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Chapter 11

~ VECTORS AND CURVES -

TCll-1l. Introduction.

. In this chapter we introduce the -calculus of vector. functiops of a single
‘real variable. For this purpose-we need the elements of vector algebra and
] *

-'vector gecmetry. This preliminary material, Sections 11l-1 to 11-4%, can be

,developed_withoht the 'background of calculus and it seems'likely that the D
véctor apprcach to geometry will find a permanent niche in the precglculus

curriculum. 'g' . . , 2

A ; ’ *r
L At this time, however, we.cannot presume that this‘material is parffof

the background of, any substantial number of students; therefore it is not

iﬁcluéed in the review appendices but presented in the text at/tﬁe point wh_re

- -+

xit is to be used. - ) - ’ s

» -

The value $f the vector approach for* properties whicis are independent of-
the coordinate frame <is demonstrated here by the applications to geometry and °
mechanics (ChApter 12) but this aspect of vector methods has extensive appli-

- catio far beyond the confines of this text.

-

j- Solutions Exercises 1l-1

1. Which of the following quantiti’k are independent of the choice of
coo*dinates? -

(a) The distance between two point n .
~ (b) The distence of a point from theSggigin. -
> {(c) The angle between two lines. N ' .

(@) The angle of inclination of a line. .2

(e) The area of a standard region under the graph 'y = £(x)

(£) . The area bounded by two curves. >

- r

- 7

) - ' The point of this question is to maké the student avare of impl*pd
reference to a coordinﬂte system. Heashould realize at once that the -
gquantities deécribed in {v), (d) and (&) are defined only.in reference
to a specific coordinate s&stem.while those in (a), (c), and (f) are not.

”’

. - -

\Q\\~,; '.ka. | - .

B r .
L) B . . - . .

.,
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TCl1ll-2. Vector Algebra. L

.

Although the principal use of the concept of vector for geometrical
applications is in the guise of "position vector" or diregted segment with
inizial point at the origin the concept of positdion vectzayzs too'restrictive' ‘:_;
to cover all applications. In Section 11~ 5, for example, we introduce the

tangent vector as a function-of the farameter glong a curve and have no

ediate’ reason to refer all the tangents ,to the same origin. Furthermore, \;;J
e use of the Eranslaticn model in which-a vector is thought of as a mapping .
operation on the set of points in space yields a natural interpretation of

e addition of vectors as composition of translations;(while to introduce

In some€ texts the directed segment _FQ is called d bound vector, bound o
in the sense of being "tied down" to the « The vector T?,

by analogy, is called a free vector, fre- : pment to an initial .

pOirt . C

- [}

According t¢ the dictionary (Webster—Merriam), the term "scalar" is -~
derived from the conception of the real numbers as a8 linearly ordered set or
_ scale. In the text we prefé; -to stress the idea of a scalar as an operator;
this is more in keeping with, modern usage since the elements of any field and,

S o parzicular, the .complex numbers may be scalars.

In. tbe text we carefully maintain the d*stinction in notation between the
pOint P and the vector B for the purposes of exposition. This is a nicety

which may be abandcned once the distinction is clear. _ N

+

" Solutions EXercisgs 11-2

~ -0 - —r - .
X. Let U and V be‘any points and U , V the corresponding position
vectors. In terms of U and: V what vector is represented by the

directed segment UV 2 ’ -

E. -
-
- -

Note. \?henresult of this exercise is assumed later as everyday knowledge.

This corresponds to a translation T such T(U) = v ; kence, -

] ! - [
T+T=V. Thus, ; - ‘
A .. T=V -T.
’ : -
D v e,
. - N P
- - ! N
& PSR 3 _

¢ - S
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-

In Figure l11-2e, one diagonal corresponds to the sum T +7V . what

2.
vector corresponds to the other diagonal? .
In the figure, take the orientation of the diagonal .corresponding to SQ .
Then @ =F +7V =[F+ (T)] + V; hence, by Number 1, SQ correspdnds to
p ﬁ‘ - -g = v -+ -U S
: 3 0, | N
That is, the difference V - U . ’
H
3. Give a geometrical .justi’f:ication for the inequality .
.y .
B+9 <8+ V1. | S
. ’ &’
In Figure 11-2c, we have W=U+7V ,}where T and TV are not collinesr.
The inequality merely states that th{e‘ length of one.sid‘e of the triangle .
is less than the sum of the other two. If U and ¥ 4re collinear, sa:}'
T=3V, V] >0, then T+¥V =( + 1)V . Since |n + 1] < n] + |1|7,
the result follows from (1l). . B
L, Let & and B be any given points. -Characterize geometrically each .of
the sets of points ' - : «
- 1 N . . - .
(a) (X : IX -“1[ =r}. "
\ .- '
- . < : -
°  This is the set©f terminal points of the dirécted segments AX .
with initial point at A .,and length r . Hence, for "r > O it 'is
the sphere (or circle in the plane) of radius 1 ; for T =0 it
) consists of the point A alone; for r <0 it is the null set. ’
B - ’ - ¢ -
- T a - T . . .
- (p) {X: |X-2] <r}. . 3 o

- .

-
- -

For r > 0 , the interior of the sphere (or- circle) in Part (a) ; .

otherwise, the null set.

~
*

(&) x:[X-F >r1. * . .

-

-

by

For r > 0 , the exterior of the sphere (or circle) in Part (a);
for r = C , space with the point A _ deleted; for r <0 , the : -
‘whole spaceé ' ’




. - & .
11-2 | '
' . : < -
(@) {x:R¥=2%,xn real). L L -
5‘ N - oL . e ’ ." ." » -
If A #0, the-point O and) all pcunts which lie in the directlon
T ot A from O or in the opposite direction, hence.,, the line oA .
If A= O 5 the point 0. ' .
! - ‘ . . . - - K - “
(e) X:¥ =2 ,x>0}). - - \ _ ,
' - If ;A # O(, the-point .0 and sll .points which lie in the direction
of A frgbic » hence, the ray in the direction of A withMnitial
. . L} . . ) - ]
point at O— T - -
- -
. ‘l ‘ 1 .
— -
(£) x:X=R+2B,x>0}. PR
L - . ’
If B #‘_O , the ray in“the direction of B with *ini';_iai Point At A .
R R Y - . :
{g) {X:f¥.'§+>€§,k real}q. ' ~ i :

-
-

If B #0°, the line through A and parallel to B .. - )

-

(h) x: [X-Z] =[X-3B|3. s .

h Fa
d ' : The set of points which lie at equal distances from A and B N
- hénce .the perpendicular bisector (plane or line) of the ségment

- ) . ‘,.‘ - -

5. For any non-null vector A& obtain the unit vector (vector of length 1)

i -
P . ~

in the direction of A . . i
. -

Let U be ihe des¥red it -vector. - We have T = )\K: where A >0 .
From(11), under the condition of ihe problem, '

L4 . - v - . : > - --/.
r‘r AT = AR =1,
hence, X\ = - -~ P '
i T = 2 )




. - R .~
.

A e o 112 «‘\
: | - SN - . v

6. Give & geometrical derivsgtion for the asdsociative law (6) for the addition _

. of vectors. ot . : . e

' . ' : ot e ' - ~-

In the figure,’ the operations indicated by the sums (K + 'E) + T and
. : _— RS 8 . .

.
-

L : N . ‘ . ‘.v;i_A, L

T~

1: + (B +©€) are carried out scilematically. The problem is to show that :
.the directed segment & 1is the same as OB . (In the figure, the points
~ .O s, A , B, C. are not necessarily coplansr.) It 27} sui:ficie_x'zt to show o
' that E and G are the same by proving that the vector W corresponding
-t to AE is i:,he same as:’;the vector B + C c'orresponding to AG . But
' this is transpgrlent, since w=73F y that is, the composition of the R
translations B &nd € applicé in that order. Thus, by definition,
W = 6*-3} . From the parallelogram law (commutativity), W=+ 5 > ¢

-

. which completes the proof.

- Alternatively, translations are functions from E3 onto E3 + Since
~ad@&ition &F trenslations amounts to composition of functions, the resulby

(' is immediate fro- the associativity of composition. - /
- . - )

)&

7. From the laws of operz2tion, Al-4, Ml-2, D1-2, which define a vector .
space, derive the following consequences. | .

(2) »0 =7 > P

Follow the proof of Section Al-l, Formula (8): observe that

AT + a0 = A (0 + 0), ' - (D)

J » ' — 7

) . . v . = A0~ (A3) 5
- 4 - h

that is, for A = A0 , .

(1) - ‘ K+K=I; -

,\ henbe/_/ ) - ) .
5 - L N -
-l

_— v (R +R) < (-B)

Il
b
+
3
A —
I
O}
.
=
=
g

833 N\




11-2 o
\ whcnée, ’ .
. B O TN— - .
A+ [A+ (A)])=0. - . (a2) ;
. thence, : .
- or W £+8-7  — (an) ;
that 1s, - "
A=0 . (43) ,
which was to be proved. . - \
i . . ‘ r . } -~
(b) +OV'=D . -7 T
N SR _ . -
7 2 , _ _ _
Note that ;
1' . : — o ) — )
: OV = (0 + O)V = OV + OV (p1)°;
. - Yy -
— : i.e'f for A =0V, . )
> < ~ . _
7 R » - _ - __“ .
A=A+4, i o
+  which is the same as Equation (1) in Part (&). Then proceed as in
Part (a). ' ' .
v
(c) If AN #£0 and V#£TO then \VLO . ' » . i

-
~

Soppose on the contrary, that A # 0 , V#0 and AV 20 . Then

’

. . 1 - _--i = o - ;
N R - (V) =£0=0 . (by Part (a)),
butﬁ . ¢ <
S d2 W) = (2T !
* o A A .. _
= 1V .
| ) = =7 | (M) .
. Comtequently ¥ =3, e contrad;ctf{ ‘ ' -0
(8) (-1)V = ¥ -
r \'5
¥  Observe that °? .- > .
© TV (ALV = 1T+ (-AF T
=[1+ (-1)]Vv - . (D) v ";‘-!J_YJ‘:‘-. I
: e _ G
r B . =0V =0 (by Part (b))
; nence (-1)V is inverse to V . . )
o 834

4-
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- : . e - : 11-2
L - RN, 4 s - o - R -
. . . . - .. >t

'-, ; ' : * -

O 3 the. vector e%uata,p‘n 7\2 + U =V ' has the un;.q_ue; solu'blon o

, R #
. s ;1'?:.—%-(‘3":?)._-‘__ T \:)5'/..‘“

R ~T. - - c - ’O-a e '-‘ . " ‘ "-‘ . '.‘:..
ot 9 - S '_--_ . - D® D
- . - . e T
ce I't; 1s easy to v‘er:’.fy d:.;reg@gn 'bhat’ X = —{l v - A’) is a;'éolu,tio_n.
LI - On the’ o't‘her hand, if X hﬁ'ﬁ’ a sclutn.on.,. hen . L Te
T (xxw)-h(-ﬁ) V(O
: s . . ) - - ’ ‘,V‘:" .
or L o T e ' - . ) s .
o AZ AT + (D] =T -T (az)
.~ 8- o ’ -
. L f=NX e 0 ‘.. (A - .
A , - ~ B N
* - ) < e = K_X‘ : ,!__ ’: E- ' (A3) ; N
" hence, ) . ' : . .
L l‘ e
~ T _ _ o) = XF- B .
: ’ N . 1 RS >
i e= (2 NX (2)
- - . T, = 1% =X ] (M) , [

: . o . - 1 o N :
. which proves that the only “bossible _sqlution is the® given one.

v
-
- -
-5

8. . Show that the set of continuocus func‘blons on the interval [o, 1] is a
linear vector spacé over the real numbers where addition and multn.pllca- .

tion have their ﬁconventlonal mtexpretatlons. _ -

hid

The critical question is that of closure 5 namely, that the sum of con-
timuous Functions is a con‘binuous functlon and that the product of =
continuocus function wrt;h a real number is contimuous. The remaining
_e“c'tor space ,axloms derive immediately from_ the laws of algebra applied

to the definitions’ of function and sum of functions.

A\
o . Note that the set of piecewise mqnc'bone functions does not sa‘blsfy
" the closure propertles , and that is what’makes it u.nsurbable for a 'téheory
: of the integral. - ) TN .
\_}‘ o/ . , . s _ . N
. i . : ' J . 2 . \'2.
\- 9. (&) Let .C .C be linear _}'\ector spaces over the real numb‘ei's.

.Show tha‘b he set of ordered pairs

 < -C GB-Z? {(Vl, ):V 5«(1 V G-CE} 1salinea:vector

sRa.ce over ‘the real numbers, where, for Ul » Vy € 'Z:l and .
-‘2 > V & '12 addi‘blon and multipl:.ca‘b:.on by a scalar in

‘C'l @ ¢C are defn.ned by




- “

" the real numbers > whe]

'- (e)

-

| J; T, + (T, V)_(t.+v T’J'"-i—?) e
and | T
.-\\E'"J; o ’ h( v) { - . \

‘
: - .
“-

- The space -C_ G—) .C is knom ers the direc sum_ of .C and 42’

~ ./ . e -

i ; . /: L

~ ° /

Closure, corprutativity and associativity bf add:.tion %re obvious.

The mull vector in .C ] .{: is ,s:unply' ( ) w‘here '51 ang"-

-

B, are the null vectors for "")'Cl- and -Ca 3 respecti?ely. The

2

Note that in the definitior of addition of ordered ISEirs the-.
sign "+" is used for three Kinds of addition, the”’ ad'ditj.on in

_ Zl @ .Ce - which is being défined and within the parentheses, an

addition in .C and L , . Similarly, three distinct operatiofs

. of scalar nru.ltiplication are involwved inthe definitioa of product.
P .

-

Show that Q s the r al munter field is a linear vector space over

e addition and multiplication is now ordinary
‘addition and multiplication of- numbers. The set-~ @, considered as
a linear vector space with a’'lehgth defined as |x] for x e R 1is

dencted by El (one-dimensional euclidean space) o

- 3
¥ . -
- .

_The’ linear vector space postulates bere are direct -censequences of

the field postulates for & (Section Al-1). <
- . v
/ - e o B
Sho‘w that euclldean two-dimensional space E2 is given by - = o~

, - 08, ' | )
where QIeng't:.h for i e B2 » given ‘that. & = (a,b) snd a,be o 5
is defined by S -t L

B ,."'|K|=m. :

»

S:Lmilarlty, show that eucfidean three-dmens:.onal E3 is given

- B-Fexr _

by

_“’w'here length for V & 3 s £iven in the form V = (&, c) with

& E2 » C gEl 5. s defined by . .

T T -

( 'v’ - . - . @ .. =
. ) - - ‘ ’ ’
R LB » o

— H
inverse to (\J’.l ,’? ) is (-vl,-v ) where vV, is inverse to Vi' in
‘C:‘. 5, (i=1 2) i .The remaining laws follow sigilarly by direct appli-
' cation of the definitions of the operatlons. .

-

-
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=~ ’ ‘. | . ’ - .2 -J". . -’) B ’ '
e . 0 - This is’ the usua.l cartesiaﬁ "Eprqsenta‘ti.on of E2 witk the®
- = .Y
- . py‘thagoreen distance fomula. '& :-{\ . -y ".' -
. i - Im the represen:ba‘f:ion oﬁ{* E3 L we n:ay write the’ p’ector ? in
. . the form : - /{ oA _;- . » . _:‘,’, Sl . é
- . --’V—(Kc)-—((ab) c)* (Bbc;),-f; ,
. 2 v E . L. \" CRC ’ Tt -
i ‘with-a , b , ¢ c Q s and the 1nternal parenthes,es are dropped as
’ h redundant infomat:\.on. - orrtl'é Iengtg; of ? we have _ _
. . . . . (- [ ,... -" ) ‘. v'r‘_--’; .‘q -* “ v ) . 3 .. - A -4 . - ) ‘J '
) ’ _ SRS . . .
i : lﬂ "’ﬁl +_c2-'.= 3 ¢y A B 245 ¢
a - ’ : . ) e f"‘.‘]- N % ‘ N o
; T T _'.,_“ : f2 \.-i- 7‘\-2?-1-_"_&:2-‘, : ' T
, *which is the pythagorean distance ’fomﬂ.a kin \EB .
s ; . ) . : 5o "_ N ‘Q
- . E [ . . ; _‘-_ 6..,0_' .>'~'-.7-A‘-’ ™
. . ) - . ) v VRN ‘ . ‘\‘\;L ‘\_ v ‘..., r_ . .
N : N : : el e TN .-
TCl1l-3.. Vector Geometrx. . L o S RS,
e Solutions Exercises 11-3 i""’ : L '/;-
J ORI '

~ l. Verify that Fo:nm:.'l.a '(2) gives ‘the familiar ?omulas‘for»the midpoint of
a segment in terms of coordinates for P &nd Qe T .

J . . . : \ ~ v = ;"\ - . R
.. . ~ = j \""?' W e
Set P = ( v. ) Q = (JE' v.) and X = (x,¥y “D’se e
:- _.‘- ﬁ, 1 > | DIV D . ' P 2 Ry - ._“'g_l .
- aq + x yo + ¥ e
—r _"l —-‘ - _ xj_ 2 l 2 .. .-,._ .
.l'- _ -X = §(P+ Q) = ( 2 3 2 ) - . i .~
. . ‘ o . ] . - .- - \' .-_7’ . - .
to obtain from (2), ' . 7 . I NN
e - _tx _ V3 tYy D
X ="73 > ¥ = z " .
/ N . . . “ . - . -

e{ Find the. equation of the line through the point P = (1,2,1) panallel to
the position vector (0,3,4) ; then give the coordimtes%f & po nt on.
the line at distance 1 from P . o

The equation bf the line is - .. . ' .’:e;:*,:\«
IR | - X—(121)+t(031») ( e -.
* From - ‘ L . .
: . - ,
. S 3 3 - gl
“ the two points on the line at unit distance From P ‘are given by >- B
t;‘t%‘-,&ence, by (1,2:‘:%_ —) - o :
837 _ o .
. o, T T >



‘ 13'—3 .' .c’ . . . . ’ - . - b ’ ~
. : - .‘ ‘. - % o - .

3. (a) s =. (2 1,2) in the plene Jj contamlng ‘A = (i 1,3) ,
f: > C = (l 3 ) ? N N -

P
= ( . . -
. . T .

The plane 0) is gi el by thé equation - - '
- — " = [ 4 ~ — -iy ' -
X =&+ u(E -2) + v(T -3y ' .

or - T o .

- -

X = (1,1,3) + u(0,0,-1) + v(0,2,0) .

: Thus P is in (P if and only if STy
< T o (212):61 1+2v,3 -p) .
. o , >
X ° for some pu and v, bu'bjthis is clearly mpossible since the
x-components are alsta_nct . o
- - ~ . IJ.

(b) Find a vector ™ N normal to the plane (@ .
.- ) - » ? .

® : . { 7 - A )
A vector .W is normal to (P if and only if it is perpendicular
to the vectors B -2 and- E*.- 2. Eence, '

~

g 'u_'ﬁ‘(B-A) N(é-ﬁ)=0.

Consequently, if N = (N x’ y’Né) , then-_ e . o

s | _-Nz=ov,_2Ny_0‘,.. ‘ -

v ,'. and . —ﬁ‘=. (ﬁxso;o) = Nx(lyoso) R r )

where Nx'_ may be any' number. ) ' o

(c¢) Find the distance from P = (2,1,2) +to the plaz}.e P .

. .
A N

‘The distance is! [P - Q| where Q -is the foot of the perpendicular
- from P to P 1« Thus Q 1is the po:.nt of 1ntersectlon with 03 of
the normal line - . . b w '
hd . —_ _-‘ ¥ . ~ . -
X =P +m_(212)+x(100) > &
.‘— . L . 2 ﬁ
.whereg [N| = |P - X| . Thus @ sa‘tisfles the ‘simultateous con= .
- . <. . : “
. -, ditioms - - _ v ST -

S ‘\Qi@ +X,1,2).= (1L,1+2v,3-pn) s :

whence Q = (1,1,2) and

: SR - B N R s,
T _ . . ) . . ~ .
. "\i-\“\\: ) . .1 6
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- L . . . . . . . . - - .,-_. . - ; . .
4. Prove _the coroliary in Example 11-3c. T ' D
/4 - : N oo '
From Part A{bB) of Example ll‘—3c 5 theres exist scalars “.l > Vp. such that - _ .
¥ '2' i + v‘?’ The quest:.on is one of um.queness. Suppo'-s"e there exirs'l':f e,
- S
. ~otbhe.r scalars l-l2 » v2 . w:.th, say v2 ;é v'l and_ ,Z. = .
. . . . M_‘ u b
" "(p.2 - ul)x + (v v )? = O : Consequently Y =g
3 X and Y are coll:.near, a contradiction. ' ) -
.,.; Lewte | L. * | 4 . - . . . S
1. ' .5/. -Lé_t‘ A’ ané; _ﬁ ‘be noncollinear vectors. Determine the equa"i:ioii};df the . E
- ray which bisects”™ ZAOB .. =~ * T '
‘e Let, X - be any point of the ray bisecting ZAOB . Jhen X , A ama B k_[
r: b .\. » B ~ :"."‘3.‘2
’ . 'z - LA
. ﬂ . . = .
are coplanar. Therefore there exist scalars such that - ) . -
(1) - ST 2 & + BB . roe
- - The condl'tlon that X K6 lies inr the interior of the angle :.mplles Ct >o0-
" and B > 0 . In the figure, with P '= Bﬁ and Q = BE , note, that -

L LPOX = acoq (angle blsec‘tor) and&‘ £X0Q = [PXO (PX_ ad  0Q are e
para.L'Lel) Therefore AOPX is isosceles and ‘fea| = |BB] . For = -.
simplicity, introduce the unit vecto}s _ -;f—— and ]_ET "in the directions

| : ) i . .‘ . N £ .; .f ‘ |$l ) o B
‘of A and B , respectively. Set a =ali] and b = p[E]| 3 jhus: a =b "
- and (1) becomes ‘- : a L _
Sty . . ‘ N
e S 2y B ; R (a2 >0) .
Al 18]/ . . d
' Conversely, any po:.ni'» X defined by (2) lies on 'the angle blsect'or s:.nce _
tfe figure OPFXQ is a- rhqmbus. i : ¢ ’
- . - c;v e B .- . - / .7. ’t . ., . r
- %
L 3 e
Y R
N
- - A 2 -
‘ .
~ 8 . —y -~ .
o . 2 39 1 ) ( . C e
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6. Verify that the results of (1), ‘of }Eb:amples 13- 3a, b,-and of (4) do nmot - ’
depend on the choice of origin. - S ) .

. - ’ . < C o , _."."='-. .
o ‘Let TT be ‘the new origln. Each vector \V nru.st be replaced’ by T-W
T to obtam he correspond:.né results in the hew system. o ‘ _‘ .
) obSeI;:e' that ' o , . o oo ] |
B 5 AN CREEN) e S : -
- =(1-x)<?'.m @ - . e T

. In.Ex&mple 11- 3a obsej:-ve tha"ﬁ tl;e finel equat:.on from whlch tne _‘
. result £ollows is expressed wholly in terms of the: dlfferences o:E' vectors s
“a
- - P Mll_f -1 5 b&t a diffeyerice .U LV is not a;‘f_'ected by a change__of_

origln, J.‘ o c o . - ’
. j . - . " . .
. :' . ¢ U-‘\T’ (U-ﬁ) (Tf-w);
hence, ‘the equatlon holds in the new. system. 2 : -_'-. N T
T ' In Example - 3b t*wo things are 1nvolved the equatn.on of the’ medlan -
o &nd the equatlon of. the centroid. For the medh.an, note that - Lo .
. " ‘,“' . _- . . _i _ W—:.(]E’ - )\)P _-= ):(? +-?‘) ‘_.—ﬁ . . i . .
) oo BT 1722 T3 TN : :
oo A T C N . - -
j = (X -A(EB 2 G- s -,
: ; - .- ‘ 1 - 2 2 3 . -
: and f‘o_r'tﬁe centroid, that: i ‘ - _ - \
o : ' . - ~ e - LY _—
4 . ’ = 1, - ° .
P - - -+ -

P T A 165 Rl SV L
T A () L E . LSy L ay o
SO R < = ‘i[__(.Pl w)._A+A__‘(P2 W) * (‘53 W)_] . .

- In (ll-), obs.erve th.at ‘ ,' s \ - -
. S - ~ i - .

'. R -ﬁ —ﬁ = A + [...L(B - A) + V(c - A) H “’.‘ N . -
= E&-W o+ u[(_ﬁ - w)’“ @ - +W[(T - - EIW] .
* 7. (a) Show that the'vectors A = (1,1,3) , Bs= _(i,i,22 and T = ‘(-1,3,3)‘
* 7 are noncoplemar. " L o : o . .
From Rcample 11l-3¢c the three vectors are coplanar if an;i only :.f o “
. there are tbree scalars ¥, 5 e not a1l zero such ‘that ST o
' | ' - E+Br oo,
_ Insert the coordlnate re‘presentatlons of “the: vectors to p‘otaln the
’ T _ >  three scalar equations R oo : : - - .
S el ' haiE . W
-y . <-;:' » ‘. . _... \-8)40 _-1 8 . . o ‘ - . . -
AN - N -



o

“

"a ," , ¢ are not all, zero. 'Con'seci‘uently,-

-since ABC doies not contain the point . O (4, B C' are not copla_nar)-

- - . [ v - £
. - - s
: [d
. . . ~ -

‘ B -a+ b+ ¢=0, .' .

- . & . . . ‘
S : A - ‘ . . .
S o + D+ 3¢=0 N -
s ) . a + 3¢ = TN e
. N . T -\ - .
- 38 +2b+3¢=0. | . .

. : . . . t
.These .equations have only the trivial solution a =Db =c¢ —-O_ -

- . .h- ) . 7 ‘ /
(v) Express the vector D = {(2,1,2) in the form of a llnear combmatlon

- -15=aI+bB+cc.'

e . - - - .
; . . RS

) The coefficiernts a-, b, c sare solztions of the iinear ‘system

-

< a+ b+ c¢c =2,
“'Qé"" b+.3c=l,

- , 38 +2b + 3c =2

Kl -

L X
Y

e

P Y

whence a_-—-;—.-%, =L , c-=--§. . L

-
-

v 8‘. Shdéw that'givenkn.y four vectors A s B, ¢ > D , there age constants
a ,-b , ¢, 8, not all zero, so that ' R T ST
T . aA+pE+c€+ab=0. S

(Hint: Use the property that if a l:Lne is not parallel ta a plane 1’c
must -intersect that plane at precisely cne point. )

R e
i R

If the taree vectors K*, B s T are coplanar then by Example fll--3c":':e
already have such a relation for theighree, ah X BB + ca-"-_= O, where

. - . - - - - — e
o C aA + bB + ¢C + 0D = O . . i ) ' N

~Suppose now. that the .three vectors A » B 2 C are not coplanar,

“then either D is pa.ra]_'Lel to 't;he plane ABC™- or the line X =»D

meets it -in exactly one point. o - ' . )

-~

If B is parallel 'tO' ABC uhen there exist a directed sagment

g»RlR . in ABC - which repz_‘esents D .~ Thus, in the notation of (1+)

<.

J® B-%, - Rl-cuz- )(ﬁ Doy - @E-D

_ wh:.ch immediately y:.elds a relatlon of fha des:Lred form. o

If D is not parallel to ABC -there ::.s a num'ber A for wh:.ch

3 AD is the pos:Lt:Lo'h vector of a point in the plane. Furthermore A 74 O

-

?

T . /.

~

-

e

6.

AR M)



_.A

-

,-9.

lo0.

*

11.

Consequently, by (h) . o . .
(2 - D AD = A+p_(§ K)+v(c-3§) Lo
2 _\. € ] -- ] - .
which immediately yields the desired relation. ST . ‘(

-

-
3

The statement of Number 8 1mp11es that any four vectors are llnearly
dependenm -namely that .one can be expressed as a linear combination of

the other three'. Show from the assumptmon that E§ is not contained in

{ a plane that there do ex1st three llnearly 1ndependent vectors in E3 »

o

“that is; vectors A > B » € for which the equatlon
eh + bB + ¢C = O S
is satisfied only if all three scalars a , b , ¢ are zero.

-

™

Since 'E% is not contained in-a plane.ﬂhere exist at I'east one point A
other than O ,-one point B which is not collinear with A and O E
and one point .C which is not coplqnar with © > A, and B Since.’
X > ‘B .and C are not coplanar the condition of EXample 11-3C cannot be

satisfied. ' o ‘ . : L )
- oL . : o .~

Prove if"K ,'ﬁ', € are not coplanar then any vector Z can be repre-
sented =% a linear combination - . » :
Z = a.A+bB+cC - .

and that the representation is unique. )

. : ¥ ’
If Z is pardllel’ to the plane 'ABC then Equation (1) in the solution

of NUmber 8 giyes the 5e51red representatlon. .If Z is not parallel to

ABC > then, since A # 0 1n uatlon (2) of the solutlon of Number 8,

the desired, representatlon is obtalned on division by N’ The repre-

sentation 1s unigue, for b aIA + blB + c [o} =raéA,+ B+ ceﬁ' then

A -—

(a - a )A + (b - b )B + (c - <, 1IT=0. Bu Y s B, C are not co-

planar and therefore, by Example 11- 3c, 8, = 4, /> by =Dy , and c; =c,

. - .

Show if . B and E' are not collinear that’.X =4 +-pB + qC 1s the

equation of a ‘plane passing through thehpolnt A  and parallel to the

‘,vectors E «and T . We say that a plane is parallel to a vector V if

~l‘ﬁ=¢.

it contalns -a directed segment PQ whlch r%presents V .

- - ; \ : ‘ ‘ S O

@ | y | 5 - — }.

Bua L .

~

-

-
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'I'his definition of parallelism is ado_p‘ted because it generaln.zes to

.0‘

.spaces of any dlmensse-a For example in E , two l:mes are either
. para].lel or 1ntersect but in”* E3 -there is a third poss b:.lity- two
llnes may be skem. '‘Similarly, in Eh' ,» a2 plane and 'a line may be skew, ‘
thaty is s neither parallel nor intersecting. Thus the property given as

the h'fnt in Number 8.3i5 a characterization of three-dimensional space.

-

J..-(

£y

R Observe fifst,_-on taking p =g =0 that A . is a point~of the set

P= {X:2=K+p§+q6,p,q-’real}'.— Now if X,Yea) then

YD’- T s represented by thé directed segment XY . Suppose'

X.= R +ng + qlC . and Y =& + pz‘ﬁ + q2'6 » ther the segment
W=(z:Z=(L-2NX+2F =R+ [L+rp,-p)IB* [1+xr(q,-g)]T,
> . 2~ ¥/ = 2 "d1

-"r ’ & .' 4 o Cr
. L 0O<» <1},

-
B . -
r . N 1l

T I . S —
is clearly contained in 03 . Now B 1is represented in G) .by XY when
1 and p, =g, =g, =0, and T is represented by XY when ’

R
N
[}

q2 =1 and Py = p2.= q; = 0 (The choice of coefficients is obviouslb_"rﬂ
gn_.ot u;lique). . . . '

So far it_is not detefgnined that 03 is a plane, only that _i't' co,ri-
.tain.s A and is-parallel to B and C . Observe that 6) can be
expressed in the form (4) by setting B ='§* - A 3 T =-'E* - K'.. Thus 07
is a plane 1if ~, B* s _C* are not colllnear. - But the three poipts ire
collinear if arﬁ only if B - '.K —7 . and C -A=t8 are col]zineer.. -
C f'fsequently, if ' B and T are ot collinear then @ is a plz\,ane.‘ I.f‘-
B and . ¥ are collinear there a . two possibilities. First, if .

= '5 =0 then J) cons:.sts of £he. point A alone. Second, if. one of

the two vectors is non-null, say .C £ 0 , then P - (X': X =4 +2C} and
0) is a straight line (see Exercises 11-2, No. .l;(g)) °
;

(a) I’;:L the accompanying figure’ R is any poﬁf’nt on the line A?’.B .

. - - - . S . -y ) ) .'_1_ . ’ '
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3l PR

- . - .
~ ’ -terms of a a&nd” & .
SR S ' ) :
o x . - e L . ®
R Since R is on the line AB , . - S .
‘ \ B=(1-A)2+2F; h :
LT ' them (1 - AME-B) = A (R - B) > and ’l ?:h, is the desired
. ratid. Since A and B are not éolline‘a"r, the representation of
. R as a linear combinition of A and B .is unique. We conclude that
) ‘ AN=b,1l-A=1, and : e
, S b1 R
A{v) In the accompanying figure € is any poi{ﬂ: not on a side of the
- - triangle. ’ 3 ’ i
~ : L A - : d
B-3-p( -3 ; ana
E - - o
Q-0= & -79 5 Show
that o
i oY =1 . e
~ »
o7 . ’, . . . T ) -
® t . - This result together with its converse (namely, if P , Q , R .
T divide their respective sides so that this relation holds, then -the s
T lines AP , BQ , and OR are concurrent) is Teya's Theorem {Giovanni
: Ceva, Ttalian 1647 - 1T736). ' .
N [} : ’ T, : v T T _ ’
‘ , J
. From Part (a), -
R=(1-X)E+2F.
» ’ -, . N : * . . -
« end, since C is collinear with R :
IR T B =R=o(1-2)E+8E.

v set | : \
A T3 ,3-= .




(1) .= -_X’B— u,T‘-l.—v. o

Now, for some real p ,.

P=(1-pZ&+1pC *
. ' : .
= [(1. -p) #pd(l-)\.)}K+pO7\§ - . ' *
. . ° Since/ X _and B are noncollinear, _the ,'two representatioms of+ P

must/be the same; that is (1 - p) + po(l = A) =0 and pa =un .

R b

Eliminate P o obtain ’~“' B .
. , _ or - .-
_ M ET o . e
whence, from (1), - _ o / ’
: o . . 1-¢ T * .
(2) ) B = =% . .
' Similarly, for some real ~q , o Rt " .
Q@ =1(1-qB+ql
Coprene = qc(l‘; X)K + [(1L -q) + qé)‘-] B;
hencé, " ' _ © -
v =gqo(L -A) &dnd” (I - q) + g =0-. _ .
From this - oty o= M R ’ ' and, from (1)
_ S —Y . B
. o(l - A)
- _(3) T = ﬁ - )
L@ . : )
. "Multiply the expression for <& in (1) by the expressions for B and
Y in (2) and (3) to obtain the desired result: opY = 1 . e

.

Conversely, suppose aB‘r 1 . Take C as the intersection of
AP and BQ » then prove: C 1ies on OR . From the two representa-
tions of P , write T as a linear combination of A and B :

t-R-Llg.
. P P

" wh

Similarly, f::jom"the two r'epresentatic;ns of 3 3

"TaY¥isaclyp, S '
q g . |
Consequently,. - - ‘- _' S T
., 29
» - u
8Lks -
v




11-3 -
| : LA ' : ~
'.\ » ) - . '. . __'. - f - ) B
| W g-R-1g,a-1% . e
| M 1p . q .
\ - - : - i
v - oand’ - :
-.:\- - ) , ’. ) " .
\ _plg - 3) _alp - 1)
) , v = .
v 7 . - q ) ) D :
“\ ’ From (1) and" (5) : 7 S
A , _ 3 g g §g g(p - 1) '
. : A qg-1 p + g - pa ’ _ -
hence, since aBT =1 , . . i . '
N .» \. ' . . =
- __.P .9 -1 .
| A T -T g ¢ - :
- - ~ .
Consequently, from (1), i
= (1 -NE+2F = (1 -2)(E + B) '
. But, from {(4) ‘ S . ] .
L RS 2 (A +35 = B ' ‘ .
. . - l ' - -
o _ . Where. ST%—:—KT- Thus the converse is proved.
.. ' 'Observefin the proof-of.both the propositien and converse that -

P, Q, and R ° need not be interior points of their respective sides
* but any points of those lines other-than_vertices. In that case we

still have oBfr = 1 where @ B®, and Y- are defined by (i) but

the geometrical interpretation has to be altéred in replacing the

—_—

,

lengths by signed magnitudeﬁ. Thus we take « ='é§-z where by this
RB
-4 -

=1

. : .
ratio we mean légl' if the-two directed segments have the same

-

direction, and {" l——L if the directions are opposite.
&8l T .

o~ .

Note that the rgsult of Example 11-3b 4% an immediate con-__—'

- . sequence of the converse: statemént-,_

" . Note also the following simple synthetic proof. Through O
\“ draw a parallel to AB and extend. AP ang BQ to ‘meet the parallel

* . JL
“ : _ to A and B >
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respectively. Theh, by similarity,
— * — y —
AR _4 0 B R 8
. - = . T == = =
: . KRB OB PO Ao = OA

- .
. - il

From this, the result is immediate.
. , N )
Conversely, if the product is gl s draw . BQ ang AP and

: dendte their intersection by C . Extend OC +to its intersection
* . -~
R. with AB . From the original proposition

- T s

., <

— .
*

. , AR

-1, . I | -

S %

RB

a

v hence,

= . ' <

Bl

A
L

-

which implies R = R . Hence the three lines AP , BQ , OR are
/ collinear at C . ' : . . e N

’ - . Both proofs of the converse require that AP and BQ intersect,
b . If not then "AP , BQ , and OR are parallel and a separate proof is .
. - 0 : .

needed.’ ' T -
13. Let (o0aBC) - be ‘'a parallelogram, D the midpoir: =2 BC , and E the
midpoint of CO . Show that the lines AD and AE divide the diegonal .
OB in thirds. ‘ ’ : ‘ /
) N [ : . .- -
v , 1 \ R
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- Since} A- and T are noncollinear, 'bhe two representatn.ons of’ F a i

- @
r

Let F ~be the point where AE meets OB . Note that E=2T ang

. C : D s " B -
L o T -
Al
E=%+T . Consequently, :
T - fﬁﬁ:u(ﬁ-&-‘a . -
Vo .

(1‘ - VE '+ E = (l - VA + 5C..

lineax] combination of 'y and T must be the same. .

- *

~

- =1 - v = z - -
T ' 1 0 =~ 1l _ .
-It follows that p = 3> or F =3 B . In the same way it may be shown

- i . * . - . .
for the intersection G of AD and OB , that G = %‘B‘ ' : e

L3 . ' B el
. ia
A . ¥

Let Py , P, , --. , P, be the consecutive vertices of a -r_eg-'uiar'fpolygon
of n sides. Show that -:‘P-l + _th F eue +~-§n =0 wheére o) 'is ‘the center

of the polygon. TIs this result independent of the choice of origin?

Consider a ro‘tatlon R aboﬁt o ""through the angle 2?::'. A rotaticn

about O maps any f:z.gure :Lnto a congruent figure, hence

rR(G + V) ‘R('ﬁ) + R(V) - Furthermore, in such a rotation through an :
angle be’tween 0 and 2x , only the 'point O remains fixed. At the Same
time, : Py _..-?iﬂ (£6r 1°%'1,2,...,0-1) and R : P ——TF o
Gonsequen_tly, ' :

a3

.: » - n . n -
‘ E P E R =~R(E . , ) T
- . . 1
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‘. . N - . ) .7 _‘: ,. ) 11—3
ile., the" point correspond:.ng to the sum’ of the position vectors is fixed.-

< -

L

It follows ’chat E ? 'Gj_'a. Plainly, this resﬁit cannot ho'ld‘f.or_any

-~

=1 . e LT \ :

origin other than the center. - . : . -

.Prove that the blsectors of the interrr angtéé of a triangle are ' )

concurrent - .

- ’ -..-' ) ) _/

t

. . Lét the vertices of %the trianglee be, O , ‘A s B . From the s_dlﬁ';ion'to,

‘Number 5, the angle bisectors _fro'm A and B are given by

S -'-fz-+pB‘K;>
: lA-BI ry

~

. _- ) [A-I,BI [BI L N

II

respect:.vely These 1ntersect Y) when . -

N é;fﬁp-”*’ Gar )K' 31 '>—‘

Since X and B are not coll:.near, this mpl:.es'

) -L_+9*—,’=..1'-—2—=1'-—9'—; 5

B - E-; °
TR Bl B

Tnsert th:Ls in (2) to ob'ta:.n the point of :mtersection

»

R Y N -1 (Jz N §> :
L CEL - BL+ B -E NEL B/

‘this lies on the angle bisector from O , accord:.ng to 'the solution of

-

Number® 3, as we sought to prove. - - .

Altematlve Solutlon. Use Number 12. Iet the points whefe tro
bisectors from O , A , B meet the opposite sides be =& ,P,Q,

' l.'espec':'t,ively.' From Number 3, - _ S



i,li;é

._ Thus, thé product of the ra%}os is

“Siniierly; from (lz and (é),‘;

- centroid of the other three€.

" and from Number 9(a),

.

~ . . N

*

> - . -

-

« : ’ ~

.LIL" @-::_IE.L_. .‘-"_, .
A 4 & [B-3F|, R
1

. 318

-
-

- -
Fl

, and by Ceva's Theorem, the angle

bi%ectors are concurrent. e

~

- ~ v

w that the medians of the tetrahedron

" A median of a tetrahedron is a_igfe segment joining any one vertex to the
S

.segment of median between tne centroid and vertex is E- of the total

_—ce’ntroid of th_b face opposite 'Pl

its four vertices. Show also that the-

are concurrent at the centroid

length of the medisn¥g e L

.

Let: P

l’P.-

25 Py » P, be the vertices of the tetrahedron. Let the —-
l -(P +P3 +P}+) 5 and the

3 xcentroid.of the tetrahedron,- M= %{P + P+ P3 j-fl)‘°- The equation

, 1 2
6f the median from P, is - —_ .
T R = (1 -NB 2T, A o< N KL
» . o < . ) B
 and clearly, for A = %-,- _ .,. ) . . ’ ? . h
o M= P + E- c - 0

»

=
so that M, .lies on the median. Since any vertex may be designated as

Pl , the proof ®s complete. -
- e - L | Y,

The segment joining the midpoint of any edge of a tetrahedron +to the }

" midpoint of the opposite edge is bisected by the centroid of the. four
- vertices. -~ ] .

<
.

) & .- . ~
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~

18 L]

19.

-

by

T . —_

’.

-

. In the notation ‘of Number .'.L6 let P:LPé be one edge. of the T'tetrahedron,
n

.3 S
edges is given by .- . e
A S S R S
[ .

N TN T T

.

s which proves the assertion.

(M [

Clearly X =M for A =

.The eight planes > each containing ocne edge and bisecting the opposite

edge of a‘*tetrahedron, are concurrent.’ .

-

-

P IPJ+ the opposite edge. The segme t ,joininé the —;n.idpoints of -thes'e

11-3.

&

1

Such a plane contains the corresponding line segment of Number 17, hence,

NS
~

- also the.centroid of the tetrahedron.

4

Let -y > B ‘be any noncollinear vectors 3 let .C be ’arqr line in the plane
OAB ﬁich contains no vertex of the triangle OAB and is parallel to

no side. Let P be the intersection of X with OB , @ +‘the intersect
with. QA , and RKtne intersection with AB . If o, B » ¥ &are given
b.¥

B—P-.“,' -d = ﬁ-Qb - 'i)

*

R - (B LR ,B-P =

show that aBr=-1 . Conversely,' if P ,’Q , R are points satisfying

@By = -1 then they are collinear., (Menelaus s Theorem.)

-

In the notetion of Number. 12, we have .P = |.f§// Q= ﬁ, R= (1

}

[

Now, from the colligearity of P , Q , and R (observe that B £6
since P and Q lie on different lines and not a.t the :Lntersection)

T = (1 -DF +] = v'rA + u(l - 'r)B .
_Consequently, from the two represente.tions of R ‘
. . £
» ve =1 - a , (L - 1) =a y W g

L4

AN

4o

-

L Y

e

ien

——

“'A)E +AE.

K

e

-
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Y1y N T S . » -
(1) | - B 1 g .
Now, observe that, . . .. - = - I _ 4 o o
’ : [ 3
T o __a R o r* .
. '(2) ) é T Tva ? HPTEFI VETry o= T z

~

, Jnsert these expressions for X , . .and v in (1) to obtain the desired
results: apfy =1 . ' I

Conversely, if aopfYy = -1 ,'let R be the point where PQ inter-
sects AB . Then both R -X ="(B - %) ana ® - A =(8-R ) and -3

-

‘has thé same representation in terms of A and * B as R ; therefore,-‘
X =F.. . e o |

- . . R . .
. N - . . »

TC11- I Products of Two Vectors. . - L Q
A binary relation which satisfies £ linearity conditions given at the

beginning of the section is .called bilinear.- The third type of invariant

bilinear product is the dyadic product ry >'<ZB which is the linear trsns—

formation represented by the matrix

@

- AB.  AB A_B
‘ Xy ‘XZ" ] »
. - , AE><B=|AB -~ AB AB . e
' - N yx yy ¥z _ .
o ' AB  AB . AB
- [y Zz Z
The dyadic product aiso has useful applications. : : - 3

The right-handed convention fdr the-cross product refers to physical

kstandards, the face of a clo.k . the fingers of a hand.‘ It may seem primitive

to use sign language or physical devices rather than purely mathematical metho
to prescribe an orienmtation convention. The axioms of geometry, however, are .

' unaffected by reflections in a plane.. The tTwo half-spaces on either 'side of a

line have identical geometrical descriptions. Thus there are no preferred
orientations 1n geometry and it is impossible 0 remain entirely within the
abstract frame'cf .mathematics. and characterize a,preferred side. of a plane.
In the same vein imagine the problem-of conveying the.distinction between _
right and left to someone who does not know our conventions of language (a
Chlld, say) without appealing to physical objects. We do communicate geo-

‘metrical ideas with physical objects, pictures, and for the purposes of" such

communication, and for. applications as well we adopt conventions by reference.

- to standard objects. S hCa ﬁf;ﬂ - o ﬂ,[; o 5&- L

. o ) 1'8536 ‘ , S
v .o : "‘_- N . S



-

“ . i .

v

parity conservation in weak particle interactions is an entirely. different
issue. It was believed that the laws of physics had mirror symmetry,. hence
that the laws of physics define no preferred orientation. This wouldlﬁot
'preclude ﬁhe cholice of g standard reference object. It has now been found
"that ‘mirror symmetry fails in the quantum domain. Thus it is possible to -

adopt an orientation cSnvention without appealing to anythingxoutside the’ laws .

I3-4%-

. Should the questioﬁ be brought up it may be pointed out that feilure of

of physics. - . s - Bl
‘ : & _

In 2 general change of coordinate frame the components of AEx3B ao nbt_
transform like a vector but like the components of the- matrix of the linear ’
transformation with the skew-symmetric representation N

_ v .. .
o 1
M= V 0 -V . .
z x -~
- -
-vy < o
Ef the z-axis is reversed the matrix of the linear trénsformation becomes
. o 0 v. v 1/ ,
y -
. * ,
M = v 0 v
z x . ’
..) v -v <
v . .
. : . - . .
% . % . % . . . E %* % . o, . . L.
Thus  V = -V = -U s V =€y =-U. ,.V =V_= 2U_ .- as we have seen
x X x Y LY y - =2 2 z . - , ’
in the text. L S - T e - R - .
p . . . P L . ; . ~".._ .. : -

.

P

1.

Solutions Exercises 11-4

-

Verify Properties (5a-d4) of the dot product. .

All four properties are direcf algebraic consequences of (3). For an
independent proof of (3) use the first solution of Number 2.

Alternative solution. (witholt the help of (3))%

e . -

.Equation (5a) fbllows at once from (1) and the commutativity of ordinary '

multiplication. . o ;*." o o - 1

-

. Verify EQuation (5b) by showing- separately
(1) (AB)?¥L(ET B) |

. and : o '(L. " , B - ’
\ . N - .. . - -

| ‘ 1 .
(44) T (n=@+a K@+Kf._ o

I

®
1t
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] S
) : .

Ed -
. . - -
B ~ e . .

To i;rove (ii observe first that if A > O  the angle between: & and 7\5

is still

' -

K- 0B)

RIINBI, 'cos 6 = |E||B] co;-e .
L o

If A <O , then AB has “the direction opposite to B and the"_ang_le S

.. between A and AEB _is ':t - 9 ; *hence:

.

-

as linear comb:.nations of. these unit vec‘tors with thé componen'bs in 'the

R O0B)

|K| IkBl cos. (:r :_ 6) -N)/I'A]{B[(-cos 6)

w Y , .
’ ' =)~..K.°.‘._B ‘a' . . . . Lo :
Tg prove (if) observe that the pro- L , AN . A

cand €, ¥ between X ama B+C,

jection of B +C _aon t line QA .
is s:.mply the sum of th ctions
of % and T on the line

figure).. Thus, if 6 is the angle

between _K and B ,'# between A -

then 7_ ' e . -

[}

B +8] cos ¥=1B] cos 0+ [8] cos @ -

Multipm by. |&] “to obtain (ii).

,;. - ) ’ . - RN ':4,
Equa'bion (5¢) follows from @ =0, cos'8 =1 .
Inequ.ality (_5d) follows from |cos 9[ 5 l; . -

/ h

* . . ﬁ
. Obtain the coordinate representa‘bion (3) of the dot produ‘ct.
As suggested in the text, use i i : .o -

-~ Lot T -

1-_\ “B = lA[2 ]B| :_-;I'—IE -K[g‘} \ _ ;,' oo . HEAERERS

R | 2 2y tn 2 n2in 2y . ah 1RaTn n 12w lh A A
__Fa{(Ax +h ar.icxz.).-r_(lax __fo.._j__Bz_) (fo'.*",‘-x] f-*fiB A3 ,_-_k[_BZ_ AJ

o

' direc'bions of the corresponding axes as coefficients- A

._’_\

< . .
e - - 1 - LT . ." --‘-'\ ’ . . - '. - S .

'Al;terna'ti’ve' Solut::.on: Use the P"opert:.es ‘(5) of :Lnner produc‘t as’ derlv%d .

:.ndependen‘tly of (3) in* the alternative solu:tion __uin'Ser 1o

-

- For 't:h:.s ptn.'pose let 1, J ’ and X be the W ’
directions of 'the pos:x.‘tive ' ;;_, 5> Y- P and z-a.:us > respectively.._ -These
unit vectors have the coordinate representatp.ons i ="(x, 0,0) PR
3= (0,1,0) , X = (0,0 l) Consequently.we may represent A and B

vectors in the - .~

"
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o . ) ) ' S . o
- ' K=(AAA)=AT-+A3+A1:,"
. - : : s - X Y .
- - 13:‘(3,13,13) BI+33‘+BT:
From:.(1), 1‘ T = j‘ T-= 3 - and T J=F-k=%X-T=0.. Cor;-
1 sequently, taking the dot Rroduct of the two linear combinations and
s using (5&) and (5b), we obtain - .
<o o Iﬁ .A.B +ABy+AB .
".f3;"(e)' Show that the perpendicular projection of the vector B’ ‘on the line
i '\ of K is the vector T ‘_“_ ' a '
' ' ﬁ - |B|"cos '9:::'=-3’II-' : .
N S - R
The vector 3&_ is called the component of B im the direction of
: K‘ - N ‘.. ..‘. B R ' .- ’ .
See Figure 11-hb.~ .
e : N : A | .
. (b) Write B in the form B = EA + B and’ show that "B perpen-
' . perpendicilar to 5 The vector BA is called the c nent of
o "7 B gerpeﬁaicular to K < o ) E }
ﬁbeerve;,if ’K{for,_,_;f 'i-"; _;1 e J" L e
s it A S . ® o . .
e FAE @B K*) A ;
. -‘,- -.2 f
- - = A »
=B°A-B-A_TE=O.
- A -
' The case A = 8. is triviai. v ’
: . - . . ]

~
~

. ) . . B iy alp - V
L. Let A ana B be noncollinear vectors. Minimize [B - AA| and inter-

- pret geometrically ; R T T
‘ T - .-— ' ) V .- ‘ﬂ V‘ .‘_ . 1 - -‘ .
- Equivalently5 minimize ' '3;‘ _‘-.wfr_:n ; e C. . S /_
'='-§2-2h(B ‘)+x23‘2';"' L o
N - | § : |
- : S - 855
- - .
- . y !



S ' . . . % . .
B The minimum occurs at A = ;EEE, i.e., when ' o .,

-
-

| ' _ -§ - )\K = ﬁ ﬁ I I R -.“ . .- o -
. - » PO . A - VL ST
Geometrically, the interpretation of this statement is that the nearest

: ot point on the line QA to B 1is the foot of the’ perpendicular from B

'.

upon QA . < v . . :

5. 'Prove that thé diagonals of_a rhombus intersectadt fight_angles. ) (ﬂ
. o - ) .’ ) " ‘ -' . . . -"‘:.. )
Represent the rhombus by means of ‘the parallelogram lay for .X + B _=

A+ B

B .. S

~

| - | e . .
R : where .|E| = |8} .~ The diagonals are represented dy B + A, and 'ﬁ'—_i
- and L A
[ +.x) B =B = ER S T
. : : e T _' -(
- ,Prove that an angle 1nscr1bed -in a semlclrcle is a right angle. - .

,, - e . - 3 . . .
. - L. S IO ., S

N
o : --':."...:
‘ N
|
]
- 3
.. o - - »
-
' T
" -
1 .
- - . i .
} - . ,‘ R - . -
- h ) . o ) - - .
7, . " : .
- . . -
s - . .
v
)
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-, -

- * TH squeres of the sides_ of a parallelogram is .
equal to the sum of . the squares of the diagonals.

- -

- Led
s - e

Represent "the- parallelogram by means of a vector as indicated in the-

-

‘.accompanying figure.- The gum of the squares of the ‘'sides 1is

- '
. - .

B+ A

€ 'aﬁe + oB° , and the sum of the,squares of the diagonals is.-
(B-2)% + (B+1)? - (32 -2B-% + 12) + (8% + 2B~1R +sz)

(b} Show for an arbltrary quadrilateral that the sum of the squares of )
v the sides exceeds the sum of the squares of the diagonals by four
times the square of the distance between the midpoints of the

dlagonals.

L -

o . ' I
“L/ . Let the successive veetices of the quadrllateral be o », B, C,
;féjf o and let the midpoints of the diagonals OB and AC be _D and ‘E ,

respectively (see figure). Note that D = % B ana ® =§(.’A‘ +3) .
- For the sum of the squares of the sides, obtain ‘ o -

- . s=‘ﬁ.2+(‘}§-i)2+(6—'§)2+?:2 : e
) 212+2B +262-2B (K+f), e
- , - .
L for the sum. of the squares of] the dlagonals, a —'ﬁ + (3 K)
fQZﬂ- A2 + 32 o+ C2 - 22T ; andffor the square of distance between 1
‘-‘Vand E,m..E(I-r-*-B) %{:&:2% 3% + 82 21?-0-23.-(1‘4-0)] .
T : ‘ ;Clearly, =d + Im , as ated. | <
. * * -. , .
- . c
857 : :;sJ




C o,

10.

Given U = (1,151) , find vectors .V, W, so that (O 1713) is.a. r:!.gh'b-
handed 'briple of mu‘tually perpendicular vectors.

3 . -
v

Take any.vector which is not collinear with 'ﬁ , say 1 = ('_!_.,0,0) . Set

v - Ixﬂ-(o,-ll) LB = ﬂxv_(e,-l,-l)

('I'he use of a right-handed coordinate frame is' taken for granted here.) '

4

In connection with the definition of cross produc'b why must a func'bion,
continuous on an interval, which can take on -only the valmes % 1 be

constant?

if 'the function took on both values it would have 'bo take on all wvalues

between as well, (In‘temediate Value Theorem). . ’
. _—rT

Show that A x B =& x ﬁA , (see Number 3)-.

From Number 3 " : - o i
.. . AN . . ) Q ' .
A x —:‘B. = (-ﬁA + fp‘) B
= A X BA +.A x BA Y oL
: 1B "-g -"' - - Y R ‘ * - T
: =L—l(AxA)+AXEA .
- ) : . a
V& 5 -
.- 6 <z x o
"(a:)-"_.'l"..xpress 'bhe vector V (2 ) - ("B) in tetms of dot and 'cros"s“ '
' ,.products. ' . ‘
Fz'ém Number 3, 1if neither B nor € is O s , ~
o 2 R ' - 4
. A°-7-2FL¢ ’
. . ' = o | . ]
.o Lo & - o
and- . T o R @ - T C . .- e ’ :
(GOP -4C A B3 | . -
. B ’ ,///' C T
% _.8-Cs &K LEOE- ")B L

E?'-ﬁe_. E

C and B in this last result and subtract to obtain

;...1_ i.a S i - ' E .,
V-EU@-98-@E-BE .7 0

.:.858 36 o '\



12.

13’.'7 Verify (16) for the degenerate c'a\ses ignored ir its derivation'._

1k,

A4

Y

Note that the expression ir brackets is the triple cross product
of Example 11- -ke, so that

. v=—62—[IX(BX-‘)]- d *

(o) -.Compare ¥ with T = (—R@B- - (I&B)c and W = (RB)C - (KC)B .

vV=0=w. | o -

Inm the text, given nonco.'llinear vectors A and B we chose a right-

handed fundamental set {10,3'0,1’5 } with io in the direction of A -
with 3' in the plane of 2 and B s0. that_the rotation in the plane

from: K/«gﬁ JO is in the same sense as that from A 'bo B » and Wi?Q.N

1?0 perpen icular to the plane of Iy and B : _Exp_ress O 2 3‘0 > T{o
in terms of A and B . L ' . ' ‘
. ! b . - w
. - ?'o _ l K 5 .
A} -

AR, o j2)373'03‘?3)3“:‘
ST - T ):B - Cﬂ.-'ﬁ)AAl

U L . 3 * -i -K —i : : - ‘: . : . ' ‘ . . .‘- . _-.. . .
=~ OV BB T

In the derivatioﬁ of (16) it was assumed that B and C are noncollinear.-
Here we assume B and C are co]_'L:i.near, say C = AB . Then.

* x Bxc) Mx(.‘xB) o -

and _ ‘
(-0 ~ BAB)C =AL@-B)B - R -B)3] =5 .

Prove the result of Example ll!lq.f. .. w»



-
»

. The proof is similar 4in method to the derivation of the.foniula for

e,
- - L]

~ o "o, ) © .. B B

. th'e area of a parallelogram by cons‘tructing an equivalent rectangle. In”
{tl}l-g ‘__{:‘:ase, .construct an equivalent rectangular para.llelepiped. The three

- ’

figuree s]:éw'hcw_ this ‘may be-.deng. Let A,B,8] ve __e- right-hended set. -
The parallelepiped with initial edges GOA , OB. , OC 1is indicated in the
first figure by the vertices O , A ?D, B, C, F , G , E- where
B=F+B,2=-882,¥=-2+%,8=%+B+0C . Next, introduce
neproint'sby 'O‘":K._B 3"—§+1‘B' Tt =¢C ngand E'='E_+IB.
This defines a new parallelepiped w;fn the initial edges OFA , O'BY-,
% » where QA is- perpendicular to O'B . Thus, the two faces
"AQ'R'D and FC'E'G are recta.ngular The two parallelepipeds have equal
‘volume since the prisms OYOAC'CF and B'BOE'EF are congruent (the ‘
jsecond is obtained from the first by the translation 3) In the second

-

figu.re 'the. same idee is repea‘ted with c—B"‘( the projection of O'C' on

' OBT. and the vertices O » A , B* ; D are replaced by 0" ., A" , B" ,

D" , where B =B & UB , etc, The new parallelepiped with initial edges
o"a® , o"B" , o“c* has the rectangulaz_- faces - OTA"D'B" 6"B"E'C' )
’ -~ Co. rs .

&




'l D e
{(and the faces’ opposi*t':'é). In the third figure, the ;J)rocess is repeated
once again; this time the vertices Q" » B" , E* , C' are replaced by
om v E"'; C'™ . where O =03" +T7 , Brr 'ﬁ" +0 etc.. U
being the projection of O A" on _3'7:" .- Now the faces’ Q"’B"'E"'Cl:' /
and O'WICTMFAT are Tectangles and we must verify that the ‘third f‘ace_a‘t'
oM. is a rectangle, namely, that (K" - l_5";') (B - 6"') =0 . For
this) observe that Bl G o B - =B is perpendicular ta both .
Vo E"._; o and, to T {which is parallel to. —"—") . Sipce :
- 15" -0 - @ -0") -T it follows that B is perpendicular “to thi .
vector. Thus, at Xhis stage we have obtained a rectangular paralrel/e;ped

.

"} . of the same volume as the initial. parallelepiped. ) .

