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APPROXIMATIONS
e S e
"22-1. A Famous Problem ‘ ' " . L “‘g ,

’ -

What is the shape of the nig‘ét" D - R

beautiful’ Ijec:,t'angle?l"-,jAccof‘ding to @
the ancient ‘Greeks, the rectangle ) , : -
ABCD shown here has the most : . . -

beautiful -Shape if, when EF 1is 4 . /'\\

o . A > [}
- .

dr,awx;y?:thét AFFD is a square, ¢ ‘ P N
: A L ‘ .
-the redmi@angle BCFE. is ' * O~

>

. Y ’ . . . . . .
similay te ‘the original rectangle ‘
"ARCD., . B U o T e
o, r o o égzéﬁzg"lé

@ ' Let us 'see what this means - D

=

inverms of numbers. We choose the

unit of lergth so that the altitude =~ |~ .-
. PR . . {

of. ABCD is 1. Let EB =, x.

e i~ R
If BCFE "a2nd ABCD. are similar, u : . .

B ~.AB ° -That is, . . o

(G

‘theh

| BRI GRS
bl

This..reéuit may by more apparent if we g

BCFE__in & Mifferent posikion. o LR -

C S . S : S T -
Y .- - ' *
A : ) a
/ L4 M ’

< — .

AR : S AR
o N N P - B

v .n : .' -'\ .‘}' \ _\‘ ) §\ ' 1 D ' " !
a Van AR y e ¢
- ¥ < . x \ \.,
. . ‘ ‘.; " "" \\
N “ ,;'l'”\ 4 . & L

(et



-~ _ . .
~’: D/ < > c \\ A} N ) .
. - ) . ~
AT , AN k E ¥
L & . s
» X ‘
N v b . o R ¢
- A . . 1+ X . . "B - B ;oo 1 . C
A . . ST, :
. . \‘ . * . 0 A !
o : . 'Figure L};:_.f"”, :
o ) Therefore the Greek requirement amounts €b 'saying't'hat the most
. * beautlful rectangle {often* cg.‘led» the gol({en rectang]e) is one for which
] - ‘ . .- . . . .‘
- 1 . : .
, * K o=, .
K] - 1+ x . .
? \ . ~
. \ ' .
ThHe f%ré shows the graphs v
. 4 - ‘¢
i *. ) “ 1. . ‘ ' . ! ’
, - of ¥y =x and y = T % The Ak . - z
", graph of wy =X is familiar. To ' : -
n ' . : N . y =X
. ngaph Yy =17 « we 1oc?te th.e. .
. . L : 1 2
. p01nts (0, 1), (=, Z.) eand
- . . 1
\ (2, i and notice that L +7x
c%ecreases as x gets larger. ) .
o IRV
AR | N ‘
4 s . : o o .
- Lo . . . * C.
- .
. ) The two gré.ph" 1nté\f.,ect at a p01nt P whose Xx- coordlnate is
' . 1 _
4 : bet = and l. S o :
( - gheer 3 CB - .
A ) “Since P lies on both graph the value of Y given by ¥y = X must -
K l.’f . be thé same as\\. the value of ¥ glven by y = -]_—]T—; . Iherefore at P
: ."‘ - : K 2 ' I . o '
. . o - v . < v :
J ' : ' ‘ x = —= :
~ ' ' 1+ x .
4, ‘.\ . )
We wsh to find ¥ so that this istrue. - LYo .
S LT 0 .
# L
¥ -~
\
. N . 2 -
4 I '
) o~ AN \. .
. "\ R ’ < ‘ B
° 8 . . : S
I . N * . ~
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' The straight line is gbove the curve to the right of the intersection

P and below the curvé to the left of P. ' R :
SO ' . ) ‘ : . [
For the %gnctiéﬁ'kfv v - ) p
: t. ,’.. " . .“l —
. A A .
N .

we wish the output ( ) to equal -the input x, If we start with

I +x . .

x = 1, we obtain the output 5 s which of course is not equal to- 1.
‘But suppose that we feed back the outpﬁt % "as a new input. This gives
’ __l_%.= % as a new output. This result is fed back into the f{unction as
R . . ' . -

2

-.an'inputlahd so. on. The following table shows the successive results.

Notice that the inputs are - - —

>

alternately greater and less Input x° Output T— %
* than the corresponding out- ' T
pdté, as the inequality signs - 1 > E
show. R 1 ' .2
L : 2 ° 300 0
. 1 Mo;eover, the approxima- 3 -3
tions are getting -closer . 3 > 5
together. Since % = 625 3 5.
. . <
8 _ 61538 ... ’ -
and\ = = .61530 ... we
4 37 . 2 S\ 3 .
have squeezed the required 8 . 13
-~ : L ¢
answer into an interval - LT . B . »
Table L~

'Iess'than._.Ql‘ in length. : L
I
: But before carrying the‘?pp;oximation further it is interesting to
notice that % and- % are both reas®Bnably close to the number that we, K
. : N \ LT .

require. - -
So, if the Greeks were fight, either @ 3 X 5 . card or a "5 X 8.
card should be very pleasing %o thd éye. It is perhaps no accident that

cards of these sizes are in fact very popular. S : .
S . . : v :
s o

. -~
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Exercises 22-la

3 B . -~

v : {Class Discussion)

-

/ .
2 jn a piece of graph paper,. draw a rectangle 8 units 1ong.an‘d 5
units wide. (Choose your unit so that the rectangle 1s as large as. poss1ble )
° Show t.he 3 X 5 rectangle which remains when a square 5 units on a slde
L is marked off. Draw a second 5 X. 8 rectangle ﬁl'th‘a I X5 rectangle in
one corne'r Are these rectangles similar? You can test s1m11ar1ty }iy
determlnlng whether two dlagonals are collinear. Explain.
: v - \ - w7 .5?' ' . o <;ifﬂ,x\*

., We shall npw show the '"f,eed;‘ R - : o ‘
: back".method on the éfaﬁh,j;tarting PO L o
with the input 1. The output is | - . . .
- 53 = 2 , the’ o.;‘dinate of ttie point . . - - y =.x
B on the grap.h; of y = T+ %o LWe \\D A |
R 'wieh Yo use %— as the next iyiput.. ] - LB ’ y - 61
We .choose - OC = AB = 1", fhen A 1 T - i
ch =% is the new o_\f,put. , 3 ' > . ‘ «
ooy - O C ., e R
- \ l l
' R 3.0
: oo . " Figure 3,
« . . C e : - .

. : But notice'that Eﬁ crosses the 1i§‘1e~ NA =x at a pcint E thich is

© ‘on the same level as B. Ve might have expected this because if y = X,

. : CE = and we chose OC = AB. i . v : -
. v ) : \
- Let us draw a new f‘}gure to . Y
" bring out the facts more clearly , ' , . . R
Start at' A, goup to B on E : y o= x !
- 11 - - ° l | ) . . <
< Yy =1 5% across ta E on . N S
B .y = x and up'to D on 5 1 ,
e Vo= T }r ~ . T continue we . . YT x
. must feed in CD = pA.= OF. o . 1 . - ' L.
.. S<gpis gives us FGC R 0 C F 1 . — X

O
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We shov the essentialXs in * ¥
_Figure 5 where we can arrive at . ! T o
.G by the path ABEDHG. ' Ty o= x . , .

. . 1

, o T . -
~ v R Figure 5 . ' .
Exercises 22-1b - - . - :
'1... Measure some paperback books and divide the width of the front cover ~
. by the height of the front cover to see what numbers you get. ’
. »"..(Reduce to decimals and compare with the ‘numbers which we have
been calculating.) S e

. o '. - . . ) : . N »
2. Continue the “feedback" process started in the text where each new

. choice of x- is tﬁe previéus'value of T i . Start with x =-%

. and write the next three apprommatlons in fractmnal form. Write .

the last two approxlmatlons Just obtalned in dec1mal form {carry the
results to at 1east i decimal places) o : N~

v e

3. By listing the fraction.s in Table 1 that approximate x and'alscﬁtheo

other fractions found in "Exercise 2, see 1f you can continue the’

list to include five wmore. ;tems simply by observmg the .pattern\\

~ -

h. ' Suppose that for some input a.,_ in the functioh f x> T+ %’

. - : 1 +°a

Let b .‘represer}t the ochut T+a° . E . )

” Show that if next time we use b s the input, then

1

b > 1+b

* That 'i's,' if a’ is too small then b is too large. ”
Hint: Start V\ith ‘a < b, and add l to both sides of the 1nequality._ .

2

O
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. dnd therefore

.thatd}emains when a sduareb

.In this pictpre of the %arthéhon; measure the dimensions

‘the rectangie shown. Divide the 1bnger dimensiqn by thé §horte}

Prove that ) et o o .8

Repeat the proof in Exercise L after interchanging > and < -

Show that a diagonal of the
golden rectangle must be D ' 'F ST o

perpendicular to-'a diagonal ) . E ' ’

of the smaller rectangle

is cut off. : '

v

Coﬁy Figure 5 in this section on graph paper using a . .large scale

and‘d?awing the graph of y = T 1 = with great care. Cbntinue the

construction as far as practicable. What seems to happen?

-
v

of .

and: compare the reéﬁ%t with 1.62.

- - ‘ .

L

-~ . . -




- -~

¢

‘ 22-2, The Golden Mean

—

\If we continue the process started in

; e previous section, it turns
. N < )

out that to nine decimal places

P : v
. L4 0
- ¥ £ 618033989, ~ . ‘
. . A
If a line segment"zﬁ o . - L r
1 : X
A . o P . B
e - ... PB _AP PB . .
vis divided by a point P into tw§ parts 50 ph%ﬁ AP - AB ' AP s celled )
-the golden mean. Hence, if AP = 1 is the unit of length and ¥PB'= %,
then - - ' ’ '
. ) % .
101+ x
This equation has an approximate solution .618... as we have seen../
L. .
We»may’well—aEK whether this solutiqn ic rational-or irrational. In 7
other words, does there exist any choice ol integefs , P and q 'soO ?haﬁ' o
- - 1 - ’ ) ‘.
. ‘ D _ L , . . B
_ . q e B : .
; ; . L. ) . - a o,
that is, so that <
. D ‘ 9 -
1 R__4d 7
(1), g pt+ta
. We use the same method that was used to prove phevirrationality
of V2 . ) . ' ) o ) o oL
v If there is a solution of (1), then the fraction '2 can be written -
in lowest terms. -If this is done and if '5—%—5 is equal to g , it must .
be'tfue that the denominator p + q 1c a mult{ple of q. That ié,
' p+q-=4g, or g, \br 3q, or...
and \/ . . : \ )
~ ‘ - ‘ p=0, or g, or 2q, or...
' -~ . T
Finally ‘- o .
’ . g =0, or 1!, or 2, or... °
- Since' we assumed that % = § and 2e 0'< x <1, there is no -
fraction ﬁ which can be equal to. vo | That iz, x 1is irrational.
: . - N : ~ - R . - \
R . As you know, tﬁis means- that the decimal representation of «  is non- ’
. . . g . ) . ’ .
terminating and non-repeating. = o . . . ?1) ] &4‘
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l‘ b - . b (
' Exercises 22-2 . .
’ . .\ . ._ -
e 1 3 8 .13, -
- L. In the list of app:px1mat10ns T’ 2 5 3 » 5 9 s 302 0

. 2. Follow the method of{this section to show that ‘there is ho rationad
. A K [ Lo

'number b ='§ ‘£8r whic X =

‘_dlscover a rule whi

precedlng onq ig. th

’
3

3. - Show ‘that

' has a rational solu
ﬂ_represents the prod
In this .case, n 1is
§ is a solution of
or 2- or s

‘case, ¢ must be n

<‘\f *= X t L

ch enablés you to write any fraction from thef ,

e list. e »

> »

x +2° ' L ' T

’

c .

Y

tion only if € = n(n-+ 1). lgote ‘ihét n(n ¥ l)

uct ofgtwo gucce551ve integers n nd n+ 1.
a solutlon of x = " i i Hlnt Show that if
-, D
X = it must be true that =0 or 1
x + 1 . .

that is, 4;3 must bé an integer -n. In this

(n+1). o

22-3. The Fibonacci Numbe

rs " ‘ ‘ . -

Let us return to the fractions which we have Ggéd in the attempt to

- solve the eguation . .

" Written in Sﬁccesbi
5] ree -

ﬁotiée that

- 1) The numerator of each. ffactidﬁ {after the. first) is th

same as.t

on.these fractions are

H!H
-

« M-
w
Utk
oohn
-
5le

.

<
<

3 -

]

‘he denomlnator of the previous fractlon

(2) The denomlnator of each fractl@n (after the flrst) is the

- sum of the numerator and denom1nator of the prev10us

fractlon.

More briefly, if %

N e -

is one- fractlon in the ist, the next one is

.

v

. - ' O ¥

,.v

.; < T . . 14; o

WO



- ._ - - . '.dj..v d

The 1ist of _numbers used for the numerators‘and denominators, thét.is,

1, 1,)2. 3, 55 8,13721, 34, 55, 89,0 0T '

pis a famous one. Each number (after ‘the flrst two) is the sum of the

prededing‘twodnumbers. "These - numbers are called the F1bonacc1 numbers‘after'

Leondrdo Fibonacci (1170-1250) a.great mathem§t1c1an also called Leonardo.

of Pisa. 'Fibonacci méhns "Son of Good Fortune". The name is ﬁ%onQUnced R

. —ahio - . . . . .
flb -on: ah chee. - | s . ) : ‘ -

. Leonardo popularlé‘p the Hlndu Arﬁplc ‘decimal system 1n a book .
-Il Liber Abaci publlshed 1n 1202. He. 1ntroduced the Flbonacc1 serles in

a problem about the breedlng of rabblts. » o o

- The Rabbit Problem

‘e

-
‘-

A pair of rabbits is placed in a walled enclosure to fmnd out

how many offspring.this pair will produce in the course of a year

if eath pair of rabbits gives
birth to a new palr each month
starting with the second month
of its life. Since the first

':pair has offspring-in the first

Eairs:
l .

-f;rst-monﬁh:

month,  double the .number, and e .
in this month there are,two secong.mOnth.

pairs. of these, one pair,
the first, gives birth{in the'
-following month as wel s0
‘that in the_second month }
there are. t&ree pairs. Of"
these, two pairs have off- .

third month:

5
fourth month:
8

_fifth month:

> X . . . 13 -
spring in the fo¥lowing month, . )
so that in the third month- Slxtglmomh-

two additional pairs of rab-
bits are born; and the total

seventh month:.

\ number of pairs of rabbits . . 34 L
in thiE’mgﬁth reaches five. eighth month:
¢ Three of these five pairs . . 55 .
have oFfspring that month, nl“tg month:*
and the number of. pairs . %
reaches eight in the ‘fourth ff tenizhmonth:

month. . Five of these pairs
produce another five pairs,
which, together with the 8
.pairs already in -existence,
make 13 pairs in the fifth
~¢ . month. Five of these 13

pairs havé.no offspring that
month, while the remaining

- eight pairs do give birth,
so .that in the sixth month
there are 21 pairs.”

* The Fiboracci Numbers, N. M.

eleventh ‘month:

233.

.twelfth month:

-

Vorobyov, D. C. Heath.

od
C&”

O
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N These nhmbefs»occurvin'yery surprising places.. For example, the seeds’.
- # on most sunildwer heads -are arranged in. 3h cufves which cross 55.: curves.-
e T ‘ ot 2 4 oo
Small heads have 21 curves intersecting 34k curves and large ones have
. . - . o~ o . v T
55 ° curves crossing 89 ~curves. The numbers 21, 3%, 55 and 89 are
» . . . . L ; .

-~

Fibonacci numbers, as you can see.
- 4

There are many interesting'relations.amoqg the Fibqﬁacci numbérs and
extensive studies have been made -of these relations. We shail'study two of
them which will be useful to us Jater. '

Py -

‘We write the list once again for convenignce.~.
1, 1,72, 3, 5, 8, 13, 21, 3k, 55, 89, ..

Notice that the pumbers inciease in size (after the second 1). That
.is, it _a‘ and b are two successive Fibonacci numbersf :

b >a.

\IV‘

{The equality sign appliés only when 2 =1 and b = 1.)

10




: - _ . ) D
_;gs:ead of comparlng succe551ve\numbers in the list, 1et us compa)e
alte;nate numbers,. for example 3 ‘with 1, 5 w1th 2, 8 with 3
\\hd SO on. You willenotice that in each case the larger, number is here than
tw1ce the’ smaller number Ts thls always true” Let us see ' ‘Suppose that

J>a, .b, and-.c are any three succe551ve Fibonaceci numbelo.

L ° . ’ ) A
- \ . . st
._..‘a,_-b,. Cyans

We. know from the way the 1ist is made that N o .

¢ = a.+ b.

o el - N ‘ - : . )
“We also know that unless a = 1 and b =1 o 4 T
« - < b a = ' ‘
oo Ty a. R .
‘So we conclude that  — .
' +'a = 2a .
4 - ' \
unless a =1 When of course ¢ = 2a. ' - =
- _ p :
We have our- first relation: . (

U
.7
If a, b, ¢, are three succedsive Flbonmﬁc1 numbers then

c>2a. . *
'Rethrning‘to our ;ist ' < . :
1,1, 2,3, 5, 8, 13, 21, 3h,... o .

let us square one of these numbers, say 5, and compare the result with the

product of its neighbors (3 and 8), - ‘ -

5% = 25 -
T
The results differlby L. ~
. 495.9 _ B 52_- (3 x8) = 1.

a
Similarly 82.$ 64 aiffers rrom 5 X 13 = 65 by 1. Notice

however that t6 get: 1 this time we must subtract in the oppoéite order.

(SXB)—§=

-You can test #this relation’ for youlsela - It always seems'to'work. .Can we
prove that no matter how Iar out in our list we go, the'difference'in the

proper order is equal to. 19 Let us see.

We must see what -happens when we progress from one set .ofvthree

successive ‘Fibonacei numbers to the next set, for example from 35, 8, 13

~
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Lo to 8, 13, 21, We have found that
. - . ) .. . “ : -
L "‘?5 x13) - 8 = 1l -, .
_ (f;}pw we ask gbout o _ o o : . s .
-0 - (8 x21) - 1. : R
‘Of course we can easily show thatethe result is® 168 - 169 = -1, Ho{:eyep, N
o it. is more useful to comnect ' (8 x 21) - 132_ with (5 x 13) 8%, - we do ﬁ\\\
C “this as follows: AN : : ' ot T - '
: - ’ : . : S N K
S : (8 x 21) 132 k \/)' S '
= (8v+13)-13><13ﬁ ' o
4 8><(8+13+(13 ) x(8+5) R
; P : =(8><8)+(8><13) - (13 x 8) - (13"x.5). - .* 4
| ' i . =.82-'(13><5), . __'
,. ~ which-is the opybsite o}é (5 >< 13) - 82 . It follows that
ey Y . .
' \/( xe1) - 1 =L R

Let us generallze this method.’ Suppose .that- a b c, d are any
‘ 2 2 .

RS

,4-‘. four successive Flbonacc1 ‘numbe rs and that we know 'that
4 .

L _ : ac-'be%l' or -1. ] . o
\ ‘What about ’ Ny - . .
: : bd - ¢ 2

We use the fact that d = b+c and ¢ =10 +a to write

e

b (b + <) -¢cec

oo : . bd - ¢ =
. p . . .
, . . » N : ’ : . - . o
| . | © =be(brc) v (e)bra) \
cr\. . o : o . =.b2 +bc - cb-ca <~ " f g "\
. . ~ : ' .
= bc_ ‘_Ca, s -
1y /‘_‘. - - . .
<= ~(ac - b2) : .

- oz »
- (:f‘Therefoie ifcac - b= 1, bd “¢? - -1 and if ac - B = -1, bd - c® F1.

S b . .
- . : N ¢
¢ Exercises 22—3 . )
1. Contmue the list of Flbonacc1 numbers until you have 15 of them.
4 2: - The Lucas numbers are iormed 1f we start with 1 and 3 instead
- of- 1 and 1, yln any later number by adding the previous °
; 12 .-
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- B ) -4 . N . : NI T D e T
. e L , « e
AN R Yoo g J . .
two.” Thus we have l, 3, &, 7, ¥X.. . .

3

g I
i

~;//‘ (2) Llft.the first 15 Lgca?/néépgjéi S » ‘;

"& () erte the. li'st qf Lucas numbers under the 1lst éf Flbg»a&m.

) . & ( 4 .
. : numbe;:s and vemf‘y tNa.t the ninth Lucas numbe,r 15 the sum, of the N .
_ ‘_ elghth and teﬁ’th Flbona'cc1 Tumbers. 7. o . 'fﬂ’ L4 -
. . , th P 3 i 5 ¢ v e -
e () Verlf‘y from y\},lr llsts that. the’ n- Lucas nu'mber is’ the shm" .
: of thé (n - 1)st and {(n + 1)st Flbpnacm numbers *‘ - v "
. - . . D) . U ¢
3.+ A rectangle is ’t;? be formed . ‘ \‘ - - 7Y o ‘E
’ §'o that if we cut: off 2 D o» . N -9 FE n - L e
) ) ) . A Call 1 . .
. g th L L w1 . v . :
quares,_ e remal_mr}g v L E B (q - . . . (
rectangle has the same - J . <oz .l . 15 i\
. . T ie 1o 7, L
shape as the original_ - - S ‘
. . . . : . " < o PR - ) . T )
- - . ‘one. 7 ( : - . . ® -
- : o0 . s o~ ;
. . . s ¢ o~ : )
{a) -When we considered the golden ‘rectangle-we had the equation # .
. 1 x + 1 : i . ; , T 2 1)
. . . ~ .~ . , '
‘What is the corresponding equation for this Jrectangle? -\
(b) Start with x = —é— and by successive trials find the value of’ x“\
to at~-'least two degimal places. ‘Save your answer for later.use: o
22-4. .;Acéﬁ'racx of the Approximations : (. ;
. , o
In studylng the golden rectangle,- we, have app1ox1mated X (Q&rat:.onal
.numbers which are alter.rraﬁely too 1arge and too small. 'I'he llst of approxi- A
matlons begins as follows : ; S oL : . w’
102 3¢5 .8 13 .
2’37’5:¢8713221°"7 S e
. . o N S .
The required value x always ,
© lies betweeh two successive . T : - T e :
. (“ . . . N o . Y
numbers in this list. For example ) — — & . e ,
S 1 < x < . . : : \ .. . N
( ). 5 c 8 . . i 1 . :
Better yet . . U ' _ N
. ; o ' L . be .
(2) -8—-'< x < L3 : - . : 3
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. . . Sa, . R ‘ - , P
’ . Vs L P . . . . . L}

