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) 1. R ’ . Chapter 19 .
: e ’ . ' e ) . .
r,-ja .“ . ke -_. . : . i ' N -
. PR RIGID MOTTONS. AND: COORDINATES ' ‘
j - ' ¢ : . P Lo N ‘.
L 19-1. '“‘Rigl Motions 'in a- Plane i o (R
. Figlire B was 'obtained' from ' . ; L. »'g .
" "Figure A as follows: C e R

" in the plane. - Lo o - . '
' S . L . . e ) oo I e e
a o . ° Exerciges 19-la ", -
oL v ¢ _ ;
e . . (Class Discussion)
1. Consider. F,igursi C and its’
inage Figure D.’ - Make a,
ST tracing of Figure C(’a/nd A
. ‘move the. tracing sheet
. .to the posi-tlon V(here the -
',. tracing coingides w1th . :
.. Figure D. Did you hayel?-i'_
o &L h PO
' Lv’ . any d1ff1‘c11lty" v
- Fron\ t'm.s example we -séNhat f‘or some I‘lng mOthnSa the 1mage
' of a figure. 1j obL ned by t_;r_ulng over the traclng sheet. .. = 7
: . . p % - T
. ,\/" . t‘ Lo ' S
S . “~ ° . ) ~- ] ) .
/- . A ., : 4 <
RS O Q/tzfzh\)

\ ‘. oo w1 = : .
J- T Yy \ N Y ) !
"\ N /“'1’. - % v ,.w P T -

et e AN )
. K o : . C o, "
' LN - \‘ - (% v

on a tracing Sheet which wad then
“moved to “the posztion where '

. Figure B%:‘ould be- drawn as. sh0wn

1n the 1mage belng congruent to the orlginal flgure is, called a zlgl motlon

A copy of Figure A was uade

L ‘.

- e e

i Figure B is called an” 1 -
'of Figure A. Since }‘1‘1gure1B 1.s a \ B .
dupllcate of‘ Figure 4, the two . } A' .
f!gures are congruent. D L I ~

O You recall that aryy motion J,lke this in a glven plane whlch results .

»



e . L e
. :
1 7

- : . - . : .

2. . Copy the picture" below, ,-i”'- o _ o '_ '

: ( w
'BI v »' .
e * ; b - : ‘ .
,.'. . . : ‘ . . P .
In a rigid motion of‘triangle -ABC, the image of A 13- A? and the

T, .
‘image of‘ B is B? ‘as shown above. There are two po_ssiblee;location.s

for thg 1mage oi‘ C, ‘which can be round as follows:
' (a) - Make a oop& of A ABC on a tracihg sheet. Move the tracing
: sheer,l.wn.thout fllpplng it over so thzz.t' A and ™™ coincide
'mspeétively with ~ A* and - B?, How is C?* +the image of C- B
' PRI . T S .
n . *determined? Vhy must - A ABC and A AIBIC?- bhe comgruent?
. . . : . ST : v
© .- Draw [4,A'B'C? the'image of AABC.W . T N
: (b) wa flip the tracing 'shcle.t over 'so that A - and B coincide
. o ﬂré»pectively with A* and B?'; .mark the locatlon of .C" the

1mage of . C for this motion. \Draw N ATBICY. wh:Lch is another

,.,mage of & ABCe - .. ' o -
. ° ] _,~~ ,

.
‘From thls example, ve see that for some rigid motions, it 1 °

N

necessar_y to show the images of at least three nonzco]llnear'

: po;nts beLo:ge"the rigid motion is determ}n_ed.

. -1_ . . :
3. Given a rigi motion which when applied {0 AQAEBC .. results in the

o, image & ATBICE. ! AV G i

e w

3,

v 1

.
L e

O
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(2) Make a tracing’of - A ABC  and pointe P andd Q. Move the
' tracing sheet so that the copy of A ABC c01nc1des with®
AATBICT. Was 1it. necessary to* fllp over the traclng sheet?

Notlce that the same movement of the traclng sheet whlch brings

the copy of A ABC to- c01nc1de w1€h A ABICT . algo brlngs the )
copy of p01nt P. to p01nt pr, .Thls means that for this rigld

) . S
RN 4 motion, P? the 1mage of® P, R S

t. *(b) Mark_the location of . Q’, the 1mage of 'Q -for thé given. rigid

motion. 7 .

—
(e
~

Mark a point ‘R that lies on & ABC and find its image .R? for

this rigid motion. DOes R . 11e on A A’B’C’”

P Y
\a:
N L

Mafk any point &S. Now apply the glven rlgfd motionkto S .and
show the resulting‘lmage S‘ This eyamp1e showc thatsa rigid
: motlon in a plane determlned by a triangle and -its 1mage applles
. to, all p01nts and ligures in the plane of the glven trlangle as
. . well. ] : 4 ' : :
L, Now study the drawnpngor Exercise 3 above and compare some distances -

. .

for- the glven rlgld motion.

(a) Does the disgance PP’ equal‘the distance QQ!'? "Are the
.distances . BB?,” and CC?!  the eame° What is your con=

clusion?’ For any given rigid’ motion are the distances betw

points and ﬁhelr images neces arl]y the same” ) o .

.0
.

Now check the distances PQ and 'P’Q’ . Are they the -same?

'Actualyy you would know in advance that these dlotancec are the
same Yecause PQ and P?Q} must be qpngruent.‘ Why st they
‘be congruent? Does PA equal PIA* and PB “equal P’B’°

',JV - -Does QC equal Q’C’” Checlk: the dlgtances between other palrs

- . of - p01nto and between thelr corregpo dlng 1mages..'

5.i Given: lA rigid motion determlned by AABC and lto 1mage PaY A’B’C"

-c

!

O
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BEY ‘ »- ) . . . . ) - . \
. é . ) -, ¥
. - ) hS

B . -'Point P!, the image of P, can be found without using a itracing

sheet as follows:

With AP ‘as ‘radius and A?.<as center, draw an arc as shown above.

. 3
' $

T, A . . .
R - With CP as ra.d:Lus)and ¢? as center, draw another arc inter-\,'\

B S sectlng the first arc. . - : . _ }\
Explaln why the 1ntersect10n of the arcs is the 1mage p01nt P’ ‘/‘
: , . . 8
1. . , R .
Frém the exercises above we see that if the images -of three non-

c,,llinear points are known for any rigid motilon, then the image of ény other

point in the plane can be found f&r -the same I‘lgld motlon.

: ‘ ~>
e . . ' Exerc1s_é,§ 19 -1b . »
. Note: (For ‘the following exerc1ses, uake a, copy of the diagrams when”
necessary and 46 the work on, yeur paper 1nstead of in the text ) ' " -
7 .
1. ° For each rigid‘motion in whlch Flgure II 1s the image of Flgure I, a:ell
* . “yhether'or not it was necessary to flip over ‘Ehe tracing sheet to °
. N - : .
obtain the image. . - ' S
| - o é’ (v)

ERIC
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2. For all the rigid motions in which Als 1s the image of A, what are
_ 11en > T . :
the possible positions for BY, ~the image of B - in the plane?
"\‘ ‘ 3 ’ AN _. - - . A
~ . _—
1 B ‘ .
: [ ! ./ &
’ o . A ‘
e . .
A .
S 4
3. . For a1l the rigid motions Jin which- A? 1is the image of A and B? -
is the 1mage of B, 'what are the pqssibie positions for GF,. e & o |
. lklmage of C in t plane? T N o N '
' - L~ T, . - ' o
. ' ‘ \.'
. .f,—-,\‘%,_ < .
s \ 8 . . _ ' . . N
. " - - ' P -.A/ .B, .
. . N . . 5 . .A \
. . & . °
_ . ~ u s . . N . . .
v.0b . For all the i‘lgld motions in whlch A®, -B', and C'. are respectively -
L the 1mages of A, B, and C, what are the p0551b1e positions. of ,
A - .- ,
D’, the 1mage of D 1in the plane° ' " ' “ c ' s
. LT ~ ’ t ’
- o . - <
. .0 -
- T - e mm m e =
N , ."B ¢ :*“ . N A C .
-~ . o ‘ - . \
S N e
., C LNy IS
- .‘_ " ‘v [
[ e s o A
¢ : ~ " .- ~
C .
! " ‘ : . A v
o - -
N c'.
’ ; oA . .
- £/ * ' ) - i
. . ) 14 ? : 'vé . ~ ,.
. . 3 0 = :
. )‘ - "‘ 9 ' - '
T B ,

O
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- B
_ v o - . . " v N
5. ° Given: A rigid motion determined by & ARC and its image A A'BIC?.
. , ) ) L .
_ s\ )
. B .
7 s
2
' (a) Find the images of P, Q, and' R. S o,
\\,_ "~ (b) Find the point S ‘whose image is St. o ) .
o T ' & o o . ' -
6. » Given: A rigid wotion detem-{ned_by A ABC and its image, A ATBICY,
o .
v
“w N . . i . - "v‘ ‘ .
> - : e 3 ‘ ‘
.. ..Find the image of Figure I amd of Figure II. °
7. ‘Given: A rigid motion determined by points A, B, and C and their
images A?' , BY , and -C*'. ¢ - '
. ' . » . '
’ B .
- f . N .
c-* ’ Q
s . B’ \) .
L] . ‘_0
Al' : : 'A
N - S C. .
R
e Without -using a tracing sheet, c !
< . 7 (a) rihd the images of P, Q, R, and S; -
R " (b) find the point T whose image is T, v
T, . ot
\
-
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8.1 Explaln why pointS"A, B, C and their images

determine a rigid motion.

hd - ¥.
- A e .
" ., C. . ) 3 .
. . ‘
Cs v .
: B° ? Ry q
’ Q
‘ ' e o 4 ‘. A
9. _Ina rigid motion determined beTow by A, | B, C and. A%, B!, C7,
. ) . . . - ) ° » . . 3
find the images of 2; Q,. and 'R. . ct
. © A, . "
* 1
. CA "
. Pl '. “ B "g. . . .
> C . a . g 'Bl “
. 'R ’
0 P . -
, P .
. AR IR : .
- Which 'of the points is fixed in this rigid moticn?
'J . _ 4"
-
. ~ .
19-2. Propertles of ngld Motlon
4 : In thls study of motion, we are not interested in the paths but only -

in the‘ resuT ts of motlonu.’. When a motlon is applled to a figure the result

is an image, gnd if the image and figure are congrucnt then “the moti

Ol’ll a

rlgld motlon ‘ \/ ., ) S - \\ 7

‘I’he use of a trac1ng sheet helps to 'show that a rlgld motlon not only

»a.ssn.gns a partlcular 1mage to a partlcular figure but also a‘ssu;ns to "®each

point -in the plane a unlque 1mage p01nt in '.the plane.

This assig-nme.rit of uniciue images to pointd is called = _nction or a

wmapping. JIE - A ar;d_ B are any poings in a plané and A! and B? are
. o ‘ . ". - R . . “their images for a given rigid:
B ' B-.l : 'Y ,&'_ - & . . motion, then the “distances AB
b , L . o . and A®B? are equal.

[
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v, N ) . S
. . .

o

o)

Thfs.is vhat we mean‘ézen we. sa§ that a\rlgld motlon preserves dlstances.h‘

4 . . . .
Defigﬁtion,yfA r1g1d M%tlon is a functlon or a mapplng of
-

-

a nlape “onto- 1tself which preserves dlstances. ‘; . ’:

A -
RN

We‘shall use the notation, A —>A* to 1nd1cate that A? . is. the 1mage of AL

m_-c et . »

The rigid motlon shown in Exerc1se 9 1n‘the previous section’ ha a,
g } -

flxed point’ JIn other words polnt Q and it4_image QT- ‘are the~same ointa
’ me poin

7 . A
We say that this p01nt is. 1nvarlant for the r1g1d motion. Invariant points -

will blay &n important part’im our stqdy of‘rlgldamotlons."_ I

. o~ SR

e . Exer01ses 19-2a - . a

\lass ‘Discussion) 3 N B N \
Since a r1g1d motion has been defined as a functlon, a polnt-cannot
be assigned two dlfferent images. There is also” another reason why
" @ point gannot have two d1st1nct 1mages in a rigid- motlon. ; S
. . _ Let!s suppose that A .and B are
A 3 the same point but'“A’ and B* are
‘ leferent images 1n a r1g1d motlon.

. e Are .the distances "B and, A"B’ the

AB _ . . .
’ . . .B o, same? " Why» Then what.contradlctlon o
i ’ ) ] has been- reached° oo T Do
.~ 4 < - N .

In a. rlgld motlon can two dlfferent points have the same 1mage9

- : . - Let’s suppose that A and B are [
‘A i . .dlfferent_p01nts but their images .
i / S . ) X .
- A' and B! ‘are the same point in a

. rigid motion. Show that-this leads -

to a contradlctlon.
\ .’ <

We have already seen that 1n a rlgld motlon, each°p01nt is’ asslgned
.an image polnt whlch may or may not be.the point itself. NO6w let?s
turn it around Is-edch p01nt in the plane the image' of .some point?
In the rigid motion determlned on the foL&ow1ng page, by A, B, \C and
A' B', C', let P' be any p01nt on the plane._We shall flnd ﬁhe polnt

N ,

P which has. P' as its image as follows.

.




LI o . L o

N . D

; .(3)> Meke a tracing of p01nts
. A, B, and C, and ... . & - oo
- }, move the sheetceo that .A AR ) .
. ~“the traciné coincides -
"« with thé,image points B ' T .
AT B ana C'. B
- o Is it neceséary_tov:' o - ' . . Cv.
.. © o flip oVer the tracing : - ;
sheet"f ‘_,. - -. ) § . { " .
_(h) .Mark p01nt P’.‘while the tra01ng coincides w1th“p01nts
A’J B’ C’ Now show’ how you would f1nd p01nt P. e 5
This example 1llustrates the fact that for a rigi otion each :
p01nt in the. plane is the 1mage of some point an the result is' . ”

a one-to one correspondence of the p01nts in the plane.

4. }- What is the 1mage of & line in a rlgld motion? Suppose that we are:
. given a llne..ﬂ with two points A and B on £ and their 1mages
A' ‘and B! ' ih a rigid motion.

(a) Let- £ be the line
determined by A?! and
Bt We must prove that
£? is the image of 4.
TLet C be any peint

“on £ between - A and

B. What wust we prove

_about C?', the image o N
of C2 '

_(b)‘ Since ' C is.on £ 7 between A and B, then AB = AC + BC.
Therefore ATB! = ATC! + BiC'. Why? Then C! is.on £°*-
between A' and BI. ‘ o '

“(e) There are two other cases for the location of point’ c on £
One. possibility is that C may be chosen so that B 1is between -

':A and . C. What is the other p0551b111ty for choos%ng c?

Prove that in both cases C?! 1lies on 21,

- . . RV )
(d) 'Then £7 is the image of f.  VWhy? - ' RS .

e

O
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. . _ , e
g o Given: The line £ and the"rig:i‘ﬁ.motioln determined- b}} A, .B',_- c
) and A?, B!,  (C!. o B ’ A
(&) Find the Jmageq. of . B X . :
" points P and Q on o
‘. . L o . | .8
(b) Choose 'any other point - A ' L
"R on’f £ and find its’ ) c ) . o
' imagc;. : :Sinéé the ir_naée P . . . N
_ _ . of any péﬁnt. on - 4 . ‘
Q‘ ST : also lies on'. £, .
LT " then £ is its own '
. -
~image. 1In -other words, -
’ line ‘£ is invariant - '\/ -
T for this rigid wotion. = - : e
) Note .that salthough £ -is invariant for this rigid motion, the
\ .7 .« . points on "4 are not invariant. Explaln this. ‘
6. In the rigid motion determined below, By . B, C. and A, Bf, C1,%
.B..B', - o " each of the points A, B‘,v ‘and C, .
- PR b. . is ;'its‘ow'n image. Let P be :
‘ ‘ : . any other‘point in the plane. -
- .', o C...C'» ' . Find the"image of point Pi-. o
o AA o o : o -

r ' Since in this case each point in the plane is a fixed point, you may
wondér if we should.call this a motion.  We shall find it uéef‘ul to -
call this fu;}étion a. rigi'd '..'on and we shall -éive it the special

J " name identity motion. - ' ' L e
) Exercises l9-2b:

‘1. Usé the definitifh of a rigid motion and the fact that the image of

a line is a line\fo prove the rollowing fo'r> any. rigid motion.
g . (a) The image ¢ -éegmen:o AB is a co'nlgruent segment ATBY%

(b) The imagg ray B 'i_s a ray ﬁ:-

2., ‘ Use Exercise 1 to prove that {‘or. any riéid motiori the ima'geb’i»"a
triangle ABC is the congruent triangle ' A'BIC?.

N
. 10 . ~

- 14

O
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3;‘ R 3 o : . -
.if . fise Exercise 2 to prove that the image of an®angle ABC
. ot * . " » ° ) - . )

. congruent angle Al§;9~

ho Prove that &Ef 1mage of a 01rcle is a circle 101 any rlgld motion.
Q Use thQ\defln;Edon of a rigid motion. ’

See Given' A f&ne _£ and a rlgld motlon determlned by A ABC and 1tf
’

1mage A BIC?. B8 ‘ : ® oo .

Copy thlg dzaw1ng and find for.

this 11g1d motloq

- (a) the image of A A’BIC?;

(b) the triangle whose image =
is. A AEC; :
. ) Com——
(c) the<image.of'1ine L.
. . - ) '
6. leen' A rigiad motlon determined by. A ABC and lto 1mage Ly A’B'C’
’ and the rectangle as 1ndlcated : o -,
] L
Copy»thlg drawing and : B ,.___A
flnd for this rlgld ) - | ’ S
motlon - (
(a). the image ot A ABIC'; y A .
. B . . . oL . B BI
(b) - the triangle whose image _ )
is A ABC; ‘ . ‘ ‘ ’ 'A > . N\~
~ (o) the image of the rectangle; A o cc’

() ‘the rectangle whose image is the rectangle shown.

7. Given: A ﬁoint P. Show a rigid motion with three non-collincar
- points and their images in ’ ] '
‘whichf P is g fixed point.

Can you think of more than = Y =
one? ) o o . _ '

8.  Given: A line £. . Show

"a rigid motion wifh thrée

.nonacollineaf points angf

- their images in which line

2 1is invariant. Can you . -

. think of more thah one? ' .
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S .. ‘ i . > . o . A . . -
. . . . . .. ".Q\ oL e :
[N ° o ’ , - : .

] d ! .

Y9, : List the propertles of rlgid motions that have been developed 1n the .
T " exercises in thlS section. oL R
<10, \éiven: Line Fé: and a rlglﬂ motion whléﬁ leaves p01nt: A and B > :v ;

fixed. ' '

. ? o P oL LR
- : a . 4

.

