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Matﬁcmatic;l Problen Solving in the ilementary Schools
Some Educational and Psychological Considerationsl
Introduction C

One of the most important goals of elementary school mathematics
is to develop in each child an ébility to solve problems, In recent |
years mdre and more émphasis has heen placed on problem solving in thz
elementary mathgmﬁtics curriculuns, A cursory look at the scope and se-
quence chartgfaf the.most popular textbook series points out this trend,
. In each bf £hese serics problem solving i identified as one of the kgy
strands a;ound which the mathematics prosram is built, At the same time
'therq,ié concern among teachers,'mathematicians,_and mathematics educa-
toyéfthat these programs are doinz a joor Jjob of developing pfbblem
§6iving ability in children.. Points of vieﬁ vhich are representative
‘;of the dissatisfaction with cuxrcut p=ograms are found in the reports of
the_Sndwmass Conferencz= on tﬁe =12 Hatnehatics Curriculum and the Oronc
Conference on the iational 1iiddle School lathematics Curyiculum held
during the summer of 1973,  These reports called for extensive modifi-~
cation of currént mathematics programs to include a more systematic ap~
proacn to providing instruction in preblem solving, '

The currenthconcern should raise a numher of questions in the

mind of anyonetinterested‘in the mathematics education of children.

1The author is indebted to Dr, Norman J. lebb and other members
of the lathematical Problem Solving Staff at Indiana University for
theilr valuable suggestions, The views exp:'essed in this paper do not
censtitute an official statement of policy regarding the goals of the
Hathematical Problem Solving Projech. The author accepts sole responsi-
bility for all of the positions and views stated in this paper, -
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Ekactly qhat is %rbbiem solvinz? Can students really be taught to be
better problem solvers? Tf problem solving is.so important and good
prehlem solvers aie not being developed, whdt steps should be taken to
change presonl instructional—practices? Cc1tainly'an answer to the
first question must be obtained tefore the other questions ard oncs re-
Lated to then are tacklad, uo, hefore pLocecdlng any further a defini-
tion of.problom solving should be provided,

PDefinition of o Vioblun

'

A probloea is a situation in which an individual or group is
called upon tc pacform a task for which therc is no readily accessible
algorithn which deotermines completely the mathod of sclution,

Any one of_a nunber of ctﬁer deTinitions of a problem would be
Sﬂtli\actory for Lno purposcs of this paper (e.g+, Bourne, nkstrand
Dom1nowsui 1070 Davis, 1966; ilendercen & Pingry, 1953: Simon &
Newcll, 1972), TJet it sulfice to say that any reference to a problnn

or problem solviig roievs 10 a u.vw,ti i in which previous euperiences,

knowledge, and intuition must be coordinated in an effort to determine

an outcome o/ thet sitnaition P'or which a procedure for detcrmining the
gutcome.is not kneowun, Tﬁus, Alnﬁinu the length of the hypotenuse of" z
right triangle riven i lenaths of tha %uwo legs probably does not in-
volve problem solving for the studont who understands the Pythégorean
Theorem, tut may be problem solving of a compiﬂ" nature for the student
who has not l:zcen oxlosaﬂ to tha ”7thagorcar Theorae

Si.ce problem solvinb is viewed as such an important part of

learning mathematics it seens natural to analyze carefully what is in-~

.volved in the process so that effective ilnstructlonal techniques can be

6



developed. There is little or no argument on this point. Everyone
azrees that serious attention must be given to instructional iszues re-
lated to problem solving. However, beyond this point there is little,

if any, unanimity of opinion concerning the process of problem solving.

Bven the most successfiul problem solvers have difficulty in

identifying whv they are successful and even the bast mathematics teach-.

ers are hafd pressad to pinpoint whﬁt it is that causes fheir students
to become good problem sblvers. Unfortunénely, in spite of the volumes
that have been devsfcd to problem solving what is now uriversally ac-
cepted knowledge about problom solving can be boiled dcwn to Georg

Polya's words of advice to mathematics students: "Use your head."

(Préfcssor Polya's final s+atement ;n a presentation at the 1974 annual

meeting of the American.Mathematical Scéietj.)

Out of frustration over an-iﬁabili%y to deal successfully with
the problem solving dilemma, mathematics educators have turned to psy;
chology for guidance. The.nature of problem solving and the measuremert
of problem éolving ability have been the objects.of considerable attc':-
tion by psycholbgists (fepreéentative r;?iews of'psychological research
in éroblem solving have been written by Dourne & Dominowski, 1972;
Davis, 1966; Gieén, 1986) . Typically;;psyéhologica} r;ports of problen
solving reseérch begin with a statement i;kn: "Research in human prob-
iem sélving has a wéll—éaxped reputation for being the most chaotic_of
all identifiable categories of human learﬁing (Davis, l966, p» 36)."
Indeed, it has only been during the last twenty to twenty-five years

that a major point of view or tcohnique has defeloped which atlempts

7
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- to isolate the important variables which influence problem solving be-

havior.2

There appear to be a number f xoasons for this condition.
First, a variaty of tasks has been used in problém solving.rgseérch.
The taskes found in the literature 1nél&de such d;versc_proﬁlems.as
matchstick, Tower of Hanoi, and jigsaw puzzles, anagram problems, con-
cept identification prcolems, srithmetic computatica prcolems and stan-
dard'mathematics textbook word problems, Also, Froblem solving research
has been conductcd.by experimenters with quite diffcrent positiaﬁs on
the nature of prodlem solving., The traiitioral cognitive-Gestalt —
'approadh of such psicholdgists astrthaiﬁor,Haier, and Duncker is quite
different from thc associaiive learring thoury approach charactcrized by
the work pf Maltzman (1955) and the Kendlers (Kendler & Kerdler, 1952).
lore recently, especially within the rast Tifteen years, ccnsiderable
effort has been deVotéd»to_thc dcvelopment of an information processing
approach to the study of problem solving. The well—knowﬁ work of Simen.
and chéll {1972) is représent@tive of the information processing vi~w
-of thc problem solving process, Thus, although much exciting and poten-
tially fruit%ul work is bcing conducted by psychologists, very few de-
finitive answers to the questions conccrning the naturc of learning and
instrﬁction in mathematical problem solving are avallable at the pfes:ni
time, It is likel& that these answers will result only from several
years of intcnsive study that reflects a cooperative effort by mﬂfdé'

matics educators, psychologists, amd classroom teachers,

zKilpatriCk (1969) suggcsts that serious attention *0 problen
" solving by mathematics educators has developed primarily w2thin the
last ten or so years. : : . '

mic” s




Overview of Tals Papbr

The intent of this paper is-to describe 1hoe philosophy amd activ—
itics of the Mathematical Probiom 3olving Froject (+PSP) at Indjana
University, The paper w&llicontain four main soctions:

1. The Critical Issues and Questions Rélated to

nathenatical Problem 3o1ving

]

2. nHature of the 1°3F
3. Thrust o{_the Jork of PSP at [adiana Uniwveii.. s
4, Plan for Puture Rasearch ﬂ
The main focus of this paper is on the researct ard development
efforts undc _say at Indiana University, Tneivded in this ctfort is a
serious at*eompt to develop a conzeptual francwork for mata natical prob-
len solving, The development of such a fipmework will centor on the
creation of a medel for 3athomaiica1 rreblem solving.,  Since the crea-
tion of such a medel is considorsl 4o be of utmost imporiancc in dovelon-
ing a framework for futur: rescarch and development offorts, an exten-
sive diséussion of’ models of.prcblem solving is included.
.'It is hoped that the positions poged anl the efforts describe .
will stimulatc valuable discussion concerning the key issues related t -

mathematical problem solving in tho clointary schools,
e i X
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Critical Issues and Questions Related
to Hatﬁdmatical Problen Solving N

Th= opening sentenci: of this paper stated that the development

of children's problem solving abilities is é major goal of elemontary
, -
school mathematics. 1t is interesting that while few educators wculd
disarreoe with this claim there is 1litile evidence thzt a sericus éttempt
is boing made to attain this goxl. o sirglc factor can be identified
as causing this state of affairs to exiest. Instéqi the pro™1-m can be
.vattributud ta a numbor of canses, The followins are among thz most

proninent:

1. Problem solvinz is the most comui<x of all intellectral

- ‘ activities; consofuently it is *h2 nest diff -t Sntel-

lectual ability to develop.

)

nlomentary school mathematics toxtbooks typiczlly eve

.

deloterious rather than facilitati?e in develiring
problen solving skills and processes in children.

3. Rlementary schocl toachers do not vicir problem solving
as n. key feature of thcirzmathcmatics PTogTans.

O‘ 3D

Rofore sugeostions are presented Tor vemodying the present situntion

_it is appropriate-to c1¥buratc oil caﬁé%s Z‘aﬁd_S;

It is the author's opinion that thc ovirywhelning majoriﬁy of the
activitics presented in clementary mathematics toxts as problems are e
acivally Llittle more than cxcicices Jdesigned for practicing the use of

o formila or algoritrnin., A sccond criticiem is that textbooks do not

°
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-appropriate opportunities for them to solve pirobloms and barauss theis

¥
includé”éﬁbﬁgh situaticns yhich involve real—worldBlapplications of
mathenatics,

The third cause is.thc result of several factors., It is a fact
that most elementary school teachors perccive mathematics to be a static
and closed field of study. To them matheomatics is more mechanics than
ideasr ard involves very liitle indepeident or original thought. Of
course clementary teachors cannog'be biamed for iheir perception of
mathematics since it is based primarily on educational experiences which
stressed memorization of rules, formulae, am: facts, However, tir~ view
of mathematics which is held by eicmentary tcachérs is a part or & .
vicious cycle which has deveioped. Children axe not learnins t> sicone
good problen solvers because their mathematics toxtbooks do nst rrovide

2
teachers do not view prbblem solving as important, At he cim: ‘ime,
teichers do not view problem sclving as. important because it s not
gi;én priority status whan they studied mathematics, This condition *
carnot be rectified by attempting to cenvince preservice teachers’of ihe
importance of problen sblving. At Indiana Univ;rsity preservice eleien~
tary school teachers arc required to tzk: nine somcster hours, of mathe-
matics and thirec semester hours of metl.ods of teachinz mathematics.

