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As yre saw in Volume I and~ IB ,(C'hapters 1 6) ‘many - -properties -oi‘\ the .éra'ph
oi‘ a i‘unctlon ‘can be analyzed °f‘rom knowledge of the derivatives oi‘ the i‘unc- . ke
tlc‘nn, the value oi‘ the derivatlve belng the slope of’ the tangent l:Lne at a . ‘
pmnt} For polynomlal clrf:ular,oexponentlal and related i‘um.ct‘lons we yere: \

'able /to find derlvatlves, whlch were then used to an’élyze rise and fall, S~ \g

’ convex;rty, veloc:.ty or acceleratlon These a@thoas are extended 1n Chapter 8

'oi‘/ thxs\’volume ‘to i‘unctlons whlch Are sums, products, compos:.tes, powers, -

X reczprocals, quotlents»x or 1nverses of known functlons& In- pr1nc1ple we shall

ithen~be able to anélyze the propertles of varlous algehrmc comblnatlons oi‘
o

the' Iunctipns discussed in vplume: one’ and two. - '_/ e /I—\r

Th1s volume 1s begun w1th the study of aTea_FAnder the %raph of. a i‘unction,
h

a concept 'vghlch at- f" '_t .lance, seems to be unrelatz\ at of tangent llne
The fact that the?e Gtwo co\’xcepts are related is one of* the g‘reat dlscov.erles in
ma{hematlcs, i‘lrst noted by Borrow (1630 1677).. He s-howed ‘that rea\bound'e(d

. -~
by the graph of i‘ the x-ax1s anévertlcgl_l\lnes at _a 'and “is given by

: F(b)v - Fla) where F 'is a function whose der1vat1ve is f. Th:Ls result is

' sectlons oi‘ c er T, are devoted to ceveloplng a, geometrlc understand‘.lng of

a,'pproprlately known as the Fundamental Theoa'em oi‘ Calculus The i‘irst three

il

._"this result. The i‘lna°l three sectlons concentrate on rfotatlon and tecﬁnlques

. for finding areas by ‘using the Fundamental Theorem : B ': ’ .@. .
- ' > R -
. 7 RO
N hapter 8 is ,prlmarlly a d1scuss1on of Anetq'xods of dlfi‘erentlatlng. @.geb@

-”'combinatlons of, i‘unctlorFxs Where appropm»ate 1ntegratlon concepts (that 1s, e "

- the area conc pts of Chapter 7) are also dlsoussed as: these\prov:Lde a i‘urther 4

{.

o

'geometrlc \J.nterpre{‘t;(tlon for anal_/ZJ.ng the behaV}or of i‘unctlons

These 1ntegrat&on§oncepts are ex lored i‘urther‘ﬁn Cher 5, wh1ch con- - ‘

_talns an xmportant methbd for i‘lndlng ant1der,1va131ves.; an int&mrei&tlon of ' c

the . Fundamental Theorem in terms 0 average"valué and voluhes of ﬁld‘s« oi‘
[3

et
revolutlon, as well a@(aumerlca‘y in gra,tlon me.thods and a d1scuss1on oi‘

. L4
remalnder estlmates for Taylor, appre 1mat:Lon ' P -t

a
~
x.

8
S\ome elementar/ dli‘i‘erentlal equatlons are discussed ln Chapter lO w1th ~

\

appl:.cétlonﬁ to ‘:thlon and \"owth and deca, .' In addltlon it ,LS shown how the _

'express1on of the. logar:.ﬁ‘hm as an Ln'tegral .can be used to Qbtain the pLoper-

_t1es of the logarlth.m ‘and expo.nent:L Qu/*nctlons 1« o . ’
The appendlces are 1ntended to flll 10510% n the 1ntﬂ1t1ve devel%
.ment oi‘ the text and . to extend the materlal of he o R : :

A . \--' L ‘;\ . ’ ot - : ‘
. . . L - ' \ TS v L , . o, 1 . S
o~ . ) L N Tl ‘h i . . : ( 'S
e A : 7. a' ot ] ‘ X ¥~ . S - ’ /- ,. . °
o ’ v ee € . X X \v« \\"» -
A RO N N
- TN : U & LA
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< e T ‘ Chapter T ‘ : )

o :
"AREA AND THE INTEGRAL - L :

This chapter beglns a discussion.of the concept of area of a.reglon
bounded by the graph of a functlon

>
o

At first glance, this area appears to be

entlrely unrelated: to our dlscu551ons of derlvatlves in volume one. Upon

closer 1nspect10n, however we ohall discover that’ “these two 1deas must be

rela@ed. guppose A(x) represents the area ‘of the shaded region shown In

the folldwing figure.

s we move X \a&?ng the horizontal axis the area A(x) ‘of the"shadederegion
changes. A measure of ‘the rate of change in A(x) 1is, of course, A'(x),

the value of €ﬁé derivative of the area function at x. Thig cHange in area’
is also related 'to the heighx‘of the graph of . f at x; +that is, to the value:

£(x). ‘Cdpaider for example, the case when f(x) 1is.large. .
, . _ ‘ , . , ‘
Yy
 this region has -~
area A(x + h) - A(x)

o T E N et -

‘ ' v‘?w ) K ) : L . )
. I we move 4 small amount, say h ‘units, to the right, the area Alx + h)‘
increases fairly quickly, so thut fhe udditional area Alx + h) - A(x)

fairly largé.. If, hbwever, f£(x) is cloce to tne x-ax1,

LY

.
is

O
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v . _ '
e e e this region has
’ area A(x + h) - A(x)
/| ty =20 :
- » .
0] . X x+h x
-
. - then the additional area A(x'¥ n) - A(x) will be fairly small.. . =

. . . .9
These considerations lead us to suspect-thaﬁ)there must be some relation-.
. ship between the rate of change of the area function x - A( x) ‘and “the values'
. of £, that is A° (x) must be related to f(x).- In th1s chapter we shall
show that for most qf the functions ‘of interest to usfin this text, the deriva-
_tive At of the area. functionsis f; that.is, A* x) =f x)

of course, . it is not immediately obvious wbat the area bounded by aigraph
should be, particularly if f is_ not & constant or linear functlon Therefore,
1n the first section after considerimg constant and linear cases, we deal with
~an approximatlon procedure for obtaining the area of a region bounded by the
graph of ‘a nonlinear: ‘functien (Bection 7-1).- A useful notation for this area
is- introduced and various intultlve propertles of area ‘are thett discussed
.(Sectlon T~ 2) A proof of the ‘relation A'(i) = (x) is given ins Section 7 3
where we establish the so- called Fundamental Theorem of Calculus, Mich states
that.the area bounded by thé graph_oi ‘f; the x-axis and ven@ical lines at a
gnd b is given by the difference‘ F(b) -_F( (a) where'-F is any antideriva- i
tive of f. (that isy- F! —-f) Further notation ig’ introduced in. Sectlon 7 <l

I'g

and .the resul'ts are extended to signed area. 1n Section T- 5 .

S

The final section discusses the use of antiderlvative formulas in calcu-

s N
lating areas. Further antidifferentiatlon methods are d1scussed in Section
9- -1 and Appendix L, Th1s basic connectlon between the area function and f
is also discussed in Section 8 2, -where we ‘use-the Fundamental Theorem to
"discuss the relationship between the derivatlves of a functlon énd the shape
of ‘its graph.-, S HER . :

O
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"7-Y. Area Under a“Graph

o . N . ! v

o ‘ =

“We first attack the general problem of flnding the area of a reglon

., located in the flrst quadrant bounded by the graph of a nonnegative function ]

f, ‘the x- axis, the ¥ ax1s and a.second vertlcal line, ‘as in Figure 7- 1a.- We
shall not specify the value of the coordinate x at Wthh the second vertlcal
“1line cuts the x-axis. This w111 allow us to find general formulas rather than_

particular numbers. We shall denote the desired area by A(x).

‘< : Figure 7—1a

Area under a graph ' °
~ N 4
Frequently the f1rst step a. mathematlclan ‘takes in attacking a hew prob-
lem is o 1nvest1gate a few special cases of the problem. He often £inds thls
initial investiga%lon very helpful 1n setting his mind worklng towards a gen-
veral solutlon. .In this splrlt we begin wlth the simplest of polynomial.func-

tlons and examlne the area under the graph of the constant function .
£ :1x—c,

where ‘c 1is a. flxed positlve number.‘ ThlS case is very easy to hendle. In-
fact, since we know that the area of a rectangle 1is equal to the peru ct of
1ts base and its height, ‘we see that the desired area is

o

A(x) .=.cx. s a
- IR
* (See Figure T-1b.) _ v ' o - *
. ) . . S . : =~ .
- oy
y=£(x) =c¢c
' - \
o ’ t ) .
’. . O . ] v‘ .. . x- K ’ . . . ‘ i
Figure T-18h-

The area of the shaded region is cx: .
5h7 o . PR

9 ’ L4 )
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&ote ihat the "area funcfiony _ o " . . o
| A x T;CX | "
is a‘linear‘function whose‘deriyative At is
| }f :x >c.
) .3‘ The next case we examine ig that of a linear fuhetion _

! ;
o oo f e x omx + b. .
'The area we wish to find'is that of the shaded region in'Figure 7-le.

¢ - B

sFlgure T-lc

~ Area under f : x omx + b

"This cése is also easy to"hardle sincg the shaded region is a trapezoid. -
We recall'th§t'the1afeé of a trapezdéd i; % the sum &% the parallel»béséé
times the hg;ght. In Figure 7-lc the trapezoid is lying_on its side, its
"bases" have’Lengths £(0)  and f(k);; its "height" is x. Therefore, the

desired area’ is . ' o fo ‘

: . . 2
i /, . ) o "_(m-0+b) + (l’h.X'*'b) ‘ )
K . = v . X
, / _ 2 .
DT L Lmk 26
2 . . ] d’
= m%f f bx. "‘ '

We observe that the derivative’ A? of the "area function"

i L S
v .

- : ' I - . 548 :.

AN
I~
o
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is the linear function i . ' o e ) -
. ' ’ frxepmx o+ b..

After the constant functions- and the linear functions, the next simplest’
- polynomial functions are the quad\atic functions Even though these f ctions
seem to be but a step removed from the linear- functions we shall see.that
they introduce an entirely new order of complexity The reason for this is
that the graphs of quadratic functions are curves, and we have no formulas -
for calculating areas of regions bounded by curves (except of course, ‘when
the curves are circles). Hence, it will be wise to move more slowly, and

first study a very special case—-say the function f:x ox ﬂ‘°(See Figure

7.1a.) . o N * v . _fﬂ
Y /yéf(x)“ o
! \/ :
: - <
x‘- . v |
0 X . T, \ N . -.‘ : .
: Fiu re T7-14 . : : 3
. Flewe T [ S

. Area under f: x —>x2

If 1t were poss1ble to cut the region up into a finite number of rectangu—
_lar'or triapgular parts ve could add the-areas of the parts to obtain the total’
area. By. this method the best we can do 1is- to approximate the area We can
cover the region with rectangles/and obtain as the sum of their\areas a value

that 1is somewhat larger than e one we seek On the oth&#® hand, we can pack
. rectangles "into the region without overlapping, and ebtain 1n the sum of their
‘areas a value that is somewhat too small. In this way we may at least hope, to._
arrive at an approximate value that .we might be able to use in constructing «
our arearﬁunction ' . ' o : K ‘
Our procedure is to subdiv1de the line segment from O to X into a

i large number of equal parts then to use the subintervals as bases of rec-

*

tangles interior and exterior to the region. 0'1llustrate.this procedure -

we exa ine a case where the number of subdiv1sions is.small.

/

e . / S 51*9' . . '

O
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e AT RN o e
: pSSppose we. dlylde the llnelsegment from 0 to x into _5 equal suB-
'tlntervals. Each of -these sublntervals will be the base of an 1aterlor rec-'ﬂ
'tangle, ‘the largest rectangle that cdn be grawn under the - curve with this v‘"
.sublnberVal as base (Flgure 7 %e) Each of these sublntervals w111 also be

»ithe base of an exterlor rectangle, the smallest rectangle that can be drde"

“_above the curve, wlth thlc rectangle as,base ure 7 lf) R o o L
- . © . ‘ . , ol P M , e . ¢ N
D . .. E3 ‘d - 4
. N K .
L Y T A T . T
vy ’ yi - . » .
. 'C—B s
- - ) . 7;
S, S
« u SN /o
~ ) ) C . L ‘1: - . ‘_/
N - - e
c % ’ - x
o w2 3 bxx T ‘ ol x 2x 3 hx k. .
5 5 5 5 - - 5 5 5 5 5 ~.
' - &
Figure T-le - - . -Figure 7-1f
" Arem approximated by L ~+ -Area approximated .
'interior‘réctangles. - Coo exterior rectangles. J
, . : L L 3 : o : :
, We see from these figures that our desired area A(x) satisfies the two .
inequalities S L L ST
~(1) A(x) > the sum of the areng of the interior rectangles,
- J . cl L
(2) 7 A(x) < the sum of the ureas-of the exterior ractanglés.

" Let us calculate the sums:of th} a*eas ‘of the 1nterlor and exterlor rectangles.
If we spllt the'segment from O to.;g into 5 équal parts, the Iength of

each part will be % dnd the endp01nt" of the parts w1ll.be .

l\ . ’ Lo . : I . ,
v.(g). : l ) 0} % ’ '5 ’ ?; . C

/

. From Flgure 7 lg we see thatithe height of an interior reptangle is f(a)3
where a is the left endp01nt of 1ts base, fhe height of an exterlor rectangle

is f(B)Z vwhere _ b 1s_the right end901nt of its. base.. .

C . 550 | / o

(oW

O
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T . y . y = £(x) . _

i . ¥
: . 1l Y N
. . E ;(69;‘ p
.Y e
ple) pL et fo L
.0 . a b _ T N - K .
: Eigure 7~lg ‘ .

Helghts of "interior, ﬁnd exterior rectangles
b . . .

¢ s

Usmhg the subd1v1s10ns (3) ve know that the heights of the (flve ) 1nter-

ior rectangles are

-

20, g3, ”‘) f<3">, ’—

. =
the helghts of ‘the: correspondlng exterloz rectangles are
. . 3 ‘ h » . *,
: x X X .
@, f( Zy, £, ) (). g
..Multlplyqng ‘each of these helghts by, the common .base length. %, ] we obtain -

. the area of the correspondlng rectangles : The sum- of the area of the interior
rectangles is S ' '

X[f(o) - ) v () (3 - o) o

PN
o

.The sum of the areas of the _exterior rectangles is

5 -)—<- 2)( + + + 5)(
5(f(5) +2f (= ) £( ) e ) (= )1

-

. . 2 : .
Since f 1 x X we have

!

The leftmost "rectangular region" has zero-area.

-./f o - ~ . 1 -
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T

B f(o) 0, f(-) ﬁ ( Sl £(3%) _u
. 735 B R
25)(2 . [}
25 .
» . ’ N v
=Xlo + ; Eff.+ ox_ ., 16x \ !
- 3 RN ’ ‘ o
. XL, 4., 9 £6_] ‘
;/_‘.'5[5+._2“ *35 7 3 |
|63 N
. u * 25 . .
The sum of the areas‘of'tne exterior rectangles
,. N 3 ' . . ] '
.o _x_~[i+i+i+16 .25] e
5 le5 T25 72573575 o
-Our qesired area; A(x) - lies between these two quantities; that\is, : . ﬁ
— - 3 - .. . ° .
L) <X L

-subd1v151ons of the segment from O to x. -The length of each part will be .S

. l"

. This 1is certainly not a very accUrate estimate\of our desired area. If,

1
however, we use & larger number of subd1v151ons we may hope to 1mprove our -

‘estimate.

To obtain a general estimation formula, we let n denote the number of

% and the endpolnts will be’ S ' * : N

X Xy . X . IX X ’ -
O, HJ 2(-)’ 3(—), ceey (n - l) (H)’ n(H)" - : “
The helghts of the 1nter10r rectangles wlll be

. £(0), f(),f( L (“—'lﬁ)

-

The heights of the exterlor rectangles w1ll be N
2x ’
f(-) £, .. f(—).

The sums of the areas of the interlor and exterior rectangles will be,

respectively

o . N . ' . -



o il Xy U X vp(Rky b
3 £(0) = 0, £(3) = 7z £(=) = 2

and in generg}

"*,' o %1‘91)

‘e

The interior sum (4) can then be'zewritteﬁ as

2.2

- 27,2 | R PR
&[O,J,z_;h_x_J,_, JLAx_] : x__[o,;\l.J, N
np - : 2 3 . o

n- n n , . n

- . a

To 51mplify this we use the formula fof the finst (n - l)

.]_+l+“_+...+(n-1) %n-l)(n)En-l) 3(-—
We can thus rewrite the inéerior_sum.(hy as .. l
| . L. . . ﬁ-ﬁ.{.—xi -
L 3 g2

o+ n-1?)

squaqu'

L
én

) ‘e

A similar process appliéd to the exterior sum (5) gives the sum of the

areas of the exterior rectangles

w

L2
én 2

X

'.f?

+

S

Our desired area EA(X) lies between these two quaniities; that is,

S 3.3 .3 .3 .3 3
(6) SRS (x)<"'+"—+l—.
A ‘ _.3 2n  6n 2 3 2n 6n2

. - . o

See Appendix 3. {

. .
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. This }nus't_ be true for each poaitive integer n.3If "% 1is é‘ixed and n 1is

've’r'y'.lar_ge CompéreZ:tp X - each™of the terms“ ) o ) -
- . l .. 5_3. ﬁ and )(3 l . : e '
. " 2n? 2n % 2 :
s N - . 4 n . " ) - -

must be very close to zero. This process .suggests:that the only' valué that

-~
s - . . R . 12 . X . .-
v . . . .

the areéa A(x)J can have is x_3_ . o \)

. N IR
~We summarize- it f 3 x, —)x2_ and A(x) is ’rhe area oi‘ the region

..bounded by the x-ax1s, ‘the y- ax1s, 'the graph oi‘ ,,‘f and the vertlcal line b3
' _‘.units to the right of the origin, then. L~ T T

- . B

N “ ‘ ) . . ., . . . ’

®

<
oy A

4 .

AV = B B . : -
.thatls,Af/f. o . - I Y

This same relatlonshlp At = f .was true 1n the case \oi‘\chstant_ and

. linear i‘unctlo%. We mlght conjecture that it is always true. In Section’

7-3 we shall show that it is indeed true for a wide class of functions £,

K -k:l‘pss which’ inc]:ug’e's most of the functions of interest to us in this book.

D),
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. J } . - - ’ - a4 ) - . «
I . ' . . . . .
T Exeroises 7!1 ; » Ce

. . . - ‘. /———- ‘. v o , ‘
1. “We ‘showed “in this section that the region bounded w-the coordingte axes,’
P x2,' arid a vertical- linyat x, ’ni an area which is between t}}e su?né

of the interior and the exteriorllrectan les™ This inequal,lty (5) wa?ﬁ

. _ R VT r' - RO
P x3(% -“%w—lg')<A(x)'<x3~(‘§f%5‘+-l—2);.’. S
: : 4 ©5% 6n A L3 YR + 6n~"- . ’
~N o . f 4 A Y » . T“ "
s "= (a) Tt -follows that - . o |
. . M g : L. / ~
. . F(L._ 1.1 3fr o1, 1) J7
o (3 2‘n+—2)‘<,A(l) <1 (3 1.2nf _nz).' o, 9‘, N
.' ._ o ° 4 .- . ‘: < ‘Q . by
K ‘Express this relationship when . . - T o
(1) n=5_ T e .
(i1) . n = 100 : ' ' ' : .
o ’ TS o ) . . C t :
(v) From (6) we khow that- o Lo L
R ' ‘é3(%--2-15-+ -1—%)<A(2)‘_<'23(%"+2—1-+—¥§).‘ .-
. " o 4 6n © e 6n ¢ )

Using directly the results of part (a), i e., with minimum computa-

tion, express "this relationshlp when 2

LW omss o~
P (i1) .n = 100 - ' ) '

~

(¢) Using A : x'ﬁ-l- x3 for the area function associated with the

¥
W

i‘unctlon, b X - x2, i‘lnd the area in the i‘lrex quadran‘b of the
) 2
.reglon ‘bounded by the coordlnate axes, y=x, ‘and the vertical (\f

ine 8t e E : i | PR
. . Wi v ‘ ~ :
(1) =x =.%‘ o
' - . -
(i1) x =373 .

555
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2. :.I-f _.f .:. x l—)x3,_‘; '

‘e T, VL . IL '\.'~_.l

L e T AV RN

\vﬂfunctlon fs w.
. LYY R .

//‘) Li?_é l)n) I

and’ (x)
’, area . of -the region ‘,'.
deplcted in the
sketch to the right
“shiow that ﬁhe area

A X r*%f e

o LI
.1usiné the methdd of s

thls sec®ion for

flndFmg the area

e
func§ion of x =X .

- [Hlnt
(n-l)

The sum of,

cubes is,

/
(a) First, show that the sum of the areas of the interior rectangles is
. »
} 4 » .
i L X - 2 1 ,
L~ P e = |2 _._4.._,2_
. ST e 1&’( n “n) {

A ’ -

(v) Second find t?e sum Q\\\Ei>areas of the exterlor rectangles,

_ show1ng that L . RS
« , Hoe . ,
X 2 2 1)y
L S F

):abdve;‘andfletting X =

(c) Next, using the inequality of .part

f£ind an expresgipn for A(1l); whe

Cf o moess T R
' g " - (ii) n = 100, i T -f
' 7
“{da) From the expressions found de A(l) in part (c) above,;%lnd with
£ m1n1mum computatlon) an expre551on for A(E) when n = 100.
.. - \
N ' '



- - T o A
Y »0’\'7 s . . , - s

’ N o L - N .
~ (e) Using A L x —)1; xh for th,e-&d function asso‘cia@ith the ‘4‘»

A

e i‘unc‘tmn, =~ x —)x - £ind the \area in ttle-‘first quadrang.‘, oi‘ the
region bounded by. the cgordlnat! a.x_es, y, = x3,' apd thenvertlcal .
- \ line a . ¢ o ,.5 L ": l - S
o ip'u\ N S VAN
e ‘ AL I s e Lo,ooe
(11) o % PR : oo R
3. "Find the area oi‘ the reglon i the S T ot ) ‘
© first quadrant bounded by, x'= 0, S ' A
=*1 and K - x3 . \)4_{ .“a, ) ~
. » 8O i A . L p
— . sl ) . * —
< .[Hi:nt.::, y & l and y =X iﬁter;' O - _
~ sect af (0,0) and . (1, ‘). " The L
_ shaded area equals the area under =1 7,
¥.-= 1 minus tlge area under y \4_/ /
\.(between the 1nterse‘c;,i.on points) i AN
N : . N - o
: _‘ b Find the area of the regigp in the . - . . T ' -
\@ v yl\ fa 9‘ 5 ‘ o
. first quadrant bounded by ¥y L ; . ){2 e
. and B x2 ‘ . , . ) . ‘ ‘3_‘ y = ( .
. y =, . n}, . K N y = x '
'A' [Hint' Find the 1ntersectlon . L J / b
. p . ., .
j\ p01nts, find the area unaer each } R /7 . A
~ . .
cyrve beétween 1ntersectlon p01nts, o .
c ji‘lnd the diffdrence between- these - %L A : O™
; / . ‘
‘areas. ) o : o0 / ., x -
‘ r\ ‘; .‘ : : . . . . .’ ) ) '.. .a ' ) ‘
E ) ' ’ < ' . - ot ‘ »
. . P Y . .

5. Sketch y = x3> and y = %2 [4 L 'i] b .01 ;
In a 51m11ar manner to that of Number 3 and Number 4, find the axjea
between the two curves. o . A .

\ : . RS o .
s [ «
. ’ ' ( . ) ’
' N . . N
' 8, S S ;
] 1 Y .
% - - L ’ 1\{," *
\ "". h . 557 !
. » , °
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- 7 refion’boun $he' 1 t‘ .
o T gl g/gﬁd in e irst
ot quadradt by th&\coordind%e
?{ TNQF “the g&rve o o

{/ .'(ii)“ vx=';'._._ L

1i$ in- the position d% the,i
sketc to the rnﬁpt y -

suniming. the . areas of'interlor
o ~/.*
< rectangies and ex%er?or rec-

%!ﬁﬁ;les, find the arﬁa of -

-

ax + bx + c, and the

Thet . is,

Y=
. yerticil line' at’ -
u‘if‘i'-&-ﬂax >4;
show that the atea function is

3 +‘% bx2 +

+C,

. 1 :
A x == ax GX.

. 3 : .

- . " . ~ * -

7. What conditions on ‘g, b‘ ¢ will guarantee that there are somé‘pOSitive
numbeTs such that on the fhterval from O to

2-:§bx +'c,4a £ 0,

; »
8. U51ng the reoults of Number 7, de:§§m}ne whlch .of the follqwlng ‘have

x"the graph of

y :Iax will lle in the first guadrant?

non empty reglons in the fqut quadrant bounded by the coord;nate axes,

the gfaph of the fﬁﬁitlon and some vertlcal line to the rlght of the‘

origin : . .
: . } ' . . . [ ,J
(a) -f @ x —>x2 + 1 : . (¢) £t x 2oy - 3x
LY
e s ’ - .
“f(b) f . x_--ax2 -.2x (d) £ ox - l ‘ NG

v

‘9. For each of the following use Number 6 to find an expre551on for A(x)~/

. and then the area-of ‘the region bounded by the coordlnate axes, the

indicpted curve and theiindicated vertiégl lines.
[ 4 3
(an:._-ﬁx ¥xv3 S
(1) (i1) x =3 = i
- {v) Foox —>12xv + 38x +16 .
. 'l ’ : .
- (L) x=3 ) (i1) x =1
o . o ‘
\ (e) £ :x=-12+ 18x - 3x %
) . 1\
(1) x=0 (1i1) x =2 . "
. ] ~ s . . (Y-
x =4

-~

w



‘10. Find the area in quadrant onq‘ . o .
.. bounded by the quarter circle » o .

: (with center at origin and T

radius .2), the line

. X 5?5;4-h =0, ahd .the
- _ vertical line tangent to the'; Eﬁ .
01rcle. _'-- C - Al s
[Hint Fand 1ntersect10n : . - -

'p01nts, find area of quarter

" cixcle. by geometxy, subtract

areas. ]

. 1Y; Find area of regldh\boundea.by
).
, Y—O: y-9-x,ar_1d v

. 2 .
Co. '[ﬁint; Use symﬁ&trym]

e,

- 12. (a) For the function ~f : x —rxe;_ we developed in this section an

inequality for the area function:

oL L > -
SRR eedba)

n 2n -
. —
Show that if we average these sums of areas of interior and
ex¥ferior for n =5, we ha Alx) = x 2 x3.
; ~ . 50

(v) fNow estimate A(x) for the same function by connecting {0,£(0))

x x 2x 2x ' S .- :

. to (5 s D (5 s f( » to _f(jg» JRARE and §um?1ng,the_
resultlng trapezdx@s. . . _ - ™~ :

P SE
Y
~z

"

O

ERIC

Aruitoxt provided by Eic:



. - “(c)

O

ERIC

Aruitoxt provided by Eic:

. [
. {' . .
- N

[ Q

i

As a third estimate, .;um % rectangle\;'ﬁ

the x- axits, and heights erema at: i;he mldpaint of each interval
i.e., Jthe Jdidth of each-@@angle @ui,% 5 , -and the heightb

X 3% o o o
would- be 6 5 107 - . e
. - 1 . . ' : . . . B
. Which of_ these three estimates above is the closest to the exact .
" area of, L3, T . o - %
S A 3 o >
. #
N - .
'.' ~ s, A,
r
M ’ a
- é .
. ’ / - o
’ LI A
- ,/
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ﬁintegration.

7-2." Integral thation

Let us introduce some common notation. _Suppose that a <b, -thaf £(x)

. is defineq for a < x < b, and that the graph of £ does not g0 below the

b & ax1s in this interval that is f(x) >-O for a <x'< b. The symbol

.

is read "the 1ntegral of f from a to b" ard denotes the area of the

: region bounded by the x-axis, th graph of £ and ¥he two vertical lines

given by X = a and x = b. (See Figure 7 2a ) The terminology and the

|
symbo} "{" (which is-the Roman Lletter, summa) arise from the procedure (des-

.cribed‘in-the previous seption) of_approximating sums for finding areds. The

.
«

Figure T-2a

A R Ca o Area under a graph. S \

numbers’ &. and b are,'respectively, called the lower ‘and upper limits of
In the first section for convenience we took the lower limlt a =0 and

denoted the upper limit b by x, obtaining formulas for

N \. . . .'
. A(X) =§/ f -
. .‘ ‘ ‘ o P '

for certain simple functions f. Using.eleﬁentary geometry ue'found that

N : v Cx _ ©OE
c . if - : -c en | f =.cx; '
(1) - if f:xoc, then | f ,;
’ . . . . . : 0 K3
. N
and
. . .. x ) mx2‘ - .
(2) : if 'f : x omx + b, theén |~ f = ——'+ bx.
. . 0 et



~ I ' - e E

-
3

. . B . . . ‘ S , : N
‘We also epproximated wttﬁ/interlor and exterior rectangles to con@lude tenta—
tively that - SRR LT e S

) - : PRI 3
. (3) : , if f 1 x =»x°, then o= AL T
S ‘ : o7 T
. 7 - o .

In order to become more familiar with the integral notation (1), we-shé

discuss here some propertles which we expect area. to possess This. discussi‘n
will argue from intuition - that'is, we shall suppose thﬂt the desired

areas & . can be found in such a way a‘.to be consistent with elementary .
a .- -

area pr1nciples In the appendi%q\FJs/shall showlthat'the process of approxi:

mation by sums of areas of interior -and exterior rectangles will, for.the -

elementary functlons which concern us, 1ndeed give concept of area which is ,

cohs1stent with these principles

- . The area of a region, such as that sﬂown in Figure 7-2&,'sho 1d be a non-
negative number, that is, S . N
(&) if f(x) >0 for & <x §b, then £ > 0. '
. S . e Ja

.

‘We expect that the area of a region should not exceed the area of any larger

region, ‘g useful formulatlon .of "this idea- f3 S
n ) R

(5) 1) <sx), for' a <x <b, then - I
. . ~ T N

. o | | | o . b " ~b: - . .’
e _ o f<\ g = -
-, oo . a‘ L a- - : .

(See Figure 7-2b.)

. ! f .3
M r'._
m — \
0 x 0 8 e ~m—— b X
b b -8
Figure 7-2b. = =~ . ' Figure 7-2¢
The area under f .dges not :
: R . o L. - f < b -
exceed the ‘area under g. m(b a) .M( a)

24:

."‘

O
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~
_An application of the inequality of \'(5) gives bounds for area in terms of .
bo_unds for -f.' Suppose M is a constant and £(x) <M for a8 <x £b. With
g : x »M we can apply (5) to obtain Yy . R

)

SR f<_ .
: .F" Xa S‘a.

’

. . i ¢ .
Similar arguments can be applied 1i‘ m < £f(x) to obtain m(b: -ia) 5,& f.-

M('b‘-'a)'. S °.

A

J (See Figure 1= 2c ) In summary:

if m<i‘(x) <M for 'a-Sxf_'b then"'
- , X ./~ .
- (6) - v -
v / m(b - 8) < ff_M(b-a).
a- )

. . . p
A line has no w1dth and hen?e Zero area. Thus, if we taKe b = a, we

E should expect the area to be zero, that is, .
' - SR , a -
(n. - - : ‘ f=0- "~
Thi.s_ is consistent with our result (6), i‘or.i‘f_we take b = a- we obtain - .
- . o '. ’ . v a. 0 - B .“v,. . .. r
- : o 0=mx0<} £f<MxO0=0. M
. o a e .

If we choose new horizontal or vertical scales then we ‘expect the .area to-. B

be changed by a correspondingki‘actor. One .useful consequehcé of this: -

If 8(X) = af(x), for a < x <b, where’ a.is’a Lo o

positiVe constant, then

_ v>\;.».. b b ) S - ".. ‘ .
. N\ . ' - . a ’ a ) -7 : oo AN .

-~
2

k (_See Figure 7-24.) ) -
o v Y = ) > .
p ) o
. \
r
0 N =, v : ) % -
Figure 7-2d . R ’ o
B . a . - N
The aresa u_nder g is a times the area under f.
- . h . s .
563 o o .
l COE . ot ' 1\ i .
. - B -~ S ‘s«x} B ) et
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In one region is the union of two non- overlapplng regions we expect the

area .of - the first région to be the sum of the areas of the subreglons ThlS
additivity principle has two useful cong#quences, (9) ‘and 101 - a

'(9)'A S If ¢ lies ‘between a and D, " then™ Mo ’ X

o . X s ‘ . L

f = f o+ f3 - T )
< ve . ‘-.-' N .7 B I
» a c

;-that;is, if we cut the region under f by a vertioal line, then thé area is
ey L " ,
thé sum of the two resulting.areas.. (See Figure 7-2e.) - ) . T& .

-

Figﬁre'Y—ée ' ’ '
. The areéAof the region under the-graph of f
between a and- b 1is the sum of.tﬁe areas
"~ of regions A =and B,' L RREE : .

" A second useful formulatlon of addltlvugy is obtaingd for the s of.two

graphs. - The sum f +.g. 1s defined as the functlon whose value at " x
" f(x) + g(x); .th4t is, the graph of £ + g is obtalned by adding the ordl ates
of the graphs of ° f and g.> We haJe - ] - . ) RN

.

- (10) .

(see Figure 7-2f). o S S -

0o
o

56h'_
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The afeé_of the
the area of the

the &rea ol The ¢

These principles are npt

_others.

Other useful principles w1ll be 1ntroduced as need arlﬂes

Figure 7- of

plus

region under the graph of"f
region under the graﬁH of fg is o
eglorn under p:e grezn ol 2 - g,
! L T . ’ :
indepehaent'fthat'ls,'SOme are consequences of

The

follow1ng examples show how . we can comblne area pr1n01ple° with our knowledge

of particular areas to find cher areas.

amEle T-2a 28

R 4 —»l + % + xe,

s

betweeh

We need. to evaluate
"
3. L

L

The function £

. .
can be egxpressed

‘«

’ ] A v
Find the area {of the region ) under tihe grapn of
a=0 :

and b = 4

s the ‘sum of the two fuhctions

- - : . : . ' a2
/” CL fl.']* -1+ x anq‘ f2 P X ox. o
Formulas (2) and {3) give : .
! .x : x2 X x3 . -
. . fl =X + = and T, = 7;
7 ot 2 o 2 . s
° so that with x = 4 ‘we have: : M
- ’4 '
e 16
¢ ‘s o f. =4+ = =12
‘ ,_«So,,l, 2
e ’ R T :
. Yf 64 -
[ .-f9=? .
D JJo ©
- ® ' T e : :
) By "area under the graph we shall mean "area of the region.under the -
ugraph,. as descrlbed in the openlng paragraph of thlb SGLtLOH L’

O
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| \
The additivity principle (10) then givés ' ] L .
. D . y 4 4 o . 4 -

. o o o2 v

"~ Example 7-2b. . Find g f, .where

f@x-5-x +‘2x2.

4 " We 'seek to find the area of the region bounded by the graph of f, the

x-axis and the lines x =1, x = 5. Let us first graph the function f. The
) (5 _ . : ;

L » . . R
“integral g £ is the area of the shaded region of Figure 7-2g.
. 50 L . / ’ -
8 t 2
Figure 7-2¢ ’
) - ‘ ' i“:x—%_~5-x‘+2x2

. A ’ . ". ’ - . ’ }
\ ‘To calculate: K f we first'express it in terms. of integrals with lower
. T 1 , . .

limit 0. We have s . S | ,
. S o £ - P\ -
, , ' , o o 1 o 4
: . ¢« ' ‘ ST N ' <
so that . o - e :
K ’ . - . " 5 5 1 . ’ , . ~4 .- .
/?11) : ‘ £ = -\ f. - S
S e e
.. Now we write. - & : 4
) ) i‘>(x) =5 - x. and T.(x) - x> ) - .
‘ - ) . %1 T . 2 3 . 4
- 566 2
o =29
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so that with' T = T+ of, (8) and (10) give.

‘f,; f.="\ T, +2 £ o Y-
o 2> Jo. ., Jo t 0 ¢ . ‘ .
‘ The results (2) and (3) give ° -

X2 * vx3
_(5)(—.? and f ='—3—‘.

2e

Therefore, wc’have »"‘_ E e : | '
- g gof oy
‘ 5 (5 ! (L ..
o ‘..: 4 (g f ‘?gofg._ §6flj-2gof2 . ‘

+

n

- (5 5-—i - ) (51-_+2-"%3
_2r2 |
Sy

* EXamgfe T-2c. Flnd the area of the reglon between the graphs of ‘the
functions f and 8 deflned by .
'B* - f(x)'=x" -6x+ 7T and g(x) = =x" % 7x - ll.

"Figure T7-2h 1ndlcates the reglon whose area is sought (The points of inter-

section .are found by solving X i— 6x + 7 = =X '+ 7x - ll for x).{

yﬂ‘,'

y = g(x) = -x° & Tx -‘11\ :

.,-2)
-Figure ( 2h

A and - B are, reSpectively, “the'minimum of f',aﬁd

4 meximuq of g, while c and D are the points of .

intersection. o - '

. . . '_557 y

o2y
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‘At this early stage in our developmen£ we solve this;problem.by_using

-Tormulas. 2) and (3).and various area principles Firsf we choose new axes.

so our furves wlll be in the flrst quadrant and our 1ntegrals can be taken
ylth lower limit O. One way to do this is to choose our vertlcal axis- through
C " and horizontal axis through AL (See Flgure 7-2h.) Call these the s and

t axes, respectively. Thus,

AY
y *2, y _
X -2, x=t+ 2. - .

s - 2;

. ‘ t

(/For the graphs of f  and g we obtain the new equations

e R s -.2.= (t +2)° -6(t+2)+ 7 ~
: 5‘2':‘-'(_,t+2)‘+7(tf2)-11,".'\. .
+ which are requctively - ) . . ;

s = tf 2t +1 and s = “t° # 3t + 1. o=

Our desired area is the difference of the areas .of the shazéd regions shown

in Figure 7-21i.

s | *
+ 3t + 1
_ (o,l)/
! _ . _ -— -
: / . 5 0\ R : - (1,0) 5 t
] '! Region a;? :Region B 2

Figure 7-21i

The negative signs in these expre551ons causes some dlfflcultleé in calculat-
ing the de51red areas. We could resort to approx1mat10no by upper and lower
sums (that is, use the formula of Exercises 7-1, No. 6) Instead, let us
continue using area pr1n01ples to reduce our problem to.the known 1ntegral
“forms of (2)-and (3). First we find the area of a. We replace s by -s
to.. obtain (a reflection in.the t- ax1s) the graph of s = fe -3t -1 <Y
. '(Flgure T- 2J) o

] , _ - ®h
T o . 568
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\ 9
¢ ) : _ : o | L
, ‘Figure T7-2J - A’ : ¢ . \
. }\\, o L . |
. D o 5 — -—
2
N L Figure 7-2k

.

Now réplace s by s.- 9 -(which shiftdh the graph 9  units upward) to obtéin

s = t° - 3% +8 o (Figure 7-2k).

. . . . . ] o
The area of « 1is then the same as the area of the shaded region of Figure §

T7-2k, and we have

1

PR

: 5/2 5 T
area of .= 9 X 5 - s, where & =1t - 3t + 8.

o . ‘ | | ;
Thus, the additivity principle (10) can be applied to obtain’
o 45 s/z. (s5/2
area pf @ = =-- s, P - s,
. . 0 o .

.where

= =3t + 8

S

2 : i
% =t _and 52

. since each of tHeseffunctions is nonnegative for 0<tX % and s = s, + s5,.
I 1 [ ﬂ' 569 . Y
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v_We have . @ ‘/. . . . .‘ -
»  Fs/2 (.52_)3 . .
R DR T L (erom ()
: R . ‘ e L
“ - 5/2 ., 352 . L
S ' 'go' - "32'('2'). * ‘%@-);_ : (£rom (2))
. so‘thaf r '
_ area §T a = %g - (%§?I+u%?)n= %? A

A similar calculation gives
g . L C 3

e ’ area of B =
LN o B ‘ ?E.:' .‘\\

where™ B is the second region of Figure 7-21. The area which we ;eek‘is

area of a -.area of P = %5? . ’

1)

IS

.. In S€ction 7-5 we shall develop-méthodsf:hich will simplify this pfoblem cqn-o'
'siderably.' ' v_ B I - . o

<& o . . $.

O
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\ : . e » . _ Exercises 7-2 L
1. Suppose f : X =X , gt x =92x + 3.

(a), Graph each.

-:'(b) éhqw-that £(x) < g(x) - for 0.<x <3.
I - 3 3 '
“ (e) .Show. that P < o

2; . Over the indicated interval for the following functions: gra_ph‘ .the funé-
tion; find the maximum (M) value of the function; find the minimum (m)

value of the‘functi‘oh; and, using these, expresslwith;gar; inequality the
- lower &nd upper bounds of the integral expression for the area.’ [Hint:
_See Figure 7-2¢.] ‘ : S o B

(a) £:x-x+1, 0<x<1l

(1) f':-x—>5<2-'-2x'+3,v 0<x<3 _

- . ) - : R 10 10 .
‘3. For f : x —$‘3x -2 and ‘g = /§f -find S. £, g g and verify that

10 103, ‘ S
4. For *f ':ﬁc—)-2x+2Q and g:x—)-2(x.-h).-"+ 20. .

(2) Find a suitsble translation such that £(3) =/4(0) and £(7) = g(4) N

N Graph’ f and g.

‘~‘ . ) . 3 . h 7 . ) 7~ 3 . h'..
. (v) Fina | £, | —g,—}—f =end verify that f=p| a4+ g.
: : 0 o0 Jo . < - Jo 0 »Jo

A &‘7 r g3, . X"( ST
. Thus f = f + f.
. ‘ 0 Jo 3

»

., 5. For f :x.-3x+5,g:x-x and h:x -1 verify that

b .. (v . o oo E
g f = 3&. g+5 K h by using (1)-=nd~(2) to find each integral:
Ja . Ja a. . . ’ _ . ,
—~—— ,
‘ S
. N
)
s 25 T
£ . k .

O
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6. Find each of the following integrals, after first graphiﬁg the given

.

functibn over the interval.

(a)-gx?»fx, Lo e

' L 2‘ , -
(b) x--Lhx +5
. 1 .
. : (3 o
0 . (<) 'E -2+ 2x + 37

S 1 ‘//> ' , o |
. (@) xg L2, Ly 1 4, | | '

T. ‘Suppose f : x —*px2 + gx. + r where .p, g and r are nonnegative

constants. . T P .
~ . - - ! .
(a) Put F : x -—’%'-XS * -‘21x2 + rx and show that F''=f. = °

- e

(b) Show that if O <a«b then

. (o L
. : 7\ 3£ =F) - Fla) :
B S
. _ 0 (et (o a .
P L L

8. In Exercises 7-1, Number 2 it was shown that for' f : x - x3

- ~ LY N x ’ - . . -
o X f = % k% for x.> 0.
., Supposey & ¢ X —9px3 + qx2’+ rx + 5, where p, q, Ir ~and 's areg nonnega-.
L :z ‘tive constants. Sdppose‘also that . &
: _ = : i, -
A G ‘4x‘"*E xh s 453 +\z x> 4 sx.
[ '_ 3 T2 ’
(a) sShow that G' = g . '
. : : . b
(b) Show that if © <a < b then g g = G(p) - G(a). 0
. . . a "/ .
9. . In Number 7 put . ¢(x) = F(x) + 1000 . and show that £ = 6(b) - G(a).
- St N , B _ Ja
=~ < N i
‘ : ) v
| 34
. . .
] e .
512 Lt
¢ . .
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10. .Find K-,f whére £ : x - |x - 2].
(Hint: A graph is, of course, helpful.)
11, For f : x —->x2, show}bw to find g f. - . P
. : ‘ - 10 : . |
(Hint: * Translate.along the x-axis using g(x) = f£(x - h) for some h.)
- " ’ . / J" 't‘.. . S . .
. 12.  Verify that Number () still holds%f a<b<0 orif a<0<hb.
(Hint: " Use a translation.) ) ' ‘

c

©13. Suppose & < ¢ <b’and that -
. : - 'ﬁ(x),a_<_x§_c
L o f(x) =
- C L : - 0 ,e<x<b S )
L - (0 ,a<x<c)

o . g(x) = i - g'; -

_ : h(x), ¢ <x <Db , .
Shoy that £+ g = h and use this to show that (9)" is a consequence of .

>(w0). -

14. Find the area and graph of the region bounded by -£(x) =y = 2(x'- 5)2 -2
.and y = 0. ' (Hint: Translate and graph the area inmto the first
éuadrant.) ‘ ‘ ' o g :

'15." Find the area of the region bounded by £(x) =y = -(x + 1)2 +1 and -

-

glx) =y = x.

~ 16. Guppose A(x) = g f, Wwhere f 1is nonnegative. ,Show that if »
_ N a s e =

‘o <% .5 Xy then .A(xl) < A(?;e) . (Hint: Use (h) gﬁd (9))

s .
o . ¢ .
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: fuhction A i x -.sin x, where 0 <X

Exerc1se& 1-2 -

~

Flnd the area of the regions represented by the followlng 1ntegrals,

where f‘:'x —9x3

S s
(a) A(3) = £

- . o -
(b) A(2) =2 X"f .

9 . s

3 ‘ : L

. (c) Find the area represented. by ‘E 'f by use of the relationship,-

Lefrefie v

(a) By d1v1d1ng the 1nterVal into approprlate subintervals) find‘the area

Py 2
'over the interval x =0 toipx = 2 'under the graph of the functlon
. . a :

£:n-|x - 1]

.

.

by use of 1ntegrat10n

(b) Sketch the graph and check your solutlon ‘to part (a) by geometry.

A
4

(a) Find ,'A'(2) Tif f i ox o x“

(b) Using Formula (8), find the area, over the same interval, undér

the graph of the following functions:

(1) x~——§-};x,u" (i) x—>’5xl‘
‘(ii) x —»% xh S '(iv)‘ x —>leu

Qver. the indicated LntPrle for the followlng functlons find the
maximum (M) value of the function; flnd the mlnlmum {m) value of"

the functlon, and; using theae, ehpress thh an inequality the lower

-and upper bounds of the 1ntegral expression for the area.

'd LHlnt.' See ‘Figure T-2c.] » . v l A

(a) firx-ox+1l, 0<x

1A
-

X

1A
"

(v) £ i ox ~>x2 - 2% + 3,

o
1A

Given: f ¢ x - cos x, ‘where O < x < and the corresponding area

. |
A RoIA

g
)]

. (2) Find the area of the. reglon bounded by -the graph of .f, and the

. coordlnate axes
s 574 P - .

36



D (b) What value of a will make the vertical line "x = a “divide thisg °

region into two equal parts’ :

r

, . .
(p)' If thls region (of part (a)) is lelded 1nto three- r651ons of equal

ares. by vertlcal lines,. what are the equatlons of‘these lines? . -

575
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-T-3. The Fundamental Theorem of Calculus .

