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. . ChaPter 27 .
e Lo ' T L
po LT L TSP
. - ® ' ANALYMING GEOMETRIC FIGURES ~ -~ I S
: e, b_. L - [ ' P C .
27-1. Convex Regfﬁns . ' © N .
¥ , To analyze Eroperties of- geometric figures you Will need to use sq&e.

concepts oflgeopetry which you have already studied in earlier chapters.
Tmportant among these concepts are the ones concerning parallellsm, per—l
pendicularity, and conyexity. In this section‘we shall study further some

ideas regarding”convex regions.

» . ..

¢ The two quadrilaterals in the draw1ngg below seem fundamentally -,

different to us.

< '.1 " . -,

One of the reasoﬁs'they seém s0 different 1s that the region bounded G -

ﬁy the left- hand quadrilateral is convex whlle'the region bounded by the
right -hand qﬁadrilateral is not convex. \

Deflnltlon' A set of points S Jas q&%led convgg_nf for every two .
cﬁofnts~ P-and .Q of 8, 'each POlnt of the segment\\)q is in set S. '

"y

nge slmple examples of convex sets are & 11ne, a segmen {:::/ a ray

‘In th\s section we shall use the above def1n1t10n to d1st1ngu1sh welen two

. different “types’ of quadrilaterals. RN L. .
Y. SR S L . v -
. 1 _ RSN S

e . , Sl . . SN e N
e « C » N . I, IN \ .
. : ) S .

N s
4
<
A ~
/
e
‘A
» "”



We w111 follow: the custom of uslng the phrase convex quadrllateral

in place of the cumbersome expresslon3 quadrllateral that forms the boundary

- \
% of a convex region". Note that the ﬁbundary ds not itself a convex set.

Now if you take any quadrllateral y%u w111 flnd that besldes the %our

s1des there are two other segments Jolnlng vertices of the polygon. These*

¢ 4 ‘are the two disgonals. - _ S T, - . -, .

. -, ’ T . -
T+ Figure 1 . . o ¢ < *
- ' 2 S o .

. L . -
o . - . .

In the case of a non—convex quadrllateral (see Flgurﬁxg b) we note

)

_,—%hat one dlagonal,has the property that 1t does not pass:through the 1nterlorn
of . the quadrllateral. Furthermore since. the other dlagonal does 11e in the
" convex reglon, the two dlagonals io not 1ntersect In the more famlllar case'

of the’ convex quadrllate}al (see Figure 1- a) both dlagonals lie in_the convex
?; reglon gnd they of course intersect at an 1nterlor point of the quadralateral

hd v

. The -distinction between the two s1tuatlons can be descrlbed in another
e »
.way- that w111 be useful for our purposes. Fgr a non- convex quadrllateral

such as ABCD (see Flgure 2 b) one. dlagonal BD has the property thatﬁthe(
line BD contalnlng it do?i,393~§pllt tha_gpad:jj’ gral A11 the.rest of ‘\ -

n&\& . the flguxe lies. in one half—plane bounded by the 11ne BD The line AC
-

'_g'f§: conta1n1ng %%e ther” dlagonal Asvfdoes spllt the . quadrlla%eral so that part
o Aiés> in one hd f— Q0§ ahfzpart 1ies in the other, 1In partlcular, th

v vertices B}‘ D on’ 7hat dlagOnal/are in opposlte’half—planes -
‘ . : . .
v L O :‘b_'“f\ L T N . )
. . - / ..l . e ' . A ‘.
e T N N e : R e Lot
?k/) T T ¥ \ // ~
' . F ! ) v - e ’
N ‘ LAFEE B} a
A o .\ €
. AR AN . - -
© ) o ) " @ - * .
- : ‘ ‘& B - . *
2. _ o0
/ v < : : ;6 .
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If e1ther diagonal Of.? convex quadrllateral is glven, then the line

conta1n1ng that diagonal sepgrate the other two vertices, so that éhey lie

in opposite half-planes bounded by that line.
) e N
We will take tbese propertles of - quadmlaterals for granted without

attempting to prove them

. PO,
. ..a o . e .. Check YouI}Reading.' : L
1. = If for every two p01nts A and B of\;iset §? the points’ of the -
'segment AB are in- set ; then what nd of a set do we call §7?

2\; . What do we ¢all the: line’ egment that ﬁglns oppos1te vertices of a

1.

quadr11ateral° » \: ‘ - S
‘3. - Do the dlagonals of a noh—convex %uadrllate}al 1ntersect°
h.; Is a ;onvex quadrllateral a convex set? )
5.~‘ '_Where~do the diagonals of a convex quadrllateral intersect°'
6. _ﬁ . A line containing a diagonal of a-convex quadrllateral separates the

"other two vertlces in what partlcular way° : S -

4 L o N ’ c _ v 2
Exe 'ses 27—1 T T .
. (Class D1scuss10h) e
- . ¢ ' )
1. . Copy the patterns of dots 1n the follow1ng flgures and draw the flgure

PQRS . Jo;n the p01nts in Order. That 1s, JOln Pt Q Q to
R to S

‘. R, ,. and f1nally JOln S Tback to P In e v se tell
‘whether the’ flgure 1s a convex quadr11ateral a non-convex quadrl-*
“lateral,. or not a quadrllateral. : e '

. < ’ . R % -~ - . . )
. . . v . . 3= B . » ) ) )
. ,‘ . . T ’.’ .
7. .
H~ ¢ ® ’
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2.  In'each of the figyrep \bel'qw, name-the pairs of opposité verticesy-
. y * : - - ‘
the pairs Of opposite .sides, and the diagonals. ‘o ‘ o Ca
& . . ’ "o . . . ot
]
- e
R .
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' . . . 3
. PO .

1Y - - © ‘, K v’ ’ . n ’u - .
3. - For each part of Exercise 2, name all lines through palrs of opp031te .o
~\\ertlces that separate the other two vertlces S ¥
4, In each of the followlng flgues how many dlfferent quadrllaterals are
there having the given.pglnts as vertices? Sketch them all. Name
. them (as PQRS; PRSQ, etcy). o , . ,
(a) ‘ . (b)> - P C
- : . i : ) ® - ) -
Lop CE - |
L : [ - » -
A e
.o . i
. i P ~ .I? P 4 N
v L] « 'S-
’ a j,/"*\\ o e
. e Q-
(] . .
Q- ® S . e
. F ) .
- .
3
\' a <
27-2. More Abo arallelograms ' - e

Given that) ABCD is a convex quadxilateral.. How can'you tell if it's
1 recalt® the definition of > parallélogram- A convex

quadrllateral iga pa llelogram if the oppdsite sides are parajlel’

" We also ot
“‘know quite a feW

ings abdut a quadrllateral if\it is & parallelogram. That-
1is, given that .ABCD 1is a paral ) gram,

R ' '
we “know, , : ' o ! .
S T R . T
.-1¢1) AB || DC =and AD || BC.  ~ (Opposite silies are parallel)
&?)' AB % DC and AD 2 B  (Opposite sides are eongruent) .
(3) (A= /C and /B = /D . (opposite aRglea are congruent
: ;o R o - . .
' : f;iﬁ,
; s T

o9
O
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.

.y CDA and . A BDC = A DBA (Dlagonals form’ congruent :

() A ABG =
triangles)
: (5) Ap = ?6 and DP % if : (Diagonals.bisect each other)

If we know that the opposlte sides of a quadrllateral are parallel
then we can use the deflnltlon, stated above, to de01de that the quadri-
lateral is a parallelogram, However, we will need some other ways to

determine whether or not a g1ven quadrilateral is a parallelogram

Suppose that we have three non—colllnear po1nts. Can we locate a
fourth point, in the plane of the three‘p01nts, so that the four points are

vertices of parallelogram ABCD?_ .

s 4 ) \

. . - - . L -
We could, of course, draw AB, and BC, gonstruct a line parallel to. AB.

through 'C,\ ahd then construct a line parallel to fﬁf through A.

PR . .
. i B . . .
. o . - . -

-«

The intersection; D, of the line through. C parallel to AB and

f "-—

,the line through A parallel to BC 1is the fourth vertex of a parallelogram .
'ABCD since the oppos1te sides of the quadrllateral are -parallel. (Remember/
~that. when we say that two segments llke BC and AD are parallel, we mean

that the llneS EE and AD conta1n1ng these segments? are parallel ) We

‘know that the opposite 51des are parallel ‘since we constructed COngruent

—corresponding angles. ) : . . .. )
B . .. 6) .. A .

O
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v Ixeréises 27-2a -

(Class Discussion)

1. ‘Suppose that' ac and BD
bisect each other at -P.

(2) Why‘ is "’ ADPC ABPA
’ and A DPA = A BPC°

”?leﬁ (v) " Why is /1= 2%
o Wy s TG .|| e
C(e) wWmy s £33 L ) s . ‘ .,
JWhy is E I CB" T, . o

(d) What kind of quadrllateral is ABCD? Why?

[
<

"(e) Suppose that you are. glven three non-colllnear po!nts R, S

{ and T, . How would yQu use the above result to find a fourth

J b

vertex,.V, “of a parallelogram? "How many p0551ble positions

are there for V?
. S ¢

<

2.. Given.- three non?collineaf v
poihts A, B, and C.
With - B- as the Eeﬁter and

& radius equal to. AC, "draw . .
.-an arc of a circle, as shown

. in the diagram: With € as

the center and a radius equal )

to AB,

, draw an arc of a .

circle intersecting the first -

arc ingpoint D.- Quadrllateral ABDC now has opp051te pairs of -

congruent ‘sides. A = C and BD . CA" (ny constructlon)

* " (a) Is -6 aBC = A DCB?. Why? | ' \/ | .
(b) ‘vny is" ¢1 = 2_2-? Why is ,’BB,H'K CA?. )
(c). Why ig '13 T k2 1Why-i$ ‘AB - || [ BC? - . r ;" .

(a) ‘Is ABDC" a parallelogram'7 Why5

(e) Use the same procedure to Ekpd parallelogram ABCE " and-
paral&glogram " AFBC . )

Y

O
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.~ ., If we have three“nonecqllinear pdints

that the& deterhine a piane.

thé plane SO that A 1is at the orlgln and AB 1lies along the posl-
tive horizontal axis. Let the coordinates of C be" (b,

n .

(a) What are the coordlnates.

. : © of D if we know that
"AB' X CD.and . -
% || TP 2 (That'is,,
B ' 1 .one pair of opposite
o R _sides of the quadri-
: . lateral are congruent
\ﬁ, | .~ gnd parallel.)
. (b) What are tne3slopea of
AC and BD ? 1Is
AC || D ? _Why?

(c) Is the quadrilateral - ABDC a parallelogram?

“'k.- - Draw a quadrilateral which is not a parallelogram But~
. . v . . .

-

L

- A

2

It

A
B

2

LY

‘and C,

f ]
We can assign a coordinate system to

—

then\ye know

c).

. {A(0,0)

(a) which has 2 pairs of congruent .sides;

. . -(1v) .whose diagonala are perpendicular;

« sides,

~N

/

In the prev1ous class exerclses we have seen

1atera1 1s a para;lelogram if

(l) the dlagonals blsect each other, or

- (2) the opp05Lte sides are congruent

. ~ - (3) one. palr of opposite sides are congruent and parallel..n s

P

» frequently that it w1ll be useful to name and define them here.

[N L. . B

O
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§

,

or

=

N e ) ) o ) .
o (c) which has one pair of parallel sides and one-pair of congruent

.

Why 2 |

-

that a convex quadri-"

There are certain kinds of- quadrllaterals whlch we encounter S0



\,I‘
.l“'. - ¢
'Y e
- (3)
K
» -
o™ ,
c—
(5)  ' 4
14 ) ’9
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i® the opposite sides are’

. parallel. .

A I

- . PR

- B
- e )
.

" A qusdrilateral is a ghombus =
. if it is a parallelogt'm with

all four sides congruent.
o ;

-

A quadrii;teral_isba.recfangle

Lifig is a paralleloggém with

all of its angles right angles.

R 4

A quadrilateral is a square -

if it is a parallelogram with

" all four sides congruent, and

if 211 of its angles are right

angles. e >

A convex quadrilateral is a

trapezoid ifstwo,  and only two,

“opposite sides are parallel.

»

'13‘

A quadrilateral is a parallelogram



~ . B . e ¢
(6) mosite sides of a ghadri- :

" lateral are “two side _§ ‘that | l o~
do ‘not intersect. (Such as, '
B and M ) Two of its = -
Jles are oppos:.te ,if- they LT

do not éontain a common "

oo sides ( LA and L0,

for example3 Two sides are - ~

N called consecutive if they ~

have a common ¢ndpoint.  ( AD and DC . for example) Two angle are

~called. consecutive if they contain a common side. ( ZD and ZC 'i//

for - example) A diagonal is a segment

N .
joining two non-consecutive

vertices. (for example, AC )L‘, ey
o _’:1.? . .' . = . ' .
h L Exercises 27-2b

»

k @ In the f\ollom.ng table, consider the five types of .convex quadri— o

laterals listed across\the top with respect to the sixteen statements. The -
statements are referred to by number and listed below the table.' If the

: quadrilateral ALWAYS has the property at the left, fill in the table with an

' A; if the figure SOMETIMES has the property, use an 3; -and if it NEVER has
that .property, use an N. Draw- a complete table and- £ill it.in with the

appropriate letters.. (Problems l 16) I

-}RE'CTANGLE._-:-.“ {SQUARE | RHOMBUS | PARALLELOGRAM | 'TRAPEZOID
2' v -
_ 3. .
. . .
' RN _
. 4
STATEMENTS- T L , - .
. l._ Both pairs ‘of opposite angles are congruent E T ’ N
2. Both pairs of opposite sides are congruent.
f 3 Each diagonal_b:i'sects two angles of the quadrilateral..
.. . - o - | . N~ - P ,‘ ':.
- 10 -4
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T e

e .V‘ _ - - B oy : .

&, . : - - .
} 4’ . .
ho g%bbe diagonaly bisect each other.. . ' » N
: C E ) ’ .
The’dragonal are perpendlcular o )

[

5
6
7.
8. .
'Y
9

m@

11.

12,

13.

10,

15, .'

16. -

7.

;&

19.

’ « Bach pair of consecu%ive angles i\\E‘prementary
’ N -

- - “- . . L]

:Each-pair-of consecutive'sldes 1s>congruent.
' . . LN . . .
.Each pair of consecutive angles ‘is congruenf.' o o

The«diagonals are congruent
}‘ . \
Bpth palrs of opposlte sides are parallel R
3 .
Three of its anglei are right angles
. Its dlagcnals are perpendicular and ;pngruent.
ts diagonals are perpendicular.bisectors of each other. -
: . v . .2 . : T
It is equilateral. s '
It is:equiangular.-
It is both equilateral and equiangular.
Prove: " If, in a cpnvexvquadrilateral, one of the diagcnals and the
line joining the midpoints of a pair of oppcsite sides bisect
" each other, then the quadrilateral is_a parallelogram. '

‘With the measures of the angles . - S
as given in parallelogram ’

AFFH;, -give the degree:

measure of each angle. ' BN
v - . .
m/A=_2 ,w/B=_12_,
w/F=_ 1 ,m/E=_2_ . =

Let Q = the set of.eli'quadrilaterals
;.the set df all trapeioids‘ . o
- {he set of all parallelograms ‘
the set of all rhombuses (rhémbi)'

= the set of all rectangles
thé‘!et of all squares C -

w a m e
I

Slnce every trapezoid is a quadr11ateral we can state that set T°
“is conta1ned in set Q Thus we write T C Q 'and can represent

the fact~in a drawing like that shown above. Represent in an

11

.o 15



. ¥ B
. . . . s
. v M

. analogoﬁé ‘way- the relations between the indicated sets., © g oL
R - B s - . - L . .
O R TIE S O T o N T T
.AO. (b) Q,. P, lR.‘ . = | X 4;‘) Q’ ’I“’.' C’_ R .\ ) .._.
" (¢) P, R, C, and S ' o ; T
‘e N .,» N . ) .- > . s - ' ' ’
- ' — : L. o
, . .
- . M

27-3. Families and Networks of Parallel Lines

_  The che‘mistry teacher gave Johnriy- Jones a'piéce of platinum wiré ‘t"o',..'
use irﬁan experiment. ‘Johnny had to share the wire equally with the oter .
two bz\;ys'. in_hds lab group. Johnny didntt ,hawgg_ a ruler handy’ so he divided >

- the wiz"e':into three parts by a rather clever device. He'took gz piece of

1ir;e_d'noteboo}; paper and laid the wire on it as shown"b:elow.'

