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7-1. Solutions of Mathemstical Sentenced . o Y. LA
. .In previous chapters you.have graphed functiOns like ' e : "/
. . ... '. B - _»49 ; A ’. - , ) -~
. e /dfﬁp R K
: < ‘ g X —>2xa+ 1.\ T R e
.. f‘ 3 . E X ) 1 .,‘ _ ,‘_ }r ‘:,
‘ '. . ) .YJ ] ‘.g:'x_'ﬁx‘f'l- [ ..'W .
M . - - L . / . . .
7 P R B B
-~ 2. v ) N
‘ oo e ; £ramy
.. _v“ o I hd I.. .
. .' Y 4 i . . L
. ) { - 8 X . - N - X 't&’
. . ' . o L - 4.1 .
I - 70N .
. A1 -
. * o \ ’ ,
v" : - — A
N {/‘J i . by
, ; < SO ¢ :
- »~» . / ‘\\‘
v - - _J ) . S ’ * ?
> . T ‘{ o . L . ,l . . . o
. oo i : : VTV v B

From,the graph, it is clear that fox an input of 1 the ;puts-éf the'

functiOns %f and g are exactly the same, namely 3. "THére are many real-

e Y
éife problems which lead to tHe questiOn, "For what_ inputs,. if any, are the .
outputs of two. functisns the samég' This situat{vn~1s often represented by
—_— X
: an g uation (sometimes called*a sentence), such as, I -
S— ; . e .- - -
- . : 2X+l»-=3
. N <
However,’the questio? still remains thé same. For two glveq‘f
. .
there an input saih that the values: of the funrtlons are \Q\Ptrcal° ' _3
"J._ N ¢ . ¢ . IR <
. If we replace the-;Ehsqg}e by a nuﬁuér, tﬁen .he equatlon be}omes\a
P .
statement which is e,ther true or false, but not bot . In most ca e;, itis .
- = f , . o
8 C o ﬁ - <. . AR x }
- - o 1 e . . LEM . ;
.‘.J-’A“ . . ll', - :_l —/‘3 ..‘1 g | ' j\

O
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possible to dedlde whether a statement is true or false by doing some simple

- i calculations or by inspecting the given statement. In some unusual cases-
%b;vmore complicated calculations or analyses are needed to determine whether
' the statement is true or false : : ) '

Ther€ are some equations where it is got pOSSlble to find any. inputs
that will® result in a. true statement* For example, consider the functi%ns

ce

.-:i Cx o2, -
’ and (the equation, ' SR S o B
SRR lxl ‘ ) S

) - .
It is easy to see frcm the. graphs of the functions bﬁ{ow that there is no

input which will result in the same output for these functions. ‘_
. . N Y ] . -7

R o . . ".-a,'=x—']>:7"
. L 4 -~

—

Y
'

1 !’8 Lo ( N Yy . . < S,z
< NI . _
There are algo some equatfions where'evegx‘acceptable input will.result

~'ina %rUefstatem t. For exafple, eonsider thevfunctions _ .‘ S
’ ’ N . . v )
. ho: ke -2x+ 6
. - : . e c R W
.0 g rxha(x ), 7

. . .
-

.and the equation) . ‘ &~ 7 n

R)

. n" < ’ 2)( + 6 (X +‘B)I : - R - R
o - \ \ - : SRR o
T 51nce the Sraphs of the two functions, -h and gﬂ‘\are identical, any

A
.acceptable input will result in the same output for'each function.
- > : - . . . ‘) -

.
. L Lo .
: : T oA
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We call the set of input which result in true statements the solutiOns
or the\solutiog set of the sentence,. Ag’you can see this set ‘can have no
members, one member, or ‘more than one member. ‘One of the purposes of this !
chapter is to deve10p some organlzed methods to find the solutions of some
simple sentences in one variable. , -
. : . . K . . . —

Exercises 7-la
7 . ‘(Class Discussion)

5 e

Which Of the following statements are true? Which are false?

1. '_u + 8 10 +5

2. 8 + 3 J\lo +1

S U .
3. L +8=84+1 L v o S, .
L, 5‘+‘7 %-64+ 6 (The symbol "#" |is read "is not equal to".)
S e e |
5« 2 *t3=1lnNg , .
6. %5 £ 85 C _ =
7. 13+0415+0 .
. { .
8. 1=(5) #s5(12) ¢ 4 |
9.0 M6 x3)=(71%6)x3 . B | » Y
. . ‘ l l"—i 1 -~.‘;4, .
J0. G- =8 -8 . v
11. 65 x1=65" S o
12, 13%0=13 .
o 2% 3 N ~ B .
3 St
1k, u(3) =g2 - R = '
PR I o
r ; -
: L
’ Looow -
5 _ B )
. 3 7 . €
N, e - . ! ‘,

ERIC

Aruitoxt provided by Eic:



2

. : . v . . .- ;~/)

L T : Exercises 7-lb oS

s . ) : : /'
In each of. the sentences in ExerCiSes 1- 8 determine whether replacing '

the- variable(s) by the suggested value(s) results in a true Statement or a
false sthtement. .

Lo 7T+x=12; let x be'5 .
2. 7+x7412 let X be 5 N\ x ‘)
3. y+97411, let "y -be ‘6

be t+9/=11; let 't be 6 -

o
. L
) x +1 ' : e
5. 2243 T
(&) let x "be 3 o . o e
¢ (b) let x pe B . T 0 .o
6. 2y +.5x =23; . B - 6 |
(&) let x be 4 and 'y be 3 : :
x be 3 and y be b B
7 (28 + 4) - b3
R N ) - " L) s -
’ let a be 9 arnd b be 9
. — .‘A '- . ‘. }
let a be 3 and b be 9 .
) 8. 5m+ % = (2m + 3) + x; let x be b4 .
- . e . Co. ) . ) i

u

-To the right of each sentence below is d setzof inputs which contains
all of the numbers belonging to 1its solution set, and possibly some that do
not .beleong to the solution set. Find the solution sét of each sentence.

o
-

R N T R

Co10 - k- 3) =05 (1,2,3,4) '
o N x=o~ [126 o =
. ) 8 ,. ) '6 ' o0
12. Xj"‘% ='2;3 ' . [1)2)3)' ‘_J
13. x(x +il) = 3x; {0;1,2) . .
. - » . . v
14, ﬂ‘l—?’u = 3; . [0,2,,4-)‘ Lo |7 ’
. ' L ~ 1. °© % t“ P
15. x+1=5x-1; (1, 5 »2) v _ . oo g[
16, x + 2 ,=bx'+ -7; {0,2,3} I o : 8
. : s V] ) ’ ) . w
. ch
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7-2. A Systematic Method of Solution ' ‘

.

& - . ) - : o
Finding the solutions of.sentenges by graphical methods or by trial
and error ha; £$me w?gggeSSes. It is difficult to find the soluiion
'set of a glven sentence by graphing if the solutions are nost integers. It is
also diffiéult‘to ess such a solutio ; except in very Siﬁple cases. For
exaﬁple; to -guess that ‘'is the o lyysolution of the equatio N ‘ .
=3(k- x) +9

'w5u1d_be diffich;T—_a§~are not saying that the techniqﬁes'of g;apggng«or.

I§.
2(5% + 3) +

.

guéssing are not useful. in fécﬁ, they'can_pe.thé only_m@thods_av }léﬁ%ev
“to us to find an approximation of*the solutions of some equapidns. However,
we need a more efficient way of finaing the solﬁtipn set'of.equatiqns like
the. one above.; ’ ‘" : I L . _ >  Iy

Consider,.fSr exaﬁple, the equation- 2x - 3'= 7. We first rewrite
., > . . ' ..
this equation as follows: . - S
. ' S 2+ (-3) =T

) . . : . o o \ : . i

. This sentence assqrts that for sbme input tﬁe'outputs of the two
functions? T
T ‘ - .f T X D2X + ({3)
N o \ ) - ’

a g : x-7, ’

are equal. Since the outputfof the constant function g 1is alvays-'7;_
- for any input, we are l%oking for an input, i, “such that the valué‘qf the
' x+(-3), "is 7. . ‘\ S

h\.'

Aexpressibn, 2x + (-3),. we sée that we sta™ed with a

b ’ P A .
mwmber, X, - . _ : : - .
. . - N ‘ . X _ el
L} "
AR N
o ) . . . )

multiplfed by 2, .
T multiply by
g o X o

and then added the oppoSitq_of 3. _ % >
. ' | multiply by ' : ' ’ .é@f '
C - add (-3) . o . e
- \ S < .
K . | -
A

ERIC
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Now the. equation

. !
2x + (-3) = 7 e
tellglu;‘that we want the value of the qﬁtput, 2x + (-3), tobe T.
col R multiply by 2 add (-3) - '
R ] _.: ~ /’_\ - .
b o & 2x + (-3)] -
ReverSiné our' steps we find'theabalue of the.output in the second box,
- K2 . ’ : e
] : ‘
. 7. multiply by 2 "~ add (-3) : " :
st ‘ 2x + (-3)
B - L III
. . - ' D
. S : I _ . —phﬁ~6pp(-3)

)] .
and then the value of the output in thé first box.

-1 7 multiply by 2. add (-3)

o » ~— \\\5__;_'__,—
i I multiply by . - . add opp(-3)
) - the reciprocal '
of 2 '
o We now list the ‘successive outputs in equation form:
A ' y . . ) . . 2x + ('3) =T,
. C 2)( =17 +3’
- .. “‘a . ‘ . . . % (7 +3), "
or in simplest form, N
~ . X =5 *
. i )
- —~ ‘//
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At each successive'step we are asseftiﬁg,that for some input the values

1

of the outputs of-the pairs of functions, . o o .

(1) x-2x + (-3) 1and x 27,

. (2) x - 2x - ) and x - 10, ' . o o
' and (3) x - x - and x =5, ' 3 '
‘ame the same In fact the same 1nput does this for each pai r of functions
as shown in the graph below. Thus we are able to say that the~solut1on of : -
< . ’

" the sehtence x = 5 1s also the solution of 2x + %) 7. Such equations
having the same spt of 90551ble inputs and the same solut1on set are called .
equivalent e Agpations. -

AN Y .
)fT} . X =+ 2X
s - ' / - -
x—2x + (~3)
o L / . ~
x— 10 — " _ - . .« X =+ x -
N ~
o ey -
4 7 < -
X“"'5 3 . t
N_~
& i
\’ - . '
NS
. \ . ¢ %
, ] -
: -
\ « * 5 / -
0 .
. :

O
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) I Exercises 7-2a . ) I

(Class Discuésion)_
‘Solve the following equations, In each case show therappropriate -
boxes., Finally, express each solution in simplest form.
o 6 Y
1. . 2x +7 =15 o 3. §(x + 5)_= 8 . -

2. S(x-3)=2 * y, BXEB_5

.~ T .
- Thetmethod used to solve the above equations, although.limited in the
. kinds of equations it can deal with, does identify some of the basic pro-
‘cedures we want to develop in our more systematic and useful approach.

Namely » . . . " . ;- B

S 0 (1) 4t indicates that addition and multiplication are P

“:;i: p o "~ .basic te simplifying the expressions of an equation o
: ' r - and-suggests-an acceptable order for using them,
. _7(2) it emphasizes the fact-that our goal is to find. a simple
= . equation of the form x = c where the solution set~1s
‘ " emsily recoghized. - . :

"The~boxes used in the preceding eXercises were introduced as- an aid

to learning; Now we will learn how to' solve equations.without the use:of

. the boxes.as . /, //// R R .

7

Consider/the sentence R B . .
- Sy (-2) = 13. L , -

If we us"Jg for the input X, the values of thg outputs of the two functions
f1x~5x+(m

o

. and
. SZX"13 i
are  5(3)'+ (-2) and 13, . s :
and the sentence becomes_a true_statement : T "'
N . o s@ el =13
" : . o .

L N . -Qr N X bk = 13, . . ' |

‘ . L 3=13 v N ¢

<

That ig if -x is replaced by.a solution of the equatlon, then L
" "Sx 4 (-2)" and "13" are two different names for the same number. If

- o . ,Be .. 1:23 ;

ERIC
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oox is 3\1 we can mult;ply by IO and'get

-

.. — . ' (10)(5x + (=2))" mnd "(10)(1;)"

N
which are.two dlfferent names for the same number, 130.' If x .is L3,

theh we can add 30 and get’ ‘*, . o § . ,{.

e -"5x'+'(-2) + (30)" and "13 + (30)" . -

'y ~

g whlch are two dlfferent names fdr the same number, 43, Thls s1tuatlon
will occur only when the .number replac1ng b 1s a solution of the given ;'

equatlon, in th1s case 5x + ( 2) = 13.

\
9

- N . e - v . T
T . - Bxertises 7-2b ~)
S (Class‘biscassion) _ . : " .
. : ) . . - _ - X .-
The flrsf)stétement in each ‘exercise 1s a true statement

1. (10'+ 5) = 15.. "(9)(10 + 5)' and "(9)(15)" two different names -
' for the same number” ' o ’ o

L

2, 2. + L. Are "2 2—".'and 2o (12 + 1)" two different names for
" the same number? ' '

¥ 3,721, 652.—'(3)(1,573,88u). Are "4,7é1,652.+ 5,649,721" and
. (3)(1 573, 88&) +5, 6&97721" tws-different names for the same number?

Ny (h 721, 652 -2 510 3h2) = 2,211,310,
e "(3,284,621) (4,721,652 - 2 510 342)" and "(3 28& 621)(2 211 310)

© two dlfferent names for the same numbér”

v

"In the process of solving'equations using the bé&es you saw-that
you could use the operations of addition or multlpllcatlon to simplify
the expressions in the equation. The best part of that process was belng
able to see what steps to take to undo or simplify the expresslons in the
~equation.. Basically you looked at an express1on like 2x + 10, dec1ded_
. what steps you would take, starting with x,f to construct this expression,
and then yQu revérsed the steps to s1mp11fy 1t Now let?s try to-do this

without the boxes and develop a method that will solve many more equatlons

o,

- ~ -
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i _Example: If there is an input such that * . —_—
. ba . x.= 3
is a true statement, then does the-'same%put :
e S " ‘also make the following equation a true ‘Statement.: .
(.\‘ B 4 : . 5x+2=‘17?' . - i . .
- o (1) Start with ‘ X = 3: -
) (2) Maltiply by 5. .- (5)x=(5)3 " =&
. t - : % .
Gl (3) Aa@2.t . 0 sx+2=15+2
- . IR . . B .
- N \\ L or 5x +2 = 17.
S R i (4) Now start with - - 5x +2 = 17..
(5) Add (-2). = Sx+2+(-2) =17 + (-2) .
: . T ‘or 5x = 15, ’ T
Ny T 1 1 1 L '
X . B . \ . : .
(6) Multiply by.T .+ (2)(5x) = (£)(15) S .
, S5 U5 L
or x = 3.
~ : t 3
’ . 'Bxercises 7-2¢ T
R 4 .

(class Discussion)
1. Starting with & = 5‘- show how you cé.h get 2x + 3 = 13.- ‘-Reverse»thev
process and show how to get  x -f’ starting with 2x + 3 = 13,

v 2. Starting with x = 6 show how you can get 3(x - 7) = -3. "Reverse
' the process and

3(x = 7) = =32

show how you can’ get X = 6 s'ta'rting with

¢

5’ .
the process and show how you can get X =% starting with 5x +2 = 9.

.« 3. Sta/rting with x = 1 show how you can get‘ S5x +2 =9, Reverse

b, Starting with. X = -2, show how you'-'can get 5 - 3x = 11. " Reverse
the process and show how you can get x = -2 starting with

5.- 3x = 11. e o '
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We now- have dhe basic parts of our more systematic method of finding
he salution set of an equation. we*&111 sumarize the procedure that has
. . {
been- develgqu thus far. : N

»X¥1) Ifa sentence, 1ike 2x + 3 = 17,' Pecomes & true statement
- . for some input' x,’ then we can add any number to’ the number
on bdth sides of ‘the Bentence and the resulting sentence will
' be a true statemént fo;rthe same4;nput X,

. : —
\¥VI”J - (2) If a sentence%.like 2x + 3 4\%7, becomes a true statement
. ’ ) for some~input x, then we can muztiply the number od both
. . . sides'of the sentence by any nonzero number and the resulting
e : . ;«}‘ sentence will be .8 true statement for the same input xf‘
. (3) For each step in the simpllfication we select one of PN

the operations, addition or-multiplication,-and a number such

that an indicated opexation in the sentence is undone.'

(&) If the operation to be undone is the addition of some
'number, then you add the opposite of that number to the

number on bath-sides of the equation. .

