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qHQwAdi&‘yau think ab%rt 1t?*’52f

n
, fét

a:'ds khe seccmd play




A: wasﬁborﬁ in;h%ﬂﬁB C

@1 )
‘“:Fl years Later in what ar wag B

(2)

and D*‘was b@rn EDD

If mc was b@rn in l5o B G

'742ars earlier, when was H Vbcrnﬂ'

o ';:r,fthe third wegﬁ gair}ed-\-

-fher ﬁet gain ?P 1@§Ez




(a) (4 H 65) R
B A (-8) v (- L«=))
(u + (- 6)}

(a) 3.4 (( g)ﬁp g)

e} i)

T ) (8 #s. 6) 41,8 (o) (-3
e (- 3) +.0)% (- 2. 5) i“(p) (5 . (@ 7)) R
';_':.'_f‘,(h)u- =21 & (-2) | (q) ‘(( 5) % T)) o
o );»i;_la £ ( 5)| + 2 r') (o +. | 3|) 4- || 4] + (_h«)li--. b

“.(m) ( 3 2) + (( 4 3) e 3 G)




 5f§ it hepo* As an example Write the sum ( lO) * ( T) using

'ia% tgnge; If hawever y@u have thaught carefully abaut the 75?};5”




If a anﬂ b :g%e bcth negative the sum is*the

O o v o
?};"7iiﬂ}f  1:; negative Df the sum Df their absalute values,if4'" ,

If one Gf a ?and b iS Pﬂsitive cri:era aﬂdPther”=;

@ther 13 negative; thé absclpteévalue cf their ‘suin .

=7

”§f 1s the difference _”heir absaluﬁe Values. Then 

if. the sum 1ahnét G; 1t 13 positive er negative‘

aecgrdiﬂg as the psaitive cr the ﬁ&gative numpé? has

the greatEP absalute value

7' Examples‘ i Bﬂth P@E;Ltlve ‘:? o 20 E-_.f TR

f“Bcth‘n“;ative** ( 9) + ( EO)

Oﬂe pasitiva aﬁd Lo
(+9) ¥ ( E‘O)

sne negative

R S N U Nt (__9 )—:h—,-—- 0.
o R o '.jifffr'zeré because | 9|

1argerﬁm1nus the smaller 1f they are different and is zerc'if'

L







g

(a) 3% (- 5) L @ C R e,

) en) e ) ) (35) 165)
s ..(d)“'vf“ (wkafs)w_ﬁwmw;“ﬂghw_w;-,GJ)"“'C;5)4+w§ijﬁmmmk;mwﬁwm_?nwyfud_%;w%
I G I I O L T O I WP o
() Lfmyem (1)~=2oa+(gm)

H

&=
" -

;5522 Try t@ write aut parts I agg II cf the definiti@ﬁ of additi@n

}erEfthis a more-" cﬂmpact SR

s

s¥~u» 1n terms gf=the symb@ls {, {,~¥i

ot 9
L farm %%

©'“3. Given the set K = [c -1, 2,- find the set S of all

i E } L]
f, - 8ums -9f- gairs Df erements of K. Is K closed undergﬁhe i?gggg
= N ; SF" ¥ 3

:%ff‘cperatien of additién? (Eeviéw the meaning of closure of a

t 5, set under an Gperaticn before you Jjustify your answer.) -
- P g
§i4; Is the set cf all real numbers closed under the operation of -

- (.

additiaﬁ°

- =

;Ff,: Is the set of all negative real numbers closed undér addition?

F.§§Ju§tify your answer,

i
=

,ﬂ§6 " In the _course Df ‘a8 week the variations 1in mean temperature ffém

= k e B

oA

- thé séasaﬁ’al ncsr;mal of 71 were -7, 2, -3, 0, 9, 12, -6. What
wefe the mean temperatures -each day. What is the _sum of the\
yafiatiang?

7; Which af the following are true senténces?

(a) . (4) 0= |

_-_(1?) -(1-1:5] ) | -
(EF(-3) + 5 =5+ (;3) : S L
(@) (b + (-6) + 6= ((-6) +76) -

lo]) = -1.

y
4



‘-i”a; "'5f_i4§ ¥A'5: -%="f"'%f=ﬂ§i',
ey -_<,(*._5‘)-'.%(’_(45));;_15 AP o
'23 (f) ;s7)=+ ((-5) + (-3) = (-7 + ( 5» +3 e

(s) (6 + (- 2)) (26)k (-2) Jr e

W ( 3) + 7 = Cs+-( TD -
- 8. For the follawing open sentences try ta find a real numbérl

which will make the sentence frue:
N

A () e (<3) = =T e

@) - K2
(b) 3+
(c) a+ 5=
(@) b (M =3 (1)
= (e) (- g) +.X = - gs T (3) (3 + x) + (ﬁB);
9. What is the sum of: ' ' ’

(h) Zx +.(-4) =6 -«

It ]
O

=
+
I
kv
=
+
m
Il 1]
I Lo
e

(a) % and -47

{b) -2 and -(-2)? L , .9

m\lm

(Q) - "and §? 0,

(d) FPFormulate a general PulE fcr the sum of ‘a pumbér and
"__ﬁ__mm“m“_;its Gppasite o o } {
10, If it 1is known that x + (- E) and -5 are the same number, is>Hm
1t then true that (x + (- g)) + 2 and/(-5) + 2 are the same
number? Why? . B

5115 ‘Pranslate the following English sentences into Dﬁén senteﬁcesf
“Por example: Bill spent 60¢ on Tuesday ahd'eéfﬁéd'%éé"@ﬁ‘-'\
Wednesday. ' He couldn't remember what happened on Monday, but

he had 304 left on Wednesday night. What did he spend or

earn on Monday?

14




.". : e " R

o ?_ ? If Bill spent cr earned X centa on Mcnday, then . -.
S “?j' \11‘: Xy (- 6@) + 40 Bbi | K .
Lo This ean be Writtéﬂ' o ‘1

\.

= -

~ X ( gQ)~=m3@in“mmmﬁgmhwu;wuwQ;thAﬁh;;g;qQ;

A

_ ’(§): A stack price lost 3 paints in the’ mgrning, and by,
' evening it~ %as down a tatal of 7 péints Whaﬁ happened

ta the stock during the afterncan?
?h&%ujz(b)@uAfter bcrrawing $2. more _from nis brather %%h paying. $4,:h*#ﬁ

.back, 7Jimwfgund that he ‘still Qwed his brother $4.

\

. | -uhat was his @rigiﬂal debt to his brother?

‘3101!3u3 and the ‘1iabilities are $1l3;569. What is the

balance?

¥

(d)  From a submarine“ﬁ%ﬂmerged 215 feet . below the surface a.

ﬁra§fet.is fired which rises 3,000 feet. How far abcve

- sea l$velzdmes:tﬁe rocket go?

: . i

]

*In all our W@Pk with numbers in éarlier chapters we have

made use of the number line in representing facts -about numbers
Let us now go bagk bo the DHSLDESS venture of the ice creg@ vendor

-and illustrate his ﬁet incomes over successive é&o day péri@ds

5,

Mon. and Tues. W@d, and Thurs.

s5—wl i , h?é—A

'R T TN TS N TV S SN TN N N N

74+5=12 "6 4 (b)) =

~
_¥
md
I
e
N
1

-
| v,
[



v R o a :i Tgés;‘and wsdi

6 — . o o

. R bl b 15§ TR S L T T S TN T T N T T TN T T O A A |
e T s ’ -10 -4 0
. . — J— ‘ ) -
(-4)+ (-6) .= -10 B

K ‘ . e eee o oeme el amer

P

You should ?écallg of course, that to,add a pés}give number’
we méve to the right on the number line. Now it shouXd also be
clear that to addxa negative number wé move to the left on the

number iiﬁei' In wﬁat direction do we move to add O on the
numﬁéf'liﬁeﬁ ‘This can be summarized: ——-

o @@e v 7 e
Lo Mo determine the sum a + b on the re? number 1iné,. start

at ag~and move |b]
3 to the right, 1f b 1s pgsitive,

to the left, if b 1s negative.
. , !

;~ui- | A':- QS o o \\%g&—'

Exercises 6 - 1c “ : .
1. Which of the fa} %
o () 13l e b gt o S
(b)) (-2) + 5< 6% (-4) |
G R O S FR 0 e Y A
(d). 6 + (- T) > 16 + (-7)] ,.f - 2 P
e) 1-3] 4712l » 13) + (-2)]
(@;@+|£nf(jy£§

g are true sentences? . /

~




AT %\ .

(e) (-3) A _(.-5) :} 1281+ 0|8 |
=5,1mave right 3,:

>a<a>+

P SIS B

;;,‘, s ;,:-' ey - 2 ;
“%!_. 1eft gjlleft right 2. What is the c@ordinate of " the"'

,*"F;stopping pcint
Find. the greatest of the numbers

L a), (-2) +ie, 2 (-3, I
-f‘ ?gy’

'Properties of Additicﬁ

f 6-_ 2,

(;2) +" 3), (( 2) +

-2) + 3| + |2 + (=3)|2
0 AEONOSMR SENE O W N T

i e s

w

We were careful to aescfibe

*iand list tyé pfopertias of addition whgp we dealt with . the humbers

L Df*arithmetic

. Now that we have decided Paw to add

real ﬁumbers,

&f_wewwant ta;yerify that these pra%§rties;of addition hold true for

2i the'real numbers géﬂ%rally

.
,
o AL (

A g

; Wé knaw that our definitign of additian“include% the. usual

addition of”’ numbers @f arithmetic

~add as simply as we cculd befcre

but we also want to ‘be able ta .

8 ®

Can we. still add i;al numbers

in awy‘aFder éﬂdfgf@up them infaﬁy way to Euit!ouriqcnvgniencg?

i

}additian-still hold true? If we are

: o
Ethat these pfoperties do carry OVY;

N “
’ %aré assured that the structure of

questians about multi%licatian will come up later.
Consider th@ fcllowiqg true 3&nﬁences:
‘5); T + (Eh);W

(-5) + (-2
3+ (-6) =

)—(e‘)*‘

an - F

=TT EIEN - F

[ e
e TR e e

Q T .

L——In«athermwardsgrd@ the commutative: aY:
to the réalinumbers,

‘;Qve from thé Eumbers of arithmeiic tc the real numbers

(=6) + 3. What do we do .to f??m the sum (-5) + (-2)°? )

ce . . = T

assocldtive properties of __
po . L o

5y

able'to satisfy ourselves -

then we¢

tE

umbers is maimtaiﬂed as we

Similar f;=

e B ome RE ® . ).

fFQ) + T,

a : . =

li.,' ’ i ) N - | »
E L7 B



g

:Dc the abgve senten§§s cover every passlble case gf aiﬁlticn

Df real numbera?i If not supply examples cf the m1351ng cases A

wy S

Ey ngw yﬂu 'see,, the Balﬂt The sum, of any twg fe ﬂumbars )
‘“‘“is thégsame for eitnef crder ﬁf additrcn:-‘Th;élis ghe Lo -ﬂ;i%¥
Cammutative Property of Additi@nrg For anyar”
two feal jnumbers \é. and b, - L", ' o ,
ia+b' b+ai-!§. . o
Néw it shguld see \q;ear that the-sum of two npmbers is defined
‘ withcut Fegarﬁ to yhich of -the. num&gzs iS\taken first But on , __;
-thé Eumbgf%llﬁe ‘where additicn ‘seems tc depend Gn‘which numbér
:j isgbaken fifét, phE’gémﬁutgtive property 1s nét Sé vaiaﬁsg . ‘f!

(-2).= (—-52)"4- (-5) . T+ Q(Eu) - (-#) e 7 1.

f  ;i Next egmpute the fallowing pairs qof sums: . i‘ |
’ (7@+ (- 9))'\\%3 LT+ (( 9) + 3) | o .&..
L (B ) v B wa) g T
- e ;fE) + ( 6), . b4+ (5 + (- 5)) N i -

_whathg you cbsg?ve*abaut the results? : - - N T:;



o RN S
ot ¥ 3 b
S xi s 5 -
8 ) - i

o

PR We eﬂuld 1iet meny mere-exemplee ﬁe you. téﬁ@k thé‘e me'af;ﬁiﬂ

Al reeulte weuld elweye heﬁdﬁ Agein yeu ehquld eee the pointi\;?hi

. ”“Lﬂfg%agﬁ,e,\-,;mha F R R i,
3 % E L R SN

eeteln v gt el e s

riiea-Ri : = . .. ‘ ; .E\»a!._;x :iv \‘». \J:E ‘:_ _,,f,-_v.',;:‘.,, g o
DR Associative Prepe;ty of dd;ﬁieg ¥ ;

-f;i;ife;feel;numbere e;:p,!end~e,

R o (aep) ke

]

'e+(§#fﬁﬁ _1:€;-f

N e . \ .
;m;_;q »~Oﬂ,eeuree if the. eEé;eiative .and. eemgﬁietime 'repertieeue_,iu;

hei&‘ rue i every 1netenee

can be giveﬂ by applyigg the pfeeiee definitioﬂ ef edditien oi
L
real numbere to every peeeible case of the prepertiee : They ere,
l‘ . . : B \%
"1eng pfe%fe, eepeeielly ef the eeeoeiet re pr'pérty, beeeuee h
ot

there are meny cases. We shall ﬂot take the 'ime te give‘the

.preefe, but perhaps’you may ‘want to try the @ne fer the eemmdtag -
tive preperty, o i . ,ifj

The eeEeeietive eroﬁertyreeeufee ue'Ehat in a.sum of three

, ) L .
?eal ﬂumbere 1t doeen't metter whieh edjaeent pair .edd firet*

it ie euetemary to drop the parentheses and ieeve eueh sums in

o

en-unepeeified form, such as 4 + (‘1) + 3~

*Another property of addition, which 1s new for real numbers

" ) i . . -_1 ) .
‘and en/ hat we will find -useful, is obtained from the definition

“of "additdon. For example,’ the definition tells us that 4&+ (=Y~

= 0; that (-4) + (-=(-—4))

0. In generel,,the ‘sum of & number

and its opposite 1s 0. We state this as the g o
)Y | i-
1o S




.;i
L ¥

; One more praperty that stemg éirectly fraﬁ the*definiti@n
ﬁ‘;g‘ =,

f” ’ ‘s, ‘ w
75& is the ced

s L T ewen e -»p‘e, . L
. iad
= R

b' » 7. T - - . = KLA ’ - §
i - ; S b i * *

. o ’ § P 5 i S!\ : :"?'*’5:}
" ‘wo Addition Properfy of 0: ¥ FEP évery rest ) Com Y
: “g \;‘ e 7 = = o) { ; * 7 ‘ 7 =L b L ;_.
it e TIAMDEIT At 6 el ”,,. . e
- 4 a + 0 i=: a N _;
, -, . 7 ,
Make up several Examples to 111ustrgte this aril the preceding
- 3
| pr@pertyi : T o . -
o TG tcmplete our .1ist of basiﬂ pr@perties affadditlan ccnag‘:'
sider the. examples: - - ‘ Lt £
Sifﬁé by ( 5) =

- -1, fﬁhen (Q (- SD +=5 (- 1) + ﬁ;
(Verif‘y this.) ‘
' S:Lnée T =15+ ( -8), théen AL (-7)

(15 e 85} 7){»
ii (Verify this ) Naticé thau since ”4 '+ (-5)" and “( 1)" b

P I names fgr the same humbér

w i

we may add 5 Yo,  this number and’ Dbﬁain'ww

"(4 +f - ED +. 5" and “(—l) + 5" as names for the -samé new numbe?

'_ Do ycu E%E the pcint? We *call this the

\f [
Additian Property of Equality For any
real numbers a {b é;” T Voo T
; if a. = b, then a + ¢ = b + c. _
. . I : 5 .
) : 4 .
Let us make use of these properties in some examples.
. .!‘—‘ ]
SR

ot



e 3

- ' - N I

(,5)437,4!94-(12)%—5 ,5

%{;j ~.

@rdef &nd gfoup %iag,numbers 1n any manner far-additian.* Tﬁus

-l. . 4
9

N ek e 5= ((5) e V(T2 9) 4 ‘- 12)) .
Tl e Gerian) |
- R ,ﬁyﬁgm : T_;. =0 *’§4. ; s o ‘ ‘lu 1§ ;

[

= - 5 = . H =
N ) —_— ‘ - . LT .
e o e i B L TR L" R A R e DT S P
, P o o , " :

1

- Notice that'it»is'uséful tcﬁgrcdp é posites if pcssible\“becausé
s O L) . : ) s =X :

B their sum .1s -always 0. In fdact, we cauld\frite »
- . . ]

&

e 16w (c12) = (8 4 12) 4 (1) o
o ' - 4+‘(1:3;+ t- 12)) (Why?)

%

i= U JE 0 . (Why?)

¥oooo > @
@ \ . ‘s - =:- . - " % «

g ; Y
Efémplg 2., Detebmine the truth set ofthe open sentehce -

{_ X + .%F:;:EE. 0 ' . '

%

yoooon

lﬁ?’

:”ess anbers which make this sentenée true?. If ysu

_F““dan,t gde - it éasily!';culd you uge prcpe@ties Df additicﬁ to
Y

Th;vcéhmutatiVe*and asggciative prcperties allcw us tg re-: -

c:.»_..._,.r-%;_,..-!’,..,..L_; e e e 5 s :
. SOPSLR . U S YU P . S S O SO S O

[

[

”4"‘ /

"

help? Let us See“ If there 1s a number x maging the, sentence

4
=

true (if the truth set is ngt émpty), then .

, ”f X +-% and -2 are the same number, J
)‘{et us add "E ‘to. this number,lthEﬁ by the additigﬁ pr p

',f equality we have . v )

%

—

o

-



]
"ﬁjf

L

C@ntinuing, we“have

Example 3. Déterminé the truth set of

:‘thé“léft éiﬂe’is““s +

-5-)) _‘_< N R R
‘%g- é (Whyﬁ) _:35  ;;_f  i:,

.. Thug, we &rrive gt "the rfew open sentence X -g—. _Now “1f a.

number Xx .make% the @riginal sentencg true it 3&50 makes this
new:Senzfnce true of this we are Eértainqbecause*we appliedfgéf%

e _ - ;,,;L;-, SAF_VZ,_,.—,A_,,;A a

pr@pertie which hold true fDP all real numbEPs p éi !E? make
50 13

the criginalasentence true?- Yes, because (- ) +'5 = -2, e

‘Here we have hit upon a very important idea. We have sh@wg’

‘that 1f there is a number x making thé original sentence true,

13

" then the g 1y numbér X can be is - ==. The minute we check and
: B k

: fiﬁa that "ﬁ{ does make the sentence true we have found the one

and Dnly ‘numbkr which belmngs§§c the truth set. '

543k (- D).

If there is a number :.a:;= sugh that thé sentence is true, thEﬂ'

B

i R .
‘ o il ’ ) i ’

A ‘T§i+*§)i+

=~ o e

e ﬁ . " : !7 \ s
. If "x = T, then - : -

e

oo
|
|
+
rafea
i

the right side 1s x + (;;i) = 7

]
N
.f
o
|
S
n —
1]

Hencej the truth set is (7). . \

f3ey
ﬁjﬁ'



R » it

EXamplés 2 and 3 illustrate-a technique that we will use'

'@ﬁ‘cften in; mathematits.;“We apply general prcperties -of numbers ta R
g R AR :
épen sentEﬁces ta thain simpler apEﬁ sentenees and then find

the truth sets of the simplef senten@es Theée new truth sets
then are: the same as th@se of the original sentences as was'i:;'
the case in Examples 2 and 3. |

=

ercises 5 - Ea ] . . -

- \Eﬁ B

Tell why each of ??g&fcllawing sentences 1s true.

(Specify asscﬂiative c@mmu%ative properties, additi@n pro-

perty of 0, or addition property of opposites. ) ’
(a) 3+ ((;3) + 4) =0+ U L .
) 5 (B) w7 () es) b7
- (c) .(7 " (E'E'T;)) + 6 =6 i
(@) |-11 + |-3] + (-3) =1 |
(&) (-2) + (3% =) = (- g)+3)4s(u)
(f') (E|5|)+5%%6+(5) ’
“j””g;“ Regréup and reorder the follawing tQ thain the SUME 1ﬂ an oo
easy way_{hh, v o 4 -
da) (- %)'+ 7+ (-2) + (- %)*+ 2
(B) 2 (<3) + brg e (-2) e T
(c) 253 ¢ (-67) + (-82) + (-133) a
. (a), (-3) + 8 £ 11 & (-5) F(3)+1g+(4)
() 5+3+%-3) + (-3 « |2l

SR
e 1y




- x — et Nnee

Lf) o ( 3) + l— ﬁJ b (. 7)

@)l.ﬁyi+(ﬂ+|4|

;;;;m>(x+e)ﬁ(4)+<s>:m;mfwwmwy;wggg;;;;;%

‘-

Il (1) w (W + 2) + (- W) + 1+ (=3)
3 Find the t.ruth set @f ‘each Df the @pén se:ﬁténces

(Use the techﬂique of Examples g and 3 wherever possible )

S, i g

()6 T = (B e x

®) (1) + 2 #0-3) =B x4+ (-5) 0 T -
(c) '(;'+-é) #x = (;3) s x 5
(4) (-2)'+ x4 (-3) = x + (-
Vo) Ixl ok (-3) = 1- 2

w>x-%ﬁpﬂ=§f(eg'

*

(8) - x +.(-3) = |-¥] + (-3)
m)(<§+<x+§

[

3 X - (}i + %) ¥

%

bwéfhave leaned heavily on the fact-that the sum of a number -

~and 1ts opposite is O.

For example, what number when added to 3 ylelds the sum 0? What

"Let Us examine this idea more carefully.

Two numbers whose sum 1s O areéfelated in a very'spécial way.

number when ,added to -4 ylelds 0? 1In general; if x and y are

‘peal numbers such that x + y = 0, we say that y 1s an additi?és

™\ inverse -of x:

ﬁ quick inspection of the sentence x +.y = O shows that if

y = -x, then the sentence/is true. In other wcfds, one additive

E

‘inverse of x 1s 1ts opposife -x.

=




=8 P T . . v L e e ey

s B L e sees s e "_ Ll ;

-ﬂf;f Aré there any cher additive iﬁverses of a nuﬁber éééides

;its cpp@sif59; ch do we. knaw there is na ather strange 1nverse_;giw

R
diffEient fram ﬁlz?_ We ecan. quickly aettle this questian by

applying thé additian prcperﬁy cf equality .Tf é; 15 a number

such thata

then = ; L | o

(bx);;>+

0+ z

[
Il
"
"
-

(Wny?)

‘and

i
|

(Whv‘%_f -

and

[}
I}
|
e

(Why?)
:This Pesu;t verifieés what-wé suapected from the begihning;
The only additiv; iﬂVEFSE of a real numéer ,x\ is 1lts opposite,.
Tﬁe_pfagéding paragraph was probably aTngw %xperie§¢e"fqrwy;u:im
instead of showing that a specific number, Séy\!ﬁ;'hasbénly.gﬁé.
additive inverse U4, we showed that each réal‘number ii hag only .
'éne.additive inverse _xi' We did thils by applyiﬂg pfapérties
which are true for ggggireal number. The ccﬁclusian is 1mp@rtaﬂt
;;‘éitﬁéﬁgh'éé Suéﬁéé?édiit'aii élaﬁg; tne technique Ls 1mpgftant§ ;
because i£ enables ué to show general properties for allireali

« numbers. o . . : 7 < e

i R,
25 . . |
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a;general pr@perty af numbers. ‘We'-call ‘this a ‘proof ‘of" theglﬁhfﬁ‘““W

T‘\,.

:-(3 +5) = (-3) + ( 5)
;_(44- (_E) = (,_4) + 2,

\;ﬁgj;. . - h_ ,T: : - «il) +"_LDjlé los b, - | L } .

f?'pque;ﬁgfi We knaw that

[4

- are t?u%»SEﬂteﬂGEE accafding ta the definition of addition
P S - Qe eiale

(Verify this.) From these éxamples we mlght gueks:

£

=5
2

For any real numbers a and b it is true that -(a + b)

ay+(wy

: Cop s > oo
, Andthef way ef'saying %hisiis: The @pmcsite of the sum Df

* -
1

two numbers is the sum of the Qpposites of the numbers. What we -

have heresis‘general statememt rélating the operations of ad- *

!!@itian and taking the opposite. Again it is easy to show thié

Afesult for gpeécific numberé; but is the result true for all real

- numbers? We reason as follows: If we want to show that the

opposite of a + b 1s (-a) + (-b), we can do. this simply by
. showing that the sum of a + b and (-a) + (-b) Ls o Why?

- It is natﬁral then to write down thig sum and shaw that 1t is 0.

(a + b) +'(( a) + b)) %53 + b+ (-a) + () Why?
(a + (-a)) & (b»+*'(i§))= Why?
0+ O Wy SR

I
1
W

e =40 . - B : WHY?‘;

et



JFind‘ajnumber;for ﬁhicﬁ each senﬁeﬁéé 15 true
atsro s 0 B
C ST .;(5)'& .(_ (2 +§)) W a
(b) 2 %+.(-5) = 0

(c)__ 3. ¥F 5’»+ S0

(d) x + (- §) SN /
B (- B cio

Nl
o
»_. A
=
S’

St fae s e stoen
=

;.i:’i' e ®

nyou found ‘g the iny one making the sentence tfue

f;S;fﬂHhich @f th% followimg senﬁences are true for all Teal nuéﬁers?‘

l

"°f7;f(Hint Remember that the Dppasite af the aum @f tw

fisfthe Sum of theif oppasites )

. _ !;;(b) | ~)
S O e N R R )
e -;(c1) (x 4 ( 2)) | 7.=x) + :;: U IETH

1) +3 +(-x) =0

/

'f:‘E For par;s! (b) and (h) Df prcblém 1 ‘show that the numbéf ;51

3iﬁgmb§#s
S Ry = (0 (- ¥ (o) (a v ( b)) ~ () v b

X (x) (f)( F) e

=

*.sp T

““““#“““GivE“a”praéfm(an argumentrinwthe&manﬁer“ﬁf the text) that the

I O

13" seateneeKef Bs{d) isgtrueﬁfafﬂall,real numbers!--a-’




i% (Ix) +i« 3) +  .f‘: fi‘Aﬁ T
R T T :’1fn:§f7jffr ( (x + zﬁ £y ;Q;fQSQ?Q?”
.fﬂi;j:,ﬁiﬁ ‘f::  5??%:f;1}!~:i.il1 f v+ ( (x + ED |

e ‘;;,sting the définitian Qf additisn @f real numbera, prcve«thei;

W

’g[g;, additlén prcperty af O ’ A .

kY

;;;;g;fQQELEAa Multiplication Qf real numbersﬁ Now 1et us: decide égéw;;

Af'hcw we shculd multiply ﬁwc real numbers All that we can say at

W%Present 15 that we: knaw h@w tD multiply twé pcsitive numbefé Df
. N = 0 . v':‘an Sy o A ) . %

Qf pfimary imp@rtaﬁce here 13 that we maintaln the "structure“:;;;

ﬂgrof the numbjp system ibWe kﬁ@w that iﬁ a, 6 c are aﬁy numbers of ¢ .~f?