- piece of

. platinum wire 4

j- . o . 2. " " . . ‘ .. .. 1 . . R .
We see that the endpoints of. the wirs a@e on two.of the- rulell lines #nd the

wire’ is‘intei'sected internally by,"thé other ruler -lines. 4.Jo'hnny. cut the

wire at thés_e two points. Does it_se'em ~o0 you that the three pieces of wire

’

. ’ ' B a

obtained would have the same leﬁgth?'-
Johnny had the ‘advantage of know?'some geometry. He reasoned ;.s -

. fgllows: . ) o 4 - - . .“ e
' "The folux_'.‘lines.whic}.l touch the wire Put off three
segfnenté of equal 1éngth_ on’ th?; edge of the-paper. e d ’ﬁ/
Therefore thesgglines divide the wire into three v ‘ '
. piecks of eq éler‘;g‘th." . _. . : » o . . '

can ‘polssi_bljr prove.

" Johnny's reasoning suggests a theorem which
B ' v L .12 ]
16
O
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Theorem.

M\

. «Proof:

! r
2 .
. oy
-
.
N
’ —
4
-t
-
N
o
-
N
.
.
. -
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, leen that the«segments qut DIF by, 129 '22’

, are, congruent. . T

~Dr_aw»1inés'>'k, Ky, kg

.
-«

I T NNV B SN

If three or-motre parallel fines cut off C;@'N segmeh’E/s o.n'qn\e .
transversa.l,,'theq /they cut off congruent ’segments on .eve'ry t'r%ns—_

~ -— - ’
verﬁ . . " -. I L] ’q . —— v A . -

\. : LN r . ) P

3, and En on "k

fv'are congruent. Wé’will show that the segments cut offl on 11ne\ m.

" . L . S -
?\ s . -2y a W, .,&' ,\‘

,‘ . - . c" .
- . A W t

~

5 » £
f"sc "‘- ’ ‘ ' } .
- ’ e 3 R} ; L ‘\‘
- — - M £y
- T sy e
_ c/ - v
. 3 .
© ' . D v : ‘J‘ I ’ . . . . H ». 0 '
D = - - \' b
I k . . . :

. T . ) : *
(We assume tHat the'lines, k. and w,.are not parallel. If

they were parallel what, could we tell about. ¥, FG, GH?
Why")

. %

, kh parallel to '}-‘-t.hl‘"'oggh points
G,"and H. -~ )

E, F,

. Al1l of the v‘angle‘s marked:-‘-.':;'l" are congruent.. Why" .
" ALl of the angles. marke_d i are congruent_.. Why'7 s ‘
BIW, I, aa G IE. wwr |

13 . s i -

A .. ". : ‘,0.'



: " It.vas giveh that . AB “Can we conclude that . R

¢ 7 o . ERE FS-GT"' o, o S N

L4

‘e

@ N ..

. Tne.refore AE?RF AF%G ¥ A GTH, by JASA, and EF FEGEGH
o .“' - ‘iqce they are c:orrespondmg parts of‘ congruent *e’rlangles. B

‘I’ﬁe theorem carr be thus proved It- should be clear that a s:.mllafr

. proof could be glven no. datter how many "‘z"_ llnes ‘bheré‘~are “_ PR
. . . . o .
. L Now do’ you see why Johnny‘s methc}d for d1v1d1ng the platlmbm wire
: . . R AU S S
ﬁkedv N T VLa
; : ) Lo "‘. ' L . LS 4 . . . .
. r-te . EByercises 27-3+ . . - '\é
i 3 T N, . - . . 7 . . .
S o S ‘ . .
-l. ° .Glven segment andiany ' w . - R R
"convenient -thy, AC e ' '
\ 1+ _ (&)™ CongtTuct »BD parallsl
J .+ to AC' and mark off the
"« - same” number of congruent i
‘ \ ' skgme s on each ray.
- , . (Inthis d Sing~e XS
. . \\5 . v . marked ofze,ufr congruent’ D~ -
' ’ ~ segments. ). - - ' '
' " (b) Dpraw AY, RX, SW, TV and UB, Show that - _
. WM. T
- . * . Nod .
L F s & : . ; V' ool
2. leen a trlangle, Q, &BC .Le\M be the midppiht of ABf and P be’
~. "A_ © the mldpo:.nt of - “AC. ¢ S ‘ '
- . }\ 5o
\ _ A — - : . \ . A -,
XS
. N ) ] w
~ ‘Draw lines through A and M j)arallel to- .
. » V . .
~(a:5 Since thls famlly of lines d1v1des A_B into stwo congruent seg-
ments w111 t&LImgthrough M pass throug‘g P,. the midpoint' -
T or Erowmy? : . .
) ) ; . _ o

. _v.a '.-v. . | | .v .. .. . | . lh18 . . | - ’ : . -«. '_‘. «
D e

O
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- s

- P ~ , ]
' e C o ‘, . , . - . ’ ‘ . '.Q
. . ‘(b) Can we conclude from ‘this that a line parallel to one s:.de of .
- ; v -1 triangle and pass‘jng through the midpoint of a seco,nd\a%e of [N
. . . . . £ -
* Ny . the tf7iangle Wlli always pass tlgrougm:,_he midpoint ofi*the tgird ' (
> . . -t
N ~s:.de of.the triangle" e - _ | 2N
‘. o . . (‘ . N e “« .-
\ (c) Draw - PD ||, AB where’ f)~ is a %iﬁt on -fs'é/- -(What king of S N
}_,‘ ,’ ‘ quadrilateral As MPDB? ° ., %\ ~ . —-"" S
' = _/—N .. R VA Lo T
{d) Ts: WP = BDO? Ctmy? T o - -
. . j‘ . . . ~ Y . . . i
fe) Is MP =3 BC" Why" « L LN, £ 2
ot LT . ' ot
3. Draw a convex quadrilat ~al o A -
' ;gike ABCD, E, Fy G, 0 L I . {‘
. and H are the midpo:.nts of . “.
ey 7
A . the respective sided. e v
L ‘ . - B S .a\‘
(a), Draw diagonal BD. What - _
' ' can-you say about HE and ~N e . be\ .
e . —B—P, GF and BD'7 ~ _ ‘ .
(b) I8 HE-GF? Wny? o '_ — o w '\'b

_('c) Is HEFG aparallelogram" Why?

(d) Write a stat'eﬂment about *Ehe kind of figure you will always get

if you _join ‘the midpoints “of the adjacent siges of any’ convex Ny

L o quadrilaterai A = )
. L - \ .
k., _Prove that in any convex quadri]nteral the segments joining the
. midpoints of the opp031te s:.’des bisect emch dther. _(Hint:_ Use.
. Problem 3) ' .o R ,L-- -7 ro . s
" .- .. . . )’ . .. - _“ . . . - ‘/
N N AN
R
Y s IS ' J,
F SN
% 7 ya -

O
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N 4 - ...' “ . N - ) - .
o - iy a non—comre%c drilateral .
0 like "Aﬁ.&, F, G, kEna\

N ;
L N \ H are midpoints o ﬁhe e
B . respective si 7

. CQ

~NL , (a.kjgraw dlagonal @, e

R W _pWhat can’ Ly du say bout o,
Coalt oy L o \. NURES
I L EE:‘E]S, and GF? .

/;» .,"-r(b) iy s T SEFT *-—'1‘\/

L (c) Why is }IEFG a p@.g%llelogxe._m” .

’ \ . = . ' . “. ~ T
—— . . L4 ’ . K
Ay - .
° : . - 3
v ) .
27-k. Combin ng’ Paralle\)a}ui P.e‘rpendicular &Kelatlons n Space; _
- . a ) 3 ..

-In this sectlon we would ‘like to have you “thihk about the relatlon-
ships among parallel and per'pendlcular lines and planes in space. ‘You. should
" use familiar objects around you; such é&bbxes, bulldings rooms, etc., to
t

xhelp you to visuallze the different ‘si tions. Draw sketches when-'they'

appear to be needed to clarlﬁr the relatlonshlps. Be’ sure  that you ha?e -

N

’ ;° 1ooked am;tuation in several dlfferent ways before you dec:.de tha:t a

statement 1s ALWAYS SOMETIMES, or 'NEVER true. : ST
. - L
e Is it posslble to have a 11ne perpendlcul r to Just one of two »
- parall\l 1ines'7 For. example, suppose that we are glven two parallel 11nes,"
. P E) ’ N *
A 22‘ T . , '

. —

v Is 1t possible t? have a line, AB, pefpendicular-to £y, but not perpendicu-

é lar to . 22? Look at -the fo'llowlng drawmg and state what must be true about
' AB sar that AB - will also be perpendicular.to £, (We know that £, and .
'g, determine a pY¥éne.) |} . . _ 4 , . e

2 -

.
.

O
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L : _,, 3.'_; \ 5
~ What can we conclude about a line perpendlcular to oge of two parallel

élanéS? Plane |\ plane'_n and ,AB l plane Jm. A(ReCall that two planes
are parallel if their intersection is the empty set.) _ . :

¢

8
" 3
- . -— ° . - . LT
If AB inteysects plane »n-.willi\AB be pe a1 : n?-
Let’s draw any plane, P, o
» contalnlng AB It wlll 1ntersect ’

plane m in EF and .plane n in
' CD. What relationship exists
between D ‘and EF? Why? ‘Since

-t

. . gt
AB 1is perpendlcular to EF at. O,

can we’ conclude that AB s pe¥

.pendlcular to - CD9 Does this mean
“that we can conclude that AB

perpendlcular to plane n? Can you

. draw another plarie through AB°
- How lel this help to dec1de whether
AB l'n or not°

s A}
Y

O
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’ iExercise‘s 27-har S .
‘ (Class D1scussion) - L
o . - 4 i S .
o J’I After “thinking about the situations discussed prev1ousl¥”;1ry»to déd&dn

ot
Whether the . following statements are ALWAYS SOMETIMES oor‘RE%FR true o

- space. Give some brief argument which supports each conclusion., Draw somzt
sketches to help you declide. (Problems 1-4. ) "

T10 - 1 two Tines are parallel then a thira line perpendicular to one of
the two para!iel iin S. 1s perpendicular to the other llne.

»

2. 'If a thixd pl&ne 1npersects two’ parallel planes, thén the lines of
, - intersection will be parallel. ' R X
LI o S o, “ N
34 If two planes are perpendicular o the same. line, then- the two planes*
. B
Y are parallel -l . , c o
. . ~ - /l . . . . -
h, If two planes are - parallel and one plane 1s,perpend1cular to a line,

f_ Front Wall .
5. In the ahove picture of a corner of"a'room'. : _ .
o (a) Identify a part of a plane that appears to be perpendlculard¥>
) . CB. - : S
v / : G .
S (b) Does the plane ident1f1ed in part (a) appear to be perpendicular

to any other line in the draw1ng9

(c) 'Is there a line in the draw1ng which appears 40 be parallel. to
,Eﬁ? If so,»name 1€§§

3 - -, . . )
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6.

—_—

T —

S

o

6.’

9. .

- 10.

- . T~

(d) If the plane that contains the front wall is perpendicular to

'55, will the plane always be perpendlcular to all lines parallel
to :CB? T _ o . - -

”4 . . . . . . N

In the drawing of the .corner of a room ,\S;‘

(a) Name a line in. the front wall that is perpendicular to. Eﬁ, h

(b) Name a line in thé side wall that is perpendicular to: TB.

(c) Two lines perpendicular to the Same line are (ALWAXS SOMETIMES
or-NEVER) parallel._ - B

. In the drawing of the. corner bof a room- R ;al.lf

+

(a) Name two lines in the front wall that are perpendlcular to the

'

plane containlng thé s1de wall. Y

l

(b) - Neme a line in the floor that is perpendlcular to the side wall.

(c) All of the lines perpendicular to & given plane (ALWAYS
' 'SOMETIMES or NEVER) lie in the same YPlane. .

..

(a) All of the lines perpendicular to a given plane are (ALWAYS
”{ SOMETIMES, or NEVER) parallel to each other.

In the’drawing‘ofuthe corner of a room:

(a) Does the plane conta1n1ng the front wall appear "to-be perpendicu—.

Y

lar to'\MT° S o : a :

(b) Would‘you e ect the plane contalning the back wall also to be
AN XP
perpendicular to ﬁf” ’ ’

-
v

(c) Two dlfferen; planes, both perpendlcular to the same llne, are
(ALWAYS, . SOMETIMES, or NEVER) parallel. o :

+ v

In the drawing'of the corner of a, room'

s

(a) Is the plane conta1n1ng the front wall perpendicular to the

floor? o : S

.

L (b) Is the Plane containing the side wall perpendicular to the floor?

.0

‘(c) Two different planes, both perpendicular to the same plane are
© . (ALWAYS, SOMETIMES, or NEVER) parallel.

v

In the drawing.of the corner of a room:

5
\ \ .2

'(a) Would you normally expect the front and back wall to be parallel?

\ - ) -
0 :

T . . ~



]
v

-

. . = - _' \ —— )
(b) Does the side wall appear to be perpendicular to the<iront Mali°
(c¢) If the front and beck wall are paralf?el/and the side wall is .
perpendicular to the front wall, the back walk will (ALWAYS
SOMETIMES, or NEV'ER) be perpendic\ﬂ.ar to the side wall.
- 3 - LA
. iy - S
~ - i ) : ’
R Ne can summa ize tﬂese relatlonshlps in the follow1ng manner. You .
~should be cautioned not to try to memorize these relationships but to estab-
L lish them intultlvely u51ng convenient plctures of the 51tuat10ns as the need
arises. ’
B '.' . < ‘ . . N . L
B 5 two'.planes are parallel two lines are parallel
E ¢
‘ ;&r then | > \\. |
a 1ine || to o one plane  is sometimes one line is always
3 : parallel to the other parallel to or .
’ 5 ‘ . plane. ‘ identical with the |
’ L . . .
other line.
J#.ne 1 to. . one plane is always ‘one 1ine is some-
4 " | perpendicular to the times'perpendicular"
Lt . . N -
'*; other plane. L to the other line.:
® ~ o plane || to . . . |one plane is sometimes one line is some-’

-~

-

parallel to the other.

plane.’

times parallel to
the other line.

'a‘plane l 0 . o

one plane is always.

‘~_perpendicnlar to the

| other plane.

. : o . .
. one line is always

perpendicular to the

other line.

O
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v

.‘ehartr Use a drawlng like a room Or a box to heip'visualize the ,relation-

. R

. Exercises 27-ub { . X ,}i

Fill in the ﬁollowing chart with phrases'like the ones in the previeus

T ships;',/:m‘ .
o - two planes_arev two lines are_ )
) If :Qerpendicular perpendicular  .s
1. .a line \\'to R ) :
2. aline | o . . . S '
4 . ' “ . )
3. a;plane‘||'to . e
L, & plane] to . . . > <. -
g1 o . . &

)" , B N . . ) . . :
s . . \\/ . T , i “ .
We know that the relation of equallty between real numbers possesses

"‘the folIOW1ng three properties.

