atural numbers. ‘They =

f: a,re ;I‘dér_e . gr lined up. 'He ‘can. tell umlch came i‘irst and W] j‘,ch ‘
- ’. are betwean t\m numbersc

-Paint nﬁt that we could make the row of dots vsﬁieél & o

or .nnl-;éiant If we wishs T ]
e Da some _exercises using <t and betueermesa.. e B S
, E:Bi'eiges - ? N , o ' » g'“ ‘%
i | Hs,vs a stuﬂent measure saméthing, such as the 1ength cnI a tabla.‘T- -:
"M&ka sure that. the measurement has a fractianai part..-
Aak if in maasuring we could get. a.lcmg very well with anl;‘
k | ’Vtha natural mtmbera. Hava class diseuss. Briﬁg nu:b t.hat one soon
» needs fractions, - . N B |
Make aslist of activities (suggestaé’ by the students) in uhieh
th Eu;ial numbers are not sufficient.
8- Ask = iﬂhat. ias the product of 1 a.nd any num'ber? mzs,j; is the inverse B
: .gi‘ multip’lying by 1% Do some exercises to bring this out. |
Ask - What results from adding 1 to a number? How can thia be used
S S :

to d;%elap the ﬂumber system?

9. Asl: - What. happensa When we multiply a number by gero? Why is this

7 Mtru,e? _ . . , -
S B Ask - What -i:gppagnsgwhen ve add or subtract 07 Why? Show what

:happans in numercus cages. .

:'-:_’_!Ask - can-we diviﬂe by gero? C.an we divide a; numbar in{a ‘gero?

i'

There ahguld be niueh discussion to fix the diffa;-anca- : -

]

E:aréiiség i 8 ) &.

In the first e::erc;se the student will notice that. tl;’e answar is.

res if t.he numbar invaized is 1, 2, 3. but that the answer is no

AREE

alled 15 4“31’“6 the prodict of 2 and 2 is 4y wheré' neither of - g

(1w
1‘43

1\




$il\l..¢ . In flct,‘ thay may fi:né withcut agaiatmee that tha anaver
_jis “yea" w
' !‘ vIn exareise 5, vari@us difi‘iculties ngld appes,r;v In t.ha =

aff;t;-at. plaea o/o Uguld be equal to-a/b since O « a =b » D.

u.;.hgm:a 0/0 uauld h.s?e an equal right. to. be any natural number. -

IEIIIé 18

3 tha number is a primé ﬁumber and inu“ ::thaﬁriae- _

e -”_'_Anat.her diffieult? ia that any :Lﬂt,eger multipliad by 0 1s°0 and

“Hore thgra are too many answers and for 3/0° tEBI‘E 14 Ho anewers

Both are untambleis

- - . \

N . e
Gy ] . é;?



CPeIrr-ig

- ANSWERS

e v, v, VI; VII, VIII, s

3. nonei' 1, 111, 155 l;kias 14,3?
:'1i4;A'a) 3 b) 6 c) |

RN ra) pee
o Reeerdi

b

7. a) 12 b) 16 c) 30.

No, have them sit down. If chairs are needed,. peaple ~%
will be left standing. Only if you knew how many chairs
we had in the room and counted the people standing. - R

10, Check grade book for students with no grade o
11, a) 2 b) 3 o i . N Cimt

i

L3 ] A L?_ )

T




'-ﬁii“ 644.'glle,596

o
LS
3

b)

a) yes
3 b) yes,
¢ 3) yes
L d). yes(‘
W e) yest.

| 2, 052 25,529 289 884

R

=S |

Rt

-(10110@)E;-- ‘

yes

yes
yes
yes
no

7,448;

“ 11431é}§ (1,

=
b)
c)
d)
e)
- f)

g)

h6

“f‘@f
F

F

Lo | "11

| v

Lﬁﬁéé

B 4 .
952,767,671 . ri”’

000, 010)2,(143 Set)ig y/
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PaTIIT-21 a;L;

St
T

e commutative -

. a, b, ¢, are commutative

9, - - : 'f,f o
' 3Vh = 3+4+(3-4) 7412 = 19 Qperatian is
1 CUhg34(43) =" T#1R = 19° cammutativg

a) 30 ’,

b)) 80 -

- oatie) 9k3.= 91
o d) B0 £ B0k

a) 27_ .j.fg’(c ) o
) 7, eao.a 1?,280 ‘x_ o ;‘ ;;r_j.r;gt

i

(5-4)=E 4 5—(4 %)

TR * =

"a)  6+(1+49) = 16 : ‘Ké) 72¢(90+10) = 172 "o
. b) - 5+(7+2) = 14 or (5¢2)+7°= 1 4 b) (50+20)+36 = 106 '
_mé) 63+(75+25) lés n . (31‘5'5@(3‘64;20:) e Dt vt
Coa) (20e8)472 = 102 o) 28k(75+25) /=
3 e d) (83£17)+467 &.-146a ..
S 54l ) e) (347)+(5415) = 30 n
P N ;3+(35+4) =53 £) (50+48)4(23+77) 2,200 1,
T T BT @) (1842)+(1bd B0

1]
?B‘,
O




o meTIIe22

5.\ a)(lelO)x? e g&o, . a) (2x5)x67 = 670
}b)(SxE)x45 =450 D) (25x4)x86 8600 |
Vw_;i_c)Tx(25R4) avfba “ . e). 38x(50x2)= 3800 = - o
’,{id)(ﬁexz)x33 * #3300 L o aa'(3x4)x11 =132

W

'E%Q) y5¥(235) ‘y 5

e ¢ 'f:(éxs) 4 (Exé)x(Exs) you have introduged .an -
S L additianal faat@r of 2

-.;ﬁ,w;yes " 2x(6+5)?= (2x6)+(2x5) . (th vét; tﬁia 18 the dis-
Ve tributive prcp ¢ty of multiplicatian cver additian )

‘e . o

. B . .
. a): 52 . R
. .bp) 8% T
. ; » 5 c) 30 o
o R '69 o ,;,"?g
Cey b
£) 675
' g) 46
h) . 84
1) =208 .
3) 288
2) 108 - 108
B) 7T = TT
¢) 132 = 132
1d) 165 = 165 -
e) 115 = 118§
f) 792 = 792"
N g) 3840 = 3840
., ' h) 30,000 = 30,000
s " ©T 1) 112= 1120
J) 90 = 90

]

mar . TE



“a) (6.53)  (6.27) _ T
iélsgg&ﬂg:“;,_;' e sagan L o

. 1.

-'.;—}{E:su)&-—r (2+3) T (2 2) =
» (1g+§)f: (3-4)% (3.3 1;) (uk21) = (772) + (7-3)

f) (21,_-%1%")
T g)- (254;15*)"%

h) (3+6).
) 78 45

: i‘( 70.+40) + (70~ 5)+(8 Lm)+(8 5) »g,g-g-(SGqus;(Sa Bi6- :am(é

R S b) (8 l4)+(8 17) _ "» RO
S Te) (Te218)4(7s 787‘) ki
ti) , 27'(13_{!11) ' st

2(3+2) “—a)i—(gilé)—s—(lt ) B)- .

o) (36418) = (18:2)+(18+3) :
= (6)+(643) f" d); (40+16) = (8-5)+(8.2) -
(27)+( 4 8) :e) (12+448) = (12-1)+(12 1)
(7:3)+(7-2) . - £) (56+42) = (L4+u)+(14:3)
{5:5)+(5 3) \\“S ' _’(72+§7')“' (9:8)+(9- 3)[.
= @02 (7463) = (7 2)#(7-9)
- (T048) (hos5) - a-)’- -fﬁ5£5r34 - (80+6)-(3044),

[

'="70(1¥G§F5)+8(4Q+5) ,"-" = 80(3()+4)+£6(3§+4)

(5. E)+(5-3)%:

W. i

J\I
"HI‘

)ﬂ.

-.2800. o+ 350 A+ 320 4+ 40 - 240@%32&!-18&!-24

M‘ \' W

SRl E;;%f,b;#;,f;- “agay”

(1043).+(TOF6). 1:\;)153-19 = (50+3) (lms)
10(70+6) -+ 3(70+6) ' Y - 59(1a+9)+3(:|.9-|a9)

'._.—(19 STOHLOBH3 7O + )

= 70&#6&% 210+18 —

T

o c')r'?fsé?-éé# , g e
R - 5@@(8@ﬂ)+&:0(8m4)+7(8&k4) T
—( 500.+8JH500 - 460 8OO » 7 -BOMT -4 N T

988 ' 1 ="J.
(5ao+f:a+'7) (80+4) B

= L0, ooqﬁgccm-uaomgumsémza

:,,Mzg,,,f;as e e L e sl

3 49

st é_‘

. .




1, 2, and’Bv;a’ré_p--a-ll,v;gé'a;g;%?'d"‘.:u!liexf

LA,

s

. o=t

due to theerelationship of addition and multiplication

13

JAruntoxt provided by exic I



1,462
 g) 30,802 -

) 1,722 . N o
' 18 226 B —
6) a) | ) ‘A ‘ .5'
?¥g ’ *b) A’;P e O ) 10k 15 ‘:_ )
e i“\ b 9@2 T ST N SN S U, o % TR 5 SO RN [ TR a-
td) 3 .} A - : B 'j » B B

e) 46

Exercises TE 1{ {* i j ,, # D
s “vl)f{ ys e e e e pe T
- 110 0 1100 101,110 111 - ===~

N )§1 2,3, u; 5 6, 10, 11, 12, 13, 14, 15, 16, 20, 21, St

N DU

Eeoae s et

' 5Lt L ..h{*ﬁﬁ'Q



1482' te; the left of '516' e,) 3. d)_ ',53,;34},;.,,..,.,;1"

'adding th§ 'same quantity £o both sides'af an ‘M ,

‘inequality does not change the sense of the _«Aj‘i o

inequalitm. ~1f a{b, then a+c{b+a M._:\.;_k;.,hg

, s R e
11) na, yes, b 1s. bétween d and c.,_ ‘

Exercises 8 “vf' '_-“:, ’]3

L

i!

¥ .
. B »

E‘ g D . . N ) ; x‘_ ) “ ’ _‘, . : i B -.: ,

bt L RS e Sk e Egn B S

gt e B e e e b s for e R 2 8

s s 1q_,_“‘ PR _,“,r . -52 ek m e e e ,

Aruitoxt provided by Eic:




Letters may be used as symhols ta represent"unknown

;:in:the statement?(2a+ 3) K 5 = (E X 6) + (3 x 5) ue{g

and the “x“ and write (2 x 3) +f"',
[l

interehange thes
(2+6)x(3+6)

‘T

PF

_11,2 The sum of a plus b plus c 15 equal to the sum. af b glus

7. (4 % 2) x 3 = 4 X (E X 3)

8.

The set af natural numﬁers 13 closea with resgect ta all
arithmetie qperatians. _ j__z ! o i  R
(5 -/ 3). - 2= 5 (2._ B

10 ‘ The statement 73 - 25 may be written as (70 + 5) x

(EQ + 3).

L ,;’,2,;' (2@‘;‘ EA)T{A ago' (s '4)‘ '
o "ﬁi 3 If the sum af a andig‘ia equal tn n then a é£;£W£é éé;;iﬁfimm
BRI “l&&hﬁiha_sétﬁaf numbers which are multigles Gf 3 is c;ased nlthﬁd_
i J reapect to. multiplication_,ﬁ ] Lo

15,5 When we say the set of natura 'numbers s Elased'wiﬁh';iv]YJ,

rregpect to adaitian, we mean the ‘sum af two natural num-l -

"

p
bers is always a natural number,

23 s




ncne'af these.

E'fflf a and b. .are - natural numbers then

amyLe af

*A. * comutative prcpertyp ST A O
";:Jagsaclativg,prgperty, o 1_.”[1 )

ﬁg-,éistributivé property. | ' AR Lo

i, none of thesei’ - VI

B
7 c
f;Di';clééﬁre;,;'
R E : i
Ch

- #E, --none of these. / « - - ‘ R




7eemmutativlty.
~G§:gclasure_ B ff,
A ! v
EVD.;jaaEaciativity.

Q

ERIC

Aruitoxt provided by Eic:




El

9., The sum of the natural numbers 1eas;thanfﬁfaﬁé‘ﬁhéfé?§ﬁ f'ﬂ

-natural numbers less than 9 st - ' Tl

U C IR

- - -

none of these. -

“a"or b must be zero.

a-nor b must be zero.

‘igng\5 ,m_,mggumw_whjwhwﬁ;waw;hﬁf;
- f S

Aruitoxt provided by Eic:



éijaﬂ'-k-—wi—i7 TS

-Tgckw“.ia between Tom and Dick;

Tmn is hetwe.en Dicl{ 13:1

Hsrr:v is between Dick: and Tc:m..

E_\, ‘none nf the;se statemenbs 18 tr‘ue. o

: 134, If a,*-b, a:zd ¢ are natu,;:%l .nué’bers and b is'

e
_' which. of ‘the fullawing felatian§ ;s fme?

' *A; b + 2 is between -+ 2 ané &+ 2. _

1s Dbe wégrg:_é Ia + 2 and b ;li 2; -

K nane Qf theae.

A simpler name far 336 - 124 is . _ o :
o '_c-i,;,;g;r,: R o e
3 ’(“D. 118 B : ' '

*E. - none of these. e : T e

A I e




(o ﬁﬂgﬂ&f_._,gthe se

simpler nameﬁéﬂr 25):

a(a + b)

ﬁane of these S Af:,=!11'f}}:‘fréi "';“

25 |

700

, g.. _ -, . o
: ”‘TED_?T'E}Q‘“I]TVEPE% cheratic:n for- addi‘biﬁﬂ* A8 _,,A; - :: v e e i s e

*B.

A

_‘G,,,

" D.

T T S S
- R

ERIC

Aruitoxt provided by Eic:

'subtractisn__ ' L Y

addition.

Wl e s Ce S

multiplication.

PRSP S TS S S Y




PART III CDMPLE‘I‘IDN

& P "

fIf %he camgarisen is np@-known’f;

shaws hcw thgs’ numbers c@mpare.:

1n ‘l;he United Statés f.

G “ - 4 ’l

'senatcrs.

R T O

e e e

e ;

Saive thEzggeblems fram 9 thraugh lE and wri e

=

mT ' - T T T T e —" B ey e
ﬁf"if answers in ﬁhe blanks. o o b

;;Iéx; . S{,gs X (7 + 2) = =jr3Q—J SRS C PE 2
‘1z, -;"(7 x 8) + (9% 6) =/ (110 . - T
- o . J, .',? ,_‘.' . 59 M,,,‘E)‘i_p e e at,.im_;,,-;:v.s.,,;.u-z,m,z.,.‘.,mAﬁT,_JQ;Q,?;-?;%







- 5.

'

6 iﬁDa ynu think that a’ unit on this tapichf

fﬁlaét;an&'atate whether yaur schaol“uéeaFJQme plan wahaﬁﬂ"’

,?s,atement about . the abil!.t : ; vel. of. ‘thé fpug i;.s}.-,,

regpiar textbeaks far Tth and Sth graﬂes?f

Please make AN¥ additicnal ,ammEnts abaut yeur teac : :expeg

eneenxith _this unit_ which -you. think would be. helpfnl':é tnenhmmﬂ
Panel responsible for preparing and experimenﬁing wit :
baak materlals far grades 7 and 8. . :




“Easiest ta ', M@at dirfieult
TE&Gh } “to-Meach- -
T TR T

QWQ_teachera reparted that they had ; taught all %hé tqp'
-1 gener&l agreement among -the t ,ch}ré who' reported that
: : ,%aa—ethe most. interesting &nd ukeful unlit studied ﬁhua
! one of the best tnlits that I have evér taught", . Most -
%;ﬁs re ‘the feeling that the closer examination cf the « -’4¢7
1iar eaunting numbers and. the equally famillan- operations wh;ch
' impgrtant ‘but interesting- to:sthe- stndent.,év
1t 1githe rather gentlé introduction +to the use of :
r-nulbers which it affords. A’ large number -of -

‘classes ‘omitted. no- topics and dld not see. the need for supplemen—_ru
taryégiterials except 1n sections mentioned’ belcw.. Most . felt that

this

it 4s: desirable for .the seventh grade, a_small. nwiber would . 1n&Q
hat Lghth graae. e o e ,,N,,W,gt

J@rity af teachers : ppr’sg that ﬁhe S :
q- roduces’ the. concept of glosure was.the most LT
méaultmtamtéachamxﬂhﬁ; was_ general; feeling that classroom discussion. .~ '
“and drlll- shculd fa ‘expanged ‘beyond- that indicg{edgin fhe unibt, = oo
X i : little t;mawmlght wel be’devateé ta L

Lve idea of', sets ' v g

ey of tedchers. 1ndic&ted that ‘studenta had (.;1%:fF;@
istribytive propérty. - Tis section was fre- A
4. one ' 1n which extra drill exércise might well g Py v




Tl =

v @ it ' Y. +

. 3, While cemparatively ew teadhers reported that the secticn .
on: the nufiber zerd was egpeclally difficult, & large number of ‘them .-
indicated that such things as divislon by zero and the- conventional-

exciusian of zerofrom the set of counting nudbers (even though 5.
'zéro 'may be used®to count" in a special sense) required additionail
em@hasis and explanayien. i . o
| © Additional @terials Useqd -.
A L
- Practice on prifciple Formulas from geametfy
Information on closure Abacus binomials ”
Cardboard squares and ci..i.t Lateral binomlals -~
for grouping Trapezold fdrmula
. Number scale & " Brief proofs-in algebra
-y - - Simple interest problews Operatioris Setg and Pattérns-
Drill on inverse operati.us - I o
A . X o= 4 * .
8 ) ¥
! ' V8
w
g
~
.
#
& :
E .
L
=]




CE

LR D e o : e B

i o
= = a =
T - & ] 13 *
* ) ’ & A P
£ F 3 & :;i

«
o
w
=
o
-

oo emnpmparty T © "'{*

L e -y 7 . : ' g
OB LA S B

,"5 cmpgsita mbar s a “ & & , ?

o Ey L, I : . ;zr;._ .
e cauntf?ﬁbgemﬂ - ' * o # o B

e '-" % even minber « . ) ‘ W s e A
n fgatnr (ver‘b) ‘ ‘ - > #
e e :;p-gataﬂt emanhfaeté? ég-,es;f;) . L % ' t .
| Goldbach conjecture R “

. least/ common multiple \flé.c.m.f) ;. . »

- a.lﬁ ¥ ¥ . ®
. , aaivg of Eratgathanaa w f ; L i ¢

¥ = b
‘ s miqug fa.einrisgtlun property of nat.uril numbera _
\_;L . . -gi a »:i ) s -ﬂ% . -l" R

L : ¢ 7 * : . ‘
" &% Y w0 &

...
% . w e

3 . ] ‘:;;1
£ Hat.hmti:s, ppe 55 =63 &7 . @ * #

Courant and Eabbiﬂs, &i_ Mathema t;gs‘?, ppi 25 - 332 &

o & 5

Freund, g-e!giarp ;gtt u 19 ,tiga, pp- Sk 57 S

to Mathe

From The World of Mathematics . ! AP

Bsll; pp. 503 = 505 , , 2 T




x l;,_ oa T—IV’—E a
. Tnahsr'l Gu;ldi e F:ctaring and Priu-\s

- .