IBven this uncommonlyigood sitvation does not allow sufficisnt tims to .

_ 3The tern "real-world" is difficult to define since a roal-worii
or real-life problem for one person may not be.a real-life problem for
another, Although interest raie and grocary shorping problems arc very
real in the sense that such protlems are encountered daily by aiults,
they are often not evon problems for children because children arz not
interested in them, .

"
-
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overcome ten or more years of "Lad" experiences with mathematics. Also,
young teachers are prone to model their teaching behavior after the be-

havicr of thair supervising teachers. Cuisequently, if little or w2

provision is made for developing caildren's problem solving skills by a

studqnt teacher's supervising teacher, it is unlikely that- the student
teacher will consider problem éalving =25 an important bart of the matho-
matics progran,

Remadies for the existing conéitions cznnot ignore the need t°
improve current teacher training programs, but improved t;acher traiﬁing
is cnly a small part of the solution, Even if tcachers can be train§d
to view‘mathcmutics és an area accessible through experimentziicr and
independént.thought they will probably *psort to using whuveor vritten
mrterials are avallabdle in the c;assro cm and these maieriz:s are, for:
the most part, not conduc;ve to enhancing tne development G Bitblam
golving abilities, ls, sérioué ard extensive etforts must Lagin to
develop cxemplurj instructional materials in mathematics hnlbn have
problem <olv1ng as their main focus, The Fathematical Prﬂu_en Solvig
Project (IiPSE), whlch will be de scribcd in the next aecuion, is attcmptw

ing to oatisfj the need for such problem bOlVlnF materials by prodwa e

~a series of modules dzvoted to the devciopment of certain problem zuiv-

ing techniques and by collectinF amd categorizing prcblems suitable for

use in the intc*néd iate gralou.

Attemnts to develop 1nstruct*ona1 materials of any type must in-
volve considc*able reflection about the mos st important aspects of the
topic bcing considered. In the ‘coursé of developing modules which will

teach children fundamental skills and processes of problem solving the

12
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/ following quegt1ors arc amcﬂg those whizh shoull be conuldcredz
/ 1. Jhat Eind and how nmuch direciion should be given ii. 4
nodinle?
2. Jhat *nstruﬂtional “ornat is best suited to teaching
children-how to soive problens?
Of.coﬁisc, these ¢ rél‘wpcrtant ques tions but they are nov s?c~
cifically related to‘mathcmatical problem solving., Instead they are
questions which are raised by writcré of any sort of in;tructional

- materials, It is premature to attompt to aiswer these questions it il

ansuers to scveral more b?SlC quastions are found. ‘Unfortunatel;, thz

knowledge that exists about how children solve .preblems and hes problem
solving should he taught is very limited, Por exonmnle, no confidaint

ansvers have bren found for the mest TLasic questions such o-

/.
v,

1. ‘“hat prerequisite skiils abilities, etc, must ol i2%:.n

; » have torco‘v‘ rarticulac kinds of problems?
2, lhat aspacts of the proolcn solv:np poocess can bo

tavgint to intermedicie eraile cuildrcn?
k =270

e

i ‘a.. Can children uso Vorisus problen solving‘stratcgies
: - effectively? . |

. b, U.n children learn to co orx-linate the cegniiive prociss. o
uhich are neédeq in solving complex_probloms?

.Clearly the ansﬁers to these questions to a certainjbxtcnt must
be bascd uppn the intuition arnl experiénce of the persons involvod in
writing @hé materials, However, it 1s equally as imvortant that thc
queStions ﬁe attaciced Ly considering the theoretical and resew“ﬂn bau
undéflying the various views toWard-teachipg pnblcm zolving, It w~uli

) . : | | , 1,‘ S
Elil(j- , .', A ) . ' ".lf?' '
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be most » : -ve ghother currieulum project  'ch devotes all
its ener,. " cvelopment of materials to thi - sion of at{empt—
ing to further the <cientific knowledge regarding learning and instruc—~

tion in mathematlcal problem solving.u

The issues raised thus far have been concerned primarily with‘ ;
the role of problem solving in the existing mathematics curriculum and
the developmenf of insfructional materlals. Before these issues can be ,
dealt with in an appropriate way it is essential thet several mofe
fundamental issues and questions_be considered.‘ These issues include
the four previousl& menfioned and are listed balow with some.diSCteﬁicn
follbwings~

Fundanen bal. Iseues Related to Mathematieal Froolem Solving

l, Can proolem solving be taugkt° » .

2, If problem solving can be "taught, n5 what types of expexiences
most enhance the development of this ability?

- 3, What are the ePecific cheracteristics of sﬁecessful problem sclvers?

L, ‘hat prerequisite skills, abilltlos, ete. and what level of cog-
nitive developmert must a student have in order to solve a particu-~
lar class of’probleps? ‘

5. . Educafors and/psychologists generally agree that there axe .severa’.

-/ : : factors which influence problem'difficulty. What are the primaxy

uTh*s view is also held by Richard Shumway and is presented in

a position paper prepared by him for the MP»P (19?4)

S5wTaught" 1s being used here in the sense that toaching can be
viewed as facilitating the urderstanding of or knowledge about spme-
thing., It does not imply necessarily direct intervention in the
student's learnjng process.,
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determinants of mathematlical problen aifficiity for children in

grad.s 4-("

There - - I . vation factews which influcrce chilﬁ:gn's
ablllt) and Uillnnbaouu to solve nathcﬂﬂ+10ﬁl prsblems, Fof
qumplp

a. that types of nrotlems are 1ntercwt3n~ to children jin h-(*

L-4

)

!

b..  To uhat extent does a cﬁlid's cognitive and enotlonnl’svvlo

1nLluennp hor/his n1]l:nrv*ﬂs o snlve y*o%l\ms'

A

.

ihat prob’om solv1ng strategies can o\*ldrcn (grades 4-6) 1-:xn +o

»ube nfunc ivc¢y? Iwere fuaddmeatallg, con prodleom solv ﬁ? stvatisius

) ba‘taught which are ge nhvalizable to a class or pzoblams?

ince ploblem solvlng is alco important in non-mathematic= < ~ag,

he quastion arises concerning the extent”to vwhich learni.r to sois:

. + -~

-pt

various types of mathematical problens irgrnafers to solvir: on-
nathematical probloms (the‘isxue is just as important i :lificd

to recd ", . . transfers to solving othar tvnva of r

ﬁroﬁiems"). i

There axe a, numbel of is3uss related to the m2thod of instiusbic

Amongz the most irPo:tanu are: h

a.. Is the small gioup mode of instructicr a betisr ande tarn
either the large group mbie‘ei ;nd~vmlual Lns!-.ction in
terms of toaching problem solving? |

b. Uhat aspects of th¢ problem SOIV1ng proco<s snouid in“luenCe_

the choice of method of iﬁSLrJCt10n7 Pox e\ampl should the ‘

L]
type of problem solving strategy appropriate for a problem
al ct'thn inziruct iondl mode usnd?
) h, . g -lf; L _ R o S
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c. The specific role of the teacher in problem soiving instruction
is an cpen issue. Are there certain aspects of the problem |
solving process nhich specifyva more directive role by the:
tagcher than others?

-+ “tow should problem solving'instruction be organized aniT
sequenced? Tor example, should specific skills (e 8 making

: tables) be developed before attention is directed toward teach-
ing a particular strategy? To whatrextent should a Gagneéan
i hierarchy be followed in planning instruction in problem "
solving? _ .
10, How do_such\characteristics of problems as difficulty, interest,
setting,strﬂtegy,and mathematical content relate to one another?
11. Several nodels of the problem solving process have been suggested.
Do. any of these models adequately describe mathematical problem
solving? Is there’ a need for developing armodel for instruction in
problem solving’ An instructional model might be fundamentally
di€ferent from a model of the solution process.
. The MPSP at Indians University has ‘selected. several of these
issues and questions for studyt namely, nos, 1 5, 6(a), ?, and 1.
_,Since these ques*ions and/issues have been eiven some careful thought
it is appropriate to discuss them briefly. - ' ';5 N
Question 1. Can problem solving be taught? :
Clearly, this is the most important question of all, x11-

'patrick's (1969) review of . mathematical problem solving indicates that

very 1ittle research has been done regarding the influence of instruc-

tion on problem solving ability.. The answer to this question probably
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.of questions which nust be considercd,

- will not be determined until more is known about the hature of zolving

problems and the relationships among the many fectors which influernce
mathematical problem solving,

“qiostion 5. ‘Yha' 1+ s ! -inary determinants of amathematical probiem

difticuscy tor childrculin grLdeé e
Psyéhologisté éenerally fceus on four malu arees for irn.estiza-
ting problem difficuliy: ,(1) wype of problim taciz; (ii) r»etmx; of pra-
sentation of the problem; (iii) familiarity of the problem sclzer widh
acceptable solution prcceduves (strategies, skills, etc.); 'fv) pruvliei
size (e.g., a'problgm-with several dincnsions, hoth relevant cr Jxrx>T#-

'

< e . Tl e
vant, is more.difficult than a problen having fewer dimensivac:. “fa:h

of thése areas has direct relzvance-for elenentary schicol maihewatical

problem solvinr. Clearly, not all types of problems are apfw: griabe fon
children of this agec. lhat is less clear is the bast meticd o7 we-
senting particular classes of problems to children. Languase Tantons.