~and c

. For any real numbers a, b,
(l) a=a (Reflexive property)
(2) If a =Db, “then b = (Symmetric property)
" (3) If al=_b,'énd ‘b =c, then a=c (Transitive property)'
.Q“. - . . v, C . . ' ' A
Consider the lines £, 22; and 23;-'and‘the parallel relation.. Is the,
ﬁarallel relation reflexive? That 1s, ~ .
for any llne E is |[ 21 ) ,

llnoll

to itself.: It is desirablé toh

; Lo 14 .

ment congruent to 1tself _ Thege relations are quite useful » Is the same
For our purposes, the answer is “

We

-true for the parallel relat10n°

will assume that a line cannot be parallel to itself and hence the parallel
relation for 11nes is not reflexive.

otherwlse, and proceeded Just as well on that basls._

O
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We remind. you that we'.could have\geelded

21 . . T

RO

“In order to answer this Question we have tg\aecide-uhether a line is parallel

a %umber“equalﬁto itself, and a line Seg-’” S



- " ..

C s

Is the parallel relation for lines symmetric? That is, -
e ‘ o : N

. for any'lin;s £y and g, ‘if 'z .I]:ze, then is 52 L[ z .

-

We can appeal +0 ‘our 1ntu1tlon and 1 _k at parallel 11nes 1n a room;

or cons1der tughdefinitlon sf paralle nes. In e1ther case you should-

conelude that the parallel relatlon for llnes is symmetrLe.
Is the parallél relationofor llnes transitlve’ That 1s,u
. S ! ¢

for any'three distlnct lines fys Ao, End gy i £y || 2

L | .and "2, l1,§3, then £, [ 25 h | ) R
" Look at the two parallelziines'drdwn\inwthe:plane of this page. ' '
, - . N R : o »
; i : A
Y 1 T -
- e N
) . N T
2 < :

Can you hold a pencil ‘in space, so that it is parallel to - 22, buE not
- parallel to E ? We could, of course, prove formally  that the- parailel .
“relation for threeqdlstlnct 11nes is tran51t1ve, but it should be easy for:

you to- see rhtultlvely that this is the case,

EzercTSes 27—hc B '.‘ ' e

.
. 1. “'Poes the perpendlcular relation for three drbitrary llnes 21, Zé,
S . and B3 have “the follow1ng properties ‘in space’ .
‘(a) -Beflexrye?__For any line £, is £ 1_217
" (b) Symmetric? For any lines lZI and Ié, {f_lzl 1 25, is
o L . o 2 .
2, ] 22 ‘ o
ST (o) Transitiye? For any three lines "21" 12,' and £y, if
A " £ ] fy, and 422 1;33, is 4, l 23
2. . Does the parallel relatlon for three arb1trary planes, Py, p2; _and
L Py have the -following propertles’
c ‘ (a) 'Reflexive?' ' B ¢ . e
L . 4 . X &
22
. -~

S
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3.

' (b)'-Symmetric?'

¢

(e) Transitive?

' Does the perpendicular relatlon for three arbitrary planes, pl,

When is. a geometrlc flgure symmetrlcal with respect to a line?

L

A

P2,
and 'p3 have the following properties°
(a) Reflexive? L s R
(b) . Symmetric? S . ) .
: . ' .. | °
. - v ° 1’
e . - - r
(o), Transitive? s . - ~ .
b, - Is the congruence relation for triangles reflexive° symmetric
L transitive? : B S
5;' Are vertical lines sometimes, always; or never parallel?
N Are horizontal lines sometimes, always, or never parallel°" o :
K .
3 - RS ' s - B L ,. N 2
"27-5.. Axes of Symmetry ’
e — ' . s
" What is the image of this figure )
for ‘the reflectlon in 27 e
_ Since the figure is 1nvariant for .
" the reflection in | E, you,recall that
" line E is called the axis of symmetry
for the figure..
'/ e say that the figire is symmetri-
‘cal with respect to 2. Does this
. 13
f1gure have any other- axes of symmetry?
e
The concept of symmetry prov1des us wlth another very important tool
for analyzing geometric f1gures. - o 3 )
" E ; ) .. s :{‘7 . st
_Exercises 27-5a o
(Class.Discussion)' S
. PR > S .
1. Formulate a definitidn of an axis, of symmetry of a geometric figure. .

v



N e 2. (a) Show how you would find an
’ . ' axis of symmetry for the

' segment B .
e : o (b) How tiany axes of symmetry
¢ - , . .does .a segment have? Explain.

- o (c)"How wany axes of symmetry does a line have? - Describe. them.".

L
3. (a) Show how you would find an’

axis of symmetry for ~ {BAC.

' Justlfy ‘your answer.

(b) How many axes of symmetry

does an angle,have?

'figure consisting of two.nonléollinear segments KB and

whicH have. a common endpoint A.

() this figure has an axis of symmetry, what must be true about
’ segments 2B and AC?
: (c) What must be true about the points B and C? - .
T - 5. ¢a) Draw a trlangle which has exactly ‘one axis of symme€¥§

~(b) What kind of triangle must it be? Explain.

(c) Describe the location of the axis of symmetry.

-

- - ) - v

From the exercises above we see that two points have one and only one
axis of symmetryg the. perpendicular bisector of thé line segment joining the
two points. If A an&§ A' .are any two points in a plane, then we can refer'
to A?- as_the image of A in the axis of symmetry £, and conversely.

N .

O
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. Exercises 27-5a -

_ . Copy the following figures onnyour paﬁer and draw all of the axes of f
, symmetry~that you ‘can find in the plane of the paper. If there is none, °* -
state this fact. (Problems 1-21). -

L. _ - - 3.

[
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‘25,

Dréwfa triangfe which has . 2 gxés of symmetry}' If a triangle has

2 éxe§ of mmetry then must it have 3 axes of symmetry? Explaip..'

Draw a quadrilatéral which has.exactly one axis of symmetry énd
which is . s 4 ‘ '

(a) kite-shaped.

(b) a trapezoid.

;Shoﬁ that there are two kinds of quadrilaterals’which have exactiy-_x

two axes of symmetry.

What kind of quédfilateral has exactly four axes of symmetry? Draw

an exauple and show the four axes. -

.

3
_—

-

26 -

b’m .

30
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27-6._ Rotational Symmetry

*In the'equilateral t angle ABC shown- below,vthe dotted llnes

intersecting at’ 0 show its three axes of symmetry.
o . B

aj %y
Conslder the rotation w1th%§enter

~at D defined by the curved arrov.

The 1mage A A'B’C’ falls exactly
on A ABC such that A? 1is located
at C. - Where aYe B* and cr

located? i

”

T Therefore this~figure is invariant for this rotation about O.

A
Deflnltlon. A figure which is 1nvar1ant fo# a rotatlon about 0

-that is less than a full.turn is said to have rotatlonal

_jggL_Ex about 0.- Lo

Rectangle. ABCD “is shown belpw with its two perpendicular axes of
‘ ‘ Ny mmetry 2 qnd"ze' intersecting
at 0.~

b_’ .

¢ " For a rotation.of a half turn

about 0, describe how the image
rectangle )A’B'C’D{ falls on the’

B S i Attt SEE L 4

=
[}
t
)
:
¢
.
\
i
)

o

" originalrectangle ABCD by telling
where the points A, B!, C?!, and

D D? are,located. SRR

._.'-...--‘_---ﬂ.-_--..‘...--_. ™ -

Now_consider the reflection 1n point 0 Again the(image rectangle‘
ArBICiD? c01nc1des-w1th.rectangle,nABCD. The image B! is located at “
D hecause 0 ‘is the midpoint -of ED. . Likewise the 1mage c? isklocated_
at A. VWhere are “A?* and D? located9

o

Notice that the image of rectangle ABCD for a rotation of a half

turn aﬁ%ut 0 isAthe same as the image of rectangle ABCD for a reflection.

‘This was to be expected since we found in an earlier chapter that

ctlon in a point 0 and a rotation of a half turn about. the same *

¢

'p01nt 0] result in the same rigid motion.
?a

g

4
Definition,_ A flgure whlch is invariant for a reflectlon in 0,
.and therefore. is 1nvar1ant for a rotatlon of a half turn

about 0, 1is: -s@id to have central symme rz ‘Point O

is called the center gf_symmet;y for the figure.
27 '

O
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Exercises 27-6a ' AN+

(Class D:.scushion) ‘\ _ o

-

1. - In the definition of rotational symmetry, why is. it necessary to state :
~ | that. the rotation must be less than a full turn? ' . ..

4

2. ﬁor i equilateral triangle. ABc discussed ‘at the beginning 'of this
section, describe another .rotation -of less than a furl turn for which

the triangle is invariant

3. "Explain why an equilateral tr:.angle has rotat:.onal symmetry but no
' central symmetry and therefore no center of syamnetry.

RS M. L, }Ebcplain why a figure that has central symmetry also has ‘rotational: N
o el . .
. symmetry. . B : ’ s N\ L. B !

5. -« - Suppose that a figure has two axes of symmetry ,e and ,ee- showm’

- belorw that are perpendlcular at point 0.

2,

:P,(;¥)y>, . P(ﬁgy)

We shall not draw the figure o
but,we shall use £; and z} to. .
L. | - form a coordinate system with origin .

. ) v o _at-'@' and let P(x, y) be any point

. h-. ' - on the undrawn figure. ‘
N % T e
L ' : (2) Point P'(-x,y) must be a

_' gpoint on the figure. Why?' I

P"(-x _y) ] . ) L .
"o , o - (b) Likewise Pﬂ‘"(-_x,-y) mst be

. - a’point on'the figure. Why? . .

’ : .
{c) Show that the coordinates of the midpoint of FPP" are (0,0) s
", _which is point O. R ” .

(a) Point P" is the image of P for a reflection in O. " Why?
‘ Since. P _is any point on the figure, and the image of P for
-the reflection in O 1is also on-the figure, tHer O is- the

center of symmetry for the figure. Lo N

In SummATY , if a figure has two axes of symmetry which are’
perpendicular at a point 0, then O 1is the centex of symmetry

S . for the figure. - . - _ ’H?7ﬁn'
N ’ : - ) 4¥ . o .

J

28 o » -
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Exercises 27-6b'

>

Which of the following.figures hawve rotatiqnél symmetry? Copy the

figures that. do, and show with a curved aProw a rotation of lcss_thdn .o

)

a full tuin for which the figure is invariant.




PR

2. . ‘Which of the foilowing figures-have eehtrél symmetry? Copy'the:figuresi‘

. S that have central symmetry and locate each center of symmetry if one :

e%;sts " e o s 3 . - ) S
(a)

(g)

. : . BN
. 3. Given a @arallelogram "ABCD:?éb

" (a) 1Is the given flgure
' ',symmetrlcal about a p01nt°
N : If so, locate that.point.

(v) - Is the figure symmetrical

about a line”' If so,.

locate that llne

-

“(¢) Ifa flgure has central symmetry, must it have an axls of symmetry?
‘. : 30
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L, .Draw a rhombus that is not a square and draw- 1ts two perpend:.cular
) axes of symmetry. ‘The .intersection of the axes should be the center
of'symnetry.- Show that th:.s is true

whlch of the regular polygons have central symmetry"
;If so, how : y sides do they- have" (Remember that regular polygons
are plygons with congruent sides and congruent angles ) Are there’-
any’ regular polygons in Exercise 2 that do-snot have central symmetry
but do ha‘ve‘ rotational symmetry? If so, how many sides do tM have?

~~ Discuss. . oy R
o~ N N . LT

EN
. ) - x
. N ) :

4

_' 27-7. ‘The Symmetry of Figures _:';n'Space’

Points ‘P and P! are said to be symmetrical with respect to plane
“m, if they L ; ) '
(l) liePon opposite sides .of ‘plane \'r:,
(2) Jlie on the sa}ne»perpenliicular line to plane m; ‘-andj _ )
(3) ‘are equ:'liistant from plane .m .
That is, plane m is the perperfiicular bisector of PP’ .
‘A transformat:.on\ of space 1nto 1tself which assigns to each po:.nt P .

t_he.po:.nﬂ: P? symmetrical to P about some plane m 1is called a

symmetry- about the plane.

%

A f:.gure is sa.:.d to be symmetrical with respect £0 a plane m if it
is transformed 1nto 1tself by a reflection of space in this plane. . In the

above drawing, plane m 1is called the plane of symmetry of the figure.

“* - : N
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Figures'in'space'can also be.symgetric with respect to a line or a

?olhtg . . ‘; ?

Line i/ and p01nt 0 are called the axis of symmetry and center of

_xgg_;zz of the flgures respectlvely. If P and P' are symmetric points,
then £ is the perpendlcular bisector of - PP' ~and O is. the midpoint
of PPY. '

. Exercises 27-7

E

< v. . el © / S .

- (e). Regular Tetrahedron {f) Sphere
1. In each of . the above flgures, how ‘wany planes of symmetry are there?
2. In each' of the above figures, how many axes of symmetry are there?
3. In each of the‘above figures, how many points.are there that are '

centers of symmetry? . .
C . 32 o ) , : ) BN
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Tk The figures below show a cube cut’ by a plane in several different

o

. ways. Indicate in‘which cases the cube is symmeixrlc with-u‘espec“t tvo . .

the plane. : , - I . ) " ‘. N

(a) ,. (’-b) A , Q(c') (T’\,/

-
e o]

\

[rapupaoy WY B3 O

v 0

15 SO R B oL K

P -

. ’-BRAINBUSTER Find all of- the axes of symmetry of a cube.
I S (Hint' _There are 13. )

27-8. . Prisms and Cylinders ' L S

L Let m and p. be two parallel planes, R a reglon in plane w,
and l a line intersecting both planes.

-y : 3
o

N
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‘ “The set of all line segments AA!' . where A is in'region R,
_A' is in plane p, and AA' is parallefto line £ 'is a éolid region
called a cylinder. ; '

E) : e

. ‘ . ‘ \\“_"~/<(“. o S/\\ //A—EL“—'dlrectrlx

e - upper
) o basge
'4-___7;Tf<“'éltitude
e
.-t
-4
\§ . — lower
" base

Line ¢ 1s calied the directrix of the cylinder, R ‘and R' are the

lower and upper bases respectively, and the distance between plane p and

‘plane m is the altltude.

If £ is perpendlcular to m then the cylinder.is called a right

C 1inder, otherwise it is an obligue cylinder. We name certain common solids

in ‘the following way:

If region R is © then the solid is -y
(a) = polygbnel region a prism,
(v) a parallelogram region a parallelepiped,
(c).%é friangular region " a triangular prism,
. f(d)> a square reglon , - a sguafe‘ rism,
l (e) a 01rcu1ar reg10n . _ a circular cylinder.
K -

N o
.3& ' .f;?é; l{

O
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The following drawings.are repi'esentai:ions of some common solid
fPigures. 4

triangular prism : right prism
- .
/ :
x
i
‘ ot
. - :
: /7 \
IR U . [ S P,
~ \ Bquare
4 ) rectadgular . .~ ° cube
n _ parallelepiped - o

,-
3
“
-right circular - ‘ " obligue circular
cylinder . + cylinder
' LY
. . ¢ 35
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4

Exercises 27-8a . .
(Class Discussicn)
1. If we define a'lateral edge of a prism as segment MEE';'where A

is a vertex of the base of the pr1sm, then are

(a) all lateral edges of the pr1sm parallel° Why° e

. “ M

'(b) all lateral edges of the prism congruent?

