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FOREWORD .

The Georgia'Department of Educ‘ation is constantly alert to the curricular changes which ‘seem;desirabl’é as
a result of studies and experiments in various fields. A committee was appointed in 1969 to rewrite the
mathematics curriculum guides for the elementary schools incorporating findings from current curriculum
studies in mathematics. IERUNIERTE

This committee was composed of rural and city public school teachers and supervisors, college teachers and
one dut-of-state consultant who is nationally known in mathematics education. They looked at the nation’s
best programs in mathematics education. They considered creative ideas of teaching which fit the age of
space but which are as fundamental as adding two and two. They recognized that mathematics is an
essential part of life itself and is a'gaily necessity for all people. The committee, taking the position that
mathematics instruction is a proces$ of initiating and nurturing 'understanding, felt that it would be neces-
sary to discover techniques for accommodating the differing rates at which children devetop. '
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LETTER TO UPPER ELEMENTARY GRADE RS

This guide has been written to assist you in improving the teaching of mathematics in the upper clementary grades. The
committee and I have worked diligently for severdl years preparing this material and trust'that the format is arranged so that
it will be useful to you. ’ -

The guide has heen organized”around six central concepts called strands. They are ?titled' (1) Sets, Numbers and Numera- |
“tion. (2) Operations, Their Properties and Number Theory, (3) Relations and Functi ns, (4) Geometry, (5) Measurement, (6)
Probability and Statistics. These strands include.the major mathematical concepts which undergird an updated mathematics
program for children. The concepts are threads running through the curriculum and are expanded and enlarged in a spiral
approach, ’ ' '

v

v
Pl

-+ Fach strand is introduced in terms of broad performance objeetives which the teacher can \nake more specific by adapting
them to the needs of particular children. There are one or More activities keyed to each objective. The list of objectives for
cach strand is placed at the end of the.strand on a fold-out sheet. This allows the teacher to view the objectives as he sclects
activities*to implement specific objectives. These activities are not sufficint to achieve the objectives. They are suggestions of
kinds of experiences which will ielp reach the objectives.

The strands on Probability and Statistics and on Relations and Functions are included particularly because of néw ideas in
elementary school mathematics. It is hoped that teachers will accept the challenge @f new topics, diftvient approaches and
experimental activities as a means of extending the spiral lgarning of mathematics for all pupils according to their potential.
There are separate sections in_ the guide which deal speciLcally with processes. Problem solving is considered a part of all
mathematics and therefore is ¢mphasized in a crosssstrand approach. Computation, also. is viewed by the committee as
permeating all strands, and the related section is intended to give detdiled development for especially difficult procedures.
Problem solving is thinking through, and computakion is the Manipulation of various symbols and terms used to express thesc
thoughts. « - - \

Other sections are included to facilitate use of the guide by the- teacher. Whilg not prescriptive, the content and methods-
identified throughout the guide are of increasing importance in a contemporary mathematics program. The section on media
lists instructional aids, and the use of aids iRfuggeste¢ in the activities of each strand. The correct use of the materials will
help in the achievement of the objectives. Teachers should realize the importance of teaching children correct vocabulary and
correct use of symbols. A glossary for the teacher is included to provide definitions which can be simplified into children’s
tanguage. Words often used in daily communication, particularly some geometric terms, have a different meaning when
considered mathematically. Symbols are to be understood as a médans of stating problems and recording results after
mcani!lgful experiences with physical models of mathematical princip ’ '

a

The teacher, gui(\cd By the objectives in each strand, should endeavor to determine those topics’and activities most appro-

priate for realizing the objectives for the particular children being taught and should correlate these ideas with thosein texts
,and other available materials. After a strand has been presented, the teacher should evaluate in terms of the objectivés using

instruments constructed for this purpose. Sample instruments are included in the Evaluating Pupil Progéges section. In the

iﬁibliugraphy are suggested materials designed to help implement achievement of the objectives. Early selection and purchase

of materials for the library. a grade level or an individual class will insure access tofooks when needed.

. yd . ™

Inservice pragrams for those who need help with the new ideas will result in a ‘more competent faculty as well as increased

knowledge on the part of the children. Assistance in improving local programs may be found in the section Continuing

Program Improvement. %

adys M. Thomason. Coordinator
- Mathematics Education
Georgia Department of Education

;
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"~/ 77 POINT OF VIEW

Curricutum plinnin.g is a continuous pro'gess of updating content, improving methods, analyzing ijectives,"measuring
learning and appraising attitudes. The guide, Mathematics for Georgia Schools, is to*help local curric PR commiittees and

teachers of mathematics to identify the content, procedures and materials which. will squnglheh and-enfich the mathematics
educational program for thé€ elementary school children of Georgia, and to measure the effectiveness of the program. .

H

b3 |

: . . 4 Rt
In the guide obj:ctives are stated in behavjoral terms. charlgpdculum-commitlees may find it lelpful to state more specific
objectives. The activities support the theory that learning 1§ exbedencing. The objectives and activities are organized into six
strands written for primary grades and upper grades. . - '
. The ordering of the strmd}in the guide does not imply the ordering of presentation of subject matter; that is, one strand”
‘need not be completed (or eyen begun) before proceeding to another. The volume of material on differery topics.does not
imply that is more important than the other. Topics especially difficult to present and those not generally covered in
currently available~textbooks are developed in more detail. Individual teachers will need to make appropriate choices
according t6the needs of their pupils. :

) ’ o ' . s : .
One strand which has emphasis is Relations and Functions, gsince most of mathematics involves relations between nunibers
and/or geometric figures. Since relations and functions are unifying concepts in mathematics, children should be encouraged,
to think in_terms of them. N f . ‘ ' ) \‘
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The guide does not restrict geometry to naming shapes and measuring them. Emiphasis in geometry is placed on the re\ations
between point sets such as has the same shape, parallel to and congruent to. The activities enable children to work with

materials in order to learn these refations G)r themselves, - , \,
The emphasis on sets in this guide endorses the concept that the language of sets is a powerful. tool in commum‘c&ting
mathematical ideas ar:sé can be used both to organize and describe. ) \\

NG - - : _ — -
Evaluatign is a continuous and in’fegrhl patt of the successful elementary school program. The techniques of evaluation muyst
include procedures for appraising interests and attitudes as well as skills and understanding, v \

|
)
. i
A

Perhaps the one factor most. essential tothe success of the mathematics curriculum is understanding. To promote undei-

\anding a distinction is made betweep operations. and computations. An W@mem of a single number to an

‘otdered pair of numbers. Computation is a process of m‘am'pulation of nume ch one determines a name of the sPe“
number assigned to the ordered pair of numbers. The need to find a more efficient and enlightening, method of instrudion'
has led to th.g}‘;:onclusion that clear upderstandi  f essential mathe{n_atid's concepts must precede, but certainly not
supplant, the trditional point of emphisis, computation. * ‘

i

If mmnka(n’cs' instruction is viewed as 4 process .of initiating and nurturing understanding, it will, be necessary to discover
techniques Yor accommodating the different development rates of children. Children develop concepts of mathematics from
their experiences with physical objects. This guide is designed to help the teacher exercise professionaljud,gment in adopting a
mathematical program compatible with each child’s ability. ' :
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SETS, NUMBERS AND NUMERATION
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]

. INTRODUCTION . ' ' (

1
.

The concept of a set is a useful tool in the study of mathematics, and the language of sets endbles one to communicate
mathematical ideas with clarity and precision. In the upper elementary grades many different kinds of sets are studied’, for
instance, sets of pointd in geometry, sets of equivalent fractions in the development of the rational number concept and sets
of factors-in number theory. Activities should be selected which will help pupils develop.understandings and skills necessary.

to idéhtify, describe and classify sets. o
& - [P

. Whole numbers may be defifted as properties of finite sets; more precisely, a whole number is an abstract concept associated
with a class of equivalent (finite) sets. For instance, the number S is the common property of all sets which can be put into
one-to-one correspondence with the set of fingers on one hand. Counting is the process of assigning a whole number to a
finite set. Activities such as those suggested in the.related strand for the primary grades lay the fol‘mdatigﬁs for understanding
number and for leaming the system of symbols for denoting numbers. In the upper ij::es, the concepts’of whole number and

.

numeration are extended, with emphasis on the-place value principle used in writing Bymerals. Work with numeration systems
other than the decimal system is included 'in order to reinforce understanding of place*value — an understanding essential for
developing computatibnal skills. '

. " ~ -
Certain applications of whole numbers lead to the important concept of an ordered pair f numbers. For instance, the whole
numbers 2 and 5 are components of the ordered pairs symbolized in the following examples.

- ' . 4.
(a) % (read 2 for 57), where the ordered pair expresses the rate of 2 balloens for Rgents.
(b) 2/5 (read 2, 5°"), where the ordered pair expresses the date, February Sth, X .
. s -«
(c) (2,5) (read ““2, 5"), where the ordered pair is a member of the solution set-for the open sentence [J +3= A, £
(d) (2,5) (read “2,5"), where the ordered pair is ass. 1ated with a point i the coordinate plane. '
- (e) -:- (read ““2 to §), where the ordered pair ¢ . -ress: s the ratio of the nunber of holidays to the miumber of school -
days ub a particular week. !
All of the above situations involving ordered pai « of whole numbers should be dealt with in the element“a}y school. {See the
strand on Relations and Punctions for some sugy. ted activities.) 1t should be noted that thessymbol for an ordered pair has
meaning only in terms of the context in which the orderéd pair is used. \
The ordered pair (2,5) is studied in still another context in elementary school mathematics, the fraction context. In that case,
'S is the count of parts into which a unit or a set of some kind has been partitioned, and 2'is the.count of those parts which
*have been singled out or marked for attention, as in the ‘following illustrations. : *
) % : (2 parts out of S parts in a unit strip) :
a . “ "m;r

{2 parts out of 5 parts in a unit disc)

v

e / 9 o'c | |
) - (2 balis 5 balls in . (%
3 S 0. f anicseny ’,

v ! . . . . . B “ " o : v
The symbol for the nurmber pair used in the fraction context is generally wrigen as % and read “2 over 5" or “2 fifths. )

-

[]{TC o ’ ' : iy -
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bse of the term rarlnnal number for the number pair in this cd/sc should be postponed uny{(puplls reach a level of
mathematical maturity sufficient to undersvand that a rallonal number is an equivalence class. Fof instance, the infinite set of
ordered plin . ) . : S ‘ ‘

'/ _Z' i_"‘__6_!‘_8__1“!,9__._!_2_;..:/ " .
5 10 15 20 25 30

L

represen?s one (exactly one) rational number,

There are Several numeral forms which the upper elementary school pupil learns to use in expressing fractions (or rational

numbeéxs). | ‘L\/ L ) ( ‘ - : : .

2) e decimal numeral form, e g., 2.6 (read ™2 and 6 tenths™ or "26 tenlnhs"). .
“ *(3)" The\mixed numerdl form, eg.,2 “:‘“ (read *2 ang 3 fifths™).

. . L " .
It should be .noted that what one gas often called decimal numbers or mixed numbersare, in fact, fractions (or rational

numbers) expressed in decimal numertals or in mixed numerals. [t is important for pupils to know that the symbols , 2.6,
22, all represent exactly the same number and that a preference for one of the numerals depends, generally, on lhe

.applicanon or use one makes of the number. : ‘

In addition lo lhe study of the whole numbers and rational numbers there is another kind of number wmch is an important
part of the developing concept of number that'js, the integers. As with mangof the topics in the guide, there is no partic lar
time or place in the curricdlum when the study of integers should be initiated or completed. Certain informal uses of negative
numbers or readiness experiences with signed numbers can occur as early as the primary grades. Many pupils have experiences
with temperatures above and below zero add with gains and losses in football yardage statistics or other game-related scores.

-In working with a numberline some pupils shay wonder about the numbers on the other sld\e‘of zero. Such experiences or

~ ideas should be built on and expanded throvghout the grades. The suggested activities in thig strand are testricted to the
. development of the concept of integers as numbers. The concept of integers as elements of a number system is in the slrand
.o on Operalrons Their Properlles and Number: Theory . -7

O
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- SETS, NUMBERS AND NUMERATIQN g

- - 4 .
: \ 7 . - ‘
Objectives ACTIVITIES ‘ - .
Keyed to
Adtivities '
Sets .

o obj.’ ' 1. lHave the pupils name some sets of objecls in the room such as the set of desks, set of pupils, etc.
| - , : ’ g
obj. 2. Have the pupils fame sets of groups of which they are a part. ’
2,3,4 : : ® , .t R

* Example

Set of Qﬁils who ride the bus.
pils who bring their lunch.
s

“Let each pupil\}ead aloud one of his categories and have those who #te.members stand, Also let the
ones who are pafmembers of each set stand {o represent the complement of the given set.

B 4 .
If a pupil does n t name a set that is not well defined, the leach&may describe a set such as “the
'\ are wearing new dresses” or -“the. set of pupils who talk too_ loudly in the
lunchroom.” The\pupils will easily see that these sets are not well defined because “new” and

" cific. - / Y

“loudly™ are not s
)

obj. 3. Ask those who are‘; embers of the set of pupils over 25 years ofwge to stand. Name and discuss -

234 - other examples of the empty set, ot - '
: i - i el
. i ’
obj. . 4. Use examples from Bpglish lessons to reidforce the concept of sets,
1 :
. 3’3 Examples I\\ﬁ

(a) Let A= { there,til ‘ught, which, thrown, thinned, tﬁk/ed, whose, torn, wilted, thorn } d some
other set of spelling wbrds. In assigning this particular spelling list, ask the pupils to find the subset
of words which beginiwith th and the subset of words which ends in ed. They may write B.=
{there, thrown, thoughty thinned, thoin } and C = { talked, thinned, wilted } . ‘
- Then the pupils might ¢ directed to find B MC, the set of words which begin with t4 and end in
ed. They should find th§t|B M C-= { thinned } . Other subsets which they could be asked to tabulate
might include the sub f words,beginning with wh, the subset of onds which can be used as a

~

-

" noun or the sub§et of wé\r s which represent the past tense of a verb,

(b) Another use of set l‘“ guage in studyiné the Egglish lesson might be- llows.

j

following. A
g e

A = the set of all ":l iﬁe‘vrs

B = the set of al clhse modifiers

C = the set of al| pirase modifiers

D = the sqf’])f all word modifiers

E = the set of allZob‘ﬁe‘cuval modifiers

F = the set of alléad fbia,l modifiers

Given a set of-'sentence’} from which ore is to pick out all modifiers, have pupils tabulate the

After the pupils have tpbuiated these, they may ke asked to tabulate BNE, B NF, C N D and the

/5 like. Fogy ,
| .
- | . ‘

-t
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obj.

1,3

obj.

24

<\Bj.
24

obj.

5,6

’

S

4 Q'j"h.

.
v

.

5." To teach the descriptive method of designating a set, the pupils could be asked to describe sets such
. as the following. )

‘A = 110,100, 1000, ... .}
B = {10,20,30,...}

C = {a,e,i,0,u} ‘ .

When they describe the sets as

A is the set of powers of 10,
B is the set of multiples of 10 and

C is the set of vowels,

" they will not only have had practice in using the descriptive method but also in observing the

common property of given sets.
\

Have the pupils consider two different sets of numbers.

Let A = set of whole numbers
B = set of integers

Have the pupils name many subsets of the two sets such as {x Ix isa number <3} observing that if
this set is a subset of A it is a different set from the set that is a subset of B. Also have the pupil
examine subsets of the two given sets that would be the same, such as Jx | x is a number > 3},
Activities such as ¢hese give the students some experience with finite anc infinite sets.

Give the pupil opportunities to find subsets of an infinite set of numbers. For example. let A he the

set of whole numbers.
Have the pupils list certain subsets such as the following.

B = the set of even r?umbers

C = the set of multiples of 5

"D = the set-of factors of 12

E= the set of numbers <3
'F = the set of numbers > 6

G = the set of numbers > 3and < 6

H = the set of numbers < 3 and 2> 6

I = the set of numbers such that 2N =6

J = the set of numbers such gat N+6 <10

Whole Numbers

Review the place value code for writing numerals and extend the idea that place value names are a
convenient way of identifying the number ot subsets that can be made by grouping objects into
subsets of ten. Stress that the convention for writing numerals requires that the count of tens be
recorded to the left of the count of the units. The relationship between places is ten times the one
to the right. The place value chart is a g(;oa device to illustrate this convention and can serve as

‘readiness for developing exponential notation.

-
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The teacher will need to provide eXpenences with physical objects to build concepts of place value
for those pupils who have not acquired them by the end of the primary grades. (See the activities in
guide for primary grades.)

Activities should be used to develop skills in writing numerals in expanded notation and expon-
ential notation as exemplified here.

1235 =1(1000) + 2(100) + 3(10) + 5(1)
1235=1(10%) + 2(10%) + 3(10") + 5(1)

Number bases other than base ten may be presented to strengthen the pupil’s understanding of the
place value scheme of base ten. In presenting a new base, the teacher needs to follow the same basic
steps as are followed in presenting base ten. Physical objects should be used first and then pictures,
drawings and color representations before moving completely to abstractions. Most students need
to be guided carefully through these steps. The examples which follow represent these steps.

Use artificial fruit, 1-inch squar:s, plastic tops or toothpicks, and let each single object represent

one. In presenting base five, place five of the objects within a boundary and let this set represent’
five. Each of the sets representing five may be made by placing five objects in a plastic bag or

placing a rubber band around five toothpicks. To represent rwenry-five place five groups o five in

another plastic bag. In this organization one, five, and twenty-fivezare represented as Ifjye, {Ofijve,

and 100fjye. Counting and representing the numbers with objects which have been bundled in this

way helps the pupil to understand the place value scheme. As the pupil counts by ones he must

bundle or group the counters when he reaches the numbers five , twenty-five, etc. He can place the -
representations and record them on a large sheet of paper or board which has been blocked or

marked in place value columns. :

From representations using bundling the pupil would progress to those of a more abstract nature
suchi as color representations. For example, yellow strips might represent ones, red strips fives, and
green strips five fives. Such a scheme is helpful to the pupil as he begins computation. For example,
to add 22fjye and 14fjye the pupil would represent 22fjye with two red strips and two yellow strips
and would represent 14fjye with one red strip and four yellow strips. Combining the two groups he
would get three red strips and six yellow strips; however, working in base five he must exchange
five of the yellow strips for one red strip so that the result would be four red strips and one yellow
strip which would be recorded as follows.

2261y 2 reds 2 yellows

1466 I red 4 yellows

4lfive -3 rods- -6-yellows -
4 reds 1 yellow

For further explanation and similar activities, see the strand Operations, Their Properties and
Number Theory and the section Difficulties in Computation,

3
o
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Before such activities are presented the pupil should practice using the colored strips to represent
numbers such as 123fjye and he should practice recording the nufnerals in base five to represent a
set of strips such as three greens, four reds and two yellows.

~ After the pupil is able to represenl or record numbers in different bases he should then learn to
convert numerals recorded in one base to numerals in another base by using expanded notation,

Example

Let  234five = Xten
234fve = 21(five fives) + 3 (fives) + 4 (ones) or
234five = 2(100 gye) + 3 (10five) + 4 (1five)

Xten = 2(25ten) + 3(Slen) + 4(llen) Since l()oﬁve= ten and IOﬁve ten’
Xten = 50ten * 15ten * 4ten :
Xten = 6%en

Then 234f|ve = 69[6[‘]

Some valuable situations can be derived by having the pupil make his own symbols and names for
numbers. In the construction of the system he will see that a finite number of symbols will be
needed according to the number base he uses.

obj. 11. Convert numerals'written in another base into base ten numerals by using expanded notation.

6.7
Example

1 13ﬁve = Xlen .

1126ve = 1(five X five) + I(five) + 2(one)

112five = 1(10%) +1(10") + 2(5)°

Xten  =25+5+2=32
obj. 12, As an outgrowth of social studies, pupils can sec a numeration system as another way man has of
7 . communicating his ideas (number). By looking at other systems of numeration (i.e. the Babylonian

or Egyptian system) they can compare them to their own system and gain a beller appreciation of
the Hindu-Arabic system.

t

obj. 13. Choose some physical model of a unit, for instance a circular cardboard disc or a rectangular sheet
8a of paper, and say to the class

*I am going to cut across this disc like this and then this,” or

*“I am going to fold this paper this way and then that way.”

After partitioning the unit model by cutting or folding so that there are four pieces of the same
size, ask, *“How many pieces do you see now?”

When pupils have agreed on the number of pieces or subregions, record 4 on the board. Then have a
bupil shade three pieces of the disc or have a pupil color three of the paper subregions determined
by fold lines and ask, “How many pieces of the disc did John shade?” or *“How many of the paper
subregions did Susan color?”

In recording their response, position the numeral 3 so that the two numerals look like this.
3, 4 (read “three comma four”) or 3- (read *““three over four”). :

The teacher should point out, “This pair of whole numbers describes the experiment we have just
done.” ““The number 4 is a count of the pieces of the disc we ¢ut, and the number 3 is a count of

19




ob;j.

8a

obj.

8a

15.

the pieces we shaded,” or “The number 4 is a count of the parts of the paper we got by fplding,"
and the number 3 is a count of the parts that are colored.” .

The teacher will, of course, recognize the familiar fraction context. However, it is recommended
that he continue’ to talk about pairs of whole numbers until his pupils have understood that the
usual fraction numeral is nothing more than notation for a pair of numbers essociated with count-
ing collections of pieces of a unit.

For pupils who have had little or no directed experience with ordered pairs of whole numbers in
earlier grades, it may be necessary to repeat this kind of activity many times. Repeat with different -
models of units in different kinds of settings in which pupils assign prdered pairs of whole numbers
to the models through (a) counting the number of pieces or parts or subregions of the same size
into which a unit has been separated and (b) counting the number of pieces ar parts or subregions
which have been shaded or colored or givén away or whatever.

The physical acts of cutting, separating and folding unit models should be done by the pupils and
the teacher. In first experiences with writing ordered pairs of whole numbers to record the result of
an experiment, it is suggested that teachers not use precut or pre-partitioned models; instead, let
the physical act of partitioning a unit be part of the learning activity. Also, note that the word
divide is not used to describe the physical act of partitioning a thing. The word divide is reserved
for classroom use in talking about the-mathematical operation of division on numbers.

. Once pupils have acquired the abilitvy to assign number pairs to physical models, or pictures of

models, in which units have been separated into parts or subregions which are congruent to each
other, s illustrated in (a), they should be presented with models

G4
/44
27222
[

or

%%

which have been partitioned into non-ongruent parts, as illustrated in (b). Then ask, ‘‘What
fraction can be assigned to the shaded parts in each of these models?” Have the pupils discuss and
verify the asiignment, -3— to each model in the illustrations.

(b) or or

Prepare fraction makers for pupils by cutting out strips of paper which measure about 3 inches by 8
inches. (a) Give each pupil a strip and direct him to fold along a line so that the ends of the strip fit
together. Then have him unfold the strip, shade one subregion and write the fraction name for the
pair of whole numbers which describes the experiment.

7




obj.

8a

O

ERIC

Aruitoxt provided by Eic:

. {0y
. W - .

(b) Give each-pupil a second strip aad direct him to fold the strip as in the illustration'below. This

activity will invoive some trial and error. The teacher may demonstrate with a strip; however, let

each student work with folding until he has accomplished the fitting together of the parts of the

strip. Have him unfold the strip, shade one subregion and write-the fraction name which describes

the experiment. - \

{v) Contnue having pupils fold strips and shade one of the resulting subregions until on cach pupil's
desk there s a set of strps, shaded and labeled, as pictured here.

Y 2
G %7 BRI
e > s ]

(d) Ask, “What do you notice about the shaded parts of the strips?” Suppose one pupil responds,
“This is bigger than that.”” Write the statement on the board and ask another student if he can show
that this »l\S. bigger than that. The necessity of names for this and that will arise, and then you can
cross out the words this and that and write o

|, 1

I'hz;s is bigger than t};3;s-.

v

Out of such discussions can also arise statements such as, “If I shaded all of the pieces in each strip

then [ would have 2, 3 | 2 % and %." Also, pupils may notice that two —;—'s and three

s make five I's, and the like. The teacher's continued encouragement to pupils to talk about .
what they see can provide the first intuitive recognition of relationships among fractions. The .
encouragement to use number names when tatking about pieces will help to develop the language of
fractions. However, one must be careful not to insist on mastery of facts about fractions until

pupils possess the concept of fraction. :

Repeat activity 15 except let the strips be of different length or width than the strip which was
provided for the previous activity. Although one does not explicitly point out to young learners
that fraction numerals such as %’ represent an abstract idea,the teacher needs to provide experi-
ences with different models of units and with quantifying parts of those units. Thus,ithe pupil
ahstracts the idea of fraction without regard to any particular model. '



. j ’ . ‘
obj. 17. Bring to class retail store advertisements which include symbols such as% , ‘séi , .;_ , .52_5, %
9 and the like, and discuss with pupils the physical models with which these ordered pairs of counting

numbers are associated. For instance,
3

- = ;ﬁay mean 3 pieces of bubble‘gu‘m fof a nickel;

3 e
§5 May mean 3 cans of peaches for 88}>Qnts,

3. may mean § pairs of socks for 2 dollars; *\

2
3s
1_36 may mean 3 blouses for 10 dollars.

may mean 2 boxes of facial tissues for 35 cerits;

These symbols for ordered pairs of counting numbers name rates, not fractions. The context in
which the symbol is used is the clue to its meaning. Ask pupils to find other examples of symbols
for ordered number pairs which do not name fractions. They can bring in newspaper advertisements
or they can draw piciures depicting their out-of-school experiences in which ordered pairs are used.
Assist them to discriminate between pumber pairs which are fractions and number pairs which are
not fractions. THe distinction becomes increasingly important when the children study operations

on fractions. For instance, if fgand)%are fractions, then one writes that 8—38+ -§2§ = '8%3'
However, if 13‘8 and % are ratg pairs, then 2 + 3-23 =l—,'r;~6. That is if one buys three cans

of one brand of peaches for 88 cénts and two cans of another brand of peaches for 88 cents, the

result is not S cans of peaches for 88 cents, but 5 cans for 176 cents. .

. #
{ 5
obj. - I8. Experiences in associating ordered pairs of whole numbers with partitioning sets should be devel-
8b, 9 . oped carefully in order to avoid confusing rates and fractions. For instance if there are six children,
. . . . A . . /
four boys and two girls, in the first row, the et may be used to distinguish between a rate and a
fraction. ' ©

The number pair (2,4) or % which tells the ratio of the number of girls in the set to the number of
boys in the set is a rate and is read “twd to jour,” Whereas, the number pair (2,6) or -2— which tells
the ratio of the numbj( of girls in the set to the number of students in the sec 1s a fraction and is

read “two out of six.”

In the development of the fraction interpretation of number paurs associated with finite sets of
objects, choose physical models of unit sets, and in discussions with pupils, ask questions similar to
these which pertain to the unit set illustrated above.

(a) “How many members do you see in the set of children?” Record the number (6).

(b) ““How many members (or girls) do you see in the subset of girls?”” Record the number (2).

(¢) ““You now have two whole numbers. In what order do we write them? . . . (2,6)or 2 ... That
is right. We write the count of memberg or pieces in the unit set after or under the count of
members or pieces in the subset .. . We write the two numbers in this order because that's the way
everybody clse does.” Pupils need to know that the way in which one records number ideas is
man-invented and often quite arbitrary.

Although the teacher need not make explicit the relationships
” A\
(given) unit +——— — (given) set, - y
pieces of unit +——————— members of set,

~ 1 _ pieces shaded or — members specified by

marked in some way . common property of subset,

it is helpful to learners of the teacher’s language and classgpom activities suggest the parallels as in
the following chart. . i -

11
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No. of Pieces

Partrtion of (or members) in (or members) Fraction
Unit (Set) Unit Set Shaded Name
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obj. 19, Provide wooden trays of balloons, bubble gum, pencils or other articles which o;ée would find ina
Q general store dnd which pupils would be likely to purchase. Prepare the usualfate pair signs for th

tor ballopns; -for bubble gum; Dfor pencils .,

Pupils. will have 'no trouble interpreting the signs, reading them “3 balloons for 10 cents,). or *l
piece of gum for  cents” or “2 pencils for 5 cents,” The (liscussion should lead to the generaliza-
tion that order in writing cach number pair is important; thatis ¢ 3 tells a different rate than does
5‘3- Then ask “What would be the ordered number pair which tells the rate of exchange for six.
balloons? for nine balloons? for 12 balloons”” If advisable, have pupils lay out the corresponding

sets of balloons and coins as illustrated. Qtherwise, have them draw the sets of balloons and coins.

) (

trays, such as

Lo s
L

e




obj.

Sl

(read “3 for 10™)

() ?g?
(b) B PPPPY & (read “6 for 20”)

v, @ @ .
© - PPPPPP PP 2 (read “9 for 30”)
®t @ @
@ QQQQQQ????Q? 1% (read “12 for 40”)

® @ @ @¢

»
L

After the class has discovered several number pairs involving the rate of exchange of balloons for
pennies, ask “Why do you suppose that the store manager does not have a sign like this

36 9 12 15
02030 40" 350

over the tray of balloons?” Pupil responses and discussion should prompt generalizations that all of
the above named-pairs tell the same rate; that it is enough to advertise the basic rate of exchange;
and that any purchaser of balloons could figure out the other number pairs. It is 1mportant that
pupils understand

+ that each number pair in the above set is associated with a different physical experience, that ls,

3 balloons for 10 cens is not the same experience as 6 balloons for 10 cents, and hence one does
6. .
- nit say that 5 is equal to 35> but »
+ that the number pairs in the set S L 12 13 } all represent exactly one
p 10'20'30’40’50' P y

rate. The rate pairs are said to be equivalent and, given the basic rate pair, all equivalent rate pairs
can be determined. Since pupils probably have more real world experience with rates than tHey

do with fractions, it is a good idea for teachers to make use of these experiences in orde/}%

develop the concept of a set of equnvalent number pairs. ;
{

Other physical models for writing and generating sets of equivalent rate pairs include !hoseh:m

ployed in planning for a:class party, such as d');\i
n three mmts for one pupil, six mints for two pupils, nine mmts for three pupils, . . ., denote

12 15 /
R R
(2) one-lenfon I"or 4 cups of lemonade, two lemons for 8 cups, three lemons for 12 cups .
denoted { L 2 3 &4 5

8 ' ¥2° 16 * 20 °

Shll other sets of rate-pairs are those used in solving measurement problems, such as
(3) miles per hour{ilé , %ﬂ , —’—g-i , .. .}, read “*55 miles in one hour, 110 in 2, 165 in 3, and so
on ”"”
(4) hquld ounces to cups’ T, it LA .} read 8 ounces to 1 cup, 16 ounces to 2 cups, and
soon.’ :

Working with paper strips as fraction makers (See Activities #15 and #16 above), have pupils
partition the units by folding or cutting them; then have them shade some of the pieces and
identify the associated number pairs and fraction symbols as indicated in the chart.

ot
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Partition of Unit No. of Pieces in Unit No. of Pieces Shadéd ' chtibn

7 1
SN /1), — S
/ /2 /4 2 1 2
' 2
s v — “ 2 T
7 1 1 6 . T3 2
- ‘ : - ‘ . o
D D e, ’, " ‘ ) . 4
oz 1 1 1 | 8 4 . T
- ’ ] _ . &
A 1 1 111 10 5 To
\ 6
/I g% 11111 | 12> 6 5
Ask “What can you say about the shaded parts of the units (strips)?”
Record pupil responses on the board ahd discuss. Among responses may be one such as “The same
amount of paper is shaded in each strip.” If asked, “Is;the fraction -;— the same as the fraction
% 77, the response should be “No, because the partitions are not the same.”” Further discussion
should lead to the agreement that although the units are not the same they are equivalent (same
amount of paper) and although the partitions are not the same, the shaded portions of each unit are
equivalent (same amount of paper). Thus, the number pairs or fracticns are said to be equivalent,
/ and one can say of the following sets that the fractions are equivalent to each other.
N~ § . q L
1,224 5 8
2 » 4 ¥ 6 L » 10 £ ) 12 . ® @ ,/L/
Ask, ““Are there other number pairs or fractions which we could include in this set?”” If necessary,
continue partitioning units and shading parts until the pupils decide that there is no last fraction in
a set of equivalent fractions. Thus, one writes the following.
-y 2 3 4 5 6 7.8
274767 8710712714716 """
obj. 21. Repeat the above activity except substitute a unit set of discrete objects for the unit strip of paper.

10

An egg carton filled with plastic eggs is a good model because it is easy to identify the subsets of
the set of eggs by partitioning the carton. . )

If one used a unit set of 12 blocks, the physical partitionings and resulting data may be represented
as follows. ' '

o |
{0 ] (D (B (D 7 (7 0 6 GO LD D)

Subset to be given to Jack i

. The number of pieces (discrete objects) in unit set is 12,

The number of pieces in subset to be given to Jack is 6.

6

/ The fraction is > -

e




b | . | 5,
OV el (o] [F

C E G 1
N,

Subset to be given to Jack

\

1

The number of pieces in unit set (after parlltlomng the unit set
intg subsets or stacks of 2 each)is 6.

The umber of pieces (stacks) in subset to be given to &ac/k is 3

The fraction is —2— )

- © F l L
E Hil | K »
"o Gy [ )
N

1 Subset to be give.ﬁ to Jack

The number of pieces in unit set (after partitioning unit set into

subsets or stacks of 3 each) is 4.

The number of pieées (stacks) in subset to be given to Jack is 2.
AN

The fraction is 2\

(d)
F L
E K )
R D J
c 1
B H
{ A G
\—\,‘/
Subset to be given to Jack
The number-of pieces in unit set (after partitioning unit set into
subsets or stacks of 6 each) is 2.
The number of pieces (stacks) in subset to be given to Jack is 1.
The fraction is - .
e
"Although the partition in each of the above illustrations is not the same, the measures of the
< subsets given to Jack are the same. Thus, one says that the set of equivalent frdcllons{ ; ) :,
-2— , 162 } identifies the same number of elements in the unit set. Note that in this case it is
inappropriate to include the number pairs % , —50 , 174 ‘or any other in the set.
15
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Expand or build on activities above to provide practice in generating members of a set of equivalent
fractions.'Set up work sheets as follows.

In each of the following exercises, write ten other fractions that belong to the same set as the given

, fraction.

»
24,

@{f -~

®{3.
©{%,
@ £,
@ {=,
 {$. ) i

~

l

} :

b )
|

After pupils have had much practice with quantifying physical models of various-partitionings of
units(and unit sets) and practice in generating sets of equivalent fractions, ask them *‘How did you
generate the sets of equivalent fractions, given one fraction?”

Class discussion in search of a general pattern should léad to the discovery that, given a fraction in
the form 2, where aand b are whole numbers, b O, one can find other members of the set by
multiplying each of the whole numbers in the given pair by the same number or dividing each of
the whole numbers in the given pair by thz same number (if division is possible).

For instance, given the fraction -33- or the fraction ~82, one can generate other members of the set
as )
2 2X2 4 2X3 _ 6 2X4 _ 8 2X5 _ 10 2Xn
3 " 3X2 6’ 3?3) 9 ' 3X4 i2* 3X5 15°°°3Xn"""
where n is a whole number, or
8+4 2 «2X3 2 X5

4 8:4
6

8 822 2
"12:4 3 3X3 ' 3x5°°

121222

In the latter set, the gjven fractio. was not in basic form. Hence, dividing both whole numbers in
the number pair by common factors, two more equivalent fractions were generated. Once the basic
fraction is found, it is then an easy matter to generate all others.

Ask if the fractions % and & are equivalent fractions.

}a) Allow pupils to partition paper strips or other models of units, if they find it necessary.

|

\

A

-
2 8
3 . 12

Matching the shaded regions of equivalent units permits them to conciude that % is equivalent to’
8 ‘

12

. 16
o



' (b) Pupils working at a more abstract level.may reason as follows.

[ N ® - .
Now —} is a basic fraction. Therefore, the set of fractions equivafent to %‘ls.

s -

6 8 10 1. | o
§ | .

i
2 4
\ ' 3%
2

Since 5 and %belong/ to the same set, they are equivalent,

1201

(c) Another test for equivalence of two fractions is one which students may discover throu
guided search for pagterns. On the board write a set of equivalent fractions such as —} , —:— Ay
1*85' , ‘:T‘g Y S } and ask, “What other pattern of relationship can you find for zin)?wo
fractions in the sét? Consider 2+ and & | Of course you can draw pictures of units and parfition

" regions, but is there a quicker way? There is no whole numbern such that4 Xn _ 6. Neitheris .
o there a whole number m such that 4 -\0_% m. Any other ideas? 6Xn "9
6 9 +m /

Maybe it will help to look at the numt dr pairs written in this fprm. : o /

/
(4, 6) (6.9) 6 o <) >
R ) or 4 ' § S
What can you say about the products, 4 X 9 and 6 X 67" ' \ ’ \
~ Once_this relationship on the numbeér pairs is pointed out, have the class try other pairs pf fractions
from the set. Ask o ‘
“How about % and & 7 Does2 X9 =3 X 67" (Yes, since 18 = 18)
“How abou. % and 197 Qoes 4X 15 = 6 X 107" €¥eS, since 60 = 60)
“Try others. Generate a few more fractions which belong to the given set and try them.”
Ask, “Do you suppose l!\\; same pattern holds for other sets? Try the set ~
6 12 18 24 30 }
S 10 15 2 25
Consider ¢ and 8., Does 6 X 15 =5 X 18? N
\\C.]onsidqr 12 and 18 . Does12 X25=10 X 307" : . AN
" Then ask, “Can you use this relationship to find out if 122 an;i % are equivalent? Can you verify - \\_
your response?”’ '
The relationship which emerges from this kind of guided 513§_c0vc‘ry\is called the test for equivalence
of ordered number pairs or fractions. ' : »
For all whole numbers p, ¢, r and s with q ¥ ofand s # 0,-3 is equivalent to L if - and
ontyif p X5 =¢q Xr. ‘ ' 1 ' S
(’ . O N ‘[! ‘
obj. 25, Have pupils consider the old humber line with which they have worked in ordcrfhg the whole
12,]4a numbers, '
: ; ]
-+ - > o - >
0 - . 2 "3 4
Recall that whole numbers have been associated with’ points on lh\e\huc according (o the agreement
that the points are endpoints of unit segments and the whole npmbers are measures or counts of
. ¥ unijt segments from the point at zero. °
R , 17
. . ' RN
o Coay
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The ensuing class!discuéﬁon should follow this fattern. Partition the unit segment (between 0 and
1) into 2 pieces and shade 1 ot the pieces such that 0 is one endpoint of the shaded piece.
0 P B . l o . \ 1,

—i 1

- ~

¢« Ask, “With what number could we associate thetother endpoint of the shaded piece?” Since it is
the endpoint of 1 out’of 2 pieces of the unit segment, let the ordered number pair (1, 2) or ‘% be
associated with point P, .

. Partition the unit segment (between 0 and 1) into 4 pieces and shade the 2 piecés marked off
successively from 0. Following the pattern already established, associate the number  pair 7' with
the nonzero endpoint of the first shaded picce and the number pair —3— with the non-zero
endpomnt of the segment composed of the twd shaded pieces. Note that this point is also at P.

Partition the unit segrnent into 6 picces and shade the first 3 pieces from 0. Following the patum
. of associating number pairs with the endpoints of pieces of the unit segment, one finds (hat
associated with the point ar P.

-
Partitioning the unit segment and associating number pairs with the endpoints of pieces results in
the following figure.

.

0 R
]
b3 b2
* * ::l 2 :I: 2 ¥
' A 2 V3 4 \
[ B 4 S B 4 .
’ 12 3 458
é 8 4 6 [ ()

At.this point in the class discussion it is probably a good idea to ask, “What about the point at 0?
What number pair describes the number of pieces marked off from LE 07" When partitioning the
unit segment into 2 pieces there were 0 shaded pieces from 0. Thus 2 is the number pair assigned
to that point; when partitioning the unit segment into 4 pieces, % is the number pair assigned to
that point; and so on.

Continuing activities w partitioning .the unit segments irfto 8 pieces, 10 pieces or 12 pieces and
shading 4 pieces, 5 pieces or 6 pieces, respectively, from the zero-pojat will result in this figure.
(Some of the markings are mmttcd.), )

o

f,/‘(j
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5
:.3\,
0 2 p .1 N
N ] R - v
S - .
LA 1)
i
0 L 2
. 2 2 2
9 2 4
4 4 4 &
0 3 6
6 6 6
0 4 8 -
8 -8 8 .
0 2 L0 \
10 10 . 10
0 J 12
12 12 12 .
L L LJ
A . L] "
[ ] - -
f
Note that
{a) All of the equivalent fractions in the set —g» . % 3 % .|Oo' % s ...t areassociated wnh
one and only one pomt, the same point with which the whoh number 0 is associated.
(b} All of the equivalent fractions i the set ’g . % /6— . g» , —:—g , 4:% . } are associated
with exactlv one point, the same point with which the wlmlc number 1 is associated.

(¢) All of the equuvalent fractions in the set {,L, . % , % , i% . lé are agsociated with

exactly one pont, the port at P.One may ask., then, what 1s the number associated with point P?

y e

The question implies thete s exacty one number corresponding to point P,

: p ; 5
It seems reasonable to detine the set ; CE —2 . —g R } to be the unique number
assoctated with the point P oon this number line, In fact, the set is called the rational nonber
associated with Pand can be represented by any one of the numbers of the set. Thal is, the ordered

number pair (:‘—» represents the same number as does the number pair L or T6 . Pupils should

3
not be penalized tor wrinng : orany other fracton i the set rather than % as answers to
exercnes involving this particalar ranonal number . unless they huve been directed to write the
solution - basic fraction form or i lowest terms. In that case, they should understand that they
are expeeted o select an cquivalent number parr i wihieh the two numbers (that is, the numerator
A denominaton) are relaovely pnmie to cach other or.m other words, have no common factor
other th: an 1 (one).
‘ .

Other actvities similar 1o the above should be provided, Pupils should have a number of expern-
ences in which they

(4} partinon antt segmen s ona number line and

(b)Y determme the mlmm setof equivident tracttons assocrated with each of the points determined
v the partitions
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. Pupil’s attention should be called to those particular infinite sets that are associated with the same
points as are the whole numbers. Then one can say the following.

-

0=40,0 0 0 0 ...
| 2 3 4 S
[ =yl ,2 3 4 s .
1 2 3 4 S .
, 12,4 6 8 10, .
| 2 3 4 S
;-13.6,9 12 15 .
} 2 3 4 S

In general, for all whole numbersa,

Lo Ja 2XA 3XA 4AXA SXA
! 2 3 4 5

and one may select any member of the set to represent the whole number.
obj. 27. Activities involving decimal fractions might begin with examination of sets of equivalent fractions

13 such as those below and the question, “What sets contain Yractions in which the denéminator is 10
or 100 or 1000 or some other power of 107 : ' )

L2034 s
A"g() 1218 24 30 g
Bl 2 3 a4 5 6 S
5 10 15 20 25 30 ~
: ol 23 a5 6
3 6 9 1215 18
20
)~




p=Jl,2, 3 4 5 6. ..
2 4 6 8 10 12
0
E=1J3,6 9 12,15 18, ...
) 10 15 20 25 30
F.J2.,4,.6 8 10 12 .,
3 6 9 12 15 18 ‘
C o g=13,6,9 12 15 18
4 8 12 16 20 24
H=J5,10 15 20 25 30, ...
6 12 18 24’ 30 36
S T TN BRI S S S
|7 2 3 4 5 s L8 ,
IR D
6 9 1 15 18

Sdme pupils may need to generate more fractions in each of the sets in order to determine the
following. :

In A, there are no decimal fractions. -

InBthereare/—zv—zg,—z—go- ’ e e e -

10 100 1000

A ]
In C, there are no decimal fractions.

In D, there are —i—'i()—vi.—g e e e

10 100 1000

InE,lherearve _Q,,ﬂ , 600 .,

10 100 1000 )

In F, there are none.

- 75 750
In G, there are oo 1000 \S
In H, there are none. \
) 1 10 100
In I, there are 1 10 100

In J, theré are none,
|
Pupils should be told that fractions in which the denominators are 1 or 10 or 100 or 1000 or a
power of ten (that is, 10" where n is a counting numbgr) are called decimal fractions.