~

complexity of the problem staiement, wole of concrete and visael matar -

ials, child's prior experiencos, anml type of problicem are among th=

/

several factors detormining the nost appropriate method of presentaticn.
Hﬁch valuable informaiion_éould be galned by pgsing prenicns ;o StHJ;AtB
in difforent forms and versions and under vﬁrying conditiouns,

That tbe';tudcﬁtfs familiarity uith éccenfable'soxuticn $e00 O
dures is aﬁ impértaﬁt“détcrminant of.prdblém:d%fficulty raises a munb.n

——_Hhich skiils and strategies are most important fer aldirg

problem solving in nathematics in grades U4-67 '
-- Which skills aid stratogies should be tanght first?

S
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, == Which, ifvany, strategies do students use naturally?

-~ lhich skills and strategies can be taught efficiently and
effectively? Can‘any be taught?

-- Should the skills (e.g., making a table) be developed before
concentrating on teaching a strategy (e.g., pattern finding)
or should theay devoloped as the strategy:is taught?

-~ Does teaching a particular strategy really. improve problem
.s0lving abilitj in the sense that for anyfproblem a student
will bhe able‘to choose the most approﬁriate strategy to use?

ilore’ questions are belng raised than answers in this paper.,

This reflects the author's earller statement that there are few defin-

itive answers to the questions about learning and 1nstruction in mathe-
»Imatical problem solving, The questions posed in.the preceding paragraph

are no exceptions. However, despite'the lack of ansuers based on firm
research evidence, there is considerable)agreement that strategies can
and should be taupht. This claim will be.discussed when Question 7 is
considecred, . . - ' . '

;Issues related to problem size and“ﬁroblem complexity are a -

major focus of the;research.efforts of the‘HfSP ~ Since these effort;
will be discussed in section IV of this paper no hore will be sald about
problem size in th1° section. |

The four delerminants of problem difficulty that. have been dis-

cussed are certainly not the only ones. rRather, they are the ones to
‘which psychologists have devoted: the most attention.. Haier (1970)
. ‘states that there are several otherjimportant factors which nake a

problem difficult, In determining a list of causes of difficulty, he
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begins with the assumptton that there is no lack of knowledge on the
student's part, Based'upon this assumption he quta'five potential
caus2s of difficulty in addition to the four that have already been
mentloncd'
1. misleading incorrecct solutions;
2, type of demands”made upon idea getting processcs.versus
”1;~i¢ idea-svaluation proccsses;»
é. difficulty in locatiug subgoals that can be reached;
4. lack of motivation; |
5 high degrec of stress,
The factors which have been listed in the prev1ous paragraphs
illustrate the cxtremc complex1ty of problen solv1ng In addltlon these

factors are ones that psychologists have lctcrnined prlmarily through

highly controlled experimentation, I many of the "laboratory" studies

there is no-need to consider factors such as mathematical content, level

of undcrstanding of concepts, proccsscs, and skllls, and env1ronmental

influcnces since ablllty to perforn the tasks used is not contingent

upon these Iactor Unfortunately, theseifactors are prcsent in normal
classroom instrLctlon. ponucquently, in additicn to +hc dctcrninants of
problnm difflculty which havc already been nentlonnd the teachcr is

confronted vith the task of dealing with cven mire confounding factors

‘in planning appropriate mathenatlcal problem solv1ng activ1t1es.

'Question 6 (a) hat types of problems are intercsting to children

in grades U4-67
This question cannot be answerod without considerable knowlclsc

of a student's background, exPeriences, cognitive ability, and psycho-

19
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logicgl makeup., Therc is substantial cviden:e that learning is enhanced
wheﬁ instrucfiqn is meaningful and relevant to the student. It is
_reascnabie to expect that this is also the case in lecarning to sol?c
probl w3, Thore are no_r ?i—nwl—ra Eorws o forT 4o Y gg if a partli~
ular problen is intcrcsting, but there Aro some general rules-of-thunb
which ﬁan guide problem selection.
1, Te suxc the pioblem statement (if written) is casy for
the student éo read. |
2. Use personal words and terms i'n the statement of tﬁé
bf | problem. . Try to make the student fesl like he is/a.paxﬁ
of the problem.
3. Although "real-world provlems are often difficulf to
{ find,‘sucﬁ problemsnhave a high motivdtional_va]u&.(ﬁoet
. of the "interesting"-;eal-w9rld_problcms arc toc/gcpﬁis-
ticatc& for the level of mathematiéal understanding
K | which inferhodiate grado cﬁildrcn have).
fa»uud- Bncourage students to noke up their own problenms.
5:1_Do not plaée the student in a stressful situition. Fer

exanple, insistence on getting a correct answer in a

v : short period of time is a good way to kill enthusiasm
. . ;7 . '
o for worliing a problem.
S " The PSP is._developing a problem bank for grades 4-6. One of

the criteria for selecting a problem for inclusion in the bank is that

s

__it be interesting to children. Interest will be determined through
i %ékiénsiVe interviewing and observing childrén as they solve problems.

!
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Question 7. hat problen solving strategies can children learn to usc
effecti. ~1y?
i papuns prepared for the nPSP, Greenes (1974) and Soymour

(1971) offcrﬁd specific rpoommcndations regerding skills and : traicgloa

ithich should bhe taught, Grqene. not 011y liste 1 several strategics

.
whlch“can be bauﬂat to chlhirbn i gr1dos L—é but also made ougocntlonu

YN

for soqunn01nn problgn qolvina ac%ivities. The skills and trmteu_ps
Greenes identifics include: estinate or guess, simplify, corduct =zn

cxperiment nake a diagram, make a teble, construct a graph, write an

°quat10n,_sc~“ch for a pattcrh, construct a flowchart,,pariition the

Ceclsion space, and dcduetive logic,

BSeymour considers such skills as "making a table” and “ccn-

structing a graph” as valuable aids to mathematical prollen s~1lving but

would probably classify such skills as sub-strategies because they ar.

really tools for ~applying a straicgy. The stratesies he considors

.
N—

.<prropr1btc Tor th) intermediate graies include: oanalogy, pattcrn_
-x2cognition, ducblou, velal and error, organized listing, wozhlnr back -

" wards, conmpined gtrﬁ+og"-s, and unusual strategies which are unique to

a problcm.

The velief of mat' - +’cs educators like Greene es, Seymour aixl-

Polya that straterics can be taught -should be given sdrious codsifidr .-

tion. .Hﬂst of our knowledge about learning and instrqction is based on

-thé cxp rienceg of teochers who have thought long and haxd about vays

e r

to heip hiidron lcarn. Although little rescarch has been donec on the
cffectivéncss OL teaching problen solving stratcﬁles, the fact that

scveral mqsfcr teﬂchers axc convinced of the foasitilit iy of teaching

——
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children the nsc of certaln sty gpdss shenl onvsurage teachers whe

ars lamniwg .3 1nelude problem solving as a part of their mathematics

program. - ‘ 2‘&

Question 11, Do any of the models of the problem solving process
adequabely describe mathenatical problem solving”

The primary purposc of a model is to describe the salient and
essential characterlstlcs of the process or phenomenon which is being
modeled Any nodel of the problem solv1ng process should be evaluated
on the basis of the extent to which it not only identifies the essential-“-"
aspects of the process but also the extent to which stages amd relabion—
ships among those stages are identifled. i

An investigation of this questlon has evoked considerable
inquiry within the HPSP and it is a nmajor theme of this paper., - A dis-

'cussion of models of mathematical problem solving iz included in

section IV of this paper.

R e e e
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The Mature of the [athenatical Problen Solving Project

e
Tyt

- " The niathenatical Problem Solving Projcct (:PSP), which is co-
gnoneovcﬂ byuthe ational Council of Teachers of Fiathematics and the
: nathenatics @ducation Development Center at Indiana University anmd

funded by thc flational Seicnce houndatlon, is working toward the devel—

onment of mathunachal g oblen solving modules vhich can be inscrted
into c:istlnc curriculum cf graﬂﬂ" =6, Lany uypyg of prvoblem situaticns
uill be included in these modules: real-world apnlicaticns oi math--

e - 5 25 (1. ., “real~uorld" as the student sces it), problems related ‘to
tne mathematics studied in the standaed cvvr ricula, nathaiatical m-awc-
ations, and 3rob1~m; involving various s+rat:gics such as guess and test
aind pattern finding, 'Mile the TSP s primorily a development projnci
tne materials Lzing developed uili b2 ba;ud upon rcsevrch'into the
téaching and lehrning of prqblem solving and will-be pilot-tested in
a nunber cf clemsutary schools.

