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25- ? ntroductlon S o, oo i ‘ L
We often must deal with a list ‘of. numbexS'A scores‘%h a-bowling match, ) ¥
S N .

the number of inches annual ralnfall in San Franc1sco, the. wages paid the

X dlfferent employees of a company, tbe number of TV sets sold in a@department
store each month, and SO on. What can *we do with these numbers? It 1s hard ‘ -
to draw conclusions Just ‘by looking at the numbers. ~This is. partlcularly o _‘“.

true if the list is a long one.’ We need some wWay to see the sltuatlon as a
E. T

whole. .‘_4.. . 4,{, -',\I; .4.. ': ) oL e ? ‘.
1 It+is often helpful to hov the @os1tlon of the numbers aloéglthe 4 %;
number line. When there are repetltlons we can pile tg%'pOlntS or dots. above ' S
] onelanother; The reswlt is called a dot frequéficy diagram. e '4<%:;
., . [ ] 3 « -
< [ a4 e o [ Lo Lo ¢
| oo i 3. R A
e T - 3 R T o
. e . ’ ot 2 i . r .
, - . . [ A Y ’ o /
Fhus Flgu;e l is a dot frequenchdlagram for - 0,1, 2 2 2 3, 3, h L I @
B

v

To 1llustrate the uLe of such a diagram, suppose tHat a manuscript has
g Just been dlscovered ‘Et is. s sﬁected that it was written by Sir Chrlstopher
Wren, the architect of St. Paul®y Cathedral (1632- (23) ‘ In ‘tHe attempt to

decide whether this. conJecture 1s correct ‘a ca}eful study }s madejof the

style of the manuscrlpt SO that it can bé compa d with the known wrltrng~ 4
of Wren.l ' Oné obv1ous thlng to’ stuay is the ie of the wo;ds used Some .

‘authors tend to use many long" words. Others are 10 re sparlng in the1r use, hS .

To show how'a study of word length‘can Q% carried out we have chosen at
1

random a page in a book and made the following tally of ' the number of . . . ‘f.,'
letters ‘(69h) in'the firdt lho words. .

[ ; .. S - - .« ?

wo° ~ o B - - %
- . . . r . - N N
P . - E . . . b - A
. ) T - ) 4 i o b . - -
. AR : . . . ,. . o . :
. o . . . .

O
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\ . - Table 1 - . ", ‘

The results of thls tal\y are glven in the freguency colﬁmn of. Table 1. bThe
[ )

" last column of this table glves the total number of letters. in all the words
- of.a glven length For example, for words Qf"’ 5 let\t’rs &e frequ ipcy is -,
1T and consequently thcre are, ‘3 X 17 =8 letters. : '

. 1
., b'

, . ‘ - . .
.. 'I' s . / ]
o\ /f:7§\ _’{ . S \
‘ SR ¥ ) e . ;
. ) ., e } . /7 25 . ’. o - ’}' - . N ..
L B RNAY '
' e o v 15
' . 1k 10 ‘ . _
7 o : b ‘ N I , 2 « 9
“‘“2 | 5 I ‘ . e " .
*—o— - } *——o ¢ 9 ——
1 2 2 LYs o678 9 10 11 12 13 . b 15h
B . T . . J . . ', o . .
- " - . Figure 2 o : . ?
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. - if one.of the numbers is changed?

v

Figure 2 shows hog,these numbers appear on the number 1in& In cases
where there would be many dots above a numeral, we have slmpllPled the

picture by runnlng the dots together SO that the number of occurrences

(the freguencx) Becomes the ordinate of the topmost dot

Vs

. The numbers have a tendency to clust\: about a central value In

practlce .there are three dlfferent ways that are used to determlne the center.
%
/ d
(1) ‘The mode is the most fashionable value, the one that has tue

°.h1ghest frequency. - In® our-example,utre mode is 3 since its,

.. . ¢ frequency (27) is the hlghest ;_' S

d (2) The medlan is ‘the middle number in a listlng in order of size.

If the number of items is even there are two candadates for the"'

middle. " In thlS case we choose the smaller. " In our example,

then,-we locate the 70th number which is L. : . !

(3) The mean-or average is the total number of letters divided by

&; the number of words. In our example, 694 . divided by 140 ls

\ 4.96. The total number of letters_ls obtalnedvby adding the
_subtotals in the ldbt column of the table.

. . ~ .
4 . . -

Each measyre of central tendency ia useful for.certain'purposes. o L

We notice that the mode‘and-the'median'are necessarily whole,numbers, '
~but that the mean need not be . — o °

However we sha deal almostgexcluslvely with the mean s1nce the mathematacs s af
2

is.so much more oatlsfactory. .In the_exercises you will d1scover certaln

properties of the mote, median, and mean.’ . ; .
Fropet ; 1 . L . N
, _ . _ . v ' S

T . . . 3 . " . A [

Exercises 25-1°

- . . . . . e

'vl. R In a theme that you have written for Engllsh o1’ History, make &'tally‘

of the number of ‘words.of dlfierent lengths frqy among the £1rst 200
words. Construct a dot frequency diagram, rlnd the mode,’ median,
. ~

and mean. . S

2. (a) Which of the measures of central tendency is certain to change.

e .
(b)- Show that the other measures’need not change. . ..

3.  Give an example to show that there could be two or more equally popu—'

lar ‘numbers in a list. ' In thls case 1t is uqually eed that the

sét of numbers does not have a mode. Could a set/ ?f numbers have two

RIS . P
medians? ° two means? LIRS -’ . o . . >
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" Ih a certain small town, there are.

‘with an annual income of

;If you add a single. number* a" toa llst of, n

" List the wei_ghts_cof the membef

.
\ S
PR

1001 . persons with incomes: one

‘with an income of $2,000 000" a year and 1000 wage earners, each

$6: OO,O.'

Iflyou were thinking of moving to this town, which of these

&

What is the mode? the median?
the ‘mean?

three wmeasures woulg’y prefer to know?

Whicﬁ of the three measures'of central tendency can be found without

arranglng the numbers 1n order or flndlng ‘the frequencles7

numbers, what 1s the

greatest posslble effect on the mode?' on ‘the med1an7 ‘on the mean?

Illustrate your conclusions.

For each member of your class l1st the number ofﬁcomplete months that

hdve passed . slnce his or her last blrthday. Make a dot frequency

Find the mode, median, and mean- for the numbers of months.’

¥ ’
.

dlagram.

Save your data for use in the next sectlon.. o T

~

f your class to the nearest pound.

Mzke a dot frequency diagram; - Find the mode, nsdian, and méan.o
- [ A

BT .
- .

v - < ot
s
L4 - \3
P - 1 ~— L
* > . Kd
. . -
A 2
- . .
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25-2, Cumulatlve Frequen;y v ’ -

NLet ‘us turn ‘back to the data .oh word length presented in the last o
Asectlonand consider another way of picturing these data. For convenience

-

we copy the frequencies from“the table cbtained ‘from the tally.

‘.‘I\llnnber 5_1'; l}etters in Word - F-reguencx i Cumulat'iw_/e Frequency v
A B , / - 1
e 20 ‘ &
Ty : : 27 - _f. L8
. iy - \ 25 | " ) ' > ) 73 .
I w0
7 e e | li9 |
Ygoov L , 10 129
; - L S o . .
. a 9. R . 5 . _ B S 13k .
w00 R A 135 :
. o ) N -l | . ’ l. , . ‘136 : :
‘i. . -;:.i.‘ 1 . o é, N ‘. Sy g
5 - a3 BRI 139
| O P

.

We have added a third column headed Cumulative Freqliency To :f‘ind

a.n' : ry «in thls golumn we add to the entry above ‘it: thé frequency llsted on

'the_ sameNline. For example, on l1ne 7, .the entry is 105 +:1h = ll9.

T . - . ! . . : -
oW . :f‘-or the new picture We locate the points (x ,y) where -x 1is
a number 1n the first column. and y is the correspondlng cumulative frequency

v

d.in column Pree.: (See Figure 3) .
. ’ . ©6)
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“{* 1401100
120{ - - |

100 - = - 1 4 |

Wlsg 2 L S O

60 ' | ' |

noles. .. o | ‘ " , , .

20 : - B '

vFigure 3
For greatér clariiy we draw vertical lines to7representlﬁhe ordinates of these
s . points. .. ' ' ' ' B

o _ . Let us draw a horlzontal line through the mldp01nt M of the 1pterval
[0,1&0,],>on the Y—ax1s and find "its first intersection with an ordlnate.
This occurs at x = 4 which is the.medlan of our set’ of numbers. The
interval  [O,4] 'on the X-ax1s contalns all the points whose ordinate "y

is in the interval [O,70)- on the Y-axis and the interval ’[h 15) on

-the X-axis . ntalns all the points whose ordlnate lleg in the 1nterval o
[70,1&0] dn th Y—ax1s. A . - . T o

Often the entire cumulatlve Irequency gljervaf‘;g'dividéd into four
equal subintervals.. In our example, these intervals are [O, 35], (35,701,
[7o’io5i, and [105,140]. The co}reapondlng intérvals on.the X-axis -
_are (0,31, t35h]; (L,;6], and [6,15]. “ The number‘ 3 'is called the )

lower duartile and 6 1§)called(%he upper quartlle.

’ Sometlmes even finer d1v151ons are .used. Thls is .done by dividin the :
- total cumplatlve frequency interval into 100 equal part;.ﬂ If we mark a
new scale on.the Y-axis with 100 - oppesite 140 we. can-read percénts"éf -

the -total frequency (140) directly. . ‘ ' ¢ e

. . : . : . . .
Let a erizontal line -segment be drawn on Figure 3 from the point
"marked P percent to its intersection with the first.ordinate encountered.

The correspondipg abscissa x is called the Pth Eercéntile.'vThus the

-~
.

e
o~

| e 1o
/ : - S .

O
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medidan is the 50th percentile and the lower and upper quartile 'are Ne 25th
and 75th percentiles‘respectively; ‘The'lOth percentile iu¢.1. The 90t

. pergedfile Corresponds to a cumulative frequency of %%% -:WMO = 126.

t
is thereforel 8. ' ’ T o 'L ‘Q J— v
) i Exercises 25-2 T L _ o '
1. For the examplioin the text, find the 30th percentile; ‘the 80th percen-
4 tile, and the Oth percentile., ' : .. :
2. . In the example in the text, show that the LOth percentile and the 50th’
. percehtile are the'sdme.- . ) . S .
33. " Use the data collected in proo]em T of EverC1geg,2:-l to construct a
table of cumuWatlve 1requonc1es and to draw a cumulative Jloquency
\ .
diagram. - .
b, From the 1esults of E/erCluo 3, Cind hglnodlan, tho low01 quartlle,~

the upper quartlle, anid the oOth percenL11e.

5. . Find the lower quartile, median, and uppex gquartile f{or problem 4 of -
" the previous section. ' )- o : . o ’
o - : N . ‘, E ¢

/ . . - - | | .

25-3. The Uses of Statistics : & ¢ ;

v . . : ’
A

‘Wekiﬁarted our discussion of word’ Wonbih with an Lmaglnaxy dlucovery
" of a manuscript which was thought to bo\Vritton by Sir thlstopher chn. ]
The pattern of word length wmight be one ploco ot evidence. OFf eourse,_well
would hope for aomethlng betlem,'llhc a IC!C]CHCG to some ovent that only

he would have been like?y'fo knoﬁ. o :

However, stickingvto tﬁe wotd ]ength.study, questionslarise'dbout the
>re11ab111ty of a uamp]e of this soit. at is, 1if we ‘assume that the ddcu-e\\\
ment was written by Wren, how likely is it that this.cample of 140 -wé*b"
would reoembWe similar aamp709 Laken from Wren®s known writing ‘ If it wore‘
not written by hlm how much agleemont could be e/poctcd‘7 We would expect .
that the rellablllty of a ,amplc woulrd increase wlth its size so il g 11 we
.knew the pattetn for a- 10, OOO w01u'oamplo we would have more- conxJuano
than i we had 1o reas gifrom a rathervuman one. S50 samp 71Ae Lshsuro!y4

L 1mﬁoxtant\ W o T "

a -

O
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o . . ( . =\ ) ) . x’ . . B
’ The pyoblem of sampling is a central one .in the study of statistics.-

.

Its'importance is Tather obvious. Whgn we wish to'predict the‘resuqks of an”

)ﬂ . "electlon, we take a poll of the oplnlons of a relatlyely small sample of the *
L populatlon polI the whole populatlon would be frlghtfully expens1ve Iﬂ~*h
i we wish to t t a-new drug, we try, it out on‘a,suff1c1ently large~sampfe of

patients'to dfaw what we hope are “valid conclusionz What'determines the.

i rellablllty of a sample’ We shall have ‘something ay ahout this- questlon

toward the end of the chapter Before we can do thls we must learn to -
descrlbe any set of numbers whlch mlght represent a sample. We shall learn

. %o do this in the next few sections. e

We shall first learn more about the average or mgan of a.set of numbers. .
Then we shaLi learn how to’ measure the extent to whachmziset of numbers.is
scatteredﬂabout.lts mean as"a. center. It‘ls very remarkable that a list of
numbers; even a long list, can be rather well described by using only two

. » . numbers: oOne a measure of centraI tendency; the other-a measure of scatter~\'

Hereafter we shall haVe nothlng more to say about the mode or the

medlan as a measure of central tendency We shall use for thls purpose only
: 2
\\\\sthe mean (or average) - _ ; -

Exercises 25-3

(One third of the‘class should do Exercise 1,

2

a sedbnd third Exercise 2, and the remalnlng

third Exerc1se 3. ‘Everyone should do Exercr%e h ) -

1.  Select any book of ‘a general or popular hature. Turn to a page at
‘ random and make a tally of the number of letterS‘ln the first 100

. words. Find the average -or méan word length. Repeat this experlmEnt -

) N for four otherﬁpages in the same book. Compute the averages of yéur
' ”samples. : ;~"‘ N L : (__?‘ '}! s
2. Select a child's book._ éroceed‘as inlﬁxerc;se 1. -‘i T
3. Select a technical book. 'Proceed as in‘Erercise L. j ' . ~ T
69&3 , Dlscuss a number of pract1cal~s1tuatlons in whiZh ;t 1s 1mportant to

S, use the results of a sample to draw conclus1ons about a populatlon

“_The word ! populatlon 1s used here to stand for any set of numbers

from whlch the 'sample is chosen The numbers need not be numbers of’

" people. - ; : : : S Lk

L3

O
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2§Fk.' Averages i T _ . _
Suppose that a student makes the follow1ng five bow;;ng scores:
R 130 120 135, 145, 1ho

v

‘What single number best respresents his performance” The usual'answer‘is

the average of these five numbers, that is - - o e

. . > .. .

L © 130 _+ 120 + 135 + 1u5 + F 140 . . 610 S ST T

. ) e . ] = 134, . . o
Insxead of* the word ave g we often use the tem githme‘tic mé.anﬂ :{r simpiy~

.

ﬁhe word mean.’ : S " oL

N\
S . o
In general,;if we have n numbers

RN o ’ . Ce - s
Xl’ i xg,‘ 37 e, n?
their average :X,, .pronounced "x bar ® is simply -
' ) X, F X, * ..
- 1 2 . o
S x = .

ot X
. n . )
v . . A n. ! o ) . ’ el

» . : ~ e . o .
. . The average glves eoual 1mportance to each of the numbers in the list. .

To find the average we merely add these. numbers and divide by the number of
'1tems This is a very s1mple process. Nevertheless a careful study of the B
propertles of the average leads to remarkable results, as ve shall see. But

this. is typlcal of mathematlcs where thlnkrﬁg so-often pays very 1arge1divi- /

. dends. .

To begin w1th, we remark that it is not necessary that: the‘numbers
xi, Koy eee ;'xn be all different from each other. For example, the
average of = - SR S .

.

o 80, 80, 90, 100 -

_is

80 + 80 + 90 + 100 _ 350 _
— 1 =55 =815

In the_extreme case, all n numbers may be the same. _The average of
v » 15, 15, 15, 15, 15

is of course 15 and the average of any number - n of equal items ¢ 1is

just © . ' S S I
U n terms ) - ’ :
- . L. . . — - -
c+ct+c+ ..ot C nc
= — = Ci
n ‘n
"
te . -
. 9
. ».

O
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. shows that x is- less than thg largest number in the list.

" we replace 1 by. 5, the largest number we get the new list

" We have
r-

R . . X . - .o - L . .
o L ‘ o « . ’ » . )
4\ . . N ‘_.. 4 L l

Another obvious remark is that'if any of the numbers ‘is 'replaced by a

larger one, the average X will be 1ncreased Repeated use of this pr1nc1ple

2
\.,

For example, in the list (x l"

»

02 X3:: )-l») = (3: 1, 5: 2) irf

(3, 5, 5 - 2) whose average, is larger than the original one.. If we now'
replace 3 by 5 and 2 by 5, yre obtaln the list (5 5, 5, 5) !
whdgr‘average 1s certalnly 5 We eonclude that the orlglnal x <'5.‘

: .. L -
e |, More generally, let M (for maximum)[be'thé largest fumber in the

©list.. Let x . be any smaller number If wé‘replace Xe bv M, the

verage

. n
will be increased. ‘If we, repeat this prodess for each x 1less than

.we'Will'finish'with n equal numbers M, Their average is M, S nce

-~ L -
" at &ach step ve 1ncreased the average, the result M is bigger then the

or1g1nal 7 (Of course if. all of the numbers are equal to begln
one of them can-be called' M and % =M. ) R '

-It is ‘equally clear that if any'entry is>replaced by a s ler number
the average will be decreased; and consequently % is greater
minimim), the smallest number in the list. Thus h
e m<x <M, SRR
If we wish to include the¢ possibility that’all the given numbers are equal,

m<T<u. o -

. Where the equal signs can be'used'only when. m = M,

"Let us return to the problem with vhich we began You will remember .

that the average of 130 l2Oj 135, 1h5, 1bk0 turned out to be l3h

* We now 1ntroduce an idea™ich often 51mp\1fles the arlthmetlc Let us

cons1der the new 1ist of numbers
10, 0, 15, 25, 20

obtdined by subtracting the smallest one (m = 120) from each of the

original list. The new average is

- ) 4
10+ 0 + 15 + 25 + 20 .'70
: 5 5

= 1L,

+ If weadd 14 to 120 we obtain 134, the average found before; Is

- this an accident? - =

o

.10,



2f/./' A ..

gy S . ' - Ca
/ Ingtead ot subtracqing the smallest number m, let us buutract WSO v
each of" the original. numberg/’"We may - think of 130 as a guess at the

req 1red average _ The new list is

| L o |
1 - N ~, -10, 5, .15, 10 .
whoaé_averageeis %? =&E> ‘Noﬁ> 130:+ L= 13k ‘is'the avér&ge ol' the origrnal
.-list,of:ﬁumbers.' » ' ' . '
. '-‘j If We guess. 135 for the average and aubtract this 1'rom, cach number
hfln the orlglnal llst ve obtain the numbéru. o
e Co o

‘(."" . g .'5’ =15, O:H 10 \5 : o o o
‘Wwhose average}is. 2. -1, Then 135 ” (=}) = 134 -is the actual average._up
5 < |
N Let ¢ be tbe rtumbe & whlch\ye qubtract {'rom cwch ot' thoue 1n the 1lst

You w1ll nowice - that the closer c isgko ;, ~the umallez _is the new average

Ato be obtalned.A The arlthmetlc to be performed is usual]y easier. Of course,

Bpgatlve numbers may occur but often they can be qulckly comblnod w1th p051-

tiive ;numbers. " _ . : S , A , :
. Sy . o A ’

« Let us state the principle which seems to be behind these examplesﬁ-

2
X - ¢. . The average of these diminished numbers can be writteh (x\- c).

;

‘. Let ¢ be any nqmber.vfIf.we subtract .¢ {rom a number X we obtain

“In our examples we have seen that

v

* - (x -c) +c.
This.equation.is equivalent to )
W ey -
Caa,we.prove thai (i) is'c}wayé true?