After pupl]S have found the sets which contain decimal fracﬂons they should be asked to try to
find a rule or test for deciding whether or not any given fraction is equivalent to a decimal fraction.
They should notice that for some fractions in basic fraction form, for instance, -+ 5 , % , -g— 3,
1 » there are equivalent decimal fractions, while for other fractions such as -, +.2, -g—, %
there are none. (Note that basic fractions having denominators of 1, 2, or 5 or powers of 2 or 5 or
products of powers of 2 and 5 are the only fractions for which there are equivalent decimal

fractions. Pupils should be encouraged to discover this test for themselves.)

21
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28. To introduce alternate notations for fractions other than the ratio-like form (read ‘a overb’),

29.

pupils could be asked to find a test for deciding whether or not a given fraction such as 5 belongs
to one of the following categories.

(a) Fractions less than 1.

(b) Fractions greater than 1 and less than 2.

(c) Fractions greater than 2 and less than 3.

Pupils’ prior work with segments of the number line should help. For instance, in examining

number lines such as those in activities 25 and 26, pupils will probably describe the segment ‘whose
3

end point is associated with 5 with phrases such as—

More than 1 and less than 2 unit segments;

-;— of a unit segment more than 1 unit segment; '
I and —;— more; or
1
1 plus 7
It will then seem reasonable to introduce the idea that another way of expressing the fraction -;— is

to say or write ‘1 + —;—” or, using the conventional shorthand way of writing that relationship,
2 =1t L. The numeral “1 L " iscalled a mixed numera! and is just another way of naming the

: 3
%racllon 5.

Still another numeral form for fractions makes use of the place value scheme for writing numerals.
The following activity provides readiness for writing fractions in decimal notation.

Write the following sequences of numbers and related questions on the board. (Note that the three

‘dots “. . " indicate an unending sequence in the direction of the three dots.)

A
(a) 1, 10, 100, 1000, 10,000, . . .
(b) ... 10,000, 1000, 100, 10, 1.
(c) 10°, 101, 102,103, 10,105,
(d)...10%,10% 103,102, 10", 10°. . @3

(1) In which sequences are the numbers increasing? (a and ¢)

(2) In which sequences are the numbers decreasing? (b and d)

(3) What are some of the other numbers in the sequences?

(4) What is the pattern of increase from left to right in sequences a and ¢? (Multiply each term by

10 to get the next term.) .

(5) What is the pattern of increase from right to left in sequences d and b? (Multiply each term by

10 to get the next term.)

(6) What is the pattern of decrease from 13t to right in sequences b and d? (Multiply each terni by
o 10 get the next term. )

(7) Where clse have vou seen and used sequences b or d? (See.below) Pupils may more easily

recognize the sequences d and b if the teacher draws in short vertical lines as illustrated here.

10.000 1000 100 10 1

10° 10° 102 10! 10°

The sequences are, of course, the same as those found in the headings of place value charts. After
pupils are skillfu! in generating members in the above sequences, then they should consider the
following sequences.

[
[



..., 10000, 1000, 100, 10, 1, .. .
e, 104, 103, 102, 10', 1007, . .
{

.

Ask the questions, “How do these sequences differ from b and d?’ (The three dots indicate the
sequences are non-ending in both directions.) “Can you find other numbers which belong in the
sequences to the right?”

Answers are as follows.

v e, 10,000, 1000, 100, 10, I, 1, 1, I, ...

cee o 10%, 103,102, 107, 10°, 107, 1072, 1073, ... %

10%, 103, 102, 10, 1, 1

. s
(The teacher should not expect all pupils to be able to use all of the various notations for integral
powers of ten. Teachers will know which notations are most appropriate for their pupils.)

The nekt step would be to extend the place value chart just as the above sequences were extended.
If pupils are secure in their knowledge of the place value scheme of writing numerals it could be
challenging and fun to play around with extending the chart and deciding on some rule for reading
and writing numerals to represent, for instance, the following count of places in an extended place
value chart.

o e 1000 100 10 1 10 100 .« v
3 1 2 - 6 5 4

Reading the count of places is easy— “3 thousands 1 hundred 2 tens 6 ones S tenths 4 hundredths.”
However, in writing the numeral without the place-value labels of the chart, the pupils would write
“312654,” which is 312 thousand and some, not the number in the chart. The teacher should
ask questions which help pupils recall that in reading and writing numerals they have generally
looked first at the digit in the one’s place. That is, the one’s place is the reference place to which
one looks in deciding how to read or to write numerals. Thus, some sign is needed to mark the
one’s place. Perhaps the pupils can invent some sign, say X, and write 3126 X 54 (read *‘3 thousand
1 hundred twenty-six and 5 tenths 4 hundredths.”)

The teacher may leave the problem of reading “5 tenths 4 hundredths” in a more conventional way
and of telling about the conventional mark for the reference place until after the following activity.

23 /



30. The teacher could say, “Let’s consider the fraction —:—3 . What is another way-to write or name

this number?” If the response is ““(13, 10" or * %% or * -:-%-‘l » or “any member from the set

:—(3; . 32—% . -g—g . } .’ the teacher should acknowledge tge correctness of the response and
continué to repeat the question. Someone will recall the mixed numeral form “1 ’1% Questions

may be asked to elicit the responses “1 3% ™ or “1 %6, also.  The question should be repeated

for the fraction 3. Correct responses would include 4. 5> 1o+ | +.1 3,13, and the
* like. After repeating the question for other fractions; such as -z_ -3-3— and Lsa- , the teacher

could ask, “Do any of these numerals name decimal fractions? How about the mixed numerals? Do

any of them name a decimal fraction?”’ Correct responses include the following. &
F l:i : 1_3_ , _1_3(_) | _3._ v _lg » o+ e o
°" 10 10 100 10 100 ‘
. ﬁ N .
For’g— 3-1—5,@,...,1_5,1@—;."..
2 10 100 ; 10 100
9 . oms 28,0 .
For 1 < 100
fop 36 036 360 . o6 . -
AT 10 100 210 :
. — -
For 68 : 136 . ., ., 13_3 y e e '
' 5 10 10

Conversion from fraction form to mixed numeral form depends on recognizing that any fraction
may be written as the sum of two other fractions. For fractions greater than 1 {one), the pupil
should find two addends such that one of the addends is less than 1 and the other addend is
equivalent to a fraction of the forrn'la— , where a is a whole number. Then, according to the
agreement iit activity 26, one may write the whole number a for the fraction‘li. For instance,

P

_'_l_}_: .l.g.+_3.=_l_+_3.=l+;§ = l}'
10 10 10 1 10 10 10 -
_9. = ._8.. +_l___2.+‘_!.=2+_1.=2_1.
4 4 4 1 4 4 4

! : .

_2_2_5=M+25_=l+.2_5=2+‘.2_5_=2£.
100 100 1 1 100 100 100

.

It is an important skill to be able to write a given fraction as the sum of two other fractions. The
only other skill a pupil needs to convert a fraction numeral to a mixed numeral is a skill in
generating equivalent fractions. Until a pupil has studied the operation of division on fractions
there is no mathematically sound rationale for interpreting the number pair %— (*“9 over 4) as

9 +4, or the number pair 3§ as 36 + 10.

After pupils are skillful in (a) identifying those fractions equivalent to decimal fractions, (b)
determining the equivalent decimal fraction and (c) converting decimal fraction numerals to mixed
numeral form, it is appropriate to introduce a place value chart such as

. 1000 100 10 T AN

—
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31

A

and ask, “Suppose we conlmue the pattern to the ng-WJm the place value chart. What would the
place'ﬁcadmgs be?” Some will recall from the readiness activity that one could extend the place
value scheme this way, 0

Then ask, “How about using the new place value chart to write a place value numeral instead of the
mixed numeral 13 7" Pupils should respond with

| /!
10 1 1 - 13y 6
R
| .

(read ““thirteen and 6 tenths).

Continued use of the new place value chart to convert mixed numerals to place value numerals
should not only reinforce the important idea of place value but also develop insight into the use of
place valye representation of fractions. Such place value representations are commonly called
decimal representations or decimals. Of course, teachers will explain that in the United States ong
uses a dot called the decimal point to mark the reference place, that is, the one’s place. Teachers
should ask their pupils to find out:what symbols other nations (such as the English or the French)
use to mark the reference place in writing numerals,.

To introduce place- ~value or decimal represenlanons of non-decimal fractions, a leacher might ask
his pupils how they think the fraction numeral or the equivalent. mixed numeral 1 2 could be
written using the new place value chart.

(a) If pupils know how to generate the set of fractions equivalent to - in order to fmd an
equivalent decimal fraction they will start this way. N

20,25 30,35
12 15 18 21

2,10 15
36 9

X

(b) The more able and’ SOphlSllCaled student will probably u'se the test for equivalent fractions in
this way.

s =N

<3 T 10 , :

Then 5 X 10 = 3 X N. However, there is no whole number N such that 50 =3 X N. i’hus. there is

no equivalent decimal fraction with a denominator of 10. Then he may try letting % o0

Then 5 X 100 = 3 X N. But there is no whole number N such that 500 = 3 X N. Thus, there is no
equivalent decimal fraction with denominator of 100,

Suppose there is a whole number N so that

" (c) Other publls may reason this way.*“If % is equivalent to T(TI\(JJ—O’ ‘then there is sorie number

that [ can multiply 3 by so_that the product is 1000, and then 1 cangnultiply 5 by the saifie number
and that producl willbe N.'Thatis 5 X O N__. What number goesin (J 7"  °

3IXu 1000
LThere is o whole number that multiplies by 3 to give lhe product 1000. )

Continuing in any . of the methods avallable to them for trying to find a decimal fraction equivalent

to % should convince them that neither 2 5 nor | 5 can be written in decimal fraction foym.
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32.

At this point in the study of decimals, the teacher can use the pupil’s experiences with linear
measurement .and his knowledge of the practical or applied use of decimal representations for
certain measures. For instance, in applications to the real world one often ﬁnds it necessary to

" record measurements jn decimal form. For instance, one may wish to write | % yards in decimal

notation. In that case, one settles for an approximation to the actual measure In the case of

fractions £, %— , ;’2 , 5 and all other non-decimal fractions, it is suggested that the question
of how to repre these fractions as decimals be approached through a method of successive

- approximations, as stra dhere Consider fraction X .
PP 3

| &ow'

_ 3 1y 3
.0.3 = 1o and 3 > 10
33 oo 1 33 3.
~03%= 100 ’ ad 3> T0 7 10
EEAS 1, 333, 3 3.
03332300 .~ , ™37 7007 00 ~ 0
_ 3333 1 3333 333 3 3
03333= 16000 and > 76000 ~ 1000 ~ 100 © 10"
i : 3. 33 333 333 .
The decimal fractions -, 66 * 16606 ,30000 ,..., get closer and closer to 1,since
1.3 A3 _ 1097 1
3770 ™ 3 71 30 30
153 1 33 _ 100-9 _ 1 .
3 7 100 3 T 100~ . 300 300
1333 1 _ 333_ 1000-999 _ _1 ‘
3 77000 ™ 3 T Jo00” 3000 3000 ° .
15 3333 1 _ 3333 _ 10000-9999 _ 1.
3~ 10000 3~ To000 30000 30000

—~

The differences grow smaller, and although one cannot write as true statements about number that :
+ = 2ol = 2o+ = 333 one agrees thet 4 can-be approximated by 2

or 0 3; that an even better approximation to —,:"- is % or 0. 33 and successive approxrmauons
to T -differ from ' by less and less. In applications to the real world raﬁonal approximations to
% are selected accordmg to the degree of error or goodness of the approxmﬁatron one is willing to

accept. ;o : , T

After pupils have studied division of fractrons and can justify the algorithm 4+ € = 4 ¥ d .
a Xd ,wherea, b, c and d represent non-zero counting numbers, then one can argue as. follows.
bXc

For all non-zero counting numbers p and q, p +q can be written in rational number notatron as ﬁ

q and, using the division algorithm 4 L p Xq 12 , thus, the fraction (or rational number)— can

be interpreted as p divided by q. (See the strand on Operatrons Their Properties and Number
Theory.) - : ,

-
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Once pupﬁs have acquiged the quqtient concept of rational numbers, then'it is possible for them to
‘determine (a) non-termi ating decimal notatién for all rational numbers, including the non-decimal
fractional numbers, and*(b) terminating decimal approximations to the nearest specified place. See
the chart for instances of non-terminating decimals and decimal approximations for selected ra-

tional numbers. - [ . ~
Rational . Non-Terminating ’ Decimal Approximatiohs |
Numbers Decimal Notations To Nearest Tenth To Nearest Hundredth | To Nearest Thousandth
3 *0.3333 . . | 03 033 0.333
-27’— *0.285714285714 . , . 03 0.29 0.286
T *0.125000 , . . 0.1 013 *0.125
%_ *0.16666 . . . : 02 0.17 0.167
775 *0.58333 , . , 0.6 R 0.58 _ 0.583
%\ *1.66666 . . . 17 167 1667
253 — i :
5o *2.53000 ., . . 2.5 *2.53 ' %2530

*Only in these cases does one say that the given rationdl number is equal to the rational number in decimal notation.

i

In other cases one says that the given rational number is approximately the same as the rational
number in decimal notation. ' '

Examples ’
—é =.0.1666 . . . —é is approximately'thé same as 0.17
(to the nearest hundredth)
, —”{'\, | - 1. _
- : e 012500 , ., ., or R approximately the same as 0.1

(to the nearest tenth)

. o o
K g = 0.125 7 . |
\
obj. 33. The teacher should occasionally check-n{o on his pupils’ awareness of the many interpretations of
14,18 - ordered pairs of whole numbers. He may use as simple an activity as writing 1_85 on the chalkboard
L and saying, “What do you think that means? Make a sketch, write a sentence or demonstrate n

some way at least one meaning for the symbol.” Possible responses are as follows.
(a) 8 crayons cost 15 cents (rate-pair interpretation).
(b) 8/15 is another way of writing the date, August 15 (ordinal pair interoretation%
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M‘.

obj.
18

obj.
18,19

obj.
18

obj.

obj.
19,2

34.

35.

36.

- 37.

38.

drop ;to below 0°C. Such a liquid wpuld be a solution of water and alcohol whi

(©) —l’is is associated with this partition of a rect/augvlax\d\isc (fraction interpretation).

~

- . . A

\
i

(d)8 boy‘s out of the 15 boys in our class are in the band (ratio interpretation).
(e) -1-8—5 is the quotient of 8 and TS,0r 8+ 15 (quotient ir{terpretation).

After the class examines the many interpretations proposed, the teacher should ask, *“In which of
the contexts could the numberyir be considered a rational number?’ (Answer: The fraction, ratio
and quotient interpretations.) - ‘
The teacher should also check-up occasionally on the understanding that there are several different
numerals which represent the same rational number. For jnstance, the numerals _!EZ , 3 —“5'- and 3.4

all represent the same number, as does the infinite set {—’—SZ T } The choice one

makes with regard to the numeral form one uses to express a fraction or rational number gerierally“E

depends on the use or application one wishes to make of the number.

Integers o

Have the pupils record the results of placing a thermometer in liquids which will cause thg thermo-
meter to fluctuate. Be sure that it is placed in a liquid which will cause the temperatur:{Zeading to

has been
refrigerated and cooled below 0°C. Encourage the pupils to discuss the measures of temperatures

lower than 0°C.

Another activity enabling pupils to have experiences whichihvolvefpositive and negative integers is
the postman game. The game involves pupils being homeowners and one pupil acting as postman.
The postman delivers checks- and bills. Each homeowner keeps track of income and outgo by
treating the amounts oa checks as positive numbers and amounts on bills as negative numbers. The
game can be expanded into the study of operations on integers as the postman becomes confused
and delivers the wrong mail to several people. (The teacher can find descriptions of this game in
referenceslisted in the bibliography.) <
\ ' .

TR elevator game appeals to many pupils as a way of thinking about positive and negative integers.
A building has 4 basement floors and 10 floors above street level. The pupils take turns telling the
elevator operator where they want to go by naming a positive or a negative integer. The game can
also be extended to involve operations on integers if each pupil tells the elevator operator 2
numbers and notices his position relative to the street floor after,combining the two trips.

A game could be played with all pupils standing on a stair landing. Each pupil draws a slip of paper,
telling him to go up S steps, down 9 steps, up 4 steps, down 4 steps and the like. In this activity the
teacher should ask questions to develop the idea of opposites. The pupil should see that since the
*4 (up 4 steps) followed by “4(down 4 steps) leaves himn his original position, that *4 and "4 are
opposites, that is, that "4 is the opposite of *4 and *4 is the opposite of "4.

If a pupil has had many experiences with the number line he could be asked to consider a number
line that looks like this. ‘ :
%
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18

obj.

18

obj.

18

obj.

20

39.

40.

41.

42.

~

Ask him to fill in other numbers for the indicated pQints on the line so that he has a chance to
suggest "1, "2, and 3. The number line provides an excellent opportunity for developing the
concept of opposites. Given a number line with unit segments to the right corresponding to steps to
the right, and unit segments to the left corresponding to steps to the left, the teacher should ask
questions such as the following. : :

(a) What is the opposite of 2 steps to the right? The opposite of *2.is
(b) What is the opposite of 5 steps to the left? Then the opposite of =5 is _
(c) What is the opposite of O steps to the right? The opposite of Ois . (Help the

"pupils see that zero is different from other numbers in that it is its own opposite.)

(d) What is the set of opposites of the whole numbers? The student may write this as { .., 4,73, ¢
-2,72,0 | |

(¢) What is the set of numbers that are the opposites of the opposites of whole numbers?{O, 1,%2,
'3, ) :

Tell the pupil that the union of these tWo sets is the set of integers.{. 2.73,72,7L0,0 0 }

) ' . T
Pupils themselves can suggest many activities involving the recording of gain and loss, such as the
number of yards rushing in football games, net profit or net loss in business and similar examples.

jHave the pupils locate places on the map that are above and below sea level. They can describe the
locations using integers. -

An activity that will appeal to older pupils is the use of a model from science in which the drawings
represent an empty field, a bucket containing positive particles and a bucket containing negative
particles. As the pupils place positive and negative charges into the field they will observe the
results of combining particles of opposite charges. This gives the teacher an opportunity to empha-
size the word opposite as it relates to the integers. The concept of neutralization adds much to this
activity. The pupil may draw a circle around the neutralized particles (£) and this gives insight into
combining or adding integers. An activity of this type can be found in the strand Operations, Their
Properties and Number Theory. ' '

As the pupils study the set of integers have them discuss various subsets such as the following.

All integers n such that

(@n>3 \ (>0

(b)n <2 ®n>0
(c)n>72 K (h) n <0
(dn>"3and n<*s @n<oO
(e)n>"30rn<*5 () n>"land n<*I

Tell the pupils that the set described in (f) is the set of positive integers; the set described in ®)is
the set of non-negative integers; the set in (h) is the set of negative integers; the set in (i) is the set
of non-positive integers; and the set described in () is the set whose only member is zero.

Give the pupils various subsets of the integers, and ask the pupils to place the integers in each set in
order from least to greatest. !

Examples
{*3,-3,%1 }is {-3,41,43 }
{0,72,%s,73} is {73, 72,0,*s}
{7375,72}is {75, 73,72}

29



SETS, NUMBERS AND NUMERATION

-
- h \
OBJECTIVES . |
The pupil should be able to do the following. ‘ \
Tabulate and describe sets :
2. Pick out from a given set, subsets having a specified common property v
3. Identify common properties of a given set’ ' 3
4. Use the language of sets to describe and orgartize information ,
5. Read and write large numbers using period numeration
6. Trandate large numbers into expanded exponential form
7. Demonstrate place value by using.another system of numeration
8. Name the ordered pair of whole numbers associated with fractional prts of (a) units, (b) sets
9." Discriminate between an ordered pair of whole numbers used in a‘e context and an ordered pair of whole numbers
used in a fraction context ‘ : : -
10. Generate a finite number of members of the set of equivalent fractions to which a given\fgion belongs
I1. Detfrmine if two ordered number pairs are equivalent to each other
(a) By inspection of sets of equivalent number pairs :
(b) by using the test for equivalence—if 4; b, c and d are whole numbers, b % 0,d # 0, thenbi :;: if and only if
: a X.d = b Xc L
12. Identify the set of equivalent fractions associated with a givén point on a number line
13. Tell whether or not a given fraction is equivalent to a decimal fraction 2
14. Record fractions k
' (a) in basic fraction form
(b) in mixed numeral form
(c) in decimal notation - ¥
15. Find rational approximations in decimal notation, to the nearest tenth, to the nearest hundredth and to the nearest
thousandth for given rational numbers using
(a) the process of successive approximations
(b) the process of long division
16. Find non-te;minating decimal representation of given rational numbers .
17." Discriminate among the interpretations of rational numbers as used in the context of fractions, of ratios and of
" quotient$ of whole numbers. ,
18. Identify ‘and describe everyday situations which exemplify or requit’e the use of directed numbers
19. Construct the set.of opposxtes of the whole numbers and the opposites of the opposxtes which together form the set of
‘integers
20.

Order any two or more given integers

30 :
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that results from combNg tWo Numbers by neans of an operation,

'

- OPERATIONS, THEIR PROPERTIES AND .
_ NUMBER THEORY

INTRODUCTION

- . ‘ |
The purpose- of thiy stfand is tWo-fold. One s to build the concept of operations and their properties, and the other is to
develop interest in nymPer elationships through number theory. .

In this guide thy opers!'ons ?“d their properties are separated from the algorisms or computation. The distinction between
operations and thely propemFS and computatigns js an important one. An operation is a particular association .of a certain
member of a set to g gi'ch par of numbers of the set. Computation is the manipulation of nurmerals to determine.the number

y . . 5 .
Operal:_tions and tpeiv prOPerties in lh_e guide are studied in terms of their meanings. The child is introduced to each of the four
fundamental operation® °f arithMetic through some physical situation. The initial interpretation of the operation is derived
from the physicy sityat'on. :

_ The' concept of numb?’ OPerations evolves from two main physical sources— one is the number associated with sets of
~discrete objects, and the other is the measurement of continuous quantities. Therefore, the activities in this strand are
“concerned with yts (disCrete) and the number [jpe (continuous). '

~ In using the opesatigné the Ch_jld Must know which is applicable to the situation in the problem at hghd. For example, the
‘number pair 6, ) ¢ap P 3ssociated with 4, wigp 8, with 3, or with 12. The child must select the appropriate operafion for

solution of his pyoblem Sltuation, and h¢ must know which number is associated with the operation.

The four fundamgnty) 0_p§r.3l10n5 With integers or rationals carfnot always be introduced to the pupil using physical situations.
Therefore,.separg to- act*"'ti€S ar€ Needed to introduce the child to an interpretationy:of these operations for these sets of

 numbers:As wih WhO'¢ nUmbers, writing S'ymbols< for the operations is more effectively’ understood by the child after .

Q

generalizations hyye pe¢™ firmly Brasped. For example, to be able-to write *3 3 =5 = =2 with understanding the child must
have experience with in€rpreting a physical sityation such as — if one goes east three miles (*3) and then west five miles (5),

his location is then two Miles west of the place he started (C2).

After acquiring q basic “Nderstanding of 0per'ati0nsiXs$r;umber system, the pupil may use this knowledge to explore number
ideas through nymber theo"y-_ lﬂ. Working with operatipns one begifis with a pair of numbers to which a single number is
assigned by a specific Operation, In studying number theory one encounters such experiences as looking inside a single
number and stuqyifg the 'elauonsh’P between numbers of a particular set. For example, one may look closely at the single
number 49 to find aps¥©'s 10-queStions as — Is j prime number? Is it an odd number? Is it a square number? The child may
also investigate numpe! PAtMs N order to recognize numerous relationships of numbers — for example, extending patterns,
skip counting, cl;;ssifyiﬂg nuUMbeTs as odd or even, prime or composite, and many other topics included in typical modern
elementary mathgmatic® tex tbooks. . , 7

\ ;
Investigating. nun;bers #14 numberb»allems Provides more challenging‘and appealing activities for a child to use in learning
mathematical copcepyts 2"d basic facts than the traditional drill activities or practice exercises. The study of number theory is
especially interesgjng in ‘2t 2 solution to one Problem very often becomes the basis for another problem. '

In modern textbyoks rUMber gheory is treateq 45 4 separate topic. In others the congepts are included under topics such as
multiplication of whole "umbers- It is important for the teacher to see that concepts ¢f number theory should be taught as a
foundation fog othey ;'{""Cepls. For ¢xample, the study of least common multiple Would be necessary before addition of
certain rational nymbe™ ‘

In the early grades the Cl:]ild Sho‘”fi learn about properties of operations by manipulating objects and observing the number
relationships on yhigh #1¢ prope_fllesme based It is not as impottant for him to know the names of the properties as it is*for
him to apply they whe *PPropriate. In the upper grades the pupil should be able to identify the properties by name.

.
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OPERATIONS THEIR PROPERTIES AND

Objectives
Keyed to
Activities
obj.

3,

12a

»

ACTIVITIES

NUMBER THEORY ,

Number Theory ‘ : ;

The feacher may mimeograph or make a transparency of the table below. Say to the pupils and

- point to the rows, columns and diagonals, “Rows go across, columns go down and diagonals fdilow

oblique lines.” /(Be sure they understand.) “Look at the lhlrd row.” “What can you say about the
numbers?” “What can you say about column seven?” “Do you see a relationship of thé numbers?”

4

o |1] 2013 a]s[e6] 7] 8]0
oo |o|lo|lololo|l o] o]olo
tlo |t ]2 3]4fs]| e 7819
2 o J2| 4| 6] 8j0]12]14 16|18
sholsl el oflizfis|s]a |24]2
a o |a| s|12]1630]2a]28]32]3
| s o | s |05 |20 |25 |30]35 40] 45
6 lo]e6l12]18]24|30]36]42|a8]5sa .
7 0o | 7]1a]21]28]35|a2]a0 |s6]63
8 o | 8162432404856 ]|6a]| 2 .
9 {[o {91827 |36 |a5s|54]63]|72] sl .

[ .

Beginning with one in the upper left corner, circle the diagohal,numbers." Ask;*“How are the'circled
numbers related to the numbers in the first row? in first column?” “What is the product when one' -
factor is zero?’ “Look it the top row of numbers. Multiply the number in one row by the number.
in each column. Cross out the numbers of 7. Underline the multiples of 2.” Show how the
commutative property of multiplication applies to the number pairs. (3 in column |, and 5 in row
1, also 8 in column 1, and 7 in row 1.)

Look at 3 in column 1, and 2 in row . “What is the product?” Look at S in row |, and 4 in
column . “What is the product?” “Are the products odd or even numbers?* Look at 4 inrow 1,
and 6 in column [. Look at 8 in row I, and 2 in column 1. “Is the product an odd number or an
even number?” “What can you say aboyd (a) the product of two even numbers?, (b) the product of
two-odd numbers?, (c) the product of an .odd and an even number? ‘“Circle with a red marking
pencil all the even numbegg in the table.” “Circle with a blue marking pencil all of the odd numbers

“in the-table.” Ask, “What is the interval between numbers.in lhe vertical column?” Ask “Whal is

the interval between numbers in the diagonal column?”



-
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_ obj. ' 2. As a device for further illustrations of operations with whole numbers, the teacher may make
9 , mimeograph copies of the calendar such as the following. - :
A 7’s Calendar _— ‘ §
Sun. [Mon. | Tues.| Wed. |Thurs.| Fri. |Sat. : -
I 2} 3| 4| s|e |

-~ 7 8 9 10 | 11 12113

s “afas | a6 [17 ] 18 | 1920

| 20{22) 23| 24| 25 | 26|27

28|29 | 30| 31,

Ask pupils to stud;' the arrangement of the numbers looking for patterns. Ask in particular for the
. Pattern for the numbers in the first column; the pattern for column four; the pattern for a diagonal.

Twenty-€ight minus what number equals 22? Twenty-two minus what number equals 167 -
16 - 7 =10. 10 - ? = 4. Ask pupils to discover other patterns. Also make bther calendars.
_o'bj. : v 3. The teacher may illustrate the magic square using the illustration below.

14 . :
Magic squaré using numbers 1-9 ‘

4|3 ]s | :
9 s |1 | '

207 67|

"

Find the sum of each row of numbers; of each column of numbers; of each diagonal line of
numbers. Ask if the sum was the same in every case. Make duplicate copies of squares. Ask pupils

Lo try rearranging.the numbers and add again, What happens?

Use a magic square using numbers two.through ten, such as the following.

9| 41 s

21 6 110 .
‘ 71 8|3 | - ’

What is the sum of each row? Each column? Each diagona)'.’ ‘Add’in opposite 'djr_elbliéns.‘Whal
‘happens? - LS

Mlustrate by using the overhead projector or draw on the chalkboard a 4 by 4 magic square using ,
numbers | through 16 as follows. :

6 3| 2| 13 .
sl 11| 8
9l 61 7| n2 ‘
s |1e | 1| s O
. ,h \\\
33 \5 '




Ask pupils to find the sum of the numbers in row two, the sum of the numbers in colvmn three and
_ the sum of the numbers on the diagonal beginning with 16. Reverse the order of the addition. What

happens? .
Ask pupils to draw other 4 by 4 squares using numbers 1 through 16. Is the figure thus formed a
magic square? '
obj. . 4. A gameof cﬁeckers may be used to reinforce number combinations. Regular rules for checkers may
14 be used; however, the red and black discs are numbered as shown on the diagram. Pupils score this

game by adding the numerals on the checkers as jumps are made. For example, if a red 4 jumps a
black 6, the red scores 10. A double jump would cause the pupil to add three numbers. When a
checker reaches the King row, it doubles in value. The player with the highest total score wins.

Different numerals may be used according to the drill that is needed by pupils. This game may be
adapted to multiplication, also. )

obj. 5. Another model for a Cartesian product may be formed by using strings of two different colors.

Example

red 1

red 2

| usasb
Z u9aib
£ ueesb
v ueeib
G usalb

Pairing 2 red strings with 7 green strings gives 14 combinations. Ask the pupils to name the points’
., of intersection by stating orde:ed pairs of the strings. Some examples are

(Red 1, Green 1), (Red 1, Green 2), (Red 1, Green 3), etc.

ob;j. 6. Prepare a worksheet or transparency using the following suggestions.

a. Circle each of the even numbers in set A. o _
A={6,9,10,4,11,12,15,16,17,20 } Lo

b. Express each of the even numbers in the set as the product of '
2 and some counting number. For example, 6 =2 X3 . Lol

Pupils should work together to solve problems using concrete materials. They should be encouraged

to discuss the question “‘Do you think every even whole number can be expressed as 2 times some .

whole number?” : .
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obj.
23

obj.

3

obj.
2,3

obj.

23

7. Develop a class discussion around the following suggestions.
a. Circle all of the odd numbers in set B.
B={1,2,3,5,6,7,9,10,11,12,14,15 }

b. Express each odd number in set B as the sum of an even number
ar . Forexample,3=2+ |

c. Can you find an odd number which is not one more than some
even number?

8. Prepare ditto sheets with problems such as those,suggested below.

a. Write numerals in the frames‘to make \true sentences. ‘ .
2+2=0 2+6=0 /J
o+8=0 4+4=0
4+2=0 ‘ 6+4;D

b..Are all the addends even or odd?
c. Are all the sums even or odd?

d. Can you find two even numbers whose sum is an odd number?

9. Prepare ditto sheet§ or a transparency to use as a basis for class discussion.
i

. - ]
a. Write numerals in the frames to make true sentences. |
\

1+3=0 5+3=0
s+1=0 s+s5=0
3+3=0 1+5s=0

b. All the addends are (odd, even) numbers.

c. Al _th;!.?sums are (odd, even) numbers.

d. Gan )‘;ou"find two odd numbers whose sum is an odd number? Try!
e. Can you guess which seems‘ to be true from the above observations?

f. Within a single sentence all frames of the same shape répresent
the same number. Classify each expression as even or odd, if
possible, and justify your answer in each case:

0O+ 0 A+ A+ A+ A
A+ A+ A+ A+ A

10. a. Cut strips of light weight cardboard. (Old manila folders are a good weight.) Make strips 2 by n,
where n is any natural number.

o~

11
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obj: 11.

2,3

This strip represents the even number 22, 2 X 11. By folding accordian fashion it can be used to
represent any even number, 2 X n. Another such strip may be used to represent any other even
number, 2 X m, where m is any natural number. By joining the two strips end to end, pupils can
demonstrate that the sum of any two even numbers is an even number.

b. M'ake\ representatidn; of two odd numbers from strips of paper as described above.

C(2X6)+1=13 (2X4)+1=9

Let pupils use-these models to show that 13 + 9 represents an even number. By folding accordian
fashion these models can’be used to represent any two odd numbers less than 15 and 11, respec-
tively, and can serve to help pupils realize that the sum of any two odd numbers i< an even number.

Present questions such as the following to pupils to encourage them to generalize the results of
operations with even numbers and odd numbers.
. 'a. Is the sum of any two even numbers even or odd?
b. Is the sum of any two odd numbers even or odd?
c. Is the sum of an odd number and an even number odd or even?
d. Isthe groduct of two e%r_’eﬁ numbers even or odd?
e. Isthe product of two odd numbers even or odd?
f. Is the produet of an odd number and an even number even or odd?
e
After some disaussion encouragé students to make charts of sums and products of whole numbers
\ B .
and to study the results in order to help them make generalizdtions.
/ .
Examples
o For question (a). For question (f).
+ |2 lafe] 8] ... X246 8f10]f---
2 1
4 3
>
6 5
8 7
s ] 9
P 1
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obj. 12. Use a transparency or ditto copies of a hundreds square, a 10 X 10 grid. Begin with the number 1
4 and numbering across to the right and back again from left to right label the squares 1-100.

The Sieve of Eratosthenes is explained in most textbooks as a‘technique for finding prime numbers -
less than a given whole number, usually 100. Hence a detailed account is not needed here. Th
following steps summarize the method. '

a. Cross out | because it is not prime by definition.
b. Cross out all multiples of 2 except 2.
¢. The next three prime numbers in order are 3, 5, 7. Cross out
all multiples of 3,5, 7, except 3,5, 7.
d. Circle the remaining numbers. They are prime numbers less than 100.

It is not necessary to instruct pupils to cross out multiples of 4 or 6 because they were crossed out
as multiples of 2 and of 3.

Discuss why you ‘need not continue the steps above to include crossing out all multiples of 11, the
‘next prime number. (Any number less than 100 which has a factor of 11 has another factor less
than 11 and hence has already been crossed out.)

Make a chart of all prime numbers less than 100, and display it in the room.

obj. 13. Develop a class discussion around the following questions.
34 ‘ '
a. Circle the prime numbers in each set.
A={1,2,3,4,55,7,8,9,10} R
B={2,4,6,8,10,12}
€={1.3,5,7,9,11,13,15 |

b. Can you find a prime number that is an even number?
Can you find an odd number which is not prime?
Can you find two consecutive numbers that are prime?
Can you find three consecutive odd numbers that are prime?

c. Tell whether each of the foilowing statements is true or false.

1. All even numbers are composite.
2. All odd numbers are prime numbers.
3. One is a prime number.

d. How many pairs of twin primes can you find? (Twin primes are
primes whose difference is 2.) For example, S - 3 = 2. Hence

3 and § are twin primes. A
obj. 14. Ask at least 5 pupils to factor the same number. Choose numbers appropriate for the pupils’
S abilities from the set given.

{54,75,120, 168,225, 363, 432, 576 }

Compare the five factorizations of each number. Were the factorizations all the same? If not, how
were they different? Discuss the fact that the order of factors makes no differerice in the product,
hence the pupils should suspect that every composite whole number can be expressed as a product

~ of primes in just one way (except for order.) This fact is called “The Fundamental Theotem of
Arithmetic.”




obj. 15. Can you write names for all even numbers 14 or greater as sums of two prime numbers in more
4 tharf one way? '

Example

14=7+7=3+11

16=34+13=11+5
18=5+13=7+11 J y
20=_"_+4+__=_4+__ ¢
etc. v

obj. 16. Ask pupils to construct a factor tree for each of the numbers of a set such as Set A.

5,7
A ={ 24,36,42,417,225,266 }

Of course, immediate recall of basic facts is helpful in factoring 24, 36 and 42, but for 225 and 417
new techniques will be helpful. How can a pupil find a factor to begin with? The committee
recommends the divisibility tests for 2, 3,5,9 (and 7, if so desired).

The pupil shOuld already know that all even numbers are divisible by 2 so he needs only to look at
the ones dlglt to tell if the number is divisible by 2. °

DlVlSlblllty tests should be discovered by the pupils, when possible, rather than be given to them as
rules.

Divisibility by 3 can be detérmined by seeing if the sum of the digits is divisible by 3. The number
261 is divisible by 3 since 2 + 6 + 1 =9 and 9 is divisible by 3.

;A whole number is divisible by 4 if and only if the last two digits (the ones and the tens) represent
a number divisible by 4.

Pupils probably already know that a number is divisible by 5 if and only if the ones digit is 5 or 0.
. Divisibility of a number by 9 may be determined by seeing if the sum of the digits is divisible by 9.
’ 621 is divisible by 9 since 6 + 2 + 1 is divisible by 9.
The following test for divisibility by 7 is interesting and it is easy enough to be pract:cal Many tests
for divisibility by 7 are not. :

Is 266 divisible by 7?
26 6 , Isolate the ones digit.
» -12 Double the ones digit and subtract it from the remainder of the
/ 14 number beginning with the tens digit. If the remainder is not a of®

or two digit number repeat the process. The original number is divisi-
ble by 7 if and only if the resulting one or two digit number is divisible by 7.

'From this we would conclude that 266 is divisible by 7 since 14 is divisible by 7.
Is 1667 divisible by 77

166 7
- 14
15 2
4

11

\ : >
Since 11 is not divisible'by 7, 1667 is not divisible by 7. Proofs of some divisibility tests can be j
found in references listed in the bibliography. Capable seventh and eighth grade students should be
encouraged to see why these tests work.
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obj. 17. a. Have pupils fill in the blank for the ontes in each numeral to make a number that is divisible by

7 : the number given. .
Example '
. (1)  Some numbers divisible by 2: { 14,28,36,40,54 } :
Is there a unique answer in each case? )
(2) Somie numbers divisible by 3: §{ 2_,3_,5_,7_,&8_} -

Is there a unique answer in each case?
(3) Some numbers divisible by 4: { 32,21 ,13 ,24 }
. Isthere a unique answer in each case? )
(4)  Some nuinbers divisible by 9: { 17_,30_7,154_8,300_ }
Is there a unique answer in each case? .
b. Beside each number, wr‘ité 2 if the number is divisible by 2; if the number is divisible by 3, write

3; if divisible by 4, 5,7, 9 write the appropriate number. If the number is fot divisible by 2.3, 4, 5,
7 or 9 write “no”. ‘

(1) 105 6) 219

2 2 N 5

(3) 300 (8) 75 \

(4) 187 ©) 87 . \

(5) 9 N
ob}. - 18. An interesting way to write all possible product expressions involving exactly two factorsN
9 .counting numbeér is to list all of the factors of the number in increasing order. Then pair the first

factor with the last one, the second factor with the second from the last, and so on. For example,
find all possible two-factor product expressions for the number 105. The factors are

1, 3, 5, 7 15, 21, 35, 105.

The desired product expressions are 1 X 105,3 X 35,5 X 21,7 X 15.

Ask pupils to find all possible two-factor product expressions of the follbwing.

a. 8 c. 100

b. 18 d. 275 !
obj. 19. Help pupils generalize that the nth square number is n X n or n?.
9 Example

1st square number is 1. i

_ 2nd square number is 4, 4 =22

/ 3rd square numberis9. 9 =32 -
4th square number is

o

10th square number is

nth square number is
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Have the pupils list the set of square numbers to 100 and then discuss the following questions.
a. Is there a pattern of odd and even- square numbers? ’ ‘
b. See if there is a square number greater than 1 which is a divisor of each even square number.
c. What is the result if any odd square number is divided by 4?

d. Is there a pair of square numbers whose sum is also a square number?

e. Is there a square number that is twice as large as another square number; three times as large,
four times as large, nine times as large? Can you explain this? ™

f. Use the list of square numbers to 100 and study the differences between successive terms.

{ 0, oo {16 25, 36, 49, 64, 81, 100}

Can you state what you observe?

. Have pupils find the sum- of the dmsom of 6, other than 6 itself. (1.+ 2 + 3= 6) Find another

counting number that is equal to the sum of the divisors that is less thari the number itself. The
Greeks called such numbers perfect numbers.

A perfect number is one that equals the sumof its proper dlvisors and the proper divisors of a
number are all those except the number itself.

The first four perfect numbers are 6, 28, 496, 8128. Note that the first perfect numbens a single
digit numeral, the second is a two digit, the third is a.three digit, and the fourth is a four digit — all
in base ten numeration. However, the fifth perfect number has eight digits, 33550336.

.Ask groups of pupils to confirm the fact that these. five numbers are perféct numbers.

Arrange the numerals vertically and study the digits. What pattern do you observe in the last fiigits
of the numerals? Only twenty-three perfect numbers have been found. The largest of these numbers
requires 6800 decimal digits to write the numeral.

Other interesting ideas concerning the perfect number may be found in books listed in the anno-
tated references in the section Utilization of Media. -

. Continue squaring the numbers given below until you can discover the pattern, then predict the

answer to the next problem. Check to see if your guess is correct. Do you see why this yvorks?

12

1
121

112
1112
11112
111112

L}

Complete these multiplications to find some interesting patterns.

7X17 = 4 X4 =

67 X 67 = 34 X34 =

667 X 667 = 334 X334 =
6667 X 6667 = 3334 X 3334 =

33334 X 33334 =

40
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o/ \ , 22. Ask pupils to do the following.

'8 a. Write the set of natural number multiples of 4, of 6, of 8, that are less than 100.
'
M, ={48 12,__,_, e b
M, ={ 6, 12, _,__,__, etc. }
My ={8, 1624, ", et }
b. Show the common multiples of M,, M6 and M. using Venn Diagrams.
Solution
c. Find the least common multiple of 4, 6 and 8, that is LCM (4,6,8) =
d. List the members of each
) a. M, N M,
b. M, N M, |
c. M, N M, N M,
obj. 23. a. Ask the pupils to find the greatest common factor of 11 and 17.
7
Fiy F.,
o Since F“ N F|7 =1, 1 is the greatest common factor, in fac_t,
the only common factor. . e

/

/. ’
If GCF (a,b) = 1, a and b are whole numbers, then a and b are relatively prime.

Circle the pairs of numbers that are relatively prime and tell why they are or are not relatively
prime.

T - (3,5),(2,8),(3,27),€49,12), (3,8),(7,17).

41
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obj.
11,12b

obj.
11,12b

obj.
11,12b

24,

25,

26.
I

R . e )

~
b. Ask the pupils to draw Venn diagrams to show the intersection of the sets.
A={13571} Solution

B={2345} s

’

c. Ask the pupils to draw the Venn diagrams to show the intersection of the sets. .

C is the set of factors of 18
D is the set of factors of 24

Solution

Name the greatest common factor? of 18 and 24.
: J

4,/"\1,\\.

Rational Numbers: Pre-addition “g

o

Each pupil should have a sheet of graph paper. Outline fifteen squares in a row to be the unit, as
shown below. Have the pupils color 1—25 of the strip red and 115 of the strip green and leave two

separate sections of the strip uncolored. Ask what pair of numbers names the colored part of the

unit ( ié's , since 6 of the 15 equal parts are colored.) Repeat, using other combinations such as
—3—5 with -—'~5 , 77-5 with ng . In each case the fraction name (not the rational equivalent) should

be given.

Use g strip of 12 contiguous squares as the unit and repeat the previous activity using combinations
such as -5 with &, 5 with 5. 3 with . and 3 with 3 The fraction name

20 12 2
illustrated should always be given.

(X}

Have the pupils take as a unit a region consfsting of 2 rows of 4 squares each, as shown below. K

t
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obj. 27
11,12b
i
obj. 28,
11,12b, 7z
15
3

ERIC

Aruitoxt provided by Eic:

Since the natural partition of thi
red and —;; green;
part of the unit which is cg

.color Y3

-Use as a unit a region consisting of § r

2 3 4
_— Wlth 70°

2
10

Rational Numbers: Addition

3

,and

1

ows of 2 squares each and such combinations as

'%hths,the following combinations would be appropriate: ‘
red and & green, etc. In each case, give the fraction name for the

a4 .
10 with

Addition of rational numbers can be derived as an extension of the -previous activity, again using

graph paper. The following sequence suggests the way in which some addition

developed.

a. Take as a unit a region consisting of 3 rows of 4 squares each.

e

examples may be

.