"(5)  If the operation to be undone is multipiicationébyﬂsome

S : . : -
) " number, then you multiply the number on both sides of the-
» eduation by the reciprocal of the.multiplier.
Now our work could be arranged as follows:
> . ) .

If 2x + 3= 17 -is a ttue statement for some input x,'.
then 2x + 3% (-3) =117 + (;3) is s trie statement.for the'_'
- - same input x,
2x + 0 s_lh is a true statément for the sémelinput X,
I.(?Z.x

X

]

(l)(lh) is a true statement. for the same input x
2 L) )

7 1s a true statement-for the same input x.
" The solution set of the last equation is (7). Since each step is _
reversibie, [7T is also the solution set of the -first equatlon. We know

that eachi step is reverslble since every: number, except zero, has a

reciprocal, and every number has an opposite.

[
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Bxercis€s 7-24
- _’Eind the solution sets of the folloying‘equations; ‘Show your\wéfk and
_be sure fhat each step 1s reversible. . . . v ' -
) _ R o~
1.. by-+5 =15 . _6. 12ny- 5 =7 . N 11, -by - 3.= ‘g .
2.7 12-y=8 70 x '+_-g-'='10-. S 120 .08 =73 T
. Y. ] . e : S . .
3.0 3x-2=10 - 8. vy - 3 éki S 13, l'x = 17
) -2 . : 2 2 ) 2 ; .
. . : E . P . . o
S . A B o . 13 _ . _ x
h n-5=7 | .A9. 7_1+x _‘1l+._6_ﬁ
= s ba-s=7 10 x3(- =L 62ix=112
- ' ' ) o o . a |
!
4 ‘ |
' . . — K
T-3.4 Simplifying :
Sometimes we are asked to findgthe solution of an equation like
' bx + 5 = 3x + 2.
- In other words, we are {ooking'fdr an input x such that thé/outputs of the“v
functions _
T £ xobers T L 0y
- _ ,;< . . and ;g*:.x =S 3x +2
are equal, From t graphlbeiow'we see that t outputs of.thé two- functions
are equal for an input of - -3. . g ' d ey
AN r
o e . : 4
h T . . i . L .
) . . R . ﬁg

16
12
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Let!s find 1ts"solution set.

Y ' ) .
i~ oo 2 « T 3 . - «
» . . -% . =
V?\ T » Mooy 1 f@x=ix*+5 )
. . A . s
' \ - o . T .
. N . - “ - A t. - .'
. . g:x»;x@@ .
N L4 ki MR | L ~
i - L] - .
| - - . LN
L ’ , 7o -0 ‘_-1 £ . .- v o my '
;6 ‘ F ] R ' : . f Y | 2 o o 23
LA . . > . -

N &. . .
" We can also use our systematic approach to find ‘the solution set of

“such equatlons.

’ -
is a £1rue statement for soume input Xy

) If hx # 5 = 3x + 2
. then bx. + (=3x) + 5 = 3x + (-3x) + 2 isa true statement for the same
T . : ! T input X,
X +5 =2 isa true statement for the same. input 3,',

x+5 +'(‘5) =2+ (-5)

x = -3 ¥ a true statement for the same 1nput 'x.
®

is a true statement for the same input

[

A
The solution set of this 1ast sentence is [-3] Slnce each step is re-

versible, the solution set of the original sentence is (-3}, -
Consider the sentence'

) 2 + 3x =\3x - 1.

is g trie statement for some input x,
3x +7(-3x) - 1

o If 2 + 3% = 3x ~1
then 2 + 3x + (~3x) = 1s a true statement for the same

input x,

o o ‘-r : ‘..13 .

R

Xy



O . e - N ‘ L
_r,"‘ < o . . » . .
. \. " Y . / ~ . v \
) ' [ voo2 ’ : \
re o v R - - .
v -‘_V : {' - - " ) - p * BN ) .
P . ) ,2 = -1 is a true statement for the samo input Xe o A
[ ~ . :‘ - | N
. = C
i’ Obvious;l,y there is ns ;input that vill Take . thjcs statement true. The graphs
oo ~.- ..Qf_t’he. two. ctions f‘ v X, -)2 andu g P -).?1 - ‘- . _. PR
- : N ) p . . K4 ¥ X
v T N SRR
R . '~, N o ‘ s . _’ ! \ o
by . 31 - S Pt |
L4 ? ' £ x=2 .
4 a .
s v - N N
{ S S 5 1t . Do v
' ‘ : : (’ v - -‘"X ; .
’ - .. St ‘~l'. . —" 0 .' 1 2 .
.) v . . l-l i D .
) . s . g’ X~ 41 e
PR -~ ) ¢ .
-2¥ . 2 .
\ T~ ,"K’ ) > :
- [ - Lo ) -3
L] . .
\\s * a ' 4_” .
. ~ ’ / ° .
) also verify that no input exists that will result in equal Qutputs f‘or these .
two functions. -In this case we say that the solution set ‘of the original
sentence is the empty set, f#.- . 2 . h
» * - . - — g - ”
~ N ) - v‘( ” .
~ ‘ ' Exercises 7-3a. - _
" I .
- O (Class Discussiono) , ' \ °
' K o . : ‘ ‘ ’ ’
- Simplify each of the féllowing: ,
- . -
1. 2x + 3x e’ S ke -x'+ (-2x) lgl’ )
* ‘= ~ : . o
o . :
2. (-2)x + 3x N)i 5x * (-5x) : »
3.0 -x o+ Tx e 6. () .+ (-5%)
, .
_6- \\ - i \ . R )
P «_- t('Eercises 7-3b = . , i
_ . . Ve
Find the solution sets of the following equations. :
Lot 2x +.3 =x + 2 é\f}se the graphical wethod and then’ solve algebraically.)
. B N . ~ . X . . . ) .
2. 2x+¥3x+5=9 -
. . ) »
' v 2x +.3(x + =9 - ' : o
. 3b X 3( ) . 9 - { E Y ~
. - .
, w18 .
L - N - ’
_ > ’N 3 v

O
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a\o‘«_ , ( P
i b, o 2x + 7 =x - ‘ -~ S 3...‘ ‘e VA
5. R=2x+6 ! Lo g ’ ':\
. . . - ) ‘\, . {h__- ‘[ -( o - s . . e .
> , N N ~ e . R P Lo =
6.~ 3x + 5 = 2x - - . &\ - — . o
. -~ N T A . : . DA S ) | : . J\”' .
g . /"_—‘—\)_' . . . - s . . J .
© T.r A2x 4+ (S6) = Tx + 24 S S - g
R e R T
_8. . 8}( + ("3)() + 2 = 7')( +§ B B TS - -« ' \ . [ 4 ~ . o
- < . . - \T" ’
9. ~5y+8 7y+3+(2y)+5 . e W2
- . . - S - . _"’ ' .
.10. - 2y - _:63. + 7y 8 n ('95’) + ~(,.lo,)‘.ﬂ1..\~ 18y e \{:‘};% e, ‘ . Lo

’ ’ : ) X 'E. T . A pe

T-b English Sentences and Mathematical Semtenceg - ot T

a

- ‘ .
Mathematic,al sentences are used in many ways in many different field/s. \ o
Equa.tions serve as models of” elec\trical circuits, weather patterns, and to

" describe what is happening in a cancertc&.\One of the 1mporta.nt steps in

constructing mathematical sentences, that can serve asyodels of real life: Y §
* situations, is the translation of English sentences into mathematical o
~ sentences.— % . . _}' o . : : ;_-;
A filest step is to D.eg.-m to t_ransiate i‘:nglish ph_rases into mathematical R N\
phrases. For example: S : o : '-. o ‘_ SN .
Write a mathematical phraseg that can serve ‘as . _'
. a model of tl{e English pﬁ‘rase, "The sum of twice ‘ "J/,

a number andx-ﬁeven .

You can think of the translatio‘n of mthematical phrases as ‘a series of
function machines that are hooked togetk,er in the foTlomng way. Put -
a number n in the first machine. 'Then let the output of the first

machi'ne becqme the input.of the second "mach.ine', and so forth.

- . ’ - ‘ v : .

O
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> Exercises 7-la ° c N

.. QN . o <. - B ’ ~
‘,f L ﬂ v e h }x\‘ (Class _ﬁisc'ussf_on) ’ 5 ) 1?‘ o ' ¢
£ . L. = . - - ) N N - ] .
FE . o ®oei - . R :
et W‘rite mthematical‘;;hra«'es z’e;,en’ting each of‘ the following. .
rv TR 4 . - . ) s L k . . v \——-\_j A s
. . ; .. - ] " e . - v - .
. l.‘ A num_ber s.‘ddecltce_.é‘:ur. . o . ' 4y .
. . .2« A numbér inéreaseq. by seven. S ‘ . ..
~ - 2 ¢ S -
« 3. Five -;ubtrac‘ted f'rom 8o number, K’_ ’ ’ é o .o
° oY ‘. -~ ° / . Z/ o .~ )
ook LA nun;berosub'tracted‘ from five. ¢ . ' . \
) S. * Tke product of nine and a number, . - ‘ \\ . ‘
6. _ A nmnbex'ﬁubtracted from twice the number. . ’ . - e
. .. O ) . .' - . _ . .
T The quotient 'of”thre:'}.mbs a number and 2.
N 8. - Increase two times & number by 3. T T .
n r 39, Ten less than seven times a number. a
- . : P -

’ 3 " 10. - 47 e amount repre.s'en-ted-‘ by the .guo_ti ?t' of eight times 4 number and 5.
R K
~ B
" te mathematical sentences'that are models of English
sentd{ices - we usually are translatlng sentences that say, .for some skt of )'
inputs “he output of one function is equal to, unequal to, Iless ‘than, or .
® greater t»hat of a second functioh. The veib _fjonns h these > .
sentenées are represented by the symbols\‘ =, %, 5 ’ and >, " o
- 4, ) b )
e " E)'éample': Consider the problem, "The * sum of a certain number and .
\ eight is equal to two moTe tha.n the product of four and’ .
. . the: number. What is the number?" If we let X represent
) a number, then we can identify two f‘unctlons i the .
r above statement . ' . -
s ' .

LN

.

O
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S frx-ox+8 and g : x - bx+ 2,

S S “
’ The problem says that for some 1 put X the outputs of

these two functions are equal is situation is ~ °
3 g : - .
represented by the equation . : .
4 ' . - . ¢ / ’ . R ’
. . » x+8=bx+2, * . :
7 - *

e '.20' R

e,
/

.

-



. 'Solutibn'jl . x +8 = ;hx + 2 "7 _ - o
| T U x84 (8) = bxer2 4 (-8) ,

- . TNy = bx -6 R
R o ;; .»,'f’,f T . (<) ¥ x =-.(-§X)‘; &x :6". FRAN :- ',—-~. ¢
T O 0 6 1 R T ) .

- . | B k=2

.t Exercisés 7-kb
. = ) — 35 .
For each of the following problems write a wathematical sentence
e~ which can serve as a model of the 'situation. Then.find the solution'éet

" of each sentence and'g§v wer to the questibnbﬂ

v e 8
. I

1. If one.is-added'td twice a boy!s

—_

hge the result is nineteen. What

is the boy?s age? ’ oL o .
. . . )

g um is tripled. The wresult is

" 2. A number is increased By,v7 and th
' is divided by L. 'The final result

decreased by 5 and §; differenp
is '*8. .What 1s the o

r¥ginal number?’ !

3. -"One number is three times as_large as another number. Their difference

is 12, 'What is the smaller number?

L. A board L5 inéhes long 1s to be cut into {wo. pieces so that one' \\
* piece ‘is '3j inches lﬁnger than the other. Find .the length of each .
" plece. ' o o

5..  The sum of 2 fumberdand twice that nuékezi%ﬁ 27. ‘What is the-number?

o

Take & number. Add 5 to it and multiply the result by L. If your
result'is LB, then what was the original number? ___
7. The sum of threé numbers is 83. -The first number is double the
%K sécond amd-the third number is 7 more than the second. Fipd the
= three -numbers., N - T . o
8. . Two cars start from the-same point at the same tidge and travel in the

same direction at constant speeds of 34 and. 45 wmiles per hour,

respedtively.'”Ih how meny hours will they be - 35 miles éﬁért?

O
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9. A student has test gradés of 75 and 82, ﬁa’f’must ‘he s’c{ ]
; . .

s
.~ &ty

third- test to havé an average'of ‘871 2 , Ren, Vg

H

mf
o]
3
o
!

10. Mrf Jones promised'that'when,igé family went to_Southern.California in
- - the summer, Johnny could spend’ 5 days all by himself inADiSneyland
Knott'!*Berry Farm and'Marineland” Johnnyosaved up the money to spend
on the trip .0On each of the five days in the morning before Johnny : £
set out, Mr. Jones added $5 to ‘the" amount Johnn/ already had. Each '"_w
y)Johnny limlted himself to spendlng half the amount he hadnwhen he '
“set out in “the morning At the end ‘of the five days Johnny found that
. h o : he had exactly $h & 1eft How much was 1t that Johnn/ had saved v

up to spend on the ‘trip? o . A

" 7-5.\ Inequalities. . . T e .
In many mathematical sentences\the order symbols, < or >, and the &
symbol # appear. Somk examples of inequalities are '
| | 3x - 7<8,
2% > L
and. x + 2 £ 3.

These are read '"3x minus T is less than 8",
- Mex 1s greater than L, _ )
and "x plus 2 is not equal to 3". L L e

_We'will find that the.sentence 3x =7 < 8. will become altrue'state-
ment ' for some values of'the vafiable X and a false statement ﬁg; others.
.+ . The values .for which the.sentence becomes a true statement are called the
. s@®lutions of the lnequallty Thus, if’ the 1nput x 1s,replaced by 3 in ] )
: the function. : ) g ] .‘ _ )
> x=3x= T, . \
- then the output becomes ( ) - 7 which is 2. Since 2 .is less than ' T
8, the sentence 3x - 7f%§8 becomes & true statement wvhen x 1is replaced
by 3. Hence 3 ‘is a solution of the inequality. To find some others
let's look at theigraphfof the two functionms
'.“‘ o £ x=*3x - 7 and g: x—8.

ERIC
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Y'Y
. ) o
’ 3 A ka..
v N 2 g : x—8
. i T o
1 . v-;v-‘L
5 - : ' . . . '
- ‘ - _' ./.
'/. |
r o I
=
'. Lol ‘ JL ' [
o /l 'l e Yy
t ' ) 5 3 3 3 - X
» H N N »v '. \
- .. x— 3x -7 . ’ S .

It is clear that the valu

“input of 5. It should be clea

less than 5 1is the output of

g s x=— 8. Furthermore for eve

is less than the output of. 2.

the sentence'

\.

. is the set of all numbers 1ess

numbez llne as fOllOWS‘

es of the ,two functions are equal for an -
r, from the graph, -that onlJ for an 1nput
f-: x=+3x - 7 less than the output of
ry number less than 5, the output of f
Therefore we SEJ that the solutlon set of
. . L . a
3x -.7T <8 "

. Y ) .
than 5. We can represent this set on the

.

T 5 4 5 ¢ 1

The open circle means that 5

is hot'included in the solution set.

e 533 u??_%i_%‘;

-

Since the olutput of f $ x=*+3x -7 1is greater than the' output of

g : x—+8 ftor inoputs greater than 5, and for no other values of x,- the

solution set of the sentence

v

3x - 758

'

¥ pg



< ) . . . . . . . . . -
: .

is the:set of @11 numbers greater the 5 _This set can be shown on the
nurber rlihe'as follows: - » . _' , o \

L T Lot

— —+ + + + —1 —+ + + f‘ﬁ -
6 -5 -4 -3 -2 -1 0 1 2.3 4 5 .6 7 8

Exercises 7-3a

. (Class Discussion)

Using a graph, determine the solution sets of the.f‘ollowing.ma'themaﬁ:ica.l

sentences., ‘E(epresent the graphs of. the solution sets on the number line.

1. 2x -2 =-3x +3
2. 2x-2<-3x +3
- 3. éX"2>-3X'+3

’

o
a

It is po;;si"ole to find the solution sets of-lnequalities in a manner '
similar to the method we developed for equations. 'To do this we need to
. .®ecognize two proper{ies of order. Let us fix two pdints, a g‘a.nd ‘b, on

" the number line with a < b. .

2
i
v

a b -

If we add the same number ¢ to. & and to b, ‘then we move to the right
lc] units. if ¢ 1s pésitive; and to the left |c| un'it_s if ¢ 1is
™~ negative. ’ h ' '

v ™~

' c—Jel—=  —le|l— =lef— | e|—
» . M .