The (signed) volume” of a rectangular parallelepiped does obey (lT)
since the three vectors are xm;tua.u.y‘ perp,endiclﬂ.ar. . In particular,

-

v +!OlnA" I IO"'B'" l Ioﬂtcln I

(A" - O'") . [(‘ﬁtﬂ - O'") % (Ct" - Olll)] | B

where thé sign jsxa detemined by the "h)andedness of the vector. triple.
Now, insert the expression o A" - 0"" above and observe, -since T
is parallel. to O - 0*' that it is perpendicular t_o the cross_product;‘ .

~ - -

~ hence, : - ) . o
T =B B (B -3 L. s
. =R -TgEx@ -t - .

" .
where 'CB is parallel to 'E_; hence,

_ ' ) '\Vei--[-ﬁxa']-=‘-§f‘[l_3‘?_£5+-}?3)]_-;- ' -'

»'  where EB is-parallel to -B ; hence, ' S S o \-'
e ) . ‘ . n-r."' -‘- - § . ) .
: - : . 'V=Af[-_§XC] . ST o oo "
15. show R-(Ex® =@xH-¢ v
: - - . . .
S EExD T .
= B-(Ex®) A . ‘ |
= B.-Ax8 : o a ' SRR

T-ExB® ,
- (B.xA) | o ' o

R N

. k

Can you give a general rule for the sign?.
S Lo 861 . L




16.

- 17.

"engles of the triangle as shown.

-
-

N

Apart from sign each these triple scalar products is the volume of
the parallelepipgd’::ii adjacent edges EK 3 OB- oC . The' sign of the:
triple scalar product depends on the.handedness of the vectors. The

handedness is reversed by_an interchange of.any two of the vectors, and

is preserved by a cyclic-permutation. o ) ’ -

. . - - ) . )

et A +B +C=01% Show that °° ' -
. ol - = iy — li, -l )

Interpret this result geometrically to obtain the law'of sines for

triangles. - . ~ . R

. . » o , . . .. ' T

- . . ) N ' . "- - . . e

Set € =.f(i + B) to obtain : R .
Bx®=BxRA+B =Bx2=2x3

and ) . f- - _f )
CxA=-RA+3B).x2% = BxA=AxB.:

3 LI ~

“ Since the sum of the vectors is. O the sum represents a closed

polygon, in this'ésse'a trfsngle, g - ’ e

"If o, B, v are the vértex

in the. figure, then we “have found _' . .

[K}lB[sin—_Y:]B‘HClsi_n a's ICIIA]sin B

hence, " - .

siﬁ~d' sin 8. sin ¥

TR lsl;_, SR
Use (16) and Number 15 bo express T - o , .
. (R xB) - (c % D) o | E

“in terms of dot products alone.

'Froﬁ_Number 15, and fro (16), successively,_

. @ xB®e@xD) =B (A% x8 -

, . P S =‘-"ﬁ- (T x (B x 8)] . R -
R P ¢ 23 1¢- R B ¢- R T ¢ 2.y O
_\-. B . 862 ._'-..‘. ‘ = ;
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3 . <

L. d . - \ - :
/\lS.What' é&hortest_,distence be‘tween the straight lines '
) r : -, | ;'..-'-"v - "Cg : '1.'5'='ﬁ + B ? ' ’
- What is the equation of the line perpendicular to both?
© . . : . N =

‘From -the solutio'n'to -Number L, .since that sdi.ntion is independent of the
choice of origin, the shortest distance fronf a point to a line is that .
along a perpendicular. It follows ‘that the ortest distance from -C
!to .C is along a segment perpendicular to bpth. It ¥ is this

: segmen,t then )
_ (i) , < - ¥ -X= h(—"x 2)
"",(unless E and B are collinear, in which case the lines are parallel
7" and any mutual perpendicular yields %o ‘the shortest distance) Inser_t_‘. “

T !-"
@ the given express:.ons for X ‘and Y into _(1) to thain\ -]

>

) (11)- - - -sA-;tB+C-_D=h_C‘XB). e
To eliminate s and % in (ii) take ‘the dot product with A X B “to
- - obtain - - : » :
A BeDExB
_ \ ) ’ '—.XBIE . . '
which ‘gives the desired \length. B Y R

\ To . determine 'the e tion of the mutual perpendicular, given its
_ direction, only one point\on the line is needed. Eliminate t and 7~.
. Tin (11) to. detemine ‘s - 4nd the point where the mutual perpendicular .
. meets Z 1 - For this, take the dot product with. B x (A X B) in (ii)

" t6.obtain s by°* e | .
Sy & -Bx ExD)]- (@& --D) D‘ax (AxB)]

This can be simplified by using the expre.;s:.on \16) for the triple cross
product. However, for:the present it is suffiCient to observe that the

mtual perpendicular is 5 21 by

T - S ﬁ'=c+sﬁ'+r(2&x-13)
where r is the parameter and s is fixed-by (iii) \ -
. : Ao
- ) — - . -
. A - 4 s ; -
. < :




-]_'i_b, - | . ‘ -7‘ i

19'. Use cross products to f‘ind the equation- of the ray which bisects 'E'.he _ : , . « "
' angl; between X and OB . (Compare 'Exercises 11-3, No.')5.)_ SR S
~ ' » S 'Let X be any point on the angle : .
B ' " bisector. Since A .and B :Lie on .
opposi'l'}g sides of —? ’ .and the angles

,ZAOX ZXOB are equal, we have ‘

. N

: A-xX‘XxB'-

I T

-

. . 7 _ .
To ob’cai.n X as a linear combinstion of- '.K and B » set X = >~.A + p.B

> above to find - N, : L i : _ o '

-

.
Priad

_;K x3_ AEx3 R
A | R B

.

;t'ﬁus,":or. &=y ]?I klﬂ{ 0 the result of Number 5 s obtained again-

PR e 2 +._ B IR
1A| Iﬁl o S
o L - oo . 4 _- . .
20.. Prove that . \ : : Lo _ .
Ex BxC) +Bx (CxA) +Ex(ExB) 20 .0 =

[

\.v . : = -. -...__ l --. ; ‘-l:
_ _Expand' out by (16) .- . Coe

' 21. Use ( 16) to find two different representations of E(K % B) x (C x Df and
. so estab.lish an :Ldentity of the form' aﬁ BB 4 cC + dD =. 0 . Hence, show
ST pow to express any vEctor ds a linear COmbiE’nation of any three veetors :

- A, E , < for which K (B x C) ,-4 0. (Compare Exercises 1133, No._8 )

- . - -

f#.c-ax-ﬁgs-.-rﬁ.@gs)m
=[D (AxB)]c-[("xB)-c]D._

_:'(3‘ ‘x'ﬁ)} (@ x D
" Since the coefficient of D is not. O - (see Number_lﬁ) the result is
established.

Y . : ° Ce i .

- Solve, '3('_:1‘4- @Ex3 . ? )

’ | f‘:' .. U . . ‘
. } ve ’ v © 8
T 864 | .



] R ot
- ] Coa L = ‘ ) ) 'v_': - ‘ =
_ Ifx _and B are n'oncollin_ea‘r'vthen z ,5 and X x B are noncoplanar. °
P \ EREE TR P
_Take the _eross product 'with 5 and use t‘ne given equation to obtain ’

- .
- ‘a

s Bx?:k‘ x - (a-l)I+bB+cﬂx : /
\ '”--_-:;‘ o -a(I'x'E) + cfﬁ R (R - B)B] -

where +the bracketed expression is the’ expansion of . B x (A x 95 by (l’[)

It

Equate coefficients tc obtain ‘
- a’=1=7¢ , b=-¢(AB) , ¢=-a , . -
- d } whenc-e i ) ) . . ] ~ . o | . B
: 8 =—" ; bE——CH 2 s e =S T
_ o1 eE 1+'B o L+BS 0 - .
~ " "\t .o If K and B “are collinear, and - B £0, _(§ _-—:,-5 is trivial) t_hen ®
lﬁ and - . - o . -_ . ) ‘ ] Lol LT . o :_ . - - & -
S S ReSermxm D N :
-,__,-. : "‘;-,‘ CEE ""v' - P ) - - p R - . - Tt ) . _"".'t“.l . ,'..' .
o Take the: dot product with B %X 5 ‘obtain (B X x) . ; hence, =~ - -
\ _-§_x X_‘—AO_ . "Ifhus B and f are coliinear, and X ?\.B =i at

-5.. Vector Calcu.lus and Curves. L -

'I!he choice of spherical neighborhoods in the definition of limit for a
'ivector fu.nction is the ‘most’ natural" ‘one since the. definition is'then inde-
pendent of the coordinate oframe. - Given a coordirnate frame, instead of the
given characterization of e-neighborhood we could ‘adopt, say,

I Max{]R -al, IR -AT,[R -A[}<e.'
. The two characterizations are. equivalent for the purposes:; of analysis ’ limits
do not depend upon which definition o? -neighborhood is used (compare TC
P. 1&75) » but’ the second ‘definition suffers from the inconvenience that it -
_'depends oz;the coordinate system T - ' R :, ) '

o ‘f'» . The. Solution (23) to Qe differential equation (22) of Example 11-5i is
actﬁally the equation of a ray, not an entire straight line,vsince‘ PR )
S
. \ S - T . " ‘ __'
. ERR ."'.-s ke - N . '>



r.._‘.“_ __a .'-- N

X-
This comés about because the equation is singular wh@q ¢(s) =07, or }2 K .
f;The solution is actually’the ‘ray- with initiel point *A in the dﬁrection of
32 -.K : - . _ . :

-

-
K

. .\_ A : . . L - . I ‘_;

. T -f ' Solutions Exerciese ll-5 PO l

1. -Prove that. Definition 11-5 and Equation (3) are equivalent definitions of..'-
- limit for a vector function. s -

/ :__ . «From Definition 3-2, Equation (3) holds if and only if for every positivef -
‘ "€ there exists a & such that (t) - A] < e whenever

o<]t-t[<5._.“ .
2. (a) . Prove Properties- ()4') and (5) for',“t;he limi‘ts of vector ftmctionc;‘. S
. e Except for the distinction between vector and scalar functioﬁ the- - =
:‘5 P proofs are virtuallx identical to the proo’fs of the corresponding : *

T limit theorems for scalar fu.nct:.ons. Note in both cases ,' as in-.

' . Chapter 3, th&t th.e existence of the.limits on the ﬂght 1mp11es -Ehe
P Xistenc‘e of 'the limit on the left. ERREI .

. .L . . . 2

T o [T 3' ,T:] be the fundamental set of coordinate vectors, then A
SO ) = f(t)’fﬁg(t)ﬁu h(t)i T
e hence, byv(h), B . ‘ | |

xe

-1

Fd

L © 1im ¥(t) = lim [f(t)i] + lim [g(t),j] +1im [n(t)k] .
: R t~to - t~to t~t, 3 ‘t-to | _ _ _—
;  Now from (5), and lim K =i for any'constant 'veoto'r‘ A 5 . L
. . , o . .- e

Tt

1im £()F - [lim f’(t’][‘m i]"' LTI e
-ty ety 'b-to SR e e

[lim _f(tl} ‘
ot ! S

L a _ . - ."-_'_.- -

S with simiﬁar results for the other terms of the s;gm. Thus if

e

- N . i . ..

]
‘o

CERIC e 34 e e T




LN lm f(t) =a, Iim g(t) s b, lim., h(t) e, )
TR ety . ro ety -_ ._t-,to. : | »

.0 . then lim. v(t)'c_-i,'-"fwhere-“i;-(a',b,c)_.‘ .
R T | o

TR _ To complete the proof it is necessary to show. that the existence
e N of - the 1imit of y(t) implies the existence of the limits of the com=_ -
' - ponent functions. It :i.s only necessary to o'bserve that if

0’

' I?(t) -Al = fff(t) —a] o+ [g(t) -a] + [h(t) - 332 <e

i -jt]:ien‘-"- .

L et s ] < o2 -al? + [a(t) -a)® + [n(e) -2l <€..

- _ :.(‘q): '._Pro\_re' 'Properbies '-'("Z) _and' (8) ..

S _APP]_y the result of Part ( b) to the coordinate representation of
_ : "’(t) "x?('t) and u(t) x?(t) ' ' ‘

-t

- e

T34 P:@ove the vector ‘di.fferentiationj'{fomul‘as (10)~- ( 14). -
For the proof of Formula (10) note that e el
#(t) - ?(to).,' (f(t) - 2(t))  ale) - &lty) _i:(t‘)-"-'h(tb)-) ST

- A - 2 ] - 2 : I

_ » .t 1;.0 t tO tﬂr to" L t - to T

~»._  =nd pass ‘to the.limit as .t approaches - o with the‘/,aid'of (). -
.=» S For ‘the proofs of - ( 11) - (i3), apply (10) to the - coord:.nate repre—
-- sentations ', and use the scalar formula for the derivative of a product.

' ‘Similerly, for the proof of ( 1&) apply the scalar chain rule to the -
coordinate representation of the composition. '

kL. Consider the function ¢ b e I‘f(t)]'_‘ where "% is differentisble. v

.-. . Differentiate _ R AN
(a) ¢(t) ce s P e . ' o -
. (b-_)_“ 'a(l?)- .. T , ‘ 4
() w2 . :




[

LT s g ﬁ'(t) 3 _'.'ﬂ', L e
r?*§9=='ta>zr¢ct) = "t) ‘?(t) 'Afsqga_, A

‘”('b)"' m Bl 2 T o Do
¢ft)2’ . l?(t)|3 __fj.;= R T

{e) Dt[r(t) - r(‘t)] = 2_?'(1:) - B(t)
. ) cae e T e .o :
,5.' Obtain the formula for the arclength of a plane curve glven in polar
. coordinates by p ° f(e) . .
Use. 6 as a parameter and set + = - | Lo | S,
poxX pcos‘G,f{:psin'.G . -
_.From ?'(9) (ge-coo 6 - p sin’ o > g%-sin 6 +p cos 9) obtain - - :
L s=-'~J'-,-|r'(e)|de J +. d—") ds I
if ‘ ‘ If P is taken as “the. parameter, then '
: : e el LT f'(p) = (cos e - pe‘ sin 9 | sin 2] -r-pe' cos. e)
. . X ) ’ . ) ﬁ . _ ) . . ._._.
. Q5 Sketcz ‘each of the following curves, grve the points at which the tangent o;JA
- vecto doesn‘t exist, and’ represent the curve in terms of arclength where <
possible. (If no z-coordinate is glVEn, restrict the locus to the o
x, ¥-plane). . , R .
- {x=_a+_b sint ' v e e T o -
© (a) '.y'=é’+ d cost .- - : : e . (O_<_ts2:rr) "
. /"‘"\ - . . .‘.7" - .
_ , _ ,
- ] There are several cases. - (i) If b agd d are both non-zero, -
'b ?{d s ‘the curve is the ellipse ’
Lo c"'ﬁ) +c¥—'2> =L

with centér at’ (a,c) and semi-axes‘ o] ama Ja} . The tangent
always exists. Tn;;arclength =X is given by a so-called elliptlc'

Ry L 88 L.

s
L




v»i{* N integral and is not an elementary function of‘ 1 ;3 cqggequently x
. and. ¥ cannot be ‘expressed as elementary functions of s . (11) 1Ir
. 'b=4a#0 the curve is a circle of radius..|b| . The tangent "always
exists. Since Ié'(t)l = |b} , the arclength is given by
| _‘ EHE to) + (1141) If just ome of b  and d is non-zer0,‘/
Y. -7 then the curve is a segment,rif b¥0,d=0 it is. ‘
. Y)Y ¥y = ;e =-pl <x<a + |b}} . The tangent fails to”
| .. exist at t —‘ nn , {(n integral)' i.e.; at the -end- points of the
-segment. (iv) If b =4 =0, the locus is the single point (a c)
Since Pt(t) = 0  for all tb, no tangent is defined which is as it |
‘shduld be. Noté that the restriction that ‘the zeros of ?' be

' isolated eliminates this singular case. o . m

(®) The eycloid, . _ ' L -
: s x =a(t - sin t * : - ,
{ ( ) (a>0,0<tg2n).
_ ¥ a(l - cos t) . ,
Show that this curve is the locus of =& point on a circle that rolls
_-on a straight line without sllpping, -

ll

. * ) -y

-

T 2xna.

‘.Since 2r(t). = a(l - 4 ; ein'tf ;rtne‘tangent fails to exist

when 2nna' (n i:::;:!}) where ?'(t) = 0'. ‘At these points - |
left-sided’ tangent is (0, —l) and the.right-sided tangent e
0,1) , thus the points are cusps. From - o '

- : . . - . .

‘,Ir'(t)l = a42(1_- eii t) ,2a|ain,§1 R

Itjfeilows that - ‘:iu_; SRR
- B o . el
L ' s =2a]l sin =dtr = 4a(l - cos-=) .. °
L Jo 572 e ERRAr-1

‘¢ L

Coneeqnently, N -




:_where 0 < .8 < 8a . "I'he parametric equations for ‘the® cycloid in
~terms of arclength are then

Ale)

-

d :
i

.2 a;'cco's _-(1_. - '%)

- “x . . " . . . -
. .

arccos [2(1 - E) ]_

)

arcsin [ l - E—)JSas - s° ]

V.

“kﬁ 2a arccos (l - E;) - (l - 55946; o
y (8as - s° ) o,

To demonstrate the geometrical characterization of the cycloid
consider the patw:d out by a point P on a circle of radius a

» .which rolls ‘along the -axis..- Let C be the center of the circle -

) and locate‘ P - with respect to. the center. The center moves in v
‘straight-line ‘motion along the line y =a. As P rOt-ates 'through
the angle +t with ‘respect to the center, the 1ength ta along the

circle is rolled out on the x-axis. _ Consequently, it P is 1nitially

- at the origin- after tae rotation t with respect to " C , we have

5 (at a) and P - T = -alcos t, sin S ) I which yields the’ given

parametric representation immediately. B _ _ ’
The Cornu spiral, _ | ] . R .
T, _ ) T + o o B . .
. 1] . - X = J.c cos u ‘ du . . h
: ' »ad O . : - )
Yy = sin u” du . s
i o -
- ',' . \ , - :
- - .
- v N
R { ‘- -
_. ny o .

L



. . 1 [ T :sin Y S ?Sinjwf_ ,: -3
=z — - | |
. . _ O ¥w + 2nx . - 0 Jw + (2n;+;17E_~ -

©

_ . This fascinating curve plays a role in the theory of diffraction

. of 1ight (see Ghaptér 15). It has beex much studled, but here the
.available tools perm_it a description of on:l.y the grosser features.
Since r'(’t) = (cos ta , sin -t ) , we have . lr\'(t)l l for all t ?-
so the.t -t .'LS the arcleng'th parameter, and the tangent is defined
for all t .. Since r(-t) =--I'(t) R symme'try with respect to the

.>'-origin o‘o‘bains, so. we need consider only pos:.tive t « Observe now .

that "y "has maxima at t = 4]2:1 - L) > minima at t -/21:.-.:_ H .
_-_'fu;rthermore 11: is easy to see that the maxn.ma are decreasing and the

'.'minima increasing. F;r exemple, the difference be'tween two Successive

minima of y is

'f, | ?7 ¥ T - - e (2n+2)w <
- A'='.[ . . sin ua,du =1'-,J S22 Y av
v A O i A
. 2 . _ b -
where the substitution Vv .= u is employed. Now, -~ f
. : N M o
. (2n+l)x : (2n+2)x .




’
. W

S where » in the first integral we have puj: V= w.k 2o, In the

‘e "

-second, W o= ¥ (an . ):r . Hence,

R _."A:’-;-J — - L sin w @w >0 . = . - T
e S -ﬁ:-!-amt_ Jw-&-(an-t-l):t e L _ e

-

N It is &lso clear for the difﬂerence be'bween a minimum a_ri'd.-the next

.
LN . . . . - -

o sim u” du < V¥(2n + L)x - V2w < 3

o - , S 2n + 1+ ¥/2n

' hence, that the lim:Lt of the difference is zero.. :By the Nested
In“terval Principal (Section Al—5), y has a limi'b as t approag@es
© . Similar results hold for. x- (By the calculus of i‘unctions of .
o 'a complex variable it can be- ‘shown that 1im x- lim y = T )
T Thus the functions f : t — ‘x s &8t —e ¥ have graphs as
T'I,.‘iepipjbed. - e l . e . . o '

-3

. : 7/ A
/ -y
, I’ = . ‘\'_ v " .
'Y a ‘ . “ . -
A \ .

A

g(t)

/

[T

tmm e !

| ;ﬁ._’_‘__}__f_____;__.'__
@

b= N [ e N

R
£

- . . . . R R .
. . - . i ‘e - ., . - .
e : . . - . o . ) . . . B - ¥ i .

o )
. ‘ : . _ ‘ V 2 2 . .‘ ..
f:t—— . cosu du,g:t——- sinu du-_
'I'he two graphs ?ey then be used together 'bo sketch out the general
spiral charactér of the curve. Observe further, from ' '




! e s Ay 8 dyy ]/Q.X_.-' LT

ax
d2y - 2t
-t "‘;-[‘ccs"tel-”' e

- so 'bhat the curve. 'is convex between successive extrema of x ,

flexed . upward -between a minimum and the ensuing maximm, downward

Y T

between a maxinnm and the ensuing mininmm

L - . ’ £

@ The 'c'ardioid, | - i
. . {_x.-:cose(l-cose) (0 < & < 2x)
-‘y=sin6(l-cos 8). -

Humber5to obtain - *

| or, in. polar, coordinates, =1 < cos 9__.‘—

- -He:-e '(£) '= (-sin 6 + s1n 26, cos © < _cos 26). , herce for' . .
'._'—:r<6<1r,only 6 0 yields
-'armllv'a.lue of rt' ;" At 9-0,

' there is a cusp; 1. e., since the .

. odd. and the second component
1]

: :even, the tangent reverses *

first component of - F'(t) is o

direction, . Use the result of

Toew

g .

5 s= J -/(1 - cos. 6) . Sin Py ds -. N

J Jg(l —os a)«-ae J'E S sin?

n

f : .
\{j 1+(l - cos —) .x o : _(Q <6 _<_-2n)

- \

Now express 6 in terms of s : -

6 = 2,-‘érccos [l -:-ﬁ-) ;"arcc/os L2(1 - _-E) =1] - R
SRR arccos. [l-s+F]~ P Y )
¥ Jamsm cSF_-?ﬁ’/s—““‘(l o -
. < 22 ) ST
. 873 E1 .
. - S 4 .
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R

(e)

In 'te_ms_‘ci_?. s the parametr:.c equations become o ‘
S Te A
JpreEeees

i
=
]
0
m
-~
'._l
1
J
: [
2
N

1+t5 .«

i - te SR . ' o - T s
y =. '-—-——2— . _-, . . i .
- l_—i-:b L . L. L.
. Identify tnis curve. . ‘
.; B i . [y v’ . o r 3 . . C ) . b /f

2

:Observe that x. + y =1 Q.,L This 1s the unit circle with the - °.
P ta.ngent of‘ha_'tf the central angle as parameter.. The point .(0,-1)

L _1s;not gzover_ed_except in the limit as t approaches o - (Comp'are

@

._the arclength, obtain T

‘whence, x =sins ;, y =cos s o : R

(1 e .c'tz:"a‘t).
+ t :

Section 10-3, Fgrzmila (9)'). From '?'(‘t')--.- 2)2 (3 - >

_ (that the curve is. a circle, is visible at . this point, for SR
' ?(t) -r"(t) o, hence, D['f(t) ]2 =0 and [?(t)l 18” constant)
" obtain I?'(t-?)l

2
2

- Te) that the tangent alﬁays &ld.sts. Fozt_
1 +t : _ o

% N "‘

A'- : R . . '~ ' “
., . - . ’ .- t N S - . . ’
' 8 & J [f'(t).]dt=.2'arctant 3 Yoo ST
. . . . . Lo '._, o . , ‘ . . ) . - o . "\-" S . ,.‘ '.7-. .-'r_ -..'_l. », .

°

-~

The three-dimensional helix, S . o el
v__;;_=acost"_’_r - '
L 'y=asint ' - (a>0) .
, _ .- :

'Here : r‘(t) = (-a s:!.n t,a cos t, l) [f'(t)l =, where

ﬁ

¢ = -/,aa + 1 . Thus the %angent al"ways exists and s = ct .-

‘Consequently, . L ) et
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_ ( ) . : : 5 % .
Te Show how to define the integral ?(t)dt by the method of ‘Riemann

BRI 1 . 3

‘sums « Prove that this is equivalent to integrating component by .com-

ponent. : - _ N -t

Let o= [to,tl,,..,t 3} be any partition of [a,b] and let T
~ pumber in [tkl,tk] for k-l , 2', ces 5 1 . Formthe sum

X .be any

- - -

..".4_' < . i - ‘ _g Zr(-r )(t )- - . " ‘ ) ‘. "_-3..

We. say that, - T is the integralpf ¥ over [a b] and write. . .

=

T = J ?(t)dt if for every positive ~c > there exists a 8 >0, such

S - a

‘ "-that IS - f l <. e whenever v( a) < 6 -,,,;Lndependently of the particu.lar e
,choice of partition or the numbers ,"1:_1 o , R -

7Y Now set !'(t) (f(t) , &(t) ; h(£)) - and if the integrals of the
' components exist depote them by- A, ,'-Ay‘ , 'Az' 5 respectively First
‘assume that the. integral of ¥. exists.: Then _let B, and e be - defined

_-as. above.» It fo]_lows that, ii‘ v( o) <

[Z f(-: )(tk 71. l - st -:‘Ix} -‘ - _‘ .

k=l . s - . ; .
T T - '2' — = 2
> g ' : C - + - g - :
s e s, m TR e, - 1R
2k T
Consemzently, the& integra.l of £ exists and is equal to " I « The same
argument ‘applies to the other components. S o _ '
. ‘ Conversely, if the component functions az% separately integrable s
. .. then given e.n;! e it is possible to find .a 6:': such that . '
]S - A | < € whenever v(cr ) - Yy _wh_ere 'S _has the -form . .
1 L. . \‘» " y _.= ' ‘ ' = . N /'. . N )
. ‘ er- Z f(T.’t':,x)(tk,x tk-l,x) " Lo -
- S - k=1 : - : '. -
For the corresponding expressions for the other components we have .
, ‘similarly, P i ' : Lo ‘
. \ .-- - 876 M . . ." - :
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e

Lo 'Athe three sums, namely, Tk = = Tz = Tk . Then,
- 2 2

where e -/3_ may be any positive number. ‘ftnzs_ r is integrab

_ (a) Lé't the parametric representation of a- curve be give§ in the fo

s -A <€ whénever- Vo < &
IY\‘YL R -( y) Ty . .

p)

o 2 : -
[s, - A,| < e vhenever v(az) <8, . |
Now, take ',‘8 Min{ '5 56,1 . Let ‘& be any partition with v(o) < &
take % =g y' Uz = O’ and a.lso choose the same mtemediate points for
k.vy

. -~
-

- - . 2 o - | 2 °. A

Is - A] = f(sx - A *‘-"'.(sy B Ay)., v s, %A

P '
L < € '/— ’ i ® o

L

the integrhl A..(A ,Ay, )

>  Note that integration by components immediately yYields. the vector '
counterparts of Theorems 6-1J-b » P » the E\mdamental Theorem ‘and the Sub-

stitution Rule. o . : -s
- . . L R

What is the unigque continuously differentj‘@.e’solut;%of;;i?'(t)3 = tA + B .

with the initial condition
, 2(0) =08 =

. €

 J

s 4 - ’ ° Y T . . . -
) . P - I :
. . . .
. . . . - co- " -
po - . . - - - B . t
. N : - g

Either employ the last remark in the solution to Number 7 or . integrate '_. R

component by component to obta.in . . R A

’ -- [} - ) "._7.- S .
R S r(t) 4;3 + tB P _o\ R

‘a

T
by
.

-tie'ble‘. . From éltl %I%

wln

g—: -is Perpendicular to & . If =4 0., the unit Vector e

.'"-é B /] exists. . The vector ﬁ' is ca]_‘Led. the pr_'

- no'rmal to the curve. Asauming that = exists "Bor:all
that the eurve is p and only if " : e

B ---r(s”) where s _is arclength and - ¥ is three times Aiee

\‘J;_. s :Lt fo]_‘l.ows from Example 11-53 that' :



, } 'Consequen‘b]y, for the so-called binormal b = ? x: B , we have g§= o
u/. .. -apa B is a constant unit vector. Thus: S
%%dfs _oh:) o
whence R .B = k 5 where k fs constant; hencé,'(f -x8) -B=0.-
It go]_'l.ows from Examp]!e ll-li»c that X 1ies in a plane perpendicular«
to E 3 where ' xb corresponds to- the f;§t of the perpend/icula:r from .

y 'the origin to the plane and |k|™ Iz thealength of that perpendicular
- Conversely, if- the curve is planar, nd ﬂ is a unit vector .
_pe*pendity&r to “the. plane 'then T S T : r; .  . S

- i N gk - . . .

*

where (_k is constant. Consequentl;y, S ) S T

.A_ .

oYLl ane T e . T & o ' el
TI‘,‘, - . . ’ . ds %{(n-m ’—'-"_O . | ‘ . 5 '

i

i " since, W 1s perpendimﬂ.ar to both ? and % >
'b_)( = ﬁ

. Now aifferentiate with ,::espe—ﬁ‘—to s and use A XA =C
the des’ired result. T e,

- 5 C . < ~
T {w). EScpréé'é fhis cg:}_i;::zdi'tion :'ixi- tems of de'_riiratives;of X .

"
4

- Wif.h °primes to den.ote differentiation with respect to s , we havé ) e

- ) -0 ¥

'-E 2' . o R T T
_? > Co e )
P S L4 e
- . ) . * . ! ° ﬁ '.w' :
r e, — T . cva———", = i.:il? + 1 : I LT
) =- - ds .l-‘". - T T g e
. : - . ~ s e Vo . &
- tr ] tL - .
Fr . _ e
, ] 2,0 e T
. o - - E F— >
- . . v- - “’...- ' .v
. Y Ta s o
L e - L
ra - .
b h 0 - PR .o __ - .
58 .7 - -~ . - a T
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: where the 1ast step uses the result of Number 1&( b) . Thps; ‘the
: .condition becomes, on multiplication by £ | S

wx[r;_fmimf]r%ph
. DI b <] G B

r
where the second vector in the cross-product is the component of

1
Xrre perpendicular to T’ . : , - _ -

-

. We have restricy ¢d ourselves to paramqtrizations Of curves X = () ,
a<t<b ;- for which the derivative r’ is continuous with isolated
-zeros, if any In general we .say that t is the tangent to the curye.

X

0

2 1 there 1s s parametrization £ g w:hd:h X = ?(to) ,-such that ‘

=E lim  V(¢) = 1im v&g,
Z . ._'."—-- e t~tO ’ .t’“to . . .... . i A. . i
where L - S
P -7': ?(t) - e, ) r(t) - r(t ) SRR
7..‘ — ) - ) - 5 . _., . - B . . v_ . >. .
\J-'<'-._(§) Show that this definition i.g_clt‘es the te.xt case€ .- T
RS 7~—'< . . R . e o - S
ERSES “ oL 'E..' Br(e) L e
B yrun e P .
!-__ o [RI ....- P i .._' L. - ) ' Lo . ’__.l/
‘.. . T, . Lk : - J .- ;.;? .. - .-
’ _ ) ""(t ) ;é O appl::/'bhe property of \she products‘of 1imits¢5) to
“‘ obta.in RS -\;,» ' T e R
g ».--li_mﬁce) cum we S
B R t“'to . o e X
2(t) - B(t,) ;T BE) - (e ) .
- _ o' It o) , . v
t~t -ty 4t o _:
0. - 0 -
. . . " to _.; I . - A . o -. o Vﬁ’ : N S
-?,(t ) o o - *
= — 0 ' - . - i
Py ) . . -
. - I?__(to)l | A ]
e_fext we ha¥e defined pai'ametrizations X .= g(1) T
_ as equgvalent if FE()) = g(-r) where ¢ is defined
R on the domin of g > bas a°range in the domain of T s is increasing,
" and has a piecewise continuous derivative. 5_ q%e hat the tangent )
.7 . % at "X, -@s defined in Part (a) is the same £or all equivalent
pﬁrametrizations. . : T . . ' '
- _‘_’- ;' . . . . - - - :.' ._Q.,; . 3 . . )

N



“We . shall say that a point t. 1is a regular point of ‘the"pai-a.mei:_ri-

(o)

L za.i:ion R = r(t) 1f BV 48 continuous at to and -?F(’to) # 0'_,‘"

_otherwi_s/e__’ t wi].'L be called a singula.r po,in‘l: 'We have restrioted

' ourselves to perametrizations for which the singular points are

isolated._ Now, set t = ¢(’r) where t and T are equiva.lent. '

-Wit\lh ‘the possible exception oi* isolated points we have #* con-

tinucus and @*(t) # O . 1”’B:;r the Chain Rule . °
: iy s

e S ) =g cr)f"(t) 45

except perhapé at:isolated points—. Soinoe_._v @(t) is increasing, and -';_

¢'(1’) ;‘ 0 in (1) we have ¢'(1.-) > O ; hence, for the tangenmt, '

S i () e eh) S -
e L S |¢'(1)||'f'(t)| I‘f‘(t)l
. TNow let -ro be one of the isolsated points in questiJn If the

R given by

:cu:mre has a’ ‘bangent at X = q(-: ). = r(t ). then the. right-and-left-.

sided liznits given above exist. Fﬁrthermore, since ¢ is increasing,
i To# o > then ¢(‘r} ;4 ¢'(1‘ b a.nd : A .

- ~.r(13) '-_. f(‘to'»)" 5 75(1.‘-)."_.. _ --(;To)_‘ o :" = '
T - TO

| L) - Aey) | |
N TF® oo o Y

-~

. "

where 'r is the mean value given by -bhe La'w of the Mean.‘ Since To

'is iscﬂ.a.ted zero or. discon‘bisz‘by point of ¢' i there is a deleted

neighborhood of 'r
restric_-t-:ed to t
because @ is 1

o " which co?atains 0o zeros of ¢' If T -is 1. _
nei:?orhood 5 then ¢"\(T) 74 0 hence' (1) >0.

en Consequently, fo::l the vecto function

)“z/ '. ORI
?!('r)‘q('r) / &

W) = —F—
,. vct) ={|2:E)-.'L;ﬁ('r) ucr) L h
E :-fgr(;DH'fo : ) - 'f"if‘:;ﬂ;?
- o i



N\ . .
Consequently the right- a.nd left-sided limits" for ﬁ(-r) .at -r--\ are-
‘equal to thosé of W(t) at .ty » end since the latter two' limits are
-equal, we conclude that t is 'the same for both pq;ametrizations.

&

~

(c) If, -in the’ defini'tion of: equivalen'b pa.rameters ¢ ‘is replaced 'ty a .

decreasing function, we say that t and T are "econtravalent™
parameters, just to have a word for it. Show that contravalent

parametrizations orient the curve .in opposite senses; that is, if *

'is the "l;.angent for the parametrization X = ¥(t) then -t . is the

-tangent for X = q(-r) = rl(¢(-r)) .

" ‘.

T

v

Obsexrve that if t and T are: contrawalent pare.meters P then t
and -1 are eguivalent; i.e., for © = -t and p Q- g— 4q(-0)
we have - - . . Lot G ‘ ' L

o . N . ’ ’ L. . N,

(¥(a) ™
~ r‘lfd) B(o)

wWhere - .llr P 0 —e ¢( o) is an increasing flmction.,,-.Consequen‘tly,

-~

4'..—

5(0) 5(0) . ﬁ("r)~-q('r)

from whicb 'the conclusion i immediate.

""11. A possible vector geheralizafieﬁ of Rolie! é“‘Theorém is: Tet ¥ 'be

differentable on a <t <b and '.Let ‘#(a) = ¥(b) = , then.there is a
point t, a<t< b ».at which ?t(t) = ..'-_ Preve or dispro#e,. '
The statement is . faise.; The proposition fails for _any regu.la.r ciosed

cu:c've, for example, the’ circle (Ebcanmle 11-5e) o S o .

Y

'3 ' ,‘x’:v=.c cos"e L
. . y»';=csin6 ‘_. )

. for 0<6 <'2x-. See Mlscelianeous Exercises, Number 10 for a correct

.generalilzation; B IR '.-e‘/' :

2. -Fo'r. X = #(t) where ¥ has a continuocus derivative on, [a,b] > prove |
" . that' the lengths P(0) of inscribed polygons given by ~( 18) have a least
- :— upper bound a.nd that this upper bound is tbe a.rcleng'th L g:.ven by ( 19)

Note first the't the integral L exis.ts sinee : ]r'(t) |, is continuous. -

Furbhermore L ca.n be approxima‘ted within any tolera.nce by P(o)" 5. cp_n— T

'-_' sequen:bly, if L -is -’ a.n upper bound :Lt .nrust be .'Leas:t. - Now, le‘c

Tt Providsd by ERIC

[M T 559 Bl

~n
P
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- d .
o = {to,‘tl,...,t '} be any partition of [a,b] ‘s and let _'r ‘be any
refinement of . o . Let {u ,ul,...,up} where uo te1? vy =t be:
the partition -of the interval [‘tk l’t ] by points of T . Use the
inequality (6) Qf Section 1134 for the absolute value of a- sum, to obtain
2+, - 2t )| = I[Y‘(up) - 2w )]+ [2(u ) - ?(u*e)]
- . , +'...+[?(u1) -?(u )]l
| | < [r(up) - ;P(up_l)] + |r(uia_l) -'r(up_-e)il
N : _
e _ . +§L.+|‘f(u1) -i’(u)l
Sum over k to obtain P(o) < P(u) . Thus the arcleng-t.h "P(o) of the

- inscr:.bed powgon cannot exceed that obtained by any refinemen‘t of the
partition. Since by making the norm of the partition fine enocugh we /can
_ensure - |L - P(u)l < € , hence, P(u) <L + € » it follows that PR
P( o) < L + € '\\ A '

for all positive € , and we conclude P(o‘) <i .
A13. Complete the proof that thé arclength integral (19) is the limit of the
- lengths of inscribed polygons (18) vy establishing the followi_ng lemma.
-, - -Let - R(t) = (F(t),6(t),H(t)) be comtinuous on [a,b].. For each
partlt:i.on c = {t tl,...,tn] of {a,b] and each choloe .of Bl s Ty s

§“ Yin [t, ,‘b ] (k—l,...,n) R cons:Lder ' -

.- - s 8.3 . . - Wy
__'.." ..':;_v '. .‘ : v . - . g;"
L Z J%cg RLEN G(nk) * Hcc.k)2 ey = ) -
v ) Under the stated condltion, - T, - 1, - T -_ "'Q\ -:L‘,‘-‘_ - 4
lim_ J J@‘(t)z # G(t)2 + H(t)2 at . t -
v( o')-'-O o -

R
.

. From ‘the defm:.t:.on of Riemann urtegral the result is established when'
) _,g_k =Ty = gk .‘-. In order to showr that it makes ' no: difference if these
P numbers are used mde_‘pendently, miake use of the property proved in
'I'heorem AT—E- If g is cont:.nuous on the -closed interval [a,b] , then
for a.ny pOSl’t’lVE €, the_.re is a. 8 - such that |¢(u) -] < e for.
_ any u_,v “in: [ab] sa{:{sfﬁng ]uv—v| <& Given‘e, if 97, B, ,
8 - are such error controls for F 5 .G L _respectively, then d _
,_:8 = zm.n [51, 2,%} may be used for all three._ Now we- res‘trict ourselves :
to part.,.t:.ons . for whn.ch v( cr) < 8 . Compare P with N T

A




n ) _ ' ' o . ) 1
a=) H)Z ecgk)? +u( )% (1, - tk-i)t .

-‘« _ k=1 . ®

. /

3. a

Observe from the inequality for the difference .of absolute values R (7) of
Section 13-4, and frem . :
|(abc)|<|faoo)|+|(0b 0)| + l(‘o,o,c)l"

-
-

/(e )2 + c(n)? + m(E)® - A%+ - a(8)% + H(gk> |

< /[ch ) - F(gk)]2 + [6(n) - c(gk)] +.[a) - aCe, 72

< ]G(nk) -G )] + IH(;k - B(g) |

-

< 26 -
Consequently, - . . e i
. 8 : . L0 . - B . 'f_ - ) '_._’- \:‘ B
-9l < 2. 26l - G p) <200 - s)e_;_j.-_- T

e,

For a sufficiently fine subdivision,-
within any specified tolemnce of a Ri
_ Riemann sum’ can be made to approximate the integral in the same way .’
" ,It follows that . the integral is: the limit of the generalized sums‘ P

- Y

_hen, the sum P can be brought
} sum..— At the same time the

. . . .
TN S - . - . N . - . : - . ) -
' - R R . . . - L - - ,"-,-‘" N
- A~ R . . Ll TR -@: .y R
3 . . g R . - ot oL . ) _:‘.‘ ) . - 7
g . - N : S SV : -

L% . . . 4 -

- d -
A . . . B
« e

TC].J.-6 'j‘j'C’urw-r'es in the Plane. Tiloto e -
- In Subseetion (i) we re"urn to, issues raised in Chapters l and 6 and give -
a description of ares which is sufficiently generﬁa.ii.r to cover most cases of.
.practical interest. In (ii) we introduce the con-eept of curva‘ture which is -
not on.ly geometrically interesting but is useful in man,y applications including
the- dynamics of a. particle (Chapter .12).. In (iii) we ma.ke use of the idea of T
: curvature to develope the- theqry of: the evolute and involute. ) 'I’hese specia.l '
:z'rcurves eppear again in. Chapter 15, »Iﬁ‘ (fiv) we utilize the available insights _
- and techniques to derive one of the principle theoreti-cal resul-.ts about plane L
'curves > that a plane curve is charéeterized geometrically by its oumture -

;‘ﬁznction 8~ K where 's is arclength. S




h S

discontinuities in gr . but this creates no essential difficulty (see Exercises
10-6b, No. 18). For this 1ntegral given in the Fbrm.(z) we may extend the

- functtons ‘¢ end ¥ to periodic functions with period g -a; in that case

- the specific ends of integration are irrelevant so long‘ﬁs their difference is -
the period (compare the solution. of Exercises 11-6, No [h). ‘

We Justify the Formula (3) for area only for curves for which the domain
of @ s t—e x can- be subdivided into intervals on - which.ﬁa is strongly
-monotone or- constant. Such a subdivision mey . not exist even for smooth. . -
curves. Nonetheless, the class of curves for which (3) is Justified in the
text is sufficiently general to motivate “the ad ption of (3) as the definition
.of area for the piecewise smooth curves we condider. Since our purpose Is
“the motivation of this definition 1'% are content to give an intuitive geometri-

. cal argument for - (3). Still the argument is* essentially complete, all that

it lacks is a prec1sely deSeribed labeling procedure to insure that nothing

has been left out in the step-by-step_agproach of’theftext - ;;;;M_mq_mm,

In contrast, note- that the curvature K is not invariant under reflec-

i tion but changes sign. If a. coordinate axis is reversed, the positive sense
of” rotation (from the x-axis’ to the y-exis) is then reversed and A* as -

defined by (9} becomes the right-pointing normal. B ,_»;

_ In the - definition of thé\gscuiﬁting circle as-the limit of the circle
rthrough three points of the curve, if the points are collinear let the _
approx1mat1ng circle" be the. straight line through the points as is the usual

.~
o -
. 3. A .

convention. . L.‘. Lo . o - : - e
) i . ) : S e, P L I

-~

In Example.ll 6h, the existence of the derivatives of K is tacitly

iassumed.; Similarly, in Subsectfon (iv) we assume that f’ has two continuous )

]

IR derivatrves. .fﬁwﬁ.. ‘, o : o .j- '; "j '"f"'-c,,fi

S
Observe in Formula “(23)," Since the values of - s, will include zero if s
-is measured from a p01nt on .the curve, that there is no loss Wt generality in
assuming zero is in the parameter interval The only effect of using a
different end of integration is a;change in the constamt o .

-

-

swc e N . -
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Verify that the following curves are simple. ) 7 _
The graph of & continuous function. : S i .

(a)

"(b)

Solutions Exercises 1i-6 Co T .

-

L.

'Ta.k.e- ‘x as the parameter for the gr&ph of f HEb 4 — Y ; namely
X'= (x,£(x)) . For x # X, » then (xl,f(:L-L)) ;l (xz,f(x )) since-,?x
-the abscissas are distinct. ‘

A ciréIle .
Let the p;imetric representation of the circle be
2(8) = (a cds,.a sin 8) , 0<6® < 2% . The circle is closed since

r(o) f(2ﬂ) Divide the circle into ‘the semicircles given by

v

[

0. < 6 <m’ and x < o < 2n . The semicircles do nét intersect, since,"‘
_ except f‘or the endpoint 6 = 0 » points of the first )semicircle Iie

g abowe the x-axis, and, except for the endpoint 6 ==, “those of the

second semicircle lie below. Since the endpoints (2,0) and (-1,0)
'of the . respective semicircles -are distinct the semicircles do not
intersect each other. Next we consider the upper semitircle. It
‘cannot intersect itself since the esbscissa cos 9 is a decreasing

_'-function of .8 . The same holds 'for the lower semicircle th °

- cos 8 increesing.

igc)

. As Por. the circle above, divide the cardioid int‘o the non-overlapping

A cerdioid (Exercises 11-5,- .N.°' 6(d).)_,.'

semicardioids" given by O < @ <xw and =<6 <2x . Use the polar
representation ~p.=1 - cds O . The resylt follows since o’ is an
increasing mnction of 9 on the upper sem.icardioid decréasing on

=

thelower. T : - ) B

..I\(.d): _The C_ornn spiral (Exercises 11-5, No. 6.( c)).

g
PR Y

. Set

e
N . R o e
- . . . ,e

Sl e oy - . rt o
_x=i’(t)=~J"- cos u” du , y = g(t) =J sin u© du .

B3

Observe by the argument of Exercises 11-5, Number 6(c) that g(O)
“the. minimaor- v'alue of y for +t >0 and the maximum’ for t < 0 5’

a

63
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.11-6

7 region undér the graph of £ oriented in the positive sense indicated

separates the ordinateSao;T;be two halves of the curve ‘ Hence'we .,i
may confine onr attention to:’ the domain of~nonnegative t . At any-
given point K- >’0 of tﬂ;%parametcr'intcrval let K- be the angle*

- of inclination of the tangent “(£7(a),g’ (a)) Now rotate the .

';coordinate axes through the‘angle 8 8o that the tangent becomes

. . borizontal. In the rotated axis system, the coordinates become e

R

{'g"=' x cos @€ + ¥y sin 6 ‘ " -[

n=-x sin 6 + y cos 6 s

. 1 Co - " ‘o
whence o= . . '

e

g = [ " eon (P o

£ =
B a -
R w(t) =‘J siﬁ ( 2/ )du. . -

Now, by the same argument as that of ercises 11-5, Number-éﬂc)
V(a) is a local extremum for k] and for t >a 1is never reached

: a‘ga'in. Thus #(b)- # #(a) for-eny. a_ and b with b >4 >0 o

- -

Hence +the curve cannot intersect itself for t'>-0 e .= _'f,

Obtain a parametrioirepresentation for the boundary of the_standard-

L et . - B
! - L b : - L

.inFigurell-é 4 S
Teke t =0 at (b, f(b)) , and arclength as the parameter on the straight
segments, and t =b - x as the parameter on the graph of f vhere k-

18 constant‘

(b-t,f(b-t)) ,for O <t <b-a

(a., b- a+f(a)-t) for b-a<t<b- a+f(a) -
(8} = Y(+-£(a)-b+2a,0) ,for. b-a+f(a) <t Z2(b- . a) +£(a)”
(b t - 2(b a)-—f(a)),for 2(b a)+f(a) <t<2(b a)+f(a)+f(b).

Show how the expression for the signed area Of a standard region (1),

taken in the direction of increasing t 5 changes if the orientation is
;negative. _ . _ _ B .
The expression (l) is obtained’ for positive parametrizations. Ifﬁ T is
;a parameter which yields & nesative orientation, then t , where -t = 41 5

- yields a positive orientation (compare Exercises 11-5, No. lo(c)). Con-

0.

64886 e

'-Alsequently, for T s"-l_;_rl ='-t°', thelintegral_

&
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where iz = 1l . Now, in the direction & T,
Ty, } L ] T V - K
: 1 N o : :
. =J Ty‘(r);a'(f)af R L
T e

s ;‘

where we.have-used w(r) W(-T) and ¢ (r) D ¢(-T) = -¢ (-1) . Recall

SRR that I is the areas’ associated’with the positive orientation ofhthe curve,_f‘

. T_ the area A; here corre5ponds to the negative orientation, that is, - N
‘ . JA _ -I * | ‘ )
o L : : 11’\' ’\'“ A _ e
. S e A = -J v(T)gr(x)at .

D8 _ _
- :Thns, it 1s shown that the form of (1) is independent of the perametriﬁ:-
£ tion. - - .

- -
- -
- - . -

L. In the derivation of (1) it was supposed-that the’ part of the bounda:y
which is the -graph of the. given Tunction corresponds to a subinterval -
of the domain of parametrization. Show for any arc of a simple closed
curve how to modify the parametrization 8o that the arc corresponds to
a. subinterval of the domain. . oL

K . ) * ..
C e ce

T,

-

’ Extend ¢ and W’ to periodic functions with”’ period B -a and choose
f;' for the parameter interval any interval of length b - & for which the_

. range of T, includes the arc, e.g:, if the arc is defined by - o T

..: j{x.ir; X —'r(t) te [tO’B] U [e,tT}  where a < ty Sto <B-, Bet ‘vt =1t

SR 1 t e [to,ﬁ] »T=t+a+p for te [a,t J . Then the arc is '
JEE given by X F(z). ,for to<1<6 end . X = 1-(-;4.&'_5) for _
‘- B <‘r < tl + E + a ; ) e , o N

5. F:Lnd the area' o : ] _ "::.r.'.'-," ) - ' |

(a) . under one arch of the cycloid (Exercises 11-5, No. 6(b)) Coe
.; ‘ - ;. -




-

N N - - & - .:I«. ‘Il.. 7 . "

- From (1), with -¢(t) = a(t - sin t) end* # = e(l - cos t)_,'

;;ﬂ _ o R R _ o .- 29 - .
I L o A = az.J (l - cos t)2 dat ‘ -
AN »‘» ) . . - - 0 . - i . '
BRI - T .
-where the sign corresponds to the neggtive orientation of the
oL T standard region. Coﬂsequently '
' . . . . . - 2 21{— ) ‘ .‘ 2 ] _.- . B , .. o
. e B A.=a (L - 2 cos t + cos® t)dt " ‘
Co e e .40 ' - T g -
- L S ren ' f',';' B
. S e g g .'- ) . =X?J (% - 2 COS + + Ecgi)d@ ’ "‘.'M -
v R L 20 e ST
L T v s3cas . YLt - | .
o L N R a
(b) of the interior of the cardioid (Exercises 11-5, No. 6(d))..
" From (6), — | ’
AU ‘Fox ' .
el A = l:[ (1 - eos 9)2 do e
- , - 2 . .
: - rSJdo - _ ‘ . .
and from the resnlt.of Part (a), B
e - %‘ _ ﬁ IS
A = S - -
6. ‘Sketch the curve gi%en in polar coordinates by o} = a cos 8 - b , o
a>b>0, for- 0 <8 <2r ., Use (5) or an equivalent formula to .. -
* * compute the "area." The result is not the area in the ususal sense. ..
Check the &erivation of (5) to see whet the formula actually gives.
“-::7:. J.l .:.;'.- .‘.‘ '. ., 4 - . ) y .
oy ;,This curve is called the limagon.:

The sketch depicts the case al =2b . .

A blind application of (6) yields- :  —
o ox "2 2 o
’ , p & 2. . a -
Aezjo (v +? - 2ab cos 8+? cos 26)d6 X
. 2 2 bl oo
= g— (2p5, +-a%) .
T o ‘ R : )
_ The limegon‘is not a simple closed - - .- _
- curve but consists of two simple closed '

curves, both oriented pos tively. Since the region enclosed by the outer ‘
loop consists of- the region enclosed by the. inner loop (1ndicated by .1

A

: . o . : : R g : (;E} 888 il I f. =Iu;QM
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Generalize as:far as you can. .

11-6 -

.

-

f in the figure) and a region exterior to the 1nner loop {indicated by 2),

the area wixhin the 1nner lbop Has. been counted twice. Thus : ;~== RN
A = 2A +-A where the 1ndices correspond to the regions “in the figure.

1 2 . o

D) - ‘
. . s .
~ ~

Divide up- the figure into nonoverlapping subregfons as indicated by the

-labels in each diagram. Let A denote the area of subregion i . Count.
" the némber of times. the subregion is enclosed with sign taken into account »~’

- 2 :
(a) 4 .Ag ‘ | - (e) _Al+2A2+A3_ ‘ -

(v) A, - (d) -'..Al‘-t- 24,
There re more general situations of interest, but here we show how to
treet the case - of finitely many selfintersections only. Consioer a
-closed curve given by - X =2(t) ‘for a<t<b with. ¥a) = ?(b) A
selfintersection, with the possible exception of t = a and t =D ,
occurs when -®(t) = ¥(7) for T £ t . y. assumption thEre ‘are only
finitely many pairs {t, T1 , hence Finig ely many: numbers t for which
this‘happens; Arrange these number in increasing sequence,

Coa= vy <t < '..<'tn=b. .

For each t., 1 this sequence there is at least one tJ 5 J # 1 such

i

,?hﬁﬁ' ?(tdl = T i) . Forp_all su h.pa;rs {i,j} with i< j s consider

e

For the following eés what is the "area" as computed by (8)2 . . -
‘ z P ﬁ




s s -

min(3 -.1} 'and let {{ 1,3"} be a pair for which this minimm is
achieved. * The clos subcurve 2 f(tm for -t * S <t<t J ' is simple,

'for if a Belf-—intersection ?(t ) = ?(t,jl aroqe for L) 'tj c [t -uf,td*} TS

and 0<J-1<J -i ,then J -i ?:ouldnotbetheminimum Now

take account of thc s:!.gned area within this- subcurve and delete the sub~- 4

~ i
. curve from the whole. What remains :Ls still a closed curve but tkhe

numbexr: - or self- intersections has been reduced by at 1east one. Let 'the
resldual curve now be- given the contix;*ous paremetrization x q(u')

where . S )
R Bu) , for aguset o T e
. S Flu + tj* - ti*}e._,afor,. tiw Su'S -.tJ*' + t‘i-n- N g

. - ,' .. “F

The reduction process may now be applied repeatedly to yield a. decom—-
."position oﬁ t‘he original curve into. simple closkd curves.‘ ‘The._ :L_Js.rl‘:_egz‘el

' -: /{s then tl:ﬂE sum of the signed area for these.* s B N - d .- o e e
B ’--" It is far more complicated to kee;p track analytical_ly of the num‘ber- B
of’ times the non-overlapping regions are covered., oL LN )
Coe : e i , - g é;?,_.‘-;-.;’_‘_.;:'
- 8. Obtain the -expression foxr the curvature for a curye given in polar S
coordinates by . o f( 6) ‘ ) B -
...“ - Take 6 as the parameter in a cartesian representation:
{-x =p cos 6 C L ; .
~ - > r N . - <
* - Ay =p sin 6. . . - = i
Inspgrt the expressions s . . o
o , xT ='p" cos & - p sin e , ¥' =p! sin 6 + (o) cés".ef ST _
-.' ‘;' . ._ . - . ' - B b
- - o x" =p" cos @ - 6p? sin @ - p cos 6 s . - . o
. ='p"’sin  + 2p* cos 6 - p sin 6 , ; e L
> obtain . ' I /} Sl e ®
2 d e . s
P —p;S%*"?( ) . Ce
) as~ i . ' : :
’S = y2 .. . . L X . ‘ - o
- : [p L+ ( ) 3 . . :
. . - 7 > )
vsr?o ) \ ) b
, - Ba - P




9. Find the curvature at each point of the- follcwing curves given ix

fa)

R LF

g

. namely T T e

2 . A
.Y . ' P

* ~

°.~-"'2 ' L e
L+u32°

‘K =

m ! ll,

R-E .
23-!-,._‘.02 4 .-

Use the parametric representation e

- -{x'='e cos 6
Yy =b.sin 6

.é.nd-apply (ll); Lo
- L - - .ab

(&~ sin® 6 + b> cos

=

7"

. T ab ;
L T@EE L A
Qe < a2 cos '2}9 .{baﬂ“-

q" . L K= - . _ ‘.:_.‘,. . :
_ e 5 . 2 2 5372,

car‘.:.esian, polar or parametric representation as the notation suggests . -

4

fﬂ

. -
e -
. -
PR .
-~ e . - -
. o
Paa¥s -
-
>
J—
-
r
N
o-

a

T];ze cu.rve is a ‘.Lemnisca'te. Apply the result ovaumber 8, ,ra.s follows. .
" Obtain the first two" derivatives with respect to

L 1. _1.2
t, e . N . 5{3 —'_2.37 ces.29

s

(1) | . ep! = -aersin'ea
* and °. i ' a3 '
N - “. ”©
(ii)".-_:_ pp" + (p').e.\— -2a“ cos 28 = -2p
:- . . -

*

8 of,.

-
-~

.(..

- .
- e -
- .
- -
-
. A
- -

. -
-
o .
. .

L

s
-
AV N
B
s
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U e ) /\ ‘ L, - o ) : .. ;_.‘. .
- (p")e‘ = E’é- sin2_26 = a'—2'(1 - cqs%-eq)'__ '
' T - g N : - R

o]

o

- e ORI . I A S R
' )3 ' o el
2 - S

Ut en® et Bl CoT e s
) Enter .f-ﬁ.'i') in (11) to obtain- = -- Do a '
S L ey e
(_iv) : L . . DD" = -p&: 'a'é' . ) T

_ h - P : e L B
.. Enter (1iik and (iv) in the result of Number 8 to obtain

5 i . R . s e ‘ . ) >
n L g, - as

) Lo, . ‘_ A= 2_ - T a e . - N N
. - = a T o : , .

' (d) the cycloid (Exercises 11-5, No. 6(b)). N .~ . S

" . E "Apply:.:_r(ll) to ‘t_‘,hé'-_given_ parametric equations.- R
v R L S .

S -[8a2(l - cost)]1/2 o Bay L,

- -
- - .

. o _ \ ;
. . A“- PR 1 N 6 ..".‘_.-.' h . ) ) oo . . - R
(e) the Cormu sqpi;'al (Exerciseés 11-5; No. 6(c)). (
e e ol
. ':}_ - i".r-—',.»-ap,,-PJ:y' (n) ; f-‘#': P e K = 2t .. o S o R S T )

s€s 11-5, Nos 6fa)). =.. . . . . tC

(£) “the cardioid  (Exerci

[

"/Appl_.y._;l;'hé-_ I:eszilt 6£ Numbexr 8. :

< L -: . ._... = - . 3 - .L.- . "- . 3 ... : ' . _v“

| ¥3(1 .~ .cqu.e);._ Bo :




nd’

'f;_*f_'_Z ;;_ o ‘.: aa{cos \\b
obtain the carteslan form o <N

Seml T R N .
x as axis 8f

< -
} .

L]

, ~-
-

Applb’ (11) toobtain ST T e e
.o .'_-4(.‘__\.-__-_ ._..? ‘ r

symmetry.
' i "ﬁc\"-f;, D

-4;“'” ~l

This curve is ‘an arc of a parabola with the line‘iy - _

'u'r.. . .v‘ .-!- - K = = . .
e 6 + s1n" 3)3/2 D PRI T

. : . 4_1 EEEPY S R

R ‘- ._‘ .g:~.-: ]

L
A - . -
BT A \._,

.t

L. - .
. P

Alternatively, eliminate 9

. 7f.'”-,_§ = -i“7fe- Yx + {F {_ lt’.; = _
‘and differentiate implicitly with respect to . 2? to- obtain  gt~fl,l;_af

) "and ; .
' o S Y
= =. § >

" whence by (I2) \';' - e .

The difference in the sign of K indicates that the two parametri-“
zations are. contravalent. : ;“‘. : SN oo 2

-a

e '.;

-. .:9.. . - ‘:.. .v.f ' . ) ; \‘_. .. . L
10. - Show tha?’the évolute of,'a- cycmid' ’(Ex‘ez"cis;e's ll".-5‘,.NO. _6€b)) is a cycloid.

a

nnploy the given parametrization to obtain ?'( e)—e a(l -‘cos t, sin t)

.-

whence,
sin t ) ',-.