. , _lg % és_&
1. In ; pradnet ﬁ.f 2 (ar marg) 1. To 1dcntity ﬂetora of a_

we &

mbeﬂ geh af than nunber- , praduat..
_ ¥
. imsa f:gtar of the pr@dueta :
“', i \

L Fy

: 2. Process of" ﬁnd_ing :;etnrs is 2, Teo 1&@1.1137 factors of a
cglled 'fletoring LI . natm-al m“Ber

Lxl

“ ) s

¢

s % 3, Every natural number has the H T
. factor 1. Every number is a

. J
product of itself and'l.

il
JF . =
’ b ) ! . o

- - b . -
. 3 , . . L.

. , )

N : ) ! y . " #
LA . = - . : . - i
B L [ T TP 3 . . - . [ I PRI

. - N 3

v  , e A patural ‘bumber 1s called * 4 To ﬂtﬂ@in quickly gad uﬂ .
i ﬁ %-‘ﬁin“; Lf it has thi factor ﬂann mnhira by inapaetmg |
# ® 2. Otheruise 1t 13 ealled their decinal mmerals.
¥ : iéﬁ_ﬁ%I : . e R

L] v » B o . 65 iﬂx




PoIVe3 -

Y g A- e ‘ éctiviti’gg
I ek = . What 1: 3. 4? Write answer "12 %'3-.;;,na i S
B Agk - Hhat at.her num’berg can be mnltiplied to get :LZ?
Hﬂte all pﬁgaibiﬁtiea using two factors on bagrd
E:plnin ‘In a product each of the numbers is called a "fngtnr“
: 2; Espcg.t above prucgss fa_r some other natuml numbers, as 24, 30,
L e, @,48,&- . d
T Expladn - This - process (bf finding factors) is called "factoring:"
Point out that factors of some natural numbers may be found
in several diffa?snt vays. QE_
Do some class exercises _. in factoring. |
-3, -Ask - Does 3 bave the factor one? Does 77 .97 112 otc.
Bring out (by introduction on part of students) that Eﬁéf'f
patural number has the factor one.
,Aa: - If'n i#anj mturélgﬁmber, what is n « 1%
Bring out that the product of any patural number énd one
’. ia t.hst patural number.
» o ‘ Use agaln the terminology: "m 1 = n" becmasxtm-»
| whenever a numeral for any mtmi number is put in
.  for n. - E
Bring oul 8lso that this holds for any numbers --
not Just oatural guml:vara.

77777 g

’\\,_g factor, as well aa ons. "

¥

4L« Aok = Thigk :)f some pumbars that have the factor 2. Hritg on-

.board: Do we know a name for the sat of mmbera that. have )

3
% the fnctar 27 Bring out that this set of natml numbers 55%

&

is called tha. set of ;\hn numbers. An even number is one ’*ﬁ’é

which Has the factor 2. ‘< .




” "; ;'A»§f§§uEt'is even if one (or Skili in using induction and

: informal deduction.

L1

]m;f?j of its factors is even.

, D




R P-IV-5
W |

ST, Hzita'ﬁ@éﬁié fa::: scme large natural mmbers, some odd, some
‘ N !
7Z Can you 3&]51 me which of these are aven‘-’
N . ..
Br g out that t.hnse) with even unit—digit are even . SO
Eﬂﬂ tha othera are odd. o R : ' )
: : ! o . ’
A:k ‘Suppose we mu,ltiply a natural m;mber by an avan mmhar. o B

 What do ve get? '1‘;!_; few and write on board (hgve

st.mignta reach conclusions induct.ivsly) t.hat suc-h p:rc-'

ducts are always even. | _— L

Kok - Can we be sure that this is alvays true? We tried 11:. far ;o

only a few cases. Even if ve tried a million ea;as that

STET T yould 'still be only a few <= there would be “s0 nm*lift,
Can ve reason this out for all natural numbers? T
Have students give their own arguments (They g!
bs encouraged to say Hh&t ithsy think, no ma.ttar hav .
vild it may seem.) If no good argument is pro- . .
duced, bring out the associative law and mggest. A i
they try using 1t: Aoy even number has the ‘f;etar;. ;
2, and 80 1s 2 + a, vhere a represents iny natu;al

number. Then (2 - a) - b=2 - (a « b)y: forany . P

natural mﬁér b. We see that this has the faet.ar E ; ; D _ ?
(Other arguments by atudgnts ma.;r be Equally va‘lid. ) ‘?gé




= . x LT : =

"\ é , Tﬁﬁ—é

5

The sm of two even nunbers is even.

! ' : A».é 3 i . . . . .
3 . Loa, - J :

The’sun of an 0dd and an éveh -

Thg sum aftﬁrc: odd mﬂnbera :

is av_én.-'-f I

ERIC

Aruitoxt provided by Eic:



" Ask

Ask -

that thg distributive praparty can be used:

plmv-7

iifﬁint out that the above also shows that the set of even
;fﬁﬁihéfi ia'éiaagﬂ for multiplication.

¢~ I8 10 even? 10%7 10%7. 10" Have students give their own

argumentg, bhut aventually point out that they can use tha

 §§;9:§;vprineip1a Just pr@ved. (n 18 any natural aumbar_)

- Ia'si--lﬁsfsian? 5 . 10™ Hﬁv? Again have students give

;thair own a:gumants, but encauraga tham to»usefthe—twn general i- 
.-‘prineiplea juat prnvad. |
'_Sngpaag ve add two even numbers. What do we get? Have ,
: students try.a few and write on baard..séat thqm to state
" the gemeral principle they guess (induction).

= How can we tell if ‘this is true for all cases? Have students

give their own arguments. If no good one is produced auggaat
(2 *a)+(2+«b)=2+ (a +D)
Point out’ th&t the set of even mumbers is closed for
addition. ) |
Suppose we add an odd ﬁumbg; and an even number? Again
bave students do inductigy ng%ryihg cases, gueasing the

general principle. Then insist-{hat they produce informally

 deductive arguments to show that their guessed principle 1is

Ask =

indeed true. One posaible afgt;maﬂt: An add;‘nmibgr is an
even pumber + 1. So odd + even is even + 1 + even.
We Iknow that even + even gives even, s0o odd + even 1s

even + 1, which is odd.

Tﬁg similar thing for odd plus odd, again using first induc-

tion, then informal deduction.

e - ﬂéx
et e



- TeIV-8

™.

=

5. A na.%urnl ouwabe, 15 called "primen
| zf it has exactly 2 different factors.
(itself and one) ;jﬁ : |
A patural number is called ieémggsite'! /
- *Af 1t bas more than 2 different factons |
(1f 1t has factors sther than itself and 1).

‘There are’ 3 kinds of natural numbers ' ‘

AT éiﬂggi?;gdﬁageoﬂigg to factorability: = .. . .. ...

Primes, composites, and the mumber ome.

.One is not a prime. The only even prime _-f/ _

¥
c AN

is 2, R



aéﬂitium _'

Dﬁ aama a:srgisaa with odds and evens, using nan—dacimgl m&gfa- _

',f’_-givg argumentg earligr.) g;‘;, . o,

3 . =
. L&

tiun. (It is paagipla that a. ’bright atudant mg uae thia as j

basig fer '

‘ Aak - chr ﬁfe sg:ld before that a natural mmbar HhQE? clecims.l
mmara.l ends in an even digit ia eten. Hnu can we tell
| o if ;l'._l-;;»i;it.me far all naturs.l nmbers? Hgve- ;’imdant.s ;
. glve: t—hair own arguments, as before. If nﬁ gaod. argmnﬁnt
is praduged, have them look at some large nmnber, _,éaeh as : ‘%
' 35787, Write it 3.10% + 5.10% + 7.102 + 3-10 + 7By B
. Praviﬂusly proved principles, powers of’ teﬂ are evgn;.;i T e
Even times anybhi;ng is even, so t‘he_ firat four products ; |
are even. Sums of evens are evan:} the sum of the f’i_rﬁt— o
four products is even, so the n@‘ber is even or odd,"
depending on whether the Lst'digit is even arxadd.‘
- Exercises = 1 N |
:?5:;,3?5; Aak - 'Ih:lmk l;f some natural mumbers that have exactly two difi
fg{-gnt _ijaat.ara.— Write on baa:é. ‘
Explain that these are called "prime". \ .
Ask, - How many of these are even? Have students substantiate
ntétama,ﬁta dgdueﬂvaly- ) —_
~ | Explain that numbers with more than two different
factore are c:alled “empasitaa“
As]: If ve put. the set of all prime mmbers with the set of all
c ' composite nmumbers, do we have the set of all gatural numbera?
Bring rmt that the pumber one is ncrt in either set..u | ¢

~F
3




f‘ffAEaﬂéral pringiple never

Illugtrativa e;gmplga of 8 6.

gsf;"abiish the truth of that

) prigeiple (ugless every single

lfinatanee has been axaminad)

'f-If a generalit? bas been gueased,

a singla instance in ;” which it

faila means that the gengralitf

is falge.

7.

Evary eampnaite number can be

.-f&etarad as a product of primes

in only one wgy, E:gspt for

ardar uf thg factars.

i

LT3

L TaIV-10

4

Additional skill in induction

 and informal deduction.

To factor a composite number

as a predﬁetiaf‘prinma. '




B 1 -11 L T o
. E?Etgiﬁég -ﬂ ' ) . -. . L .~ ,l"xz
R - Lgk - Whgt ‘15 the sum of the two primss 3 and 57 Agk for smg of |

xs“gral paira of prim.gs (a;l.wa.ya making sure not to include 2

v l -7 "a8 one of thgs primes) and have the stiulents write the sums.

S + " " Ask them what 'thay notice about the rumbers which are suns- of
tvg priﬁas, a.ﬂd hope for the. caneluaian that thé}' a:ve all _ @ﬁ
eﬂm (af at lsa.st empgsitsj Then have them t.ry ta gi‘\rg .

_ o a deductiva argubent:.

2y sbow an example: like 2 + 3;~~---P.:;iﬁ£» aut—-—that;thé»»'-i L

guessed prine,iple vas fglaa?é.nd that it takes anly one .
_ ampla £o shmr it false. 7 »

, oo ' - ‘Explain that no matter how many amgles e ha.ve (unlasa

! | .- Ve ;h:ﬂ all possible examples) we do not have a praaf B

#

E:areisaa 3

. S _ a ‘When asaigment on Goldbach's canjacture 15 handed ;Ln, ask

( : " - 1f a_nybady hss proved it. Explain that if anyone Eas, he (
o - will be famous by tomorrow, eince mathamgticiang have tried

;_ for years to prove this but cannot. » I
7. ﬁrita '36 =6 - & a;ni ask how alsa 36 can he ra.ctared.- Have
U a :tﬁﬂenta write tha various fm:tarisatiagsl-
Point out that there are composites fgr some .of the.’
'X*Z?', . - ' factora, and shovw how to complete xtha féejbdi-izatian@

36;2 -2-3-3 (One eould be :Lneiu%l,’, sbut is pcrt.‘

" ‘neces: ry Beaides we just want the prime factors.)

"-ﬁaﬁa bsata;danta ,cmnplgta the factarimticmg for the

e engplga on their papera-* T T
S o Rapeat for aevgml atbar numbers and encourage .

gtudants to tell uhat they natice.v ;

e T E@ Bring out that the final faaterisatinns are -

[ i

. ) 5‘
T alike - e:ccapt far order (inductitm) Then




,.-
l

i
%

1G§#en§£wc-(af‘m§ra) nﬁiﬁefs,
ﬁa§y ﬁuﬁﬁe; vwhich is a factor
of each of them is called a
:;iﬁﬁmﬂﬂ factor® of them.

1l is a common factor of

s

any set of numbers.

For any sel ol uatural uumbers

there 1s alvays a gdreatest
. ’1‘
common factor.

N

]
o
e

8. To identify factors

to several bumbers..




. T—Iv_la R L
“ f _"; s F_f :

; ask for & agdugtive atgumeat th,a.t this 18 - B
EE ‘. [ .F:i'_‘;,‘. “k? P

. t:rua fﬂ:l:' all ng,tura_l m‘bers. -

s

Erarciias -4 _‘ ﬁ . S o o L ‘i
Ezp?hin & This ds: g;llad the "unique factarizatia&;pmpery_g .

BN

_af___n; ura;L numbera“‘ -~ that e’very composite. natural nunber

ﬁ m\b& fm:tared Vi_nta primas in only one vay, gxeer.nt far orde!f; o

: ) P@int_aut ;:bat the camutgtivq law ma“kes ;t ﬁec?ﬁf";‘? S
- ~ tﬁﬁ!” !a:eapt far order." : E': . -g &
% E:pls.i.n tbgt. if aamatbing is 'cma;n}/tﬁ‘ ggvgrgl thi;:ga then (ana [;,z'

| m!a.ning) it means . that - t.hay are gimilgr in same uay; If t\h mmbera“

hg:va . cgrtain number as a fa.ctgr, ve say th& factor is cman ta(

a

‘. Do some exarcisas in seeing whether sets af n]:.mberg bﬁe a’

."'eamn fa.et-ﬁr, ..g. 12, 18, hgve 1, 2, 3 ﬁ&‘ 6' m caman. “
Br:l.ng ant ‘that 1 is a common fgct:ar ?f kgl.l* mambara of
g.ﬁy aet of natml mumbers. | - E e

G-ﬂ hgck to exercises above and mtudantg pick .out . tha

o llgrgast"eam.en factor. Explain this is called the "grag}tgat:

_ common f&ﬁﬁi‘“i a.:zci that for any set of numbera thé:fgg;ia* et /

_" ‘mya a gi E-‘fl : ' ' : ) ’1\@,‘\ . ) B S

Da scme mars aiarciges in finding eambn faé}f.ni‘s,

"gts fsf nmnbers and more cgmplicated
S examples, nntil difficulty srises, and then point

= é {‘ 3
m;t. that. wWe can use t.ha unique raetar:}}gtien\ e

L . sk P SRR TR S

prapertj- i‘;etar aach mmber .in the set, and piek’

. A - .
- : - . i ) L

, aut‘tha gs c. £. B %\g‘ﬂ% } C : Ny

iﬂ!ﬂ a:!‘ g+ Co f. Shﬁﬂ some- exa & ' o




;_ésiathar_"t%z@ t.he second is

0 called a "mltiple® of the

o prete

¢ ‘ ! N

; v
L . ) ) ¥ -

[

ERI!

Aruitoxt provided by Eic:

.- If one mmber is a factor of  9i "To i

e Evmmhaare mlt?i;ﬁlesl of 2,. L e K

-+ The preduct of two odd Lﬁum%éfs is odl_d} L '-.- ) e Ry

¥

T Mo ”féEE’ﬁi’ié‘“ﬁﬁ% :

-

dentify multiples"

. number.

i

P ’ - ™

El

iasfﬁﬁaxiplag';

2

=

"3, 9y and 0.

A .7

vd




%wide numeratgr gnd__d_e_zza,, '_’fjgtar, 'by t.he same T

) tlﬂ.ng. The essence af tg:l’ prcocedm‘a 15 ‘the

S

Ask -b An gven ‘mmber is Qluaya 4. multipl.e qf what? o e _' ;7 ,'i‘. @

Hsing binary mmaratiﬁn, hBH ‘can He tell ndds a:nd ﬂena?

“a & C e :

o praduct will be 1.

e = o= A - . = o N .
. . [ | . B - . 3 } :
. - % .. <+

I ” Paint aut that tha set af cxi&‘ nmbers is elcnsed ‘

i !

,:,".a k- . : s . . ’ .

DO ‘Ask =’ In hage iigven nmergtian, if the L!Tlits digit ig' : EI'Q': N L
Do . . 7: a-¥ he e i




c o=

10, ‘To"identify common multiples. - :

"m mmbér which is a m;ltip
‘;_;gf each of them is called a

'7_ﬁ;qgman;multiple" of ‘them.

The smallest multiple common.

mu:l.tiple" (l_g.m- ) o

1= et ..
- M B

. To find tha raat coman

A e

(or m@ra_) nﬁmber‘s,is' multiplg af seveml mIiber '

ealled t.heir "1east common ; L J'(

L 7 o
. - - -
]
- R -
s
. \ s
= ®
“ u )
= - .
T - [ -2 :
. + u %
4 ! § - EY
+ = .
=

ERIC" .