Y

. 4

oy "
— - +

b+c - a+e a bxc b <

$ :
- v T

a o a+tc

O +

. -
3

In both case® a + c- is to the left of b + c,

We ftate the f‘c;llowing
¢ . R
property of order. ‘

. Additive Property of Order. If a, b, c, -are ratfonal

$ - numbers and if & <b, <hen a + ¢ <Db +c.’

—. .

»
’

ERIC

Aruitoxt provided by Eic:



) . . N | ! -
T~ - Exercises 7-5b v
“ (Class Discussion)

Apply the additive property of order fo determine which of the» f. 7 ’
following statements are’ true ) : - '
1. (- 5) b < (; LL) + 4 |
2. (-2 (-5) < (- (E) + (o5

2 3775 ST
T by 8
3. (-5.3) + (-2)(- 3) < (50.4) *3
b, Illustrate'the;additive property of order, using_the number line, for
a =-3, b=1 with ¢ having successively the values -2, g s O,
3. 5 o N e

We can use the additive property of orde{/io find the solution sets
of inequalities in’ the following way.

Examgle Flnd the soTution set of x +3 <1,

I x +3<1 _1s a true statement for some number x,
then x + 3 + (-3) <1 + (-3) is a true statement for the same

- number X, ; :
x < -2 '1s a true statement for the same number Xx.
Since these steps are rever51ble the. solution set of the f1rst
sentence is the same as the solution-set_of the last sentence,
namely, ‘ ‘ ’
the set of all numbers'iess_tnen -2. >
X . Eyer01ses __2_ - _ )

.Flnd the solution sets of the fo lowing sentences Graph the solution

‘sets on the number line. ° . '

1. 34 x<(-h) . L.(-%)»+2x>%+x

2. (-3) <x + (-2) (-2) +2x< (-3)o# 3% +5 o

Co 3. 2x<(-5) +x _ (- ‘E)j_(%) > x (‘3)_ T
b 3x>%+2x’ o ' TN o |
21 - -
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W ’ - . B ‘ S
. gggsider the'true statement : ) o

SR ‘f;,@<8 '._‘.

If each. of these numbqf"is miltiplied by 2, the:ineohstt&'.P _#g:: ,
. L R I . o ;‘ . o e . . .IG-
7 .o . (5)(2) < (8)(2), o . - Y
) ! . . . ~ L . o ) - . -
o or 10 < 16
1s'also a true statement. o g} ‘ o o - s
. N Exercises 7-54 ° °. : s
. . - . . LY Il i
. . *

(Class Discussion) . M . S

Complete Exercises 1 - & by inserting an inequality symboi_V<" or ">"

to;make a true Statement. . ) ; S

L (a) 7 .10 - L. (a) -7\ e
(6)  6(7) ___. 6(10) (b) " 2(-T)__g 2(-2) ¢ -

2. () © -9 __ . 6.7 5. (a) S - ‘
(b) 5(59) _ 5(6) () 31 -38)

3. (a) . 2 3 - 6. (a) -5 b e
(b) -h(2) ___ -k(3) ' (b) -6(-5) ___ -6(-h) '

7. Look at. the two partseof each.;xerc1se. ', ‘
{a) @ln which exdfrcises did you use the, same Lnequsllty symbol 1n'(a) and .
, (b)° . o o oo , e
"(b) In which exercises did you. use-different s,mbols in (a) and. (b)é ‘
* (c) Choose one example in which you used-th® same inequalit; symbol and
one ln which you used drfferent symbols. Can you see what caused . the’

difference?

» : ) . . o .

The above exercises suggest another important propert/ of order.

Multlpllcatlve Property of Order. If_'a;\’b, and c arc
_ratlonalknumbers and ir a< b, then
] ' . | .4 ac<be, if c ‘is positive;’

be < ac, if c is negative.v

We can use both of the propertles of order to find the solution sets of
. 4 .
sentences 11ke

- S _i . 6bx - ﬂ5_< 105. ‘ . . B
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e 6k 4 (-45)
-ma16x?(45ff(%)<

-

Y

105 + (45)

number

bx <

(3) 6x

A

number

X'< 25 1is a true statement for the same number Xe 07

X,

(E) 150 is a true statement for the same

<105 is a true statement for some number - x,

is-a true statement for the same )

X,

150 is a true statement for the same number ,x,

- Since .the steps are reversible the solution set of the sentence

~

6x --ﬁ5'< 165:.

isnthe:set of all numbers less than 25.

Find the solution sets of the following sentences.

T 1.

2.

greater than their mother's age which is

2x +3<9 S
5x - 8 <10 - ~
%‘;'3x,>:2 , ,
4(LEX) + 3 < -5 i
(-2) + (-bx) > (-6)
T s (5,
5+ (-a) <bxa(3)

5x ¥ 3x - 9 < 4

'3

o'+ s + (=

Johnny Jon

more than

. Johnny is.

than their

,Ifoohnny is

: o dollars.

B s D <D+ 3

W)(x +3) <6

had a bunch of dimes and one half4ﬂbllar. 'In all he had

2. years older than Sally

father's age which is

Exercises 7—§e

B

~

How many dimes must ‘he ‘have had? -

v

\ate the,following‘situations into mathematical sentences and'solve;

&

The sum of their ages is less

42 ~ years.

2 'years“q1der thanlsally and the sum of their ages is,

How old 1s Sally?

RN

39 " years, how old is Sally?

.

\"'\



-l&. The lines in Miss Jones? grade book for Richard, Tom and Ann' logk like

this — — .
. - ‘First Second Third |-\ = - -
. o Test |-  Test | . Test L =
Richard o2 . | 77 ? S
Tom | - 81 .56 = S
_ Amn 78 67 ? v
/v\ﬁ

- . Each of the udents would like to have an average greater than 80
after th‘e'7

the thiy
" is 999

ird test. For each'stndent'find what he must scdre on
test 80 as.to obtain an average greater than 80 1¢ this
le. (The maximim score on any test is» 100.)

* '15.' Dave Hart decides to spend the summer vacation earning money for his
' . college education. Herfigures that there are 49 working days. and
that his expenses will amount to $69 How much does hg.%ave to °
" earn per day in order to save a total greater than $u707

16, v‘Mr. Robinson drives a compact car. He finds that he can get 22 miles
' per gallon oJf gasoline on’the open road and 16 miles per gallon of
gasoline in heavy traffic. "On a trip of over. 142 miles Mr. Robinson
used "7 gallons of gasoline.’ ‘How. wany miles’ of the trip were on the .
open road? (Hint: Let X represent &, . number of gallons of gasoline

_ a car used on the open road.)

17. Mrs. Tobin has large family. She planned a family party ac“which'
-’ she.seryed.turkex and ham. She ordered & twelve-pound -turkeéy and an .: .
eight- ponnd ham. If han costs 15' cents per ﬁound more than turkey and
her bill was less than $1o 20, what is the cost of a pound of

3

turkey? .

o

O
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" 7-6. Apprloximating'Solutions

"l’ ) 3
" We can also use ‘the graphical method to find solutions of a nei kind

of equation though 1t will’ usually glve only approximate solutions. Consider
the following situation

"Assume that ‘an obJect thrown vertically downward from the |
top of a cliff. above a lake falls according to the law

L 16x° + 48x = s where s represents the distance that the
'object falls du}ing the first x seconds. How long does it

- take for the object to travel the 6h feet to.the surface
of the lake?"
The model of the situation is ' . . "

16x° + UBx = 6b.

Multiplying by '%z, we get <L
S x2-!:3x=1l-._ )
Adding the opposite of 3x,-we get : _ o o o . "

PR .2—-3x+h-

. P T
Here we graph the tWO'functions
£ xS xe and g : x”—>-3x + b
The graph of g is Just a straight line. .'The graph of f however,
1s curved and we wi]l need to plot a number of p01nts 1n order to sketch ’

the graph with reasonable accuracy.

x JofTlaysls|g | 2] 3| % | ,
: 1 25 | 3
x2_ hof1fs]o 111 Tlg ‘E —E —1? 16

Noting that the square of a number is the ‘same as the square of its

2
. opposite (for example, 37 = 9 and ( 3) 9) we now sketch the graph.

SN
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6 -5 -4 -3 -2 -1 o 1\2 3 4 5 6 71 *

We note that there are two inputs for which the” two functions have

A : . :
equal outputs, namely 1 and (-4). The only result that wakes sense when.
the solutions from the mathemafical}modei are inferpreted in the problem s
situation is 1. -That is, the object will hit the lake surface after
1 second.

) We-égn also see from the ‘graph that the solution set of

x? < -3x + 4

is the set of all numbers less than 1 and greater than -4, since the

‘graph of f .1is below the graph of . g 1in this interval. The sclution

set of o '
P >-3x + 4

consists'of those numbers, x, .for which either T g

x'< -4 or x } 1.
26 80 ‘
O
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°

e ’ . .

, o ' —d/
If these points;diﬁ not have integral coordinates, then we could
estimate the values.bf the inputs from the graph. ‘
B ) . . [ 3
- Exercises 7-6

e

1. Use the graphical method to find approxiﬁatq sofupion sets for each
of the following. o - : S
2 - % x=5

7 A ) .'..3 '4 .
. . 2' 4 x<5 -
- % x>5

2. Use the graphical method to find approximate solutions sets for each
of the following. o ] - '
. 5 }'(l3=~2-3

IR P
x - 3< é.; Elx

Wi win Wil

x=-3>2 - % x
3. Use the graphical method tb find approyimate solutions for each of

. the following.

‘

SRR
2 _1 .
X < > x + 3
x2 > % + 3
‘Summary - o S
 Section 7-1. - o .

An'equation may be'thought of as asserting that for some Anput
P ‘the values of the outputs of two functions are equal.

‘ﬁ“::' ’ _ If a value is'assigned to the variable in an equation in one
L variable, then the equation becomes a statement which is either true

?L, .or false, but not both.

t

We call the set of values that are assigned to the variable in

M .
EE . ¢ . -
"
A . . : o«
' S : L 27
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- Section T-k.

_an equation, and that result in a_trhe statement,_the solution set

of the equation.

~Section 2-2.

>

We usually "'solve" equations by finding simpler equivalent

"equations. s . T

.

~Equivalent equations are equations'that have the'same set_of

possible inputs for the variables and the same solution set.

We often use addition of opposites and multiplication by

"reciprocals to find simpler equivalent equations. .

‘The statement a = b means fhat "a" and Y are different names
for the.same number. If "a" and- "b" are names. for the same number,
then "a + c¢" and "b + c¢" similarly are two names for a single number,

as are "ac" and "be". - fais, if a = b, a+c=b+c and ac = be.

"It is also the case’

I}

(1) 4f a + ¢ = b + c, then a =1» .
and. (Q), if ac'=bc and ¢ £ 0, then a = b.

Section 7=3.

When -the vafigble occurs in more -than one term in an equation,

the equation can be simplified in one of two ways: o

Q

- (1) by combinlng the terms using the distributive

property if they are on the same side of the equal |
sign,

or (2) by adding the cpposite-of one of the numbersvto the

numbers on both sides of the equation. : ) -

One of the important steps in.finding a mathematical model-of a -
real-life situation'is the translation of the verbal statement of the -
situation into‘meaningful mathematical symbols. The variables should -
be described carefully. The description of the variable should say
what it measures, such as whether it is the number of inches, the

number of donkeys, or the number of tons of wheat.

28 -
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Section 7-6.

‘\\\3 N v.. | - .: . ',;

. Each”prohle@ has .three distinct parts in it®

.golution:

_ (1) the translation, or the creatiof of the mathematical.
r/” model of the situstion, ’ \
(2) the'éolution of the mathematical -sentence or sentenqés,

" and ~N3) the interpretation of\{he solution in the criginal

s1tuation. . N .

Section-[-ﬁ..

It is’customary t5_dall a simple mathematical sehtence involving .

"<" or ">" 'an inequality. The solution sets of inequalities
usually are sets with many numbers in them and it is sometimes

convenient to represent these sets on the numbe# lire.

There are two useful properties'og.drder thét we use to simplify.

inequalities. The& are:

-

Additive Property of Order: For any rational numbers
a, by and é, if. a < b, ﬁhen ‘a'+ ¢ <b +c,

Multiplicative Property of Order: For any‘rationai'

numbers a, b, and c, if a<b and O0<c, then
L\ . . * B
ac <bc; if a<b and ¢ <O, then be < ac.
’ .

The approximate solutions of séhtences 1like x2 = ax + b,

,

'xa <ax + b, and x2 >ax + b .can gquite often be found by uslng

graphical vmethods. - To do this we graph the functicns'
) -y

&j . f o ox —*x2 and g : x 2ax + b
and look at the values of their outPuts for different inputs.

w7
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Chapter 8

_CONGRUENCE

4

8-1. A Road Building Problem- , 4
A story is told that in ancient Greece there wére two towns separated

by a mountain. It was desired to build a straight roadljoining~thése towns
- S

by tunneling through the mountain.

’

‘\'»'(ED
o Figuré 1.

» . . . . L4 '

3

The towns, A and B, and the mountain are shown in Figure 1.

L : e

O
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. ' e aﬂciqnt Greeks p.ééd their icnoi:ledgé of gebmeti'y to solwe this

: p'.xjoblem'in the followihg way. Fj._rst they, p{j'.cked‘a point C from which
both towns A and. B wvere 'visible. ‘Then line segments vake drevn
connecting’ C with- A and B.

32 )
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On the 1ine K‘ they located point D so that the distances from
C to D and from C td A were the same. Similarly they located point
E on the line BCJl so that the distances from C to E and from €  to B

- were equal., Th segment DE -was drawn as shown below.

o ';. Fignre 3 o . . ‘
The ray AP was d;a:;\bc/that/ /A had the same measure as LD,

Likewise the ray BE was drawn 50 that the measures of /B ‘and ZE were'

equal.

Two construction teams started tunneling at P and Q on the same
level in the directions" indf\ﬁted by the rays: AP and B. Sure enough,
they met in the middle of the mountain. .

In this chapter we shall discuss the geometric ideas which enabled

1the ancient Greeks to solve. this .problem.

>

36
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v 8-2. Congiuent.Segmenfs‘and Congruent Angles .

On the edge of a ruler, the marks
that match points A and B 'of AB.
. L A B. maybe made to coincide with poinxs' At

' (read A brime)j and B! (fegd B prime).-
A'. -+ © B' ' This shows that - ATBY 1is a copy of AB
‘and that they have the same length. In

“other words, they are congruent,

If we let "' mean "is congruent to", then we can write: . . -

ATB' T 2B.

We use the names A! .and B"“té'emﬁhasize th;t thesehpointé correspond -
réépéctively to points A and B. Since AB and A'BY. hgvé}the same
length; we can write, "mAB = ﬁ37§7",' which means "the measure of"xi
equals the mehsure of AVBI", . '

> e

" - Definition: For any segments AB and CD, . if wAB = mCD.

" then AB % CD. Furthermoré, if ABT CD then
wAB = wCD. S

' Wé'alsofusé,thekgjmbol AB for ‘mAB.- Thus AB stands for the set
of points which make up the segmght, while ' AB stands for the real’number

v

" which is the meaqtreAOf the.segment.

o~ ' If a copy of [ABC 1is made'on_‘
a tracing.shgef, it will fit exactly
on or coincide with /RST. Then' v
the -two arigles are congruent and they

have the same measure. -

Definition: For any angles /ZABC and (/RST, if
' m/ABC = m/RST then /ABC = /RST. Furthermore,
if (ABC = (RST then m/ABC = u/RST. '

4
‘

3)«} — ' . ) ) ,\. B

O
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1. Copy the diagram below.

2.  Explain why any Segment or any angle is alw

" Show hfw a pf@tfactor can be used to'draw a ray RS
. ,#SRT % /Bac,

L

R

ExerciseJ(;xea
g 7

(Class Discussion)

A T

" (a) ‘EXPlain

Given. AB

the
(a)
(v)-
»(C)‘
(a)

o
Bl

o

~

following.

Can points. A, B,.

y-

. -

¢

3.. The two angles, ZAOB ,and /CPD are congrient.

o

.so_fhat'

ays congruent to itself.

N/

LAOB = LROS
but ZAOB # /CPD.

‘(b) What is the difference

between the meaning of

"equals" (=) 'apd'of

' "is congruent to" ()2

(c) Whny do we write:

w/AOB
‘m/AOB

BC. ‘Draw sketched and give reasons

and C be on a line?

Must points ~A, B, and C be on a line?

(4

€an points A; B, and C. be_in a plane?
. _ .

Must points A, B, and "C be in a plane?

38
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‘m/CPD,
m{CPD?

instead. of:.

for your answers to
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5.

" for your answers.

L.

ERIC
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(a) can A, B, C, and D be on a. line?