Prove that every point on line

]

i

,\5‘?}3 =

19-3. " Translations » . ' A o S o N
) You have: a&ready studied some different klnds of rlg;d motions known -
’ as glides, turns, and flips. These spec1al motions: are 1mportant because they

can be used s1nglyéFr in'combinatlon to describe any rigid motj

In thls section we shall take a close look ag the rlgld motions which '
were 1Atroduced to you earlier &as- slldes The rigid motlon shown. below by

Py ABC and its imSke A A?BICt i$ arr example.

- . The dotted lines connecting points A, B, ;C with 'theif }mages" e
A*, B, c? shov an. imporgant pattern. THe distances AA%, BB*, and’ CC*

1)

LY 4

1'5" =
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- L= RN ) .

. . s/ . " ) ',‘“ o . . \ . . - A’ _
are egqual, atd-the_directlons, from the points te their corresponding images
. L e 5 . . s ; R "‘ &
are the same. '} S -o- . L _) o
i . . * a ‘
. Now use g trac1ng sheet and f;nd‘the 1mage P’ of poi ‘{ thl§

rigid otion. Shbq that the distance PP¥ and the dlrectton from P to
P are the same ‘as; for the points A B, ‘C- and their images.: Notlce

that 1n mov1ng the tracing sheet you do- not fyip it over. -q' v,
N v ¢
The ﬁﬁxrlcal movement of the trac1ng of A ABC_ \to the pgsltlon of' *.

L 4 -

A A’B’C’ is called a sllée, Howeveru the onegto-one e@rrespondence of
points of/the plane and thelr images resultlng“from th1s motlon is cﬁllgﬁ

a translation. - Yo .- . Y
- . - ' o : B e

5 . - [ -

Definition., A translation is a2’ rigid motion in which the - -
.. ‘ m——
, d}stances between .the ,points and the1r images ‘are equaW and

* the dlrectlons from the p01nts to their. 1mag&s are the same~
' & -
3 Slnce in- any.partlcular trans¥ation the distanced and directions,

from ‘the points to their rmages are the same for all points, we can determine.
that partlcular translation from a single p01nt and its lmage. : .

We flnd it convenlent to deslgnate

¢i5ngth of the'arrow fixes the distance
between each point and its image.

The arrow shows the direction from

each point,to its image~

Be sure not to confuse an arrow w1th a- ray. A}ray has direction bnt ’
" no legzth because a ray has no- endlng. ' . o
ki B " Arrows that have the same length
' . and the same direction designgte tHe
. same’translation. The'refore each .
arrow shown at the left determines

the same translation.

The special case where the dlstance between each p01nt and its 1mage

is zero can be thHought Jf as a translation shown by an axrow o‘fzero Iength
" Therefore.we can consider the identity motion as a translation. l
. X . . ) A . v . .
v o

L)
.
[N
3

O
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. T . .- s ) . )\/ J' . . L - B ' v
N . . - 0 . - *
L e Exercisds 19-3a , v - o

/
e

DR TV . A o e
K AR (Ciass Discussion}’ ’\' S O
i . L R » . A - . N
‘n- .l.(’ . (_}\iv'e'n: R tra.nsla.tlon dete'rmz,ned by the arrgy shown. Copy ..‘Ehe drawing
. ¢ ~ . ) . ) e,
S U A o . and apply he transldtion to point P.,
t ) ‘ U ."‘_&l 7 You’ gan find ifs image P! by chrrying
' ) ; S out .the follew-rng steps. I
d ] ¢ v \ N - ’
< . ,
.-, . P A’\\("a) Draw a l:uae through P p{a\iallel
':‘, - . . - ' to the arrov.: ]‘ -‘;P v ‘(_ .
~ [ o ' . :
» N , . . v (b) Now explain how you. would flnd
oy . ' - QP’ on-the’ lgne you: drew .
» 4“," . . ) . '

.‘Given ;i rlgld motlon ;n whlch th(. dlstances and‘ dlrectlons from ¢

e H f’ ) . . . . “p:nnts P and - Q to thelr images:
_ (' P. "y . ) '-'d/ P ahd qr a',re'the sa-me.,fﬂ:‘o show
L f’ : o that this rigid motion is pot - .
» ' . . " ‘- 1_ s s S ] n.ec.essafily_ a ti‘anslati‘oh:- ‘ o % Az"
o - "’ Ra. " C L (a). Markﬂpolnts "P, Q, R ‘a
< e P, : 1 «5* | ,L, eet Flip the sheet™ .
/' ¢ - ' : . ove place the marks for o
~ | . _‘ - < P ':'gi.:ﬁ' ! on P? *and Q. . .
- : { k o / o Now tark he Iocation of R?,
' ... 7 'tné image of R. - Does tthe
A qistéhce RR' equal PP! oF QQ*?" Is this rigid motion a
! . tr,a% lation? 'E:ci).:la?m your answggt'.' e “‘_ L
~ n : ] . . . .
. (v) Now i\é the tra 1ng(sheet again to find R? but this ‘time do not
l‘> o i v .. fiip over‘t.he 1[:\01ng sheet. Does‘ RR? equal pp? or_ QQ’?
\ ' “ ._ . Is t’hls rlgld mot. 1on a %ranslatmn" ~Explain your ansWei‘.\
, This exampLe shows how 1mportant it is that the trac/ng sheet not
' be turned over when used ;21 translatlons ) o
RNNCE Given: '\'Fi:’)'a_hslation'_shown by tho'az TOW. chﬂf th;g‘:hawrm;;g and find -
;\_‘ . \ ) : the 1mage of the. polygon as follows ',c_

'(a) .Mark the tagl point A of the

arrdw and the vertices of the. -
. polygon on a tracing e!heet. Wlth ‘
a stralghtedge d’raw a zﬁ?;ng of

AB - so that it covers arrow

4 {\’ : Co . .]._); " 18

F7N

O

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

~ L - E ‘e

R . < ,."7 L .~ T w‘ . .

N é‘.nd.extends as shoyn by the do¥ted line. | N -8 L, o

. (v) Sllde the trac1n5‘ sheet so that t _@ for co:.nc:.de’Wh

B: , and the trac of’ “ .covers the arrow. A.B serves as a r
E ’ RS -~ <4

N - gulde‘ﬁ:me. Mark the locatlon,,of the imagde, vertlces on ydur
otal _ orlglnal paper and draw the 1mage polygon\.” T ‘ ' ". ¢

Lol - o ,‘\ . A

(c) Why 1s it necessag'y to Taw an extend.e_d_ raéjing of theJine . AB?y
/——\4
i (a) Desc'rzebe/another way “of flnd%g the ﬂnage of the polygon w1thout

. using a traging sheetr. . g s -f-’._
‘.., . ,_- - 'S * ? ~ M ’ .‘ o {
N . . - P . . ’ -
. B \ v Coy— .
~ B : . - . B 'f‘ * 2. )
s . e = o ». - ’ . » . . .,\
o7 3 : PN Exercigas"(g:@ﬁf‘-‘ ‘ e T e
. ;. - . ) A o \" . o :. . ‘1'
. (g\_]ot'e- When necessary, make capies of the H‘raw:.r;gs ) X
. L. . » . . LT . ‘ ﬁ .
1. - For a glVen translatlon, the 1rq,age of p01nt A i‘ A' We 1nd1cate
e ' thls reMonshlp th A =AY, /
- Can o,y o LA
) g (a) Flnd ‘the 1mages B and Cus p
e o ' o« -1 . :
o N S .A _ (p) Find the points which have B
b A \ ‘ . " and C as images. 2 ‘
. . ..c e . R e
2. -, For the. translatlon shown by the arrow ‘ : , ‘, ~
—" ., )’ . o -
' ® " (a) Plnd the image of pcﬂygon P.
’ " Fa .
2 Y(b) FlQ’l the(polygon which has as. "
¢ image poly_gon P. B
3. _ Find the.image of line £ for the translation defined by
- -arrow- a” o - .
_arr;w b *
arrow ¢ )
arrow @ o
arrow e . K
- \ . ‘ .
~_ .
- - . x
2 v v PN .
- s o . v
- . .ﬁ‘ oL T ] -
* 15 = .
‘ g &rf’)/ e

;o



\ . ’ E) . o - . X
- . N Ve : . € : . -

g - . P ‘o . .o

. . Lo Lo L e

s 3
. . 3 il -~ . . . e
. 4, ) Draw an arrow for a transla‘gtg‘fx/in whi¢h the 1mageeof‘ line £ is - -
. v - . R4

- ’ g v v

o H (a) the line L Ltseﬁ‘ .
% . S ST .
. » . =4 : .
- * Y (b) a line parallel to oy a1
. _ , [
ST (c) a line ntha‘.f 1ﬁter£é§\/ﬁ- in.. L%
, L B actly one point. : < A < ‘
" 5.7,  Dray én grrow for the’tran Tiod in which T ,
. S T . . .
‘ . ~T .y (a) Flgure B is “the 1mage of ‘Figure A.
L - N :
v o ‘ (b) Figure A is tb.e image of Flgure B.
. N % oy~ 7 Soe o ) 4
™~ 6. Explam why the rig by A ABC ‘and its image O ATBIC?
- is not a transla‘mon i c \ . - N
A _~ . o B - - - :
. . * ’ h g . -
. ‘f
‘ .
. V.
¢ ' ) - .
. -
. v . , _
: A
: T. " For which palrs of flgures is there a translatlo ‘4n Wthh the second” :
L, v
o ¢ figure is the image of the first?- ' If there is, show the translation
B " 'with an arrov. - v .o ' ' )
() .
v
¥ ' |
A (d)/ ) (e)
- ‘ , . _ .
3 ! >
/. ; ’
. V V ¢ / 16 ' \ "
-~ ) - 0

O
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8. Is there:a”tranez%tion other than the fﬁenﬁity_motion in which there
.. | is . . . , .
. (q) a fixed: point” . ' _ » S .
- (b) s,a Tixed segment? o . o o
o e R
( ) a flxed 1ine? P v ™ X

T~
9.7, Fdr any non-identlty translatlon, de5cr1be in words and draw a flgyre

~- v

Al L : .

- to illustrate the image of . . . S . N
(&)A:a'llne ' - (a) a_cgféle‘i. A
'?; + (b) ‘a segment .. (e) an angle = - B s,
e e . L : : i ~ i -
(c) a ray- L S K
‘0. .7 o .\‘ N o {a) Show witQ\an arrow a translatlon
. - I .
v SN which the image of the c1rcle
_ is tangent to llne Lo
. . o
(v) Indlcate two other translations
_ . 1n which the 1mage of the circle-
" e is tangent to line £.
' ‘(¢) Indicate two translations in which
* fhe image of £ is tangent to the
- - _cigele. | ’ '
; ‘
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. ) ) ,
19-4. Translation and Loordinates

: - L
‘In this section we shall see how a tra.ns,latloxycan be- convenlentTy

'(‘i:sghed by=using a coordinate systemh%l r

UThe.f;Lmo@shoxm at the left

Y _ ‘ ;g;‘
o : ?&; 2 ' dﬁrlne a tr¥ElfTation. . The~ tail point"
' . o . . . o
. // p' 4+ A is at (»2,3) and the arrewhead
(Y . i . R .
N point A’_ is at  (6,9). . -

A pbint P. has been located at-

$ RE ¢ / -‘_ . e o Tt o °?.'

~ . )& . _ .
' ’ ; 5,1). : :
. A 1T B ) A U
: B : ' " Uslng a ’tracmg sheet the 1mage
1 P 1 2 Ix Pt of P is found to be at (9,’()

: 410 ¢ 11 T for tihis translatlon.
K3 .
- o : . .
0 '.('{;'_
. ‘d‘%ﬂ’— - ~

%, ! > - P
There is a way of finding the {fmage ‘P! of P without using 2

*

tracmg sheet. by- taklng advantage Qf the coordmate system."

. i Notice be__low that the cdordlnates of A’ (6 ,9) can be found by

_ addlng L4 to the first coordlnate
A(2,3) —AN(2 + L4, 3+ 6) - of \A and by addlng 6 ®to the second

coordinate of * A‘.

Thls same method may be used to

P(5,1) - PH(5 + 4, 1+ 6) . ~find the coordmates oi‘ Pt (9, ’() as
’ . ‘shown at the left. . -9
.~ . o ‘ ® S

\ : Ugll’lg thlS method "to flnd the

s " B(8,2) — B¥8 +"+, 3+ 6) image of B(8,2), -the resglt is’
T ‘ T B'(12,9) as shown™ut th_e»leftl.
If B! is.plotted on the greiah above; its location can ve verified -

g

by using a 'tzja.cing sheet. Cw _ ® - -

In general for this translation the image of any point _(x’,y) _ is

the p01nt (x + &, y' + 6).

. If we ca"l this transl ation 17 we can describe the translation as.
a fun'ctlcz%thus. : L ' S
« .t 1.(-‘5,-‘)’) ‘*(X"‘l*: y +.6).
In a coorrllnate system, then, a translation can- be compactly descrlbed

as a function, as above. "

) . Lo .. - 18

O
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o " Exercises 19-ka '

7
i (Class Discussion) :
1. A trenslatién g is defined by the following function: .
- g (x,y) = (x-2,y+1). I N

.
.

(a) For any given point, state in words how the éoordinatgs'of its

! ifmage are found.

(b) Find the images of the following pointdi?br this translation.

.

A(u,‘j) .\ ' B(O;‘l) C(O,,O) . - D(Z;l)
(c) Using a coordinate system, Woan éfrpw which defines the
. N L . . : ',‘

translation - g. ) T . S R
.6 . ’ . ’ : : o
(d) The image of point E is E? (_133). Find the coordinates of.
. point E. _ 4 S , .
2. 'Ihé.image of P(-2,2) is P!(1,-2) for a translation t as shown
. . o M - X : _

-

by the arrow.

‘Y ‘) . v M
- The coordinates of P! can be
- . obtained from the coordinates of P
as follows:
. _ - -
L P(-2,2) = PH-2 +3, 2 - L)..

. X (2) State in words, how the

coordihates of _P? can be

1 4 =
.5\\y_ R . 'found from- the cqordinates =
[ P - of P. ' .

-34 e ;(b) Now write the function for
gl ' this translation t. .
: ot ii(ay) o2 ;

(c) For this translation, find the images for the following points.

A(1,3), Bl-h-b), c(-34),  D(0,0).

3. A translation h .is defined by the following funqtion:

v

- oo 4 no:o(x,y) —(x+# h,y).

. (=) Show that the image of A(2,3) is Af(6,3).

'l::' E?g}
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. o : ‘ -
(b) Using a coordlnate system, plot the follow1ng points and show
; their images for hlS translatlon. ’ -
. ; - B(-5,2) c(-2,4) D(1,-3) - .
Lo ‘ \ox ' R : .
) Explaln how translatlon h _may be described as a translation Fl w
‘'L, units to the right. ' '

ﬁ'dﬁ' Lo v . i . .
S Exercises 19-Ub L _,& i -
e N o R ‘V . . ({ L

- Attranslation 't is defined by the following functipn:
, (xy)-*(x-'3,y+2)
[ e
Find the images of the follow1ng p01nts under t. J'
= a5, u) B(2 -2) ¢(0,0) D(3, 2) E(-2,-3)
2. kFlnd the images of the follow1ng p01nts in the plane under.the ]
_ translatlons described by the functions.
(a) (3,-2) by f: (xy) ~(x-2,¥+3)
(b) (0,0) by &: (x,y) 2 (x+5 vk R
. (c) ..(-21,.‘—14)_ by h : (x’y) H(x -1,y + l)
/ (4) (-5,1) By D (x,y) »(x+2, ¥~ 3) S
() (6,-2). by. k: (x,y) ~(xmy+1) = ° .
3.f; A ;ranslaﬁien;'s isfgiﬁen as the following functiom: . e
: : (x,y) ~(x+b4, ¥y-5)
. Find points A, B, C; D, and E whdse 1mages are.as.follows-,
a1(3,2) B*(-1,-1) C’(O,o) - DHu,5) o E(-2 1)
u.‘ ! In each case, a p01nt and its 1mage under a translatlon are glven;
Flnd the function that ‘describes the translation. -
) Point, Image .
(2) ~ CA(LS)S . AN(3,6) T T
() B(4,2). - BT(3,K) - : 4
(c) 0(-1,0) - . €*(2,5) : _
(4) D(3,2) ~ D'(0,0) & a -
(e) h E(Oy'u) E? (27'l> ‘

24
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Point = Imege y f o

(£) . P23 FM2,-3) o~
(g) G(5, G?(9,4) _ ' 4
2 he : .
. ‘,‘ ' . B s Y-
For each of the following points, - . PN .

A(2,5) - | B(-4,2). C(-5,-3) h,-5) .
~find_thé image for a translation of S
(s) 3 wnits to the rignt, . o - . ST .

-‘(5)‘ 2 units upward, ST _ . - <
(;2/;%‘ unét? po_the left, o L . : | L p
(a)- 3 units downward.' L _ . ¢ T

Plot the followlng points and draw ‘A RST-
>
R(-%4,-3

s(3,- 1) 7(-1,%)

(a) Draw. A RIS'T* if A RST is translated 2 units downward.

(b) Write, the function that describes the_translation. N M

units

b) units
c) . units
' units

erte the function that 2kscr1bé§"{he translatlon _ .-

to the rlg

dovm-.

to -the left

up

unit to the right and

o~ o~ o~~~ o~ o~
foy
R

N T E W

units to the léft and

£
(1]
ot
ct

“be, the translation F
Y

o (x,y)

Let u be the trenslation 3

» u (X:Y)

Let v be the translation: 2

units to the left and

-

2 units down o -
1. unit up '

L4 units down

.o~ .-t

units to the right. f

> (x+2, y)

unité‘upward.
= (%, y+3) o R

units to the rlght and 3 unlts up.

—~ e~~~

a) Find the.ilgge A? of A(u .2) for the translation ta ;
b) Find the imdge a1z of "A? for the translation u. R
c) Now find th 1mage of Ak, . g) for thé\/fanslatlon v, '

a) ' ’ R

What concl ion can you draw?

2r 3




L El

' 19-5. Reflections

. — ' . :

oo ’

The image A AB!C! of A ABC
was obtained as follows.

k]

A copy of A ABC and line "¢
was made on a- tra01ngusheet ‘The
tracing sheet was' flipped over and’

(blaeed;so that the cogy}gf lin§‘&
- coipcided with £he original-line £
.andbwith péints "M ahd N on ¢

: .

flxed . ) . ST

« ~ ]
s

Al A’B‘Q} was 'drawn frem the

- Y new pdsltlon ‘of the copy of A ABC ..
. - ’ . . ' '

;i The motlon of. the copy of AABC has bekn idéntified emsrlier in

.- «Ghapte 5 a fllp and line £ has ‘been called the fllp axis. . . RS

a ' s
i

In theJdraW1ng above, thlnk of the segments AAL BB’ and ‘Eg’.
Liﬁe £ is the perpendlcular bisector of . each of these segments Whyz.
Now use a tra01ng ‘sheet and find the 1magesv”?’ and Q' -of p01nts P and
s' Q- ﬁor this motion. Is ﬂ the perpendlcular blsector of PP’ and QQ’9

/ 2 Q.
e Imaglne nov a mlrror placed uprlght perpendlcular tp the plane of the

paper, along Iine £ fac1ng A ABC. If you lomk 1nto’the mlrror from the -

" left you yill see A A'BICY as a reflectlon ‘of A ABC. Point - A?
) the 2eflect10n of point A

then is &
This. is why we call the one- to one cor“espondence.
of p01nts and thelr images resultlng from thlS motion, a- reflectzon

-

. ' Definltlon; A reflection in a given line £ is a.rigid motion:
in whichh_fo}'any'pbint "P not on, £ and its Ymage P!y
2 is th%~perpendicular bisector of PP, If P is on £,

. . N
« . then P is invariant (P? = P). S DR -

9.