T YA AN

PR

_,0/:
»

-NQ’ use 1 - cos t =2 s 2 t0. obtaln ,'
s e
5

) a simpler form for computation.'fﬂbte al;o that .*

Plet

\.VJ

K _ ‘ v g
4.’ " = —
v _(9 2

-

J?(l - cos t) = 2a sin,g .

dts

w

‘co-s"g, sin -;—) R .Vé o:bt_a_ln '

3

P - .
- - - . . . - . - . .., - . . _-' -,
B - P R . . N LR
T - ~ - . - - P N - 2
B - e . t . . U
. i’ . - - . - . o .
X L . . . . . - . . - . . - P . B ’ ce 4
o R B . . - . . . - - .- - i
- - 5. B .-t - - - Wt
. ’ N ‘ . . C - ) o ’
. . . - - . - oL .. .
.

»

2™

T T e M AT w, o
T m~.-- o Ay
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1.

;: In the accdhpanying figure the continuous trace is the cyclqid, the‘_j_'

? SRR {x= —ax + (7 - sin.T)

ca . - . :;L- _.-_,. gi d% _.."_ i . -‘
o as =3t S e

."inwhenee;—from'(lo)ﬁ o R I S }--55;- .

P K_;b‘- .

L i “”in'éf;i. T

Joael "<E

- I&xxn (13) the parametric represéntation of the evolute is then given Sy

“jiﬁg-:gf*[jg;fjgg}ﬂt+-ﬂnt) -}f SR S TN
R ""{Q*E-au.—cos%) - “"'uﬂif_ff;ﬁ '

- -

do*ted vrace, its evolute.e: - R

R A N oy S
B S - - .
» -
R o ‘
- s o TA
K NS /’f— -‘\\ e ‘-‘\\ ,,"— TN x 1
C . ~ S
LY 4 N YA . L.
) R T . _ . - -
- : S S e T e T e P e e T e e LT
" . . . . .
- )"&‘..

-
b - ~

To prove the curves - -are the same, introduce the parameter = t + n
for the evolute. The~parametric representation becomes .

-

'4_;gff~j}j‘; - ,-y‘='-2a + (1 - cos T). ?_T_LL:"":;' | o ke

A -

Thns the evolute is.a cycloid translated from the original curve by the ,”EQ
vector (-ax,-2a). ;a’/' ' TN ST, R L

-

Obtain a. cartesian.représentation for the evolute of ‘an ellipse and e
sketch the curve. S o o e '

- R ,
.. . K . s . . .

Use the parametric representation of the elllpse in Number 9(b) to obtain s o

- ‘---(b cos: 94; a sin 6)
4§-~sin 8 + b2 cos® e _a'{j,*‘.: —Tﬂ,.- L

Take the expressidn for the curvature from the same source anduinsert :r . :_-
“in (13} to obtain ‘the evolute: I T T G P uf;viﬂﬁ>; "

.o . . ~ - - Lo
. - .
E T . N
- . ! . .
- - - . - . . - "
- - . - N - '
o - N -~ Lt -t - - -
. N r - - - - - o -
: s R ) “ -
- .. R . R
g o " . { , o
. e 3
- RORE. R



RN L R

" :of ‘the. thread at-the cut describe the involute of Cr.:.

, _‘figure shows two .cusps; one arising at the

.+ the. curva e has extrema

. where the sign is pcsitive_’for.the _end
_of the d unwreppéd in the direction”

’ corresponding to the point Yo ‘where 64 T
h ‘has an inflection. The arrows indicate
- the direction of increasing T .

- &

R N - A - Lol . =
- .. . . < . . e
- Tw - s - - > PP
. - . L.
P - -~ T
. .11<6
4 . - . B . S . A - . - : Lo
. X B . - - E - LRI L - - . r. e ;
o= S . g - ,'_ .- LI me e S L ST e . ql
. . . - F] . LR o . S et Lo e

- '_'x'= a cos & f—(a - S‘J.n2 =) + b cos e)cos 6 " '_ =‘_j

- 3 oo Fe

; j ":‘_ ¥'=b stn 6 - %-(éz- sin® o +"h2-_-.cps a)s;n '9'

'by ;_=' (a - ba)sin3 8 ..

"_Splve- for sin 9 and cos -9_ s .Square an& add to obtain ; *_i'-j_

- 2 2 ~ i s »
ess) /3, (by)2/3 (a2 v?)2/3
an astroid. In the figure' the cusps . -
' »- BT . on the evolute (dotted) '
. correspond to. the endpoints A , B R o
-of the a:ges of the, ellipse vhere o ) “ e

.‘“'.,- - 1ii'f>‘

_The involutes of a curve C 5iven by Y ‘5(0‘) . can be drawn by the h \gj
B following simple mechanical consth:ction. Imagine an inexbensible thread )
_wrapped- tiglrbly arcrund the curve’ C"/ on. 'Ehe side opposite the center .of '

curvature. Cut the thread at o = ¢ (compare Equation (17)) and unwrap

- the thread- from the. curve while keeping it taut. The condition of

tautness ret_:_uires that the unwrapped thread is pu_'l_'Led out straight and
remains tangent to C~- . Under these conditions show that the two ends

il

R
. »

- . B - LA

"',‘* . B -

-The length of unwrapped thread between a cut. end pd and the point of

tangency ¢ = ﬁ(c) on-C/is_""(c- c) -

-« >

of increasing & 'ané"ne'giati#e"for ‘the

other- end With this’ mdersténd:tng i
f ? o+ (c - o‘)'r .
4 -
where ? i= is the tangent to C at
Y ; but this is Just Eqpa‘t:i.on (l"{’a) _ The,

break in the "‘ahread (cr = c) and the. other




| '_ oo . Note that this construct:.on does not glve all in,,volutea if the S
N ;; p‘aramet‘er interval is boundeo ,'-, s:.nce the constant c' need not be chosen s

N in the doma:l.n of F..- To. o'btain an - arbitrary involute by this: constryc- T
~ tion it may, be necessary to add\a.n extra length ‘of threadr_ This is what ,.2_
o we must do_ to _o_btam the eI_'Lipse in .'Numher 1l as the involnte of the S
astroid.; Note howr the construction must be mochfiecf when the point of o
o ta.ngency of the thread reaches a cusp of t‘ne astroid. Suppose the thread
. 'is being unwrapped unt:u.l it is ta.ngen't? at’ e cusp. After the cusp is
S yached the thread ,must be wrapped back onto the curve until another : :
S mzsp- is. reac‘heo.. After the latter cus:.p thé thread is; mwrapped‘ again, TR

__‘4_"_'_ BN "_‘,'-and 'so we proceed altemg,te}y wrapping and unwrapplng u.ntll the entire ;

T .;:;;{j;curve is describedu “”;“3.“_“_, "t*“f‘fft - T Lo _

PR 2135 . =-The'cﬁ;;Ve' p = ce¥ &0 s in polar~i‘orm, has. the property that the position
IR - wector: of a: point on the curve makes an angle with the tangent to the
B ;curve at the’ point which is? the same for all points. N ,

'-"-:v.,"‘."_', .,,‘-'(a) Verify this property'. R P _-’."‘
'_..' .‘.t'- . ,._.,._ -41 . - ) : : - . o _t C " ‘-...-__. -;

In terms of the parameter 6 ,» the position vector is
P W ‘. i__'~"'. RS . 0\

\ SR “ : X = (cos 8 '3 sin 6) - The tangent vecto::_ is

S~ s O -“ﬁgcose—sme asined-cos 6)

. ."_‘ . . ':E-_-? ] .- . _
SR ARRINT
. - From the forum.la for: the dot product
\' T -0 it follows for the angle @ between .' . -
L - the two vectors ‘that e e
Fy - - .
o 22 ]
‘cos @ = . .
' . -Jaz +1 . ) _ ‘ o ,

- . . .~

' . (b) Show also that the evolute of the equlangular spiral is agam the o o
' equ:.angular spira_'L L L A R EE

i s - . L.
. - - P
. i . X R Ce T

L R ‘;_'_c ae (a cos 9 - sin e,a sin 6 + cos 6) - I

- N - -
. .
-

.- N . R e ~. e 2 . . ' . . ﬁ . .' 2 - . . . . . . - -
- X’,_---cea (a cos 6 - 2a sin 9—cos 6, & sin: 6+2a cos 8- sin. ) I

-
DI

R & follows that the radlus of cu.rvatu.re. is

Lt T .. T~




] Qo ; Yo lCL' ) =
s Consequentiy Rﬁ
e (:1.3) o, obta:Ln for the evolute
i_-“ . ﬂﬂgf.;jcaeée(-sin 6 ,cos 6) .
T Set 0'= ¥+ % to ‘obtain .
T 7 m; %&2 . . w
R . - - Y = (cos W ,sin W)
'_f*f _;"; . where k‘hingeeﬁ§/2 ) .
. ‘. ----- '..‘;". . ,_'1 ‘
> the original equiangular spiral.A
: . L a"’o X
VﬁakguHW SO that T =g .
BT a(w )
TR -_.--'s_ive_‘n.by p=ce _--
T aly -x) _?.f
. -~ 7 take W so that e Q = - E
S ‘ S0 . T Ll L E
e acw-wo) R
’ Y =ce .
which again yields the polar form
— 'a:.(w-‘df )
- 2 4 © p=eei O

What.is the envelope of the. stral
egquation -

hY

-~

e [ e ‘
B = ‘- r-_

N

e

From the result of Exampie ll 6g, the envelope hasrthe perametrlc equat

L

‘ﬂr

-

(cos (ﬂr + :r) > sm (w + :r))

+ (_:\L)

-(n'- l}t

" whence, for x < [ » in any’ case,

—

v

-
L

-~

e,

g«% ¥ = '-<n : 1)(- -)

éeae ;a +-1.

Y

s -

'(-a sin 6 - cos 9 a cos 9 - sin 9)

ony

Then, 1n polar form, ohe curve is

3 if Ck and c have opposite Sign then,

[Y

ght line solutions of the dlfferential

¥
ions

i .., the curve can be represented by the graph of a constant times a power
function.'

Note that the envelope does satisfy the differential equation.

. Noﬁ we show'that thiSrturve.can be a rotation be brought into A

If Tk and have the same szgnif'

-

(5
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.
Ny

-

et O bcgiven by Y

| (1) -

-

The evolute of th'IE curve is given by

Cii) o °;_'

.l o

" notation of the text,

.

. With this, ij:_-foliq%ws'ﬁmm (1). ena ii‘) |

| 16..

av
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When ‘dces an involute of the evolute of a curve ~€L- coincide with G?
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The involu'te of C 15 by /{17)

'__where % ﬁ land ;K _are tangent, norgal and curvature :'f‘or the involute. -
‘With the prime indicating differentiation with respect to '

=t R xr/uq,a ﬁx%

where 'N’ 1s the unit upward norma:L to the ﬁlane.‘
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If the original cuxrve C. - has no ‘cusps then wh&t information does Example o
—6h give about the involutes of _the evolute?'
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Let X 'be any point of O anﬁ_ 1'2 _ the corresponding point of the
P evolute 5 ‘ The point X lies on the tangent line ‘20 = Y + X TO i
. .:.,; . to the evolute at Yo . Froni (l"() we see. that XO lieson _the o Do ol
particular inv:olute of c‘; for which c _7\0 £ % -”'.' ' , co LT
. . S ""'??t R I ‘- L
If C/ has no cusps then from Example 1_1 6h we see that an involute _

L3 ' of 5 may. h&ve a- cusp on.ly if o S =O 1 e., only 1f Seh is in the : ‘ o
LT domafﬂ.n of ‘5 G — Y PSRN _' ;_ e " BN __-,i'
17. In £he- text it was asserted that the. Solutions (25) "of the. systqm of . . . Lo
_ differential equations (20) are all’ parametric re_presentat% of the fLooixT T

" same: geomatrical curve. Prove - '. = T P

{a) _any member of ‘the’ family (25) can be obtained from any‘particular: T '

R solution by rotation and . translation. AP . Pk
. ,‘-C_on_s‘jiier';firs'ti.-tne‘.aol":ltién givexi-by a= x0= y'o = O,Bame]_y . e A

Sl e,

S . T g = I cors¢ dcr SN B
R S Oa e - :
[ P S n=J 'sin @ a0 . . E T
_ ’ _The general solution (25). is gi_ven.in terns‘of.'_.'tﬁi's apeoia‘l._'solti:ci/on;s

PR oo R
x=x,+ | -wos (F+a)do , y =y, + | sin (g + a)ds ,.
-5 %o ¢ Y=Y T rTEE

-

or ”-, \}\ Lo

oL - IR X . L

- » x = 5:0 + E cos @ - n__sin-a
1{

yo +' & sin' @ + N cos a'.

>
R

fhus t : general solution is obtained from the- particular One by _
tatign through ihe angle « followed by the translation ( ;YO}

- Since @se tra,ns ormatiOns cél be i ve.rted 1'?‘ follows that any “ e _
i ) mem'ber Qf %he family can ‘be obtaine from any other by rotations and )

- . translations. R : o YL : S S
R ‘T S / \ s DR : LT
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T.(b} given a solution of ( 30) , any transformation of the solution by

: o .‘ translation en:d rotation also is & so.;ution,. L

2 . i ) -
e : - . . N '. Lo - - 7
e .. . . . . . 3

4 Tet: !(s) = (_E,,'q)*fbe a so}.ution of (20).. Then p(s) = (x,y) -
' ' (i) represents any cuz:ve obtained by .rotation ‘and. transl&tion. Insert
SRS B(a) in (2Q) and #"érify that the eqnations are satisfied. ‘I'hus :n'om

*~ (20314' SR et ," IR ,._‘.,_..7 L >:,-- : S B o

- .

: T P
e T B'(&?=§' coscx— n' sina‘ §' sina+ n' cos oz) . S
T s vWhe g,f) + (% |t| H.‘hus condition (20d) is C
R is arcleng:th. for the transformed c'urve - Sim.ilarly .
' i set : E‘ er where 'r is {:Ixr'vature.‘o.r the transform‘ed curve, and ";

observe that T T C T T e e e J'*";‘-'_“. "". _'- - s"o .":' \r
S AN d? N 3 R U G
e T ds (g cos a --n sin a 3 g ‘sin a-lﬂ n,j:os‘, .q:),-,'='.7"v.' . SoTL Y

.._\'__'..

) Thus Tv is merely the vector _btained b:s-r’ rotating -through ’the
angle Q- Moreover, since 'Y is. obtained from T by the same- .
rotation, f'-;K (and also (20e) is satisﬁied) ﬁquation (20c) then
folI’ows oy, (ll)- S B Capoas

A sophisticated stuent may observe at.once ‘that’ the statesent
of the system of equations ( 20) does Anot involve the coordinate
. system; hence, a curve is or is not’a solution independent‘.l.y of S
;)é'_@ions and translations of the axes. A comparisen of the two ‘,'-",-
. . answers for this exercise should impress the class with the value of

the concept of invariance. S TN * ‘iv , s

- 18. -_'l‘he catenary (from Latin, catenarius 5 chai*n) 15 the curvé assu.med b: a :-"
PR weighty chain or fléxible cable of -uniform density when it is hung SR
C T o ‘between two support points. This 1is the shape of the ca‘ble tetveen’ the .=

.., . ‘towers of @ suspension bridge before the deck is 1laid.  The curvature

. L 'function £or the catenary is 'k:.S —e K = ;2_ . Obtain +he" equation ;_
el Sl L4 s g ;
S "of.‘a'-catenary and sk'etcn.the.cnzrye_;"_f-_'-- SRR TP AP el n

- »‘-,' < R o U )"“. T T e e e ":' o LR .l
SUFIx o= ;&d':=. yo« =:0 . :Ln (25) "Then from (23), e N et
. . - . .’ . s ;. l - . - ‘__ .—.“ . *_:_ T
R R S - =j =5 4o = arc"l;an S
. ) & .- »." CREE L P Q l + o° ‘:“ ) £} .
Consequently, for - g- <6< :2_r R (.. c e
"-:: v 900 ‘. : )
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: Inaert .8 = sinh x 1n the expression for y to obtain T R

: | ’ / y cosh x ,§~ . -. | . ] ,_

se graph should bf familiar T LT s e R

19. ‘_Le'é X. r(s) represent a curve in three-dimensi‘bnal space, For 2 sI{ace

B iurve it is still true that '-,ds 1s perpendiv;}xlar to the tangent B .

?’( s) > and we define the Erincigal normal n as ‘the unit 1t/ec*t;or in

e .f_the direction of —E. 'I'he curvature is now deﬁned by K =" g:

so"- ' .
RN 'that Equation (10) :Ls still satisfied. DT R T ;T e A
(a)’_ ‘Obtain an expression £or the curvature of a- spar!e curvi%‘dms
T .. ..-of any _pa.rameter, not necessarily arclength. - ' .
(b) What is the, curvature of a helix (Exercises 11-5, No. 6(f)) at any -
" point g : o

(¢) Investigate whetper Equation ('.L'L) nmst hoZ_Ld for 'a space curve. . _ -

-

: Observe that there are :Lnfinitely many normal vectors in the Plane per- .

pendicua*lr to T . In the plane we were able to. define' a unique. normaJ. ' . e

_‘;interms of T alone (b:y' 1 = Nxt.where 'ﬁ is the unitupward tan—--' ' -
,.*,gent to the plane), in space we can no longer do so. )

dt

(a) Arguing s 1n Example ll 6f but with &« ="]ds

lKl ' |.—

I 2 instead of

- R ’ T

> obtain instead of (12), _ N o ‘L » vm

| r o ‘ a IX' . '}?'l L 2o R o € -
M ‘ e . .- - '-‘- . --' AR ..‘.'_'. ‘l-. K = B e '_ LT el oo “ - R ) .
5 s -:\ " . h : - -_; ":-:‘;-' . IX' '3 ' ) e _“ . - e e .-
b} Us{ the result of . (a) From . L T '—” d '.._'
;'-'“ : 'f- N f_. g (a cos 1: a sin t t) f;_ N L R
e iebgaip ol 'f e T T

< X =(-a s5in t, a '¢os t , 1), = - . g
. ) T s . . S L. . . 4 "~., -~ - i

>




LI , R _ ' : / q

R (-a cos.'t,-a sin t, O)

S T . "_.‘““‘""—'T_'l'."’" » : . _;"”'",'*"'_—.-"*_'.‘_“_ o - e
. s - Whence T T e AT L - 4

ST ‘, o . Jaz + 1 o IR S o

T (R ) Equartion (h) ‘ean be” shown “to e : a necessa:ry and sufficient condition.
R L . e that ‘the. cu::v:e be plana.r . To sho'w that (ll) need not be sa’cisfied for
Se 0T e a. space curve, consider the helixa\ We have e .

: IR f-;f LT R ﬁ-é’(-cos t 3, -s:Ln t 0) L. )
T T e i§§-=_ 1 (sin t; .eosjzﬁ;qs e T

L2 e T
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L Solutions Miscellaneous Exe:réises 4 .
(a)- Shorw that the field of complex numbers is a veétor . space over the -
Beal numbers. . oe e . . g :

- . . . L I
. i . -

S ~

Since the complex numbers fom a field (Exercises Al-2 No.' ll) they |

'automatically satisfy the addition laws Al, 2 35 h of Sectidn 11-2.
> - Since the real nu.mbers are a subset of that-field, the nrultiplica-
tion :Laws Ml 2 snd distributive laws Dl 2 are also satisfied.
! . !.'_ ‘ _.g, . ] - '._" , L
(b) Show that the set of positive real numbers s _Q Py is a vector space
. over the field . Q ofeglTl real pumbers where - -vector addition isfa
defined as ordi‘nary nm.ltiplicetion 10f real numbers (for pl g
p2 P Q_ the vector sum is plpe) and scalar mltiplication i.s ‘ )
' defined as exponentiation (for a scalar e Q and.a vector L
P sl{ R the product of a with p is_ _'p ) L "
ST X : - : . ) e .
_For any ‘P s q, c'Q,’ and ax, Bs Q the vector space postulates
are satisfied, as folloﬁs, . el e
, oo Al: pq = qp-. - '-_ )
N ~ A2: (?q)r = p(gr) S S ’
- | 3 A3e- p «.le= . . e S , -
TR - - Ak p.z =1 . g
- - . MLl o0t 1 DT s ‘ . .
o > S L - ~ Bv (as), P - . -.q 4
. - (@4 e . “ . . .
AR o D .- L i - M2:_ e . ~ : . . it
e Lo \{‘ | ‘7.:/%.!/&-*& P -pM RS . | - . '_- i
. ) o _ . -
g t\ DE' (9 q) = &? S ,
N L . . : S 1 . P
— ‘. --/.— : ] o _"a_' : _- - . - 5-
(a) D:’aﬁ the segments from “the right angled vertex of‘a right triengle
T - the trisect}on points of ‘the hypotenuse.. Prove that the-sum’ of
- " the' Squares of the segments is proportional to the square- of - the
e hypotenuse and find the constant of proportionality. C e T - :
. . . i - Jj 'S SN ' ‘ ';, .
o e
A T e
. )- 1'_" ' ) ., -
5 . -
P ' _‘l.- =

2
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"Let O  be the right-an“gledﬁer;ex R R

énd'denote the' other two,.vert - .

by A and B .' The trisectidn. - )
N -~ points are given by ) -
- e .-'43_- S ""—'—'3 SRR o c e
L Fbr the sum of the squares,'since PR
., '. ) K --B- =07, W’e have - B S .
: S ;o s o . .
SRR -§(5A +5B +8A B)——(A +B) . :
, - The constant ofpp po;t%oaglity is ‘g - ,
(b) " What is the c0nstant of proportionaIity for the sum of the squares ;
. of the sSegments to the p01nts of sectlon of the hypotenuse into‘ n g
equal parts? T DR _ , : S P
EE Fromﬁthe::esultpof Example A3-1g; ’ s-:”(%fif' R ,“7,_‘ﬁ‘_'_:

E ,3-.'

o ageiileabeany T
o . =Z A . , .

Givén thit the sides .of a triangle have 1engths -8, b, c, £ind the -*
lengths of‘the med;gns. ST ‘ . RS : S

-«

. Let ‘0 - be the vertex of- the triangle i
opposite the side of 1ength < N end .
'!let A and . B be the remaxnlng. ;:
o vertices w1th !AI = a pa \Tﬁ\h b T

(see figure) If M is the midpoint :
‘of BB *then the length of the median ' :
'*~0Mﬂ ;s CoT
o)
'. k] - -

N ‘e - .: _‘f‘, 2
o N . - . ’

RS 1y _ \ P

m_‘ N - . A ~ X . s

. L s - - N -~ .

. 9 Lot e o_L X .. - -0
AU = o d i’ : v
S 7 - U= - T . D) .
‘e 3 -
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Cxa

‘_“i\._'

- E‘rom the law of cosines (or 225 B = [~K2| + lBgl - B

LAY

- AJE

_,‘ - . . . . N - -7 - . . .‘ ' . . :
. e 2R - §=a q—ng c2 - B - e
Hence, e ; N : e S
v ? . : e 7 N .
- M] =%/2_e‘2+2b2-c2 o T e ' e s
The formulas 'fo;'.-_;the .o'bhe_r_ medians are c;btéi'ned by symmetry.._ T )
(a) Prove that the cross product. is not associative. A
‘ I'b is sufficlent to ‘prove nonessoc1at1v1ty for a specific 'trlple
, of’ v&ctors. _Let {(I,7,K} be = fundamental set of coordinate R
- lwectors.. 'I‘hen o AN L

. - . . -t ) J . ’ v - .—'.-‘ . : -
(e Under what cond¥Yions is the associative law for ‘the cross_product .- -
. ©of three vector® satisfied? - -

Soposew. .. L - SRR

- - ) - M . R e N .

. . e
ﬂ'l» R e . .
+ L

- '( A % (B x C) (AXB) x‘f)._--‘-‘-.- . ‘ N
B

of Sectlon ll-ll- to sobtain R e

. - - | A
< - i _\A"_.-'- - - I g . "
(A-0)B - (A-B)C=(R-0)B-(C-B)A . -
~.hemce, S

R -5 Y FS- SR e

.'l’hus, e:.ther A and C are. cpllinear or Agand [ azse both L T

) perpendicular to B .- .. -
. 8 - , : . : : N -

4 (]
L]

-

[

._w)
. h -
[ ] d . . 3 ~ /’
L -~
. \ .
.
. : . - ’
i - , - - * .
. . - . . - . .
{ : . - -
o
-— W, - 4 =
- 8 r)
. u



. The epicq,rcloid of n’ cusps is the curve traced out by a point of a’

circle of radius a 'as it rolls in
contact with . and outs:.'.de a. fixed - -
.cirgle with radius na ~ bsee figure)
The hypocycloid of n cusps

" - {n>3) is the curve traced.out -
_ > if the moving circle rolls on- the
- . inside of the fixed circle.' :
-:(&) Obtdin perametric. equations
- E for the epicycloid and the . -
-*Q e _"'_hypocyclo:m. _ .
‘ .. L. T ,_._-".' . PN
V . | L 4 ol -
g e _ L
. ~— oy
, Consider the epicycloid first. Let the radius off the rolling wcircle A
. ' be a , its center, | C, and locate the’ origin af- 0. .  Take the .-
_ initial position Xo of the point ¢ at the i ersectibn‘cf the. :
'f:..xed c:.rcle with -the pos:.tive x-axz.s as indicated in the figure.
; * When the line of “centers OC nhs rotated through an angle @ the .
’ _ ;"moving circle has rolled out the arcleng'th na¢ " If 6 'is the T »l )
- “angle between . 3 "and CO)then nag. = aa 5 whence 8 ='n¢ < Take R
~ | '@ a‘_‘p.arameter-“ Observe that C = (n + l)a(cos ] sin @7 . and -_-; o
- " X=7C "'8(. COS(¢ + 9) -Slgﬁd +Q6)) consequently the Qarametrlc
- uatzons of the ep:,o:g:loid’gre - ,’ ) = _,-, : S -
) #’ a 41“+ I) os @/ - cos(n + l)¢-_| T T . -
’ sin @~ s:.n(n + l)ﬁ] ]
- cycl d (see accompamr:.ng figure),' observe that . x x
. B _‘__" -
and * . -:' - - :ﬂ:)
- ’}Y'-—C a(cos(6—¢) in(9-¢) '
X wheﬁce, Cl - et Yo
- : . '- # 3 "Jvk ) b =
YT E (x '=aI(n Lr'ECOS ¢ + cos(n - 1)g17
- -_ "i. . i= a[(nq— l)'Sln ¢’- sin(n - l)¢] @
- i -' S - . v .
‘;.‘:- S P T U R S - C e
. . Prove that the epicycloid afid hypocycloid of. m Cusps ‘pwe 3 .
- closed curves. . ,V o fa e yer RN cusps Aare Simple.
o . PR T L T 06 S e ' : SA s e
O IR ¥ -7 PRV
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. ’ 0 . (x,Y)‘—-' (g’n . ‘ Lt ) L.
where TE.= s n = by.. -Show that if K 1S the curvature and 9 e . °
e, \

«

'_ coordinates axes are, -changed independently-

First ve observe’ £or ? i’(¢) “that —r(aﬂ) r(O) , thus the
curves ‘are closed., Now’ consider the polar coordinates (p,w) for

" a point om the epicycloid. From e = arctan l FC .,

: - e )q} - yx' _(n+ l)_(n + 2)a (l - cos n¢) > o . L .4"'-_:
-o.'_‘-" a p'2 ] p o . N

2 "

‘and the zeros of ~the derivative arer“ isolated. Thu‘s‘”the polar angle
. c-’ is an: 1ncreasing funt:tion of 2 . Furthermore 2 under the stated I3
 “éonditioms - A na >0 'so that the curve canhot inkerbect dtself at
'-._. the origin, ‘and =0 ‘for =0 , & =2x for ¢ 2x 'so ‘that no
"._‘._"point of the curve except 2(0) = P(Est) cdrresponds to two dis+i:nct

~values’ ofn’ - T ‘ . 2 - - .‘,,.'

A similar é:'g'u.ment holds for -the- hypocyclOid. :

(e)- Determine the areas enclosed by th epicycloid and hypocycloid of.
n cusps. ) .

-~ . : { - . . .
_From. the calcu.lation in Part (.b) we have for the epicycloid

. xy' - yx' -;‘(n+ 1)(n+2)a (l - cos n¢)

- 1 | ,
'Apply Formula (5) of Settion -11- 6 with the integral taken over the
., interval - [0,2n].  to obtain the area. _ L L \ ‘

Similarly, for the hypocxcloid o L
> Xyt - yxt = (n - 1)(ni- 2)a? ;1-Z'cos gy, Y
' | A = .kn.'- 1= - 2\)a25rr';_ S AR

»o - .. . .

angle of inclination' ae, curve at a point then the tra:ns:f:‘orme curv:
at the corresponding poiht has the curvature e S é :
) v ab . K\ an T _

2 e0s? 6. + b2 sin 6)372 -~

et '

r

. ) _.-.'__ .
D — L . - . o Lo
- E ' L L@
L LS [ - S e e e . -
S~ 2 - . 1 hd 1 - o o k
P . _ - — -
R e TR ' L
. - - . A v_ . ) ) . . o
R - - . : . ’ .-
: - S y s "
sor - 85 . .- T
-~ B . T .
. TN R - . o
. . i T~ - . . P i
B ot & < . : .

,'fiti;'.:_];; m+1xn«aan:‘f3‘f?j‘cf C



S s ﬁ';""_' If "fhe cu.rve i.s given by % = (x,y) then the transformed curves is
m -Toa (ax by) . From - Xr (x’ ,¥') = IX'](cos s , s:Ln e) e = (ax',by )

e "_;we-h’ave' ]Y'] lf'lf cos + b2 sin2 e . Use this with ™ = (ax" by")
' -+ to obtain the result from Eguation (12'b) of Section "11-6. ‘ :

<

. T. ' Determine . the radius of curvature of the evslixte ofC'/ :‘i.n_;be':ﬁs;o:ff “the
e radius of. curvature o2 C o . SRR T oL T

T

o : Ty ._‘ . . C\ . ', . - .o . - ‘ . - ) A . - .
et L In the notation of the text we have — = T where: Q. is the radius
S .of curvarture of the evolute. ‘From Section 11 &, (15) gnd ‘the following. -

equation, L T -

FY

o T 7 ar. ar ds

-.}-" } L ( e -‘-_. : . -‘ - -(sgn )(% f) (S@. a_s_ ?)( Kt)

e Now‘ let R- be the radius of curvetu;e of c and observe that

-

V= (sgn —)t to obtaﬁ'{' | ) IR

. 3 1aR " dRys o L
. g RE PR

Whence - o L
" | Q = dr} :
Q.— R/ ICER . -~

--'_8. Find the envelope of the family of streight lines given by each criterioh:
. (a)-'.' The product of” the; x- and y—intercepts is constent. ’

. ) ' - - T ‘. e 7 ‘ - T ~
I ‘The.fam:_'.]\v -is given- by - .0
. - o i - . - = + =1 - .
. N ( )/\f T et BT e R e
- l. /ﬁ T ° - -. -. "ﬂﬁ’ ) - V Lo - ) - ’ s ~ . °
where @ =k . In the _slope-r_iﬁj:ercept- form of th_e line k

» .

' where m o=, % N From the discuss:i.on of Ebcample ]J.-Sg, the.
- : AR

‘Pe. given in terms of the parameter - d P ans follows -

.,-./I lsgn then . '\. o - ] T -'*;




o ; | | N « . .__ . ' '.__ JJ_--M‘-
) £7(m) = jii—il (sgn 'm) sen (3

- R [N

B IR L ) e A-’:_— E ) - : L0, -_.‘.
e " L -""N. ' .Im"';B@ G e "‘:1"‘ SR ey

[

LT fecd o S

. 'He#ce, . . . \'1._ . N | | \*

1 -t = e

-
¥ = 25

-mf*(m) + £{m)_
Thus, the envelope is the,hyperbb;l_a - - L L -

| ‘ xy =2k .
':'I’his corresponds to’ the well-lmown result that the tangent to a

ngular hyperbola intercepts with the asymptotes a triangle .‘ Co
of constant area. o : “ : ' i
- _(b) The sum-of the x- and y-intercepts is constant c¢ , whéré c >..;O .

* The family is given by (1) with @ +B=c. In tﬁe,s}opé¥iptéf¢ept '

h' Ct_ X +.¢c-=mx + c = o T - . )
—a v T m=1 SN - I
- .. o .' a -c . . T, . - . . L . . .
- Y -‘where/:n = o . »He.nceg-_ - .. S T

£ As ‘éan be seen. by employing a 45° f_otatiori c'>-f,>axes, this curve is a <«

\

parabola .
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. g; e . e
)Obtain a parametric representatfon-of the folium of Descartes given in =
Exercises 5=Ts. NUmber 13. Repeat that exercise in terms of the new .o T .

representation.. _ St e . -

- -

I the. parameter & is. introduceﬁ;b&"y xt then Ix%' can be factored

L out and e solved for as follows,' S | .55- Tt ; 5
- ._- . . - - " ‘. " . ‘- Tl K-\J..‘ T
st ' x3 + Y3 - 3axy ='x3(l?+.t3) = 3ax2t =0, o . -
where IR \\$ e A
‘htg\g ' . x = 2t - ‘" )
' ~ ' 1+ 3"
| ata' - ) .
. y = L . . i
g . - . 1+ 't3

' Note that the origin'appears as a point on the curve far, t = O &nd also

in the limit as t appraoches » also: that .t = —L represents a gap

irn the domain of “the barameter. The domain.of the parameter is made into
l -+t 1l -.u

an interval by using the parameter u = T+t ° ‘Set_ t.=_?f:1: above to

obtain . i

e o x = (1-- u)(1 + u)2 o ‘

2+ . . T

L WL - w2 . - .‘ ”_!.

N U T R

H

. Thy origin is a point o, he graph of u'= 1 where the tangent is
o horizontal, and u = -l » Where the tangent is vertical._ Elsewhere thﬂ‘

2

slope of the. tangent is given by

(1 + ) (1 - 9u + 3u '+ 3u3) : | . s
1 - u)(1 + 9u + 3y - 3u3) a

: —m% '.

-

(&) Pr the,following‘generaiization-df the Law of the Méén. et (:/

be arplane cﬁrve given by X *~‘(u) on [a,b] . If % is\nontinuous :

on the closed interval [a,b] , if 'r"‘exists on the open interval )
(a ,b) and is nowhere null, and if * ¥(a) # T(b) ; then ‘there exists a’

tangent to = ¥ (u )// ]r'(u )]l  for some ug’ in tpe open interval - '
‘which is parallel to the chord Joining the endpoints of the curve. h
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1 R . R - . N PR - LT T e ey e ¥ . o T
- . o« . . . . - L T R . . e et . . . R L M . .
.. [ - . B L "o - . o . s 13 Vs
~ w e L C - = B F. . - LT
b . ,._\ . 1 o _,’ - ,:.‘: e

Set -y ?(s) ‘.B ®(b) . As for t/e ,ordinary Law of the Mean it is
,&a . .. .

- o conveni‘ent t mtroduce the
(signed) diftance of the poin‘t

o

.+ X from the J,ine AB (mee flgux‘e)
T / " This distance is £ = ]2 KI sin A -

‘ where_ 9 .is. counted posit:‘:ve ir X
"is on the left of AB and negative
. - .~ §f X is on the right. Cohseq ntly
o Y j_ N-[(B - K) x (x - A)] ¥ ' \ LT e
. 7 LB -E , | AR
" where T is the unit upward normal to the plane. Since. '2 =0
for both t ='a and t =b ¥ follows by Rolle's Theorem ‘that for
-, some pointl- ¥y of the open interval (a B) , ]
- d‘f
- azg| _N [(B-K)X lal-t _.o
S - -1 M = =1 .. =0 -
) L Tlug v |B - 2] -

Since the cross.product mast be 'eollinear with N ',_'it mast be null.
It follows that (B - X) x ‘EO "= 0 , hence that ’EO is parallel to~ -
the chord AB as claimed. - ' N

(b) Express the Generalized Law of;.the Mean 1in terms of a coordinate
' representation of C/‘ . . . ,

Lo »
Let- C- be given by the’ coordlnate representation x ¢(u) >
= ¥(u) _‘There exists a po:.nt uy in -(a,b) such that

.(-¢_:(-uo) , qi_'(uoj)' _=f7~.(¢('.‘r’y) - ¢i‘a), > ¥(p) ~ ur(-a_)) -

Since at least one‘ component of tl’ie vector on the right side of
this equation is non-zero, say the first, then A may. be elng:.nated

» . K

- o to give O I ' : L S
U ) < w(a) ‘_""'(uo)' o
A Ol Ol C )

B \f'or some Uq ;Ln (a,b) This last statement is the expression. of
v . ‘ ) -
. S \&Ee Generelized Law of the Meanﬂfound in most texts. ‘ v

-

ri.
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.

e is known to be false. I . g

), “Prove or disprove the Generalized Law of the Mean for curves in ‘E3 : 'ié-*
I - . : N -,.7“ . . . 'J‘".‘ 2 . \71

The thedrem fail'e for epace' curw'fe's'." Consider the “arllyof thg helix o

-~

- '(Exercises 11-5, No._6f) for . o <t <w':. We have #2(0) = (a,0 o) s
?(:t) %a 0 :r) . Thus the chord has the direction of the vector "
. ,.(_-2a,0,n‘ M:. the same tinde for t :Ln (0 :rt) -the tangent 'vector';'-
; 5?":; (-a sinu a’ cos W, 1) - ’4- o _\.)'_t

. N

has a zero y-coz@on@t only for ) to fé- so this is 'the on.ly place
where the tangent can be para.llel to the ‘chord. But then

—

-Xo-' =-(-a,0,1)- ,‘ so parallelism can only Sccur- if wh&ch

-

(a) 1In Exercises 11-6, Number 13 we gave definitions for the- pripé{éle

normal hst and curvature K for & .space curve X = r(s) The

-

. vectof = is perpendicular to - & , but it nwa not be par&llel +to
T . Kin’troduce the binormal vector. W= t:X n .. Recall that

- ' .. at _ .
(i) ds"_‘_ﬁj L
and 'pro*s_re '}'.hat there exists a scalar T such that
N -~ P . ) d-ﬁ ) - B ‘b‘,‘?. - L. - -
(.i_i) o , v _-‘K.t.-g- 0 L
The scalar T is called 'the 'torsion of the curve.
(fi), (1ii) which gener

' 'ticns (i)
ction 1...-6

for, sohie scalars ¢ and 't. Sim;tlarly N » B B

LA <i§'g

: dt dn -~ - b
](ﬁ.-_.—f_x. 4+ (O X =—
’ ~ds - ‘ds- b) . - -

A | @ T
o = o(t-x{b‘)‘ + 2 xt) .
- »_‘_"-

‘ a ,Q . 912 90 el

£ e A SIS o s
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To prove p = =T ., diff

R S LU RO S j -
S Fhion'proves the Tesult. ';_:, ' . A ". s
- "(b) We have seen that if'the curve is plene then T = O . oge, con-
: versely, that if T = then the curve is plane. (H : ~Show for’

given functions ‘K = k(si*, T = z(s) that the solutlons ? of the
Frenet-Serret equations subject’ ﬁo Tthe initial conditions ‘

. av r(O) —‘R ?(o) to U
is unique.) . - . T . - . _ S N . - -.; . .
R Proceed as in the uniqueness proof in Section ll 6( v). Let rl and
T To - " be two such solutions, then r ~f£1 - r BT ies the Frenet--_
i Serret equations together with.t' homogeneous initial conditions -
- I e Lo k ) .- . S R : S )
e - DUNEETS SO S
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Fﬂ’

-;2‘._,_ 22 “32" o ; whence, . ?_» ’Bj —-"5 \Eince f‘fs) = % =0 .

it follows *{fhé . 'f‘(s} = conctant hence, by the i,ni‘tial COndition: Lo

?(s) =0 5 and uniqueness is proved.," o S l\ " R

es. the e.quatms w:'.:th = -0} and the initial 'cond.itions
= _?: o, Ba= _"ﬁ-"- Y- : s— = b (the last )co:zdition merely
" fikes the plane containing Ahe curve) for we' have characteri%ed
such a plane curve by the curvature function alone..' It follows : B

from the uﬁ.iqueness theorem that any solution of the quations with.
.‘ . AR 3 ‘

T O mus’t be plane. . 4
> ' - - B - < -
. g & L
- * » ' .ro - =
. g : “‘ J
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S AT ’ : '_..—"-‘ -- Teacher s Commentary : :
P T - S . -
LTSN el s e ; Chapter 12 T _ T , )
‘ R b Tl . e S i . : .-‘ -
TC ,12-1. Introduction.. - N o - . O I ,\"_ .
b In this chapter and in Chapter l‘j we examine the uses of the. calcm;l.us in .'a'-"_

-a physical sc:Lence.r The ob,jectives of the Lwo chapters a’;re not. the samé.. In o ? :

f'.'Chapter 15, our purpose is to show the breadth of appl‘ication of math?amatics B

._'by showing how it ehte;‘s at every stage’ in the development of . a science.' In' PR

this chapter we examine a very limited segment of the science of’ mechanics s “'_5;/‘ _
. 'essentia'.l.'w only en’ :Lntrodu.gtion to the dynam:.cs of a partic.le, 4in.order 5. ..: e
| ‘exhibit some of the: more significant uses of the.methods we have developed '
o in Sections 10-7, -8, 9, and the ‘vector approach of Chapter le The mathe-- : . - S
o mati.cal; content of this chapter ~:.s primarily the solutiox{ S‘i? linear differen- "-w“
-tial equations s but with enough indicationo (the pendnlum pro'blem) that non- .

linear problems are also important. o : SR e

'I‘he historical material in this chapter is concerned with the evolution -

,. . of ideas- rather th,an names, dates 3 and anecdotes. Its purpose is to provide '

'and h’e:.rton. S -_ o _— o _':,_- - :

- L. chapters will also find ‘the interplay of mathematical and. physical ideas o '\' IR

~an» opportunity to’ learn how to_ask and ana]yze questions about the real world S _
. with the help of mathematics. For this purpose, it is hard to better the - _ L
.'.illustration fof the creat:Lo'n of mechanics in the hands of’Galileo, Kepler, R

PR -

. Insofar as._ .'hanics is conc'erned with the pm[sical world. the student nmst

o ma.ke Judgme'nts- 'ont the: appropriateness ofﬂmathematical descriptions for the
"interpretatio /of - the physical world. This is not an activity- fcrf the superior

the middling studeat Writh the background of the’ first eleven

-

?

-e

7 :'ill-uminating. Questions wiJ_‘L natura.].'l:,r arise which Fo far ’oeyond the materi-al
‘ of- the text Such pro‘bings should be encouraged ‘but it is. usually neces.aary
to make‘an effort to overcome a certain a.nxiety to achieve the freedom to e g
explnre and become e:qc:.ted about questions ‘for. yhich it is not clear whether o
o the student and the teacher hawa the resources to find an&ﬁérs. E'very o ) e
_' '.scientist has felt the same trepid‘ion when he dared to push beyond the T, A
' limitations of his knowledge. R ) t DO o ~-'. - ,'- 'b-‘
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o we wish to avooid - supérfipialit#-in mat

r‘,refer students to ggysics,

‘)_ the unity of knowledge.‘;-_VQ"" DT et T _:.J - ;_f:-.-

oy

Y

.
~

»

v

~

T R - - - ' he . I ° - -
Since our purpose is not primarily to teach physics it willj%robably béi; L

discussion of physical questions.v

ideas of mechanics in the detail necessa for K-3 physi f course, and- it gives

omly the briefest account of. the fiundati ns of mechani s— = You- may-wish to -
Physical Sciences Study Committee, (Heath Bosten

1960) or a tGXt An use in y ',school . Without sacrificing our
mathematics,‘we hope that the student will perceive the calculus an

as subjects which were bern and grev up together &nd will maintain a sense of
- . .4 S -

hasisjon the -

In contrast to ghapter 9, the problems are not meant to illustrate a
_ narrorw ra.nge 1}! techniques ‘which stem from a single 4J:equently occurr...ng _
pattamn?tn a broad spectrum of sciences., Rather the problems come out of the
development of one science and the student is placed in ie position of a
creator of mechanics. Ee does not know beforehand what analysis will ‘be.
fruitful He mnst be ingenious in drawing upon Bis knowledge, witrliitl its.
limitations, and _perhaps invent analysis if necessary (although nd basically
new ideas are really needed here).‘ To a 1arge degree, the science poses, the'
questions, and we have fo d lines s ed by the science in Selecting

within the comprehension of the studen . In*attempting "soluytions - he can_expeqt
to’ fail as, much as" to succeed.  The- "oratory activity can be instructive )
_ and rewarding'even if it aoes not solve the specific. problem,posed.. TiFre-is
no reason be discouraged by the inevitable false trails. Even Newton )
stumbled. Kepler is” said- to have.written ‘Qen the title page “of one of his
lesser worke, "Even.a blind chicken occasionally finds alkernel of corn" ---
: not self-depreciation, “but pleasure at coming through at last. ff Kepler -
:cculd feel like a blind chicken in search of 2 grain of truth . 1o student need

' be ashamed to lose his way in attempting the solution of a significant problem.

i -
.7~ With this understanding of th nature of the problems, the elass can’be

excited simply by sh;rpening their thoughts concerning a challenging problem
in open classroom discussion where ‘conjecture and speculation based on physi
_ in tion can and should play‘as important a role as the- mathematical argument

s wh finally clinches matters : e suggested time of one month for coverage

of this chapter, i3 meant - +o allow or such classroom exploration -and for
detailed general disnussion of several of the more demanding problems ' Time;'
is not expected“ho be adequate to cover all of these in depth. We recognizeg'
the impossibility of progr such activity~with any precision. It isd

v ¢ Ct ~

wll Toxt Provided by ERIC

EKC es o T
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bound to produce unanticipa—fe} reactions from" the students - mostly in tpe
form of half-baked 'ideas, yet we confidently expect that a few students will .
produce simpler and more insightfu.l attacks on some of the problems than we e

) ."(_a_)v_

>

3

N

" 'same in both frames, ‘Newton's Second Law (1) is “the same in bo

3 : T A

have provided in this commtntary... S Vel S T,

.'. '. - .- A ) ’ ,.: 7 ) _ B AN
-~ Solutions ~Exercises 12~ l o ) 5 '

- ~ - »

.

Consider an inertial coordinate’ system, that is, a system in which
Newton's laws.hold. Let T(t) Ube the path of a particle in the
~glven system and ‘take new coordinates for which the particle path -
‘becomes P(t) = r(t) +75V where v is a constant VYector. Describe. >

. what - the change of coordinates means. Show that Newton's laws still .

-holad provided forces are the same in both- sy’stems. This result is
the Galilean Principle of Relativity’. - - T .

’ _ : L .
Observe that' the ve? o@lﬁarticle with respect. to’ the ‘new - R

. coordinate frame d4di rs i‘ro the velocity in ﬁh@ ori inal .coordi_— ST
‘nate frame by the consté.nt vector 'V : . LT e ‘_‘:' . .
CEIE) SER # T e T

It follows that the«*new coor nate fra.me is movs'!.ng with ‘the trans-
lai;o;qr velocity . ¥ with, respect t6 the original freme. . Note R

particularly that the new frame may have any ged orientation with

-~

moving with constant velocity ir the original frame, '('t) O e
 for all. ‘t > then it is moving with constan'b velocity'-'l'-;?-._-."“.-, '_ T

respect to the old frame, that is, there e no relative rotatory

- PR

-

motion of the two frames. . ¢ - '-_ : - _ .
Newton s First Lavw is immediate,l sing®k if the particle is. )

[y

p () = vb% v in the new. f-rame Since the acceleration
frames. (Note, however, that if m 15 not constant > say m =
then Newton‘s Second Law in .the 'Form-{e) appears to fail. In order
to preserve Newton's Second Law, and conservation of momentum as |
well, we must consider a closed systeftr for. whd.ch ;atter 1is neither
entering. nor leaving. Thus: to. treat the flight,of a rocket ir :bhe'
second coordinate frame we musk add the term 'u'(t)v to the force '_ :
exerted "oy the e,jected matter. 'I‘his issue is. not rele'vant for'the .-
wprk. -of this- chapter since we have: no need to change coordinate T ‘
frames ) Newton'a THgrd Law remains valid'jsince it. is a statement
about forces only, an“d forceS' are the sameJin both coordinate e

frames.‘ A _ . T
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(v

< t- " . .

Let r(t) be-the particle path in an inertial systam.as dn Pert (a)

.Consider a new: system in sﬁlch the path of the particle is given by.
(t) = T(t) + q(t) . Show that the laws’ of motion in the new

¢ ordinate system are Newton's laws provided we add ‘the inertial N

f_ ce (t) to the total of the forces actﬂng on each particle-'

in\the system _ . . > . ) ,{

'*"<t>-‘“<t) o o :

thus if . m?"(t) is the force aet on the particle in the original
system, in order to satisfy Newton s Second Law (1) in the new .-
B"(t) = o (t) + mg"(t) . If a
elocity in the ‘riew system, then

system we must postulate a force
particle is moving witH constant
A"(t) 0 for.all tr‘and =D "(t
on the perticle is zero by . Newton's Second Law, hence, the first N

= oF so that the force acting

" law also-1is satisfied. Newtophs Third Law is unaffected since-the

forces of .interaction betweeﬁ‘sgject% as. indicated their rela-

‘,jtlve mqtion,>are not affected by any change in the coordinate frame

AT

Yo where -4 1s the upward‘vertical coordinate fixed with respect to
' the earth, and t , with respect to the rocket.. ~ Thus, in/edditign

(unless mass is transferred between “objects"; see the solution to
Part (a)) ' > R . - .

EV et '

- What “is the force experienced by an astfonaut of mass m- if the :
o sole external force exerted upon him is the gravitational-attracbion

mg of .the earth and his.rocket is accelerating upward with accelera
tion equal to . 6g 7 . e L _ K

. ~ - B
Y - .
."a P . - . -.‘

The forceiexperienced by the sstronaut is the force in a frame o
attachea to” him,. nafiely the sum of theé 1 ‘ielsfqrce and the B
external gravitational fqrce. ot ' ' '

In a frame mOV£ng with the rocket wi respect to whish;he-isj

-

'at rest ‘f e e L - L. .

l;"(t) = z"’(t) _ 68 =0 ,,'

to gravity, he is,experienc ng. a force equal to- -6mg (that is, .

6mg =downward), hence, a total force of ng ."ﬂ‘ "‘-“i‘ .

~

C ot

e



T.C. 12-2. Elementarx‘Mechanical Problems. ‘ ;

In this section we see ‘how mechanics cou®d have served as a potent
stimulus to the development pf calculus and analysis. Here we have a wealth o
problems whrch make extensive use of the mathematical back-
'eceding text; the reflective student will perceive many more,

some within his powers, most not yet. The search_for answers to problems
related to the ones treated here still motivates much of the current research

.

in analysis. ' 7 "

In the development of “the! text we have adhered to invariant vector methods

in preference “to coordinate techniques._ In some placks such as the solution

- to Equation (30)* the coordinate technigue may seem more straightforyard {see
the solution to No. 19}, but we have kept, to the:vector approach ggcause the -
solution enlarges the student's insights while the poordinate solution is
relatively mechanical. In any case, tEZ{vector representationupf the problem
suggests suitable choices of coordinate frames. Anyone who was. forced to
learn mechanics in the old style which preferred three c0mponent equations
to a single vector equat*pn will appreciate the general gain in brevity and
clarity. Coord!hat?s are useful for obtaining some kinds-of numerical results,
of course, and 'are not to be'avoided when they'make'for simplicity.

. Numerical problems connected with the choice of units and changes f£rom
one systemvof units to another may be of great practical concern but they are

not relevant to the_calculus'and any numerical problems:we may give avoid such

guestions. ' - - ' . .
. -
The shock absorber of a car is. supposed to completely damp out all

‘oscillations of the sdspension._ Thus it corresponds to the damped case
>'-}:‘-5 of Equation (16). To test whether a shock absorber is working pro-
perly we need only hop on the bumper and see ‘whether it recovers “rom the

displacement monotonically. ’ .

Solutions Exercises 12-2

1. Show how to choose a fundamental set f; Js k} for the derivation of (2)
~with the additional stipulation that , va >20.

Pl

-

- & . i ’ ) ; -~ —
. We assume an underlying right-handed frame of reference. Set k = —ér -
_‘ , gl
. . S P L =N
Suppose first that Vo and "k are not,collinear. We must choose _J

-~ —_

- i ' :
. .- N o



2-2 T s

. perpenéicular to:fi' so that ( ,J a) is a right-handed triple. . -

T e ~ - .
: . N — . < v
.

. h > . KX T > T .
Consequently, take Jj = T_—_—__T and 1 = J x k . Compare the solution
k X v _
of Exerc1ses 11- 4, No. 8.) e ,_,Q,,__.-_‘_.-_A-__:__-“-h__._'. e

> .
-

L

2. Show that-Equation (6) yields the Solution (1) of Equation (3).

For this purpose, solve for g%- in (6) to obtairn the separable equation
(Section 10-9) '

dz = J2gz + c_ .

S BT ‘3 ' o

Thus, obtain for

Z ,
. I ] - | ;-42gz ; 5' =t +c '; ‘ o :
- g 3 L ' ,
- ‘ .' @ =
whence, . —
i I = £ 2'+ + | , *
' ' (1) . . \ z =3t G5t + cg - o -
‘- Set t =0 in (1) to obtain® oy = 2, and set t =0 in
" ‘ ‘_ ] N /—/ ’
Y dz ‘ iz S
, ' at - & * °5t - - 2
~ . . -
“to obtain 5 = Vo, - Enter these values in-{i) to obtain, finally, . “
-y - 7 . - - ) ' PR
(11) S z T_ gt + Vet + ZO . . ﬁ]

-

- as in-(2), wvhere ﬁhe origin was chosen so that 25 = o . Wé-dd(not have o
" to work through the steps of thé argument to obtain the constants in (ii), ‘
but we must verify: dlrectly that (11) is & solutior of (6) with

[

5..

ki
*

cy = —-m(v f - mgz, .

“

To complete the sglutlon, note that we hawve already shown in the text .

<

-~

that the cemponent of ¥V perpendlcular to E? is constant. W@ have only )

L3
Fd

to take the x-axis in the dlreqplon'of the perpendicular component and ..
‘integrate to obtain o ‘ N . ' .
. - 2 .~ » . ’
- ) X =vyt -, y=0. . . -
- - N - -
920
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(a? Show that in the limit-of, small air resmstance (x approaches zerb)

. > that the Solution (8) of (7). approaches ‘the Solutlon (1) of (3)..

' Qbserve that =+ = ° _;;,. -

—
" 1im X =

k~0 k~Q x5

T '-2»' : ¥
S 52 .33 -
- k™t K-t . =kt

, Apply the Squeezé Theorem to obtain ‘the result’

. . - S

- . 3‘{“ B AR t;*
X =F ettt

-

encounters.air resistance or no?

-
»

= ,'in pa;picﬁ;ar

« and for t =
i =

-
-

§Z. -z o= %{I + e

‘-2ck73)'+ j%{l'- 2ck

oy

T xt ' e .. —kp
(lim a5t -2;._ +kt)-§+ (liml —ke

k~0

%22

[

- .
*Xy oo

=70, ;  take
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(v) Shoot a partlcle upward; will 1t Teturn: to ground‘faster if
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;>vb +'¥o',

*From the result of Exercises 8;6,-Number 1l we have fdr it >0 .
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In this expression, all but the last factor are clea:::ly positive.
The last factor has the form A '~ tanh A where A = % >0-. But

A - tanh A is increasing since it has the positive derivative
tanh%w} _ (Equation (6) of Section 8_1), —and therefore. lS-pQSiiﬂRR?:D

for A > O » since its value at A = O 1is zero. Conseguently =z
; Pe -

2

- is positive for t = = ‘and@ k>0 .
. (11) z = S(1 + e~2ck/gy | £ - e~2ck/gy
’ - Since e > 2 , for 2?& >1 we have e 2°K/8 1 and

z>-+-5—>o; : ..
X4 2k2 . .

thus z >0 for k >,-25- « _Now, from (ii), Z can be equai to zero
. c - _
. - 1if and only if

ck._ L - e2K/E

- O - = . .
g 1 +.e-2ck7§
: B S sk R
’ « . _ g . °k/g _ -ck/g8 . :

= A -"ban.bh

where A = 285 >0 .CBut A -\tanh'A }as the derivative tanh® A

from Equation (6) of Section 8-T; hence it is increasing g€nd since

— ' , the z-axis is directed vertically downward this implies that the )
' . ' particle has already feturned to ground level when t = zgc . "Thus
S .. ' the particle returns to ground faster if it encounters air resistance.
N ) . A ) K R ,
. 4. For v@g:iz:%igher than 'Ehose for which the derivation of (8) is valid
but lowe¥ the speed of sound, it is found experimentally that the
: : retarding force of the atmosphere is .proportional to the square of the
velocity, ‘ _ _ ' ,
Fret = -mklv]v . o o _ . -

“(a) Determine the motion of = particle which moves in a vertical line
under the influence only of gravity and air friction.

3, ' - ' .
From Newton's Second Lawr the equations of .motion can be written in
the form . e . : . - *
L. .. .dz - : ) .
(1) - o ==V i -
v . 9ee .




(11) SV g - xv® sgh v . - , - -/
" The two cases, V dirg'ct.ed dowward (v > O) » and v idrected_up-

- - ward (v-<G)—-must-be treated separately. For algebraic simplicity - --
' 2 k

introduce the constant A = g ° We then have for v > 0O
. Tav | 2
(1iia)_ , N cri 8(1 - 23y ) . _ .
2 ' N . . .
a separable ‘equation which has the solution (see Section 1Q-1,
Formula (10)) . )
LR 1 ' . ‘ - . .
_ | T tenh gt + cy) » for, O'<Av <1 M : ‘
iiib)
- / l ,.
T Bv coth Ag(t + c2) , for Av>1 .-
- N . ) "
SN . ’ . \ 1 L1
L’I‘hus,. if the body i}% falling with a speed less “than X it picks up
. i - ~ ’ : .

- 7 . . :
o~ r. speed and approaches the agymptotic speed )—:\L- ; 1if 1t is falling with

¢ -

A
the displacement we have on integrating with respect to t

- . 3

c, +—m log cosh kg(t-{-_cz) , for O<av <1,

a speed gre'ater than L -1t slows to-the asymptotic speed )% . PFor
2

. 3,2 ; - .
(iiic) =z = N8 - L
" T le — log sinh Ag{t+c.) , for Av > 1.
372, _ 2 |
- For v <O, we have ) ' )
~ a 2 2
(iva). »” djc,, gll + A o . )
N -h [ ’ ) ) ’ L
» whence, » ) T « -~ <.
- - S oy 5
- {ivb) -v = % tan Ag(t + cu) .

P
-
> .
- -

Thus 1if the body is ascending with speed -v:, it loses -speed until
the speed reaches zZero.. From that time on, the body falls®and the

, motlon is governed by Equat:\.on (111@.) with 0 <wvw <i‘ . For the

displacement, we have on integrating (ivb) “with respect to” % >

(ive) oz =g - -ZL'_ILog cos rglt.+ ch_) - :
R ' Ag o . . .
« @ " . - B . ’
- - -
-




whence

S 2
Re-examine -'dﬁe"s?bipn‘_?,(_b) for,_tﬁig form of. air resistance. -
ANOE A S R

BSCARNE I ‘ 2
As in Number-3(b) .let: e ‘be the initial speed. 'In Num‘ber 3(b) we

- have -found. the time of flight without .air resistance “to be :?Ec' <~ For

the motion with air résistance %ake *t = 0 as the instant when the
particle reaches maximum height, i.e., when v = 0 . Then in the

first equgtion of. (1iib) we have €, =0 ,ﬂ and in (4ivb), ¢, =0~

At the initial instant’ t; of flight we have z = 0 , vagwc .

Consequently in (ive), c5 = —‘]2'— log cos kg tl and,

P &
- (va) ) z = —é— tog(cos hgt)(cos thl)
. ’ ]\ £

!

o

and in ( 1v15)

£

| L
(vb) ) T = e arctan Ac .

° . ]

At the final instant t2 of flight, we have z = O , hence, from the
. - -

"j,rst equation in (iiic), c ;\—é-— log cosh Ag t, and

X 3 N g RN : . .
. - . _ | 1l cosh. Agt
(via) o z = KES cosh tha °

To determine ’te » note that-"the‘ endpoint of the upward leg of the
trajectory given by ('va) at t =0 must be the beginning- point ,q?

the downward leg given by (vib) at + = O . Thus - . - %
L : 1- - 22z ‘
cos Ag t, = —————0H = + ATe
. 2 cos Ag - g
- B <t
Lence ' -
(vib) v ' _.sinh Ag t, =Ac .

