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APPROXIMATIONS

22 -1. A Famous Problem

What is the shapeof the mpst'

beautiful rectangleAccotding to
°

the ancient-Greeks, the rectangle
. .

ABCD shown here has the most

beautiful 'thapeif, when EF is
0

drawd,,,s.orthat AEFD is a square,

the reMai ng. tangle BCFE, is
4

Asimilat tethe original recia*g

ABCD., A

Let us "see what this means

in-'terms of numbers. We choose the

unit of ledgth so that the altitude

of.. ABCD is 1. Let EB =,x.
C

If CFE 'and ABCD are similar,

t EB' AD'
hen =BC .AB

. x
ir-1 1 1

That is,

1

A- X

.

et. 6

t .

Figure

rectangles. ABCD andThis.resuit may b more apparent if we S

BCFE in d'121ifferent post ion.

lb

t

t

4

1

co

4

t

$;



D

E

,P

+ X

k

X

1

F

C.

Therefore the Greek requirement amounts tb saying that the most

'beautiful rectanglp (oten-cAlled- the olcen re6tanEje) is one for which

.0

x _

Tile Aire shows the graphs,

,of y 7 x and y
1

1

+ x
. 'The

graph of =,-x is familiar.

.

graph y -
1 we locate the

1.

points (0, 1), ( and

1 'andkl ) and notice that
2 +fx

decreases as x gets larger.

x

y = x

Figure 2

The t o graphs intersect at a point P whose x-coordinate is

2
1

betWeerir and 1. i .

Since ,P' lies on both graphs, the value of y given by y = x must

be the same the valize of y given by y - . Therefore at
1 + x

. .6 .; . .

We w4sh.to find R so that this iSxtrile.

1
r-

r.



The straight line is above the curve to the right of the intersection

and below the curve to the,left of P.

-
For the function -.

.

1 + x

we wish the output (
1 + x

) to equal the input If we start with

1
,x = 1 , we obtain the output

2
- which of course is not equal to 1.

P 1
But suppose that we feed back the output

2
- as a newinpui. This gives

1 2r , as a new output. This result is fed back into the function as
1 3

1 +
2

an'inputand so on. The following

Notice that the inputs are

alternately greater and less

than the corresponding out-

putS, at the inequality signs-

show.

,'1 Moreover, the approxima-

tions are getting.c1oser

together. Since 2 = 625
8

and 3
= .61538 ... we

have squeeied the required.
-c-

answer into an interval

table shows the successive

Input x

results.

1
Output

1 + x

l

1

2
3

5

2
8

>

<

1

2

2

3

5

8

8
.

O

Iessthan. .01- in length.

But before carrying theeppyoximaflOn further it is interesting to

notice that and. are both reas'Gnably close to the number that we,
5

Table 1

require.

So, if the Greeks were'f-ight, either a 3 X 5 ,,card or a "5 8

card should be very pleasing Io 'the lye. It is perhaps no accident t t

cards of these sizes are in fact very popular.

3



2

Exercises 22-la

,(Class Discussion)

n a piece of graph paper, draw a rectangle 8 units long and 5

units Toidde. (Choose your unit so that the rectangle is as large as possible.)

4

Show the 3 x 5 rectangle which remains when a square 5 units on aside

. is marked off. Draw a second 5 X.8 rectangle with a 3 X 5 rectangle in

one cornet. Are these rectangles similar? You can test similarity bily

determining whether two diagonals are collinear. Explain.

We shall npw show the-"feed

bank" method on the graph,. starting
vr,

with the inpUt 1. The output is '

AB 7=
1

, theordinate of the point

B on the graph of y =
1

. We
1 +

'wish to use 2 as the next input.

We.Choose OC = AB = . Then

CD =
2

is the new o put.

'41

Figure 1

N,

But notice that CD crosses the line- y. = x at a point E which is

n the same level as B. We might have expc'ted this because if y = x, a

CE = OC and we chose OC = AB.

Let us draw a new figure to

bring out the facts more clearly.

Start at' A, go up to 4.54 on

, across to E on
Y 1
y = x and up to D on

1
. T,p continue we

1 + x

must feed in CD = r. = OF.

phis. gives us FG
A

,Figure 4

L.

X



We shov.the essentials in

Figure 5 where we can arrive at

G by the path ABEDHG.

Exercises 22-1b

Figure 2

2

Measure some paperback books and divide the width of the front cover

by the height of the front cover to see.what numbers you get.

(Reduce to decimals and compare with the numbers which we .have

been calculating.)

Continue the "feedback" process started in the text where.each new

.choice of x is the previous.value of . Start with x
8

and write the next three. approximations in fractional form. Write

the last two approximations just obtained in decimal form (carry the

results to at least 4 decimal places).

3 By listing the fractions in Table 1 that approximate x and'alsdether

other fractions found in Exercise 2, see if you can continue the

list to include five more items simply by observing the pattern.,

4. Suppose that for some input a, in the functioh f : x
1

x '1

1

1 + a *

Let b represent t?e output
1

1

+ a

4

.Show that if next time we use b ss the input,. then

1
b

1 + b

That is, if a is too small, then b is too large.
1

fint Start kith -a < b, and add 1 to b;th sides of tt inequality.

ro

5



5.

Prove that

and therefore

1

1 + a > 1 + b

b >
1 + b

Repeat the proof in Exercise 4 after interchanging > and <

6. Show that a diagonal of the

golden rectangle must be

perpendicular to'a diagonal

of the smaller rectangle
41-

that 'remains when a square

is cut off.

D

A E B

7. Copy Figure 5 in this section on graph paper using a-large scale'

and drawing the graph of y -
1 + x

with great care. Cbntinue the

construction as far as practicable. What seems to happen?

8. In this pictiare of the Parthhon, measure the dimensiOns of

the rectangle shown. Divide the longer dimension by the shorter

and-compare the result with 1.62.

JR. 41 111..111, 1.111"411 ditilki;: a. :ib" Is
'OpM.MMEMEMMEMMR

l0.



22-2. The Golden Mean

we continue the process started.in

out that to nine decimal places

If a line segment" AB

previous section, it turns

x 4..618033989.

1 X

A

=
AP

is divided by a point P into two parts 50 that
14.S

AP 7 AB
PB
AP

is called

-the golden mean. Hence, if AP = 1 is the unit of length and ''PB= x,

then
x 1

1 + x

This equation has an approximate solution .6182.. as we have seen.

We-may well -ask whether this solution is rational or irrational. In

other words, does there exist any choice or 'integers and soq

j)

that is, so that

(1)

2

, ?
q p + q

We use the same method that was used to prove the irrationality

of .

If there is a solution of (0, then the fraction 2 Can be written
.ci

in lowest terms. If this is done, and if
P -1-

=- is equal to it must2
a q

2

be true that the denominator p + q is a multiple-of q. That is,

and

Finally

p + q or q, o r 34,

p 0, or q, or 2q,

2 ,
q

Since' we assumed that x = anti

fractiOn 2 which can be equal to. x.

. a

or...

OT- , or 2, or...

< x< 1 ,.there is no

That is, x is irrational.

As you know, this means that the decimal representation of T is non-.

terminating and non - repeating.
°
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Exercises 22-2

1 1 \2 3., 4z 8 -

r

In `the list of apprpxiMatidils
:,

' 2' 3' 5' ' 13' 21 "'"
:discover a rule. which enables you to write any fraction frol

preceding one ia.the list.
.

Follow the method of this section to show that there is no rational
4

1
number x =, Wh1C x =

C1
X + 2

3. Show that
c

C-... x -
x + 1 -..

J
has a rational solution only if c = n(n + 1). rote \hat n(n + 1)

represents. he product off two successive integers n and n + 1.

c

1In this c x

'ase,

n is a solution of x - . Hint: Show that if
+

q
is a solution of x

+ 1
it must be true that 2 = 0 or 1

Or 2. or , that is, must be an integer n. In this

,case, c' must be n(n + 1).

22-3. The Fibonacci Numbers

Let us return to the

solve the equation

21

fractions which we have 113d in the attempt to

1
x

5

Written in succession these fractions are

1

b

a +

Notice that

1 1 2

1' 2 3 '

4P.

8

13 '

'fl) The numerator of each.fraction (after the. first) is th

same as:tlie denominator, of the previous fraction.

(?) The denominator pi- each fraction (after the first) is the

sum of the numerator and denominator of the previous

fraction.

a
More hriefly,if -is.

is one-ftactiOn in the ,list, the next one is

8

12



a
The list of numbers used for the numerators and denominators, that is,

1, .1, 3, 5; 13; 21, 34, 55, n

is a'famOuS' one. EaCh number (after the firsttwo) is the sum

preceding two'numbers. These.numbers are called the Fibonacci nutbers!after

Leonardo Fibonacci (1170-1250) a.:great mathematician also called Leonardo

of .Pisa. 'Fibonacci 1:1Uns "Son of Good FOrtune". The 'name is ftbnotinced
-

'fib-on-ahl-thee.

. Leonardo popular* the HindurArlbic decimal system in a book,.

Il'tiber Abaci published in 1202. He.introduced the Filoonacel series in

a problem.about the breeding Of rabbits.

The Rabbit Problem

A pair of rabbits is placed in 'a walled
how many offspring:this pair will produce in
if each pair of rabbits gives .

birth to a new pa,ir each month
starting with the second month
of its life. Since the first
pair has offspring in the first
month,' double the .number and

in this month there are wo

pairs. Of these, one air,

the first, gives birth in the
following month as we1 so

that in the second mont
there are tree pairs. Of

these, two pairs have off-
spring in the forlowing month,
so that'in the third month'
two additional pairs of rab-
bits are bprn, and the total

\ number.ofpairs of rabbits
in this ninth reaches five.

`Three of these five pairs
have offspring that-month,
and the number "Of.paiys
reaches eight in ,the fourth
month. Five.of these pairs
produce another fiiie pairs, *

which, together with the. 8
.paits already inexistence,
make 13 pairs in the fifth
month. Fiverof these 13
pairs have_ no. offspring that
month, while the remaining
eight pairs do give.birth,
so that in the sixth month
there are 21 pairs.*

enclosure to find out
the course of a year

pAirs:
1

first .month:

2
second. month:

3
third month:

5
fourth month:

8
-fifth month:

13 qk

sixth month:
21

seventh month:
34

eighth month:.

55
ninth month:'

89

tenthinonth:
144

eleventh"month:
233

.twelfth month:

'377

* The Fibonacci Numbers, N. N. Vorobyov, D. C. Heath.



These n4mbers. occur in 'very surprising places.. For example, the seeds

onmostsunilbwer heads -are arranged in- 34 curves which cross J5 curves...

Small heads have 21 curvesintersectipg 34 curvee'and large ones have

55' curves crossing 89 'curves. The numbers 21, 34, 55 and 89 are

Fibonacci numbers, as you can see.

There are many interesting relations,among the Fib4acci numbers and

extensive studies have been made of these relations. We shall study two of

them which will be useful to us .later.

We write the list once again for convenience.

1, 1,-2, 3, 5, 8, 13, 21, 31k, 55, 89,

Notice that the numbers increase in size (after_ the second 1). That

.is, if a.A and b are two successive Fibonacci numberst,

b > a.
. ,

(The equality sign applies only when a

4

10

= 1 and b = 1.)

14
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_ID;:tead of comparing sudeersivenuMbers in the list, let us compare

alterpate numbers,. for example 3 with 1, 5 with 2, 8 "with 3
. .

-%1.n.d_so on. You will notice that in each,caSe the large/r number, is more than
......

..)twice the smaller number. Is this always true; Let us 'see. Sultpose that

a, b, and -.c are any three successive Fibonacci numbers.

b, 5...

Wt. know from the way the'l±st is made that
.

c = a + b.

We also- knOw that unless .a = 1 and. b .1

b >

'So we conclude that

unless a = 1 when of course c =2a.

a = 2a

We have our first relation:

are three successive Fibonacci numbers, thenb, c,

c > 2a.

'Returning to our list

1, .1, 2, 3, 5, 8, 13, 21, 345...

let us square one of these numbers, say 5, and compare the result with the

produCt of its neighbors (3 and 8).

5
2

= 25

3 X 8 = 24.

The results differ-by 1.

(3 x 8) = 1:

Similarly 82 = 64 differs from 5 X 13 = 65 by 1. Notice

however that to get 1 this time we must subtract in the opposite order.

(5 X 13) - 82 = 1.

You can test this relation for yoursel,f. It always seems to work. Can we

prove that no matter hbw far out in our we go, the difference 'in the

proper order is equal to... 1?. Let us see.

We must see what happens when we progress from one set,of,three

successive Fibonacci numbers to the next set, fer example from 5, 8, 13

15

F



to ti, 13, 21, We have found that

.4 x.13) - 64-'2 =

ow we ask 0,bout

(8 x 21) - 132.

.01 course we can easily show thatoothe result is''" 168 169 .= -1. Hotrever,
-, .

it. is more useful to connect (8 x 21) 132 with (5 X 13) 8 .. We do

this as,. follows:

*(8 x:21)

= 8 x (8+ 13) - 13x13.
.0

= 8 x (8 + 13) +' (-13) x (8 + 5)

aa = (8 X 8) + (8 x 13) (13 x 8) - '(13-x 5).

=.82 - (13 X 5),

which is the op site of (5 X 13) 82 It follows that
11 e

4

,(8 x 21) 132 = -1-

Let us generalize this method. Suppose that a, b, c, d are any

four successive Fibonacci numbers and that we know that

ac - b
2 = l or -1.

What about

bd - c2 ?""

We use the fact that d = b c and c = b + a to write

bd c2 = b(b-+ c) - c c

= b(b + c) + (-c)(C+ a)

= b2 be - cb ca

2
= - ca,

.
= -(ac - b.

Therefore if' ac b
2.

1, bd c2 = -1 and if ac b
2

= -1, bd - c
2

=

o

'Exercises 22-3 )

1. Continue the list of Fibonacci numbers until you have 15 of them.

2: The Lucas numbers are formed if we start with 1 and 3 instead

of. 1 and 1, and "ob in anylater,number by adding the previous

12



'two.. Thus we' have 1; 3, 4, t
-.. ..

yr. .,4. 'wo % -,.,P
.

(a) Lis-4.-tlie first 15 1.14.2"easc 0,.
. -,. ....

..

. ,. . I 4 ,.:

(b) Write the. List Lucas numbers under the list f'll'abg.0a ei
. .

nuMbes and verify tNi.t..the ninth Lucas number is the-sum of the.
a ,

eighthkarLd :tekth Fibonacci numbers.
P-

t
..,

).

.
.

, ,-.
. . .

th . . . ''.

(c) Verify from yc6,1r lists that they n. Lucas number is the slum

of. th6 (n - 1)sts and (n + 1).st

3 A rectangle is. Vf be formed

do that if we cut .off 2

squares, the remaining
. 0

rectangle has the same

shape as the originalc

one.

. (a) When we

.J..

Fibpnacci.numbers.
-s

1
y

...

*x

considered the golden 'rectangle.we had the equation

x 1
1 x + 1

r

'What is the corresponding equation for this ,rectangle?

(b) Start with x = and by successive trials figl the value Ofr

to at-least two depimal places. Save your answer for later.use:

1

22-4. Accuracy'bf the Approximations

In studying the golden rectangle,we have approximated x h rational
-

.numbers which are alte,Annrfely too large and too sMall. The list of approxi-

mations begins' as folloWs:

1 2' 2 8 11
' 5 J 8, 13

' 21
4

The required value x always

lies between two successive .
AN
numbers in this list: For example

(1). <x <

.Better yet

21

x

-



/( . m .. a

. 0 'If 'we ccapaahue the 1.1;5t .of ratipnail approXiriations can we loc,')te -x !.,.

.. 'f'
.

as.closWY as .1./e. please?' T8 'ans5GTJthis qUestiola, we try to find What' ha,9tens
0

'

/ .. to the difference. between. pairs of suc essivenumbers in the list o -ratibna'I
, . , .

.

.1

aapproximations. We will see how far list we neod to 05 to get an

al6proximation. ofesired accuracy.
' 0..

2 a .

Since 1-2
8 5

-1 (3 x 5)
7 7 8 5 -71i0

ro

l. ,

we see thatiin (1) we have focateA
0 N. .sPi.

within an interval. of length Tr) . A 4

lb % . .

i

2 1-', 3 -(8 x'21)
_

.

21 13 .-I-3 X 2<3.1' 273

Thus in (2) we have
. N

located x within an itLervoalof length
;

1

273
.

t 4,

This is of..Cclrse a much 'shorter. interval.% The questiop is: Can^we make the

inteillyal as short as- we please -7, less' thda 1 for exampie,.or
.f,000,000 Y

.,

less than
1,060,000,009

. To answer this question we must discov some eneral facts about the
.

differenceStetween two - successive numt2ra in the list.

Did you notice that we. re able to represent this differenCe by a
,

i.4r--

fraction with numerator 1?.
1.

0,1, this always true? Let us See where this

numerator comes .from. When we suAracted .-----) from - the numerator was
5

,

Li
.

2
7 (3 x 8).. When wasubracted... the numerator was

. .

'''-'

1.3
from

21
,

. ,.,

132 .(8 x

In the. Fibonacci series
/5.

. 3, 21, 34,...

5 is between 3 .n.nd 8, anr. F. -. is between :-_i and .21.7 We have already
__\,,

seen that th0e square of any FiLonac.i uumL)6r differs. by 1 from the product.

le
.

of itsoneighbors:,r

-.....l) '

Consequently we:.can write tke list of. differences

rational numbers in our list of approximations fce;r';-,x.

differepcle's begins:

1 1 1 1.

(.3) 1 X2 ' 2'x 3 ' 5.x 8 ' 8 x.. x '

ietween successive

This list of

.
Now let us look at the denominators: in (3, We notice that they are

;,

the produc-6,s'of-sucessive pairs of Fibonacici nu hers

1 X Lc, 2 X 3, 3 x 5, X 8 ;,

11;

1.



161. .