Aruitoxt provided by Eic:

. ..,g_%

“To Vapplj;: the princi Ela

A b

%0 v 40 addition‘and subs .

i{% 3 traction: of _fraétia_rls'_ A

i




it if. maans a multiple af bath

's;nd that. each of ha numhars is a faetar af

t.hg camgn miltiple.(._ " 5

- Do same a:grgiaea in ﬂnding caman mul— B

mjmbera ia always a eman multiplq, b;f.

mllaat numbar uhi::h ia a nmlt plg af all Qf' iham.
$ -

7
" Do .some a:erciaga in finding l.é.g. (laaat. Emﬂ%

R - tiplea. Bring ﬁut. t.h;t t.ha prﬁduet. nf t\me i

/ ST oo Y T e
pr T "i; “not the mﬂest_- f DR T

(, A nultiﬁl-g) s in which it. 15 braught nﬁt thp.t fﬁr

€ - ‘ i -

_1arge | mmhers ve_ cm usa thg uni’que !‘fnctérg.sat%an

: : e L
H J ,
. ] -

‘prapert.y,

. : PO T S T R
Eareigeg - 7 C S ;

—_ = P

nnt. neeaagry’) tg urita thair mes Hit.h same danominntnr:* -

TRV E g W R ;g g (m- 1% 2/9)

3;-*9’3: 3°3'9%%
2

L;In that ve mﬂtiply fﬂe.tiana by 1lin such- a liay ah tn 3

K ‘make. t.ha denamtgrg the least common m;ltipl. (do gcn lgy

#; -

?515’5‘ gut that Hhan we add fraetiens e fimi it eanvenient. (l:ut. g\

2 . i§;~\- H LG : ;7 . . PO ’ . B
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Aruitoxt provided by Eic:
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Aruitoxt provided by Eic:



[Aruirrex providea vy enc (RSN . g - = ; e 5

Even numbers mést easil reccgnlze
larger bage which is .an even n
ase 4; b, 8 €t E ,
hé even ﬂumbers-by whether ar not

d“i‘*ﬁéﬁé”‘
ber;_

11,-43; 17, 19, 23, 29, 31,‘37, B, 43,7 4T, 53, 59, 6l .
9,783, 89, 97 S T

Tw@ can be factored in only one way and thus £1t5 the g8
ime  ny mber. o T
ler to excludaﬁt e even numbers (exegpt L)i;;

i s S5 i P ﬁ.,%isjmﬁ.,@,.;Llligii;;ﬁ\;f-

T

icorined i




_197, _199 E
, 241, 251, %57,263, 269

4

<¢f,%fi§ﬁ;ﬂ;Q;i;g;f¥;
ind) 25, 21, 16

qup of 1 - 50 -
R grdﬁp 151 EOG and E5lq300 - SR
AN y*;kg,***g;'?;*ﬂ,;.l 3"; "17+19 ; 29+31 ULFHZ; et

rciseé‘4 N : )‘ L "5% 'E o is"f”j?f;w_x;

1a) 50 b) 3y 'c) 46 d) 440 ‘o) 432" 1) ‘25(: g) yes h) yes e

',E;;They are all the sum af twe prime numbE”s. -

© . Exercises 5. . e 2
1 ) ,« RN s
B vb)__B:{E Y B
L) e _:'“,- \ & S6) 2x3x3
| d) . 2xX3x5 o S, d) extxil
b e) T T e) 3x3%5 |
o f) Pfime e f) Prime et _, ,,B e J
N g)w;‘.xé}éﬁkﬁmﬁ e B) . 2X2X5X5 I S RO TR
s . h) 237 o h) BXBBXT e o
S ) BXBXT L 1) 3x7xil e L
k) Prime e S k) 7x13 ; -'_§33: Qmwi;i;;
IV 1) o ﬁ’f)gEExExExExéxExE T
lm) 2><E>{5>ﬁ5 I . I < A SR
L n) X {f‘b | - o n) - 2x2x2x5x5x5 7 f%;il. ";g"’
/ c@ Exgxgxg&gxg o o) ExExExExExBXE:xll S

Wi e o e
e ST e S0




o ax'iéjgféxs_% 1x6
j{b)}AS's 4x2 g’lxa
Cog) ok = Bx3 = bxlh = A2x2 =
@) 100 = BXB0 = 4x25 =
»  ;5 lxlDD:;“EKED
' = 3x50 =
’= 10X15

) 9x24 = 3x72 R E
5 6%x36.= 12x18 ﬁ“,yaj e e

_ : . As can be seen
S N R o unique*fact@rs
O s 86 91 l




: _AFQLII“ W‘ays BEE
- For- Exaﬁlpléu- S
30 =130t

3) 2x3x13'?~;,
ag-e , ¥ T ISR
S oBxe6 =778 T e
; 4) Ex2x3= =12 R R

9)" Exgaggxgxgxg _ bl




ané i___é;“- -

7‘52x5x7x11

LS é'-

x3x5x7xlli"