What is x-c¢) 2 It is

' (kl - c) +'(x2 - c)if‘.;\_+A(x - )

n
_ ' : . oon T ' R
‘But this is - N N §
. . : . n cts _ : .
' X, o+ X, f oa.. X - ; :
¥ 1 2 n c+c + . + ¢ - T
) - 7 = X - C
n n
v . R
L]
. " i
7 . \
[ e '
11
_ -~ A
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. We widh to average the following numbers’ ' 3 T e

_Flnd the averag%<f7 S :

10.

. .  Exercises 25-l+ - .

"]
' @8, 93, 101, . 110, 95..

.

(a). Do thls dlrectly from the deflnltlon

.. .
(b). Now subtract a suitable number from each 1tem of the list and .

apply equatlon (l). Compare the amount of arlthmetlc which. must

" be performed in the two cases. o .
E'S

'USe the method of thls section to average o

10.1, iio.3-., 9.9, 1 0.8, 9._1?

" In the example in the text, suppose that we choose \g\_ l3h to

subtract. What is tﬂg new llst‘7 What is the average of the new 1list?

. In-eguation .(1), let- c =_§, the actyhT average of the x's. What

o

is - (x - ) qﬁaCompare your resul\ it

Exencise 3

Compare the average of (2, -6;I 16, “10) with the average oi
(1, 3, 8,,&, 5). 4 )

Show that ax, that is,

’ + ... +a i :
\ ax, +ax, * L ax ) A ~——
o — . .

is ehual to .2 * X.

What is the aveThge of the number of spots on the faces of a die (die

is ‘the singular of "dite")? e )
N . L - N ] _‘»' o ®

b

«What then.is the average of 10, 20, 30, 40, 50, 607
. of '1&0,'?_00, 300, 40®, 500, 600 7 e
of .1, .2, .3, .4, .5, 6/3
10.01, ¥ 10,02, 10.03, 10. oh 10.05, io.o6. -

List the dates of birth for the-members of your class Find the

average year of %%rth as eas1ly as yeu can.

Llst the age 1n years for each member of your plass on his or her

last_blrthday. Flnd_the.average age. _"If you add this average age to

\)

; . | 1’?’

12

16
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"‘:0 : }/ ‘.‘-.‘_.)‘-:,“r_ R -'\_\ ,h\

~the a_nswer of Exercise 9 vill}you get. the p_ﬁe’sent yeary? Exp_]:ain"}abe-
.}d‘ifference ‘that you discover. . . _.{.‘ ' .- e

. L .
. the left-most point and the
right-most point ‘ '

, v . . . R

We can see. very easn,ly “l‘rom the plcture that the: equatlon

is true. Suppose that a set of polnts balances about a’ f‘ulcrum at’ . x.

Now 1mag1ne that the coordlnate of each point 1s decreased by ‘¢ but the

. . oo ~
(] - < 14
"‘ ) . _ “ . .. “\ . . .; 'Q"‘ [ ) L
25-5. APlcture_oi“ X R k2 TN S ‘ “
» Let us’ repz(esent the numbers xl, Xy, - :'V’ xr; a_,glg_ the‘ir. %Vemgq .
’Tc'n the number line. This Cd I . N
is done for ?‘&, 1, 2, Xy By X, Ky X5 : X_6 S ~
. . s . . Py MERY ¥ Py . P
3, h,ﬂ5‘.nlnFlgureh .78 1 2 0k 5 P
We have put an arrovhead ., ’ '_? ’ o .
B ) . L= o LU . X = 2_5 s ‘; «
.at the point x =2.5 . . - : : . . -
to suggest ‘a f'ulcrum or R S as ' N _U e
. . v Lo
a knife edge . In fact,, oL s -~ ngure b'( <_ ’ . o
Af we 1magine that equal welghts are placed at the glven polnts there - w11,1
be a balance about the point x. : B o 3
Another 1llustratlon . -3 .‘ 1 .‘ 0 1 Vg 5\
. . . - - . -
is shown in Figure 5. _ ’ - — ya\ 4——'0—@ -,
v . .. . —
In every case,~the - x=1
fulcrum at. x° lies between .
Figure 5

po:.nts remain unchanged in position. The bar w1ll balance at the same plece '

.as before. The bar ne1ther knows nor' cares how we name the points. Since

the polnt previously called X now has the new coordmate x - c,
equatlon (1)-makes sense. - . . L A €

1

For example, 1f we decrease each coord1nate in Flgure 5 by c =2 wve

obtaln the numbers - shown,an the lower scale in Figure 6 and

I
=
l.
n
I
[}
=
.

X T 2)=x -2

1.



- M ® y ’ - . N4 . ;
. P . o o L% . .. : . C ey
Ao [ N s 7 ey
v - -1 ¢ : 10 L 05! old coordinates
< . . . N
L5 g *— o> —9— o— ? 3 . : : 7
N 1
<« s ~ -5 7, s =3, -2 -1. . 2 -3 ‘new coordinates
’ ’ - y <) ~
ro & ! —_— :
- [ - - N . . .
L o R . Xs 2. - . '~
)\ w '. .,. . . . ~ ’) \. v
: S I T . TFigure & A ' )
.o v N " . - . . .
~ LA ’ . s - ‘ > . . ’_"/\- ]
.. 'l St [ _.°. .Y o Lo~ L . . . : w R \
2 We saw in Exercise’ 6 that ~ v - ¥ S
. i . . ¥ [ ° . R ‘ o
J { T N7 3!/‘ © g -~ E . R . .
. o ' 2 B =a . x N o
D R . . . ax, ) .
. C -

.

- Igbw. can‘we plcture thls reoultV . SlmpTy in terms df a scale dhange! v To be _ l"'*

more deflnl‘te, let .a‘,:_ 3.0 If ve chooue a n@w 1ength unit whlch is . %— of

rlglnal unlt each point will rece,}ve a "new coordlnate 3 tlmes-a»s )

- .
ag before._ ('Thls will nots change the po.rltlon of - the ,fulcxr‘um. ‘» _The_J~

pblnt LHht was caI'e\ed x- is now called 3x. Consequently - - “

wl

[\3|‘—J

) is three times the average opr—"
. > L

-TlNhe average ‘of (é, 3, .6, 7
3

’/" _) . ‘ N . .. ‘

< ! . -
~ 1 - 1. -
~ B _— . (sl -— 3
o 0 5 1 ‘*:[ e 2 > ~0ld scale
" 1l o - : ‘. e ]
. T |8 bt il ] S T— - -
0 5 3 3% o T35 9 .new scale
A ) B :
o : . . N L . ’
. Vs . . . Q K b T e . s [
N Figure 7 S ‘ A

N oot
) . .
'

(A similar argument can be made 7{1‘4 a diffprent choice of z. )

L \)\\ duppose that we ha\,e a ]ozﬁgb‘iut m)mu to averdige, say the first
. . oy . L
H D ! B X

0 V‘primes. ) . K . L
. Ny y . ' . _/
. 2, 3 1v ) ) 7 3 b T] ) 43 ’. 17;1 l?‘: 23 ) .29. y ’
~ o 7 oo .
. 3, 2L bi,e k3, k7,053, 59, .61 ‘6(9 71 ¥
N e ‘ S
It is easy to rgake\a mistake 1leng & Tong llUt of number Instead of

adding theae .numbers tand dividing by 20, let us take them 1n groupé of 10.
- \ [ .
]_2 :
- ‘-'I?\‘e!\average of..the. flrét ton numberﬂ‘ is TOQ = 12.9, ) -

e . -
The 'remainhg-‘teﬁ' numbers average

-

._Q ’
10 T .
< ¢- ’ L R .
N T ' B - s : :
4 : . s . . .
bR - . ) Lt . .
v . .
. f\ \ 4‘ - ‘
~ : 2 -
« -~ .
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— . o’ b . : .
. . = . - « [
' N M Q‘ - v : ’ a‘ X -
—' - . . - ] ) . * .
Suppose now that e average -these two averageg, obtafnlng i
= . ‘:. :. ) '\1 -3
- . 129+51.= 63.9 - 31.95 N
. ‘ . — 31.95.4
. . ‘ . ‘2. or M_ , . { -
Is this tkle Same as the average 01 the 20 numger Yeg,\—'because

7

N

g (e +31Jﬂ+.? nY) oo
n : . . _2 . o 16 . ) k\ '_ . o v
L T2 4 By ..+ 29+ 31 + 37 + .+71_ '-'-7'”\
e - - ) 10 S :%:» ﬁ 1.
A an o o . . B g- -y
(233+...%T1 )« oA . .
. < . ’ ) ) \
= N 20 ' . / . ﬂ'—'
R ;,¢ S UV
e A ' _,«_)( e
'I'he argumehiu ‘can be-made hore generalk‘;.f: 5 *
" ) . . . ,X e XOc+ ere + )fn @ PR
, ‘ . “ . . »k‘
' -y o+ ...+ ¥ B
and y = yl y2 yn. \/ . LI
: . - - rf - B .. . R
L N ..‘. . . "ﬁ .tb‘\
N : - - X, + X +‘...+x +y +...+y
X +y 1 2. 1 'n
.then ‘2 L= ) on \ﬁi-
whlch is the average of the 2n numbcrs obtained by puttlng the x?s

y S . ,together in a smgle 11,st

’
.1 g
/It 1s important to Iemembel that thk nUmber of x's is the same as .

.
the number of v, Ao

. Q-
,;ﬁ' =~

If, for e*campTe, we ta}\.e

“

¢ ’ '. \_/U

Y

‘,‘ L v ] ) i "’ .
s Xy 3,05,
whose average is 4 mnd' ~ | )
> = 23 4

whose average is .X . _’_&h.e average o the combined list
i . - ‘ ) . » o .
& . i s 1,2, 3, “;l ‘):}'_7 T
o h+3 T 2 11 : »
is not 5 =3 jout Z = 3

number of items!?

T,

4

and

The fwo lists do.mot conthin the same

LN
) 14
;
‘- .
) LY "
1oy
N
.t -
o~
: ( S
A
v
(23 ~~C
. /
-
A L ’
I
- /
LA
)
. .
A ¢
.e S ,
[od
» -
o b
PR
PN

: The prlnciple that we have discovered may be'giyen a -s"ligh{ly different pe -
~ N . S . L. .
twist, Instead of wrltlng . —_ T
SO - - + + Fyo o+ T4y d
(1)- ‘ X+ ) Xt % eee XYy ety
2 - ) 2n . 57 . .
N . . rd * ( : 4
* ~" ;_ ’ ' J
) s - 5 S R
. 15 .
- T S . )
SV IGE ik

O
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SRR R e — e ) ~

e - L . s : ».0' ) b - . o d .
- L C » : . L -
t() . g ma‘f rlte » :}t./ } o , ‘

TN X F sl £'+' ERE S
> ; * yl et yn . * .

‘ -3‘2 N LT O
' \i,.+y§ . B I
Sy ) -.

(%, +y2‘)+... +(x'+y{~(~ -

'*‘-‘\»-'4 . ~ ]

. . T < . i . .
B 2 .Q A . R . . > o ( ..o - [ 2 . . \
,_'\ T‘q- ‘]:he m t*'suie 1s the avemge o e .,ums obtalned by adding a number
' % to a r\uﬁhberﬂtén naturally be written as. (x + y;. J 4 u" LY
LT \/ - o .
w ) ° ot < L ; - o Y

R Hence-bﬁg o : R . v .
S RN . E— ! . . X : . . .
@ e : x +y —41*‘"_@ o *’\\

. : ‘ s ¢ ! ) »
‘ - . . : v . v . N . -~
N We .¢an  usa _thi_% form (2(§‘of the prinéi}{e to find some other averages
rathe® ea51ly - - v : . . R \ Ty o
_ * - For example, suppose that uwe\)é to average monthly automobile ex-,

‘penses of - $53.20; $72.13; $38 42, §8k. 59 $27 62 over'a_ flve -month
period. Let us thlnk of 53% T2, 38,»-8h, 27 as the x's and 20
.13, ke, .59, .62 as the y's: Sirce X = S 8 and y = .39, we

' obtain L _
. o ‘ s Xty =X +3 = 5h. 8 + 39 55.19. - v
. You should' check this result by averaglng the actual expenses. o
’ However, 1f we-do not req\‘lre tdo great accuracy ve can 51mply /_

calculate x, the average of the number of dollars and forget about ~ y.
How much error could be committed 1%‘ we did thls'7 In the glven problem the

average y cannot p0551bly exceed .62, the largest, item. In no case

4 coxﬂ_d 'y : exceed 1. v Consequently we would never be more than $l“ off. -
' . . . LT . - v . -
- . Exerc1ses 25- Q "_-‘
1. 'Illustrate on the number ilne that
) 0 Wi : : X, =’. : = - '=' ad’ =1.
po owithoxg ll X, ' 2, %3 3, %y L, ok 5 end c
2. . Repeat Exer01se 1 w1th ¢c=2 and-.c= 3. )
B ) ’ . . A . - . ) I .
~— 3., Is it true that _ o e ‘
N co ‘ o (x+c;=x+c ‘ T » ot
N ! where, is positive‘? Why" Interpret the result on the number line.
) R//? T - ' ’
5 6
s - ’ o 2 O .

O
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b, oL In'shpwingzqn the nurggl line-that *ax = a - x, we those the positive
number a = 3. Is: (1) x = (-1) x ?‘Interpre-,t this equation on the

o, :Llum‘éer"line-." S S

_5; « Separdte the list of 2 primes in thls sectlon 1nto four llsts of

five primes.each. Fi the average for each’ set of flve and the .

.~ .
ayerage of these gxerages.. What conclus:.pn do you draw” K

—_.. .,.“.,'\\4_ R ,_--. AN

. '6_._-~  Find ‘tl.'le“a‘vera
’ ' - g & A
50.03, 64.01, 39.06 and 17 10 .

) : S VRN
’ A o t

Ld

: \
by us:.ng th method of thls ‘section. Show how thls result could be

estimated qul 1y with COnsn.derable accuracy.

¢
'

7: In the’ c1ty of 'oho'there were two schools. In one school 80 percent -
. of, the students yssed a na’l;lonal]\xr set test In \he other school . '
90 perce\(t passed. It was argued that in the city 85 percent

passed Is~the argument a)'valld one? Explain.

* 8. You have 10 numbers whose average 1s 35.5 and h mitibers whose

“average is_ 43. You have lost the orlglnal lists so that this is .

all that you know~_What’ is. the average of the 14 :Ltems" ’ s
(Hint: What was the sym of the l?\numbers" The sum. of the 'L .
- numbers? of the : 14 n bers”) . - :
9. = - If we have a ]_\i;st of  n |numbers with average ‘; ar’ld" another list .

of m ‘nmﬁs-with avérage ;, what is the average Z .of the’

( combined 1iSt of mn-+ m numbers? (Hint: ‘(_}eneraliZe the method of

. .
S

Exercise 8.) I, .

¢ o ) - Answer:. z nx # .

What is 2z if m=n? ~
10. " Show that if you have a set of n numbers with -average X aryg add
' a numbexequal to X, ~the nXvw average remains-unchahged. Use the
: .

. result Exercise 9. =~ e\

/

O
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25-6.

m——— ey . 0

ofs

dlccover this simpler way of flnr]lng bheeé"%r'ﬂgg. f? -

Equally Spéced' Numbers . B oW

' . ' . ’ - 4 BN

B 13

¢ If‘ the numbers to be averaged are eq&gl‘iy op\,. ed;'ﬁﬁ'en arranged in o-rderv

ROy
'

ize, the. averaglng process becomes muchT\a.rrupJ eﬂ. . Let"uﬁ? see 1if we can

"o

.- ST ) : E«cxcr‘es 2= 6

LR ) . - R . . ,

N (class Discussion)

3

* . TSHPPUSG'tDat we wish. to find the'éveragb o1 mean 6F;the numbers - R
o : . 9.»". ’ ) . ’
) 17, 21, 25,-29, 33, 37, . . o
: - e S o
1. What number.do you guess the averdge to be? ° .7~ | . ; ‘
. L. . N o . a . )
2. ‘Subtract your guess from each number in the list and average the new
Co list. ) e o ‘ :
o - ’ . ' ' » . " . i
203, BN If you guessed the avcxage Loxvo-tly vhat answer sh%ulﬁ-you'obtain‘
. " ‘for-the new averagD vaund in! Exercis c 2? If you did not get this
NN result; guess again. k :
. . . . . k A B . . 'r - .
'y‘ e -Where is the correct average located in the given 1list?
5.0 If the given numbers are markeu on the number line, nhele is the point
% located? . How can you ¥ind thig pOLnt by uslng only the posltlons~
) S——
. of the Tirst and last point? ' .
6. Let . be the first ani £ the last ot any set of numbe rs which are
equally spaced when arranged in order, _Oﬁ the numbe;/kénd;ghefe is
.« % located in relation to U and £? g -
7. How dbes the distagce‘betweeh _;_ and ﬁ-_compére with the distance
’ between f and ,;?4;' _ o _ ' Ty
8. Express % ‘in terms or ¢ and £ .+ » \ .
v ~
S ) Lo - - o+ L=
If all wéht well you should have found that \x = —% 8o that x
may be obta1ned[w1thout using any or the numbers betveen the first-and the
last. How can wQ be sure that this concluolon is cgrrect?
CIf we repve"ent Lhe ‘equally spaced nu' <rs by beads on the number llne,
it is clear tha tne beads balance about the mldp01nt OL the 1nterval
‘,'E] Each bead on the léft;o« ‘the midpoint iIs balanced by a bead at the
A !
N . .
. d%nm distance on the'rlght of the mldp01nt.
» - . R
,,‘_‘v' 18 22

.



; - :f ) St S
_ We ‘conclude that :. S .

By
]
.

i
=
]
=
-

\2and therefore

‘ .. - . ; — .' . ) . . ‘ .o ‘, o~ B
/ . 2 LR o .

We see that to average a set of equally spaced numberb it 1is ufficignt

¢« to average the flrst and the last i e

A partlcular case of thls short cut. concelns the avelage of the flrst
n p051tive 1ntegers ' o : : o
. v 1, 2, 35 '.'3‘: ‘n, S a : S
The result is simply . 5 . We write-. . : : )
‘ . s 1 P : - .
L ‘ . s -T2 : . o -—
. o . \ . . .

(i stands for integer.).
Exercises 25:6b

- . ) "

1. Locate the following numbersBn the number line

o L T L ’ o
A . Cy '
-5, -2, 1, &, 7, 10. -

{2) Find x by the strdigh??orwardfmethbd and by the short cut.

(b) " Show on the figure how the poihté balance in pairs about the

‘point x. - U .
(¢) List the pairs of numbers which balance and show that théir

average is_x  in each case. - ) . ‘ —

: A . .
8. ‘Repeat Exercise 1, using the numbers L N ) . A
I**\ Lo . i ’ . : - s '
‘ i . : :
o \ .' ) N . 7 5 12 s 17 s 22 " 2”{ s 32 , 37 . ‘ .
o . o ; . » . '
3. . If i takes'on all values from 1 to n ; find 21 + 1 inm two I

different.ways: First, as a special case of-an equally spaced set

. ) of numbers; secondly, by using the valué of i and the fact that

21 + 1 =21 + 1. 5. . ' ,
L.  Show that if i takes on all values from O to n - 1, then
. —i._n-l T
i="—=.
5. .  uShow that any 1ist of fn' equallj spaced numbers can be'writtén
E f, £ + 4, f+2d, ..., 0+id, ..., T + (n - 1)d, :
where d is the common dlfference and £ * (n - 1)d is the last -
: + £ S
number, and’ that their average is I 5 . .