These products. increase as we p4Ogress along the

that eaCH denominator is Mbre.

cesbive- deltkinator4'are of the

b.X
X b:a and since .c >2a.,

,Or"" ./

st.' In fact, .we

an twice eille preceding one. Procif:

Pprm a Xib and b.X But --
'

we see that >42. -

a

, . It follows that each 67-ife

Therefore we can surely make the

out esufficientl

, 2
erence.is i" 4T the previous one.

r 4
diffple ce as small as wevplvse, by glping

knw that

, A

can show .=

Two -*S.,01-

r.'

fat': For example, we

8 ._

2] ;l3 273

leis nnye next difference

the next diffe?enqeis

1 . 1
'!-or

2 X.273 546

1

1000 '

1. ,10

2000

less

the next difference is le

and sg oft.

than'

tan

Exercises 22 -)

!
4

1. Given the list of Lucas numbers beginning

.

1, 7,- 11, 18, 29,117,...

. . :

we can write. the list of fractions

1 a. 4 7

3 ' 4 7 ' 11. '"

oLlitained by dividing eaChnu er by

Consider the difference between two

g

0

the io]lOwing one.

Consecutive rational

this list. Verify that when simplified, the.
.

the differences in the list is
A

0 In Exercise 1 verity that each

.preceding difference.

Consider the following List of

. 1 1 2 2 8

' 5 ' 8 13 ' 21 ':"

(a)

2

a

C

numbers in

nuMeTator.for eac

difference is less than one-,half t
.

rational nUmbersi?

How are they related to tthe Fibonacci numbers

'1, 1, 2,3, 5, 8, 13, 21: 34 ...
101'.

15"

1'
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4 .

) '.

IA,

(b), Illte each number in'the given fist in decIA1 form and.eatimate.

to two decimal. places tizezrer-Iy). for which these rational

numbers are-succ sive. approximations. 1-I?nectssar?., :continue.:

''
A..

..

,

the liat-.)
.. ,.-Y

1 ,

tkon beitween'the liv<of rationn numbers inExercise 3,
.

1st'

..' -Find a r

and thy,

Il 2 1 2 8

2 ' T' 5 4, 13

.
,,,--, A

at the beginning of the section. Hint: Try multiplyibg adjacent'

pairs in_the st given here.' )

i:/ . .-./.-
,)

VbrifyNkhat- r answer to Exercise 3 is approximately 1?- x where .

x = .618...
1

22-5. The-Solution in Terms of Square Roots

We have seen that the solUtion of
*

.1

i
x -

x + 1
.

t

.,

is an V rrational number. Since T, IT, etc. are also irrational

numbers it id, natural to ask: Can x be expieased in terms Aka square root?/

If
-1

x -
x + 1.

it must be true that

'1 x(x = 1.

J,

We know that for all, positive. umbers a and. b,

(1)
ya + b) 2
` 2

ah + (a ; °)

2

If we let a = x + 1.,and b= x,

a + b (x. + 1) + x
2 ,

and

x +

4:

a - b (x + 1) - . 1

.2 2

1

2



TherZre (1) becomes.
2 - _ 2

x(x .4.1) 1)-

1= 1 +

1

x 2 2 .*`

Thus-there are two soiutil ,4s to the equation x(x + 1) = 2

/5-
2 "a Nositive solution

V

1 V5
and a negat.ive solution, - -

Sine /5 ....
t \

we have

and

x = .5 + =

x = -.5 1.118... = -1.618...

c

course We do not want the negative solution for the problem Of- the golden

recta le.

e can const uct a 'segment

-which represents t positive

2 very simply

as follows:. Draw a right

triangle ABC with base .1
1

and altitude

Its hYpotenuse 'AB is

A

Figure 6

'Draw a circle with center. A and radius . Let D be the point

of intersection of the circle and AB

Then 1D = AB - AD

V5
.2 2

Thus BD is.the required'segment.

17 c
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and

of

and

There is another 74ay'in-which w ,may discuss lthe sold'ion Cc

. . , , A

41!) = 1 Weyirrst 41.4ng&zale equation to

, 2

We can solve this equation'.by finding the intersection of the graphs,

then t6,t

2
y = x

y = -,x +

,As you know, the.graph-

of >y r x
2 is a.parabola,(see

Figure 7) and the graph of

y = -x 1

is a straight line with

slope -II, and y-intercept

1. .;

There is an

Q near x.= -1.6. Graphical solutions are necessarily approximate but

they often give-us a good start.

Y

11%

intersection P near 'x = .6 and another intersection

Figure 7

In thiS..case, alittle experime tatioRshoWs that x =. -1.6 is

about right.' In fact.

1
(71.6)

2
= 2.76

and
-(-1.6) + 1 = 2.6.

e

Since the y-coordinate of the point on the line is greater than the

y-coordinate of the point on the parabola, we know that -1.6 is to the

right of the intersection or 'larger than the correct value.

If we try -1.62 -we and (-1.62)2 = 2.6244 and .-(-1.62) 4- 1= 2.62.

Is -1.62 ,to the right or to the-left of the intersection?

18
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Exercises 22-5

Solve the following equations graphically:

-
%) x(x + 1).= 2 (Reminder: Change to the equation' xp = -x + 2,

and graph y = x
2

and y = -x + 2 on,the

same set of axes.)

(b) x(x + 1) =3

(c) x(x = 4

(d.) x(x + 1) ='6

(e) x(x +1 -
1

+ b)\-2
. Use the fact-ttl,'<,...(a

2
='ab +

(a - 16)2
to find the solutions

2

of the equations -in Exercise 1 above, indicating irrational solutions

-,, in terms of square roqts. For example,

3; x(x l) =,y,

+- b 1.
we can let a x + 1 and b 4 x, 'So

a

2
- x + and

a - b 1

2 2

Since ab. = x(x + 1) = 7, we have

x +

2

t) =7
L.

1

2 2

+

Or

x - r
1

2 2
or

2 2

2

1 iT5
The solutions are: 0

. 2.

3. Use the square root table of'Chapter 21,.Section 7, to find approxi-

mate solutions for the equations in'Exercise2, and check these with

your results in. Exercise 1.

Solve the following equations graphically. Also find the solutions

in terms of square roots.

4. . x(x - 1) = 1

5 x2 - x = 2

6. x
2.-

= 3

23



x2

8. In Exercises 22-3 (No. 3) we were led t6 solve the equation

1
x

.x + 2

Or 'X(X + 2) = l:

Show that the solution can be expressed in terms of .§ square root.

Use the square root table to check the accuracy of the answer

previously obtained.

22 -6. Projectiles

If a body is thrown straight up in the air with a speed of 64 ft/sec

to begin with, we assume that the distance ,c1 feet above the ground t

seconds later is given by the equation:

d = 64t -'16t
2

This is a good model of the physical facts. Suppose that we ask the question:

When. is the body 48. ft. above the ground? To answer this question we set

d = 48 and write

64t - 16t2. =,48.
. -

For what value or values of is this- true? If we divide by 16, we

obtain the simpler equivalent equation

4t t2 = 3 or

(1) . t At 3.

.
We can solve this graphically

by finding the points Of intersection.

of the parabola 'y = t2 and the

line y= 4t - 3.

24



j
The intersections occur at, (1, 1) and (3, 9). It is easily

verified that t = 1 and t,= 3 actually satisfy equation (1), Why are

there two answers?
.1°

If in the original question we had asked when the was 16

feet, equation (1) would be replaced by

(2) t
2

= 4t -.1.

You will be asked to solve this.equation graphically: Let us solve (2) in

terms of square roots. We..first rewrite .(2) as

4t - t
2

= 1

and then as

t(4 t) =

Let a = t and V = 4 - t then

Then

and

(a
2 J.

+ b
2

- a b +.

. ,

4. = 1 + (t - 2)2.

/ ,
(t - 2)

2
= 3.

a

- 2 7 IT t 2 = - I .

t = 2 + .or t = 2 .

Exercises 22-6

-1. Find two approximate solutions of.,

gives

.t 2
= 4t , 1 -by. drawing a graph of y'. t

2
'and y = 4t = 1.

2. . Show that the results obtained in the text agree approximately with

your graphical solutions in ExerCise 11.

3. If a fall is thrown upward with a speed of 64 ft/sec (so that

d =64t - 16t2) when does it reach the,height .64- ft.? Solve

'graphically and also by the method of this section. °

'4. In Exercise 3, rePlae the height 64 'ft., by 80 ft. Explain

your, failure 156 obtain an answer, either graphically or by the use

of the fOrmu1a.

21
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22-7. Summary-

11

In connection with the problem finding the shape oV the., go6lden-

rectangle" we are led to ask for a positive solution of x =
1

1 x

It is pr.oved that it is imposPible for :x .to.be a rational,numbe 2 . .

q

By considering, the fuhction

1
: X :4

+ . C.

and starting with the input x = 1 and feedN.g. back ..zucpessive outputs as:

'inputs we obtain a succession of.anroximations. to the required .solution.

It is shown -that these aPproxiwations are alternately tob largq frind too

small and that by continuing tke process a surfieient number of t.imes Ile,

can get as close ds we please to'the reqUired solution.

It is 'also shown that the equation

1.

1 x

. .

1 1/7 1/
has the solutions .72:+.

1 5
and - , expressed .in terms of square

roots. The equation Is lso solved graphically

of a straight line with a parahol-a.'

22

26
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Chapter 23

SOLUTION SETS -OF MATHEMATICAL SENTENCES

23-1. Solving Linear Equations

'In the chapter on Prbblet Analysis, the following . problem was stated

and discussed:

"In a gasoline economy test,, one driver, starting

with'the first group of .cp..rs, droye for 5 hours

at a certain'speed and was then 120 -miles from

the finish line. Another drirver, who.set out later

with a second group, had traveled at the same rate
. -

as the first driver for 3 holais and was then 250

miles from the finish. Aow fast were :these two
0

men drivir5P:........."^N

If we use r to represent the rate of a car, measured in miles p(?r

hour, we'can represent cer-Lin'functional relatiOnships involVed in the prob-

lem. The functions are-listed below ),) with the.output of eachfunetton.des-
.

cribed in, words.

Function

V r

- g : r 3r

h : r 5r +'120

: r r + 250

Description of Output

The dist,-3nee'that a car goes in five

hour's

0

The distance that a ear goes in three

hours

120 miles more thaw the distance a car

goes in five-hours

250 miles more than the. distance a car

:goes.in three hours

We can express the fact that we are looking for a value of r for which thQ

.0'outiouts of h and of . k are equal by writing the mathematical.sentence

1° + 120. = 3r + 250.

Each value of r for which the sentence 'true is called a solution
o .

of the equation, and the set of all'sUch values we call,its solution set,

or truth set.

'23
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r.

.Qne method of approach might be to draw the graphs of the two functi ns

Since the slopes are

: r 5r + 120

: r -9,3r + 250.

not-equal, we know that the graphs intersect. Thus we

are'sure that there is a solution, and only one solution.

Exercises 23-la

(Class Discussion)

1. Study the graphs of the functions

'f r -)5r + 120,

g : rr Le 3r + 250,

shown here. 'Note that the rate is

shown on the horizontal axis, and

that the distance is.shown on the

vertical axis.

(a) How many miles'per hour is. .

representedby the side of

each square measured on the

R-axis?

(b) What do you estimate'the

value of r to be at the

point of intersection of

the two graphs?

(c):. your.estimeted value'

of, r satisfy the 'equation

600

500

400

20

0
100! 200 300

5r + 120 = 3r + 250?

(d.) If,it does not satisfy the equation,

close to your estimate, until you do find the solution of the

equation. `

(e) What does. the solution of the equation mean in terms of the

problem about the gasoline economy test?.

try some other numbers

28



In the exercises'above, ty graphing the two functions we found a solu-

tion for the equation

5r + 120 = 3r + 250
C

and. were able to interpret the result to answer the question in the problem..

However, the method.was not very efficient, was it?

A more effickent way, often, is to write a 'chain, or.list, of equations

all with the same solution set as the given equation. If the last equation in

the, chain has en obvious solution set, then..that is the solution set for the

given equation.' Let us consider how we can ite such a chain.

For the two functions

f : r )5r + 120, and

g : r 3r + 250,

the domain of each function is the set of all real numbers. That is, if any

real number is used as input for the function, the- output will be a single'

real number. .With respect to the. equation, we. say that the 'set of all real

numbers is the replacement setfor the equation 5r +'120 = 3r 25.

The use of any property that holds for all members of 'the replacement

set of an equation enables as to write another equation whose solution set is

the same as for the first equation. -The field properties (commutative,

associative, distributive, etc.) are true for all real numbers:. the replaCe7

ment set of any equation that we shall be using will be some subset of the

iset.of real numbers. Hence the use of any of the field properties will give

us another equation wit the same solution set.

Equations whiCh have the same replacement Set and the same.solution

set are called equivalent equations. Aconvenient symbol for "is equivalent

to 'is " < > " For example, we write

5x + 2x= 35< (5 + 2) x = 35

to mean that if there is a real number for which "5 + 2x = 35" is a

true statement, then "(5 + 2)x = 35" is true for the same. value of x, and.

vice versa.

In addition to the-field properties, there are two more "prOperties"

which are consequences If our agreement that "a = b" means that "a" and

"b" name the same number. We reason as follows:

25
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and c arenumbers, then' "a + c" is a TIAmefor; the sum of

these two numbers, and "ac" is a :name for their -pt.oduct.

If the first number is called "b" instead:of "a", then "b + c'

Is a new name for the sum, 'and "bc" 'is new name fox the

product.

Thus, "a +.c" and 4"C+ b" both name ,the .same sum, and we write

"a + c = b + c"; similarly, both "ac" and "bc": namehe

same product,'and we write "ac = bc."

Check Your Read-ing

1. f you solve ah equation by writing a chain of equivalent equations,

what should be true about the solution set of the last equation in

the chain?-

2. What is the replacement set for.the equation 5r + 120 = 3r + 25?

What is the solution set?
- .

3. 'If two equations are equivalent, what two thIngsare*trure about them?

What symbol is used for "is equivalentto"?

Why can. the field properties be used to write equatI6ns equivalent to

a given equation?

5.. . If a,.b, and c are real numbeis such that a = b, what is true-

. about 'a 41.c and b + c? about _..,...and bc?

(a)

Exercises 23-lb

(Clits Discussion)

We.have shown that, for a, b, and c real numbers, a = b

then a + c = b 4- c.t.How could you Show that if ,a + c = b + c,.

then a '= b?

(b) Write an "if and only if" .statement which combines both stat&-

ments.

2. (a) We also saw that, for a, b, and c. real numbers, if a = b

then ac = bc. What restriction on c is necessary for "if

ac = bc, then a = b" to be a true statement?

(b) Write an "if and only if" statement for multiplicatio4;and

equality.

30



Thus we have two "properties" of 'equality which hold fOr real numbers,

and so can:be usedto write equivalent equations:

(1) For all real numbers a, b,, and c, a = b if and only if

a + c-7 b + c.

4

(2) For all real numbers a, b, and c such that c / 0,, a`= b if

and only if ac =thc.

For convenience, we shall refer to (1) as the addition property of

equality and to (2) as the multiplication Property of equality.
.

1.

For the equation 5r +.120 = 3r. + 250, then, we could have written a

chain of equivalent equations as follows:

(1) 5r - 120 = 3r + 250 < > 5r + 120 + (-120) = 3r + 250 +

>
5r = 3r. + 130 (3)

5r + ( -3r) = 130 (4)

2r = 130 (5)

<7=7,=> r = 65 (6)

The solution set of equation (6) is obviously (651, and we have used

properties which hold for all real numbers. Hence we know that the 'solution

set of,equation (1) is also (65).

Note that the symbol "< )." and its meaning 'is 'equivalent to" are

other-wa#s of saying "if and only if." For example,

r x +3= 5< ;>x =2

could be stated: "x = 5 is true if andOnly if x. = 2 is true."

That is, if x + = 5, then x = 2, and, if x = 2, then x + 3 = 5

Exercises 23 -1c

1. For each equation in the chain of equations equivalent' to

5r +.120 = 3,r + 250, tell which property applies.

Complete each of the following so,that the two.equations ore equiva-.

lent, and indicate which property of equality has been used:

(a) x 7 < > x f- 3

(b) 5x = 12< > x

(c, ,x - .02 = 3 - ,> x =
m.

(d) 1(5.3 = x + 4 < = x

(e) 27 = x < -> = x

3



3-

2
(f) C = 2gr

(g) 7x = 6x - 3 <==> x =

(h) p a + if5 c =b
.

State the solution set of each of ,the of_owing equations. .(Show the

steps you take, and indicate where use the addition and multiplica-

tion properties of equality.)

(a) 3x + 72= 16

(b) 2x - 2 = 2 -

( Bx - 4 = 5x + 9

.,(d) .03x + 12 = .05x + 3

(e) .03 (x + 12) = .05 (x 3)

(f) 7x + 10 - = 3 (x + 1)

4. The addition and multiplication properties of equality can be used in

changing a formula from oil. form to another. For example, the equation

F =
5

C + 32- is the conversion formula used in changing a temperature .

measurement from Centigrade degrees to Fahrenheit degrees. The same

,

formula could be used to change Fahrenheit degrees to Centigrade degrees.

However, it is more convenient to use a formula' which is obtained as

follows: G,

If F =
5

C 32,

then F - 32 =
9

C,
5

or C = F - 32,
5

by the addition property of equality

and C 2
9
(F 32), by the multiplication property of equality.

(a) Name the following temperature measurements .in Fahrenheit degrees:

0 °C;' 60
o
C; 100

o
CI. -40 °C.

(b) Name the following temperature measurements in Centigrade degreeS:

0°F; 23°F;' 59 °F; 104°F..

28 32
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5. Use the addition and multiplicatiOn properties,of equality to write

formulas as indicated; in (a)-(c) use whichever formula-is more con-

venient to find the values indicated.
Pis

(a) If P = 22 + 2w; then .w =

1 .

If .2 -f in. and w = 3 in.,, then P =

If P = 18 ft. . and 2 = 5.7 ft., then w =

(b) If L = 2scr h, then r =

Find L if r = 3.5 in. and h = 7 in. (use IT "4 3
7

Find r if L = 330 sq. ft. and h = 42 ft. (use. II m 3.13).

