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Preface - B
. € )

y . ) N o
5'

‘.‘ A sound knowledge of mathematicg is becoming 3 prerequ1site for
‘:ypitful work in an ever-1ncreas1ng number of endeavors. This knowledge
n:yt lnclude why mathematical processes work as well as how they work

is nqt emough for today S children to learn mathematics by rote.:

Cnildren now in elementary shcool can be expected ‘to fade problems
which we cannot foresee Tnese problems will be solved not by knbwledgel
of mathematical facts alone, but by knowledge of ‘mathematical methods

- for attacking problems. New and as yet unknown problems may 1nvolve
gnd in fact will require, new and as yet unknown.mathematics for their )
solutions haturally, we cannot teach th1s unknown mathematics, but: we
can and must teach methods of mathematical thinklng as well as the basic

N

content of mathematics.,

In'generalffschools today are becoming increasingly awvare of the

need to orfent the teaching of .mathematics in accord w1th a conceptual

dev pment of mathematical ideas. .Yet, too frequently ar assumption

S made that for a population of children that is considered to be

culturally depr1ved'; rote learning is still the only enswer to learning -

¢ mat:azaélcs. This course of actiod would further depr1ve these children
A feafure of th1s text is an attempt to attend to problems that may be
.assoc1ated with the culturally disadvantaged. S ‘ -

. The 1ntroductory chapte1 begins w1th a descr1ption of the. culturally
d1sadvantaged based on psychological findings. It cont1nues with the
.physicald social, and psychological env1ronment in- wh1ch these children

y function in tReir pre- school years. The next concern is w1th the char-~
Facteristics manifest 1n the culturally disadvantaged children as they
.enter school Finally, 1mplications for~teach1ng these- children are

discussed in this chapter

Cnapters 1 through 17 present mathematical content relevant
7_:to teaching in ‘the primary grades. All topics which’ arepincluded_in .
the texts for the School Mathematics Study Group Books K and. 1 are
; i treated, but from a more sophisticated point. of view. Other topics have
dbeen included-whenithe>development has warranted it. As Book K end 1

)
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dc ot develop top1cs 1n the same. sequence, adaptation of this course to
&’S a' nartlcu__ar grade may necess1tate sorie - minor change in the order of (,;. .

otudﬂnsr these materlals The tiwo tables below 1dent1:f‘y each chapter St

in Book K and 1n Book l w.th the chap'ter 1nvthis book that pertains '

to the same topics., - Tnus, the sequence of the. chapters in the inservice NS
_ text 11sted 1n tne rlght hand column mlght serve as a ‘guide for-the order
' 1,n the studying. . - / S T
", Chapter .in"Boo{c‘ K - Cle .‘ K Inservig:e_ Chap_ter" '
. 2 : _Re‘cogni-‘zinigl’. Geometric ‘I"‘ifgdres" .; . ve I S L ; "'. '
"3. " Compérison of Sets — o \" 2.
ol '_“oubset of & Sgt - ~i ’ _ ¥ e
5. Joining and Remov1ng _ _ ‘ "; " AR b )
6 Comparlson of Sizes and Shapes . ": e 1k, 16’ ‘\'j
7. Ordering of Sets ‘ . “ - T2, - .
g 8. 'Addltlonal Actlvrtles (geometrlc shapes) ST : 11 L t
" 9. Uslng Numbers mth Sets @ e I o ) o . 3, 6 /\ h
',. . ‘_.\7 \. . _ . . . v
‘Ch.ap'ter in Beok I R ; Inservice Ghapter s e
- 'l'. : Sets and’ Numbers o o oo 1, oo .
. Numerals and the Number Line . s 3,5 \
'Sets of Ted™ : < . 6 L ' .
W Introductlon to Addltion and Subtraction /- " y ’.;' .
5. Recognlzln.g Geometric Flgures " o .- "’x - ;‘5,l 11 "
= A. PFlace Value and Nv.meratlyon S e 6 R
‘ 7. ddition and Subtraction o _'7& . ‘{_. -~ _7.,_9\' R
8. rrays “and Mtﬂ.tlplication P O B
v 0. artitions and Rational Numbers / R i\, Yoy .13 T
10.  Linear Measurement’ . o . X‘, . v-'é:.- 1k, 1_6‘ LN
o . . . "‘-‘.'. ) .,;‘._ . ‘ \.

Both. Books' ."?and 1 start w1th the notion Of s‘et ‘a, primitive . v
notion on wh1ch other matnematical concepts ml], be’ ‘built * After this ® \ -
- - development,.thq orde;s in presentat_ion of topics 'd.iff,e,r considerably.. Lo
The ‘reason for the difference is},largely in considera'thioa‘. of cbncept ‘
develou}nent 'of‘ children at the differjént levels, For example 1m the
gindergarten program, it makes gense to start with activities asgocihted
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. w+th geovetnic concepts.s1nce these act1v1t1es 1nvolve working w1th e ..n

) ’aﬁﬁliar odgects sucn as boxes and. tin cans: These activities els) mot -;"f . .
.. - require.as nign*a level of abstraction as does the nurbér coniept //_1'

.
’

& Moreover, tney are act1v1t1es that encourage the'learning of sort1ng R

- and’ claSSifying -of oowects and 1deas; an implicit ifsnot explic1t

e A
AN .o

' 7requ rement. for learning nUmoers in partlcular and mathematicc 1n‘ T, : .o
Q.l“gederal . On the other’ nand the first grade course starts with the',“"

' ol
) conceot of numbér'right afterathe development of sets hecause the {n

A number concept is at hand by then Book 1 “then bullds upon the pne ) .

e liminary groundwork laid in the mindergarten course and extends the(
concémt of ‘numbers to those great@r than * 9.~ _ } . S

7:, Another example 1llustrat1ng differences 1n sequence may be seen -j :
) é in ghe -order of presenting the arithmetic operations * Ih Book l
subtraction 1mmed1ately follows addltldn, whereas-in the inserV1ce text
multiplieation follow= addition« The order as presented 1n Book ‘1"

.

Cu, 1s ‘the onefoy which children usually learn these operatlons, the ‘\.
AR procedure adopted for the 1nserv1ce text digtusses f1rst the primary T
.y ﬂ operations of addition and multiplication and then brings into focus .ff L

tne seéondary operations for subtraction and lelSlon as the inverse P .

operations of,add1tion and multiplication respectively RIS o C R,
. . e -

- o Tne remainder of the book consists of‘three appendices containing : f\.h_f"';

background‘information 'Appendix A is a description of the DMSG ';"-\; ‘J: -

1

-

mathematics program for grades K 3 Here, 1s d1splayed a nhart showung : T. v .

- ]
the scope and organization of nﬁthematical contents in these grades*-_The‘ .

. 1nclu51on of Such a’ chart’ is 1ntended to provide perspective to the Zfaw_”:-.,. y

- I “ re

. teacning of mathematics 1n tne elementary school by show1ng when §:1 certar

topic occurs, how its occurdnce is related to other top1cs 1n“the cequenc ,
Y ey, “'-__
and when it recurs again 1n the sp1ral of the-curriculum : D , Y

* - T

- j' Appendix B attends to language and mathematical learnipg “ The ;4“;f o

'\
- .

acareful building of understanding and correct use of mathematical language

thrdugh aural -oral experiéhces is con51dered . Particular examp]es and
suggestions useful to teachers cf young.chrldren ‘are 1ncluded

vt P
ER R ."'

&
< Aopendix C conta1ns 1nformation gathered irom observations and

= testing of children who used the School Mathematics Study Group texts,' “A'_L :n jﬁ
 MATHEMATICS FOR THE ELEMENTARY SCHOOL, ‘Books” K.and 1 durjng the schegi © . .
year l96L 65 These results-are taken from a comparative sbudy of e ':'
children descri}_aed 14 the 1ntroductory chapter DESCRIPTION OF ! CULTURALLY T,

DISADVANTAGED CH'.[LDREN . e ST - R ot 5
N ‘. . . . Ta . . 111‘ . . N A »
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n1s book has been written with &an- inseIV1ce course in mindjy however,
‘oped that the text is suffic1ently 1ucid to be understood easily

‘s

: ‘i.Oj the reader. It is assumed that greater comprehenslon and interest will
R derlve from d1scusslon between an instructor and 1nservice teachers» For
. this puroos ) . the problems thatqhave been inserted at - appropriate intervals
n in each cnapter (as’opposed to a set of exerclses at the end of E?ch chapter)

R may be an 1ntegral part of d1sucsslons for clarlfying fine point
oo . 4
deenenlng understandlng “ O j o y' PO " ;_1

4 - . i

Wben it was felt’ that some commé§t .on pedagogy or’pther relevant

and for

remarks might contr1bu e toward cetter understandlng and teachlng of the b
concepts, ‘these' comments “are 1ncluded under the sectlon, ARPLICATIONS 0 =
: TEACHING at the end of. the qhapter From 1nservice1meetings and other” S
contacta w1th teachers in the prlmary grades, a few questlons perta1ning
:ﬂ’ to varlous toplcs have been observed to recur. We hope that . by selecting .
) ,some OI these: frequently asked questlons when they are relevent to the
chapter and expandlng on the underlying concepts, we can resolve some
o of the dlfflCUltleS that may haye arisen.z For want-of a better handle,'
we ‘'shall label such. sectlons, QUESTIONJ It is important to note" that .
\-’a large part of what is presented hére ig background materiad. for you, =
as ‘a teacher, andfis not intended to be’ transmitted to your students per. se f.’“
we nope toat as yolu read the text and do the exerc1ses, you will increase 2
your understandlng of. some bas1c notions underl ng the mathematics that -: »
Jou are teacning, and that, in genéral this text3w1ll prove useful. . . v

-
M . [N

.311 . .1In the;preparatlon of this’ book ‘we have drawn on materials produced N

J'. bg "the School Mat&ematics Study Group, .and in particular, STUDIES oy o ]
. 4 MATHEMATICS Volume IX, A BRIEF COURGE IN MATHEMATICS FOR ELEMENTARY’ .

»\;- SCHOOE TB@CHERS For Jthe use of these materlals, we offer acknowledgement
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Chapter O 3 _
= ( DESCRIPTION OF CULTURAELY DISADVANTAGED CHILDREN

A 2

I. Introduction

' . .. /' '
From a variety of so ces, data have been accumulatlng which explaln
the disadvantaged position of the culturally deprived child as he starts

school. If we review some of the conditlons within the family and .' t

'neighborhood which theSe children experlence dur1ng th*!r pre- school years,
then the characteristics of these dlsadvantaged chlldren become.
. more meaningful . f__ _' '

The two maj by cniteria used in defining people classified as
”'culturally disadvantaged are (l) low” economic status, and (2) 1lack

in middlé-class cultvre. The actual family. income'may

vary fnpm one s udy to- another. A max1mum famlly 1ncome of $2 000 Per
disadvantaged in-some studies; an 1ncome below $h 000

“may def1ne thi group for others working with them.

' The crit'rion of lack of participatlon in middle class culture 1s
more difficulL to specify, but relates most closely to the va}ues placed
-upon educatidn.‘ The lack of’ books, of parental examples o{’readlng and
| success in education, and the lack of: stimiXlation to ach1eve are all

parts. of this non-particlpation in middle class culture. . . )

)
" " The c turally disadvantaged group cons1s+s mainly of urban

slum-dwelling people, particularly because the United States population

is becomipg increasingly more urban. This faet does not however, preclude
inclusiQ of such marginal subsistence groups as segregated rural Negroes,
3 dwellers in the depressed areas of Appalachia, and many American Ind1an

. 'groups/from the ranks of those described as culturally d1sadvantaged.

: II} Contributing Factors T T '~' L "_ ) l“, :_. -

/ . -

- élf ve look ‘to the home and environmental c1rcumstances that influence
thes

children in ways which -are apparent at school entry, the physical .
-living conditions as well as the quality of ‘the parent child 1nteractlons
are most striking. There are, .of course, exceptlons to these observatlons
8 that rash gengrali;ations should not be made.. We mention some of the

more.salient'observations in order to alert the reader t6 these factors.

=
H
<
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AV A. Physical Living 'Conditions - - o e
. . . L4 .

The living conditions provide a partlcular kind‘of setting within
. which the parent child interactions take place. The - crowding of. dwellings o
in disadvantaged areas of large cities allows for little privacy, solitude,
or quiet. Not only are there likely to be many people occupying a qmall
apartment but the dwelling ‘units are close upon'each other. 1In other
Words .the density of people for the physical space -is very high. What

¢

¢ o this means for a young child is that he has. almost no place to play ’
w1thout being either 'underfoot" or out on the street. He is constantly
.subjected to noise from the family, television, neighboring households,

'and street act1vity.

“ The child in the disadvantaged home 1s not likely to have books or ‘
magazines available to look at.nor to have read to him. He is not likely

to have a variety of toys, w1th which hé can amuse himself nor toys which

-

encourage sharing. +The possibility of developing gross and fine muscle .

.i coordination and independent 1mag1native play through dnaw1ng, futting,
and building ‘blocks, for example, ave lacking. He 1s less likely to
have been taken on trip% outs1de the imm@diate ne1ghborhood—-to the 200,
parks, a farm, museums, or, ‘even to the- library Thus, ‘the experiences R
of these children prior to schoal’ entry have been different froﬁ those

"of childrenqpf mlddle class families and much. moré ‘highly restricted

" in var1ety : _ C \'”-;i' ;' o

P o
- Hostility of the Bavironment ' " T

« - In the above section the typical household situatlon was descr1bed
'The character of the neighborhood ‘as the broader social sett1ng, also

,1nfluences these children in ways wh1ch are apparent at” school entry
The environment of the d1sadvantaged is described as hostile because

of the higher rates of delinquency, disease, -and death in, the1r ne1ghborhoods.]
Whether or not these cond1t;ons can be called hostile, the follow1ng

4

_ conditions are, at the least, not. conduc1ve to mov1ng outs1de the home or

"relat1ng to the community. First, fewer’public recreational fac1litfes

are lOCated in these areas than- in areas of higher income residences ,i }

T S T '
lFOr stud1es supporting these and the 1mmediately follow1ng statements,l

dee Sextan, Patricia C. Educatidn and Income.. New York: The Viking
Press, 1961 : . L N . . '

2 R N @ . . . .
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N S ) - . '
Second school buildings in these areas tend to have less adequate-
equipment and facilit1es for such activrties as stience and art to

-'mention two of many whieh could be c1ted Third, contacts out51de
_the immediate neighborhood have frequently been w1th authority

;'figures--policemen, welfare workers, or schaol, OfflClalS The school

' is likely to be assoc1ated‘w1th this authority and resented rather than

'_-considered an important resource for help and development di potential
- v

N

‘;' hE C.; Parent Child Rélatlonships R

- ;does not consist of mothen father and their chlldren ¢he effects of

. othér compositions of the family unit must be cons1dered SInc many of

these hdmes the father is not. present The household often consists t

' ,of mother children, and possibly other female adults such as ‘an aunt

. . or maternal grandmother _There ° . may be cons1derable instability both 1n

* . example,. a maternal aunt and her childreg may move 1nto the hgusehold

if there is.a cr1s1s in therr lives, or a Chlld may leave h1s mother :
* and move to a relative s home ;1 has mother takes & JOb -
< hal

What ‘emerges -is a fon of - "extended family wh1ch prov des a cart
H 3

safety and_ securlty;against whet may be percelved as the hostlle world

: performéhce, is thét’ of a d1rected 1nteract10n between the -adult and )
'the child.. The mother in the culturally dlsadvantaged home is not e

Since the bas1c family unlt amqng many_pf the disadvantaged groups

-

the living arrangements and in the adults 1mportant to the Chlld For .

o

: What lack appears most signiflcant, especlally for the Chlld') school -

"\

: likely to spend time 1n conversing with one -of her children alone, nor in,

sitting down to teach him-a spec1f1c Sklll such as tying his- shoelacec

Superv1sion of the child is handled by any of the adults available,
by. older 51b11ngs, or none. : T

5

" To elarify the term/aadult chlld 1nteractlon g let us use two
Jtypical s1tuations 1n a two-year old's exploratlon of h1s env1ronment
He may reach‘for something hot, or poke a finger into the ‘eye of his
‘baby slster o uner, who isg: llkely to‘ﬁe preoccupled w1th the sheer
physical demands of life, does not exﬁlaln why the child's behavior ’
'will be harmful to him or the baby, rather she w1ll yell at\hlm, ‘

“"Stop that'", or "Bad- boy'”; or slmply‘slap him.

O
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The 1mplicatlons of mother ' s response for the two-year- old are
-several F1rst there is no verbal spec1f1catlon of what, exactly,
the undesired act was. He may interpret mother s slap as meanlng

that reach1nrr or touching is wrong: and therefore, punishable. Thus,

'shere is no. opportunity for learnlng a d1scr1mination between the

act of reaching or touch1ng and the’ conseguence s of reaching for certain f .
’obJects (1n this 1nstance, hot) or touching (the baby! s eye). . What th1s'
' k*nd of punlshment is likely to achieve, if used- as the usual means of
'vdlsc1p11he, is a st1fllng of reaching and touching This will eventually
;’ dlmlnloh the ch1ld‘s curlosity by reduclng his explorations of his

- immediate env1ronment. B . » _;A s
sgcond 1mpllcation Jf mother! s use of "Stop that‘" or’ a slap

is that 1t does not prov1de a model for complex verbal behavior, The,

Chlld needs te listen to language forms 1n order “to pattern his own .

language both in terms of range of’ vocabulary and complexity of - expression.-

L N
PO Also,'he needs the\experlence ‘of verbally expres51ng hls questions, L
. * -
- ;-_reasonsk, d feelings in order to learn to communlcate verbally.
ol . 'L . . ’

A thlrdllmpllcatlon of mother s response in the ear? er cited
rsaid in

response to his reaching oropoklng, that a big boy you are to be able,

examples is fq{ the child's self concept. If mother

ﬂ

to reach S0 high (onto the stove or 1nto the erib)Y But, you mustgbe": .
- careful T hot things or baby's eyes, then there is somel"increment T
f;;. in g pos ve»concept of* h1mself. He is growing and is capable ‘of new
accomplishments By slapplng or telling him that he is a bad boy, however,.ﬂ
._~’ ; h1s image %f himself i deflated. ¥hat - is likely to evolve in th1s settinglv
' 1s an- image of the good Chlld a5 one who stays .out of the way and. who 1s - N
qulet. Th1s is not the child who will ach1eve 1n school through h1gh

motlvatlon and str1v1ng. )
- .

A further-polnt should be made about the relatlonships between mother‘
and child as contrlbutlng to the chlld's behav1or as we see him at school =
antrance. If the mother has not had many years of formal education herself,

she dlll be less aware of what exper1ences ‘she could prov1de which would

\eventuallj gzlp her child in school.

D. Planning and Scheduling of Time <
A characterlstlc df many disadvantaged familles, partly related to
biedr living conditlons and partly related to.thelr sub-culture, is the

SR L T ;5°t e i L
1'.’ :ih{ o ‘. g . A . B g :
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' lack of a famiéy schedule or routine. Meals are not eaten at regular
RS

times, nqQr is ‘there a set bedtime for the children It is seldom that
the family sits down to a meal together

S
4'.There are two effects of th1s lack of time-pl;nnlng and ;Qutlne
“which are likely to cause difflculties in the young child's adjustment'
“to school. The first”has to do?with adapting to & routine and working
'independently within,time\limits} "The second has to do with verbal. ..

o development .

" Let us deal, first with the use of time. *The chlld who has not
' exper1enced some scheduling of activities at home will not be able,-'
aw1thout considerable help, "to gdapt to a school rout1ne--a time to
{start a given activity w1th the class and a time to finish up that
- activity when directed This means less self d1rectlon and less abllity
to.¥ork independently In addition, be1ng on-time has no meanlng unless
4n-expectations have been establlshed that certain events ~oceur at particular

times and some consequences may follow from not be1ng on time.

Without the experience of planning time and us1ng periods of time
4w1thin the day for particular actlvities, the child is less ‘1likely to be
able to’ develop longer-range more abstraCt goals which involve both
'planning longer blocks of time and sequencing time. It may well be that

the demands of career plans 1nvolv1ng partlcular steps both 1n the immediate
.and more-remote future are not possible without these early experiences
Successful performance in specially selected courses 1n high school, along
'w1th sumrer jobs to earn money, id order/to-enter college involves such
":sequenced long- term planning. When a mother explalns to her pre- schcol
child that he may. play with his friend at a certain time, after his- nap,
; . or when she says that he may watch television until supper at 5 30, she
4 may be laying the foundation for later’ longer-range goal orlented plannin

. ., o The fact that the family does ‘net sit down together for a meal or
for discussing the day's happenings permits\fewer opportunities for _—

: .llverbal interaction< The child does not have the experience of - hearlng,
attending to, or participating in complex verbal expression. “The child
who does’ not participate with adults in such verbal interchange has little-
opportunity to be heard to be corrected end therefore to have his

-blanguage modﬁfied and expanded - At -school entrance, the child comes’ 1nto 4
a situatlon where there are expectatioqs that he express his ideas ip 'jf ’

jﬁverbal interchange with an adult. The situation is strange and unfamlllar
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_He must 1earn to adapt to this new kind of interaction as well as to learn

the language neces=ary in order to partic1pate.

In d1scussing the mother child 1nteractlons earlier in thls chapter, _7f-
-, it was, pointed out. that the mother does not use complex verbal explanatlons
_1n d1rect1ng her child's behavior. More physical, rather than verbal
, means of d1sc1pline, plus the lack of conversatlon among femily members,
. .comblned with the lack of d1rect teaching, contr1bute to the development v
. of a child experlentially llmited in both the content (vocabulary, varidty,

and complex1ty ‘of speech forms) and the structure of such verbal communication.

ot
. .

E.. Lack of Preschool Experience - e

A source of enrichmefit for some young children, though usually not
‘for the- deprlved child, has been a year or more of nursery school prior
to school entry. Slnce nursgery schools have trad1tionally been pr1vately -
'funded therefore requirlnéjtultion, they have not,’ -in the past been .
~available to the d1sadvantaged groups.' With the 1ncreas1ng governmental
'concern for the economlcally depr1ved segments of our'populatlon, such
_programs as ProJect Headstart will undoubtedly have’ 1nfluence on the

_exper1ent1al development of - these chlldren.

_ jI. : Character1-st1cs of Cultu.rally Disadvantaged'Childrenl : . _ '
In the two preced1ng sections we have descrlbed certain character1st1cs
~ “ of culturally dlsadvantaged families wh1ch influence their chlldren S )
behav1or by the time they start school. In- this sectlon, ye ‘shall" descr1be
s, 'feellngs and behaV1or of these children in the beg1nn1ng school years

'resultlng from the family and broader env1ronmental 1nfluences. ) .
- .A. Self Concept A' . ’ ’. o . - . \

leen the conditlons of a hostlle env1ronment, of the1r famllles

. | being the have -nots" economically and. soc1ally, and’ of the lack of

k experlences d1rectly relevant to classroom learnlng, these chlldren ..
are not likely to have p051t1ve feellngs about themselves nor of society.

‘7'. ' .Most crucial in- the context of this book are the!r feellngs about their _

comnetence for succeed1ng in school. For’the : Npgro Chlld especlally, the: /

effects of preJudlce, segregation, and inferior status are llkely to lead
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__learning that the1r chances fo; success are relatively llmlted d

‘they are likely to meet with frustration and confusion, if not failure, i

'adult males with whom the child does have contact are generally not those

presentlng a p1cture of responslblllty or successful ach1evement as

.to negative feellngs of h1s own worth 2‘ These feelings, in turn, lead

to Ilttle mot1vatlon or str1v1ng for success since these ch1ldren are"

o : ' _

Since these children do not have the basic skills or know%how for..

‘._immediate adaptation ‘and successful performance in the claSsroom situation, -

N

. very quickly Indeed they may not be aware of instances in which they w

may have reJected avenues leading to success. The effects of such experiences :'

will further detract from their feellngs of competence

;Somewhat less tangible, but worthy of mention,.is the observation
that these children}do not‘have as’differentiated a self- concept as.do
_more privileged children By differentiation is meant the perception of -
one's self as a unlque 1nd1v1dual with certain characterlstlcs, preferences,
and w1shes which form an 1dent1ty d1st1ngu1sh1ng one from others 'Eﬁst
reasons suggested for this lack of glearer d1fferentiat10n are- negative

That 1is, there is. not an intense relationship between a parent and, an

"1nd1v1dual child *in these fam1l1es, nor is the treatment of a glven child

Lnd1v1duallzed As a result these’ chlldren d1splay less self- concern,
less canpetltlveness, and less motivatlon for self 1mprovement These are
facets of 1ntr1ns1c mot1vat10n wh1ch many teachers rely on to keep ch1ldren
in a given task T

v

There is a special problem in the development of a'self—cOnceptlin}-'

boys from culturally disadvantaged homes This arises from the lack ofb

_é stable father.. As pointed out eariier, in many of these homes the -

father is'abSent There may be adult males. in and out of the home, but

.the presence of these potent1al models is llkely to ‘be temporary. ThlS

s1tuatlon does not allow for a stable relat10nsh1p with an adult male

vhom the boy may use*as a model for 1m1tatlon and identification. “ The -

measured by the standards 1mpllc1t within our schools - LR

F01 a deta1led discussion of this topic, see Ausubel D and Ausubel,

. Pcarl “Ego development among segregated Negro ch1ldren, in Passow,

A, Harry, Education in Depressed Areas. New -York: Teachers College,
Columbia University, 1963. - '

s
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- -~ . . -

The language with which the culturally deprived child comes to school

§ is likely to. be d1fferent from the’ mor . advantaged chlld's in two maﬁor

' 1s in the quallty of verbal expression.

