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mathematics In

has ol-,3ar serleo of sample text materials for zrades -

ese are d- 1:;net '"-=trate a kind of ma as-

ri for elementary

these materials which were prepared

7f° individuals, dividef almost equally between

distinishec college and uni..-ersit, mathematicians and master

elemen:ary tea,:ihers and co::sultants. A strong effort has teen

mad. on the oart of 27 maii:e the content of this text

material mathematically sound, aopropriate and teachable.

liminary versions were used In numerous classrooms both to

strengthen and to modify these judzments.

The content is 'esigned to give the pupil a much broader concept,

than has been traditionally given at this level, of what mathe-

matics really is. The-4, is less emphasis on rote learning and

more emphasis on the construction of models and symbolic reore-

sentation of ideas and relationships from which ouolis can draw

'mportant mathematical generalizations.

The basic content Is aimed at the de,,,elopment of some of the

fantamental concepts of mathematics. These include ideas a: t.
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te rezartet as a ccilectIon of thIr.s may

res, of persons, Ideas, of :Ines, of

mters, c. Each thInz In a set Is calico a mercer or element

c tne s-t. For example, the whole ndmters between I ant are

may express thIs toes In thIs way: The set who le

nimters tetween 1 ant Is If we let the set

_f wh: n,:mters --±.tween . ant c 2 Set ;n en we

may wrIt Set - ;2, = The men'): s of

the set are dsda_sj wrItten wItnIn brace. ,

Zsme sets :ntaIn no renters at all. o a set Is called

emct-,. se: the ndll set). example, If Se; F Is the

set of sC: wn,_e ....inters smaller than F has ns mem-ers.

the set

no members, we wr,te: 7

that there is est:on

of oh' tren codls as

dren. :-.:wever the set ohtltren present In

oom at a con:a-In ttme leaves no todtt as to the specIfIc

of .._..tees may te any many possltie sets:

even whole rooters less refers to the s:secIf

2. -, s, 3j.

s

and EstIvalent Sets set: Ore ect toe

set are the same as the memtars In ;he other.

s._`___ ..L toat the rooter of the renters h one set be

slme as tne ndmoen c members In :he stner: the members c.

7.ne sane. The se's 2, ant

nv tne o_me sf renters , ;hey are ns;

e sets ant are .stItal

elements are the same. The trter In whIch

a set Is -71ven toes not affect the set
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_; consIter two sther sets. et K. is the set sf wr.s.,e

_,mters ireater than ant less than lo,: s: s,

I- '--)-_,,. :et I the set e h J. mbers between

__ an: 21 so, I. 7- -3' Tne ...:nL.o.. "s- sets

..s. t :e s°`-each of whose members Is it at leas: _he of the tw:

sets. -.1no:s, tne sf Set K ant, Set 3 is the set,

can wrI:e this as:

(You _ noblce that aIthouF,n ant 11:, are

e K ansi Set 1 each of these members was I' --'

the tws sets.)

--ce :nos. too, sets is deflhea a s_mLlar way

sets: The sf msre than tw: sets the

e ements that are ast sne sf the

o:serve that

:f we

,a, e The uni:n of three

:he '_:nicn of CE:ij,2)

fir.".ihm the cf 1 wIth (e.JE.):

Is an 1111;s:rat-Lon of the o:se of :he

ant

ass ;272:2.37-,y met n in a later chapter).

it may t seem imcsrt=n: er. Its -_:se Is

n of more than tw- sets.

tefineo:: fIrst for onl two sets t:.:t

asssclatLv :rs;-__rty ows :_;s to Cefine tne :f three

:n:erseotIon Zets. r,e are _am__ _a_ wi:r. the itea cf

lhterse----n as It relates to, nizhways. The .Intercec:Lon cf tw0

nrihways Is that cart of the hlznway common tc We n:w

aeflne _..terse_ t_.... as re:a:es SonsIter azain

K :Set

two se--..s the se': 77,emters 2,2

the intersect__.. Set ant Fe-,

,e an te this as f:11:ws toe



sym.tol , to Lndlote intersection: KflL = 11, 13).

Inters---n of Set and Set L, we a1w7s wrLte KnL,
hit :et Kr-1,Set read this as The ihtersec:Lon of Set K and

:et L to the ,:et whrse members are 11 and 17," or more briefly,

the set inte:sedtLon. L Ls -L1, 13).

NLw le: s cdnsLter Set R, the set of whole numbers 1

thls Is to L-hclu,te both 1 and 5), and Set 5, the set

of wnele r.hiters throdFh 1C (thLs Ls to Inolse both o ant

Set S

:et

n: meo-ns Ln c=on. Therefore, the

f S an: Se: the emd-Ly set.

7he if :han two sets Is defined In a way

Ihterse_:t1Ln of two sets. The ihterQecton of
thah Ls the set made so of one elemehs that are in

sets. F07 example. let , ;1, 2, 3, F -

2, , 7, ,b). We cbsrv... that = 17, L-)

:5 we write. ,n(7--r1) or Hrsr=rj:: we

Litaln In e 'h :else the set :3, H. ThLs shows that

an_-_ either

three sets

Is the Intersection of the

.s suested for nIon, :he olssocLatIv=,

for the :::eratLon of LntersectLbn also.



1-ea::nLnz

ltea a se . the at:Ll' tessrLte

name :he mem:ere: -f = ,et

mem:er f a set set

n,r,:s can

_ learn m:r- ac res

2raw tne ref,r the
sf a t7ia

ihtersectLn:- lines,
:tt tnat we want tz _earn

at:ut at.ithmetLo ant at :metry.

are s:me new ::eas in matnematics that h-lb s

mters t attut zures :nese we nave th Cca_ t

tnes.; Lteas _tea

Lj_ea :f se: at.; h:w we use 4:
eveny.a. The f:11bwi se -.e as a
startLnz Lint

Se at: tne s-- ,._sties oafeteria. We can

-es,:rLte the chaL7s Ln . :7 as toe set of chairs in

There L= the set := -umters :n a the=m,ete7, cn a ant

msnt 'ete mizht say: Name the se:

nL,mters t = face :f a c:Jok. .e;h=t numbers w ,1t we name"

sn:.icren name So.,.. ;f Shen
It:en name sets sf be certain

tnat tne-,,, are erpliclt :7. the set
tnat :nly che specL2.2 set JIs

acc7tt:_ate. Fs: b. examle, e v tf

Ls ns: a =efr2 set ,et
wL,n tx: 2: a
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Chapter 1

CONCEPT OF SETS

Th4--se are p_cures of sets.

-11-4" ,r-1.<7
,,

-scP- .../ './t
. S.-

>-s

;-.4> 1/,' 2:7y 4-k

A Set of Stars A Set cf Toys A Set of Flowers An Empty Set

o
Tan ofar- -

The set of ldren in your school;

The set of children In class;

e set numbers, 1, 2, 3, 4, 5, and so on;

The set of numbers, 1, 3, 5, 7, 9, 11, and so on:

set of numbers, 2, 4, 6, 8, 10, 12, and so on:

of 'atte,'s in the alphabet;

=he set of toys in your class who are ten feet tall.

A set is a collection of thin:7;s. Some of these collections

sets of 0C,:ects, sets of people, sets of pict.,:res, and

sets :f Think of some examples of sets of things.



th_nz that belongs to a se: Is a membe:- of that se:.

Each of the letters, t, r, s t Is a member of the se: of

-e--.ers in ou: abhatet. Yo!' are a memter of thP se: of chlltren

in yo...1r scht0_.

There are sets that have only one member.

The set of _etters In our alphabet between o ar.o f has only

one member. :t Is t _ letter

There are sets that have no members. The set of ch-ildren In

yor class, who are less than four years old, has no members.

a se: has no members, it is called the emotv set.

We se cab_Lal letters for names of sets.

You may use any capital letter you wish.

The letter yo,1 choose may helo you remember the set.

The states New York and California are members of the set of

stat of tn . S. ,. We may ca1 ,. this set, Set

;:';ew York, CaT

The numters betwe,en anS C are 5, o

oal_ this set: Set . We wrIte:

We write



se Set _

The numbers that y ou use wh..n you count the first flve

chLlcIren ln your classroom (,,/, 2 3,4,5

1/, 3,5, 7,,,9

(1, E, 8, %D, /2,/,/6

77',cyzel



toe c"t'l see the -'''.ference between the s,o

o:ountln numbers and the set of whole numbers as

:.eflnet; also, to identLfy wLthLn the set of whoie

numbers the set s' even numbers ant :he set or oat

numbers

1 asq"ehe w_:-. each set ..umoer

meMbers ' the s.,,t

'eachLnz rocet:res:

the su,z,zestlons Given to the c.. l_
text. ty 2s tegInnlng wlth
an: then wLth 1 wL11 name the members of
:he set even n',Itubers and the set
numoers Note the d'"ference between the
se: of o:ountlng numbers ant the set of whole
numbers as used 'here.

ernLnLng the n=ber
Ls no: a new exrerLe:
have or:_nLoy

members of the set'
tut o'hIltren shaul

:hls at thLs :Lme.



"an

j flrsb "earned to count, you bean w!..th You

12, and so on. You

12 no No' matter now far you can

bhere are sbL11 more numbers If you 'eznew now to count

eep ocunb:Ing as long as you 1-Lye. Then,

:..ere sbL1._ more numbers. These numbers uses

hbl.r..7 are numbers.

In ar1bhnetic ,here Ls a set cf h=l=ors called the seb of

e numters. These numbers are 2

may wr_be the seb of whole numbers bhls way:

un

c, and so

all bre hum:rs. 11e use toe btree acbs,

mean bra. bnere =7. nr-re =ters than we can wr'-

e flrsb w'--en Ln

n....mter Ls ore last ..cancer 'rlbten the Se-..

Ls bhe last.- whole numter.

e laob n.,;mter w cben Seb

ff?renb ways r.. name re same se b.
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her examples of sets whose intersection is the empty set:

et is the set of children in the class who rave

birthdays in January, June, Cr July: Set M is the set of

children in the class who have birthdays March or Yay.

=

J = ;1C,

You may wish to use exercises like the 1
ones below before children use exercises co
:ntersectico of Sets ;-Iven in their took.

Te what set is the intersection of
tne twc sets :hat are T.riven in each of the
fcilcwinz pairs. Express both orally ah
in writ4n,z. (M.1,---ht also as some of the
onilUreo tc ciescribe each of these
sets.)

= ,.uzust, SepGerber, C,cto er,
Ncvember;.

= ,September, November, Janu7.,.

Naocy, Norman, Natalie;.
= [Mark, XPrtha, Mace-.).

= :a, e,
= 7, C, 1,

= ;2, 4, b, o, 12].

par.=--THE
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Exam*ole 0:

=

=

number ,L.,605 can be renamed in many ways.

Ones, tens, hundreds, and thousands can be used in

renaminz.

L,605 = '-j-

co..;

-

=

hundreds - C tens ones

thousands - 6 n=dreds 5 ones

tens 5 ones

= 6C.0

=
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true.

Exercise Set 10

sentence
exercises through :_0; wri'Le if the

Write F If the sentence is raise.

7,...),
L,2.... ;1:, may be renamed as -.:.

. -cens 4 ones.

(7)2. 3- may be renamed. as 2 tens - ones.

(!=,)3. 3.: may be renamed as ~ tens -,^ ones.

(7)4. ....7--
may be renamed as 1 ten 4 .. cn-s.

(7)5. 3 may be renamed as 3 hundreds 4 5 tens ones.

X6. 365 be renamed as 35 tens

(7)7. 365 may be renamed as 2 hundreds 4 15 tens 4 15 ones.

b. 365 may 1.-e renamed as 3 hundreds 4 60 tens 4 5 ones

(F.) 9. c- may te renamed as 16 tens - ones.

LC. 18 may be renamed as 7 hundred tens 1 ones.

For each e:::_-!rc'se from through 16 write the case

ten numeral.