(c). If A = p + prt, then r =

Find A if p = 200 (dollars), r = 3%, and t = 5 (years).

If A = 168 (dollars), p = 150 (dollars), and t..= 3 (years),

then -r = %.

1
(d) If s = at - T gt

2
, then a

(e) If E = I(R + r), then R =

As we have seen,: an equation can serve as a model for the situation in

a probleM. The solUtion of the'equation indicates the answer to the question

raised to the problem.

Example

"The diyance an object fall's airing the first second is 32 feet

less thanthe distance it falls during the second second. During the,two

1
-.

seconds it falls .48 f et. HOw far does. it fal4during the .second second?"

If d represents a number of feet that an object falls during thee,

second second, we can write the following functional, relationships involved

in thQ-problem:

Function Descrip-41 of Outph,t

f : d d - 32 The, distance In object rails during
the ,et% second

g d d - 32) + d The distance an object falls. during
two seconds



.1

We are looking for a value of d such thafi the output of, g is 48,

Thus an equation which serves as a model for the situation is

(d- 32) d = 48.

( - 32) + d = 48 + - 32 = 48

2d - 32 = 48

23 80-< >

d = 40.

The solution set of each equation is (40). Hence the object falls

40 feet during. the second second.

Exercises 23-1d

For each of the following problems, (a) -analyze the situation and_

write an equation which is a suitable model, (b) solve the equation, and

(c) interpret the solution and answer the question in the problem.

1. If you take one.-third of- a,number, you get the same result as if you

subtract 9 'Pfrom one-half the same number. What is.the number?

2. Ther,degrek, measure .of the largest angle of a triangle Is 15 more than

twice the degree measure of the smallest angle. The degree measure of

the third ang,lee is 10 .less than twice the degree measure of the

smallest angle. What is the measure of the smalleSt angle?

. 3 ' John has 15 feet of fencina. He plans to use it to enclose a rectangu-

tar garden 3 ft. .wide.

(1) How long can he make the garden, if he uses all of the

. fencing?

(2) Why will the shape of the garden not be o_ugolden rectangle"?.

(3) If he hat-one more foot Of fencing wo4 the shape then be

"golden rectan Ie"e'

The amount of $205 .iso be divided among Tom, Dick, and Hariy.

Dick is to have $15 more than Harry, and Tom is to have.twice as

much as Dick. -row must the 171,,ney. to divided?-

5. 'A square ,and an equilateral triangle have equal perimeters. A side .

of the triangle is five inches ldnger than6 side of the Square. What

is the length of the side of the :;quire?

3



Mr. Barton paid $176 for a freezer. The prick he paid was at a

discount of 12% of the marked price. What was the marked price?

7. John Jone's!s total pay was $166.40 for a week in which he worked

48 hours. He is paid "overtime" for all hours over 40 hours, at

the rate of 2 times his'normal rate. lilhat was his normal rate of

pay per hour?

23-2. Solving Linear Inequalities

Consider this problem: If Jolan had $2 more than twice the amount he

now has, he would still have less than $10. What do you knowabout the

amount of money he now has? .

If we use x to represent the number of dollars John might have, then

the following functional relationships are involved`in the problem.

Function Description of Output

x --*2x Twice the number of dollars John,-might
have

.x --*2x + 2 2 more than.twice the number of dollars

The phra; 'less than $10" suggests the relationship represented by

the inequality .

he might have

2x + 2 <10.

The problem implies that'Ohnhias some money, a fact that can be
7:-

represented by the inequality "x!> 0." Thus 'the situation in the prokblem

-can be modeled by the compouhd sentence,

2x + 2'< 10 and x > O.

One wa of determir4ng the

solution set of this sentence, and

thus answeri the question in the

problem,.1s b f a graph like

the one shown here..,

0
db.

k

s.

'31
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.Exercises 23 -2

(Class Discussion)

1. The point (4:10) is the intersection of the graphs of "y = 2x + 2"

and of "y = 10." At tliis'66Int, then, 2x.+ 2 = 10, and hence .x = 4.

(a) Between what two points on the graph of y = 2x + 2 is it true

that y < 10 and x > 0?

(b) Write a compound open sentence which describes the abscissas of

all of the points on the line between the two points you described

in (a). L.

(c) Use set-builder notation to state the solution set of the compound

sentence

2x + 2 < 10 and x > O.

(d) Use the solution set to help you answer the question in the

problem.

2. Suppose that the problem had_specified that his number of dollars was

an integer.

(a) whIlkoul41 be the graph in the coordinate,plane of the compound

'sentence with this added restriction?

(b) What is the solution set of the sentence

' 2x + 2 < 10 ..and x > 0 and x is an integer?

(c) With this restrictidn; answer the question "What do you know

about the. amount of money John now has?"

1,1f

For solving Many equations, a more efficient. method than'the use of a

graph is the writing of a chain of equivalent equations, with the final

equation having a solution set that is obvious. Is there, a similar method

for inequalities?

'We define equivalent
inequalities as inequalities which have the same

replacement set and the same solution set, and we continue to use the same

symbol, "< > ", for "is equivalent to." In the case of equation's, we wrote

equivalent equations by using the field properties, and the addition and

multiplication properties of equality.

2



You may recall that you have.already used the Addition Property of

Order and the Multiplication Property of Order for real numbers. These,

together with the field properties, enable us to write chains of inequalities.

In terms of the order relation "<", they can be stated:

Addition Property of.Order: For all real numbers a, b, and c,

if and only if a + c < b + c.

lication Property of.Order: For. all real numbers a, b, and

c such that c # 0,

(1) a < b. if and only if 0 < c, and ac < bc.'

(2) a <,b. if and only if c < 0 and bc < ac.

Since "b > a"_ can be equivblently expressed as "a < b", similar state ;-

ments can be made in terms. of the relation '">".

For the inequality 2x + 2 < 10, we could find the solution set by

writing the following chain of equivalent inequalities:

2x + 2 < 1.0..> 2x < 8
\ x < 4.

(x : x < 4)' is the solution set 'of the final inequality so it is also the

solution set of 2x + 2 < 10. For the compound sentence

we have as solution set

2x +2 < 10 and x > 0

: 0 < x < .

Exercises 23-2b

Use a chain of eauivalent inequalities tofind the solution set of

each inequality. 0.

Example: 2x + 5 < 11 <7-7> 2x < 6

<=> x < 3

The solution set is

;.(a) x + 7 < 10

(b) x , 2 < 5'

(c) x + .9 < 3.2

(d) x + .03 >

(x : x <-3)

(e) 3x + 5 > 2x + 4

(f) x - 9 < 2
3

(g) .x +. 5 3it > 9

(h) 5x - 2 < 4x + .04

JJ

3 7.

.00



2. (a) 3x < 5

L (b)
1
x < 5

(c) -3x < 5

(d) .4x > 6

3: ) 2x + 3 > 5

(b) 2x + 3 >.-5.

(c) '-2x.+ 3 < -5

(d) -2x.+ 1 <

4. (a) Draw number line graphs for the

Ixl. = 5

ix1 < 5

Ix! > 5

(b) Draw a number line graph and state the solution'.14et for each of

the following:.

(e) 1.2x.>.6

(f) -1.5x > 0.75

(g) - x > -2
1

5

(h) 17x < -23

(e) 5 - 2x < 4x - 3

(f) -(2 + x) > 3 - 7

(g) -2 + 5 3 .> 4x + 7 - 2x

following:

Ix' + 2 < 5

IXI 2 > 5

5. For each of the foling, find the values of x for which the state-

ment is true.

(a) 5 - 3 < x (c) 15 - 31 < x

(b) 3 - 5 < x (d) 13 - 51 < x

For each of the followi problems, (a) analyze the situation and...state

an inequality which is a suitable model; (b) solve the inequality; and

(c) interpret the solution and answer the question in the problem.

6. The body of a certain missile is eleven times the length of its nose

cone. The total length of the missile is at least 100 feet. How

long must the nose cone be? (Note that you cannot answer this with

a single number.)

Two cars start from the same point, at the'same time, and travel in

opposite directions. One car travels 10 .miles. per hour faster than

the other.\ At the end of 3 hours they are more than 200 miles.

apart- What do you know.about the rate of each car?
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If a number of flower bulbs of a certain type are planted, it is

known that fewer than 7
n. of them will grow. However, with proper

care, at least of them will do well. If a careful gardener grows

18 of these bulbs, how many did he probably plant?

9. Jim receives $1.75 per hour for work which he does in his spare time.

He is saving his money to buy a car which will cost him at least $75.

What is the smallest integral number of hours he must work?

The Multiplication Property of Order can be used to help.us discover.

and prove other interesting and useful facta.about order. For example, if

you know the order of two numbers, what do you kno14 about theorder of their

'4644reciprocals?

Exercises 23-2c

(Class Discussion)

- 1 1
1. 5 < 8 is true and rr

5
< is true.

o

1
2 < 3 is true and < 7 is true.

(a) `Do you think then, that for all real numbers a -and b, if

. a < b, then 3t < ? What about

1
-3 <

1
2 is true; is < - also true?

2

-3° and 2?

What about -3 and

-3 <.-2 is true; is -
2 3

< - also true?

(b) Thus we must consider three cases:

(1) If a < b and both are positive;

(2) If a < b and both are ,

(3) If a <b, with a negative and b

Why do we not need to consider the case of a < b,

with a positive and b negative? Why must a and b

be nonzero?
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o .

(c) Complete these preofs:,

(1) Suppose that a and b are positivp real numbers such

that a < b.

a >.0, hence
1

0; b > 0,.
1

hence 0.
a b-r_ (>,<,..)

Thus,

.

Since

1 1
0.

b
T17,7;F)--

a < b and.
1 .1

a b

a(-
1 1

) < b(
a b

(2) Suppose that

that a < b.

(3)

)

a and b are negatlite real numbers such

------

1 1
a < 0, hence

a

b °< 0, hence
1

b'
Cr .

1 1

a b
0.

0. -
(You complete the proof.) .

Suppgse that a is a negative,real number,,and

positive real number. Then a

m

< 0, End 0 hence

If a < 0, then

. . 8

-What we have just p'roved

the reciprocals of two ,numbera:

For any two nonzero real numbers. p and if a < b, then .

t a

1 1

a

.0; if 0 < b, ,ten.

can be stated as a theorem about the/Orde;-of,

if both a and b are positive or both a and b

are negatiVe,

1 .
'b1 f

a is-negat4ve.and b is positive:.
a

j6 40.



Exercises 23-2d

1. State and prove a general property.about the order of the opposites

of two numbers .a and b such that a <

. .

2. If a-< b, wish a.", and b both positive, prove that :a2 <*ba.

3

1

If a < b,. with sa and b both negative; what can you prove about

the order of a
2

and b2? I

4: 'If; a < b, with a negative and b positive, what can you

about the order of
a2

and b2? If you also know.that la!

what can you prove about the order of a
2

and b
2
?

If a 0,. prove that a,
2

> 0.

23-3. Solving Fractional Equations

prove

< Ibl,.

Suppos that we consider finding a solution to the following problem,

A

uation to serve as a model, and,then solving the equation.

pump fills a ceetain tank twice a..fast as a smaller

p 'does. If they work together they fill the tank in.
010

16 minutes. How long does the .larger pump 'require if it

works alone?

If x represents a number of minutes a pump.requ res to fill a

certain tank,. we can wri. these functional relationships

\'.

_,Function Description o Output

:x
2

x The number of minutes'required -by a

M t

h : x
1

(x / 0)
1

2
x

pump which fills a certain tank

twice as fast as-a'pump which

requires ,x minutes

The part of thetank filled in one

111inut by a pumnp which requires

.minutes to fill the entire tank

The part of the tank filled in one

minute by a pump which requires
'2

1x

37

minutes to fill the entire tank

4.1



F
1 +
x

- If it takes the two pu

tank, we can think of the result as the same as for one "super-pump" working

for.16 minutes. The. output of f dtion

The part'of the-tank filled:in one

minute by both pumps working

tbgeth6r

s working together 16 minutes to fill the

for

'g.: x / 0)

1
an input of 16 is . -Hence the

16
11 per-Rump," or the combination of

the twopuMps/fills of the tank in 1 ute.

. .

Thus, in crier to answer. the question in theNproblem we need to find.

a value of x for which the output of the function. NNN

1is. 7.

F x -1: + (x

We can state 'this as the compound sentence

1.+ 1
+ 7. and x / 0.

x i 1
5c

Exercises 23-3a

lass. Discussion)

1. What is -Chasgmlin o of fUnctions:g, h, and F? Why? What,

then, is the replacement set for -the equation

1

I -'
- + and x /

2. . Complete this.chain of equivalent equations.

1 1 1- + - -
x ° , .16

x

an x

1 1
+

x.
and x
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3. State the solution set of the sentence

)1c + 1
_ 1 and. x

2
x

ow Ding dOes,the larger pump. require to Pill the tank?

In the discussion above, note:that all of the compound sentences have

the same replacement set, (x x 0). That is, the replacement set for

the sentence is the domain of the function

1
x /.0).

x
F : x > +

1

/71

The value 0 for x is,Aciuded from the domain of: the funCtiOn.

This is bec6use'the number 0 has, no reciprocal, and.hence
1

has no

meaning for x = 0. In fact, the domain of a function cannot include any

values of the variable for which the function is not defined.

1.

Exercises 2-3b

.
For each of the following expressions, indicate the values of:the

variable for which the expression could not define a function.

x .

g) x(x + 7 x 5)

(b)
1

2
x- + 7 x + 5

J

7

(d)
lxi 7

(e)

(f)

1

1.4t + 7

1

;(x - 1)(x+ 3),

For each of the following, the

rear numbers,

replacement set.

(i)
IxI - 3

2

(k)
Ix(

<3,

replacement set is not the_set of all

lace each by a compound sentence which indicatls the

39
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Example:
1

- 6 has no meaning for

(a)

+2
d sentence

x + 1 3

2 3Y1
,(b)

r

(c) 2-Irc = x 4-1

1
X +

so we write the

and x / - .

1 2'+ 3y
(d) y

( ) 3 1
e' t t + 1

W. With the restrictions on.theyeplacement set stated by Writing a'

compound sentence, we can write a chain of equivalent sentences for any

fractional equation, that is, for any equation involving a fraction containing

a variable ih its denominator. To dp;this'We again use the field properties

and the addition and multiplication properties of equality.

Example 1. Solye
x

5
1

- 3 and / lw

5
3 and x 1. < - 1)

x - 1

5
x 1

- 3(x -

<._4> 5 = 3x - 3 and x / 1

> 3x:= 8 and x / '1

8,` andand x / 1

The 'solution set is I-8 )

3

2 ' 2
Example 2. Solve -

n + 1
and n./ 0, n / -1,

n

and' n / 0,2
- -
n n

and x 1

> 2(n + 1) = 2n and n / 0, n # -1

< > 2n + 2 = 2n and n / 0, n / -

. < " ,> 2= 0 and n / 0, n /

Since the is no valueof n for which- 2 = 0 is a true statement,

the solution set is 0.



Example 3.

x - 3

Solve
3

3

x 3
and

33 x / 3 (x 3) (x 3
x 3 -x 3

>x = 3 and x / 3

3

x - and

1
f Since there is no value of x for .which both parts-of the compound

sentence x =.3 and x / 3 are true, the solution set is 0.

"Exercises 23-3c

1. By writing a chain of equivalences, determine the solution set of each

of the following:

2 2
X x

x x
2 3

=10 and x #0

= 10

1 2
x +

x
=

x
and x #0

x +.
2 1

and x /X= x

1

(e) t

l
(f)

2

(g) t

1
and

and

and

t /

t /

t /

0,

0,

0,

t

t

t

/ 1

/ 1

/.1

t - 1

1

1 - t

1

t - 1
a

2. For'each of the following, if the replacemelpet is not the set of

all real numbers, write a compound sentence by adding a clause or

clauses restricting the replacement set. Then use a chain of equiva-

lent sentences to determine the solution set:

(a)
5 4.

x + 1

(b), 5 -4
x + 1

(e) X2.

2
+ 5

- 0
x + 5

2
x

2
(d) + 5 - 1

x +.5

(e) =

(f) 2 -3

2x

2

2 '+
5

(g) - 1
x - 5

(t() 21)7
x + 1

.1/Tc

17 = 33

(i) 115
Ix' + 2

(k) 5 - 3
xl + 2

(m)

4x + x + 6
2

X
+ 3 =



I

For a variety of problems applying fractional equations., the equation

1 1 1
takes the general fOrm

a b
+ - .

An instanceof this which you have
c

already seen is the problem with which this section started, about two pumps

filling a tank. To solve the problem, we wrote the compound sentence

1 1 1

7
7 x

and x / 0, and found its solution set.

Another application is in electricity.

and b ohms, respectively are connected

in parallel,.the total resistance, c

ohme, of the circuit is given by the

equation

1 1, 1

a b

If two resistances,- of a ohms

F ercises 233d

lass Discussion)

a

WW`

b

Ia. an electrical c' suit in which two resistances are connected in

parallel, ger resistance is three times the smaller resistance, The

total 'res" tance is 3, ohms. What is the smaller resistance?

1. f r repr s nts.a number of.ohms .resistance, complete-these state-

ments of ional relationships suggested by the problem:

Funct

g.: r -)

h : r -)

F : r
1 1

r 3r.

.Description of Output .

A number, of ohms resistance which is ,

three triles a resistance of

ohms

The reciprocal of

The reciprocal of 3r

The sum 'of the reciprocals of r and

2. . (a) The total resistance for thecircuit is 3 ohms.. W rill
1 1

equation which suites that the output of F r + -- is
r 3r

the reciprocal of 3.

.(b) What is thej'eplacement set for the equation?

(c) Write a compound sentence combining the information in parts (a)

.
and (b).,



3. (a) Use a chain of equivalent sentences to determine the solution set

of the compound sentence in 2(c).

(b) How many ohms are in the smaller resistancql?