: over a toy telephone before he 1s able to speak directly w1th another o
. child or with a teacher. ' ’

ways.3 -Thé f1rst 1s 4n the - quantlty of. verbal expression, and the second

Concernlng quantity, chlldren from disadvantaged homes tend to’ speak‘
in” short phra es. A monosyllabic response to a teacher E request or i_
question is typical. It 1s not uncommon to. see kindergarten children o
of this group s1tt1ng side’ by s1de at a table in a classroom and not

'having any verbal" interchange at all. In certain pre- school enrichment

' programs it has been found necessary, in many . 1nstances, to encourage

i chil& to express himself verbally by talking to an imaginary person

_ The dlfference between disadvantaged and more advantaged children ;
‘is less llkely to be seen in verbalflabelllng. Thet is, children from"
the d1sadvantaged groups can give names to commonly seen obJects, €uch, .
as a ‘"dog, pencil, box, key: If the obgect, or referent, is rarely

exper1enced in low income. env1ronments,-(e g., "nest"” whichxis experlenced

1n rural environments or glraffe" which * requires books or a trip to n bl

the zoo) these words are not likely to. be known by. the. children.

.,

’ The major qualltative differences lie 1n the elaboration of languages--.
“in complex1ty of grammatical expresslon and in. the more, abstract language
which goes hend in hand’ with conceptual development The experiences of
these children have not prepared them well for simple classificatory
behavior, such. as comparing toys or other classroom materials on.- such
dimensions as size,’shape, color, number. They" do- not,bawe the; vocabulary
for expnessing such class1ficatlons or, comparlsons, nor have they had
experiences which have made them attend to the attributes of objects.
Chlldren from the middle class, both more experienced verbally and more

avare of abstractlng from attributes, are better able to state a concept

. v . . . .

L - . . - . R
* S : ' S \

,

anis discussion will not deal with the child from a non-English speaking
home since this presents another kind of language problem beyond the scope .
of this section.--.

. . ‘.
~ - Y



%Anllcltly when glven p1ctu1es all of Wthh f1t that concept .On the

i othar hand lower class chlldren lse more conérete attr1butes and noﬂ _
-necessarlly the essent1al ones. ‘o 1llustrate this 1dea, Johnu stud/ed _ R
a group of Negro lower: and middle class ‘first. graders She present d. o
:them with pictures of four men at. work e .policeman, a doctor, a: farmer,~ o

. a sailor + The m1dd7e class chlldren more Irequently said’ tney wer¢ .
alike because all were’ "men’' cg&*beonle ) whlch are category labeﬂs o P

. ‘ ¢
- The: lower-class chlldren focused on)non-essentlal attr1butes With17FCh - ‘l. -

JK

.

statements as "look the same' ""llke ‘each other".

C.. Sensory development

‘ |

Lacklng the experlences ‘of attendlng to attrlbutes of obJect : ' i
dlscussed in the prev1oué section and lacking the experlences of ﬁooklng '
~'at books, these chlldren are ‘not llkely to be as ready for the ‘di's crim natlon : uﬁJf_
'and attentlon demanded by pr1nted‘mater1als Teachers workinl w1th the e S

chlldren have found. that “they are eas11y confused gbout ‘the task to be Co
. done by many p1ctures;or numeralc on a page, they qu}ckly lose the1r‘pl;¥es,
" one page 1n a workbock is- readlly confused w1th another vh1ch has s1mllar\

".delemeﬂts,A ~ - '... = L 'n; ! o SRS R

: Whether the1r eye- -hand coord1nat10niﬁs less well developed is not \ :
as: cruclal4an issue here as "the fact that they have not. had the opportun1t1 S
to use penclls, crayons, and scissors. Their experlences in seelng pr1nted )

llnes ‘and pactures w1th1n books and f1nd1ng meanlng from them are. 11m1ted \ .
1

;v In the area of audltory d1scr1m1nat10 _the d1sadvantaged child '\E
does not attend as ﬂell to teacher d1rect10ns ‘nor to her 1nstruct10n, : \','
probably for two reasons: First, he 1s‘easlly d1stracted by extraneous : A
'sounds or activities. Secondly, and partly resulting from.the first;’ 'T }\
he’ 1s?27ss able to d1scr1m1nate dhat is the sound to be listened to from ”. : \ »

the nodse which 1mp1nges . A B B : S

. /bu. Motlvatlon to achleve school goals - f. _ . ‘ \
Considerlng the’ p1cture presented of the pre school envlronment of a E X

. Chlld from a dlsadvantaged ‘group and knowing the expectatlons of the school . ( \
for task- orlented act1v1ty, the discontlnulty between ‘the two settlngs | s \

s strlklng. " The child has much to unlearn_, as well as to learn. He . : \

2J'Jo'hn, Vera P. "The 1ntellectual development of slum children: some |
"preliminary’findings." Amer. J. Orthopsychiat., 1963, 33, 813 822 o

e

O
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must learn the exnectations of the- séhool and especlally the demands of
his teacher, w1thout consider1ng content learning at all! ﬂ@;*

'

- " lower- class families toward the schools and of the discrimination (often

- 'unconscious and unintenfional) on the part of the school in dealing with }
' lower- class parents and children The work of understanding such attitudes -

on both\‘Taes 18 not to be minimize Quite apart from such factors,

‘gi.' - : A.Much has-been written on the antagonism and defensivenesa>of '

a however, the difficulty in transition for the child -entering school can o
' readily be. seen He often lacks the long -range. goals which can be achieved
through school success, s well as the intrinsic motivation to learn for '~
self improvement" ' e e :

mplications for Teaching‘ R o L s

L ,‘ In the previous section of this chapter, a p1cture was sketched of
. . the child from a. d1sadvantaged group at the time he entered school In

this section an attempt will be made to apply the understandlngs derived
e from the: descr1pt10n of contrlbutlng factors and resultlng character1st1cs S
. . to the teaching of disadvantaged chlldren fn order to. discuss teaching,v

;references w1ll be made to- the performance of the\‘_ch}ldren on school

' tasks and in test situations /
. .

A, Impllcatlons for Teacher Attitude ‘ v

. \ L . .

R It is very 1mportant for a teacher in the prlmary grades to be avare
o that. the performance of these disadvantaged children in their early school

years 1s not necessarily a good 1ndicat10n of their‘potentlal Their =

[y

,
"earlier experiences have not well prepared them for ithe - demands made by .«
the school therefore they are not as ready for school It should be

kept in mind that their rate of learnlng can be ‘vexry rapid on tasks wh1ch

‘ do not depend on»pnior learn1ng that they have not had ) i

UA
¢

‘In th1s same vein test results should be interpreted w1th1n the
context of your knowledge of these chlldren Spec1f1cally,,there are a

. number ‘of fatets of standardlzed tests and of the testing s1tuatlon ~
r which contribute to the1r poorer performance F1rst we can go back to
the v1sual and aud1tory d1scrimination llmltatlons d1scussed in Sectlon
IIT of this chapter If the test d1rections are’ presented verbally, the

child may not clearly understand what he 1s expected to do--assumlng '
tbat he is able- to attend sufficiently long to hear what'ls said. Thenj

"\
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assumlng that-the test 1s D'roup admlnlstered he 1s expected to use a.
pencll to mark certain symbols on a paper or booklet wh1ch 1nvolves both’
& some dexterlty in us1ng thc pencrl and maklng rather f1ne d1scr1m1natlons
.among-the symools on the page. In addltlon to th1s, the relatlvely shortja
?attention span of these children compounds to the problem. '

i A test- thch is t1mea adds another factor. contr1but1ng to the. poorer
performance on dlsadvantage ch11dren These ch11dreq are not accustomed

to worklng w1th1n a time schedule as many m1ddle class chlldren are,

- ¥

Other Iactors that contrlbute to poorer test performances of - thlS'
'group are part1cularl¥ relevan+ to 1ntelligence ‘tests. These are lack -
~ of pract1ce or test ”knod-hod' lack pf\ motivation to do well Inadequate
h'lrapport v1th the examlner, and the cultural loadlng of the tésts o *

themselves wh1ch ‘disérimindtes agalnst these Chlldren, ] o :v,. N

This d1scusslon of the factors 1nfluenc1ng test performance is placed
,under the headlng;'”lmpllcatlons for:Teacher Att1tude"' ‘for the- purpose of.
i 1ncreas1nr your avareness, that a set of tdst~scores dc&s not permit .

earning rates, or potent;al

" accurate Judgments of what the capac1t1es,'
performance of drsadvaﬁtawed ch11dren may be 1n _the future. Such fest’

f' scores give 1nformatlon on how a’ g}ven child is performlng at a partlcular
p01nt 1n time. How the same child mlght perform glven opportun1t1es to

«

compensate for some of thése limiting conditions.is a maJor challenge ;
tow the °chogls at p#esent, in att1tude,vas well as behavi or.‘w /ﬁ

Thc final admonlshment cbncernlng attitudes toward the culturally
dlsadvantaged chlld is to keep in- m1nd his earller experlences wh1ch may
make for dllficultles 1n his relatlonshlp to you; ‘as his teacher, in his

'adaptatlon to the school routine, and in his unfamlllarlty w1th the

uork e’pected . N ! . -' S
: o ) s c ) . . . . . . T ) .
/»\\B .Implications for Teacher Behavior , 4 .” S S
S . . .
N © Given- some knowledg _of tg/‘background and resultant character1st1cs

‘of dLsadvanta*ed (hlldren 'vhat can a teacher do to aid in- the1r development

' and school ororrecs'> Four 3ungestlons are glven here wh1ch, it is hoped,

) ' .-lﬂ.pruv1de suidelines for- your wvork and relatlonshlp to them.
- Dt :
Thn 11rst “uggcstlon and pérhaps the most 1mportant, ‘is to mainta1n

v a A*m and .,uppov'tlve relatlonshlp w:Lth these chlldren. Although thls

O
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may sound 1ike an oft stated platltude, it is partwculary important for

the groups that we are dealing w1th and it can be acted upon in a variety

of meinlngful ways. In as many. ways as p0551ble provlde experiences which

‘will enable the children to be successful Qonversely, avoid situations

fthat may produce frustration and failure. These chlldren need the .

: board to help John. -Do not allow. Andy o take over and complete the .task..

reassurance that can be affbrded by your attention and by regular and

frequent praise. Thelr need for experiences in suceessful completion ‘

;

of tasks means that you must ‘be careful and discrimlnatlng in what you
ask each 1ndividual to, do. For exanmle, suppose you ask.John to pair.’
the members of two sets of objects at the flannel. ‘board, and he is -
unable to manage this' task. “You then ask Andy to 80 .up to the flannel

' Make certain that what Andy does is helping, by doing one pairing only,_

and that it 1s John'who actually; completes the taskwsuccessfully’

Y] . v

T The var1abi11ty in performance 1evel of chlldren in these classes

which will be dlscussed in Appendix c, makes it 1mperat1ve that you deal
,w1th disadvantaged children ind1v1dually erd that you' assure each child

the experlences of completing hls work, w1th expectatlons of success at

encouragement af” the children? S verbal expre551on.- Given their
”limltations 1n audltory d1scrim1nation and their inexperlence w1th

" . more complex . language structure they may not be able to. understand

’\

vhatever hls current level of performance.

~
’,

. The next two suggestlons concern your own language and your-

ydur language ea51ly. ThlS w1ll be particularly true if you use- long,
complex explanatlons or dlrections They need short, " simply stated
directlons until: such time that’ they are able to understand ‘more complex’
verbal expre351ons, feel more certain in their reIationship to you and

you are sure they are able to perform what is being asked of them._ f,

»

Complementary to the slggestion concerning, your language is that of
encouraging the chlldren S verbal expression wherever possible. They

need the experience of expre551ng, through words, their 1deas and wishes*®"

- +to you as well as to. tHe other chlldren There are many ways in whlch

this can be accomplished only a ﬂéw will be suggested here. By asking ..

- children to describe objectsaéthe obJects belng used for set construction,

the toys they are. play1ng w1th thghplctures “they have drawna you. are .

_.both encouraglng ve;bal expression and ‘making them aware of éttributes i

or propfrties {colo y texture, 51ze).

. . ) . .
' TN . .
.

Fj
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_Another device which has heen found'verY'helpful is the use of word

.

problems If the teacher starts By telllng stories wh1ch have problems/

.. In them which she expects the children to ansver verbally, she can. soon

get the children to make up such problems for the class to ansver. :

The  last suggestlon keeplng the chlldren 1nvolved, is certalq;y
appllcable to all chlldren It is especlally important for.the dlsadvantaged

-children. Your. knowledge of these chlldren will be of great asslstance

in this, as- will’ ‘the age of the ch1ld1en Wlth young chlldren, yow cén o -%a.'

'use many sensory- motor exper 1ences for. teaching, there can be much more

actavity involv1ng concrete materlals from wh1ch abstractlons can be made
. ) -7

In summary, ctart your teachlng 4t ‘the level at wh1ch the chlldfén_

are able to function use their assets, and maintain a high level. of _"d

aspiration for yourself and for your puplls I ‘ o .

e : -

.. -\ : v” --.. .._ \
A / -




.-+ LCHAPTER1 = - SN
' INTROIUCTION I S I

i

one of these is the concept of~set. ‘This . concept occursy for example, in
dealing with sets,of'points, sets of’ numbers, sets of objects. The. most N

general of these of course, are séts of . obJects.. From these sets we

' basis fot- the number concept and’ serve as pre-number ideas.

" - ¢ S

WHATISASET . RN _' C e

Y

In speaking of collections of objects, special words may be used with

reference to specia.l collections such as: . . '_ . .
herd of cattle (set of cattle), s
-flock_of. geese' {set of geese), '
pride of lions (set of lions),

-navy (set of ships), |
- span of horses (set of horses)

e

of* things:  Some examples of. sets—of things are:

,

.
‘th_e furnitilre‘ in a'r‘oc'>m,

the monkeys in’the 200, e . S L.

the doors in a roem,. ' o ~ o -

the children in the cl'ass, . o
© the books in the libra.ry .

’ : : : .
Each obJect in a set is- ca.lled a member or an element of the set.

If the obJects on Yyour desk are a- pencil a book, a ca.lendar, and a blotter,
then each of these is a member of the set of things on your desk; each child

- in your class 'is a member of the set of children in your class.

& v . A, set may consist of a variety of obJe‘cts- A prime characterastic
of a set is that there {5 a method or rule whereby set membé%'ship or .
nonmembership can be  determined. Consider the following examples.. - -

O
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" There are 8 few ideas that occur over and over again in mathematics, S

ultimately extract ‘the concept of number. Thus, gets help form a primitive .

‘ Each of" these may be equa.lly descri'bed as a set & set is Jus‘b a‘-collection )
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Cw, "the set tnat is not shared by objects that are not members Of the set.

within braces (-} to denote the set s0 specified. Thus,

"l,)f Suppose wve consider the ‘set of - wheel toys.‘ We ask- the .
question, "Is a doll a member-of the set?" Since g doIl L

. 1S not @ wheel toy, it is not a member of the set' A
.wagon, “on the other’ hand is a member of the set since St

: . 1tis a wheel toy. e ' .

-

w*, - Suppose we consider the set of objects on. the teacher s

I ~ desk. The criterion for determining whether -or not'a
particular obJect is a member of the set is, "Is this'
object on the teacher s desk?"

In both examples, there is a property that is shared by . members—of

The common property of" being a’ wheel toy, thus, is the rule that determines
_ membership in the set in the first example. The common property of being
on the teacher S desk is the rule that determines membership in the
second set. o s
.V-BROBLEMS L R R
1. What are the members of the set of = S
, ag the Great‘Lakes of ‘the United States?
b.» the days of the weekg -
'é.f the objects in Dlsie s purse? °

e . v ‘ R

d:,2. fDetermine which of the" objects listed below are‘members of the set- ‘\

| 6F animals.- . SR o |
_ . e ,
a. carrot o o 2
b.. lion ‘
Ci',tiger . . s
d. tree * o ,;‘.'
e e. cat’ -’. U ¢

. DESCRIBING SETS

-

" There are~various‘ways'in which a set.may be specified In the case
of the'set concistlng of California, Oregon, and Washington, we may specify

the set by listing all the members.: A class roster is thus a means of ¥

specifying a particular set; a reading 1ist is a means of specifying another

set.. I the reading list consists of the book titles, The Story of Pigg,
A Day in Maine, and Make W Way for for Duckling s We can enclose these titles

: o
~

*Solutions for.problems in this chapter are on page'27 .
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¢ 1% a nqtati for "the set whose members are ‘The Story of Plng, A Day in Maine," .

_' and Make Way fgr Ducklinvs.' The braces are an abbreviation for the words
~tithe set whose members are." Note that the items in the - listing are--'*r' : .

1

Separated.by chr as. .. s s I
- There are-o asions when‘it'is inconvenient or.impractical:to specify'-
the set by list" g all its membPers. For example, the set of all, states
" of the United tates requires a: listing of 50 states,‘the set’ of all
inhabitants in the United States may require a listing of more than 200.
million names. £ there is an explicit common property that may be" used
to characterize

e members of the ' set, then such a description ney be
RN . ’ L . ) . 7 v T
. . &dequate. Th

’ .
[the states of the United States) ,,

he set being considered. 'For'convenience, we' may use abletteri._ .

\specifies
) i »

cular set, and once: so identified refer to this )

United States by the letter A ; then we can write : .
[states in the United States] -

Thereafter, the set of states in the United States may. be- referred to
_simply as A. anventionally, qapital 1etters -are used for this ‘purpose.-

We have mentioned that a class roster is a means of specifying a’
particular set. Note that a child's neme is not. listed more than once in
specifying the set.. Once he is listed he is designated as-a. member of the;
set. By the. seme token, {(d, e, r} 1is the set of all letters in-the’ word

‘

"deer as well as in the word red" .

PROBLEMS '.'_.," VLo R

" 3. Using a common property, describe the set specified by -«

g a. (Alaska, Hawell, Washington, Oregon, California) - S
. b; {Maine, Vermont, New Hampshire, Massachusetts, ‘Rhode ISland, S
N\ - .Connecticut] . . . .

_’c. (red, yellow, blue]
EWAI‘ Sms -" . : . . . : . B ~
When we write

[states ‘ih the Unjted States]

O

ERIC

Aruitoxt provided by Eic:



‘ ..\ . ‘ ) - .4 . :: RS - ‘:. . ‘ . . .:.,‘\ . » ‘.’
. . . ;

we meari that A end- {states in the United States] ‘are symbbls or names,“

t-ﬁfor the same,thing._ thnpver ve use the equal sign M= as in
. . Ry oL e b
;.l S '- L 5 + 2 7

'rjlfwe‘shall mean that the two sets of symbols are names for the same thing,

" in this case 5 “+ 2" ’and 7" are both names for ‘the same numbﬁr’

B -
RO Note that {the. first 5 letters of the English alphabet] is
.o identical with {a,‘ 5°8s d, e] To' indicate that we. have one ‘and, the- .
. “iisame set, ve say that these are. eg sets and we write - ' : .|

[the first 5 ’etters of the, English alphabet) = {a, b,' c, d, e).

In other words, if A 1s a set and B is a set, then

[N

Ckem o v e

- if botp sets have exactly the same members. 4 ) ) _‘._

- Stnce the set consisting of the members Rosa, Eddy, and Leon is ,

Qidentical with the set consisting of the members Eddy, Rosa, and. Leon,
«.We can write . ’ . ﬁa

[Rosa, Eddy, Leon] = [Eddy;SROSa, Leon] .4 .3..

the that the order in listing the elemhnts of a set’ is immaterial in
specifying the set.~ The same set is specified by two different listings

-wof the same. members. ".‘ ~ .' - - . L
: PROBLEMS ’
4. Are any of the following four sets equal? ..' B th"“,l_ N,
A=1(1,35 . R o
B'= [numerals representing the first three positive odd numbers]
2 ~C=(135) . . o "" ..
S D= (9) E : . S e
. E'= (the:digits in the mimerel 1351} ' s Ty
SUBSETS . .. . - S e "“.,'

e
‘

-A set is a collection of elements. The selection of certain elenents
from a given set will.form a set. For example, from

-~

!
PR

A_[a,b &d, e} W
we ey form ‘a” set consisting of the elements,' 8, ¢, di.

PR

B = [a, c, d) S :‘~.“?g '
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We say that B is a su’bset of - A Set B is sald to be a. su’bset of. a. set
-A, 1¢ ea.ch element of B is also en’ element of A. Ms, :

v

[Rosa., Ed&'] 1s a su’bset of [Rosa., Ed&', Leon]

because ea.ch mem’ber of [Rosa., »Edc_hr} is a mem’ber of [Rosa., Ed&', Leon]
. However, . o o o S

[Rosa., Anthony} 1s.not a subset’ of [Rosa., Ed&', Leon},

because Anthony 1s not a menber of . [Rosa., Eddy, Leon}.

0bserve tha.t if

' A= [a.,b c, ,e_} a.nd B_[b, e e., d}

then 1t is true tha.t every element of B is -an element of A (remem’ber
the order of listing of the elements is imma.terial) S so B is'a subset
of A Since/ A= B this exa.mple illustra.tes tha.t dne of the su’bsets
that ma.y be formed from a glven “set is simply the: glven set. This may :
be so taken for granted the,t the need to make such 8 sta.tement is not a.t
a.'l.l appa.rent. However, this. fact will hs.ve some undertones for us, ‘as

for exa.mple , when we exmne certa.in special cases for su’btre.ction.

" Ve heve noted tat N
[a., b, ¢, d,° e} a.nd B= [b, e, c, a, d]

theh B 154 subset of A; . 1t is equally"true thet A 1s'a subset of

B, We cen also see that T L G
H‘AISASUBSEIOFB(,]I‘B' s
: . ISASUBSEI‘OF A. M); :B- - . '.., _.'A' " ' ,

PROBLEMS '_ .
5. Wnten expression states tgxat the letter. '5“ 1s en- element p

" of the set of lettgrs in the word. "Fridey'"? S o
a. y is an element of [Friday} ‘ e - T
Des [y} is ‘ant element of [Friday} ' o C
ves Y. is ‘an element of ' (F, I, 1, d, a, y}c . '-" o

1

[y} 48 en element of (¥, r, i 4 8y) R
LTom, Ha.rry} 15 & subset of - [Tom, Diek, Ha.rry} Neme six different

subsets of [Tom, Dick, Ha.rry} Le B . ciro T

T . . . . . ) . .. . L ey
. . N N . * . N . L I, . - : LA - Lt
. o ~ . .
.
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1& ET WITH ONE MEMBER AND THE EMPPY SET" ~-

e

. The set of all vowels in the word "cat" is a set with1justpone member,
- That is to;sa&, o ‘ ST . o
. {the vowels in the .word "cat"]lJ {a).

This is an'example of a set with a single member. .It may conflict with our
'intuitive sense "to think of a set with a single member sipce, in ordinary
’ language, the word ' set connotes more than one object in ‘the’ collectlon.
-An ‘even ‘more bizarre set that we shall Bescribe is the set that has no’
members. Both of these mathematical concepts--of a set with one member
'.and of ,the set with na members--are convenient ones moreover, a vital

question of logic requires the existence of such entities._

Logically, unless the concept of a one-member set is considered it
dould maké no etse to come up with ."a" ‘&s the set of all’ vowels in the:
— word "cat”; the letter. "a" " does not answer the question: "What 15" the
set of all vowels in the .word 'cat'?" Likewise, the same question of logic
mey enter into the consideration of the set with no members. A plea may %
be made that the question itself meeds to be Yeworded. Instead of asking,
"What is the 'set of vowels in the word fcat'?" 1t may be’ more appropriate'
- to ask, "What is the vowel in the word Leat??h This may sound sensible, '
| but it does require a prior knowledge of the answer. Quite often, we do -
' not know how many solutions we mey have to a problem. With the understanding
A that there may be ‘one, more than ohe, or no members in a set; there would -
'_;be no need to rephrase the question each-time a speciaJ ‘situation is
- encountered. For«example, the question,‘"What is the set of boys enrolled
. in this school?" might be equally applicable to- ‘the Yale, Columbia and. -

Vdssar populations--or to one in which Just one boy happens to be enrolled
»
i In thinking about a set with one member, there is a strong inclination

to think of the set and the member that constitutes the set as one and the
- same thing and it is important to distinguish between the two. A case in
‘fpoint might be_given, for example, in the cataloguing of . books in the school

library. Under the category of classics might be Just the one book ‘
~ Treasure Island. By itself, the book ‘is not the same as th; set of classics..
va another book is added to the collection, the set of classics has changed;‘

I

L - ' b

;‘ . “Treasure Island has not changed.

. ty sef is the set with embers. Thus, the set of. all,boys i’
by o Ihe emply set no.m ’ s
enrolled in Vassar is an example dfithe empty set. The set of ‘atl months

¥
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is also a member.of A Another way to say this is '

APPLICATIONS TO TEACHTNG

-,having nine Sundays is ancther example of the empty—set. There may be

many ways “of illustrating the empty set but any le of the empty 'set

‘has the same members as any other example of it because none of them has

‘A notation for the empty set is { }. The empty space between $he braces

indicates that there are no members;lh the set.s ' Another notation that is
used for the empty set 1s the symbol ¢b With the first way of. denoting

the empty set the question may arise. as to whether we'had forgotten to list

the ele .within the braces. With the symbol ¢ this. problem does
not arise. - k o : :

Recall that B 1is saild to be a- subset of A if each member of™ B
A 4

B. IS A SUBSET oF A IF THERE IS NO MEMBER
“OF B WHICH IS NOT ALSO A MEMEER OF A.

¢ -

Both statements say exactly the same thing. Asha consequence of,ty

oy,

second\statement the ‘empty set is a subset of

A = [Rosa} Eddy, Leon, Anthony]

_There 1is no-member of ()} that is not also & member of A. The empty-

set'has rio members. Thus, "the empty set is a subset of every-set.
PROBLEMS . ‘ Co o -

-
°

T. Which of the f°110Wins are é’qual sets? - - i _
[women gho are 20 feet tall]

A= (2, e, 1; o, u} - . D=
B=( y . -7 E £ (the vowels in the English
C L (Mondey) : _ alphabet)} -‘
- F = (the days of the week]

8t Which of the sets in the .above list is a subset of another
" in the Iist? ° ’

A

While both symbols,. $ and - ( ], have been used here to denote “the

'any nembers. 'I'his 1s why we say -the empty set; there is only one such set.

empty set; it is best to avoid introdueing too many,symbols simultaneously..