The project is in operation at three diffecront cdnters:l the

Univérsity‘of Horthern Iowa, the Oakiand Schools (Pontiac, hichigen),
and Indiana\Univcrgity.\ hile the project has identificdbtho cent;;f:al.~
goal as being.thc developmcnt.of problen solying nodules for uss in
_grades UL-6, _each center plays a distinct role.

Wolc of the Ulive*ultj of Ncr vhern Towa (U.H.I.)b:

- " ' The PSP s1te at thc Unlvers ity of lorthern Iowa is dircctmi by

Ceorge Immerzeel. The primaxy role of the site is to develop a series

e e i e e e e e e e e e e

~e
.

6Thls descripticn summarizes the role of U.i1.I., as reported by
G,orbc Immerzeel and his associates, :

Q : . ' ‘ - 4.i 4 ) z;é? | ‘
ERIC - S 4 _

Aruitoxt provided by Eic:
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o

B

of "skills“? booklets and associated problcm solving exoeriences. Spe-~
cifically,'the center at U.li.I. is ideoﬁifying the spectrum of required
skills that are not part of the present curriculum, and writing mater-
lals that build this spectrum for particular problem solving strategles.
After considering an ektensive list of requlred problcm solving
skills and classifyins these skills into those that arc simple (require
a limited sct of tactics).aml complex (reguiring a variety of tactics),
seven werc identified as.approprlato foristudcnts in grades 4 through 6.!
1. Using an cquation |
2; 'Using 5 table'
/ . _' . 3. U sinz resources (readlng, formulas, dictionaries,
encyclopedias) .
L, Us1nﬁ a model (physical model eraph, picture, diagran).
" 5. Hakc a simpler problom
6. -Goess and'tcsf
S _ 7. Compote.to solve ‘
Eech=of these skills is sinple in that they involve a single principle

tactic, They do not depend upon an iﬁtcrrelation among tactics as is

the case in strategies such as pattern finding and goal stacking.8

7Therc, is a semantics problem in tryinr to conmunlcatc ideas
about problem solving. Torns like "skill,” "strategy,” “heuristic,"
and "techniquec" connote difforent things to different people. 'The word
. "skill," as used by the University of Northerm Iowa staff, refers to
o i generic problen solving techniques which arc needed in order to use a
-particular strategy. Thus, "making a table" is a skill, whercas .
_“pattern finding" is a strdtegy._

__m_Boee uimon~gnd~gcwell 119?2)_and,H1cLelgrcn (1974)_£or o
descrlption of goal’sticking,

24
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A “skilln booklet” will b written for cach of the seven skills.
These boolklots uwill he esigined to toach the subsikills ncoded to use a
mrticular skill, “or e:nhplc, for the ‘ucss amd Test Skills Booklet,
apireximate 1y 100 probloms were wwitten ~nd the skills necessary to

s0lve the probdens wsve ddentified. . hose skills were theon incorporated

into. tha boal 104,

The ¢4 id1s boollet 35 urition so that a stucdent can usa tha
boollelk ipndovedont of-téachcr input and nlso so the tancher can use
the beoklat io 2 swpular classioon satting, Aftcr_corploting ocnch
hoﬁklvt bl stadont 1s ziven an eveluation that not only dcterﬁincs thé
student's cucess in the shills but is'a quide to froup flacemcvt Tor
the pfOblnm Solviig expericnees designnd'for.thc skills.

”hg noblon sblving cxpéricnccs consisl oi" a sot of cards for
eaéh slziil. “hese crrs reprcsdﬁf five levels of"diffiqulf} and a
variety o7 iutercsts, Althoush a majority-éf'thc Problems are supposed
to have a "real ﬁorld” setting, there are also exnmplus from all aépccts
of the curriculuin, ivon thisg set. o problens cach stwlont should bc
able to find nroblens that not only it v T/hiS intcrqgts but alsp are

ot a lovel of difriculty vhere the stulcin will he challa>nzed but have

° .

a reasonahle chance J'or shccezs. Also included in the problem set avre

-problems ia wvhich the use of the mini-caleuldior is apmcorriate. These
¥ : : rhOpel ‘

. ) A
problems oz identiiied so the studnnt kiows the calculator is sugmested
& . . s . .
for &ho problen. A soparate skills booklet for the rini-calculator will

be develop=d uhich can be used with any type of problem solving strategy.

3o
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As the skills booklets and problem sets are developed, they
will be field tested with students in grales 4-5 in the ialcoln Price
Laboratory Séhbol}of_the University of Northern Iowa.

g B

Role of the Qakland 5chools

Davi¢! 'Tells is the Airector of the Oakland Schools‘Centci. This
center is responsible for preparing teachers to ficid test and help

develop meterizls, tvmohers will usec their classrocms to field tesf ‘

"‘:.

the materials dcveloped at OaP and, . u.I. and Inllana Un1ve1s1 ty.

- S

rv\

‘Thus, the Omklarﬁ hools -ce ntcr opnrbtes the major ficld testing com-

ponent of tho p"egect Currently there are twelve teachers participating

in the field teStlng. In ad&ition; thése twelve teachers partizipate
actively in solving’%ggblems discuésinﬂ problem ulrficulty, ident JTV-‘
ing problem solv;ng st;ateﬁies nghlwninr prrblﬂms for use in molaleb,
gnd contriouting to the devblopm<3t of nodLles.;

5

lne narticlvakton of classroom toachc*s is an essential part cf
the project.- It is also-essontial that these teachers teach-'in'a. schosl:
system which offers divcrse.socio—econohiqﬁgroupings of children.  The -

Oaklanl Schools is idnally suited in this respccf’since it has approxi- °

. mately'260,000 students and ;ﬂ,OOO t20chers éhd contains industrialiqu

[N

centers, suburban comaun’ties, and rural arcas. |, . .

Rele of Indiana, University (r.u.)

The nathematics Sducation ngglopmcnt Center, undor the direc-

. tion of John LeBlanc, is the third site involved in I'P3F, - The role of

s

9This dcscripticn cummarizes the role of Lhe Oakland Schocls

" as reported by 3tuart. Cnoate, Ass;stant Director of the Oakland 3chools
anuer..

< . . :
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the I.U. center is twofold. First, it is involved in the development
of one or more modules ba.sed on informa.tion gathered through work with'
irﬂividudl and small groups of students. Second, the center ha.s major
responsibi].ity for evaluating the materials developed at the other
centers a.rﬂ for making suggestions for revision. At the same time the
staff of the Mathematics Educa.tion Development Center is best qualified
among the three centers tc; conduct developmental research into the ques-
tions which V}I‘ill arise inevita.bJ;{ as the modules and problems are being
created, To ;iate, resea.i:ch problems have been identified related to
problem difficulty and complexity and techniques i‘or obseriling and
intervieﬁing- children as they'a.ttempt to solve problems. The thrust of
the work of the I.U. center will be dlscussed in more detall in a later
section, | _ .

The roles of the. three centers -have been described btriefly but
the interrela.tionships among the centers has not been specified Inter-

" action a.mong the centers 1is determined on the basis of need for rea.ction

to ideas being investiga.ted and materlals being developed. For example,

it 1s expected that ma.teria.ls devised by one center will be reacted to

. by the other centers, In this respect there is a cyclic pattern of con~
- tinual development, testing, and evalua.tion of materials which are pro-
duced (see figure 1). Also, all three centers u111 be involved in

iden*ifying resea.rcha.ble issues: for close scrutiny by the I.U. center,

27
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Figure 1t Interrelationship of Primary Roles of the MPSP Centers.

A final word should be said r‘ega'.rding the feasibility of a tri-

site project.- Such an organizational structure necessitates some CcCrh=-

fusion, inefficiency, and duplication of efforts that must be taken into

account in‘assessing the project. Hoﬁever, despite these ‘shortcomings

the tri-site aspect is viewed as a s rength rather than a weakness -of .

the projeot. " The - collaboration of educators with different interests,‘

experience and axpertise has been proposed by seve“al leading curricu-

'lum developers. Having three centers offers a b*oader tase for dis-

seminating'the materials wnrch will be developed ané provides a wider

range of expertise in the areas of teaching, materials development,
10 ’

10716 view was articulated by James Gray who 1s the N.C.T.M, -

'representativo cn the MPSP Ad'isory Bozxd,

28 o
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Focus of Efforts in the MPSP at Indiana University
' This‘Section is devc .ed tb'a description of the research amd
development work at Indiana University during 1974—?5, Also the current
status of the model of mathematical problem solving which is evolving
will be given considerable attention. Although the development;of a
model has been given tertiary status'during the past year, it seems
appropriate to present it in this paper in order to ellicit the reader's
reactions.
[ The work of the I,U. center during the past year focused pri-
( marily on intensive observation of students' ‘problem solving behavior,
jthe development of a problem bank, and the creation of a problem solving
fmodnle.

,Qbservation of Fifth Grade Students

In order to get a better feeling for what types of problems ‘
- students find interesting and to investigate’ if ‘students employ any
T filﬂ'l discernible strategies as they solve problems, the decision was made to
' spend some time (approximately 6 weeks) observing fifth grade children
© as they attempted to solve problems without having any prior instruction,
Fifth graders were used because it seemed reasonable to fix the age '
level of the children so that developmental factors related to age wouLd_
not have to be dealt with,

Approximately eighty problems were found that were suitable for -

most ifth graders. The problems were selected on- the basls ofs rele-
. vance to fifth grade mathematics, potential interost for fifth graders,
"non- routineness" (1. e., ‘problems that are not standard textbook

'"story problem") Consideration alsozwas given to selecting.problems '




which could te solvedij1morothan one way., Ten of the problems_were“
elected for use in inter‘i wing st dowt..
- Two classes of approximately sixty fifth grade students were
interv*ewed as they attempted. to solve some of the ten ﬂrobJem The
‘Ifirst class of students was interviewad individually and in groups of
two, three, and four as they werked a set of four problems. %nen grours

A

of students were interviewed, kt proved too difficult to identify from
* audio recordings the processes nsed by individuals, Thus, all studesits

in the secord class were interviewed individually, The findings from
\\‘ )

the int erviews weres e N
o

1. Vory few cf the students wrote anything down. ©Some drew .
a figure but only after it Was suggested by the interviewer.