2. If we define a lateral face of a pr1sm as the union of all segments

PP* for which P 1is a point in a given side of the base, then--
(a) are all lateral faces parallelogram regions?

(v) are all lateral faces congruent”regions?

3. What kind of regicns are the,lateral faces of a'right prism?

L

Ly, If we define the lateral surface of a prlsm as the unlon of 1ts

' lateral faces, then: ) A
) { .

-(a) flnd the lateral area of a rectangular parallelepiped of
length S, w1dth h "and height 3; . S

C o

(b) find the lateral'area'gf a cube with edgel'6;

/;’(c) findvthe total area of a cube with edge 6.

A\
® We find it qulte useful to define a cross. section of a prism. For

“ example, such a definition will enable us, to’ develop in a later chapter .

some notions of measurements assoc1ated with sollds.'

tross section * .

36 | L0 o ;
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Definition. A cross section of a prism is the 1ntersection
of the prism andra plane parallel to the plane . = o '
of the_base. . o R ; )

A3 [T . X -~ L ) T - . L
SN . . N .
. . 3 - .

* In thel‘drawing above,’ plane" r .is parallel to the plane of'the base,

plane m, 'and at -1 d1stance h above plane m. .Region C 1is a cross

-

section of the prism pictured above. . e .
.xgwf_‘ ST
o - Exercises 27-8b . * -
o . _' . : . Ca -
’ A . - (Class Discussion) o,
FEREE L 1. Let the triangular région ABC

Ly . . - ,

be the base of a prism, and DEF .

a cro;ss section. Is AD || to BE?
i A .
Is BE'I]'KE? why? . -

& Quadrllateral ABED is a -

.

parallelogram. Why? .. .

.——~_._. .

AB = DE .- Why?
Quadrilaterals ADFC and BEFC
.. aré paraIlelograms‘. ‘Why? -

T 6. nABCEA DEF . Ty P

T. Are the upper and lower bases ofa t'riangul.ar prism congruent? Do
they have the same area? : ’f' : : . : ’
L D : B ) ) :
8. Do the cross sections of a given pr1sm ’have the same area" Why ?
4 .
’
_"" -
X . -

N - <

. A . [ . ’ . .
. We should be able to conclude from the previous exercises that

all cross sectlons -of a triangular prism are congruent to the base of
L'

“the prism. It is possible to cut up the base of .any polygonal pI‘lSm
1nto triangular regions, and hence any prism can be cut up into '

triangular prisms whose bases are the triangular regions.

.
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Section 1-1. T N

A region is called a convex region if for ;gx two points of the
region the line segment joining those two points 1ies entirely- wlthin
the region. The diagonals of a convex quadrilateral 1ntersect in the -
interior of the quadrilateral and the line that contains either ’ .
diagonal separates thie other two vertices 80 that they lle in opposite
half-planes bounded by that - ‘line.

—

Section 2[42.‘
. v
Quadrilateral ABCD is

- parallelogram,if

~ -

o ) B W ana [
Ld o . ) A_B : -ﬁl’
_ wor (2) A and D bisget ————
‘_;17 N R .; 4~each other, - - o o o ) .
Qr (3) — -~ -DFE and E ;——c- ;-. . ‘ . L .. :. E __;

We can 1llustrate in the follow1ng way the relationships between .

the common quadrilateralsL

.Quadrilateral S

Quadrilaterak

O
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In the previous drawings, if a figure is contalned in the interior of .

.another figure, then it will have the same propertles as the enclos1ng

figure plus some new characteristics. ) -

Section [ 3
\ * Lt
: If three or wore parallel lines cut off congruent segmenvs ‘on j;}
one. transversal then they cut off congruent segments on any trans- \§

versal.

N The above theorem enabled us to develop a constructlon method

.for dividing a segment into any number of congruent parts. Also we.
E. ~ were able to show that a llne through the’ mldpolnt of\0ne side. of a’

.’ triangle dnd parallel to a second‘side passed through thejmldpolnt of"
the third side. . o T

Section_I_ S S o SR /
‘ Relationshlps between parallel and perpendicular lines and planes
:are numerous. It is not practlcal to try to memorize these relation-
ships, but one can “use physical models to help v1suallze them. :
. ' 'However, you should not regard these models as final proafs amd you
- should be cautious about Jumping to conclu51ons 'T/fhe basis of &

~ . s

‘single diagrem. - »"‘ S L. . ’

’ The parallel’ and perpendlcular relatlonshlps between three 'igh
distinct lines or three d1st1nct planes are not reflexive and the
perpendlcular relatlonshlps are not transltive. \All of the relation-

: 3
.« ships are symmetric. . : : L o
N “' ) : ‘ . \\ ° . v ) N
oo " Section [ § S . Co
'If a geometrlc flgure has an axis of symmetry,.theqathis means

%

" that the flgure is- 1nvarija} for a reflectlon in that line.

An axis o simmetry of a flgure is the perpendlcular b1sector
 of ‘the line segments Jjoining every p01nt and 1ts 1mage for a reflectlon
' about tha} axis. C o, . _.\"

L3 ¢
Y

g Section.2 6- : : T
~ ection.27- _ o

- ‘A figure #thh is. 1nvar1ant for & -Totation that 1s less than a .
-fuilfturpa&ﬁﬁﬁt a point O is said to have rotational’ symmet;x .
‘e abou O.\) ) . RN ‘ o L R

'39 s
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#? o : A figure which 1is invariant for a rotation o*ﬁi:f turn about
' & pdint 0 is said to have central symmetry. Cen

yumet Ty - is
just a special caselof rotational symmetry. -

&

S Regular polygons with an even ‘number’ of sides have qentral
symmetry. Regular polygons with an odd number of sides have rotational
"symmetry, but not gentral symmetry.

-

-~

Section 27-Te * .~ ' . ' s ' ) o »

? Pwo p01nts P ‘énd P! are said to be symmetrical,with respect

o T to plane m if plane m 1is the perpendicular bisector of. PPf. . 3 Ty
A geometric figure, in space,vis symmetrical with respect to a
- -'-. -'_'plane m if it is 1nvar1ant in a reflectlon 1n plane m.
: . '_ A figure in space can also be symmetric with respect to a llne )
. s-ora p01nt. ' j
e Section 27-8., '
o . A cyllnder is a solld reglon formed .by a. region R .in one, plane
vfand the set of all parallel line segments AA? s where A is in R
agd A% 1is in a'second plane parallelato the first plane. The'line b
,segments “EA* are all parallel to 'a given line, &, called the ) 9
3~'d1rectrix of the rylinder. = - . ’ _‘_ S s
o v Certaln cyllnders are g1ven common names depending on the shape
. v of the region _R._ If R is a conyex polygonal region, then the
: solid is called a prism If R+ is'a c1rcular region then ﬁhe solid
is" called a circular cylinder. . o . ;)»- i ,
? ) . A cross section of a prlsm is the 1ntersection of the’ prism and

a plane- parallel to the plane of the base * The area of a cross

section of a prism is the same as the area of ‘the base.
£ . . . .

o
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Chapter 28
MEASUREMENT

28-1. Introduction. What is Measurement?

. ’ Modern science dates from Galileo (1564~ 16&2) ‘who stated its program
. in the following words' "Measure that which is measurable and make measurable
. that which appears not to bexi"ﬂe followed his own adv1ce bﬁ%measuring the
speed of a falling body and of motion down an inclined plane, and “the speed
of sound. He also invented a thermometer to measure how hot or cold an
°'object is.. Previously no one had thought of measuring temperature. Galileo?s
pupil Torricelli, showed how to measure atmospheric pressure; and shortly
afterward, Boyle measured the 'spring of the air," (the pressure of an
enclosed volume of air) Galileo also tried, but. w1thout success, to measure Q.

the speed of light. His successors had better luck. o ' “

. . Today we measure the wavelength of light of a given ‘color, the charge

“on an electron, and the.half-life'of.a radioactive element--to give a few.

examples. _ : T .

It is clear that the idea of measurement is an 1mportant Me. In the
present chapter we shall take a good look am it. At first We shall be. con-
. cerned. with measurements of lengths, areas, and volumes, because they are
'simpler than others and because they are fundamf;tal to other measurements.k)

Later we shall consider different types of measurement.

Before getting down to business it will be useful to .recall some of .

the facts about measurement with which you are familiar.

If you ask someone to measure the length_of a table,_what kind of an
answer do you ewnect? Something like 5 feet, or 2 yards, or perhaps
5k - inches. ‘The ansver, you notice, cons1sts of two parts° a’number, Like
5, 2, or 5h; and a word, like feet or yards, that tells you what unit is

"being used. - If you received the answer "5" you would ask "5 what?"

!Let us: get our language straight. That' which. is to be measured is
called & guantitx. “In. the example, the quantity is length. The result is
called a measurement., As we have,said, when we. report this result we use a

number and & word. -The number is called the measure. Thus 5 feet is a

’

“’ ;. . o | " A- g . S
T U c 4’5
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measurement. The measure is 5. The word "feet" gives the unit of measure.
o ) ;

‘What exactly -is a unit? It is an example of the guantity to be
measured o which we agree to give the number 1. If we w1§5 to measure
lengths of line segments, we choose a particular line segment and call 1ts
length‘ 1. If we -wish to'measure areas of plane regions, we choose a'.
particular region and label its area 1. - ‘To measure volumes we use a
particular unit of volume. The unit that we choose is in each case a matter
of convenience. For example, ye may measure length in inches, feet, yards,
“or miles (English sygtem), or in centimetérs, meters, or kilometers (metric .
system) Scientists ordinarily use the metric system in their work. In '
everyday life English—speaking people are moré likely to use the Englis
system. Whichever system we use, we usually ¢hoose such & unit that in
measurements to. be performed, the. measures will be numbers that are neid

too large nor too small. ‘We do not measure the distance from New York to

. Chicago in inches, feet, or yards."You would not measure the.length of youy

.nose“in yards or miles.

the table has a real length whfch our measuretients approx1mate. In our
imagination we replace the table by a model which has an exact length Is ¢

there in reality such a length? This 1s the sort of question_that we have

ho

} of course you can make up your own units. But in‘that case yo.
have a little trouble in’ making other people understand whert~your measurements :
mean._ It 1s a little like making up your own language., N
Let us choose the segment shown .
as a unit of length. As accurately as
-we could draw it, this matches a standard ‘ ]
“inch. How do we use this unit to measure the-length- of " ob ect like a
table° We place'copie of the unit end-to- end and see h w mady of these.
copies are required to reach from one end of the- table t the fother. We
count units. Of course, we usually o P
" will not get an exact fit. We may '
‘discover, for example;'that the{ _ Q,///fIB 0 30 ho 501'
length is between 53 fand’ISh -6 ’“ﬂrrtf — T ;i§m§9
inches. If this approximation : } | . o . ' : l
is not good enough, we can sugg o % T
‘divide our unit and use a quarf@flinches as a new unit (or B inch or _3
1nch). "All actusal physical measurements are approx1mations. Approx1mations
. to vhat° To an 1deal that we 1mag1ne. In the case of length we imagine that



» S ~
léarned‘not to ask. We do know that if we think of the world in terms of
models whiph‘correspond to sharp.mathematical concepts, we manage to give‘a
satisfactory account of our experience which is simple enough for human
beings ‘to understand We also know that these models allow us to deal

effectively with the physicaisworld.

-Cheek Your Readi;g

T
1. What is the difference between a measurement and a measure?
Illustrate. T o . ' -
. - ¢ . . . P ’
2. What name do we use for anythingvthat can be measured? . : L _
, 3. Of what two parts does a measurement consist? ) '
L. . What do we mean by & unit?
S. Suppose that a guantity cannot be measured with satisfactory accuracy

in terms of a,giveﬁﬁ#hit. What can we do to increase the accuracy

of reporting the measurement?

B . . S -~

' Exercises'28;l -

S1. ".jName at least 5 quantitles other than lengthg area, “volume,
" pressure and ‘temperature. ‘State a un1t of measure for each.
"Name 5 ' units of lengthrin the metricysystem.. What are the relatidns

among them?

Name 5 dlfferent un1ts of length in thﬁ English system. Exﬁress-each

of them in terms of 1 foot.

hf Measurq the length of your schoolroom in paces. Compare your result
with that of the other pupils’ 1n your class. Explain why it is gfi
1mportant.to.establlsh a set,of standard ‘weights. and measures.” ':ﬁ{df !
Compare with the reasons for adopting a standard currency{ ' :% ;%@?2;?
. . iR

’

. 28-2. Measurement and Calculation

To measure area, a natural unit to choose is a square region'with'one

unit of length on a side;)examples- . ' “1" : .
of such regions are a square inch,
5 square foot, or a square meter. - ' 1" . sé. in.

A _ e

' L3
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. wnit cubes. Usually it.is wmuch

A rectangular region with
sides 3" and 2" has the area _ : -
6 square inches because it can . . - S

be covered exactly without over- n|. ' o ’

lapping by six square-inch units..

We can think of these units as .- | . ) U §

tiles. = 4

It would be tiresome to

find the area of a recténgle with 37
“the dimensions l3" by 27" by .

counting squares. We can of . ,

course replace counting by a simple multiplication giving 13 X 27 sq. in.
That is, we calculate the area. As you know, if a and b are rational
numbers, the area of any rectangle with sides & and b units is simply

a X:b square-units. We shall assume that this area is correct even if a

.and b are irrational numbers. . o .

In the case of volume, &. natural unit is a cube with one unit of
length on a side, examples of units of volume are one ‘cubic inch, one cubic

foot, or one’ cubic.meter. In simple . 1 cubic
cases, the volume of a box with lnCh,

‘dimensions a, b, and c length

units can be found by counting T

easier tolcalculate the volume, o - :

V cubic units, by»using the ., 3 {7

formula:

v

'.,.,
;VO'be-

This result i%féésil&"seen
. .

valid if a, b, and. ¢’ are any

threé positive rationg“4 umbers. It is' more of the

Wi mctually’

dimensions are irratio_ ‘pumbers in such

‘a . way that this-isﬁtr§b¢r

g

)

EU
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_ B What.can we do if the plane
'figure is not a rectangle or -if the
solid figure is not a box? What, - - 1N ’

" for example, can we do about a
right triangular region? We - B ' _\\\ T
cannot tile it with unit ‘

o squares. - _ L 3
. .

_ Let us ask ourselves what properties ares ought to have if it is to
agree with our idea of it. TLet us assume that a unit has been chosen. It
- seems clear that we should make the following requirements: (1) Two congruent
regiohs shall'ha%é the same area. If, for'example, we meke an exact copy: of
a triangular region, the area shbuld not change. (2) 1f we join a region
Rl to a region R2 50 that there is '
no overlap, then the area of the
combined region-shall be the sum of

-~the areas of Rl and:>\ i

- Let: us apply these tw

properties of awxea to the problem '
of finding the area of a right
triangular region. B

Whatever the area of A ABC "
may be, an exact duplicate of A ABC -

A

will have the same area. Now if we
placé the,copy of A ABC in the

proper pofition, we obtain a .
rectangle whose area measure is. ' ..Copy e B
¥nown to be b X a. Then srea ’ ' o S,
.(ABC) + mrea’ (ABD) b xa and , _ .
2 area (ABC) = b X a. We donclude v:- i ' ) E
therefore that the triangular A

region must have the area measure
L(bxa). - - S

] This result .ds commonly stated
as follows: The area of & right S .
" triangle ‘is % the base times the

altitude.’ This_is.not_strictly eorrect._

- h

L5
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‘should include a reference to. units. The precise statement might read:

) regions, its area is easy to find

. From this point on it is easy to

' finding the area is more difficult.