. - v, ~ . ~

el ",. ) FK’- Ift we comamue the 1ist of ratl.on&l approﬁ_rptlong can ve: 1oca§te - x <
TN .~ .
- ds .,cloge‘ly as wo« pl ea.;e" To ‘ansﬁ‘a\ehls questlon, we try to 1ind what’ hagaens
i !
R A to the dlfference between palrs' of suc%e:‘su/e numbers in the list of ‘ratibnal
- approxnnatl,ona. We will see how far al g the ll'st we_neod to gd to get an
-aﬁprO)flma ion o('{ate 1red accurady. - - : .
¢ : ) L\ “ Vs
T e . X 5 1 . s y
. © ¢ *®. .. Since- Q 3= = o) 1= , we see that.in (1) we have focate&
oL ct . —-‘. . . 8 5 7 X’) { .-"‘o., ° \(\ . . E ‘i‘ PR
f . - : . . . - . . N - Ty L
o withir an interval of length "f5 « g .~ ~ . P f\,
R . , ¥ 0 -, A ) ' .. . \
P ‘ D . o) R P ‘ - ’
T, 138 _13" -(8x21) 1 - - .
‘ i o 21 T 137 3 xax 3750
. . ; S . e -~ X .
Thus in (2) we have located x within an intefval\of Jength 573 .t
N . . 2 ' . .
Ly e M ) R o . o
; : This is of co"rue a much .,hortev 1r1Le1'va.l The question is: Can-we make the
-1 . . \. . - . - .
3 .
. { = ~
.intemval as short as- we please - Wc tha ?-}—— or a o]
Vet . pi e. = q 7,000, 000 ° t ex mple,‘Pr
3 1 o i . N _ S : .-
: . less an T s ¢ ' o .
. . l,OO0,000,QO_O : 3 : w ~ .
- v . . . o - E&‘/’\\: ~ . c
: : To answer thl., ’questlon ve must discov some eneral iacts about the
dlff‘erences “&etween two. Jucceéslve numb‘.lsv in the list.
\ 3 .
g Did youb notiée that we wgre able to r‘ep)esent thlo difference by a
fract170n W1th numerat01 1% "-vf., this alwaya true" Let us see where thls
2 .
numerator comes .f row, ' Wherr we .,uuiracted j from % B the numerator was
. 2 N R . v »- 8 . ;l_i . B B
v -5 = (3 X% 8).- When ve. subfracted | =5 from 5% , the numerator was -
J\_J . . LD . el - . 0
12 s x By com P X
L5 T .- - "
In the. I’lbonqu'l seriés AT o ' ¢ .
» }\ . . . '
. TS . g . S
- NS l,N_), 9y 8,(,]__‘}“, 21, 3, e ) . . e
» . . ) . L o : .
5 is bétween 3 ‘und 8, and 13 . is tetween 5 and 21.7. We have already
o . o . . - ’ : .
seen that the square ol any Fillonueel numbér diviers by 1 ' irom the product
. “or itseneighbors .« v
o . - .. ¥ L
Consequently wepcan write the 1ist o difTerences lmtween successd ive
W"aulOYlO.l numbers in our List of Jppr:ﬁ:imaiidns This llst ot
fllf‘ erencés begins: . *
) PR S R U S .
«(9.) Ix2 72X 37 3%x5 7 5.x878x13 S )
* - 8 - .
¢ '_Now let us Lo.o} at the denominators ;ii (33 Ve notice that they are
~ K LY < N - N . t )
j:he pI-ooucbs.o;-eucc_e551\'e palr::. o L'llvorxaec1 nufibe rs - —~
) 1 xS, 2x3, 3IX5, LXB, ... ) e
. B L d : - l), - - ‘
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- . : PR : : e . A
s - - - . +f . . - . . P N
- - o * - ’ ' ) A
- . o~ PN % ey Q . .
These products 1ncrease asgwe pr.ogress along the st. In fact, 'we can show -
. that edach denominator is mbx?e\lgian tW1ce ‘:ehe pxecedlng one. Proof Two sf. '
cesS,lxe"deﬁtkmnator., are of the fiorm a ><fb and p.x c.'( du’c R s
. . . - - - < . R A,
pXc ¢ A ‘ o / - A
———.=2— , and 51nce ¢ > 2a, we & see, that — b 2. - . s
aXxXb ‘a’ kN . .
& -¢ . . e B B N
o i A ( ot R . . } .
e, I’%,follows that each d—rf“'ere-nce is 1ess%hum %—‘ &1 the ‘previous one. -
Therefore we can surely make the dlffeie\nce as ,maH as’ve - quase’ by gbing
ou’t, ,suff1c1ently fa/r For exargnle, ‘we kngy thatv ' L St
. ) & - -~ { ’ . so.
e BB e e
. ‘ 21 7,13 etz T AT -
. » b ] ' ‘ : '-A" o NI -~ _ B
The next difference-\&.ll\ = than - . Lo® o e e \
o " ' . ' .t S 1 T . .. T o - ¢ ’ ,
.0 / ‘e . — = el —— .- .
RN e Exers OF SE fT
. . . v . . . : ) i B L ‘. A\" . y . . . » -- . o . .
_the next diffefence-is less than' Tgoss ;- . . e ®. :
- e B L §>OV A ‘ - ‘ R o - -4
the next dlffel‘sn\cg 1s_‘vle 4 t_l_mn-. 5000 7?\ . . 4 o _ g K
: . . - . r . v )
and s on. . R : ./ \\ﬁ' -, ' v —_— :
D om— . . : GO S S
.\ o ' Exercises 22-4 - - .o ‘ L. _
\c o ) . . . , . . i
1. Given the 110t of Lucas number" beglnnlng r . N
: { . ST -
o ’sh 7, 11, 18, 29, U1,.. Q" . .
_ . : e N _
we can wrltg the lls’g of fractions ’ ., : .
109 & 77 '
. 3 2’ h 2 ’? 2 11 A ‘ )
” B g)-talned by d1v1d1ng each num‘jer b_,’ the following one. j: <
. Cons:.der the dlfferencc between two consecutive _ratlonal numbers in
. ) this 1ist. Verify that when simplified, the. numepator for” each of- ¢
. ‘ the differences in tke list is 5. o ’ _
2. . In Exercise 1 verif(y that each difference is less than one-halfl t \ )
- -precedlng difference. ) L o ‘ K - ~
3. Consnier the followmg list oi rational numbersg ) - L
w112 3 5 8 . :
232528233221 77 o N
(a) How are they related to ghe Fibonacci numbers T .
1, 1, 3,03, 5, 8, 13, 21, 34, .. -
~ : - . o :
ﬁ. " . h * , )

O
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< RN ) - B . . )
- ,-‘ * . . § .'.{':, ' 4 . . -

r\ (b) Wrg,‘fe each mlmb.er in - the glvan Tist in dechal form and. estimate
ST Y Y to two decj.mal places the nymber dy). for which ‘these rational
~ - . \ .
? S i \ ’ n‘umbers aie succegslve approx1matlons ,(-If? nec‘éssax;y, continue "

. e : (£ T s e . :
L - thells.t) -, y ’ - <,-, - RN
, \‘ - ) = . - :r L

L Fﬁnd aﬁst}on bé‘oween the' 11:;{ of ratlonaﬁ numbers in- Exerc1se 3, ,
N .
ist )

R 'and th, - . . - .
et LT N
AR . S 3;5X\;:53 yeve T N

‘ &. . at the beglnning of the séctlon. Hint: Try multlplylhg adjacent’
_ . palrs in _the Wst- g:wen here o ") . é

. ¢ e : v ) ’ .
> \ LV’erlf}'\that r answer to Exerc1se 3 is approxnnately lZ X where

. BlBean N L . : :

A o o : T e

° . R 4 . . . : N a
. . ¢ ~
. . : . - N

b

. L . . .
’ 22-5. The Solution in Terms of Square Roots

o . We have seen that the Eo'lu"tion of -
. ) a . . "_L ' . -
’ . . X =T \
e " is an rrational number. Since v 2 Y3, " “ete. sre also irratiOnal ’
) ) number\%lt is, natural to ask- Can x be expres,sed in terms c‘a square root?
1- If . ® ( ! : : . A : /
R . x = 1— - :
o . x : .
Lt y ‘ . . / ‘
it must be true that - -t . : .
v L (x 1) = I R
- T . X 1 . ' .
. . ) 1 ‘ * K . . L
' We know that for all posltlve mumbers a -and b, ' a
4 i ‘' -
: . .2 oe2
. : » +a + b * a - b
ot EED) L oans B5D)
If wve let a=x+ 1. and b =X, 3 ' '
. . ) . ). 4 ~
Co . . . a.+b=(x.+1)+x=x+%

) e 2 2. o . _ o
and ' o : - R \\_

‘ a-b (x+l)-x_ -
2 wp - -

O
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There (l) becomes : ’ A -
o . " - <
e ey o by | L
= x(x + (3 e
. - 1_5- . o
g SR Tl R Ny
erefore ’ - , — C 1 -
1_75 N S5 . .
A f AT 2 °r Xt 2 e ~
" ‘a k2

. S P : T
Thus -there are two solutio%s. to the equatien x{x + 1) = 1

‘ . : -
X a Rositive sodution, - 5 + —/25- ”
. B . . K N . -
’ 'an;i'a negative solution, - —% - —/25- . .
Since J—_ 2. 236..2 o Lo _ : : L

we have .!'\ .
g e =-.5+ 1.118... - = .618... S
’ © x=-.5-1.18... -1.618... I

»
It

ceur_se‘We do not want the negative solution for_the__proﬁlem of- the golden

v

e can cons tzuct a Segment

-which represents positive. . S . '_ .
- ) FY - . .o N
L1 very simply o - <A
e T 2. » Y .
'as follows: Draw a right oL 5 ' . >
twiadgle ABC with base -1 ¥ = 1
- - . ) o el
and altitude —;— . T el 2
Its hy;potenuse' iB is . L
N . . _ 1
N : Figure 6
B

" Draw a c1rcle with center A and radius /iAC % . Let D . be the point )

of 1ntersect10n of the c1rcle and AB .

Then D = gB - .
| QG
T2 T2

I3

_Thus' BD is the required ‘segment. a L
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‘s a straight 1iné with

. . »

There is another way in whlch ue may dlocuss_'ﬁhe solu%ion af
. * ’
] x(x-+ﬂ),= . We‘%fm'ot chzmg;e\mthe equatlon to

S ’ . .
.As_you know, the_graph ™ '

of 1y ;.xe .is a parabola, (see .-’ ~
Figure 7) and the ‘graph of

.y:—x:‘bl

slope -l and y-intercept .

-~

\

N

S

-

+ 2
afd then to, b & -'.Q ' ,
' . ) N % -
. Tt —

N We can solve‘thi_s équation.by tinding ‘the intersectlon of the graphs :
- - .. T - ST

. . 2 e N ‘ L *? p

P hy = X S . ) ; .

and - . ’ . .

A N y = -x +-li . . o Y N

1. : _ ) .
’,
‘ Figure 7 . B
L% . . T . .
There is an 1nteroect10n P near X .6. and another intersection;_
Ne) near x_; —1.6 Gvaphlca] ~,olu’uons are necessarlly approx1mate but
they often give us 2 good start RS

” > In thig - cage, a little c*q)erlmekatlon ~,howg that x
about right.  In fact - _ o

' R (1.6 =256
and - . ‘ .

~(-1. 6) + 1 =2.6.

y-coordinate of the p01r1t on the parabola, we know that -1.

right ot the inte;‘seétlon or 'larger than *jhe correct value.

» If we try -1.62 we find (-1.62)° = 2.6244 and -(-1.62) + 1 =
- Is -1.62 ,to the right or to the left of. the intersection?

= -1.6

6

Since the .y-coordlnate of the point on the 11r1e is greater than the

is to the

.
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i Solve the-followihg equations graphically. Also find qhe solutions

1Exércises 22-5

Solve the following equations graphically:

— o L : 2.
(g) =x(x+1)=2 (Reminder: Change to the equation' ¥, = -x + 2
_and graph .y = xg_ and y = -x + 2 on;iﬁé

same set of axes.)

.

(6) x(x+1) =3 N 4
() x+1)=b L
(@) x(x+1) =6

() x(x + 1@‘:% , ~

.
2

L2 ' .2 :
R L+ . o
Use the factwfhag\\(é—g—g) ='ab + (2—5—2) to find the solutions
of thé equations in Exercise 1 above, indicating ir%qtional solutions

in terms of square roqts. - For example,

3" X(X +1) =9,

\. a + b

wecanlet a=x+1 and b 9%, 50 —— = x + é’, and _
2 : I &
a-b _1 ’ :
2 2"
Since ab. = x(x + 1) = 7, we have
s 2 .
1y _ X _29 .
(x +3) T+ =7

S 1R A '
.)4(- 2*.__2 o1 X = 22 . .
' 1 2 1
The solutions are: - 3 + —32 , 5 - —%2 .

Use the dquare_root table of 'Chapter 21,,Sectioh 7, to find approxi-

mate solutiods for the équations in ‘Exercise 2, and check these with
? | ’ - ’ . .

.your_resuits in Exercice 1.

o
in terms of square roots.

x(x - 1) =1 ' s

L -x=2 h . . o
>, )

X,__—X=_)

23



8. 7 In Exercises 22-3 (No. 3) we were led td solve the equation

Vet | | o )
. Lo XX w2 . - ' ’f

or - . “x{x + 2) = 1. S . )

Show that the solutlon can be expressed in terms of g sduare root.

"Use the square root table to check the accuracy .of the answer

«

previously obta;ned. ' - »

22-6. Projectiles o

" If a body is thrown straight up in the air with a speed of 64 ft/sec
to begin w1th we assume that the distance 4 - feet above the ground t

,
v

N

seconds later is glven by the equatlon-
d =,6ht -‘l6t :
- . . Y .
This is a good model of the phy51cal facts. Suppose that we dsk the question:
'/, ‘.When.ié the body 48, ft. above the ground? To answer this questﬁon we set o~
= 48 and write _ E - ' . _
Gt - 1682 =8, )
For vhat value or values of <t is this-true? If We divide by 16, we

obtain the simpler equivalent equationdp

e t® =3 or T
L . Y 0 . 91 W
() R T
.We can solve this gfaphically_ 7. !
by finding the points of intersection’ ‘
of. the'parabola Y o= t2 and the 6 : T ; o
11ne y = 4t - 3. ' ’ 5
oy < L
. _ "
L 3
2
y .
- , T
) 0 R -
. . / ‘ ]
; 20
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. v L ) 2 . . ’_:f . ) o . - ;'
: The intersections occur at (1, 1) and (3, 9). It is easily :
verified that t =1 and t = 3 actually satisfy equation (1).. Why are
there two answvers? o . i
: o e . Y e

If in the original question we had asked when the ht was™ 16

feet, equation (1) would be replaced by

(2) - L¢P - bt - 1.

i

You will be asked to solve this.equation graphically: Let us solve (2) in

terms of square roots. We first rewrite (2) as .
Lt --.t2 =1 - i .
and then as - L o T
t(h - t) = .
. e - 2
Let a=t and b=k -t then (& ;.b) =_ab +=(§—%—9) " gives .

ho=1+ (t-2)2" _
so h (t-/2) . T

. 4

Then n .t =Vy3 or t-2-=- 3 -
I R I R
Exercises 22-6 Ty .
1. Find two approx1mate solutlons of ( ' . ,b .;'f .
£2 4t - 1 -by drawing a graph of yr= 2 \agh y-='u€-i 1.
2. . _Show that the results obtalned ln the text agree approx1mately‘w1th
. your graphlcal solutlons 1n Exer01se 1% ', j\- , .
3. Ifa ball is thrown upward with a speed of 6h ft/sec (so. that

d = 6kt - l6t ). when does it reach the height 6l ft.? Solve ~
'graphicélly_and‘also by the method of this section. ° ° .

8«

. ~ .
el . In Exercise 3, replace the height 64 'ft., by 80 ft. Explain
v ybun failure to obtain an anéwer, either graphically or by the wse
of the formula. o o .
. R S

) Lo . .
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«22-7. Summar

In Qoﬁnection with the problem oT-finding ihe shape

‘rectangle”

Tt is proved that it is impossible

v By considering the function
’ ' - [
O A S

'-. ’
.n“ .
and startlng ‘with the 1nput -x o= 1

1nputs we obtain a succession of

Tt is shown that.these approxipations are a1tern1te1y tob largq

. small and that by cont;nu1ng t&} DY

_éan'gei as clqsé as Ve'please to’ the required ‘solution.

for “x

1

1 +.x -

@

and fpedﬁhg'back';uccessiva

ocess

s > .
It ic ‘also shown that the equation
’ » e .

- C oyl
’ .. T 1+ x .
. . .v_ . ‘1/___ . E F .
= has the scﬂutlonu - %;+_—%— and _.% - _%_

’,
‘

vroots.

of a straight line with a parabota.’

ERIC

Aruitoxt provided by Eic:

AW

?

-r

‘

The equatlon 1s'd1so uolve(l gquhlca11y by

-

we are led to ask for a positive solution of

[

X

1o be a rational.number

apgrox1matlons to the 1equ1red

a gulilulenc number of t&mes ﬁe

of Lhe\\golden -

l '*- x : " . -
P
q

y »

outputs as.
°olution.

and too

¥

expressed ‘in terms of square

finding the. intersections

K3

~

L




Chapter 23 . -

' SOLUTION SETS OF .MATHEMATICAL SENTENCES

23-1. Solving Linear Equatlons

“In the chapter on Probleﬁ Analy51s, the follow1ng problem was stated

and dlscussed o S ,°

"In a gasoline economy test, one driver, startlng
- with' the first group of car drove for 5 hours
at a certain speed and was then 120 ‘miles from
the flnlsh line. Another dryver, vho .set out later
. with a second group, had traveled at the same rate
as the first driver for 3 holits and was then 250

‘miles from the finish. How fast were .these two
men.drivingjifyf‘) ) ‘ - °
If we use r 1o reprefent the rate of a car, measured in miles pe
hour,‘we can represent certaln fanctLonal relatLonchlpc anolVed in the prob-
"lem. The functlons are “listed below,/w1th the.output of each funotlon des-
eribedvln,words, )

N 0 .

Function - . Description of OQutput
§:r 51 ?ft : The distance that a eérJgOee in five
: ' - e _hours :
. : ) @
) -~ g:r —>3r : " The distance that a car goes in three
- " . hours —
-, v _ o
: ‘. bo: f-—*Sr.+'120 ’ 1&0 mllc) more tham the distance a car
’ f : ’ boe< in flve hoqu '
. L . L . ’ '
k ::r 2 3r + 250 o= - 250 miles more than the distance a car .

s . . ‘7oes in threP hours -

i

y . . .
>

We can express ‘the fact that we z2re looking fér o value of r for which thev

" ‘outputs of 'h ”énd of k are egual by writing the mathematical sentence

WSr + 120, = 3r + 250,

_ Each value of : for which the sentence 10 “true is.qqlled a solution
f the equatlon, and the set of all uuch values we call »its solution set,

-

or truth set. ”
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r —a5r + 120
-1 r = 3r +_250.

Since the slopes are not-equal, we know thét'the graphs intersect. Thus we

. gy
are sure that there is a solution, and only one solution. 1 - *
Exercises 23-la = ° !
-(Clasé Discussion) B “
i. Study the graphe'of the functions S e
) ‘£ % r -5r + 120, \‘
\‘I g :'r 23r + 250
' £00 .
© shown here. Note that the rate is
shown on’ ‘the hor#zontal axis, and i : :
- ‘ = 500
that the dlstance is. shown on the BN =
) vertlcal axis. . _ .
' 1 koo
] (a) How many miles”per hour is. . o
o . represehted“by the 51§e of . v V3OO- .
" each square measured on the . /
- ”? o )
R ax1s o EOQ/ ‘
~ (b) What do you estimate’ the SRR
i R : . . .
- value of r to be et the " bo '
point of intersection of . ' » v :
the two graphs? - : B VAN R
" (c)': Does your estimated value- " =~ -0 N 1
- - R -~ 100% 200 - 300
of, r satisfy the ‘equation L

5t + 120 = 3r + 2507
) (d) 'If‘lt does not satlsfy the equatlon, try some other numbers
close to your estimate, until you do f;nd the solution of the .
. equation. - ‘ T ' : ) . ‘
(e) +What does. the olutlon of the equatlon mean in terms of the
'problem about the gasollne economy test° . e '

. L]

O
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In the exercises above, by graphing ‘the two functions we found a solu-

-

tion for the equation

. v v . - R R
5r +.120-= 3r + 250 - ‘ .
. - L
and were able'to interpret the result to answer the question in the problem.

However, the method. vas not very efficient was it?.."

.

A more efficﬁent way, often, is to write a chain, or.list, of equations
all WIth the same solution set as the given equation If the last equation 1n
'the chain has an obvious solution set, then.that is the solution set for the

given equation.r Let us consider how ve can ite such a chain

. P

For the'two functions .‘ ' : ' 4

. . . . . . s

ot ’ f:r->5r+ 120, and
‘g : r-— 3r +.250,

-l
the domain of each function is ‘the set of all real numbers. That is, if an y
real number is used as 1nput for the ‘function, the output will be a single
real number - With ‘respect to the. equation, we.say that the set of all real.

numbers 1is the replacement -set’ for the equation 5r +'120 = 3r + 25.

. The use of any property that holds for all members of the replacement
_set of an kquation enables ‘us to 'write another" ‘equation whosq solution set is
l’the same as for the first equatlon -The field properties. (commutative,'
assoc1at1Ve, distributive, ete. ) are true for all real nhumbers; the replace-
ment set of any eguation that we shall be using will be some subset of. the
set .of real numbers. Hence the use of any of' the field properties will give e

us another equation with the same solution set.

Equations which have. the same replacement set ‘and the same solutlon
set are called’ eguivalent eguations. A convenient symbol for "is equivalent
to" is " <> ." For example, we write' ' :

. o . 5x + ox = 35<:_—:>3 (5 + 2)x =3

.

to mean that 1f there is a real number m~ for wh1ch "5 i 2x = 35" 1is a

true statement then "(5 + 2)x = 35" is true for the same value of - x, and. {

~ vice versa.

In addition to the field properties, there are two.more "properties"
:which are consequences & our agreement that "a = b" means that "a" and

"p" name the same number. We reason as follows: -

O
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If .a and ¢ are'numbefs, thed‘_"a + ¢" “is a name for the sum of
these.two numbers, and "ac" 1is a mname for their product.

~ .o .

If the fLrst number 1s called "p"  instead of "a", ‘then "b + <"

is a new name for thé sum, - ‘and  "be" ' is g new name for the

m

"product.
Thus, "a +-¢" and +"b'+ c" both name /he .same sum, and we write
© Mg 4 c=b+c"; similarly, both "ac" and "' name “the
3 : . . ' : °

same product, and we write "ae = be." . i ?
R . . ". o ’

Check Your Redd-ing

1. . If you solve -ah equatlon by writing a chaln of equivalent equations,

what should be true about the solutlon set of" the last equatlon in

the chain? , s e e
o 2. What is thé replacement set for the equation 5r + 120 = 3r + 257
: - Wnst is the solution set? S ' i
} . 11’ .
3.7 If two equatlons are equlvalent what two things are ‘true about them? R
‘What, symbol is used for "is equlvalent to"? ’
1 ~s >
4, Why can‘the ﬁleld propertles be used to wrlte equat;éns equivalent to
a glven equat10n° : .
© 58 = If-.a,- , and c¢ are real numbers such that a = b, what is true

‘about @ +.c and b + c? abouﬁ/,gsﬁuand (Y
. i L/‘ A '

>

M S T

Lo .. Exercises 23:1b - .+ - . S
(C14és Discussion) .~ - - ~

e (a) We have shoyn that, for - a, b, and cC real numbers, ifj'e =b

' 4 : then a +c¢ =Lt + c.q How could you Show that if a +c¢c =b + c,.

"+ then a'=b? o ‘
(b} .Write an "if and only if" statement which combines poth state- <
h ments. ‘ ‘
2. (a) Ve also saw that, for a, b, ond. c- real numbers, if a =D

then ac = be. What restriction on -c is necessary for Vif
- o . ac - bec, then a’=b" to ke a true statement?
- (1) Write an "if and'only if" statement for multiplicatiow and
' .equality. o ; '

@, . . o~
o -

O
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Thus we' ave two "properties of equallty which hold fﬂr real numbers,

and so can be used to write equlvalent equatlono._ o - L.

(1) For all real numbers a, b, and ¢, a = b if and only if

a+c-=b+c, -~

. - '3 . . —_~
(2) For all real numbers a, b, anhd c¢ -such that c # 0,.a=>b if

and only if ac =‘be. ot

Y ) . .

For convenience, we shall refer to (1) as the addition property of

equality and to (2) as the multi lication broperty of eguality. v
equality (2) P proper _Q__L% . )
. 4, e :

For ﬁhe'equation S5r + 120 = 3r. + 250, then, we could have written a

chain of equivalent equatlons as follows o
(1) 5r 4120 = 3r 250 <_—_:> 5r + 120 + (-120) = 3r + 250 + (-120). ()
o — 5T =3¢+ 130 S 0)
| —> 5r o+ (-3r) = 130 ' S
. = " or = 130 ) () .
o= = . r=65 (6)

B ¢ e . Lo ' ’

The solution set of equation (6) i€ obviously 4(65},.Aand we have used
properties which hold for all real numpers. Hence we know that the -solution
set of .equation (1) is also {65]. o S

" Note that the symbol ”<ﬁﬁ:>". and its meaning'"is'equlvalent to" are <:
other ways of saying "if and only if." For example, _
S X +3=5<&=>x=2
_could be stated: "x +'3 =5 1is true if and only if “x =2 1is true."

That.is, if x +'3‘='5, then: x =2, and if x =2, then x + 3 = 5.

Exercises 23-1c S ' ) ’ )
. ! . ' . B l . ' n
“1. For each eguation in the chain of equations equivalenv to )
, 5r.+ 120 = 3r + 250, tell whicﬁ property spplies.
2. Complete each of the follow1ng so_ that the two equations are equiva-

. lent, and indicate whlch prop rty of cquallty ha> Leen used.
‘(~a').x.'=_7<:>x+3_=

(b) 5% = 1l2<&—> x =

(07‘,x - .02 - 3> x'= o ' - T
(@) 103=x+ha__ =x _ o
(e) 27 = % X <> . = x :

27 -

O
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3.

"o

\

tion properties of equality.) o .

s

. . ' - ~
(f) C = 2nr = \-
(s);\TX'= bx - 3f::a:>‘x = | \ . ’ |
(h) p=a+ 5 + o> =b -

State the solution sef of each of ,the ofiow1ng equatlons . (Show the
steps you take,_and 1nd1cate whére ydgruse the addition and multlpllca-
e
(a) 3x + T°= 16

(b)‘ % x ;_é -2 T . e

(cf Bx-l4=5x+9 |

‘a(d). .03x + i2 = .05x 4-3

(e) .03 (x +12) = .05 (x + 3)

(£) Tx +10 -'x = 3 (x + 1) :

“

The addltlon and multlpllcatlon properties of equallty can be used 1n

’ changlng a formula from oue.form ‘to another. For example, ‘the equation

F g C + 32 1is the conversion formula used 1n changlng a temperature
measurement from Centlgrade degrees to Fahrenheit degrees The same
formula could be used’ “to change Fahrenheit degrees to Centlgrade degrees.

