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':PREFAChj? . Co e

. T . . ¢

Mathematics is. fascinating to~many persons because of its
"‘ . 5

;‘ iliﬁy and because gt presents opportunities to create and . dis-;_
ML_'ver; Ib”is continuously and rapidly growing because of - intel--
‘-:ctual curiosity, practical applications and the invention of /l‘
_Bew ideas..h T ',‘m B ; ' ,
O The many changes whic have taken place in the’ mathematics
;‘“curriculum of thevJunior and senior high schools have resulted
'Stin an atmosphere in. which mathematics has found acceptance in
" . the public mind as neVer befqre The effect of thchhanges has
.jbegun to influence the elementary school curriculum in mathe~-
"matics as’ well It.1s generally accepted that the present arith-
metic program in grades 1-6 will be substantially changed in the o
next five years.. . - ‘ St (

[ 4

4”‘Q_’ The time is past when elementary teachers can be’ content _
' that they have taught mathematics if they have taught pupils t0a
compute mechanically/ More and ‘more mathematics will be taught i

.

in the elementary grades, one important criterion of ‘the effec-ﬁ
tiveness ‘of a school's program will be the extent to which pupils ;
v;understand If mathematics is taught by people whowdd not like,;'
: and do not understand, the subJect it is highiy probable that '
, pupils will not like, and will not understand it as well <‘ .
: The School Mathematics Study Group materiaIs for grades

5& 5, and 6 contain sound mathematics,xpresented at such a level %Q

fthat it can be,understood~by children.; §xperimental.classes e

EE
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: have found the program stimulating, and teachers have been -

ifenthusiastic about the results.. Teachers in: the experimental

e

ﬁ‘school»program. What kind og aterial should teachers at this -

'vfrom a higher point of ‘view, but in a very similar setzan, pre-'

_,jsented in much the same way they would present‘it,,so

their own pupilp S Lo _Y o — .

-later implications of'the topics they teach,

~'programs have received the special services of a consultant to

help them with the subJect matter. It is not - surprising»that

} teachers who have-been trained to teach arithmetic in the'tradi-

tional sense need to study mare mathematics if'they are to have

'confidence in their. ability’to'introduce new ideas.\-They'must

e

know far more than the students, and understand something of the

This volume, Intuitive Geometry, and a companion volume,

;Number §ystems, have been prepared by the School Mathematics

Study Group to help: elementary teachers develop a sufficiént

',

sub ject matter competence in the mathematics of’ the elementary

‘ level have? ‘I8 a course in calculus, or abstract algebra, or ,

;applications of arithmetic what they need?_ The opinion of the

editors 1is that elementary teachers need a‘thorough discussion_

of all the materials they might teaoh in grades 4 5, and 6

A

at they

'themselves might experience something of the Joy of discovery

and accomplishment in mathematics which they may expectifrom

-~

With the ideas in mind whieh have been expressed in the '

' paragraph above, the existing 7th and 8th grade SMSG course

,df study was decided upon as the content which would be of

- greatestzbenefit to{elementary teachers. The material has been

~

.
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},But in addition to the work with numbers, the ideas of\geometry

carefully edited, with the idea that it must now serve a much

-
*

different purpose than that for.which it,was originally intended

\ .

You, ‘as the mature individual .will ke able to appreciate much

.that wou1d escape Junior high school students. Even though, in

some cases, your technical ability may not be we11 developed,.
you will be. able to think critically and to make connec
between what ‘you know and new material In 8 }cases, you will

_be surprised to find that “new“ ideas in, athematics are really

) on1y a new language for ideas you have known either implicitly

or explicitly for years While-your ability*to compute may be
improved only slightly as you study this book, you will find
that you understand many operations and concepts that were pre-v

viously vague or evenxmerely tricks used to get correct answers,J j

‘a'b In elementary mathematics today, the properties of/the o

numbers are considered to be as important as the actual com-

putations with numbers.- ‘The nature of -the operations with num-

: . . v

.berﬁvis considered to be as important as the answers obtained

g must also be taught Both the applications of number in geometry /-

” preparing yourself SR

_'f(meaSurement) and ‘the re1ationships between geometric elements

\_.1 y XY

iindependent of number he1p to form a foundation for the 1ater;'

gstudy of geometry. The introduction of basic mathematical ideas

r

in the e1ementary grades 'is’ the opportunity for which you are ;_‘ R

. . \ . -
. . . S N - N A\
L2 . P \
- . . . .
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] Chapter 1 ', N B

| W% NON-METRIC GEOMETRY Lo -
b . ints, Lines, Planes,.aqdySpace' . ‘ f:, 42'1
L . - '\x. ] . - : : ' L

. X . o
;geometric‘point'is thought of as being so small-that it‘has.

no size. In geometry noadefinition 1s given: for the term- point"
'4Instead many propertie# of points are described < o -

3

Space - .. = - ;&* T S
: You,can think of space as being a set of points. There is an
N unlimiteg,number of points in space. In‘a way, you can think of -

o the points of space as- being described or determined by position--. N

_whether they are 1in this room, in the world or in the.universe.

. c"Lines . B .3 T : ER— o

' For us, a line is a set of points in space, not -an __1 set of

' points but a particular type of set of points. The term "lin\"

‘means "straight e".[ A gee@etric line extends without limit in .

.each of two. directions. It dbes not stop at a point. , '_
..NA line has .certain properties relative te points and space._'

‘.The first af these which we mention is: . . l : . L %
_ Propertx 1: Thgough'igx,two different pgints in space there
-:%*?"‘ v - ds exactlx on€ line. . . { , 5 .
RS "'Fnom'thi one can seé that there is an unlimited number of
* lines'in spacz ' S S . : f’“'

.