NS T S

| s5xie,

~~~3x779r
%330,
"-53385,{
14x165,7’
=21X1L0y 2
- 33x70,-

”1Lx210" :
10x23L, | "
2 SEO R
q35x&b

TTX30

éé;014 2x3x7x23

e g ‘ vJng9

“;xesjoi L 2x1%;0C 7*'

. 3%9, 338, Tx4, QOE

- 23%1,218,"29: ;

< oxit, 669, L Ux2 Gl,
~4éx5@9, 58&483,
21x1334§ 69X406°
87x322,%161x1T4

. anxlaé ’667x42

&

Yes,

if there are n uniqug prime faét'"*'

PR 9 PV
R : A;-rf R )

LA I

SRR o each Qné*used’@n;,
Zfﬁ f,ka B ;. ﬁ;,_" C ;‘v_: o En -1 pairs Qf factars.

’jaﬁééh”thEﬂ’there'EE;“**“

‘,a) ExEOD
‘ . v - e ;1,%7,_,:;@.“‘4:{2 )
exsb - 5x2)

'TIEx(

B e _
Bk ;,f:

8x125

S ( 4025
x 20x50

- .i;$
tExcefeisa ‘6. ’

i“““T?”“E)%”“cTEI d)é “%)iEr inB

= e qg\ LK ) - - C = 5 . it
.-' N - L: e o _-‘ i YE. - ! B . = . "
) 3
.

“p) 4O X 25




ﬂGESE, 261 273, 2?9, 258
; ']322 B“ﬂ 5

foo+8) 1, T 9,1, 18, 17, 19
""‘?_. 9) none f’_f -

:LE) 20, 2(% 30, 4@, 56 6(: 70, -;—'—_ﬁ-__.-g,i_!

s e ,,1_3.) .Aé,,‘ ’lQ,wlé g@ IE(:,” igém__,dii_! N o h/, SRS - s
. g_lll.) ,:x_&jy nmgralﬁwhj_gh ends- j_n zgfgrf Lr/:'},, e e

]

| 9:l5) nine gallnns S J
.kivu.%é) three paekages .

,._117) 1757 2550 4, 34;;: “3u; 3,

Exerc;se 8_¥§ \




’;f14 25 12 ......98

- h(jQ“ SRS o ,, ’ 7 A_ E 24 36 48 i _36__

24_ 36 48 éO, 72, 84 9@ a) 6 1& 34,ﬂ32, 40, 48 56

b) Ns ccmman multiple leas

e) . The; ara all. mul’ciples o t»he_*
legst caﬁmcn Im.}lti;zle '

F) There, s fnc grea‘test cammqn guia');-
tg'iple ’ ‘-' S R . L . -;_' -
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Aruitoxt provided by Eic:




_— f?'15 and 25 ‘._7 B *hns,fu : S ey
i'v('b) 18 3‘“‘5 F ‘g‘inss

(c) 50 36 and 24 Ans lE; CREE

[OER

4 Find the 1east ccmman multiple af these numbera.B;; 

(o) 16, i, ama'20 - ms. 216

'S . 2

fé:T Name the numbers in the set of natural numbérs between 16

i and 25 whieh have the factcr 3.. Ans. 18 Elrrgh i,.,l}inf
s ‘5_- Find the smallest numbler which’ has’ a factcrisatien ccmpaﬁd .

I‘
]

';-Df three campgsites.h Ans_,'éq  Ai}E :-.;i:-. r€£ £
_ T{; The greatestcccmman fact@r cf 18 ;nd 60 is:
Bl (a) L B |
gmfﬁ)wggw; 2 %';"Ex;xg';E'i_“V ”:_'j” ,“]Ljum-ﬁc;quv,w,,w?u
(d) 2 2 g .2'-; é« C 2 3k 3 5 ; PR
s . .
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(d) 2 .
(E)

) 2] z |
F Ib\ 2. ..E.;L

ERIC

Aruitoxt provided by Eic:



" ¢ all the: £ E-C"'t

g . a 0 o ; £ i\ Lo
actorizations, .of ! dogs X

ERI

A Text provided b e



;fepréQEﬁﬁiéh<§§§?humPErﬂané}%lfépreien an .even num

zvup@_sé p aﬁﬁfg ar *natural ;ﬂ*f
- “Then -

ERI

Aruitoxt provided by Eic:



ﬂ__"'F 29% No e
ﬁ:' 30..

')F 3@

EoL
P

ERI

PAruitext provided oy enic [N




umber. of days given te the teeehing
: luding teeting) e:f‘ th.ie unﬂ.t. LT

P ’Ue VTHE BACK OF THIS SHEET IF YOU NEED,EﬁTRA SPAGE TQ
hf~;¢;;_i1 ﬁf?_;“ ANSWER ANY OF THE QUESTTQNS BE St

. Helce- a. etetement abe;gt the ebility level i..ef-s— t,': ",,pile in ;the
cldss. and state whet.he:- yeur eehee:l:- _'eeme p‘ ah ef h.cme.;’*
e geneeue greuping. S ._\ , _ : )

4 " : L W a

Whet perte ef the unit @eavee te be the meet teeeheble?

.. 4- o Did Yeu 1fEe eny eﬁpplementery developmental meterials? o : .i g
coasd If ee, whet were they, end e’c wheﬁ peinte were they ueed"-‘ : {
. B.. Q;Ld yeu f) d it neeeeearw te previc]e j;he pupiie wgth edditieﬂ- -
wp gy ,elﬁmeteriel? ifsﬁ S, ; - o2 \ FECI

o Tf ee; wee\ it; f;-em te::tbee 8 er di,d ;yeu wf;te yeur ewn?

¥

DQ yeu thinﬁ thet & undlt en *Ehie tepie eheuld be ineludeq in -
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ry cf Teachersl Camments

Eevgﬁﬁ;eacherurepﬂrta ffom eenters which iﬂ-"
~The ﬁhmber af o
aur to twenty-eight N A

j on the repart form. were- (1) What tQplEE were;-} oo
chh? And (2) What tnpics were.. tha‘mest diffiaulti¢;f,h;

;Factcrisati

';,V;EL. C M._ R , 9 Lo
"~ SBleve ‘of. Eratcsthenes S e S
, '"fDEduGtivé Procf o ,é';{"_g  o TP
;ﬁiMWVbeabulary Q,;i*. « 0., - B e
~ ..0dds .and’ EVens :‘ EEE 1o » S e
., (other, baseg) k, o RS - \” , -
... -Composites. - . . . o2 . B
oo Malblplles ﬁ,-i'f;;n;”w.mm_"mmw%m;- ST | ;
~‘The entire unit N A 10 : Y : -
. ) J , - ) »\Ve

L In g eral .the’ fépﬁfts indieated ﬁhat this unit waaﬁﬁéaéh; -
able, ‘eas\ 1y undersﬁﬁcd‘and rather. pcpular wilth. 4he pupils. -The
Vynit was céhaidered as a. good mctivating wvehicle. Many qgestiags
1}_\were raisad by ‘the pupils_i The pupils reallzed tggt the use of :
7 thedr 1mag1paticn was. importatit, ' Somé pipils bécame interested in ;VA
- history and. read.biagraphies of. famaus, méthematicians, ' Many en- -«
- Joyed: understanding praceases previausly done withaut understand- RS

f.ing., _f' o 5;1; _r-g . .

< .

[T It Wa g’ felt that this unit helped develcp number canscieusnéss,
:;faﬁd alsa was an exeellent preparatian for algébra. The indleca~--" ‘.
‘ ftians were. tga@wthis unit definitely shouwld .be taught 1h Grade Tu-

. The %yﬁe of proofs uaed was. new to rhe'pupils and* required mueh’““wiTWﬁ
“'work in order to overcome the beginning . égificulties. ‘ Fhe' voeabu- . -7
- lary presented dirficulties to the average pupil and ‘the slow o

| learner. The gectfbns on G. C. F. and the L. C. M. cauged th® . )
oSt traublé,p&ithwthe L..C.. M. taking the lead, It was felt i o
_that the L. C, M'™ followed too closely on the G, CJF. Some ' i
““‘téagher54felt -thet—there--should-be- merafprablems diracted_tawardmn,,f,
the talented grou'_cf pupils. S\ : !
. T }J-— - Ry o R e :
;7571' 98 . - c R < \




S ﬁI'naticed that thig unit devéloped -8 Ebrt af a -'-ﬁiff1 
o "number ccnseigusness" that’ the pupils did ngt,@EVe

® x_fevenf primE; campgsité, even + even, even % éne, ad& +,4
: ~*f;ene with ér wlthgut the faetqr twa. ; : ;

: Gne cf tﬁe mast difficult parts Df the teaehing at
'%”iirst was to help pupils develap sEill in using: infnv; oo
1veieri!.:l‘e:::t.::‘l,c;‘m to show that what they had suspected)(by ine .

} ; 'n) was. ‘l::iue.L then we had dbne some Df this in j‘ e

'wv"ﬁ;ﬁentg*ther cqwlé ﬂsé‘éthe pupils improvea and wauld try““—*‘“
. to use some of the backgraund they had bullt in study_l S
-1€§ Uhit’III : : :

;’

Ihe pupils! re&etian tg Uhit IV was negatlvg in the
ifwfbeginning. It.was difficult to stimulate their 1nterest
... and makée them . realige the. value. of this material, As. .
* we progréssed, ‘however, individuals began to see that -

what they-had previcusly done mechanically, nﬂﬁ'had Ny

"1meaning whiﬁh they understaad o
The teaﬁher wha made the abave statemént gave scme c@mmentSva%
frnm the pupils as follows: : : L
(a) “We are learning this’ too late._ c L
va) " Tt's a longer, but surer way -to w@rk . A e
(c) I was.very glad I had studied Unit IV befere I tack 5
o dhe-Towa “Reading Test”‘ o — R
iV(d)lﬁThis kind of study gives us a fiﬁe backgraund, 80 . -
"Fﬁ~that we can talk more intelligently about. numbers .
Same,pupils braught in supplementary matérials aﬂd e

:‘@ all- ‘were—extremely intereste& in the work of the-unit. :
“mggmﬂewhad rgports ‘based _on an: artlcle from. the Juge,1958ﬁ“=nmmwn*




an,: strospect,” 1. belleve that I-should’

en mor ‘ﬁerkiinvelving camputatiena'with fracs_yi

- tlons, app>,vnggthe ‘eoncepts of G.:C, ¥. and L. C, M.
- .There was some tendency to. nénfuse the twa 1deas.,zﬁf

fch pr@duced the mast |
Y process.’ of reasoning. -

Ei:fiﬂtereséing discuasion was . t;

saatl;nshi,s;, Some. of._the deductive,preafs presented

:artiele Irem the Deeember, 1958 Seientiq i«§

vthen deductivel? ‘about the even-odd re—;' |

- 1ls. were not canclusive, but the germ of
.;,the metﬁud was present . Several puplls were go in;¥ ;
~terested I gave’ themtseme "number thecfy prezjems i

 ~ta prcve e

A

Q!,
ok
) - N
o T = T T -




St e *‘ 1jﬁiff5T7
self and séé how much he can da wlthaut the help Df thlE cammentqu
A i

Hsre the student Shﬁulﬂ see thp advahtagg af multip yiﬂg teg

‘e,

L numbaxs "algahr cally" u51ﬁg the distributive pruperty and canjutativg-;1§gj

pra”ertyi Prabably one cf thg hardest thlngs tg see in this séétisn
N . i ‘ : o
if 9b + T is dlvlded‘by 9; the renainder is the same as- when

A3

S - S S ——

ﬁfifdvided by 9. Fundamentally the 3xplanatibﬁ“i£ th;s* ﬁ‘ver-y ﬁumber s

aﬁ\be dividﬂd by 9 Tiélﬂlng a qaatienz, q, and a remainder r- Thus if
N is the number, it can bé wrltten Qq +r uhere r is the remainder, that
'si'igi ié sera ar a natural numbgr lesg than 9. Ganvarsel}, if a numbg is e

Hrlttan in‘the fdgm 9q +r wh?re r is a natural number‘Lésq than 9, tben C

.'4'.

is the remainder when. the number 9q +r is divided by 9., Thus what
;: the expsnslgn ‘of 156,782 in powers of ten shaus, is thgt it can be
written in the farm 9q + (l*5+é*7*8+2).— Théﬂ tha Eum in parentheses

' *Ean be Hritten in the form 9t + 2, where 2 is the remaindér affgs
R divisiqn by 9i Hence 156,782 1is qual to Q(q*t) + 2 é§§§h means “that
2 must be the rE$sinder when the sum ﬂéﬁ;hb digits is divided by 9.;_
This is alsa déalt with in thF stude;ts' naterlal.' The student caﬂ ;-:;

prcbably see this bstter in terms Df num@

ers, aithgugh it may be

easier far the teacﬁpr tg see ‘in letters o ;le tha studgnt shaulﬂ

: Ftant thing is for

ol

<

S
P
Fi




t;tiwé &nd distributive prap-}fieéﬂ he 15 using. Thlsllg a guad Hlf, -

’-=;gppertunity o impress thése prcpertles an.hix but itfahaﬁld ‘riot. be

R L

gaint of beredan. When hp Fets to- ‘the. pa;nt thgt‘it is

“’~d'*‘ﬂt'lthe

iw,

u-“ins;. ’

e =

. 'first p;inciples Qr, thcambinlng terms, redﬂ:e 1§ ta aumming tua things 1f'i%-ff

[

'é,f;twice jugt as’ a+b*e = (a+E)*:. S \lé_
Ir exerclse 3, the Etuﬂent waglﬂ af caurse wr%ﬁ% 69 as. 9 i 7
I SO S S — e S . N i JE P Y
. and ?9 aé ll x 7 * 2. £§Eéxercise 4, aﬂe W 1& preceeé as ghave Lo '

except that ane:wauld ;ﬁltlply\instead Qf gﬂdi_ Thé s me reaﬁizs wéﬁld

, P

hﬂfﬂ fgr 23 sinca one,, enuld wrlté 79 a8 3 x 23 + lD and 69 Eﬁ 3 x 23r+ Q.;3“¥

Thay wnuld hﬁld equaily wéll fbr any number- ;; qiij;» __1,;; j;;‘fy'f' S
' The général princlplg shauli be fannul&teé as saan as the student
i : ,i ff

~can dg 80 himself,, The reﬁaiﬁdeg whﬁn the sum (or prq@uct) of . any tua 1l:j

- numburs ‘is. lelded bg a given number, ‘is the same as uhen the - *Sym (QT

prcduct) Df thenremainﬂers is div1ded bj a: g;npn number. .f? -'i.’7ﬂ ?;-v i;

et

In éxercige 5 the answer ig 1ED which 1g 1 whether tbe diviscr 15

3 .

a;ﬂvcleai that he knaws wbat 33 gaing Dﬂ, ne shauld nﬂt beszsquired tu _15

‘Aname the preperty eacn 11ﬁe. - For. a sum af threé hﬁ ﬂgugd EhDH frqm ;ffi';““'!




'y
e

: 340 is diﬂded by l@- Since 34’ has a rﬂﬁ'a"?inder af 1 Hhen dividgd by

. Thege tﬁings cc:uld be

’.'ﬂ_f‘;" .

1(3,4 the ansuer M:)sula be ’:]fq:'f L ' ‘ ‘

1oebng at the pattﬁrn gf last dig;t.s ink the ppwera af 3 3, 9‘, 27 él;

......

‘ kR e
The 1a.at dlgi‘ts farmwthe pattern 3, 93 ‘7\,\1, 3, 9, 7, l-a;nd sa i‘crth. "
- N o

[y

, x'plcred still ﬁl;‘them

1

tg th,e last digit is evgn. LIf the s dig;t is 2 or: 5, ,the mmber ia;

- ,-yx,

L muitiple ci“ atwg.lve plus the last ﬂigit.

1ty by 4 15 ta tast.

whether the numb‘ér ccnsisting ‘:f the 15,51: t\m digit% is div"‘ ilb“le by 4.

For mgtanc‘e, 178524 ;s glvislble by 4 s;nce 24 15; ihis is Beeau,aé.

..,,_-. i *-a‘

digi‘t.s. Anather test far dlv;s;bility ’by 4 wauld bé 'I;ia se that-

the last diglt 1s O ‘*4 c:r 8 t}‘a nwﬁber 13 d;ﬁﬂble b}f 4 oA

‘3’ !

diVlﬁlblE by 4 if the nert to Lhe last ﬂigit is ﬁdd. ;hg regsans N

£ O

shoui ”"ﬁf came bg fauna

Far exerc;se 8, the m.i.nber written ta tha baée twe;hre wauld bé al T

. e’ §
“

Thua the numth:f- w'culd ‘*be div:l-

sible by any* div;sar af‘ 12*1f the 1ast d;git is dlvlsible by this

P

divisar. X Ihat 15 if the“numbei‘

T

divfsible by 5, ;Lts last -digit must

S'

bs div:.sible b:,r é Dther nmnbers in plgce t;f 6 wauld be 2, 3, l.,, 1;2.
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' If the base were. 7, g%nce 7 has no factors but itself aﬂd l, the only

_'= number that’ cgdld correctly go in the blank would be 7.

3
#

Exercise 9 is rather fundamental but requires sone 1n31ght on the

. _f part af thé ‘atudent. Just as a deci@al terminates when the divisor is
.a divisar of g pawer of '10, so a "decimal" tcaba base 7, will terminate o
oL yhen the divisSor ia 8 d;v;sar of a power of 7. That 4is, 1/7 and 1/49 .

crwill have térmlnating "decimals" to the base 7. The decimal expansian

of a fragtién depends on the number base. But whﬁthér or.not it is

i

rational is independent of the base. A puaber that is a prime number

when. expressed in the decimal notation is,a prime number Uhen expressed
;ta any ther base, since the praperty of . being prime 15 a pruperty af
: /

i

“the. numbér'ahd nd%“ﬁf thegﬁéy in which it fappens to be written. You

< 3

‘may not want to tackle this ‘point at this stage with your students,

but you perhaps should be prepared to meet it if it occurs.

L

o The answer to number 10 would be: the remainder when 2 + 2°+2 .

+2 + 2, or 10, is divided by 7. Hence the remainder is 3. Number 11
is easy and the answers to numbers .2 and 13 are develgped in the text

after the exerciseg, ¢

In what fallaus 1t is prébabl; wise to de;,ﬁ%fth the discussion

with letters girce here the advanta age is quite ciéar and the manipﬂla-
p.
e !

. tion is not very coapleax.
Probably the students wlil Le lontcacsted 1n, dmingVQQltF a littlg.
casting out of the pires in numerical examples. There is an amusing

little book by.E. T. Bell on "Numeivlogy" which the students might like
to fea&ﬂ 7
In the next set 6f exeércicus, (Le juanificati@n of the casting out

-,

f ’iﬁe i fha ”h maiﬂder when 1hL sun (or prcduct) Qf two numbers

i S e == ot

is divided by 9 is the same 2s the ramainder when the sum of the dlgits

. : " 104
- L ; 109



!

s = =

. is divided by 9

J .yeilias the ﬁTQpEftiEExdESEfibEﬂ in- exercises 2
q}L ’. ; . L . / B ) 7 . . = . : ' ' B
"and.4 of ‘the previous se&g; For instance, sgé%ase a product ab is to
= ’ﬁ'l’ . i L. . h : s
‘be “chefiéf. “The remainder’whkn ab is divided by 9 is the same as the

5

5 =

.rEEaind?rAwhéé'the_prcduc£ of their réméi%ger§ iE‘diﬁidéE by%9éwhich;i§
| ;théxsame ag:thé*remainéer Hhénizheipraduct of the sums of gh&%? digite
is dividéd(ﬁy 9. So Qﬁich&ver vay one does it, he is'gqmputigg the
remainder after division by 9 -- it does not matter anywhere whether
a numbef or the sum of its digits, is divigéizby S ag far as Ehe,remainiert

.goes. The check Of course only checks the remﬁi%ier after division by -
 9!»”ih§,§igit$ for instance céuid be scrambléd‘w;ihputba;t%riﬁg:th§; .-

value of their sum and the answer could be camplgéély Uroné- But of
ficaurse this is not very likely to happen.
For Qxércise?4,§the remainders would be 3 fcf;division]by'7, and,
since the remainder when 7 is divided by 6 or 3ﬂis 1, the remaiﬁdé?A |
ngeﬁ tﬁ§ ﬂuﬁgéf is divided b&ré or 3 waﬁld ?e:tﬁéfséma ésiﬁhéﬁ:{hé_sﬁég
'5;3*2+;+4+3 isAdivided by 6 D??B; The sum -is egual to 18 whieh is' |
‘ divisiblghgy both 6 and 3i‘ Hence the given number is divisib;e by 6 '
and 3, that is, Bas a remainder O when div;!ded by 6 or 3. |
" The short-cuts asked for n exercise 5 are described iﬁxife t;xt
that follows. As exercise 4 shows, one would cast out tﬁrées,'af gixes
. ar,twosvinuthe number system to the base 7, since éiza\aﬁd 3 are L