Since th re are 3 rows all the same size, each row represents '-;—ofthe unit. Have each pupil color

—:’,— of the unit, noting that any row will do.

b. Draw another uhit just like the one, for part a. Since there are four columns all the same size,

each column represents
the four columns will do.

of the unit. Have each pupil color \,r;—of the unit, noting that any of

c. Next have the pupils outline several units exactly like those in parts a and b; this time they are

2
to color 13

d. When the pupils can accept that there are many ways to color

three ways to color + of the unit, they are ready for the next step.

. iy - . 1 .
Have the pupils use a unit just like the others and color 3 of the unit red, then
making sure that no part is colored twice. It is not necessa

1
3

the same picture.

Green

Next, ask the pupils fdyname the part of the unit which is colored. This part is obviously
this fraction name, rathey than the rational equivalent, should be given.

e. A unit just lilge the others should again be used, and the pupils asked first to color
unit red, then 73 of it green, with no part colored twice, The name
for that part of the unjt which is colored.

Red
24
N\

of the unit in each picture, and these are all to be different.

6

12

22 of the unit, and at Jeast

of it green,
ry, of course, for all the pupils to have

, and

+ of the
can obviously be given



obj.
11,12b,
15

29, Ou

f The results of parts d and ¢ are to be recorded using symbols in the problem, that is, for d
=5
T+ 5= pande 3+ % =5 Co /
g. To extend the above activities again using a three by four unit, the pupils should be asked to
color - of it. There'is a natural partition down the middle which can be used and either haif A

could be colored.
o A—

L
v

*

If by now Lme pupils realize that any six of the twelve parts could be construed as one-half, they
should be free to use this knowledge but others should not be asked to accept this idea at this
time. When everyone has colored —2- of the unit, they should color an additional -{‘l and name

the colored part Insymbols 2 +.2 2 = ’1% Repeat, using such combmatxonsas % + L ‘
1 1

+l l- .
7 77 'ﬂ’ﬁ T {

N

N
Outline another threé¢ by four unit and ask the pupils to find a natural partition into sixths. By this
time, they should be familiar enough with the characteristics of this particular unit that they can
find such a natural subdivision.
From the parts a, b, g of the previous activity and the present one, the following sums can be
computed. It is probably wise to give the fraction name to the result in all cases.

/%&%

1 } 81 2
Lol B o {3
1,1 6 3 !
Llen {5 o {3 o {4
&
1+ 1 _ 5
s -0 {1—2}
| j
\
1 1
*2—+2=L—_]
»
;//%mm
\
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obj. 30. Brain teaser- Cap an

: ti Ry . "
11,12b, ‘ ons for 5 and ~+ Wwould overlap and the solution must come from the realization that any 3 of

15 the 12 parts can pe called ;:— or that any 4 of the 12 parts can be called % - Thus the pupil who
Proposes 4 solution will have to demonstrate some variation of one of the followiing.

1 i ] . .
Yone show 5 * %7 The problem here, of course, is that the natural parti-
3 P tu . P

%) . %

S 4

A 4 .

obj. 31, [tmay nOW be possible 1o relate these activities to pencil-and-paper activities by reéalling equival-
11,12b, ence classes, since
15 I
' 5 s{d.2.3 4 }
3 3 6 9 12ttt
i .
4 L e { L2 3 ... }
o4 478 12 \
by chopsing 4 N 3 1 : - N
y 008 15 as the name L | and +3 asthename for L, -+ L may be replaced by
Yot T3 and named —72 owever, some pupils may need additiona? activities of the type
D}:‘lll"ed 'Na through e of Activity 28. Some other possible units made from graph paper are the
three by six, exhibiting patural partitionsof 2,3, 6,9and 18. (
. 2
! - A
¥ y
2 parts 9 parts. _.
Also, other upj / ' et i i | v
0, Ot Nits to use are the tvo by five (halves, fifths and tenths being obvious); the three by
ﬁVe (thirds, fifths and fifteenths being opwious); and, as comparison, a three by eight and four by
\ 51X, ! .
\ Rational Numbers: Pre-subtraction
. / o,
There are Several types of sjtuations which must be classified or associated with 2 mathematical
Oﬁeratlon;ﬂlled subtraction of rational numbers. The fpllowing’ sequence of activities shows how
{Ntse can D¢ presented with fractions;/ .
obj. 32, ﬁth pupil should have , piece of graph paper and take as a unit five squares in a row. Two such
11,12b, yNitg shaould be outlined, one slightly below the dfher so that they can be seen to be the same size.
15 -Color 3 of the top unit and + of the bottom one. \\

NN

W

]
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obj.

11,12b,

15

-

obj‘.

11,12b,

15

,‘. ) (;bj .

L I2b.

1S

33.

34.

“of the original

e N4

Obvrously, 2 of the unit is larger than < of the unit. Two qliestions can be asked. “What must be

“added to L to get 27" (Answer— -2 ) or, “:2 of this unk is how much larger than - of this

unit"” (Answer— . The answers to these questlons lead us™Q say that the drfference of = 3 and
--’5— . The puprls might imagine - of the unit to be taken away from the 2 3~ shown m the
upper. dlagtam and asked to name the part. that was leﬂ Again tlus is 5 . If the results of this
exploration are symbolized, we get either + + 0 =2 w1th the replacement for O, or

?3--- 0O, with 2 there’aoemcntforl]

These questlons reflect the various situations associated with subtraction—in order, the inverse of
addition, comparative subtraction and take-away subtraction. At this level, the students’ gevious
experience with all of these types of subtraction within the framework of the system &f whole

numbers is relied on.
~

It may be advisable to'repeat the previous actlvrty with a different unlt for example, a strip of
eight squares. Qutlining two such units, color —- of the top one and - ~— of the bottom one.

|

Again ask, ‘“What must be added to % to et 271 ishow much farger than 3.7 “if 2 2 is
taken from I, name the part that is left.” Since answers to all of these qugstions are the samie
3 - 4

4 - =
(< lwewnte— 5 5 7

Use as many other examples (different units, different parts) as necessary so that the students can
rame differences of pairs of fractions without recourse to the model.

Rational Numbers: Subtraction

To mtroduce subtraction of rational numbers a unit c0nsrstmg of three rows of:,g\ squares is useful
A graph paper is convenient for the students to use. Have each student draw, two sugh. units
and color L of each umt Two different partitions into thirds should be shown by each >upil.

Have each pupil color TB of the unit on one of their diagrams, using a different colored crayon.

. Then ask, “How should we name —%— - TlB 7" It should belnoted that it makes no differeace here

whether the <L is part of the portion colored as  or the portion not colored. If the % is part
the subtraction could be interpreted as either take away or comparison;
whereas, if the is selected outside the part colored.first, the subtractton can be interpreted as
either comparison or as the inverse of addition. In thetlater case, the ]-Q will belong to some other
third of the unit. The answer in any case is -5 . Because of the fact that there are several possible

ways to arrive at the ,58 , individual pupils should be asked to explain how they got th!r answers.

1
3
L

" '“ Next, using the other unit, have each student color “1“ of it. Then ask, “How shall we name - -

35.

T“s 7" Having agreed on rs' students should be encouraged to explaln various methods of

arriving at this answer.

Have each pupll draw another unit consisting of three rows of srx ang this time, finding a natural

partition, color - of this unit. Next, each pupil should color 75 of the unit and ask, “How shall
we name .;, - 18 7’ When everyone is satistied that 3%‘ is appmpnate ask I(Wd name for - -

= with({t using a model if possible.

L}

&
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Aruitoxt provided by Eic:

obj.

11,12b,

15

./.

obj.
11,128,
15 7

\

~ .o \
. . |

Have each pupil outline three units) each a 3.‘by 6 region, and ask, “How many rows are in one of
these units?” then “How many columns are in one of the units?” Then ask the pupils if they see a
natural partition into sixths. A column seems the obvious choice, and each pupil should color +
of the first unit, The second unit should show %, and the third unit —;— A sample might look like

this, ~ :
§

7 7 7
7 |
7/% B . o

o

Questions

1 .
How could we name — ~ +7( & s an acceptable answer
2w 6 18 p i -
1 . -
How could we name 5 - +7( —118 is an acceptable answer buy % might be expected.)
'How could we name - - L7 (either 2 or L is acceptable
77 3 8 O % P

lf the pupils seem to need more practice, a two by five unit could be used. In different models.
color %-, for which there is a natural partition. For example, use a model with ten units and then
L2

ask, “How shall we name %« = Tl‘om‘ Repeat for 2'- - ilo' Another natural partiticn shows
fifths.and some related problems wouid be naming ~;— ~ 71(-), 2. _T'O, —25— - T30' Further

b 5
practice  with other units and other problems may be desirable before proceeding to the activity -
numbered 36, ‘

»

37.- After the class has completed the above activities, guide the pupils to relate their work here to

previous work with equivalence classes.

1 i.z,,,....ﬁ_...}
2 e{ > A 18

1 ] 2 K S SRR
o e Y =y —— Y

3 { 37609 8 }
L )1 2 3, }

- e - —_— el « o o

6 .16 12 18

Thus ~;~’~ %czm be named TQE %} = Tgsv
and l-;—m 1% can be named T:‘:E - Tzﬁ = '—}
and = = can be named w O Tx

i
Rational Numbers: Multiplication

The physical model or situation for multiplication is very often not clear. The pupil has a fixed
notion of multiplicative situations with whole numbers. This no#ion doss not make"'s'gnse for
rational numbers One way to make the product of rational numfers reasonable is to lef the pupil
find for himself an acceptable answer to certain problems before identifying these as multiplication
problems. In the activities below, unit regions and tlreir fractional parts are used to develop the
intevpretation of multiplication of rational numbers.
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obj. 38. As «n example of an activity, a unit should be selected. Graph paper is a must for this purpose.
J1L12b . Have each pupil outline a region consisting of two rows of four squares each. This will be the unit.

Ask the pupil to color —‘41-v of lhis unit. The following drawing is shaded to illustrate one possible
choice.. : ' : o R

. Now ask, “What parl of the unit-have sou colored twice?” The pupils should see that this is one
part oulofelghlor + of unit. Then “What is = of & of a whole?” :
/

i
L4
!
&
J_r

of this unit. Then have them.

A

J 39, a. Have each pupil outline another two by four unit and color
color = of the part they just colored. The result might look like t

-"-""h}u

{ /// _
N\ PO .'.
LXK
o o.v.o.:" :209‘
Ask “What part of the unit is colored twice?” Then, “What is = of —2—?”
, b. Using another two by four unit, have each pupil color L of the unit and then % of what they
g just colored. The results might look like this. '
T I\ T . «
! ! [
Ask “What part of the unit hgs been colored twice?” Then ask “What is - of —;— of a whole?”

: ¢. Have the pupils compare their pictures for activities b and c. Ask if anyone got exactly the same
part colored for both activities. In drawings like those above, the left hand thyee squares in the
hottom row were colored. Some pupils will have the same block colored for hoth, others will nol
Ask if one could have exactly the same blocks colored if one finds T or T and one finds £ of

2 . Discuss. Point out that the same answer was obtained in each case. Ask if this seems reason
able. Ask a pupi! who understands to explain if some of the pupils do not'understand.
5 48 i
B o . S
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obj.
11,12b

40.

41.

Vad .

-

a. Use as a unit a region consisting of two rows of five. Again ask, “How may rows?” and “How
many columns?” Ask what part of the unit one row would represent and what part of the unit pne.
column would represent. Have each pupil color 4 of the unit. Then ask each to color %- of the
part he just colored. The result might be as follows. o

Ask what part of the unit is colored twice, that is 1-30 .

b. Have each pupil use a two by five unit and color —:— of the unit. Then have each color -;— of the
part he jwst colored. Ask what part of the unit is colored twice. It will be 1—36 as illustrated below,

c. Ask if anyon}has the same three squares colored in a as he did for b. Ask if this could happen or
if it seems reasgnable. Ask the students to note that the answers were the same, It should also be
pointed out thiit any three of the squares would represent 1_36' of the unit; however, the main idea

here is that the same three squares can represent _:5’_ or % or % or _35’_ .

Have each child outline another'two by five region for a unit, and color 1/2 of it. Next, color % of
the part just colored. T

Ask what the squares colored twice could represent. Have a student show how these four squares
could represent % of -;— or 4 of 1 . The pupils should see that they are the same and that

both represent 'lio of the unit,

For the next unit, use a region consisting of three rows of five squares. Ask what part of the unit

on¢ row might represent; what part of the unit one column might represent. Have each pupil show
% of —;— on this unit. If the class has trouble, revert to the directions of earlier parts of this
activity (color 2 “of the unit, then color % of the part just colored.) The result might look like

.. 3 5
this.

8197090030 036% %% 7
ERRUARXINNY
20000 96268 9000409090 7
X IOR AR
03050 03030 62604 %5858
B 09300 0303 %% 1%6%
20002 86860 8900 0500 ///

. & va'e

Ask what part of the unit has been colored twice ( Ts's ). Ask if this same twice-colored part could

represent 2 of 4 . If necessary ask a pupil to demonstrate that 2 of 2 and 3 of 2 could be
represented by the same squares. | v ‘ '

If further practice is needed, the three by five unit can be used with % of —;— , % of % , 5 of
2

+ ,etc, :

3

) 49 SO




obj. - 42. Use a two by four unit, and color -; of it. Ask<for a volunteer to color £ of the part that was

g
T1L12b . ]ust colored. Then ask if all agree. Discuss if necessary. Ask what g of the colored part would be.
. :—3 " 'of the colored part etc. Summarize the discussion of this part by writing the following on
the board.
5 3. 3 \}
5 of 2 is 4
3 3 3
- 3 of-4 i3 4 etc, .
, i 1'
Extend to 5 of .%. of any unit, -g- of % of any unit.
obj. 43. Using the results of activities 37-40, record the results on the chalkboard, with pupils refemng to
11,12b, their pxctures to verify the writing.
.15 : )
1 1 .1
2 of 4 is 8/ .
1 of 3 is 3 '
2 4 8
3 of 1 is 3.
5 7.2 10
2 5 10
¢
-2 of“-l1 is 8.
3 5 715

- Have the children compare the answers with the of situation in each case and see if they notice any :
pamcular relationship. Ask if they could figure out the answers just by inspecting the numbers. Ask
i anyone could tell, without making a picture, what would be 2 ‘of £ .1f no one responds, ask
thi \tuplls to study the numbers, involved in order to find relationships. As relationships are stated,.
" ch ckvaéh ‘example in the first list. The results of activity 41 should also be checked.

5 3 5 X3

. ’ 3
= =2 . =9
. | s of i does 5‘X4 name 7 z
3 3 ‘ 3X3 3
= S =200 =2 9
3 of 4 ; does 3 X4 Mame .‘4 ? etc.

AR - Two or three other examples should then be given, for instance T of 2 4 — of —f, —- of =

- Then say that the multiplication of numerators and the multiplication of denommators is the
multiplication of the rational numbers and is written as follows.

: 1 1 1, 1.3 3. 2,4 8 et
L ) 2 X438 2 X4 =3 3 X5 =75
3,4 4 13 o1 1;etc
Al = = 2 19 2. Ao
© 3X5% 3% 47
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obj. 44, Ask if multiplication for rational numbers is commutative, then refer to activities 39, 40 and 41 jn
11,120, - particular to see that not only is this reasonable but also that the computational ﬁoncut reflects
15 this property. T ~

Rational Numbers: Division

Division of rational numbers, as multiplication of rational numbers, is difficult to interpret through
. suitable physical situations. Division of rational numbers_is-usually taught strictly as a-computa=——
- tional process using the well-known rule. It is, however, possible to present this as an operation
which is the inverse of multiplication. The agreement in this case is that, if x and y are rational
. ' numbers, x Xy =z if, and only if, x = z +y. This conforms to the accepted use.of the symbol « +”*

in the system of whole numbers, so that it should.be familiar to the pupils.

"This interpretation of division should be developed through a sequence of problerfis in which the
pupils would apply what they have previously learned. :

[

0Dj. 45. a. Have pupils find the missing factors in suth examples as the following.
11,12b,
15 2 xN.=Z& -
i . 5° XN 15
o 2xn=&
5 10
2 - 12
5 XN 15
The pupil should be able to find correct replacement for N from his knowledge of multiplications.
' b. Using exercises shown in a, and the understanding of the meaning assigned the symbol * +"‘, the
pupils should be able to determine each of the following quotients by inspection. ’
15 .5 _
18 © 9 =N
9 . 3 _
10 2 ° N
1_4 . 2 _ . ' A;s’
24 3 N
Additional practice will l;e needed; therefore, further examples similar to these should be used.
obj. - 46. A true problem for the pupils arises when a sentence such as the last cited above appears in the
11,12b, following form. ' ’
s v k
l_' = 2 =
2 3 N
In this form the solution is not obvious. At this*point the pupils have at hand all necessary
information to solve this problem but may need guidance to discover that, they can solve the -
problem. If no one in the class believes there is a replacement for N which will make the sentence
true, the teacher should ask why the pupils think there is no solution. The response to be expected
is that 2 does not divide 7. So, the next question should be, “Is ,—753-the only name for that.
number?” If further help is needed, ask for some other names for 712; then ask if the use of one
Q. | : &g '
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of these other names might help solve the problem. Examination of {—’-, ; 3-2 ET IR
should make the solution obvious to some member of the class who can 'then demonstrate his way
of solving the problem.

Further practice will be needed but the problems must be carefully chosen; some examples increas-
ing in complexity are as follows.

_% ‘% = N I

In selecting practice exercises for this procedure, a good scheme would be to use the same dmdend
- in several consecutive examples and to change only the divisor; this scheme focuses attention on the
renaming process which is the crux of the matter. :

The procedure outlined above provides a method for processing division problems based on con-
cepts already developed. An advantage is that it shows the underlying consistency of mathematics,
while at the same time it gives the pupils the opportunity to see how to use what they already,
know when faced with a new problem. Furthermore, the pupils do not have to be reminded which °
part to invert as they must remember when using memorized;rules. A disadvantage is that the
process takes a little longer, since the pupils must choose an appropriate replacement for the ¥
dividend from an infinite set of possibilities,

Teachers may find some pupils ready for a discussion ofedivision of rationai numBers based on the
definition, for x , ¢ rational numbers and ¢ #0, that x + ¢ =-x yfc
> y 4 y d,

Once division of rationals has been atabhshed it follbws, for example that-
I1.1X1_.21yxl_1:8
8 1X8 1 8

1 1

Since l and - , correspond respectively to the whole numbers 7 and 8, say that .1 ¥ = " 7+8.0f

course t.hls statement has a logical basis only after division in the rationals has been estabhshed for
—the-symbol “7 + 8" is meaningless in the system of, whole numbers.

Integers: Addition and Subtraction

47. Associate the numerals 2,72,5,75,8, 78,10, 10 with the appropriate points on the number line
below. Name the points in between if you wish. '

.

(
|

e ry A 4 e & . e e F A
- v 14 ® v v

Now do this exercise—Insert the correct symbol between each pair of numbers below. Use >, <, or

2 4. 4 4 10 ~10 g

7 3 s -3 0o 0 |
2 0 2 0 0o 3 N\
v g .
52 e




obj. 48. If one trave“j a'numper of miles from one point to another, he may travel part way east and part
12¢ - way west. Usinig arrows, > means east and <.means west. The arrows may be placed over the
numerals. o : :
el Al rs b - - -l e L s e - e H A e [
- v T LE L4 v L L T T L v 2 2 - v L S
e R R s B Iy sum | O T 2 3 1’ 56 7
. . * ‘
Lo e N )
Example :
Mr. Jones travels east four miles and from that point travels west 6 miles. Where is he with respect
to his starting point? Two miles west of where he staited. The point here is not how far he has
traveled, which obviously is 10 miles, but where he is with respect to. his starting position.
Many of the same type problems may be used until the pupils discover the rule, such as the
following.. 7 _ .
> ’ . . - i . . 2 . . 4
‘ J (a) If he travels six miles east, then four miles west, what is the dnsta‘ce to the starting point? o
. T (b) Ifhe travels four miles west, then five miles east, what is the distance to the starting point?’ '
When the teacher thinks the pupils have the idea then she may proceed with the recording. Since
we name the associated operation addition in this case, the recording for the first ilfustration given
is*4 + 76 = ~2. Read this as “Positive 4 plus negative 6 equals negative 2.”
obj, 49." After having learned the addition processes of integers, the pupils may be introduced to the
12¢ subtraction process as the inverse of addition. The teacher may continue using the east - west jdea
on the number line as developed in the addition process. ' g
Example _ o
” For the number sentence ¥2 - ¥3 =
&
8 L, —————
4 3 072 71 0 1 23 4
- r
Using addition, the inverse of subtraction, one would say, “What has to be added to positive three
- to get to positive 27 One would obviously have to travel west one place so the™missing addend is
negative 1. ' .
i »
Enough of these activities may allow the pupils to get a clear understanding of the idea.
Example
“3--1=
The question is—“What must be added .to ~1 to get to ~3?” Since the move is two places to the
west, the missing addend is ~ 3. &
Continue with many similgZexamples. '
'« A . " K k '\//' . i .
obj. AN 50. Probably at the level when directed numbers are introduced, some pupils will have had experience
y 2 , pup pe _
12¢ with positive charges attracting negative charges and neutralﬁing each other. The teacher may wish

e

ERIC
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A background for understanding operatio:ns involving negative numbers can be establishéd by using
the following activities as models. : ‘

v
”,

e
4

to show neutralization with charged particles using a science demonstration. P



3 R e

-

The teacher could also demonstrate the idea by using an illustration of two buckets, one bucket A
containing an indefinite number of positive particles and the other bucket , B, an indefinite number
of negative particles. The question may be asked, what will be the result lf seven negative particles
froin bucket B are placed in an empty bucket, C, and’ t,herrﬁve positive chayges from bucket A are
addeg" Each negative particle wlll attract a positive particle, and they will neﬁtrahze

. obj.

12¢

51.

This neutralization can be shown by drawing & circle around each pau ~,
1+4++ — 1 - g : .
+++14— — e
+++ -——- ]
\ o JE SO

+++ - N O% %S :
+ A 8 —1C

. P

When 5 positive particles were placed ¥n buckét C and 7 neganvvf)artlcles were also . placed in *
bucket C, S positive and five negatlves were attracted to each other and 2 negative-charges are left.

The pupils may do many other activities such as the following and in each case ask, “What is the
end result?” ‘

AJDD four positive charges to a bucket conta_ining 8 negative charges
ADD) five positive'charges to a bucket cont\aining 5 negative charges
ADD eight negative charges to a bucket contamlng 3 positive charges

When the teacher is sufe that the pupils understand the idea, he may then proceed to the recordmg' :
of the data in number sentences. :

For example, the recording of the illustration given at the beginning of this activity is 7 + =72

The idea of charged particles as in the addition of: integers may be applled in a mollel for sub-
traction.

A bucket contains 3 positive charges.

+++

What would have to be added to it to make the bucket have a charge of negative 2?

++

- - ;

Obviously 5 negative charges are needed as it takes 3 negatives to neutralize the 3 positives and 2
more negatives to make the bucket have a negative charge of 2.

The addition sentence then would be *3+ (0= "2, The replacement for 0 was found to be ~5;
therefore, ¥3 + 5 =~2 '

The related subtraction number sentence would be

s 2-%=s
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(lntegen: Multiplication = - T

'3

52. Model cars on a race track or pictures of cars on a track ray be used. The starting point.on the

track will be 0. The position of the car facing east toward: the finish line will be positive and that - 7

of the car facing west in an opposite dirdction from finish line will be negative. Also the forward
gear will be positive and.the reverse gear will be negative. '

lustrate the following situations.

|

T e

a. A car is headed toward the finish line and is i a forward gear. In which q_kéétion will it move?

4
L .
2

west ﬁ .- east
- k4 . J . . . 4

D - A
< B ) Y ) B :u“.‘j o LY
TN ‘ starting ","i"‘/ “finish
: - point " - line '
Explénation
Car headed east (+) associates with R
Forward gear (+) (+.+) .

IS
Car will travel east +

Lt

b. A (‘:ar is headed toward the finish line and is in reverse gear. In which direction will it 't“'rav.el?

3

! |

- + —»-
west » east
lP start finish

- . k ine-
Explanation = - o : )
Car headed east (+) _
Reverse gear (-) associates with
Car will travel west — - -

c. A car is headed in the opposite direction from the finish line and is in forward gear. In which

direction will it move?

h—-ﬁ

L
- T L
west east
‘ start finish
‘ line
\\
Explanation \\\
Car headed west (-) B
Forward gear (+) associates with
Car will travel west — ~+

55
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d. A car is headed in an opposite direction from the finish line and is in reverse gear. In which
direction will it move?

\ )
il —
R 2
west . . " east;
s _ : start ‘ . _ finish
L — : e Nine — -
R -/ Explanation =~ - )‘s " 5
) . ' Car headed west (-) oy , R ‘:"J ' ) .
Reverse gear (-.) . ' (_'_) associates wnh-.. .
Carwxlltraveleut + T _ -
< - . ’ N | ‘.
N . The ‘teacher may work with these models until the pupﬂylave a thorough understanding. Then he
& ‘may explain that an’ bperation such as (+ +) associates with +, relates to muluplxcatxon and is
' © recorded. / . : L R
S aMX®=® - | i
” (D) = (- S o o
b. () X ) = () BEEE | R
¢ () X#*)=() s T o '
d(9 X ()= A | . S
Note: These-recordings are for the above iHustrations and are in the same order.
obj. 53. A variation of the previous activity can be made by pu uag a paper tragk on the floor and by using
12¢ pupxls to move along the track in place of cars, _ o

: -~

-
o

, ‘ , .
west ’sub . east l

ing . .0 finish
poE‘t L I ,“3 5"'.";“3:. we . line
\ The pupil will face toward the finish line or away from i ﬁnish line and will move forward or

backward as directéd. For example the pupil is directed to face the finish line and walk backward.
Now the questions asked are wha’ - ne and what is the result using + and - symbols.
y l

: was facing the finibh line (east) and that is positive (+).
). The result was | way-walking west and that is negative

F(+-) associates with

times before explaining that this

The pupils’ response should be a
I walked backward and that is ne
(). Therefore, a positive and a negative associate with a negative’

Examples showing ‘all possible combinations should be used m

N operation relates to multiplication and before recording with symbols.
. , i
‘\ Integers: Dlvmon .
. WP, .
obj. . 54. The interpretation of division as the inverse of multiplication can be initiated by exercises in Wthh
12¢ the student finds the missing factor. The following are some examples.

a. OX 2="10,50 10 + 2 =0
b.-3><D=‘6,so*6+'j=D,
c.‘4XD=‘8,so"8+/4=D -

56 O
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d. 0 X5 =*25, 50.%25 = =5 = [J
¢ e OXT1=73s0 3+ =0
LT X O=749,50 49 +*7 = O .
- g5 X O= 15, 50 15 + 45 = [J ) . !’..Qs

. As can be seen +8 +72="4 because "4 X-2="8,and division is the inverse of multiplication.

Sixpplementary"Act'ivities'for ThisStrand

iss, The teacher may #raw on the chalk b%d, make ditto copies or make a transparency of the circular

| number line. -~ :
y :
o
R Say to pupils, “Look at the number line 4 “Does it resemble the clock?” The teacher may say,
7 “Beginning at the point marked 2 and moving in the direction the hands move of a clogk, move two
units. Where are you?” Begin with six and make two moves. Where are you?” “Begin with 5, make
. : hfour moves. Where are you?” -
, Lo s
Q' ‘2;‘ 1 + 4 = 5
' 6+2=1 o
;." S + 4)_: 4 o . ] » - 3
Complete the followin’g.
4+5=
. i @ .
~— \ 2+5 =,
T N R
6+ 3= - :
5+ 4 =
S+2 =
3+6 =

Multiplication on the cirgular number line can be thought of as repeated addition. The teacher may
say, “Begin at 12, make 3 moves 4 units each. What is your answer?”’ After a number of similar
questions ask. “What are some similarities between the procedure of multiplication here and that
on a straight number line?" The pupils may be asked to develop a multiplication table for the
12-clock arithmetic. )
S6. You can think of subtraction on the clock as going in the opposite direction from‘ﬁdition.

Ask, “Begin at two, make five moves in counterclockwise direction. Where are you?' 2 - § = 4,
- v What are some similarities between these procedures and the procedures fqr subtracfion on a

regular number line? '

57 . '
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Using a S-clock the l/eacher may ask the children to complete thg following.
5-3= .
4-1= "

24 W
W . .
i;{"gobj. 57. Use an 8-clock and have the children notice that a mathematical system caﬁ' be built. Complete
?1;6 S tables for other operations such as the one for addition. . 9
o +10 1 2 3 4 5 6 1 ‘

; ” 0| 0.1 2 3 4 5.6 7 | N

1f1°2 3 4 5 6 7 0 a
_ 2|12 3 4 5 6 1 0°1
¢ \ . 3] 3 s 6 7 0 1 2.
- “ 414 5 6 T 0 1 23
: sls 6 7 0 1.2 3.4 - ’
6|6 7. 0 1 2 3 4 5
4 717 0o 1 2 3 4 5 6

Have the children to investigate the system to answer the questions about the system.

a. Is this éyslem closed under addition? How can you tell?

b. Is addition commutative in this system? How do you know?
c. Is addition associative in this system? How do you know?

d. Is there an identity element? If, yes, what is it? ’ .
-e. If.there is an identity element, does each element h7;ve an additive inverse?

.obj. . 58. .Eor'discussion of properties of operations present the foll‘bwitng to the pupils.
16 . *.g . . ’
T+ 4 =447
hs ?
'3 -2=2-3 N
0 T I
—3— + ‘-4‘ = -Z + —j-
L1211
12712 8
BN
£ :‘; ‘
L 58 . Y y ,




?
3 X2=2X3 » o - .
: 1,1 ""’1\\1 :
2 X5 == X2
3 X3 =7 X3 .
]
R+ =1t :
? [3
. T7-"3 = "3- 77 ’
: - Ask pup%ls to compare the results of the examples and to determine praperties involved. Extend
this to include not only commutative but other properties. :
S " v '
. . .-» 3 v . 1 M
i ) o . SN
- - & . ~
/ ' g ‘ .
3
)
¢ ‘
‘L"
L]
- .
) .
4
2 { "
59
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OPERATIONS, THEIR PROPERTIES AND -
NUMBER THEORY = -

-
. ’> — urt - . = ——r—
The pupil shouki be able to do the followmg e

1 .

50@\*.@%9&»@

12.

13.
14.
5.

16.

2y

\}4 S
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(b) on ratxonai numbers N

Select appropnale operations on whole numbers for a given physical slluallon or 1llustrate a given operation by a
physical situation.

Identify odd and even numbers .

Discuss the properues of odd and even numbers

Identify prime and composite numbers .

Give the prime factorization of any whole number

Namepa'irs of two whole numbers which are relatively prime

Find the greatest common factor of a set of numbers - L f/

Find the least.common multiple for a set of numbers ,
Identify number patterns . ) .

“Complete number. patterns

“Select the apipropriate operation, addition or sublracuon on rational numbers for a given physical s1tuallon or illustrate
-a givenaperatlon by a physical situation - : ‘

Use closure andghe commutative, associative, distributive 1dent1ty muluphcatlve and additive inverse p{OpCl’tles to help
him in his compulation. : , N

(a) onwhole.ﬂum‘bﬁrk n ,,'ﬁi o(d) usipg computalion

- (e) in formally desqr7iﬁing the structure of a number system
(ci On mtege,rs ) - SRR
Use the cancellation property to facmtate the solution of equations
Demonstrate lmmedlale verbal recall of any basic facts

(a) Find the sum producl difference and quotiémt. for any two whole numbers, that is if 'a difference’or ‘a quotient

ex1sts e

[ e
. L F
(b) Find the sum, product, difference and quotient for any two rational numbers, that is if a quotient exists’

Use the closure commutative, assocml:ve distributive, multiplicative and additive identity, multiplicative and additive
inverse propemes to describe the structure of the number systems

(a) whole numbers oo

(b) rational numbers

{c) integers |

Compare the structional likenesses and differences of the number systems
(a) whole numbers
(b) rational numbers ' - ' ~

(c) integers

60 AT ' S ‘
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' RELATIONS AND FUNCTIONS .

-

4 ' an \ s :
N X . coa -, A
. . a

“Relations, the idea of pairing or corse$ponding in a certain order, is basic to all' mathematics, Beginning even at the preschool

———levelthe-pupil-can-fearnthrough experience to fecognize relations, to use them'in formulating his pown ideas and to show in’

¢

Q
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commupicating to others that he is developing intuitively a pattern of organized thinking"fnrﬂbﬁdum!‘!ﬁc;al situations. By using..

relational tthu‘ght,\pattems in his early experiences, he establishes readiness for extending these ‘doncepts in mathematical
situations as he meets in his development. Therefore, the teacher should'seé that from the beginning a foundation for correct
concepts is laid so that unlearning will.not be gecessary later, ‘

’ . i f

Pupils encounter many nonnumerical relations; many can be found in stories for primary children..Some of these non-". ..

numerical relations, such as belongs to, is brother 0{, and is in the same house as should be used beforé niumerical relations to
illustrate the mearning. of relations, These relations can also be used to leadNato nuln']erica'l relations since they can be

examples of correspondences of one-lo-one, many-to-one, one-to-many, or many-to-many. Such cotrespondences are basic to
the idea of number, to the relations equal to, less than, and more than, and to the operations with numbers, ,

' ) . . N ) . hd
There are several special kinds of relations with special names. One of these, called an equivalence relation, is associated with
the process of classification’. Classification is the process of partitioning a set of elements inx different subsets in which.no
element can belong to more than one subset, This, too, can be introduced through nor,u;\‘llxmerical situations. For exaipple, a
set of blocks can. be separated into classes on the basis-of color provided the colors are distinct. Or; a5t of coins can be
partitioned into subsets according to value. Such subsets, or classes, are called equivalence classes, and the relation exempli-
fied by their membership, same color as or same value as, is called an equivalence relation. When school chilren are classified -

by grade in school, if no pupil can be'in more than onp grade, the different grades represent equivalence classes, and the .-
pup , g .

equivalence relation is is in the same. grades as. Equivalence relations are very.important in mathematics: The most familtar i§’
the one called is equal to; but many others.are encountered as the pupil progresses through mathematics.

, A o
Another special kind of relation is that known as a function, or mapping. Althotgh the concept of a function ié&’)ne of the. -
unifying themes of mathematics, it is unwise to introduce ‘pupils to the concept by giving a formal' aeﬁnitioh. If the pupils
have 'sufficient practice in pairing elements of one set with elements of another while studying relations in general, those
having the special property required of functions will .not be difficult to identify. It is for this reason that éarly activities on
relations in the guide include the suggestion that pupils write out the ordered pairs associated with a relation. It is also
suggested that pupils make graphs of relations. As the pupils observe many different kinds of graphs, those graphs charac-
terizing functions will stand out in sharper focus. El , -

2
o

Also important in mathematics are the special relationis called order relations, such 4s more than and less than. These are used
when such concepts as heavier than; longer than, darker than or thinner than are being considered. Measurement such as that
of time, capacity and length consists of ordering the quality to be measused and then assigning numbers to correspond to that
ordering. Thus the numerical order relation makes precise the intuitive one,

The activities in this strand include suggestions for introducing pupils to relations in general and to the special relations
discussed above. As with other strands, the teacher will need to select those which are appropriate for his class and
supplement them as necessary. It should be re-emphasized, however, that familiarity with relations in general should precede
formal work with $pecial relations.

Mathematics can be viewed as an entity of systems, each consisting of the following components—sets of'e.lemednts, or basic
units such as whole numbers, rational numbers, or points; relations or comparisons of these elements, such as equd! 0, greater
than or congruent to; and operations such as multiplication or set union. Ther ore, throughout each strand in elementary
mathematics, recognizing and using relations constitutes a basic activity in which the pupil must engage in order to under-
stand the concepts included in that strand. CT 4 : :

L3
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'RELATIONS AND FUNCTIONS

Objectives ACTIVITIES

Keyed to .

Activities f .

obj. ' 1. a. From three colors of}construction paper cut one each of the following shapes — circular,
1 triangular and square. Agk pupils to sort the discs according to shape or color and enclose each

subset within a circle of
b. Extend the activity aboye by also making-discs of two different sizes.

a table and label them as shown. l.'lave a student or group of students
rding to the labels. Turn the labels over and ask other pupils who
a common characteristic of the pieces inside the loops.

c. Place-two loops of yarn
place the di3cs in the loops ac
did not observe this activity to n

RIANGLE

d. Place three loops on the table as shown below and use the same procedure as with the two
loops.

GREEN

Q

§] :” 3
we, '_h‘férease the number of properties for the pupils to consider by using blocks of different sizes,

‘shipe

v colors and thicknesses.

o023
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is used in i

Bat

T ¥
Mask ’ =Y,

b. Then partition the same set of items usalg the relatibn Is in the same category as.
p S usmig gory

N Baseball Basketball Football
4 L Al  J
Bat |
= | Base ' Basket Helmet
Mask . ' ) Net "Cleats . N

[

fr—

Since this set can be partitioned into disjoint sets, the telation is in the same category as, is an
equivalence relation and each subset forms an equivalence class. Lead the pupils to see that equival-
ence relations have cectain propérties. The reflexive and symme ‘ric properties may, be too abstract
to discuss at this level, but the transitive property should i discussed. The three properties
necessary for equivalence and examples of each are give: below. v L ST

Reflexive — The bat is in the same category as itse - -

_Symmetric — If the B’a‘,'t}"is in the same categor; 1s the basce, then the basg is in the same
; " category as the bat.

Transitive — If the bat is in the same category as the base and the base is in the same category
e as the mask, then the bat is in the same category as the mask, :

)

obj. 3. a. An example of a nonnumérical réation is, is the child of. This relation applied to the Jones
5,11a, family consisting of Mother, Father, Tom, Mary and Susan give/s,six pairs.
R b) _ . R
Tom, Mother (i.e., Tom is the child of Mother).
Tom, Fat_her
“ Mary, Mother
_ e Mary, Father
" r _ Susar{, Mother L
. _ i Susan, Father

" In set riotation the relation is written as follows.
2 : . :

Is a child of ={(Tom, Father), (Tom, Mother), (Mary, Father), (Mary, Mother), (Susan,
Father), (Susan, Mother)} , ' :

b. Have the pupils write in set notation the relation is the father of for the Jones family.

Y

‘e H:{‘ve the pupils write in set notation the relation is the brother of for the Jones family.
"y “ s - 63
* 3 B i -
Q - . : N U
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obj. 5.

4,56

»

d. Use other examples to develop the understanding of ordered pairs. Have pupils list the ordered -
pairs of the following relations — was born before deﬁned'on{(:eorge Washington, Abraham
Lincoln, Christopher Columbus, Neil Armstrong }' is north of defined on{ Atlanta, Miami, Chicago,
Knoxville }'u greater than defined on{ 8,9,10,11 }

14
w
\

a. Have pupils find the rule which the arrow represents in patterns such as these.

|-—>2-——>4—>8-— 16 (Here — represents X 2) ,.

3= 77— 15— 31 (Here — represeﬁté double and add 1)
14— 16— 64 (Here —> represents e )
S— 12— 26 — 54 . (Here —> represents )

b." Have pupils make uP some patterns of the type given in a. and challenge each other.
c. Find as many rela shnps as you_ can between some of these numbers. "< . ows to show the

relations, and uggdlffe t cd[cn‘for dﬂ‘t’erent relations. o
. ;?;'.’.'/' ’ ’ 3 4 |
TN T
« LN S .’a.s .
¥ 4, . I
N .
A4

Extend the use of machmes as described in the lower grades. Give the following drawing ofanam :
3 machine. That is, every number put into the machine has 3 added to it.

dm L
Input @ 3 Output
A_* I~

Give the following examples and ask what number would go into or come out of each machine.

4 @® 3 2 2 @® 3 7 7\@ ;3 .8 [ V3 6.

. ;ﬁls
Give other machines sucfx"%‘s add 5, add 7, subtract 4, multiply 6, etc. After the pupils are familiar
with the machines give them spme drawmgs as shown below and ask what gach machine does.

6 ®? 8 4@? A 3®7 S 7 5? 12



Then, give machines with various missing facts, such as the following

® ‘.1 ro Y s @Y %

34_5_1\_4__1\ R

Have pupils make up machines to challenge each other.

£ Ap
obj. _ 6. The game of battleship is useful in introducing graphing on a coordinate plane. Two players or twe*, g
9,14 competing groups may play. Each group places a battleship touching or including three poinztﬁf}!‘,ﬂﬁ; 3
the same line of a Cartesian plane as shown. With younger pupils label one of the axes with feffusk. = "%
/ thus using ordered pairs of numerals and letters. Later use ordered pairs of numerals. it
/ -, : _ S
/o ) . g
7 .
G
F o
Dl
e D % A -
B ——TL : ‘ '
al L e

1 273 4 5 6

!

1

Each group of players keeps two graphs, one (A) with its battleship hidden from their opponents;-

the other (B) to record and keep track of the shots made on the opponents battleship, The groups

~ take tums shooting torpedoes at the opponent’s battleship:by naming three points on the plane,

* suchas (1,B),(4,E), (5,). Each group should mark the shots on its graph as they are announced. In

like manner each group should mark its own shots on its (B) graph. As the shots are given, the

1 oppanent must tell how.many times the ship was hit but ngg, which shots hit the ship. Play
continues until one battleship has been sunk by being hit thregﬁf&

A more, difficult game may be devised by increasing the number of ships and by varying their sizes,
such as including a carrier (5 points), a battleship (4 points), a destroyerﬂ(}&oinlsfaﬁd"a' submarine
2 omts)., Each turh would consist of four shots, and as the shots afe announced the opponent
tells, which type of ship was hit, As the group calls the,shots, they sH%,mark them on a blank
graph, for a miss they could write 0 and for a hit a number indicating the number of points for the
type 'ship that was hit. Play continues until all of the shipsof one group have been sunk. If the
group who had the first turn succeeds first in sinking the opponent’s ships, then the other group is
entitled to one more turn to either tie or win the game. o

Teachers may find assistance in planning activities of this type in the books listed in the section on

media.
\’-\\\,
. \- ) .
obj. 7. a. Have two girls and four boys come to the front of the class. Ask the class how many different
1.9 dancing couples can be identified by using a different girl and boy for each couple named. The

couples should be igiéntiﬁed and their names recorded: After all pairings have béen made, the total
number should be determined. The set of all couples named or the set of all ordered pairs made by
pairing each member of the first set with each member of the second set forms the Cartesian
product of thg two sets.

W

had
Ed
t




{

k?number of other situations of pairing the members of two sets should be used to help children

_ understand how Cartesian products are formed. For‘ example, form a Cartesian product using a set

of three boys and a set of motorized vehicles.
b.

o k]

“  Red e \. T e ™
Blue ¢ ° ™ °
Green ) ° ™ ™

S e . " N
P p SR
. ’JYJ

The accompanying figure is a graph of the following possible ordered pairs of the relation is wearfhg
the color of, The pairs are represented by lattice points in the graph. W

'“‘Is wearing the color of = (Ann, red), (Jane, red), .
(Ann, blue), (Jane, blue), ’ ¥ *
N (Ann, green), (Jane, green),

A (Sue, red), (Mary, red),

(Sue, blue), (Mary, blue),
(Sue, green), (Mary, green)} o ¢

In the second figures the points whlch are circled make a graph showmg what c%{he glrls are
actually wearing.

‘Red | @® e e @
Blue | e . ® o

Green .. @ ° )
’Ann Jane Sue Mary . N
‘ 1]
66 T



State the oy&er_gd pairs of the poihts which are circled. Are any of the girls wearing the same color?

c. Have the pup\ils pair the members of the set A‘={~l,2, 3,4 }with thos'efl%f‘B ={- 1,2,3 }to form
the Cartesian set called A X B, read “A cross B,” and then draw the set of lattice points forA X B.
A X B={(1,1),(2,0),3.1), (4,1),(12),(22), 3.2). (4.2, (13), 2.3), (3.3), RN

B ;
3 ® ™ ° e )
2 ° °® ™ °®
1 e e e e
1 2 _ 3 4 A
'::Sm

The pupils should have practice graphing Cartesian sets and also in selecting and graphing solution
sets for open sentences. For example, the $ubset of A X B which is the solution set for []+ H=4is

{(3,1), (2,2), (1,3) } and the graph is shown. Notice: that the solution set is embedded in the
Cartesian product. . - ‘

¥
1| e o ® o
1 2 3 4 A
. ‘-.' \, .
- Other examples of ‘open sentences should be given such as the following. .
A >0 _ ) 4
A=.0+1 .