O
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-Exercisés 19-5a

* (C1lass Discussion)
¢ . . .
1. - Copy ﬁhe'dgawing-of A ABC and liner f.

~

2. of & ABC for the

(a)

. compass,

and B?

“ Bxplain why - & A1BIC?

Uéing oniy a ruler and

construct a line

: - £ :
" through 7 A perpendicular -

to" £ arfl intersecting L
at P. ~Locate A'’ on
AP such that AP = AP,
s .
Do the samd’to locate CF
anﬁ draw A A’B’C’

ﬁUSe a trac1ng sheet to show

that A ATBCT ' is the flip
image of A ABGf

is

the jmage of & ABC . for the
reflection in L. (Use the

definition-of a reflection)

. Copy

_A AYBIC? is the image reflgction in £..
4 ) '  :" | : " this drawing. .
* {a) Find the images P' and
' o of-pointg P ‘and Q.
lNow flnd the images of P? }
and QF. What 1Svthe 1mage,

O

ERIC
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. for a reflection in

-in £,

of A A'BIC?? In general,
E}

is the image of the image of

L3
yhat
a point?. For a reflection
will a point and its
image always be on’ opposite

sides of the fine £?

"Discuss. | .



. j ’ N
(bf Fold your drawing along llne z and describe tﬂe pOSlthn of
A ABC and’ A A’ch’. Do the ‘points P and Q c01n01de with

their images P! and Q'? - T

(c) For A ABC, the trip from A to B to C is'in-a clockwise
direction. In other words, the sense or orientation.bf . ABC
is clockwise. What is the sense or drientation of A A'BIC*?
‘This suggésts that for a reflection in £, the orlentation ina
.plane of a figﬁfe not on £ 1is the opposite of‘ths drientation

‘of 1ts image.

l'_3. g Copy the closed figure and llne £ as shoyn. Select two points A
, o and -B that lle on the figure and find the 1mages of these points
for the reflectl?n in £, ,
. (a) ‘Do A' and B! lie on the

figure? '

"(b)- For any point P on this -

figure, where will = P* 1lie?

(¢) Fold your drawing along
line £ and describe the
result.

(d)  What is the image of this

figure for the reflection .
PO o "in 42

Since this ngure is invariant for the reflection in £, 1line' £ ‘is

called an axis of symmetry for the flgure. A figure is said to be

e : yggetrlc if.it has ati least one axis of symmetry.

.k§§ ' Copy'the triangley'a ABC, and point O _shown below.,;’ ' E
' ' (a) Draw the line through points
. A and O, and locate At
on the llne 1o} that A'Q = AO
_as shown. -
" _point A! is said to be
' the image of point A for

‘the reflection in point 0.

(b)- Find the image B! of point

;;),,f* o S . . B by drawing the line BO

L
and locate B* ron '‘BO so

;o 24

O
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1.

‘2..

.(C):
(a) -

that ‘0 is the midpoint of ‘the segmént- BB!.

»

“

Find C?! .in-the same way A?! and "B* were found.

. Draw .s ABIC?, the image of A ARC for the reflection in

,' point Q.

.

Definition. ' A reflection if a given point 0" 1s a'rigid

motion in which for any point .P and its image P*, O is

‘the midpoint of PP!. Point O is invariant for this

reflection.
. . _ _ . E
- ) _Exercises 19-5b \/
(Note: When necessary, copy the drawings and §o/7ée work on your ;
.drawings.) . o, . - , o

Find

Find

reflection in £.

the images of points. A, B, and C for the reflection in £.

L

the images of the segments Zﬁ, CD, :Ef, add -GH- for the

. 1“ :
C D'. o -
éi\\\\\\\ o ’
N |
o ' ;//)/////kfﬁ
. Gf/”ib .
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Find_the.images of figures A, B, C,’ and D fér the reflection

<

(a) Reflect the circle in the line £
. . . : . . s .

£ °  and mark points A%, -B*, C?

on the image of the circle.

(b) On the circle, the_trip’from
- - A to B to C is clockwise.
On the image ciréle,vwhat
- direction is th¢ trip from A?

- to- B! to. C??

R

(2) Drav g line m  different. from
£ vhich is invariant for the
.

" reflection in ‘f.

(b) Describe all the lineS which are

invariant for the reflection in

- L.

, .
4

A line m 1is parallel to.a reflecting 1ine £ Descfibe_the image

m? of line m- for the reflection in ¥£.

-

Points A, B, C are collinear. Show that their images A®*, B, and

LUN

C* are collinear for the reflection in" £.
S - <
2




.
.

8.. Fid the image of Quadrilate 1 ABCD for the reflection in point C.

B

-0
<
A\
9. A A'B*C?'  is a reflected image
‘ of A ABCs - . s N
Find thé line of/reflection, and -
show howr You found it. ‘
£
10. . A ATBICT is the image of A ABC .
, for a rigid motion.
' Explain why the rigid motion
cannot be a reflection.’
| 'C‘
11. Find the=1ines of symmetry for gach of the‘following figures.

]

() . ' OB

(d)

31

O
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12. . How many lines of symmetry does a circle have? —_—

Linegy £ and m are'perper}dicﬁ-

13.
. 3-‘ ,‘e . . ) - ) N
‘ R’ v ':i : lar, and points P, Q, R, .S {are
located as shown. b :
. o . . :
h},, _ . Find the images of &, R and
) .P S . ’ . : :
- I - “’(E? for the reflection in £,
m Q- ' . , o . -
v . ' _ (b) for the reflection: in m,
»’
'..s . r

-
P
Ial

19-6. * Reflections in the Coordinate Axes

‘Point P . is located at (u,3),

o B o P(4,3) " o '
: - ) » ! égo.flnd its ‘image P? for the i
r ol - L ‘: 2 reflection in tje - X-axis, the §°ttéd;‘_f
' | -lipe is drawn'perpenQicular to the
, 1t | X-axis. ’
_f' ! X . . Since P is 3 units above the
-2 -1 O 1 2 3 | X-axis, why must Pt be. 3 units
s r b_eféw the X-axis? o
-2} : . Why must ?f"be L units éo the
N | . . right of the Y-axis?
b S -34 ,
. . . P
v

‘The reflection of P aBout the X-axis is expressed as ‘the following

correspondence:

P(h’:b) —)P'(h’:"3)-

,

.

Lo
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Exercises 19-6a l —

\ . ~ '(class Discussion) -

. - . . :
1. Plot points A,"B, and C  and their given’images'to verify that
, théy are reflections in the X-ax1s. ’ . ’
A(-3,-2) 2 A% (-3,2) (a) What do you notice about the - -
B(5,-4) - B¥(5,4) x-coordlnates'of the points
' c(-4,6) - Cr(-4,-6) . and their. images? '

L :~"(b) How are the y- coordinates of the 1mages obtained?

In general the reflection u of any point  (x;39 “'in the

N X-axis is egpressed as a function as fdllows:
) u o (x,y) - (x;'Y)'
(c) Use thls definition to explain how the 1mages of p01nts A,
B, and C above can be obtained.
(d)_ Show how the definition above can Be used to find the reflected
| image of point (-6,-8) in the X-akis.. = . . . A
2. Copy the diagram below. To find the reflected image P? of P in
' ~ - the ' Y-axis, follow these steps.
41y : (a) Draw a dotted line through P
) o perpendiculér to the Y-axis.
3t CP(a,3e .
A . ) (b) How many unlts must . P' be to
2T " the left of the Y-axis?
. 1 L _ ' Locate P* on the dotted line -
o L X and write the coordinates of pr,
-4 -3 '-?' -1op 1.2 3 4 (c) Express the reflection o@ P ih
) | C . * the Y-axis ‘as a correspondehceL
3. Plot pbints A, B, and C and their images to verify that they are
' reflecthns in the Y -axis. . - '
A(-3,-5) —>A’(3 5) (a) Expiain how the coordipates of
B(-4,6) ~ B’(u,6) the images may be obtained from
C(5,-4) —CT(-5,-L4) ' the coordinates of points . A;
’ . ' ' B, and C. i

In general, the rveflection v of.any point’ (x,y) ~1in the Y-axis

'

N

33

O
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is expressed as a function'as follows: ) R ' Lo n
Ll . . .

v (x,y) o (-x,¥). ¢

_ : (b) Show how this definition can be used to»finﬁ the reflected image
> . of point  (-6,-8) in the Y-axis,, T

- Exercises 19-6b

- 1. Find the coordinates of the images of these points for the reflection
. in the X-axis. ‘
' - '. .
(a) "(25-5) ' (@) (-5,6) (8) (-7,-%)
M 4 B! ‘ . . H - .
| () . (3,-4) (e) (0,6) () (3,0
(e). (3,-2) (). (-5,0) e (1) (0,-4)
ifE. Tind the coordinates—of the images of the points listed in Exercise 1
X . ) B
for the reflection in the Y-axis. ! L
" 3. Which of the following corresporfences can_be‘the'reéult of the
reflection in the X-axis? in the Y-axis? - in neither axis?
. ) e -
; (2) (3,6) - (3,-6) -, - (e) (3,0) - (-4,0)
(®) -(-2,5) = (2,5) - 4 (5)y (1,3) - (7,-2)
(o) (,-6) = (-1,6) S (g) (b5 S (5,05
(@) €0,5) = (0,5) « <= (n) (2,3) B (-2,3)
- . N \- . .
L, Wﬁ}te‘%he cooxdinates of three poihts'that are invariant for the
{efléctibn in
(a) the X-axis . " (b) the Y-axis.
N A :
v . - : : Q.
5.  What point‘Zs invariant. for the reflection both inythe X-axis and .
ifi the Y-axis? o L ‘
. ~ v
* 6. - Point A fis‘/loc_ated at (-3,2) and point "B 1is located at (2,-3).
v "Plot these points and drav the segment “7B.
\ - " Drew the image of AB "~ for the reflection in
(a) ‘the X-axis =~ - - . (b) the Y-axis.
7. The vertices of. AABC are located at A(1.2), B(3,6). and c(5,2).
(a) Plot the triangle, A ABC. .
. -~ . . : *
"y . C.
. . v 0 .
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{b) Find. the coordlnates of the vertices of A A*B}C? for the
'Ieflection of A ABC in the X- ax1s and plot A ATBICT,

(c) Flnd ‘the coordinates of the vertices Aﬂ, B", and C" of

S A A"B"C"  for the reflection of A A'B*C?  in the Y-axis,
>' and plot A A"B"C", '
; - ; 6 v
. ' (&) Compare the coordinates of A with A"} B with B" 2 witn

C", What pattéin do you see?

. / ’
(e) Compare the orlentatlon of AABC with A A'BIC', and-the

,orlentatlon of AABC w1th A A"B"C"

8. Write the coordinates of the end p01nts A and B- of a segment AB

that is 1nvar1ant for the refiectlon in

. (a) “the X-axis ’ : “(b) the Y-axis.
9. ° Find the images of A(-2,3) and B(3,-k) for the reflection in
‘ i s (a) the line.y =2, ...
' /b) the line x = 2.
. Y o
. : o 51 Y
, 471 [y . ,
A(-2,3). . C .
s . 31
' =2 " .
L - - - .
Tt >
4 X
~ -5 -4 -3 -2 -1 971 2 3 5 -
-1
. 5 A
!
*B(3,-4)
lQ.~: ‘Find the equations of the 1mages of the two lines. x =2 and ¥y =§;
‘for the reflection in the’ ' v
. ) . ' .
" (a) X-axis o o : (b) " Y-axis.
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la.

- -

e

. i
P S -
C%;; thls diagram and find

the images of A(3,2),
and (‘juxz) .

B(2,-2)
for the reflection

'in the line y =

What would be the image of
any point P(a b) for the
reflection in.the line y = x?

[y T e

41Y : '
. 3t i ;\\
S
: - 3 =
<47- .C(-4,2) 2 1 * A(3,2)
e . X 1 A _
- \ ' , RS
-4 -3 -2 -1 2 3 4
_’1.»
L -24
. . : B(2-2)
. -3l V-
-4}
~ A)
. J
7~
- i
19—7. Rotatlons

o : Earller in Chapter 8 you were 1ntroduced to rlgid motions whlch were -~

called turns or rotatlons.

rlgld motions.

-

-

The image- ray OP?

on a traclng sheet.

In thls section we shall explore further these

. Suppose that we have the ray OP glven as ‘shown.

N —
of OP was

obtalned as’ follows.

A copy d? the, ray 0P was made

The .tracing sheet

was then held ‘down- by a pencil point
at O .and turned counterclockwise as
‘shown by the curved arrow so that the

copy of OP marked the location where

OP* was drawn.-
r . The phy51cal movement of the traclng sheet descrlbed above is called

- a tuggs and the fixed point O for this turn ‘is called the center of turn.

ERIC
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The curved arrow is drawn so that-it indicates the direction of the
"turn, clockwise or counterclockw1se, and so that it starts at the original
ray and ends at the 1mage ray. Therefore from the curved arrow we can tell
whlch one of’ the two rays is the given ray and whlch one is the image of the

given ray.

In the Qraw1ng below,: the curved arrow 1ndlcates that the ‘turn is

- clockwise about the flxed point 70,
. and OA‘kls the given ray with OB
its image. N

In this draving, the curved
arrow agein indicates a clockwise
‘turn'about O, but this time OB -
is the given ray and OA is its

. image.

A

T R & : R - S v .

Figufe I shows a guarter turn.

< Figure II :‘shows a half turn.

- N —— c—— -
-

Figure III shows a three-quarter turn.

‘Figure IV  sho¥s a full turn.

P

Unless otherwie indicated, the direction of these speciai turns ie e

‘coun-erclockwise. Cy
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O~

In Figores T and-IIi, the rays are perpendicular. 1In Figure' i, the

rays are colIinear. IniFigure Igz'the given ray is'its own image.

Wow to summarize, & turn is a motlon of the trag 1ng sheet /which can
be specifiied by a, curved arrow, and by a given ray and with thelr

common vertex at the denter-af turn,

‘We shall refer‘to the ohe-to-one correspondence and their

images resulting from a turmas a rotation. The fixed then becomes
the center of rotation. )

¥

. . : N A -
‘In the following class discussion exercises we shall fexamine how points
' S . : . .o : h
« and théix‘ﬁm&ges are related in rotations. »

¢ -

v ' - ' Exercises 19-Ta
(Class Discussion).

. - - :
1. A counterclochyise rotation is defined by the curved argow and the
. (Y -

pair of rays at - 0. ‘f

-p

it

Which ray is the given ray? the
image ray? N -
~Copy the rays, cur%ed arrow, and
: N .
point .

To find the image P? \of point

'P /for this rotation about 0,

ollow theoe steps.

" (a) On a tracing sheet make a copy of p01nt P and of the glven ray @
. L4

with vertey . 0. '

(b) Turn the ﬁraclng sheet keeping point 0 flxed so that the‘zspy L

: of the glven ray c01nc1deo WLLVJthe 1mage ray A o~
(¢) The gopy of P on the traclng sheet marks the }ocatlon of the
" image Pt Magi the 1ocatlon of P2, : -
e : AT . -
. " Now take a compass, and with center at 0. and radius OP, draw
an arc to see if it.passes thzough PT. R .
ThlS shows that under a xotatlon, ‘& point and. 1t image can be -

connected by an arc ‘of a circle Wlth'ltu center at the center of

o o rotation. : \ .

O
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'_ : - ’ . o . .
o How does it also show that the dlstance of a p01nt and of ite

—

image from the center of rotatlon is the same? - . .7

2. . Two pairs of rays with their curved arrows are spown at O,

+. sheet to determine ii the two palrb of

rays with their curved arrows specqu

the same turn about O. . = A S

. .. e
v’ PR @
‘@, @
. o
. . ..

3. Point P! is the image of P," and Q! is the image of . Q, and

o
. - T o . _" pzint O is the center ofjrotation. :
. .7 . : . «

- ) T Describe a way 9} using 2 tra01ng
sheet to determine’ r; pofqt P’ and ’
- ' - p - Q are related to their 1mages by the
" same turn about Oe

T

T . [

‘ - . -

b
. T [ .
L. * A turn is specified by the curved arrow and two rays shown at O.

o, Use a tracing sheet to show. that.
. l GE and OB with their curved arrow
1 . s'pecify the same turn but B is not
\ ’ . the.image of A~ for this rotation

\ o " about O.

This shows that two peints may be
related by 2 turn about a fixed point
0 but one is-not the image of the
other for this rotation unless their

distances to the center of rotation

)

. are the same. ' L *

Te . . .
A “ 2 w3
0. .

(@3
(4
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R e it _ N

5. © e, :  Show that a rotation of.a half

R o ‘ ) ' turn about ' 0, and a reflection in. O

Lo, e v .. : result in the same image of -A.° N
. .

> 8 o Copy rays’ OA and OBi/and point P ‘as shown. ‘ _ g

(a) Find P®! the image of P'by

'turnfné:the tracing-sﬁeet counter~
cIockwiseﬂabout 0 as ‘shown by

the solid curved arrov.

-

L }

(b) s Now -fihd the 1mage P'. of B, e
" by turning the tracing sheet

clockwise)about ’O as shown by

> ' - - the dotted curved arTov.

=" Vhat did you get as a result of the two turns’ This;shows‘that

two different turns - mlght result in the same rotation. ., -
© l v . "

o -” ‘As’ a matter of fact, 1f‘we are pervntted to continue beyond a-

! ) full turn, there are many turns which result in the same rotation._

, .

.t .., For example, the turn shown at

o/

the left results in the same rotation

as thevturns describedvabOVQ.. o .-“'..

. See 1f you can draw some other
2 Lt
. . hd . .

examples. .
-

"
) For our disgussion, we shall limit

ourselves to full turns or less.
: ' o g R L
-4 . o .

- . . - .

V] .
the center of rotation. . . . .

»
- P L
, ..
- A
el
~ ° . .
© - ’ o-
: y» .
- a
-~ - -
. , ; .
- 36 -

O
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Exexcises 19-7b . “ v
’ " (Note: . When necessary, ‘c-opy the drawings and do the work on your
drawings.) : ' ’ -
T - — Cot . L
"1, . Make four copies of these two ‘rays’ %nd use curved arrows to show four

different turns (less than full turnds) that can be determined using o
' ' o these two rays. » ‘ /%
. _For each turm, find “P%}, +*he .

image of PB.-

I

Tdentify the turns that result

in the same rotation.