From (vb) and (wvib) we obtain for the -total .time of flight

e L _ , |

N -t1=—(arctan?~.c+arg sinfi Ac) . i

Now, o‘bserve for hc >0 ths.t arctap J\c < Axc and argsinh Ac <).c

since x - arctan’ x and x - argsinh x are bo‘Eh increasing
functions of x . We conclude that

: 924

02
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2¢ -
te—tl<-§-_ /. .

- v C .

" which is the same as the resilt of ‘Number 3(b).
R - . T e L e ’ i . - P

- Solve the equation of motion ( 10) for a particle moving under the
influence of a linear restoring force without restricting the motion

to” one ‘dimension.

- »

The Equation (10) may be solved component-by-component to yield

> . /k = /m /k - - ) .
(1) X = (cos E’t)xo + (4 g sin ¥/ 2 t)V, - '
) . . r
Show 1in this case that the path of the particle is an ellipse. -

£

This result is strictly valid only if -3? and "\?O are non-collinear.

From (i} the. trajectorx lies in the pLane through the origin parallel =<

™ to. the vectors XO " and '\TO . For simplicity fix the x-axis so that”

L. —
Xy = (xO,O,O) a?d the z-axis so that v, = (go,‘no,O) . Then,‘;:f'
i)- : ' - - o
le'om () _ //
J_c= wdt/*- wgo smg‘wt ..
o .
» ',: - . . " )

where ' w = < 1—? « Insert sin wt = w_nL in the equation feor x
4 ’ o

to obtain - _ _ ‘

. - e R

3 x- .90y = CcOs wt .~

X

X oo + - ) -

e

-

Now s{quare the expressions for sih wt and cos Wt argsum to
’ ¥

‘obtain . e : _ .
' \’ z
3 B 2 n, - :

(11) ax® + 2bxy + oy> = 1 _ .
-, .2('\ . -
-E - &
- where a=.L2,’b=———‘o—_,c= 202+_]2'2.' - -
. T . %o o oo @0y L v
- a “ -

The discrimynant is b° - ac = - 21_22 < C ; hence Egquation (ii)

w xo T]o ’ ‘ " :
describes an ellipse. -

-y

L
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Find the Solution (12) of Equation (11) from the first integral .of the

motion (13)

o
‘Fi'om (13), e R ot e -
‘ dx. 7 %, 2 2 .
) = Ey - 2D |
a se_‘garablﬂe eqiation. - The solution of (1) is -
> - J B X =t +a
k'arcsin A )
o . ~ ¥ =
< 2
- . mvo -
where A = = T Xq and <« 1is the constant of integratiom.
Consequently, : - ‘ . -

x=AsinJ§(t_+a) s

-

, . v
“Sinag=-2, cos ¢ = 2>/ 2. -
1 =7 s o8 ruld )

Solve Equation (I1) when the force kx is a disturbing force (k < O)
rather than a restoring force.

on
. " k 2 W ’ -
 Set o= ="-¢ . Equation (11) then becomes
dzx 2 -
, - - cx =0,
at » z
and has the solution
. - Vo -7 , -
Ve X = Xq cosh ct-r-?sin?z‘ct >
[N . - h'd . .
O ct - QO -c?;.__
N {(x +e T+ (xg - e 3 .
rl . . . , é

Thus the displacement is unbounded for t > 0 unless it should happezg

that v, = -cx. ; in that case 1lim x = 0 . (Note that the bounded
o} 0 . oo : -

solution is phySically unrealistic, since the slightest Perturbation in

velocity or displatcem %i3" -~ke the solution unbounded.) »

which we -recognize to have the same form as (12) with <« ' chosen so that

\

L i « - - . -

~

- B 1‘

926 o a
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8.

Use the Green's function technique of Section 10—8(11) to obtain a
prarticular soclution of Equation (17). .

- -
-

From the solution to Exercises 10-8&), Number 6, the Green's function

~ for _th‘e"o.peratOr I? dn (17) is ' . v

- where a and b are defined as for (15) by

- -

G(t T) = = 'e-a(t -T) sin b(t - t) , -

L4 -

2 i B -
a = —.£ b = 5 - ey
. 2 7’ m L

P

Now apply Formula (28a) of Section 10-8 to obtain the particular solution

) F e-,a(‘t.-‘r) sin b(t - ¥) cos wT 4T
o? /

: . - o

~Observe that -

sin b(t - Tlcos wt = = sinfw T + b(t - )] - %

4

Now use, the result of Example 1O-ke, page 558, to obtain,

o~

sinfwT - b(t - 1)} .

v = F i’a("\ti"r) [2 sin p(‘r.*) - (w - blcos p(1) - )
T2 & a® + (@ - 1) !

. ' - a"+(w +b)’

- . _asin g(1) - (w_+ b) CO;S}’Q]

@]

where p(1) = w'r + b(t - ) and q('r:) @ ,b(t - T) . The contri-

but’d.—‘?:x/ from the lower end of mtegratlon cons:.sts -of term# of the form

cle_at cos bt which can be :Lgnored since they saii,j.sfy the reduced

equ_ation. From the upper end_ of iategration we find the particulsar
solution, . R LT " .

BT ]
o -

P

F{a sin wt—(w —b)goswt

~ x1_2b 7 i -

a8 + (w - b)
: . _a sin wt - f® + b)cos wt
N o ae + (w + b)

v

. i .
Now let a be the coefficient of sin wt and B the coefficient of
cos wt in this fomg.a. Verify that

. - 6% + g% <A ana %=tan-¢ ® | -

-

AT
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where A and @ are defined by (21). Thus, apart from an-added
transient solution of the reduced equation, the Green's function
technique yields the particular jolution (18).

9. (a) Find the general solution of (17) wken >4 § the ¢ corres-
’ - ponding to the nonogcillatory damped solution (16) the reduced -
. equation. ' \

1

““By the same argument used to derive (18) there i;'§ particular
solutiSGfof the form “A cos (w £~ -13) , and since the consfthnts A
and ¢ are determined precisely-. as in the text case we see that
they are given by (19) as before.‘ Thus the general sclution is

/ B

x = A cos (wt - Z) +'Eié “+\c2e-st .
wvhere « 'anQ/.B are given as for Equation (16). Note that the

regime r2 >4 E- corresponds to ¢ > 2 in Figure‘12-3c, and lies

-

. within the domain where nc resonant frequency occurs.

‘K
(b) Find the general solution of (lT) when =4k the so=called
m >
critically damped case,

The soluti;; of the reduced equation is . .

e-rt/h(cl + c2t)

-

end is transient. The particular solution, given by (18) and (19)
as before, is the asymptotic solution. *

» < g -

10. (a) Which is nearer to the natural frequency of the undamped system
' {r = 0) governed by (17), the natural freguency or the rescnant

frequency of the damped system?

-

= E as the circular frequency of the undamped

- 2 '
system, b = 'E—-,Et- as that of the damped system, "and

! We have wo

- .

w | = Y k_ Eé- as the resonant frequency. Thus //)
: ‘ oo 4

bal m
(73} - w
W <b < Wy )
A . ‘

and . -

. 2 1 2 2

- xr

S 928
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: <

(b) The ' 'width” of the tuning curve A = £(w) given by (l9b) is a
useful’ conceptﬁin broadcasting. If a receiver tuned to a station

- bfoadcasting at -a given-f§Fquenqy‘haS‘a‘sharplv Peur®T tuning curve"
‘ there will bte mno slgniflcant interference from stations broadcasting
at nearby frequencies. A convenient measure cf the width is
4+

. w - -w .
- wr . .
. - . .
where w and w* are respectixely the frequencies below and

(04

above w., where the amplitude falls to wvalue :F » where v >1 .
Tvpress this measure in terms ojfthe constants of the system (17).

“~~in an approximate representation for small < .

-

Observe that the.given ratio is equal to ¢
-+ -
. - )
(1) 2 - O
\ 1 Qx 4 :
- + -~ 4
0+ w- —
where 1= = ——". The condition on 27 ana £ *is that «
. O L.
~ — . _ |
\é? given by (22) satisZies « = 3@ - In order to simplify the
computation use Slr. @s the paremeter instead of ¢ . From (24) ’
- /. ) \- -

C2=2—2ﬂ;2.‘

-~ “Insert this in (22) and (23) to obtain
o = l = - . ro 4

L-2020% + QF

axd . -
-a.r - l .
1 -2 -
r
. ' - .
The condition ¢« = -53 Yields the condition (quadratic in SZ ) ., .
. - - -- ~
(11) 9 R 0°0° +1 - v2(1 _ 5€h) P e
o r . .

( .

which has two positive roots

/ . ' - o

: , - 1/2
. @-[el:t /P Da-ab]

P - 929 I’DT’;_ | /
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- -—

-

.
L) : .
S M
. . y

The desired result is obtained by sub- .

provided } < w

stituting these roots in ().

—TIT T e - et T T e - ——— o T

-

For @all c, ‘Q'r is close to 1 , and for fixed V. , the

quantity \/(v2 - 1)(1r - .Q.ru) is small. . Use the tangent approxi- )

mation (Section 5-7) .

to obtain ) ) 7 _
f- V . - : ’ - 172 . . ..
+ _ + 1 2 - L . ,
- = .Q.r[l -z ~/{y -1)(1 - .Q.r ) St _'
T - ’ .
- . ) '
- . . P11 A )
- lgar - .
-’ - - ’
Further, use , -

~
'll,
.>\I
LY
[]
0
H%
H]
.
P
'_J
3
of
0
[

. s 2 2 .
e & .
and 'Q‘r = = = 1 I 1l , td obtain i
- . .. - . ”,
- . ‘ + » - ) - ) -
- Q- SEo. o ‘
(998 . .

. Designers oaf- commlnica‘tions‘ eguipment refei: to Q= % as the
"quality factor" or simply the "Q" of a tuning, circuit. Thus the

gquality ‘factor i=s approximately the reciprocal of the width of the

»
»r

tunlngcurve_when v=-/é‘/\" : - .-
. ~ ' S . > N

-

11.. Obtain Formula (19b) with the aid-of (l9a) .to complete the work indicated

Pl

in the text. - .
. N - R .. R . T N . -

Require ©O < ¢ <’ so that ¢ >0 #nd tq& phase does represent a. lag
rather than an advance. 'I'hen sin >0, and R . -

. - - . - 1‘. -‘: Lo . - ‘;'4 - N " =

rw " ST f}:T - W j g d
. , & . . T .
g f - ¥ 22 . 2.2 | cosg:"k e z
(Z-a) + 1 ; fg- 2% Pw® . -

g
“ \O
=
SR
J
'



N . = - < o - B - A -
: ) ST ] _,;'__.-_ w . oA r' .. 12k
- o s .. C e - 1 - LT
(Observe tﬁ'at cos‘__g may be ne tivee.so tha't we do r;ot use arctan tQ
'-'?1 inver‘& (l9a) ) *Enter tﬁaese res;f?&‘ﬁ/iﬂ the eguat:.on foz' A preceding .
- (593) to ob‘tain (19v). o 3. ‘ T v @ - ' SR

-y L
-

N . e - R )
N . - e - %@- - - < : N
‘oF u . - ‘. - . . [} - )
X [

iE. What happens Vhen you attempt to @t a first integral of (ﬂl-) by the

method of" uru.l‘tiply.._ng b'y v ='%% z Coﬁsiﬁer the varlation i‘n time of the

. -_2. - 2 - c - L - o = - -~ . ' -,.';f:.
energy ,E = %— + 12:2—" E."s energy goriserved? -t T ) e

. . . ) - " o - ‘ . ‘ . - . . -

] ‘. ‘ ; :
We find o T . » * PR :
' - 2
- - - 2 r 2 . 2 .
- - ax dx _demv | kxy _o° ,

t "\. . ( )(d-t ) + kx dt - dt[ 2 2 ] '—u mIv - -~

Cince B _ (@92 Ik inene . © Find
Since v = (a-_E-) ' is not in_‘the_‘ forxP of a derivative we'do not find a
constant of the ‘mo-t_ior‘x.‘ Since % <0 ;E'= is decreesing in time (weakly -
decreasing -if " v is O for all "t , but then there is nd motion) In

Iq

'a system with frictiom it is customary to retain-_‘the definition of
potential, energy for ‘the ideal .system‘ without friction. The frictional

system is said to be dissipative in contrast to the conservative system

<

without friction.
- T

i

i3. Obtain the - general solution for (l"r') when_ the applied frequency is equal

’ to the resonant frequency for r = O . ,

- . o y o - - )
In this casl Equation (17) becomes ’ .
S, ] : T ' s
(. . Llx] = (_D2 + woe)x =F cos wyt -- )

Sifice F cos w, t ' i's itself a solution of the reduced equation the
< method used to obbtain a particular solution for r > 0 does not work.
The Greent's function technigue does work _but the method of varia‘tion of
pard@meters is computa'tionally simpler. The reduced equation has the '
general solution a s fos w.t + b sin wt . Attempt a particular

o] : (0] i
solution of the f i

2 Cheos wgeenin e f
Note thas L .
(1) oyl = (6" + 2wgntleos Wyt + (1 - 2wig)sin Wyt
. | =F cos w t - ;1 ) - )
I T -931 U#j
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']

. El.i.mi.néte E from this pair of" equations 'to N . -

11 _ . . ..
.(ii) 7+ hw Ty = 2@ Ft +.c . |

,-'» - O

- ~ ~

- e . .
rand - equate ccszicigants of the s:.ne and cosine terms on the two sides ot
the equation © cbtain = B o

Co §";2w011' Fcosw t(/"- 2 o§’=0, -\--‘ '

[

. -
] - .

o : q'"+1+wn==2u.oF _;

Integrate to-obtain ‘ i : P

- -

-

e - . _ -~
‘ »

“ - , .
.Since any particular solution will do, .take ¢ =0 . Observe also, by

the method of the text, that a particulér solution for (ii) of the form
Ft

cct + B can be found. “'In this case, N =355 s wheno'e E =0 above.
; N _ 3 - (0] .
Thus the general solution of (i) is | ’ .
' o\, _Ft | -
(a cos w_o‘b + b sin w o‘b) + o sin wo‘b . o .Y .

£
Thus the general solu‘bion is the sum, of a sinusoidal oscillation and an
oscillation which grox;é without bound. )

~

Observe for th® undamped spr:.ng th,gt the displacement x is an extremum
when the veloc:.ty v = 0 and that the velocity v 1is an e};tremum when

.X = 0 , WHhich of these. statements is the more surprising?

-
-' ,)

an extremum when v =0 is ususl. On the other - hand it :

-
-

Since ' w =

at .
usually false that a zero of’ x and an extremum of its deriva‘tmre occur
. LI . L
at jhe same point. CLE R

In the text it is asserted as geometrica;l_.‘l.y evident" from ( 30) thet if
g > O the_rotation of ‘the dlrection of u is in the negative (clock-
wlse) sense with resp& o B .- If it is not evident to yocu, make it s:-

hd - - - . . -

-

. Consider the rotation which oé’curs in a shor‘b ‘bime interval A‘b . From

< . b
(30) , &= B{u x B)At , thus the _ L -

sense of’ rotation is clockwise as | - :
.seen from the half space into which - ﬁ T il
E points, as the. figure indicates. : S B
X . -.;' ~ i . h .
A - ’ v « .. N - /!' ‘ A //ﬁz
> . / T+ A r e .
¢ ' = .
) - - ’ . -~ L3
. | . g
2 - - 932
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Since. '\‘rB and %B are perpendicular to :B for the particular solution
-+ -'(32), the conditioms S xB =.-EB and ¥ = x(EF x By , where k >0 ;-

- - . 1 )
B Lo .
\ Teon e VTS ;
~ . . o .- Lt ;___ L
- »~ 0 B - -
~ : BT s “
SR .
f -

_angle ‘measured positiwely in
1the direction uo to the

direction. of T. as seen from the halﬂ’ spacg into which B Boints. Show
that ¢' may be taken as the angle :Lz{ the definltions of doﬁ product

q.,-U and cross~product\ T X : (l) and (9’) of Seetion JJ.-h-

0

0
- R . ) - ,*.' \ o .".'? ; - .
N T ’ . . o}-\ b ‘_~‘__ Ty .

IB the” definitions of dot and cross product the angle be%treen uo and
U~ was taken without orientation a(nd'\the measmre G*restricted by

Qsesn.-Wemayset ¢ V.t 2nw where no<w .—If O<1],r<n'
sthen ¥ = 6 and the defmitions agree.- ‘If "’ <‘4\\&< 20 then B8i= 2x - V¥
f/"

and -’ the rotation from\the direction from u \'it? &) through the angle
9 is clockwise as seen from B « Thus. if\ n- is-the normal in the direc-

g

4ion Qf B to the plane of rotation .of u 5 \sincei sig\ 6 = —sin ¥ = -sin ¢ ..

e o } :
’ ) o -T}O X '1?: -]u ]Iulsin‘e BTV .
- . | .v_- . {?‘ - - ; ‘.'@é‘ . \.-. . . .
.. o s I Rlsm g R T T ,
;__ L ) . - 71 . N - -~ .
For the dot’ product, simn.larly, _ B o
. . _ } . X ) 7 - &
' B U= MplfBleos € v Tuh oL ,
g - o S . - .'\ N : :'\;‘0 ""j B -ir.'\
. ol g T T
Verify Equation (32) by obtaining the result k = _3' = &iven in the . ..
: o ' o B B )
preceding text. o : N &N e
K . * . . N 1 3 . . ;{-.‘.‘;_:';_

yield immediately o

T . T | I SR
. Y . - - LY
=B B =B e
: R = L gy ) S
- ; 1 | W g
R :_“‘;?."‘_'.‘ f.. "
from which the result is immediate. ( ) . IAR
In the text we have merely solved ( 29§ for the component of the velocity
of the motion perpendicular to B . Obtain the corresponding component ©
of the =displacement vector and givg the complete solution of (26) .

g o 933
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19.

T =T _ . .

I -

T e - e LT % -
. "Add the general solution (31) of the reduced Equation (30) and the
Particular solution (32) pf (29) <o obtain el .
- L h ’ ) . ‘._.- "
- - \ . . . '
- {c8s wt)u - lnth(" B + LB
o i .| B] _ '32. .

[ - . - . ) -

. Pe. —

where u_. = Integréte with respect to .t to obtain .
- - . . N . . ,
X:B=X:B._'_,s‘:‘t.n wt-_; + Sos wt(u xB) +tE‘XB_ . "
~0 w 0 0. . 2
. wIBI . - B .

", .\
*To obtain the complete deste iption of the mot:.on, add the component (28’b)

~in the direction of, B sto obtain with W= S- IB} s .
| L E B s ' I S
x _q_ sin wt >~  cos w - >
?( XO + 't(vo B —Ba + ‘t EB ~ uO T(.uo x B) .
. . - )

~ 2
. -
- -

Solve {(29) by introducing an appropriate ooordinéte frame. -

Take a coot¥dinate frame so that - RN

~
.

~ ©
B = (0,0,B) and E = (0,EB,0) .. ]

-~

T:hf, B>0 and o >0 ,’and set ¥ = (v y,vz‘) . Then (29) yields
e system of equations for Ve and vy‘ S : .

of mv, ' = gBvy -

»

x N
(i) . v -
mvy' = -_-qBv + q EB- o

) -~ - _

where the prime denotes different:.ation w:.t'harespect to t . Differentia
in the second equat:.on and ellm;\.nate v'-x by means ‘of the first to obtain

%

T . ~q2$2v €.
. o et = - Ly . - : Vi
¥ - 2 . e
— L.ome >
. - ~ k| .. ‘.r . .d . - ;‘ i . )
The solkition for vy, may then be put in; 'ighe form . i .
. . \ . ’, - - . "
(11) v, = sin(at - ¢’)'ﬁ- . - -
. B : , b " - s
where « = %— -, The second equation in (i) yields immediately
.t . } ___ - " . <
"y A ‘ N
(111) v, =.¢ cos{at - @) - 35 - .

~

.:_\%\: . o 91*12.
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o Integrate (ii) and\( iil) and use (28b) to obtain the parametr:r.c equations
of the motion: . , -
; r c Coe . .
1 : B » _
. | =rasmeE =B e, L
- ¢ ; : < . = - — -
. = (iv) RN g = .ca,S(C\rt @) + ay,
- 3r e ‘. . -' -L_.,_‘ » .
o ] BREE | z=(zt2EB+ct‘+a - T - - ' Iy
- S - B2 2 z . _ ST

“ . g . E RS

., wWhere _.cIt. > S ,-~¢ 58 5 8 5 85 are_-cor.:&:stazits of :Lntegra'tn.oo. .

~ . v [ =

| N
20. 'Show that the component of part:.cle motion perpend:.cular to the magnet:.c
field B isvthe sum of a unlform straight 1ine motion and a un:.fom ,

»

‘circular mot’ion. ‘ - ) Cx
s 7 ' . ) ' =~ 5 \

. ' Use either the expression for 3‘(“ given in Number 18 or. the::’_?g;dﬁa_'b_e
‘representation given in Number 19% From the result.of N er 3 -fo%_

> example, write ‘ : Co - - ) 3
- - . ' : A. - . ’ - : v
N X =X +%,, : '
where ) £ - -
. X =§OB + ¢ 2 ng )
) > . B .
o PN
and _ ‘ . ' \ A
o - . ._:_ }u | ' & 2 NN _ T
N e oy ——-{(s:.n wt)n. + (cos wt).j] ‘ ) e
2 -
R L S \? i '
where\ i-= and J§ = X —= are perpend:.cular unit vectors.
. N luol . ' | OI |Bl * 7 . .g E
1. S that the motion of a partlcle in a constant electromagnetic :f.’:.eld
K is a hel:.x (lgnore degenersate cases). . ,

P
v
-
”

: - < ) -3 :
Use.eigzer the results ©f Number 18 or Number 19. From Number 19, for

- . -

example;._i;f E =0, then = . . . .
. | “ P x-a, =c sidk (ot - @) R -
. o ‘y‘— a '=m°1 cos’ (Clt _ ¢) _ ~
* " z - az = kt ¢ -

e 113 0 -

d



pi2e - - .
‘ T : : - ’ . P . ) - -
- -‘ . . . \ . .. ) . o _
- Change parameters by substi‘tut:.ng L Te= 3 - (et = ¢) and apply the
RS transla‘bion (a ,ay,a + (¢ + —-)) to ob‘bain in essen,t:.a].ly the forzn )
= of E:-éercises 11-5, Number 5\1‘) _ o o T _
2 . o . :- * , e T 'r.' : S
i ; /).c =< cos"r ,y _= c;l sint , 2z ,= - o .,'
22. Discuss the motion of a ._'éarticle undéa:c_' the influence of both' a constant
T electromagnetic field ard a constant gravitational field.-: ' *
. ki " - - to . . . - * . . &
“r . ; * L . -\
. Newton? s-S?cond Law ";,akes the form ' .
. S aax g + o+ ExF) . ' )
- .- - dt - - dt
R - ﬁ -~ .-
v ‘I’hls _equation can be written in the form -of (26) with the introduction o.
. s . B
the consta,nt vector E =E + %_g 3 namely T .
. * ) - E ¢ ' ' .:-. - =3 ’ . - ¥ ) .
< L L o P d%( R aX = -
A : .o »g = al® Tt %?) T e
T - - w . ot . -7 : ¥
and the solution  is given by that of (26) with E replaced by E .
- . - - . B - : :
23. (a) Solver the equation of rocket' motion (35) in one dimen'sion under the
B o assmption that the rate of fuel consumpt:.orr - % and exhaust .
. . O
’ ' , speed Ve Iv ] are_@nstant.\ ’ ) '
" . . 2. Tt '\ . ] T - .' -
. Let the Xx-axis be oriented in the direction oppos:ube ‘to _'w?e““ SO ,tha-
.v = (v,0, O) and- ve = ‘(-v ,0,0) . S:.nce . g—l_:— = -ke where the con-
. - stant k is positive, we have M= -_-kt + M, - ‘Enter this -in (35).
N - "to obtain the- differential eq.uatlon k ? . ’ T \ :
. . _ a - . & o ) b
: ' | L (-xt + Mo) =KV, - ) ..
- ,j’f W . a separable dlfferentlal equat:.on which has bhe solutlon v T
' . S S Mé'—"kf: ._' _
- o _- . . ) Vv = vo - Ve 'log —M N - . . .-a.. - . . .
I ' For the displacement ; x , we obtain with one further integration
M A MO:_— kfb -
x = x +(v +V)t+v(——--t)log :
3 — o 71 M ,
- ) - ; - I. - . -
. - - . - - ‘e‘ L
- ‘_*_' N = -~
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(?)__For some purposes it is important that the accele tion not exceed

o some definite bound, for exampig, to 1imit the stress on an astro-

naut. Suppose £he acceleratlon is sei\at ‘this bound; replace the

~ * _assumption in.Part {a) by the assumption ‘that the acceleration and
: v are constant and determine the way in which fuel should-be '

.

consumed’;9»§§zjeve this re;ﬁlt.

S With a constant acceleration a (35) ylelds the condltion on fuel

consumpticn

- o s
i

Hence for the expended fuel m = My =M, we have - Y

- Yo~

ém :
. (Mo-m)a—vea;;', ‘ .

L]

~

2 .
which yields with the initial condition m =0 ‘at, ™t =0,

e S ' —at/ve
- ) : ' . ‘m = Mb(l - e )

as the fuel "expended. :
. : . S : .
B -

2k, (a) Solve Eguatlon (36) for the vertidal ascent of a rocket in the-
gravitational field near,the surfgbe of the earth (& conspant).\\jf\

AN Wi th the same’ conventlons as the S ution of Number‘23, -

'; E'= (-g,0, O) > and (36) becomé? . &
- :-‘ " 7.\ -.‘- .
. (—kt + Mb)gg = kve‘- (-kt + Mogg" : - e
T . | .
> or \ ’ .
. V - . kv ' ) . --
. ) dv _ - e . S -
(1) & - 8 TM. -kt .
| 9
2 ;.Thus the solution for the veloeity is| . - ’ -
. . - M, |- kt - -
-~ "(il) V~= {)- gt-ﬂ% log‘—fng— : . !’;.
- .—_4 '
and for the displacement
e .
: S M - M. -kt
= 7 -~ £ 2 ’ 2 _ ‘og O
Sx o= x4 f (vb + vt -2t v (g t)}og i
S S, o :
: N ’ i;? . . £
- L, ‘ ’ . — r B . T ~ .
. - - : - . -
o - . ' - 937 ;lJLL). : .




(v) Constder the motlon_of Part (a) for a rocket at rest on the ground
when t =0 o« Find the" rglation between the fuel constmed to the .. .
VA velOcity v . Estimate the fuel reguired to reach a given velocity
) assuming that it is by far the larger part of the initial mass Mb -

- -

| " Thé initial condition is ¥, = O in (if). Use M, -kt =M in
B .+ (41) to obtain * : ) '
e _ & - - M
R v = - & - M), Ve LB - - . ]

o

or, in terms of fuel consumed,

N O v = - By 10g(1 - B | )
Py -k_ e ‘ My ? . :
- - which is the desired relation. Now suppose for a given velocify -
that m = Mb(l - €) where € ‘is small. Then in (i) we have
My - :
e e O m
A -~ _— - = - —
- v = =1 .e) log(l 7
N . . e - Lo
'hénce;_ o S : ' -, ‘i
. N - My -
(11) m =~Mb[l - exp{-v --E;r(l - E)}]

~ o T
. - - e~ ~
. - "
-

-
-

We may ignore € in (ii)‘as a first approx1mation (this yields an
uppér estimate “for m). JNote from (1) that the rocket will not even

o ~ lift off thg_groun&’at t = 0 unless

. ) s ,
) - . kg <1i, )
. _ i e Ty e
s R - . i "F -
- and this condition is assumed in the preceding” solution.
j K - ., ' . . - ; ; ’ e
- " {@) ‘Determine the fuel cansumption as a function of time under the same
. -assumptions as Part (b) of Number 23. N
. - ~ - a‘ =

a

In tne notation of Number 23,ﬁthebequation of motion becomes

.-

- T R

Thus iﬁ{is‘épcessary only to replace ‘a2 by. a+ g in the solution

ofgNumber 23 (b) to obtain * - L —
. - Lo A - . ’ = - -
- : » . Z(a + g)t/&e_
a m = M (l - & ) »-; )_,‘o Sow
-8 O . L N ‘
Q < 938 =T T
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T012-3.' Cohstraints. Use of Energy Conservatlon.

-
- -

The subject of ‘the cycloldal pendulum deserves more .attention than it has
_received in-the text EPximple i2- 3) Huyghens developed the coucep ts of

3
i. .

% o, i
, | '
7 N 1 *
\ R ('n-] N //
: N~ o N
O I /O
~ ~ C
~ - N ] "",—' .
=0

* 4 . -'.

" evolute and of envelope for a‘family of straight lines in the courses of his
esearches on the.pendulum. The practicel problem in the construction of a

ifcycloidal. pendul is to constrain the particle to a cycloidal path with a.
'nimum of frict:EL. Huyghens. produced the ingenlous solutlon shovn in the

accompanylng figure in which a curve < is used as a guide upon yhich the

pendulum wraps its supporting wire in fts upward motion (we used a rod in the '
text to constrain the motion to two 4
about *the straightness of the suppor
ideal strlng and the concept of tersion). The cuxve & is therefoaf the

ensions and also to avoid guestions

g@re which require a discussion of the

evolute of the curve . to which the motion is constralned. For a cycloidal
" path & 1is merely the same cycloid translated (E*erclses 11-6 No. lo)  For
the cyclold the length of the supportlng wire is = 4a and by (28) he

period is 2ﬁ v —-, whlch is the same as that of the c1rcular pendulum of

‘small amplltude. ) - . i -

.The actual design of pendulum clocks ha;*developed/along the line of
°,»controlllng the energy of a circular penduium, but ‘'we cannot help but be
impressed by Huyghens = elegant theoretical solutlon, especlally when it is

%

realized that his work preceded ‘the development of the systematic calculus.

Huyghens was Leibnlz s teacher. L .

- TN 1
L]

& .
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o ' : % ~ . Solutions Exercises 12-3 ) -
N
, 1. Obtain the Newtoxrian- equations of motion for a particle moving on an
- ‘w inclined plane subject ‘to gravity and frictional forces of the Form 63).
Do not assume the z-component of velocity is zero as in the text. .
. s . . ( . , o . [‘;
Since the motion is entirely within the plane we may set
. ¥V = X' = {x',0,z*) , where the primes indicate derivatlves with respect
to t . The Newtonian ‘equations of motion are
- O mxt = -mg sin 8 + T
- X h
2 . .
mz" = 7T ’ ~
- z - (/ -
. 4 . i
From {3) we have . - s
T = -(umg cos 8)xt , T -(pmg'coe 8)zt
X B —Z _' -
Ax1)2 + (21)2 fx') +.(z7)8
. Thus the equatiOns of motion take the form ; N
. N .
%" = -g sin 6 - (IJ-S COS- 9)x ,
_ . ' -/(x-') + (z1)2 _ .
4 _ .
(1) 2" = -(1ig cos 8)z" ‘ .
. ‘ ‘ - v/ 2 5 . ; A
i v (xr) + (z') | - , _E
. The student has not been asked to solve these equations, but the °
: equations caﬁ be solved for the velocity by techniques already developed
d in the éext and exercises.  Set X' = (u,0,w) . Then (i) can be written
in. the form |
T e - T g sin & - (gg cos 8)u ,
v . | - u2 + -w2
o (14) , ' o . . o
| . v = - (pg cos Q)W'_ ) ‘ A B
- | . ; /u2 +'w2‘ . ¥ . . u
Consequently, T N . i
b s aw_wt ek ¥ e w -
.o , : dw T owt T w ’
o M _ &
where o = tan . Now, take L = %- and replace u by  -Aw as in

‘Exercises 10-9, Number 3. Theg,




- . - » V. : - ™}
. | - ¢
oL UNUDY. , (SO A
— T ———— = + A d
) o -~ o vt N dl+h\7~. . | L

Thus tﬁeaproblém is reduced to-rthe solution of the_sepgrable equation -

an _ ol + A8
, ©oodw. w 7
which ha tne solution

erg sinh A = log c[wl

(=}

where uhe constanx of 1ntegration is incorporated in the logarithm.
Solve for A <£6 obtain

. _ A = sinh log c|w|% , o
and, since u =AW , | o //
;. . . : a. -
(iii) . _ u = w sinh log c|w]” .

To complete the .solution, enfer this expression for ‘u in the. second
equation of (ii) to obtain

’.: ‘.b . - ‘ T w' = -
cosh log c|w|®
_ 2ug cos 8 sgn w

o 1. c .
ol =

+ “ )
&8 | et S
This eguation is also separable and has the solution .
1+ 1-cx |
1 clwl _ Ju] .
2ug cos 6| 1 + (1L - x)c

ug cos 8 sgnw

]

(;v) t = -

for o #£ 1, (we assume 0 < 9'<f§- so that « > 0) .- Observe if o<1,

that is tan 6 <u s then the z- component of veloc1ty w reaches zero

in a finite time and the motion stops. If o >1 2 then_ iim t = o
- WO
end the motion asymptotically ‘approaches a.direct descent down the plane

with the constant acceleration

x" = -g(sin 9 + u cos ) .

~

2. Obtain the co:¥leté-equations of mation for the system consisting of a
particle constrained to move on a frictionless wedge which slides on
a horizontal plane. Verify that the. ‘motion is two-dimensional if the_
initial velocity is perpendlcular to the edge of the wedge.

.- sal19
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-

. . ¢ .
t -

Use the coordinate frame of_the text. Since neither gravity or

p - . .
of constraint has a component %in the z-direction, Newton's Second Law

gives in addition to Equations (5a) and (5b) the condition on the’ __

the force

' ©  Z-component ‘ . - - -
v\ ‘ - . ) . - / ’ .
E @ 2
K d”z .
| m—s = o ;

d
hence, z =z, + v, t . ;; Vg ZQ? O , the z-cemponent.of velocity is
: 2 . > . .
. Zero throughout the motion and the motion is therefore two-dimensional.

-

3. What is the normsl force N exerted by the particle on the frictionless
wedge? z C

From Equations (5a) and (7)

- - ' . M mg cos @ . .
. N = > H :
M+ m sin™ @ '

thus N =mg when 6 =0 and N =0 when 6 = g-, which is as it
= should be.’ - . g )
o - : . . N s
-Ew Consider the motion of a particle sliding without friction on a wedge
. Wwhen the wedge slides with the coefficient of friction r against the
horizontal plane. . PR : '
(a) Obtain ‘the equations of motion corresponding to (7) and (8) unger
‘ the assumption. that g%-> O . (Hint: “Consider the eguation of

motion for the y-component of position for the wedge so that the
normal force exerted by the plane on the wedge may be taken into
account. . - _ -

{

- a g . .
Following the hint, indicate.the position of the edge of the wedge
in the xy-plane by (g,n) . To the Conditions (L) Tnd {(5) of the

. . text, add the constriint . -

‘The components  of the forces acting oan. the wedge in the y-direction
are_that of gravity, -Mg , the push of the particle -N cos 5
‘and) the supporting force N of the horizontal plane. . ﬁ?pm

. ewﬁcn's Second Law, then, ' AN
- w‘ . d2 * . -. l L
(1) . ——%;= N -Mg - N cos 6 . . .




(v)

- wedge to the righti'

static and sliding friction). i

5-&_‘.. - 12-3

-

iﬁsert the constraint (i) in (ii) to obtain

(ii1) ( - = Mg + N cos 6 .
Corresponding to the normal fofce on the horizontal face of the
wedge there is a tangential frigtibn force

--HN* ?ﬁf ae ‘ ] K

-

d
dt

which must be added to the other horizontal forces on wedge. Under

the assumption that, g%-> O Equation (6) is then replaced by

} 2 :
(iv) M Q_%_= N sin 6 - u(Mg + of cos 8) .
’ dt .

.

Elpminate y and N from'EquationéQ(h), (5) and (iv) to obtain: the

equations ‘ . . I .
.. 2 . R ) L3 . N
d“x -Mg sin 8 cos 6 (1L + p tan 6) : ¢
dt2 M+m sin2:6’- um sin 6 cos @ . . .
(v) 1 - . ' % : & _ ’
4"t _mg sin 6 cos 6 (1 + p tan 8)(1 ~ 1 cot &) _ e
Ldt2 M=mnm sin2 e - pm sin 8 cos e

Z

which reduce to (7) and (8) when p = 0 . Although the terms on the
right in (v) are complicated in form, they are still constant. Thus

the particle still has a constant acceleration to the 1eftAand the’

-
-

Given that the system is initially at rest, uwnder what conditions
will the wedge be set into motion? (%gnore the difference between
\ ’

»

If the wedge is not set in motion then the forces’ exerted on the

wedge are simply those of a .particle sliding on a frictionless

inclined plane and a friction force which counterbalances the

horizontal thrust of the particle. From Number 2(b) the normal- \
force N_ on the static incline is given by -
(vi) ' - "N_ = mg cos 6 - LT ‘ i

and the~ho:izéntal thrust by N_ sin 6 . From (1ii) with ‘N = N_ ,
the vertical forée on the base of the wedge is )
. . Mg + N_ cos €@ . e
. . s .S

-

E B ok3 1[22.1 )



e

(e)

N - p_gD » but, by (vi.ii)

" plane, wedge sliding witl‘__iction. _\J

-

The wedge will not ber set into motion unless the hori;ontal th.rust

o exceeds the frictional resistance, that is.

=

(vi1) N_ sin & > u(M’g + N 'cos e) .

(Actual.‘Ly' the coefficient in this equation should be He ) Combine_
(vi) and (vii) to obtain the necessary condition for motion

(viii) . u'<m sin @ cos & = X
- M’+m cos® e _ .~

As a Suppleﬂentary exercise, the student may be asked to show

that the Condition (viii) is also sufficient, namely that ——% >0

Sdt

'*under Condition (viii) This result is not ebviocus since. the normal

force, hence also the horizontal thrust, on the inclin® is not the
same. for both the static plane and the moving plane as is shown in
(c) - To prove the result note first. that the denominator D

in he first term of the expression (v) for —g- is positive. From

S . - at® 7
(viki) . : . * T ’ . . ST -~
p<—2B 8 —tane, ’
. L b 5 .
i} m cos_ € !

consequently"
D=M+msin 6 - um sin 6 cos 6 . : . -
>M+msin29-m,'tanssin9cosesz

- >'O\ -

. - .
-~ . B . - -

2

It follows that the sign of -—i 5-- 7%= has the same sign as
dt ; ' .
. , , b

' N - ugDh = g[m cos & sin 6.-);.L(IJI-!-1'.r1cos2 e)] oo S
. M > O " } /. . ~ :

Determine ‘the order by size of the normal forces exerted by the

particle sliding frictionlessly on a wedge for the three cases, -

stationary wedge, wedge sliding frictmnlessly on the horizontal

»

-

- - ~ et

il
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_,”L'et'- N ', ﬁo ', N > respectively, 'be the normal forces in the three .

cases. From. (Zb) we have

Q.
e

. ' . N —'mg c'osAe‘

. . - . 8 .. ) . . v \ . .. . .-
" and- from the solution ;?Number 3 fe : S <
(1x) : No - M mg cos26 = ms 1»2 < Ns s .
. M+msin R 1.+'—sin ] N
| | M. ,
T S Since the frictional case may plausibly be expected to lie between
o . the other two we anticipate :
" N <N <N . . T
. 0 p-"s. L S ST
L -m a%x
and this is .the result we prove. From . (Sa) we have XN = —_— .
) sin @ dt2 -
X Insert this result in (v) to obtain ’ ’ o
N (x) ¥ = Mmgcos é(l+£ta.n9) L L

) ' H M+nm sina 6 - um sin 4 cos '

If the terms in p' are dropped the numerator in (x) decreases, the .
denominator increases. Consequently, by (ix), Nu'>,No .

> >

To obtain the j.nequa.lity N .<N_ observe .that, with D

defiﬁed as in the somtion of Part (h), o 3
’ N = mg cos 6 K ) . . s
i. ‘ ‘. ) - ‘ . N i ! . - ' - .\
T e ] hence the sign. of Ns - NU- is. the sign of_‘ K . Explicity, K .is
-&iven by - ’ ’ ’ CL .

K =‘1:_1's:!.n2 6 ~ ym sin ® cos 6 - uM tan 6.
- =msin26-p'tan6(M'+mcos29) .
Consequently, from (viii), K > O , as we sought to prove.
5,- - Obtain the energy conservation principle for the sys;tem consisting of

the particle sliding om a frictionless wedge, Equations (5) - (6).
(Hint: Take as the kinetic energy of the, system +the sum-6f the kinetic

energies for particle and wedge )

A .



-

o The totel kinetic energ;v is 5

T = g'().cz -+ 3;2)

- -

where the dots indicate dlfferentiation
(5a ,b) and. ( 6)

.

é=niisz+srga M E

2

55 : ~

with respect to t . .'F/éol_n '

e-mg)y+1vsineg. .

=-Nsin9x+(Ncos
’ -Eliminate E "~ with the aid of (%) by € =% -3 cot.® to obtain .
. ) “‘"-"’, _.EE'A -od ; -
g whence o‘btain the energy conserﬁation eqﬁation - 5
o . ‘. _ -_ _:"T*‘m@f
: «Thus the- potential mgy is s:i.mply he» gravitational potentiel .of the
) unconstrained particle. R :
- N ' N ' ’ . . .
Id - - . R *
6. What i.s .t]:ie magnitude A of the force of constraint for the pendulum?
‘The problem is to determine the component of force on the particle nor:mal :
. to the path. Note that the u.nit tangent to . the circle in the direction
~ of increasing 6 is ~t = (cos 6, sin 6) , and the normal - directed toward
. . the center is’. 'ﬁ‘= ( -sin 6 cos g) . The position vector of the particle
is f = 'g(sin 8 , -cos 8) ; whence, on differen%:ating twice with respect
‘ . o, t' > and applying Newton®s Second Law, ) e Y
e . . -~ : t . D '
S ) " FomX = (mz6 cos 6 ,mge sin 8_) ‘+ (-mﬂéa sin e, m,eé2 cos..8)
=med T + meé® R .
Consequently the normal forge is directed jtoward the center; i.e., the
rod pulls the bob toward the pivdt. For the magnitude of the force we
have with w =6 and v = |X| = 26 -
‘.l;-.:- o ) A= mfgwa —r;rv—2°_%(zr - z).. “
cnT Tt o
where at’ the last step we have used the energy principle to give v in
tems of 3z end the elevation Z4 of the stationary po:Lnts. T .

~
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The text states-that- iz is nof immediately obvious how to use the con-

straint to eliminate the iconstraint force A frbm the’ equations of motion.

(15a,b). Show how to do it. - - . [~

1

Replace x~ and z by the pgframeter 6 ; i.e., set x = £ sin 6 ,
¥ = -£ cgf 6 1in the equations of motion, to obtain (as in No. 6)
/ .
‘ me(8 cos 8 - &°
me(8 sin 8 + &2

sin ) = -\ sjn i

cos 6) - mg = A“cos 6 .

-

Multiply the first of these equations by cos 8 , the second by sin @

"which is essentially the same as.(21).

that is, when =1 in ( 18). ,
P 2 i s .
Since 1 + cos ¥ =2 cos” 7z we obtain in (18) RN
: A T .
4 /- ¢ t= -]é- -J f J- ) .
: N v O COS‘ - Y )
By the solution of Exercises 10-3, Number ll(b), : ' i
7 ) - - - v [ 4 -
/7 R S S
= g.'1.og tan —p— | o S?,":ﬁ) )}
where - =0 s W = 7 %E- dat t =0 .  Invert this re:;l..atiohigo obtain-

and add to get

: med - mg sin 6 = O o : : .

- @

. Describe- the mogion of the penduluxq when 6 = n 1is a 3tatiorpary point,

' 8 -t + 4 arc‘t.es'.n.et'g;‘e

From this relat:.on we see that :Lt takes inf:.mte time to reach & =

from 6 = O under the given conditions. _ .
g ..

Ld

Estimate. the difference between the error of approximation to the

. amplitude of the exact Solution (20a) of the: pendulum problem by that

of the approximate Solution (211-3)
™

‘-,_,_ 3 -,

Choose the initial condition 6 =0, w;--w o > O at t=0 where'w_e

require W 0 < —5- in order to get the periodic Solut:.on (20a). From

Equation (16) with W =0 we obtain tlLe amplitude o given 'by

e - - . e
-

'._:___- ?’. : ’____ B - A. -_ 911-7 130

s N "‘_’ ) _‘(.'-._
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" solution for .the first quarter cycle is glven by, y

4

lo.

D e

-2

Next we use the inequality 1 .- x < /I — x for O <x <1 to obtain

- . * P-‘q.
cos @x =1 - 22 02 of which the estimates.. are to .be given. 'I'he exact

L3

4

e SE 0 Nav |

) O Ycos 'llf\e cos @
and the approximate solution by
% s
cw. L g -
§ - “olgsmt Yy
e -
Thus cos o = 1 - = where & :LS the amplitude of the approximate
solution. . From Example 'T 5b we have from the est:.mates for the cos:Lne

'*\

- : U 2_
o]
-z =t-

-

M\

o

g »

‘s

: o:2 .2
P
'Vi'.bh X = E < 3—2— << l > _ ¢
. . A LD
- O0<a-a <,12 .
- & ‘ _-: S w
(a) Show that the” perlod “of the pendulum as g:u.ven. by (20) is an
J.ncreasing function: of 80 . ,
Let . £ : 8y — T  be given by . S e
, . : ) .90 .. _
(1) 1= f(e ) =2/ 22 ay s
o & 0 JYcos ¥ - cos 60
. - ” L. : C > - - ~ . ._..‘ ..
.COns:.der f(he ) where 7\ >1. IW'ith the ch,‘eing'e:uo','f ‘variables -
\[r --er obtain SRR T
' %% .. T ' ;
. f(xe ) 2/ EL f sw,h)dw T
'T-r_ - e ) : .' el s ST
-, ) R _
. ) S
- ‘9&-8 : * -

NN



- T L '60;

where é(w,x) - 2 «. We have "r<=_/‘_ g{v,l)av .
: : Ycos ; er - cos >~ 8 o} : .-

- o

. Consequen‘bly we have only to prove ‘t:hat g(\h,)x) > g(\h,l) ‘%r A>1
end apply the result of Exercises 6-k, Number 18(b)* which extends a
strong inequa.lity between continuous f'u.nc‘bions to 'bheir in‘tegrals.

. T Obtain ‘bhe deriva‘bive of 8 with respect to A - ‘ -
cos A\¥ - cos )\_.60 + -2-'?\_\l: sin A¥ - = ?\80 sin 7\80

. , D}' s(¥;») : (cos Mf - cos A8 ):37<2
- ‘ - .
Since Dkg is con‘binuous in A¢ we need only establish 'bha't the
derivatiye is positive when A =1 to show that it is positive in ‘
. _ a neigh'borhood of N = . Thus we have reduced the problem to

- ‘ showipg that the numerator is positive when ‘A =1 , that is
P

.

-~ ‘e‘ ’ .

- ‘ . L . [
_ . h(-@ _cogw-tja_sizi\l!'? cos 8y + '3 sin 8,
B "% when’ _ Ok\i{ < ‘90 . For the proof we need only establish that h is
_‘ - e decreasing f‘unc‘bion - To this end ;. observe that '
Y, : . . - h[(v) = \!_f cos ‘1‘. _'% sin w. o - '.,

“—'% cos ﬂr(ﬂr - ‘tan ’¢r) <O i

* s 2 -

————

- ‘_-,where for O/<\!r <2,

¥ < tan ¥ (sSee Exercises 5-3, No. lla-(b), ‘also the’ geometrical-arg:.-

ment in Section 4-4), and for — <¥ <3 the resul't is immedia‘te from_

J the negative sig:r of both, terms o the first expression for' h? C\I:). .

In summary , We have proved 'tha‘b 'the period T is an increasing
' flmction of- 90 in some neighborhood of 60 (i.e., for A in. some
neighborhood of 1 ). Bu'b this resul‘b is i.ndependen‘b of. the choice '_,

- of @6

o ° Hence by the solution of Ex..rciges ‘Ah-1, Number 11 T is’
S "}an incréasing .functiop of 90 on the en‘bire interval.-fo,:r) .

- . . - l‘

ll Shov for a parbicle _osciJ_'La'ting in 8 poten‘tial wen tha:t the motiqn
periodic. Show furtlier that the time to travérse the 'we.u. from one- side
'to the other is equal “bo the time 'to come back. ' : .

w1g7. ¢

the- resul‘b follow& from the :Lnequality C

-]
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The pn:-oblem is' to show und'er 'the conditions of the text the in'tegral

R . o PR . i |'
. . . P

a JU(aj - U(cr) o

r

| converges. IIE' the integral does converge then so does the integral

é bv‘U(b)-u(cﬂ /’ ce e

.

which correspopds to tHe t‘ime of ‘the back sving, and since U(a) = U(b) k .
ls-are ‘equal.’ S:.nce U( o) <k for a< cr <b' . the dis<

'the two ':L'n'te
con'tinuities of the fegrand S S occur only a't the endpoi.nts

%the AN

neighborhoods of these poin'ts apply
A

fg -

[a b] . of the interval.
’I"neorén 10-6a with a test function of 'the form

l:L/2

" example, at .O‘O =a , we st have U'(a) <0 ‘Since ’U’(a) +# O and
U(o) . < u(a) -for o >a - From- the definition o:E' deriva'tive,

[ .

.- , U(o) = U(a) + (a - a)[U'(a) + eJ .
. . - - o .
{ where 1lim.e =0 . Take a neighborhood of :Ln which lel.< - %‘ Ut(a) .
Then - o T - - LN e
k- 0{e) = U(a) - U(e) >Z|ut(a)[(o = o)
hence, _ ) S ‘ -
- . o ‘ ‘ . - . - . a _—
o DR e
. . , m ) Ut(a)ﬂd-a o S s T
e A : - e R e AR ,-:. iy R ',. B S e
oL Similarly in some neigh‘borhood of b ;' g T "
: : o ,‘ R - .
' 8 7-‘-‘__» :‘; '« . _‘ l - - e . i .- - ~: -t N
: W o T - - < T — .. g g T
S N - fU (b”“’ R BN
“Froni Theoren lO-6b and 'I‘heorem 10-6a 1£ £ollows 'that_ te’ Integral |
, converges. o ' ' o . < .
. 'S - iy 4 ) ..
12. Let s = O «correspond to a- maximmn *of the potential U P with 'LI(O) s
(o) = and U"(0) < O ,. where U" 1is continmuous. in a. neigh'borhood _
. of O. Show that & particle in the neighborhood with total energy, K o
"and- velocity directed toward O ‘takes :Lnfinite time to' Teach -0 . "t
- “" ,'_ :. %o . . a
T~ T N B
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The problem is to prove the divergence of the Integral ( 30) :.n th:.s case
(a = 0) . To prdve this we obtain a test function of the form %: and
apply Theorem lO 6a and lO 6b. - We use the tangent approximation to

X - U(o) > this time obtaming a lower bound for the error term in the
form Cc:2 » Apply the Law of the Mean twice to . , .

¥

" U(o) -k = U(c) - [x -Ut(o)c] to obtain L R _ )

eI B U(o) - k .c[U'(o) - ur(o)]

» A

Fol L

hY

R - S
. where 9 lies 'between _a--and o} and .0, between o, ‘and O .

- From the contimiity of U" we can choose & neighborhood of O .where

o>u'(o) > = 5 = U"(0) (Corollery 1 to Lemma 3-k). Imsert this in (i)

- to obtain L e o ' C
k- U(0) <Zlu"(0) |7 ;
vwhence,. ST o L o
_1'___>.]&-. /._...?._....
Yk - U(a) ]U‘"(O)]
which proves=the inergence of<the 1ntegral. . _ .

-

Consider a -particle of maiss' m which slides frlcti‘onlessly on a verticel
circular hoop, where the hoop itself is spinning about its vertical dia-
meter with constant angular.speed w . .Describe the motion. . (Hint: .

- Use- the ‘energy. conservation law in’ the Form (25) where s 1s_arclengtn Sl

on the hoop)a

. _downwarad - vertical. "For X . o‘otaa_n !

- A

~

Choose coordinates as shown in. the
figure, where ‘@ is the. angle the _
hoop mak®s with the xz-plane and.. 9 . o
the angle made by the position ° -
vector X -of the part:.cle w:.th the

= o

@

(a cos ¢ sin 0,8 sin ¢sin 9,-& cos. 9)

where a_ is t.he radius of the ‘hoop.
Sinc_e : ]X] "is tHe constant a’ yed

"kncw that ¥ = % is pexpendlcular

to X (Example 11-5&) The constant

- . %1

}‘uv
ke
N
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force N can only act norma.‘L'Ly to the hoop. © To descr’ibe. _ﬁ "introduce »
‘the unit tangent vector to the hoop : .
’ - -
(cos¢cose,sin¢cose,sin9) "‘
i and the unit hormal vectdr pointing away from the centbr of the hoop ' y
i = (cos @ sin™*@ , sin @ sin 6, -cos 8) . L
’ For the third reference -vectoz"'take the binormal . = tTxn given by
ey ) ' -b‘=.(f-sin ¢,cos‘¢_,"0) ' . -
Thus .i\ = ﬁ . . .o . . ’ - o . -7 ¢
The constraint force on the particle can only be exerted no;'ma.'!_ly
to the hoop, therefore it can be written in the. form N = pn + qb «  The .
external force is that of gravity, = (0 O -mg) . In ‘order to cal- e
culate ﬁ@d apply Newton's Second Law, derive the grelations
) t o . ~
) '71’:"=-wco_se'1?r—:a'§,
o' = wsin @b + 6Tt s
' ?’:—wcos@;-wsineg )
£ ' where the prime denotes diffe:rentiation with respect to t. azid ve have - s
‘used @' = w . From - f:a‘ﬁ,then; ",’ > o e ’
X' = a8 +2a w sin 65 - | S
?’.- {aB'\' 2 aw2 sin 6 cos Q)t - Cae' + 'e',cpe: -sine 9);7',' , L
..’-"\_ . S " . o e .,--“- : -.c'. o I
/—From Newton s Second Law, however, O \ T —‘ ~
) = (-mg sin 6t + mg cos Gn) + (pq+ q‘b)
Since X" has no component in the direct:.on of ° .b s it fo]_'Lows tha.t ‘
qg.=0. Consequently, on ta.:cing the dot product w:.th X' we obtam for
~the kinetic energy T .Of the particle, R e _ .
. T mx"x"—-mgas:.nee';
T--—r‘l mgacose K. -
. Thus energy conservetion holds and the potential is exactly what it wou.ld -
beforthestationaryhoop.




1k,

". r~,\

- = e ot Ay w . i .
Finally » frbm t"he expression for Xt above,; we hsve - - “:
. ’ ‘I" '2 2(9’ + w2 5302 9)

-

‘which yields the.differential‘equation for 6

A -

. o a2 5l : R
'J S (%% =.%5-[_k - cos. 8] - w-2 sin?'_ e

with a-new constant X . For |k| <1 this motion is dlearly the
‘equartion of periodic oscillation which can he analyzed 1ike that op
the circular%

-

endulum. _' ' - o -~ .

S

4 student who wishes . to analyze the possible motions of the s¥Sgep

may be given the following hint. There is ‘a_value k fox vhich 8 is

constant, provided w is large enough. There exist small aIﬂDli‘&uQe
osci.'!_'l.ations about this constant value of 6 .

Consider a particle moving on a curve X = r(s) . sﬁ'b,ject 1o tHe colley.
'vation law (25) with a potential of the form. ‘

O(s) = A +Bs + s3F(s)

there B>0. and 'T.he deriva‘tive Ft exists and is bounded. Take - .

W(s) = A +:Bs> - as an approxima'bion to "U(s) near s =0 . DLet the

& arclength for the motion under the potential U be given by S —,¢(‘t)

._‘_

o

s

"~ osecillations that o and s ‘are close together for the half'eycle

under the potential W , by o w(t) . Show for small amplitlde -

beginning with the initial states ¢(0_) ﬂr(O)_is @ >0 4 ¢' 0) = ¥ (g)
i - gl Lo .

-

' v.The ini‘ti&l condition prescribes equal amplitudes for the two nlotiort\:,

" where b = -y and "'f(s.) '
~ harmonic oscillator’

e :assuming u(s) symmetric a'bout s =0 . s _ ' ;“
©  From. (25.);wg.have' £0r. the-fwo.motdons - . ., - . .. “{
(1) :‘ ( ) = b(a® - s2) + Oe(a) - s32(s)
FET) N @ ) = - A,
g .

2B

[ .

e

.' . o | 12-3

—
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. 2 24
! (g—: = b(a” - sra)[l‘+ g(s)]
) where
- -_-~ 5 Y - - 3 . . . . .
Ki “ (s) = 1 ozsf(a) _ sz(i) (s f(S)]ng_ S .
) gl s, _b(a_+-'s) Q - s % bl + s8) ,
where E 1is some number between o and s . Specifically, |
(o) 35E(E) + e322(e)
g ) b(a + 8)
where 0 <a <f <a . To make Ig(s)] less-than some positive ¢ ,
observe that f' and £ are both bounded - (£ 1is continuous), hence
- U S 30, 2, . .
13e%2(e) + e227(e) | <eS(3leCe)| + g|ev(e)])
. 2 *
- <a(3]e(e) | + a|er(e)]) T - /?
< C‘EM . L . . f
i ~where M is"a Positive constant independent of E . COnsequent_ly S .
e’ oM S ' L .
3(5) <b(a + 5) = ba 5""'-'_ T L S
_ b - : S T
provided we taie a < ttg.‘l.‘l.y we take ‘& no smaller than we. have- -
'to, *angd fix a Wi‘% [g | <e< 1. we ha've } '1%;'
. i . . _‘... ) . ‘e

o E T "J_T. + g(s) < -.'{'*-r g(s) "'E'(TL S <1+ -g-

and = B L N . - S

»

T ¥ Zss>ﬁ.-Tg(sIT>-/l-e>-l—e. o
In either case, l-/ZT. E y - 1%’5 - 7Tt follows it ,“.i - - L

_ .

1 - Lo <-.

"('1[‘+' é}A_aa'- 52 £(a2 - 2)[1 +&(s)]  f1 A(a

where the central quanti‘b‘y in the inequality is ,"ﬁ from (1)."
tegrate and invert the relation be'?:ween t and s. to_get ‘

’ .

i (iii) . '. @ cos (l+e)ﬁt<s<a cos (lee)ﬁt - -
Since “eos 1is a continuous ﬁmction it is clear that c w:Lll approxi- . - .
mate s within amr given tolerance provided € is small enou.gh An -
B e '-» T . [ ' R ) B - ST
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. estimgte"of the difference is easily obtained by the Law of the Mean: -
a[cos(i_+_ €)vo t - cos Yo t] <s - o <alcos(1 - €)¥5 ¢t - cos b t]

< .

<«

whence ’
e /o t sin £, <s - o <ae /o t sin €]

where §2 and _gl define the appropriate means. It follows at once that

ls - o]l <e ﬁ‘b-<a—2—M-_t
- o

where we use the value of  « adopted earlier.

s
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1.

P
. N -\ s . - . -
: _ - V(p) = - = +, constant. o
e, 7 . . - -p/ . -
Now, #ith "R = % ,(8) ‘beéeme:s"' _
mK>, dR ‘mKE 2 -
(3@ =E+®-=-R .
whence, ’ : : -
——i",/cei-.(R-——-aE' 2, i
» ST S
' 2E c::"F o U S R R
where C2 = — ?{E and,we._may a{ppose " C>0 . _This equation has-- - -
"~ the eoluf.ion | - ‘ . : : -. : - ) ﬁ . _
, . C .
- = + ]-; - -ﬁ- , i ® "
e 90'_ t ares:ue\c (R. 2)_ -

Solutions BExercises 12-4 ‘ N

-

Show that if X = O in c.e) then the trajectory is a straigh'b line. What -

information can you obtain Xrom~ (7) in this case? .

From ?x -f' = 'CT we conclude that 3? and ﬁ are collinear. Thus aJ_‘L E

at

tangent lines, to the trajectdry pass through the origin. From the result

of Example 11-5€i) it follows that‘ the trajectory is a straight line
through the origin. In this case the potential takes the ‘simple form

%p +V(p) =E . g

LN

.2

K]

Consequen‘bly, it Vv 1is cdntin;ious » a particle in this case may reach the
origin if its energy is great enough, unlike a.par‘tiéle_ subject to (T7)

with K#£0 .