By using lines you can get a: good idea of what space is like.‘
-ansider -a- point at a: top corner of your desk Now consider the
} set of all points suggested by the wally the floor, and the ceil-l
e ing of your. blassroom. Then fpr ‘each point of this set there is a _
B line through At and the selected point ‘on your desk. Each line is__-
¥ fa set of points. Space i1s made up of all .the’ points on'all such
5 Lines,. Remember, these lines extend outside the room. .. .
- Just as point" and” "line" are not. precisely defined space"

is not precisely defined.,- - _ . : ~1__

bo
.
. [x-.‘




Planes N c ST .
Mathematicians think of a plane as a set of points in space.
It is not Just __x_set of points, but’ a particular kind of set.v-"
You have already seen that a line is a set of points in space, a _
particular kind“of set and a different kind from that of a plane. _
A plane is aﬂmathematician's way of“thinking about the’ "ideal" of f
‘a flat surface.. ' : L
~If two points are marked on the chalkboard exactly one line
. can be. _drawn through these points. This is Property 1. This line
is on the chalkboard. The plane represented by the chalkboard
-contains the set of points represented by the line which you have
drawn. - - S, ' .
Think of two points marked on a piece of plywood. Pirt of
.. the line through these points ‘gan. be drawn on the plywood (recali
that "}ine means "straight line") Must the line through these
two points be- on the plane ol the plywood° These are examples of
roperty 2: I a line contains two. different points of a )
Cow - » plane, it lies in the plane. o .

B If one thinks of the-ends of the binding of a. notebook as a
»paIr of points, he can’ see that the ‘planes represented by the 'A
pages of the notebook contain these points: « The question might be
asked "How many planes contain a specified pair of points°"( The
notebook with its,sheets,spread apart suggests that there are many K

plahes through a specified pair ‘of poilntse.. = .
Suppose next that you have three/points not»alI on the same
line. ‘Three corners of the’ top of ,a desk is%an example of this.
The bottoms of -the legs of & three legged stool is ano lher example;
- Such a stool will stand solidly agaihst the floor, while a four- f

legged chair. does ot always do. this unless it is very well con-~-
o .

’

s

structed. S " os S
'_J'- Property Any' three points not on the sam g line are in ST

'only,one plane. g .
§ Do you see why this property suggests that if the legs of a.

_'the Shair onthree legs but not ch four? "' — L.

Y




J"f'In-thebfigur > there are three'points A B, “and’ C in‘a plane.
The line through/Zoints A and B and the line through points B
: and .C are drawn. The dotted lines are draWn .80 that they céhtain
 two. points of the plane of A, B, and C. Each ‘dotted 1line contﬁins
- a point of thé line through A "and B, and a point of the line
through ‘B and C. ‘The dotted lines are contained in the plane., .
The "set. of points represented by the dotted lines are contained inv‘
the plane. The plane which contains .A'”B and C can now be des-'
" cribed. It is the set of all points which ‘are.on lines containing
two points of the figure coﬁsistingaof the lines through A and B.
aﬁd'through ~B- and Co v . — . R

.
f

Exercises 1-1 L
- l, How many different lines' may - contain. ’
a. - -, One certain point? = - - . T -

| b. A certain pair of points? o - PR

2. How many different planes. may contain o e .
‘.a, One certain point? S ST o -,f¥3
_b. A certain pair of. points” .

e A certain set of three points? S

,3; How many lines ¢an be drawn thrOugh four points, & pair of them'
. “dt a time, if the points lie._ o . : r

-

‘~a._ In the same plane° ot o T -
b., Not -in the same plane° . . o e
4;‘ Explain the following' I two different lines intersect .
(4 one and only one plane contains both lines.\ o '.c; _.u. ‘e




al-2. gmg gg_ xmbo;s _ , : : o
' It is customary to assign a letter to a point and thereafter 7
to say point A" or "point_ B" according to ‘the letter assigned, 1lv'_
g A line _may be represented in tWo ways, like t _“‘-._\<’"; v
,l | N | o ; :g . .
" or-simply like this \f*"”——”j e The drawing suggests all the
points of the line, not Just those that caq bé indicaﬁ%d on the
page. _ ‘ . , R °
o If. you wish to call attention to several points on a line you"
can do it in this way A — & ‘ -
and the. line may bé calléd "line AB."' A symbol fon'thié'same'line
1s AB. Other names for the above line are “line AC" or - "line BC." o
;The corresponding symbols would be AC or BC. ' ' : -
'Notice how. frequently the word "repnesent" appears in these _
explanations, A point 1is merely represented" by a dot because asf
. long as the dot mark is Visible, 1t has size.. But a point, in -
geometny, has no size. ‘Also lines drawn with chglk are rather’
i"wide, wavy, and generally irregular.' Are actual geometric dines.
-1ike this? - Recall that "line"*for ‘us means "straight line."- A
drawing of a 1ike by, a very sharp pencil on’ very smooth paper is
more like our idea of a line, but its imperfections will appear

_ under a magnifying glass. Thus, by a-dot you merely. indicate the -

‘ position -of 'a point. "A drawing of a line merely represents: the
line. The drawing is not the acgual line. It 1s not wrong to.
draw a- line free-hand (withOut a ruler or straight edge) but you .

.‘should be reasonably careful in doing so. If you. want to make a !t
drawing Gf a plane on a piece of paper,.you can use-a diamond-.‘
shaped figure. Points of a plane are indicated in the same way as

fljpoints of a line..., v . _ o ~

b




'points in the plane shown. ‘A line is drawn_ thr

.

In the above figure, A, B, C, and D are cd%iidered to be
gh point A and -

-point B. Anothér line is drawn through point e and’ point D..

According to Property 2, KB and TD 1ie'in'the pline. = - .
o It 1S possible that a line might pierce or "puncture a plane.