' Other‘é)}amples ofCa‘rt&i;m sets are as follows.

cx D ghere C = | of.2} {D=1,234|
TN ; '."““ '
E X F where E = F ={ 1,2,3,4,5 | and the like. .
Pl ) » N » ‘ a

6 7 ! )



obj. e 8 After the puplﬁt are able to find missing parts of machmesas in numt.. 3,ask them to find paxrs of
45,. - numbers for machines such as those illustrated. :
6,11 e
~ L N R P ' iy L
? @ 3 0 _ ? P 7 @ 2
g VR A " 1 r
Have pupils record their findingijin tables such as the following.
_/ . - . .7’:‘?_',~ -
) +3 -4 x2
1 8 1
2 7
' 3 6 3
j ' Graphs of some of these pairs are as follows. |
7 7 7
«
-~ 6 ° 6 6 °
;oS ° 5 5
‘ 4 ]e 4 o 4 °
3 3 o 3
2 2 o 2| e
1 ! 1
g 0 0 0
T2 3 4 t 2 3 4 5 6 7 8 1 2 3 4
+3 -4 x2
lee sludents various types of machines and ask for tables and graphs
> Examples -
_ +2 5 *
> ® . ke 0 4 .
AN 1 il e
- R A
3 1
0
. . 1 2 3 4
68
=,




double an

add 1
?\‘ double and 1 0
,1 . add 1 r .
1
2
3l
&
multiplied
by itself
7\r multiplied % 0 .
1 by itself r
1
. 2
4
5
6
ml/ divide by 5
? and give 2 and give
MI\‘ the remainder
1
2
& 3
‘ K
¢ 5
6
7
8
9
10

69

N

40

30

20

5
3 ° °
2 ° °
1 ® °
00— —— ——
2 3 45 6 7,8 9 10
LR



»

S o
Extend the use of machines to the study of fractions, decimals, per cents and integers, for example ?

using per cent. .

20

20% 50

30 | »

20 E

3354

50

45

30
15

s 0N o O

25 i

12 Y

9. a. Ask each child to hold up one pencil as an illustration of one-to-one correspondence of pupils tp

pencils. . A A

% e
b. Show an example of one-to-one correspond>ence using numbers.

ER )
c. Have pupils suggest other examples, both numerical and nonnumerical, of one-to-one correspon-
dences. Make diagrams similar to the one in 9b to.reinforce the idea of pairing.

e

70 P .
) .
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obj. 10. a. Show an example of many-to-one correspondence using numbers. Ask pupils to give
2 examples with the relation multiply to.

multiply to

(3.4) Co » - -
0.12) (2,6) ~/
(4,3 63y, 12
L (12,1)
- i
% ; ’
b. After other examples are discussed, ask if any ordered pairs which multiply to 12 also n
to any Other number? Of course, the answer is no, and this is true for each of the other
pairs in any other set under the relation multiply to. Therefore, these sets are dlS]Oln[ 1
equivalence classes in the same sense as in activity 2. b
¢. Relations arising in earlier activities might be mvestigatcd to see which are many-to-on
spondences.
obj. ‘ ~+ 11 a. Map the many-to-many correspondence of the relation 2 pencils cost 5 cents and ask p
2c2d, suggest other examples.

. & . | . - ' )

. b. Use a correspondence such as the following example.

A A
A A
A A
A D

g ogd
o oo
o000
Oo0oa

R Record the relations as follows.
gt gy
R .

two triangles match squares

four triangles match squares

o six triangles match . squares

eight triangles match squares

Record as ordered pairs by completing the following. T

2,4 ()

Record as ratios by completing the following.

]

B

O . MR
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Aruitoxt provided by Eic:



& . ' - g U
2 ] c B . e
’ ' Use other combmanons of triangles and squares or similar physical. represcntatlon to strengthen
understandmg of ratios.
¢. In the many-to-many correspondences in parts a. and b. there is an infinite set of representations
for each correspondence. In example a., the correspondence of 2 pencils to 5 cents could also be
represented as 4 pencils for 10 cents, or 6 pencils for 15 cents, giving the following ratio form.

{_2,_'1,_(2 _8._2,}
5 10 - 15 20 . 5n

i

Thls infinite set is called an equivalence class, and in  the general term, n stands for any counting
number, The equivalence class generated in b. can be written as follows. .

3 5 9 12 ~ 3n
dy Ratxos do not come exclusiVely from many- to-many correspondences but can come from one-to-
(‘& many or many-to-one, giving. the followmg examples of equlvalence classes.

«

{_2.'4'21_1'00‘.-1_&_1_'...}

{4,2,_3,...,1,’.;.}
4 8 12 4n o .4:

3. 10,55, 22.5_}
1. 2 3. 4 . n
- 4 o .
{lQ,QQ_, 30,... ,1_01}
3 6 9 . 3n "}
j. . 12. a. Equivalence classes generated in activity 11 should be used to develop proportion. A proportion
4, * is any pair of elements in one equivalence class of ratics. % = _%— is a proportion.
To use the equivalence classes, proceed as follows.
’ .7 oblem __2_ =.~§_ . M
30 ’
Procedres (1) 2 _ 2n  This sentence is true since the ratios belong to the same’
o r 3 3n  .equivalence class.
() 2n_8 . The:problem can be restated using the transitive property
3n 7 Cof eguality.
) 3 2 XN - g By using a machine, determine that N =
1 N
N
4 3 4 9 By a second defermine that ““ ? " is 12.
e ' Thatis 2 _ 8 -
3 12. , "
i 4 .‘Q@ '/
¥ : : . :

Exercises in proportion may be found in textbooks. Applications of ratio‘and proportion may be

found in the study qf similar figures in the strand Geometry.




ferent colors for the different

% : classes of gatips. Thé pupxls should be made waxe that all po 8f an equivalenge class of ratios lie -
on one line. The infinite set { T % s 73si,2n . .\ whh 7 acOunting ndmber can be -
. PR “ v . .
shown as follows. : . 3n \\ : o

o 12 d-117 @h2) /
) 1 T : )
. lo ‘.-.Y
9
8
7 ; s,' -
6 (416) cot j RS - T
5 . : y
4
s et
23 |
2
0 <0 w
1 2 3 4 5 6 7 8 B
' SO
obj. ‘ 13, For applieations of prop‘orlion, have the pupils measure distances on maps 'in an Ftlas’s X
R maps and determine approximate distances in miles from one location to anolher ' .
obj. 14. A ratio which has 100 for the second component may be represented with the symbol for per cent /
34 such as 5% for 7%7) Since any ratio can represent its equivalence class, the pupils should have'

. experience generating classes of ratios which include some with 100 as a second component before
doing any eomputatnon with percents.

" {_lﬁz 50.....1} ' o .
14 6 100 2n : .,

O T gg}
0 20 30 100 10n)

4 8 12 0o 7 an

123 i}
S 10 15 100 sn

By inspection, = .md < both belong to the 7“6'6 or the 50% class, so 2 is 50% of 4 and 3 is

4
50% of 6. Similarly, 30 belongs to the' 30% class, so 9 is 30% of 30, /
’ When computation with percent is introduced. choose ratios so that the second component is'a

factor of 100.

3 S T Tear

) .‘ T Ly T o ‘T—
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| : ,Exam;fe ‘ » -i,_‘ -
.o . ) Rre . .
since 6 _ 30 . ’ . _ R
B 20 100 ’ ’ ‘ -
e . 6= 55y X 20 .
S g ,
6 is 30% of 20
J ht
oo -
since . 4 < -2 ' ~
4100 . : , ‘
‘Therefore, 1 is 25% of 4,
obj. , 15. a. Ask the pupils to consider the open sentence A+ 3 = [J+ 4 with the truth set defined on{ 0,1,
9,11 2,3,...12 } Some ordered pairs of ([J, &) that make the statement true are (2,3),(9,10), (4,5)., 4

. Have the pupils to record the ordered pairs by completing the tab]e shown. In problems of this type
if the first elements of the pairs are written in sequential order in a column df the table, a pattern

emerges. - o,
10+4=0+3 o B
ol o
——
. 1 _ ’
s 5 v 2 31
3 : -
;€A HERR
| 1
N L h
a 7
; 8 | :
y 9. | 10 f
’ , 10
7 | ?
A = -

74

3
£ 3 Con
-
-




* ‘
~ Have the pupils complete the graph of the sentence as defined on the given set, i 313
O+4=A+3
12
11
L
oo (9%0)
9
8
‘ 7
AN
) s D3)
! ' C 4 t
SRS
2 A
L | o
‘"\‘ é 1 '»‘. '
kY hY S

.
o

b. Have the upils make a table and plot the graph of ordered piirs of the solution set of A= [0+
3 defined on{ 0,1,2,3,...10 }

¥ Have the pupils make tables and plot the graphs of ordered pairs of the solution sets of
equations such as A= 2 X [J+ 1 defined on{ 0,1,2:3,...6 }

d. Extend these activities including equations defined on the set of whole numbers and the set of

integers.
. ) ) ’
obj. ‘ /" 16. Have the pupils plot graphs of inequality relations 9elﬁned on the set of whole numbers and the set
14 of integers,
g Example ‘
Graph the truth set of & > [ + 2 defined on the set of whole numbers.
8 e .0 o O o
-7 ® o o o
69 e o o
5 - @ ® -
A 4 ®
3 K -
. I\: ‘/ ’
2 /7< ‘
1 < [N
0 l. ‘ (\\ ) .
1 2 3 4.5 6 BN ‘ R
: ] W
- \‘
75 | \




-

_obj”

13

. obj.

6,10

EY)

17,

18.-

v ‘ {'J
3
a. A number line may be used to represent the truth set for an lnequahty on the set af whole
numbers. ’

. e e+ 3<0<7
I,-"'l' f’ o

‘Ha ‘ghe pupils graph the solution sets of the following mequalmes on number lmes

> 4! ‘ .
1< A<, @

&

1< <8,

' b. A number line may-also be used to graph the truth set for an inequality on the set of integers.

’\'_‘)} .. ﬁ;
- ' O<s ' A

% s 4 3 2 71 0 1 2 3 4 5 6

a. In introducing the study of functions, use nonnumerical relations such as the ones suggested in

this activity. Functions are special relations. A relation in which each first element is paired with
only one member of the set of second efments is.a function, Functions (or mappings) can be

3 - 2
correspondences that are one-to-one-or many-to-one:

Have the students write the relation is the son of defined on a set of men{ Mr. Jones, Mr. Brown,

(John, Mr. Brown)}

| -Since each boy has only one father, the name of only one man can be palred with a name of a boy

in that set. Therefore, the relation is the son of is a functxon ~

_The relation is the father of is not a funcnon Using the same sets of men and boys ngen abovk, the
relation would be as follows. . .

N

-

: ¥
", is the father of~{ (Mr. Smith, Sam), (Mr Jones, Bill), (Mr. Smith, Tom), (Mr. Brown, John)}

Since a father (Mr. Smlth) can have more than one son, the relatlon is the father of is not a
function. T

.t
. “4
4

The graph of a.relation can readily show if the relation is a function. If any line parzillel to the

vertical aXis intersects the graph (if at all) in only one point, thef the relation is a-function. The

graphangf the two relations stated above are given here as illustrations. In -the’graph of the second -
relation nge‘ vertical dotted line contains two pomts of the graph; the;efore” this relation is not a

fupction. No vertical line contairis two points of the first rclatxon therefore this relatlon is a
function. . S , . -
i} - *‘: .
1 Yos -
* ‘. ‘ f [ -
- ‘ s o £
"ot : ; . .,
* } o 4 L »
. . . 76. . . .
. L . '
-9 ) A ; cre e . .

A
&

‘1-'5-.Mr Smith }and a setgf/boys{ John Tom, Sam, Bill } . (\\/
The relation would be —is the son of {(Sam Mr. Smlth) (Bill, Mr. Jones), (Tom, r. Smith),

'«

- .




0 ’ /"'"
) ]
’ ‘ John . .. e
3 ' ]
Smith L b Tom +
. _ \
Mr.qBrown _ ° Bill L ! '
' {
. o ]
‘Mr. Jones . e : - Sam .- *
Eat | ‘ _ i .
Sam  Bil Tom John 7. Mr.Jones Brown  Smith
. o : ,' b Ask the pupils to sele{:t from the following sets of ordered pairs those whxch are funcuons

(1){ (John, Mary) (Toni, Agnes), (John, Susan), (Bill, Jane)t}
(2){ (cat, kitten), (dog, puppy), (cow, calt) (hen, chlck)}

(3){ (bascball, bat), (golf, club), (tennis, racket) }

(4){ (fruit; orange), (nut, pecan), (vegetable, corn), (fruit, peach) }

o The pupils will find that (2) and (3) are functions, but (1) and (4) are not functions because John is _
. : the first member in two pairs and frwt is the first member in two pairs.

A ¢ ¥The - machines in activities 7 and 13 are sometimes calied function machmes Have the pupils

. determine why these machines can be so named. Have them pay particular attention to the test for
e functions-using graphs. v ' ‘

2

2 d. More capable pupils can be challenged tq, find the_rule from Lables of data. Below are some

examples. The problem for the pupﬂ is to determine how to get A given the value for Oin each
case. - s

' s £
“ . - . i 2 | °
“\ -

‘[l v [@a] . -

o.

[ A R .l
1 »2 |

2&» .
3-{ s o

~ ~
;. . . - - N

1t is sometimes helpfui to have acuvmes which are ext,a for expens on separate 3 >2 5 cards 0
N the puplls cgn work on these mdepe'ndently :

S : e - v . ' S De S
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ok ' 2 - K .
RPN ‘ wF
-obj.. * 19. a. On a grid or pegboard, have’ puprls outline several rectangular regions }‘mg a grven area (12
51 _square units, for example), but having different dimensions. Compule the penmeter of each of,
R i these rectﬁngles : ; '
- b Usmg the data from parl a., have the puprls make:’ graphs ploltmg lhe width of thé"rectangle on
. the horizontal axis, the penmeler on’the vertical axis. Some questions which «can be raised about
the graphs are as follows. ' R L
4 s
- . i3
. . Can lhe width of the ré%angle be smaller lhan l"
-3 g
S Can the width pE the rectangle be larger lhan 3,(assummg
S the givélagea qﬁz as Suggested)? :
» Lo .Can'th 13&"” E have a perimeter-of 57
.3 O ¢ L T °
o *&” E ,/E” »rCan the*réofhngle have a perimeter of 497 . M u
" ‘."'-. .
? ﬁ?‘;‘ What is the smallesl perimeter this reclangle can have?
,ﬁ’ ‘ .o Whal is the largest perimeter this reclangle can have" ‘
¢. As a reslt of lhe quesnons the pupff may want to:add some more pomls to their graphs so .
that the pattern becomes more drslmclrve e o -
d. A vanallén of l!fl_g,/aq]mt.y in parts a. throygh c. s to asmgrya given perrmeler to the. rectangle .
412 units for exampleY, and investigate the various areas’ enclosed’by reclangles of given pgnmeler :
but differeht déuensrons Comparison of the graph to be made her%‘ﬁnd thitin. b 1s mstr,uctwe and
% to some rupils rprising. - _ e . Lo et
;gv? ', v S R
! 3 . . o . , e »
) . .\ ' ',ﬁ' T ST
. \ ’ v« I . n
obj. : 20. + Have i€ students solye by insp&ctibn equations such as those given below.% .
> » . 1 ) ' RN R, ‘o
. N i o . “

ig\.lzl+5='ns D-2=8 6¢,¢43—-7 SR

~)
|
O
1]
(]
w
x
O
"
N
C'/
N
x
D
w
o
!
S |
Bdp o+

~

x+4=09 S x? =25 3y+2 23 : -
. . . = - M . a » . .
N .on 8 =7 T— =9 ~ )’ = (3) (22) (0) " ,
' . R .3 2 b ",
\ . 'y =5 ’ ' s 2 (32 (5) ‘ ' '
' § . : - 2 .
. 3.X m= 18 %18— =7 (2)(3) ) N ,
- . . R . . ) « . [
Have lhe puplls ‘write on slips of paper $O alron be solved by mspectron Exchang¢ the
papers andoask the pupils to solve the,g;ru/at ey recfive,
4 o
. -‘.u .
¢ - N v h | N / ‘78 1
’ ' N . C, ~ ) 5 .
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-i?
b. erte on- the$;halkboard a few equations such as those given below. These should ,probably be
presented one at 41me and as puzzles for the pupils to figure out. Reasonably good students can

succeed at this xfglveﬂ time to think and try out their hunches. The pupils should be permitted to
solve the equatmngtj r own. way and to dlSCUSS ‘their methods befo,re proceedmg to the next

example S . B .
. v . . ' . - ]
3T 4(orx~3=°4l . - 3t-F =15 -
B Lo ) . @ N
' . . . .
vi‘if—]=4,(or(x+l)—3=4) n? + 3 =128 7
) o v , e
3.@; ’ . o , .. +3 . 4
, Lt -~ n# .
Wb =@ v a3~ T=9)
2@y+ =20 co e | 5
2 g . _ . * X - 2 = 12 . o
. Y. 2 A
B '
. B T‘.-,;,?(_\:_v_. . 4}*§&+d2(x+4) —/2/8 '7
o; uu ) ' ~

¢. To mtrodute moreﬂ"fbgml methods for solvmg equa(;lonshthe followmg'ﬁ!r can be. used'

X+ 6 =8 '_.u' 2
6(x +3) = '

If the pupxls are proﬁcxem in ﬁndmg solutlons by mspectlon these are easy. If not, *est that d"w
_they try sonte .numbers. The g)nnclusxon is that both equatfons have the same sojution gpamely, 1.
" Equations wbE‘:h have the sime solution: st are called equivalent equations. Forma] equation

soIvmg is Q‘process of changmg an equation in quxvalent one which & easier to solye. Since an
a}lon is sentenfgrabout equahty,of numbers, propemes of- &mbers and operatlons and
) propames of equality af® used in this pragess. i S i s

»

o

These propertles of equality are shown below with a, b and cas numbe;s and three of)anthmenc

Reflexive }or each g, a = a. ﬁt"\‘
\Symmetric’ For each g and b, = b, th‘ﬁ b =g ~ o
Transitive . For each a, b and ¢, if g = b and b = c, then g = c. o

The ﬁr\ two may seem trival but their importance will bé reahzed as equalities

are studied. o7 : ,’
Other properties‘quaiity are as follows; = /_D ' I
Addition For gach g, b andlc, if @ = b, thena + c.= b + c. i (\
Multiplicat'ion' For each""a b and ¢, .if a = b, then '5& = bc. Vi

“Cancellation of’addition For ea;h aband% ifa+c=b t-chthengg = b. | v

Cancellatlon of multlphcatxon ‘For each q, b, and c 0 if @ ,= be, then a =4>.

Puplls_who were suc s\sful at parts a. and b. wnll find that the fol.lowmg formal solutions essentxally

déscribe their m . W s
. N N
.. Example 1 Sqlve X+4=9 ) — '
oo ¥ - 9 =5 . e ':
("‘J SO X'+ 4 = 5% . transitive prc’rty_ ‘
< ~and X =3 o "+ cancellation o¥ addition . -
N ) "
79 “ ’



s * -
: ' ’ ' -‘#\'r - P
e mey . Example2  Solve 3-m = 18 . o , L % I
m:%« | @ ‘ Ce 18 = 36 . . ) ‘ 3 A = N L ,
* = h s03-m= 36 - tramsitive property o
i ) " and m=6 . . v cancellation of multiplication'- =~ ©_ :
g S L . o o
e , Example 3 Solve Xy + 1).= 20 S . /
Q K FE .
' b . = 2.] j )
?f" so2(y+1) =210 transmve g;operty ’
L) SR . v ~ and y+1:=10 c{fmulﬂphcanon ’ N
- : < 10 = 9+ 1 e G _
‘ o, | ' ., soy+1=9+] AT ; V.epropert)@ e @ '_
¢ a and "y =9 © o itahee /ﬁfaddmon - ' ‘
2 e - . »
4 :
o To explain the form%l solution of an equation, such as, 3(t -—-2) = lS Meed as follows
. oM
. -3(t-2)= 15 Y . )
. ' ) . 15 = 3.5 . .
: § : %
< 0 3(t-2) = 3.5 . transitive property , .
v ) : and t-2=5 ., ) . ) )
“ “then (t-2) +2 =5+ 7 addition"prof)ergy §
and(t-2) + 2 =t B T T S . :
, o 7. t=5+2 7 "'transitive- property S .
' : , ~er .ot =17 B
* - e ‘ ,
. The example; g;ven demonstrate how propemes of egualit z)can be hsed to change an equation intq &
2 R . ‘an equivalent orle; these examples do not explain why th gglut IS correct. A solution ig correct ‘
» only if it fits %e condition of the problem ;hws -in example 1‘,5 i the correct solution because
5+4=9 and iri example 3, 9 is the correct solution beca)m 2(9 + 1) =:2+10 = 20. . @
c. Have the pupllsgraph on Tmmber lmes {he soluuon of equatlons such as the followmg . )
CLa ' s o ' gﬂ, Answgrs
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RELATIONS AND FUNCTIONS

OBJECTIVES

- The puplls should he able to do the following.

1, Classxfy elements of aset according to specﬁied properties

2 DemonStrate correspondences (a) one- to-om‘ o) one-to-many, (c) many-to-one. and (dm
3. iApply equxvalence relatlonﬂg',elements such as fractions, ratié$ and geormetrle ms

4. Find the missing eiement af
s
6

ai® -5

pair when one member of the pair and the relaticﬁ\ m_/rgWen

Fmd some pairs of elemen hen a relation is glven

Fmd the relation when a set of ordered pairs is glven

5'7 Use th&opemes of equality

8. Graph equalities on the number line

y-to-many

9. Graph equalities on a coordinate plane -
-10. Determine l;aagl_ a-relation is a function ,
¢ s . ' Y
- o .
(c) fermulas - ’ @"
- N . "‘:;J
(d) mappings w
(e) tables-l;‘ - - . : ")' . ’ y
- . B y ..
(f) gaphs- - . . . )
12. Order a set of glemehts according to a specified rélation - ' é i
13, (Gfaph inequéﬂ§ relations on a number lide / (‘
s - . .. §
14, Graph equality re {qtions on a coordinate plane . P
z, - - \
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GEOMETRY

INTRODUCTION €007 - .

v \ : o y A' -"‘. .. ) ‘ i .
The topics begun in the primary grades should be further d%oped in the upper grades, tgking into account that a particular.
class may need revigw of or even introduction to some of these topics. The pupil in the upper grades should be able t R

at a more mature level, so that topics can be pursued at gre_éler'deplh. However, even a seventh grad%‘bupil will need some
first-hand experience with rotationsjefore he can”:&cquize that some particular set of points is merely a rotation of another
set of points. - ‘ ; - '

. Lt
+ '/\"l‘herg is more to the study of geometry —tﬁm identification of shapes'and measurement of figures. Re;&ﬁidn of relation-

»?of a reiationship, he musy first of all recognize.it. The inten¢ of this guide is to provide. opport

\b'l.

D

~a pupil the sort' of

v

ships is very indgortant. Cdnsider the difficulty many pupils"ﬁ;ve'in learning to use a protractor. Given*fhe task of mgasuring
the angles in the-dccompanying illystration a pupil may.report 120° for (a) and 60° for (b). .

1 O . , . e . \ v . c . "
, r PN : . ‘ e

. > . o U}; -
@ g L (b) ‘
L ‘ ' I } \', DA@ . - . ”;‘3.'. J ;"4..“ . o . |
. . =S B ) ‘ wlﬁ? . : .. .
- e ehcg) ~‘

de is nm'like’ly 'lo‘re'jem hese answers unless he recbgnfzés that the angles are congruent. That is, b

u .
* , . W : s . @

g . - ’ . [y

relationships and te recognize the conditions which give rise td those relationships. . - Al
. . v ) v ¢ [ , ‘ ) . . . N
For this re?son;it is helpful if the study ‘of geometry below the high school level is thoyfht of as exploration of space.
Qplmﬁqﬁmlngans sexrching,- probing, making discaveries. The activities supgested in the fpflowing pages are intendéd to give

st-hand ‘experience Which can erly be called explgratiom=y pulling, turning, sliding® fording he
¢_appeaiance of geometric figures uf{ér different conditions; by designing a pattern for a model he learns

“learns to predict
for'ﬁim_selfwhal
smaller copies he

is'cox{ers'properties which ake.intpfendent of size, ’

o [z ‘- &, 2 R ) . .
+An exglorer does not set out with ay¥eady-made ilineran"% and ari immutable timetable,, but it is helpful ifhe can consult from

arts must be assembled and what ar gements of these parts will and will not work; by creating larger and-
3 Iug ¢a

&

this consultant by suég_ésli.rlg-otherlh_ih‘gi to lry’,‘ po'sfng‘the right sort of question, and encouraging the pupil to find answers -

time to time with someone who Know?3 in and can give him some advice, In exploring geomeﬂ’*the teacher can be~

by expgim&nljng with ebjects or refpre'ée_ril’ali(ms of objects, f s )
N - 3 D . g . - "

; . p
Finally, an e plorer takes notes ashe Eoes‘bp writes the final report at the end :;;" his journey - S¥flis. in geomet-y, format
definitions agd precise- statéme; generalizations should be the culmination rather than the beginning of a joumney

eacher plays Yita] role h#e Yor the young explorer cannot discover names for what he has seen; these
e teacher. The'ﬁupl]ls, tums, shides and.folds pieces @f b, loon)/dr ‘pieces of paper with drawings on

them and sees hdw %lmwinés‘ appgat afterwil. In discussing what he has fis '.hefwilf:ﬁ:}d'il hélgful to havéa single word to

)

-+ use instead of repéating”the sequeM“"Bul_ﬁng,, turning, sh*amg ‘or folding NLHe geacher can then supply the word trgns-

»

e

pes

. - 4 . LRl 3
- l ‘ » . _( .* o R - RN Lo ' : .
. . L :’/ \.? In" . <o 2{)( - _."' ’Zﬁ Soe "82‘ ! :"_' T -7 N ‘ '\\/. . "\ )
LS o , . . R e T » v . .
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Aruitoxt provided by Eic:

Jormation ot motion. The: pupify Kdwever,. does ot need’{d know this ‘word be _
pittures look like withour ever hyving héard theword. Likeyﬁse",‘gn'discussion it nay be helpful to have a word to use instead.
. R ORC ) A < < A { - .

fore he starts out; he can learn what the -

. ’ o
aQupil can make use .\~
ities fot, pupils.to discover ™

Sk

A )‘n\
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o

of “‘all these ways the drawing might look if I turned the paper,” am& thditeacher cari subpl?\ & Word eqmvalent forc(h :
set of drawings in question. The role of language in geometry should be to\facilitate learning,agd gdnmunitation} vbrd sthidy
should not be an end in itself. A note of caution, however, is in:order. Some words in geométry are also‘used in eveyyday life, . o
but with a slightly different meaning. In these cases, it may bewvise to call the pupil’s attention jo)the familiar uses of the

words and point out the restrictions relative to geometry. Agood example is the word strajght. 'Gomg straight down the -
road” may not be stmght in the geometric sense. S —_— N

Since this volume of the guide is intended to span grades 4-8, some oftthe activities outlined here are too difficult for fourth -
.'graders, The teacher will need to select and pursue those he choos: € td a depth appropriate for his class. Provision has been
'~ Made in some activities for copsiderable depth of development. S .pplementary suggestions can be found in the references’

- given in the media listing and in the geometry strand fOrfpnmary grades.

. e B
K . . : !
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bjectives
Keyeci to
¥ Activities
obj. 7

la

obj.
Ic

T

o

¥

3

A

. A transparency wit

x

¥

»

Draw a figure on a piece of rubber sheet such 021\5 a ..brol¥n billoon and practice pulling the rubber
sheet different ways to see how the appearance of the figure can be changed. Have lhg;pupils sketch
several different configurations they can produce from a%‘drawing as ‘o0 and Oe, from oo .
Some pupils might like to challexfge one another by proposiffg tricky vyriations; After somb individ-
ual experimentations, pupils shquld be asked to sketch some forms into which The original could
not be deformed by pulling. Ultimagely the pupils should learn that, for example Ocan be de-
“ferthed to Aand £ but not to ©e or to @, that is, O, Aand 3 are all equivalent. The geoboard
is useful to show deformations of simple 'cfos_cd‘ curves. Discussion should then bring out that
simple closed surfaces such as @]ihper, s'phgre(,“cube and 'the like are all equivalent under defor-
mations. r ' :

R

3

e

.~ -

S . - .
To show the {topological) equi\,':?éré;of simpig paths, direct.the attention of the pupils to the way
. that roads are-built from one side of a mountalq to the othet. Even though the roads may wind
around the mountain in different ways, each road~goes from one side to the other and does not
cross itself. All such roads or paths are topologically equivalent. Have the pupils use a cone and

piece of yarn or elastic thread and experiment with some of the different paths they can make. s

S

h a diffig

rotations. The design used

NG

. EPEL

‘i17each corner_can be.used to demonstrate reﬂeclions'and.- T
psparency shquld be asymmetric; if circles, stars, of such

Al the distinctions which characterize these motions. For ' - -

3

. o
N .) -\'/‘ [ - - ;,’v
'k ;'\\\7' :\\ . '
R 7 ) J /| .
1; and is rotated clockwise auarter turn, it will look1i -this, 4
4 5

; N s
but not like this,
- —




- or this.

The latter is the ifage under a reflection and is illustrated by turning the sheet over. The pupils will
need quite a bit Qf experience with these motions in order to learn to distinguish‘them. It might be
helpful if each pﬁkpiwad a copy of the design so thdt He can handle it and imitate the motions. See
aétivity 6. : ) ) - '
obj. 4. Potato prints can be used effeMt_c_)agh\qi tmnslanon and/or rotation. To illustrate translatlon ;.
lc o - have the pupils make a potato print and then repeat the print. To illustrate rotation, use the same - . . .
print (or make another) and either turn the  potato or the paper each time the print is made.

. obj. 5. Mirror cards may be used to review or strengthen the understanding of reflection (see reference list .

lc ~ of instructional aids). As an additional activity, the pupils may make ink blots and then use either
crayons or tempera-paint to add to or fill in space on each side of the blot so that one side is a
reflection of the other. Ror further consideration, suggest to the pupils that they see if they can'use -
a*potato print to show reflection. They may; X surprised to discover that they cannot. Let them. i

$ : "?’. use a mirror to check to see if their examples did show reflection. Addmonal ac‘tlvmes may be
: = " found in books listed in the annotated referencesih the media saction. :
3 . ™ Y - Ly -
obj. .+ & 6, To help. in eXplonng transfomﬁat!ons involving symmetry and rotation witheut mtroducmg any
NT. L > . theory, there are interesting games involving scfioa which illustrate these ideds. One set of such ’
»""'\; N J?, *. .games, Qalled flipping games, helps to illustrate. symmetrical transformgtions. On a sheet of acetate P
e g o Tor cardbpard’, draw a fighte 8 on perpendicular lines as shovn in the diagram. 4 -
R N 2P . . S
,"““3.3: w}{,. ) . ) \ . ) ( »
. ;/, — '/_\\ - Red line .
‘ L . .
‘, : . .

- - . ;. Green line

Hoid it at each end Oof a line of sy}’hmetry and ﬂlp it over. The point'X is mapped to a a new posi .n

thaugh the whole shape remaing in’its prevxogos’mom _ , (K _ ’ a

o Red °
K3 /)

y ) . ] ) . M \ f .
SN . Qeen L A :
¥ e L RS

P One fhp about,the green line - N
* lé . .

ERICN
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o2 ' One version of the flipper games involves 4 players. On the floor draw the figure }érge enough for
k3 \ each player to stand in one of the bgsaded regions which beco ieghis homg base as illustrated, '
;, x Red M
g | D B J. .
* S i |
e "Green ‘h‘- B Green % [oreen
) . N
%% - Original placements One flip about red line One flip about green line -
/ Mark one line of symmeny_red‘ and, the ofher green, A fifth pupil, called the ﬂippér, holds the
- acetate or cardboard on which the smaller figure has been drawn, the lines of syﬁmelr_y marked red
and green and the regions labeled with the playeis’ names. If cardboard is used, it will be necessary
- to draw the figure, including homebase assingments on both sides, so that one is the mirror image
of the other. The flipper must be sure that hé holds the diagram in the same position as the diagram
on the floor, _ ’ . )
“The moves of the ga_.'mc.are” as follows. . . ' \3 .
flip 4 the dipgram is turned over about a specified T
i b line. For instance, for a red flip the flipper .
: would hold the sheet of acetate or cardboard atf\_ _ =

.

each end of the red line and flip the sheet aver.

- rotation or turn — the diagram is turned around .
the center point, There are four rofatigns — a

w - ) full-turn, a half-turn, a quarter-turn‘

: v turn) and a QUarI%f~fum right (a rig

h*'i.ll fiake withthe shape, Memay 'say, “1 any %,
going to make a green flip. Where will youso? phind achBupil movesto where he thinks he sholld- .
» be, Other problg?ns should be posed such as, ° "alikin_,d of move will lake.ypu‘hom__e,agajn']”-ori?‘
. _ *am going ‘to-do a red flig.and then a green flip. Where will you be then?”” More explicit difections
: for this activity and similar ones, as‘wcll as games for learning about rotations, are found in

» . . . .
references listed in the media section. ;

_ When ganes such as the above are used for learhing mathematicafideas, they should be followed by
~ ' discussion to ensure that the ideas were comprehended. Some representative questions which ~ight
be asked foliowing a flipping game are as'follows.

- ‘ Is a,rotation followed by a rotation the same as ()nC'rdt&éﬂ}‘?‘@hwﬁgcs). . v
. . T g . L

1s a flip followed by a flip th®same as one ;f]ip':’ (Answer no)

N - . ' 3 :
. The set of rotations and reflections has many “of thorTropest icsif a mamber system-— clo_slirc. i
~ + associativity , identity and inverses. More mature pupils will erthahge their Understa;}dirlg'ofmélhc-'
N ‘ ' matical systeffs by looking at this model ag¢l exploring the properties. R
obj. .~ . 7. Pupils seern tq gain an understanding ‘of similarity from everyd experiences’ Egr example, model
b oo cars are similar to acigia) size ones. and the tegCher's ing on thie board to_illubtrate the foggation
 of letters i reproduced simi% ir paprs. Encétitage the p pils to suppﬁg'olhcr

(Y A
' N\ T
] SR AR VO
sponding sides or dimensions is constant, To
s, use enlargement and shrinkage of patterns. ' ~

1b,3c e ‘ introduce s%nls to similar figures and related rat
e figures as shown.

Each pupil wYll need graph paper on which to draw t
. s » . 86
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> . @ i t .
- ,Nple Smaﬂeq blogks could notM‘Eﬁown oa'these d,rawmgs
& 7 A B
. T R - o
‘_‘/\ . < M . . )

lk‘.___—\\Are the ﬁguress’.mdar"‘w ~ e \ - : -
@ Why ; are lhey V‘he same ﬁe" : "’ o « ‘ = : o .

.’.@ voweg ¢ :
OO \% : iy and’the@umls lw%serve lhat each figure is ten squafes Wldc %l the bollomht squares high
R ;r:;. . " on the left side. and so, on bul that the squares are different sizes 50 the Fmshed drawings are
%, W ﬁ dnfferer\l snzes: : ’ s *
B N il - ‘\: N | |
5 i - : ' T
o ﬂ\i D‘) J g
. o
N § <? 6
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c."Ask the pupils if they can find a relationship belween the dnfferenl size squares (each medlum
sized square is 5 little squares on each side, and each large size square is 10 hllle squares on each
side.) To find the constancy of the ratio, the puplls should answer the followmg

(1) What is the count of small squares to 'the hlghesl point of each of the three ﬁgures”

P in fig. 1, there are9 ' - ¢ ( Con
- » in fig. 2; there are 45 R !
. g in fig. 3, lhereare 90 , i
What is lhe ratio of the heights when comparmg fig. 3 to fig. 17. Flg 2to ﬁg 17 What do you
notice about these ratios? - “'--,, . [ ‘ ,
(2) Does this ratio remain the same for 9[her parts of the figures?.Count:to delermlne ,\‘
(3) What is the ragio of henght of ﬁg 3to height c}fﬁg 27 Why should this be the case? What .
E’ is the ratio of the base of fig. 3 to base of fig.2? ' .- R
¥
o d The pupil will probably need pracllce m using the constancy of lhe ratios of” sumlar ﬁgures A
number of problems of the followmg type are helpful A
‘ \ . N B . Q. ’
L . o L6} - . . . —_—
/ - 3 ' ‘ - . ' ' ' R T, o
. N . . . ,m\- r_.‘,:" . . . N .
e b5 ‘ . C V 7- L S .o
AN . . ) j o ?) . P tw}'\o . ) ‘ i -
B Fig-, 1 o ’ ‘ F(}g 7\ ‘. . ) '
o ! (1) The rectangle in figure 1 1s 3 units wide and S umts long’“vif the rectangle in ﬁgure 2is ‘
o ~ similar lo lhal in ﬁgure I and is 6 umts w1de how {ong is: 1t" el

Soone % T

Fig. 1 Fig. ﬁ’ ? ) /

. . : L . 'q’ . ‘o .
(2) The triangle*Tn figure 3 is 3 units tall and 4 1/2 units long. If the triangle in figure 4 is
2 snmdar to the mangle in figure 3 and is 2 units tall, how many units long isit?
_e. Next the pupils mlght consider people and their shadows L e ,
@ . : ~
{ . .
r .
L}
./\~ . . (:
. Shadow .
& any givgnytime*sf the day, shm;ler people will have shorter shadows Notice that lhe shadows aé
formed by (parallel) rays from the sun, and similar mangles ensue Using knowledge of the ratios of - .
similar figures pupils can solve the problem The man in the figure is 6 ft. high and casts a shadow 4 (,
At long, if the boy s shadow is 3 fl long, how tall fs the boy? 3 o e
PN f. The pupils a&e probably then ready for'the folfowing activity. 'Eh\ s
. . b ‘\‘ ’ : ’ o
(\ Calculate the hc;xght ofa tree or a building by T

. measunng.lhe shadow v O - /ﬁv\ )
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chrldren w1ll need yardsncks and 50 fuot tapes. They are to measure the shadow ‘of the tr@e or
dmg and also the height- and length of the shadow f some acgessible object. g

1]
. . . N - I‘ \ ' *
™ - tree Ly ~
' -~ height measure:
. is? . pole
~
R - . ' . measure shadow = measure shadow
r o 3 i ' : o - ' i
q, ) ' . : B ' 3 )
" From the above measurements calcu]ate using. appropnate ratids, the sheight of the inaccessible
e tree. - . . . -

8 The members of the class should w0rk in groups'gth each group using a dif ferent-accessible pbje'ct.

- Have ﬂlC!Tl‘COmp]ete s chart. o E SHREE o . RN
’ - B : Bl I ] D
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Different groups may be ¢kpected to argive at different answers for the height of the tre€. Dis-

", cussion. of the dxscrepancy rovidessthe opportumty to review the approxunate nature ol measure-
i Pt,See the strand Measurement : Yoo

'_e‘m,fOrce what has lf;__en leam"ed,abbut motions (rotation, translations, stretches), provide work-

: ts for the pupils. Such a.wor _ shduld show a collection of figures as illustrated. Y
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The problem for the puprl wouldt be to select th,ose which are equnj}‘:t:and to namf"the motion
which makes them alike. Pupils should be expected to recognize all of“the figures pcept. (g) are .,
) . topologrcally gqurvalent Frgure (d) 1s a rotation of 'Ergure (f)isa tranklat)on of (b) and'so on.
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Jror nupils an the upper grades, these worksheets should inchigde angles and segments as well as
smple closed “curves such as squares, curcles and triangles. They \houl(l become accustomed
recognizing angles pt the sane size in different orientations. ’

" , ' A

“{a) (h)

J: example, arotation wnll nmkt figure (a) hit exactly onto tigure (b), When congruence for angles

15’ studied later, the pupils will have had tirst haotd experience with the idea.

Anteresting topological problem concermng surfaces is that of map ot u'uly quilt coloring,

which neghbonng: countries o1 quilt pieces sharing a border are colored differently. One prohlem s
to color gl regions or preces with the fewest colors possible. Generatly, pupils will discover that
four colors are suflicient, although 1t has not been proved that tour are always sufficient. Suggest
that the pupits attempt to design’a qualt that would necessitate more than four colors,

The chaldren may also be asked to design a quilt or map which couJd be made with only two colors,
then three, reminding them that at least three picces must be used and the design must cover the
entire region, Sonme examples are given helow,

—

Puptly sometimes have difficulty distinguishing between surface area and volume of solid.. The
following activity not only offers opportunity for discovering alternative patterns for solids. it
should also provide a cleaf distinction between points which belong and poirits which do not belong
to these solids. Having assembled a model, the pupils should be able to visualize more easily what
surface arew measures,

Let the pupils handle ana examine models of the five regular geometric solids; they should then be
asked to create their own patterns for making them. Pupils will need to try out several patterns
before finding one which will work. Let the pupils make their own patterns and not use one
provided by the teacher; in this way they may discover that the pattern for a solid is not unique.
However, not all of the pupils should be expected to make patterns for all of thg solids. Some
puptls may be able to devise a pattern for only the cube and tetrahedron: others m¥y be able to
make all.

u

Pupils may make solids which are smaller or larger than the demonstration model, but the simtlarity
of the inodels should be pointed out.

1
\
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The five 1eguldr solids are as illustm_‘cd.

¢
v
Dodecahedron Tetrahedron Ny
] [ . - ,ﬁﬁﬂ: 2
' s,
L]
lcosahedron
oby. 12. Have the pupils draw pictures of intersections of point sets. For example, have a pupil draw a
24 picture showing all points common to faces A and B of the given cube. The response should be the
drawing of the line segment common to face A and face B,
X -
A 4oi ) y—8
Draw the sct of all points common to the top and side. Draw the set of all points commion to the
. bottom and faces of a pyramid.

a. Draw a set of points common to a line and a triangle.
Is there a singlé answer to this?

b. Draw a set of points common to a line and a circle.
Is theie a single answer to this?

¢. Draw a set of points common to a plane and a sphere. .

d. Draw a setof points cominon to a plane and a cylinder.

91
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r h Other relations on point sets can be explored using questions such as the following » )
, Cana proper subset of a circle be a circle?(Answer no) oy
+ tCan a proper subset (’)l"a circular dise be a circular disc? &) .
. | - i e e
‘ .~ {(Answer yes) " .
4 ¥ . 'S q - ' Ain\
Cana p/)pcr qubset of an anglg be an angle? (Answer no) it@
. _ the-unjion of Lwo rectangles be a rectangle? “1
. ﬁqwer ollly if the rectangles are the same.) ’
o) : , ‘ v
oboo 13, €lassificatjon of quadrilaterals (simple closed curves in the plane which are the unfon of four line .

Je,2dy

2f oe tollowing. ¢

A quadrlateralimay*have a pair of parallel. sides.

‘;, . (These gre ¢ allc\‘l lmpc/m(l ) . : .
_ A trapepoid may hhnve two pairs of parallel sides, - '
- \ ‘ (These- llre called p,lrdllclogmms) o
' A parallelogram may have a pair of perpcndlullar sides. i -
T~ (Thesefare called rcclangles ) :
: ) . A rectangle may Have a pair of adjacent sides which &re congruent
. (Thesq are squares.) -
‘){/’ Some questipns which clm be raised in-a natural way are as follows.
/- “
( ) ‘Are afl parallelograms similar?
" ' Are 3l rectangle§ similar?
Are 3ll squares s_lmilar? - |
After a clag has studied classification of triangles, the following questions can be raised.
Are/all isosceles triangles similar? . ’ ‘
Aref all equilateral triangles similar? .
Can aright tridngle be equilateral?
A ‘ (‘aln a right tn:‘mgle be isosceles? o N
b ~
abj. L t4. The relation is congruent to derives from the recognition that two poml sets. may be the same size
i ‘ and shape. In the activities for equivalence of point sets, the students should have observed that sets
whicl: are equivalert under rotations, translations and reflections have the same size and shape} The
. name congruence is used here, since equality for sets has its own meaning — two sets are equal only
" if they are the'same set. Use lhe term congruent with reference to pairs of segments’, pairs of angles,
pairs of simple closed curves (circles, triangles, etc: ), and discs, When the relation and the use of the
word are both understood, the following problems may be posed.
et
a. Are Yllere i\{ly congruent angles in the following figures? Identify all the pairs you can in each
figure, / \\ a/
" ke Fie. |
. ig. (b
[ .
o _ .
, \
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segmiegts) shoufd be introduced by having pupils examine a u)llectmn of pictiyes and observe the

)

»



Fig. (e)

[N
) D

b. Can you change exaclly one of the lines in figure (e) so that there wnll be more pairs of
(congruent angles? Explain. ;

v o ¢. Which pairs of segments in the following figures appear to be congruent? .