2. = TFor the rotation shown at 0, find
. ' " (a) B! the image of P
. (b) - ATB' the image of AB ’
(c) £% the image of £- e
R . Drew the arcs of circles which'
connect s P with P!, A with A%,
and B with B . St
3, Find the'iﬁlage of ‘A-_vgqr a o ' : o . .
: 5 ' .
» (a) quarter turn about O.
oL _.;-'_A. e . » (b) half turn about O. . .
» : ; I "(c) three-quarter turn about, 0.
. - . ) . .:iv : » . N
oo -8 ' : (d) full turn about 0. ~ , .
. (e). reflection in 0. . °° * 1
_ _Fof what turn about O~ is A? the same as for a reflection in 07’
o . - : SRR S ,
. ) ™
| s o o - K ~
: < 37 e A
: \.. - * . -
N . . LY . .
Py - o, — R -
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& ' , oo
b - .., Find the imge of AB and of.
" ‘ _ﬁ‘-.f_or L" . ‘
(a)’ a quarter turn about O, )
O. ‘ S o (b) a half turn about O.
(c¢) a2 reflection in O.
5.  (a) Find A A'BICT, 'the image of A ABC, for the rotation sbown
. ; (b) In A ABC, the trip from A  to
B to G is clockwise.  In
_ \ xABA’B!C.'. -what is the direction -
" of the trip frém AfT tos BY
. to Cr7¢ '
C & (c) Using the’ sartig;;-f_wo rays at 0,
N . ' ‘show with a curved arrow another
. turd which resulfs in the same
L~ ¢ image ‘A AIB'CY.
. . e " [ " T ’ . X v
6.. 'Find the image of P’ and of (@ for a full furn zbout 'O, ‘Expla®n
s why a full turn results in thex I:'der;'ti.ty rrigti‘én. 1o - =
:7' . ’ o ' “ ’.’. -
;I tr P. , ‘
7 > ‘% .
r .
° @ Q.
. ~ Qo °
- - ""_,‘ . - . ’ s . ' . X
Te _ What point -is always fixed for any rotation? Suppose a rotation has
o two fixed points. Exblain‘ why the rotation ‘must be the identity
,- motion. _ * o '
8. / _ Explain why Q cannot be® an.image of. P. for a rotation about. 0.
- Q. S o Fifd two different points that
' . can be'cent’ers- of rota.tidns in which_ .
P ' \Q 4s the image of P.
' L o=~ - . oo Where are all the _possibie' centers
: S y” S o . ‘of rotdtions in which, @ is the image
S of * P7 . f '
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9.»' Points A, B, C lie on an arc of a c1rc1e .with center at O.

Find Af, B, (!t for the

* A’ - — -~ o .t . -
A DN GRS : rotation shown at O,
R Describe where'the imége'points
‘ lie. ' ' '
10. . Mark a point O and drav a c1rc1e which is. invatiant for all rotatlons'

about O. Descrlbe all c1rcles w¥1ch are 1nvar1ant for all the

.rotatlons about 0e - : A PRI e R
S, ‘Giveh the square shown below with p01nt O atﬁ}he 1ntersection of
' l** . ! L . .- the dlagOnals.;;_
\\ , . .
N 7 : " Describe ’ . Sl .
<7 Describe three different. turns
/ : i ) C -
02\ about O for which the square is
N . ; . ’ -
//{ # AN : invariant.

. Given & A’B’C’ and the rotation
R Y . . .
shown ‘at 0.

Find ‘A ABC which has A ABIC?

Cas its image for this rotation.

A’B" is the 1mage of AB for

some rotatlon

r\,. (a) . Use h_compass'and straightedgevto

£ind the center of rotation.
PN . . » &
(b) Draw a_curved arrow and two rays

at the center to spec1fy the -

rotatlon
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‘19-8. Rotations and Coordinates

In this section we shall examine how rotations may be. described in

“ a coordinate- system.,' o _ %
- . For convenience and simnlicity we sha]‘.l always take the origin as the .
~ center of rotation. Also at, this time we shall consider only the spec1al
turns, -i.e., quarter turns, half turns, and. three-quarter; turns, taken in a

counterclockw1se direction. = . = : : s
Point A(E O) is-given on the
. by - . X-axis ~as shown.
. . Al . ) . -. R s ‘ s . . )

. (0’3? . v For a quazrter%iur_n about 0, the:
image A? ‘must lie on the . Y-axis- .as .

shown and OA! must equal: ‘OA-f; » Why?

5 ———s ' Thed A' is located at (o 3) .

S - Now consider B(-4,0) on the
. . ) ° " .

. S o v ' , X-axis as shown. .1 e

_For"a quarter turn a.bout 0,

{a¢ : . wvhere is B! located?  °

" - . When we look at the coordinates

A(3,0) = A*(0,3) . of points A and ‘B together with:

B(-4,0) — B (Q,-4) : those of" "their 1ma/ées, Ywe see that .

,there is a pattern. R

For a quarter turn about O, the 1mqge for any point (x, O) on the X axis\
is the point (0,x) on the Y-axisy If we' call 'thls rotatlon f, we ¢an

write the followi'ng function:

£ ¢ (x,0). - (O,x) :

vy ' 'wa let?s consider points C (0,4)

e '.C(Q,_"«) o E and D (O -6) on the Y-axis as
' shown. S '
e & 'l(
O .
o
. -+D(O,-6) ,
" :
")r - . ‘.
~/ ‘
— 10 |
’ . .
v 0 -

O
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as sHown.such,that' oc =-00!?

For a quarter turn about O,

7 c(o,8) ->c"t(-i+','0)'

g o D(g,-é) - D?(6,0)

Now try some other p01nts on: the X-axis

same rotatzon.

on the -Y-axis. is

For a quarter turn about O,
Y;o)
f as bef/ze“‘we can write the. following % o ¢

the images
~and OD =

and

- nates of C

on the X-axis.

v

-

c3~and - D?

What are the coordinates for c?

D!? When we compare the “coordi-

images, we again can see a pattern. :

and flnd their images under this

(0,)

‘the image for any point

}f : ( )y) _)( Y;O)

In‘tﬁe following class'discussion exercises,'we shali develop the

generaL rule for finding the 1mage of any p01nt

resulting from & guarter turn about O.

1.  Point P(3,5)

respectively to the X=

and Y-axes

1 Y - .
B :J 7p(3 5) A are (3,0), and for B . are
(0,5) : (0,5). - ' '
’ |t | xS .
Pr—==--- A I !
oy l (b) . Check with a tracing sheet to see
_ Jj r{ that the image of the rec ngle
B o A3,0) is as shown a\ove for a qilfter
turn about 0. o
v Explaln why ‘the. coordlnates
‘ for A! are (0,2), and for B?
. are (-5,0).
(c). Then wh& must the coordinates for Pt be  (-5,3)7 Why must
PO equal P30? ' '
: 1;1 ‘ ’ . ; M
: 45

O
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(x,y) for the rotation f
';Exercises 19-8a
(Claes.Discussioh) . ) " : .
~is given as shown, PA and:lﬁﬁ are‘perpendicular

forming the rectangle PACB-..

(2) Exghain why the coordinates for

will lie on the X-axis.

cand_ D with those of. their

Since this is the same rotation

Sy



2. ‘a) Poinﬁ a(-3,5) and. rectangle QAOB» afe givén as shown. What

- " are the coordinates of points ‘A and B? . o
. ] v o - o N .
. Q(s:-’hs-)—g_rs (6) The image of QVATOB! of the
‘ l.‘ 1\ - ’ . - € > ’
. T \\ C . rectahgle QAOB "is also shown.
B oA : : . . - S
o : X I : (c) What are the coordinates of’
. . o g | A . X . A' and B Then what are
) T A o, T
‘ ‘ . :.‘ -7 PR . ‘ the coordinates of Qf, the
Ll LT image of Q7 - ‘
. L L _
3. (a) Copy this diagram showing point R(-3,-5) and rectangle RAOB.

b ‘Locatd A?'' and B! for a
Ty . \ - .
i qudrte} turn about O¢ and draw
' _ the i .ge_recténgle.,
b Are the coordinates of
. A X N
-— ? - . .
! Ao . .glnts A* and B " Then
. //' what are the coordinates of R'?:
o/ ) L T '
i /
4 .
Y] ,
RE3,-5)
i
&, Below are shown points P, and R -with their”images‘_P',' Qs,

and R? fér the rotation gésulting from a quarter .turn abbut 0.

_P(3,5)' > P?(_5,3) . Express irf words how the co-
Q(-3,5) —=Q1(-5,-3)" ordinates of P! are obtained from
* . R(-3,-5) - R1(5,-3) the coordinates of P. &

Do the same for points Q* and R?t. What is the image of point

S(3ws5) for the rotation f2
- B -

Se You recall that the images of points on the X-axis and Y-axis ' for
the rotation f ,can be found from the” following expressions:
£ : (x,0) - (0,x),

. S . .o (O,y)‘ —.>(-y,0>)-‘

If we comﬁine the results of these two ekpressions we get the following
' s L2

4 6 ’ » .n_ . '

O
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general expression for any point - (x,¥):
' £ o0oy) = (-y,x). ‘ ' .

Check to see if 'this'general rule works for finding the images of

points P; Q, R, and S in Exercise L. : \

6 - . : . i .
-, Exercises 19-8b ' -\
N . . ot oL ) A. N
v 1. . Find the images of the following points for a rg‘tat}on. T resulting” :
) fror_r; a qua.rfbér turn about O.. Coe . : DT et ®
A(3,4) »b) . B(-2,3) ¢(s,2) CoD(-1,-B) T
E(T7,-5) F(-4,5) © o d(-b,-5) CH(6,-W)
2,  Point A is 1oéated at (4,0) as shown on the X-axis.
| ) . Yl o (a) For a half turn about O, '.explain
¢ o S , . "why the image of A is A? (-4,0). .
o ‘ (b) Find the images of tie following
A’ A(40) _ o .g ’
0o ‘ X : points on the X-axis 'for a half
* - 4 - turn about O. ' ,
B(6,0) c(-3,0) - _%5,0)
’ K.

(¢) Write the general rule for {inding 1mages of points on tﬁ({* }G—akls~

' for a rotation g resu]tlng from a halt turn about O. 5\ ;.\

Foad

gt (x,0) »2 - T
: : : S s 5
3. Point A (0,3) -is-given on the Y-axis ‘as shown. | | a7 i 4 a0
: ' . T T
i * (a) Find the coordﬁnate"‘“ ‘of A’ , = the
. Y o . image of /x_'\;;g-c,\;r_? d half j;- '
- A100,3) (1

“about 0. § . F

 (b) Find the igagé

(c) "

O
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0T avdut O

- . -

" Point P(5,3)

(0,y) =

~and réctanglev PAOB

(a)

(c)

obtained from the coordinates of

(a)

a rotation

Check to see if this rule works for points

Show how the expre551ons you found in Exercises 2 and 3 can be -

Describe in words

The general rule for finding the image of any point

g. resﬁlting from a

- 8

how the coordinates of P?

Y

are given as shown..

B?,

of the image rectangle

Find the coordinates of A?,
and P’

for a half turn

Draw coordlnate axes and locate
Q(-2,6).

for

raw the rectangle

Q and its image rectangle
What are the
ftEg_imagé

of Q for a half tuin?

for a half turn.

coordinates for Qt,

and Q?
P and Q for, & half sturn.

(x,¥)

is as follows:
{ -

can be

for

half turn about O

L (k) = (ex,2y).

P and @ -above.

N

omblned to give the general rule above

Flnd-the images of the points glven in Exerc1se 1 for a rotatlon

resultlng from a half turn-about O,

O
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€ ¢coordinates of A’,

g

-~

the image of

A(k;0)

: obtained'for a three-quarter turn.

-

Write the general rule for finding

" the images of p01nts of the X-axis

for the rotatlon h resulting

from such a three-quartér turn.

ot (x,0) =2

Find the coordinates of B?,
the imége of B(0,3)  for a’-

three—quarte} turn,



- ’

(a) Write the general expression for finding the images o'f'points on
' the Y-axis fp’r ‘the rotation h .resulting from a three-quarter .

turn.

h': (0,y) = 7.

(e) Show ‘how the two’ expressions you obtained above can be combined to
obtain the fol_ldwing expression for,‘ fi_nding, the image of any point

5 (x,y) for the rotation h resulting ‘from a three-quarter turn..

2 (x,y) ~(y,-x) -
T . Find the iméges of the points givén 11:1 Exeréise 1 for thé rotationk h -
resultlng from a three-quarter turn about O. ‘ o
L -
© 8. Develop the general rule for flndlng the image of any poa,pt ,(x,y)
‘ for a reflection in O. ThlS rule is the same as the rule for what
turn about 07 -
9. " For each of the following, determine if the image is the result of a
’ quarter. turn, half turn, or three- quarter turn. v .
; . A(5,1) = A*(-1,5) ' (e) E(-4,7) —>E1(7,1+)
(B3 B(6,8) - B (-6,-8) (f) F(-6,3) 2F(-3,-6)-
(c) c(6,3) —»ct(-3,6) (g) G(-3,-5)" —~G(-5;3)
(a) p(7,2) —D'(-T,-2) - (n) H(2,-4) -H(-2,4)
10. Given ‘A A'BIC' with A?(-1,3), B*(-7,5), end CH(-L,9) as
‘ . shown. Find A ABC which ha
ACl('4,9) ‘Y shown. Find A whic as
' A A'B!Ct as its image for a
(a). quarter turn,
'(b) half turn, .
(e)’ three-quarter turn. = h
| / . ’ :
. - . X v
. . o’ .
11. Given point A(4,5),

O
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(a) Find the image A? of A for a quarter turn.

(b) Find the image A" of A' for a quarter turn.

"(c) Find the image A'®* of A for a half turn. ’ ('

(d) Wha.t result did you get? Discuss. D

49
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19-9.

O
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Summa ry

: plane.. » N

. Section 19-3. &

-'the,dlstance and direction

- , . ) X ) - . . A
“ Section 19=1. - ' .
- " v < . e
.. Any rigid wotion in a plane is determined by the three vertices

of 2 triangle and the three cerresponding vertices of the congruentl

1mage of a,trlangle

Tmages for given figures under a rigid motion can be found u51ng

a trac1ng sheet. The sheet moves COpleS of orlgLna; figures frou o

'theirfgiven'location to the locdation of their images as‘p;escriﬁed by

tnree non-collinedr points and their corresponding»images;1

\_.

For a rigid mqtion,_tne ogiginal figure and its image hre

Somet imes

it is necessary to flip over- the tracing sheet.

congruent. « o - » .
\ ' .
hY
Section 12—2. . ’

A rlgld motion-is a function or a-* ﬁapplng of a plane onto itself
which preserves distances. ¢ -
Points or figures which are their own images are said to be

invariant. It is p0551b1e that a flgure may be 1nvar1ant but the

points of the figure are not.

‘Since for a rigid motlon each point is the image of some point,

-a rigid motion results in a one-to-one correspondence of points in a

A rigid motlon in whlch each pqlnt is 1ts own image is called an’

r .

1dent1ty motlon : . S '

#

-

A translation is a rigid motion in which the distances between
the points.and their images are egqual and the directions from the

points to their images are the same.
3

Slnce 2 trans]atlonocan be dctermlned by a single p01nt and -its °

1mage, a translation can be ﬂe51gnated by an- arrow- whlch 1nd1cates

“rom each point to its image.
y >



Section 12—5; . o B o :

-

Section 19-l. . : ' L :
mIn a' coordinate system a translatlon can be descrlbed comgﬁsf;y//a
as a functlon - ' ' I , s -
t o (x ,y) -(x+2, y+ 3) ' (x,y) - (x- 2, v - 3)

" Translation t is a translat;on of 2 »unlts to the rlght and

'3 upits upward. Translation u 1is a translatlon of 2. units-to

the left qnd' 3 units downward.

N

A reflectlon Pn a given line £ 1is-a rigid motion in which, for

. any p01nt P not on £ and its image P*, £ is the‘perpéndicuiar

bisector of TPt. If. P ison £ thén P, is invariant (P* =P),

A reflectlon in‘a line changes the orient?tion of the plane. '

>

A refleétion in a given point O 1is a_rigid motion in which, for

any p01nt P and its image. P', O -is the midpointwpf PP!. Point

"0 is 1nvar1ant for the reflectlon

IT a figure 1s 1nvar1ant for the reflectlon 1n a 11ne l then g

~/lS called the ax1s of symmetry. for the flgure

A figure is said to be symmetrlc if it has at least‘one axis of
o RN 2 - .

'_symméﬁry

For a. réfleCtlon 1n a line, the image of the’ 1mage of a p01nt 1s
the poznt 1tself . _ _ _ ji

°

Section 19-6. ' S o

The reflection u of'apy point '(x,y) - in the X-axis 1is

S

expressed gs'follow;:: u: (x,y) = (%,-¥).

The reflectign v ~in the Y-axié for any p01nt (x,¥) is -

‘expressed as follows: v (x, y) - y-x,y). . .

~ Section 19-7.

O
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‘A turn is the;motion of a tracing sheet speéified by a given ray
and its image'ray'with #heir common vertex at the center of turn, and

by a curved arrow. which starts at the glven ray and ends at the image

. nay showing. thé dlrect10n¢of the turn.

-7



~ ’

A rofation is a rigid motion in which all points and their .images
can be related by the same turn about a fixed point called the center
of rotation, and any point and its image point are equidistant from ;;v\\\\

" the center of rotation. : o i

There are many different turns that ‘result 1n the same rotation.
Some spec1al rotations are those of a quarter turn, half turn, -
three-quarter turn, and full turn. A reflection in a point 0O and.
a !otation of a half. turn. about the same point. O result 1n the same
rigid motion. A rotation of a full turn is the identity motion.
Section 2-8 . ' .
. In a coordinate system*\the special rotations of a quarter turn,
half turn, and three quarter turn about the origin O‘\ere expressed

kS - as "follows:

Quarter turn Cf o (x,y) — (-¥,%)
Half turn =~ g : (x,y) = (-x,-¥)
Three-quarter turn . h : (x,y) - (y,-x)
Slides flips and turns refer to the'physicai movement of the
trac1ng Sheet whereas translations reflections, and.rotations refer

to the one-to-one correspondences of.points. .~ . . :

4 .

N

L3
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| Chapter 20

SQUARES AND RECTANGLES

20-1. Introduction

Tn this short chapter we shall become acquainted with several very
/1mportant formulas, which will be used often in later chapters. These
- - formulas are easily proved from ‘the properties of additlon and multipllcation

of real numbérs. They also are easily plg:tured 1n ﬁonnection with the areas

of certain squares and rectangles. These ‘pictures should - help you to remember )

the formulas. /W& use the fundamental fact that the area of any rectangle is
the product of the length of its base and its altltude. (In the case of ‘the

\

square, “base and altitude are ‘equal.)