However, it is more convenient to use a formula which is obtained as

]

follows: -3 B ‘ ' x
. - : e T i
. If - F = 2 Cc +.32

5C*.32 o C -
then ' F - 32 = % C; _ ‘by'the aadition property of‘equaiity

or % é =F - 32,. | |

and | o =,%-(F 2 32), by the multiplication property ef'eqaality.

(a) Name the following temperature measurements . .in Fahrenheit degrees:

0°c;» 60°c; 1oo cs. -40°C.

‘?(b) Name the follow1ng temperature measurements in Centlgrade degrees-

L] " .

o%F; 23%F; 59°F; 10L°F

-



O
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. N~ (
5. = Use the addltlon and multlpllcatlon properties, of equallty to write
Y
formuras as indicated; in a) (c) use whlchever formula.is more con-

N [4

vgpient to find the values indicated. "
(a) If P =2¢+ 2w, then w= _
If ¢ =7% ini *and v =,3‘% in., thén P = _ .
If P =18 ft. .gnd £ =5.7 ft., _then w = .

(b) If L =2rrh, then r = .o
2 Find L if r

).

Find r if L =330 sq. ft. and h =42 ft. (use n &3 %)._

3.5 in. and h =7 in. (use = % 3

=

—
[¢]

~

.

—
y
x>
[t}

p + prt, then r = .

Find A if p = 200 (dollars), r =3%, and t =5 (years)

If A = 168 (dollars), p = 150 (dollafs), and t 3 (veazs),
then -r = %. ) ’ ’

(d) If s =at - % gt°, then - a =

;(R + 1), then R 2“;;;;;:;<jn<’

(e) If E

~

As we have seen, an equation can serve as a model for the situation in

a problem. The solution of the equation indicates the answer to the question

raised in the problem. h o .
Example , . : ,lf. . S -
"The d%/;ance an obJect falls dbring the first second is 32 feet

less than-the dlstanceZLt f2lls durlng the second second During the:two

séconds it falls “L8 fket. How far does, it fallg durlng the second second""

- . If d represents a number of feet that an objéct falls during the

second second, we can write the folloﬁing functional;relationships involved

in the .problem: : N - _ .

” -

. ,’ . N = ’ 4
Function ' S Descripzébh of  Qutput .c~///ﬁ\

—_— o f di—»d - 32 .The distance an obJect falls durlng
. thejﬁd%% second
p g:d-(a-32) +4d The distance an object falls during
N A ) two seconds N
:29

L I
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Thus an equation which serves as a ‘model for the situation is

4O feet durlng the second second.

‘write an equatlon which is a sultable model, (b) sclve the equation, and

(C) 1nterpret the solution and gnswer the questLon in the problem

2.
y,
.4ﬁ
- L,
B ot
- s,

O
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We are looking forialvalue of 4 such-tha% the output'of, g 1is 48_

.
[

(4 - 32) +d = u8
(6 --32) +d = 48— d'+d - 32 = 48
' pp— 24 - 32 = 48 _
P— ‘2a = 80 ' "
<£:::>..—f f‘ da = ho.

The solutlon set of -each equation is (bk0}.. Hence the object‘falls

Exercises 23-1d

”For each of the following prohlems, (a);analyze the situation and

!
If you take one-third of a- numbe » you get the same result as if yOu

subtract 9 ¥from one-half the same number. What 1s .the number?

Theudegree measure -0of the’ lgrgest angle of a trlangle is’ 15 more than
twice the degree measure of the smallest angle. The-degree measure of
the thlrﬁ angle is 10 leoo than twice the degree measure of the
Smallest angle. What is the measure of the smallest angle?

"

John has 15 feet of fencings He plans to use it to enclosé a rectangu-
Aar garden 3 ft.  wide. ' ' 4

. (1) How long can he mxkr the uarden, if he uses all of the_ A
fencing?

Why will the shape of thc bardon not be a_ golden rectangle"?

—~ o~
W o
o~

It he hnlone morelfoot of feneling wou%ﬂ the shape then bte
‘a "golden rectanyle'¥” o s

The amount of $205 iofto be divided among Tom, Dick, and Harfx.

Dick 1is to have $15 more thin H’xrv, and Tom is o have twice as

much as Dick. How must the money. be divided?- ' . ’

A oquare_and an equilateral triangle have egusl perimeters; A side -

of the tfiangle iz five inches longor-than”d side of the square. What
is the length of the side of the square? '

r

34



6. Mr. Barton paid - $176 for a freezer, The price he paid was at a

discount of 12%. of the marked price. What was the marked price?‘

7. - John Jones's total pay was $166.40 for a week in which he worked

L8 houxs. He is paid "overtime" for all hours over 40 hours, at
3

he rate of 5 tlmes his” normal rate. ﬁ%gt was his normal rate of
) pay per hour’ ) )
, - ¢ "

. 23-2.; Solv1ng Linear Inequalltles o N ) .

3.

[y

Con51der this problem - 1f John had $2 more than twice the amount he
.now>has, he would still have less than _$lO.' What do you know about the v
amount of money he now,has? . ' '

If we use' X to represent the number of dollars John might have, then

the following functlonal relationshlps are 1nvolved in the problem

" Function ' o Descrlpilon of Output
X - 2x : Twice the number of dollars Johnumight
! : have i e
. : . Y
X > 2x + 2 : : 2 more than.twice the number_of dollars
: o R he might have ‘_

“ The phrasgff'less than $10" suggests the'relationship represented by
. N : . + R

the inequality
' N 2x + 2 <'10.

‘.,

The problem implies that.ﬂohn has some money, a fact that can be
represented by the 1nequa11ty x'> 0 "  Thus the situation in the prgbplem -

© -can be modeled by the compound sen;enceb

N

2# +2'<10 and x > 0. . ’ ‘ Y / \
A yeEQ
One wayf of determining the
solution setjof this sentence, ﬁnd
~thus answerlrg the guestion in the N 1 W
problem,, is b 0f a graph like o) o
the one ‘shown here. . . B ] " v 1
. . A =
. e - X

- ' : L .35

O

ERIC

Aruitoxt provided by Eic:



Exercises 23-2a .,

S (Class Discussion)

1. The point (h,ilo) is the 1ntersect10n of the graphs of My =_2x,¥ on
and of "y = 10." At thls pbinx then, 2x.+ 2 = 10, .and hence .x é_h.

(a) Between what two points on thé graph of y = ox + 2 is it true
that y <10 and x > 07 ' ’ ‘

(v) Write a compound open sentence which descrlbes'the abscissas of .

all of the p01nts on the~line between the two p01nts you described

in (a) .
(c) Use set- bu11der notation to state the solution set of the compound
sentence '
L . 2x + 2 <10 apd x >0.

'(d) Use the solution set to help you answer the ouestion in the
' problem. '

-

1.

2. Suppose that the problem had .specified that his number of dollars was
-an’ 1nteger . ’ ’
'(a) Wha !'would be the graph in the coordlnate .plane of the compound
sentence with this added restrlctxon?
S (v). What is the solution set of the sentence

-
N

- 2x + 2 < 10 and x > O and x . 1is dn integer?

(c) With this restrxctlon,'answer the questlon "What do you know
about the. amount of money John now has?"
R o . - '\f .

For solving many equations, a more efficien{;method than the use of a

S

graph is the writing of a chain of equlvalent equatlons, with the final

equation having a solution set that, is obviocus. Is there a similar method

. for 1nequa11t1e59 : : ‘ S .

“

. ‘We define equlvalent 1nequa11t1es as inequalltles 'which have the ‘same
replacement set and the same solution set, and we continue to use the same
symbol, "«—>", for "is equivalent tqQ." In the case of equatlong, we wrote
equivalent equations by using the field propertleg, and the addltlon and

" multiplication properties of equality.

O
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You may recall that y&u have .already used the Addition Property of
- Order and the Multiplication Property of Order for real numbers.’ These, |
together with the field properties, enable us to write chains of inequalities.

In terms of the order relation M<ﬂ, they can be stated: = - o

Addition Propegnggg,Order: For all real numbers a, b, and c,

. a if and only if a +c <b + c. . _ ' - '
Multfplication Property of ‘Order: For. all real numbers a, b, and

c such that ¢ £ 0,

(1) a <b. if and only if O < c_ and ac < bc.

(2) a < b if and only if" ¢ <0 and be < ac.

Since "b > a" can be equivalently expressed as "z <b", similar state-

ments can be made in terms. of the relation ">,

, For the inequality 2x + 2 < 10, ‘we could find the solution set by
writing tﬁe following chain of equivalent inequalities:'
2% + 2 {_lO<:i:> 2x < 8 ’ ' P
. Lg=> X < k.,
{x-: x < 4T is the solution set of the final inequality so it is also the

solﬁtion set of 2x + 2 < 10. For the compound sentence

.
-

2% +.2 <10 and x >0
we have as solution set
f{x 0 <x <h),

Exercises 23-2b

v

=
>

Use a chain of equivalent inequalities to tind the solution set of

each ineguality. . . ' : : S ‘ ) - °

‘Example: 2x +5 <1l <—=>2x <6 - _ | C

. <> x =
The sqlutioﬁ set is {x: x Si3]¥
1.‘ “(a) x+ 7,<10 . | ‘(e)_ 3x+5»>‘2x+1+
(b x-2<5 - -_ ._ (f)'x_—%S% )
() x+ .9<3.2 v e xesT 2oz
(¢) x + .03 > .03 | C | (h) 5x -2 < “x'+yf0“

Co
e
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(o)

jr\\ (a)
3 (.a)v
(o)

()

- (@
y (a)
- (v)

5. Fo;‘

3x <5

3x < 5.
bx > 6
2x+3>5
2x + 3 >.-5,

S-2x 3 < -5

2x+1<89

(e) l.ex->.6

(£) -1.5%x > 0.75
() -Zx2>-2
(h)- 17x < -23
(e) 5-2x.<hx-3

(£) <(2+x) >3-7

Draw number line graphs for the following:

x| =5

(g) -2+ 5 - 3> lx s 7 - 2x

Draw a number line.graph and state the solution?%et for each of

each of the fol owing, find the values of x for which the s

ment is true. -

(s
- (v)

‘5‘-3<x
3-5<x"

the following:

|x| +2<5
l‘x|+225

(c) 15 - 3] <x
(@ [3-5] <x

tate—

’

For each of £he followi problems, (a) analyze the situétion'and;state

an inequality'which is a suitable model; (b) solve -the inequality; and

(c) interpret the soluticn and answer the queéﬁiqn in thé problem.

6. The body of a certain missile is eleven times the length of its nose

cone. The total length of the missile is at least 100 feet. How

a 'single number. )

long must the nose cone be? (Note that you canncot answer this with

7. Two-cars start from the same poiht, at the "same time,rand travel.in o

opposife directions. One car travels. 10 _miles;per hour faster than

the other\ At the end of 3 hours they are more than 200 miles-

apart. ‘What do you know about the rate of each car?

ERIC
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8. If a number of flower bulbs of a\certain ﬁype £¥e planted, it is

known that fewer than ‘% of them will grow. However, with proper
.7 care, at-least’

18 of these bul

of them will'do well. If a careful gardcner'grows

c‘m]H‘

S, how many did %e probably plant° o

9. Jim receives - $l T per hour for work whlch ht does in h1s spare tlme
‘ He is sav1ng his money to buy a car Wthh will cost h1m at 1east $75

What 1s the smallest integral number of hours he must work?

Se

The Multlpllcatlon Property of Order can be used to help us dlscover.
“and prove other 1nterest1ng and useful facts about order. For example, if
you know the order of two numbers, what do you knov about the order of their

1

‘ re01procals° : . ﬂ@ L. o s

> . . e

. - . Exercises 23-2c¢ N

(Class Discussion)

1. 5 < 8- is true and"% < % is true. . ' -
2 <~3 is frue and % < %..is true. .
(a) \ﬁb_yduvthink then, that for all real numbers a and b, if

a < b, then %< % ? What about -3°% and 27 '
S 1
-3 <2 1is true; 1is = < -"= also true?
. ¢ 2 3 -
- What about -3 and -27 ’
' : ) ) 1 1 ' -
-3 <'-2 1is true; is ) < - 3 also true?
(b) Thus we must consider three cases:
(1) If a <b and both are positive,
(2) If a <b and both are __ -, “
(3) If a<b, with a negative and b
' —_ . Why do we not need to consider the case of a < b
: s

with a positive and b negative? Why must ,a and b

be nonzero?

e

39
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(¢) - Complete these proofs:, Lo ' -
T o : ! T v . P
(1) Suppose that a' and b are positive real numbers such
. . LA T B L
y . that a < b. - - o VoL *
, : : 1 ._ ¢ 2y 1
@ - . a >.0, -hence py .0; b >0, hence T 0.
' ’ ’ (>,<,= i -, >,<,=) -
. 4 - ° - fyH
Thus, % %. ‘0.
Since a <b "and L..i >0, ' ' ' :
. R - a b - ) . . . - * .
e 1. 1y o . o . o~
’ . .
< .
(2) Suppose thaﬁ a and b are negat]:.ize real numbers such e
) that a < b. o e T ’
i a < 0, hence %a_'. B : ,
.b"<'O, "hence- %'_ o P o o .
. et e cooL LD
- . i1 0. i TR
. a . b ’ ' (\ ’ R
(You complete the proof.) P ot \l . L
A _ A P -
R ) (3) Suppose that a "is & negative,real number,,‘&ian'd b7 is.a "
‘ positive real number. Then a < 0, and O </b., . hence
- - . . . . 1 ’ . ! . . - R . ‘ 1
If a <0, then I 05 if 0 <b, then O _§
> J e - T : .
- 1 Lo . '
¢ . a b’ ) - -
) 'y . . . : o . . : ' ) I .- -
. What we have just proved can be stated as a §heorem about the/or'éler of .. )
the reciprocals of two numbers: o o, N L
5} - ) . ".- L ' ) - ' . '
For any two nonzero real numbers a and b, if a <b,  then. A
% < % if"both a.and b are positive or both a and ‘b, '
.-4’ ‘ are negative, . ‘ ' . R
= <"—5? if. a 1s.ngg§®;ve,and b is positive:.
. . N e
- ~ "
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. the order of a

. Solvin-

st

State énd'prove’a

of two numbers - a -

If a-<b, with

if a <b,. with
.2

If, a <b, with’

.. Exercises 23 2d

general property about the order of the '22051tes

and b.

and b2?

g and b both p031t1ve, prove that .2~ <b.

such that a <b.

.

2 .2

3

-a negative'énd' b ’positive, what can you prove

-

,g and b both negative, what can- yOu prove abolut

about the order of a2 and b'2 If you also know’ that |a| <v|b|,

o~

what can you prove .about the order of 'ag .and - b2?- ° (

Ir a £ 0, prove

2

that a°

> 0. -

Fractional Equatiohs

by Wri 1ng an \equation to serve as a model and then solv1ng the equatlon.

fip Yoes.
16 minutes.

works alone?

—

pump flllS a certain tank tw1ce aé’fast as a smaller

If they work together they fill the tank- ip

How long does the larger pump require if it

If X represents a number of mlnutes a pump requ ﬂ\\\?o fill a

certaln tank we can Wriﬂt these functional relatlonshlps

O
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,Function

<feTx o

L

X

L1
2

Descrlptlon o Output

The number of mimutes required by a

pump which 'fills a certain tank
twice as fast as-a’ pump whlch

requlres x .mlnutes

The part of the.tank fllled A, one’
: minuté by.a pulmp which: requlres
* .minptes to £ill the entire tank

. . K ) _
- - The part of the tank filled in one

minute by a pump which requires
minutes to flll the ‘éntire tank

1

L . -

| that we consider flndlng a solutlon to the follow1ng problem,



O
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on
ey

The part ‘of the tank fllled in one"
mlnute by both pumps worklng : ’(
together - o o

- If it takes the two pu 's worklng together 16 mlnutes to flll the

tank, we can think of the result»as the same as for one super pump" worklng'ff"

<

for - 16 minutes. The. output of f

-]

-.f.g'..:_ x (x40) . .., .

for an 1nput of 16 is fg -Hence the " per pump,' or the combination of

the two- pumps’ £ills _3 of the tank 1n l mi ute :

‘

Thus; in oider to answer the guestion in the\problem, we need to find

a value of x .for whieh the output of the function- \\\'

-

. o - I n}\\
.- . e = ¢ - .
, ‘ , \-F Px ST ;é 0) | N
| Ceogx N
. 1 . S : . . : : . . v '\\
is. g - We can state this as the compound sentence i - \\\\\;\-
1., 1 . .
; '.P _l_ = z and x % O :
] o -
) ’ “Exercises 23-3a )
' - ) '
- lass Discussion)
1. . What is thegéomain O each of finctions. ‘g, h, and F? Why? What,

then, is the rep;acement set for the equation

1 - 1
= = ?
= i.x T and X %40 )
- 2
2._-.' Complete th1s chaln of equlvalent equatlons
l P o "
b'd ° “ z 2 s
. 2. N

AR N



"3.  State the solution set of the sentence

1. 1. 1 ' ..
. oy R ;tlx —Eg??md-‘ x # . . R
. o - . N : .“
. flov long does the larger pump- require to fill.the tank? ' o
P

In the dlscusslon above, note. that all of the compound sentences have

,Q“"

" the same replacement set Xt X ¥ 0}. That is, the replacement set for F
. the sentence is the domaln of the function ' )
F: x _;l.+ ll (x A0y, .
S . ' =X C - o
S A

; - The value’ 0 for b'e 1s,é&cluded from the domaln of thc functlon
'Thls is because the number O has no reclprocal, and - hence % has no
meaning for - x =0. In fact the domain of a function cannot’ 1nclude any

values of the var1able for uhlch the functlon is not deflned .,

.

Exercises 23-3b

L Y Lo
'_l; . For each of the following expressions 1ndlcate the valucs of the E

variable for which the expression could not dcflne a functlon

- W

o o1 . _ . Koo . ..
O X1 L e F .

(b) 21 *‘ ~‘ . ' (h) O.X N “ -. | ,..‘
* +7 N . . . X~.+5 i
. ) . l . .- ', . x . .

1. . : . X : :
(@) w7 R (3) -3 o .

+

. . -2
(e) -——V_:i7 S W s

l(f’ T 1)<x T3,

& ’ : P
- For each of the follOW1ng, the replacement set is not the.set of all
" real’ numbers«;ﬁkeglace each by a compound sentence which 1nd1catis the

v

replacement set.

ERIC
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Example: ;—%—E - 6 has no meaning for :'x = -2, so we write the
. c%pbﬁjd sentence X , ' . -

co Cg E ‘ _ x—%_—2=6 anvd‘__x.;éw-z.
’ L ' o 2 12+ 3y
(2) .x+l'_3 SR -(6)3_3‘,y
1 . s 3 1 ' '
EOR N ORE L
(c) o/ = x +1° o
‘/; B N \ .

cLoe. Wl'th the restr1ctlons on- the replacement set stated by writing a-

compound sentence, we can wrlte a chain of equlvalent sentences for any

fractional equation that 1s, for any equatlon involving a fraction conta1n1ng

‘& variable in its denominator. To dp. this Ve agaln ‘use the field properties

and the addition and multiplication propertles of equality.

°

c Exampl’e 1. Solve x ? T =3 and x £ 1e
= x?l‘=3 and x;él<:;>(x-l) 5 3(x—l) and x £1
- <::>95 =3x -3 and x #1 ‘
. .> <ﬁ>3x:=8.and x £l o
. - ; " o .. 1 . -xv—_-%‘c?nd x;‘l ) . S .

°  The solution v.set‘is 4{%],
. A y
gnd n #£0, n# -1,
n# -1 = 2(n + 1) =2n and n #0, n'¥ -1

<—>2n+2=2n and n;éo,'n;é-l_

—

ce—>2=0 and n#0,n#-1
Slnce thq;e is no value- of n for which-2 =0 is & frue statement,

the solutlon set is @. ~ . .
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Example 3. Solve = f 3% % % 3 and x f 3.
R x 3 _ X 3 : .
v x-3tx-3 and x.;é‘3llc>.(x 3)_x4_3-(x- 3) x -3 gnd x;é3'

v o | <x=3 and x£3

¢ Since there is no value of x for which both parts-of the compound

- Sentepice x =.3 and“>x £ 3 are trﬁe, the solution set is @. .

\ " Exercises 23=3¢c 3
v

1. By writing a chain of equivalences, determine the solution set. of each_

of the 'foliow&ng\:

© @) 2.3 oy L. 2 .
) NV x_.:Lo and x £ 0 | (e) t—t_l,larildltyéo,tyél
: X X . S ‘1 1 <, '
(b) 2-3_:10 S (f) T=1-% @ tlyéo,t‘;él
1 2 > 1 L, o
. (e x+x-xand-x;40 ) (g)t_t_land t;éo,ﬁ;é.l_
4 Yy . e : e i 3
- (d) x vo=T and,x‘;é 0
2.  For 'each of the, folléwing, if the replécemenpet is not the set.of
©all real numbers, write a compound sentence by adding a clause or
clauses restrictir%"the re‘plaéement set. Then use a chain of 'ecjuiva-
lent sentences to determine the solution set: : s
- . ‘ SN L l R
(a) —2==1 , B 1) NN gy St
x . o _ » Jx
),k o .»(i)§x'-17=33 |
L2 . ' ’ . .
X +5 . Ly 015 _ ’
f(e) ZF—==0 . O a3
X + 5 : .
(@) HF=—2=1 , (x) =3
. x2 +.5 : ’ x| +2
Loy 1 3 _ -
(,e) 37573 (£) hx+2-x+6 s
: 1 2
(£) -;—glg =3 (m) Z+3==2
T . . .
(g) 2x—+5 =1 : . ¢
&/ T3 _ . :
x -5,

51
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For a vaziety of problems applying fractlonal equations, the equatxon
~ ' takes the general form L + L. L
a b c

-already seen is the problem with which this section utdlted about two pumps

. An 1nstance of this which you have

fxlllng a tank. To solve the. problem, we wrote thL compound sentence

' £.+." 1 _ %g cand x # 0, and found its solution set.

= . ]
L X - o - . . .
” . . N A

Another application is in electricity. ' If two resistances,-of a ohms

] Lot

and b ohms, regspectively are connected

in parallel,. the total rebxstance, c

ohms of the circuit is given by the

equatlon‘

parallel

total resj 3, ohms. What is the smallcr_re51stance9

1. S, nts a number of . ohms reulutance, complete these state-
'Lonal rclutlonnhlpu suggested by the problcm
‘.Dcucrxptlon-gg Output
. " A numbeyr of ohms resistance which is
. three times a resistance of T
< ohms . ~
g :r > L - The reciprocal of" r
h:r-— ’ ‘ The reciprocal of  3r
. . . \ .
1 1 o . . o ]
Foer A + g; The sum of the reciprocals of r and
2. . (a} The total 1eu1otznco for the Cchult is 3 ohms.. WritQ\én:
' equation whlch ctutes that the output of F s r —»L + L is

3r

the’ recxprocal of 3. . .
(b)) What is the:replacement set’ for the cquatlon’
(c) _Wrxte a compound sentence cothnLng the information in parts (a)
' Cand (b) ..

o S ~ | 146

O
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3. (a) Use a chain of equivalent sentences to- determine the sclution set
.of the compound sentence in 2(c). '

(b) How many ohms are in the smaller resistancg?

’

*The next set of exercises includes some’problems for which a useful

L B
mathematical model is an equation of the general form

lonl | o
]

+

N St ) . a

- @
0|+

f%for other'probléms, you may find a differenf form of'oquafion. "In each case,

loocking for functional relationships will help you find a .suitable equation

to use. L - L ‘ o . ’ ~
Exercises 23-3c Lo
For each of. the following_problems~(a)_write a mathemafibal‘senten¢e
which is a suitable model for the situation® (1) find the solution set of
the sentence, and (c) answer the question in the problem.
”’ . . . . . .
1. Printfhg pfess A can do a certain job in 3 hours, and press B
can do the same job in 2 .héuru. If bot&wpresses work on the job
at the same tlme, in how many hours WLll thev complete 1t7
—-—27—  One bulldozer can clear land twice as fﬁwt«aﬁia smaller one. ngethe?

v,

gthey clear a large tract in 1.% hours.. Héw long would the, larger
bulldozer alone take? : ’ g N
' . . » : - 3N ,
3. * Air conditioner A 1s found to0. lowpt the &peratur‘e of a room 10
. . - - T
degrees in the firs t 12 anuped vnWLth glr condltloner B working
‘with A, the first change OFY *110%

" the device B alone need tjnpﬁbduc "’,

”mlnuteaz How long would

b,
. “were 2600 students in the."Eh"
5¢
parts of weed-killer to 17A_§égtl"
weed-killer should be put in & )
filled-up with water to make
6. Don averaged 36 m.p.h. when dr

'driviﬁg home on the same route.
more than his time g01ng to work
\

43
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from his home to his work.

ggestion' Use the fact that time = QLEEEESS_
%‘:\ - rate
T. - A troop of scouts hiked a distance of 15 miles to the councll scout

» cabin.’ They returned 'in cars over the same road at an average rate of
30 miles an hour. If the round trip had to be made in not more than

. o 53% hours, at -what rate did they have to hike out?