In Section T-1 we found some formulas for the area of the region in the

first quadrant boun ad by the graph of a function f the x-axis, the y- axis .

and a second verti allline, x  units to the rlght off the orlgln, such as that

shown in Figure T7-3¢

o

Figure 7-3a e

Area Under a Graph ’ - S .

K , T S B
Calling the indicated area A(x) s we obtained a function x —A(x), which
we called the "area function." Using the integral notation we have’
p x
Alx) = f.. -
0 ) »

The. results..obtained in Section 7- l can be tabulated as follows:

K

Functlon "‘ Area functlon Derivative of area function
f _“ : A . R - Al
x oc __— x - ex : h x o ¢
X Smk + b : Cox —’E%— + bx - x-omx+b
. - - . - o
2 o : _ x3 re : 2
X =X X —)? X =X

It is impossible to miss the similarity between the first and third
columns of this table. 'Slnce these two columns are identical except for
“heading we aféipractically compelléd to suspect that there must be some rela-

tionship between f and the derivative A' of its area function A. Ve con-

_Jecture:

( )' fIf A -is the area function associated with a function £,
1 B Y : . .

then A' = f.

576



. . N

.

- ~
.In order te“esfg;lish'this_result‘he need some. conditions on the function

£. -Let us prove this with the following assumpfiohs on. f:

(&) £ 1is an increasing function; that is,,

(2) - ' i‘(c)<i‘d)-1i‘ 0<c<a,

7
(b) the graph of f has no gaps for x > 0.
" These' two condltions imply .
’k3) ) If x Z‘0 ;and ¢ 1s close enough to x then
e £(c) s close to f(x)

) Thls result will be establlshed in the appendlces As 1t seems plauslble we
shall assume 1t to be true at thls point. (The same assumptlon was used fox
x‘—9ex in the discussions of Sectlon 6-7). <-i%? ' s a

s T R

' - oo
In order to prove (l) ve w1sh to show that if Ihl is small then

A(+h-A()~ '
X 21 "_f(),,

that is, the slope of ‘the line copnectiné P(x,A(x)) to Q(x + h, A(x + n)), ;.
'_approximates f(x) for. |h|” small Since this slope will also approximate
AT (x)y the slope of the. tangent line at P(x A(x)), we shall then know that
At (%) = £(x). (See Flgure 7- 3b ) C ' o

Y S At

3 the slope of the tangent
at -P is approximated by
. the slope of RQ
oo
- 0. % X + h' o
— . .
4 Flgure 7= 3b
Graph of the Area Functlon
.

’

Let us first suppose that h >0, s0 that the graph'of f is something
4 like that,shown in Figure T-3c. The two quant1t1e° A(x) and A(x + h) are
. the areas of the reglono,bounded by~ the y-axis,- the x-ax1s, the graph OT s
» and the vertlcaL lines.which are respectlvely x- and X + h " units to the

-9 . . e

L . 577
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right of the origin. 4Hence. the difference e o : :

Mxem) - AG) ¢ |
represents the area of the shaded region shown in Figure T-3c. = : .
! - | ————f————”—-.f T . . .
T R 5 7 ' ~ )
T
." - LYY
4B o
L <-  _ N v W R
‘ 0 x x+h LT TR
- “Figure T-3c . e -
& ) I _ S , e
| . A(x + h) - A(x) = Area of thé shaded region . = - s
. . . I /-
.. Since we have assumed that f . 1is increasing, the shaded region of Figure
7 3c includes the smaller rectangle TUWV and is 1ncluded in the larger rec-
tangle RSWV. These rectangles have base length h and the respective heights5'
£(x) and f£x + h). . Thus o ;9 : T i .
v : e L7 ,/_',/
hf(;) < area: of shaded region < hf(x h); ST e ’
that iS, . . N : ) 04’
. T . ' ) e .
ne(x) < A(x g h) - R\(x) < hf(x + h). I A
) ‘ . 4. . y . ! . . "L -
This inequality used the ass ion that h > 0. If: we d1vide by h we obtain
i e +h) A(x) ooy -
(h)u . : f(x) < -41 v h yX% & £(x + h). o £

Here is where we use (3), for if. h is small then i{+ h is close to x ‘so
that £(x + h) is close to £(x). Hence, if h is small and positive then ’

i . e - . T
Ax+h%l-A )Z‘f(.x).' ) . . ) ,

>

Comparable arguments will give the same ‘result. if h.< 0, s0 that ~indeed
A = f, iAf the asgﬁﬁptions (2) hold. We can, of course, replace\the assump-

* ~ tion that £ is increasing by the assumption that f 1is decreasing This
‘ will invert the inequality signs *id (4) but not change the conclusion

In the.above proof we used the fact that

S »~

o R Alx + 1) - Alx) ©
w0

O
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is the area of the shaded region ‘showan in Figure 7 3c.
. 5 the_lower 1imit -is taken to be any n ber a < x. In other words, if we

This will also be true‘ )
. put : C , : o,
x. 4 . o
Alx) = |- £, x>a. o o .
. a : . o . .
.This represents the area of the shaded region shown in-Figure '7-3d.. The 4%~

ference : .. el

a : ' xX. X + he

Figure T-3e
A(x + h) -A(x). ' - : .
. will be' the area of the darkly shaded region shown in Figure T- 3e.

Assuming that f is increas1ng for x > a we could repeat the foregoing
arguments to conclude that : .. . .

f@)‘A(xw hzl'._,ALx) <tlx + 1), if o o
and;

A(x + h) - A(x)

T S f( ) > >f(x +h), if h<O.

ot

.If we assume that the graph of * £ has no gaps ‘we' thus arrive at the result
: I o :

- A(x_+ h) - A(x)

fﬁh : ‘ - ﬁ:ﬂxL\ |h|_miwmﬁ¢ :}
', and Hence cohclude that 'A'u= f. ?
. . This fact that the derivatlve of the area function is bf' will be re}erred
to as the Area Theorem.*.' ' ’ . _b ' o
- L R

*- ' L ' . . : . .
This is also sometimes known as the Fundamgntal Theorem of Calculus, a
‘subsequent theorem which can be established analytically without -area arguments.

2
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AREA THEOREM Suppose f is nonnegatiye and increasing.dn‘the,interal
g < x<b and that the graph of» £ has no "gaps." For each, x .in
this interval if we put ) ) ’ n

| o 4"_A(X).='"&x £
tgen  “ ‘." 'U : . A'(x)t= f(x).;p  ::.;

The seame result wlll hold if £ is assumed to be decrea51ng on the

interval. In the appendlces it will be shown that, the theorem remains true

' if only the continuity condhtlon (3) holds.

The Area Theorem doesn't yet tell-us how to flnd the area function
X —%A(x)\~ it only tells’ us that the derlvatlve A' must be f£. Consider,
for example, the problém of flndlng the area functlon '

() . - .. Alx) =\ f, for f :x - x3.

T ' : o )
."*Thus & good candiflate for - A 1is

¥ v,' > '. | B A,:.*'_)% xh-:,

a

" the following theorem.

0 o -
We know that the derivative ofl
y , o
x> x L s
is the functi@n"k,—»hx3, so if we divide by .4 -then the derivative of’

" - 3 - S .

e 1 .
xopx  is x = X7

-~

‘Note, theVer,'that»the derivative of .
= 1
: x,—y% xh + 10

is also x —»x3. In, fact, if -C is any constant then the derivative of .

3

oo 1L e
X X +C is x =x7,

‘ sd that any function of the type x ;a% xh + C 1is & cand}date for A. For-

tunately, there a?e nb'6ther;pbssibilities"for. A. This is a cbnseqﬁence of

i~



' 4 : "o ' L .
. THE CONSTANT DIFFERENCE THEOREM. If G'(x) = F'(x), a < x' < b, then there

1s a constant C such that
G(x) F(x) + C a <x < b. L
_ Proof.i A rigorous proof ofrthls'result is surprisingly complicated making
use of the fact that the: ‘Teal line has no "gaps." (See the, appendices ) We

give here an intuitive argument.

Put C = G(a) -Fla), so that the graphs °of y = G(x) and y F(x) are
C units apart at the point where X = av Since G' = F‘ each graph is
rising (or falling) at the same\rate at each point and hence the two graphs

v
must remain C units apart (see Figure T7- 3f), that is,' L -

o .

. J T G(x) F(x)+c for ag f_b. - o -

SRR L

2

) Consider_again the probleh.of finding the area function'of (5); that is,
& e . . g
y o X - 3 -
Alx) = \" f, where f @ x —x".
.30 . o
~ We noted that if E i X —*E xh, then F' =f. Furthermore the"Area
‘Theorem tells us that A' = f. Therefore, the Constant Difference Theorem

tells us that there must\beva'gonstant C such that

AG¥) = Flx) + C.-

v Y

.*_' L . - - ) .‘ i 0 . ) .
For ease of reference we have glven this commonly untitled result a
. name. L - : - . . .

O
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To determine C, we need only calculate ~A(x) and F(x) for one value

of x, say x =0; A(0)'=F(0)+¢C, so ¢ = A(0) - F(0). Recall that

"
(@]

e !
-0 A(0) =) f=0. -

.

(see (7) of Sectlon 7-2. ) Note that %TO)
that C = 0, so that A and. F' are the same function; that is:

0. -It must, therefore, be true
El

. m
. B TSN O I S
if f: qu,_EMn Hx = f.

The - followlng theorem summarizes thls method Tor flndlng area functions.

*
ThlS theorem is generally referred to as the Fundamental Theorem of Calculus y

‘and provides a bagic technlque for calculatlng areas by u51ng antlderlvatives.

‘

THE FUNDAMENTAL THEOREM OF .CALCULUS. Ii‘ £ is nonnegatu‘;e, 1ncreasing and

its graph has no gaps on the interval a <x <‘b " and 1f ‘F 1is any

function whose derlvatlve is _f. on thlu 1nterval " then

7 ‘G .‘ '
¥ x . < .
e f = F(x) - Fla), a <x <b., = :
- a . L : v A
< - ) '
Proof. The area function T : :
e : “A(x) = £ S
. ..' v‘va. . «

¢ . ! N .. . N
is a function whose derivative is f (from thefArea;Theorem). Furthermore;
A(a) = 0 so that ‘ ' " ' ' o
X . .,.: -
_ - f =<%fx) -f,:A(a)'.
4 a B '

" The idea now is to show that if F!' = £, then - .
- ' (x) - Fla) = A(x) - A(a). - .

+ Bince the functiono F and A have the same derivative f the Constant

leference Theorem 1mplLes that there is a constant C such that

%

. ' ) A(x) F(x) +C, a<x<h.
" . — : V . o 2 -y
s * e B .
> "It relates differentiation &nd integration.
v . L <
. . &/ ) ',’ S . o ‘ (.4‘". . . »:.
) ) J . 44
- | ,_ ss2 44 o ,
. . - ’ . & °

O
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. , .
A simple calculation then gives

Y

K4

() + ©) - (Flade+ ©)

CAlx) - Ala) =
RS {C IR COF .
Thus we indeed have.” } _ - . Y !
. ) U | - x - . I
F(x) - F(a) = A(x) - A(a) = K f. _ L
R a _

Remark. This theorem wiii still be true if . f 1is assumed to be decreas- .
ng onthe intervél, for the Area Theorem will remaip_ﬁfue and the above proof
can be repeated vérb tim. The theorem'is easily.extended to the case when the
interval can be subdividéd into §m§ller intérva;s,'oﬁ each of which f increa-

_ses or decreases., Fp% example, suppose that F' = f and that f ‘increases

- . I . .
“for .8 < x < c -and decreases for ¢ <x <b. (See Figure 7-3g.) Now recall,

that ’ . . . .
(o c (v ' ‘ .
. £ = f + £ : "e
a a c 'f:
‘and 'apply  the Fundamental Theorem to each term to oblaln

_ o . o
gc £ = F(c) - F_(a)',. g £ = F(b) - F(c).

. a C L]
R '
When we add the two integrals the term F(c) drops out.

=, . . . AN o R _
We have . _ T . L '

VT = Fle) -_rf(a) + F(p) - F(c) "

o Jda L aii

. ) L

F(b) - F(a). .

Figure 7-3¢g

Area of Shaded Region = Area of A + Area of B

, - «

583
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] . . - . . ) : ) x .
Example 7-3a. Find A(x) = & f, where f : x'—*ex.
. R Y o .

- We know that - £' = £f. The Fund'ame_ntaj; Thec_ﬁrem then. gives:

| 5 Al = Sx £ = £(x) - £0) |
o o | - , - =;ex.— 1. . ‘

1
—
n =

Hy

-

=

Example 7-3b. Find A(x)

The derivative of ' x o X is «x —)5xh:

P 'F:x—_»:lg‘x5 is .f —»xh.
‘The Fundamental Theorem glves:
A(x) = -F(x) -F(2) =2 -2,
_ 5 5
.. A . “/2 y :
Example 7-3c. Find - D ¢ where f ¢ X = cos X.

The sine function F': ¥ = sin x 1is a function whose derivative is f.

2

The interval can be subdivided into two subintefvalé (namely -z <x <0
and O < x's_g)'so that. f /increases on the first subinterval and decreases

bon the second interval (see Figure 7-3h),-'We can;'the}eforeg apply the rémark o
B followiné‘Fundamental Theorem to conclude that

(n/2 - e
= F(E) - F(- 5)

. /2
= B B s
. i = sin 3 - sin(j 5)
- =1 - (-1) ,
~ ’=,2'-

T T S
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i—— increasing ———~i<— decreasing—
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~. _ D
S 'Exercises=7-3“  - -

1. 1In Section -1 we obfained the eétimates

3 : 3 3
x x x x> . x
5 2? + = < A(x) < 3 + 2n‘_ pr

‘ for each positive integer n, where

e S . I o . . S
S _ _ A(x) = £ £ x-ox". _ . -
. : ‘ 0 :
1‘AvErége these to obtain the general estimate - g;'
_ . 3.
0 A(x) s X X R
o 3 2
o . . n
“if ' Use this e#timate for A(x) +in order‘to_calculate,approximations of the |
following quantities when n ='10. . S '
{a) A(2) o . N
. . i . -
- : : - S S j
~ o, (p) A(21) . o /
‘ ‘A2.1) =A(2 ' ’ ' '
(@ Az )

0.1 .

: (d) . ‘A;(xj"' hzl - A(x)

ffor‘géneral.positivé x, h.

(e) Let h approach - O 1in (d) and use this to egtimate A?(x).:

Supp‘_osé~ is ihcrqasing’ahd nonnegative for a < x <b. Show that.
. ‘ | o _ )
a)(b.- a)' < g £ <£(b)(b - a).
ot "= 1 ;
b
S
- ' . ) -. 1+h T , ) 0
(¢) Did you need to calculate f 1in order to answer (a) and (b)?
S - . 1 . R o
Explain,.
586
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A

o "X
4. Suppose - F(x) =. g £, where f :x sxS
2 . .

" (a)  What is FQ?)? By o )
~(b) .What is F'(3)? °
:f,. (¢) Did you need to find an an‘t;‘idqri\iative for f 1in order to answer
’ “(a) or (b)? ' '

5. Find the derivative of each‘ of the following functions F. -

i X h..vé .
“(a) F(x)= f,xE-l,f:x—»x + x : -«
(b)) F(x) = g £, x > -lOOrr £frxo- sind x :
. ) l --].omr .l . : ) . .
C(e) F(x) = f,x>2,f:x—>eSinx .
' ) /2 . . . ) . . . )
R P(x) = K £ x »xt® ' . : .
. 0 :
6. Suppose f : X —); and o ' D N
: ' x : o x
. . F(x) =. £, x >1; G(x) = f, x>2
. _ ' 1 . . 2
(a) What is F(1)? G(2)2 .. ' L

—/- (b) What is  F'(x) - G'(x), x >27 . | o =
(¢) T a-= f, what is ‘F(x) - G(x) equal to for x > 27 o
. 1 ‘ : v .
7. Find f£° and g' when
(a).f-'xx—>x2-x+3 o
(v) g x X -x+18. o e
(c) What is the relationship between your answers to (a) and (b)? Why? -

8.._ Find two distinct functions g . such that g' is the function X - 3x2.

How are your functions related to each other? T K

L 587
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10:

11.

- 12,

13.

Find the area bounﬂed by the coordinate axes, the line x = 2,” and the

graph of the function f, "where
(a)
(v)

g

(a)
(b)

(c)

(:a_)

(a)

firx-2x +1

‘Sketch the graph of fwx —9x2 + 1. _: - o S

_ Sketch the graph andﬂfind the area bounded by the gréph of

Y
f-: x’féx?

£o:ox thx3 + x

Mark the region bounded by this graph the coordinate axes, and the
line‘ X l. Find the area of this region. \\~ :
Mark the region bounded by your graph, tﬁe coordinatb axes, and the -~

line x =2. Find the area of this region.

-

Mark the region bounded. by your. graph, the x-axis, and the lines

X = 1 and x = 2. How is this region related to the regions you .

marked in (b) and (c)V Find its area.

o

Sketch the graph and find the area bounded by the graph of

2

.fix->16 -x, thelx;axié, and lines x =2 and " x-= 3.

(b))

’

forx —9hx3'- x, the x-axis, and tne lines " x =1 and x = 2.

For each of the folloWing functions T find a function F such that

F'.= f. Then use the Fundamental \Theorem to evaluate the given integral
'.(You will need to recall your differentiation formulas in order to con-
-struct F). . x i . B B .‘ .

o 3 . o .

(ay £ : x —9x6, £ - (e). £ "x -9ex, ! f ‘ g

. 1 P : - -5
» 3 i ) By 0
(b)) f:xox +x, f (£) £ :x-e", f
. 1 . -5
| Nt NE R
(¢) f :x -2, £ . (&) f :x-sinx, f
I ’ ~ o

_ 1 I . . (/2 :

(@) fixm—,, f (n) £ : x_—-sin 2x, f :
i ’ ‘/; 2 « ' ” i . 0- .

For f : x> (x - 1)2 show how the interval 0 <x < 3 can be subdivided

so ‘that on each subinterval f is always increasing or always decreaSing.

Give a sketch.

Y
o

]



14 For the function of Number 13, ' ' :

&@finapsothat F'=f~'»',. _': o co

- 1 3 - (3 L D o
(v)  find ~§ £, -g f and vg f by using the Fundamental Theorem.
A 0 1l Jo - S o

15 (a) Find two different functions g such thaﬁv gt = f, 'where

fi@x —*6x + 2, and for each of them find the value. of

o

g(2) - g(O)-
g (b) What is the area bounded by the coordlnate axes, the graéh of
' £:x —>6x +'2, and the line x = 27 '

' 16. (a) 'Find two different functions g' such that g' = f where .
. £ x olx+ 3, 'and for each of them f1nd the value of g(2) - g(l)

. (b) ‘What is the area bounded by the graph of f : x o hx + 3, ‘the

_x-axis; and the lines {x.ﬁ 1l . and  x 2?

17.- If g and h are two different functions such that g' = h', what fs
the relation between the number g(5) - g(3) and the number:

n(5) - n(3)2 . o0

.>18. Find a functienf,F such that ~f?! : x —1x3 - x2 and F(0)

[t}
O

.

How many such fnnetions are there?

19. Find e functidn. G such that G' : x - - x° and @(0) = L.
‘(Hint: How will G, be related to the functlon F of Nd. 187)
. : ) . T

W

° . . . e »' x , . . - )
20. Suppose f 1s nonnegative &nd increasing, that A(x) ='g‘ f and that

a
mSegd. |
(a) Show that A (< + d) < A(c) + 2 c pet d)
N . ° c+d/2v.
(Hint: 'Gréph the areas and write A(c + Q) = Ale) + g: _ £
o ' | - .
and use No. 2. ) -
" (o) ‘Show thet A(“d) <A@ - (Eg= °>f<°§d)
. 'v-
S & o ¢ v av Ale) + A(d)
c) Deduce from (a) and (b) - < g
(e) ‘Deduce from () and (b) that A(S8) < A(e)*
. o v oo o -
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T=be Calculating Areas . .
Suppose:we'wish.to_fing-

b .

Y

Ja -

that ,is, the area of the shaded region shown in Fiéure T-ba.

Y

'if.

. Figure T-4a L ) -
. Area of Shaded Region = T

The Fundamental Theorem of Calculus gives us a means for dolng this. 'ﬁ

- Suppose F 1is a function whose derivative is f.- The Fundamental Theorem then

tells us that o - . \\k

. b .
(1) : "t = F(b) - F(a).
- Ja
Z(Of course, we are assumlng that satlsfies the condltlons of the Fundamen-

tal’ Theorem, - or the remark followlng the theorem )

In this section we shall 1ntroduce some further notétion-which.is useful

in flndlng areas and 1nd1cate some of the ways we.can use (l) A moretsystém;

atic discussion of the use of (1) will. be given in Section - 6 I

It is convenient to have & notation for the 1ntegral 1n terms of theb _ .

expressions used in defining the functlonzaf A common notatlon for
R

S (> - (v .
. _ : T is f(x)ax. .
L . c ' c S \ . . .

The symbol /dx" 1is a single symbol, meant to indicate that f is to be.
taken as a function of x. For example, ' '

o 52
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) . (v, . (o SR '
(2) x° dx; means f, where f :x —x . .
- a . a , ] : R
B . . >
. . ’ A . 2 : . . D"
.Of course, the letter x used in f : x —=x" 1s a " qummy” letter.” Any/ . -
other lg;téf not. already in use will do just as well. Thus:we could write f

as
f:tag wf:¢ﬁ$.
In these cases we would write (2) as .

: g t2 at or g viay ' R
a. 2 : o

N

_ A function F whose .derivative.is f 1is often called an antiderivative

(of'indefinite integral) of f. It is also commoh to use the notation

s

F(x):

for F(b) - F(a).

. The Fundamental Theorem of Calculus is often stated in the form:.

R b B
L T K £(x)dx = F(x).

b )
= F(v) - F(a),
b .

: : *
where 'F is an antiderivative of f.
For exémpfé,‘since'the derivative of ‘ ' . -

1 . ' 2-
X =25 X 18 X X«
- 73 .
’ s l -'.. ‘, ) B K : . .
~ we say that. x —»g x3‘ is an antiderivative of x 7’x2 and write

g

2\ %2 ax = % x3f\ =5 - §§ .
a a
% .
Ft'= 1T (N _

- s

PRl . B
‘ . o | - ' : e

o 59L . , : _
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Example 7-ba.* Find . g~ 2 dt T o '
I,». . l\ . 3 ’\
First we find an antiderivative of t —)ts Differentiation: of polynom-
1als reduces degree by’ one,'so antidifferenxiation should raise degree by one.
If we recall that the function

P _ : o « ) o ' N S
‘ g : t—’t6 . . e
has derivative t'—»6£5, we-cen see that ° !
' 1.6 '
t -3t
- . g B 4
is the antiderivative of t — t°. Therefore; we have -, .
Do . SRS .
. 4 43 at < L t6 4 _'h6._ 16 _bhogs ‘
— . Ji v 3 ST T o '
v Y . v
Example 7-4b 4Yb. Find the area of the reglon between the~x’axis and one
arch of "the sine curve given by. Yy = sin x. " We want to find (Figure 7 hb)
o ~ o . . .- ) . )
o o ra - E fj_‘ oo L
\ A 1 sin x dx. ) e .
- . . R o.l ./ . . 'f;' -le' . .
R S -
N 5 . K
. , y = sin'x
£ 1+ - .
N 0 1(\’ S
/'. .i. . .-
Figure 7-lb o L
R © sin x dx = area of shaded regidén, . = -
c . o ., SRR o

>

- The derivative of the cosine function is the negative of)the sine func-_

B . . N -_‘ -
tion S0 that S s R . A
R oL _"l' x —¥—coe x S PR rf
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is an antiderivative of x —»sin x: We have .

~ I3

'. ) e .' . .» 'S ' . T LI ]
. sin x dx = ~-cos x = -cos % + ‘cos O
-vo . ) 0 . . .
« . * .
= -(-1) +1 = 2.
\'. ‘-’. .F"([‘. - . o - . | N i ) .
. - : {3 PO R
Example 7-bch Find |- (x% +.2x + b)ax. L L
’ . . J0 o L, T v -
* . We couwld find an entiderivative of B B o J
' x—)x2+2x+h ' ’ V .
--direetly and use 3) ; ".An al‘lf'ernative apﬁroach (which amounts to the same °
thing) is to- remember that the 1n‘cegral oi‘ a sum 1is the sum oi‘ the 1ntegrals,
_so that we can write - . ] ) .
LT o (x + 2x + h)d ,Qx dx + | 2x ax +. 1+dx
. . o ‘ : 0 -
i . ' -
; ..c / . ) - . ) . . v N _”‘.
\ " c 2 v Lo : . .
x2x , x22x and x oL .
have the respective antiderivativ
3
- 80 we have . ., o T A ) R
~ . : S " 3 13 3 - .
' : (x2 4 2x + W)ax ?"_-l-x3 1 ¥ x2‘--,~ “+ Lx . o
' 1,.3 L2 2y R
.=§(?-O§) + (3% -0%) & (h:3 - ¥0)
' 3 ".) § -
. =30 »
» . o 1 . o«
E)’ca:ﬁgle 7-4d. Describe the area of the reglon bYetween the graphs of R
'y = J/x 'er;d Y = 3/)—c ‘as the dti‘ference of two 1ntegrals and evaluate. . -éo S
; ." L ' o A
) . ESA R .
. "9
B @ .
' 'g;, : .
. b -
B ) - [:_ T
o 7 58 .
= < - s -



" Figure T-4%b ) Tols

;;_ o ) . "Area of A '=-Aree of B - ‘Area Iof c ‘ )
. 8 B . . f T . . ‘ 'y ) .

| | ' [& 2.3 b TR
s "To find antideri eof X - >/x* and x —b 1/— we’first write
3/‘ = xl/3 and /_ =X /2‘

and then recall the power formula L .
. oie v C : : R . - :
.-V'»'lr' o g oL - : D _.axa-—l.' . S : ‘e
- Differentlation amounts to m ltlplying by ‘the exponent and reducing the ex- "
? p_onent byv 1.’ As was the case with our polynomial (Example 7-74c), anti-.
--diffe;entia_tion amounts te/ylsing the exponent by 1+ and dﬁliding by the new‘
exponent. Thus, ve have® ’ R
‘ LT Cx :-’%xu'/a and ~x—»-2—>c3/2 ot
. . o . I ]
" as respective antiderivatives of x .- 3K end x ~ /%, Therefore, our * .
. desi;‘ed ax;eé is ] . c SEN L

o«

“'ﬁ"‘ : ) S. 3& ‘ax - g Ax ax =
o 0 o

3 L'"%-’.‘B/E’

. - et . A )
s “oon a . k3 ) . iy b "
. . P . N . : ”® - .
" . & - - 1 -
- - - o S -1 , %
j T / N . . .
;A - . A O “ . P
’ B :'“ at ¢ .
- A . Y ‘; K 3 R J
Lo . Example T-he. % ‘Evaluate /2 \sin x|dx. e o ks o
P S . . . . | -1 . ! . . .
: T ks w .o e C . c -

5 o . Ny . . . . . , .

. N « , : @ : .
~ . o hE k: . . &

N W . ‘4 s ,‘ t - -
c - N ..
o N .. 59” : 5 8 . * ‘,h' L s
. < ~ - ’nl .3 ol e, bt
S s % . T
3. -

O
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In Figure 7- hc we indicate (by shadins) the fegion whose area is the

integral we wish to evaluate.

Figure 7-be . .

.‘».‘ We know that the area of region B-'is 2 (from Example T- hb) and we
should suspect that the total area of regions A and B is . 3. We can. con-

. firm this susplcion and gain addltional exper1ence using antiderivatives. By

-definition of absolu@e value we have:
o sin x, for sin x >.0) ~*'
x:—»lsin x|.=, : - :
: o <sin x, . for sin x < 0) .

v

e

we express our integral as the sum. of two integrals-

(4) |sinm x]dx = |sin x|ax + |sin x}dx CN
. . o n L .
= -sin x)dx + sin x dx. - ‘o
' . 0 . . . » .
The antiderivatives of . S L f\
: . . v . -
oo . - . : ¢ S
" ol : : x - -sin x and x — sin x : oo .
afé, respectively, L e i o o .". ; o -
o S X > cos x “and X —.-€OS X. - S
Therefore, we have _ L . : o .
. .10 . 7
. - . lsin x|dx = cos x + (-cos x) | B
- Y2 , Vemfz cur lo
& cos 0 -cos(- %J_+(-coé‘ﬂ) - (~cos 0)
* . . : v" T . -‘ N . '.
\ oo P s s o (1) < (1)
. .y L Y '. = 3- . }
- ' 595 N u s
e | S -
N e - . o~ .
» .

O
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Y-

The érea_of the shaded ‘region in Eigure 7-4d 1is éiven by* the fnteéral we

w_ish'fp evaluate. Note the break.in
the graph of £ at x = 1. 1In order
to _bé able to apply tﬁe Fupdamenfal
Theorem of Calculus, pe first break
our interval into subiriter\éals over
~'which the graph of "’f "has no gaps:..
: 2'.} " _ ' - ‘
: & f£(x)dx =

J0 1

) Y . . Lot ..
Antiderivatives.for x - f3x and -

x = (2x - 1)2; ?_gre reépectiv‘ély "

@

Exafiple T-4f. Evaluate S’ *elx)dx  if

T 2 G
A Bxax + | (3x - 1)%dx.
0 - . .

K4

-

x 223 ana x5 (B E) e - 1)

(Check by
Exerciseé'
 have

?‘, .
differentiation.and see

Z"’l‘L“’[, No. '5): We, therefore,

- voP(x)dx

2/3.%3/2-

l +. (2X »"-1)3
o .

©

2

1

1/5; , for 0 <zx

fox - 1)2,, for 1 < x

<

y

2/3.3/2 _ 3/2y .1
E-—g‘tl -0 )fg(

5

<1

<2).

3 .3
3 -l) . "0

>

3

Y R R
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Exercises T-b

<

.

T Find each offtheﬂ follov}ing- intégrals.

v

N

I 2, 2 : S ' :
-~ (a) (= '+ x + 3)ax ) ] X" ax !
o Lo . S Cdon )
R o _ K e
, (b) g -x.g(x2, . '3)d3< . (k) ‘Y X dx
. e - o . -1:
T2 ’ v (-2 \
) g O+ x+ ?dx. - (8) E (e* + 1)ax ;
- ‘ - D.Q_2 . ) L —l .('
J' c “/3 . . ’ . . .2 . -
. : _(d‘)_'.'g:.-; cos x dx . . {m) S (e* + x)dx
. - L ? 0 . . Lo ’ =1 ‘ . . .
5 2 h"

(5x' +.3x% + 1)ax

—

ES

. 3 ._"42 R .~_. . .
. '(e)‘.;{ L o | | 8

=
~~
(W8]

(sin % +.cos x)dx.

(X + sin :é):dx

w. O

(%2 + 2x +-5)"_d;<

= w
o]

3

x°e* arctan ('sin2 x)dx

Y
e
~r
(_*————3
H .
=
[=7]
=
W
S

=
o

®
ol
o
»
;,;*'
| = 'R
2
~ O
: w

2. Sketch the regions bounded by.the x-axis, the curve y = f(x) and the "
vertical lines- x = a and x'= b. Then find the areas '
3 .

(a) £:x-»x"+2x+1, a=1, b =23

(B) f:ix mel, ra=c:l, bl
X 2 3

(d) £: x »sinx + cos x, a0, b=121
(e) £:: x »2x '+.cos x, a.-= -%, b =% ”
' L P=-3
. A bia
et W
597
' =
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5e ti} Find an antideriVative ﬁor each pf the following functions.

6.

ERIC
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I

J

Sketch the region bounded by the x-axis,"y = £(x) and the given

verticel lines; then find its area.

(a) £ :x - |x|; vertical lines 'x = -2, x = 5 '

(Check your result by elementary geometry )

en

i,

(b) £ : x —)|hx |;  vertical lines at x = —l,' x =23 _

' ok
(c) fv:_x\r»lcos x| vertical lines at x = = %’, X = X
(ﬁ) f:x —*|§ - sin xl; vertafél:lines at x = -, X =
(e) " £f:x—|L- /x|; vertical lines at x = 0, x =214
: 5 N 5 14
(a) Evaltuate (x° '+ 3vx) Cand (x" % 3% + 50)

. . : : 1 . 11

(p) Suppoee “F(x) = G(x) + nloge (arctan 7) where _F(O) =

: e
_Find .G(Bc) \

b‘:- o b/f”' . R
“'oly) {0 if FT=G'%
a T la ﬂ'," DR

-~-‘,. . .1_.&‘

.-

(c) What is : (X)

,-;‘_

"4'2?) £ix o (x - 1)3 “ '
R O . : (R TLI

(11) JF:x 5% - 3x 2- + 3% 1ot
',(iii) 'g:x‘—>8x - 12x° + 6x - 1
(iv)’ G:x—>(2x'-l)3 S o o

c\

o & [Hint: - Try to put G in theé form a(x - b)".]

F(1), = -

(b) C mpare the functionq "F with f and G with g. Compare the

antiderivative5.

. . - —

Find an antiderivative for each of the following functions

- Cf i x-8(x+ 1)

3

e : o g :'; j*(2x +'2)3.
' l.w i 5r‘ ’ .
;Find ( 3x + h) dx
; o e )

(a) by first carrying out:the indicated multiplication,

( ) by uSing the method found in Number 6

)“,‘,_,u

598 _.
ol



8. Which of the following integrals

. _ b3-‘="" L |
(a) .\ .y dy ' . (¢)
a : S - SN

R N : 3

(v). y° dt a _ (d)

. a (} _ . R .

9. -Evaluate the following“intégrals
to the problem. [e.g., x° dx = 2

, . . 3

7 /6

-1/6

2

_cos x dx

;. (a)-

—

(1 + 6x2)dx

-2 . SR
P ' ' o
< (x - 1)2 dx ' v

(e)

3 ey T

. Tt ’ ) . ’
(a) sin x dx w T e
. 0 ) :" .
-10. Flnd tE® area of the reglon bounded by;the x-f
' Y- —_f(x), ‘and the glven vertlcal l;hes

e A
(a) . v'.._'._x3 :_.‘_)S'fi,o\».,,'
L ff x5 {-x
() . J2x
L
f X =
A . 3_ .
In Problemc 11 12 deduca part (b)
each flrst ) 'f;,”
11,7 (a) (1) Find;f

’"xa, below

'and,io the

“(v)
Qe

by ¥y = X, )
rlght by the vertleal lln

ERIC
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12,

13.

. 1h,

(2) (1) Fina

2 fl.'f ?2“
X‘ (8'-7x2)dx; (i1) x2'dX'
. 0. ' .. ) o - 3

(b) Find the area of the region bounded by y =8 < %x° and y = Xzf

(a) Find the solution of Number 11(b) directly without using part (a)

‘of Number 11.

Find the area-bounded by y.=sinx, y'=cos x, x=0, and x = I

(Sketch first.)

. _ : . . o _
'(b) Find the solution of Number 12(b) directly without using part (a)‘
' " of Number 12. . = , & '

5
¢
1
. N * .
e ta \
o P
* >
~ #
-
° a
[ ""' }
Y . R
« «
e
) .
’
R -
’ ;
0 '
3 o
. £20
_ VL , K
600 . .



7-5. -Signed Area
4 ' B NE b T .

Until now we have discussed the integral j~ f or X‘ f(x)dx only

_ o ) o o }a o
in cases for which a'S b and the interval from a to b could be subd1v1ded .
so'that.in each subinterval the function- f yas'nonnegative,'always increas“hg'
(or always decreasing) and its graph had no'gaps' We now extend'our discussion .
to include situations for which >b or for which the graph of f may ¢on-

- tain portions belovw. the x-ax1s, preserving, if possible, the result

X f(x)dx = F(b)—- F(a) if F'.= f. P
: a ) L s B _.-'7_.“ o . . ' (-’

. ™

_, ) ) .
.+ This can be accomplished by suitably interpreting ‘X- f(x)dx as signed area. °

e a : LR
LTS

T, .
Lagrt . -,
L e . . . . B

" First consider the case fgr,bhich £ is nonpositiyeion the interval...

a<x<%,.and F' =f. In this case -f is nonnegative and has antideriva.‘" B

tive -F, so that

2

O,

o (v . |b L
(1) o K -f(x)ax = -F(x) | = -F(b) + F(d). _ S
‘ a : a . i T

This can be interpreted as’ the area of. the shaded region of Figure 7 5b Note

Lo

. that this is the same -as the area of- the shaded region of Figure T7-5a.

.« Figuwre'T-5a . § ¢ Figure 7-5b
If the'Funda@ental~TheOrem‘is to hold we should have-

. e b a o 2
L _ ‘ j. £(x)dx = F(b) - E(a). . R ‘
: S o <J a : ' ‘
Referring to (1), we see that this requires that ,
- L, v~ ' “(b ‘ . e T :.f
o e b f(x)ax = - [-r(x) Tax; o T
kJ
60i (" A
. ' 0

O
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Lt

] E b . - . . . .

- that is g £(x)dx* must be defined &s the negative of the area of the shaded
. . a ) T B .
region of Figure 7-5a. .

s ¥ = .-‘f(x) ,

{ b
.o Figure 7-5c¢ . o
Now‘vsuﬁpose,v:the, graph’ of £ .'looksl liké that shown in Figure 7-5c¢ and -
thet F 1is an antiderivative of f. We ‘have.t;i ‘ ' o
a _ L (e o
area 'of A, = f(x)ax.= Ff(él) - F(a)
R ) . a ‘ -
- ~ ‘area of A, = .-i‘(g)dx.=;'F(cl). - F(cg) - S
) . [o] . .
: . . Lo PR ‘ b . ) -
o . - area of A, = f(x)dx = F(b) - Fle,).
< o] : . . -
8 2
\

"Now nofe that

CE(0) - F(a) = F) - Fley) + Fle)) - (ep) + Fey) - B(e)

L < IF(e)) - Fla)] - [F(e,) - Fle)] + [F(b) - Fle,)]
L= (éré; of Al) — (area’ f‘ A2)4,7+-.(ar‘ea A3) ‘

In other words, if we wish.

then we vmust have._ .

b T T ,
g £°= (area of Al) - (area of-A’z)‘ + (area of A3).
a . I i S ~ ..
602 -
) o a4
. S b4 .
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: T : _ b
In summary, if & <b, F' = f and if we define Xf by S
. . a S s 4‘"’_. :
. ‘ - o . . ) A - ) N . e'-“ "
(2) o . X‘~ £(x)ax = F(v) - FEE), = - - 2
_ ‘ g . R R ‘ e

b : - B . ' ." i ) . : w7

then y £ will be' 'the total area of the regions bounded by the graph of B
a. . . .

which lie above the interval minus the total area of the regions bounded by«;ﬁg"’

e graph of f which 1lie below the interval. - This is called the signed

deternined by f on the. interval from s to bs T
It is also common practice to remove the restrictlon that a 5 b, by .
'defining B R ' . Cow T
. . . e ) . R . . . - .

. v ) b i ‘a o ) . .
T - £=-]|,f if b<a. ) _

The fundamental relation (2) will still hold, for 1f “b'<a and F' = £ then

b | | (o, 7 a. o . B C.2 S
oo X‘ £ .,'-SA £.= -[F(a) - F(b)] / . o

a - ‘b. o

F() - F(a). °

. /

-7

C . b g C
The properties of the symbol g f - discusséd in Section 1-2 also hold

for signed area: . . R .
S I o YO | o S .
) T C AR BN R S B T

- ST 2 7 Ja- S a a - S o
. o IR R »
§ (v, b . - : ‘
C (L) R : (af) =q| " f, ‘where a 1is any real number;’ .
a . . a . . 5’,'-_’._‘,' ’ o ) .

o b ._C o b . T - - ‘.“' . ) .
S (5) g f = [ £+ XA f, where a, b, c :are any 're'él numbers’
' ' c S e

.

Notiee, in fact, that (h) now holds without the restriction that a be non-

negative and (5) doesn't require’ that a < c <b. o . L v

or course, ii‘, a <b . and 'f x)-z Q. for a < x < b then

| .>:~t‘ ’ ‘ .‘\ b . J. ‘.-' ‘ j - ) B : . l~‘.l.
oo o f(x)dx > 0. o o :

603 . ;
' i
. A

O
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VR (b - : - o )
U6y - g', f(;g)dx,sg‘ “g(x)dx if-a <x <b and £(x) <“g(x).
‘. . ca . a R " ’ .

"ﬁor.ve'then have g(x) ;}f(x) >0, so that

. b ' L Y
 (glx) - £(x))dx > 0. - B .
- ,J 8 - - - c e
Adding f(x)dx ' to both sides, we obtain (6). ‘ e
.. Jda . - : - - . L ‘o
'Examgleu7-ia¢ Find - sin x dx..
- — == . N

This integral can be interpreted as the 51gned area of the total shaded

' region shown in Flgure 7-5d. Since the reglons above and below the x-axis are

‘
. .

' - » Y
N [N
< 4 . -~ N
. : v
. . 4 ;;‘_ ; . - 7 . | /.

- ///' ’ Figure 7156
< e - h :

R .y =sinx R

: , , L

the same, we should expect that the signed area.is Ofl The‘defining_relation

(2)‘$hould cofrobqfate our expectation. In this case

F : x — -cos X o B
is an antiderivative »f x 7*sinjk,. so (2) gives - oL oo
rn .“__' .-' T C R
: sin x dx = -cos x = (-cos' ) - (-cost-n))
- ' EES S L
. . LA e .

- (4__@1)')'--,"_(4_‘('_1)) -0

fob 6E
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- Mﬂ' j; SkétCh thé, 8r8‘ph":.().f -t : x -—) 1 = x2 for . _2 < x < 3,

. N .
Je e

- Find-"
BT T Tt -8 o _ - _
Useé 't_he‘_‘fui}da'me’ntéll_..relatioﬁ (2) to show that

T N '3 g .1-  B _f- . e )
o T LT - ax = A ¥ B SC. i L

- srbé-desirgq grgph}is shown in Figure 7<Sel. .. . .. N

3

v -

. e e e e e e e e

] Figire 7-5€¢
« S A x°

-
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' . e

" The fuhction' Fi:x—x- L3 is'anv'antid_eri‘va_tivéi‘oor f' ‘(as

easily checkeds by showing that F' = f) We have - _ - B

'l‘ : ;\ o '_l. 3 o -l h . "'. . ; .
- -:2 [-f(x)-]dx ‘= 1 (x' - l)dx = '? - X = -g: area oi‘v_/lxl;_ | B

S‘.; f(x)dx = j-l‘ (.l = xe)dxcs ) "-.:'-}5;-

1. o

N TP 3 3
EA (-£(x) lax "c‘j ,(X2 -1)dx = X—- - ¥
I 1 MRS

‘The'i_‘ﬁndame‘;ntal_ ;"élatioh (2) gives ‘ ' .. : _ P .

= g = area o;‘ A2;

20 - . ° '
"= — =.area of A_; PR
- j 3’. = (..'

Cf(x)dx = F(3) - F{-2). = x - =
‘ * AL . T
S . T S

‘ Wthh 1s the same as R _‘~ SR . e

-(area oi‘ A ) + (area of A ) - (area of A )

‘ twod‘unctlono S o e T s

e - Cel

T AT e LUNE ST A SR
N U x—n}” - 67 + 7 and g 3 x=+7x— ll = '_ -, T

i

?L (ThlS is. ‘che ‘same" problem a5 Example 7 ac ) A ,okeﬁch of the reglon whose . ‘

area is ought is given in Figuro 7. 51 P 'w' '1}'.__ .

N . . .
1 : P : -t
" Y .. - ;
. -
. 1 gt
9 .

*' -‘f:., R ','
J‘- .
! . ’ . > o )
st S EL- I
[ . o .
°’ . T Pl .
* P . a -
. . . .
R e A L “h N .
. N . . L )
7 ~ R . A .
N o . . 4 " ’ ‘v
. - W RN . ~ . -
\ ‘ . ..
. SR .
. .6 . N -
/ [ S ' M
‘. .o 606 Y
G . A ~
. N .
- AR CAW) s . :
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. . .
. .
: = e
\ o
. N\ R
“

Tigure 798
, \.‘ r“ . . ,v.‘: . . ) ° “ . ‘ : } ; . L
We -shall show.that the desired area 1s given by .o, oL : o L
First we note that . = _s ° e e ' 4
7y L s(x)ax = <(area of Al) +{area of A2') + (area of A‘g:)ﬁ! B o
4where!: A'l, A2-.. and A3 are the I-égiﬁng ipd_icute'd "fm_ Figure T-58. \'

-
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- 'M’ . . ) ¢ .
'I&"‘n we observe that.
’ v A o

@ o

o airefe
where region ’ AI;’ is indicated in, Figure T-38 ... L
Subtracting (8) from (7Y, we obtain - o S

%

)

-
e

9l
g(;_;)dx -E/ 'f(x)'dx ?area of A
. o

. - . ?,as,
S

: "thiéh isv“tﬁe;-"areaf we seek.

9/%

K

Since |

|

"

rofe o .EA
g( x) dx “ £(2)dxe=
- 2 . N v“ -

o

',¢

\

LT pyfet . o .
e establish that, FS\ £ g(’x) =B x))qx determine,s the area of the reglon,
. : >

2}
’ begyeerf the g’rgphs of ':“g and~ f‘% simple c@.ou}_ation now gives

g Xg/ |

\ (elx) -~f(x))dx vj- /2( 2x° +§;§x - 18)dx '

% 5 Ry .

R £ = . '
LAt S 2 S
2 1 ...- 2’\:"‘ 9/ ¥ L
- x3 +. —"23 ﬁz . = —82 ‘, 'v 'l ‘:é“

.3.

185< ‘

‘}' K N T K ) .
tt'le _samie'.@ul’t as ::.h.at_ of ’Elxample 75;?c. S -: -

v v, 23
”ﬁ;» L LI

A
K
>9

. : ) . »

-

O
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’ . . v °
S < ¥
. : .
v . %x o . % S o ‘.'
ercises 7-5 T
i [ . N L . A . .

R T (a) Sketch the graph of the function-:

. . o i‘:x—*xej-l, -l-'<x<-2.‘.t. o :
f"ff s g Co. . o Y : . . . E -
7 {v) Eva'i'uate_,_; 1 :(x2 - 1)ax. : o, e
(c) Find the area oi‘ the region bounded by the x axis and the graph ot
A .

between the vertlcal llnes7 ab® x =70

L % of the functi

Bl a

& ‘and 'x = 2. oo ° m‘: :
. g 0 S 2% .
' 3] o e o . .
2. (a), Sketch the graph of the function; ' APRERE R L
e ’ S oux —)x2 -1, |x| <1, . J:_
s 3 ¥
(v) Evaluate Yoxdax. o ,
’ . . -1. Y : R o . ;
[ T a s ? . T . - L
” ‘. (C) :Find the area of the I‘eglon between the graph of the i‘unctlon,
LT ‘”.(3’ : the x- axis, where x| <13 N . ISR T
E . . _' . b,’ b. . 2 L [a 8 & a8
TN s . PN NS 3 .1 3 ‘
- (d) Find @ (b >0), if. x” dx & 3 x” dx. Sketch.
S K Jo- £ 4o | P
&A. L P . ' . . ‘x: " i ' ':" L] . \ "‘r:y- EY
. 3. (a) " Evalugte xdr. 0t : : - et
! o “1o o . . LT . . L.
E\'{%luate g |x|dx..”. ' a0 N : .’
B it AR . . e S N
‘ L * SR . s S . .
o - ) .
, Sketch and ;,hen find the area bounded by the X - ax1s, x| =
N and y=x._‘ @ ‘J"“.' v_» Y
t . o DR P
: - (@) Sketch and then find: the, area bounded by nthe x-axis, 1
=2 . and Y= fx' v . '-.Km‘ T ',‘i: - L Lot ¢
Yo gt i . 3 g e
h Sketch and the&. fmd the area ?i‘ the regio bounded “by the. coordinate e
| » e
axes and the curve 2N : : “ PRI
L e \}; ,/;H/;: o
r Can you 1dent1i‘y the curve‘7 & ’ o " M L
2 ' .