S N . (

- -4
, o . Fig.(a) Fig. (b) Fig.(cy =  Fig.(d)

; o . Note: There are 4 pairs of congruenl segments in ﬁgure (a)
© ¢ 4 pairs in figure (b)
, 9 pairs in figure (¢)
‘ . 12pairsin figure (d)

»

Ao " d. Which pairs of triangles in the figures for part c.appear to be congruent?
"ﬁ More mature students, should be able to make some generalizations after answering lhe';z)ove
i _ questions about figures (a) through (d). /*
! R ' /
j . , .
bj. ! © 15 Classically, the geometric constructions are done with compasses and unmarked straightedge, the
j ! compasses (not the ruler) being used to measure length.
" a. Some beginning exercises to emplasize that the ruler is for drawing straight lines and not for
‘measuring are the following. 01
. -
- ’ : (1) Using your compasses, lay off on N a segment which <
T L . is three times as long as AB. - /
-
: : n
: - r——~4 - - }- -+ —
i A B : : .

Lo

(").. Using your compasses, lay off on M a segment whose

} '  lengthiis Q(CD) + 2 ¢ (EP).
‘ 2
. | e ] T m
c . D ~- — —-  — i
S ——
3 F
. R .
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Variations of the .above are easy to invent. The use of a dittoed sheet is advantageous since the
emphasis can then be on the use of the compasses for measuring. Also, these should be given as.real
problems for the pupil —. i.., with a minimum of advance instructions. Having the fastey pupils

-Jdemonstrate their solutions Yelps communicate the expectation that these problems are solvable by
the pupils. )

e "b. When the pupils understand the appropriate use of the compasses and that construct mean®to
use straightedge and compasses, the following problems can be proposed.

() Beginpﬂlg-on t, conslyuét a triangle whose sides are o
- all the same length as PQ. :

,

(2)  Beginning with one side on V, construct a triangle which
- has one side the same length as HG and each of the other

) " sides the same length as JK. - oo
/ —— T ' v N
H 6 - - -+
—_—
. J K

Attempting the construction of the general triangle should lead the pupils to discover that this is
"sometimes impossible. The necessary experience may be teacher or pupil-motivated. However, when
the impossible case arises, the pupils should be encouraged to explain why it is impossible, or
alternatively, what conditions are’ necessary for the construction of the general triangle to be
possible. ‘ .

¢. Using compasses and ruler, an angle can be constructed which is the reflection, translation or
rotation of a given angle (called copying an angle). Once the pupil can copy a segment and copy an
angle, he can construct triangles given the following information.

'\
Three sides (with the restrictions previously discussed)
Two sides and the angle between them .
Two angles dnd the side between them - \
\ ‘ '.
Have pupils compare the constructidns made by all of the members of the class. What conclusidns
" can be drawn from these compan’son'ic? - \
Detailed inst’ructiorfs"f‘or carrying ou’_ﬁ‘ the so-called basic constructions (copying an angle, bisecting
an angle, bisecting a segment, construgting perpendicular lines) are to be found in any high school
geometry book. _ -
d. According to the ability of the clas:‘gfi; the following constructions may be done with the emphasis
on the conclusions and not the accura@é‘y of the constructions.
(1) Bisect £ ABC and then bisect /. CBD. What do you notice
. about the bisectors? g .
\ C
A B D g /
'
i
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T

(2) Bisect L BAC and L ACD. What do you notice about the

bisectors?

A

£ y = T
+ c D }

(3) Using the same figure given above, bisect L EAC and

-

4

!

&)

(6)

(N

t))

9

L ACD. What do you notice about the bisectqrs?

In the figure below .

Bisect AB; call the center point M;

Bisect BC; call the center point N;

Bisect CD:, call the center Rpint 0; ’
Bisect AD; call the center point P;

Draw MN, NO, OP, and PM. What shape do you get?

Repeat the set of constructions using a parallelogram /
instead-of the kite.

Construct a Ato be called A ABC with L a a copy of )
LX, AB a copy of YZ, and height (to AB) the same length -
as WV, This construction will challenge the best

pupils in yourclass. . : ,
i -—
Y Z
X
——————o
w v

Given a circle, construct a’square whose vertices are
points of the circle.

Given a circle, construct a regular octagon (a figure
of eight equal sides) whose Vertices are points of the circle

Given a circle, construct a reular hexagon (a figure of six
equal sides) whose vertices are points of the circle.

Given a circle, construct an equilateral triangle whose
vertices are points of the circle.



* : ’ ) R

il ‘ p (10) Let AB be thediameter of a circle, and let C be a;1y . ‘ A \
. other point of the circle. Draw CA and CB. What kind ' ‘
of an angle does . ACB appear to be?

obj. 16. After a class has constructed triangles using ruler and compasses (see Activity 15), have them try to
2f ’ identify somre conditions (other than being the image under a rotation, tc.) which will make two
' ' triangles congruent, ’ /

.
y

obj. A 17. Instead of using a protractor which has been purchased, pupils can make their own in order to lear

or &
3b . how pn:ﬂpperales. To make a protractor, have each pupil make¥everal circles on a sheet of paper allj
+ » of whicWhave the same poing s center as shown in fig. 1 below.

P
R

r
R ~ Ca

- R

Fig.2 =~ Fig. 3

Fig. 1

Next, using compasses, partition one of the circles into six congruent parts (fig. 2), and draw a line
joining each part of subdivision to the center. From previous activities, it should be apparent that,
for example, Z COB is £ DOC rotated, etc., so that six congruent angles are shown. Since these are
congruent, numbers should be assigned so that each of these angles can have the same number as its ,
measure. By cutting’out the interior of one of the circles, there will be a rim left (shaded in fig. 3)
on whicl_1_the numbers can be written. Write O twhere the ray OA intersects the rim, and 180 where
N the ray OD intersecTs the rim. Why 1807 Because in our culture that particular assignment has been
made: it is arbitrary, as are all of our units, but it is important that the pupils learn the conven-
tional ones. With these numbers written on the protractor the point of rim coggegponding to OB
should be 60, the one for OC assigned 120. Notice that this will make the mékspofeacu of the
congruent angles, / AOB, / BOC, and Z COD the same; that is 60. N

The numbering could, of course, have been started on the left instead of on the right.

By bisecting £ AOB, £ BOC, and £ COD (see Activity 15) points could be located on the rim to be
labelled 30, 90 150. By cutting out part of the diagram the pupil has his own home-made
measuring instrum&nt-for angles. :

obj. 18. After both angle measure "nd ruler-and-compasses construction have been studied (Activities 15
2 and 17), some new felations can be identified and summarized.

a. The measures of the angles in a linear pair sum to 180.

-
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a

« b. The sume of the measures of the angles of a triangle is 80 This can be motivated by tearing up
’nangular disc cut from paper. -

i)

P {
c. If a triangle has two congruent sides, the angles opposite these sides are congruent. Familiarity
with isoseles triangles makes this an obvious observation. -

RN
’ N . ' .o . . '
d. If a triangle has two congruent angles,” the sides opposite these angles are congruent. After
. discussion of°c., a question posed to the class should bring out this ‘conclusion.

e. Two lmesue same plane will be p'arallel providedffhat, whenever they are intersected by any
third line, a pair of corresponding-angles are congruén The illustration below. shows three third
lines with some corresponﬁng Mngles identified. (Activity 14 should make this gervrahzanon rea-
sonable to the students).

| /‘e

' (4— /a & | ‘>_‘> . ‘.
| - ; ~ - . .Q‘
| ;A

aand b are a pair of corresponding angles
¢ and d are a pair of corresponding angles
e and f are a pair of corresponding angles
g and h are also called corresponding angles .

s

~

From these relationships, simple arguments could be given for observations already made in explora-
tory exercises, ;
)

Example S ‘
4 f. When lw0\lines intersect, either pair of opposite angles ar@congruent (figure (a) of a. in Activity
. 14). The argument is as follows. . :
Whatever Size L a is, the size of Z b must be
) _ such that the numbers sum to 180, (see a..above)
- 3 b - Whatever size L c is, the size of £ b must be such
/c that the numbers sum to 180. (again by a.)
: . Thus £ aand L'c must be the same size.
g. If both angles in a linear pair are bisected, the bisectbrs form a right angle, (See Activity 15 d.)
— ) The measures of Z MNP ajld L PNQ musl sum
to 180 (see a. above).
- The measure of Z SNP is half that ofLMNP
The measure of ZPNT ts half that of ZPNQ.
Thus the measures of Z SNP and Z PNT must¥
M N O y gum to half of 180 or 90.
h. Have the pupils bisect a pair of corresponding angles for a pz;ir of paralle! lines*and note the
i relation between the bisectors. Then have them give an argument similar to the ones above to show
~ that the bisectors are parallel. N
s i 97 »
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For tke pupil capable of moving ahead, some suggested problems are as follows.
: ) . ! N ‘ot
i. Let € and £ be any two lines intersecting’ at point P. On &, lay off PA = PB; on £’ lay off PM =
PN. Draw AN, NB, BM, MA. What figure results? Must this always happen?-Try to give an argument «

to justify your answer.
- . Jﬂ ¢

What relation'ship appears to be true

- (A <about Laand £ b if £ and ' are paralle]
g,- /I;/ : R lines? It Ny -

Give an argument to justify your answer,
What relationship appears to be true about
Le and L fif Qand Lgare parallel lines?

- / o Giye an argument to justify your answer.

.

Have the pupils decide where all points —; " from set A would be in each of the following cases °

Case 1: A is a point
Case 2:. A'is aline

Case 3: A is acircle

A

-~

Have the pupils decide where to find all points equally distant from A and B when A and B are
placed as shown below. .
f

Case | Case 2 . Case 3 Case 4
-’ g
For some of these, it may be advantageous to first ask for a volunteer to findone point with the
required property, then ask if someone could find another, etc., gradually locating gl! th points as
stated-in the problem. According to the capability of the class, the above problems may ‘besolved
in the plane and in space. ‘ ' :

Some questjons for more mature pupils follow. \
a. Describe the set of all lines through P (point P is not in the same plane as C) which contain a \

point of ¢.

|



obj.

Ja

20.

b. Describe the set of all lines pdraflel to £ and‘cbntalnlng. point of c. J N
/
N AL : A2
/0<J 1\ > N\
‘} \ . ’
o Case 1 . Cas/ 2. .

¢. Describe the set of all l/’/es (in space) perpendicular ta® stP. %
4 ‘ Lo t l Q A\ . ‘r:

e >
P x‘ . ) \ . \
d. Describe the set of all lines (in spate) equally far from A and B:
) ‘ ’
- ° \ bl )

It is ir‘npo/ktant that pupils be introduced to the congept of area measurement of plane regions in a
meaningful way. The area formulas, which’describe computational shortcuts in spécial cases when

_there is regularity to the region (3 rows, each contamlng 4 units, for example, is a Yegular artay, so

that “3 X 4” computes the number of units ‘in the array), are taken up in the strand entitled
Measurement. In this strand the basic properties of measure, such as additivity,and the selection of
appropriate units are developed, . -

Using non-standard units of measure to approximate areas of irregularly shaped discs is a good way
of introducing’ these concepts. This givés an opportunity for the pupils to learn that the units of

“measurement in use today are entirely arbltrary and age a result.of man’s search for a reasonable

way of measuring.

The following is an activity using a non-standard unit of measure and an irregular shaped area.

~ Begin by giving each pupil or group of pupils a piece of paper on which the outline of an |
. irregularly shaped region has been made. They are to se\ek means of determining how murh of
the paper is enclosed by the closed curve (see example). The teacher should have a number of
possible units of measure ready to suggest, including a circular disc, triangular disc and a
, square disc, if the pupils do not suggest these. Discuss which would be best, reminding the
pupils that the unit must not leave gaps or overlap, and be able to cover the entire region.
They will probably decide that the square is the best. (The tiling-activity in the primary grade
geometry strand provides background here.) After they have s€letted the unit, give each pupil
a sheét of transparent material on which a grid has been drawn. Since an exact measure of the
shape cannot be made, there are several acceptable procedures. For example, countiall squares
that are entirely or partly inside the boupdary; all those that are completely inside the
boundary; or all those that are completely inside and those that are more than half inside the
boundary. This will help the pupils in understanding that measurement is approximate, not
exact. To ingrease precision, smaller units may be-used. As in linear measurement, the unit of
measure may be subdivided into’ smaller units, and these can be converted to the larger unit
and added to the amount. ) \

7’
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sheet given using grid overlay grid subdjvided

to students ' . : i .

Other irregularly shaped regions should be given the pupils for additional practice. After
several of these irregularly shaped regions are used, some regularly shaped ones, as rectangular
regions, might be in"order, but thg ideas of measurement should be emphasized.

As a follow-up, if the pupils have made models of solids (Activity 11), these can be taken apart and
this measure approximated with the grid. This makes the concept of surface area more meaningful.
Cardboard hoxes cut so as to make one flat surface could also be used. (lnlroduclf)ry queéstion  —
might be, “Which of these two boxes do you think has more.\cvardboard in it? How gould we hnd\

out?™ .
obj. - 21, Pythagorean Theorem: There are many ways to monvale puplls study of the Pythagorean
3c Theorem, but one of the simplest is to be found on many classroom floors. 1f a floor tile forming

the pattern § can be used, nine of the squares marked as follows would help to illustrate the
telation ship. :

“y
% DN

Y
The shaded regions can be seen to be three square discs, one having a side the same length as the
hypotenuse of the right triangle, and the other two having sides the Yage length of the legs of the
tight triangle. The large square disc is made up of eight tilés; each of the s\naller ones is made up of |
four tiles. Thus the Pythagorean relationship is shown for the case in which the rlghl triangle is
isosceles. Other methods may be used for the general right triangle. Help on this may be found in
books listed in thg annotaled references. - , M
" .ﬁ
T In application, ‘each of lhe following problems makes use of more lhan one geomelrlc relatlo“shlp
‘ ' More mature pupils may enjoy tackling them. ‘ . :
a. Find the height of the parallglbgram. ‘ -
5 C
VAT
b. O is the center of the circlé and CD LW '“&QD is- l mch from 0 and the circle has a radius of 6
A inches, calculate the length of CD. o .’ o
¢. If a side of the cube is 5 mches how far is'it from AtoB? .
: . 8 o
< A /
100
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obj.
3c

. d. Complete Q(AT{) X2 MB) =7

~ B

Hint— what ap%ara to be true abqul_A ACM and AMBD?

#. A spideris at Y and wishes to catch a fly at X; how should he travel to minimize the trip?

112

12 _ ' ‘

- . L v
—3Y . :
. !

X is mxdway on a wall and 1 inch from the cellmg, Y is midway on the opposite wall and 1 inch
from the floor. nglls may be surprised-that the figure below shows the shortest path. C

22.

S

> M
f. Find the shortest path from A to m to B ineach of these cases .
Ae A *B ' ! Ae » ) \
B A /
- S > :.m - '
Ca?f I Case 2
L

Activity 8 incl ses a problem involving measurement; that is, calculating the height of an object by
measuring its shpﬁaw Sometimes there is a need to determine the width rather than the height of ’
an object when}iit would not be handy to use a ruler; for example the length of a lake. The

following scque;t;e dérives a way to do this.
a. Consider a t ang]e similar to the one shown. From Acuvxly 8 we know thns triangle has sides

with Ienglhs whigh could be denoted by e and f and has the property that 4 = &
¢ property P

P
1 2
@ ; "
3 b
13‘,
,‘ 101 / -
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By a property of proportions the above proportion is equivalent to the proportion— == By
considering other triangles similar to PQR we see that — is a constant which names the ratio of the
pair of perpendicular sides in each of these triangles.

b. Next consider a right triangle, call it ABC, which is not similar to APQR of the,example above.
Such a triangle must have an angle different in size from Z R. If the lengths of its perpendicular
sides are denoted by x And y,l will be a constant dlfﬁ'rcnr_f'mm%_ All triangles similar to ABC will
have a pair of (perpendicular) Sides, the ratio of whose lengths is x . -
"

c. From the above discussion of the pairs of triangles consideéred, the pupils should see that all right
triangles can be sorted into classes according to the size of an acute angle. In one class, for example,
will be all right triangles with a 40 degree angle, in another all right triangles with a 42 degree angle,
etc. These can be further characterized by the numerical value of the ratio of the perpendicular
sides, These ratios have been computed and are available in tabular form called a table of tangent
ratios. Referring to the statements in the previous cxcrciscs,:a‘ #7550 it s agreed there is an

ordering; the ratiog, is called the tangent of Z R and the ratio ;{-is the tangent of £ Q.

d. Application — Using a surveying instrument measure 2 X; suppose it is 50 degrees. A table of
tangents provides the information that in a right triangle with a 50 degrec angle, the tangent ratio is
1.192, thus @(YZ) _ 1.192.

2(YX)

IfYX is measured, then the length of Y7, the length of the lake, can be calcuated.

X
-
Note: Pupils can make their own surveying “instrument and actually make the measurement as
indicated. To ma\ke such an instrument, siownt a protractor on a board with a pointer as shown.
S .

P

The board can then be nailed to the topyof a broomstick. A level on the board wilbhelp. To use the
instrument, the pupil sights an object anh;adjusts the pointer to that direction. Placing pins upright
on the end of the pointer and the point ‘zlbout which the pointer tirns makes for casier sighting.
The pupil should record the reading which the pointer has indicated. He then moves the pointer in
line with an object on the other end of the lake and records this reading of the protractor. The
difference in readings gives the size of £ X.
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' GEOMETRY

-

OBJECTIVES

The pupil should be able to do the following.
1. Select from a given set of geometric figures those which are alike
(a) topolcgically (rubber sheet geometry) -
(b) under uniform stretches and uniform shrinkage
(c) undér rétations, reflections and translations
2. Identify the relations between point sets’
(a) union, intersection, inclusion
(b') inside and outside
(c) parallel
(d) perpendicular
(e) similarity
(f) congruence
3. Apply measurements of point sefs by
(a) approximating measures of discs
(b) measuring angles
(c) using the ratios accompany ing similar figures and the Pythagorean Theorem to solve problems

4. Solve simple problems which require the basic ruler and compasses constructions
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MEASUREMENT

INTRODUCTION

Measurement is the process of relating a number to a property of anobject or a set. Measure is a number which tells how
many specified units have been determined. -~

Counting, the measure of how many, yields the only exact measure. In this strand, counting is used to find the number _nf
units of measure. Activities of this ?ype should precede those in which the pupils find measurements from regding scales of
measuring devices. In using a device, the unit of measure, which has the same property of the object (u}vz measured, is
compared to the object. The resulting measure is never the same as the true measure even with the most acctirate instrument.

The different kinds of measurement presented in this strand are not necessarily to be studied in the order given or separalte
from other strands, but rather at the same time. The development of measurement will depend upon the pupils’ development
in using'relations, numbers, operations and properties. ! { .

Many of the difficulties in measuring that pupils have had in the past may have been due to the fact that applications were
introduced «too soon. The committee recommends some different approaches than have gencrally been used. Some of the

_bupils in the upper grades may nced the activities recommended for the lower grades in which improvised units are used

before standard units. However, the activities must be adjusted to the level of maturity of the pupils.

Time  Most of the pupils will have facility in telling time by the end of the primary grades. The activities should
include measuring intervals of time and telling time in which a number of umits of measure are required.
EXAMPLES (1) Give their ages in days, months and years. (2) Finding time intervals when given two readings in
hours, minutes and seconds:. (3) Telling time by various clocks, as 12-hour clock, the 24-hour clock or the nautical
clock, and (4) Telling time in the various time zones, including the significance of the Intemational Date Line.

The pupil’s activities should also include finding information on the history of units for measuring time and the
development of calendars.

[
Weight  The weight of an object is the amount of force of gravity or the amount of pull of the eaith on the
object. Since this force is not visible, weight can be measured only by indirect means and is therefore difficult for
pupils to comprehend.

The concept of weight is often confused with that of mass, which is the measare of the amount of matter.
However, children are familiar with the idea of weightlessness of an astronaut, and do realize that his mass does not
decrease as he becomes weightless.

Activities should be provided in which pupils actually weigh materials by using a balance. These activities should
include finding weights using both the English and metric systems with special attention given to the computation
involved.

The study of the historical development of measuring weight should be included in the pupils” activities. This study .
is not only interesting but it points out the importance of the standardization of units of measure.

Capacire and Volune  These are combined as a topic since both are ways of measuring amount of space. Capacity
is usually considered as the amount of space inside a container for dry materials or liquids and volume is considered
as the amount of space taken up by a material or the amount of space inside a container measured in cubic units.

In the lower grades measurement of capacity and volune should be introduced prior to that of area and length,
since young children’s earliest experiences are with three -dimensional objects. The pupils should continue to have
experiences nn tinding volumes and areas by counting blocks and squares in onder to discover the formulas. They
will soon realize that their work will be facilitated by measuring appropriate fengths and multiplying the numbers.
The sequence of Tength, arca and volume will then be used as needed in the tormulas. As the pupils progress in the
upper grades, they should bé able to apply the formulas in appropriate situations.

|
\
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Area  The activitie - given in this.section are to lead children to use standard units of square measure with meanmg
ind to discover somerof the tormulas for measuring area indirectly.

Length  The study of measuring length of line segments should d&velop similar to that of measuring volume and
atga. The historical development of measuring length is interesting to students and is helpful in pointing out the
importance of the standardization of units of measure.

Measurement is a process or doing. It should be studied in this manner at all grade levels and should develop through a
number of stages, (1) making gross comparisons of objects or sets, (2) using units of measure devised by the pupils, (3) using
units of measure called standard units.

v

Some pupils at the upper level may need mlmduuory actJvmes in the first stage in order for them to reahze that measure-
ment is a comparison.

The second stage should develop from the first stage. Units of measure will be needed to relate comparisons. The first ones
should be mmprovised or h«q\;enmdc ones. The pupils should make their own tables of measure so as to convert from one unit
to another within the measurtwent of one property.

AY

The third stage should be introduced only after the pupils have had experiences in the earlier stages and have seen a need for
standard measuve.. Otherwise, their work will be manipulation of memorized symbols with no real comprehension of the
process of measuring.

The students should make measurements themselves using various measuring devices, The devices which are first used should
have few markings. As the study progresses and operations with fractions are developed, additional markings can be added or
different devices can bhe used Activities should be included in which the children must choose the appropriate unit of
measure -as well as the appropriate instrument for measuring. Consideration must be given to both the property being
measured and the size of unit applicable to what is being measured. Pupils at all levels sbou]d have opportunities to estimate
and make approximations.

The students should have experience in measuring and perforining computations in both the English and metric systems. The
emphasis should be placed on working within each system and not so much on the conversion from one system to another.
However, approximate relationships of the mogt often used units in the two systems should be discussed.

The measures of perimeters, circumferences, areas, volumes and capacities should be found by counting the units of measure.
This method should be continued with activities which are planned to lead the pupils to discover the formulas. Activities of a
more abstract nature can then be introduced using computation and conversion of units. Later, in the upper elementary
grades precision, relative error, significant digits and scientific notation should be used in the activities.

The types of activities for measurement given in this strand are not all inclusive. Pupils at this level should study other
measurements, also. Some of'these are as follows.
+ Speed, measured in miles per hour or feet per second

Light brightness measured in footcandles or magnitudes of stars .

Heat the intensity using Fahrenheit and Celsius scales (formerly called centigrade scale), and the amount of heat using the
units B.T.U_and-calorie

* Sound the intensity and pitch
Pressure of both air and water >

X4

* Flectnenty  pressure measured in volts, amount of energy measured in kilowatt-hours, and rate of flow measured in

amperes

* Hardness of tock or other substances measured by a scale of hardness of minerals
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Objectives ACTIVITIES

Keyed to
Activities
Capacity and Volume ’
. J -
“obj. I. a. Provide boxes and cubes which can completely fill the boxes. Sugar cubes and boxes about the
6,7, size of those in which sugar cubes are bought would be convenient sizes of materials. Also, provide
89 other shaped materials to put into the boxes such as marbles, small balls of cotton or crumpled

paper, small triangular solids and small rectangular solids. Provide enough boxes and materals to fill
them so that each group of three or four pupils will work with one set of materials.

Have each group’ of pupils guess the number of marbles which one of-their boxes will hold; have
them fill their box with marbles and then count the number of marbles used. Ask the pupils to
repeat the procedure usjng the balls of cotton, the triangular solids, the rectangular solids and
finally the cubes. Place the emphasis on finding how much space is inside the box; therefore, ask
them to completely fill the box. .

i
Ask the pupils which are the best materials to use to find the amount of space in the box. Of
course, the rectangular solids and cubes would be the best since they fit together and will fill more
of the space than the other materials; they are also better than the balls of cotton since the cotton
can be squeezed so that the number of balls of cotton needed to fill the box is not as easy to
determine as the number of blocks.

After ﬁttihg the rectangular solids or the cubes in the box, the pupils probably realized that to find
the number of blocks they could count the number of blocks along the length, the number of
blocks along the width, the number of layers of blocks and then find the product of these three
numbers. ,

Ask the pupils if they can find how many blocks the box can hold without filling the box
completely. They can place blocks along the length and the width, make a stack of blocks from the
bottom to the top, count the blocks in each of these three sets and multiply the numbers to find
the number of bfocks the box would hold.

b. After experiences such as the ones described in part a., point out that the standard units of
measuring volume are cubic centimeters, cubic inches, cubic feet, etc. Provide models of cubic
centimeters and cubic inches, or have pupils to make some of these models. Ask the pupils to use
the models and find the number of cubic centimeters and cubic inches in the boxes which were
used in part a. of this activity.

Ack if they can find the number of cubic centimeters or cubic inches of volume of a box without
placing any models in the box. They should probably realize that by measuring the length of the
box with a metric ruler they can find the number of cubic centimeters which could be placed along
the length of the box, that the same idea would hold true for finding the number of cubes
along the width and the fumber of layers which would fit in the box. And using a ruler marked in
inches they could find the number of cubic inch models which would fit along the edges of the
box. Therefore, by measuring with a ruler they could determine the three numbers to multiply to
find the number of cubic units of volume of the box.

It may seem that this activity would require quite a bit of class time, but it would be time well
spent. Pupils sometimes have gifficulty in sefecting the appropriate unit for measuring area or
volume. An activity such as this one in which the measuring of volume is a physical activity would
have more meaning for the pupils than activities in which volume is studied abstractly by using
formulas involving measures of lengths. .




c. Ask-the pupils to find the number of cubic inches which a box would cqntain that is 1 foot long,
1 foot wide and 1 foot high. They may use boxes and models of cubes, drawings, rulers, or
whatever materials they would thmkjnecessary Also, ask them to find th; number of cubic feet in
1 cubic yard and the number of cubic centlmeters in a cubic meter.

:m-—‘
obj. ' 2. Prowde each group of three or r four pupils wnh a small box which can be filled with sand and can
6 be used as a unit of cubic measure. Alsoprovide a box such as a chalkbux, a cylinderical container
PR such as a coffee can and enough sand to ﬁll these containers. . »

‘Ask the pupils how. to find how many cubic units the cylindrical can will flold. Lead the puplls to
» ‘realize that they can find the cubic measurgeby filling a container of one cubic measure with sand
. > and pouring it into the can and repeating this procedure until the contamer is completely filled.

. Have the pupils use the »sma]l box of one cubic unit and the sand provided, pour sand into the
chalkbox until it is filled -and tally the number of the cubic units used. Hav ‘them use the same
cubic unit of measure to find the cubic units in the chalkbox by using the pfocedure of activity 1.
They should find the same fumber of units. Then, ask them to use the cubic measuring device and
sand and find the capacity of the cylindrical container.
' obj. 3. a. Provide pupils with containers of various sizes and shapes which measure a cup, a pint, a quart or
7 a gallon. Ask the pupils to use these measuring devices to find the number of units any given
container holds. Their findirigs and the class discussion will enable them to see that their measure-,
ments have the same value even though they used different units. Have the children experiment and
make tables of capacity. Be sure to include both a table of liquid measure and a table of dry.
measure. Some groups could work with liquids while others work with dry materials.
b. For activities in making changes or con\ sions in measurements, use recipes. This acnvny
should lead to a discussion of the need for both liquid and dry measure.

obj. 4. Repeat activities similar to the preceding ones, using the metric system.
otfj. S. Have the pupils find the volume ‘of containers with shapes of prisms and pyramids by comparing
10 their capacity of sand, or water with that of rectangular solids having dimensions comparable to

those of the prisms or pyramids.

obj. 6. \a A comparison should be mada for the pupils to see that one cubic centimeter is the same volume

7,10 as one milliliter. This can be shown by displacement of water. Pour water into a graduated cylinder
until the level of the water (the center of the curve or meniscus at the top of the water) is evc.a with
a mhilliliter mark. Drop an object of one cubic centimeter into the water and ask how much the
water has risen in the cylinder.

b. Have the students find the volumes of cylinders and cones, following their study of area and
circumference of a circle. Ask the pupils to find the number of cubic centimeters needed to fill
space in a cylinder up to one centimeter and then one more centimeter and so on as done in 6a.
Then some student will probably relate each of these values to the area of the circle and see that
the product of this nu%wber and the number of layers, or height, will give the value of the volume of

a cylinder. \

c. Have the students to\use sand or water to compare the capacity of a cone and a cylmder which
have the same height and same base circumference. This activity will lead to the discovery of the

formula for the volume of a cone.

~obj. 8. After pupils have discovered the formulas, they should have experiences in estimating volumes.
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oby. . . 9. Have the pupils use squared paper or acetate shects and using the squares as units {ind the ageas of
12 ditferent sizes of rectangles, pu;}ﬁllclogrums, trapezoids, triangles, pentagons and other polygons as

well as circles and irregular 2-gdmensional shapes. The first figures used should have dimensions ¥

such that the areas of the figures will be easily determined. Ask them to find a quicker way than
counting to find the arcas of the rectangles’and parallelograms. This activity should lead them to
the tormula A = bh. Some prajtice in finding areas by this formula sh uld follow. See the strand
entitled Geometry for backgroignd information and similar activitics.

‘ C%
obj. 10 Ask the pupils touse this squared paper to find the areas of ragions of rectangles and parallelograms 4
13 which have the same length and height. Then ask ther what they believe would be a quick way'to
find arcas of other parallelograms. This leads them to the formula for all paralleJograms, A=bh.

* 1
= b=
= T ¢ 5
= . ’ Ly
—_— N —iw , »
- length length
\ | : &
Ask them to find the areas of a rectangle, parallelogram and triangie which have the same length or
base and height. This should lead them to the formula for the area of a triangle, A=%bh.
g g
[}
[}
P =
)2 ©
Po
'L-—-..
Then have them use the squared paper to find the arcas of a number of triangles which have the
same base and height,
*
oby. I'l. For the more advanced pupils, ask them to use the squared paper to find the area of trapezoids and
13 Yo see if they can discover a way of finding the area without counting the square units of the
’ squared paper. :
obj. I2. a. Have the pupils use the squared paper to find total surface areas of rectangular solids, cylinders
13- cones, pyramids and other 3-dimensional solids. If they have/studied perimeter and circumference
ask the pupils to find shorter methods to determine surface pfeas. “

. b. Use activities similar to those in 4a to derive total area df cones and pyramids. h
oby. 13. Have pupils compare arca measurements using different units of measure and to set up tables of
14 measure from these activities.
obj. 4. Have pupils compare area measurements of 2-dimensional tigures. An example would be to com-
4 pare the areas of a number of rectangles which havevthe same length, but in which one has twice the

width of the first, one has three times the width of the first, one has four times the width of the
first. ete. These comparisons should be. studied from the viewpoint of the strand entitled Relations
and Functions. -
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16.

Length ) .

As the pupils gain assurance in measuring lengths using standard units, ask‘them to estimate lengths
of various objects, recgrd- these estimations, and check the accuracy of the estimates of measuring,
These measurements 4hopld include short distances such’ as the length of their desks and dnger!
distances as the length of the classroom, hall or school yard These experiences should include both
English and mefric units. K '

Provide drawings of polygons and circles of various sizes and ask the puplls to measurg the peri-
meters of the polygons and circumferences of circles. Haye the puplls use both the metric and-
English systems of measure. Lead the pupils to discover the formulas for finding the perimeter of
squares, rectangles and other polygons ‘ :
. //

/{ave groups ofpupxls read and report on the history of various units of length in both the Englrsh
and métric systems. Encourage them to present their findings with denmnstmtmq’s cxamplc'/)t
dlfterent measurements or snmllar visual means.

N ’

o

Have pupils study references on the t(}pics precision, accuracy (relative error and absolute error),
significant digits and scientific notation. Ask the pupils to report their findings with discussions or
demonstrations such as stating the length of a desk in the room in inches and the distance from the_
earth to the moorn in miles-and explaining which measurement would be more precise, which would
be more accurate, and why . demonstrating the effect of contputations with measurements.in which
the use of signiticant digits is ignored compard§ with computations using the same measurenments in
which the rules of significant digits are used; using scientific notation to express distances in space
measured in miles; and using scientific notation in cofnputations as finding relative error. .

Have pupils study and report on units of length whk\h are related to light, such as angstrom, light
year ar\d parsec.

1Y



- ~ MEASUREMENT

,

>

OBJECTIVES | e

“The. pupils should be able to do the following.

-

1. Deternfine a time interval between two events T

ro

Determine inal time reading given the initial reading and the time interval ‘ ‘
Measure the wgights of various objects using metric units and English units .
Make reasonable estimates of weights of objects using metric units and English units,
Construct a table of values of measuring weight using both improvised and standar({units
Determine capacity or volume by counting improvised units, then standard units

“ Construct a table of values for measuring capacity using improvised units and using standard units
Make reasonable estimates of volume of rectangular‘solids and other three-dimensional shapes

Use experimentation to derive the formula for the volume of a rectangular solid

© 0 XN s W

Derive formulas for the volume of solids other than rectangular ones by experimentation and by application of the
formula discovered by the preceding objective.

11. Make reasonable estimates of the area of various regions

2. Derive the formula for the area of a rectangular region by expe.imentation )

13. Apply the formula dis.overed by the preceding objective to derive formulas for the area of other regions
14. Construct a table of values of measuring area using improvised units and using standard units

15. Measure lengths using metric and using-Er@lish units

16. Make reasonable estimates of length . . /

17. Construct a table of values of measuring length using .mprovised units and using standard units

18. Derive formulas for finding perimeters for simple closed curves (polygons and circles)

19. Apply measurement to other fields such asgcience and social science
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PROBABILITY AND STATISTICS

.

INTRODUCTION

Basic to statistics are the techniques of collecting, organizing, summarizing and analyzing data. Once the data are summarized

“and analyzed, the predictions that are made become the study of probability. Therefore, statistics and probability are studied
together.

: ]
Because statistics is used in areas of science and social science such as insurance, marketing, astronomy and gene'tics, it is

‘necessary to acquaint pupils early with the use of statistics. In addition, one of the etsiest ways to develop problem solving

techniques is through the collecting of statistical data that are real to the pupil. Probability and statistics are good vehicles by
which the teacher causes the pupil to make choices, inferences and valid judgments.

The pupil at the upper level, as well as the primary level, should have many experiences collecting, recording and exhibiting
data as these topics form the basis for the study of statistics. The pupil should then begin to have some experiences in
interpreting data through the study of'distributions, range, central tendency -and deviation, The activities that are given in this
strand are not meant to be exhaustive. Other activities may be based on such data as the top 20 records for the week, a survey
of TV programs watched by most pupils, a survey of theater attendance and the number of pupils participating on various
school activities.

Making predictions from the data collected necessitates the study of probability. Before formalizing the mathematical
definition of probability, the pupil should engage in many game-like experiments in which he studies the chances of relat
outcomes. In identifying outcomes and assigning probabilities, pupils learn the concept of sample space and some couhting
shortcuts. These counting techniques are particularly helpful with experiments involving a great number of events.

’ N ) ‘ v
A
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PROBABILITY AND STATISTICS

Objectives ACTIVITIES

Keyed to

Activities P

ohj. 19 Propose a problem to the pupil in which the desired result is the data consisting of the favorite

1.4.5, / sport of all the pupils in the room. Ask the pupils to indicate the various ways that this information

6.7 may be gathered. As an example, list the names of sp}rts on the board and ask each pupil to raise

/ ¢< his hand as his favorite sport is called, or ask each PY il to write his choice on a piece of paper and

L(‘L then write each chqjce on the board. This second method should be instigated by the teacher if the

pupils do not suggest it so that the value of tallying may be discussed.

Discuss the fact that sex distribution of the class will affect the results. For example, glrl% do not
usually play tootball. Also, lead pupils to see that their ages will aftect their choices.

Have the pupils make a frequency distribution table similar to the one shown to record this data.
To assure that the pupils understand the table, ask questions such as, “How many pupils liked
baseball best? How many liked'football best?™

|
1

[_'_.___7 1 -
l’avolkto Sport in Our Class ?
Sport ‘Wy Frequency
Football. W 7
Basketball [1]] ‘. 4
Baseball T 6
Kickball I 3
Volleyball I 2
Swimming AT 1 8
PN

Introduce the vertical tyr gmph (called hlstogrdm in statistics) as a means of representing data. Help
the pupils to see that a graph tells the story more vividly than other methods of picturing the
information. Have the pupil observe that the frequency is on the vertical scale and the categories
are. on the horizontal scale. Call attention to the fact that the barsghould be the same width and
shaded in the same manner to prevent distortion of the facts. i

i, ///////////////
/////, 7)) 7

NN
‘ Vi 72
72

Y
i
|

i . ////

football basketball baseball Kickball volleybuall SWInIINg

~<~OCOMDN
N LW LTS N - - B V- A -
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2. Present a set of scores from a spelling test. (Using scores from another elass wil! prevent embarass-
fng the pupils who made the lowest scores.) JAM exantple of a set of scores is given hege - for
i ° Lo

illustration. [

)

N1 65.81,85,70,62, 18, 100, 33, 100, 40, 100, 50, 95 .
60,85,95,70,80,70,76,70,75,72,74,73. 7 '

Discuss with the pupils the fact that sometimes it is more feasible to use intervals in the frequengy

table. The scores given in the example would require a frequency table that was too long. Suggest ",

the intervals to be used on the first graphs but lead them to make this judgment in later graphs.

“r.

i
—
Frequency Distribution Table -/éf
' (Using intewvalg) _ i
N Interval Tally Erequency
0-20 | ‘. !
21-40 I ‘ 2 .
21-60 I .
61-80 BT LHT 1 "
81-100 T 8
Discuss with the pupils that this information may also be pictured on histogram or frequency
polvgon. »
N -
v 12
B 10 2
Ao ///Ay
0 6 e g . /%( 7’
£ 4 : 7/ Z/ 7
VL 7 7
E Ny
N Y.
T 0/ A % ///
S
20 40 60 80 100
Fo convere this histogram 1o a frequency polygon plot the midpaoints of the mtervals and connect
the midpoints with 0 and 100 as shown above, The 1esult is called a frequency polvgon.
5!
>
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Still anather way to OIBANIZE sCores in terms of frequencies is to consider cumulative frequencies.
Have the pupil- ook at the original frequency chart and have hun observe and record how many

pupils nude less than 81, less t}mn;{)l less than 41, less than 21,

I xplam l} 1at this is the cumulative frequency distribution.

.

'

Cuamulative Frequency Distribution Table
Interfal Tally * Frequency Cumulative Frequency
0-70 | ! .. Lessthan 21 1
21.40 P 2 Less than 41
60 b 2 [ess than 61 S
S R0 LT LA N [ ess than 81 ‘ 17
SE100 AL 8 ’
- B ’
oby. 30 Have a pupil ask five people at recess it they have ever had prano lessons and bring the results back,
AR to <Jass. Biscuss whether this wounld be an adeguate sample, that is, whether this would be repre-
4.5 sentative of the whole school-Ask thequestion, 1 we ask cach one inpur class, would we have a
simple that s representative of the entire school™ Help them to see that it probably would not be
Gorepresentative sample since most children in the first, second and third grade do not take piano.
. They may observe that it would be representative of the upper grades.
(]
Stress that it the pupil who gathered the wformation had reported that three other pupils had had
guitar lessons, this information would be irrelevant information, ‘
— .
oby. \\ 4 Acquaint the pupils with the fact that a pictograph is another method of picturing statistics.
0 ,»') Ask the pupilt to prepare a pictograph using the following information. In the sixth grade there are
\

=y 60 pupils, i the seventh grade there are 80 pupils and 1 the eighth there are 100,

g PICTOGRAPH

Number of pupils in the
6th, 7th and 8th grades

) o AXRRRK
- come FXRERRAR
S e XXX RARR KRR

ot out Lo the pupils that an approprate scale should be chosen. This scale would be such that e -

H
[~

will not secessitate diawing too many figutes but lhul would permit them to diaw enough to be

.Nl\ wad. S

oby. N (7no activity for graphmg relationships mvolves using a board with a small cup suspcmlui'_hy a
spuig ot rubber band The puptd may place pennies or other objeats e the cup and measure lrow
Lag the cup moves down wath a givent number ot penes. Atter different numbers of pennies are
used, he should then be able to predict how tar the cup will drop with any given number ot

peunies.
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6. An activity which appeals 1o pupils- involves rolling a toy car down a ramp made of heavy card-

board. The ramp can be adjusted to various heights by using one book, I bovksand any reasonable
number of books which have the same thickness,. Then graph the Telationship between the height of
the rgmp (number of books)y and the distance the-car travels until it stops. '

A graph of the heights a ball bounces when dropped from various heights is a fairly simple activity
tor puptls. They could graph the relationship between the height of the drop and the height of the
bolince,

tntroduce the circle graph as an excellent one to use in Hustrating with a picture in statistics of
how each item compares with the total number, Preparing a circle graph involgs many skills;
theretore, it should not be used before a pupil has these skills. He could [yssibly interpref one or be
introduced to one betore he has the skills to prepare one. It he has all of the skills except those
requited tor tinding the number of degrees of each angle  he could partition the circle by folding if
anapproprate  example is chosen,

Stress that the first step making any. circle graph would be to find the total of the scores. 1f it &
to show g picture comparing each part with the total, the total must be found before anythifg
turther could be done. . : .

Using the above examiple the total number of pupils would be 240. Notice the total was not
lic'cc:ssur'y.in preparing the pictograph. )

The next step would be to tind what part of the total cach class represents. This part may be
represepted as a fraction or as a percent.

Number Part of
Grade of Pupils the whole :

: ' 60 1 U3 o
| oo L R
: 6th 60 34‘() = ‘4 or P
{

. 80t 4
| i Ko M0 3 T2

100 S S

Xtt 100 = =
| ‘ ARTOBE R 12
Ask the pupil to detenmme the total of the parts. State ths total as :‘: Point out to the pupil

that since the ol of the central angles is the number of degiees that should represent the i stal,
¢ach class would be found by multiplying each part by 360.

-

Number Part of Degrees
Grade of Pupils the whole to be used
S .
Gl X 360 = 90
oth ( 30 4 y
~ ' S0 o
th N0 CoX 3060 = 120
210 i
' 100) S 150
. , <360 -
sth 1o 0 0T 0

»

Have the pupit observe that the number of devrevs moall of the cdtegories combined 18 360,
| . ! !
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obj.

obj.

obj.
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<

L
Once the number of degrees is determined for each item, it will be necessary for the pupil to know
how to use a protractor in order to place the item on the circle.

'

)
R

P
OF

A

The 7th and 8th grade pup11 should be introduced to the reclangular bar graph or divided bar graph.
He w1ll see that it is very cTosely related to the circle graph. If a bar 10 units long is used to
represent the total, he would multiply each part by 10 rather than 360.