Bl - divisors of 7 =1 égat és 3and 9 are divisars of lD‘:il; |
| Farvaxéréiag_7, it may be seen that scrambling tqé digits does not .
alter the va;ﬁe of their sum nor the remainder when the nﬁmbersﬁara
‘divided by 9. Hence each of the numbers is of the florm 9n + r and
9t + r, with thé'éemainders the'Bame. Then if w§-subtréet=§neiffam‘ -

a multiple of 9. Thus the sum of ite digits is a multiple of 9. When _

Ao

S e

the other, we get 9n + r = 9t = r which 18 equal to 9(n - t), that is .
e g e s e e e awannin T o e SR e e e . . R ey e e P N B e kins
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’;f ",;‘ - . — '1!IyiAzéf B s%\\\ o .

arn A:;_-,,::-:ﬂ;\,}f;_h_;,k_ FSR U IY S S A = .. R . . L N N - -
N7 R + -
g7 :

| rthegsui“éf the digits'given is a multiple of 9, one cannot be sure

) ubethgr the m;ssing d;git-1a 9 or O, Otherwise the trick can. béiwagked

}

' ,by adding the sum given and 5821ﬁg‘wh£\%number aéde@ to this sum will

o give aﬁmultiple of 9. For instance in the example given, omne must add

4 tg 14 to get a multiple af 9 and\ﬁgnce 4 is the mis&ing digit.

f.- Divisibility by 1. The exercises are- salved in the text

A

ﬁhichafullews them. You may have a llttle trouble with the prpducti;
) A .

Qf élgéﬂd.—l and you zay uan1 to avoid tbls, th14 can be done in th
example worked out by seeing that _'LD3 1s 10° x 10 wbicn would haye a

Prsmginﬁsr Qﬁ_i x (il) or =-1. 1if ycu wish to av@id:negative numbers
completely, you cculd confine yuuraelf to the first test. Or you'
—

-

cauld show the tést for twa—digit ntmbers by noticing that 1f the second

dig:t is larger than the fiprst one, thsﬁréﬁﬁiﬁder after divlsian by 11

1s*ihe Secgnd dlglt less the first ane.f (e ge 79 = = 77 +=2)}7 Tf the

séc@gﬂ digit were italler thun the firqt one, One-could addgil'ta:if'

and subtract the first digit, giving a correct remaihder (e.g. for 73,

subtract 7 from 3 + 11 and see that the remainder is 7). Thid 1s some-
) ;
what laborious, howsver.

. s

It is important iu tcati.g (.. the remainder after division by 11

by “the second method to start at the right hand end of the number. If

you are aerely testing tor divisitality it does not matier at which end

you start. ! ' : . (

For exercise 2, the test for divisibility by 8 would be énslégéus

to that for ¥l in the decimal ayotew. ' .
For exercise 3, the number 157,8v< 18 equal to 157(1000) + 892 or/sf
., 157 x 999+ (157 + 892). Heunce 1f 4 is any divisor cf‘999,ltheremaiﬁ%er

when 157,892 is div;déd by d is the same as when 157 + 592 is divided '

3

by d;'.The'pfime divisors of 999 are 3, 3?i In fact 999 = 37 x 37.
v 106l 1y
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This test. weuld—hg§k fcr any div;scr 33;§99, that is, for 3, 9, 27, 37,

E=]

‘- El:l:i‘ii'?"i 9237 aS well as, af caurse, fnr 999 itself. i o § ’
_ The students might also be 1nfereatéa in writing. 157 592 as équal
th$157(1GDl) + 892 = 157, Then if d is any‘div1sgr of lDDl,.the : \;g
R ;;,rémaéﬂder “hen 15?,893 is djyided by d is the same as when 892. - 157: o
.1s divided by d, The prime divzsgrs of 1001 are 7, 11 and 13, Thialv 3

would give a test fo lelslbllity by 7- and 13 as WEll as‘il. This hasa” . .

i=

»i . some Egnnectian with the fact that tha’decima$ Equ;valents of 1/7 and
ijé 1;13 have six digits in the repéating Purtion,i Thls can bE deveiéped "Séi
m_fpriher; . . ' , 4 e H;MHM“MN_WW“i;
For ekxercise 4, éonsid%r a number 534,&2353v3n Then in the nﬁmérilé‘

- . L .
aystem to base seven, 534,623 is equal ta(5345§v33x66653vén + 5343even
B 523séveﬂg iﬂenee Wwe would have to find the divisars of " Eséseven":i'

lg'

: Naw 66653ven = 6séveﬁ x lllseven Tc see if" 1llseven has factars it.
y : T T O
ia prabably éasiest to canvert qn the base ten.g S0 . -

Lllgeven = 49 + 7 + 1 = 57 wnich haé 3 and 19'as its factars. Aetu%liyi»—'
- we could have tested lllgeven for divlaibility by 3 by adding the digits

since this works far 3 in the syatam\ta the base seven as’ wel% as to the

base ten. So in the number systen tc the base seven, this kind of test

! N T ‘
would work for l?, ‘that is 25aevan as\well as for 2, 3, 6 which are
" written the same vy in h@th systems. | c

Eimilarly for the number system to the b&se twelv&u we wauld

~the divisors of Eéetweivg which ig etwalvr X lllt‘_gﬁre and e stand

.“ELEV%D-“ Me cannot say that 111 ‘is\divisible, by 3 since(i is -

tvelve . _
not a divisor of .ope less than the base.\\ﬁu' ve have tg eanvert it tc B
the decimal notation. It is 144 + 12 + 1= l¢7§ whlch is a prime number-.




y

L 5]

r:‘

;

' Hhich is ‘divisible by neither 2 nor™5. Then sr;»je 7

Tha canneetim;\ bétween repeating decj;nals and’ tests fgr’ div;sibilit?e

sheuld ‘begin tq émerge far the student herei 5 ppase h is same number

swer of 10 ;{EEL more
v
thgn a multiple af m. jThis ca.n be seen ’as fallcug"; Ve ]mmr t}g the

remaiﬂde;-s UhEE th& pawers of lD are_ divi&ﬁd by m-are the numbers f:gm

af the: pauers must hav? Qhaxshs ramainde’r, that is 108 ,f 10° will e

i3

divisible by m fbr .some’ natural numbers a- and’ﬁ. Suppase b id smaller

ﬂ-’ ;.

-”} than a, then the differEnce may. be written - ’{z‘k' _--%J?

00 - 1)

T 3

' Since n divides this prnduet and has no fa,c:tars exeept 1 in cmﬁmn with

10P 1t pust divide '10%7P-2

—

e "
hgve sbaun that some’ paver of 10 has'a remainder Df uhen dividégv;;

e 1 4
m. Cs.ll k the smallest such pawer greater;fsthank zem. =

Fr«‘;:m tl:Lis we' cs,n cc:nclude tm: things.' First s the remainders uheh
1 i
ve campute t.hé decimal expansion af 1 m will be Juat. thg remaiﬂdars

when the pawers of 10 are dlvidad by m. As soon jzwe get a remainder l,

the decml begins to repeat ancj not bei‘créi Sa number k is ‘the ‘V -;,_.,,_

;7 number cf digits in the fepeatlng pﬂrticm of the decimal., ,

4 e

k

o e+ bx10®ecx 1o2k v dx 103k *oeen

+ ‘e ;
gin?a the remainder when lD is divided by m 1s 1, the remainder when .

4
¥

our Humber 15 ‘divided by m is the same as tbe r&m&inéen when
, a+b+ec+d+ ...
P - s

A
digits in géngi‘al but, they are natural munbers less than. 10%,
L] v ] ‘1* . . .

. Hcmi‘ar :f.hé stqci:é'n, “tan progreéss h?ie, remains‘to be'seen.; Cer- -
tainly he should not iflge-_.ﬁ'pushed. “ s L. ™

". is divided by ‘m. We must notice, of course, that a,-b, ¢, d are not

-1, H’hlch is what we- wanted to sho Thus we _;

l tcs m—l im:luaive. “Since there are infitnit,ély many pgwerf of" lD, t.\-c: R ) ) l



= P u,:..x:“z Ll L iaimess IR b P e
i : roo " -

Far é&sﬁimg but thé ElEVEBS, ;nsteadgggsiéding thF d:

vcula take thé units d;git minus the tens digit, plua he hundreéds
fg!. SN

diglt and so fcrih. Anigxamgié would be thls- o % e o

xﬁ b 2
b . o e T
product : 336,824 - : ~ product: . =20 .
b ; . B:“‘ L . ) .- - . : \
4L =2+8-6+9713 ° . 0+v2=2 | o
i ‘ 3 =1= 2 5 S

We. come out with é in aach case. This test is a litile 1255 iikelykta*

§

‘check when the é‘euer is uregg but Jt és mudh more diffitult te apply.

N .-

Jie digits ;pdlscfimlnately, The s;mplgstidirgj'

would be to revé 'eifhe ér@ef of the &igits and “add the two numbers if.

. thé number of digitsiis evén (but subtract the two numbers whan the
°n, :

digits but the last, or something’lj

B

) number af digits is odd. Tﬁﬂs can be seen as fnllgwa- Suppase there

# : N

,are three digifs a, b, c. Then the rema;nder for the gi?én number

swguld be that for a = b +c ani Iafsits reverse ¢ = b + a. Thgn the

differencefwould have zero remainder. ~If the ﬁumbér has faur digjts
a, b, ¢, 4, the sun fol¢the given fAumber would be =8 +b=c+dand

i

for its reversal would be'=d + &~ b + a. Then the sum would .have & ,
zero remsinder. Then it would noct be sufficient to know the sum of all

but one of the digits ip the answer: pYou would have to ask for-all the

E

complicated. ~Its only aﬁﬁaﬁtage is thgt it does not have the casé of

f&lure inaththat for nipe has.

o

For the carrespandingatrlck menfianed in éggrclse 7 Qne cannat e

L

Lion to g:.ve,-x,L

ke that.] This trick is much more




pases 3 o5 T | S
(a) Nc a.nswer reqiuired. Examples ft:llmr*! ; '
" T Not div:lsibl}e/éy 99&

' Sim of digit.s s 7247'“ is 20
.‘ Ap F:] .
\ EQ 5 . . "l V.o
E’E;- 9 = 2 rgmaindériaf ‘ s (.

Sumaf digits U4o7986/is 36. _ Divisible by 9,

5 = L remainder O

Not diﬁaiblé by 9-

5’ 4"sum_ ef éigi% 9h9gTSh 1s 51

e

2 "\*,‘\ :F ) i‘.i i 7 .7 ) ) 5 (E 3
TN T ,*5‘9\" 5 remploder 6. . - ’ e
Divisiblp by 9,

Sum ‘of digi;c;as 187434 1s 27

"3 remainderﬁj‘-- .
: ; }_ @b) ﬁa answér required- Exam;ig follows:

ﬂ = 805 remainder 2 ? S
' .‘ ‘ 1’ o ' = .
L Sum of digits is 203 Eg z 2 rem&ix:uler 2

(¢) tThe rémainder

the remainder

divided by 9. ~
No answer required. Examples f‘z"li@“’r“
. e

(@)

#4745 remajnder 2; %=1 resainder 2

. o e d ] ; 22

= 97 remainder 4; ==

¥ - 9 ] 4‘! 9

2. (a) Thg}uniqueﬁsss property of additiani (réfef to page 2
- F

. commentary and

LD

to page 5 of the studénts' text )

(b) Yes

jkf'k -t

o>

when a numpar ls dlvided by 9 is thé same asl

when the sum of the digits of that number is

-

- F ! !
2 remainder A . “‘(

Gf the

A

-
Ls

B E o4
L] i\ . 3
u x i
4 .
o
-

Y

E

s

L4
.
y

ER



4 R ' J
, .
E b .
e :g ) f;”
; * ,
3 D A
R,
e : A z‘i :
=, . . 7
,I L] \ . £
éek = ED T - B L. - - =
. bas a -remainder of 17 or 1. . T,
o g - - : b, ) R
E éo 7 R ) B - éi&l) b — L=
(‘b) (3 X34 1) has'a Ejmmaer of 120 or' 1, ' co !
| (e) 1020 = 10010 = (99 + 1)¥° bas & remainder of 110 or 1
P T 6. 56 ; 1) has a remainder of 1. : . S c I
- ) . * . 3 . B . '
‘fh— (a) d.iv;l,sibilit.y by L;‘ If' the number f@rmed by the last two digits 15
s divisible by 4, then the number is divisible by £, ool
 (b) divisibinty by 8: &f the mzmber formed by t.he last' three digitg ;Ls
"+ divisible by 8, then the number is divisibld by 8, - o
(c)  divisibility by ©5:" If the number forhed by the lapt two aigits 1s
\ aivisdble by 25 (e.g., 00, 25, 50, 75), fhen the: numbe;l' is divisfble "
\ B 3 by 25_ . . ’ V \ ".} E-?(g - .-‘
f 8 SRR S
L 80 2,3, 4, 6,12 (0 15 atyternlgy ,Lgi“" . o Lo
. 9. (a) multiples of powers of 7. (This im:ludes negative pouers of
‘ 7, €.g., 13/49 in the decimal system is .16 in the system to
g the base 7.)- L
o 7,-:7 _7‘ ) ’7 - ‘ J;g ’.
| (b) (,1;25,1.,1_,")7 . e o S
- 10. remainder 3 v
_ e
0 1l. Aa)’ (9 + l)ED =1 1-1=0Q (refer to'exercise 5)
(b) (6 L:LDB =1 1-1=0 (as.above) 7
- %&5‘6 R
.. 12, Cast"9's from the sum as you go along. (sce page 7 in students' . . «% ' .:
oo e _ h




N, L TeIVeA-12

- sum of digita:

. . - - = s
.

Sum of digits:
Sum of digits:
- Product:

eun of digits: 9
sun of digits: 10

_sﬁﬁ_gf digits:

W o

‘891355 e ﬂ

27 .

" Sum of digits: | | |
9 . . :i‘.,‘:" ¥ - -!a\,

- Sim of digits:

*"'2. Ansvered in the fext . ; g
. ’ - . ' . . g
‘3, 810855

- - O -t N .
. 3,0, | ) | s

.-Answered-in-the text

6s ‘fbéstiﬁgg@t%the sixes. o ‘ -
7543 other digit is 6, .-

o3 \ other 'digit is 2,
% . sum 'of dig other diglt is O or 9. -

s -

++ +
H O
+++
W=
\D ~J W
L ]

0o
]
o =

£8 = 9

[™

e 'y
page 1z

1. (1) a. 758 =7 x 102 + 58 which has the remainder 7 + 3=10 vhen

- divided by 11 since ]
2

+ 5 x 10 + 8 which has the remainder 8 = 5+ 7 = 10
N\
72 x ;02 + A6/which -has the same remainder as has

758 = 7 x 10
7246 =

72 + 46, that is, 6 + 2 or 8. y ’ - -

18]

b 7246 =17 x 103 r 2 x 102 + 4 x 10 + 6 whieh has the same :

remainder ag has 6 - 4 + 2 -7 = ,j thst is, 8. L1

= 8 x 1@4 + 16 x ng + 75 whlch has. the safme remainder

(3) 81675

as has 8 + 5 + 9 = 22, Hence the remaiﬂder is 0.

&

b. 81675 =8 x 10% + 1 x 107 + 6 x 10° + 7 x 10 + 5 which has

the same remainder as has 5 = 7 + 6 - 1 + 8 = 11. Hence

%

iimew ....the remainder. is zero. .

112
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 %.-iSinée 8 is!, mdre than 7, &-nuﬁﬁér to the'base 7 can be tested far
'ﬁf;:? d;viaibility by S in the,same way that we can test for diV151bllity

. by 11 in’ the deeimal system. For instance, cons;der (5326)7 .

7‘3:  Using tha first meth@d we have (5326)7 = (53) x (1@ )7 + (26)7
Sincé 8 is (11)7, the remalnder when (102 )7 is ‘divided by 8 is l_
- Thus the remainder when the glVEﬂ number is divided by 8 is. tha
sane as when . (53)7 +. (26)7 is divided by (11)7 Eut (53), - (44), =6
-&

6 + 41 dNided by 8y that is, 2.

Using the second method we have (5326) =

aﬂﬂ.ggé) (22)7 =4 and hence the rex%indgrﬁls the same as whén
?§§¥ -

;,(193)7 +3x (lﬂg) EEP;

=

é'x (1@)7'+“é. Wheniﬁhis is divided by 8 the fema1nd¢r is the same
as thatgfef 6 -2+3=5=2. , v . i

3. (see pégéﬁé of the teachers' ?Qmmentary).

3,9, 27, 37, 3 x 37, 9 x 37, 999.

(Eee page 6 of the teachers' cawwentary) 7
In the numeral system tij tb% base seven, we can test for division

by grouping in triples all the divisors cf 72 -1¢ 342, Thesg

divisors are:

2, 3, 6, 9, 18, 19, 38,57, 144, 171, 342.

In th%:numbeg system to the base twzlve, we uauld have tha l:>\
divisors of 123%: 1 = 1727. These factors are 11, 157, 1727. R
35—!;

2 ,.

5. . (a) Yea; Tbe.remginders vhen the powers Df lQ are alvided by 11

are -1, 13 -1, 1, ... uhigh has a period of 2 since 11 is a < B

divisor of 10° - 1. . -
(b) The divisors 3 and 9 listed in the answers to number 3 are
divisors of 10* - 1 as vell as of 103 - 1. A1l “the others

have thrée digits in the decimal equivalént of their reciprocals

e VG ORI SR

: and far thése, grauping thE diglts in thranq glves a divisibility

J ;! . t@t_: B 7115

. Se ﬁlsc tha teachera' commentary . 113 .
ERIC . Sec-also theteachers' comentary. 113

.
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w6 " il 1|1|gll| 1| 9|1| 1] 1.|100]| 10

10| 10| 5|15)10) 10| 91} 18

ol

12 K118 |13 10|37

H
<
L
b—l
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H
H
o

16 | 26 | 100 ;3‘37

H
F
=
ot
et
Wi

[ !
'.—J
i

1015, 1 1110 | 1e |1e ! 8113 9 | 1

=

101€). 1 10 1|10

A

>
,H
=
o
~
~

~ THe number of digits in Lhe cycle in the repeating decimal is the =
same as the number of digits in the cycle of remainders. Since, for
| e:gmp135xthere are five rezainders in the column headed by 41; ohe can

tesﬁ\far divigibility by 41 by grouping the digits in fives.

FDr the qugstlans on- page 15 lovk ou page 8 in the teachers'

aanual. ri ‘2

114



'ﬁNIT v

i;M;%;,,@ ?;.;ﬁ;fb 4ﬂﬁgdlﬁuh,.Aum;ygahﬂ&,gﬁm;
| NQN-NEGATEVE EATiQHAL NUMBERS y S

'fTﬁaﬁtraatment in this Unit 1is gsﬂahpat more aapﬁiaticated '

i

‘than the Ereatment in the Unit on Natursl Numbers and Zero. -
. It 1s ;ssumed that the student has some sk1ll with fracti&ns, f; k
and in ccnvertimg fractians to deci;als. The Exercises in many

f inatances agg very challenging. Some teachErg»may wish- to

omit seaticna 11 and 12 or to teach these saatigna to thé_

more gifted pupils Dnlﬁ. Prabablyithis unit is more appf;ﬁ
priate for Grade 8 Ehaﬁéd%aﬂe 7.

- Other previous knowledge assumed 1s: the natural nume

jbersiand zera,Acallad the whole nﬁmbargr and some familiarity‘
with the cammutative,aasgggiative and distributive prqpeftles
of these numbers. The notation for 6/2 when the déngminatcr‘!
is a factor of the numérat@r as well as simple fragtiéns'like'
"5/4 = 1}, are assumed. The fact that 1 is the identity
elemant for multiplication, that .zero 1s the 1&entity e1ément