'5. Sketch and :then find the area oi‘ the reglon bounded by X = 4 and o

&'b 2'_' 4‘ ] . e

2F = i . ) - "\,./‘. _. 5 __:.,; : . v
C 6. Sketch and then flﬁ‘d the area oi‘ the region 'bpunded by y = x3, Y= ﬂ-2x2
@ ® . . At 7.
N »between the vertical lines” x =0 and x = 1. _ e .
Ld L o : - TR
3 ) s ' Tk . :
5 “ . - . . 9 o ® . o .
Ce P N I
A f/ . ) ) 608 ,‘..* ) '-_ -
. ’ ." L . ?
. ‘\_ ’ ' . : * R ’° ‘lr v ..': . . * . : ,.

O
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g
A
'
Q

Find the area of the region bounged by y2 =x .and X +'y = 2, 'indicatedv
*in the figﬁre aboves . . .. . _ St

a AN . . Con e
1

(a) For the first method divide“the requlred region into smaller regions

: which°canobe evaluated as_ follows-'

A ik L 2 o A v
to L A= bJE'gx + '-(-J?)dx +1 (-x +2)qx + J’)]dx -1 (-(-x +2)Jax|
R - 0 - J0 “J1 _ . j o o

, -l
- A= A + . + . . . _
N R N ST & S AIII'- * [ AIV : c Ay L
T a;¢' _ Identtf%'tnis smaller reglon with thexr respectlve integrals (i
o \
“(v) Sepond try aividlng the repulred region 1ntb dlfferent smaller
a . - : /
: regions whlch are evalhated as follows X ' o : e
N SR -3 b; Crue -
T A= | ok oax + (-x»+-2)dx + /—)]dx - [-(-x + 2)lax
a0 . 0 ' ) l B B O 2 e N
N .‘. ..v . - + e ‘ _ . .
. A= Ay Ay + { ‘ AZ , ]
° Identlfy the smaller reglons wmth their respectlve integ als. "

' " (¢) Show that the express1ons of area in part (a) and part (b) may be

.« -

: ' simpl;fied to thefollo®ing stetement. - : B

o -

’ b . Co
g. Yx dx + gi [(-x + 2).f Jg]dx e . ,
0 -1 : _ ‘ -

Can ‘you point out the relatlonshlp of thls éxpresslon for the area ot

B ' % and the figure representlng the" area? Could you have arrlved at this

. (a) and (b)? _ .
s o . S .

. o . expression without going through the smaller sub- regio}s of. parts
(a)" From the express1on for the area in part (¢) find the areaﬂo?:the'
. a5 L

‘region indlcated.ln the flgureh

-o'.v . . .. % e ‘- .

O
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8.

. A . ) . v N .. y
€a) Express an integral represent- .

ing the area of each of the S » ' -

) .

following regions: (DO NOT Y 4 _ e
' EVALUATE.) 10 I. A
o ) i K . . —+ X
(1)  Region I: bounded by the |1 o E .
A " x-axis and I | { .
N - y=2x - X2, : - IV - :_/)
Sl S | - |
.. (i1) Region II: - bounded by : } 1 o
’ e ] . ’ I e v
y=o,x=-n Y L RN »
and = 3 '
. y =2x- xe? :
(111) Region TII: bounded by y=0,x=3, and 'y = 2; - %2,
(iv)- Regipn Iv? bounded by ¥ =0, ¥ = -3, X =-1, and x = 3.
- (v)- Combfhe *the integrals. of part (a) and show that the area of the
ﬂ region bounded by y 2x - xe'_and y = -3 can be expresseéd by
_the’ integral, , _ _ _ '
_ e o . . y )
. I 3. 5 A
. A= S. (2x « x= + 3)dx.
. ;- i - _l
/ . . .
(c) Flnd the area of -the region described in part (b).
S 9. (a) Find the area bounded only by. the graphs of the functions
f:x—cosx f; ke
) £ : x> -sin x '

O

ERIC

Aruitoxt provided by Eic:

- ‘ ) RS . ) 3 ] . . ' .
if x is restricted to the-.closed interval -n <% € mw. Sketch the

curves in this;interval. o o ' .

. R . . 3-“/1]. ) . . . : o
| (1) - Evaluate cos x dx. » NPT e

—_— . -t /h P . ; AR R
.\} ‘ ’T/ . - . . : . Rl

i

- ’ ) * 3ﬂ/h ' - N . ' ! ’ L § Lo 4 '(ji
" (ii)  Evaluaté (-sinx)ax _ . Lo : N
ST ] NS \ S : .
e . . ¢ '“/h T . . - T o g -
A - . 3x/h : ‘," Wt . o
(ii1). Eyaluéte (COb x - sln x)dx - : . !
W - Cenfl 4 o |
(iv) = Tnterpret parts (i), (ii), aBd. (ii1) geometrically.
S ' o SR O R
AL . \
© 55 .
>l BN



C11.

12. Verify (5). (Hint: X £ = F(b) - Fla).) | T

13.

14,

ERIC
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(%)

(e)

Show that if F' = f, G' =g, and f x) < g x) fort

suppose F(x) = XA f where f : x oe. . ST T

" (a)

(v)
()

(a)

. a .- . . R
Show that | f = QX‘ L~tf f 1is an even.functionfj(i1e.)s

}Fﬁnd_an expression for F(x).

 Find the area’ bounded by the y-axis and’ the curve Tx

Use a geometric argumepQ to find ’ i L o :1T_'£f”

o , . - s G &
J~' f if f is-an odd functlon (i.e., £{-x) ;'-f(#fx;:' Do 1 T
-a - . PR A

a . . \,;_ R Y e
. TN .

; e 0 - . R
£(-x) = £(x))s . , _ _ PR

ate 3. 2 Cor
Evaluate | - (x° - 3x)sin x dx. N -

L b) - Fla) <G b) - G(a)

b ' S WL e

L

a
. .
1 N
x o ' . . o Co A ’ —ah

What is F(1)? ' ) L e

Use part (b) to find F'(x). ... B
‘ a b N ST O Y ;
In general, QEEszse“G(x) = g+ Can you find - G¥(x)? ]_{“,1 ¥
: : )= B R R

L4

s o o -

Flnd the area bounded by the x-axls and the Curve

EN

Sketch. * ’ :_..3:~-”r e o v_-Qgé_f; s

Sketch. §H1nt Note analogy to part (a) )

-
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7 6. r—Integration Formulas .

.b"

We_ have seen that the integral 1 x)dx can be evaldh
. ) a ‘P~ B .
find a function F._such;that, E',; £, for then we have"~

-

'

N




' A}

Integration formglas:aﬁé obtained(by reversing the_diﬁférentiétion process,

for
ﬁ Xf(x)dx = F(x) means that .DF(x) = f(x).
For example,

A S ledx = ii‘ since D Ei-; xv2 o -\
) ‘ . /" o \A & ' -
Of course, if " C 1s any constant, we have
- * [ X3

CDH C)

more precisely we have

Sz .: . . v

<. . . \

In fact, we know from the Cégstant Differen

o 2 N .

antiderivatives of x .= x~ have the form ST

. L | . "1 . . : Y
. o X f»%r + C, where C . 1is a constant. . '*:f
. N . L D
In some. books th%q fuct is ?tzc sed by wrltlng :
B P _ s E ( )a\ r(\) + C,,p ‘I
S iﬁg?' _ F-.- . ‘
whexe C is a conqtant and DFPQS /) For convenience we follow ‘the

u1mple practice of ignoring th1" con,tant ¢ in our formulas,‘each 1ntegra-
. tion formula .giving only ong_iunchon whose derlvaplve is 'f, others obtained -

by adding constants to our antiderivatives.

o . T s -
| o , o N\
The Power Formula . - ) . .
Recall thét_if"a-,is ény?reél number then ..
i S R s ax?-lt : "
f a0, we-canwrite * S ‘ .
) I  a a=-1 ;- s
) © DT )= Ty
- L ) L .
e
! “ .. b A e
.« o, ) N 6lh __.x :
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'. X . ‘ L a - B [ . . a-1 - . s
' sof that x = S x~ - 1is a function whose derivative is x =X . This tells us- "
' that - : ' . o ‘ :
LIS ‘. .
o an-'l dx'=§xa: if @ ;é',o.._ o
. . . - oo " R .. y
_For. con_v.eni,en.ce we 'I_'eplace a by p+ 1, where 'p' .is any ‘real number except .
"'p £ -1, to obtain the formula- o ' '
. : . T . . ]
- ptl .. ‘ .
p X Y A ] X
(oo opn
In other words, an antiderivative of a power _func‘tvion X = xP P ;4 -1t -
. is-obtained by raising the exponent by - 1 and dividing by the new exponent. R

o L . : . ) L L , FE ‘.p X '
Suppose p = -1, then our fun_ction is x '—))l—( . In Section :6-.6 we obtained

the_fqrmulg ‘ ’

| v D loge-lch =7 X > 0. . .
. This ‘gives the integration formula - .. / - , .
\ ;,dx =.loge Xy, x>0 .
- \ .

“-Circular and _EXpor;ential Functions . -

.- From the formulas’ )'"-v,‘ ) .
. . TR o

D sin x =~gos x; D cos x = -sin-x,"

- - .' . . X 1 "..» - . ) .. . e
we obtain the int¥gration formulas . ) I ‘ .
. . - . :
R , . . . . . . :
o : uXcos x dx = sin x; ‘Xsin x dX = -cOS X« S
. : : i ‘ R R
: L X X o : - CLpN
Since De =g, Wwe have the formula -~ ... ] o .
X % :
. v et dx = X )
3 .
! . . . - .
. b -
.
, .
)
e
Y )

b : : o 615 , .

; = - O . : . . by _"‘ L]

y ‘(4

ERIC
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. It is a-simple matter to’ extend these formulas to the case when x fis
»replaced by the linear expression Jex. +'d. For example, we know that - o .
E A .
D. sin (cx + d) c cos (cx +r d)
so that - . ‘v,'; S SRR S )
\[c cos (cx.+‘d)ax'é sin {ex +-d). - . S i
£.cfo0, we can':zite-
. 1 " .‘ . . ©*
cos (ex + d)dx = S sin (ex +@). .

'_ Analogous differentiation formulas were discussed in Volume One for poly-,
nomial, exponential and logarithmic functions “In Chapter 9 we shall discuss
‘the formulas resulting from nonlinear substitutions ‘Here we state the general'

) ‘result for linear replacements

and ¢ £.0,|

| 1 '_ 'IE:(X)dX_ =.i?(l5cb')'

then Jaf(cx1+’d)dx E.%_F(cx'+‘d).

. H S o s . . B
For easy reference we summarize’ current results in Table T7-6.

‘ Some Integration Formulas
,,vr“.a . v .xa+1 . . .y . v\
(1) :.x vdx =‘a + l I3 a' % -l
) B f‘f\ . : . ) N ‘
T PSR W | o .
'.(2),. x 3x.= log  x
o
‘ . v
(3) | cos x dx = sin %
1 : ) .
' J ’ ¢
- ;
. . (&) . sin x dx ='-cos x
. ~ ’ ' k
-
) o . ) .,
R (5) | e dx = e*
B . ’ ~ ) . . |
. | (6) 7| flax + d)ax = %:F(cx +Md)‘
J . N
L S
616 SR
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- Exgmglel..f(-éa. Find > dx .

The power .formula (1), with &= -2, -gives

(-

..gﬁd%-,r.

s that | - - o L ..

-+ . Example 7-6b. Find K Vxodxs -

B

e

We have, from (&) . and (3),
e R
e T Xsin x dx = -cos x and J- cos x dx = sinm x. -
o

'. N Réplacihg_ x by -2x. 7in ‘the latter -and ‘using (6), we have -

o b g'cos 2x dx =
Therefore, we conclude™ - p

, : “‘ PR v ’ K
. . o . v 't}.‘”‘

sin 2x. - »

'
v

. . - i . N ‘\fi’ . :-, : e -
2.\& o - ] ‘552\617 .‘o,,._. R

Lo

st K . e
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. J".(sin X - 3 cos 2x)dx =:X? sin x dx -3 j\i cos 2x dx -
x v
3
5 5in ?g_

el . Elieds x . ‘
o o T e

L= :[coé.n‘-acoslo].; f% sin.2ﬂ'—'% sin_o]

R SR AR & DA W) LY
ceo o omlreal-lzeoageolean
Sy g N S SR * o S R :'f o
. Example 7-6d. Find | 2. dx. R S
‘ . _ : -10% . e R ' o o

We use (5) to obtain’ S

; ) .2 e dx 2 e’ dx = 2-e
- o Jao : g

i}
n
1)

Al
n
(1]

’ ' ) . .

e . R I R S i R
Example 7-6e. Find_ X X ax. 4 '-'.'Iff\\ﬁi
S . ‘ o Ty ST R

. "*vWeffirst convert to base e:. .

y

Now we'use (5) to obtain . S T RO

r cx, SO that,(6):givesv.-- ;.“ T

) .

."iyeqkdx SLeox T T e

"whéré"c'=;1og; 2. Convertiné;to-baéé- 2,_'we.have : . 5} .-
R = v ce S g T P
Lo B g 2 B S

. I N \ . L.
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-+ Example 7-6#. Find j lx o 1)%ax.y _ s
- . R . '1-. . ) o ‘.v. ) . 'n‘.

«

' . . -
. . . N
. . . K e

e We can evaluate this integral in two, ways. First we gxpgndfto‘optéiq 

I 1)3 3ozl .

o
X . .

e f (x s Hee [ T e aP e ma e
. SR T o

" We apﬁlyfthelpéwer forﬁuia (1) iq_eéCh'term to obtéin . "~~-:_f" ,:'65 f':

) S.l (x + l)3dx = (1(1-}_ +: x3 * g‘-}-e{—fi- x).,:v ’ =[0]— [% - 1_‘ +_2_

W

‘Alternatively we can recognize -that thélpowér formula’ (1) giyeé

N o H .

ard the linear substitution formula (6) gives

C %

a‘"Thergﬁoré;'wq.conciude that -

- N (x+1) dx H(X+l) ', » . ‘

R ' 'm(o‘+ 1k - 117(-1 ¥ ke
. . CE. . ~— l , . . '~. ] .'.. .

ﬁ_g . o o ' N

AR

R eéﬁnd’%ethdd,is certainly quicker.
R L

- .. M 1} : . ‘.
’ “ ° _ .
’ - . s L.
*. 3 a. .. -
. . E L) .~.>_,-‘
X - [ : :‘
- : - P .
, . P
-~ N ¢ . -
‘1 . " L . 5 " v-
o [4 : °
.
' 619 - L
. . S L:' ’- . . -
@ - L . vl
W e .
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_fExamgle_T-ég;f F;nd[ " sin® nx.dx: G L e e

4 Lo g '. N . < . ' " .
- ' We, have not yet obtalned a differ »
' he fact that . ;' R

3

square of the 51ne functlon We us.

. ‘ci?.'

. oo
T T e .2 - - CcOb an o . e .
N oE T .[- ~ sin® nx & Lf___g___"' . ?f ] m e T S
L R L Lo S '
' 'Thus, we have .- - "L SRR e e oy

(l COS 2ﬂX)d ttz,:}Jv;j: }

i

l - u.: ) l : K
_,l'dxﬂn%'

. “To evaluate this %fcond 1ntegral, we comblne the 0051ne formula (3} w1th
- the’ llnear substltutlon result (6) to obtain o - Lot : A
) 5. S .o . L

B . Loy
o cos(2n§)dx T'E;,Slp(?#¥)'

) U S . JA s Lo "ﬁ’ﬁti-;‘ff . oL
We can write® - . o R .
. .. : - - . . . c ] - £
A0
4
. p N .

) Examgle 7 6h Show that the area of the shaded reglon of Flgure T- 6a is
B tw1ce that of the shaded réglon of FlgurerT ﬁb = e )

N - a ﬁ;
R i 5 )
~ -, . v ” s ° r
) R . (Y
. ° B
- . o
- .. ) ¢ .
e o <. ..

L.

O
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ol x ko 2 S ' X

Figlre 7-6b

s . . B -2' B Lo "y o
"Let o = L dx and . B = | L dx. We wish tozshow-that343“=4@.‘
- . b S S 1 x.rﬁ . . R ] B

I -

-

Formula (2) gives

.\ E o  ;

: N v e : .
. - =
= log .x% ‘ ="log L4 - log 1 = log &;
ey T e e- Ce

e ’ b J
) ..

X 2.
e’ e

="1bg 2 - log 1

4
1y
w
o
. .
. ,rs
t 2 Lol
[s1}
»
I
[
o
®
)

T P ' ‘ .. ':.-.- e e N\g T
Ty logeﬁh. log, 2 —:2 l°§;\é S

A Q. = -3 s
R u .2 . log N . R
SR B'_ }oge - lng_Z : 1938.2 L B L

: . . g o S P
" ' ) 9; o > '55}.1

__”tépiés. The following examples make use of‘these tables

o . G

_ . , _“9521 e Y
. o o o S : ' A

\:" .
.
B

I
.
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B | o . 1 x - - N ‘
~Example 7-6i. Find. [ixe dx. T e, . R :

B W “ . . . . o . _... T . . . .‘.
- Formula 16 of the tablés gives : L

°

~ ! .
L3 o I
X x o
» xe” dx = xe” - e, * *
- L .
J %,

¥:5o that, e vi . ' o

.- | . ' = ‘(Ei.e:L -el) - (»OeO - eo)

:- . - 'v' . l .? . ) N ... .. .
“‘ Examgle J Flnd g. _xe3')-( axs ... . L o

.. P

- Fofrmila'le’f the tables gives = xe - ex‘."b“Wejseplace'_ x by

3.x. _and use (6) to obfa‘n;.'n

I _.(f..-
PR . RANN

S ;&Sxesx_dx,: Lo oy, e

.sothat .
B e LN

q . 3% 1.
E dx‘& (3xe _/,,)-~-
o.‘ _ & 7 .

o 3.7

" Example 7+6k. Find S log, (1 + x)dx. T
=xamp-e = X o .

N . . Lo . AR . TS

. . . . e . A o,
— . « ot _ _ .

" We use Formila 7 of the booklet tables: { log_. x dx = x'loge“ X=X
Replace. x -by I + X and_use‘(6) from this: chapter to_;,obta%in_- e :

= ': X log (1 + x)dx : [(x = l)loge(x-+ 1) - (x"+ 1)7 |:-

N O @ W - . v . .; L . ‘ . Ou‘ <o
- e AR : . . .
S T - =

2 ges, 2 - 2 a0g 1 -

oY

. .‘ . .(. R . ~> 2 1oge 2 -l‘l...-
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Example 7-6£. Find sin ‘% dx. L »
. . - ) Lt . N '-. . _' . '. . w
Fornula 28 of the booklet tables givee'tndt\yy - '_ T
~§in™t x cos x-, n-11}_ . n-2 N
51n X dx = T + sin” .~ x dx. -
< n- o, n L=
With n= U, we have o _ o Y .
. h . _3‘ . . .‘ .3:‘ 7 . ._.o .
"'Jsin x dx = -‘sin X cOS xv + _ﬁ_ Jsine X dx. - : : .
" To flnd thls second Integral ,we- ‘can use a trlgonometrlc 1dent1ty <as in S ,
' Example 7-63) or we:cap use FormulaL28 again with  n'= 2 to optaln 3 o v,
' ’ v RN ‘j ot . L SR
. -sin x cos.x 1| ‘ BN ’
_ L IBn X TPe 2 = N . .
I 2 . + 2.‘[.1 dx‘._ . ) - L3
. -sinx cos x -1 : . N '
= ————2 — an / i ) .
Therefore, we have _— o y LT ¢
v . » . \ ¢ ‘_.- <7 ..
0.\‘. . - H .- - . 3 . | & £ i L
. v R -sin” x cos x . 3 sin 'x cos x - L 3x Y
. sin .x dx = ( L . 7 8 3—) S
- S . . ’ .. T-x,
) ‘ ) . M R o .
Since sin w = sin {-n) = 0, this becomes . e R :
v " Ax . . Mt * o . ) i
S IR CRECUIEE SN
- - v
dx. * /‘ ) . ! * ;\' ) -

‘ . 5 o
‘The tables glVe no formula.fcr --e-%"dx.t“There is’a good reason for
X t v . A ' ‘, ' Q o ' .
',this: it is known that therfg;s no elementary functlon.whosegﬁerlvatlve Ls s
) . r - Y

to estimate thls integral. : shall have more to say about this in Section
o

9)4 °,"'." . ) . .;-‘ ...',. ) ) ) ‘

v T e R

O
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L o Exercises 7-6 - . P
For problems 1- 15 flhd the foblow1ng indeflnite integrals. . , _
- 1. (x~ + l)dx . L Ve L ST
. . - ) PR o ) ) {23t,f~ .

.5} .Jﬂ(l 7.x)dx' {x > 0) 7 [Hint: Wrife as

~ C R *
sin- 3x ax . . \ .
¢ v -

J.cos(ax -'5)dx . S K
.. . - » | s
Jﬁ =sin 2x)dx ’ . - . )

~

[=c 3x'- l)]dx E

-

3% Ji

‘wlr

i

2 sih x cos x‘dx FHing:

N Q s
. . L4 & .
2xdx ', . TR
* ‘ > T
n /v v .
. e P e
) dx [(Hint: Remoye pdrenthesis.] o ;

E
E
j 5 sis 2x - 6 o0 30)e
2
o [
> fo

e
Eal
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For problems "16- 25 find the following 1ndefin1te integrals (using tqbles - ~2'¢' :
when- necessary) ] . o , - e T 7 .Ql

3 ’ : RN A o

. - . * ) P
6. x2f§# dxi T 21. ;[ x# logé-x dx L B
' . R . : o R f : ' o
» i . . : b -

- oo ] . . ) . \. o v
17, X X ax S, o 22, ~[ xeésid x dx ‘

' ) ! : A ’ S o) o X . - S
19. J‘xz log x dx. - e . . gu,‘j"e3x sin bx dx v o S
T e LIS 4 : . . . . A ) f/
! ’ ' ’ . N . . d :
L. @ . R ] . o
20. -[ x> log, x ax ..., 5. ,ex/?_cos %; ax

*

'For'problems 26- 31 sketch a graph of the relevant region and
? the 1ndicated 1ntegral o B - ?

. o . . R ‘ . . r +1 x - -x
< 26. (x + sin x)dx . .29, S E - f  ax.
- o » I T . _
: ron - - 8
x sin x dx
0 . v

loge b'¢

N P o
27. ) (x + sin x)dx

K

L oy
For problem$ 32-33; the following instruct
substitution: translation).
by: ‘ ‘ ’ - v

. <A = - (x.'*' l) dx. .

-1
o .

By feplacemEnt of Tx +1 by x,-(i.es, ..
X by x; l) and by’appropriate’chanéev
of limlts,’we find an equlvalent expre551on

. ‘for the area. After the linear- substitutio

.we'have : . -
A . - 1» 3.d. ) - d. '1
L.S. 'o)x x ooand »
- o - "f. ~ " g ) ' .
. . - | Y . . Q sy
[ o 625 . " (O . «
. g V. LB N . v 4



v é

I

u

¢ : o x :-_;f-| . ..’,' ‘;':.'
o 3% A = | asieeexdx
.’_'- S ) _.',V&'.' . \",‘ -

¢

RS " oH _‘thai :.f x <0 _then Sl Sen
-x;'.-,-l-‘" ,.’ ";‘."__" o Lol —‘.‘ ..l PR M——'-
LTy % IO D 1og TX)I.I. ;- _

Ky oY . 4 .

I (.Hilnt",-- SKeteh f x —’10g x), x>0 and g @x —%10g (-x),__~jﬁ. o

."‘

L

B '_(b) Use_pa_rt a) o) f:,nd

v o . ) . .
’ ’ ) . v .
. o .
( . ; L
. : )
Al -
-

2

O
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Funﬁameni;'%]}» Thebrem to flnd _ .L i ” dx? -

S ! . R ».O. STl

y -',“" if any, you think should be S
‘ =%{- ’ x: ,1- 0, . he_" X and y'-

o
.

)
'

¥

*



. o o Chapter8 R I e
. Tel T . DIFFERENTIATION THEORY AND TECHNIQUE . S - i:,

. B . B R v . - . :
4 - . LT = 4 : ¢ . : .
I s . e .- ) X |

In volume ~one we. showed that the 3erivative of a polynomial fupctioﬂiwas

also a polynomial function (of one lower degree) and established the(formula

o D(sin x) " cos x ' D(cos x) s-sinx . ﬂﬁi?. o
SRS . - N . . e 17. J 5.
. D™ = Dlleg x) == - - 3’ o

. o . VY8 e T 1?&

- ' ‘ ‘ . a a-id\: T ) e o
- D(x ) = ax .> e Fm—

' These are the basic differentiation formulgs. Our primary purpose in this
. chapter is to,obtain formulas for’ differentiating various algebraic combina-
tions of - these functions and to usé tﬁese derivatives to discuss graphs and

. - '

motion. S C i : .
Y _— ’ . S i o
The first section of this chapter is primarily a, reView and extenSion of )
th@fterminology of* derivatives, limits angd approximation to general functions, ' “
- as well as. an’ introduction to the concept, continuity Various geometric ' '
. properties of graphs of continuous functions are stated. in\Section 8- 2 making
use of the relationship between differentiation andrintegration (the Fundamental
Theorem of. Calculus) to establish ‘the connection between derivativesg and the
shape of the graph of a. function i Derivatives of sums, multiples E oducts

-

.are’ discussed in- Seetions 8-3 and 8- I, Functions which are composites o

simpler functions are discussed in Section 8- 5 and the important "chain ule ,
for differentiating such functions is given in Section 8 6 Special dases of s
.
e the chain rule, which enable us to differentiate powers, reciprocals and quo-

tients. are described in Sectidns 8-7. and’ 8-8. A general discussion of ghe .

"folding p’Bcess used in Chapters 5 and 6 to define and differentiate root - v
§ and - logarithmic functions is contained in Section 8 9. These results are
applied, in particular to the ‘inverse trigonometric functions «The final '
" dection of this chapter gives a special technigue for ﬁafferentiating functions
. "which ‘are defined implicitly be relations " R
< " ’
' .3 B . .
L N . ' . e . >
° 23 R -
_ ' - '3
~ s . e P
e A
.,"'l . " . . .' . k)
‘) J .
.o oo T K ,
. “z(" oo “ . ‘ » B
. ] ) . - ¥ . . }
. RO o » 629, GO e | :
. » ) " ﬁ Q"L 3‘ ) . '
i “ \' 7p * e P A . . T "". L~
t . v 8 - :
- ~e 7 . >

O
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ST '.‘ i ;. . .
8-1.. Notation and, Terminology

o

In this chapter we discuss the propertles of . varlous comblnations of poly-
nOmlal circular, exponentlal and - logarlthm functlons -Some common termlnology

and notatlon wlll be helpTul Some of ‘what is sald here is®a review of prevlous

' discu5510 i
The}n tafibni o . : Lo EE Y ’
R B : ' & -
'(1) . S eTim f(" +%) - f(") ’
,' ey o .vh -

Will be: used as a' Shortha,nd fOI‘ the phrase "the l" mlt Of. f(x + h; _y f(X) .
‘ . L . . ) o
as h approaches 0. " LJ" ] ‘

The . functlon f is sa;d to ‘be dlfferentlable at x » i*the llmlt (l)

ex1sts, that is,. there is a unlque number Wthh e can approx1mate as cloee
as we please by, the gquotient ) " > ' ,

R

f(x‘+ n). - f(#f;‘ng
v n s

f |n| is small enough " The derivative

for all x for Wthh the Timit (l) ex1sts and-whose value f'(x) is glven by

(2) | £1(x) = lim f(x»+‘h$l:if(x)

Our intuitive dlscu551on makes use of el?mentary 1limit prlnClples A rigorous .

e

discussion of limits is lefﬂJto the appendlces

If f is dlfferentlable at x = a, then the graph of f has a nonvertl-

o
-
0
”
o
)

cal tangent at (a, I(a)), the slope of this tangent “beirg f’(a) The equa-

. tion of this tangent line is : o o _ ) ,‘/,%'“'

y—v<>+f'<><x-a> . P

o
il 1

If x 1is close to a, then the values f(x)' w1ll clouely approx1m3te “the

valies f(a) * £1(a)(x - a) along the tangent that Lu, B - ;
1) D P i(x) & i‘('l)..* Pea)(x -.0) e /2 -
,:if_ x is blose to a. _~v;n* / - E o,

/f~’1’“ The approx1mat10n (3) is n simple’ rewrlte of the defiﬂiﬁion“of £1(a) ,°
for (2). Ve have o oL . R

oz o B . . “.'_‘ ot .
N CElx h) R NI o e

O
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If we multiply through by h and add f(x)_ to both sides we .obtain /.

i‘(x + h) = i‘ x) + i"(x)h Cfor small” |h

In the precedlng chapters it was shown that polynomlal functlons, the
- sine and cosine function and the exponentlal functlon are differentlable at
each point. Explicit formulas for the derlvatlves of these functions were

obtai‘ The logarlthm function x = log b'd 1s dei‘lned and dli‘ferentlable

"_only_for pogitive x. Power funcplons. ;.T{xa. are dlfferentlable for x > 0.

-In some cases;\suéhhgs

. | . PR '_ . ’ ) '
(where the exponent is not less than 1) a power function may also be ‘differen-

tiable'at k'; 0, whlle in oth®r czses; Ssuch as

Y

Ve - -

X)@ X
the functlon will fail to be dlfferentlable at x = 0, Functians such as
- X - X /3 (where the exponent is ratlonal with an odd denOmlnator) wxll also

be dlfferentlable for negatlve values of X.

The Square root functlon

";!" ’ . : o x—;/;

£

: fails to be dlfferentlable at x' =0 because its grabh has a vertical-tahgeﬁp -

l;ne at 0,0). A function w1ll also fail to be dlfferentlable at a p01nt
. where its.graph ba& a "corner." For example, consider the absoluté value
function- T :

Tex

x - |x|.

v

The absolute value |x| 'ig"the larger of the two numbers x and ~X, SO

that o . 74

2 S . x i x>0},

e -

.\iv

o



PRI

t1able for' X > 0
, ‘ é%ere its derivative has the vallue

W

.Tne.Valges'of_ l%l depend upon the sign of h. If h »0, then .

wnilelit h <0, then .t . L o . oo 4

:3‘

R
. L h
o M ’
\

S, In summary, the quotlent (h) is +l' ors -1 depending upon whether h >0
or; h <.0; hence, the difference quotient does not approximate a unigue number

|h1 small., . o L ¢

The general prinqlple 1s that the limit exists if and only if the leﬁt-.
. hand and right-hand limits exist and are equal Consequently, in order fBr
the limr; (1) to be defined the number approximated by : *‘+ h) - £(x) when @&

h
h 1s negatlve and near zero must be the same as the number approximated by’

As the absolute value fude-
right-hand limits will differ
and the function will fail to be«dlfferentlabl: at the corner p01nt

.‘this quotient when. .h is pos1t1ve‘and near zerQ.

tlon illustrates at a "bornér"‘tbe left-hand &

v

___,_———-
[

\It is also possible that a functlon os01llates s0 badly near a p01nt that

neither the lgft hand nor the, right hand limits of (l) will exist . a

-
. S . B . .
. AR A A

. . . . . . . ) . R L

O
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In general, we shall use the notation "f? forqthe derivative of & ﬁunc=
. tion f. As in the previous chapters . D notatlon w1ll be used in stating s

rmulas.  For exaqple,‘ D(sin x) = cos x 1s a shorthand for the statement

v

"tRat the’ derivative of the sine functlon is the coslne function. The notatlon_

%%ﬂ has also been 1ntroduced for the derlvatlve. ThlS notatlon is related to -

" the concept of derivative as "rate. of change. Fof example,_lf Y, = X% ;: then’

Pa R - N ) N ' . 5 L. . K o 3
L aees A
”-repreSents'the'ohange‘ oy in y due to the change Ax. Thé average rate of

change in y per unlt ohange‘ln' x, 1s then

., . a ' o . 2 - - : ] - .
W T T ,i s e e TV

As I 'approaches- 0 we obtain thehvalue‘of the ‘derivative of x 5x° at
‘the point x, in thisvcase'denotedaby. ‘ ‘

B .
H ! . . . i

' R e Rl o
* o0 O
i . ) o

Let us now. make expllclt a concept which has been 1mpllc1tlv used in many

a

of our previous discussions. A function T is sa1d~t§ be continuous at a, if -/

~ . .nk
£(a) :1s‘def1ned'and -
) o 7 ) 11m i‘(x) ='.f‘('a)_; - ) c
- -t X —éa . L L - o
g . A ST e -
that is; the value- f(a) is approx1mated by ‘the valuea f(x) for all X -
whlch are close enough to - For example, use has been made %f the fact that '
',hg. is small if" "h. is small ”hls amountﬂ to saylng thatfthe functlon ] )
x>x°  is continuous at O.. , _ ' .
. v + : ' : e .
+In Chapter 6, use was made of the statements that
” -
. log x log a, if‘ x 1is “close to a -;}5, ' SR
.. ’ ot - h » r ’. ) li . h
cena R IR A
- ‘ -':T‘ . l - ' l " (’ .
. N . T3 ’ . . . ot ! . ' ! " - PR .
. . ’ - ex» ] e?' if 'x is close to a. £ . C -
P : ’ A o . - . L oL, L
. These two facts are - summarlzed by saylng thatg;he ‘two functlons_ o0 ;'.
. C o uﬂxeéMg*x.mﬁ'yae oot T ;
o S B z’ O R o
are continuous atve?ch;poln? for‘whic%fthey are.definedl_ﬁf‘ . R .
. .o . ,? AW, N O S .
. PR vy r
' ! T . .o
N 3 - . A
ca &0 i .
. S8 i A . a
o . X 3 a633 . .- 5 N ) .
® Lo RS o .
' 3 . Crae- )" o <
BN - ) : N Y k}/f - ! ° '

O
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f;a function is continuous at each point where 1t fs defined it is said

. to be a continuous function. "It can be shown that polynomial functions and (the 3

4' sine,vcosine, exponential logarithm and power functions are all continuous f

"« functfonss. ® Such results are consequences of elementary properties of limits
'3and are Egscussed in tHe appendices. LT _ - e ’

©

Thqﬁconcept of continuity is welated to ‘the concept of differentiability

in the following sense: o - :‘ . o a
o ”:ﬁ' .. If f is differentiable at a,v'then fois -7 o
continuous at a. T w® - e

This is a "simple consequence of the tangent approximation idea (3),
f(x) f(Q) £ f fa)(x - a), 1 % is close to 'é; _m

3 . . . Voo N

© 0 As x approaches _a, the term f’(a)(x - a) approaches 0 so that f(x) -

©.must approachv f(a) .. The ¢onverse of (3) is falsef For example, the function
.- o : v ) s _ Co~
* ’ o . : a f «+ x - |xl R - L " ‘_ K :
> - My . . st

is not differentiable at O but is’ contingous at 0; ° o

) f(x) =_lx‘7 wfll be close to 0= f(O)

if x is, close to 0. . e f'f

. . . .
LI &+

; The concept of continuity arose out of the desire to" formulate a condition__l
whlch ﬂill Uuarantee “that the graph has no gaps. A relationship between con-
t1nuity and the non- -existence of gaps willcbe stated in the next -section. ?For

. ”now weé note. that if the grapH of £ has 8, "gap" at a, then f will ‘be dis-
" continuous (that 1s,_ngt continuous) at a. - .For exfmple, consider the function'

; f whose values f(x) are given by

L . . L, . - e
¢ : SR T T o . ¢
4 R 1 if x>0} ° . : e
g \f(x) = SR
Lt L gy if x < o) . O S . oo
_ The graph. of f.is sketched in Figure\8-1b. Note the "Jjump’ at the point-,
(o f(e)) ' L ' S :
’ ' {’ ’ ' l;_ N
: N " . A R -
" v &r . L , "..7', ' - N
S, ’ ,‘ # TP ‘ \, )
: . , I Lo ) o ’ “+ , : i
‘J . . 3 ~ °' v » ) , 3 . . >
. . . . Q== R L ¢ .
. 9 s P )
4 : . '

O
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. - .
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o N
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-
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. N
’ .

‘are éll"edua-l to - .

f(-x‘)
0 from the ieft .

X, ap-pr;qaches, \0 frdm the right the Vaiues

Y As
’ ‘,‘l so that the -righ‘t-hand llmita 1s +l. As X 0 approaches
§ Qhe valxﬁs 'f(x) are alY iol so that’ ‘the’ lef‘c-hand limit isY -l. Since 'thé‘ .
left hahg%nd rlght hand 11mi.ts diff.er we conclu@e that PR -"7\.
E PP . 5, .‘J, e L, .- : ..
. .' T T A llm f(\ﬂ doesn’t ex1st e _ LR
: Z- . '”ﬂ:” ’ rqouf”mﬂ). ﬂj.nmum¢~'“. Y ]
B . 2 Lk .- B T T S R

S a0

is discontipyois -at “x
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o 1
A = - ) ) -(_ ] -
N - ‘ Exercises 8-1-. ' ‘
- . . - - = v -
For each of the_followihg find: 4 .
- R - .
] Ay L S <
(1) R 7 then ?}n B e )
/ R . . ‘ :
/ L X2 0 - ' : -
'. o ' . : . “~ .
ha) vy =‘x3’-+:3x:“+ 3 - ' . . N
() v =/x, x>0
) . . . ’.
- S LA ) .7
(e) 'y =3x5:-3, x £ 0O . ) .
.-’2/.'&'5: - ’ ."\ ’ . ' ~ L, s
‘ - sy L ' L . .
‘The notation 5 ,}%roften used for the second derivative.
. dx LY i;‘ 3 - A . \
, | v 4%2 _ L . .
(a) 1f y =e* fina £ . : .
. ; . . 4 7o
: dx . .
| e . d2 ) in .
(p) 1If" y ='-log x _show that ——X = (_X)
, dx ) : o .
L) B .
the result of (b) hold for any y? .
(x - 2) - in the sense that
() - glx) _ g
pra— O. 4
Find theNwaXde of the follow1ng by first spe01fxgng the function f of

" which thls is the derivative and then,findlng the derivative of f Dby

formulal.(l.e.,'nqx by definition). - .

'l g "l . \.‘~.
- E-E R
i [(X+N)2 X2 e

Ox

‘ (x + &x + L ) (x + —) b
(b)  1lim X A" R
LI —*O
fc): | iim - ) x i Ax = x ’ ':~ v
Ox f*O :f .

‘Ax-»mo - A wfm j\ R



,_;;n)._ ,.?1'{v,.. .’" - ;. 'i._ - . %S\\\\

5. Find the vdlue of the following. [Hint' In each of these, you re fsked

¥ where x. ‘eq als some number, a.}. i
. .
‘:}’ . .
i 2\ : -
. (a)  1im T3 * h) - (3) | R
(b)- 1im (b ’3")3/2 “3/2 , L ka
. ‘Ax—)o 3 Ax ' ‘”’./’."!". ’ ) . : ' -
. — ‘ ) ] 6 ‘-‘ R "\) .
i B . . . - 'l + h) 1‘“_'_ ." . .
(¢) 1im —(— :
'l2h

s (a) - L nsin(n+h) -ﬂsihﬂ S )
&x —» 0 . . : \i L~ -
R ;_, B ) } e .
o, . 3cos[1r-2(8-+Ax)]-3coJ - 8—) o
(e)  Lim - B LY . S
A - 0-= e e . ~
6 Sketch a graph of each of the folidwing and locate the points ‘of dlS- '
’ continp.ity ‘for each. (f is discontinuous,at a, if (1) f(a) 1is not
L defined or (2) lim (x) ;4 £(a).) - \ o S
. .() : X g O .~ - : P . N
- o l . <
s _. . .Sa) f’.‘ o for -l<x.<3‘ .

T x . :
. . ’ .
(B g S T S
- ' - X "—'.0 . <
for |x| < 2 ,x £ 1 ; o s
(¢) £ ) . . )
! or x =1 . ‘ N
. 5 . .
¢ . h ‘ .« o :
S@ fox o~ _aLi |x!<2 T :
- l2x - 1f : -
! LA ) .
o x-L4 “for -lgx<2 - L ‘
- (e) £ex—>{ " = N :
- } )
—
~ >
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. ’ o . ’ . ‘4 o - -t -
. ._i -~ )7. . o . g . { ) f X o)
7. We discovered in- this sectlon t’hat the relationshlp between differen-
ey tiabi ity and continulty 1s a one= way ai‘i‘alr ~ I
Lo . L : :
* ‘A i‘\mctlo{ contmuous at x.= a” may or may mot be dli‘ferentlable
there,- a functlon differentlable atf f —_-' are 1skcont1nuou$ there.
oy '
Sketch each oi‘ the fol,lowing and determ ne i‘or what values of X the
. o~ ' i‘uﬂctlon is not dlfi‘ere‘ntlable Aré th re any po:mts where ‘the funcs
N - ‘ troé is .not dif i‘erentlable and yet a tan ent llne exlsts‘7 .
. - T v ‘ .
a) i‘:x—)lsm xl ;i‘or 0<x < 2x A
.- (b) £f:@x - x3/2 ~ ."i"ér"" 0O<x<b i ~ p
e / . 2/3 . an '
(c) x 2x 7 ~ for o0<x<8 e,
;f d)(—f " l/n : '
L. (e) i‘_: b g xl/n'
j Lo .
(£) @ x - x|x|
I - ot
A tg) £ x> L o ,
- S 6x -+ 10 o
Y (Hint: ‘' tox - \ o
4 . . , N . ) ) . .'
. Y : p T "~J_ . A Fa E_ K Q : . . - .'I K3
o3 (a) ‘Use ‘the -inequality |1 - cos. x| < L5 show that 1lim. cos N
. Lt *’ N ) e ", ’ S x.—-0
T e o . '. 4 4 4 _ ’
“ (b) Using the inequavlli‘ﬂ |sin x| - Txjm\ show that 1lim sin(x.
B AR oL - ’ T\ T x 20
q‘.l.l-' 3 . ) * : .‘\ .\ ’ ’ T ' ! { A .
- 7 (o) Use the addltLOn formulas and’ par : (a) and (b) to show that|the
‘me\i‘unctxon i% everywhere contlmgous [Hint: -Look &t o
- ., lif sin x = linm + h) wheve - ]x_- a_l = h.] /‘,_v
| / SN S e = T
- . . ',f B : * ‘ <
9. Suppose f % x . T s .
- . - o (- —
{g) If n 1is a pestive IRtegef” ° <
4, ’ . l Y
S g, “’ﬁ i(m—rﬁ)
: ’ . D A
(b)Y, What is. the limit of © the v.}lues of’ part (q) as- n ~«®?
_tv" . _(c) Is there any way fofdefi { +(0) sothat lim £(x); f(O)‘7 B
. . I “;_ . e X ¢ -
P . —~ X x =50 . .
- l‘ . 1 . - ) :
N o 2o 2
o \ _ » - s l'/‘
L “ . - ~4 L} . \ :
' TR e N L



. KS \ - . N - . ) *
w. : .. . L4 s - - -
% | | " _
8 2.. Prqaerties of Contihuou.; Functlonsw‘ A
A . o v
We have used several PWPertlﬁﬁ of _i‘unctlon in edrlier di.‘:c"uu RS o

‘\\ b

ing- such topict as- maxima a minlma, in
vexi‘by and con Y5

g verse functlons, Generad

theory was dellberately neglected whlle 1deas wt}re

vbelng treated sepa'r. 1y i‘or each type of i‘unctLon, us mg methods aw;ate 2 ’

- to the i‘unctlon under cons deratxon. Tha‘o there are und’erlymg pr1

’." i}mctlons, whlch are related to the goneept*of dlﬁerentlatlon, 1ntegratlon,
_and qontinu.lty e - S i . e L
. ¢ s BN : PR
We Jbegin. by listing twp general theoremg Whl(‘"l hold IOI‘ i‘unctJ.ons whxch
vare contlnuous at each p01nt of a p}oged mte&*va‘l. The i‘lr t assertJ that the
. graph of such g- i‘uncta.Qn has no 'gap., " whlle the .,econd asrerts tha\',—uch a-

. i‘unctlom has a maximum aﬁd a mlnlmum in the mter\(:l Prooio of these two

‘theorems are in, the appegdlce.,. . {;

. THEOREM' 8-2a. The InterXediate Value Théore‘m. N A . .t
‘ B . e ;

- . . )

,Suppose f is conti‘nuo‘vu' _at éach p int of' the interval a'<"x < b, and *
i‘. i _-.that “f(a) £ i‘(b) If d llea betwc °n __1‘(a) Cand’ i’(b), ‘then t,here

and b o o

.Juch that ,j/\

.
. is at_least one po_J.nt c bethen'
. . . o ]

i
° . o _

Mo‘%e almply, 1i‘ the graph’ 01 “ contmuow i‘unctlo' on an 1nterval contalno

p01nts on both.oldes of a horuont;l line- (thn line given by y = d) then ths/

L. graph must meet™ the‘llne. {5ce Fi guxe 8-_4 Yoo 4 P S
° ’ .- . . . . -
N ‘.‘._ o '_.. ..‘ . ‘., . . ’ v‘,‘,. . ;vh_
N . 3 : . : . B LR
- - . Y 4 -
' el ‘ £

Lo .. N — _' ! f(‘g,f:('c).3 - (c,d) - | ,,”;.»z' . "

. . . : . - T
. > L d
P ﬂ » '/‘.-.' “ a-‘-'p,“" . .a ' ?_v . ‘ b
S Y , Figure 8-(:‘;'/ o .
‘ foa e : PN coel E
~N a : o .. A coFxtmuou function, .. ! - LN e
. . - N { ) - . .
- R . . .
o . -
. . .
J ¢ . \ N . M ~— “ e . /
AP o 637 A o~y
. > - » . ® ’ \‘a‘
AN \ e . )
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This result 1s, of course, ‘& gene

l form S the Locattoa—Theorem (Chapter 1),
. which asserts that axpglynomigl fungtion has a zero between any two p01nts .a
and b if f(a) pand -£(b)" have Opposlte s1gns. '_ : CW, ‘ - .