‘typéfis the case of a circular

'In‘the‘first place, "right triangle" here really means."right.triangular
‘region . Secondly "base" means "length of base™. Finally, the statement °

<

If the base of a right triangle has a length of b units
~and the altitude has a length of 'a units, then the area

! of the triangular region is A .square units where

A=l(bXaL

Since it complicates speech to, talk in this’ way, we shall often use the
simpler form.of expression as a kind of mathematical slang. When it is

necessary you should be able to translate the slang into proper language,

Since any triangular region is-

the union of two right triangular

find_the area of any polygonal
region by cutting it into triangular

regions. However) if the boundary -

of the plane regi n is curved (in

whole or in part),’ the problem of . -

The most important_problem-of this

region. h ¢ ' R

. . * . /\ - - M .
For solids'the situation is somewhat similar. We assume that congruent

solid figures have the ‘same volumesand that the volumes of nonoverlapping

regions . are added to find the volume of combined regions. If the solids are

.bounded by polygonal plane faces, it is possible to subdivide them into )
pyremids; and the volume of a pyramid (— base times altitude) can be found

:by elementary methods.-, However, ‘if the boundary is even partly curved the

olumé problem istmore difficult., Examples of solids*with curved boundaries
are cones, cylinders, and spherical balls. It turns out that the idea of .

average, studied in Chapter 25, comes to our rescue and enables us to find -

-quite easlly many areas and volumes which ‘used to seem difficult. We shall
~ soon turn to‘these matters. However, it will be helpful to discuss. first

the effect of changing our unit of measure. “We shall do this in the next

_section. . . R : . e



Exercises 28-2

l.,‘ Given"fhat the area -of é rigﬁt
o triangqiaf,regioh is ?% (vas

X altitude), prove that in §

any “triangle the area 15 - -
% (vase X altitude).
(Consider the. two cases shown. )

-

- From the result of Exercise 1 show that for any ?aralle;ognam, the

.area is base X altitude.

(a) Show that the area of any‘trapezoid is % the altitude times the
sum of the bases, ’ B
(v) ‘Show that"ﬁe‘can replace this result by the altitude times the
s 1ength of the segment which Joiné the midpoints of the non-
parallel sides. ) ' o

. . X »..‘..\
. .

¢! |
Ly, Find the area of the isosceles trapézoidal region shown;
2\
Y ad
: v
[
L
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. |

Construct a pyramid of stiff paper or thin cardboard by following
steps (a) through (e). ' '

() Draw square ABCD with each side of length 2 inches.

(b) Extend D& to M so that CM=DC.. = SRR

. Extend BC to N so that CN = BC. \
Draw MB and ND. '

(c) Extend CB to P so that BP
Extend CD to Q so that DQ
Draw TA—P and 7@.

= BM
= DN

"~ (a) Cut out polygon APBMCNDQ.. o
Score and fold on segments AB, BC, CD and.'_ DA.

(e) Scotch tape CM to CN, DN to DR, BM to "BP, ‘AQ to AP.

"
.

a
7

- i

(9]
Do,
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6. o By combining three pyramids 1ike the‘one constructed in Exercise 5,
. show that a cube of side s ‘
N way be cut into three congruent

pyremids.: (Hint: In each
pyramid the altitﬁde'passes
through one cornervof the
‘base as shown.) Thus show
veat : I

[}

3 - .

a .

W[

V=

without assuming the known

result of any pyramid is

% (area of'base) X altitude.

T. Given that the area of a square

is the square of its side and

that congruent figures have the . a R

same area. Use, the following

figure to prove that the area

o,
o2

. of a rectangle must be .. , b
. base X altitude (v x a)
_Hinti. Rewrite ‘(a + b)<

the sum .of three terms. . b “a
' 'Assoeiete the.terms:connected by. ptus signs with areas on the figdre.

)

. . . L Lo o .

28-3, Measurement Functions' -

. L e ' T
It will add to our understanding if we think of measurements as
functions. Faor each measurement .function,' the 1nputs are obgicts which have ’
the property that we wish to measure (a quantity 11ke 1ength arei:JPplume,

weight). The outputs are non- negative real numbers. \

For example, conslder the functlon f .that measures the 1ength ‘of

_Q‘iine segments in 1nches f e segment - length measu;e—ln inches.

O
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. . The real number 1 is the output when the input is the unit segment,

. .We show this as follows:

o o L — 1 . St
Putting segments together end<to-end, we have W
o'-. . ) P — - - < - ' 2" . R
. ’ . - -— 3 ] - ,;' a’\
‘and so on. ) ' '
7. By subdividing the unit segment we have such results as .
. 1
=T 3. -
and 2
. N _ -z .
In general "addition" of segments corresponds to addition of thevfeal number.
' outputs (measures). ‘Thds, if o . '
" . ' : : : L . -
and . ’ - : !
nd , . - .
. - Y =
" then '
X : ". o K X + y. ‘
Similarly for areas we can introduce the fun@tion~_g_.'
g : plane regibn — area measure in équarefihches.
Then the unit square as input gives the measure 1 as output. That is
» b . \\ v ) B}
.—__> 1 , -
. Y2 -
Vo
i _;iy. : "
. - o .
.
° g K i :
JON N 50 - o
S T o -
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[ . Lo .
- . ‘
.
[ o
ot -1 d . »
. . :
3 .
. i
. < .
’ " . L
. . - * ‘ ) .
i 4 . .
x . -
- . R

and so on, - - e T ; .

- For a réétangp@ar re_gion ‘R &s 'in'put,.‘w_e have:
e . B R

.

m“ . SN ’ . ) T .
o ' L . 1 - - -
- ' i “ : - 5aXb. =, .
4 ' H N : L 1 )
) i . .
] . . . . :
) ! .
1 . . .
: BN L. . .0'
. AT ; B . ;
. A B T . '
. A - : b
’ and - D L . o . . i
- /\_} h ‘ k
. N -~ N . Pl "
7 X . A "z’ i
£ oL . . a~ a5
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- ¢ . C
o ; ' . g ' - =Y ™ s *
. . S S 7 < e . '
Mo_vi'ng into space We ha.ve ‘E‘ne ﬁmctign h T, v e "' 4
: i > & S R " B
h spac:e reg;Lon —-)volmne measure in aubic inches. L e -

P
3
L . - o “. .
. . o ~ 3
. AL " -
LA~ - B ' /‘ - - o ’
B | s : ’ . » ) —
B‘%%'_—'c i e=b ]
4 . . = 9 .
. & »~
. B D NERC .
. A ) . 2
“ . * . .
S Me_s 2_8.-.3 '
. Dra.w a.rrow dia.grams like those in the text to il]_ustrat% how the
function f..assigns an outpﬁto (mea.sure) for C T, , AR
. . ) . \ P - -
, ) » o . . ®
1. “The perimetez:. of tr‘iangle T'-, S S .
Co ’ w o [N .ot
2. The perimeter@of rectangle R R S _ ,' STl
) - cean e & - ’
3. A dia.gonal of rectangl.e R. - Lo .
o R3 . e e - . .
' o5 P e i RETUPSEA ¥
by, The pexk'iu\eker of a trapezoid. A .. SO - .
v m ' C. . v N . -
“ . ' 'The d%a.gonal oﬂuthe unit square. s T s

O
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Drawvarrow,diagrams like those in the text to illustrate how ‘the

s

function g ‘assigns an ‘output (measure) for

1. The area.of ‘a trapezoidal regiona 2 _
8. . The surface:area of a uhit'cube:f—f\. '
9. . The surface area.of a box with dimensions a, b, and .,
" 10, ‘The surface area of the trlangular prism obta1ned by cutting a solid

cube by a plane through tyo opposite edges.

'.DraW'arrow diagrams like those in the text to illustrate how the

function' h assigns an output (measure) for
\ i v o _ . , ‘

- #1l. The vdlume of a cube whose side measures 2 inches.
. . e : .
¥
: _A?. The volume of a pyramid ‘with square base one inch on a side and an
c . altitude of ‘1 ‘inch. (Use for the volume, % ‘area of base times
L4 : Lo . . .
. ,z_.‘valtitude) _ T o ’
13, The volume' of & pyramld whose alt1tude measures 2 inches. and whose
' ;- ‘rectangular- base measures 3 inches by b inches._ ‘ ,'-”.

.28k, Chagging.gnits.and Some Conseguences t . . Q\-
Suppose that we measure .the height of.a door and find it to be 6 .

~ feet. What is its helght 1n inches? Since 8 unlt of 1 foot can be sub-
divided into 12 units of l 1nch the answer is . :

- e - 6 x12 1nches =.72 - inches.

o

B ' The measure in feet is multiplled by 12 . to obtain the measure in inches.

What is the effect on area :.

meéﬂures? That is, wheq we change T e . .

. from square feet to ‘sqaare inches‘sf. o -

‘.ﬁ what happéns to the measure9 Since - :
» there are 12 X 12 = 122-= i . R B B B

square inches in a square foot,

s Tall axega measures .are multlplied - _ S
by CiLL,  Thus, for example, : RN R 7
T . - - ) 3 . - . . N l” ,
N\ 10 square feetns 10 X 14l S S 12 i
e . ?ﬁ? squareqinches. R - . - .
7‘; o . . . - 53 ‘ ) e i ';-(L

O
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. We can write, this

. whatever number n may be.

lO :f‘eet2 lO X 1hh inches2.

'1,. ., Y

" Moving on-to volumes we easily see that a cubic foot consists of

i 12 X 12 X 12 = 123 cubic inches. Therefore

o . ’ L}

- . .
n cubic feet 1728 n cubig inches,
More briefly

© . n g3 =1728n in.,
Suppose that we wish to change length units from inches to céntimeters.
It has been agreed that ' : PR

‘ ’/. 1 1nch
o1 1nch = 2.5&_ centimeters
o R : Tt . l cm.
exactly.  Then ” : o L e T
p o ' 1 inP= (2.50)° ca.? = 6.4516 cn.?
'é.nd‘ ‘ . - . ’ N v
W " _ 1. in.3'= (2.5h)3 em.3 %»16.387 cem.>

where we ‘nave approximated the last result to ‘three decimal places.
Hence ok

. L Cs Sy
_ a in = 2.54 a cm, 2 KRR
e X '
: R b ind = 6.5 b cm?, .
. «
and :
2 c i 16 39 c cm3 .

A

where approximations to 6. h516 and 16 3 //have been chosen for convenience.;

We way wisp to go in the opposite direction, that is,. change from the

metric measures .to the corresponding English ones. Since

1 inch = 2.5k centlmeters,

7

'é?%t in = 1 _cm, [ff ' o '
and 1 em % .3937 in ,R5¥5 ; ) : ‘ Lo
thhen o :. o : o & —_—
. 1 en® = (‘2—%';%)2 2 % (.3937)° wd = .1_5-5 in® '
and - . . '
' 1en® = (5523 07 % (.3937)° in3 % .06 4nd. -

4

'Su' | ,



" Exercises 28-ka - . \

’n.(Class Discussion)

-

. 'How many feet are there in a yard?

A certain cube measyres L. yd on an edge. ’

~(a) What Is"the‘measure-of:an,edge_in feet?

(b) What is the.surface area of this cube in sq yds? in sq ft?

(¢) What is the volume of the cube in cu yds? in cu ft?

(d) Compere by division the area measure in £t with the area
measure in _yd2 ; --the yolume measure in ££3. with the volume
measure .in yd3. ) '

2. ' In'any'measurement;lif you‘change’from.a'1arger'unit to a smaller
' _unit, do the measures get'larger or do they get smaller?

Let us suppose that we make a measurement using a particular 1ength

unit U. ©If we change the unit U - to a new unit u so that U= ku,

. what effect does this have on thHe measures of 1ength area, and - volume?
Our previous examples suggest that:
| (1) A1l length measures aTe multiplied by K.
L v “(2) All area measures are multiplied by k?.
(3) A1 volume measures are‘multiplied by k?.

We have seen three examples of this princip1e° Feet. to inches with

= 12; inches to centimeters with k = 2. 5L ; centimeters to inches with
k= .3937. We shall assume that the pr1ncip1e holds for all positive
Cr——numbers  k and for all geometrical figures.
N -

“Let us apply this principle to the measurement of the area of a.

circular region. First choose a unit

of length U equal to the radius of

the circle. If the area of the c1rc1e

1s measured using a square U on a L -

side as a un:t the !Esult is a

certain number less than - L .and

B greater than "3. ' .The name of this

number is x, pronounced pi,’ -

55 - f - ,

RO

O
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In a later'section we -shall turn to the problem of calculating the number ° x.
For the woment, let'us imagire that this problem has been solved. What is

" the area of the circular region if we choose such a unit of length that the - -

._radius measures r units? The answer is simple. " Ve take k = T in the
statement of our principle and conclude that the nevw area measure is ‘

"A==x re.

. } By this simple argument we can reduce our problem to the special case

where the radius is 1.

In'a similar way, if we want the volume “of-.a~ball« Of—radius T, we
can consider the special case where: the redius is chosen as the unit of
#
length., If we can solve this special case, we can multiply{the answer by

r3 to\get the result when ‘the radius 1§ r length units.

"y ’ It is clear that it is sufficient to find a length, an area, or a
" volume for a single choice (U) of the unit of length. If this has been
done, we can Use the fundamental pr1nciple of length area and volume to find
" the measures ‘that correspond to any other ch01ce of . the unlt of length U.
It is merely necessary to find the value of k " so that U ku.u

v o v
' .

- . L g 2.
* d [P .

) ' Exércises 28~hb ' -ﬁi.f”: ~

FEN la 4 -~

1le How many tlmes as much material does 1t take to make a solid hemisphere
. .'
- ’,‘ H } ’

2. The surface area of a sphere of radius 1 unit has the/measure hx.-”-r;:ff

of radius one yard than one with radius one 1nch ;.f'

4"
What is the measure of surface area if the radius measures r?. :
¢

31. If a person is given L4 square feet on wh1ch to stand and if the
population of the world is 3 billion, how many square mikes would .
it takr?to allow the whole human race to stand all in oneéégpup°

About how many miles would there be on the side of a squa}e of this ;

'area?

L, Light travels in space about 186 000 miles a. second A light—year _
' is the distance that light travels in a year. About “how many miles
are there in a lightiyear? Take a year to be 365 1L I days and round

off . the number of seconds in a year to the, nearest 100, OOO

'5. When a certain unit of length

is used,_a cylinder is found

to have the.following measures:v
height 1, radius of base 2,

—

O
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area of base hn, and volume

hn.

(a)- If the unit of length is changed so that the height measures 5"
units, show that . according to our principle the radius now measures
10, the areas of base 100x, and the volume 500x.

r

(b) 'Show that in each case the volume equals area of base X.height.

When a. certain unit’ of length-is used a cylinder.has the following
measures : height 1, radius of base R, area of base = R and
. volume = 32. If the unit of length is changéd so that the height

measures ‘h units, show. that;the area-of the base is still x times

the square of the radius, and ‘the volume is the area of the base times

the height.

28-5. Areas and Averages

Suppose that the graph of a

function f rises as X increases

from O to 1 and that the
y-intercept is non-negative. We

wish to assign & number A to

.measure the area of the region

belov_the graph and above the
interval - [0,1]. How shall we do

et o T
,j We wight besin by 100ating
i 2 3 9
thepoints 10 ?.10 ? 10.* .__’ 10

on the X axis, and erecting
perpendiculars which extend up to the
graph.  Let Yys Vs eees y9 be the
léngths of these perpendiculars, that

is, the values of the function at

9 ;
10 * 10 y eeey 1o Weﬁ all the 10
ordinate at l le since 1= 10

57

LA




Now draw horizontal line segments as in Figure 2 s0 that ten rectangu-
. lar regions are formed with heights yl, Yps =oes y10 Each rectangle has -

1 ) .
the width 0" - - .