_— : 19

s 23
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. "6.“_; “When “the famous mathematician Gauss (1777-1855) was only 10- years
N -.old his arithmetic cla!!/ﬁﬁs set the pgcblem of addlng somethln% llke
8129, B8i1kg, t..', lOlO9 Thgre weére 100 equally spaced 1tems.
The pupils?® slates were laid on the'teacher?s desk when they were
done. The teacher had barely finlshed stating the problem .when Gauss
put ‘his slate on the desk. When’ the others had f1n1shed at the end

of the period, Gauss, who had simply wrltten the ansver, was.the only

'one who was ccrrect. How did he get the answer so qulckly WKat was-

‘ .

his ansYer?

3

25-71' lehveraging'Squares

'Let‘us’turn to a somewhat more difficult_pfoblem. What is the @verage

of the first . n ‘squares oo ' ' \\
- : o . . ) 2 S R
- ' 1, h). 9) seny D} ? . ¢
__ R L 3 g : _
Could the answer be -—75———'? Let us test this guess with n =2 and
n ="3. The correct. averages are : ' o . ~
.‘%b ’ . ~ R, - .
. = 1 +4 5 1+ 49 1k
. y = and = =" .
2 T2 3 3
T > : ‘
With n=2 " ‘ )
! - o » o
‘. 14 n" + :
g ) _ ' 1 > ? = l 2,h 2 , which is correct. ' -
\: . . N . . . . * .-
. However, with 'n =3 . o - o . o
" . Caisd _1r9lo o
T ] 2 = 2"“ . o . ‘ ‘.

glves an 1ncorrect answer.,

Thls result should not surprise’ us because the squares are not equally

.spaced. -The s?ort cut is based on the  idea that the numbers are equally
. . . . .. L . . .
. 'spaced. ) . : o : 9

Can we find a correct formila for
T . . ' B -~ .
: T e . . 2
L +4+9+ ..o +n , _
n. . . PN - .
. ’ :

. »

We can at least write down the correct averages fof the first few

values of * n and hope to discover a pattern. L -
. L ad .

AR

50 o L

O
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_ - . N :
. ‘For ~n =1, the dverage is 1. For nfi 2 and n:= 3, we have found
the averages. g and %? . For.n= L, we have 1+h ZAQ + 16 = %g = %? 5
‘and for n=5, L+ 9¥16 4257 ., B
5 RN Y- s

Let us make a-little table. In.the, first column ve give the walue of nj;

. -~

in tHe second, the average'of:the sguares of the first -n integeré vhich we, ™

LT . .
write ic (vhere, i  goes from 1 "to n ). ' .
. v - . . . . - -
°* —_— . E . .. . ’. - BRI N
n: . i2 : B » S ’ y
. . . . "q . . . -
: . .
’% 1 1 ,
g 5 -7 .
2 s ‘
' 1k ‘
- 3 ! _3_ . i
i 3
- N e 5 - ll
'z ENE
%;éyﬂv ‘ A | S
The pattern is not- obvious. However t us write a third column which gives% -
the averages ofsthe first n integers (without squaring), that is, '
' . - 1 +2 + ... +.n '
i=. .
n
L . -‘TE ry M
‘n. it i
- 1 1 1 v
2 3 ' T
2 o 3 . v
1L
14 . 2 -
3 3 ‘ . " ) ]
Il . : . {
AR R 151 5 .
N ! 2 :
N '.. . . B N . .
. 5 . . ll . 3 . k . ,_-' . o -

. .o ) S .2 .- '.2
.Which set of numbers increases mostfrapidlyf i~ or i? Clearly i~ ., We *
can compare i? with »E by qivtding; If we do this, and write the‘?esglts

in'a f&&rth'qolumn,'we_can make a nice discovery. '

. ~ A . ‘ . .
S ) . v
_ . . . . PN .
.

ERIC

Aruitoxt provided by Eic:



\ ) o ° L 4
~. . n. 1% I /3 ,
’ . ; 1- 1 1 1
Tl ‘ 2 2_ % S5 5 _—
e ' o . : 3 .
. I T I R Z. e
» . N 3 . . . ) .
) ! oy 15 “). G Th- N
~ , u [ . L) 2, 3 @, ) .
. 2 2 S
; X 11 -
S11 3 ==
5 3 )
. . Exercises 25=7a B VI .
-, . _ < ) y . . )
L £ o _ (Class Discussion)-. . o T
1. By what should ve replace 1 in the last cdlumn‘to bring out the
~ . attern? By what should we replace- 3% ' : '
2, - What general rule includes all the items ‘in the last column? That
is, how- can you express i2/'_i- in termswsf n?
o ‘ ._ —_— . 1 A
, | s . .2 e ',2/ - . BN .
3 Test your riule by finding i~, 1 and i /i for n = 6.
b, What is the general rule for 1 ? ‘
5. - Therefore, wpat is t'hc apparently correct rule for i2 ?  Yaqu should
« »_ , o
- + + : '
pind 12 = O 1%(2q L . s
. - v
. Exertises 25-7b . :
v ! 1s 2 = (3)° 2 .
2. Find in succession , o ‘ ‘ o .

3, 3423 Baodesdy 3 a2l e

13+ 23 + 33 +-u3 +5° and discover a general rule for i3,
Hint: Comﬁafe-these sums with 1, 1 +2, 1 w2 +3,. 1 +2+3+4,

£+2+3+h+5.

g

VA
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3. In the Class Discussion.you discovered the apparéntly correct rule for
' - -.2 2 2. 2 S
. i2 _1 + 2+ 3 4+ ... +tmn It is
., .. n ’ P
SO T T2 {n.+ 1)(en -+ 1) 2n2 4+ 3n + 1
. (1) -1 =7 — 8 = . "

a

You have verlfled the correctness of this rule as far as

n==~6.

Fhis does not prove that the rule is correct for Warger values of n..

-Prove that "if the rule is correct for any partlcular'lnteger n,:

then it 1s correct for the ncxt larger 1ntege1 n+ 1,

< aa (n+ 1)
...Show that
. .

.
1% 427 + ..+ +,(h + l)

-Given '(1), whatfw;fsé' 1242
Tt this‘resulfn'

o

. 2 T
+-¢¢+n? o

. . o - n+1-

which means that Equation (1) is‘correct when n

,(n +2)(3n + 3)
. 6.

is . replaced

©

)

Two llsts of numbers \*y/g;ve the same average but otherwise be very

ﬂollow1ng sets of scores.

AT - 'b, 130

Inﬂeacn‘caii,fz,” the average, iz 130.
followinénpictures;' '

A L o

by n +7I.
A
i >
. 25:8. Measures'of Scatter e
- different For example,'suppose that bowling teams A

, B and C have the-

134 1.
135, 150 )
140, 150

T

. On the nuﬁber line we have the

.; -
. 120 R
- 130
B P 7 o Py Py : Y Y,
‘ ] : 110 ~ o5 T/N 135 150
7 S : , 130 o o
¢ e : e e
110 . 125 /\ .. ko - . 150
. o 130 :

23
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“ spread out.

we have the new lists:

In. A the points are least spread out or scattergd.

this~spread or scatter as it is called.

of[the degree of consistency of the scores.

- There are several ways to measure scatter.

.examples, the ranges are:

A
B :
T C

oth . B and C have the same range.
_than that for B

‘range. This is the distance between the most widely separated points.

o £ o
. - > \

It is clear that these pictures differ in the extent to which the points are

In° C the

.points are most spread out. It is'useful to have a measure of the amount of

We may also think of this as a measure

The crudest measure is the

In the -
15 .
bo : R o -
40

However, the scatter for C. is greater

As a measure of scatter the range has the disadvantage

that it depends on only two of the numbers. - . I ' J

-

.A. .5, 0, 0, 5,

b

K B. -20, -5, O,

N N .
If we subtract”the mean value or average, 130,

>,

C.* -20, -5, -5, 10

These numbers are called the deviations from the mean for A,

from each of the lists,

10 -
20 - . ’
, 20

B and C.

The better measures of scatter use all of the"@eVlatlons. If . we averaée the

deviations we shall of course get 0..

.o

5 +0+0+5+ (-10)

For example, in A T : o

‘

| -5

—_1'9=(2)-
2

This<§§erageiis therefore no measure of scatter. If. however, we average the

.absolute values of the. dev1atlons we do get & measure of. scatter

We shall

call the absolute value onx dev1atloh its distance, since geometrlcally it

represents the dlftance on the number line between a glven p01nt and the

point x.
for our examples are:

distarces (d) .

A, S, O, 0, 5, 10

/ B. ‘20’ -5’ .O, Dy 20

C. 20, 5, 5, 10, 20

N Y

We .shall tse d to represent the average distance.

2k

The results

av. dist. (d) o
. ).{. . ) Ly -
10-

12

28
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As you see, the values of a allow us to arrange our examples in what seems

to be the rlght order of scatter.

Statistic1ans use. a. third measure of .scatter called the standard

deviation (s ) This measure is formed as follows. The squares of the

deviatlons (or, what is the same, the squares of _the distances) are. averaged'

Then the square root of this’ average is taken to bring us back to a number

_comparable to the‘dlstances;/ For our exampl?s we have

. Distances squared (d2)‘ ' & s =4/ &
A. 25, 0, 0, 25, 100 300 5.48
5. 400, 25, 0, 25, koo 170 - 13,04
T : o : ’ . Co o
¢. koo, 25, 25, 100, LOQ - 190 . - 13.8
25 , .
A . . RIS ) ® / .
‘ 5 !
. 120 X 135 AN '
: 130
P L'—f 2s £ 4-—]. ]
y B . e . - ' P Y
. 7110 T 125 A i3 . 150
. ‘~ ) . 130 - ,
. ' e e
g ® DL ]
110 125 - N ‘ 1ko 150

B . , . . v ; 130

In each flgure we have marked an 1nterval of length 2s centered at

X = l30. - The .size of thlsilnterval gives some plcture of ‘the amount of

‘scatter.

Why do statlst1c1ans prefer s to .d as a measure of scatter‘7 Forf

one thlng, because squares are easier to work with than absolute values " We

lso p01nt out that the standard deviation s emphasizes large distances-
wore strongly than the average distance d does. That is, the squares of

the larger values of _d have more effect than the squares of the smaller

®

‘ones. _ ; o s .



4

- .

';5 We‘cd% illustraté this remark by'considering a list of 99 0%s- and
ne 100, x ;41. The average distance |, ' '

EY

1T+ i+ ... + 1+ 99
' 100 ° =

aq =
‘The square ‘of the standard deviation

99

100 — =99
‘so s = 10. :As.you'see; s 1is about five times as large as E, ‘so that the. °
larger number 100 produces: a greater effect on s than on a. '

| AT Exerc{ses.25if////’.-

¢
‘e

1. . 4Given the:numbers | ‘ .
. 'h’ "1;'.0;"0;'5- ' ) }
Fimi‘;, d%and s. ’ : . !
2. Find @ and s for '

(a) -Lo, '10;. 0, .0, 50
(v) -8, -2, 0, 0, 10
Cqmpare‘your~results-with those in Exercise 1.

v

3. Given any list of numbe rs

P L  .f.X1’ Xps wees X with x.= o, ,
Tl and standard deviation s, find the sfandard deviation for .’

ax ax, e ax '
1’ 22 e n

whe;é ‘a is any positive'numbef. Check your result by referring to

Exercise 2.

Tk, What are d and ‘s for
L, 1, 0, 0, -5
and .

8, 2, 0,0, -107

c&mpare wiﬁh Exercise 1.

I

5. "In Exercise 3 we tgok 2 to be positive. What are d and s if
is negative? Test your conclusion from Exercise L.
26

Cb.7.
346
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" and take the square root. The values of d2 ~are

" whose average is 2 - 150 _ 5

6. Find the)average or wean of o o
. P N . ’ . . ’ " '-.
e T T
"List the distances d of thesé;points from the mean. Compar j%@?l

. .

and s, . : : : . -

'Yr',.? -

25-9. Compiting s-

. The pumbers that can appear on the upper face of a die are

o 1, 2, 3, )‘{’:.5"'6-
Their mean m = 3.5. What if the standard deviation s?7/ If we

subtract 3.5 from each of our numbers we have thé deviations

2.5, W15, 2.5, -5, L5, 5.

The distances d  from the mean are of course all positive'

2.5, 1.5, .5, .5, 1.5, 2.5.

f
’

" To find s, we square the deviatiohs or the distances, average these squares *

L 6.25, 2.25, .25; .25, 2.25, 6.25

% 2.92. Hence s = v2.92 = 1.70.

Rl Y

If the mean m of a 1list of numbers is not an integer,_theﬂcaICulation
o , M

© of .s +may involve a considerable amount of arithmetic. As we know,

]

52 - (X - Im)2 .

where m 1is the mean. It often saves time to calculate . (x - a)gf where

a 1is an integer close to the mean. "What is the connection between

)

(x - a)g and (x - m)2 ? ) :i i ) ' . '_ .:. b'vﬁ ';'

— X . -

‘Since ‘(x - a)2 = x" =-2ax +a°, (x - a)2.= W 2a% + aa.
' If we replace x -by m, ‘e have .«
(1) o (x - a) = ¥ = 2am + ac.
This result is true for any humber a-. In particular, if a = m,,

2

"the ‘equation becomes (x F'm)2‘= X - on +
or, . . . -
. 2 2
(2) , (x. - m)2 =x -mn

\')'



‘

If e subtract (2) fhbm (1), we obtain

co=

kS

T (x -ﬂa)2 - (x - m)2 - - 2ma +at = (m - a)2 ~
FE . _‘ . 4 . L R .
This means_ﬁhat ) - ;
(3) SR o (x - m)2 = (x - a)° - (m - a).

%

e

That is, if we have calculated (x - a)g, we merely subtract

the result to obtain the desired (x -m)® =;s2.

- Let us see how this works in practicef

Example . ‘To find s2 for"

1,02, 03, 5, 5, 6
We have already found PR %%
deyiapioﬁs from the mean, m = 3 % Lo

.

«“ Let us obtain this fesult by applying

(3) \- ‘ _ 52‘= (x Q'a)2 - (m - a)2 with a.= 3
so that so = (x'--3)2 -4 .
(x - 5)2 (-2)° + (-1)° # 07 +1° + 22+ 37
” « ‘ _ . &
- 2 12 '
(m-3P2=(32-3°=3°-1.
. Therefore ' o o
- 2 1 11

1 1
s =3g" 3721 -

L4

Example 2. To find s for the following 24 numbers:

16, 18, 19, 19, 20, 20, 22,
25, 25, 26,-27, 28, 30, 30

b 2

22,

31, .

" The value of m 1is 25 %% . Let us replace this by a

_ differences, x - 25, are the following:

‘9, =1, -6 -6 -5, Q"S: '-3.:. -3, -3,

2 I I

0, _'0’ l’ 2; 3: 5: 5:' 6: -7: 9:_ l2y

_2.

I

13.

1
=€=3%"
L3
e2, 23, 2k, 25,
32, 3k, 37, 38.
25. The k
-1, O:

42’

by averéging the squares of the

o .

- 5 . . ) x
It is easy to find (x —.25)2; the average of the squares oﬂ?these numbers.

R A

8 ..

32
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(m - 2)~ from



Since m - 25 = 25 2 - 25'=l%, we have - 7

= x - 25)° 25) = 3k ok

B3 _169 1 .1 _ T
xau‘?l?xeu"7-x2u“2 :

}— ‘( 5)% - (m - 2 i (ﬁ)é
mov GR)° -5

S-S b P S 1
3 Hence s = 34 2% ~ 3% "'3§’2h 3L Z -
.85

From this we can find s % 5

/

1. Qﬁ‘find s2 -for 21, 25, 20, 30, 2k dlrectly, that 1s by averaglng

the squares of the dev1at10ns from the mean. . Plot the numbers on ‘the

.

Exercises 25 9.

",
number 1iné and show an. 1nterval (m-s, m + 5] :of length 2s and

'center at m. What fractlon of” the p01nts lle within. this interval’
2. Find- s? for - 6 8, 11, 12 in two‘ways:

(a) by averagipg the squares of the deviations from the mean,

.o . oo ’ : A
(b) by replacing the mean by the approximation a = 9 ‘'and applying

equation (3).

« ' . Compare the amount of arithwetic required in (&) and {b). Plot the

numbers on the number line and show the interval (m-s, m+sl.

3. In Exercise 2, you found " m =’%} and  s° = 5.69. Use these results -
to find m and s> for 2k , 32, U4, 48. 1If necessary refer back
to Exercises 25-8, Problem 3.

L. Given ‘u28) 32, .35, . .31. Find m and’ 32 using any short cuts - v
that you can. o ’
5. leen 1, 2, 7, 11. Find m and s2 directly -and by using ¢
' .equation ( 3) g%th a- sultable number a. : '
6. " In Example 2 in the text, show as s1mply as possible that m =25 %ﬁ'.
Verlfy in detail the computatlons for 52_ o
\n- - ~
T. Draw a dot frequency dlagram from Example 2 = the text and mark the
i " interval [m - sl.m +-s]... What percent of the poxnts lle w1th1n thls
interval? . . .
8._ List the eges of eaEh of the members of your tlass in years at the last

birthday. Find the mean m amd the standard deviation s. — Make a
"dot. frequency diagram and show the interval from .m - s to m+ s,

s

O
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9. ' List the‘weighté in pounds of the members of your class and find m
and s. Make a dot frequency dlagram and show the- 1nterval
[m,- s, m +s]. Coument on the difference between the results here

and in Exercise 8.

oo . 5 _ .
10. Find m and s for 1, 2, 3, «.o» 11. 'Locape the points on the
" . .
number line and show the interval [m- s, m+s]. What fraction of
' . o Ch - - _n+ l// ;
- Hint: Remember that for 1, 2, 3, ..., n, M=1=—"75— and

2
2 (n+1)(2n +1)"
= 6 — -

the points 1ié in this interval?

, and usggequétion (2) in this section.

o L . DR - . o L
_ . 1) § : ‘ o E .

25-10. What Does the Sta&dard Dev1atlon TelT Us?

‘ In the E/erc1se5 \n oectlon 2) 9, you have;Located the mean m on
the number llne and chowx an thezval lthh eytends a sfandard dev1atlon on
" each gide of it. In some cases you were afked to find the fraction or percent
I of the ‘points that‘lie inside thls gptevvgl Leu us utudy a few more examples,

to see whether we can draw a gerezaT CODCLHJLOH.

J
Example 1. Con51@e1 the list or numbers —;,/ 0,--0, 1 whose mean is
2 1+0+0+1 -1 ' '

m= 0. Here .85 = —_____ﬂ__—___ =3 =.5 and s 2.7, ' 0h the number line
e have the ro1low1ng picture o - v ®
e on vhich we have- marked the f . _ v °
- Cinterval ‘[m ~'s, m + s].= [-5; al]. — —— —1 o
T o L . -1 . O -V[ 1
One half of the points lie in this . =5 s

interval. All four poirts lie in the interval [-29;25]- which is

+

.apﬁrqfimately. (-1.%,1A417. . »
. : . R ~
. _ \ . . _ _ . .
N 2 . S J _
. _ﬁmD4!7 - e |
| Lt o I
=25 ’ . 2s

- Example 2. For the numbers O; .1, 1, d,*2, 2,2, 3 themean m= 1.5

N . el 3 .
and the standard deviation s =-z; = }égj = .87, as you should verify. A dot

) .. | )

O
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frequency diagram-shows the location of the numbers on the numbed line. ™
Y : . :

'y ° : .
- - me ® '@ +5 - m+2s
nPe, ma § m 3 ome

0 1 2 3

We hajve marked the intervals [m - s, m + 5] znd [m - 2¢, m + 2s]. As
7ou see, .6 of the points are closer to m than 1 standard deviation €
and all of them are within 2s oﬂ; m. That is, 75 pergént are within the

distance s and 100 percent are within the distan§g< 2s of m. -

The numbers"thaf we have .chosen Can'ée imagined as winnings -in a ‘game
in which 3 ‘coins are tossed with. l& for a head H and O for a tail T.