-

Use (7) -or (8) to integrate the. equations of motion for an :Lmrerse square .
force. /(Hin'tr Replace p by R .) o S - R

-

Take ¢(p)=‘-% in (6) to_o‘btein

or



e

-

-

N ' Ra-f.-'—“c_sin.(&- )

This solution can be put in the Form (12) by taking B

90 as % or *’2—' according_ to whéther the sign is plus

. ) ] " .- N : . ' .
@..7 . Verify that the semi-minor axis _B of the Ellipse (12) is given by

b = mK2 o 4 .

derivative vanishes, that isy

(o + B cos O)cos 6.+ B si.n2 6 =0

Qcos 6+ 8 =0.

', Sefi: s 8 = - g in the 'e:@re'ssion._‘for ¥ to obtain
. ‘ . .
‘ 95T 135
P -

1224

—

m.!{2 C . and fixing

or minus. o *

-

g 2 ' e ‘ . ]
o= - g5 » T ; D | i
Put (12) in the form = -.° . -
. - ® - Bo cos © - ‘
- to obtain the cartesian eq_uation
-t Ve mxa/ "
’ ‘ ’J ToadxT + y Bx
; Jwhence, -’ . ’ )
xz(a - B° ) + ZBmKQx_-i- o y2 = meKh- . A . T
. v . .
‘Inganonical .form this becomes b e -
) ’ /‘ * * "f oo - - S
e _ _ 2 T .
R
¥ .o” - gf — -X_ — =1 R
- [ K ] [ P ] :
~ P-RE-IV-2 N Y- TN
. (& =891 L (® - 8% | .
" from which the result follows. O N
.~ - " - . . ‘ b -
Alt.ernatively, ma:ximize Yy =.p sin e .. Observe that o
in 6. ' ) ) =
S L
= 30. [ & + P cos & ] vanishes if and only if the m:unerator of the
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- /’ lj‘.. ' - .
’ - . 1 - B_-
s wl/ P
- | Yy = =
L
R S CC . - . - -
" from which the result folloﬁs. )7 . _

4. At what height will a satellite of the earth have the same period as the-
' ' : period of rotation of the- eartn about its axis? A synchronous satellite
'would be placed at this height. For the acceleration of gravity at the

- surface of the’ Earth take g = 980 2 and,f15 the radius‘cf_the earth,

8 . -5ec D . )
#6437 X 10 cm . : . s T,
It is implicit in the problem that the height is constant; hence the
orbit is circular and tHe Equation: {12) of the orbit reduces to p .
o The speed of motion v = aé?t is then given by (15),- ' l
(11) S v2=a-9’ =9--. L e
To determine - @  use (iT)-to}obtain o - ": - -
(111) . = - <. = GMm : s
. where m is the mass of the. earth. Since the accelerhtion of grawity g -
BT Y known' at ihe surface of the earth use Newtfh's Second Law to get [ ‘
- . ) R e . . . ) mg . 2 : . .'- . ‘_

B . : N -'c - .
A SN S R

i%. . “here ¢ _is the. radiizs of the earth. Thus" GM = c°g .., Use.this result >

o

. in (111) and,gii) to obtain = | e
- . .2 sy v
. 33 = E_..s.. I'd
. o o
}“di?ig Sihce‘ 2x radians ar covered at constant angular speed 6t in 2& hr. or
AL 8.6 x 10L sei;___,m£2;; 8t = ————gz———n-per sec- From the given data -
' _ ' 8. 6& x 10 . IR
- then, - ”- L . ' . o » . -— . : o~
.‘- . /t_ .. - . .A . .. : :__' ‘ , , ) < ) - - . . o
o s Gsse s e,
. ‘apd the height bove the surface,of the earth is
T e,
or approximately 22 OOO miles. : ) ' ‘ o L _ __-d,:; .;
. O o \ 7 o ' _',.’ . .v \ . _ S L ¢

.
.“‘




5.

v . .- -l’. - L ,__‘____-,_.-_ . . " . . .
. Wha't__ is the e e -velocity from the earth's %’f&ce? .
’\ - . : :. d.: # . - B --. " ._ .; - . - e )
From the te:xt, "bf-fe& escape velocit}-j".—sd‘;-/"%_ 'where ‘¢ 4is the radius_of
L the earth. Frqm the splution oFf the preceding problem |, % = 028 . Con-
sequently the escape v.elocity is ST ' -

. S =

P 6cm» r )
_ C . 2cgsl 12><lO Seo . N

from the data given in. Number 1F 2 speed of a’bou%’EE 000 miles per hour.

r

-Consider a: satellite in a cf!.rc'ulzs\zY orbit about the earth. Its retro-
rockets are.fired briefly so that its speed is reduced but its direction

of motion and position are changed negligibly. Suppose the change of
speed is Just enough to “bring the .satellite to the earth’s surface. . *

~..Without. air resistance, what must the change in speed be and how long

does, it take the- satellite to reach the earth after therretrorockets are

- fired? 7 \ ,
- "' - . . T - " - . ; . . . e . . B o .
At the moment the satell:.te begins its . . o A N e s
. descent i‘ts velocity is perpendicular S ' S - _ L,

'forbit ebove the earth is h and the radius of - the earth is‘ ¢ , then .

to its position vector referred to tlie
_center of the ea:qth (see flgure)
_Therefore g% =0 and the satellite -
nmst be at one end o:E' e major axis
of its elliptical tra,ject « Under
the conéition of ‘the probﬁ the ather
end- o{ the major a.xis, the point of the .° . . . R
orbit closest to the enter o the' earth" mist be at the earth's surface..

* Thus thé. tin_ze of descentNis 1t the : period for the e]:!.iptical tra.jectozy

e o T sra3/ /— '
-and is given by (16) as. T=g3-= If the helght of - the. c1rcular .

: -
_a_'.- = g + c R From (15) the veloc "in the c:.rcular orbit is given by
2— T~ ~ . S
. Ve F m and at the :Lnitiation of the elliptical traJectory by _
v2__ %2 o . 20ic SEUEE - A
\ -g_ 0. m(h +c) m(E + c) B + ¢)(n + 2¢). | '_-‘ 3 oo
From the solution to Number 11- take o = cggni to bbtai.f: for-the time of
7 descent . . L : -
- N . o, ) B )
S _ . } (%4 c:)_3/2 . . o
2 ' - c.:‘/g_". L SO e .
it _ . . 9)_9 -A- - . . 1 . /,~. . .
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If h is sm.all r.els.tive to the r&dius N of the earth, as it is

. _, -' Lo ~for. manned orbi'tal fligh*gs at this 'writing, then to a first appr clr :t;':;‘on,
e P ; 4 : and vc‘ - 0,_,.,1: -/ 'I'h:us, wi‘hh-‘a slight correc on for *-
S altitude,'TsElmin . : o

[0 ' . .'

-

o~ . 7. . Prove if g =0 in (2‘?) the motion of the spherical pendulmn reduces to
B _that.of the eircular pendulum of Section 12-3.

Y3

'. . . . A R .
-

' pr;o,then(27) :me],;l.es ‘=70 unless r-—-O forallt
Consequen'bly, ‘bhe motion is -confined to a verbical plane 9 = 9 e -

8 D’nder wha‘l'. conditions is the ma.x_im:.m value 2 equal to the m:!.nimm
- value z:L z for the motion of a spherical pendulum? Discuss the .
r' motioninthis case. _ . . . e

- ° : .o T B
-

ni this csse z is constant and the motion corr’esponds to a s.ta'ble :

emlilibnum for (29) This wﬂ.‘L‘L ol:cur when }"'— :Ls the minimum value

_ WD . 3 ' A
_‘ of . the _poten'tial."_ In this case' :2' 2° -2 2 :Ls éonstant. : Hence, '-".'_- ;_.,'-"-7;,"

. from (27)’ 9: =. B the parbicle nfoves arouna- 'bhe circle :Ln 'bhe hori-- s
' 5 v ) .
. k .r ) KRR

ARSI zon‘t.al pls.ne .z =Yri'z1' at constant speed el S ”_'-:".‘A' ‘ ;-'_' , ,
\’.-‘.._;. \‘ - 7 : '.' “.‘ . - ;. 7 .. . A . - - - o ,'. o .'-"_-‘ 3. A. : ‘ ;‘ ..

* 9. What is the motion of the pendulmn when z =0 2 (Hint* Eq_l.za_t_j:on (29) ~-
T not convenient for the: study of ‘this. motion). . T
. . ‘_ o -_ ' . . R .—.4, . - - ) '\'T h . . ‘_. f’

B From (21:.) gcngu:l.ar momentum is conserved and the motion s planar Set :
-xxx'-;x and put K—(OOK),X—(zcose 2 sin- @, o) ‘I'hen h

!;2 ! =K . -Thus 6°f :I.s constan't and the parbicle moves on & grea.t circl&. |

B wihconstaﬁt speed. - .: L .

- "

. -1o.- Detemine the_ magnitud-e'r __ofathe Force of constnsint XX in (22) .
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L. VoL Tt : ® :

- ) - . . ) o

Teaw : ot -
. L.

~ whence, SRy
Lo ] s

‘Since |§E]215 constarg, X X' =0 ‘_a'ﬁd,'this, eqaatioﬁ _b'eoomes -
R _ o _.7\2.2 mgz + mv2

. where v ] ] .' Consequently, for the constraint force X = =X ,

Also, v2 may ’be 'taken from (23) ='-2gz + 2k to give’ . -

A .. « .

Choose coordinates so —that ? = (O,?—g) .  Take the ‘dot product with X!

0 1

el T e Solut:.ons Miscellaneous Ibcercises h , wo T
Show that an.’ o'b.j'ec't thrown with an- upward componen'l; in'to a resisting N !
atmosphere mst come down to the ‘seme level at e, speed 1ess than its
initial speed’. B _ R R ,.q'

A. ‘for'ce_”of res:_i'_si-;azic_e, -:oia.p'osefsj: the motion. T_];ner'e'fore it has the” fom o |
T e T D, - ‘. Cr : ' ' SN
: where R > 0 . The particular -form of the resistance coeffic:.ent as a
fu.nction of t X 3 3?', or whaj:.ever, does no't matter. From Newton's
- Second Law - ’ ' o .

in (i) and: :Ln%egrate from -t to Sty ,.where s is_‘jt::i'mé of returx;,,.vt.'.o 3

‘l

- &-.'. R T ‘_.._.‘.’ -‘ o 23 . V

.
s

 where - vd, and 'vl are the initial and te speeds_,-r'esp-ectively'.'*

=%’

“thé result follows at once.
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N\
( a) Pro;re if the angular momentum of part,icles :ls conserved 'then the

e

(b,) Prove that & partlcle obeying Kepler's first two laws is sub,ject

3

. and obtain

Y

By protne_s_is_, L

force is a central‘ force.
. 1 B,

P
€
S . : Y ) - .

iﬁ(fx'?*)»:_mx o IR

 where K is. a. constant vector‘ ,Differentia{;e with 'i‘é'spéojb' to t .

- \“(i) e T Ll PE "R + B cos! 9 %

- -Apply -(i1) eigain"to F o N T s

to o'bta:.n .

R x¥ =0 T
" from which it foJ_‘Lows 'that i‘_’ 1s co]_'l.inear with x .  Hence the . .- .

net i’orce F = X" is 'a central forceaf. LT e e L e 'I';'_.'“',;"-“;

to an :.nverse square force

From the 1aw that equal areas are swept out in equel times ve know
- that angular momentum ie conserved and Zby Part ( e)"the force is’a
cerrt;ral force. Since 'bhe path 1s an eJ_'L:Lpse with a focus a‘b the
or{gin we have for the equation of 'the or‘Eit :Ln polar form ‘:' , I -.-'

s N
-

r—- ',

- ':'-' LN '.l "'-" o
~d._-.f- v R 37

Si%ce the mo'tion is plane, 't.ake X p(cos e, sin 6) and o'b‘bain
X' = p'(cos e, sin 6) +pe'( sin 6, cos 6) _3 ST

S:ane conserve‘bion of momentum horlds, Equation ( 5) of Section 12-14.
may be appln.ed thus: 'bake . , SO

- .
-]
- - LN

<

,_(1'13_ ‘ '. -_ o - 39t_=£2 "

D Y -

Xt =p '(cos e, sin 9) g(-sin 6, cos 6) \\

Now aifférentlate again to get s R _;- IR _. -
=(p - E 6')(cos 9, sin 6) +tp'6'» —.K&)(-sm o 5 COS . 6)
B p

-

: S .
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. T . -

-

T R

. . .—”3. - o ’ - o ‘
In order to calculate IF[ from (1) we must change ‘the time derivative

in (2) to a derivative with respect to 6 . From ('i)

R CETE T L S R

t‘_ " aé "'5:_68_ 3@

Differentiate again and apply (ii), as follows,'

' S de o p d9 ) S SR :

]

Enterthisresult in,(111) tc 'get e
. . . ' B . _.g.'_‘ \g. ¥

o
P}

S

.. -and, hence,

’which*is the'inversc}SQuarEVlavi' i 'E.V*fvl'bfV'

Formula (v) may also be obtained by putting'the expression (iv) for p'
in Equation (7) of Section l2—h and" differentiating with respect to- o},,"
From Fo (5) we can calculate the central force given any orbit.-.In -
. particular _ for the orbit (i) 7 _ R I
'-.7‘ A > . c . .':‘:, -'

R Ll e TR

Show how the electric and magnetic field vectors E and - B of Section
-2(iii) must be modified to.adccount for the motion of a charged par+icle
~in a coordinate frame which moves in translation with respect to the .
inertial frame with constant velocity u . o

Let the position vector of the particle in the moving frame be‘ X '. j'

Then— ‘_ ‘.__' > r:.' . .. - . \"-

C -

¥
L



»

~ Newton's Second Law in the moving frame.is then. obtained-.from (26) in the

e g (& o) x3)

1

Furtber, from (i)

- f;fth power laﬁ’—TF

‘Choose coordinates as indicated~ln

e =

form . = 7 . . . o

> L -

" P g e . ot

ats LT y e e

-

E‘:Lii) ' ST X =X -,

_'where the initial position of the particle (+ = 0) is taken at the

origin in bo‘th the - moving and- 'the inertial fra.mes. From (iii) we see
'th.a't: the motion may. still 'be resolved into straight 1ine and circular
components s with 'the vector -'tu added to the linear componen't. , Since
the circular componen't of the motion is unaffected the magnitude and .
direction of the magnetic vector B should ‘be 'the same in the movi.ng
frame as :.n the inertial fra.me. Consequently, ‘the Lorentz force in 'the
moving frame is. expressed in 'the form of ( i) by

.;*

[§+ (— - u) X ':’B'j ‘ [ﬁ + 3 x'ﬁ]:.- P ‘ )

where 'the elec'tric vector E j and -magne'tic-, vec,'tor_- -:ﬁ - -are defined .in
".'.'the moving frame by o e el

:f-ﬁx§;3'=$»

P
e " v ' co- M
- -

The path of an object attrac'ted by a- cen't:ral force is a circle and the‘

‘ _.center of force is on 'the c:rcle. Show 'l:ha't the force la:w is an imrerse

c4

end show that *bhe speed is propor‘bional to - e

'%@

IR

—— . -

¢

the acc;:mpanying figuré.. If the .
radiu.s——of\the circle is a , then -
a sin 6 , and -
&3

’. L ‘p(cos 8 ’ s:Ln 9)

‘a(sin & cos e, sin 9) .

—(smee 1.~ cos. 26) . 

Now differentiate twice to - o'b'tain -
: /\ﬂié:e/‘
= v : o . - 4 .,-) . _ .



- . N

ae'(cos 26 sin 29)

-

~
-
e
IR
Ii

' -Ll.:‘=- ﬁ, . -}? '-_‘_ m-f’ -‘-i

'?[ _ e...sin 8 _-.- -

N

sin @
Cor

2

(.ii). S 2ma[9" cos 6 ~ 29’ sin 6]} .

From- (5) of Sec‘tion 12-18-
(111) ' y -1 =_1%.;
whence :
- ':__.25':_3_2_1{.‘22"{“

& =-Fel=-=3356" .

L -."S'inc'e.ﬁ =a s{n e, and with "'th_e use of (111, get
@) - T g o BEK gL

Emter (111) and (iv) in (ii) to get

o ‘ I-L_='-.2m|: e ;os sin ]

= a(68" cos 26 - 26' s:Ln 29 6" sin 26 + 26°

2 cos 26

then

-JEE—-[B"'sin 26 %% 26t (cos 26 - 1)]

) .

= 32 _';8.,2 siﬁa' e_:.-.-'ae __'p"?z and'_'a sin 6 = p°', this

12-M°

- Alternatively, use- (v) from the s6 tion of Number 2(b) to get u
directly and so. o'btain the inverse fiﬁ: power force. P : . :

: For 'the speed cobserve from (:L) a.nd (iii) that

v = ]x:] -,aalet[ = .EﬂlSL“"Z;

2
o < 7 -
which :Ls the’ desired resu'l.'t. o _ -

=




‘(b)‘

' Show that~the force on the pa.rticle is B = mdt + va2 3. v

'Introduce the central angle ¢

,:.nNumberlz- : ) <

'I'hen S - -“,

-
ks

_ Let the path of,ef particle 'be given 'by X -r(s) where - ia'.__‘
_arclength. Defin_e_ the tangent T and principal normal B by

T =Ts) and g%.—,-‘cﬁ where! 'the sigr.; of the curvature -K is
- nonnegative (as in Exercises. 11-6 No. 19) S Letr ¥ = g—z and
'.g—t be respec‘b:.vely s ‘che speed and acceleration along the curve.

'F_or the j\relocity and aeceler'ation vectors we have
e | & ds a¥ s | |
] s- ‘
'd?"dtds"'-w’ - N
and
&R _dve, as d% 2 s o
2 AT vd‘tds.__.at-’-KY.n" R

'-fz?om vhich the Tesult is immediate.

Use the result of Part (a) to derive the :anerse fifth power '.Law '
Number .

t .

.‘ . o
as a pare.meter. Thus g =26
where 68 1s the paranfeter in

Number 4. We have from s = af

v=all_-2a &8 . B

- at ~ dt ’ . -

' 2 : L2 . :

a=a d—g = 2a 5‘-':—26- . Use _(5) :
-dt -dt -

of Section 12-11- to o'bta:.n, as

cos &' .

S g0 UK d% 2

: Rl 5
(o]
2

o



AR ’2‘[15&2-3214_' 16&1‘ l‘ cos 6]
" o 10
’ N . - . - p‘ .-,. ) . . .
. lO prees 8l L
D L 16m2a1‘1<l‘
T T I T

A *Where at the last: step put p2 = qz_ '_sipz &' in the breget. ThE
| // . resul.t agrees Vi‘bh Number la. o . .

6. /COns:Laer a rocket which is to 1ift a payload of mass M . DetSmine the .
/ammmt of fuel relative to payload necessary to reach eScape velocity in
/ cne minute from the earth given an gxhaust velocity vc' 2% 1—05 d;e
/; and. a_,consta.n’c rate of fuel c._.o:.s_umption. Neglect air resistance
.‘l/.’ ) - . .. .'. ’ 7 N v
S In the noﬁa'tion of Seetion 1_2-2( iv), the time to reach escape Velocitsr
is '.t,= % 60 sec. where m, + M =ML From the solut:i.on of
Exercises 12-2, Number 2(1;{) 5 Equation (1), -when the fuel is to‘b&L'lJ CQh_ .
‘sumed the veloci‘by :Ls ' , : L '
. B s . ’ . '
) - ' el o . ‘& . - " G _' - . .
L) v.= =gt + v_ log (1 + i e '
' Take the escape velocity w» = /3cg % 1. 16 x 108 —‘e’nc- from the s‘lutiorx
. of "Ebce.z;cises 12-4, Number 5 to obtain . "
T | 11. = -1 + [J_EEM},, 4o .
- . 1_41 'I . oot e - .

) The data given are approxima‘bely those of the German v-2 rocke‘bs of
World War II. " The best that ‘can be done to reduce the ratio of Tuel
. to payload by shor'tening the time ('take t O) yields | a ratip of a‘ba‘-l't
- . 330 . C:Learly, the way to great’ improvement is to increase the exhaﬂst
' velocity. For this the combustion chemistry of the propellent DReomeS

an important factor. i
A ’
ol . o~ e . ) . ’ L -
: -_.«.'-._ . ., K . : . . ) cl .' - . -
. >
[ ) ’ . é .
‘ * ) I -
- : - c '
%7 . r— - ",
T s S . P . o
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) Iiiif.fg_' A T Teacher's Commentary
R o ,_' . Chapter 13 |
NUMERICAL.ANALYSIS -

S

.

“TC13-1: Inéfoauctioﬁ.

t

-

The purpose of this chapter is not numerical computation as such but
N analysis of algorithms or methods. of computation. The ability to compose
',algorithms for electronic computation is a skill in great demand nowadays.

. As the mathematical, scientific, and technological questions we ask’ of com- - .
'~ puters probe more deeply, the standard routines of the. programmer hecome less

adequate and analytical skill plays a much larger role. In’ sparing us the
mental effort of. mechanical arithmetic electronic computation bas -given us. -
_-'vmore time to ‘devote to non-routine analytical questions, ‘but it has also ’
R given rise to a, wealth of new anslytical problems ' 2

Time sharing systems make computers available to 8 growing number of,

f'students (sometimes as’ early as 51xth grade) for their lengthy calculations.
| By writing their own programs, these students are developlng analytical in-
:sights formerly undeveloped until the ‘undergraduate years.._'

-

The central section of this chapter is Section l3-3, Taylor's Theorem

_invaluable-for future applications. Taylor s Theorem is undoubtedly the

¢

single most important method o£ error estimation.' LT

. 'rkmany of the numerical examples and exercises analyzed in this chapter
. stem  from earlier discussions (e.g., compare Section 8-6 913) with,Sectionf
m,13-h (16), or Exercises 6-M No. 11 with Section lB-k (9)}—

.;_5nf"f':‘ o ,f- f Solntions Exercises 13-1

.1;7 (a) . Obtain 2 method for computing the square root of ampositive-numberf_jx'

-_to within any. prescribed. tolerance € . .Obtain estimates to
determine at. what stage the process may be brought to an end.

'7,h(b) sg‘thgigiven method to obtain ed accurate to 5 significant

. i . L e L
- K . , TR

-

':jwith Remainder. It. sharpens ideas developed earlier in the text and it is.-'



K - T There is ‘no end of possible answers. to this- question. Here we give
T two sophisticated methods, first the scheme commonly taught in arithmetic
. eourses, next an orig:Lnal - scheme. This problem illustrates what may be_

~involved in calculating values of the square roots. for the evaluation of

e
r . . ) .

- the integral I in Equation (l) : - -»

| .- - I_;et SJ-- 'be the "best™ lower -estimate to A to ,j /3_1gnificm -_
: \ - figures; that is, Sy - has the decimal representation S I

6 | —)’a lO 4 allO -t “.'.7.7_+‘ a_:’lok-"j »

- ' e ~
. ‘ .
A ~  where a, ;é 0, and s, z;mst sa_tisw the condition ,
B ‘ - :‘:-s32<x<(s + 10579)2 ..

“Now suppose we wish to determine the besNowei' estimate to one more place..
We require . T -'i - ‘ : )

)2=Is +.a; lo 'J'lé <x. . ' -

L SR (S341 3+

R Hence for r, = x -_s 2 we must have R '
o - d v d A v , - ¥

(e e k-3-1 . 2 le-3-1 D
‘(:.L)" - 2a J+lsjlo ST J+llOO Sy - T

: Thus.,'aj+l_ must satisfy'_ s . _ , .- | : - .

J""lsjlo _ '<' r.j v R e '

.‘ . . . -' . 7‘ . '_y - ‘.-‘ r'r- ) »
- : J .

) (ii) | k’ 0 #m = s,

| e f ) N | R
- i . ; "
' . In the light of " ( ii) e try ’bJ +l EE—J—SJ as =a can_didate for a 541
T If this figure is £o0 large to- satisfy (i) we try “the digits in descending
order from 'b Py+1 until we reach one which satisfies (1). ' :

 The error 1& -5, is Iess than 10k J: ‘and we need only take -
l

U J
. eno}lghitips tomake-lo 3<e,-or J<k+loglo .

-

,'G‘: . - ;
ERIC SR Lo



"'_'"'"‘”'_"'_-"'“'-"_'__"':""""':'_“"__"f."'"’"‘_“-“”“"'“ T T mm e e o - "_ " o “’13-1 {

.f:_ '» S < . . . - . .
T T We exhi'bit the usual way of lay‘ing out the computation for 7.
: _Hedundant zero digits” are omitted. It is easily verified & X dis <L
-"'writ*ten in base{oo that sj represents the best lower decimal approxi-

metion to J~ . Where - x .j - is taken as x to five gnificant figures in

'-base 100 . Thus the computation s arranged by grou. ing the digits of x
in pairs as thO‘lbgh x . were w*'itten to /base 100 @ m the following

- labeled compu‘ta‘f:lon the symbol {ze.Oala2 aee ak} represents decimal p__ace )

T'numez:’:at:i.<3n_, not a product.

~

- . 17 o0 00 00 00 ' . .
=2 L % | ”
3,00 L l[ ]] L
2 '- _.h. A v _4" r T - V4 ) .
. 7 s e e 3 29 e GJ [20& + b3 ]bl » Dy > a; ‘try again’ ',
ot It 3000 T x b =6 |
. /\'a'l'=6 276 ' [20a0 +b ]b | ! .

- ' - 2% 00 : o [21"0] L )
- ep=k 200 96 - [2o{a al} + b0, o
ot T ' o T e ok e B 301+o

oo -8z =5 2\6#’2' [eo{a a, 2} + 'b ]b
L e. . 375 00 rl. b, = |32
SR T 3 >0 3 [[5290
- ) a = ) . . :*‘ . % R * . . - ‘.- : ...
- . 77 ;o o 37 | 14-9 [201{a 813283} + bh]bh ._  T
This yields sg =2.6457 .00 0 o oo
.. For the second method, let a, be the first signigicant digit of
Vx .as_a'bov_e. 3 Then 'l_ < a, < 'LEI:'< l +ao. . Set A= x_ek for
- B ~F = 10 - . 107F :
B smpllciw. It is dlearly su.f'flc::ent .for the approximation to JE ,
rsince we need only mltlply 'by' lOk 7 to approx:_mate x to the same
_ ‘num'ber of sn.gn:.f:.cant f:Lgures. 'I'ake whichever :Lnteger_ 0 Qr_ 1+ ay I
, .wh:t-ch has the closer square to A and denote it by 'zl' - Set .
By e s
" . :.-. . . . N -" v . - ) ’ - N _' . X " - . . .
where for the absalute error we have ozl <1 . Now form the k-th power.
: oot ~
- _ 1 4 o~
. .o s



- - LT N '--.' .t -- ‘ x “Q’
& k=1])- P ) _
where " p = [§] > ¥ —,[ > ]. Now set-nzk = q:- » ‘We have, _ .
’ . ) ' o o L

T O R -ak=-1zk - R} == . , SR
.+ Fote that under the conditions on A and zl P f> 1 ‘and :_'l >1,.
Since the binomial coefficients are’ natural num‘bers ’. henc’e no less’ tha.n
. "1, > i’c follows that qk >:L.._ Since . °’1 <1 it fonows from - (i) that :
. _ > made 1ess 'bhan any given tolerance 'by taking k suff:!.
L S 'ciently large..‘. o L _,j - _" -.7 . .

d o -

‘ W’e woula like a rough estimate fbr the absolute error ak B0 that
‘ _.ﬁe may determine k. It is :bmportant to realize that ‘the effort of "J
*justifying an error gstimate rigoronsly may be dispro_portionate to the,

- mate cgn be o'btained so the inid:,ial _'Lack of rigor will not weaken the -

AR -conclusion. c Suppose 7‘1 :Ls a reasona‘bly good approximaﬂon +o -/_ " so -_
: 3 that E -4_.-'.' ' .n'_‘ T - V‘- :?' T:’ a .‘ ' 4' ' N '. ;-‘_" Te '_ . ‘._' 7_" ""__f"_l'_ Tl 4‘ "l‘;"‘ . '!"'.' * ‘.,'
L, k- rk-2r-l e .
% = Z (?.:rﬂ)A b S ’ T o ,

. . v - B | - ' o
DY (alil)(marcmk"“r‘l o .

) o -The sum in this expression is’ the sum. of every other 'binomial coefficien-b
‘.so we guess ‘bhat :Lt :Ls approximate]; half the total of all the 'binomial

| koo
‘ coefficients > that :Ls 3 abou-f:, % {this :Ls actuaJ_'Ly the exect value of

' _ *phe sum) Thus we o'btain G ~ (2nk :'L_ and hence from (:L),
Lx"' SER h "f.i"_-‘ » T ._',_."‘_97_'2' . R . A ’}-.l_'_ :
T 149 e

end achievea Here we use a nonrigorous approach “but & r:!.gorous es‘t:i- '_



tgnseguéhﬁly,;:di =3 -Y7 = —2 _ ang since ST >2 :: T T

' f'the also from J7' 3 - al that .7-f?’_‘

"L'_.,(iv"’)e._.'.‘;‘_‘.":';' | ﬁ > 2 5~> 3’ .,, )

. Lfoccur if k is sufflciently large to make k-1

~ It follows that L e

, approximates.-ff aécurately to five siLnificant fxgures. .
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)nsert the inequalitiea (1*1) and (iv) in ( 11) to get the con.jectured
inequality ‘ ; o 5' o e.._r . : . :

(1) -1 2 reE

| 523“‘l SRR

I

I

ak;< (2)

- ’ ' . - }+

.Wé wish to make- qk less than 10 'and ﬁfém our_conJECturé5this will

- - . v.ek

< lE
: 5 10
inequa&ity holds first for k 5 . Now, we obt&in Pk

S ‘;{' 1; \5 1'._ 7&
7y ‘-'%ﬁ, = (3 J'ﬂ i

namely, ’
pszf-35-+1ox7x33+5><72><3 2858 )

=*‘¢><3 +J.o><7f><3+'r2 1084 . .

'From this result and (iii) we obtain for the absolute error in (i)
» - h ..
o 251 _ 15 -1 - 1~
v a5<() 5855 < 3 1ooo<3200_o .

-

L4 B -

‘x,. ‘ : ' R -1 o ; }
L NP - R
- . > | q5 . :

9?3 1')0

Now let us’ apply the method to’ calculate 7 . fTake. zy =3 . From

. This last

and Qg from

»

331 g
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113-1 -
2. The idea of us:mg Ra.emann sums to approximat.e the, mtegral I give 'by
Equatien (1) has led us into- formal complications. In such an approxi-

~
mation, the lntegrand is approximsated by piécewise constant functions. .
Use a.little more ingenuity in approxmat:.ng the integrand and obtain -1
_upper and lower ‘estimates for "I . (Hint: note that _ -
TE 2 ¥ - I 2-)6 ) -y
J - v v __ and use estimetes for cos and sin .
x ces ¥ _J O 7 Vsin - ' .
obta:n.ned from Examplé 7-5(b) )
 Observe that =~ - ’
A % - 4 _ B
L (1) L I = J’ﬂ/ ﬂ/ _dL ' .
and estimate the two integ,ra_ls_ separately. Since 0 < V¥ < % <1 ‘“we hive
from the results of Example 7-5b, - © - ' B . :
- o - N T S L N
RS °'°S“’Sl'%+%x<l'% %:Sl'%“’e-' \ a
Coupling ‘t;hls with the lower estimate for cos v, .,we have second degree
estimates for cos ¢ . & : '
. . - ) . N4 - ) - -
(1) .. 1 25‘:‘°WSA/"§:"’. -
Similarly, with | ' S
AR . ur3 5 _ R ”_ )
. 8111-\{:2\}; -z‘>ﬂf—:ng ﬂf." U _
cwe ohtaln Pirst ‘degree estmites-.foz‘ sin Vv ¢ i S | L )
. - . . . . - 5' . . ’ . " --~ | ‘..l" h - . ‘
« (1 n o S g’dr'f_ sin v.< V¥ . R
- -. - - ’ . v | s b | ' I%. ! -;. ;.;?.
R Next 'imbegrate from O to § _in {(ii) to 6%taiﬁ 'ﬁﬁe’v'-esfimajtes_ f_{gr :‘;:_h_e :
secogd 1ntegral in '%idv, i . e o :
. 3 - : S - S -
R /‘2i arcsin l#--/ J — < ¥2 aresin Z— . AP
~ . ' TYCOS w " - "_‘. ’ 1"5 2 - Lo : _‘
B PREN - e - b . & - . :
':_ Sacrifice ‘lrttle 1n thls ineajlallty ‘by us:.ng the ineq allty for arcsin’
' derlved from '(iil) ‘ - : ' o a o
- ot x. < az:csih x <?—35 : - --’: 3
s - -3 5 o @
to obtaine, PO . L
CTN— T Ta. . .
. - . - 3 N o ‘ N
¢ . . ©
- -l > -,’9741--?-- 1"”:"' _ 4
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For the second integral in (1) obtain on tegrating from’ O to ﬁ' in

) I:’ . . . . 1.|. - . i : i N ".
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1.3_;2 . _ ) ;
_T'¢l3'--2'. Iteration. e G N )
T A geometrical picture-of an i‘terata_oh 'Sc_:heme"vmey*""l_i.elplz‘nal‘_:e31:351_@: ideamore B
3 ) y . : . Yy = x o - ) . y = ¢(X)
. . V \ ' : [y ’ (81,81) } . . (ao)al)‘
_ : y % .
o . . . _‘ 1 . -r.\_
. R .. R . i - H
- ; ~ = . = ’ -
"‘ 1 ':‘ l
- s (82!3 ) H —'_-‘__-_' : (a.,2,) )
I . -
4 -
R e S TR
\
©
- ~ 5 ” Ser >
. - — _ - x
‘ - ' -. N , - ‘ ‘. L . . ;E'igure TCJ-B g o DR , : |
- L g e - o . T
- .- Draw: the graphs y. = B(x) a,nd y ‘ X, ('Figure TCl3=-2&) From 'the po:int
' (a:o,a )f where al = ¢(a ) proceed hor:.zonta.'l_‘l.y to the graph y =T%X . 'the:qce

; vertical.'ly to tb,e graph_ y-= ¢(x) and repeat the procedure as :Lnd:.cated in '
the figure. : For an altemat:.ng scheme ( ercisés 13-2 No.ra) the . geometrioal

procedure fol_lows a spimf (Flgure TCJ:B—E'b) o ‘ S f;ﬁ
! _.'\:' - -

e




e - L - Solutions Exercises 13-2

: -If' e >0 it follows that O <e 5 < -e—k- ; thus the error is cut

v

|

to approximate YA _for any positive A ..
ial estimate for YA so that the scheme con-

Por the solution of . £(x) = xg‘--, \Ph='0 s nameiy

1 Ay .
 Cp1 T T -_._-/FT = —(ak + i)- - /A - o

=%(ek + Jx,' ei; " f_) T ;

“ v

e S

least in half at ‘each stage. To gu.aran'tee convergenbe i't is- there ore
- sufficien'b to take- > YA . Thé scheme is 'then monotone , that’ .the
- cess:we iterants decrease. Now, for a more accura'te idea of t rete
f comrerggace, suppose ‘that -ak :Ls an upper estim.ate for f_ accurate
‘to n “decimal places and 1 <A reme‘mber that e\shift in decimel point
in f— amcunts to the T ceme)J of - A" by lOO A » 57 the inequality

~A > 1 is not an imporbant l'estnction) : In that case. . 0 < ek < L;L .

Consequently, - o )-J/ . e .
S ' 4 ' . R

"kl T 5 ek.+n “’< 2‘, '_..‘*

. o = ' ,3,3;_72"

A}

': ;,.:r:-;-'-.(-:"..' “': S -- _,' '. ‘ e = B - a7 e - ... o V =
7 ' Tlms the number of accurate decimal places is at least doubled at each
N i'tera'tion. _. o , I gf LT S j:_ T,. Co ’ "



(a)

q'»derivative in some neighborhood of a the schemekis alternating if -

(p)

. For rapidity of convergence we would like 'c2
lower value as convenient.- Thus ﬂe~choose 025—-%- and - c-uj-;g-.--""

G .

A

An iteration scheme is called alternating if the error. changbs sign .

at. each itefation. Since any two consecutive iterants approximate
the solution from above and below, the value of an alternating
scheme is that it permits an estimate of the error without a- separate
error analysis. Find a sufficfent condition that a convergent itera-

tion scheme be alternating

<

Let a = ¢(a) be the solution of (3) to be approximated. - If the

iteration scheme (1:) is alternating ‘then ekﬂ <o0. But,

Sk _.&k+l - e .Qf(ak) ) gi-:(. )
€ - a, - a 8y - 8 - ,gk
where g, 1lies between ‘a_ ‘and &gi- Thus if # has a negative =

“the iterants lie in the given neighborhood.

~ s

[T

Construct;a;conveﬁgent alternating scheme for calculating /-

Ld

Consider _f in (3) of the:form £f:x - x= -A to-obtain' {”:'TjB _

¢(x) X x + czx -'A5 .

In order to. guarantee convergence in a neighborhood of /T‘ require
-1 <P (/E) <1, and o make the scheme alternating, require = -

@' (/A) <0 . From the ‘two, conditions . on ¢ (/&) obtain
: o o F .
-1<1+2c/‘<o_;_ :

or - . . [
‘ ‘ - . T - -~ .
(1) e e RS -
Use the alternating scheme obtained in.Part (b) to calculate 43 -
accurately to two decimal places.-’ K . :
} . e W L _.'E' T - . _;'f,'
LT .:._'AA:- T o SR
; Frbm’(i)fwe‘vish'togchooséj.c, so as to satisfy T T e
‘ ' - .." - " L G o . - . N rl _:

-,

For g in (5) given. by - £ e x:"’x?_- 3 > and g(x) ey the
m'_iteration scheme is then .:5,3;' ' o A
! .V % " -‘ . d - . V . . .
o u;978:",_; o
L2 - o (:_ L=~ -
. < v " M -ldu Ve

to be as close to the_-

‘_, )
'



13-2

: ) 7“'_ . . . o . . . : 2 .. oo R L - = e,
AR ¢(x) ?_C3_ + L. . Tl e : S
- It Observe that ¢’(x) 235‘ or x 3 -Z— ;:f'Ta#e the iftial |

| % . From 841 = ak - akT + 1 obnain
. successively 25 =  =1.5, a, = % ="l."f;_5 > 85 ='-i-g-_=_l.729 '.”."._ s

a), = 1.732 ... . Since Y3 lies between a, and a, we conclude

that 3 = l."'(3 acctifa't.ely to two decimal pleces .

’\-.

n

approximation as . a

Njw O

t.J : - .
3. Ob‘ta.in an iteration scheme for nf— demonstrate convergence 3 and
estimate the error in -the k-th i‘terant - .

Use Newtor's Method fpr £(x) =

¢(x)= x~-l P ix) x - m_cﬁ\ ’

I
~~
'—l
[}

. B
S
v
+

S P e TS &=~ __mIT - - ‘ '-
IR T R T .

. . S .
. -« hd

Now, :Erom the tangent approximation, Section 5-7, -we have

B R (a-ak>+ek B f RS
where']ek|<1~42(a-—ak)2 }42 'being an upper'bou.nd on —( ) for -

x ’between a and ak Enter (ii) in (:'L} ‘bo obtain EEEE

.._,' .
. e,

ST SR T N (". 1872 2 ( S e
(lii) " lek+l|= mn'—l S: :n'nan'l ek- - n' a? L ek ) _.*-_-'_‘ -

'for:—-_g = max{ak,a} s (we may asswme ak > O ,since all i'terants w:L'Ll be
>0 ). Since we expect £ = a ‘the bound on ‘le k+l‘I

noo1 2
_a,_.}.:_

;positive if ao

given by (iii) should be approxmatel& and this is usual_‘l.y

good encmgh for prac'tical pu_rposes. e T
SRR - JREE T I LT 257 B SRR
BT PREB X - | g T -




. '~ '

A . S .
‘4. (a) Prove the foJ.low:Lng theorem. Suppose ~£{a) =0 Y If ‘£ has two
o o " . continucus derivatives on a neighborhood of a and if f£'(a) #£o,
s then Newton's Method (1) converges if the initial estimate. is. '
R sufficiently close to a . (Hiht: "use the Law of the Mean twice
to approximate f(ak) as for the tangent approximatiomn, Section 5-7).

. (b) - Show that Newton's Method is monotone (the error has constant sign)
if 1in addi‘ﬂion to the conditions of Part (a), f“(a) £o0 . y,

‘ T .'S:ane f(a) = O s it f‘ollows from the Law of the Mean that :

s
- . . . - -

_ f(ak) = f(ak) - £(a) = £ (w) (e, - a) |
S = (ad(a - a) +ler(u) T f'caknca -a)

,.
.II

.- | l:_ . f'(a-k)(ak - a) - f"(v)(a - u)(ak - a)

where: u . iioé' '_between @ end a,  and v lies between u and"_ ay .

Consequently, from (14), | :
. . _ o 3 f(a ) ) :
) ek+l=?k-ﬁl-a=a’k-a__-m ‘
\ : | _':f'(ak)_e f"(v)(ak-u)ek .
- = ST T f'(a R
\ O f—r(g—}eéak -w . EE T

'-Now, since f'(a) ;@ 0. ‘there is a neighborhood of a where S ,
fé x)f > f a) . I-"uz—themore, ‘since f" is continucu%on'»a neighbor- -
as, there is a neighborhood where f"‘ :Ls *boun;'!ed - ]f“(x)] <M

Furthemore lay - u] < Iek] Let & ©be the radius of the “smaller of -
- these neigh‘oorhoods . It fol_lows 5 5 for a.K within 'the S-neigh‘borhood of ' .
~a , that . - E . Lo T T e
. vhere K = f' 27 - For‘-»-convergence we need only guarantee that
gk"'l . » - T > .--' ' -V‘_ - A' - ./- : n ’ ‘ ‘-’ b
_ ek < r< l for ‘some consta.nt r_ « For this it is sufficient to - . :
.ohoose a, so t‘hat {eo| <-Min { } S S ; ' :
. 1-:-1 i .
B o «~ . 980 . g e
N 0. _.' . .: o .



b . - To pro’ve Part. ('b) o‘bserve that sgn(,e.k - u) = sgx(ak - a) = sgn" ek ..
- tt £
Consequent]qr, sgn ek+l = sg:n f? , = - Por ak sufficiently

close tor a . Thus the aign of the error is constant o{ce it falls e
'belo-w some sufficiently small 'bou.nd - S :

After we have proved Taylor®s 'I'heorem (Section 13 3} it will be

‘possible to relax. ‘the conditions f'(a) £ 0 and. f"(a) ;é o employed
 in this exercise. o

-

. , \
.-O‘b'tain the greatest zero of £ to 3 decimal laces » yhere
. (a) ) =8 s x5

Si:;_mbe. f(l): ='i"'-2 f(2) 51 %chere is a root. a ih the open X
interval (1, 2) . Fu.rbhemore, since . £ . is increaﬁng for x > 0.
. . the root is unique andc i‘b is the largest root. - Use ’

. -~
e .

6.
£ (a) .=-6a2 "-:-5==‘6(a?-"’ 1)..,.

N

—(9-5a)

Since we expect Q

l we suppose - £ (_a_)" = ‘and take —
in (:Ll)*

£'(a) = 2b e = - 3E.

_' '.]:‘ake' ' ac B and o'bta:!.n, successively, e = l 08 ...' 5 aé w 1.12 L
33 s 1. 13 - A‘b this point it may be 'worthwh.ile to re-estimate
f'(a) using - a m 1.13 . With this approximation, obtain
o 6ps e I
: f'(a) = ;‘(9 - 5a) » 18 A N

. 1 N . - . | ’- ‘ ‘ A -

and ¢ = - 7§ - Then use - . :
) BN
9. 12y, '--ak'-’- '

‘fo-r;_:l-:h-e ‘ue-;.:ﬁ.:_jepp'z_foﬁ'ciinapioﬁs ,/j ag = l 13\,— ah = 3..1378 ,- a5 = 1.1380 o N

~

"__-‘.._‘98_1'..» 130 S e



.13'—2_ :

Ce
S 2

(c)

degree'to obta:Ln as a first estimate :_]{' <uO <3 . ..Take ‘uo

‘ To conclude the coihputation 'try an ‘exp'ed'i-e'nt &'he su'ccessive '
'itera'nts are increasing We expect that 1.138 is close to the )

. 'f"('x)__. =x3 ‘_'-' hx'?__% bx -2 ;

- we. have ."5 _2839 PR

'desired accu.racy. - To check this, on the- assumption that the . -'r“ s
-iteration scheéme is monotone .for a8 < a_ s try ag = 1. 1385
Then a, = 1.1380 < 8¢ - Thus - 1. 1385 15 Presumably an over- . -

estimate and, to. three decimal Places, a = 1. 138 e« The assumptions
made above can be verified, a8 some students may wish to do. The
point, however, is that in any practical situar'ion a balance has to
be esta'blished between the need for confidence in a result and the’

'effort required for proof. Bnpirica:l_'l.y obtainedc answers should not
be a’ﬁained in appropriate situations. . S

L g

_'Since -P(2) = -2 5 f(3) l and f is increasing for 'x >2 (from
f'(x) (3:: - 2)(x' - 2)) it follows that the largest root a is o

the one .rodt in the open interval (2,3) , -provably with a closer

to 3 then to 2 . Use- Newton's ‘Method, =~ - - o
_ 2> -"*ek- +‘*ek-2- |
k1 T % T ~3 2 _g +'1+ > -
. ek 'ak n .
with a, =3 . Then .-.;a- =3 --==286, 8, 6'281{', a3==2.8396

8, = 2. 8391; " TPo conclude the process as in Part (a) try -
a5 = 2 839 and obtein _ a6 = 2. 8392 > a5 . To.three decimal places

Fo:i_low the ‘method of Example l3-2‘b. The desired root lies in' (1,2) ,
presmab].y closer to 1. With x=1+u o‘btain-for small z

<

D T _ -16 '. - 16..”;‘, :
(1) - ;f(Ax) =X =1 (2 +w =L~ 16+ 120u + 560u2 .

x-l_ .u

'I'hus as an initial estimate for the solution take u satisfying

16 + 120u + 560u F ... =48 Ignore terms higher than second.
‘1

. qu-



and a :.g .. Multiply in £(x) = 0. by x - 1 ' to obtain -

0. _
i T FtR) = o0 w8k 7 =
.and -. ~ . ‘-T;f:» .‘._ ‘,-‘ ‘ R . . ' 7
o -7 ~Fi{a) = 162 - L8 . ; "
= 16(L45 -~ %}) < o

* . For the iteration ',s:cneme; take -

~

. ais-ll-Bak+ L7

T By T T T — L7y
e T 16(h5 - =

O'btain successive]y, gy = 1. lll- p al. = 1.131+ > ay = 1. 1314- so tha;t

‘no further :merovement is obtained at this level of accuracy.

'6. Show if the iteration schenme., (h) converges to’ a punber a’ in the,ddm?ain .
of @§ , and if a 1is a point of. contimityof - @ , that a is a solu-
tion of (3) that is, ¢(h) =a . - o N S

- From the continuity of ¢ we know that for any “error tolerance V'e., )

we may ensure |@(x) - @#la)] < € vy’ requiring |x - a] <&~ for-some
positive - & . Since the iteration scheme converges we also have : T
: — * : _
' [ak - a] <€ ' for all sufficiently large k , say k > M. Choose

* - . ) v
€ .= Min{e,8} . Then lak+l - af < & whence, by the continuity
‘condition, ]¢(ak) - #a)] < e_ » but, by the convergence condition, .

lakﬁl - 8' = |¢(ak) - al < € ; SR | -c:_

- . -

It follows that . | : T
4(a) - a| < ]¢(a) - ¢(ak)l + |¢(ak) al
<2e. | |
Thus I¢(a) al ‘s less than eny.positive number, hence mu.st be .zero. .

7(. - V‘erify the error estimate ‘(l?) in the Picard iteration scheme for a
B separa‘ble equ.ation under the. condi‘tions of Theorem 13-2. = . )

&
‘A

> 160



S 13-2

For -smpiicit'y:'fu- r =2 an (17). _
&'(y) ona néighborhood of ¥y » say |8'(y)| <Q for |y': yol <B

Choose o So that the- solution u. (whieh is continuous since £t is - *
differentiable) differs from Y6 by less. than, B for . I:x - x | <« g

and let "P. Dbe the maximmm of

Let Q be an upper bound for

Then. for jx - Xgl <o we have-
“?‘or the first iterant we have \

-

ERR T - N ) x o
e - (0 - w0 = J fcg)[g(yo - gcu(g))ldg

“
. QO
L%

e L. 1

-~ . - ",'_.-‘_ - R . .

. ‘s violating any condition already T quired

In par‘ticu.lar, we may suppose

we may take &, = g . Observe that for

L ‘Then Iel(x)l <g 1L =5

.<§M— .
Ix=- x0] <@ we have

Iul(x) - yol < Iul(X) - u(x)] + ]u(x) - Yo[ - e

Ed

K

50 that ul(x) .and u(x) are both in the N:) ne:.ghborhood of. yo .

Consequently, we may still use -the upper bound Q - for Ig (n2)|

S ey(x) = JT f(g)gt(ne)fulfg)r- u(g) Jag T

'Isg(as?[<é@4€1_<'g-‘ S L

A.ga.in we have : : : , -
hay () - v,] < luz(x) - u(aﬁﬁ |qu> - yol |

. B LEe T
For the k~th itera: Pobtain, inductively,  ,

<

o8l

If(x)l “when lé- 0|<a. Set M=PQ .
(x) - yoj <B and we may take . € €y =B -

<5+ 9<B._', s



x
i
.
I3
-

: . S X
o el <“§{- ,
- |uk<x> : yol < luk(x) w0l - |u<x> vl
L <& 4 E<fs,' ¢ " DB
o . 2 ‘ - | | - .- :

: Thus the ;conditions for obtaining the necessary bounds ar > € tj:gf_ieq for
each iteration.. : : \ ' o . R

. - . -

8.' Consider . the differential equa.‘bion ¥ hi‘”?? ; which has more than one -
'solution o X = ra satisfying the initial condition u(x) =0 at

'x—O,foremmple, u x—>xlL and u:x-’o. In view of Theorem
13-2, how can.this be possi'ble‘? L e o - . o .
The conditions of the theorem are not éatisfied With £ : x = 2x ,

¥ = 2/ , observe that g® is not bounded in any neigh‘borhood of

=molution to be

8
x=0. Consequently, there is no reason to expect the

unigue. Compare TC:LO-9 s> Pe, 778 T ; s
3
. < )
. ,
. LIet -
- ‘1 . _"\ = -~ '-
.‘_". ; . ) 7 = ) ’ _"-'
e . - r . . St .
r - .
o
T, .
162 e
. . . 985 . 6‘,( T -
- S ‘ r ‘-“__ . LA - r.‘ - -
_ R = e - ‘ o
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Y _.qxact forms of the remainder, the Cauchy, Lagrangg, and integral remainders f'

-

-

- . o
. . . B

. TCl3 3- Taylor s Theorem. '.". "~ e . . %
. The, text uses the simplest poSsible approach, for us, to theNTaylor N o

approximatfhn theorem._ The estimate of - the Taylor ‘remainder is the one most
«commonly used in practical problems and is ‘easily obtained by the device of
rd

repeated integration which the student has already.seen in Chapter 8. Ambnj
the important theorems covered in the exercises; we have ‘given for proof h ;

of Numbers 8 and 9. The integral remainder is the only explicit one, since;
the others involve arguments of Fe . known only to exist by the Law of -the _

‘Mean or the Mean VAliue Theorem.' These exdct’ forms are guite useful in
theoretical iqsestigations, the'Lagrange form being the one most often en-
countered:’ In establishing error estimates for the integrat on formulas of
Section 13-4 (Solution to Exercises 13-4, No. 5) we have used \the integral

form of the remainder. In Number: 9(c) the Cauchy remainder wgs used to -
establish the convergence of-the power series for .arc sin x » When |x] . <1 -
LIt is a conventional text problem to_use: the Cauchy remadinder to prove con-r~»;
vergence for the" general binomial.expansion of (1.+ x)a tou (l + x)a when; -
Ixi €1 and this would _Seem to ‘be its most significant nse. ‘However, the
rapidity of convergence and radius of convergence {(but not convergence to the ;
function) for ‘the binomial series are most easily found by the Ratio- Test of .
Chapter 14,*so it does not’ seem worthwhile to stress the Cauchy remainder.

(See Exercises lh-M No. 13.) ' Lo

-

. o f . ‘ - . :: | . ‘: o ;;

Solutions Exercises:13-3 )

1. How many.terms of the Tayior expansion of ‘45 - x 1in the neighborhood
off x =0 should be used to give 3J7 = g-#g —"é% accurately to five
de¢imal places? '

3 ) .
L, -

For -t T x —->1/'i -.x obtain

’ f’(x) =' __l - ,x' S
= () = e — L e T
o £'(x) =-- _1-3 - . SR
) ) . ] - 22(l—x)5/2 _ < . ‘ » . . o
'..ar_ _ . o o - = ‘:_-_ . . - _ »
S T = vermry vy S
T = S T

T T I~ - S



o O o v 13-3
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‘ T.In Example 13 3b we found approxima'ting polynom,:.als fo,r '- .'arc SlI‘l“-' eg-d

" ‘not_acutally prove that these are Taylor polyncmidls by Verifying that
. 'coefficients satisfy (1b). .Show that these are-Taylor polynomials by
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- g

R

;_' - . . \, ‘ '_-----."_,
'where /an(x)| <;Ki]x ;;GQé:}',-theg | ”flff37:1f3f’“ﬂff;*ff“;:“*'{.:‘”

RCRS 012 Fem)

approaches a to obtain- cl = bl . Repeat, dlvn.ding by the consecu—- T
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a-

*=¢5§»ffﬁ:."=HJ“TTE?%ir3“~gi£-( “;a%w4

- - Ce : et - -

. L~ Ly . , o . : ( ’._._ —) k ‘ l“;_:_'.-‘A
-?f’:' %j @ +&L |(1.+ —)t' (1 =) (an+3)f S

. - . R
- T

. - ~ - . - - “y . .
A S ' ince - O < — < 1. Now, since Q < t& J, S E> _.'_ahd_ ST :
R o ) - : £ LTI oL
. ﬁ . . . Lo e - . K . ) .- ‘.. . . . - - 5 W . e -
M, e et S ,_._ g .' - s B T L
T e T -.5- l T < l ht and Co e . Sl g -.'U e T e
’.-\ e o ‘»~: . .-‘ i \.,‘. i - - - .t -.__ -)"_. . - . EEET - - > B -:_--

R S D J%wﬂ<kuu+ﬂﬂw~mﬂm4uu wﬁkjﬁf

e Now suppose . S-S'<,_l_-“' Set = %Ji’- i obse;z-fe”-thh-ti*' s <<
o » . . For n sufficiently large, n> v ;{l -s - A

I(l +2%E)tl<r . -

Consequently,. . . . _ .

SRR 'Qn“‘”<-<l+z>£l+-——>“c r>'3/2 R

LR . - — -

T . wh'ere_" -C 1is'a '-'c.onstanft' independent d’f”"_ n . Now Rn(:'c)-'- for the -
'\ ‘ . © . arcsin 'series is given by Equation (11) as '

. . P
R . . - . .

e T e ,3:1(."-.)--::';]?"' Q(Paz- e L o

R , ,‘ . ‘ S . ) L .- O e . -s . '..' .. - :‘ L y . ‘ .'-.
: . '_:(vebﬁuﬁa‘r-é' -No'_—_'T.)-; _h'ei'lce--' -_ LI _;. '
CoT IR (x)] <clxl=® ;. :
L red .T“H .’ " ) a, R oos
. L. ._:_ P - « Lo . ..-.1‘: - l +x2 - ‘A._ ot

Cethoce Lo vhere x|-< Ly r =2— “sigee. r <1 1t follows :

Squeeze Theorem that L L e AT
: - ! ».._.-'-' .:I bl e Rl ..
: lim R (x) O S . "
4 o /V:'-“.l ‘ - nw 3. ST . y : " - :
° Je - - d -




10 The ccezgtricity =3 of an e_ﬁ_z.pse is: g:.v:en by. 82 = 3_ -'.b—e— w_h"ere' a B L
o - L N———
semi~ma jor axis" and . b the semi-m:x.no;' axis. - The circle, a = b , .

- has eccertricity e = 0 , thus e measures the departure:from circular
~ . . symmetry. Obtain’ the arclength of .the ellipse in the form s = a~f(e)
' and expand £ 4in powers of-- e to sixth order. (As we mentioned in .

*. - Sectionm 12-1:-(_111), thé integral for the arclength of an ellipse cannot

* be written .in ferms of elementary furctions.’ The solution of- this ~°, - T
s exercise yields precise. &timates of 'the arclength pronded the eccentri- )
city is’ not 1,goo large ) L ) ; RS _
Se Tse :‘thé:pametm-_.gqaatians' L ) . _

'x"—-'fé cos'-g ;Y = b sin g \ E ' L

- --f"fc?ir{.the-en'i'ps.e-; Then. = = L T e e e

-

. " i . | .‘ 7_-:': R : } ’t/e ‘. . . - \ | 3 - l‘..—'\ .5\: | ‘> ; ‘

R - (i) . ‘_- T 5- '-s. _'= J -/a. "~ sin ¢ + b cos _¢ &¢ .- R B . .'. .’ )

T "‘_-,-. ’:.L " >."_‘,‘ v .‘ . - . o L - . =
T T v fa. TEET -

e ) -.;- . L ...’.: e ',}7_ .- ':\ .. - N _‘O = " - - . - .7, ‘ ' L

‘j-. _—. ’.: ‘ . 4' :"-—:l . .:‘. g i Tr/e Lo . - - =

R e YRR . & JS. - &® ¢s?-¢-~a¢

- . . . -

L e : , 2 3 T - - g
oL T — _ vt ool T~ _ .
EEOE R %”i S Hl: Nl TSk ’

. .',-A‘---ée'cos g=a 2% cot® gy 2t cos® f _ Beas g T LT
s T oE G 2y e B % 16 . A '
-,1-‘ o - - R < X _ ‘ - __\ o o - - > . e . _- "'&' . a7, . -

~. - .

L ~From. E}quatlorn (58_) of. Sect::.on 10-6 (page 57-’-1-}, we- have on tntegra.tmg, =, ":‘.--_1'_'

T e e e et 3T > 6 . I R
AR 7’-2’-’8“-‘-'5" ex "2 % LT ‘?:‘-f:]"-:-‘.":v Al T
_— ) '. o -_. . T . ] --,v e ~.\'?“ \.-- . o . ) .-- . "- - ~-..-' ;_.<._
11, A fu.nction T :Ls said. to have a zero cf order ¥z a'b = ar 1f oo, _ RO

Do s fla) =ri(a) = £¥(a) =i.. = 205 (a)  and f(k‘},.(a) £ ; the. o ie 2
leading tern’ in the Taylor expans1on of big ,at . is. :c.hen LT T T Tl

x): N - 250 LT T, o e
(a)(x - a)k . Pro‘ve 1f £ has a-”f:.:;st or-der zero at x -=,_a. then, . . +~'_ . -

. . - N . . -t < . . Tl - - ,'-".9.'.:'>

e the ‘functioh i.g. “given by g(X‘)' = f:f(x)] has a,zero of . order n.a . -

(Hlnt- Use the Lagrange remalnder of N 8 for., ) ), R Lo T

- N . . . ) o vy . _— hd .
’ ) ) . Co - : - s‘ s LA ..‘I T . ‘7. ‘ » e - - h % TheT, -
LSS - T . y .- Lo e Ty .oe - . .o

T T ST ey SR <

Co. . J— . . 4 . - . Lot . . -
- f . . . - o - v ;-




S It :EI has a, first order zero. thexn - o m '~ . »L [

C . . e

s T : -", . f(x) f‘(a)(x - a) + Rl(x) . ‘ e

-' ";

- T &
. R -I‘“ - S
e f whe“e R_L(x) = J-5—(31', - a)e for some E between ‘& ‘andy x . Conse-
: quently, we have the ex:l.stence of the limit T AR Yo
) S o . =.— f"( ) - "
Co SR ‘.>x~a(x-a) '
. It, foJJ.ows that the flmction Gﬁ_ ‘def::.ned i}\
e # A E
. I - —for xAae . o 5ot
- a o
- "Q(x) e x a . ' FY A T T ~ :
: ; ’ 7 Q ’ fO{' x =&
~  is differentisble. Thus -« . . . ="
) o st =) ) x ma)
"?' o o . »- . __= (x - a)¢(x) . - . .. - ’

‘where ¢(a_)-i’7§ o . Consequently, R

S L 1e0 % R .