Given '/ABC = (CED.
(a) Can A, B, C, and D be in a'@lane? Show a sketch.
o k ‘ (b)‘ Use the diagram at the'left
' to show that points A, B,
D . i_ : €, and D do not have to
L. . . be: in the same plage in order
that LABC 2 ZCBD

" Show that the corner of a
_Toom cah also be used t&ashow
that A ;B, C, and "D

need not be in the same plane.

\ ' ' Exerciées,8-2b

Explain the difference. between- the following two statements.
AB =CD; ABZ cn

Tell'whether:each of'the following is a number, or a set of points.

v

(a). O S (c) micaB (e) CD

(b) wAB. () <oea

'Tell whether each of the following is true or false and. give a reason .

for your answer
13

(8) If wmlA =miD then <A = /D.

a

(b) I& /M= (R then wiM= m{R. -
* (¢) If "/BE /€ ‘then (B = LC.
() If (P =(Q then /P % AQ.

For each of the following exercises, draw_éketches and glve reasons

1c Y52 and 0 OB,

(b) must A, :B, C, and D ‘be on a line?
. . ¥

I AN

e :3!)
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6.

8.

-

'9'.‘/..«

10.

8-3.

5.

3

‘CA, -

If ABZ R ‘and B

(a) can A, -B, and C be on the\ sp.me 1ine‘7

-

(b) ‘what 1s the figure called which _contains these. three congruent

-

segments 2.

~ N

Tt A0B'T BoC = won, . . . o

s g

e

(a) can A, B, C, and O be 1napiane?

(b) must A, B, C, and O -be in a plane?

If AB =, I % @D, and. CD = DA, - - o
el by . . ) o .
. . ) e N . ,
(a) can A, B, C, and D be on a line?
. o i N . I
(b) can A, B, C, and. D be in a plane? .

.

If ¢DAB % (DCB and. 4CDA T ZABC, can A, B, C,- and' D be in

a plane? ‘-

—y —— L e oy — b P ’ i
If AB = BC and CD = DA,. can A, B;‘"_“C-, and D be in a plane?

" If ABECD and AC T ED, o \
(a)- can A, ‘B, .C, .and. D be on & line? - & - ...
(b) must A, B, C, and D be ona liné? S

-

Addition and Subtraction Properties for Segments

In fhe ‘dra.wing below,' AB. ang SR .have been ‘ma'rked with'a single

mark to, show that’ AB = SR Likewise BC .and ST are marked with doublé:
marks to show that BC— a - ) '

>

e,

>e

R N

V'K 4
e

37
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T e

. We know that whB - uiS and ch = WST. * Why? It seems’ reasonable
that‘the measures of AC and RT can be found by adding the measures of
the two smaller segments contained in AC and “RT.

“

. Then, - . WG = mAB+ch' R

and < "mRT—mRs+ms'r

The measures of AC and RT are, found by adding the same pair of

numbers Why? o : . . o
; (3 . " Hence "wAC = mRT, and therefore AC = We must make certain that
' ’ ) ‘ the, points are collinear because
R Coar RS and ST ‘are drawn as .
shown at the left, then RT and

-

- " 'AC ‘are not congruent.
- ' AR We snail agree to th%
-~ : S following statement. -

Addition Property de‘Congruence of-Segments:

If B 1is between A and- C‘ and -S 1is between R and - T,

and 1£ AB= RS and BC = ST, then EE';'RTE.’ -
fg . 7
This property may also be observed i subtraction form. In the

drawing below AC T RT as
s " shown by the braces and
B = ST as shown by the single
mark. o o
.> The measures of AB .and EE},
may be found by subtracting the

same pair of numbers.

Lo wAB = mAC - mEC-
jd A .
O i N R — 6_
‘ T 3 3 R * mRS = mRT - wST "
" A o Ao S o .
d RT=RS« ST ' - : Therefore.'AB = RS.

This property is called the subtraction prope y of congruence for

§gg§ents.

LN ¥
. ) 2
O
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Exercises 8-3a .
..~ (Class Discussion)

. "Illus'tm'te the addition and sdbtmction prolserties for segments "

using sticks.

. ’ o . BN . ¥ .
‘2.7, State the subtraction property of congruence for segments.

3. For,f:he Segment E shown bnéiow',' AB = CD. 'What conclusion can you -

make, using the addition

A ’A‘ oo Bm g D property for segments? g
v R - ’ o ‘ ' . ‘
b For the segment AD below,” AC = BD as shown by the braces. . What
. o e L c - conclusion can you make,
. r N . I
o e—L - - - using the subtraction property
- ' ‘/ A Bt‘ Y a . . .
A . for segrpents?
l, ‘ .
» . 2 ,
'r CoL o .,"if‘AExlércises 8-3b
" From-the information. givén, state the conclusions you can mé.ke d
LI .- . . : :
Justify your answérs. ‘, L S
1. _.Given: AB = CD. .
D - - - )
E B A C D
2., ' Given: AC = BD.
- o .‘
. r A 1B _ ) .
- IR » 5¢C
D A # .
] -
3% Given: AB = FG. . R
) - ) o ‘// .
- A . B c D E F G
Al D{ ' »
& - . . N .
T 9 .42
» . k]
1 'I‘ ‘ .‘ ﬁ_'
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AC =

n
d
o]

.\
=3
to

fa P Je——
. B C P
AC = CE, BC =-CD.
~ e .

6. - Given:

7. Given:

8. Given:

9,  Given:

ne

x>
td
alll
&l
S )
) gl °

A B c D E
— . ;_ CF
AB = CD.
AC Z TE,.r IC = DE.
= — A
- — .

Ty

10. Given: '

ERIC

Aruitoxt provided by Eic:

T

"

Lo

"‘ ‘[11 'J.I



e

8-k, Additibn and Subtraction Properties for Angles

In the diagram below the ray OB is between Ok and OF since’ ﬁy.
is in the interior of ZAOC.

'*Thus,two.angles sre formed; . .~
ZAOB. and /BOC, which have a
common vertex, a common ray, and

Their 1nteriors do not overlap.

These two angles are. called .

adjacent angles. . (Adjacent means

"neighboring".)

0

~Definition: When we say that two'anglesﬁare adjacent,'we'mean’that
‘ (a) they have a comﬁon vertex, (b) they have a common

ray or side, and (¢) their 1ﬁleriors do. not overlap:_

Aﬁgles.have addition and subtraction properties similar to those for
R

segmentsr'_For the adjaeeﬁt4 ¢ -
angles shown at the left, ‘the. :
single marks show that '

N
»

LABD = LTRS -
‘and the double marks show that

/DBC T /QRT.

The measures of ZABC and 'ZQR$ ‘are found byrédding the same pair

of numbers.

mZABD + m/CED

.. mZABC

mLQRS = m/SRT + mZQRT C
) - o

Therefore,- ZABC = [QRS.

b1 ‘4‘1
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Y
A special case of a palr of adjacent angles is shown below. On a
T 1line 'Eii C 1is between A and
B forming opposite rays. CA
and CB. 'A point D not on’ the.
line determines the ray Efﬁ

g : ﬁ - v forming the two ad acenﬁ angles
- A Vol ' Tne Ty Aaac &
- o ) ) /ZACD and  ZBCD.
- " m/ACD + m/BCD = 180 :

e

Using a protractor it can be- shown that the sum of the measures of
"these two angles, in degrees, is 180. The measure of either angle can.be

expressed in subtraction form.

\, For example, w/BCD = 180 - mZACD. _

Two lines A5 and O intersect at O as shown below.

' Name the four angles that

are, formed. ~
. .

v

ZAOC and /WD are a pair.
* of non-adjacent.angles. Why?

Name the other pair of\'non-

adJacent angles.

.. These two pairs of non-
'adjacent angles. formed by two
i.nters'ec.ting lines are called -
vertical angles. (Note thap‘
here "verticdl" is not associated

with‘"horizonﬁal".)

Exercises 8-lLa

(Class'Discussion)

."l;: Use the diagram below to state the addition and subtraction properties

-of congruence for angles.

P
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2. ' For a given angle, /AOB, describe how you would draw

- ~

S €

(v)

.(C)

. -

L

an aﬁgle ZAOD . that is adJjacent

> - ZAOB 'so that the sum of the e
measures of the two angles is
180. —_—
an angle ZBOD that is not
ad‘Jacent.to ZAOB."

n angle ZCOD so that ZAOB
and 4COD are vertical angles.

.

3. " Describe the figure f‘enne'd by’the union of any.psir of vertical angles.

L, 'Draw at least three pair" ‘of .vertical angles. Use a protractor and

f‘ind ‘the measures of these angles. What do you suspect is true about -

the measures of each pair of vertical angles?

5. Two lines _m and E-ﬁ intersect at

(a)

{180 - mza0C)

(180 - mzAOC )

Show that the-

0 - as shown.
es of the
two vertical -a
{BOC are pqual to

: }80 wlAOC,

Therefore, ZAOD = /BOC. Why?

In the same way, show that the
measures of the other pair of
vertical angles, ZAOC and

ZBOD, °arel equal. ‘

Therefore, ZAQC = /BOD. . Why?

' From Exercise 5 above, we may conclude that:.

Any pair of vertical a_ngies are congruent.

ERIC
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- . S - Exercises 8-Lb

1. From the diagramh shown pelow;.exﬁlaiﬁ why the

‘following pairs of angles
., are not adjacent. ¢ . :

ahd £COD
~and ZACC
and /BOD
and _ {BDC .
N .
- 5} -~

For this diagrem, name all the
" angles that are adjacent to

(a). <AOB.

(b) geop.
(e¢) <BOD.

SRR
'-.'.a - ‘
LIRS

. ) 3
For this diagram, name al; "

. -

pairs of vertical angles. - .3 1,,“" .

R,

o

4, Fora éiven ﬁlane,-hod'many pairs of vertical angles are formed b&i
(a) two iﬂtersecting.lines? |
“(b) three lines intefse;ting‘ét a point?
(e) four 1inds’iﬁtersec£ing ét a po?nt?.
S w47
.« - - -
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. %
In each exercise below, state the conclusions you can make from the
glven information, and justify your answer. -

Given: ZABD £ /CBE

]
N
8
o

7. Given: ZAOB =

/BOC. = 'zcon_'

re

.us

O
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8-5. Copying Triangles

In the problem of the ancient Greeks building a tunnel we saw an
application of making-a copy of a triangle.‘ In this section we shall study
‘the problem of copying triangles and see Just how much information about a
triangle must be kno%n_in order to make a copy of it.

We could make a copy of a-triangle 'AAEC by waking a cardboard cut-out=.
which Just®fits the’ triangle, then moving the cut- out to a new position and
carefully tracing around it. This results in the AA'B'C' as shown below

% - where AABC T AA'BIC'., - '

v ' : “. . Figure &
. ) 1Y A :
~ We shall consider, however, the problem of copying one such triangle
without making the cardboard cut-out.. : : . s
Let'us start with the same trianglé( AABC and a segment A'B! where

~

" ATBF = 7B, S

'Figure 5

We wish to construct the triangle AA'B’C' ‘which was obtained by ‘the
cardboard cut-out shown in Figure 4. The prob]em con81sts s1mply of locating
point C' because when the location of C' 1is found the triangle AA'B'C?

can be drawn.

ERIC
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' Three methods for lbcating‘ C* will be ghown. These methods involve
the abllity to measure some, but not.all, of the sides and angles of
A“B c . ) . V . .

First Method

I3

J,The_first-method for locating ‘C' consists of using a protractor an

draving a ray from A! so that’ mZA' = m/A. Point C! must be on this

.

ray.

B

-Figure 6

o

We locate .C' on this ray so that mA’C' = mAC.* Then AA'B'C'- is
completed by drawing BICt, '

L3

To copy a triangle, then, i1t is only neqessary to be able folmeasure
two sides and the included angle. /CAB is said to be included between the

sides AC and AB because these sides are contained in the angle.’
. T 3

SAS (side, angle, side) Congruence'Property:

.

If two sides and the included angle of one triangle have
the same measures as two sides and the included angle oﬁ
\ '. another triangle, then the two triangles sre congru%nt

L4
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. 'Second Method

© -Start again with AABC ‘and A'B'. Draw from A' a ray so.that
mlA? = wl/A., Then draw from B! a ray so that wiB! = wlB.

i

Figure 7

'Point Cct must lie on both rays and therefore is the point of inter-~

e

‘séction of the two rays.

- In this case, to’copy a triangle lt is only necessary to measure two

-angles and'the included side. AB 1is said to be included between LA and’

© LB because ‘these angles contain the side.

ASA (angle, side,'angle)'Congruence Property:

If two dngles and the included. «61de of one triangle have.
. the same measures as two angles and the included side of another -
Ttriangle, then the triangles are’ congruent. : )

. <
- a

Third Methog -
This timeﬂxﬁs hall measure only the sides of AABC. dnd none of the-
angles.

‘.

In Figure 8 below, point C' ‘must lie on the circle with center at
AT and ‘radius equal to -mAC.

.. ’ B o Figure'B'

Y | :

£SS



©~ -Similarly, point C' must lie ‘on the circle with center at B? aud'
radius equal to  EC. . o

B.

- Figure 9

Since C! 1lies on bcth these circles above the segment A'B' ﬁhen

it must be the point of intersecticn of the arcs shown .in Figure 9.

Using this method to copy a triangle, it is only necessary to be able
to measure the three sides. _ o ] ' ”j\l

-

.. 8SS Congruence ProperfYﬁ

If the three'sides of one triangle have the same measures as the

three sides of another triangle, then the triangles are congruent.

‘Returning to the tunneling problem
of the ancient Greeks, we seéfthat~the
_ two triangles, AABC “and ADEC, are
. . eongruent By the SAS property. There-
fore /AT /D and /BT /E which
~determine the directions of the
_* tunneling from both sides of the

mountain.

Figure 10
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1. Perform‘fﬁe following constructions using a ruler and a protractﬁr,

. (Lengths are expressed in inches.)

(a) Comstruct AABC so that BC = 1% , m/CBA = 75, 'and AB = 1.
(b) Construct ADEF so that DE = 1%— , EF=1f , and DF = 2.

(c) .Construct AGHJ so that @(GHJ =50, - HJ = 121, dnd m/GJH = 60.

- (d) Construct AKIR so that IR :1% , i/KLR = 70, and KL = 2.

2.  For each of the qonstructions in problem,l find the measures of the-
sides and angles whqse_meaéufes were not given.

L
t

3. Copy the giveﬁ'triangle and segment. Then find tHe missing vertex T

~using the congruence property indicated.

@

A

Al . Bl .

E

Use the ASA congruence property.

() R ‘ S

T

3
vy
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Pl I'v . Rl.
< "‘ ]
, Use the ASA congruence property.
(e)
. N _ ' o
. Use the SSS congruence property. L.
K L* o
. Use a method of yourJ choice.
(&) .
¥
YOG P
Use a method of your cholce.’ B R g
- ‘.‘\. : .
¢ i N
;8-6._ Congruent Triangles and Correspondence' o e
© We: haVe been using A' BY, C'. as names' for the vertgces of a,
tr*iangle ‘Ehat is: congruent to AABC in a_ specially ccnvenient -Way fa -
copy of AABC Were fitted on AA'B'C' then the vertices A and A' B .
and ’!B'»,. C and Ct would match or ccrrespcnd They are called : _
' cotresponding vertices..; P, o o e '

X .. . N L R
: . > . AR
s Qv : —
L A

v P y . ¢ S5l -~ -
. o L . 'Q4 v.“_ .
' - o LB -
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.
e L .
o . . ! : bt

_ Th; corre_sponding vertices of. two congiuent triangles- are. named by -

e . , a . . . . . B
e “-the order they are written in a congruence statement asg shown Below.
N ) ® L . : -_e,‘:‘ : : y ., ' . . .
d Torresponding Vertices
. oo A K
W .
- T . C =———1L
- ) I . B . -
e . . 'I" n * ? : " . i
- ' > ‘ v L] I, E N ’ b
. From- the corresponding vertices, ve can determine E,he corresponding
side% and angles as follows R ) o Id _ AR v
o . S : A v .
Corresponding Sides ‘ § o Cérresponding/égles e 7T
ABZXKJ or AB = KI LA ;';ZK or m/A = m/K
i - ACTKL or AC = KL - - /B FZJ or w/B % wmlJ e
- BCSJL or. B = JL' L ELL or wle f mL 000 ¢
’ . - [
Thus a congruence -statement gives us six fa ’orice. It.is helpful
to show the six corresponding cqrigruent pa.rts by the markings as shown below..
. .- £
J ‘m L
- , .
. K . N
. ! J o .:
Q | .
e . ) " . o ﬁ:‘:\’
_ . ‘ Exercises 8-68. . YT
. e R o . @._. . -‘; -
yn L. "'Explain why the following congruence statements show the same-
: correspondence. . o Y ‘3’«
v e L : . ot 3 : ~
: B - g OABC = ADEF Co I
* . ABAC ot AE}])F T . S e : .

e : : . % e

'Write amother congruence statement that shows the--sameforrespondence'.‘,q V

.» C X . | : \ .:"'* ST -
52 . E
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, -"\) fl" N . M . £ v B r x b
. g o o * _
) ’ . - . T . : oL & : . .
ot Te IR N A ) . g S
?p'ri Tell. whether each o? the- follcning statements 1s true or false“ Give
a/reason, for each answer. ,;4 p .ﬁ$ ' & ® LA
o RN N Y S
'(a) ﬁ segment is afngruent to;itself. & . S v M
4 . Y . - . '@ Ad i '@ g
,(y& *All,the sides of a~§§ctangle are congruent to each othe;
.' I ! 7 - >
j,_;;( ) All the angleﬁ of a rectangle a%e congruent ;o,each other. '
. : N . 6 P . )
@ u(d) All thé sldes,of a square are congruent to each other. _ .+ <
’ ’ . ‘5
. -(e) All tl'ﬁé g:ides {f a quadr‘ilateral are Eongruen% 1o each other.. f@
' ¢ v . oo = !
'q(f) A triangle 1s congruentlto 1t§e1f.z SR 4 o o
2 e ~ ) . . s . .
- .
. (g Some trfangles are congruent to squares. v
l‘ o
3. If ARST = ANWX cdmplete the following:, b4 .
e L - - o : S ‘ :
RT = s I [ B
N AR o h
L8 E - :
' ;:'.I"_S- = . l\ |
T ¥
R .
RT : : ‘
u,"“If ABCA = APKL, list' the six pairs of o :
corresponding congruent parts. ' : C E 3 %
H ‘ . BN .
. . "»A\ )
f\ 4. “’
. ..3, . » - — P : e . .
5. Given that‘ ,QEE‘G ~APRS o o : - Ty
3 N . .
(a) Maké a sketch of the congrdént trlangles. A .
(b) List tﬁe six pairs of correspbndlng congrueht parts‘ -7 .
. - “ . ¥ : ,. . .
6{? Givenﬁthat ATRS T AWUV “Use marks P " . .