.A picture "of this situatiefn pay appéar thus: =~ . = - _—

r:

.4

The dotted portion of PQ would be hidden from‘view if theu

part of the p1ane represented were the upper surface of some obJect 3
i.Such as the card table. . v :

- " .‘ /‘.

~ Once again, you can see that the. drawing only represents the“f

[

situation. .

n

- How could you use Property 3 to identify the planes of” the |
figure above°' Property 3 states, "Any three points naot. a11 on the
same line are in. exactlx one plane.: Note that point A, point B,
and point D aré not a11 on the’ same- line..: To show that apparently

P

.

- X . ., . N M .
1 . . L. R " : " B .. S
.
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two names for the same plane may be given, it might be possible to
write plane ABC plane ABE iT you are. certain of what the equal

. sign means as used here. , ,3 : - -
'  The notion of "set" will be helpful in explaining what 1s.:
meant by equal“ when applied this way. - f_ ‘ e
“ 1. Plane ABC.is a set of points. .., o
' .-2.' Plane ABE 1s a set of points. _' : E :
. 3. Points A, B, C E ahd others not indicated are in plane
' ABC and are also in plane ABE. . :
~ In fact all elements of plane ABC (a set of points) and elements :
of plane ABE (a set of éoints) seem_to be contained in both sets
(planes) . You gan say, -"Two sets are equal if and only if they
contain the Same elements.‘ According to this, plane ABC- = plane
‘-ABE In other words, you can- say set M is equal to set N if M and
N are- two names for the same set. ' ' :

: : . Exercises 1-2 : L7
1. In the - figure below, is point V a point of PQ° Is, point Q
an elemént of the plane° Is.V?_ How many points of PQ ‘are’
i elements of the plane° . ‘

b3

B A

if - Eigure'(a) ' ' S Figure (b): L
2. Figure (b) is a.copy.of figxre ), - except -for labeling. Two
; different lines may be- ‘denoted as 4. and,Ig. The small- numbers
' are called subscripts.. Plane ABD in figure (a) corresponds‘\
, vtojMi in figure (b). AB in figure (a) corresponds to £, in
' figure (b) : o -

«
X
.

oy e
A
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oo In the left-hand column are listed parts of figure (a) Match
these with parts of figure (b) listed in the right-hand eplumn

.Parts of Figure (a) S Parts of Figure (g)}.
'u2.'.?lane_ABC . . ﬂg o f“ o -
. 3. Plane ABD - . e My T e
‘v 4, Plane EBA . . - .. - d. My o o
. . &=» B - . . .
5. AB - R ~ -

6. The'intersection gf" .
~ plane ABC: and plane ABD-

"-Does the seeond column suggest an advantage of the:subscript" .
.;way of labeling? oo : BRI ‘“i
- 3. In" the- figure at the right (a) does llfp?ér¢? Ml?f.(b):Also‘ a

My ?_'(c) Is ﬂ..the only line Co- Co T

- . - . -

2 - T
through P and Q?  (d) What is
'the'intersection'ofuml and M,?

“(e) Is £,%1in M2° (f) ~Would A
" meet £, ° (8) 'Ar"e-_,é. and 4,
. " in the same plane? .
' : v ' . . ¢ ..

.1-3. Intersection of Sets R i .
Now some useful and important ideas about sets shall be
introduced. ’ . : x o '
ST Let ‘set A . Q

‘A, 2, 3, '4’5,'6 7,8, 9% T e

. Let set B = (2,4, 6, 8, 10, 12, 14, 16} . o
Let set C.be the set of, those elem ts which are. in set A and'

. are also in set B. -You can write set C F {2, 4 6 8] . Set C is'u‘

'fcalled the intersection of' set A and se B. . o

Let set R be the set of "pupils with red hair. o

, Let set S.be the set of pupils who can swim. Qe

It might happen - that an element ‘of set R (a pupil with re§;d_'
‘hair) might be an element of set S (a pupil who can swim) In S

' ‘fact there may be no such common elements or there may be several{

> , s

a .-



' In any case,‘the set of red-head:dhsyimmers 1s the intersection of. /ﬁ\\

set S-and _set R. . : o C§ ' e .’\

A -set with no elements in-1t is called the empty set." Thus,

- 1f theng are no. red- heade&,swimmers, then t%e intersection of set
.S and set R is the empty se%

Y

The .symbol ) is used to mean’ "intersection . that is, E r\ P

means "the in ersection of set E and set- F", This, referring to
the sets mentioxed previously, you can write: :

~ A r1 Bis (2, %, 6, 8) _
R r\ S is~the set of red-headed swimmers

S

< PR
In the figure, line £ seems to be in Ml and also in M2. Every

point in Ml which is also M2 seems to be on the line £ ~Thus
‘the following statement seems to. be true M N M2 by w i -

‘Some people talk about intersections in a slightly differemt o
way than ityhas been discussed here. When . we, say the intersection

of two sets. is empty, they- say that the two sets do not intersect.,

~ When we say the intersection of two .sets 18 not empty, ‘they say
“thatgthe two sets do intersect.

- lanjgpage is a bit different.
T &

The ideas are the 'same but the

P : Exercises 1- h _
- [
l._ Write the set whose members are R :
a.

""b.

»

The whole numbers greater than 17 and less than 23
"The cities over. 100, 000 in population in your | state
c. The members of tie class, less than 4 years old

_Write three elements of -each of the following sets
a. The odd whole numbers = = - - S

- - b.. The whole numbers divisible by 5

‘A




P A . . . ( .