> hEI‘] e - i \

'3arithmetic

, abl;:ba,‘.5 ) o o
@Yo - albe)y e

@

o AR N
SRR (a)(o) ,{i,__ o e
a(b + ¢) =iab 4 aci o 5 LT e U

'.Wﬂ :

i &
Y

(What names did we give tc tngse prmperties cf multiplicéticn?)
. Ngw Whatever meaning we give ta the preduct cf two . real numbers

“W“WE"must“bé“suremtnatﬂthése*pfapertiES“Ef“mﬁltiplicatiah§3t111”h61d"”“‘*

nmmfarma;lkreal“numbers;

. o
]
k




(3)(0)

( ;s)(o), (e)(o),;

n

= ,jo;‘ (3)(0)

&,

Thus

.104
ol

W

1(3)(2 ¥ ( g)) by writing 024+ ( 2)
(3)(2) + (3)( g),;”ﬂ if the diStPibutive,;F?,efr*'

Eb .OWJ
'w 'u

hof
0.

ﬁ 6 + (3)( E) f: ‘must hcld for real numbers

1f-%~e want t;he pr@perties af\nultiplicatian té hcld fa.f

real numbers, then (3)( g) must be ES ' Whyﬁtfﬂﬂihﬂf

Next we take a similar caurse ta anawerh?hg seccnd guestian

( 2)(D)§ S 1A”xfi if ‘the. multiplicaticn praperty of ?
o O must hald for Peal numbera,- '

, ( 2)(3 + - ( 3)) -, by writing. c:_ 34 ( 3),5,{

hold for real numbers, ﬁ’(é::,v;‘?

0= (-6) + (-2)(-3), . _by,the previqus result, - "';f-

o

20 ey



Reéall that the praduct of twa pasitive numbera ls

number.

£

de these ccmpare with (3)( 2) and ( E)( 3)*

Gcmpare ( 3)(4) and: (I 3||4|) ( 5)( 3) aﬂd | 5| | 3|

e;-Thia 1s- the hint we- needed.

!

number system to be the same f@r real numbers as 1t was far the

Lnumbers Qf arithmeticjxwe must défine the preduct cf two real

Thén what are the valués Gf |3| ]g|fand | gl I 3|?A‘Haw

Using the same reasan

If we want the struetuﬁé af the

ﬁositivéf‘

;ﬁumbe:s. a and b as f@llews*"_

D S

F O S

If a - and gf are bath negativa cr bcth
Eallbl

a and b is

thEﬁ

V;ﬁcn negative

CIf Dne Qf the numbers

";;;{ijﬁpasitive or ZEPD and the Dther 15 nefative  ¥iN”Qi:7-_
" then =_=(|a||b|) f}f-:,fgé:'“ '
lf],,- It is impcrtant ta recagnize that |a| and |b| are ﬂumbers ef@

arithmetic fgr aﬁy real numbers; a and b (WhyQ)

Thus,

Ca

the':'

preduct |a|lb| is a pesitive number and we . obtain the pfgduct

f

ab as either |a||b| ar 1ts appcsite

. -]
P

ber this by campleﬁiﬂg the sgntences (sa

‘t

It will help yau t@ remem_@fffﬂ

ppLy’thé“Wﬁ?dE““pQEitiVé"""

“negaﬁive" vprz"gerd"=),




fw;fycaiculate the f@ll@*ing

/

(o) ((ﬁ i 2)( 5) _s(’.:n

!
RORE ) s-%—) w0
,“F-z= o) (=R (7 )) .-

:(d._) ( - ") <

(f){_.:_( 4 (-3¢ 7>) ()
() (D () + Tf) ff'(a>

( 3)\ gl g L}

(-=‘3)(-l*—i'§| +
( 2) (3)

(l-3D?

(( 3). & 2)7

(( gg)(a)) 2

.; ;»(h) ;| 3\({§) + 4 o  _.%:"JI(p)

= 3)‘: ;u (2/)




;‘{(g) « z)ua ] cl) + (( 2)(|BI) v ) R

"'ff‘é<-l4> lal)

_flx - EI e |( 3) + al‘\+ Ia + b]

i‘ R e

(5) ._"|x + 3| . ( E) <|3§ +"( 4”) 3 A -_ fcr}t gg
S ) (we)2 H1(-3) + vl <25, for y -6
'Find the’ truth sets of the follawing cpensentemes S

” (a)f"2x + ( 3)( 4) =

—J.D

‘?'(‘ 3)“(%5--) . s 6)(4)) +=( (1) » b; for 4 =,-5.

|\|\
'y
O

')_ TB) 2(- g) T EY 3(= 2) |
S (c)x +. E - (3)( 5) + ( 4)( 8)
(d) x = (-5)(= 6) + (- E)(B) |

(e) - (x +2(3) = (-3)(2) + (3)(-1)

) e 2l = (6)(-2) ¢ (- (-3)



D _ducts af pairs ef elements af R ﬂIé fhéaééfqé-”féaliﬁﬁm;f;ig

4”;&1Ven the set v [1 - féa h}, find theuswﬁ"“'

‘?;pcsitive numbers Dbﬁained as prcducts cf paifs af elements o;;i

i ”'QZEPPQVE that the absalute value Df the product ‘ab “ig the

prnduct |a| |b| of the absglnte valuga.v.’,“ﬂg ~i¥f-!!f ﬁ5v5A: 

6 - A Prcpagxies af multiplicati@n.  When we. decided haw tc

: define the praduct Df twa real numbera, we wanted to maintain the :
;”“—*structufe Df the‘real numbers. This #s angther way ﬁo say‘that

4

kt' we.wanted the familiar propérties cf multiplicat cn_tc femaiﬁ truev

mﬂ.ﬂ-hﬁ

fDP all real numbers tLet uéﬁ%%gﬁg each cf thes praperties and

7-f-sa 1sfy gurselves that.they are true

'ﬁ}ccmﬁﬁﬁéﬁivgfﬁrﬁpérti gg myltiﬁligatianf

S =

*‘any real niimbers. a . and b, '

T g T




:_'tnat»,(|a||b|)

Here we have giVEﬁ a cgmplete pfacf of

In generafﬂf

ir D’pgsites?are equal 3 Thus‘agaiﬁ ab Ii

f;_result with ( 3)(4) With ( 3)(0)

But again ja||b|‘;_|b||a[

é

—L—(lbllal)h,:(Remember that'if numbgra are equal

II\II
1”'

i Illustrate t

‘the commutative |

ye have §h@wn that e may change the order of f*”f“

real”numbérs N@tice that wé,BéseéfthégﬁngfQéﬁw,;

& 0N L

multiplicatian wi

., ;5.

R Assaciativé pr@perty @f multiplicatiaﬁ jFéff“J*;“"L””

th@ut éhan%ing the prgduct
L a : :

any réal numﬁers a; .ﬁs e,

@f this property )

j' the same number

e E

- §ab)c;§ a(be)

Verify that?each of the f@llowing pairs-ié

:i_“v

((3)(2))( u),,_' (3). ((2)( u»
v, ((3)( z)) (1. (3)((=2)( )5
.,(-3)((-2)(49._
. d ST SRR




R

orm thg_prgduct af any adjacent pai:.; The effect cf;;

‘”xﬂ

i C. 1 ;a .is a negav,veﬁ Put thgﬁe
;g;idéﬁs t@gethercand you have praved the property of ”  :
Naticé that ;;;;fi‘ RIS ~~-P*%‘f;4.*' E;"
18 (-2)(3) - 5, then (( z)(a))( 4) = (- 6)(-4); -
s 1f ( 5)( - 3) 2.15, then (; 5) (- 3» (g) - (l§)6§) tfllfrﬁlf?

?thicé that Since "( E)(B)" énd “C 5)" are nagéssfcr the same;%7fljﬁ

. gylr

“inumber, we may multiply ( 4) by the number and cbtain
T Lu ( 2)(3) ( 4)"'and "( 5)( 4)" as ‘names - fcr thé new numbe? o

CIn’ general we have ﬁhe'f }

g—~ﬁéf’anyi~

' ¥4—~¥ww-Mu1t1p1icat1cn prcpeg;y @f e,ualit

real numberg a, b aﬁd fé;]if;-axé'b theﬂ ac = be.: . D

fi;;;;;x%:he~ﬁinalﬂand,magiwimp@rtant praperty ta e@mplete thé‘_";f *(i

;nzatrugture cf real numbefs is one which ties togethér the operati@ns

.. .of additign:and‘mu;t;plication- ;

S
LS
QI

;




. Ol’llY a"} few’v examplés TR
;_;‘?(5)(2) + (5)( 3) ';i  1 ﬁ5-u“Av;f
‘nngE)( E) * (5)( 3)2* p e

E}

‘ Exércises 6 < ua

;-5~1ndicatéd Qperatigns with the minim

1;Exp1ain h@w the associative aﬁd eammutative prapéﬁties could -

fbe used tc perform the f@llowing multiplications in the

S Use the distributivj

ﬁf”easiest mannery: -

(2 ROLCTEEN : R fg”*s)(ﬁ)(—- 17:)
.;;;( 5 (2 )( -5)( -E) | i>_ _?'_() o—)( 19)(- 3)(50)
:,@g) (- 5)(17)( gb)(a) | (f) e 7)( 25)(3)( 4)

Propertyg if necessary, to\perfarm the ;'jf

'famount of wcrk f;‘ia!.%fe

"ifff_'_(a) CHH ) @ 6)F. + (NG

” (b) RETE DA - (o) (D) s

RO -E)(< 59) /( ), T @6 s (e




WE call this the

(Hint To shaw tha

Ef'_/yprcperty, aﬁd ‘use. the prgperty cf O )
Use: the prapérty that you proved iﬁ problem 4 to prQVE?‘ff,"f?fL

;i(a) For any real numbers ”a’and b ( a)(b) _,f(ab)

;(b) Fcr any real numberslfa; and b ( a)( b)'jw:’.

i :fksentences are true.;:' AN DI R
@), () 1) = 2 (2_1);-, CLa

"-':",.,g(b) . ((ﬁ_a) + (- 2)) 4y e ~

o) (e s uy)fs % (- u)y; for, a1l x and v

» ’t‘

[y

-Ei'lf‘ :§l;”5;? Use @f the multiplication prapértiﬂst Ngw that we-:
\can multiply real numéefs and have at our dispcsal the pr@perties gj




s’

umber§ a and b
e ;i.f,fjf( a)<ﬁb)

,;the_parts_af_m

.>fIn daing prablem ; yau prabably used”the'prcperty Fgr any

S pea

=e;prcblemsin which_you used_iti,%_ 

"ﬁ?3;1”Use %he éistributive pr@perty ﬁo write

;,Jgigns ( a .lpI“GdthS

. f‘nf(a) Ba % b 15“ ; . “.f;(f)¥7(a‘+sb)x .

‘<?9f(b) (= g)b . ( e)c | :}f:-7jj;¢g)‘22ax'

1]




i




PG IRC LS 12;
e b
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6 375.' Solutions Qf equati@ns ' In the equation

3x+7 X+15

if{we can do no- ccllecting of terms on either side of the equaticn_

and yet it is ﬂét abviaus what the truth set is without some klﬁd

1'Gf Simplifigatign, The chief complication seems to be that the °*

 _variab1e appears on.both sides of the equation. Things w@uld be

vf-simpler if we could form 3 new sentence with the same truth set in~=

do by using the addition property of oppasites x + (-x)

5which the vafiablé occurs on Dnly one side. This 1is pgssible to

: andhpraceéding a§=follows;

0,
If there 1s a number x such that
3% + 7T = x + 15
is a true sentence, then for that value of x,

. are the same number. If we add (-x) to this number;{we get a hew

RS e DU

numb2f;=andé(ﬁx % 7) + (-x) and (x + 15) + (-x) are both the same
. Y

aﬁéw numbexr. mhismmeans that, for the value of x whilchimakes

%

© 3% + 7 = X +715 true,

o
.

(3x + 7) + E=X)

1}

will also be true. But this equation can .be. %i%élified to ,f

E]

L g . weow *
FLE _ B gy goame

2}:#7:1

" 5,

‘While we are about it, we could similarly add (-7) to the number

represented by these two sldes of the equéti@n and obtailn
i
» EX-E 8.

Next we can apply the multiplication property of equality to

obtain the sentence

=T,



a

But any numbe;é

The number which makes this: equaticn true i; 4

which makes our Qriginal equation true will also make this iast

f(gan% true. Since 4 ‘seems to be the only\ﬂumber whicb makes cur

;;st equaticn true; we suspect that it makes the original equa%ian ’

. ; b3 ) :
'tr!ue aﬂd tes’cing it soon shows that this is the case. If X 1s .

oy then on the: léf%
| 3(4) + 7 =12+ 7, 19,

and on the right,

(4) + 15 = 19;
80 "3(4) + 7 = (4) + 15" is.true, and (4) is the truth set of QUP-:

equation. It-1s customary to say that U4 ls the solution of the

equation. 7 ¢ Hm

" i As another example, find the truth set of the Sentence
_ 5y » 8 = 2y + (-10). |
If there 18 a number 'y such that 8y + 8 = 2y + (-10) 1is true,

then 7
B+ 8= (<10), Ly

and ;)* -.i:;

’ 33{ = "18! "
. . ‘gfi» ,zy = -6. ,
If y = aﬁffwﬁen on ﬁﬁéﬁleft, f
| e 5(-6) + 8 = (-30) + 8 = -22, ¥
and on the right, & |
E ) e

2( 6) + ( 1@) ( 12) 4 (-10) = -22.




%;%g;;;ew{zgfﬁ”u;;d,, e A8 e

F o e

So i.’5(;5) ; 8 = 2(-6) + (-10)" 1s a ffue sentence and the

* . ‘solution is -6.

i - ) SN ) n.&\,.
\Exercisés 6 - 6. o oo N

** 1. Find, the' truth set of each of the following equations, using =

il

 ~,.;the.fDrm;éh@wn in‘the examples above:
S (a) 2a+ 5 =17 o8
‘,_:f (b) 4y +3=23y+54+y+(-2) °
(e) 12x 4 (-6) = Tx 4 24
| 2

'L(d) 8x + (-3)x + 2 = 7x + 8 (Cé;leet térms first;)
(e) 62 +!9 + (-4)z = 18 + 22 |
T (£) 104+ Sn4 (<B) = 3n 4 (<B) 4 20 .
(E)'vi5 = 53 + (-8) + 17x !
;) sye8atya 3w (2y)es T T
E.% Translate the fiiiéwing into open sentences and find t@gir
 ‘truth sets: | |
(a) Mr. Johnson bought 30 ft. of wird and later bought 55

more feet of the same kind of wire, e found that he

paid $4.20.more than his neighbor paid for 25 ft. of the

‘same kind of wire. What was the caSt’perigaat of the
‘wire?. ’ '
(b) Four times ah~integer 1s ten more than twice the successor
- of that integer. What 1s the integer? '
(c) 1In an automobile race, one driver, starting with the first
group of cars drove for 5 hours at aFGEPtain apeed and

was then 120 miles from the finish line. Another driver,

12



.. Who set out with a later heat, had traveled at the same.

(g)

HVEhe third side. Find the lengthsof the Ehree sides of

rate as:the'first driver for 3 hours and. was 250 miles

from the finish. How fast were these men driving?

. The perimeter of a triangle 1s 44 inches. The second

side is three inches more than twice the length of the

~ third side, and the first side 1s five inches longer than

=

this triangle.

~--If an integer and 1ts successor are adde&,.thewresult_ién_~%+

one ‘-more than twice that integer. What is the integef?_

In a farmerts &ard were sameAﬁigs and chlckens, and no

other creatures except the farmer himself. There‘wgfe;'

in fact, slxteen more éhickehs.than ﬁ;gs.. Observimg this L'l
fécﬁ? and:fufthgf DbSéfViDg‘tﬁat tﬁéfe Wéré“?hlfeef 15”“ o
the yard, not counting his own; the farmer exclaimed
‘happllyata himself--for he was a mathematician as wella

as a farmer, and was given to talking to himself--"Now

I can tell how many of each kind @f.creaﬁufe there are

in my yard." How many were there? (Hint: Pigs have

4 feet, chickens 2 feet!)

? i ) =
At the target shooting booth at a falr, Montmorency was

‘paid 10¢ for each time he hit the target, and was charged

5¢ each time he missed. If he lost 25¢ at the booth and

made ten more misses than hits, how many hits.did he -
£y .

make?



;(h) The Eum of twa consecutive odd integers is’ 11 - What are’

: ﬁhe integers? o .
,5 ‘ ' :

i

6 - ? Further use @f the mﬁltiplicatigﬁ ?f@peftbés; We havé!
3 ia

‘seen hew the distributive praperty allaws us to callect tarms of

_ .an expreaaian! The praperties cf multiplication are hélpful also __;jx
 _in certain techniques of algebra related to prgducts involving

algebraicvexpressianai

ff;Eiamplgf1§f“f—“"faxy)(Tax)“ can be more simply written as— -
7 “Elaxgyi“ :
Glve the reasané for each of the following steps which show this

. 18 true. _(FGP ease in writing, we shall foften uge "." instead

..of "x" to indicate multiplication.)
. (3xy)(7ax)

' = 3;7;‘5_}(_}(-57‘; ) o f‘
(3;7)5.'(;; X

Bix!yl7iaix ’ )

plax® y. ;_

T ) : LF T

While in practice we do not write diovin all these steps ‘we

il

must'ccntlnue to be aware of how this simplification depends on
our basic properties of multiplication, and we should be prepared

to explain the intervening steps at any time.

Exercises 6 - 7a.
Simpiify the following expressions and, in problem 1, write

the steps which explain the simplification.




_.V(uyé)(—BaY)

(% ’ébe)(%— bcd) A

- (-12pa)(-4pq)
(20 b%¢®) (10 bd)

£ow N e

N . y
" We caﬁ combine tﬁégmethad of the'preceq&ng exéfcises‘ﬁith the
;vdistributive praperty to perform multiplic?tions such as the -

" following: ; | | |
»——«—w—( Ba)(?am+—3b + (- 5 c) = (_5a?) + (-%ab) +-1§ac.- - ~~-;ff~{
'  Furthermore, Since we have shown in, Eectian 6-4 that

| -2 = (-1)(a *
we may agaln with the help of the distriéutive property simplify »

. expressicns such as

%

“ﬁ@g+x(7x)+ (aD -
‘ : ;'3{ 7x + 6.

(xg ' ('735-+-(—ED a
't

%

 Exercises 6 -
‘ Simplify as indicated agove:
1.+ §x(x +.6) é 5. bxy(2x + 32? ¥'4YX
. 100(2b% + 7b 4+ (-4)) 6
(p+ra+r) 7. (-ke)(2a + (<5b) + (-¢)) O
(-7)(5a & (-50) 8. (2x)(x + (-1))
Carry out the following series of multiplications by the

-(a® + 2ab + b°)

= W

»distfibutive.pr@péfty. - . : —~~



T e

by T

B(x + 2)

plx+2)a o .
SR S (x4 3)(x + 2) - | ‘ QR

J

Do you g€t for the last one of these the following?
S (x a3 (x 4 2) = (x4 3)x 4 (X4 3)2

T x° + 3x+ 2x+ 6 _ : , -
" ; » R P H ,r R M‘_.'-_'—";.’—,‘:,-'

= X% + 5% + 6.,

1)

By such successlve uses of the distributive praperty we can pér-

fcrm multlplicaticns inValVing several terms

T ..s
st 4

f(a+ { 7))<a+ 3).

(é+. TDQ-F(3+ (703 ;¥ ii;
a? 1(a9)a+ 3a + (-21) -

=a2+-(;4)'§:'4- (-21). B

hﬁk-?'+ 2)b + (x £y +2)5 - .

bx&by+bz+5x+ 5y + 52.

‘Example 3. (x + y + 2)(b + 5)

/ ) 'r. L Mel gt
‘ LN
L s..a‘ - -,
a Pe oa s : : :
: : Sy
- »

Exercises 6 - 7c. RN
T i

1. ' In Example 2 the digtpiButive pif

Point @ut all four p}éﬁg ; t';éipsed_
2, Perform the fallawing.m §i ﬁi&e§tiQnE; . :

" |
(a) (x4 8)(x+ 2) TLHE ,(a)

L

=(b) (y + (- 3)) (y . 5335

(a + 1)(a + Ba +e4)




R

P i1Ségg¥ﬂifmu;w;wmhw~;ﬁhu_ﬂh,?;WTL;JWT

&oeast
RN

I:,é‘ ’SthAthat far‘rea1'numbe§s a, b, ¢, d,
(& +. b)(c 3+ d) = |
(Nétiee that, ac-is' the product of the first terms, bd is the -

Y

i

A

. } T i
ac + (bc + ad) + bd.

praduct cf ‘the sec@nd terms, and (be + ad) is the sum of the

mixed praducta.

4. Use the formula developed in problem 3, where possible, to

where 2z

multiply the follcwing . | . k!
(a) (a+ 3)(a+1)
o (b) (2x+ 3)(3x + B)

(e) (a+e)(bia)

(d) (Y+ (- 4))(3;‘ + (- Ey)+ 1)

(&) (m+ 3)(m+ 3)

£

Lo

6 - 8. Qrﬁer properties. Compare thé numbers (- i§) and

- gg)'+ 2. On the number line we see that

Now compare %? and

’igies h@lds:
i A

(- 32)

8.

Z = Z
?
e of z7

2); z

< (- %) + 2-:

In general, compare z and z + 2,

13 any real number. We know that exactly éﬁéAGf three

+.2, OP Z 4+ 2< 2. (W@ﬁ?)ur

ee 1s true for‘any z? Why? Dees your answer

T g

31 31

the same way, the two numbers 5~ and 4= + (-2);

and z + (-2).



By thig time y@u Gulﬁiéﬁﬁﬁiﬁﬂértﬁ&t adding a positive num-.
bber tc , any real umDEP z gives a sum greater than z, whereas
--!adding a negative numbef to- aﬁy real number 2z giVes a sum 1ess

xi t@an z, Is évery number gréater than 2z obtained as the sum

g'éf z and a pcsitive ﬁumbEP? Consider ﬁhe number z = -5 énd’theﬁ'”

 wgreater mimber (— 5 Is thére a pasitive number b such that" "~
(-5) + b = - 37 Wnat is 1t¢ | . | .

"Bet;us generalize these jdeas., If. a and b are real num-

bers and b 15 p@sitive then a + b 1s cbtained on the number

e e B el

.line by mcving to the right\from a. Since "is to the right of"
means "is greater than", we ?ave '

*ﬁf .b is positive.

(1) * SRR W I

on the @thef,hand if ‘we know that a + b> a, then a+ b is

“obtained by miol ~the™ right from *a  on the number line. Thisfrf

can happen only if b 1s posit;>§, In other words: )
(2) ; a+ b>a, Egix\if b is positive. i .
. Combining (1) and (2), we obthin \ T .
(3) . a+b>a, if anq only if b 1is pasitive

‘Thus, sentence (3) i1s a convenient way of writing SéntEnCES (1)

and (2).
) W
. Now we are ready to gtate a genera¢ property of order @f
\
numbers:

“If a and 'é are any two real numbers such
that ¢ > a, then there 1s a positive real number
\\! b such that




By thig time you are prcbably eanvinced thgt this geheral

praperty is true. What is the positive numbér b such that

R e %—5) +.b? Such that-i = (b §Jw+ b? Use the number line to  it-

F - .

help you if you: ‘need to. - o o ;h_ ! -
| ,Hawever,~assuming that the pfaperty 15 true, h@ﬁ would you f"' i
"go'abaut-fiﬁding the number b in general? " Since ¢ = a + b, o

-add (-a) to both sides by the additlon property of equality, etcg '

You finish it. e §

%fommwaowfwefhave~a~new-view:@f the relation "s", Any sentence
; +

i

involving f§“, such.as : ,\ o
3,5 -5 o N _\

éan ngw bé replacea by a sentence 1nvalving "=-" .in this case '

‘where a pcsitive=numbe§ is added to the smaller to obtain the |

gféate:. Is the converse true; that is, if b 1s positive and

c'=a + b, 18 1t true that c > a? Why? This new ability to .
l,“transla@e“ back and forth between a sentence invaiving “}“'éﬁd

a sentence Involving "=" will be useful 1ﬁ-praving results a?aut

inequalities | ! _

Exerclses 6 " 8a,
l;' For each pair of numbers determine their order and find the

'positive number'vbp-whieh when added to the smaller gives the ° .

larger. b
i T - 5(} 4
= - ;"Q? ’ =
. {-f» a 1 f
N B - =




ﬂj‘v o

Fallaw the

%) I

fA(Hint.’

1‘&
, real numbers
b

(f)

(g)

(n)

then '

"a < g" in terms of’ an equati@n, _

Which of the foll@wing ségggﬁées ‘are true for
the variables?
H(a)ﬁﬁég
“(b)
- (e)
(d),
(e)
(f)

LgN

(a)

(b)

If a & 1

If a + (-

.,

5

,l‘?

1) = b, theA a <

‘If (a +c)+2=1(b+c),

‘= b, thenb > a.

b.

‘k@Bh and w345
23 ana - %gj

1.47 and -0.21 . °

(- 12 ana ()

béwing is a true statement:

L

ﬂ;féi if and only £ b 1s; negative

-2

P
A

3 :ﬁ
R

%

imilar discussiﬂn for b pcsitive )

 State’a general prsperty cf grder whicﬁ g_ves the meaning cf

ot .
ok, 5

_%}m B e

then a + ¢ < b!+ c.