P

The p0551b1e outcomes are

-
L.

HHEH3 -

T : HET 2

CHTH 2

. ) SHEHTT 2 ‘ o

THH 2

e 0 rHT 1
v .‘I‘.‘I‘H 1

’ TTT O - ;

\ . .
Thé second. column shows the amount *won for each oi theoe outcomes.

The dlfferent ‘outcomes are equally llkely 1f the c01nu and the method of ~
\t0551ng are honest. Therefore we‘expect Lhat the average winning per*throw

is'theﬁmean_'(l.5) of the numbeis . : T ..

B

R ) 3, 2, 2, 1, 2, 1, 1, 0. . - .

-

Also as we have found, 75 percént of t time we erpect to win either . 1 or

2 cents. t

Example i;l Ve get a diffe ent picture {with the pumbers t-2, -2, -2, 0,

2, 2, 2 .'\You'uhouldvverify‘that m e ;,3'% =% 3.42 and thefe-fv'
fore s.:”l.85.- .The f;gule is a dot Freguency diagram vhich shows the
intervals (-s,s ] and [-2s,25 J. ' .
o ° ' 4 e
4 ®_, - ]. P
T - = S | . 0 1 ol 2 3 Ih
' le -5 . - . |
[ - —-l
-2s . K _ i _ '25
- 1
- § ' .

Co
C

O
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Oniy
within 2s

_of thejﬁoints are within s  of the mean. All of them are

thg mean. C T —

~

collectéﬁns of numbers met in prac%ice are-more like Examples 1
like Exa

Mos

le 3. In what is called a normel distribution, about

68 pery nt of the numbers are within the interval [m - s, m + s] =and about

s

cent within the interval .[m - 2s, m + 2s].

In the next section ve shall learh about an. 1Mportant statement which

isy rue for every set of numbers.. .It concerns the number of p01nts which lie
thin" 2s of the mean. 1In ‘che follow1ng Exercises, we shall see what we ‘can

diséover for ourselves.

Exercises 25-10

o . For eéch.bf.the folloning sets of,numbers
- (2) find m and ;;' S _ - . .

" () show the numbers .on the number 1in§;

(c) mark the intervals [m -'s, m +s] and [m - 2s, m + 25];

. (d) find the percent of points inside each interval.

1. 1, 2, 2, 2,.3
.20 0 0, 1, 1, X, 1, 2,.2, 2, 2, 2, 2, 3, 3 3, 3, 4
3; . -2, -1, Q:' 1, 2 L o o a
. -
L, T -2, -2, -2, 2, 2, 2 ’ <
5. -3, 0, O, 0, 0, 3
6. -1, o, 0o, 0, 0, 0, 0, 1
- 7.4 Is iﬁ;p0551ble to have no points inside the interval >[m - s, mt s]?

Is it p0551b1e to have: all p01ntq inside this. 1nterval? Justify your
. . : .

answers. . . ) .
. Q- . N
- 8. What is s 1If all points are at the same distance .(d) from the
9." Is it possible that no points are ‘within the interval [m - 2s, m + 25]?
i. Can‘all'points be within this: 1nterval°
/;Zb. Suppose that m = 0. and s = 1. "Is it possible that no more than

half. o Xhe points lie in the interval [.2,2 )7 . If it helps to get
started, begin with .8 points. '

O
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11.

12.

-13.

1,

N

‘Repeat ‘the experlment described in Exercise 13 for the letter. "a’.

How large a fraction of a-set of points must lie within

"[a - 2s m + 2s], do” you guess?

Find ‘2 pencil that has six s1des and mark 1t with dots as fOllOWS'

' _one dot on the first side, tho dots on the secohd side, three dots on

the third s1de,,four dots on the fourth s1de, etc.

(a Roll the pencil twenty times, Record the number of dots that ‘
come up on the top side of the pencll for each roll.

. (b) Drawa dot fxequency diagram of the data collected

(e) Compute the mean and the standard dev1ation, using the method

of this sectlon. a
. b

(d) Show the mean and the 2s  interval about the mean on, thé dot

frequency dlagram.

-

Each student should open-his textbook, (any’ textbook) to a randomly
selected page. .Count.the number of times the letter "e"* occurs ‘in
the f}rst complete sentence on the page. Continue to open -the book -

-

and count until twenty numbers are recorded.

(a) ”ally the frequenc1es for the data collected above.

Gb)a Draw a dot frequency diagram of the data collected

“(e) Compute the Tean and the standard deviation, using the method of

this section. I ‘ : )

[y

(a) Show the mean and the 2s 1interval about the mean on the dot
frequency dlagram. ' ' '
’ - m_n

et

' (a) How frequently did “a occur exactly four times in a sentence?

.What was_the relative frequency for "a'  for a count'of four?

How,does this compare with the relatlve frequency for the 1etter

T el for a ‘count of four?

(b) What would you say is the most likely number df times the letter

"e" would ogcur in a randomly selected English sentence?.:

33
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(¢) What would you say is the most likely number of times the letter

"a" would d,cur in a randomly selected Engllsh sentence?

(d) Do you' suppose that ‘the relatlve frequenc1es

re different for

‘ the letters " and ‘"a" in a book written in a foreign
"\\;_N_;//f“ , language? » o '

~

/‘_-

25-i1. An Important Result

fm- s, m+ s]. This eomes about if half of the,p01nts are at m -_s and

half at-m + s. - - o

Is it posslble to have no points within [mv—'2s m + 2s]7 Suppose
*;that tHlS were poss;ble. Then for each of the . n p01nts the distance from ,1
Some would be at least 2s. That is, the square of each dlstance would be at

%east 4s ,' The average square of the distance would then be P

i . d2 > hsz. . L
But d .=-s2 and ve are-led to the impossible’ nclusion that

E : ' 2 > u? .
or )
' 1> k!

There mbist therefore Be at least one point within the double interval.
.' H ny of the 'n poinhts can fail -to be inside the interval

[m - 25, met+ 28] 7 Let k be the unknown ansver to this question. As in

the argument Just giﬁen, each of the- k 'points would have a value of

d >2s and therelore a valun of d2 > bs 2r The . sum of thé squares for the

i)

k points therefore > hks . The sums-of the: squares of all the n dlstances

'%i'» - can be,no less. There[ore the average for all the pomtu
) _ | . . o ) .
. . S . 2 k!
(1) L Py
N\ o
Since , — 5
- 2 2 . hs
i & = 5° s2 > k:\ . .
< N .\\\\\\
.’ . l
; Sk

O
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Therefore

-and so

(>

- L
a distance . from the mean of 2s or more.

lzg : . o~

-

oI

<

=l
.

.

The. 'conclusion-is that no more than é'quarter of" the points can be at

S

*Is it p0551b1e for % to Sé exéctly equal to 7% ? Iﬁ'you'look at.”

) uproblem 6 of Exerc1ses 25-9 you w1ll see that “the answer is "yes". 1In this

problem 2s = 1 and- 6. of the 8 polnts are” at 0 (inside the interval'

' [;1? l]),- and 2 points ate at the distance 2s = 1 from the méan,_

P

= 0. R

. ) ' AR . .

- If we examine the work aboVe w1th the case % = % in'minQQFWe see
that in thls case sentence (l) becomes '

N 3 .o ”

KR . . dezse‘. -

22 : . ‘
Slnce d =s, it is 1mp0551ble for- d to be > 25 for any point. .We
must therefore have all .k polnts‘at the dlutance 2, Moreover the
remalnlng. n - k points must be at O So the equality in (2) occurs only

in very rare circumstances. In any event as we se€e, at least -% of the

yoints

must lié in the'interval (m - 2u, ‘m + 2s]. v "._'- o ot

Thlu\lmportant theorem was discovered and proved by the Ru551an

methematlclan Chebychev (1821-1894)., (Thé v is pronounced like f,) - We

shall soon see how important this theorem is.

1.

1

Exerclues 25 11

Teot Chebychev?s Theorem in- Exe1c1ueu 25-10, problemb 12 13, and 1k,

~In the argument glven in the te/t replace ° 2s by . 3s and conclude

" that at most % of the points lie at a distance from the mear of

3s or more. . ) ' o -

In the argument glven 1n tﬁ ext replace 25 by U4s and conclude
that at most %Z of the points’lie at a distance from tne mean of
4s - or more. '

Y

‘From Exercise 3, prove that if you have "15 -points, none of them can

be as far as UL4g away from the mean.

o
\

.



.

5. - Generalize the previous three exercises to show-that at most the.

o ) . fraction ;%‘pof a set of p01nts are at the distance ps or more {
. . . . P _ _ . - ] oA !
from the mean. s .
b 6. © " From Exer01se 5 show that given n p01nts w1ih mean w - and standard
- deV1ation* s,. at least ) . '
N . L : i b4
1
(1--)n
p .

points lie ‘in the interval {m ~ ps, m #+aps] .-

b 25-12. Using Statistics I . . . a e

k

'Speciallsts on deciphering codes (cryptanalysts) have worked out tables

«
e

to tell.how often various letters: of the alphabet occur in written English

’ The following table gives the percent for the different letters.. ' . ~

. i .
v . h .

_’:. B Letter . Percent Letter . -Percent "ﬁbtter : Percent
- : _ E 12431 B R - Loz . B 1 62
@ Core 959 D . 365 - .-G B S S
S .8.05 c S0 . v 93
. - o . T.54 U . 310 7 K o2,
N 7419 P 2.29 . ,Q 220
I 7.18 . . F . 2.28 Tx .20
_ ’ 5. 6,59 © M 1 2.25 T 10
‘ R . 6.03 W .03 Lz .
Horo _5.1u Y .88 s

How gould such a, table po sibly be constructed% 'gurely;'no-one'has counted
all the letters in all the books in the world written in English and deter-
e ‘mined what percent of these Tetters are E' Even if this were poss1ble, .
‘ what would this say about a page: of English that you might write this. .

evening? - : RN o .
Actually, of course, letter counts have been made for many samples of "
text.-.It is assumed thatwthe results found for these samples are a reliable

guide in estimating the occurrence of letters in a new sample of English of

_substantial size. | quppOse that you had to decode the follow1ng message‘.

- . Ll

SZEV BIF VEVI " DLIPVW ~ EEG VA XLWV YVULIV

40

O

ERIC

Aruitoxt provided by Eic:



o . N . -l . -

It is understood of- course, that the letters-here correspond one- to one to ."
letbers in the decoded message. We have made things easy for you by separating
the message into words. If you count the number of times theivarious letters

occur among.these 30 "letters you will get the following‘results:

~

B 1 K1, .
- C 1 T e 5 .
D 1° . T 1 . .
' E 2 v o1 X
CF o2 Ty g
61 w2
1 3¢ z .2

Therefore, the best guess is.that..V = E. - With.this possibility in mind
look at the word’ o . ' '
‘ VEVI =E_ E _

' The letter E occurs twice in the coded message and IJ occurs three: times..

How mbout EVER or EVEN as a replacement for. VEVI?

- Now look at the last word. o -

LTV = _E__ME

The letter L occurs 5 ~times in the coded-message,; The most likely
'possibilities are_ T, A, 4r 0., " Hence we have ' 4
. ' Tl .
YVULIV = _ E _ AjL)E el
g

TNE looks impossible and TRE ‘unlikely. . 'Y and U occur only once. They

probably represent consonants. How about’ BEFORE as a’ guess’ We observe

also that z must be A .or I since these are the only words w1th a 51ngle
et ; B

letter..

o . : LRSS
‘We shall leave the rest of the declpherlng to you ‘When’ you have
worked out the message ‘you will flnd that the frequency of occurrence of ¢he
letters (after decodlng) corresponds only roughly to the percents llsted in .
the.tablei~_Is this surprising? What .is the explanafidn? Clearly the sample
was not large enough.
Ve

n;. N . . . - ’ o

O
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Exercises 25-1Pa

(Class Act1v1ty)

Lo
.

Each student should take a dlfferent page of a novel orf maga21ne
artlcle and count the Ets among the first 1, OOO Tette“s on the ‘page.

Keep a record of the count for %each. student.

?. L Exércises 25-12b °

A

T Us1ng the results for all the studen‘t's in the class,.what'is'the total.
¢ S : numberybf letters counted and,the total number of E’S?vn Find the

percent ef‘ E?s and compare this w1th 12 31 as glven 1n the table
N Al . ~

“2e . - Find the aVerageznumber of Ets . per hundred letters by averaging the

3

» - percents found by each of the: students. Does this -result agree with
. = that in Exercise’ 17 \\' o L B Lo .

'3..' - Take the set of percents found by the dlfferent students as-a set of
' " pumbers. Find the standard deviation of this set of numbers. If the
mean found in Exerc1se 2 1s not a very- 51mple number you . should use

the short cut of Section 25 9 to carry out the computatlon.

b, - Read\the follow1ng message W11tten in code,
‘:. LT VHH LI BRK ~FDQ .‘J}__CHVV WKLV PO L P

25-13. On the Behav1ox of oamples . _
. L . - / N . .‘
In uslng statlstlcs, 1t is 1m§brtant to know what can ‘be concludeéd

K from a sample of a’ glven populatlon. IT ve. choo e 100 numbers at. random .
- =
- from a populatlon of _;9 000., numbers, vhat does the sample tell us about the
populatlon7 In- partlcular, how cl@se. 1u "the average of the 100 numbers in

the sample to the average of the* 10 OOO " numbers in the populatlon?

To help us to ansver such questlons, ret us start w1th a populatlon ’
. that we know all about and 1nvest1gate salees of dlffelent sizes. ‘which ¢

be selected from it. - To keep the aritthmetic’ s1mple we-shall take . small

populations.

O
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Consider the pqpulation that consists’of the fdilowing 6 “numbers,
which we have shown ‘on the number line: 0, 4,5, 8, 9, 10.

m. mts ‘ A
0 1.2 L 5 6 78 9 10
. .
-« L)
Figure 8
The megn m = 6 and the saquare of the standald ‘deviation’ 1s s %2
“ that s = 3.27. The interval- [m - s, m + s] is shown in Figure 8.

From this given population, let us take all p0551ble samples of size A
'two and average the two numbe{s in each-aample. For example, if we select Cx
the pair (; Q) we obtaln the average —3 =.6.5. There are 15~ dlfferent-
palrs whach can be“‘eiected and therefore there are l%/Aaverages. In

Figure 9 we show these flfteen averages in a dot Prequency dlaglam.

. m —‘S - m m_.+s
+ - 2‘ 2 o o |2 o o 2 72
o} 1 2 3 b 5 6 7 8 9 10
' Figure -9

Let us call ", the mean of the averages of the .[ifteen samples of size .
two. "You w1ll find that my = 6, the same as the population mean m.
. o] .
That is, m2'= m=6. . We 5hall write the value of s~ Tor the 15 sample
ff'It turns out to be‘ 5 f% 50 tbat 5«2.25.. The
o T + so] is shown on'thc‘figuré. The points ale}somewhat\\\\‘—‘

means,'(sA) = s

(g I\JI\)

interval m2 -

[=}
less scattered than for the poquarlon. Je cee this by inspecting “the figure

and also by. noting that 5, < 5. T .

=

5
2 .

Ao - - . PO . -
{Iet us move on to samples of sime 3, of which there are . 20, and -

take e mean of the numbers in cachisample.-_Fdr example, the mean of the

-sample (h 10) is i? = 6 1 . _ We thow all of' these means on the dét -
' frequency diagram (Flgure 10). :¥ ' oo - -
. A - hs om n_to
. o‘o o*o ’ o'o °
0 1 2 7= o5 5 7 8 9 10
Figure 10 .

O
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. You will fi d that
3 n 3

We shall call the‘average of these 20 éeans, m
m and that for these p01nts the

is the same as the population average

. " " )
square of the standard deviation is s§ = % _so that S3
: : . R .

the interval [m3 -.s3; m3 + s3] is shown og the number line. Notice that
53.% %+ o o

When we find the mean of the numbers in. a sawmple we replace these
. numbers by & single number at the center of the sample. - '-‘ s )
" These center points form a tlghter pattern than ‘tHe set of p01nt9 for

the original pgpulation.. o . . . . /\u
. : , .

' We could go on to find the average and standard devlatlon of all
'sample means” of size 5. However "we shall be- content to. use ‘the range

: which is a cruder measureqof scatter than the standard dev1atlon. ' 7,

’

left-most points- O, X

5, 8. This mean is %; =4 % . The.greatest
sample mean of size 4 is the mean of '5, '8, 9, 10, the L - Tight-most

2 2

. oints. This mean is .32“= 8. he range of the .sample means .Jis therefore
, P n range -
8 -4 % =3 % , as shown -in Figure 11. The range, of “course, is much easier

to compute than . Sy

[S

. -_Figure‘ﬁl'
- It can be Qrpved that 5), is less than one,half,of this range. -Then .
sy <lg-" .

, the range of the sémple means is.only

.\ For'samples ofrsize‘ 5

'sothat-s5<l' . . : . . N

These examples suggest two general conclu51ons about the mean values

of all samples of a glven size taken From populatlon'

(a) The average of all the sample means i§§q$ual to the population

s . - mean. : S o

O
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‘For samples of size h, the least. sample mean will come from ‘the four
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(b) ' The standard deviation of the set'of all sample means is less
¢ than the standard deviation of the population. The greater the

size of the sample, the smaller this'sténdard deviation is.

Exerc1ses 25 13 will bear out _ these conclusions. To Erove'thatvthese_

two statements are always true is really a matter of careful bookkeeplng.

_'This-bookkeeping becomes rather complicated, partlcularlyllf the

population is large 50 that there are many, mehy samples of 8" given size.. '

. Fortunately, statisticians have invented clever ways of doing the bookkeeping.

. . -

A verq/remafksble fact. is that.if the.ﬂbpulation (W) is large e
compared with the sample size (n), the value of si for the sample means
is, almpst exactly % times the value of 52, for the population.
(1) ' - : sglﬁ L s2.
n’ n .

‘To be exact o )

' : 2 _14N-n, 2
(2) - - %nTh (N ~'l) S .

For example, if n = 10 -and N = 1000, - , Ce

v L2 990 11 2
js._l-o - (999) 1 °
'jwhlch is ractlcally equal to. L s2 | ;
P q 10 hd ) ‘ . . . .
~ In any case we see that si Y:E-se. -
Exercises. 25-13 ) . 4 .
.l. " In the exemple given in the text, verify the values quoted for & 52’
- 2 20 o ‘ :
Mo 52-’ m3" °3° o ' o w3

.

Show that in the example glven in the text the- range of the sample

~ means. of size 5 1is equal to 2, as stated

-

. Given the 15 numbers O, 1, 2, 2, 3, 3, 3, &, 4, 4, 5,75,
6".6’ T- NS )
(2) Shoﬁ these numbers on the nunber line.
(b) Find the mean m and mark it on the number line.
'(c) What 1ts the range’ » . o
(a) thet,ls the range of ‘the means of all samples of s1ze 2? _of
| size .42 of size 8? of size 122 .

(e) Show the different range intervals on the number line.

A~
7



b, In Ekercise'B,.replace the given list by the following:

0, b’)-5: 5»::6: 6, 6.: 6_: &, 6, 6, T, 7:"8:. 12.

5. If we consider all sampleslof size 100 taken from a population of -
, 51ze 10, OOO, what does equatlon (2) glve for" ?OO ?
“ r

' 25-1k. - Estlmatlng the Populatlon Mean‘_

In the previous section we began with a populatlon and con51dered a

number of samples chosen from it. Each,of these samp ntained the same

number of items n,

We stated two facts:

(a) IShe average of the sample weans is the saple as the ¥

populatlon mean. m.