R s

to indicate the six pairs of corresu_'

#h
e pondigg congruent parts.
ST . N :
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[ -... '8, .
o
9.
B ::ﬁp
. 10.
S
2 "
%
-
3 5
.
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B Given that AJHK = AQPR. Use marks

" triangles that is determined vy :

’parts,

'gruence for part (c)? More than one for part (d)?

.
Ja

to 1ndicate the six pairs of corres- d
ponding congruent parts

.

In each‘case,-urite a congruence for the two triangles that is determined

by the given pairs of congruent parts: .. . - N
.(a) ADZFG (c) KL = BC )
.~ DEZGH - ZKIM T /BCD. &
R I-EE
(v) Pq =-5R (a) -ZABC  /xXYZ .
Q= /R * KBIX
QT = RV (BAC = [YXZ

-

Write the congruence for the two . +

the marked pairs of congruent

- -

M

oL ¥ » . .
L ' i - a2 o F~ w

In the figures below, if a. correspondence looks like a congriuence assume
that it really is_ a congruenée.~ Write a congruence and then list the six

-pairs of corresponding congruent parts. . Can you find more than one con-‘

<

W




O
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b .

P

> ' Exercises 8-6b

. B = _ )
1. Each pair of triangles has markings indicating cohg;uent parts. . If
the triangles are cohéruent,vstate the congruence ‘and identify the
congruence property used. If the given information does not enable

. you to reach the conclusion that the triangles are céngruent, explain

.Why . ’

ERIC
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"2. It is given that
AC = VW .
{BAC = /VWT

—

AB:T—W

(a) Are the triangles congruent”
Why? 3
(v) If so, write the congruence
for, %he triangles.. »
“(e) qut the three pairs. of corres-

-

ponding congruent angles.

r

3. It is given that .
PQ = SR
! FiE

P (e) Are the triangles congruent?

If so, write the congruence for
. the triangles._ .

:) ;List the additional bairs of

‘ oorresponding congruent part§

v ‘

(It is grven that




5.
6.
7 pr
D , .
§
A >

O

ERIC
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It is given that. . B '
/ACB T /ACD . '
(a) ‘Are the triangles'congruént?‘
oyt R
If so, wr;te'the congruence
: ﬁgr.the‘téﬁangles.,
(¢) . List the additional pairs of

correéponding congruent parts.

-~

| (b)

..

In each figure below, ‘name én édditional.pair'of cdngrﬁent parts, such
that if you know that these parts are congnﬁent,.ydu could say that‘the;
,Ltriaﬁgles'are congruent. Writg'the congfuence and identify the congruéﬁqe‘

pioperty used .

;F‘W\ .
(o) o
5,
e ! X
‘/: H
(C) -
. 60 _-



@ SR N SR

8-7. -Some Applications gf Congruence
Exercises 8-7Ta
'(Clgss Discussion) . = - . ¢ .

. 1. The probiem:is.to measure -

: the distance from point. A .

on the shore to point B in .-

fihg piddle of a lake.
Select a poinf C on

‘the shore as shown.

It is'bossible'to measure

31 . : o o /A and <C.
\ = Show how you would find point B! so .that ~ AB.= AB',
. What congruence property shows that %fBCL;'AAB'b? o

. : T 1

\

ERIC
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_2. . The problem is to make a ‘copy .of ZA with the vertex at A' and a -

side 'ray “ r as shown below without using a protractor.

o

-

at A intersecting the sidés at B and C. Use the same.compass‘

-'setting and draw.an arc with ¢center at A' intersecting.ray" rj;gﬁ'

S ' B! as shown telow. C? must 1ie on this arc th? R .
SR 3 C o 3

e E _/B~ - “

" Now. adjust the tompass so that the tips coin01de with B and C.
With this setting, draw an arc’ with ‘center at B! .7 The intersectlon

Lo

"of the two arcs is at Cr,

o

o

Open - your compass to an arbitrary amount and draw an arc. with center

A

Compleie the construction” by drawing the ray A'C’ h‘?&ai congruence.
property shows that AABC AA’B’C' and therefore ZZBAC "z ZB'A’C’?
L, o ey ] - ! v o
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d.r

A triangle such as  AARC which has at least two congruent sides |
(AB = AC AC) ig called an’ isosceles triangle. _ >

_ ‘A triangle whose-three sides are congruent is called an eguilatera
triangl o o . N

k £§f L - 'Exercises,B-Zb

1. If AB " 1€ the distance. across a

lake, showihow AB may be
‘measuredvif points A -and B
_are ecceesible. Use the = ° ,

diagram at the right. ‘

SN

2. It is desired to measure the. \d
length of AB but a deep ditch

_ at D. intervenes ; We can 'use
congrnent triangles to measnre

.Zﬁ Explain. how this wmay be
done by each of the following
methods.h

A convenient point C is
ken .and AC and BC are
drawn.3
(a) - Use Figure (a) and
v ithe.ASA congruence

property.

\‘ L G Figure {a)’

ERIC
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(p) Use Figure (b) an;_i the

- SAS'congruenge’ property. . -

A} . :
. .
oy L
RN
. ;
it
.
a '
.

3. " "In the figﬁfefgt iﬁg }1gn§j;

‘ a 'carpentgr's\square' is
" - placed so tha.i: _A—Bxg A_C .
‘a_.nd‘ ‘ED T DC:. Use cc;igf )

gruent t.ri'_ang.les' to’ éx’piain_

‘why (BAD T (CAD. | P

4., A surveyor at the top of

a tower (AB) sights across .

a river to point C. With
.the h.elp. of én assistant
on the ground, he locates
‘& point D on the bka_.nk,of
~ the river so that LABD S /ARC.
Show how he can use congruent
triang'les to determine the .
width jbf.the r\ivér “(Ac).

. o — . . e e ————ee .
. L L. A . S P T o

ERIC
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r.q b l‘

- . 4 . “y.

R .
. . . . ) L . ) ..
8-8. Congruent Figures and Motions - = : ; S Y

Xoﬁ have le ; ed’ that two geometric figures are co&gruent to each .

- other if-theyfhave xactly the same size’ and shape.- Two f%gures in the

'saue'plane that are Congruent may be~made to fit together by a. motion.'
In this pert of the chapter we will carefully analyze some important types'
"of'mOtion.; For example, the figure ‘A on the feft’ may be to fit, of . .

coincide with the figure B by a sliding motion in the® ‘direction of the

Bt T

‘arrow. We say that figure‘ Bg is the slide i;_g_ of figure A, or t at- the
, 8lide ma __p_ figure.'A onto figure' B. "Likewise, figure AB? 1s a slide
S image of figure At because a sliding motion in the direction of the
' right-hand: arrow carries Al into ;1 O f“,,.- @

. . oo
-~,x L. v . : St .

Consider the congruent figures shown below.d Note,that'no'slide will" .
. . o o ) [} . : oy
map figure R onto figure S. . . R ‘ R . ST e

C T

-.Figure.JZ B

-" > i [

'R may be made to coinc1de with figure ] by a rotatlon TN

",,or tur tabou’t,._.
I3 Lo r

W turn jmage pf f*gure R,. or-that the turn maps- figure R onto\figure}-s..<

‘int X as a center of turn 'We say that figure 7S . is the (- ..

. R . o Ll e . . .. ol h \ - :
s B PO " B ‘.“.°;B L s - . K
- T . e R L TR ’ -
o Y — T Pl .
N ’ W o Lo : VA u i- oL e B
R . (YE?JY T

ERIC

Aruitoxt provided by Eic:



Figure 13 B
- e ?1 _ %.ﬁ.
=L
For each sf these pairs of congruent figures, make two statements--one

o that uses the words turn image and one that uses the word ma E . Also,‘: -".;;

»

ERIC

Aruitoxt provided by Eic:

- name .the point of turn in each case.: o

P
- e
P i

" - .

‘1 . fhe third basic moticn that we- will- ccnsider is the flip. You can -
think of a flip as. the motion 1nvolved when you turn over a sheet of” paper.

.In the process of flipping a sheet of paper théjplane of the paper is L é
rotated .85 shown below. o ) . ‘ - . N
¢ g b .
* . , 3 A
a o Figure.lhk' e ’ : : ‘\fﬂ\i\\
HERY . : . PEER K - . . A N

In this case, the_liheg iB is_calledjthe flip axis. 'Ccnsider thezcongruent_
pair of figures, E and F, shown below. . *

. - T
£t . ' -
. | : ' :
. N F .
& R
- T . A
I -
l -
- |
. - &
|
. ) [ .
: !
w . _‘ ! . . K3 .7 . . s R
.. Figure 15 - . e “".‘
. .‘. t; @ . ‘ 66{)\9 - A'_. — l!:., B
R o . . ’ - . ; )
- . ol



) e ¥ ; s 2
T e N A R R R
wa -.'13, ) o . g . ,, . ‘ ’ﬁ L ‘3&' "f_?.l % "

Figure E ‘may be’ made to: f@ncide with figure ’ F by a flip- about%‘:e as @'
the f‘lip a.xis..' We say that figure F j&rs' the l _uEg_ of figure ‘E or ;#;Q

P that the flip maps f‘igure E onto f‘igure F. R ,.;- . »q Seel i
i v “ o ’ : . b..n " - b.-l ¥
S ; In f‘igure 1.6 note how the figures are related by 5f‘lips about - n#%
e ,
T
A Cor .
. o . A 1 Figure @
a0 o . . . _' . . | I : LI¢ el
'~ ' ’ K ¥ e 5 .
The line that is «chosen f‘or the f‘lip can- make a Iot of dif‘ference.. A A
€onsider the same f‘igure but two dif‘fez;er@lines. :__,What happens thajﬁi.is -“__.
interesting in. the second case below?. - . @é’w’“ | B '_""‘ ' % Jé:
. ) . i R b ; e
. T ) VR %
A 4 %, A . 5 O
;'-;?’ I O » - . . - .
R o N .
A | _ ”:{ o a -
| L.
) 1 - " g R .
o - _ o o
S T For g . ..
& . V- I s P §
_ _ _ Figurg 17" = . T T .
N -'If‘ we, flip this f‘igure on” m ‘a5’ the flip axis we have exactnly the same set s -
' -of points that we had hefore the motion took place. ‘I'hat 1s, the f‘igure is . '
.- its own image fcr the- tlip described In such a case, we say that the- f‘igtre ot
. 1s invariant u.nder the motion >, " T SR : -
B . o B ay . .
'It s inte'resting £3 observe that sometimes two congruent figurqs can .
be wade to coincide’ by dif‘f‘e;ent motions. Ror example, f‘igare "H can be mdde. . -
. ‘< . ST LTk S
) . . » .' 67 * B
. ) B : i ’ ‘ . L]
g | ¥ Q £
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- ’ ™ b’b‘ ‘.-v
w TN . ’ =
. to coincide with figure G by a f%ip or by a turn/slide or by other ways.
.‘- b
. (See figures 18 and 19.)- Find one other way.
B ' €.
. =
e — .
," 3 A i ‘
) - e 'ar" ) hd A "1 ‘ .
. . S o - Figure 18 . L R
._'_.‘? : N
T E (N S
. M |
£
. i v
; i A ¢
% 1.
- = ' , _ -
o - | . « .o N X\
. " N . - . k‘a‘oo‘)‘
oN¥ . flp ' - 7 turn/slide -. .
R o .3 : .
" R e - = iFigure, 19 PR
T . . . . . - ] B ¥ L e . “
, T " : o N ® 8 s
o PN . o o Y . ¥ oo ws
w0 T ExXercises 8-8v e s T =
e ¥ . SR o —
o . L. _In each case%Rthe glven pair of flgures are congruent._ For each .

congruent pair, show exactly hoy the fﬁgure markEd (1) mmy be mapped
I
11nto the fighre mapked (2) by &%ing the motions oft 'slide, turn, or

°1ip, or & combinatio:égﬁ/thése methods. Use arrg§s ko describe
-sii%es or: turns and dtted lines to identify&fllp axéb. Describe

. ;' - . %4 more. than ong methcd of making the flgu?es coincide 1f ycu cam, -
LI o
g g ‘ . : : &
R A ﬁg T - R 4 .
. & S . - - IS - -
. . 0 . {} L
& -
> - 5
P, . ;" .\v_ >

O
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' Possible Solution:

(1)

P

rotation about point P

v

(2)

Possible.Solﬁtion:'

(a)

[

u* o
-

——— I N\

by I (2)

sl

“..P L

1 @]

.

. T |

: rotation/flip

i%)

.

Can you find any others? Hint: there are some® "

. .,_0',
’ Possible Solution:
— ,
N oty ——M—
. | m [ (2)
At -
- () |
N /
rotation/slide
" Possible Solution: ,
» N ."
L
: . (2)
. S I S ——
. r ="
. ) e
- Fa Ve . - ==
IS
slide/flip

(1)

i

$
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_ e
Can you pldn a problem Iike those above that wil} challenge your -
classmates? ' T ’

47

Os -

. L -
(e) -
1]
@
) *
. ~
(). o o (8
(1)
(K3 ' AA ..:
3 3 I”..‘ . " . -
v 2.
coe ar l . .



<@
_é. " The figures below are to be flipped on the dottea lines as axes. ‘ S
In which cases'is the figure invariant under the indicated motion? :
) . . ) - . Tyt e g
a _ . . . ) . _

(a) _ ' (b) - L - :(cj i T e

)
.
. b
— - ¥,
) L4
)
(a) (e) . I
. [
: |
. - e — e ] _—— - i 1
‘ | o~
. ‘ LN
— L -
3., For each figure below, find all flip'a%es suchftﬁéﬁfﬁhéffiéure is” . "

invariant.- -

N
4 .
¢
: v
oo
»
. .
. N .
[N -
' W
o -
. ..
-
2]
vl
N A -
: 11
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___"assume that_ thie énds clnfinitely in both directions. Describe 'the-
"',motion or: motions.. that u_ill arry the design into i‘csel‘f We. saxl
' Q] 3 m.rhe c;,‘ésﬁgn 1@1

; o"f_ay'these inoti.ons 5




we

. ~
\Al

e know from our meaning ‘of : the word congruent" that AB (or a copy of it)\\\~
:could be made to fit exactly on. A'B' ‘In fact, we could slide AB
lethat A coincides with At and then we could turn AB about point A'v
% ) (= A) un.til ‘B cofncides with B!, . :

o

._-:Co_n'_side_r 'AABC and AA'BICT.