Ce. The set of points on the lime below,-some of which are

labeled in the figure P Q S :
L . . , - R s P ',
>_3. 'Give ‘the elements of the intersections of the following pairs .
- of sets: . o ' :
' a,' The whole numbers 2 through l2 and the whole numbers 9 ;
) ' through 20 . e e T e 3
'+ b, The’ set of points on line k Koo 5 _
; ,v-: ',and the set of points bn "
St lne K
:‘c;'”The set of points on plane ST M, — -
' Ml and the set of points on N /2 A .
plane My o L N S —*=l
- . S w,
b Let S = (4 8, 10, 12, 15,20, 23] S AU
o= (2, 7, 10, _13, 15 21 23] S SR
. Find 5. T. - ' S SR, - .
. 5. Think of.the. top, bottom, anq'sides of a chalk box as sets of
. polnts, . .

e What 1s the intersection of two sides that meet° _ 3"
PR ' b; What is the intersection of the top and bottom? . , -

1{ - 6, Explain why "intersection" Has: the closure property and is. both
. _commtative and associative. In other words, 1f X, ¥, and Z
..are sets, explain why: =~ _ . _ T

'a. XN Yis a set. . e i*_ o /:.' v

'b; XN Y=YN X.- - . o | | R o

-c‘-.(an)_nz xn(YHZ)
| - » . ‘.'. 18 - -
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-4 Intersectioni of Lines and‘Pi angs. o L e j»fv
Two Lines // - o L s B
_" The péﬁ\éole intersections of tWo different lines may be des-vf o
cribed in three cases. Figures are drawn to represent the- three

e Lo oL,
"case'l. £ and k intersect‘ or . % R
o '3_3[1 k “1s not. the empty set.
2. and- k cannot contain ‘the . TS
. ”'.”same two points. Ir.lhy‘7 S o f
G‘Case 2. A and k do not intersect .
- ‘and are in the. Same- ‘plane, -
_ 2Nk is the empty set, S i IR
. .and £ and” % .are in the 7 . . . Tk
“same plane.. 4/ and k are . " .
-said to be parallel: A o '

Case 3.(./ and. 'k do not intersect e s
" and are not in the same =~ - . . ! > '
2 5plane. 7 N k is the empty - | - L2 | -
©set. It.ts satdthat f ama . e

k. are Skew lines. ' g :
_ In Problem % of section'l-l you were asked to explain why tWQ
lines lie in the same plane if they intersect : In the ,

"figure above are shown two lines which intersect in point A-;-B'is*"*”i“”

/& point on’one of the lines and C a point. on the other. By

Property 3, there 1s- exactly one plane which contains A, B, and G,
By Property 2, AB is “in this plane
By Property 2, KC is in thls plane , . )
There 1is exactly one plane which contains the two lines.'

A Line and a- Plane ‘ ' ’

o

~

"Again the possible intersections of ‘a line and a plane may be
described in 3 cases. Let represent a plane and /l represent a-
line. . T T o ) -




¢ése'1’ M.contains Z B v;‘ : o B X
ENZL S N I R Ly the 1ine £.° " T N
- ;CaSe,Q. M: and ﬂ intersect in exactly one point | S ':'- o
e e YV 'L is a point P. = . - . R
| case 3. Mand £. do not intersect. L :
- M- rllﬂ is the empty set.» o S .

R (Sometimes'we say.ﬂ is parallel to M. )
Iw Planes :

: @, m :
R Let A and B be tWo points, each of which»lies in two intersect-'
' ing planes as in figure (a) . From Property 2 ‘the linGA AB 'must
y;lie in each of .the planes. Hence the. intersection of the two planes
. ‘contains a line. But 1if, as in figure Ab), the intersection con-',7“
e ﬂhins‘a point C not on the 17ne AB, then the two planes would be
' the same plane. By Property 3 there would be exactly one plane o

Q5containing A, B C. It can now be stated:

Property by o If the intersection of two different planes is
) BN ,not empty, then the intersection is line.

-

If- the intersection of two'planes is the ‘empty set, then the
planes are said to be parallel. Several examples of pairs of
i T v

. . . R
- N . . . v,

Er' ‘ﬁV ..f' h ..'.‘1'."g Flf?f




parallel planes are represented by certain walls of a rqt:*
stack of shelves. Can you think of others°

two cases have been considered. Let M and N denote the tw"

”Case.l. M T\ ‘N is nog. empty.” - M r] N is a'line. . -,
Case 2. M.r] N is empty. M and N ere parailel. -
“_{ Are there any other cases?  Why? h- = - .

Ny e o Exercises 1-4 EEE
~l'._-f::Describe two pairs of skew lines.:; o T,
E.fLOn ‘your - paper, label. three points Ly B and c so that AB is
" not. AC. Draw Kﬁ and Acr.c what 1s KB N'EC ¢ - -
RS Carefully fold a. piece of _paper in half. Does the fold suggest
' a line° Stand the folded paper up .on a table (or desk) so that"
g the fold does ‘hot touch the tableﬂ Do the table top and the -
‘ folded paper suggest three planes° Is any point in all three
'planes° What is the intersection of all three planes? - AreA
, any two of the planes paralLel°v ' »
L S Stand the folded paper up - on a table with one ‘end of- the fold
- touchirg. the table. Are three planes suggested° Is any pointg
An all. three: planes° .What is the intersection of the.three :_
, . ‘planes? - i’ 4
".S.e.Hold the. folded paper so that Just the fold is on the table _
? top.J_Are three planes suggested° Is any point in all three
planes° ~What 1s the intersection of the three planes°_
_6, ~In each ‘of _the situations of Exercises 3, 4 and 5, consider:
- only the line of the fold and the plane of the table top. .
What are the intersections of this line and this plane?- You.

] -,should have _three answers “one for each of 3 ok -and 5. A
'7...Consider’three different lines in a. plane. How many points )
5"would there be' with each point on at least two. of the lines°
Draw four”figures showing_how 0, l, 2, or 3 might have been
_your answer. Qwhyjpouldnft~§our answer have been 4.poirnts.