for Eéditian’and that zero times any numbef 1s zero, as well
as the property thmt if the praducé of - two whole numbe;a is
zero, one or bq@h must be zero, 4s assumed though the student

'giy nnt be too sure of some of these prapertiss. Tha

:insquality relationships of 'whole numbers are not assumed, though .
' i1f tney wergvanWn some condensation would be possible,

Much of thia chaptar can be taught axperimantally and

the definitlons of equallty, sum and product should be on

the basis of experimental work on the part of the student.,




A B e o - . - %
sE . T - ) i B A

- Saetign 3‘ Hera Lt shculd be made clear that we definé

—_—

tha praduct Df two rgtiqnal numbars as we do because of . aur
1d§a of wbat thgy ahou%g be. The st&gents themgelves shauld

get to the peint where they 'see that to get the product off

T

. two~ fatienal numbers, they ccmpute thé fracti@ﬂ whose’ numératcr

1a the. praduct of the numerators and ‘whose' denaminatar 1s the -

!j praduct of the dangminatara ol th givan fractiana;

In emercise 1 the explanatilon mighﬁ g;)that 7/12 1s
Nt v
dividing one pls into 12 parts gnd taking seven of tnem. But

‘the idea 1s that ¢ ﬁne number which 12:%5 multiplisd by to get

7 is more 1mpcrtg

Exarcises 3 and 4 are leading up td the next secticn_ N

E;araiséZS gﬁauld b?ing gut the idea that,the naﬁural‘numbefé'
. s . . *_’ . , L4
& aré included in the set of ratigﬁal~ﬁumbara- For exercise 9
Y . N \ L

‘one c‘an use 1n\tuit:i~tre ideas JJ.EH divldint, pieftn paz*ts;

Thiﬁ'iaiprabably sufficlent for most students. - But lt;isﬁ
batté?ﬁé%éﬁﬁually to do “it like this: Suppose a/b =" ¢c/b,
Then mﬁltiply both sidea of the equatlon by b and gat a = é.
(We are here using tue p.roporty that "equals multlpllad by
equals are equala 2

~ Section 4. Hers tha asuwudents gshould graduallg davel@p
the 1dea of equality of two fractions. The "cross-
multiplying" 1is inharénL\lu the definitlion of aqﬁaligyéof

" two fractions and 1s unot 1u itdelf bad 1r 1t comes after ’

s
s
-
o
=
(o)




:éania. Mﬂst of thé studehts sné%gd prabably test fgr eqaality j#

'11»5? bygtha 1gné ways many times before thay get tD thé pgint af

'1ﬂ]viaing a shart-ﬁu% " TEE shcrt-cut Shauld not ba deviﬁed

raltngm. Lo e T R S .

. s . - .= 0.8 v .

Exarcisaa., In éxerclsa 1, the twn ways réferrsd to afe

im %

ir'>_taﬂucing to lﬁwaat terma aﬂd canverting in athar waya tg“twa ;VF

ii?ffaetlans with the same danaminatar, of cauraa arnaa mult;e
ﬁlying is, anathar way whan the studanta are- ready fcr it. Ein-

exercisa 2 lt is lnteraatlng\phat daing it thia way yielda ' B

the sameé definltlpﬁ‘af aquality. wgfﬁave ac/bc = ca/da aﬁdr;f>im

hence be 5!adu Tha purpose of exercise 8 18 to polnt aut

tﬁe différencs between FEE aisﬁrlbutiva prcperty and the .

) aaéoéiative prapérty. Tﬁat 1s, to divide 246 B?‘EilE%EYESQ‘f,-Vf

one’ must divide each numb er by 3, getting 2/342 or Eté respa@—f ;
bively; ‘but to dividé 2x6 or 6x12 by 3 one can divide aithér '

facﬁcr of the product by 3 but not both. 1In exerc%se Qg'the 5

| aﬁgtemeﬁt i true for all the rational numbars we havéggn far

_sﬁd:henna the aﬂéwaf 1s "yes". However 1f we 1nclude alaa .

the - ratiaﬁal number zero which appears 1ater the raalprncal

“of sern &@aa hot axiat and, since the raclpracal of a numbar

ar

g

i L

‘which does not exist cannot 1tself exist, there 1a no

" reciprocal of the‘recipfbcal of zero. qba_ L 1;}
5e Dlvlglnn by zero. Ih this sectlon and the axereiseé,__

dthe Etudent ahnuld explore the difference betﬁeen 5/0 and D[S.> .




ahapter- Thera are quita differantf

:~fﬂna reapeat in which it wauld eguge ey

‘ §ecb 1@11‘ 6.

The phrase "lnvert'andfmultlpl? mayéappaar{f*x?“

”ftar due Expé?iﬁﬂﬂé,v

A littlgvbettar dascripﬁian weuld '

iff:aa multiplying‘by ita reniprgaal. But again thia shguld_f‘

ok JQ‘ “'Ons way ta appraasn tba anawer to exarclse 1 wauld be

Tthis-f Haw mpny halvaa ara thare in 3 - answer 6. It wauld

¥
< .

!-tbe pgsslbla by thia maans to shaw that a/(l/c) ae hut it

Vwauld be more diffisult ta deal with tne genaral eaae alang
‘“theééaTinea. Exerciae 3 shaws thgt the answar ta ezereise

4 18 “na“ ‘ o ‘ _ ‘(
;a,m;,”_hSactign 7..'Frabaﬁlf'maﬂj'mgfe sxarcisés'shgulﬂ'be _glven D

'-,hgre‘ Thls wauld be a gaad place to review greatast aammnn

A
i

=

[N ———



glete sst nf ratianal numbara. r*gre waa .no sgggial‘ha}:f;

“4 tp this paint singe the atatements mgﬂe were all trua af thE"~7
“mqlargﬁr aet.q But whan we. hgva inaqualitiea Fﬁ need tgwmakama;

dlgtinetien between pasitive and negative ratianal?numbara.

‘ffj“ﬂ: Exeralsa 2 This eauld Qf aaursa ba selved uaing the

'* a1resu1ts af the next exerpisa but one ‘s’ nat Euppasad ta da_*"

It cauld ‘he donie mtua.tively.?‘? 11‘ yau divmeg cert.ainé"_”

,fénumber af ahjects into a smaller number of. par

57115 1argef., It can als% be done by eﬁnverting'the fracti nsiﬁ'

.:flta thase wiﬁh tha same . denaminatnrs-’ a/b = ad/bd and (;'
= ‘ ;. ) RS "Qr‘ = e s o
| a/d ab/bd. Thus :Lf a/b > a/ci ‘ad > ab and hence a .:rb-

o Exerciae 5 can- ba dane thia way. ; - ,%:'
. = ,,_}r - _ - . s -
>, Y ,
, .
: i’_; ‘t ¥ »
\?1 k"%_ ‘L




ﬂallar amaunts._ The athara

B T
L

R O ’
i“nhmbers.gi Two Df the most interesting praperties are_these

=wl. If a/b and c/d are any two. sugcesalve fractians, ;fhf

;i;;fﬁn - ad - l. ,Ffr example, lf the fragtlans'ara 5/7<;nd 1/2

.

ﬁiléth&n (7;x 1) « (3x.2)=

- Vr.lllfla hiug/d,ﬂa/f are . tbraa successlve fracticné,jf:i
_;fthﬂn o/d = (a + E)/(b + f)-; Fnr lnstan@e, egnsldar 4/5 545-3.
;%*fES/l-*!Thén 5/6 3 (4 - 6)/(5 . 7). ' oL
QA Similar rasnlts wnuld aech with 7 raplauedﬂby any other lfi'
T*}natural number. - B ,jf IS 3~g;v,a;_';;¢;a,} ’5:2*’fi“
. Exérclse 8 shauld not be too difficult mmerlcally but -
- lt:is hgrder algebraically = in faet prcbably baycnﬂ the ' ?_

capabilitieg af maat nf ﬁhe stmﬂants. Saluticns follawi'
”a;‘ (r + a)/E - r/E . 5/2 ’ Naw r = r/E . r/E and if
Slmllarly_?;ﬁi

a}rﬂ, than 5/2} r/S wh.ieh shows t.hat r< (r - a)/E—,_

} ane wnulﬂ shaw the nther lnaquallty.5=

’";f*FDr example see Hardy, "Intrgducticn to thecry Gf numberg ,'i-;

_End ed., p 23 ff., Clarenden Press, Oxfard, 19&5
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!:;;far tha decimai 15 agrried unlaas nne puta 1/3 at tha andﬂ

"ﬂﬁba gmiﬁted ani gthera have 8, repaating pattern. In exersie

i 6y tha Etnﬂanta_sbauld aﬁne_fp, alaaghstatement that a: ;?;;'pf;

| deeimal tarminates if and only 1f the ratianai number ean be

Lg;g;axprasaed as the quatiant uf twa ngturai numbara 1n ﬁhiah N

;ftha danaminatar is a pawer Qf 10.. When this atage 1s ragched
‘”’?thay sre raady tc ga an ta the next ﬁx%raiae““” o '

- ”E;ercige 7;. The Etuienta ahauld’ha;;

ST aa‘ié nacaaaary alang ‘the lines Df thiaﬂik,(*:
-4Hﬁwill fnrmulate faf tbamaalvea the canaluaiam that 15 stgtadv F¥ 

belaw.' Thg game aan.be gaid abnut exercise 7 Ihraughaut




e.a’ divisar af p—l. The first statamgnt made is tha hardest‘;

It is dﬂne this iays tha ramainderﬂ Ehan




: iS_i@btéiﬁea
LA LR

|1
.

. [ IR | B T R | -2

a multiple Df a,: and b and Acfiif* [ T .
ﬂ’factar of 'd,"b 1is a .factor of d; ngisfgfféétéffcfZ_defé
mulkiple of axb, axc or bxe . ' L T

1 rly aXb, axXc; bxc, are all. facteﬁé of d s PR
‘“=igahx bvx -e- is 8- factor .of.. ud,ﬁd ;s a multipleﬂgfy ,}Lb&xr&, ;

;ff means 7 x 1/12 Q? 1/12 X 7,; In WQrds, ‘seven twelfths ar 6ne=
o o ‘twelfth of aeven.';r* e S

'x 1/3 ar 1/3 X 5 77@? five thirds or” ane—thiru ef
flve. e s

’f; means 10 x 1/6 or l/é X 1Q -or. ten sixths or one- sixth Gf ';'

LQ/EA meanswi4 x 1/24 or 1/24 X 14 op ‘fourteen EWentyfgurths or’
, Lo B DHL rwentyfgurth af faurteen

e A2

VSN
Tﬁ'

B"




A»-':f;,-using Value c;sf p;-cduct of' t
“rational nmn‘bers which are' in
N eagh numer_ vle} of i

2 :-c (3-) X 3 % ('TF) same reasgn as a‘bcrve}

.,_2_}{ 3«-3(_(3*) 3{ (E)

f: x K
oy T%

5x (B x8x (§> | smi‘n'b""

=58 x (}) (g)

uo X1 = 4@, R

-

(E)x(g)x(g) 1 X (T)}c %{(ﬁ)x'?’x(g-) same’ reasc&n as! abavé

=1 X 2 X 7. sx(ﬁ-) X ( ) X (B’) ‘\

a)%af i:f_.f‘-:‘)ri; §"‘ | °) E

§) Tﬁ ﬁ‘ numefét‘é“f‘é ax‘é “equal” alse P Tﬁ“e*‘denominatars"-WQuld* hgve)mtavbe“equal

“"‘lﬁ)“"l‘ﬁ"find“thempraductﬂcrf two- ratignalr nmn‘bers ;»—ffxiné =the~preduetﬁefmthem
numeratars a.nd %he prs:duct of the. deneminatcr's.- . o R




fractio re- unequal - Thé divisicn was
sed  which is 1ncorréct as 5 and” 12 are
.T,“nat addends-- o . ,,_ﬁ;wuu#,_ R

"”b?% o —-reeipraaal cf is E} reaipraéal

"?

. ' _have tc be defined sc that 0 x—a-s-o‘andA;
At athe only way you can arrive at a.p Dduct of zero' ™
‘.. is for at least one of the fact@rs tc be zerc.;gAka

+.3 40, ‘then % =0 ST T

s 4y then oy deflniﬁianbg X 0 4 sa that 4 X
' ecntradictcry as’any number multiplied by,zerc is. equal s
{: to zero.in-' : A : o -

ﬁ) 3. .¢): 100 j a)’ 100 f_)!

";“far ta give it any meaning wculd mean ‘we could divide by zerg -;  gy_;i

ey

11@00'1_ f) 1 ooa,ooo

foifar to find a value fgr g, we wculd Have tc find a number go

=_ Wthat 0 = O- same number - We .see here tHat i :f HUHbET WouLld™
work, this megpns 0 has no definite value an 8 therefcfe

N ”mean;ngless.',, 0

X . XK
.
1”‘
Ho
.

o

e

~—
ol
o .
~4:- }

s

T

=4

-3

e
 4mwMW¢~f,
< 4

w
el

oo ‘ i

B o I
=3

;=L e

M,,g)__ag g_ - ,. - e ~ -v ,___

f557  The quatient of twoXiREamal numbers is equal to’ the pr@duct of ‘the - .«
: dividend and the r;i:f,-dal of the f{divisor : s
numeratcr S denominator

i L T et - s e e e e e i

;;Exercises F.. | o . i
BIE R DR R O 59*?**‘%‘) Ao e )R




s-ways: of expla aining th: :
3. "how: many" (numerates) while. the dencmin
at ind or sise (denaminatian) A

t )“sc we can’ changé ﬁhe fractigns,Aif neceasary,{t
1 ‘:j_equal $alue, having this. -common: denaminatcr, o

r’ . =

ll) Yés, as. it 1is Df the - fcrmVE where a is any whale number and b
et gthe— natural ﬂumber»@ne, S

"“.f | a o . .
L -12 ) E b and = are two \V{'atianal numbers such that 'E X a = G then

E]
B . . z B .
Bl . . o . : o S P L T L I T PN o

e either T % Q, §<k 0, or both. - e e e e

1) E’Y C'it‘Efinlt.i«:m,,g F 7 % %& v'*_ N

o ?) ac~=ani bd ’are whcle numberspa whole numbers are -
. S -$g clcsed underxmultiplicaﬁi@n “

L

;53)igif Eafg Q; thén by definition Df divisign, aé

"ffTST Thus éﬁéié or'¢é,
: T fcr whale numbérs.

e
N Sg-‘ i A

LI C : :

RS
DR

s R — e e e e £ e £ g 0 e e i
) -,l) -clqsure a) jdentity element for add. and mul
oA a B Ay Ly —for-adds—and-mult ZK*QWtGﬂmmutativity“fer ad&dmandmm P
4:5) Distributive property 6) Nb. 7) product = 0y : eﬂEéQr ‘both.

'are zero.’ 8)" zero mult'“I' :




i~) Jee ﬂb. 2 abave.
Asimply cf enangi

V*Gmgaring the numerators? S e T

’j'is claser t.c: 1r R

The demenstratiqn Qi thege prcperites caﬂsists
ng each rational‘'number to one. having ar ccmman ?P

A »? B s

of

a ' R T . .. o
,ianal numbers ) and %é' (where b 4 0 an
- b =

denaminatcrs.-“We ﬁsw

.7-s>;-nmnbers. . 'l‘hen Ed"—’} Gblead = Gb, o E.ti < ab;
-.. according - to . fhapprgperty previausly-sta
fgr whale numters




1<

2
'f+'-5 T

] - oy s . b ‘TM, ' | .

1




For'

all parts of préblem & let v =, s = § be.any fwo positi
ational numbers where & & i o -

Aruitoxt provided by Eic:



ac ”and ad +sad < ad + @c (asv
{ bi‘;' kS bc'. (as ad:{ bc)

‘campare dencminat@rs. Fr@m prevlaua work we

ek oo . KNhow" that ‘when numeratara are .equdl, the.
Co i T ‘smaller. dencm;natar means  the larger fracs

- ., tional .value.  Thug we gée" ‘that~ tna“required
,;_- ' ‘-vZ’,'inequalities are equivalent to: Ebcia bc+ad

-and be:+ ad } Ead

ar E ad(b+d) < bd(ad-c) < c’b(b+d):
A abd + add < abd + bed. < £bb + ‘bed C S
A8 ad, < be, tha 1eft - member. (abt‘i + add) is less than the

et m;qdrrmember -------- “Stmil arly, “abg’ ‘?“bcd‘“{"‘tbb“r“ﬁéﬂw-- 1
B R S R ST, t,,.:;i:;
] i ; . _

: FABL ey e

ERI

Aruitoxt provided by Eic:



' L _ o
Exereises 1. T ‘ . -
zl)ﬁ“@ %4- 7%5 250; k= .20; g = .16 7= L4505
T = -9

were repeating decimals, such as %;,

%, %%, -js,‘ S’r and -11 wé’r‘e exaet

{12 2
10,000

4) Yes, the denominator will alway= have the same nmn’ber c:f 3&1*1:5 as the
S num'ber cf decj,mal places v

‘,5) .156; .0057; 7.89; 358.9 Lo e
o Yés, due to the nature of the division process with powers of ten, R
B thEI"E will ‘be no; rémainder, 1f division 1is- carrled fapr- enough e e

S) Every teminating f‘decimal can be expressed in the form -E ‘where n

and, 'k are. natural numbers. Likewlse, any rational nmnber c:f the

form __n can be expr-essed as a terminating decimal
10 : S |
e
7) If th;denaminatar 1s a factor of '10 ‘or a factor of a pbwg‘r
- of ten, 1t will be a terminating decimal o
ti) 'I'hey will be only 2 or 5‘ (QI‘ cheTs of 2 or 5 or bath)
' '9) Yes; 32 difides 1oo,oock |
40 divides 10,000
16 divides 10,000 '
64 divides 1,000,000

'Exercises J.

1) 1/3 of 1/100; No; Yes; 1/3 of 1/1000

2)  .000857 142857....0r 6/7,000;  O00O5TLY 2857 . . . +OT 4{70,@@0
3) .9, .99, .999, ..9999 e
- L1 .01 . .00l ., 0001 M ‘
) If we multipliegl 33 /3 by 3, we would get exactly 1
“h) ‘a) .375 ) es...  e) .123... ©) -076923.
e )4 201136380 d) 956 £) 112354}.? h)  .05882352C
SRR 4 ¥ 1 _ _—
o e T e
. . 132 [ |




!, _5) Iﬂuzfv‘thefé are lé digits, in -%, 6 digits (at most the number of
: v digits will be one less’
fA . : than the dencminaﬁar_.'_f

repeat, as the denominatcf is made up of. prime factars 'Eﬁé? 
2. and 5 As far as 412 p;aceu, passibly oo

’;7)_ ?Eb.E zero

ﬂ;:fngn

Exercises K ) _ _ - - | . }%.l -

£33 1330 2L 1

- 2L 12,340 918,490 ' - e
2) @,, T T 156559 B T

- 3) - .Count the number of digits in the repeating part Ef the deeimal .
T*—*“*“‘If'the number of diglts is k, multiply n by 10 e e e

4) The number of diglts’ in the repeating part of the decimal equi- ‘

- valent of 1 where p is a prime number, 1s always a dilvisor Df
p-1 P :
- N £ e
’ ¥
’

- A

N 1 38 - :’ ’ it
1334 N R

.



Unit v | ,f S Yo

B B

\H ' I"i

.iii;f

' Sample Test Questiang

, - Part 1. True - Palse
_ ; 5
Dlvisian is the inverse cf subtracticn.

f'E/Q can mean either 1/9 of 2 or 2 x 1/9. .

gIn adding ;étienal numbera, Af the dencminatars are equal

oy

. -ﬂthe numeratar of the .sum is the sum cf the numerators and
*

S

' V'the denaminatar 15 the common dencminatgr

,;-Divislan—af ratienal numbers is asscciative,

W W

=

‘9.
0.
11,

l3- i
14,

;fThe fal;awing numbers ‘are all examples ef raticnal numbens.-:-

34,5, 8/3, and 1

: if neither a nar b is Zero.

,-The Eet Df non-negative rational numbers is not closed with

Agéagget tg mulﬁiplica?ian.

‘:If“z*is”d;f§ereﬁt from zero, then 3z/z equals 2z, =

The'expressien_a + b = ¢ may be written a = ¢ - b.
T s a multiple of 28
’Th decimal equivaLEﬂt of any rational number will always

terminate. . o )
‘The symbol 24/8 stands for bct?;a"natural nﬁm@er and a nan;
negative rational number,

. -3

Zero 1s not a rational number.

‘The sum of 2 rational nuﬁbers having equal aenéminatars is

a raticnal number whose humerator is the sum of the numer-
i‘?

L=

inator. ,

Every repeating decimal may be represented as a rational

- The fragtians O/a and (3/'b represent the same rational number; e

b s S _,_ﬂ_”@_.__i_,“%“%w;%H%yLw §mp;uwmm¢T';;4

134