If?(a +c)+ (-2) = (b +c),

If 'a ¢ -2,

H .

a = (-2)

If 5+ 8

relating’
Ir (-3) + 2

2 = a +

£ as> -2,

di

+ d.

the numbers 5, 8,

can you write.

Eﬁ%n there is a positive number d

alf?%&lﬁes of

then a + ¢ > b + ¢C.

then there 1s a pggitive'numEEf_.d

L

!

13..

S

- EF

such that

s
=

such that
= 13, write two true sentences invblving "<&"

( 1), how many true sentences involving "¢V




théjnumbers 5, 7.

. Show gn the pumber line that if a.and <¢

and 1f b is a ﬁegative number such that c:

Let us assume that -

220 ¢ o

s — 5

a

i ié a-tfﬁe Eéﬁtence (Daniﬁ bother checking; také aug word far it)

;What ¢an you cQﬁclude abcut the order of each cf tpe follawing

‘e ﬁ
W‘pairs Qf numbersﬁiiji}[§*~~ T ‘ 2

" Addition pr@ﬁerty of order. If a, b"Gnd ¢ are

wh

real numbers and if a ¢ b, then
a+¢c b+ c.-

x[r o
LA . R
B

/ i L .i ,

: tate in ycur awn words why you think this general property is

true Whaﬁ dges 1t mean in termsg@f paints on the real number

e-wline9 ~What- dcés-it mean-in terms- afmthe -distance- from- a- t@ b and g iy
el _:v . .
| V - b . = = e
52 =’~
. v :



frcm~a ¥f¢‘ta b + ¢ on the numbef 1ine9‘ | ' :, ”}i

The fellcwing is a pr@cf,sf_thg @rder property. Can yEuvfill

such

then . = D +'c};:ké*; a) + ¢, - (Why@)r T

(b + ¢c) = (a Fe)+d. (Why?) -

TUTTTTTRAE A 1§ pcsitiveg hénce’ﬁﬂ. e  .Mmmf5fi€f%;;;;

w'.

xna + C < b + c

xcf thé“f@llawing seﬁtences afe tfue,_

fa) (E_;ﬁ) % I RE

(b)( §)(-5) - ‘( -5) > <E 5) (- 5y

()( 5.8) 4 (-0)(- ) < (0.1 + §

) + 22 (- 1;) + E ST ;fﬁf;da A -
Ean crder praperty @f additicn fcr each of the .

. H gk i
¢ . AP ‘.t‘- =TT % R ™

, y) A 'I‘élat'ixcﬁs “i"‘j - "} n ,::L;I;l;u .

-

3. An eitensicnfcf the order property states that: :_ : %iﬁ;é
‘If a, b, c,Ad are real numbers such that
' "a'{ﬁb and ¢ < 4, then a+'tc < b F. d
‘This can be proved in three steps. Fill in the reascn f@r f"‘.*gb

_eachizstep: . . i e g




b

‘g“lééj“‘“' o f;“w””“ﬁ’ é";‘é'tjf"jf

535; iif'a‘é-b then a + ¢ < b +.¢;
. if c { d, then b + c { b+ d;* | R

fhegeerr.i. a4+ ec<by d

. é

Find the truth set Qf each @f the following sentences-'

Examplé (- EJ . x { ( Sl +

mhu

]

3 3. B
4_- é‘—, add E tG tg@th Sldess .

(L% [

x < Gs5l‘+
, add terms @ﬁ?right

Thus A x 15 a number whieh makes the aﬂiginal sen-

Comn

}*@j( §+gxg§+x’} - . S

)

" %:i(f) ( 35 + 123) +3X + 5

ﬁév

£

tence true then x { 2 lf X < 2 15 the original sentence ={£é

% . _ s
true? ‘How can you show this9 ~ ) - SO

.@)%+<r%){;+eg>.- I \-j‘

: ,Lg‘.?, J
M q: '(

s (d) ( J‘E) + LE < (- 3) + |-3] ¢

(o), Qm+(x){§+hg|

7@3( ﬁ+ngx+L—y

Grapﬁ the truth sets of parts (a (e),.and (g) of pfablem 4 v
Hhieh cf the f@llawing sentences are tfue for all valués ii;z

tbe variables” ' ; ‘ : R . w

(a) If b <o, then 3 + b < b.

"
™

(b). If b < 0, then 3 4 b <3 o o S
(e) If x< E then 2x ¢ 4




< E
\:‘ -
5 - .
I ;
. - ’ )

NORE FR A R
) TG ] L 1=l |- BT e
éd) §pate a general praperty relating |a + b|,.:;_:”"‘ b

'.ﬂasked ‘a salesman abdut the cost af a néw type Qf a; baat 4(ff;

L;that was: being designed The salesman repliéd '"It wcnlt

'ficost mere than $389"" If Jne and Mce had agreeﬁ that J%e

'75z7was to ccntrlbut $130 mgre than M@E when the beat was

' fj;purchase& hcw much,wauld Mce have to pay? #

(b)*fThree mDrE than six.times a. number 1sggreater than ‘seven e
; S

'"ﬂﬁfincreased by faur times the numnerﬁ;fWhaﬁ 1% the number9

g Avteacher says ?“If I had thrée times ‘a8 many s%udents . 7{5

ff%h; fin my class as’ i do have,gl wauld have a[least 25 mere

o I g b

than I n@w:ha ﬁ&w=many students does he ha

o , Jasa??.' o '?;; . e
Sl . & _ . ‘ ;..‘.:f:,.x,. ) B
ww-~mm«(d)w~A-student hashtest;grades Qf 82 and 91 What ﬁuS% he s ..

,\'.

sconejcn a. third test to have an : average @f 90 or* 's

higheg? T o\ e PR
: " : -~ T a T

h ~ .
. s i B

. B




s’. S

'lIf b* is ﬂegative, then b < D.u N@w use the addit;gn

- ,;-_,;If _,‘_q e l;_f then ?3}(2) < ( 2)(2\
j;-If ~2°¢ u then (- 2)(3) < (4)(3)
Ly TR 355, then «(3)(6) < 516 | i
"ufiIf 3 { 5, then B(LE) > 5( 2) ;J{?_ ,'¥;i . T;i ? ii-f i g

In these cases, 1f a < b, thEﬁfac { bc, pravided e is a Hfifﬁ

’*pcsitive numbef This is a very impartant pfaperty of Drderi.:"

L

'fjthese cases*

Bgt this praperty tells us nmthing abaut the crder ofhacqand

> ei* e i r' NS

.;5' 1f c is a negative numEEP\ ‘Do. y@u think Eheré is. a cerres- f

R

: “pGndiﬂg praperty? ‘Let us try- tc find a prcperty tnis time with- _‘Vfﬁ
L ;aut‘lcdking at sye&iai examples - '




' knaw a. property when c is pgsitive But we are faced

't_égative hc. Well, if c { O then by taking cpp@sitéég
LitThis is just what we want beéause ncw ( c) ls p@sitive
and cur pr@perty says that if a { b tnen ff'j _f-‘};;; fi“iﬂj"
‘ | (c)<b(e)

’ﬁ,£ ” ac } bc._,_f;;- i

u};-Thus we. have discavered ancther property of Drder'f ifi%l%égj,fi:?t;;f

st
SN

;m'and is negative then—ac E—bc. f”ff4f-?w~;?€**;?‘:~4**_~4:éf¥r!::'*

These are usually Statgﬂ tcgether as the. M

-

Multiplicaticn praperty Df Drder '-if a,fbl

( ; ;-and c are real numbers and if a { b, thgn L
I AR I ac < ‘be, if ¢ is: pasitive zeg;; ,r ;f1__@F?;f '
““f*f'jf;ffffffgf?';"f'ac;}ubc if e is negétive__ o L R
Ban't farget the clue-’ If we multiply both sides @ﬂ Al ineqﬁaiity

by a positive number the @rder remains unchan ed. But if we ,-:_“:fﬂ

s - -

--------- ~mu1ﬁ1p1y bcth sides by a- negative number the arder is réversed. 

T

Exerglses 6 ac_ ,z o ;';Q-?v S

Fina the tfuth set of each af the foll@wing “sentences:

L ST

Example ( B)x + b ¢ -2, , o
( 3)x < (-5) + (- 4)4,  add (-¥) to both sideg,




o 3):: —§ , ad" terms

L(L;§)( B)x } ( 30( 29) f}imuiply bath sides ?y -

(nd%e the réversed crder),

':3”g{':x~>23; :VF%‘!‘ § multiply numbers fi  ¥{‘f

fis a?number which makes the original sentence57»

Ifwx»} 3 ,Shgw that the Grigiﬂalhsentence;
A 15 tmei S T ',:_ S SR e LT C
‘xa (M+7<(ax+<m

'"?f(b) e + (3> 5 (- e)x.g.is:""

k® %x+(a<(5)+

mww
5

 L2x < 3% (L2) (- ) | E . e
4x+7+(ek>(e)+5+(ah35g ;a5”

42+x){3+(?) o Efgiﬁiﬁrii  { :T

?1;§$l}Graph the truth sets of’ parts (a) and (b) of prablem 1
’ ':3;i Translate the follcwing inta DPED sentences and salve
"ff(a) If a rectangle has area 12 square 1nches and one aide

“has 1ength less than 6 1nches, what ls the léngth Df )

:ﬂjlf a rectangle has area l? Squafe'iﬁches and oﬁe side?l
e e 0 o :-
el ~“has length. between 4 and 6 1nches ‘what is the 1ength,_

£= ""': =7 - - - - e

#24 ense

 §£ the adjacent side9 J

SN ' If X, # D then x is either negative or. pgsigive ,1' '%i( .\
e Et

24

'ngositive then what kind Df number s x . If x is negatL e,,,,

F; s - ’ ) ) : Y
: ) R 7 N . .
’ : S @%
R R S .
. ] L .




| 6 —;gg Summa g.: Let ua 1ist t
that Wé:haWE diacovered

fIf a‘?aﬂd b are real numb_rs;

ah b*l With this meaniﬁg of addit¢a*1

Fcr real numbers a b an&

'Gilf(ijv;a + b = b + a

k

';: £(3 g b) + o a + (b + c)

o fAﬁ;‘(:S)?”\°El v C) - Ei} b 7 ; _ '_fj»-.._ . ,-{%;?Ei e .
; ..“_ugﬁﬂfﬁf(5) ,a #b = 01f and anly 12 baa, e
'.-Nggi;gua;i(é) {_(a + b) ( a) + ( b)sjf‘  ?l?;;'1l_;lf?3:_[;iT- i‘;ﬁq!:

8y i a a'= b, then & be=bao; e

:(gjjuc § a 1f and anly if there-is a pcsitive ‘,iraj'r:-jf

anumber “b jsuch that ¢c'= a + b

_ﬁe'cf these prcperties of” additicn have been given namea.sif

%: aﬁé'each.pne,;n words ‘and refer to 1t by its name .

if-a  and Ef{a%é'réél-huhbéfs' then what do" “Wemean” by b7

w1th this meaning o) multiplicati@n ‘thé f@llowing pngEPEIES §£§zyﬁ

multiplicatian ha d _

T O USSP SO T U S S S TSROV B




}XVi;ra( b) s«—(ab) }i?TT;;!Q;i{73if;f %éf;ifr?}f§ 
(e b, T

(”i,;( 1)a g_ga

dre- b then ac. d bc,ﬁ5>?>AM“”

lf

f;#%; What names did_wefg,,%

praperties in wcrds.‘

The mast imparﬁantfprcperty of all the cne Pelating additicn

and multiplieaticn A8 -;'%.”* B ,?h!_ﬁff

. Ea

(12) a(b +. c) = ab+ac

-

-
.

BRrean by
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%11 agree'with crdinary subtracti@n 1n arithmetic? i

fWhat wculd we have said in arithmetic.ir-a@mgqgeihad;“iva‘?
sked us t@ find 9 = 269 Nawawe_c* SNt it e e e S e

a Bay—

‘9— 20 & 9+(-EO) S el e e
giThus we can d@ subtractians whigh were nct p@ssible in arithmetic,'“'

”!“bwe can subtract When cne @r both af the numbers
What is the opp@site of 99

The @pp@aite t::f--Q‘?1 The '
(R cppasite ‘of ﬁgo¢

thice how these cppcsites are used in the

TD help keep these uses Df the symbol elear,

WE

”fglléwing parallél statements abaut them

nom is part Df Dne numeral‘

and indicatés the appasi

'*subtraction. - o
. it YT




a6 0w (;33;_;-

e Gf 3° be'@w EETG! the témPEraturé dfapjﬁdff.f?

5 Shaw how this questian

,@’7i9;:'3rcm a temperatu

”}197 What wasfthe new temp,ratufe@

| is related tc subtractian of real numbers, o "E; _;q-nAAan

e B L T rr g 8 i s s SF} o ~ <o e
s . L . . . i ) . o
;




___Véiley is Mt Whitney?_‘

-_(ato the left when adding a negative number- What Wculd be ';

;éuff:;xithe facedure én the number line t@ subtract 2 pasitive

s

>tinumbér fr@m‘anather feal number? Illustrate by gerf@fming-
~'-the- fcllawing subtfactions on- tl'ze mumberaline R ARm—
S ) 9=t 2) S B A
) (e 3) Sy e E (=) —2
T o) (=8 -(aa) N ) ) A G IR
T ';('ci'),‘ 10 - 15 S (Y (7) _ é




Gansider thé 3tateiéﬁt§i For ailfreal ﬁﬁmﬁers a,_h}lf_"
Bl i & Yo W :
1y_if a = b + c.- State in wardskthe

"fyand the Dther ”Dnly i.f'"'::j ch Qan ﬁhese staﬁementsﬂﬁ

ENCO IR IS T
(j) |(,5) 5 3|

(g) 1151 G
|5| }

,ddei‘t@ 8 ta yleld E@ HDW can ycu ;gdiéate this

T in térms @f glstance fr@m one- Daint to anathe’j¥ .
!‘ :‘ number lin%‘? ' ‘1 . :f E' ) . ,. . . . xi | Fooime s

Y.
.

5 3. Dn the real number llme, glven the paints a, b how Qan you K '%f

3

deacribe a‘f b in terms af a. diﬂtance ffcm Dne of these o

, lents tg the Gtﬂerﬁ Illustrate with ( 3)
- (-6).

;;;Jl". ngwcanMua&;nterﬁfet |8pﬂ,2lﬂgnwthe‘number line@m#What abcutvwﬁﬂgg

7

I 5

( 3) E wjth ( S)

|t-‘3 - 8!‘? Whats d@EE‘(;;S,,,EJ) tell. abaut,a dl%tance on the:

ﬁumber line that 1 > - 8] daeg th tell? Iﬂ we. WEPE intEPE%t=

jig-Ed iﬂ EXDP&SELHg tha dl tamce betweeq a and b on the n)??i--

oy *
* Y = ,§| 4

£ e i B L i 1 Lt o e i e st w3 e Lt gz e <ot e w_..__.,'.gﬁi__@_f.—




al'serve Qur'purgase? ch cag we ax§ress %he distance f

;"?cf néﬂ; which will make a t ol

uh

—

A_I b,
‘ - "' B -'v
— ]

»

-

<fij(e) - 9) ol { SEEN ot D e
L) |g . ( 9] - lg[ - | 9[
7*'-rTf'ff';_'j}'f»_f;;(g) l( Sgy (= é)l““" =91 Ty
'""?Tﬁn)=1t-ay'i(;9)| 2 J-2|

'iNWrite a symbal between Ja- b[ ‘and . ]a[ g [bl ‘which will make

\l
. J';
;m

0
. ——
:M

o
_—M

”.xa trué Eén%ence fcr all réal numbers a andib.- Da the Samé fijr

‘1;fiifqr ]a - bl and:rb[ - Ial F@fg[a!a b| and ‘[a] |b]l

if: Descfibe the resultimg sentences 1n prablem 6 in tEfms Df
R _ DR

o distances Dﬂ the number 11ne.; i. o - 4 -

 58; What are tﬁe twgiﬁumbers x on. the number line sugh that }7 };§17

"?'l'x;' )=

s; the twainumbers X such that thg distancé between oty
B J%._ ..

" bhat

1 f X, aﬁd M is 1@ *,““ 1f_ I"';‘f _:"; ffﬁf

L{:Qg: Wha§w’s thé truth set .of. thé sentence '

-’ xeM<d, e

thaﬁ is the set Df mumbers x such that the distance Eetwegn TN
% dnd. u 1s less than 17 Graph thls set on the number 1ine. S

¥

. . . . ‘ v




rtarte between y
Loaagls M emam PR

than h,) e

.-13;]'Pérfarm“ﬁhé“imdigated‘Dperétiéﬁ, ﬁs;pgf‘:j”

e - .
n

.- “where necessary.

e e B e e e e e e e




Ethe tim 'intefv'1 frcm 11 q?glaek P,M x,"=‘3j?'.

- 5{JDnn?Starj3 fr@m th%_@;mark aﬂd g@és east Rudy Starta

i

!‘-.. K

rcm)’the_D marl«:_ 15 miﬂutes later aﬁcl goes West a ,'

i o

Tenlo =_.n§

=_mar*1q and g@gls T
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e I e R g e e T — -
3 T - ; :
: . -
.: . . W
@ 17 - 3 =
o ) / LA
: \

;,;-;‘_\ ¥ B P 8 i ‘ i ’3?- — -

o -

L -.. ’rf ‘?g

Lo = : — . ‘ L
LI A .

R T S . .
. @};Q'mafg and albo goes west. . %
_!\' . 20 ' . - ,
=i 3e "Subtfacticn of a sum. We shall sometimes need to =
do- subtractions such as . , w :
; =N ' . . e

0 ; . - o HES o 5 ) ) 5
B (\712 & Bx) = ( "'L—x[: = 7(:& = 8) ¢ e
Subtracting (nx ~ 7x = 8),18 the sgme as adding —(43 = Tx - 8). .

nWhy° We. proveﬁ; in Chapter 6 that ;ja + D) = (aa)'+'(—b) fEF§

sir

all real numbePssa and b. %y an extensiéﬂ of €his pfqpegﬁg, we

‘,may write , @ - - "

¢ : ) . ) 7 ®
- (hxg - 7% - 8) = & (-Lx") + ( ) ( (- 8) ' |
- . Co ux2 % o7y = 8. wpya ' N
5? L.

¥

Therefore, ’ .

[

o H " | . PRI B
(7%= - 3x) —(ux - Tx - ©) - (7Tx7 - 3x) fw(—hxg +.7x + 8)
’-All.weaneed'to do now'is to vearrange and regpoup theseyterms by

the commutative and assoclatlive .properties of additilon to#btain

o Do . SN AP | A
(7x2 - 3x) - (4x° - 7x - 8) = (TKf | (Juxf)B + ((EBX) + ?x) + &
' . * N
= 3x bx 403 : ‘ )
?’.ﬁ‘ ° . ,:Aﬂ}
. 7 | . .
Fn actual practilce, we write all thils more compactly: ‘
' - : , i

(7X2 - 3x) - (“Xﬁ SNoo M) = TR) - 3X TR fx + 8 :

You may be impﬂégaed by the way we are.now doling a

L L o ) '
number of steps ment1lly This aﬁiiitx;t@ CompPEEEﬁd several

steps without writinﬁ tbem rll d@wn_%'>3 si&ﬂ Df our
I’ 4

mathematical growth. Ve mus b@;ca%efulg g@wevef; to be able,
R g . _ (Y '

i -
G
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‘at any time, to pick cut.a;f the detall®d steps and explain each
R Gné. - i < * ) S 4 N " S | )
T e a e " & £ # L
For instance, give the reason for each of the following
. " < B L . . &
"steps: I ok .
(6a - B + ) - (4a 2P )% i
] = - ?I- o - - b 3
\ oa s ﬂc, &? : + Zc % A y
@ _ s 453 +%3‘b) +ocl.+ b= (’43# E‘b) +97¢c) .
&% Y = (6a + (-;%b) +c) B (- lla) + ( (- Eb)) + (- 72) .
" < (Sa + Sb)gg%f-ﬂ) + -lla + 2b + (- ?c) “
» ' = (6a + llg.)) (-8n) + 2b 4 0.+ (-7¢) -
o :(5+(F'L*) +(8)+E)b+(l+(7)) -
. = 2a +4-6)b + (-6)e -
’ & * % ) ¢ .
) :-:ﬂEa + (-6b) +__(:_6c)ﬁ .
s - ‘?‘ - . P - . *
g +  v= 24 --6b7- 6c .
i ! . v ) v ' ’
A - N 2 p - R e
Exerfcﬁiﬁses’? ﬁza‘%: N ® '
Perfc:»r*m the f‘cllcming DpEI‘aLl%ﬁa g" w .
v % ) s é , '?% K-
Yé- (79° + 2y - 9) =; By +4) @ . , s
*f’: & T v B v i
r 2. (55. - 17p) - (-ba *6132 &
- BN - A W - N L g
- N (xi+2xy+y2%x x© -Toxy 4 y©)m .
. pf‘ . & ‘5;% - ' a
b, . (Exi‘ 7) + (4x° +08 - x) & ,
& 7 . i - ’a
5. (3r + 9)y- (5m - 9) & 5 @ - o ’
. re= % L W 5
6. (24/5 - 8) - (/5 - 2) N @ Eﬂ
L T - ;é Et o
. (6 + 2473 b, T -8 u~/3) o i ) i
- .3 2 - 2 Qo " .
e By, (Bx” & 5x" - 6) - (2x" - 3x + ), &
) £ ALk .
9. (Ba =1= 2b - u) (5a:- 3’b +c¢) T " %
1@.4,,4(l1xl.;, 7 7 8x° ) - (8 + %2 4 5%). " L B
A iy ! . %
11. (YIy_.—:. hxz) - (,;&:y - Byz) . ﬁ"g‘ . : i
12. (-4 + 7c = 2) - (5a + 3¢ +'7) S T 4 @
» V &
- - ] 7 oy B
s ‘ Eé" ! T(\ : . .3



13. Ve grévgd dn Chapﬁ§r 6. that -a = (-1)a for all real numbers

")

I

* sa. Thus, - (4x° - 7x - 8) (-1)(2x% - 7x - 8), and this

o i

‘»sﬁggestsfﬁig distributive pr@@ertyi Justify each step in
Ee A€ L
_ the folloying: .

(7x2 4 3x) - (4x° - 7x - 8)

x = (7x® - ax) 4 (<0 - 7x - 8))
(TKE - 3x) + (ai)ﬁax‘ - 7x - 8) E
(?xg 3x) '+ (=1‘)€4};2 + (=7x) + (98))' e

i)

i3

T - s 4 (D0 s (1) (-7x) + (<1)(-8))
_ (73{8 _ ‘ . —

3x) + (-bx® t Tx + 8).

& | %! N
&s before, we write all this more compactly as

&) E

(7% - 3x) - (Bx% . x - B) - (2% sx - bx

I

t 7;{. %!8;
. perfcfming,a;; the lnlcruedlate steps mentally.

14, Use the distribullve propesrty, as lméproblem 11, to perform
"+ the following sublia.tlous, showlng the steps 1f detail & -
in'paft (a): |
S @) e g e op) o

= o s %3 2 :
» (b) (6%° 555 -« 0) - (ex” - 3x 1+ 9)
* . ?} N * \j
There are tlmes when 1t 1s convenident to arrange
%ubtracﬁian%;f%ugn a0 those In Lhe procedlng paragraph, as follows: |
5. : f [} ) e )
® * B . Jg Sa - O T E

« N 5 . . } .
; ca®  da ( C )

® fa® + 3a 4 13 .- N

[N

. The reasoning 1s, of course, the same as before.
- s ' a -

Z o
A

&
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i _Exercises 7 2i3b. | .
| Perform the subtracticns in prabléms 1l to 6 arranging your
wg%kiwith terms bEﬁeath ‘each other as shown®in the exa@gle abavei>
Néte that we put béﬁeaﬁh each Géher terms to which the distribu-
tive law. can be applied. ‘

2

1. (19%° + 12x - 15) - (20x® - 3x - 1)
. (8a - lé) s§(7af+ 12)

L kF e s 1) - (6 - 9)

. (52 - Tn - p)

S (7x% = 7) - (3% + 9)

. (a? - b°) (a®

(Sﬁ + 12p - 8a)

AN |

A W F w0

- 2ab +!bg)

-

From 1la + 13b - Te subtract 8a - 5b - ke,
8. What is the result of subtracting -3x° + 5x - 7 fom
-3x + 127
9. What must be added to 3s - 4E + 'fu to obtain -9s - 3u?-
10. If a > b, what can you say of a - 55‘ ﬁéave your statement.

(Read this: If ,é 1s to the right of b, then the differ-

ence from b taia 1s )

11, If (a - b) is a positive number, which of thée statements,

a <b, a=>b, a>b, is true? What if (a - b) 1g a negative

number? What 1f (a - b) 1s zero?

lz2. 1If a, b, and ¢ are real numbers and a > b, what can we say

¥

about the order Gf a -c¢ and b - c? Prove your statement., -

i

7 - 4, Multiplicative iﬂverse,

wé called . 5 the. éﬁditive inverse Df 6 _ That 15,:=6

number which when added to 6 yields the sfing Is there a?
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Eimilar feléticﬂ among numbers with respect to multiplicat;',f

We know that thé“product of 0 and any number 1s C. But i

ba ﬁﬁmber ﬁhich whéhbmﬁltipliéd by 6 yieldé the pfaduct_'

éyﬁéxperimEﬂt or by former knowledge of arit‘émticg | ;

~you will probably Say,’”g” 1s such a number, because éix-% %‘1.V ,

What is a number Which when multiplied by E% yields the product

1? Answer the same questilon: for a%% FDP‘%‘.i« —
i We say that % is a mgf;;pi;gatiyg iﬁvgrse of 6, becausg )

In gene: ral:

- i i
';6 * g

¥ . ) 7-& Eoa
If ¢ and d are real numbers such that
cd - L, )
. ‘then d 1s 2 multiplice }iva inverse c:af' c. &

If dris a multiplicatlve lnverse of ¢, then 1s ¢ a multiplicgtivé

&i

inverse of as Why?t y

* We can oObserve wumelhiling of the vay these luverses ’
behave by looking at thcw on Lhe numbor llﬂ%, un the dlagram
below, some sumbeps and L%Fiy lnverses under multiplication are
j?iﬁéd Qy double ariows. How ¢ you Lest tou see that these
palrs of numbers really ..c mulepiiugtlvt inverses? Can you
visualize the pattern or th duublg Arrows %f a gPeat many more
pairs of these 1nverses vuve slmllacly marhed”




oy, . . X ! . . . _ .
"How about the number 0? With what number can O de paired? Is,

i

‘there a number b such that 0 X b 1? What can you conclude

about é‘multiplicative inVETSE of 07 &

©  Exercises 7 - U,

1. If b 1is a‘mﬁltipiiéatiVE Inverse of a, what vélués.féf b.do -
. 2 :

* we obtain if a \ig Lafgéf than 17 What‘valuéﬁ of', b ﬁ@ we B
oﬁtain_i} a isibetweem i@  £nd 17 Mhat is a mgltiplicative gk;
inverse of 1? - IR '1ﬁgi

2. What values for b do we get tf a 1s’less than 217 If aﬁi D o
and a > —i? Wh££ is a multipliﬁatlve inverse @f =17 -§ tp'h_f
iy o

o3

[

Find Inverses unde:r muLLiylﬂCatiDﬁ @f the_fgll@wing numbérg: e

‘,J;_Eiég; 3 l 1 = %
- T O SR _T0 ’-100%" 1@@ -G 45”*%?S-i*«4

ﬂ [

“f?gf z

L, Draw a number llunc aod mark off with duuble iFFQWS tha firét

;,;.l: :

I

81x numbers given 1In puroblem 3 aﬂd the;r multipl;citlve

lnverses.