(b)z the standaxd deviation (s ) of the6ample means of
) size n is smaller thgn—i6 standard deviation’ (s )

of.the_pdpulatiqn;

o

Moreover

(l) " ' ‘; ’ 52

_ : 2
Note Ehat -%; does not depend upon th

el size) of the‘populationvfrom.which
samples are chosen. It depends only o

n, the size of the sample.
. - — .

To see how.we can use theoe'reoults, let us suppose that we toss a
coin 10 OOO times and count the number of heads. "In an actual experiment
there were 54 heads in the Tirst 100 tooses and L4979 heads in the

.~ 10,000 tosses. We show these results in a little table.’

- . unber of Tosses  Number of Heads
A 100 - . - 54
P 10,000 O b,979

P : We may think of A as a sample of size lOO from a population- P of
10 OOO ‘Tet us assign the number 1 to each head and O to each tail in
the population P. We now work out the population mean w and standard

- )42

deviation s.

O
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’

(1%s) and 5021 tails

With h979 heads "(0*s) the mean is
‘ 5oelxo+h979><1
. T 710,000 = 919
. | _ . 5
, ¢4 5021 S
. rin=.-h979_ .| 4979
: o - .. 1 L
: - . Figure 12 ' ‘ ) C : ‘ L
, To compute s- we "replace the mean 4979 by the approximation
DO = 5 . Then v - {
2 1,2 2 '
s = (x -.-é-) - (.5 - .4979)".
A . 1 * P . .'
But 3 (5021 l) + (4979 X ) 10,000 x-zlL §
(x - 3) = _ 10,000 710,000 "k .
] L o . A .
Hence 52 1—]; ( 0(21)
C . o ‘ \% 7 -2 . . l
- Since (.0021)7 = .000004L1 is negligibly small, s© 1s almost exac.tly 5
Now let SlOO be the standard dev1atlon of all sample means of size ' :
’ . . R . °
100 chogen from the population P. o » -_ : L ,,”;l,
According to (1), - . 3 _ R
‘ SR 1 2 -1 i
. 100 100 . ~ Loo .
'50.that L
. . ~ ._]_“_ = OL“
®100 ¥ 20 . "¢
In Figire 13 we show the intervals ["1 - uloo,m +
{m =25 09 ™ F 25100]. S : .
' b A
m-25, 5 | m-S1 66 . m . .lm+sl00
e | | |
L .45 5 55
Figure 13
. :
L3 ~
) 47
\ . ]

O
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* Ny : - ‘ '
- Where is the sample mean of A located in Figure 13? ‘Since this mean -

u6><o+5u><1
. 100

In the experiment reportee%awe now 1list the number of heads, not

is - 5h we have the point shown by the arrow at A._

' merely for the first set A of 100 tosses. but also for the second, third
fourth and fifth sets of 100  tosses. The results are given in the table.

rd » o
E Number of Heads Sampl Means
B u6 I 1T
c 53 o .53 o ’
A R : * : ) . {
. D ' 55 :35 : :
| - : g c
E L6 _ : 16 _ o
In. Figure 1k, these tive sample means are marked on the number line by
"~ the letters ‘A, B, C, D, and E. o ’ : .
' . B,E - CAD: '
I Hl _
L s 5 6. o
Figuré 1h

¢ ) . -

Exercises 25-1llba o,

~+  (Class Exercise)’ e .

N -~
"A bucket contains 5 000 marbles, some black and some white. The

”sample_of size 20 and compute the samplef

~3

Lk

O
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The situation that we encounter 1n practlce fs Very different from
‘that of the. previous gection. There we hnew the mean and the standard devia-
tion of the population. 1In practice we have a sample chosen.from the popula-
‘tion, We wish to use this sample to obtain 1nformatlon about the entlre
popuiation.' Usually what we want is the populatlon mean. ~Of course we have
thé_saﬁple mean. How close is thlS sample mean to the quulled populatlon

° .
mean? 3

This question ‘can be answered only with a certaln probablllty. This is
where Chebychev?s Theorem comes to our aid. You Wlll remember that this .
;theorem ‘says that at least ; of a set of numbers lies wlthin 2 standard
d:v1ations of the mean., -If we app}y this result to the set of sample-means

, Wwe know that at least %. of the sample means. are between "

of size n
: m_—.2sﬁ and m +:2sh. Therefore we are 75 percent certain that a given

sample mean is within this. interval.

" More generally, Chebychev!s Theorem says that not more than the-

fraction jE of the numbers lie more than. p - standard deviations away from
. P ’ S ‘

the mean., qupo eithat we guess that the populatlon mean for a mllllon coin

: 1
vtosses is R

'get 6000 heads. Then this sample mean is .60, What can ve conclude°

Suppose, hovever, that we-toss the ‘coin lO 000 times and

"Is our guess,about-the populatiOn incorrect?

_ If the population mean -is % ‘the standafd deviation'of all sample
means fdr samples of 10,000 1s -

' 1. o1 1.1 .1 .
s =t x i xd oL o os,
10,000 = 555 ¥ 2 7100 ©2 7200 T+

. . . ‘ - .
N . ’

. - . ) " - .
The intervel _[m SlO,OOO’ m + slo OOO} is [.495, .505].  Now .60 is

far outside this interval. In fact it is 20 . standayd dewiatith'away from

.the mean '(%). The chance that'the mean of a sample of this_size taken at
random shall have a ‘deviation as large as this cannott exceed héo .
) s . i A : . 20

With an honest coin and honest-tosses_thefe‘is only a Uof 1 percent

xﬂH

' chance. that this would happen:"Wé can almost certainly ‘eJect the idea that

1
2 ‘
K Suppose that in a sample of 10,000 tosses we got 5200  heads. The

sample mean .52 would be. hSlQ,OOO avay from the assamed mean 5 . The

[

O
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' N 11 e _
probability that this can occur if m 55 1is only 5 =78 * . You would be
) N . o . >, N T ) o
in.some doubt and might well decide to take'a larger sample. _ . .
Tt snould be said that much stronger statements can be made by using .
more‘powerful tools than Chebychey!s Theorem. With these tools, the plObabllltyl
.of a mean of .52 for a sample of 10, OOO, when the populatlon mean is .50,

can be shown td be very much less than —B

- . ’ ) . . - ’ . - ) .
. : . Exercises 2)—1hb v . .
1. Draw & number line and malk the p01nts corlespondlng to m,
m - 100’ Mt 55002 m} lOO’ w + 2”100. as in Flgung\l3.

Locate the p01ntr that cozrespond to the means of the next flve
sample" F, ‘G, H, I, J of 100. in the coin tossing experlment

.glven that the number of heads we:e\és rollovs:

Number gﬁ Heads

F'l ‘~_ ‘ f; L .
. o IS
H 18
I 51
J o 53
2. " . When takeh together the somplos/’A!_ ﬁ, .C, ;D,' E, F; G, H, I, J

of thO' each make a sample o0 size 1000 from the population P.

(a) What is thcrappyoxiqua~value or lleOO acoording to tho
result (1)? . = .

4

:_ : 12t is e more accurate vdlue of s ' given by
(b) What th 3]l f 1060 by
I -ny 2 ’
) s

o
-1 :

. ’3; - Using ‘the result of Exercisc 2(b), drav a jpumber line which shows the -
e ' -1nterva1" : . - ’ R
S n + S and .
1000° ™ 1ol #nd

- ne 2 . e -
(n - #0007 " * “°1ooo]'

What is the mean of the uar'mle of size 1000 whlch conslsts of

- A, B, C; v, E, F, G, H, I, anq JN\\\;ocate this mean on “the
number line. - o . e '
. .
W
*- - ¥ N
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h, - ‘If the mean of a large population of coin tosses is actualiy .59y_,,ﬁ///a
N how l4rge-a sample is required to. be 75 percent certain that a '

sample mean is between "ﬁ9 .and ,51%

. ,5; " Ina popﬁT!{;on of 1, 000 OOO letters, let us assume that 12 percent
. : of the letters are E. Writing 1 for each E and 0 for any’ other
letter what is the mean m &and standard dev1at10n s of ‘the popula-.
o tion?"’ In a sample of 900 letters it. is found that only ' 10 percent
‘ are _Es., Would th1s result cause you to reJect the 12 percent’ )

- -assumption about the populatlonV

' 2?-15. ‘Summa ry I ' L _ ..A‘\P/“

. /

We can represent a set of data (numbers) by a dot frequency diagram

N in which the frequency of occurrence of each number is shown by the number of
~dots above the’ correspondlng point on the number llne. The- total number ‘of
p01nts to the left of and 1ncludfng any marked pOSlthn X on the number:‘
line is ‘called the cumulative frequency at . X A diagram can be drawn to"
'show the cumulatlve frequency at x as an ordinate,.

.

If a.line is drawn at a height which includes the lowest' P 'percent
of thertotdl frequency, the largest number x that is included is- called' »
' the Pth percentile. .The lover guartile is the 35th percentild, thé
medlan is the 50th - pexcentlle and the upper quartlle is the 75th percentlle.

We can alvo describe a set of data brlefly by two measures- (l) 8 v

measure of. central tendency, (2) a measure of scatter.

-

N Measuring Central Tendency°

of central tendency .is' the average or.

o :
\ﬂhé average of n numbers X, %
A

Xl:+ x2 + cen + xn

seey X is

2’ n

~— ';_=

The computatlon of the megn Pan often be s1mp11f1ed by uslng the

follow1ng three propertleS'

. _ <
‘ (1) X-c=%-c ;.
(25 ax =a * x ; . .
(3) x+y=§+?-'v“'f~ o / _
. BN . b7 .
> 53_1 ’
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'Twovspecial cases are important:

f(a)' If the'numbers are equally spaced when arranged in

- + L .
order, then ' x = £ 5 g_,_the average of the first 'and last
. numbers. - . _ - ' .
L e . ) . 2 - : .
oy 2 12+2%w .. +n” _(n+1)(en+1)
(b) i = n N = 6 ) .

R -

.

: Other measures of central tendency than the mean are the mode, the

number that occurs most frequently (1f there is one), and the medlan already

mentioned. : o Sy

Measuring Scatter

The most important measure of scatfer is the stardard deviation S .

-

If w is the mean, - o : ‘

2 = (x - m)®

The calculation of- s2v is -often simplified by, replacing m by an

intedger &, computing (x - a)2 and using the fact that

(x- w2 = (x - &) - (m-a)f.

It may be proved (Sectlon ll) that at least % of the numbers lieb
within the interval [m - 2s, m + 2s] and more genexglly that at least
-(l - J;) n of the n numbers lie 1n the ‘interval ;i\c ps, m + ps].
P . ’
This is called "Chebychev?s Theorem.
Other less satlsfactory measures of scatter are (1) the range, the
difference between the largest. and smallest numbers, and (2) the average
distance, d = |x.- m]. ’

The Use ‘of Statistical Measures

In’usiné statistics, we often wish to use & sample chosen’ from a
population to. draw conclusions about the populatlon itself. In particular,
We can use ‘the sample mean to.test the accuracy of-a guess about the popula-

tion mean_'m. We use the fact that if Sn..ls the standard dev1ation of

all samples of size n drawvn from.a much larger population with standard

deviation ‘s, then - te
' . 2. s
sT® — .
n n
: . L8

Y

O
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R .. _ o L
We carry out.thié_calculétiaﬂ for coin-tossing experiments and the‘ocqurrence
‘of a given.letter in English. . - » ’

~
N 0

‘ . . : o . -
PIf we compare the difference between the sample mean and the assumst=

population.meén (m)' with Sn; and‘if_we aﬁply_Chebthev's Theorem, we can

. Jjudge whether m 1is‘a reasonable value to assume for the popUlaﬁion;mean.

O
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. I Chapter 26 : : - -

SYSTEMS OF SENTENCES IN: TWO VARTABLES
26-1. A Decision Problem

Suppose that you have Jjust become president. of o large corporation -
_called "General Engines." Your division’ manufactupeerone.mgke!of car and
‘one make‘of'truck. _ . ‘ - ._ i ‘
- . How many cars and trucks-shouid.be
o “scheduled for next_year’s‘production
L to make as‘large a profit as possible? ,
ObV1ously, in order to make a dec1slon, you need to -have some detaaled

-+ Ainformation.. The follOW1ng detalls mlght be available to a pre51dent of a .

1

. = .
(l) The proflt on each car sold 1s $300, "and the profit on egsg'
truck sold is $h00. R

corporafion.

. 2) It tak%es 1 L .tons of steel to build 2 carrand 3 tons of
. 2 o .

+% steel to build a truck..
(3) The maximum number of ‘cars and trucks that can be turned out in a
vear is 500,000, o =

-

(4) -The smount of steel available to your division next yeer_will be’
2 " "960,000 tons. There will be 15,000 tons of steel left‘over
' from the currenp{year,'maklng 97),000 tons of steel on hand for

o

next year. : . : o Coete

‘Exercises 26-1

1. . SuppoSe that you‘produced only cars. Keeping in mind the information
given above'
" fa) "If you had unllmlted plant capac1ty, how many cars’ could you

1.
. E :bulld u51ng the avallable steel’-ﬂ

.- o' 3 : o ] !
“(b) .Can ; you actually produce .as many cars as indlcated in part _(a)?’

“Wny or’ why not? - . CE =

.51 _
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' (c) Héw much profit would you make if you produced 500,000 cars?

fd) If you pxoduce 500,000 -carg, do you uée all of the available

£ " steel? If not, how much steel is. lett over? S
- 2. Suppose that you produce only trucks.. Keeplng 1n mlnd the 1nformatlon
. given above4,' ;' ‘ _ - o

(a) If you had unllmlted pﬁant capaclty, how many trucks could you-
. make using the avallable steel7: : - .

() How much profit would you make if you produced the number of
. '. 7%rucks 1nd1cated in part (at)‘7 .

.
v

A number of trucks- found in part (a)” * Do you'use all of the

avallable steel° .

3. Suppose that we know that 90 OOO trucks and 410,000 cars were -

produced and . sold thlS year. 'ﬁf
. 4 e - . .
On-the trucks?

S (a) How much £it vas made qn the cars?

(b) How much steel is needed ﬁor the above productlon plan”

( ) How many tons of steel w1ll be surplus, at thetend of next year,

if you use the product;dn plan 1nd1c ted above? . C -
L) .

Ki . 3

L, ) Copy and complete the follow1ng table shp
collected in- prev1ous exerc1s rnlng pos51ble productlon plans

for next year

(é) Do you use the full capac1ty of the plant when you produce the -

- Number of - | ~Number of Unused * Unused Toteli
cars - trucks | .steel _ plant Proflt
"produced _produced .. (in tong) | capacity
()| - 500,000 o, | . ) $150 ooo 000 |
5+ (b) : 325,000 ' .
(<) ulo,oo‘o . N

v, ) 3

(d) What happens to the totaleroflt when you decrease the number of

h]O OOO and 1ncrease the number

o cars produced from 500 OOOtﬁto
/(/ff—_\\\\\\_‘“/’ of trucks produced from o) tms 90 0007

O
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(- (e)y Wh%.t‘ happens, to the amount of unused steel if the number of cars
' " produced fs decreased from 560 000 tg‘ th OOO and if thet
. Jlumbef of. trucks is. 1nc1;eased rfrop zero to. 9.0 00d7?

:; gf%‘ It you @ntinue to decreasg the number & cars® produced from
o . k1o, OOO to " Oy and imtrease tl@ number o%‘ t;u&s produced from
he 5. 90‘."\)00 go 325 ‘000, wﬂlat happens }o0 the total prof1t'7 What
& & W @ IO s
. ' .happens i:’o“the amount of unysed steel?. P & SR
?‘f-; . . @r » *" ‘
28 Se Rgcommend a production plaérso that bhe <prof‘it &*S max1mum and tHe
T : @
& ,-/' amou.nt of ‘steel left over i§ mnimum Support you plan w1th “informa-
S ‘bzion abOut “the expected profit the . amount of urfised steel; angd the
) S i . . RS -
"¢ ., plant us . e -x ’/ R ; '
Jf g oplent use. . S Y
» { ‘ g . T T
L ' [4 - S N ] ’
. . . ) . . . . " v . "“ ! «
E 2 7 T L . v , :
- 26-2% . The Mathematical Model o ' T e ' R

NEFTRS

D
. One possible production plan ‘Yould be a sckxedule calling for 1400 000
.. cars and lOO 000 trucks. A l1ttle arithmetic shows that for this plan
N '3

e . the number of “tons of steel requlred is 900’000’. y

‘and the tdtal profit is- $l60 000, OOO.

The 1ncrease in profit, over this year's profit would be $l QOO 000,
‘The amount of steel left over. would be only 75 OOO tons. Thls appears, to- be .

a good plan, but Is it the best posag.blé p’lan” We will’ develop a mathematical

model of this production problem ‘o help us answer this question

’

' great advantage of. a mathema‘cical model is that you can do exp_eri-
menﬂith it us:.ng just-paper and penc1l or. a computer You can say,. "What
would happen if such.and such were done""' Then you can carry out the ma he- )
matics ‘and find out what the model predalcts ?You don®t have to build something
ina laboratory and test it, or waltruntll it happens in‘the real WOI(“ld-'--

no laboratory experiment is p0551ble, then a mathematical model is often the
N &
only way.one can get needed 1nformation For example, no laboratory experiment

. . Jgs p0551ble 1f you want to determi'ne the route to be traveled to Ma.rs by the | *
o

5

fng.;t manned SpaC'EShlp . . 0- .
o If @ur model 1s complete enough‘ then 1t will provide a’ good approxima-
N tion to: the real life . 51tua"tion, and we' can rely on-. the answers it gives us )
o Of caurse the best test we have‘is to compare the QQ(I;:dlctions' made using the -
?’ . . model w1th the real situation and see how well the

gree. ;Eventually thls
L)
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must 'always be done. If the agreement is-poor we may h%yé to:édd_mo;e features
to\the model. Youjqan see that many different models can be made for thg same
real life sitﬁation, just as an artist can depict a scene in many different
ways: S ’

. Now .let us continue the analysié of our production problem and trans-

iate the statements into mathematical sentences.

Exercises 26-2a
R o o (Class Discussion)

'L;', If x re?resents a number of cars produced,‘intefpref'fhe'outputtof.
the function '

£ : x — 300x.

2. If y represents a numbei of trucks.produced,'intérpret.the output
' " of .the function | S , S
g1y~ uooy. ' .
:3.‘~ ] Interpret the output of the functlon n : (%, 3'—9300x + LOOy . -
:h. If P represents the total proflt then rcpleuent the output of the
" function 'h by an equatlon (We w1ll call this equatlon‘the profit-
©. equation.). o ' ‘, v . ' '
5. On a single pair of coordinate ' . R\
axes, draw the graphs -of the .o 1
s " Cea o * LT 100, 000w
profit equation ir * ﬁ o
(a) P = 150,000,000, g
, (p) P = 130,000,000, ‘g 0,000
S (c) P = 180,000, 000 . . _ _ ,
T (No%e Use units of 25,000 ° S !X
. . On your graph. ) 50, *500° 1oo,ooo 150, 000
L _ C _ CARS
' 6. " The graphs of-the lines in_Exercise 5 are . 17 ‘ since the slopes
are the ;amé;' ' ' .
oL As B 2 v - the line moves away (rom the origin, and.
o (Eﬁcreases, decreases ) e o o
L +as P 7 " the line move§ in toward the origin.
(Ahcreaseu, decreaceu) ' - ,

2
8. Yﬁérrom your graph estlmate two dirferent palrs o valuo ot x and Yy

. which w111 yield the Same plo it or $1°o 000, 000, -

- : ) .o . . : * . *‘L. . b
RE ) . 54 . . .
@ T = ’
a4 < O
] "(( 7 ?
»

O
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'WeLCan now write the“steel ysage inequality:

i

.

’ﬂeé. In this production problem do the values of the variaéles_have any

meaning when x < 0 or y<o0?