Sirice the braces'have been used for sets'cbnsisting of many memberg as
well as for sets with one member we have kept to ‘the use of the braces,
( ), for the empty set for students in the“

dogs have ‘the advantage ‘of suggesting no meﬁberb*in the set.

21
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' As indicated above, the set with one member and the empty set may

' not seem to be easy concepts to present. Many teachers have, however,

s

R

>

. during reading, © . - N S .

reported that: childrpn have been able to grasp these concepts. quite-h _
easily. Singce these sets will Wtimately be associated wlth.the numbers.
1l and O, they need to'be included in our experiences with sets. There
should Ye emphasis on the use of the- article "the" in referring to the
empty set. As in many other instances, for this level ‘the emphasis is

largeiy by precept and example. on the part of the teacher; there needs to .

be constant awareness of the proper use of. language.

Both the proper use of.language and the delibérate stress on certain
critical terms are particularly important in view of the listening habits
of some children. Some may not be able to grasp all that is said in .
long. expressiops. Some will attend to only part of vhat is said. Th{s,
aside from the cavelier reference to . 'the' empty set' as "an empty set",
there may b confusion between the words "set": and 'subset": Unless
conscious effort is made in enunciation, ‘these . terms may sound alike to
the youngsters. In additioﬂ to marked effort in the proper use: of
language, constant and natural use of new, terms throughout the day as
occasions may arise has been found to be helpful. For example, -there
may be meny instances of subsets that can be pointed out;. during play

period, E .-

.

"a' subset of the class that is on team A",

s

"g subset of the ducklings in the pond"?, .

‘during'music,

'»’and'so an. ' '_ : o E ‘ . o o ' .

. concept to-teach and a variety of_experiences~may need to be provided

"a subset of the class that is playing the pianof,
A v .
S

Team membership offers excellent reinforcement of the fact that

rearranging the members does not change the set. This is not an easy

leading to this notion., -Some childrer are quite convinced’that each

_time there is a new arrangement of the seme members,_a new set is formed.

By way of illustration we might mention that the same'members meke up

O
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the set (team) regardless of who 1s on first base, who is on second'and
so on.® If there 1s any change in membership, a different team is actually
formed Another illustration may be given in changing seat. assignment

22

.v-. -
oy

~



in the classroom, the same -set (class) of students is in each arrangement.
Books ‘be arranged differently on a shelf. Ir there is no change in
member hip, each arrangement gives us the same set of books. The students
will e faced with this concqgt again and again._ For exemple, when.'we

begin to compare sets of objects or. whenwwe partition a set into subsets

this

we want to communicate the concept that a. set is degfined: by the members,
it ddes’ not matter how widely spaced thes'= members may bé. Forvexample,

is th

-

choose sides by grouping the members of each team together. Once
membership is determined "the same members constitute the same,

team T gardless of location of the individuals. The set of classics

catalo uing. Some of “these books may. be clustered in groups fog a display;
be on various shelves, some may be out on loan, spatial arrangement
is immaterial to defining the set.’ ' '

goal, through this discussion, has been to emphasize that set
membersh p is independent of spatial arrangement. However, we recognize f

the intu tive aspects in visual perception. In a visual display, the .

spatial rrangement of a set of objectg mey suggest a natural grouping.
Thus the rrangement . .
X R . ~ -~ °
XX XXX S UXX XXX : XXX XX
R X XX X X XX x%- X o XX XXX
. ’ : ‘ E »
might sug st 3 _groups of ten objects. Later on, when we examine the

basis unde\lying our numerstion system, we do capitalize on this tendency
to group ‘on-the basis of spatial arrangement. For example, to arrive at

a particular decimal numeral a set of objects may be spatially grouped ';J f}”
into subsets of 10's and 1'sy, and sﬁ-on. -

23
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As was mentioned in tﬁe introduction, we' shall ultimatelz\ellcit the
concept of numbers from sets of objects. In- particular, we shall associate '

a set w1th one member the number 1. While it is true tha

set with one
member.cannot be considered (from the standpoint of. logic) befo 4a person
has a’ concept of the number 1, nonetheless, it w1ll be foum
: unlversally the children will al&yady have "one' "in their vocabulary. ,TheK

=

word ' single may cause d1fficulty,f0r some chlldren. . From a teaching .
4 standpoint, ve. may rely on using the®words "one" and ,a'single" interchangeabl
to communicate some-needed concepts. Again,'classes react'differently to'the'

situation. Some teachers report success because the word "single" has been
<

foreign~to the students' vocabulanyL

il e 2
v

'~¥l.w, Along w1th emphasizing the natural us e*of language, we' would like to .
"emphasize the natural presentatlon of. toplcs. By this, we mean a de-emphasis
on -decree: that 1s we do not wish to- say thes 58 are the th1ngs yau must
learn and this. is the wvay you learn them' By natural 'presentation\,' we also
mean - minimizing forced feed1ng. Atf times, it may appear that teaching '
certain concepts reaches an. impasse. Subsequently, in conjunction with
‘presentation of some d1fferent topic, some student's remarks may - reveal i
- ‘ that what had appeared to be an impasse beiore is no longerﬁone. It is
' likely that -some incidental 1earning -has- occurreda It 1s also likely that
'Ithere 1s re1nforcement with other disc1plines that together with the
presentatlon Jxlﬁwthematlcs, help to br1ng the concepts into focus. There
is 11ttle rieed to insist on complete mastery 1mmediately. Oftentimes it

is best o proceed with other developments when an impasse is apparent and

. ret//’dtﬂ,khe topic sometime in the future.
ot

k\ T

'lQUESTION' ' ‘ e

"How is it that the empty set is a subset of every set?"

‘- A subset is a relative concept in the sense that it must be’ considered

in relationbto a given Let. If every member (element) of a set ‘B is also

an element of a given set A, then B is &’ subset of (A, ' 4

Suppose A = {house, tov,.animal}»

* - and B = (house, tey]) ,

O
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9

Since each element of B--namely, house, toy--is an element of A, B”ﬂ' LT

/f-—/yalifies to be. a subset of A ’ L - ' o V4

0y

e

"consists merely of the letter- Ve" [e] is the single member set, \\\;; ;“

-To say that each element of B isl an element of A is logically

. equivalent to say that there is no element of B that is not ‘an element

of A. It 1s by- this second ‘rephrasing that we can see more clearly that

the empty set 1s a subset of every set. Compare the empty set with -
[house, toy, animal] Is it true that there is no member of ¢ that

is not a member of A? Certainly. Compare ¢ with B = “(house, toy)e

Is it true that there is no -member of . ¢ that is not a member of B?

_Clearly, we can apply this criterion comparing ¢ with any set and arrive
‘at- the samd?conclusion. Therefore, the empty set’ is a subset of every set.

.

A

To illustrate,,we may consider the question, What is the.subset.of o

~ this class whose members wish- to fail this course?" If there are no members,

l\r

<
Another difficulty arises in connection with thinking of a set with

then this particular subset 1is the empty set.v

a single member, Since a set is said.to be a collection, the question is .

whether one can consider a single object a - collection. If we think of -

"all objects that meet such and such conditions' as an alternate way of S

determining set membership, then the set of all vowels in the’ word red".'

3,

- (al1 vowels in the\zord "red"] AR N
Lo N . ] : o o -
: A
‘. T YOCABULARY
Elements of & Set* L Member of a Set*
Empty Set* ' -\-b _ ﬁ.' Set*
EQUal Sets* oy e -vl.SubSet*-.- . ;
Improper Subset* l.: o - T : ';, T e
> P ) S )

1

*The asterisk indicates that the term or phrase alSo appears in the

-,glossary at” the end of.ihe book . . - _ . .

] A
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_l'. List the. elemex\ts of each of the follow‘ing sets whose descriptions are: '
(the days of the. week whose ‘names . begin with the letter W); R

(o. (positions on a baseball’ team] ; e - - ' '-?
T ‘c'. - (months of the year whose nsmes ha.ve less than six lettersl.,
- u d {whole numbers between T a.nd 8) s 3 R . S
(.";““f e. (the age on the nea.rest birthday for the- students’ in your classroom) )
| Tf. (the capitals of J’apan and England] HE .-7

& (the colors of the. rainbow] - - ’ Y o
'--2, Write a description of the get: .,,".'
- &+ {Alaska, Hawa.ii] _ R

-~ D (snips,-snails, puppy-dog tails] -

-

3 'Describe the common property of the- elements of (cat lion, tiger]

'k, 'Which of the following pairs of sets -are equal?

a. (17} eamd (T1) » T R
b. (letters in the word bundle] a.nd (n, a, b 1, u, e) .o
'c..(-,q,¢] “and (q,.,¢] : B .

d. . (zero) and - {peacocks"" ‘native to the North Pole]
e. (1, 2,3, 1&] and. (a, b, c, d] '
£, ~f[a.re] and [ere.]

L

g; (M 1, s, p] and - (the letters in the- word "Mississippi“] S

. 5. For ea.ch of the following, decide whether the statement is true or

false and sy, : o "
- a.'.._ 3 is'a subset of (l, 2, 3). - .
“ " . {ego} is a subset of (ego, Je, I] . - B R -

: °‘. It is possible for a set to be eque.l to. one of its subsets.
{all birds in ‘the worldl is a subset of (a.ll hens in the world]

N

6. vGiven the se‘f A‘ [rose, bee, tulip, beetle, da‘ndelion], write the-.y-

subset of A described by : e
. ..a,‘_" (pla.nts]‘” . ";wb“ . B . -
. . be .{insects) ;'\"Q, R . . N ] L. :

% c. (singers) .
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SOLUTIONS FOR FROBLEMS '~ R -

< 1. ‘a. Erie, Huron, Michigan,.Ontario, and Superior. . =.:‘

- Monday, Tuesday, Wednesday, ‘I‘hursday, Fridsy, Saturday, and Sunday.

o, . '”c.. This set is not, well- defined. The set of.objects dePends on .which.
Elsie. Even if Elsie is uniquely identified 1t will be agreed that
tne set of objects changes “In’ time. In order to specify the set

e
3

e it 1s necessary to cons1der a particular Elsie-gt a particular moment.'
A 2.‘ b, ¢, ‘and e are members'of the set." 8. and d are not members of

ot the set because a carrot is not an animal, nor is a tree.

3. :a. {211 ‘states of the United States which border ‘on the Pacific Ocean]
' b. {the New England states) IR AP . .

{the primary\,eolors )

-

,,« ke Sets A, ibh"B nd E  are equal. No- others dre equal. Cl' 1s a sinéle‘

A memoer set whose element s the numeral for one hundred thirty-five.

R ‘I‘he fact that no commas separate the digits, mekes 1t different from

‘ R ) 3, 5. D contains the numeral for nine. E\ren though the sum of L

S _"f".‘»"».t -~ 1y 3, and 5 is 9, 9 itself is not another .neme for -1, 3, 5. D L

S * woula be equal to "{1 + 3*+ 5] l +.3+5 would be the single

- element of . the set“ The. "reason E is “the same as. A end B is
'.'that the digits of" the numeral 1351 are 1, 3, 5 and 1. Recall, .

Phe however, that en element is not reneated in a set, s0 the 1 should

.

only be mentioned onCe.

' "_'-5.'?, Co only.., “1s incorrect because [Friday] is a single membe5:~ set

5 S whose element 1is the name of the fifth day of the week which is not J
R e ¥yi -be- and - d. are incorrect because (y) s a set. Neither

[Friday] ngr (F, r, i d, 8y y] have eany members which are
'-"».themselves sets, - o '

6. 5 ‘I'om], [Dick] {Harry] {(Tom, Dick}, .(Dick, Harryl, -(Tom, Dick, ,
g A_E B=D "'}’ . e Do

.t 8,-.¢C and B are subsats of F

iy o - U .‘ N o '\\.v e -

L2

O
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S < .- CHAPTER 2 - -~ B
. . ' COMPARING SETS - . .
", BASIS OF COMPARISON é, . o : L ;f-

2

' One of the ways that we have used to specify a set is to describe it

by the prOperty that the elements have in common. rI’his method of classifying
"things can be: ex‘cended to help dié‘tinguish one kind of set from another. e

' Associaued with this is the question‘& '"What charactéristic does one set _ h

have in cammon with another set?" Essentially, ‘this is a classification
pro'blem that is one step removed from identifying the common property

of elements within the Set. For example 3 while “the sets

[lion\, tiger, leopa.rd] and- ¢ = [elephant, deer, cow,.horse)
are not equal, both of these a.re sets of, animals, and may be’
fdistinguished from B = [house, ‘tree, salt, rock].

' .
~ - .

A further distinction might e that A is a set of « carniWorous anima.ls .
“and . C ‘Ls a set of herbivorous arrimals. The point is. that .sets’ may be
e compa.red with another. N o T '

N

OHE-TO ONE CORRESPONDENCE . j 1 . T ' S o ' . (’
One way o*‘ compa.ring two sets is by an element-by-element pairing. :
That is, an element of one sets is paired with an elemeht of the: other set\.
To indica% 8 pairing we shall draw a double-headed arrow"oetween the - '

two. members. Thus e R : *

B oL
‘ VY A

‘.

1t

r

.[ti'i'er', J ‘ ar, .‘lion', leopa_rd]-'

= ‘(house, tree, salt, rock) ' .
R is,'paired with . salt, R
L __is paired with “tree; N R
* T s paired wi‘th . ,,.-hous'gé‘,. . ’ Lo _' . ‘ ‘.59‘{
’ . -1s palred with rocKe - ‘ o o
sy I . . o A " " . o o .
" s q 'i * o .
.\. R S N
. " ' A .
P P .\
: 5 N :
. . R .
s 29 : - .
iy ; o “
'.,_ ., ':J +

O
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i m ) PR
: Another illustration o§ a pairing may be given by -

IR

A {tiger, Jaguar, lion, leopard]

e ::><:; .y ;>N(/,' ‘- . | =
: "B (house, three, salt rock) . _ o rtt"

For oun purpose, the concern 1s not 50 much that. ”lion" is paired

with “EESK7 &s' that ‘one member of A 1is paired with one member of B.
Nptice that 1n pairing the elements of B with those of A, -each element
~of . B is paired with an element of A and ‘each element of A is paired’
w1th an element of B. When this happens, then we say that the ‘sets mateh; )

'also, de sey that we have a one-to- -ong correspondéﬁce between the elements
< of the two sets. It can be seen that whether we can get a one-to-one v
) correspondence betweg the’ elements of two sets does not depend, -:on Which';
element ,of B is paired with which element of- "A, For example, the
nairings may be established by either of the,diagrams abbove, In the first’
diagram it is- easier to see at a glance that the - pairing is a one—to dhe

~ —_

correspondence than when -the arrows are, crossed ' RN ot

ORDER_NGSETS\ . }' e

In pairlng the elements of - %A w1th those of B (shown below) there
' is a member .of». B~ wh1ch is not pa1red with any. élement of A Tﬁis will -
e’ 80 regardless of how the: elements are paired. Tn+this case, ve say
. .. \

+ that .B has more members than A, o _ Lo B .
e T ‘A= {cat dog, moUse} SRR % L e
SR B . AR SR
B ‘B~= [Mary, Jo Blll Peggy} " ' T

[

that A has fewer members than B. ,Thus we can compare .

W,

A has'more members than B : ' . L L e
Lo A has fewer members than ‘B, - T - -'ff'w'
_' Furthermore, all this can be accomplished wi%hout counting. .Suppose‘;

- _C' is. the set of all children in the school and S 1is the” of seats in

' the school aud1torium._ By pairing, we can determine without counting '
whether one set has more members than the other, one set. has fewer members%
than the other, or the sets match. i St

. . " .. - Ny 4 £y i . ..'..m ’ -
- . ’ -~ . H ! o . :
,. ; . ’ . . ? ) ‘ ° T " . .
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. l_. ‘. Which of the following pairs of sets match? For those “that do. not.
* match, state which set has more members. B ’ '
- & (letters. in the word "group"] ‘and [g.,‘ Q"v:P: r, u],
- b, (23) end (232) . .
o >c. ‘A= (1, 2, 3,4, 5) and B-[c,d,e,f]
+, 4. B [c,_d, e, £] and C =z [oyster, walrus, carpenter] -
e. A=1(1,2,3,14, 5] ~and C [ oyster, walrus, carpenter]

2, -:vState vwhy ‘'we do not necessarih' have a one-to-one correspondence
, between the children in your class and their first names.

3% Show two different one-to-one correspondences between elements of .
* the following pairs of sets. "

.

- a. A= (animal, vegetable, mineral] and o
o o . B & (carrot, plutonium, hippopotamus} PRI D
b A= [anil’na.l, vegetable, nﬂ.neral ) end. | e ;
- .. C = [ ot,. pltrtonium, beets] S
, c.;'f\ = [animal, vegetabg.e, mineral] and o s
Coe . D = [iron, giré,ffe,s%amip] g

In one of the abov’e problems we considered three set‘s, A B C
where _ ..f.) . ' '

. ) o f\ -[i 2'3:‘&’) 5).'6.“
oL L BEe, 4y e 1) and, - '
' ’ e [dyster, wa.lrus, ca.rpenter]

' .Note that A has more members than B and that B has more members .
*than o Moreo| Ty 1t can ’oe seen that A ‘has more mémbers than- e,
- This illustrates an important property called the transitive prgpertx.
This. property =ih/important because it provides ﬁs with some. means df
) "working with nqmbers later. 'I'he propert& m&v’ be stated in general

R H

'5_"-" terms as follows- IR - / : P
el SR oA msmonﬁmmnsmm B,

LA e amTE B Mstmommmnsmm c .
A I 'mz&mﬁoanmmsmm c. 1




O
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This property is derived without recourse to counting. The cbnclusion

: sanctioned by this property 5ives us-~the. comparison of "A and -C .with

. & set, B, acting as’ intermediary. (In 8 sense, it tells us how " A

_ compares with C uslng B as:a "yardstick".) Clearly, a transitive

members than B, no general conclusion can be made.
", C = [oyster, walrus, carpenter ‘cabbage), then A has more ‘members

o If A=

property is 51milarly applicable when A has fewer. members than B,

and B- has fewer members than C That is~ P - ';‘;

" - ]I‘AHASFEWERMEMBERS'I’IMNBAND_A-__' S
R T B HAS FEWER MEMBERS THAN C, THEN . o
¢ A HAS FEVER MIMBERS.THAN C. - \

Furthermore, a similar property holds when th%,sets match as we shall

show later. - . | o '.{

'
-

Observe that if A has more members than B and 1f ¢ hes more

»
.

qu a;cample 1f A= (1; 2,.3, u 5] " B=(c, d, e), and

-

than B, C‘ has more-members than B, ,and A has mere members than c.

(1, 2,3,% i] , B = [c, d, e}, and' C = [oyster,‘walrus ]}:

c‘arpenter, .cabbage klng] then A has’ more,&!embers than B l!c \1}&3 "..%"_

more members than ‘B, and A matches c.

If A = {l 2' 3, 4 5], -B = (e, 4, e] and € = [oyster, walruB(
carpenter, cabbaga, king, owl, pussy- cat] then A has more members

than _B - C . hasxmore ¥ members than B, and ‘A has fewer members than C,.

'L e . ) . ; - -

Thus, 1f A has more members than B and C. has more members

than B, 1t is possible for A’ to ‘hdve more members than C to have
° .

fewer members than - C, or“to match C, So in this case w& cannot
determlne the order of A. and C co

'By the transit1ve prcpeﬁéy, we have a way of ordering sets that’ a
do not mateh. If A= (1) é 3), B %,[a, b,Ac, d, e, £}, and
¢ =1z 5,0, * ), then as’ A has feWer members than c and C has
. Tever members than B we dan conclude that. A" has fewer membe;e #han B.
'A C B,

If D [carroﬁs, cabbage, ‘carpenter, carousel, castenet] ve see

Slnce A" has fewer members than B We might order these setS'

that C has fewer members than D and D has fewer members than )
B. Here by repeated. comparison,"D would ordered between C, and -

'B. Thus 'we' might order these sets ”ﬁ_ c, AD, ‘B.. Of course, the dets
may be ordered equally ‘well by the "more than relation“ For our purpose,l

- <&
. AR

oY

»

LB

-

cs

a A
o



ordering by the "fewer than" relationywill lead directly to the ordering

" of numbera according to increasing size.

. " . _' ." . ) . " s .'"..l

» , EnuIVALENT SETS oo o T . RS
e e . ~."v,'- :
' a‘,_'_' One of the possible outcbmes from the pairing of the elements of two o T4

_' sets is that the sets matoh. If each element of A 1s paired w1th exactly

matphes Another wa;y of,“ciescribing t'his is that the elements of the

. i t

' sets are’ in one-to one orresEoﬁdence.. A th1rd way of sayi g-’

A IS QUIVALENT“‘O ﬁ

\thi s is that

'J.'he equivalen(:e relation is trans tive.‘ Ir D= [l 2, 3, Ay 5)
L -'[C, ’ eﬂ’ ) 3} and w_‘
'~" then D is equivalent to L

[oy'ster, walrus, carpenter, cabbage, kingl,s

_L J.s equivalent to W and D 1s equivalent
- 'to W, 4We can say this in generai Tor any three sets "'A'," B_',. and C

1 11,..'  (a) T A IS EQUIVALENT O B ; \AND B IS - R
IR :
" \" ld. v " . EQUIVALENT TO:- C THEN A 18, EQUIVALENT
‘t°\“ SR “o e R . ‘, . .
. iﬁﬁ}‘f;{)us consider the following sets: . J : - '-.' ) . ' ‘."
< 4 - B "‘ r. ' . . . ‘.‘ L o e )
T
_.,_A—[a) )c} ‘ ) ' ..‘ : :
. . Czla 87, 6 €} oz
| D—[Aﬁ'}){ S
the following o el _
R I o
(l)'f‘\. has niore- members than' B if:';hf."‘;"
(‘2? S 1is equivalent to ‘A o '
o s has more members than ' B :
Ky ¥ is equj,valent, to. B
. (5) L has more me.,mbers than D.-

4 ’ ' -7 . o : (]

, 3 ] 1 geheral we can say for any four sets A B, C, and D - .
S I & HAS MORE MEMBERS THAN B, AND . T Gl
S N, IR s EQUIVALENT TO A A D oIS’ AT,

LT R -
EQUIVALENT TO. B, THEN C. H.AS MORE- ' "-”'.\ .
,3. MEMEERS. THAN 5. Lt o . R
= ' _M,-n . R . . ST -
_ A similar‘ statement may be made in obnnect,ion with thel ”fewer than - i
relation.. The.t 1s, . ' ST . SRR St B
1 ' [
.‘ - ’
33 “pog .
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A ..,.>|‘A. o

.

?

S (b) IF A IS EQUIVALENT T0 B, THEN o
-\\\\\ ; B IS EQUIVALENT 0 A. P :

"This is a property that the “more tha.n relation dées not have, "That o
v is to say, if A has more members tha.n B, then it is not true that
B has more members than A, Neither (}does the _"fewer than" rela,tion .
have this property.

[
It A=(1, 2, 3, L 5] and B = {3, 1, 4, 2, 5], then certainly
A is equiva.lent to B In fact, here, A= ‘B, Recalling that by A B
. e, mesn that both A and B represent the same thing (they are names
’fpr. the .same thing) it is cléa.r that a-set is equivalent ;to itself;
o that 18, Mo T - :-"'

R 2

b L]

, ™~ .
(c) A IS EQUIVALENT TO A.

This is. a.nother property that the non-equiva.lent relation‘s do not have. .
It is not true that LA has more members tharf A ‘nor is’ *it true that -
. A has fever members tha.n A 'f.;" P o :!~
: ks ‘4, ’
. On the su.l;ace, the statement that a set is equiva.len,t to itseli: .'
. may seem rath.er trd.via,]. This 1s a.nother of those statemen‘ts that .
Cwill have some repercussions later ‘when we dea.'L wi,th numbers.u It is

, not any more trivia.l then- to assert that - O

2+5=7bwwm.7;ﬁj o ..%.1 _.g.

Moreover, as was pointed out before 5 the 1ast two properties stated for
equiva.lent sets do distinguish equiva.lence from non-equiva.lence.

&
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Equivalence relations possess all three of the properties mentioned which

have been identified by the letters (a) ( ), and (c
. -,PROBLEMS ‘ t
'h. Write the order of the following ‘sets, beginning with the set

".that has the fewest numbers.

A
Tt . L : .
ey R R
B A

.

the word "peacock"}

. . a. A (letters of the alphebet in
' B =(letters of thé alphabet in the vord "letters"}

_ C= (letters of  the alphabet in- the* word, "MlSSlSSlpP "} 9 i
- D = (letters of the alphabet in the word "mathematmcs”}

b, A= (1,2 3, 4); B=1(23,5 7,11, 13); u .

. C= [a, ;¢ d; e, fl; D= 1{ )
5. Show how the transitive property may be applied to the follow1ng
. » sets. , h
. A= [lion, tiger, leopard elephant mouse, cat)
B = (house, tree, salt, rock) ‘
‘ C= [the days of the week) Py . ‘ ‘
. -6, d If A, B, C are ‘the sets defined in Problem 5, and D, E, F ..

areothe sets so that

D is equlvalent to A
E is equivalent to B. ’
, . F &s equivalent to °C,
'.what iikthe erder of D E, F?