.
Six hundreds 4 five tens 4 three 0:.es (653)

12. Three hundreds. - twelve tens -4 eight ones (/425)

13. Nine hundreds - f,-ur tens fifteen ones (955)

hundreds 4

15. hundreds 4

76. 8 thousands

7 -7 tens ÷ 8 ones (578)

tens 16 ones (766)

hundreds 4 3 tens 4 12 ones (8 61?.). ,
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Exercise Set 12

From the list below write all the _et ers which 7-e

beside correct names for ,57.

a) Four hundred sixty -seven

Fort:-six and seven more

Forty-six tens and seven

Fc rtz hi.z.ndreds sixty-seven ones

e) 300 4- 16C 7

f) Seven plus four hundred

g) L00 6c 7

h) 300

1) tens

2. Answer Yes or Yo.

a) 3,72S is :ens g:a2 29 ones./

-en nundreds plus f r , tens plus nine ones the

same as one tho-_:sar7.. forty-n1ne.

c) 5,000

-;% ten _o ones = 5,526

,

. - 60r, 12:
)

3. Wr.: :e the base ten name-al :or cash.

( 6S3 a) rose thousands - s1: n.:ndreds eight tens 4 thlree ones

( 965)b) 3 thousands ÷
-

n-..r.-'reAs _.5 tens -;- ones

( 7, f./29 c ) o trio's &s = 'rundleds 2 tens ones

(8, 556) d) E thousand7 - h-,:ndred, - tens -.- 15 ones

N;24-&e) 9 thousands - 12 hun:firets a 3 tens 4 ones



7.c an -ndo-rotan:

Since the decimal system Is used in most parts of the world,

we need to understand So far, we ha ',-e talked about numbers

whose numerals have one, two, three, a d four digits. We

know that the position of a digit in a numeral determines its

place-value. We know also that ten ones is the same as one

ten 2::1:1 _hat ten tens is the same as one hundred. 7n like

manner, ten hundreds is the same as one one-thousand, ten

one-thousands is the same as one ten-thousand, and ten

ten-thousands lz the same as cne hundred-thousand.

7h'J te read sasily

t.he are Tro'_,p.::d in zetc of three c117:Its be:innln.::: at the

set three 1 s sonarated from the rest, of

a sauna or commas.
-----. ---

the numeral



n=er'al,

162, 162,000 --- 1-2

read one huni:.ed slxty-7-wo ohousand,

ore hundred fcroy-two

23L:,00, 172

read owo hundred ohroy-

onP

"7cuoant,

ad :wenty-:hree , :7=tred

=C,70.

reas1 owo :housand, zwenoy

,j,000 -

read four hundred zhousand, one



=TENDING -I:EAS OF THE

tie krlow :has each place -1:-. =e '°C_- a.

s:stem h-,s a name. whole n=ter :h 2L_rs: place on

Ls :he ones, Place, 'Jr? secon._i tens? place, and the

:n1r-: :he hundreclp! Lace. e Ls thousanris=

:en :hc_:sands sf.x:,h :s the

G..._.

alsc 'Know tha::

ores are the same

:ens are :he same as

reds are the same as I thousand;

thousands are :he same as ten thousa,nd;

ten thousands are :he sa-e as _ hundred thousand.

each 2 has
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v57

Write numerals to re.cresent each of the folicwihE.

(306)

75)

(47 04-)

(+0, /25)

_ our

,'337, 564)

0, 056)

C

(756, 030)
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What do we know abo',.t the numbers represented by she

Points to the right of the first labeled point on the number

line? (They are larger.)

Which of the numbers a aha is the greater': (9.

We must add to 6 to :.et 9.) The pc-int 9 Is to the

righO of 6 on the number iine. If one number is greater than

another, what do you know about :heir placo on the number

line?

J What does the arrow on right side of the number

line mean? ( :xe arrow Indicates that we have drawn only a

::_ece of the number line, and that the Yhe, with its

labeled points, continues to the

6. Is there a largest humb-l_ on the number line (No.

For every whole number represented on the number line there

Is also a next larger 'hole number

-7 What cio ycu think the arrc- on the left side of the

number l'ne te'l= th,, number lne keeps

s,-onz In zhac direction. Later, we have fcr the

part of the =ter line extending tb :he left of zero.

What can veu tell me about ever- n-,mber represented

ty a , int tnat lies to the right cf a giver_ point? (It is

i!.r,1-er than txe number represented by the given point.)

9. What can ycu tell me about every number represented

by a pc lies to :he left of a given poi.... (It is

smaller than the number represented by the given point.)

We can use the number line to see which of twc numbers is

the larger and which cne smailer. On the number line, the

point, standing for the larger number always lies to the right

of the Point standing for the smaller number. We say that

the smaller number is less than :he larger and :ha: the larger

n-,mter is greater Lhan the smaller.
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=2=

1 2 3 4 5 6 7 8 9 10 H 12 13 14 15 6 t7

We have talked about the number line. We know that it is

a straight line with points on it which have been matched

with the set of whole numbers. The point zero is at the left.

If you think of two numbers represented on a number line, the

cne tc the right is larger than the one to the left.

In drawing a number 1-_ne, dc we have show the point

that is labeled zero? Of course we do not. It is possible

to show just a part of the number line. Ti we start with the

smallest whole number, :hen w,=, start with zero. But if we

abe7 the first point 172, then the next 77:ints to the right,

Ln order, will 177, 17, 175, and so on.

258)

:258)

Exercise Se:

frafr. 25

)
25E 257 253 etc. to 270

I 1

e=0:_sez, :e Pots

the n=bel- llne. ..:1-.1te :he

(2 G)

:26G)

(258)
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3. 2'71

(261)

(269) ,

(26/)

(263)

(270)

(269)

*Lo

C2G3;'

0c; of (270)

(26

of (.28)

0 2S7
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°

f.17-eatc.r

.::rite "2 5 ecluals -:,o'n; the eq-,:.als sizn

of c_ wora -e uals". :e

nave anote.:2 sy... 31 wh:ch rs=71e:.1 the ess than"

To wr.:;e- 112 is less than 3," we write

2 <

also, nave a "::eater :-an" si:n. write is

Cc7ole:e foLlow:Ln7 stater.ents with "less than"

zneate:-.. tn,n".

.24.4-
7- .z.t.,4,.,alt..) seven.

2. :2 > 9 2we1ve :Ls (,/,,,e,a.-4-1.. -.F.-a.,-,/) nine.

< :_ .a..1../i one.(...28 .2..A

s zero.

> 193 2wo hunOre:1 one .e.4,4.2,1) one

:_lnety-e1,77ht.

7_ Atke.,-..ef-/J three huhared

7
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eac of thee.: sentences L.-. the sno2:

Sever. s less than *en.

Ore is eate- than seo. (/> o)

<

2. 7".7 Tess tnan (// < /3)

3. -oo. (56 >2/)

2

Th:: 'loco .(260< 360)

,3929z

1. . tn

if t:-:e Is F _f thc:

5 >1

5. < 1: .,-.

(
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Chapter 3

C:Ea-777S AND CHN7UES o ADD-7770N :7..ND SUE7F.ACTICN

PUF,PCSE C7 THE UNIT

The pur,i.ose of this unit is to hels children understant

re nature of addition and subtraction as operations of

mathematics. so do1-ni, they w:11 also 17eco7te acuainted

with the fUndaental propertes of these two operations anb

then relationship c each othr.

No doubt children re hat experience with these operations

tut they need to consider the nature uf addition an sub-

traction care:'ully to expand an r:!inforce their concepts

of Ptd'tion an subtraction. it is assumed that this :s

the first time e7ohasis will have been to these

:roperties of addition: closure croserty, co=utative

srcperty: associative property. en' the sroperty of :ero In

addition.

The develosmen7a1 7aterial of the chapter uses the

foilcwin proced-are in thinkin:- sitution:

state the nu7=er relat_onshIs the proble:-. Sy a 7athematl-aI

sentence; decide what oterat'on to use; 'perform this operation

or the nu-bars; and, use the number which :e6ultF. to esress

the Idea In t:te oriTinal proble7 s't.cation. In :7enera,

but with divitual adaptations, ondren wIll follow the

prece'in=- crot.edure. There are :WO obectiYes to be reacned

wL*;,n the c:-Ildren: (1, -he analysis of one snotier-t ant the

exsression of the relationshiss in the pnotl_ .7 a

matical sentence, ant :7-1) na solution of on: ty t,te

use of the m2tht.-:-.=,:ical sentence. The has

'evecp ski in solv:n7 srosle7s no only 7tany plans

but frecuPntly uses ns s-7.er_:-; in a tifferent crd:r in solvin7

-'4ffer°nt srotl,mc. The as u:---estet, is a 7.eans for

ext:act ru7tter f= t e action 17slir.d

the problem and record thin-:In- In a syote:._t 7anner.
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F-2

ADDITION AND SUBTRACTION AS OPERATIONS

Addition and subtraction are two operations of mathematics.

Multiplication and division are also operations. These four

operations are called the basic operations.

An operation on two nubers Is a way of thinking about two

numbers and getting one and only one number. When we think

about 5 and get we are addinF. ie write + 5 = 14.

When we think about 5 and get we are subtracting.

We write 9 - 5 = In subtractinE7, t,-e order of the two

numbers is important. If the numbers are 9 this would

mean 5 - 9. There is no -ole number for - 3.

Exercise Set 3

N tuber rpm _ through 12 on -our paper. Write the

correct numeral or word to c=plete ths chart. The first

exercise is done for you.

Numbers Operaton
Operated On Used

C

Addition

Subtraction

Addition

Subtraction

',Iptraction

Subtraction

3 Subtraction
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TRUE MATHEMATICAL SENTENCES

A sentence whlc.1 tens s sc about numbers fs a

7.athematIcal

'-,tm,,nts like those

are called mathernatica:

sentences. mathematical

sentence can be true or false.

9 3 = 2

C b

:s 4t t. 6 =

:s :It true that 9 - 3 =

that 6 F., 127

that 10 - 10 ,

2 (a) ;.'re 6 4- 4 ant 10 tLfferent names for the same

Are these names for the same =ter: 6

The base ten r=eral f,pr

rase ten 'or:

sore sent,:nces.

" -,

Is the

sa'd, thin4n--- of a number. The number s the

result of adc!inz ,..

, anc .:_ f what number am I thLnkin7"

Sob sad, "Let's cal: ..ary's or-ben n Then, :: Is the

, --.

an:-.. S c, n . '-',, Now, ''f* n = 8,result of af.:.:r.;-I .

Statements 11',:e those ih -3:0X.

are .::_so callet 7.atne7.-latical

sersores.

- n =
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Joan sa_a, a -a-,h7a-.1cal sentence.

s -rue. 3o vcu 7Lnk r!_:-h,-;:d Draw a

7.7ode_ or ofoture show why 7ou hInk as you do.

;37

said, Is a 7=thP771=toa7 qentenc.

Is Do you =;-rPe D-aw a

mature or c show why you t'f:fnk as you a'o.

_77,4;44

1

sen-_ence 7 = 13 Is trued

use - 13 are dlfferent

na7e0 P safe

7athe7,atI2a1 sentence c 12 s not

rue. Is tecauce and 12 are

fferer: na7es sa7e

:(ercise Set

Ste..._ cf .ese 7a7he7=7L:a: sentences ,=';:.e WrIte
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Wnlch matnematl:..al sentenes exerolse

the bom=tatve property? 41.,,

6. BFAL.:TW73T.TR: (a) iir:Ite the numerals for whole

numbers ('_f posstle) to comp7e-_e

Numbers
Operated On

Operation
Used

i .L.t

; 7

7'.=
,

7

1=-

_

1

1

I

i
,,,'-c Addition I

Addit-lon

Subtraction

... ,/

.
! c

:s a whole number for .ac.- . ^7ankY not.