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6. ﬁThe praduct ef zerc and y raticnal number is Zera.ia

7_F'l7;¥‘If ane raﬁicnal number has a larger numeratcr than a seccnd
_,,;:ratignal,ngmber, the first 1s always the larger.

f:)”'i_18; _EGeﬁ-1f?a =0, a/7 18 a raticﬁal number,

&
e
\D

If two rational numbers have the same denominator, they are.
’:always equal
T 20, The rumber 7/16 < 8/17.
fﬁj215  The fracﬁions B/A and 16/20 represent the same ratioﬂal ‘
fj1~number. _ |
' 7 22. BAnother way.of saying that 1k 1s divisible by 7 is to say
| | that 14 is a multiple of T. | 7
fwéé;%wa ; b is a natural number iny if a } b ' } B

T ¢ - _
T 24, In the division problem 1/Eédivided by 1/3, we are looking

H.

for a number which when multiplied by 1/3 gives 1/2.
T’EE-f The reciprocal of 1/2 is 2.

'F-26," The sum of a/e + b/e=a +b - e
2¢ ' :

P 27. The:reeiprcéal,@f t%e reclprocal of 3 is,i/B_
F 28, 'Even if b equals O, a/b 1s a rational number.
| ’ S
T 29. The fractions r/s . and t/u are equal if ‘and only if r X u =

bl

PART II. MULTIPEE-CHOICE

1. In.adding rat=onal numbers with unlike denominators, which of

the following mayeggigé be used in finding the least common
multiple Df;thé two denbm;natérs? )2
A. multipiyiﬁg the two denominators.

l>B@ 'dQﬁEling the largest deﬁéminatari

#C, adding the two denominators.

3 S 135




dividing the prcduct ﬂf the twa denaminatara by 2.

All Bf the abave are cerrect.

v Eg_JWhich aj.the fallawing pairs of numbers are bcth divisible byx Co ;

same number greater than one?

EA;

f‘h;'gWhiéh Gﬁeféf'tﬁe following fractions will give a repeating

. B.
e,
. *D,

E.

5. The quotient of two ﬁlatural mzmbers is always.

" A!

B.

B

| ii,ED?,
E.

7,3 g R
8,9 | |
7,28 ’ S
£ "2{3 | | |

»Nﬂnggpf the above.

3. You can find the pigéﬁéé_ak two rational number§ by...

mﬁitiplying thé two numerators.

ﬂﬁi%iplying the two dengminatars.

dividing the result of A by the result of B.

multiplying the denominators and dividing the. numeratar.

multiﬁlying'ﬁhe numerators and dividing the denemingtcra.,i

decimal?
V-

i

XV R B

o
7/20

" zero.
a-fatianal number.
edﬁal to one.
a natural=nﬁmbar.

‘none of the above 1s correct.



,fWhich af'the failawing ia true? :

'”fwéf';W:;fi x/é)(t/k) equals X plus z p#ﬁs t Plus k}
;;,i*ﬁ?i??fs;ﬁ{(3/3)(t/k) equals. (xk)/(zt) - :
BT (F/é)(P/k).EQEELS (x/%)/(zk) | B N :

L. (a/(bA) eauats (ae)(ah)

7
g

B, ‘Naneé Qi‘ the above. S

- T Terminating deeimals.,,

;;'A? never stop.
_*B, éarE“exact

G,-fnever end in a sequence of; zeros, . . DR

T ;D. are not exact ’ ' o
ﬁfmﬁm&imwimﬁjfmﬁéﬁé of the above. e “TT"E?fTT
8. Iffa/i»g,y/ﬁ and a = 6 and’d = 12, then x . y eéﬁalé;;g x
A, 1/2. : | R TR
B, 2.
G 20

D. cannot be determined from the information given.

E. néne’af these. ‘ ' S '}_ ‘ '. .
9. The decimal number, 2.71828..., is: |

A. % repeating decimal. . ‘ o o

B. a ratianal number.

G;' equal to the quotient of two integera.

#*D, . can't be determined from the given information.
E,L none of the above, |

AL adéing 5/h to the numeratar and denominatar._

B. subtracting 5/4 from the numeratar and denaminatar._

137




'f?fc;tﬁmultiplying beth the numeratar and - denominator by 5/4.

St et T e e s e

_ﬁi‘ dividinghbath the numerator and den@minatar by 5/4_

- B f_nane ef the above, : j o | *{ L
ll,f In the fallewing 118t of fractions, the fraction which does not *

tsrminate ‘is -

B
e s

D T Y
| E. 1/8 . 7 | | ; o
}124» The fact that 1/4 x 12 is equal to 12 X 1/4 is due to which of

igﬁé fcllowing principles?
_A.7'assaeiative priﬁclplei
*ﬁk cDmmutative principle.
'&,_ distributive prﬁgciple.
D, “closure praperty. , e O VA
:Eirgnana of the above, | |
13. A repeat;ng decimal...
' A. always stérts repeating lmmedlately following the decimal

‘point. i e T ’

B. - never repeats E_

!_-.

*#C, continues to repeat na mattef how : - division 1s

_carfied out.
D. .aré not perindic da&lma;a
E; none of the abave. ’
* 14%. The number of diglts 1n the %apeatiﬂg§gw ,«' f 57. 173456173.._

1Bees a

A. 3 - .

Bz



ﬁ:?;. nane of the . above. ' ﬁﬁf

’ f'fWhich of the fcllgwing is not a correct way Df writing the

Sl ;fm£ qthient 2/3 '4/9
Y (2/3)/(1/9)

B, (2/3) x (9/m)

S s/9) x (9/m) | ,

S e, (2/3) x (9/%) | ; | | ; -

*D. (2/3) / (9/%) |

E;’-ail of the above are correct.

N PART III. MATCHING. _
S (B) 1. (3/%) x (8/9) = 12/36  A. (a.k)/(b. k) =a/b
L s O/l B () x /0 = () 00)
(4) 3. 1/3 = 12/36 c. (a/v) & (c/a) = (a.d)/(b.c)
(A) 4. 2/6 = 1/3 D. (a/b) 2 (c/d) = (a ¢)/(b: d)
5
6

o (®) 5. - (3/8) x 4 =37 E. (a/b) x (c/a) = (a d)/(’b c)
(a)" 6. 12/18 = 2/3 F¥ (a/b) X b = &,

T PART IV. COMPLETION.
-'.*Find{the missing numbers for each ¥ the following:
(9) L3 = 212
© (18) 2. 6/7 =2 /21
(64) 3. 5/8 =140/
(b/7) b, 28/49 = 2 /1
- (3/7) 5. 15/35 a_;J*? | o |
(3/5) 6. _'102/17@ = _,ﬁ/? o

L~
~—
Lo

SRS L F 7




V7f’jg}}Arrange these numbers in Drder af sige, the smallest

aiime SR R

gﬁf_\f f1rst aﬂd largegt 1ast e - ‘Af . 7
e =,  *; 21/‘28 . 15/20 - 18/21  Ang.: 21/28, 16/20,°18/21,
22(7/33) f8{; The ratianal number which is equivalent £o- .212121 .

*f;is'?;.ij’ | | - I

'7; (22) 9. Infdiﬁiéiéﬁ;bylga the number of the ﬁéséibléigémaiﬁ;
. ders is' _? | | i§i>" ’
Flnd the exaet éecimal EQu;valents for these ratianal numbers; } y.'ﬁ::'

: Garry Qut the divisian until decimals terminate-
C(u25) 30, M | |
__( 525) 11;m_5/8 Mwmw; , , . e -
(e 35)- 12?’ 7/20 - S -'_' f"gl ) _'?1
(_,0625)__. 13, 1/16 | | D
(.53125) 1b. 17/32 . | | |
1(Bf%”i) 15;> It was shcwn in the unit that in the decimal equivalent :'

cf a/b the number of digits 1n the repeating ‘part can-ifﬂgk

not be greater than ___. | e

; PART V., MULTIPLE CHOICE.
‘,1i. Which of thé~f€}1ewipg propertlies for rafienal numbers does
rot fit our avgfyday experiences? b
_A. One 1s the identity for multiplicatlon.
: ;E- D;vis;aﬁ'is the opposite ofymultiplication.
C. There 1s an assaciative property for addition. =
D. Subtraction is the opposite of addition. '
¥E¢ “ﬁbne of the abgve; } |
e John haé B/Q of g'éollar and spent 1/5 of 1t. George had 1/5
 of a dallar and spent 3/4 of it. They bﬁth‘%pent 15 cénts-

What praperty Icr numbérs does this-1life situaticn illua— P

F

“u‘?p.-':




orm=0

= o nla

vD,i m = Qr n =1 or both ; .

" E, ‘None of the above

, ?h;“ Whiéh of the following would be a'car%ecthya;-t@.give'an'é ;
. U -planation-of "3 . 1/5%% o ooogeeen
A. Dilvide 5 obJects into 3 parts and take one éf them,
B. Divide 1 object into 3 partsvaﬂd take 5 Gfgthemﬁk
*C. Divide 1 object info 5 parts and take 3 of them.
D. Divide 3 objects into 3 parts and take 1 of them.
E. Ngﬂe of the above.
5. Here are 3 numbers:: m, m+ 1, m - . If wevarrange them .
. n : o

Y

L . .uéf ) . \ e
4in order, from thé¥smallest to the largest, we would. have

i LH

B.

s
=
L™

Big
Sl

L ]
=
+
i f=}




JfBecipracal

. Qppasite_ “._iﬁﬂ : - SECCUS -/
3. Reverse. ) e :
| L

?f%,? Jim and Jerry work t@ggther daimg add jgbs. 'Eéch-geté'haif"

;_“;"_thEMmaney—they earn,wmane week- they-had-two- Jebs which paid ;_;fw_;%
$5 and éS% When they split the mcney, Jim thaught they cculd ’
o éivide*ﬂu?#Bin half, and then divide the éa Ln half A

‘add. these tug Shares tdﬁéthEP."iéri'

-:lﬂg

i When they tried bath methéﬂs, they gct the Eame amﬂunt each o
- way. What praperty for érithmetic numbers does this life

situatian ‘1llustrate? (J

‘A, Gommutative ppeperty for aﬁditian. |
. *B, Diatributive prapérgy.
- .Gﬁ Assoclative property,for multiplication. z%%
" D. Commutatlve prcgertyffbr mult;plieatiaﬁ; S
E. None of the abevei;éfé i
8. if'£{+ Eﬁg‘b where r aﬁé t are non-negative ratlonal numbers u
) g u ) ’
then we know that
*Aj r O a;; t 0
_-s. u !




_}..

<and»u;s D. .

fs‘a Q,ﬁ:ﬁ

f‘

multipiication. f - ' 5%!;;;37

 '!Multip1icat1en is commutative.

'!fWMultiplicatia{ ia assaciative.’

'ﬁQ,There 1ls an identity for multiplicatlan.i _}f

Etery raticnal number’ has an inverse far multlpllgatién.

End - N . ’ -‘*, \ ‘ _;. 3 s f a4 _ .

by 'decimal féf the number - 3. will

VU‘_ Repeat in cycles Df 3 digits. ff:"

e *G;ﬁ'Repeat in cycleg Gf less than 23 digitsgu.fg%ji q???J;j

o D. ;w111 not repeat ‘b End as 23’13 prime.

E. WNone of the above. .#;,I.f e _>. _g(r;:' _-=;_ &

?:-dé21m$1_lill énd 1f - o J;;ilf"
A, ﬁuié any even number, .
ng;n has no prime factors.

Q:'4na13£any odd numberi o _
*D, ﬂ has no prime factars other than o or 5 or both. _; .,

E.iﬁNéne ‘of the above.

ii; The ratienal number halfway betwgen 3/4 and 13/16 is- o

143,




S et Dt e e i s eyt e e T e o s e Wi e it e e ot e S

LB None af the abave," Ve T - é

?;13;1rif_a . Cm 0, where a- and ¢ are ratibnal numbers, then we
‘ ' $.0F . EB E},- : . a

£

. B . L A

. vx *‘Ai‘na go QI‘ c= G Drbcth

b & o or d = ‘0 or both

ithe I‘EGipI‘QCEl Qf e B ‘ T
. g .y : ‘

ane af-%he abeve._'

‘z Ftﬂm

' s - if oy
. 14, lIndigaﬁe the relative Eize cf the fcllawing pairs of fraetiana

P

55;\¢1§5/209
?“; 36/45

Caigl/m9 . 15/35 | | |
(>) Db 19/35 . TR0, R P |

15, Galculate the fallcwing quatients ' T fﬂs.

(4/7) v 3/4 2 (7/8 = 3/3)
(9/7) B. (3/’4 7/8) ;2/3

V(Aasaciative) C. Tnis shows - that the operaticn of divialan '

Df rational numbers does not have the
. “ B ® P

e 75 ?fcpertyi

’16; Place theﬁrqgiaﬂal numbg:g in thé fellawing}list in the answer

spaces at- thg left. . Y | , W




."3/0 Qi3

o m) -

o/0 w2/t

| F
i

‘ud

18;

igi

right o K - - 5;“‘V T
(2) A |

~ valents' in 1ncreasin

What rational number would you add to

qqual to i}SQ

3.0 6 A

Haw many different remainders can appear when Qne natural

: number ia divided by anather natural number if the decimal :

equivalenb daes not termiﬁate?

(@nE'less‘thgn the divisor.) - _' ‘ o .
Whétjfemainder must appear if thezaggima;'equivalent,1;;
terminates? - B |
_(zero.) S B

Arrange the following decimal equivalents of ratienal [

numbers in lincreasing order from left to right:

6, .57, .601, .561, 6, 5, .06, .05 '
- ~ a B ToE
.561, .6," 601, 5, 51 %i .
- e - !

.06,
: ratianal numbers and ﬂecimal équi,

arder fram 1eft to right
1/5, .21, .91, 2/7,
2/7, ;3L 1/3, .37, .91) |
- <3 tc maké it exactly
.033...) .,

3

37
e

/4, 31

1/,

1/3,

(1/30 or

Match ‘the descriptians on the left with the answers Dﬂ the

A check to determiney l, ac

- 1ify two fractions, a

and ¢, 'are equal 3.

# i ) =
The sy of a and ¢ : I
..,,..‘,. .4\ ’ ) -E . E P V. L. " f il zer L onanizom oL ,,“.”,:._,,.\'._



i/m T Ty f
1ng ccmputatiens, reducing answeés ta f‘$?; i';Z

_;;.; (1/5) X (2/7)

x(1/2) x (9/8)'= -
| c. 1(gx—(u)-sx=(ﬁ/8);xf(§/’,& e
(s/u) n (3/2) 53/4) s J ,k

e

’kgH . =

Explain,your answer 1n terms Gf

AR

| %fﬁi & ﬁallar. (1/20} o Lo o ;'a»;f_~ é
[ N 5 . ) B N ) } . : B ;.:"“_ . 5‘7 )
-—“%3* e Defineﬁ - (See teﬁ-) SR T

.-l I3 -
& 4

e fA.- Ratianal number L S S
: : e C e e LI

¥

,g;; ,ﬁ. Terminatlng aecimals ' fﬁ;.fr ?iv rﬁf

EE. Deeimalﬁgquivalent of ratianal,numbeﬁgéa N

Ta e .
- o ) ) e - R

T;Q:% Org%riﬂgaaf raticnal ‘numbers i*f”ﬁ_,-,f- LR T

T S N i T A
e e a, P ‘ T ;.L:."" e l . ldi [ LR L ':Fé N A et ;7,_..:.:
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BACK. OF THIS SHEET IF YoU'NEEe.EXTBA SPACE TO
"ANSWER ANY OF THE QUESTIONS BELOW

xMeEe,e,,%etemeﬂt abeut‘the ability level of p |
8 and-state: whether yeur eeheel usee eeme pleneef-hemp— -

wWhat;partesef the unit preved te be the meet teaehab1e¢ Q'-

"3' . . . [ . s L

3. Whst parte of the unit preved te be. the meet eiffieult to ;fff7f4
oo teash? v 00w A

jnie yeu emit any peft¢

oF

?wﬁefﬁﬁid yeu uee any supplementary develepmentel meteriele?

§r

.:‘-If EQ’ what were they, end at what Peinte were they ueed? iﬁk"g"'

L3

& ¥

B Did yeu find it neeeeeary to previde the pupile with additiena_i;ff
J,al materiel? I ; o L . s

N ﬁ".-

I3

" Do you' th;nk that a. unit on this tepie eheuld be 1ne1uded 1n S
:.regular textbooks fer 'Tth and Bth gr‘?dee‘? L L e TR

. o

i e e S S B ;___.,,:L_U. B [ —

T Pleeee make ANY additieneleeemmente abeut your teaehiﬂg ex—
© ' .perience. with this unit which you think would be: ‘helpful to
; “the Panel reepeneible for preparing and experimenting with
ir’*textbeek meterlale for gredee 7 and 8. W '




VIO PN D o

Lo

g 3 ]
repeating decimals

EEachers gf this unit generally agfeed an the 1mpertance af o
wmast of..thé material in -this unit, but.found .it. slightly harder. $0.,
"maintain high interest than on some of the other units. Hawever,« o

':122 aut af 24 felt the material shculd be. introduced, T

: part1cu1ar1y fcr added pfactice material This was the mast
~commonly volced need, - Added materials used by different teachers
A;included the follewing R O Sl el T

Wark on gegmeﬁric prcgfessians 1ncluding the "Aehilles and
R the tortoilse! .paradoxes. R o
- "More ‘work .on percent from regular texts ‘].' L
_ . Introduction of negative numbers (because cf title Df unlt)
.. Ratlo and proportion problems
.77 | Practice exerclses from respanding Maryland unit - alsc
T S e of "this unit ‘for-developmental work™ o
'érLanguage of sets and simple diagrams to. clarify meaning cf
. . 'operations on rationals :
o Drill problems .on manipulation with rational
L 'Farmula far changing repeating decimal%tc eq alent fractian

o ' HNb clear ccnclusians appear pcssible fram the data on ease or -
— =x:§ifficultyvefxsectians -except-that-the-first-féw-sectlons-in- gen-——
eral went easily, but that the work on the order relations of the [ -
atianals -and- the work on repeating decimals in: general were -hard: -
everal ﬁeachers*ncted, hawever, that the material on. the repeating
‘ﬁﬂ%f.-”” T A lda o ~..Z' '7W.ugl“”




s fjfch-t°ughe*_far most
'ble time making various "proefa

ics' v ,rk.x I am . sure the path 1ntg algebra'ﬂilr be 1
smoother for these students than for those in: “régﬁlar“f“
There. 15 much here to tie arithmeﬁié to algeb '
"I'believe that the material in thig unit could’mogt”
be taught at the 8th grade level. With som i¢

lification, I pian to . esntinue ta use it wit
,,gra e graups. AjnA , . X

e ‘
: .
‘ & ;."A:‘v
i &
H
] e S
" —_— N - i
“ _ , B -
’ 150 e
2 155 |




mjintraduetary mctivatig§ agd aven mare h@u tﬁ laaﬁ tha aﬁﬁdanta EY.

ﬂaeaver“_the variaus elati@nahips and prcpertiea af the uni’“”

‘“teacher‘s guide. Hnwavari theae” ‘can only be ei

délihefately bu;lt intaggaﬁ sygtems'Ghiéhgarefégnst ctec
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e s e e G s i

"’I‘uerg ha.s used matri.gea :Ln t.he famulatian af the quantum

nd Lavi-Civita- All ﬁf thesa staries have

AP S SN Y

Such systema Hhieh have eeﬁ.a.in simpls E
d.groy g md their study is a E.ajar o
;¥:ﬂwwﬁm,h;vuhwwmzm
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‘_ »Eymmetric) . B,Esae;gtive

hava to- be checked)

j mndulus.).vf Ha cgn make s.dditian t.s.hlea
';' Lo c:f meduiar aﬂ:thmetic far a.ny ‘madulug.

B ); ‘ Have students make additicm tablea mad i and mﬂd S. -
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3. To'decide whether a set i5!='

: operation if for -any two ' = slos

figgi;

fVA;E i is losed inder

ed ta.sh¥apéréti$h_=“o

!

isétglthe‘\

Amaﬁberslaf the

e

tes with them - .-

‘a member of t?e same set. S L

5 [

P ML,.;;,.:.,\. I TR

o
&

IZRJ!:]WE”7;?H&H.\