£ bl

5. If you had donc pi . bLiew 4 Do qultiV§iinvefsés’inéteaé

multiplicative, how woaid Lhe paﬁtﬁfﬂ_ﬂ%‘dDuble afréﬁs
v s ¥

differ? PR

g L .
6. For inveraea Wiiche o m‘JngLiuaLiQné what values of’ thé

b'do you obtain ir & 1s positive? - If a 1g negative? , %
. IR A

i

7T - 5. The luveyse undEf mult;plicdtggn %i unique

,,(Wﬁ%ﬁg.Jd_A_

®

does " aﬁgvé jnvg;se of a nunber
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. N : 7 T T T i E TIPS MNP LIPES
. i } £ B

i

also unique? In other words, does there exist only one g

: %
N multiplicatilve inverse of a gi%en number? fﬁg ‘ : il
We- can see, for instance, that -4 x<% "= 1, but can wel

imagine any‘humber b cher than %—for which 4 X b = 1?

'isa; what 1is 1t? ‘
7, While 1t seems fairly abv_igu_s that §-1s.the only
multiplicétive inverse of 4, we need to follow a general

'rgument which prcves canclusively that there 13 l

:1?
ugder multiplicatian far any real number, except

A I T Boeme e e Sl erd htec .;.,.5

=4

Theorem 7,? 1. Fcr each non-zero realﬁnumber
ﬂ“ 73‘
?“‘3‘

is anly Dne multiplicative inverde or ‘a.
: o fuﬁ‘?

%

F?,E 1’£: Let,us aﬁgume %ﬁan a%ﬂuftigllcative inverse of _f

that 1s,~ap*=f

igsag X, SEE% that ax é‘L, then we have

o LA
(Whi?) 5 | T

iby tne agéq;iatiVe andgggmmutative

redal. .

+
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‘We shell find it convenient to use the shorter Hame \

"reciprocal" for the multiplicatilve inverse, and we represent = _ _

: N i ¥ ' .
thg reciprocal of a by the symbol ié . Thus, for.every a

—_

exceptgég_a X 1.

‘]
it

You‘pr@bably noticed that for positive integers the

~ symbol we chose for "reciprocal" 1s the familiar symbol for'a
fraction. Thus, the reciprocal of SiiSe% . This certainly

_agrees with your former experience.. o , . "

o

18 —=—= ; of -9 is-ﬁ} of
' 9

wofro

Eutincw the reclprocal of

wfno

1
| 6.73
.they must agree with the meaning of a reciprocal, That is,

ﬂs;nge,—%%-is the recipréﬁii—gf'§ and!% :

55 73 1s Do these symbols fééfgsent fractions? If So,

= l, 1t follows that ... ..

T TN

X EX

muUst be Lhic Same number; sindce 1s the reciprocal of

=9 and since -9 x (- i) - 1j=%3 and - é-must be the same numDEr

9 —
=z
x)_WE shall be in a betL r position to u@ntinge this discuasi@n
& .

after we con§ider division of real numbers;

» Eg; 3'75

" What 1s the reclprocal of: 15, =8,

LNa l —

,'Why'ﬁig we éxciude O from our definition éf
reclprocals? Supp@ee 0 did have 4 rguiprgeait What could 1t
be? What is the truth set of the sentence (0)(b) = 1? You
concluded that O simply cannot have « fECi§fDG§1;: Here we have
an Qppartunity to demonstrate, for-a rather simple examéle, a

CVery powerrul type of QJEof ‘This proof depemds on the idea that,

i
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given a.senterce, ég_;g gitngg’pgge or it is false, but not both.

If we éan show that one of these 1is impossible, the other must

" -be the case. And one way to show that a sentence‘is true 1is to

Eha,that_assuming 1t is false leads to a cantraﬁiction;

' theref@%e, the sentence 18 not false, and, hence, must be true.

T

- Theorem 7 - 2. The number O has ndé reciprocal.

%

- - ‘ . . %

ff*EPQQfE,nAEEQmé that the sentence of the theorem is false. Thgﬁ

0 has a reciprocal, say a. This would mean that

-S3ince the product of zero and any real number is zero, itnfolléws
that

Yoo . s

0 1.

Ui

This is a contradiction (of what?). Thus our assumption that
zero has a reciprocal is a false asgsumptlon, and 1t follows ﬁhat 

zero has no recilprocal.

7 - 6.  Properties of reciprocals. "We should like now
to see what we can discover and what we can prove about the ﬁay

féciprocalé behave.

In each of the tollowlng sets of numbers, find the
reclprocals. wﬁht.csnc4ua1un do you draw abéut reciprocals on
examining the two sets?

I le, &, 150, 0.09, =

Ll

!
-
iz
o

L]

I
MJ
™

L]
i
wi o

II: -5 - &



5 . 2 ‘~1§
q‘i _1? . . A:“%
\ 13 4, 7 -6

Gbservaticn-cf recipracals on the number line strengthens our , !ﬂ;

N belief that the f@ll@wing théorem 1s true. . ’

v - Ihg@;e@ TféJEj;'The recipfccaiﬁ@fhé positive number

isrpésitive;;énd-the reciprocal of a negative number
is negative. -7 |

Proof': ‘The statement fDllDWS immediat®ly from the défiﬂitian,

a x éﬁ_:_ 1, since the praduct of tyo numbers is positive it and :
a : .

Dnly if bcth numbers are” pcsitive or bath numbers are negative

| For each of tne-fallgwing numbers, fiﬂq thEareciprccal
~of the number; then find the reciprocal of that PQ%%§chali,

What conciusion 1is suggested?. S . ... o ;EEESi)_

N .. e o2t el - = 13 B l - LT T o C \ s g
‘ ~12, 80, 55 -5 16 .

\

Theorem ( - 4. The reciprocal of the reciprocal of a

-

non-zero real number a iz  a.

1

Proof: Since — ls Lhe. reclprocal of by the definition of

w

a )

a reciprocal, it follows that (é&(~ 1. Similarly, since

WW%iM
N Mt
o

1 , , o ]
= 1s the reciprocal of a, 1t follows that (a)(%—%i = 1, or, by

tharc@mmufativé property, (=)(a) - 1. GCompare (!)(

e

%

with (£)(a) = 10 .

. We _see that thermmbéf% has reciprocals ——— 'and a, Since any '

mlH'w
\

non-zero real number has only one reéciprocal, it follows that



= a, which is what we wanted to prove.

o

- By now yeu heve seen several proofs 1ike thie one. Yeﬁs

£33

mey etill be wendering why we are interested in them, what good
they are, and hew we are expected te do them
One Peeeen why we are interested in preefe is that

they held together the whele etrueture of methemetiee——aor ef eﬂy

ﬁ legieel eubjeet We heve eet up, early in the course, ghe basic
| prepeetiee ef the reel number eyetee, eueh as the cegmu%etive, »
eeeoeietive,ﬁend dietrlbutive 1ewe, and we heve pointed out thet
.ell of elgebre carn be based on a short set ef eueh preperties
The proefe eupply the e0nnee€1eﬁe between those basic prepertiee,
Jand ‘all the many ideas which grew ‘out of them- beeome the whole
eubﬂeet of elgebref
(a-?,kif theej we are golng to eppfeciete Euily‘whetA
“.methemeeieefie like, we shiould beglin to experlence some of tﬁie
:3eeeneeting”pebeeee in the chain of geee@ningseﬁwe‘ehouldvde!eeme
preving, and not always be satisfied with a pleueiElezexplenetiDni_
It ie true that some of the etetemente we are proving Seem very f?

“ebvleueg and we wonder, guite Justifilably, why we should bother

te prove themi As we;pr@greee further in @ethemetiee; there will -«

& i

be more ideas which are less vbvlous, ferewhiCE there will be a

real n%ed of a procf. II we weited until thoee more edveneed
etegeyhewever, to start proving, we would -ijuj it very
diffieult. During the meeefeiemennerJ etegee ve ehould heve ‘the

& experlenee ofﬁeeeing whet eﬁgpfe are like’ end develeping eome e

W

eeeeﬁiﬁg on which the whele

V;*’!
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structure of mathematics dependég ﬁér thegse reasons we are Eakingq

timééta léék§é1©Sély at proofs of some Tathér obvious staﬁemeﬁts. 
The ability tD discover a methad for proving a thearem

isfscmething which comes by seelng a variety of pr@@fs, by

1earnlng to look for connecting iiﬂks between ;Qmethigé you knaw

. and samethimg you want-ta prove, by thinking about. the@ayggestions.

fwhich‘are glven ‘to lead you inta a Qroofi

) g,@w_ Let us use a;secom@:groof of Theorem 7 - 4 as an e
. <, W - ; EE i R N
-example. We want to prove that the reciprocal of the reciprocal
of .a '.is a. )
"It helps to write dowﬁ what we knew. Here, since we
want to‘talk agout the Péﬁipfncal of a and also the reciprocal
- of the re;iprocal of a, we can writﬁg by the definition
RYEEE . Ly, 1 I
(a) (g) - 1 and (5:) (T) ; 1.
a
We should also wiite down whal we want Lo prove,
- , .
a : .
.. 2
_w&\thEn look closely ... =2, way to change thé thing we know iﬁto' E .
the tﬁing we want to prove. e ma§ mékg a guess after finding- .
: * = - ) - - ) -

only part of phe pré@f-aud try k& wut to see whetner the réét 1 R

ks. The fact that we want thég%ﬁmber a' on the right . Lo e
’sts multiplying Dﬂe of our glven :quatimn% by a. The

ﬁegn on the left auggests that 1t 1s the sec@hd @f our given

i AT - 7 -, ) o
~-equations which should:be multiplied -by-a.--So ve- th 4t e

;», ‘ .!’ ? . g PR SE : . ) .. . : ! i £ : . . . " {8
gé . . ’ .
8 o L
£ -
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_ | | , . .
-La(%f-—%—)’g a(l), multiplicaticn prcpgrty cf équalityj'

-a - “(Sometimes we use. at “dot’ "+" to

-5

mean "X" )__f‘%Estf ]
(ééﬂ§¥fli's a asscciative property of muitiplieaticn

'(l),;f = a ', definition of reciprocal, 'a = 1,

o

o

. = a , property of one.

*

}EIEPGISES T - Ea. . A .

1. Find the recipracals af the fcll@wing numbers
3

E ]

\m‘

3’

O;B; ED;B; @,333 ‘D;BB; l; é,lﬂg

"2, For what real values of a do the following numbéré have no_
recliprocals?

a -1, a+ I, a - 1, ‘a(a r 1),

3. Consider the senteucs

\ (a = 3)(a + 1)

which has the truth set {(0,3). 1f voth sldéa cf the o

senterice are multipliled by the recliprocal of a - 3, that is-

. by 7"%:3;’ and some pfageﬁtléé of real ﬁumbers are used
1 P a = . . . ' ;Ei 5
: (‘whlc}h; properties?), we obtaln !

_  For a = 3: we have 3 + 1 = 1, and this 1s cleafly”a?félsE“

Cy o
A

e

P S o
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e s ar - 7-6

s

7 _r'»sehténee. »Why &ﬁesn't'this new sentence have the hame p?utﬁ?

ﬁ;i_ffwfset as the. Qriginal sentencé? A nT sz

‘lla__;"'i;-What prcperty Df oppcsites ccrrespcnds tci Thecrem 7 -3 1?,

i";:;ﬁWhat prcxperty of cppasités carresp@nds to Thea:t‘em 7 - b9 -
il""E);:L-;thSidEI‘ thr‘ee palrs éf numbers (1) a=2,0b = 3
- oo : C e .
(2) a = ,’i'*': b= 55, (3) a=-=4, b= -7. Does the sentént‘;e R

b 2

‘{l_-% i:—_ '5:13 h@ld true ln all thfee cases@ ' e *
: 6 K IS the 58ntenc‘.§~; > —‘ true in allrthree zas?e;é¥’of‘préblem g‘ga
| 5 9 -~ Plot the \‘reﬁipracals on the number line. . “ -
7. 'Is it true that if a>b and 2y h aré pcsitivg, than
8. Is 1:1:'. trues that Lf‘ > (and a, b af'a* negative thew . \
- , o8 ,, . ,
;_ %}% ? Substitute S'Qirt:e) =fpar:t1c:u1ar values ’c::f ‘a, é.ﬁd i';). _—
9 Cc:uld yau tell imédia‘}:ély which re;iprocal is greaté’r !’_: .
o than another if C:I‘lé Q‘f‘“txh,e mumpers is positive and theﬁ | .
‘ Dther is r'fegative'? Plot u:} the nnumber line,
:103 If a < b, and a and b are:béthk positive real numbéfsi |
- Qfave thé;;f ,g }% " - Hint: mltipiyh the inequallty by '
o 3'%) ﬁéﬁlgénétfaté th;@ﬁeareh‘ah‘ the nmﬁﬁér line. o -
11 0 es the Pelatioﬂ = }‘l héld if.a <b and bath a and b are |
. neggti_Ve? Prave it or dispr@v"é it. ]
,12 Bﬁes tff’le nrelaticr’i E > %; hc:'ld :Lf a < b aﬁd a, <:j 0 janqi b } O‘E‘
Prc,xvé c:r disﬁaréve ’ ) "f"b' if i e \ "

L I : R
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. .. i fgheorem 7 -5, For gny non-zero real numbers a‘and Byt .,
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very;uSeful ane, especially in fihding truth sets of ceztain .?‘

o equatigns. We are able té prove the fcllcwing theorem naw by
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a number under these cperatiens.i In the last féw chapters WE\

are baaic t@ the real number system.= Additi@n and multiplica—s'?\'iﬁ

wii%fdistrihutive prcperty. All aur wcrk in algebraicﬁgimplificé%ién

, a8
'~rest3 on these préperﬁiés and on- thé varicus @Dnsequenees Of
; v

':ithem which relate addi%ionf mul%lplicatiog, aﬁp@site, énd B
~ !F e ‘*,(ng e : _
We have p@intedggut that&the distri?utive praperty

:f;recipraeal ";

:’g;ccnngcts addltion and multiplicatian.v It is inStructlve tc aee .

4 R

'iéhhether such a relationship Eceurg fa; every combinatian Qf

;;additign, multipllcati@n, cppcai%e, and feciprccal in pairs,

P
,Ewrite dQWﬂ all p@s%iblg cambinaticns "t

L
——

f..{f'1a~s. AdditTon and multlplicatlcn The distribu‘tive o

‘ pr@perty, a(b + 3) = ab + ac.; i ,»;‘  ;L
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A(Vli)riThe qu@tient of 8& by h

ii;iviii)§¢Tﬁé numeratar 1s: 28 and the denamiﬂatar ST I A

LR (ax) The ratia Df 5@@@ to 200, R

‘Mﬂﬂ o

() The divisor 1s % and the divic’iend is

{';i(ii)«‘Tﬁé den@miﬁatcr is ﬁﬁ and ths numefatér;1512€

1) ’1"12 A7

In pr@blém E(Kii) ycu found that tD indicate the

12;ﬂ;

divisi@n, you' wrate When you asked "What numbef multiplied

by 17 giveéglE?”;'the best way ycu cguld answer was to write'f:;'

St - 12
”,hé fracticn
17

‘,—'l

T

| When ycu mgitipliad 12 by the regiprogal 'l,f;;};

| :af lﬁp yﬁﬁ got l2-~%?~ and could nat go further.{{.'ff§=i§ .,Q,:; l;%‘ff

. Here ‘we ‘have anctber example Df uSiﬁE?the Sgﬁe SNpol, ﬁf 12}

this time the bar betwekn the 12- and the 17, with two d \fégint S
%—ﬁéaningsg but>é£ii1 beigé able +Q§5Derate withcut caﬁfu 'é;;: 1};-‘ i
= Siﬂce lé dividéd Y 17 gives the fPacﬁlon 13'; 1t daesV%ﬂt A ;J§f fT5%

matter whether we interpfet the bar as a symbal Saying "divide"
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cb;v The fa@t that we want
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; {that’if;? -

mn._
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“’fta cbtain ch'én:thé;fightx

 multiplying both sides of
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The SEGQnd part af this thegrem supparts~@ur u'tamary

diviéér. 3,4"ii,'? f;;:ﬂfﬁlé,;? ‘_¥= :vﬂﬂ.'f
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1t negative¢ What if we divide

i

'if<@ne 15 positive and the @ther is negative.»ft

'fvShcw that ;fﬂthe quatient Df twc real numbers ia pcsitlve,

LY

the pmduct t::f “l:he numbers alsc: 1s pasitive, an,a if the

(d) 3x %'T;$'?¥.Jilf;;;-i  xi(§)?;. : . i S

1n problem 6 eanlyQu;sﬁggeSﬁ méfé'thaﬁgohéawayfngfinéiﬁg’jfif}“

the requi: ‘truth sets withcut guessingﬁ, L

f -1t takes %-@f B paund @f sugar tc make.ane cake,mham ,,;Q,g,;mf
s

many paunds of sugar ‘are. needed f@r 35 cakes fcr a banquet?“’}

Fiﬂd the-ﬂumber.-ff?'f ,   ;'-;5‘ f' o -

'ijgﬁ If ;we thirds Df a numbef 15 added t@ éé, th§*fégu1t’if“SS‘I:”’%%;;

- ?'. . . . .

What iS the numberg ?',fg.; w'f  af,'ﬁf,.:.,_x. L e




_'-'@I‘lé Admllar mor-e than three t;Lmes the amc:»unt I &}cw”‘:

havei, I wil; have eﬂcugb m@ney far m;y Eicycle. _ If the

,ﬂ:",igyclé Ecsts $?6 h@W much mcrney d@es Jghn ha.v i‘n@w‘?’

16 'I‘wo tﬁains 1eave New Yof'k at the sama time_, C’ne

t

north at. SD m p h. and the Dthér’ scuth at 4@ m p 1;'1.,‘ After'

s right @f 63@

giles .l
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Under multiplicati@n* Under divisian-

subtractian@

B f ,-; T ~ 1D Fracticns.n-iﬁ
qu@tient Df twé caunting numbersg
Db

Now wé shall use the

i

numbers include the fractxans, as

arithmetiﬂ."
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- ense.
, m;;g; B
Aﬁy quatient
phrases (b %Jb), will be calIed“a fractian,

wg%; all be calle@ﬂfractlons. PR
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In @rdgf‘ 'to extablish tbis ug je oi‘ 1 fc)r' all real i

e PI‘QVE the falléw,j:ng thecf*em_ "
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aé é}é T—K is that,..-:- B

-_j;mf"ycu kn@w ‘that 5 and 7 ancl ,-}cand %r are’ al.l factor-s of the

“--‘_nu,ﬂ"rat@f, ancl P and 7 ag\d x afe ﬁaétafs of t:he denominatc}r \

;_'We then‘u%e the c@mﬁtative ancl asaaciative pramerties{g .

l ar'r‘ange thesa fﬁctars so that%‘a\ fracti@n of ’Ehé form % 187 "
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We saw in ‘Ehé abave e;x;ercises h@w we ar'e ablef‘p _simplii‘y*

m
®

i; fractic:ns if there are fact@rs wnich are the game. in the ‘
d. - N

nmnef'ator' aﬁd denominator. . C)n the other ‘haﬁd there ar% same

L T T e

7 .faituations in w}lich it is c.c:nverlient tD inCrEase

;he ﬁumbef r:sf .\.i,

¥

fac:toi*s in a fé'acti@n again we can use the properties cs:f‘ m‘le tcs

a._supply the fact‘.::rs_we ne,_ﬁ '_ _— . ' '_; B S‘ , ,
' For- instapce, h@w c;an we~ campare % W:I__:bh* % tc: see ,which 5




Why did we multlply by 5K; _b ‘”hat 1ed uﬂ t@ chggse 15Xf;

; Lot t"l ;: ._ . k s a, 7 “‘ﬁ'f

marp Fsﬁ+avq iﬁ themdenam;natar Df 2 fchtlan? ;f ﬂ,;k; 7~,’i’ f’; f{

\'\;v.,.' R T s : BRI

f.f E}zarc:j..:as 7 - :le

-k Fiﬁd a fractian ecugl té the given Fractipn with theh-

lndi;ated dénaminat@rg aHGWan clearly yaur use @F the,f;i

f; ; pr@péﬁtle% Gf 1 Faﬂ eyampl 1f w% want a ffactlom w1th
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A:“i;(é);f%gfﬂﬁiﬁﬁ,ﬁéﬁaﬁiﬁaﬁérifﬁﬁf fﬂ_

x':iénumber is greater..,.ll,‘

w ,.f '

(£) i?_ fwith Ad’en@i‘njjgaf.afg gi e

'1féaf'1n ea@h of the fcllawing pairs cf numbers, determine which-ggﬁx

}Af;; f¢§)¥;

”lw O el -
O‘lﬂ"’ mlwﬁ "‘:wlm‘

)

e )_

:3 Arrange thé f@llgwiﬁgfﬁﬁmbers 1n Grder af magﬁitude

=7

4;1 Prave the thecrem

12 z 1@
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.5 Prcve the theerem
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If ‘a # D and b % O, then
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truth set

B g
_of "each

g I~

8. Can you describe

7. " in ppoblem-7(a)?

i

“more ‘than one way of fifiding the ‘bruth set. '
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%_;ﬁzz;-f:t-he same‘? If we arf going t:s calculate sums such as
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1 . ‘,

same den@minatcr for all %he*fracticns. Ing;he next chapter we i

;;4sha;l léérn h@w, With the help of fact@rs, we may find that™

number systematically in m@re complicated cases.

=

. . . T o )
o _; i . B
.Exereiﬂes‘? - 12, ;’ A ' ) .o
?;K;}:; Perfermj%he fDllcwing additions and subtractians, usiﬂg the
f@ﬂm indicated in the examples above: T )
5 . 2 ' N..-3 3 2 . a
- d — = = - + =
, 3 )= - 5 (8) 3+3
ey g 2 4 = , 3
®) s£- 2 (e) =42 3 (n) -2 {2
= <a 3x 6x
s 1 2 . 3 La a : i\+ 8 x - b
» c) =+ =+ = —_— - — 1) "= ——
o) S5y @ T-% o WIS 2
2.. Find the truth set of each of the following equations:
R ¢ 3 Ve e 383 2
. a) . =a + == == e 3jlu - == |u| = —
.o (a) za fis=7 (e) 3tal 25 =2 Tul - =
2 37 5 e 1
E -y = = = = f -2y + 16 > =3y + =.
) -2y -2-L (1) -2y +36> -3 + 2
u - '\7#; ! g ; g A ' [ é
() 2x"F2-42 (g) !’iﬁ*ﬁ‘"ﬂiéLﬁ \
3 6 9 12 ooeh
. 7 3. 4 2. ’
Q) =— + =X = = = =X
() 2k 5 3 3
‘3. Prove ﬁhgti%;r %iz ae§~b' for real numbers a, b, and_ -
» L ) o= 7‘, .- L - . ”
¢ (e #0). N
%i Prove that §-+ Eiggég_gsgi for real numbers a, b, c; and
c e }

d(c;éo cl;éﬁ)\\

T

’5;'-Why da we not need a Sepafdté theorem for subtracting

fractians? -

. = \ li)‘! R



o .une. D‘Ener-. _rFina - tne EWD nunpers. o ,,g .

7. The numerator 'of the fraction 53 is increased by an

T T Fhe value of the resuifing fraction is ég?ﬁf"Bﬁwﬁﬁéfﬁaf%é

K ;__*\,amcﬁnthwas the numerator increased?
B 8. :%% =ofga ﬁﬁmber is 13 more than-% of: the number. ﬁﬁatiis
N thé number? . !) 7 |
’“Qf“AJdé"isW§“a;ibld aShisfétﬁer.inllg‘yéa?s“he%1il‘beﬂ§"’*'
as old as his father then is. How old 1s Joe? His father?
},16_ Tgé Yankee's @é August 1 had won 48 games and lost 52.

They have 54'gémes left on their ééhédule. Let us suppose

'f ' that to win the pennant they must finish with a standing e !
of at least .6@@, How- many of, their remaining games must
they win? What is the highest standing they can get? The
Iowest@' Cos S ’

o

., 11, The sum of two pasitive integers is 7 and their difference

is 3. What are ‘the numbers? wnaﬁ is the sum of the |
— e T Peciproaals of these numbe wnat is the diffarenee éf .

the reciprocals?
12, (a) If it takes Joe 7 days to paint his house, what part
of the j@brwill he do 1in one day? How mueh in a daysﬁx
.4 (b) If it takes Bob 8 daya ta paint Joe's house, what )
- ﬂ part of thé Jjob wauld he do in one day?. In d days*
(¢c) 1If Bob and Joe work together what portion of the job
v would they do in o¢ne diy? What partion in d days?