BHAINTW:STEF: (a) nat whole n-uMber Is represented

ty n st tha-_ 0 n = 7

whole s retrese.:::et so

:';-'-t a: renesented ty x an
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THINKING ABOUT SUBTRACTION FACTS

Subtractlon is the operation of finding the unknown

addend if we know the sum and one addend. For example, if

8 + n = 12 then 8 is one addend and n is the unknown

addent. We subtract o from 12 to f'nd the number that

n represents.

You show 1 i

1

Fubtraction like 1 , The names of the parts 1

i

1

1
i in a subtraction
1

i

9 i , sentence are:
t

i

sum addend addendm

read suctract:on like :hs: 3; minus equals

or suctrac'.,ed is

In each of these examples tell which numbers are :._dc ends

and which the sum.

(a) (')

9 '3- (d, 3 m n = (fl 11)- - 8 n

You know su'r- .'ac _or. facts. We ,.:11 ca..... the chart

which we liSt -,hr_77 a -;,:ctractio: tre chart on the

ney_ page and fill

w , 'he for . :::uttract it from each

the frst column or ex6.mole, 0-6 place thenumber

result, 0,

To met your

Ls

of the zerc the", is the firs',- column,

the

nlnk

num.-

for

End so on. Go on.

What add3C.

he firs*, c :s a

,11 th numbers :"1 art are
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Exercise Set 8

Use your subtraction chart to help you answer these questions.

Why is the first column which you wrote the same as the
-42-0

(

o =n Its f t ?

Why do the number in each row decrease to zero?
-7 n ,

2
/ "4 ...i a..,..4.4-1-4.- --?-4.-,-Y.-41 a 4,-4,--,,,;,...d.,14-..4..:, 0-,,..e_ F.te.22A.,

,..,,
-., Why d9 the numbers in each column increasea..;,4-114.4.41,4..4

(A.4,---c44-i-UL.- :z.k..i2- --tcz- 4(2.--rx.-2,0 --C----.E.4.4-211---ri. 1

( '6

1

Why i part of the chat empty?..a..c.4)ietMiz...Ar./
---R

,../., -4;z,c-,-a--.4.-TA,A.Le.:22/-14.1x...4e.A/ ti.e... __Wof

Study the subtraction chart you finished. Write these

sets of numbers:

lf11 The members of set X are the only possible numbers,

can be addends If the sum is 3. 0/

The --mters of et Y are te only possiblenumbers

-ha- te
1 i4-71-= v i n 3 45/V9

The members

that -.an

are the only possible numbers

the sum is 9.
7-* = ^<, 3,

at.. :',.;en to Exercise

--)`'/r-'7) 619

r. I,
',-)

4 .`-, ,', 7 -
_)

..S. r
,

, ;: 3 7', ,;, : L ,/ t7
to



Exerci se Set 1

Subtraction of numbers as in Eon

A may be done quickly and accurately

if you know the adc:Ition facts. you

should be able to recall all unknown

adderds in the additLon chart.

Tell how to

locate the

unknown addend

for - 4 = n;

- n;

-0 = n;

-2 - =

2. 11 you knbw

692 310

1.11',L, -164

,

1 ,- 1,

4- 01.]1 '-
i

4
I

1 T. ; 7 I Si
! , i

1- , - -, I0 1 i 1 .,:: .,

i 2 I 3 1 5 6 7 8 , .:. I

3 I 6 7 8 9 10 11ii

3 3 41 6 1

t i

7 8 9 10 11 1215
:

-- -
i4 4

1

51 7, 7! ,..:,' 9 10 11 12 13

.=, 51 7 8 G110 11 12 13 14
;-- --, + ' -'-

1

I

7. 7 8 9,10
t

11 12 13 14 15

!-7-

i

q 10 11 12
I

13 14 15 -

H
."-' HO -i 7.21'3 14 1,'-- 3. 77- ,- --1 -1- -. - -

1,_,
I , --- 1:1:,H .. 16 17 18

wha-, sub.:ract:_on

facts
aQ

3. you subtract 0 M -.077. n',..:rter, what :s the resul

, --I

Here are some 'deas In case sore :acts.

Cc7.7:le e -,nese



5. `1.0.-i ,now that 14 - 7 = 7 . How do you find l - 8?

',41,u..A.2A-z-!)&t..i. / )-¢,..... ,tt.4.4,- /4 'Li

You 10 ow that 12 - 6 = 6 . How do you find 12 - 5?

(;71-1.4_,_ .A.t.u.A.Z.1---L.o / 7)(.4-t.c_ --/-t-k - /..--, ,°)

You know that 15 - 9 = 6. How do you find 1.,/
, [, n ')

.., .

::.,L, it.tud_ITA:4 i lk-e-4-- -V,-4-4<- /5- F)

Complete these statements:

(a) Because 18 - IC = 8, 18 - 9 =

(t) Because 16 - 10 = 6, 16 - 9 =

(c) Because 13 - 10 = 3, 13 - 9 =

(q

::1) /State a way to subtract 9 from any number.,
1

-<.?-<,1144717.

_I/0 A.,,,4-,,,, ..;:,.,-L -7.u..,11A/....:A/ a-U..4- 01,0"- / '?"4°- '""4"4""e:"

)

(a)-
d. )

( 7P9Because 13 - 8 = 5, 13 - 5 = , .

(b) I.-cause 11 - 4 = 7, 7 _ (4.

(c) Because 15 - 6 = 9, 15 - 9 = 1;0

6. if you subtract 1 from any counting number, what f s

the r,,sult?

9. Using only the =bers 12, 5, and 7, state two

=
additions and two subtractions. I

7 /,2-.5- 7
/.2-

'PRATNTWTSTR: The result of the operation of subtraction

on a pair of numbers Is 7. Write five of these pairs.

/1.1-4-44,-Lt...-",.4.7

2 / I

r
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SNTENCr'S ..737N5 THF NUY7-7R.

Uslr.2- the Number re

i 2 3 4 5 6 7 6 fi

rememner that e a number line.'

We .-.an add 2 and 3 to get!

5 to -neater than ..:

and is zneater than 3"

We write 5 2 and 5 3.

Since 5 ) 2 the

1zht of 2 on tne number
1

Ina and s nce 5 3, ls;

to the rwht of on the

number-

ssE, we ac two wnoie

numbrs and ne'tn-r number

sun

We a sum. The

neater ,han eith

numbers that we

S*:77 Is 2 numb_

to the r..T.:hO

one two numbers on tre

nnmzer

1"2 is less than 5" because

we can add the number 3 ,;o

! 2
to `et 5 as the sum. 2

4s to the left of 5 on the

'number lin. We write 2<

and read It "2 is less than

Is :1ss than ".;" because

can add the numoer 2 to

3 =.7E 5 as the sun. 3

Is to the left of 5 on the

nunber We write

and rear. Is less than

' than
lot
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LSING MA7HEX.L2ICA7. SENTENCES IN ?R(r,LEY SOLVING

We have learned about the union of sets of objects.

W.., have learned about sets of objects within a set of

objects.

How did the union of two sets help us understand addition':

How did sets within a set help us understand subtract-Ion?

Now, let us see how we can use these ideas to help us

answer questions In story problems.

?:ere 4Q cur first prob''m.

Dick cauz,ht fish.

Jack cauznt fish.

Dick rave hls fish to

Then, how many fish does Jack have? IC,

-Is the se: of fish that Jack no: has, the union

of two sets offish? "Lift;

Does this mathematLcal sentence fit the problem:

a2 = n7 Why?

Does this mathematical sentence fit the problem:

72 Why?
z

(c) Now just th:_nk about the mathematil:cal sentence:

72 ÷ 4 = n or 4 1- 2 = n you find n?

C\cz--.4-cL ,

('' We find that n =

We can answer the question in cur problem.

Jack now has 16



2. Here is our second problem.

Anne had a birthday party: zirls came to the party.

6 of the ,zIris were from Anne:s school. How many were

not from her school?

I :s the set of .-Lirls

at Annels party the

union of two sets?

(5) Do we know the

number of zIris In

one of the sets?
)

(-) dan we represent

the number of the

r....rs in the other

,..41tX..

eta-

set by
=

(d) Does th's mathmat'cal sentence fit the Problem:

1.4 - or n 4- 6 = 14?

(eN; What operation to we use to find n?

We can now find n



Summary

sentences are helpful In problem

so hey he: us to show number re:atIchshlos

)rm. :ere s a Ta.y a

ma: sentence !..n = :robe.

There are 22 :h._.1dren on a class.

70 of the on: .ren are

Wrftlnz a

imathematical

any Isentence

10 n = 22

-10

There-ee are :2 boys Ln the class._

iwe could also

write:

ir = 22 - 10, or
i

22 - 10 = n, or

in 10 = 22

Finding n

lAnswering the

lquestion by
1

writing an

answer sentence.



Exercise Set

F4nd the answer for each of the follow_.: : protlems.

Use the order of wo---k'n;-

pnac-'.-ed piano , mintes or- --tay, She

practiced on H:Dw many minutes

s tice or. the two days': -

2. Mary read two books. One had 42 paTes. The

other had 24 paces . ^c many pa -es t'd she read
.

in these books.

Nancy has 7 crayons in her Pox. will hold

12. How many more crayons toes she need to fill the box?

In a fish pond th.ere are 25 black fish and 20 zold

fish. H3W many are the pond

:im has a paper rc te. He has delivered 35 of his

49 papers. How many more papers does he have to deliver':
2-^ ; "Zes.4 -E-td

There were 25 ;r,irls at a party. 1=, of them were

watchinc television. The/others were playin7. How

5-.77-/45-= '11
many 7irlq were

/-4-=
c

---1.--
,J2,...u, ._:,,,,,,i.,-,_',L4:- .C-e-4.-;.,--x-fi- ; .7 /

;,-;

Jack has 5:-; stamps two envelopes, 1-n one envelon

there are stamps. How many stamps are there In

,7-;4-P- /71
the other envelop.

EF
(4



Sue ls sav'n.- to tu: a Cook that costs cents.

Sr.° cents. How much more money does she

have to sa- tuy tha' cco,:?
`Lz-e

spel ed

20

did Tom spe21

crds ch. a .est. He spelled

tes- many words

an 'cc tes.-.s /6,

Cu. a d'torium was decorated with red balloons and

white talloons. There were c3 balloons in all
= 3 "'z-.

:: bal loons ,N-are hz-d, now maroy were whlte? ,,,_,,LI:..-_,-,,,, I

ll. a popcorn sal... 2,.; ta.ta wRre sold in one day.

7-'7 72 'tams were sold in

were sold in the afternoon

morninm, how many bags ,2e)

77
-7

David weighs 6c pounds. His brother weicihs

20 pounds. How many pounds do they

BRAINTWISTERS

13. There are 20 pupils in class.

weigh together:
(:o 3 7;1

a0
b-r44(41t:'441

gr7;

The class has just

two committees to plan a party. The re:-.-cshments

comm_:-e-, has members. The ,-amc.s committee has

members. James, Mary, and Ect are on both committees.

How ma..y o-h s are on :us- one commttee?

How many puclic are en one or two

How many pu;-:' :::azs are not on any committee? V



'4. 300 attended the school foo_tall :-am_' or

sca, 2170 :_i_ls attendet the o:hcc: f'ocr_ta__

7a77.e on Wetnesta:.

:a es.

How T.G. :s atto.:dei

How 7.any a'ten,4ed th3 7a70 on Wedn,,sday

hat_ did not at ,c,a7v. on 7Jesday2
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9. What number 's n -or each cf the e7.erclses (a)()) /Y1 ----- 4/ (4,1 "4=----

1 3,

1,L)
exercise

())-) /Yj= 3

(C)

10. ERATNTWISTER: The mathamatclan calls 0 the identity

clement or addition. What is the meaninE of identity?