'The next set of

mathematical model is an equation of the

exercises includes some problems for which a usefu]

general form

1
+

1 1

a b c

',Tor other problems, you may find a different form of equation. In each case,

looking for functional relationshilis will help you find a suitable equation

to use.

Exercises 23 -3c

For each of:the following problems (a) write

which is a suitable model for the situation !(t,) find

mathematical sentence

the solution set of

the sentence, and;.(c) answer the question in the problem.

1. Printrhg press A can do a certain job in 3 hours, and press B

can do the .same job in 2 houts. If botilkor.ressea work on the'job

at the same time, 1.n.how many hours will they complete it?
*-, I

One bulldozer can clear land twice ns ic!),Et-a\sa smaller one. Together\1 fl
they clear a large tract in 17 hours lbw long would the,larger

bulldozer alone take?

3. Air.. conditioner A is found -Y,o.lowet the t
A

degrees in the first 12 .mintit04.nWithlir conditioner

perature of a room 10

B working

with A, the first change clf., takes,10()* minutes How long would
I

the device B alone needTtCrtirdae4 .a.g_change of 10°2

4. In 5 certain schdol, the rati;o i?t1S -7
7

. If there
_ b

were 2600 students in theilapi.J.:Y.5.-many..gils'Were there?.

5.
-.'.

A certain mixture for killing 7*thill5i)-12:e."m'a,0 ratio of 3

parts of .weed- killer to 17 -104#87p.-t, N*;manyqUarts of

weed-killer should be

filled up with water

6. Don averaged

put in ta-.!10.--011optahli:whi.ch'is going to

make .10,'-&1ldn.57of

be

36 m.p.h. when dtlying'iVO wpr when

driving. home on the same route. HO, Aj.m6tUrni:ng wat 1.18 minutes

more than his time going to work.. illstialcing the route,



from his.home to his work.

Suggestion:4 Use the fact that time -
distance

rate

7. A troop of scouts hiked a distance of 15 miles to the council scout

cabin. They returned in cars over the same road at an average rate of

30 miles an hour. If the round trip had to be made in not more than

5-1 hours, at what rate did they have to hike out?
2

8. .

Two resistances are connected in parallel in an electrical circuit.

.

The smaller of the resistances is 2 ohms less than the.larger, and

tale total resistance equals n of tar smaller resistance. Find the

C.--

9
smaller resistance.

Another type of problem for which we have a.mathematical model of the

forth
a b

+ = is one which involves a simple lens, as pictured here.

0

If f represents the focal length of a lens, p represents the dis-

tance of an object from the lea, and q represents the distance of

the image of the same object from the lens, then A

1

P 17

',110aocal
1

length of the lens of a camera is in., at what

.4from the lens will the image of an object lie if the dis
-a

W:h4'-the object from the lens is 10 feet?

(2)

(3)

you were building a camera such that the distance from the

ns tothe film would be 0.6 in., what focal length should the

lens have so that you will get a distinct image of an object which

is at a,distance of 10 feet from the.camera?

What focal length would you need to get a distinct image at 20

feet? at 5 feet?

.Express the focal lengths_that you found in parts (1) and (2) as

3-place decimals, and comment.

44
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11. : In the figure shown here, with

AB, CD,. an MN all i to BD,

we can prove that

(a) Complete the proof:

AMU - 61AB, hence
h f.

e + f

6BMN - A , hence. ( )
- e

Y ( )

h
+ _

h (

x y + f

1
+

1
=

x y

(b) Explain why the length. of BD has no part ill the relationship.

12. Suppose that A' and CD are

corners of two houses, and that

wires are stretched from A to

D and from B to C, as shown,

intersecting at M. If AB = 35

feet, CD = 25 feet and BD = 50

feet, find h, the height above

the ground of point M.

III I

35'

23-4. Inequalities Involving Fractions

We defined equivalent tngqualities as inequalities which havg.the .same

replacement set and the'same solution set. In writing chains of equivalent

inequalities we can use-the field properties as well as the Addition and

Multiplication Properties. of Order. .t*

However, if we have an inequality, which involves a raction whose

denominator contains the variable, special care is needed in applying the

Multiplication Property of Order,. Separate results must be considered for

the case in which the multiplier is positive and that in which it is negative.

45
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Example: So ve
2 <

1

x x

Case 1: x > 0

, and

2<
< + 3 and x> 0 > < 3 and x> 0

x' x x

1 < 3x and x > 0

3

1
< .x and x > 0

Solution set: (x x >
3

Case 2: x < 0

2
< 1 + 3 and x< 0\< > 1

< 3 and. x < 0
x x x

1 >3x. and x <0

< > 3 > x lizjnd x < 0

Solution set:. x < 0)

2
The solution set of <

1
+ 3 and x # 0 is

x x

1 U(x : x > -3 (x : x < g = (x : x < 0. or x >
3 3

Its gr

Exercises 23 -ti .

1. For each of the following expressions, state the set 4' real numbers.

for which the number represented by the expression is zero, is nega-',,

tive, Qis positive.

Expression. 0 Negative Positive

(a) x - 2 (2) (x x < 2)

(b) x + 2

CO x2 -

(d) x
2

+ 9

(e) -3x

(f) -(x2 + 1)

(g) ix! -

xI + 1

146
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Find the solution set for each inequality.'a-hearaw number line graphs
r.

as indicated.

2. (a) I
2
- < 1 and y >2

Y

(b)
y
--I--

2
< 3 and y < 2

(c)
y
'Y

2'
< 3 and / 2; draw the graph.

< 5 and x > 0
x x

.(b)
x x

- 1 < 5. and x < 0

(c)
x x

- < 5 and x 0; draw the graph

x .x(a) 7.7
3

1
(
)' 2 + 3 > and.

x .> 0
x' x

(b),
2 r
+ 3 > and x < 0

x x

1
+ 3 > and(c)

2 X / 0;° draw the graph.
x x

5 . (a) -X - > 2 and. y > -3
Y + 3

Y > 2 and y -3.:(b).
Y -1- 3

.

' ( c)

Y
Y4-- > 2 and .3, / -3

+ 3

For each of the following problems (a) write a mathematical sentence

which is a suitable model for the situation, (b) find the solution set of the

sentence, and (0 answer the question in the pr,'.-dem.

6. In planning a school building, it is decided that, in order to allow

enough air, each room should contain at feast 270 cubic feet for

each pupil., A room 30 feet 1.y 24 feet is to seat. 36 pupils. At

wht height might the ceiling be placed?

An stsectrical circuit consists of two resistances connected in parallel.

'4,

.
The larger resistance is twice the smaller resistance, and the total

. resistance is less than 2' ohms. What is the smaller resistance?
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8. Mr. Brown drives 4 miles through traffic at an average rate of 20

miles per hour. What should be his average rate,for 36 miles of

freeway driving if he is to cover' the entire 40 miles in less than

45 minutes?

The disinfectant on hand in a certain hospital contains. 30% active

ingredient. To reduce the proportion of active ingredient, water can

be added. How much water would you add to 2 quarts of the disinfec-

tant so that the proportion of active ingredient would be more than

10% but would.nCft exceed 2012?

Equation's Involving Factors Who9s,Produnt. is 0

Exercises' 23-5a

(Class Discussion)

Suppose that you want to solve.the equation

x
2

- 2x = 0.

1. (a) Using the:addition property

of equality, an equivalent

equation is

2
x =

(b) Study this figure showing

the graphs of the two func-

tions

f x x2

and

g : x -)2x.

For x
2 = 2x ^ to be true, we

are looking for values of x

for which the outputs of the

two functions are the same. .

What points on the graphs.

fulfill this requirement?

2
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(c) What are the coordinates of the points of intersection? Then for

what values of x. does x
2

= 2x? What is the. solution set of

x
2

-.2x = 0? s
o

2. (a) For the equation x
2

- 2x = 0, we can use the distributive

property to write the equivalent equation x( ) =

(b) Verify that the members of the solution set as found graphically

also satisfy the equation'

From the equation.

x(x - 2) = O.

x(x - 2) = 0

we might guess.that the solution set is (0, 2). Our guess might be based on

our knowledge that for any two numbers a and b, if either or both of them

are 0, then the product is ,O. Actually, what we need here is the reverse

statement: if the product of two numbers is 0,- then at least one of them

must be O.

Exercises 23-5b

(Class DiscuSsion)

'Supply reasons for the. steps of the following proof of the statement:

For all real numbers a and b, if ab = 0, then a = 0 b =p.

For any number, a, a = 0 or a /1), but not both. If a = 0,

then "la.= 0 or 'b = 0" is true and the theorem is true.

If a / 0, then a ,reciprocalhas a ,reciprocal ja If ab = O. and

a.# 0, then

l'k, N
( .. ..Tab, =

1

a

(b) a(ab) = 0

(c) (la: ' a)b-= 0

49
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why?

why?
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The statement. just proved and the multiplication pr-oper* of 0

be combined into a single theorem:

For all. real numbers, a and b, @b..= 0 if and only if

a = 0 or b = O..

What we have proved is an 'important fact that will be helpful in

)
Here.':are some examples.solving equations involving products.

Example 2.. Solve 2x
2

+ 5x = 0.

can

2x
2
+ 5x = x(,;x + 5) = 0, Distributive property.

x = 0 or 2x + 5 = 0. If ab = 0, then a =

or 15 = O.

r
...> x = 0 or .2x = -5 Addition property of

equality.

<,===> 74 =:o or x = Multiplidatign property

of equality:

gTh4solution set of the .last sentence, and .hence of the original

.sentence, is (0, - i).

Example 2. Solve .x
2

- 25 =

x
2

- 25 =.0 - 5)(x + 5) = 0, 02*- b = (a + b)(a - b

- 5 = 0 x +5 = 0. df ab = 0, then a =

or b = 0.

- 5 or x = -5 :
Addition property of

:,equality.

.

The solution zet of each sentence in the Chain is ( -5, 51.
. .

Example .3. Solve x(x + 3) 2.(x + 3).

x(x + 3) = 2(x + .< j x(x. 3) -2 x 34 0, Addition_ property
of. equality..

<=7..7> -, 2)(x 3) = 0, Distributive
property-

The solution 'set, is (2,

x- - 2 7 0 or x + = 0. If .ab = then
=.0 Or b = 0.

or Addition property
of -equality..



In,Example 3, note that we cannot simply multiply each side of the

original ,equationby
1

+ 3
and-get x =.2 as an equivalent equation. Why?

Exercises 23-5c

olve each of the following eqUations.

1 (x t)(x 5)

2. 4)2 = 0

3. .
X 4 =

4. ' x
2

- 4x = 0

5. x 2 = 0 (this i equivalent 'cc')

6 . x
2

+ 2 = 0

7. x(x 7)'= 3(x 7)

8. 5(x + 1)

.(X 47 3)(2Z +. 1)(4X - ='

10. x3 = 25x

Another use of the /equivalence
'

ab =0 < > fa = 0 or b = 0

is in solving a fractional equation on such as

x 0! , and x / -1.,

xercLes OT-5d

(Class DisdusGion

and x -1 < 3) (

a' .,

f.

= 0 and x / -1

=0 or

(
6r

/7--

2. There is no.real number_. such that
x

1

+ 1
0; hence:the

1

x

1.

+ 1

0 atri'd° t
. .

and
x

set is

14:,

4

-1



';',A'
.,:,

A . .

'3. Aq IgipoA'ant fact to bg.n2pedwhere is.that if a fraction has the value

'-°(:), illepothe 04 of. the fraction is 'equal to O. The fraction has

no meaning if ,the value of-,t,ht!denOminator'is
4

A,A.

In general terms, we"c state that, for all real numbers a, and

T :
a 0., .

.

, 11),/ 0,, t- = O. if did only if a 400.
./

- -- 4n=

,
Sorire:; 41 ,....

f \ x2 ,
0

1. lie) -.7F-z-- - ®

x + 1

4ExerJcises

c)

. 2

2 - 2
x + 1 x

2
x +

2
0

x + 1
4.

(a) 5 ="fit)
(Suggestion:

fraction.)

(b)' 3 5 2= o and y / 0

3. (a) (x 5)(x2 = 0

cb)
ti 5)(x

(c) (x + 5) (x2 - 16) = o

4. (,) 2a 5 ia4+ 5 =
` 5

(b) a 4. 5 5 - 0 and
29. .54 7

5 .7'(c)-
a .+ 5 2a r

-0 -a:1 a /

23 -6.. Inequalities Invelving Products

We have se6ethat, f
i;

ro 'all real numbers a and b,. ab = 0 c ->?ja

"

br`'b = 0: t.Wow let is look at. some inequalitis concerning a, b, an O.'

a

write 2
as a singlg



Exercises 23_,,_________

(Class Discussion) -

Explain how you knOw that, if a and b are.real numbers such that

ab / 0,' then neither a nor b has the value O.

2. If ab / 0, then either ab > 0 or ab 0.

3. If ab > 0, then we are sure that,e1ther a > 0 and b 0- or.

a 0 and b 0.-*

4., If ab < 0, what do we know about a and b?

5. If 1:3--3- > 0 and b / 0, what do we know about a and b?

6. If
a
T < 0 and b # 0, what. do we know about a and b?

Obviously', tbe solution-setof a sentence in any of the forms stated

in Exercises 3 to 6 above is more complicated to determine than that of an,
'a

equation of-the form' ab ---.. 0,

,

Tor the forM = 0.. However, no new properties

are involved..

Example 1. ''Solve (x + 2)(x 3) > O.

We know that, for all real n mbers a -and by if the product ab is

positive, then either both factors ar positive or both factors are negatiVe.

In symbols, this can be stated

ab >.0 <7:74> (a > 0 and b > 0) or (a < 0 and b < 0).

Thus

(x + 2)(x - 3)> 0 <> (x 2:> 0 and x - 3 > .0) or (x + 2 < 0 and x - 3 <

( x > -2 and x > 3) or (x < -2 and x < 3)

x >3 or x " -2.

The solution set is (x : x < or x >3).

The number line graph, of this set is

1

Example 2. Solve (X ± 2) (x - 3) <
* . - 2 - 1 0 1 2 3

For all realnumbers a and. b, if the product ab is.negative, then

one of the Oactors is positive and the other is negative. In symbols;

ab < 0 <=7.> (a > 0 and b or (a z 0 and b > 0) .

.
7



Hence. x 2)(x - 3) < 0 (X + 2 > 0 and x 3 < 0) or

(x + 2 < 0 ,and x - 3 > 0)

(x and x < 3) or (x < -2 and x >'3).

Since. there is no number which is both less than -2 and greater than 3,

the. solution set of the second part 'is 0, and we have the equivalence.

(x -17 2) (x + 3) < 0 x > nand x < 3

-2 <,x < 3

The.solution set is (x : -2 < x <

The number line graph is

Example 3. Solve

-3 -2 -1 0 1. 2 3
x + 2

) 0 and x / 3.
x - 3

For all real numbers a and b, if the quotient.
a

is positive,.."

then either b6th a and b are positive or both a,-and b are negative.

? rn symbols

Hen e
x 4-

x -

b

a
>ro y a > 0 and b > 0, or a < 0 and U 0

'0 and 3 (x > 0 and x - 3 > 0 and x Y3)

or (x 4 2 < 0 and - 3 < 0 and x / 3).

0
The solution set and the graph ere the same as those rriExample 1

ahoV,e.

Exercies 23 -6b

1. Solve (2x + 3(x - 3) > 0 and graph its solution set.

2. Solve x
2

K 25 and graph is solution set.

3. Solve

4. Solve

a
x 4- 3x < 0

3x - 2
x + 4

and graph itS solution :et.

and x / -h and graph it: solution set.

5. . (a)- Solve each of these: (x

(x

(x

+ )(x
3)

4- 2) (x 3)

5)

0

0

-,(b) Draw the graphs of the tii,ee .sentences on' three parallel number

lines. What do yoU observe.about the 'Union of the three sets?



6. (a) Solve each of these:
2-

x 3
- 0 and x / -3

x - 2
< 0 and x / -3

x.-1- 3

x - 2
> 0 and x / -3

x + 3

(b) Draw their.graphson three parallel number lines. What do you

observe about the union of the three sets?

Suppose that you needed to find the solution set of the inequdlity

(x + 3) (x + 2) (x 7 1) > 0.

To use a compound sentence for the purpose _is very complicated, since for a

.produdt abc of real numbers to.be positive we have to consider all posdible

cases in which two factors are negative, as well as the case in which no

factor is negative. In symbols,

abc >.0 > a > 0 and b > 0 and c > 0, or

> 0 and I'D < 0 and c < 0, or

a < 0 and b > 0 and c < 0, or

a < 0 and b < 0 and c >O.

The followinguse.of a number line graph shows a more effeCtive way

for dealing with such inequalities.

Exercises 23-6c

(Class Discussion)

1. Solve (x +.3)(x + 2)(x - 1) = 0, and show itsgraph:on the number

line.

2. What is true for each of the factors (X + 3), (x + 2) and -

for any x less than -3? (Try x = -4, for example.)

3. We-indicate on the number line the fact that for.any .x less than -3

all three factors are negative numbers and therefore their product is

negative:

Consider values of x between -3 and -2, between and 1, and

larger than 1 and de.cide for each case whether the product of the

factors is positive or negative.. Indicate yourdecision.on the number

line you'drew for Exercise 1.

55



4.. Since the values -3, -2, and 1 are those for which the product

has'the value 0, they are the points at which a factor changes its

sign from negative to positive or from positive to negative. Each

time that a single factor changes sign, the product changes sign.

Check your final diagram with that shown here:

-2 -1 0 1

irP

Use the diagram to help you state the solution set of each or tne

following and to draw the graph of each.

'(a) (x,+ 3)(x + 2)(x - 1) > 0

(b) (x + 3)(x + 2)(x - 1) < 1

Thus the number line can be used.as an aid in finding the solution set

o a sentence which states that the product abc #,0 +as.follows:

Find ail-values of the'variable for which the product

a .b ... = 0. Locate on the number line the points corres-.

',ponq.rig'to such Yiumbers.