B

s
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8.. Consider this sketch of a house. -
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Eight points have: been labeled on the figure. Think of'the‘lines"
'Tand planes suggested by the figure. Name lines by a pair of pointsa
g and planes by three points. Name , o : CT
:_a.' A pair of parallel planes. . '
" b A pair of planes whose intersection is a line.
RY¥ Three planes that intersect in a point. . o -
‘d., Three planes ‘that intersect in a 1ire. .
- A line and a plane whose int rsection is empty. -
£, A pair of «parallel.lires. '

v_‘ g. "A palr of skew lines. .
o hy. \Three lines that intersect in a point
ii. ‘Four planes that have exactly one point in common.‘

_ o P - o :
. 1-5. Segments and Union 6f sets. .- "- SR )
;7 : rddider three points A, B, and C not on the same line. . Do
" you. szg ‘that any one of them is between the other ‘two? No, you
. usuall do not. - When it is said that a point. P is between points
A ,and. B, there is a line containing A, B, and P. Co :
‘ Think of two different points A ayﬁ B. The. set'of points can-
. sisting of A, B, and all points P between. A and B is called the -
' T §ggmegt AB. A and B are called the endpoints.. The segment with. =
- endpoints A and B is named by AB. Another name for this segment
is BR. ' ’ :

Y a . ' . .
1 C . . I . . E .-

T2p
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s Every'segment has'exactlyﬁtwo endpoints. As suggested above

. each segment contains. points other tHan 1its endpoints. Sometimes
a segment is called a 1ine segment. K )_,‘

. .
f
c e .

In’ the figure above three of the segments are named AB —E
and AC. What 1$ the intersection of AC and BD‘7 ]
¢ Not only may you talk about intersection of sets but you may
also find it, convenient to talk about the union ‘of sets. The word'-

"union" suggests.uniting or combining two sets into a new set. . y

" The unibn of two’ sets consists of those objects which: ‘belohg to 4t

leadt one. of the two sets. For example in the figure above,,the ; .
unian :of AD and BC consists of a11 points of AB together with all A

points of B _E' that 1s; the segment AC. - '

' The symbol U is used to. mean "union". That is xU Y means
“the unio; of set.X and set y". Suppose that ‘Set X is the set of.

-

- numbers (Y, 2, 3, by and set@Y 1s the set of numbers (2,4, 6, 8,

C10). X' vis (1, 2, 3, &, 6,78, 10}. In the unlon of two sets, .
do not -think of an. element‘which occurs in both’ sets as appearing
twice in the union. .‘ : s S . S 3

«

_ Again,_let us think of the set of all. pupils\who have red
: hair and. the’ set -of. all pupils who can swim.” “You may think -;'.
Let -set R be the set of pupils with ded hatr. .
L]f Let set S.be the set of pupils who <an swim.”
Then R U S is the set of all pupils who elther have redshair
(whether or not they can swim) or who can swim (whether or not

they have red hair)

-

; - . _ Exercises 1-5 - ‘ .
i;i} Draw a horizontal line. Label four points on it'P, Q, R,_ahd“
7'1{-'3 in that order from left to right. Name7two segments: -
" "a. Whose, intersection_is a segment. ' ' I

. b. .Whose intersection E% a'point.

c.. Whose intersection is empty.. =~ o .




~ :
LA

' P . “
K o d. Whose~union is not a segment..f','e._ ' Wl :
So2. -Draw ‘a line. -Label three points of the line A "B, -and’ C with
B hetween A and Co J”. S U SO -
L a? What. is’ AB‘(}_ﬁE? RN R T
T b) Wmat is j/x n-Bc2 . . / e
C. . . c. Wnat is BBU BC? . .. o ToC e e / o
.0 d. Wnat 1s BB U Re- L L o0 foe 4 .
. 3. Draw a segment. ’Label its endpoints X ang.Y. Is.there apair
. of points of‘f? with Y between them° -.3 R )

e

u, Draw two ségments 1B and CD for which 2B N.TD is.empty'but."
o AB N CD is one point. ~ : -"5_ v ;f ;
- 5.. Draw twg segments PQ- and RS for. which BQ r\ RS iSYEmptj§%hut
PQ is;RS.. . ' : S, .
6. Let A ande be two~points._ Is it true that- there is’ exacﬁly )
’ one segment ontaining A and B° Draw a flgure explaining this A
R problem and your answer. , “«, : S : .
"7..-Draw a vertical line L. Label A and. B tw points to the- right
© of . Label C a. point to- thesleft of £ Is.AB ﬂ.e__empt_y? X
S I1sRc N 2. empty/ R e )*/TT . =
- 8;7_Efplaim why "union" has the closure property and -is both
: commutative’ and . assoc1ative. In other words if X, Y ‘and: 7

'~jare sets, explain why S e e B
a; XU Y is a set ., _ S f . s
| ..— _ X UY=YU X i . , .‘.-‘ . o .-
L e xuUMUZEX U U, TR

B 9.. Show that for every set ¥ you w1ll havé.q.
L, r 'x‘KUX - !-

N o ~,
. 1-6., Separations " :
' . In this section a very important idea will be considered--the
'f-idea of separation. You uhall see,this idéa applled in three
;'dﬂfferent cases. S
e Let A and.B,be any two point
the intersection of AB and M is- g
. side of Me ”he set of all point.'on the same side of M as, A, we:
'_call a half space. If the inter ection of AB and M is not empty,

of _space not in a plane M._ If
pty, - then A and B are on the same'




S T T ae T
| then & and B'are on. oppgsite sides of M‘ The sev’of all pointd on .
the pposite side of M from A 1is-another_half- ~-space. ’Phus T
Agy_plane Q§§§garates space‘inéo two half- spaces. _ :

The plane M Is calﬁed the boundary of each of the half=- spaces.'