Wh tdo you t-Ink Identity element fo additonimeans
ajd-A-4 CZ1(.. 11.41.,4244K-e-14

11. 72RAINTWISTER: (a) To numbers to te operated on are

and (:0 - :0). The oTeraton Is additIon. What

'S tne

1:) In exerose (a) (10 - lo) is replaced

what 1s thc reslt.

coT whole nu771t:Jrs to bc operated on are a and

( The operat.ch is a:11.7.10n. at 1

7 and

:.:.ferat1on .s adtticn. nsat .5

-he

1:. 7.he word

wor-j s7:.a,-Ion. Answer each of



Exercise Set

Write a mathematical sentence for each of these problems.

Then solve.

1. (a) Tom and Peter had 72 cookies for their class picnic.'

The boys ate 12 on their way to the picnic. How

( 72/2='1
many were left for the picnic?

(b) Peterrs mother had to bring one dozen 7-

cookies for the class pLchic. How many cookies
7` = atta- 24t.t.L. 7A

were there for the class?'.

(c) Show how the operation of exercise (b) undoes

the operation of exercise (a) by use of a

mathematical sentence. Is

2. (a) Margaret has 12 at:II:ion .=-.y:er_s

teacher gave her mor-,

Y.arg,aret

Show how the opera:lon par:

operation

sehten.i.e.

undoes the

use cf a mathematical

3. (a) Jon had $45 In the tan::. He spent $20 during

the s',:mmer for swimmh7 lessons.

Jor carnet 21 a -
bane:.

Sho',. how the operahI:n of par.

the opera.,

mathematica'

and

pan: ca; cy use of a
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MORE ABOUT ADDI TION AND SUBTRACTTON OF WriOLE NUMBERS

Th'nk of the set of the 1*rst whole numbers.

A = [O, 2.

(a) 2 of these numbers. You are permitted

to add one of these num.ters to itself. Vhat

2 7 T..,.seers do you ceo for sums?

(t) Is each of ,,:he '1/

(c) iinioh sums are ln Set

ihy are the other sums in Set A? cLAJL .376, aa
71(2,14.4e

Supoose you have ,:us: the numbers in Set S.

S - ,

?ind the sun of any two numbers in Set

these sums renters of Set

Is Set S closed under addition?

Are any of

7f two whciP numbers are added. is the result always a

le number seine examrles..

two whole numbers ar, subtracted, is the result always

a whole ^e^ r some ey,==7.,s. r)o you sometimes

:et = number



It Is always possible to add m o whole numbers because

there is always a whole number to use as a sum. This means

the set of whole numbers is closed under addition.

It is not always possible to subtract two whole numbers

11,pause there Is not always a whole number to use as the

other addend. There is no whole number n so that 3 5 = n.

This means that the set of whole numbers is not closed under

subtraction.

Exercise Set 16

Pretend you know only the set of even whole numbers.

Write a few of the members of the set SA 7 ' 12 j4 .--3

(a) Choose six pairs from the set. Add

he usin,7 a form such as shown at

the ri7ht. (Remember that you can

use only the even whole numbers as

addends.)

(b) What can you say about the sum for each addition
r ;

you tried 2':/e44--)

26 even

14 even

40 ever.

When you add two even 4.hole numbers, do you expect
; -Az)

to zet a sum which :s always o::.d? Always even

Sometimes odd and sometimes even? %,0)

How many pairs of numbers did you try? Try enouzh

pairs so that you are sure of your answ,,,r ').
Is the sum of any two even numbers a ..umber

In the set of even whole numbers: Is the sew cf

even whole numbers closed unter

ti



2. BRAINTWISTER: Set A = (0, 3, 6, 9, 12, 15, 18,

21, ...; Think of all pa.rs of Set A such as 0 and

3 and 3. 6 a- and se Think of the sum

of each pair. .,ail this set of sums Set B. Write

Sr` , B. 7.s every member of Se' B a member of Set A?(

Le,-0 0, 3, 6, i 2, 15, IT, 41 -

Think of the set of odd whole numbers. Write a few

members of the set `x;,3.5 11)1-5,/ )

(a) Choose six pairs from th- set. Add them. Use

a form . as shown at the

right. (Remember that you

can use only the odd whole

numbers as addends.)

11 od_.

odf

30 ever.

(ID) You hae only odd numbers in this set. Is there

a number to use for a sum in each pair you choose t)

Is the sum an odd whole number?)

When you add a pair of odd numbers,. do you expect

to ret a result which is always odd? Always even? )

Sometimes odd and sometimes even?(7iJ

(d) low many pairs of numbers did you try? Try enough

pairs so that you are sure of your answer in (c).

Is the sum of any two odd whole numbe7 a number

within the set of odd whole numbers: Is the set

of all odd whole numbers closed under addition?i wJ
SliAINTWISTER: Set A = 7, .11/4"

7, 13, 16, 19,

22, ThInk of some oa'_rs of Set A such as 1 and 4,

and 10, and 7, and so on. Think of the sum of

each pair. Call this set of sums Set B. Write Set B.

:s any member of Set B a member of Set A4Is Set A closet
...

under aLlcition'T.

9 1



Exercise -et

BRAINTWISTER SET

Pretend you know only the set

of numbers (1, 2, 3, '

This means that in this exercise

you may use only the numbers

1, 2, 3, 4.

(a) Copy and fill in, wherever 2 3

possible, the addition 1 (;;) (4)

chart at the r-17 t. 1 2 (3)

(b) Did you fill in each

space of the char* A-0)

(c ) If not, why no 0-vL-d
2-1-ctjew

2. Pretend you know only the set

3 r9.

of numbers (6, S, 10, 12,

4).

(a) Copy and f:11 in, wherever

possible, the addition

chart at the ri-ht.

(t) Did you f_11 each

space of the chart?

If not, why not?

6 1 8 10 12 iY

10

12



Pretend you know only the se':.

of numbers [1, 3,

(a) Copy and fill in, wherever

possible, the addition 1 1

3

chart at the riz.-t.
I

1 -
i

I ,
(t) Did you fill in any

1

(c)

(a)

space of the chart?.
1 7

If .,rot, why no: "Xzz,I1c.,,41)!)

I. exercise is set closed under addition?

In exercise 2 is he se: _c ter? under addition?

In Pxe:cisc. 3 -,.he se': closed under add4tlon?

5 7

I

1
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Itaa,t=oa_al at the of Chapter 3

L:2ade, the conte-,t of a ::-.athematical operation was

also_,:oed he -,rincipal concern of this unit is the

tipn. Division is described as the opera-

_:::,:nown factor in a multiplication situation.

31' ne vL a x c, a and

are c__..,. factors tt and c is their If a and

are to. -obtain and a

sentences. the form

achneztich, It Is sy,ested n ...eacher avoid

ase of tne term "q.,.:3t:ent.". This term is not heeded ant may

.roe _ Division should

ar, anti_ the relation of

ticna_ mters is i:.troduaed in su'...sequeht study.

a is Tnis operation is

a .

-_.

tne _nit, ah==lc.cies =n-, contrasts among

:zat1.2n, s_ct2.actic: and Iv'sion are stressed. For

.__aatl.on are _:mmutative and

clat Te set of whole numbers is not c:.osec',

a number tne -inverse of addine, L'he

h,,mter (not 0) is tne Inverse of

-team

to a.

,lthou tne term "inverse"

can under.-,tand that division

iicatic: ay tnat number, and

mz-21- nto" division by that number.

tn , tnr, ma7tiplicaton

3. ..en, we divide by

o. (:2

sene, ar cir: and uhtclh,

naerstand In verse relationship



Zero and one play special roles in multiplication and

division. The characteristic procerty of C is that, for every

whole number a, Oxa-ax0 - C. Also, lxa- o.xl= a
Is peculiar to tne number I.

The situation for division is more complicated. :f c

denotes any whole number, then c 4 I c. If c is any count-

ing number, then 0 c = C. but c C Is meaningless. The

expression 0 C is ambiguous. These properties 'are derived

from the definitin-,n of c 4. a - as another way of writing

c = a x b.

Because the product of every pair ef whole numbers is a

whole number, we say that the set of whole numbers is closed

under multiplication. The set of whole numbers is not closed

under division. Children will not use this language, but can

understand that In the set of whole numbers, although the

'...,erasion of muitiplication is always possible, the operation

of division is not always pos-ible.

The point should be made repeatedly that in this unit,

we ooerate on whole numbers to obtain another whole number.

13 b has no meaning as an operation on whole numbers. The

fact that the se: of fractional numbers is closed under the

operation of division Is Irrelevant In the context of this unit.

Heversih;,- the or4.--r 3'. =actor x 9 or 9 x 7) does

not alter the product. This property is ca-led the commutative

property of multiplication. effectively reduces the n-umber

of mult1-"-ation facts to remembered and is useful in

simplifying calculations.

The aistriuti...e property gives the relation between

multiplication and addition. It _s :he most general statement

of :he role of addition In .df_nz products. It is best

explained by examples and a zeneral symbolic formula. For

example, 7 x 13 can be written as j x (10 3). The relation

,10 = x 10) (; x

exemplifies c_atritutive property and shows now It can te

used tb reduce d problem to ,-:non multiplication facts and

dist- _.,_.e of multiplication

2 3
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:;cntinue .-;h-'erszand-

Eucn questions as the following
may te as:Ked.

How 'fferent matchir.R.s ..:culd Sue
me-Le of the ret s:Kirt ant

How many 'ereht matcnlnss co .t Sue

are of tne -e srKlrt ant
tl2uses?
Ho',, man' tLfferent mat,:h_nzs co-ul,' Sue
:;.a:Ke of the 2 Jr-.L_ :s 1=n- .:,

t2ouset?
Y.tw eaon match_n oe reiresentet

tne

:f Stas n.er a ;-reen t2ouse, sne woluld

, many times can she

wear matc-.LnL- s,:irt ant t ouse to schoo'?

Exts-ha we :aae tne blouse.

Green

-=
with the

sea this array.

sno ne

ea3r. 77:atchlh',;.

2 s':._= ts

tne 7,s = will :o them

oraer_y tezi_nnini; the one we

--,-: :nen the one for Suess

shtw with a numeral

acts.
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We have seen that an array te used to snow

matchfngs of one set

arran;zed In a=

a) eggs fn a carton

oanPs of glass Lh a .:Indow or

seats In an a_.t tor-f-m

t) pIPoc-s of o=na-,,

orayons fn as
tlook.s on room __.;37 etc.

Car: you tnInk of some sets of ctects arranged

arrays to add to the LIst of examples?

:raw a: array of dots whl-n represents a ;ossItle

arrangement of canes n a wfndow. How many panes are

there :In a wlndow wnose pane: form a array?

__

77-Too dmmeci-
doo-osf=
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39

.7,7.AYS

Each of elementar: .5.:hocis has a basketball team of

5 ;ayers. :Draw an array wlth one ciot for each ;layer.

.,sing an array ciescrLte the nu.mter o ;layers. Wrlte

the mathematl:al sentence. What does thls sentence say

ato..:t the total ;layers on the team?
( % .; C

of.

Make a story ;:rotlem whc- each of the foll3wLnz arrays helps

to answer.

r""



arm J be:ore

Three teams of Cole Schocl are to play. Three teams from

3raht School are play. Wh,th array above shows the

numoe- of --aces that car be a:rared If each Cole team

plays e-a_ch Grant team

Mr. Smith is b a car. The company offers tops in 5

colors arh toties in Which ar:_y above snows

the number o possL.tle color comtinatichs?
r

Mary :`as ant Which array above

snows how many matchInza lls ant tresses Mary can make?
A)

9. Three chlar.or. play %olir ant two other ohtr..n play p.lano.

Which array above sows ho%- s can be pl so that

3
each playa with each _-iahist7



P141

10. Sue has 2 watches and 5 different colored bands. Make

an array to show how many ways Sue can match her watches

1 Iand or

a. How many rows must the array have? (,20-1, 5)

b. How many columns must the array nave? (se, a-)

c. How many ways can Sue match her watches and bands?
(/0)

11. Paul has 2 neckties and 3 colored handkerchiefs. Draw

an array to show the different ways he can match the
-

neckties and handkerchiefs. . . . )

a. How many rows has the array? (2-)

b. Ho4. many columns has the array? (3;

c. How many matchings could Paul make? (e0)

12. Linda has some necklaces and some bracelets. Here is an

array which shows all the ways she can match her necklaces

and her bracelets.

a Linda ha necklaces, now many bracelets

has 2:le?