,'( N

h

&,

Te L gh. hasumore members than B, and C has more
&@iqh set*has the most members?
8. If "B has more members than A, and C haslmore members than A,
whi¢h set has the least members? ‘3{’; , o ‘
©' ' APPLICATIONS TO TEACHING . ' ' 4 L

By the pairings that we have stated . above, one member of a set is
paired with exactly ene member of a second set. Thus,

» that we cannot completely pair the members. Ir A n
B, there will ‘be at least one member of B that will be left unpaired

it may be poss1ble

fewer members than i

Furthermore, in a pailring, no more than one element of. A 1is paired .
~with a particular element of B. Sc% if A has more elements’ than B
there_will be ‘at least one element of A- that will be left unpaired.

o : : ‘ S e

O
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‘_rounding off process is n

“the nearest tens, the numbers _J- CoL

If no element of either A or - B 1s left unpaired, then we have a

one-to one correspondence (abbreviated‘ l 1 correspondence)
., . }

There,are many manyng-one correspondences. For-’ example, the.

y-to- one. In rounding.offuwhole numbers to

~

©3B, 36, 37, 38 39, 40, 41, k2, 43, Lk

are eéither "rounded-up" or rounded down" to 40. -So this is a

. ten-to-one correspondence.

Y

Our main congern here is with l 1 correspondence. We use

‘1- l correspondence for comparing sets according to how many.elements

they have., This in turn gives us & basis for comparing numbers. Aside L

from this, there will be many occasions in the mathematical career of the

students, in ‘which 1-1' correspondence will occur.

°

The students have been accustomed to thinking about pairs of objects

_.that are alike for example, pairs of mittens, pelirs of ‘shoes, pairs of

socks, and 80 on.” : In our examples we have avolded the use of the word

o pair in this context because we do not want this restriction to get

in the way . of the concepts associated with numbers and with counting

In our development we start with pre-number concepts thatrdo not require
the knowledge of numbers. - From these concepts we derive the concepts of
numbers. Our concentration on set- comparison by equlvalence is to prepare:

for the concept’ that if sets are equlvalent then they generate the same

Vnumber.

‘The word "equivalent" may cause difficulty for some children. However,

~this may be again a matter of individual reaction.. Some teachers have

" found that’ some chlldren apparently cope with this word successfully

" because the word is fbrelgn to the children's vocabulary. The phrase

"as many as" is also used in conjunction w1th developing the notion of

:equivalence. ‘Phe word in th1s phrase are more easily handled, but the

- longer phrase demands more attention on the part of the children.- Some

'_children may attend to.only part of the phrase. For. example, in response

-to the request to produce a set with as many members as a given set the

child maj merely produce one with m Yy menbers. : : )

36

J



The notion of separating objects into equivalent sets or classes

also underlies our thinking of many names for a number. For example,

. ~._1 2 3 5 . :

e . 2 ¥ ¥ B’ ST A .
all name  the. same number, and we can think “of all these fractions as being
@% the seme equivalence class._ Any fraction in this- class is equivalent N
to another and wé may use any onesfraction in th1s set as a representative
~of* the set. Usually, we choose the. fractlon that is reduced toflowest
terms as the representative and consider that th1s represents the- number.
But this 1s not always‘the_case. For example, if_we have the proplem

. - : : .

12
2 "3

.

neither the fraction: 2 nor % are convenient representatives for the numbers
" that we have id mind. From the set of fractions for one—half

{l T2 -3 k.5 } ; h o
o » 2’ '[;J ‘61 . ‘B‘J lo; » o e ..v . ' . . R
S L. . - : o "
and thg set of fractions for two-thirds o . . |
A 6 8 10 )
_‘ LB )

.

our problem. Thus -

6,

+ _§ - '
12 .12 : *

-

or

win

and so on. Out of these, the ones we consider to be the most convenient -

'onés to'use‘are the ones with the.least common denominators.

QUESTION ,‘

not.match?"

This is in reference to the transitive property £ "more than" or‘r
"ifewer than" ( page 29) Teken out of context the qu stion would be
inappropriate. For sets,that match, a transitive property applies, but
this does not give a way of ordering sets in ‘theé manner that we have in-

mfhd: according to the_number of elements. By this cr1terion, one

N
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~

set that matches another cannot\be\saTﬁ'to have a higher or lower order
_‘than the other. S ' '

IfA=(a, b, c,q, e, £
: C B [ace king, queen, Jack} o
Vo C- [book wagon} -~
p=¢
: ' Ev;_'[,b,c},

then no»tbo of the sets match. 'Comparing A with ' B, we see that
B has fewer members thin A. 'éo, in increasingforderbof the number
- o b of elements,'we have B, A. Comparing 'C ‘with B, v see that
' C. has fewer elements thean B. By the transitive property, .C has
V~Ieker elements than B end B "has fewer elements than A, means
C has fewer elements than A. Thus, in 1ncreas1ng order, we have

C, B, A -and similarly by repeating this process we can get the

order . ~
- » " ) -
i D, C, E, B, A
/'\ S : VOCABULARY .
As Many As (As Many Members As)* - More.E;an (More Members Than )% _
Equivalent Sets* - : One -t0»-One Correspondence*
Fewer Than (Fever Members Than)* Pa1r1ng* )
‘Mateh* T i - Trans1tive Property

S © 'EXERCISES - CHAPTER 2

1.. If the sets match, show a pairing. If they ‘do not, tell which set o

~' has fever members than the cther ‘ ' . .
e A=(DO, 0, A %) b. C = (cow, tyee, blimp}
B2 (x, I, v, M ¢} . D = (dirigible, ‘trunk, milk)
2. _Order'the sets;_X,. Y,_ Z. . “v . .b v
X=1{1,2) | - [3, b, 5,6} ™ = (789]

3. Glorla is taller than Andrea, and Mary is taller than Glor;a .
Car the concept of trdn51tivity be applied here’ 'If not, why not?

If so, what conclus1on can be drawn?

'

Iy, In attemptlng to place the elements of ‘P inm ,l -1 correspondence with

the elements of Q, . if we' ryn ‘out ofumembers of P before we " run out

‘of elements of Q, what can.be said of the relationship between P

ceand Q7 -~ . - >
o d ' 38
. b
i “~ .
. é:% I
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5. k 'l'he elements of which sets can be put in a 1-1 correspondenc.f"f\/

. a. A= (living human beings] ‘B = [functioning human brains]
b. C = (socisl security numbers] D = (income tax. returns filed)
c.. BE= '[consonante in "I"]‘ F = [women who have ‘been. president

of the U. 8.) | -

d. G = {(the human senses] H [normal number of toes on a.dog's |
. hind foot} v L o

- 6. HName three ways of. describing the fact that- A matches B.

)

SOLUTTONS FOR PROBLEMS.

'These sets match. In fact they are ual, so one natural" '

' L.
~ ¥ peiring would be to pair each member with: itself
o b. These’ sets match. There is only one pairing since each is a

‘ ' single member set. (23} . R “-':_ Mo _ o
o B = R o ?’
. c. AandB donotmatch A= w30 5}, . . - '
e - . ) gsi i i, ;] | R

' B there is o elerden‘ﬁ of A left o\rer An any pairing,' o ‘

s ,‘A . hu more members than- B RO g f".' CE
"':'3:, has more nembers tha.n :j’ "-".7"-' . “ S

A hes more members than C

2. 'I'here may ‘be more then one child having the same first na.me

' N
3. _a. A= [ani‘nel vege{a‘ole, ny.n ral} | .
T B [ca.rrot, plutonium, hippopotamus] = o

Y

“ {an , vegetable, min§ral]

{carrSt, plutonium, hippopotamus) .~

a » m.:»,_
1}

{animal, veée{a‘oie, mi3eral]
{ca rot,.pint_ '

nium, be€ts)

[mimn#e}ged%:eralfl _
. : ] )
[ca.r , plutonium, b¥ets)

, 3etable , minerall
pi

[ir

{(animal, vege able eral)
{1roff} fe, tutnip) .

e, turnip)

.U#'Ubob
[}




-'( - - \
v
) :

’ . . [ S

) L P
..:l/\ X g ,-":f;. ] . ﬁ < ‘ = e ;. . _.( . \ -
: The order requested Isf.C,._B,--A,, B C ENEPRRN e

EED R - o

I3

. WP.;*D, A':4B or D, My C.* Since B and C are equivalent

,1;3f sets,‘they must occupy the same position in any ordering

5, Since B has fewer members than A and A has fewer members ' .
]
than C » gt must be true that B Has fewer membeérs than C. - _

or TR

,;'_'-'57.
C 'has'more members than A; A has more members than B

Therefore C' has™ more members than B 3{3ﬁ

€. e increaslng order of A; B, C'is B, A, C;. D, B and‘ FooJ

must. be ordered E,. .D, F Jbecause equivalent sets must’ occupy
4

the seme posltion in any’ ordering e
7. By trans1tiv1ty, we can order the sets as B, "A, C, _startiné ’
w1th the’ set that has the fewest elements % B ‘ :; L -

T

8. _A. This 1s a case in which we cannot determine the order of 4
B and C. We only know that both have mgre nwnmers than ‘hl '
1..*"_

e . ~
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. Chapter 3, L
S WHOLE NUMBERS ., '+

, .

NUMBER DROPERTY OF SEIS . = - - '. A -

The concept “of number is developed from the concept of sets. In
Chapter 2 we compared sets on the basis of character1st1cs which they
>~_had in common. We also ordered sets. In this chapter we srall focus

our attentlon on -one of these common propertlé% and develop the concept -

., of number. ) .
. Recall that sets:can e compared accordlng to. dlfferent cr1ter1a.
*fﬂA set of red balloons a a set of red blocks share the common characterlstlc

of color A set of blue ‘blocks, . a set of green blocks and'a set of red

. blocks are each composed of elements which are blocks._' )

of two sets,;they vere sa1d to be equlvalent Forﬁetample, (Ieon, Rosa

Eddy] is equlvalent to [a, , ¢} because their members can be paired
with none left over. It is, certa1nly~poss1ble to neme many other sets
which are equlvalent to these, 1ndeed we could never exhaust all the
possibllitles. These ‘sets share a common property, that is that. they

have the same: number of members. PR A

.lSlmllarly_the sets

. G e, o) o
N _-r: . B .[&6_ f‘Q:f,‘?} o B
ta, o1 -
(Don, Len)

ot

- C

D

are each equivalent to Any other in this list.

of each having two elements.

r Every'set has this number property

‘Sets ‘which are equlvalent have the same number To slmpllfy the termlnology,

(A)._ We can rephrase the®

Teg v ; Bl . . ..

" ”*We shall call this the card1nal number of the set. Cardinal number will
3 ‘be dlscussed later.. . ’ ' .
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I 2. Identify the nmnber of the sets using the notation N( )

m'mssm's AANDBAREEQIJIVAIMT.
THENN(A) N(B) . T |

'Note that this does not say A B The. statement A= B‘_ i's‘only true -

if A and B nhave the same | members

.momus" ~ L “ . 7. L - v
1. Describe a property whi;ch the following two sets have in’ common with
ea.ch other. -~ | R
D = (doll, balloox‘z, tinker toy] .
W = (block, wago ] R v R

-

a. 8z(b, 4,1, n, J] . o
b. P= (2, ., 5 ") L
' (letters in "abbreviation") '

o
[
[}

3.. Given:

[r; e, .8., d] "

A= .
B=(2,4,6,8 10 12,14 o »
-c=[0A¢,o#x1 S
D= i %,é} Y T
Find : T : g
‘a. N(A) . o
b. N(B). , 3 . NS
R A T S A A
ORDERED SET§. . - -, 1 . R <

"y 2 S s »
Frequently, the elements of a%set present themselves ina natural order

. For instance R most English speaking people would list the members of the set

of/wve‘l?as [a,, &, 1, o, u}. Tt is natural to: 1ist the elements in this

rder because this is.the order in which they were learned It is, convenient

bece.use without undue checking gne can be sure he has not’ omitted<'a.ny member'-‘

¢ 4 <
. 2
#*Solutions for problems in this chapter are on page 51.

! _ B ST

. . . :.;,_:;- '8 -._‘._,
. "ua . o i e

1 - , .,.-' N . {.”._. ,

45 e




) v .\-“, '5\ .

X | . \ \ By . ey '
- Swwularly, 1t 1s natural to‘list the’ members of the set of letters of
the alnhabet as : ,'7' . %“ N :f; B I f, oo

la, b,'C:_.,;d e, T, g:» 3. 1: JJ k: 1, m: m, 0, P: q; r: SJ t u)
My Wy, Xy Y: Z] : ; |

LN

;' . ‘~‘ - L -‘;
In ordlnary drltlng we write thls set as. . . AU T

{a, b, c, et . 'L] , '_-'_..'-: o _ .\'.__ s \\:\ :

- - Ce ."'\ - ) L . P BN ’ . . " - .o ) o !

The three dots, ..., mean "and so o#jin the same manner!, They are used-
to indicate the omission of certain members oy S . ot

. . . . .. i R R
) . N . B P ) T W } R <@ v

Essentially, to "order" thlngs 1s "o llst -or arrange them in some

e:partlcular fasnlon. One can then say - of each element which of the other o

elements it precedes We do this by comparlng palrs\of elements 1n 9\' N -

BN
the list and de01d1ng,wh1ch element precedes the’ othe The word-

nrecede; may be replygfed by "above", 'below shorter‘than“, "greater

than", and so on dependlng ori the elemen;s &o be ordered

//Tor oxample, cons1der the set of pahes Lk" o 5:',_ o S .
. --." o [James, Wllson, Sm1th Alton); . o
. [ ) ! by . '
If we order these:elements alphabetlcally we have.
[Alton, James, Smith, Wllson] P
Ve oall this aet an ordered set . ST )
L R o ' .
STANDARD, SETS S N ' o
’ ’ i " N . . . . L’. .
.Lct us ;taullsh some ordered sets beglnnlng w1th the set “{1).
s ‘ R 1
Ve “zontinue . - L
'[l, 2], ; ‘ y '\\ -
’ [l.:' 2, 3]“:. v - \ .
. ‘ oY > A
: | fl’ 2, 3 l*’]: ' '
"and o - - ;' : o '. : | o i

eets. ,Thus

' (1) is a subset of .[l' 2],‘
{3, 2']\ is & subset of W, 2 3],

and so on.

O
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By ¢'omparing these sets, called standard s'eit ,-__ we can determine which

belongs before the o‘bhers in ordering these sets. For example, ve -see

immediately that +(1, 2, 3] belongs before (1,02, 3, &, 5,. 6} 1in ordering
these standard sets. . &/ e
I - L N o
< ':PROBLEMS o I

« 2

o la- ‘For each of the following sets, state whether the elements are
' 'appa.ren:tly ordered; 1f an order is a.ppa.rent describe what® might

) "'_;be the determina.tion ‘of the order b B S N

, e (1,2, 3 L, 5] _ 3 ,
- ;jfb, [5,<ut 3, 2,1} T L o
, ‘ ’ . t-»l [acgordion, a.lba.tross, bra.in, bubble, ‘gum, humbug] . T

[student tea.cher, princi al, superintendent]
. .[father, son, mother, dau;er] -

(fa.ther, mother, son, da.ughter] . R :

-, ,5":-. [q, w, e, r, t, ¥y u’_.i’ o, p]} T | o e

one (5, 40,3, 20

5. @ Given ‘i ordered set, ° DR

RS T ’ A

[thumb index, middle, ring,- pinky] R
a-_" b"S‘I\i‘ow' the 1-1 correspondence between the elements of H

L3

:~and & standard set.

e

b. If. 8 = [Dorothy, Rosie, Laurie, Na.ncy, Susa.n] glve'd. subaet o '
“of H that {s equivalent to §; what, is N(s)?

’_ ‘e, Describe how counting osour fingers implies finding a set L S

‘that is equivalent to a-;standard set of number na.mes

CARDINALITY AND ORDIVALITY T e - i
N ; ’ : . 5"-._ N ' ' ' . :
 Let us consider the sets '

, A= {Deane,, Leo] I ' o i
. “ B = (Don,. Len] Lo .
a . h ‘ . C = (Ruth, Margaret] Lo~ ,
._A“‘" "ID [E‘laine Mabell

Ea.ch of these sets are equivalent to any other, since the elements

.o "of any two of the sets ca.n be put into 1- l correspondence Let us -

- e,

consider all the sets equiva.lent to any one of these’ given sets, for .

. exa.mple [Deane, Leo] Among the sets equivalent’"‘to this set is the

4

- e

9 . | . . : N ’ B
Sj:\ . ' oo

ERIC

Aruitoxt provided by Eic:



v
et

. B S Y ,

o

standard sete £, '2} These sets all'possess a common property théir
equivalence to the standard set (1, 2}. This property 1s independent _
of the elements of the set,. We call this common property :the number. twoc\ S
We"say the numBer property of the set N [Deane,‘Leo] is- 2. We write

. this N(A) = 2. This number property ©of a set is the cardinal number Lo

or cardinallty of the set and the number itself a cardlnal number..wf

Similarly?the number property of [l] l; -[l 2, 3] : 3,

and 50 on. Notice that the number property‘\F any stdndard set is the . ' B

number named by the last elemqnt in the set. The emp

ty*éet is assigned.
the cardlnal ‘nuber zero "uﬁpat i5 . N(B) = ‘0. The words "one , “eight",

n1nety-n1ne , and " 89 on, are names of cardLnal numbers - Th1s concept C N

an be consldered entirely separately Jrom the phenomenon of order.. o *' T R

Much}has been saidv bout the orderlng of sets and of elements within "7

. LA
. setsa In th1s ﬁgference, the words. ﬂafét and last have been used. ”hem_ 1l\§%.’_
: fact that we can talk about the th1rd letter of the alphabet o: the .
» fiftieth state of the Unlon, depends on the ord1nallty of ‘numbers. . The . ‘ ’
b words first, second thirty- elght .and so on are names of ord1nal numbers.L_' ‘ '
These are 1ndependent of quantlty and can only be cons1dered relatlve to . .

some frame of -reference:. “That 1s, we cannot speak of the third quarter .
. in a: Tootball game w1thout implying that there were a first ahd a secoﬁﬁ iy
quarter. However, the th1rd quarter only refers to one of the implied _” i§" 1 .

three ouarters. Both aspects of number are contained in the statement
Jimmy is the third child of our seven children. Note that an ord1nal

number requlres a set of at least the correspondlng cardinal number of .

-

members.' Jimmy is the thild Chlld requires at least 8 set of three.

On the other hanq? a cardlnal‘number does not- necessltate ord1nallty of

its members. The number two is the property of (chlcken, egg], the : e

_‘question of the ordlnallty oI the members of this. set has occup1ed m1nds
for years®! : R

. e
. . »

" At thls point, we want to remark on the commbn usage of language w1th
ﬂ reference to the ordlnailty and cardinallty of numbers Qulte-often, as

in the case of _"Page 3", & number is meant to be used in an ordinal sense’

?even though 1t 1sl

i

.ated as &’ cardinal numbe%;. The ident1f1catlon ‘"Page 3"

refers to the thlrd of a’ serles of pages rather than to three pages R
. - - -4\.». n .
. . a' ot R . . '

O
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PRO.BLEMS o

e

r . 6.ﬁ Identifyfeach number in the following .85 to whether the use is Y
' orainatior Sardinal. | ,
. There are '3 blocks on the table.;u
b.-:John is number 5 in line.{'v R
c.. My address is 164 State Streeu'iﬁfy
d. .Seventeen children are’ in this class. '...w
é. -Joyce read Chapter 7 last night .

. &
, ) . . 3

~

T Identify each number in the follow1ng statements as to whether the
/j - uselis.qrdlnal or. cardinal N Lo

You will find that 'of all"
l?, Part 2 contains materlal that_

. FINITE AND INFINITE SETS

. . o Vel - o
The set of cardlhal numbers, when arranged in order, is endless‘

gw;ﬁ‘ _: G1ven any standard set, it is: always possible to find another set w1th,

e . larger cazdlnality We say that the set of dardlnal numbers 1s infinite.
Any nonemptM set 'A which is equivalent to a standard .set is called -
a f1n1te %et’ ?I bther words, if a set A is 2 finite set, 1ts elements
‘can be counted and such a countlng would»come to;ah.end
: Examples of finite sets are 3\ :
/" v . . ‘-\
"-\A L - [a, 3y G ey X, ¥, z) '-'.7," o )
Q = [children in this class} : . “\\~ : S
’ . L] L B
R = (houses on Main street] . L
. C Examples_oi 1nfinite sets are. - " ﬂ;l’.
NI . . e (cardinal numbers] = [O 1,2, ...}" B .i:;
) , L pe [even;pardinalfnumbers} =ﬁ{0;‘2,'4’ E;_]; ’ o
+ ORDER OF NUMEERS' T S o
The numbers named by the set of numerals - _ ' N -
MO (o 1; 2 o)
are- called the whole numbers As in'thetcaseéoﬁ:.""
N A {a, b, c’ . X, y,’z},," )
N i i.hi’ :
. p sy :
o ¥ o Sl e
o y] ! o ¢
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: 2 . .. s .
» N " [y

' . we have used the three dots to indicate the omission of certain elements._
‘The difference in the use of. the’ three dots in e v e

o . e e ‘ A . P
J oo .

'1is that’ no ‘end is indica‘Eed 1n" the list of whole numbers. The.fset;of .
whole numbers is en infinite set. /. : - A T

< : ) o : B N : e
: R Lo ¥ LN A .

R If zero is omitted from the set I 1

¥

e have the set of counting numbers' or. natural numbers... Thus ,%he set

.of counting numBers is o L oo ,v.:_":'-'..,‘s:_

w..+; Whole numbers can_

-sets ‘such as

fay by e5a, e e T et

- .|e.nd -

{1 2, 3,#5)

nt

Hence th' cai:dinal number of these sets is

.5-

number of P A
and henee 3 is less *bhan 5 W‘ write this .f : -. ‘_-' C T’

The symbol " mea'n’s its less than PR . R ‘
- . . . . P . R

"-“ When the elements of the ‘set of whole numbers‘ is written in order, »

S
-

-0 l 2, ..;, each number is less then any number that succeeds it in® the .' .
- . e .’.' v . -

. sequence Thus T T PR

) . R S

o<1\2~43<h~..:_f
«sigq.temént"a < 5 mpay be wri,t'ten ‘

R . . .
- . . v

[

: The

or b 5" '1Thé"‘:émb Je
5 ha.n".



. B . . . . Cm ..

n"

v

: : .4 i . . . ) . . ,..? -.'>
If we choosewany iwo whole numbers a and b, exactly one'éf'the
follollng statements is true:" ' o

B
. s " Q.
3 i .

. . s ' . e <fb

vAp
-

PROBLEMS . - t

° 8. 'If 8 = (b, d f e, "), and A= [a, b, r, e, .’

L v, i,-, of n} put&the sets 1n11hcreas1ng order ‘and then order e

.)

their numbers us1ng th§ gymbol ;<~”’

IR
v

.1‘&f' Wlthout know1ng the numbers of two sqts, say X and Y what ’
o .mmtbetmeol MX) and - NIN ' o

Lo NN \1

APPLICATIONS TO TEECHING C - R

e 77

) &

DY ks

L ”he foﬂus on, sets and other pre-number concepts provides a back—

bround for the concept of number 1ntroduced in this chapter.~ If there

>

3 la 8 ‘l .,:corzespondence between the elements of” two sets, then they o

7

are saldfxb be ethvalent and have the same cardlnal number'Or the same
.o number pruoerty To determlne whether there is & "1-1 correspondence
Lz?b "~ .between' the slements of tUo sets, qn ‘element -of one _set iSjpalred with

o an element of the other set :Thq uéé‘of the , word pair is non-mathematical.
5 ¥
' ‘The two elements that . are ass001ated form a p&lr
- . ‘ .
For dur purpose, once a pair is so determlned neither of the :

A e

'"velement in the pdlr is to be'. ass001ated with any other element to
ﬁwalolm another palr "~ Thus, for A _.[a b, ¢, d} and B €9’ -* [j
C)} if g deCLde to pair b with A, we havg .

( N ., -
A--g-_- [a, b, C‘ d} . . . \
< gs' - B = '<39 *, 0,00 0
ll, in the attempt to get' a | 1- 1 correspondence' b is paired with
4 tnen b ishot to be paired with any other member of 'B. L Ne1ther is
A ‘to be paired 'Lth any other member. of A. 'Thus we cannot seek q 1-1

uor;esponaence hetween the members of A and B by

AflA.=

g -
i
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"' Of course, b may have been, selected to be pa1red WIth-',<0 at the outset

Q

. . a T .
oy i . . . ’ .®
. ~ o . - . ..

v
[ * .
L

Then ‘b 1is not %o be pailred with * g, a, or O ,-.:nor is J to

Ie

4 : § :
be paired with a; df’ d. The one- topmany and man“-to-one cmrrespondences
illustrated 1in these last two d1agrams as well s many- to many corresnondence A

4
will be discussed in the. next chapter -t e . o
. ] e v
.. v 3 Sl .
In the children s books the paiplngs are indlcated bj (.onneﬂzl-nrr 11nes - :‘

from one objeet. to another mych as we have msed the arrols on these oapes
Special attention may need to’ be- devoted to explalnin" the meanlnb ol.the
extra lines (dotted or othqrw1se) on the Drlnted page as they may e a
source of - confu51on Having the Chll.leﬁ trace over these lines themselveg
,may be helpful Thus they are act1vely engaged in conneculng or pairintr . "n}',.~
the objects For the same reasoh act1ve pa1t1c1pation in palrlng objects - -

on the - flannel board using yvarn to define thee pairings Wil be helpful

‘ The pairlngs may result in exhausting the elements' of one set w1thout

exhausting the. elements of the other When the‘elements of both sets are;
1I

exhausted simultaneously, the- sets match.. S

Pairing thén refers to &he elements and matchlng to the sets.