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da that aperatia Qn ggz twn memhers

P N R — e

get a member af tha sgt‘_

sama ané, liks 2+ 2) : ~;> o

P ST -such. a8, -

_ : Thg ‘get af even nos. iE ‘closed te +y ginee fbr any tva
el j?“i»;~7_‘f'-~ S . L Sl e
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and certain ‘proper jes

" A_member of a system ig

" identity for a given opera-

" ‘tion if the result of applying
to ilt._la,_nd’ any . -
Aboand ang o

ERI

Aruitoxt provided by Eic:



VA Eiplain We hgve Eeen that there are \qther mathgms%ieaé_:t‘hiéh,

1«'-
)

N . i N

—i . ,.,, - _Eét Q__ S __”,A;,;;,.._._ ...._-_‘_§..;_:._,__..,;... PR ., SRS P -».-',: e 7 - ,7 — ii ,, 4

Ty

' Paipt Gut ‘that' fgg the madularisystama %a hgve a'j.

L3
£ ®

'__;t.iiings,- sa they— are. mthamatjzcal systema.
SR ' s
. Explain -"._‘;Zérc: is

/This means’ %‘ha e+

m:mbéf a:t

In any mat.h" ticgl a;rstem, if ue find a. mamber and 'a.n

1 o . .
(R % e . -

SR LS andxpaintaﬁt. thgt. 5 is the identityf far additiun :naﬂ‘“S.

g

(It Has labeléd "o befara. The paiﬂt hereg that it P

;;néed gat be 0 ) ;A

Aruitoxt provided by Eic:






LA

. If there is an identity for an 5.
N . S
ép‘érgtian in a mathemgtic&gl:

*

gysteﬁ‘ ‘and’ ifghe result of

applying the ﬁperétian%a two

: xk; .
'ambers gf the systam is %h‘a

iz

%

e ii?ﬁtit}‘: then those mémbers are

- called iﬂ_vefée‘a"of each other.

&

o3

kS

£

‘?i" oy
6. “The members of a mthgmgtiegl

=,

E
system may not be musbers,

u 3

In some mathematical a;.¢.uas
. {

the members«are motivns of

some kind.

1

*

To decide whether “a member of
1 ih '

a system has an inverse for a

given opergtion. T# soy to

zﬁj;‘dentif‘y it.

E 3

=

5

'.'t-‘i‘!

-y

In systenms igvclvir;g motiona:

4 80
Io recognige thetienbers,
. To apply ‘the apsfatic‘ns s

To daéfde the properties of )
P!

the aperatig?s,

To identify and ube éi

identity, p

To idéﬁtify snd"uée'iﬂiefsési'

. = . N



AAAAA L R Toxmven’ e
é 5. Erplain— -pr the D?I‘E%Qn of addition, in ﬁéd&\égﬂws bave an ‘*' "‘—*
| ‘ o identit.y (named "0 or "5", as we chooge}s | « o 3
“ . % F;?ﬂ . Aak < ake 3 4in. this mathamatical system. What must we add *
o L » tg it to get the {dentity? Repeat question for 1 4y
. - e 55. Paint out that for e:wery inembar ﬂf tha aysten thera A
’_&- L ' \t | is améthing that ¢an be added Lo prcduce ’t.he idgntity. -
_ e o | 'We "prove" this by noting ths.t the ident:ty is ta be N
o ",; i ;;-: fmu‘:d anm;;ihjne on each line of the tabla_ : S '
_k‘ o Expiairr - If we a.dd twd things and get‘ the identity, then T
] o ¢ ‘l. we call tham "inverses of aa_g;_h other." S o
% " s ' 2 1s the inverse of 3, 3 is fihé‘igv‘érée of 2. o -
) “ R ’ Exercises - 5 ' . )
Y 26 'Eajviau the definition of an aiggb:aie ;systiem;
4 ’E::‘}lain « THere are algebraic systems without numbers in them.
A , . ,JuBt by writing tablées we could make up lots of them. But
. let's make up amalggb;riic systex_n.;_éfégg Fg"ég of a rect.angla;
" e Provide students 'u'i?t.h' fectaiﬂgissufef rﬂt;tiiig- 't
a0 S ‘Hi‘hese can be. cardbaarﬂ light books, etc. -f'. * o, '!
Efplain = The things in this aysteh ‘Hﬂl ot be numbera, bu't. Bdl.ll '
- . be be changes fn the Pﬁaitiﬂn of a fagt&nglg. - + S _}
7 ;g . ‘We uill mark the"“ mrners, é::xqA will c'hange f-hg reata.ngle so ¢
. %' * o : tha‘ti it has the same appearance as Hhen ueh startgd— E:E.EP‘E :
& ?,ﬁ;’ - that, the mdrks on the corners can ba moved g:aund S ’
A ]
. * %‘f ?fet us aag éﬂmt changes will be in our systam. o, .
? hﬁ ﬁ' q&;’tha gfhangﬂs wh;ch \:guld result fr@ irntatigns about hari:ﬂntal L
o 3 e.ng vart-icnl axes ahd. by gotating-in the.plane of.the reeta.nglﬂ- __&
. o . Gall Ehgae ig!, ' V', and 'R', respectively. . : - ‘ N c |
e _- 1 Vs , e gﬂ * :va




i Lh__f‘ﬂ; T;IIV—]_; T e = *d__x,

v

& Eﬁ?lain‘ Anathgr changa is the one uhich leaves*it exactly e

ﬂp

iy
_“Aaéﬁit -i's (either 1eavé it alana,%é: chaﬂgg'%t in such

'_ a way that it ends up exactly ad it is).- () A
Call this change 'I'. : '
A"Théée‘4 thingsbﬁill be the mémhers'afiaur sﬁstag.m=

Explain - Naw let's defina ‘an uper&tiani

. Our operation will be to da first one change and thsn anathar.

é

Have elgsa make up a;ngmevfgr the operation, such.as

' "multiplication® or "changification".

2

“Have them also make up an operation symbol, such as
WHAVY or WHoUM, . |
Start class fialing in a table for this aparétiéa and let

' them findsh it individually.

‘Ask - Hh;t are the properties of this operation?

,ﬁévg students find

‘. That it is in fact an operation.

» That it is commutative,
* That it is assoclative (this will take a lot of chaekiﬁg)
- There is an identity. . .
| There is an inverse for averﬁ member.

Exercises ~ 6 \

Note that the gcmmutativity of # and ~ 1s shown b; the symmetrie
. ’ érraggament of the elements in the tgble. Y |
Some introduction to impoptant aspects of deduc@ive\reasgning i; o

=

possible here =- for example in 4, every combination would have to bé
tried to pf@ve the a#isociative principle to hold, but only one
“Wéounter example” would be needed to prove that it did mot hold. - T

2
—




8. Modular arithmetiics way bLe 8. To calculate in modular
thought of as algehiaic arithmetics.

¥ .
gystems with two operaticus. .,

0 times any member is O. ™

,

164
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]

} Exareises -7
Q\AEJ: - Da tha natural numbera make up a mathematical system?
"_Dis;eugs this, h.gv_ing students give properties. | '
~ Two operations, + 'and « for which there is clasuré, : o -
camnutativity, assgciaﬁivity, and digtributiiv;.ty far - o
' multiplicatian over addition. - - v

- ’ LRI S

Two operations, subtraction and division for Hhieh there -

is not closure, and which are not commutative or as_spcia;

tive.

" “There is an identity for -, nome for +. -

- No mmber except 1 bhas an inverse for multiplication.-

'
s

Since there is no identity for +, there i8 no queatiﬁnzta_ T,

’5

ask about inverses. o - T
-Explain - The whole numbera make up amathematicgl system, too. -
. Describe ité get as the set of natural numbers with gero

put in.

“ "4Repeat the discussion as for the system of natural nﬂ&_";g s
Exercises - 8 _ _

8. Explain’® We have seen modular arithmetic for gdéitiap_ If we

put in multiplicgtlion we will get different mathematical.

systema. With both czparatim;s tﬁay’ :Euld be more. like
ordinsry arithmetic. o O
. Have students make multipllcatian tablasﬁg
mod 8 and list the properties: ‘ﬁ

Comuutativity, assaciativity,;clpéur?; é,;g{
Fa .

Idantity

-
[}

an inverse. ;
0 times anythiﬂg 18 0,7

T T e e,
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’ Ta idehtify=aﬂd;:évievztha

:,f praperties Qf modular o




;If a prcﬂuct is zero, at least one factor is gero,

b
» -
N in mod 5. This is not true in mod 8 arithmé%ie;

;_The inverse of multipl ation (division) is always isz;

" possible 1n’méd 5'as long as ,the divisor is not

i{;era; Division is not always ppssible in med 8

rgﬂbﬁjcansider mod 5 and mod 8 arithmetic with both opera=-

étiéﬂs; Hava students check whether the d;stributive :

X prpperty for multiplieation over additian halds. lf»r-

(Some deduction 15-9,,sible ‘here, since it ean be T
reasoned £hat we dé calculations in Hhéig gumbers

and then take away multiplea-af the modulus.

Therefore, since the distributive property h@lﬂé .

for whole numbers, it will h@lﬂzfﬂf*ﬂéﬂﬂlar%:u ,--z~;::: f=,f;
arithmetics.) . ]

§%§é3> .f,.>;*‘,fﬂavé students check to Eéé'ﬂhéthér,iiﬁlméé 5 and mod 8

¢, addition is distributive over multlplieatiun.

(whether for any a, b, ¢, a + (bee) = (&tb) s(atec)

- Do. some arithmetic exercis€s in modular: gﬁ;ihmatics,

, ‘including finding square roots. (E:plain that to find a
1 L
. jsquare root of a number, we find the number(s) which Hhan
Lo mu;tiplied by itself give that original number.)

167



~ Exercise 1° " .

g

~“Mod 5

L
Ly

|

FAEER <Y W] W
=
m‘

-

~wihrolo O

DO WP Wb

1i;fA

(AN Tl e B o

W P g I
O P
e dad b = D+

HOwWwP W

Owmw N
W H Ownm

W e N OO
AN O

b

LR S B T ~3 OO
Ohon B e B = O q‘;)q‘

QoW N Of+
SN-RXY- U SV Y
MO QWS Wi - B
SEVENTER SET.SUFN S
MW N OO0\

NoMPWNRO

hJ

»

(W
.
M
i

3 B4 3=4 0

- 4

M

N W HFOOVMBRWN

L;

4+ O
(3 +2) + 4

4 (27—3)—3

(1 =4) +4=1:

3*(3-ﬁ1)—0

L

: ]
-
"
48]

1
i o8

w
4+
f ]
¥ _ 1] i
N O O

3« (2/+ 4)

]
=~

1
o

(3 * 2) + (2 - 1) - (4 - 3)
(3-1) +(2+4)=3 gﬁﬁ)zf 1) - ()
45(2‘3)§0; HED _\%

4 = 2) + 3=

.
™~ |
n

1=2=

=L

. 3;'54 timés- at 3, iﬂ the same poaition
Divide the time by 5 and the remainder gives you the paaitiﬁn of

the clock hand. _ S

E:ércisg é.

(a) 1 ~ (a) 12




oy e T (b)) 4
e e (e) 2
L : ' . .
“7e;f:’7j } (é)--B*’ .; S (e) -8 (dot assoe.) - Pra L
N 3 2. _a, b, c, and & are eammutative - " L .
| dia, e, and e are assaciative, in b, 3 +(5 +7) for example, 15 nat
BT :ﬁefined. | B | |
R -, Look for symmetry of nu;;Lra to diagonal from upger left to 1cwer right- .y

":17;(E);fﬂb; No ' L "‘_;;}T“*“i“”””'“”
() Yes, Yes - | A

(¢) Yes, Yes

{d) Yes, Yes | ,- |
(o). Yos, yes . : o ,,,ui_zr__.'.éi,_,ﬂuéw;%
- (£) Yea, Yes - ‘ . 7
(8) 'Hﬂ-,‘lli(: | |

.. (h) Yes; Yes

(1) Tes, Yes

4y 1L 23 5 7 9 N
*12 16 20 24, .
16 - 20 2, 28
20 24 28 32
24, 28 32 36

s 3
24
9 10
12 13

15 16

ND 2

I
L ]
WN
WO~
o0 wirn

KE

Exercise 3 -

1, a, :?agd & are clasad

h d are nnt clased bseause other numbers arisa thgt are not in-

é;thar e@lumg or ravfan*tﬁé auta;da.

R VRS R T- - S £ S SO ST




v ~ (@) not closed
(e) ecloaed

(£) closed (this is aasuming

g 7 "1!3 - 15 = =5 has mea.n;ng hara)
(E) élégéa" L (k) m:nt ‘closed S ' e

i '(h) nat. cﬂased ' ' (1) closed

(i) giasaé., (m) not clﬂ_si;d

. (j )_-A-.‘Aﬂilﬂsﬁﬁ i

LA

i »E:Ereiaa by o ,'-15‘—‘»--‘»

- B - - R S =l S .

0, table e - 2

1. (a) ‘table a - 5, table ¢ - 12, table d

T

(b) tabl" a=1+4, 2 + 3, 5+ 5; Yes 7. |

-“"',

tgble c-1+11,2+10,3+09, 4+8, 5+7, 646,12 +12; Yee
. &
table d-0 + D, No

table e= 24 2 3+ 1 Yes . . _ . g

Exercise 5
1. (a) Yes (b) Yes (c) 1Yes (d) Yes
C 2. QHFIIIGEEE first do nothing and then flip the triangle abaut the

: vgr’tie&l a;gs

| R M°T will result in

» (b) _ _Iaa;f—'-‘

" (¢) The operation is both comutative a.nd assaciative.
(d) . Ies, 1 | -

(e) "’iﬁ,mh mamber is its cwnf,»:jfnvgrsa
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< m

ER . % C

i T el e o . - ¥ . . B B R -
. L N * . . 4 % - N .
. . ¥ - . : ! sk '
[ . e RN . . . B . . . T
C . . 7] ¥ . . :

It is pot commutative

,Egéb-c?aﬁée has an inverse

* -

)
o |
T
o

o=

%n

o s

= b

=
Y
[
(o
1Ch
L
[ o=
=
S
o<l
Lo
=
32
o]

H
Hﬁu
u?
N
e ]
-y

The operation is

There is an identity

change, I

‘.
et

same as table to left

(=] E3
- ~olo
o i

= ~

g?

§
!
-y

i
i

=4, 1‘.1,.} .

There is gg}idgntityléhséga,;I__'

NOT comutative. -~

,Q




(E) tk suecess:lve applicatiun of two tire switchesg

ﬂ

(’b) Tha tabla would bs the same a8 the table in 3 of this exercise.

: Eﬂr&isa 6 PR
1.

-

I EE s
==
=)

1= 1Z

N
e 2'
3

(e} 'i'éé'é o . I

R 1 ”

ELJ Sa
1215 83

|2l

| IE

X I

There is an identity cbange

i

(e)

(1) By -

ey x. (e) X
s»m A (@)W
:-‘:&?

£

* is &emt&téﬂ -~ 8 pmuf here would be to dmanst.rate t.hat com-

(,s) RS (d) W

(x) R’

]

*inﬂﬂd ™).

m:t.at.i‘vit-y hai,ga i‘ur nll-paifa df alamanta :Ln the set. Thg truth

af t.hig ean ba EG;I fram t.ha ta*ble ﬁage ,14. 7 E@te s_v:matry of . t.a.hl! ;

Hith ;e;[jiast to. diagml frem tnp ]zgft. to %pger right.; . v

~ ;La cmt;tiva - proaf \gy‘dmnnstﬂtion, as :!gwta.bla c, page 14

s 172j 1*‘"@ N ~‘}L3"

and each change has an inverse. -

The operation is NOT commtative o

e v s cadareiin

N



o) B --f(‘h) X
'\Efgij: | {jy - S,

a.ll cambina.tiaﬂs ai‘ triple élements.;ﬁ t.he set.
Tcs prave .¥you Hrang, samac;ne elae Hmﬂ.d n@gd aﬂly tu fina ane egga g',',

that was nat EEEﬁEiatiVE- o

£ . ' ¥ C k3
'

B E;tereiae 7* R v' T I S -

element ;‘ar mﬁltiplicatiuﬂ. Na invarse . '_ o e
. s(b) Same as (a) abave plus t.ha identity elgmegt- .fgr aclditicm.

(e) Properties of claau;;e, eémmutativ;ty, a\asaciativiﬁy, ident.itj'

© g .
i .

B glemént for multlplicatiﬁna Ne inverse

o ' »(d)k Ssme as (e¢) abave, minus the identity elemém’m \-\

|

& _ element far additior.

=

(f) ‘Same as (e) a.bcw‘e. | ‘ "i:‘:‘:‘" ; N

. k(g) S&me as (e) above, mmua the. idem:.ity Blemén§ L \

(h) Not clased- does have praperties of cemutativity and

Lo aasaciativity, no 1dentity element. No in (gRe

R Y

LI

L 2. WE enuld m:t make eamplate tables far gmﬂ%perztiQBQ,“,aa tha aat .

13

. -j, t:f elament.s i& ihfin;lte- .

.o N f
. ! i . ' ET . ’ A’ . . A ) ES - ‘ !;, t V ,l !;-'Aﬁ *. - . ;', ST




2.

)

e

RO
. (k).

— O

|l

o D

. -(E)

o =

L
¥
L




(1)}

) | (k) Mn«i'?_
;11;5 'f (1) Mﬁd Y

(a) 3 is t.he square rnat @3. ,%ia t.hé aquare raa‘t ﬂf 4;4 is thg ek

~§fhl sqyare root of 4; 1 is the sq;gra roet of 15 ani D 15 the )
.. square ragt. of+0, . “ ' I R
(b) Yes, 1°

"*:';(r.:) Na

"y Igs, 3 anﬂ 0

-“.(e) IEE, 2 a.nd 5

. (a) 4,79, ie 25 m._j RPN SRR

- (b) fa

-EI(B) }Nun_bgr



l : Sape e
adé;tiar with a. 4-m1nute clack_ ."

-_The additive 1nverse Df L in the mgﬂ 4 Eystem &

. paRr IL : GDHPUTATION f

o ﬁi;ﬁthe prﬂducts,' :TA iy  v\:
(;, 6) 5.:

[(3+7) X 6] mc)d 9




A 'The set (A, E

TR 'aperatian.. © | ir% | ’, : ,' i ¢ |

'I‘he aperaticn @ :l.s eammutatj.ve.

‘l‘he eperatian @ is nct assaciative. o

- E.i Nané of thefr a’bnve.-

-_T:'l‘he :Ldentity far the ape!eatian @ :Ls. BRI , T
Air. T O AR DA )

EB sB_ L L

S— raraads e L o

"’_,*.G_s C. o -




.inveraes~fi E;:'

4 true?

;A-ffﬁéfsystem is nat clcsed ﬁ-;

';fﬁéfsystem is nat cammutative.""

gthe system has no 1dent1ty element A.,,” 7}-’f':?if_;

7”af the abave are carrect

;,;system eansisting of the set af even whcle numbers i?#

"Pa

"tl;.;aperatian of. adaitian*' SRR RN

'4systemzis not clssed '= (

"5_ ‘*B& the 'aystem has ‘an identit.y element

'>{,G the Eystem has an inverse far‘sdditian fcr eaén elemeﬂt

all Qf the abave are. carrecth LR

E. gﬂane Qf the abcve 1s ccrrééf

F?al system cansists af Eeveral things. ﬁhieh'af"’

éésarg in a mathematical system?




ERI

Aruitoxt provided by Eic:



ERIC

Aruitoxt provided by Eic:



f~‘”,at parts af the unit praved tc be the mcat difficult t@ *
,teach9 . — v =

| Did yau omit any part¢ B

;'js; Did you find it negessary tc proviée ﬁ@g pupils with additiﬁns

al material* ' —_— T

If sa;vwasjit frcm'textbéakaféf]ﬁi@fyéﬁfwf;te3§§ur ﬁﬁn?""'
6 Dﬂ yau think that a unit on this topic shauié be 1nc1udea in
- regular textba@ks for Tth and 8th’ grades? s

7_, Please make ANY additianal camments abaut yaur teaching exﬁ o
-.perience with this uriit’ which you think would be helpful to. &
‘the Panel responsible for preparing and experimenting with
textbnck materiala far Erades 7 anﬂ '

2 .
—— S O S —— e S-S0 S S S )

-
N -
) o
R
- - .
TET =
- . =
H




augh’E ‘in the* figure will elwe:rs*
: eévertieel axis.. This is important when su
.. follows the turning of the triangle' ebeut 1t een’ser :
" Pxample:. First (turn'the triangle 20° about-its’ ‘center)-
. then. (f1ip about the vertical. e;cis) would ‘be. represented S
,by the feliewing elﬁetebee- e S S e

. 1,1'-"..'.. e

e a
: .
- B T ST