Write a mathe7-atical whlch belongs

w_th the array.

c. How many ways can LIhta match her nec:Klaces

art bracelets?

27;



P11+2

PROBLEMS

Exercise Set

Write a mathematical sentenoe which goes wit.. each jcroblem.

Draw an array if ou need ore. Beginning with ;;roblem be

sure you answer each question In a complete sentence.

Write the mathematical sentehce which snows the matc -1 3s of

a set of 2 thing: e;ith a set of x F./R)

2. ;V rite the mathematical sentence which shows to matenngs

of a set of dtjects anc a set of rb

In now many arrays ca.. o ddts be arranze.f?

Write the mathe:.atic:a-1 sehtenos. (/.''12z x f=

- /2- x 1;-
1

X ti x 2

The calenda- is arringed

is divided

e ca'enr?

Some Chrstmas orna:

__4S of squares. -11:ach fOW

How many sq...ares are shown on

5

acked in boxes of .70WS.

There were ornzim row. = w many ornamen
-N,

were .:.nre in tr... bo.

.2,74

tar of chocolate ca. a divided Into 2 row.-

ocuares each . How many -es of cnoci...hte

tar?
= S

7L.

"-
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HOW TO SHOW MUTTI?LiC,-;TTCY:

axploration

When we think, talk, an writ = ato-t tne :,:eration of

addition, we :Lave certah ways indica additi5n witn

words and other symbols.

Write a mathematical sentence wnich shows the addition

and 5.
r. 3 , cfl,

now do you read this mathemat,cai
-

What are the r:_lmbers and called? (77-4,-1,4,, )

What is tre nuiober 9 cl,ed?

The sue. 9 , Ls the reslt of eratinz o71 adden

and

There _s also a matnematIcal -,tence to indicate

multiplication. If the two r_:.mbers operated on are and

and the result is 20, we can write tne mat.-omatical sentence

7h' n,'mters - an

20

x 2C.

are called factors of

is called the orodLict of - and

pro,'.,_:ct, 20 , is tne f operat-..n,L, on

factors - and

Iort:are these two mathematical sentences.

H:w are t'r- sentences _
5 .

W .7P zenter.c.- f,-rent?

e."



It is confusing to call the parts of the sent by

the sa:ne names because the operations are different. The

ant 5 of sentence (b) must have special names. What
)

are they called? What is 20 called? r,Rs.1-i, ,749 A=,,..6 5

Here are some other mathmatical sentences.

c) 5 x d) 3-O x = p

What do we cll tn.- 5 senten (c)?

'0:nat is the o called?

What 40 called?

When we operate on two factors and set a roduct,

we multiply.

What are one two factors in sentence (d)?

hat is t roduct

What number is the name t ne roduct

We dc not know now, tut soon we will learn now to nd it.



p71.6

Summary

We write a multiplication sentence like this:

5 x = 20.

multiplicat:cn ser.7.,ence thi_-

5 times

5 times equals 20.

20.

The names of the parts of a multiplication sent_hce are:

-.: x ,, = 20
4 A

,11,

factor times factcr equals product .

When we operate on two factors and get a troduct,

we multitiv.



USING ARRAYS Y MUTTIPL7CATTON

Exercise t 6

Each pa1r alsted below ShC,7 t e hamper of

rows and the hur:ter of colum;:s In an array. Write ts.e

7.-.athematLca1 sentence whlch tells now 77,-_,ny elements are in

each array.

Exarnle: o,3 x 3 15

2

5 0

12. ,
5.x

6

-
= )

,

( -

5 ,

(_;-x 9 = 4 5
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Jim swam one lap, of the pool seconds.

swam a: the same rate, how ,on.7 wo-7 't take him tr-
7,

/ e = c

-2;

7.22: 7

re a =e 6 pa:rs of gym socks in a box. a sales:.:.an

swim 2 .aps?

has boxes of gym socks, how many pairs will he have?
, Co A 8-

, 2
2-. There are 9 rows of chalk in a box, and there are

sticks of chalk in each row. How many sticks of chalk

7,ne Ocx? /
G., 3 z ti
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2
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FINDING UNKNOWN F:=RS

Exploration

Earlier we talked about an operation as thinking about

two numbers and getting a thlrt number. If we think atout

and ant get 2-, we are using multiplication. We can

write the mathematical sentence:

x

What are the numbers tc ocerated is to.

resu. Wnat operation as used?

Loo.-: at these matrlema:lcal sentences.

x

x

x n

x

How are these two sets of mathematical sentences df"erent?
.

Hcw are the four sentences alike? !v-Li.--

Do multir,ly the two factors to find the unknown

namter in the sent..nc., 3 x = c? Do you multiply the two

factors to find the anknown number in the sentence x 2 = ("?

Do y the two factors to find the anknown

number in the sentence 3 x n 1D? .Jo you now what number
/9

re:resents? How

3 XI .7 /5...;

know.: Do you know what number m

esents in toe mathematicaL sentence m x

z

? How to



In the sentence 5 x r - 10, to find ask yourself

wi-lat factor times 5 Ls

Let .us try some others.

x n = 12

x 3 = 15

What number toes

What number does

represent?(.t)How do you know?(J-4,,,,
2.

t represent? How do you know?
5

:: 3 7.-,ortn for ol.1fr to realize
7a,,Ler: of the :=.1tfTlicat4cn

fart7 - -"ne

th:se facts, :Ile easier division be for
-)f

ltiticr,t_on facts in order to 777.1:i717
c-n oth o7eratonz

set 7f facts.

2;3
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PROBLEMS

Exercise Set 12

Write a mathematical sentence which goes with each problem.

Find the nknown factor. Draw an array If you need one. Sc

sure you answer one question In a complete sentence.

E.y,ample: .L.rrane 2- cnairs in ros of 6 chairs each.

many rcws 7: 2e. teT

There will be

class of 32 children was divided into groups of

for souare dancing. How many dance squares were there?
3 ;.'' 3 Z

.=..rrange 15 boys In 3 equal teams for a relay race.

Haw many toys will the be on each team?
3 5 3 A / 5 0

Mary Is fillinz 3 Easter baskets. Sh.=: has one dozen

colored eggs. How many eggs can she put in each basket?
.5; x 3 / z

arranged his collection of 26 butterflies in

rows. How many butterflies did he have in each row?
.7 7x ,-,-..- s .? Z

,e,,..2.. ,..L.,,Z. 4 _2,...----wrg...., ..., 2 -.2-e..... ----«-,-- )

:n a cart game 32 carts were arranged face-up In rows

cards In each row. How many rows were tnere?
A 2 2,

%...c.nrc,

6 7nP o5 cr.......aren who direct traffic were af..%:tea. Into

,,,;mats of 6. How many squads were there?
6, X r 3 4, 'a-L. 3 G.

7 How many weeks are there in 3J t.a.'s?
7X "mr... 3 5 /77c./ X

r 5



:301:7 72:7:S:ON

Exploration

770,.-_ at tn,-e m=tnPmata_ sentences.

...

7,,

A'nat is ...entenc-..: 5 x 2 _

?iow sc. .-:-.:w ? ::...; --;-_,...,--_, 4.4.,..., ,,,,-._-_2L7..2.,... 4..a: ..c x.? , /o)

e,.e.., n in tne sentence .1: x n - C? (z;

X

operation is ',:.sea to croct?

7n one =7,ntenc:e is .tr..=_nown factor.

eration of acctt a n't.mter ant one of its

factors and fins an 1:-.nown factor is called division.

72c tivite we tnin4 w:.at n.:.mcer times tne rircwo. factcr

tae trie ,:nown factor time want &Ives

toe p,rotct.

LC:3r: at toes= m.athemazical sentences.

7--

5 x

x

t .e sentenc.., x c n, D ant are factors, what

seration is ,tsed

Anat n..:.mter is

sent.-nc

W:-.at is called?

In the sentence

is a ',;.hown factor of the
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Summary

When we think of 6 and 2 and get

we are dividing. When we think of a number and

one of its factors and Eet the other factor, we

are dividing.

There are two ways to 7uggest division

with mathematical sentences.

7 We can suggest division by a multiplication

sentence with an unknown factor:

2

(factor) (unknown factor) (product)

factor)

or

x 2

(factor) (product)

2. We also can suggest division by a mathematical

sehtence such as this:

6 2 - n

We read this sentence

6 divided by 2 equals n

If we think of 6 and 2 and et , we

can write

± 2 .

299
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USING A MULTIPLICATION CHART TO DI-1,77)W

Working Together

:n tne multiplication chart, the numbers at the top

and left side are fao.crs. Numbers in the body of the table

are products.

_re multiplication chart can be very useful in finding

'vision facts. To n in 48 for example,

you may use either cf the following -

Think 6 x n ,8. Begin with row and follow row

CI 611 unt'l you come to Notice that '=1's 1-_-_-.

m,n001=1 0 . This x ; so -5-68.=

":_. ^k n x 6 - Begin with column x6 . Follow

column

48

down until you come to 48. Notice that

falls in row

6

X843.
x 6 - so

Use your multiplication chart to f:L. ';ne unknown number

in each of these division sentences.

42 6 = n = r

-2

n
onl:

7 :.: n = 7 ^ 7-

7 =
^ n17_71,7,

n c7ch
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ONE CF. Z-77: A

Exercise Set

A,"hat n_mter is a mer of every set of factors?

2 Wrfte a mathematical sentence su;ested by each array

shown below.

2; b. i I c
! I

3. 7,"nd the ,..Ln'icnown factor.

a 1 x n

x =

1 x n = 53

72 x n = 72

e 923 x n -= 923 /

Write the multiplication sentence telonElnz to

array. X ; )

Write two of the factcrs ;.77

6. Complete

Example:

a : x

the f',1icing

2x

- J"

sentences.

e 3 x C - 0

t. C x 5 - C 1 x C,' - o

c 3 x 2 /
,0 C x 2 - 0

d. 3 x : - 3 2 x 0 = 0

377)
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we .:se the ascoLai:e ,:rc,:erts, m tL;lLoatc:

wrIte 2 x 5 , we wrlte

c)

X 5

iC

FL .5se the assocIative

as was done above.
(3;;e) 13

= 6 . 3
5

' (ix z) x s
x3

/

o) i (.5-X?-) X 17I mac. = S )( (Z;71)
, /0 X '1 = 5 X F

4.0 4e0

"mall how to do this operation: (2 x x
2 X -ye X

(b) Tel ho to dc this operation: c x x 5)
moo. Xf x .

); 20 .

(c) Why must we ;rout) two of the numbers in multiplyin?

= 3
50

", Z.-- LIZ X (ZX'S)
g

7(a) Wnat is th,?.result cf (3 x 5) x 2 ? 3o

(t) What Is the res,.lt of 3 x (5 x 2) ?

(c) is (3 x x 2 x 2) ?

:s

--e

o

x 2) x and 3 x (2 x -) differeht

for the same number?

what way Is (3 x 2) x diffarent from 3 x (2 x 4)?

3 -2



x x 2 x x

x x 22

2- 2-

two always :71v.e

;:len we _,1;a3.2 :re ;Le
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?197

Sam pot .31 stamps on a page In his }'ook.

He put 7 stamps in a row.

He made as many rows of 7 stamps as he could.

3. Jse counters or draw a picture to show now Sam arrangedyxyryYz
his 31 stamps. z x Y xxxxYx r x

r x X
X

Tel in several ways now Sam arranged h as stamps.
7 .04#", s..L 3 443 7 a.