‘4 L g B .- .
Rd} , f : A

f THEOREM 8—2b. Suppose ;f‘ is contrnuous at each Rplnt of the 1nterval\\\

'f X 5 b Then theré are p01nts 'c..axg d with a < c,_<_ t\al"and'
. ,a'S d<b such that ' < < . v PR
. - . L* N ‘- -
d) < f(x) f(c) for all X, a 5 x.<b. - -
- ‘ . ) \ . '
- ' - c f c)) S o
'I & maximum 7 /"\’/ S
Ry R L |
e ] o
T ] s . ,
’ i 1 . e e
. s q K : _
” . i i qd . o '
" 1 : : & 2 IB 4 - /
e @\ J A\
' ) - . . ] )‘l .
Y C e (D I (d (8, -
v \ - .
L both are mlnlmums if f(d } = ( Y.
‘Q\\ * - - . . . N 2 "
o R Figure. 8 2b S B ) LA .
. ",l'.. - " \ : '.‘ St ’
? . . i Extreme.values onvan interval. ' é? ) N
oo e T mmes gnen TN :\; )

. The’ value' £(d) is called the minimum while - f(c) ‘is’ é?lledégﬁe
ma§1m of £ on the given 1nterval (See Flgure 8 2b.) "Eor polynomlal
. Y
"~ furnctions thls theorem was stated 1n Section. 2—8u The hypothes1s of contlnuity

o on the Fﬁésed 1nterval a <x< b 1s essential.i of these theorems,. &as.
e will be shown ‘in the exerci}es . Note alcoqihat ke

c and a aTe unique a g

theorem does not ‘say théz
-
aph can;have several points w‘mch are the hlghest

[lor lowest) p01nts on an nterval (See Flgure“8 2b. ) - ? - _' . ‘

Theore; 8- 2b is an e stence theorem. It assertﬁ the ex1stence of highest
: and lowest points bt glv 5 ‘no means .for finding them. For polynomlal func-g ~
.tions (whlch are everywhere - dlfferentlable) we noted in Chapter 2 that mexi-
© pum a&&-mlnlmum vélues can' occur only atiendp01nts of the 1nterval or at p01nts.:

o - where the denfﬁq@ive_ls .0, In general, ve have the follQWLng result._ .

s . ~ s
N ‘. . \' . ﬂ . L
. v , < . Ok 6]4-0 - d " .
| . .oy e 1o: | .ol
- Ny A DR P L
. o vM e x " - -

O
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ggg 8 2c.' Suppose f is contlnuous at each p01nt of the interval
a < x <b ‘and that. f(c) is 'a max1mum or mlnlmum value for f -on t

this 1ﬁ§erv§l.. Then it must be true thab

. F
c = a, c.=b, T* (c) 'on f is - ) .
L not differentiable. at c. ' . N
- -In'other wbrds, extremal values can occur only, 2t endpoints, zeros of -

the derivatlve, or‘places where the derivative doesn't éxist (that is, points-

D

where the tangent line 1s vertical or there is no tangent)ﬁ The various
@

graphs of Flgure 8-2¢' 1llustrate each of the posslbllltles of Theorem 8 2c

(4
- - - S
- : 4 . . Tre
P ' : K . )
r ” " ols '
« ) | .
1 = |
I . i |
l i - B |
i 1 -l | | ll
N I ! [ ) 1
- Lo
L ) 1 . 1 ! <
a c b a c b
° ° v . _‘f‘
~ E , - L N .
: . Figure 8-2¢. .

Somelpossihilgties for f(c) = maxisum. .

. » . *
I / . .
Let’ &§ sketch a proof of Theorem 8-2¢.” Suppose ,f(c) is & maximum and

_vdifferentiable et ¢ and f£'(c). >0 or
fnthat f1(c) > 0. Slnce

,(“ that none of the possible conclusions is tru?? that is, ¢ % a, i % b, f is
. ‘Q < o. ?nslder the posslblllty

I (c rn) f() R )
~ 11(c) = lim fc*hh' el o7
- : . hog - B S
/o P )
Lot £flc + h) .- f(c) . '
. ‘the v lues' " - : approx&mate the posltlve quantity f'(c) and o

< ance must themselves be posltive if |nl is small enough. ,§1nce c <b,  we

, can fypd h >0 so that ¢c+h<b  and

‘. T ' f(c + h) - fte) LS B

-x e _ - o = >0

multiply‘ t.hro\ugh by h- to ‘dbtaijl i‘(> + h) - i‘(c) > 0y so thy
f(c +h)'> (). This contradlcts ‘the assumption that f(c)

. .

of T ot the interval a < x < . £ similar argument (uslng hgoO- with
In| sufflclently sma&l) shows . that the posslblllty £1{c) <0 pAMNso leads to

i . . \ , . . ‘"
. | . ,\\. .‘: 6hi - ".,- \ ‘.
S

O
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.9 ‘ o ) N T g
a contradiction. By this indirect argument we conclude that Theorem 8-2¢
S5 e . . . . .
must be true. 7 ° P 2o v
. :«n‘ - '.. ‘ ‘ I3 — . /
It will also be’ eonvenlent to meke use of the fact that 1f the- derlvative

v

is positive on an interval the functlon is increasing An instructive proof

of this result can be given using theé Fundamental Theorem of Calculus. (To do

. this vigorously 1t is first necessary to extend the Area Theorem and the Funda-

mental ‘Theorem to continuous functions.' This is done in ‘the appendlces ) At

" %his point we assume that these theorems cen be so extended in particular

\

b o :
that ,|. T .can be defined for continuous functions " f so that if £’ is

. T . b : . ‘ .
nonnegative on the interval then Sﬂ f 1i& the area of the region bounded by
' S - . a o . :
the graph,of f£. over the interval; that is, if we use " £ for this area .

L a

’then this 'is consistent with the area concepts of Chapter 7. ‘Furthermore, it -

-t

__cussion in the following theorem.

 THEOREM 8- 2d.  The Fundamental Theorem of Calculus

C-

will be assumed that if F'* = f then e - _ v ¥

e
o S. £(x)ax = F(b) -.F(a).:

a .

Repﬁ&g}ng £ by F!, we can write , )
;_ . | . . b ) . o S .
: o Ft(x)dx = F(b) - F(a). .
- : . ’ a i v . ) :
Here.we have he basic connection between the concept of, area (or integral)

end that of the slope of a tangent (or derivative). We summarize.this dis- .

. .
- , e a
. .

-~

If the derivative "F' exists ahdlis continuous at each point of the

.

. interval a <x <¥, then ~ _°

Cep | | R :
S‘ E!(x)dx = F(b) - Fla). = - ‘{

Let us now show”how we can obtaln reeult about 1ncrease decrease and

convexity- cbncav1ty from this version of the Fundamental Theorem. These

results are established in the following two theor:ms

X
B
+
B

Le

s
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THEOREM 8-2e._. Suppose f is dii‘ferentiable at each point of the interval
4 e a<x<b and that the derlvative £t 1is continuous and nonnegative ‘at

each poinf oi‘ the interval. Then i‘ is 1ncrea51ng on the 1ntemal

that. is; .
v ‘ ,V . . . [ . < . )
¥ (1) ifa < x.‘L <%, < b, then i‘(xl) < i‘(xg)
If f'. 1s assuned to be nonp051t.1ve on the interval then f "1is
decreasing s that 1s, _ -
g <x, < ) >f(xy). 0
(2) . if a 5\)(‘1 <x, <0, thenu i‘(xl) > i‘(xg) | S
2 Proof. Suppose that f'(x) >0, and a < x, <%, <b. The Fundemental
_ 7 Theorem tells us that S . o A
. . [l : o¥
. . ;
] x2 ) .
‘ Yy - f(x,) =\ f(x)ax
"
Wl Y i

- .

N . - ., i .‘ Xy | . .
- Since "f* is,nonnegative, the drea given by g' fr must be nonnegative;

‘that is, : R :

'_."_' _ f(x)-i‘(x)>0 ‘_ '-_-. .

This'-proves that (1) is true. The prooi‘ when the dex"ivative is nonpositlve ts

" similar. (See Figure 8-24) e

b

e . . : ‘, o .

-

- ThlS is sllghtly different termlnolog,y than that used previ ously, a func-""'
..tion £ . being. 1ncreasing if

i‘(xl) < i‘(x ) whenever a < x.-L < %5 < b. . . _

L4
It-1is common to say that a i‘unctlon 1s strictly increasing if 1% satisfies
this Qndltlon, a merely increasing 1f it satisfies (1). If. it satisfies

. (2) then it is delt easing, with stri_ctly decreasing used for the: condition
- i‘(x ) > fx ! ) whenever a < x, <x, X b :
. ] *3 o 1 2 =
. o [ 3
. R \,

-
“

beos,

O
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~this area is ‘positive

{
I
1
1
—5 00—
. a . this point- —
.——F\\ ) ! -
| lies above this—ts !
. ; :
el | ]
! h | i
- ) _ .
. L g - !
a = . . -
. xl x2l : b ) a v x1 x2 b
The graph of f'. St The graph of f.
«  Figure 8:2d o

A slightiy different form of this result can also be proved, namely, that

-

ir ‘ . ' 5 ] .

£*1(x) >0, for a <x <D - . f

and . f' 1s continuous at each point of the interval. a < x <b, then f -is

-strictly idcreasing on the interval. The proof is the same as the above and

uses the fact that - .

9

(b ’ :
X £* >0, if f' >0 for- a <x <b. .
a ,

This fact Just asserts that the area bounded by £t will be positive if the
graph of lies above the x-axis in the interval. {The proof is g&venvin

the appendices.)
- »

The techniques for finding intervals of 1ncrease and decrease and for ij
locatlng max1mum and)mlnlmum points dlscussed ln Chapter 2 for polynomial
functions can now be extended to more general functiors.  TFhe basiq method
is to determine the intervals in which the derivative doesn't change s1gn

These methods will be applied in subsequent secpions of this chapter as’ ue

. learn to differentlate more functlons ‘ ) ' .

The second derévatlve f"’°1s of course defined'as the derivative of
b 2 : i

“f*, - that is, "(x) 1 is defined for those -x- in t domain ! for which
the limit .o : S _ -

. B @ _
. [N t - t : L. L.
T i‘(xi-h])a i‘(x)‘ v e,
. £ h=>o0, C RO » _
exists. The value f"(x) is then given by this limit. .- i-
. \ . . :
. \ . ~ ’ ]
‘ 6LY g
‘ ) ,'l{p';, )



A differentieble function f, is said to be convex in the intervalj

a b if S ' ) o . -

| .(3) 3 . £(x,) >-£(x) ) + £ (x My "‘1)' )

vhenever Xy and* x2. lie in the interval. . This says that the graph 1in 'the

interval doesn't go below its tangent at any point of the 1nterval. (see
Figure 8-2e. The inequality (3) asserts that B is not below c. )

B

(xéyf{xl) + ff(xlj(kz --xi)) : \

J

/o 2 o

Figure 8-2e

M ————

A convex function.

- 3 . A _ . . »
The definition of concavity 'is obtained by reversing the inequality in (3).

~ THEOREM 8-2f. Suppose 'f 1is diffe?entiable at each point of the 1nterval
'_5‘5 x < b_ and that,its ‘derivative f'  1is differentiable at. each p01nt

’ ' . of this interval: If the“second derivativev f" .is continuous and non-

Vg

negative at each point in the interval then f'.is convex in the 4nterval.
If, igstead, " is assumed to be nonpositive then f 1is concave in the.

interval.

Proof.  Assuming that £'(x) >0, & <x <Db, we have, by Theorem 8-2e,
v that‘the derivative ft is increasing on the interval.' Suppose

- a'< < X3 < x2 < b.‘ The Fundamental Theorem thengﬁives the result - T B

This differs ﬁrom the terminology used prev1ously, which requ1red that
f(x ) > f(x ) + £ (x )(x X )

(3

‘This 1is usually referred to as strict convex1ty, with an analogous definition
for strict concavity .

¢

S S

O
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X

(W) ) f(xe) - f(xl)‘= fr.
S , C o ' Joxr oo )
B l . N ..
. . . ~'-_v hd . .
.~ The function §f' 1is increasing on the interval,. Xy < x < X5 SO that the

minimum value of . f% on this intervel must be f‘(xl); . that is,

I < £ < . N
| (xl) < f'¢x), i‘or;.xl <% <%, ,}
It 'was noted in Section 7-2 that ' o L

b - . , .
1 g g(x)ax >m(v - a) if g(x) >m for a.<x<b.
a e ' : - -

With g f fr, -T = f'(xl), b = X5 2 = Xy, Ve havgﬁ:‘ﬁﬁ . . : L
) RS s
‘:3‘{2 : ’ ‘" .
frix) > f! X, - .
. () ax > £1(x) (%, - x;) .
1 . .o :
. If we combine this with () we'obtain the desired inequality o ¢
<) S (s ) '
f(52)_; f(xl).f f (xl)(x2 ,%l>fb )
The same result can be obtained if X5 < Xye Comparable arguments, with the

signs reversed, éstablish,concévity if f". is nonpositive. (Figure 8-2f

illustrates relétionship between increase of ihe.deriyative and conVexity.)'

~ -

fr

. . . - .Y Figure 8:2f L . . T
AT - R .

. Thesé re;ults about the relation between the sign of the derivatives and
‘the shape of the graph of f can also be derived without making use«of the

. Fundamefital Theorem, for which case assﬁmptions'that ft or f" be conpin&%ﬁg
can be dropped. A compiete dispdssibn of this is given“in_the.appéndices. Here

we mention only the bésic théqrem used, the Mean Value Theorem.

@

R - Loy
O
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+ Y ) A T S
1 . . R ks
. ® - ’
THEOREM 8-2g. ' The Mean Value Theorem - ° I R Ay
. L. . . PR | ’ . o N -,
N “Suppose f 1is continuous at each point” of the inter\'/al a <x <b ahd AN
: 'dlfferentlable at each p01nt of the interval. a. < x <'b. Then there is- - .
at least one nomber e, "such that a <c < b and ) t ' - .
' - , 'f(tﬁ(- 12 oaery . S
" s b - al - ;f \ C) .. ) ’ <
" In other words; .there is at leefe- one p01nt on ?;he graph of T between M
e a and b where the s'lope of the tangent llne is the same ‘as the slop of the
line connecting (&,f{a)) and (b,f b))ﬁ See Figure 8-2¢g, Wthh illfstrates
a casé where there are two p01nts for which thls is true ) ’
v
‘. . - ~
4
- ) * N
2 P ° o
e - w
‘N
' 2 °r 2 : y
9 -
. . . 5 . . ’ :. .
. Pigure 8-2g. S - L.
‘ L, Tl,' and - T2 are paral}el.
"v (, \. \ )4.‘ \ .
) ¢ A
, ~el - ) - ' .
- ™ ‘ : ,.» . St f
- .o
., . 4 v ° " ) o -
¥ . ‘"'.‘_ L . . -
. - - o . -/):’./ . .
s . . t N .-'," . ‘f \
4 " PIICE SR
6)47 . ‘l {,Q . N »
~ Lz T v
: AN . . (3
v . - PV .
~ * F'QE'.'; .

O
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Exkrcises 8-2a ' AR _' . -

v

AR . v
" 1. Suppose you drive from New York to Chicago, somet imes stopping and other.

. i-times driving as_fast as 70 miles per nour. 1Is there some time during
. ' '_.the trip when yOur'speed is 59 miles per~hour? . Give reasons. ”
oot ST ' e e
2. Two cities are 200 - miles apart. Starting fromyone you drive'con-

.

' / 'tinually to the othe!ﬁin b hours then stop. . *

3

. (aL Is there some place on the<;r1p ihere your speedometer reads 502

'Give reasons. .
P
[ ’ . f ' )2

(b) 1Is there some place on ‘the trip where your acceleration was ' 07

'SUPpOSe_t at you drive from Sacramento (elevationb'200 feet)- to Loggers

Station Calp Groynd (elevation 5480 feet). 'Thé map distance between
the two poilts is exactly ‘100 miles. Was the é;some time during the
R trip when you were on'a portion of road that had a slope of exactly l%

. Give your reason. .
' *

*H; If the acceleration of a-mov1ng particle is always . negative what can you

say about rts velocityV

‘5. Suppose - f" i continuous'in the interval a <x < b, and that f° (e) =0
} P )

“for SOme c on the same 1nterval. What can ¥pou say about

nonnegative on the 1nterval°- nonpos1t1ve9

6. Suppose a<c< b can you deduce that .c

o f on the interval if: .
(a)'-f'(x) <0, <x<c and .f'(x) > é, \
(1) £1(x) >0, a<x <c. and £(x) <O,
_ {c) f;rx) £0, a<x<c &nd .f'(x) <0,
(@) f(x) é 0, afg_x <b and f*'(x) >0,

_7; If f' is positiue on the'interval' a < x <b how many zeros can
have on the interval? .At what point does 'f have 1ts max1mum°

minimum? T . _ - o S

-8, Give an example of a. function defined for 0<x <1 s

¢(1) ‘and : : . :
(a) ‘there is no p01nt ‘¢ in the interval, where . (e) =
(b) £ is continuous and there are at least 10 points in the interval

DR Y where f has the value % .

. o 618

O
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10.

11

12.

13}

- interval 0 <x <1, assumes its maxlmum value at two distlnct p01nts

. Let £ tx 5%+ 1 Ynd Fo:ox o

‘maximum on the interval'is at'_c,"gnd
(a) ¢ =0, «$%0). £0
(v)

71

{c) Show that f .has a unique 'minimum or the interval.

Suppose f 1is continuous for a <x <b.. f(a) # f(b) and d lies.

bétween f(a) suél f(b). Can there be two points c, between a and

)
b such that f(c) = §7 If not, why not? If so, give an,example

functlon f defined for - 0 < x < l such that -
(a) - £7 has a minimum but: no maximum on thé interval.

(b) f has neither a maxlmum nor, a minimum on the . interval
(C)s Can your answers to (d) or (b) be continuous ‘at each point of thQ

0 3 . > - R . R
interval. 1;,. L Lo o : o

Sy N

. . | N
'y x 20, S

. -0 ' ’ -

A , IR : :

(a) "Fihd an expression for F(x).. o . o .

' LS . -

,(b) What is the relatlon between F(x) and f(x). - f(o)?

(c) . Verify (withoﬁt using Theqrem_8¢2e) thet -f is an increasing

. function. Examine . f at x and 4t x + h for h > 0.

v

Give an example of a function f, contlnuous for \O < x < l whoseﬁ
) J

c=l; l);éO
‘(c) c = %_ and f. 1is differentiable at c.
1 o o
(@) c = 5. and the graph has a-corner at c.
(e) ‘c'=.% and'the graph has a vertical tangent.at c.

-

Suppose f. is 8 polynomlal functlon of degree two such that f, on the
-

¢ and eé

(a) What must- o). and ce' be?

" of the interval.

(v) Can there be a’ third point of the 1nterval where f has its

maximum? .



. /\ . L. . o : ( »
‘1h. Suppose - f " is a polynomial. function of degree three such that 'f 1in the

.

\intervai "0 < x <1, assumes its maximium value at twoe distinct poinﬁs
' \ Xz . . s
N . .

1. and c, on the :I:nt'erval.~l__' o S . 4 -

: _ 3 - 2 ' : o
X . . . .
\.\5 Assume f”: xl—>..a3x +oagx +oagx + 8y, ag >0. = .

(a)&etch possible locatlons for ¢ and che o - & :

(_b) Can there\ be a thlrd point of the interval where i‘ is a -niaximum?

c

(-c) Give the. poss{’ble cases i‘or exactly one ‘Blnlmum when there are two :
. N

. .. maxmym.s Skegch your answer. : . i . '

. / ) ‘ (d) Give the cases for exac ly two .m.nlmums when there are two maximums .
- B Skéd:ch your answer

D4 .
15. Sup,pose,/ii is a polynomlal unctlon -

{a) Ii‘ the degree of £ is .2, ¥ show that either ‘_i‘ is strictly

convex or. strictly concave \ .
. o

~ . (v) ,Ii‘ the deg.ree oi‘_ £ is 3, then there are, 1ntervals on wplch (‘/

is convex.and there are -intervals on which f 1s concave.

< . .

(c) 'Whgf:" can you say j.i‘ f has degree L2 N
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A .. - . e . ’ -3 T- .
. . SN Exercis‘s 8- 2b o . )

"1, The féct that. the 1nterval includes its endp01nts in -Theorem 8- -2b cannot

‘be weakened. )

\‘ ’ ’ - '..l g o . .J

(a) 8how that the values of f e x —a% 4 -0 < x <1 are not even bounded ..~
. above. . . . B . ‘

o (v) Shou"that. x -i——l_f§_~pas no maximum and no minimumigi/ﬁhe intervalf—ﬁ
S 1ex S N A

’ o < x < i. . X ‘- '. '.,‘. K .v.-.. J b- B '.4' \A -
' A ' . L e
2. Show that’ 1f f is continuous and gtrlctly 1ncreas1ng for 0 <x <1, then

A 81Ven aq‘ d, £(0) < da-< f(l) there 1s “a unique ¢, 0 < c <1 such that '

f(c) .. Use Theorem 8-of and indirect reasonlng « T L e
'.3. Show that if f is conjfnudus on an interval a:< x < b, then the image

. of the interval is a cPhsed interval. Tﬁe image is- the set df'pdints v

S ?fx) with a <x < A FHQQ;)/jUse Theorems 8-2b to flnd the endpoints,

. ~then use the Intermediate Value Theorem). : < 2
".. o ' . < - . E : ‘ . ) .
bz nShow that fG, £t is continuous and positive at each point of an interval

a’é x < b, . then ' . l ' ' “

Co. - B .

_ - (5&1 f(a) < f(x) < f(b) ‘for a.<x <'b. \\f‘-‘
i(b) there is a functlon 'g such that ’
K : o gle(x)) =x for a<x<b. o -

(Hint: Use the remark following Theorem 8-2e and-Exercise~8—2b,

No.2.) 7T ¥ o : -\\\\\
5.; Show that if “f' is , contjnuous and T strﬁctly convex on an 1nterval

a<x<b then f has a unique mlnlmum on the interval. Use Thed(em

A/~- »u8-2c and an-iﬁdirect argument. If a <b can this minimum occur'at " b?
s /:. ..; . Co.
K E . Cooe
6. f(T;how that Jif’ £ isa conve;zfﬁﬁ?tlon then ' T
o f(xl +.x2\:<_ Axl) + f(xg) _ L -
A o o)

A sketch will help.’, .

) RY 2 . 3 . 3 . . A - “
' (b) Show that .. =~ - P .
. - /2. e - . o .
) Lble 22 e
. . o -~ 2 . . i
' 651 . o/
' ) - 1ino :
~

O
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P . ¢ . AR . o . . ‘"" P . .

. . .." . . o ) ; . u I3 . - ) ’ "r' . - .
TR . R Yo 2 o C \N
N 7. Jvr Shiow that .the fonowing‘ is a/ﬁ;’&%’f c‘é’se_ef_.the.quan Valge Theorem: . . _
N . If f- is cqptinuous\for a <x<b, diff\erentiable for p<xx b '

M » and f(a) f(b) =0, then there is a“number ¢ sucl@' th“éé% I P S
e R Tk e,
t(c © and a<c < oo e ) I . : <
, N ’ S 9( ) IQ - "_‘ )" . \ "'P ' i
: - This, result 1s usually “Known-as Rolle s Theobem An, algebraic trick
S
. - will be useﬁ in e append}ces to deduce fthe Mean -Value Theorem from .
Yo Rolle! sf;[‘heorem. R N = . L
. : " e o J
(b)‘ Deduce Rolle! s“l‘heﬁ’rem £rom rIlheorems 8-2b, c. ‘ ’ . : :
. '(_Hlnt' If f is not constant Qc.hen elther 11;5 minﬁnum or"'lts max1mum <
T ’ nisnotze:ro) . 0 4"'{;. e
. r N . . = * S .. Lo
*. .+ 8. Deduce Theorem 8-Ze from the MeanoValue Theoremr. -
' (Hin‘t'_ If 1s nonnegatlve dn the 1nterval show that et T
. . , \ L
. . R 4 L i . gl R
is nonnegative.) o \ R o
. 9. Show that if f'(x) = 0, a <x< b _then f is constant: . e
. a -~ ¢ . - [ 2
. (Hint: Con51der f(x_?{:_:(_a)_ and use thg Mean Value Theorem ) -
4
b o - < . »
. \.,",<;4( . RS X
s —_ .. S
- .‘~ < , .
N o ’ . .
Ve . -
. « e
: N Co
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PR R NS L
s ST : . .. P o )
. e : . \‘ . s R4 e ® s o
8- -3. Sums and Multiples . S N ;O . e
’ o : ’ . :
‘ The rem&ining sections of this chapter discuiﬁ(m%thods for dii‘i‘enentiating .
o various combinations ‘of kngn i‘unctions In this se‘Etion we examine “sums and -
multiples of functo.ons o oot . . v e
; . e ) - . .
‘I'he sum of. two/functions has\been prev1ou’sly epcountergd For-
the graphfef oo o7 s kT
- ‘)"b .l. ‘ ) A) ‘ T "3' . X . . -
. ) S . f't-’3 cosnt+hs1nn_t, “ _' N _ N
-- was obtained ine Chapter 3 (p 236) by adding éxe corresponding ordinat’g:l L
(Figure 8-3a) of the- two functions _4 T ! 5
. . o N L . N 2 . .
e . *urt o3 cos tt. apd v ¢ t o b sin nt - I
S . . 5 . T O N , ~ o
agteach \_/alu_e of t. Here we say that f 4is-thé sum. of, e two functions —
d u’_‘\and, v and write - C N T .
. i . - . Lo - i . ‘ ‘a ~ “ " o
o . . . - f & u-+ V. ) ' -~ “« - o
This meang that for ez.a'qh‘ t, the values f()t), u(t) ‘a)d v(t) are. related
- Cp(w) =) e, o Yy
’..i . , o ‘ . . . ’
s - . " ’ ’ . o .
N . - Q’ " ‘
P!
( - )
N )\ -\5& }
- . » >, i
. .o : )
-\ : - )
. ‘® N o l / AN A ) ¢
' . ot Nl ! - o
v) A i B ' \ ’
) R \ , - g :
P ' £ . . . .
A - M
*- ' i : ' . N
ﬁ(,\ (’ In Chapter, 3 we let u and V be the. values of the functions t - .
.* and 4 —v. Here u and v, are the i‘unctions u Tt -—»'9) and
v-t—»v(t) or u: x»u(x) *and v : x - v(x) . L
- 4 &
~, N - 4 t ’
B N - ~ 1
-~ 3 o A
. / . .\ . 1 1 ’4. .

O
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‘.:. y p,u\,v_‘-'; _. ’.\f ‘, -‘_ . ‘m . s ‘-;"". }-‘.

"

02,5 T T e T e
) &~ - -c\( YR ‘,"U P . ) L o
. - g |..*.....-...'.,........,......f... ...... ./ D

L/ Nesa T L

-. ,‘

1 _ — ‘ : ' ’ . v
3 A LY R
SRS _ T e Figure 8-3d : e
. o v "Lt it
. ] . . ‘u . .
» 'The difference of two functions i defined analogously; ‘for exsmple

S BN

I .

if, for each x, the values.f(x), u(x) and v(x)  are’related by

-

R ' R ' ﬂ(X) =h(X) - V(‘X.). * - - . \,\ .
To be more concrete, if i . R i
. ! ~ f£r x »2 sin 3x - 3 cos 3Ix . e
. ' S » L : R N .
e can write f-=u - v, where - . ‘ : -,
o R Jre - - - IR

-~ . w

O
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\ - X s . . - e . L .y ) . o .
. . : : "l a E : - .

o s S r - C
- 4 . ! i . - T » . : * R
((\.,, \ ﬂ wrxo2sin 3y L Ty 0. . N
b oo \' - i . ...- . - “ l\. o
L"y v v'x—>30053x "‘_»'A» S
_— o - -’\ - ~ - \-i > a e . L
¢ ,. The functiod u : k —2.sin 3x 1is a ultlple of the i‘unctlon
‘J.l. _./' — : . * . ™

3

B ' - a &Y A

WY o ? R }4 ‘gi:'x'_—>sin 3x‘\ ' ) .

\' ' - ¢ b ke : o S Y : . .

* in.‘the sense “that the values u(x) “and g(x) ere relate by the ‘efuatiog "~
y

ulx)\ = 2g( Y. The graph og is obtalned i‘rOm t,he graph oi‘ g Py multiplyr

ing the corréspondlng ordi graph oi‘ g by 2 See' Flgure 8- b ) >
. o
& . W
.€ . o
)‘: .
T
|
1
|
]
[
[}
]
%
b
‘i

. Figure 8-3b

T ,‘ - . . P
’ o A u'=2g, where u : x -2 sin 3x, g : x =»sin 3x. - )
b T The basic rules i‘or derlvatlves oi‘ suxflfs and multiples are -easily obtained

. and 51mply stated '

-
T

{/ (1) o / © o lar rewew, then £ s ut v

O
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. . . . R . B
[ - . . . . .

' ' .. . P I . a0 > ‘ . . K

and, for any constant a, o C . _b
. -~ . ' - - 6 q t
o (é) ' R o , if f = ag, then f' = ag'. ;
’.’__. . '- 'j‘ T B . - ‘ )
. For example, if f = u + v, whgref_ G L - o .
SR u».t-—)fﬁosnt an_.d_'v:'t—%hsinn't,‘n .
: R L ] , . ) ST e
then . E K - e . i . .
T L L o SR IR
v ..- " ' - - . T v ’ v -
that is, .for each .t, .- ' . , ) )
: N (t) = u'(t) + v'(t) . o ' o B ‘
® - = -3x Nin nt + bx cos wt.
. . We also made use of (2)‘ For example, that u'(t) = =3x% sin nt makes ‘<<
“
use of the\*act that D(3 sin xt) = 3D(sin nt). L. ”h o v

/

We can ‘'use the concept of approxxmatlon along the tangent line to the ¢
raph of a functiéy to_show ‘that (1) and (2). hold. ~ For example, suppose
u

+,V:

where and v are each differentiable at a.'lWe have
Dt 5 la) + ule) (x ),
’ ) = yla) ) - 0,
_ close to. a. ‘Addlng, gg have' | .
kO .huu)+ﬂﬂzuw>+va+<ww>+w@nu-a)
Now we use the gssumption that f =u + v 1o obtaln

o ﬂﬂ,f()+w%ﬂ+v%ﬂﬂx-®

e Fd; ¥ # a we subtract f(a) from both sxdes and divide by x - a to.get,

-

.. f » _ -\‘ ) h . f(x) - f(a) " u’(a) - Ei) [l 'y

Vo o , \l' - <
' ‘We take the limDhor x approx1mates "a tggpbtain S s
' s o ) - f(a) e

. 1 —— (a) + v (g).

. X = a -
. yau
We conclude that

£r(a) =ur(e) +vila). -

We omit the'Ehsie; intuitive argument which establishes that if f = ag

b
=4

o T

656

O
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i s R | 3 j‘;. i . v, - . ot
. . . . L A . .. .
. . L . - Y

We can combine .result's (1) and 2) ‘bq"diffe'rentiat:e f=u-v, "‘\i‘or we -

. “ean write . . A R
R s . . o .
©y  so that e ¢
e . ' CTptE oyt 4w aﬁa'.w( j—‘-”(«l)V' = LA ST -
el N - [ \\\ - - '
‘Thus; as we should expect: - _ T \\' . R I
(5) . - [ N ft o=yt - v"(if - f \=\{ - v.%“ -

" Example 8-3a. ,Find the derivative ‘of f i x »x'3 sid x and discuss °..
its greph in_the interval - -2m <.x < 2x.® ' ' :

/_ ) ’, . N . E : . . . EN
‘We can let u': x —=x "and . v : x o sinx," so ‘that: f = u - v.' Since,
from (5), ' =u' -v'" ;aﬁd : v R e LT ’
(6) - Sutix ol vhx o cos X
" we have the reéultg_ _ ;
- . . f'(x) =1 - cos x.

For all - x, £'(x) >0, 'since :cos x < 1, Thi's_lit.eﬁ!'s_ us thét, f is an -
i . inereasing function for all. x. Furthermore 't'h_g 'éraph of £ has'a hériZor_xtai .
tangent at.each of the points v(-a,f(-zxm(o)) and (2x,f(2x)) since .-

' ' v opr(-ex) = £1(0) = £t(2x) = 0. ) C

TLet us differentiate agein. -Since . e s
- . . £ = y? - v L “‘\_

we can apply (5) with £, u. and v replaced. by, £, ut ¥nd v € to obtain
the result ' ' ' o

’( N n’. . . \ . .' o 's,’.b . - l-»-;ﬁ‘ﬁ | .A

-y oon

R : Pl UL
oo e . . . .
- Meking use of (6) we have
: W: x >0 an@ V' : x o -sin x .
: SO that ;I
% S L " e x —»sin'x,' , . : o
: - Do e . .
, « The function f" 1is.nonnegative in -the intervals T
m S -2r <x < -w, and O <x <=

and nonpositive in thé intervals

O
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8y . S 3 <0 and x <x < 2.

Thus, the graph of T is convex in the intervals of (7) and concave in the
*ntervals of (8) Ty ’

N

' The graph of £ (Figure 8- 3c) is ‘obtained by making use of tﬁls infor—-}

y

matlon and plotting a fep p01nts. N A . . _ ‘ w

v

o

.

a

e - R ‘~iigure-8-3cl
o S oy = X - sinx Co

.

Example 8-3b. Suppose a partlcle moves along a horlzontal line so that

fits‘&istance from the origin at time t >0 -is given by s =t + % . Dlscuss

-

. - .
the motion.

P 1y

L
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If 't Lg/EI;se'to- o, then s . is nearly equal t8 and slightly Iarger
”than % ’ which is Yery large ' If .t is very large, then % .is very small, *
*so that s' is nearly equal to but sllghtly larger than t. Geometrically’

P

these observatlons mean that for t.>0 the graph of s =t + % approaches‘

' the s-axis as’ t approaches 0 and approaches the line given by " s =t as
t becomes large. In other words, the vertical line glven by t = 0 1is an
“asymptote for the graph of - =t + % as 't ‘approaches O, whlle the line

A giyen by s =t is‘an,asymptote for the graph as t 'grops'large without bound
_ through positive values (i.e., ‘approaches ©). ) ' '
; . . o ;

. The derivative of t -1t '+ % can be obtained ugfl; the sum 1ormula (1).

We'have ' i
Tt
. ’ -1 '
: : D(t + 5) = Dt + D(L) =Dt + D(t l).
v : e LA v
-1 2 1
~ Since Dt =1 and Dt = -1t =--F, ue conclude that
v ' . T
. ' 1y . 1 2
; D.(tht).—l- 5 .
The value of the oerivative t st =1 - 35 'is the velocity at time ~t.v'Sihce
. ~— v . . ) . t . . S

. . B ) .

if t <1 and st >0 if t > 1,  the function t =1t +:% decreases
e interval 0 <t < l ~and 1ncreases 1n the interval . t > l When t = 1,
the vAlue ‘of the derlvatlve is O and "2 1s ths,mlnlmum value of s. This

; meanJ‘%hat .the partlcle moves toward the orlgln as t 4increases from O  to .

- 1, is closest to ‘the origin whem, t = LT and then moves steadily aQay from k

the orlgln. . A f .

: The second derlvatlve 1s obtalned by using the dlffelence formula (5)

and the power formqla.“ - » . . R

B | | oy o , L
o . N D(--l—e—)zm.-n(t ):%. CoT
. . t . » L t
Thﬁs,.the acceleration is always fositive (since t is positive), is very
large whern t 1is close to 0O, and approaches O as 1t app;oaches . The

second derivative

/
- .
t = ,
- 3 -
7 R \
- o S 59
. ‘1 é?(ﬁ N

O
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\ t
. | | /.\l o,
tlells us that the graph of s =t + I is convex.
2

" Figure 8-_3&. . L co y

The gfaph is given in e

b .
.
:
\ R
.
-
s
> . s
A
.
(1,2).
o _ r
' ‘Figure 8-3d v
’ . . s
S = t + E \ L .
- . \ ?
- 3
X B
. N - . Kl
: : [ o
“ ‘ L
~ - * .
r rs .
N - . . . w
- , .,
: . . ) )
. . ~ Al ",
» . , ‘. ? ;
N S 4 - B -
. ' .
¢ . . L . . : :
o * ’ . . L : . “ L .o
As %e remarked earlier,”in some -texts the expregsion eoncave upward -
) \ . . 3 . 7 B
is Used instead of "convex." o o st S
“ tr
' .
[4 - L}
127 .
660" ~ L
i e voos
. i T -
- 1 . .
N . . ! e

O
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- o . _ . , L - e
N N ) . . . . ) .' \ -
B PR ‘ ‘ExXercises 8-3 . - o : b
.oa e, T ‘ ' R |
1. Find the derivatives of each of the following- oo L a ST ;;
L . N ’ . . N ’ -". ‘ “ .
~\ () y = x¥{3 -.3x,,2/5 R v(e) ¥ = e+ \egf ¥ cos x ) . ‘
)y petnx (0 y=dRomT o A e
—r . KEL7 AT o . . "; : s :
='-(3x2 +l'_)(thr'l)_ . (g) (—x + lo§ x - 2 log x oo
(@) 'y =01 -2x)(3+—) : '(h) yr= xS ket e -
N . . (>4 .0'- . . v . h e
.o X i . ) N - Lo . . - -.' A .,;. .
2. Sketch'gra s of f P X —»J_ x -h?: “X —9Jﬁ and - Vv 1'X ¥>%_ for'{ - S
- 0<x<1. t is the equation of the ‘tangent 1line to each at the _
T point here X'= = 7 How are these tangent llnes related9 S \\\
'(a) At what p01nts on -the’ graph of R .;'
. ’ .'y ‘sin x - J_ cos x : -
: ; oo . )
is the tangent llne hon};ontal. T ‘x. o ",
. s C G
oy {b)-" At what points on the graph of . .
. ‘/ : ) \'
i y:= 2 - Ex;' .
‘/ is the tangent line perpendicular to the line’ whose equation is . .
. ) y=dxsar . , S

./_(C)

Suppose the tangent llnes to the graphs of y 5f(x) and vy = 78(x)

are parallel and nonvertlcal at the p01nt where x = 8., Show that’ ™
these tangent llnes must be horlzontal. :

- R

i

"Show that 1f u and_ v .are dlfferentlable at.ﬂ XN and the" ' )
A ) . .- .
+ 3v(x) and-;gv: x —)u(x) llv £7 have the, fk@

e peﬁnt where x = a then Vv has a horlzontal tan-

graphs of f: x >

same slope 8t

- gent at  (afv(a)). L
: o ) s i..;: : . Lot R _
‘b. Show that if a ‘and b are constants then ST . e ;&?*:fff
2 T \
D(au +bv) = a Du + b Dv. v N
’ “ ’ Y
. - — vy
. ‘ TN ; ‘\ .
. N £ ‘
e
. _ N SNt . ,
. 4 - 661 / :
. . . ¢ .
‘*.Q?Eb-';," .

O
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5. Analyze. o :' o R . .
(1) - increase-decrease,

<y (i) convexity-concavity and - L\\Q_N%, .

) (i1i) asymptotes (if any) j
y . d . .
for each of the - following functlons on the interval glven Sketch graphs.

°
- .

(a) f:x-ox -<Cbs'X, 0<x gizn

, <(b)_f:'x-—)ex-2x,__Of_x_<_l'.'.'“. - s 7~
) PN | _ y . ., i
(c) £ at ot +s, 0<t Lo o R
. t - . o 4 5
_ , . ) P S )
coo(a) f£rox 4432.-'/§§,J 0< xyi 2 , co v AR
. . . - b '. 2 . )
6. (a) - Show that if . F(x) =',§ £, ‘then F'(x)"= -f(x):
. . o X ST ' ) ’ B v
- e 0 _t2 ) ) p T ! .
(b). Find F'(x) if Flx) = e dt. = >~
. .. ) .‘ X ) B -
W N o v . . . . . )
7. " Show that the acceleration of ‘a particle whose equation of motion is B
R ..s(t) 2 cos t + £ s always nonneéatlve L ) '

g‘ .8; Suppose you know only that the rules of this. sectlon hold .and "that

J
Dxn < pxn-;,(_Can you find the derlvatlve of a polynom;al?'
9. 'Consider g 3 %> | +S2F a.‘3 x| oo s
S . o ' 3 : I~
. (a) Sketch the graph ‘of g. .o L L : o
, v : .
() Define g(x) explicitly in terms of linear functibns for all real
T .
/ - X. ' . ‘
v , .- . » ] v ;. . Lo )
, (c) For what values of x is the derivative not def<ined?
- DRI : . : ) .
' . . A -
. 2 ) : . ’
- .10. ’(a) 1+ x +32? < ex,s 1 +-x +x, 0<x 5'? Lo
(Hint Put f(x) - |1+ x.+ =) and find.the ninimum of f.
L ‘ Proceedeﬁn 8 51m11ar manner for the right- hand side). B
v ~ ‘ / . . . . ‘ X ..
(v) - Show that if u(a) < v(a) and ui(x) ng’(x) for x >a ‘then. .
. o u(x) < v(x) ‘for x > a. (Hlnt Cohsider f=v - u.) o

‘ (c) Show that 1f u(aLSK v(a), ’(a)'< y’(a)"aud uﬁ(x) _v"ix)» for
. - - .. x3>a then u(x) < v(x) for x Ya. (Hint: "Use (v) twige. TFirst
. ) . ‘ AR i
show that u'(x) < v*(x) when a < x.)

IA

S -__'_6621% :

A )

O
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11. (&) - Show that if y = u and y = v are solutions to the equation:
y" - 3y' + 6y = 0, then sO is "y = 3u +.{3\'/.'
(b) Show that "y = ex’+ e-x and y = ex - eix .are each solutions to
~the equapion y" =y. If o and B are constants 1is

N 2 G B G )

-

LN

g, . o~ 3
glso § solution to y" = y?l : , '.Q

12. Suppose. u(x) = v(x) + ax '+ b . where a and b are constants.
1t

- (c) Prove the followtng converse' If uw' = vt then u - v ‘is a linear.

- .

(a) What is u'(x)'- v'(x)°
(v) Show that " =‘v";f4 4 R Lo

Mfunctipn. (Hint: Use the CTonstant Difference Theorem twice. )

13. Suppose’ w and. v are continuous at. x = a. Is_‘f = 2u - 3v also -

L -
continuous»at, x = a?

1, Suppose P=u+v and f 48 differentlable and thus contlnuous at
‘x = a. Must u and " also be dlfferentiable and thus continuous at

x-= a? If so, whﬁ? If not, give an example.

. L. 663
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8-4 . Products . ' . L ‘TLV
~FEach value of the function " . A

IR
£ x o xe"

»
3

~is just the product of‘the corresponding values of the

d:

that is, for each Xy

E £(x) = u(x)v(x). ‘ -

‘This,relatioﬁship can be used ¢o‘pbtaiﬁ.the graph of f from the graphs of u-
, -and v, for the ordinate: of a.poin%.on the grapk of £ ié the produqt'of_the
orresponding ordinates of the graphs of u and v.f'(séefFigure 8-4a.)

-t

!

~

4‘ y. | : y - g(_x)v(x)

u(x) [v(0)]2(x) = u(x)v(x)
2 lo.1s|  -0.28
-1 |0.38 .-0.38
-0.5 9;61 . -0.30
o1 0
6.5|1.6 { . 0.8
1 2.7 2.7 '
’ ! Figure 8-La . o ‘ ° .
.{fl . ‘ X ‘
¢ . y = xe
’ S 66k
J L4 . Y
o des
L b
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‘4tions .u &and v and write ' ) //_.

,Since. ¥ ; uv  we can rewrite this as

It follows that

or expressed in words:
. ‘. . .

~

In general, we éay that the fuhétibn £ 1is the oduct of the two i%;c-
s K . )

«

if fqr each x the values ° £(x), u(x) and v(x) are related by :
v P .

W s et I

A formule "for the derivative of- £ =uv in terms of the derivatives of

u aﬁd.-v: caP be obtained by using tangent line approximatlons Suppose u

and Vv ‘are each differentiable at, x = & so-that, if we take x close to a,

we “have

124

- ulx) ® ula) + ut(a)(x -a)i ‘,l
v(x? P v(g).+ vi(a)(x - a).

For the product Ve get

x) x) a)v (a) + [u( a)v'(a)/+v a)ur( a)] x -QB-;E (a)v' a) (x -a)

L"a) + ut(e)vi(a) (x - &)

I

) = £02) + [ala)vt(e) + viadurf an(';

so that, for x #_a

7

f("x - £ta) Ma)m " v(a)u' (6] + wt(e)vi(e) (x - ).

yin S0 =2)  y@vate) + vladut(a).
X = a ‘ ' . o

v'Thus, we obtain the produect rule:

(2) - £1(a) = ula)v'(a) + v(a)u'(a)s
Tﬁiélformulé is sometimes written in the form ~ .
(35 _ o ; , C(uv)? = uvto+ vut
or ‘ .
() _ - .: . _D(uv)‘= uDv + vDu,

The derivative of the-product of two functions is the
»(5) . first times the-deriVative_of the second'plué the second
times the derivative qf the first. o . R
© 665
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For example,: f & X Sx loge x is the product of . ’ 4////,2
o . : 4 ) u:x=—=x and V ! X —a'loge X. - : ' .

= L0 . ‘ N
Since u'(x) =1 and: vi(x) ="

b L

, the product'rule gives
[ .

. l ) . N L
. P =x o = el = :
’fg‘(x) x - =+ (logevx). 1 . 1 + log, X. =

L]
As angther example we consider the function : "&QL .
) £ ox - e3X sin-2x, o ' )
.which is the progduct of ‘ ) _ T o
: 3x -
w:Xx e and v : x —sin 2x.

The product rule gives:

~ - o

£1(x) = o3 + (2 cos 2%) +. (sin 2x)(3¢75).

\

Example 8-ha. Locate .the intervals of increase and decreése, convexity
and concavity for the graph of the function - '
o x.—axex.

P . : -

)

The function f 1is the product of . ' o

. .
u:x=-x and Vv : X =o€, -

so that

£1(x) = ul)vi(x) + v(x)u' (x) - .

(x + 1)e*.

This will be positive for x > -1 -énd-negatjve for x < -1 'so that the\
graph of f i '
'Falls until it reaches (-1,f{-1)) = (-1,- %)

and rises after that point.

The function f* : x — (x + 1)e* is the product .of
x

U:x=-x+1 and v : x —e

so the product rule giQes

666
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: [} S SRR | . : . )
(0 = u) v B v ut () -
LA '\ =(x+1)ex'+ex-l . . :
.. . G 2)e*, o -
' +We conclude from this -that the graph of f - is 2
concave for % < -2 and convex for x > 2.