Surely we shall wish the requlred area to be 1ess than the sum of

. these rectangular areas. Then . o -

A<

1. 1 .
6L Y2 " T 10 Y10
or. : v -
: Y, ¥, Foeee TV
. . 1 2 10 |
. ~(1) : : AT 75 ¢
Notice that the right side of the 1nequa11ty is the average. of the heights

of the rectangles. We shall call th1s an’ upper average of the function £
“on the interval . [O 11.

o
1

To obtain a 1ower average we |

draw horizontal line segments as. An T )

- Figure 3 so as to form rectangles of | ' I
Q 1 . ) S R .
width 10 and heights: Yo? yl, ooy

g_y§~ (of course, Yo 1is the'ordinate‘

t..x = 0. ) The total areas of these

_: .rectangles measures

O
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ty. + ... vy € Yot e Y
Yo.7 ¥q . y95'from Yyt Yo Foees F Y
‘10 . 10 _ . ;2

- " If we subteact
'fwhet do‘we get? To do the subtraction we write these éverages.as follows:

R

1 1 o :
(EB ?l +_l6 Yo * ees *35Y9 ¥ 16 Xlo) (Upper average)
T 1 e
- (¥ *10%1 * 10 16 y2 + e ¥ 75 y9) (Lower average)

B SO N
10 Y10 16 Yo"
T . - ; . , : - 5
ylo - yo . ’ - ’ - v_/.
..The difference is 10 . It is the difference between the approximationsr

pictured in Figure 2 and Flgure 3. This difference may also be pictured as.

the area of the- shaded rectangle in-Figure L, It is the area of the rectangfe
: A

with heignt le Yo and\width TR . _ L

Wy _ g ~ LT

,.' o . .iy. Co . E 1oL

P

1
i
l N

B

Figure 4

_ Now. what we did was to obtaln upper and lower approx1matlons by sub-
,.dlviding the uni@ interval. [O 1] into 10 congruent parts. We: could’
"u:have chosen lOO congruent 1ntervals or lOOO or 1, OOO 0001 To dis%uss

;7all of- these p0ss1bilities at once, let us assume that [o 1] is subdivided

“into . n congruent 1ntervals, each of length l . The upper aVerage is now

Yy Ry ety ' - TN Y A Yyt eee FY
1 2 = —2  and the lower average is -2 1. n-l.
) ‘ e . ) N . , n

and so the ineduality_(3)'is replaced by -_

Yo ¥ et Vo Yp t oo +y

. (L].) . ’ - . - < A< —=—— ' n .
,9 d?
5“ °°h 59 &

O
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"averages is d = ——— . The numer- "
~ator ¥y - Yo is simply RQ.  This
‘ﬁdeeS not depend on the number n of

l;large enough so.that the difference

L d is as small as ve please.

. their difference, (p+s)-p-=

of y over the interval‘ {0,11 and - . o o
‘will be .denoted bj ‘Y. As we have Y

~will make 1t reasonable to write

‘at the heéight y (see Figure . 6), a

The difference between the two - Y
n " Y0
n

subdivisions. ‘But we can choose n

~ o P — . R -
We shall prove that there can . S . ) S
be only one number A which satisfies - il _X
(h) for: all positive integers n. © % - 1-11
That is, there can be only one number S - Figure 5 ?

which is entitled to measure the area.

For suppose, on the contrary, that there were. ‘two possible numbers, a smaller

"'onef?say p, and a larger one p + s (s - for, something"), each of which

could be a value of A. Then p' must satisfy (4) and‘so must p + s. Then -

F

s, is posiuive and cannot exceed the

4}difference d between the two averages. . ’ o T

That is, we would have ° 4 ’ftz“‘ e o Aﬂ
| ~ P

n Co v

'1for‘all positive integers' n. But . < %?_ is true-onlyiif n < %?5.

Tt is‘falséif n>5 Surely ‘n’ can be chosen this large.

' . , ‘v y.o.+...4+yh_l
A number A which is between all lower averages
, ' . Vi + eee + Y
: 1 n
and corresponding upper averages —_—

‘n
— will be called the average

seen, there cdnnot be more than one
i

such number y = A.

A geometrical<interpretation

A=Yy, If we drav a horizontal:line

<l .

rectangle will" be formed of base 1.

If this rectangle has the same area

as that under the graph, ' - UL e
er;y=A.Wemymymaﬁwe

i

. . o . ) » . m, » .. . *u“ ,



AN

that y represents that constant height which gives ;S area equal-to that
below the graph_and above - [0, 1] :

’Exercisés 28-5

1. Let the function f be given by . ' o
£ ¢t x =X
50 that the graph is that of y = x. Find the upper and lower
‘averages'of .y = x, for n = 10, on the’ interval [0,11. That is,

*'put in the proper values of the y's in. the inequality (3).

Yo + Yy +.oeee + {2 <A< yl.+ Yo + e + le
o 10 . 10

=

. You should find that '.hﬁ‘ﬁ A< .55. Hint:" ¥y = ,l;‘yz = .2, ees s
2. Let f be'given by v A ’ T i
' £ 2 X' X
i

'so that’the graph is that of ¥ = ¥°. Find the Upper and lower
Aaverages of y 2,hfor 'n = 10, on the interval [0, l]’, using -

.

B ( l) Ol ¥y = (.2)2~= .Ob, - and sovon.. “You should find
. . that -0 . . . H N
285 < A< 385, s
14 “ .
=p8-6, Some Special Cases . , - l I o .
;Vm };J . The -qu st10n arises whether 1t is possible in practice to find the’

upper and lower averages discussed in the last section. Can we acLually
" . find the precise value of A7 The ansver is that’ 1n ‘some : importqnt special
' eases this can be done very easily. If you go on 1n'mathemat1cs, you will ’
find that many ‘other cases .can be e '. . i . -;7 :
. treated effectively. We.sha%} b?‘-, ST S ;?

éd with only two very simple

Exagple lr .To find the area
below the graph of 'y =.x. and;above

" the interval [o,1). . :

"ot

6

O
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it will be_

for all positive integers n.

,cgurse we, }mew the a‘nswer. For the triangle, “A =--:2L- . - Nevertheless'

'to see how this result appears as an average. Since

”

and A y becomes A= x. We-shall show that x =—é— ..

y.= X; 'y' :__;' el
vV F
f;_ For n ’.subdivisions, the upper average is

.

. ‘_.y1_+ y2+... +yn .

B s L . T n , .

" But since y'= x and: )fn =1, we have

2 .xI+x2+'...+l

o

The x value'%;are equally spaced. Therefore the average is s:.mply

. T L ‘ 1
? X , + + =
o : I : xl—ll 2.1+
2 - o2 T2 Son’ *
- F;inall.y, then," the upper average 1s ¢ T E
' ' ' 1,1 R
2 — + —_—
R 2. 2n v -
The. lowerzaver'age is ' -
v \ o
o Yo* vy ¥ ¥y O X e Xy

. R n o . e n

- Again the x®s are equally spaced s0 the average is
N “ N .

0 + xn_l _ O + (1 - —) o —:!: (l _ —:!:) - —1: _ -1_ .,
2 - 7 2 T2 n "2 2n° :
Therefore'“
. . . v T . . . 'v —1-‘- -l.‘ . —1-‘- —1‘-
(1) Coa 3" %n <A<5#z- . )

What is the difference between the upper and lower averages?

.

The double inequality (l) must be true for all pos:.tiVe integers n. .
Thére is only one possible value of A.- What is'this value? Certainly s

A -'égr In fact L ‘ o,
101 1.1 .1 L '
' 2 2m<2%2%2m L .

As we expected,l. A=x =—]2-“-



r_:rﬁle 2. ‘(The nex't case is more 1nterest1ng because the result is
Hew. :We wish to obtain the area below the para.bola y 2 and above the S~
unit interval [0,1]. This area is X ' ‘ '

L —"

measured by A= x_2. Sinc’e

2

Yo
<. n

]
ol
-
.
.
.
-
<
]
' 'dmlunb'
n’
}_}
-

.- the uppef average L

is

2 :
. k
- This is .
o= ‘
oo

squares is - : : - k

', : Lo = L+ l)(2n i 1) 2n +63n + l

n n.
s3 Tt

“The uppef, average. of x_2 15 —15 ti»t.riés"‘th*i's;. t'h.a'tv'.is,'v... :
37 g

The lower average is ;]; ) le‘ss;'than the upj)e'r; av_era"ée‘.» :If is lthei_‘efbf‘e_i. c

S.o” ; ) o e ) . \_/1

.. (2) : 2+ < x,2
RS 6n«2 .

o
ont T2

i
L1
v

L

L 1
‘2n "t - 2n 62:.'
. o

Wi~

There can'be ¢nly one solution of this ‘double inequality. Of course that .
: - | ' ST P o I
solution is x =% . . : C § -

, : . S
N - T . - 6
: 6 .
. s : - .
' 6'7 ¥ * .
e )

O
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Exercises 28 6 .

S ) In Example l, ‘what are the upper and lov;er averages for -100. congruent
‘ subdiv:.slons of - ' [o, l]? for mbo congruent subdlvisions? Use
inequality (l) wifth o lO. to check your answer for. Exercise.l in . -7
.. Exercis’es 28-5. SR e
.2_.' In Example 2 what are the upper and lower averages for 'iOO eiohgment
\ "subdiyisions of' [O,l]? for lOOO congruent subdlﬁsions? (Wr.itef
. | ‘the ‘results in aecimal form to .5 decimal places.) ‘_kv _ o .
- 3 Find y mx and show. that - ' ' B
- ' ‘.this gives the correct area . :
. ' of the tr:.angular region : !
‘ :OAB. ’ - i D
T - /2 mnx 3 S
o . i - _ . A }S_
_ ‘ Q fl.v_,,- "
¥, Find Y =mX + b and show . ' "'
( that this g:.ves the correct . .
i ; ‘a'rea of the_trapezo:.dal Tegic ’
A - 'OABC}. ’ L ' o
, ' | - * AL X
; L .% O B ‘_l.'”‘ —
5. . Find y in terms of X, then o Ty
‘ .f:.nd Y. a,nd icompare %the result T : ‘ K '
. ’ With the area’ of, tr:.angular_’ \1Y' i
2 sq. ‘region AOB. " Why does th:.s L . *
] L. result agree w:.th that in-
) - Example 1 of, £his
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. . - : Treg 4y ) N
E S lL v S Y ) A
.. . X ,‘ o ‘ L . S . v : . .. -z .
6. - - We wish to find the area below. . v - T 1T B
o o -3 e |- ' + RN O ad '
o the graph of y =% and above N e . n
[0 1] stV NN /y 3T
| / A
(a Show that the upper average N P AT Xﬁ\\
R “for n equal eubd:.v:.s:.ons S e T 7D
. ‘. is . \ . Q . Lo ¢ . . // L. " = . .__;",'_
oo B3 e 40 T Y i1 Y
A\ e T Tk B
1 n(n %1 )2 e [ 4
.3 T h 1os v
°  (Hint:- In Exer01se 2 of Exer01ses 25 7b ‘you showed ths,;h h
' 3 \ nfn + l} ) o ;
. L. e

@

. quarter of ‘ar c:.rcular reglon of:
radlus

- area of this reglon.

_measures the. area of the complete
. circuldr region. Sl'nce the radlus A
. is l, LA is called . "How -can_ : N y B
we flnd the value of a? : a o N A
: 0 1 . =
T ic > . .
o T oo ' - Figure 7.~ - :

' [0,11,

O
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.(bi:

Show that the upper average 1s equlvalent to -
Show “that ‘the l\owe_r/average is % - —21;
< ° L ) Do o ]

(4) |

Ln !

What is the required area?

mekmatagms

In Fxgure T we have drawn a-.

R D I e oSS
1. ‘Let A measure the A : ﬂﬂ

Then yA .

We can thlnk of "A as the average value of ¥y

where - x2_ + y2.= 1. (why" . See Flgure 8).

& .

!ﬂ . W

over the interval o




4‘) ,,2 ) -'

Unfortmmtely we ha.ve no s1mple way 1 U

. ) ay » Al X 4y & .. o
£ to average '..V';l;'-» x2 l:.l:e the methods oo S ) e e
. used to findi -3? and x2.- We must be S 4 R I e .l
¥ A L N ) - A . S ~k€3" &
content with approxi'tnations using .0 X T 1 T T
. . v A A

A ? - . . : . [E R .
o upper averages ancf lower averages. - S - Figure B R
,‘ _ In Figu‘re 7, ve have*cut the interval - o e - b .
& [O 1] into - 10O subintervarls each. of lenfth E s ‘and we haVe‘grd‘wn ten o

N N rectangles which enclose the quarter circle. From the flgureﬂg/se.e_\thate '

) LoF _ R Kz 1+ yl
R ] . R A<

e . .

s e - §imlarly from Flgure 9 we see
B R R
yl-wa P TGO
s . 10‘ : : ‘5' S 'i‘é{ ]

gs,(We have 1ncluded 0, the ‘height _

x4

of the .10th’ rectangle, 59 as “co have

E7)

< 10 numbers to average.) B ﬁ?ﬂ

T We. put these two results together, ‘

‘_ * Syt yg et Yyt 0,< A-"<;,l t Yy Foee F y9_' LRV ®
10 S e 10 S FIEE E‘* .
. . e . A co e e x;’

The difference between the upper and lower ave;ages iis sam?!’y

"“ To use the double 1nequa}.1ty Wé’v must calculate the@y-values. For“ .
S ekample, . A-" ‘ ) ‘ ‘ . C -_,‘}l . £
SRR A xff({ - /B = ’%_ A
From the table of square ‘roots in Cha.pter 21, J_§~' 9‘.95 There:}‘ore )
. 'yl .995. Follow:mg th1s pattern, we have calculated each of the y’s
. to three decimal places.. R : N
5,' ‘ , C
: e e R
- : -,

O
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. 3 . W
. " ' ) ¥ ) . m LN
' : - ¥y =995, yg = .800 -
. . . : - . . @,
' ?’2.:-980; L o Vg = '-'71%‘*. '
i -
. . Yy =G5k ‘ ¥g.= -6'09 .
: ¥y = 916 B ¥, = 436
' Ty = .866 s : .
. 5 @ :
R . FO 45“ . s
If we add end divide By 10 we o‘ptain the. lower average’ 726,
_avera_«ge is .8a6 ( 1 greater) D,
cm We ca"h improve the est:.mate or . A by ;a"vera_ging'. .726 and .

‘The- result is ".776. Let
oy a

» . N oy

* This ne_w avegage _can.Be' Written

: +y‘)., (,y e ) | (
1,1 (ht¥
( B AST AN RIS

e
Ly
(1) 55

&%
. L. WTB‘E region F?s the a ¥
¥ % measure . . .
- R .- “ .
. L( L Xl)'?
. 1o\ Tz
. )

(See Figure lO )

. ‘gr
;What region has the

" measure . v

C R
R .. N et &5 1
3 t d.oesA _'10(

. s{‘ R
s . » i .
gs et '
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b How' can*yo?in Tpr

us see W

\‘& .

o
P

'  Exerc 1Ses 28-78.

(Class Discq_ss:.on) -

> - ~
v W

T+y) +.eei +ygs Yo
- 20

t g

-
v

s

.yl.+ Vo iees * ¥y +0

10

5

area 1'.“~
l

}-&;" Lo

4

The upper

”

826.

this new ‘average means geometrically. '

et.

&



- . . .

ot . . N
. . ’ 4 P
.L o : ’ .