= (- a)nmcan + n[¢(u) ]n'lmu)cx - a)}
where -u lies between X and a No;w apply Number 7 (thus it is g
N .assumed that g has n + l co::t:’qhous derivatives) “to’ obtain the e
> desired resu'lt. L . » e T T R

-

.. . - . . X . . %
-\_':;r . =T al vf_'v-_-; = - . . e - L . C L

' - ~ g - . .
'y ~ e S ST . . . . .. S
- . . . . . “ .

-12. ﬁ{!‘wo cur've_s aa‘é‘&ald )t.o .have a™ contact of o.rder n at a’ pon.ni'. X if n
is the largest :Lnteger for which he curves have parametriza‘tions . ‘
X = :r(t) ,‘i? q(t) ‘y respect ely, wj.th '}'{' ,— r(t ) = q(t ) such. that

/
—
b

Toa e{nd _-(n+l) (t 74 (o) (t J "I‘aylor’s Theorem can - easily be

:"-‘.':'. \ n
.o s
- extended component-‘by-component +to vector functions so that this condi-

-

-"_‘t:l.on may ‘also- be given in terms of’ Tayl—or polm,om:;.als ag before. .

f_ '?'(tg) ;4 25 and '(t )’;‘ g and = (k)(t ) (k)(t ) for ko= 0 L ;

’ .(a) Prove. that if t - is replaced. by’ an equivalent parameter, the .
R . ordér. of conte;ct is unaffecte&. _ P
F T -. - 1:;_", g ‘ . - . H - [ . . 4'. .‘. ._.__

v
..

i

Lot
»

i ' : 7--':1:-?"Set 1? ; ,,¢(~u) e: F:., ¢(u0),, .and- ¢ (u )*> 0 .- ht?o&uce-tkm

’ k = o P f_. 5. n and p{kﬂ')(t ). ;é O“' I:"or .the composit

- e
T P £ X .7\ - - - =
- T L. - N - ta
- ] = . . e - °
- 4 » . = o -
« ' ) L e 110000 . :
. - 3 o= .o~ ] . ’1 e ;1 . ~ -.‘,_

-I.: q .. We are given that Aky(t ) = O for



J ‘function = . 1.\ (¢(u)) we wish to. prove simila-rlx that
o "(k)(u ) =3 fort k = o, 1 5.2 ,% 4. , n and, E(kﬂ)(u ) #6 |
o {In this we . assume that ¢ has as many continuous derivativee as . e
L ‘we may need ) "Note that,. '_ o o- .;j T -4_ N
T o L ‘-?r‘(u> '=3(t) L A S
se L ) = §s<t)¢'<u> ~j | T
j.. ) = = t)[¢(u)] + Bt (t)¢"(u) / o Em
. .‘;_"ef We prove in general that the k-th derlvative of ﬂ 5 where
: v k >'l » has the form N . i L }'
. . & . . # : ‘ .. i -
R xﬂ_i‘“%w;f&%ww%wﬁ *&l%wf() SR
e e o + glk-2). (e)2,(@) + .o +FOR (W

R

-

-

. The result has been. proved for k 1. The argument is inductive.
T s oIe (1) holds, then on dlfferentlatlon with respect to u , we obtain-

-

1)
-

| 5
e .' o : ' *(k)ct) {k[¢"(u)]k ¢' (ul + 1 (u)¢ (23775
| (k- l)(t){f W)+ gy () cun |

. ,-.‘1 . . .;. . (t)f (u) - : _ | e . L

R . which has ‘the same general form as (i) with k replaced by x4+ 1 2 -
- " " We have . ﬂ(u ) = D(t ) =0 . On teking u = Uy, t.=ty in (i) »H -
‘Ywe obtaln further ﬂ(k)(u ) q“\~ for ' k=1,2, ...7n , and, . .

Ly ’ ".. --‘f’

_ . "
| L ' T +1 i+ +
En )cuo)-~= nlct RITAS Jnl,éo.
”fr“: {b)i.Let.ts‘ and - o be arclength along theésurves_ X = r(t) ‘and
“:'f-,:. : ?l; q(ﬁj . Show if the curves have cohtact«of order n as defined ;5'-f

in Part (a) ‘then the’ parameter of Part (a) may be replaced by arc-_" N
leng&h- i.e., for: . -

o . s = J- -[rtgf)ldr and o = ;['~ 1q'(1)|dr P
e T« T g - S LT e
£ - - . - ': 2 --’- -- , _ -3 - . . . ) oL . .o )
- v T ” . - .~ -l ‘! A ' / ’ - ’ h o : ,{? s
. . . . .. o e - L - . -
,‘, T~ :‘.-L : "“.‘ 4 ) : L - .
'iu ST S LT e - : L S
T T T N o e ST e Lt T e
LT - _}Q?iftl 4 o T T ST S £
- : 4 . A TS T s P
> - - = ’ g - > I . -
L. d ] } . ) Aot -



T, T T e o o . N : : -

L Tl o we have - % dk?; . _' where 'k=0,1,2, .%,n, and .
. e : ds -do cr=0‘ - _ - -

i.' s . .ot X S=O

_ . n+]75 # dn+lr :
N s ’ ',_-'. as® " b P L "’_O o .\

“ e ‘This result implies that order of contact has an invaria.n:t meani.ng

. o inaependent of the choice of the coordinate frame- or the method of .
. ) parametrization. E:nploy the chain\rule to'thta:Ln

a’-. ' ‘_..' . . - d - d dt Ii'l A . - : _’ -u: o -_.:-

Qa

. '_where the 15rime indicates different&ation with respect to t o
- - '_.Differentiate repeatedly with respect to s to obta:.n _ k \ |

RSN Y e oS i*('rf £ -

2

. .;_ S B ‘ds lxg] leJS : ) ‘ ‘ - L ;
’ o '(compare Exercise -ll—-‘j, No. 1&(1:% and, :Ln general ) LT
"- -&: -:\g_ ) .o~ . . - :7 L '.:A

‘v-/Rk(]x'l,xt x",'...,x(k)) - e ”

- ¢ » , - = ) S _ L .
, ﬂﬁfe’ri%ﬁi a rationgl: 'c'on_i"_bination ofﬁsits:-arémnents.._ ‘Stmitarly, - :
_‘_..“;-_ . - ‘.’ . ST ,‘ . B R 7.-_ o . -- . _k::_-._ N '1

) . . R : o T, _. _ -
- o & ' (k) o LT
. 5 L d? Rk(lyil ,Yt ,Y", .,b..,cY ) o '—. . s o

Since: the first -'n derivatives of X and Y. . are the same at -

N £ kX ¥ . S
- R 0 it follows that~ d—- d fOl‘ k -‘0 > 1 2 3 see DS

’ - ’ ’s dok . - _;-':.

. A Since n° is the: largest such integer, we éonclude that . N -

_ n+:|x gotly SR - s g T
) ;Z . It fcx’Llows that order: of” contact coul& have been .
. ) ds\ cn-!-l .

~-  defined in Part (af as the order to which the Taylor polynomials
- -.'.-_ T '-coincide when arclength 18 taken as the parameter. :

-~ . ™
-

L (@) Show- that the curves ¥ = f(x) and ¥y = g(;d h.ave a contact of .
' oy ,order n at x = a if, and only if f - ,g has a. zero of‘ er '

n +1 at .a . X 4 _ P .

s 2 e ‘ _ L : .’ . c T ‘ .; :

. . 3 o o ‘e . . .
: . . . .




had ran - - Y "‘
P PRt .k T SRR ., I3
: First from the definition given in Part (a) o'bserve, wft.h x taken L tLT

o in place of  t as parameter, that 3L f - € has a zero o:E' order e

e E z%+ %t +then the orde.r of’ cont-act 15' 1:-.'. n . W’e shall PI'O'V'e: =

L 7 using Part.(b), that if the comta ‘K. f c-der 'n, then .~
(k)(i);g( S(:»c) for "k = O .‘ "".".:,n,namelythat -°
it T e-g has a zero of order at least ‘n'+ l . From this pair’ of - -

_ - T propositions the result- -follows: -if . f - g )has a zero of order S o

- A“', : .o a1l »- then the contact is of> order ‘n or higher, bu']: the order, L =
| o of contact cannot abe higher than n for then the order of ‘the zero o

_'_‘1 - 3 would be higher than .n+ :L, ; -the converse follows smilarly e

Coe R . For. the proof set y f(x) s Vo= g(u) fo;r clarity and take . . T
® U s and - o_ » respectively, as )arclength parameters on ‘the. cm:'ves with N
. S : : e
s = O ‘at the po:.nt of contact. If the dontact' is. of order. n s

then by the resu.‘Lt of Part ('b) with /X = (X,}’) ¥ = {(u,v) we have - ../d

a9

Lo % ck ,for k='o',1__,_é,"..-._‘3 , m oy . )
S e ' |

‘ ' -—': ._:-7.,.-_ - n+1x i

v‘.rhile
ds

.a+E # : n-!i. - wa let..' ;gt_k)_‘., (k)"*' denote k-th derivatives ‘__ "_~

o

s (x) (%) » |

P with respect to s . and u s VT, k-th derivativ
' %0 o ™ We.have xt

with respect
u’ ;é 0. R

n_

. 9 811d > in gene l » :‘- = - . " .
- .-" . . . - : . -

CL

R

.inaifibn "o'f its .arguiﬁents_. S.i'xg_il'ar_ly'. . '.\
ok ) (}:)) L
: C T

"_.-:u'(k) —_*x“‘)., emd o
A TEE
It follows that i—% f - d
R ~ -ax” au|, - - :
SR L X R RSy

3 *’,'l_,‘.g-',l_...,n _namely that f - g has a zero of orde}
or*higher, as we sough‘([-to prove. - S LT

R ., .- . ".' - - .' ) -
: . ‘ . ° -7 v - N + T . -

- . . A . _.._ -

S,
. L D
-

_..'O

JCosT T RE e




Sl ;along the '“__ XK = “#(s) , and-

» o 4.-'"_ angle subtended by .the arc ;XOY"

- . - . . "...

13'.';4 Infinite order of con‘tact a:b a g_iven point does not necessarily imply
- that the two curves. coincide .on any neigh‘borhood of the point. - Show"
that the curve :

o e _ y= 'e-l_/x, , for x -,40 . i -
.'.."-".'_i l _ N O .2 fOI‘ x =0 '»‘ .':A':'
h‘as a con‘tact of infinite order with the x-axis at i‘- 0 - "

PR

EIYS
[P

<
e a4

" Show that all'thé'derivat;yés,of'.y vanish at x = Of? ‘Thué"“ith‘-

. .
- Zz = _l_'_ : - .~ )
= 2. E : * . = - P 5 ~
- x . S w
- N hd -

- Lot T = ——

T A 2 _ e
- PO ol LU
S .. : “_x»-O : 2~ e

t : -

. L LT '_?;._'.i --l/x:-’ for.x;éo ' |
o o . ' N ¥y = i - |
o L i e, ,for‘x_=-0.

' .- is con‘tinuous In general the derivatives of1 ¥ have the form

. Ael T o T 2k+l 2k.. "7 k"'l .
- j’ o S S i | .
BEERIES S lO o ';. _' - for x =0

_ and by differentiation and application of Lemna 8-3 as a‘bov% it. follows e
. 1nductivehr ‘that if (1) is satisfied for any value of -9 _:/it is satis-";f";
T fied for all lé:'ger values. N - Lo s

"' .
(a) ‘Shoow - that the osculating Circle to accurve’ at a- given point has a -
_ _ LoSD LT contact of order .2 or: more. E ) _ ‘ i
“’q - v, ‘_' . S . L " A

S Let s denote arcleng-th measured

.o 2 arclength along the osculating
cir‘le, Y= g(o') "5 to the curve T
X—f(s) at s =0 ..'I‘he central

Fl

T - L S i . o - O
Ceu __.'._.’_Ls_ KO' (see f_igt.u'e) where K i;s‘l -
- the curvature, that is thef:.-

' from Lemms 8£3. (Here ¥o (k) _ W) Thus ' ST
e D - o , <dx 2Lo : _ ) T

e



B R Y R o
SIS '.-,__'-“'__.mw..-re-eiprocal of 'the dius. To second order, we have for a point. .
IR ':‘.'.:g of\the curve, R B

-

N - "" . - S P _-.- 2 i . .
R S Rl R 4 shE S 4 ,
:-\ " ~(i) X —- XO + SXO + 2 .TO + -f- .,
A o-r T __ - a. ) v . . - ;

. R A~ > .:i._
‘# _ ey .X’.,_XO-!-StQ_-FQ

Fon a pointC\I of the osculating circle we

component in the direct:.ons ‘of 1: and ‘5
! - - '
e '

R

ve .._c'qn.f:r'esolving“inta' S
. o e - sin Ko.= _cos Ko = ' o

.: - '.Y"“‘ < o T Tk Tor
X - "‘ -ﬁo . - . ' ‘ . - - . o -

. where A& . Xo + ——+ is the center of the circle. Eipand sin Ko

g T and cos Ko to second order and gbtain ' .

ST -_... _ﬁo. :-
) ..- . .—7;7“ . ? - (XO _+ -?) -+ o"-to
i - which coincides with ‘Fi) +to .the "s‘pa_'teq- order. . N o
.o - . LT . oo A L ) _'.‘ - ~. | .- . * ] :

e : C ’ . - -
- g

(bNrove ‘that if an oscula‘bing circle to. a plane curve has &
-~ ‘contact of oxrder 2 then it~ crosses the ! :

’ of contact (Hi_nt. u_se the resul‘t_of No.. ) '
; T Cpoose a coordinate system in which 'the origin is 'taken a‘b 'the :
Cos point of. contact and the. x-axis o e Y < o L
. ';lS oriented in the direc'tlon of ' E - D
_ the ta t- {see figure),‘ In . >
‘," this e?:;inate system the curve _ -‘-'
Lo S.and 'thfe\%gculating circle may be .
;_described 1n a neighborhood of - - _
,_the or:.gin as the graphs of func- o,
Lo 't:.onns- \f and. y = (x) o
PR 'respectivély Expanding to third g
X ordez\, we have S ) .
"~—f e ‘\ s % f(x) - S(X) =‘ &3.: + R3C’X) e T e e
.~ "+ Tvhere; by Number ll(o)?a ;é O . Fro ‘I’eylor s Theorem we ‘have -
o |R3(J<)| <.‘bxlf" for- some positive, HB Consequently, for x £0
’ f(‘x) -g(x) =ax3[l+e] . '-—a ) | .
S Pk e g‘ o — .



"

E “:\ E defined 'by this . inequality the sign of 1 -{- ‘€ ‘is positive. Cona- e
.-.- };_ﬂ e Sequenm :.-... ‘ N ) —'.-.. . o ) - .

deleted neighhorhood of "a ', and lini -7—%— exists > then

namely, £
L s from STy = st T eta¥ = 2k
i between x and a. .) In ord.er to use the- approach of Tay or's Theorem

seeonq derivative and obta:i.n onIy "_ . R ‘ | =
N CO T _a m Ex) _£Ma) T T

'vhere_-; - '_:"_: B LT : . S -_.‘;_- \ \_ o '

- le! ’ l (’1 <1 , «.,

i . . . - R : . .
___,‘ »'. e, -

provided . '[';E‘[*«“: -IiL' . In the neighborhood of the po:Lnt ofy contact

e

,ﬂ'ﬂ.

‘-—_-sgna.xl3

ss the’ point of c¢ontact.and '

-

.-.-4._ - :_.; o . \/gn(\f(x) - g(x))

| Thus the sign of £ -g ‘changes at
we conclude that the two curves cross there. e - . T L

5 Th.is proof requires existence and continuity of the fourth I
derivatives. Alxematively » requ.fre only existence and continuity
‘'of the third derivatives and use Number 6. Since the thirg deriva-
_'tives of f - g at xo is not zero, continuity guarantees that it ey
has constant sign on some neighborhood ‘of xo as the proof of
Number, 6requires.. ‘ ’ ' R

, Note that the argument applies to any two' curves which have .
i ‘a contact of even order._ If the ihtact is of odd order the two

cu:rves touch but do not cross.. .
Given y = f(x) ‘and - y = g(x) have contact of order n . at x a,ﬂ_’and
g(n-!-l)(a) ?4 o , prove th&t‘J . ; ) - : et .

(). f()- ; SNSRI it () NIVCI LTI
8‘;:5 1 fz? ot & ¢ Y.'=_."."=‘G+_l>-'§a_)"':-' & .. -

H:

T Xee8 - 8 aj -

5 most general form

- and - S(X)*O onsome _

-

' -]1:Lm £(x) lim f—((’%)- (The ?roof of L'Hapital's Rule follows dizzectly
- - o
‘from the Generalized Law of the Mean, Solution to Exercises ll-M ‘.No. 10‘ B

g(xj-xagr L

£(x) _ £(x) - £la) _ £'(u) -

to obtain the. first order result we must assume the e.xistence of a _' : :

S o S(X) g (aT - . <

e
L e




- . g .. 1303 6
) 5 . ‘T ': ! . ‘- , " - A
' :'wh:l.ch has meaning only if g (a) ;é ‘5 Thus lim z :) may exist R
: - - - . .
and’ L'Hﬁpita.l's ‘Rule still 'be appliceble ‘where (i) is not. The -

e . '.-difference is’ not so important as may, appear ( except in. certain singu.'l.ar
0 cases ‘like. lim x log X — )3 if g'(a) =0, ana the limit -
. x~O 7log x .

-

DA %0 .
- "eocists (thus . f'(a) =0 also), then it is usua.lly possi’ble .to o'btain o ‘
‘_the lim:.t by go:.ng to higher derivatives as in this’ exercise. ) _‘ 2
] .Assume n + 2 contmuous derz.va.tives._ Then\‘by Taylor ,-.s.~Tl'1eorem,_ [ERNRT
for k<n + 1"" v S N . -,',i..'-&-' .l
| <k)(x> ‘n*l)(anx : a)n*l + <n £1 -0 ()
where in some neigh'borhoed of & . 0 | e
| R | | a2 .- | <\
) : S L : n+2[x-a| o e
. = . I¢k(x) | .< (n + 2 - k)' o=
-and R ‘ < - " - Lo
o Bk I in—i—? e e ’
' N(x)l< (n+2-k)' ’ - t-
' where A and B. are upplr 'bounds for ]f(n+2) (x)l ‘and Ig(n+2) (x}| ,
_ respectively. Consequently, : _ _ e B - :
% - (n"l)ceo v e1<x) - .
IR x~ag ()+€(x) _ - -
: where lim €. (x) = lim ‘e, (x) =0, frOm wh:.ch the result is imediate._, :
‘ gc-_-a i . Xl
» Al‘bernatively, yse the Lagrange form of the remainder from Num'ber 8
and assume on'ly the contimn.ty of the (n + 1) -th deriV'ative." _ _ -
3 / 7 _. - _" . N | .. 4 - . - 3 | . » S . - . . | .
. In this case, L’HGpital‘rs Rule yields the :valid result ..‘_ 
1im x leg x =1lim x’ (log x) 'bu‘t it does not help in the eveluatzon of the
B a1t - . X0 - % s
limit. For that, L’Hépital's Rule mus‘t be extended to the case lim f(x .-
' lim g(x) = %: where in this example f(x) log x and g(x) ’}x—..- - o -
X~a. I _ _ oL : _
h : . : _ . ) ) ) .. R . . * . C e ) . '3@
wll Toxt Provided by ERIC ) o _: . ' s - . . . ‘» . -_'._18 s .b‘:‘" )
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lﬁqa:lagﬁhe light of Number 15 calculate“theufolldﬁingilisiia;ﬁf_jfjﬁ’e,.:I ;_*:i%

ey

()

- 17. .

(1)

=a'. ..

. ~ -
L )
- - - 0 N ‘.
~ T =1 * .
" .‘ . [ .
- = e . . -
ot .
.-t .
- K- . -
= 8 . -

'tan X=X . “’ ‘ v _V T REPRALY

X - sin x Lo e T

X - sin x _ " 1 -
x~0 Sin3 x D . |
X "= n’; -

lim (x - x)ten %7 o= 1im - . _

x~# . : L= ". .x~ﬂ ‘cot é- . gé

.. sin X - sin a.
X - a '

H
k
I

‘ces a. .’ (The .result alao follewa;

| x~a . L B directly since the 1limit is

-'EE{sin x)l

= 1im-X log X -x + 1

. '+ - _1
- _ leg x x -1 . el (x - l)log x 2

1 1 - ox s -ac:

K4

If f - g has a zego of order n at a we say that g(x) approxi-

‘A&
(a)

mates f£(x) in the neighborhood of x = a  with an error of order n .
'we also say f(x) = g(x) + A(x - a) plus terms of ‘higher order (here

(2)(a) - (2 2y |

- adjacent perpendlcular sides’
of length 1 and two-other
‘sides of length 1 + x , . I

A ni )
Let, Si s 52 » s3 3 Sh be succe551ve sides of a- convex quadrilateral

An ancient Egyptlan document glves as the formula ‘for the area .of
the- quadrilateral - “ . ‘ :

E{ . + s, ){s F sh).; S é

_This formula ia eorrect fOr rectangles but is not genef&lly vaiid."

For a Quadrllateral with two

(see figure). “What is the_};.

\‘order -of the error of the = A
Beyptian formila in the ' .. 0 g
neighborhood of x'=0 ? °_° "




‘ -~ N fola o Loa [ oo o - i -
t‘ v el T /fja -~ "/. NIRRT o
y s L "“~‘ STV NG d :
> The Egyptian formu.la yields the approx:!_mation ‘ ;é;
- : CIE - S
-_ e (2+x) ,—l"'x"'T .
vy ... .From the. adjacent figure; the. o~ - ‘ .
e | correct valw.{e is, found tore /0 ] NS e« '
._-1‘7..‘,.‘>;~ _. N ~A‘= 2 M -
.=-l' T*. x ‘_- % .gl\’-.‘.‘ N -
The error is ;e,ecer;d order in x . . ' L ,l R S
LT _(jb.). Let s  be the arclength measured from X, +to X along a plane _
e curve. Determ.ine the order in s +to which the arclength is
. approximated by the chord length £ = [X - XOI . and give the error.
to lowest order. ’ ’
. A P.
. _ I ' .
Observe from Section ll 6 Equations (10) " (ll)
}t 2 +s1—, + K -s——n + (K lK2"-E)+'.'.
o) o2 7? 0. - "t
) -' where %O S - S 0' are, respectively, 'the tangen‘c normal and
= - curvature at 3 =0 . It follows tha‘b | _ e _
T 25 A L L QQ
7 i ' . o -

’ _.S(l - _20-15_ --F' ...) '; ; | ‘ LT i

- .. Lee T ST e

- . * . . L. ..

" The errof is thjrd order and, to lowest order, it is SR

23 .. T

L]
C'l:"
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: sufficient nmn'ber of decimal place. L R o _ '; _L—' o ‘

-

ST mmse oo ¥s= Booogo L\_

IRt < PR "JE§Qn
.- . «:. -~ .
-, 2 PRCS -, . RN
13-4 e R :
. “ N . .

prac'tice, it is import_ 4 "to be alert to other sources of error than -
the one we have treated ‘in this- eetioq, the error in replacing the integi’and

'by an interpolated poJ.ynomial. Typiqa]:ﬁ'; -tEe fu.nction values yk' caxionly '
'be given approximately -Round-oi‘.f e_rror s.-toO ,' mnst be accountedt;or. Usually

;‘ these ma‘tters are taken care of by. carrying the .tems ‘of a computation to a . 'g-

‘_1..'

te

We have not derived tHe rigorous es&imates ‘6) and (Lh?f b.rt; preferred 'to ‘
‘obtain the estimates. (5) and (13) heuri cally There -ags gpod reasons for '_‘f'.
“this. '.Ehe heuritic approach tells us. W) 't b0 l-ook. or. - Ve qxpand the Efg-'. ’
tegral ‘and’ the approximation formula to ‘the order at Gh.ich the Taylor eXxpan- .
slons first 4ai s o The errox 1:o Iowest orger -P:Ls ‘then k:n wn. A rigorcrus
erroxr bound can then be derived by the method- of Exercise 13-11- 1\1"L.:::1‘ber >
Moreover, as we saw #h Example 13- li- 'l:.he nonrigorous error estimavmay be

_more accurate -than the rigorous error 'tolerance. . : :
. (L B B

-

L . \ a
(8 "

Sclutlons Exei’c:Ls es 13—14-

_.—\ . . s L i :

A (a) Estimate e 'by approxmad:ion to.

ol : 1 A - : . . S
[ : ﬂ . 1 . . . L P
e . = _dx - ‘ ) . ] ' . o
L .‘1:, IOIH;E_ Ty T

We give the computation by Simpson‘( Rule f-or ; _];o__. T i

Yo =-1.000" 000 O ”'Mo 099 o - L

yé_:: .961 538 5 Ty = 917 4312 B

o Y = _73? 29‘1,_; YT _.6_71--11;;:-9 .
N - s S TR A S
LTI T BO00000 . Tt

- Simpson?s Rule gives.

;f “jl'[ (yo»"'ylo) +u(yl Yyt y5 +y7 +y9), + 2(y2 -!:yh_+y6+y8)]

-

-

Tz ifl 5.+ 15. 7246292 + 6. 3373151;] -_.785 398‘2 5oL g
- vhence :a-ls3.lh-1593 . The result is accurate to the °num‘ber oi’ -

> -

‘ - _places g:.ven. K I _ — o
. T T - S -

S F
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-
s .
A

. t
: ' yl zi.i: v, y2 £l 1. 1.511- :

()

-tﬂ'he only Zero in the. :!.n'berval occurs at u =

Ay s >
fz@n.axlos =TB 5 A0 3 wmemes,

B - %

. N - ._.. i _.‘ Lot " N . - LT e . P e . . . . -
- This- - ‘use Simpsdn s Rze for "n 2 and o'bta:l’.n yo =3 l OOO

ge. ™. - l

. : . .o e

e o . T mos 31270 ' ) ' ' -

Estimate how large n should be taken in Simpson s Rule to giwe . P
accw:ately to 5 places by approximation to the integral of Part S

(a).“ IR ; -_ . ‘i i ~-.;*

For the error in x we have from (lll-'b) [éFS —i+-;; . We es‘bg.mate A
. B : ‘l&Sn" S P A

o - - - -
. AR

-, . .- ; ’ 5 - N
M‘J - - 2xlOM !m o
&) or’ nh > h' > i x th' 3 whence,

Y

BEED I caz10 Vgt s

e o : _ R L

T setimate; ¥, Gfteremtigte ¥ ui_xz four times to obtatn [ .. - -
e T R

24(5"‘ -“i0x2"+--l') 21&(511 - 0w +1) -l e -
(1+x)5 . (1+u)5 ’

.- R lN . - - o -
whe:r:e u) x2 . To deteznine 't:he maxim:m of y ‘on [0,1],
locate the zeros of - - _ e ) ' ’ _
ERREE gx"'@ 120(3u - 1) (u = 3) e S

- & “-._- (l+uJ

. . - N . . . . H -
~ C . . . - . B - . -

. ]

e

-~ , - .
and we hatve as S

W]

ca.ndida‘bes for 'the maxim:m Co a o - - oD AT

- . - .o

i .‘ ". ‘,‘;' R . hz_:" - i . . . T;,;‘— : . i\

"-?Iial‘-i” 2u| T3 . -~

N 1< & R

et
PR




T 13-k o ) , ) U
) T]:ms 'the maxinmm occurs at’ ._:u—-.o a:ddwe take " M,+ 2h #:Ln (1).-.

S Observe fbhat ?-- 3— <'J_l So we maty teke | L o :

- DTe T e e - 210 ﬁ ™ lO X’ :L.82 ~ 18 . R N
oS oL LTne LT ~} : ) ) o - T
e T This is actua:l_ly far too large as we. lmow from the sqution of
o5

- P - Part (a) A more realistic procedure wou.ld be to attempt to est:L— ' -
' ' m’ete'»_'e with the help of (12) We would then ob'tain, T . Lo

.-

- . . .- - AU 5 ’\-_...,-._.“’:"“ T - - - ..: ...'- . . - . /
A Y . ," .. ] - e 90{yl 29'3 ji"--. + y l] Lo T o ?:4--- . R :.:_

{ P

‘I‘his sugges ts - t‘hat -=the sum be epproxﬁ'nated. by a Riemann ﬁztegral (see ?

A SR *Exercises e-h No. 20), that 1is,. \-.‘ S T e T
;\-. ’ :‘ r”-"‘: ,.-' J .a..»‘ ‘,’..‘ < ‘ _. .-l: -~ — : .. _.--‘ - : '-.-. .- L fAa

e L : Lo : .- : T L.
T LT f U — .o T
- - . . m_ . . . ) _ R

T R T L O P Sl e T,

whence p i - ” -
) "(ii) : e —g—[f'"(b) - fm (a)] .%}_[fnx(b) ,f:n(a)]
S . 180m . |

A L P (x) = . o |
' -7 vhich, for ~a’= 0-;,::,-— hi g yields -e = O - In. this case, (:Li) i,s

“ih.0f no use -as it stands except to- indicete that (i) yields a8 gross ‘
. S .-.'f.overestimate of the num’ber of partition, points .nee&ed. . (We could i
' -_ . ff co.urse,‘ es‘cimwe error in the- error est:unate which is. "
- S ob'tei_ned by, the so-called Tangent Rule of nmnerical integretion..-.‘
| ‘ R '_ This yields the. error estima‘be, subject tp f'" (b)f- f’”(e) - 0, )
SRR ﬁa?-tf" [CRE (a)} B o

. - Applied to Pa:;t (a) this yields ‘n.>5, 2 . Fo:s‘ n 6 Simpson s
T 2 Ruler does_ yield. accuz-atﬁy to Pive. places 7 = 3:14159 .) For the.
RS '="__-;; :Lntegral cf Pert (a) the errer is positive co?‘er part of the in‘begral

~

- . .
- - - . . -




cancel and the result 1£ much

M / ) .‘ .c w0 e - ’ 3 .
s . .‘. L. T R ] . .
N N R : e ] . .o
T - - S . \
s : - RN /“,
- ’ 2 :.' ‘..' 4

er ‘bhan (lll-'b)- :Lndicates. % _'

L Number 2 'below "the estimate (;Li) :
e ,

directly usefizl e

< - -

e ‘ [

2. b‘btein log 3 to four decimal place ‘aed ‘

x . ) S i ST . .
l-. U U TNO T L T e e

: cy-by. nugz ica_'L integration of

H - . . B AT e . . A . -
) L . C LT Lo . B s -

Use yu: =.?(—) '§!I n (11) of ‘t.he sohzti‘ozr to Number (:Lc) to o'tain )

C . -
- - s -

the:,_error estima\for Simpson s Rule, ) . ST ._ . -

S f- 765 16 m@(’ﬁr~ T S
L s ae ETE ”’_r[- _E . o :
R . 180n " 15m " R

" where we ignore the tern ﬂl_; - ImPOSe the condi‘tiqn iﬁ or
SR 3 2xlo

) 3 o o ' o -\._’, Y
e s < /;,o / 3 P 10 2. e L

.+ .  Since - n ‘must be '_even, take n = 12 . (Note that (lli-'b) would lee& to
S "n =18 ;)_.For‘:c‘:-=1+3_, (x = 0, ..,12) o'b'tain. S

id PR S

© yg=l.00000 .

L ¥se 033333 S
: c - : Co = .750 00 - . Tar .
_.*\a=.l-..‘333.33 L - g 8

- o — N . . T ¥y, = .600 00

LTy L BSTAN i s E -

: DR v, = 666 67 o T ¥g = 20000

s T 3 ., oL S ¥g =~ _.-1*28'57 o

. Ye ® . 55 b5 .7 . ) :
: . 5 - - . o v = .375 QO .- o >
o T y_(ﬁ: . 1“00. OO ; - : . < = - et :
e ... e= 2.65357 ‘ ;
S I ® o3RO { © .  2e= s5.3071k

. v=3Bgzmeo. v T .

- T kb =13.93% 96‘ 0 : -

.
o

- L ‘3= %g(a

.... . g r‘— y l 0986)4_ . - - . . . -

'.-. PR -‘ A < . L ... . . . a - - - ‘ )

In fa.ct, to. ﬁve-place acau.’cy, S e T . LT e R
Rt L mesesaml Do

Qo . ‘E - 1013 ’ v o ' o ‘,

CERIC s R 190 A

_ 19.77543 - -




v

* . ) ° -

. T e = . : . . - . . . —_— : i - } . . . . . .
o _.”-;.g‘.i. ‘:_ (/ - i o Jgggji :u e ' o co ]

Ix}

e  ;:°f Section 13-1 Equation (1)s (Hlﬁt-- Compare Exercises‘lS-l Number.e.

e . - B A' ) =

?J*.":'? . Use the substitutions 51n w = 2 5 cos w l _.%r to obtain regular
a T ' algebraic integrals.' : . ' . . .

-

ﬂj;ﬁié""” Simpson s Rule cannot be applfed to the integral as it stands because the .
.. ;,1; '-integrand is not-defined at W Z . From the observation in Exercises
SR 3-1, Hhmber 2 we have - . R i . § _'_:‘
. s 4 T\. _ : SR oo ST T
e e 1 }’-‘/2 av__ '_!["f/3 av +.J"‘/61 av - o
.._" . ) e e -“ 0 ~'vYoos -. . _F—QOS,III - % S
- ’ " Use: the substitution -sin ¥ = e fo_obtaih v e o oo
, _-_ - .-- < - . s . i .- . - '. -
‘ o . i 6 REAE . PN ’
SR O j"f—d j e
L 0 T TN N L
. ; Con e, L
e and &’ﬁ;ly 'ﬁlf =1 ? ':r,oob'tain e Ve _ )
. ST T . ) o ;. - L e
» L >
4 s e x/3 ' el
:_'f,vf_ .Eii)"f_ . J' .dw 2/— J' dw - e oY o S
°-"’°°S‘lf 0;/(271,5)(4_ 2y e e T

-
- - .. -

we use Simpson s Rule with n : =2 for bath 1gtegrals For-.y = ———%;;F o

- . . DTN P -
. .. ) : . . - o Tar i : - :
. - : . . . .. Loat L e ST g, s . LE
. o. . . R . f Lt
’ 3 . - -

- - »
we have - L s

-~

<. . ’ T-"_‘ _; A o - . 3 -~

- CeT _'- . ST . .' . '~.= , -.--.7 ‘-‘ ‘- | ’ . . | .
IR A T T S BERPL RN S

N S ~. - D . Co et
- * whence, .‘[- ;r-ﬁgi_-z‘.52h. * For - z = - . » We have -
' S ’ < ' . ’ [ . bt
. T | ° 4£ -u . _ *J?E - ve)(h‘- v ) . - : - t
- - .o I S et T , e T T
| 2 % 356 , z. =% b39o 2 s 5TT® - L .
o . 2 l b4 2 b4

. U _ o ) A i _
’ ‘ : ’ = : = r . - - . . P -
S " , e LT , . S : - o

- . -

’. whence, . =, S ) e o R

¢ T . * . : ~

@« AP S . St )

= = 7. | 5:_ ..N- J' . - dv - g 16 . : ;, . - - Do

o . T . . .
7 - - ] . " . v . c. ‘ 7_/ )
- . - - . . - . -




X ..' Q ‘ < -‘. -
" N I: . .
0 - . ST r ot \ S .. l B;h
. ) . P .
.- o : . - T - _' : . . - . T e
L . o e .. " - P

Izefx.guo 266 :
- in the range indicated in the soltrtion of Exercises 13-.‘L »
- . Nugiber 2. | . o S ‘ ,_ U

% o ) . J. (x - h‘)(x - 2)x dx = ’O - ' . ) » ) -

Simpson's Rule is exac‘t: for cu‘bic polyno' als.' Apply Simpson's Rule
w:l.‘th n—1 . - ,‘\-( * DA -

e ' N . e ’-

.\Use the intfegra;L fom of the ‘I'aylor remaindor to o'btain the error bounds
for = .

- (a) the "I'rapezoid, Rul_e- g;i.ven' in Fo_rm:la (6),' : - /\ Ce
. SN - . C - N o ) o g o N . - .. . .“—. s
: . . ~ ) N e s M
T ' With ‘thes remainders in the form given by. Exercises 13 3, Number -9(3) 5
v Lwe haxce instead of (3) - - ' ) o
- . \ A 2 " : . T
xk -ffoéx =y '--h .+ }k-l h2 + l-J’:-ck“ ( - _ x) f“(x)dx‘ S
- L), TR k-E 7 T2 2 "k
- 3"1_1 O x.k_l_, . ; s
. ’ e . 7 e L
an&, instead of (1&), - ' _' S . T
I . ~ [ . N .- o .'-‘ - 7- - - }
. -', - . . ) Ame -l y]; J- . \\ .-_11 . . .= ‘ o
R T ; : - - a1 rr . -
g ; .,E(Yk-; ¥ = yk 1h - J X x0T (x)ax o .
A .. ) . . ) P o - . . S . ) . 3 - . . N .
v . These results 'yi_e}.d ‘(—'\‘I::_'i.th.:the .obs'ervatignﬁ X=X g 2 xk--x)

Lo e B X, e aa? L
I LR E _ '. SE (%) {%(ﬁ-x) -#}@L ' -

. ?,-‘_: - d - U '.‘l =" | | ' : ‘ ) .
T N, - -ik \ e - ;.' oo -
- N S%J: | Mz)gh(xk'-zg)(- (ﬁ(-x}g}d'x'.
. \ -7 . 1 T -.;°'" Q-',.“ T e

) o . ..} - .‘J‘ ;.. " --' * g b(fdz:z'nﬂ..a c_ontihgea)

’
- '(5-;

‘ ,.~ .

_‘

. . .
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5?{- 2 +- 3 .46} ' -
—_ o . -1
SRR R ST -
e
S TS%:}JB )

(b) Simpsonts.Rule given by Formula (13).
i

. - - } .
Use the integral remainders in the derivation of (10) to obtain.

xk-!-l ‘ yk 3
J f(x)dx = 2ykh + 3- h
-1 ‘ an

L [ “ 5
* 2k (g = %)€Y (x)ax

1 [(x1 %ow ¢ a
. + 5% J. (x 3 - X)EY (x)ax .

.Similarly, with integral remainders (11) becomes

- ) |
3 Ve + by * Vel =2k Y 3

J’xx-r-l .
+ 2 (3, - B)3EW (x)ax

X .
~ | J'xk-l - .
| fI% - (x, 4 -%)72™ (3 . .
For the error bound T;Te then have . _ \ ‘
Kpeal h( - X)3 ( - x)'lh
NI Y P ISECEEaRCEE A N
- ] Qﬁs C ) -
‘ . X D R I
+ % £~ ?x) = e 2% dx'
Z 3 < 4
= S
<EPUE - AT+ -1 - )
Sf%.zp . T ) - '
v 1016, . £
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a

) . s ..
) P ERE I

:'.- - ) . n P - - ~ ‘ .
" Using approximation to the integral J’ .log x dx "~ obtain s inequalily
. ¥ L o . .'. i . . ) 1 . . . R .
. of the form ot ) ' - _ .
: BRI . ] o’/m (_)n<n, ; : o
(Hlﬁt’ Note that the extension to the 1ef‘t of a chord to ‘the graph
'y = log x- lies above the curve. ) _ - .

LTS

Following the hint, observe that -
< < X+1°
i J, = j log x dx’

- k k

is less than the,area of the shaded
trapezoid in the figure. Conse- .
quently, gy 1:'4#2_l ]

log(k + 2)

IV |

I £5 log(k + 1)
. . . - ﬁ )
where y\-}' = log v . “Summing from
1 to n-1 get T

- n1w -

n . -,,7
Lo _ ) 4
. II'!-"'Z‘ Jk = Jl logx\dx»

Y k=l

-

- -

. :5,-2—10g-2 + log 3 + log L4 + ;/..

-4 rl

+

L r /
<-_log nl - log. ‘n L. /

M
\\

" --'v.

Tak:.ng the"'value of I from (15)

ks

-‘ .>-. s N /’ n
T B 34 i/~/1:1 T (2

/ 4 .

v

T Obtan_n asymptotic expr?ss:.ons for thef follow:.ng 'b:.nom.:l.al coeffa.c:.ents. B N




' : - =2 (1+ k- )n-k-~ i .f > L
- . ' 2 ) ‘ ‘_k'.ek n "'k L k! ” - . '- . o
- o ’
(e) (1?) , for ﬂ.arge{ P and n . - - S ’ S -
BT, - < ‘ : oo SEX A
T - < e : rn o $‘}9¢$
- _ .. A +Y2mpn (Pﬂ) L . -

- l)n e
Yorn (—Iel) ¥ 1/21ri p - _'_L In[—w]

- - A, (p-1)n. R | = e

tl
s
[ |
H
+

* vy, - ¢ s ‘n - - . . _,:‘u ~
. . . lep)™ . ) .

. A yomn - ) , - ', . :

S 8. Obtan.n an asymptotlc expressu:n for the coefficient of X in the,

s _ Taylor e:@ans:_on of are sin-x (g:.ven in Examplé .'L3-3'b) P
R S | . _ et - .
N *".}g‘&*‘. ’ o - R ~ . - . v - " .- .‘ . . . N _‘_ -

T T - Obser've that the coefficie,n‘,b ils given by - - . _ AR

P . . “ ) . - - ',?. -
- (2n)t 1 el -
2Dy >

S R T e e (e m)z?n 20

1‘
r s i ’\
and use the solution of 7(a) to o'b'tain .
o Fe e i - ‘2n-§_-l\- (2n:+ 1)/mm LT RN

N oo S S
. i - : * . -
. 9. Obtain a .sharper lower bound for .J, - J,  thax that of (19) &and.so
_ improve the lower estimate for n! in (23). (Hint: Use the integral
. form for ;bhe Taylor remainder as in No. 5.) = _ . ) :

b .




From (J.) ir; the solution o Number 5 with’ f(x log x ,_’ﬁe have ot
o i 3_....;73*— o -kt -(k + 3_) (k + :L - - Q{ +"1~e..; %)Z —4d;c‘— T
Yk ] = -¢ = . fz : )
g . /x -
_ - '>'; k+1(k+l‘(k+l-x)/) (k +1 - x)2
. ) ; . > : . _ dax
1 * k 2 5 .
_ - . P/ - .
From (20) it follows -that - // . .
P “._ / ./ . %
e / 1 ‘ .
- 7 12(v +1)2 0 4 )

o £ N 1 ]}
12 'a+d =n+k+17°7
o '
hencé.." «“‘ . e j"« ' .
- 1/12(n+1) )
R /4 &
. . y /// . . . % _ ) _ . . _
LA ,L’Lt may be of mterest to ¢ are this lower estimate and the upper
/ -
es It’;{fma_te of (23) with the truej_; lra lue for some n . We have
./ e - \ _ . .
L 17'—355,68"',h28,096 00 . \
’,sing a table of logarithms we cab'ta:.n 'to five signlfican't flgures for-
,n =17 , with « = /2= (—-)n : L
~ -+ 019 198 - ]
. a 1 . . - .—



. : : )a =.3.5392 % 1011* A "

e l/lacn“l) 3555?x101h e T
- - et/ 12(2) = 35577 % 16

. v
¢
N
. L -
'
*®
L 4
. . . R R R, ?
- 3 . |
; -
- L)
-
s @
. -
‘ -
-
-
; i
" ’
~ )
X . :
" #
- .
» B
rl i ‘
- - N .-
<, - r
- * :
L] b 7
- -‘ ’ ’
, - o
-
- A
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»
-
.
.
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fﬁ.l3-5. Numerical Solution of First Order Differential Equations.

'To obtain & useful degree of accuracy with Euler S method the number of e
steps is likely to be too high for convenient hand computation.‘ For that
Treason, - no computational exercises are provided.: Iﬂ-an electronic computer
- .
is available to-the class such exercises may ea51ly be composed and aSSigned._
>“’\»- Solutions Exercises 13-5 o
1. Consider the solution by Eulé¢r’s- method of the initial value: problem |
(2a,b) in a region where <f£t%) and g{(y) have bounded derivatives.
_Obtain errar estimates in the form of Equation (8). -
. . ,
We have, in the exsct form of (3}, )
L : ] - -
- - Y = Y1 F Vbt Ry g ) «
: h2 3 . . '. ) ] .
where lgé;kkds.Mé % and M, is an upper bound for y“i in the region
©0f the hypothesis. Let ‘AO' snd- Al berupper bounds within the region
for , £(x) and -f'(x) , respectively, and B, and B, ‘the bounds for
g(*) and g'(y) . Difﬂerentiate in <(2a) to obtaim J- )
y' o= £i(xdely) + f(x)s (y)y _ .
- .. - = “'(x)s(y) + f(:c) g (v)ely) ; ) .
éé_--whence, within the given region, _ .
| lv"| < 4,8, + A% BB, = K .
1 O 170 _
- * s,
Thus obtain the exact form-of (5), .
fe Ve = Ty - ¥eg) + hf(xk;l)fs(yk_l) - &lyy, 1)) - Ry 1w »
Pd . .
where _ - ' _ - : r . .
K 2 ) =
h .
| . C Bl =k 5 | a
and, with L_Aezi, - - .
) ~ - . P - a - N
. EACPDIV- {6 s_(;rk_.l.)ll SL(F g - ¥eqg) - - .

For A = max{X,L} , Equations ) and (8) follow. .
2N co -

Lo - 1021 198




13-5 e : ' .

-

2. - ' Show ;f.’or the initial value problem (9a ,b) that the approxi’m_a‘té solution

Wt is greater than the .exact solution, namely that’ 31{ >'9'k! , (& 30y .
° - ‘ | B
' Let the exact solution be 6 = F(t) .- Since 6" = - 32—' sin @ the graph
- of the exact solution is flexed ‘downward when O < 6 < % . ‘It follows
for 0 <x <.x; that the_graph lies below its tangent line at x =0 ,
’ pamely, that | . <
.\' 6=§O+t4co$§0 >8e . :
. . 3 o R B} .
It follows for t =h , that 6y > 8, - Now, if al <3z let t, be the
. Ay A
time when F(%t,) % &, (see figure). : .
//
T * e 3 /,I
. - ! ///
- . ¥ -
. ] v - - a .
_ - . -
-~ § = [
ih) I . /
=g - l -/’-
§l ---------- "= v - ! - /,'/ -
» ’ .- . I -
i * _
= - I . _-l / l // .
. ! ! ’ ° I - -
’ *‘l I3 ; { ] N ! -
a3 . - l 3
' ; - - I \ : - ¥ I
_ _ o ol 1 I - -t
- - oL & . . §
. e . % ty
Since ‘F(£) .is ii:creasing and §l >6, it follows that -%l > t, = h .
The graph 6 = F(X) never lies gbove its tangent like at €l , hence
P . o - ' 1 . , -
o - - - i .
_ o F(t) <8, + (¢ - £ )eos 8 (
b - . ’ . ) . % . ~
. - . . Py ) < 6 + '(t t ) A . -~ -
) , SOt - ty)/cos . ‘ ..
" Take t =t, to obtain | . ~ )
* T . . 1 ] . : . < E
. - Al A _ Y . cw
L . _ 6, = F(t,) <8, '+ hcos 6, =86, - c v
e - S . \s : ,
. . . V. . - Ia ) R
In exactly the same way jt can be shown if 8, < 6, <‘:'2-‘i that
*
n .
Bs1 < Bia ) .
- - - e,




. . | 135,

‘ -
3. Show if ¢ (x,y) is a function of x alone, that Euler's method for

Equation (1) approximates the solution -by successive Riemann sums.
. - Val L Y .

Let the differential equation and initial condition be

: ay _ :
ax = £0x) )
» and .
' ] -
Yy =¥5 at x =x. . . >
| . 0 . 0 .
‘" Then, from y. =% N + h £( 5 obtain successively - ‘ Ead
> k k-1 k-1 - e .
. . < N
~ ~ - - - -
P =Bpp  AlEGy ) + 20 )] .
~ -, -
= ¥z T BRIEGy _3) # £0x L) + 206 ). .
k-1l -
- ‘ M : -
- | = y’o -+ Z\ f(xv)h ',:/ ‘. s : ® .
: v=0- Y s , - - .
. k-1 '
o S e e - )
v=0
B - £(x.)(x. ) Niemans sum for | FC
t Z xv xv-l-l - xV . is a Riemsnn sum for f(x)dx‘.
- . x
o v=0 , : - o
. > .
. t
< -
S Yoo
. ~ .
\ [
o |
. e >
{ .
~ Ta Y. v
f '\\'t s . -
TN . -
& 20N f
. _ ) _ s
1023 2
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’ Solutions Miscellasnecus Exercises

)

[N
.

1. (a) Obtain an iteration scheme for the_zero of f:x—->a8a - -3? and th:us

show how to calcu.late '{:he réciprocal of g without divisions.

Apply Newton's me.thod to obtain the scheme
o°

‘ . f(a ) )
841 = ¥ T T 2, - 8 (2 - eay) .
e This scheme is especially practical for use on a ai'gital computer

- since the computer routine for multiplication is much faster than
that for division. - _ , '

(b) Use the method obtained in (a) to calcuiate ,1? accurately to the

) extent indicated by the approximation 't = 3. 111-1593 .

. . Take 'aO = % - Then 7 B . ' <
- 85 = % (2 - aa.) = .9535 .
;o a, = .3176 (2-8a;) = 100223 -7
" a, = .318308 -~ (2 - aa)) = 1.0000059"
-« 2 . 2 3 :
ag =, .318309865 (2 - gaB) = 1.0000000 .
" : Thus to seven-place accuracy o - . B

o : L - .318309 SR

TV N ' b1 g - ) 3 9 * - o v g

& g ~ N

- - . ‘_%

2. In Section 13-2 we observed if X5 >0 is an appro;cjmation,to_ ﬂ from
one side, then )‘C—A— is an estimate from the -other side. . We showed '(for

~ » o T e a- -

A = ‘T , but thei proof is valid in general) that the arithmetic mean. 5~
—( Xq *+ --) is an approximation frofm ebove. Show that the harmonic

X1 =
mean approximates YA from belowfand estimate the error. R
. & , L et
T The 'hamgﬁic mean is v : CEE
. ’ y 1 _ ano
' . Lo 1= s TELer
L, x A .
- e i .




3(x +¥p) = (%, +'xi) =% )

i ; . - . 13-M \

Set €, = xgi- -fi'f ‘Then N S Ry
. - / 2A(YA + eo) . - : )
* . ~_,-€r,=__y__ V, _ - : - T ‘,, - —— .,,-~-£_5 e e e - -
. RPN & N L W -
) € 21/5 3‘2 ) ) /‘
- . - J’: - — 0 ~ o -—9— . 2, . -
(/A + eo)2 + A 2/A .

Thus - € < O . The T®sylt can also be obtained from the observation
that ¥y = £ _wh-ere Xy is the given arithmetic mean. (The natural -~

-\ ) 5

attempt to improve the approximation by taking the arithmetic mgan of

the two therefore merely yields the second iterant, i ‘e

»

1

. -
3 -
J . . . -

e
Compute J si;;x dx accurately to three decimal places.
, o _

e

For £ : x> Sii x apply Simpson's Rule and use the error estimate (ii)
from the solution of Exercises 13-L, Number 1(ec), namely
. » '.\TLL _‘ - ‘ -
e 5 ——l£v (=) - £71(0)] .
i8on~ - ) b
From
ey 1r .3 2 L .
£ (x)=—E[—x cos x + 3x” sin x + 6x cos x - 6 sin x]
x : v = A
L ) . k -
L - 7> - 6x :
we obtain f(x) = —5—— > and £*2(0) = 0 . (It is understood here -
P - .
; sin x ‘ .
that ——= 1is extended continuously to x =0 .) Consequently, - C .
3 .
€ s b1 4 - iﬁt s -lo'.T . ] . 14
180n n '

.

We choose: nh' > 07T x 2 % lO3 or n>3.5 . Thus:;we take n = 4 and
obtain 7 ' : o -



T i x " PR PN 4 sin oy . 2 sin §-+ L sip .
o X 12 X il %?
. | . . 'vE 92
- -:-- - — _ - B l . o Jé‘ ~
. : = lxs s 22
\ N

= 1.852 .

4,  (a) .Consiaer a right triangle with shorter side of length & , longer
side b , and hypotenuse ¢ . Let @ be the angle opposite side

. 8 . IBstimate the error in the approximation
.‘. a~ a t&
‘ “ b + 239; .
{ -  From e =c sin a s b=ccos o, -
oo~ a 3a i _ _3 sin &

P +2¢c 2 +cos &

~ The obvious procedure is to expand, in powers of @ and use Taylor's
Theorem. Instead we make usé€ of estimates for the numerator and ,

denominator (from Example 7-5b) to obtain .

\ 3(a_a3)v! r:A ,3(&-0,3 i

<& -a< .
) ’ o4 = (12:_.0’.1*- - d2
% L. Z Y 12013 - 7
- £ ~Z, _

Since o is the smallest angle in the ‘triangle O <a < <1 .

Consegue=<tly,

o

- —E————»<f& -a<
2 = = .
3 - T 120(3 - 3) .
. ~ ’ ‘
whence,- .
\ . . -
A é -
- < == .
. - & =~ e - 72, .
<
o _x; - v v
_JFO? G—E, ;
T = - i OOE l ~ 7 'Y
LT qE < 3F Sl <ookR - .
) Thus the error never .exceeds .OO4 radians or one quarter of a degree.
. . ) -
o - _ o 1026 ' . ,




'S , - | ‘ | , <
(b) Obvliin an approximatich for & in the form _
' alpb +.gc¢
. - : a = 2 4
- L. . . [
where the constants p and q are so chosen that the error in
the approximation is higher order than 3 . Estimate the expor.

~Neglect terms of order higher than 3 to obtain .

. [ ]
T & ='2LEE_%_SEL =sin a (p cos a + q)
. .
= (a-g-)(p[l-—]+q) . .
(  m

l!

, (p+q)a-(2 %—i)cz:5 ]

“Since this last xp*esefg; is to be an exact,éxpress%pn r o,

impose the conditions ) : -

-u ‘ P""q:l,gq—%j:o ' %

IThus the désifed formula is”
5 albe - b)

BC?

To estimate the error observe that
' -~

’

& = = sin a(l4 -~cos )

. X -
and use Taylor's Theorem‘to obtain

.

& - af < e :

WlHE WIH
)

sin o - %»sin aa 

120 -

where Msl is an‘uppe}_bound fér

’ |d5&, .
K . ré e ’ )
. ] . . : - S
The fifth derivative is . ) )
Y — - - -
- d




~

- - - “ z ( i ) ~ )
4 - &> Al r A
T4 ' ! . ) LF e
N e . SO N i’ - i - _ \ g
_— e A L . . - ' "{- -
- - e - 1 -’ '. . ™ - ..
. T ""a . ‘which-is’ easily sho,m %o rea%s grea‘-&est%‘bsolate m.agn:{tude on
. p | - . [O ’H] Tat tha endpcin‘t a ’E@ Consequentj_y, D Cie s _-,::' 5
o - l I '( . )l <6 . - S
- Take = 6 ,. and £ind . (.
- b% . . - ) }. 'S i
s ” o ?
- , & -af <z - -
- - - hd < - . N

5. Con51der ;he solid of revolut:.on obta:.ned by rotating the graph y = £(x)
o\ a nonnega‘tlve function {a,b] "aboyt the.x-axis.» .Let ho s A A2

- ' be the aresas of the cross-sec‘tions of the ‘solid perpendicular «to the

. +
A __x-axis at X =a » % s b, respectlveiy. Show 'tha't Simpson s Rule

o —5—[A +hA) + AT : .

gives the exact volume ‘for each of the followin§ cases s e L7
(a) - frustrum of -a right circular come - (y = £(x) i5 a straight line),
(b) “segment of a sphere (y f(x) 'is an arc of a circle with center
) on the x-axis), 3 : .
o (ec) segment of Dardbolo:.d s ellipsoid or hyperb0101d of revolution
- . (y = £(x) is an arc respectively of para‘bola, eJ._lipse or hyperbola
, ; with the x-axis as an axis of symmetry).
Tore R SN - -
The volume is given by ) : &
3 LT : b : b . ) C ~
: w0 v e - J' A0 . S
: ‘ Ja a . _
where A(x) 1is the cross-sectional area.  In eack case above A(x) is
' a vpolynomial of degree three or less. Thus Simpson'’s Rule is =~ | -
- . ’ . - . . . .
. . : 2 _ :
) (a) A'(X)==r(aoc+ﬁq)‘ - N
() A(x) == r2 - (x/- Ct) ] ' ' . 8 _‘i o
A (c)‘ Alx) = n(x - & \ ) (paraboloid-)}t
i | 2 x>y Lo - - T -
Al(x) = mdp° (1 - 7) 5 (ellipsoid). ' R _ K
a : : , .
2 x2 : : ‘ -
A(x) = o (—2- + 1), (hyperbola of one or two sheets).
‘a . T ) ] -
. : - R 14 .
; . ;s e
- A . . )
o - #

- . - '7.\..’ ' - 8 .‘.— B '. - ) : .
- . . .'~_“. 1.02 2{)0 ) | ) I_s.'

o«
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-

’~Set T =

e

—

L A,

i3-M

'I‘he method also gives exﬁct areas .of the frustnzm of- any cone (In

' general a cone is-. :bhe solid generated by the ségments .joining the points

of a glven region, th.e base, ta a given point, the vgrtex.

hedra and pyramids: are cones.)

‘a line perpendicular to the ‘base.
discussion “of volume except for solid{ of revolut.ion.- :

.

5

-

arclength as para.meter.

st where T is the tangent
Let 2 %be the point wheére

at O .

F]

the line _ XY meets ‘the normsl line

througil .0 .

Show if the curvature

K at O 1is not zero then to lowest

order Iin- s ,

Thus,

(1) - 2.

Z = 3¢ where C
the center of curvature.

Then

L4

7 82
bR o

\

"2

-
N

S

is

S%+B:[?Kﬁ+

vwhence, for the coefficient of

, N

o

XY

(34

X
t

-

o

kY

F

o 83 -
Ko + z—(K'n -

L

QY- LR

Ly
.

B =

~

» <

-

6 -
2

Sz <
_in (1) to obtain

-

&

st +—Kn+z-(f("“ - K2£) + ...

P

LY + ... .

-

’

)

-

Thus tetra.-—

S

. wheére: the cross-sections are-
However, we have given no general

r"""

3
S(kra - KPEY] + ... s

Let X = 2(s)’ be the vectorial representation of a plane curve with.
Let 8 = £(0)

7

.-

ken along )

P §

.4



- L : - - ‘., - "
. - .’i}.' - iy _..\ r
- 13- - ' : R T
- Y : B AN
- _ . » + . e . - _ P
b - ‘A : .
. . - - Z =3"-3K-n + s/ — S
‘ S R . A
e to lowest order. - BN o
' - : T v B sk T .
“AT. “Let a curve be given by ' X = &( s’) :'wh‘ere - i ; arclengt.h measured from
v 0 = ¥(0) . Cons-' der’ any, three d:.stlnct po:.:&:d:s ‘TC.L = r(s I) 5 _}?2 = r(sg) 5
_9

= r(s ) where the’ s j are conflnbd '!:.o ‘an ‘é}&nelghborheod of s =0. -

3
Show that the c:.rcle through the three: gomtS\appro'a'éhes the osculating
cirele as o approaches zero. (Assume \the curva’gure s;t s = i's not
zero.) . St T s T R m
_ . oLt T o ~ ﬁ‘\
e e “&

a

LJ‘t thes c1rcle through the three points be N
Te R 2 = 2 . a. LT T %
- ) S et (x A) ’!r - 5' &, o "-‘ '\l v ‘

° where the center A a'né the‘radiu‘s r  are to“’ée determ:.ned. The center
- l:s.es' at . the 1nter$ectlon of‘ the perpendlcular 'b:.sectors of the Segments

X X, and X2X3 . Thus, for sulta‘ble values of the sca'laro p and q ,
T 7 o ) T :
- ‘ ' I, 1 Pt EO SR

) R ER D) B c?e'"'-s% Lo T 7

By s

T - ' . - BRI
‘where 7V .is the unit upward normal ito the planeé (VX t =% and  ~

tYXT®=-t) . Thus, i - - e T e

: - Y (S t . Tl
-, o . ~ L. .\__ -
(X3 - %) \ R

'

NI}—'

9 x [a(%; - %,) - q(X - %1 -

-

7 e - - - — C ’
"To solve for p , take the dot product with X3 - X2- and pbtain _

— . -2 .