3

p. a Y
- 20-2. A Formula for (a + b?z > & o - a b
o, N e . .
‘ “When you studied the Pythagorean b ' v R b

property you drev.a square reglon with
side a+b mmcmmmmmﬂywnhama . ‘ .
(a + b) .«  This region consists “of two '
smaller square regiéns I and II: and & E3 o |11 |a
two congruént rectangular reglpns III
and lV..“ The area’ of 1 .is: 2 and .
the area of II. is bto. Bach of
IITI and IV. has the area ab. ,:

Consequently - . : ) ST ' Lo

(1) (a + b)2 - 8° +2 ab + b

We do not need to rely on the use of areas to obbain this result.
We can use well—known'properties of addition’and mgltiplication of real

" pumbers. In fact, by the distributivé property

(a +_b) x (a’ + b) [a x (a + b)) + [b X (8 + b))

O
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- co R
B

What property do we now use to replace b X a by a X b’ olnce . \

4 - 2 o
: aXa=a, bXxb="b end (a+b) x(a+b) (a,f b)) (Why?),
it is true that . - - . - _ ,
(1) v , o (a. + b) = a.2 + 2ab + b2 . . )

for,all real numbers a and b. In this proof a or b 'can be pegapive'
or zero, Of course, in our geometrlc proof, negatlve values oi ‘a and b

are excluded. . . T 3

The resﬁlt'(l)~is -often useful in simplifying computations. - Suppose

- for example that we wish Yo flnd the, area of.a square rug Whose side is
1 )2

15 ft. 1 in.; that is™ 15 <= 12 ft. We need ‘to find (15 = B/ - ~The
. N - " .
arithmetic is somewhat troublesome{ If we think of '(15.%5 ?, as i .
(15 + fa 2 and apply our rule we obtain ) -
.. . - ‘@ L ) 4 ) i . i )
225 + (2.x 15 X j;) S 225 + 2.5 T
. : ‘ © 12 T 1k Tk
) x ' : N - . ) = 227 . 5 Sq . ft » ) : . '
L ) ] " . . . N .
The error is"i%ﬂ sq. ft. whichis 1 sq. in. THis error is negligible . -
for most practical purposes. ) ' - L o

» . To take another example, suppose that we w1sh to calculate (W.12)°.
. We write (u + .~12) =02 4 (2'x 4 x .12') + (.12) '
—~

=16 + .96 + .0Lkk = 16.971{1;.7 ) ] ; '
‘ - . . . . - I "é, \ L .
Y — ‘ o 4_.‘ . ‘ - N N . . /X
e Exercises 20-2 . o o
1.  Find (a + 3)2 by using equation (17 and also geometrlcally by
' ‘ﬂseparatlng a squale leglon, a + 3 9n a side ,ﬂnto approprlate
regions , f1 , III and IV as’in the text,
2. . Approximate. (12.1)2. ; Find its exact value. What 1is the errox
committed in using the approximation? .
3. In Exercise 2 drav a figure with regions 1, II, IIT and IV .~
' _asfin the text. Do this on ruled paper." What'are'thefareds of the
four regions? What region are you neglecting in using the approxima-
. . ! ST e TR R
. tlon° _
B . : o ‘n‘;. 7 Y . ~.'J
b,. ‘Flnd qulckly - : . . 7
. ; T e am ‘ 2 ’
." 1012, 612_, .103002;73?- (2.03), 4001%. :
. ) . A . . - . . ~r i
e S0 e oy

O
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o . . .
N e .o R . 0/
; R
. N *

b5, Write 199 .as 200 - 1 =200+ (-1) ahd use equation (1) to find
199°. s qL. ' '

& . .Draw a. ref:tangle with base g + 3. and altitude a + 2. Shbw'how the-

v.< .

rectangtﬂ.ar regxon can ‘De divided into four parts ‘to 1llustrate the —

trestﬂ.t of nultiplying “a +:3 " by a + 2.

- +7.  Repeat Exe_;gcise 6 wltl:xvdlimerlsnzons; a + 3 and @ * le . :
- - ' g— — . .
:/' . ¢ : ‘ .- ' . S . E "
"~ 20-3., A Fdimula for (a - b)° and a Related Result ,
== — . : - .t
From the result A . S , o
‘ .('i) “"’ : : (a + b)2 Za® + 2ab+ b2 o o -
’ f‘ound in the last sectlon 1t #s easy - to get ' f resu'Lt f‘oz (a - «bﬁ(
Slnce 4.- b may bé wi‘ltten as ‘a.+, (‘-b) o ‘ o
LT LT (@20 =+ ()12 =+ 2a(=b) + (0)°
merepors T - . A .\ ‘
I SRR ) = ae_;_ oo 3 . o
T '- Fo:;‘ exan:pi%\to sglidfe. 98, we may write - 98 lOO - 2 and conclude
) .. o '982; _'(2.2‘__100)4_-1‘"  , 'Q—7 o
= ;
= (9o><100 +h S -t N
s A = 900’4- . ‘ !
_ It is not very easy “to ’ o ", ' ' - v,
.pi‘cture .“ - | - | . | .‘:
(2) o (a-v) =& - tabews. 5#'. — -
L . . [ - - . b . ~
Hc_ﬁweve_.r,' let us mark a square of s:'L.devj : : . n o
a + b as follows. Tote that- a’ and . . L ' ’ S
b alternat'e.'.‘ Now coﬁstx;uc‘t a - el : - ' Fig. 1
rectangle with sidés a and b in - B R R !
the. lower rlght hand corner of L ts T ‘?' S !
Figure 2. If we draw three ¢opies t‘ HiyisD v A
" of this recta.ngle in the remaining .. W . a b
' dotners we end {ith Figure 3 < _ . o .2
. < $¢1 : ’ .
P =7
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. ';. . t.' ) .-‘ . el R . wa. v X . i.
. . . : L4 . "- A‘ ." . . ‘.c \
The 3haded re%ion th t’he center isa > v ‘
squayre reg‘lon with side” L v oas; 7 B a .
& o R 4 ’i . . .
‘ you gan eas:tly 'show S e :,;‘ DR o - . ol Do ‘
S larse square has’ the aréa N P : ‘ ;.'“'
3 o P s B
?‘(a'+ b . The sha'ﬁed sqgre region 0 al’ -ib' ¥
: 1, Fig. 2
) has the area’ (&' - b) .. gnd eacp <§T the @ ' = . , =» R &
- B ’ a
‘four re@angufar regions which suaround : » _’ Si
it has the’ area ab? ° 'I'herefo‘re L @+ - 9: o] B B
, ) . , P ) .
£ g : égy _ b » . o
(3) fa -b) (a + b) - ua,b ‘ # L S B
W o ¥ o, B JEY b . '
o Ayow if we replace (a . b)2 A
. . . o . -
i sby‘; a2 £ 2ab + b2 arid simpllfy L o ' . ¥
'wehave{' ‘ J& - N
ST - D 9 b B
: (a - b) -..2'abb + 0. e _ ab v 1 b
.. 4. o . S . . — L, <
i Wemay wﬁte (3) in the o ‘
’ equivalent form: R : "fy' PR N Fig.'3
v (,a_ + b) = Labh + (a - b)2."'a~ _ S 1 . e
Now if wepiiivide by 1+, we obtain - Tl P S T b.
- ‘ o - .
‘ . a ¥ by2 a - b\2 R ,
() . )'=.‘ab'+(7-2——). . a I
. . T : ’, 2 . F N
It follows_that _ . B R "
L (5) _‘_v(a+b) >ab E v E ) Sy

where the equalit,'y ocgurs only whs}n a=sb.
How can we 1nterpret thlS resulrp? Let us tal%e any two positive ‘num-

+ b
Th (5) tells us that if & and b are dlfferent the sq’hare of the

bersy & and b ... Thelr average iss and their product is’ ab.

ave”age is greater than the product Equatlon (1+) tells us how: much

_+ ‘ N Lo g 2 *
greater . (& 5 b)2, is- than ab. ¥ P_ o S
N - v E ' . T &
. For example, -let us take a = 4 and b =2. _
N . N N : . . . T .
N . . + . i ) & N
“,';s‘ Since, 2 > b - 3, .- . «
Bo B . ) * . . ,. . ' |
L : 1 S4a t+ b2 - o . "o
e @ " L : . Y R ' * ' (T) . =» 9, A',. ' o
whlch ig greater than ab =8 . The dlf‘f‘erenee should be °
O (= b)2 (LL - 2) and of‘ course‘it is.y. .00 St g
2 5 ’ 2 . ¥ L ¥ ' ! PR
, : h ’ . > ;
v .\. %5 . ) q“?‘ . . “_!
Co K o2 LY -
4 N ' PN b 6“ o ‘ % ki .
M " - : “ . ' e k‘
L ; Y N % s
) o

O
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Let us interpret (5) geo-
metrically Suppose that we have a

in

rectangle of base & and gltitude
" b. The perimeter of this rectangle
is 2a + 2b. What is its area? b

Now consider & square with the

same perimeter, 2a + 2b.  Each

‘side must ¥é

2a +2b a +b : ‘ a
L = 2. : : '

" What.1s the area of this square?:

According to (5), if &' is different from’b ~—

.

e

-6

> ab.

This means that the area. of the squdre is greater than the area of the
vrectangle{ - Of .course, if a = b we had & square to begin with and the

R

o ‘a + '
square with side 3 Z:b is identical with it. .

v B - . Exercises 20-3
1. . On a sq?are of side 8; matk off segments a = 5 and b =73 as

Iz ’ shown in Figure l. -Draw the four rectangles and the shaded square

region enclosed by them. Verlfy from your figure that

5+ 3P = b x (5 x D + (5- 38,

2. Sketch & square of side (a +3) where a > 3, and mark off segments

il : of length a and 3 alternateLy Draw the four rectangles and the

’ B C enelbsed<square; Write (a + 3) so as to show how the large square
;sigar freé?Pn'isjhﬁiL? up of ﬁ@ctangnlar regions-and a square'region.-"'

b

C53. w0 A

O
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3. . Find each of the following quickly:-
' e LR 2
ugR, 9987, (13)T. ,
Lok Find the area of a circle of radius 1.98. (Leave the gesult in
terms of x , where A ;,nrz.), '
5.  Approximate (.99)2. Find its exact value. ‘What error is committed
in using the approximation? - - E
. 6. Verify Equation (L) for =~ - . T
"(a) a =3 ; b =2
(b) a=11,b=9
* (¢) a=1.1,b=.9"
. : . . lo 7 . ) . .
a =22 p =L -
F ) e, 7 7 5 .
) ' L g 2 - 2 2 :
7.- . Show geometrically that (2 -~ b)° =a° - 2ab + b~ . from the following
figure, - . ) ' A } ' ‘ ’
o : u F
. ) — A, —_ . " )
A‘f T
1
. _ 5 ! .
R A § ' L :
Y b _ . .b2,
d ;"",- ok ? )' . )
. NS
L '
ax SO R
. ' 2 (a-_.b)2
; ;ﬁ'j;_, R \ - .

- by ‘'subtracting from area"a2 of the large square, the area of- two
rectangles with sides a and b. HBw do yourbompénsate,for the

fact that you took away too much? "

Lt

20-4. -Another Picture

P ‘.

In the previous section, weé proved that for positive real numbers

a - and b and a > b,

(l) o i . v : ,(.a ;— b)2 = ab + (a é b)d. o L
. . . .,'..v'.
> : ‘))l .
. ot 08 .
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We also pic_tured t.his. result in terms of a i‘ectangie_and a squalre witﬁ the
same perimeter. - : . o T . " .
T 4."I’her‘e’ is gp\other geometlri'c.
interpfetaﬁio’n of A1)." Let us
place line segmeh*fs-_pf length -
a and b end-to-end,  The .
widpoint M of the couBined
segment - AB is-at, the distance

5+—b from the endgéints
1 2 ._ -
A, and B. Let, us draw a semic:.rc]

. 4
with center at .M and radius
-

+ b
52— . endq\cular to AB at the p01nt P where the

se'gmentslmeet. In the rlg t trlangle MPQ we know from the Pythagorean ,

Nex’r. dzaw PQ e

e

property that

| ‘(Mé) (2 PQ)/}

‘Since MQ = 2 g b 5 the radlus, and MP. ﬁ'—i—h b ,
- RSN ;b>?'+ (-m)?.

.2

But according to (1)

; " a .+ by2 )
Ffet be true then that ! fo.

C(p)? e an. .

'(a - b).é

Let us verify this result in another way.

Exercises 20-ha

(Class Discussion)

1. What kind of trlangle is AQB ? Why? o R T é""\u—n

-2, Wthe angles marked L are. cougruent and that AAPQ - £QPB.
3. . PQ PB - s Lol ’ ’ . . to .
s, - -
L. (-PQ) =?+PB=a-? 'y
y . :
N \

v

O

ERIC

Aruitoxt provided by Eic:



Exercises 20-4b

.

1. ~  In the figure in the text why 1is (MQ)a-Z'(PQ)Z?
» -What does this iﬁequality mean in terms of a and b? When can
o equality .occur? -
2. Draw a semicircle like that in the téxt using & =2 and b= 1.
Find the lengths of PQ, AQ, -Ba. Prove that triangles APQ
- . - and QPB are similar by showing that their sides are proportional. .
(Note that V2 « V3 = V8.) ' '
20-5;' A Formula:for a2 - bg ' - : . "
- If we multiply the sum of two numbers (a + b) by their difference
. (a - b) , we obtain e _ -
d?—,_ I S . o o
(l) ‘:- _.n B o ‘(a + b) x (a - b) = a = b .

f

This is'a very handy.fgsult:f'be_gxamﬁie.” B

(1004 2): % (100 £12).=/10,000 -
102:x,98 <9996 "
with almost no work! - "'f AR qf;f}" s
a : o, S TP .
., . It is-easy to see geﬁmeffically that (1) is Erﬁé‘foriéilépbsitive

‘real numbers .a and b'.with a >Db. In Figure 1, a° - b° is the area

of -1+ II (shown shaded).

r y 41 - ‘ ‘ "
g-b - - II
ad .
' b R

L L - ~°

o

Figurée 1

- K
. s g6
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altitude a - b and therefore with area (a + b) X (a - b)
Consequently '

(1)

.

-

O
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»Simplify x-+2) ”(x 2) where gﬁjis g 'r

"a. - b = ,.(a',+ b) x (a i b).

a +. b
a-b 5 S N
T
A
i
!
b T :
|
|
1§
. A
{

‘YD
Figure 2 * ° .. . )
Exercises 20—§ ot
o - T o
Justify the result (l) by u51ng the propertles
multiplication for-real, numbers ",‘3_‘45' "
LRS!

Use (1) to find the follow1ng products qulckl

.1-.'

L 103X
*ﬁ”'"',éxmy
"wx%hW
/ 1o 061 X 9999

Hint: “Think of . x' P 2 as a~51ngle Him

.":.

single numbex b and apply (l)
Slmpllfy (x +, y) (x - y) by the meth

In Sectlon 20~3, we' got the result

(a # b)2 fl%b‘f}Q.

,".— o
[l ' 4 N ‘
» P :



. Write this in the equivalent form’ oo T,
. 1 L . —-— . .

A ,a + b2 - b2 R
T L M
Show that this result may ‘be proved from ' o
2R =.'(I} . v) x (u._!v)’ .

which is (1) with the letters changed.

6. v Show that -
' 2 2

a - b =(a+b) Xx(a-D) .
by using the following figure:.
a-b - IV.
' . ‘ i : - - '
A B £ o IIT ¢
1 . . “ "
’,‘3" » -+ \ ~ ®
, I ]

and moving the trap_eioidal region IIT ina suitable way.

.-

» 20—6 SOlVlj Some Problems :

S The results of this chapter can be used to solve certain problems.

Example. A rectangle with area 16 sq. fti has_a base which is

‘than its height (Figure 1). Vhat.are its®dimensions?

<
= 16. :
he. formula
: o 16 -
\NT ab + ( 2 b)2 - .
‘ x+6
x4+ 6 and b= X. ‘
{; T
Figure 1 @

58
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. Then - . . '
ab = (x + 6)x = 16, '
| : :
a +b s a -b s
5 =x+3 and 5 = 3.
- Hence g -
C(x+3P =16+9 =25, T
and ’
(x¥3) =5 or -5 ‘
-Of course, x + 3 = ~5 is impossible.- Why? Hence -
X +'3 = 5
and ". : a
_ x =2,
.q:?‘{" ' . ° - - 2 .
Method 2. Since. (x + 6)x'= x + 6x & .
. .. ’ . ‘."
- X + 6x =26, .
" Draw a square of side. x ' and
‘. area X (Figure 2), Think of’
‘6x as the area of two rectangular 5
- regions with sides x and 3. Add - x -
-these regions to the square region B =
‘as follows (Figure 3). Thé total’ ]
" area X + 6_)& is t!i:v" be 16. ' " Figure 2 -
x o z
- e | - »
VO .o S3 3% T
. SR 3
x| 2 3x k& ¢
" 3 . -
: X 3
Figure 3. i —
. . < »
59
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~ r ‘ »
.We can complete & square by . e -
adding the small shaded square. region . S : f,ﬂ : o
‘of area 9 (Figure k). This gives ' X :
x2+6x+9 (x+3) .. . ""\
for, the area of the large ‘square. = 3] 3x 9 - o
Since this area must be - R T S -k
N B . Oy .
16 + 9 =25,
x+32 =25, - xRl e
Then, as before, ' C _
’ ) X 3
x+3=5" :
dnd . :
e . . \ . ’
x =2, R Figure b
. Exercises 20-6 . o
1. A rectadgie has area ;5-sq.\iﬁ; Tts base is, 2 in. ionger than
‘ its height.  Find its ‘ . T
. N 4' N ) . - W -
dimensions. . A . .
.2. In the figure of a semi-
5 . . .
‘circlénshown, find the
. value of the radius T.
o %f_ ‘innt: Use the Pythagorean
property twice.
3.0 =" A certain rectangle has the
" perimeter. 20- ft. Its base, ) v T . 2
is 2 fts longer than its o ‘
) R helght. What is its area? ’ a’ . S " S
(s I ’ ’ ‘
20-7. Summmy - S
. Engp::;igyﬁf chapter we have establlshed four 1mportant relatlons. If
T e are any two real numbers, then ~ ,* S
1. . (s +1)2 = a2 + 2ab + W - - S
2. (a A—.b)z, = 8.2 - 2ab + b2 . » - ’ . » - 4‘ . e
, a + b2 - a=b2 " C o
. 3 (2).‘abf(2) 4 . e
b, .a2-b2=(a -ﬂ%_)(‘a+b)l e o o
. : O T
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.. We have pictured these relations by using the areas of squares and rectangles.

We. have proved : them by using the familiar commutative, associative and

" distributive properties of the'real numbers. These-four relations will be

used frequently in later chapters of this book so that the student should

'know them well.