. : M o
An extension of our sketch (in Figure 8-la) should‘reflect these . conclusions.
We should also note fhat'as x moves far %o the left £(x) ='xe'x ‘approaches'
0; 'that is, the negative x-éxié is an dsymptote for the gréph of f as k -
approaches -w. T o L '

Exéggle 8-4b. Show that if f : x —reaﬁ\sin bx, then

f"(x) - 2af! (X) + (82 + bz)f(x) = 0. » v o ' )

) B . ' ' ' ' ' . l { . o
The product rule gives

L ofl(xj = éax"b(s;n Ex) + (siﬁ bx) D(e®*Yy
.‘éﬁ - v;;eax(bvcos.bi)f+ (sin bx)(aeax);
; . . ‘ =”earx[l‘;;:"c':o.s bx + a. sin bx].
Aéaip we use thé préduct rqle-%o obtain ' o ' i
.'-f"(x) = e** plb cos bx + & sin ﬁx] + [b éos bx + a sin_bx]DeaK—‘i

= ea?c[-b2 sin bx +'ab cos bx] + [b cos bx + a sin bx Jae®*
= eax[(aE’_ %E)Sin bx + .2ab cos bx].  ' o o

a

Therefore,

£'(x) - 2aft{x) + (a2 + ba)f(x) ea.x[(a2 - be)sin bx + 2ab cos bx]

L : ; - 2aeax[b cos bx + & sin bx]

- o o SR éax[(az +‘b2)sin bx]
s = l'éaxl[(az -_b2 - 2a® ;l—az +152)sin b;;]
) - eax[(eéb - 2ab)§os bx] -
| -0
.
. .
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if a. is a zero of f'. ' - . A ’
» N ‘ . .
© If the multiplicity of a exceeds 1 then (x -ka)2 is a factoryof
£(x); that is | LT e ' .}
' : 2
£(x) = (x - a)7alx),
vpere g 1is @ polynomial function: .Applying ﬁhe product rule we have

¢

e 2

¥

S

Example 8-%c. - Suppose f is a polynomial'functigk end that™ a is a
mxemEes = , ; ; - .

zero of f. Show that the multiplicity of a is gregtgr than 1 if and only

210 = (x - @9 () + alx) - 20x - 1)

so'tﬁat indeed

ft(a) = 0..
If the muitiplicity of, a is 1, then.
) f(x’ =>(x - a’g(x), where g(a) £ 0.
- The proauct rule gives o \. : ' . Tf
R Cer(x) = (x - @) £ 1 - gx)

~

. so that  od

£t (a) =.g(a)-# 0.

In other words,'if the multiplicity of a s -1 then a

" zero of f?.

-~

68 120
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M_erci&ﬁB“/

1. Let ‘y1f= ml(x - a) be the equation of the ,tangeﬁt line to the
graph of u : x 2 x° at ’(a,a ) and ‘y2 =a, + m2(x - a), the equa-"
tion of the tangent line to the gra'ph of v. Hb 4 _->x3__ at (a:’a’s) .

r() d B
e F-in al’, m.L’ 8y, Oy

* (b) Form the product . of the expressmns for’ yl and Yos ~and omlt the
- term involving (x - a) The resulting expression is linear 1n
A (x - &) and hence defines a line. Show that this line is the
_tangent line to w = £f:x —-ix5 at the point (=, a5)

2., Find the’ derivatlve of each of the followmg functlons f, where f£(x) -

equals' . "
. (a) x(2x - 3)- ' - (.m)hx2 'loge x : -
() (ix - 2)(4 - =8 S R SR S VL (
._ . | ‘ . .
(o) (X x+ 1) - x+1) . (o) xgx et at
. .3 / S Jo o
(@ V& (axww)® () j“z‘z at.
o “ T ‘ 41 ’
‘_U (e)- ;—Lc- :-&,, ’ . (q) < B sin x
N R A LN (r) (108, x)(4x® + 2x)(cos 2x)
('g)' xeX . o ; (s) 2 sirva éos X
o ' (hz % 7/,2’ ‘ ‘O" i . b" () x :sx loge(éa_( + l)(.si_nqx)'
. T 2 t
N @ 3% -.7}_: o (?) x 2x» -
.(J). o - 5) T (v) x log, (3x + 1).
(k) /)? <‘:os' 2x v . g (w) x° 'fei./- -
(ﬂ). e3x-tsi'n_ (x + 1)
- ' i " . » ﬂ ) , : ) ‘. . ) - »r‘.
SR
| 669 . S
1y , 1 J
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3. Evaluate” . -

-

(s
()
(c)

()
'(e)

D(3x2 + 5% - 1)°

W

{n)

(a) '5(e? sin(1l - 2%))
o) D3 - 5x) | (1), p(¥% 185, %)
(@ oG-50t (), o
' (@) + Dlx(¥E - D) ) DR cos x)
(e) D(x + %)2 : ? ‘ .(2)” D(s;h X loge.gy
- V- -2 ‘ og
Co(g) L(l‘—3—- - B x-l/e) ‘. {m) D(‘ i") .
(&) D(uﬁj\éﬁ; '_l_> | .
. . (‘/;(' R
. 4. (&) Suppose f(x) = [u(x)]e. Show that f'(x) =
Uge'the Product Rulé.) _ o
(v) éhow that. D[u(x)]3 = 3[u(;)]2u'(x).
f- ;(c)» Show that: D[u(%;]h = h[u(x)]su'(x).:
) (d) Meke -a conjecture about D[u(x)}p;.
.\5. Use §hefresulﬁs of Number h,to_fiﬁd',y' if
L~ ‘(a) y = ::>in2 x (e)' y = (%2 +_l)2h
l "(v) vy =_00s3 (ﬁx) (f) vy = sind (2x - 1)
(¢) vy = (Log, x)@ ('g} Cy ='.(&Ax sin .te'dt)h'
. e v 1 )
(@ y - (9" ,

y = xe(x2”+ 152

y = (x:i.l)B(xe - xvf‘l)

y = (éx2'¥ bx + c)(dx2 + ex + T)
y = (gose~;ssiq 2x » o

y = ex .s"i.n2 (ax +.5)

\

. 6. Combine the method of,Numbeﬁ ﬁ with the Product Rule to find. dx

»

¢



(£) -y = (xgx et Et)e )
: . Jo
(&) y = x3[lose (x +.1)13

,
-

"7. For eggh of the following functions, find the intervals of increase’(or =

‘ dgcfease)'ana convexity (or comcavity). Sketch graphs' over the intervals

indicated.
() y=x1l0g x, 0<x<e . (c) y-= sind X, 0<x<2r,
. OBe ¥y D X = _ _ w X Sx<gen,
o 1T " o . - o - -
(6) y = = log, X, .0 < x < € () y =x"1log_ x, 0<x<48

8. Show that each of the following is an'ihcfeasing function

ta) x-— /x e*, x>0

. X . ) .
() x=%5,x2a>0 . ,
Xy R
-,1 .,_ (d) .?.(,-"X'Siﬁ X, O_<_x_<_% . - o ," A‘ .

i

’f 9; Show that if ‘f(x) = (x - a)ag(x) where . g 1is differentiable apd ';;

r‘/ . . },‘1\_"
/- ~gla) #0, then f*(a) = 0. }
/ 10. -Show that:if a 1is a zero of the polynomial function f of mulﬁfplicity
! g . . .
/. greater than 2 then f"(a) = 0. If f"(a) = O must it be true that a -
/- . - . e B
{ - is a zero of f of multiplicity greater than 27 _
AT (a) Show that if y = e°* cos bx then y" - 2ay* +.(a2»+,p2)y = 0.
o . . - . )
(b) Show that if y = x2¢X‘+ 2x§¥ then y™ - 3y" +.3y' -y = 0. .
12. (a) Show fhaﬁ - - : N )
"k.-h_‘. ‘ . ) . (uv)n = uv" + 2utvt + u'v. - Lo .

(b) Use (a) to find the second derivative of

5
f : x ->x cos-x.

-

(c) wnat is - (uv)'?

(@) Does (c) lead you to a conjecture about the nth=derivative of wuv.
. - . Y ) . -
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3-5. CompoéitelFunctions

The functlon f:x —;¢x2'+ 1 is notﬁg Po, yg'mial .circular, power,

exponential or logarithm function, nor is it a sum or product of such functions.

"Our previous gf)cu Jong and formulas do not cover even & simple ‘a function of

this type. erbal déscription of f cah give 'a clue as to how to treat
such a function. Verbal the rule for f_ is : -
(1) “the Square'root of the quantity x squared plus one."

In other words; first calculate thelquantity x2 + 1, and then take the square
root ‘of the result. .The “operationdefined by f 1is composed of gwo simpler
perations finding &1 end taking square roots. In this -and’ the next
>
two sections we discuss functions vhich are compositions of other funcfions.
The statement l) can be translated 1nto a- symbolic form which will dis-

1]
play the fact that f HED S —)#xg +1 1is composed of ‘the two operations,

“

x —%xe +1 and taking square roots. Let &( (x) = =_x2 + 1 and h(u) = Y,

‘ £(x) = h(g(x)). '
To evaluate i‘(x)_ we Pirst eyalllte gm then eval) ate h(g(x)).
fgr_example, if x ='3, ‘then
w- g(3) -3 - 10"
and -

S

2(3)) - 10) }/—.

'£(3)

In general, we.say that, a function f is a compositlon of the two func- |

: tions.nh-‘and g, 1if whenever (x) is define& so are g (x) and h(g x)),

and‘then - ’ . ) L

| 3)
- '“. ) .
.The idea of composition hads Yeen pr€v1ously useﬁ lmpllCltlJ. For example,
o - . :
the function .

, _ ':ﬁ>: x - sin (2x + 3) . :
1 ' ' " L o

is a composition of the functions h : u-sinu and.g : x ®u 2x + 3;7
that is, . .- , - A

£(x), = hlg(x}) .
Also, use has been made of the fact that the general exponential function
672

. - . 1 £y o~
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L4f:x ¥ 1is a composite function since we can write a = . 1f
. _h:u e’ and g i x oox =u, then -~ \ B

'5(3\ S f,lﬁx ->aX " =h '(g(')) _' o- S L

~

Facility with composite functions dep nds upon ability to write compli-

cated expressions as compos1tes of- s1mpler sions. Some examples and

practice exercises(are provided to help you devellop skill at doing Bhis..

’Example 8-2&., Express x'- sin ¥x as the cOmposite of simpler'functions.

& - Sinece sin /f is usually read "the sine of the square root of. x, the -
function x —*sin /x is a composite of the sine and the square root ‘functions.
If we'lét u'= g(x) =.vx *and- 3h(u%== sin u, we then have

sin vx = h(g(x)). .
e P

2/3.

Exampie 8-5b;' Express ‘X - X as the composite of two simpler func-

_tions_iﬁ'two‘ways.

2/
.The expression X . can be read as

(2) . . "the cube.rqot of the square of x"
or a :'l g
‘ (3), , "the square of the cube root of x."

n
Put _g(x) =x° =u and h(x) = 3% = v. In symbolic form (2) becomes

"(h)._ ‘ R 32/3.=h(u) h(g(X)),

while (3)bbecomes

It

’ o .. "o ' s
(5) P g(h(x)) L
_ In\other words, in this case, 1t doesn't. matter whether we square first
'and then take the cube rogt, or take the cube root and then square. Tt should
' _however, be noted that generally the order of comp051tion is 1mportant.- In
.“ the Example 8-5a we had =~ < - . g KD e

sin JF h(g(x)), where (k) =/x =u and h(d) = sin u,il
/ - N .

'Reversing the order of comp051tion, we have

- S _— 8(hKX)) = J/sin x,
“which is certainly not the same as sin e oo
v 673 -
. A ;
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‘as a composite. For eXanllple., S _
72
X /3 f(g(x)),

vhere g(x) = (x - l)l/3 and .f(x) = (x3.+“ 1)2/3, 'sincé/; '

(e = [ - 1) 2P 208,

YRR _
// - ‘_;..‘g ).

' S N h

2/3 -

It should 'be"_ébserved that there are other ways of expressing x -x .




»

: Exercises g_z - A ’

o ;»

z.-\

s - : G L.
N - 1)

‘1. Express each of ‘the following as a composite of two functions which are

polynomials, exponentials, logarithms, power, sine or cosine functions.
4 : -y

(a) x -?4{ - % o (8) x “’(232 - ex.f 1)° 1/2

"

(v) x’_—" X o o (h) x - log, (.sin'x)2
() _scbs'(x3-- W)L () xee®sX
@) x et | () x-3lmx e
- (¢) x _-i).l»og v/x2 +1 . (¥) x __)2(x+1) . T S . ' ‘
- . . B i_"' ST
) x (2 - 2)1°°‘ o R

2. Express each of the following as the composition of" three .or more simpler

functions. - , . . * s .
©(a) x - log, Iex? + .5x1 + 2] . T .
(b) -x -).-/1 + cos X e . ", l » "'.,-,‘ B .’r,q ' B
. oo . ) N ] " . ) . ,./ .- ; L
(c) x —-)cos(sin(cos x))- S SN \ /
. m)xsm+uy5_" o, L
A (e) x -1 - '(loge x) . '. C AR “ SRS
.- .. ‘ . l : N - - . -
(£) x-~—% .
. /T 1+ e2x - 1

) 3. Expréss x = |x| as a composite of the function . x - x2 "and some- other”
. N 1 ' . . c -
. _ \ function. o - __ | S .'

o

., (&) . Show that the composite of two. linear functions is ‘linear.

(b) Exhibit tki composite of two quadratic functions., What ‘s the degree

- ~ .of this'col position? _ .
L (c) ”lg; the composite of two polynomial functions A polynomiaf/unction?

' " If soy what is its degree" ' _ : C -
5. (a)y If u S xox amd f:x —-)u(u(x)) ﬁshat is f(3)? C ;

(b) Suppose u : X —al' . Find an expi‘ess_ion for. ‘f, +the function Eiefined_
by £(x) = u(u(X)) ’ ' -

Lo
oy
A

O

ERIC

Aruitoxt provided by Eic:



(e)

-
P

(b)

Y

e
..

(a) Is the, result of part (a) true i‘ori u

v o x —)loge x?

/3 a

. Expz_‘eés'the following as a

: J'_.- . x2
(a) x - g
. J-2

. | 1 t
4 (b) x> ‘e’ dt
. sin x-
. LF :
. 4 : x2 .-te'_
(o) x5 | e oat
. L 0
8.
-

O
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What is the domsin of the’

.o ‘.
L,
..
3
w
.
R
~
.
.
-
«
.
LN
——
)
kA .
.

. unxoa and vixove (a b>1) .

x

o x
— e

Show that 'couipositic')n of power functions is a co;mhutatix’re’

Is the result of part (a),true for u : x - cos x and

fs the result of part' (a) true for exp,onential'i‘unctié

and

composition of two functions -

°

perz’apidr{, :

thet is, if uw : x > x° and. v I x »x° then ulv(x)) = v(u(x)).
. » i1 4 : . ,

)

*
. .
.
. +
.
«
'
-
:
a
.
.
k.
.
’
L oA

v. 3 X 2sin x.. .



T

\. 8-6. The Chain Rule ."~ o '-

Suppose we can express f as a composite of two functions g and h
. whose derivatives are known. The derivative of’ £ can then be expressed in .
+térms of the'derivativés:of g and “h.
s N . . S . ; . .
SRR . e Ex) = (h(x)) | S
41): S TR
§r S~ | then f'(x) = g'(h(x))h'(x) " .

3 .t

-,

'This result_is usuelly known:as the_chain rule. We have used the chain

rule for particulér functions in the case for h =a linear function. "For
example, suppose ' ' ' Cr '

. . e

i R S k‘—?sih(ex +'§) :
| f(x) ECON
' where- g :u —9sin.u and h': x 2ax +b = ..'Siﬁce' g' : u —toos u and

"h' : x »a, the chaln rule (l) gives’ T

g(h(x))h'(x) R
[COS('aXJr_b)]a, ' / ..

a cos(ax + by, -

~

'f'(x) .

N

The general result for linear tutiod is as follows. Suppose

£(x) = glax + B). Let -h(x) Z~ax + b. The chain rule’ (1) gives’

it

’If'(g) g (ax + b)h' x)

- . ; L 2 ag? (ax + b)

) e . .
whiéh shows that replacement.of x by ax +Db in a general function g

multiplies ‘the derivative EX a.

A Special case of ‘the chain- rule was used.in Sectlon 6- 7 to’ dlfferentiate

a power function. . Suppose f: x-x. We can write f(x) = g(h(x)), ‘where

[y

g :u —9eu and “h 3 x f9a logé x = u. The derivatives of g ~and h are

given by ] A
o, . o R - h y - . e
K . . - - - a
“.g'. i u—oge and h' i x ae- R
hd - -
Ry | .
. . ) L o
& —
I 4
K _677 1,
- .
. "_) ~
: - Les

O
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'The chain rule gives

£1(x) = '(h(x))h'( ) = s'(a log, x)

a log x g

= e 250, g

. ‘t ‘gﬁ .
: &

a a

= X -

- X

. a-1"~

=a x .

‘Let us now prové the chain rule by generalizing the'tangent approximation 4
arguments used in'Seciion 6-7. Suppose that f ls‘related\to g and h by

_composition © - . v - e
T 1(x) = (h(X)) . ‘ - L

If 'h is.differentiable at a(.and g 1is dlfferentlable ‘at . h(a),

can write ; ' ' )

,

(2) " n{x) = n(a) + n'(a)(x - e),'lfor x close co a,

4 L . : L T .
',‘(35<~s% g(u) e s(h(a)) + g (h(a))(u -. h(a)) for u close to h(a)..

'_. . In partlcular, 1f x 1is close to a the second term of (2) is. close to

- zZero so that n(x) is close to h(a). - . S B "
We can replace u by h(x) in (3) to obtain

. g(h X)) (S g(h( )) g (h(a))(h(x) - h(a))

-which w1ll hold 1f Lx is close to a (so that h(x) » h(a)) We now use (2)
again, this time to replace /h(x) - h(a) by ht(a)(x - a) Thus, . we have

() el = gln(a) +g:(n<a))h-(a)(x-a)

’

By assumptlon f(x) g(h(x)) ‘'so we can rewrite (4) as

o £(x) mg(a) + g'(n(a))nt(a)(x - &) . ¢

then aphtract-,f(a) "and divide by, x - a " to -obtain”

N f-ilz%;g_glsl = gt(n(a))nt(a). f" T
'.‘fherefore, | 1
;9 . - llih ££§Q4EQ§LEL = g'(n(a))n*(a), .
T ‘x »a - ' 4

.

which establishes the chaln rule' .
: o f'(a) - &"(n(a))n"(a).

678
13y
O
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The Leibniz notation —l for the derivatlve prov1des a convenlent mnemonlc

_dévice for the'chain~rule. Suppose y = x)), that 1is {
>  ‘ = (u) where u ='h(x).
We can then write '(u) , h¥(x) = %% . ‘The éhaih»rule can’ then be
expressed. .
, dy _ d¥~, du s , *
dx ~ du. dx .
: ) Examgie 8-6a. Find the derivative of 'x —+4x2*+.l.
: . Put glx) = X +1l=u and h(u) = /1 _so that 5
. R : ' . . 4
IS ) .
x4 1 = nlglx)) . »
1 Lo S s
Recall that h'(u) = — and that g "(x )v= 2%. The chain rule tells us that
2 u - ‘ : ‘
- . . ’ i .. 2 - ¢ ’ )
~ _ D(vx~ + 1) = n"(al X))g (x] .
- : S _ 3
- L4 l .
* M’ 5 = : 2X<.
> ot ‘24 2 Jl
- N SN
2 oo Y ’
- Al x + 1 N L ‘:
.‘ e . A
Example 8 éb. Flnd D(e’ sin x) ; X
To express x —9es}n x as éfgombosite of functions with known derivatives,

o u
= e
so that’
: %
sin x
e * = g(n(x))
and -

h'(x) = §05‘x, “g'(u) =.eg.

The chain rule glves B .

n(e " *) (n(x))
= SMX | oos x
&
. . . 679 ¢ o ?
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. Example 8-fc. For f : x = (xF 4 x + 1)}00; find -£1(-1).
‘We could 'expand .and then differentiate. Obvviously, such a procedure would
) 100

be quite lengthy. Instead we let h(x) = . +x+1=u and glu) =u , so
that ’ : : ' '
£(x) = g(h(x)).’

~ .

We have h‘(x) =2x + 1, g‘.(u) = lOOu99, so that (by the chain rule)’

. 4 . - - : | . ¢
- , £1(x) = 1oo(x2 + x + 1)99 + (2x + 1).
Thus £'(-1) = -100.
Example 8-6d. Use the chain rule to show that 'D(logé (cos x)) = -tan x,
.fhus_, _ve_rifying integra_tion formula 12 of the Table of Integrals: .
. S gtén x dx = -log- (cos x). : o -
. . . oo e L . .
Put h(x) = u = cos x, g(u) = loge u, so that
log, (cos x) = g(h(x)),
-and hence
T - - .
D(1log, (cos x)) = g'(h(x))n?(x)
g - N (-.sin x)
n(x)
. ) _ _-sin x .
o : Ll T cos x
' = tan'x. &
E;cam l‘é 8-6e f‘ind ay. ¢ y = SRS NER .
. =Xemp-2 — dx . ' . 2y " .
- _ 1+ sin (x°) _
We let u = x2- .and Vv = i-+ sin u whence y = —r = L . >'V;Te obta‘in'
‘ » A ’ 1+ sinu v
du _ dv _ dy _ . L ve Sy Gy  dv  du ool '
ax = 2x, T = cos u, and av - v?‘ . We have ax - av | du  dx ° There (
. fore, : . ' A :

680
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E‘_i = (-l viz-) .('c.os.. u)(2x) . -
. ‘(— (1'. + sl:.n u)2) (06; u)(EX) |

B , , . : .'_ '2x cos (XE) .
N s GO

-

Example 8-6f. Analyze the graph

The -product rule gives

. -x
(5) (-2.x) = -2xe = ,
: so that
2 -
-X
e N
(6) 2
: +1)e X . X
The derivative y! wIll have the same sigrf as
-2x2+l=-2(x-—l4)(x+—:L—). \
. . V2 V2!
o The graph falls until it reaches (— i- s = e e-l/z) > then
rises - to =, — e | , then falls.
2 92 _

; To analyze convexity we fiﬁd'the second derivaf_ive..~ Apply t-'he product
* rule to (6) .to obtain : '

. . 5 ‘_x2
.y =D (-2x° + 1l)e

i}

. o, 2 L2 ,
- (-2x~ + l).D(ex) + e D(-2x= + 1).

Now use {5) and the fact that D( -2x° + 1) = lx to obtain

) 681
~

1o o

ERIC

Aruitoxt provided by Eic:



. . . é .
y" = (-2x2 + l)(}axe-x ) + e X (-x)

. 2
(kx3 - 6x)e“x . S0

The second defivative: y"

', B hx - 6x = kx(x - Jr—)(x + /rz

.has the same sign as . ' ¢

. '.-. The graph 1s convex- for Jfg <x <0 or /?;:;-xgﬁ-and cbncéve
f> for X < ¢ /rg’ or 0 <x <‘/r§ . . R o

. . L 2 e
We can show that if |x] 1is large then xe x = 0, so that the x-axis is an
asymptote. We know that |x|e” x. =0 if |x| is large. _Then noting that
s - - : L <2
=x < -1x| - if |x| >1, we have e <e
.:\." .

-|x|
b
. S x . o .
since x —e" 1s an increasing function. Therefore, we have:

2 L :
e | < |x] e Xl 20, 1r Ix| 15 lerge.

3 . - . -

. 2
. -X
y - = . R O o :
See Figure 8-6a for the graph of y = Xe _ B} SR 1'e°?/2)
i - se} V2 .

concave C convex

‘...' . . I,"
_ _ _ S . Figur
3 —%z e 3/h) _; AP

s -_J;e-i/z)
2 2 ‘

O
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1.

2.

% '\ -

-

(a') x - .~/l-‘- x° . . ~ (g)

o
b) x st . (n)
(c) x—r cos:(k3 - 3x) (.jj)
(0). x ot (

-x. ‘]_.4-'x2 ?
._.(_e)'- x - log_. Ve U | (k).

(£)" x - (2 - 32)100

Exercises-8-6

x—h(2x2-2x+l)

% —nlog (sin x)

. 2
cos” x
X ~e

b'd —h E(X+l) ?

L 4
.

'Firhd the delriva't'ives of'. each of the following by mékirig an appropriat;
'substi_tution_: )

1/2",

Find the derivatives of each of the followlng functions by making one

or more substitutions
a) X - -/l + cos X

(b) X 5Vl - (log x)

]

(e) x - sin (ex)

(f) X N ex sin xv

(g) x.- ]b.og;e {Vx cos x).

63
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(n)
(1)

(3)

(a)

(b)

" derivative.

. Verify (a) by evaluating f

. 2
X

X = ‘(
-2

'loge X +'cos X ' ’ ¢
X e : : ’

x = sin x.cos x ].'oge ¥x

X - cos® (lofge x) + sin° (logé x)

o T (x : . .
Show that if :(x) = Xﬁg n(t)at then f'(xl = h{g{xk)e' (x). . )
Deduce from ('a.) that if F(x) = S\ '

X

S then F'(x) = -2 i‘(xz).~
. x) = -2k

v

2
X

~ sin ?fdt and then calculating its
-1 : v, .

the derivatives of each of the following i‘uncti‘ons

t2/3_dt

- 1 . ' R . “«
() x->.1| . e’ at . ' 2 - .
sin x ’ oo .
. . x2 _tz
(¢) x-» | e~ dt
- J0O . : . L
(a) Find the derivative of f : x - xx', x > 0. (Hint: Wr&e
x log x . ' L :
| &oe e . . ‘ S - e
(b) What is the minimum value of - £, ‘
(_c)‘ Find tﬁe second derivative of f and show that the gfaph- of »f is
*  .convex. : R S ’ :
Determine intervals of increase'-decrease and convexity—concavi_ty.' : Then'
sketch a graph. L L » .
() £:x-—5— = x(2 - 1™ - o
. x~ %1 i s s
(b) f:'x—>el/x : a K ’
' _ . x2 - - v ‘ ‘ ,
(c) £:x-olog, ==, -1 <x<1 .
S L
M -~ s n’.
C o 442
- S esl



2

9. If £(x)
A, B, C, D

10. If g(x)

Y

o

3'.
b

tangent line to the curve at the point indicated:

‘ 2 - < | o R
- -X
y = Xe ;s X =20 : ) : \\'
) s -
Yy = -l;x,x' 1
y = sin(ﬂ - x2)3/2, x = /x ’ .
L 2 1
y =log_ (1=-x"),x=5" b
X . ¢
y:ve ,X-<"-o | \ » \
T X - A . .
y =), x=e B ;

(Ax + B)sin x + (Cx + D)cos x, _determine the value
« 8 T e :

such that for all x, f£'(x) =

e o )
(Ax-2 + Bx + C?sin x+ (Dx° + Ex + F)cos X,

x sin x. "

of qbnstaht;p///

detérminevthe'Value

2. .
X €cOs X.

of constants A; B; c, D, E, F such that for all x, g'(x) =
'%% ) is sometimes used for the valﬁe of the defivative
x=8 -

The notation-

of y ‘at, x =

= 5

as This notation is ysed in the folloWing problems.

: ’ : v o ‘dy S dy
13, Let y =sinx and x =1t + = . Find =-i- and L
‘ . t ' atl, 4 dxﬂx=l
7 | N L
14. Let y = £f(x) and x = h(t). Express %%‘ ~ in terms of, t
: e ' ' t=t '
-~ _ . Q 0
15, Let y = £(x), x =h(t), x,= h(ty)- Show that
#
- el
. éi o t—to
. - 6" dx i—x "odx o
o 0o dtl, :
4 =t
o ' t—to. .
 16. Find the follbwing:
--(?) D s;n-x|*=o-+ D Sln,x1x=n/h
(v) . D(x° + sih & sin i)‘ j .
AR R ' x25n /3

O
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a2 2 a . v
(c) a?(" .-a)x=a-' |:»dx_'D]_ T )
(4 v . . . . .
(@) D(f(a)sin x + £(x)sin a+ f(x)sin x) |x=a' R
17.. Let y = £(t), w ="g(t), t=-n(x), = =% . ( )
: o . ' dz dy dw q
(a)v Using Leibnizian notation, find In in terms of at ’ at ’ an
dx - ). B - . . . -
. (v) " Using (a) express g_; in terms of f', g%, and ht.
- : . . x:x
° o ’
b - B ‘.\
. .
. f
.o 3
.)? N -
\
s ﬁ r
<.
W T :
686
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- 8-7.. The Géneral‘PowEr and Reciprocal Rules

- .. -
The power formula (1) .gives

The power formula gives

-
<

A special casé of the- chain rule, known. as the general'powér rule, oceurs

SO freguently that it is worth discussing separately

Suppose the values of the functlon f can be expressed as .

S ) = (e

. where a is a fixed real number and 'h. is a fuﬁétion. In other words,

:f(x)_: g(h(x)),"whérgy'h‘: x = n(x) =u and g:u -,

-

CIf h is differentlable at x and if . a(h(x))a—l is defined {that is;.

differentiable at u) then the chain rule glvéé\ . -

f'(x)_= g (n(x))n* ().

. a . . i
Since - g' : u —au ,. we can write this as

W - T = () e ().

4 .

‘This is the general power rule. Using the ‘D notation it can be

expressed as

N

(2) S IR nfsalttou. ] » B

o X

For. example, suppose

that is

f(x) = (h(x))3, where ‘h : x —{siﬂ X.

£2(x) = 3(a(x))Pnr(x) R

-
bV

’ . 2. L S
¢+ =3 sin X cos x. R

- As an example of the case when "the exbonent a 1is not an integer, con-

. sider the function

o

£ix ok L= (X 1)1/2

. 687
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. » .
-4 . .. -

MG <2 - 3P+ 07 p? v 1)

‘l . ‘. | ._v%(‘x2 :+ .l')_l/g ‘., 2)& ‘ ‘ . ' ’ S /’)9.._ | ( ..

. . . -'-X'-,.

4 : ‘ o ' x2 +1

As an example of the case when a is a negattve integer, consider the
. function ' ‘
v

' -2
= (log, X)_

The power formule then gives .

n

erx) = Dl(108, )21 = -2(108, %) Dl1og, x)

n

. -1
_-2(_oge x) ;
. 2
~I ._ o . y ?(loe;e X

-
IS

The case when e = -1- is so ’mpOVtant ~hat it deserves special considera-

,’tiong Suppose the values of the func»- f can be expressed as

: (k)- S
. Zx5 SRR
L S . 4
where g 1is a funetien. We can then write )

T - ()2 ()T

N

and apply the  power formule to obtaln o -

S s - e - e Y

q.

. - la(x))2 gt ().

' (x) :. - 3

This Wl;l hold, prov1ded gl x) % 0 .and g is dlfferentlable at x.} In

words, ‘the derlvatlve of the *eceprocal of a functlon is the negative of ‘thel

/ derlvatlve of the functlon t’més the reclorocal of,thewsquare of the function
v Using D no,aulon, ‘we summarize:
oL 1 -D g(x)
RN S (Y)\ L
fa(x)1] . N
1} 0
P - ! 688
» D ) . 4 1\'\
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_ 'We shall refer to this as the reciprocdl rule. L o
‘ -For‘example,ﬂsuppeééf‘ o : N tf\\\j
r e . " o C - T
- - IR . 2
: - Cof rx —)———k——_. 6/// Sl
X+ 2 7 ‘;
The reciprocél 761e‘gives : : v - : ;
- Coe . -:b . N ' 5. . ) L
f'(X)=D( 1,_)-__%
L + 2 (e )"
_ T o2x _ )
R (x2+2) e

A differentiation formula for the secant function can be found using the
reciprocal rule. .The secant function is defined by ' '

." z ‘
~ » . \‘ .
: sec: X — . . : 9.
' B : ) ' . S
The expression 2l is not defined if cos x = 0, that is, if x is
cos. X ! :

an odd multiple of % . Thus the secant function is- defined only for those -

~
vvaluES x which are not odd multiples of %‘. The reciprocal‘rule gives the
derivative ' - o ) : v '
. . - . r : . : .. g K . ’ ' *
S0 : R » \ . o1 °‘D(féos 'x) e . E
7 “Dfsec x) = D(cos x) N : ’ T
» _ < : = © cos x -,
. . = - N 2 - T L X . s
’ . cos’ X P
. : ;) VAR . I
. ’ : -, sin x [ }
AN . . . eos X . ce
: de. . - sin ” . v o ._ .. . ]
Since tan x = ——— and sec X = this result is usually expressed as
R cos X . - cos X R -
‘ . - -. T “4
(). - . |D(sec x) = sec x tan x.
A ‘corresponding formula for the cosecant function is given in the exercises,
. ' ' S . : v 5
. "AP S5y
. ‘ v :
o . . 2 3
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- "' :
' ¥ EﬁLisfﬁ 8-7 »
‘1. Use the ppwer formula to find - the derivative of* each of the following

- N
. +

v- T :. 'Iv.;-- (a) x - /S_i?l__x- - ‘ . - (e) < _») . 1 - ) . )
vv‘ - (b) x = (l'olge %)™ :4 o R (f) £ = '+%)l"/3' . PR

(c) s = (s> + 392 . ) voeostPav o ' [ S "

o ’ . : ] . x" > ‘
- . - 2
(@) 4 2L, ) x —z(f w/t3 + 1 dt)l/
R : ‘ AN 0 ) S
5 - . . . ' e '" . ’
o 2. -Uée,the -recippocal rule to find % if )

(a) y = i 22 ".l;:q,

g(b) y=-(;..'.°.ﬂ'?)5‘ R fe) N '*‘l o

(a) 1y S ioge _xj'l

. L. . x + =
, § "..v .. . S X ‘|I
(C) y = :’)'_Ex- (f) y = (simx;+ cos 'x)ql
]_ + e - HE . -, ]
3 "Find an equation fory he tange t line to each of, the following curves et
the 1nd1cated point. : i o ‘;,»-? )
‘ - 3/2 SV . .
(a) Yy = s,1n3/ ‘(2)()_, x =2 . . ]
. : i -T . 2 o -
. (b)-y-_—-(. et-rdxt), x)O R
T 0 ' O A T
(C) ‘g : /_t 4_%1, :1‘. =-,i . o ' . |
, X7 _ . :
k. For each of the following A : .
: - i
(}.) state where defined, . N [ :V .
(1) f£fnd the intervals of nlncrease decrease, o 4_0 e B
(iii)" conv@b(rty concav:.ty, I P L -
) {iv) . asymptrotgs (if any), and, L - /

(v) sketch. ~ ; o BN .

. -

'.. . l T . “ LI . .»
SO (a) y = - . . e . .
e v . . . N " .

) R B ¥ : o - . ’ . :
S ) AR S S

%
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=
"‘\.\

s : : P 3
B S .",‘,4, .

= : }',‘*.A; ' _'m . .q

s a) x-—)-—l—,—,,-.d» ,‘x>0» a o B ,}‘,"‘j- .
M ‘fl - e oL & N
ﬂ‘?)' : . o . .

g ,i‘ y

(b) X - (x *93x) - §> 0. » |

= fa B
. o

F}nd expressigns for the derivativeséf “ P

&

ﬂ, -' (a) y secﬁzr: b L ’2

o cos ,x;? . . .
" ¢ .'(b). ‘= 'egse & .2"31—"“ T
R . » - T sinx 70 .
‘ (c) ¥y = ten x = sin,x (‘hi-na()(cos x) g
A . v cosx .. . L
. e (d) y & co1? ;:. = Tnx . o . . 3

Use the results of (2) ,' (v), (c3

(e) ‘D(tan" 3x) T : - ..
X :l"a--- 3‘ L . o ’

])-/tan 2x . . _ ¥

. (f) B

)

(é) .D(sec X) S I T ) -ty

¢

and| (d) to obtain the following:

Sketeh

(n) D(ese 3x) . P
e , ’ ) . , - : » S
) Dseclese x)] IR ' . e Y
N e / o
7. In vwhat injge;@a]:s is the sécant function increasing? convex?
'_‘its gi;gph. : L .
"(a) Find D(sec x csc x) ' n ' i r
. . : : g™
(1),  in‘terms of sec X' and. ese.x S L
(i1). in terms gf -tan x and %ot x i '
.- (i11) in terms Of @csc 2x and cot 2x :
+ (B) Find L
. - w o & . )
v (1) , D(tan x cotex) “
. (11) D(sin x ese'x) , _ o ¥
A (iii) . D(Ms x sec x)
. i e - - . . .
a (c) Bnd o ~ . . . s N
LS P S ' // RS
- (i) -.D(sin x cot ' x) L . a
(113 " Dleos x tan x) . U s
o 2 ' 4 N : »
“ : ",.‘y' PR ' Q /,/' -
R % b o T %
b < . ) ‘ :.:;J M /‘/,' &
- I - R0 7. %
. B 691 l 54, = :
. ' ST 4 A : i
PR . e '.-»"3 c . g
* < i A 20 p

O

ERIC

Aruitoxt provided by Eic:

R
’
"
-
&
'
Ry
e
¥
N
« -



ERIC

Aruitoxt provided by Eic:

10.

. Show -

(a)

(o)

(c)

(a)..

(v

that
g (k+l) . R

tan xy _ ;.. kK 2 a1
D(—m—‘) .— tan x sec X, k ;4,---1
D(l-]é. csct x) = -esc® k‘c{ot“x, k £0°

D( c:'ot2 x) = D( cscé x)

Use the product and reciproc_:al rﬁles to show that_ (-:—)' S - u

n

"(x2+1) o . B : _ '
o Sa-ay | :
3x - x/ o

v?

« .
-
\ b
B
bR 2
.-
3
. .
Lo,
¢ i .
.. o .
.. [}
[
o
N . . :
q‘ - . .
a - -
« .
o
3
u %
.
.
.
G . '
L ¥
i
s B
W
.
.
ab - .
. ! i o
;] N
> .
. g

a.

k.



‘8- 8 The Quotient Rule ' S "

By combining the product rule and the recip:ocal rule we can obtain. a rule
for differentiating quotients of functions Suppose the values of the function

£ can be expressed as

~ . 3 <

. ' (X)" . : s
f(x) = §T§T - L

where p and. g 'are functions (and, of course, q(x) £ 0). It is then _"

common to write % and call f the quotient of p ‘and q. .Since we

" can write ’
. ;L ]
- _ . s} - p(x).. 1
. szj ? ;

the functiop f 1is just the produet of - p and the reciprocai of..q. If p .
and Q are differentiable at x -and .q(x) % 0, then the product rule gives

. g . a
" . i . .

N RSO o) I
e T ("”‘(‘7 SHyoee.

1
£

. R AR .
The reciprocal rule gilves

. . ( L .;\ 5 q(x) o (X)
S, BT (g (a(0)?
so that ) :
o . - cL ‘n \ (L o ' . : ' ' .
o R f'(zt).=_p( )( 4 ))() ) 4 q(x) p'(x) . o
| | L zp(x)g! (x) cglpl(e) o
o @)? T
_This is usually written. 'in the form . .
‘(1)"- s et = 9(x)p(x) - p(X)q'(X) - :
| | e ]
and is. referred to as the guotlent rule. W1th D notatlon it can be wrltten
as : " .
(2) - o B D( ) = Q(X) DP(X) - D(X) Dq(x)
. | EW <q<x>)
. 693 ._ 154
. . | 4'$'

-
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In words, the derivative of ‘a quotien:/kS'%he denominator times the deriva-
im

tive of the numerator minus the numérator es the derivative of the denomina-

“tor, .all’ over the square of the denominator. . .
4 : : K

¢ -

Example 8-8a. Use the .quotient rule to find the derivative of the,tangent
" function and discuss its graph in the .interval - 5 <x < 5 .
The Langent'.i‘unction can be expressed -as

2 o sin x
~ . . : - tan ¢ X d2T—/—= .
i . cos X

03 . : | v

-, . This function is defined for those x for which. cos x £ 0; that is, the
i tangept function is defined only when x is not an odd multiple of % .

‘The quotient rule gives the derivative o
sin x) _ cos x D(sin x) - sin X D(cos x)

D(tan x) = D(COS =

2 .
cos X

cos x(cos x) - {sin x)(—éin ia.

2
cos X
_ cos® x + sin® x o
T 2 tar = 2 .
cos X . . cos X
Since - sec x = . this is usually expressed as .
cos X T
‘ . ' L2 s

(3) : D(tan x) -=.sec” x. . .

[}

SNEN
A

The function x - cos x 1is not.zero in the interval -

b1
< = .
iz
that o
2. e X o
sec X >0 if - 5 <x < 5

Therefore, the tangent function is an increasing tunction in the interval.~ In

fact the tangent ‘function is strictly increasing on this interval.
R ’.. ) Let us denote the uei!bnd derivative of y =tanx by y". We have

oo 'y = D(sec x)

2 sec x D(SQC"X)'-. : .

-2 sec x (sec x tan x) . ‘
g2 v ’Y
=2 sec x tan x,

_where we used the power rule and the fact that D(sec x) = sec x tan x.

. T e l69h _l 53::

O

ERIC

Aruitoxt provided by Eic:



The second derivative Tyt =2 ~,ec2 X tan X will be negative for -

- % <x <0 and positive for 0<x»x< s 5 that is, the graph of the tangent
function is concave in the left interval and convex in the rlght interval.
As x approaches. % , eos X " goes to zero while sin x approaches 1.
Thus the line givefi by x = 2— 1s an asymptote and y = tan x becomes large
as x approaches ’—;- from ‘c:he »left; that- is,
' 1im .tan x = +o , B
) . E "-“",,;‘-'»"“’-'\. L .'.;,‘»
) | X — 5 . XV
Similar. arguments»'show ‘th_at )
, lim tan x = ~o. ‘ N
. N 4 '
. . . 2
inFigureSSa. -_‘ Ly U _ T
.'.t;‘_.,‘ T .“.. . I
VRS LT | p
.;‘. P - b vja I
:" - . . Al I
o “.. »e B . .9 I
o “:'.» . :
. :;- \ /:-,_," :.ll‘ )
1
l -
| v
| «
|
| -
e I
|
|
. 1
. . d 1 -
1 Y
- 51 x :
| 2
|
- | ]
’ - -
- NI -
|
) |
A
| €.
KR
L R Figure 8-8a
- - y = tan x
,‘"695 v jogiia)
A O

Is
{
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entiated using the quotient rule. . Such & function is] dLs"'ased 'n the 'ollow-f

.ing example. _ L ‘

Example 8-8b. Discuss the graph of the functiop

the left the numerator approaches l,
nea; zero. Thus . |£(x)| becomes large and f(x):
*+1 from the left; that 1s,, £(x) approaches JJ&*

£(x) approaches 4= as x 'approachesv +1 from thét

Suppose x approaches =1 from the left
while the denominator is p051tive and apprQache

-1 from the left, f(x) approaches -w. i
To discuss the behaviSr when ’}xj
f(x) as h .

s

1 . : : e . - . BN
'ﬁ<§f If- lek is large, the expT8551on 1n the
. - llm.!rcx)v:' é”iand
.P'x--—-yév “' L

e ) :
Note thatﬂ‘f"lb contlnuous-eycept

aftl then as . x approache° 4y ithe

whlle—the—&enom1natep epproaches fa?ﬁ

E———EET———— f(a) Thi;fié.illuaﬁraa
a” - l ot L ﬁ, ,'-f S ' ‘

Py . - . . ." st .
We now determlne the 1ntérvalo of :'increase! s crease: The. quotiént

rule gives:

O
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"f'(‘x‘) = (2 - 03 + 2o1) - (3 2 - D - 1)

c Q.. ._/ o S : | (X2 R 1)2
| eR oD v ex) - (3 ® - ()
| F-f : -
I ' - . S
(x - n2 .

4 'The derivative ft is a rational function. (In fact, the derlvatlve of a

‘rational function is always a rational i‘unction ) In i‘actored form, we have.

£(x) '=X(X - /_)(X’f 7/-)
. (x-l) (x+l)

n from which we see that the Sign'of ft »lS determined by the sign of
“(x -‘@(x + Y3). We conclude" o

_ R Iy
The 'graph of T rising when X < /_ or x > /_ and
is i‘allling when' -JE <x < -1, 1 <x < 0, 0 <x <1l or
l <x < 1/- e ‘ ‘
” e

An analysis oi‘ the sign of f ftc determine convexity-concavity' is quitef_‘ Y

B

'lengthy and will be omltted. 4The graph of f is given in Figure 8-8b. *

3

3 2 3 -
f(x) = ; X -1 = X + l
| S
’ o f(iJi)v? §3f§i'+ -8k e : :
i‘(O) 1 .

697 '
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o v' Figure 8-8b
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*
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i
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| X . sin x
(a) D) ; (1) D %= tan i
N T ' & ‘
) () @ of; 2)
oM+ X ’ 1 + x
. o A - 7X log_ x
. 1,-1
(&) p(1 - 37 0 o (%) ‘
, (a) D ————7?) (2) D(eds x sec x)
b R 2 - x . X
! 1 1 ’ e - e.”
(s)u D(§ 1 x) o (m) D ( X éx) o
Co . ) . . Y ) + e .
” "(f) o ( ‘/’?'2) (n) Dl(r+ (L +dog x)] T
1+ X K ' oo €
. . .. . ’ 2 '
1 . : log x
.- D , .. .
. () (1+ ,/;) (6) p| ==
\ PR . >
i x +1 .
Y L <
(n) D{(?é - 1)‘ : )
] ’ x° + 1/ .
S, 2. Show éha%"hD(cQt'x)lf -_csc2 X.
_3; .Discuss‘the graphs of each of the following, as in Example_SaSa, b. *Sketch.-
. ' . . : . . «. .
a) oy = FEE
: ox -1 -
o a1
o ’ (b) Yy =X+l .
S '_,4:;239”"
(c) R e X
4. Pind v
. B . 47(/)4 .2 M ) i
oo (a) } . sec” xdx ‘
. - Jo - o <
- o | -
b) | N sec X tan x dx
. \
S 7 R | :
§ a o . ) -
. N 3 -" . -
\ O ~ .
699 4y .
T A 1

ERIC

Aruitoxt provided by Eic:

Evaluate:

Exercises 8-8




-

8-9. Inverse Functions S o - C N f

Let us review our discussions of Section 5 -1 and 6-1 where we”defined the:

square. root function and: found 1ts derivative. The function SR :
. , ;."g : X —’x2) x > O T i

_} is a strictly increasing function and its graph meets each horizontal lire

given by y =6, ¢ >0. Inother ‘words R L B,
< <fi' < ’ L L SaNp
s(x ). s(x ) if 02X Sx 4 ;5

and ‘each nonnegative number - c is in the range of

-function -

.

_‘a. _ \ZX-)'/—{‘ T X ’.
1s defined for each nonnegative real number c b&-~

i R E C) if - g(d) N
. that is /f is the nonnegative real number d ,ﬁuch that c. —'d2. This de- }éﬁ;
fines-a- function f ’ since for each c > 0 there is'a unigue a >0 such that

c =‘d2. This follows from the fact that g is-strictly increasing.

‘The graph of € is obtained by folding the graph of g[ over'the line

given by y = Xx; that is A m{; . .

» . (c d) “lies on the graph of- £ 1if and only £, (a,c)

T 11es on. the graph of g. (See Figure 8-9a.) . 1 .