When the- sets match _they are sa1d to be equ1valent Thus equivalence

' implies the same number of elements. Note that equal sets are al"ays

equivalent Sets ‘are equalqnnly if they have the same members; therefore,

v . the number of elements must be the same. However,.lt 1s not true,that

equivalent sets must neces§ar11y be equal. {1, 2, 3,.+; 5) and

‘F"CF_TZ‘_3' ¢‘“6?_—ETE‘equivalent—buirtnrb—euuat*—there—re—a—~l1l—ee¥¥eseeﬁdeﬁeee——>—~

v '

between the elements of these two =et= s T . '

Just as the determlnatlon as to whether” the number, properﬁ!es ct
two sets are equﬁl depends on whether the sets match, the ordew of twg S .
numbers’ depends on the result of set comparlson If. A has fewer members

than B then, N(A) < N(B) The characterictics ascr1bed 40 numbers

- derive ‘from characterlstlcs observed.for sets, not'the other way around.

- row ‘and he still skips aroypd countlng the anects in‘a random fashlon it

Occa51onally, 8 child may understand ﬁil correspondence and the

‘process of counting, but still may be unsuccessful Jpdcause he canndt»keeoA

track of what he hhs counted and what he has not counted Lor such a

'child it may be necessary to actually sugge®t some systematlc strategles L.

in attacking the probLem JFor examp}e, if the objects are in a horiaontal

~.. ' might’ be suggested that he proceed from ieft to right as tn I'eadLNg .
o e ' )

“ . S ‘ - . )



- and_ B = (shoe, wagon; doll},
. both A and - B

4
In counting, "1t .does not matter which element of a set is paired with
a given element in the appropriate - standard set.i The same number property
By contrast in. ordinal
.use of numbers, it.:is assumed that there 1is a pre -determinéd order in the
given set as well as in the standard set That is, the elements are.

ordered by associating with each element as -the. first, second, third element

18 obtained regardless of the pairings used,

’

and so on_.as, the case may be. The ordinal numbers may not be in the vocabulary

-of some children. However, 1t has been obserVed that ‘meny children do know

. what these words mean. ,In such cases, apparently some incidental learning

A
has occurred .

. ' ’ - ) .
. QUESTION ~ - ST

“What is ‘the difference between ‘equivalent sets' and equal sets‘?"

- If A and -B denote sets, to say that A = B, we mean that A
~Thus, if A=

‘we can say that A and B. are equal

and B are both snames for the same set [shoe, doll wagon }

consist of the same members.

On the other hand the requirement for sets to be equivalent 1is less
if the. sets mateh, then they are. equivalent.- Thus, if *
then both sets have the

A 1is equivalent to-
C."If A is equal to” B, then ,
A and |

demanding.
[shoe, doll, wagon] , ¢},

Hence,

and C={a, b
same number property (both sets match)
C even though A 1is not equal to.

A and. B ,are necessarily equivalent have _exactly the _“

same members, therefore the: umber of members are\ ecessarily equal.
JIf A is equivalent to - B,
equal Having the same nurbet of members does not mean that these sets

then A and B are: not necessarily.

R must therefore be identically constituted

i

.Cardinal Numbersf, . o

L ..
< - VOCABULARY - . .

. Natural Numbers

Counting.Numbers'. .
Finite Set® -
5; Greater Than® : >
. Infinite Settf” o : '
less Than® = . . : ‘

. . . -
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RCISES - CHAPTER 1

3

1. .Name the number property of the sets:

. a. | '[], A, O, O) . 4. (letters in the word "deeded"],
fﬂi " b, [2&3] ' . ST e, (the number of vowels in:'"bureau")
- e, (zero) ' . £. (cownting nuibers leds than 1)
.2, .‘_Here'are four sets: A= [a; B‘, c, d4}. '
' B = (1, 2, 3)
‘ c=() . o '
D=l a, 8,7 - R U

Identify the number properties of these sets; write all the

relationships you can, using the numbers and the- symbols <&,
»

=, >. For example, 3 < L.

3.  Suppose you,want to explai@\“wide"'to someone who speeks no English’
and you do not speek his language. How would you.go dgbout conveying
to him the idea, of "'wide"? ‘ ' .

H%'_-M = (man; fish, ape, amoeba, 11zard] . ’ _ _ ' d
Rewrite the elements of " M in some more 1ntu1t1vely logical ‘order

and describe how it is determined '

5. List the elements of 9, 6, 11, &, 3,1,'10, 8, 7, 5, 2] ~in such

a way that 1ts number can be determined without countlng.

.

SOLUTIONS FOR PROBLEMS - - L

~

.

di. Answers may very; e.g., they are both sets of objects which are

children S toys

4?
2. a. (S).: 5
b, N(B) = b _ v .
c. Since A'=.[a, zg r, e, v, L, %, 6; n],aN(A) = 9.
C e K C |
b 7 '
c. 6
d. 3
_h. -a. The elements are listed in increasing‘order. 3
" by .«The elemen‘ss are listed in decreasing order._

N ’

¢.  These words are in. alphabetical order.

zq} d. . This descr1bes the positions in the ascepding hierarchy in

a school

ERIC
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Males listed first in décreasing order of age and then females l
,_" are listed in order: Bf age. ’ . R
,f._fTwo apparent rules: of order opera te here also The adultsu'
_are listed before the children and male takes precedence over

A female. . - S ' o - .

.

8. No order'is obvious, so "not apparent" onld be correct'
'_~However, the. letters happen to he in the order in which
‘they appear on'the th1rd row of. a standard typewriter.

h. Again no order is apparont If the set is renamed by the.
.MOrdS'[lee, four; one, .three, two}, you can see they are

\

~ in alphabetical order. = S
5. a. H= [tIu'mb, irtdex, micidle,'ring, pi{ﬂ(y} - A
‘ [) 2:‘ 3: ,', 5} .
".b. The subset of . H which is equi#alent to 5 1is the improper
subset H = (thumb, index middle, ring, pinhy] vN(S)_:
as part a. ‘shows. T o
. As one counts, he is listing the elements of 8 standard set..
When counting on bur fingers, we usually touch one and say a
" number. This is pairing fingers with numbers so that the

sets match. Hence we have found a set, a set of fingers,

‘which 1s equivalent to {l 2, 3J.

5

cia, 'Cardinal f -
., " .
b. Ordinal ° N
¢. Ordinal h : l
o » d. Cardinal. . ) e -
\Y. - Ordinal’, f )
a = 7. . Cardinal numbers are: "two", "zero", 30", "one"; those used as'’
. ordinal numberi:are:'"Three" AL L o
* 8. f.The sets in"’ 1ncreas1ng order are P S A~ Since N(S) =95,
) . N(P) = &4 ana N(A) 9, the numbers must be ordered L <5 <09,
< ; .

9. Exactly one: of ;he follow1ng/p€atements must he true. y '

N(X) <N(Y) % N(x) = N(Y)%%r N(x) > N(Y). *

3 . AT © F? I
BN a 1 .
. ‘a .. . L " ) Ce \.
p:\' ’:; .,.;..} N
5 . .
- ‘ ' B 52
~ . ‘- . 1
> -‘ . ot
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~ Chapter 4
| ' SET OPERATIONS

£

 SET UNION-

=

. Let us join the elements of sets A \end B to form a new set. This~
new set consists of all the elements belonging to ~A or B or both vw:,*:
and is called ‘the union or join of A and B._ We write. ;

AUB_[AODQ#XBX}
and read A U B" ‘as‘ Uy union B"'

This process of joining two, sets: 1g called an’ oBeration on sets.
Since we Jjoin just two sets at a time it is.called a binary operation

For our present purpose, ‘we use’ this operation of joining onlwaf the two
sets do not have any members in common. The elements A C) El' are
lzmembers of A but not of B. It 1s equally true that none of ‘the. members .
of B - is a member of. A. If two 'sets do not have any - members in common,
as in this case,. then we say. that the sets are disjoint sets. For example,
the set.of boys in a classroom and the set of girls in the classroom are
disjoint sets; the union of these two sets is the set of boys and girls

in the classroom
. PROBLEMS

"

1. ‘Find the union of each pair of sets P

LS

a. A= (1); B {2}. )
b. A={1,2); B= (3) T e o ‘
S A=1(1,2,3); B=[) e —
4. D=-1, 2, 3); L=I(a,b, cyd, e
e L:fa, b,%,a e} D=1(1,2 3
r . ’ ] “', T g
£ o A . ~ )

. ) .

%Solutions‘foriproblems il this chapter are on page 66.
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£.78 =8, b, c,74, ,1,2,3); G=( a B, v, &)

J

g D=1(1,2,35; 6=( o, 8, Y, 8) S -
‘h. L= {a, b;.c, 4, el; A=, 2,3, a, B8, 7,.5)-'

“a. Whlch of the problems above 1llustrates the result of the unlon o
.of'a set with the empty set°
b, If A is a set,.what is Au( )2

-

3. If v=_" [aardvark bear, cougar, deer, elephant fox glraffe
hyena, 1bex, ‘jackal kangaroo, llama)

W= . '[aandvsark colgar, fox, Jackal)

5
a -
P4
1t

ey s _ d X {vear,’ deer, elephant . giraffe, hyena,,ibex; kangaroo,
: llama) what is WU X2 - '

ﬂ _,RLOPERTIES UNDER UNIQN. ¢

are a few propertles under the unlon operatlon that w1ll

have 1mportant bearlng for us when wevwork with numbers if.

B,
and G

{Anthony, Barry, Charles,-Dougla§
[Ethel, Florence,, Grace},
then B U G = (Anthony, Barry, Charles,

Florence, Grace)

uglas, Ethel,'“

'and GU B

(Ethel, Florence, Grace, AnF‘ony, Barry

Charles, Douglas)

3
]
1

s

Observe that: G y B has the same members as 'BjU G, h nce’ W,

. e GUB BvUG

In fact, it is always true that for any two sets it is mmaterial whether ), o

the first set is Joined to -the" second or the second is [jained to the flrst,

the - same set results by’ the union. . To express this fac , e say that R 3{g

.

5

3 e | THE OPERATION OF UNION OF SE‘I‘S IS COD'MU‘I‘ATIVE e

-Ia.other words, 1f A and B are, sets the commutatlve property under

the union operatlon states that

AY

e ’ T . A U-.B =Buy A%\m . e . .'."a._‘
r’Another way toqdescribe this is:':under the union_operatiOn, the order )
2 , € : . z o R o,
.. _.of joining does not matter. . — { S E Z
\. o .
] a ‘ 54



instances of commutative operations.- For exampie, it makes _ -

. noidifference in 'what order the left .sock or the right sock is put on. , ,
3 The final result of applying the operation o both objects is identical"zﬁ”‘*$‘—§§§;§?

’

. in ¢ ch case. o : L .

_Taking three red marbles from & sack four green marbles from a

g
second sack and putting these~together into a third sack is another

,.illustration of a commutative operation. Taking four ‘green marbles
from ‘the second sack and three red marbles from the first to- put

together into the third sack would net the same result.
o 0n the ‘other hand there are situations where the results do .
2.depend on the order. in which the operation ‘is carried cut. For example, A

applying a coat of red ‘paint on. top of a coat of green paint gives a
different visual effect than reversing this procedure.} Therefore, .1t

sets. se o fo
° obtatned. Tofillustra"
then '
If.«ﬁ.qr[ a, " '

e

(DUL)UG.

‘As
this is indicated by the union with G (T
successively by this process. The,possib



o~ ” : a
1

~ "j - If D, L, and G~ are as above, ‘we see that we can get the _
result of (D u'L) L G Let' Us now cqn51der the unlon of L and: - %~
"t G, and then 301n,th1s set to "D._ The ‘union of L and G 1is '

J-
v
T

L u G = [a) ‘b,, 'C d e] U [ a:) 'ﬂ) ‘Y, 6] "'.-".tn“-;{}' ' . ‘,.

\v,"

R R S S B, v ).
© The union of - D and this set is tH&A®

Du (_LUG) =‘.[l 23]U (a, b, ¢, d,e, a, B, 7, 8}
vlf v. oo - = {1, 2, 3; ah b, c,d, e, a, B, ¥, 08}

/

vCompared dlth ."C~: o :.' 'vhrﬁ '. I

s

_ (DU L) U G —r[l 2 3, a, b, c, d;‘e, a

that we hawe above,'it is clear that the same set results frOm ‘the two

din [

) ﬂ)’ ‘Y)

-nrocedures. In general , _ B

"FORSE‘I‘S A, B*"AND"c- ITIST;%UE]' S
THA‘I‘ (AUB)uC Au(BUC) S

__;dhat is conueyed by thls property is that B may be joined w1th elther
:f.A or C first the final result of the union of all three sets will .

_ ”be the same. That is %o say, B. may be dssociated first with A to
a ' form AUB or. B- may be associated flrst Wlthr C to form B U C;

". B I3

“the unlon of e1ther of” these with the remaining set,_(C or A -as the
. case’ may be) 1s the same in both cases. ThlS is what we mean when we b
¢ ' say that the union of sets is an associative - operatlon. 3 In other words,l
. in- a. union 1nvolv1ng three sets,-the different ways thelsets are .grouped

to fdrm unions in the 1ntermediata stage does not affect the final result‘ >

o Because we have thls option 1n grouping, (A u BJ U C and- . "n'
'[.' "‘A u (B ue) denote the same set Consequently, e need not spec1fy
" in the notation how the union is to be accompllshed Tﬂegﬁfore,,the. °

e . _notatlon may be simpllfled by djopping “the parentheses %n writing
" P . A
- AU B uc.: v B

B

Since AZU BUul isa set, the union mey be extended ! ain and again._
With the same kind of analysis, it is clear that the associative property

under the union operatlon is equally applicable to more than three sets.

O
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‘A third property that‘will‘be of interest to us is one illustrated
Jﬁhe-example {1, 2 3] u { } As the union is composed of all the
*. &lement's in each’ of't

el
the union is preciseJ.q

_ (l 2, 3} Therefore, we must Have Ty

f,xt’ . n
" In generaI, if A is a set, then it is true that

7~ Aoy - h : ,;

_This is parallel to the situation in arithmetic when O ls involved in,
v’
3 +0 = In fact, it will be p01ntea out that the

.addition) Suchvas'.

.Then

{a, e, T1".
;Sometimes we shorten relative complement of B to A" to ?"the ;

Bll '», o

‘Notice that if C = A - B, then o S

11_43 : : -',‘ l " BUC = A : - T :

Notice it € is the complement of B then "B is the complement =

Coof C, S L v - o

‘Many examples of complements abound 1n actual situations. 'For
.7 : example the set:of boys in the: classroom 1s the complement of the set
of girls in the classroom These are dlsjoint sets that together complete
the set of boys and girls in the classroom The set of vowels and the.-
set of consonants might be another example of complementary sets. A
‘complementary set. w1ll also be referred to as'a remainder set. Thls' “

concept will be developed further when we talk about subtraction

. . . :
3 . ) - . . I -

57 yd )
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ﬁ If M= [the male presidents of the United States before 1965]

s'?. g State which of the followingdactivities are commutative.-*

SE‘I‘ INTELRSEGI‘ION AD PROPERTIES '

PROBLEMS . '. AR |

4. " In each of the following problems, state which property or
properties are indicated ARV " .
_a-_[a, ,c}U{d e, f, 8} = (4 e, £, s]U[a,.b cl _ _
e .b.AAU(BUC,) AU(CUB) Vo S

c.‘“All ‘the ‘children in K-l or the children in. the second grade

grades "_,Q

Given: A=11, 2, 3

'D:-=.-'_.E-lfsz‘2

a. The relative'complement of A to D

b. The relative' complement of c to E. - : Lg
c. (Auc)usB n ,o T
d. Dyc L RN '

and = {the. fpmale presidents ‘of the United States before 1965]
thenr MU F = M. State the property indicated.

7.
Y

"ijlabb Go two- ‘blocks west and then'three blocks north.
‘ * Put .on the left, shoe and then the right shoe ;f
”1a\c. Put- on socks and then shoes. o TR

PR 3

sd Open ‘the door and’ then walk into the room.

.

e. .Close the hatch and then submerge the submarine.. S 1":-."’i
f. Put on the hat and then the Jacket. '

\

<:..:,f- [ ' .) . L . ‘
In the union, a\third set is created from two giveﬁksets by pooling

L3

. “together all the eleménts in each of the two ‘sets. There ‘1s another standard

"w@y of creating a third set from. two given sets Suppose that one group for ’

' ”reading consists of Charlie, Linus, Lucy, and Snoopy Suppose also, that
7‘one group for mathematics consists of Lucy, Snoopy, Schroeder, Charlotte,

ERIC

Aruitoxt provided by Eic:

and Violet ‘Then we have two. sets, L ‘ an e
w0 R = [Charlie, Linus, Lucy, Snoopyﬂ i
oo ;
A - M= [Lucy, Snoopy, Schroeder, Charlotte, Violet] .“ _
' s 4 ’ . ‘ ‘ ’ 3
PN B s
o * ¢ . » T ) ‘




e s e e
: 4
‘- L'ucy and Snoopy are members of both.

.

These' sets are not

“In fact c'ommon'membe'rs o"' %ets sL}ggest a n‘atural set of elements--
'_namely, the- set consisting 'o "#}é'members,that the séts have in- common
. Associated w1th two 5giiven s'é 'then is the _set whose members are”

srrrultaneously elementé, ‘of.” o‘!}ﬁ‘.

iven aets : ThlS s'et operation 1s" cal jed’

the iftersection of the two ltEJi and 1is; denoted by the. symbol " n' et IR '(\
S - N - L
T‘hus’ H - 'I . : i " "." .: ’ “ ""‘ i i » ‘~
' "‘_; g -f RN M'= [Lucy, Snoopy} . L "‘
g WAl rls the case ‘of the union, the 1nte‘rsec.%‘z'on is also lj.niquely defined
:'Eor any two sets, a s1ngle set is detem‘ined by their 1ntersection .
o . & °.
5 ‘.'_-, R N.M draws on members of - R for its creation the 1ntersectlon

) must neceasarily be a subset of . R. L1kew1se, RN M myst necessarlly

s . be a subset of M. Thus,, the intersection is a subset of both sets N

’ . A i

' ';{: ‘Even when two . sets are dlSJOln‘t we can speclfy a stt of the common
elements, this'is s1mpl} the set. that has no members. Recalllng that the
°mpty set is'a’ subset® of every set] we see that the statement ..

THE EMPTY SET IS THE ENTERSECTION OF TWO DISJ'OINT SETS

.

‘is consistent Wl'th ‘the observatipn we have Jus't made namely, téat the
1ntersectlon must be a subset of, each set. Related to th1s, of course, is
~that -the intersectlon of a set and its- complement is the’ empty set ‘I'his 1s
‘_by v1rtue of the” fact that a set and its complement are disjoint.- Another
consequence of the fact. that the 1ntersectlon mist be a subset of. each of its
generating ‘sets’ relates° to the 1ntersectlon of a subset w1tvr its super set

Thls w111.‘ be’ the theme o‘,t‘ one of the Droblems to follow.

PROBIEMS

PR
i

s 8. For each of the following problems, state whether' Cr represents .
P : the unuon or the 1ntersection.v : T o ‘ '

T h= 11, 2 3, 1+] “B=(2 4 5, 9), C= ‘(2', L)

2

T Y 2,3, _3-: (4,5, 6,7), C=11, 2, 3,4 5,6,7)
e »‘-A =i{1; 2, 3], B =:(k, 5,6, 71y C = ) -
T WA= (1, 2,3, 0k, 5],. B'= (1,52, 3), C=1(,2'3 .
\ el A= (1, é,'j3, k), B=(1,2,3 4, C=(1,2 3 4 . -
f As 1, e, 3, LL,],, S (), e ) - .
: 'ag-_ﬂfanL( )2, 3,8, B=0), C=(1,23,4
h A =.‘ (stockholders of Linus I/mports, Inc. ]__ e .
B =§,[ stockholders of Susan "Exports, Ltd.}, ; -'<.' .
L= [stpckholders of -both corporations] S v R
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[T

.fstockholders'of'Linus Imports, Inc']

{. . _'_»:,w,. RO

w..
o

[stockholders of Susan Exports, Ltd, ) I‘flftbjs“

.Q
n

[Stockholders .of the Linus- Susan merger] {EEIT’I

9. \Flnd the 1ntersection of each: , o Lo
' 8.’ A= Ld/hb h, ¥, k, oy m,%, z}, B = [c, Ch h j, 0, r,.w, x]

b. A= (browm- eyed, green-eyed, blue-eyed raven haired brunette,f-l}j: Y
blOndA platinum], : L ‘“ .v'f -“'.' ERER
. . . B = (pink-eyed, blue-eyed, ox- eyed black—eyed red headed -

blond, gray-haired] L B

. .lO. If B is .8, subset of "A, what is A n B?

We have examined properties of sets under . the union operation in
view of poss1ble appllcations to numbers. -Bveti more we shall f1nd that
these properties are equally. appl1cable to séts of geometric objects; -

The same 1s true about properties of sets under the intersection oper

o Ve have seen .that- if . SR : -_i/, J 0LV
R - . S L // o e :
. oo o . .R = [Charlie, Linus,‘Lucy, Snoopy] ;,, i
' .  end M= [LuCy, Snoopy,’Schroeder, Charlotte Violet],

o
o

o o then RN M= [Lucy, Snoppy] .

rNote that .M N R" is also [Lucy, Snoopy] It is obviously a point in '
. logic that 1f Lucy and Snoopy are members common to R and M hen

“these. same ‘elements. are members -that are common to M and R\ 1ou;ﬁé -

description of this character1st1c corresponds to the analogous situation\l'
for the union' ' '

THE OPERATION OF INTERSECTION OF. SETS IS COMMUTATIVE

That is to say, under the 1ntersection operation the drder of intersection
Cis. lmmaterial _ o oo j_ . o o '

Now since the intersection of two sets is a8 set, we may consider the

poss1bility of 1ntersect1ng this get. W1th yet another set. To illustrate,

suppose F -,[., b, ¢, 4, e, f] -and S = [b, d f, h]. Then ' SR -0
. FNS=(a, b, c,q e,\f] n,d £, 0 -
S LA e ’
e = (b, 4, f]
2 | . AN

since b, 4, and f are elements of both F and S. If T [b; é,
e, f, h}, then the 1ntersection of Fn s with T would be '

N

. ’ (Fns)nT=[bdf]n[,c,efﬁ] ,
L L 2 P

Y60

BT

O
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. . “® T Co el . ! U - ¢
; . . ¢ L . . .
-~ .. . . " .

As’before, the parentheses around F and 5 indicate‘the '

jr grouping of . these sets to form the first 1ntersection. Thus, 1ntersectlon

. t -
of sets may be formed success1vely one upon another Just as’ unlons may be
* . formed. sa%cessively. ‘Paraliel to oux prev1ous 1nVest1gations of the unlon,
Loy we may pursue the question regardlng the resultébf grouping these same '
e h,three setée dlfferently. The question then, mlght be' "How does FN (ST]T)
.,. i I
R ’compare with - (F ns)n T?" Tq,answer thls, flrst observe that pvf-f.,;.
C = S b , PSS o
‘ S nT:[b,d 7, h’]n[b, c, e,f hl S _
I S L P h]- . e O
L “Therefore, " ' ¢ - -'5' s s :
CFa(snT) = fa; b, <, a, el f].ﬂ[b T, h] Vel TR 7
, TN LA AR T L SO

"77 'Thls clearly glves the same result that we ebtalned above for (F n S) n T

In general we “have the assoc1ative property under 1ntersectlon°:n “_
'FOR SETS A, B, AWD. c, I/I')IS t;RUE ’I‘HAT T

(AnB)nc ArT(BnC)

."'
I

».and we may s1mpllfy both of these express1ons by dropping the'parentheses°. L

'(AnB)nc (Bf‘lC) ANBNC,

.On reflection, this must be so.. In all these ‘cases, the final result ﬁ..:Ay '

V”ls the set of all elements that all three sets have ‘in common..‘,;"‘_-' l ﬁ;

Set intersections w1ll play an important role in’ our: work with

! num ers and9%1th geomﬁ@ric obJects In part1cular when ‘we disouss._}_ S
'1the ratlonal numbers we w1ll seé that they flgure very prominently,; :

f 'suchwas in reducing fractlons and f1nding com@on denomlnators :
. ‘4'. ¢ ) . ) ’\-'v_ v. ) . . 9 . . : . , ..‘_ . ‘
A55.)
,hvB,' and C are the sets spe01f1ed below illustrate the
[ v "-,'. ¥
dassodﬁ&tlve property under 1ntersectlon by dlfferent grouplngs_
- -+ .for . AT anc ; f\_ ‘ :
. aA= (203, 5, 5, 6"7, B 9810, 31 |
‘ | "B‘='-[2, ,u'6;'8 1o 12], eI -
‘ “".,b.“-fA'='{2, i,6; 8, 10 121, B = (3] . '
.G [2 by 7 11] T
. . .. i .. R ' "g - o b-: "‘~. : J .
v Vel A= {2 b, 7, 11],; B. = [3,,..,-'.’-,- I
S e e, u 6, 8,10, 12} e o
. a ~l,. o ‘- -n."-"'}' f ;‘ h . / t }»‘ ) - . ..
TR | ¢ R 57 S LR ~
. v itk ' '.'T | - c 6

O
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If A- and B are d1sjolnt what would be the intersection
AN E n°ey Whst wSaa be the intersectlon,b A nBn c nop

-

12. o
' cee NZ?
THE PRODUC‘I' SE‘I' T e "a.}

» In the prev1ous sections of this chapter we showed different ways that
=a§%h1rd set may be. created from two given sets.

[l

5 ’ There is another vay bf producing a set from two given sets. - This is.;

to form all poss1ble pairs of elements of the two sets.” The formation of

)
" such sets will be linked ﬂirectly to multiplication of numbers as-well as
to craph1ng :

.