2. Most students had difficulty Te ning ‘multiple conditions
and considering two or more conditicris at the ssme tine,

3. Students often solved a problem thiat was not the statai
probiem, They misread the problem or misinterpreted the
problem, ’ v

L, Students in general did notluse,strategies, althougﬁ a Tow
attempted to identify patterns for some problems.

, :The observation that many students were unable to coordinate
'multiple conditions in a problcm (finding #2) deserves elaborati
| One of the problems presented to students was the followingz
There are\f cups on the table, John has 9 marbles, and he
wants to pit a different number of marbles under each cup.
Can he do this? Explain, - . _
.-\\There are three different conditions'to coordinatex. five cups,
nine mgrbles, and a different number of narbles under each cup (Of
course, "John" cannot perform this task) Some students ignored the

- third requirement and came up with 2, 2 2 2, 1 as thelr answer.

Qo . .T 'A'_ | S | :3()
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Other students ignored the'condition of having nine marbles and arrived

at 4, 3, 2, 1, 0 for an answer, It should be pointed out that although

many students did not initially coordinate all of the comditions, they
were ahle to do so after rereeding the problem or being given‘a simple
clue by the interviewer, It should be added that it is possible that
students did not use all of the conditions because they would not have

fourd a way to put the marbles under the cups otherwise, It is likely

- that they have been conditioned to find an "acceptable" answer at all

" “'¢osts. To them, getting an answer is the most important thing; getting

an answer that makes sense d4s something else., This situation is prob-

ably not the fault of the students but the fault of a society which

stresses immediate results and values quantity more than qualitv

Mini-Instruction of Fifth Grades

The results of the interviews suggested that although the stu~-
dents were unsuccessful for a variety of reasons, they did’ benefit from
the question asked and the hints given by the interviewers. Thus, it
suemed feasible to devise short sequences of inst ructional activities
which wouLd 1ocus on helping children in the areas that appeared to
cause them the most trouble. )

A fifth grade class, diffsrent from those interviewed, was

" daivided into four groups (3 groups of 8 Ss and -1 group of 7 Ss) The

groups were approximately equal in ability ‘based on the scores from a

: pretest on mathematical reasoning. Each group was given forty-five min~
’ utes of instruction on each of four consecutive days. The instructionni
~ varied among groups by what. was stressed. The four different instruc~-

" tional stressos were based on the findings from the interviews. They

31
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weres i
Ti:is group worked on using
“paltern finding" ard “sluplifi-
cation" in solving problems.

1, Using Strategles

This group considered the condi-
tions of the problems ard checked
that the solution satisfled all
of the conditions.

2, Coordinating Conditions

3, Understanding the Frobvlem- This group was given ways to heip
' understand what a problem is asx-
ing such as drawing a flgure cr
distinguishing between relevant
and irrelevant information.

4.: Working Problems - - This group was given no paritlcu-
' lar instruction. The students -
were glven the problems and asked .
Y ‘ to work them, They were tolid if,
e ; * they had the solutlons right or
- ' _ v cong and given hints when neces-
. . - . ALI smo )
v _ . . _

Each group was given neaxrly the came set of probleme over the
four-day periocd. These provlems were selected tecause they were appro-
priate for instruction in each group. -At the'end,of'the‘féﬁz;day
instructiondl périod a posttest of four problemé was givén to all tie
students to see if any change in their problem solving benavior had
occurred, In addition, two students from each group were individually
interviewed as they'worked the postiest.

There was no attempf to cdmpare the groups sﬁatistically in

terms Of'problem'solving‘pexformancé. This was not an experimgntai

study to determine whish of four instfugtional techniques was the best,

but rather aniexploratopy‘lnvestigaiion of the feasibility of providing

\

instruction in Veiy‘specific aépects of the problem solving process. At

this point the primary interest was to try out ideas in order to gzin a.
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narrower focus, not to conduet careful planned and controlled experi-
ments to test well-formed hypotheses,

The results of the mini-instruction were inconclusive. Although

" the group which received instruction on using strategiés seemed to bene-

fit the most from the instruction, the teacher variable may well have
.been the factor that caused this to happen since each group had a dif-
ferent teacher, In-general the extent of .the influence of the small
group insfrﬁctional sessions is unclear. However, the insight gained
into the behavior of fifth graders in small group problem solving situ-"

ations was invaluable._ Interviewing and observing students as they"

. work on mathematical problems has continued to be a primary activity at

the I.U. center,

Dev?lopment of a Problem Bank and Problem Categorization Scheme

V Thé §econ& major thrust of kheiliU. center has been toward the:
development of a large b;nk of problems of a wide varieiy of types., As
the size of thié bank has.groﬁn.ii has become necessar& to determine a '
schemé for categoriziag the problems so that retrieval of problems will

bezggficient. A substantial effort has been undertaken to devise a

'\suitable categorization scheme., In pursuit of this scheme the purposes

jof having a problem bank had to be c;ar%g}éd. The purposes of the prob-
‘lem bahk ares ;' | | | ’
l. to providc,classroom teachers_with a soufce of problems
of various typés; “
~ 2. to havé avallable a wide réngé of problems with respect
to strucfure.énd.mathematiéal complexity, mathematical con-

tent, problem setting, strategies used in RPplving the prod-

._33



lems, interest, etc. for use. in development of problem

\

éolving materials. \ i |
IOne’}mportant usé of the probiem bank 1% as a source of problems

exemplifying-a pafticular strategy. For examplel, 1f a teacher wishes to
illustrate the use of the "pattern finding" stra egy; he/she can go to
the problem bank anﬂ choosé problems designated a§."pattern finding"
problehst

~ In order to categorize the problems in the bahk four dimensions
were 1dent1fied= the settling of the probleﬁ, the comﬁlexity of the
problem, strategies applicable for a problem, and the mathematical con-

tent of the problem. Initial attempts to sort out the components of

each'category resulted in the following outline for a categprization

scheme,

I, The setting of problems
A, Verbal setting
l. simple statement
2. statement in story form
3. statement in game form ‘
. 4. statement in project form ‘
B, Auxiliary non-verbal setting (a verbal setting accom~
- panied by non-verbal information or materials which are
not essential to solving the problem)
1. diagram/picture/graph
2. concrete objects
3. acting out the problem
4, hand calculators and other "facilitative" deviees
C. Essential non-verbal setting (non-verbal information or
materials essentlal to solving the prob em)
1, diagram/picture/graph
2. concrete objects -
3. acting out the problem
S 4. -hand calculators and other "facilitafive" devises,
. ITI, Complexity of problems .
A, Complexity of the problem setting :
1, number of words
. number of conditions (numerical and non—numerical)
« type of connectives among conditiong -
o familiarity of setting’
o umount of superfluous information
. number of clues provided (verbal andlnon~verbal)

N XY IREN
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B. Complexity of the solution process
1. familiarity with the type of solution
2., rumber. of questions posed
3. type of conncctives among questions
4. number of variables
5. type of connectives among variables
6. numher of different operations required
7. type of operatiors requircd :
" 8. number of steps required to reach solution
III, Problem solving straztegles
. A, Pattern firding
B. Systematization
C. Visuwal perception
“ De. Tnferencs -
E. Trial-and-error
F, Use and/cr develcpment of visual ‘aids,
G. Use and/or development of simpler problems
H. Recall and use of’ previous exr rieqces.
Iv, 3Mathemat cal content :
Since the probvlem bank will be used within the structure of
_ the existing mathematics curriculum, the components of this
categorj shiould be determined on the basis of topics in-
cluied in various grade five mathematics textbooks.

N Problems which exemplify the use of various strategies have not
.been difficult -to find. 'Carole Greenes amd Dale Seymour have provided
the ﬁPSP,with large collections of excellent problems which illustrate -
particular strategles and which are appropriate for use in the inter-

. mediate grades. Comtlexity has proven tc be the most challenging cate-
' gory to consider, Several weeks of intensive study resulted in a revi-
sion of the outline related to the complexity of problems, The revised
| ou+line is presented here without discussion. Work is now underway to

idetermine if factors included in this outline are critical in- tne dctol-

'_mination of problem complexity.

Revised.Outline of'ComplexitI of a Problem

» I, .Complexity of problem statement
A. Vocabulary ,
" 1. Word frequency
2. Specialized use
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‘B, Sentence factors (conceptualization of phrases)
1. Number of Simple Sentences .
2, Average riumber of words per sentence
3. Decodability of phrases
Cs Amount of information
1. Numerals and Symbols
” 2, Necessary numerical and non-numerical data
3. Questions asked
D. Interest factor :
1l, Number of personal words
2. Number of concrete non-mathematical words
II, Complexity of the focusing process
A. Interrelationships of Conditions
1. Number of bits of irrelevant data -
2. Types of connectives between conditions (an, or,
if . .. then) B
3. Order of presentation of the ‘givens and/or operations
. - 4, Iogical structure of the problem '
. B. Interrolationships of goals
.i» ls leading questions
o 2, Corollary questions
3. Completely disjoint questions
L, Related questions
III. Complexity of the Solution Process
. A. Unique vs, non~unique vs, no.solution
3. Mathematical content involved
C. Types of strategies that oould be used effectively
D, Minimum number_ of subgoals
°  E, Types of goals
IV, ,Complexity of Evaluation :
A, Dase of checking solution ' IR
B, base of generalizing solution - ' .