’ .Le‘t T , n and K De respec‘t:.vely ‘the tangent - normal, and- cﬁ‘z{mture-
- 4 . - N r;. e .
S at s =0 . Use? S (- : "’ ‘f-'*

- - ' ) - . ’ . l' N ) R [ 3

. .. . - _ = 2 5* 3 ey . - B
(2di) -~ L Xy =it 4s, T zR+ sy fa(si)t + B(si)n]_

" where afs) and B(s) are bou‘“ﬁj,ed.‘ abser':ve from (iii) that

' - = . _,"'"'_ . 2 2K 3. 23 ‘_-7-‘“
. I‘(.1_1«-)- X - Xj = (si -sj)t + (si | -5y )2 n o+ [si a(si) - 55 cz(sj)]‘t“
: s , ' 3 ss 3afe ViR
- - o . - | + [s, B(s;) S5 B‘(sj)Jn .
- 1030 )
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[P

. . - - . . - g
] o '

e - » } > . ” T - - a
Obserye by the Law of th‘é".Mean that . R L0t

; N Y S f‘
a(si) S5 a(-sj,) = s [a(sj) +_(s‘:'i s Aot (u)d + S5 CZ(SJ)? i
o (s, -5 (5,245 e 2 S T

- = (si sq‘)[(.s_ Sy, *.s; )a(sj),+ s; QX (u)]

-

, = s.-s.)a__52 ' .
‘ . i J'%13 . . )

a,; 1is bounded. Similarly, . ) : 0T
3 A -3 : N 2 .
..4 Yy - . . o sS. - . b.s . _
s{l B(sl.) s,j B(SJ) ( i ’73§J) J N
where ) bi'j. is bounded.

Insert these. restlts in (iv) to get
"X, - X, =

'_ 2 - - 5 | 2 A. ~
X 5 3 = (s5 - s-j){k(lf a; 8 T+ [(s; + s;)z +b; 8718}
oL from_ which obtain the, weaker estimate . -
= —— -::-’— 2 el . . ’ .. R - '
(v). X; - Xj = (Si - gj){(l + aiJ.S Yt + ci'an} \ .
& . ~ -~ . -
where Cyq is bounded. Use (v) in the numerstor of (ii) and get
Y . - . ‘:.’ -
- - - . B : . 2 3
) _ . (x3 - xz') (x3 ‘ J&) = (53 52)(53 s{M1 + a8"] |

where :A is bounded. To estimate the denpmi‘;:a-t'or of (ii), Equation (v)
will not.,be adequate. We n:;ust use (iii) and then extrac‘t-:.. the. factor R
(s3 - 52)(éé, = sl)(s3.- Sl) from the denominator. For this purpese it

is more convenient to take X2 as origin and rewrite (iii) in 'th'e', f,prm

I A e o A % [&(e;)%, + B(oy )T, = -
w\here g. = s, - s, . Also make use of ) . :
L ] 1 2 . - 3 & Ny
~ N J' ~ E
B g | a( 0'3) = cz(o'l) + vlgo'3 - crl)ozt (u)., . G
(Vii) . . A N ' ~ ) ) 3 ,
. . v o - T L - - - 4
Blog)7= B(ay) + (o5 - ¢)B*(v) .. .° ° s
. .o -r A va’ . ;
. For brevity, write’ o =§( c'l) » By = B(crl) = &t(u) ,"and 1
~ Lo - S ] 2
p* = B*(v) .. Then insert (vi) and (vii) in the denominator of (ii)
. and find,-using o, < 28 ' ' LT -
. Ty e - = a _ o S l2,:
} _2(X-3.—X2) _-[v x (x2 -)L-L)] = clca(cl 0'3) [K2. g([o'3+cl]sl+0'3 g1) | )
S s ) . v ™ L2 2 T _ 1 :
R ‘ | + chch(ql-f- o )+2cl o3 (a8 -Bj@ )3
. ' h _—5.'610'3(01 - 0'3) FKE + ¢85}

-

" 1031
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where . ¢ is 't_:qg_ndeﬁ"ﬁ Note that S R & ' i
. | . aK ‘ s d o ' e -
), = —— . =K - e
. . _ <2 K + Ss 33 + dbd _
! ~ . - S=T . -~ K] ‘-.
. . . . o - % - T e
. where d is bounded|and <t lies between s, &nd O .  Consequently,
- -, the _dehcgzi_nator has the form < - '
w7 ' (s - s‘)(s -'s4 )(s -s )[K+u83 .
3. - e - . . - .-
. LT . < . -
. where -4 is bounded.l Enter these results in (11):
$- - - . : B N - : R,
- ' ’ - K ~ 2 - W
SN . 1 + AD ’ . -
(easn) ! » = . L
2 o ) c sy msplk r sl o S
" + . . . » . -t
. Now enter (v’i_ii) and (v) 4n the first expression for A" in (1):
o .‘ 1 +ABS . N :
Note also that —(Xl + X ) =0 + 8U , where. the vector ﬁ is boundet} S
) * Conclude that the center of the c:.rcle through the three paqints satiqfies'
Coe B R - . N - - n -l . - o
: - ' - K ‘ 7 " -
\ ' where V is bounded. Thus the limit of A as & ‘approaches zero i'sn '
. the -center of - tBe osculating circle. Furthermore, '.Wl’th }C_L W where
W is bounded,-_obtain for the radius / ‘
N . i 7 . l : . ' : . *j :
.\-.-.-.- g - N .- > ' . -2 N - E ? . ] . X . f .(‘“-
L T f_[Xl-AI =W - -2 \ e
[ ’ ) . T m —_ &-‘ - . .'; .
o _ . R -.SEM ~8(W - V2] f
a -~ ‘(2 . K : ) ? ./r’
from which conclude that the radiiis = r. 'Has_ -‘%r » the radius of ﬁthe
- - osculating circle, as a limit. — . IR
- C; ' " / Pl ‘
. . - ~ ( 5,
KN , /
7~. é} = ) . f
- - = ’ _ ‘. x
- - h ‘r LY
q c
] < .~ ~ . f . -
s : 3 X i
- , P * 4
» . © - . ; ~
« _ | \
Aa . s . - < }
;. “_ . {. -
. ; 1032 [ .
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: o T Chapter 111. S Lo s )
. : - F - -
S A T SEQUENCIES A.'ND SERIES .

TClh-l. Introduction.

. . L s

_ The ideas cf sequence, end series used casually in the rest of. the text
ere now the. principal object ‘of attention. . The ground has been lafid so thak
little time need be spent on the introductory concepts' “the. definition of

limit (p 39) was framed to include dlsconﬁected domains: ,limits as "x T
’ approaches infinity"” were introduced early (p. 231\: the idea of ‘1imit for
‘a sequence or series, without name, has ‘beén - used equently in the text ./
(e.g., Sections 6-2 -5, 8-6 Ex;;ple lO—6e, end',hroughout Chapter 13). TFor
: this reason it is possible to proceed directly to the basic existence theorems
For the existence proofs we need. a form of the completeness axiom for the real

nmﬂbers, and we'uge the Least Upper Bound Principle (Section Al 5) for this c

] ) v Gl o

purpose. i : S _ - e . '

The Cauchy inequality, Exeréises AL-2, Number 16 (p- 253) is.used in”

the exercises. . . ws L . A o

Mathematical induction (Section A3—l) is used in both text ajd exercises.

No attempt has been'made to provide the uéahi routine practice exerciges
on the calculation of llmlts,‘at i presumed that the text has already given

enough practic% of this type. L

g
u
-9
[}
'L




e ! , . T,

nfeceding—example.

~
£

Télh-é : Convergence of Sequences .t

“

LN

. There aYe some*conventions concerning sequences and series whién we'have
made use of wilthout explicit mentiorn in the text. For example, the definition
of sequence in Section 1k-1 requires that the index set be the entire ‘set of
natural numbers. For many purposes it is convenient to extenq the definition
of sequence to-functions a : k':’ak where the domain ie of all integers )
from a certain integer v onward, fk : k> v} . : ' S

, -

In particular, it is often convenient tq take v =0 . Of course, it is-
possiﬁle to relate: a directly to a sequemace b , defined strietly, némely -
¥

D : k —>a -

'y

vik-1 ° - : .
In a similar vein, we note fthat the function k -’éif which,agpeers in the
statement of Theorem 14-2e is noﬁ a sequence if any of the terms ak happens

to be zero. However, since there is some integer v for which k- >-v implies

a, # O , this fact is irrelevant for the conclusion of the theorem. Simllarly,
a
K

in the Corollary to Theorem~lh-2e, the function k h’EE' will not Be-a

3.7 . A .
sequence it bk =0° for any k . o Y

k]

- Finelly, we adopt a convention used tacitly on a few occasions (e.g.,
the proof of Theorem 14-5b), for any integer Jj not in the domain_pf .
a "k —a, , that a; = 0 . Thus, for a sequence a , strictly defined, in"
‘the proof of Theozem 14%-5b, for a given positive r °when a; >r it will
not be possible to: £ind a natural number inde?% i, such that . . }‘

v A -

' B il ' il+l- s i
s Y mTers Y oate

s B k=1 , ~ o= . o , -

~

We can handle this situatlon by extending the. summation to include 'k =0 and
using the index. In‘addition it is ponvenient to adopt the convention that

an empty’sum is zero; this, tog is a way of handling the difficulty in the
’ - h . 4 g
.7 . . .



e T TS’blu%:Tons _Exercises_l'l&-a U
l.Prozre TR , ) _ S _
-ii(a)’ Theorem:lh-2e. > . - . (h) ‘Lemma 1he® 1. .- 1o ooo.owiee
. ','{"(b) . Theorem ;h--é'b - - (i) Coroliasry 1 to Lemma lll--2-- o
N _‘?_.b('c')-' _-'I‘héorem'lh--?c :-’{.' R : (3) Corollary 2 to Lemma 1'1-|--2
" (&), Theorem 1lh-2d .7 k) Coréllary to Theorem 1k-2e
R e). Tneorem l&-—?e N _ ~ {g) Corollary 1 to Theorem 1k-2f
( £) - Theorem 1h-2e - (m) Corollary 2 to Theorem 1k-2f
(g) Corollary to Theoz% 14-2¢ . _ , - .

. - . . .
" Parallel the proofs of Chapter 3. ' . _
‘ b ) ) . ) i‘,‘

2." Show that if- A, <A <A, , where A = limak , then there is a number
. . R - '- . .
. @ such that k > implies A1<ak<A2 .

o .
Take € = min{A$A1 -AY and w= Q(e€) . Then for . k>w,
(A - ak] < €. or_{;‘-—e<a-k<A +'e .. But Al <A -e<a <A+e<h, .

P . . >

3. Prove that “1im ]ak] if, end only if lim ak'= O.. '
. k«oo Koo

-

llayl*= of = lay =0l & . .

’ N . . N -

L. Let £ ©be a function whose domain %“Jdhtains the point a. and points of
every deleted neighborhood of a . Prove the converse of. Theo, 1lh-2g.
Namely, if lim _f(xn) = f(a) for every sequence n — xn' whosle terms lie

. B . im0 n
* in'the domain of £ , and which has the limit a , then\ £ is continucus
at ~a - -_"'
A ) . - - ) . -0
rd : .o L. - - ) . . -t ‘g

There exists a sequence X , with values in the domain of. f and

. . lm xn_— /', since every ne:.ghborhood of a’ con'ta:.ns points in the
o= n~m - N ‘E
: domain of £ . Suppose £ is not continuous a‘tf a ".- On the basis of
LT Y ¢ ’

this supposrtion’ we® sha.‘ll const\ait a sequence X -‘n - xn comfe’rging
to- a , but the sequence n - #(x ) Will not comi‘érgegto f(a) . Since
- £ is .not con'bizmous a't: a +there exlsts an e >0 such that for-each
& > 0 +there exists a- po:.nt “Bg(s) s*atisfy:_ng

- T

. s | [§(8) - a] <5 and ]f(ﬁ(s)) - f(a)]>€ - T

~ . A . * ) t . ‘.. N
- _ 1035 . T -




3 Thus the sequencé n = an = §(%) satisfies . , . . ] . a
. S 1 - . - . R - ..
. : p [x - al <= and {£f(x ) - £(a)] > e . .
. R .. - ) 4 n» o (né ) R ) n, - d . ) ~

Hence ‘limx, = a. yhn’:ﬂ.e n — f(xn) does not corivergé t&. f(_a)-_.
e B
: e ' z

-

) ., 5. PFind 1im (Jn2'+.n.- n) . -

vy , . -
\ — .2 2 - L
5 n2 +n-n =“_n fn-n. . ,l which converges to % .
f ' /o +n+n + =+ 1 T ;
6. Find the limits of the following segquences '
(a) n->(2+ iz) I
- n
, . o .1.n . S I, .
T - - §Since (L + 1—1') converges to e < 3 , (Example 1h4-2e) for n
| ity 12 N
. : ‘sufficiently large (1 + —2) < 3 . But,
. - - n . .
1\n S 1.n° l/n . 1/n ) .
1< (1+ —?:) = [(1 + —2-) ] <3 which converges to -1-
o ék e R _ | e .
(Exsmple 14-2c). Thus, by the Squeeze Theorem, lim (1 + 35) =1 .
_ ' ) n~ee - .1 =
o2
(b) = o ‘ -
| . | . e
Take k >2r , then for n >k , .
D2 L 0 x_. A
n! ~ kil k.+‘l k¥ 2 e n ki 2n-k - - .
Thus lim & = by the Squeeze Theorem and lim = =0- (Example
N~ ° : _ Koo 2 L _
- 14-2B).. )
L~ f - > : -
N Y., 1036




4 * 's ..—-A . -
s 1 ~ i
() F,a>0;5 . A% . -
. D - o . .
—_ - . . . Lo - . -
. * -‘._ ! ’ 7 . . | L | | /
o ' Given € >0, let o= (1—'—)1/& - Then if n > w , we have -%1.< el. p
B o - ot T ' ‘o .n f
» . . : _ {'. |
C (a) no3BB g>0. ' N R
T n ' . , - - :
For >0, N . L ()
P . n n B B L, - s T
I T T
. | 1 1t Py . -
- : 3. . ) _ @ -
PN -T!:ﬁ:ichoosing O<B'<a,werhave ) . ' : ’ -
- _ o< logan < é—ﬁ K ld ,
n -Bn ‘" Bn
( ] " which converges to O by Part (c): Thus
ST  umleERn_g | o
;9‘ ’ (3 o . ot n""w n - R ’ -.‘ -

T. Show that vé + -/2 + 2+ ...=2 3 that is, show that the seguence . ‘ , ‘)'

a1k - a, - defined by )sa?._ =2 , 8 = 2 + 2, converges angi the limit

-

iS .2 - ) . llr '
5 . s 3 - N a i - .. ) o

By induction show-‘:j‘bha‘t an's 2 for.."aJTl n': a) =2 and g <2 implies

that . - = .
L] LY . T
. R . a]('*'l = '2 ’+ ak's '/E 5 2 .
* On the other hand since . ' . % - N
" { " ) ) = "‘ ' : s -
~ 1) . ) C ' 'ai_*_l =2 +,ak ' .
--and &y <2 for all k , we have ' ' ’
- ! . ) .(. . - i ° L’
. . 2 .
ey 222 e 2ay vey 228 5
- whence Z. é_ is an inc_reasing sequence. It follows ﬁha't a must conve'rge,
sey,to: T . | - . |
i 1037 o :
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L~ - -

Then;‘apPlY:the.e;ementary limit theorems to (i) and-get = 2 +7T:,
hence r =2 or r = -1 . Since r mst be pé§it;y? .

Y

J/V Jé +2F s 2 CT
Alternative Solution: Apply the methods of Section 13-2 to the iteration

scheme ak+l =

2 + ay for approximation to 2 .

8. Show that 2#@42 ces = 2 “ﬁamely, thet the sequence a : kﬁ”ﬂék. defined .
by 8, = 3 ak+l 4 converges and the limit is 2 .

- -

) ) S foK y ko /
- ak=2;l/2-2l/l*... /2" | pl/2+1/h+ S w1/2
co _ ‘<_21/2+1/h_+“_.+1/2k l/2k+3__ R .
. | , o
that is, -, ‘ ‘ . -
o LR .08 - - - )
co Y DE. . | .
LT R k=1 1 :
L ak-< 24 <2 <gv<z.

~

Hence a is a monotone sequence bounded by 2 and therefore convergent,

say, to r . Since = ér,, r=2.

Alternative Solution: Apply the methods of Section 13-2 to tHe iteration

scheme : . el

o S 5 42%;

for approximation to 2 - . .}
9. -T@e Fibonaceci numbers are'definedf?y fo = fl'= 1l and fn+2'?<£n-f“fn+1 >
n=0,1,2, .... Find 1lim ?‘*1, '

Ilreod n

: : £
‘Suppose first that the limit exists and set r = lim -2X& _ Since

e -t

[ f

- n+2 1 o
. o ' _ . n+iy n+l
. iy
5 n

Qo - o | _ ‘ R 5  ‘_ -
B S L
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10.

N - _ -2

. . - A - . A
r - 1s a soclution of’ r2 =1+r . Thus’ r = l—;—’/z— . Since r must be

Poéitive‘ r = l_;-._‘é-f- « It remains to be sfbwn that, the sequence’
! £ - R o
n—r = ;"'l converges. Now, write (1) in the.form.
. S
} . @ a —J:." .
(11) L Tp = = +71 . .

_Since f".__is increasing rn“'> 1 , hence, from (ii) with rn-;l‘> 1,

r) <2 . Fuz;thermore,, since r, <2 , we have again from (1) o
3 - 3 L ‘ - .
Tl _>.2 . Thus, 5 < T, <2 for n>1. Hej:nce
S ' 1, 1y 11,
1= =r | =1+ - Q+=)|=|=|lr, -]
?fl Sn rn . rn-l u2 n n-1 .
where u is between = and 2 . Thus ]rv -r_|] <£Ir r_ .|
2. . 1 n+l nl‘. 9'"n n-1'?
: - L n-=1, - n-1 lyn-1
and by induc‘.bion' Irn+l - rn[ < (9) ]r2 - rll < (9) < (5) -3
|Zps2e = Tnl = 17pis - T+l T To#k-l T Toecz Tooes ?n-:-l - 7l
o= |r +k otk J.I *oaee Fry +1 T - :

- <Z ST < L

Thus n — rn is a Cauchy sequence and therefore convergent.

Alternative Solution: .Apply the methods of Section 13-2 to the itera-

tion scheme (1i) for r = P ] + -/_ ; -

Show that the sequence

: 1,1 A 1
. a :n—a = 1+-2—+§-+...+Er-logn
converges. (’I'he limit of this ~sequence is called Euler s, constant T .
It is not known whether or not 7Y id rational.) 3 ]
] L n = n - - ~ -
I il R - 1. at
n Xk ' 1 t - X k-1 t R
, k=1 k=2 : _ .
o n X n+l o
.=1+Z-I (—-)dt>l+ZJ (—-)dt
k= - X1 | k-1 o
[

0% 216
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- v :
: : o S s
. - k l. 1 " ) ' . -
ince’ (£ - =)d® 1is negative. Thus, since a_>a_ .. , a is a
3 k-1 k t . - n n+l
decreasing sequence. Furthermore, 1 + % ST J_"l is an upper sum

n ) :
for J it and is therefore greater than log n ; hence 8, >0 for

t
1 :
all n . Consequently, a converges by the Monotone Convergence Theorem

(Theorem 14-2h)-. .

11. Given a sequence a : n f?an » form the sequence

_ ) n
1

k=1
(a) Prove that if lim'a, =m thep lim g =m .
oo . n«:oo

- Given € > O , there-exists an integezi v = N(e) , such that if
- n>v then |a_ -m| <e. Let X =v+1 and set

s . ; . . ~—

h ]
-

E SRR
mémax{ek,% Zai+k|m$} . '

Py

¢ S

~Then for £ > @ we have ) ,

G

r

k - 2.
. Z a; + Z (a, = m) + -km
i=1 i=k+1 . ) ,
Io‘? - m] >
. e ) .
> lagl . s
. : i=1 . 2 - K)e kar
) =Tz 7 ( ) € 7

/ T i e Eml o0 | .

-
(b) Show thét"- o may converge while -a does not.

- .
H

A

-




L=

Let & s n —3>£:.r-1 =1+ (-1)2 . Then

. n _ : L i n is even
c. == E (L # (-1)) = N
e B i 1 .
. = -= if n 1is odd4d.
2 n :
Thus 1lim o =% vhile a does not converge. = o

v o

12. Prove that if c¢ : k — )" is a subsequence of b : k —-i‘::k s, then b is
' a subsequénee of a : k =2, then - ¢ is a subsequence of a .

?

@

There exist increasing seguences of positite integers

B _ _u:k—>u.k and v:k—>vk ’ :
R such that “

= = a and ¢ _=Db_ , i
. ’ .k Yk

hence Cy = a(uv) + But the composition.

-

HV : k - (uV)k'

-

~

. . . I ] '
of increasing functions is increasing, hence c¢ 1is a subsequence of a .

1'3.' Find a sequence. with no convergent subsequence.-

34

n - n or any sequence that does not have a bounded subsequence.
14%. Show that if k — aik is a subsequence of k — ék éheh ik > k- .

From the definition of eubseguence, i:stk— J.k is an’ increasing sequence

of pos:.tlve integers. Hence -l > 1 . .Proceed by 1nductlon- if

S .

ik > k then :Lk 41 > iﬂ: 1mplies P - .
a2 tlEEel.
, - ' . ) _ .- |

a
~




-

15.

. .k."_> max{vl, v2} thé'n' IS - 51:] <e.

16.

17.

C .

i

18. . For_each of the'fo]l&wing seguences a

4

3. _ . _
e . _ -

satisf‘ying lim 1-31k = 1im s'j -—'S and the sets of indices :l.k and . Jk
together include all natural numbers, then 1im’ sk =8 K - T »
Iw . ) B ’ ; : ' I-

Show tha't if X —s ik and k —'s _jv;_a;';'_e’ two. _sub!seqtie:nc_és,«q_f .n s +

-

. - oo . ' o~
To any given € > 0 we can assoclate ijzegers' ) vl and % > such tha.t
k

|S-s__Lk|_<€‘.if7_ k'>’v1_ and [S ~-sJ ] <e 1f k>v2. Hence if

[

Let a =t n —a be g 'bounde-d sequence, Let € be the set. of limits of

subsequences of a . (The eleme;zts of C are called cluster. ints of
a .) The least “hpper ‘bou.nd of C,supC, is s _called the lim{t superior

of a and is written liman. Prove that 11ma €t C. X L

. - N . . - . s .
- . . . » *
-
-

To each n there is a. subseq{zence_ k —Pa__;:k cohverging to a cluster _poin‘b

,en where 1im an' -

B~

< £, <lim a . -The subsequence k - akk converges
to - S ) - ‘ - - . "f : - . . £ )
P ‘.a | LS

As is’in Exercise 16 define the limit inferfor of a as .'Lim a_=inf C,

where inf C is the greatest. lower bound’ or :Lnf:Lnu.m of C "« Prove
lim a ¢ C . 4 . . - : o

~

Set -b)= -a- : '1‘13en : _lg,an = -:-L-EE ';:!'n - = k ‘

-
.

X

"(a) a :mn- (L) ’
Hmay =1, Mma, =-1 '~ L
{(b) a:n—)cos-—s— ’ R
iTma_ =1, lima_ = cos & 4 - -
n ==-.-n S -
_ _ 5 o
L. ‘\.
(e) a-n—»% .. ‘ .
n n -~ .

'Y

0
-

' L]

"

o

\



Cay e msE R @R N EFS e e T
m a, = max(q,B): 5 Mma = min(c,B)- - T R
19. Let a :.n —>a, ‘be bounded, - ]a [‘{M . Suppose that
. £, <lim a, <lima <A.2 oo T _
Prove that there exists an such that :E'or k>, . - s
- 'Al ak <A - - - -
& * ‘ -
< -

- . , - o2 N

"’ If no such © exists with the: s‘bated proPer%y then there exists a ‘subse-

- s,

. quence b, :L —> b - satisfying efther : , -~
S - . . ‘
~?:\ ) . - .

- > >
o . ‘ M < b, <4 or M by, > Ay \_

' ‘-c-‘

. - < .
for. all 1. Hence, b has a convergent subsequence ‘¢ (which is then
also a, convergent sﬁbs’equence of a ) whose limit C satisfles either

A . > > s -
o .C SA.l <.1lim sn or. c A lim an
ot vbich neither is i:ossibIe'.

o el . . - ° - i . 7 )

-

L ° . - 4

b Suppose ‘l:hat a number A .ig less than the limit superior of . tHe 'bou.nded b
sequence a :n —)an» s that is, A < 1lim a, - " Show that a has a su‘bse-

- - quence 'b:k—bbk-aik satisfying bk>A for all k . ',

t ~

Since A < lim a, there is a su'bsequence, ¢ k— S = aL'j > .of a -
. x *

whose limit .C 1is grea‘tea: than A . Thus there exists an integer v , .

suchthath k> v ’ :
- o =
e ~Cl <C -4 or o >4 for k>v. .

_ < :

Consequently the terms '&f the seguence defin_ed by b : k -tbk = c. .
- T . . T ’ a ik"'v
‘< are greater than A .

-~

l. Let‘ £f be continuously differentiable and consider the“ sequences n — a,
-and n'—’b . which 'bo%h converge to a' » Where anr,yé‘ 'bn for n=1, 2,

cee o Show that the sequence " - o g
o . 2(a ) - £(b) ' co
L= \ -, - . : n - -. b
. . Bp B
cc:nverges to £tCa) . T - o v -
. . ) . . . ‘."‘:101‘3 - . ¥ . ~ 3 Y z
EKC o CooEs 2200 0 T 5
B ea o= ° -
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; ,_ i . . - -
- . e T e ? - .
N . e : . LIy -
. T

v 2
o

4

h)

.

) \‘ ‘b‘hat X . :/ . 7 _ “~
S ,f(gn}--f(b;a»--- o= T

< -~ . J [ e
Ll i e e .

‘ By the Mean véiié *ﬁeorem there exis‘ts e, ‘between an and tbn such@s

-2

P ’ 3f . T a_ = b = f’(c ;)' .

‘ : n" n
' ‘ &
Thu.s by the Corollary to the Squeeze ‘I'heorem J‘:I.m e, =‘a , and by

Theorem 1k-2g for f£' , lim f'(c ) = £*(a) . R
Newco . ‘ -~ -
TN

, j |
l\_22_- Show 'by an example thst the -contiguity of the deriva'bive is. essential ..

in Fumber 21. _ _ N
2 1 L
Iet £ : x - x sin-—ifx;éo and f(0)=0. Lgt, s
- Lo ’,&
-1 A
a = [(bn - 1)’i3 ¥ oo b, =[(m +1)5] . Then £%7(0) =0,
l:l.m an = lim bn = 0. , and f(an) = a.n‘?‘ while f(bn) = -‘bn2 - Hence _ °
. Dee® Irec0 L R ) - ) ; et \
v a9 - ) g 2 2 ' .
: - f(an‘)_ f('bn) o an * bn . 16n2 + 1l - T BN
. o — = —_— = _ _
- | ag bn an bn‘ ﬂ |6ﬂ2 [ —
which converges to % . . N -
o . . .'.‘_ SR -
Solutions Exercises lh j e
l. Test the fc...lcving series for convergence. ) . . i f“-f' N U
9 - ) ' .. *
. m - 'f- : - Q . : . B hd o (
n ~
n=1l
. . V . ) . ’ . N - .' w . - -
7 AFI -/ 1 1 ‘ Y
| o = < g7z - Thus —
(/o°+1 + /a}n %% Wow 8
. converges by tb.; first comparison test and the p-test.
R RO :
) Gb) 'Z . - l _'_':“' B (-"‘.- J.“_'. . -. : . t
. n(log n)(log log n)°. . ST : T e
. n:_-3 - , s . . . ) o - . # . . | - .
A P . . . Co - - o



4 J’-‘” : at _ -1 7 T -,
S 3 t(lds_ t)(-l'og log _1;)2 log ‘log‘t 3 - log.log. 3 -

) 4
.. . L ' converges ‘b'y the\Integral Test
: Thus Z n(log n)(log log n)?- T :
- ‘ n=1 ,
.‘{ ..
Z (n + 122 - L L -
o . n-:l. . n3” | ‘ . _ '
N o ‘ - . n . - ) .‘..; —_ .
X Apply the Root Test: lim ,%(%)n - % 1im & Y B = 1 _ .g. ;
. Do . - ‘ ; b o TW-C R ] o
n . :
- Z (n ha l) - converges.
' n=1 : : .
, 3 ’
, (a) Z =
N 7 bl
; ¢ 3 ’ 2
' : 1
ﬁpply the Ratio Test:, lim po + 1) nl g {n 13 .
' n+1)% : 3
Do ., n D~  n3
h
‘ . th.us E n_‘__ conferges. o P
X n. . - -~ . - T
' o
nZ : .
2. Does the series . Z (n T .c.:onverge? )
™ , .
Yes, since
: e e
) ;" b : ~F ) ~ - .
~ 7 - LN ~

L

14



-~

4

I

-

3.

“e

Ls

ka3 |

N

2 nlog n -

]
>
v N

.

. kxlogx

- Hence .

IZ n iog" n -

L. 1
if- Tog &
Q(e) = e l/f ‘e

o
Z o
n .
=O

-‘(. -7
T Ga - 1 "3 1l oo
Since 3n+l 7 T3 7w

proof of the Ratio Test,

™ k
n n
IZ—n-Z—nl

,—O n=0

L

IZ 'f |
_ nlogn ?/_enlog

|<e:

nénlc‘g n

“

~
~

4
4

.~

1. %f.oral:l.n

;E < (-—) for all

| i--_f;[

) n=k+1
= Z 33

. n=k#l

‘4

n

L]

. Find a suitable _ cu_= 9 (e) for each of the following sgries. -

<e,thad: ::.s,if k> l/e. Héx_teewemay:bake

~

.-
o -

s hence, as"_i;n the Q
. va e o

Therefore




Cwe!

'h Sho‘fthatifé>0-,n=l,2,.;.-

-

_m;_ég_%'Z s amd ¢, fZ‘-f@f

I : L log.

: which is less than € 1f k >
log =

Q(e) - 2

. 108 'g-‘ -~ LI

oo . ) o Coa .
. -

k

. Hence we. may ta_i_:é_ T

R |

2 -

£ -

. Hence vg may take

¢ oD .‘ -
> Bs2-y £51

2 - 2

a<i % p P
L] » w

< Z L <

o <=
which is 1ess than € if- k > (—)
sz(e) = (-.) <

. - - .
. - . - .d - 'Y
: T a.; R

-
»

- A

. )

E converges .

.

e R =1
(E:ercises Al-2, No. 16)

- - ~ -

- 2ou7

. ~ » - ’
g - e e

o
Q
-

- R R o

,,end - ). a_ converges then )

4 n
S as=Ll -

' Then by the Cauchy inequelity -

9.



Tan-3 e

. . l- N n ‘ - ! w .
S - 2
BT O P S 30 2:
: k=1 : k—-l k=1
- S 'I'hus the seguence p - 'tn is' Edunded and mono_tone ,incrgasving, theref_ore o

- -convergent.

- . \ ’ . ’
" +5. Let ‘a: k- > a8, be a monotone decreaslng sequence. Show that if a has.

. .F»,?:,:’ ' i':ﬂ i . }. 'f-, » ﬁ«ig” _ .- . -

e ".Gi,vez; -any n » choose ik. > 2n . Then Z a Z 2i->
. ) - . ° o -- . . ;jm .

- : - .
: - I oo .
L) ) ) . . .

a su‘_béequence 'k ='a, . for which' a;lk > % then Z ak-"'d_iverges'.

NII—‘

IV
:%MB’.

Thus Z a 3 divérges- 'by' the' Cauchy crit._ez‘ion -f_or series.
. 'j =l . ! , . -‘ : ' ’ : e

=

» ! . M . o ;
* . »

-

6. Show that if the se:fie_:.s of pbsij;ive teris - Z a8y divezjgés ‘yhen )
R 1=1
. o . - .
;( . Z divex.'ges,where '8y Z <ak . - . - _; .- -‘ s . ‘ .
.Slnce s :f n — s11 1§ unbounded we can associate with ea@ n- an :Lnteger :

.+ ..V -80sthat. as '<s_ -W' ‘Hemce. . I 0T L

n+v : n+y - s s

‘ . s .
: : _,_v i—- sn + 3y - sn+v 2
S i=n+1l- = °n i=n+l « - . .

-
o . a . .
Hence —= diverges by the Cauchy crit.erion for series.
| § Sy -
. =l ' ‘ - . v _ e "
. , o L y b

e . e j . - . . <

-

':?. : Show that ii‘ the’ ser..‘es of posi-tive terms Z - A cbnvérges‘then S
. - w ..-. o :‘ C -. ‘. . o e - n_l 5 ' . . .-

E a," converges. . _ . o

[
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) ’ . ’ ° . - . . ,l - t . . hd :
By the n-th ‘ﬁem’test, for n - sufficiently large an < l « Thus:
) ) 5 Lo ] 1]
- Thus '-ane <'an and Z _ converges by the First Comparison Test.
’ ’ . "v_ .

’ -

n . ' ’ . ) > S
8. Prove that Z S—i log 2 + _ . - C e
- n_l ; LT T o, . ‘, . -
o Hint:' Use® Z ‘= =2 ' apa integraté.
L o l- x LI -x - qegrates

-l = -1 lnsl a1 -
J“ Zxk\@f"'_f J:f‘-xdx=J' = '

0 {= - J 0 = Jo - | .

or ' _ -
_ n+l(_l)k Spoaa R |

\ , Z I T dx = log 2 . I .

‘, - -l - X ‘ ) - . N

-

Hegce ' e _ R _. ;i N

n+l - : : v ‘
_ _ l’log 2 - _- °l) | j dxl < J Ixn+l|dx C b

9. {(Cauchy Condensation Test) - Show t'hat. if n—a is a dec_zreaSir_lg_sequenCe‘.
. . . . . » ) vm_ © N . \ . . . V' . .
.of positive terms then the series E ey #nd Z 27a n “eitkher both . -

" n= n=~o :

.« . . . . -
o *
-

- converge or- both diverge. B R o .

i

dn - -
P . .
L - . . .
e - R >
v N " - .
L e ..
—

k _n‘.*l'_-:,. " S e R G
- < X ax' g T e (e



. - . . .
. . . . . .
! .- > e ’
. a . ' ’
- .o ) .
. -~ - -
. . T -
. N . 4
- .0
' Tk

It Z aa& converges then o

k=l :' " . 3
) | i i i. '
. =TT E T =

5‘

‘and Z ' converges since its sequence of partial sums is monotone

.

oLt SR | § o0 :

IA
j\]
[
+
mb'
0
n
b
-
]

. 2

Thus the sequence of partial sums for ,

‘._-'ooﬁnded; hence Zfa 5 converges. -
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-

10. (a) Use the Cauchy Cdndeﬁ’ation_,‘rest;to_ .show that Z
- ' ' . ' k=2

e
I log m divergee .
. . :“ . L . ’
By : " ‘ 1 : - o
v . and that Z Ee—Y con.verges . . ‘
"/- "- . n£ n(IOg n) 1‘ a » - . ~ .

-} oo " . -] N . .

- ‘ o I 1
Since Z Y o= Z m divergesv, _ Z m—n dive:f:ges -
' : n=2 _ #® =P «
- . l . -a

-

Since Z Z 2 5 converges,
A= 2 (log 2 ) (]_og 2) .

(- -]

Z —1—2- converges. .’ » o - )

"né n(log n)< - -

('b) A_pply the Cauclw Condensation Test 't,o test the convergence of P

L

Z n(log n) (log log n)C:L/ : - | L | .
Apply ‘the Caucby Condené'ation Test repeatem_:te reduce the problem

to convergence. of‘ - .- '.e;" ) . - B ._.._

., . '-;,Z -- - ~ ., 2-n_‘.' '._, »,= l . Z ] l ‘. e .
. — 2%(1og 27)(Tog.10g 27) . 198 2 nlog Inlog 2]

2. &nd then to
[~ -] [- -]

Z S ' Z 1 | ST S
¢ n log 2 + log log 2 . : L2 el
ey 28 103(2 log 2) Pt _ . o > T

A.‘l.~- -, o n - -




w Al
‘ lim — —= - - lo;f? £a
n~»o 27 log 2 + log log 2

it follows that the last series diverges and hence eéch of the

other series in the succession diverges. .

Solutions Exercises 14-4

' . o0
. " 3
1. Show that if Z an and Z 'b both converge, then Z ahbn
) T ,p=1 n=1 ‘ , +  n=l

converges. /) . o S — :

By the Cauchy inequality R : o T B

[+ -] o . " . . V
2 -
(ZI@) <y e z S WD W
k—l .. k=1~ T k=1 k=1 .
~ S n - ’ : : _ . _
) Thus. n - Z Iak'bkl is a monotone :anreasing sequence and therefore
& N ‘" converges é'béolute\ly', it cycm}er'greis. ;
AN ‘ - ’
. Test Z (-1)2 n° for convergence. e
n=1 (= + l_) S B B
‘ S v 2 '
No. Since 1im 2 =1 £ O .
S neo  (n *\J-) - _ -
) . ®
1 ' ' o ‘ .

L=

.£ 3. Is the following true. :Ln general? If Z an 'converges and

o RS n"‘l
lim ¢ = O , ‘then =Z ’ .
- =
. ]




.

- . o o B - . : . ("lln
It is not. Consider the following counterexample. Let a_ = cr = - .
S e ee Y o~ C e e n . n ,f.:
. Then Z a, converges. by the Alternating Series Test, xkh.ile
n=1 o _ o \ - .
<o c© 7 *
‘ 1
Z anc:_]:1 = Z a diver;es by the‘p-1~:e_st.. |
n=l: n=l ~ . S . . .
~ - = : -~ - b .
- . ] - o0 }
' 4. Test for convergence_the a;l.ternating’ series Z a, where . P
a =L apd a,. = - X ' T * :
2k+1 k . 2k 21: * )
oo - . ’ - o . - . < ..
It diverges. If- Z a8y converged then Z %': Z a + ik would
r , S ; . 2
. : . k=j.: 3 o o k=1 _.‘k':l : k=1 .
also converge. : T S T .
: : - R
. .- . 2 -
5. .Prove that if . lamlan-l_]-< a, for all n .and lag] < la;|", then
o € ’
Z a_ ,converge.é absolutel{r. - .
n . ) - ) . ‘ ‘
n=l. . . . ,9_. - . / T .
. : a. ' 7. a T e L -
. We have :+l| < {a Z_| ; hence 1lim l .2+l ‘exists by the Monotone - -
' ' . n n-1 ' S n | . ' o ‘
. ° ° . w
Sn+l E2 Lo
.~ Convergence Theorem. . Moreover, lim 5 | < ‘|a_ 5 - Hence: Z ‘[an]'
) : ’ o . Trveo n - .l. T n=. |
converges by the Ratio Test. - ' ;
. - ‘ o - . . ,‘, ~
& 4 - T , o , .
- . o . . : .
™
' . ﬁ .
1053 . )




A ' v

. - - ‘)
TCl4-5. Parentheses and Rearrangements. . :

-

* .  The striking rest.lt of Theorem ih-5a ana'Thecnem 14-5b is.that a very ’,
complicated condition. is replaceé by a simple one° If the limit of a co'mrer- —~
gent series can not be qltered' by rearrangement of‘ its tems » then the *series
is absolu‘tely convergent ( and conversely) '

‘., In’ summary‘, the section demonstrates tha‘t convergence :Ls sufficien‘b £0o

the, extension of the associative law to infinite sun:matlon, "but that the
,extension of the connnutative law requires the stronger condition of absolute

e
o

convergence. ) ‘ B ) ; ) = . AN
J < ) - ; . . . . | . . .
Solutions Exerc‘ises'lh--z - ]
1. Prove Theorem 14-5b for the case r <O .
; 3 141 h/)oo . | | :
" Choose i, so uh.et Z 'a; <r< Z a}: "« Choose 12 > i +.1 so that
” SR . . k=L k=l - . '
. 1 +1 i L+ 1, o o
N R A I D W S
) . - };il+2 : k=l .- k=i.s2 - R

Continu%ng in this manner constzuct a rearrangement which'conve.rges to r.

L]

2. Show that (Z —)(Z w ) = ———x(-\to conclude that | - __'

o ‘ eiey = e* . (See Section 8-5 ) » ' . . ) T
.. .‘. . - ..‘ ‘ . V r L -, N | ‘; ‘- ‘>- -- L%
N : ) \_, -
1 > 7 o
/s . '\/ '
o - )
£ 3 =
-7 ZJ.L ] -
: - 105k .




..‘

/ ’ *

N
i
By

/"‘\
M

#
tj

- : . N n=0

— . .
' Since e~ = Z%,— ~(Section 8-5), the conclusion

n=0 "

-
- -
- .
- -
- .
> .
» - Q’ R
-
- -
h -
- .
» ~
'
- -
. . .
-
*
-
. . . -
. -, B
’ * - -~
d -
oo ’ -
\ -
+ .
= - - .« ’ - -
18 - - .
- N
- L
. N N -
V4 .
) -
~
.
»
- -
- S
.
-
~ .
-~
. .
- -
e A
&
f
- . .
. .
- . .
- - - ’/t
. >
A -
ot .
’

R n\’, ..A..“ “. - . R Lt '; o

"

/

k' n-k

b
s

[N
-
-
L4
-
]
4
-
.
-
-
-
-
.
El -
Y
\
. "t -

u

follows.

-

14-5
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.
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Unifo:::m Convergence .
- - o _'. -_’-7,-‘ ‘ . ._:.;_m." .

It :i.s important to observe that the uniform comrergence of: . J<:-iuz“«.l': by
‘ : . . - ‘n=1 I

- -

itself is :do'b sufficient to permit differentiatio\n 'berﬁb-by-tem, for this, .

-."~, . condition we employ (Theorem 1lhk-6c). For example, the series E sinanx
. A . ¥ : -
. i . , _ ‘ . . - , — ne
. T , o . , < n=} . o _
- . . : . -'.,'. - . '. - . oo . . - ‘
converges uniformly by comparison with Z % > but the series of dexivatives
o : . s n=1 © S : : - f.» .
hod a - - . . ) - - ) v' ’ . .
. E -'F—o%{-&- does rot even converge aé x =0 . - . . o \'_
. | o | N
_ Solutions Exercises 1L4-6 ) .
£' 1. - Show that each of the. follow:Lng series converges uniformly on'the eets__
J ' speclfled. . ‘ & o o
. 7 . o . . . ) . - - L °
Ea) z . sin_anx e x < o P . -
‘ S vy n- o i ‘ - ) o : ""':}' '
A A ) ; o R ' ) 3 B
sin nx é 1 i .- ’
Rl - E . 2 4 T -
. B - : - 2T
> A . R . . Sin b'd ' }- ) " L ._ - . ‘. ‘-.__ . -
| - (v) ZT_-" [x]<2_’_(..~.‘ _ N
) n:l ‘_ . ‘ . . . - . ' . ) ~ .o
- S | . - . . ’. e R
Since |x| < <z > Isin x| < |x| ; hence, ,sin-x , <=*_.
- : 2 2 o= e - ba
: . n 2
- "\'
. - . L,
E ( , O<x <2 LT
: n—l . - . . ’
- . . ',, . -P's.' -
- . i056 . . . - )




ST X 3R _ 42y -
. PP*‘ o<xxz2, s G ,_<.£3?- R

v . -

'_2 Show-tpat the Weierstrass M-Test is not a necessary condition for :
qni;om c‘onvergence.--:_:-,.-;-_-__._‘_. : S : T~ o

v

Lok,
n

»w\
e

S O, for O <x = Lo
. . : = n+l ; o . :
AN ama LB+l <xz1
f-.c':' - ) \ o _ ] <& . 2'n n 1 - .. T o
g %, for x.= / —
-»@Let n—->u, :x—><. Co

B

. o 1, 1 1
’ s =
oL ' - linea;' 't?etween ’ -2_(1:1 T n)__ and -
R IO I P ! 1,1 | 1 :
S A\ and | betwgen_ = .and E(n + 3 - l)
} v e

:-:." ) - -~ ) - . ’ K .

B Z %-‘ ;di’tfr'ges : Hence the Weierstrass -'M-’.I_.‘é;"t';;"c:‘a'i_:._'q.o_"c. be -ap#iéa_;-_td.‘,, :
5 ;. u:.- ‘ - -,: . . .. \-:' i A _ Pt Lo [: . _.;-_._: ) . . L
. e Z anCX) ) T - - y
- - p=2 g : o “e
.; . AR
. < .

. '3'. Show that Z x2 does not- converge uniformly on x| <1 .

n=0 ' : S e ~-

“y .

N



-
By

i

¢

-

Do

‘.

k.

>

- such’ that [u (x) -f(x)[ Ze. . e

Lom

o i;_--',n+'1,- RS
and 1>x> ' L ey

I"l

-:x

t\)lP

Take é=_

=
'l'hus Z k d‘oes not converge unifo*y-- on- |x| <1 . "_ o "’- S
In Example 14-6a -and Example lll»-6b show for each fixed € <1, Q(x,e)

I_’n::bo"bﬁ'c'ases,-fo“r" evez':,r € <, l na matter shat number <D is proposed
as a. bmmd fcr Q(x,e) sy it is always possi‘ble to find x and n > @ -

InExa.mplelh--6a wehave forany n'->c.i_'o;- and 0<x<l—;§,f_. '

|u {x) = f(x)l =un(x) .ﬁ,.e;.-,_-. -

In Ebcample 1k 6b, we have for any 'ﬁ_ > - and - —< , .' _. 5

- \

lunfx) g f“‘” -=»‘-'1n"" e

-__.___,_..
. - .

A sequence of" functions o :; ‘n -> Y'.n‘ is said _-to.'c'on'yerge in: the mean {_‘t,o,"- -

f on-[a,h] i . -
o B L b

‘

T e e e wPax=0. 0T

. (a) Prove if u . converges uniformly to f on fa 'b] then u ccnverges-'

De~eo - J &

-in the mean to f
Given e > O' 5 there exists o such that if n> a: then

o : - If(x) -u (x)l <PJ : o o )

- s -

Ij (f(x) u (x)}dx[ I ]f(x) - u (x)|2 R ,_
<,[ B @ e



= .converges uniformly to P(x) on G [-:vr,:t] ,then

. ..

- (b) Show 'by an example that u c_:a; ‘cdnverge in the mea®ito .£..but-not
;> - pointwise. 1 .. . ... S ' Lo SRR

’ . : _ T

-

IA
o
B - |

")

1]

1-,7E8r ..

Y . o
. Take. u s x= Fy 1
* - o 0 > fOI' E

IA
»
1A

and £ : x—=0 . Then

. .

e N 2 .
l:!.mj [£(x) - u (x)]7ax =
Drew J.O- 0 B

B

?how 't:hat- i_ the series
. @ aq C :
(1) - S ?. Z [a - cos nx + b, s‘in nx]
Lxe Do n-:L o : -

e

A . -
."'- - . -

- R L - .
-~ i o
Tk -~ .
E s
B -, o Ty . o ..
. -‘_-‘ - - . . o ° s -

(iii) PR .‘ j f(x) sin nx ax

. L . oy RV ¢ e
(ii)'f.."‘ - .\ - an: -_-:—J f(x) cos nx dx ’Q

ol Loy
[
o

-
L.
-

SR

S SRS

W

N
]

1, 2’?*:..

('I'he series (i) nth coeff:.clents def:.ned by Equations (il) and (:Lii) is-

caj’_'Lecl‘ the Foux'ier Series of f D) .

% K

_— ‘ ) ' - s

) -We‘-vha_ve- ~'-J— 'cds nx sin mx-dx = O for all m, n ;-
. -t ) . . B

5

T
J"sinmcsmmcdx=J( cosnxcosmxdx

: Te .o -

PR J »smn;_cf(x).dx= J b sin' DXdX=':'rbn

,- .Q 1': . . 7._7 - sr - 2 .
s j -;_-cbl_s_ nx{(x)dx _ j ; .an-'c,os m;?d'x o

]

0 , for n-_';é‘n.{

i

o Mc.xl‘biply 'py . sin 5ix or cos nx in (i) and apply Tﬁ emllllt"e6b"to‘.o'_btain‘ R

w3 for m=m=1,2,.. . -



P ° . i -
IR 7;;;ygsamﬁmsmmmwlmT’7a,}"rw"c;
' PR ".- .__‘ Lot - = — - — p ‘ .\ N < g e oy
SR R . _ - »‘ —

. - » -2 ~ . . .:.'._'-_ - ]
. ‘-.'L. I‘f the eeries Z a Jg anﬁ Z '-b x -converge on. [xl < R shox_f:_:?bhat

- ou o . - M

T, T . n . - o } n.
‘ " j .- _n=Q o n=0. n=0 T .
andtha't S : - S

<’ & ',“‘)(Z“) Z“f

on anhr i’nterval [x{ <p where P <R ,'where ey E akbn_k- . o

s
Wl

. () Usemeorem k3.t L it L
'(ii'.). '_,ﬁ's".?,.;‘-l’heorenif-ih-sc. o TR SRV B

2. From Theorem lli--"r'a prcve the claim. of the 'text. 'that & power sez:...es fas h
T §"an3 . either f’:éf,]_]'_'_nf_'_ ;1« | | 'Z'ﬂﬁ‘”f '

Con=0

. (a) converg s for.:aj_],.jé._; .o'r;‘_i R ' -
() +there exists a num‘ber R such that the series ccnverges for
|x|<R enddiverges for'|xl>R. S S
: _- .-‘_, / -'_-. .

If the set of values . E for which the series converges is- u.nbcunded
then E R. by Theorem. .'.L«L-?a, since, g:.ven any x there ex:l.sts Y o, ..
l¥] > x , ana the ‘series converges at y . If E is 'bounded le’c .
R'_= sup E . Thus, if " |x| >R the series must diverg‘e.‘ It ]xl <R
. there is a ¥ in E with x| <y . Hence 'by 'I'heorem lh-—?a, the series'
'convergesa‘blx..'. LT e e

- .. ~ . E - - : ‘ U e

3. Prove t‘hat if Z a :‘:n has raaius of convergence R:L and E 'b X
IR : n=-0 o S . 7 n=0 -

T

‘..-_has radius of convergence ' I-’(2 < Rl then E (a + b )x has radiu.s
'..of convergence . RE' oo oL e T




T ‘ " - ‘..u . . . ll".:?_
It 4is clear that Z (-a—-i- ’o—)x——~converges~for |x| < R2 If -

G

.Z"‘-"an + 0, converges wnere %, <x <,‘Rl_ then since

o —
S .
« oo

Zakxk Z(a.+b)x be
k=0 .-k FE .-

e
5 -

the &iffe_ire.nce - ‘\

Z (a +b )x ‘_Z a:':lxzr:x -_ | . -

n=0‘_" .‘n=0

~.

' <_:ohve:r;3eé_~, bu@this is ‘impos‘si'ble since .x- lies o_u‘_l:_s'ide'the“ interval
T -
- -of convergence of Z b x2 .
n==0 ’ |

- Lo . . P - . . . -
- .
P . .

N N Sh&wthat the radius OF .convergence of the power series anxn is
L e ’ . . a0 IR

[
8

- -

" 40 j__f"g_m"iﬂan]—'
R’ -

. o if Tim JlanT -0, I

_fz’fx_iia—l.q..g"t:he,r'-_ca‘_sf:e% ‘R = im = L | .

Choose -1, ‘so'that T <'r-

1 J”<>R . Then 1im J]a I =5 <

"r—-”ll-'.[

thére e:dsfé. @ such 'tha'b for 'k >cn 7 k‘~-’|ak|< == . Since Ix|. <x we

1
1/ | |x| <—- or lak[ Ix] < (—) for _1;..>,c.‘> . Since
= -1;'__,_". LitE
}_ <.l the com:%arison series (—) ‘ converges g.nd" Z an’-".,'
éonverges* uniform.ly in ]x‘l <r ,by the Welerstrass M-Test. ' .

| &
“y



'If Jxl > R, choose-- rz__ao :l:ha:t:_ Jx.l_>:r ,>£..::.The L
rz

'then :I.n a su'bsequence ’ J#] | satisfying _ j#| l > = (Exercises

<

",tdu-'
0
o
0
o

Tl et . - . PR . ‘ n. N n . _ ’
1k-2, No. 20). Hence Jn——r Ix[ >-L-L or |an.:||x| 3 (J_l;f X

-

o L 'I'l'rus Z aﬂ x diverges 'by the n—th term tes-b.
| n=0 S o < -

5. -Find the radius of convergence, ‘R > for each-'df_the_' _fqliowing pcﬁer"

series o . -y .

(a) Z r;'(n_j!- l).xn s _CC) Z _n—n-i-:i; — <

..m. ‘- . ) )
() ' BX 5 : (@) ) B .

. - - . - -". . -1

' Apply the - Rat:.o 'l’est :.n (a), (b), and (c) to o‘bta:.n .
S ey ._._l : . - e v, .
.(a) R—l ,._‘._,__.'(b)__ R 3 .e.n (c) R-—_. .
" In’ (d), by Section 8- Equa“bion (13) 2(—) < nl < ll-n(—) so that
l—-L 1/_ < #n' —-)n -,—I- -fE- whence lim _J-a-/ n']x[ le‘ . ‘by the"'

o Squeeze Theorem ' Hence ' R e.
. - : - y ) .
T - Al'ternat:.vely apply the Ra-b:.o 'I‘est to ob'ta::.n -
7 R lim (l+-—) e ..

. D~ : C Lo :

n‘

-~
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Solutions Misce]l.aneous ercises -

1.
s

e Second Comparison Test by proving ‘t:hat if lim :-a——-"= D , where

20

H

PR

a, >0, for. all o, and '.the Z a, converges then . Z bn converges o

T ) n=l: - : - n=1
; g‘bsolute!.;r. i : : S
- . - . . ? 4
LT There ex:.sts an o such that for k>o s : . o .
SR - <1 .

or ['bkl <ak . Hence by the First- Comparison Test Z ]’o I comrerges.
‘._— o . . . ‘ ) | . - . . . . .' n_l . ) -

5 o n . -

. 2. Let E 'brlx be-a convergent series of positive te \Prove- if .

) a b g . C Y ..
. .2’*"1 < {‘:-" L > for all n , then Z -converges absolutely. = -~ .
= Al S _ n=l '
S T Ian[ _ S - 3 ?L L, !
The sequence n == 'is decreas ~and ,bounded below by O, hence
Ve - SR B e T
' convergent. By the Second Compariison Test s Or by the preceding e‘xercise,
1P lim J__J. 0 » the convergence of Z 'b . impli€s 'the COm"eIgence .
: - n—l . B : -
of Z a . ) ' o . o S .
L. | | I _ , Sk Ce A’ . Lo C N _,'.7~‘ o -
: o n—l ) S, R Co- T L N :
. . . T . . ‘ g

,. 3 Let Z n_ -pe a series of ngmeg?‘la;va ‘tems @ve it : - : ;’
. .. .. n_l 2 ‘ L : ‘ . - - ’ h o T B b ) N E } b

: ﬁn' : - : L o LR
o m = 1} > 1‘ + € > 1 for n > @ , then , Z cyo_nvé’rges: e

n-!-l

o

- .‘f - ‘ : . n=l -

.‘_ ( N . . . a S - . | ' . .
a‘bsolutely, _'but if n (a 2 - l) < 1 - e < 1 'then Z diverges.

T

=




: - ,’11;-}"(:' .

: gRS Hint:  Use .the preceding exercise to compare the given semes with-a
s p-series, where. P= l T e . ) . .

. aj . ; : a ot
. n_- : PRI . _nHl 1l R
- It n( - 1)> 1‘+ e for n_4>ha.> ’ then 2 < T5¢c < R }',)1‘*'6_'

a / .
1'1+1 o SN ._n,. ;L.+ =
Apply Number 2 S
/ 1 ' .
’ / (n + e (B )l"f? .1
V. ‘ T S \TE 1 ( l)l+€
[ s Tire . 1+ R
n . S
Thqs ‘the convergence of Z -—fﬁ - implies the convergence of
‘/_ B =T : E .
Ao Z [a I . Divergence is ha.ndled analogously .
'-"n—l . _ ‘ . _ E : - L N I
R Show that each of the conditiqns in Leibniz's Test (Theorem lll.-'ll»b) is
) ‘ necessary for convergence. . . - .
K ’ I N '
LI . . - bl ..‘. ’ ’ Neo
. . The divergent series Z % satisfies conditions 2: and 3 of Theorem
: l , | ‘ n=1 . N T ' «-
' lll»-ll»b but not condition 1. ’l’he divergent series of Exercises. lll»-ll.
Number ll» satisf1 es cond:.tions 1 and 3 ’ but not condition 2. The diver-
gent series ( -l) (l + —) satisfies conditions 1 and-2,"- but not
4 R T
. n—l . . ' ’ " L T L
. co_ndition’3 Lo . T ' '
» 7 . o . :
o ! . © ) ) v . ’ . » ; T 4
R 5- P_rove “that Z ai " converges. if . :
" (a) '
C(2) see =gy, |
(b)) k- Iakl i€ nonincreasing_ » - o
9 o S e
‘ N ’ E«é‘ -
‘ e . Bttt s 2

ERIC

Aruitoxt provided by Eic:



e e e TN e S e T T s S k—l P sl

"Shcwthat if :u.ml

- Define -'t‘he seq'tienoe b : k —> 'b
a.k= a. + Z bk a-nd we are given .'Lim I
comrerges 1f r<x and diverges lf r > 1 '. .

‘I‘ranslate the Weierstrass M-Test as a.criterion for the unn_fom conver- '
,gence of a sequence of - fmmct:.on v :n —>un. - . S

_.S.o’n,'—)S Z 81: R
L . r - - k_l ( . .' .o .‘ S, '.

are monotone. sequencé’s (one is nonincreasi_ng and the. other nondecreasing

-rather ‘than :anreasing and - decreasing as in the proof of Theorem 111-—1:»1::)
" Then contim:.e as in Theorem 1l;-hb. T o .

>

a e el . T 3

+ S - e : o P

_n__];___n! ='r , then’the sequence - n a . .converges
a, .1 BN Nt _ _ :

it r<1 enddivergee if'r>i N -

a}: ak-l The‘?

Sat - ra

k+l

l_-_-- r ; hence n —a,

k=1 . . . . - R .,,,.

-~ “

'un:_. is the n-th partial sum of the series Z (uk uk l) s where we .

.,_—__.__,n—l, . o

4

'set ul = . -‘Thus the 'se_gue_nce B S converges un:.fomly if there ex:.sts .

% :

a. convergent ser:Les of c‘ons‘tan:ts M -' w:.th ELREE
T :___,.-n—l
o

. - r

‘- Lav 1%5 - » 2 - ‘Q -

- .. - ' - !

- . \ _ , -
¢ b ) -~



- . - 3 ~—~

w" o - ,'un-!-]‘_'ﬂ(x) - o -
8. g, foran X in E., ]u (x)l<M ‘and - 2 | <r<1 foral

. . L e . ) ) i )

-n>v, then E u, converges tmiformly :Ln E..
‘ n=1 S

-

. , )
Compare , Z 'L& wi‘ch a geome‘cric series. For every integer Xk > G- we
. /en—l - T . i ' . -"; 7. ' - '. - . e ’ T ’ .'- »‘ . . -
. , 6 oo .‘ g -:uv-;]_k(a':){.s’ ] v—l—kl(x” <.__ L -
A o I '> o : kL | ' o

for all x in . E . Hence Z u, -converges uniformly in E 'by 'bhe

. - . -
o . : e e ~ B n_l.. : o . Y - :
’ . ) BRI .~ o et —T \( - ' K ! LT - T

.We:.ers‘trass M-Tes_t. o S .

) 9. 'A';telescoping _series is & series of the ‘fom : e - an+1} . Give

- : -~ . ) ; el : . . .