- (2) ,FroM.ea01:.SectionEnto which Vie points separate the number line,

.select a ain4le':point, and. determine whether its coordinate makes

the product a -,,'.:.positive or negative.

Since the points for which the product is 0 are the only points at

which a factor changes its sign from positive to negative, all points in a,

given section represent numbers with the same sign as the coordinate of the

sample point from that section. Thus the solution, seta of a b c > 0

and of a b c < 0 can be readily determined.

.Exercises 23-6d

For each of the following, draw the graphs of the three sentences on

three parallel lines, and state the solution set

1. (a)

(b)

(c)

x(x'- 2)(x + 3) = 0

x(x - 2)(x + 3) > 0

- 2)(x + 3) < 0

56
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la) (x + 3)(x + 1) (x - 2) ( ) = 0
(b) (x + 3)(x + 1)(x - 2)(x) > 0
(c) (x + 3)(x + 1)(x - 2)(x) < 0

(a) (x2 - 1)(x + 3) ,= 0

(b) (x2 - 1) (x + 3) > 0

(c) (x2 - 1)(x + 3) < 0

4. (a) ..( + 5)(x + 14-)(x + 2)(x)(x - 3
v.

(b) + 5)(x + 4)(x + 2)(x)(x - 3)

(c) (x + 5)(x + 4)(x + 2)(x)(x

5 (a) (x - 1)2(x + 3) = 0

(b) (x - 1)2(x + 3) > 0

(c) (x - 1)2(x + 3) < 0
0

23-7. Summary

Section ` .:

The reglactmentx is
as the interSection:orthe. Albumins ';or'. all funations'inVolird-,.

the 'equation.'
. .

Eabl; value of the vari'ablle. Sc,r,.'whie$,,....dentence is true is ctAlied
s.

A 6o1ution of tAe::aentiene,e.':atid':.the, set of all such va1net
' the solution set.-:al''.th:..sefitence::-

),

1

Equations which haye:.ttie:;a,Sm6':r p-L'aCerhant set and.

'tion set .are calik,ct.,.equiYaient :equations .

.;An, equation may .S611,r.ad': a: chain of equivalent equa -
tionS auCh th the.; ,'-a9tiation in the chain has an obvious
solution ,..set SZ e tYie equatipns are ;all equivalent, the
solution set :Of ,th ir'AL e'quttion..s the solution set of the
original eqUeti$ti. .7

Proper :Use Of. any prOperties, or 'of' the addition or
:multipilatton'dpropert5i- of' eqUality, will lead from one
: ecluatigut hOniyale,nt !one .



The "properties" of equality are:

(1) Addition property of equality: For all real numbers a,

b, and c, a = b if and only if a + c = b + c.

(2) Multiplication property of.equality: For all real

s. numbers a, b, and c such that c / 0, .a = b if

and only if ac = bc.

We use the symbol "<=> " to mean "is equivalent to."

Section 23-2.

Equivalent inequalities 'are inequalities which have the same

replacement set and the same solution set.

Proper use of any of the field properties or of the Addition,or
-

the Multiplication Property of Order enable us to.

chain of equ*yalent inequalities, r

1

!

Stated in terms of the order relation "<", we have

Addition Property ,of Order: For all real numbers a,.b
,

.

and,'.c; 6<: bi,if and only if a + c < b + c.

Multiplication Property of Order: Far. all reaionumbers a,

b, and c such that c / O.

,(1). a < b if and only if 0' < c and ac < bc.

.(2) a < b if and only If c < 0 and. .bc

Since :11)-t .0" caa:be equivalently expressed, as "a <
.

similar.statementi-,-,Can be made in terms of the reldtion

WO used the Multiplication Property of Order to proVe the follow-

ing theorem. about the order of the. reciprocals of two numbers:

For any two nonzero real .numbers a and b, 1i n.< b, then

.T < T if both c and b are positive' or both a and b

are negative, ,

- 1
<.-

1
if is rieltive and b is. positive.

b



Section 23-3.

An equation involving fractions whose denominators have the value

0 for some values of the variable should be rewritten as a

compound sentence by adding a clause or clausegindicating

any restriction on the replacement set.

For' example

3 5 2

x x - 1 x

has no meaning for- 'x = 0 or. x = 1, hence we write

3 5 2 and x# 0, x /-
x x - 1 x

For such- compound sentences equivalent sentences can be written

by applying any of the field properties or.:the'additiOnOrH

multiplication property of equality,. - -

A fractional equation of the form

1 - =
a u ,c

was found to have several applications, including problems

concerned with filling a tank, with an electric

up o two resistances connected in parallel,.andwith t

objec and image distances in relation to a:lenS.

circuit made

Section 23-4.

In applying the Multiplication Property of Order-to tiirite.a chain

of inequalities equivalent to a fractionalIneqUa1i,ty.in

which the MultiPlierfcontains the Variable, separate considera-

tion must be given to each case that in--Which the multi-

plier is positive'and that in which it is _negative.

Section 23r5

A theorem which enables .us to solve an eqUation for which we Can

write an equivalent equation in the form ab =.0 is

For all real numbers, a and b, ab = 0 if and only if'

a = 0 or b = O.

59
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Another theorem, which follows from the one,just stated, is:

For all real numbers a, and b 0, b = 0 if and only

if a = 0.

Section 23-6.

and b, ab > 0 if and only if
For all real numbers a

a > 0 .and b ):0, or a < 0' and b < 0

For all real numbers a and b, ab < 0 if and only if:

a-> 0 and b < 0, or a < 0 and h > 0

For real numbers a and b, b # 0, -IT > 0 if and only if

a> 0 and b> 0, or a< 0 and b< 0

a

For real, number 117a and b, b / 0, .,< 0 if and only if:

0 :and b < 0), dr: a < 0 and b> 0

If a sentence states that the 'product of three or more factors

is greater than or less than .0, then the solution set of

the .sentence by means of an equivalent.compound sentences

becomes very complicated. An alternative, Method uses a
.

-

number line diagram as follows:-
. ,

(1) Find all values of the variable for which the product

is 0. Locate'on the number line-the points corres-

ponding to such numbers.

(2)- From each-section into which the points separate the

number line select a single point and determine whether

its eooiainate makch the product positive or negative,

(3) Since all points in a given section have'the same ,

effect on the sign of .the product, the solution.set of

either a 13:' c ;,. > 0 or of 'a b c ... < 0

, can be determined easily from the number line.



Chapter- 24

QUADRATIC FUN CTIONS

24-1. Introduction

.Consider the function

)",
f x-' ax2 + c

.sar,

where a, b, and. c ,are'real numbers.

* .

If a = 0, the function

becomes

g : x bx + e:

Its graph is a non-vertical line.

Figure 1 showsthe graphin the
,

Xi-plane of:the function

g :%x 3x - 2.

(Recall that the equaAion y "= bx

describes the output: y of' the

function :-x -) bx +

In particular, b also. is

0, the funCtion becomes the constant

furiction

c
0,-2)

h : x;-) c.

Its graph is"a, horizontalline.'r In.

-Figure 2 we show the 'graph of..

x

Figure 1

y=- -3

If a / 0, the function

f :,x ax2 + bx + c
Figure 2 r'

is called a quadratic unction. The word "quadratic" is derived from the

expresSion ax
2-

Latin. verb "quadrare", which :meahs "to make square"; the



invaves-the'square of the variable

expression of the type ax
2 + bx+ c

An equation of the type ax2 + be + c

equation.:

Figure 3 shows the graph of

-the Mesic.quadratic function

f x --+x
2

The graph of any function of the

type

ax
2
+ bx + c, .a 0

has this general shape, and is called

a parabola.

1. Consider the function

x. Similarly, for a i 0, an

is, called a quadratic expression.

= 0, a /0, is''talled a quadratic

0
X
ti

Exercises 21i.1

(Class Discussion)

Figure 3

f : x --->ax
2

+ bx + c.

Name which type of function, constant, linear, or quadratic, f

given that :

(a) a = 0, b = 0, c\ 0

(.ID) .a = 0, b / 0, c = 0

(c). a = 0, b / 0, c / 0

(d) a / 0, b = 0, .c =0

(e) a /0, c 0'

/ b / 0,, c / 0

'2. About the year 1590,. Galileo prOved that the velocity of a freely

falling objett'is directly proportional to the time it falls. To

express this as a function of time t we might write.

h : t bt.

62,
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(a) Find the value of

( b)

(6)

b in'the. functiori

:'t -'bt

if you obsarye. that +2 seconds a ball dropped from-the

top, of a building attain6 a speed of 64 ft/sec.

Use the value for

function relating

Is it.a ' constants

found,in part (a) to write the

time in seconds to speed

a linear, or a quAd.ratic

What is the value of the. output :of,

h : t 32t

its ft/sec.
4

function?

for an .inpUt 'of. 57.: If A ball is dropped from a high

how 'fast is it falling at th6 end of -.5 seconds?

equatiOns with which we have dealt in earlier chapters are:.

x2 +.x =1.8001

2x = 0 64t = 16t2 = 48

- s,

EaCh of these is an example of equation.: .

The graph of each is a

The parabbla. is .A:curVe which

occurs in:',Iciany',PhySicasituAtions:

/-tis the path, of: a baktba.11 as it

is tossed into the basket, -the path .

Of a baseball hit .for a hoMe

the path of A bullet shot from a',
-

gun: Water falling, over a

predipice follow's. anabolic path;

as do sparks frOM: a skyrocket in

a fireworks display,

. When a. parabola is rotated about its axis, it .traces a parabolic

surface, called a paraboloid. When a sogrce of light,ls placed. at a certain

point, called the focus, all of the light 'triking the sUrfaCa iA.reflect6,4



'in parallel' lines, as shown in

Figure The headlights of,cars,

.searchlights,
,
and'beamed radio,

transmissions make use of this'

property.

Ina similar fashion, a

parabolic Surface,clp tejused to

collect heat from Sunlight, by

-concentrating at the focus the

parallel rays from the sun. This use

of a paraboloid as an "accumulator"

also.occurs in telescopes and in

radar listening devices.

.

axis

focUs

Functions of t Type x
2
, a

In

Ns,-,

In the last section tae defined dquadratic function as a furiktioll of

the general form-
ti

.

f. : x -) ax
2 + bx + c, and

specialInthis section we shall look at the

for which b = 0 and c ='0.

We called the graph :in.-Figure 3.
of Section 24-1 the graph'cifthe ,

.basic quadratic function

r 2
f : x x ;

0..
" '

case of the quadratic

that is, the graph of the function

X ax for a 74,1.

Figure 5 shows the graphs

of the equations y x and

y =.1xl on the same set of' '

Y

111

0



1.

Use Figure 5

'hat set (4

to help

Exercise

Cl.ass Discussion)
fq

you to answer thek_folnwing 'questions..

ered 5a rs is it tie that y = x and

2. (a) Foie what set of values. o ,x is 1X1 >

(b) For' wh4 set of values of x is 1 xl < x2?

2
(a) For (x : 0 < x <:1) tie graph .of4.y = x above or below

the graph of y = .? For what other set of valueg of. 'x is

the same fact'true of the. two graphs?

(b) For : x < -1)

graph of y = ixi

is the graph of y = x2 a iove

? For whuL other sett of values

".same facttr.u*,of the' two graphs?

4. What is the slope of

(a) the 'ray Which is the graph of Y=1

the graph of y = 1*1 and .x < 0?

L.

Next we compare the graphs of

y = ax
2

and, of y = aixk for some

cases where a > 0 and a / 1

Figure 6 shows the graphs' of

7 = 2x2, y =.21x1,

1 2
Y = x ; -31-i N.

or below the

1 and x: >40?
V.

47.

,

65
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Exercis4 24-2b.

(Class4,Discussi

Use. Figure 69to At 1p you answer the fcAlimwitg questidus.
: ez ,,.

0.4, "C....._.----""

Fo.;' what set of ordered pats is it trutythat*

.. = 2x '4-1. And'. y 21x1 ?
.

5'
+7, .w1

(b) x2 and =.7- ? r.
.41

. .

V .

For what set of .values of x is

)
2'

2x 2Ixf? (b) 21x1 < 2x2
.?

4
(c) x <11,),?, e,a5' Ixl < t-V?.

ke)

(b)

0
For alLmon ero values .of x, is the graph of y ex above

2 1 2
or below*the. vap411 of y x Is the graph of y.,= xt

k '".abovetr ikelbw the graph, of y ?
-

as at 4:0
.- 1 1

For all nonzero,iv.lues of X,. is the graph of y = -4- ix'

or below.the graph of y .414.xl ? Is the graph of y = 2Lx
above or betcw. the graph Of',..6= 1xl ?

- ,, ; * ".%...t

,..

Let us see wha.5.erriera,1 observations.kw can make cone" rning

y = ax2 for a ->. 0. , :5-, ca ,
.,2.. 1, 4:Aci

(a) If x = 0, _then , y.= ''',.; if 1 xi =c:tp ,then y = a;
It

if 0 < 1 xl ..`< 1, teen 0 < G. < _00 if lx1 > 1, then
'-;

Y > ti 4
4:

:..4,

2 ,....t
ot

Ttl# graph of y = ax..g.i, a > 0, is arabo1a which opens upward.!.
''' ,CIts+lowest point is the oiigi.%, If a--. 1, tliq y = x ,

- t. °`
and its graph is t'he.pavibola shown in Figure 3,

''''..i, 441. ti-!
;.,- V541/4 , '4''' 2 fk

=-(' lli -"If O.< a' < 1, then does tithe graph of y ax ''''litt'

above or 'below the graph of y = .x, except et (6`, .0)?
/04

( 2 ) If" a > 1, *-then'except at ''-'( 0, 0)' 1104does the.. .ph of.
111'

e.:. y'= ex2 lie aboye or belbw the gr1.ph of t = x ?
7.

(c) Fob all real values pf x, which4of the following is the range
le .. i',,. ...

of y? A ..='!::(y : y > 0), 'B = (y : y > 0); C = (y : PA,.i.i.ls a

real number).
. t.

(b)

a
70



Think abut the graph of the equation, 7 = ax2 for a < 0 and try to
answer these questions.

' ff\
(a) Does the origin lie on thp graph?

(11,) Does the graph contain any points for which the ordinate (i.e.,
to ,value of y) . is positi-Ve?

(c)- TAscribe how you think 'the graph clothe first equation in each
pair compares with the graph of the second equation.

Y = Y = x

y = -3x; y = 3x

y = x; -v x
2 2

y 5x; y =.-5x .. .

10.4

In the graph of the function \I)
. .

f x > S5.2 a '> od

is a parabola which contains the origin. The domain of the function is the
set of all real numbers; its range is the set zif alVton-negatiiie real,

numberS: Thus the origin is.the lowest point on the graph and the ordinate,
0, of the origin4,d_s the minimum (or least) value of the function.,

`1

. db,

Let isz think of The graph of ,

x -> ax2 a = 1,
e 43,

shown here, as the' ''basic' pa oIa.
appatient that zf a :r'-'1. en

for any nonzero input the titI3Ut qf
.the futidt ion 4..1,611 greate4: than- tfle-corresponclin1g butritrt for the
ftgction whose gr4h- is the basic
parabola. Hence the t rap h of

x ax2, 44a > 1

is a parabola for which the origin'
is the minilmum, or lowest, plbiryt,,
but which is nargo Wer and steeper
than the basic parabola.

-

I

A /yi

As//0-
4

Figure 7



On the other hand, if 0 <a < 1, then for each nonzero input of

the function

x ax
2, 0 < a < 1.

the output is less `than the corresponding output of the function

and the graph is flatter and broader than the basic parabola.

In the final'exercise in
Exercises 24-2b y6u were asked to think, about

the graph .of y = ax
2

for a.< 0'. Another way to describe the graph is

tacall it the graph of the function

x ax
2

, a > O.

CoMpare this with the function.

x ax
2

, a >

and note the following facts about their graphs.

*
(1) For any nonzero value of. a, the graphs of tlp two functions

have the same shape.

(2) For each value of ,x, the ordinate of-the point on the graph

of one function is the opposite of the ordinate of the cor7

responding point on the_ graph of the other function.

2
(3); The graph of ax. , a./ 0, Is the graph of

x --ax
2

, a / 0, reflected in the: x-axis.

(4) The domain of the function

x --)ax2, a < 0

is the set df all real numbers; range is (y :y <

Exercises 24-2c

1. On One set of axes, draw

(a) x ixi

(c) x 1 x

the graphs of the following functions.

(b) x
2

2
(d) )(>r)C

2. On one set of axes, draw the.graphs of the following functiOns.

1 1 2
(a) x

3
ixl (b)

3
xl

1

(d) - x2
3( ) X -)

M

/



- .

If a = 0 in the' function x -)ax
2

, what kind of function results?

What is ita'graph?

_Draw the graph of the functiOn

f : x
1

X
2

.

(a) For these points 9n the graph of f, what are thefr images for

. the reflection on the Y -axis?

point

(2,2). 1Ci

(3,g)

(u,v)

image .

(b) Are the 4Mages of the points also on the graph?

(c) Fold your graph paper along the Y-axis; what do you observe*

about the two parts of the parabola?

(d) Recall that when a figure is invariant for a. reflection on a

line ' 2, the figure is said to be symmetAc, with line 2. as

axis of symMetry. What ks-the axis of symmetry-of.the parabOla

thatis the graph of f?

5. FOr each of the'following functions, tell whether or not the graph is

symmetric. If the graph is symmetric, state the axis of symmetry.