. Now consider only a. plane ‘M, and a. line 1 1n that plane. " . L
; Let & and B .be; two points not on the 1ine. Then either ABN 1 f R
‘is the empty set,.in which case A\and B are on the- same side. of ;; '
. or AB r].l is not the empty set in which case A and B are on- ‘

opposite 'sides of- £, Similarly then: éuf_ :

. .~ Any line ﬁ{lof a g e M separates the p‘ane into two,half-- [EEe

.Elanes. : _' . ' . v O ) .
’ :In the figure below the S-side of line k As shaded and the

K3

T-side of k is not shaded - -.:_,

Y

' 'Now consider'a Mne £ .  How would you define a half line° " .
Can you say anything about segments in this definition as you did . -
in defining half:planes and half-spaces° What would the boundary
.~be? ‘Is ‘the boundary- a set of points? e LT '

N Our- third case should now be clear. Qan you . state it°'

. ‘It is important to note that these three cases are almost

s alike. They deal with the same idéa in different situations.
Thus: . SRR A S o
Cape 1. Any plane separates space into two half-spacgs. _ i
‘Case 2. - Any line of a plane\separates the plane intowtwb half- -

t - .i,, . 3
© .~ planes. . : PCJOE R \
,‘CaSe 3. Any point of a line separates the line into two half-
- lines. = . : ' )

There 1s one other definition that 1s useful A __y,is a’

' half-line together with {ts endpoint. A ray has one endpoint.. A
ray without its endpoint is a. half line. A ray is usaally drawn' .
“like this,——>. If A is the endpoint of a ray and B 13 another -
point of the ray, the ray is denoted by AB.. Note that BA is not

;?f' :

‘AB - The- térm ray is used 1n the same sense in~which it is used in ..
Q"ray of light" ' ' :

-

Ne
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In everyday language, yow~sometimes do rot: distinguish between
j'linesqurays, and segments. In geometry you should distinguish
‘ between them. ~ A "line of. sight" really refers to a,ray. You do -L .
.not describe somebody as in your line. of sight 1if he is behind you.
The right fie1d foul line in baseball- really refers to .a segment -
;and a ray.' The segment extends from home* p1ate throeugh fipst base
" to the ball park fence. It stops at the. fence. “The ray_starts 8n
- ‘the ground and goes up the fence. . What happens to a-home-run ball *
T after it leaves ‘the park makes no difference td the play‘In a maJor j
o 1eague game. T . . : B . , Je Lo -

Rl

T e

.- ;N..' s - o Exercises 1 6~» - “vlr- S :-ﬁ< v
1. In the. figure at the right,-is the . e Y

" R-side of £ ‘the, same as the S-side
., of £ 2 .Is it the, _same as the. Q-side°
‘ .“;iAre the intersections of I and’ 7q,

. @ and RS empty? Are the inter- -

~ gections of ./ ‘and JS, ,e ‘and PR . :
“_empty° Considering;the ‘sides of . i T o .
'-2 5 -are the previous two’ answers what yoa would eXpect°-_ -
,*'2; Draw a. 1ine containing points A and Ba What is AB(W BA° “What . .

S is the set of points not in B2 . - L

Y 3{. Draw . g horizontal line. Label four points of it A B, c. and D
: .., In that order from left to right. - R
: }' Name two-rays (using these points. for their description)
" ai . Whose -union is. the line. . : :

0" ‘Wnose, union 1s-not the-line, but contains A, B, c D,
\“;;Whosejunion does not .céntain Ao L -
3;Whose intersection is a point. ..'\ S
- ’ Whose intersection is-empty. .. o L,
'1*{;'74.3UDoes a segment separate a plane" ‘Does a lzhe sepanate space°
{,;f:'é;f The 1dea of a plane separating space is re ated -to the idea of’

.. '*s  the surface of a box separating the inside from the outside.
"4_f.‘f'"If P is a point on the fnside and Q. 2 point on the outside of a.
. o box, does PQ intersect the surface° e A : .

P

RS- Explain how the union of tw0«ha1f-p1anes might ve & plane.

4
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7. 1p A and B““are points on the same side of - ®he plane M (in,
space), must AB ﬂ M be empty? Can ABQ M be empty" '

.

- 1-7. Apgles 'd.‘Triangles ,, T

Hand triangl s. ~An- angle is.a set of,po{nts consisting of two rays

‘with an, end oint in-commgn and not both on the same straight line, .
Let us say his in another way. ret BA and BC ‘be, two rays such .

:tpat A B d C are not all on the samé line. Then the set of

‘ points consist ng of alls the p01nts of BA together witH all the .
poipts of" BC' S, called ‘the- angle ABC., An angle is.the union of ~

. two rays. ; e point B is called the. vertex. of’ the angle. The

~ rays. BA and C are .called the rays’ (or sometimes ‘the sides) of the’
=angle. “An an ‘e has exactly one Vertex and exactly two . rays.