5. Complete ,,..is mathematical sentence to describe the

way Sam arranged his stamps:
4z

( ? x 7) +
3

Ellen put G stamps on a page in her bo04.

She arranged as many of them as she could In rows,

it'
witn the same number of stamps in each row.

X ,Y

x

XX Y X
S. ::se counters or draw a picture to snow how Ell eh x x x

X Y

arran,zed her stamps. Y Y X

20 mplete these sentences to make

The
//
-7-

stamps were arranged as rows af 9

a
stamps: witn stamps left over.

29 stamps was arranged as S sets of
r

and a se: .
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To.:.ether

e setarate a set of thih4s ihts subsets.

to tnis, we may say that we bartitich the set.

We may try to partition a set so that eash sotset wil

na.e tne same nomter of members.

Loo-: oarefoily at 1..e prtble::_s and the onart

They may help as see two titterent ways to try to partition

a set so ;hat eacn subse, '7' have the same h',.'..mter of

membe:s.

23 pencils. He wanted to put them in boxes,

th ;he same nu_mber of pencils in each box. 'He wanted each

box to have ab many pencils as sossible. "How many pencils should

ne put in each box? "..D.w may extra penbils would he have?

Betty also r.:=H 2, Tsehcils. She ;ante,.: to put them ih

small boes, with 3 sencils in each tox, $he wanted to have

as many of these boxes as she could. How many boxes of -;o

;:ehcils 0..._:ld sne ha.:e? 'How many extra penes would she h,---e?

Tom Betty

::omber tf in one
set to cc partitioned

:L:_mber tt

2?

subsets. 'wth
tne same ho_mber of pencils

:;-mber of -,,ehciis lh
eacr . sobset

of pe. _Ils _e o
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:hausands - 24 hundras - :ens cnes

:hadsanas

The rn:_mber is

nunareas

The number is

- c :ens -,- ones

ens :Ines

caref

Y.ary said, i:h:71Eti2 rotles

=1 he r=erals C, ana

;:hat number coso does Y.ary ...se? (7..iase six;

Se:

";:nen =l12. s his arithmetic npmewcr,: he

uses br._, :e rnimerals in Se: Ana: number

Case toes he use? -Sase four;

: have _ :lace cf three,

twenty-se7en, einty-on, . . etc.

number 'pass tein7 used? tn

Far: .7-2

..rite a mathematical sen:ence or ow: sen:ences necessary) for

each proCL::m ..nt sol e Wri:e an answer sentenc,,.

-5 est DC: WorCis, sr -11 .2: worts

correctly. Hcw many worts did Mary spell incorrectly?

(3 n = 50. n 12 Y2r-y speled 2 words incorrectly.)

2. There are slx volleyballs in a carton. Our school buys

four cartons of volleyballs. -ow many bails ao tney Ouy?

(P x h n = 24 7h-,y 'buy 2- volleyballs.)

375
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tne s---0Ls

5 x

\

r'!"V".,ev

- 2

seLtenc.

- ;

h)

:20

x

- 2

2 ;:rite tnese In base ten numerals.

sLx thousand four . . -

four thousand one - 400:

se.-;..n hundred seven = (k.;

one thousand t.=r. =

....4.. .leer. =

cne ......,.red elght = 108

-,- 2 - 2

rIte each of these sets ln set notatIon.

a) even numbers greater than 40 but

less :nan . 48, 50, 52, 54)

The set of odd numbers less than 2C tut greater

than IS. [27, 25, 23, 21, 19, _

The set of countlng numbers between and 5i.
[45, 4r, 45, 49, 50,

o) The .-7t of whole numbers less than 12.

(0, 1, 2, 3, 4, 5, 6, 7, 8,9, 10.
bThe of the days of the week whose nates egin

with t e letter Ti S" [Saturday, Sunday

The set of chLldren On thf:.s room who are two ye7rs

old.

-

3 77
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operation coa 'use

members

Name tne memcers of Set

dditio

vou additlon to fi d the number members

=7) X7- )

Name tne members of one Set

in 'Pt

C d

. \
G, J, it

use suctraction to _ - na he namber of members

Name the m.mtPrs of Set (Can 1. be tone

Write a mathematical sentence (or two sentences if necessary)

for each =Clem and soi7,-e. Write an answer sentence.

On Satarday c0 people watched tne Little League ball

game. Forty-four people bouznt hot dogs. How many people

not bay not dogs? 60, 60 - n
io peoble did not buy not dogs.)

2 Mr. 3rown too,-: a ip. On Monday he drove 340 miles,

miles, Wednesday 2'64 miles. How many

aid he drive altogether? = n h

Mr. Erown drove 1,063

379

,,c



pa._ ceno

o.a.r of ankats cost? (3 x n =
Loch paLr of an-..lets cost 33 cents.)

drops. He snares them equay with

fr_ends. How many Eam drops does each chlld

'Lact child w11-,_
get 5 gum drops.)

arryl= to :he store to ., a lof of

cents loaf, a can of corn 23 cents

twc candy tars for cents each. How r-o'-ch money

sho.:1d Jerry pay One clerk? (3l+ 23+ 10= n h= 6 Jerry
should pay the clerk 6-+ cents.)

Jerry ga:e the c_er1.-. a one tc)llar till. How much change

sholdJerry rece.:ve from the clez.k? (:'14 00 or
- 0- = n n 3o Jerry shou:t cents change

fram
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next section deals with the concept of ray. A ray

> , with syTntol A3) is defined as a part of a line

co:nprised of a point on the line called the endpoint of the ray

and all colts of the line f21 one f-lrection from the endpoint.

A team. of e7lanating fro:: a source of light is an excellent

repr-esentation of a set of rays for which the source of light is

the endpoint of each ray. From our kn,letge of a line we can

assert that a line contains more rays than can be =_Inted, since

an point of the line 7ay serve as the en col_ -: of a ray on the

line. However, ....roe the-7e are only

fro:7. a fixed poin- -"A :a-. be two

as e:. cc_..,,.

a n.

7-2

table tcp.:,

onl,

:a1.7s top

once LE;ain

_Into wc c=e17ec
ccs.rta_ln pacc.

a a2tial :'.-;srecentat-Lon

:et of alL ostaine
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next ccncePt is .ha o of simple closed curve.

concept of simple closed curve includes certain curves In

sp=ce examplo, twsted ones) as well as curves In a

he he Interested In slope closed plane curves.

latter name is probably too long and so we will use the

hr=se slmtle closed curve for Plane curves Instead of the

longer 'and more -Jt) simple closed plane curve.

concept of curve, an: restrict the

discussion to curves In a plane. We think of a picture of a

ye as =. set of poin:s whlch can be traced wIthcL;: lifting

one be--'- fro :he peper. Wi:h this iole of a c-,:rve, we see

segments and rays and lines are curves. We next

c--se,.. curve, a curve whose "first" and "7=,t"

poinos are the same. is possible begin tract at any

coin: a closed curve and come back to toe starting point

_ ,Inz :he Pencil. simple closet curve is meant a

set points In a ;lane represented by a drawn at which

begins and enis at the same point and does not intersect itself.

:-'.ere we can loose_ : speak of goinz around the plane simple

__..se_ ::.ecause we wIll return tc the starting point.

Sc _ioInz we observe that a point is passed through or encountered

cnc- exceo: the starting pcint.) Note that this

type of path closes on itself (returns to the point where It

started ) witho,:t intersecti-7; Itself. We see from a repre-

sea'.::c- that -,heJe is a _rt we might call the Inside, there

Is :he curve, and :here Is a part we might call the outside.

pass Inside tc the outside of the simple closed

plane containing the curve we

muCt

oxperimentatIon with representa-

ons 4s of curves we focus cur attention on

sec: es, oe Polygon and -.he cIrcle. A Polygon is

ce:Ined as le c7osed whch Is the union of line
semen*.s. __:a."^- es of these are the triangle, a

= un'on cf l'ne segments and the quad-

Lateral 'cn -he u 4- four line sezments. close
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are -e :iefinition of an angle .,:e see tnat two

_Ine sezments .::ith a common endpoint (tut not on the same line)

fact s._;ggest an an.:. . For example,A06
B C

o..;g;-ests the angle,

.tserye tnat the C

.:ertex of the angle Is the common endpoint of e -e segments.

Alsc ncte that tne segments are -arts, but wo.. all, of the

s-:,gesteal rays. This angle has a common endpoint as verSex

al-. _ contains the segments. The segments are parts of rays in
this case. Acceptance pf his fact allo-v:s .,a. to ass.". _ate with

a trian2:le three angles whose vertices are the three endpolnts

--e l'..ne segmeh.ts which form the triangle. The three angles

lo'..:sly are not part of the triangle but are mere l:: associated

wit 't. They a-xplin the choice of the term "trian.71e" to

name -nis fiz...;,re. (A more apt choice for "triangle" mig.r.: be

,-,terai.', ts,t this latter term is not in pse.)
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Space Ee:
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.srain, ;here are

as many poLnts as there are RraLns.

re poln:, than there .=. ..re graLns.

of :hese represent a part of =cc..-:/:c ^,4Z ,41.)

mark s rake on y= Paper.

The of

teacher.

A tree.

The idea of beal:ty.

ece paper.
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A ray has one endpoint. i. is the name of the

endpoint of the ray. A short way of writinz ray AE

The endpoint is named first.

This a piot7_zre of ray endpoint?....46)

e 0

Hay EA not t:le sams. as ra.,- 1.3 r'21,- ,rou tel why?
cl,<.42: 2-4 i,'.4.-4" ea-44434.4r-44"61":42-.)

..'

3. Whet is the endpoint of AE:(;....zij

can say that a ra: is the anion of the endpoint

and all point.: on a line in one direction from this

1--7,:r example, loo,: at the line represented below and

:he oc :t on A. One ray is represented by

the :::01 a part one line. The other ray is represented

totted part the The point belongs to

reorecented _s the endpoint of ':,ither



A ray away.: part of a LLhe. A ...et sf ray:: L

nlasly 2rnt7L a tea.-. of 1.:.h; fro7. a flash1:1,F7ht.

ELCh a; th;:: flaj.11L-ht a.:1 ons

wLtho--

--4
anothe.:-

t) :s rate for th,s
Au A ,e24

:s a e ray B. representea',

-; :s the ray

-2,2aw a __L7.e :

;72,1n-L.: 1:anel' 271:: r.:1:7:2: =2.77.

a,-;

a plz-L22

fcr :Ire

--->Aha: Ls the en:ipoInt o±

4
ray az

.06t46a="75:4". ;



lf_ne below.
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pa7zr az

- w:1-zn endpoln7

enj.pof_n:

7.any rays caul' there he with \ as e7::]pcint?
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As we t fn,: of a line csnta.:Inng lsnzer and longer

sezments cc shall we who_e olane as containing

lar;er and larzer flat s..;:rfa,:es. Imagine yo= table top

zroa large:- and arg-er on all side:. Y.0.;. wold then

have a ta'-'e too -.Joon whicn c 'd as far as

F..ny recticr...

Does the set points represented by the table

top move when the table is moved?

,:ame some other objects which represent parts

plan,>s.
G7-

is there mrore than one :Diane in space;,,
cte-44-4:

';E: shall often use sheet of paper placed on a

flat table or tesk top to represent a part of a plane.

-;able top itself may be thought of as containing

_ point : of this same plane.

l4 4 A4
A. -2
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7any con:afn ,o:h pcfr=
4-4
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:an:: a point :n yo-ur pacer a. label 1-

7,w 11ffaront tnro-,;.En

W..at tLe 1:-.ter:eotion of t:1-o two line.:?4.12.4.4;ct7-,AJ

:in:: two 1:fforent co1n-o: y:un oapor a-11

Cen yo tw:-. :rlfferent.

::oh E Ca:-. you draw one Ilne

T.-:1-lat word will a_;2-,e this a tr..e sentence?