(a) f : x ax
2

', a / 0

(b) g x 4./ 6

(c) h : x -)a, a/ 0

(d) k : x -)alxl, a#

0

--A

6. In his experiment.with,falling bodies, Galileo :showed.that the

distance traveled by a falling body is a function of4he time spent

in, falling. When the time 'is .t seconds and the distan-ce is s' feet,.

the relation is described by the equation

I s = i6t
2,

which is the rule for the'function

f : t 16t2.

as

69
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(a) DraW,t9le graph of f. (Hint: instead, of using thb same scale

on both axes; let 1 unit on the. Y-axis .corresgopd to 8 units

on the X- axis.)
)

(b) If a ball is dropped from the tQp of a building' 400 feet higp,

in how many seconds will it reach the ground? If the. furietion

(c)

:'t 16t

is to serve as a mathematical model 917'the physical 'situation,..;

it is apparent that the domain of the function is restricted to'
the set of non-negative numbei'-s." Thus you must solve the

equation

16t2 = 400 arid i ?'0

162 = 400 and t > 0 =..
If a 'ball dropped from the top of a touter hits the'ground.
seconds, how high is the tower? Again the function

f : t 16t

can serve as a mathematical model. .of 'the, physidal. situation,'

0 < t < 6 . This time you are looking,ir the output corresponciln::

ing to\an_.:,1-tiput of 6

Suppose that a ball is dropped from:the' tei: of a'f-tater

'-ground after 10 :seconds. How high .is .tower? .

, -

Consid,er the function £ Such that for .such input we get an output

which ',is the s-qbare of the input. Vie Ispecifytht,-; f ,.:1(1-4 x2 .

fritieritly used notation, for indicating the'-;oultpUt of a function for a

given input n is :If( n)",e which i....usualiy Ytt. n'T 7 or

"f at n" . For the functiori, .

,
,

, Thus:, r x 4.,f .X e . f K, ,... x2 .: .1-6a s l'16.1-ie:.func-tion f
{ ) III04:±' 1` '''

assigns to each ,r1p_1,4..7,:::_, 1-i-dm. the - Yio int an otitp t( x) Si,bli: that

f(x) _is -A2 "- e ifittiction ,... .3.r).p1,444s a.Ta'rue of , x, and the

born a.-sscigr, ,xV ,y-11Y, :-~ s-.-. ,.,
output is the value thOf

, .



F r breltity we sometimes say merely

f(x) = x.,,.

but the longer sentence i,n the previouS paragraph-,;is =What we :mean.

When we refer to the graph of f(x).'x
I

:mean the graph. of

whibh 3
,

the.'gi...aph of

. ,

:For this.'gra.ph,: p'Pint.4(*x-',y ): can be designated as .. (x;y),

or as x

f : x
2

y = on the XY-plane-

Sr

. .

'AMOrig ppints (1(x)) on the graph pf

2) arid , (-1,2)

(2,8) 'and, 1:3)

Exercises 24-2d,

. .

(3;18) 'ane,

2 - 2

'('.a.)If (p, 4);% s on :.$he' grapli?

8.1a'P on uh.graph of
.;t3

c 1:1445"
':and p). = q, then f( .=

n the;:s ax2 ,
/' 0', describe the lbcation., of

,, and p,q) to each other and to

eQvdinwte

zoordinjke. plan were, "flolded.qi on

ex.' on either
s;

woulf,1 coincide; point

int : f .

The graph x, axeqC.:i symmetric about the line

".5

there,.,,!

side' of

-. ax the

the },0. wale,

would ide

a;tta = .ax is sy tetric about the

4

r 'each of folloWsing... p"L. functions, the point` (u,v) is

on the grp.h. (u,w) is on the graph of g;

given



determine which is correct, v > w or v < w.

(a) f : x 2x
2

; g : x --2x
2

(b) f : x
1
x
2

; g : )c -> 2x
2

1
(c) f : x 7 x ; g : x -2x

2

6. Complete the following table.

, If the pair
°°

...satisfies

the equation

then the
pair'

satisfies
the equation

(2,f2) y = 3x
2

2

(2,,12), y = -3x
2

2
(3,18) y = ax (3, y = -ax .

(1,-5) y -= -5x
2

(. , ) y = x

(-2,n) ..y = ax2 --(-2, ) y = -ax
2

(-3,-m)

(u,v)

y = -bx
2

\,\y = X 2

(-3, y = bx
2

(u,-v)

A

7. On one set Of axes, s etch the graphs of.
. 2

Then fold the paper along the X-axis. .4

What do you observe about the two graphs?-:

and of Y
2

(b) Explain which of the following rigid motions take the graph of

2 2
y_7 ax into the graph or y = -ax

: t!.. :

'(1) 'translation

(2) -Totation.

(3) reflection

4 2
For each of the following determine a s \that the graph of y = ax

contains the given point.



9. If the point (u,v) is on the graph of y = x
2

, then

(a) the point (u,2v) is-on the graph of y = .

(b). the point (u, ) is on the graph of y = x2;

(c) the Point (u, ) is on the graph of y = -2x
2

;

(d) the point (u, -
1

v) is on the graph of y =

6

10:.: (a) What is the sum of the first three odd integers, 1, 3,. and 5?
1

.

(b) What is the:sUM of the first four odd integers ?,

(c) What is the sum of pie first five odd integers?

(d) What is the sum of- the first seven odd integers?
.

(e) What;is the sum of the first ten odd integers?

What would you guess to be the'sum of its first twenty 'odd.'

integers? Check, your guess by addition,

( f )

(g)

11. Consider the follow)mg abbreviated table.

What would you guess to be the sum Of. the first n odd integers?

.

(a) Write a function f Which associates input with output in' the

Input x the nth odd integer .

Output f(x)
.

the sum of:the first n odd integers

given table.

(b) What name have we given to this type:of functionZ.
-

24-3. Translations of the'Parabola x --ax
2

.

; In Chapter 19 a translation is,defined as a rigid motion:in which the

.distance between any point P and..its image P2 isthe same as the'distance

etween any other point Q and its image Q. In a coordinate system aielo

1 translation is defined as C function.. For ample-, the (Unction

describes the translation

t`: (xiy) ( 2, y.+ 3)

that assigns to a point (x,y) an image that is

73
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2 Units to the left and 3 units. above point

Figure 8.

. Pi

3,6:

-Ng

P

1;3

1. A translation

(a)

g

2

Figure 8

Exercises 24-3a.

(Class DiscUssion)

(3:
Q
1)

is described as the. function

g (x,y) 5 y + 2).

Find the images of the following points for translation' g.

A(-3;9) A2 El

B(.2,4) -) B2 F2

C(-1,1) +)C2 G(3,9)

1 ,

.D(0,0) -4 D'

(b): On one set of coordinate axes, plOt And label the points and

image points Listed in part .(a).

(c) Verify that the ordered pairs for points A-G, in part (a)

satisfy the equation 9.'7 x2; draw the parabola which is the

.graph of y4_

(d) Draw the parabola containing the image points A2-G2 in (a);

write an equation,which is satisfied by each ordered pair for

.an image point,in part (0..

71, .



(e) What is the axis of symmetry of the graph i'-y..= x
2

+ a?

)
What is-the minimum (least) value of y? What are the

coordinatQ's. of the lowest point onthe graph?

2. Consider the translation h described as the function

(X,Y) --)(x + 3, Y).

(a) Find the iMages of the following points for translation.

A(-3,9).

B(-2,4)

c(-1,1),

D(0,0)

-)A2 7 E(1,1)

F(2,4)

G(3,9)

El

-) F1

.*1:112

On one set of coordinate axes, plot and label the points and,

their images listed in part (a),

c)

Draw two parabolas, one through, points -A-G and the other

through image points A7-Gt.

e
The. parabola through points A-G is the graph of the equation

y = . Which of the following is an equation.whose graph

is the-parabola through image points Ai-q2?

I. y (x

II. y = (x

3)2

- 3)2

III. y =
x2

+ 3

IV. y = x - 3'

That is the axis-of symmetry of the graph of y = (x - 3)2.

What is the minimum value of y? Wha he 'coordinates of

the lowest point.on the graph?

. ,--Brpm the exercises

the graphs o

(1) F,ac

above we can make the following'observations
2 ,2

+ 2 and. x-7).(x - 3) ;tion X -7)

that opens, upward.

A. 'For

.".(2A) The graph 4

image pf the graph

of x.,x2
under a

translation

units loward.

75
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B. For x ( x + 3)
2

,

(2B) The graph is theimage of

the graph or under..

a translation of.

to the right.



(3A) The axis of symmetry (3B) The axis of symmetry of the
.,,

of the graph is the graph is the vertical hine

vertical line x = 0, .x = 3. t.,,,
!. .:.,

'(4A)* The minimum output of (4B) The,minimum output of :nig;

the function is 2. tlr func-14.on is ,O.

"(54 The lowest point on

:the graph. is (0.,2),

(5B) The lowest point on the

'-* graph is (3,0)..

1.

Exercise s'24 -3b

For teach. 8-T' the following functions, make observations
simila.r to

those given above.- (Consider the.,graph of each function -Eo be a

translation of the graph of a corresponding function of the form

x ax
2

, a /

(a) x 2x2 + 1

(b)
1

x
2 - 3

(c)

(Hint: if a parabola open downward, it has a highest point,

and the function has a maximum kgreatest) value.)

sit tli

(d) x -4 2(3 - 1)2

1 2. ,

(e) .x
, x 4- 3 [x

3

7

"8 0



(g5 x ---> + k < 0

(h), x - h)2 , a > 0, p

(a) For the runt-Li-6ns in Exereis6 I,

the graph 'could be considered te
a translation, of the' graph of :a.

. .

form, x -->ax
2

a > 0,,

des?ribe floe, in .some,cas'es,

bra reflection, followed by

,'cOrYesponding function of. the

(b) Could each of the graphS'in Exercise '1.-(c)'' (f), and '(h) also

result from a translation, followed by a reflection, of the graph.

. of x --> ax a > 0? Explain.

,.
Show how yoilr. .observations in Exercise .1 can help,you to sketch the

graphs' in par:t.s.,(b), (c); ,(e),' and (f) quickly.

We have noted that each parabola has aei axis or sSimthetry,. which we

shall call the axis .of the parabola,. The intersection of a: parabbla with

.ts axis is called <t-he vertex of the parabola. An examination of the

parabolas which have been consiacred,So 1:e.r will show: that if a. parahoIa

opens upward, then the vertex is the lowest point. If a parabola opens

downward, -then its vertex is its highest poiht.

Exercises 24-3e

(Class biscussion)
. 2

under:

1. Draw the graph of the function' f x

graphs are images of the graph of f

I (a) 2 units upward.,

(b) 3 units to -the'right.

(c)

(d) 1, unit doWnward.I,.

units upward', followed by

units to the left.

WrIlk tOns whose. .

the .to t.ranslat
,

ions:

a

3 units to right.

units to the . LQft, followed by 1 unit. ''downWard

Fo'r the fun4ction ,g : x --)ax`, a > 01 write functions' whose graphs

are images Of the' graph". of g under the following rigid motions,

Wherd h > 07 and . k> O.

(a) A"reflection on tlie X -axis



A translation h:" units to the right.

(c) A translation k units ,upwa-H...

:(d) A reflection in the

(e) A translation. k units downward.

(f) translation
,.,

h units to the leQt, A.

(g) A trhnslatiOn h units to the right, ,forllowed'
,.

by a. translatio'n

k units,upward.

Describe the, graph of each of the following. funct'ions in .comparison.
2

with the graph "Of the fUnction. G :. x ->ax,,.; a--s O.e:`

a)....,x -ea(x - h)2A3 0, :h Q

:(b) x -)6.(x - h) , a > 0,

(o) x -'ax2 ,+ k, - a k >

(d) x ax2 +

(x

a ).- k < 0

a(

fk .1dr the function f.

folloWing 'observations:

(1), The graph of f is a

;parabola with the vertical

line x = h as a%and

point (h,k) as virtex.

.Figure 9 shows such a

fraph: for the case in

which a > 0, h> 0,

and k > O.' .

The gra.ph is .a transla-

tIon of the. graph of

we can make the

g : x a / 0,

the left .9r right 1111

units and upward r

dOwiA:rar.d "tcl



.11

(3) If a > 0, the parabola opens upward, the vertex. is its.14*eat,

peiflt-and:the function has a minimum output; if < the

paraOoI/514opellis.downward, the vertex is its highest .pointy and
.!

the/functlen had a MiaiiMum output.

Jc .

(4) If h 7 0,-.,the axis is the line x = 0, that is, the Y-axis.

h > the axis line x =,h lies to-the right of the

Y-axis; if h < 0, the axlb line x = h lies to the 'left Of

the Y-axis...

(5) If lc.= '0, the vertex is on the. .X-axis. If k the''

vertex is above the X-axis; k 0, the vertex is below-

the X-Axis.

.Exercises 24-3d.

1. On one set of coordinate* axes draw graphs of f : x -aX2. and

f : x -,a(x - la) + k, where a < 0, h < 0, and k > O. (See

Figure 9).

In each of the following,' suppose 4hatthe' graph of the given equation

is subjected to the rigid motion described. Write an equation whose

.graph is the result of thetransformatiOn
. 4

(a)' y = -2x2; la refAction in the X -axis, followed bya, translation'

which takes. the vertex of the.parabola to (-2,0) -

(b) y = .x2,+ 3; a translation of 3 units downward, followed

a rotation qr'a half turn about the vertex of the parabola

e,--1
( c ) y = 3..2x2; 'refl tion in the X- axis; followed by a franstar

tion .3 units to the right and 1.5 units, downward

4k 4n-

2 A,

y
7

(x.,.1)2.; a translation Of 1
l

units
-

to the left,
: 3

.

followed by.0_a reqection in the X-axis

2 2
x ; a translation of

f:'''..,

(e) .7-. y : 3 :units to the left, followed by
-7 ...,,,k

a translation of units cleg.eard

.

.

1 2 .: 7A

2
(f) .y"---- x ,; a reflectio 4n the X-aXis, followed by a translation. ),. -

.. # ,.

that' takes the vertex: to t*pofht (5,). '

, .....

1' 2.% ','.',.'

,(g) y = -
2

tX ;-. 'aranslation that takes. e vertex:to:the point
a . --

(5,2)i- followed by a7refl6ction,in the X-axis -

1 2
'(h). y = x ; a translationt takes the vertex tothe:point

(5,2), Tollowed_bYa i-eilictiOla in the liney_=.2

79.



3. For each of the.f011owing (1) sketch th7e graph of4ty".= ex - 3)2

and the.graph of its image under the raid motion describdd and

(2) write an equation for the image graph. '

, . .

(a) A reflection in the X-axis

(b)

(c)

A 'reflection in the -Y-axis

A reflection in the X-axis followed by a reflection In ,the:-

41

(a) A reflection in the Y-axis followed by a reflection in the

R-axis:

(e) A rotatiph of. a half turn about the origin

'

(f) The translation t (x,y) cx-6,5.

(g) A reflection in the X-axis Followed by the translation

t (x -6,y)

(h) A reflection,in the line x = , followed by a reflection in

the X-axis, 9,
a a

.', 14.
The figure stoWnhere is the.

graph Of.:theequation :y =

The7graphis d parabola which:

opens upliard. The Ind,himum

value of y is 0,' the axis

of splimetty ib.the

the) vertex is the origin.

'Also indidated.is a

translation of the'coordinate

axes which takeathe origin.

to tie point (-3,-2)
.

with respect to the-original

axes.

(a) With respect to the X2- and Y2-axes,.
- ,

coordinates of the following pO±nts.,

0: (

AY Y

E

C

"IL 0

X

4

D:

E:

B: F:

(x,y)

fS.
name the -(x4. y4

ink



(b) Since 30) i= (x + 3, y °+ 2),1 .°we can write

x' = x'+ 3 a d yt = y +.2. Thus.

x= x' - 3.and y =

The, equation y = x
2

becomes

de

Y' -2= or y'

.The equation, x = 0, 'of'the axis of the.parabola becomes

= 0 0 x2=

The figure shoWs a parabola

which op5p upward. Its

vertexl".s. (4
t
-3)._ and its

axis.sthe line x = 4.

Thejd.gure also indicates:

a 4p;lation of the co-

or4tpate axes which takes

the,Origin' (0,0) to!the
- -

point 'whose coordinates

with respect to the original

',axes-is (4,-3).

(a).

(b)

Y'

E

C D

0

A

Name both,the .Cx,y) ani the

following points.

(x,Y) coordinates'

A :

cf

V

coo inates of the

(x'. y') coordinates

isan equation of the parabola with respect to the

andYI,-axes?

81



(q). In each ordered pair, x2 = x - 4 and y2 = hence

=..

tr e equation y2 = x2)2 , can be written y

or y

Completing the Square

We have shbwn that the graph of any quadratic litndtion expressed in

x a(x .- h). k, a./ 0

is a parabola which we can sketch easily as a rigid motian,.(or a 'succession'

the "standard form

of rigid :notions) of the graph of

g : x ---*ax2,

k

We made the statemeht at_the .begInni4 of this cliaptel- that the grvh
*. 2

of a function of the type x ax + bx + c9 a / 0 As :a/ arabola.. Now we
. -

shall explore how an expression of the form atf .4- bx + c an be rewritten

in the "standard" form.

Example 1. Given the function

a > 0.

2 AL e
x°-) x- 'T 6xi e

how can we express it in statnid i'oP4?.

.

4 p : : S, .

Ageometri al interpretatApn
.

of the sitUation n be of help. 'We 4 .)(

T"ttvt: with a square of side x . \ .square

Unit, as°Shown in Figure 10. one 4'

area 91 the Square region is x a

. 4

square units.
8

Now we can think of the

quantity 6x. as the sum of the it

areasfof two rectangular regions

-where ctangle is, x units

1 g-and 3,:.,units wide. (Figure 11)

TheAotal area of the region pic-
,

.tured is x
2
+ 6x square units.

o-
Figure 10

k



We complete the aquare, thus

obtaining a new square region whose

sides have length x + 3 units,

o,'and whose' area is x
2

+ 6x + 9

square units. '(Figure 12)

The axea

the area of the

The area. , of the

and we write

7"N

of the region in Figure .11 is nine

large square. region in Figure 12, .SO,. we: call

,?pc

Figure 12.

3

Sauare units 'less k;

.large

Thus the function

f2
4'

, 2 ,
6x = k x + . nox + 9) 9.

square region can also be expressed as. (x +

.

can be written in standard form as
,

0
X + 6X = +

x -.> x2 + 6x

A

a- x [(x + (-9).