S An angle s drawn in the figure below. u will recall from
~section l 2 hat what is really mean is "a re resentation of an .

a‘mu._. Three poin\Ks}:kf the angde

e

d: so that the angl

listed in the middle. : _ :
[LABC 1s [;QBA. Note t at in’ labeling this angle the order of A '
~and € does™not matter, but B must be_in the middle. is L&Bc the :
' s3ime as [;BAC (not rawn)? o ' |
' From the figd%z it looks as-'if the angle ABC‘separates the
plane containing it. It is true that the angle does separate the
plane.’ The two pieces into which ‘the angle separates the plane
look somewhat different They look like : : *

: J“!{xlllll.l TR TR TS : : < : . : ' A

e

and B

i

T D, )
HEHHEPS
g Y][[]T'.' T \
.
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The piece on thb right is called the interigr of - the angle and the..
:one on. the legt thé exteriOr. Thq 1nterior of the ZLABC can be A'
o defined as the: intersection of /he A~ side of, the line BC and the .
a C—side of the line AB. It is the intersection of two half planes ’
‘-wand d0es not include the angle. The exterior 1s:the set of all o
points of the plane not on- the angle or in the interior. R
Triangies T R e
fl‘,t ' Let A, B and C be three points not all on the same straight t
Aline.‘ The tri gle ABC, written as A ABC -is the union of AB, AC
and BG._ Yoq will recall that the union of . two sets consists of all '
\of the elements. oT the one set tpgether with all the %lements of A
the other. The A" ABC ‘can be)defined in- another way. Thé triangle7
ABC1is the set of points ‘consisting of A, B and C \and all points -

of AB betwggn A and B, all points. of AC between A‘and C rand all’

[ ..._.__...__— -

points‘of,BC ween B and C.. The points A, ‘B, and C.are the

_ Vertices of ATABC. The word- "vertices" is used when referring to
r more than one vertex._ Triangle ABC is represented in the figure.
3 '

gles of a riangle .

, ’_ You can speak ‘of AB," iC, and BC as the sides of* the triangle.
. You can speak. of /[ ABC," - J.ACB,  &nd Z;BAC as the angles of the |
N triangle. These are the angles determiried by the triangle. The l';

.sides of the triangle are contained in the triangle but the angles
I _of a triangle are not. _ - ) ;;“__?_;—“_ - SR
' Note that a triangle is a set of points in exactly one plane.*,
\vJEvery point. of the triangle ABC 1s in the plane ABC.- A ABC ‘.“ '

‘separates the, plane in which it 1ies. . The A ABC has an interior

and ‘an’ exterior. - The interior io the’ intersection of the‘interiors

‘of the.three angles of nhe triangle. The exterior is the set. of

. 3all.p°1nt§ of plarie ABC not on A ABC: ‘or inAthe_inter%Pr of_ A ABC.“

3




- : gx,_e_r-m;_) 2
.la Labelathree points A B, and C not d11 on the same line. Draw
AB,.AC 2§d BC. (a) Shade the C-side of %B. Shade the A~
side of BC, | What . set 1s'now doubly shaded? (b) Shade the .
- B-side of AC.- What set 1s now tpiply shaded? =«
2. Drav a ‘triangle ABC.
“a. In-the triangle, what 1s BB ﬂ G2
' b.» Does the,; triangle contain any rays or half lines° o
© ¢s In the drawing extend AB in both. directions to obtain AB.
" What is ABnAB"
. d. What is ABﬂ A ABC? -
3. IRefer to' the figure on the
" right.. ) :
. What ‘is YwﬂA ABC" o
-b. Name- the four triangles-

o

in the figure. PR B e Y .

. Ce Which of .the labeled points, if any, are in the interior

”‘~j of any of the triangles? - . :

d,  Which of the labeled points, if any, are in the exterior -

_ of any of the triangles° — B o

" e. Name a point on the same side, of WY as C and one on the

‘opposite’ side. . E S e

'Q“,f Draw a figure like that of Exercise 4, o . -
i oa. Label a point P not in thd@interior of any of the triangles.,'
by .Label a point Q: inside two’ of the triangles. Lo s -

ce If possible, label a‘point R in the°interior of A ABC but

_ not in the interior of any other of the triangles.';f”

5y If possible, make sketches in which the intersection of a line

XS

_ J.=vand a triangle is: - . 2,- ; N P!
| a. . The empty set L LG, A set of one element
'~3b.; A set of two* elements i &i“ set of exactly thzee elements
6. If possible, make sketches in wgi the intersectioﬁpof two .
.triangles s f- “~,--A 15 '« AP 3 ._l,“
a. The empty set, i ?f' Ch Exactly four points . el
f'b.'wExactly two points . »'d. Exactly five points A




e Te In the figure, what’ are the following; . o IR

ca.. /. ABCQY Ac
‘b, O ABcﬂAB

> € ﬂ N /_hcB
o da ABﬂ.e
e ‘LBCAn LACB
pr.'.-Bcﬂ[_ABc. -
~g. BCN /ACB

h. [pscNamBC L, o ST
8. In a plane Af two triangles have a side of each in common, must'
‘their interiors intersect°$ If three triangles have a side of
.each 1n common, must some two of their interiors intersect°
9: “Draw [;ABC. Label points X and Y. in the interior and P and’ Q
in the exterior. U . o SN
Ta.- Must every point of XY be in the interior°
b Is every point of P& in the exterior° '
‘ c. Can .you find points R and S .in the exterior so that RS(W
'Tfiv /_ABC is not empty° .
-d. ‘Can XP r1 A;ABC be empty%:;

.

' 1-8. One- to-One orresgondences ,
" . The idea of ' "one to-one correspondence was used in talking- =
'about counting numbers. This idea is also. useful in geometry. By
' one-to one correspondence" is meant the matching of each member of
a certain set with a corresponding member of another set. - Before i
. this idea is used in geometry, let us review our previous experience.
. Consider the set of counting numbers less than eleven. Let us -
forn two sets from these humbers. -Set A, containing ‘the odd -
numbers: {1, 3, 5, Ts 9] and .set B,. containing the even numbers.e
{2, &, 6 8, 10] There is a one-to-one correspondence between
- set A and set B because °very odd - number can be matched with an
{even number. '

e




| R S Exercises 1-8 . U
. Is there ‘a one-to-one correspondence between the states of- the
" United States and the U. S. cities of over 1,000,0Q0 in
population°- Why° Does the fact that Nevada contains no clty
of over a million population show that no such correspondence
_exists?

2 Show ‘that there is a one-to-one correspondence between the set .

‘ of even- whole numbers and- the set .of odd whole numbers.