:f two different lines In a plane cross, -n.e1r

-: -

1:0



Which of the walls, floor, and ceiling represent

planes which do not cross? -&,c.)

a) the floor and side wall

tne floor and ce"'nz

:he bac:: all and front wall

tne ft wal:.1 and ceiling

I7:agine you have folded a sheet of paper and opened

to form a tent as we did before. Does the folded

sn,:et ses t two Intersecting planes? What is

the '_ntersectIon in thin case?lx.j.:caez.,eite424.1.4osiice:,

A9,4141..e4-14, ...J..e.;71,.)

7c7p1,-te this sentence. Two intersecting planes in

space intersect in

7f three different points of a line are in a plane,

c can yo_:. say abol.:: the line ant the plane?

(2> 21 -zeitie: Z;;Te., /464,te.

7eview

We have learned the following facts.

tfferent lines In a plane cross, .er

ersection is one point.

li twc different Planes in space cross, their

In:e:-zeo-.ion Ls one "ne.

f a lln anL -ross. :he lnoerseooLon

-t-,ne2 one 7oino or tne _holre line.

A'



C
O

.5.1
;5()

0
)

1)
0

t
1]

')
1.4

V
.

3)
,..1J

(C
0,

03
s)

.c..,
15

_IC
0

1.1
f:

ri
4 s

45
us

o5
0

01
E

.0

0
3 ,

4)
0

03
S

.
1)

...
(")

: i
cp

;3
)1

ii)
S

I
(4

..
S

4-)
S

-i
41

(J.
tu

1)..) C
)r)

ft
')

s;
C

.)
01

-, 4
4.)

0
)-1

0
:),

i
r(S

.0
(1)

(4
'i.S

is,
(I)

I
_.)

.1)
S

;
0.)

;3.1)
4-.-1

.4
1

1)
o

I
0,

)1
S

. C
)

r .1 1-1
tr

C
o 4 /

"'

s-.),,
15--Q

:

(1)

::,j,
,(1)

0
S

 1
(53

.,
5'

0
33

.--i
s Lt.:

(C
) 0 .(',

(4
1)

0
5

5 1
.

,
C

.)

..-:
50C

124'
:,- I)

(..
).

(A
1: C

;
(:)

'(1(4 ))

'''':. 5:

'C
': :I'

.(:::
3):

(1)
:3,

V
I

..-:
I

C
O

C
I

,
1

1'
41

0
4

:
(1)

(43
''/

.-5
1,

C
I

0
1.')

I'
ttr

0.
r-;

4 )
,C

.
32,

..
i

trr
0

.
)

0
Sr

:-.
.-i

i.; W
 t;

E
 1 0

4.)
0

r,
C

4

4,
4

)
4

4
4-J

0
:I

a)
ai

;-:
t-J

'c.,
C

I
(1/

(.1
:1

C
,4

S
, .-i

0
(),

S
.',

,ci
c.,),).-_; 0 0 0

C
.1

S
i

3')
S

 i
q) e)

I.')
13,

:-.
: -

.:1
0,

,-,
43

")
o

c:
'.-:

(3
3)

0 -- -.
'(4

:::
a)

F
-4

.) 0 I-1 0 (4
C

1
.5

I
0

,C
;

C
)

,L;
C

)
s,

S
i.

(.)
(1.)

ci
C

)
.

,-I
'Id 0

Ic1
,--4

S
:

1)
0

1)
1)

1)
Ill

V
)

-
.

..-.
(1)

(1)
S

i (4
i:

r
I

-1
ci

ci
(")

:-',',3
(-).1

0
4),

(1)
'C

l
1.

i-i
,c:

oil
40.1

,((13: .)')
ci :

C
01

e'rl)
(1)

0 t)
1)

''..
(r)

1'
4)

t:
t)

,-1
'

) 1)
U

)
I

r'',
,-,,

.t: ,S1
C

I 7_5 0,
5:

45
(5

Q
s

5:
5:

:3
C

..)
,

i
,C

r
i

(4
4)

.''.
C

.
0

.
, , t 'l

t14C
 I

11)
(3)

.1;
C

) /-1
(3)

,(:
1 )

(5
5,

4)
1

I
i ,

.0 0 .-
()

31
0.

,
of

'
'

5'.

5:i
,C

_14 0
4)

)(1
1)

(,)
0.

S
i

4:1
...1

'.0 ;-1
5)

,s;
rj

S
'

4)
1')

a)
,C

.
.4 ,

:
I

1
1.

0)
5)

:
(.1

4")
i

>
4

1. 0
'40

(D
tr ): 0 0

tr),--i
0

.R
t

;
f,)

,I r.
S.

4
0

S.,
,.)

1)
rt'l

h
,',',

(13
0 0 'T

O
 0 6.,

s )
0

.
I

0
s'i

.,
i

s :
50:

.,
.c:

:.
t-:.

P
.

4)
.

I
,

:1
C

.
t

5:
o I

1

1'
ci

1)
S

i
.!

i
c,

'S
031)

r
i

s-5 c
5. ; -.

5-:
l )

,c:
(3

1
)

0
0

0
: r i r :

..
(I)

C
 C

0,
1)

0 0
0

C
:

r'
1;

rSt
0

Sr
1,'

''.
4

C
)

C
I

I
I

C
I 4)

-
i )

..;)
:I

0
0 0 1,

71 5:
0

.,.:
i

5:
u)

0.
1

C
1 0,

I
-4'

0
)

b
s:

(),
o

1.4
.4.

4I.
1-.;

r;
4

4
.C

.
()

'4)
C

.
n ,

, i
Q

.)
.

1
(.4

4;1
1-;

C
)

C
I

,i 0
1.-)

C
)

S
i

o
1

44.)
(11

4
)

C
)

4

1
4 1

.C
.

,C
.

'.)
15.

0
.

c 1

r2)
,C

 ,
.4

4' 51
(..)

C
1 '(.5

,C
. 0

C
)

1
I

1)
C

I
0

',
Sr

t
)

(kl
c) 11,

S
)

.(:
ci

I
c)

S
,

1)
ci

l':s
0

1;
0,

0
(I)
(r)

C
d

4...4

:1
1()) I'

;
S

:
5:

.:.
-

(4
0

4)
....1

.
t

., :
',-,'

...;
I

4
1')

C
)

()
1-:

0
.1.

C
1

P
O

c(1443

I

litC
.01:

.((c1.,,i)! 1,10c
(3032

:(...!

1,..0 ::

I
'

C
 )

C
l

.-1
C

)
...

4
4')

(')
..

C
i

4

3
.

4)
31

.:1
() 0

C
1

I -I
1

I
C

 o
'.4

1
.1

.
C

.)
..

.
5

1
(..)

r )
i.,4

'. 1
as

.

r ))
I

ci
i,.)

(13
,

4
C

)

1'1
4'

.
I

:1
( )

I
I

(C
431

45)
C

4

4 )
4

44.)
111

1

I,

414
13)J

C
I

i
4

,C
)

(1)
C

)
.5

C
`)

(3)
4

34))



:n c,n c=eo, we a pa-Lr: .70M a

a pc.2L-L s!allea cc: of poit.:

pe-o

a,

7.arr: two pcf..-:s or ycl.:r paper and name them. T and

F. :raw on yol.lr paper a of_ct=e of a curv-a from 7 to 7.

Tv R va71.e )

F ancl H. Draw .L=,?.. :e also call

T7 a c.lir7e.

Dra-:: a c=e

K come: 11-c. K a .i.:_ff..orot

a:'aw
K

o-L

a -Lhat

anO

-Lc Y.77-4.;E:'



Y.ark. zotn--., and a polnt a c=e that

and sasses th thPn CO 7,'S

h cross-L:1s itself. (..c.affsate. f.44,-11,s4s./.

n./.44:4Z ad /c4W. et-405')

cP11:,:a a sLrnple closed

stal:ts at one p:int and co-nes taok tc this point

. c_nts of a 7.72 e

C1.:Sea same Plane.

Y=7k = ccnt an.:. a point :raw a that

starts at :asses thro Ice and theh :n7.es

ck

c=e roLn 1 ant is not a si7ple c: osed

no a

' terse: to itself at

:In as no ih.tersect I self
.

s e c :41 4-,,x
. .

\
S 1;e:ow a si:hple closet: ol.:rve7

Why? rico!
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9. Trace the points of (A, B, C) on your paper.

A.

5

a) Draw A.

b) Draw the circle with center at A and passing

through B.

c) Draw a circle with center at C and a rad'.

equal in length to the length of A.

d) Draw a radius of the circle you just made.

e) Is the length of this radius equal to the length

of TE?(y4A2!)

10. a) Could the intersection of two ,circles be the empty

set? (yg.t.) Draw a figure to show your answer.6) (29

b) Could the intersection of two circles be a set with:

exactly one point?O'AODraW'a figure to show your

answer. (610110)

c) Could the, intersection of two circles be a set which

has exactly two points ?( 4) Draw a figure to show

your answer. (EQ)

471
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11. a) Could the intersection of a circle and a line be

the empty set?0,40 Draw a figure to show your

answer. (

b) Could the intersection of a circle and a line be

a set which has exactly one point? ('at) Draw a

figure to show your answer.(h)
c) Could the intersection of a circle and a line be

a set which has exactly two points? (Via) Draw a

figure to show your answer. (

BRAINTWISTER

12. a) Could the intersection of two circles be a set

which has exactly three points?Ow. efae 44:40-46 4dSot 4eidat

1004th 4.0, 40100410 Ada-4k "..1.AZZA4 zdom7/.4tt 400ge.t.

liazie die Milt, oloefg4 .4k,
b) Could the intersection of a circle and a line be

a set which has exactly 3 points? (/,e)

)1724



REGIONS IN A PLANE

Objective:

Materials:

Vocabulary:

To develop the idea,of interior and exterior of a

simple closed curve; to develop the understanding

that the ion of a simple, closed curve and its

interior is lled a region.

Paper, pencil, ruler, compass, chalk.

region, interior, exterior, triangular, region,

circular region.

Suggested Teaching Procedures:

The development in the pupils! text is in
sufficient detail to be followed:

Ex. 1 - 7 develop the idea of interior and
exterior. In Ex. 1 - 3, we are really talking
about three sets of points--the triangle is a set
of points, its interior is a set of points, and
its exterior is a set of points. In Ex. 4 - 6
concerning the circle, we are again talking about
three sets of points. Ex.. 7 checks the pupils'
understanding of these three sets of points.

Ex. 8 and 9 develop the understanding that
the union of a simple closed curve and its inte-
rior is called a region.

In Ex. 2b, Exercise Set 10, children may not
be able to answer independently that this is
named a circular region. It is hoped that some
children will be able to do so independently.
Ex. 8, 9, and 11 use the term, circular region.

473

4&3



P287

REGIONS IN A PLANE

Working Together

1. Draw a picture of a.triangle. Trace the triangle

with a blue crayon.

2. Color the part of the plane inside the triangle

red. The set of points you colored red is called the

interior of the triangle.

3. Color the part of the sheet outside the triangle

yellow. This set of points which you colored yellow is

Mao) .41441,

Ltwagg =
ygao

The set of points of the triangle is not in the

interior and is not in the exterior of the triangle.

L Use your compass to draw a c_rcle. Trace the

circle with a blue crayon.

Color the interior of the circle red.

6. Color the exterior of the circle. yellow.

7. Mark a point of the circle. Label it A. Is

point A in the interior of the circle?..(ma)Is A in the

exterior of the circle?(710) Mark another point which is

not in the interior of the circle,and is not in the

exterior of the circle. CAC

8. Draw a triangle with blue crayon. Color the
44..

interior of the triangle blue also.
4/

)

9. The part of the plane colored blue is the union

of sets ofointg, What two sets?