(d) Refe Pfiﬂg to pdfts (a), (b), (c), translate the



i o N ) e ad . a
T . . ‘ . e . — 7 8 )

”Aj;f’1—< SGiVEfﬁhiS“DPEﬂ’ééntéﬂgawfarfd:*-What daea a. represent
(e ) What parti@n Df the painting will Joe and B@b, warking

F

p%ogéther, dc 1ﬂ one dayﬂ

Ead

7 - 13. Camplex fractions. If a fracti@n has one

, cr more fractions in its numerator or dénginatcr, 1t is called o

a cqmp;gx fraction. Ccnsider the example:

.3 .3 3 3 |

2ty o 2tuw 8 _ l2+6'_ 18
1,7 1,1.8 b+ 7 11 L
2 8 2 8 ¥

Observe that multiplying by 1 in thé form %

: &%iminates fractians frsm both the numerator and the denominator. _
In

%
thia example a number of steps were done mantally} Find
those steps and'explaln them, giving ﬁhe preperties used, Why

_did we GhDGSE*% 2 How could you decide in general what number

to use for this purpose? What number would you piek for this
purpose? \ What number would you pick for this purpose for each

of the following examples?

3 5 1 5 6
2 1 3,1 1_1 .
7 3 b 2 b 4 vy

Exercises 7 - 13. Perform the indicéted operati@né in problems



e X G S 0. (£ 4 }
] ’ 8 +‘ 1; - . 7
. o 5 1,2yl 5
A R n. G+39E-9
L 3/ "z
1.1 g 10, &+6.a+2
Lt _‘349 b a- 6 a -2
o zBax 13, ag =3 af-,a? =3
. AT . ' ' 9 ) 9
- 5% ,
= 5
8 1 -"+ ='1‘
X :{2.
7 1k, S RaEeE
: 3 2 . 1-=
5, 228 g &
b 2b N
15 b _a )
a-b T
. 5 a b
. * gi_ b
ELL '-,,. 16 ’}::: E,,g 1] X ,E 3
““““““ N " 3-x 2 -x

-~

o
| o

+ o+ [+
o
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by using. the

R ) = ' 1
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§1&151on can be performed in proble

; F “
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e

ms 6,'8,, 9
definition of éivisi;&n‘:‘% = as %
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. ?{fy is%the»fallaW1ng sentgncegtrue? #fi&w?; ;f;rq}!fﬂ, \hwﬂ%
(é? *) (Eia)) +.(-25) = (és (- 25)) + (-10).
- D : . o A -
' §3f§ Shcw&that 3 {‘éi=mand 9 < L are tgﬁé sentences._ Then tell
o N ¢~-8 20 . <13 : _Tk

. k\{w ?a  ’ /

';;why zpu knaw .immediately tﬁatﬁﬂ,  bTUS s

HDW much has

' ﬁ%
- ﬁ thé périmeter beén increaged? How' much has \the area been

€

in&qeased?

5 A man dﬁstributea 3’24 bétween gﬂ_s children in amounts

. ?fapértianed’ﬁc their agea. The Qlder 1s 7, and the {i -
;;:ﬂ, yaunger 3 How much shauld each recelve? _4;9* o .
‘ 5; 'In a class of 10 pﬁpilg the'avergge grade was TE ThE«-'
students With the twc higﬁgst grades, “94 and 98 were 4
'5; A: transferred to aﬂcther ﬂlass, and the teacher decided to
N :'find the averageé of the graﬂes of the 8 remaining students.

What was the new average ; .

K&j?. 1Given the set S af all the even integers, (positive and
_;j negativé and gera) whieh of five operations, (1) addition

ey (E)Q%ébtraeticn (3) multiﬁ;icatian (&) divisicn
-(5): average, -applied to every pair -of ‘the ‘élements of-Sy -
~ . .will give ohly elements of S? Describe your conclusions "in ‘g

terms of "closure". . ;f:

.

' °8..' A haberdasher sold two shirts for $3.75 each. On the first
;whe 1as€325§7b*ﬁf the coést and on the second he gainedXEEG7a

"

—.\ﬁg“' * - " . .




= B o o EF l{ l{ j whe]?e 1‘7 ?é «@ \ .4_§.'.u.__,,.sr_-.,,j

7",“}:& 2 W.x{;

ey \
o L@4 A,man travels 36@ miles dué wgst at 3 rate Bf 3 miﬁutes per

mile and returns by plane ata ;ﬁte Df 3 11e5 per minuteq €§

o=

. What was h:jfgétaltraveling time? . What was his average‘

*:Pateéof spde dffé?“thé”éﬁtiré*tfiﬁ?ﬁ~'w:

#

M 11. A set of téﬁ’numberé has a sufft, - ILf
&H increased by 4, then muitlplied by 3
M the new t@tal W@ll be how much? 0 you had twenty

Vnumberﬁ instead Df ten and the aaméiconditiqns, what would

23 " ‘be the new total? JERY i%‘ . -;¥ﬁa} | ,‘7
;Ei {If 17 t+as= 0, what property af real numberg te] 15 Q?'a£
o= once that the aentence will b; true f?r a _ 517§ f . .

13, Which of the following name real numberg?u, o fi

(a) 35 (0) 32 (e) 3:0 (4) 21 g (1) 546
- ‘ ‘ "J—r ach Dart write eithér't;e'simplest Dame' 

for the number OF the ‘reason why it i1s not a number.

L

S.1k, A rectangular swimming pool 25 yafd's long and X yards wide

T

- : has a. sidewalk of séven fDGt width. bullt abcut lt If the
si) @uﬁer edge - af the walk forms a rectangle, w%ite an ‘open ?‘;%;
‘ phrase fcr the number @f feet in  _the perimeter of that 'ﬂ
r  outer edge. o : - ‘ ‘
F\\ - ) ) ’ - . . & ‘.
-Jt » | | | |
,1 l - "-ﬁu_s-f‘"f . 7




7'5 = ;i'. T % ) T

¥ * P
ent nee - _ o

17 1 Driaw the gﬁfgph t:f tl& cémp&uni;se ence / T ." o *‘?ﬁ
: : ;-"- B .*; ([x - 51“Lg 4 or |X|h = 37 . j}ﬁ%‘{’}i_jt !
S8, A = (01, dnd Ve [ TR S
;“;f“ffaﬁ Under which Df the Qpéfatigns ‘addition, subtractien““
v\,! , “ multiplicat-icn, divisign, is set A closed‘? %s&t B’r" .
¢

:§‘g§¥ i%ﬁ) - If C 15 the set of numbeps abtained by squaring

elements belgngibg.either to set A or set B, enumerate .

v ) : .
s

®

« - setC. Is it a subset of A?. of B?

19." Given the fraction L2 ; what 1s the only value of x .

\ -7 f Sy
i__fcr whicl‘y’this i,s not a rea%l. number‘? \F 7 ! i % o
20. (a) A positive rational number is equal to-% . If its
é:in-J& ;. lnymeééfgrfasxless bhan é4? wh;; c%n-be %?%d‘gf 1ts
- k i ;%enaﬁlnatcr? - | c -
(b) ~If the‘déh@minafcfiia_léss than, 24 what Egh be said
. Pf‘itsinumérat@f?
EliL Thé §reﬁﬁEt!@f two numbers is 2. If\éﬁev@f!the_ﬁpmbers is
glless than 3, what is the other? If one is ;eéa-tﬁén -3,
o ;-wnat fs thé other? . . - . SR ‘
22, ‘DG%S divisian have the aa;u;iative prapérty? This 1s, 1s '
4_(5__ b)iu'c =.a= (b=c)? _Give reasons -for your énSWETj
23. 1Is division ccmmutative?, Give reasons fc£ yéur answer.,
24, For real numbers a, b, c sﬁqw that if ac = bcErand Q%%-Q,
4 L1y ‘



§§ - QI a nquerrlncreasea Dy g— 0L LHE HUWHUSL 4B 1SDd

he number dimi:ishgd by 25, what 1is the nﬁmber* i v

RIS N it s

[ ié Last year s tennis bally.

cést" a” dcllara 2 dozen. PRI
yeaf the priee i 'ents per d@zen higher than 1ast‘

N
{‘ i} year. What will half a dozen balls cost at the present

wate? . e . . b
‘327. K bcy haa‘95 cent$ in nickels and dimes. If”hé”has*lg*Lmﬂ“?;
T " cains, hgw many are nickels? . { = ’ }i L
‘285 If x = a'+?%"a'd a = %;, whai is tﬁg value af"ax +‘ag?
!

. 29, w1lliam ‘has five h@ur; at his disposal. How-far can hek C
ride his bicycle into tke waods at the rate of 8 miles

per haur and neturn at the rate of 10 miles per haur;

=

-30. A pggeedufe saﬂegimes used to saveutime = avgraging_large

)y numz§Zs 1s to guessxat an average, ;é%efage the ﬁqfféfeﬁces,

and 3dd that average to your guess Thus, .1f the nugpbers .

e

tc be averaged—ssay your test Sccres——are 78 *80, 76, 72,

Td,TQD, a reasanable guess fcr your average might be

o

SDi: We find how far each of our numbers is from 80.

78-- 80 = 2 e sum of the dirferemes is

. 80 - B0 _ 0 ? =3. 'Phe avefage of the differ-
{ 1{9 .’; 76 - 80 = Ly ences 1s - %—. AddinggThis to
h ‘“i*:”j” ‘?é:;%éD % .ﬂg & mgQ give 78%-“fér the désiféd '
) "i:\:l H 85-- 80 5 average. Can you eiplaiﬁ wnyl
4 : ﬂ,' IR 70 - 80 =§f1o this works?

v g0-80 = 10
~ ,

31. The welghts of a university football squad were posted as:

o R 5 by




. - B &
Find the averdge weigﬁt for the ‘team by the met S
» 32'*<ﬂipficnal) Given the set [1 :é;, jg_-g] and the fclicwing
1tipllcatian table, ¢ 7 AR
e EEEEEEE
."‘ } P:

(a) 1Is fhé set closed under multipliaati?n?‘
(b) Véfify that this multiplication is ccmmu%ative for
. the cases (-1, ), (3, -J) and (-1, aj)
‘. (e) Verify that this multmﬁlacaticnéis associative for
' ‘the cases (-1, §, -J) apd (1, -1, J).
(d)» Is it true that a x 1 = a, whate a 1s any element in

1/ - (a4, -2, 8 -9 . |

.. (e) Find the Pecipracal of each’element in this set.

If x 1s an unspecified member of the set, find %he ‘ -
truthfsepsrcf_thaﬁf@l;gw;pg [make us se af question (e)]

(f) Jxx = 1. , (h) 3 xx = =1.°

() -yxx o= g (1) P xx = -




 mme e == -

St

- \.‘ .o
- 8 - 1. Factcrs aﬁd divisihﬁlitﬁi Onee ypon a ﬁime, there -

was a farmer whoae tctal praperty amounted to ll cows, This
“----farmer: had- three-sons, and.wheri- he". clied, h.e left a_will which, .
: -

pravided that: é his cows should be 1eft t@ Gharles,~E of his -

ccws to Richard, and~g of his cows to’ Oscar. The bcys quarreled
- [ / ' 1
‘gfeatly over this, becausé none @f them wanted the non- integral
\ .

’ pieces of bﬁvine matter which the will seemed to Pequire; As
: . DA

.they WEPE arguing, along the rcad’came a gtranger, leading a caw
| Whidh pebwaswtaging t@ market§; The ‘three b@yg§§cnfided their

problem to him, and the sfranger replied: ”That‘S“simple. Just,

let me gilve you my cow, anﬁ thénitry it." Thé boys were delights
' ed fbr they now had 12 cows 1nsteaﬂ cf i1. Charles took half of

:f;ﬁmthese, 6; Richard tgak his quarter; that 13 3 and Gséaf his

b . ! o

sixth‘“namely 2 cows. The 11 cﬁws which th@ fathér had 1eft

weré,n@w happily dilvided; the stranger took his quﬁgow and went
_ - Yo :

'_cn his way. ' B |

. So that you may n@t éomplain that ‘the boys did not get

L=

”!éiactly what %he will pr@vided, observe ﬁhat each in fact g@t‘

. more, f@r 6 } E =, 3 > %%3 and 2 > %%'(can you prove these

’inequalities@) ' H@ﬁe%er,’theré is gcmethiﬁg fishy about the

'prcblem, and* t must be with the proviaions of the will. What
. ,,C

is it that made such an unusual solution possgible?




It was that 6 and % and 2 all df/ided inta 12 exactly, while n@ne
fcf these, and indeed very. little else, seems to divide into. 11
exaétly.' And this is an important distinction bétween 12 and 11:

~m»»théra are-many. numbers ‘which divide éVenly into -12;-but-very-few--'

& -
. - .
5

that divide into 11.
It‘s a bit clumsy t@ write "divide 1ntc" all the timeS and
80 w21shall use a more c@mpact mathematical term for this. We

:a; shall Say that 6 is a ”factor of 12 ‘because 6 X 2 = 12; similar-

]

13; 4.-is" a factor of lE (because 4 x 3 12); and so on. IS 3
also a faCtDF of 12? 1Is 27 ' A
Thé nﬁmbef 5, howeverféweuld not be a factor of 12, because
5

we cannat find another iﬂtEgéf guch that 5 times that iﬂteger

equalsﬁlg Df caufse 1 and 12 are also’ factors of 12. Given = 

]

- any pasitife infeger,

. _and the integer 1tself always divide .
= o
that integer; because such factors are always present they are

N
not very interesting. So we ghall ¢a11 2 and 3 and 4 and 6

——— =

‘proper fgéﬁars of 1?; these and 1 and 12 are®all factors. The -
number 11, however, does not have any proper factors; because
na pDSitlJ& integer @ther than 1 and 11 will divide ll évenlyi?m
Nawgwe are ready fDr 2. mOore precise defiﬁiti@n ofsa~graper

factor: . A '

-

The positive. integer m is a proper factor of L

l“i‘ Lo -




thé PC}SlEiva :Lr‘lteger n, J_,L Sy = u; WIS S .

ng ' is ahacsiﬁive integer Whlch equals ﬂeiﬁher ' - o
' T A

. 1 n@r n . ) R : R e e R s s e
LA I ; -
T . L SV e

“Does it follow ff@m‘thiéldefiﬁitign‘that=m also gan equal
i'neither 1 nor n? : 1 . T P
Try “to write a similaf definition of ”factar (withgutstheﬁs@dg

“prcper“) ‘Since 3 1s a factor of:18, then is 7? a factor of lS*
Is 1t true that ifmis a f;ct@“ cf n; then % is 3 fact@r of n§

*

Is the same ‘true for proper factors? How can you tell?.’

Exercises 8 - la. . ,: coL

=% -

" If %he andwer to the gquestion 1s "Yes", wpite the number in

factdred form as in the definition. If the answer to the
question is ”NQ”,éjustify in a similar way. " v .

- - Sample: TIs 5 a factor of 457 Yes, sihce 5 X 9 = 45.°

%

efm‘méz -, Is 5a factor of 46? No, .since @hé re 1 no

“46_ .

T :intege} g such phaf 5q
1. Is 2 a factor of 2472
2. Is 3 a factor of 247
i 3;3 Is 5 a factor éf 24
”E; iélé a fééﬁér Qf éﬁ?
. 'Is 9 a factor of 2L?

5

6. 1Is 13 a fdetor of 247 =
7. 1Is 12 'a factor of 247
8

3., Is 24 a factor of 22

&




;;;ZBQ“Q:JS 13.a. factcr of 9Ly

S R LT Soe ,‘,9:.,;;,',_;__.: e 2

Is BQ a iactcr Df 51@¢ ',} - .; -

) Is 12 a fagt@r “of EDH?

‘fi,is 10 a factor of 100,0007 T
13. Is 3 a factgr.pf 115146217 o —_— L

1. Is 6 anéct@r:éf:l51;821?

If any 'of the fOllQWiﬂg ‘numbers are factorable (1 e. have pr@per
; faétqps),}finé such a fagtar, and the ﬁruduct which equal% the

" giVen number and uses this factor, .

i -
i

s, 55* e g tge

17 SI‘ ' a7-
ii%.F;  A oh.
.'?19;' 5 . |
L. 200 93

I
I
I
s
Cow
o)t
C

3

W
K]
[ my g
= ‘U«.}!‘” ]
N
i
[N [N I
Wil oo =
O WD =
W ~J [
»
(o] Loy Lol
= (%] [
- L] L3
— - W
+ P2 W
= W

Tk
[N
G
u__l
[ON]
O
| o
e
I
]
W
=
o
=

w

;;fi“—meét us now g@nsidés&faffa moment how you can tell whether . .

D is a factor of a'éiven number. Which of the numbers with
which yQu Just warked ,did have 2 as a factor? Isztﬁgfe an easy.

way ta tell whether or not’ 3 15 a factor of‘a humber? Can you

canvinse yDurself tﬁat y@ur angwer is right?b ' *
- Let ug ﬂOW 1on at the numbers 5 and lL When 1is 5 a’

facter of some i?tgger?g You have Qr@bably kngwn this for sonme
© time; every ﬁﬁltiplé @f'g ends in either a 5 or a O, and every-.
a multiple of 5. Also every
H _—

multiple of. lD ends in 0, and every number which ;nds in D is

o

thing that ends in a 5 ur a 01




e

’]ifferant Way a number has lD as a factof 1? and only 1f it }:;j'g

=

hag bath 2 and 5 aa,faciars.¢ Numbers Which have 5 as a factor$,£;£3

'*ﬂjmust end in 5 Qr D, and numbers whieh have 2 as a factcr must

=

be evenj hence, ifﬂg ﬂumber 15 ta have bath Q aﬁd 5~as a factor

ft must end in D.x Gan y@u fafmulate what we have“just said ln Vaiﬁ

Cae

Ex,rcfses 8 . g'.""f7_.:j 

n'hink abaut a test torcheek whethef a number 13 divisible by 4,

also a test for divisibility by 3f Thé f@llawiﬂg examples

%,

#

shculé give yau cme feal hints Dn thigsoluticns - but don't be_w;;;

R >

disapp@inted 11 a simplé*rulé'fcr—s tﬂ“be—a fagt@r cf 8 numbérm— j—“

foiil;fD*visibility by 4 Which cf the f@llawing numbers have 4 aa
| a faatar? gs 128 228 528 30@3; 6, 1@6 3@6 8@6 2@@6

18, 118 5618 TE, 572?A Dg you Sée the test?' How many

digits of the number do you have ta cgngid2rg'1,~

5,;2? Divisibility by 3:° Whieh cf the fallcwf'ﬁ numbers have 3 aa’,ﬁ‘

’4'15 1@6 6oL, 61,;_,“

Ca factar¢ 27; EDT, gco?, ?gh TQE,At‘ o
| 1006, How about 36, 306, 351 (ab:lrve that 541 = 6),-315,

*%%f%_hw"SlB 5129, 32122? De yau remember how divisibility_by Q_MW;WW;;

lﬁ7:was handled in problem W of Exercise 3.-6, ‘page 92*
2(1000) + 3(100) + 5(1@) + 7(1) 1»_¥,fs!1;&;r
2(999 + 1) + 3(99 + 1)+ 5(9 +1) 4+ 'T(l)
2(999) + 3(99) + 5(9) T 2(1) * 3(1) ¥ 5(1)f%7(1)
(2(111) o 3(ll) + 5(1? 9.+ (g + 3+ 5 * 7) B

vfgfwrgt2'2357

‘W:b




o *I-%aﬂef‘nﬁ%adivisibleﬁbﬁ 3:? e

ffsibili%& by 9, can ycu now formﬁlaté a rule fGP divisibility
?flby 3@

’#

- ;use the

f~mgodegj?

(Warning : If a number is diviaible by 3, is it divi—jq

'_5

RN _,_.,_6* -

[

e

4' ?,; any number tD the basevé as n(8) + 1ast digit?)

'?Th§ sequence éf even numbars tc the base 8 W@uld be g & 6

;Fié;fliﬁbih lgé gQu...;f Prcpose a Pule er divisibility by

“'__g_ ;can y@u find an argﬁment which wouldﬂcgnvince most

13

] =

gegple that ycur rule 45 ccrrect? (Hint Can ycu write b f"?

v v
The numbers with 3 as - a fact@r are the multiples of three.[
. the Ease 8 these are 3, 6, ‘11 1u 17, 22,125, ao I8

o
there a Simplé rule far divis;bility Ey 3?’==§

‘YQu can “see” ﬁhat ruleg which“were gimple far the baSe 1DP-*f%f

}

ﬁ;j-may nct be simple f@r thaabase 8 Convefselyg tests Which ,7 

were difficult ta devise in Ease 1@ may be easy in pase 8" o

Devise a Pulé f@r divisibility af a number 1n ﬁhe baEe 8

by 7. (Hint ‘Write Qut the’ multiples of 7, get an 1dea,f"

: and then try ﬁ@ find a- cSﬁvincing argumenti= Ihinkssimilarly

- - - 0
. ',_}'Z,, ] SN lg_: gj o o -



e

.u wfuld fcr 3 t@ the base 1@ ) Since an easy

diV1Sib11iﬁy by T* (Théfe 18 n@ Simple test fcr 7 withg‘-}'ﬂ'f

numbers tD thé usual base lD ) W@uld such a converslon savg

e gny time?

B S . S ,

2 Erime numbers.- We have been talking af fact@ra Df

:gp@sitive integérs Qver the pasitive integers, ln the SEnse that

LE JE

..g\

: fwhén we write e ) ;
Jwe a&cept @nly posltive integefs for m; n amd Q->‘Wéfééuld cf ;::
;rse, if We Wanted tc, accept negative integers, Qf any rati@n— o

al numbers, or even any real numbersg as factcfs._ But if y@u,:

Bt

ﬁﬂ,cansider these possibilities fcr a. moment, you will Sée that

they da n@t éﬁd much té our undefstandlng. If f@r example, you

pérmit negative integers as factors, d@ y@u really find anything g

7?=new@‘ HGW are thé factors Which involve negative integers related

- ta thase which involve pcsitive integers only**

;f’nmmbers as péssible factars of p331tive integers., Tha raticnal

'“-numher~% fcr éxample, would be ‘a factor of 13 in this extendadzfl=

sense, because G—)( ) = 13,. Can ycu think Df any raticnal

’-numbef; in fact Which Wauld not be a faator oF 13 in this sense??‘

Is tha situaticn any different if you permit facﬁaring ovér

¢




;umber system, and S0 We shall not c@nslder it further, Dnly

»eyﬁ_gartenhar earlier.m_But_have yau evan_gans;derad_the fact thatxk

all y@u ﬁeed “to generate the whole set is the number 1 and
.:;wadditianﬁ Fcr=if yau add 1 and 1, y@u get 23 add 1 tc E, yﬁu gétuw
3 add lat@ ;E'ymu get 4 and 50, cn., By adding 1 tc each new .
?;? numbef genefated you will géﬂéfate a new numberi- By c@ntinuing
| this process 1ndefin1tely yeu will\have generated ﬁhe entire

“‘1set @f pasitive integers,i

A

Exergises 8 - Ea.

- el

‘l.ﬂ Génerate a Set

rrnd aéd’tiongéﬂly; What -j{

is this Set called* Whlch members cf this set have E as a’

proper factorﬁ'-

““”““E“““Genefaté“a set“@f’numbers*usingramand~addlti§n~@nly

-

:f;iS‘thiﬂ“setxcalled@:KWhlchlmembers Df~th1%rsetzhav2z%

proper facton?.

it i et




L4

:  What is the first number after 2 which has nat been

w;€ef the numbEPS*" If a number has,already been crassed

'f;aut with a 2 do nct grcss 1t out again but skip it. !”

"fé@“_;What 13 the first numbér after three which hag nct been

,',créssed aut? Crass Qut numbers which have as praper

TG =7 T RTTTTR T 68100 CF e IV
Co91 920 93 gh. 95 96 97 98 99 100

,d?ﬁﬂinDssed Dutﬁ It shquld be, 3 Ncw crcss aut all numbera;a;u»wf5

'?Lf'which have 3 as a. pr@per fagtaf and WPiﬁe a. 3 belcw each,r"j!

e e e e

L

) factars the answer ta the Drevicus questian. Conﬁinue

“"“““"“*‘“1@:&6“111{& thm. PSR

. th'pr@ceSs ' After the fifth Step yaur pigture Shauld _lf'




s

er why nct? If ycu are having difficulty with this questlon :'f,

N crassed Dut in Each step. Haw far wauld the set of numbera

"tp be' extended befare the pietufe after the 5th step

”7ffwauld be different ffcm the pictufe after the hth sﬁep¢ o

,-4In the seﬁ Gf lOD pcsitive integers you Rave crcssedgcut

:Lm ai1 the numbérs which have pf@per factors. Thus the remaining:!

F_fjnumbegs‘h&ve.na Qrgper_factcrsi We call eaeh @f these numbersi;

e

priime number is a positive intéger

“greater than 1 Which Has no proper ractors. -
-t
v ; a 128
- - S . . N




};,is met Qa@' What 15 the next 'ﬁ,-fl

Let uslnow return ta thels,

CoE

Qand ‘Bee’ what else if;:ii

we . can 1earn from it Cansidef, for éxampléi the number 63.

e T

Jfaut; and hence 63 15 not a prime. WHen‘did we

L cross 63 cut* AWe see ffom the diagram that 63 Wash:rossed out "ff;“

;;;_ﬁwhen_We_wefe“wcrking,With 3., This means, if YSE stcp and75¥;_rv .

"V-about it that 3 is the smallest primé factor of 53._ (Actualiy,

.‘\.v

\l

. '”anQPEP factcr ef 63 regardless cf tha prime ; DO y@u ‘see whYQ

eu

pfime fagtar @f 63 1et us divide it

L out We obtain El; and Gnce again we can l@oE\in Duf chart ta’v;;

\

HHT?fsee if 21 is a Prime. VWe find that it is nDt and that‘in fact"

“31sa factof Df 21, Divide El-by 3, “aind you thain 73 1f you

A

‘£ ;lo®k fcr 7 @n the chart you find thatZa; is_nat grgsgeixag ) so ﬁ;:

"~Tffthat 7 is a-prime and can Ee factcred3,

£ I e m s e e

- 1t that we have_learned frgm all this?

s~that tnese )

";lia times 3 time% 7; and the aignifieange of th

ﬂhﬂmmfact@rswaf SS-are all“primes.H“Inmcgher;wcrds,ﬂwémhave succeed!'fi§_
A AT

s G Ty TS

iﬂiwritiggﬁéamas aﬁprsductxofvpr1memfaci§rsj'

f.*Let us tPY the same pr@cedura again with 6@ What p§imaf-

i D it e e e o TRt S o b s A



-5@ by'this primeg what dc yau @bﬁain* Ceﬁtinue the pﬁaé%as;

er . ,a,:- c

W;; E;SEE 8 - Ba.= ff{g;f-f-  ;i}ffw*if:7=,? i¢i-g7¢;” DAt
f ’?Using the Sieﬁe§6f4 faﬁ@%ﬁheness write each Df the f®1l0W1n§

_num ers as.a'pfoduct Gf prime faEtOrgrgij_f;;ﬁ;

au;" 16, 37,48, 50, ;LB 96,99, 78, U7, 12,

:f;LWhat_positive 1ntegers have the following prime fepresen—

S

mfiftati@ns, respectively f f}ﬂFQT:? 4 "f;: %'ff‘f o

S *’gwx ToexSxn Tx1, 2x3X3X%

e

il

— E

_ A p@sitive integer, you aee, can be thaugnt ef as made u@
;af a numéer of pr;me fact@rs. Thus 63 ;s made up @f twa 3'
wt ‘and @ne’;; 5@; if you did the*abcve exampié cérrectly, is made

'55_ up @f tWG 2 ss one S,Eand Dne 5 We will have man? uses f@r Lﬂ ﬂQ5

”'thi% "prime factorlzation y as 1t is called, of a pcsitiva

;,integer. But n@w we. face a problem HDW dc we dD the same.