»

Suppose in the kindergarten Joe, Mary and Peter can play with blocks,

_ pa1nts, wagon, on turtle. Each Chlld may pick a toy to play with., How
- meny’ comblnations are there? . )
Joe -- blocks ' Mary -- blocks " Peter -- blocks ° -
Joe --'paints Mary }- paints ‘Petkr -- paints
Joe -- wagon Mary -- *wagon < Peter -- wagon
Joe -- turtle Mary -- turtle Peter -- turtle
'From this llst we see that there are twelve combinations. Inthis
example we have two sets: Co _ : -
€ ='(Joe, Mary Peter) . "
T = [blocks, paints,‘wagon turtle} |,

of child and toy form a set of all possible pairs
in whlch the first menber. of the pair is an element of set C and the

. The combinati ons

second member of thg pair is an element of \T.

.

If ve use initials we have .

tJ M, P}
T = [b: b, W, t}

*All the comblnatlons-(called ordered pairs) we formed are . o
(3, %)y

(M)\ b)1

. (B, b),

(J: P):
(M: P)_:..
(P. D),

(3, w),
(M: W_):
(P, w),

(7, £};

M, t), o

A
. S
where. (J b) ‘means the combination Joe-blocks. »The set of all these
ordered pairs forms a set, called the produc set or cartesian product

- The product set of. c end T is represented by the symbol C X T N
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In the product set we have a set whose elements arennot single

‘*‘“eiempnts Yt ordercd pairs. “No member of & pfoduct'—‘t is'a member of

C ] . v X
; either generating set. e _% . , r
4Consider L ‘ S . - e ’
L =(a; by e} - - SR

- | ﬁ'& a,2). ‘. R

~ Then AXB is the "set

-

v[(a, 1), =, 2), (b 1), (v, 2), (c, 1) (c, 2)}.
. Now let us form B x A. BXA is the set s . ' .
e (@, a) (1 b), (1, <); (2, a) (2, b) (2, c)]

.W The pair (1 a) is different from the pair (a, 1) By comparing
AX B and B.X A we see that A X B 1is not equal to B X A, but

4

. . . NAXB)=NBXA. . o .

. BROADERCONCEPIdf‘A'I}NION-‘Z" o e e e

+- # - In our discussion of the union, the concept of this operation was‘made'
"'_on the basis of tvo. disjoint sets. The reason for this restrictionqﬂs that
eventually we intend to link this concept to the addition of whole numbers

Actually, the definition of union dogs not have this restriction

.")
,TIEUNIONOFAANDBISTHESET : } 2t
wuossm.mmursmmmmsor.« OR

MEMBERS QF B OR OF BOTH A AND B.

~
That is to say, elements -of A UB are members of at least one of the -

~two sets, A, B, With this definition, the concept of a union is broadened

.~

td encompass Joining‘sets that have members.in common as well as sets that

are-disjoint. For example, if
. .

, A= ( %, 0, A]and-B[*',ADoJ],
+ . then - N
o _ AUB_[*,O ADQJ]
©Note that the common merbers % ‘and A are not 1isted more than once;
this in accord with our previous agreement on the. specification of a set.

The properties thiat we have noted before under the restricted operation
still hold for the broader concept of union




. PROBLEMS ) . R * N

E .. 13. For each pair of sets given below, find AU B, AN B, and A X B

a. A= (a, b;c, d, e, B=c, e 1} _
., b A= (e, e, £}, B~ (a, b, ¢, 4, e} - o : ’
o A={a, b, c}, B ={a, b, c) o
4 A=la, 0, ¢), B={4,e} .' s

b, If A is & set wnat is 'A U A?
SUMMARY OF PROPERTIES = _ :

. .

A summery of the propertles for sets that we have mentioned 4n this
chapter is catalogued below, where Ay B, -and C are sets. These are

propert1es that will be partlcularly meaningful for us when we deal with

‘e

numbers or sets of p01nts o o, . S )

- . P : : . Y
1. The union and 1ntersectlon of sets are commutative H

) . ’ D
‘ ) AUB BU A _and'~ AﬂB BﬂA
) . 'Note nerée that the order of operation is immaterial.
-y [ .
3 .
- The union and i’n.tersection of*sets are associative @
Au(ByC) .

Y+« (uBmuec ,
A~2%Bnc). . -

. -~ " (AnB)n ¢

. @ . . .
" Note here that: the grouping for the operation is immeterial..

«

¢ 3. AU ) =4 o Lo R A
[ * . ) . ) , A. . .
APPLICATIONS TO TEACHING 1. r .

“ Tne concept of jolning disjoint sets has been reported to be fairly-

N

easy for. chlldren to comprehend Apparently, Join is aword that is used

e occpslonally in other s1tuatlons Sets of buttons, &oks, or other concrete we

objects may be Jolned with other sets of any conicrete objec,ts to communtcate
’ ~

Y

in a natur‘!1 way?tne notlon of #union. .. .

L o i
J -The notion,of a conm’utative opergtion can also.be rendered ina . '
concret’e form s’ch és books from the shelf joined with books on the desk

the same\ set . of books is in the I&on

and bfokc on the desk jolned with +book an the shelf. In either casg
/;\The words "unipn!’ and "connnutat:l.ve'_' .

. v . s
" need hot e introduced &t this point. ) . ' o £
L AR A R
- ' e . ’ o '1 .Q .
~ LA ’ N # . :
. ) S T - . 1 “ )
L e o ;
, o « B -
T 'y H
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The concept of intersection is not introduced until the second .

grade*and formalized#my##m-third—grader——However‘ wes_can see that it

has propertief that are analogous to those for the unlon ib shall i
make use of the 1ntersection in the next chapter on geometry as well

».

“as in our treatment of ratiomel numbersxf
The cartesiafl product will be used'here mainl& in conneotfon'with
multiplicatlon and with graphlng when we use ordered palns of numbers
-to locate points in the plane. The numbcrrline 'dll Qe introduced here -
. along with the presentation of whole numbers -in Chapter 7. Eventually, -
* the stuﬁent w1ll encounter the cartesian product in terms of relatlons
between two sets. The various correspondences between the elements
state which elements of- one set are related to which elements of another’
-set. Then, a principal undertaking will’ be to study the characteristics
associated w1th various kinds of relationc . From.this will evolve the
“important study of functlons. Graphing, df course, gives a p1ctor1al
representation of relations Thus, .graphing will be a valuable support

for establishing some of the underlylng concepts of relatlons

»

As we have hinted in the text, the notlon of a relat1ve complement
will be, -applied to eur development of the.concept of subtraction. In the
npresengation'of thes 'deas, teachers have reported that they find it
helpful to use-the_words P;émer" or "left over" prior.tc the particular
lessons. - ‘ | '
. QUESTION _ - : , . .

"Why is the intersection of two disjoint sets the empty set?"

The intersection of sets consists of all members that the sets have-

‘in common.’ Thus, if A = {1, 2,3, 4} and B = {2, 4, 6, 8], then i
- L N . .' ) A n B [2 l’-]'

2 and L4 are elements of both A and B, Now, if C = {1, 2, 3, }4)
*and D [a b c,.d}, C and D ‘are dlSJOlnt because the sets have no

° members in common. By this token, the set consisting of elements that

these two gets have in common is then made up of no members {nother way -

“of stating th}s is !

N 0 ) . <

. c ND=¢g .
) . | .
7
N \
, v ! .
. ' [ I8 ’ : ’
; 65 ,
P
Ayt 1y
N . - RNy
% ) ‘.

O
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) ) 'VOCABﬁLARY. | o }Q_

* Associative | /'. ’ Oﬁerationsf.. . ,
Binary Operation Ordered Pair . L 2
Cartesian Product®* - - o Product Set*
Commutative . I . .Relative‘Complement of a Set* _
Complemeﬁtf . I SR ‘Renainder'Set . '1'&&;3
Disjoint Setg® . .- * " Remaining'Set*
Intersection- - - . ‘ {. ”-.Union . )
. EXERCISES - CHAPTER h ' » g'f,

l.f fa.' Find the union. and the intersection of A and B tf
A=, 2 3 4 53 and B=(1,3,5). T
'b. If B isa subset 3f A, whatis Ay BY DT )

c. If B is a subset of A, what is AN B?

2. ;Explain how the union and the intersection of any set with the
empty set agree with your findings in Exercise. 1. )

..b‘ ¢

3. A recipe callsafor separating egg whites from egg yolks and
',emphasizes the particular order these are: to be added. Explain
the . implication of these directions for the cake-mixing operation. .,

.‘h. State which of the following situations are associative,
’ a. Putting peas and carrots together, and adding water.
R .'bﬁ Eating hot dog, mustard and coffee.
Paying for groceries with a quarter, a dime, and a nickel
4 d. Putting kerosene with fire, and adding water

f 5. ‘ State why the intersection of two sets is always a subset of their

r -
..union o
1
o o SOLW%ONS\E{Q_R_ PROBLEMS o
.. : . B " ] ‘ wr o
e 42 R e N
v. (1,23 . 7w LT B
: : ot oo - . :
c ‘,[l,.. 3} . o &
d. (1,98 3, a, b, ¢, d,. e} R _
e. ®%'b,c,d,e, 1, 2,3} = [l 2,:3, 8, b,"c, d, e); same,as in 4.
f [a,iﬁ, c, d, e, 1, 2, 3; «, 3,, v, &) o
. . . - ) . N B . . . 'tv. .
v ', o
o 66 ) 13, 3

..
v

“a



\-

g- .'“[1: 2, % a, ﬁ:-, 7: 6} . -

:::) ‘ " h. (a, b, c,d, e, 1,23, a, By .7 &); same as'in £.
i 2. a. le - . s : .
[ « b. AU()=a ' L :

~3., WUX=V

=
[

~Commutat1ve property under unlon . .
b. Commutatlve property under unlon, only order of B ang C~
‘is changed .

le. Associative-property under ynion.

5. a. (4, 5] - S L
‘h. (b, 5,9) -
c. (1,23 45,6 1,8 T
d. [1 2 3, 4 K, 6, 7, 8) ' RS
6. The union of "M and the empty get-is M. 7 L -
T, a;_ Normally commutative, this depends on the layout of the blocks,
» ' also on the location - If the locatlon of the startlng polnt is _
3 +blocKs south of the north pole, then walking 3 blocks north
the north pole is reached At thai polnt there is no westerly
directlon, everywhere 19Ysouth
b. Commutative ' . .o d
c: 'Not'conmutative ' |
~d. Not.commutative
'e.ﬁ Not komnutative :
© 'f. Commutative " . . ,
. . . &
‘ ¢ .38, ‘,a: Intereection. . .
“ . eoowaton o vy ~
. ,c:"Intersection , . )
/ -’du. Intersectlon - ) .
N a:é Intersectlon, in e later section of thls ‘chapter, "Broader
, ' Concept “of a Unlon , 1t will turn out that this is also the
' Qbunion of .A “and B. -
f Intersectlon ‘ i‘ : Tk
¢ :é .Union ' " ;. . "
hy Interseation , ) ‘ .
, . - * . v
. 1. Union i ‘
_ " _ Sy . .
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%"9 '?’.; [h, o) w] ‘

5 A g ._q.‘~ z{blue eyed ”blond}

>

\_

0. If X s subset bf ‘A, then 'A n BoB .
ll ""9'.-‘ (hnB)nc =2} h 6,. 8 10 12] nt3; 6, 9, 12] = (6 12]

‘. ~ CoAn(BnC)x [51 2! g 12} 0, (6 12} = (6,,»12} N
s . (A nB)n C = (6, QJ@] LR ﬁw, 11) = "] E C .

g
v
v : '. , .
R -

[ .

- LA n (3‘9 c) = [ 6 8, 10 12] n ] ( } S £ ..
. ""," (An B) . Co=uf. J a,xll', 6, &, 1o, 121 ( .]' -' ;o
N ~an (B. 0 c) = [2,,4 7 11} rf 6 12} : S
. 12 . The empty set“ ‘in eithéi’v cese"'& 3 \’
L .4."‘ - o . . ,;.
‘13- 7 AUB-— (a,h, C,Ad e, £); ‘AnB [,e], g .

- : A B (a, ’c) (a, e, (a, ), (b ) (5, e)‘ ('5 f), ‘

i e - o " _ _‘c) (c“ e-) (c, f) (d, c) (d e) (dl f) ','
IR x(e, c) (&,7q), ,xf)], the pairs may B llS‘ted
. -~ .: in a dlfferem‘qhorder, for example, (d 'b‘.e:) mey — ' _
- »z‘, o _‘llsted as [thes %St Buir. However, ‘the order of 'the
e a ‘;v ! wi'thin ‘each pair must be observed v :
R e AbB bu't" (e d) ’,vi‘sv'{lq-.t’;:.é-.’t"f_.l'le
i Pt e,' fv];f' A,r) B_,,=~[c,”.e'},;

(eitad; (e, o (o
a) (ef %), <ﬂ_;,g>,,'

—
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the set operatigns to generate

Bes‘des beliﬁ% uralqdirecti h: which to move at this Juncture, B
vé‘ v 9 ‘ S

geometric flj e -nd rtaiﬂ-of the1r properties will be useful ‘in :

extending 1»: % ‘“" -hapters ahead

e ch to geometry in.a @ay that will be - .

post helpful ";:small children That is, we will cons1der

,_‘& "c "_ . _"'
4concrgﬁ§»obgecjd‘

K 1nformation

%

ice cream cone

box ,f

' 'Dlscus31on of the characteristics Qf -these shapes fac111tates familiarity ‘:gs

?" £ 'withAsome of the vocabulary: associated w1th them.

-
T .t
ﬂ -3 .fv_ 3 4
v ) Syepepmp— -
" .l' N . 1
’ e
5 ..
43 . -t .
I, . .

ove draw;ngs are examples of typical representatlons of

ﬁi:]geometrif‘ solids There may - be gome difficulty in v1s‘alizlng the .

(aﬁﬂimens1onal nature of tie. figures since the draw1ngs are restricted to
two dimenwsions.’ The dotted 11nes are 1ncluded to aid perception They
. represent parts of the figures which would not be v1sible from this

vantage point.’ .»ff'}"'v

In all ofstnese flgures, the "inside" is not filled. The object
.- 1dentif1ed by (a) ,looks 1ike a block. It 1§ not like a block in terms . °
<of.being‘cqmposed.o£ matter-such as wood. It is shaped like a block

ERIC
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but J1is nollow. Pny51cal “bJects wh1ch can be associated w1th the geometric

) QOles 1llustrated are’'a

Cwill be develoned more thorouoply in a later chapter

hoe box (1nclud1ng the: lld), an empty oatmeaI\\~§

.bO/ dltP the 11d on, and’a balloon ' Thus the word "solid" in geometrlc

‘v uuuuu nas the mathematlcal meanlng of three d1men31onal rather-than the
‘_common usage of "fira" or "not liollow". o oy

Te figures (a)'vf(b);‘ and (c) above can ‘be abstracted from _
nnmerans_cnyelcal obJects whlch are avallable to the "teacher and chlldren
Each ras cnaracterlstlcs which convey the 1deas e want to teach. For
example, oy looking at and touchlng mpdels of (a), cnlldren will learn
£0 recognize "straight" and "flat" objects:with "eorners". In (b)g
they. will feel a "rounded" object which also has "edges" ‘and "flat" .
parts, but no "corners". The third figure illustrates a'"rounded"'snrface
dlt'Out ed"es ‘or corners. '

v .

Fox our purposes in developlng some basic concepts and vocabulary,

we d111 concentrate only on Flgure (a). The subject of geometrlc sollds-

a‘ ,2
R iy

gl (a)

This "box" (more formally; a rectangular prism) is made of six
flat surfaces which are called faces of the-prism. ‘'The face of a

geometric solid is a flat surface of the, soiid

Were two fa”es meet is an edge of tne SOlld Each face of thlS

Y]
> .

4
fL’LLe nas a bodndary of four edges. - The- skeleton “of the prism is

made up 01 twelve edges

One otiher cvaracterlstlc wh1ch e w1sn to identify . in the above

solid is that it nas™ corners where three edﬁes come together. Each .
- i5.a vertex (nlural' vertices) of the prisme Tote that any two of these -

thrée edges would meet at the same place and form the same geometrlc flgure.
Thus tre tdo ?1rures to the right below .

¢ . : 5

Y.



T

equally well locate the’ vertex of the prism identified by V. Thus,

S e,

fJﬂ A point of a geometric figure may sometimes be designated a vertex,

/

4

v

-2 Which of the figures'have edges hut no vertices?.,

'sa vertex ‘may be~determined by the meeting of two edges of a face.

_-however, ‘even though it is not the meeting of two edges of 8 face
This is the case, for example, with the vertex of a cone. - .
. PROBLEMS® _

1. How many faces does' this solid eontain?

1 =
Py )

) B I

' . .
b - 5
-~ ) f o

NORR O (a)

.POINTS ANDPATHS S St

The basic ingredient of all geometric configurations is what is
called 8 poi t A point may be thought of as a precise location.. Points

are represented by dots og a peper or as the end- of a sharply pointed pencil .o

All of these are visuﬂl aids ‘to assist, us~ip conceptualizing the nature L

;of a point.

These representations are merely & tempts to symbolize the idealized

: geometric entity called a point The diffitulty is that a point is an
L'”idea rather than a physical obiect. The point Which we representgpy a, dot,
" no matter how small ‘the dot, covers. many locations N : v

: N .
When we arrive at the description of a point ‘as an exact location, i

this is not a definition of 8 point in.the formal sense If ve say a

point is an exact location, xact locatioh must be understood._’The

'.dictionary might define- location as a position in space" 'Position in

'épace might refe? ‘us. back “to point. If none of these words were meaningful ‘
to us, the - dictionary would hardly clarify nmatters. However, the circularity
in dictibnary definitions is necessary becauSe there 1é only a finite )
_ number of- words accessible in ghe dictionary Eventually some word in the
chain, of definitions must reappear., Implicit in thisﬂis that at least one.

.
-"' - - P v

'_"6sdlutions“to problems in this chaptér_are}on page 84. o . ”i
S K . . ."""'.'-. X Oy o . . - . Y
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v word in the cha1n must be simply understood so that othens miy'be'aefined
sen

in terms of it. "Poiat" is such .a vord in geometry In a se it is

4'"flrst word in the vocabulary of geometry, and we say 1t 1s ‘an

v
N

unde11ned te*m

Once tne concept‘of polnt 1_:_ derstood ,we will agiin rely on... - ?Jib ’fv
> represeztlng polnts~by marks -on pape?ﬂto facilitate discusslng them o
“>:;_ They are commonly labeled‘by capltal letters The drawing represents
B xpolnt P or slmply P by which a polnt 1s understood '

_.... ‘4‘5’3& . _' ‘.... | S LA " v' .- o - ' ..: | b . N
ol o v L ‘LP t _
N ' : Lo L v, - e P ’ N . . . . . ». * :._»
. '; . Eery geometrlc flgure is.a- set of polnts A curve is a set of ’
"§'~ - Do)nts followed ;h*mov1ng along a path from one polnt to another ' :
’ » i . s . . u A Lo v
,%g v . \ e ,
) L Y _‘: .
.. - r ' \ A ] " v ‘
|

. Thus the draw1ng above represents a pathr from point A ‘to polnt B
or from: polnt B to polnt A: It is. evident that there are other

curves :f‘rom A to '_'B; 1ndeed there are 1nf1n1tely many .

Innerent in the- notlon ‘of path is the idea of cont1nuity -There
may- not Ye gaps in a path Neither of the drawings below is a path —_—
’ \‘from C to " D. s » oo s ' ’ ‘
'F." . -

. Accordlng to the str1ct mathematigal deflnltlon, curves do not have to be:
. continuous : we ‘however w1ll conslder only those that are. Hereafter,:y"
‘ ; oy leurve! _we shall mean & continuous curve Portlons of the path or

tke entlre nath may be stralght As a-path may be used to speclfy the

-‘ set of oxnts in a-curve, any of the following figures represents a; curve o
Vo P to §. s et . PR ST o
rom Pt G e . - < s AL
. T ) _f" N - N R N .. o . R . i .o : . N ...
. . . i . [P ) Lo . . - X
. . s . P . - - e~ . : : ' L s
. o ) : R . . . N o :
. R T T S e . S °
. ’ > B
P [
! R
. I 8. . ' - ~ o
. . . - R T
. L BRI
- - L : s Y
5 . 72 ! 4 ! B . .
; " 3
! Y . - . . , ..'_'
b . 79 . G g
' N -8 . ’ rE
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het us represent two points by the dots below labeled A and B

"we now trace several paths from polnt A to,polnt' B as shown above

SR . . .
T . P ) ‘ . - e ';' T
- One of the paths shown in the p1cture is of spec1al 1mportance It i
‘the’ most dlrect path from A to ﬂhlszgath represented below, is.
.a,'called ‘a- 11ne segment “:” ) T o
- ' R o . ]
' A,'%\ - ‘ s B

‘;‘;The symbol'for/this llne segment is AB or- BA and mhe po

B are called the e ndpolnts of * AB. A 11ne segment is named
'two endpolnts Slnce both 1B and BA denote the . same, se{
.order 1n whlch tne endp01nts are’ named 1s 1rrelévant Wlth the con%ept e
. of llne segment we can now 1dentify an-. ggge ,of a rectangular prlsm asv
R : BRI A . :
a: line segment Lo ?”.." S Lo .

. A AP DI S T A
.PROBLEMS - EER T S -; L R
igﬂlyg Represent: BB such' tnat it can aléo be named asithe-dnion-of RO
L A, KT . _— X o ‘
AT AQ, QML' and B L

C R : t s ) PN \
. e / g 13 ¢ -
. R s ()‘L) '
LY * . o

) ’

* L A ' : N . x

Lo g -l L y . . ,‘ ] [ . S ,? )

;PROBLEM R SR
!~;-3. ﬁState whether or not each of the follow1ng figures represents a curve

S afram Alto B T T S Y
\ RN . e . . - ‘\~~ S : V o

K . Ao\ a3 AK\/B ‘ A/U\QZB\ +

2 ] SR '."' . - P
: W e L O
(b R - . : T LR
’ ., .“, :l" ) . i
LII\IEJ smmwrs i E ﬁl » /



By ‘0 ‘ ) I N S : X '-. , C
;9“ a

’\IP the same AB of problem l&\ assume Q is between A and M.
Qtate all other possible relat/ionships oﬂ one - point being between
two other points R : el L

By AB is implied the set of péints, A, B, and all points between N
' them. _ Thus the ‘notion of betweenness is intuitively deriﬁed, However,. S
e there ey be need. to clarify what is meant by "between". If. 4, B, ¢, oo
o a.re three points ag indicated in (a), it may be quite na.tural to
consider that B is between ‘A and C. Ew\{\en i the points were as in

o .

“w.
Qe
e
Qe
> e

@ (b)_f @

(‘b), ‘or (c) _one might concede that B is between A a.nd c. But if
the three points were as in (d) ‘the question as to which point is"

betWeen whigh other two poi.nts is not ‘80- easily T solved. .

Implicit im the decision as to whiéh -point is between(tyo others Lo
appa.rently is a bcurv:e connecting these points. . If a curve pa.sses through '
the three poi.ns as in (e)" then B is between 'A “and C - L

“ Iu (f) A is between B and C @and in.z (g) C i-s between A and ‘» g
'. __',B._ ’I'his, of course, can be d,one for points. whi‘ch we may have considered o
. sufficiently clear withmagards tﬁbetwe\!nness. Thus, in (h),‘ A is
between B and c. Eventua.lly“, a lgumber will De assocé.ated with each L
pair of - po:[nts. We will call’ thisﬁnumber the d!stance from oge poiﬁt to .
the other. Betweenness can then be ﬁted in terms of :istances, ‘ Even ’,\ j'
with this deﬁnition ) & curve\ iis involyed in “the cdnoept of guistance. "THe '
connnon sense interpretation of- betweenness, whan no,. curve is specified is
ooy simply that “the points are to lie along a{\\straight p’e.'Bh * When welsay that '
5 ' _ ‘a point is between two others, it will be out erstanding theu, that the ‘i‘
-" three points are all on the sa& Jine segment j R o

i

R

b
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Once a llne SEgment is: deflned by the locatlon of 1ts two endpolnt'_“

and 217 tne nolnts between them it determlnes two dlrectlons._ If we f.\: .V;,'“'”
. 1ma°1ne extendlng a glvennsegment 1nfin1tely far 1n both ‘of. these directlons,'.

3.we co ncelve of a "eometrlc llne. o ,“" S f 3n"’3~' “;“',,, R
: . B > :_\f,,---. o S R A
A c1rcular1tx_w1ll be noted 1n deflning a llne and betweenness.-5A~f St

r-.'line ig cwncelved of’ as an ettenslon of a, segment and a segment Is deflne&

W as’ tne set con51st1ng of twd endp01nts ‘and all the polnts between. On the PR

' other, nand between 1s stated if terms of . polnts on a llne.. Th c1rcalarlt

Lois unav01dable 1n uexanltldns, and ultlmately, we must accept thesg notions

'fas Drlnutlvé{ nd.undefined Thus, 1n geometry, a line is accepted 51mply

The drawlng represénts the 11ne formed by‘extendlng PQ in both :i ;!.;fw;r‘”l
-1;~of its determlnea alrectlons " The arrowheads are used to 1nd1cate that R
th e extens1on is 1nf1m1te. Ve adopt the notatlon. PQ for éhe 11ne e 4;}.' }"‘f

contalnlnr tne tdo wolnts P and \Q\ 1n order to distlnguish it from .
5 )
llnei e;ment PQ' Jrltten ‘as PQ Ve could also refep.to the llne agiE

.., W&Q, “‘*w -and 80 on. In general ady two p01nts in the set of po;nts

.771n tne 1wne may be erd to name 1t “rAgaing order does not matter. {;f.

. . L 9; . e . .ﬂ - ow oy

o LA , e -
' .‘}, : It is 1ka_rtant not to use thls term1nology loosely.- A lme has

no e d Olﬂtq,hyhlle a llne segment must’ have two endpolnts.