. . .
~ v

O
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The tangent'té‘thevgraph of g at (4,

g(d) +g (d)(x -

s

L If ¢™> 0 then‘d must also be positi

given by 'y = x into the line whose e

“This is the tangent to the graph of f

“the fﬁnction_ g is defined for those

"(3) ~ ooelx) <alxy) if x and

in terﬁs”dfithe_fgnction gt x -t

'rj: o, we see that the tangent to the gr

1

- &)

c) 1s given by the equatlon

’.

2z

d) 2 + 2d(x - d).

ive and this line folds over the llne o

gquation is

at the. poiht (c, &)' Repla01ng d by
aph of £ at (c d) has the equatlon

o .' A Ve L (x - c)

2#’

This same method was uéed_to defi
. ... 7 fix-olo

"O

[

P L

ine (/ . .

and to obFain the -derivative formula

¢
' The coefficient of x isvthé derivativé of f . at c, sb that o
e : . ) . : S l [ ‘
(2) o f (c) ==, c>0.
‘ . T : 2Vc

8o % x >0

A

X ==,
X.

In this section we discuss.a geﬁgral form of'the:folding procesé. Suppose

be the entire real number line (as in
i S g : ‘

case g !X 22X, X > O), or'a line se

tinuous at each point of I and that

1
\

L

- If we fold the'graéh of g over the 1i

graph of & function f. The functlon

defined by =

.

i(c) -4 1

tHat is,' £(c) 1is deflned for' those n
that .- ¢ g(d) for some & in -I).
ber c¢ 1in the, domaln of . £" there is
(d).— c. This follows from the assum
That the dgmain of f 1is an 1nte:val

/ . . 2

. T01

‘numbers 'x- in an interval I, which may

the case - g ¢ x —>¢X), a ray (as in- the

gment. Suppose-further that é'-is con-

g 1is strictlyridcreasing; fhat isy

‘%, are in* I. and x: <.x.. *

2 00 T 1. 72

I3 oy

1ne given by =Jx, then we obtaln “the f

is calLed the inverse of g and is

£° g(d)
umbers -.¢ in'thefrange of g (meaning
This defines‘a‘fuhction since for a num-

exactly one number d in I. such that

v

-
e

1

ption (3) that g is étrictly'inb;easing.

is a consgquence.of the assumption that



.8 is continuous. In the appenaices, it will be shown that the inverse f is.'

"conxinuous ‘at each point of its domain. f'

) The graphs of f~ and g are related by the condition ,

,,'f L

"(h}f“;v‘*&: (c, d) lies ‘on the graph of f if and only if (a,c). Sy

S lies on the graph of g, f P e
B2 =

' that is,(the gréph of the inverse £ can be obtained by:folding the graph of

g over the line given by y = x..ﬁ;- R j“-;

) ] The folding process used to find the derlvative of the square root func-
M tionﬂalso works in thé general case. Suppose  f 1is the inverse of the con-
tinuous function g and that g(d) > 0 The-tangent.to,the graph of_‘g at
(d c) has “the equétion 3‘_"' L i '
. . Vv § o ' C . o e
s o s(d) gt (d)(x - d) o C
" ” ‘ ' L. T
This folds over the line given by y X 1nto the line whoseé equaticu is,
: y 2
a;:r ~ y _.d + —7(57 (x - c), -
the equation of the tangent line to the graph of the inverse £ 'at the point '
(c,d) The value f'(c) is the coefflclent of X, '
L - ';".. R f:(c) e -1 "-,',-.‘if’?.i‘ét(d)..> 0. k

: L . Y

. To obtain a" formula forf f'(c) in terms of ‘¢, we Yeplace. 4 vy f(c),
to obtain the fnverse functlon rule"'-' v Lo ;‘: o
! (5)" :r’. oL i"(c)"— flc "-’,g ,'if '_g-_!(r(c)) >0.. -

) 7;he geometrlcally intuitiVe folding process can be justified by rlgorous & ‘
'q arguments. Zn the appendlces 1t 1s shown that llmit concepts give the same o
results, that is, S ‘

- : 5, h =0 ’
) P . "1 . 1- . ,“‘ . ) . ) . ) L : . . -'- . _. . .
is indeed equal %0 =3 T A PR A

g (£(c
Definitions and*derivatives of the inverse circular functions can be- ob-
tained using this process. ) ' R S '

P

O
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The Arcsine Function, . . ‘ '. [ S

5 :
If we restrict the sine function to an interva}. in which it is strictly

increasing then the methods we have been using -can be applied to obtain an

inverse function. It is' conveﬂtional to use the interval l- 5 < X < 5 The '

function ‘g 1'x o sin x is. strictly increasing on this in erval Tts- inverse '

function £ 1is usually caﬁe“d the arcsine (or inverse sine) function, .and’ S
denoted by arcsin. The range of g s is the 1nterval -1 <lx <1l s0 that - -

. ! o v .
BRI ’ b oo '1 R
' vf x—)arcsinx ":_e,..’

.~ vis defined-for -1 <x <1, Its value at ¢, caresin ¢y i@:that‘ veal number .
.4, ‘such that ’ S PR S R ' :

_In other words, o B, U - I LT .
L - - o o W s d’a e i
(6) o o fle) = d 1f and only if lﬂl f-é- and  'sin‘d = [P HCEE

. ) | ¢ 4 - . : v ,

AR . - . ) . N . . ,..‘ a . \ <t %’;: L '.:E:lb_: .. :).ﬁ: ".
.. For example, o " . R S L : i

" o : V2 e ; N B
\ 2., sino= o, sin( TI) —g ;'sin % =1 ' "3

.| . - v ‘-‘J . . . ) ,\ . . .
B . e » '

. B - I.‘ = - /e —’ _ E1d .’ = ?L . o . -. .

”ar,csin 0 arcsin ( ) __-E ; arcsin 1=5. ,\\.,, -

»'}The graph of £ :'x = arcsin x can be. obtalned by folding the graph n,f §
- sin x over the line given by y X, ‘as shown, in Figure 8- 9b.

RN g

b’l L.

.'.(_ (d c) /’__ o i e o : : o : ‘..57:

P .

.'.‘ o .v_.' v a .' B N “ ’ .. o Fig‘lre 8 9b ' '.l . ._' ': 4‘ e

P o Ao A 18 ~ . . v ‘."' e e N .
R - C ’ t ’ A ':):.."7 703 RN “ - A ‘ ) C RN ‘-

. I o L L '
- . ) . . S i ) R . ‘)._'“ - o L ;

-3

O
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. e a,
L = . T gl . ! ’
) a:» R . .

;._ _Using the-inverse function ﬁé? 5), e "&an’ express the derivative of the . C

) .~ arcsine. functlon f in terms of the sfhe function g. We(hgve . : : e ’:-"'
. Lo - v e * "

?'(_S)'= : 1y _Ln““g (f c)) >xo-f_- e : .

In thisioa‘e g* : os‘x,' soﬁ%hat

; A o g (f(c)) cos{ar051n c) Dol o

. . S . - . . 2 . . . RS N

- anpd we have % o o R T N

. oL 1o B, o - SR

' _ N A RO . - . . O~ - ; ) R
£Hle)s eslameatne) * cos(aresin ) >.0. " -

_Referring:to'Figure 8-9b we see that . A

L

'.cos(érc;in‘c);= 1-c¢. o - - T

S &

"and hence.we have = .

. S R TP _ . Ak¥resin c .
\ _‘f'(cA) = i if'. }g} < 1;-> - o _ - \ = ' - @
. - : ) _/l B 02 . e - o .‘ o /l-__. ¢2 - o ‘-‘
. ¢ .that is, ° <= A o ' ) e
cEEE 3 ) _ S . . .. TFigure 8-9b- L . @.

2

A | plorestn %) -~ ——, 1t Txl<n} v
. . . . s L -_Xg' - S e . as-.- . |

The graph of the arCCﬂn functicn has a vertlcal tangent at x = + 1. ‘Thié
f"seems reasonable as we recall the fact that the sine functlon has a horizontal
: T . . e .- R A e
tangent at = t E . o . ) 3'. %f i ‘. ‘.- ’ . . R
\n E . ) . C - E . ..
The 1ntegratlon formula correspondlng to (7) is, o o .

-¥ arcsin X, |x| < 1.

N , S - o L a

_'{Tﬁus for_ la). % %1 and [bl <X

-~

Replacing b by t,° a »by ' 0j and u51ng the’.act that arcsin 0=0, we T
wave e e s e

.‘. ' L R A R (o o - . . -'-. o L.

O
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. The‘%irctangent Fanction r}_'-

‘v

The function g defined by

d,

betwaen

i ‘@

-

(X)

NI:\

.‘s—;én,x}
B S )

L

- % dnd = such #hat g(d) = o

2 3

The 1nvérse functlon f

: is strictly increasing and cqntinuous a,FurthErmore »the rathge of ‘g 1is the
4_entire real line, that is i£ 'e is E,ny real number, then there. is a- number

v . known as the arctangent funct),%n,/i/s(accgrdlngly deﬂined for all real numhAers

. C.

- £10).
@

&" o

‘a8 follows w5

" Graph of 'y =

R X *
. Ry »4,_ .

L 75.
s LRy :

fe) = %rcts}g

' %'@nd g ’ .,uch tharﬁ "tan d
. ‘s )
arctan X, and y =
L. PR 3 . - . .
L o . : Fi:, 2y

wrr

)
» :

E3
3

d Betuden

c is real number

c.

-

‘%“"

tan X fbﬁ’?‘e sketched in Figure 8 9c

"%

& yo\: arc tan

—— e
———
——

o~
Ll

:X'

o«
.
.,ll N

B 13
l d, el o @', AR L
- cmel N C R \_};
. o PR "X E
LN ) Flgura 82 9c o . .
: ! L ) ' & oy
: . : . : . 3 .
The inverse ‘function fomu]'_jé (5) gives . . s
- » - : Y N -
$ 7 . .». 4Q
1 -
f'(c) = ' .
* . . 7f(c)) ~ sec (arctan )’ C
N Y a < 1 Do . ) . . ._“.
* stnce D taf x = sec” x. Referrigs to FiguresB-9d,. we see ‘that
_ : o P . e e . e 4‘
-~ \." . | 705 E -
.. .

O
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N kA . . S
. . i . e v

! . B »ﬁf».. ° % . N R
L LIRS
N ; e : BRI ' :
° 4 - - -
e e ’
. S » -
- o : R
. ? . -
. )
[2] b -
AN R
® N .
. , > - .
- a I
v ‘ v
v o " } ) N . co . L ) ) - I B B
. . & D A RS W . . N . 8 d'F' . N ',
- o , S . Fleure 8-9¢ w7 : . -
. C e o s o Ny " A }
i * ’ . ) ]
N ’ . , . o s
\ - : 2 . . 2 ” S .
YL, v, . .. -sec”(arctan e) =1 +.c° . .
» N f.'»' N : . ) c. - ’ . - .
+ . - and hence . o v , Do ! , -,
- . . . o} b N - . ,
L T, [ - K = » . . .
, - EARC C o 1 : - - : . o
* “ . o ., T ¥ f'(c) =" 2 o ‘e Co | " : :
. o ca 1+ ¢ " e .
Coet el P g e e B . R . . @ .
) - -3 - L2 3 y S : : = . | -
This fraéfion is always:positive. T, summary, we have
" y \ ' v ) : L 7 14 C: N »
(1) .. » « | Dlarctan x) = - 3 .
B ot . . : - \ e \x2 2 . 16y
. I o . N 1 + . ;
b N v ' - . . ) .j . R . P . . . R - .
and the corresponding integral form <
PO S — N . oo
£, 0 o * NN A R
2 ,(12). o . — —»—"x [= arctan X. g - .
- . N 2 S T . R d
: ” 1)L fx 0 L v, .
s < o . S, K R . _ S B
: ' o . L s e . SN T o ) — 18,
bnd . v “ O R : e
.

. " U B} '
L4 - o ~ !
T . - Y N { g
. ¥ & . I
L3 . ~ .
. & .
s . . (Y
-7 “ . . w
L Y - o ‘ o
- * - .S .
. : - e < * . .
-, . :
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1. Determing the domain_and4range-and'dra@.thé graph p_bfhebfuncyiSn
> () £ i x —arcsin (inx) = ' »
(v) £ ¢ x = sin (ercsin x) ’ .
(e £ :x - gresin (cosfx),- e
(d) £ : x > cos (arcsin x) -
(e) f : x - arctan (tan x) .
'2;_-Derivé the formula
. i . - .-'l' .
: D arccos X = — ..
- o 7
_ o 1 - x
3.'.Derive each of the following formulas. .
. S : ;
(a) .D arccot’x = ;'—-1—75 _ . . . _
- . : 9
. : . L+ x,_. X - o *
> + () D arcsec x = .
IXU
Y (¢) Dercesc x = ' y
IXIw’
4. Evaluste: ’ .
e - . »
' : ‘ Gt
() D(arcsin x + arccos x) = (d) D'(arcsin-x)3j
(b) D (x2 arc.:slinFSc‘-)' .(e) D (————-)'
" 1 + arecsin X
5 :
. x _
() Dgrtans @
5, Find - lim a—a‘f‘lﬂﬁ (Hint: What is the definition of the derivative .
. = h->0.. : . ' N i
of f£(x) = arcsin " at x = 0%) oD
6. Find L if . : . e -
- dx . . . g o _
.2 @ arcsin x '
(a) y = aresin x (c) y = 7 RS
» ’ - . 5 . 1 o 3
(b) -y = erctan (3x + 2) = (@) 1y =™ aresin () .
\ ’E
) %
: an € ‘ZV }'«;’ » Rl
e s R
3 . N 3 .
, o N :
707 A& . ]
Y %i\)§§
. . . 4

O
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7. Evaluate _

_ =5 o _ . ' A,

(a) _ _1_2. dax . ‘ ' — '
Ol +x oo : )

,_'(p)fﬂ/-“%ay; i ' : s

-_; . -n /b /{—j_ZE

-

s’

‘8. Find Fr(x 1f F( ) 1is given Wy e
3 . . 3 '6 . '-
dat . ) S . o
0. l + t . . : ) - : .
3 . ' ’ ' . o . ' . e .
S : “w
—3 _—,dt : ) o : o e
O f— . - . R 1y g
. 73 " sin x ., - oy L - .-
é) 5 dt T ’ . T ~ ;
, 0 ‘. 1+t , : o _ .
) , . . .
) 9. Mhat is  lim | —=— at? _ _ Y e
" now JOL1 4+t _ _ o
10. 'Show that each of the follow1ng functions g has an inverse £ and
' " find the derivative of f. o N . '
@
. 1 - x . . oL .
(a) 8 ¢ X ‘-)l"(" %’ x > =1 “@ . c ?
L ) c o
(v) & ¢ x —>x|x| a sketch is helpful.)
~11. Show that if 1 is. the inverse of g then ftg (x)) = x for all x' in
. the domain of &g. Assuming that f aﬂd g . are differéntiable apply the :
\ e chain rule to obtain a formula for the derivative of f. &s this the same
' as the rule (5)? s . : '. J'T @ “ a e
;;nﬂ 'lé.b Suppose flf and f2 are the respective inverses of gl and 52" Let
. '8 be the function defined- by g(x) = gl(g2 x)).. - T PR
% . . - . 2
. (a) Find an expges51on for the inverse of g. . . v Lo
::_" - ] . - o
o (b)v Use this method @o-find xhe-inverse f of '35"(3X f_?)z, x2-3.
. "(c),;what is the derivative of the function ,fi'of pgr%_(ﬁj?i
oA & o oaE 5
< © ar . '-.’J
: T8 . c
‘ : - | 1 / g
K . RACACE e
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. TN ) LJ . -. .
13. Suppose f 1is the inverse of g. Put- y = g(x), x®a £y). ~Shbw. that. -~
: ! K . Ce . o o . ‘e Y )
' I v : e BT M ) Ve :
: -d_x _ - Ve i ' :
-T2 R
cly=8 . - I
(The symbol %%~ means the value of* the dérlvatlve of 5, conslaered
. B R ke : c Lw . .. .:' i
as a function of t at the point where - €_='a), Thrs is the ba51s for the
T mnemonic expression of thé diverse rule: ( )-l @ E ﬂ- ‘
. : (Y ‘ » ."‘ :
14. The notation’ of Number.l3 gives a method for flnding derlvatlves._ For -

example if y = arcsin x then x = sin y- o gﬁ@ﬁ'cés y"and hence N
> . S*. dy:-- . .
. [ : A . B

dy _ 1 1

dx cos y cos({arcsin x)

.

;USe. this method to find the derivative of

",

(a) y = arctan x . . - (¢) vy
(®) u log, x _ . \‘ : (d) oy
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~8 10. Impllc1tL1_Defined Functions.;

;‘c0mposit10ns and 1nverses of known functlons is satd to-be defined expllcitlx

4_N$ matter how compllcated the descrlptlon, if- 1t is expllCltly defined in’

7}.terms of, dlfferentlable functlons we “know how to dlfferentlate the function.~~i

tlmes we can flndgexﬁilci%;e&presgfoés representlng functlons defined
Al £ oF (2}, whu{,h ner Xhe expllcit solution 1) B

-
¥

vlS ;’QpadratchEQuatlon for tan> sy Solving, we




O

ERIC
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e alone if we

This equation determines a unique value =z for every number 'x; that is, it~

_defines a function X oz but werare unable to obtain an explicit«ekpression

for z.

It is easy to see that (3) def{nes‘ z ‘as'a .function of x. For any

) . 2 . . B L . :
.given number x, £z —ox arctan z '+ z- 'is a continuous function and(has

arbitrarily large values both positlve and negatlve Hence (by the Infer-

.mediate Value Theorem) there i$ some value z for which (3) is satisfled

since f 1is an 1ncreasing functlon that value must be unlque, and the func-

tion x -z 1is defined 1mpch1tly by relatlon (3)

For the function deflned by (1) we know that we can dlfferentlate N bu@

F.”the execution of the differentiation would be a punlshment A much more con-

venient way to £ind the derivative is to start from (2). Applying the chain

rule and other techniques of differentidtion, we obtaim . ‘
3(ten y + 2vtan2.y)2(h tan3‘y + 4 tan y)sec2_y . =

3

2 ' 2
xv 2 sin’ §2&os X —'2x sin_ x

. ,A-' B ..? -0, : - . o
L ~v . o ;- :
»,which is easily solved for ‘ . . -":' .

RS

&
"It is true that the: formula obtalned in thlS way wlll mtself be somewhat
&7

' _implic1t~'s1nce it "uill express %%q in terms of. both ‘x  and- y,~ unlike the

v “one we could have obtained by d1fferentiat1ng (1) d11ecﬁ1y, where only x .

would have appegged on. $Pe right side. e can still get a formula 1nvolving

1t *by using (1):to eliminate y, but it is clearly more
conVenient to write y. 1nstead of the compllcated express1on 1t represents.

For most purposes, we' do not need the complete&y expllclt formula for the

derivative. If we - wish to find the value '%% for a- Speclfled value of x,‘.
fcr instance, we can first compute -the correSpondrgg value (explicltly -
from (l) in this’ case, but by numerical approx1matlon in maht practical prob-
lems), and then compute Q; from the shqrter formula :

de

From (3) we obtaln no eXpllClt formula for z in the first place. But

, We can. still obtain a formula for 4z - by 1mpllc1t d1fferent1atlon ‘Thus; if

dx
z 1is & dlfferent;able functlon of X, We may apply the rules of differehtiaf

tion and obtain = - ' ::__s_;,;_h. S '(,.
- R PR L c e
2% arctan z + X ;5 —— + —— = COs X -,
- . § . T 2-dx | dx | . *
1+ z- e - 0"
or - E . . . o L T U L o o T v
] . . K W . A : A : ‘,.'_;_.» ;
& 711 - X .
N Enia
- VAL '



-

Ly - . dz _ cos x - 2x arctan 2
' | - N
S Tt L e
- 1 + z . ‘ . i

” ' . .
If We w15h to evaluate. this for 'a speciflc X, we wlll flrst have to flnd z

from (3), probably by some approximate numerlcal technlque
We empha51ze that we have not shown. that h) holds, ‘merely that if '%i

ex1sts it must have the value glven by (h) There is in fact a theorem which‘_
fapplles under rather general condltlons Lwhlch covers the present case and’
: lmost of those that arise 1n practlce) that lf an’ equation defining ‘g functlon .
:1mplic1tly can be formally differentiated and the result solved for the tier'].va-l --_'
t1ve of the functlon, then the derlvatlve of the function exists and has the |
-value found. To prove, or even prec1sely state, this theorem would take-us .
too far afield; hereafter we shall use ‘implicit dlfferentlatlon freely to solve
problems, without each time relteratlng the warnlng that the der1vat1ve has not

been proved to ex1st _
-

That we cannot solve for {he der1vat1ve at every p01nt even’ though the

..functlon is well defined is 1lluatrated by the,example

(5) o ‘:"' R T x2 u = X
which defines u Unamblguou ly for each x\ Impllclt dlfferentlataon y1elds

. : . ) .h p .24 "du .
’ S u- o+ X ) — + 2xu =.1
’h\ . .(5;‘ L dx © ?

wh1ch can’ be solved for %%‘ everywhere except where— 5u v+.x2 ~vanishes.
. ', . 13 .

’ v . oL :
Slnce.from (5) we have u=0 when -X = 0,' we cannot SOlve for %% ‘at

R x = 0. In fact, ‘u is not dliferentlable at. X = 0.

Even if a functlon is dlffexentlable at'a glven p01nt the method may- fail.

. For instance, con51der.the 1mpllc1t definition . - j“” e
L g ' a : S C : L .
R C I C . Vo v3 7 . oo T

‘As before, at- x = 0 ‘we have Vv T %%x'from the

'1mpllc1tly differentiated result

‘.' S : u 2y dv - . 2”
R oo (v o+ 3vT) o=
In th1s ,case’,. however, there is a der1vat1ve at  x - 0, and we can find it by h

wr1t1ng (6) in the equlvalent form

O
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. L TR \(.(ve-f’;i- 1)1/3 =x

. and then differentiating: ..

R av .
.. This gives: g -

o

FV

O
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Exercises”8-10 - o ' !

-

¢
)

1. For positive 'x;” if' y —vxr, where ' r is'a rational number, .say
r= E (p, q integers), then y% = XP. Aésumihg'the'existence'of the
. ")

derivative Dy,' derive the formula_ Dy-=~rkr using implicit differ- ;j_~ .

entiation and the differentiation formula o ; xp l, for integral na

2. For each of the follow1ng, fiﬂd y without solving for y asva fugc-

T tion of x.»

() 5 'y?-%vl_a"#:--”

1 . .
R WVL_(b) __2x2 - y2 +,7x. ’-)4‘ = O ' -‘ f .- N,‘ 'X‘ :
(c) y - 3X +~6y =12 - N
(d) 34y3 - EXY = ‘?'“"-- ;

i; 3. For each of the !ﬁllowing use implicit differentiation to find Iw

LwEeE
B (b') Ly + xy2:,=” x> ,
oo .o ’ A
, (c) ="y" =10 ‘(m, n~ integers). N

3

L =,hl_ Each of the following defines x as aifﬁncﬁio'”of y..ste implicit differ-’“
Lo e dx , b oL
- entiation to find < . ‘ : C N, : C : :

o) xR el

. 2 2 S : o U 75.‘. o .
(b) 2%+ 3xy + Y 'fix‘--Ey_+‘l =.0 . S .' ‘\E¢f L
. y) / = : _
. R ,
Li(e)ﬁ hx ¥ 3xy - 7y é o ‘3Af,'.v SR :‘; . _i:av’, _" ‘ ‘ %ﬁ
 .5§’ Foi’eachjequation, find the slope of the curve represented, at the stated
LT 0point‘. - . B . . o ! . - . . . . -
L - . : \ B W N o . -] . ‘ . . B .
- (a)- PN 3xy + y2 X - 2y + 1 = o‘ at‘the point (-2,1)
. v : ’
MR T ‘ R
.. (b) 5x3 + y2x2 + y3 l = 0 at the pOint (1, l) §
RIS ‘ . T R R ’
oA (c) x/xy = 6y = at “the p01nt (k, D AR e
o A ' >
“;*‘ (d) . x cos y = 3x%i 5 at.the p01nt (/2 ,HJ
AP T A . +
SN a ) B : : N
- e K SR - \
N - 7l s ' e
fp E - . ii — . SRR
R - fv:/‘ L4 s

O
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o . . : g
. 6. . For each equation, find the. slope of.the curve represented at the polnt qﬁ~..j

2

or points where X y. Give a geometric explanation for these results?&)td3

() x> - 3axy"_j+':'-'."y3'-'="o> o

U i S

n

2aky>:u

2.2
Ty () XL+ _
T Find y' by implicit'differentiatioﬁe"

a) o sin y + Elrcbsx. = 0.'. . o v‘ Y
':7; (b)~_x1605 y +y siﬁ x =.0' L ”iaa, 5‘ fﬁ_w i
() sin xy = sin x + sin y_; ' ‘ .
-i(d) 5csc(k-4_&j“£*&fl S .'h _h hf' . »‘,,3;;
‘_(€j).xtar_:-y_-ytan;_r=1-.“ AR / -
(£) 'yi-sin x =x tany 4 o .‘ . ' A
i(g)- Xy + Sln yh= 5; i )

' ;B;T'If 0<x<a, then the equation’ xl/?r+'y%/27= 51/2~ defines y asa’

- function.of -x. Assumlng the ex1stence of the derivatﬁce\\éﬂsw without'

. sol&ing for y. that f£#(x) is always negatxve. » - T

.”

. B .
. . -
n .
I '
B «
. .
.
’
“
: '
: »
- X
v e -
. .
M r/d
.
K .
- i - Wt -
-
a
.0
: L
S .
B .
- o » .
. . e
¥y - -
» .
“ . . N
‘
. N
LY
i - Y
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0 i
’ H . ‘ ~:\
. t.. ‘ n ¢ e E '“. L,
e M o MAT}{EMATICAIJ"mDUCT;ON“,‘x';'_. S
[ . B . ' : PN s . .'. ..‘\-". ‘
A3-1. The Principle of Mathematical Induction L R . .

\ . e - ) o »
N The ability 1o’ form.genefal hypotheses in the llght of & limltedJnumber e
g 'tof facts is One of the mosz important signs’ of creativeness ina mathem&tician.. o

,Equally 1m§ort t is' the: g 1llty to prove these guesses.' The best ﬂny to. show

' how to guess‘l a general principle from limited observa.tions is to«gi\re, '

~examples. KN L e . o T A
o . . . . ' & . o L. : : . ;..-. . . N o L . .' 77';. B
o ’ ' o T e e R e -
Sy Example A3-la. Consider. the sums of consecutive odd integers: "» =~ .,.
— = o R . . T
L g o . if °

. - %a' : o > »
| | R R R 0" T A
C oL 1+3+5+7= 6 . S o e
\ '. . . o R . T 1 ‘+ 3;'+ 5 + ? _"_ 92__ 25 N . . ‘
. . . : f,-,:'. S
thice that in: each case the.sum is the square of the numbe e
A Conjecture The sum of. the flrst n vodd pos1t1ve 1nte T
e : > -
¢ ,(This-is»true._ Cen you, show 1t°) . 5 _
oo - _ ) . '. ' I - N . .
,'Example-A3-lb. Cons1der the follow1ng inequalltles o _:1'.~ Cagtie
;:-t-n S 1.<.10Q;' 2.§.1oo,' 3 <100, %< 100, 5 <100, etc )
5 N }1 ’_ . . N _ . . -
75.’ Conjecture "All-posttive integers are less than lOOm' (Fglse:’Of
B . s e - o T s .. Lo
‘ COurSG ) : s ) ‘ . .. . P ' L :./
‘i“'!a - “Example A3-lc.. Cons1derkthe number of complex zeros, 1ncluding the S
gﬁ regetltlons for polynqmlals of varlous degrees._%_ o o '
.(b. _» . ] . l.( a ..:: l» . ' . ‘- - . . \‘ ' ...‘ .1-.‘ - ‘
FRE T oy ' ' ' ' 5 o ol
» ke \ . , ! :
S - st
Lo, : N . .
I . , : .
ST _l by
. N 2 \ . ‘ _'1 '/ -
R ' . TLT . e
‘a% ® - N ~ ‘ N .



"4 - L Jx .
. ‘ZerONQegréeﬁ'-go;¢ e . no’ 2exros % 0 . -
" . 'First degree: " a x +° . one zero at X = —2 . . Cod
'. e K L AR X ’- ) v .\_ L ‘. i
] ';;Seeond.degree:.'ear. . ; ;Vé;ngﬁlﬁVS_Zé?Qéjétﬂi_ .‘_‘¢N ] ,i,._'- .&fﬁ
o R R ’_T_,'" : Boe e +/-2— ) Ces
oo e B S e W .?1-‘-“?oaé S
o ) . ‘ i . e R . " X = . e [
X C : X ' L .- faat "- en.". ¢ t v -\‘ r:
R o "o P o o
] anjecture Every polynomlal of degree n has exactly /0. complex' I
P “ 3 T e el R . . |
‘izeros when regptitlons are counted (True.) $.=Q_-; : " v 2K
. -éRample A3 ld '
'-'from the ceéffi01ents in Example A3 16, @ .
: , . L ;
The zeros of a polynomlal of degree J °e§ﬁ.be Ziven el

b .f.svj Conjecture
S e @
terms of the coefflcients by a formula whlch 1nvolves only additionﬂ»subtrac-

.*,tlon \multlplication 5d1v1s10n and the extraction of roots (False ) sl
“ . ’.

' . .
. B F— B
.

except;_a;'énQrtry'to express’iﬁ.as '

. Example A3-le le. ‘Take any even number
the sum of as few. primes as posslb? ..«f. ,:‘ e T : L. s
T AR 'h"-. fi '8 =w3 +.5,_ 10=.5 +5, s ;: .
- 's \~ . .,".’"‘ ': 2 c)- +,7 "lh: 7 +‘7, et¢. o < S

.n.mf.-j; ConJecture ) Every even nymber but 2 can be expressed as the sutn. of

(As yet, no one has been able to proVe or, dlsprove thls conjec-

“.two prlmes

‘ - ture ) S ~”b"m?4ﬂ . '¢.‘, | ST g: e e
S v ] ' o . . o . o : - . K o I
E R "Common to all these examples 1sathe fact that we are trying to assertv e

v somethlng about all the members o: = sequenoe of thlngs the” se@uence of odd

v _ 1ntegers, ﬁhe seqquce of posltlve 1ntegers the sequence of degrees of poly- .
. {'-nomlals, the seouence “of" eVen numbers greater bhan 2 The sequential char-A.*-;
2 »acter of " the problems naturalLy leads\to the idea of sequentla; proof. 4 If we... f;?
know somethlng 1s.true forﬂthe flrsf few members of the sequence, can we use © ¢ L
. o that resultato prove its tru%h for the next member pf the sequence’ Having '?.’
;f 'VIQ“done that ‘can ve. now carry the proof on to one more member’ Can we rbpeat
thé process wnde;;nrtelyﬂ ' ;‘ ' L. . v,' l } '/_' v e
. . Let us try the 1dea of §equent1al proofson Example A3 lg Sup%ose we know
: };.t, that for the rlrst T, oddmjnﬁegens 1, 3¢15¥d.. ,. 2k‘-_1i - g ;?i, ;
. . K e . ) . Y L - . -’(r:: L _.‘.« B . l"’// _’ . . -. B .‘l .’__ .
(1) 1+ f+§;jxa-1)sﬁ/ e
LA % MRS (N .'."“ ' K ';,’2 o / - S
v : ) v . - . . D e
= vy o T ‘ ' "
L ) v e T e
% : R 4 %,
. B . .I_ e -
-;;' S L C,'/‘ s R
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* can we prove that upon addlng the next hlgher odd number (2k + l) we obtain &

'D-the secorfd dlSCg' we then transfer the s ecogd gisc and cover w1th the f1rst

" *the next hlgher square ) we have at once by - add1ng 2k + l on both,. -

's1des,r

14 3 +"-5 + +'"(2k '_;_'_i)]_ .’:(ék‘_+ 1) = ¥% & (2x {/.'1) - (x + 1’)2

is clear that if the conjecture of Example A3-la is true,. at any stage then it

:.e at the next stage Since it is true fer the first stage it must ve

o' the secong\stage therefore true for the th1rd stage, hence. the .
et ‘. AN
; the flfth - and so on forever . ST . - _—
N2 , ‘ . 53
5% . » ) 3

'th{,Ex ple A3 lf In many good toy shops there is a puzzle which corsists of
;three pegs and a se.. of graduated dlSCS as deplcted rn Figure A3-Ia. -The problem
posed is to transfer the plle of dlSCS from one peg to another unﬁer the,
'follow1ng rules ] o _ ) .

1. Only one disc at a time may be transferred from one peg to- another ,

‘ 2: No disc may ever be_placed over a smaller dlsc

B

r - B .
&
o T T ey N
é‘? ) S I - N T \\l
- T . . . ) :
AL Y
: <o
, : . N ]
. e /
2 . . . L4 v
C .V'; )
= ,,r« - J 2 {:.
o . -
Figure Ag-la T -‘_ ,Q

0
<

'Two:ouestions'arise naturally Is it possf%ie to execute the task underv
~.‘.

the stated restrlctlo s” If v is posslbl " How many: moves does 1t take to o

¥

If it .ere -not™for the: 1dea of sequentlal»
o N, ’
proof one mlght have dlffloulxy in attacklnp these qucstlonu g X
I3 ° o ‘3.‘

Ifh e haNe to. transfe o) dlscs; ‘we transfer one, leav1ng a peg- free for'

D T . T .

1 ' ’ : ) o :
As- 1t is, we“observe :(:Z;;ﬁere is no problem din transferrlng one dlSCkliﬁ-v
[ A .. 9 . ’

)
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y o o T e e

If we have to transfer three discs, we transfer'the top two, aS'abov%

7 ThlS leaves a peg for the thlr? dtsc to’ which it is then moved and the flgft

"2,

two discs are then~transferred to ‘cover the third d1sc . )

The" pat;ern has now: emerged If we . know how to- cransfer k dlscs,'we

]
can transfer k # 1, in the follow1ng way.’ Flrst we transfer k dis .

leav1ng the . (k ¥ 1)-th disc free to move, to a new: peg, e move the (k + l)

-+ spdYse and then transfer the'. k dlsc agaln to. cover it. We see then that. 1t

is posslble to move any number of graduated discs from one pegqto another w1th—
our violating the rufes (l) and (2), since knowing how to move . one ‘disc, we’,’

‘e‘which tells us hoy to transfer two, and then howlto transfer three,

To determine/\ﬁe smallest number of moves it takes to transfer a pile of
dlso! zﬁ)serve that no d.lsc can be moved unless all the dis es above 1t¢have K
been transferred 1eaving a ‘free .peg to whizh 1o move it. 'Let us designate by-
mk .the minimum number of * moves needed to' transfer "k discs: To move the '
(k¢+ l)—th disc, we first“need mk moves to transler the dlSCo above it to
andther peg. After that we~@an transfer the (k +, l) th disc to the free peg.

To move “the N g ¥F 2) th d1sc (or'to conclude the game 1f the - (k + 1)- th ‘disc

' is last). we.must now cover thé (k + ll-th disc. with' the preceQanL k- d1sc§9{

thls transfer of the k dlscs cannot. be agcompl:shed in less than mk~. moves.
" We see then that the mlnlmum number'of moves for k + l dlscs\as

.
1
LI

. . ..‘ : ’ o -. ;,_..'.-, o N ., B T . .
. . o . . ) N ) T = 2 + l . . LN, ., . . . B
.'_ . @\“ ' - 1 / . .. ‘m]’{‘l'l m]{ - .. : © - m . '— . .

Thlqp;s a recurs1ve expression for the mlnrmum nunber of move,, that is,

*_/ 1f the m1n1mum is:known for- a certain number of af scs, we can calculate the

-~

m1n1mum for one more dlsc In thls way, ve havé deflned thc mlnlmum number ' of
sequentlal moves: by, addxng one. disc we lncrease tho necessary number o’ moves

to one more than twice tHe precedlng number It tane'_one ‘moye .to move one . .

IR

dlsc, therefore it tekes three movquto move two dlucs,‘and 5O on. .. s
E Let us meke a llttle teble- (Tablse A3 1@) e oo b
- : ~. ' BN
. . o ~a, & . % .
- . &l '}_, . } s ’
e -~ - o - . a
i . R .
' :l:. " .
¢ ‘ ~ \
‘ N L o,
. i “ L
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w2373 63 | 127 - T
N R

'k = number of discs

3

. o m, = minimum number of moves

.

Upon addlng a dlSC we roughly double the num@er of moves This leads us. -

to ¢éompare the number of moves with the powers of two 1, 2 L, 8 16
32 6h 128; cess ,and we guess that mk =‘2k = 1. If this is true for ;

some value k, we can easily se¢e that it.must be true for the next, for we

have ’ S AR L _ v
- . ' . o . -; ‘
- mk-f-l :\2”&( 4+ 1 - . L.
Lo - . "y ' .-
" 2 22 - 1) +3 )
k o : '
: S o
- 2k+l _ i,- / . .
and this is the value of o .1, for' k\+‘1 We,kn W that thé formula

for m . is valld when k = 1, but now we can prove 1n sequence that 1t }s i

.

true for 2, 3,'4, and so'op.

Accordlng to pers1stent rumor, there is a ‘puzzle of this klné 1n a most\*

holy monastery hldden deeﬁ in the.Hlmalayas. The puzzle conslsts of - Gh

dlSCS of pure beaten gold and the pegs. are diamond needles The story relates'

that the game of transferrlng the dlSC° has been played night and day by? the.

-

mdnks since the beglnnlng of the world and has yet to be concluded. It also

has "been sa1d that whe: . 6h4 discs are completely transferred» "the world

will come £0 an end

: oldv give or take a blﬂa op r two, . Assumlng that the monks move one disc
every second and plav in’ ﬁhe mlnlmum number of moves, is %here any cause for
* panic? (Cf; Ball;‘Wﬁw_;, Mathematlcal Recreations. ﬁ%w York $hpmlllan Co ;

194T5\p- 1303 ££.) ¢ e

v

]
E@The pr1n01ple s

T Pr1n01ple of Mathem al Iﬂduction) Let ;A be a seduenbe

l’ 3’ MR

'.,of assertlons, and. 1et H. he'the hypothes1s that’ all of these are true. The '

T
.

'8
.

{ hypothe51s H wlll be‘accepted as proved.lf e

1. ‘There- is a- gem%ral proof to show that if any assertlon Ak 1s true,
“ then the ﬁbxt assertlon. .Ak+l‘ 1.: drue; . : -

O

ERIC
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The hys1c1st say the earth is about four bllllon years B

quenfiai'proof" siated_ekplicitly; is this, (First. i




S . -

then we need only carry out the’chaln of th proof
plete proof. If the assertlons contlnue in sequence«endlessly, as in Examplé
1, then we cannot possibly verify directly every 11nk in thevchain of prbof

It is Just for this reason--ln effect that we can handle an 1nfmn1te chaln of
proof without specifically examining every llnk--that the concept of sequentlal
proof becomes so valuable; It is, in. fact at the Meart oﬁ'the loglcal devel-

opment of mathematlcs . '°ﬁ a
' : A ..3_

' Through ‘an unfortunate assoclatlon of concepts thls metho@ of sequentlal
proof has been named 'mathematical induction.™ Induction, in, rts commion @
Engllsh sense, is the guess1n of §eneral proposltlons from E’number of \ . )
observed facts. This is th way one arrives at. assertiong to prove "Mathe-
.. matlcal induction is actually a method of dﬁduction or proof and not a proce--

dure of guess1ng, although to use it ®e- ord;narlly}

must have some guess to ¥
test. This.usage has been in the language for a 1ong t1me, ahd@&e wouﬂ& gain
noth1ng by changing it now. let us keep. 1t then, adﬁ remember that mat&&matl-

‘ cal usage is spec1al and ofrten does not &esemﬂie in -any res@ect the usage oi‘p

common Fnglish. ; ' R "”'lf . P
. _ . o e, ' e e
In'Example A3-la, above, the.asserfion Qn is - .8 _ “%
. . . . . [N
: ). o L - U g - L '
, * .7 1+ 3+5+ ..-.f‘(2n-.1)=,n'. onE d
~ - o . ) - 4

K

We proved flrst that 1¥§.Ak is true- @that is, lfﬂthe sqp of the flrst‘ k

t the sum of the first k+1
od% numbers is - (k. +c1) Second, we obfen that . is t ':J'l = 1°.

i

5, s odd numbers is. k ) then_ Ak+l‘ is true,
3 S

These two steps complete theeproof 8.

Mathematlcal 1ndust10n 1s a method ofvprovangﬁﬁ hypothes1s about. a list
or sequence of assertions.: Unfortunately it d8esn't tell us how io make the’
hypothes1s in the flrst place In the example Just conSkdered 1t was easy. to
guess from -a few spec1f1c 1nstances thatqthe sum of the flrst n odd numbers A
problem (Example A3-1g) may not be so obv1ous St '

. o~

,Consider the sum of_the squares of the firs&, n posytivé .

T = . ..
integers,'' | : - _ . -

"
.

- Q

. We find'that when n = 1, the_sum is 1; when; n.='2, .the sum is

L
-

.
L

’ P}
. .

- l’ 'q ‘:?22 . . \; i . . - ..

It
¢
P

O
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- » . e

n =3, the sum is 1h; and so on.  Let us make a.table of thé)first few

values (Table A3.-1b). o k e Lo - !f ’ S TZ

p & . ) S | | Lo :rable"A3a.-1b,_,\ o . | . ‘. | , ",- . |
oo sum“ 1._| 5| 1L |'3b‘_55'l91‘-1ho 20k , "J'_
S a0 SN - “ RS g;ﬁ/’

Though some mathematlc:.a.ns might be 1mmediately able to see @&’ i‘or'
'bhat will glve us"'the ‘sum, )must cf us would have to admit tha the s1tuat‘

is obscure. We mist look around: i‘or some trick to help us disopver the pat

. tern whl.ch is su.rely there; what we de will therei‘ore be a persona.l indlvid
ual matter. it .1s a m:Lstake to -think that only one\ap roach is possible. ) '

o

! Sometimes experlence is a usJi‘ul gulde. Do we

g, form an arlthmetlc progre551on 1

. _ difference »:Ls ‘also 1; . the sum,
. » e .
,-'n .
‘ ‘ . i - _2.
L

Sb ‘we have

These two formulas have one

" . , 1. Y. 71 o A
£ npomials ip n. Might not the fo --*i a we want here also be a polynomiﬂ.? It e

seems’ unlikely that a qua.dratlc pqr omle.l could do the job. iﬁthis more -'-"".-1:

. c;r%llcated ‘problem, but how about one oi‘ hlgher degree" 'sgtry a cub:Lc. %
. assume that there is a- i‘ormula, ’ ' R ’ ,a :
e ¥

) ' o - s s e
] . ,2‘\'.', - 2. A

. P '2'*,+_<..: +'{}. .;=- R

! - :“‘:} . . -

: ..-"" v * 723
.'._é‘ ” " ' - . 4.
o i . ’ e

O
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where a, b c, ,and d are numbers yeﬁ to be determined Substituting

te

=,:,(.k,+ 1 K w3) + G D1
;% (kr D0 )k 3),

P

'Moreover Al,‘ whlch states 'T - : . . .

g jfi N

::u; - = 4
is ﬁrue, and A ._1s t@erefore trie for each pooltlve 1nteger 'n.!

‘hﬂ .
l‘There is another. formulatlon of the: pr1n01ple of mathematlcal 1nduct10n '

.This form dhvolves the assumptlon in th sequen—

which is extremely useful.
rather than. just

tial ‘step that every assertlon up to a certaln point is true

v 3 oo .
. . s . . ‘

N
5'
i N 724 - . %
Ze ' 1
! i . l o=
R ~ ,
_ ) " 5

k(}'{ ;--1)(2}; + l.). (1@1)2 & =/'

ax

and h successively iﬁ this formule ‘we get ’f_f B
. 3 -'. 3 ~"’ '-.-. "t “" .
' Y ' i e
He oty
- ‘ ¥
et 7%:
S o
- . B . € k3
i , .
e &
.’.' L ", .o
B C s & '
. _“ t "
. .
. &
. &
e REA
: ¥oan e
R w.'a
S
- LIRS )
e
L} . .".
- N ¥ v
Dhart
L.,
SR
DT i
B 'r.‘(
L
I
o
v [
/

a ° -“

‘and thls last pquatlon 19 JUS't Ak+l" which 1s theaﬁi‘ore i;rue 1i‘ Ak 1qtrue. -

- lg_{% (fl.-)_(é),(3),_.‘. L ?
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- ﬁhe tr,ﬁ%ménﬁ of,many problems which would be quite difficult to
e, l .

dﬁrectly onrghe bas1s of the first principle Such problems usually

contains a

is ‘that if 'k .is in S, then 8

. . .
_ The assertlon Al is that, if S contains 1, then.it
. contains & least number. This is certainly true, ﬁ}nce 1 is_tne smallest

nahuralanumber and so 1s smaller than . ahy other member of ‘S.

a(— o K

;g@ib' ° Sequential Step We assume 'An is true for all natural numbers up.to .
@ﬁx and4inc&ud1ng k. Now let S be alég} containing k + 1. There are to '

N

_' ﬁfossibilities

P =l ‘3S contains a natural number p less than %k + l In that case 'p is

. " less than or equal to ' k. It follows that S contains a least element. |
. ..r s A a. . ot .
"2.. S contains no natural number less than k + 1. In that case k+ 1 is, - ¢
.‘c;r .. least.’ " - : N - . ‘ i
o . : L - =
© This example is valuable because it is a_ third principle of mathematical
'_induction equivalent to the other two, although. not ax obvious one to be sure. .
' An amueing example of a. proof" by this principle is given by Beckenbach in -

" the American Mathematical Monthly, Vol » 523 l9h5

.

725 i T

3¢ . B ” 185 L
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, THEOREM. Every-natural number is interesting. ; o
".: . - ) . . . ) : - . . - }.“

~

e Argumént ' COnSider the set S of all uninteresting ‘natural numbers

This set contains a least element “What an 1nteresting number, the,. smallest

.

in the set bf uninteresting numbers ?SO'YS- contains an interesting' umber”
. . : : . ol
after all. (Contradiction )

. o , : T,
.The trouble with this proof“ of course is that we have ngi?efinitioﬁ*of‘

- "interesting ;ione man's intefest is another man's boredom. £3F~-'
;

One of the most imoortant uses of,mathematicai induction is-in &Qaipition
by’ recuruion, that is in gefining a sequence of things ds- followS'-“a‘defini-
tion is given. for the initial obJect of the sequence andfa rule is supplied

so-that 'if any term 'is known the rule prov1des a definition fothhe succeeding

-~ v L4
one.
x 1 s ’ Lo . o
wFor example, 4we ‘could have defined a" # 0) recursively in the
© <following way: . - '
: . ‘ Y
cis -0 L. " T !
. Initial Step: a =1 " : T
Sequential Step: a}f+l': a-. at (k=0,1,33;...)"

Here is another useful definition by recurs10n “let - n' denote the

product of the first n positive integers “We ‘can define n! recursively
4 : .

" as foiiOWs:,v" S R -’“ﬁg;;>'. o 4
P

i
.