-;} t@ing for a number whicﬁ is nct ‘on' our diagfam9 If you are ’
o %,

sked fcrdthehpr;méifactorizatign Df 144 y@u might perhaps ,“w:m;;

n,consider extending the diagram because, after all -1t is not

'lvery far from iOQ to 144 But Suppase yau are askeﬂ far 1764?,‘ 

Maybe you Ran figuré out a Way to. da the same thlng

o withcut a nicﬁu,e of the sieve befare yéu.v What, after all,

lonstructed the éigg e? Xgu,first_marked_allﬁ_L"

R - ,‘"

3f5wentron when ypu




numhersfwhich wer“ multiples @f 2 With a "2" the first number

’élnat marked wag 3, and ycu prcgeaded tc mark all numbers Which

i

sllwenelprﬂper multitles cf f;fand g0. Qn.” Then .came 5, aﬂd th“

F

What Were thes% numbers 2 3, 5, 7, etc. i They were just the A

prime numbersi, And sg, What did happen to\a number on the :fvy:xl

If 2 Waafa proper factcr of it, 1t was cr@ssed Gut ?f

when we were Wtrking with multiples;of g; 1f 2 was not a‘factorfl:

'?} of it, tut -3 Was, then;"B“ was cr@ssed Dut when we- were warking;::jln

o with multiples of 3, and sc forth If.tne number had no; properft"“f

ﬁv factcrs,:§ e. was prime,_it was nDt cr@sséd aut at all

Lét us n@W d@ the Samé thing Without the sieve,;say with 17641?-

“We" first have tc try o Is 2“”"factarfof§_764?—%By—the tastsfﬂlwll;
!*awhlch we learnedg the answer isgz"Yes 1764 = 2 X 882 SQ ncwr
let us try 882, as’ 1£ we had the sieve before us. Is 2 a faetcr
of 882* Yes,g;nd 882 = 2 X 441.. Naw let us work on. 441 Is 2
factmr Qf 441? Na, it isn‘t 80 if our sieve had gcne as faf ”"“;

-:;aa 441, thla number WDuld ﬁot have bég% crcssed Gut when.we

:5ﬂ eansidered&multiples Df E.i The next Egime after E is 3 and 80
-11 We must test next whether of n@t h#l 1s a multiple cf 3 If y@u
check 441 for divlaltility ty 3, either by the test in Exercisesv;
-wftg— VR
‘5'?4;,,f
tested multiples of 3; " We now Dbtain 341 as 3% 147 There 18-

flb Qr by actual divisian, y@u flnd that 3 13 a factarmof

sc that it wnuld have been crossed out in’ the sieve when we f.*

na Eense trying the factcr E Dn 147, sinee if 2 were a. factar Df

=

147, it—wauld alsa’have been a factar af 441 (why?)fthutAB
dividés l47, and we thain 147 =3 X 49, 49, in turn, is T x Ts




and*7 1s'a p,im umber, 80 that the jgb ‘8. finished Téﬂéum;ifjfif;

'. *lTSH"_
88213:
2 Y
T

k9

Here the smallest prime factar at any stage 1s tg the right af

_+dmauQMWW‘
L)

 H the 1ine, and the quatienﬁ Df tha dividend by the smallest prime

;;dernea'hﬁthe dividendif The prlme deccmpositic'fcan'

be réad fo from the factcfs tc the right of. llne, and the last %;f

jég§§%?gises 8 - Bb. .L" R R e T T
'?~1:'fWhat 18- the sﬁallest primé factér Gf 115; Of 135:ﬁ°f 321:' g
.,5*;af 484, 0£:539, “of 1212 f£ ,j:':'f; L f~f,._ e
';iéé 5Find the prime dac@mpasjtianicf each @f the f?lléWinS
;;j[numberg 98 439 258, 525, 180 1@24 3?8 729, 825, 576

  1®§8 486 3375, 374@ lBllH 5922, 1@08 5005, 444 5l593

| l455, 2324 S ,mfﬁ N N
.‘-;'-At ) G ',. ,- ek . S '- S i. .. ) =?‘ . vVE’A‘ T

e

'Ycu may have nctieed that WE have beenﬁspeaking cf "the"

- prime factorizaticn cf a pasitive integer, as if gg were sure

“‘.’

that therevwas ‘only one such factarization.QZDQ,yau-syppcse

e . B l r‘)ﬁ e e e [E. - et e
R o S - - . L U O . - . E




I"¥1n~chapter 7, same simgle examples af adding two rati@nal nums 

vbers with;different denominajbfs by finding'a eammon déncminatcr

Ry s

Which b@th eauld be transfcrmed. We are now going to discaver 1m

‘T}a systematie way @f adding“raticnal*numbers with gifferent den@m————

' lﬁinatars, a way which involves as 1itt1e 1abor as. pcssible.i ﬂf

*“T? lTo*sée just how mueh difference fﬁndimg the 1awest (meaningxf;F“

T

;{‘Dne passible camman denaminatér, Df caurse,fis tha product Qf '**'“

“ ll‘the dencminatérs.v This wculd be h x 1C§x.i5 x 6,5_16 BDO ;;}{

' j3@0¥,’f}f f._:” R R
Tﬁ}s equals GBOD?Ié??fiinally’ 335??15

. E
B
h i

' B N o e o EANTOREE
.LV' Lt . . ) B /7: ’ L ‘ F = L W ) !
E lC o e A s R A
gt st sttt g s S 5 e B o e e e
PAruntext provia c - N 2. - . . F X - - R




Iy have to éé{-;j e

;f{SDO appeared in bcth numeratcr and den@minator at thé end makes

Jus suspiciaué that perhapa we made the denamiqat@r tag large °”g"f:¢f

j;ia factmr ,but‘we must als@ 1nc1ude”j 5 oW,

Té\summarize what 3




ﬁ‘-@fﬂplate the prablem by chang ,ng f“ieagh @f the‘_"'l &

r:_prcblem sc that it has this denaminat;:r.j

;c:rm'af ‘he L c D and the

4 containg




H h v 11 é‘— g lii
axgxaxa =3B

ce’ th.a.t we neve::; ha;;} to Aha.rld e '
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5. Is it true that: L .
o B |

i 6

(C‘-) —-{'é?_?
3. “Which is greater?

o a) R

O
H
N =
m

- &
3

~i-

o
L5 ]

(0)
(o),

Hhy |
- wl“‘ -3 I“J‘

=1, [y
ml‘“"" Wl-l:
.9,

. {
= 4, You have learned in Chapter 5.that for any pair of numbers . .

a. and b, exacltly one of the following must hold# a > b,

" a z b, or a < b. ‘Put in the synibol fo‘r the correct relation

fé)&;*the pairs of numbers belqw: ' |

(c) :E 54 (@) &+ 3)(3 - 1)

’5, A man 1% hired to sell suits at\gheAB Clc:)thiﬂg Store. He-
1s given the cholce of being paj:d gE@D plus il—ei of his sales
or a Btraight % of sales If he thinks he can sell ﬂé@o '

!worth of sults per month, wk}rich is the better choige‘? L
Suppose he could sell ﬂ?OQ worth of sults, whiech 1s the

’béﬁter choice? $ 10007 What should his sales be éa that the. .

L)
o ha
’97. L= i

. offers are equal?




#@f

.

6. 'Jﬂhﬂ and his brc:\ther Bc;b each receive an allowance Gf $L;D€f

!-g H"

per week. One week their father Said "I will pay each of

;n

ycuil 00 ‘as usual or I will pay you in cents any' number ].gss

»than lDQ’plus 1ts 1arggstvprlme.p:ag§f factor, If you are .

not too lazy, you haye much to gain." What number should
they'choiéeﬂ | # o ;

-éxxT?tiSuppﬁse John's and Eob's father forgat t@ say proper faetaf.

Haw much could the b@ys gain by their father g carelessﬁess?

® e

8 - 5. Séme facts about factors., Suppose that yau weye

lo@king for two factors of the number 72 with the prcpert y
that thelr sum is 22. - How would you go ab@ut finding them? One
r~way, of céurséaxwauld ‘be to try all passible ways -of - factoring e
TE, and keep lo@king un;il you found a_pair that met the con-
'd;tién.“ We»are_noﬁ going to see, haﬁéver, that féctcrs of
numﬁers have proﬁéftiea which allow us to rule éut many
jigéssibilitigg without actually trying them. The prime factor-
lzation of 72 1s 2 X 2 X 2 X 3 X 3. The two féctafs of 72
which we are seeking must use up the three 2's and two 3's in
the pfime factarigation of ?E.' Supposée® three 2's were all in

one féﬁtor,_and no 2's in the other. ThEﬂ one” factor would be

-ven, while the other factor would be, odd because it contained

%énﬁé 2's. But the sum of an even and an odd number 1s odd, and
22 1s npt odd. S¢ this split of 72 won't work; we will have to

split the three 2's between the two factors, and thus put two

T2V§ 1R one fadtor,” BRE one 2 in the other.

o~



_ Next 1et us 1cck at the ‘3's. Do ﬁa split thg two é's,'@r
'-;da they bcth gc into one of the two factors? Wéllgiée does not
;?have 3 as a- fact@r, but 1f we were to split the two 3‘3~in.72;:f
’between the twa fact@fs of T2, then each would have 3 as a
. fagtcﬁ, and then the sum would have 3 as a fagt@r, The sumac@uld
certainly not be 22. % : | s
‘We have. Fﬁus learned that the twe factors of 72 which we want

Ty,
muat be put t@gether as foll@ws one factor ccntains two 2's

while the other factcf containg one 2; one factor contaiis both™
3's, while the other cantains no 3's, 5o theré are only two
p@ssibiiities; the two B‘s go either with the one 2 or with the
“two- 2*5, but two 2's with two 3's makes 36, Which is clearly too
lj*big; $6 that ‘the two 3's go with- the one 2 (making lB) and_the
other two 5's (making 4) form the other factor. Since 18 + 4 =22,
We have our answer. o i o *®
The kind of reasoning which we have: jus% ﬂone depends on
two ldeas, namely: if 2 is a factor af one Df two numbers, and
E ig a fastcr of their sum, therr 2 1s a factor of the @ther i
number; andh Jf 3 1s a factor of one of two numbers and 3 1s n@t
factcr Qgttheir gum, then 3 is nct a faztor of the other
number. N

‘TLet us first prove a simllar theorem.

Theorem 8 - 1, For positive integers b and ¢,
i1f 2 1s a factor of both b and

) o
A 2.



I

-
~
L}

- 2q - an integer; because 2 1s a factor of b;

H

2p €,

Lo

an integer; because 2 is a factor of c. v.g
- Therefore,  *
. 2q +2p = Db + ¢, (Why?)
2(q_+'p} = b+ é; distfibutive‘prépertyi»
Sincé' - q +'pxis an integer,

.- then  -= 2 1s a factor of (b + c);

&

State and prove a geﬁeralizati@n Df Theorem 8 -~ 1 in which

the "2" is replaced by an arbitrary positive integer.

Now let us state a general result as a theorem,

&

x

‘Theorem 8 -.2, For pﬁsitIVé-integers a, b.and ¢, .
if a 1s a factor of b-and a-is not - - =~
a factor of (b + ¢), then a is not

a factor of c.

Proof: Assume a 1s a factor of c; then a 1s a factor of
~both b and ¢ and, hence, is a factor of (b:+ ¢). (Why?) But
this contradicts the given fact that a is‘ggg a factor of (b + e¢).
N
A third theorem useful in dealing with factors 1is
. - : |
é , v TI’IEDI"EI‘E‘I 8 - 3. For positlve integers a, b and ¢,
-7 ~ if a 1sa factor of b and a 1s a
factor of (b + ¢), then a ié“é ”

- f_é-%c_.t..or‘,.léf‘é,? . R T .:..::.v....“:‘.—, :.._‘;.

‘ . - ’f . : 's,; . ‘ "‘il“ﬂi'\ ‘ ?‘3\7!‘ , : -



Exercises 8 - 5.

| 1

:numbers, whese pfcduct is 12, have an even sum?. odd sum?

‘The’ prime factorlization of 12 is 2 x 2 x 3. What two
Gén E'ﬁi factor of any possible sum?
Tﬁe prime'fagt@TAZation of 36 is 2 X 2 X 3% 3. Find two

numbers whose product 1s 36 and whose sum will be divisible

by 3 but nDt 2; divisible by 2 but not 3. - o -

The prime factorization of 156 1s 2 X 3 X 5% 5, 'Find ﬁwc

!”numbérs whése product is 15@ ‘and whose sum is eveng divisible

_ EY 5; not divisible by 5.

i

Writé the prime factorization of 18. Find two numbers made

up of these prime factors whose product is 18 and whose Sﬂmikt;

i

SR is 93 ;-11;-,1 ~'A = b it ) CemT e : P ek f; ;-;:v;\‘;f:l,:{!‘

;;'up Df “these prime fact@ra\whqsé product is 9?2 anﬂ Whpse

10.
11.

 288 whose sum 1s 3%4.

WPite -the prime factorization o1

'vsum is 247

-

Write the prime factorization of 288. Find two factors of

PRI

DT72. Find twa numbers made

P

Tegt
i

Find two factors of 216 whose sum is 37.

Find two numbers whose product is 270 and whose sum 1s 39.

. The perimetér of a rectangular field is 68 feet and the area

is 225 squafe feet. If the length and width are Integers,

" find them.

Pr@ve Thearem 8 - 3,

Show that 1f y 1s a p@sitive integer, then y 1s a factor

ToF ATy F YRy, o B

l\ji i : S



(A%
N ‘\m >’ v
‘\‘]‘
A
90]
]
O |

12, Fcr what pcs;tive integer Xx 1s 3 a factor of 6 + bx?
| » of 5 + 4x? \
:’13. If 3 boys sh@vel*snaw from siﬂewaiks and charge 50¢ for a
- stare andnﬂl SO for a house, how many walks of stores and
-hcuses must they shovel in order to split the maney evenlyé
AWhat if there were 4 boys? | |

"“14i'Pfdve the theerems

}(a) For p@sitive integera a, b, ¢, If a is a factor of b

"land b 1s a factor of ¢, “thefi'a 1s a flactor of ¢.
(b) .Fareggsitive integers a, b, ¢, d, if a is a factcr of
»b, gﬁd c gé a fagp@f of d, théen ac is a factor of bd;
(é)“ For positive integers 2, b, ¢, if a 1s a factor of b, - ..
.. and a 1s a factor of ¢, then a? s a factor of be.
(d) For positivé integers a and b, 1f a 1s a factor of b,
xthen a® is a factor of b2
1§§1Which the@rém’in problem 14 justifies the fo;lawing
(a) 25 1s & factor of (35) (15).
(b) »(13)% 1s a factor of (39) (26).,

(¢) c2 is a factor of (5¢)(9¢) if ¢ 1s a positive integer.

8 -6, Intpééﬁctian to exponents. We have seep that we can
wf%té évpééitive integer factared into its prime factors, sé that,
for example, 288 = aX2x2x2x2x3x 3. This notation 1s
somewhat inganvénignt because 1t 1s so lengthy; 1t would not be
necessary to write the "2" five times if there were some way,

- MOPE -eompaet--than -2-x—2-x 2-x 2 X-25 of-writing-'"five 21g-- —-—ut




_JAs a first step in this directign, you already know that

'3 can be Written as BE Tﬂis is prcncunced "3 squared"

m"i  gt indicated that we are going to multlply 3's tcg%tﬁer,
~and t e_"E“ that we are gaing to multiply ﬁwo of them. ch wguldW
v We wrlte 2 X 2 X 2 X 2 X 2 ana:LOgc:us;yQ The ﬂumber 288 can thua

| be Written in factcfed iorm more compactly as 25 X 32

In‘an expression of the form al, we need ‘some way of de-

f

gxdbing the numbers invq%ved The "a", which iIndicdtes w%igp

number we are goiﬁg ta use ag a factor several times, 1s called

L £ .
nn

the "base '3 the ,n '5, which indicates how many of. the factors a

: ¥
We are géing t§ use, 13 salled Jbhe: "exponent". Thus al means o
*3”ﬁﬂmber ccnsisting‘of ﬂ equal factors a; a® 1s called. a 'Qwag o
| ~or more precisely, the n s @awer of a. . - }%3_
" We can write L o
_ n‘if-g,r.!';n } ’ ’ )
al'z.a X a X <+« X a.. "
3?#%} ) " >
- I P —
- “ 14} n factors
a® is read '"a Eq%§?3d or "a square".
- ' } B
i : a3 is{reag 1 qub d" or "a cube"
X al 1s pepd n th power",. or just'é.tctkﬁ nth"
|-
Exercises 8 - ég4rlA’ -'f,w;,3}‘ , ﬁ _

. Can you guesgi oW ihe wgr&s; squared" and "eubed" originated?

r'ié Sjinghes long, how 1arge, in square

Ed

2.

Z?éééh%of'the*féllawingﬁnumbers;x




:ﬁsﬁﬁé.é¥pcnénts wherever appfcpriate. - 64, 60, 80, 48, 128,

_ ’81 49, 41, 32, 15, 27, 29, 56 96, 243, 432, 512, 576, 625,
768, 686. \

3;- In dgscrlbing “the

dyber a", what kind of number must n be?

ri‘Mugt_a_bg?!
. (Optional) The expression aP can be th@ggﬁfﬁcf as ‘defining
| ‘é binary c?eraticn ﬁhich, for any two pcsitiv%'integers a

and b pr@duces the number ab; What does it m?an to ask 1if -

lthis operation is commutative? Is 1t? Whé%“ﬁcuié*it'ﬁééhf”
tD ask whether or nat this - @peratian 1s assoalative?
Let us extend our notions about expanemts. pince we know
that -the set of real numbers 1s closed under mulﬁiplieatian! it
.- .must- be - true -that a3. a? names ayreéirnumgerwi~15 theﬁe a. ... o
‘simpler name? Since aB means thét a-ia a factor three times
and a° means that a 1s a factor twiee; it f@lléws_thét.ag-ag
haé a as a factor five times. That i§,
5.factors
- %@ a® = g_;sgi—;a; = 35_ .

3 factors E factors

L

 '$1§§1€ names for each of the fallewing ag-aag b=«b"; .. ¢

L ) - . - -7 - . ) ) =
(xg)(:-zg’);= aliaa-a?; !QE-GSQ a bg 22-33.’ Notice o °
¢ sometimes write "." instead of "X". Suppose we consider

v . o m..n ) i o .
umber a *a , where m and n are positlive integers.
o : ‘ - m + n factors
o - e . -
m n. , = , , M
a ‘=axaxaX..XaxaxaxaXx..xXas=an

N - * " B - : ) '
i = 4 cen i pmime e S e te e e ek o eneae mfact@rs PR P n fag tGPS U S SO
y e g

P
w
I




ok s i e Al R T e et en

S S T S 5 e et oy e oo B L .

£

Does it seem‘féasénablég therefore, to say that am-an and a"' %

are ‘names far the same number?

Have yeu ncﬁiced that we have been talking about ag, 53, a5,

»'aT; etc,, that ls, forms Df the type a®, where n 1s a positive

SN integerg but we have not mentioned al? Certainly, 1 is a

positive integer and we should have a pfecise idea as to what

a%1means_ Dges itvmean that a 1s a factor once? This’ intuitive

1. notlon seems reasoﬂgble but let us try to be more convincing. ’
:m::EQ;;;iﬁly ag lé aB. Now if we want to hold to our agreement
that am g and g™t name the same number, then ag 31;% ag+1= agi
Thus, a®.a = ag-al and it is clear that a must equal al. ‘In
this case, our intuitive notion is a good one. |
‘-waExercises é-s 6b. ﬁ
1. Write simpler names for the followlng:
(@) e (£)  (x7%) (x*) F
(0) (=) (x?) (g) 3%.3%
() (2x)(2%°) (n) 323 \
(@) (27a)(3%a° ) (1) 2°.32.5.22.3%.5°
(Hint: replace 27 by its (1 ga-Eua
prlme factorization.) (k) (éagbg)(Bgabg)
(e) (15ag)(325 ) (1) (3k°t) (3m°t)
2. 13@@3 + 3% = 5% o
3. 1Is 23‘33 = 63?
y, 23 . ‘
‘éf :3,
4,;5; ; N — I




~ ' - , : W

3 _

8, 1s 2% % 2% = 202

7. 1s 2% 42
8

¥ = e

b

2 ) A"V \\ o B . E . 3 i . " - 7.
b .8 =7, ‘Further laws of exponents. Now let us examine the
I - R o S ‘ e
o fraeti@n'%ﬁ. Is there a simpler name for this fraction? From %
G I ¥ T : - o
" the meaning of a” and a° 1t 1s evident that . h

a X 8 xaxaxa axaxa_ .2 '

5 o
S = : =a X aX .
— : ';; — - - 33 N '—ax“ a' X a* L,_t‘_ c - a‘}i *a_‘* };"'a‘"""’ vt -““— s

o

of

, ' ' 5 bé 26 AT aE 3°
Write simpler names for: ==; =m; =—; ==; =x; =—x.
| ; S gL S - £ |
© .. Can- you genéralize the results?. Suppose we"ccnsider‘ég agaln,.

>

-

éfﬁf4but5re§sgn*in~this way: o e e

= - 5.2 3 2 . m n m+n
35 =ad.a2"3 2 43 -ag, because a +a =a .-

" Then

a- 1 (aa.ag) = (% . 33)32 =1 X a

a8

3° 73

a =

. W
I
mw

Justify each step. Therefore, 1f m > n,

m _ B
a Lrm 1, n
= = &) = Slata
a a

m=n _ _m-n

!
[
o
(o

I
o

\
&

,Justify eaéh Etépg We specify that m > n because we want m - n

to be a positive integer.
A . K |
But suppose that m = n. For example, i§ = 1. (Why?). :
. v a .. . i

e

&




"f‘;'_T:—_”__'_’: - ~-i, P 7_; . ) ) :
“In general, 1f m < n, then -~ R

')‘ ok ) L
a '.'5§jaﬁfm, al
1
n=m
a .
" Do summarize:
Ifm>n

If m

g

Ifm<n

then

then

then

Exercilses 8 - 'Ta.

ERIC

Aruitoxt provided by Eic:

m

&

o
o
-

|

W‘W
i

3

o e
jat |

s

=2
a

m m
n _n -
axaxa  _
= —— - —

axaxgxaxa

- %

1. Write a simple name for each of the_following:

none of the variables takes on the value 0.) .

\H—”//"

axa

(We assume

Ee




'y, (5%2) ()
: (55x§)

P!
"

,
[

T bl
{ry

Jhy must WéQbé careful to

avold O values éf the.
+

variablées in probiem 12



,ID.

',‘s}ta just‘one, namely éﬁ
L7 . a
Qn m } n. Let us work gcme prablems 1n two ways,

men

if we. drop the

&

first, using whichever Pule of the 1ast section is

2

aPPerriate andisec@nd, using = am;n - It 1s canvehientu¢‘

‘Wn m‘ JWE

tc tabulate the results.

R P
¥ ,:,

Camplete ﬁhe table

=
M|w
wf *~
-]
1]
e
=

) T
i
h

\
]
g
]
i

*,
kY
<
T o
il
o mr—v
3

P
BN ES
LA

[ L
A\ e

W

'klﬂ

Lo

o

1

wl mm pu't'_l
(!
et
P PP
l
Y
1
R

A : : b S
o =T . - P e e,

We hive extended notions of numbers ih méhy iﬁstahceg-

=

before; can you now- extend your notilon @f éxp@ﬂ@ﬂtgq

~Examine the table carefully to answer thg iollcwing

' , : 0., ot IR S
questions: - a” = 7 . L

il 'j 0 C ERRTE . . ) B V.




S i A ST A L = = T — . s R SO R
N .
. \ - ) o
‘ . - 285 y 8 -7
i' Dc zerc and negative expanants make ﬁny sense in our
definiti@n of a' = a.a. -XEes to n factars?_ of céurses it
i% senseless tg think of a as a factor (-3) times. But
) does thé fglléwing table make sense?.’ - S S
jew o ln | ¥ 3 2] 1 0]l -2 |-3 :
51\. - 7”7 é'a T 7 5 . ,- = — — - = —
a2 a6N 8 L w2 1] & 2| 2 ,
R : m'> 7 .
R T (ol y@u‘see We can use just one rule for divisian,Jiﬁ‘;”a”vf,zT
' ' e I I _-n 1. a
pravid%qg we Qefine a” =1land a = gﬁ{; ‘where a # o} |

and n is a“pasitive integer. (Suppose n were allawed 0 be

,;1inﬁeger, could y@u;d@ away witn the divisian fule; ;“;}g

,;al;agéther and use a” al =a m+ﬂ for all cases*)

;‘“-Whét 1s the meaning of (ab)g? We know ab names:a ﬁ

'hgﬁ"r, and’ we also know ‘that a number cubed means that

the number ig a factor three times. Thereforé}_(aﬁ)g

P

mpst meari (ab)(ab)(ab) "By the commutative and ass@ciative'“
; pr@pertiea Df real numbers we know that ' : ,if L 1;&
(ab)(ab)(db) = (aaa)(bbb)-z a3p
: . Thus . - .
f'{} . o (';eﬂ:w):3 = agbg } : S
wfité another name for % 3, uaiég éimilar reaé&niné; Writg

. another name - for (a° ba)3 using similar reasaning.