}
¢
. -
(4 .
A ]
‘_
H _O_
i
N .
.
i
Lo
4 b .
- 4 o
- Lo
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B h
. . ;.
> M
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9. N t ¢
“
. +
- @ N
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m ) ';_\' Lo T Chapter 21' - ) - .
td Lot ] - — .

tf o T SQUARE RQQOTS AND REAL -NUMBERS

- . BN .
'”2&-1.. Introduction T : : R

K3
»

You are standing on the- top of a mountain one mlle ‘high,. rising above

& level plain._ How far is it to ‘the e _ v s e

fhorlzon9'<

We th1nk of the earth as a. sphere
2" and the mountain’as a bump ‘on it.. This
e of course is a simpllfied plcture or
_ 'mathemathal model. The radius of the

" earth is about 3959 miles. Let .us
round this off to, MOOO ‘miles..

ca

We'draw;a'figure*in.which the

distance X miles to the horizon is

- one leg of a rlght triangle. "The ‘other leg is L0OO miles &and .the hypotenuse "

I 3

is  LOOL miles. ’ o0 .
g (22 2
_ The Pythagorean property tells us that (AO) =(OB) + (AB)” so
that ' ' ' )
'(Mmlf ;(Mmof T N
. oo A 1
“and so’ o ) ; / ¢
' - 'xz - (ho01)2 - (uooo)z.
Of coursé we cou]d square 1001 and 4000 and subtract. But, &as
‘you know there is- an ea51er way..,Since_ a2 - = = (a - b)(a + b),
(u001 z (uooo = (4001 - Luul) x'(u001+-uooo) ='1><8001 8ool..

" Check by squarlng to see tha: this is correct If x 800l what is " x?-

It is . /866l .of course. But ‘how do. we Clnd this cquare root° .
The problem of flndlng square roots is the subJect of this chapter.
Here we shall- just make a.start by flndrpg a rough approx1matlon to /B001.
Is there a whole number answer°' If 8001 were changed to 8100, we would
~/have a "perfect square"; that is; we could write 8100 = 90 X 90 = 90 .
Soa JEEGG =90, This is certainly too plg. On ‘the other hand 80 is

8. : ' r

s

O
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E'much too small to be’ the square rOot of JQOOl. You can see this by
Emultiplying 80 by 80._ QSo JSoo “is between' 80 and 9o. We write - N

e DO e : : R S
.

80</8 <9o.

v

o

“But 48 s much nearer to 90 than to ‘80;f wouldnft'you say? Supposé

that we try 88 ) Since 882 77#& which<isiless<than"8001. Qwebknow

that . S - , e :
. 88( ’8_"<9o_ - i o - I3
_To locate the square root more closely 1t is natural to try 89 vSinCej"‘
792l= is too small and we see that ?1' _ L el e
89 < J800 < 90.‘. o f o

There is no whole number whose sguare is 800l . But‘we‘have located the ~f’

distance to the horizon withln a*mile, this is probably ‘accurate enough for
.szt purposes.- However, as ve. shall see, it is p0551ble to find as accurate

values for square roots as we wish.} Fortunately thls can be done very simply

-without resorting to trial—and error methods., We shall soon See how to do

u‘- . .

this. . ‘ ) \,: " : ‘. ) \“ . I~ “ ‘ o .y ‘ ot v.
.f{f‘ » '_1:<2:12 Exercises 21 l _
= o . . oy ‘
B To. flnd “the value of . MOOle ins hOOl - 1+OOO2 we could write
’ q_-hOOl MOOO + l and. square thls sum. Carry out the arithmetic and
check with the value found 1n the text.. Is it necessary to know what
: MOOO? is equal to” . o L
2: L, In the. problem dlscusied in this section use ’ 13959 miles instead‘

of . uocpo miles for the earth*s rad'i‘

' be found in thlS case’ Estimate its value.;'.

What square root needs to

. “
(In the following exerclses use hOOO mlles for the earth's radius ) :
éf _ CIf the mountain in: the problem were 5: of a mile high about how far
, v-would itnbe to the horizon?i gﬁeflace 8000 5‘ by 8000 ) . .

' ﬁ. . How far‘could.you see-from:a<height of5‘250- feet?f (Call this %B-’

of a mile.) h S ‘ ,“;‘ : :vg R ;5, C

7.

: &

I



5. ° How high above the océan-would .
L you have to be’ to see lO miles
_ to the horlzon” '

3 : .
Use the figure.: In:

Hint:
'$quaring (4000 + h) neglect
h2., "Give the answer in A
"f-‘miles and feet. - e : ‘, R 2.
- ; & -
6. .. Suppose that your eyes are 5 feet, above the’ g’round.
s . = . :
i .see?. (Assume that 5 feet 1000 mll_e.).
- 7. - How far can you‘see from-a mountain 2 miles high?

‘of doing SO w:.ll be’ explalned in
: c0nnection with /_

‘of an isosceles right tr1angle with

- legs_ equal' to 1.

) _2],; Computation of Square Roots

occurs naturally as . the hypotenuse

A

I

‘ . . . .
'It is usefu'L to be able to compute square‘ ‘ﬁ?‘oots qulck'ly.. 'Iﬂge method

This number

"By the Pythagorean

...‘

How far can you - -

PN

_property,
S Lo
¥ oza"i¥1f 14122
and hence’ . .
s X :.:'/é. . ’ i ¢

3 N
easily see that 1n the flgure, x = -/5 .

Cons&der a square w1th side two unlts. L
' s 51 -
‘v We can draw foyr-unit squares as . A:.l :
. fhown So that the total area is" - .. - . i '
' certaln!Ly k. T S ‘ R
. L1
. o o - =
-, N .A l K
; L i
- s . . 65 A ) 3 !
‘ C ' » 2
[ }-; e . !
. 4 p :A"36,8

O
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.4'number, S0. that we must “e satisfied

Nl N . e » .
_w1th approx1matlons. ' However, if you have forgotten that 1’5 is irrational,

" ow
- . . & o » . . .
e ' 3 3, ' . : LY
‘ Now if we drav diagonals of the S i . -
.- 1 SR X + - s
unit squares, we obtain the, shaded A 1 ' . 1 £
. R ‘ S B’ L
square region~ S. "Since’ each unit - . . P
‘ Coe VAL N
square has béen cut in half, the . R & ; il - P
S ‘ = : L o . - Yo ;
area of S is 2. -But ‘the area - ° . 1 - iy 1 e ey
L s 2 L ' N 1 .~
of- S ‘must be X if x is the W, A . e
' _leng“th of one of its s‘ fes. . AN T \ T ' '
2 .f T - ' S
= 2. and x 1/_. - . - 4':. Lo 9
) 2 o
N E 4
i How shall we compute: 2 2 It .LS surely true that, "1 < 1/— <2
~ since” 12 < 2 “and 2 < 22 . If we try V&I‘].OU.S ratlo%gl *numbexs bet»geen
1 a'n,d 2, 1t Wlll soon be dlSCOVGI‘ed that % is a,fa1r approxnnatlon
Cto 2, sihce ( ) ,-and_ 2»= 225- We see howeve’@* that % ‘is too -
’ ' h SR ,V#u- S . s
It would be useful to. bracket 1/— between two ratlongl numbers, one. .

of wh1ch (llke :(- ) is too small and the oth?er of wE;nc‘h 1s too iLazge. It m

ould of course, be still nicer 1f i L . hl o J
é&c"‘}ld find a. ratlonal number wh1ch : . SRR _" 2 - o ﬁ
1s xactly equal to /2.  You remember . . — ; {'. -
_perhaps that there isnQ .§uch ratlonal b= » K‘ w&

'we shall soon- prove that th1s lo true. - - o '. .- o
) Co . ‘ I : P Y
. . oW | there is ‘an- Teasy way to. bracket J2 between % and a number, @. *
" We sim y-divide 2 by % s obtalnlng s : e e
L ';__2 2 .10 SRR .
v B E Y ?X’(v_'.’( L AN Lo
S Y PP : , , . o .-
b R 5. e 3
You should verlfy that’ -;(—Q is,. in fact, greater than /2 by showing b
A . . - . .t s ] R
that- v oo
‘ 2 L ¢ S
‘ { 5 .1_‘9 * '<
g < 2 _< 7 ‘. v » = G @ .
. . et 1 . “i~ . . . ‘. -~
. _ \ T : ._‘_ .}’;' .
o - I‘ ) . vy b e
. o A . O e
o 3 . ) -/'//1 6[9' B O N , e ,
N . - . A - N
8 .



s 2 . , a-
g o 3 Q‘ & ‘C
.' A : . £ o 'y o
LT EPPR RS S SN .
.o We@p.n ..ee~w1thout squaring —ﬁthat it must be g:reater %han ¥z, "
S ‘o . ‘
For we chose a = -, @ o T
Rt ST T R ; “
: . s S5 4 S L 2% oW
T R Ok o L L y -
¥ Singe | . a2 ' "3-_: g : .
ey rx@ PO &
S ' S Pt
¢ it % < 1'/5, a must be > /5 L . A o T @ . ’es
“ : ) o "': WO _‘ - s R ':.'.; L3 T ° '
: : The interval from ,l to —1-9. hed a iength of* > i ‘

5 .

+ 10777 _50: 49 g ha\& there@ore not locatqi 1/* o

. “o . _
n the pumber lint * RS
v(e y gre}:;seis : : WO S T
I'y- b . . 4 ' '.«’Ei : e Uy ':'.‘ G:'l - ) ]
> : - . . : *
* There 1s a. slmple meth@d of l,qcatmg /_ wrphm a sborter _interval.'_
We average the two coordmate!s.and obtain; } S IR T SO
» A S
. e .. . oo . - - . .
1_’ ' - Lt A, l+_]£ &% - " )
] i ‘ﬂfﬁ . 2 4'; - K - ) 70, . 9 [ -4 } . . . - |
. B . ) " o ENES ‘ . r . - - g
SRR SRR ACL A
.'Ifhls is’ e'Losez' to w/% than elthe i 8r = ,q_é;‘.IrJ’,_fac':t, ) _.ﬁ h9OO \@ .

“ -y ?A . ) . * o e ¥
. 280 : B
is. veg close to slnce 2 . 1+9OO . Neve‘ﬁ‘theless it. ig a llttle g\oo blg. e

= pa

. o @ g
! If we dlvuie 2 by 99 we obta.ln l_O’ Whlch is Sllgh'tly%tool& ll . s
o The lengt; of t};:e 1nte®l i Only Qgﬁ: 140 L . ..» » s
S 0 99 . “70><99 aﬁo » . .;:9*'
-y ; K

By avera.glng a.ga.ln and dlvn.dlng, we’ could narrow ’ohe 1nterva]g, stlll furfher. . ¥

f?*‘ .
But we shall stop at thlo p01nt and &Jply the process 1‘&, some o%;er exa%gples. - .
4. . . . & i . BTN A o by o
'.\v‘ n .A N ,l:" \ N o . " e b‘,‘ . . " "'. . ﬁ;‘ l,_'n' A E: s .’&

e T ‘ Exercises 21-2 . . .- B 5 5
- . : . N ) 6‘4 o 1”. C . ' N
1. 'Show that 140 <,~1/_'.. v : T ’ . & o .
. S T T e D
¢ T » - A
.2, Show that /‘ <’ 1. % Z . Divide ¥3 by Z and ghow that te ™ resql-y, %
o 1w o E
e is topo small. Mark on the number llne an 1nterva.l w1th1n vhlch 3§ :
o .= @ . % S
= , must lie,, How long is thls interval? -7 o i " :
' ‘ . . ) u Q‘ N ’ 1} B &
3. Average the numbers founrf 1r1 Exerc1se 2 zmd show that this average e _'
- 1s slightly too large. Flnd’ 3 leldeJ by % and show that thls 2w o
, - result is too small. How long is the 1nter"Jal w1thln whlch you’ have ) '
U E loca‘ted, /_9 : o . o ) ~ . - ) i ._-r.
: , - e . -
v - 67 . g’i‘ |
G . & . ) - .. . - R ~
~ 70 . . |
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. . - . ) % . pe )
- . : ’ - c,‘J . - ’»! L' . :
T ‘Show that/\/g u % . _.Divide 5 by % and show that the result
is too- small. Mark on the numger’_hne an interval wlthln whlch 1/_'

N ) .must lle. How long 1s this 1nterval”\

B
o S. Average the number 'found 1h E;cerclse A and show. tham this average
N is slightly vt,oo large.. J‘lnd o) d1v1ded by %(63 and show tha§ thls
Lt a result is too small. How long.is the interval within whlc}} you have .
. i " located {5 . oL .' _
6. 'In estlmaflng the square root of‘ 8001 in the f1rs’c- sectlon, we found
. . 'tthat a= 90" is foo big. Usé the divide am} \l/ rage method to Obtiln_
. & bepter estlmate. - R - - N .
T ’ 'Start w1tp % 1nstead of" % as e first: estlmate for V24 D1v151e, T
' average and- d1v1de to bracket Y2 in an 1r’iterval of Téngth ‘“201& \
R ' " e .,
. . v | . - I
% .21-'3.' Irra’clonal Square Roots R _'3 »
4 Wey have been ca;culatlng isuch sqgare roots as . /5, w/_',‘ /5.
Startlng Wwith a rational nlmber we nave found in each case "that we could
: obtain excellent approxn.matlons, but in no ‘case were we able to obtaln a .
-ratlonal number- which is an, E&QE answer.__- Is th1s because we dld not dlvvldve
-and average enough tifles? ‘Or is 1t perhaps because we did not start w1th a-
good enojgh flI‘S’E approxlmf:«.tJ.on‘2 ‘I‘he answer i;p .both questions. is No. There
are fio ra 'onal h’qmbers equal to: Vw/_ /3, or S «

&

Lé% us see how we &an show«"%hirs,. SuPpose, for eyample, that there
) ab . N :
_@hén 1f ve dlvade 2 by B the result

g -
vlS a- ratlonal number 2 —w/—;.A

[ .
~ : L. . . .

.,,“ . __q. - E
(p.) uustvv'be-eciual to” g

§
.- "‘; ' ::% . 2 t - %
We can surely assume that q is wrltten 1*1 lowest tcrmu, because 1{‘ P "and ®

e

7

.q had 8 common factor we could replace thé ‘ractlon by an equal fract;on

v wlth g sma-ller nfxmerator and 2 gmaller denomlnator. For example, if (l)

v _were true wlth 2@-} ig, we .could repla%e it by ; which has 'jche sarhe
value. . ' - : ) -
» : »

Now‘lf 2 is in lowest- ?erms, any fractidh Wh}ch..lS equa'l" to g must

be ob;‘t{e,:med by mu:ltlplylng p, and q bj the same integer, say K. Fo“r

w

».
LA

O
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e . :
example, thekonly positive fractions equal to
. - F ]

. - . - . -

Ui
©
H
o

1xe 11+_ 1%3 _ 21 7 xh_28 .
5x‘2“_'10’_5.><v3v‘15" 5X 4 207

or geherally T ' e e ‘

. . - x‘k - L o

. 5 Xk’ .

. . ) o 0 . )

Consequently, if "’ o e Tl e e
S . R=gg'- :
: .a- p’

the denominator of %? must be seme integer’fimes_fhe-denominator 6f; g .
‘That-is, - £ (1.xq) or.'(2lx g) or (3xgq), ~.. which means that
o/ o . - - -
=1 or/ 2 or 3' or e So, if A is a rational number for which
@ - ' Ch 2
g =-J§, g 'ﬁust be en integer. But >/§ is nof an integer! In éact,

. 1<2<2, '

a

We have provediﬁhat /2 is an 1rrat10nal numbér, since 1t is not a ratlonal

sk

-
.
5 -

" Exercises 21-3 I

ve

1. Pro&e_similarly.thagy V§ is irrationai.
T . Lo . : G
2., -, Prove that /5 .and /6 are irrational.
: 3. -Why doesn®*t this method of proof show that »/ﬂ ﬁs irrational?
L, Show that Jn is irrational for any positive integer n -which i§
not a perfect square. . { ‘
3 1 1 2 . 5
5. Is 1t p0551ble for 5 /5, 3 /5, 3 /2 to be rational?
Hint- Assume’ that % /§.=u§ . What does this say about V2?2 °
6. Show that - E /2 is irrational for all posifiveﬁintegefs p and Q.
7. Is it p0551ble for E /_, E /_ or g /6 to be raktional where

p. and. &g are p051t1ve 1ntegers”

- ’

" : . /

LR



21-L. Decimal°“and Real Numbers

We have wrltten our ratlonal numbers as fractions. - However there

v

.are advantages in using a de01mal representatlon partlcuWery when we_ wish’

to find which of two’ rational ‘numbers is the larger. For example, it is .

difficult to decide by 1nspect10n whether - %% or gg? is the larger.
But 1f we wrlte the corzespondlng dec1mals' : ’ .
. L °
B . o . 22 = )
: . 75 l }lh28)7 cen
. L4 : ) X ‘.
: 140 ‘ ‘
. : == = l.h1kiy ... = :
- .99 _ . !
- / : : . ] . o vy

o we 1mmed1ately see that ‘the first numbel ”sVWarger than the second. To
de01de, it is sufflcient to ‘compare the first digits where the two de01mals.

) dlsagree (1n the example,-Q and "1 in the fourth decimal place).
S . ‘L
Each of these igyan examnle o:' a non-terminating decimal. But
rational numbers,maydhave termlJat;ng decimals.. gFor example, s
P ‘ B . 20 . . _...;

s . ' -

vu‘ H ’. . . 1 . v .. . .
. C=.= L1 - .
BT X
v ) ’
.
o l . v

= = .2 .

57 )
. : .1 The non- termlnatlng dQClmdlu which represent rational numbers re eat,

_either from the beglnnlng o1 atter a ﬁertaln numLex o T digits. Thus
. . : . él‘ .
ol
= .3333 ... = - #1808 ...

P i i o

(O]
—

o Lo e = 16666 |
o 5= 111110 vee g 166 S .
i We Usually gave space’by wniting h C e
. l - -
-?-)'= .3 N , ) PSRN s
’ 2 T3 .
.‘L\» o - - ~
° h . -
X 1
' : c == 16 -
. -~ 6 o : ” 8 {'“

ar o N &
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For a given repeating decimal it is easy ‘to write the correspond'inz\;J.
‘fraction. First we observe that " : ' R

¢ . . . e . s

L1111 L. =) o e e

I
I

Nel o
.

1 ) — : o
= - .0101 ... = .OL. T

I

I
o
s}

- .001001 ... = 001, . P
999 - = |

I

Now suppose that’ the ;gfn decimal repeats from the beginning. We, ‘proceed ¢ SEERA

.as in the following exHmple. - . . ‘ T AT

I

TTIITIAAT ... = 17(.0L0105%... ) -
. . ) L

' ' = ¥ 9 . S ».'-.\_'-‘.‘ ‘ ~
or more briefly . o ‘ : M ; ' '
| ' ST7 = 17 01)—-7><—=—'-."

- Wghe glven decimal repeats only after a "bad start y we foJ.lé»w i,t)fxef
met ©d shown in this example. - ' A

. o

o .12333... = 123 = .12 + .00333 ... = .12 + L003 .. -

then _ : ‘ _.' _ ,,;f e
123 = & \‘31 Sl

- .