Iritial Step: 1! =1

-, Sequential Step: .(k + 1)! = (k,+_l)(k!) (k = 1,2, 3, .ee) 7

Such def;nitions are convenient in proof by mathematicaioinduction

Here is-an example which 1nvolves the two definitions we have Just® given

¢
N

V
Example A3 11, For all positive. integral values n, 2n L < n: The

~

‘ oroof by mathematical induction is direct We have the follow1ng sters.

e
. Ll ) *e ‘
| Tnitial Step; PX-1<1r a1 L - i \
—_— = , . o
' 5 v. . B . )
RO Sequential Stép: - Assuming that the ‘us sertion is true at*qgikyth step,

“:we seek to'prove it for the “(k o+ l)Jth step By deﬁigition
- | I . ’

- < . & I ”
iy . T - B
I - c ® (k + 1%@ P + l (k! ) : R - -
. . ) 4 - o N . - ‘"' co ) ‘
T R I R : SRS SR
D From the:hypothesis, ki >2 T , and eonsequently,h . - v
L . _-,.(. . 2 . . ‘f<.':.,.:. L . > /—
) .. o N , & :;.: °‘. - L N
° . Tk + )= ‘(k F1)(k!) > (ke 1)t >'2 . ot _2}‘;;",
] > ‘ ,O‘, . lo ‘ y ! K Y . . \ . ¥ Y ’ .
’..u . ) DR . - . . 726 ﬁ '.' ; RN o “ -
: vy ' N T l:’f) ) Lo . S A (':';‘?. ) M S e
. ' : I | ,
- b4 ‘e om ] o -
o . . oy * ;l&.. c R .

O
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““gince k, 5 1 (k is a positlve integer) We conclude that (k + Nt >2

-cdutlon For a complete proof’by mathematical 1nductlon it is 1mportant to-

»

‘The proof is complete. ' } s o T Y
) ' ﬁ_ ) ' ' e ‘ _
Before ‘we conclude these remarks’on'mathematical inductipn, a word of

3

‘_tion.prlnciple being used. There are many examples of mathematlcal 1nductlon

gone haywire because one of tkese steps fails. Here are two examples..
, :

L e '-‘. i SN
Example A?-Bj, :f ;Jfg N .":1-, T
mAssertion X All natural numbers are even.
ettty < mo
) &4 P
Argument .For the proof we utlllze the second prlnclple of mathematlcal

.«
J A

. induction and take for Ak the ,assertion that all”natural numbers less than

or, equal to K are even , Now cons1der,the natural number k +1, Let i
be any’ natural number w1th i < k *- The number J 'such that 1 + J=k +71
can easily e shown to be a natural number with J < k. But'if i <k and

“J < k,. both i and j “are even, and hence k + 1 = i.+ j, the sum of two
- N . o . -

-eveninumbers,wand.must 1tself_be,even!

Find the hole in this argumer
Example A3 1k.
Assertion: All girls are the same g - - . , -

‘ *Argument Given'girls deslgnated by a and b,, let a = Db mean that
a and b are theUsame. Conolder any set Sl containing just one girl.

Clearly, if a and b denote girls in S, -then ‘a'= b. Now suppose it is

true for .any ‘set of k glrls that they are all the same. Iet S be a set,

-~ k+1l N
containing k_f 1 glrls g1 g PR gk, gk+l By hypothes}s the %k
girls, g, 8o +ovs gk’ are all the same, but’ by the same\argument 'sQ are
the % girls P g3, ety B By 1 It follows that gl =8y = ee- % ﬁ .
=g = gk+l We conclude that all glrls of a ‘set containing any positive Y
1ntegral number of them are the oame Slnre there 'is only a posltlve 1ntegral

(f

" number of glrls in the whole world, the assertlon is proved

'+ Find the flaw in th

- “.
’ .

we are not’ trylng to express an overly blase attltude about glrls ﬁﬂie
original of this- example (attributed to the fefous " logician Tarski) had It
that all positiv ntegers are the same; howeVer, 1on't 1t more 1nterest1ng
“to write about g rls? o o R RN ‘ o

: r’

e

' e

-

o

%L



ST ' R 'Exercises A3-l

T 1. .Prove by ma.thematical inductlon ‘that 1 + 2 + 3 + o +n= % n(n *® l)

2. . By mati:atical :fnduction prove the i‘a.miliar result, giving the sum of

an er:t etic progress:.on to ", terms ) -
' . . L e ) : , S '
. :f "oet (a + d){% (a + 2d) # ...+ (a4 (n-1)a) = % [2a + (n - ;)d].f

3. By mathematical induct:.on prove the fa.miliar result, glv:mg the sum oi‘ a -

7,-\\52?ma;ric progression £o' n terms el o T
n_l)
s i

;e + ar + ar2 :h_.'..‘+ af“’l = a(r
- ’ ' : - . . . . .
" Prove the following four statements by mathematical i'riduction.l

h ".12"" 32+52.:+ ve. ¥ (‘2n— 1225%—(hn3 - n) » . ‘ v' ‘

5. en<.2®. | | A o . :
6. "If p >-1, then, ‘i‘or‘ every positive inteéer’;',n, (1 + )" > L4 mp. oy
| 7."1-+ 2.-2+3 2%+ i 4 2l o1 4 (n:1)e? .

.

"Prove the i‘ollowlng by the second pr1n01ple of mathemat:.cal 1nductlon ' e':'-'

8 ."'For all natural numpers n; the number‘, n + 1 either is a prime ‘or can.

“be i‘actored into pr:Lmes. L o : S

A R B v; .. N [ . . N
9. For each natural number n greater than one, let U' be & re'al number

) _mtb the property that i‘or at least one palr of natura.l numbers P, g
'“w1th P ta=m0,0, =U F U e vf!r -
we dei‘lne -QU..‘L = a where a ‘is sorne given real nurpber.
~‘.Prove that U = na for all n. -y

% o

By ,10..‘ Attempt to prove 8 e.nd 9 from the flrst principle to see what dlfflcl(zltles
8 a 2
. arise. o . “

"In the néxt three problems, first dJ.SCOVeI‘ a formula i‘Or the sum, and then v

prove, by mathematlcal 1nductlon that you are’ correct.

‘“—'?‘%Q": - _ o

, qat i o , L f ®
11, T—l—é 2% +'_—E+'v"‘+nn»il S : : & )
B | ~ :
N ! . - . [
| ( o . 4 \
.- . : : B ; ’ . , »
7 'L'La) "o% : . 728’ L L . ;
: - R ST
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. =y 3. 3 3 : . . )
12, 17+ 2 + 37 + ... +n (Hlnt Comp e the "sums you get here wlth

‘'

Examples A3 la and A3 lg in the’ text or, alternatively,‘assume that the

o requlred result is a polynomlal of- ‘degree L, ) - ,l:; o
13, 1-2+42.3%3. + i+ n{n + 1), (Hint-' Compare this wifh
. ... Example A3-1g in the text,j S L S '

" 14, * Prove for all bosifive,intégers .

) QDO+ DO+ D, @+ B - (s 1P
+ v . n . . .
N . ne. - I
15. Prove that (). + x)(l + x2)(l +,xh) vl (1 2 ) = };i—%—gé— . i

N 2 . . . ' -
' . . . ‘ ’ M

16. Prove that.. n(n2 + 5) '1s divisiblegby 6 for all integral n.

L . . - X
17 v
T m . three non-concurrent llnés of’ whlch no two are parallel :separate the
'plane into seven parts. .Determlne the number of parts 1nt0°whlch th
) plene is separated by . n straight lines of whlch no three meet 1n a
WEﬁ * 'single common p01nt and no two are parallél then- prove your result
Can’ you obtaln a more general result when parallellSm 1s permltted7
,:'f”If concurrence is permltted7 If both are permltted7
© 8. Conﬁlder the sequence of fractlons - éﬁ ] .
. X ha.\ ‘u ' “ ‘:l N . p . L. u
. o 1 3 1L n /
v S L2 5 IE T g 0t |
™ : . v 4 . [ X - . . e
‘ . where each fraction is cbtained from the preceding by the rule
i ;"fn = Ppa1 +‘2qn-l . ’
-~ : ' _
% o B T qn = pn—l+ qn-l' N ) ; 'it .

» - A , [ ) Y

C - ! : o P
Show that for m syfficiently large, the difference between EE' aﬁ&

. ‘ - N n.
',ﬁ.q J2 can be made as small as desired. . Show also that the'approximation

v S lto, /§' 1s 1mproved at each 'successive otage of the sequence and that
. the error alternates in 51gn. ‘Prove also that P, 'vand q, are relap -
g ) ) - . R
o Je tively prine, that is, “the fraction —E_ is in_loweét terms. e
y St - ‘. T ) S tn * o » )
- s o0 v ' < :
‘t B . J
. . A B ]
- b W ¥ N
.\\“ v

O
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 ‘ 19. Iet p ‘be. any p’dijrnom;tél of degree m Let ',q(il) ' denote.the ‘sun

/ .

(1) .

ProVe that there 1s ‘a polynomial q. of degree m’+ l satisfying (1)

a(n) = pu) + 5(2) + p(3) + e '_p(n).u

v

. 20.4 Iet g%e functlon f(n) be defined recursively as’ follows - d
K > . .

Inltial Step f(l) = '1. . <

y . . v
- ,Sequential Stepﬁ £(n + l) f(n) o T
o T L 33 'é7 :
Ih particﬁlar, we have £(3) = 37 =37, etc.
ST S : L.
Simil&rly, g(n) vlS deflned by o L ~y
. /

Initial Step' g(l) e S : :
. : . . . : , . 9 .
Sequential Step e(n + l) (n) - 4 . , ' _ A

F;nd the minimum vq@ge m. for each n such that f(m) > g(n).

o ST R ; ' n _ < E\n
“2l. Prove.for all natural numbers n,- that Kl f /) (1- /5)
L ' : : 2t A
is an ipteger.é (Hint: Try to express sx -y . in terms of .
. nt1 nel p-2  n-2 PR - .
» o ox -y O, x -y 5, e;c.) i o R L
. . ' AT o .
~ _ oo e
o . ;é. -
— T K“ ) . ¢ !
o .
* X I ' s _— ) .
. o . . / H j , v
. . ' -
[ , ’ :
:\ 2 -
. , . . d: s : .
,. ‘o ¥ .

. . e CAM . . »
- : {fjﬁf oy B v
C. ‘f o »
- et
’ . E . : . 3
- o e e ¥ . . v .
; . ; . w s b LAt A . .
' . - 3 ! ‘ . A e
S cea e : . o . &
. . PR L IS ‘L
R SN L e ” ’y .
/ ;9 'l & ] \ :
- [ ( ¥ % RN g Cifh *
. > e AL
~ o ” . q ¢
. 5 .
T o 730 . )
. i M
B . “ 4
1 . o 0
o . » - ¥ ."
B ) -
B LI re '[» ‘ .
-3 C . . B
3 ‘& o L R > . . » . o 1, 3
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h3-2, Sums a.nd.xﬂl\lotatlon SR S , e

(1) SmnNotation'! e S

/ " In the preceding section ve made frequent usé of - extended sums -in which T
the terms exhibit a repetitive structure For example ’ gonsider the gum '

- @ . L.

it out. In this notatlon the sum (l)_ls wrltten o ‘ /—'/ o
: . . ._1 N . - i E PR

@(1) A ;.1'4 1#}‘2' -3 +‘3-v1.'5‘_+'.... * n(2n - 1)_’.

R ¢ . ‘n 4 A ¢ ~
ta . N - , X - ‘. . E N ' - e
L 2o (e - 1). C T S
' L, k=1 - . . : ) " . TR N
‘ . . ' -~ . e T . ) i ST A .. ) - ]
.Thls symbol mea.ns, "the sum of! all terms of 'the for k(2k - l) .whe\& k, oo .:_-:- ST

'ta.kes on the 1nteger values i‘rom 1. to n 1nclus:.ve. The Greek capltal . 5«;‘_

e (s:.gma.) corresponds to .the Roman "S" a.rfd is intended- o .,uggest “the ¥ Jord.
.. S , . - . . . i

' 1 . ' : E e ) .
7_'sum ' I . . - #_,. . , 7\.}
| The. notatlon can be used moreogenerally tio express the sum oi‘ :A.ny quantl- ' Y
t1es ’ék where k- ta.ke:p on COI‘oeCUthG 1ntegra.1 Va.]ues, wev 'ﬁay begln w:Lth *‘_.:_',;
" ,a.ny 1nteger m a.nd end mth any 1ntege1’ n: -where n > m 'phas - '
o -7 J -
i o o Z ¢ * ¢m+lv + ¢m+2 Foeee ¥ ¢ L SR
(Note the trivial Aspecial ca.'se,' n=m a "SUm" of ofe térmi . ¢}( =g
. - o . - L . = . ke K e
L = ‘c’ . ‘\ o

) Exa.mple A3 2a. < Ii‘ each of the regions‘ Rk 11-1;1(1) is a .reété'.ﬁglé with
1.he1ght hk and w:.dth w,_, .the‘sum of .the area's, may we .written EEREE et L

k . . - . . -
e S T N : - o -’ e s I : ?
v P . g N .
7 ‘ . = ' . . P o 4
- ”wlh_l'*: woh, # w3h3 + o +‘wnhn ‘_El w}’hk R

.- = .7 Here are othexr typi’c&l"éxampléé: . K S A
Soon L 3 : : L e N /. '

k 0l a2 3 )
, Z = + + _— +' , -
L l+k2' 1+0 1+1 1»iu.1+9 v . B
; k=0 v [ i o .
. . G )
. . : e
+ .
e - 1 2 3 .
; - =0+ =+ =+=" :
> 2 5 10 g . k
~ - . . A N ' s
) ) ; :"-6- , 5 .
-, “ '} 5 oyt o ’ ~ . .
! ‘. ce .6 .
. ] v, B ‘ Y .‘ Fe R
, ! 3 ° o - . .. , . N =
M . * ~ o <’
. e s _ ' . o .
» , . E 3 W r ‘.‘ <
e ' o v t °
1 . -
, Do 73 R @
- 191‘ BE N
. _ Lo s N
3 St . &
LI ' ‘9" o ’ v

O
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; . o 2
4 . . \ .
S ° > - .-- ’-.
J +6+7+8 X ot \ o ’
d . - .-

.-

‘
I, : P ’ " : s j=l . ; .A' ' . g Lo ¢ . S ., P .
Il - AP B . " L . L . - ~ .
‘no greater than mg - : Cow ST
4 T . . L . ) - ’ L

| (E & f(x) '.'? 81 1.( ‘) + aéfz(x) + ree F ré'nfn(x)" S S “

NS . . L. - f -

R T E-.c.x-:c +C.X+Cc X +L.8+0Cx . : IR
- Lt i . o . l . 2 . i '. . [y ) \ . X .

'8

--2b.s1 A s:.mp,levbut 1mpo.’r'%ant sum is Z 'c,- where, 6 is,a” ..o ¢

Lo s “ ok s
con.,ta.nt th&.t ‘is, 4 quan‘ﬁlty 1ndependent of the 1ndex J - of summation. . The »
n- ¢ . ST . o -

o ioo e ‘..t., T .\ - T . . - . . PRGNS

5 1s tbe sum Qf n term@,.é’ach of 'which is c, it therefore’

- J l r«‘ — . - Lo . -, " : . R r. ' I . 2 . .;;'. "-_
Jha’g the valu,e "nc» R IR .' ) ' AL n : RN
%%b ) In a.ny summatl’on the values of the terms a?ld the total a.re not a.ffected L
. by the, choz.ce of ;the 1ndex letter, thus ’ S ’ R

., .l? b P y - : E e KIS -

LA

. i R
‘Summatlon is a llnear process, the proof is- 1e £ as the flrst excerc1seq e
-'. . N . Co%es s " . e

SO
o Jbelow T e T . IR )

- . - : ./ - -
’
i - . . 4 !
e . . i 3
[P % e 4 . e B .\
B A - o O« . -
0 o - . . " -t
o L - « - . - ¢
: N R . <
. R . - *
. ; ° . i *
R - ;' - S
o - v J "
N - oo . . . / N
. R n , LT ‘-
o o > “ . [N . .
e .. . . Y e " @,
s . $ .ona . s
+ . - ° . . .
RS . K - a ;.b
° E Lér : . .
. . . .. ’
o L. e & -
- + : - & .- .
RO . .
o - *- i .ol 3
¢ L R oo . ‘
- o ‘ P A
. - . ‘
N o
e ' - . 4 ~ .




v

Lo '.)E'bcerciées'};A3-'2é B
c - ) - : : . .

n

E (ocf +ﬁg)—oc i‘+BE ’
“k k .
© k=l : v kel k-é‘ :

,'g

i’g _' Wite gach\Qf 4theCNJ.owing s{ums in expanded i‘orm and eva.luate 4.

(a>§:2k R fi(m- 2 m-, 2

. k=1 - N . s L.
(b) J Cpee e ) (e) 2 . v :

v'- . - h! o
(C) E (r 4T - 12) NN - ey
' r=-1D .. r=0 -
"3,.._ Ilﬂch of the fellowing"'statements are true and which a.re false? ‘Justii‘yl
. 5 o . . S

d DY

ur conclusions '

. ~~ .
P
-
S
o
=
=
0
o
(63}
-

~~
o .
S
P
no
=
~~
~—~

=

1

=]
g

+

-
N

1

. -* ‘ , k=3 .
() I @ =g+ Y (-7 » S
k=1‘_'\_( =2 , -
g 10 10 5 ’ . \
wxE(n) - - ,
. m=1 i_' T m=] P &
- 10. ° ",10
L4 ~ - Q - é* " ‘-—L \ ®
< (8) Z x =¥) «k \ >
m=1 o m=1 . —
Lo .v ‘,«« . "-
L. : .’]'. , : ( - i
~ ; ~ - : 733 1"}‘3
. . . . ! R *
c . n - .



S Zm-n -n Zi(i-l)(n-i)

. .
: (b). _n'=.1; e S ' k o # ‘ .
h (e.)'.-_ ne8 . l. - | / . -
..”5.1 Subdivide‘the ietefval tO i] into. n . ;l parts. In eacq'sub-.

interval obtain upper and lower bounds for x2, Using sigma notation ;'.
use these upper ahd lower bounds to obtaln expresslons for upper and
" lower estlmates of the area under the curve g = kz [o 1]-: Lo

you can evaluate these sums wlthout eadlng elsewhere do so .

6. (a) 'erte out the sum of the- flrst 7 terms of an arithmetic prognessior
. . e .
wlth flrst term- a and'common dlfference‘-d. Express tﬁeasame sum

in 51gma notation. . o R

.’

(v) In 51gma notation,, write the expres51on for the sum of the- first n,

terms of a geometrlc progression with first term’ a and common,

. : . .

ratio e 4 el o . ~
. . - / . . ; .
. 7{:'(e);'Conslder a function f deflned by et P
R OF 2 ’{ SICE ) - N5 ¢ w}.
. v (T
e ’ ’
" Find fn) f"/ Fl 2, ...,5 : s
. : y” ‘ :
s (v) Give an’ example of a functlon g (simllar tO'f%at in (a)).such that
- - : . .
S : . f £ . B L :
e o n)'= n = l 2 vaey 104, - ) o .
B ,..g() . ) ;‘ b “. .
: ,‘;.'g(lo +1—)veo ek ) T .
&.,- S ) S, . . .lfl.i ..
T 4

O
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o o . ,H_e‘: » Li J_f' '  : Q/ ' .
8. WrIte each of the following sums in expaz;d%form % eva.luate. Joy

. .\’.
N

(a.) Z{Z r.)} L

n—l r~1 P

(b) Z{Z rn 1)}2" '{ T | ‘A?_ '_ -

n= r=1
l‘ L. N .‘. ‘_ﬁ'

/" . The do\ble sum E E 3) is a shorthand’ no‘ta‘tlon for
i b 120 J=0 T R R
e o et o ' ) (o

S E {F(_i,'o)_ FF(L,1) oo+ FfA

L 1=0 -0 L yoL .
. R

i B
: R N b )
. . ” - o

or .‘ s L
" F(0,0) +F(0,1) + .\, +-F(0,n)
. .+ F(1,0) iF(1,1) # el F(I?n)
: — : e .0 - .
, . ‘e fi;L < . .
i +'F(m 0) '#F(m,l)"f e * F(m',n)z'.
TR

/Inpa.rticular E E%'.'=lo1+1-2+l'./g+
©d=1 =1 .1 . TR
- Evaluatey \ : A L

’

1131

‘. o . ’x\ . e . —
- . L . \
in terms of .the -sum functlon

“1f §(n) = E'-f(i)‘, deternthe f(m)
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.
e

I ) /. .

e M e a1 S BrEg

o/ = ¥’ T SRy

ny: .- n
-('13 -_—‘(n S - S X T
‘.“ . - . . . ) '
(c) Establlsh the Blnomla.l Theoren C - b -
. a . Ed

%f" Y) 2 ;( ) n-z: * '=_);<n Xy 4 +"nx'yn"l + y‘n',' N - '

’ 1‘. \ -.._ L ,[; ‘
) éf _-nc O, 1, 2_, ceey by ma..hema,ical induc..ion. R . o

".18' »

AL Us ng- she 'Bmomia.l("”heorem, g ‘ve the expansiOns for the f‘ol}ywing: R

a’-'.,. : T

(a) (X+y) A -.'\.'_' o (,c\) (2X-3y)3 3 O

.- '/ .o . . .
;, ©) ‘*(f y53 Ci, (ax (:3 ey)5 L e
15' Eva.lua*‘e\ the follow ng sums.' ~ f o Co e

) . S, . ’) Y *‘-"0 - ) . R . . v ...\_ : “
ST ) (“) - ¢ ) RIS m ( 7) = § ;<-->r ( .?A. T T e

' -~ . e .
] . . ) . h °

O
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6.. Sum- 2, r(“> byms%mng 2 ;r< )= Z:( - r)( ) and !
usine 15(a) A e . _' :
1.:(,.‘»4 Ii‘ ‘P (x) denotes 8 po],ynomial oi‘ degree n' such that P (x) 2 ’
'for x-O 1,2,...,n 1A - P(h+1) oo g
e . - ~ L4 B . e [N ' hd
Yo, . PRI g . ) . -_-,_ . . L . T
S ' v . .00 0 R
(ii) Sumrﬂation [ " R R T * ‘,c
Exercises Aa-l, No. 10 illustf‘a.tes a particularly uséi‘ul surnx{la.tlon tedh- '
nique, i, e., representa.tlon ‘as 8 telescoping sum. It was poss:.ble to wri'tef
N R R S e
1-+ 1, N 10
Z“ka-l) 2—1 3.2 .3 T T000 ~ 999 7 -
< k-—2 o ; ‘ = i : ' - . ) .'_ W" ..
in 'hhe Torm S ’ . . . . \ . o . RN , s, .
1000, " o T -
: s 5 11 L
+(5-3) + 0
; ; ‘ P+ -3 (_8 999) (555 - 1000)
. =2 - . ) N . NI i R . .
Ea.ch qua.ntity,subtracted in oke parenthes:.s 1s added foack in the’ next, s¢ ‘that

t.wo numbers, etC. F:L‘!!ally, the entire su.mmat'lon telescopes (ogolla ses)'
}g cond

in‘to, -8 ‘sum oi‘ two Z(llmbers--th flrst nu “in. t}:fe I‘lrs{; ‘term

numbe& in the lggt term. .

5 bollfilly, a telescoplng sum ha.s t}L_,i‘orm o

o’ w "‘ /‘h\" '*.\ o
(1r). T _. i‘(k) - i‘(k -‘1) f n) - i‘(m - 1) LT

4,; k"mg P ) . ,jg- .. o
!n ’bhe a.bov‘e exgmpl/efp we' Pave ‘ m = 2“, b= 1000, B angd '.'f(k)"-_Q "'-f.}% .‘Ep“:gzm;;};the" o
. 1 999, D T SR
sum telescopes teg i‘(lOOO) - i‘(l) = .- Toos & W= 1006 % - . e i :

.

We npw use (l) to establlsh a short dictlonary oi‘ suuuns;tiorr i‘orn!ula.e by

.cbnsiderlng .dii‘i‘erent functions f(k).’ Also, ve let/ m = 1 withou‘b 1055 of L
generplity. ‘Iet f(k)'=k, then .- o

oo R n - - . n

N L b

U O S © k=l

» v ' v, “ oo
RN r S e . /

- , , '. ‘ ¢ ) :

ow ot
SR I 1

O
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N N ) ) : . . . . . - .,
- w o . . h

'I'his fgsu_t is nothing ne\\‘. ﬁow let fr-(k) ; kz,.‘- ‘bb
< : ’ n

L M} im_ S s S

el el RRL R . r<= _ b
‘\"or, equiva.lentl , SN -‘ AR b°.'-- g R
: .. . . A . , X AP .. .

LN

st E}”"jﬁ = —l-,_n(n + l) ‘ .,v
3. ‘o . - D B

. L e T . . . o
. '&‘ r . ‘ . ; k_l - " s ‘,‘ N - \

G

- X3) . : o

¥

P4

. BY linee.rly comb1ning~ (2) and (3), we obtai,n‘fhe sum of b gereral. arithmetic
- ; . . .
: pro ssion- ' _ ) ~ - " " S
E : A A ) oo
(a.k -P"b) 3{9_(%—1—)} + bn. - " L ' , . .
P o
. . \.‘ & . . : o : . T
ob

r,a.i_n.'the sunm E k'2., we let  £(k)» =‘k3 . Then, '

‘v :r . ] k=1 ' ., ) s (,~ .,‘ .~
| ‘" " n v ) .
IR —2{k3- (k-l)3}=2(3k2+3k+1),= w,

. ‘k_J. ' k=1 L. A

4. 32 --3Zk+21 \

2
Usmg (2) and (3), we: obtam L v?. o 1‘, N ’: ._ .’d

e

.« . ~

ST e_i{"B minr 17\ oo r D(ene )
. Zk"ar’,,' -y S S
RPN Tkl e : T T '

. . T

‘ -/We now can establlsh i1 sequentgal method of. obtaming sums) oM the form
;0
3

\

l

ol E P(k) whose terms a_ne va.lues P(k) cof a polynomial function. Becawse a
Lo k.- . : ’j\ i » L. S ' ! ' . v oo
' -.-polynomlaﬂ is a lméa.r comblnation of_:powers, gnd sumlﬁatlon zs g l“.i.nea.r proees
: ?

o ~

R ?‘ ] . - . .'
-t is’ %’uffic:.ent ‘bo glze a sequentla.l mei.hod for E k y T a nonnegative
v ,_'.'.'f" { B4 Y] N . L X t T - B
o s .- . k—l \

L:‘.’H%&fer. ,‘)' | - . g . . o -‘ . .‘ ) i ".‘.

, - N
' ghoosi.\ng- £(k) = krﬁl in .sufmnatlon, formula (l) glves us(
W ._ ' . e » Ve ’.) " . . - '-' :

;;..'_‘ o \:\\\ . n r TR o
‘-‘.“ ’ ] ’ v.. ) B . {kr+l _ (k _ l)r+l} - r.'*; . - . : :“ : <o .
L. .. N .'.,»' > ‘., L . T - =<

Iy . . _"a

* i . . . . '
Us;l.ng\ the Binomia.} '{heorem, weqobtain (o e . ..\‘_,_ .

* I N . = ” /‘ “ . Toaw ! . .

._." ﬂ\f‘;_ \_.kr-k‘l-_ (}_i;'-‘l)r +1 - (I‘ g l)k +«P(k) ,#I, o

- ST s 738 1 * ,/. . \\l o

: . e - * ‘ 2 Ve 4
. g / 4{ ’e g - . >
L ) ) : -.-"F - 98 ‘ o ‘4 \; * )

O

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

ca s .. . LMy
. . .;j MR ) S ,
S » LR . o n

wherf P(k) is a.'polynomia.\l\of degz:ee. r / 1. Thus, the sum E-“ ' ~can

' . k=L . PR
'g,ed in terms 'Efq,sﬁmﬁ of lower degree.} Sipce we a.'l.rea.fiy have hé sum-

for r ..,.0. 1 ‘and 2 -we can repeat ﬂe meﬁod ‘gequ.entiallcy to\obtain the:

v

‘sum for any I. (compa.re with‘hcerciseseA3 1 No. 19) 4 ’

- We can enla.rge our summa.tion ta.ble by choos,lng other functiona.l forms/:

f(k)’- c-& »l‘sin(ak b) By (1), R SR B

- -
-

(5)\ EZ{ 1n(a.k +, b) - 51n( (k : 1‘9:,_13)‘: §J;.n(z;n.'<+’b) - sin.b,;

Using the identity ' - - : : b_, e

. . ' .. . ) .

in Equagion (5), we obtair
. . . 2 PR 8. " sin =

6y - - cos(ak + b - —2-), =,_‘c.os(b + =

IV S 2 ' ' ;

el

If" b =\9.;.)(‘6)‘reaucés do . - _~ ' , .
o S .y _‘1. s . . :
AN ' SRR S S P n-sin%n-
(7) . . oo -Z; cos ak = cos «a# 5) 5 .
?\) . / Y k:_l"f"" [ - 4 sin 3 .
.If' » ="-Z-' + g, (6) reduces to ¢ e = 1 _
o . e . o

K ’ S A L . S S ' S
(8 . T E sin ak = sin(b + -5—) . S
- ’.‘- ’ E o , k\_ 1 " - . - P

\ . . - . . Tevy . . . .
o L . -t Y |

By choosing other functlons f(k), we cah enlarge our ligtsof Summation. -

b

formila€. . We lea.ve this for e;cercises. : ' : B PR
e - ..~'~ . * e h . ~ ! ' ..‘
PR . . . L o
e e R . : T . . . .
: L. "L tT . . - f. “< ..
. . o : 3 ®
. g
| . s ! ". .
4 N \ : -~
. " \'

J 'f. . 190 , :

B R P 139 TV ,



.

(',. . ,- 0 Exercises A3-2b

1. rite the following sums in telescoping form, ice. T in the f\h

& E{u(k) - u(k - l)} a.nd evaluate | . - o ] . .

_5 (;.)Zk(k+ N -.'. E ..Alv,(e.)_ E‘k} - _/_;__‘ - | ;..
' kel T B kel S ' g
Ih : . ~ *

SEOD I e _.ZT+.1)(k D) W/

k=1 : k=1

n Yo Y

| R |

EERRNCED PE-TC e (&) Dk K R
S o A . .
\f\ (a) Zk(k P2 T () S
oo k=1 k=1

2 . . v
¢

Using E {u(k) - u k - l } w(n) - u(O), és'té.blish a short dictionary

of summatlon formulae, by considering the followmg functions -us

(gt (e kd)(& + (ks l)d) .(a + (ko p,)d> -

(v) The reciprocal of (a).

X

. . . - . E *. L D
o (dl)u' r .. | oL - o - .'.f.' RS
'-.:(é)'; kT o o . .
(1) _gi:n'k .
S 3. 'éi.mPiify=."" R R . f ‘ ( . )

sin'x +-sin 3x + ... * sin {(2n - 139" ’.. .
COs; X t COS 3X + ~.. -+ COS en - 104" - o
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4+

"4, Another m&tﬁod for summing z P(k) (P ,a polynomia].) can be obtained by

. ‘us,ing a spec;a..L,c.ase of problem’ 29._, i.e., e

Z{“‘ * 1“““*‘ - *’ Lo e D (0 2 D= 2) e (- )
(n * l)(p)(n - 1) .'(n -+ 1) Y ‘».. St

(Or Z‘k(.{-l) (k-r+l) n+l) n& ). (n - r+;)7..

r+l ~

-~ . - . N T '
T First, we snOw how to represent any poly'lomal P(k) oi‘ rt'h degreé'gfh-,'\-,_\
RN tHe: form - . ; o . JRTIERNU . ‘ o,

ek(x-1) . ak(k-l) .. (kizel)

R ST T eI - ‘ s . ; i
(1) ?(k') = ._a.o f.alk + 5T +‘,._..'+ — > o — .
If k = O, then 'ao P(0); if k % i, then & = P(1) - P(0); ir':

“K = 2, than 8, = P(2) - 2P(1) + P(O)..' In general, it can be shown that

(1) "-am_:»P(.m)'- (T;)‘::‘('rg_i - 1) ¥ (R - 2) 2 1)‘“? ,\
’ m=:0, 1.,"...,. r. : ' ) . -~ .

R o .1 . . . . o :
* Since,both sides of (1) are polynomials of degree. r ,and/(i)‘ is satisfied

< for ~m =0, 1; .5, ry, it must be an .identity. - N l e .
' A A R .
Now ‘sum - E P(k). ST . o .
’ o . - o | L
5. Using Pro‘b l& i‘md the i‘ollowmg sums . . '
. o : Y ,' T . _
o Z‘/ > T
L (&) N . R
) . . k-—-l .. s o l\’ o ‘ . T J' .
-4, .

“ -4
N i e
6; (a) Est%blish Equation (ii)of Number k. ° = i Lt
“(p) Show that 8’ 'is zero for m>r. : < \
R y 1 S DN 2 o
~ R : _
. A ! ~ ‘ ! ¢
. . E PR . . Rt
. [4 ¢ - ' . 2{)1 ',
I . IR ) .
. - LT . "
L -

O
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L Coe o S Appendix 4 .
L T FURT@R TECHNIQUES OF INTEGRA;‘ION
Ah 1. Substitutions of Qircular Functions\ - R .
T . . .

Although it is not alﬁays1possible to- integrate a given functiOn in 5.
terms of eIementary functions there are important broad classes bf explicltly :
integrable functions. All povers and hence, clearly, all poly@omiais are

T explicitly integrable.. It is not so cleyr but i¥'is true that all rational
functiens aré explicitly integrable (see Section Ab-3). It foliows that all -
integrals which can be transformed by substitu fon into intbgrals of rational
flmctions are, explicitly integrable. ' In this ;&tion ve; h[é“
integral of any rational combination of X and JQTET,\fwhere S

show that ‘an

f v Q( )-— AX' +.Bx + C o _
' ‘e "‘f\{ ¢

: can be transformed into an. integral of a rational comb ation of ¢ircular -
functions, and ‘further that an integral of a ratioﬁtl combination of circular

ational function.

,’ N

.
e,

functions can. be transformed into an integral of a

We shguld consider the substitution of a cirdhlar function whenever an ,g’

1 ] -

integrand is a combination of/ X and one of the expressions °¢a2

S r
JQ + x ) %; a s (a > O) suggestive qf‘the Pythagorean expression for
one of the sides of &. i ght triangle in terms of Lhe other two. " s ¢

. - . . ) B N
. be - ' ‘ I .
L S . S

SR fEiample‘Ah-la;f'Conider .

-

-

T ' A ' . . .
S T T Y : R ' o g
K - . B _\ o ) E ; g " '-"‘;t,:\ I’:i = 5 8/2 _ax iy '.. ' B ) N '., N -_ , n

. - L ;: Y- man - ‘
A Lo ;’lj R ¥ P ara x o . N
* We,utilize the Substitdtion, . T R
: pP ) B . 'g{ ,
- : ) ® - - S .
‘ ; x =.8 , (-3.20<%), »~
K - ¢ - ‘} - K 'v\ h
X . v . ' ) ‘ : \ . ‘. - .l.
(qu ﬁ‘mmh-la ) Observing that for x = » 0 =2 we obtain by the .
T substitutién rule, _ . R . # _
' R L TR L R
1 T . £ n N .
T -I_S-,::L&S%,a (T aeen.n :
. .. o ‘_. a _lC'OSR\':.V' ‘ 0 . ]
- ) » - 2 R ¢ -
= d ’ - 743 . ' IR 4 Q
o . . - 2{) ‘.)
. [ & . . <
‘ t .,* ~ ~

O
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. / R . LR . C
. . . 4 .
o A - . 4
SN . o o
. [ . -
. 1
- .
. . .) S, . ’
* o / .
. - ‘ - . T -
. i R .
.. . . :
i . co S
~ - - .

. .'F.isli?‘e'Ah-‘ia
Example Alslb, For the integrel . :

. . . : - ' L -
.‘?, - . \ . t ———é—7"'+a)3 5

. '»_’ ‘we employ tb(e.substitution (see Flgure Ah 1b)

. x = a tan 8 (
. dx = —5=— a0
7 cos” 8
R
. .' ’ c / ) ’
o - Thus. wve obtain .
-
; A - L
o . &_Scos3 Z d6=—:L2- cos 6 d8 - é
AR , a cos” 8 v a. ;
\ .\ - sin Z] Y C o= . X - o
- -2 Yy’ 2 /3 5
v o a - Ja  + X ~
- . ,
Examp le Al-lc The integration ‘
S . o I=S 1 éx
, .~ . - - 2‘_‘ ‘ '
. ' xes'x2 -a

ERIC
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. is performed with the aid of the substitution (see Figure Ak-1c) '
“ o ; P o . ' Ly ’ C. B 3 _' T - . o ~
B ‘ v; ' SR : |
. - cos- 0 ’ {
o . 3.
’ : ax = a sin 6 a8
. 2 ’ -
Jx~ - & : o cos 6 ° -
' > . e
s - . . 2 s - !
P . t.e ., Yx -8 ='a tan. 0 B v
e . . o . S . 3 . , N
: ‘ A Y. , } . . o . .
' a. ’ { *.
LT [ < . . - '\ ‘
Figure Ak-lc : .
L4 . . . . .
. We have~ . : oL ’ ) :

. /g sin 0 o I
atan@/\ cos9 de,"..'il . o .

‘J
Van
g

o
no.
L
f ™
(0]
SN

=-l—‘cos6d6 _§_i;n_e_+c'=._x_2-_'§_. o

- =T F Y ES
. ‘ : St T D -t - a x- : .
. ' P ‘ v o ’ .. . ’ : , ' »
! )’ »  ExampleAkl-14.- Gonsider the’ 1ntegra_1 (S .' . . .
- : 1 -y ' . - )
v . . I ’ . ° - . Y “ o
. ' o
/— ’ . v . ~ . ‘ _.
. . e ’ L
Using the substltution of Ebcample Ah lc we obtain ) , :
; ' Y D .. . - \ v . - -
- R Lo 1 - a sin © - 1l . o Y
o e I ‘.ga tan'e( 2 ')'de_jcosede : '
: : ‘_ . - - ~ \ cos 6 . . .

To complete the job- algebraic trickery is needed (the, object'iire of the . ~

manipulations will be clearer after Scc* ion A'4 3 on decompositions into kﬂ .

partial fractions) "We have . S : R o S
. \ ! K T 4 i \\ (g . L k4 Lo
" . Py _ Lo . C
i LR 1. - cos 8 - _"cos 8 _ co 6 [ 1 R S ] e

Y A = - . = : '
. ,. eos 6 c052€ 1 - sin26 ..2 l - sin ] ,l + sin 6.v _
. e . - , o ) “v, e,
. . T . .", 4 E
With this much g8 hint we' leave the 1ntegratien as an exercise ) L
’ ’ o ' . Co . 0 B Coe

. Here ta-ke O.<"6<§ for "x >0, and <6 <=n for x <00 - *

- . . L
v

. Th5.
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LRI S R . .
TEEORm Ah 1a. An ’.ntegral of any: rational combi,nation of %_and 3 xy - .
T where S e e S . é : '
N al w o, . e N N N ) . \’ ‘ o
'., ' N N ' : . L] o = 2 \ N .. ®
A (-1). ',/_-.- R Q(x) AxS + Bx +C N C (A ,é o)
'v " can be transformed LY e supstitution x = £(8), /Mhere"f is a circular .
< e function, :Lnto an 1ntegra.‘l. “of a rational combination of sin 6 and N
B “cos 9. e Lo . - v ,,‘ .
z S - Cog :
L7 oo . T ! ' “ e s .

e ’Proof. We are,concerned with integrals of the form PR

_-(2)-.;‘____. ."-c.' ’ \-»:[‘¢(x’m)dx R | ‘

.

R . "_ p .
(R twhere ¢' 1s & n&tica;ml expressibn and Q(x) 1s given 'by (l) .Fon the™proof

R we first ma.ke a preld:minp.ry 1inear transformatipn to replace x), by one of *
. the sta.ndard forms of Examples Ah -la, b, c. by < A " v ,
. .~ __We' ?cd;npl%t_g’a the’ si;ua.re“ to.gbtain : B b
oo o - _ . 2. . :

. (N o~ .

e 3 e *)‘A( *‘) +(‘§%)]’

. e LT '? r “hA . @
.- . S . - d . S . - -

-

'_..  . . Al g% ' - Voo .
‘" We set 'a = ¢ _ B p B , ¢ =17|A], and Mu b ‘in {3), and=——m7m
‘Y |A 14-2, 2A ; ;

1A - .
: . <s/ep\ar/atészﬁe problem into three cases. _ : . o “_- o .- o

.':." . ..Case..-(-j:i. .: N '.'. . .

' -. If A< O and _AC- - F <d we Flave oo ;
) N . i A T . - . .
. et Y . . JQZXS ch. - u o B \5
.. 4 Since dx _-du,, the substitution« Xx=u- b yields R
EEECR L gy, e P
. - Now, empIGying the substitutlon u =g sin 8 of Example Ah la, ve transform
‘ -.'the inteégral into the form - . ' ’
: - . * . . A . ) . . . o
E : S ='a“ a si ‘6 -b 6,6 = ntt®
- (5) o j¢( 1:1 oo » ¢ a cos e) cos € 146 i jrcsin — -
e _ .Since ¢ involves only rationa.l opénations, ,we have esta.blished the theorem
)7 in this case._ L o _ S
: . .>" " PERE . 714,6 205 R N
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. as in Exa.mple Akflb confirms the theorem forthi% case.

;',, o &\\ S N - .

" ag in Exa_mple&kh-lc, yields the,desirdd result.

(ll) . ' . x =2 arctan t'

. M ~ .

Ca-se‘fii!. '.' \ a . . h v - .

. . ot 3y . ;
Lo H A > 0 and g < 0 the q\ubstitution '
- T ’ 1Y\
. S . x+b= u=atanj,

Case (111). ~ R

s

. n

1 A >0 f % %‘ >0, tl}e substitution
. Kby P N

» . - . R S

' 2

o
. »
LA . .
“w
. A -»
-
.
L ,-’ P
{ - P
«
he o
‘.
4 .
o .
'la ‘
.
.
-
*
.
- ’\
.
() ’ -

r1'.‘he integral (2) can be also transformed into an- integral oi‘ a rational '

combination of - sinh 't and cosh t by an appropriate transformation x = £(t)

wh&re £ is a hyperbolic i‘unction. The p@i‘ is left as an exercise.

N S

',_TE Ah lb. An integral of a rational combinatio

b . . h ..
I Iﬂkgin x, J)S' x)dx )

where \l! is a rational express\on. e bbserve thﬁ sin x and :COS X L are

ration_a% expressions in t = ten E'; namely.,

. 2 . .-
e : ‘.‘..2[(
(9) . e . sin x = —2% 5 COS X i t2 .
o 3 14t . ¢ l+t
. Fuithermore, . -
(10) T T ' d(2 grctan 1) = 22dt
- L l+t :

14 ! v
' . :

: Consequently we may’ transfom the integral (8) into the

function by. employing ‘the substitution

.

. :" . o ' '. - 7&7 : .

f.

p%

cos X» can be transi‘ormed into an integral of 'a rational function

sin 'x .and
[
/7
o
. "
4
i

e

ntegral of a rational‘



O
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o R CL o o
* . thus, entéring (9))and (10) 1n (B-/) we obtein the in

tegral in the form .

.2

K . A L Ce .' - 2 he . s_ ) .
T . e L+t 1+t /l+t, o .

A .

. . .
.. . - 1 . L PR

. - S . ) Ly : e . !
Theoregls 1‘0,-3a'a,nd 10731}29 not necessdrily point thg way to the simplest

L. - - DA 3 - -
‘method ‘of integration for a fynction of one of "Eﬁe types considered here; they

S -.s_imP%Windi';Q:atef.a 1ine of approach which is sure to work but may Yead to -~ 2
. . . : . d . N .

. . h . » . . - . . -
©§; emormoug complication. ,Of ters some s_pscial deYice leads to the solutjon far

e mbré'.'é_imply' and dii'eét‘lj. : ST s ' " - . S
v B ;. . . - R ) ‘ . ) - ; . “ " . S . . .
T . ."-_\k. oLt S ‘ . RN .,’A.'
e . - - Exercises Al-1 . - N
. [ . ’ - '

"1, Integrate the following functions, the ’numbers a .. and b veing powltivé.‘
: .

. e ‘- s -« ¥
oy 1/a.2 -"'x2 S ‘ -
(8) v 2 ) 2 .
. 0%
(v) =2 L
TR .
v (o) o AN R .
’. . . R ) . \
we 3 o
- (d) ———— . A
: . .2 /2 R ! ) .
. oS -
' .(e') ﬁ \\ ‘x*.— f-")‘ , -- < —
. S e . ~ J . . .
S ) \xa’ + a2)-/§ - b2 ‘ -
L (£) S s . , \

T '(.xz.“:%"_\az) a2x% + 1 ' s o \,’ C
- . e B . \ , . \ L

)

., Let" R(x,y) * dendbte a rational function-in‘ x and y.. Reduce the
foliov}ing integrals t/o integrals of rationa}.'functions. { b

- r
b

':.I'(a) J R'(x', ¢gx,}+‘ bldx, - a ‘4 0.

* o .
. T T ‘
(b) J R(X s Iy m) dx, n ' an integer, ad - bc £0.
o . - . . ' » ' \ ) v ’ i . ~
, _ X ;



3\ L%r‘lg the;regﬁit of fhwver 2, integrate '

; S Lo ’ - o

b, Redlice ‘t0 ratiohal form j A dx

< Yo .w‘l-:x‘ T-x - -
[ . . . B v ‘. ——— ———
By : . . : SiEx" Yivx .. S
5. Express as elementary functions R ' i
. .. B . 4' ) . - s ! L4 . ? »
g “(a) ( L - ax e .)" e ’
—> ~ . ' . - ¢
J "/x2"‘+ l + /7(2 -1 } . . ,L‘ ‘ .
hd . ' : > ‘
(b) dx ‘_/ ° \/'
’ 1.+ 8in x R'/ -
J ‘ i L = ¥
v ‘ ~ dx . \ ¢ , '
, (c)_: ‘T - cos 2x . J : ' '
. J . . Al -

(e) —h__— [ !
’ - h.{4.+ X " ¢ ‘
we o o e : .
. t

6. (a) The integral -—J-—— ax, ‘where P.(x) is a polynomial of 0
. . / / 2 - L : .
‘ vax .+ 2bx +.¢ - _ X . R
] degree‘ 'n and a 7‘- 0 can be reduced to a rational trigonometric
form as’ descrlbed in the text. It can ‘be also reduced /
\integra‘tion of., o L.