»

gth 7th gth

Have the pupils consider ‘the set of scores they gathered in the previous example. Ask them to
indicate what was the range of the sets of scores. Discuss with the pupils the difference that would
have occurred in the range if the entire school population had been measured. The range would
undoubtedly be much greater even though the measures of central tendency might have been about
the same. Stress that sometimes the range may be of more interest in a set of scores than are lhe
measures of central tendency.

As the pupils organize data in distributions, they will become aware that observed values tend to
cluster. Such obsérvation is essential for full understanding of the three recognized measures of
‘central tendency —mean, median and mode.

Have the pupils measure the height of each pers:)n in the room and record the heights correct to the
nearest inch. Then ask them to do the following. ‘
—
Compute the mean of the distribution.
Find the mode of the distribution. There may be more than one mode.

Find the median of the distribution.

Discuss with the pupils that the three measures may be nearly the same or they may be quite
different. Ask them which one seems to be the most representative of this set of scores. Point out
that an extreme score or several extreme scores will affect the meﬁn greatly. They will probably
observe that the mean is usually the most representative except when these extreme scores exist.

For pupils to practice finding the mean, median and mode, have them work in small groups and use
a set of 50 cards which are numbered 1-50. One pupil should deal 5 cards to each pupil. Each
person records a mean, median and mode of his card values. The dealer then deals each person 5
cards, and each player records his scores. After 10 hands each pupil totals cach of his three scores
and compares his three totals with those of the other players.

Have one of the pupils obtain the facts concerning the mean income of the state or local area. Such
information is probably available through the Georgia Chamber of Commerce or the Georgia

" Department of Industry and Trade. Discuss how the mean was computed and how extreme scores

would change this measure.

Have the pupils refer to the activity in which they computed the mean of their heights. Ask each
pupil how much his height deviated from the mean.

-
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List the set of heights in order and beside each indicate the magnitude of the deviation from the
mean. If a-height is below the mean, place a negative sign in front of the deviation and if a height is
above the mean place a positive sign in front of the deviation. This activity is not only an applica-
tion of the integers, but it also provides readiness for finding the standard deviation.

To introdyce pupils to the idea of likelihood, have them give examples of events that they are
certain will happen.

Example

The sun will set in the west. A coin will fall heads or tails if one rules out the possibility of its
landing on its edge. .

Have them give examples of events about which there is uncertainty of occurrence.

Example
It will rain tomorrow.

Have them give examples of events that are equally likely to occur.

l“;xample

Getting a 3 ora S in tossing a die are equally likely events.

Encourage the pupils to discuss the likelihood of two different events for which the chances of
occurrence are not equally likely.

Example

It is more likely that an adult will eat bacon than peanuts for breakfast.

-Point out to the pupil that in comparing the likelihood of these two events alternative events are

excluded from consideration,

Example

Even though an adult may eat something other than bacon or peanuts for breakfast that event
is excluded in this comparison.

Draw the following illustration of spinners on the chalkboard

-

and have the pupils discuss the difference in the likelihood of getting red on first spinner and
getting red on the second spinner. (Getting red on the first spinner is more likely than getting red
on second spinner.)

One of the best ways to help a pupil have a feeling for equally likely events is to have him
experiment with events that are nor equally likely. There are many activities dealing with events
that are not equally likely. Rolling a red cube and then a white cube, each with numerals | through
6 written on the sides, and recording the various sums not only gives a child a chance to practice his
addition combinations, but also gives the pupil a chance to observe that getting a sum of 11 is not
as likely as getting a sum of 7. He may be asked to list all the pairs of numbers and the sums he
obtains in 25 times of rolling the cubes. He may then be asked to examine these pairs to see how

-

117 124



O

ERIC

Aruitoxt provided by Eic:

many ways he can obtain a 7. The possibilities whete the first number is the red die and the second
number is the white die are 1,6;25; 3,4,43,5,2,6,1. He may not have thrown cach of these, but
he should have obtained enough of these to aid him in listing the possibilities. When he realizes that
he only has 2 ways of getting an 11 (5,6 and 6,5) he will see that the chance of getting 11 is not as
great as the chance of getting 7 and thus the two events are not equally likely. He may then be
asked more questions about the likelihood of various sums.

Other activitics showing other variables that affect the likelihood of an ev *nt might include playing
a game where the student tosses a thumbtack and records the number of times it lands with the
point up, down and on its side. He may toss a paper cup to see if it lands with the open end up, the
bottom end up or on its side. He may construct a simple pencil spinner by drawing a pentagon or a
hexagon with sides of equal length (about 3 inches) and using a hole punched in the middle. When a
pencil is inserted in the middle and the péncil is spun, the polygon will come to rest on one of the
sides of the polygon. If the sides have been numbered he can record how many times it lands on
each side.

If Tanstructed correctly, this should produce events that seem to have the same chance of occuring,
By making one side longer, he can design an instrument where one event is more likely to happen
than the others. ,

Loaded cubes or similar objects are fascinating to students. A six sided cube made out of cardboard
with the names. of. 6 different pupils may be used to play various games and this object may be
loaded by taping something to one of the sides (on the inside) before the cube is put together.

k)

A pencil may be loaded by scraping the sides of a hexagonal pencil and coloring the sides alter-
nating colors. If one edge is scraped a little wider, the pencil will land more times on this si‘e. In
loading any device to show events that do not have the same chance of occuf'i:ing‘ it is important
not to make it so extreme that it is too obvious. One activity involving the loaded pencil would be
to include a regular pencil and let the pupils determine which one is loaded after they have
experimented with 25 rolls of each pencil.

A number of games for children are available commercially which require computation and game
strategy. Some of these games may be used for students to find events that have an equal chance of
occurring and sorne instances where an event has a better chance of occurring than others.

Pupils have a high interest in random digits and the topic is a very good one for providing the pupil
with tallying experiences and counting experiences.

A spinner having 2 concentric circles with 2 digit numbers on each may be used as a source for
random numbers. The pupil would be asked to spin the spinner 25 times and record the 4 digits he
obtains each time: He should record the results of several spins or several pupils could record results
of spins so as to compare results.

A similar experiment would be to cut pages from a telephone book and give each pupil in the class
one page from the hook. Each pupil would list the last 4 digits from any 25 numbers on the page.

11y
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These numbers could then be placed on the board or on strips of transparency for an overhead
projector so that the various columns of 25 numbers each could be compared and the randomness .
of the numbers discussed.

A set of 50 cards that are numbered 1-50 can be used. Different pupils would be asked to shuffle
the cards and then record the numbers in the order in which the cards are stacked. Each pupil could
be given a pack of index cards so numbered and be asked to record the numbers after shuffling the
cards. They could be asked to compare their lists. These cards could no. only be used to discuss
random digits but could be used for many other number games.

Involve the pupils in an activity in Wthh the librarian for the class will be chosen by drawmg aslip
of paper out of a box. The name of each pupil in the class should be written on a piece of paper
and placed in the box.

Suppose there are 25 pupils in the class. Ask the pupils how many possibilities there would be for
picking the librarian by this method. Tell the pupils that the selection of one particular pupil is
called a possible outcome of the experiment. Since there are 25 different selegpions, there are 25
possible outcomes in this experiment.

Discuss the possibility of any one pupil being chosen librarian, pointing out that this is one possible
outcome out of 25 possible outcomes. Tell the pupils that this possibility could also be called the
probability of his being chosen librarian. This probability is usually expressed as —2—- Have him
observe that the denominator of the fraction is the total number of possible outcomes and the
numerator is the number of specific outcomes, sometimes called favorable outcomes.

Introduce the idea of certainty (probability of 1) by discussing the probability of selecting someone
other than himself for librarian. He will observe that P (someone else is selected) = g: and
therefore P (he or someone else in the class is selected) = —%—% of 1. Call attention to the notation

P (some event) = -[; where _[; represent” a rational number.

Pose the question, “What is the probability that-a pupil in another class, whose name is not in the
box, will be chosen librarian?” This should lead to the concept that P (pupil in another class is
selected) = 7— = 0. Stress that a probability measure of 0 means that the event cannot occur.

-All of the disoussion concemed with choosing a librarian should develop the idea that the pro-

bability of an impossible event is 0; a certain event has a probability of 1; and all other events have
a probability between 0 and 1. Prepare a box which contains three cub}s—— one red, one yellow, one
green. Have several pupils select two cubes from the box. Any threé objects of identical size and
shape could be used, making certain that the pupils canngft see the one he is drawing, Be sure the
pupil replaces the cube before making the second drawing. If his first drawing is a red cube and his -
second drawing is a yellow one, have him record the result like this— (R,Y). Other results shoutd be
recorded in a similar way. Ask pupils if there is a possibility that someone could draw a pair
different from the ones recorded. Ask the pupils to. record other possible results.

They al:e as follows.

(R,R) Y., (G.6)

RY) (YR  (GY)

(R,G) Y.G) (G,R) ,
Stress to the pupil that this set of outcomes constitutes all possible outcomes or events called the

sample space of the experiment. This method of recording the events in the sample space is called
listing. Have the pupil observe that since the total number of possible outcomes is 9, then

P (R,R)"=_number of favorable outcomes _ 1. Also, P (Y, Ry _ 1.

number of all possible outcomes~ 9

, O

Call attention to the fact that in this activity (R,Y) is not the same outcome as (Y,R). Point out to
the pupil that sometimes it is necessary to consider (R,Y) as different from (Y,R) and other times it

. is feasible that they be considered as the same outcome. For example, if Jane and Sue are picked
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for a committee, the committee (Jane, Sue) and the committee '(Sue Jane) are considered the
same. However, if Jane and Sue are to fill the places oiwfent and vice president; then' the pair
(Jane, Sue) is differert from the pair (Sue, Jane.) :

~
The term combinatiors describes the first situation where order is not important. The term per-
mutation applies to the second situation where order is necessary. These terms will be introduced
only to the more mature pupil, although the difference should be understood by all pupils.

Tell pupils that the tree dxfgram is a convenient way of determining the events in a sample space.
The following is a tree dlagram for this experiment.

First Second Sample
Drawing Drawing. Space <
N R - R.R
R : Y R.Y
G R.G
R Y.R ‘
Y . Y Y.y
G Y.G
R ~ G.R
G Y G.Y
G.G
3
N
/
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/ ‘ If the cubes had been drawn three times the tree would be as follows. .
¢ ‘ Sample

K First Séco’nd Third Space

R.R.Y

R.R.G

RY.Y
R.Y.G

Y
G
R i R.Y,R
Y
G

R . RG.R

S ' Y RGY
' RGG
Y.RR

Y.RY

YRG

Y.YR

Y.Y.Y
YY.G

YGR .
Y.GY s

Y.G.G
. G.RR
GRY
GRG
G.Y.R
GYY

GYG
GGR
GGY

< @ o |< |7 [0 < | [0 < o

GGG

-
L

" Lead the pupil to see that although the listing and tree diagram methods are convenient for finding
all possible outcomes, they become impractical for experiments that have a large sample space.

obj. . L2 Tell the pupil-that there are sdme special counting techniques that are shorter and more efficient

15,16 ' ways of determining the sample space of an experiment in which all outcomes are equally likely

" events. )

]

121 128




obj.

15,16

22.

One niethod that may be used when the sample space consists of ordered pairs (permutations) is
the multiplication method or multiplication principle. In the above problem there are three possi- .
bilities for the first draw and three possibilities for the second draw; therefore, the total number of

possibilities is nine. This becomes clear to the pupil if the following diagram is drawn. .
First $econd
draw ' draw
3 X 3 = 9

Another example to illustrate this principle would be— Suppose a presidenl'\vice president and
secretary aré to be chosen from Tom, Ed, Bill, Paul and John. The total number of possible
outcomes in the sample space will be sixty.

P;fe\s; Vice;PJres. _ Sec.

s | X 4 X 3 = 60

For more advanced pupils, the use of a permutation formula may be introduced. Many of the
modem junior high textbooks include a discussion of this topic. It is important to note that this
formula may only be used where the number of choices decreases by one as the sedections are
made. For example, in the example of the three cubes, the outcomes (R,R) or (Y,Y) or (G,GJ are
permissible. If a color is chosen on the first draw, it may be chosen again. However, in the example °
involving officers, once a person 'is selected for ‘president, he is not.eligible for the office of
vice-president, etc.

Introduce the pupil-to Pascal’s triangle as one method of finding the number of outcomes in a
sample space when combmatlons are deslred rather than permutations. "

Have a pupil write the events in the sample Space for tossing one coin. Have-three other pupils write
the events in the sample space for 2, 3 or 4 coins, respectively. Have them organize the sample
space into combinations. (Note that HHT, HTH, THH would all be'listed as 2H, 1T). Put\.he«result_s
on the board in a manner similar to the following.

1 1

IH, oT OH, IT
A
1 2 N
2H, OT ' IH, 1T . OH, 2T
\ e h
1 3 3 .
3H, 0T, 2H,1T IH, 2T OH, 3T
o ' 4 6 4 1
4H, OT : 3H, 1T . 2T, 2T 14, 3T OH, 4T

The pupil will observe that the total of each row is the number of outcomes (combinations) for
each experiment. The recording may be extended to include another row by adding the first two
members of the row above, then adding the second and third mémbers of the row above, etc. Once
he discovers this pattem, he can extend the triangle to find the number of outcomes with the .
tossing of any number of coins. He may then discover that the following pattern also exists.

122

129



Number of Coins Total number
of outcomes

1 21
2 22
3 23
4 24

1%

The pupil should be informed that the sample space where combinations are necessary may be

P ‘ found by using a formula. Many of the modem junior high textbooks include a discussion of this
topic.
obj. 23. Give each pupil a set of thirty-six index cards. Ask each one to write one letter of the é]ph'abet on
15 each of twenty-six cards (A-Z), and write one numeral on each of ten cards (0-9). Then ask each

pupil to list the possibilities for tags or code names with 1 letter and 1 number.

___]etztgr X __n9r;1(l))er 260 possibili‘ties

If this activity is used by .a pupil who has difficulty with large numbers, the teacher could limit the
possibilities for the letters and numbers. He might be asked to use only the vowels a, e,i, 0, u and
numbers 0-4. The $et of p'ossibilin'es would bé much easier to list than the first suggestion. More
advanced pupils can pursue this activity to include many ideas about the possible telephone num-
bers a city might have if they had one exchange, two exchanges or other numbers of exchanges.

Bays might be interested in determinin‘g the possible outcomes of a World Series. They might even
be able to determine the probability of a team winning after they have lost 3 games.

obj. 24. To illustrat.é how the size of a sémple affects the validity of predictions provide S paperbags
17 . containing marbles of 2 colors such as the f,ollowing.'
Bag A — 25 blue, 5 yellow
* Bag B — 20 blue, 10 yellow
"Bag C — 15 blue, 15 yellow
Bag D — 10 blue, 20 yellow
Bag E — S blue, 25 yellow
S e ’ : Label the bags on the underside or inside so that the pupils will not know whichis A, B, C, D, E.
) Ask each pupil to draw 20 marbles out of each bag and replace the marble drawn each time before
7 drawing again. Ask each pupil to tally the blue or yellow each time he draws from a bag and record
the number of blues and yellows he draws from each bag. Ask each pupil to guess which bag is A,

B, C, D and E by using his sample as)a basis. Extend the activity by having the pupils compile the
samplings and to make more valid prédictions. .
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PROBABILITY AND STATISTICS

. :
OBJECTIVES

The pupil should be ablg to do the following.

1.
2.
3.
4.
5.
r6/.wl?entify various methods that may be used to record raw data and be able to select the best way-to record that which he
7.
8.
9.
10.
11.
12.
13.

14.
15.
16.
17.

Identify different techniques.for collecting data

Sort out what is relevant and what is irrelevant data

Demonstrate the need to collect a large enough sample of data to be represgntati\;e
Distinguish between a biased and an unbiased sample of data

Give an example of how sampling affects the interpretation of the data

desires to interpret !

Interpret and construct graph:s

Determine the range in a set of numbers

Find the mean, median, mode of a'set of numbers

Determine the deviation from the mean .

Describe some events that are certain to happen and some that are certain not to happen

Describe some events which are equally likely to happen and other events which are not equally likely to happen

A§sign a probability of 1 to an event which is certain to occur, O to an event which cannot occur and a Rumber between
0 and 1 to any other event

Assign equal probab'ilities to equally likely outcomes -
Count all possible ways a set of objects can be arranged under specified conditions '
Tabulate or describe the set of all possible outcomes of an experiment

Make predictions based on data represented on a chart or graph

. ¥
14
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PROCESSES FOR
SPECIAL CONSIDERATION

Pro?)lem Solving |
Difficulties in: Computation
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o PROBLEM SOLVING

Since problem solving is an integral part of mathematics, it is. not possible to- teach mathematics well and not be simultane-
ously solving problems. For this reason, many of activities suggested in each of the strands in theiguide are pr blem-.'
oriented. The teacher, however has the major responsibility of selecting appropriate problems for his .nathematics class.

/ I

WHAT IS A PROBLEM?_

In the gurde a problem situation is recognized as one in which:habitual response are madequate Word problems may in n fact
be only verbal exercise for some pupils. On the other hand, epen sentences or exercises such as 5 + 8 = [ are problems for
-those who do not know the associated fact. To say that habitual responses are mdequate is'to say that recogmtlon and recill

are insufficient cogmtlve processes for the activity of problem solving. e : :

The verbal exercise Whrch begins, “John had 4 marbles and his father gave him 5 more . . ..,” is not a problem for the pup'il
‘who recognizes that a joining action is associated with addition and then recalls the sim of 4 and 5. In contrast, the pupil
who does not know the sum of 5 and 8 is faced with a problem. In that case, the teacher’s task is to ask the right questions,
“What do you think it is?”” “Do you want to guess?”" “Why do you say that?” “How could you find out for sure?” In
response to the last question, the pupil’s decision will depend on his prior experiences and the performance level at which he
is confident of success. He may choose S counters and 8 counters, recreate the joining of sets of 5 and 8 and count the
members in the superset. He may place a mark at 5 on the number line and count off 8 from there; or he may reason, usmg
wellknown facts, that 8 is the same as 5 + 3. Then 5 + 8 is the same as 5 + (5 + 3). Observmg what happens as he carries out
the experiment, he verifies and records his conclusions.

-

Consider another exam‘plé

Mary has "2 skirts and 3 blouse. If all of them go together how many different outﬁts can she
assemble" : ,

For pupils who have studied arrays as models for multiplication of whole numbers, this example is a drill exercise in
recognition and r¢ recall. For pupils who have studied only repeated addition as the model for multiplication, it is a problem

The selection of problems for mathematics classes becomies, then, a matter of selecting situations in which new relatronshrps
must be found among wellknown facts or in which the context is so newvet- that pupils must explore, observe, make
conjectures and test their conjectures.

A Clazsrooni Environment for Problem Solving .
leen a problem situation, the rale of the teacher is to provide an encouraging climate in which pupils feel free to make
guesses, checking out their guelses at whatever performance level they are successiul, talking about their observations and
making decisions which- are defensible in terms of the conditions and data given. Teachers can aid pupils in developing the
right sort of guessing by asking questions such as the following. “What do you think? Which of these two cans holds more
water?” “What do you think? Which is the greater number, % or —;7— 7 Following the recognition or recording of pupils’
conjéctures, the teacher should ask, “How can we find out?”” After pupils have carried out the experiment and observed what
happens, the teacher should ask perhaps.the most important question of all — “Why did we think the answer was one thing »
‘when in fact it was something else?” '

Collecting opinions from pupils at the outset may seem unusual in a mathematics class. However; it can give the teacher
valuable insight into their thinking as well as focus attention on the nature of the problem at hand. The selection of problems,
the questions asked by the teacher and reactions to pupils’ guesses are all very important in developing and improving
competencies in solving problems. Since some pupils are discouraged by being told that they are wrong, an important
contribution from the teacher is his expectation that they can solve problems. His confidence can encourage easily frustrated
pupils to try again and can be contagious. Persistence and confidence are characteristics of good problem solvers.

i,
;
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‘Other*Factors Related to Success in Problem Solving

«

r.

1

“* In addition to teaching guessing and eﬁcouraging flexible approaches to problem solving, the teacher needs also to provide for

his pupils’ acquisition of knowledge of fundamental concepts in mathematics, skills in computation and reading and othes
interpretive abilities.

PROBLEM
in physical world

COMPUTATION

using atgorithms ’ NUMBER SENTENCES
using symbots

’ kﬁo;q{led?e of fundamental concepts is acquirqd' lhrouéh a vafjely of planned expérfences. Consider the word problem,

Tﬁreé boys ;vere_playmg marbles and two other boys came to play with them. How many boys are
now playing marbles? ' .

When difficulties occur with exercises of this type, the difficulty is probably not one df reading nor one of computation, but "
one of not knowing the meaning of the operation called addition. Help for this difficulty involves the right kind of initial

presentations of the operations concepts. It is for this reason that a distinction has bee made in the guide between operatton

and computation. Teaching addition is different from teaching how to compute-the sudy; the former encompasses the when

and why one adds, whefeas the latter does not. If sufficient attention is given to the mearing and effects of operations, pupils

should have less difficulty in recognizing verbal descriptions of situations for which the different operations are appropriate.

On the other hand, if computation is given the major emphasis, it should not be surprising that pupils*fail to recognize a

situation which calls for a particular process. Teachers should see the strand on Operations, Their Properties and Nurnber

Theory. -

Teachers also need to be alert to possible difficulties associated with the no-action situations. The joining of two sets of boys
described in “Three boys were playing marbles and two other boys came to play. . .” is identified with the operation of
addition. In the verbal dgscription, the action of joining two sets is explicit, However, some pupils may have difficulty with
verbal problems of the following type. j . :

Susan and Jane live on adjacent blocks. Susan counted 7 brick houses on the block where she lives,
and Jane counted 5 brick houses on her block. How many brick houses are there in the two blocks?

The two sets of houses cannot be joined physically Nevertheless, the reader must think about the two sets as joined in some
superset and recognize that the situation described is an additive one.
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" Qorresponding to the other ope:ations are the same categories of action and no-action problems. Quite often, it is helpful for

. pupils to recreate problem situations with manipulative or pictorial aids. Some will need physical experiences with counters
or toys, while others will need only pictures or diagrams which they can draw. Problem difficulty has been assessed along the
aids/action diinension as follows.

Problem Situation

Aids " Action No Action / » : \

Physicgl  Easies:

" Pictorial

None . Hardest

N t

In light of the above discussion, the usefulness of cue words in verbal problems becomes highly questionable. The better
strategy seems to be one of developing the concepts of operations and the concurrent development of language — in both oral
and written descriptions — associated with the concepts. In the guide, it is suggested that pupils be given an equation such as
3+4=[] or3+0=7and be asked to make up a word story with which the equatlon could be associated. By encouraging a
diversity of responses, a teacher can aid pupils in learning many different settings and situations for which a particular
_operation is appropriate. At the same time, he is helping them develop the langque skills one needs for reading and talking
about mathematical ideas. =~ x

Consider the following word problems.

(1) John his 6 pennies in his pocket and 3 penmm in his lunchbox If he puts them together, how
many pennies does he have?

(2) John has 6 toy cowboys and 3 toy horses. lf he puts one cowboy on each horse, how many
cowboys will not have a horse to ride? )

(3) Before school started in September, Mary’s mother made her 6 new blouses and 3 new skirts. If
she could put the blouses and skirts together in any combination, low many new school outfits
would Mary have? . a

(4) Mary has 6 roses and 3 vases. How many roses could she put in each vase sgi that there are the
same number of roses in each'vase? o

In each case, the word “‘and” serves its logical role as a conjunction and does not indicate the action involving the given sets:

In each case, the word which suggests the action is “‘put(s).” In the first problem, two sets are put together to create a-

superset. In the second problem, two sets are put together for the purpose of comparing them. The putting together involves
the action of matching objects from one set with objects of another set in a one-to-one correspondence until all the objects in

one set are exhausted. In the third problem, the putting together involves the pairing of each object from oue set with each

object of the other set, that is, the creation of a third set in which the elements are outfits, or pairs (one skirt, one blouse). In

.the fourth problem, the putting together -of the two sets involves the action of establishing a many-{o-one correspondence of ‘

the given sets. In each case, the question is “How many .7 There are no single, clearcut word cues for correspond. ng
mathematical operations. o

Neither the ability to recall the number facts nor skills in reading as measured by standardized tests are sufficient cognitive
factors for solving these problems. One must also possess an ability to recognize that certain kinds of action (real or implied)
are associated with particular mathematicial operations. The successful problem solvers, in this case, are those who associate
addition with tne-action described in problem 1, subtraction with the action described in problem 2, multiplication with the
action described in problem 3 and division with the action described in problem 4.
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Teachers should provide a variety of experiences in which pupils can talk about their undetstanding of the operations..‘For
instance, pupils may be given the four verbal problems above (or some similar set) and either of the following sets of - «

corresponding expressions.. 2
(®) (1)  the sum of 6 and 3 -~ () (1) 6+3
(2) the difference of 6 and - 3 R 6-3
(3) the product of 6 and 3 3 6X3
(4). the quotient of 6 and 3 4 6+3 o N

They should be asked to discuss (and demonstrate, if necessary) wity the cortesponding expressions give the correct solutions.

Other techniques teachers ina)( use to help pupils improve their problem solving abilities through increased understanding of
the fundamental-operations aré these. ' '

- Use problems withqut numbers.

>

* Have pupils act out problem situations and solutiops.
> * Have pupils write only the corresponding mimber sentences for verbal probac.iis (but not the answers).
* Have pupils make diagrams or drawings to illustrate their solutions.

* Use problem with insufficient data or irrelevant data.

~

* Have pupils make up problems fot given pairs of numbers (eg., formulate four different problems in which the
numbers 24 and 8 are used, with each problem solution to involve a different operation on 24 and 8).

. Skill in computation is, of course, a necessary condition for getting correct answers, and teachers should have pupils test the
_reasonableness of their answer as a check on their computations. Such tests may also provide checks on the appropriateness -
-of processes selected. (For further discussion on skills in computadon, teachers should see the section en Difficulties in
Computation.) The tediousness of computation should not be allowed to obscure the principle inherent in a particular verbal
exercise. For instance, if pupils are studying the principle related to finding the arithmetic miean of a sample of n measure-
ments, the emphasis of classroom activities should be on the mathematical principle. In this case,.once the pupils have
identified the procedure to be used, it is helpful to-use an adding machine to take care of the tedious task of summing all the = .
measuremernts, o . S ’ .

v

[

"Reading and other interpretive skills should be developed as an integral part of the mathemiatics program, with special

‘attention’ given these skills in class work with verbal problems. In addition to the techniques previously suggested for

developing language and reading sKills, the following suggestions should also prove beneficial. \L
‘ -

Help pupils leam to use their textbooks. Take time to read with them certain narrative sections of ‘the book, including the -
preface, if there is one. Take time to note the table of contents and to teach the use of the index. If the publisher has a
glossary of mathematical symbols and word definitions, 'make it accessible to pupils. Encourage and help pupils find out who
the authors are and secure biographical information about them: Lo -

Have pupils read library books and reference materials related to mathematical ideas. For instance, in the upper grades, when «
studying measurement, have a committee of pupils research a topic such as “The History of Linear Measures” and report their

- findings to the class. Identify science-related materials and problems (which involve mathematical principles and skills) for
pupils to read and solve. Identify charts and graphs from the social studies program which require interpretive skills learned in =
mathematics. Help pppilk to know that mathematics is a lively, purposeful and dynamic force in their culture.

* Provide specific: instruction in quantitive vocabulary. The study should include the role of prefixes and suffixes with
word toots which occur in mathematics, as in the words polygon, polynomial, triangle, trinomial, equalities, equidistant. The
study of v ord endings should be included, as in the words polygonal, rectangular, radii. The study of prefixes, suffixes, roots
and endings which have special meanings will facilitate the learning and spelling of new terms. :

Have pupils formulate and write verbal problems; or have them jointly discuss how to explain a selected mathematical
principle and write the verbal explanation on the board- Class discussions of the written materials should lead to refinement
and classification of the language used. Encourage pupils to avoid redundancies and ambiguious descriptions. An occasional
mathematics period devoted to developing skills of conciseness and precision in language is welFspep‘t:‘

‘ 4
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Have pupils read selected word problems for the purpose of finding specified information. What is thggquesti n? Describe the
setting. Who is involved? What sets of physical things are involved? What is the order of events Mﬂ a period of
time? What is the relationship or action described? Errors or inabilities in comprehending what ead may be due to the
pupils’ failure to read for the express purpose of noting details. Explanatory or descriptive materials which deal with

mathematical ideas are marked by a conciseness which is not characteristic of reading materials in general. Know the reading
abilities of pupils and select or adapt materials to their ability levels.

Present problems orally. Provide for the poor reader by using a tape recorder to record word problems. There are many
opportunities for engaging all pupils in problem-solving activities through open discussion, through manipulation of physical
models and through the use of pictures and diagrams. No pupil need be denied learning experiences in problem solving.

In addition to selecting and adapting instructional matenals and procedures o the abilities of his pupils, the teacher himself
can serve as a model in the use of language. For instance, the simple written expressions, “‘the product of 8 and 9" or “the
sum of 8 and 9 are difficult for those pupils who have always read “8 X 9" as “8 times 9” or “8 + 9" as “8 plus 9.” Teachers
can easily provide experiences with such verbal language expressions through their own use of them .in writing at the board
and in reading symbolic expressions such as “8 X 9 = 72" as “The product of 8 and 9 is 72.” Instead of asking pupils to “‘find
the answer to...,” the teacher could ask them to “find the sum of...”” or “find the quotient of...”” Consider the following ways
of writing one simple fact in mathematics.

(1) 3+4=7 (6) The sum of 3 and 4is 7.

Q) 7=3+4 (7) Seven is the sum of 3 and 4.
3 3 (8) Four more than 3is 7.
ta (9) Seven is equal to 4 more than 3.
7

(10) Four added to 3 is 7.

4 lus 4 i .
(4)  Three plus 4 is equal to 7 (11)  Seven is 4 added to 3.

(5) Seven is the same as three plus four.

If children hear and use the verbal vanations in (6) through (11), they are more likely to be able to read such statements with
understanding.

The ability to read any verbal problem with understanding and insight and find the solution is a complex ability which
encompasses several cognitive factors and processes. There is no one step-by-step procedure which is best for every problem- -
solver. However, the following procedure is suggested as a guide for general classroom use.

Tell ashort story. That is, have the pupil read the verbal problem and revise the narrative so that it is in the forn of
short story. o
Select the mathematical operation associated with the problem structure. e
Write the number story or open number sentence corresponding to the story.

Solve the numerical problem.

Answer the question asked in the verbal problem.

Check to see if the solution is reasonable. \
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DIFFICULTIES IN COMPUTATION .

INTRODUCTION

In this section, the place of computation in the mathematics program is discussed. The commi.tee has examined specific
types of computations which students find difficult and has made some suggestions.

~

the strand Operations, Their Properties and Number Theory a distinction is made between operations and computation.
cdmputation is the processing of numerals. The process yields the name of that number which is assigned to a pair of
mbers by the operation. For example, the operation of addition assigns a single number called the sum to the pair of
riumbers 17 and 18. By the process of computation, one determines that the name of this sum should be 35 in the decimal
_ system of numeration.

, .
In order for children to obtain skills in computing, they must first have an understanding of the operations. As described in
the strand Operations, Their Properties and Number Theory, each operation should first be related to a physical sjtuation,
then illustrated through plcloﬁ*representatiom and number line activities and recorded with numerals and operational
symbols.

;
The abstraction of the operations should be pulled from the ph>sical world so that later in problem solving there will be no
trouble when one also moves from the abstraction back to the physical world. The operations need to be clearly understood

in order to organize and set up problems in symbols. The place of computation in solving problems may be seen in the
following graphical illustration.

4

PROBLEM
in physical world

COMPUTATION

using algorithms NUMBE R SENTENCES

using symetols
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In the lower grades, teachers typically make a practice of offering children experiences with physical models associated with
the operations and having them record the results using mathematical symbols. However, in order to_develop any of the
computational algorithins, the pupil needs to use physical models for the operations that emphasize burﬁiﬁg collections into
tens, hundreds, etc. For instance, the pupil sees that a collection of 9 objects joined to a collection of 6 objects yields a
collection of (6 + 9, objects. He should then actively experience the bundling of this collection according to the ten’s rule, or
‘decimal codjng scheme. The act of bundling ana then reccrding the sum as one-five (1 bundle and S singles) should precede
naming th ‘suin “fifteen.” Early experiences with small sums such as these are necessary for children to develop insight into
compum{Zn as the processing of deciinal numerals. It should be recognized that this bundling is the physical analogue of
those maneuvers called renaming which occur again and again in the computational algorithms.

With larger numbers, one or more of the addends may need to be represented with bundles. For example, in determining the’
~sum of 17 and 6, the 17 should be represented by 1 bundle of 10 and 7 singles. When the collection of 6 is joined to this, the

resulting collection cannot be assigned a decimal name until more bundling is done. In the example in the second paragraph
- of this section, the sum 17 and 18 should be represented by 1 bundle of 10 and 7 singles joined with 1 bundle of 10 and 8
singles. Again the decimal name of the sum cannot be assigned until all possible bundling has been completed. The sum
should then be recorded as 35. The pupils should work individually on many similar examples with physical objects before
making the transition to using pencil and paper exclusively.

Thggstage in which children move from the basic concepts of the operatior: to the final computational skills is called “why
(understanding).” And those skills which the children finally acquire to find the result with maximum speed are termed “how
(skills).” The following examples show these stages.

Why (Understanding) How (Skill)
/,

Problem 87 - 48 = [
Understanding the operation 87 =80+ 7 =70+ 17 87
subtraction, decimal. i 40 + =40 + 8 . —iS
notation and regrouping, ” 30+ 9 =39 39
and knowing the number facts
Problem 91 +-7=0 o
Understanding the meaning 91 counting . 13
of division and the operation -1 _ l 7)91
of substraction, and knowing 77
the number facts -1 2
270 .
14
-7 12
7
- 5 1
=7 3 §

Later 3
10
7)91 .
10
21
21
0
SO 91+-7 =13
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The above activities allow children to discover their own patterns for computation. Since there is no single algorithm for any
of the operations, the teacher should be willing to let children use any mathematically sound process they wish.

The development of computational skills continues to be one of the important goals of mathematics education. When pupils
lave difficulty in computation, the teacher. will find it beneficial to diagnose the difficultics. Although diagnosis is tine
consunting, results will be worth the expenditure of time. Early diagnosis will prevent pupil frustration, failure and con-
sequent lact of effort. If pupils do not understand the algorithms, additional problems of the same type will notgprove
beneticial. However, it they can see why they made mistakes and can learn the correct procedures, additional practice will
then be helpful. Mistakes may result from lack of understanding basic facts rather than from failure to understand algorithm.
Acyuiring skill in basic facts reguires practice, repetition and drill, but the teacher should use a wide variety of drill
techntques.

An all-inclusive treatment of computational difficulties is beyond the scope. of this guide. The examples given. however, will
serve as models for diagnosing diftficulties which the teacher will encounter in his own classroom.

Typical Computation Errors Suggestions

[. Subtraction ot whole numbers

A. Jim wants to buy a popsicle that costs 10g. The pupit does not realize that there are uses of sub-
He has 7¢ i his pocket. How much money traction other than take away. The example shown at
must he take from his piggy bank 1o be able the left is one example of how many more are need-

to buy the popsicle? ed.

Exemplity different models for subtraction. Some of

Incorrect Correct these @ +1) Take away.- Use a set of 9 objects.
Remove 3 objects. How many are left? (2) How many
17¢ 3¢ more - Use a set of three objects. Ask, “*How many

more are needed to make 977 (3) Comparison-- Com-

pare a set of Y objects with a set of 3 objects. Ask,

“How many more o u t largest set?” (4) Inverse

ot Addition-- Write s =9 or O+ 3=9. Ask,

“What number would riuhe this a true sentence?” See
. the strand entitled Operations, Their Properties and
y Number Theory.

Many errors in subtraction which pupils make
throughout the elementary grades could be avided
with the use of proper vocabulary. On beginning the
use of the symbol, "~ in subtraction, translate it
“minus,” not “take away.” For example, do not read
9 - 3 as “nine take away three.” but read it as “'nine
minus three.” Also do not oversimplity in explaining
by.saying, “You always take the smaller number from
the larger,” since this leads to errors in computation
fater as illustrated in the next example.

B. Incorrect ‘ Correct The pupil may understand the subtraction operation
v TN but not comprehend the subtraction algorithm.

R R Bis difficulty s due to a lack of understanding of

23 17 plyce value or ofiditferent ways of naming s number.

A pupil having such difticulty should hive experience

304 304 usfg place value devices with counters. These pro-

82 8. blems would require the use of counters bundled mto

R o tens and hundreds. From the use of manipulative

RR)
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\—\ materials the child should realize that in subtracting 8
T from 25, he may represent 25 a$ 10+ 10+ 5 or 10 +
15. The teacher should lead the pupil to see that the
logical choice here would be 10 + 15 for two reasons,
He needs 8 or more in the ones column, and since the
. second column contains only multiples of 10, he
must use one 10 from that column to combine with
- . the 4 ones. Pupils shoulu be encouraged to use
methods other than the standard algorithm if they are
better understood. Some alternate methods are as fol-
lows.

(1) Number line

Marking the 8 as an addend and 25 as the sum, anu.
finding the missing addend.

(2) Counting on or counting back (similar to the cont-
plement method)

. 25-8=15+(10- 8)
whichis 15+ 2
which is 17
025-8=17.
or ‘
25-8=5+20-8 .
which is 5 + 12 -‘
whichis 17
as25-8=17

(3) Algorithm of integers fwhere appropriate)
24 A

=

-4(by4-8=-4)

20 (by 2 tens- O tens = 2 tens or 20)

. 16(by - 4+20=16))
J :
(4) Other methods which pupils may devise. They -
should be encouraged to analyze their methods to
make sure that they are mathematically sound.
11, Division of Whole Numbers - *For background for the division algorithm each. pupil

should progress through the following in sequence.

- Some pupils may move through this sequence more

. rapidly than others depending upon their understand-

ing of tach stage. If a student is having difficulty with

‘ the final algorithm, he needs to have exposure to each
of these methods.

\ (
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Divfsioq Algorithms
(1) Subtracting the divisor singly. -

32+4
32
-4 1
28
-4 1
24
4 1
20
-4 -1 "
g 16
. ‘ -4 1 :
~— \ .12
V - -4 ] : 7
! . =
-4 1
3 -
-4 r kg
\ N
J _ This illustrates that there are 8 foursin 32 or 8 X4 =

32, therefore, 32 +4=8

3 (2) For larger numbers it would be impractical to
suotract the divisor singly. The process may be short-
ened by using multiples of the divisor. '

. | C

256 T 4
4) 256
-40 10
ir
< -80 20 a o
, T3 L. ¥
-80 20 .
T
-40 10
\ Te
-16 4
= =

This illustrates that there are 64 fours in 256 or 64 X
4 = 256; therefore, 256 ~ 4 = 64.

142 |
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Another method of writing the preceding problem is

4
10 _
20 64
20 .
10 .
4)7256 .
: 40

(3) Subtracting multiples of the divisor which are pro-
ducts of 4 and powers of 10,

4yTI96

-400 100
‘ 896
-400 100
496
-400 100
()6
~40 . 10
56
-40 10
16
-16 4
0 324

As shown in the preceding example, there is an
obvious advantage in subtracting multiples ot the divi-
sor which are large block multiples of tens, hundreds,
etc.

A further refinement of the preceding method would
be to choose the largest multiples of the divisor and
powers of ten. To do so will give meaning to the
traditional algorithm.

41296 f
~-1200 300 !

/
a6 £,
-80 20
16
16 4
3

0

[IRIY



A, Incorrect

86
7Y 622
S6
. ;. 42
e

B, Incorrect

1627 =6

ERIC -
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Correct

88
7Y632
56
62
56
6

Correct

46 =7
does not
name a

whole number.,

Instead,
46 =
(7X6)+4

(4) The traditional algorithm

Th HT U
324
4)Y1 296
P2
9
8
I 6
I 6
0

The letters representing thousands, hundreds, tens

- and ones placed above the quotient should hetp the
* pupil to realize that the 3 in the quotient means that

there are 300 fours in 1296, the 2 means 20 fours in
96, ctc. These letters should help him to realize hiat
as he writes the 8 under the T that he is using a pld(.C
value location allowing him to omit the 0,

Some pupils may prefer to write the zeros, The teach-
er should allow them to write the zeros if they find it
helpful,

As an operation, division should be presented as the
inverse of multiplication. See the strand entitled
Operations, Properties and Number Theory. The
algorithm generally used in processing division is
called the long division algorithm. In example A., the
error is actually one of computing differences: More
work with processing subtraction problem should cor-
rect this kind of difficulty.

Other difficulties may be related to not knowing sub-
traction or multiplication facts or to errors in pro-
cessing multiplication and can be remedied by re-
teaching and practice in related skills. However, the
crrors in examples B. through E. represent misunder-
standings of a deeper nature, that is, misunderstand-
ings of the questions about numbers which fhe pro-
cess is designed to answer. To gnswer the question,
“Does 7 divide 46, one asks the refated question, *“Is
there a number which multiplies by 7 such that their
product is46?7” Recull of the 7.facts or examinations

of the multiplication chart reveals that there is ho-

such number, and one concludes that 7 does no¢

divide 46. That is, the mathematical expression 46 L

A

7 does not name & whole number. Howewer, in dppll
cation to’the real world one is often coéerned not so
much with the question, “Does one number divide
another? " but with two questions - (1) How many
subsets of a specified number of objects can be
removed from a given set? and (2) How many objects



remain? For e)Lample, (1) How many subsets of 7
objects each can be removed from a set of 46 objects
and (2) How many objects are left over? The process
employed in finding these answers is long division. In
the procégg of answering the questions one must
remember: to find the- greatest number of subsets
: which can be removed from the given set.

C. Incorrect Coirect Ip-example C., 218 subsets of size 4 cannot be re-
ghoved from a set of 152 objects. In example D..itis
wS 218 38 rue that 2 subsets of size 42 can be removed from a
4)152 4 152 ‘set of 849 objects, but 2 is not the greatest number of
8 12 such subsets. Also, in example E., 23 is not the great-
T 32 ~est number of subsets of size 9 that can be removed
. 4, 2 from aset of 1827. In each of these three cases, if the
32 0 : pupil had used estimation or intelligent guessing in
32 ! predicting an approximate number of subscts to be
e 0 removed, he would have realized that the answer to
the. first question is not correct.
D. Incorrect Correct
2 . 20
42849 42 )849
84 84
‘—(.) _6 . o ™~
E. Incorrect Correct N
23 , 203
. oyis27 9 )1827 !
S S 18 ,
27/ 27 A S
- 27 27
— o 0
Note that the long division process can be used to
3, - determine whether or not one number divides an-
other. For example, the expression, 5632+ 176,
names a whole number if and only if there is a single
. whole number which multiplies by 176 such that
- their product is 5632, One can instead ask, (1) How
. many times can 176 be subtracted from 56327 and
(2) How many remain? If the answer to question (2)
) is zero, then we can say that 5632+ 176= 32. The
/\ ] related number sentence is 5632 =176 X 32.
g _ _ In summary, there are five types of difficulties asso-
T . ciated with using the long division algorithm.
oo ;. (1) Skill in-estimation— The development of this skill

| should begin prior to the introduction of the division
algorithm. Estimation skills can be developed in the
“context of questions such as, “About how many
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II1. Addition of Fractiops

Incorrect
co2 4
Al 3T 3
¥

S _ 2

B. 2 3 = 1 ;
123
C. —2—+-§—5—

f.
£

v, Subtraction}f Fractio'ns

A. Incorrect

0f =
0]

6

x| oo‘

£
oo &

ERIC
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Correct
8
1

)
}
t

tv
W
{
(9%}

'vaIJ

-+
b
il
)~

tof —

Correct

times can a particular whole number be subtracted
from a second whole number?” or “What is a multi-
ple of the number called the ‘divisor’ which is close to
but less than the number called the ‘dividend? Close
to but greater than the number called the ‘Dividend?”’.
Do you think the answer to the first question is some-
where in between?”