Module Development

The development of ‘instructional materials on pattern finding
was begun Pattern finding was chosen as the focus of the module be-

cause the students had‘an accurate understanding of the word "pattern"

4
.

and used it in conversation. AlSo, there isz;wealth of probloms which -
involve pattern finding in their solutions._ Preliminary versions of
| parts of the module have been tested in fifth grado classrooms, No for-
mal evaluation of the extent to which students learn %o use a pattern
.finding strategyihas been conducted."'Instead, the-testing has concen- '
.'.trated on readability of the materials, clarity of presentation, format

. used, anﬂ 1nterest level.y o \ ' f
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Toward a Model of the Problem Solving Process

The attempt to develop a pfoblem colving module on vattern find-
irg and determine a scheme for cateéorizing matﬁematical problems neces~
sitated a careful examination of tho behaviors, both affective and oG-
nitive, which are demonstrated as a studen{ tries to solve a problem.
This analysisvinvolved an attempt to dstermine o model of the problen
solving process Qﬁich emphaéizes the mbst important.components of the
précess'ani provides an accurate description of how successful problem
solvers think, A search of the literature on ploblem solvizg revealed

that several atteapts have been male to device a model which des"rloes

problem solving., It.was appropriate to study scme:of these models in

‘oiler to create a molol which approximates the process for sclv1ng

¥

mathemauical problems,

Dewey's Mcedel of Reflective Thigking

 In his classic tock, Hew We Think, Dewey proposes five phases of

reflectivethought (Dewey, 1933). Whilé reflective thought is not synon-

omous with problem solving, it'is clear that reflective thougbt is an
essential part.qf problem solving.
| The five phaseslare:

-
e

Tl. Suggestion: direqt action upon a situation is inhibited.
.thereby causiné conscious ;warcness of being "in a hole"
(pe 207); o] |

2."Intéllgctualization: an intellectualization of the felt

difficulty leading to a_definition of fhe probleﬁ;

3. 'Hypothesiziﬁgz .various hypotheses are identified to begin

ani guide observatiohs in the cellection of factual matérial;

37



M

y, Reasoning: each hypothesis is mentally elaborated upon
through reasoning:
5. Testing the hypothesis by acticms M. o o some kind of test-
ing by overt action to give experimental corroboration, oxr
_verification, of theoconJectural idea (pp. 113-4)."
Dewey is careful to point out that these phases do not necessarily
followuope another in any set order. This analysis is valuable 1A iden~
‘tifying stages in reflective thinking and thus, in problem solving.
However, it considers only the logical'aspects of reflective thought but
does not consider nonlogicel “playfulnessJ or intuition. ‘It has been
" guggested that Dewey's formal steps are more a statement of one type of
scientific method than an accurate description of how people thirk
(Getzels, 1964). As a result, this model of the process of solving prob— i
lems may describe how students ought to think, but it does not describe .
how students usually do think whey: they are SOlvioé problens, - f

Johnson®s Model of Problem Solving

Uhereas Dewey s model reflects a logecal analysis of problem
solving, ‘Johnson (1955) has provided an analysis which is oriented to
‘the psychological processes related tovproblem solving. Johnson's model
is of particular interest because it provides a framework in which
" , . . to interpret measures of problem-difficulty such as solusloo
- time (Bourne et al, 1971; p. 56)." Three stages'are 1ncludedfih his
models A ’

1, Preparation and orientations the studeni gets an idea of

what the pioblem involves.
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"Polya's lodel of Prodlem Solving L - '

2. Produotion: the consideration of alternative apyroach:ss to
a solution and the subsequent.generation of possible
solutions, |

3. Judgment: the deternination of the adequacy of a Splution
ard the validity of the approach used to arrive at the
solvtion,

'.In adaition to providing information .bout problem Aifficulty
this model offers a dimension that is not present in Dawey's mcdel——*t
leads to speculation about the effects of instruction, In Johnson's
model pre-production accivity by the problem solver is Jnst as important
as’ the production stage, Uniortnnately, little is known about -the prep-
aration stage because researchers have preferred .to investigate problem

situations which are well-defined for the student, Thus,;the prepara— i

tion stage plays a less important role. The suprestions for future

research efforts which apocar- in the final section of this paper inc]ude
a plea for studles nhich focus on the preparaticn stage of problam solv-

ing by examining problems for which. the student is not fully prepared,

Georg Polya's extensive writings have been a source of much
valuable Information regarding the problem of teaching problem solvirg
in mathematics (Polya, 1957; 1962). -Unlike’ Dewey and Johnson, Polya‘s
concern lles primarily with mathcmatlcal problem sclving. lo him,
,eaching problem solving involves considerable expe iencepin‘solving

problems and serious study of the solution process, The teacher who

 wants to_enhance her/his students' abllity to solve problems mist direct.

their atterticn to certain key questions und suggestions uhiﬂn corre— .
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spond to the mental operations used to solve problems. In order to
group these questions in a convenient nanner Polya suggests four phases
in the solution process.

1, Understanding the problem

2. Devising a plan

3., Carrying out the plan |

L, Looking back

Since Polya's four phases are familiar to most mathematics edu-
cators interested in mathematical problcm.solving, no discussion of his
model will be presented here. It should be pointed ont'that instead of
being a description of how successful problem solvers think his model
is a proposal for teaching students how to solve problems. thile this
. model may be valuable as.a guide in/orggpizing instruction, in'problem
_ solving, it is too<gross to be of much help in identifying potential
.areas of difficulty for students or clearly specifying the mental pro-
cesses involved in succcssful problem solving.

Hebb's Model of Problem Solving

After reviewing the existing 11terature on mathematical problem -
solving, Wcbb (1974) devised a model which 1is purported to be a synthe-
sis of the various models described‘in the literature. -This model;con-
teins three main stages.in solving a problcms preparation,‘production,
and evaluation., | '

1, Preparation: includes defining and understanding the prob-

lem; understanding what is unknown, what is,éiven,_and whatt
the goals are.

2. Productiont includes the'search for a path to attain the
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goals;‘recall of principles, facts, and rules from memorys
gencrafiqn of new concepts anl rules to be used ig.solving
the problém; developnent of hypqthéses and alternative
plans that may lead to one or more goal,

G

3. Evaluation: ‘inclides checkinsz subgoals and the final solu-
ﬂion;.checking the validity of pfocodurcs vsed dwering prop-
aration and prodgction. |

., Hcebdb states“that his model ", . . is not a hicraréﬁical model in that

Preparation alwéys cohes bcfore"production.ﬁhich always must precede

evﬁluation. ‘This is more a cyclic model (Ncbb, 1974, p.,u)Q" This

model has proved to be useful to the staff ét tﬁe Indiana Uﬁiversity
center. of the MFSP as a.rudim;ntary moﬁel'fiom which a more“detailed and

rcfined model can be developed,

Sor:_Other Models of Problem Sclving

In addition to the mddels propoéod by Dewey,-Johnsén, Poiya,
and Wcbb several other thoughtfﬁl ﬁo&els.havc beén_developéd. Repre-~
sentative of thesc modols are those of Klausmeir.and Goodwin (1966) and
Wallas (1929). Uifhout discussioﬁ £hcse modcls”are presented below.

Klausmeir and Good:in's lodol

1. }Sotting a goal

2. ‘lppraising the situation

3. Trying to at£a1n the g§a1

4, Confirming or rejecting a soiution

5, ﬁeading the goal )

41
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Wallas® Model
1, Preparation - o | .
2.?1 Incubation (a muiling over period)
3. Illumination (the coneeption of a solution)

L, Verification

A Working Model of Problem Solving for the MPSP at Indiana University

‘The primary limitation of each of the models that have been dis-

cussed 1s that they are either prescriptive (viz, Dewey and Polya) or

* only grossly descriptive.(viz, Johnson, Klausmeir and Goodwin, Wallas,

and Webb), The prescriptive models suggest techniques to help the stu-
dent be a better pzroblem solver. The descriptive nodels may be more
valuable in the sense tha.t they identify phases the student goes through
during problem-solving. ‘The goa.l of the MPSP is to devise a more de-
tailed ‘and refined descriptive model. B

'I'he search for Ssuch a model has led o an investigation of in-

: formation processing approaches to problelﬁ solving research. With the

possible exception of gestalt bsychology, information processing theory’

seems, to be the only psychological theary which has problem solving as .

a."central focus. A primary thrust of informa.\,ion processing theory is
to develop a. description of smcific tm f problems tha.t is precise

~enough to enable an explanation of p"oblem solving behavior in terms of”
. ba.sic cognitive processes, The mos* complete description of information
'processing theory has been presented by Newell a.nd ‘Simon (19?2) _ Wick- |

elgren (197’4) has a.ttempted to develop an operationalized theory of
problem solving by cOmbining elements: oi‘ information processing theory

and’ the ideas of master teachers like Georg Polya.