L \/ax2 + 2bx +c .
degree (n - 1) and constant k.
~~

: —.‘—g(é)—-"-,; D(Q(x)v/ax2 + 2bx + ¢
ax2 + 2bx +'C
_ . ‘Show hgw to find Q .and K, 4
[ \ *. ‘ g c " . ) 'A i . & ° ) B
. . ,ts_t3+t / AR

- (b) _Usin;(\a), integrate = — - T b

- (é) : Ca_'l_culate Ahe integral of b)ﬁl-w using trigonometric substitutions,

and compare the merits of the two me(thods. o ‘ N
. . R
- . .

e «
1] H t . .
' - 7149 4’ 08

‘( ‘
- o D

O

ERIC

Aruitoxt provided by Eic:



. Q“ ; - - . .‘

‘.“ . b .,..‘ v :(2" ‘ ] ‘ o= .
oo et K . -

T In,tegrate. e e

. oo . - !l vl,.' -t :
T, . : J I Con D TS
o Sa). sinx Lo S . . C e 3 . : P
L . . . . -
t -\
‘. \ (b)/‘

= (by 8 method other than the't of ﬁxan;ple!Ah ld) \

~ al ! 3 . .
| LI .. - .
. - R ’
N -~
i

L]
. ° .
k} .
A T '
. L ’
/s ]

‘ .o
| ¢ -
' Ay

. el

I
.

O
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C — - . ._,.. 7 ) 3 - - .
'z.v'"-,- ‘ . k ‘,--.‘.*1(\_
Aot .

. o

Ah 2: Integration _}: Parts '~

’

. .. \ -
._f (i) The b’asicq forn;:la method of integration by parts 4s. used to

integrate certain kinds of products. The method corresbonds to the formula ) had

i for .t}xe der

.ati,ve of oduct. o ' » : : . v
. AT o N .. I ..
PR : ' ’ oL I . T
A.h-éa.; If'f. and g have corf'tinuou.t_s; derivatives over a ~' common /
'Ti;.terval contaihing:;. g and b then. : s ) s .
R )@ ‘ ﬁﬁX)s (X)dx = [£(b)glp) -f(a)e(a)] - £ ()glx)ax: . & .
. . ) . | V N K 4, a . _.‘ e . .
RN , s . I R
‘> .{/__/} . . . . ) ) ﬁ . ‘ .’
) ’_ -, The theorem follows .directly from the product’ rule ({4) of Sectj.cg 8/-1&)
and@he Fundamental Theorem of Calculus. 5 . . .
W . Iy . . : S RS
. )5eibnizisn notation, for /u = (x) = f'x)ax and v = glx), -
v ; _ .
d\(‘r{ g" ( dx «~ we obtain fgr tt finite integral corresponding to (1), ., .
: S Y N . 4 A . ’ ' ‘
v - . .
K . ¢ ‘

-

(’2), i . ’ . v' .. ) S.u .d.v =}rv- Sv. dun - / o 9. v ': - :..- ,'1

i o Lo : A : . PR _ - .
" Integration by means of (2) is ‘calyled i@ratio By parts. L B
E . e Yy . - Y ~ - . . . . )

I R LA R

Example Au 2a. To integrate X = loge\

w

observe that log;, x" has an

. e 3
e especially simpie derivative and sdt u = lo . x"and dv =1 : dx. For w,

a
“ .

_‘eh, we take Vv = x. Consequentl . o . .
' - : o 4 \
DR T Slog x dx = X o*g-x-'Sidx B
. . 4. : e .8 . x
. .: . PR L. . ‘; x lbge X - x ’ [y .
. e . . . f., ' ’ : ,. i . . . . N ‘
C . . . L. o - S - S
© the foruf’ula we have already obtained. 0 Lo .
v In application, (2) is used as above for the integral of a product here :
.y the product of the integral of one factor and the derivative 'of the other is ~~
o formally int yrable. . . : 7
7

- The Leibnfzian notation in (2) was i-ntroduced as a shorthand for tgx
. explicit formula. But the notation suggests that we might internret u as
a func’cdon of v, and v, 8as the inverse function of u. ‘I’his idea yields
o an illuminatimg geometrical interpre@ation of ‘integration by parts. Suppose -
L that u = f(and Iv g(x)+ where f and 'g have inverses. Then we o@n - ’

i ~ .

“ 3 e . g ’ oot : .

O
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r~ ’ . . e , , : . ) ~! ) -
coe o . . ‘ . . . . . R L S . I - - - 0
write U ¢(v) “and’ "v w‘(u) where ¢ and " are inverses. (The proof.
is left to. ercises Ah-e, No. 2).. .Set ue = f(a), ul = £(B) and ~V‘o = gla)
1 e

"W have ugE #lv ) and, ingersely, W, = ¥(u ) vfor i = l 2.

~ No suppOse ¥ and w are: increas’lng and -nonnegative. ,Theb }rom the < K
fam liar interpre;tation of- integral as area (see Figure Ah 2a), :e ,immediately '

ave“ .' ~_ ‘ ) . l- . 'w ) X . K. L‘/’ ‘\“‘_ . . .‘
. - ) T . Y . . : . AT

‘: | . > .' ] “.l ' v. ’ ' i
- - . . ' .
S Wi ' ? Y AT =AY
N ' uage) S d .
(] Wt -’y L - & e . .
N ’ * -J~, . /\V,‘¢(u)_ ' o g )
. C UL e m———— e — iy e e o o . L ) ’
2 A ! L - -
, . . R
oo™ ‘| : >4
, - -\ vau " . ’ '
. ¢ _') u ) - : .
) C] O [ . (_; ’ ‘e K’

’
<]
o
T
[}
1
1
1
1
t
t
7 \UJ
[ 4
<, < .
=
[
< e e o — ——
\Jd
»
R
’
.
&£

< UaVog > 0 . , . .
ST ot | -
’ .0 Ve - 1 . vor o, -
. . ) . IO S ‘ ) : '
. e T : R . : ¢ -
-V . L Tt . .. < -.. o o . .
« o o » . .« . . . . 3 . ]
. y . ) . L ? i Figure Ah_ga . \ . S P . K E .
o ww{ =) uwav+ Y\ vaduw+uyy, fromwhich we at once obtain )
R 0 sl DR N "+ Yo' o yee .
e e e N e
, S, o ' . . C .
. \/1 : %
S u uv - - 'vdu. . .
R ). _‘K 1 }:Lo .
* ' ' V.Ol i v T - ) N LR T -

I3
M -

p* From the Substitution Rule ve immediately recognize this equation as' a form .
o L of (1) A liﬁe geometricalx\rgumerrt gives the same result when ¢ and w o

>

are decreasing. . : .
2 In general this- 1nterpretetion of mtegrati 'ny pa S glves the formal

' . integral of any f‘unction which has & formally integrable inverse. ‘.

-
, - R . © .
.
) . -, .
' PR ° » ' C .
N i . N . v O
P ¢ - . PR
-
= ’ . ‘o =~ ’ \\
y ' . .
: . ac . - ’. (Y
P .. ) r\/ ! . : < :
\ ; - .
i X .
o v - . “
. P M JREREE -
X . [ 1 p . - ~ T
s P N + . . L ’ : T~
- - l} . . .
; - . . <, [ ’
v 52 L, e
[} L] Al A
> . b Y i 61 . ot
' : . B . - L - X
- . R PN

O
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L . - . .
*.:." n \4_/ . ,J‘\ . 'Q"N \ E A ,\ '
- . R - . - ' .

- e . .. . :
. B [} N

'1 v A\ . . . : . !
Y : AN '
. ‘ . s)&n gf_g,éin X ax,‘j K ) (n . Lntegral n. * _1)

. . . L e
’-Since the a':‘sih has é simple'alg&braic derivative we set u"warcsin x,, “’ \\

DA : xn-bl s o o ' o
dv = X dx and take v.= "_f*‘ .cFor “the 'domam\. y/< x'< 5 . we 'have . :
ar N ! .
1 on . VA
v 1!. _.arcsin nCHVS + 1§v and wP = ﬁ,-i'—'f Mrgm ’J:heorem Ahv-lb we’ krk_ﬁ .7

s

:, \’éhat¢ ?du cén be transformed in‘bo';he 1ntegral c}t‘ J?a’cn.onal function. '
. As ve; shall see ('Section Aﬁ;’a rétional. functivgs ake always fozﬁlally integrable..

ﬁ\, It follo S that siﬂn'l u ‘is 'f rmally‘integrablé ﬁith respect to u . and hence he
. ‘that 313' arcs;nfx is §oru£ally 1ntegrable with respect to " x. Reduct‘ioh to .
thef!ntegral of a rational fu.:ﬁfwn is’ not necé'é?arifrfr}the most efficlent—way {

_-\'. _to carry ‘out these integ?ati byt * :Lntegratlon vy p rts can be used more

.

! caffectively in other ways ) exec\ﬁe the 1ntegramons N .-
: A R " » ~ . ) .' N
T é . now N SN
1i#€a of Exa.mple Ah ot; for“u = f(-i)dv = X dx - gbtablishes the
fdrmal integrability of x"£(x) ‘where *f. is any inverse ircular s
./ fupction, and, ‘in Aiew of Exafnpl%h -2a, 1f f(x) =Ilog x .~ ' " :
r oo . ‘ )
‘e ’ [ ' - o . \ . ! . , . - ¢
__1_2_ Ah 2¢s Conslder\ Lo : L . '
f ; . .. T vt A <
T s v N G T ' o \N . L .
L S h X log x dx, . (r ‘resl). .
N ’ s IO S , 1 '
G o ] w . .
> Since.»éog"x_-.has a}irnple derlvatlve, m"set ‘u = log x, dv = xFdx.. If

T ST AN T TN | S T .
o . ] ; . .)i___ . A .. - t . !

T 3‘.;_1 we.Gake V= S to obtaln ‘ _ : .o . .
s EEDC IR T \ A :
Yo e N ’ ! IR -~

T s-x .log.x dx =-;+—Tlogx.g,m X, dxn ¢ .

- Lo . . . ’ \ . ~ ' 2 . ‘ . - ' '
RO = logx-———' “".' . v

s, T .1'1'4'1 A (r+l)2 ,

g IR ;‘": =1, " wel.'may take Vv = log X to obtain _ e )

. “ . g . . . '1 . . . : .

¢ et Smd“(logx j_O,s_xdx 3

“which yield ’ ' . . .
diag g
ST ".} ' K ’ . . '.. """
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5 J - \ c o sloL x = (log x) C’,'{ o i
. . A SRR K X 2. ' o ' . .

Lo- a"res_nit_\vhicl_i'is_ obtained more dire‘ct.ly from the subst¥tutipn loéxé .
o The method of Exﬂmple Ab- 2c, Ofoz‘ = f x) and dv & x Ddx, exhibits . -
" the .formal integl'abilit'y of. any funcé\ion of. the\ rm x® £{x)," ‘when ‘n # -1,
. : where f'(x) s any ‘rhtionsl- cdmbination of % and JQsz nd  Q x) is a e ‘
' quadratic ,polynomial. Integratizn by parts eXpresses the given integral in d >
- n+l AR

- té’rms of ’ue integral. of T £1( (x)- which may be, tfanﬁf%rm%&{xto the . A
i'ntegral of a ra.tional f‘unction by Theorem Ah“-»lq.,&Fnonf"the assﬁ!ned integrability
- of rational fuvncti}ns, the result follows It follows ‘-as-.a slight generaliza- '

_ tib that P(x)f' x) “is formal" 'integrable ior .any polynonnal funct’ﬁ;l P, :

. F‘rom’ t&lis argument we observe again that if £ is a 1ogarithmic or- i'nverse
eircular, function, the&m X f (x) is formally integrable In addition, f'or _
h()c) =-‘¢ x,m), a ratienal combinatioryof x and /Q(x), the expressions .
x° log hix). and X" arctan "h(x) and are all formally integrable since the.

. derivatives of log and ardtan and ara rational functions.’ ’

M

.‘°°Exam21e Ah-2d Consider the integral

{' - / . . . .‘ :
‘ ,e .
S e e L
. - e : ] LN . . . o
v ,V(emsgrate Yy parts. Set wu = x dv ‘,ﬁ djé,and v=e', Then by (2)-‘!"
. a . . . 4 4 " A N .

. .

; ’ - ! \ nk . . ' !
Integration by parts may be, used to Apduce a simplification rather than .b.
a £inal’ complete integration as i;n~Exam ple Ab-2¢c when-r = =1, - ° g

~ 3 o re e
. Vo .
>
. . . .
A : -
\ \
-
H . ’
L] L)
) . ' N ‘2
& y, -
. . " .
- i X
v v
g g
L . .
N
. . R .
'
.t LoD ’ 4 ¢ |-
- . : . .
. . 3
NS R . . .
ot ) N
: B . . o
L iy : . .
s . Y . :\
‘_“ - . o . -
A oy - . - ' ».
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ORI Y N N .. . E N '- N B ; ":l : : . . — - -

&mpl;e_Ah-Ze. : Consider . : f-/ '

.__./{ s":bxeinaxdx ' -

. . . .
-t e ) ',\' ot
P S b i - . . .
P R . B o o ba-:4 ) . \\4 ebx ) 2 S : .“" ] ~
> "Por” uw'=.sin ax, dv = e ax, V=53 _we’ obtai,n : )
T ed sn . . 1.. \.‘ . S ) S s .
ce R . D
" - ’ ‘.'.' ’ Tl - J ] .
L e cos ax dx . . . .
-~ Y S,
x " T
[ L s .%\\
O 8
where 3 :
o e Lo ’ . P .
’ o, T -+ . o ,‘ b " e
CoL - . . X.
' o S ' J = J'e cos .ax dx .
. : [P S s . . .

: . . \ ’ ’ :
presents the same diff,iculties of formal integration as I. However, by the
same technique, we' can“express J in terms of I and hopefully may ob‘ba.in »

a.n equation which can be solved for I.. Now take 'u = cos ax- and . ;,_

-

_ ebx . .
v = = in ’2) to obtain A o

J=%ebxci§sax+-

o'l
kT
- 4
x.
o
[y
[=]
o
b
’

1
ol .
o'lw

[

X
e cos ax +

, _ q“ L . o ] . . «. .
'~ Entering the expression for J above.in the expression for: .I. and solving
'for',-I_ ’ we ‘obtain . . : . . 4 o
a0 LT _. . I.;—E_lf—aebx'(b sin ax - a cos ax)° y
oL . . a2 i 1 - ) o |
) 3 o~
. (ii), Recurrence relations. Thé. idea here.is to express an integral of

the general forn fn&lx‘) ax in terms of j‘f'n;k(‘x) dx ., N

- R . ) . ) o
sy - : : e d
> . ~
L . w )
RN
[ I - -
. ‘
e S .
1 oL r
R

O
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' mingls flnr, Goataer T g

S S SR S
= A - -y " =4 . ol —'r.+ l".; ; {.\ ]
R U = MU BN o
N x L Aox) n | .r#l n-1
=TT +1 . YT 1 J.x o i ) ax
"—.’\ . ’ ) S ". * .. ; .
3~yhere;;foe; n = Oij ther result yields, correctly, ¥h =FT T
‘;é xr+lgl‘- x)nfl - _xr[(;,_ x)? t (} _ x)nfl]}
" whence, "" o PSP . :

r+l ' S el
Q - x) n ;
+ (1., -11.

I =
n

r+1 " r+1

ThiS' equation may tt;en_ be solved for 'In .'in terms of ‘~I'n-l:.

1l

.’ :j':, - ' o r+l n '

e opoox (- x) " ,._.n 1

o *n n+r+1 n+r+ 1 n-l
. ’ . . . * ) . . ". : "E‘ M
.(?I‘ “\ . . . "v"'r v . }.: } \‘ ‘

$ ! . ‘ ' o . . 2 . .
o y ] ) r+l n - S e ey
Lo T, .0 oym Cx (1 - %) -0 Ty - oan=l
_.jx.‘(l:-‘x)_ dx_.n+r+1 +n+"r+lJ‘x.'7(:,L-.x). dx

¢ .
v
.

- Now this formula may be- applied recursively to express in;l'

-3’i

Now, observe

in Eerms'of‘

. '-n-2’ In_z in terms of I etc., to'yield’
. I_ ~ xr+l. . ] x) n(l _ x)ﬂ -1 n(n "'l)(l _ x)n -2
n T n#Fr+l n+r . Fh +r){(n+r-1)
P . n(n-1) ...l
(n+j(n+r-l) ....-(r+l)
Sometmes :I.t :I.s necessary ’to prepare for integration by parts by some
S prelimina:ry rearra.ngement as we. show in the f‘ollowmg useful example. o
":.." . . o . .
PR ! , N .
) Lt & ? o
B . - s
s . .\ v o
) -"i.. e . !
/ " E N y .: . 756 L] 1 :
. . . “oi_s -
o - . N -
) ' .
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e . 3 a . -
A o . . a - NUTEE 5 L . '
.’v" St {‘ AR In ’ j : \ o -~ ’

..??We ‘write eosnx,-:- c_o_s'n l x cos_._;.c:jse.b’ 105 cos” L. x, dW\= cos x dx, .
©via sinix, to o'bta.in )

. . Exam Rle.,hh-.-?g”'.i' Consider '. * S .‘ o o s L

LI X L. : . . N v Y.

) R

- C : e ' 4.
. N

.. R Y -

I zcos'iXsinx+tn-l) n- ic‘sing.xdx

T ) : P : - . .
S e »
e = opn".xsinx+ n-l)j l-cos x)d;c
s . C -
" - . ) A -.‘ . [ ) : . . . . A
BRI R  C R Nia
A I _{cos cx sl x + (n - {1, , - 1]
. ¢ S LI S )
Solving for :In’. we have * o . - '
i o o .
‘ I _'cosn-l xsinx . n -l“-I-
n n n n-2°
. Since the subscript is lowered oy 2 at each step Qe observe for n even
i '-that the recursive reduction of the integral terminates at n ="0_ with .
. 'I'o".,'= J ax = x; | and for u ‘odd, at n =1 %with e
: . . R v ‘ . '
. Il=I c'bs X dit: gin x. ! - - P
! - : g . T: - : '
. mgOften the principle use of a recurrence relation is. not to obtsin the .
,,
£ 1 integre,l in terms of elementary functions (which may not be possible) )
’ vbut to o'btain the o-riginal integral in: terms of a simpler integral. . A
,___Lgh.:Ah-2h. Cénsider , ey . ' ]

O
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" From u = x" ,'dv:xe'. dx, -_v-—-_-'%e'x , we obtain
e - o S
I < 2 ) . :
or . ‘ : o
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v . . €y ES . .
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2

R s

"'If

2

functions and Il’. but Il =-3

. the integration of 'I. .

o 2
1 xn-le-x-

‘_nf~- is’ odd, the recurrence relation gives' 'It

e " 1is elementary and I

in terms -of elenta.ry

.

.

. .
o, \

is

/’M integrable in terms of elementary functions. If n is even, $hen ,
A \ 5
is reduced to the int@ra.tion of ' ‘

3 IR ; L, > “_ &
N ot e e e . .' . . ¢ LI .
1- A A | =2 ' '/ T
ey _.J.(QH e Io - € dx. '+ . o s ’
X L. NES )4' o q-.rf.~ . A ’ ‘ .
s R . AR TN . .

This integral is: not - elementary.

< In terms ‘of the error i‘unction ' erf
i_' o 'curve) given by . 7 e
R . T, : ' s
Doy ‘ " R
‘:» A erf x =

K

The common ta.bles of the error

,'_' ,just ag conveniently as the circular functions..
o N : | ' _ '
P . 1
[ ) ) A
; '..fl.' Integrate the . foilow:mg. . . . : ~ o
L
(a) x.si_n 3x (3 w : -
L. N . -.’3.. ) . X + m, ’ .
[ (b) X ° 5).(,.‘ '-r-:.- ) (k) 'x.sin x o ST
g > . ) _-.3: _2x . i . . O ' “
(o) xT e o i . () xTrsinx <
(d)' /x log ax . ;' PE (m) . x® arcsin ax .
2 - - ' .
(e) _log bx {n) cos_3 2x . do,
Lty R & _—_— >
(f) 105 X, e T (o) sin’ " x
. D N . _
(g) arc cos Tx R (p) sin (log ax)v oo '
S e 3 ' ! .- : ’ . '
v (h) arcta.n_' /az . . (q) =x ,ta.n-2 X S
L (d)axere tan x. 3 (r; (aresinx)® | .

H < .-
. . .
. . 3 .
. . : B °
B .
= . e Y
& B IR s
s * . o
SRR - L
Se e X N
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. ‘ . o
However, it is well known and much used..

(the area under the riorfial probability

2 )/" )
t

t

”

. K = —— . .
. ) ,_l_ e, 2 Tats ..
. _v i . }/é_ﬂ- O . . . . L. .‘ o ; o

. I, = Vx éff(—";) . L
". . ’ - : ‘\v2) - . s s

function enable us to' work with it numerically

~ o - . .

sin ax -cos bx

-,

RN



. P
e

R .r - -
v Support the geometrical interpretation of’ integram,oﬁ by barts by .
- - ghowing for u = £(x) and v = x)
aasbha\t o = B(v) and v =%(u) where ¢ and \l! _ nverse functions.l . / L
s, .Verify as al;lsged aft $Examp1e Ab- 2b that the method of'~t}'{e example< RN
- a. s S
S v ’ PSR
_-dOes demonstrate the reducibility of ‘Sx f(x)dx to the int,egral,of a ., 3
B o P . o K
: '"rational.afunction if f is any inverse circular f‘uncei‘on, or. if : ts '
T R
N the logarithmic functi.pn/ - ' ’{ e o (P S S
. . . . , :' X Lo K 4 N3 o ‘,
1} Estgbli? recurrence relations for each of" the following (in each dase‘ - :
\m and, tn are positive integers) T T - '

2 . - ) i Tax . $. R ) )
. e (a) Ssinn x‘df‘ N ) ueBF ax . . "
s R | : . . .

.. L oo

A o A o
()" Sx‘“ log” x ax (£)
\ ) ; . U e

) |
RS s«.s_.m,?‘- co‘fn ax (.g).ﬁs'}:- ni_ré,'( o L
S

S X ‘ sin- x .- ' .
PN T . ~ ’ . . .
L ra -
g . B . *, L] . °
. n ~ . r ' .. . )
(a) Sx arc tan x dx v P
) . AREE ’ > . - g } S I8
. " L. \" . '.'l.'
g . : ‘ ..

' " .
E (Note t d-,iff—ex—"einfce"’oetvie'en -
A ’(- o0dd apd n " even) .\_‘ i "‘*'\

A TN . e ‘
! © ] .
.-y R
. X - . , ’ "‘A
t . ’? oD .
- . » . “
s - r
a . < - -
.f . 7
Al .
— : S
. )-4
. ,
v AN - . -
. a . - N . " I
o - ;o N . - ) .
) . ‘. h : ° ' . oot
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".f-' Ah-3"'fntggration of Ratiogg_ Functions :

‘The problems of formal integration in the preceding sections ‘of this )
appendix were often recast in the form of the problem of integrating a rational :
function. For a rational function there always exists &formal integral 'in

; p terms of elementary functions- The-formal integral is obbained by reducing
° the rational function to a sum-of -a polynomial function and functions defined
by the elementary forms R
. ;— . . 4 : _" - '. l. v. . Lo R N ¢
s ‘,(I) . E 1~ o = e - n . . : : '
L R R . . q kx' - c),,f
' . L . ) o L e
. . . B 'l_- . . . . X + . . . . .
(2)_.p . ff? . b q 2 o ’ . (b > ol
o » R . [(x - 8.) +/ ] - ..

T It can be proved that such & reduction is possible, eitherhfrom ‘the .
Fundamental Theorem of Algebra whichjrequires the theory of functions of a
complex variable, or directly by ﬁew algebraic techniques. "In either case
a complete proof” would take us Outside the frame 'of this text. -

' " The r%apction of a rational“function into the sum of a polynomiai and
© terms. of the form (1) and (2) is called a decomposition into partial fractions.

-
We give one simple example.“. L - o, ‘
/ .‘ N '

ample h-} . A opmmon case is given by the rational expression e

T am Ay g
’-ngf : ;ff- : (if- a)(x - b) % -'a~( Zo X .- a)’ T e fb
From the decomposition ) we hmmediately obtain the integral

e st - - 8) - toglx - a)

’l.. Y

’ . . v
_ 1 108 X T~ b)

B S P
e s . o s ’ . b 8‘

: Let R 'be any rational. function. By;long division it is always possible -
' Put R(x) in the fox‘m B TR Tl

“ :.., .' o .R(,x)'.é 8(x) +g7('§)7 - ./Q

where S, P Q are polynomials and, th% degree of P isfless than that of
Q. Since be polynomial S is immediately integrable, we may omit it from

i C conside on. Tt follows from the Fundamental Theorem of Algebra (Appendii «
o 2) that every polynomial -Q(x)" with real coefficients has ‘a unigue factoriza-
'k;‘- ) tion of the form _ . L T
o L - . .~ e, L .
: L - _ | . oo . ;
, ) a 760 . ] '
] . ‘ 10
-

O
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‘:-'._(1&) Q(x)f—A( nl.(x-‘z) veo[(x- a) +b ]

"'vhere the. 'ck ‘are the distinct‘real roots of .Q, dnd ak + ib ' the distinct
imaginary roots - (b > 0) -

; Q,l an expression of the form o

NN

./‘v

ml[(x a ) +-b ]

¢

P(x) o

Now suppose that R( x) -.arzy where»the'degree'of ‘P .is less than that ®

) of Q, “gnd that P and Q have no -common factors. Then ve"assert that

x) is the,sum of expressions of two standard forms. for each real.reot

o

(rhl 7'4 0) Y

'-(X‘- 0)2 - (x-c). . .

Y

.fwhere n is the multiplicity'of ¢ : for each pair of . cOnJugate imaginary

-roots gt ib an expression of the form _ o
R pyx t qy ,V'px+q o px + '
@ A TR ... qm ¢
S (x -a)" +b . [(xl-;a) + b ] o [(x - a) + b ]
o o "*qm%o)

-

.-where m is their common® multiplicity. We merely use this format as a guide

. ‘without proof. In each’ particular case it can be. verified directly that the

Ay

"decomposition obtained is correct. Once we h¥ve obtained and verified the

fcorrectness‘of the partial fraction decompos1tion we have reduced the inte-

gration problem to. that wtegrating the Simple form (l) and (2)
. A -
. e Before we embark on the problem of integration let us, see what is L

dnvolved in the algebraic problem of' obtaining the partial fraction decompOsi-\-

' tion. The first problem is to -obtain the roots’ of the polynomial Q(x). In
: general the roots of a polynomial cannot be obtainqd from ‘the c0effic1ents by
_a formula involving only rational operations and rational-powers. ‘There are

'3“such formulas for the roots: of polynomials of . third and fourth degree, but

.diti0ns of the problem and often the factorization is easily obtained.,_; C

these formulas are .generally ‘useless. For example, the formula for the roots ¢

.,of a polynomial of third degree mey involve complex quantities evén when all '
. three roots’ areﬁreal For computational purposes it would be sufficient to | K
'estimate the' roots numerically, but it, is usudlly easier to estimate ther '

integral directly (see Chapter 9). ‘Nonetheless, the method ‘of decomposittbn
is valuable because often the factorization ‘of Q(x) is given by ‘the con-.

¢




. . 3 -
'.":‘.;. .

', Next, we turn our attention to the problem of obtaining the. partial '
fraction decomposition once the denominator is given in- factored form.

: First L consider the problem of obtaining the partial fraction decom-
. position of _;. oo o . -

"?‘T '.up(x) el
f- cj(:s. c,) oo (% -'c)i

”: where the roots of Q- are all real and simple {of. multiplicity 1) and the .
L degree of P s less than that of .Q. ' From the forégoing, there exist
, cqnstants A (k = l, 2, ey n) such that

~
L.

(7) S ZJ; =z _1c.4lx_2c_~|=;.. $o——
s _' LS A § a2 R
For x # e .we, obtain on multipllcation-by (X_é"cl) T ' :
By T S ‘ _
S o P(x)(x - C) : /? -
R Al—ﬁm—s‘lf,s &), = =)

‘.

where S(x) is the' sum of all the partial fractions but the first.. In a '
S neighborhood of x = cI this equation states that the expressfon T(x)

N 'defines the constant function T X —*A Therefore ' _
... . [ 5 o .,. . . . .‘ .n o
e Ry e o k. P(x)(x -c ) A - TR
R S A : VR & £ N ' _ PP S
b S o B 'X"‘)C. Q(XS . . o ) , o
“ B . r‘ . N I R -1’ . D . .
. A . ” . .'... ,l'= RO L. 4 ) . . l
o e (x:cg(x.-z(.’)()..-(c'-c») 3
. ; e x =c : 2 3 - 1: n'. 4
L o [ R . } . .
whetice, . - . - s
Rt
(8. . .y
- This last expres on can be wrigten tidily ifvwe =.0
B H
\l’ ' . . - .
LR . . lim .
: S SN
e Rey) o, < - o,
< Thus AI -TF_-T Since = is, simply a symbpl for any one of the roots,
N . ' . . o p
-1t does not mstter which for the purpose of this discussion e have in generaﬁ
{ . e A = - I
t9) o - k.—mk o -
... . S S (NS I'ﬂ. .
, 762 L < ‘
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ML ﬁ-; i We obta.in thé- pa.rtial fraction decomposition of -

.' ) ;' v , . " L ) o _' x2 + X - 1 . o - ‘
oo Teraed w
Re . '

- Here ' P(x) o x- i, Q(x) - x; Q’(g) =
ha.s simple zeros a.t -1, 0, and’ 1. From '

_\'

o “iaf7 ';?_7 g VE%E% -t P4 1 ' A
A T T Ax AT % 2lx - D .
which 15 easily verified to be-~'°°rvre"’;°r _ ;o |

v . o

v v

""hére are general: tgchniques for the case of multiple real roots or ,
imaginary roots, but in such cases it is often easier to determine the
decoﬁposition by the method of equated coeffidients .

| 2N
.;_‘ ' ' . . . . . f;/;‘ - ) -
L Exm '1e‘ 'Ah-3c. From o B
o . . . ) . . o -:-‘\;‘" v‘\l .
? , - P R - - .
. v 2 - x . 2 — T, 2, N\E
'x(x‘+1) R Dc'+l _(x_+l)_
ve obta.in on multiplying both sides by x(x s 1)
. .
L-. . . ._.. ) 3‘ . 3 2
o x =1 r(x +2x 1 +p1(x +X)+q(x +X)+1>2x.+q2

+

(r + pl)x '~+ qlx + (21' + Pl +- Pa)x + (ql + qe)x +r, )

e

a provided x 7‘ 0. Now the coefficients of 1like powers on the righn and left
- must be equal (Exercises Abk-3, No.3).  Thiils we obta.in ‘the equa.tions '

N . . ' .
' LT r+.'1=.0. .
. _ql‘ -1 } - ’ :
e 2r +, Pl * ?2 : : i .
qltqe_, ) S .

~ - from whieh r = -l

» P1 =1, 9 .= l, a, = -1, p2 = l.'. .,‘_].'_l.'xiq'yield's
A ‘. - ,\

Also called the method of 'undetermined coefficients.

e - . B L e
T

. B . . s ! o
S c : L VI XL S

O
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,« __J_._.+' x.+l x -1
N " X x + 1 (x2 ¥ l) /
which is easily verified tQ be correct. L . v e

Given the partial fra.ction décompositizn' of a rational function we -
complete the work of formal integration by:sho
standa.rd forms (l) and, (2) For. (l) the- integrals are already found. If

'X>l wehave L : o A

wing.how to ‘integrate the

: : S (x - c) (n - 1)(x - ¢)
“and if ‘n =1, ‘then e \. .
‘ . - \ - . 4 ; ' e
. (lOb): S j ToTdxr ;%195 |'x_‘- 1] + ce% .
- For (2) we introduce the substitution A
S e S '”7,'x11w e x
/\ - l .' ‘. (x - a) b ten u" s 'A"[ R (- 55”‘55)} '
where ve, assume b >0 (compare Example Al lb) Using edy = g au
, . o e cos . W
e obtain ’ L L o DT
\ ' ‘ pX + q - ,M=Ipzinu+pa+q 'b2 du
[1 + tan u] cos’u

Il - @)% + 71"

st
n-l

. - Of the last two integrals s the first is immediately forma.’l.ly integrable and
. the second is given by the recurrence relétion .of Example Ah-eg.. We leave
as an exemise the problem of completing the integration and- representing

' the formal integral in terms of X.. The resulting integral is a sum of terms
of the following types o '

R T (P P,

’

.-, where 'k is a~posi_t»i1're intege'r,'. k <n,
: . .\' . ‘. . - . : 2
(11b) o P A log L(x - a) + b2 ]

- a.( :
5 .

‘("llc)-', e : Aarctan

R

O
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R

':-,f‘.;.'l':he'f‘om,of the' "’tegral of

T . £rom (10) and (1). Therefore’ it :Ls &
' .. sufficieht to ai:

tia‘he this form and, determine the consta.nts by the

e intqml iy bwf””hg form
R ;, i

+R+a"log (x + h) + B arcta.n”ac C.;A

- (a + 20)x> + (2[3 \b)x + lax - hb
- ,;x; +4 -. B +\|+) [ c el
Since the numera‘éor of this expreSSion should be .x +1 /we ha.ve on equating

qoefficients n , . - ] ‘- . , -
LY L B L . . .

PO

*..

+

T . a+20=0, 28-b=0, ba=1, -,hb_:l,~ .

whence’

A

» Tt 18 easy o v'efif)"r. ‘that this yields the ‘carrect ;nteg_ral. .

Col _ " ' . -Exercises Ab-3-

1. Integrate the fonowing n

o T

‘(a‘?:" x2 +3x+1 - oo '(.e) (- a)(x f"b)(xf'c).'.(a'f bEo

o

), = ST e B R

g~ o .bx_;,-i?3'x <.10. .- R s1oo

- . x2+mc+ . -. Lo . lx_"_-aa'...l . ’ )‘_',
: ~<d)~'zx—-—am—%¥- S w A
Y ke
- '-.(Consider the cases L B . .
S a;‘b and‘a=b) : .




2. Prove from Eguation(3) shat 4f . . e W

Q(x) x -a )(x - a2) oon (x -8 N ‘, B S .alh?ré"

' 8y < a2 < e <a n?- then —(T ha.s a decompoaition into gartial
' _,-frac'bions of the form . .. _ ° o . F

L

.._4 T 1: 3 ,.rl .- _1' .

W XA +.'x‘.-;.a-2. N

: ,'_3'._' Prove if

. -t n-_-i" o o . nl, ; " ‘.
L _‘anx ,'"an-lx + soe + ao b x + b l . +,-.00..+.bo.-.. L .

for aJ_'L but finitely many . numbers Xy that the coefficients of like .
- powers on the right and left are, equal, i e., a.k for k = 0, 1,

.~

. ) '.', n,. ‘.

'3
0 .
L

B Verify that . px'+ 9 gx .can be expyessed 'la'.s'tl'x_e_fs‘ﬁni of terms,
- . [(x-a) +b] R e .
of the forms (11a, b, Y U R
., ‘

Al r
. .
° s ‘ 5, -
4 Y
." 4 LA
‘: - P -
! ’ . !
Y ’ . .o
. Cf
- 7 v 166 D¢
: ~ <25
o .
. »” -




L o . . . . ! T o . d
- N ‘-.‘ N ‘ < . . .. N . .
’ , Tas
. .
.v

T .‘.'A!L-'lb'. ﬁefinite Im&ls - ..;-,."\v. o o
. ”i- In Chapter 9 and earlier sections of this appendix ue addressed ourselves e
'primarily to the problem of finding the indefinite integral of a given: functionW
.,In principle, this\Solves the problem of eval\§ting any definiye integral of the-

-function. In practice, it is .often desirable or necessaryftS'evaluate a defi
_ integral not by formal integration, but by some other metbod altogether.

aw

It may be 1mpossible to. obtain an explicit representation of ‘the indefinite L"‘

. integral in terms of elementary functions, yet some special symmetry umy

) .yield the value of a given definite integral effortlessly. Even- if the formal

. ;expression for the indefinite integral is obtainable, the use of a symmetry

condition may be a worthwhilé shortcut. Often the - idea of integral remﬁins

- appropriate when the Riemann integral as strictly defined, does not exist
\'because the range or domain of the integrand may be .unbounded. . In. these

) casgs, We have to extend the definition of integral in a meaningful way. All

_‘ these problems are treated in- this ection.

o .

v ,

4. (i) _IEEL;EZ Watch for symmetries, the obsefvation that a symmetry.
exists often provides a direct solution to a problem or’ an important snhpli-
- fication. We haye already polnted ‘out one pseful symmetry in Section ‘6-k.
' ’ . ! R ’ . : " ' : N . !
. . : . oA B

If £ is an odd function and 1ntegrable on [-a,a]," then

) “ .. ‘. . .. . . . N . . au'& v ' ) ‘
oy e j $Fli)ax = 0. L ,
cos e R S J-a : o .
o o e . R _ ¢ .
- Ejmm Consider . e
T e e :. -
B S "I=| =xe .sin xdx. -,
] : . . o '_ . 3 - _ . N . . . .
lo.“'ﬁv"o,‘ q i P : ) . ) ;
;}j-SIL_is hopéless to find the indefinite integral, asnd it is pot needel, since
’ . I= o‘." N L . ) ) . - ' -
1 BY E .
S 1f £ 'is an integrable even fynction On';[aa,a], “then
e (2) . c . -_"f(‘x)dx = 2] f()g)dx, Y . )
T - S ) v Jo e _

S e

O

ERIC

Aruitoxt provided by Eic:



° :~' ExamplglAu-hb;u Consider ,_' S y

-

N

..- R = ‘ X - . '. :., . 2 ) .2n ] '_’. . ‘,-A . )'_. - d
S R r . ;.sc"(a°-+ al§,+ Bt *aie ¥ 8y, b )dt )

v The;odd pomers'contrihute zero and for ‘the even powers e ohtaini

X | S | | | i . u: |
. . : 2 Sicoen . o o
: . . : Lo 19 S e U
1 - 3l ol 2n#l - . oo
- <aax TN e
- '7‘2("0“ ERRRETEE A
?l’ Often an integral which exhibits no obvious symmetry can be transformed
into a symmetric integral. This is specific for each case and no general rulq‘
‘['for discovering such symme ries can be given.. ',A ’ < )
L Co 5 Feo e Tt
L Example Ah-kcap-Consider“ Co Gl

e e I= -2 ax -

Since.thgggraph_ y = 3 - 2 - has & center of symmetry &t x = 2,'Jwe”sét“
LwExo-2 _and, find o D . ’ ' ‘

3
1 3 3 “, R
I-= . /Eﬂu =0, PERR
. -3 - )
R o \; o B '

3
Another important symmetry of = functiOn is periodicity.

CoL If the furction £ is integrable and periodic with' period
w p,, then the integrals of f over intervals of. length p are
T all the same; i T _ . S
; - " .l y , ‘ -‘ . a+p . ‘ b+p N ) ___ . N .
e S : _f<.x>ex.="s BECCIE |
T a’ . . )® : T , T

 for all.fa_ and b.

' ”_The statement is geometrically obviou The graph Y= (x) over. any'
»f interval of lergth p. represen+s the complete graph in- the sense that the
- picture of the function from e to P is identical -to vhe picture from
‘a + kp to a+ (k+1)p - where - k is an in‘eger.;‘The.entire graph can be
thought of 48 a sequence of. identical pic ures of width p laid'end-to-

end-(Figure Ahgﬁa), If.a.frame of width .p 1is 1aid over- the graph (the
.“_ . ’ ! ' a
. o Cn . . i ‘ o ) M N
cego T 768 r)-., N

O
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, _ . R R ‘-»' . ‘ ' . " . ,
inteer.l [b b+ p] ,1n 'the figure) then the par‘b 6f " the . total graph within ‘
- tha’ frame may be cut along a line a + kp and reaaaembled to. form the '

} . original picture by interchanging the two pi/ece formed by the out. Thia

L geometrical discusaion is exactly paraphraaed by. the analytical proof.

'-1'The proof' 1s left to. Exerciaea Ah 1& Number 12.°

.ﬁ:":j“ pleAhhd Considez: S ' . :

[ s . . : - N
) T = YV (a ; a, cos 2:tx + .. +a  cos 2knx)dx.
» : 0 O-} k- S
L Since the integrand 1is periodic with period 1 L L .
e 7'.' ol kL el
O ¢ =’n§' E a, cos 2vnx ax + S . E a,; cos Swrx dx. - .
: L o0 0 =0 - )
For “v'>'0 ' <« "t o L

[ . - 1 - : ) . L . E o
. . eos 2vnx dxl;_%ﬂ | =0- . -
o T ‘o - )

and 7 . . R

Sl/h Lo emGp

' cos 2vrx dx =

' : Ct')hsequ_eht‘ly,- o S

-

S I -.('n +F) 2 * B &3(-+ Tox T

(11) Special peductions. The general form of a recurrence relation
. . v . R . . . - ; ARSI
“. for a definite integral is ' g

R

/ L ' :
| R IR ¢ fn-(x)_dx - gn(x). + e\ '._fn_'l(X)dx_. _
. « a * . 'a a S .

 Quite often specific problems lead to integrals for which the "boundary" term
) = -, :
Sn(x =8, =g\l . . i

N : a

S is zero for n >0, say. If so, we immediately have . ST
Sl Er e 29
O
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Thus in Example Alh-2f, we could conclu&e at once from

i R TS o - _ v
' S m(r@ x)n L m+1.(1 _ )& n m(L ' x)n 1, v ,
‘- L oomoAE Lo n+m+l
S A 2 T ‘

Lot : . P . T
o T . L.

. - 1 °0q m .
S\m(\l”‘) ax = r+m+1§?n+31) ...~(m+2)§ SRR
.‘:‘”g»..-.\ M/I\" S _ n(n-l)'... 1 Con
T e (+m+1><n+m> EE D

Thus ‘we. obtain a{n impoi'tant COnnectiOn w1th the banmlal coeffﬂélerrts.

._,. ..

LA . . A
L -t L\n"'- : oo -1 ""‘, . . I
S : S X (l : )\:)’-'-) ax = [(n,+ m+ 1) (n;m)] . o o
' T, .v‘:?’ PR - . - : IR - . .
T T A f
. K .
Ble NF lte.‘t A case b{.‘ special interest is -

¥ ! .- ,". " .. n 2. ) - i ‘ . g . . . |
S |
- ) o ) - 'o‘“ v . 0 '
e e g Teae . .. '
From ‘bhersl‘esult of Example A4+-23, we have Nt * ‘ '

13
o .

R : - ,‘cosVl 'sin x Lv.s 1l Lo T “
N o =3, =

N ™ S
= cos .xd)gf\ L 4

—_4_———-—

. RY “t Ve g =2 . . P .
r T A9 ‘ ‘

For v > 1, thisefields simply - _- o I A

. . . R ‘o P . BV
. (k) S ‘." ) I’V‘._ ‘V\Ib'e’ R IR TN T
- For v eveﬁ,'-v = 2n, .'ve obtain. o e '~f' R TR
- v.. . -

| (2n - 1)(en - 3}\...-.’ O
. (58) . " o I.2n- . 2n(2n - 2) ,2 {l . - e
: I . . . N ., ) . o ’;, ’3 . ‘.'._-. \
For'v odd, vl2n+l we obtain ) . . T e
g SR ST 2n(2n -.\2) .2 , :
(“5 (5b) . .:[2n+_l_('2n + 1)(an -,l)..._...3 o _.{

. &
' - \ ' . . o . .
‘A‘ . 771 s N
* " - . r . * "
S ‘ b . 230 ‘ <
: S <t '
. N4 f

O
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'-‘:Taking limits e . obtain” 1lim. -

SE L U s ey [ R ,)] ‘_ | o
S o n'—b'm 2n+-1, —(gn)g~ g . o

.\ . .;‘. " . T T
. O o . . L. > S .

’ -

From (5a) and (5b) there can be obtained a graceful represen-'e

. N *
;vtation of z known as Wallis 5 Product. Observe that oo -t

e .-
Cao P @ (en)? Loy

K E?-‘r‘,.3-"3‘-.5'5.£7 2 @ (21T T " '_' B

RS

.Now, since 0 <cos x-< 1 on [o ] we. Bave cds‘?lx'< cos” x for

';all v /80 that I <:I . it follqws that I, i S I2n S 12n51f; Lo

vl =
2n + l

o aqd sinee/,lzn‘i = ~n I : '
.’, Q " ...Q_ . .‘ 2“ ' .

= l,i whénce '
v h-.;) © “2n+l .
P

1- 3 3¢ 5 5 AR -

.'q,'

'z
) - 2
where by this infinite product, we mean Simply L

v P 4 . ’
N ' . .

3.3°5 5T ""(2n -71)(en + 17

n — o
v . -‘ s 0

. i
. e

.

t'l' »

l The verification that- the two expre551ons in these limits are equal

1im Q;[ee."' 'hz' 6 (2n) ] L
= e

e

3? 18 left as an exercise. _ . ) o
-;f-' JE L : . co - oW T
f . L v_r : . SR . "/

\ . vc_. N ‘ . :
. . o i v . .
: ; i | J . ! ,' - .
. - . : })y.. ,
.« ., 0 ..
: oo v , . .
14 - ‘J‘ L d ﬁ
John Wallis (1616 - 1703), English® > R
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I..é - . A - .
1 1033 X dx

' Lo sin x dx, (m 8 posit:Lve

integer)

-

'n/a f y
B sinm
0

K . 'm .
b 'cos S X dx P

(m, a pdsitlve int.eger)

o

“ oo ‘ " .
LT : -a. . LY O -
B & Comp‘_are ' x)dx with |
ST : ) 0 - . J -a

LAY

‘one you emplgyed for. Exerc1ses 6-4, Number ‘ls,

"+ 12, Prove if f

£x)dx = s

Prove that if o > 2 then

.a and b

« o

: b
1/9*

R T '. ‘ ¢ 500 < j

0

PR e T L ) ‘
" . . . .
N . ‘ . ) . : ‘. 2

. .ﬂ.. . .
' ‘l_l&.T 2x(1 + sin xf dax

'S"ﬂ 1 +'cosS x v
Jom b eor e e

22 a2

Prove that

O |
“ .
[ o - D

:_(2n§2

Exarcises Ah- h-

deri‘ve the results (1) énd (2): of'the text by a methdd

‘ds integrable and perlodlc of perlod p,

nlg .

O' a+bcosx

sin b'e c:os3

lx+9¢5~—-"“

'

0
n/h‘

-

>

sin

Vs - X ax

e w

x .d'xi.'_., e

6+ 1,

a >0

(x)dx when' T :Es even, or odd to

e

f
A v

\ bl

E(xax

1. .

, 0 >0

then for Ll

ﬂ/k‘ .a s_,i‘n2 '.6 + bi;co"se-_lé‘_.' .

A P
i

o'ther than thé- »

Y -

‘.

. ¥

-
3 :
0
s L.
o
. o
[
i

W2

L1 ‘S.h°"-’- I 3"3 35

& . o . .._' i .
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. ],é'. ﬁet_érmine the value :'e?c'éct-‘ to two

decimal places of. = . J .
B T R B . =< dx. .-
L e h e 1
. ‘. 3

i ” .
. .

17. Evaluste

..‘:0 P .
v . . N A .ﬂ
- Te T | =/h .t + :

' ' AR t. :

‘ :-n'/h-gf cos 2t

s the int’egrand as the sum of a symmetric pgrt end an

-(Hint: Exprtr
; L Lo
. integrable p t..) ' L e | o

.
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