(2) There are rwo answers in the long division pro-
cess. That is, the pro‘cesst designed to find answers
to two questions. -

(3) Division is impossible for many pairs of numbers.
For instance, the expressions 622 + 7, 46 <+ 7, 849 +
42 do not name single whole numbers. In using the
long division process, children should realize that if
the procesf yields a non-zero remainder, one con-
cludes that the dividend is.not a multiple of the divi-
sor. However, 152 + 4 and 1827 + 9 do name single
whole numbers since the jong di\ﬁs{on process yields
zero remainders. i

(4) The long division process is not a singular one. It
is a combination of processes involving estimation,
multiplication, subtraction and addition.

(5) Children, accustomed to memorizing multipli-
cation and addition facts, find it more difficult to
think in terms of division and what the operation of
division rheans. See the strand on Operations, Their
Properties and Number Theory.

The causes of errors in addition of fractions may be
due to errors in writing sets of equivalent fractions
such as examples A. and B. Suggestions for teaching
equivalent fractions may be.found in the strands,
Sets, Numbers and Numeration and Relations and
Functions,

Suggestions for teaching addition of fractions may be
found in Operations, Their Properties and Number
Theory.

This error is a carry over from the subtraction of
whole numbers. In such coinputation the pupil would
write | beside the numeral in the ones place to repre-
sent the 1 ten which he had borrowed. Writing it in
this manner was all right in computing with whole
numbers since he was computing in base ten. How-
ever, in adding fractians this pupil did not understand
that adding 1 to ~éf in this problem actually results
in adding % to %.

.
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Incorrect Correct

4
7 7 =6 4
1 ||
R R
A l_ 1 ,3_
4 4
Incorrect Correct
2 2 6
= 3 2 = =
3 5 TS 315
1 I 5
I3 3 = I
1 i
23 273
V. Multiplication of Fractions !
Incorrect Correct
V) 1x3 .6
3X7°39 157D
\
Or 5
Incorrect Correct
(1
32 X252 =6+ 3% x22-
75 “3 15 s T3
2
3 +‘§) X (2 +
4 6
6 + 5 + 8
6 + % + 2+
12
6 + s + 2+
1
() —_
15 -

Stress the important fact that 1 has many equivalents,
and that the pupil should choose whatever form of 1
is needed to give a common denominator i3n the par-

ticular problem. For example, 1 = % =5 = % =
—% ... Notice in examples A. and B. the equivalent re-
present % to .:_,

The pupil making error B.Aoesnot realize that the
number “seven™ should be represented by symbols
other than 7. .

It is obvious that the pupil making error C. does not
realize that he must have a common denominator
when subtracting fractions.See the strand on Opera-
tions, Their Properties and Number Theory for a dis-
cussion on subtraction of fractions.

)

This error is usually made after the student has learn-

ed to check for equivalent fractions or after he has

studied proportion; in each case he is cross multiply-
ing. Bring to his attention that in working with equi-

valent fractions the symbol =" is uscd, whereas, if

fractiqps are to be multiplied the * X ™ is used in

such problems as A.

The student may realize that 3 % means 3 + —;- but
he does not recognize the significance of this principle
in this particular exercise. The student may use two
different methods to solve this problem.

In (1) the sum of the partial products are given. It
might be helpful for the student to compare this
method to the partial products as used in multiplying
whole numbers such as 23 X 45 where the sum of the
partial products would be (5 X 3) + (5 X20) + (40 X
20) or 15 + 60 + 120 + 800 or 995.



In (2) each mixed numeral is written and uséd as one
. [
fraction. :

2 32 K 2 To record the numbers used in this method he should
J 3 realize that 3% means 3 + % Therefore, Lsi +
% = 151 - The teacher should insist that the pupil
X 8. use this procedure befere using th)e short cut K-i is
3 5X3+20r 17 °
s 5

If he uses the short cut with no understanding. he will ¢
in later grades make shch mistakes as
32 is2X3+5 o 11,

15 5
V1. Division of Fraction

- Incorrect Correct Scc"llle Operations.  Their Properties and Number
Theory strand for a thorough discussion ot the
operation of division of rational numbers. The two
major methods or algorithms for dividing with frac-
tions are illustrated. The .common denominator al-
gorithm used in the first correct example can be justi-
12 12 fied by reading % + ,% as "9 twelfths divida{ by

'.».Jl tJ
w|to
t

3
4

'wl&
x
wlto
"
o

|

8 twelfths.” j.e. using the fractional parts, twelfths. as
Y =~ 8 = denominations.

<loc

| The reciprocal algorithm is used in the second correct
8 example. By multiplying the.dividend and the divisor
each with the reciprocal of the divisor. the quotient
remains unchanged and the divisor becomes |. Of the
two methods, the reciprocal method is more widely
used; however, few. pupils understand why it works
and often invert the wrong fraction. The comman
(_43_ X %) - (-z-_ X _z,) = depominator method may not be as well known. but
< s - it ts more readily understood by children. The com-

v mon . denominator method may be illustrated by

8 using strips as shown. (a) Find thé number of eighths

1 : in sig-eighthsor -5 . L=[]

T
81818/ 8[8({8[8|8
e ————

6

¢ . ' ! ) 8

The pupil can easily see there are 6 eighths in six-
eighths.
(bY T’ind] the pumber of one-fourths in six-cighths or
6 a .
"t 4 = 0.

» B 6 1 6 . 2

The problem written as 8 & 3 = % + ¥ is more
readily understood if a drawing is used.

7 Y, 22N
7 \4“/\\

The pupil can see that there are 3 twosdighths or 3
one-fourths in' 6 eighths. '

LN
-
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Division of Decimals

\

Incorrect Correct

5395 = 83 6.5

83.)53.95

' .65

8.3 )5395
498

41 S

41 5

Subtraction of Integers

Incorrect Correct
g - T3 =5 - 73 =
8- 3="11 tg - T3 =

- the O,

o

Before \beginning computation with decimals, it will
be helpM to explain thoroughly that decimal frac+*
tions are an extension of base ten place value. The
difficulty arises in the present example because the
pupil does not understand the extension of place
value. Division of decimals-c n be presented as the -
inverse of multiplication. In the example shown, 8.3
is a factor and 53.95 is a product Ask the question,

“Tenths X [J= hundredths or X a = x’oT) ™
L

The pupil’should see that 1/10 is a replacement for
and that the missing factor would be one

‘tenth. One way of showing this method is as follows.
65 tenths or 6.5

83 tenths ) 5395 hundredths

A second method is to record the problem using com-
mon fractions so that the divisor and divident have
common denominators.

5395 . 83

53.95 = 83 =02 + O
_ 5395 . 830

100 ~ 100

A third method is to record the problem as one com-
mon fraction and multiply the numerator and denom-
inator by a power of ten in order to make the denom
inator (divisor) a natural number.

5395 _ 5395 10 _ 5395
8.3 8.3 10 83

The third method is the one usually used with careys
placed to show the placing of the decimals If this
method is used, care muss.be. taket -in_recording to

. align the decimal of the quotent with the caret in the

dividend.
-

=

t Errors in subtraction of integers are from two causes.
(1) The pupil does not understand the operation with
integers, or (2) he makes mistakes using combjnations
of whole numbers.

To alleviate errors due to the first cause consider sub-
traction of integers.as the inverse of addition. In this
problem, *8- "3 may be stated as, “What’ number "
added to negatnre three will give a sum of elght"" .
(Note that  “3.is read “negative three” not “mir
three.”” . “Minus” is teserved for. the subtra

. symbol.

L



. b -
This problem of subtraction ‘'of integers. ~3+ [J =*8
can be illustrated with a-number line,

%i%muu‘r{wwﬁ
=3-271 0123456780910

\ \ . The points §orresponding to the known addend and
; s the sum are marked on the number line. The pupil
should then count the number of units from the

addend to the sum to find the missing addend. If he

counts toward the right, the missing addend is a posi-

N tive number; and if he counts to the left, the missing

‘ ‘ ™ addend is negative. The pupil shoutd have experiences

’% ~using-the number line to solve dIHL‘lL‘HI tvpes of sub-

traction problems with in tegers.?

The pupil should be encouraged to observe many ex-
amples in order to discover the pattern.that subtract-
ing an integer gives the same result as adding ifs oppo-
site. The teacher should provide many examples with
correct answers, - -

They must be selected carefully in order to have the
patterns necessary to guide discovery. One set of ex-
amples to use is as follows.

A
¢

-

| | Y
ZpumE
+
BN
+
!
=2}

"

o . *8 - 75

)

8 o+ 5 =

8 - 75 =

8 o+ Y5 =

—.y

AN

N . .

IX. Multiplication of Integers Errors in multiplication of mlcgcxgs are from wo
~causes. (1) The pupil does not know or understand
the definition of the operation, or (2) he makes nlis-
. - - + » u R » >
RX S - 40 s X s oty takes in multiplyving the related whole numbers.

[ncovrect Conect

O
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The definition of multiplication for integerSNsygore
difficult for pupils to understand because it is
difficult to relate the operations to objects or phy-
sical situations. Of course, a negative number times a
negative number is most difficult. There are many

. methods of justifying the answer for this problem.
The pupils should be exposed to several so that he
may choose the one he believes. The physical situa-
tions may seem artificial to some students, but there
are several that can be used. See those used in the
strand on Operations, Their Properties and Number
Theory:

A more mature student will enjoy a simple proof
using several important properties for integers such as
a X0=0 aX1=a, aX “a For example. if a
student has a problem "6 X "9 = {J he may be able
to understand a proof of multiplication of ‘two
specified integers as the one below although he may

not he able to produce it.

Statement
Y9+79=0

“6(*9 + 9) =0

- Reason

Inverse element for
addition of integers

axX0=0

"5 X*'9 +76 X 9 =0 distributive property

e
. 754+ 76 X"9=0  multiplication facts
~54 + + 54 = 0 . additive igwrse
Therefore
6 X"9="1sq The ad&itivc inverse
of a:number must
be unique.

An advanced student may want to do the proof for
the general case “a X “b =*ab.
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UPDATING CURRICULUM

Continuing Program Improvement
Evaluating Pupil Progress
Utilization of Media



E

The mathematics program should

O

.Writing Local duides

CONTINUING PROGRAM IMPROVEMENT

Long range curriculurn planning is necessary for the development of a good mathematics program. A curriculum committee
should be in continuous operation to ecvaluate, to improve or to revise the program. The”committee should schedule
evaluations of the program for specified times; this schedule should be correlated with the schedule of evaluation of the
pupils’ progress.

The plan of the local program should be in writing and should be available to all of the elementary teachers. This guide is not
a gourse of study for the local schools since it is not all inclusive, It should serve as a guideline in planning the mathematics
program of the local elementary schools. The objectives in lhe local guide should be an expansxon of those in the state guide,
[deally, the objectives at the local level should be written in speuﬁc measurable, behavioral terms. The objectives should be

determuned betore the texthooks and other materials are selected since the textbook is not the course of study but is one of
the tools to aid instruction,

. be consistent with the total program of the local system so that there will be correlation with other curriculum areas;
- fulfill the objectives as presented in the local mathematics guide; '
. be an expansion of the state mathematics guide;
- have consistent, accurate and precise vocabulary;
« include plans for best use of textbooks and other materials; . ‘ i
- include plans tor best use ()fuudio-visual‘aids and ETV;

. provide for continuous improvement;

. reflect research findings of recognized authorities in mathematics education.

,

The local guides do not need to follow one pattern. They should be in accordance with local needs and should be in a form

for best. otilization. Some guides may be-an enlargement on or extension of special units specifically selected by the local
staff. '

r B t

In order to achieve the goals of the mathematics curriculum it is essential to have well planned, regularly scheduled inservice

‘programs. In. these. meetin WMe staff of the locaI schools should utilize the state guide. The inservice program could center’

h S
around one or more of the fotlowmg . .
stating specific objectives, each one written in terms of the desired behavior, the situation involving such behavior
and the criteria for success;,

- writing additional activities in cach of the strands or in specific strands; ‘
.~ having indepth studies in one or more strands so as to dcvelop them further;

'« developing @ mathematics laboratory and writing plans for its use considering effective staff utilization, organization
of materials and facilitation of their use and instructions to students through such devices as activity cards;

« collecting and organizing various materials to use in teaching the strands:
- ‘developing tocal guides to fit the local needs, such as to develop specific skills needed by local industries;

. developing charts for recording the evaluation of pupil progress.
Achievement o"‘!oals

Pupil achievement should be in terms of growth, change and progress in the attainment of locally established vbjectives.
Ability to use many processes in appropriate situations is an important facet of achievement. The mathematics curriculum
should provide continuous o} pportunity for the pupil to progress in a program at his level of ability. The teacher has a sense of
achievement if he has provided an opportunity for success in the program for his pupils. .

3
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The program should be flexible enough to encourage innovative practices such as trying out new materials and new methods.
Ideas for these may be obtained through participating in professional meetings, reading and studying professional journals and
other publications and working with consultants and other resource people.

The excellence of a program is perhaps best represented by the manner in which a suitable balance is achieved between
challenge to the student on one hand and opportunity for success on the other.

Selection of Textbooks

.

Since there is multiple adoption of textbooks for the state public schools, the local systems need to establish criteria for
selecting those which will be locally adopted. It is suggested that a local committee be composed of representatives from each
school and from the different grade levels. This committee should begin its work one year prior to the selection of textbooks
at the local level. It should study local needs considering both the experiences of the pupils and the background of the
teachers.

WHen the committee has narrowed its selections to a few books, pilot programs should be instituted in representative cases
where financially feasible and comparisons made of the results found before the committee makes the final selection. This

practice would alleviate the dangers of having individual teachers making the choice of textbooks and of having no sequence -

throughout the school program.

The textbook committee should accept as its responsibility the selection of diversified textbooks for different levels to suit
individual needs. Also, textbooks for supplemental uses could be chosen as well as those for experimental purposes.

If textbook money is limited, the committee should investigate sources of revenue for implententing the needs, such as the
various federal funds. If sufficient funds are not available to purchase basic textbooks for all levels, a careful study should be
made to determine the best usage of funds.

In selecting textbooks, the local committee should consider specific criteria. Among publications in which such listings may
be found is the Criteria for Selecting Textbooks of the National Council of Teachers of Mathematics. Criteria such as the
following should be taken into account. *

+ Throughout the series does the content include sufficient material to develop the concepts as stated in the objectives
of the strands in the state mathematics guide? ‘

- Is the spiral approach to learning emphasized in the content? Are topics explored in more depth at each level?

- Is the method of presentation conducive to logical'lhinking through pupil involvemént and discovery of patterns
and principles of mathematics? : :

. Does the presentation of material allow a child to move ahead at his own rate and interestlevel?

« Is the material appropriate for the child’s vocabulary and reading level? ' :
. Is the arrangement of material adaptable fo all levels of ability?

Is the review of previous level material distributed throughout the content areas rather than concentrated in the
heginning of the book?

+ Is the dnll work designed to reinforce the basic concepts?

« In the series, is there multiple authorship which includes a mathematician and a teacher experienced at this level?

- Are there sufficient diagnostic and evaluative materials, including those for self-evaluation? (Such materials could be
included in text, workbook or manual.)

+ Do the teacher aids include a rationale, the pupil’s material, suggestions for individualizing instruction, additional
resources and evaluation procedures, and are these aids convenient to insuré effective use?

- Are the textbooks durable, attractive, of convenient size, of good quality material, of suitable type and functionally
arranged? '

147 154 '
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EVALUATING PUPIL PROGRESS

Ev3luation is diagnostic, prescriptive and individualized, and should facilitate self-evaluation. The evaluation is developed by
many methods and from many sourfes. Evaluation may be made in the context of projg€ts, problem- solving situations, daily
class participation, paper and pencil tests and standardized tests given for diagnostic purposes. For advice on selection of tests-
for specific purposes consult with the Guidance and Testing Unit of the Georgla Department of Educ."'lon

Projects should: challenge the pupil wnhout frustrating him, provide opportunity for applying malhemallcal concepts already
learned, be appropriate to the interest’and ability level of the individual and be-shared after completion. Problems should
arise natarally from classroom situations. A teacher may contrive problems to relate concepts learned to real situations and to
challenge the pupil to reason and think beyond the level at which he has compumtional competency . Class participation:
should involve every child, build confidence in the individual. create an almosphere conducive to bunldwg positive self-
image and should not be dominated by any one individual.

. .
Daily performance of pupils including questions pupils ask and their response to teacher queations are excellent ways to
evatuate the undersmndmg of the pupils. Activities which allow pupils to demonstrate understanding ()fspeuflf’ objectives are
good instruments lhmugh which to measure understanding.

Fests should be given to determine pupil achievement of specific objectives, and can be varied by requiring desmpnom of
ways to solve specified problems rather than rnqumng numerical answers.

Teachers need to‘make tests that are short cn()ugh to give the pupil time to think and complete the test in the ting alloted.
Teachers need to be careful to give specific and clear instructions. Tests may be used as learning experiences when they are .
returned and discussed with pupils. Tests should be well balz~ced to cover the ob)ecuves which are to be tested. Tests should
be checked and returned so that the pupil gets lmmedmle feedback.

It

Evaluation procedures should provide the pupil with an understanaing of his progress and difficulties. Evaluations should be
made often enough to direct the development of the curriculum for the fﬂ’dwndual ‘Records should be kept in a form which
clearly shows the progress of the pupil.

'éhe charts given here are suggestions and only one strand has been used for illustrative purposes. The teacher may wnsh to
sub-divide the larger topics into specific concepts which can be taught in short time periods. The process of developing his
owrechar:s will help the teacher to determine the direction in which he plans to move and assess what he has accomplished
when he checks the progress of the pupils.

It is most important that the receiving teacher know at what level the pupil was performmg at the end of the previous school
year or at the time of transfer. For this reason, a cumulative record should be kept for each child. Thi¥®hart may be checked
by rccordmg at the end of the presentation of a strand or at the end of the school year. To facilitate the record keeping. the
teacher will probably prefer to keep a class record and then transfer the information to individual records. By seeing the class
record as a whdle, the teacher can see the strengths and weaknesses of the total class. ‘

Records of individual pupil’s progress should be kept in his cumulative folder and passed on to the next teacher. A chart
should be made for each strand. (See Chart 1 Pupil Progress.) Charts $hould be made 0118-2'—" by 11" paper for easy filing.,

There are three levels of progress indicated for each child. The first levpl indicates only that the teacher has presented this
concept to the child. The second level indicates that the child uses the concept under directions. The third level indicates that

the child uses the concept independently.
' .

Q T
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SAMPLE

Individual Pupil Progress Sheet
Sets, Numbers, Numeration
Upper Elementary Grades

Name
Date -
Grade i

, Pupil shows Pupil can
~ OBJECTIVES . Teacher has understanding accomplish
' introduceg with guidance [ Independently
. - -~

O

® N e wN

9.

10. ‘Namc the ordered pair of counlmg numbers ass
‘ parts of(a§ units

Tabulate and/or describe sets E

Pick out from a given set, subsets havi pecified common property

Identify common properties of a given set
Use the language of sets to describe and organize Wformation
Read and write large numbers utilizing the period nYation
Translate farge numbers into éxpandcd exponential fqm
Demonstrate place value by using another system of n

Identify so-called figurate number, i.. square numbefs, triangular num-
bers and, rectangular numbers

- Use divisibjlity, tests for various numbers and casting gut nines

iated with fractional

(b) sets

Discriminate between an ordered pair of whole numbers used in a rate
context and an ordered pair of whole numbers used in a fraction context

Name cqulvalcn( fractions (ordered number pairs) associated with equiv-
alent partitionings of(a) units

(b) sets
Generate a finite number of members of the set of cquxva]cnl fractions
to which a given fraction belongs ,

Determine if two ordered number pairs are equivalent to each other

(a) by inspection of sets of equivalent number pairs

(b} by using the test for equivalence
Identify the point on the number line with which a given sct of equiv-
alent fractions is associated’

Partition a set of fractions into mutually exclusive subsets according to
whether each fraction

() is equivalent to a decimal fraction

(b) isno tvalent to a decimal fraction
Record fractions

(a) in basic fraction form

(b) in mixed numeral form

(¢) irrdecimal notation

Find the equivalent non-erminating decimal notation for any non-
decimal fraction using the process of approximations
Find within a specified margin of error, a decimal fraction and write 1n
decimal notation

.
Name the ordered pair of numbers which expresses the 1atio of two
disjoint sets or the ratio of a specified subset of a set to the given set

Discriminate among the interpretations of o1 .ered number pairs as used
in the context of fractions, of ratios and of quottents of whole numbers

State the defintion of rational numbers as an element of a ynathematical
system

Identfy and describe everyday situattons that require the use of directed
numbers
Construct the set of opposites of the whole humbers and the oppasites
of the opposites whth farm the set of integers
Identify the fnllowmg subsets of the set of integers

“sel containing zero .

. set of positive integers .

set of negative integers
the set of non-negatives
the set of non-positives

Otder any two or more given integers

)
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DIAGNOSTIC CLASS CHART* . -
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Integers
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Chart 2

t

*A Diagnostic Class Chart with a sample of objectives from some of the strands s given, Al'diagnoslic chart with objectives for the year will help the teacher see the
strengths and weaknesses of the class before beginning a strand. Such a chart could also be used as the teacher completes his presentation of materia from each strand.
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TEACHER SELF EVALUATION CHART*
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7 name

Bell, Ann

1.

2. Carter', Sue

| "Pﬁpil’s

‘small learning step analyses of his pupils. This chart is a sample of small steps one teacher selected for

—
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*A teacher may desire to make
her sixth grade.




UTILIZATION OF MEDIA

S ’ - . - : "
/ o . . ;e i
., The use of a variety of materials can improve learning.and instruction, since the individual needs of childr:’en vary and -
1, individual children learn by different means. These materials help to stimulate new ideas and concepts enabling children to
solve problems whose solutions are‘as yet unlgarned responses..A variety of media should be readily accessible. In plarining
and grganizing the housing of materials those often used and those occasionally used should be taken into consideration.
This variety of medra‘should include materials which are adaptable to each pupil’s particular ability level.

INTRODUCTION o | L '

| Many valuable teachmg aids may be- made inexpensively, and pupil participation in their construction serve as a léarning
acnvrty A number of bqoks are available whrch assist one in making aids. A number of these aids are listed in the references.

" Many worthwhile, commercially prepared ards are now on the market. A special committee composed of those who
determine the purpose and method of instruction in the local school should participate in. the selection of instructional
materials. These instructional materials should be examined or préviewed to determine their probable effectiveness in the
situation where they are fo be used. lnstructronal materrals in Kits, packages and series should be thoroughly examined prior
to approval of purchase. . . . o . % .

Audro-vrsual equipment can be used in various ways, and teachers should b€ alert to innovatipns in the use of all media. For

example, the overhead projector may be used i many ways other than for projecting transparencies. In the study of sets,
. collections of small objects may be placed on the overhead projector and their shadows can gasily be seen by all pupils. The
¢ tape recorder may be used in work with lndrvrduals or small-groups it is especially helpful with the slow reader.

A

The Georgia Department of Education televrsron network has regularly scheduled programs in mathematics at all levels of
elementary school. These programs supplement and enrich the classroom teacher’s presentation. Schedules and guldes giving
1nformat10n on each\'lesson are available from the director of programming.

Wk Frims and filmstrips should be previewed and carefully selected before use in the classroom. The Georgia Department of
“,  Education publishes an up-to- date list of films and ﬁlmstrrps available through the Audio-visual Servrce

A4 [

Magazines such as The Anthmenc Teacher and The Mathemancs Teacher publrcatrons of the Natronal Council of Teachers
of Mathematics, contain excellent articles for- ‘teachers. Many valuable books are available through the Georgia Department
of Educanon Readers’ Semces of the Public Library Unit and may be requested through the school or pubhc librarian.

The lrst of materials which l‘ollows is nct meant to be all-inclusive. These materials should be very useful, and tcachers are

~~encouraged to try many of them The reference lists are limited and are annpotated for the use of strands or subjects in the
guide. The teacher may find these references useful in strands other than those for which they were annotated as well as
references which are not listed.

The rnstrucnonal aids for use in the activitigs of the strands are listed.

Teaching practlces involving various instructional materrals should be carefully evaluated in terms of effective results The
information relative to those materials whose use produces the most favorable results should be shared with teachers not
only in the school system but with others. Provisions should be made for frequent revision of any locally approved list of
instructional materials to allow foradeletions'and additions needed to update the curriculum.

Materials on media that are avarlable through the Georgia Department of Educanon State Office Building, Atlanta, Georgia
30334, and. the offices from whlch they may be obtained are listed below.

‘ Vtewpomts Instrucnonal Materials — Selection at State
and Local Levels, Suggestions for Use

Director of Elementary and Secondary Education

[/ -
Catangof Classz:oom Teaching Films for Georgia Schools / é/ O ' . -
'Audio Visual Unit ’ '

g}




Selected List of Books for Teachers
Director, Readers’ Servicés, Public Library Unit

Georgia Libréry List for Elementary and High Schools
Director, School Library Services Unit.

N

ln-school television schedules and guldes for edUCatlonal telewsxon

Dlrector Television Programming
Georgia Educational Teleyision
‘Georgia Departmentof Education’

" 1540 Stewart Avenue, S. W,
Atlanta, Georgia 30310

-
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Abbott, Janet S., Leam to Fold - Fold to Leam Chxcago Lyons and Carnahan, 1968.
A pupll workbook about reflections; teacher’s edmon avaxlable also.

e
po
2

, Mirror Magic. Chicago: Lyons and Camahan 1968.
A pupil workbook about reﬂectlons and symmetry; teacher’s edition available also.

, Assocxanon of Teachers of Mathematlcs Notes on Mathematws in Pewrary Schools Cambndmmversxty Press, 1968.
. Suggestions- and lessons written by teachers for primary teachers use. ““This book is available from
" Cuisenaire Company of America, Inc., New Rochelle, New York.
. /
Banks, J. Houston , Learning and Teaching Arithmetic. Boston: Allyn and Bacon, Inc., 1960.
Several chapters have suggestions related to difficulties with computation.

. Bendick, Jeanne and Levin, Marcia, Mathematics lllustrated D:ctlonary New York McGraw -Hill Book Ce., 1965
. . This book is a student dlcnonary containing many of the terms as they are used in the guide. It also

.+ contains diagrams and plctures helpful to chddren

Lo "
'-:,»Q

Bergz‘.r Melvin, For Good Measure The ‘Story of Modem Measurement New York: McGraw Hlll 1969

o Interesting *and little-known facts about the development of systems of measurement, the importance of

an p;écxse measurement in science and industry and the many waye that measurement is used subcon-
scxously :

f

Bloom, Benjamen, et. al., Taxonomy of Educatzonal Objectives. Handbook I: The L'Cogmtzve Domam New york Dav1d
McKay Co.,.1956: . !
© A hetp with making and 'imerpreting tests. !

P4
Bowers, Henry and Joan, Anthmetw Excursions; An Enrichment of Elementary Mathematics. New York: Dover Publications,
_Inc., 1961, . s
Chapter 18 contams mterestmg mformatnon about figurate numbers, perfect numbers and amicable
numbers '
Brumfiel, C. F., Excholz R E, qnd Shanks, M. E., Fundamental Concepts of Elementary ‘Mathematics. Readmg, Massa-
chusetts: Addxson-Wesley Co Inc., 1962. >
" A book in mathematics for teachers; provides background material for™Some concepts of geometry and
other\concepts of the guide.

1

Buros, O.K. The Sixth Merttal Measurements Yearbook. Highland Park, New Jersey Gryphon Press, 1965.
" A help with making and interpreting tests.

Cambridge Conference, The, Goals for the Correlation of Elementary Science and Mathemancs Boston: Houghton Mifflin
Co., 1969.

This book for teachers includes the development of relations and functions. The importance ‘of appli- ‘

cation of the equivalence relation is emphasized '

Copeland Rxchard W., How Children Learn Mathematics. New York The Macrmllan Co., 1970. *
Thls book emphasizes how children learn mathematics, rather than techniques of teaching elementary
school mathematics. The role of the teacher is suggested to be that of a skillful interviewer. [lustrations

{ show the tedcher how to use laboratory ‘or manipulative materials which help the child learn mathe-
matical concepts.at a concrete operationa level. . :

1

o~
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D’ Augustme Charles H., Multiple Methods of Teaching Mathematics in the Elementary School. New York: Harper and Row,

1968. :
The book involves prospective teachers in the creation of exercises that can lead chlldren 10 make
discoveries of various number patterns and problems to lead to mathematical discovery. Many methods
of presentmg and using pnncrples are given, ; r
v Davis, Robert B., Explorations in Mathematics. Palo Allo: Addison-Wesley Publishing Co., 1966. ' \

Reference for the teacher. This book is especially helpful in providing activities on functions.

Dienes, Zolton P. Golding, E. W., Exploration Gf Space and Practical Measurement, New York: Herder and Herder, 1966.

a\g'['hm book is a teacher’s gurde for develdping geometry and measurement in the lower grades. Children

- .. are introduced t8-these topics by means of games of reﬂecnons tuming and measuring by using
PO arbllrary units and later standard. units.

 Geometry of Congruence. New York: Herder and Herder, 1967.
A booklet for teachers describing activities for plr))ils on reflections, rotations and translations.

RS Geométrjv ()fDistbrﬂ()n, New York: Herder and Herder, 1967.
A book for teachers describing activities for pupils on topological equivalence and stregches and shrink-
age. A

s Groups and Coordinates. New York: Herder and Herder, 1967.
For teachers; describes activities for graphs. -

Learning Logic, Logical Games. New York: Herder and Herdér 1966. _
This book gives the teacher, through narrative dragrams dlreclron&jor pupil activities with attribute
blocks. }

o

. Sets, Numbers, and Powers. New York: Herder and Herder, 1966.
(- A reference for the teacher; this booklet contains.activities leading to an understandmg of sets and
numbers. :

Duncan‘ Emc§t- ..s and Quast W G., Modem School Mathematics W()rkb(mk for Elementarv Teachers, Boston: Houghton
Mrfﬂm 1968 ;";'—» a Y :
s Provrdesr a;horough lreatlse of mathematics needed by the elementary teacher through explanation,
R questronmg andwdaill; :

Ebel. R. L., Measuring Educational Achievement. EngleWOod Cliffs, New Jersey: Prentice-Hall, 1965.
i A help with making and interpreting tests, ) .
Ylementary Science Study Educational Development (‘enteir Attribute Games and Problems. St. Loursz’Webﬁter Division,
McGraw-Hill Co., 1968. s
- ‘ A variey, of matermls with teacher’s guide for developing skills in problem solving, espec{/lly developing
skills in classifying and setting up relationships between the classes.

.r

Fitzgerald, William, et. al., Laboratory Manual for Elementary Mathematics. Boston: Prindle, Weber and Schmidt Inc.. 1970.
An excellent reference for the teacher; this manual establishes a discovery approach for elementary
teachers to find solutions to problemé using many mathematical manipulative materials.

Ford Motor Company, History of Measurement . Dearborn, Mich.: Research Division.
This booklet gives historical development of measurement.

i N
General Motors, Precision A Measure of Progress. Detroit, Michigan: General Motors Corporation, 1952.
‘ This Booklet gives historical development of precision of measurement.
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Glennon, Vincent J., and Cal'than, Leroy G., Guide to Current Research, Elementarv School Mathematics. Washington:
Association for Supervrsron and Curriculum Development, NEA, 1968. - ‘
Gives, the teacher a ready reference to, research pertinent to, the field of mathemalrcs as dpplrcd to
elcmentary schools.

.. Grossnickle, Foster E,, Brueckner, Leo J. and Reckzeh, John Dlscr)vermg Meanings in k lemcntary Sch )()lMalhcmarru hﬂh
: edition. New York Holt, Rinehart and'Winston, Inc., 1968. |

BRI “ Nlustrates how the basic principles of learning are applied in prcscnlmg a grven‘loprc Great stress on
< ‘ ) structure as, the dominant theme in-elementary, mathemalrcs

Hasford Phrhp L. Algebra forllementary Teachers New York: Harcourt, Brace and World Inel,.1968.
' SO This book helps the elementary- leacher undersldnd Operatrons in algebrarc‘ te\rﬂrmnology N

\.

Heinke, Clarence, Fundamental Concepts ()f[:lememary Malhematus Encrno Cal.: Dickinson Publishing Co., ]nc., 1970.
The chapter enlrlled."#Algonthms of Elementary Arllhmelrc has helpful suggestions on computation.

Hoghcn Lancelot, The Wonderful World of Mathematics. Garden City, N, Y.: Doubleday, 1955
‘ The development of mathenatics through the ages is deﬂrbed in slory and plctures

Harlung, Maurice L., and Walch Ray, Geometry for Elementary Teachers. Glenview, lllinois: Scott, Foresman and Co., 1970.
. A book for teachers which explains ccrlarn geometric reldtions; the basic construction's; and reﬂeclrops
rolalrons lranslallons and slrelches

v

Horne, Sylv.ia, Leaming About Measurement. Chicago: Lyons and Caprfiahan, 1968.

> A book of student activities in measurement. i N
Huff, Darrell, How to Lie with Statistics. New York: W. W. Nortor. and Co., Inc., 1954. ol
This book could be-used as interesting reference material for the teacher.. o
N - ”- vy s, B
Johnson, Donovan A Glenn, William H. and Norton, M. Scott, I‘Xplormg Mathematics on Your Owi, St. Lours "Missouri:
Webster Publishing Co., 1960. - %} : oo

These 18 booklets are readable sources for teachers. There ar¢ directions fd( numerous ésclrvmes whlch &
‘illustrate specified relations. The booklets may be ‘purchased separately. Some of the titles are Topology

- The Rubber Sheet Geometry, The World of Measurement, Curves in Space, Py thagorean Theorent,
Geometric Constructions. Probability and Chance, The World of Statistics, '

Johnson, Donovan A. and Rrsmg Ccrald R., Guidelines for Teaching Mathemancs Belmont, Cal.: Wadsworth Publrshlng Co.,
Inc., 1967,

-

The chapter “Developing Copputational Skills,”™ has sugg,eslrons for overcommg drfﬁculllcs in computa-
tion, and-the chapter, “Evaluation of Achievement,” has suggestions on various types of evaluation.
Other chapters deal with basic techniques and materials. An excellent sourcebook for the teachers.

Kennedy, Leonard M., Models for Mathematics in the Elementary School. Belmont, Cal!: WadsWorth Pyblishing Co., In¢
1967.

This book has descriptions of many aids to make and use in teaching different topics in ¢lementary
mathematics.

Linn, (‘hdrlcs F.. Puzzles, Pattents, and Pastimes from the World of Mathematics. Garden City . N. Y - Dotbleday. 1969.
Puzzles and mathematical games, both ancient and modern, to test the skill’of the reader and to..
stimulate him to invent similar ones. ,

Mann, William e t. al., Measteres. Columbus, Ohio: Charles E. Merrill Publishing Co., 1968,
This booklet is one of the Mdependent Tearning Sertes. 1t includes hlsI()rMI development in measure-
ment and exercises for pupils.

; - v -t B
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Marks. John L., Purdv. Richard and Kinney, Lucien B. 7((1(/11'1:;//(’nunmrl School Mathermatics for Understanding. Second
Edition. NL\\ otk MeGraw-Hil Book™Co., 1965, ! L

Chapter six has gome suggestions for techniques for fixing skills.

Merton, Elda Lo and May, Lola June, Mathematics Background for the Primary Teacher. Wilmetie, Hl J()lm Colburn
L. PO
/\.\.\(_)Ll.l[cy I, 1966,
»

A reference for te d(hu\ of K-3. The presentation isan the form of charts with explanations of eighteen
topics taught at the primary level.

Mucller, Franais S Arithmeric, Trs Stnccnre and ¢ mceepts. Second Edition. Englewood Clifts, N J 2 Prentice Hall Inc.. 1964,
Chapters two and three have extensive discussions of direct operations and inverse operations.

Natonal Aeronmutics and Sp.lu A&mnmstr‘mon and UL S. Oftice of Education, What's Up There; Teachers’ ]“dmon Washing-
ton, DoC b S Government Printing Office, 1964

A source book in space oriented mathematics for grades five through cight.
Natonal Council of Teachers of Mathematics, 1201 Sixteenth Street NW, Washington. D. C.. 20036

Leds for Pvatuators of Matliem: s Textboolks, 1965,
Asetotenteria to clcmcnluy and secondary teachers in sclufm;, textbooks: pamphlefy

“Bovxes, Squares, and Other Things: A Teacher’s Guide for a Unit in Informal Geometry.
Expgriences for pupils in visualizing objects and in the concepts of transtoimations and symmetry.

Fyvaluation in Yoathemarics. Twenty-sixth Yearbook, 1961, ‘
vobseussion of and suggestions for evaluation of instruction. %

Enrichment Mathemation, Twentyseventh Yearbook, Second Edition. 1963
Very brefl discussion of topres pertinent to elementary school mcluding rationale and appropriate
» ‘ achivities. .
txperiences in Mathematical Ideas, Vol. 1, 1970,
Designed to help teachers stiniulate slow learners in grades 5-8. This project comtbines a text for teacher
use with laboratory oriented package including loose-leat materials 1 e duplicated tor student work.
sheets.

/5(?]‘””(/([\ (,rap/ls and Patrerns. F \/)(’m’mcs in Mathenatical Discovery, 1,1966.
) mes for pupils: pnnphlc

R

W&M’U’um-ﬁ( Twenty-fifth Y carbook, 1961,

'g:indqdes-su estions nn“unnput.mm Provides background for teaching any modern clementary school
&4} enw,m;s pmyam

'/ Temenrary and Junior High School, 1968,
SAn annotated hlhlmbmph\ of cnmhnunl books tor grades K-9, classitied hy grade level.

Ilnx bnok pm\lum lxukﬁmnml information fm et uhu\ on lhc key plmuplm of mathematics.

Papie ﬂfg};fd?’w for the Mathematics Clags, 1957, i

i Directions fog p\ipcﬂﬂl(lmg activities which #ustrate selected geometrie relations.
/s
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Readings in Geometry from-“The Arithmetic Teacher,” 1970. ‘
A booklet of articles containing suggestions for classroom activities.

Topics in Mathematics for Elementary School Teachers. Twenty-ninth Yearbook, 1964,

+ Gives the key principles for an understanding of the major topics. One chapter on the rational number
system deals with various interpretations of rational numbers as well as the numeral forms— fractional
decimal and mixed numerals  used to rcpr%nt rational numbers. A chapter on sets includes basic_ideas
on relations. O chapter gives a thorough dfscussion of number systems for whole numbers and rational
numbers. ' '

uftield Mathematics Project, Teachers’ Guides: Computation and Struciure, Graphs [.eading to Algebra and Shape and{):S"ize_
New York: John Wiley and Sons, Inc.
The teachers™ guides are for elementary mathematics dctivities designed to encourage children to distover
mathematical processes for themselves. The material is written in three main streams stated above. Eatch
stream 1s written 1 a nunber of booklets i,,ﬂ‘-.l,he stages of development of children. “

Overman; Tames Robert, The Teaching of Mathematics. Chicage: Lyons and Carnahan, 1961,
o : . . o . . :
Chuapters 8-15 give suggestions on teaching addition, subtraction, fractions and denominate numbers.
Papy, Frederique, Graphs and the Child. Montreal: 'Algonquin Publishing Co., 1970.
A description of a series of ten lessons on graphs for six-year-olds helps the mathematical notion of relation to emerge.
A description of aseries of ten lessons on graphs for six-year-olds helps the mathematical notionof
relation to emerge. ' ‘ ~
L . B
Peterson, John AL and Hashisaki, Joseph, Theore of Arithietic. New York: John Wilev and Sons, 1967,
Rational numbers are treated ig, terms of several interpretations, including both the fractions and
rate-pair interpretations, which are appropriate to the elementary school curriculum.

Phillips. Jo M. and Zwoyer, R E. Moton Geometry, Book |- Slides, Flips, and Tur,  wew York: Harper'and Row, 1969.
A pupil workbook about translations, reflections anc  owtiosw teacher’s edition, containing helpful
. notes, available. For students in the upper grades. ’

Riedesel, C. Alan, Guiding Discovery in Elemenrad’SchoolMarhemarics. Ne  York: Arcieton-Century-Crofts, 1967.
’ This book provides prospective and inservice clementar  —~he - icachers with illustrative situations that
‘make use of modern mathematical content and ideas to dectop a guided discovery approaéh, to teaching
mathematics in- the elementary school. v

Sanders, N. M., Classroom Questions: What Kinds? Nw Yoxzk: Harper and Row‘, 1966.
A help with making and interpreting tests. Saq

School Mathematics Study Group, A. C. Vroman, Inc., 2085 E. Foothill Boulevard, Pésadena, California, 91109

Fuctors and Primes, 1965, .
A book written for high school students: a good reference for the elementary school teacher. A teacher’s
- commentary is available. ’

A . . N B
~Mathdmatics for the Elementary School, 1962,
i Thus book tor elementary school mathematics inchides student exercises in measurement.

P

e .r&’{a.rlwmmfc.g_r})r Junior High School, Volume |, Parts 1-2; Volume 11, Parts 1-2,1961.
-y S = This baok for junior high schools includes student exercises in measurement.

"'x;- _zl ' - e . .
Introduetion to Probabilite, Part 1, Basic Concepts, 1967.
* This is.eXcellent material that is appropriate for classroom use in grades 1-8.

y . s
2

Introduction to Probability, Part 2. Special Topics, 1967.
" This fs excellent material appropriate for use in the classroon in the upper elementary grades.
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Probability for Primary Grades,
This booklet is for student use. A teacher's commentary and a set of spirners for the classroom are
. available. | : 4

Probability for Intermediate Grades.

.

- available.

, Secondary School Mathematics, 1970.
. L
A , _ This material is nongraded for low achievers in mathematics in junior lngh school.

Slarr John U The Téaching of Mathematicy in the Flementary Schools, Scranton, Penn.: International Textbook Co., 1969.
C This book emphasrlcs why and how various mathematical principles and concepts operate, and provides
; }/ teachers wrth proven ‘and (lass tcsted tcclmrqucs to help 1mplcmcn- learning cot - epts.

.
) - .

i
a 4 R

i
Robert L., Understanding Amhme{ quncd hy,}'ubcnc D. Nichols. Ne»w,%ork Holt fuichart and Winston, Inc.,

‘{,/,‘
o = ~
. Tres .t - ‘xii‘ .

Two chapférs give suggcﬁﬁons on computations with directed numbers and the complement melhod of
subtﬁt’non Ongchﬁptu on number theory includes a drscussron on divisibility.

o

‘ n’-_;‘ Thprndlke,\ﬁ L. and Ha§en E}iaa’oelh‘ Measurenient aid Evaluation in Psychology and Education. New York: John Wiley
* (Second Bdition}, 196§, . < ‘
J . Ahel)p wr_tfl makmg and lnlcrprctlng tests. ' ‘

Torrance E Palrl and Myers, K= Crearw(’[cammg and Tcachmg Chapters 7, 8. New York: Dodd Mead, 1970.
‘ A help with makmg and interpreting tests.

. ]
. I

Turncr. Ethel M., Teaching Aids for Eleneritary Mathematics. New York: Holt, Rinehart and Winston, Inc., 1966.

This is a source book for teachers, rmludmb many activities for students. The aclrvrlres using coordinates
are usctul,

Van Engen. Henry, et. al., Foundations of Flementan: School Arithmetic, Chicago: Scotl Foresman and Co., 1965. % "
An excellent reference with proper balance between a precise formulation of mathematical concepts and
an.informal presentation of the content. In the chapter on relations, the study of ordered number pairs
is begun in the context of rate pairs. In a latef chapter the study ‘of ordered number pairs is continued in
the context of fractions. A set of equivalent fractions is called A rational number ofarrrhmetrc The

varous numcral forms are Geated under computation involving rational numbers.

_ Wilhelms, Fred T.. Evaluarion a /< dhack an. Cide: Washington: Association for Supervision and (‘urriculum Develop-
: fient, NEA, 1967,

Stresses the idea that the tecaoadh trom evaluation controls the next steps and should be based on the
objectives.

Wisner, Robeit, 4 Panorama of Number. Glenview 11.: Scott Foresman and Co., 1965.

The author has employed a.unique writing style v&hmh s mlereslmg Many3 interesting observations are
made concerning prrmc numbers. .

.

U. S. Department of Health, Education’ aand Welfare. Elementarv Arithmetic and Learning Aids. Washington, D. C. U. S.

Government Printing Office, 1965. e
This boek has dcscrlplronf“pf aids to make and use in clemenlary malhcmallcs
1@ ”-{h ;
s\ | E
1
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'INSTRUCTIONAL AIDS -

-t

Bags, plastic-assorted sizes

Beads to string

Boxes, assorted siaes

Cards, assorted colors_ .