8. = . Two resistances are connected in parallel in an electrical circuit.
The smaller of the resistances is 2 ohms less than the. larger, and’

tHe total resistance equals g of thF smaller resistance. Find the"

:_smaller resistance. . . < -
- 9. Another type of problem for which we have a mathematical model of the
o 1 1 1

form = t5 <% is one which involves a simple lens, as pictured here. -

° o L -

If f represents the focal length of a lens, P represents the dis-

. ' * tance of an object from the lens, and q _represents the distance of

the image of the same object from the lens, then .

1_1
=

e ocal length of the lens of a camera is % in;, at what

S From the lens ‘will the image‘of an object lie if the dis-
the obJect from the lens is 10 feet?

i?'bu-were building a camera'such'that the distance from the
N F) .

FaNa)

A

-lens have so that you w1ll get a ‘distinct image of an object wh1ch

ns to' the film would be O. 6. in., what focal length should the

o is at a-distance of 10 feet from the.camera? p’

(2) Wnat focal length would you . need to get a distinct image at 20
feet? at -5 feet? - - . ’

(3) .Express the focal lengths that you found in parts (1) and (2) as

3-place dec1mals, and. comment

O

ERIC
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11. ' In the figure shown here, with _ - '_ A

—_— — ) fI— J—
AB, CD,. and MN ‘all | +to BD,
: C
we can prove that X~~”*‘ M
' Y
P 1.1,
h x y h
(a) Complete thé proof: . B e N ¢ D
. " T £,
Y ADMN ~ ADAB,  hence T "
e + °f
.ABMN ~ A, hence- = g o !
_— Y ( )
3 N had
h,h_( ) '
= &
x Yy e + f . N v
1.1
X Yy -_—

“(b) Explain why the leng%ﬁ of BD has no part if the relationship.

12. Suppose that AB and CD are

" corners of two houses, and that A
yires_ane-stretched.from A to -
D and from B to C, as. shown, ' ¢
infersecting at M. If AB =35~ ' M )
feet, CD = 25 feet and BD = 50 ff] Rl IR - B
. . .feety find h, the height above - - 13
' v the ground of point M. = | []' h
i . a . b
* B _N D
7
- -

- 23-hk. 1Inequalities Involving Fractions

X . =
7 :

* We definéd equivalent ¥nequalities as inequalities which have-the same

inequalitieé we can use the field'properties as well as the Addiﬂiog and

Multiplication Properties of Order. “ .

5, However, if we have an inequality, which iﬁvolves.a ractiontwhose
dencminator contains the vafiable, sbecial care is needed {in apéiying the
Multipiication Eropefty of Order. ~Separate results must be considered for

- _the case in which the multiplier'is pdsitive and that in which it is negative.

s
B

45
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-“Exémpler Soive ')2—(»< %‘ﬁ3;m and x 74 0. » o ' :
¥ . | L o _ . | /
Case 1: x >0 - : .
%-<-':>LZ+-3 and L'x'>‘0'<‘::..__>};<,3‘a.nd x >0
. o ‘<l;_—_>l<'3x».and:x>0 )
< %< :x and x >0

Solutvion.set: {(x: x> %]

Case 2: x <O -
> 1 ' 1 o T
- <=+ 3 and-x<0<‘::>g—<3_and-x<0
VX x . X A4 N
- &—> 1 >3x and x <0
b L '
. <:>§_ x_‘;and x <0

Solution set:g [x : x <0} ' .

. g 2 1 '
The solution set of ;<;+3 ~and x $0 is

(x s x>—§,—lU (x :’x'< QI} =[x :x <o vlc_>r .x >%—];

- . ] . P ~ N N —
Tts gr@: o 1 1 o . 1
. ‘ 3 , .

wu—-ﬁ

2
3

Exercises 23-k4 L

c R -

1. - ‘For each of the following .exp’ressions, state the set gf real numbers.

< for which the number ;epresénﬁed by the expression is zero, is nega-',

tive, 4s positive.

Ex‘gressioh»' . _O_ . . "Ne.gativt.e | 'fosiiiﬁe :
(é) x-2 @ Cx:ox < 2) |
(8) x+2 & ' .“ i r .
@ 2 | | °
(@) »®+9 S
(e) -3x ) - . .



S . o o < .
] Flnd the solution set for each 1nequa11ty1nxff£;:i;umbef line graphs
as 1ndicated o S '
2. (a) S,—X—<3 .and\ y.>’2

(B)‘ —J < 3 :snd  y <2

-

".(c) —¥ <3 and y # 2; draw the graph. - .

: y -2 - ]
Chy 23 Lo
3 _‘a) =-$<5 and x30. |
’ 2 3 g S o
'(b) " x° 5 aed x <0 .- . .
2 3 e o
\ (c) X% <5 and X #-O; draw-ﬁhe'graph
' ‘ X X > '
(@) 3-- 3—‘.< 5
. 2 oL o
b, . (a) 2t 3 > = and x>0 .
;(b) §'+ 3> % -gnd ‘x'< o .
- . ) ‘ [ : .
- () % + 3> %'\and x # 0; = draw the graph.
A -
5 (a)_ ._——L}’ T3 >2 and y > =3
' : i NS to
{p) —&=— >2 and < -
‘_( XS nd y< 3 g
(@) —L—> 2 and .y # -3

y* 3

‘For each of the follow1ng problems (a) write a mafhematiéal sentence
which is a, suitable model for the situation, (b) find the solution set of the

sentence, snd () answer the questlon in the pr.blem. S N

6. In planning a schocl building, it is decided that, in order to allow
'_f enough air, each room shouid contain at least 270 cﬁbic feet for
. " cach pupile A room 30 feet ty 24 “feet is to seat' 36 pupils.. At
'_-Qhét height might the ceiling be placed? )

7. ..Az siectrlcal circuit conslsts of two resistances connected in parallel.
. The larger resistance is twice the smaller reslstance, and the total
_ﬁ ! resistance is less than 2" ohms. What is the smaller resistance?
. s
b7
51 :
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23-5",

'Mr. Brown drives U miles through traffic at an average rate of 20

miles “per hour. What should be his éverage rate for 36 miles of

freeway driving if he is to cover' the entire L0 miles in less than

. 45 minutes?

. The disinfectant on hand in a. certain hospital contains’; 36% actiye

ingredient. To reduce the proportion of'active-ingrédient, water‘can

be added. How much water wbuld'you add to 2 _quarté of the disinfec-"

tant so that the proportion of éctive ingredient would be more - than
10% but would,ndt éxceed 20%?

o

Equation$ Involving Factors Whose Product is O
b - -

.

I

¢

Exercises 23-5a

(Clésé Discussion) N N ) :
Suppose that you want to solve.the ‘equation . X
x2 - 2x = 0. .
{a) Using the.addition property ° s
of equality, an equivalent - ; ,
equation is ° . )
x=___.
(v) Study this figure showing

the graphs of the two func-

tions

2
f@:@x-ox
'aﬁd_
g 1 x o 2x.

For x° = 2x _to be true, we

, are 1ooking for values of x

'for‘which.thé outputs of the

two functions are the. same.
What points on the graphs.
fulfill this requireﬁent?

-8

\




A

(d) Whét are the coordinates of the points of intersection? Then for

what values of x’ does x2 = 2x? What is the solution set of

.XE--2X=O?.‘ ) : . _"5;
- - S BT
2. (a) For the equation - x - 2x = 0, we can use the distributive
) ‘property to wrife the equivaléht equation x( ) =
. _ e ] "
(v) Verify that the members of the solution set as found graphically
also satisfy the equation’ “ o R
x(x - 2) = 0. -
From the eguation: t
‘x(x -2) =0

A

we might guess, that’ the solution set is (0, 2}. Our guess might bé based on:

our knowledge that for any two numbers a ‘and b, if either or both of them
.are 0, -then the pfoauct is ,0. Actually, what we need hefeiis the_révefse

étatement:‘ iﬁbthe product of two.numbers is 0,” then at least one o@vthem
‘mﬁtbe 0. ' b .

Exercises 23-5b

L - : (Class Discussion)’ ’ (:l

.1., - Supply reasons for the steps of the following proof of tq§ statiment:
' For all real numbers a and b, if ab =0, then a =0 .or b =2.

.~ For any number, a, a=0 or a#0, butnot both. If a =0,

then "a'= 0 or 'b = o"  is true and the theorem is true.

"If a #0Q, then a has a reciprocal %". If ab = O and .
0, then s ‘ o )
. af 3 € . N
(a) - %(ab) = % -0  why? A

(v) _—i—(éb) =0 J ' why?

(o) (Fra)=o0 -y
(a) L j.b =0 ' why? S o -
T (e),b=0 ' ‘ why?

L]
P
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‘The ‘statement. just proved and the multipllcatLOn properﬁy of 0. cdan

be combined into a 51ngle theorem:

For all‘real numbers, a and b,' ab.= O ifland only if

. "What we have proved is an 1mportqnt fact that will be helpful in- P
v solv1ng equatlons 1nvolv1ng products Here'are some exampleﬁ . " oot
Examgle l. solve x4+ 5x = 0. o Co T
ox% & 5% = 0 <= x(3x + 5) =0, . Distributive property. --. ¢
. e | . o . .-
<—> x=0 or 2x +5 =0. If ab =0, then a =90
L ' . : . “ or =0+ -
- . ? ) . .
<——> x =0 or 2x = -5 Addition property of
' _ equallty B v
. } e % =0 or x = - %; e Mthlpllcathn property
' _.of equal%ty
_ sThd solution set of the last sentence, and hence of the original »
.sentence, is. {0, - %]. . . C . ' ’ <
. : : - : :
. . . o ~ ] v
Example 2. Solve x .- 25 =0, -
o . : | L T st
x° - 25 20 <> (x -5)(x +5) =06, a -0 = (a + b)(a - b)
: BT : - : ¢ e
<—=x-5=0 %or' x%5=0. Af ab =0, then a =0 °
: S or b =0."
Tg—=>%x=5 or X =-5 : Addition property of
P . > o " o o equality. .
' ‘The solution set of each sentence in the chain is (-5, 53.
s S T , . ' i ' .
Example ‘3. Solve x(x + 3) = 2(x + 3).
x(x + 3) =2(x + 3){%::j> ®(x .+ 3) -Q(X'f 3N <= 0, ,Addition_progerty
o ' E } - of equality.
«— (x - 2)(x +3) =0, . Distributive ,
' ’ property )
N . , . =
R ¢ e—=>x-02=0 or x + 3= o.v_I,,f ,ab:Oa “then
o o N . “_' L a =-O or bt = 0.
o . N ‘\. ‘-". . Y . .
' T ® <=> x =2 or x -3 © Addition prggerty
) . : Coatn ' of egquality:
: The solution sets iy (2, -3).
- ’ ! : ’ I — 2 '
, 547 -
20 . o
. B .
N ) . JEIRS
. LAV
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-In Example 3, note that we cannot simply multiply each side of {he -

» original equation¥uy = i 3¢'and‘get x =2 as an equivalent equation. Why?

Exeércises 23-5c . . -

e

*

. ,’,4 . .
‘Solve’ each of the following equations.
"1, (x e+ B)(x -5) 50 S -

2. (x= 12 =0 o

xS +2=0. - ) - .
3 : .

_\]
~

AN
=
'

-~

R
]

3('{ -7

LB s(x 1) g x(Fe 1)

R T I ERCEE LI
X .
Lt =0

A Sl Sy S "} ‘
L 3 3 9. 2nd ‘7’4‘%’ )
” xercises ;1 27-54 N .
; ’ (Class Discussion) ;.7 - ; o ;

‘\;L.. 1:;4_—1::_.0;;31’1(3 X,?él‘.lCD(.'X“?))( )4;_0.erd‘ :':74'1 l' ";A
. . . 'v . . ! . v,. lf’-’
— x4l

=70)s ana’ x £ &

e ‘ | S k}?lm;.‘:"w - @ (————— or x4+’l' :40) und X% -1
4’6““4:6 . : ot

2. ‘There is no.real number x such that - o

_set is

SR : : ‘e
.%; - . -
. 7,' v . " '. i-
<3 Se T . & -
. ’ ) ...(&
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Xe 2 = 0 (this # equivalent to x - ( % =0) 8 ' s

=05 hencéﬁthe'951Utioﬂ.

W



.

.4, s . - . .
we 5 " t .
A ‘An’ important fa%t to be ng;ed -here is_that if a fractlon has the value
& - .
e L0, thepﬂthe : Q. of. the fraction is 'equal tg 0. The fraction has
' . -~
. » - no mearnng if ;a‘:he value of- t,he"‘denommator is i
L ’ o N R4 P :
- . 5 " G . *
. . % . . e "b : - N ]
L3 . ’2 - ‘
: In %eneral terms, wer c?n state that for all real numbers a, and
v b #'o,‘,“'g =0 if é%d Only 1% a @o.. Y
yé!.“ o o -] :.-V B , .
o # Exepcises 23-5e¢%
¢ . e ¥ o - (- -
! + Solver @ 7 )
. C - e . -
1. (-a) <z — = ® . g X
. . x -+ 1 ~ "‘l/@&,
T A . ’
» (b). _‘?_(__~ = L b ! “ -
2 - 2
x + 1 "x * 1 .
: ¥ ¢ \
( ) X -+ l\‘= 0 r . .
x + 1 v . *
. . . ¥ . A .
by L e e Lok oyl )
‘2v.‘_ | {a) 355" o ‘.(Su_ggest_}oln. .wrl_te 3-5-3 @ singlg .. "
. . fraction.) R : .
/(b) -—-2-0 and y #0 A
| : . g . ' . .
5@ - 68 =0 .
. "@. g ~ ' -
: e ER a0 -0
K L : L
A (x 4 5) (<2 - 16) = 0 *
> , - “28”- 5 4,8.1+ 5 R % 2
hooc (a) B2 o8 2io o
. a+5 5 _ 12
() 54 5y =0 and g 73 >
' 5' 10 e .‘92‘
3 (c) a+5 2a =5 _ an?‘a;l‘jm, aXe
’ a . & ‘ .l o ‘ € .
.’.n‘ ’ K “ : o0 . © T ) 3 : .‘”2&.‘
T 23-6. Inequalities I‘nvd’lving Products
BT ) .
- A We have seen that for all real numbers & and b‘ ab =0 <‘:_—> =0
a o) b = 0% <Jjow 1et Us’ 1ook at some inequalities concérning " a, b, and O. .
x . RTINS S g ' * »
f . L« . "
-5 ‘v’ ‘
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TN
* Exercises 2356a
'-(Class Discussion) -
Tl Explain how you know that, if a and b -are real numbers such that

ab £ 0, then neither a nor b has the value 0.

c 2. ‘-.If ab £ 0, -then either ab >0 or ab . 0. -
3;: . If ab >0, then we are sure that~51ther a > d and b ;___; 05‘ or:
a0 and b 0. L S
L. - If ab < 0, .what dolye know about a and Db? .
5. If %> 0 and: b # 0, what do we Know about a and b?.

B

6. If <0 and b # 0, what.do we know about a and b? = . ‘

‘oo

>
@

bbviously; the solution'set‘of a sentence in any'of the forms stated

1n Exerciseés 3 to 6 above is more oompllcated to determine than that of an,'

a

equat1on “of “the form ab'= 0, or the form b = 0. However, no new properties

are involved..

Example 1. fSolve (x + 2) (x - 3) >0.

v *We know that for all real n&s:ers a -and by, if the product 'ab is
" positive, then e1ther both factors ar p051tLve or both factors are negatlve

In symbols, this -can be stated l_ o . S o

'ab>o¢>(a >0 and b.>0) or (a <O and b<O0).

Thus

t
a

f(x + 2)(x - 3)> O P S (x r-’:>v0 and x -3 >'Q) gi (x +2 <0 and x - 3.<0

: D

<:::> (x >-2 and x > 3) L(x < - and x <'3)
: ' <::>.'x_>3 p_g K< 2
, The solution set is ({x :x < =2 or x ;33]. . K .

The number llne graph of this set is .
—eD—— - —&

e : . L »~-2-1 0 1 2 3 .
Example 2. Solve (x + 2,}()( - 3) <0 . ¢ _ T e

.

v

For all reall numbersd g and. b, if the product ab is .negative, then
ong of the‘ﬁactors is p051t1ve and the other is negatlve In symbolsy

-0, ab<0<—>(a>0.and b<P) or (320 and b >0).

- @
. L [V . °

O
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Hence (x + 2)(x - 3) <0 <«=—> (kx +2 >0 and x - 3<0) or

(x +2<0 and x - 3 >‘O)‘,

<= (x>:-3 and x <3) or (x<-2 2nd x >3).

Since. there is no number which is both less than -2 and greater than ‘3,
" the solu%ion set of the second part is @, and we have the equivaience.
(x + 2)(x + 3) <O <—> x> -2 .and x <3
,e=> 2<x<3 ’
- The.solution set is {x : -2 < x < 3. .
' The number line graph is
! . —D) o
: - : -3-2-1 0 1.2 3
: x + 2 5 .
Example 3. Solve -~ 3 >0 and x # 3. e .
" Por all real numbers a and b, 1if the quotient 2 s positive,’
W o : : : - b S
K then either both a and L are positive‘or¢b%th a.and b are negative,
' " T symbols '
o 250 «=>2>0 and. b.>0, ‘or a <0 and b <O
e Pk 2 g .. o ,4 . . ’ .
Hence x—_—§->Q and x £ 3 <=5 (x +2>0 and % - 3>0 and x #3)
- 'oﬁ o - e I or (x*+ 2 <0 und x.-3<Q and x %‘3).
o _‘v The solution se% and the graph are the same as those in Bxample 1
) ahove. v
ST Exercises 23-6b T A *
1., éolve “(ex + 3(x - 3) > @ und gruph its‘solution set. :
. . 2 ,4 »‘.“ - . ' ) - . . °
2. Solve x° < 25 .and graph it solutlon cet. . ®
3. Solve x + 3x.< 0O and graph its solution set. oo
e Solve 'ié—i—% >0 nnd x # -4 md pruph Lts solution set. .
‘ : ) B oY "
5. . (a)  Solve each of these: (x # Y (x ‘.3) =0 .
. (z v 2)(x -3) <0, &
(x v 2)(x - 3) >0
(b) Draw the graphs of the three .sentences on three parallel number
‘lines. What do you op;eﬁve.uboui the union of the three sets?
. ‘ “ .. R :
‘ Yl 4 .

Uy
(b E

TeEaRE L
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" 6. (a) Solve each of these: XT3 O and x %--3
. x o2 .
s < o_ and x # -3
. X -2

= >0 and x # -3

13
»

(b) Draw their.graphs on thrée parallel number lines. iWhat-do you

observe about the union of the three sets?

) T M

Suppose that you needed to find the solution set of the 1nequality

(x + 3)(x + 2)(7 -1) > 0.
. : . - N
To use a compound sentence for the'purpose_is very complicated, since for a

Mproduét abe of real numbers to .be p051t1ve we have to consider all possible

cases in which two factors are negative, as well as the case in which no

factor is negative In symbols,

‘

abc >0<—=> 3 >0.and b>0 gnd c >0, or
[ a >0 and b <0 and c <O, or
‘ a <0 and b>0 and c.< s .gz

a<0 and b<O and c >0.

The'followihg,use‘of a number line graph shows a more effective way -

for dealing with such inequalities.

Exercises 23-6¢

(Class Discussion)

1. Solve (x +3)(x +2)(x - 1) =0, and show its-gfaphﬁon:the number
line. o : ‘ ’
2. What is. true for euch of the factors (x + 3), (x +2) and (x - 1)

for any x ‘less than -3?A (Try =x = —h,' for example.)

3. We'indicate on the number 11ne thc fact that for any .x less than -3 .
all_three,factors are negative numbers and therefore their product is-
Lo ‘ negative:

T3 2 I o

1

Consider values of x Dbetween -3 and '42; between ';2 and 1, "and
flarger than 1 and decide for each case whether the‘prodﬁct of the ”
factors is positive or negative.. Indicate your-deeision.on the number
line yOu'drew for Exercise 1, 4 o ‘ R

¢

55

O
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L _: Since the valies -3, -2, and 1 are those for which the product
has the talue 0, -they are the points at. which a factor changes its
signvfroﬁ negative to positive or from positive to negative. Each
time that a single'factor changes sign, the product changes sign.
Check your final diagram with that shown hexe:. ' '

. A -.' + T - . )
e e dre— S—— d— o — -
~ : 3 2 <1 0 1 '

Use the diagram to help you state the solution set of each ot the

following and.to draw the graph of each.
(a)  (x+ 3)(x +2)(x - 1) >0

) (x#Nx+D(x 1) <1

12

- Thus the number line can .be used.as an aid in flnding tthe solution set

f a sentence which states that the product ab # O as: follows
ri_ (l) Frnd all values of the variable for which the product '
"jl' L ‘&’ja b . P .- ;—b. Locate on the number line the p01nts corres-

E -
-, .
&

f,pond}ng to such pumbers

- (2 From each section into which tpe points separate the number line,
‘ . select a single p01nt, and determlne whether its coordinate makes

‘the product ‘a - bfﬁ'c -*QJ.,_pos1t1ve or negatlve

Since the p01nts for which the product is O are the only'points at

which a factor~changes its sign from: pos1t1ve to negatlve, all points in a,

given section represent numbers with the same sign as the coordinate of the

2

" sample point from that section Thus the olution sets of a - b <c - ... >0

o=

and of a - b «c ... <0 can be readily determined - #

~

o ' g Ny . ;Exercises,23-6d'

For each of the following, draw the graphs of the three'sentences'on

“three parallel lines, and state the solution set. Qf each sentence.

1. (a) x(x-e)(x+3)=
o 73
() x(x - 2)(x * 3) >
(c) ﬂx(x - 2)(x +.3) < N B
, Sose

O
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2. T u+3ﬂx+nu-enﬂ

() (x + 3)(x + Dx - 2)(x) >
o) (xx 3(x+ (x - 2)(x) <
T (@ P+ 3=0
S 68 - D(x+3) >0 _
) (P -+ <0

b @) (xS (x s W(x + 2 (x - 34
(0)  (x + 5Y(x + W(x + 2)(x)(x
(c) (x +5)(x +¥)(x + 2)(x)(x -5

+

+

5. (@) (x-D2x+3) =0
() (x-1%x+3) 50

(c) (x -1)%(x +3) <0

-

23-7. Summarx

Sectlon 23 l

;}"”tion set.are callk
'.'f. ‘4'5 .3".,|"'

An equatlon may t

L R Cl
H s o

a 'Zsolutlond

, o ﬁ;~solut10n
! « T i
N _ ‘ﬂ‘ o .orlglnabw
St N K
\\Q' //JProper use of'

O
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‘The "properties" of equality are: ,
(1) Addition property of equality: For'all'reel numbers a,
b,. and c, 'a=b if and only if a+c=1b +c.
(2) Mult;pllcatlon property of equallty _ For all real

- numbers a, b, and c such that c # 0, a =b if.
and only if ac = bec.

" "

We use the symbol "<—> ‘to mean "is 'equivalent to." v
i - q

) L 2
. Section 23-2.

Equivalent inequalities are inequalities-which have the same

replacement set and the same solution set.

Proper use of any of the field properties or of the Addltlon or

the Multlpllcatlon Property of Order enable us to; wrlie ‘a: W

B chaln of equwyalent 1neqpallt1es r;A
Stated in terms of the order reldtlon "< we have: ' N
_— ; . K .

Addltlon Property of Order For all real numbers a, b,

g 4 and_A ;J a <'bi 1f and only if a+c<b+c. -
. AT . )

Multipllcatlon Property of Order: For‘all real°nﬁmbersl a;

: “ b, &nd c such that c £ 0. : , CE -

(1) a<b if and only if O <c and ac < be.
{2) .a<p if and only if ¢ <O and be <.ac.

st '4'Since _"b7>;o" ~can: ‘be equivalently expressed, as "a < b,

151mllar statement can be made in terms of the relation "'.

P We used the Multiplication Property of Order to prove the follow-

. ing theorem about the order of thevreciprocals of two numbers:

For any two nonzero real numbers a and b, 1f: a < b, then .
. < .

1

=< if both 2 and b are positive or both a and b

', ]
.

<‘% “if . a is ngamtive and. b is positive. | -

'

ERIC
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T An equétion involving fractions whosé denominators have the value
0 dfOr some Values of the variable should be rewritten as a
compound sentence by adding a clause or clausem-indieating

any restriction on the replacement set.

For example : ‘ ' o

-

has no meaning for-x = 0 or x =1, hence we write .

% + =3 amd. e # 0, x #-1¢

For. uch compound sentences,-equlvalent uentences can be‘wrltten

_multlpllcatlon property of equallty.l
A A fractional equation of the form

\ - » St P

W=
ot ] o
ol

'.;_ ~was found to have severdi upplicationc 1nclud1ng problems ffﬁ"
:iconcerncd w1th filling a tanh with an electrlc c1rcu1t made

up o _two resl tances connected in parallel and with théj

HEET - . objec dnd 1mage dLstanceu in relatron to a lens -

. o
"

Sectlon 23 M

In applylng the MultLpchatLon Property of Order “to wr;te a chain
of. 1nequa11t1es equlvalent to a fractlonal 1neqUallty 1n

o Wthh thc multlpller containg the Varlable, separate consldera—

: f' o f, tlon must be glven to each case -- that in wplch the multl—

pller is pos1t1ve and that 1n Wthh it is negative.