From the stand4:4 form we see that the grapla. of (toe
- A

vertex at the point L,ymmetricol to the ltde tlqii4WVA-ntion

is x and opens Vard. It is the graph;..eT X -> x .1.,1nd67'

°

translation which shiits 'it 3 units to tn,,ett and 9 :Linifs..qa1;,/n4

'minimum value of the function is -9.

1. (a) Complete:

x

(b) The function

4,

Exercises t,TT,-4a,-.

(Class 1):1,s:cusS

,

o

2

. ,

f x 2 x ' 3

written.in standard forffiis. .

4
.4144f



) ; Describe how to obtain
2

,.graph of y = x

e).'",Sketch the graph of
. ,

;

Complete

C." ' - ,
A (:/3

:
p +-4):(13 .

. 1- P.9.

;

T.
and .qi the expression .

to

*. ..Cari.,`b;e W'r,itten. as the prOduct of two ident

Terfect' squ4re.. The 9xpression.. 41" 4 7'

p 2pq+.q.1,.is:.a..1s6 4.pdteect..squaxe,and` can be written
, .

.

- :

square, y

pq + q

.Filtr Jib the:140.sing.'.terni-tp, tilake.'each exp

then express .2.t; in. the, prta.(p q).

2
k a) ':yx, .;6Dt)

.

(b)1.t2'+ 4t1+.

....,'Write: each of the following in the fari. (m +
n)2

''-- : t,:.' -P '
1,'( a .

(e) x2 - 16x.64.

(b) - t2 -...'15,t (-12) (f)
t2 + t +.--2

5 100

. ( c) 'AX2,:1;7 X + (i)2 , :(g) X + x2 b

a

( d)- 4;,; `+'. et' +.16
Pf.;



-:El.tpri.Wthe;:fupdtion.

.8t_;-J_6

- 8t,+ 6 =

.4

16 ...

-

...-,instandard form is,

g t ->(t 7

< .5( .

Exercises 24-4b
",

....."Write!4a.ch of the following functions the standard form
2

2t.- 3

->t +

(d) t ->
2 - 4-t

( e ) t ->t
2

+ 4t .+ 1

2
t -> + (.0 t -> t2 1

.
. . -

lite each of the, following equations in the standard form

= h)
2

+ k.

y = x-
2

+ 2x

(b) y

is) +
3

(c) +

(d) y = x + ill!w-+ 8

(e) y ix2.

:(f) y = + 5x + 1

a,

(h) -=.x" +03. x4+ 1

( i) y'= x2 +.2bx

(j) x2 bx

2 b
(k) y -

a
x a

a

.y,= x2 + .13
,

x ca

/ o.

o

Name. the coordinates of the vertex of the graph of each equation in.,
Exercise 25.bove.
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ale shallawish to express functions of the type

t )1.t
2

+ Pt. + c

;

in ,the form,

t a(t - + k,

where a has the same'nonzero value in bOth

(a) For the functioil t 64t --' 16X2,
.

what is *0 ;value of a?

(1* For all values
.

-16(t - 2)
2 + 64 = at + bt + c.

Find,values of a, b, and c which make this statement true.

So far, iri practicing the method of com leti the square in order to

change a quadratic function to standard form, ve considered expressions

the form. at + bt + c for cases in° which a = 1. Now' we shall. consider

cases for which a is different from 1.

Example 1: Write the function

f : x 4`

in standard form.

7f 1 4 . °d'N
3x2- + x, ?-f .= 3 + . x - -3)

)
.,,x2
.6( +31

1 ,1 4x,

x 7 .7 7 I'
\2 49

= 3[(x + ;

1)

37'

1 ° 112
3(x ±. t.)- 12

,T1-Tus in standard form we have

f : x. --> 3[: (- -10) +. )

`The vertex of the parabola
49is (-7



1:3

Write each of
,

coordinates of the vertex of the graph

Exercises24-4c° .

(Class DiscaSsIon)

the following functions in standd'rd form and name the

of the function.:

x
2 + 5

2. x--)3x2 - 12x - 40.

3 X -1 x2., + 4x - ,5
2

px -t + 9

5. x -2x
2

4`. x

Exercises 24-4.(1

Write each function in-,ttandard fovml then state the maximum (or

minimum) output Nalue:the function i.lnd sketch its graph.

(a) x + -4x - x

(b) x
2

- 3x + 4..

2

(d) x 2x2 3

(e) x 2x2 5x +. 2

2.. .
Consider the function 1 : x -3t0 + bx c; where a > 0.

Complete these statem .ts :.

p1

(a) The graph of ,.. is a whichopens

4

' (upwardownWard)

(b) The vertex, the..traphl.ism:

(c)

( d)

(maximum, minimum).

L1Y
The abs.issa .of the vertex point is

(e) The ordinate of the vertex point1,'S-.

8-

it



.

,*(a) .Show that x.
2

+ 6x + 5 = (x + 3)
2
- 4.

(b) Show that x't 3)2 - 4 = (x + 5)(x + 1).

(W1Terify, usin the distributive property, that

(x +5)(x + 1) = x2 +.-.6x +5.

4. In..a manner suggested by Exercise 3 above, write each of the following

sums as an indicated product:

2
(a), x, 7 2x

(b.) 12 - 8k + k2.

(c) :x2 + llx + 18

(d) n2 -3n -41

(e). x - x2

Solving Quadratic Equations

We have seen that a function of the type

f x -,ax
2

+ bx + c, a:14)

-V

is called a quadratic .function. Its graph is a parabola whose axis is eithex,

the Y-axis or a line parallel to the Y-axis. 'We develOped a procedure

for changing the form of the function f : x ax2 + bx + c, a / 0, into

the form f : x a(x - h)
2

+ k, a IC), When the output is.expressed.as

a(x - h)2 + k, a / 0,

we can recognize that:
or

(1.) the axis of symmetry of the.graph is the line x = b;

(2) the vertex Ofthe,'graph is the point: (h,k);

(3''k the Minimum (or maximum) ,value of the function is
o.

In discussing a function, we: are often interested in-knowing what

inputs, if any, will result in output value* of 0. Such inputVvalues are

called the zeros of the functiOn:,

°



Exercises 211-5a

(Class Discussion)

Name the zero or zeros

4

(a) x x

(b) x )2x -.3

(c)
2 + 3

(d? x ,x
2

(e). x
2

4

(f)
2

).
,

x

(g)

(,h) x x
2

+ 5x .+ 6

of .each o the following functiOns..

x (x +,2)(x = 3)

2. State the solution:laet ofeachrof the following equations.

3

(a):( x = 0

(b) 2x 3 = 0

(C)

( d )

x2)C

x2 =

3

0

= 0

(e) 'x - 4 = 0

(f) x2 - 2x .=

(gY (x + 2)(x,: 3) 0

(h) x + 55 + *6 . 0

On the basis of your answers to Exercises 1 and 2 above, write a

statement about the zeros of a function in terms,of-the solutions of

an equation.

We shall call the function

: x -4ax
2

+ bx + c, a / 0,

the general Quadratic function._ The statement that:the 'outpet of f, for

some values of the xiable,-is zero;

ax
2

+ bx + = 0

we Call the general quadratic equation.

At4,
Thus the zeros of the general quadratic-function ar&'tfitsolutions of

the general quadratic equation. ,Another word that is frequently used instead

of "solution" is "root". In other. words, the zeros 'of a function are the

93



roots, or solutions,,,. of the related equation which states that the oUtput of,

the.function is zero.

- Example 1 Find the zeros. of the function f : x 5x
2
- 20

The zeros are'the roots of'-the equation

= 0
2

5x - 20,
2 .

= 20

2
4

- 0

From our understanding of square roof and of absolute,value, it is

clear that!

x
2 ,

Xi = 17-C:

x 2 or x = -2

Thus the zeros of function f :.are 2 and

Exercises 24-5b

1. Find the. roots of each equation,

(a) 3x
2

+ 27 = 0

(1]) 5(x + 2)2= 0

(c) 7x
2

+ 20 = b

(d) 5x -"-17 = 0

2. tnd the zeros of each .function.
. .

(c)

20'
' ..t : x -> 2x 2

g x ->2-(x1- 2)2

,h x 2

.(a) On one .5et of axes, Sketch the graphs of the three fun'etibnz in

Exefcise 2.

(b) .Complle the following table.

T.!'
,

function

number
zeros

f , number. of intersections
9f' graph with X-axis'

. x -.) x

g : x -42

. . . .0-

x
-

h :. x 712X
2

+ 2
,'....



Example '2:: Eolve the quadratic equZtion

-16t
2

+ 64t + 80 = o

+ 64t 80 = o i2 - 4t - 5 =

Method. 1. Write -the function

f : t
2

- 4t - 5,

in standard form, draw the

graph,' and find its zeros._

'7 ,

t
,

- - 5 = t
2
- 4t + 4 - 4

= ( - 2) - 9.

The
r
zeros of the function

are -1 and 5.

Cheek that -1 and

are roots of thetequatiop

-16t2 + 64t.+ 8043=' o.

Method 2. Since

t2 4t - 5 =

di-aw the graphs of

Y = t
2

and, y = 4t + 5

on the same set Of axes.

The points-715f intersection(

are (-1,i) and

(5,25)

The abscissas of the

points are roots of

the -equat ion

t2 - 4t 5 = 0. Thus

he solution set of

-16-b2 + 64t.,+ So.= 0

is

-

0

4 +

Y

4I

5, 25)

2n

1,1



Metho:d

- 4t -.5 = ( t - 2) - 9,
4.,

write the rolloWihg chain of equiiialent sentendtS:

.. .
The roots are' .5 and -1.

&

..FinW...the.rOots of the equati9n

2 -.9.=

-=-> (t -.2)2 ,= 9

c-mot -2= 3. or - 2 = -3ct =5 or v t = -1

.

5(2

- 6x + = o.

= o 2(x2 - 3x + =

'()( 3X + +

2[ ( )2 =

2(. X - .2.)2 - = o
2

a.

FroM the -equatiorkin standard": 1

JP'

form w can sketch the graph .

1
of the fuiction

't 1

T

f : x 2 - 6x + 1

p

sr

4, -

1
' .

. '
:

L5

_

'end obsei-ve that. the zeros ...1.._.'..L-19.1........,-:...,j.
1 iti . . '; 1 : L._

or the funCtiori are' not -..-t-

. one of the zerOS,,is anumbe.P.
integers. appears that , , .,, ....1,

...

. .

between .0.. ,itl;;;. the:ther,..

zero is betwe 2 , ,j.,':
V

NNW

s

. .

HoVeyer, we,:qan get more 'information, the roots of the equation

:2x 6x -1- r.= 0 if we f use Method. 3, which we ahall refer tg as r!Solution,

by dbmpletirig 'the Square". ,

.4



<==>
2

Or , X

<Z=4> x = + or X =

J-7-
Thub the roots are

3 +
,

I 0 /V.
t

and 3
2,

2

Since .177 we can compute place approxithations.:
-

to the roots. 4s.fol1ows:

z--

3.+ 2:646

..,

7

2.823

0.1773

2., 2.

1;2)646

C.

0.254
22 2

Compare these.estimalts with wilat the graph showa.(about the zern of the

functioh

1.

f : x 2x
2

- 6x +

Xxersises,-24-5c- 'or
Solve eachof the followi equations by completing-the Square. For

anyiiratiOnaI.roOts, gi e approximations to 3 decimal places.

( a ) 5- 4x - x. =',C0 (e) -X2 + 2x - 8 = 0

(O. x2 4 2XH+ 8 = 0

(g) 5x = 1 +\2x
2.

(h) 4x
2

+ 1 =

'Skecti tNe'graph of each of the,follOting functions.

;7(

(b) .x - 4x + 5, = 0

1.
(c) x

2 42x + lik=" 0,

(d) x
2

= 8x + 14 = 0'

(/) f x - 2x - 1

(2) g x - ?x - 5

(3) h
2
x + 2x + 1

-2x
2

- 2x. - 5'

('b) Solve each of fhe following equations; giving 3-decimal approxi-,

mationp for irrationalrootd.

(1) 7t2
f

(a) 22 -5.= 2x 4

x
2

+ 1 = -2x

-2x
2

5 = 2x



Exilalribow the.graphs_in partja) Can h iouLto.,Checl(orl-the

reae9nableness of the'solutions, in. part (b). :

Write in standard form

the.function f. whose

graph.is shown.

(b) Write functiorif in

general quadratic form.
. .

(c) Find .the zeros or

fUnctiOn I to 3

decimal'places.

(d) Use the'graph to find

the values of x for

which:

4'

0

4

)6-

(2, -1

(1) f(x) 7 -3 (Hint: What is the interse

parabola with the

(2) f(x) -2

.(3)/ f(x).= 1

(4) itx) -= 6

ion of the

ine y = -3 ?)

(e) Find the roots of each of.the fbllowipg equations.

2.
X2 - 4X + 4 = 0 (k) X2 4X =,

x
a-

4x + 3 = 0 (5) X2 - 4X - 5

(3) x2 4x + 1 = 0

= 0

Find the dimenSions of the rectangle with perimeter 72 feet which

encloses a region of maximum areal . AR

(d) 7 If x represents a number of feet'in the'width of a rectangle.

whose perimetv is 72 feetyrite a description of. ,the output

of each of the fbllowing functions.

f : -*..2x

(P h x - 2x).

g : x -,!72

1

2

F : x -;) x(36 x)

94
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.
2 i

...lb): To answer the problems, we need to determine the Value of' x for
..

/which the output 7 ) icia .a-Maximum. Write functiap F i
: 7 V..

1

-9.

Standard-form:Wad describe its graph.

,

,

*
What point is- the yertex of .the "parabola? i What is the maxii

output:04, function ir For what value of °X is, F(x): a

maXimUmZ: What is the corresponding value of 36 -

'
e

(4)1,11:16.0trt the required dimensions of the\ rectangle? What is its

-7-"Az001 I 4'

...

A3e.c.tanguiar field is to be fenced on three $ides, with a' river,

serving naturat feriae on the fourth side.' If 100 xards of

fencing i 'available; find the dimensions of the field with .largest"

.area.'

2
(a)' W'rite.thenfunction f : x x

(b) Fl d the number which most exceeds its. square.

in standard.

Recall the diacussion of the "Golden Rectangle", in :which; the ra;tii

of 'the Ikth to the..length 'is equal to the ratio of ,the- length to

the of the iength and the width. With these pleasing proportions

'inIlvirmtraesign, a rectangular picture fTSMQ .having a perimeter of

60 i ches. 'Give the dimensions to the nearest tenth of an in

-From a rectantular s et of

aluminum, 24 inc es long

and./.10 ins wide, an

Op.e 'box is made by cuttinp

aii.1.194rezr equal area

lkie four corners'and fq1ding,

up the edges. the area' of':

the 'base of the bOx is' 72

square inches.
.

. 1. .

(a) ..What is-:te area of each corner square?

214",

ids x v. '.

x . B
4C

1.--

7 N,

(b) What is the volume of the box?

Among all pairs,A5T numbels whose sum is .50, det th pair whos

'product is greatest.

. .

)41( Write the Ainction f x x - 6x + 10 in standar form.
. 2 ,

/
(b), WheA is theminimum value of f?

J

. 99
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.(e) rind the,:pialci.mum value of the function. -

13' 2
x 10.

(d) for what 'value of x. is the output value of g

t: ,214 -6: "Falling Body" 'unctions ,

In the physical world, some of moSt,interesting instances in

lewhich quadratic fUnctions are used to odelphysiCal situations are :applica--,

tions of Galilboi principle about falling objects. You will re

Galileo showed that the distance ttaveled by a falling body is a ckion

of. the'timespent in falling. / I

o, s /

When.. t. reprekan s a number of seconds, the output of tlt function

160, t N,

is-the. number of feet the object falls,in seconds. This, of-tourge,

appJries to an bbject droppRd from a heiglk In thIS sectio*6 zhall see,

how the principleapp/ies°6.1soto object's which are projectadlup4ard'intead .

a

time with the height the.
of me

objec

being argpped, and SO assaociatinr-the

,
is above.theAground at any instant. 41

, A
. ":11 '

'Example le ibller iaMdroppeA Trom a 4th story.windiw of the t'ime-

Y.

Life Building in liew York City.
4 /

height.of-the-WindOW

abbye the :street is 576' feet, write a quadratic functiOnwhOse.,

'output ,is the height: till feet) of the tali move" the ground at

any- given second after,it ih' released:

,

If t repi4esents a number Of seco s, lhi

' Function Description, of Output

f -4576
1,

g : 16t2 , t > 0

F : t 576 16t2 t>

: ,,

Height in feet of ball above thei,
...street at instant of,releade:

Number of feet ,the'ball falls

in t Seconds-
° : L>, A

0 Height ih feet ofthe ball at %,.,,

Abe end of. t. s'eConds .' ,

ft.is the

.

required functib.ri.-

e



Exercises 24,-6a

1% Use the function 4'576 *, .16t2, , t' '0 to answer the following

queations about the situation' describgd:in Example 1.
.

How many feet above ttve gr'ound is the ball at the end of

.

seconds/
c4)

, .

(b) How many. seconds. would it take fv a .ball dropped 'from a 47th

storyVindow of the Time-Life Building to hit the pavement. below?

.Horatio*Lo)istood at his offibe,Window thbe,37th floor of the Time-

Life Buildingl.' tisCOusin, Horatio Algae stood beside the *indOw of

his publishing office'on the 47th floor diyectly above the office of

Lox. AL a:Prearranged signal, Algae fol!ded his newspaper and dropped

it out .of his window, into -the waiting hands of Lox. If it took

,/ exactly 3 seconds for* the:paler to Eikt from Algae,to Lox, how high

above the,groufidlEs.'d 37th fApor:window? '

3. A' ball is dropped "'Mtn the top of the Fi4lity Union Tower in Dallap,

Texas. After t seconds tile height s feet of the 'hall above the

ground is given by ( .

s = 400°- i,6t2 and t > O.

(a) What is .the height of Fidelity Union Tower?
\..

(b) How. Qwrig pea it talie for the ball to reach qe\.ground.? .-

0,
4 r The Woolworth:.Building in New York City= is about 78.4 ' feet high.

ball is dropped from the ,top .11 the Woolworth Building.