Cards, decks of Old Maid, Rook, etc. .
Chalk, assorted colors

Coins, real or play

Clocks, play %

* Clothespins *

Compasses
Construction paper, assorted colors
Counters (bottle caps, cardboard discs)
Crayons :
Cubes,<assorted colors "
Dowel rods
Egg cartons
Elastic thread, assorted colors
Flannel board and tlannel cutouts
Geoboard ‘ . @
Graph paper 3
bulletin board size
individual size
Logic blocks
Macaroni shells

~Maps -

Me“ler sticks
Mirror cards
Multibase blocks
Nails, one size ..

Number lines /

walk-on (first grade)
chalkboard size
individual size
whole numbers
fractions
integers

Objects
small, for sets
different colored

e
:

Overhead projector
transparency paper

Paper clips

Paper cups

Paper roll

Paper, squared
assorted sizes

P-:board and pegs

+ lace value charts

Polyhedra models, regular
made of cardboard or plastic)

Ribbon, assortéd colors

Rubber bands, assorted sizes

Rulers, foot ' 3 =

unmarked
marked in inches
marked in fractionfal parts of inchés
Sampling box b .
Sampling ladle '
Scales
Scissors
Spinners
two-colored
more than two colored
Sticks for bundling

String _

Thermometers 8%
Fahrenheit . :
Centigrade (Celsiys) .. (. * A 4

Three-dimensional shapggwith flat surface
Two-dimensional shapes for “l.iling”
. SpoonS, plastie’
Sugar cubes
Tape measures, including steel tapes
Tea '
Washers or counting rings of one size
Yardsticks
Yarn, knitting, assorted colors.
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GLOSSARY FOR TEACHERS

The ‘pufp.dse of the glossary is for clarification of terms for the teacher and is not to be used for pupils* Each teacher should
have a reputable student mathematics dictionary for use by the pupils.

ABSCISSA If the ordered pair of numbers (a,b) are the coordinates of a point of a graph, the number a is the abscissa.
. . ‘
ABSOLUTE ERROR One-half the smallest marked 1nterval on t{;scale bemg used.

ABSOLUTE VALUE The absolute value of the real number 'y As denoted by la |.1If a > Othcn | a | = aandif
a <0, |a’l = ~a. On the number line absolute value is the distance of a point from zero. '

ACCURACY The accuracy of a measurement depends upon the relative error. It is directly related to the number of
slgmﬁcant digits inf the measured quantity. '

'ADDITIVE IDENTITY The number 1 in any set of numbers that has the following property: [ +a= = g for all @ in the set.

The symbo] for the identity is usually 0 in the complex numbers it js 0 + 01 and in some systems bears no resemblance to
zero. & ol

i
sl

{
ADDITIVE INVERSE For any given number g in a set of numbers the inverse, usually designated by (-a) is that nunWr
which when added to a will give the additive 1dent1ty

A

ALGEBRAIC EXPRESSION An algebraic expression may be a slngle numeral or a single variable; or it may consist of>
combinations of numbers and variables, together with symbols of operation and symbols of grouping.

ALGORITHM (ALSO ALGORISM) Any pattern of computatlonal procedure.

AMPLITUDE The amplitude of a-trigonometric function is the greatest absolute value of the second coordinates of that
function. For a complex number represented by polar coordinates the amplitude is the angle which is the second member of
the pair.-

ANGLE The set of all pomts on two rays wthh have the same end- pomt The end-point is called the verrex of the angle,’
and the two rays are called:the sides of the angle. -

ANGULAR VELOCITY The amount of rotation per unit of time.
APPROXIMATE MEASURE . Any measure not found by counting. : - & '

APPROXIMATION The method of finding any desired decimal representation of a number by placing it within succes
sively smaller intervals. B : - :

ARC If 4 and B are two points of a circle with P as c(/er, the arc AB is the set of points in the interior of £ 4PB on
the circle and on the angle ' ’

AREA OF ASURFACE _Area measures the amount of surface.

ARGAND DIAC@M ’ Two perpendlculafﬁxes one which represents the real numbers, the other the imaginary numbers
thus giving a frame.m" ;eferenee for graphing, the complex numbers. These axes are called the real axis and the 1magmary axls

N

ARITHMETIC MB‘ANS/@ ; "l"he terms that should appear ‘between two given terms small the terms will be an anthmetxc
sequence. “ ey J‘“ ~

ARITHMETIC SEQUENC£ (ALSO PROGRESSION) A sequenoe of numbers it which there is a common difference
between any two suéoeinve nun@wrs e

ARITHMETIC SERIES, The indicated sum ofan arithmetlc sequence.

ARRAY A rectangular arrangement ofelements in rp&@‘.and columns.
2 N < BN .
4
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ASSOCIATIVE PROPERTY ‘A basic mathematical concept that the order i which ceriain types of operations are

perfarmed does not affect the result. The laws of addition and multiplicaliori‘areﬁstated as g+t +c=a+ (b+c)and
@ Xb)y Xe=a X(b Xeo) oL ‘

ASYMMETRIC Having n({point, line or plane of symmetry.
AVERAGE A measure of central tendency. See mean, median and mode.

AXIS OF SYMMETRY . Aline is called an axis of symmetry for a curve if-it separates the curve into two portions so tha‘
every point of one*portién is a mirror image in the-line of a corresponding point in the other portion.

BASE The first collection in a number saries which is used as a special-kind of one. It is used in combination with the
smaller numbers to form the next number in the series. In the decimal system of numeration, eleven, which is one more than
the base of ten, literally means ten and one. Twenty means two tens or two of the base. In an expression such as 4”7, the
quantity a is called the base and n the exponent.

BASE OF A NUMERATION SYSTEM The base of a numeration system is the number of units in a given digits place
which must be taken to denote one in the next higher place. ' o

BASE TEN A system of numeration or a place-value arithmetic using the value of ten as its base value. 4

BASIC FACTS The name given to any operational table in a base of place-value arithmetic, as, basic addition tables,
subtraction tables, multiplication tables, division tables, power tables, logarithmic “tables. Basic addition facts include all
addition facts in which neither of the addends exceeds 9. Rasic subtraction facts inclyde all the subtractions facts which
correspond to all basic addition facts. The products formed by ordered pairs composed of the numbers O through 9 are
called basic multiplication facts. Basic division facts include all the division facts which correspond to the basic multiplication
facts except for @ Xb = ¢ where b #0.

BETWEENNESS B is between 4 and Cif 4, B and C are distinct points on the same line and AB + BC = AC.

BIAS When the method of selecting samples does not satisfy the condition that every possible sample that can be drawn
has ari equal chance of being selected, the sam pling process is said to be biased.

BINARY OPERATION An operation involving two numbers such as addition; similarly, a unary operation involves only
one number as “the square of.”

BINARY NUMERATiON SYSTEM A system of notation with base two. It requires only two symbols, 0 and 1.

BOUNDED A point set S is bounded if and only if there is a circle (or sphere in 3-space) such that S lies entirely in the
interior of that circle (sphere). A

CARDINAL NUMBER If two sets can be put in one-to-one correspondence with each other, they are said to have the
ame cardinal number. A whole number which answers the question of how many in a given finite set is called the cardinal
number of a set. ' '

CARTESIAN COORDINATES In a plan; he elements of ordered pairs which are distances from two intersecting lines.
The distances from one line is measured along a éarallel to the other line.

&
CARTESIAN PRODUCT The Cartesian pr
ordered pairs (x, y) such thatx €4 and y € B.

oduct of two sets 4 and B, written 4 X B and read "4 cross B” is the set of all

CELL The union of a"sim;')le closed surface and its interior.
CENTRAL TENDENCY A measure of the trend of occurrences of an event.

CHECK - To verify the corsectness of an answer o_n:g,olutjqn. It is not to be confused with prove,

'

CIRCLE - The set of pointsin a giVen plane each of which is at a given distance from a given point of the plane. The given
point is called the cenzer, and the given distance is called the radius.

! | | /
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CIRCULAR FUNCTION A function which associates a unique point with cach arce of'a unit circle (as measured from a
fixed point of the circle). The sine function associates with the measure of an are the ordinate of its companion-point and the
cosine the abscissa of the point.

CIRCUMFERENCE The length of the closed curved line which is the circle.

{CLOSED CURVE (SIMPLE) A path which starts at one point and comes back to this point without intersecting itself
_represents a simple closed curve.

CLOSURE, PROPERTY OF A set is said to have the prop#ty of closure for any given operation if the result of .
performing the operation on any two members of the set is a number which is also a member of the set.

COLLECTION Elements or objects united from the viewpoint of a certain common propuly as collection of pictures,
collection of stamps. numbers, lines, persons, ideas.

COMBINATION A combimation of a set of objects is any subset of the given set. All possible combinations of the letters
a,bandcarea, b, ¢, ab.ac. be, abe :

COMMUTATIVE PROPERTY A basic mathematical concept that the order in which certain types of operations aré
performed does not affect the result. Addition is commutative, forexample, 2 +4 =4+ 2 . Multiplication is commutatlve/, for,
example, 2 X4=4 X2,

' COMPASS (OR COMPASSES) A tool used to construct arcs and circles. -
" COMPLEX FRACTl(w, + Atractionthat has one or more tractions in its numerator or denominator. /
COMPLEX NUMBER . Any number of the forma + hi wherea and b a}c real numbers and i = -1,
COMPOSITE NUMBER A counung number which is divisible by a smaller counting number different from 1.

CONGRUENT Two configurations which are such that when superimposed any point of either one lies on the other.
Two figures having the same size and shape.

CONJUGATE COMPLEX NUMBERS The conjugate of the complex number @ + bi is the complex number a - bi.

CONJUNCTION A statement consisting o two statements connected by the word and. An exampleis x + y =7
and x - y = 3. The solution set for a conjunction is the intersection of the solution sets of the separate statements.

CONDITIONAL EQUATION An equation that is true for only certain values of the variable, for example, x + 3= 7.
CONIC, CONIC SECTION The curves which can be obtained as plane sections of a right circular cone.
CONSISTENT SYSTEM A system whose solution set contains at least one member.

CONSTANT A particular member of a specified set.

COORDINATE PLANE A plane whose points are named by ordered pairs of numbers which measure the distances from =
two intersecting hnes Each distance is measured from one line along a parallel to the other line.

COTERMINAL ANGLES Two angles which have the same iniual and terminal sides but whose measures in degrees

differ by 360 or a multt§le of 360. L
COUNTABLE In set theory, an infinite set 1y countable if it can be put into one-to-one correspondence with the natural
numbers. ' ‘

”

COUNTING NUMBERS The counting numbersare 1, 2. 3.4, ..
CONVER(-LNT SEQUEN(‘E A sequence \thal has a Bt

"o

DECIMAL [‘(PANGION A digit for every decimal pluce.  ~

- os 172
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DECIMAL FRACTION - A decimal fraction is a fraction in which the denominator is a power of ten. The fractions %,
4

2~ , 125 etc. are decimal fractions but -2 is not.
100 ' 1000 M 3

DEADUCTWE REASONING The process of using previously assumed or known statements to make an argument for
ne/vp‘statements.

DEGREE . In angular measure, a standard unit that is 9—'0 of the measure of a right angle. In arc nieasure, one of the 360
equal parts of a circle.

DEGREE OF A POLYNOMIAL The general polynomial a_x" + ax" Ty ta_ x' +a"issaid to be of degree n if
a,#().

DENOMINATOR The lower term in a fraction. It names the number of equal parts into which a numb@ to be
divided. im0 i

DEPENDENT LINEAR EQUATIONS 'Equa&i‘(’)n's;that have the same solution set.

DEVIATION The difference between the particular number and the average of the set of numbers under consideration is
the deviation”" ’

DIFFERENCE The answer or result of a subtraction. Thus, 8 — S is referred to as a difference, not as a remainder.

DIGIT Any one of the ten symbols used in our numeration system — 0, 1,.2,3,4,5,6,7, 8,9 (from th‘e R
Latin, “digitus,” or “finger”).

Dl!'lEDRAL ANGLE The set of all points.of a line and two non-coplanar half-planes having the given line as a common
edge. The line is called the edge of the dihedral angle. The side or face consists of the edge and either half-plane.

DF_RECT VARIATION Thg number v varies directly as the number x if ¥ = kx whe.e & is a constant.
DISC The union of a simple closed curve in a plane and its interior.
DISCRIMINANT The discriminant of a quadratic equation ax? + bx + ¢ = 0 is the number b2 ~ dac.

DISJUNCTION A statement consisting.of two §tatements connected by or, for example, x + vy =7 or x-y =3 The
solution set of disjuncton is the union of the solution sets of the separate statements.

DISTRIBUTIVE PROPER\TY Links addition and multiplication. Examples of distributive property are as follows.

L
IX14=3(10+4)=(3 X 10)+(3 X4)=30+12=42 ‘”ééb
4X35=403+1L =@ X3+ @XD=12+2= 14
al(b+tc)=ab+ a.
-«
DIVERGENT SEQUENCE A sequence that is not convergent. _._"

DIVISIBLE An integer a is divisible by -an integer b is and only if there is some integer ¢ such that b X ¢ = a.

DIVISION The inverse of multiplication. The process of finding how many times one quantity or number is contained in

another. For any real numbers @ and h. b # 0, a + b means a multiplied by the reciprocal of b. Also, a =~ b =
¢, if and only if a = pe .

E

DOMAIN OF A VARIABLE The set of all ‘values of a variable is sometimes called its domain.

DUODECIMAL NUMERATION SYSTEM A system of notation with base twelve. It requires twelve symbols — 0, 1, 2,
3,4,5,6,7,8,9.T,E. '

ELEMENTS In mathematics.the indivitlual objects included in a set.
EMPTY SET The set whjch has no elements. The symbol for this set is ¢ or{ }

END POINT The point on a line from which a ray extends is called the end’ point of the ray.

e
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EQUALITY The relation is equél to denoted by the s;/;:;ﬁbol =2
EQUATION A sentence (usually‘eXpressed in symbols) in which the verb is “‘is equal to.”
EQUIVALENT EQUATIONS Eqi};tions that have the same solution set.

EQUIVALENCE RELATION Any relation which is reflexive, symmetric and transmve for examplc reflexive: a = a;
symmetric: if 2 = b then b = a and transitive: ifa =band b = ¢, thana=c. ;. w -

EQUIVALENT FRACTIONS Two fractions which represent the same number.

EQUILATERAL TRIANGLE A tnang]e whose sides have equal lengih

ESTIMATE A quick and frequently mental operation to ascertain the approximate value of an involved operation.
EVEN“NUMBER An integer that is divisible by 2. All even numbers can be written in the form 2n, where 7 is an integer.

EXPANDED EXPONENTIAL FORM ‘The: expanded exponential form of a numeral is the form in which the additive,
multiplicative and place value properties of.a numeration system are explicitly indicated. The value of each place is written in

exponential form, for example, 365 = 3(10) + 6(10%) + 5(10°). ’
EXPONENT In the expressionon 4" the number n is called an exponent. l%n is a positive integer it i'ndictétes how many
times a is used as a factor.
‘@ =a Xa X, X #
ﬁ .féctors

Under other conditions exponents cgn include zero, negative integers, rational and irrational numbers.

e

EXPONENTIAL EQUATION An equation in which the independent variable appears as an exponent.
EXPONENTIAL FUNCTION A function defined by the exponential equation y = a* wherea > 0.

EXTRANEOUS ROOTS Those roots in the solution set of a derived equation which are not members of the solution &
of the original equation. '

EXTRAPOLATING Estimating the value of a function greater than or less than the known values; making inferences
from data beyond the point strictly justified by the data.

FACTOR The integer m is a factor of the integer n if m X g = n where ¢ is an integer. The polynomial R
(x) is a factor of the polynomial P (x) if R (x) X Q (x) = P (x) where 9 (x) is a polynomial. Factorization is
the process of finding the factors.

FACTORIAL The expression “n/" igread n factorial. n! = n(n- 1)(n-2)...2
. ool
FIGURATE NUMBERS Figuratenumbers include the numbers more commonly referred to as square numbers, tri-

: angular numbers, etc. , s

“w"w

7% %FINITE SET In set theory, a set which is not infinite.

N FRACTION A symbol % where @ and b are numbers, with b not zero. '

FREQUENCY A collection of data is generally organized into several categories according to specified intervals or
e subcollections. ‘A frequency is the number of scores or measures in a particular category.

FREQUENCY, CUMULATIVE The sum of frequencies preceding and including the frequency of measures in a par-
ticular category is the cumulative frequency.

FREQUENCY DISTRIBUTION A tabulation of the frequencies of scores or measures in each of the categories of data.

FUNCTION A relation in which no two of the ordered pairs have the same first member. AJso: alternately, a
function consists of (1) a set 4 called the domain, (2) a set B called the range, (3) a table, rule, formula or
graph which associated each,fnember of A with exactly one member of B.
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' FUNDAMENTAL THEOREM CF ARITHMETIC Ahy positive integer greater than one may be factored into primes in
essentially one way. The order of the primes may differ but the same primes will be present. Alternately, any integer except
zero can be expressed as a unit times a product of its positive primes. '

FUNDAMENTAL THEOREM OF FRACTIONS If the numerator and denominator are both multiplied (or divided) by
the same non-zero number, (he result is another name for the fraction.

GEOMETRIC MEANS The terms that should appear between two given terms so that all of the terms will form a
geometric sequence, : ‘, -
GEOMETRIC SEQUENCE A sequence in 'wvhich the ratio of any term to its predecessor is the same for all terms.

" 'GEOMETRIC SERIES ' The indicated sum of a geometric sequence.

GRAPH A pictorial representation of a set of poin‘ts associated with a relation which involves one or more variables.

GRE"A'EE?)T INTEGER FUNCTION Is defined by the rule flx) is the greatest integer not greater than x. It is usually
denoted by tifeequation f (x) = [x] '

‘ G’REATE;ST LOWER BOUND A lower bound a of a set S of real numbers is the greatest lower bound of S if no lower
- bound of S is greater thana. . .

‘HARMONIC MEAN A number whose reciproCz;i is thela;v'ithmetic mean between the reciprocals of two giten numbers.
HEM'ISPHERE If a sphere is divided into two parts"b)7 a'pla'nc through its center, each half is called a hemisphere.
: - ‘ ' i

HISTOGRAM A bar graph representing a frequency distribution. The base of eath of the cgﬁ'tigu‘ous rectangular bars is
the range of measures within a particular category, and the height of each of the bars is the frequency of measures in the same
category. : . ' -

IDENTITY | IDENTICAL EQUATION A statement of équaiity, usually denoted by = which is true for all values of the
variables. The values of the variable which have no meaning are excluded, fof example, (x + y)2 = x2 + 2xy +y2.

INCONSISTENT SYSTEM OF EQUATIONS A system whose solution set is the empty set.

INDEPENDENT EVENTS T\ié e_\;ents are said to be independent if the occurrence of one does not affect the prd
bability »f occurrence of the other.

lNDEPENlﬁ' SYSTEM OF EQUATIONS A systern of equations that are not dependert.

INDEX The number used with a radical sign to indicate the root. (\3/ln this example the 1dex is three.) If no number is
used, the index is two. ‘ ' '

INDUCTIVE REASONING  * The process of dréwinbg'jh?cbnclusion by observing what happens in a number of particular
cases.

INEQUALITY The relation in which the verb is one of the following— is not equal to, is greater than or is less than,
denoted by the symbols #, > <; respectively. '

Lo,

INFINITE DECIMAL (Also non-terminating) A decimal representation that has an unending string of digits to the right -
of the decimal point, '

INFINITE REPEATING DECIMAL A decimal representation containing a finite block of digits which .repeats endlessly.
INFINITE SET In set thegry, a set which can be placed in OH%O—()HC correspondence with a proper‘"subset of itself.
INTEGER Any one of the set of numbers which cdnsists of the fatural numbers, their opposites and zero.

INTERCEPT If the points whose coordinates are (¢,0) and (0.5) are points on the graph of an equation, they are cailed
intercepts. The point whose coordinates are (a,0) is the x-intercept, and the point whose coordinates are (0,b) is the
y-intercept.




A

;s

INTERPOLATION The proe@s of estm’@;; v'f‘a'f(/n.:t oIl

the table of the function.
INTERSECTING UNES - Jwoor more lines that pass theoW

_INTERSECTION UF SETS  If A and,B,are sets, the intersection of 4 and B, denot d\Ws theset of all elements v
whnch are members of both A and B:. :

INVERSE OF AN OPERATION That .operation which, when gperformed after a given operation,. annuls the gtven

_operation. Subtraction of a quantxty is the mverse of addition of that quantity . Addition is likewise the inverse of sub-

tractlon A

INVERSE FUNCTION If fis a g‘iven function then its inverse is the function (provided f is one-to-one) formed by
interchanging the range with domain. The symbol for inverse of f is f - -

INVERSE VARIATION The number y is sand to vary inversely as the numberx 1fx Xy =k where k is a constant
IRRATIONAL EQUATION An equation containing the variable or vanables under radical sngns or wnth fractlonal

exponents. g
7‘% L !

IRRATIONAL NUMBER An irrational number i§‘not a rational number. That is; it is a number that cafinot be expressed .
in the form % where a and b are integers. The union of the set of rationals and the set of irrationals is the set of real

numbers.

JOINT VARIATION A quantity varies jointly as two other quantities if the first is equal to the product of a constant
and the other two, for example y varies jointly asx and w if ¥y = kxw. , ‘ ‘

LATTICE POINTS W array of p(*ﬂts named by ordered pairs.

LEAST COMMON MULTIPLE The least common multiple of two or more numbers is the common mult}ple y
factor of all the other common multiples. » b S

> . ’ . = "\ ‘.4'

LEAST UPPER BOUND ., An upper b&nd b of a set.S of real numbers is the least upper bound BlS.if;t,
S is less than b. . ot

equals one.

N

5 . !

LINEAR EQUATION * An equation in standard form in which the sum of the exponents of the vma% in anytj

‘LINEAR MEASURE A measure used to determlne length.

LOGARITHM The exponent that satisfies the equation b* = n is called the logarithm of n to the base b for any given
positive number n. ” .

«

A ’ .
LOWER BOUND A number a is called a lower bound of set S of real numbers if a < x forevery x € S.

MAGIC. SQUARE , A square of numbers possessing the particular property that the sums in each row, column and

diagonal are the same. . - N

MATRIX A rectangular array of numbers. , .
Example

. a, bl <, dl . i

°
a, b3 €y d3
3
a, b, ¢, d| //
MEAN In a frequency distribution, the sum of the n imeasures divided by » is called the m‘ean.
) 168
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> " highest to lowest is called the median. In geometry, a median of a triangle is a line joining a vertex to the miidpoint of the

v. . s [
{

MEASUREMENT A cdmpa'ison of the capacity, length, etc., of a th‘iﬁ "16 be measured with the capacity, length, etc.,
of an agreed upon unit.of measure. Non-standard units are used before standatd-units of measure are introduced.

MEDIAN In a frequency distr‘ibu!ion; the measure that is in the middle of the range when “clements are ranked from

opposite side. )

_ MODE Inwa t'reqUeficy distribution, the interval in which the largest number of measures fall is called the mode.
Altemnately, in a frequency distribution, the measure which appears most frequently in the group is called the mode. There
may.be more than one mode in a set of measures. . \ '

MODULO ARITHMETIC For a given positive integer n, modulo n is obtained by using the integers 0. ,.n ~ | and _
defining addition and multiplication by letting the sum of a + b and the product of a b be the remainder after division by n of
the ordinary sum and product of a and b, (This is often cail- d clock arithmetic.) :

MODULUS A statement of the type x is congruent to y modul‘u's (or modulo) w, w is the modulus of the congruency. If
2is congruent to 9, then the modulus is 7. :

MULTIPLE If a and b are integers such thata = b X ¢ where ¢ is an integer, then a is said to be a muf[iple of b,

.

MULTIPLICATION’ A short inethod of adding iike groups or addends of equal size. It may be tlustrated on a number
line by counting forwatd by equal groups. . o ’

. ; i » 9.

- MULTIPLICATIVE INVERSE The multiplicative inverse of a non-zero number a is the number b such thata X b = |
It is usually designated by ; ora’l. :

/

MUTUALLY DISJOINT SETS - Two sets having no elements in common.

that are disjoint. RO

MUTUALLY EXCLUSIVE EVENTS Events which cannot occur simultancously. Mutually exclusive subsets are subsets

NATURAL NUMBERS Any of the set of counting numbers. The set of natural numbers is an infinite set, 1t has a
smallest member (1) but no larges® ' : .

NULL SET A set-con taining no elements. &t js sometimes called an empty set. The symbo! for the null set is ¢ or{}.

NUMBER SYSTEM- Aﬁﬁumbel system consists of a set of numbers, two operations defined on the set, the properties
belonging to the set and a definition for equivalence between any two members of the set.

= ; .
NUMERATION SYSTEM - C—codingsy m for rgcording numerals. Modern systemis of numeration are characterized by
aset of symbols, or digits, 4 placy value scheme and a blse,

NUMERATOR The upper term in a fraction. ,
NUMERAL A written symbol for a number, for example, several numerals for the same numberare 8, VIIL, 7+ 1,10~ 2

16 s :
ER | / .. ¢
OBTUSE ANIGLE If the degree measure of an angle is between 90 and 180, the angle is called an obtuse angle.

. .
"ODD NUMBER An odd number is an integer that is not. divisible by 2; any number of. the form 2n + 1, where R ls an
integer. ' ‘

A

ONE-TO-ONE COR"RESPONDENCPE A bairing of the.members of a set 4 with members of a second set B such that each
member of -4 is paired with exactly one member of B, and each.member of B is paired with exactly one member of 4,

/ . * . .
. OPEN SENTENCE An open sentence is a sentence involving one or more variables, and the question of whether it is true
*cdnnot be decided until definite values are given to the variables, for example, v + 5= 7,

ORDERED N-TUPLE A tinear array of numbers (a,,a,.a,, .. a_)such that a, is the fhst number, a, is the second
¢ number, a_ is the third number, .. dhd a_is the nth number, : . :

'Y i
. .
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ORDERED PAIR - A pair of numbers (a,b) where a is the first member and b is the second member of the paig. A‘%

"'ORDINAL'NUMBER A number that denotes order of the members in a set. 3')5

ORDINATE If an ordered pair of numbers (a,b) are coordinates of a point P, b is called the ordinate of P.
PARALLEL LINES Two straight lines in a plane that do not intersect however far extended.

. PARALLELOGRAM A quadrilateral whose opposite sides are parallel.

cases.

.intersection of }

N
_PLACE VALUE i

?

PARAMETER An arbitrary constant or a variable in a mathematical expression, which distinguishes various specific

PARTIAL PRODUCT Used in elementary arithmetic with regard to the written algorithin of multiplication. Each digit
in the multiplier produces one partial product. The final product is then the sum of the partial products.

PARTIAL QUOTIENT In long division, any of the trral quotients that must be added to obtain the complete quotient:
PERIMETER The sum of the measures of the sides of a polygon The measure of the outer boundary of a polygon.

PERIOD The number of digits set off by a comma in an integer or the integral part of a mixed decimal. In a repeating
decimal the penod is the sequence of digits that rgpeats.

PERIODIC FUNCTION ; A function from R to R, where R is the set of real numbgrs is called periodic if, and only if, f
(x) is.not the same for all x and there is a real number p such that f (x + p) =f (x) for all x in the domain of . The smallest
positive number p for which this holds is called the period of the function. !

PERMUTATION A permutation is an ordered arrangement of all or part of the members in a set. All posslble permuta
tions of the letters a, b and c are a, b c ab, ac, ba, bc, ca, cb, abe, acb bac, bca, cab, cba -

A line is perpendrcular to a ray if and only if the end point of the ray is the only point of
-and the two angles formed are congruent.

The value of a numeral is dependent upon its position. In the number 324, for example, each digit has a
place value 10 times that of the place value of the dlg]t to its immediate right.

PLANE ANGLE Through any point on-the edge of a dihedral angle pass a plane perpendicularxb‘_ﬂ're edge intersecting .
each side in a ray. The angle formed by these rays is called the plane angle of the dihedral angle.

3 POLAR COORDINATES *An ordered pair used to represent a;oz‘nplex number. The first member of the pair is the

number of units in the radius vector, and the second member is the angle of rotation of _the radius vector.
POLYGON A simple closed curve which is the union of line segments is callefd\polygon.

POLYHEDRON A solid bounded by plane polygons. The bounding polygons are the faces, the intersections of the faces

" are the edges and the points where three or more edges intersect are the vertices.

R ST
.

POLYNOMIAL An algebrajc expression of the form aox" + al)c""1 +..+a,  x+a, sometimes designated by the
symbol P (x). ] - :

POLYNOMIAL EQUATION A statement that P (x) = 0.
POLYNOMIAL FUNCTION A function defined by a polynomial equation or f: x > P(x).

PRECISION ~The precision of a measurement is 1nversely related to the absolute error. Thus the smaller the absolute

error, the greater the precision.

E’RIMF, NTIMBER A counting number other than one, which is divisible on]y by itself and one.

PRISM It a polyhedron has.two faces parallel and its other faces in the form of parallelograms, it is called a prism.
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. PROBABILIT " The numerical measure of the likelihood of an event is called the probability of the event. It is a ratipnal * "
number p sy hlhalO<pt<I. _ S \ Lol ¢
'PROPER SUBSET A subget R is a proper subset.of a set S if R is a subset of S and R % . F
e .
PURE IMAGINARY . A coniplex number a + bi in whicha=0and b +# 0.
S .’,.v‘ : 4 | ‘
PYRAMID. l A polyhé&’i'.oijt on§’of whose faces is a polygon of any number of sides and whc e other faces are triangles
having a common vertex., -~ ' :
" QUADRANTAL ANG ' H the terminal side of an angle with center at the origin coincides with a coordinate axis, the
_angle is called a quadrantal angle. S - ,

- » o .
QUADRILATERAL . ~ A polygon formed by the union of 4 line segmen't\s,

QUINARY SYSTEM OF NUMERATION © A system of notation with t'ne.lbase 5. It requires only five symbols o :
0,1,2,3,4. -

RA_DIAN MEASURE _Angular measure where the unit is an.angle whoselar'c ona éfncle with center at'vertex of angle is
:%qual inlength to the Pallius of the circle. ‘

~ RADIUS Any line segment with endpoint at the center of a circle and the other emﬁ;o’inl on the circle is called a radius
of the circle. ‘ _ T . o ,

RADIUS VECTORl_ A line —segr_nenl with one end fixed at the origin on the cartesian plane and rotating from an initial
position along the positive X-axis so that its free end point generates a circle. '

RANGE (STATISTICS)  The range of the set of‘numbers!is ihe difference between the largest and smallest numbers in a
set. : _ B - : . . ‘s

RANGE (OF A FUNéTION) The set of all elaments assigned to the elements of the domain by the rule of the function.

RATE PA!R _ Ari ordered pair of couhting\m\{;]b‘é‘rs which expressed a rate relation — e.g., a rate of exchange. In general, --
a rate pajg\-“' , where a and b are counting numbers, expresses a ratio of the number of elements ir one set to the number of
elements in a secondset. - : . )

: RAT"IONA‘L EXPRESSION - A rational expression is a quotient- of two polynomials or ip, symbols.P(x)
Q(x) are.polynomials. : . - . o)

where P(x) and
- v

L]

g\TIONAL NUMBER . ‘If a and & are whole numbers with b not zero, lh\e number represented bv the fraclior)bl .i;’l
. called a rational number, o : T A

_ RATIONAL NUMBER§ OF ARITHMETIC - In the elementary school, one generally definés a set of equivalent fractions
to be a rational numbef. Alternatively, a rational number is an equivalence class of ordered pairs of integersa and b, b #0.,

. )

points C for which it is true that B is between A and C. Theopoinl A is called the end.point of AB.
h RECIPROCAL . Multiplicative inverse. L L

RAY¥ let 4 and B be points.on a line. —Then ray AB is the's/el which is the union of the s.egmenl AB and the s# of ali

4 v e

e=1 " J : : B S - . g

REGTANGLE A parallelogram withi right angles. - - ‘ S /

'RECIPROCAL FUNCTIO? \ Pairs of functions in the set of real numbers whosé product is I, for example, (sin ¢) (csc. Plmpmns

)

'REFERI‘ICE'QTRIANGLE For any angle on the Cartesian plane ‘with vertex at the origin, the triangle formed by_the
. . radius vegtor, its projection on the x-axis and a line drawn from the end of the raditis véctor perpendicular to the x-axis is

«called the reference triangle. ' L ~ . )
) : - 3 ) ] v ) - ’ , - ’ ' l
igN A LINE- A point'P has a mirror jmage £in the line A?ifP, P and A‘_E}a*lLl}ie in the same plan¢ wiff’P
IPosite sides Qfﬁ-‘a_nd if the perpendicula® distances PO and P'O to the pofnt O in ABare equal, oo -
Y . - . " R . L “
3 . § ' . 4+ .
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Ifais any element of.a $et and if R is a relation on the set such that aRa for all a, then R is .

REGION | The pnion of a simple closed cu:rye and its interior.

RELATED ANGLE , For any angle on the Cartesian plane, the related angle is the angle in the reference triangle formed -
by the radius vector and x-axis.

RELATION = A relatron from set 4 to set B (where A and B may repr‘e‘sent the same set) is any set of ordered parrs (a b)

such thata is a member of A and b is a member of B. PR

RELATIVE ERROR : Ratio of the absolute error to the measured value

RELAT[YE FREQUENCY - The reléuve frequency is the frequency of a given category dlvrded by the total number of
measures in the category. o y

RELAT[VELY PRIME Two rntegers are relatively prime if they have no common facto%ther than +l or-1;
polynomrals are relatively prime if they-have no common factors except constanék, . “’7'1 »:«

.~ REPEATING DECIMAL = A decima! numeral which never ends and which repeats a sequencpsof digits. It is indicated in
v this magner — 0.333 ... or 0. l42857 : :

RESOLUTION OF VECTORS The process of ﬁndrng the vertrcal and horrzontal components.

-

RES'ER[CTED DOMAIN Domaln of a function or relation from which certain numbers are excluded for reasons such as
* division by zero is not permitted and need for the inverse of a function to be a functlon :

RIGHT AN(HfE : Any of the four angles obtalned at the point ofrntersectron oftwo pe-ovendicular lmes The angle made

by two perpendicular rays. Its measure is 90 degrees. R

RIGHT TRIANGLE A triangle with one n'ght-angle

ROUNPING OFF  ° Replacing digits with zero’s to a certarn desrgnated place in a number wrth the last remaining digit

being jbereased or decreased under certain specified condrtrons _ m~ . - -
SAMPLESPACE Thé:"set of all possrble outcomes of an experiment. - ‘
. ) - ; p
SCALAR In physical science, a quantity having magnitud%“but‘ no direction. In a study of matliematical vector, any real
number.. * S . . . :
. e S ; ,r

.

SCALE A system.of marks in a glven order and at ﬁ Ed@ter\'als Scalgs are used on rulers, thermometers and other
measun.ng rnStruments and devices 4s an aid in measunng qua titi :

W

N SCIENTIFIC NOTATION ' A notation ge y used for very large 0 very/sgnumbe in whith each numeral is

B changed to the form a X l°0k where a is a real number mg at most three significant digits s ch that | < g < lOandk
is any integer. .
. Example . . . o
6,708,345 = 6.71 X 108 0 V 4 §
.000000052 = 5.2 X 1078 ' s

L KA
.

N SEGMENT For any \two points 4 and B, the set’ of pornt\ consisting of A and B a,nd all points between A and B is the .
line segment determined by 4 and B. The segment isa geomefrlcal ﬁgure while the drstance is a fumber which tells how far A

¢ is fromB. . - ‘ . - v - .
/Te, . . [ . : “t
: g . A R i R 4 . g : ‘
;o _SEQUE‘NCE AAn ordered arrangement of numbers. . ) . . . N
. . T " . ’ » Y oo
SERIES The indicated sum ofysequence. . - ‘ s ) .
E ’\J \ . * . B . a \; l ' T . . ‘-
e ™ S ¥ o : R ’ A .
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o -SET = A collecuon of particuiar things, as a set of numbers between 3 and 5, the sel of poinls on lhe segmem of a line or o
.« ‘within a circle: o :

UILDER NOTATION To descrrbe the members of a very large or infinite set, it is oflen helpful to denote the set
members as in this example— {x ix €R and §<x < 1} read “The set of gll x such that x is a member of the set R of
rational numbers and x is greater than or équal to 0 and less than or equal to l ¥The symbol devrce X |x .. } read “the set of
all x such that x...” is called set builder notation. N -

]
!

. SIGNIFICANT FIGURE Any digit or argf_’zero in a numeral_nol used for placemenl of the decimal point, for example,
703 000: 0056&'5 .00. i - ‘ . v, - L
%, - 4, v .
SIMILAR \"l:jg/o geOmelncégureﬁre similar if one can be made COngruenl to the olher by using a lransformalron of
srmrlrlude if one is a magmﬁcalro o8y reduction of lhe other ce - . . .

’SKEW LINES W Two lmes nr Grénot coplanar are said to be skew, - u

L[

'SLV‘OPE ' Tlhe’ sldpe of a given segmenl (PP, is the number m such that m = _y, ~¥1 where Pl is the ordered pair (xl,}'l)
and P, is the- orﬁered pair ()c2 V). . S Xp— Xy .

SOLID  Any sifigle :..L, )

surface; the term is usually used wilb, reference to polyhedra (rectangular.solids, pyramids);
cylinders, cones and sphe A . " ' '

’ <o - .
SOLUTION SET The lrulh set of an equalron ora sysleg of equatrons - o ‘

SPHERF Ihe set f al] pornls/m sphce Each of which is it a given drstanee from a given poml The gr,ven poml is called'
the center of lhgsphere and the given drslance is called the radius. v ﬁ Lo :

g\é// SQUARE 3 A quadnlat-ral flmed by .four lme segmenls of equal length whrch meet at rrght an‘gles 5 ‘
>TANDARD DEVIATIOI\ . The square root of lhe arrlhmelrc mean g the squares oﬁ?he devralrons from the mean.
STATISTIC An estimate qf a parameter oblamed from a sample., T

“STA FISTICS The ;uncepls, measwres and techm\ques relale}d; o, methods of oblarmng, brg‘numg and analyzmg dala is
‘include® in statisties. : ) - '

" . . * i/——.~ . B C oy .
. SUBSE™ - A\sel conlamed within a set; a set whose memberssare members ofanother set. The fact that R is a subset of S
- is' indicated by RCS. 3 L Lo :
: .y ¥ 4

SUBTR@CTION To sybtract the reabnumber b from the real num@%add the opposite (additive* frivérse of b to a.
. a-b=a+(-b). Also,a~ b= crfand onlyifa=c+b, N, 5 . o
SUC‘CESSOR " Thé successor 'of the integer a is the integer a + I'; . <

SUMMATION NOTATION ~ The symbol Zak The symbol 2 sthe Gré‘ek letter * lg tsponds to the ﬁrsl letter of
the word “sum” and is used to jndicate the summmg process. The k and n representsthe uppera lower. indexes and indicate
that the summing begms wrlh the kth term and-includes the nm term, for example

iak =az + +a4 +as. ) ~ \) ’ /A Ix

When the summation igfludes infinitel many terms is it wntlen Eak In this case there is no last term a because =1
number, The symbol 1s Used tg mdrca that lhe summaj.u)n is mﬁnne X

SYMMETRIC 'PROPER{Y " If.a and b\are"aﬂy elements of a il and 1fR4s a'elation ori the set such lhal aRb unplres\

bRa_then the relation is said to have the symmetrrc prgperly

TERM In a phrase which has the form of an, mdrcaled sum, /6d B are called terms of the phrase
: ] .
!
\
TERMINATING DECIMAL P (Also finite decrmal) A decimal repXesentation that contains a ﬁmle number of digits.
TOPOLOGY A branch of matl‘tematrcs th is the sl‘\bvof properti fof pomt sets whrchme preserved T o
35‘ o ’ \,.. ‘ o ¢

RE . / ”3/ . | .. - _ o ,

. N L S R e r81 : . e
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TRANSITIVE PROPERTY . Iia, l\and ¢ are any elements of a set and if R is a- relanon on the set such that aRb and
bRc imply aRc, then the relation is said" o havc the transitive property \ ' y e

' TRAPEZOID . quadnlateral thh a!- lea{g two parallel sides.
" TRIANGLE "IfA,B and’ Care’th?’e nagicolllnear&mnls in a given plane, the set of all pdints m the segments havmg A,

_B,Cas their end points is called a l‘fﬁngl - . . .
,,}4" o . - . '
UNBOUNbED Notbounded. . . o .;’
P @ . o . .

UNEQUAL Not equal symbohzed by #=

UNION (OF SETS If A and B are two setgg the union ‘61’ Aand Bistheset A U B contams all the elements and only-
those elements that arein 4 or in 8, for e)‘(&mple A;f<2 8, 3} B—{S 2,7; 6} then 4 un-{z 8,3,5,7, 6'f

¥ . UNIQUE . Oné and only one. . ,.‘ S
UPPER BOUND - A number b,l called an upper bo&nd ofa set A o}' real numbers if b >x For every x €S.,,

VARIABLE A letter used to denote any one of a ngelﬂbt of nuln ofs. Another name for vanab,le is placeholder in’ an

* ) "
‘equatlon for exarnple x+5=17. | ‘ . . Qu;. P “ - s #f{& w? - ) Lt
_"VECTOR - In physxcal scnence a quanm‘y h:i'lmg magmtude and dirg, on ln mathematlcsa VEctor isa matrix of one row
“ Orone column as(al byty)or - PG j oA ’ .
* ® ‘ , » t 3 "0. N /‘T\'qﬂ
r i N . [
-0 Ca £5 : 7 s . . ) ’ . .
. ) ) . ,'L; ' * . - . - ’:’\\: * ) o . " . g
VERTEX The pouﬂ o’t mtersectlon of ﬁéravs RIK LT % 4 :
s -y vl TN . @ N
. VOLUME . The ammlﬁt St space oc<.up1ed by a solid or.enclosed within it. o, ) o
WHOLE NUMBERS The whole numbeT3re 0, 1,2, 3,4,.... *-ﬁr\} 3
- r P . 7 ’
:
N .
s ) ¢
T
- ) ’ A “
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N A , 2 s
~ By - ' A
' vv S . . ' S U g
. ' . . o A XB " Cartesian product set of sets
b, * is not equal to N . : \ . .%  AandB g
rd o AR - ) “ ..
?rg ~ 15 aPPfo’.“"_‘a'e'Y equal to & é e is interpreted as Jﬁ where a 0
< . _ SN : a v
. S, .> is greater thay M : ~ : : f o ‘ o
. - ( . - is parallel to 3y » @
R is not-greater than ¢ ‘ . ‘ P o k .
« - - ‘ . - A SUR SR is perpendicular to "
< is less than - . o / C
4 - AR i3 ... straight line coﬁtaming.points
& is not less than : 4 ‘Aand B
) ‘ . S ’ . ) o
> . is greater than or equal to g v - AB - straight line segment with end
' o . ‘ ' . . oints 4 and'B
? * isnot greater than or equal-to : ' ® 2 P .
: 4 " rav from o o
: . int A through tB
B g isless than or equal to | F'd . S Y Trom po ol P tw
. : SR .. (@@b) ' ordered pair @ and:b
« is not less than or equal to . AT N ’ T ‘
] .. ; s : _ “ e { a } - set containing element a
+ C . . 3 . .
R = is a subset of : o | - 0,2 -foimes, place holders or
C Yoo o nonspecified elements
' o st X
. ») . K 3 90y the empty of mdr set w o,
./ ) © + = " Jiscongruent to , Sy 7 . % AABC  triangle with vertices 4,8, and C
B . X s
" L ¢ . S : applies to-any polygon
S - is similar to © . . applies to-any polyg
L 3 " .
' TR ‘ : o ‘ R o LABC . angle with point B.as vertex
% L S Y is a'n%lemem of ' _ b , ngl p . e :
° R e : 9{3 . {[] |a> 5} the set of in the universal
- :¢ ' ;mnot an element o ) -y . ~ 7 set such that Ois greater than 5
U ‘““"""al se S ‘ 7 : a:b ratioof a to b ' \
) r » 2 1
S ) solutzon set u.r?ion of two sets
. ) § complgment set ’ \}" 9 , mters{ectJon of two sets
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