.
-

Section 23,—5.

A theorem which enables us to volve an cquatlon for Wthh we.can

“write an equlvalent equation in the form ab =,O is{

. _ For all real numbers, a and b;v b = 0 if and only if”

a=0 or b=0. v
. g )
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Another theorem, which follows from the one.just stated is:
For all real numbers a, .and b #0, % = 0 .if and only
if ‘a = 0. B

Section 23-6.

" For all real numbers a and D, ab >0 if and only if:
a >0 .and b >0, or a<0 and b<O

For all real numbers a - and b, ab <0 if and only if:
a->0 and b <0, or a< 0 and- b >0
. For real numbérs a and b, b #0, 4% >0 if and only if:

LT

a>0 and b >0, or a<0 and b<O

»

For real numbers a and Db, b # Ol'.%,< 0 -if and only 1f
a'%0 cand b <O} dr: a<0 and b>0 - T

If a sentence states that the product of three or more factors

' is ‘greater - ‘than or less than .0, then the solution set of
the sentence by means of an equivalent. compound sentences
becomes very compl1cated An alternatlve method uses a

~ number line dlagram as follows

(l) Find all values of the- varlable for wh1ch the product
is 0. Locate ‘on the number l1ne “the points corres-’
ponding to such numbers »
’ (25’ From each’ sectlon ‘into which the p01nts separate the
'number l1ne select a 51ngle p01nt and determine whether
its courdina ¢ makes the product posltlve or negatlye
(é) Slnce all points in a glven section have: the'same
3 effect on the s1gn of the product,. the solution. set of
fe1ther a - bf- ¢+ i..>0 or of @a-b- c‘-f}.. <0
, can be determ1ned easily from the number l;ne i

. ) oL E

- 64
60 - |



- R : ‘. Chapter 24 - = . -
. S ' ol
QUADRATIC FUNCTIONS ’
o - . e
. 24-1.  Introduction
- Consider the function'.
o . : oo 2
£ xax +#Dbx +c
_where a; b, and. c .are real numbérs. »
R U . . -

If a =,

becomes

g 1 xObx + e
SIts graph:ié a noﬁ-verticalflihe. ; W o
[ . e B . e

Figure 1 'shows the graph'in the =~ 7. #s

i

-XY-plépe Of;theﬁfuhcﬁion *

13

g X O3x - 2.

: T oo Ho,-2
(Recall that the equation y'= bx ¥ c /( ’ _) o

describes the output, y .of the =
--functioﬁr\,".g. ix S bx +oc.) 2 ) o

~“In particular, if b also’is . . .

: 0, the function becomes the constant - . rY . .
function R : U SR T . S
' : B . . ‘ .
h : x;=ce. ., o : ' ‘ X
. SRR LA - i - . .
Its graph is'a horizontdl line.: In. t 0 A B
"F;éufe 2 we show the graph of . T |, I -
. ‘h T x —¥?3. v 2L e
.” ' . . s ¥y o= -3 o
e ! -/
If a #.O, the function
. \ . o .

-

T o . Figure 2 ' 7.
f x —*a;e + bx + ¢ - . g U

is called a gﬁadraiic unction. The word'"quadfatic" is derived from the

‘Latin verb "quadrare", wh ch'medns "to hake square"; the expression ax2

“

ERIC
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”involves the' s square of the variable X Similarly, for a # 0, ‘an

2
expre551on of the type ax + bx-+ c 1s called a quadratlc expression.

An'equgtiohvof the type ax° + be +c =0, af 0, iscalled a gua vadratic

eguation.f_: T , ,l
. ) ' ¥ -
Figure 3 shows the graph of _ . — S /l |
-the basic. quadratlc functlon - ﬂ; - ‘
f:x —*xe.. " , e \ . IR ’
_ The gxéph of any function of the , ,~1; . ‘ _ 5;/-”
. type - S | ' \

has this general shape, and is called .

a parabola. T : + ' A L.
& parave.? . R - >

LT

1.

&

‘2.

O

ERIC
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. Con51der the functlon

X - axe + bx + c, afo

K M1

K . . o 1T 7
) ' Figure 3

Q 4 C Exercises 24-1
(Class Discﬁseion)

2
£+ x —2ax + bx + C.
S

Name which type of funcflon, constant llnear, or quadratlc, £ 1is,

Slven that o o ‘ . ; > o
(a) =0, .b=0, :

et o
; [ \\
(b)

0, b#0, c=0
(Q) a = Q, b.# O:‘lc

.g)-
i

2 N
o
4

(@) afo, b=0, c=0 L
(e) la ;4-"0, b ;4,40,4 ¢=0" ) -
(f‘) ';40,, ‘b#O,- c 40 4

About the year 1590, Gallleo proved that the veloc1ty of a freely

‘falling obJect is, dlrectly proportional to the time it falls. To

express this as a function of time t - we might write .

h:t —>bt.

L



--'_- ) . - 2. N

:'Find the value of b in-the. functiod » | »

"h t->bt(

r:‘fif you observe that in_?2 secohds a ball dropped from the

f';)}L:'“ bgﬁf' itop of a buildlng attalns a speed of 64 ft/sec
. - {1p) uUse the value for b found in part (a) to write the .
T tbﬁ - - 'functlon relatlng tlme in- secohds to speed’ in ft/sec‘ "
" Is 1t a’ constant,'a 11near, or quadratlc functlon° -
';.,": BT (8) What is the value of' the.output,ofh S s
. _v h-f.!:‘. £ - 32t . '. o ‘. .a. ., -
o v:‘@ g fof an Ainput of . 5’ If a ball is dropped from a hlgh
o ’bulldlng, how fast is '1t falllng at the end or" 5 seconds? 5.
o _ SR
3. T
.‘zEach of these is - an example of a . o ' 'eguation.'
3 i.fﬁ'The graph of\each is'a L L l

-,

. .f:The parabola 1$ a curve whlch-“‘
o occurs in’ ﬁany physical altuatlons.- : ]

;'It is “the path of‘a basketball as‘1t~" Lo
.'1s tossed 1nto the basket the path ,

cpmet T

) of k! baseball hit for a home run, .
Y the path of a bullet shot from a

gun.- water falllng over a o
prec1p1ce follows a‘p&rabollc path
as- do sparks from a skyrocket in -

a fireworks dlsplay,:

t
,'surface, called a parabolold When a songce of llght is placed. at a’ certaln

p01nt, called the focus, all of the 11ght'str1k1ng the surface 1s Teflected . '.
. . Y & ;
C - Iy
w63 AR ,
) ' n‘,’m ..
. . . A
. s .

O

ERIC

Aruitoxt provided by Eic:



v - .}t' )
"in parsllel lines, as shown in %'-l“‘,; 5
Figure 4. The headlights of cars, e
4

.searchlights, and beamed radio

transmissions make use of this

property. . - - iz',’_.
In a similar fashion, a - »
parabolic surface cgn be*used to ‘ v
collect heat from su.n%ight vy L 7 ; C .
concentrati_ng at’ the focus the ‘ L D/// o »
parallel rays from the sun. This use V/ . T _ s
of a paraboloid as an accumulator S V. ; -
alhso_occurs in telescopes gnd in o i - ‘ IR ’
radar listening devices, S .. - Figure T
o e e LR e S
S I S S
' »21&-2 Functions of the gyp' x-—)axz,-’a#G". ‘ RN
. ' w0 e '
In the 1ast section ‘we defined a qgadratlc function as a fun'ctlon of ’
“%he’ general form o . R ”-5"* a?"‘ T ,‘,)
. . 'x—’ax2+bx+c, and a;fo-.~ A W T
o . A

In this section we shall 1ook at the spec1a1 case of the quadratic functlon

" for whlch b=0 and e= o. ot
. ;_ . Ve called the, graph :in. Flgure 3 T —+ 1
© " of Section 2k-1 the graphof ;the , ‘
“.pbasic quadratic function ' C T ' NN 6
' . e ! . o R ol I -
o f.r: X = )(2; B ' o L = ™ \ T l — .
: S NEREL BEYIBE
that 15, the graph of the fu.nction AR HHAE®
: 2 N NN B
'x—aax-for a-.;. IS e g - ) BA
T Figure 5 shows the graphs N i} . , L .
of the equations y'v.=. x2,- cand . . At : T S A x+
vy = |x|" on the same set ofr -
" .axés.‘ ' ' .
\ : “ ‘,
o ~ s .,
}" : A‘ 'l‘ . ’ " [\
' ’ ! ! s . ]

O
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] ,.,,' ) « -
.. R ~v!: * T .q;}, .
L - i Exercises 21; 2a , . . : HT
, /7(C1ass Discussmn) c e
Y e " FEPEEA
- Use- Flgure 5 to help you to answer the&follbwing questlons.-
- e
€red ﬁa rs is it ti‘lue that y 2:;"r:'md y = \x\(z o
. : e R S 8
S o (v) For wha,j: set of values of x is \x\ < xe?b LT ' Ry )
. . ¢ A R .
. M L . o LSS RS
3. (2) For {x 10K x < 1] p@s the . graph ofgy = 2_' abové or bel‘-ow_‘vz .
' the graph of° y = \x\ For what other set of values of 'x ' is .
the same fact'true of the two graphs" - 'f'.’ L m“ St
o ‘ ‘ S a a
S (b) For fx:x< —1] is the graph of y = X above or below ‘the ., o
-graph of y = |x| ? For whut other ‘se€ of values of x«s 5" the - '.c ' >
|-same fact tru@ of the two graphs*7 S m ¥ S &
) : ‘g’ " « o . = - - Coa
b. . What is the slope oft:. .. - '-_‘i' S e e e e
(a) the ray whlch is the graph of .y = = |x| and x.>%0? B
o . ; o ,'f.\". :
SRR NP ’ e I
«“'__j ++ . - DNext we compare the graphs of . : ot ] | j_ .
y = axE; and, of y = a\xl .for some R " T
'lcaseswhere‘a>0 ‘and a%l ‘ . *
Flgure 6 shows the graphs of
3 . o) . [ .
‘ ;_y=2x-, y=2\xl,
PR 1.2 i
v y=gpxy o v=7 I
ol E
o
Y.
7} ,'. -
~—
-1 1
. 65 R ’ :
) . - ’ N )
. i ] 69 L

O
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. . "o ! e
B SEN * LN .
- S 0 B ot
e xerc:lsgr 2k- 2b o :

o : LUk Class 1scussi ' o - e C oy
S, e g( 2 P ;
B Use. FiBUI‘e Gth mlp you answer the fdé_i.‘OMng questld’rrs o :

s 1. Fo; what set of ordered pax is 1lt‘tru@‘thatw, e , ST
- X ) ) 2 o, R o - » . T , “
v - fa) y '_.' 8. and‘ y;; E‘X.‘ ? “t%k“ﬁ ‘ s . ‘*‘
i) Bolo@ ana ;ﬁ}_ Il 2 ""s’ v -\ . o
b‘ . x'—h’ L - )_I_ py ﬁ ) ’ 3 o i
) e e R A o f ¢ N . *\ . . :
we ;2. . For what set.of .values 'C_)fm x--1s S e - . . . 5
() »2_x2 < 2|x[? - (b) 2|x| <2ex"2?
B R - S | L G T Y L Y- '
| e, = ? % g = =50, . L
» (C) ll-,x_ <h_\7f!5-_ g ) SRR () ‘u ‘xl <1+x ! A
' ; \?/\ .*’ N SNy R
- 3.0 @a) 'For aleon €ro values of x, is the gra«ph of Y =2x above .
A or below'the g,raph of Yy 3 x2$ Is the draph of y.= % xea o :
Wy A LI " s I . A .
. R above'o t‘i*élow the graphx of ¥ =X ? i , ) .
N " (v) For all ncmzerom@.lues of %, 1is the graph of ¥ =3 |xl
" . ' om below t\he graph of ¥ 9&)(‘ ? Is the graph oi" ELX
s above or beiog the graph of” %__, \xl 9 -

@é k. - Let us see- wha%g@%era‘l observatlons%@ can make conc‘ernlng

AR : 2 -
£ = a® 0. . ;

.Y ax fo_r. . ‘ ‘ £ . _ ﬁ$ " ‘_
,{;?:} j,.' . “r(a_) If x = o, A‘.then. yo= "'f; . \x\ c}’, &hen y =8a; -

R .; B D%‘ 'if O < ‘X‘r< 1, té;;e_n 0 <Q, < g‘,, \x\ >1,. then},' )
Lo w oy > Q‘m B, & e e s
bl el ! . g e . v . .

' () vT]gp graph of yo= axﬂg,, ﬁ > O is é%@araboia Wthh opens upward
. ItsoloWest pomt is thé Orlgl% 7 a’—. % th@\. y =X - »
’ and its. graph is the pax;ngola shown in Figure. VI Lo .
. Lo, . g . . L m - -
R - .o gk 4’,“."* - Yc #hv 2 R
A Cﬂ Yif o< a < 1, then does Rhe graph of y = ax~ 1ig T
] v above or below the gra$h of y = i-:, except at (O 6)" 5‘, o
k) st e ; . Al
e (2) I a >, thenxexcept at ’*(o o) kx.\does the g_yaph of \ﬂ

. ’ ) e ) o .

o . m y-= axa 11e aboye or belbw the graph of '37 =x 7 @

P .,r_ . ’ ) ‘, S ‘ —v" . & &

(¢) Fe&p all real values pf Xy Wthh “of the followmg is Ehe range '
) ofs y? ' A =y .§'y>> O]', = {y-: yzo], C = {y y‘*- is a et
" real number). = S o e : 6 : '
. v f@ .
b . ‘ . 7 . . ‘ A'_g 1
v Fe - o e
- R 3 8
% = _ ﬁ
. -~ .
/ 0 G
i
X . X R !

O
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SY 5, Think ab@ut the graph of -the equatiow Y = axe for a <0 and try to.

“answer these questions. o ' . /v\
'_(a) ‘Does the origin 1ie om the ‘graph'f ‘ : ', - e
IR (‘q,) Doe., the graph contain any pomts for which the ordmate (1 =
' s 'trne value of y) is p051t1Ve'7 o, ) ’ o
L h g (c)- Descrlbe how you think “the graph. og the first equatlon in. each o
T a : ipalr compares w1th the graph of ‘the second equation. ‘
yeoxeyex w8
- ) T : . 4 i 7 r
o yo=-3%0y = 3%, o @ . ’
7 X - ' - ._l x-.‘ ‘—-l x."F‘ o .
. y = 2 3 y = 2 . (54
“y % 5x; ¥y = -5x ) e s
’ N — 2
'.“_n . ¢ " . ._‘a
. In summary, the graph of the i‘unctlon )
o & £ a > o\ - . ‘ . oY
is ‘a'parabola which contains the origim., The domain of the function is the
set of al'l real numbérs; its range is the set’ 8f all ‘ﬁon-negatlve real
, numbers. Thus the Orlgln is.the loweat pomt on the graph and the omdlnate, '
0, of the orlgln»ls the minimum (or least) Value of the functlon. T
) o : Let w5 think of - The graph of ., fe* L. :
.. ° x 2ax ,z'a =1, P v N K .
u’e . P ) & - - ;g'vf‘ “. - | - - . 3 L . ,.
shown here,. as the’ J"basm pargpola. ¥
A
g4 is app&rent 'that 1f‘ a; ?’}f*“‘fhen C . *—*% . 7"
" for an}y nonzero 1r1put the gflti)ut Qf . N EE T _ T 1 )
sthe fuhétlon ;Lé“ greatexq, than- the | - ) X ne i I - .
N O B . 4 .
‘Ihcorrespond.lng butput for the. .~ 7 .- \ \ ‘L R |l I‘u d) @57‘ '
. .“ ‘. B Lo .‘4 ,v .
» functlorr whose grai)h is the basic - _ "\ l[ P '1;"“1 .
k n A A i N
parabola. Hé:nce the graph of -+ ki T \‘ E | // / s 2
o ® . 2 i P */ b
. x >ax, @ a>1 * - \ \ I"/ /
m : T ) . L ’ ) . . \ \ ) / b
- is a parabola for ‘which the origi;n"’ ) - O\ ’-'
is the minymum, or lowesf p%inﬁ ,.m._ _—" q .
' but which is nargover and steeper i ] REREEE
) _ . N .
- than the basic parabola. ‘ ) . Figure 7 .
LI -, LR ‘ - ‘ e
'J. o s 3 ‘ s K I3
. : . v 67 2 ,
R oot e | ¢
o Ca e B 7
. L ‘4', S S . 1
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On the other hand, if 0<a <1, then for each nonzero input of

_ the function - o ' )

, , 2 g . .

- : : x »ax , 0<a<l 2"

' the output is less *than the corresponding output of the functlon
Y » ' o "2 . ’ °

, x =X : o : _

a «

.and -the graph is flatter and broader than the ba51c parabola.

In the final'exercise in Exerc1ses Eh 2b you ‘were ashed to thlnk,about
“the graph of ¥y = x2 for a'< O. Another way to descrlbe the graph is
to’ call it the graph of the functlon
\\' x - - axg, a>o0-
Compare this with the function’ e
x —9ax2, a >_O'

A )

and note the follow1ng facts about their graphs.

‘(l) For any nonzero value of. a, _the graphs of the two functlons

have the same shape.

(2) For each value of x, the ordinate of the point on the graph
of one “function is the © ppo51te of the ordinate of the cor-

reSpondlng point on’ the graph of the other- functlon.

(3)" The graph of 'x,r%-.ax?, a.# 0, 1s the graph of .-
x —aaig, a #_o,’ reflected im the x-Bxis.
(4) The domain of the function . R
x-—>ax2, a.< d .
~ is the set of all real numbers; D Eagge is ty :'y-s 0}. ,
2 ' . N 2 |
-Bxercises 24-2¢ -
1. " On one aet’of axes, draﬁ the graphs of the'fo%lowing functioh;§
() xolxl e ) xad
() x»-1x @ R
" .2.  -0Onone set of axes,.draw the’ -graphs of the follgwing'gdnctiona.'
(a) x—*%\X\' o : () x—%xe“ o . ;
Lo xesiid @ ?-3%2 3
. ,: | 9y " e ; ﬁ.ff,‘ iy
» 68 :‘; Yo ot 3 .
N G : .
. %g'jf oo
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. Drav the graph of the function

e s

If a =0 in the function x —»ax?, -vhat kind of function results?

" What is its“‘gra.phft7

£ x—)%xe.

(a) For these points on the graph of .f, what are theSr images for

the reflection on the Y-axis”

M - image

(2)2) oL N .. ' ) C v’ . o .'6' .. T
(‘3:%) .. . - ‘ . » R .
(u,v) : .

2 . a

. . . e .
(b) Are the images of the points alsc on the graph?.

. (¢) - Fold your graph paper along the Y-axis; what do you observe> -

- _about the two'parts of the parabolé.'?

(a) Recall that when a figure is 1nvar1ant for a reflectionon a

© line ' £, the figure is said to be symmetric, with line L. as ®
axis of symmetry. What %s the axis of symmetry- of the pambola
that is the graph of f?

For each of the’ follow1ng functions, tell whether- or not the graph is '

. (symmetric. If the graph 1s Wetric, state the- axis of symmetry.

(a) f_:x—»axe', afo - ° ' o »‘
(b) g x Jax, e.%O'- . = ‘
(e) ‘h:x=—a, af0 ' "
(a) k,:x—’alkl, afo : - °
L XE 4"{'?

In his experiment with falling bodles, Galileo showed that the ’
distance traveled by a falling body is a ﬁmctlon of the time spent

1nb falllng. When the tlme ‘is .t seconds and the dista.nce :}s s feet
the relation is descrlbed by the equatlon *

. - . “y
- . a . N v

A -
is=l6t e

which is the rule for the functlon .

' Cf it -16t5. L e .
R SR o
© ar - L
. ?

6 -

& ~
79
ki '
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(a) 1Draw‘the graph of f. (Hint. 1nstead.of using’ the same ocale

on both axes, let 1 unit on the. Y axis correspond to 8 unlts > .

on the X~axis ) - - f . ;b.‘ - : N N RS

) Y s R -3*1 '. PO .'.-"... s
. P oA
T ~(b) Ifa ball is dropped from the tQp at” a bulldlng‘ heo f‘eet hlgh N
' in how many. seconds will 1t reach the ground° If the functlon Q,;i §o
2 . ; . T

ot t—->l6t -;-'_._

' : is to serve as a mathematlcal model oL the phys1ca1 s;tuatlon
Y /7¢ “it 1is apparent that the domain of the iunctlon 1s restrlcted to

"the set of non-negatlve numbe%si' Thus you must "olve the D
i equs_,tion . - '. ‘ '! a :_,;‘{_. i -,- st . X g
« : : ’ R P :;. .

161; _hoo and . t>O

162 hOO and t > O«:===>€2 25 and t > O ';a“?]

(e) Ira- ball dropped from the top of & Tower h1ts the ground fh 6 .:_ {f.

seconds, how high is the tower° Agaln the functlon

o

'f't->l6t

3 ) can serve as a mathematlcal model oJ'the phys1cat 51tuatlon mﬁ

’

) <t < 6. This time you are 1ook1ng‘LQr the output correspon
1ng to\an,znput of 61 {/,7;” ;f’f_.ﬁ' SN

7. Suppose that a’ ball 1s drOpped from the top of a té%er and hlts the, -

§~gxgund after 10 seconds How hlgh 1s the-towbr°

"

Cons;der the functlon iy such that lOY each 1nput we get an output
[

which ;s the ‘square of. the 1nput i We speclfy thrb asi’f ,zx-% xe,_ ?5-
5 -Lunctlog f.fior.a_;

erQuently used notatlon,for 1nd1cat1ng the odtput oi
, _g1VQn,1nputt= is "f(n)"ﬁj whlch 1s‘uoualiy tead e

.'\..4 R VA o ”.Q
&
assigns to each rnpug

2".

(x) .is -~ % & - o
. _ : . 'ﬁ . ,;(««‘,‘,* qse:. i |
“ B . - : A il 2 .
X output is the_yaiuep X ; o 1ch he {géftlon 2
) 5 B R - .j' % e . ) J
- . y.,} DR L
- I '.: =5
L 3 Ea
¢ . 5[
TN

O
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. - T con - RN
Fgr bre¥ity we sometimes say merely -

i the’ XY-plane.

),

" can be deéiénafedipas

I i --1s on ‘he grapl

;of‘

’ .-t’heﬁ ‘. f( -p) =

'a Solded. @%orlg the v;ff!'

§ the "grapl}x of‘..y % ay2 ‘on elther 51de of the ];g,gé.h"_ 6
n" AsTh
i O vou],fl colncidc, polnt (p,q would*‘(‘h& 1de

o
’ AR 7 ¢
Sy
. .
\
Ta

"é.\_. is syn'életrlc about the

A‘.

v
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determine which is correct,

v > W v<W.
; (). f : x»ex ; g 1 x o 2%
(b) f'x—>-21-x2; g-_:_}'(—>2x2 $
(c) f x4"gl'x2; fe;*':-':c'-—>-2><2
R ‘ ) >
6. . Complete the following table. ' .
, If the pair .satisfies "then the satisfies
= ~ the eguation ~ Pair’ the equation
. . 2 > .' . .. . 2
: (2,f2) y = 3% (2,-12). y = 3%
‘ - ' 2 : 2
(3,18) y = ax (3, ) y =_-ax .
o L2 - }2
(1,-5) . y = =5% (3 —— ) y = x
(-2,n) Yy = ax (-2, 'y = -ax
o e 2 2
(-3,-m) " y = -bx (-3, y = bx
oy N\ e
) N\ e (a,-v)
40, N ;
» 7; v.'Od one set of axes, s etch the. graphs of: Y% and Qf' y = —xe.
) :: Then fold the paper along the X-axis. .%§i~. '
Tis ~-5 rf) Wha“t, do you observe about the two graphs"
'(b) Explaln Wthh of the following I‘lgld motlons take the graph of
~ @ y‘” ax2 1nto_the graph of y = -axe. ' N
.. . ':(l?"translatien N
(2) rotatlon . - e. - ' -
(3) refledtion
-8. For each of the following determlne s&that the graph of y = ax

ERIC
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L) (2
() ey

- contalns j;he given point.

(a)

)

2.

(2,-2)

(‘l;.‘l)

(1,-2) "



°
.

9. . . If the point (u,v). is on the graph of y = x2, then i

(a) the point (u,2v) is-on the graph’ofw_y =g
: _'L' *(b) - the point (u, ) is on:the graph of y = % xg; &
“(e) the point (u,'. ) is on the graph of‘ y = -2x2;
. N a :. . f\ - -8
(a) the point (u, ~- % v) 1is on the graph of y = . éﬁ
10, - (a) yhat is the sum of the first three odd integers, 1, '3, and 5°?
. 3 " : .