Cmta" ger 7-
Tne union f simple biased curve and its interior,

is called a plane region. The one you colored blue is

called a triangular region.

part of the exterior of the triangle.

yellw
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Exercise Set 10

1. a) Draw a triangle. Color the triangle and its

interior red.

b) What is the name of the part of the 'plane which

is red?

c) What is the name of the part of the plane which is not

red? (eAL 40664.4vir-4u"44"114)

2. a) Draw a circle. Color the circle and its

interior blue.

b) What do you think should be the name of the part

of the plane which is blue? ( 4eite44.64.,Asfzind)

c) What is the name of the part of the plane which is

not blue? 0544. Ale4aftir..6(exuk44)

3. Look at the figure and the labeled points.

A

F

Which sentences are true? (het.)

E is: a) a point of the triangle.

b) a point of the interior of the triangle.

c) a point of the exterior of the triangle.

d) a point of the triangular region.

475
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4. F 'is: a) a point of the triangle. 40
b) a point of the interior of the triangle.

c) a point of .the exterior of the triangle.

d) a point of the triangUlar region.

5. G is: a) a point of the triangle. @.-,)

b) a point of the interior of the triangle.

c) a point of the exterior of the triangle.

d) a point of the triangular region.

dr

6. A is: a) a point of, the triangle. 627, 4o

b) a point of the interior of the triangle.

c) a point of the exterior of the triangle.

d) a point of the triangular region.

7. Mark a point A and a point B at least two inches.

from A. Draw a circle with center A and,with 70ff

a radius.

Which endings are correct for the figure in Ex. 'T?

8. A is a point of (A d_)

a) the circle.

b) the interior of the cirDJe.

c) the exterior of the circle.

d) the circular region.

9. B is a point of (61-iel-S)

a) the circle.

b) the interior of the circle.

c) the exterior-of the circle.

d) the circular region.

476
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10. Mark a point of the exterior of your circle. Label

it C.

11. Mark a point of the circular region. Label it D.

12. Mark a point which is not in the interior and not in

the exterior of the circle. Label it E.



ANGLES

Objective: To develop the understanding that 'an angle is a set

of points satisfying the following conditions:

1. It is the union of two rays with a common

endpoint.

2. The rays do not lie on the same line.

3. The common endpoint of the rays is called the

vertex. It is also the only member of the

intersection of the rays.

/I. Each ray is called a side of the angle.

Materials: Paper, pencil, ruler, chalk, chalkboard, styrofoam,

toothpicks, compass.

Vocabulary: angle, vertex.

Suggested Teaching Procedures:

The teacher points out parts of angles repre-
sented by various objects he shows his class. He
can ask the children to point out other examples
of parts of angles they can see in their classroom.
These may be parts of angles represented by edges
of their desks which meet, line segments which
meet at the corner of the room, the edges of their
bOoks which meet, the differerif angles their com-
pacses partially represent when the opening is
changed. Children may recall angles they have
seen represented in bridge structures and in
street intersections. They may think about the
angle suggested by the cross-bars of a telephone
pole; they may point out the angles partially
represented in some letters of the alphabet. The
teacher or the children may make pictorial repre-
sentations of these examples on the board or with
toothpicks stuck in styrofoam. At this time the
teacher may find it helpful to conduct a lesson in
paper folding to illustrate the representation of

478
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angles. She should give the children an opportun-
ity to label parts of an angle with the correct
terms, i.e., angle, vertex, ray.

The "Working Together" section might then be
done together as a class activity.

In Ex. 2 of "Working Together" the second ray
should riot be drawn on line RS. If it were, this
would make both rays on the same line and an angle, \

as we have defined it, would not be formed.

Ex. 6 gives the symbol for angle and indi-
cates how angles are to be named.

When drawing representations of angles, it
might be a good idea to have them in various posi-
tions so that pupils do not get the notion that
one of the rays of an angle must be parallel to
the bottom of their paper.

1479
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ANGLES
o

Working Together

1. Mark a point R on your paper. Draw a ray with

R as endpoint. Mark another point on the ray and label

it S.

2. Draw a second ray with R as endpoint. Do not

draw it on V. Mark a point on this ray and label it T.

Does your drawing look something like this?

This drawing represents a new geometric figure called

an angle.

An angle is the union of two rays which have the

same endpoint but are not on the same line.

In the figure, R is the vertex of the angle. The

endpoint of both rays is called the vertex of the angle.

48o
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.

Each ray is a ray of the angle. RT and RS are

vays of the angle in the drawing.

3. Part'of an angle is represented.by two edges of

your desk which meet at a corner.

'a) What, represents the vertex of the ang4.e?(t4tirt.not.,_ZiA.
-11-41erd,

b) WhatArepresents the rays of the angle?

de-414"-46')
c) Why dc we say these are onl part of the angle?,

..,eg.e.4116:47

4. 'Do the hands of a clock suggest an angleIf so,

what represents he vertex? 6 t represents the rus?
,A.0.42-4.44etrAd-- /

(rata. -4.,,4.41, hee.... 4.1.4e,f, .4.0.Z....4.:c0..,)

Describe other things in your

suggest an angle.

6. In each angle pictured below, tiame the vertex

clissroom which

and the rays.

B

N

44.t.sio \) (1444,41
Aararc

naysasr
7: a..a. 4/K

481
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We name the first angle in the picture LBAC or

LCAB. Either is correct. The middle letter must be the

label for the vertex.

7: Draw an angle. Label it 'LSRT. Did you put the

correct letter at the vertex? (R)

8. Below is represented LBAC. Copy the picture

on your paper.

a) ChoOse a point on AB different from A and B and

label it D.

b) Choose a point on AC different from A and C and

label it E.

-4 -4
,,C) Is AB the same ray as AD?

-4 -4 ,

0' Is- AC the same ray as AE? &.),/

'e) Is LBAC the same angle as LIME?

No matter h
7

ow we label an angle, the middle letter

always represents the vertex.

482
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9. Three points ar0 shown below.

F

D E

Write on a sheet of paper the. words that complete these

sentences.
0-044,1

a) There is ray through D and F with

endpoint F.

b) There is

endpoint F.

9 ray through F and E with

(4,72AJ

c) There is angle containing D and .E
eZ?fx)

with vertex F. This angle J.::: labeled ?

(Lk- Flj )
or

.Exercise Set 11

1. Here are three rays. Each has the endpoint A. Name

three angles.

483
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2. a) Mark a point C on your paper. Draw-a picture

of two angles whidh have the point marked C

as a vertex.

b) Name the rays of each angle. -

(61 am cf. ES_, C Egact Er) .

3 a) Marks. point A on your paper. Draw a picture of

at least 4, angles which have the point marked A

as a vertex. Do this by drawing 5 different

rays, not on the same line, with A as endpoint.

Choose a point different from A on each ray.

Label these points with the capital letters

B, C, D, E, and F.

b) - Name the rays of each angle.

c) Name each angle.
/4"

-3 4
1,411: D j EA FZ24 c [41E1 D L4 A

/ za,,m; /c4Ff zatic

1484
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BRAINTWISTERS

4. Try to repeat Ex. 3by using only 3 rays (no two of

them on the Bar'? line) with A z.s endpoint. Did you

get a picture of four angles?0;49How many angles

does your picture represent?

-44%/te.4.
A a

.4/tosoct., 28,4C, L.c.40 44.0V4L
LOAD

5. Try to repeat Ex. 3 by using only 4 rays (no two of

them on the same line) with A as endpoint. Did you

get a picture of at least four angles? 444 Did you get

a picture of exactly four angles?('Io) How many angles

does.. your picture represent?

(6, -4zige_t_ 49,9e,ZOAD,20.4,
.Z8AP, Zege,omd .Z.se4e-)

7185
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ANGLES OF A TRIANGLE

Objective: To develop the understanding that even though a

triangle determines three angles, these angles have

some points which are not a part of the triangle.

This is true because angles are formed by the union

of rays while triangles are formed by the union of

line segments.

Materials: Paper, pencil, ruler, chalk.

Vocabulary: vertices.

Suggested Teaching Procedures:

The objective as stated above is a difficult
.one to comprehend. The "Working Together" section
is deSigned to reach this objective through a
series of activities. Best results might be
obtained-by following the p4cedure as given in
the pupils' text.

You may want to go over the "Working Together"
section using the chalkboard and with the pupils'
text closed.

486
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ANGLES OF A TRIANGLE

Working Together

1. Look at the points below which are labeled A,

B, and C. They are not on the same line. Mark three

points like this on your paper and label them.

2'. Draw: AB

AC

BC

73-11/

CB

CA

3. Does your drawing look something like this?
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Write on a sheet of paper the words that complete these

sentences.

a,) KB, K8, and BC form a. ?

r

b) The angle with vertex A which contains B and

is called .(11.34C.a-e...2G4-6")

c) The angle with vertex B which contains A and C

is called Czi BC cut, Z5._ 84)

d) The angle with vertex C which contains A and B

is called . (2,4C 8 04 i_fc,49

4. Mark a point of 75? which is not a poiiit of

Label it D.

5. Mark a point of BA which is not a point of 1h.

Label it E.'

6. Mark a point of AC which is.not ayoint of AC.

Label it F.

Does your drawing look like this now?(74.-,)

488
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7. Are D, E and F points of the rays of the

angles you named in Ex. 3? (744.:/

8. a) Are D, E, and F points of the triangle ?(,o)

b) Are D, E, and F points of the'interior of

the triangle?&co)

c) Are D, E, and F points of the exterior of

the triangle ?( /z. )

Ex:,,3 shows that a triangle suggests three. angles.

These angles are not part of the triangle. This is true

because a triangle is made Up .cif segments and an angle is

made up of rays.

Remember when we studied circles we spoke of the center

of a circle. The center is not part of the circle.

In the same way we say LABC, LBCA, and LCAB are

angles of the triangle although they are not part of the

triangle. We call the vertices of these angles the vertices

of the triangle. Vertices is the plural of vertex. The

vertices of a triangle, are the endpoints of the segments of

the triangle.

0

9. Draw a triangle. Label 'its vertices D, E, F.

a) Name the three angles of the triangle,(22.2:22)

b) The three angles of a triangle suggest how many :t1E-03

Exercise Set 12

Make. drawings to reOesent

1. A line

2. A ray <

489

> 3. A segment.

4. A simple closed curve(75
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5. A triangle

6. A circle

7. A polygon

8. Two lines which cross

9. A quadrilateral

10. Three lines which cross but not all in the same

point

11. An angle /7<

12. The union of a triangle and one angle suggested

by the triangle (1.-7-4C

13. A triangular region AMAII

Using the drawing below name:

14. the intersection of AB and 5-d 9)

15. three different triangles. (4.Apc., .4.4CD, 4 Aielp)

16.. a segment which is not a side of a triangle.0The4.404..4.)

17. )a point of the interior of some triangle.frt14X4C4r05614m14A19)

18. a point of the exterior of triangle ABD. (Fj

4-4
19. the intersection of AF and SC. (fAo!ce.Z.,2))

20. the intersection of AC and DI. 646a ix 6 Age' dry dexr2.42009

21. the intersection of AT and . 44r dared Nizt.t.u)

22. the endpoint of AE.(/1)

490
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Which sentences are true?

23. The intersection of two different planes may be:(i!..,4)

a) a line.

b) the empty set.

c) a set which has exactly one point.

d) a plane.

24. The intersection of a line and a plane may be:(44,10

a) a set which has exactly two points.

b) the empty set.

c) the line.

d) the plane.

e) a set which has exactly one point.

BRAINTWISTERS

25. The intersection of a triangle and a plane may be:
(4,4 .e,g)

a') a set which has exactly one point.

b) the empty set.

c) the triangle.

d) a set which has exactly three points.

e) a set which has more points of the triangle than

can be counted but not all the points of the

triangle.

26. The intersection of a circle and a plane may be:644

a) a set which has exactly one point.

b) the empty set.

c) a set which has exactly two points.

d) a set which has exactly three points.

e) the'circle.

491
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