H
[

;f | "Exéréiséé 8 - TE_

N







- ‘* V . , ; :; ;:'; ;7-_:_ 7 Lt Do R P . Er
r3",JB‘%ﬁﬁbgﬁf‘ﬁﬁﬁégciigﬁ;ﬁg‘trueg Give reasans far eaéh answeg,;g

- (e) 33 ia a factor arn(aai%35);1 g
7 *3 (§11?(§$ +. Ayg) is. an ;Ekf}';;f;]fl

,_even number, if x

ol

B e e T e




,;Iffa 15 cdd, then a is add Q;;:'Qdf,;;lff;;}__y'"
: E]‘:‘O‘Véﬁ‘ - If a l‘ﬁhﬁﬁmﬂs EV\;;; _ i ﬁ \ ‘ e
' ?QLet a be E, b be 52; e’ be 3; a bé _3§ _éﬁaﬁiaetermiﬁéfth%-?;lpf:

‘-. . . s, S ; e et

fﬁﬁgvaluE*af,3 ”!

tt}}y7f 8 - 8 Intraductian tc Radieals.: Let usg feview fcr ‘8 f?* )
“7i§ mament the pracess of finding the square cf a. number_575?{;‘?§fif“

(?5)2 (3@@)9;%._ (-6)> (8)2 RN

(s 8)2 ?-_?;.} ( x)2 =7, (-2wa

7gcnsider the same kind Qf questian in the -

1
i

E*)

Néw, 1et u

77Gpposite directian} ( ) = 49,7 ( )E = lOQ ( )-g'?_. ;
ORI (®% 1. Ve i

In the secand graup of quegticns we are finding, fcr ff S

exampla,;, number whcée squafe 1549, This 1is the inverse =

5-_cperatien tc squaging, and is- called finding a. squafe rcct

One number wh@se square is 49, and hence 18" a square’ PGDt of 49,'-

:gjs |
t“;s=gertainly 7. Since 1t is also true that-(_'f_)E = 49;_1t

VS SIS S ST A~ 5 SO SR WP
, . N by S R




H ES

H 3 ; o

If b is a positive ﬁumber, and aé b, then a“v_;;;iisf

is a squaré r@at Df b. If a’” is a squaré ?cat of b,?i5i1”-5“"w

:  L 187 —a; the positive square r@at cf b is denatéd 5137ﬁ3m{ﬂ~&w

byx/ and is commonly called "the"'équare rcat Gf b.

B

”ﬂnather squafe rcat Qf b 15 then -

g;i;,jf e, also have. that\/ 0= o; in which-case there is only .

e w7 Loof T

Zfané square fa@t.ff

pf¥~Exefcises 8 = Ba.,;_~

¥*1 . Fing:

(@) \/__




Whlch step af this iérccf s faulty, and why?-zf”;ﬁfkgif T
-(EE)B =1 ( u) (x ) BRI St

. VIi!I\

' }Again, in the other difecticn, we" can aék:_

C@¥en =, (F =000, (1t <36, )3.;"5;.927.?:”“”

”ingllowing the same pracedure as befcre, we can say that a 15 .

'; a cubg ‘root of b 18 ag-g'bl Ve write a E'a

b. thice from ,l"

) e

o fthe abgve examples that while we were not able to take square':'

;'f;brcats Qf ﬂ%gative numbers, since pcth negative aﬂé pcsitive=fl~

ﬁcubé roots of negative numbers, since the cube af a négative

"Ziinumber is negative,, Qﬂ the @ther hands ngseem ta be able'tc

-find cnly cne number whcse cube’ is 8, namely 2, while we haVE' {

x;ai?SEEE tgét numbers have two square raats wﬁen ‘they: have gny—at'
' ’ffall Within the framewerk ‘of the real numbefs, thi% ds 1ﬂdEEd

§~;ccrrect in the comiﬂg years, you will find thaé by extenﬁing




ér'what values Df n dc yau think 7-'

;Qé;gmfgtnegative numbers will have real n th ract39 <Haw dc yau 7?;;

8 - 9 _ : The Symb@l\/ is called the Padical
; i S :
'“““”sigﬁ?man“éxprEEsicn which°canaist3“af a"phrase*aﬁﬁ’a"radiﬁél”““““”*
signxﬂVérIitristcailedtatradica;, e / - ~
Let us naw ‘return to square r@ats. Thus faf,‘we héve not
4 .
attempted to take the square r@ct Df n unless we were able, with
- - ' i :
%3 @? -



§of this Wheorem, 1ok i

ERI!

Aruitoxt provided by Eic:



Araticnal Ncw, haw in the Wcrld dces one pr@ve that somethlng ,ﬁ

befaré? Ees, we have.i FDP éxample, we praved in Chapter 7 that

D has na reciprgcal And hew did we dé this@ We assumed that

i»that this assum“tion 1ed

O has a recipracal th%n it has nane,

This Peasaning Y

case, and so 1et us try it here.j'zJA(3;,

i . ) S LNy

Suppase that there were-a ratiénal number; aay Eﬁ wheFeA

vy the @than

2. We ”eanff‘ e

8y Euch that(g)

b have n@ cgmmén factg;, far if thay a

,~wa c@uld rémave Such a

a

ﬂANQW, if--*'”

This says that a is an even number.: Butva iﬁéelf'iSZanA;ff A

-

T integer, and hence must be: eithér*e;en Qr odd If a were odd

.‘!' Y ‘EL .

- wauld als@‘be add (can ycﬁ prave this@) But W

is: even. Thus & itself miist. be even.E 'hEH a =26,

o wheﬁe c 13 a%?ther 1nteger.. (Why?), Tf we replace a by ‘2¢ in’

’Qur last equaticn,Awe @btain

0
Y

be® = 205, . S

nJ
AW]

and T SR 2¢2 = pe . .



.yhasgled ua,tc.a conﬁradiction, and the’aésumpticn m s

- facﬁ you arefﬁ

:Qﬂcreatingwthe;;f*

"gusﬁ keep dériving results until a ccntrgdicti@n appeafs. w¥guvw;;w

‘l
don't know ahead of time Just“where thlS a@ntradict;on is

i_;t

'f  coming ff@mg but you keep worklng untilgycu fimd Dne.‘ Yau are’

thus nat pointing speL

-flaally taw%rds a fact which y@u are

: trying tc prove, but you keep on ggkheriﬂg 1nfgrmati@n unt;l the
inf@rmatlon showg up something inconsiﬂfent. This iﬂeansistency ;

' §r0ves that you made a mistake in deny;ng what yau wanted tc



_while the Dthers have 1Prationa1 square roats. Try tgashaw th‘

JEPSSNRE N S S

rational, but alsb perfect squares*i On what part Df the

numberéline weuld it “be

ﬁWorth trying fGP this result?"w¥¢*fﬁf &

.\)

H;nt The apgument in Chapter 1 depended on the fact that,' uf.

by averaging; y@u cculd always get a Eati@nal number between

any tw& given Patlanal numbers. Unfaftunaﬁely, thé aveg'ge

- vk

3

[

of two rational perfect Squares is not necésaarily a pél

"square. Can yau think of some other way of": getting a  ~

@

ratianal perfeat square between twc of the sameﬁv

&
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A

(ﬁhat restrictiém must be plaeed on i@)?{r

_;?g

Prove that f@r any two hon- negat;ve numbersag and b




We can-use th 4 out

6_V certainl 13 nﬁ impr@vement fcr-it%;;

3if

The fifst onegf

. mérely exchang33 two Padicals far one.” The secand expressiém,"- ;

’%ﬁ;ﬁhawever, daes have s@mething in: its favor, for 4 is a perfect

2 12=--51ncev"”

-t square. Thus V &:g and ‘we have Shawn that V 8

12 isla;smaller number than MB thlS mlght well be coﬂsfdered

- 8 :: ;prpvement Now let us look at the next farm.jﬁggf;ivsj/lg‘

s

aQngemagain, Dne @fhthe radicals we. have cbta;ned ccntains a.

FFPﬁf Squafe - 1@ —=h ' By the eammutative prapérty Df multig--w;

]\ I

plicat;an, we can now wrlta V18 Hvii . Neither @f the 1asﬁ twa _ﬁ

\ R

expréss;cns in our. l;st cantalns a perfect square under a

”;¥;.radieal sign, S@ they have nathlng t0 affer ﬁs. - ' R y
E ;-.:,v;.“ F— ij - h,.q !_,..,, —; A..E,,,‘.,,-.,,_'..j-..,‘,r.-l; .'.-:__,,wr_‘ g - ik ‘_,.’.:,,__i.,‘ v e et aath s e ‘_,,,".;u .:.,..«. e et a e et kb S b il ;.,._:g._a-»...,‘&e; fy Ao b e
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i ?.?}Eind x, 1f x 1s a pbsitive real ngﬁbgiz : e

5 ¢ £
(a) #x® = 68 ! V8

(b)) xT =56

- (e) x° = 16e a

for QQSitive X

ux2+81 for positive x

F
B I — _ N \
2 . 7 - L = o

(E) hox” ; > (L) V= +x°

R
¢




* 2 = < L L . . y
| N
' s' Llig - Siﬂlpli-gy: & N E’:“ i =:‘§ - o L
. . ] ‘ .
(a)“\/ Ve w1
{j o : r; -
i (1) E‘:{VLLS:{ : P
& . _ :

) il- ‘- (L{) f—é o s
T (1) \/97;{7. P -
8 e T . wa :
& B . o |

8 ‘(m) J lEDQ i - ' s’&’
S (n) V1ieo

| ; 3 '4;. 3 x 1" 5 f‘;‘ ' i ! ;a) ‘ Y é L] .
¥, Re JFind the fruth sets of the following sentences: . | 3.
; ‘ ) ‘ . ) 4 ’;j a = \ i . 3@ )

(ib!a) " %yig = 16w (e i,g .9 9

A .
\ €32 _ - of ZRN .
LS (C‘i‘) ih%a = 25 L W3 '(f) (n—‘,l) =4 @
%“‘ - ' » v ) :
3 - "o ' ~F
6. Show tnaﬁ,fgp pesliti¢e real numbers a and b ‘

| @ R
&, 5. .

”‘:; g Y - P
533, % [ Wy
ﬁ? * - " ) @ .

8 - 11, Simlif Latlg;_ of radicals 1nv c ving fractlons.
5 Wet Z: - T S

We have seen what we would dike to do with integers and vgfiaus

45
£
W

W

powérs of variabLes un&é% E@g radlcag aign, éfg'what$tbe gaals

3 of Simplifying Buch expre si@ns arg. ) What dcﬁietdc if We ha@é
a fract:ﬂn JAndide the raéiéal? .One sugh case we. havegalreégy B

hand%;d we had no hesitatian about writ?gg\/g:=-% ) N@w; _:%a

B AR

i

[~
£
mm
L]
| *
*

AU 16 -




g CoeT R
\

0 | . 302

=3

.8 -1
- T @ = * ;t
9 What can we do wilth this?

&

_supggse_we_wefé_faced w%@hﬂ %
We cah write ¥ ’ :
b x 2 b

” o gergRegxes

9
. (Why did we plck this particular

factorization?) Then

l?l . -‘: . \lg}iveg\ﬁg (w?y?) _ %\F;—

left is\Z, which we know cannot be

 Since the only radical

=2

ﬁsimplifiei; we are finished with thils particular pr@biem_

fﬁgnsidEf ariother example:

1Y

+#Per what set.ouf values ol 4 1o Lhe resull senslible?

Exercises 8 - lla

L N .
f{j

AR

]
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w
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Mo’
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U‘ﬂ
Mﬂuw

E 2
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SN
15 75 45 g

2, Perform the indlcated operations:

(a)

7 (Wh 't restriction (d)
a

on av)

\l:
E lﬁ ! = ot - .
\/_

We come now tou the case of radicals containing fractions

whose denominators are not. pertect squares. What do we. pro-

pose to do with\/=, fur example? We know that e

% | » 5 X/g

-
In' this fDrm’iF% Involves two square roots of integers, and

(Why?)

this certalnly 1s not as slmple as 1ir 1t Involved only one.

How should we change{%%.au thal there would be only one

radical (with an integer under.the radical sigg)‘in the whole

7 expressign? We haVe two.cholces: We must samef@wyéet rid of
either therB or the V5. And, h@g- ‘fér instance, mlght we get

rid of V32 Let us recall the ddnition ofV/3. It is a

-
-




8 11 " 30n o e T
° number whieh whent used as a factor twice gives 3. "...used as
-a. factcr..."; this. 1s the clue. If we were to multiply the
whgle expressian byivg-,whigh 1s Just another way of saylng 1,

B v 3
‘then in the numerator we would %etViSVB, which is Just 3, and

the radical wauld be gane. In the denominator we would have

V 7V', which 1s V 5, and with this wg can do no more, since 15

contalns no gerfect square factors. .If we write;thig argument

out in sequence (give the Justificatilon for each step), we have
E .

\/F_ _ V3, y;:__xf’xf: 3.
GV Ve T

«.  We:have. done what we set oul to do; ther 1s only one

radical left. We did remavrk, however, thatl we had an@ther

choice, We could get rid of the)/5 Instead. lu this ca sk

¥

(Justify each step),

i

Which of our®twu flaul capresslions would we prefer? Each of

them contalns /15 and no olher radlcals, so that the argument
%

E =
we have used thus far will not help us to choose between them.

Pecplé‘usuéily preter the 5éggudsyfj§héaﬁ§ and here is why.

a

If you had some sort of decimad approximation to)/I5, then the

second fogm leaves you with an idgy division to do, while the

F

first one Wﬂuld lead to a dlileult divl@icn_ You will see how

uf

to ﬂind such an agpraximat;on later in ‘this chapter, but suppose
that you were told that\?ié‘%swappfaximétely equal to 3.873.

é
: ST 1 } ;
a,‘? . E . é‘l} i or
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f_s’ i
,HEW would yéu find a nume§1c51 approximation EDV-% ? The_ '

. form == would leave you with the prcblem' of co
| Vio. 3.873

puting!ﬁj§—=,
which 1s# tedicug, the fomnyz:?leads to

—, which is easy

‘U‘ICU

to do and ylelds 0.775. . T

¥ £Y

. . .
For this reasan, then, the erm whigh lgaveq ‘the : denamlnatérg

rational is often preferable to the farm whlch leaves-tpe numer-"

. ator rational. Quite- naturallyg the process whlah leéd% tﬁéigﬂ*
T A

rational denominator is calléd ‘ratianalizing thg den@miﬁataﬂr?if

7 | _ - v s
applied. to the EXPrééEiDH\/%, rat;cna;izing tne denaminat@r

L . y y . s
leads to ﬁég, as yow have seen. o 1f,‘ =‘aj7 ,
, . A : R AN b
. - EEE o : P R A . .:-_.g * PO ‘-'3:. ‘- Poe ot ELnAT LR
Exerci%es 8 11lb. K T S

1. Ratlonalize the denouwinator:

) Example: If x 1s p@sitiﬁe;

vé \/x \/;r}: _ 3:3{




o Lag

.:i‘ T 2 ’g‘
2. .Ratienalize..the 4

enomlnator:




[3
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3. Rationalize the denominator:
(a)‘jigliiégb
: V6
(b) _Vﬁgaavf_ | F !
% - V15 x : :

(c‘) Ej@ ,
Ve , f

4.  Simplify:
. — ! —_ E i ' ) . _ 7 2
(a) (V3 +V3) | m(ﬁ\y
o @VEe2veE @ (Ve
5 * a
Having seen what we woulu llke to do with products and
quatients of ladiépaid in order to simpllity them as. much as
stgible, we turn next to amuagnd differences. We L{.naw that

. V2 and\/geach 18 irratioual and Lhat nelther can be simplified-

Eany further. But ls thelr swu rational? Try 1t51f 1/==%vfi

,—re}f‘a rational number, could you square 1it, (see problem 4 (a)

}

‘ab§§é)‘ggd conclude somelhlug about V6?2 :15 thié conclusilon
abgut '\/é_trué‘? What do you cvonclude about yguf assumptlion that
( i§§+\/§)nis rational? 1o Lhe same way, you can see that no
rational combinatidn ol V2 aud V3 can bLe rational. If, there-
f@fe,.you have reduced a 5imyllricatiun pr@biem to the poilnt
Awbere the expreasian reids a\[§§+ b\/§!+ c, where a, b, and c
are ratiana; expresai@nsg,ﬁhen you have gone as far‘'as you can go.

- o SN ,
4

T
[y
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On the other hand let us try, for example, V3 12.

MMMJ

Sincé 12 contains a square factor, you are not tnfaugh_ By

. the familiar procedure, you obtain:

VT - 3VEE - Vs - 2 L wvE - 3V3
The last equality follows from the. distributilve law., It appears
_that we were able to- simpiify considerably in this case.
What is the key difference between these two examples? If
you have a sum of differemt radicals, no one of which gantains -
a perfect square factor, are you then flnished? If one or more
-radicals does contailn a,perféétksqﬁare fact@rjgcan,ycu;beésufg o

that nothing more can be done?

Exercises 8 - llec.

1. Simplify:

wno
e

%hﬂ

- (8 Va2 +vE | (é) |
n(0) VaB -VET | @) V5 -VEs +VE
(&), 2VIB +VE /3 - VT Ve
- (a) VeT -vi8 (j) Veu f@ +V63

o) 8k -ve (1) Ve Af50x® + |x| VFB

(£)- VIB-+VIB - (1) V3 + V16 -V20. .

"

R ' o _l - i“i .
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(r) VO VB0 _Vago'
- o
’(S) v—‘ V2 _ _Ve8
e 18: V7T 12V2
C(v) V3VE +VEVG,

(m‘vwé Vﬁ -f%w
Wf_\f§_+‘;60 ;,; ) fﬁ};gi,

(V)

2. Simpiify;'féf pésiﬁ-ive a, b, c:

CevmeE @ V?—* 2
(b) V9a +Vha : e) V ab '\/—‘\/Q
c) \/ga/gsé\/iéﬁ Z =.(f) \/Igé ﬁ-—f/E%i

3. For what values of x are the followlng sentences true?

i

(a). =5 | (&) xVZ-V3
' (£) Vx =5

—
o’
-
H
noj

——
]
L
b
i
i
2
=
g
;ﬁ
A%
o N

R
@y

- 8 - 12. Square roots. You have learned to recognlze
instantly the square roots of 1, 4, 9, 16, 36, 49, 64, 81, 100,

121 and 144, You may'even be able to identify the EQu?:é roots

A3



8 ~ 12
of 205, 100, 625, 900, etc. But what is the square root of
312007 Of .0621? Of .0000123? We shall try to answer these .
questions in this $§ctiaﬁe | |

“ xWé;Eﬁ@w that the square root of 81 1s a rational number,.
:because 81 1s a perfect square. We also know that the'squafe

nf

root Df a number which is not a perfect Squarg, such as 29, 1s

rf;iFratiGnal that is, Eu*cannct be written as- the quotient of
twe 1ntégers What ‘we mean by evaluatingi/éé” isfindingza§?4

rati@na'-number (in the form of a decimal) as close to V29 as

) 1s.required. A rahienal number close to V;, 1s called an

'_Happr@ximati@n Df\/ 9. The difference between V 9 anﬂ its E

PatiDnaﬂ appra;lmatian la called the EFPDF oi the appﬂgximatian.

There are twa Stdéﬁﬂ in the p;uuﬁga of evaluating a square

L

.'fégti First, we must make an educated guess or ¢stimate of a =

D]

fifSt appr@ximatiéni Second, we must refine our first approx-

"+ imation by a series I sleps desligned to bring our-approximatlons
N 7 ..
as close to the value of the syuare root as we desire.

In order to make a rough estinate of the value of the

. e
square ract Gf a number, we should first put the number ih a ..

=

standar@,farm_ By this_ we mean write the number as the prmduct

‘of a number M between L and 100 and G power of 10O, For example,

T
"

L
A0
[
|
L.
K
.
*
s
e
]
L
uix,
[
X
=
i




a

=

- times a pnwér of ten or.as 3.92 times a power of 10,

1 2

, If we define 10° to be 1, 107' tp be 1/10, 1072 to be 1/10°,

. - . ) ﬂé
0.392 ='39.2 x 107% = 3.92 %gaa

A ARaS - 2 o v 1A=3 _ oA’ b2,
0.0392 = 39.2 x 107" = 3,92 X 10~

ete., then we may writé _—

0.00392 = 39.2 X 10~" = 3,92 x 10~ T

YouTsee that any number—éan be written in two’ farms as i

M % 10%,

i

where M is a number Wetween 1_andilQD and k 1is an_integer@ In

“ete., What is 1DQ ? Make up a general rule fariihe Sqﬁafe root

-m:clése tQ 35 4, -We will«alﬁiys be ablewtn—E%tima

one of the forms,.k 1s an even intagérg in the other, k 1s odd.
R [ . . ., . . = M.

Write 29300 In two standard forms. Do the same for 0.000293. .

For 0.00293.
Now we are feady tn mage a rough estimate of - the square root

of a number. It will depend on our understanding that 1(3E 10,

V10t = 10%,  10% =109, cue, and 1072 = 1071, =1D7”‘§ 1972,

A}

.

of an'even power of 10. Let us make an esﬁimate afg.BSQQéO.‘ﬁ:
We know that N :;

- N } : t
354000= 35.4 x 10 = 35.4 10 = 35.4 x“lég L
(Wh§ did-we choose 3 LU0 = 35,0 x 1@ Father than 3. 54*K iDE‘?)
B .
Now @ur»problem is narrowed down to an estimate of the sqﬂarai .

L

root of a number between I and Lupi What 1is y@ur e;timate Gf

335, andy36 is’ 2

fe to--the nearesb

a.

\]"*u,_,(

1

35 42 Certainly you will say '6”,‘bec§use”6

lnteger the value of the gquare roat of a number betw§en 1l and

100, So our estifnate of 354000 is 6 X lO " or 600. Next, lgt

¥ R . = - = ) }j;



. - - =
9o - s , L uE
Sa « L o A

8.2, o .o mitsew
& f . ‘» V '. li ‘i,‘ B ! . " , >

us estimate .0.00000853.. 31336'1”; e
s, 70.00000853 = 8.53 X 466 g.53 x 1073,
Bt = ’,' "? . : 1\' )

" fwé,éstimaté B;EBEaE 3;“bégause BEEs g, ITén an estimate pf:f

-3 T

.{_ADfQQGQQ853'13>§'R 1077 = 0.003.

‘ o : _ . . ﬁ S o . | , .
s‘;! * A ;e

Exercises 8 - 123

i

# Doy

slf- WPite each of the fDllOWlng in a gtandard f@rm invalvimg an’

¥
Y
]

éag even:pcwer of 10: ‘ - . .
| '(a) 33 o ’ (é)'-B_luié _ - (g) 0.273
() 0.0726" - (e) 0.00823 ' . (h)’ 0.000470-

5y BaBo U (r) ToR60"

2. Estimate the following: T '-é;
() VT3 (¢) VOO (d) VAGHT

“(c) Vo.oeOk  (f) 9999906 (1) Tfﬁjiifiﬁﬁ

3. (Optianal) To estimate the cube root of a number, writé the K

number in a stahdard roem involviie ,rower of lD which is ‘a -

miltiple of 3, etc. What 1is aki

3

AP

shat 13, obtained -

After we have‘estimated the %qugré Poét

a fir%t apmroximati@n of the uquaré r@@t, we. n&ed a technique f@r
ER

1mpraving the appraximdtién e :_ -

If we want to appfaximat& the value of n,’ gnd if réf”na
é

: D o w
ther x© ='n; i.e., XX = n. (Nhy.) WE have aiready made an

estimate of X, say Xy Then -

: - . & : : 5 : - - v
fuoe S B . oo . . R . .
’ . & i: a . N =
. . L . : >
. N H v )
.

A=



S0 ms o s -2

£ ' %‘; " . . ' . »
o o { | ,B.- . 4 . xl - :E :T- 'rl' 1 "' ‘; - , 3 . ) : \vi
If the. éstimaté ,i is tog 1arge, then the ther numbsr z must .
- : (5 .
be tcc small If Xy is Eﬁgxsmall then z §$ too large iIt f;

=—""»

f@llnws, therefére, tha§41V ' lies between zgand'xlir Since
VJg'é %f, we kncw that Xfﬁilies betweeﬁi§ and Xq. ' Thus' a likely’
TRy X LILL AR
next approximatian of; 1/_-15 half way betwee

and X, . So We -
1 .g’x Ll f;.’

b be]

| take as Guf next ppraximatfﬁng thgir av&rage,
i e 12 o -9

E(qu + K ) ) ’ V' . " ) = ' ¢ Y E ; ~i ; . - . ' ! @ id ; - lv -i; :
X e ' /o, ST B
‘ Eet us try this technigue far ,31300 Siﬁce L

" e

’f3’1§ A first estimafe o

TMET2 s R (Why“) Thus, 'A3'1§‘11é5 Bébueen” aﬁigé
LR L-p *

between ; .56 and ?,V THEIT EVEPdgE is ;(l 56 + 2) = 1. 78 This

1We dre cancerned wﬁth the valuei¢¥

e
r

s\i

and 2, i.ef}“‘

éi!

means that \/3 lE*“ 1 78 (the symbgl means Mis® appraximately

B ’j F
: 'equal t@*); @f‘?ké&EOD = \/Fflé X LD S L,KEXE lDE = 178. .
- E : =

It can be ShéWn that this second’ appr@ximation 'yabe in

o

errqr ‘th the third digit. If we want an even ClGSEE approximat=

!; A

ion, we - may again "divide and average'' . We could use our second

apprbximatian, 1?8 as the diviscr put f@r.pragtical purp@sea

it is suffieient ta us§ a twa digit divisor. Thus 1/3 lE 1135"

3,12 ,
bgtween %Eg— and- 1 B! 1.e. between 1./33 and 1.8 Avgragigg
‘these, a third appraximgtian 1s

L‘x ca - = B ‘
: , _(1 fa; 4 ; t’i) = L. To. - e
N . : S . .o
Thus, | SlﬁﬂD-ﬁ=176 7. F@iiawing tne pfaﬂéﬂule guﬁiined aQaVe wﬂly
) 1ﬁ éepéﬁal givé ‘an appréximatian which iagin err@r by;no mcreAfff;
' ‘E"‘ Py : '
-« th; ;3':n e faurth digit. FGT this reason we $tapped the atfg Y

divisiqn Df‘B LE by 1. 8 when we had @btalpéd four digltsg 1. 733.a .

i



. E . . R o ) R égg -‘ L
A tahle @f square ﬁoct? gives, torT ﬂigits 1/29 5 385165,

) thi% sh@ws/%ﬁat Gur éécond apprcximatlon,_ﬁ 4@, is in~error by

@15, and oﬁr third apprcximati@n is cgrrect ta f@urudigits.“?:i%;:
i L ':tmwmb . o . T :

o * ‘\/o 0025 ,EC’J 65385 F R R

:“{7’ »a ;1=;_i$We may DbSéfVe gevefal facts fram the above tab;ea; '
s * : 5 - h ‘- ; ’ N
.,;all 6f. which can. be praved 'ﬁ(l) each new appr@xima iéEAls‘ ;??-“

“m;mmgquaremraatﬂcframnumber‘between ljand 1QQ times aﬁ?e*e&iinteger 7
5 < Msz gﬁo, p\anr

intégef_,i;gkéq;; _ ;;{:,,.!_;$?_‘>51 ‘ } l.= 7__' 'L;




ﬂéfeccnd,_estimatexﬁigtc

'ﬂjjsecand approximation % is;

2

y Q@tlaz

vt Garr

5 may be in err@f.’ If mgre acguracy ia wanted,--
W _

t@ twa digits and repeat thecpragéss éf dividing and

'ﬁhird diglt of x

;féunduxg

-:__averaging, ,xg wili be in error by nD mcre thaﬂ;% in the Ath

’5j;ﬁigit usually the error is no mare than l An’ th% uth digit.;_;f;{”:

j’-.-31:111 moreaaccuracy is desiréd repeat the pfacess of dividing

i

and avefaging (but do not raund @ff the divisor) S The_:umber

Use ﬁheﬁestimates Dbtained in prcblem 2 af Exercises 8 —‘lEa
5;3$ta fina the S&gond appfcxlmaticnsgaf “) ?§%§yQ¥]'3 'bgsg',A':i_*

. . ‘ -
If y@u had a table l%ftlnggamﬁrcximaticng of. the square BDDtS

f ail tne integegs ffom 1 t@ 1@@ -explalﬂ th.yDu‘WGHldHUSE— Rig "

£

- J ,,,,,

table tc find an appraximatiaﬂ ofX/D OO?@* OfW/SéO QOO*'A;'_ e




faat The qu stion 1srﬁ\H@w glose?