(b) what‘isvthefsﬁm'of the'first qur_oad integers? .
(c)v'What is}the sumiof thevfirst five oda.integers?.".
(a) lhhat:is the sum of the firstvseven odd integers?‘l
v(é)s What;is the sum of the first ten odd integers?,

(f) - What would you guess to be the sum of the first twenty oda-+

'1ntegers° Check your guess by addltlon,
(&) What would you guess to be»the sum 6& the first . n odd integers?

A .'.__‘.. A
11. ~ Consider the following abbreviated table.

Input . % " the nth edd‘integer" -
"| Output £(x). | * the sum of:the first n odd integers
(2) erte a functlon f' which associates input with—output in the
glven table ' B
. o o -
(b) What name have we given to this type of function?
_ i N B | . .
- a3 ) v ‘9‘ . .
‘A ‘.
- g
24-3. ‘Tfanslatibns of the'Pafabola x —>ak2[ . 551 ’ ':_'* b"

‘ In Chapter 19 a translatlon is deflned as a rigid motlon 1n which the
.dlstance between any point P and\lts 1mage pr 1s the same as the dlstance
/k/between any other point Q and 1ts image Q’ : In a coordlnate system a
t

ranslatlon 1s deflned as a functlon.._For

ample, tHe function .

3

()K= (x =2, y+ 3)
- describes the translation that assigns to a point (x,y) an image that is

ERIC
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5 - in . . - ) - . ._ .-;".. . ‘.'Hv -
2 units to the left and 3 units. above point (k;y);u as shown in
Figure 8. e ; » c .o : -
B KT
(13,6]
A . [
N . : L
L ) L . AV . : " . 7 ) .
: . S A S I N Ql .| ¢ L - o ! o
» ) e T p '.'_h‘ (1’3 R \‘ =1 » i ) '. .
- » : \
. A)
/ \\
- : ' Q ‘
. : e : (3,1)
~allf /
. : 21 .0 1 -2 3 L4 *
! & f
. o '.;‘; _3 ! Figure 8:
RS s B _. . ) . o
Exercises 2h-3a . ) .
- (01§ass DiScuseioﬁ) S, ”
l;.‘f A translation g 1is described as the functlon '
A . . ., . K
(xJY) _) (X} y + 2)."
' (a) Flnd the 1mages of the followlng points for translatlon ‘g;
. q
- A( 3 9) AT =1, 1) 5B -
B(-2,4) - B! .-F(.E,h)‘ .—>F’_ _
Dle(-1,1) Ser s oTe(3,9) —6t ,
. \ " » . : . T ..
s o 'D(O 0) - D' S s
' Jfb)F On one set of-coordlnate axes, plot and label the p01nts and
‘ ':1mage p01nts 1rsted in part (a). '
w.(c)ﬁ Verlfy that the ordered palrs for’ p01nts A-G" in parﬁ’(a) i
o satlsfy the equatlon vy = x2, draw the parabola whlch is the -
.graph of y's P ‘ 3 ‘ : .
. ¢ » . S _ R
() Draw the parabola contalnlng the image points’ A’ Gt .in (a); -
' write an equatlon which is satlsfled by each ordered pair for'
-an image point in part (a) ' .

O
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" (e) what is the axis of symmetry of the graph £y = x2 + a?
" What is the minimum (1least) value of y? What are thé
'coordlnates of the lOWest point on- the graph°

-2, Consider‘the translation h descrlbed as the function -
BT (x,y) —*(x +3, ¥).

' (a) Find the images of the follow1ng p01nts 'for ‘translation, ‘h.. 3

.y

-3, 9) ~>A’ ;_;___ff'fj E(1,1) ~>E’ _;_;—_ ':‘i q:m
: B(-2,4) B Hew T
1) e ) o
D(OO) Doy,
. ‘; (b) on one setvof coordinate axes, plot ané~label the p01nts ahd
s %'ai . 'their 1mages 1isted in part (a). '

. (c)' Draw two, parabolas, one through p01nts -A-G and the other

3f“c' . through image p01nts G’

.+ . {d4d) The parabola through p01r1ts A-G is the graph of the equation
oy Ly=_. ... Wnichof the follow1ng is an equatlon ‘whose graph _
’ ooois the parabola through 1mage p01nts AT-G?9 S o K'A

(x +_3) o III. oy = * +3
(x - 3)2 o Iv. y‘_'=‘*x2. -3

I.A ¥

.

1.y
(e) what is'the‘axis'ef symmetry of the graph of y = (x-3). -
... What is- the minimum value of y?  Wha : he'coorQinafes_of_ Lo
. the loweéﬁhpeintfén_the graph? ' '

), ) Y . CoN

Toar . ' . . T A

oo e R T P Y

raph is a parabo a:fhat opens upward ¢ ‘
' For x ~>(x - 3),
! 'The graph 1s the 1mage of
y 1mage of the graphl\ © ' the graph of’ ‘X ~>xa; under.
Fo . - . N
o it of X ~>x2< under a . a translation of 3 unlts S
-;\ ‘”..> - ‘translatlon of 2 : S to the rlght.. - - N
» . units %?ward ' . .
. . X . 3 x
ar L v . ' - . '
. o B i 79 A . n,

O
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(3A) The axis of symmetry o (3B) The axis of symmetry of the '
' ' _ of the graph is the o graph is the vertlcal ldne :
- AP ) 5 - Do ) ﬂl?"’
. . i 1 = 01 LN : = . . '
] . Lo lver{t‘ cal ..l'me x‘ = 0o v X _3 . M‘ .-
i . _'(liA")" The minimﬂm"'o"utput of - (LB) The ! m1n1mum output of ﬁhei'
' . the function is ‘2"..-' L o 4t}§3 func*ulon is- Q.
L '(SA) The lowest pOlnt on . (5B) The lowest po1nt on the
T . ' : ..
2 ‘the graph is (0,2). : graph is (3,0). ,
4v s (e The graph_ is. o  (6B). The graph is . .
:"V ) 4LY . ‘ ., -
L. . -
] - X 5 X
- g — - -
. Ny L
L B ‘3'_ . " Exercises 2L-3b- .
1. . I‘or eachh\l‘ the follow1ng functlons, make observations S1m11ar to .
. o
oL those given above. "(Consider the: \graph of each 1unction to be a - :

. - .
translatlon of the graph of a corrésponding functlon of the form .. bl
x—)ax a;éO) _ L -

: (a) X 22x + .l S B TR G E
-(c) X—’-‘l‘xgr'h, B T
R (Hlnt 1f a parabola open downward it has a 'ighest:‘point,_j
o and the f‘unctlon has: 2 maximum (greatest) value B IS '
- (a) X“’E(k"l) . _
T () x-2 Tx '+ 3) (aing: x +3 = x - (-3)1)y e
. sb . : _ - U t
) x-%-—(x-h) S
s ) r~{‘6 . .

O
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(g() X —->x2 + k; Lk <o G . » e
ch),x—;—a(x-h) . a.>'0,».h>0 T
i . . : b ' . ~\,
sen (a) For ‘thé funct&ons in EXBTCloe T, descrlbé Hoy,-ln some cases,_l .
) the graph could be consldexed to bé a IeTlCCthn, iollowed by _'
. "~
- a translatlon, of the graph of “a. cor;espondlng 1unctlon oi the'
R form' X —>ax2, a>0., " . S '. e,
*. : N ..’ . . .
- ‘ (b) Could each of the graphs in Exerc1se l ke)s (f), and (h) also.
result from a translatlon, followed by a. retlectlon, of the'graph: e
of x —)ax?', a > 09 Explaln. S 'ﬂl' I - .,
"}3§ - Show how your observatlons in Exerc1:e 1 can help you to sketch the
) graphs in parts (b), (c), (e), and (f) qulch}y. : o e
'-*- . .
"f We have noted that each parabola has an a’lSlOI symmetly, whlch we
shall call the ax1s of the parabola. The 1ntersectlon oi g parabola w1th
1ts axis is called The vertex of the parabola An examlnatlon of the : : ',l o
parabolas which have been consldered so' ar w1ll show.that 11 a parahola »
opens upward then the vertex 1s the lovest p01nt If a paxabola opens . S "Hi
downward, -then its vertex is its hlghest_polnt, ' ST
Exerclses h-gc .
ER - : T (Class Discus glOn) '
1. . Draw the graph of the Lunctlon o X x w
graphs are 1mag¢s of the graph of f under the's o
(a) 2 units upwara., Cos L
¢~ . (b) 3 units to‘the‘ right.
A (c) '%f'units upward, followed by 3'Zuhits to_the,right.
;' ) . .o . b . . . »' . . . . . . .. . X -
(a) 1. unit dovmward.
. PR 4 'r- : ~-
. -
o (e) 5=_un1ts to‘the left. _
(£)" 5 units.to, the lgft Lollowed By 1 ‘u'nit."'dowriward. R
N ' o o o K B
o'.2.r For the_fqutlon g1 X —ax:, a > O! wrlte Iunctlons whose graphs . ..
& - A R N N
. 2. . dre imagesvof the’ graph’oz g under the LolIOW1ng rlgld motlons ) o :
G0 ynerd hS>0Tand K> 0.0 o~ oo ST
- (a) -A"reflectionon the X-axls. - T B L
; o C v . - . L LT ) -
: o S T ¥
: 1 8 . R . - Qo
v A s N .,1

O
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H Lt e i a .
\ W‘:f (b)u‘A:%ranslation h%'ahifs to.their{éht.hh .3_~'§ : : . 5
‘f',lufh a”:h(c> TA &ranslétlon k. units upwafd. --‘_ﬁ;v;/'” . -:} g . '
. . S DR LT Co T el i
| ;.:“; :}:5(ajlsA.reflection in the -Y ax1s - - T ';' ¢
}. 'h. : e,(éj A translation k Ahnits deana}d : N " - -
RS - R e e o
gﬂ“» ~ (£) ‘A translatlon h unlts to the leﬁt ::q f ' ..; i :=,¢‘ _
oo ; (é)_ Astranslahlon h units to the rlght foilowed by.a translat;on |
:ﬁ_ . ;h:" k unlts mpward.<.~- ‘g_ e :7,f: I ; n'”} . ,j”.%_n
: > o ) KT Ca . g S, - e
¢”3iu' Descrlbe ghe gnxph of each of the follow1ng functions 1n comparison .' -

' .
of the functlon G FX —*axg"'

P ). '.—?'a()_(”-l- h)2 a‘ > 0‘, .:'h > Q .
"x'—.va(gc;_h)_-;, a>O, »h<O ‘e
x5 ax2,+ k, a > O*° k > 0~ IR ’ N
'. 2 . o S - “ i ,]1
Dl x ®ax +ky a30,. k.,<-Q~. " -
C % —»a(x -,h)z + X, Ca> o "N >0, k>0
‘ . r. R s - )
x —>a(x - h). +*§et;,_a> o h>» 0, k'<.0 ; .
; . ] . . _:‘ ‘ . - - - ‘._‘_‘ . ) : < :’. LI _.‘
. 0: L {\~‘ - "" .‘ .‘ .- '.. . 4 ’ . _' .. (" L ..'.' ?

\  .For. the'f&hbfien' fo:rx +$a(x'4:hje»+;h) a# 0, we can make the -

/o follow1ng observatlons ~f R
(1), The graph of £ is a’ o ‘_
Eaggbola w1th the vertleal

=h as a -and

(h k) as- vgrtex

* ‘ " .Figure 9 shows’ such a .
- ‘.5  gn@bfmwmec%eln-4
':u which a > 0, h'>'Q,'§'

', and K > o.. ..i S

(e) '

" line x

p01nt

a

The graph 1s a transla-

tlon ‘of . the graph of .

: g i'x —9ax ,l a#0, “to
thé 1efY r right |h|
- N K units and upward or- b
AN downward ﬁk\ hnlts. RN
. . RE Coa Y. . "."-'.. R ) : ] ) e - .
T ) ’ 'ﬁ"iv{::a = o S Y
L % . s 3LL'.. ' oot
T A, - ‘< . . 78 L / .« & . 0
- K - Y .. ) B '
;’ﬁ\ > ‘ v < S d B . 3 : » N
h ) ~ o T 8
o *:E'Qg‘ . oo

O
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‘(b 1e h= o;- the axib is-the line x = 0, ~that'is, the Y-8xis.

/(

Cte). ¥ =‘2 5 a translatlon of 3. units. to. the left, folloved by
. EN owed by

¢

(5) If k=0, the vertex is on the. .X-axis. 1t k> of the -

® g

Sy ia
e .

(3)‘ If a > O the parabola opens upward the vertex~ is its ,'}Q ests - S
o _poirgt.‘ and - the functlon has a mlnlmum output it :a < OA the ‘

«0

: _the/function has a 'max:mmm output

~ Tm T

2

If" h > Q, the axis Tine x = h lies to- the right of the R
" yeaxis; “if. h < 0; ‘the axis lifie x = h lies to the ‘left of T
the Y-axis. - Lo S ._ o * i

‘vertex is above the_' X-axis; if .k'< O, -the verﬁex is below Ny B
" the X-axis. B o
N N

S . 4

.Exerciées 2h-34-- i .

On one set of coordlnate axes draw graphs of‘ f tx o ax2. and ‘ o
f s x —aa(x - n)? +k, _where 2a<0, h<0, and k> 0. (sbe "
Figure 9) e L »
In each of the followlng, suppose Phat the’ graph of the glven equatlon i
is subgected to the rlgld motlon descrlbed Write an equatlon whose :
graph is ‘the. result#of the - transformatlon S |
(a) y = = 2% % reflection in thev X- ax1s, followed by a tran?\ation‘
whlch takes  the vertef of the parabola to (- 2 o) - ) . )
‘ i
= 3;’ a t.ranslatlon of. 3 units dovmw&ard followed o ‘
{a rotatlon ca} a half turn about the vertex of the para,bola R ’;:-k
‘ P . : : 13
. . aL ‘ti}._é
( ) vy = 3..2x2; 3 ref‘léptlon in the X axis, ‘R?’ f‘ollowed by a transla. e ‘g
 tion .3 um_ts “to the rlght and 1.5 un1ts downward ' -fv_'g_‘ﬂ" :
. . e 2 0 * .
(3 y ='% (% - l) ;5 a translation of 1\3 units to the left : @ ‘
followed by a reflectlon in the X aXlo ‘ .

3 . ' } : e . 5,, ¢
‘a translat,lon of 7 unlts dogv(,{mar A Co e ,.i
N "i.
(f) .y 5 X5 .8 ref‘lectlo \;n the X—-ayls, i‘ollowed by a translation - '515’,
that‘ takes the verten to\ the! poﬂ'mt (5, é) . '; ) igﬁ:
: T o. g s R
Clg) oy ‘:—é— x-2 ;-T a translatlon that takes T;he vertex to the polnt] :%
e . T - . :‘g'
S (5?‘2), : followed by a: ref‘léctlon in the X-axls e = ~oE ) s
T R B : R o .
vix 12 e
(h) y=5x3 a translatlon' ,Egat takes the vertex to the. polnt S
. _(5‘,2), ) -J‘S‘.ol_lowe_d_‘ by .g r('al’_‘];!&ctlon in the line y.=2 - . e
. L * S A ! . . A A K
S o T . R . o oo . ) L
,._:’. V . o . . . - -, . .4 79. - L - Lo . . v

o4 to . . e . L “

Ao R



. 3. . For each of the follomng, (1) sketch the graph oﬂaﬁy 2@( - 3)2
. and th.e graph of. its image undermthe rlfld mot'lon descrlbé’d and
~(2): write an equation for the 1mage graph.-

g
IS -

(a) A reflectlon in the X-axis

.. {b) A reflection in the Y-axis 7 +°
» . ~ .

“(c) " A reflection in the X-axis followed by a reflection in the -

. ., . . b . v

+ . . ) ".“ ) ' l"'! o . ' St ' 7 ' ﬁ ‘e
(a) A reflection in the Y-axis- followed by a reflection in the
f-axis, w- g

(e) A rot'ati_éﬁ of a half turn about the origiﬁ

(f) Tme translation t s (%,y) (x-6,y) . " o ' I
S e e . _ : :
(g) —A réflection in the X-axis followed by the translation °
W torlxy) (x-6,y) 0 L s . :
_ “(h) - A"re'flecti'on- in the line x =3, followed by & reflection in *
oot T the K-axis - A - ' 1 —
o L . : o -1, Y A
ok, 'I'he figure sﬁown here is the. , o °
')f-' ! graph of _the equatlon y xe.' . B . '
The graph is & parabola whlch‘ L \ I o' 0
S / . : R
o '. o opens upward. The annimum - _ \ [W
PR .. ' R 5 v
_ value of y ig O the ax1s \ ~ / M
, ,? of symmetry is the Y-’aaus ’ . 1N . A
. & s the vertex is fhe origln. N \ c\ | D .
@':-‘.g.;;_- A]_so indlcated is a o T T R T -
. translation” of the coordlnate ) 1 AN A Bl
p e ) —
axes which ta.kes the orlgln- L I I R D R R0
- i . . | Xt .
to the point (-3,-2) . PR > i i L
T _
: w1th respect to the orlginal 0 — p
' axes.» e R P B 2 ¥ NE
7 ) o . ot IR o LR
a (a) Wlth respect to the xi- "and Y®-axes, name the_ (x1,y') =
' coordlnates of the. followmg%oints . ‘&
o oa: ( ) . D: &
- . N Lo N
A 5 ) a: ) . E . .
e B: . SR . ) T
) : Cor - - R (XJY) - )
iy . - e . '
, - L , . : , . 80 ‘o
: t - .
h . o | s .
5 . ] ¢
. . _ &3&4 G
- .~ . >

O
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. °
% LT o . .
{1p) Sipc‘é (x?,y") = (x +3, y+ 2).2 we can write
- ' x? = x'+ 3 -affd y* =y +2. Thus. .
. _ L o » '
x=x?-3.and y = . . b

]

The equation  y X . becomes

] 4-. y’ _ 2 _ or _y, .=}4

b4
“ . The eguation, x = 0, 'of the axis of the parabola ‘becomes
N . . . . . 5
=0 or x!=
. 'y g-: ° v N
- e . ' 1 L 1
5. The giglre A:_/;‘howﬂs a parabola L Syl B YJ LR —
., which opep upward. Its 1 I 1 S g
Vertex{a' (4,-3) . and its" - - F f
axis ;_s the lire x =k, : 1. )\\ v J :
. .Th.e»fi ure also indicates ' e 4 \ ' ol
. 'a s’ttc'a.r‘mslatlon of ‘the co- K ¥ 1 \ N
. . S 1C Y~ . D
: ord;lnate axes whlch takés . B ‘ X.
the.agrlgln (0,0) to:!the .. FARME \ / )
s , . .- —¥ - — - >~ —
! ‘point whose coordinates - -/ o ad. .t Bl 0
R wijch ;espect to the original . ‘ 4 i N—-+- 4
te s axes is (4,-3). . L 1- RER | T 1~

e ("a), Name bothsthe x,y) - an% the x’ »y! )
' following p01nts N i -

‘9.

St (x,y) coordinates’ - . 4 (x',y}) coordinates

»
i \’ .Y
B '
)
.
rd o ? ' A
X'- and- Y’-axes" oo S . oL ..
rs’-'_ e - o
_J ',) A . ., . . o ‘., . . N
.

; 2 ¢ :
Cow . .
e PRI Yy

O
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. o
, ) .
] " (c) In each ordered pair, x’ zx=-4 and y!'= . 3 hence
. / e ‘Qhe equation yr o= (x? )2. can be vwritten ¥y +2 = ,
s . ’ : R s >
~ " . o\rl y = t i . [}

+ ) a : '

7 Lo
\ ) ) R A . .." ‘.; n s .
ak-bk, CompletlJ the Square _ : IR
We have shown that the graph of any quadratlc fﬂ'nctlon eypregsed in S
_the "standard._form - , . : °“‘ a : . ;%
. : . 3 ) q‘ - ..
foox —>a(x--_~h)'2 +k, a0 3;* o o

. . N ‘ R

is a parabola which we can sketch easi_ly as a rigid motiéﬁ,-(or a'successionvﬁ

‘ “of rigid motions) .of the graph of " - s \
> - . s o - . 8
. , g :x—ax, a>0. .+ LN . » |
. . . . g 3 e 3 @
" We made the statemeﬁt at the beg.lnrungP of this chap&er that the grag)h ,
- of a function of the type x a:»'2 + lbx +c, a 74 0 &s agarabalg Now we . &
shall explore how &an expressmn of the form a4 . »+ bx + ¢ gan be rewrltten w
in the “standard" form. - . - ﬁ' v, 7
* : » . 6 @ & B ¥
. . v - g . ./ .- i R : - . . ;
Example 1. Given the function ~ . {@ P S ,
.o, g Q 3 g . .
;o : : Ko of # bxy - - & ﬁ & .
- « A . . ‘ ) s " . . '}. @% ! . -
N . ' how can we express it in staﬁd_ard_ forp?
A T T S -
A geometrigl 1nterp1etat&on T s ’ e | , o
o Yoo | : . .
of the situation dan be o help. ‘We ® . x| x‘&’_ :
.y Y‘*st?.rt with a sguare of side & .\ - o .‘"_ > B B .
©f unitg, as® showﬁ in Flgurc 10. &The 9 2 o ‘
a 2] s . S K . -
area of the squa‘re region is x o - . . ‘e .
o s : ) ‘o .
V.,quare unlts - R . . Tigure 10 o g
- 9 [ - KB <
Now we can think of‘ the - . . C T — S S $
‘quantity 6x. as the sum of the . € 3*-" S '
© areas. of two r,ectangular reglena, . . o . R S S TR
—tectangle is, * units o B i c }72' x E _;f“.' I L
1ot g and 3 .units wide. (Figure 11) o }
‘I’he‘\total area of the region piec- . — 3 2 -
N . - . . N - Y “.'. RN - 2 '
Ton o ~tured is xel + 6% sqpare units. - e Figure 11w - - . 1 = a8
T gz ¥ :

O
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- ” o
. . We' complete the square, thus _ . »i? R . . ’
' obtalnlng a new square region v whosek“) , & }3 ;- 3% - ‘19!{~- _ N {;;
sides have -length x + 3  units, h i _ ¥ 1. . : '?l.alai
~ and whose area is £ ¥ 6x + 9 S o ' - 2 f;_ i ' .f.fj;%ﬁﬁ
sqﬁare units. (Figure 12) 'v~'_ _ 5 . ?X - _?{ ] ' . .
S : o _ I \'¢  ' v . . S
- : d : R oo
. Figure 12 i

i . . .
: The area of the reglon in Figure - 11 is nine square units less

59 ) LT
the area of the 1arge square, region 1n Flgure 12, sq-wdﬁcaq wiite |
e v N ) e B Ry
o : - v F.6x = (X %-6x +‘9) - 9. 4 g
(x +3)7,

The area of the .large gquare reglon can aLgo be erpre sed as-

and: we wrlte

verfex at the point 'z;j;;Q); in ymMPtllLJl to thL anc-u f

/)
is % = -3 and opens ugward IL is the graphyol % = % ;fJ'
transTatlon whlch shifts it 3 units to ﬁﬁgﬁieft and’

sminimum value of the-function .is 'ff}-

L -
' 2N
Coe EVGIClue” *ﬁ?-hd(
. ‘w"
- S . (Class DﬁifﬁFil
Coo1. (a) Complete: &
B e Xé P

(v) The function

N ’
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é?, 

5“\

4._.‘) . /._ Lo .v_“

.lI

(d) Deserlbe how to obtaln the graph of - y

LT graph of y = SRR

\‘- . Lo e

<_i(e)f‘Sketch the graph of

"‘,'x—>x2'-2x.-.v3,'i'v,""--'." e

-

e
..1qu v g

'za'.'l;, ﬁﬁxbt%,lf.s'« p and q_, . the exp;ressmn’ . - ;-
-can'Be wri’t:i:en as the product of two ldentical

L ',
..W .'...4 g:ﬁa é’g
g 4". 2

o

(m"
' 2
%
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< ¢ﬁ1n standard form is

. et (6= W2 e (F10). '
‘7\ - '.ExerciSes EH-hb E ".' 't;' f:;fﬁ
() ot -
(e) t—>t2+ht,+1'
_ » -
c o, (€) t—>t2-,l+t-1
yte each: o; the follow1ng equﬁtions 1n the standard form
'=‘(x-_h)‘2fk ' . v s
R S gy =+

2
3

“(h) vy %fxe ag Xt 1 . '"?
v .

-
(1) y'=x
() Y =K+ bx
. (k) yH—Jx~z+;E x, ra #0
o a ’
. ) . :. . - '- 2 b . ‘- . -
(£) y=x"+5x+1 L )y plxre, afo ]
'Name,the ccordinates of the vertex of the graph of each equation in,
- Exercise 25above -
e, J
)0 o b 85 . .
. Y a : N .
- : o . 634) -
; Lo .
.2 . i
¢
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R ) ) v , - s . - ﬁ{
o e @
L. We shallowish to expre‘sé functions of the type: 'S
. ot '—>'é.t2 + bt + ¢C ' ? :
R oo T C L
-in«the form, e o ol )
. © g oalt-n)? ek, RV 2N
' where _a has the éaine"nor;zero value in both foxms. . o ﬂg

(a) For the functiof t — bt <162, what is
(8% For all values of " t,

2

+

L -16(t - 2)2 4 6l = at® + bt ¥,

;ﬁi’ ’
%yalue of 'a?
ro . . . ¥

. 45?