Does the decunaﬂ representatlon 01 \/_ ultlmately r‘epeat" . The -l Yo %

answer is No. If 1t did repeat 1t wou1 d zepresent a- ratmnal number’and h

-y

we know that /2 1,s not a. ratlona] number

. \ -
We can summarlze tb.e\facto about decmals ag f‘ollows 3
. : RS . : \ﬁ .. '
3
v L
'g> B
-«;}._’.v.
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L What does it mean to say that a- number 1s represented by a 'non- .

» ' -

terminatlng decimal” For example, what does 1t mea-n to wrlte

S R i

. where “the- digitsﬁ 3 go on forever?

In the flI‘St place 1tk

s means ha, 1s between
. ..‘* ?3, ot

e

32 33 3‘* 35

3 th,_,.p?ecedl,ns 1ntei‘va1 and.' i lO; : W; "

inth of 1‘ntersectxon of‘ all o&f‘ t}‘iese'




O

ERIC

Aruitoxt provided by Eic:

Divide
R 2
to [2.9,3)., P might be one of ‘the points of division (like 2.3 ). 'If

{2, 31 . into the intervals 2, 2. 1] [2 1, 2:2], [2.2, 2.3],

not, it lies inslde one/of the intervals. Continuing the subd1v1slon we '

see that e1ther one. of two things must happen:

()

(2)

P lies at a;point of,subdivision;-

P lies at no polnt of subdlvislon

In ‘the :first case, P has a coordinate whlch is a termlnatlng declmal in

' the second, 1ts cbordinate is a non- termlnating decimal. Numberd represented

w0

: by decimals, whether tefminatlng or non termlnatlng,‘are called real numbers

To summarlze, every point on the number line has a real number coordi-

nate, and every real number is the coord1nate of a p01nt on the number llhe

A2l-5.

. What is the'yaiue of .

*  Exercises 21-4

- :Change the following fractions_to'decimals.

' _ : ™~

L L %- 2, . ‘

20 ’ 30 .’ A
‘Write the following decimalsias fractions lovest termsf

e —

.2, .3, .12, .12, .32 21,
How can you tell without dividing whether a fitaction g is .
represented by a terminating or. a non—terminating,decimal? ) ‘#?H?\

A, ¢

2 9999 e T -

-ConsiderA glOlOOlbOOl <. Where. each time one more 0 1is 1nserted

between consecutive 1 gy Dogs th1s represent a ratlonal or an_

irrational number? Answer thewséme questlon for ~ ‘\‘f\\\\;;

~;1234567891011;213 e

The Accu cy of the: D1v1de and Average Method

s
-

In Chapter 20 we found that if. :a”_and b are any .two positive

numbers, the square of their average 1s.greater than.their'product; That

is

(1y

Cw
I3

(a+b) > ab.

S T3



O
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We learned in’ fact that

This equatlon tells us by how much the square of the avexage exceeds the

product ‘ab.. . — RS -

-

-Let us apply these results' to the problem of approx1mat1ng /2 that

we considered in Section 21 2. There we found two numbers -a = %9 and
= Ay betWeen,whlch JE lies. The product of a.and b 1is 2, Their
2] a+b . 99 Qo . ST
average, —5 , 1s. 75 - . o . ‘
: o : . o - atb 99 - ’
From (1) =~ = - = : S =z T 70 ‘ -
' 22 > S - . ]——~~- L " i
(70,) _> 2. ‘ ) . '
_and therefore: a
B 22 > ‘/_ . »
10 - 99 :
ey . 72
~ A-square %% on a side ) : .
.gs larger than a square /2 ona .
- side.’ Tf_We knew the difference, - _ e .
‘-22 - J§ ‘between the'lengths of . . ;; -

the ‘sides of these two . squares, we could rind /2. - We can think of this

dlffémence as the error e ‘commltted 1n us1ng %% 'asjan,approximsﬁion:to

2 . We wr1te therefor o : o Ce

Although we cannot 1mmed1atelv anﬂ thls dlfference (e)‘ between the sldes*

N 's
. of the squares, we do know exactly - that the dllierence in the1r areas (area

This‘is the area of the sh@ded region in the ligure. 7TIn fact, frow " -

@) R e (22F
o B < T
we have;‘reﬁlacing ’752 by %% ehd‘ ab by "2, .
“ra=-by2
( + () .

———h
of largex square - area or malle1 gquare) is : T L
‘9 . o o o ' R

. . ' . . . . P e




'l . ¢ .
- - ) ) .
and EO. . Lo . . ’ - E 7 4 L A.la.l'
' 99y2 _ o . fazby2
(70)- 2. = ( 2 ) . 2
. |10 o7 107t
S = 5 d Y%= b= - == .
‘l:mce a 7 anv L 5‘ ’. a;_ 7 5 = 35 | and 5
. a-b2_b'_l_" l T ER .
' ’ So the anea of the shaded reglon (I a.nd II) 1s exactlx 1&91;30' .
i < /' L . B . . :’ : Lo . S h_q\ " . L .
T e - BN : . .
L e - M : — ] :
F e . |
. ) v' ) E 7 L @,
9 |
70 v2 * . AR .
R R It
_ v . . ‘.- .' N 'v ) -.. LTy . . n._'»\.
’ v o . s Co } AR

If we move the reglon I to I so that 1t is in l:me w1th region II,

we have ,a rectangle with the. same\ alea as the shaded reglon and the dlmensmns

e and (92+~/_) ...v o S

o Therefore_

= e'X ( +2) = 1+9oo
¢ (i 4
" and so X S R L O

(3) o - ge= — X e
: Of course\t\hls ansver £or e. contalns the unknown . f-; . If iri'(3' ‘

replace _/5 by the ].arge*‘ number ;?% , the denomlnabor %% + f- becomes
© larger and so —1 beco_mes.'smaller. . The_reiore L

ST TS TN e
'L . ‘ N . e : o -~
1 1 . o &
799,99 * W
T0 ',_70 -

.Slnce :(9% .is close to V2, . the e‘kp;ession on’ the right ‘shouid be a .fat\h’e‘z{

.

good approximation to the actual error e. -
N ~ S )27 '
- - / 8 e )
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_Thcn ; ) _ ‘ ' ) .
\\\' R _ . e’ ég X 7900 ' a
' j and - B o C
. Let. us £ind the right side in decimal form. ' o ;. ) .
SN " Since ‘%‘ = .1&28571&28571& ...‘: o ?f - "
/"@%=’lﬁ= 0711+28571u2857 SO
and. — S L . )
PR f_%a x '3%6;% .oo71h28571h2857 .J.- R "c_ .
- S . . .

To div1de by - 99 we may. divide by 9 and then by 11, obtaining first )

| R iy3'650793650rf9....».'
" and thed;ufinally, - F. R

! oooo7215007215007.... ! o
) ~If we subtract this approximation to - from ‘%%':ye'shéuld get.a_very good
value for {_.,(sllghtly -too large. Why’) . ' T
' No - 141428 142857 . - S - ty
O.V’ : % e 57 57 : : ‘ ) --’ : . ' . ' ) @ J : » B ‘ L. :
Then ' ¥2 = 1. u1h28571h28571h28 T

© -7 .00007215007215007 .+

CL. u1421356H21356h21 cee s i o
Actually /' 1 u1h213562373095 e T ﬁhqs;::i;_

:-. iﬁrract to 15 places, so that 1n fact our, estimate glves correctly thei
rst B8 decimal ‘places?’ It is posslble to show that our estimate has this

' degree of accuracy\without know1ng the value of /_

» Specifically 1f turns out that 1f "E is the estlmated value of the
i~ . .
“error e (. 00007215 eis ) the dlfference (e - E) .Ea where

‘mo= 1. ulh2857....;_ Thls works out’ “to be about 2 ‘in the _9tp .éecimal{"*l .
‘place. S . : ‘ o L N S [:
. T - o

O
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Exercises 21{3

1.0 You learned in'Sectloﬁ 212 (Exercises 2*and 3) that J§ -is between
: g'=‘% ~and b;=-%§ : What is the product of .2 ‘and b? .- . What

is their .average m?- erte m as a declmal to- 10 places. Show:-

that the error

LoEesm "/5,?»'97."‘ Tz
‘_97x7XT6' .

Wr1te the product of these three fractions as a declmal (to, ld-
places) Hlnt.} Start with the declmal for _3 , divide by 7 and
then by 97 Estlmate J_ by subtractlng your estimate* for ‘e
from M. The correct value to 10 places is /_ —-l’?320508Cﬂ5
How ﬁany of these places .did you obta1n correctly°

2;-"1 In Section 2l -2 (Exerc1ses 4 and 5) you found that

¥
to ‘29 9 s
. 5 < Jﬁ <%
.{lhe:average of 22 ana 2 is iél B ;
. N N N . . . L .. ."‘ _.,l N “
-Change'this fraction to.a decimal (to 10 places). - . 5. R
Show that the error - CoL o 'v: .t h-,_‘ ‘f - .
T 161 1 .1 .1 Lk
T . L 72 ~ ’/5 > _é_ll X9 XE.
’ » Change the product én the rlght to & declmal ¢ 1o. places) “and
- -‘subtract it. from the decimel for gz A lO places) .Compare
s A
your result w1th - ST ; . '.-=' LR .
232360686, e . '
) which is-correct to -7 places.
3 , V-
o R L.
\ > & . - ) ~
- o .
. R .
. - o
\ 17 .
. . .
v . 3 N -

ERIC

Aruitoxt provided by Eic:

3 e

.



L 21-6. The Square Root Eunctlon o G e _ L
! Let us turn now. to the propertles of the square root functlon, that '“
'1s, the function f whlch takés a number 1nto 1ts squarecroot . : RS
P . : o, - Ng, 2o e
s Ef"." ' ' . f : x»—»J;. f* ot f;.',‘ 1 '“:mff ~“~,f-
“What-is the ‘domain of” £27 ‘That is for what valuagroﬂ n' is there’ .
- T a square root9 " Do allﬁposltlve numbers have‘square ‘roots?. Now’that we: have .
=7 i introduced, 1rrat13hal numbers as well as’ ratlonal numbé%s we; Can answer .,'_ “
h ) . X ’
Yes.f Before this we could not sen51b1y talk even about Vr oo f*': .
. ) v - »
LTt Ist 0 Lin the domaln off f° Does:bla‘ ex1st’ Yes. In fact o :
e :fé“:_' 0. since o2 =0 >< 0:= 0s. L e

Do negatlve numbers have square roots” Fdr example,»can e give any

meanlng to the square root of jl? . Certa;nly not uslng the numbers that

el we know about * For, 1et o e Q. T oo ';b
] N C ’ : B ! S .7 - ‘."."‘ . ! .‘ “
/Dci.= a . R
" where 'a ‘i any real number, positive, negative or -O.. Then ST J
Y o . e .8.2 = "l‘.‘. o - ‘l‘ ’ M ‘ ' o

'Buf‘the}square of any real number is posifive.qr 0. There_is no:point'oﬁﬁ

/".:the'number line whose eoordinate can be squared to give ~1""or any other-" . :
' negative number.\ o 3 .: -, "-_ e R LY

We can now say . that the domain of the square root functlon'-f

Set of all non-negatlve real numbers (xr % > O].
. . R

. What 1s the rang of f. That 1s what 1s the set of all pos §k%§
= numbers<uhlch can be’ square roots’ Hbre we must ‘be careful . because ev
Tt posltlve number has two square roots. Foz example, b . has the square root .
& . o po s
“ﬁi_\ 2 and also the square 1oot -2. In faq; ,22 =k and ( 2) .
B e ..'..: . » e ! ’
R .a*:' Of these two square - roots, “the p051t1ve one is the more 1mportant for ,
-;;29';most purposes, The symbol “ is used to ‘name. thls one so that ‘we wrlte sl
- .o . % . ; L . - » . . ) s . . s
. o al e : ;' 'f R '
. ! .. e . - S ﬁ‘, = 2 .. 'Q:‘ . C
A oo . - . ST T e
o but not ;V@t=.-2-_ This is an.dgreemént abont the.way to use the symbol v
SNV I il SRS T T S
) : .-"\ . ll.' : - ) - . : | N
. T A ou'go qp in mathematlcs you9w1ll learn.about a new klnd of ﬁumber.--For"
thxr.new ﬁlnd of number it 1s posslble to glve a meanlng to v-1. ' R
. “ . .
E 4 _ a ik
7‘8, '.._4. - , R
e - : i

O
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¢ o - S o )-"
w/—.,. g is a matter of convenience : Sll’lce We do \not w1sh to. be 1h any .‘ R v"%u.'
K doubt about the mea.ning of the symbols that we use, we agree. tha.t \/E : _' ‘. }if_' '/-
‘- for example, d.enotes a particular ChOlCe between the two posslble square P
'roots (the non»-negative one) “With. thls .understandlng, ‘1/- > 0.." _TPie ST
range of % - f— can. 1nclude no negatlve numbers : It does’ 1ncl ude .0 f' -
.-O and all positlve numbers b, ‘because to say that b, is the square root A
.'of a. number x, that {1s that b ff— ~is to say that fx 2 b /leen R
‘b.nx b, the-. X of whi@ch 1t is the square root 1s 1ound by squarlng  <FR o 8
"' What doeﬁ the. graph of- y ='/;_ 3 Y ".;.""'};..' - i . : N
look 1like? e ca.n ea.s1ly locate the a ] - L _"; JR .‘
points (0, 0), (1, 1) (2 +2), ol L
(3'.,?._'.3 ) and (LL 2)e B »,draw1ng .
'a smootn curve'thr'c_:ug_h tnese;o "" ‘2.- g
.we get A figure llke this.’ Note that o
there are no points- to the lei*p;, of -’ l
‘ x“is 0. and one below the X-ax1s )
Why not" T :__» - i B0

I.t looks as 11 the graph always. 11ses as, we go f‘1om leit to rlght ,

This mearrs the.t 1f we choose twor humbers A ando b‘%{n:th ) ! »
C Ty A <eb. s ' "? .
‘then S : '.g giz‘ N E
' SR R F</— e e
) (p course, we -must have a > O. . Why”) Seoe S
B _'g - +Is this. nccessarlly true” » The answcrals Yes I‘irst 'we w1ll prove
, I B < /._-,,t“nen. T <&, " This result w1ll e needed. . - **
T o = T . i : LT
. then . J—- {' b < /; Vo and gt Fous as, J' (Multlpllcatlon Property
- RO LR ! Qrdcr) ’ R
‘ ﬁerl’cef 1/— /_ < S @"-(’I;ran sitive Property of Order) 3
', ,'l . L _ . _ -
nE 2 ' - s
OT- *1 (‘/—) < (‘/_) . ’ ‘N
T - . ) . '5 : C‘ .‘._:.__ ) o : o " L, p . .
| g ef‘ore "b <a o (-Def‘initi_on‘:_fﬁvs'qua\'re root) . . ¢
- Now if w)ﬂ%were not less tha.n . /b when’ :a-<'b, them either : o S -
E \/5: 1/6 . - " ~, . o ] . . . -
.8 .. . . ” . . ’ - ‘ » * .
or'e b m<da. T Coe LT

In the flTS’t case: we would con“luqe thac, a ’,, in t'ne'second case, that h
~ . ‘ .

" b < a,.o' Slnce we were glven tnat a < o ‘.bo,,tnf,._qf‘ these ccnclusn.ons are )

f‘,alse.-' ‘I’herefore, the correct conclu,slon is

"

LR
< . A / o ¢
B T N - v, el

O
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PR " T : N o,
We can now say with assurapce that the functlon .

¢ . . .,

,.. ,l . _7,:X-—)'/—

is an increasing function- o{,'e'r i’;.s,“.;v&hble'domain _' {x x> O]'.'

’ "It also appears from our 9’1gure tha ,the graph becomes less steep

as w'e_.v go from left to right. . Cons 1der tﬂe.eﬁ‘ect of‘ an increase of x by

1. If x increases from O. to’ 1, ~/'— . 1ncreases from 0 to 1. Now
if x ,increases f_rb'm_. 1b0 20-, fx 1ncreases from 1 {:o :/2__,. tﬁat.' is

"ible

V'L_F\roni, x = 49. to X = 50 fx 1ncreases only
"7 = .07, Let us’ go - out on our: graph to larger values
- /10,001 - /10,0007  How much is

X .‘ %;0 '(),OOO?. T‘ne;dlvn.de and average method w1ll tell you.’

Y ‘_ /5—'

.Q,QOS.. - So we see that 1n j,‘act "the graph becomes . less and less
x increases. . . '

Exercises 21 6a ;_

.1.  Estimate -/lO 001 by the d1v1de and average method, and verlfy that
: . .. : . . . . . °
Tel e @Fo 001 - flo ooo . 005 .
ot ) . 6% - - . e .
2. B Estimate V1, OOO OO by the dividde ard aver'age method, andiverTify«*
» ' that : BT -
o ' F 000, 001 - fl 000,000 :'l,j N 0005 . ‘
) . S .
3+ . Show that Ja+1 /— /TT ey < 2/* ~ Use this result
) e .

£
w1th a = 10,000 and ‘s = l,QO0,00@ Corrtpare the result wn.th‘s\9

Exerc1se 1 and Exe cise. 2.

bo o From the result of Exexclse 3, show that the incréase (¥ t - Va )
e can ‘be made 2s small as you please by choosing a sufflclently large
o .”:"'vvalue of g. ) For eacampl.e,_mke /. = /— less than m .v
" Y. by choosing a .large enough. - . . < : oo

) '
o ’ - S . C 't

._I' ) . _: . . ) . . . ° .
T e e [ LA ) . R X e .
: R - . - — . : . 2

[

S

P

ot

_— ‘ What is the conrfectlon between multlpljllng and taklng ‘Ehe square
’ r'oo_ﬁ" In particular, is. 3_1: true. that Co R -v:\;
3 ERE F-x J_z
. b .- . _.i_ . : oo s 12
LLet us experir_nent.‘.. ) o, § ) ‘ N
> Y N . - ' ‘ o E ' “w ~
B TR R i )
- go. el SR
.J‘ ’ . (3 !-) '
< R 83 - X :

O
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» o Exercise 21-6b . ;,'~ .

. ., . (Class'Disdussion) = . A
i ST
1. . Test v@tmth of Jaxb-=a x b, . for N .

% : o e =

&

m
1l
& - O K
- e
o o o o
T
O N
&A'

. B Y a = 4, = o e
A P ) ) 2
) ~ . o . ! . 5
T ! .
e o, Our tem a.re favo able, but of course they. do not prove that the
i’.“mtement is trie gap 8 non-negative values of a "and b, Even with

,"j the restrlct'lon of a “and b to whole numbers the cla1m that

ety e

) \

. Y s -~ . . e
is true 1ncludes an infinite number offassertlons’ ‘No finite set of examples.-

-

,coulci es»tlabllsh thls clalm . What we need Is a: gengral proof

’.['o get an 1dea of how such a general p‘roof dould be glven, conslder

'a more dlfflcult spec1al casca than we have had s0 far o

s /2 x3 =72 X »; 2. To answer thas, we could calculate' o ..
1/3— F and /_ to several declmal places to see whether ‘the results

‘seem to\agree This is not‘ a good idea. Why not" & T AN

P o v _
In the first p]_a{be, all that we could show in ﬂ)is way is. that )

-/2X3 and /_Xm/_v%rea' )
»’E‘fhey ‘are’ exactlx equal. %ore 1“1' rtantly th1s groof would give us no clue

We ‘wduld not - be su;e thatﬁ_»

about how to, proceed 1n the general case., We' aannot hope in this way to- .