Se What total area does the required average (l) measure?
6. Is this area. smaller or larger than the area of the quarter circle?
If you HaVe answered these questions correctly you wifl conclude that
* ,° 776 < A L A
R . . . " : . . . LY _" ‘-"_

" You w1ll soon dlscover in the exercises that

. A< .793.
Therefore? : , ' ' N
o 776 < A < .793, o
" and s s - 'f o . ANy

' : 3,10k < bA' < 3.172;
that is, a R )
o f3.108< x < 3072 | - .
o We can get a closer-estimate_to n by working ‘with a Iarger.nuuber
of subdivisiénslof the unit'intervalf say 20 ‘or even 100. -With patience:A
- or a machine you would discover. that A : ' .

»

A S : 3.1415 < x-<.3. 1&16 S L

Tt is. possible to’ obtaln,much greater accuracy than th1s. “In 1959,

;ﬁ{'A as’ a trainlng problem, =« Wwas calculated to~ lO 000 decimals on an IBM
704 computer. cTime: 1 hour, 40 minutes. . It has been said, "The mysterious
van& wonderful n 1is‘reduced to a gargle that helps computing machines clear

. the1r throats N S - o A - Hg

' ® . . . - .
Incidentally,»it can be proved .that 5 is irrational. What does

- this mean? s

."

o - o Exer01ses 28—Yb

l; : Calculate ‘y3, ys, y7 and y9 for Flgure 9 and verlfy the results
' _glven in the text. Hint: Follow the method used 1n f1nd1ng yl

-

-~

(€

% Philip.J. Davis, "The Lore of Lgrge Numbers," New Mathematics Library, p. Th.

- -

v)._ ». : . '>.‘.. . ‘. . -. ".v /2 . “.'-. ’

O
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2, In the figure, let P, be the .

point on the circle above~-fa s

P3 the point above
.so on to P9 above 10 °

Ta ). and

15 : :

(a$~ Copy this figure and drawv N\\\\- Dy’
tangents fo the circleat ‘ = | ‘ \‘T\\7 -
each of the points P ' '

. 3, ’ 7, and P9
" Cut off segments of these

’
l’

tangents which lie above

the intervals._[O,.2], v . .

Too bl [k, .6 - L ] ,AlQ . B —

. [-2;-]‘]’]) [-]"]""611 [.,6,.8] . O 3 . 5 7 9 1 L

. . ..and [.8,1.0]. . . 1\} 1o 1o o To To - '
7

: . . ’ —_—
(For example, B is tangent to %he 01rcle ‘at and DC
~ lies above [ 6,,8] ) " n-r;3 T Lo

80"

.+ (b) Find the measures of the five trape201dal areas. (Hint' §§7

L Joins the mldpo;nts of the- nonparallel sides of trapezoid ABCD.)
e ) .
o (p)_'Show that the sum of the measures of the five areas - .793 and

‘ that the, total area 1s greater than thé area of the quarter circle‘

58-8, Volumes T
_The figure sho@i pyramid with _' o R Tt

“altitude- 1, with a square base of - - e B '

.side 1, and the'vertex direqtizyabove_ '

-one corner of the base.

..+ You remember that three copies,

of this pyramid can be put together to

form a unit cuhe. It follows that

_ for the pyramld, V= §;.? S - :_’ L : . oL

Let us look at this result with =37
fresh eyes., If we slice the pyramld
by a plane parallel to the base and, o ——

A

at the distance ‘X from the vertex,
.o T

_ Figure 11 i
o | B | o o N ’\
o |
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. we,;obtain a cross section which.is & square of side x. The area of this b

cross seﬁ‘bion thérefore measures .S = x2. ‘Q

the average Cross section area.. To simplify our language we shall. hereaf‘t’é’r wt

' say. that S 4ds the cross- sectional area and V- 1s the volume where the
correct verb in each case is "measures." - . . ) _ . .
‘The proof is like the one that was ) ‘ V . o
Bsed when we talked about’ the area f . _ 
under a graph. We divide the alt1tude
1 into n equal parts, each of

) length —r_:t Then we take planel

", sections parallel to the base through

each of the points of division. In N
the figure the second and the third

 sections from the tzz?pe'%own shaded.
. .o . \ . [ ’ . ,
‘Let S Se, S3, .o Sn 1 be the o .

areas of the successive cross sections

and ‘Sr1 the ‘area of the base. We can now enclose the pyramid within ‘n flat

boxes each of thickness-n.—}l. We havg dravn one of these boxes with area of

. 'base S3 andO-VO':Lume -}1 (S3). The total volume of all of the outs:_devbox_es
is ‘\v T R :
. " . l N . "
\j\ 82 + e n Sn

. . ‘. |

-Oi\f . ‘ ; : , ' . \ ‘

B . A .8 ¥ 8yt ..+ 5 < ST
n.. AR oo :

= -
w
] ||—u

'I'his is an pp average since - 1t ig greater than the required volume V.

Similarly, we can construct flat boxes of thickness -}1 and faces of

. area Sy = 0, 8y, +ve) s Each of these\bogxes is inside the pyramid. 'I'he
o n-1° K :
1 : X i "'SO+Sl+"'+S’l"’ .
= = + oo by . ; - e
TN total volume is ] SO + o S + . Sn 17507 B
This is a lower average since ;bt 1s less than V. _~ 'I'herefore S ) .",
. - ’ T "- -8 _+S'+';..-+S; S +S +.., -‘I—S

. : n.
v nrust be a number which makes this double inequa.l vy,‘i:rue_f‘or ;rer T E \

,positive 1nteger n. As before, we can show that there c@ﬁ ‘bﬁe:, orre
number” V far wh1ch this is true. Therefore it is, natu@ s%’;

average of S -over the x-1nterval [O,l]_ and to wr1te v “‘_-

\"

70". : o

O
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7

S S N Y=

: ,'~ﬁhﬁch”agreés with our previous result. ‘(See Séétiénia_ ‘fﬂ
T O
. |¢

" .\O

h‘i@leSe? the cross sectlon

x and therefore

'reglon of radius

ERIC
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_Ebc_a._mQ 2. The next example is a

:'olid hemisg'here. As before we -choose
; 'the lengt.h unit §0 that the: altltude

- 4s 1l This means that the radius is.
S T

R Le‘b us slice “the solid at the.
-"height ax above the base. The result _ i ‘ .
'd.s a c&#{ular region. If r is the»radius»of the circle, bf/ the Py'thagoxjean, .

Y, gce + r2. =l . 8o that r2 ¥-l - x2. " Then the°area Qf the'cross

~

:is,-‘"
A

2
. V=x- 35 =73 %
33
If the unit of length is such that the radius of the hemisphere is
v91ume measure is multiplied by a3,; and therefore .
AL I : . 2 .3 . o .
R I . V=35 m. v .
ER L .3 S S

'For 9. whole sphere ‘this result’ must be doubled so that

N ' ay -
V== n’a.3. R "4 !

R : Exercises 28-8 i

4T R .6 : . [N , %

AR e e

: ‘I'n the'f»igui‘e every sectionv

perperidiculai"t'o oC - is a

L rignt triangular region as
shown. What is the volume -
:1ﬂ:€of the solid? "If units are

) chosen s0 that the lines

maﬁ;ed 1. have measure &,

what is the volume?

o
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: 2.}>‘ 'Invthis figure the trianéular
region - OCB of Exercise 1 is = -

'i’replaced by a quarter of a.

"qircular region. Find ‘the _ I

“volume.

Hint: You must find .

‘How can you do this? = . N

L U qnadraht of

a circle

| - s
3. In the figure hat is Pa?
PRT What then is the cross-
sectional area 8?2 :Find_the
‘volume:’, Does the. result agree -
_w1th the rule volume is '%

,(area of base times altitude)?

B LA

b ‘Two quadrants ofﬁeircles lie
-in Veftical planes at right
’angles to each othér. A ruler
-is slld along them, remaining

< v.parallel to ?ﬁt 50 as to sweep ‘
o outxa surface. 1F1nd the volume
» L _enclosed bj this Surface;-the
' vertical planes. OPR and OQ,R
-and the'base (OPQ. Hint: E

Take a sectlon at the dlstance :

b4 above the base. Flnd TU.

Cand ST.. Remark- The flgure

may be thought of as formlng
one quarter of a certain’ type
of . tent.

O
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5. Given any right circular cone.
' 'Choose the unit’ of length s0
-_that ‘the altitude is l. Let
'R be the radius of the base

: measured with this unit..

Show that the section
i at'distance x from the verter '
‘ “has'radius‘ xR and’fhgrefore o ‘~u%¥i
the cross sectfonal area | »
nR bd .. Find V = 'S and

show that the volume is l'

v 3
v (area'of the base times the -
altltude) Prove that. this . .. .

is still true if the unlt of length 1s changed S0 that altltude is . h..

-6, In terms of a certain unit of - : , _ f T
length the. ‘height of & pyremid S '
is .1 and the aréa of its base
‘is B. )

Show that at distance X
fromuthe vertex S = (thls '
1&'true if the base is any
polygonal region) and the - e

volij

e‘is ~% (area of the base
times»the\altltude) : Prove
that the same statement is .
correct 1f the altltude is-

.
. " h unlts. o : R N

'-7.'. Show that the volume of any r1ght clrcular cyllnder is the area of .

« the hase times the,altltude, Hint: - Flrst choose ‘a’unit for whlch
' the'altitude equals 1. What is 82

v
RN A

O
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- 28-9., Some‘Other'Measurements'

” o1
R

We have studied- measurements of length, area, and volume. "As you know,

there are many other quantities that we can measure: welght, pressure,-

temperature, speed elapsed time, voltage, electrlc current-—to name a few.
¢ In the case of the measurement of length area, and volume ”2; -

an

Ql) it 1s possible to ChOOSe 8 unit that can be- copled_or duplicated

(2) “ﬁhese units can be put together in'a way that corresponds t07
counting, : ' - '
‘ (3) it 45 possible to divide ehe given unit 1nto a sufflclently large
number. of 1nterchangeable sub -units to reach any desiged accuracy. .

ki

Measurements with these characteristics will be called d1rect or

»
.

fgndamental measurements. K

Let" us consider the measurement ot weight w1th these 1deés in mind

There are of course many famlllar unlts of'welght for example the pound

weight and the kllogram.. ‘ u‘i{:'.' /.,ﬂv'
” (l)' Can a- welght unit be . Lo
"copled or dupllcated? T ST .gl'

" Yes,.of course., We can

o h construct as many inter-
' changeablelpound weights
‘as We please.  To test.

' .whether two pieces of

metal (whose welghts are N
'supposed to be units) are"' _
equal in welght it is sufficlent to put them‘in oppos1te pans

: of an equal arm. balance to see whether the bar is horizontal

' (2) To Welgh an obJect we. can count the,number of un1t weights in one'

< . pan that balance the obJect in the other pannf
: %
(3) In general we must use sub un1t§ to*bring about’ such a balance.

But we can. easlly make sub- unzts.. ‘For example we can use ounce

vwelghts,. 16  of whlch balance a4pound welght °
The measurement descrlbed is a. d1rect measurement because 1t determines
the welght of the obJect by using a certaln number of units of- welght 'But

there are other ways of determlnlng theqwe1ght - For: example, we can. use a-

A . SN . : T e
_ . : S . . .
EPE g‘r
) SRS
' ' Lo ' bk 2
NN ._\é’
- N R R
o AR .
. S .
. R O T .
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' spring balance. That is, we can find
, out, how much the object stretches a
o spring A pointer attached to the

spring moves along a scale. This

scale may be marked in pounds but,

ve are apparently measuring the weight'w: AR i
. _ , o _
by a stretch, that is, a distance. fﬁ;' AR [
T L
This is an indirect measurement of .~ R S 3

: weight. How can we say that it measures.weight at all? Because of the

discovery that a spring behaves. in a certain way. Robert Hooke (1635- 1703)

. found that the stretch is proportional to the weight (if we do not overload

“‘the. spring). For example, if we double the we1ght we double the stretch,

if we triple the weight we triple the stretch and so on. This property ©of

_'springs has been thoroughly tested. We. can be sure that if, for example, the_.

_spring balance reads 3.5 lbs., the stretch is 3.5 ?{imes the stretch Ior

' .l lb xTherefore 1nd1rectly we are actually measurlng the desired weight in

> -

terms of 'a unit weig .

Many measurements commonly made are of" this 1ndirect -sort.” We followﬂ

. Galileo in measuring tempenature changes by changes 1n the length of a column '

]

of liquid. Galileo used oil we use mercury. .

: There are some quantities which cannot be measured dlrectly. Density“‘

' (weight per unit volume) i$a good. example.  The usual unit is a.gram per

cubic centimeter (gm/cm The very fact that we.use a un1t like gm/cm N

'.shows that we think of the measurement of density as- the result of measure-'k

":together 13, 6 cm  of water xo~make,_l i

‘2 cm

mernits . of weight in grams. and volume in cub1c cent1meters. In fact we divide

: the weight measure by the volume measure “to obtain the density measure.,_

~\

Water has ‘the density 1 gm/cm because l-cm3

weighs' l gm., '
3"

3 vw ighsfa50 . Indeed X cm

weighs 2 g , 50 cm3

13.6 gm cm3 . bht we cannot put
. 2.

W of mercury weighing 13. 6 gmfl

" We cannot combine densxty units directly the way we. combine length unitse.

In the case o} fundamental or d1rect measurements units can Be put together

' by counting and & unit can’ be subdiv1ded into as many, sub-units as one

- pleases.,fThis is not possible with 1ndirect measurements. Nevertheless, in o

‘the example of density, a scale of dens1t1es can be constructed which 1s like

a- scale of length We can say that\a\substance has a density of x units

Pt

weighs X gm..-ﬂ.“



L. v R ’ ’ o . Coe 8 B - .
1t ik cubic centimeter of it weighs x, gms. (of if o cubic centimeters

weighs: ex grams,), and b'S 'can be any positi’ve‘real number integer or not.- B |

-

L Speed is another quantity that cannot be measured directly It must
' be calculated © We cannotézonﬂoine a 'un:.t speed of" 1 ft/sec with a copy of .
- it . to .pbtain a speed of 4 ft/sec\ oNor can we split a speed of 1 ft/sec .
into two speeds, of ft/sec- each" As the nam.e of the ‘unit (ft/sec)
o suggests we find t'be mefsure -of speed as. $he result of & measurement of -‘.- .
- distance in feet and t, me in seconds. In fact, we divide the d1stance measure
_’ by the time measure to obtain the measure of’ speed.* If an. obJect moves xt-

feet in t seconds its speed is x ft/sec. We: can therefore show speed

.

-m_measures on g numbe;r l:Lne. Thatf iis, we can represent speﬁ\on a scale.

‘ It might be asked” When we read a speedometer on-a car dontt we
measure the speed" directly" The answer is wo M - This is like the’ case - of .
‘weight a.nd the spring. It is- based upon the way in which the reading of the.. .

.. speedometer is related»to the spé%&d. Actually the needle responds to: an - i
electric current whose amount is proportional to the speed o‘f turning of the

front w’heels. The measurement depends upon the behavior of"an electric : o ‘
r’S R o P ]
generator. . Y Lo : ‘ P

S Another example of an indirect ‘ :'Q‘_'~
E mea.surement 1s the common pract:.ce of o '

>
\

measuring the atmospher:.c pressuré by C - 130 inches
e the height of & column of mercury tha/{’_\ S ) Lo

L1t will"suppOrt.‘ 'I'he figﬁre shows D

b
‘ tms form of barometerv 1nvented by

9 GaliTeo’s p‘upil, ‘Torricell,i The L T o

R

space above the me.rcury is called the Torr:.celllan vacuum. Pressure is defined
k]

>

: -to sbe force pe ‘unlt mrea. "‘It J,s therefore, not ‘a length._ Nevertheless, ;
-' w the length is ) measure. pf pressure s:.nde the two are proportional. It may
be shgvn that 30 inc’hes oﬁ,v,mercury corresponds to 15 lb/in y approximately

4

60 inches of mercury:’f; 30 lbfin , agd s0 - on. ‘

n > SN ‘ X - .