Tae B

(PN

Try to make a copy of AABC fit' exactly on.. AA’B’C'

2 :':_T'If you tried to fit'a copy of AABC on - AA'B'CL~you no-doubt - found

o that your copy had to be flipp over before it could be made to coincide

7,7 with AA’B'C’ INo amount of sliding or turning . of AABC without flipping

’ vill make the two triangles fit together. S 3 3 L L
‘“';> Something very simple, yet very important is at work here. Triangles L

in the same plane have a- property {not shared by segments in a plane) which
we will call orientation. We say that AABC and AA'B'CY have Ezgsite
N ; orientation becauSe even though they are congruent they can not be made to ;ﬁf

”y{.coincide by merely sliding or turning either one in the plane of the page
of the book. ’ i ’
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Aruitoxt provided by Eic:



-

Definition: When we say two congruent figures.in the same pla ne

'have the "same oriehtation" » We mean hey can can e made
ig coincide without a flip.“

\
AY
/

We sometimes say that when we flip-a figure in the plane we "reverse"

"its orientation. . ‘-

‘Exercises 8-%a
" (Class Discussion) ©
S 1. The.triangles below are all congruent. Their vertices are named
4"Al"’ "a", "AB", etc, (read "A sub 1", "A ‘sub 2", etc))

“to shoy corresponding perts clearly.

LI ! -

g‘L Trace‘arodnd each triangle, touching theﬂﬁertices of each in the order

A B, C. - o _ - . . v “ ‘
. L(a) iList the triangles you' were forced to trace clockwise. B
| " (v) List the triangles you were forced to trace counterclockwise.é'b1

(c) " List ‘the triangles which do not ‘need a flip to make them, (or
) copies of them) coincide with DA_B.C: (_nclude AA

57575° 5 5 5
itself ) . S
(d) List the triangles which- have oppos1te orientation to AA5BSC5
o  (Would you, include AASB.Cy 1itself?)
T (e). Compare your lists in® (a), (bv), (é),_ and (d). Which tists
T “ s . are {he same? ) ‘ ‘
' Th,

N

O
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o B N - “j;/)f
2. Draw ‘any. five-sided figure and name its vertices P, Q, R, s, land‘..
’ -_T. Then draw’ an exact. copy of your figure as it would look after a

flip and name' its vertices Pr, Q',. R, st, and T' nshowing_the . Co
‘corresponding parts. - ' o .',Q_~ - i
“(a) Explain why - PQRST and- P'Q'R’S'T" have opposite orientation.
v (v) Trace around each figure in alphabetical order. .What_do you
. notice about the directions of the ‘two traces?

Ca

(c) Compare your results with your classmates" _What conclusién? ¢ "
holds for all? o . L T

Exercises 8- 9a suggest another way of characterizing orientation for
_figures in the same plane " two congruent figures have the same. orientation
if the traces through their corresponding points are in the same. direction :
(clockwise or counterclockwise) If the traces . ‘go in. opposite directions
(one clockwise and one counterclockwise), then the congruent figures have

opposite orientation.

In &his way, we may talk about the idea of orientation in other
.situations.

T

Eorgexample, consider the points 'X, ‘Y,: and Z

. R (. o -

.The order X Y Z . may be described as clockwise, and the order X, Z Y may
be described as counterclockwise. The orderings X,Y,Z and X,Z,Y have

opposite orientation. 6 jl,, N .
g .
_Exercises 8-9b -
1. .- (a) Locate three noncollinear points on your "paper and . label them
‘ D, E, and F. - ’ _ o -
:(b) ThereAare six different-arrangements which can be found of the
letters. D, E, F. Two of these are E, "F and Db, F, E. .

Write out the six arrangements and find the orientation of each '°( R
L. from your diagram., How many different orientations.are there? B o

t

'Y 75
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. M . ~ . ’ . o
. . o . .

'%“:“ “ (c) Which arrangements have the same orientation and which have
.opposite orientations? ' ; S
e » e Lo :
:Egﬁ%} - (d) ,Can you discover a method for telling whicb arrangements have the’
S

same orientation and which have different 0rientations°

N . . oo

“‘nx 2, (a) Locate: ‘three noncollinear points:on: your paper and label them
A, B, and C. . e '”‘,'.
g (v) Locate point cr.” in several different positions 50 that A, B,

c and QA- B, ct have the -same- orientation.ﬁ How can you -
. describe the. position of C' if A, B, C 'and. A, B, :C!

are to have the same orientation’ ‘ L 'g'fnf )
¢ : T

{cf Locate point C' ~in- several different positions 50 that A, B,‘
-C. and A, - C' have opposite orientations.l How, can you’
describe the. position of Ct if A "B, C and ‘A;f B, Ct

are to have opposite orientations9

3. ) Draw AABC 50 that the order A,B,C has clockwise or1entation.
: Mark‘some point 0 in the interior of AARC. )

(a)‘~What is the. orientation of each of the following?
‘ _}ﬁ,,A B,0 . ", o,
N B,A, 0 ; o R S
c,B,0 . ‘
_ ‘ e, Avdl '
S RN

ns

(b) Which of the orderings in part (a) have the same orientation *
as A 8,c7 S “Wy T o : ' sf
b, - In:the figure at the right, »
/. ’the order A;B,C. has clock-.

‘wise orientation.’ Points

. O -8nd- O'. are in the:‘kf.zgit
‘o;exterior of AABC, and tﬁey
do. not 1ie- on . AB, ii?f;pi
AC. . S K
A . : .R
- ‘ .
: i f? ‘

st
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What is the orientation of each of the following9

5. (e)
()
(e
6 (a)
L)
o

’7;: .« (a)
- ()

Your two hands are, very close -t

:Draw a line,"

' orientation°

- explains ydur resulté

-A,B, 0
h B’A’o
. 'BJCJOIJ .
C,B,o
) C,A,0O
R ‘ A,C,_O _.
Draw a line, Eﬁi
‘Locate points: C and -C*
\ - g ,'
‘Do A,E,C ‘and A5B C'

1B,.
Locate points. c

Do A,B;C and A,B,C!

‘A B,O

T8,4,01

- B,€,0°

N

C,“BH,IO":,
00

. A‘, C,0"

and"b'“

.on- your paper.

.on the same side of AB,’

) are on the same side of AB?

. on your papel. .

. : A-_ B -
on opposite sides of -AB

Will- your conclusion always apply if €

are on opposite sides of AB? ) S

).

3

L
have the same orientation or'opposite

} orientation? Will your. conclusion always apply if .C and C'

have the same orientation or opposite

and cr |

Show how the property you observed in Exercise 6 explains the

different results you obtained for points

EXercise b,

Nowlshow how'the PTOPQI%?

‘0 and ot

‘in -

'being congruent figures in space.

f_ We could imagine a pair of . hands which were go ideal that all their corres?

: ponding measures were equal.’

Even 80, . could we make these two ideal hands,

. coincide? Imagine just the shape aof the surface of the right hand, could

it be made to fit éxactly on the ideal left hand?

fit exactL:} on a l,eft hand? L

Gan a right hand glove ﬁ"

) ¢

It should be clear that wve can think of figures in space that are

congruent in all: respegts §u€ which could not possibly be made to coincide N

Ieven in our wildest imagiqations.

-
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E - Perhaps the best example is your own image in a mirror. No matter

. how .you, twisted and tumed you could never look exactly like it even though
- " it is clearly an exact. cop;,r of you. (In our p1cture the fellow and his image -
o ”jv. ,' in.the mirror part their hair on opposite sides. .There will always be some |

w left and. right differences N . SN N
. . 2 . » (; . ) . . o : .
s j."'; 'fhe image e«in the mirror is no. dif‘f‘erent in size'and shape. ” It merely -
‘e ' " has‘ oppo%i-te orieﬁtation in space. ‘I‘wo congruent figures would have the -
Y same orient%.tion in space if‘ they could be made to f‘it exactly, one on.
RIS 'anot’her T DU \ . ‘
) A S oo . :
B T L o R
. ) _9 Look at the image of‘ your lef‘t hand in‘ a mirror. Does it have the
same orierygon as your real righ 'hand? Your right aﬁd left hands ‘are
oq 'e;{gentiamlly congr\’ient f‘igure’s with" opposite orientation. Ref‘lecting a solid
B
> in a mirror changeE its @rientation.- : .
5 o
Y STt is gnﬁeresting t% think about the connections between f‘lips in :
7 ‘the ﬁaﬁe and mirror reflect:leons. ' S S B
G , CRa ‘ : P
. ,.. . . 4... ;:\ . ¢
) R », .‘_; » - ' “ 78 T ‘ T L .. . .. " ; N "
, R S e

ERIC

Aruitoxt provided by Eic:



i , : S s
7 < h h A C X N .
SR A
[}
~c .;.
The, flip ~axis £ a.cts Bo much 1ike 8 mirror ‘that mathematicxans us,e ’cifa&
© T word ! reflection in’ place of dux word "fl:[p" “You may have a.lrea.dy noticed
> 'that our use of the. word "ima.ge‘" (as in " flip image -and "turn }mage")
. proba.bly éomes from the common ‘;Ephrase mirror \image “ a LR o
5 1 T O . : Exercise 8-2 Ll ,' T Lo
R “ \ . L . . A"‘-'e""" .
1. Does a mirror reverse left and right"' (Be prepe.red to convince your
cle.ssmates that your a.nswer mkes sense ) Lo Ly o Ko

. . PO 3 . B B . . ) . VR
. . . L o - _ : oo o L ,

. 8-10, 'Congmencé .:i..f a Figure with Itself ' ‘; S .;; R .
. .-> e . ‘L\ ) " . .
Take -1 SCra.p of ca.rdboa:rd qu cut a. rectangle (not a. square") fout' of "~ .

it a.s sthwn belcw e TER L -":"..-: e R o Lol

O
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- ® R . "'}
. ) - * = )
- - - e .‘T..,‘
"~ cut-out with capital 1etters. o S "-
C A A T
" If we tak_e,=out the rectangular cut- out, in how - tany. waxs r'nay, it be .-
. 2% T - . o B '
K f‘itted back into pla>ce L) G -~ - N
‘ 5 :
1. of course, we can in the exact - pos1t1on ‘from which it vas
_ecut out. This P eates the 1dent1ty congruence e
2. ver the rectangular cut out may be f‘itted into the vacant space
iﬁ".,,f(ffler waﬁs. Suppose we rotate the cut® out rectangle so that the .
comer A takes a position at C, the corner -.B takes d position
T at. D,. the cbrner Cc takes a position at™ A, and the corner D
_ takes a position at B. ' e mey describe th1s movement as e half- tum.
The following f‘itting may nov be made. . & 3
. . ]
¢ Thjls f‘itting can be descrfbed as a con ruence indi‘cat__ed‘ by the
i‘ollowing correspondence. L . S BN o 7 .
a. FRENN S S s
. . - - ; A. ).‘ o B N i o, . . . o« “v ] ::::!
.. R s B .o. s ’ AB'CD ' SJDAB. oo c "{“
. 6" - . ) ' ! :
3. As you might have surmised we may ta'ke the ‘regctangular cut- out in -
L its original posi’cion and f‘lip it over a ‘horizentdl axiss eIn this o
e ca.'sé coi‘ner A takés .a position at D, comer B. takes-a position .
v R at C‘ comer C takes 8. position at .B,' and corner D takes a ,;,°
hY - N a - . E >
‘:I“ ) position at” A. The 'following ‘?itting may now be made. - e - Do
v P & e . (I S : T, - K - .I.",“;E&\
l:“ : . ,'. . > " : PP A - . '- N C e ‘ ot o
. » . Lo ol S a. B
- ‘u‘;':f’" s 4 . * % e Yoo
T U . | o P v . . .
) " £ -"." ' ‘ v ‘,,. r." . ‘.‘\/
v YN ..‘v» % N J D ) :. ] * . " .
2 . Vo0 ¢ s M Pl - " 1A . N . .
oo ) ~. . .« K ) ’- . .‘ N - .
I B A e e CoL e




- . v . 5

This fztting can be described as a conggﬁghoe indicated by the
By, .
following correspﬁndence.“

. S T Lt
D W : . -
” ,\(IABCD-—- T s,

A .,?‘

W rutate the flipped rectangular cut-out .80 that corner A

° takes a osition at. B corner B . takes a pssition at A, corner
) . C takes a position at D 'and‘corner D takes a position gt C .
‘The tiggowing fitting may now be'made.il v d .
Y : ' . T N - - . -
'*,'.. ‘?f ’ -~
N A/‘x"'- .
- N N )
: » ' " i .‘
for] . ‘ .
. . - LN
. I ‘.
o, = . : ) oo
» © This fitting Ay bé described as. a congruence indicated by the .- .
e fo]lowing cofrespondence. e .~ ’
:: LT .; ' ) _— . . . @ : .
?% Do~you think that we have identified ail the possible ways “in which the ~

rectangle cut out may . be fitted back into place?/’In other words, in how _
: many ways may a rectangle (not a square) be’cbnkruent to itself‘7 ”Give a .

reason for your answer. e : e
. . * . &
. v .‘q T I ’ o R
2 K - Ja . s ) ,
. - o
' - i :l C‘,‘/ .
A . 3 . Pl _
. - @ -
. F I . ‘ :
% ‘ , , 81 g . s
R ' R . o . ‘1 \
P » o i . s
' . * B - N S "o .
s ads "
S
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_Exercises 8-10

. In the problems below indicate which corresﬁondences are. obtained
‘ by a rotation in -the plane,'which by reflection, and which by a combination -

of the two motions.

o <o 1. If. ABCD is an isosceles

trapezoid with AD=BC, . : -
t e write two corresponﬁences

that indicate that ABCD-

"'is congruent to itself.

-’ -

2. If b;BC- is'equilateral write
' " the corresbondences'that indfﬁb
cate that AABC 1is congruent
., . T to itself. There arevsix such -
v, . B . S

correspondences.

3. 1c RSTV is a square.write i . Rs 5 -
" - the correspondences that indi-~ .. . ’ o L T
2" s o cate-that RSTV 1is congruent . A , o ; N
' IR to'itself.'there are eight T Yoo ftf' ’

such-correspondences. o Cyb— —p .-
. « . . . . C e ‘e
. el KLPQM is a regular pentagon. ‘
' . Recall: that in, a regular .
P ;‘ﬁv. o pentagon the sidés are con-
o . - gruent to each other and the o
_angles are congruent'to each * r
other. Write the corres-
i N pondences that indicater th}.x
Lo .i'KLPQM is- congruent to %@éelf.

Did you,get ten such corres-'

S .pondences~that are distinct?. . -

~ 2 ) .
T ’ o . i Loon -

5; 'if a regular polygon has n’ sides how many correspondences are there
' ' which irdicate that the regular polygoigss 3§pgruent to 1tself? y

PR - . o - - . W s et : .

~ . a, v 3 i
. * -ﬁ" s g .
. \ 6 g kN ’ . o
’ -~ 8 L) - : / ® h(;,:
. ‘ > i . L) :.,
. ‘ L

O
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o

8-11." Bisectors and Perpendiculars
t L
a%hhaxe been using the ideas of midpoint of & segment and bisector" Wi f

lly, we will now define them preciselv

0

n: %A point B is called the midpoint of AC ‘if B
is between A and C and AB = BC. "

" Definiti

Recall that ~AB and BC are fumbers. We say that point B

‘bisects AC or AC is bisetted at point B.

“LPCA = £PCB. .

jmegsures’ of A

-

In the diagram ﬁt the right B

‘an endpoint at B

An angle jmay also be bisected

bisects ' ZABC because D is in the -
interior of LA and (ABD = ZCBD.
The ray ﬁﬁ is called the bisector

of ZABC. For con enience, we will

also refer to any %egment of BD with

5 & bisector of

aBC. |
. In the flgure at the right ‘ g . ' s o
Since the sui of the - ‘ '

/PCA and, (PCB ._?.'- L ‘I' R
. 3, v . -
5, {PCA Xand».° - MEE f

</PCB- are right anglgs. We say that » - .°f 1 o R S
BC "is perpendicular to AB. In . ) e g ; o

symbols we write. PG l:KE or ; SR

v
.. . . i .

g A‘B.l ﬁn . - . c ) C ) ' N _'3 : ’5)

" W as a perpendicular bisector of ﬁg.; : " , o \

ERIC
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ﬁ— Fof convenience, we will also
L"

.'/.

® .
ey .

lll

I RISV and 2 l RE. and S S
£ contains W, we say that the Iine o S > .
£ 1is the perpendicular bisector of ' '

Yﬂfer~to any segment or ‘ray contained " » LR)\\/ftr—J%UW i S ' Y
1% line £ and containing the point _ ; : o




N ..
- ‘8 '. . . ) \ ‘
4 . § “Exercises 8-11 ‘ y
G = In each case, select all pairs of congruént segments, or congruent
o L T

v .
f ' | Lﬂan»glels .'v. .. . ' S
a () AB passes through the midpoint of CD.
-, . . -3 B

.
& a
4 .
. .