, the;student's cognit1V° processés as progiess is made from'Problem
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’Thelwork of Newell and Simon, and»Wickelgron has led the agthor
to the modollfosusolvipg mathematics-problems which is described in the
paragraphs which follow, This model is, of course, not as refined as it
should be nor does it nece8sarily gcnerai ze to all types of successful
mathematical problem solving behavior. _However, it'does pinpoint some
critical components of rroblsm solving behavicr which are missing in the

other models, Six distinct, but not necessarily disjoint, stages ave

" included in this model.

1. - Problem Awarcness
‘ ;\z; . Problem Cohprehension
: 3; .doal Anaiysis o R -
‘ h: Plan Development?-” : -
5. Plan-Implementation

"6, Proceaures ard Solution Evaluation

It should be emphasized that these stages are not necessarilv sequential,

‘In fact it on*y rarely happ ns that'tncse stf'reu do occur sequentially

and distinctly from each other.

In keeping with an information processing approach to build:ng

a model it would be desirable to decvise a flow chart that would descr*bﬂ

b

Awareness through Plan and Solut*on valuatlun, However, since the

stages are not hierarchically-ordered or even distinct, for most'prob- o

- lems it is not possible to ;evise a completely accyrate diagran of the
..flow of progress during problem solv*ng. Pigure 3.is-a rough descrip~

"tion of the way in which the stages of the model are related.



' Stagé 13 Proglem Awareﬁess; _

A situation is posea forvthe student, Béfére this situation be-.
‘comes a problem fér the S£Udent'he/shc must realize. that a difficulty
exist. 'h,difficulty must exist in the sense that the_stgdent must

. recognize that the situation cannot be resolved readily. This recogni-
-tion often folléﬁé‘f?om initial failure to éttain a goal. This;view of
what‘constitutes a problem 1s consisnént'with Bourne's descfiptioﬁ of a
problém situation as one in which‘initial attempts failvto'accompliSh
some.éoal (Bournevetlal,.l97l). A second component of the awareness |
» stage 1s the stu@ént's willingness £o;try to éblve the,préblem, If the
student eitﬁer dbes_not récognize a difficﬁlty or‘ié not wiliing td“pro—
. ceed in tiying to solve the probiem,'it is ﬁeaningless'to ﬁrocééd (see

'Figure 2)._ ‘
(’Problem' o ?
.. Posed . " o : ”
' Can_ - ?' :
: Yes ifficul No
= 1{ y? 7—X_be Resolved?
. NG
o 7 o ////////i»
* ~, . . '\\ R

Y Yes
( or: ) =
-\ Repouse
N

v e

‘/;;cides

to wor
on pro
~

Figire 2 Schematic representation of probiem»awarenes§.

A

Stage 21 Problem Comprehension

- - o ' Once the student is aware of the'probleﬁ situation and'declaiesv ’
& willingness to oliminate it as a problem, the task of:making sense out

" of the problem .begins, This stage 1nvolves at least two sub-stagess

&
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'translation and interaaliZation.- Translation involves interpretation

of the information the prob 3n provldes'into terms whichvhave meaning
for the student. Internalization requires that the problem solver sort |
out the relevant information and determine how this information inter-
relates. Most importantly, this °tage re sults in the formation of some
sort of internal representation of the problem vithin the problem solver,
This representation may not be accurate at first (or it may never be
accurate, hence the student fails to solve the problem), but it furnishc
the student with a means of establishing goals or priorities for working -
on the«problem. It is her e.that the non-sequential nature of the model
shows up,for the first time. The accuracy of the problem solver 's in~
ternal rcpresentation may increase as progre s is made toward a solu-~
..tion. Thus, the degree of problem comprehencion will be a factor in

several stages of the solution pracess,

- Stage 3: Goal Analysis - - ) e
: It seems that the problem solver may Jump back and forth from
_this stage to another. For some problems it is approuriate to establish'
subgoals, for others subgoals are: not needed, It is often truc that the
identification and subsequent attainment of a. subgoel aids both protlem
comprehension and procedure develooment. _ |
- Goal anglysis can be viewed as an attempu to reformulate the
problem S0 that familiar strategies and techniques can, be used, It may
| also involve. an identification of the component parts of a problem. It
is a. process which.moves from the goal itself backwards in order to sep-
arate the different components of the problem. Thus, goal analysis

actuallj includes more fhan a simple specification of given information,'
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NN |
specification of the \relationships among the information, and specifi-
cation of the opera.tions which may be needed (see Resnick and Glaser,
1975, for a more detailed discussion of goal analysis)

' Stage ’4: Plan DevelJment

‘ _ - It is during this stage that the problem solver givcs conscious
| /attention to devising a plan of attack. ' Developing a plan involves muchl.
f more than identifying..potential strategies (e.g., pattern finding and - '
"""-'solving a simpler related problem). It also includes ordering subgoals
" and specifying the operations which may be used, .It is perhaps this |
stage more than a.ny other tha.t causes difficulty for students. It is
,common to hear xnathema.tics students procla.im after wa.tching their
.teacher work a problemx "How did he ever think of that? I never would
ha.ve thought of that trick." The main sources of difficulty in learning ,
| vhow to formula.te a pla.n of attack emanate from the fact that students
‘ are prone to give up if a task cannot ‘be done easily. Of course, if
problems can be done too easily, they are not really problems. A good
.problem causes ...nitial failure which too oftor results il{l a |
_refusal to continue. This state of affai.rs is not the fault of students
but rather the fault of teachers who do not recognize that linitial fail-
ure is a necessary condition for problem solving (Shumway, 19714)
my - also be true that stl.dents are unable to devise good pla.ns ‘because
they have few plans at their disposal There is preliminary evidence
from. work done at the: Indiana. University cex7ter of MPSP tha.t ma.ny chil-
_'dren in grades 4-6 proceed primarily in/ a tria.l-a.nd-error fashion until
they either find a "solution" that satisfies them or give up. Equipping |
students of this age with a few well-chosen strategies may fa.cilitate

* their ability to plan




ﬂthe sequencing of subgoa s does

L3

Anothcr=sour~e cf difficulty for students at this stage is in

ordering subgoals and speciljing the cp rations 10 be used. For many

stuients ths hardeut part of problem solvlng lies with knowing what to-

-~ do first and orgentzing their ideas, Con.equently, in aadition to

teaching students strategies, attention muet be given’ to helping them ¥

‘organize.tneir thinking and Planning, -

Stage 51 Plan Implemantatfon

At this\stage the problem solver tries out & plan which has been

‘devised. The possibility that executive errors my arise confounds the

situation at this stagc. The student who coriectly decides to make a -

table ‘ard lock for a pattern nay fail to see the pattern due to a ui’rple

. computat on error, Errors of this type probably cannot be elininated

but they can be reduced if instruction ou implementing a’ pian also con-

siders the importance of evaluating the plan whrle it is being tried,

Thus, while stages 5 and 6 are distinct they are not dis,]oint. The

'main dangers of stage 5 are that the problem solver may forget the vlan,

become confused as the plan is carried out or be unable to fit together

the various perts of the plnn. /Fitting together the parts. of ‘a puan can .
/

be a very difficult task in itself This difficultv may arise from the o

fact that the best sedjéncing of steps in the plan or the best .ordering .

- of 'subgoals may not be/clear to the problem sdlver, - For 'some problems

t matter, while for others it is

esseéntial that sub-goals be ach _ved 1n{a particular: order. The reader

'ﬁ'is referred to. cnapter 6 of Wickelgren 8 book How To Solve Problems for

an in-depth analysis of techniques for defining subgoals and using them

~ to solve ‘problens jwickelgren, 1974)

// / D 7/



St_ag,e 63 Pro..edures and Solution Eva.lua.tion ‘
| Successful pro‘olem solving usua.lly is the result of systemtic
evaluation of the a.ppmopmiateness of the decisions made during problem
solving and’ thoughtful examinstion of the results obtained, = The role
‘of eva.luation in pa:oblem solving goes far beyond simply checking the
a.nswer to be sure tha.t it makes sense. lnstead it is an ongoing process.
that \begins a.s soon as the problem solver ‘begins. goa.l a.nalysis and con--
' tinues long a.fter a solution has been founi . Procedure and solution
'evalua.tion may be viem as a.process of seeking answers to certain
| questions as the probl en solver works on a problem. Representative of
- the questions which should be asked at each stage are the following:
A, Problem Comprehensiom The problem solver evalua.tes how |
well he/she understands what the problem is,
L — Hha.t are the releva.nt and irrelevant data involved .
in the problen? ; |
- Do I (problem solver) understs.nd the relationships |
a.mong the information given" "* | _ '4
-~ Do I undea':sta.nd the mea.ning of all the terms that -
are involved? _ |
B. Coal Analyeis: The problem solver ce,tegorizes_ the infor-
. mation into classes like éimns,' operstions! variables, 'etc.,‘
and a.ttemﬁts to identify the structure of the problem.
g Are there any subgoa.ls which may help me achieve the
goa.l? | 4 '
_4 -- Can these su'bgOa._ls be ordered? .
~- 18 my ordering of subgoals correct?.
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-~ Have I correctly ide ntlf:!ed the con.d.‘ ions oper 4!:

~in the problem?
Plon Devslopment: The protlea solver secaiches for a

cLhnd of < Jc &3 ng.a

==~ Iz thave mora. t}.m fae wWay to do ithlis pv'o‘)lem"

-~ Is fherp a teet wo y'? »
-- Have I_ ever solved a problem lile this one before?
- KXl it p in lesd to T.he goal or a subgoal? |

Plan I 'rp"c':entathn. The problram sclver tries out a D.L'.m.