) ST : e i :
Jo.,trat we undelstand thq;*eometrlc concept of a p01nt .we may

" now r1cl;ne 'eonetnlc space or 51mply space as e set of all polntsnd S -d~j"}

, ‘The‘;sual oonnotatlon of ~1”‘the set of all points in a v .1;.; i Jﬁfé

. ‘tnnee Jinen isn, ertent ‘mne notlon of - space in the*more general sense,_.' .
as, slnul/, a. ‘set 'af all. p01nts, i extended to the branches of mathematlcs : , )

. Cother th dn. i ometrja “Thus, tn probablllty, the set of'all posslble ont-_lfji' :j o

.The : '_. A

Nl e

"lrcomed of d,certaln dbflnltwon is descrlbed as the sample space{]

meanlnv 5f space Lu uenerally determlned by the conteit in which 1t 1s

v ooused. :Unless cherulse indicated, . :space 1n th1s tekt w1ll refer to

infinite,.tﬁree-dimensional'space RN e ~='.-- T :
_— e P . TR '
e N . 75 ' o v
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_'PLANE'_

. as the floor, tabletops and faces of blocks ,should be examined and felt,

E2 -

’ .

Let us nov consider a subset of the. set l&'points of space called e
a pl e. Again we do not give a formal definition of the plane

Any flat surface such as- the flootr, the top. of the desk or a piece
of paper suggests the idea of a p ane. Like the line, a plane is unlimdted
face -used to represent a pld nly repgesents

The notion of the infinite extent of'the plane is approached by thinking

in tenns of anlever eApand}ng tpbletop and s0 on.

SIMPLE GLOSED CURVES = - .

In our discuss1on of segments, we-considered paths bq;ween two: points
’47\ N
and observed that each of the paths descr1bes a curve.. A path thus specifies
a set of! p01nts known as a curve from A to B. When A and B coinc1de,

‘the curve is said to be closed Thus, each of the diagrams illustrated

. represents a curve. The onesuappe&rlngfon the second row are closed curves.

B L

“itself. To describe the fact thatnthe curve does not cross itself we

Of the closed curves that we have drawn, the first- three are

d1st1ngu1shed from the last two. None of the first three curves crosses
1

. o . . &
say it is simple. By simple closed curve we shall mean a get of points :
in &a plane represented by a path that begins and ends at the same point _
and Qoes not cross itself. ' ' Co
. . . . ol ot .
Simple closed curves have the 1mportant property of separating the

rest of the plane into two d1sJo1nt subsets, the interior .(the subset * " -

v - 4 e . . . a-

N N
‘5. . 'l = >.?”i»".:.l. 55:3 e



O

ERIC

Aruitoxt provided by Eic:

 PROBLEMS

-
° ‘

. oy - gy

-

rd

i of the plane enclosed by “the curve) and the exterior.; Thus, . w1€h & 51mple

closed curve there is a natural partmﬁionlng of a plane into thrée disjoint

.1

subsets: o °

<

L

14

¢
bl

(l) the set of points that are enclosed by the agrve

%' (2) the, set of points that are on ‘the ‘curve &

curve nor on the curve.

S

a" I kY

(33 ‘the set of pointgpthat are ne1the§.enclosed by the

N

ks

With the separatlon any curve in’ thé plane connecting a point of the,

interlor w1th a point of ‘the exterior necessarlly intersects thg, simple

closed curve. ‘I'h1s is 1llustrated-by the Weqo%ow, .where c is' the

simple closed curve, P is an 1nterior point
P and- Q.

exterior

f,

&

Y
“Ha)

8. Wnich of the curtes in Problem 6

.closed curves?

; N}

.
”

>,

»-(b)

and. "A 1s a plane curve connecting

is an exterior pof

i ,cv‘),

. . *
Which are simple.but not closed?

i

J, .

{a)

- b

Yf' .Mhlch of the above curves are closed°' Which is s1mple and»closed°
. 'J

1s,aqunion-of two simﬁle

*

' 9. It the letters oﬂ the alphabet were prlnted in block typle without
e serlfs (no "ta;lsf), which letters indicate simple ‘closdd curves?

_ABCD...




i

17 10. .a. Can a curve be drawn from A Lo B without crossing the given
curve? from A to C? from A to D? from A to E?
¥

State the reason\for each case.

N - b. From which point in ﬁpe above diagram is it 1mpossible tordraw
' & curve to any other point w1thout 1ntersecting the curveV .
POLYGONS S ‘ _' o : )
- #n important class of simple closed curves is the class of polygghs.
‘A pglzgon is a simple closed curve that is a union of line segments. Not

all unions of segments form simple closed curves. For example, the undion

o of two- segments may again be a segment In the picture below, thg¢ union
. "
‘ .~ A B c D .
. .:J, v ‘ ~ . Lo ! ’
s ) . ! ° ’ ‘ .. . .

“of AC- and 'EB is"ﬁﬁ- the union‘is simple, but not closed. Nor is _
‘any ‘of the flgures below a simple closed curve although each is’ a union

! of line segments.’ Triangles, quadrilaterals, pentagons, and SO Oy - .

. L : Y
are emamples of~polygons. Note that AD \above contains: many other segments.
“For example, AB 1is contained in AD, EC. is’contained in iD, AD 1s )
: ,;_T'contained in itself, and so on. hlkew1se, with segments of & polygon,
' segments are conta1ned in segments. If a segment. of a polygon is .
contained in no segment other than itself then this segment 1s called a ot
s1de of the polygon For ‘example, ‘PR is a s1de of ‘the tr1angl€

,shown below. _ i~

- triangle KR quadrilateral * ﬂ.'pentagon :
- . . . s " Y 3 . . . )
Lo . . . 4 78 -

e
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A polygoh. of three sides is a trian le’)fqn;-sides, K:3 guadrilateral,

of. the sides are the vertices of the- poll on./ Note that each vertex
‘is a common endpoint of “two sides. Note also that the number of sides

. is the same as the number of. vertices

CONGRUENT SEGMENTS

Congruence is a verylimportant and complex ideg with many,consequences
+ 1in geometry. We shall confine ourselves‘to an intuitive approach to the
dea of congruence. That is, if one geometric configuration is an exact

copy Pf another, we shall say that the two figures are congruent. .

To decide whether two segments aré congruent, we can mske a tracing
. of one and see whether or not the tracing fits exactly on the other.
~ If they, fit exactly, the segments are said to be congruent - It is, in this -
'sezse; lhat markings on a ruler perform the function of the movable copies
.of-segments L ] :
PROBﬁZﬂ!b ,,__J o : |
. L ]
ll’ Make a tracing of CD F1t this copy on BB to see whether

or not® AB and CD are congruent. e

L.

] 7 S . - C.- . - D ) o o . ~
. ‘ , L o
1%, Which of the following pairs of line .segments are congruent?
< ) ) : : : o
a. - R S ! 4 . )
P Qo
" b. R T
X Y
’ >

1

‘THE NUMBER LINE

Congruent segments give us a way of rélating numbers with points on
a line. This is the _case with the number line. . Given any two points on
a line, a segment is determined. We can continue to mark off points, one

after another S0, that each- segment is congruent to the first.4

2 - -
5 : )

ﬂt’ ’ . 4.
T SR 1 : .
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v

-

X 2nd 3rd e _
.:“'. . Tre 001nt.> may be labelled O 1, 2, 3,4, e in_the order of the _'.'
. whole nwmnbers. A’Lthougn ‘one can asslgn t‘hese labels from right to lefét
conventlonally vie - proceed TtHm left 0 rlght. .When points are labelled
' thus, tae nw bers assocgqated with the pomts are ‘talled the coord1nates

. of thne uomts, and the line together with, its coordlnates is’ called
. . tl'e number line. ) :ﬁ? © .

A : . ot
» .. o e . .
- AP o - . S

ey
sy

+
]

. o " » ' The Numbeg Line B .
. . y e L 4’# _ | b - .-
. : Q ! L
k . e Te ‘number lme tuu? ves us a 1-1 correspondence between the
(&

end ointe ¥ congr Ent segments and the set of whole numbers. :

- ) Tiat 1M each endpsint is ass oc1ated with one and only. one whole number,
; ‘ o

9 and each whole number is assoclated with one and only one endpoint of

¢ _t::"g cong -nimt se ._ents on the line. This device is qua_te usefu],\ﬁor us. .. N

It - naoles ug to visualize the o'rder of‘ numbers by the position..of -

. &dérresponding p
N -

.9 . s . : s
s on the line. We will later conmect ﬁera_tlons . .

- in aritimetic witif cperations on the number line. -

¢ o PROBIEMS . _ - L

~

,lj. nat is the smallw,vhole number represented on the number 1ine? Y

1. Wrat can you s 53y about every namber represented by a p01nt on the

Aumbe'r iine that lies to the I‘lﬁ’h't of a glven point?

\

b APPLIGATION.T;O_ TmACH’ING R . L _ / .

-~

_ . . BN

_,vg L)b cally, ‘as geometric figures are made up of p01‘hts, one should begin
the study of geometry with the concept ol what constituteg a point. Lines,‘v

curves; nlanes snlids, qnd spaces may be generated from a pomt.

.

oc“pltc whe ,.].OL,J.CEll b&uls, the sets of geometrlc objects that children
.. - have to manlpulate‘are seta of- ’three dimenslonal objects. 'These are the, _
~ "oncrete oogecte 'rh1ch prov1de ch‘lldren with’ expe’rlences from which. they can .
abstzact the mathematlc,al concepts ‘ For th1s rea’son we begin w1th models of *
solids, R’om thé models, we- 1dent1fy faces, - edges and vertices. Once

identified, we can use these prlml‘tIVE elements to construct other geometric
' B .4 o

" o S )
» .o 80 . . ,. -

TR

A ¥

P
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. 1‘. . . - s, ‘.w . "\" s )
L4 ’ L N - " * v N - " .
% ' - R :
v , . : 7 R o . | -
figures. FKor ex@mple, "skeletons" of - klds and prf'skms are ‘unions of ..
) “. . .. .

certain line segmen"ae g B

«,

_ g For children, the_ approach tﬂ closed.

' must be - emphasized that. any. closed figu ;
N called a solid", even though it 1s hollow.'
' consisting only of the’ faces is a "cold d"
‘box is a solid" ' A

8 Y
’ .' §0 that the children may ma_’ -,
stick models of polygons ;'.-
R
. ‘used for’ the’ sa;ne purpose ;

,.models should prove ysgful, _

‘, . R ;{5 . { _
-_ Mo”t oupi_ ,s,seem =to be 1nterested m i

it would n.ots"’%e a@propr%ate .to 1dent1fy¢a ! gllzas a»‘circle or'a recta ‘ ler ' o

'L 3 16‘4 4 N
’nc{,mns 1o be ma

t . 3 {

pgism as, a rec o

'ted that 1’n the stgdy of geometry, each g& the "f‘
a ane _:and a plan? may be reg&rded ag'a primitlvé
ve clieis jng’ othér géon@ﬁnc ob]ects Eidee,
1\&’ ela%ent an;l ﬂ'f 'o'xn':-;.jq g

.;'.

els,,u& mlcrht move toz an’

Using varioug ‘phys cal obJects as-m
ever shrinking . dot as repgesentatlon of a p01nt ﬁe cow‘@t o’ oomt %‘

that we have in mind is “thus an abstraction from visual. moﬁc g0 ey ﬂ S
idealized concept' that of an exact position mv1%g no lé‘n uh,‘*&; mdth

In other words, havmg no d.imenslons Tne -space thg Q‘nIy think o a.-‘ ..

. ‘ -..t"..::“ 81 - 8',") ,
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o " ofeas three- dimpnsional space can be visualized as the set. of all possi'ble'
paigions in t‘his spacéo Cer‘bainly we can imagine that wherever there '

. o is a‘loce!tion,,we canx.yisualize\a point “the" totality of all positions »

' * thus Eills , the spe.ce a1 about ua This is an accountfor our N o

~5efinition of space a's the set of all points However, the definition '--,..

‘L

‘ is a. good’deal wore far-reaching than this The word “al,l" may’ have BN
o .

many frames Of reference e G :' \ ~:'_.'
‘”’)’-"n Com g. P . VN

Ii“( we think of the pla‘ne 88, the idea_llzing Of? eve},expanding table,
wed ”see thst this too” is couﬁ:osed of a collecj;ion point@namely, Q__

th‘= points loéated on the imag*lned surface. With Arefe‘rence tg this surfac
- : LA S ¥
e ‘the collecgion ofg all points sd” restricted‘ a.s also a spa\:e Thi‘s is~'thB§

. space we cB11 Yhe plane‘ Because tghe plane occupies an e'5'ctent along a .
. o _' dimegsion- whd.c} we might#conceive of as leng(%h and along one which We
) ’midht cortceive of- as’ width, theﬁplane“dlsv said ‘to. extetid aloné-! two.,dd;me‘nsions&,
o ~'.' .Anothe,r my‘\o'l" say#ng tgis is i .the pz @"’%
Y. that has o, ’daickness’% Slmil‘a;‘ly sp£7 -_ ]
o space is~dependenti~upon how much “this’ "tll" encompa»sseé, w. _
/ it ts the, et A ® ibual tergiﬁgology snd wimgout oth::%_ »
e : / qualificafiorf‘ by “"spaﬁwthe: ex/standingris t'he space of three
‘ dimensidqs is n"aﬂt &_,,‘ COR : : :

spacé (\one J

v 'ﬁ :!‘; . W‘

Betw en* oo - " S TR ' Line ent;. N
< TR : 2 *‘Q ’ e
g ' CloSed Curve* y e Numher Line* g
E Congruence* o ‘ e & 'T_", Path* A
Congrvuent F ' '
9ongruent Segnlents*
ICoérdinates*‘_ ,3 - ,': t A ﬂ
Curve* I “‘ | ) ,- s Polygon* . ,
o LA : ’ R T T
.. Edge L & g, :‘? Quadrilateral | o &ﬂ
Endpoints .- .- ® R 94, Rectangular th ?3 , .
Exterior (outside). of & "“‘!} . -Simpd ‘Clo§ed vex
PO . c s . o ._ R
» Simple Clos‘ed L&veg 'Spa . s, )
. S _ R _
_ e Face e LT ’ oo anngle* 4 e ‘ -
o Geometric Sélids ‘ L I‘xex&‘ a Polygon*
‘Hexagon* . S v" % ‘Verte“ of a. Prism* o
- Interlor (inside) of a _ . :
T _' ’ S:mele Closed Curve* ."l"" .
Line* - / IREIRTI "
~ 4 i 50, . A ~
/ Lt . ;
") ° :‘ . ‘- ', '. 82 N ) v
- . 2 ek . -
» o - {
Y 3% .
I : - .
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o if R EXERCISES' - CHAPTER 5

¢ L e

”-l‘ ‘fDraw 8 representation of a geometric solid shaped like the pyramids ]

}of Egypt How many vertices does it have? . ,
2. _lExplain the differences between AB and 1B, ' v

>3. '~How many different lines mey contain

'; " ~a. one certaln point? ,
"~ b.. one certain pair of points? R " - o i -
b, If any of the following statements are false, rewrite them correctly
a. Two p01nts determine a line segment )
. b. Three p01nts determine a plane. : »
c¢. The intersection of two planes may be a;line.“
'5.:f Show why Bq cannot bejdivided'into disjointAsegments S0 that
ZA “thefunionAis Q. ' S " ‘ ,
B » .ﬂ:'R Q- ) N ¢ '
6. _ afﬂlln the following figure, which of the points, A, B, C, is
‘ bntweeh the other tiio? A A
PR v | .
' b. If three points are connected by a curve, is one point necessarily ’
between the other two? '
7. a/’ .}f'a'railroad'does'not have - spur tracks and does notvcross' E
. JZ-J itself .what.points form the boundary restricting the extent o
’ of & train's Jjourney? . . ‘ ‘ . v
" b. To restrict the extent of a ship s operation, what kind of
. ".1‘ boundary might«%e required? ) N . v
c.u What kind of boundary might be required to restrict the extent '-
T of an airplane operation? . .
"d. What Kind of boundary might be required to restrict the extent
of & submariue opexation? S . , : &
- . . T
’ 8. If one number is greater than another} what do- you know about ’ -%@v
. their Positions on the nqpber line? . . Lg& -
- 93 a. According to the outlines’ for Boogs K -371in Appendix A, ‘in )
ey

: which grades are blosed curves presented formally as -8 topic?

b. In which grades .are topics discussed using basic concepts of ;
q : s

closed curves7- o ¢ . . A .

S L , e ("0
- v .. 0 : o ¥l . .

. - N s - . S - R L
S . P b B . i

2

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

6

3., (»v) and (a) represent curves“from A to B;- (a) representsa

" (c¢) The twd simple closed curves whose union is figure - (c)

b

+

8 i

: SOLIMSFORPROBLEMS e EE

7 . . [ o : 'I T, o <Y N i i '

~a. only. The rounded su.rface intersects the two- faces An two edges, E
b. and d. Huve both vert1ces and faces, c. ‘has nell?sm;i‘f
e. has'a vertex -as well as a face , S ~

cirve from A’ to A or from B toB There are two curves

’ represented from A “to B, however, (c) is not a curve from. ., |
.. . ) - . . . ! - ’
A to. B, it is not continuous., ) "
. RIS . : . A 14

A §. .M _ B or . A "M Q@ . B :

Figure corresords to the fi rst. p.ossih.il.{ilty shown in 4. Q is o y N
.betwee‘n A and B: M 1is between A and B; M 1s between'’ :

Q and B. '

(b)) and (a); Thé;-curv_es (a) and  (c) ,cross_themselves olice )

~and so are not simplé ’ , L

(b) .and ~(c); (b) 1s the onl:,r curve both slmple and closed.

) t ° : & - A : .
D, 0 are 1mple clgé curves. .
c’e, I, J, L, M, N, 5.0, v@, Z aré simple but not closed.

. e * . . ’ e
. a. The curve is s1mpl%n&losed therefore the plane is’ separated ,§

1nto ‘3 disjoint s ts,,the interlor of the c¢urve, the curve,
and the exterior oﬁ"the curve . E and B are in the 1nterior,

D- is"in the'cfurve, A and C are ‘in the exterior
; Ty

Thus no curve can connect .A to B, A to D, or A to E
without . crossing the curve. A and C can be connected by

8 such a curve, however.

b, D any curve that conta1ns D inter'se.,cts the curve at least !
- once, namely at D. : - ?
. v N .
R :
: F, . i . . L . o e




ll.l o
(b).
13. 0

- o to the right of a given P‘s_ RS
14.. The coordlnate of every point & _ .
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R - v Cha.pter 6 . _' A o . .
R NUMERATION NAMING NUMEERS .. . iw :
T T
. INTRODUCTION, T e S

&
In this chapter we shall consider explicitly the important distinction

between numbers and their names.. We shall concentra.te our’ a.ttenti&z to
lschemes for naming’ whole numbers, that is, to the problem of numera.tion. . e

. 1
A\ . . . .

"5WH0LENUMBERSANDTHEIRNAMES S
We know tha.t the whole number "twelve N for exa.mple ‘is ! property L=
of the set S e ' T IR
e ,‘ ¢, 4, e, f.,..'g',"_h' 1,851 0

and - of*allx‘fsets equivalent to this set The word "twelve is a name
~ for this number property a.nd is not the number itself ' Simila.rly, the
g Wr numeral "12" i another name for this same number.:» -This is ;
" true ‘also for the numeral "XII", wra.tten in the Roman system of nota.tion.

In fact, when we write . R

g
.

“."‘"'""' T '}""".:""_ T B ,'."'T\ e 'V"’ ’ x[I ="12' 7 ; ' ' " '."l. -

: xwe simply\are a.sserting tna.t\ ")C[I" a,pd "12" . are two different ns.mes | IR
for the same thing, that is ‘names -for the sare number. O - s

,!
v

,,As we now consider principles of numera.tion, it is important for _
.us to. lgeep clearly in mind that number and numeral are not synonymous. S .
A number is a. concept an’ a.bstra.ction. A whole number is one kind of .-_' o,
number, and in va.rious preceding cha.pters we, ha.ve considered selested . . : ‘
aspects’ of the whole number system “On the other .hand, -a numeration o
system is 8" system for naming numbers, thus, it is a numeral ,system. ' ) ) ‘
. In this cha.pter, we 'shall be concerned with numera.tion systems for naming :
/ﬁlol\e numbers. -Our emphasis will be on the numenames or numerals,

ra.ther than on the numbers themselves. T . P

']’ N .\ i R . R e

, ANCIENT NUMERA’I‘ION srsmas

P Man, during the course of ‘his history, did not alweys use our. .-
familia.r Hindu-Ara.bie numera.tion system His ea.rliest schemes involved
Iittle more “than tally marks, such a‘s_ / for 'one" x // -for "o ,
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N

rd .
?

":zﬁ/// for "tnree g etc Such prlmitive schemes were far- irom effectlve
- T,  and' ef fic t particularly when’ deallng w1th larg umbers !
T . I, . ' *

e The Egyptlans the Ch1nese, -the Greeks the Romans; and‘others'all‘
developed numewatlcn systems that were improvements upon prlmitlve tally
: ' i scnemes : However none oﬂ\these was ‘as soph1st1cated as - the, one developed
'%.; vl;“ by the Hlndus, which ‘evolved lnto the Hindu- Arablc system we', use today 5\\
e 'Hevertheless, a brief cons1deration of-at leasf .one of these earlier

.‘d,-numeration systems can be of 1nterest and can glve an appreciation of k
. /'e"\;v-. Ve
. o .
BT

‘..

) Y l:
. Ormre of the Greek systems of numeratlon used twenty seven’ basic symbolg:

l'the’tdenty four letters of the Greék alphabet an obso ete letter aqp
’ -~ - WG letters borrowed Trom the Phoenlcians Each of these basic symb0153
.named 7 particular number Other numbers were named by combinlng ba§1c;

" symools accordlng to- established prlntlples or "rulesr g

’ Let us illustrate a mod1f1ed vers1on of th1s Greek system by using
'as bas1c symbols the twenty s1x 1etters of our ownr alphabet and’ one

. B )
addltional arbitrary symbol YZ ’ The number named by_each. basic_sxmbol

?

‘is 1ndlcated below in. terms of our own Hindu Arabic numerals._"i f,ﬁi;' .
oas1 ot .J':v=.1‘oj S st Tt
| . | _g.; ‘2‘_ | ' X - 2(5 C ":UT = 2vo. ) ; "ﬂ* . ‘f._:_ .
) B " L2300 ow=geet
R P . M=140 V= hoo - 'h
T E=5 ° S N=50 W =500 L
F-6 . S 0=60 X 6007 T
’ G=7 . P =70 ‘Y=700 L
O Q=80 . % z-80 . T L
I=9 R =90 . L - 9oo -

A compound symbol such as "PD" "is 1nterpreted to mean

ld~ : A, . " '- .‘-. K N 70 - h Or 71{_
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in"our own system: ’Sinilarly, ‘q . ST T S
. "WKH" means 50‘0 + 20 + 8 _or’.' 528,; U P
: . "RV means," 200 £ 90, qor, 290, add . 0 .
' . NS sl
' "U'F"  means 300 ¥ 67, ~or 306 @ o
! . ?
. in terms of our. fa.miliar numerals o
. SR S .
Notlce that the sy'mbol '"DP"' wou.ld be! 1nterpreted to mean - h +70, B
s or Tl Thug, it wou.ld be true that ) Lol . . - N
. . - PD - DP. - ‘.‘. R ) o . . , - , .
However, we shall agree that 1n. such 1nstances weﬂshall wrlte the basic
"symbol for the larger ‘number to the left of the/ bas1c sy-mbol for the . °
;smaller number Thus, the preferred Form would be PD 1nstead of DP "'\
Simllarly, 1t would Ve true that . _ . ' '
. Of- these six d1fferent names foz the s@.me number, the preferred form : - ‘
wouldbe,.WKH_:.'-""'_ R A
"PROBLEMS* PR T coohy
L _l. .‘,_Elpress fach’ of these modlfled Greek system numerals as fam111ar
' Hlndu.Arabic numera.ls.‘ o LT L " o .t o ﬁ- o
a. M@u AB e X4, vC VII g J
2. . Express cach of these H1ndu Arabq.c numerals fn 'the preferred form
.of modlfled Gree}ﬁ SYstem numeral's ST e AT
: L . ' o o v
ol ‘!!3 .]_‘b__. 735 el ,210 d 504 e, 888 L
£ 3. Does the mod1f1ed' Greek}system ‘have a- bablc smbql for the number :.»
" zero"" If sc izhat 1s-fthat Symbol? . If not, why 1is- such 8 bas:Lq ;;, .
symbol 'not used: ln the system? UL o : ,‘ N :_;- P Lo
,tv e ﬂ. oo ‘ - .
But’Twhat about na:nlng numbers greater “than V. RI, or 999? We L R
e cannot name such numbers mthout some fu.rther agreement’or extenslon R e

O
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: of symbols, tne slash mark“.‘?efers to only the one symbol tha‘b“«;ls 1mmed1ate1y R

ook "j:_Exp?:,i’ss each of t vese mod1f1ed Greek system numerals as fam111ar

-~

of the system. So,
mdlcate thet ‘t’,he number named by &’ bas1c sy'mbol 1s to be multlplled by'_"

one - tnousand (1000) - Taus,. S
.('.zijfv;ﬁ_l: S £ méans$ . 1000 X 5, ‘or 5000
T Y / P -means lOOO X 70 /9—1-‘70;000
T B and / T means 1000 X 200 or. 200, 000 |

“in te'rns of our, famlllar numerals In a numeral Qom’ed of a collectlon PR

. Hlndu Ai‘ablp numerals R o RIS .>
- . - . ! e, ' . \.‘
.__.‘_’ ‘ R Lt "—‘_ . i a . H -
/BIMG TRRN /Q/AUL st f . /V/ORC
o You undoubtedly have noticed that the\number "ten."b is. of parthular

agnlflcance in. the mod1f1ed Qreek numeration system ' For 1nstance, the .