. . . R
Now we need to incorporate the fact that the amount of steel used

cannot exceed 975,000 tons. If X represents a number of cars pfoduced,"’

[y

then the output of the functlon ‘ - .

e ' : _ s ¢ X 21.5% )

. can be déscribed as the numﬁer bf,tons_of steel needed to produce X cars, -

. »

If y represents a number of trucks produced, then the output of the

!

Py =3y

‘can be described as.the npmber'of tons of steel needed to produce y trucks.

“The oudput of the function -t : (x; y) - 1.5% + 3y can be interpreted

as.the total number of tons of steel needgd to produce x. cars and 'y trucks. -
108 e .
. &

) _"15x+3y<975000.

Slpce welre 1nterested only 1n “non- negatlve values of x and y, we .include

the restrictlons x > O, N > O. Why7 i

». ' C. /. R
The plant capacity is also restrlcted Therefore we\Leed to write a

,sentence descrlblng thls restrlctlon.

. x ty < 500, 000
is called the plént capacity 1nequa11ty. ' .

Now a.mathematlcal statement of the ploblem is as follows:

:u-
b

We want the number pair (x, y) satisfying the conditions

x20, v¥20,

and - 1.5x + 3y < 975,000; (Steel usage 1nequalaty)

'eﬁd- O x ot y <500,0005 Yant capacity 1nequa11ty)- )

for which the proflt P, °g B , -
' = 300x + hody SRR L

. .
. .
CisYa maximum,

Exercisés 26-2h

' i. Draw a graph of the region represented by - - : ;’;

1. 5X + 3y < 975 000 -and x > 0 and y > O "
55 . .
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'condltions in at least one p01nt.

On the same coordinate axes draw the graph of the region represented

by . . L )
Toxwy< 506,000- and x>0 and y > 04 /f’f

The points with integral coordinates in.the intersection of the solu-

" tion fets of 1i5x + 3y £ 9715,000; x> 0; y >0 and
‘% + y <500,000; x >0; y >0 represents the set of all permissible

..

.

production plans. = | LT

(a) 1Is there a productlon plan, represented by a point in thlS reglon,
' which will yield = profit. of P = 60,000,000? Draw & graph to

*  support your answer. (Hint: (300)(?) = 60,000,000, and

(500)(7) = 60,000,000.) " - .

(v) Is there & productlon plan which w1ll y1eld a profit of ..
‘.$l60 OOQIOOO? Draw a graph to support your answer. Is there
more ‘than one plan which will yleld a prof1t ‘of $l60 OOO 0007

(c) "Is . there a production plan whlch w1ll yield a profit of
$180 000 000? Draw a graph to support your ansver.

The - graph of the mathematlcal model suggests that the ' 'profit 11ne
should be moved "as far out as possible from the origin," since

moving it out corresponds to increasing profit. However," the proflt ‘

"line" must still intersect the solution set. of the other. given

'(a) Flnd the coordinates of the polnt where the “profit line" inter-

" sects ‘the solution set and where-the profit line is as-"far out"

as. pos51ble from the" orlgln.

(b) Using the coordinates found in (a) calculate the profit for this
M 2
production plan. Is this the maximum profit for the given

conditions?

’ The method of'solution'correspohds‘to moving the profit.line as

Yfar out“ as possible until it intersects only the boundary of the reglon

" that gs deseribed by the conditions of the problem and does not contain any
- interlor points of the region. The coord1nates of a point of 1ntersectlon

‘ give the solutlon -- that is, the values'of x and Y. It can happen in

a problem of this kind that instead of a S1ngle point the profit line will-

coincide with a.segment of the boundary of the solution set. In this case,

6

QU
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more than one solution to‘the'problem-exists However, if the solution set
is a convex region bounded by straight edges, a maximum can always be found

at one of the vertices.

‘This means that in seeking a production plan we need only to check the
profit at each vertex of the graph of the solution set ‘Since the number of -
vertices is finite, this is & rapid method of finding the best plan. 1In the
study of these problems (called linear programming yxoblems by mathematicians),
there is a method of solution called the "simplex method" in which only the |

¢ vertices are used.

Exercises 26-2c¢

(Class Discussion)

'

The follow1ng draw1ngs 1llustrate the mathematical model, in éeometriﬁ
cal terms, corresponding to several different kinds of decision problems
The closed figure represents the set of possible solutlons The "dashed - line
corresponds to one position of the profit line (or whatever quantity we wish
to max1mize) Move the profit llne in the direction shown by the arrov.
t Tell in each case what 1ntersection of the solution set wath the profit -line

maximizes the profit. ‘,, ;'» < SO oo

’ . ‘. . .
1. " N
. . - . ’ ) . -‘. N K .

e ‘:'

60
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2643.. Some Related Problems = * 7. ..

- a dec151on about produ01ng Qars ahd tzhcﬁ

and 1ndustry are often asked to make q1m11ar.dec151ons

Lof thl% chapter

could solve 51mp1e velSlons omeoét-

or
illugtrated in sections 26-1 ang 267?’

We W111 daweTop qome more
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“for solving these problems in later gections of the chapter.

«

a. The Diet Problem . _ ;__ o - T

A diet for losing or controlllng weight 1s to be planned using a
number of different foods. Fach food contains certaln amounts -of
different nutrients per ounce (such as protein, vitamin C, calcium,
iron, etc.). Each food contains'a'certain number of Caloriesvper
- ounce. .The diet requlres certain m1n1mum amounts of each nutr1ent
- . _ per day The problem is to flnd the amount of each food 1ncluded
~in the diet which w1ll give at least the minimum amount of
j nutritlon, and will make the total number of calorles as small

‘as” poss1ble.

- R Transportation,Problems

A company waintains a warehouse in each’'of a number of cities.
Each warehouse holds a certain number of un1ts of a gLven
commodity (such as refrigerators) Orders come in from dealers
in surroundlng places. We are given the number of units required
by each dealer, the distances from the dealers to the'Varehouses
and the cost of sh1pp1ng from each warehouse~to each dealer. The
problem is to decide how.to.flll the orders: how many units’ to

-ship to each dealer froum each warehouse in order that the cost of

shippingvto meet all the orders be a minimum (as small as possible)J

‘A;variation of_this.problem (1n wordlng alone) occurs in m1l1tary

B . o }operationsfplanning. A natlon malntalns a number of naval’ bases.

;Each,base”is the home oi a certaln\number of alrcraft carriers

. destroyers, etc. At-a certain time: 1t is necessary to assemble .
a task force at” each of several locations 1or maneuvers. The
‘number of ships of each type to rend%zvous at these spots is

. ass1gned The dlatance {rom each base to each’ rendezvous‘ loca-

'tlon_ls_glven.- The problem is to dec1de on’ the orders for the

'ps a m1n1mum. Notlce that in th1s example and the warehouse



O
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An interesting variation is the following: if. the task forces
must be assembled-as'fast as possible (say if there is an inter-

national emergency), then the pro lem is no longer the same. ,'We,

would not be interested in adding the travel times of all the

'ships, but in the longest time taken by any sh1p to reach its

destination. This leads to a différent type of mathematical
problem. ‘

Blending Problems

.

An oil company refines ¢rude oil to produce & certain number of  °

“

- barrels daily of several different chemical parts of the oil.

,»These parts can be blended to make different matketable products

- such as grades of automotive gasolines and aviation gasolines

e,

¢ These products sell for dlfferent prices. We are given the number

‘_ of barrels of each chemical part produced daily, the blending rules'

and the sgle, prices of the final products The problem is how much

of each’ product to produce daily to y1eld the maximum income

A variation of th1s problem 1nvolves mixtures. AS'an'example,

. suppose that two mixtures of nuts are to be offered for’ sale' a

~ regular wmix and. a party mix. The proportlons of the different

'klnds of* nuts used for each mix are.prescribed Also given are.

””>the costs per pound of each kind of’ nut the total supply of each

kind of nut available and,the selling price per pound of the two
mixes, - The problem is to dec1de how many pounds of each mix to-

produce out of the g1ven supply sO as. to maxlmize the proflt

'Network Problems

'gThese aTe problems 1nvolv1ng a network of telephone llnes 1nter--

these can be Jolned at a switching station in San Franc1sco

connecting c1t1es, of réads and highway systems, of connections
in an electronic circuit and s0 forth. As ‘an example,'suppose

that special communicatlons cables (say for TV) have’ to be laid

to join a number of d1stant cities. It is not necessary to ‘lay

a cable d1rectly between each .pair of c1t1es so long as some route )

-can’ be found between them. For example, a cable need not Join

Chicago and Los Angeles directly. if there is one from Chicago to |
San Franc1sco and one from San Franc1sco to Los Angeles slnce
Given-sthe distance between each pair of cit1es, the problem is

to determine which cities to.Join‘by cable in order that any city



in the network can communicate with any other c1ty and so that

the total amount of cable to be laid is a minimum. .This is

called the shortest connecting network,- The ‘same problem fre-

quently arises in the telephone business. If there are n points

.in the network to'be.connected tbere are »ﬁ n-2 possible net-

-works This number increases very rapidly es n increases, and
Cit becomes impossible simply to measure all possible networks.
_,.As a linear programming problem the SOluthn is easily found

¥
. ®
L4 °®
, [ )
4
,

§ e O
® ®.

. e

Figure 1

l5.Pointsjto be Joined by a‘Network B

Figure'2
Shortest Connections Network '

Figure l shows the. location of & number of points to be Jolned by

'Jthe shortest connecting network “and Figure 2 _shows the solution

'

A related problem concerns the maximum flow in a. network. Sup“

pose that -the various c1t1es in-d4 network are Joined by telephone .

A
. : )
TSI . o,

°.. ‘\‘" M . .
L 6l
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Mgrunk lines,h and that each trunk line can handle a certain - )
number of calls. If a trunk is fully used, alternate routes canb
be- found to place a call, us1ng trunks to other 1ntermed1ate
cities. leen the location of all of the trunks and the max1mum
number of calls that each can handle, the problem is to. flnd the
4max1mum number of calls which can be made” at one- time from ‘one

v ’partlcular city to another say from- New Yozk to Los Angeles.

e. The Ass1gnment Problem‘

Suppose that there are & number of JObS to be fllled and a certain
. number - of people avallable to carxry out these asslgnments.l Each
person could be as51gned to any one of the jobs,:but he 1s better
:at'some jobs than at others,ﬂlsuppose that we are given a ratlng
e .for each person for each of the jobs (sag ‘10 if hefis very éoodk
at it, ~down to 1 if ‘he is very pbor) . The problem- is to assign-.
the people to the JObS so as to max1mlze the sum of,all the matlngs

Le

s o ~of the people in the jobs’ to wh1ch they are asslgned

[ . - . : B

=The Trim Problem : 'f- o ‘45u” "'f;: i!m

Paper mills produce paper in large rolls in certaln standard
widths only.* Customer orders are rece1ved speclfylng 1ntermed1ate
) widths des1red and’the number of rolld of. each width. These
oo widths are obtained by cuttlng or trlmmlng the ex1st1ng rolls.

Flgure 3 shows the 1ocatlon of cuts whlch mlght ‘occur .along a roll

A single roll mlght be cut "in many ways to. Alll dlfferent orders.’ ?
The problem is, glven the widths of the standard rolls and glven '
the customers? orders, how should the rolls. be cut so that the '

amount of paper wasted (unused ends of rolls) is a mn.m_mum'7 o

end

e {;;- l’bj RO wasted : ‘

O
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261%.' Solution Sets of Systems of Equatlons

As you recall the SOluthn set of a mathematlcaT;sentence is the set

o real numbers whlch will make the sentence a true statement
td

‘.. - The productlon problem d1scussed in the first three sectlons had
3 e

- -

everal mathemat1cal sentences which represented reotrlctlve COndlthnS in

-ﬁthe glven s;tuation. ‘We now wish to cons1der a simpler system of linear .

eguations'like

2x + 3y - 9 = O.'end 5xp— 2y + 25 =>o, _ 'J." Y

and develop some methods for ilndlng the solutlon set of this system.' Such

e system of eqyatlons can serve ‘as. a mathematical model for many different

<% 51tuations where ‘the varlables have two different conditions placed on them #
_sgmultaneoualy. Our irmmediate problem is to {ind an ordered pair of numbers,
“(x, y), that will satisfy both clauses of the - compound sentence, if such an

- ordered pair- ex1sts.: In set builder notatlon we are trylng to find
(7, y) :2x + 3y - 9 =0} ((x, ¥) : 5x - 2y + 25 = O}.

We w1ll use the symbollsm

AN

2x + 3y'= 9
5x--;;,%y +25 =0

as another way'to write the compound sentence’
2x + 3y -9 =0 and 5x - 2y 25 = O.
We will wr1te ‘only the equatlon portlon o[ the uet bullder statements, and

‘ carry the set 1mp11catlons mentally.

_ The solutlon set of each of the 1nd1v1dua1 clauses of this compound
sentence canbe repreoented graphlca]ly as the set of" aL] points on a llne.
~ The point of,lntersectlon of the two 1lnCu, it Lhey do. 1ntersect represents

-‘the solutlon set of. the system o equ;tionu. The" coordlnates of the p01nt

of’ 1ntersect10n are the values ot ¥ and y. which satlsfy both equatlons.

Aa you remember, it is convenlent to erte the: equatlon of a 11ne ‘1

in y- Qorm when gxaphlng. Our. system then, is equlvalent to

m' i .
) y ol .o
; 3’=--§X+.3‘
. '{y;2x+é
\\~~ .
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B TS SO sy Co
The’ graphis ‘as :follows; . . # R : .

ﬂFigureuﬁ'.ff

e .o L .o - . o . - R 8

PRI

It is apparent mhat'theisoiﬁtidniseﬁ qfﬁﬁhis sysﬁem'is_;((z3,'5)].ﬁl. e

T o ‘@,( S Exe;clses 26 ha i

; i‘ (Cl ss Dlscu551pn)-;f

- e e

Simplsfy each of the SEntences in the systems in. Exerc1se 1, Yeu will -

be glven the coordlnates “of" one p01n¥\on each 11ne.» Put each equation 1n

s opea&ntercept form and then draw the graph oi éach sentence on a single set
of coordlnate axes.. The answers to Exere%ses 2 through 5 Wlll be based on
the eight lines drawn -in Exer01se 1. '~5,r.b ‘ ‘ -
T 3
Example: {(1)(2x + 3y -9) +(2)(5x =2y +25)'=0
(2)(2x + 3y - 9) + (1)(5% = 2y +25) =
is eculvalent to ° v
T (12x -y 4 U1 =
9}( + ).{.y +‘7‘ = y
) .'ﬁ 6l - ' . ':'":’ \
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- e 4 . . N
. - N . v . - Q
f . - . . ; . AT . .
. - ‘ . . .’ [N K% . u
. . H .

. - PR . . -

R whicﬁ is equivalent td C . ) [ Sy : o

v ) . { L
= 12x + L1 . - .
. . ; . bl
. . . ) . . . '_ N . \.
R '3 v
/\i !
A
Y
N .k
& . “
&
R
L. ' . '.: .
) 7 1
A\ : _
11-3,p) a¥e the codrdinhtes
of the pdint pf ifgterskitidn
- o . IS I
' ' _': L . v
A . :
Xy - ; % .
. ¢ -
bt S
. - - b
. . | K
.‘" -
) o . ; b .
o . ' '
. ke | o
=
\ .
i 4 :
B e .
" < X ’
-
3 . h ) .g .
) R . * .
%, : g
] % -
< o *
& . N " ) -
. ‘
b .
- . F..' B v
¢ K] i
P B " \ B -
""a_ . N "'
. » ‘ ‘.
; ‘ . ) S
) . b .
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.;A_L: R ::,:\ : i ) )
’ - v o R * T v B ..
I . ' .z‘&f ’ Toe. " coordinate of ¢
L Cos + ° .Line 4, one point
. _ e T T /7 Number . on line.
. ) 2 o Co e ew
. ( (1) (2 + 3y - 9) + (-1)(5% - 2y + 25) =0. :u Co(=8,2) 7w D
1)(2x +3y -9+ )(5x - 2y * 25) = ¥ (-10, -3) 7
bg (2)(2x + 3y - 9) % (1)(5x -2 +25) =0, #3 N\ (1, -4)
(3)(2x *+.3y .- 9) + (1)(5x = 2y + 25,) o . -M (L, -6) o
. " M B L . L2 . ]
(c) ( 2)(2x +3y - 9) + (1) x -2y + 25) =0 | :tt5 (5:, By
(- 3)(2x + 3y - 9) + (2)(5x - 2y + 2)) _1#6 (1, 10)
. . . = ’ [ . N '
. - (a) (-2)(2x * 3y - 9) +(3)(5% - 2y + 25) =07 #T. gs'(-s,- 0)
: (- 5)(2x + 3y - 9) + (2)(5x--- 2y#.25) = O 4*8 - (o, 5),,,
2 - _What observatlon can you make about the coor%inates of the pGlrl'ts oﬂ
) '1ntersectlon of the lines in Exercxses 1(a) thre)ugh‘f'l(d)‘7 L
3. H@ld you, deSCI’lbe ‘the 11nes in. Exercise 1(d)‘7 T o
< b, ) Do you’ t'hlnk that it 1s poss1ble ‘to choose factoxs SO that the 11nes‘ o
are, llke the ones in Exerglse 1(a)e? Why or why not? . ' ' %
: ‘5. “ 'Dld all of the systems of“ eq.xlatlons have the same solutlon set as the 7
2% + My - 9= 0 Y : » .
system 5x 15y + 25 = O_ 7. ’Why or Whynot. o R o
It should be clear to yon, at least geqmetricall'y; that no ‘matter what ):;.
factors, K- and M, we use, if K - M, 74 O, then the line,‘ S ;?f“m ' .
\(K)(2x + 3y --9) + (M)( x- - 2y +”25)
wlll contain the p01nt of 1ntersect10n or the two 11nes in the orlglnal
_ ox * 3y - 9 = L Ce C ,
_ sys_terii 4 . I(This_, of coufrse, assumés. that a poi'rrt of.:
e : 5x-2y+25 T e . g
‘ intersectlon exists. ) The express;.on K(‘_x + 3y - 9) + M(5x - 2y ¥ 25) —
called a llnear combination of the two polynomlals 2X + 3y - 9 an@u (':,, "
e
X"2 +2.. ) . N SO . . . o
o Furthermore, if e choose K -and M careful]y, ‘we can form rtwp )
- sentences that represent e1ther a vertlcal or a homzontal 11ne @rouéh thé ‘:,

. I s
Taow "

O
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e . & o

K - YT ie D
; = N

oy

‘ point of mte%ection of the‘orj.glnal system oi’ equatlons.

11nes 1nters%ct we can find a system llke Ty

y y =

. whlch is equlvalent to;mhe orlglnala sys tem of equatlons. I‘zk\ such a sys“‘Eem
) 1&; is: poss1ble to

] =

.

v read out' ,,,the ~solutlon oi‘ the drlglnal equlval system.
. Hence, we meed select only values of . ’X and M whlc@ w;.ll resul‘é""m a’ zero

it ceeﬁ‘lclent for Y, ‘and choose values of X and M whlch wilg nesult in ©
o e e W

: "a zero-cbe:f‘:f‘1c1ent for Xe "._ e : ] .