-/

» f’“ e '
- . )
2 o c , Y “
PR :
: (6)" RS and TV bisect each other.  ~ ~° .. ’
* . . P ‘ ﬁ-'.:; . ) ) . -
é.‘ ' . ‘.: ... ) R g &
D -,
£

- h . - . . . & ) .'.:.',
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8-12. Writing a Proof B

In this 'section we will study how %o write 8, proof‘ in an organized
‘fashion. The ability to write a proof in an orderly manner is very helpful
when we deal with harder problems however, we will start with some simple

'problems to learn the method. ‘

—~— )
' ‘ Exercises 8-128. - ., N :
i (Class Discussion)

* 1.  Study ..theuproof provided,.below. . o . S - v »

Given: AB = AD

A . R _

CA - bisects ({BAD
Tokprove: /B % 4D

s* Plan:. We know that two angles 4arev
¢congruent if they .‘.are, )
corresponding angles of

5 c‘:ong_ruent tria_ngle_s.; Thus
i At .v’ve can prove that
- _"‘; o ABAC = ADAC  we will know
‘ that /B D, .

Copy the diagram above_'b.nd mark the cﬁresponding congruent sides and
angles which wili show that ABAC and ADAC are congruent by the

SAS Rroperty of -congruence. ‘I'he proof may be written as f‘ollows.

» ' »Sts.tements 4 e ‘ . u Ressonss + -
- 1. AB T AD 1. v lGiven . ﬂ ,.
2. “TBac < mae - el -Ic—A bisects /BAD
' 3 AC :—5 : o ' 3 Eve_r_y"segment; is cvongruent to @
IR - 1tself. IR
b, - ABAC.Z ADA.%' . "){l | b, . SAS, p;operty of congruence
A 5.- "' /B E\Amg% " 4 : S. ""Corresponding angles of‘ congruent
, . . yﬁ . - LT triangles* are congruen,t 4
: o , E . o B -
. . ’ : .\-‘.&v‘ o | . ,4,..”1".; 0’ .4
. .‘/ . I | 87 v '- '.' .
- - . 90 .
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v

LT ' . . R
e

. RN . .. ’ . v s
o 2. ., Write the missing remsons in the proof bélow.

. Given: ZB bisect /BAC. ~ . -

: To prove: -AB = AC . .
. SN . . ~ '
- Plan: Prove AABD = AACD by ASA.
; . : e l ‘ g BCh IY_
. e ,
. Proof o
) Statements . . -,  ‘Reasons’
- 1. “cmapZeem - T L Why° e
2. ATA . e, Why° )
o . - " 3. ,ZBDA_.and /CDA are _;f‘3., ‘Pernendicular segments fgrm rlght
SR right angles. = -.Jf. o angles ' s .
- 4. ° /BDA'S (CDA SR ye Co T e -
_ o _ o . N o '
5. AABD'= AACD . .. 5. wmy? -
L, 6 WIE : -, 6. . wmy? ’ .
3. . In the following theorem, supply the missing_reasons infthe_ﬁritt@nl
* proof'. " ; ’

Isosceles Triénglg,Theorem‘l'- If two sides of a trlangle are:’ congruent
then the angles opposite those S1des are congruent. (This statement is
called. a-theorem becausc we .prove it uslgg properties . whlch we have
already found to be true. Both thlsﬂstatement and the one in Exercige
' %» which folloWs, will be ver/ usnful in helplng us to dlSCOVPT and
establish manj new results. ) ) L
o .Given: Isosceles triangle'
ABC with AB = AC
To prove:,f[é = Zc.
Plan: - '

[N

A e,flgures,were

e

congruent with themselves
Ye 1look for such a corr0f~:‘“
pondence foz an isos Celeso

-trlanglc. If we'set up

" the éorresbondence'- E
. )A~—>A
| Be—sC
'ﬁ'; ' . .. _ ’ . _. C <=3
;g f ch - between the vertices of. AABC then MAABC = OACB  and ZB = LC since:

they are correspond1ng part of congruént *r1angles The written

91 .

proof is- as follows . 88
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e
Stz S f Fensons I
LimTE e
3;F:_AABC = AAéB .' ‘ 'f - 3. ;kggépgpperéy of congruence 7,?
'_'ﬁ.:‘{KB:ZOLC | L ' | 'u.; ,Why? o ;::
L, Complete,the foLloﬁiné-written proof. o i 'L'%

-

Isosceles Triangle Theorem .2:

e - . .1If ;wo'angles of & triangle are
;  : . o o congfuent, th%n'the.éides:’

' o i-opposi;e those angles are.
i%bngrueﬁt. ‘ '

. Giveni OABC with ¢B

7C

"To prove: AB = AC and therefore

~

. MABC - is isosceles
o g > )
B
/1
3
s ¢ T
. ! ’ -
. B -
. .
' i - l
- V'
’ n .
s
~ Ny - "—:’b_\l_: .
. ¢ Te s
, . . ,
. - 0
. . A .
i * LT -Qj%v
4" . o
. i e
. N
. o : . N , .o
e : ‘. ~
) . . |
b ‘«; »
- .
, ' &
- .
T . »
.
»
. .
* u' . ’ ’,
o ’
a
CO X
N F] -
.
- v
Jy
° PO 2
o D
e ) X .
- PR . .
i ’ 5 - I
‘ o a -
‘ ’ - L ‘s
B . o ae ’ ol N
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Given:' AB =

. :To

To

» -

BBl

=’ =
Proye:" ZIB = ZD . .
1
Statemeﬂ%g :
AB.Z D
B =
TER "

([}

‘Statements -

AB

A,
]

ne

sl

4B UandAnZE arev-
_righé angles - °

‘ /B = 4E

~

In each éaéé; éopy'tﬁe proof and_suﬁply-theAﬁissing Teasong. -

Al

o a -
¥ ' Reasons

Reasons

el




~ ¢
'5. . -
". . _U : - o
Givens -4S = /W . .
. ST EWT .
: To prove: (R = /v
i T R S L
N S ¢ . ._. J v, -
E . . "Prqof
/' . - Statements . Reasons .
1. 45 % ¢w Y 1.
s, 2. sTEIww v ¢ 2y .
3. . /RTS E /VyTW, : 3.
X be MRS TaTVW - .y, o ,
5. BR T /v ‘ - .5,
oy I . _ , . :
- . In each case 'g:op;y the proof and. supply the missing steps and reasons.
< _ 5 L ) ’ .
X ,-I-. . GiVen: FG = HG. et ' Ca ,
o EF | FH, JH | FH
v Togpro've: EF = JH ’ -
. : B Q.
N, [
R By
o ' “ ' . . Proof . : .
N\ - e ., . . o
v Statements ' ' ’ Reasons . '
’ 1. (EFG and . JHG are Cl, .

S right angles
. )’ N

.

1}

12

. 2y LA ' " é] All right angles are copgruent.
N ' B X L o : s " o s ’

3. L/EGF S /HGT P ﬁ

s pJcH . 5., e

e

\ 6. : 6. ¥
e PR - rd N
N : ’ o 4 r. .
. L . i R
7. ) R
. . Vit | ©
. ¢ w@. 4 ) ",‘ B Al ;
\ S S - e
S LA RN . I o
. 3 P ke
. o Ay 2.
T, Lo o 5 ‘o N
- - o Lo . U . o
. " B . > : . -
K 4 * - . -
t 28 : 4
. 94 vy
. . .
by b - + "
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- T Ty . 'v\_'.
v . R
. . A , v
- ) : - . s .
S v . 2>
~ o
. A B
5 Y . = - s :
; Y
. # 4
x 3 »
- S
) P R
< is a_square; - . \ ' Lo
L4 ) ) . i . . . N - O . v >
. . . . . 4 . - o en O
N ' E 1is the.m;dpoint ‘ L &f . ‘ i
o ~ of DCe = - - ' L ’ . .

e —_— " — : ) ; 7
- Y To prove: AE = BE ) s ! . °, >
: ; g ° 4 . d 3
e .
: ° ' ot -y 5
) . - = . - ‘ .
7 . . Proof > : . o
: : . . : —_— > . e .
, - . = . . ' . P o . : .\1. -
Statements” - > 2 Reéasons S =
—_—~ = ~ ra . . . ;' - 2 o) . ’ .:"“ 9,
. l. -~ AD = BC - . _ 1. o - : s
' ‘ : ’ . - . s e o o - ¢
’ N e &
R 2. /D and 4C "are right 2, A [T .
5 : . N ’ B - T ) E
v ¢ angles. S e . e N
2 . .8 o .
N . . | .- s . ° -~ : '?,
3.. /D=L col 3, e
- i , : ~ — FEa—
—_— e~ T s, E] 4 - < .
L. - DE = EC § L, . , ’ ’
- P ) o “ ~ A s .
AT S vt . - ° Y .o
Ss 5. 4y os . . LI
’ - ’ R . ‘ s B o5 i K - ‘ .
: ., . AN ) ’
6.° v x’ ) o o 6.' - IR J“ . .
o o . R o " - Q @ L
P .' . . - . . .. o, . W) , ° ' o . . ‘5 .
.Give, the complete proof of each of thge ‘ffo];lowing’usin'g pﬁroblems _'1 IR} .
e ’ P L ) ‘.\“ D' s u A , S _‘—_\9 d
. ) . s’ D L .
as mgde1§. i L Lo Q% . )
: o ©T - o _ .
., 6.. GCiven: ,PQ&-PS
9 Ed .
« v — ——
= . QR'= SR s,
" 4 r " .
P ' ’ o i~ e
: Toiprove: {Q = /S
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8-13. Construction of Rhombuses v B R ER
B B e . .4 4 e b - o B
SR The properties of congruence that9we have discussed earlier“in the tr

:chapter ‘help tls to discover faets about otherf geometricaT figures. In this L

ou

. section, we wilgl‘ discoyer sdme properties of the rhrombus. > A rhombus is a o ’
quadrilateral (four sj&\pﬂygon in & plane) with all sides b.aving equaL ﬂ

ol

lengths.v We will see” that these properties of" the’ rhombus are both 1mportant

’ a RO T . ‘ . T
a’nd usef‘ul e _,'/,;,- G o : g
. he s ey )\ el < - ,.4,'.) vy e
It is \?er'y easy to con.struct a rhombus using 8 straight edge"*and ‘a .
compass, as sho%m below: PR . '\3 A R
. - . e N A . 2 EEN “ - N N .Y.
e -
. ‘,’l. Select any point A, ,ds” a 've;*tew the rhombus and draw an; arc ’of A
! ) «40 - . * L ’
STE-% circ]fe with center at A,. R v-o' "»_ . a"~l<»_»,'f Lt L .;‘ G
. . - R ! . Al v k14
154 o ’e - L : %, . ) X A
. . '\ v i “ O R PR ¥, . -
? ' > Ave @ g . - ' . a
LY . ‘. . oL O ' o
b 4 . " s T .
] - . . - y , . v ’" o
W e v ;9 ’ ’” ' ’ PR N o ’
® - ‘ ﬂ. ' ° S N N ’ . e
o vy -9 : - : ) P ) _ B
: 2 Since nthe- sides of‘ A rhombus,ghave the ‘same measure, two of* the other :
- vertices of the rhombus would lie on a 1rcg_e with the center at A , ‘
y ’ . s to ‘ ‘- PR . ) - b
- A ’ o : . -
. .. . R o T - . - . .
o LA A e wo ) -
- . o L o o
. . : HIVaN 2 - N
v ‘,;_ s v
. 4 !: - e -
* . -" v, - - !

v ’ Again, .suxca the sxdes of a rhombus hw the same measu

e
=
ct
o
g3
[4;]
o
[¢]
.ﬂ-'
S
m
2]
s
o}
Q
=4
H

arcs. with the same I;,adius as the original C
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* b, Call this point of int)rsection D

_; . ! and CAo :.' :
. B

. .
A . » . -

\ " Now, ‘a)_e four distances gAB, 'wAC, wCD; and 'mBD ‘are é.ll equal
.y to-the radius used in drawing our circles. ‘Thus, E
,ABDC 1s-a rhombus. - 7 - Ly

e

A—=CD. ﬁ,_a;.nd,

As you can see,.it 1s veg easy to construct a i'hombus.' It is _just' .
as easy to construct a’ rhombus satisfying various special conditions + You
~will do this in the next exerCise gset. - However, oOne definition will be ]

‘needed in some of these exercises A diagonal of a rhombus is a segment v

~ “Joining a pair of opposite w/ertice‘s m in the rhombus ABCD (see
; jgure 20), the diagonals are the segments E and. p_D, as shown in:'
l\ ;‘igurem.. A BT ' C 1

J

L '
o~ e :
l\.,, “ " N ' 4
o . o B 4 '

. - o

. .:".'» . - . v %

v " l . . . v ‘ N ’

. i * ‘. .
A , t@ . i y - .
) : 4 . . vos : ! st
: N %, 97 ,'
S "V ‘ . /-- . ¢ / 4 / /

O
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T Exercises 8-13 L N .
L. : R N 4 . ' . C !
% ) L . " (Class Discussion) . , . S e,
-: At 'I'he pnstruction of a ,i‘hombus above involved drawing three circular arbs

: ‘with the same radius. In éll the constructions below #t will be helpful to
Reep in mind that two or three circular arcs with the same r&dius are drawn.

.'1.' Construct a rhombus with ‘two given points as opposit%vertices. That is, , n}

Given e ..} B Construct . -
. . . : . ° .
A .
ot / - .
\ . ,
B. ' \(’ IR .«
. . /) .
. . N : / - S,
. . . . . / - . . . ; s
— . 2. Construct a rhombus ,with two. sifes lying on & given angle. That is, . .-
. < ’ e N W ’ . “ ) - . B ’ . [ C e -
& Given S S Construct : I
" "‘:' ’
[ . .
rl
L\‘ 4 A < ~ .°
’ 3. Construct a rhombus with one verte;c at a given ipoint and one diaegonal
o lying on a’ givenﬂrﬁxe. . Theat is_, : AR '
. Given % - o , -~ 7| Conmstruct. . J .
" ' N . ‘ s <
. v L .A
‘ . -F -
By _...--." . . *
o ¢
[ »> L] .
. r'
Iy
& * .
. . p
‘

O
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i‘ b Construqt a. rhombus with one diago : e' ¢ a given line and the’ midpoint of
: line. _That, is, S - ¢

-
A

B \;hat diagonal at ‘a- given point on’ %

Given ' L . Construct : ff; T
g : _ , . ‘
‘ .
o , P °
i .\‘ B M . . . ’
) ] - 3 o — - : 2
: . \ /
. B \ ) . )
A b
~ ’ ’ * ’ . ! ' . x

Sa Congfr_uct a rhombus with one Yertex a} a given point and. one side ona. - .

T given linege That is, o . - n
v S ’ f T ' B
Given D T ' Construct -
A -\ _

\)H& are now ready to consi er and prove the&ollowing im'po

: a rhombus' ' . o ‘_, A o /“ Y et A
- T ' SR + ‘ . . e
. O A diagonal of a z‘hd\bus bisects the angle of the rhombus- a'b each of its b

- endpoints. Lo . ~ . ,
. ) ) g v R ‘ . ‘ ’ - . ‘B -
o ' o Give\ ARCD . is a rhombus S "'

_lll

.To‘_prove, ZBAC /DAC
;e

S e /. /(BCA éDCA

P . ' 4' N &

-o. © Plan: 'Use 88§ to- prove :
~ .

-MBC = AADC and . the the

lll

/ : triangles. '__',. ‘e . . | : . .

° . " .
- _r‘, - g °. v ’
. . . R -
' 9‘ ! - . -
- . ] R
- ® . .
- ; o
, ; -

. L .

O
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'.'Statements S . . 4w e e Reasons K . X4 L e

R Ail slides'o'f‘
ngrue
des of ai{hom’ous are

A;;‘EZE

R
L
g

Vo~ W

o S e ‘itself. .
.- L. ABAC ; pmc i o . ﬂproperty of oongruence.
( S ZBAC = éDAC o _ / . 5. <Tor sponding parts- of con-

éBCA = ‘DA ) o gruent triangles are congruent .

ol S R congruent. . )
3. AC = AC I L E 3. Asegment is %went 17 S

el

. R : M)
-~ . S

This theorem enables us to make a geometrical construéti(}for bisecting

.

o e

If we perform this cokstruction thex\ the above theorem te}ls that the dlagonal
17'; * g

\f':"of this rhonhus bisec} "{BAC. \—;‘ A - .
P “ I s : s T . .
s g loo L -

.‘..,I.( ) e -0 B ‘ ..