" Goi % back o’ area &nd volume we see: that when e calculate the .areas
aﬁ'd volumes of various flguves we are really findlng them in tems of" length
measurementsfaand a calculation mwg ‘ ;
..could measure%he Volume of an® x a

irregularly shaped jar. by fililz,ng a ° ]
unit. eube w:.th water and seelng!how ,(b . IR Coc

v..

5 G’ ,{g S : - ‘ -
“ - ’,"l .‘: ‘,' '5'” | . . . ol
R For simplicity,‘ we assume’ that &the speed rema:.ns constant L
. A g . > no
ot W "-' L . ’

O
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. 3 many such units of volume are needed :rf" ‘{3“'

- to. flll the Jar.‘ We could measure

€

dh the area of an 1rregular piece Qf tuL

of uniform thickness by comparing its ;.}f‘_‘__ y
e -weight ‘with “the t)%lght of a unit LR _
Rt : . .
5“.{f'fsquére cut “from. the same material.' Why don’t we. al y do somet .
A _ .

,this’ What is the poLnt of calculatlng@areas and volumes°

b

One answer is this- ThlS 1s a good way to measure the volume of a--'
given object. If for example, someone asked~you for the volume of a’

5; certain electric llght bulb, the simplest thing to do would be to drp the

Ul in, a tank full .of water and measure the.volume of the water than runs*" :
- out. However, &f we w1sh to design an object of”a'celtaln shape to f1t some f..

.pf'3pace, we<would‘hot llke to construct a lot of‘{amples ih ‘the hope of gettlng
I\ g fit. Thlnk of" deslgnlng ap artlflcmal satella}e for. example._ It is ex— " ﬂ

b

;pensive enough w1thout resortlng to trlal and: error._ : : ‘
: N -
- : Arg there limltatlons to measuremEnt° Are thera.thlngs wh1ch cannot».“

. . LB
1"be,measured even approx1mately, e1ther dlrectly or 1nd1rectly, because there

ylim'is no p0551ble unrt” Most of us: would agree that there are.. We can ihg that
. 'John is. the most valuable player on’ the baseball team and Jean the most i

Rl beautiful glrl 1n the- school._—It mlght be that no everyone wo 1ld- agree. °
- But even‘if they d1d agree would we' say that we could megsure the value of
—_— -

o R . ”,\I.

the player or the beauty oft the g1r19 What Jhlt could be chosen° Sometlmes

a o

We can compare wlthout belnglable té’measure. In some cases we cannot everi
-.compare. Who was greater, Newton on Beethoven” There are dlfferent klnds
~of greatness.~ S T ~'-'“v.q

N > . N4

;.. - gheck Your Readfhg : f{ ffi' BT “‘?jﬂf‘ R ;T,_'f;i.f H;Q§Qj

S . What three thlngs &o all dlrect measurements have ‘in’ common? ‘ s
2,7 ‘-Give two examples of dlxecf mea;urements, two of lndirect measurements.
34 _'Why don’t ve always measure ‘a. volume d1rebtly° (Why calcuiafé 1t°)

. e . . @

- : __/ B ° »
oo h,ov I two quantltles can be measured‘they can be compared..{ﬁf they -

. can be3compared, ¥ 'ey always be measured? Illustrate._-

-
- ~ T v (S .
. . .
- . . ‘- -t _"‘ . »
. D . ‘ N v >
. ‘ -
M 2 : '
3 ..
N B
- ’ N P . hd
. - : ..
. ) e s a . o
i , . ¢ : - - e T e
. Y 2 W T e e Ay y 2 R .
S e T at . » I . A
R A T \
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. Exercises 428-9 * o o ' : -

hd .
. L. . .

' l ' In anthuity, time was oft.en measured by a w.a‘ter clock. A certain

o 1nterval‘ to “be measured "In using thls method 1t is assumea 'that ‘th

0 ra.te of flow of the, water i's uniform.. What precautlon must ”h 'f.taken
. 2
to make thls 2 reasonable assumptlon‘?, Does a water clock measpre tlme

irectly or 1nd1rectly‘7 How would you- choose an approprlate unit’ of .

*oe . i o LI
9 . Y A._»' . d . : "
tlme L B TR I . 4 . 3

2. . Is the tlme fr.om one sun J

- measux%lng t1me‘7 “Are X 7o eqi}gilz‘ How- can you test whether '
. they are or are nt‘?A o T ’ ? a .
. N U N R t : 5
3. - Suppose that you mea "ti using as a unit the duration of a i

B complete swing (over and back)
of a pqxdulum of a, certaln .

lengt!@t."f"l‘he U t:?depends on

the. len’gtﬁ‘pf t;:n«; -pendulgn.) .- o
If it is desired. ‘l‘»ofmeasure 4 T
. % time in terms of a sub-unit that T
o A . @

is- i of the or1g1nal one, how

could this be done experlmentallyV . o 4 & .
’ Iy o Suppose that you measure tlme by countlng your pulse. W‘na‘zc~ objection )
4 ' can,you make to thls met.hod‘? LT e ‘ S ‘.4-7.'“
50 Suppose that you travel in a car a dlstanc.c of 50 mlles in l hour. -

By

If .you say that your speed is 50 miles per hour (50 ), does thls
mean that you were actually travellng at this speed for the ent1ré§
hour” If thls is not true, how can you maké a new measurement. to ‘show

" . that. it is 'not true? The 50 —r; glveo “of. ourse the ave g .speed

o

< . over the"hour.' Descrlbe a set oi""measureme s tha.t would glye be‘tter

anbd better approx1mat~10ns to the speed at a given 1nstant, say at the

tlme exactly %‘ hour af‘ter you'start. ., .7 .

Y

.. ’

6. Onegmethod to m,easure weight is to mové a .,llder along a, bar untll
al :
| ta balance s fOund wi‘tﬁ _the- obgec*b to. ‘he welghed !@Is thls a d1rect

.or -an mdlrect measurement_“‘? Explaln the prlnclplwon wh;Lch 1t 1f'

- i
Y v N . ..

. I based . ) ) > _ e C R ;
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v

o

intelligence? Can crea.tivity be measured?. L ’ Co .
. 9\ ) . 1 . ’, - ] . R .

.-

“ -

8. Q‘ -Can intelligence be measured" Are there perhaps different kinds oi‘

T

28-10. Measurements and Ave rages

. For the area below a gra.ph

arer

, whose ordina.te ¥ inc%ases (or: %8 T-

s

.ﬂi_

ecreases) on the unit interval

[o 11,

the a.ver&’ge valte- of y

'G'I ” (3@_

3 ‘ siﬁllarly-fori*the volume >
- & of a solid wIWe’ cx;pss sectional
' a.rea. increases’ (or decreases) over-

- the uni‘twinteml [O’J%] 'W =8,

Vthe a.verage of S

changed&o that - [0, 1] is repladed: o '; . R
6, by alo, al. Then A= y must be replaced by, A = a} and V=3 by tV'= as,
« where the: a.vera(gaes of "y and S .are now- taken over the lnterva.l [O,a] -
» This is easy to see. . If we StaI’KWIth A y and the interva.l 4 [0 l]
&
% t';en when we change the length unit ‘as d!&cribed abofe, "A s m\étiplied by
& “and ¥y by ‘a. Therefore to- ‘maintain ei&uality we must have an extra
Nhco .
5o multiplier a on. the, Figit. S
. 2 Simila.rly if V= - fo,1) and 'if we change the unit of -length
so that 1 is repla.ced by a new unlts , the measure of vo‘lume is multiplied '
by a_.3 while the mea.sure of the average cross- -secticinal area is multiplie&
by a.2. Hence V &S in! terms of the new length unit. . ae. &
—_— 1 L 4
. e i "N
. . , TO use . K= By and V a.S we neéd the daverages of vy and S vover
. the in‘derv-al [%wa.] » The most important aVeram— -
RO = - : .
- (l) B Jox on [Oa]-z,-@u‘“' . L
T A PARE N .
AN L . . . . . N St g .~ L2
N2 (2) K x2 [o 8.] = 9‘_ . o 4'— .
These results are edsy to see geometrically.‘.
= IR N - . — > .
’ . . . R
. o : . ) > 8(1 R (
) '_>;.: . i o ¢ q >

O
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interval.\ . 3

.

b

3

 we:r have seen that A = y,

over t%f

over the

Let the unit.of “Length be

«



. v " a® o Ay A
© - In the figuge & = 5 - But o ‘ S L
A=ay = a;.'~Hence : - | : " . / i ‘
‘ T - ' A . '
and therefore x = % . : L
il 2 "X
. a s .
SimilarIy for the square -0 = a .
pyramid shown,' o '
e - LV =X a3 = x2 2. _
3 . i
: L-_Eo' 1 2 a-
Hence x = 3 a .

These, results for x. and X

apply to other measurements than

those of area and volume. We give

two important examples.

ample l. Everyone knows that 1f a body is'dropped from test, the_
_ speed (or velocity)‘increases w1th time. Galileo guessed that the velocity‘
- is proportional to.the time x; that is, that

v

SR o . 2 : » ¥ = cXer
where ¢ . is constant - ' . ;' - L
Galileo asked hlmself this questlon' If it is true thatf_‘ 1’ L
S ' v = cX,

'how far will the body fall in t seconds? In the case of a motion with .
unifbrm (constant) speed, the d1stance covered is the speed multiplied by‘;
the time. What should we do if the spéed is not uniform? "In such a case
it is. natural to assume. that the, d1stance covered 'is the average spgg_

‘the 1nterval

: multiplied by the time, where the average is to be taken ov
from Xo 0 to‘ x =t . )
The_average of cx over 'Dd,t] is

o o N - a:at -

RN

O
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| If ve méasure distance in feet and time in'seconds, we find that in-

e fact _ T : .
(Actually 16" can be repla.ced by the bettef approxlmatlon 16 1.)° 'Ilhls means _
that Gallleo’s guess ‘works' with ¢ = 32,” and the speed x seconds after - /\
] v i . ,
. release is : .- . : ‘ PR
¢ C .+ 32x ft/sec.. ' “ ' L

* The next., example concerns the idea of w"ork. If a weight of . 10 lbs

is lifted a distance of 3 ft we say that an amount of work is done equal
" tq 10 X 3° foot -pounds (ft- lbs)

1l

ot

. o E)mmple g.' A certain spr1ng is stretched 1 inch (= 1]:2 foot) by a
1 pound weight. Then, as you know, W pou.nds w1ll stretch the sprlng
Y __115 feet‘. ’ ) ' : - »
LT . ////////////
Six pou.nds of sand are poured C . o ) o e ’ e
gradusily into & ‘bucket’ attached to B R ' t e
. the spring_. As the weight 1ncree.ses K .

the spring steadily lengthens until ‘
it is finally stretched % foot. . -

.How much work is done? When the ‘ e ,
) spring is stretched x feet, the B L o 4
. correspondlng number of pounds - S, . )
' weight is W= 12x. S o \ N
,’i -0 :". _u ‘ " The work here‘ls defined to be the average welght ti s’the djgtance. o ﬁ
(W 5\),. where the welght mist be averaged over the dlstancemgntery'alﬂ (o, é

% Since W)= 12x, W = 157 b 12(1) % 3--and 4fbe work is (3)‘(%) - % measured=y "
-4 . L .

kN

'in foot-poinds. o DTS T S
e S S ,
'_ E)fample 3 * Let -us asswr’ie that o] L e
the earth 1s a sphere w1th radius.~ .- . ’ - . o
. ‘ .

1+OOO mlles._ A rocket is to be shot B : 2
‘ stra.‘ight up to a po;mt 1+OOO mlles )
. a'Qove the earthls surface. We shall

/f,'ake the, ra.dius of- the earth to be a’

‘e new unlt of length Then the rocket

P

is to reach a p01nt P that is two

.. of these units from the center of tme
~earth C. : P v : a
L o i‘?\ T
s B -

.o
-

O
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Lo~ . . v S o . .
L ' . - . ¥ - ! B, .

. » ’ P . : . N .. .. -
U If the rocket . weighs 10 tons, how much work (or energy)’ is required
to ralse the rocket to-~ P?° The work is’ the &verage weight times the dlstance.
Accordlng to Newton’s 1nverse square law), the weight changes with the dlstance '

x from the- earth"s center so that Qts measure in. tons 1s
%

S ~ . B IR (¢ S .
3 : . Y . : W 5 o T T
. - . . .. . ) X . . ) D \
- Notice ‘that at, the’ e&rth?s surface where - x =1, W is 10 ..as it shouldibve.
/. Ny e LT ' _ : o : o : <
4 . The required work is. therefore L . - o4
L CoWer= (110 L
. . ‘ X, ' X . ot
where the average of % is to be taken bver the interval‘b.[l,2].
s , X i - “Eais
R Y _ - ¥ o-
Finding the average of —5 over ) 9 A
i [1,2]' i5 the same as finding A = v - '
£67 the graph of C?‘s-%s on the , .
. Joox : _ _ ¢
¥ interval [1,2’]--T : e }
If we divide ([1,2} into™ 10
congruent parts we get for the up_per

' average

1 L1 - e +——
_\(1.1)%'(1-3)2 (1902
10. T B

_ _

The numerator is @vtaited by adding
1.000
-7 .86
o o .69k
. " : . 592
e _ e
.391
.3h6
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. Therefore{ﬂhe upper aVerage 1s approximately 5389.‘ The lower average 1s
gt bout 1+639 The average of, these fwo averages corresponds to usiqg S
1 rapezoids instead of rectangles.__""l‘he result .5OJJ+ 1s slightly too '1arge o : i

to represent A= y. As you might guess, the exact vaiue 1a .5100" = = .

H

. ‘.' N Retuming to the rocket, the energy required measures D SR

it : ool e el e
g when weight is measured in tons and distancekis measured 1n earth rad1i. ‘ To
o obtain ‘the answer in ,ft lbs we nml‘hiply by 2000 >< laooo ><* 5280., The factor

[ 2000 converts tons to ’pounds. 'I‘he hDOO ‘Jconvert,s ,earth radii to mlles and

'il' to fe‘e‘t.’ The answer 15 21. 12 blllion ft-lbs.

. of “course -5280 ,-._changes_ s

c k2

. Exer01ses 28-10.
T L . g

A chain 10 ft _;Long weighs 2 1bs/ft.-‘
N is restmg on a table. You sei’ze oﬁe end

and lift the chain free from the tablp

Find the work required. Hlnt"' When 3 x,
" feet of chain are above tgle, table, ‘whatf

«

s weight are you supportmg" _ ' f-: \ o.
, P 'ﬂ . L

' Verify that t];\e Aower averag

"ft}x -
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ugntitles dan be measured dlreé';'g Oth
ind'i;rectly .that is bby '.a omputar.ion..,
) ) : o

iy
'V\
BV "Let U and “u -‘A‘e ztwo *q,n;x.ts 4_3 \

y is” the average

then y g

a apa,rb is xx}xe@ure& by v'= S, where_ S measures the cross -sectional
area atq the di ance@x ) from one ‘of the planes and the average (S) of

S is ﬁﬁg@ over th ? interval [O a]. For a sphere whose radius measurés v

L8 units . For C:ones or pyramids, Vs (Ba.) where a measures
the altitude ind,.- B - measures the area of the ba.se., . . ’
R B - L
: . N 89 . ) . C i
. ' ? A !