@ Exercises 26-Lb '

Y :

s o »( o}al)_ o .
N . s . 'M ‘ ) o & . . .
State one pair. ot values 1or K a,nd ,ﬁ “which wn,.ll~e11m1nate the term
i
and one pair. of values whlch w111 el J&fr'unate the ferm conté.lm.ng

e ¢ talm.ng y
¥ S SR Lo

he t ' ol e P B . R
X o.n ‘the follow:,ng % en enc% . : - -*, L w o .
S 1L w (K) (- 3y +h) £ () (x ¥ Ty - 11)-= 0t e
2.t (K) )(5x + 2y - 5) + (M)(x -3y - 18) 50 k& S )
». o KL . L
3. KByt y 18@ () (2x . Ty - M) =os &7 S PR
b. (K (x+ 3y - 5% +‘(M)(2x - 3y - o)<o0 s o
. ’ kd o LS
- Ly 2o S e
5. ()(X-?y+g§g,(M(EX+y-§)»=0 = T
. o S 5,‘;', _ .s- » @ k
6. + (K)(3x + 2y - 1) -h(.M (2x vﬁ, - 18) =0 * . ’:, - @ W
: . PO Loogm e A
2 N < i ' &3
| oF T B @g -
‘We are now.in a POulthn to solve oﬁr orl,glna] system a]gebrani%ally.' E g:,.’,'-
| < . 1‘. S . @ g‘}, . ' Q".E
B 2x + 3y -9 = 0 R N e @ S
B v,( . . A *
5?{ - ~2y +25 = . o, IR}
e ) [(2)(2x £ 3y 9) & (3)(5x - 2y'+ 25) =0 % S .,\%ﬁ;
.. (5)ex 43y - 9) {-2)(ox -2y 25) % o ‘ ;
W ‘ I - s 6
s U0+ 5T =0 S R g .
. lo+1y-95=0 F ¢ B "
. x.= -3 )
< : -
> Ayss 5o R ,‘ e
. » %

O
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PP (%, y) rx® 3 ﬂ[(X, y)
h 4 R = {{-3, a)}ﬂ(b 5)}
" = (-3, 5)). : Dt =
. : i . 5 v .
¥ a . R .
(Remember that the symbol "e=p'" ‘means "js equivalent to'.) ..
. L K . - . e o
K »f
s S 6
L S Exerc1ses 26-Le
4 Flnd the solution sets of the follow1ng systems of equatlons by- the
N method just ﬁeve oped. In. Exerc1ses 1 and 2 draw the graphs of each palr
of equations. — L : . ' '
.» . \,0 o - . ° 3 . T; . ‘ . . - -,_l 6’. ] .
1. {3x -2y¥- 1k =0 LA 2, v l5x +2y = b
R . 2x + 3y. + 8'= 0 . 3xam 2y = 12
& 3+ f3-°5%=0 _ _ 5x -y = 32
p=x-6 7 " . lxkay-19=0
] . R . . :, B B e
5. (- o7 o Y6 Lisy=2: -
2x 7y: 50 & . _ o y - % < =1 o ,
Te. {éw y - 30 = 8. {y‘ Tx +5° ¢
Ax-y+ 7= ‘i ; i dx =y -3
. -
¥ l x - 6% - 9 < i
- 8§'=,7 5
. o (e -
5. " * P 5 - e 5
5 Af# o 2 .
&« ; e - b 5 s S v
a N ¢ WP 4
1. . . » » - “ é} - "i - - .ln
_ ) o . . .
" p6-5, Parallel and Coincident Lines; Solutlon by Substitution
- 53_-___ o ; Y _l ‘ _
¥ . dn theﬁprev1ous se%tlons we comsvdered only s1tuat10ns in which &:
system of gquatlons had, a sodution set conslsting of a slngle number pair.
. ﬁ We 1nterpret this situation by saylng that The’ two lines that are graphs of
~‘ the separate eQuatlons of each system have 1ntersected in a slngle point.
é W ) . o > - : P
. 'S - <
i. & & : ‘ - & .'l -
. \"/ "
: : L i v ’ "
N L% L . . ) ‘. .
Eow A .
. e . R
. “ . 8 .7 "
* f ‘ e s
L - . *
‘ ') ' . K
s . Yoo N

O
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‘Exercises’éé-sa

v~‘(Class Discussion)

1. LConsider the system [2x+y -5
L ‘ 2% + y +2

[

*

‘ (a) ZWrite an equlvalent system ‘of equatlons with each-equatlon in
' y-form, that is, in the form y» = mx + b

(b) Draw the graph of each of the equatlons in (a) on the same’

coordlnate axes.
(c) Do the two lines intersect? Why or vhy not?

(a) Forming an equlvalent system of - equatlons us1ng the - 11near

comblnatlon method and., s1mp11fy1ng we geti i .

’\lm(_ex £y = 5) + (-1)(ex +y +2)
(D(ex +y - 5) + (-1)(2x +y.42)

IS

~Are there any ordered palrs of real numbers_ (x, y) that w1ll

0 {O'x + 0y - 7
<>
0 Ox + O y -7

2

‘make the equatlons in this last system true statements?

¥ (e) The solutlon set of’ th1s system is the ' f- "~ set.

Does thls correspond to your graphlcal analysls in part (b)? :

e g3eaga

2. Consider the system - {3% y'—‘2‘= o ) _ L s o
. 9% + 3y - 6 = |
it - (a) Write an equlvalent system of equatlons with each equatlon in
‘ the" form y mx + ba e - ¥ ‘ b

(v) Drav the graphs of the two equations in part (a) on the sa

4 coordinate axes. L . :

‘(¢) .Do the two lines 1ntersect° inﬂhow‘many points do the,linesy >

. 1ntersect°r
(4) Ccan you find K so that (K)(3x +y - 2) 1is the same as : S
9% + 3y - 62 - » _ ;?

(e) If yougan find‘ K in part (d), this means that’ every solution, -
(a; b), of 3x+y-2=20 is also 8 solutlon of ;9 . o

9x + 3y - 6 = 0<s Does this result correspond w1th your ;
graphicel"nterpretetion of the situAtion in part (é)? . - ;)‘3’ S
‘ o ‘ - . L

K

¢
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We havq_now seen , that for the solution set of a syotem of equations .

axe by Te= 0 . there are three p0551b111t1e°. _ .
ddx +ey - £=0. : . . : _ -

. ) The solution set éon%ainsiex&ctly'one ordered pair'69 real numbegs}
& (2) The solution set is B; ﬂ
(3)

The solution set is an 1nf1n1te set of 01de1ed pairs of real

’ numbeTs. .

Graphically:fhese possibilities can be interpreted as:

_(lj' Two lines that 1ntersect in, exactly one p01nt~' B T - ‘
{2) Two lines that are parallel they "do not intersect; '
(3) A single line whlch is the graph of both equatlons.

£l

The. y—form of the«llnear equatlon, y = mx + b, is very helpful to

us in recognlzlng whlch ofé%he three possxbllltles e71st. ‘.
.o§ L

,(l) It the slopes are not equal then the two lines 1ntersect in
‘ exactly one point. - . ”.

, : ’ .-
. '(2) If the $lopes are equal, anJ the y- interccpts' are different,
) . then the lines are paralleW, and the solution set is ¢, ' )
, ) (3). If the slopeu are equa1 ‘and the  y-intercepts Kare equal, then
B . 'the two- equations represent the same straight linej and the

solution set is an infinite set ol ordeved pairs of real numbers.
v , @ ) .

If the two lines intersect 1n exactly. one point, wé*notice'in o

partlcular that at this point the value of y is the came for both sentences.

Th‘Eaflves us another method for ;olving'qjgystgm of linear equatlons.

o L ) LA e
. L 2x +y - 17.=0 v' . . :
. Example 1: _ Solvd 177, y -1 _ _ _ .
: \\\L? » _ : x -y +2=0 _ _ R
. * Put each equation in y-toim. T
T Ay =2x + T '
, y: T+ 2 ~.. o - .
- . Y e o S ) i
B S . ' 8Bince the slopes are different, the lines intersect
: : o ’ . - 'g . . " i et . N B
. L :o.An exactly one point. = . §
Hence, for the’point st intersection:®
_ ﬁ‘.' kS - J S .—Ex + 7 =}x + 2 o S .:&'
T o > 5 =3% _
’ \ =t S & o
<-——‘> 1_‘ = X . . ar )
o - . :

O
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Thé solution set of this equation is | ',5— ).
S - @ ' - 4».-‘-"
If x 1is 2

3 at the p01nt of 1ntersectlon, then us1ng
the second equation_ln y-form we=fTnd - - 'Qj;~' SO 3
e S o Ty = % + 2. (We could also useitﬁeifi:st;';:a;
’ ' equation.) 2 “4" !

Hence the solutlon set. of the system is (2 . ll)}._ L

- : +y = - RV S
Example 2:-:. So¥ve the system { x y Z C B A

2x - 3y-= L

It’s easier to put the rirst equatlon in y-form

than, the second equation. That is, ' ff
y = —Xl'+ 7. :

For "y" in the second equation we substitute

. . el BN
. "oy o+ TV, o . . . S
. H ) . . ! N ’

Co2x - (3)=x +T) = b v
> 2x + 3x - 2L =1 2
, . > " o5x - 21 =L L
_ < 5% = 25
° , = x= 5 "

The solutlon set of this equatlon is {5}, ?&f,

Since "y \\\z4+ 7 at the p01nt of 1ntersectlon ahd

we know that x- is 5,  weican write: - .-

_Thc solutithsqt.oﬁ'tHe system is [(5; é)JQ:

-substltutlon method.
R

o For each of the f0110w1ng sy tems/o :
of the solutlon set by pu%tlng the equatlo“g:

O
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[}
vy

I

1.5 (ex -y - T

' {5x +2y ~ k=0 -
-'.‘hy +2
- By 4

0
- F

' &
‘ x - 3y + h O
.-.» l x + -Ty\a ll

ié follou;ng syste" "@re tb@ - )

O
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R
L4 .
o
-l
v

. What relatfon or relations-must‘ekist among=the ratios E , % , and

so that the graphs of, the- equations in the follow1ng system are

£
f .

parallel”linesV

1+

- ax + by +c
dx + ey + f

N 26-6.' Graphical Solution of’Systems of fnequalities

;;_t sets of pdints; (l) the set of points on the - line, (2) the set of points 1n_

the half plane on one side of the line, and (3) the set of points in the
- half plane on the opposite side of the line. : : . — B

:},fij - The simplest way. to find the graph of a sentence like

3x - 2y + 6 < o

~

° . 4s to greph the eQuation .
R ‘ ' 3x - 2y + 6 = O

In y-form an equivalent equation.is -

y' - ‘% X + 3'. L ) .
. G" l .
The graph of this equation s the.31ne w1th slope .5 and y-intercept 3.
13 L ) ’
. : -
O .

. C X

. 2! 3 L -
730 . ' xo
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.

. N . Iy L . - - A\,- . .
To find the half plane which is the 'solution.set of 3% - 2y + 6 <0
3

‘we can use the eoulvalent sentence y'> 5 X + 3., If x ﬁ-O’ we see that
y > % (0) +3 or y > 3. " These are the points on the part of the y-axis
.above the line 3x + 2y + 6= Oa Thereiore the polnts in the half plane

above the line; 3x + 2y + 6 =0, are ;n the solutlon set of the 011g1na1
sentence. .- ‘ o o L3 . o

g We can also determlne whlch half plane is the graph of the 1neoua11ty

3x-2y :6<0 . -

n

4by cﬁecklng the coordlnates of a s1ngle p01nt in one of the half planes
Usually the easiest oné to use is the origin, with coord1nate° (0, 0).

_ Iflthe rentence, Ix + 2y + 6 < O, becomes a true statement when x and Yy
~are both replaced by "0, then the Ollgln is a point infthe graph of the
solution_set of the sentence. Furthermore, every. p01nt 1n the same half
'plane as the origin is on.the graph of the solutlon set of the entence. .
If the resulttng‘statement.i5<false, then the hal plane on the opposlte
side'of thé“l{ne is the gtanh of fhe soTution set of thé sentence. f the.

B .
llne passes through the origin, it is helpful- to choose a point .on one of

CEN

the coordinate dxés so that.one of the coordwnates S zezo. : '

.\" Ao : Note: -~ The 11ne is not solud

. ) . . 4 . S e >
Lo L N /;:)' . S becausc the DOlnts on'
.. . , . ] .
s o I Vs o _ _
S e T ¥ L - B the line ane not 1n-

2 T ' © - 7 _cluded in the graph of
/ IR a - i tnc solution set. If

IS ; ) R ' the sentence had been

S N - Con X 3o 2620,
s . N » l c ) then we would have
o Sy L oo - R .included‘?he;pointsf

I,: )/ . st - N ~on the line.

Y.
Figure o

oo

-

L]

- The shaded reglon represenLS'the so'utloh et nanely

K

[(x, y) : Jy - _y + 6 <. o}.

O
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To find the solution set of a-systemvof inequalifiesﬁlike"

v[x4,2y'-'320_j" o

'x+y+"h>0

we find the graphs of the functlons ff:;(., y) = x j 2y - 3 ‘and
eg., (x .,y) —2x +y. + h graph. the solutlon set of - each oi the 1nequa11t1es

in the system,'and find their 1ntersect10n, that is - -

b,>o}.-

3

L e ) - SR 3 0 e ) 2><+y

Y T Note: Thek doubly shaded regién,

‘N aYong with the solldhhalf--
line, represents the
.oolutlon uet of the:

;vsystem of 1nequa11t1es.

e

v
1

to" the right. .
o I the system had beech wrltteﬂ . ] i . N
. x-2y-'3>o OR 2x*y+1¢>0 S

- then: the graph of the gsolution set w0uld be. “epresented by ‘all of the reglons
shaded in Flgure 6 and the 11ne X =2y - 3 = -0, Iquset builder notetlon

the solutlon set 1s p

S Uk, ) rx-2y- 3320 U, y) 2ax + y + b 5.0?.-. R
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can be found in a similar manner. o g ;1 . '}

v”:points A and D. ‘Notlce thet the shaded reglon is bounded that 1s, it':c

'notation the solutlon setwas

R . .
I In thls klnd of s1tuat10n 1t is often s1mpler to shade the - reglon'-

Graphs of solution sets of systems:like o o ;' e
3x-2y+6>o
~x'+2y-lO<O

T e

] Figﬁre 7

The solution set is represented by the- reglon 1n,the 1nterior o

_“quadrllateral ODBA,' and. the segments OD and OA not 1nclud1ng the end

1s enclosed ‘and a definlte number will represent 1ts area. In set- bullden”

(% ,y) 3x- 2y+6 > O}Q{(x,y) X+2y 10 < O}Q{(x o O}h'{(.x','y_‘)_.;r' v >0},

3 ’ e

that is not - 1n the solutlon set, of each of- the sentences as in. the- follow1ng,

" figure. ] '-- . g' S ) - . e T
' o ' Y-
. _
’ P 3 . )
s \ 1. '
- *
?“ 1
. . v
: e : .
N _ <
- - . .Bi ~ N ' . )
- o K . . :
\ - v, 0, ] "
~ o - . —




N
’
.
,
N -
.
Hd
\ -

The s‘glution set now is .repre'sented 'tgy the'unsha_déd int"(_erior of fhe
the
.=

- quédfila.;ceral - ODBA, and the line segments HAJ."ana 6]3 ‘not including

A

é_nc_if ﬁpir'lts_-. A -and D. _ S T T,
. L . L . . : ' . N .- :_L*.

- Exercises 26-6 .

* On.separate coordinate axes graph the solution sets of the following

systéms of inequalities. Sta’.té-'xlrhether_the".solut_ioh set is ‘bounded or

unbounded.

RS

+

1. : e (y<x 3.0 (ex 43yl blo(x “y‘2< 0.
SN o ' ,

X
Jy x>2 x—yS
N Y

IALIA IV IV

5. ., f2x+y ]
o "x':+y < 3x + 4
X R v
N o y
8: X +y x+y<2 - 3
lex +2y <4 2x +2y ><5 ). .
; v - ’ e, .
10. 2x -y -5<50 . "
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‘ii,, , (2x o A 5)Tx - 3y + 6) < 0 (Remember‘ ab < 04=°(a < 0 an®. b < O)

. S e TGt or- (a > o ‘ana’ b > 0)
. {—h‘ < X < )+ .‘_‘ ’.‘-': . . ‘_', ."' - . " . .‘ Lo .07"-._‘. pr\- 1.1 ‘,‘.
P B . T e Co 4
‘\-:u‘ =3 <y<3 ot . R ‘ . K IR s
".» : ’
8 . ¥ '
. . e \ ' ! t :
. - - . . ,,*‘
. 26-T. Applicatlons . S, DR ' A
e . T A . : B AR
. As 1nd1cated in the beglnnlng SeCthnS, systems of sentences in, two ,"{ Y
. o
7 varlables can-serve as, mathematlcal models for many dlfferent practlcal e
_ 'sltuatlons. The purbose ‘of thlS section is to glve you ‘some practace in?
. (l) constructing s tems of sentences in twd varlables that ‘are.good mathe-
: matical models (2)- > dlng the solutlon sets of the systems, and (3) inter-
‘ ' pretlng the maéhematlcal 'esults in the language of ‘the’ orlglnai s1tuations R
- . You should choose the method” of flndlng the solutlon set whlch seems eas1est ‘
to use. We w111 flrst cons1der some Qroh}ems whose model is'a system of : ’hr
1inear equatlons., A N T .
= : Eyerc1ses 26~ 7a ‘
B N :.. ' (Class Dlscuss1on) B - .
) . S : ‘ ) ) . »
e : "Golng w1th the tlde a. boat traveled 15 mlles in 30 minutes. —
! T Returnlng halfway agalnst the tide required. h5 mlnutes Flnd
- 't 7. the speed of the. boat in still water ahd find the speed of the
o ! ‘.~ :{ .
e : rtlde'~-“ pf
Tos o "y ‘ . ' . e - ST .~ . .
” _ 11&:; {@t X represent a speed ot a boat in. still’ water in mlles per :. »
‘,& . fw.é mlnute and y. represent a speed of a'tlde An mlles per minute..
Lo S Tbﬁn the output of* the funot}on ' . ' ' o : L
R S - . ) : o Co -t
R T A - R
g T L ) - e y)
o : fsd ;‘id I o
V@ : v & . esq. bed as . — = — . - '
N . .¥ G " d ' . -v-: " R . . -
e 2. The o%}put of the iunctlbn L o .
e (x, y) - x - y) S
. . 4 . el _n» g
) . ?; . ] »
"l; x N ‘ N
Tl PR ' T ' .
- . .