*7f; If Kq is a p@gxtive approximati@n to *»

- _ i ang = , : '
S o

e _lx.ik_%_ -

'~T§e§;vﬁy addg;g Xy t %Dth 8 deg,kk €52:7 4-5

" .

——.,i— , r . . v ) Y . §
,et the dlff?rencg;betwggn an,a{prcxlmatian and\/P-be calledr

f .

rrﬁf e of tﬁe apprcxzmstian Then 'L77ﬁ“‘f'1;;ffﬁff;f' -‘r,@*é

:‘éi f\/?:; ;h;,'_i:f x'v‘ ibx




. ﬁ . o
(1) The érrar e, :’Lﬂ ths' gec@nd a%prcxlmati@n is pcsitive,
I : PR

because thé sqﬂare g@f aay non- EEI‘D nlmbérﬂis p@sitive Hence,

* %y is greater than\/‘. Why‘?’ § 'I‘hen'\/ﬁg-{ X < xl, and we . have
shc;swn that *is e DS%B tc:y_ than is. X s SR
g SRR AR (R
W c L. R R e
(E) The same pr@ceduf-e weuld glve us t.he er'rcar Df .;iny
AN B

o appraximati@n X i*h térms @f tble preced;ng apprczxmatis:n 3, B

far thea Errar

fr . st . . . 2z H L .
r . L ) oo T e ’ N



-Let us évaluat.e 1

V E }{ 1@ s we campute‘\/B.lé., |
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s @i‘ th’"'r'cmt 1552, and 11“ the error', e; :Ln Z is l{nawn t—D
E be betwee‘n : E and 3, then between what vaiues d@es Ej lle‘?

“ i

(d) To hczw many digits is thls thll"d apprc:ximatiqn ggrréet?ﬂ_...

F‘;_'S ahow that fiC)I“ pésitive N and x' - -

* B . . T L . .

Aruitoxt provided by Eic:



;ais always pasitive ar gere )

">equality hélﬁ* f'l‘

( ) 2844

Ehﬁ"_“__cﬂ_numbers*. e
: (a)ELF Slae i o ) 8, ek, k0
(b) ' ;Qgg,_,féfﬁuif;;;;j ( ) 75, 5 'iigéaug@;;muﬁ%;gg

7>:3_ Flnd the greatest camm@n factér af each of" the sets Qf

“_E e

{ ';!h£§numbers 1n prablem E.~>"”

S b A famgus pr@blemfstates that every even number greater than

- E is thé sum gf a pair Gf prime numpersi, FDP example
' :
i g 7 s -

. 8 E + E,k 6 = 3 + 3, 8 = 5 + 3y 18 = 13§+ 5, eté;;;C”n'~fw~
FEae s & _ coval
i you find an even number less than 1DD,fcrvwhicQ§the statepent

*7 3

w_w;;g.w is. not. true? (G@ldbégh An, 17ug made this |

:;nal statement
%_gé; f which has never been pr@ved Dr dispr@ved )%-

@ j;
Lz B

R 5?h The primes ‘which differ by 2 are 3 and 5, 11 and 13, 29 and.;i;

. 5
e,

""QS etc. These are ca;ied prime palrs Liﬂt—all“the prfmev*m*

T paira aHGHE" the numbers&iéﬁf“thanii@G A( 7#; tii%’ngt- ;%

f{if ’l kngwn Whather the Eet of pfime pairg is fimite ) P
o= _ o * . __‘,







'\/(7) + ?(7‘)(5) o+ (5)

‘n problems 2‘9 ﬁhraugh 35, £ind the §ruth sets r:vf the SentEnces

LM




g
Lo

f;;44;7f Is the set of numbers cf the form n + m\/ ;h

'7 _ﬁ ‘are rational numbérs élaéed uﬁder additlaq¢ LUnder

ﬁ@r m B3 G

. .dq_._w;;1y3¢;;§," L '_}lf_, SRR
’-125),' (fi)t'g ~@f@r x ;fgS-;;;

A

Find the grime facterg Qf 442 ;ﬂif_fe 7'? ?fi; ;_f ﬂ§ff"5 ;

G

oy

. m~-are integersg gloged nmder additi@n? Under multipli-}<~“f7

: S . . ..i ) .j"‘ ¥ r- -_l_ e e o : - St _.‘.j ;
“ eatian¢ DI i‘:};r P T R E .
_ . e 2 B ] i N

ﬁ?”set Gf numbers af the farm n mWfE;“'where n‘"and“‘—@

E R _— . e
multiplicaticn? ;f-r_z & ;13_.,f R vj€~- -;;

a"

IS 1t passible ta fiﬂd rati@nal numbers m and n in

AP

o Yaur statement R ;f'¥3x:-=975~~¥“ ﬁg:;-:v% R

prab;em 45*5@ that n o+ m ;2 is,a faticﬁal namber*‘.Pr@Vgu



. --.r' R

although it can ’be thalned by cantinuing the pr@cesé an,




cperaticm.: we need t::z f‘erg}(“xg*él-g:i ére

additi@n ami multiplicatiom but when we 'srg o‘ther factcrs whase *

_ 2

pI"C}du{.:t is 3{2 4 3};, 73{(7‘? a-), o (:{ + 1)(’5—-2&}5), t:hey als@
5 - o i
..lnvq;lgred divisi@n W‘e w,ilf rmt :bé satisgied with factars unless

. xthey invalve t:)n;l,y %ﬁdition and multipllcation, be::aus?e tl’gis ﬁ.s all

Y T
, . .
! L ; 5 ¥
. C . . “E . .
E -
i . [ -
] LI _ ’ s
4 & .7 -
wt S A
- B £ - R
£ -
g e




ékind Df pplynamial . : 7 7 ‘ 7
iiQJx,ﬁﬁt + 7§St2 “ETE?tB : This 18 .a p@lynﬁmia; in EWO gariab

:EE and t! aver ﬁhe fatignal numbeﬁ% -?pis:can_bg wrltten;i

= 1 N
¥ + i -i? -
ook < '
"y - - V:T:‘ r“ o a - o =
ISR g ﬁ
i s :
s ) Y . . -f B




3“ énd-an

r‘:ln (a)' the distfibutive praperty sﬁlilrpermits us ta: ]

we' can as far as we ngw knaw

l + 5t - lS tg can Ye simpllfied any furthar, but it ceftaiﬁ-‘”

. 1al over the ratianal numbers,

ﬂ”still some unneces%agy ffactigns

we\do not know whether

i simpleaﬁffarm was’ that in which Yo~ ‘more’ factoring Was left 6

In (d)g e have d@ﬂe‘ali*“***

ot

ly cannot be fact@red by any additicnal app;lcation of the

distributlve property.

=

_number.

S~ I
a  + 2dan "

we Dbiain the Slmplest exér~¢;.+

NDtice that in warl{ing with a. pclyn',r

integers times pne (non-integral,

Lfénece%sary) rational

,§3332i§n'1f we wrlte it as a pdeuct of POlYanialﬂ Sver the
- # '

Y

) o ¥
6x< - 1llix - 150




%

:fW% can now. see whatf"faetaring"'iﬁ goding. t@ meanﬁ-~1
\polynom@al over the integers TS wént’ta write 1% as af

‘P"A r‘:

préduct cf p@lyﬁamials over the 1ntegers and we:-dre nst happy

‘m‘

T e - U

until we can no 1onger ‘do this t@ any of the palynamials”wh gh

' appeaf‘ln Skr pfoduct; (Remember that in thef’ase Df pDSitive

;. -

-

intégers were not- happy untli WE*had aii

1“Each Qf the

.Drlglﬁal 7%{

If 1he pclynémlal 18 over the. ratlcnal numbEfs we

esulting p@lyﬂomiala iSEGa}EEdJé fﬁaétﬂzwwéiuﬁhez;;;;m\

n@mial N o LT .

3cbtain the sifplest factors by writing it as a product af

‘e

“palynqmials @,er“the 1ntagér3ﬁand“@ﬁe ratiéﬁal’number "’If“*”r

virr%mi@nalgpu ,erséaré involved in cur‘polynamialw we may not bs§ N
= 7 . - ! \; - ‘o
- able ta:pr@dgcz factors which are %Olynam;a%g over. the integersg
ﬁbﬁt %é éameiaé ¢closeito thls as we can acé%rdiﬂg to- muP s ! .
&gawle dge Qf r&d,cal%! o o . 4W. (f_ o S
T - 19¢ - :



'se cammgq‘factarsQJL

» - _.:( *;”

it ‘is far eé by multipllcatiam @nly (thlﬂk back

tion of pcl‘namlai),\and 0 1t is a very Epecial kif‘

mialggwnigﬂgls'c@liedf,_ ; ‘
A

l

i Hlﬁd az fact@?inngeﬂha e JustAé@néw—gﬂcammannmanﬂmial,jagm_ﬁigja
B iw§iéh@u1§, \hile Ué have the Dpp@rtuni;
other aspect of monomials : :
- . { ‘ .
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Aruitoxt provided by Eic:




T o=

+:bx *ané%the Sum 0

f the last tfa teﬁ;

ﬁagtgr @f

L

Thus (x ¥ b) must be£

‘1-! , :rx érbx + ax 4 ab', }

~appliled th éaf'timé:, s Bt

' S¥ bygﬁsé(x + b)g e

. a ’ AN
. S N i ; _ T
= .
; - \ o\ .
cf _ _ o LS -
. ‘ f t
%; . F- g
Sk \ ag

- : - \) ’ g - R \ . ‘ " a; Z \,‘ : :_:

EMC . .‘ t T .

Aruitoxt provided by Eic:
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 fA§i§§§§£§%éf-7ddit1Dn hcwever3

i

Ve can, fcr example

\

ﬁ; BSx + éxy __Ayt

Bax : Ayt

A,!‘ - 5

OW . sinish the pf@blem? @ry it agalng,but na

"intEthaﬂgé the Seccnd and f@urth terms ?%fgfe“YDu beg n'w

"”gpglz;ngmghgh@istgi@utiyeulayj Are the twc factored f@rms

thé same@ I L L . 'j J”i_ . ?f

x‘lw? By el P

8% Ldax 4+ 2ab 4 dac - 1bex - Box. BRI

5x B
Bx =s53t + 45xy 1oz L Lt DA

252 gab\/é;‘ 383@,5; 3b \/E / : B

158.3{ +12bx - Qc:x + 6dx j

3

34 +.15b - 3a 15b | . R L

E3 &« B B . . «

“
[}

w

#
o
T~
M,
-




.wgiqc:;w aétor

S LS . 12@
_“Vlz-gan be Y ‘Eored' we can "w; ite

L.,,,, N

Mgl in the middle nght to Split into éii L kN égAggvulg  ;5 
| . R :,-slks + 387 " o Ce G

After a;Ll 1-33 + Es '.GI" Ta +§53 would nc:t have wczrk:ed'

It will take ua sema time to lear'n tc: answer Jthis*‘

a‘ - L

E

: 'af questicn? ‘Let us be%in by getting acqunaint;ed with same
h o

JL , ‘ R

e :Bermina;@gy Whif;'h We shall need’ =We_ ¢an think f:f the palynfb‘inial i*’
L _  % s 8% i sge N

: : . ) ] ¥ ) .. ’A . . . S : s

TTTTNTTTE

. s+;%)%+(1‘)

—

wfféﬁe that*it, con siats of three terms: 'S iséeé@%éd thé7 .

ﬁuarﬂ*aﬂ:ic térm "( L)s the 11nea§1 germ;_: ant - ,'v":"the cans’tan%*

Aruitoxt provided by Eic:



:j and WPite:'é ' SRR
5 B . E - g —,,x.,_._ :i'.,

) " o ¥ o
et R | 3 i )45 +\35 T 12\ b F .

P2
«
‘mf

o — - e LI BN
LU o= -9125* T
. As the pfaduéﬁ of s and ; ;

Lc term "sW arise*

!7Haw aia the quan 7
As the pfqdugt of

R - Haw did the c:ﬁstant ter
term gt arise?- As the sum of vr

i‘" 0" éfisg@

.Vééf | l. o i‘\ f ‘iv.* . o
.Can, yc7/predict the distributed form; of, e
e N A L

fiﬂ say wha% ﬁhe produgt (x + a)(x + b) Will yieléq o,
est now is Qp prpcifd in the other _":

w o LE
i

) Dur eal iﬂter

- Fm R
'?difeetio\rg thgt '15 i%o 7
Y .

We have 1earned abcut the fafmatian of coefficients

s use “wh at
N L [y ‘ {

o

,

LA
énd factor o SN L R
’ atfast 6 T
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:si

e . . ¢ N
,; Exércises 9 t?a .;_&'_ ;Q“ e
sFaCtDI‘, ) ;‘ - ” \;‘i “; . . ;

= E '\

:ff2)+322x1¢x{2 Thié mééns we Jant two facgéfa,gfﬂthe mumber-;%"

%5%2 whase Sum is 22 \Ngu fE hasrmanyéggctars aﬂd we wauld V

o S et i RN, AT S S
-

o Can yau thlnk of any pf@perties af factars to%ﬂ%lp yéu Dut? '’

L{§;zDaesn't “this, speciflc pfab;em sound - vaguely familiarﬂf We fff%
R answered tnia precise, question in kgﬂpt$r 8, in the caurse.'t
S Df ouf St dy Df primemfactarlzatiég Df lntegérsﬁi;é; ‘back- and
1cck at ﬁhe discussian again.: WE fcund that 72 = . 3 32_ and*;T

1 &

4

S that in the two factors Qf 72 which we ,were seeging, the
.Qis = / X ‘
‘ 21s had tD be 8split, two in one. factor and ené in the Dther,,

i . s

while the 315 had tD be togethef ' The faQtOPS we fcund by ;

o f

this argumént weré 1S‘ahd L, If we' apply this in our

o
»

A
v preseyt Situatiqn3 thi; tells us lmmediatelg that

o %P e 4 T2 - (; +/118)(x Fuy.

L. 2 = s
2. vy o= lhy + &S‘x In this prollem, we requireazgg%zgmbers

fs b5, and wh@sggsum 1s -14, Can two. p@Sitive

whose pr@duct

SN, o S C

, 3 = ! -/ iy ; .

. s . s e s e 7 5 DR - . h = . i

’ : o = - .
. 3 e M .
(=] * |
- \ .
LY = = = - S




e

fﬂcaﬂ WE‘ﬁGW f nd these Qppasites afwwis

- _ng p?ime factarizati@n Df 45 is 3 5 14 13 nat divlsisit€

= ;“bletby 33 hencey “we- canﬁat sg}it ‘the-two- 3 X3 CWhy%) -Thus--

" the factarsgre either' 9. and, 5, or U5 and 1; 1eaf-
1y, 9 and 5 are tne requived gumbers. Thus o &na

. =-q ‘ar? ‘5. and 9= respéctively :Then . |

%%gwgﬁ;wwgfwwwﬁm;:?b— by o+ 45 (y.= 5)(.W:wfl:f””m“¢; “mmw“mwwﬁ?i
i" . xg ‘4 10X. 4+ 12. We ‘heed ty@ fastars whose pfaduct 1s 12

i. i;Jand~wh@§é‘sum ;s"lD; The' prime factarizati@n off 12~ ‘cgﬁirtfﬁ
; ;,::;£ain$ “two 218 ﬂﬂd one™ 3 ‘the twd E'SE pave 5; be Split. ;i

(Whyﬁ)’ Thus the anly pass;bilities are' 5 ahd 2 whose “;Tﬁ

A . .7-‘;_;;

{,' vi;:sum is‘ 8, nct 10. Henge xg + 10x + 12 is a polynomial

" over the 1ntegers whiah cannot bé factared into two palyﬁcg

- B

" mials over the integers L ) v

sT — = i s et e it

L. aE,- Qa - 36. Once again we wish to write this in the

f@rm (a + m)(a r n). What da we know about -m. and n?

£u

*_JWhat~w11i~beﬁthe_sumuaﬁmrmemaﬁd—wnin_The_prgddctﬂaf‘-m' and

—n? De~yeumsee -that one: will be.. pgsitive,andfone ‘will_be

. ) .
ﬁegaﬁiveﬂ Which of these will have the 1arger absalute ,
A ’ R - . [ - R

. value? : . S - <L _ ‘
. %‘ﬁ ’ i T A
TN ‘ ' P ' < S
\




2'5

‘;‘heréfare wha‘b are- |m|

What abc:ut the twc 3'5‘?

a\é ]n]‘?, What flnally, iS t}’ie f‘act«:rization Df e

2" 95.!‘ 36?.- ol . b S E : : i . ’ *

ng + 11w

. x+§sya55’y o vt /
R =508 + 48st + Estrﬂ . u”,:,, o » )

ﬁ._f(E +~x)(3»s %) & ‘  _ - Ail-'.j-"""-‘ ' -

= ';‘! . 7 " = e \— ‘ 7 ’ ,'
16, x° - 10(}: + 3) - 9 ) - : \/ -
\ _ o g ) b ' N .

V7. 36 + x° - 13x

18, 2yx° - 1oy + 6xy
/19, oMa s S
T 20, Eaggxg Z ;ga%yg * Eaabxyx ! \




Astaﬁ,;faétors Df numbers ybﬁ%éﬁbuiﬁ 3 able to d@ thisA

ks

L

SO

namial aﬂd the right side is‘.Qgr we call it a palyn@mial

f_ 'iatfbn.; The truth sat Qf a leynémial equation "in ene\\Af“. ‘fl*i

 1 variable éan %Aﬁetimes he fauné if we can fact@r the poi;ﬂamial ﬁ%

‘%: S i”;,ﬁf: :15_’ : S ;;HL::hf ?¢;_€;MAmAim“i;;M;mi;;m;\;ﬂf;

: lExam'lEZl Find the fruth set/of x“ - x -6 = 0, Our.first =
jcb is ﬁc %actor the“pclynamlal5 @f pgssible. Then:wglggt the -

’, riew  form. @f the equagigm- T |

_;;w o (o g)(x ~3) 2.0 . . 'iljt_“f;u. wJ§bM

The left- side Df the quati@n 1u naw the product of two numbers

What ean’ we' .say in ggnerai abcut two numbersA a aﬁd b Zif' EE -

‘aSA;% 0?2 (Go back to Ihecrem 7 .6 for the answer 1f you have

;fqggéfﬁeﬁ 5  Thus the truth get of the sentence ﬁ(x * 2)(x = 3)-=

9" is the same ‘as the’ truth set of the compound sentence

}:+E’ ;“ or }:aB;D \i

o . e ) ,
(Why was 1t 50 impagtamt to wrlte the, ‘gj’fl equation with 0

on the right Sideﬁ chuld vie apply Thearem 7-6" 1f the equatiaﬁ

had 1 ‘on: the right side?) NDW we' can reajgdirectly the truth




:Examzle Eg' Find the: truth set Df: Ex'fg

, This is.alsc a p@lyn@mial EQQ@ti@n ﬁegaug
BRI et »

Ee fbrmaj Ty ””7"F::’{jg”f e
A L Lt

m,’ T Co ;jg% - 35 T ny;

,1nuwhichhtha_;eft_side is aﬂpalynamial ax

How didfﬁ%'abtain'this form* Again, fact
A o v

?givéggvm__;4fqiwmw”f ) gx(x - 18) . ;Oifi
Thi% equatién has the Same truth set asl
ffjojpfviT_;}\ Exgl 0 "or ";l_ 18 =
"And this séﬁtence has the truth aet [Q,
M%%and §i8 are Sglutians of the Drigiﬁal3ec
Pause tg réflect wgge ycu tempted

T of L 2x© - 36x by 2¢ to obtaln x = 182

**;féund ﬁhe salutian 18 gpt what happéned

Be - careful; LUntil we gtudy thiq more caj

.ﬁa not multiply or divide the aid33ﬁgf a1

-

ﬁwﬁ:;:p.,:ﬁ_;e}

Find the truth set of







9 - 3 ; 340

It 1s easy to see that Lhere are no (lileges ) Laotias oLy

Wh(gﬁé- sum 1s -4; hence, we vatut La.to, Lhoe pootynonlal

'

This does not mean Lhatl the tiatl bo Lothie gosbldaal dae

fDéQEEEar‘,lly eIHELyS 10U megri.. [ o d Lo e b Vb LAl f Z‘Qud

e g, o ik, S it

Eﬂtﬂ‘;ulg;g = 3

1. Find u.. C¢

o (a) Af’ L“ e 4
=
(o X~ 13, 8, ¢ ‘o 13
(\ﬂx) 15 ¢ (. “ \ } ¢ L, i ;
(é) 3x7 Faa ot \ f JoLoa e
[ i ) ! t Llél.k )
(‘;' IRV N ‘lgk vy
. :

(J) =

e
(L) " | I L '
(1) \“= & s ' (W)
kn) ' i ; ' } i
L) ! c '
11 . [ [ v
Laa
() .

[N L
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PN M e 1 e L , ‘
(é) The length of a rectangle 1is &5 lnches more Lhan 1its

wldth. Its area is Bl squuare luolfes . Klnd 1ts wiﬁ:h,

&
] (d) T}“%e Ecluaré B oa umbier 1 Fo L Llian LW LJJ]Z%@ Lhie
v :, number. Whal lo (Lo snaul..
\ (e) The lengli ol o« .o Logie 1. N T e
Widlls a1 T Lo . L Fleod v L,
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. Now try the same thing with 2 1. ha + S0%  Hou swdll
positive number do you think kh cau Lo, Hhat aboul
L2 2 _ P
t +l{t + ‘L!*i? =] ) t ko % Gl 1 \ L_m \ [ L, R s U,
,‘- - s"i ’ ' V
- pattern? Apparently 10 yOou 1.8&;, .. b ) S T ¥ _utu(w 1.
£ N . B 1 L
such ‘that .o ( '
0 ( .
- c\
can be Laol .. a4, . : . o1
) that + k = Efl ALotties o L Q\ \ . Ceeal 1 Vb e [VITIR
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9 - 110, Review Exerc es .
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37. - A 1w gallon contalner 1s testea and round to contain 15 97%
(. salt. How much of the 100 gallons ‘should be withdrawn and ?

replaced by pure water to make a 10 Q7E agluuluﬁ?

38. _A Jet travels 10 timeés as fast as a paaﬁenger train, Iﬁ
Qﬁg hour the Set wlll travel 120 miles fuither than the
péSéEEgéP trajin wigl gg In B8 hours. What 1s the rate
the j%ﬁ?  The traln? *

39- Two trains 16D miles aparlt Liaveld Loowrds each owther, - One,

i . ] o ,
. is traveling 73 85 fast aw the vlher Uhat 1s the rate
of each A1f they mecetl 1ln 3 houre and 12 mluautes?
4@; A man makes = L;lp o due mlles al L avelrage Speed of 30

" miles per hour and récai al a4 cluge epe€ed ol 20 mlles

per hour. What va. hle av.la_.e .peed fu, Lhe entire frip?

41, Generallzling pr. .ble. 4o, g wman wabkes a tolp of d miles
al an avoelug e b L ' L= et Al o <LUrns at aun

averdage 1rate [ 4 1. < i o1, whal vae 1,13 average

\, rate for Lhie civvio. o0, .
b, The sum o e w1 o : , r T I g
21—
-r—:{i . Whiay @, L, Co

)‘"3: Find wie a. - . 1;\ é
|
b, The square of o ... 2, 1& G e e e Ciaes LhE
numbe 7N S L T TR R B I lad Tus Lot
qﬁt_r |
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e i . , } AR o S
the first., . ‘ o
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HQFiﬁd the rate of the two automoblles.

A rugrwmth area of 24 square yards 1s pLéGéd in a room
14 feet by Smeeet leaving a unllouw Widtl around the rug.
How wlde 1s the Strigfaféund the rug?‘ A sketched diagrgm of
thea }ug upon the floor may help you represent algebraically
the*iéﬁgth and uvidth of the iug.

One leg of a gighL Ledangle 1o ¢ Lecl wul'e Lngu‘twice the

.smaller leg. The hypotenuse 1s 14 feet. What are the

dengths of the ;céé?;
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