" Find.values of 'a, - b, and ¢ ihich make.this statément true.

- ” o

.
)

So far, in practicing the method of comﬁletilg ‘the. square in order “to
» L . . . — .
change a quadratic function to standard form, we pave

- ,in the form at® + bt + c for cases in’which/2 = 1.

cases for which a 1is different from 1.
A v !

considered expressions

Now we shall. consider

DEAN :

Example 3: .Write the function .
> o f:x—>3x2'+r‘—l+‘
in standérd‘ form. 5
o ' ﬁgfi-%EBQEﬁ%X'.
o . . El 2
-
w2 1 1s1
. * =3y + 3 x +5p5g
: 12 5%‘
=73 X + - .
-, . } J[( %’) 3 ]
- v o) B

= 3(x +-%> BT

S

u&{

AL

v .



T T C -
L] . .

Exercises 2h-Le ™ | - o

’ ) (Class Discission)
.Write each of the following functions in stand®rd form and name the
coordinates of the _vertyé)(' of the graph of the function. - _ E
' ';(—>2x2‘,-;1+x +5 -
. 1 2 .o 'q“ . 2
x - 3x° - 12x - Lo : . - -
: . l 2 . ) - . . ’ . . . ’ ' L
C3 Eegatheost e R -6
: AL, X 7322 + 6}‘(’4‘ 9 e e . e . e
5 X _‘) —2)(2, _"‘ X & 2 2 _ e
6. X —9,3)(%:- 5% - 2 ) o i
. : - e |
J'a ‘ y ’l

7

. 'Exergises 2hk-ld

1, " Write each functiori"")in‘.{s'tandard fowm, then state the maximum (or

minimum) output value. o#,the function and sketch its graph. s
. : ) . 2 C X h
(2a) x -7 +hx - x
(b) x= x2 - 3x + 4
. e )

(e) x> 3x - 2% .
(a) x—2x -3 - T . —

v 'J ’ v
(e) x~-— 2x° - 5% +.2 ¢ ) i

2..- Consider the function (T : x =&x + bx + ¢, where a> 0. v
Complete these statements: S
o . Ve .
) (a) The graph of cdis oo vhich opehs

o Zupwardf;_ﬁddwnward')v, ’

3 . . RTE A . i
(b) The vertex @C the.graph’is.z - ] i . o
N T .o - (maximum, minimum)
° () The absfissa of the vez’tex;p:.ﬂ'nfé is ’ t .
© o (d) £(- L ) ‘ :
o
g : 7 : . . ¢
A\ © "(e) The lordinate of the vertex point. is-
o ' B Y T
- e v
e . ¢ s
o . .
’ - 871 ,
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-+ S ’ . . . . . . . . -

3. ‘(a) Show that x2 + 6x + 5 = (x + 3)2 -

L . (b) Show tha't x+ 3)'2 < (x +5)(x + 1)

(o)-éVerif‘y, usin the distributive property, that -

(x+5)(x+l)=x +6x+5 S .

-J.' ‘h.‘, - In.a manner suggested by Exerc1se 3 above, write each of the following

" ~ I 2

sums as an 1nd1cated product i o o ) f

. (2) x,g;_ 2x - 15 D - |
k{“? (v) 12 - 8k +'k2' ‘ . L -
| (c) & + 11x + 18 . S |

@) o Sdn o o . I

(&) 6-x-2 | | | |

" ’ ) - °_:".‘

Sy

24-5. Solving Quacira.tic Equations

v EE
H ' '

f:x-—>a>é2+'bx+c, a;!.,o, . T _ {

We have seen that a function of the type.

is called a quadratic function. | Its graph is a parabola whose axis is eitheN
the Y-axis ~or a.line pa'rallél to theé' Y-axis. We developed a proeedure

-, for changing the form of the function f : x = a.x2 + bx +c, a 7! o, into

.

,J_t‘,n_e form f : x ->a(x - h) +k, a#0Q. . When the output is expressed as

. a(x-n)*+xk, afo, T e

.

we can recognize tha.t S "' S ' -
(1) the axis of symmetry of the. graph is the line x = h;
(2) the vertex of: the, graph is the point (h k),

(33% the, minimum (or max1mum) value of the function is ke -

\

In discussing a function, ‘We-:are often 1nterested in =know1ng what :
1nputs if any, will reSult in output values of - 0. Such 1nput”values are'
o called the zeros of the function., ' i 'Q. : ey o
Ty - \;; D ~ . :
. . 88 Q? . .
Fox . o YL .
N 0 - . S ‘
g VS
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Exercises 24-5a

L " . . S L ; - . o . ) .
. - . - ) . .
R > R i - . . . ” J . . N .
. K R PR
H . : G .-

\ T - . . 4 o (Class DlSCU.SSlOrl)
vl.l.,_ ~ Name the zero or zeros of each the follow1ng funct:ons W
(a) '#~+ x ; ! ‘
() xozx-3 g
@) wefes T
, (d) x-»ke . ?g
S R TP LA
(f) 'x4—>'3c2 - 2x . R o
e Ao T
(h)x—)x2 +.5x_+ 6 Lo o s
2¢ State the solution ';set of gach,of the i{‘oliowing equati‘ons. ‘
iu_“_(av)fx:‘o_ "’_ : . "(e) “.x - L =0
\ C » g .
() ex-3=0 . o (f_‘):xe'z?“:,o,o - ;
@ Reseo @ raxr 0
S (y 2.0 N R 5% +76 = 0

3. On the basls of your answers to Exercises 1 and 2 above, wrlte a

statement about the zelos of a functlon 1n terms of ‘the solutlons of

. an equatlon — e ) LT e N
‘ ’ [ e . Y.
’ = v
'~ We shall call the function . '
} ‘ _'f:x-)ax2+bx+c,a#0 . .
the general qﬁaaratic function.. The statement that’ the . outptit of f for - '
. some values of the .yAriable, is zero, . RN o
- - W . » - s I -
- - ax2 + bx+c=0 A ’ %
we ¢gl] the general quadratlc equatlon ! e ' )
¥ BN
. : 'I'hus the zeros of the general quadratlc -function are th‘e SOluthnS of
':.' ~the general quadratlc equatlon . Another word that is frequently used instead
-of "solution" is root In other .words, the zeros of a function are the .
‘. / A : -
K
) 9 3 g ‘ v
o i .
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roots, or solutions,, of the r_elat'c:é_d equation whiich states that the output of .

the’ function is zero.

- Example _1_

. " The zeros are’the roots of'‘the equation

A

= 20

5%

Find the zeros of the ‘function. fixo 5x2 - 20.

-20=0.

. . _<=>'x2 s ) :
. kY . - : ‘ Co y . . ’ ' .
i - From our understanding of square- root and of absolute value, it is
S clear that] C :
1 L x2. = h@ l X‘ = _~/_ b l _.:" . '
<L . <e—>x=2 or x=-2 . '
Thus the zeros of function f Jare 2 and -2, ’
g * Exercises 24-5b
1. Find the. Toots <_$f each equation..
() 3x-27<0 y 0
() 5(x +2)% =0 e L
(). 5x2+v20=’0 .
. 2‘“5:3 ' :
- (a) s5x- ™15 = 0.
- #nd the zeros of each gmctioh. T
a)  f e x—»2x -2 o ' ‘
- b) g= x -'>'2_('x’_- 2)2. : ' & o D Ce
B . 5 . ;, ] . : v . o
‘ oo (e) hoox-ol2xie 2 / S L ,
3. (a) On'one set ot axes, sketch the'-érdphs of the three functidns in
. .« Exercise 2. o S ) - ' .
\-' : o . . FLE
e " . ) 4 Cos . .
(b) -Complefe the following table. = - LT
SR N " | number gt | - number of _intérsections'
o fanctien .- O zeros,ﬁ -9t graph with X-4xis”
) L . L' s ' ki : ’ - ) .
! . . Ip \I, - oy P e L S : . .
. Cof o x o 2x 2Ry T o . R
P T, CE - R . P
v g v x = 2%x -”!f v ) A
. - - K — T ; T
hoix R 2 2 T,
Y o X [ 1
;m L ‘_‘_ L3 ' ‘“A‘ - .,V ¥ r(l .
. ‘ . ] ':é, & . ,‘.' ‘g % LY = . ) ] .
: Gy ks (i -4 ’ . . ’ '
R 2 : .

O
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PR - . ) ‘ . y . A . . : B B . N . .
e - - . e S . - . © I
- Lol . - T Lo . .o . -
Lo AP Lo - . : ,A,i' P " s oo 3
o o 3 - - . s s

.- - Example 2 'Solve the . quadratlc equation

| E,f:“f;"' : """"Jl"v; R -l6t + 6ut + 80 = R
| ' f,' _‘.‘!_"»—f16't +6l+t+80 O<:>t - uﬁ- 5'10. -
' Met'ho&_;; 'Write-i;hgé functio_n : I S
LT PR ~if_:..t;>t2-l+t'.; 5, . ‘ o

in standard form, draw the ' T Ty he

graph "and find its zeros,, T .

-ht-S '-ht+l+-5-l+ L4 ' ey

o | o .=(t-2) - . -'_ﬁ(—-t,c. SHED l

.« The'zeros of"the funéticm o ‘-‘4' C : Y e /
\

are -1 and 5 ' 1 ‘/;.-.' ‘ '- 2
: ‘ . T N e 171 ot &
' Cheek 'that +1° apd 5. T : - 5 D]
- .7 are roots ‘of thezequatlo;} R \ ~ / -
-l6t +6l+t+80 o I A 37X OB O, G —
. . . Méthéd_?_. ‘Since ¥ T . o7 ,l : e - ~
) R T ‘= 0@‘_>1""’1-,2.”'=‘[ T PR ’
: draw the graphs' of. - i ‘
>y>'= ,t2v' and y =4t +5 ‘ B
I o on-the same set of‘ axes. =~ | ' . N _ S
. 'I'hé: il)oin'ts‘.i)f‘ injcerse'ction‘ IR T T T 17 ! . R
. ere (-1,I) amd. e Db el |
L) SEREEEIINE S
e N - : A VI 8 i

"I'he' abscissas of the . \ « ' e b " T -

_ . - of / .
po:.nts are rooto of . 17 ‘ -

the equatlon T § —1—t \
' -[#t-5 " Thus. *‘”:.}_ \

L REE
. -. . j;he solutlon set of o ] \ X j l - N
e S I AT ,
‘ ' N . . Lo L. o = -
oL e is {-1,5]. , . p 1 NAE! . |
. o 7 ; n‘.'. L \ ] - / : ) ) ! | ;
> ’J‘ : A ; : (—L,l X/) vn»_::
. f , ." A. L ® : .w ,‘J ! |
. ' . . ( N . S 91 ) L. o N (
; J, E o b Y’ . - F
' o ¢ o=
a 95~ T .

O
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- |-~
. il

-
t
.
N

. "
P
s
o
I
st ST
R
° .,
3 ', &
Ly
o2
a

L

d CR s
-
.

“

- “
- - 2
: a2x o= 6x + 1= O 1f we ‘use Method 3, ‘which we s‘hall refer tg as- "Solutrlon .
E ” v S i L . . L.
C by Completlng the Square . " S .
[N Lo : N S vy
+ v st . ' - . 9 5 . *
v : . L e , . .
- e - o b o .
3 ‘e . ;. ’ A . -
R : .‘ . o i EE ‘Foi U
° ! < 4 N . 92 & i
. 5 S Lo 5 ¢ -
: "-' B RN (‘\ N !
T . P R . N - o .
." \ /'3- o " \ .« " . ‘1 ; ()
. 1 , , )"‘ ‘ N v »\ ‘

" of the fuaction

of the 'fllI’lCthI'l are not

' zero 1s be‘cwa v 2. én%jﬁ?s S
S
L . a ) - NS

g -:.‘»,,‘ .. 3 - -
: . Method '_3. Since ' IR o .
B 3 ‘.f; % lﬁt - 5 (.t - 2) i

Twe can wr{te the followmg chaln of equlvalent sentenc!es

tg'f l}t‘-_ 5 =O<: (t" 2)'. -'9 =

G e -2)f=

‘ R . '.:'_'mt-2=3,--or

f e " E;_t =,5 o?-a.t N

The roots ai‘_e' 5 and -1.-. .

‘v ¢ .

From the equation 1r1 standard“ '
form}‘/;e can - sketch the graph

. f' x—’Exa;c- 6x+1_ '

gnd observe that the ‘zeros o

1r1tegers. ,%appears that ”"

»

. one of the zgroSu és a numher“‘

:\ﬁxu_' v.the_ .:gthef

However, We can get more 1nformatlon abop% the roots of the equatwn ’

AR



Si‘noe'__ ' - 6x+l o<£$?2[(

we"w‘_ri‘t'e ‘,' =S 6x+ 1=0 "@ (J_c -

A : "'»‘.0.'.'- - ,__ g ) :
Thu's the roots are lie—-?— and <—
. . -
) Sinca J ? . s We can. compute 3-d_ecimal place approximations. S
‘ tq the roots 'as follows- , LT : : . . o '
3+asus 5."622 e e
. & 5 : < = 2,823 | _

-' B Y -
0.177

o
o
[l

-

(‘.ompa.re these- estimates with w};at the gra.ph shows(about the zexﬁs of the

7 function , ‘
. T f:ic—>2x'_2-6x+.]:. i
: ." " ‘ .v (‘. . : . ,
S : : : SR ’ '
,"- S L .Exersisesrfeh -5¢ o 3 \-’f.
1. . Solve each of the follow equations by completing ‘the square. 'For_ ]
any irra.tional roots, give approximations to 3 decimal pla.cea’. S
o . .
L. (8)5-)+x-x2.,="0 : : (e)x+2x-8
G -~(b) %.-hx+5.-0 s L) X '+2x';+8=
: 1 N . . : 2, ‘ o
o (e) bk +2x h<=‘0‘ . ' (g) 5x = 1 +2X , : I
S '~“2 ’*' ' 2 . ,-\"\ ;
_, - (a) x 8x + lh ’ - (n) X +1-= hx o C
Y- ‘_‘ (a) Sketch tl're “graph of each of thev folloking f‘unctions. I 7 - “'
w . |,qﬂ.x i ,'1’ P " \ . .
_/;*.\-.(1) f(—x—>x2-2x-l 3) h:Z—»x2+2x+,1--
- (2) g x ->2x -2x -5 (8) 3 2% - 2x - 5* -
. ' ’. ("b) Solve ea;ch of the following equations y giving 3- -decimal approxi-
N o mationp for irrational roots. L . .
- 5 , . ._ . ) P C ‘ .
B o (1) - o v (3) Fer=-ax ,
L . 2 C. ) oo 2 - o . ] .
o (@) e seex L 7 (4} -2x® <5 = 2x L.
A c et . . _ - a o
'\ . N ‘ -I .. | . N ) , . . . %3‘ . ‘. —~ P v . v

- - - . . . . .‘.' . 3 S )\"\L/l RS
oL ‘@,97“ L =

O
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(c) Explain how the gra.phs in pa.rt (a) can h

. :f'q" ' reasqnableness of the solutlons in part (b)
3. (a) Write in standard form —t— _ l
EI h '_ the function f. whose ’ T af 1 -
gra.ph ‘1s shown. . | i ' -F
. P - y au
: (v) 'WritevfunctionQbf' in- ‘ - \ ! 1
genéral qyadratic form. _ T \ : [
.. . M ’ ._‘
.. 3
(c) Find the zeros o?’ A )
. - : R ? X
1 fu.nction f to 3 : 2! 2Eh . 7 .
’ ' v decimal places. : 9 —
(d) Use the graph to find ; ]
<. S NS . P
o B :the values of x for al y | A 2,)-3 .
" which: '

13

' >*¢ . (1) f£(x) = -3 (Hint: i inte ion of the
2 . L . $ " ine y = —3 ‘.?)
e N . _ : -

(2) f(x)=-2 '

e ftx).;_ 1 _

o JOREOR - o : |

v (e) Find the roots of each of. the follow:.ng equations. -
‘ e u'(’1 X - lbx +‘h='o‘ - (4) .-_hx=. ' w

s ) ¥ -bx+3=0 (5) X -ux_.'5 =.o‘,

i}

< ' (3) x® -bxr1=0 P

h, Find the dlmensa.ons of the 'rectangle w1th perlmeter 72 feet whlch
encléses a reglon of maximum afeas g S L oot ~
P (8) - If x - represents a number of feet in the- w1dth of a rectangle-

whose perlmgtqr is T2 I‘eetj)yrlte a descrlptlon of. the output

of each of the follow1ng functions.

" S P : g 2x ‘ » ’ . S o
) .', .~.. . ) "r . . . .,‘. . . . .. . : ]
. NS </“ g:x o2 2kt T e
S Y ® no XT”'—_(72 - 2x) ' S ’ P h
B P " 'F,:x—>x 6-x) ‘ IR ’
o ¢ : , ! B
O NG o . - -
) . g L .
, e L e Y , . B
L= o .9k |
o \ - 98 s )
- + '_/'. "'. v ."

O
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..

'l

./which the output F x) ds . a max1mum Write functiop b }n S
standard form and deScribe its graph ‘ . .- ] .

Y
- ]

(c) What point is the vertex of .the- parabola?A fhat is the max1m

output oa function A

For what yalue of % is' F(x)

. max1mum? What is the corresponding value of 36 - %2
o el + N R
} . o - i
T (d) Whatfare “the® required dimensions of thé rectangle? What is its
' o . LN . : O 6 .
- ‘"—-azea? Cos & . .

75t

/ .

¢

v A rectangplar field 16 to be fenced on three

ides, w

with . river

)

serv1ng

as a’ naturaf fence on the fourth side.

If 100 yards of -

'ﬁ fencing is/availahle, find the dj mensions of the field with.iargest.
;,ﬂ a;ea.;-‘ ',;:c -’ ) . R j_r ' , \‘\ )}? vf t _
‘f6 (a) Wri#e the™ function fixox e x2 in staﬁdardf%iﬁm.' ,1_ S
% (b) Fi d the number Whlch most exceeds its square a ":1., T Ppiﬂ
,7, Recall the discussion of the "Golden Rectangle P in which the ratig

.dth to the length is equal to the ratio of the 1ength "to
the sum of the 1ength -and the width. With these plea51ng ﬁroportions
°inqmén&ﬁ”dEsign a rectahgular picture frame hav1ng a perimeter of
. 60 ;hches. Give ‘the dimen51ons to "the nearest tenth of an;B¥2(

. ‘ I .

_ &; ‘~From a rectantulaéﬂsbéet of ‘ L ﬂ ~..~w ‘ o

aluminum 24 “.inches 1ong

S -ani{r& 1nch)s wide, an
©T % opeh box is made by cuttingg

. sqUBLES:Of. equal area from-, '§>\ A
.

. ke four corners‘and fqlding.

. s up the edges. The areahof'l
- '

' the base of the bdx is™ 72 .

square inches. - , : "
b.- s W o, - - Q; . ’ S ,
(a) »What-isAtﬁe area of each corner square? ' '

: (b) What is the volume of the boy? e . o e
— - e -

. ~9. AmOng all palrs"GT numbets whose sum is 50, detérmine the pair whos

-

” product 1s greatest.

,(aﬁ( Write the fhnction f oo x S5 - 6x * 10" in standar

10

/ ! .

. / ' ) » .
:ig 7 (b)), What is 1ﬂngﬁaz;2ium value of f? _ J -
"-. v.c . <\ , . '/" . ) . . . .. Pl ‘ \'.\\\
: . : v - : o~ i

! ! On . - .
> ! * ! k ¢ T ..
.. (. RPN
) N e i .99 ‘

O
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,(c) Find themaximum value of the function' -~ X
c . " \ -.,‘, L ‘ Y '.‘ N ’. - ¢ ':' 7
Ty e 6x + 10 S
R e L "'“‘ -~ o
T (d) for what value of x. is the output value of g a. maximum?
o B oo " ! R FE . M o . ' ‘
LA ) . : X - . . 'I | N lv
. ,; 3&-6; " alling Bod,y"'%‘unctions L o ’ o /7‘
f ! L In the physical world, some ofr most‘ interesting instances in ' ,‘ .
} . .
Lo which qua.dra.tic functions are used to del physical situations are applica- A
-'ﬁions of Galileo’s principle about falling objects. You will re ; 1 Bt .' )
o Galileo showed that the distance tfaveled by a falling body is a " ion g
'-\ 'of the time spent In falling R /. . )
: .0 . o / i ’
Y When t, represg,n s a number of seconds, the output of .‘ck function -
- : . R i
. y )’ » > 'f't->16t, t>0 L W R (

15" the number of feet the object falls ,in t seconds This, of* courSe, N

] applies ‘to an object dropppé from a heigh‘i. In thf‘s sectiowe shall see.‘
' i how the principle(applles“also to objectfs which aré projected npward in"stead .

Ie
Qf me l} being drgpped and to associatin the time w1th the height the K

“objecy is ‘above - the gropnd at any insta‘nt o I . s
" - ‘ . . A;,“e . a:- 4! . . - . 4
o T 'Example }« :ne‘!T is*(dropped from a h"{}h story’ windqw of the Time- ' -

L " Life Building in New York City. 1f ché height.of the window )

' 3 _ v'.';above the' street is! | 576" feet, write a quad'ra‘bic function whose-
N S ,_.'output is the height Ein feet) of the ball ghove the ground at =
Lo \\. o anye given second after it % released ' - ’ \‘ .
ot . : IrTt repfesents a number of Sedo s, shen o e

e . ' ',”‘." . ' . ..,7'
L 2 7 R Function . o ,‘ Description of Qutput Vg

N LT (I & Height in feet of ball abdve the, .
B L o _ —street at instant of’ release "
SRR AT N Tg 4 - 16t5, t» 0 .  Number of feet the" ball falls K
IS A Sy K ' ) ; in t seconds. - e .

Y T s S 2. b, \
- $ e L o 4576 = 16t B t > o Helght ih feet of the vall at
S e . : ‘ ’che end of - t séconds Y
. : S

.v ';f,‘ﬁ;-".';'"‘ ‘ . D. " J | * ° ".
SO CT Thus \F : t 4576 - l6t ) ‘J iis_ the required functibn. S
. = . R - . ,/ ' o ' ( . . .

-~ * g . .‘ 5. ) '}}‘.:

. L 5“  : : o = ot . ) oo e R . .
4 ' ‘\f" . ) /_ ° ) = ) \
. Bn n\i L . —— /-“
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. . . ST - e I . Lo Ly
. . . ., w" . . - P
. i . . X L

[N ° N B - ¢
Exerciaes 2= 6a e o
. ] . . X - .
1. . Use the function 'F t =576 .l6t s T 208 to answer the followi,ng
C questions about the situation’ descrlbed in Exampl l S -
L |, 2! v -
L a) How wany feet above the ground is the vall at the end of 2 - .
e : seconds? L - : . *
* l-(.b_) How many. seconds would 1t take fgr a.ball dropped’ from a h’{th

" -'story windcrw of “the Time—Life Building te hit the pavement below? .