O
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2 _- . o ?' o ‘ : . , ".. v . < E ‘. o el (:: . . @‘: . S
3. The ou‘Eput of the function T e S-S CT -
Sk :1 - ’: L .-?- .." b (X, y) (X;f,Y)(BO)‘f SRR S
Do e AT RN T
- . is describea as RS SR ; ' -
: ' S . R S . e
b, The output of the functlon T s e .
. .. . ] R ! : »' IR ) ‘ - ) 2 i o
. Sl Ll (X, y) S (x - )5y e LY o '
. . ) : S oL . LT L . . oo~
R T4 ~ . T R »
- is descrlbed as - . 7. s

50 What do _ 5 and~ 15 représent in the ébévéﬁpr°b1¢m?7 -

6. The system of equatlons represerltlng 'thla sltuatlon 1*‘{‘7«
P (P The solutlon set is- . o : :
S8 The speed ot the” boat in .a&d] ‘watertis L 2 " mpi, and the speed
of ‘the tide '1s g mpm (Note.%t‘ the speed ;'is. 1n mlles per
) pinen) N
: ; o4 : :
R " > . R . * . . . ;“ . .
Sy . N RS o ‘ y Exerc'is-es 26:7.b L T . S
‘.“\' S . T . ey “%‘Ki:~"'7 L .
. ' Analyz,e each of the fo’l low1ng problem Sl“LU.O.thnS and wrlte 'a agystem
or equatlons whlch w1ll oerve as a mathematlca] .m?rlel Flnd the solutlon set .-

- 'of‘ the sy.,tem andi“answer the queitlon\; ashed in, eac_h problem R R

LR . Lo N : ..

oL T A ‘bank: tell‘,er hap <15 blllc 0! one- dollar and flve dollar denomina= _

A, 't1ons. _ He thlnlfs hls total s $b,b) Ho.srhe @ounted ‘his mono.y Do e
s o correctly" Justliy your answver. S

2. . -’Flnd an equatlon oi the llne wh'ch con’tams the 1nte section of the - IR

G llnes_ 5x - 7y - 3 .and .yc - 6y *+ -‘> = JO, o.nfl Whglch passes through o
the orhgln (Hlnt What is t'no value or C-i 50 ‘that Ax +. By +C.= O L
T isd a llne through the orlgln?) L o :’_ ' ,‘ Dl v

T 3. " Tor chlorlnate the water supply in Shddy Hll ls,/Horatlo Algae must T, :
’ prepare each -tlay exactly' "JO galelon e ol«ution th\a.t is 35 percen't R

s
To do thls, he’ mixes am 80 percent solutlon of chlorlne e

. ; , o
i w1th wa@" that 1.,. l percent ch1011ne How many g&llons of the 80 o
LT Dexcent %olutlon shoul(i he u.;e" S !,' o S D
L B e . ..v‘ - BN . ‘_ , .
"1:’___ As a boy, Horatlo Algae sold papers on a- st'r‘éet corner He reCeiveq
R cent for: each paper sold on a wee'k day, ana’ 2 cents ror, éach paper T

'solti on Sunday.- Durlng one- weelc he sold . 1700“ papers, 1nclud1ng

Ed
o . . « .
. . '_ h . _'- s . : :
: - i S 79 oS
A . N
. - e ’ o ~
- t ” . . . - .
fe % 5 8 2 . v
. L S . . - °©
. . o > e,
° S , : - a8
a : -
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oo \ o Su'nday sales.  He _received, 22 dollars for the week. B.ow wany paper'
did he_ sell on Sunday7 : o ' ' :

. '; 5. Students in the mathematics clubi’_a« 3 hady Hills School Held a benefit

They ‘'sold enchilada dinners for 75 cents and taco dinners for 50
cents. The total number of dinners they prepared was, 6000-, ‘I‘hq

club needed $h000 to.take. the trip to Acapulco ' How weny dinners
R ’ ¥

‘ L of eichki‘gd should they prepare" B et "
-~ » “"-7 ' ‘ N . . . @ - - ) .
S 4 ; ,,e shown that the Fahrenheit temperature is 39 -more
'f e ,r of chirps made by the common black cricket in 15
o “.1 ~
) a.’t is the tempemture when the number of chirps per
@ .
7. v Two grades *of gasoline are mixed tﬁe one’ selling for 35 cents a

gallon, and the other selling for 28 cents 2 ‘gallon.. How many

5gallons of each grade must be blended to obtain 500 gallons ‘of the.

IR S mixt@re to sell for 30 cents 8 gallon'7 ; : . _
st ...f.*»"'f‘ ' - ' ’
' 8. A wan ‘made two investments, the first at b percent, an% the second
<o ) at 6 percent % received a yearly income from. them of $h00._
If the total investment was $8000, -how much did he invest at each
. oo . e x
rate? SR S A S
. . " . : 0 o v . ° 0 -
i 9. " An artist was called upon to design a mobile to decorate the entry tQ
IR & large building One of the’ parts consisted of‘two large, abstractly

shaped pieces ofrcast iron One piece weighed‘ 50 pounds and the
. other _ 135 pounds. The pieces were to b'@ suspended from the ends of
a steel rod 20 ft. long. At what point shv.’iuld the attachment to@

the steel rod be made o that the mobile Wlll balance and hang

- properly?~ (That is, 3 ere is the balance point?) . ‘{"_
-10. -, Foreign agents in a Mercedes SL 300 traveling 120 miles per hour, _.'Ij
- .., paased a group of hidden FBI agents on'a ‘highway' The FBI imrnediately

L ~-oradioed an alert to other agents andnset out in pursuitr'mn their super— )
cha'rgefd Cobra. They “had traveled only a8 short distance "when the '

Mercedes huitledyast them. g@ing\in the OpPOS’.I.te 'rection traveling

T ) , at t.be;Lr top speed of_ 120 mph. The Mercedes»’was finally stopped "
' S o ""' by a road block but the sec'ret documents they had stolen vere not k
. ' ' fbund The ' FBB agents said that the Mercedes passed them the 5econd
w L ‘time just 10 miles beyond t'he point where they Fwere originally R
4 e |, ﬁ\ Wk
’ . . 80 % R N - ,
- . Yo e s S
. 3 ' " .

O
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. h1dden, and 17 minutes after they had passed them the first time. -
- : Assumlng that the foreign agents took two bunutes to make a stop, - /
i turn aroundpwhlde the documents, and reach top speed agaln, how far

from the oﬂiglnal observatlon polnt should the search start %o

" «f  recover the stolen documents?
e . i " : -

: N%;‘let's cons1der some problems. 11ke the "decision problem discussed
at the beginning. of” %he chapter Most of the problems*Vf&l be stated simply.

’ We w1ll consider only. problems 1nvolv1ng two varlables so that we can illus-

trate oup" results graphlcally

» However, the basic methods could be extended
to solve more comﬁﬁﬁﬁated prob ems. v L5

Exerc1ses 26 -7c L
- . ,'_. ER . ..\ A ’ .
g ) ) : @léss Dlscusslon) .

Transportatlon Problem Suppose that a company malntalns two

v waqehoyées 1n Callfornla contalnlng trans1stor radlos One ware-
i house is in San Franc1sco and the other 1s in Los Angeles S ,'q
* Suppose.that you. want ‘to transport by air t‘3100 radios to .stores’
ﬁﬁf? in: Chlcago and 180 to New Orleans Each store wants at least
twice as many "Super Static radios- as_"Waverlng Sound" radlos.
”‘ , "Super Static" radlos are stored only in Los AngeIes and "Waverlng
B ' 'Sound‘ radlos are -stored only 1n San Franclsco.. It the follow1ng
) o is a table of sh1ppr§§ costs per radlo ‘what - shouldmthe shlpping L
order bg to mxnlmlzeiége cost of ransportatiip . -
. o s : to) . ‘ . . . -
‘ : - " B o . - e ‘
e Chicago New Orleans . . o ‘
= = P — .o ..
‘ . s.P. | $1.00 . - $2.00 ' e s
(from) — ' - : - - S
, . - L.A. | $2.00: | $‘3.oo I :
- O - - " R o
. . . . , e
cLle I - xo represents a number of radlos shlpped from ﬂ%s Angeles to .
. .;»,.Chicago tben the output of the functlon ’ : R , .
R S e
PRREI - . .v»_.-f=,x~>300'-xr' e o
?\,3 can.be described as .“p;ip} ‘ _ _ \ | _ . vt
Ir y repr%sents a number of radlos shlpped from Lps Angelesito'
) New Orleans,_then the output of the functlon R '_ -:";g
q . ."., 2 .
. N . L8 ¢ * 81 \ N -
. . K . N 3 )
: N r 84 : ! !
B . Y




"can be descrlbed as | : - . * >45 o . »
2. : Flll in the follow1ng Shlpplng table show1ng the results of Exerc1se l

oo R = (to) : e
) " [Chicago- - | New Orleans :

‘(fron)

L.A. X y . v

3. _. Using the glven table of shlpplng costs describe the outputs of the

follow1ng funCtIOnS' o . . o
(a) h: x—>(2)'x : . g‘/ ‘ N ' -.
(b) 1 :x->(L) (300—x) o S e g
() 3y~ y a S : '
v . L R U $
(a) k @y - (2) (180 - y)3 e R
L. C=2x + (300 - x) + 3y + 2(IBO - ¥). represents the total shipping
' cost. Slmpllfy this eouatlon - - ‘
5. ' Each store vants gt least twice as -many "Super Static" radibsﬁas <

"Waverlng Sound" radlos ' Thls means that x > 2(300 - x) and

y > 2(180 = y)e Slmpllfy these sentences S o ®
. . L T . {- ?
6. . Since:we know that & negatlve number of’ radlos cannot e sHipped,
we want.the number pair (x, ¥) satisfying the conditions: 3 Q‘—‘ S
1.‘ . . -
.- r - . - . ; ? -
R ' . for which thefégs. ) i
- I L e . '
o - S VC=,XJ+.y.-x;l66011 R
L . is a R e ) ‘ ¥ . =

(minimum- :maximum)'

e e s NS RN L
Yo . v . . \

o7, - The shaded r@é&on is a graph og#he solution .set of the iregualities
", llsted 1n Exerc1se 5 Copy‘t raphiand‘draw the lipes representing
L . : K . o o . _ _
. coo { o N R
'v L. ’€§82% v

) - . a éf -~ ' ’ < R

. \' RN _\‘ ' s ¢
, - . . - . " _

O
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. ‘the "Cost Equation" for c- $1160,
S C=gggo. ot o
N . R R h - . ~

C = $860, C = $1060, ana

. 3" =
ol aV¥al R
WA =A%
,
1 i M Q, <
o > y
- N v . ]
ot
o NI T
r n = -
el v A" i T
* n o J .
O .
J o
. A
. B 28
‘e N \ =
e} > . - ; :
- : 200 ¥ .
- 50 . o
e » 33 .
3, - :
BN ! ) k
- 1hole ] |y -H320] .. 7 - ! B
b e
= - z . - & 11}
356- : = 3 '
a5 . s J
1919} 4 &
L T
4 r
i ~lA M :
z
- . AT
o[ 20 T 10 o0 34 T, =T
. " L) “
N M |
Al p\..
: )
3
7, 7 2
_ — -
9\ »
¢ : . ’ /: b :

’
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10. -

11.

12.

vl3‘.

k.

m‘ if they have to buy at least 10 pounds of beef and at 1east 5

-

IR oy, [
.- i .p\‘ . o
. - AN
S ., . . . P P . 5
-y » <

.

What are the coordlnates of the point where the cost will be a m1n1mnm°«*

Min1m121ng the cost how many radlos "should be sh1pped from: Sana" . ’

~

%Francisco? How many should be shlpped from Los Angg_es°

(to)

. _ R _ Chlcago New Orleans:

L sFE.l T .

LA | 200 | ¢ .

-3

w
.
.

f’\

lD1et Problem' "Jack Spratt cquld‘ eat no fat hlS w1fe could eat

no lean.'- Jack must’ eat at {east 12 pounds of lean meat per. . ) _' °
week and his w1fe needs ‘no more thdn 6 pounds of fat per ‘week.- 3 .
The beef they buy is ’
If the cost ‘of beef is

$1.00 a pound how much of,each should thef buy ;

© 10, percent fat and the pork they buy is
_‘hO percent fat. $1. 00 8 pound and the
cost of pork is
per week to satlsfy their diet problems and mlnlmlzeﬂthe cost

PR N

ipounds of pork, per week? ) LT
. . x’

If x represents a number of” pounds of’ beef purchased %er week
then describe the output of the functlgns
Qq n a‘r-ﬂ M ~
¢ } f +x- 90X
~ ‘§§ and g : X = 10k. T ' ;J“L

“

If: y f/presents a  num ber of pounds of pork purchased per wegk,

then describe the output of the functions ’ o *{;{L

‘ ‘ "h 1y~ 60y o
. < and- k : Yy —?.hOy.

et

ODescribe the ‘outputs of the following functlons

. p: (%, y) - ,90x + .60y

[ B - El

a @ (%, ¥) —>.10x +‘.h0y.h.‘

C=x+_2

.

. of pork per week. L P

represents the:cost of X 'pou,

A mathematlcal model of the 51tuatlon is-

. . x>10 and
‘ P Tty 25
: .90x +. .60y > ? and. .
S W 87
3 R L
) o ’ v ! ! LT



listed :m Exerc:Lse lh Copy th . graph and draw the lines repre;sent:.ng
the ."Coste 'Equatlon for C' :

. ¢
Whettare

) - B - N u D R . -
" pounds- o; ubeef a,re bought per week"-

“ pounds oj‘ f‘e bought per week.,‘

pounds of 1ean mea.'f; .does. Jack get" L ‘ ¥

I _pou'rids of fa.t does ihls‘.wn‘e get? ,
| " 4 -
r.f: - .
2 AP . d
o Lo H - ‘ - -
- R . e ; ;"‘ .‘ : .‘, l{'\° . B .I' .
AN v G ' . (\' “‘7‘*:_
. N o .
N S Ing -
/ "
. ) n " ‘ '
- . . P .

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

5 -unité per oz. -

~ L

lO cents per oz. 'The- L
to contaln at 1east 20
) .In .".". -

make the mlxture as cheaply as p0551bié?

§§~d3§igne$ntwg deluxe mousetraps. One model was . called

model was. callml 'I'he Catapult, Since

mosQ popular mousetxap, Horatlo produces at

T every ”Catapult mousetrap produced.

-were bullt using two automated machines.

...ome work. muat be done oneeach- machine. The

A
red,?ph ecach. machlne I‘or each mouqetrap is given

G ) : - f
i . - : r“"h*"'gz R
U 1?1 tﬁe ;Dllown.ng table:,”” R
g - LT
P \\: “Le Guillotine" |. "The Catapult”
.8 '."-‘ D ] g
: Machine I : v 3 .
M&C}ﬂnc II t -5 L
g c‘; < )

Pl o . Because of‘ other‘ 1mp01tant '_[)IO(/C‘LlOn 1equ11‘cmentu nelther machlne can

" . d mou@tra.ps for norp_ than 150 mlnutev per.day. Horatio Bna}\.es a
$h on "Le' Guil 1otine® and a protit of ‘i38 ‘on "The '

prof‘lt ©of.,
ghou1 rl Horatlo bulld

O‘atapu‘Lt. How many of e;J.ch Y.ind of mousetrap
‘pexﬂ day to get the maximum prol:.t" (\_'Ie ascume that he can sell all
tha”c he can build. ) R . :
1 ’ s . ~
& P
-




-

§. K F— - .-

NP . - "
.,

3; - There are two student workers 1n the school cafeterla Oliver and

S 4
.

_Shadow ,Oliver earrs $2 OO an hour and Shadow earns $1.50 an
- : hour. Ollﬁer can make 10 ples and h cakes in ah hour and Shadow
can make 6 ples and L cakes per hour ' ’ '

« SR Pies Cakes'

T Oliver 10 bl o &

. ) v o T S
Shadow ', 6 R TR L e v @

5 | T oo . ) v
‘ ~ No more than sixty pies and at least thirty—two cakes are needed.
B How many hours should each student work 1r 1t is des1red to. keep - the

+ - labor cost at a m1n1mum7 S . . . _ ' .

* k. A store stocks two‘brands of transistor ?adios '%uper Statlc and,
"Wavering Sound". The store owner hag room for no more than sixty °
'trans1stor nadlos ih the store He.also knows that at least twice

“ - as many "Super Static" radios are sqld as "Wavering Sound". * He makes =
$10 profit on Super Statlc radios and $12 profit on "Wavering
Sound" radios. How many of each klnd should he stock to make the
maximum prof1t° ’ ' C L ’

: 5. A dairy farmer produces -two grades of nllk Extra Rlch and Lo Fat o

’ For every gallon of Extra—Rlch he produtes from one to three gallons /;b%g;

, of Lo-Fat He cannot produce more than ten gallons of Exxra -Rich

v _Qllk in one day. He sello the Extra-Rich milk to a commer01al dalry

N\

5 miles away at a profit of 20 cents a galTon He sells the
Lo-F4t milk to another dalry 3- miles away at a profit'of ‘}O :cents
a gallon. He has only enougi time and truck space "to transport

60 gallon-miles Par ddy. (This means that if one day 60 gallons
can be moved one mlde,co; 30 gallons moved 2. mlles, or 10 . '
gallons moved 6 miles, ete. ) How many gallons of each kind of

o mllk should thé iarmer produce 1n_order to maximize the profit? . <
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8. Sunmagi

Sectlon 26—2. ' . A - . _ T A e

‘”A mathematical model of - certain klnds of . dec1s1on problems can -

" be constructed and useful 1nformatlon can be derlved from that, model.
. The solutjo'” ;

such a problem is found on the boundary of the region

K

descrlbed”, 'b@ conditions stated in the mathematlcal model * We

max1mize (or minimize) a quantity by mov1ng a knne away (or toward)

the orlgin SO that it remains parallel tD 1ts orlglnal posrtlon
U. B e . - .

Sectlon 26—5 . ” ‘,;w‘ e

1 Tea i "‘ ;,. .

A wide variety of problems 1n med1c1ne, business, government,

rdnd industry can be described and solved using linear programming

methods. ’ S . K
vt . , N - E | p
,Sectiog 26 k.. Ty '-:, o o N
ifra system of equations {' BRI 3;{, N

’

,{Ax+~By+C,
| Dx + By +F

fhas a solutlon, then - the coordinates of that p01nt’w1ll also be a’

‘ solution of .

K(Ax+By+C)+M(Dx+Ey+F) 0y KM;éo.

"We can derive an equlvalent system of equatlons

1ng this fact so
that one equation represents a vertical 11ne thro h the’ point of

“through the p01nt_of 1ntersection.

X =8
. y:b
‘We achleve this result by choosing- so that'infOne linear

‘combination the °y- terms‘ ate ellm' ted andf1n the other 1linear

‘combination K afid M are chos

v

eliminated. ER 3

S ”that the x-terus ' are
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Section 26-5. - . i

The graph-of a‘system of two linear equations;

or

‘(a) can intersect_in one point,

(b?'.céﬁ'he”two parallel'lines,

(¢c)-" can be the same line..

Under these circumstances we say that the solutlon set of the system,

or-

@

Cif

:(c)

a)

b) iS the empty set~— e

containS'exactly one ordered pair of real numbers) -

1s ‘an 1nf1nite set of ordered palrs of real numbers.

We can use the slope—intercept form of, the llnear equatlon,

y

equal but the y 1ntercepts

mx + b,

_parallel.s

If the slopes are equal and the y- 1ntercepts are equal, ‘
o,

fthen_the llnes are coincident. '/3

to recognize WthhVSItuathn ex1sts,

‘are not equal'the lines intersect-in onefpoint¢

If

the slopes

If the slopes,are

are different, then the lines are

4

If two llnes 1ntersect then we note that the ordlnate of the

point of intersection  is the same for both equatlons.

We. use this

fact to develop another method of- finding the solution of a system

of ‘linear equatlons.‘

putting

if

if

gl olp o

" replace

‘In‘a‘system of linear\equations-

o
o

y

in one equation by the express1on in

the other equation 1nto y-forme

G
AR [

————— theh the lines are coincident;

.

olo oo o

e

.

K

£ 7 70T .

ey ) o

, then the lines’are parallel;

o

5. -then the lines intersect in a point.

.

Section 26-6. 6

——--

ax + by + ¢ =

oy dx + ey + £

We tall tHlS method substitutlon and, simply

" found by

O
= 0

The solutlon sets of systems of, inequallties can be found by

graphing the related ln,near equations, and. then determining which .

/reglon is described by each 1nequality.

Usually the region can be "

determined by us1ng the coordlnatés of the drigin ‘or some point on

' the vertical axis. to declde which half plane is in the solutlon set. -

If the coordinates of the polnt make the 1nequality»a true- statement

’

[ -

- 89"

o

b
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~.then all of the coordlnates of points ogsghat s1de of the llne are },

' in “the solutlon set.. If they do not mzke it a true statement then }_

- Seetion'26-7.

fequality. - S R

>;;fhe coordlnates—oﬁ_pnwnfq on the opposite side pf ‘the }1ﬁe are in the
\
*.solutlon set. The 1nequa11ty can also be put 1nto y-form- and the

»reglon that 1s in the sOlutlon set can be determlned by seeing whlch

part of the y-axes ‘has p01nts whose coordlnates,satisfy the ‘in-
¢ . '*/ ~

LA

s

Systems of 11near equatlons and systems of 1nequa11t1es can

serve as- mathematlcal models of a large number of dlfferent S1tuat10ns,__‘

t,We .use systems of sentences to derive 1mportant mathematlcal results

as well as to derive 1mportant résults 1n varlous appllcatlons of
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