Ce U o N R

O
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Lo, ’ Y LR
N K “ d . X [ '

ot . . .4 G . . :
- . e . L N

In actd‘al practice, ye do not actua;Lly draw the .qpmprle'fteﬂrﬁ.ombu:é. We

i > E . . ) o o

grnceeé as foJ.],ows._'l ) R T B

< : o LN,

E Wi;bh A as@e center we drw a cirgular arc cutting rays AB and AC at R

: :,‘_' - and s, using any convenient radius. o

‘e, A
- . . . '. v
PN g

. ’ y/" ,4'. -~ .
. A g v

. ‘ .

4'.. .v -

ay 1 . N i o

] - .

! R X PR A l

“With the same radius ‘and points R and/[-S eas cen_te;f'é' we draw 1fgénseéting
o~ .circular-afés\,_ like'this° e SR S :

SRy’ . -_ . .
- . . c ., .

. M . - - R | -
* "t - - - - ¢

. .' l' ‘ . ~ ‘/“
. N N . . . - » ' ,- o - ., 4 s ot K oo . . "»‘.‘ .
\ ' ’T‘nen v}e draw thp dia mal AT to b{sect ZBAC. It 1s unnecessary to dréw the ,

- .other two" s*des of the rhombus ’ ﬁ and ¢ §T. - 4
: 4 ', 0

Ce . TR : e
MY

[
H
¢

-2
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814, A
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we wil

T

e

even riche L. af\)licat ions.

..

.

.

4

‘"Given: ABCD is a rhombus-
‘U . "o prove: BE = ED
) ‘ . V'T) L KC" .
g : 3 ' s
9
’ v - '. ,
-
RN . . "»_' ‘e
. . . Statements . ©
t s/ 1 BBETRC
© w.3. ZABEZ /ca‘é Z
%
Do / : L
4 " . ’ f " . .
. ..q,‘7 ’ N L. ') . ’ : L
-7 -
.o I AABE ZACBE .
5 \"*\E t" . )
/AEB L \} +
¢ 3. .
\ /6/‘ m/AEB 90§ i .
. . . “‘ '6 » q
& K t
. o . L
1'. e ) L LY _“_ . R
w 7. ac” -3
. A T . N - <« h .
e ) >

Lk

ie‘. 1e,ft as an exercise- f‘or ’the student

O
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3y In order to prove t /v BE

A

A Useful Propert1 of the Rhombus

In the previous section we have seen how
enal ed’ﬁls o devise‘a simple methdd of‘yb‘lsecti

-~ .

prope xicy .*of‘_the rhombu‘s '

an angle. fn this section®

I‘he diagonals of a rhombus are perpendicular bisectors of each other.

‘,-' 3 l
AN

All sides of a rﬁ%mbus are

Reas ons

congruent. °

i i)

',-A ségment is congruent to 1tse1f‘».

. A d'iagonal of a rhombus bigects
the Tg]e oﬂ the rhombus at

gach- of its endpomts\

LY
xAS propert,g/ of cazgruence £

become acquainted with another property of the x‘hombus which will have

2

.7 i \‘; \ )

5. " Correspondﬁ'xg paxts of" congru!nt
. triang] es ‘are com-gruent .
6. (AEB’ and /CEB ‘have the sam.e
i . ‘measure and"the sum of the\ .
d / measures ‘is 180.
: g N
1. 5° ZAEJS ) is 9 'right angle. -
\ e _
"DE we cap"how ‘&hat ABKE ADAE, This
. .1 . 4 *
TR SEREN °. L k.. v
(,f-,a."_ P ) \v ) b . )
\$ i -’- .
39 102 . _ Y



1
L4

.o g A M .
v i . . i .

. ' We may n0w use this property of rhombuses to make wa constructions
N involvin perpendiculars. For example, in problem T ofrthe last exercise',
1 . . @, B
/ s set you.constructed a rhombus with opposite vertices at twp éiven points A

f" nd B. We now see that the line through the other two vertices of this~

“ = " rhombus is the perpendiculef: biseckor of AB, that is, 7E.Z EB and CD l Eﬁ

‘ Is it necessary to draw the’ rhombus in order to perfonn this construction°

. Study the,construction,belod/a “xplain, '

H

“ R e . 4 P " Exercises 8-1k

T - (élass Distussion)

. . ‘ \ . ‘ .- (.
o ﬁevise methods for performing the constructions belog The sblutlon B
,q‘ f each of the problems involves one\of the‘spnsfructfons already made
in Exercises 8-13. For each problem identlfy which of- the constructlons
: invtiercises '8-l3 should’ be uged in solv;ng the problem and explaln

why thls construction gives the desired result. -
\ ‘

.3".l. Construct a line through a given

: point C, which 1ig° perpendicular

. . a ‘.\ ' .. . . ) ’ =
S ? T &o a given lihe, . (c -is_ -~ - - . L
T T mot on - tﬁ) . . - . o N A

D)

_fQ 200, Same-as (1) except that point
C 15 on £. )
s - .
| Y v
:.,.- ' . ’ ' - - - BN ‘l‘ ’ . -
o e L e --":f ' - 100 7

ERIC

Aruitoxt provided by Eic:



3, . C 4is a point not on the line
2. Conatruet the reflection of .
¢ in 4. ”That'ia,.construct
a point E 'so that CE is

‘ perpendicular to ‘£ and so f\\\\\\\\\\ff\\\\T\\;

. that £ bisects CE. Why is

E - called the reflection of . o ' .
¢ in 87 . - o o
o - » S L .
’ ) . . .. ’ . . ) - . ‘
~87'15. A Shortest Path Problem o - )

IS "

’

One day after schcol some boys wanted to. play baseball but they didn’t y

have enough players 50 they invented & new version of the game. They used

: two boxes qhd a straight line, as shown in Figure 22.

A o
3
L

v}

v

L e * ot s
c - , ., .
_ ,' S ?gu)e 22j C .

- The batter stood at the plate, P, and hit a’ pitched all. 'Then”he had.'to
. i

run from the. plate P to6 the. base B, touching the lin'; CD /"§ the way

','him by returning the ball to the base B.’ ." .

7,

" After the batter hit’ the ball,. he would run in a straight line path_

?

e

iR to some point S on CD and theﬁ‘f}-a straight line path from S to" .'B.

-

'There are many ways of doing this depending on the choice of the\poi“; S
. One way'is shownsbelow. : T' oo : S ];

N ‘ N S

101

O
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RS

\ [
Q.
c . D o
L . N
Naturally, the ruhner wishes to choose the poiﬁt S 'so as to obtain
S "a path as short ‘as possible. But how %s he to do this? Is there a’way in

‘which e can-use our knowledge of geometry to locate the point S which
yields the Shortest path?

T . 1
-~ . L.
First, let;ls note . that the dif‘f‘iculty in the problem occurs because
' s . P and" B are on ‘the dame side of‘ the line CD. Consider,‘f‘or example,
o the corresponding prob]em of going from P to A touching the line C’Zﬁ

-~ .

‘B’

[

.h' . In this case, segment “PA  constitutes the solytion -of the problem
) since, of‘ necessity, it crosses CD., The pOint at which the runner touches-

CD is tl’len the point ‘of intersectioh of CD and .-K But can we use this
A simple idea Rox sol\ the original problem? The fact: is tha.t we can}

~
A
v, F1rst of all, find the reflection, .B?, - of the point B in the line i
AT 'as shown in Figure 23.,- T "-. ' >
. ) '. . '. X i ‘. ‘o . . - .‘.
-,fm-. - < oo
‘. —, - iOS -
: 102 \
@ IR e
~ . » '\

O
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g ) 4
[ - . / .y.;
e rr .., B
o ) . ‘ t
. .‘P ’ o "-.’ :‘ |
R K
hd —* o :
- e 8
-\ ‘ : )
P ‘ '
o Y ' }B' '
/ o ) ‘ Figure 23 - ey
. M »

That is, B_B'lé'ﬁ and- Ex"“ X
‘ ir; our work on the rhombus. N
segments L"@'r's,’;, 3B and S,

-3-13;_357 ) Which‘are the' congruent tria.ngles in this f‘igure° .

.7‘

o Ve leamed how to make this construction
- select any point S.aon CD, and draw the

By use of congruent triangles we ca.n shOW that

ERIC
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s

‘Thus ‘the length of the path fron P to S, to B, which ls ,PS + wSB, °
+ 15 the same as the length of | ‘the path from P to § to. B!, which is ;'
mPS * mSB" THus ghe choice of § _that yields the %hortest path from P.-
to -S—\to B is\gle same as the point S that gives the shOrtest pat\\f)‘rom
P to S- to B'. But we have al eady seen which chojce of S yields the
shortest path from P to’

S to LIR What is 1t? T

. ¢
o The problem presented here is merely one of a large class of mathemati-

cal problemg dealing with the shortest path satisfying certain.conditions.
L
A number of such problems can—be solved using the sort of
principle Just emploieg\j - \
. > K , '

‘ Exercises 8-15

reflection N

.

.

Express in_writing'the congruence-which holds between the:triangles ]

of Figure 2k.
why _gﬁ = SBY. . .

.

How do we locate the point S

Explain why these tridngles are congruent.

Explain

. 2., o that mPS + mSB is as short as
possih}é? Draw the completed figure locating the correct position
n-
: Ox pf}this point S and showing the shortest path from P to-.B}, ]
which touches the line CD. . : . . a
3. On a billiard table three balls at points E,  F, G lie ina .
S .straight line. We wish to strike the ball Z: E with ou¥ cue so
¥ that it will strike the ball at G without™altting:the ball at F:
i . s . L * . .Q\'. R
' ) \ - N < N . C ' ‘N ‘
. * "G
. . ®
* .
!‘ F °
. . 4 o
.o .
i
| .- "
?” + H B J .
. H , . \
. ~ . ‘- !
= To do this it will be necessary to bounce the ball off an edge of

‘e
the ‘table, say edge HJI. It is a principle of physics that,when a )‘
’ ) ’ /

O
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ball bounceés off such an edge the "angle of reflection] is 'corigruent,
/ - L : » . "
to,the "angle’of 1nci_(_1_ence','.

~

. . . e
. N - s R : .

b.;{Paﬁh‘of_;ball coo
o -

‘angle of incidence = o | _— angle’of reflection

. .
»

7
. Give a geometrical cons;ruction to detemine the pa.th which the ball
" at point E must travel. [Hint: In problem 2 show that” >
¢psc = ¢BSD.) .. o . '

, .

. . ' . ~ .
‘ o . P ’ .
A i . PR LS ’

. 4 :

BRAINBUSTER. On a billiard table' we wish to strike a ball at-point

.. - . L
- +

E 5o that it'will bounce off edges HJ.and :JK &nd then hitva™ = ¥

ball at point F -as shown (° ' o . )
. « ‘
; Y
l‘ ”?
: ..\‘; E . k’ \f‘
. _.-”/ . t
-/-" .
R 6
PR _
. . ¢ ‘
-u ".FigureZB : e’
N i . ' A . - . . b
..hy the dashed line in Figure 25 (on each bounce the angle of
- 1nc1dence must be co,ngruent to the angle of reflection.) Find a' L
h geometrica.l construction for the path the.t the ball at pcint "B ‘t,;
" must tra.vel. [ 1_1 _ Use the refleg,ion princl‘iple twice. ] - . \DS
‘ . o . R
. : . . E .. . : ] : CLoy,
. . o L ‘s -
. ) . o L
. 1 08 ) L
: o e
. ca

O
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-
LY

. ) v | v * v
. . - | |
v ‘ .- . - Y
. N ' . . . . " - 1] ~ . +
; ' 8'1% ___11 STy e - S ' l.‘
L e _ : . -
A S S S SRR
.'\L‘ . ‘ st Sectfon &2 T T~ . )\' S K ] - >L _
e R Far any segmenta 35 artd - G —5 ',;ﬁ. mAB = dﬁﬁ then AB = CD.
o . s Alsoif AB = CD then mCD. Yo TN '
e S - '
L : ,‘\. - for any angles AABC and ZRST, if w/ABC = mZRST ' then
A2t (RST, -Also if (ABC = (RST then uw/ABC = m‘RST. .
- . - ‘ ' -, o a v ‘ ’
: : s . : . .
] , Section 8-3. . S S N -
i o o Let B Pe between A and C, and B be between R and T.
" 1r ABT RS and B = ST, then AC F RT. Ir 20 = RT. and BC = ST,
' "then AB=RS. ' o : '
A ’ B _ C
.< -~ Section 8-
: Two angles “are called ad jacent when
(a)_ they have a Common vertex, i
.. . '(b) they have a common ray or side, and
- . (c) their tnteriors do not overlap. _
. Let (ABD and /CBD -be adjacent and let ZSF%iand LQRT be
adjacent esngles. (Points A,.B,. and C, and likeWwise points
p Q, R, ‘and § are non-collinear.) ' )
e o '
, f ey
’
ALY \.
, " If (ABD = /SRT  and (CBD = /QRT. then [ABC = /QRS.
. ' ' I <ARC Z.4QRS  and (CBD = /QRT ‘then (ABD = ZSRT.

o Op a'line B ir c ia between A 'and B, and ray.,Eb is -
-not on, the line, then méACD + m/BCD ="180.

The ‘two palirs of non-adJacent angles formed by two intersecting

iines are called vertical angles. '

-~
s

~ Any pair of vertical angles are congruent.

L oy

O
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Section™ § . : o

Rl N SAS ruenc Prope . ’ A
' . 'i o o
. D - "If two sides and the included angle of one triangle

; have the same measures as‘ﬂwo sides and the include% angle of *
another tridngle, then the *%wo triangles are congruent.

ASA C ongruence Property . °

) If two’ angles and the included side of one triangle have
A o the same measures a8 two angles and the included side of another
~
. triangle, then the ‘triangles are congruent.
. ' R
588 Congruence Property g S .
! If three gides of one triangle have the same measures as
\\\ the three sides of amether triangle, then the tn‘angles are ¢
- corigruent. ' T .
e
Section 8-6. v;
~ . The corresponding vertices of two triangles are shown by a - Ji,
'cqngruence statement as follows —_— . T
- Co‘spondirg Vertices P
< Aok .
. | Bw=d
- . C—1L
. N . L . ) . S
= ) Thus & congruence statement glves us six facts at once, as shown
_below. o L s D
AABC = AKJIL
Corresponding Sides w7 Corresponding Angles
,“' \, o ','_~_" P .' . ~ :
' AB = KI RV T IAE K
IR . . " mBT T
X <L L A -2

- M_iﬂﬂ_ SR L
. : . A triangle which has at least two %ongruent sides is called an
isosceIes triangle. '

\' A triangle whose three sides are congruent is called an .
', equilateral triangle. - . L : S
. . N rd N - N R B . ) . i ) . .
’ 4 “ -
. . -

O
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Tay > Y . 4. ¢ . N .

: , =
o ;- ,'ﬂ Seﬁtion 8-8 e S t‘ .' ST R |
':3'.3_ o -.' Two figures in the same- plane that are congruent may pe made to :_.
- ~-.' coincide by]a motion. - : ..} ' L f-;; ro .., L :
»\f . . L )
s . There are three types of motion' slides, tumms, and flips.
. ' A combination of these ugtions will describe any motion. A ot
: T A T : . AR
e ' ection_g_ ST ""—_3' ) . : K
e ', Two congruent figures in the same piane have the same orientation
" o Qhenever they can be made to coincide without a flip. °,
R o Y . 0,
. ' Section. 8-11.- o .- '

. ot A point B 1is called the midpoint of AC if B is between - ]
[N . N . L . A
o ~ -A and C, ‘and lmAB = mBC. L S

A ray BD -bisects [ABC if D* is in the interior of ~/ABC¢ ’ :'

4 and 7ZABb = /CED. -
./-,.' o " A line l and a line m are perpen&icular if they form'a
- \\ right angle. : . ’ ‘ S S .
. . o o . L ‘ .

'Section.8-12.

T

'Isosceles Triangle Theorems: L - ! //ﬂ

©

If two sides of & triangle are eongruent " then the angles
opposite those sides are congruent. ' ~f

"' e . If two angles of a triangle are congruent, then the sides
oﬁ%osite those angles are congruent. bt S .
IR ' , 3 o
Section l}. : ' A :

A diagonal of & rhombus’ bisects the angle of the rhombus at\each
of its endpoints." ’ '

fSection 8-14. . - : o i )
The diagonals of a rhombus are perpendicular bisectors of each :
" other, _ e . -
ot Section =15, .

o

For two points 'P--and A 'on the same side of a line f, the
- shortest‘path from, P to A touching,line I wmay be.found'using

the reflection principle. . '~~~ . -

3o
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