' necessam ‘and sufficient condi‘tlons for the convergence of a telescoping
series.. ) AR _ N .

o . - | o . o o » T
_The'n-th _pa::""tial sum of the telescoping series. . E ( ar; - 2 nsr” is

-

Coael (o - “’kﬂ ‘“f""f'l " faw ¢ Thms the .comvergemes o' I
: : k—l A E I ST e

VLot . .
. o - . . - -

© iy - ‘ . ‘ :
Z (-ak_-f-» akiFl) is -equivalent .to ‘the convergence of n =an . 187

' lima = x jthen Z ‘= a. -~ 1T . '- . " : n’
a2 ®n = 81 - . : : o

KRR : 10." Prove the Cauchy Criterion for unifom -convergence: & necessary and
T suff:.c:.ent -condition for the uniform convergence of the sequence- of
i‘u.nct:.ons u :.n — u . with common domain E is that to every e 0

RN +there exists: ran t.b:: Q(e) such that if n ,'m>m, -t:hen .
[u (X)-u{x3<e for all x in- B .o I T

-




SRR - . L1 M

Supp05e that 't:he sequence u has the property stated. Then for each x

- B the’ sequence n —>u (x) converges by the . Cauchy Convergence’
Theorem, . a8y ‘to U(x) ;. .e.,' u. converges pointwise to U -: x = U(X)
. Given e>0,1f_n>a:l Q(),tl:le_nforan& k'>,a>l', '

fu(x) = (x)l < IU(X) - ul;(x)l + ~|uk(>c) - u,(x)]
- <Ivixl uk<x>l+—- '/‘_ .

- - L

B Nowgfor each ‘X take any k ‘large enough so that IU(x)- - uk(x_)l <§ .
Thus, IU(x) -u (x)] <.e ‘for: a‘ll "x in E .if n >c1:l (We have
: obtained an m ind'ependent of " x » although' the details of the» proof

involve a cho:!.ce of k. .which does not depend on X ) Conversely >
a converges uniformly in E «., say to U > to’ each e >0 we can

associate @ = IZCE) sp that for n > » ]U(x) - u (x)[ <,e€ for all

‘x ~:Ln E . Henceii‘ m,n>ml»'where a:l=’s'f(§)‘we have, for all x

. in E l__ _— -.-/ -‘ i et . . b J.
e (%) - w0 < 0G0 -<?n<x>| UG - w0y
‘ g 'e € .
T . S - : o - - - e
ii. Shov if jthe'~sezfies -of M'ctions Z vn_ con'_v-erges u.nifonq:w on E and ..
: . i . n—l - -
Sma L - ‘oo “ . .
'the ser:.es of functions Z v, 3 w:Lth common doma:.n E, has 'the S S
b - . ) : . oo K T Lo e : b
property that ]u ( x)| < ( x) for all 'x ¢ E , then Z - c?on‘i_re'rg_es:
. ' ‘n=1 ' '
unifomly in E . . -
- Given any € > O » there exists an W such 'tha't if _n > m>w, then i
| Z v(,x) Z_'vk(x),z<-e | e D
RS ' k=m+l . ) ¥=m+1 L ‘N '.j i . - |
sfor ‘aldt’ “x' [ A E . Consequently, . ' : T .
> . . , . . . I ~ . .
n n T
- Z U-k(x) Z luk(x)] < Z . <e e
’ k=m+l b k=m+1 k=m+l - o )

Lo 1061




A

.torall xsE and n>m>cn.‘ Hence,, Z uf com:erges unifomlyin
E ‘by the Cauchy—Criterion for u.niform cfonvergence. - (see E'xér.éj'._s’ésb
2y, Wo.10.) T g s s g

-

- * a"

(a) . Consider a series of functions Z n miformly convergent’ to U
) o : S - p=l- -
on {’E Let f 'be a function defined. anﬁ bcu.nded on E, . -

- s +

lf(x)l < M- - ‘Prove that Z £ . v:z‘z'1 -éonver'sesm.iifbrhly‘. to o -

-

_ ' r . ..' ] o n=]. 'f"-'-__.' )

< N
- . . - - . . . -

- . . . P
. b -
-

 For each positive € , there &xists an Z Q(e) such that o

o - Y wn| < e wenever m>a e n“.>f<inl. szc‘-'L then.

k=l . T T o _'. . .

L
I5G0utx) - Z fGJ:)uk(x)I = |f(x)||ch> Z u(x)|
AT k=L N

o e . . . T R T T
. m . . L . S, .o - M .-
. - - . s -
e . . . . . e -
e T 7 T .o ) }

iy

s.e,';

, zml

- R ) - e - N B - -'1.' -

(1'5)-. Show, by-an exa.mple., t-hat the boundedness of f is a necessary

condition in Part (a). oy L. _ \
_E,_ (0,1) ', uy = x -» () and £ :x—>2 . Then .

iMey
XIH
K I

=
X

- n Loe e T

=L ..
x 2" -

.y
Zl |
x_-2f

k=1

“ H;ll-‘

6

>.1 for x < = . C e e
: - B



h T

13,

' ‘By us:.ng ‘the Cauchy form of‘ the remainder in Taylor s Theorem, (Exerclses
13- 3, No. 9(b)) » it is. possible to prove that the series not only converges 5

©but converges to the fl.znction £ for Ix] <1 ’., 'I'he tech.nique of. proof
o :'para.llels tha't of ES:ercises 13-3, Number 9(c) IR ;

"a.rcsinx',» . Lo A

By.’induction,- _' show that f(_k)(x) =afle - 1) . (a=-k + 1)

' Solution g- By Exercises 147, Number h e e

Now apply St‘irling‘s formula (Section 13 l&) to obtaln,

-’

Find the Taylor expansion of’, f : x. - (l + x.) . 5 O not & pos:.t:.ve

¢ integer, (the binomial series for ex:_oonent @), énd f:.nd its radius of

convergence . h' ..

) :

- .
-

S Thus,

(o:-k+l)x

tlm 'binomial’ series‘wi't;h: exponent o -is - E a(a - 1) — .k'
. . ) ,.. R -."-, - k—_—o - . ]

-~

Applying the Ratie Test, - - ' SR N

P

ram fele = 1) i@ - w)EH i l
k +.21)t : .

. -

u'x --]5:]’-" e
k + J. R

»

ml
K-c'o:

7 we see ‘that the series converges for ‘ Ix[ < 1. and d:L'ei'ges for ]x] > C.

Hence :L :Ls the radius of convergence of the bmomial series.

ﬁ

. * ) g

r &or - N

.’_.

Show that the radius of oonvergence P F_" ,.' o:.f“the Tay.“Lor series of

. i '(ak)'tak-'-l .

? ?21:
. k__o(2k+l)(k)
(see Example 13-3b) is 1 .-

El

" .

.o B R . %_;;'.}‘
Solution ;: By the Ratio Tesg, since . - . N

' PRk 21 (o e 1) (en)? % -
(25 + 3)L(x + 1)11° 252 (a0 LR T

the series 'converges for [1;? | < 1 &nd diverges for - ]t|,>7l » “whence -

“the. radius of convergence is 1 .

2k+1
s L / _ (2k)1. )
a5 = -J.im a

R 1/(2’1: +l)(k')2 2k




; , sz (.—-) B .
» ) | cak + 1) [/E(E )1‘32 e"‘k ' )
- AN ,_"-:. ‘_ - .l‘. T O - Tt RS
a7 . —_— 2k+1 ,E—_,tk' » o N .' - : I -
T = iam %21; + 1)2xk T ‘
. ™Y » N .;. f= 1 - ) ... >- . : L]

‘- . . ra

- R}

' .15, Show that- if the contnmous ﬁmction (x,y) — Q (x,y) defined in the -
e T .rectangle , .
© . , : {(x,y)-[x-x[(a,[y-y0|<c}—, ‘
satisfies ab<1l,adA<Zgc, where
(1) maxflé(x,y)l [x-xl <a, Iy—yol <c} = A
and - - |
L@ T mexd]n @ Gei)| s fx - xls.a,ly-yo|<c}'=b, B \
) ‘ _ then the sequenoe of fu.nctions u: k- w, def:.ned by uo_ P —->'yo >

- T | i uk+l(X) —4J é(x,uk(:-c))dx

- :

s

: X converges to a funct:.on u whic,h satisf:.es the differential equation”
B S . S—J{- & (x,y) for Ix %“r< a "C*v o S
. -‘and the :Lnitial condition y = yo at x =x, . ' -

i~ ¢ - ~
. |u (x) - y0| S c For j.lx - x| < a“.'... _4',‘_- Bk o
-.Proceed by induction: e T e Ty T

-
rs

TP : Iuk(x) --yox <ec \for I - x,) <a®, ol > tnen
A - x : oy - :
S I‘fkﬂ(") y0I <j e Gxs me)lax g'a As'e L

xo” - : ) . -...; o '_.,._-,.-_ ‘-

- ~

I'.‘":-XOL':a’_. - | SRR

".- 'b‘ R : ';'NOV! let’ ?\k = max{[uk(;y uk l(x){ | = *-.xol Sa], -Thén; for‘. -

) . 1. - . £
oo T luk+l(x) - ubcxn <J ’r;cl?(x,uk(x) - & (x fuk l(x))
_ 'I“he :Lntegral in this inequality :Ls equal to. : "g a '}(’5" - .
| r “ . : . J ID Qgc,y) | luk(x) 'uk l(x) ]dx 3
for seme -y = £(x) between u'k. l(x) qnd 'uk(x) LT
. - P R 0 ‘ T g - ‘ .- f"' 'j = =

- . ‘, ) - ; R \. - - 1 ." }0_ .rv-v . . . ) ’.- _' _--1-\;

: .
" . - * . - - . o
. ura . - R @



. ) . g

. Ium(x) “k.(’s{gf ’Lkdx““k»-- e
: or hk+1 < a'b?\k By induction, Kk +a = (ab)k/\ - Since, for
. . » -”"-,,
L . ) l_ . . : : . | ‘. . ’ . ‘ ’ . | . . )
B K ‘« - E . ” ‘ an ) '
Z U () - Mgy ()
=1 .

. ST ', I . . . - .. R

= Z I,ﬁn+;j (x) B Yreg-1 (-x)‘l 7 "

P
RN Tl

-

( ‘ = .... | ;j=0 e - .;f.,-._ -
e : . . - 3 - Rt
s . \_ hl(ab)n ) Ao SN . S S rf_ =T . - o ‘.
: < - ._ ) : . . . I “N - - ca EE . ‘-‘-' - M }
B S IET @ T Ty

Since the sequence n - ( a‘b)n converges i@fg o s the sequence u sat:z.sfies
; ~‘the~ Cauchf ‘Criterion for unifom convergeﬁ—?:. -\Consequently, u converges
uniformly to a f‘u.nction U . For each fixed x 5, L '

».
-

‘n - <b(x,u (X)) = u’+l( x)

. converges to <!>(x U({c)) 'by Theorem 11.].-2&, . In“ra‘c‘b,_'.the’ ;,con‘ve::_'g.ence‘
is uni:form since C- ‘

l‘b (X,UCXJ) - d’IX,u (x))l ID }(x,y) l IU(X) -u (X)I

i

"M e }- '...' | <b me;xf[U(x) -u (x)l P - ;:OI 5 a} .

T}:m.s, by“Th”rm 11"“661 dU' §>(x U) gmy lx - Xq [ <a and . : s

-




| AN16. Find the value of a® .. More preciseiy, f:!;mi"t:he' limit of the., .
- sequence n - x, -defined by Xg =28 , X =a n ~ and determine the .

- values of ‘a for which the sequence converges*-'/
" If the sequence converges, gsay to r , then, by the elementary limit
- J
t}heorems s T satisfies ar .=r . Hence, if the.sequence is to converge
at all, a must be a value of the function £ : x — xl/x (see Figure (a))

N
, E 1; N _ S . . | _
Ty -;r

14y .
———

J:r.
I
I

i

o= e
7

.............{...-....‘...__..-.

) ) .l.. ._.I ~ .- . . —_——————— e ————— y - l ‘~:°':
© : 1/, i A ,
PO \L/ t M| =T S H " ) >
- e : . H R ‘ Lo ’ . et .
- s ) e - i a . . [F B e .': o .’x - ':-
- e S r, T. e I, - T Lo A
it ...'1 L 2 -'.;’4‘.. - L
S = . N L - o -
T - - - ' . d "l. y V
> . e T ' ; T \ : ; ; - P
\ 1 ~

‘I‘he function f _has a unique maxirm.:.m -é,l-/e._ 5 at e . ThusJ for L
‘convergence of the sequence , We requ:.re a< el/ ) and for. a > el./ €
the sequence must d:.verge. : . ' .
JRRE First we shall show if. 1 <r <e, (hence, for ‘a = rl/r 1<a < r)
then 1im X, =T and if a > e l/e then n - xn- diverges. We proceed

. -

o = 1/x te t o
. by the methods of Section 13-2. For the ﬁmc‘bxon @ t — ( ) a’. ‘
- - we have - - _(*- oL R A .o
'/'- . ) “. _ . - b4 S o . ' °
(1) o © fr- x. . = @(r) - ¢(x ) L e .

=¢r<u)<r-x> S e
I - .

N T _".I.

-

(11) ) o] < ¢’ (u) < N . .
_ S:.ncé xo =a , ‘o < ¢ (a) <1 from (ii), hence from (i),
. that > ’F:L?“-xo T

&

’-- . -

~ ’

-




_ function t : e

- . ' .--,'ill-M

) _ > - o xn . ‘ e ’ E

oo T ocaas

Thus .n, - J'Cn is a8 boundeq___iacrea.sing sequence and, converges. 'I_'hat

"1im x, =T follows from the elementary 1imit theorems

Do - » . _— 0N
: jl N 1/r N

Next suppose 0 < r < « In this 'case, with a = r » wWe have

(111) , o<a<r<1.' . L ERY

Observe, for o0<e® <1 and p<q,fthat 6P>8g;1e., ‘that the '

t is decreasing With this observation, taking

l/r -we have from (iii) - 7 -

6 =a=r

(iv)- S xp=l>x2>r>xl>0 o e

‘. where we recall that x2 = a% ang X =8 _.,.: Again, tak:.ng 9 ; a, we -

have from (iv) : T . . e

xl <.-x3 <r< x2 < xo’_:.

We see, t:jj‘bthat the sequences k= IEk > .and. k -—>x2k -1 &re~

respectiv decreas:.ng and. bou.nded 'below by .Tr. and increas:.ng and

'bounded above 'by., r . Thus, both sequences/:jnverge but they\need not ,_ o

converge to the same limit and ﬁzrt@ves gation is necessary. o

.

Set p=_I‘L:.mx and gq = lim x .}Then
IS Jomwoo akllz/ '.—°') T

l"'

_'-- ,u '___‘;:':..‘:.l.. - xak—l \.  t ‘ _xak ‘.—‘ Lo .

. .we ‘have by the elementary limit theorems

O




. behavior of the derivtative LA _where':,, wit:h; - & =

If a > (—) then 0 < O hence, - 1|.r (t) f(_E,) < Of—’for 0 <x<1l

-“(except for the lim:.t:.ng ca.se a i.(—)e.- when there is an lsolated zero "
; 'at § —-%, > 'but this does not affect “the. monotone chax(c(ter of 11: see
: Exerc:l.ses 5 -k, TNo. lll-). _ Consequently, for a- > ( )
'i‘ls unlque.\ We conclude ln‘thls ‘case that P =a= r and the sequence e

(vi) e . ‘a =p , aP =g .

"From (vi) we have also _ .. . - ; ' : S )

< aP - a%
_ ' ‘a =p,a =gqg.
Thus - p..and g are both zeros of

- . . ._.‘ . . _b .'

,(Vii) . ¥ LYt —>aa -t .

'_ Let us :anestigate the solut:.ons of this equation. -'Observe first that

r. is a solution. . To invéstigate the behavior of V. we'mexaﬁﬁ_.ne the . o
a .

. 4

S 't - ‘ . y . - .:\:’
a? __a_t(log a)? -

~ ) 'ﬂ)_"(‘t)
. "™ _tlogt loga -1 T
In Figure (b), we sketch the graph N ‘

n-—f(g—) §log §$-oga-l for o<g <1l. ?"‘

-
(O’-l) : - P o .
_ . - L Figure (h) - o
- b -"_"_" B - . '
Intheintei'val (Ol),f hasamaxinn.un n—f_'v'l—gg—a-l at g—%

MR W

the zero o:f.‘ (vii)

-,

Aconverges (Exerclses lli--2 ‘No. 15). T
- . ./ ‘ o [ N . . ‘e - -
e . . ’ T
K-
) ' "'. "J s, ‘ . . 1674 . _:':.q} - — '- ‘.'. -. ; 'v:-, ) .- -‘. .'A- ‘:- ’



+ k=M

. - ,4 ) . .
Finally » We prove divergence for r < }- y or equivalently, o< a <‘_(i—'- €

Recall that we have strict inequality .
o %o 1 TT< oy i e
for all k so that X, # r for any term of the sequence. Now s'ince .

r<%—__ we have for ¢ r—’a-r s
g (r) = arlog a log r<-l.

SEane @' is contimuous, it follows that @'(t) = a® loga<-C< =1
on some neighborhood I of t =r . (Here we may fix C = }_—ﬁg_r > l
or use any constant between -1 and log r .) Now we show tbat for
every there is an index k for which xk ‘lies outside I , hence-
the sequence cannot converge to r and therefore diverges. For suppose °
is not in I , we_. are

. x; €I for some x; » where: i >w . If X541

- done. If x +l £l , "then from

xi'*'l-r V ¢(xi) - r .’) . . . ‘\?l

¢(xi) - #(x)

=’ c t ‘ P <
B ~ where u, is between x; and r . Note that _ L
CCvtzn) il LRI I
-'_._-_4 L e '*"‘>Clx --r1 3
thus xi+ is farther from ES than X, . Since x4 . €Il , we have on _
‘. replacing i by 4 *+1 .in (viii) o Ty e
| | "’: !x1+2 - rf > c[x1+1 - = S B
- and from (viii) we conclude that R L R 7
' ' _i+2 - I" > CZIx - . - ' B : :_ _. 4’ “L
| Now Kyjp is o'_utside"r I, or..‘_w‘e ma:,: a'pplj'r ('G'iii)' in the same way and
_ - obtain . .0 '_ R

The process mst. terminate since C > 1 ‘,.for C'j]x - r[ - is greater B
‘than the radius of I for some sufficiently large _ j s and if no . term
'between xl end xi-i-,j lies outside I , then _:'ja IR 2 '

I *V;;rwﬂwg:ma |
EKﬁ ol U Av <,t252
._( .- . . O ".. hd .”‘-. ) _;‘ ]
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= ' . ’ Ixi+~j - ¥ > clxi- I"I - . . .
and Xi +’ 3 mist lie !o’trtsi&e I. Thus the proef of divergence: ’ié__
~ complete. : . . - A o
. . &
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© "‘feacheris'Commentary" ) R ,,/‘P
b - * Chapter 15 - ‘ |

" GEOMETRICAL OPTICS AND WAVES .

I.n this chapter we have attempted to show how 'broadly the methods of the
- calc‘ulus enter into the development of a ‘seclence ( in contrast, to Chapters 9 _

- and 12-wh1ch pursued restricted paths of” mathematical develébment) The
science ot,_pptics chosen for this purpose ,is exceedingly ri and leeds '

a naturally to mathematical ideas outside the: confines of the fext (in particu-

ler, the ideas of multivariate calculus) _ This® would remain true even 1P 1t
were. possi'ble to{extend e text 'beyond its pres xt. i‘rame a.nd include tradi-

' tiopal multivariate calculus and mach of h.igher analysis._ 'I’hat being 80, the -

chapter comes- fitly at. the end as 'both a remembrance of things past and a.

forerunner of things to come .
C lJ 'I'he text of the chapter is designed rather for individual reading than
grorup cl7ssroom activity. The approach is mathematically infomal and non-
rigorous as 1is appropriate for a cursory exploratlon of & broad area, such
matters as exact error analysis can wait until the student develops a more

P . .
- - . . Lo~

specializea interest in the subject. e e T B
. R | | .. . | 3 -k . | h- t . .' . LS _..: -
‘_{j; Solutions Exercises“l5-2 o ;:i‘ “::-Q‘i.f

l. Show that the shortest'path from a point A" to a point B by way of &
point on a plane mirror, must necessari.ly 1ie in ‘the Plane containing A

a.nd B which is perpendicular to the plane o:f.’ the mirror. S

') Choose' X, ¥, z-—coordinates so that the plane of the mirror’ is given 'by
» z =0 ang the plane through A and. B perpendgular to the’ mirror
plane is given by. x =0 . Locate the origin f=To] that A is on: “the

z-axis. . Tmus A = (0,0,a5) and B = (g 50105 3. Let C.= (e;,c,,0)
-‘be any point on the mirror plane Next, show that if. c. is not in the
plane x =0 s ;4 O ; then the path ACB is longer. tha.n the path =
Ac B where ¢ = (cl,o 0) s (see figure), _as follows._ The two path

LT en e, L - A - et e R R . e i e T RO
. BT ] : - .. T ‘. . : . . T
: E - : S e v . . s, d .. ’ - . AT
- T L. Tk . LT s e e : PR - - : Co I
S . oo . R . IS R S s T .

- . st . . Co - . . R 'f‘:

> - . . . .
»l A .. . - S e

-
‘e
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'L = |E‘| .+' l'C_'Bl » o o - ‘.'z__ . j« . '-‘...!' . i
- . - . . . . | A .

e N . . . o

T I\

R it s immediate that ]ACl > |Ac | . -S:.milarly, R )
: |cB| /<c To? </<c -b>2+c22+_b32=|a?|..
*iom add:;_-;tioﬁ, > r,_, ~ follows. y -
(a) Equation (2) is a necessary. but not sufficient ¢ondition for the
- - path length L to be a minimm. ~ Show, in fact, tha'b 'the coudi-
R tion ‘=7 1is sufficient for a min:lmum , )
.Isif_fe_rentia_te again in T R . / .
a, _ x . d'- x N - _
d—x-‘-—gT=sin.a_-sinT
. ‘ -T2 o : S
' '-__to\oi:taih', A S o ':_ o e
__ -t "R G s AN SUR- U S . :
. 2 .Ll . 2 dx L2 §, 2 ax
:%(1-51:1 a)+—(1-s_;1.n r} DT
1 _.'. ."2 o 1.._ 'z e ,-
= = X Gos2 iy S0 . .
*‘ B f°°s “ +¥-T:'2 °s\"’ .. °

T F L ' S A
R Thus the graph of L is flexed upward and % = 0 is & sufficient -
- cond:.t:z.on for an absolute m:.nmum . ' ‘ ' B
R ('b');' Shov that T=a corresponds to the shortest path ‘by the methods

-of elementary geometry. - (Hint: Use the image principle. This -
A _was the method used originally by Hez-o )

DR PR A - . .

O T ome
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Let S'. by the image of S. in.t;he"mir_'ror plane %. -Let B. be
any poirt of . The paths SBP and S'BP . are equal in length,
but S'BP will be miAimal if and only if S'BR is straight. In

. that case Y =& as claimed. .
S e L - A . ) . o N

3. Show that (B2] . yields_ the longest possible reflection. path between

dizmetrically opposite points of a circular reflector (Figure Is=oe(i)%. . =~

From the accbmpémrﬁgng bfigtire, the’ - ‘/,, .- . o '
path length is given as " L T e

. L = 2a(cos Gx-ljfsin ) ,. 7. RN S
i ‘.__ﬁhie_z::e o< e< :'2—': . .. Consequently, - ,
a zero of - '
.ﬂ

ar. X
e 2a(-sin & +cos 6)

.- . -
[}

can occur in the parameter interval
only at 8 = E— as predicted by [E2] ..
But @ w '

-

<0

B

} > Q-' and ‘
e=0 - | 0o

N

N ‘% ébnclude ‘that L has a maxinnm-'afg ’1% .

t. 'Show to a first approximetion for a small aperture concave mirror

o (Figure 15-2£(1i)) that all rayg from a source on the axis of the

. .mirror at distance wu . from the mirrqr center are reflected through a -
. point at distance v  from the mirror, where ' ' : E

g . | - 1.1 2

'.,‘ : —.+—=-¢ » 7-7

—n.

"

‘.
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be the foot of the per-

Le‘t- I'

pendicular from A ‘bo ‘the axis: = S g )
., ~.".% of'the mirror.  Set e -= |AI'I T T .
_ o and ignore terms . in. higher o '
£ K .. s than firs't‘;order' (small aperbure ‘ .
S . approximation) . We __havg e
. _ . e . T =) - '
-~ . _6 =8- ra ' - %) ~ y - _
L . “ ] . - a .
: e .
- “where a is the radius of the
. mirror. Consequently, : . "
o tan:¢'-v_5:=_;, LT T
B ’ - - €
o = S 2 tana—a_aﬂ-a-, ) 4
L € € N
. ~ tan 9 =3 -5 ~ u 2 = . .
i and’ - '7' i

ct
B
p> 8
4
<4|m
Ht
ot
H
o)
b
2
1]
c‘.
B
c‘.

-Since we ai.—;‘eady have

(: - °  from which the rersfulti"'\: ) -A' ediste. . Lo e I,
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.5. For the sEmi circular mirror show: that the cusp’iifﬁhe eaustic (a q;O)

coryésponds to D, g{a,P) =0 .

T *. - (.

R T
RS ; .‘

- - i

From (10) and (eu) o‘b‘tain S
g(a;P) = (a cos o - x)tan aa - (e sin @ - j)

B >Differentiate twice toO get

i ff”’q&e g(a,P) = 8(a cos a - x)sec® 20/ tan 2 a '-;a‘.}'ﬁ-_.
. LY ._.-.
. - ée sec2 2x sin a - a cds « tan 2a '
: ‘.’;?-: | ;j" + o sinea,,,f“ ?*;iff'
which clearly vanishes vhen o = o -:q“l,f'_ .
6. Consider the elliptical reflector,V W .
) L2 2 .
. _ - E_.;.L._.l
2 2 ’
a b

Show that all the rays originating at one focus of the elliip
reflected through the other focus. (The foei of the ell 555

points (¥ c,0) where 4 2) o -
-Referring to the Tigure, e&;w that
‘tan §, = tan(ax -B) =tan g, =tan(y -a) .
For this purpose uee the parametric
‘equationg for the ellipse,
" xFados6,y=5sine,. )
from which the slope of the normal
® 'is PO L
i : x' R a . ‘9" ,‘ ) "4' N . . . ‘. o LR .
) : ,:tan.a ==y s Entan e . : T B  :,, L L
'We have ) * "
- ﬁ‘sin 6 - B sin 8
tan B “fmcos 6 ¥c ’ BT =55 8 -c¢c
. o -
Enter these results in the expressions for tan ¢ and tan;¢2
obtain ’
L tan‘¢l = c.s1n<$.= tan qgf' |
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.‘7‘.“ Verify analy'tically ‘that the radius of curvature at a point P of a
reflected eikonal flor a semicircular mirror (-F:Lgure 15-22) fs R + -g— cos &,
where R 1is the distance from. .P adlong the ray to the mirror. . 4 e

N

e :
- - -

) 'i’he ra°dvius of_ cﬁf\}e.:ture is c}istance alorig' the'.reyi‘fro'ml P ‘ to the ceustic, .
si:ice the caustie is the "evoiutewcf the eikonai. Let I TDe the point of d
intersection -of the ray with the mir'ror and J ”c.he place 'where it meets
-J:he caustic in Figure 15-22. - We have I = (~a cos & » g sin a) - S e

E and “from the parametric equations for the- caustic, '(26) and (27)

a cos & '
= (- ——11 +2.sin a]', a_sin a) ; ' .
whence ‘
. . — LN l ) . )
e |IZT] = [{a cos « (é' - sin® a)}a + {a sin @ cos? a)2]l/2 5
. _a _cos & ' R . |
. - . 2 N hd - . . 1-.A - -
— - . . ) R R - <- . . -~ L . . __ e e e T e s e el e

- -
-y -

8 Find the edge ray' caustic for a parabolic disk with edge given by
k

o

1+p .. : . s -

>

Use Equation (13) of Section 11-6 for the evolute. We have from
Section 11-6, (12c), with "y as the independen’t variable, : -

~

-
& -

- ao (py) T o
- S . K o *ﬁpz T"2Y2' . o ' “ ) _- " - ’
. . K = hpl - | .

Thus if ( ,71) . is the center of curvature corresponding to the point
2 , - S . .
(% s¥) o the parabola,

2
= - - :
' 5?@-;wp+y> SN
‘e > T] 2 (h’P +¥2). 7 . B ) .v‘. g .
Eliminate y +to obtain the cartesian form, -. L 3 R

C a “sem?ci_fbical parabola.”




Squtions Exercises ;5?3 : - o T

— . . ) - -

) Consider a point source under {;ter (u ='%)_'and the rays for which

-

sin B <'% Determine the virtual caustic for tpe rays refracted into

é‘

. air and show that one eikonal is
" " .an ellipse. (The apparently
S : different positions of a small
* ble Iin a dish of water as seen
from different view pdints can be-
described in terms of this caustic). .
(Hint' Introduc¢e the parameter
‘cos 8 = g—gﬁ where the angles - a
and P are the angles made with
‘the surface normel in air and water,

respective*y ) -
. - - - ort - T"‘ﬁ"::;‘ - s - \"' N
AU :@:"z SR o S ,
L S . ' ’ - ) ‘e - . .. . -, . .:
U The problem is to determine the caustic of the rays on the‘air side of ﬁ y_p
‘ff‘*'f.the'int Bice. - Thewequation of such” a ‘ray is’ e = x _'V_',-;’i
We can exprees‘ a ‘in terms of - ﬁ' by means of Snell‘s Law ': s f9f
'(ii) o .sinoc=u.sinﬂ om IR
'“'and replace B by "6 using L _ o o . -
: - c' - . _. cos o ' ) , :
(iiif . _ . cos 6 = cos B I _ )
First we observe in (i) from (ii) and (iii), that RO Io. .
- o : ; stncx g;sin‘g P 98 . ) ,
- (iv) .- ) q T cosa  cos 6 cos B cos 6 tan B . ) -
.Furtherﬁore . o . .:< T o _'.'. :
_fL-u" sin" B | .
= » s . - e
wheneej.f‘ 0w
j = cos® B‘c052:6 .;u", .
and ‘ . ) -
) . g e
R ;&r .
u - . * . - >
T 1083 L . . .
. 260
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D
z T,
-

-

Y
-
-
- =

Ca T (vii’) - _-"-; 'Dev 5(6;15) —-—EL + a cos 6 =0 . :

v

-

2

. Enterihg (iv) andJ(y) in (1) we then have, ir tef@s'o:,fhe‘garamépei-fq ’

sax) . e

.. s E L "',7',1]‘“ mnls W
we then obtain ’ -
(v) o . "~ tanp =229 - : 2 — CTE _ I‘

e .

: . i
R -
Y IN

(i) lg(e‘,P) uytanG-xJueol-i-asine—O ‘
whére 'P (x,-y) . 'To find the caustic we determine the point “Q:,y)

on each ray vhich satisfies both (vi) and e : . o
- - ' . —."-- o - B . -

e : cos 8 .

~

Thus the parametric equations for the caustic are

L

nriii) : x:=-——a—.s:1.n39_,'_-y=--§—_c0836_.,_'_
- - o . N ) ‘7 ' . : t‘
.' - ~\ R B B |J-2 - 1 . ._ . ! - B :' -_

or; ;_;tp-gréaz'tesian_'fofm R /"> - S : _ ] ? s
\
W

- - - * e

-~ K

mpare the’ solution to Exercises :L'L 6, Number 11, or Section 15-2,
Equation (38) to o'btain the elliptical eikonal o '

S -'_" T2 - 2 . Lo
" R - . .

- —»a < Y _ . . )
202 - tSsz=1 - L L
a2 (i -1y aum o ) T

or use QSection .'1.1-6 Equation l"{(b) to obtain ‘the :anolutes of the caust,ic

- " For this we observe tb.at arclength o along the caustic is given in ""

’ : E . '..

_.terms of 9 by 5 - oo . S . N,

ao')z - (ax)g . (dx)z ;-;'932‘c'osa 8 _sin® olu® - cos® 81 L
Shahgedt T - T ..2,.2 . S e aTee e T
‘ -t - 1) -

e

‘I'ake the square root and integrate to obtain

- .' > .. ‘_' . -, . S o B . Lo . : ‘ . _. : _. -
L oonel edBaple T
) L T - ¥ | S o .

o — . C - -
. . K . R . . - . . s . - - . .

SN

e e a0

. - . B * . -



1nvolutes are given t by s '." '_;F ' o -
. ?c“(c-")gﬁgi T
' ) neysiaghgds o T T
. . . , .. o S
whence, ‘.:gv; - ‘f A ' ) - -
N R , , |
: X = -a 455_:f; sin 6 + =G _sin 8 - .
. - ] k_‘ o . '_:v:._ fﬁg-; cosz.e IR
¥ T y= -au‘cos €'+ -c-'_”z —lcos e T~
-whlch gives the same elllpse as-

» {1ix) when ¢ = 0O . In viewing a’ ..
‘ source-uﬁqer‘thé surface the- i A
”garroﬁ bundle of rays which reach

the eye,from}thejsource emanate
from thefneighborhoodtof a virtdel -
”;source_on tbe;caustic; When vieﬂed‘
."‘from_directly‘above, _a = O', one - ’
sees the virtual source S’ “at a,ﬂi,;l, _ 1,
-distance . 4;" below the surface. For a larger angle of regard O <Ia

o the v1rtual source é“ fs«closer to the surface end somewhat d;splaced
| toward the observer, and 1n the llmig,as _q;happroaches ‘2_, the source
' appears to be at the surface..:..~_u e . S ‘

3

- - [y

LT
=
.- .

. R - . “

where the constant of integration is omitted since 1t lS prov1dea for h

the equatmon for the inwolutes.

- In terms qf the parameter the

2 L -
(a} .Consider the. two-dlmen51o
;gedlum 1 1nc1dent on a

¢ in the accompanylng £i

he caustic.

al - problem of
c nvex semici 1le and strip of medium 2

Sketch the-caustlc for u-—

L |
3 B -~

set of parallel raxs in .

Obtai . the parametrxc equatlons for

.FE i,'”yiﬁf-.

wh



et
. . - - ‘ -
15=< : - N,
- Y- — » - -
. 3
. « - - .y

7 L I..et LA 'be the .radius ,:_‘, _
L of the - circle. A .
‘ , < paramefter t.ake the angle‘f
-~Qifjf a' made by “the incident—~_r
R ray with the normal o

i The equatiOn o’f the re--"_
_ fracted ‘ray (see Figure}}_ﬁ' o T
no (8)) 2s - T oY T pigure(a)

ST ) ey Zatsina- (x +a cos:a) tan (a -.-;‘,6)7 Sl
o - where we may. eliminate ‘B by means of - sin 8 = in.af. ‘For
- o 'aimplicity,>leav§/f5_;ih (). Differentiate in (i) with _respect .

to- and'use SB . 295 & 45 obtafn.
. da l.l. cos P

.o_-'_= a cos a + a _sin & tan(a - s) (= +23 cos o) (1-- c°§ aB)
- S cos~(a -B) Bcos

Solve for x in this equation and substi'bute in ( i) -to obtain the'_

1:|I-'

parametric equatlons

<«

T q,_' _ u» dos® B cbs(a - B)>; . ,
- ) * = »a[ ", COS B -.cos-a:- -7 COR &

- - .

ffl:}_:;:. L ",;”i L coso B sin(a -'ﬁieLﬂh“ B
S ..'° LLeREE af'[ “H "COS Bx- cos Q@ \..s_ina TRl

The caw?stie may be plotted from these equations i or o‘b-ta:.ned by ray

° - ; .. .

tracing as in.Figure (b) T S : PR 5'a _ v

-
-
-
1)
ey




._‘cylindrical glass of water with a flashlight )

.. - - . . . oL
o PO - RPN -
y e - . .
e - -~ R .

- . . .
- - . . . e . -

E "C’éns'ider the" case whére medium 2 is.a circle. O'b'tain parametric

"eQuations for‘t'.he caustic of the- twice refrac‘ted rays. Sketc.h the ..

-'3~

A.v"f- : - o : .,,7--~.. - - St ' . " - 7. A -

-":'_For the second refracted rays we have the equat:.on

o caustic for - h e ---LIs there a- shadow" Try illum.inating a

"(i"i) Co y= a sin \!f < (x ~ a cos W)tan(a - ﬂr) ;
S : wh_ere B =2p - -;vsee ;F:.gure (c_) . T ' i
. - .'. -
. -
: 4" Different:.ate in: (11) w:r.th respect to 1]: and' use -

ac doa <x..|.‘COSB - -

2(x -'a cos- ﬂ;)(u cos B -~ 'cOos - Q)

'V'af'é'oré'w" <.a sin ¥ tan(a - \Ir)

when‘ce-;, obtain the parametric equat:_ons 4

_ . cos (cx - 111)7 cos_a_.—H- _.fcc:;s B) ,=

1
Ce - -
.

MR _ cos & (2 cos '@ - u cos B)cos(a - ﬂr) ]
-a-[_,_ 2(p cosB—cos&) +cos1lf

- . [cos o (2 cos ¢ - u .cos B)sm(a - ) |
- a[ 2(1.1 cos B - cos cc) . .- s:_n\I.r]

: "-‘}
|

- -

The second refracted rays a‘rgvlnd:.cated in Figuge (d).

15-3
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' adjacent to a region o
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£ dim illumination outside the caustic.
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Consider sunli . illuminating a large number of drops ‘over. a very .
large volume, o ace -and discuSS'how ‘one Vill see the familiar arc :L_gl_ﬁ,

.of the rain'bow.~ ST S L S

" - . . . * - - . N

The most rn inse - rays of a'given color which reach the eye from the</>,r Sgtome
rainbow<make xed angle .- T . .

S
with the inci eht rays frOm the" E

""gsun Thus thefbackrscattered _ﬂﬁv,fjji—?;;f:'f.;.;ﬁT’zvi'- o
he ra from a circular cone with uf':' : as-";kéizz:j Ep ‘
Y a aﬂgle 2¢ and axis »ic;' “":?Jf'“:? = i
{; directed from the eye parallel g;_y;%“f :;':; PR N
'-to the incident solar radiation. i{,’5 
When the sun is low on the horizon )
a person standing on-a high.building T . ,
'3-,or a” mountain can see the almost complete circle of the rainbow centered
ahcut the sbadow of this head. L ;}' A _,-.', P -
hﬁ iéhow that ¢ 1s a. maximum for the primary rainbow‘ and a minimum for "
'T;the secondary bow. USing the fact that u(aﬂ increases as the. colors -
'fgo-from red to- tlue, state- the appearance of the primary and secondary
arcs in space and the orders of the colors in the two casés. Derive (16)

It is more convenient for the-general éféé;£¢ic¢nsiaer not the angle @
- but.the totel engle ¥ . through  —fp L =
'"which the incident ray is: deflected.
_:At the first refraction the ray
’;-is_deflected through the angle
a-e B'.‘ The ray next ‘meets the f oL =

: the normal and is deflected through » .
-the angle T - 2B in a reflection or a - B in a refraction. If we

‘- . - - .- St ° - . - . .
N o . .- .

-

surface at the same angle B with

consider a»ray which is refracted outward after n internal reflections,

. the total deflection is SR ‘*:'.a_"__ “_ . L .f-.,: el

xlr=2(a-B)+ Gz -28) L

,(i)' L e W 2[0: -(a 1)&] +\mr . - S

“lﬁstationary w ; corresponding to —_— —-O .s 1is then given by

.- .
-~ e -
R . -

T av
dce

- : -0 ) D T . . e - :
- I AR . e ¥ . -




L - - - °
-1 , ’ T /= . S
» '- : da n +l: o .. - ~ <
-~ - P - N - . ; ~
.~ - . - ~ -t . - __‘ ~ .

Si.nce :- ) ~F - D \~- . : - . . -‘ . - ’ IIF_'.?":. ‘ ‘7-‘_ ‘-..T_s'..‘—A .

T e " we 'bbtain o T A

- iy ‘. (iiia) u cos B = (n + 1)cos°¢ -i"‘

’N ST . With *Snel_‘L' . T ¢ L o ; ::-: A

S ue mayr eJ.iminate s by sguaring in (i-iia) and (iiib) a.nd adcling to_:
: 5 ’ ' “r ' ' - d -

RETES, L.

o‘bta:.n (16) L »-'_ o

~

\-,»'.:,,--- T 3
To determine the nature of the- extrennm Q[ for the ,pr:.mary' and
- -*".-"i‘azw ' a x
T == - =3, > O a:t: 'the sta.:bionary noint, ‘or
da . . '.‘ \ (n + J") . -

secondary 'bows, we o'bserve-from (1), (ii), (iiia) and (liib) that
-1 R —2tana[l-,
a=a

. e "fn:._"--'- : Y- -

~ oo <. . e R . .
- . ~ . 3 - o - . .~ ] P

calcm.late in&eneral _:- DR ; ”
a¥ _ -2(n + 1)__E 2-(1_1 + 1){u" - -1)sin %o
df df“ R -.I -._ I'J'3 CO‘SVB_ B - - _" 3 LT L ‘:’ -

thus v, is a'.mininmm For the primary ra:i_nbow, : ¢S- -—-:r- tlrs, o "."';; €

- 7 hence” ¢ T is @ Inmd.nnm for the secondary ’bow, ¢s = i 7 , hence

¢'isamininn.1m PG

- ) . -

s

. Since ¢s = 1&2-077 for- the primary bow and ¢ = 51 for the seconaary bow,
' _ 't.he secondary bow la.es de the prmary bow.. Furthermore ¢ is a
decreasing ﬁmct.ion oi. p for the primary 'bow, thus as ¢ decreases the
colors Fange from the ou‘bsn.de to the inside of the ‘bow through red
ye.‘llow, blue in that ord.er.» For the secondary rainbow, ¢ is an’
increa.sing func‘t:ion of p. and the order of the colors is reversed.

-

¥ 5; Sketch the variation oi” A with height correspopding to the situations
shown in Figure 15—31 and’ Figare 15 33-"- oo LT o T
,'. - 7 1 *
Ca o .

. - { '_1..__' -
4 - . P ot 1090_ . rd




PO

C e

2A~

1.,

. path length }s .

i stat:.onary,

— -along' the ray

[ Fram (20), u
Figure 15 -3 i,

‘Thus - 1.1. decreases with al‘l:itude..

to the cu:z've then

"l

is constructed as ::n the adjacen‘t
flgure. . Thus it is easy to obtai.n
% plot of. M"___p_._ x geometrically._ B

?

= cJ{ + (—) '.' Take the x-axis vertic@.ly upward In X
let - P. be ‘the highest po:Lnt of the ray..-
from ai':y point ‘bcward P 5. x‘ :Lngreases a.nd

If n :I.s the unit nomal vec.tor o

e R T

Solutions Exercises Q-LL e

~ e e . Vo T
: T ST S L.

E T BRI
L= PR Lo N

. : . = < L. )

. : -

e

As we. pwocered

Idyl

de creases -

A sim:!_‘Lar -argument for F:Lgure l5-3;j shows :1.n tha't case tiat p: _ incre‘ases
with alt::.‘bude along the mirage foxm'n.ng ray_. ' - Y

-

Der:.ve the- relation between.flux and path ‘length, Equation (16), _from -

- Equat:.on (14).

Consider the paths to the point
surface. (see f:.gure) L.et

= (cos a, sin ) de the

(x,y)

>
)

The fan- '

normal to the mirror.

'gent is

= (sin o, -gos «)
is® the point where

' the path meets the mirror, the
=& +R

- >

as defined in Section 15- -2, Equatlon (3)

" of Section i5-2,

(1) _ ’ . S

v

"(l + coS 6) + ‘q' 5111 8

by way of tne convex mirror ) e

'We;'have, as in Equation [(L)

'- o
. :where the prme may ‘denote d:.fferen‘tiatlon with respect to, any parameter

along the m:.rrcr curve.
'L =L, is that L?

sin '9

G Trcoss - tem

As. we saw - before, the cond:.tion tha't L be

e

o, whénce S -

i—;.tana.:_

"

.-



. - . -
- 2

NCJ let the paramete"' 'be arclength Z/ along the mrror curve, so that

3 o tht mirror "urvature is 'by deflm.t n, &= g_g = % > .where the: dot
Tt imica.tes dlfferentiat:.on w:.th respect to S . Now,. - g; = s1n R PR
) : "F] = -cos a and from e o 'I‘ ___ S ‘ -. __-'. -_ : o T :“.'

S ‘weo-bain T e T e I T s

cliia) | e=-§(gsi}2_-\ncose> R

- hen e, oot h _

F 2'02-"- (l), on differentiat:.oﬁ w:.th resPect to. _-‘S‘ ; @we ’have e

¢ J ';";"" (1 A cos 9) + n s:Ln 9 - (§ sin 9 Y cOS 9)6 .-_- :

. Inothis equatlon, enter the cond:.ta.cm (i:».) to o‘ota:.n with the ai_fi. of: "
S (illa) ,and (ii:.'b} S ) | S L ;-'-"".' -

) '-_v__-'.LH=-(§n-§) n: °‘_+Re R
ST e . _g'sin 2a cos . -
S S = =
Yol i = sina TR

ocosT @ T e o _
coso:-!-—R_ 5 ' T -

N
oI

| X

T e : v 2 cos & 2 . T e
R - \%RIH‘- g Sn + § cos D

-

Enter this in (]:’14) 't‘o get - ' | o k -

- : L . . ST T R
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': L _'-' 2 - ' Soﬁcions EXercises 15-5 '_ o o SRS s L

Q) Show 'tha't (19) is valid to f:!.rs‘t ordeﬂ in the parame‘ber €= _% -

.:‘.__ ‘. - -~ AV :. - Tt . . ? '

‘_' .C '.":.' -_, “'_'. .-' s . - . o, e B . s . ., . . . IR . *
P I - PO L ai"T R PN R
In the notat:!.on of Figure 1‘5-6e, we have _;- »:.- g T e '
;% - f'y R _.)2 +2  an a’ L, = 1@ +2 4- Ko, T T
. o L R ‘

'whence, R T B R T N R

Ll- = x‘/(tan 9 -—) + :L and L2 7:&/_(@:5"-9-{4- -2.—___. + 1

K

ConsequentIY, ‘U first order in e : L a -
~. ' '--'-‘ - . . s '-‘ Co ’ - -

X . €x 8in'@.; | X "ex sin 8 LT
M ese T 2z ’":.Lzzcose-'- 2 N

-

and _ V.K_-- ) ". : B
- - . . - P _' - R . -,

-’

L Sy L2 L Exsine dsina,‘
’ - - . N -
which yields (19) :meediately KRR 7 S S R
L (v) 'Shbw' that ‘the error in (265 is at most. first. orderdn e

R P
G . e e e amt .
2 - - . 0 - - S
3 :” . S .. o fw ] . g - g - iy N <. . s e - T H B
. . - - Lo . - N Le - - - - .- e LR, oo o J L. s P N
h

_‘ ' The wave forms U ~and U, in (20) are given by (16); .namely, “for -

in = 1 » .. . S ’ '._"-;_.; .“'._;‘_" ‘_' . i ) o RIS

. B a' . :_- . - ‘,.-‘ T . S . . - - -
’ ~.n_)‘ TR L SO

R ik(L L. )
--,.—»_;U>=U-+-U2-=q [“/EI ‘ LL] o

S el T e [ /‘; i¢] SR T s

. _‘Z\ ) ) Y P . - ﬁ-g‘ - + -
L s : t j . . " PR




. ) ) - ..‘ ] / - _ . 1 .-‘ - ' R s PR T ',‘.‘.‘i".“_-: T

T '.Determ.ine the extrema of the s<:attering amplitude G(e) for a- slit,
o Equation (33), 'by cal,culati‘ng the e rema of f- x - sin X _.‘;‘-'(_The, ST
graph is givenianunAlo, p.‘ : Woa S TS

MY

| TS £irst order in € -we Eavé - . ST e,

T - - 2 we ] -i‘L" T
) -?'-1 f‘rom which the resul,t followe immed ately. o .Q LT _"

e

-

) -'._'-"I;t is assume that the function is extended continsusly to x = (o] 'py

o -
DU . . - _‘

__‘ f(O) ».:- From _'.'-“‘-"-_m-“ - . .._, T, L A . e D_.- . ) _ g

T S AR P x-c'os x— sin)x C

T -'-.. M ) - .. T

we see that the extrema occur when TS Lol

"(i) T . C i:? tan- x .'.' T';'-" : /)’,

__Fror_z_1 L e o . , -

. -x2 sin x - 2x cos x +.2 sin x°
" (x) = 3 =

X

we see that the second derivative at an extremum satisfies

._-(fi'i} E I f"(x)'_ ~tan® x Sl:: X T RN

. -
\ 3 Lo .-

Furthermore » since" tan x - x is increasing in each of the intervals '

([n - ]:rr ;. [n + —]:n:) Where tan x is defined, only one such extrems

exists in each such interval.-_ We need only consider =x > O since

'M has even. symme‘try. ‘For x = O » T(0)- =1 ‘&s a maximum F’or

x
«X >0 the sign of f“(x) ‘at .an extremum is determined from (ii) by the -

__sign Of- Sin x- - Since -X: > o ,- an extrenmm can only occur when
"'tan xqgo -', hence ETH (mt En + ]:r) ,x=1,2 ,'-"...- s Thus; at an =

extrem;um, _when n’ is’ even f"(x) <0, and when - n. is” odd f"(x) > o ._-
'Consequen:bly even n corresponds to a maximnm and odd “n- to a minimum ‘

SR 1_

-—.To IOcate the extrema so'bServe from ( :t‘) that ‘for- large x , tan x nm.st
_also 'bé la-rge..: Thus we may take s a first es:timate for the n-th extrermm

LN
. P T - . - .
. - . .\ P 4 .
£ o . - .
. = X (n +—)3f . - - S Cwe e - .
. 5o .- - . : g - = .
,, - . E C T
B . . ‘ “ . ' . ... ., 2 .
. - .- . . -
- - - 4 '
- . . 3
V- . - . -
. . a . .
at .
- . ¥ - het



e L . < )
. vl DT e e < f‘(x) "~ ( Z)nr '{n + i A E

Expand to Secend- _c;'z"der in : _e w,:a'.-t‘,hin v

T From (if4) we _obi'.ain success;ve.ly for: m. -'g -

RS 1 1+3:: 2 i, C3ita, ...

.'E_‘or-;la:fg'e _'n_.‘,"'iwitﬁ_' x = _(n + 'E):-r ; Ve bave “

= 2,- arctan[ (n +_2}?r - e;I

-

to o‘btain an 1tera‘tion scheme fo*" € z. :

- -

Another procedure is"’t.o estimate € by -
S . e'" s
B tan x = ———-—°°s (n + —)rc -_e o

-

ine

~

RN Dt cos € = [(n o+ %):r- - elsin e

-'. . (-3 t -
to obtain . . . v
- 1 T -
:r..:_"".;_.r‘ -_:- .;.\ . EIN »‘.. . ‘_. ;_ '_;‘ ’_._ I L - '. b_',. . o o - J

RAPPC < on - ..
- CRRE so N ~. T TGN N
P S <

.._ B . T . \ L. - .fl ..

[
i

v E N

T

v
which correspond to the respective ftmction v:alues.

~
L S . o
- -

2 - . ~ e
-, . B M - - . .0 . - -

- - . . -'...
Id R B . ' . - -

© - o

L e(x) = -‘p._g,e_,., 0.13 . ;g'.ggi e A

. » ca.C
. - - - ? . -
. I a ' -
T, e A L . .° 'l . P
‘ . - .. o, ; .
e - > . ST

‘-\\' ST B . S . - R ,‘

2 :

1095}2

o

T ,"":'/-.-'E" RERT
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-
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.
-
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Solutgons Exercises 1‘5 7

T 1. Sketch v@ctor difagrams for the first zero a‘nd first and second extrema ,
= of l"(6=) sin(ka sin'9) of Equation (IL), where .8 > 0 .

'ka, sin 9_

. - f
. e A - - N
. - - STl © .

. ) . .. -

-
a -

’- For simplicity take a = l s anc‘t set 7‘ k sin e .
' given by .

T Ty @+ 1, y-='6' for -1 <a<1

- resultdnt. Q 1is’ ¢ For the first
- * . meximum of ‘T (8) \we have..r = o and

”Tl, trace of 1P 45 an arc Of th64QQTCIe

is traced out 'by the point ( complex number P)

~

-

The vector diagram

S ',' ' '—-[i et —.' e Iry , for r#0

ra s T .
RS R @+ 1

In terms of the parameter a’-r the point P =
. ey : L

T x'= —{sin Y@ +’sin’ 'r]
- P Y = - —[cos - cos‘ Tl

-
.

Rt

(xzy?

\

is given by

‘L o .

for

e

~

for non-zero, Y and. -1‘5 @<l . For the firstlrb of. r(e)

- ~_h.a_ve', T = w and the point P .traces
out the circle x= + (y + %)2'-—"-_ —%
) T, L E14

exactly once, Figure (a), so that. the.

the. trace of P is he-line "segment

"','Figure Lb) The seeond extremm (a

-

> "ﬁ} mini:mm) is giVen by r = 1. 1+3:r. . The

(the numbk‘?-s are appr ximate)
il t N i ~'. '." - .
(x +/216) Ay * .05252 T(222)3 -

- "-for a total cent,ral angle of

-2T_f_= 2: 86:: - ’(See F:Lgure (c) )" Thus
_ the circle is completely lapped and
.-‘the resu.ltant Q" 1is. reached’ after the

first lap. LT ‘. L e -_'. -

- . T o . “a -
S T S
- = -« - - ) . -~ -
e n b - L L - T - A . .
. _/ <0 o . . o .7 -
ST L - - - e - SR S . =
. - . - Lradil S ) " ., - .
. - - -,a___,_.&.__ ;:lm - RUE PP
'.' - 7, ."’ .'. . .- ‘.. B
- - = e '-'._-. ’ c . ’ f' <, ' ’
L. - e . ™ B . . - - .
T L . ! e Tl L T
» hf[} v - T é;?"~ LT
L T < - PR 6 -
¥y o ~— o I ’
- "é P - - f 0 s
A A I - L
. . \ .; - -




2. .
- . U = F(vt - xf + G{vt + x)

S 2

o ) : 8- F(vt. - x)-—--. = _
| - C . ‘} '_ ‘z, axa - ) . . V'2~ ate ‘,. . . o
o a T b N ‘ .

o
[

W

- Solutions Exercises,@ﬁ-S

7ﬁhere'i¢;¥“kﬁ .

ST
Show. that any sufficiently differentiable function of . the form.

~

satlsﬂ;es Equation (8)

. 7 . . L. . o - N - .
Tgo derivatives are required. We have : ‘ .

'.\N@te?ig thé equatidn'abo#e”théfg‘ '
1 Ji—-F(Vt -x) =F" (vt - x)

Cama T L
L SRR T I N T e -l
L ;_Eﬁfvt * %) =-%f'—2‘6<-vt +x) =G (ve +ox) .

. R N : H
. - ) - - ’ ) hd . .
- . -

3.
| E(x,y,z t) = f(x,y,Z)g(t) )

T e .

-.,1’ dg(t) _const_'

. ) ' -"» r_ 'j Af(x.’y)z)
’ .f x,y) : B Veg('t) 2

l Vérify that the plane waves ;-“' .
o — g om etiEX \co\‘a:l-ilq siha. et Ll d
o are solutions of (9) as claimed. ST oo T S
T -ih#*rgsulﬁ folloﬁs'On:addiﬁi¢nlof S : T e T
. ‘= X° cos &'U 5 - f,_ T
B I 3 .. N T . oo : ’ <
- - RN P
; : L = -ke\,sin_ au, ps : /
V‘ . ‘. 2. . ’.:...
- =2 uN\ -
. . ' hd S #.-

Rl 2 . -
. :.-J‘r- Bt _."- o
'’ T . - - - - .
- -~ e A i I . - K ' i
- L3 - v . L. ) ‘
v 3 - ’ / b - . ~ -
-~ - o . - . .
. - : ’'y . = - ‘
. - . o
. . B ] _ i A 2 o 4 .
G N e ity 274
a. - . .
- A - -~ el - . z
= . : N A -
- .= - V- .
- PR s . P
- . .e - -
- . =3 . .
o o -

-~

e
R TT .
; C
Some. C
¥

. --"_"," : - ) . .
Vérffy that a solution of the wave equation 010) ‘has the form,(lT), namely

-
o
-
-
-

-
o
s ?

-
e
3 R
> e
- %
-
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Lk Obtain ’(hil and (L&) as so.lu*t;ion_’;s; of -the linear system (385. - (1)

AN

) T A e - D =§'-.ab= .=

' For brevity set .-

L . < B - . ..O 7= (A -. ‘_2' a_ f( ’y’z)g(t)-
e Ty a_t s oI
< e

o

- ., - 7 r R . > "

s

. whence 'the_i'é'Sult is immediate. e . z .

-

-

- . . —-_—
- - .
. . -

=

- \"

_ I_ KR a;e-ika , B—eiKa.

~

. Then &3?) and ( 39) may be put in the, refspective foms

- . bty

({;) L a°+'§"=-g—+aﬁ%
- . ' - 4 .

.:' ,6

TN s Ay, a)] - S eex,y,z)a()]

=g(t)ar(x,y,z) -. 5 3 5 g(t) 5.

RS

" where Wn the text.-, Add and subtract (iia) .and (ii‘b) to i.

- (41ia) -0 “ab, - E[oz(z *1) - Xz -vl)] P
(‘j;:i..ib,)'-l.: - | 2b__ = B],é-qxz, - 1) + —(z + 1")] -

: But (40) and..(L1) in _.;t':'hé' respective, forms

. * b ‘ '.r.. - b_ . .
.(iv-?)'- - L ';.—'.a(,.ﬁ-b-;»'-"'h ?) = T."' ) T

- - - . -
° Elimiﬁate g in these eqaatiohs to obtain
T .- ' ) N ~ .' ’ . . e L e .

R COET | ~.eh(z - )b, -(2 + 1) 0 .

0wt . B B

.




- T .. ‘
. “ - .:%; j - -* ﬁ
'} _ <Pl - Bl’] . -Qa [1 - ' -
- P ETEE T Z'-_l*ll»" > ’ |
b L z-1zerT® . e T .
o which ;s EunEion (43) in the' present notaxion.__ -
To obtain _Tj;:obse;ve from_(v)_that_" 1;
(wx) o 5 = g, . B
frof Tiiia), thet i ' o _ - L |
Tt S N ¢ l‘) £ + arl" LR f oy
- " e '- , ’ . . - - o e - - .
L "o;r_, from 2z = (2 + 1) (L + Q_) fooT T
(Viii) -' : ' ]_D_!__ -(l_"'QT& E(Z + Q;R] . / . ‘
{ . -

-
-
-
>

" Enter (vii) aﬁd'ﬁ#iii)_ip (iva) to obtain

S T=esTiees®) |

ST ) v

ST PG ey P e -
T L T+Q -

i

.. - U
Use the value.of R" given in (vi) in.this. expression for "T to obtain

23

. o ™ 2-.-.

.
"whgre ;Kiéluﬁ'; On-the boundary, _k-= Oﬂ,'ié-hévg_
R ->o , . . - ' dE—l _" dE2 . A

?;,_;?'-Fg‘-_ {. = =h T

S we impose the . conditions apprbﬁkiate t

O 275

Q . ; _'_’ EE -‘__...‘ ] 1

’ags (1+ @) —Qﬂ_%’:- e 22,

: ‘fyevhondi;ipnﬂw'

: K

° a planaf\scatterer-f-

P

- .

oe o

. .-

T
- - .
e .
..'.

e

.

ey

ChT

-
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1 . S
'b» .
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.
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-
Rl
~
-
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>
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-
- Q"
L
=
o
-
. Y
B -

Tom

- R
<t
| 2.
N .
-
R .
RN
(e »
m
Y -
~

| (::i.'vb)' :

‘ (1va) ) )

»

B =3 + X,

where'the implication of (:va) is t.hat there is no wave {rom plus

:-._Ei = e

IXx

Akx

'z

: 1nf1n1ty. 'I'hus, under condition (:va)- Hé_é?ution of (11) has the . .

‘e Porm

We write, frcm (:Lva}

f(vi)

and we need dete:@i.ne only" the two constants
to solve the problem.

_(wii)

S
and

R £

b

(1}1'_1"1'5 :

3

-

- -
g

_:_5

.

- -

Q-
2Q

.
s

d .

= ser

‘b=1+g

-

#s:'

-1kx °

2

-

1

-

, €=

~

.

.‘whence ,in the notation of Num‘ber 1& with Z = :J!_'—:'—-g“

2Q

With these constants,cwe have in the two media

-
-
D
R
- >

meE .

ik:x

e

-.i;:is 13%

- 2

r

A

ey

(x <0) >

b and g .of (v) ‘and (vi)
From the surface condition ( iii) we have

ire