S&"Inbols J K Crs Q, R' nemed multlgles ‘of ‘ten {10, 20 80 9@), ﬁ
and the svmbcls S,_ , Z,V named multlples of.- ten tens er-one . ... -
.nurdred (100,,200 800 900) O }“ RO

‘o FEATURES OF NUMERA‘I'IQN SYSTEMS

. _1s the oas1c'numberthat we use for grouplngs w1th1r1 the system

.Je may say that. ten

.., N s

v . ; -.-'.‘ e B T

~ o - CotT .

A Yo . N, . s e

; Manﬁ‘numer}tion systems have three »features that am s:;g_ni'f;icanoe Coe

as we. turn to a cons1deration of our o.wn Hmdu-Arablc system. S v N . o

. RN

l. One of these features 1s that of base, a ba51c number ‘}n terms R

of whlcn we effect grouplngs w1thin t‘he system o This number may- or may

‘not b(e ”ten CIf the base is.’ "tesu we often refe.l;\; pithat’ system as

& defimal system. ("DeC1ma.l”u 1s derlved from t’ne La,t

"'ten" \ ) . “ ) : ‘ co .,;. ‘.; -
. . . L ; - -_ ? . :. o , .\; . ‘
2. Another feature is a set. of basic symbols‘)r number names From' Lo
'these., .all otner numerals are bullt., As we: shal'.L see, the choice of
base witen determlnea the number pf baslc symbols used w1thin a numeratlon
. ; . St e _.\ ..P. 2
Sy.Stem . ." . - . "‘ - » . " L L ) -‘ X .'. L B FREE PP _'" . "T R e
. Cs R e ' 'ilﬁtf' i
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3. A third "eature is a set of principles or rules for combining
b8.51c symbols to form othe* humerals so that every "’ible nu:nber may be
' namerk in terms of tn ese "“asxc svrvbo’*s o'x.y It is ’ntm.n this t:nrd
feature tr‘at we nnd a nrmc*n-e that sets the r1*"1du-14c:'=0ﬂc syste"l ana*‘t
from otners that’ x)*‘eceded it. e are referring, of course, to’ tng_.

principle ©of place value. S ¢ C

THE!INDUARABIC\IUMERATIONSYST‘;M S LT

Lé.t'us examine each of the preceding features as it relates.,

" specifically to our Hindu-Arsbic nwnera‘tion system. + S

1.0 The Hindu- Arabic -numerati ov §yste"1 is’a decimal system: its

3.

base is ten. Tris is seen clea:‘ly tne Tac‘t that’ we ﬂntern*et the

¢ numoer - "sixty-three", for exampl e, as "six tens and tnree (ones‘)",
"Sixty" itself.means ‘six teas". This fedture may be illustrated in

[
H

2]

. N
the groupings velow for the interpretation of the number "sixty-three”
L . . . ’ . - . '

.': . ! ' (Xxxxxxxxxx) o ‘ )

- Iy B + ‘ . N
P (xxxxxxxXxxX
. i ’ . . o :
. . T XX XXXXX XXX -,
. - - ' _‘ :
. . xxx_.)_cxxxx’xx) B
! . 7
N A : X X X, o .
DI [ . ~
’ - - e
13 ..y - . . t. -
‘ !2 The Eindu-Arsbic numeration’ system utlllzsc ter baS"C‘Sy'I!lbOlS
. N R e T ' - -
" ordigits: O, 1, &, ¢, ¥735,5,, 8, 2 such thét : .
. L o . J
. . o \. )
.- t ) s O names the number zers; -
. L N ¢ . N
. : . - % 1 names ihe number one; .. -
R .- s . . T . o~
E » G . 2 nemes ine nurper two; : Lt
, . TR Lo 5 . . ]
L - : .. \ G onames the number three; .
e Ve 4 " names the number four; .
_ . Coat - _ o . I
L o . 5 nares the nuxber Tive; | BN
.. i : H ¢ - - - o . a
U : ‘ L7 .. . N . . S~
P * 2 . namesythe number $ix; b
n; , . ’ _
% b . 7 names the numver seven; -
» = -, " N
oYW ~ a0 i- ~ . - o)
. >t Lo 2 nazmes.the nunthr eignt; .
¥ . - ,
S ‘1 ' y " and" 2 names the number nine.
' .- N : . . . .
. Q< : . . . “
bR . . .
'.5 - .- - . - o
1 X s . 4
. s ; ‘ .
s - N b v
> * A . . '
. : . - 91 X
. v - * * I'"’v '
e . ) . . P .

O
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Notice the inclusion of a symbol for zero: O. This is in marked

contrast to systems such as the Greek, the Roman, etc., that had no

zero symbol. The need for a zero symbol.in the case of the Hindu-Arabic
" system is z"elated.'closely to the place value principle discussed in the
._ following section. . . R o /

3. The Hindu-Arabic numeration system utilizes.a principle of.
place value, along m.th principles of addition and multiplication,-in
order to combine basi.c symbols or digits of ‘the system to name whole
numbers g'reai:ér thén nine. We are quite familiar with the fact thet in
the numeral 2222, for instance, each digit 2 does not have the same

1

value". The "value" of each .2 is deterfined by its place or position

in the numeral as a whole: : ' -
| 2222 - ,
- ‘ I l——2 ones .
- : -2 tens
. o . _ 2 hundreds
B o . ) thous'andls . - 33

Or, we may c_onirey the -same.idea i‘mv'a:slightly different way:

: , . 2 2 é\ 2 e -
. ; . ' 2 X1, or 2 s "
. : . . +2 X’10, or 20 T . .
' | R 2X 100, "or 200 1 F
R ) : L -2 % iooo Cor 2000, ¢ ';////
‘  Here wénsee *Ere principle of multmllcatlon 1n assoma‘tlon m.th the / g yd
Ulace-value principle. . . cT T e B Ll /

- _ L : S y

' VA
) We frequently find it 1e1pfu.1 to ,use an expanded form of notation/ 3
to emphasize both the multmllcatlve and‘ a.dchtl‘Ve pnnc:.ples that apBly

to the interpretation of a nume*al such as  2222: /

. . /
2022= (2 x 1000) + (2 X 100) £ (2 x 10) + (2 X 1)

. -
P

. None Of the 'mtat* ons used t’r*us fa. has made e@llcrt e ixﬁportant
role of the base, ten, in dete*'zhlnln,g tne place va.lues Bach place to
* -the lefy of trle ongs Ulave ina numera:L hes associated with it’ a “value" ..

.~/ that is ten- tlmes the value assoc1ated m.th thé place immediately to.

its right. ror tr'e' nu.meral 2222 we can show this important’idea in .
’ . ’ " . . ; }_“. . . . : A: -
. . :’ 92 : S ‘

O
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-2 X 1

2Xx10x1 R
2 X 10X 10X 1

2X 10X 10X 10X 1

g (2 X 10 % 10 x ‘10) + (2 X 10 x\%o) + {2 x 1o) + (2 x1).

P ”Je importance of the zero symbol, 0,3 In connectlon with our
v/‘ce-value numeration system is reflected in numerals such as 2220, >
#2202, 2022, 2200, and 2002.. Without the zero symbol such numerals '
could net be distinguished readily from 222 (in the case of 2220,
2202, and 2922) or from 22 (in the case of 2200, 2020, and 2002).
'Without some‘symbol to denote "not any in a particilar place, a nuieration
system with a place value prlnC1ple would not be feaslble In fact, the’
relatively late 1nvent10n of &' symbol for 'not any" (a symbol for the
number pertaining to the emnty set), was the reason - for the relatlvely

late creatlon of a place-value nume*atlon system

’

-

The following chart may be helpful in summarlzlng -some of the

ideas just dlstussed regardrng our numeratlon system.

*
’

ERIC

Aruitoxt provided by Eic:



POL L
bt

ot L EE - S
R - g - Lo
— g , SR
. Y& g "', ‘:, ' ; . '/. : .\‘
v A /MI//mns i ‘ ,Hou.m;nﬁf v U/?I}.‘S
i Lttt K Y ‘ I '
' , ) l'.l,"‘ : , ‘ . ‘,r/‘ / . |
* o ' ! “ . / 7 , ) '1
, - fens fes | hundreds P tens | ones Auan./: ﬁns ones
10,000,000 " /,000,06{‘ /00,9% 10,000 ,‘/,000' 100|101 1

| 1040x/0:i0r0x 0110
: g

‘,;/Or,/Oi-'f?OrI'Orlos/o

o
‘.

10 10/+/0x/0%j0)

10v]0+/0+/0

10+104/0

.:? |

o

1%

Con31der the numeral T 20, Ohdé/which we read as!

;he/ciear, for example, when we say

11205 009" )

0 Iy
AV

‘ {
t,

WMMMmMmmmm mmmmm"m+NWor

"seven million, two hmdred five thousahd forty-six",

(Notlce thet the word "and" is not {ised in reading mumerals for whole numbers, Othervise, it vould not

l

wmmmmmmmﬁm%mwm7mMgmmmmmmommmm'

5 thousands, 0 hundreds, 4 tens, 6 “ones. Slnce 0 ten~thousands and 0 hundreds both result in

zero, these ey be omltted in he 1nterpretat10n Thus, 7,205,046 means: 7 mllllons, 2 hundred-thousands, -
,5 thousands, b tens '

6 0 es

‘mmm+mmwzm M%,w

{1 x 1,000,000) +

(2><100 oo)

(5 x 1 ooo)

(b X 10) +

i

(7x10x10x10x10x10x10) (exloxloxlox}mlo

| []l\ﬁ:

Aruitoxt provided by Eic:
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Me also may use an expaned notation form

\ .

%th'w |
x1ox10x10)

Y

(h X 10)

(6><1)
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s
'wo ooo) s (o‘X 100)++ (9°% 1’) Y _; : RS
10'x 10 X 10) * (4 X 10 x 10) + (3,x 1) T m Ce e
: lOXlelOXlO)+(5'x10x10x10)+(o~XlO) L
6. ess each of these base ten numerals in three ways as shown in .- R
2ty illustratlve examPle below. . - c. - :
. fodip1e: 4257 = bOOO + 200 + 50 + 7 ° P -
. 4357 = (L'x 1000) + (2 X3100) & (5 % 10) (k1) -
‘ 4257 = (4 x 10 x 10 X 10) (2x10x1o) + (5 x 10) + (7x1)
' a. 618 b. 7350 el w0702
¢ 4
Ae -
= -~ ~ - ’ M
( <o
\ -
. . -
¢
101 '
: AL . B

>
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R ;J - . . et . . ’ ooy f o - :
. GROUPING B FOURS (BASE-FGUR NUMEIRATION srsm) RN VRN
" ._-k We are fanglia.r witb grouping ‘objects by tens in connection wlth our :
. . decimai Dlace-value numer_a%ion system. For insfencer ' o o
. e, il Vo ' / _ Numb_er:.of'_‘_ ' Basé Ten .
o o _ . ) .j;'. o~ | Tens . 'Qnes":'_ © Numeral | |
- % . - 1 1
e ) ’ 2 2 SRS
- . ‘ R R -
XXX . . s
. : ... 3\/ .3
Ploloey T -y L
oo \ . 5 5 R
Y xooooox : & B 6
‘ . . ’ 7 ) T ’ ‘ ’ ..
. — > o
pevvoveed ’ i 8 8 . /‘\/
\ ' -
- of ! »
XCOOEEX . 9 9 f
. - - T >
| 1 o ° 0 | ¢
’ by ‘ . :
C | oo x 1 1 n -
x 172 2~ 12
(] ke 1 3 13 |
. - .
(oe00aae] . o SN R 3k
Geome] oo - | 1| 5. 15 .
T H o .
wee T | 2 |3 a3 | o
/ y = _ L P N
V Suppoe tbat we agreed to group obJects by fours rather than by tens.- N
Suppose, for example, that instead-of grouplng fourteen objec’cs as o
- : @ 000t " 1 ten and ’4 ones. © E

:we had grouped the fourteen objects as - . )
@ @ - xx "3 fours a.nd 2 _ones, 2

ERIC
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We certa.inly have not changed the number of objects.- ‘fourteen. We have
only cha.nged the wa,y in v.hich these four'teen objects are grbuped as

3 fours a.nd 2 ones™ rathe- ,than .as "1’ ten-and- 4 ones". T .|
Sy , . .

*The numerals of our base.ten place value -system rei’lect a tens-and-
" ones’ zroupins, as', T L ea ot
. ve , ~ones * S . _ -
. "ten(s-) SN

Would it be possible to ‘develop & base-four place-value numeratlon scheme

whose merels *eflect a fours-and- ones grouplng, as, "

L : . T, . .
4 ..

3 2 BRI

ones oo
%ours I

Iet us use sets of one, two, three, e nfteen ob,]ects to see how

such a ba\e four numeral system m.gnt be developed ) ThlS is- done in the':

chart on the opposlte _page whlch mcludes c:ontrastlng base ten numerals.
R o

Nc'te that in the de01mal system, each set of ten obJects is grouped‘__ _'/

a‘s/ 1l ten and the number of these grou’os is indicated in the fens place.

'I’hus, 23 is 2 tens and 3 ones, and the number of ones left ungrouped

is glven by the dlglt .3. The possible digits in ‘the ones blace are then

. a.n;>r of the numerals O l 2, 35 ooy 9 Slmilarly, gromms of tens are

regrouped 1nto hundreds when‘ there are ten or mo.re of these groups 5 gro‘ups

of’ hundreds are regrouped into thousands when *t"zere av'e ten or more of the
v hundreds, and_ so on, Thus, ady digit in any blace is one OI trxe numerals

0 1,.2, 3,.. ,'-9~ A slm.lar analysls shows. that any di gl‘t in base four

numeration system is one of the numbers O 1, 2, 3 s1nce any number xof"

- groups exceedlng 3 would be, regrouged” into groups of tne next larger slze : :
\ . . R

L . d . . '
°© ’ B - . L e
. - . o . . . N

O
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: o . ) quber of-  |'Base Four B.;aé.e'";i"en '
T, ﬁ“ours‘ Ones h-\Nun'leral Num,e_ra.l
. < LI e 1 1 7
| ‘ . ‘ 2 ! 2 2
o0 - NI 3
o oK 1 0 " 10* L.
o55 X 1 r | on 5
. oo Rt 2 12 6
B o e 3 .13 7
’ ' 2 ]a 0 |7 2. 3
~_1@ x ¢+ | e 1 2L, 9,
*_  ch 2 2, o2t L. 10
= . - 2
o o a2 7 3. 23 11
ERERER - | 3. 0 f 0 12
B B B x| 3. 1 N T13
o R B 302 32 14
' Booeg (oo oo wex |, 3 | 3 33 15
"*'. a ' We ne;w fa"ée ; plrloblem.; Wrat, fo’r instance, does ‘dl:lé nume"*‘&;.l "13"
. mean: 1 tén and 3 'one.s""’ or "X four and 3 ones"? We commonly ’
. reso...ve thls.n*'oblen 1n,tne Iollonng day _- ’ <t )
If we see tz‘.é num?*zﬂ. "‘3”,' for examole, we ass;me that it'is >

w*':\.uten 1n oase ten and unaerstand it to mean "1 ten.and 3-.ones

Tnis simaly ;ol" ows fam:.llar convenulon ; ' \ '
- If, on the otﬂe- ..and,-.be m.sh to write a numera.l to, convey a vase
four ,grouplng such as 1

four and 3 ‘ones" we agree to ‘use* tne form

nq Lo
~‘3fou.r - - .
num&a.l I's ‘written. : - . -

Tne subscript - "four?, indicates the base in which-the

. *Thais numeral should be "read: one, zero, base four. ' Succeeding numerals
“in tms colum would be read' one, one, base four; one, twg; Dase.four; . -
one, ihree, base. four; etc. ’ v , - T T -
— == ’ . B

\.’: '._ 98

R T 104 o

. i \

O
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. On occasion, when showing the base ten numeral for thirteen, Iomfﬂ\

instance, we may, vrite "l3t instead of simply "13", Jjust to be

certain that there is no misunderstanding. Thus, we, agree that ._ .

13 = l3ten"

However, be sure to keep cleariy in mind that
. e :
im'

N %
| 13413, .
and that . . o
. - 13ten # l3four' . ' ;
In fact, it is true that . ; : ' -
. . . 13ten = 31four' v
and that ) _ ) ﬂ
13four = Yten'
PROBLEMS T
- ) . ’ - 4~
7. Write "Yes® or "No" to indicate whether each of these is-a true
statement. v .
o8y Lien Tlrour % Spoyr 73 y
) } . .= 1 = ’
B Zpur = 2en 4 0=10,

\ - ¢

8. Express each of these base four numerals as base ten numerals.
‘o N . . -
a. 21 b. 30, ' c. 12 .
four Tour : . four
9. ‘Express each of these base ten numerals a2s & base four numeral.

.

a. 8 ' v. 1k ; e. 11

Lo~

10. Using base four numerals: - , ' N

"

a. Name the even whole nuﬂoers less tnan sixteeh.

b. Name the o0dd whole numbers not g*eaue* than fifteen.

EXTENDING,GROUPING_gi’FOURS

. Our base ten numeration system in"_udes Mo*'e than' jwst two places,
‘a tens place and a ones place. olked1se, 2 oase four numeratlon system
1ncludes more than just a fours place ahd a ones place. We now consider

an extens1on of grouping by fours

e symbol # means "is n?y-egual-to”:' S "

ERIC
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_' We know that. ninety nine is the greatest whole number that can be
' names as & two-place numeral in"our base ten numeration system: 99.

Tbe next whole number, ten tens, or one hundred, necessitates a new

A place to the left of tens place. Thus, we name ten tens or one Hundred

with thevnumerales ’ - _ .
’ » N c .
. ‘ l O O [ b ) .
t : - ’ Lms : ‘-
. I - tens ‘ ;

ten tens or hundreds

N

Similarly, 1“1fteen is tre last wn ole number than can be named with

a two-place numeral in'a base four numeration system. 33. The next

whole number, four fours or s1¥teen, necess1tates a’ new-place.to the

left of fours place. Thus we rame four rours or slxteen with tne RIS
numeral : A :

. ur
ey * . . -
ones
’ ,L‘ . L3
fours = o ,
- : R four fours or sixteens '
The following diagram’may telp us interpret & numeral such as
\ o -
232, . - .
four _ - .
- ) . . ¢ ¥
<. p ) _ _
. x| | B =
" T
' 2 sets’of 3 “sets 2 ones
Iour fours .. of four
' or sixteen AN
o o - . : - ‘,'/ A . vz
Taus, 232, is anotherwmame Tor 46, : 232 = L6,
USy iy e ' "Pten* ““rour .
-~ ~ N . ‘A._
.
, . . . , .
. ) |
.
| . 1
¢ o
] - -
. -
s v - .
N, ‘ '
- - -
100
. ch e
. Jo
[ ’ - . - ‘
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The _piane values assoclated with a base four numeration s

e

ysten

follow ‘the ‘same pattern as do the plate values associsted with a base’

ten numeration system, as shown in this chart: -

P .\ Base .X Base X Base . Base X Base. Base__' One
Ten X Ten X Ten Ten X Ten’ ‘Ten One
(Thousands) (Hundreds) '
Four X Four X Four Four X Four Four " Bne
(Sixty-fours) (Sixteens) t
o = - BN
-4 ’ Thuf,.the numeral h2123four- may be interpreted as:

——

P '“21?:3féhr = (E x L xh X L)+ (E X b4 x L) + (

v
-

.. '2123f0ur =(2x §h) + (l’x 162 +
2123;,011r =128+ 16 +.8 + 3
. .’) C. ) '
Tooagy, =155 (i.e., 155, ) .
‘ll \"o" '
" pROBLEMS . . - -

|

11, Express each of these base four numerals

(.2><l+)+(3xl)

: ¥ ]
%'- 3l?four 02- ‘332four
- - : . . . 9 . ) LY
d. 23_01four e. 1_30four
“ ¢
OTHER BASES

A set of objgpts may be.érqpped in terms of bases other than ten

2% h) + (3% 1)

as = base ten nugleral.

'3Olefour

R KN

. or four. Cénsidéf, for insggnce, a set of 23 dbjeéts thét_are grouped

first by sixes,,then by sevens, and:then by eights.
. i '

> B ) (D) e
G
Gy s

4

S S | . ».101107_" |

N . -

O

ERIC
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sixes and ones, or P
3 ‘ 2 ’ 3551x~

3 sevens and 2 ones, or -32

2 eights and 7 ones, or 27

o

seven

eight _

~



e . ‘ < N : . . . - . *
R - T S
s ’ s - ' N T
o« -,

&'hese 1llustrations po:|7'1t to the fact “’chat t e plaf'e‘-value nattern
assonlated w:l.th base ten a.nd base &‘our may be gpplled to other bases

as well. F«on 1nstam:e Co <
. by ;. .
. BXxEXxBxXB | BxBxB: | BXB - B* |1
. 10 X 10 x 10 10|10 x 10°x 10 [ 1'% 10 | 10 | 1
-'10000- fof 200 100 - f10 ||
Tl ExExBxn T hxhxy | onxy by
. 256 fo 0 e 16 | b1 b,
3X3x3x3 | 3x3x3 | 3x3.| 3|1 x
o8l v 9 1
2X2x2x02 2x2%x2 | 2x2 2 11
15 3 L 2 1.
. : R 0
5X5x5x%x5 1'5x5x5 | 5x%x5 5 11
b g5 ° "7 o1zs 25 5 |1
ExExExS . ExExB 5% 6 06_’ 1
+ 1296 | 216 1 36 S
TXTXT X TXTXT T xTT T )
2ko1 343 Lo~ 7T g1
. :
hS . . R - )\. .
: 8x8Bx8x:2 §Xx3 x5 S x38 g 1.1
. Logs .}, 512 & S I
9XIXx9Ix9 | 93x3x3 [axs |9 |
8561 ~29 51 5| 1 .
A. - - -
) : « "3 'Gemotes bese. - ‘ BRI o =*
> - 02 . e
\ . 168 .
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A chart such as «the following one may be helpful in showing for
the whole numbers one through twenty-five thelr numerals in each of

K

i) .

these bases. E : - _ o .

¥ BASE
. T e : . ? :

‘E _Nirie Elght ~ Seven Six  Five ‘Four'  Three TwvO .
1 1. 1 v 1t 1, 1
2. 2 2 2 2 2 10
3+ 3 3 3 .33 30 - 100 1L

by oy LW, 4 10 11”100
5.5 5 5. 5 10 1 12 103\
6 6. 6 6 10 1 12 20 Mo
7 7 77 10 h 12 13, -2 1
8 8. 10 ‘11 12 13 20 22 1000
9 10 .1 12 13 Cab - o2 100 1001

‘10° . 11 12 13 -1k .20 22 101 1010
1 12 13 .15 =2 23 102 1011,
12 13 14 is 20 .22 30 110 1100,
13 1L 15 16 2 23 31 111 1101
14 15 16 20 - 22 2L 32 112 > 1110
15 16 17 21 23 0% 33 120 1111
16- 17 20 22 2k 3 100 . 121 10000 .

17 . 18 21 23 25 32 ‘101  -122 10001
18 20 22 2 30 733 /102 200 10010,

19 2 ‘23 25+ 31 3% 103 . C 201  .1o011
20 22 2k 26 32 - 4 110 - 202 10100
2 a3 25 30 33 4w 210~ 10101,
22 2k 26 / 31 3% L2 112 211 10110
23 25 27 32 .35 k3 113 212 10111

2 26 30 33 k0 B 120, 220 11000

3L 34 b1 100 12 - 281 11001

s o

¢

-

As seen from the chart, the base numeral elways appears as’ lO when
written in.that pa:rtlcular bdse system. Similarly, 1n a partlcular base
system the numeral 100 elways designates the number obtained by mul_ti-
plying the base by itself. ; : o ] . .

4




. . . y

C o, . . . N . . -

The place-value pattern for a particular base is used whenevesswe
wish to rewrite a numeral in that base as a base ten numeral. Consider,

for‘ingtance, the place-value pattern applied to the numeral 2h35nine:

®

7 . \
R ' 243 zune ‘

5 X one -

I

=3 X nine . _ .

4 x nine xiunine

2 X nine X nine X nine

P ’ . . B
Infterms_of this'patt%rn we may write:

2435 ine = (2X9Xx9%x9) +(hx9x9)+(3x9)+(5x1)
S = (2% 729) + (5 x 81) + (3% 9) + (5x 1)
= 1458 £ 324 £ 27 +'5
-'_' 181k L - .

Suppose that we were concerned with the numeral 2h3SSix , instead

of the'numeral_ 2h35nine
- &

-. Then, the base six place-value pattern would
pergit us to write: ° _ _‘ SRS

S1X

245, = (2X 6 X 6% 6)+ (bx6x6) +(3x6) +(5x1)

(2x216) + (k% 36) +(3x86) +(5%x1) o
%32 + 14k +18 +5 B '

=599 S

/

* PROBLEMS ~ . -.

l2. Express each of these 25 a base-ten numeral,

. - 17’ . 3
. & 3h21five o 50'height . e h653seven
. . 1Y
. 2022 e 3012,
' 104

ERIC
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A NOTE ABOUT NOTATION -
- 2 i

{ We have been expressing varieus nondecimal' oa& numerals as base

ten numerals ‘In this work we moved directly into base ten Just as ‘soon
as we expressed a nondecmmal base numeﬂ&ia}n an expanded form ' For
instance,.. vhen ve write

—
+

o 213*+five =(2x5x%x5Xx 5) (Lx5x5)+(3%x5)+ (& X-l)

. We have. expressed all numerals on the rlght-hand sidef of the equatlor in

base ten notatien.

.

If for some reason we had wished to .express ?_13’4-f ve in an

expdnded form withi