.

.(a) Write a function whose output
4.

is the he'ight in feet of the ba

." abode the ground at the end of t seconds. ,

.,

:(h)%:How ling does. it take for the ball to reach the ground?
0 ,

5, A flOyerpot fal/s from a 75th story windowsill' of the Chrysler Duildinp
t. .

in NAy York City.' We Icnofw4that after t seconds the height s- feet
lb.

of the flow1:1P4 abOve .the .ground is given by Ihe equation
.

...

,

.
s--- 1ce4 -. lot

2
and t > 0

.,

' k: .

?' 7
....

;(a) How long does it takg for the floWerpot to hit' the sidewalk at ,:

.
.

corner of Lexington Avenue 4nd Forty-Second Street directly

,,A

.. 7

101
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) The distance from the, '5th story windowsill of the Chrys

Building to ,the. roof. of the .building 10'i..22 feet.'. HOw)

'ttle.o*Y0.4ISVildirigg? .'
..

**:t.t?,,,.,

,e: . .
Y,7 -'

S../:.' ,
Exam le 2.. A bai. is. thrown fvm ground level .straight up with an(,

Of 611.cf-tisec. Since it-pa; an initial Upward
speedof a ' ft.isec,nd also is acted upon by the force t-.). f

.
gravity.,' at seAA instant it will stop rising and' begirt to fall.

a
Write a furiCtion whose output is the. height in feet of.,,the ball
abov.e:the grohnst any second; t

If t. -repredeonts a number of secondS kthen
- p . , ),

1 1. 1

',unction v Pe cri -tion of Output
.

( f : t -7) t4t,. t >. 0- N ber of feet traveled in ,

t sedonds at 64 ft/sec
' 2 : . ..,

t :g.: t '7 16t , t >. NumberNumbe of feet an object
?' falls in t \seconds .

T
N vF : t -)"64t - 16t2, t > 0

,.'

Height in feet of" ball above
the ground after t seconds

0
Exercises

Es- 2
tg* the ftnction F : t -) 6ht - 16-t ,., t > 0 to answer the following

questions about the situatscriberi in'Example 2. i,,.

(a) Write the fWlction in standard form.
.7 , . i, ,, ' - 0%

(b) Does the cunct.on have a maxi4ium or a rrinimIkm value.? list is 4.-
, i, L ,"- _that vall2s5 , ) .

1 ...41. . . \ ,., .

(c) What 'is the greatest height reached by. the b.s.11;? In how many'.
,,

-,seconds does' it r\sNch that height?

) What are the zeros of the fun

2.

- .

ion? I\t hpw many seconds does

.6the ba.).k.. ret...u.r..4,1--t-o- the grourid.
, > f -

lit

(e) :In km:7 many seconds i tlieeoheight of the ball above tile ground_

.. ' /48 Ceet? .

'7,.,

,.A ball s hrown straight up f4-om the groUnd%tith an initial. sp96l

of
. r- ,

/TS ft/Sec. ;.Write a funbtion `whoN output ..}s the heifrt in feet ,

--/-
1-

3

90 .. v

1 0 2)!-.,:,-
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Of'the hall'above the ground in t seconds, and use it to answer

the. following questions.
,

.,,-.,' ,

does
.

:i.ketf. -Afteri how many seconds oes the 11 reach it highdst
. -..7&,

.

--
. ,

(b) How high does the ball `go before it begins to
i..:

1.1.,1?
.

point?

(c) As a mathematical model of the physical situation, what is the

domain of the function ?.

. 4, A pellet is projected straight up. After a

the ame'veytiCal! path,°tothe place on the

laAched. After t seconds the height s

the ground iS describel

t

by the eqUation..

s = i6ot - 16t
2

(a) After how niny seCondaJdoes the pellet

(b). pw high does the pellet go?

{c) What was the initial speed with which the pellet was rojected?

while it comes down, in

ground from which it was

feet of the pellet above

)

reach its maximum height?

'(a)

(e)

actually serve as a matheAtical model

Example 1. Suppose that you

building 80' feet tall

speed 'of 64 ft/sec.:in

the bail just mi'ses th

grounOoelow. Write a

feet of the ball above

,If t. represetits a nu

After how her second/does:the pellet

For what set of values of' t does' the

return.to the ground?

equation.. s = 160t 16t
2

of the physical situation?

stand close to the. edge on the to of a .

.7 You throw a ball upward with an initial`

a nearly vertical, path. As it descends
k. 1

e edge.ofethe building aid lands.on the

function whose output is the height

the ground at the end of t seconds.

Function

f :t >8o

g

h :

a.

tuber of seconds, then.

64t, t > o

16t2, t 0

. ,

-4:8o + 64t

99

..Description.of Output.

.4!

Initial height of the ball
above the ground

,
Number of feet traveled:in
t seconds at ..64 ft/Sec'

Number of feet an object
fails in t seconds

Height in feet of ball
above the'ground after

r
t seconds



Exercises

Use the function P :.t 64t 16t2, t > 0-to_answer the

.
following questions abOut the situation described_ in Example 2/.

. /

ta) Find -F(0): What,is the height of the ball above the ground

after zero seconds?

(b) Find F(1) and F(3). What is the height of the ball above
'; 1 .r .

the ground after- 1 second? After 3 seconds?

(c) Find the,yalues of t fOr which the output Of F is 80.

idVtry-seconds after,the ball is thrown doeS it.pats the .edge

Of the to of the build -ng as it.falls to the ground?

. (d) What ip'the maximum height:of the ball above the ground? After

hoW manY:seconds does it5i.each its maximum height?

(e) After lit) manyse6onds dOeS the ball reach the di.duna?.

.

For what set of Values 'oft does the function F serve as a

mathematical mode ?

Frot the top o a towe 160 Aet tall a baV. is thrown downward..

,! with an initial speed of 48 'Xt/sec.

(a). Writea:funotion whose output is the height in feet of the ball

above' the ground a the eii &of t seconds.

. (b) Find the serOs.of the function. many seconds does the4all

reach the ground?
,

:(c) As a mathematical model ofthe physical tituation,what is the

domain of the function ?'

3. .. A railroad flatcar moves.through:a.station on a track lowered so that-

the platform of the-flatcar the, same level as thenstation

f8rm. The train is moving at a speed of 32 7A/Sec..: Tom stands on

the car; IA he passes Dick on thetation platform, Tot tlirows' abell

straight upward with an initial peed of 64 Alftert second'

°the ball is at a horizontal distance of x feet and a vertical 'dis-

twice. of y feet from the point Where it'was pirown. -The distances.

x

/

feet- !feet are givenby the equatiAns

x

and

(C. y =,64t = 16t2.
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(a) Why does Tom not. have-to move, to Catch the ball?

(b) What 1F the path of the:baZ1 as; Dick sees it from the platform?:.. .. . .

. .

. (c) , Write y, in terms of x . [Hint: t = ? x ]

2

(,d) Describe the' graph of y = 2x -

r.
(e) FOr what values x does y = 0 ?/ d

(f ) What Is t when x =

(g) After. how many seconds does Tom catch the ball?\-
-- .

(h) How far down the platform from Dicli does Tom catch the ball?

r
Tne Use of, Quadratics in Solving Other Equations

We have seen how to solve quadratic equations of the general fottn

ax j(6. + c = 0 for particular values of a b and c a / 0 . We can

slap/deal with other equations which are not quadratic in form, but for which
, .

it id helpful to write an equivalent open sentence whit involves a quadratic.

One type. of equation" for which this it true is an equation which).nvolvesa

sqUare rock : 1
s

1

.Example I. .Consider the sentence

= 2:- x

a

For this sentence to be meaningful, we must state certain,

restrictions. . (1) Wdicnow-that if . is a real nUMberj

then x is non-negative; that is, x > 0 . (2), .By definition,

ir represents the non-negative number whose .square is

that is, '2 - x > 0

2 - x> 0 -x - 2

<=4> X <

Thus we write the compound sentence I-7- = 2 -

0 < x < 2 . In order 'to solve this sentence we need, to square

both sides of 1-,7- = 2 - x"
Squaring both sides Alan equation does not always ptoduce an

.eqUivalent equation, For real numbers a and b if a = b 4
.

then obviously a
2

= b
2
. . However , if a2

2
= b2 can wee sure
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that ,a'-= b? No, since if a = -b it is also true that

a. = b .However, the
'2 2 co o d sentence

b and a > >

equivalent to a2 = b2 and a > O= b'> 0.

Thus we can write

=2 x and 0 < x < 2
4

= (2 - x)2 and -0 < x <2

<=z5 = 4 - 4x + .x
2

and 0 < x < 2Q,

x2 - 5X + 4 = 0 and 0 < x < 2

Solving x2 - 5x + 4 = 0 by -the methods:,of the preAts

section, we find that an equivalent sentence is

( x 1 or x = and 0 < G 2.

/Hence the solution set of FT.= 'x is (1).

Exercises 24-7a

(Class Discussion) .

For each of the fq.lowinsequatio ns., write a compound sentence in-

dicating the restrictions on the..variable.-
5. t3 x 13 = x + 9

= 1 ; r7c
12 7c = + x

= x + 1

-10

Exercises 24-7b

dt.;:':i4:7
State %the solutiOki set of

-T27)c = x and.pz > 0

2. -12x + 1 = x + 1 a'nd )6> - 7-1

e

;3. = r and x > 71

4. 147c x 0 and x > 3

431773- + 2 and

-1-37

:4
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'..Example 2, Solve dx1 - = 14 which is equivalent to 1x1 = x + 1,

4" for all meMber8 ofVthe replacement set:

For this sentence.to be meaningful, what restriction is

thereon x . Since 1x1 has been defined for all real umbers,

there is na.reason to restrh't x to non-negative numbers,

However, recall' from the definition of 14;

1X1

x , if. x > 0

-x, if x < 0

that,, no matter whether x .represents a negative or a non

negative number, the absolute value of x (in symbolic form

1x1 )is'alwaya non-negative. Thus the number represented

by x + 1, mast be non-negative.

x + 1> 0 <=:>x> -1
.

Thui we write the compound +erltehee

I x ' - x = 1 and x > -1.

With,tris restriction,' we can now write the following chain

of equivalences:

I x ' x = 1, and. x > Ix' = x + 1 and x >

>1x12 = (x + 1)2 and x > -.1

2
x
2

x + 2x + 1 and xv> -1'

0 = 2x + 1 and x > 71

=: x and x > -1
2

1
The solution set. is (- 7).

°\
xeoisep 24-7g

For each of the following equations, (a) write4a.compoiand sentence

indiCating the restrictions on'the variable if there are any, and (b) state

the solutipn set of the compound sentence.

1. 12x1 +

2x = 1 x1 .1::

pi 12x1 +1

4. x -= I xl

- 21
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'Example- 1.. -Solve 1:+, . )

x2

For *is .sentence t8 be meaningful, we restrict 'the,variable to

K

.

/ ':..2, x / 2. .° Tfius44e write this.Cbain of equivalencesi.

...._ .1

' 1 + - and x r -2 and x. /

x2 z -4. x -'2'. .

'
.

2 ,
=4. x - +1. = 3x + 6 and x / -2,

<717> x2 . 3x t 2 = 0 and x / :2, 2

'<=g> (x = 2 or xi= 1) and. x /. -2 and

x.= 1

The, solution set is (1).

Exercises 24-7d."

For.OiCh of the following, (a) grite a compound sentence indicating

the 'restrictions on the variable, and (b) tate. the solution set of the

compoiwad sentence..,'

1. x
= 2

2
.2. y + - = 1

Y

-
y y

2
,

x +
4 .

For each:Of the following probleMS:. (a) an;lYzethe situation and

write an.equation which is a suttable mode' (b) solve theequation and

(c) interpret the'solttion and answer the question in the prob/et.

8. 'Find a positive number,whicliywhen diminished bY4 14 Is equal t8

51' times'the reciprocal of the number.

One Pipe alone can fill a tub in 76 mfmiteele8d.time tbAn''it'takes

a-second pipe alone to filrthe same tub. Both pipes together can'
.

t

Pill the tub in it minutes. How long, does it take eagh pipe alone

47' 1: 7,777,0

6.
1 2

6
'+' 5

.x - x -1 ,

.x Y4 ., _2
7 * x Lt 2 7 x + 1 x + 2°

ill.the tub?

10. A motorboat Can.average 12 miles Tier hOlar in still Water. To make

a round trip; of 16 miles upstream. and. 16 miles back requires

3 hours. What is the rate of the current?



2418. Summary.

' Section, 24-1.

The fUrittion

: x --)ax
2

+ bx + c, a'.# 0

40

Is Called, a quad, tic function. The graph of siloh a Puctio'n is ,called

.p.aratnotte. .;
tit's

Section. 2,4 -2. ,

.'
The palabola which is

in Figure 11 is the graph of
V

function

f x --)ax c,:. a

b =- 0, = O. .

That is, it,A:the graph of

shown,

the

t7) X

which we refer to as the "baSic" A,//
quadratic. function..

O

,4'

A

Figgie 11

For a > 0..::the graph of f.: x -4 ax
2

is a (pa rabolajthat opens
'

upward, with its lowe'St point at the origin., Its dolain is the set.'of all

real, numbers, its 'range is (y y > 0). Except atlthe Origin, the graph

f ; x aX2 lies below the giaph of the basic' function If 0 < a ,<1:

i1t lies above the graph of 'the basic function if a > 1.

.

For a > 0, the graph of g x -ax2 is, a parabola that opens

downward, with its,highest point at the origin. The graph is the reflection'

Qn the X-axis of the graph, of f : x pax The -domain of funct'on g is

the set'Of all real ntImberi; the nge of function g is (y :.y < 0).

.
A frequently used notation for indicating the output of a function f'

for a' given input :1_, is f(n), read "f of n", or itf
at n ";'

f -.) f(x), where f(x) = x2,

says "function f assts to each input x from the domaie:an. output f(x),

such .that f(x) is x

109-
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The graPh.of f : x -, x jrs also referred to as the graph ef
f(x) , and as the graph of y -= x2. ,--Any-,..point on the grapli-Lskn be des-r
cribid as' (x;y),.... or as. (x,x2

, or as (x,f(x)).

Section 24-3..

The graph of the-f,unction

'f : x, ax2 + k, a / 0 qa

2
r,

is a translation of the graph of g : x -0 ax , a ./ O. If' > 0, the'

translation. is upward,e,distarie of k units; if k < 0, .the translation
is downward a distance of 1k1 units.

The. graph of

I f : x -0a( - h)2, a / 0

is also a translation of the graph.of g x -0ax2, a / 0. This time the

translation is to the right a distance of h units if h > 0, and to the

left Ihl units if h

'The graph of

f x -0a(x - h) , a /*O.

is a translation of the graph of g': x -0ax2
, a / 0, to the left or right,.

Ihl units and upward or downward I k 'units.

Each parabola has an axis of' symmetry, referred to as the ax11011of the

parabola. The intersection of a parabola with its axis is called the. vertex'

of the --parabol,a. For the *function f x -0 a( x + k, a / 0, if
-

EP> 0, the graph opens upward and the vertex (h,k) .is it lowest point;

if .a < 0, the graph opens downward and he point (h,k): is' its highest

point. The value of k is the minimum (or ma'ximum) .outptit value of

function f , and the value 'of h is the input for whic k the output.

-Section 24-4. t.

The general quadraticfunction

f : x -0ax2 + bx + c.,

can be rewritten in the "standard" form

f : -x -'a(x -.h)2 + k,. a #U

by a' procedure called4"cotpleting the square ".
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SectToN1,05.

For any c ion, the'inputs -hick result in utput values of
2 4

are called zv4-os of the function. The, zeros oT7g.function are the rbots

(or solutions) of tke equatiOn:which states that the output of the ?unction

la zero.

The set of'real numbers
.

which are rodts of any quadratic.equation,can
,

be determined5by
,

rewriling the expression which isth4 .output of the function

in ustandardorm, Then ' -

0 and -a /-0.,;> a(rx - h)2 = -k and a /.3

,

<=> kx h)
2 k
= - ET, and a Q.

r

If < 0, the equation has no real roots; 'otherwise, it has either one

fe.. or two real roots.

Section 4 -.6.'

.-4. .

.

Quadratic equations can be used to model'physical situations which

.apply Galiled's observation that the distance. traveled blia falling object

'is 5,- .function of the'time spentAin.falling..

*.ift represents a number/ of seconds and t > 0, .then'

Function Description of Output 0" - . .,:_,_,-.74

Tr.

Number-of feet an object falls in

t
,

seconds.

t
2' Distance (in feet) above ground after1, -

..
.

t seconds of an object dropped from
a 'height of. a feet

DiStance (in feet) above ground after
t . seconds

/
of an object tossed toward,

4 at a rate of. b ft/sec .....

f t

h : t ) bt - 16t2

,t)a+bt-lot2

.

Section 24-7.

Distance (in feet) above ground after

t seconds of an object tossed upward
from a height of a feet at a rate

of b' ft/sec.

Some equations 4hich are not quadratic in form can be solVed by

methods which leafl to quadratic equations. 4
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(1). If the.equatiOn involves a, square root, squaring both sides may be

Since`

.

.:
a = b p.nd, a > ,b > 0 c=:> a , = b2 and a > 0 ' b 0 -

.
_ .t

.
..

. 1

. ,
.

it is neceSsary'first 01'8.11 to Write's. compound.sentehee stating restrictions
, .

on the variable to insure that the number under to radical,'sign is non-
,

.

negative, and tbat,tp square root is a positive number. 4
. 0

Squaring both sides of an equation. may, also be helpful it '4d:equation
.S'.,

)

con6gns the absolute value of an expression involvingthq varialie. In '

Atis case, the restriction on the v riable musUinsure that the absolute value

a Pqpiti4X number. L
. . ..,

(3) Another situation which may lead to a quadratic equation is the solution
,

of a fractional equation. With restrict,ons stated to insure that no
. . P

.T.', denomitttor has the value 0, applying the multipliCatiOn property of

equality may lead to a quadratic equation..

grf
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