== An I using this btr’ Le3y ccrrectl./'?

- == T8 the orderrw of the sters in ny pJa.n app“opriate or -

could I have used a dii'fereﬂt crd\,r*ng

ngtion Bvaluation: _The problem solver analyzes the

.. Tresults,

-~ Is my solﬁtioﬁ generélizabie? | _' .

- Does nw s.olution. sa.tisfy all the conditions of :the
problen? ' " ' | SR

-= What have I 1ea:r:ned t"xat will. uplp me s01v~ other

proble’ns'? !

The’ diagtam which follows a.ttr-mpts to 1llustrate the interre-

lationships that exist’ a.mong the stagcs in the mndel. I-t also sw;gesi:a

" Fow a student might proneed in eo.:.ving a problem.
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PROBIEN
POSED
AWARENESS - GOAL o
" ATTAINED ) ANALYSIS D
PROBIEH - SN PIAN , |- | FROCEDURE
COMPREHENSION | DEVELOP}ENT EVATUATION,
~ - ) Y
.:\ )
- PLAN . |,
| IMPLEMENTATION |~
, .
o - SOLUTION, ]
- —— EVALUATION

F:lgure 3t Schematic- representat* on of a model of mathema tical pro'blem
. ' solving, : .

: M the Model Ilax be Used

o The most va..l.uable aspect of: this model 1s that is pu:ov!des a
concféﬁtual.f:amework-.i_‘or Mentitying tha factors which most inYluence
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success in problem solving. This framework can be useful to the teacher
who is trying to orga.nize appropriate problem solving experiences for |
ettxlents by highlighting“various potential sources 'of difficulty for
problem eolvers. It ‘also emphasizes that tea.chere cannot be content to
tea'ch. students how to solve:problems by simply showing a few "tricks of
the trade.” Of course, the model does not describe problem solving for
all types of problems and, in this sense at least, it is incomplete, .
But, L‘it:does supply a partial explication of a 't.heory of problem solving

~ which, although not fully conceptualized, is being created. The devel-

opment of a theoi'y of problem solving will give direction and add focus
to any resea:r:_ch. efforts. Such a theory is needed critically within..
mathematics ed_ucafion at the pﬁresent time, lHany of the research efforts
in.inatheme.tical. problem solving -which have been.‘ corﬁucted were well-

' conceived and carefully done but the results of these efforts have had

little impact on instructiona.l pra.ctice. This is pertially due to the -
diversity of types of research and the conflicting results which have |
been obtained, It is also dv._le to the fact that none of the results. ssem
to be generalizabls to all types of mathematical problems. It may b
that no single theory, and iience no single model can a.ccxn'a.tely depict

pn'.'Oblem solving for all types of problems and all types of pa:oblem
solvers. Even with the posibility of such a state of affairs it is

' worthwhile to con+inue the sea.rch for a suita,ble model _8lnce such a

eea.rch will provide valuable information about the nature of the pro'b-

. lem solving p.rocess.



- | Plane fox Futrv'e Research
. Although the IIPSP is prim:r:ily a development m:oaect an 1mes-
tiga.tion of 2 fn'f ws::,:'ch questions wlll be 1acluied as a pa.tt of the '
efa.orts duric;s M" ?u. Iiach of the work done at I.U. during the pa.;t

"~

year ca.n be c""'r'r"- T4ed g0 explorabhry, Frghasls ves nl~zel on intensive

observa.tion of siudzntc, lhe colloction of probler:, ihs apaction ofi a
- problem solvi rgg mi'.:le, 2ad the design of a sultable model for rzthe~
matical pretianm ool¥inr.  Yhile none of these endcavors czn be consid-

-ered resear'-'z in “:o nannl gonze, 11 ) 2 ok a.t I. U. was conductaa

with a research spirit. That ls. every eifort wAs mde to approa.c-n ea.h
issue in an crerm: n.nded. and obJect_.ve nuaner and to apply i.he scientific
method of inqui:ry.. Perhaps the most valua.b3° res.llt of the wock at the |
I.U. center wos the identii icn.v_on of three areas within the probtlem

solving pro"e.,s which cause difficulty for fifth graders. Two of thece

- difficulties are rela.ted to prul*le'n con-prehem ion, wihlle the third is .

' rela.ted to pla.n development a.rd iml ementation, -

1, Students often mis v.'ead or misint erpreved pro'blems. ‘
. 2.: tudenis ha.d. difficulty ret«: ning a.d coozdinating multi.plelj
conditicns in a p:.o'blem.
3.. Students do not appear to use ‘any swategies durlx.g pr::ble,m
solving. . '
_ Fm:ther investigation of the first difficu.i:sy suggesteq. that.
students often perceive a simpliﬁed version of a stated proble'i. Tbe
students then proceed to sclve the problem as they perceive :lt. Ina

few casee, the studerts were not even aware that a problem existed. In

| otbu: casas students had jt:!:ouble uxﬂereta.nding_phrases in pr:oble“ns o
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(e;s.', "a checker in every row and in.. every column” and "every sixth
night"), Clearly, students cannot solve problems they don't fully under-
ata.nd It is. important, then, to ray special a.ttention to the factors
uhich influence pmoblem compu:ehension. More specifically it is impor-
tant to deternine the primary determinants of reading difficd}lty since
‘most mathematical problems are presented in & uritten'form. | |
| Several measures 'Of comprehension of written passages have been
developed by reading. specihlists. Howaver, there 1s reason to belleve
that these measures may not be appa:opriate for written ma.themtical
passages - since mthematical English a.ppea.rs to be much different from
ordinary English, Kane (1968) suggests that there are a.t least four
diffecr:ences betmeen mathemtica.l English and .ordinary English:
1. Redundancles of letters, word, and syntax are different;
2, Nanes.of mathematical objects usually have a single
:"d‘enotation:' | E o
i AdJectives are more important in mathemtica.l English
than th ordinary English;
4, The grammar a.nd syntax of nathematical English are less -
. flexible than in ordinary English
" If mathematical English 15 significantly different from crdimary
English, it 1s essential that the nature of these differences be’ deter-
amined, Two members of the HPSP staff a.t LU, L Norma.n Webb and Barbara
¥oses, have designed a Btudy which aims at J.dentifying a relia.ble and -
accurate measure of comprehension of written mathematics problems.

Their atudy will investi@a.te the following questions:
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., 1s the cloze rrocedur "1 a reliable measiwe of ccmprchension
for 1ndividaal nathema.*ie.a.l prablem..,” .

2, 'Wha.t is the relatiorabi'o of certain .;Limu._uc man.;mx:f' ot
mathemitlical problem staterents to the :-n:o clcie neore

parcentage? ‘
3. Uhat ebtlnulus reasuies ave e 'ue;-.:i; predictors cf mzan
cloze seonra percentage? :

o St.'umlus meacucer 11 inclrde snch vari ﬂ‘ﬂe" as tha mwber ofs oné

sy].‘leble word-:; per 100, ncvns pcr 100 wor-'ls, pereonal wcrds per 100
1-'ords werds ity rmeniciiead ne'!,hmnat.q.cal me?m nn‘e._ syrbols per 100
words, connectives n2e 100 wnrde, average sentence length, numbar of
sentences per 100 words, art siumr2» of clu Azag men 100 words,

Hebb and, Hoses expect 1‘1a... one or two st.:.:r.ult.s measures hlll ba

' found that can L2 used to preumt the dlffxcu.mj ef c"mprehenrling a .

‘ ,.rmematica.l problem, They also expeot the eloze procedure to prove to

be an adequate measure of”reada,ﬁilitv for. mthema{'.ieal problens,  If,

t

'such expectatieﬂs axe suppor ued toe task of classl fying pro'blems a.ccom-

ing to comple:....ty wi.ll be greatly reduced. o - , o S

The fact thnt many of the fifth gradere were unable to ceow'i i2he

and reta.in the corﬂit-ons given 1n a rr<blom has led to the design of a -.

'stady %o inveet.igate particula.r issucs related to this fact, Another

PSP sta.ff member, Ft.dia. Harik ka3 nec:.ded to explore the influence the

' [

number of conditions in’ a problem ha on succese in solving problems.

In ..:‘.dition che will 1nvesti,,c..te the cf+‘e certa.i:; *':jpes of teachex

/

uThe cloze procedure is a popula:c techn..que for measm'ing _
reada.bility of long passages. The procedure involves deleting every
nth word or symbol of a passagze and replacing them with blanks, -The

“student must f£ill in the blanks. The score is determined by the |

mcbar of responees matching the.deloted. materia.l A high score indi-
cates high readability. .

’
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clues has on probiém solving success, This aspect of her study arose
from the observation that althoueh ﬁ.fth graders do not 1nitia]_1y coor-
dinate multiple conditions simltanaously, they are able to do so in
some problems if the teacher provides clues or asks the students to
reread the problen, (

Research studies like those of Webb and Hoses, and Harik ha.ve
_been carefully conceived, organized, ani rlanned, Their questions have
risen from a concern for developing a sensible theory of mathematical
' ~ problem solving, It is gnly by conducting research based on a sound
,conceptua.l framework that any significant progress will be made toward'
develaping 1nstructional materials which will enhance chi]dren 8 a.b:llity

to solve mthema.tical p:r:oblems.

o5
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