-5 ,Hom‘tio Lox stood at- his offlt:e‘window pn th§‘,3'?th floor of the Time-
Life Bullding;. fiis- cousnn, Horatio Algae stood beside the findow of ’
his publishing office on the h?th floor directly above the office of ,_. v
Lox.l At.al fprearrénged 51gnal, Algae fo¥ded his newspaper and dropped .
it out.of his wmdow, into: -the waiting hands of Lox. If it took

- ~exactly 3 seconds for the,pager to get from Algae, to Lox, Ihow high

e above the,grouhd ‘fs- ) 3’?th fapor window? * g _
' . . ' ) kY
3. A ball is dropped from the top of the Fid‘élity Union Towey in Dallas,
L Texas. After t , seconda the height s feet of the “ball above the
'ground is g1ven by(\ ' : . : . ‘
“ o s = koo*- §6t and, t > 0- T ST
R (a) What is. the height of Fidellty Union Tower" ' \- o
(b) “How- ]{.ng does it talse for the ball to reach the\ ground" .' i
. .-
oo b, d The Woolworth Building in New York City is about ?&& feet h1gh. ,A 0

\ ﬂ ! ball is dropped from the top o? the Woolworth ‘Building. * ° R O

- et .

l o {a) Write & function whose output is the he'ight in feet of the ba

l .~ aboke the ground at the end of t sec_onds e :

kY ' o ,

g (b) “How 17ng does it take for the ball to reach the ground? o a
e . S

5. .A flowerpot "falls from" a ?5th story windowsilk of the Chrysler Building-

o “in Ngw York City. We know‘that afeer t seconds the height s~ feet 4 .
R of the flow'eqi"pot above the ground is given by the equation ' . L |

. o R
C : R

» Co. S““s l@ll- - 16t° ?and t‘? 0. . ( vy

_(a) How lOng does it take for the flowerpot to hit’ she s1<{,walk at e

corner of Lexington Avenue 1&nd Forty Second Street directly
hewindow?\ ‘ Se e C

O
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: B SE : o o LR
b - . € T . ;\o !
o ) 'I’he distance from th,e g(sth story wind.owsill of the Chrys

Building to the roof oﬁ the abuilding i$4 22 feet How all +

R,
~
a

AN is thrown frem ground level straight up with' ar(
of 64yft/sec. . Since it ha}s an initial upward L .
o speed of 6l - ft/sec\aamd also is acted uporl.by: the force of. .
gravity, at sm\né 1nstant it will stop rising and beglm to fall.
Write a functlon whose output is the height in f‘eet of', the ball'

above the ground a.t any second t.
i ‘ :\“ . . . . . . v
‘ R } If t Teprese‘qts a’ number of seconds A’then I N .
. L : . y v” }
: 31’ S U -F.unctlon : s \\Degcrwtion of Output '_
. . T ‘ N . . . .
[ ot t, 2 Blit, t >0 -+ Ndmber of feet traveled in' . = ..
e STy _ o t -seconds at =6k ft/sec .
[, %, gt =16, 20 ' Number of feet an object
_ [ o R _ .+ . . falls in  t \seconds . =~ . ¢
. /r R . . . . 2' . . . - \ )
s 7 / r y JF it o6kt - 16t°, t>0 . Height in feet of* Ball abgve -
ol _ . L " the ground after ¢ seeonds A
. : . W .- oo R . . ™
& . . \ N .
. A " 'v ° . . 4 .o - N . PO .
’ ' L g . ' o 'Exercis;es Eh-,é‘b . . . Se g
o . . :/ n . . “ P s
L IR & )
1.  Uee the fﬁnctiorl F:t- 6ht - 16t.,, ot > O to answer the following
L ' questiops about the situat\lkm/(;?scr_lbed in® Example 2. A.',,."‘ - ) .
° . ' . . L) L.
B < e ' [ .-
2‘” (a) Write the fypction m_s_ta.nleﬂ form. RN )
e . s PR 4 \- ' : - . E
e (b) Does the f}mct{lon have a maxﬁmm or a nimém value? _mat is ‘
$ . “t B -
. that val e ' » . - '
. 7 v ) : 5 (- . . :1’ ;\ . .
. _ ( ) What ‘is the greétest helght reached by the ball" In_how many”. . i
o0 S, wSEcOndS does it r\e'ach that. helght" . o T

i (d) What ‘are t-he zeros of the fun 10x1'7 I, hpw many secapds does.
: . R

« o
= . N

- Y t eba‘l} retu the’ ground A _ oo A‘,.‘

- (e) 'Tn Qow maf)y Seconds 5tﬁerahe1ght of fthe ball abeve the ground

. . KO L. V 4 R . ) .
X Ao. - " )4»8 Qeet? o, ‘_5 ) . . . L ( R
. N . ) A\ - X
- “ 2. . .-A ba.ll 5 thrown stralght up f-rom ‘the grOund"w1th an mutlalaqugﬁ .
B .»of h8 f‘u/sec. . erte a functlon ‘who2é output s the 'he1 Lt in f'eet A
A L e / 4
" . . e ‘ "‘ - - . Cs o ‘ . .
: - o : ;-, . - ’ o ' _“,_\ : * i
“ N L. - s .
\ )~ ' . A . Y 98 ~ R . Q",' ) ) -
. ' LR T e R - A - *
. ,‘3 . ¥ . .
T 1 \ e Y 102" N S R
. . -“ . ¥ < ., .
A oL ’ { ¥ s e
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' of the ball above the ground in- t .secondsd and use if'to answer
X . i .

'~'the following questions.

After,how many seconds does the;§a11 reach 1ts hlghest p01nt9

(b) How hlgh does the ball,go before it begins to ?a119 f . ..’n
‘,,(c) As a mathematlcal model of the physlcal sltuatlon, what is the . .
' dohain'of the functionV- - , g . '

'3; t A pellet 1s progacted stralght up. " After a while it comes down, in

.

. the ggme vertlca} path, to the place on the ground from ‘which it was
;f o ladﬁched After t seconds the height s feet of the pellet above
T the ground is descrlbeZ by the equatlon

L s = 160t - 16t°. )

o, (a) Aftep how hny ueconds’does the pellet 1each its maximum hejght?

(bz_yﬁow high does the pellet go?

.

'+ {c) What was the initial speed with which the pellet was frojected?

"(4) After how mand seconds does she pellet return to the ground?

. . ¢

L - _ 2

.- " (e) For what set of values of t does the equation. s = 160t ¥ 16t
o actually serve as a mathewtical model of the physical sittation?

. //}'Example 3 - Suppose that yoﬁ stand close to‘the_edge on the top of a -
bulldlng 80 feet tall. fdu throw a ball upward with an initial,
speed “of - 6l ft/sec ‘in a- nearly Vertlcal path. As it descends:
.the b%{é Just mitses the edge of the bulldlng ‘?d 1ands on the

e ground elow. Write a functlon whose output is the helght 1n
A - -4 feet of the ball above the ground at the end. oF t seconds. K
. e 0 ) S
. If 't represedts a number of seconds, ‘then' T .
. Funetion ‘ { . '-,Description.gg Qutput
. T »t >80 RERRNE Y . Initjal height of the ball
o ' . s » " above the ground
- S gt -6kt t>0 7 . ‘Number of. feét traveled.ln
o P . ] "t seconds at -64 ft/sec’
L ho: t_—>16ta, t >0, .. " #. Number of feet an object
R S S v : © falls in t seconds
v YL LTt »80 + 6bt - 16t*2,' t >0  Height in feet of ball -
om el T , : o A : .. above the ground after -~
» S . AR R ‘ s t -t seconds
- : N ] . '
v e ) ) q . ’
: ot 99 % ,
< \ ‘ . s N Y a P
a - -5. v ' P « .
> \ 10/3 -~
Y S & B

O
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ExerCises¥2h-gc o S .. .
. ’ * B . . A ) ’ :
S F Use the function Bt 4{80\+ 64t - 16t2 t > 0 ‘to-gnswer the
i . following questiong about the situation described in Example 3/ . Vg

! . (a) Find F(O) Wheit, is the height of the pall above the: ground

. e '_after zero sgconds? ) : _ . . a ;
T 7 (v) Find F(l) and F(3). | What is the height of the ball above o
R the ground aftef* 1 second° After 3 seconds?

_‘(c) Find the.values of  t: f0r which the output of F is 80.

_ ﬁBW\gyﬂy‘seconds after the ball is thrown does it.pabs the edge
L S of the top of the building as it falls to the groundV e

ot .
*

. /, X B (d) 'What 1s the maximum height .of the ball above the ground° After

;v -~ how many seconds does it‘reach its maximum height? o S

(e) After hbw wany seconds does the ball reach the érdund? : o

) (f) For what set of values of t does the function E- serve as a

mathematical model?

et ta11 a bajl is thrown downward

& - From the top oﬁg‘a tower, 160 \

¢ with an initigl speed of 18 /sec.';

oL e (a) Write a funqtion whose output is the height in. feet of the ball
e above the ground at thé_,gh‘?f t seconds. P

(b)':Find the zeros of he function. In how many seconds does thewball

‘. e
,"| . . o T e »

Y
the phys1ca1 situation, what is the ,°

reach the groundV

4\

~ . f{e) As a mathematical model'o‘

domain of ‘the function"‘ju .: i . ." . . Y L
. A3, L. A rairroad f1atcar moves. through a station on a track 1owered so that
- ¢ " the platform of the flatcar is On the, same. level as the station p1at-

fBrm. The train is movinﬁ gt a speed of 32 ,ftVsec.' Tom stands on

“the car, 98 he passes chk on the station platform Tom throws a ball,

straight upward with an 1nitia1 speed of 6h ft/sec. After t seconds
v

the ball 1s ata horizontal distance of x feet and a vertical dis- .
tance of ¥ feet frem the point where it was thrown. The distances
. . )

x feet~and y feet are glven- by the equations

N 32t R
WM st

. LA

O
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",(a) Why does ‘Tom not. haVe to move. to catch the ball"

’

_* .+ (b) what ;_s the path of the basll as, Dick sees it from the platform" g

~ X - . \
(c) . Write ¥. in terms of x. [Hint t= ?2x] .
\ . C il ( o 5 .' ) .
: _X -
B Qd) Describé the gra.ph of y = 2x Yoy )
= (e) For what values‘crf‘\ x/ does y=02? '
. o . Lo . .
. : . N
e (r) What 1is t when X = 128? S
. (g) 'After how many secopds does Tom catch the ball"\- i

] ) )

. v . .
(n) How far down the platform from Dic}g does Tom catch the ball? . |

v .

v " - ' ’ . . . c -~ ’ ;
. ’ v ) . ' X . -~ .
247~ Tﬁe Use of, Quadra.tics in Solving Other Equations : < -
T . / ’ . . e

; k .

We have seen how to solve quadnatlc equatlons of the general fotm e

)/bx + ¢ =0, for particular values of a b ‘and ¢ a ;l 0. We can

N

_also!deal with other equations which are not quadratic in form, but for wh;ch
it 18 helpful to write an equivalent open sentence Whlgh involves a quadratic. 3

_ Qre type. Qf quation f‘or which this is true is an equatlon which 1nvolves a

' . . . . L)
square root. _ “~ . . S . 'rj N
. ’ ’ ) D .o - . . _A' .
. Example 'l. Consider the sentence % - ! .
.Q ‘) o e . . . . “ AR - :l
! s v ~X =2~ X-‘- ) . . R :‘
For this 'sentence to-be meaningful, we must state' certain L
e restr1ct1ons. (l) Wel know - that it v x . is & real number, i
R e
) N then x is non—negatlve, that is, x > 0. (2) By defim.tmn,
. . N
) N »4 X represents the non-negatlve ‘number whese square is x,]
L. that is,'2 - x> 0. ' f : o A
. e ¥ ¢
: S . 2-x20 = x2>-2 ‘ -
v . o — x < 2 a T R
.? . . Thus we write the compound sentence V =2 - x an?
O <x<2., 1In Order “to solve this sentence we need to square
. both sides of‘ v x ,x.‘.. ) - p ot ) .", S
T B -Squaring‘both-sides o®an equation ‘does pot always produce an
o .equivalent. equation, For reaf numbers a and b, if a=b,, ‘.-
“-° F . then o_bviously' a2 = b2. . However , if a2 = b2, can we&be sure
C- T 101§ _ e
. & . i
:\( e ‘ a Lt B ' 0N TN
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4 - ‘- . - v . . -
S ll. .- . ( v,.. . .. . . . B y
IR that & ;b’? No, since if a = -b .it is also true ethat
- e 4'9.2 = bé However, ‘the compoynd sentence\ _ ’ <
, ey . a2 boand @20 P20 T
.. 2 2. N N
Py _;,ﬁ eguivalent to a = b and a>0s D> 0, : 33 _v,g_
: Thus we can wrfte : ) S A
- A ' N . ' T
* /Y x =2-x and 0<x<2 . ,
' - T 2 P
. : <> x=(2-x)" and 0<x <2
<:> X = h‘ - hx +-x2 and _O S'x
N - : , tLT o
\ S . <::>x-5x+l+ o and 0<x<2

} '_ . Solvimg x2 - 5x + 4 =0 b'y'the‘ metho,dsj,off the prev.':gtfs .

.+ section, we find that an equivalent sentence is

' . LRI

. . (x:l.o’r'k?h)»and 0535'2. ' ‘

S . - . . ) | . . .
L . K{ence the solution set of .V' x '=2 2% is [%]_ ST
o . ‘._ -’.. T . ; o e ', - ‘9'
P Exerc1ses 214»-73. : '

. \ _ D o (Class Discuss.io_n) . o o - N,

. . For each of the fé,llcﬁwin'g equations, write a compound _s.e;ltencelin-

_dicating the restrictions on thelvariable. .. . - g

1. vex =1.+x - 5. .P 3x ¢ 13 = x+ 9

T e e 1’/_ .
P T . »/lax-3=/8x+1-2 ‘
-y, B , - .
- G . . .’;
. ’ vv,.. ) ) . .

- ises 2L-Tb ' .
_ T e T Exercises 1b 4
¢ ] [T o Bex i
P State —the squthn set ‘of

U1, - ax 1o+ X and > o .
. 2. _-J§x+1=x+1 and-f>-—2— _d

A3 Kt lg1=% .and x> -l .

Ly

-/H +x-,3 . 0 and x>3 4 _ o k .
¥ .5:"." .'.,Jhx&_ 3 ="/TX+,l -2 'and x.'Z% ' Lo _ N

O
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'-_.Example 2.
‘.

Fbr

N .th‘ere -on

. there is

‘wv, . that, no
negative

|X| ) is

Solve

for- all members of ¢ the replacement set:

However,

e

ixl-w‘—l

N
x+1,

which is equivalent to |x| =

. -
‘this sentence. to be meam.ngf‘ul what restrlctlon 1s

x - . Since |x|\ai been defined for all real \Qumbers,

no reason to restri X tO0 non-negative numbers.
recall’ from the ‘gefinition of '|x[;

. , N

-X

, if x<0 -

matter whether X . represents a negative or a non- ’
number, the a\solute value of x (in symbolic form

always nOn-negat:Lve. Thus the number represented

by x + 1. mﬁst be nOn—negatlve. ‘

- ' ?

x+l>O —> x> -1

. L

'I'hus we wrlte the compound Sentence

e . . 4

=1 and X > -1. - ) .

x| - x

With 4Wis restriction, we can now write the following chain

. of equlvalence5°

CRRRREN

=1, and- X > l;:>|x|=x+1 and x> -1

o @\xl S x+ 1) and -x > -1
@xe =,

-

0

X +2x+1 and X> -1

2x +1 and x> -1
L
2

<> x" and x > -1 4

set. is .-_%]. o o ’ g

"Exercises 2L-T¢

For each of the following equatlons,‘(a) write-a _compound sewsénce

indicatlng the restrlctlons on ‘the wariable if there are any, and (b) st&te

© the solutlpn .set af the compound sentence.

]
¥

v 1. |2x|. = x + 1/
. . ' . .
oo, 2x = x| o+

. ) . ‘ .q N )
'3.. : ;E_: .|2x|' + 'l'_ h

- -
L

O
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M ok, x -+ |x| =1
5. 1x - 2| .
. T .
) ! . .
. L oolo3 '
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. * J

:.‘ "

gle-} Solve l+ =55
Y v 3» '-h .. R
,Jﬁ . N
For ths sentence 6 be meanfngful we restrict the variable to
x £%2, % #_2»_. A
RN . . ‘~ '
Sl o+ \112 = 3 »and "X % -2 ‘and
. T 2., ‘x-2"
R . x_u-_h- . . ,
p A .;/ ."¢$‘x2-h+12=3x+
[ P ) . S -
" " . @}se - 3x ‘f 2 =
oo ’ 'cs(x;E or x,= 1)
’ <:::=> %=1 -

The solution set is

N

5 "’; - Exercises 2h -7d .

x7l2’

0 and x £ -2,

.(l]; . - .' i’ )

- -~

Thus, we write this chain of equivalences‘ .

6 and x #-2,° 2

2

?

and . x 7‘ -2 and x#2

e For each of the following, (a) write a compound sentence indicating

the restrictions on the variable, and (b) state “the solution set of the

PR

2.

3.

() interpret the solution and ansyer the question in ‘the problem.v

.

LY}

10.

O
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comPOlmd sentence. .

1.

8.

. v

.‘6 4
- Cor ..

SIS : 1 y

Cxvige EE S 2
yr2el - 6. TS5

. y I, ) ; . . . X -1 - ;\.'1
i_.31 ";"le - ' 7 - x o L2

Yy Ty ek : v o _xw2 -x+ 1% * 2‘ .
x =1

For each of ’ohe follpw:.ng problems

Find a p051tive number, whichrwhen diminished
51

times the reciprocal of the number.-

. One pipe alone can Fill a .tub in "'6 minutes
- a sec0nd pipe alone to filTr ‘the same tub. )
fill “the - ‘tub in b m:gnutes.
Pill the tub? '

-

8 round trip of 16 miles upstream and’ 16
3 hours Wbat is the rate of" the current?

‘_o_,,

» 1014

'y . f A}

" How long does it take ea,h pipe alone ’

A motorboat can: average 12' miles ber hour in still water.

(a) (nhyze the situatiOn and

o,
write an equa.tion which 1s a qu;table mode.l’. (b) solve the equation and

by 1 1s equal to fa‘

1ess time than’ it takes

Both pipes together c%n

-

To ma.ke
miles back requires

‘s
T
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2"*8 §_._rx o, e N
’Section 21&-1. : : . N . e : ‘
———— ———p Coe E 4 A . . .
" The fymetion . S - ‘ .‘ o 9
RN e . oo e - v :
N o i ~f.:x—’ax2+bx+c a_;éo -
":_LS'-_cz_a,lied, é_-gua'g_afic _function. The graph of sich a mncthn is.called &
: 501'-"""".‘-.'-_ L e I./ ’.
* e . e RS L3 : , vl .
't " . » . - L hd . T~
%ec 1ORL, ' 3 _ o, ey
.7 %  The pa}?.bola whéch is shown_, *
in Figure 11° is the graph of the Tes b, -
s « .
‘function S
e et . .
ol f"-x —>ax j- bx *cya=l, o
A = 0. _. . ¢ t
R & . ) o , .
'I’h'at"is, 8 the graph of ’
. ‘v‘ . x '_’ 2, . F‘ -
" which we refer to as the "basic" \L/ -
quadratﬁic':, function.. - , ’ T .
AL K S . - : . Flg/rell." : ' . 1(
i For a > O “the graph of f : x'2ax ds-a parabol that, Opens .
% rd, with its’ 10we5t point at the oz‘lgin. Its doriln is the set “of all
‘real numbers, its’range is {y*: y > O] Except at %he origin, the graph .
\Qf f DX axa 11es below the ggaph of the basic function if. 0 <a <. 1'
ilt 11es abOVe the graph of the basic é“unctlon 1f a > 1.. . ~
For a >0, the graph of g3 x> —ax2 is a parabola that opens _
) downward w1th its, hlghest point at the origin. The graph is the reflection'
. on the X-axis of the grapti, of f(: x~ axe._ The domain of fun_cti'on g is. -
the set’ of all real numbers; the rdnge of function g is {y :.y < 0}. _
. . L) ) \ 4 - - . ..
, . A frequently used notation for indicating the output of a function £
for a given input ni is f(n), read "f .of n", or "f at n's Thus' - -,
Sof 2 % f(x), wheré f(x) = x2 B ‘
- says "function f ass?-ns to each input -x from the domaip an output  f(x)..
' SuCh th&t f(x) x o 3 . Co : o ‘/r Ny \ Coy
. ¥ ) . ' ‘s ! )
.- .?‘\ . ] -
3 CR 105, '
¢ : IR
X . . . L . . - I
) AN ) ts Lo ) ‘ ‘ i E 3 ' s - .o -

O
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~ ‘v.' ' \‘ . « .

~ L - . B

) - '. ] . . : ‘.‘ DA - . a7 L
S 'Th'e graph.of f : x— x2' s also referred to as the graph &f
' ' 2
f(x), " and as the graph of Yy -= —‘Am&.\pomt on the grap‘h‘tqn be des-
. cribg'd as’ .(x,y)-,~ or as. -(x X ). , or as (x,f(x)_)_ !
- - : ' : r‘. ; . v . .
- SectiOn 2h-3 ST T : .
. ] ’ ¢ . . - l.- P
The graph of th&f,gmction : s ]
"l : - = . ' : s 2 . TS
'\i T ",'- . f: x--—*ax2+k, a0 < : I
Rl e S . A ) "‘ '
' “is a translation of the graph of g : x = ax2, af 0. ‘k > 0, the:
¢ . translation is upwerd:a distange of k units; if k< 0, .the translation . .
is dowrward a distance of‘ k| : units. - ~ )
"The, ~g’raph of‘ : e - K
: ; D f‘:x—*a(x-h)2 afo . -
[ - .
‘is alse a translatloh of the graph'of g @ x —>ax2‘, a # O This time the
translatiOn ‘is to the right a distance of h units if h > O, and to the
. left |h| “nits if h <O \ - T .
_’Lhe graph of * l <
. . . . ' ) .
- ' T f‘-x—>a(x-h)2+k, a £°0. '
o - . - o, . N ,
. " is a translatlon of the graph of g: x>ax , a# 0, tothe left or right

]h] units and upward %r dowrrward |k| -units. ’ '.

. Each parabola has an axis of sym;netr'y, re{‘erred to as the ax#of tHe.
: parabola.- The 1ntersection of‘ ‘a ‘parabola with its axis is called the vertex
. of the fparabo]'a ‘For the function [ : X —>a(x “n) <k, afo, if.
' ‘\—; a~> 0, the graph opens uml_ard and the vertex (h,k) .is its 'lowest poi_n’;;
o " if & < 0, the grap‘h opens downward and the pomt (h,k): 1ig its highest .
p01nt. The value of k is the minimum (or wax daum ) output value of‘

‘function f, and the value ‘of 'h is the input for Wh_lcz k .it the output.

a3

' séction 211» L, 3 ' . S ' e
Thengeneral quadratic function .}.. - I " , g ;
' f-:x—*ax2+bx+c afp." - .
can be rewritten in the "standard" form | T
f: x—»a(x-h) g,,"a#"o_ -

' by a proeedure called""co‘mpleting the’ square .

O
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Sec*h—‘.ton\2k-§ . N : ! « ot -
: t<.mc ion, the” inp ,[( Bo

/ /
-, For any uts which result in Joutput values of {

are ¢alled _ﬁ of the functon, The zeros of & function are the rbots

(or solutions) of the equation which states that the output of the fu.nction

] L.
i gero. . - : _- . . -5 ‘ -
Lo L. ! '4 [ . e - L - 3 _ ;

The set of ‘real numbers which are rod‘ts of any quadratic equatlon can

¥ be. determ1ned oy’ rewrl't)lng the express1on Whlch is thé output of the function <
in’ "standard"*ﬁorm. 'I'hen B R ’

"

B

C a(x"f-"_h)2 + =0 and a ;é 0= alx - h) = -k and a 7!8 5 .
. . - . - - ’ o .
- . ' <:>(x-h) -k Sna a 0. "‘-—‘-\é'
“ R SRR S Ty ‘ a, . ‘.o
. { , . A _

. ke ¢ ‘
T - —15 < O “the equatiOn has no real roots, otherw1se, it has either one
‘o Or two real rOOts. : . .- . o )

S;eczm_n2h6
&

. .-
NS

Ty Quadratlc: equations can be used to model- phys1cal situations which

apply Gallleo‘s observatlon that the d1stance traveled b falllng obJect
is & afu.nction of the time spent in. falllng. -

RS £ t reipresents a number of seconds and t > 0 then

Function FE Descrlptlon of Output & . . v
: o o 7. . . :
] _ P 16t2-;":? : Number' of feet an object falls in
S ] : b ] . ' .-t seconds. '

' Yoo~ 2 ’ °
e g + ta ;- l6t " Distance (in feet) above ground after .
- . ' - 1 seconds of an object dropped from

- a height of. a feet
7 h:tobt- 1645 . D:Lstance (in feet) above ground after -
_ ‘ - o ¥ 't seconds of an object tossed gpward ;
D ' "t a‘t a rate of . b ft/sec .
F o+t ow + bt - l6t2 Distance (in feet) above ground after o
e : t seconds of an object tossed upward

from a height of & feet at a rate
of b- ft/sec.

Section '21L-[ - > ¢
.,' Some equations which are not ciuadratlc in form can be solved by :
methods which- leaﬂ to quadratic equa.tlons. o W,,
] v N f‘ ’ - .
: : :f/ . : . )

O
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. -
. , . N
1

. /\:("l)_f , If the- equation involves a _square root, squaring Yoth 51des may be 9\{
" .
",helpful Since ' o ~ - : . '

N =b and’ a>O b > 0e==a = 1° snd a>0 'p30. .

»

- o

~ . 4

- it is necessary first of "all to write a compou.nd sentehce stating reStIiCtlonS .
' on the variable to insure that the number under t}1e radical. sign is non- "’ .

negative, and that tne square root is & p051tive number, “‘ !
. =

D‘.-

R a - AT . ..: .
) Squaring both sides o‘f an equ,ation may. also be helpful if t)alequation

- concgns the absolute value of an express:.qn involving: thq variahge. In
"b%is case) the. restriction on the riable musUinsure that the absolute value

————

is & iti\75 number., : . ,
) & PP > L o

n > ° o~ -

(3) Another situation which may lead to a quadratic emmtion is the solution
of a fractional equation. With restrict?ons ‘stated Lo insure ‘that no '
. denomilﬁtor has the value O, applying the multiplic&tion property of

equality may leg&l to a quadratic equation o ‘ : o

a ‘ - 7

. o \ ) T

7
I h
L3 ’ . * . ‘w
' - : N A i
. N N
. - ' <&
T2 . R
: . ~ . Y4
’ - ". ’ v. .4 ’ . .
~ i . < .
. » .
. o~ . d .

LA . . : '

O
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