L chéck our statement for all a-and.b. . . '. ) -,4, R

Let us fall back on, the 1dea of a square root, that is, on yhat we

mean by- tHe square root of a number., To say that. some number is- W2 X 3 o
-1s to say that the square of th1s number 1s 2 X 3 8. Lf then it 1s true
that ' B ' o P . Ce L
Lt J—"zx3=f/2—.x/_3—, L e s
‘then it must be true that _ o I
2 (/_x?") _2><3.' ST &

A

9

. V. . 3,

VI's',"’it?‘ ‘How" do we square a product" By squar1ng~ each factor and multiplying

O
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o )
- ’ 2 * K - ] -
-So (/—x/_ _(/_,x(v’— ‘ But (/— and'(_/3_)2='3‘,
H . g . )
again using the idea of what a Square root means. So our proof has a happy -
. ¥ ) . . .
ending. C ‘ . >
' . . v -
Now we can: generalize to any non-negatlve- a and b, Is . . ¢
«/a X©o =+/a XV/bo ? Yes, if and only i e R
(#a x JET)Z ='a X b. ‘ - < ’
But (/a2 x VYo )¢ = (Va ) x (Vo ) 2 -since the square of the product of any.
two numbers is the product of their Squares . L : '
Now we are almost done. ( /_ 2 57a and (Vb )2 = b #rom the very
" meaning of square zoot Hence,- e - o °
(T x w/b__)f/’ a X b -
. i P L
as required. AR f“; ten . ST T -
- . : - - - -3 .

: ' tal - L ' . .
In the next section wglfhgll find how very useful thisgresult is.
. v : S .

B B ¥
" Brercises 2r-6c. v

A T . . v

. . . - s /o~
1. . Show that Y2 X 5 = /2—.‘->< /5_- patterning your argument/c{a that given

Voo

for : ] ST It
. Je—x— /_x/3—. SR
> . ‘ ' . .
2. . Show by examples that it “is not always tzue that vJa + b = -/aT- +°
L)
3. Show that ;/a +b=Va + /b-_ if &=0 or b o, - tow show that o
' Ya + b= Ya + Vb is ;crue only if»a =0 4\015, b = O (or both)
i Hint: Square both sides.’ Ngte that f O C ‘
- o . (Ve +/‘F_) 4:a+2(w/_'-><.7—_,)+b.'
b, ° 4Show by a cOunter—example that it. is not amayo true th?t. N
Could it ever be true”' :“. T o ) ‘L S
. l "( . . . . . }
5, Is 1t tg'ue\:chat . % for all posltlve a’ ‘and b? R
Test 'th@tatement w1th p 1cu1ar numbels Then construct a genera]
. . proof followfng the exam BESRO [ tbe one ln Lhe tezt.
- - | v
s, g - N ¥ N - o~
- T . .
-, v VR ._'
. v L TRl s S
Voo \ oo gy € . _

O
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) 2. Suppose that wefh

21-7. Simplifying Radi'cals_

If we were requlred to find the¢uquare roots of the 1ntegeru_?rom' 1

to léb, we would ‘notice that {for the periect 3quares 1, h& 9, 16,

25, 36, 49, 64, 81, 100, the square rootd are integers whinh'can'be

written at'once In other cases, we have the divide and. avelage method o
. - v v

"Nice as thls method’ is, it does take time; and it would be ple;“ant if there
were & quicker way.. Actually, in many caéeu, we can use the fact that g' "fﬁ“
aXb=fa xB L ¥
.. - L . . “ﬁ
to si pl1fy the computation. ;$'
ﬁ-
For example, we ‘can vrite ) ’ N
/ﬁ=7/1s><3=¢b,_><~/3—':2></3_. .
‘Therefore if we have alréady computed L R o e .-
L. T . > . . .
: =R e, - ' s
. AR o ) . . , b
we knov at once that IR . T - - i
: . . . R e 'S -
. ' . : ey v IR
',/1_2=-2>§(l.’(32 ceu) = 3.h6h L., e 3 .
Similarly,
. /50 2 /25 x 2 = /25 x 27 5. "/--.
oo ' :r‘/2_ . . . .
s e s 2
= 5{1:0h0) s
) )(l 11k ) . 2
L7 . 1 ":7.?70 r ;:
N . g .
'(Actually /56 = 7.071 ...) T Y & g
o \ . : E‘v » . .
Ep thé%p examplea, it was posolb]e tJ'WTlLO the number under the
radlcal olgn (Z ) ne/ploduct of two 1ﬁtegeru, one ot whlch lu.a perﬂect \l
- : - LT e .
square. ‘ ' R ;0 : ' L av S
. - ' . . -t o . . Q- - .
. R S R T8
Ezercices 21s7a. 9 . e _ ‘
. . . : 8 . : . -
Ls- . How many integers’ from .1 to 100 'inclu;ivenare either perfect {"

-

" squares or contain perfect squafes ags fantor"V Llut 'he se integéfs' *

omittiag the 10 ‘perfect s zaleu glven in the text How' many squaze ,-

© roots remain tigbe zompupfd? . .

A2 116t of the values of Yp for all integers
n from 1. émﬁﬁlOO . How could we (ind a ]l’t Q values for “leOnr?

&

+ . : ~ . . <

-t
S e v
.
co
L
~
e
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‘of the integers from 1 to 100.. Hereaftér you may refer to uhis ta, i

<
1

Lo

R . S o . : ' o
. v 4 -

_ PR ‘ o
‘ The theorem Va - x. =+/a X J ‘can e used 1n‘othen cases to reduce
= . X . o
the amount of arithmetic. Since . Coa JonEs .
: Y R
. B =2 x3, e oL e
2 ' ' Lt S .

if we already now V2 and /—_ we can'multiply them tg obtain a décimal
approx1mation to" /& . \If you did Exercise 1 correctly, you found that in

the 1ist of values of Jn for n=1, 2, cer lOd thefe remain 6Q- -

square roots to be calculated. Actually we need onlv the square roots of Vi

the Erl me numbers. All other sguare roots can be found . from this list“by

multiplying. For example, . - .
v - B >
. J,J’X 7, ’ ' . B
o v A .
. J—_ J—_ x /3 X J—ﬁ .
v “ . ¢ He‘
There are 24 primes less than 100 whose square roots need to be . computed

inc fosof,

The following table 1ncludes the square roots, to 3’ decimal 3

for square roots that are needed.




v g 3

'-f SQUARE ROOTS OF INTEGERS FROM 1 TO 1oo To fﬁ?ﬁE"EEcIMAL'PLACEs

=
- T

oo [ -Square 1 S Square R Square 1o Sqiare
N Number Root'- ,~-'1§I\__imb’e17'-' : Root 4| Number | ,rﬁoot ‘_ ::'Nmnber.. Root |

. . _ ERE & : _ R —
| 1.000 ‘|| 26, | 50097 51 ,,7--11&; fLooTe |8
1. hlh'};f1772133 '.f_5 196 21 W52r' Soigerr | 1T | 8.7715

T 7324|728 s g ) 53 7.8 ([T 78% | Bl
s 000 (AU 5 385 ﬂ?'ﬁj;y_;ffl,_7 3&8 179 T 8.888 |
.24 236 ST o u77 P ss T u16 1] 8o | 8 9uu'f;~7

.

0 @ NIy N w TN e

. '.-.'..( /\.. L
R '3

PEER

5"’ 83;
5 916

yéwno*‘ _
g0 'f.'? o
v6 165,. :
6 oy DB
6 §25 l -’ —

4
o
o

9.220 |-

v9.27}'
9.327 -
9,381

LN

| | eerer

L -

'9.4%5. | -

~.-¢

“l oues |
| 9.8k
1.9-899 |

~ 10000 | -

' ':2 kh9»'; f,_313;'ﬁ 4568 ,“:iéé"'_ ii”?.k83 1, . Bl;,“'. 9 OOO&ﬁQ! 
IR | 5%5 587 616 830 g0t [
o lym e : o ’ ‘9_.165 ,

Gl |

(9,597
‘9(6&& Sl

9 ko

94950 |7




to calculate

i

Ve may use our divide and

Suppose that we wish'to find J3h.2.
Beginning with 6 as. a flrst approx1matlon (too large),

avegage method
We: could, of course,

fﬁﬁ rWe - computé i%rg 5 T and average ‘to obtaln 5. 85

ﬁ&r‘v repeat thls proces§ to get greater | accuraCJ. However, there is.an alternative

et
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This gives -

: '. of 2 rlght%rlangle whose other two, sides are Known.. We ‘uged the Pythagore

T

ey, L . -

Lo L 4

_methoa. ‘We know from the table tha.t . .
" ""ﬂn/§§ =__'5.916{ N T ' ‘
. The increase of n '{from‘ 31+'_.”t'o .35 :'i's__ 1. The'cofrespohding increase ’
in fmois o, o T . | R | |
S, : 5.916 -.5.831' = .085.. ' . o .;gj’
L e 1 T ’ o~
34.2 is .2 or: 5 of the - way from 31+ to.. 35. Let ‘us assume that the/ @

required result f‘or 1/31+. is about —é— of the- way f‘rom Se 831 to .916,..

N

“.5.831 + (.085).= 5.831 %,.017 = 5.848,

=

s

(The correct value o; J3k.2 5. 8&8077... S0 actually we are fairly

close,) This’ method called 1nte@olat10n, 1s based on the idea that ove
a short- x-lnterval the graph of 'y- = v/x~ is nearly stralght

AY
’ v . Exercises 21-Tc

1. Compute v83.7 by two methods ; divide and average (once) starting

' with .9 as the first estimate, ahd interpolation. Compare the two
s . . . ‘ . L .- -
. 'results ' .
2. If you use the lelde and averagea method is the result too 1arge or.
* too small? A _ . o
-6 Can you show that the 1r1terpolatlon method glves a result whlch is /

always too small" t
" Hint: Is the. graph of y = /x above or below a line segmerit ‘(chord),
joining two @"lts points? S ‘ '

-
“

g .

3

21'-8;_’ Some Problems . Lot ot B

- . '9

We started thls %hapter by asklng Wow far itis to the horlzon f‘rom .

a. p01nt> on ntop of a. mountaln We answered th1s questlon by flndlng I?ne ‘side

property’?f rlght trlangles and were legl 1?0 c’:m51der myw to find' square ﬁbts

* Novg that ye- know how ’to do thls, ve, are prepared to solove many o’Gher problems _ 1

, wha;ch leaa to square roots‘> Most of these proSlems afme from the red to’ "_'

.- U e : s .
~ ’ R - . °
v, .V~ 2 - . © . -5 - . . .
: _,.87“’ : . S v . N
val . L ) . ¢
4’,‘ T B a
Y oogl o ’ X H 9 O ’ 4 N
Cd . .
' A I L PR s i© R
0 T . e W a
- B, » t 35 / o '
a . L2
N A - S s, . y



.-

find the.hypotenuse or one leg of a‘right tri ngle. - " e
s . v - ' Rt
We give some exaﬁples:,,”_, e i —_—
«  Example 1 - L B S S - ] Y
. — = S e P ‘ W o
- . = On d:street ‘25 feet wide,
" a window an: ‘'one’ side of the’ street R R A
7. 4s kO feét;abdﬁe a window acToss _ - Y R
the street' -‘In-case of flre, ‘how : - e | o bo £,
long a }adder would it take to i ;'m ‘ ‘ 2
reach £tom_one_u1ndgw to the other? - . R W[J .
g ”~ K o o \/25 ft.
‘ ’ > ’ n s . -
_.l‘ & > 2
It is clear from the flgure that we must find the value of X where
. I . 4' N oo
v , U = 25 + uo = 2225,
. . ——_— Lo T, e
So ) . . /
o . x=42825 =5 /89. -
Using the table we find that
x %5 X9.43'= §7.15. T

A circular cylinder is to
" .be fitted tightly into a holé J
which is bounded by an equllateral
'triangle with sides 2 1nches*

”long, What must ‘its radius be’ -

s

-Solution: 540
- A Derpeﬁdicular from E, the center Of“the 01rcle, bisects the base_ AB.
.The triangle ADE is‘a right trlang

// qutg}angle AEF . '

)

O
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Hence AE E =,"

Then applying the Pythagorean
property to tr1angle ADE
' 2

(2x) _ x 41 e -
hxe =-x? +1
o 3x?‘» =1 .
x2 ‘ _ }. 4 w_
. :

[ 4 ‘ o
. . lO /E— 57“ fﬁé;.ﬁ : o
_or, more accurately \\‘<*\° o - Jf"" Lo ,":4

'x.':‘/’i" E_ —l-_.sw

. 9 3 . .
Exercises 21-8 o . .
1. The students attendlng Lincoln ngﬁ School have a habit of cuttlng
o across a vacant lot near the schaol 1nstead of follow1ng the s1dewalk

-l,around the corner. The lot is a rectangular lot 200 feet by 300
»- feet, 'and .the short- cut follows a stralght line from-one corner 9
the lot to the oppos1te cOrner ‘How long; to the nearest fooy]. is ;{'
. the short- cut” ‘How much walking do they:save by taklng the short- cut”‘
oo I the ground is =]e) rough that it takes 25 O/o longer to walk
: 100 feet ‘of path than 100~ feet of s1dewalk5“dt they save any

'time° If s0, how much? : ' ' o B 0

2. A fourteen foot ladder rests against a vertlcal wall, the foot of the-
ladder being seven feet from the base of the wall. Determine the
helght at which the ladder/touches the wall. How close an approx1ma-

tlon would be reasonable to expect 1n thls case?

3.. . Twd roaﬁs Cross each other- at rlg t angles. .Two cars are atathe”

Cross- roads at noon " One is goj ng at 50 miles per hour, the other .
at 65 miles per ‘hour. If each car malntalns 1ts speed ‘how far

.are they apart (alr llne) a%§&2 p m. ?
1 ' “ . .
b In the previous problem assume that the first car is at the cross~

«roads ‘at noon and'the other cédr reachesfthe cross~-roads at _l‘p.m.

. 'How far apatrt are the cars at 2 p.m,? S t
3 - . N

. o . o
. . go - . /! _ } ]
e o 9. 4
. s ) o S - . -
L ., - 5)22' - ]
Ce, o Begy L : R 3 N BN i
RS . s é . - Sl , <
R . PN . . ; : . . ’h
- v et . - . o .

O
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-

A . 5
P .

~ 5. .. A baseball diamond is a squa.re 90 feet on a s1de The p1tcher’s

N

' mound is about 60 feet from ho plate on the 11ne 301n1ng home
plate and second base.. @ ' o

(a)' How far is it from home plate to second base? = ..
N N
(b) How far is.it from the pltcher’s mound to Ilrﬁ-base?.

r

(c',)u- if the pltcher has a cholce whether tQ throw to flrst second .

or thlrd which base should he choose" :‘5

Y
(%

6. Flnd ‘the altltude of an 1sosceles t"rlangle Wlth, base 12 - feet and
equa.l s1des of lengzh 17 feet.

- -

T7.. A reguiar hexagon (6 sldes) is inscribed in a c1rcle of radlus 5
vy . feet. What 1s the perDendlcular dlstance f'rom the center to any -
. side? ' D _ . ' : .
. . ! . i e ' . '
. 8. ‘A regular hexagon is circﬁmscribed about 2 circle of radius 5 feet.
' . What 1s the perimeter of the hezcagon" ' v
i o L K . .
9. “BA ‘certa;‘Ln pyramid has_ 4 Iaces, each of whleh 1s an equllateral
"\ triangle.of side 2 inches. TR I N

“ Find the altitude of the
pyremid.

'Hint: 1In the Tigure, what

_kind of 4 triangle is AEF? |

ca

Wha';tf'i's AE? T A
’ '. ’ i B_' IR N

‘l‘O.. o A ball is dropped ir;om a helght of 95 feet How long does it take

to hit the grou.nd 1f the dastan’ce x . Teet; i‘allen ins t . seconds, .

' 1sg1ven_by ,:—16t‘7 S R

.. ¢

- 21-9. Summag\
It is proved that the square root of a positive integer n cannofc.-'

be a. ratlonal number uhless n is a perfect square. We can however use &

: rational number _é_ to approxmate ~/n  and then bracket vn  ‘between

'g_" and - b ='E . A better estlmate is obtalned by averaglng &’ a.nd b

PR L

i



av; b . : . . .
% 5 is always too large unless a = b which i1s possible -

v o4 . >

ThlS average, mo=

only if n ‘is a perfect square.

By u51ng m as a new estlmate anhd d1v1d1ng n by m, .we bracket
V' between, m and % . Averaglng again and contlnulng the process we can

approx1mate Vn to any,de51red accuracy.

. Instead of repeatlng the” divide and a?erage process,ywe can use’ the
- 1 -
_estimate 2 (a by2

m Sf a and b. I we subtract thlS estlmate from m ‘we obtaln ar very

I

‘Por the error made,ln Ieplac1ng Vn - by the average

accurate estlmate for Yn. when £ é b is small (say- .02 oF less).
The dOmaln of the function IR L R o .
L SRR ’ f:x = /X

v .
.

'is the set of non-negative real humbers.-.The;rahge is' the same Sétia..
Vx increases'forball Bb's in the'domaiq but the -rate of 1nc1ease becomes
less as x "is increased Calculatlon of” square roots is greatly simplified

. by usang the fact that for all positive numbers a .and b,

RS V ~/a>< va' X Vb R N
and .~ T o ‘ - o oL
".' . ’ - . . - .ot * . . .
. . ) B . .‘ /E _ a . X . . Ll
P : v T A S . .
B n . ) . . ) AT ’
¥ - . -8

Ve~ rev1ew brlefly the meaning of non- endlng decimals’ and recall that

* the dec1mal representatlons of - - -
- NE ; -@1 .
(l) rational numbers either tesminate'or repeat, : v:"> . oo

(2) irrational numbers Qcither'termidate nor re%eat. .
. : F
_o.The set of ‘real numbels 1nc1uueu the et.oi 1aL10nal numbcrs anﬂ the set

»

of irrational numbers. ' o o ot

N X . . . s

. "
4 . v Ry
. K
Y-
'
s ’ " - . ' Sy,
- f . . Lot :
% i . W - S .
. P : =" : S .
. . e ; .
~ & . £ ’
. . B ‘q . . 'ﬁ oty )
N . AT .
) ' L. S A 'S;‘ s .8
. & .
° ] o PO N / ..
BN N F o
. L. , g P, R
. . . -4 14
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