3. If set R is in one-to-one correspondence with set S and set S‘*«
with set T, is. set R in one to-one correspondence with Set T?

: Why? _ _ o
h, Establish a one-to-one correspondence between the set of even
' wholge numbers and the set of whole numbers. o S ‘ /r
: 5 Follsthe given directions i_n making a drawing somewhat like _ L
the glven figure. A o _ o \;

4

Questions are scattered thpouvhout the directions.' hnswer the
questions as you go along.,' '
(a). ‘Draw a line\and label. it £
(b)- Choose a point not on line ,( and label it P.
(c) Mark some point A on line,f . ot _ ,
- (d) Draw 11ne A. . ' - Lo S
(1) 1S PAﬂ £ equal o0 the empty set? _
(2) Does the intersection set ‘of PA and,Z have onlytone:
B ‘element?  Why? ~_i_\\\_____; S o
g (e) Choose two other points, B and C on‘Z ‘Draw Eﬁ'and‘Eg.‘ .
' _ (1) Through each additional point marked on ya can you draw -
- a line that also goes through point P?, ~ . R
J'(2) ‘Let all lines which intersect £ and pass through P be
- the elements of a set called K. How many elements of K
_have been drawn up to. now? ‘ '

4
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) '(3) Does each- indicated element of X contain a point on £ 2
-+ '+ (%) - Gan each indicated element of K be matched with an S
B ih indicated point on,l 2 . L
‘..(5) Do you think that, if more. elements of K were drawn and
: 5more points on 4 were ‘marked, each element of K could be
kn matched. with a. corresponding element of./ ? R
6 Describe a one-to-one correspondence between the points A, B
o and C which determine a triangle and the sides of the triangle.~v'
Can you db this in more than one way" . L L
7. ,Draw a triangle with vertices A, B and C. Label a point P in ]
th'e interior of A AEC. . Let H be the set of all .rays having P .
' as'éﬁ endpoint. The elements of H are in the plane of A ABC,
Draw several rays of "He -Can you observe a. one-to-one corres-_:'
pondence between: Hand A ABC° For very point of" A ABC is’
there exactly ene ray of H cohtaining it°' For every ray of H
) is there exactly one point of A ABC on such ray° .
8. Draw an angle XYZ with the vertex at Yo Draw the segment. XZ..
- Think of K as a set-of rays in plane XYZ with common endpoint !
8 at Y. JK is ‘the set of all such raysawhich do not centain. -
. points in the exterior of - [ XYz, ¥X and YZ are two of the
_'} - -many elements of K. Draw another element of K. - Does it inter-
: sect X2? For each element of K. will there be one suchématching
point of Xz? Label Da ‘point. of ¥X and E a point of YZ,- Draw
'j DE. Is there a similar one—go—one correspondence between the
: set of points of XZ° and the set of points of DE? R

R 7 -

K =

. la9. Simgle Closed Curves. ) '» S '3 o
: A curve is a set of points which can be represented by - a
";pencil drawing made without . lifting the pencil off ‘the paper, it
‘being understood that in the process part of the - drawing may be
retrdced., : : -

Y

Segments and triangles are examples of curves you have already .
studied., Curves may or may not” contain .portions that are straight.
+ In eveayday language the term ' curve is used in this same sense.'
- 'When a baseball pitcher throws a curve, the ball® seems to go 'f
5~‘_.straight for_a while and then "breaks" or "curves'. o R

ﬁ SN 3 - ;}()




. pig.a . - Pig.b  PFig.c
AoLon T st; T ST )
One important type .of curve 1s called a broken—line cugve.
;ﬁ It is the union of several line segments; that is, it consists ‘of L
K a11 the points on several line segments. Fig. a represents a 'ﬂ
‘ broken-line curve. A, B G, and D are indicated as points or the
”. curve.f It 18 also- said that the curve contains or passes through
- these points. Figures ‘b to. i -‘also represent curves. vIn»"
© Fige. 'b, points B, Q, and R are indicated on the curve. Of'course,
' ithe curve can be thought'of as containing many points other than
P, Q) and R. . : : e g
- A curve is said to be a simple closed curve if. it ‘can be
;«srepresented by a- figure drawn in the following manner.; The draw-
ving starts -and stops at the same point. Otherwise,.no point is
" touched twice and the drawing instrument is not removed from the'
‘paper in the process.v Figures ¢, gy, h, and 1 represent simple
» 'closed curves, The “Other figures of this seétion do not..
:Figure J represents two simple closed .curves. The boundary of 'a
..state like Iowa or Utah on’ an ordinary map represents a simple .
l;closed curve. = L ' a '

s . T i
ey ) \___ ____.._.__J

Fig.f .~ " Flg. g -,,Fu.




The examples that have been mentioned including that of a
itriangleﬁ suggest a very important property. of’ simple closed curves.
,Each simple closed curve has an interior and an exterior in the .

plane.' Furthermore, any curve at all containing ‘a point in the o
interior and a point in the exteriQr must Intersect: the simple‘l _
ipclosed curve. As an example, consider any curve containing A and B
‘of Fig. & and lying in: the plane. - Also any two points'in the - *
'interior (or any two points in the exterior) may be Joined by a
broken-line curve which does not intersect the simple closed curve. -
Fig. ‘h indicates this. A simple closed curve is the boundary of

_1ts interior and also of 1ts exterior.. R

N ~The interior of a simple closed curve is'called a region.. f"‘

- There. are other types of .sets in the plane which are also regions.-

- In Fig. 3, the portion of the plane between the two simple closed T
curves ‘is called a region. Usually a region (as—a—set_of_points)___;_
does not include its boundary. ' 4 :

Consider figure e The'simple closed curve (represented by)

'{ J1 is in the interior of the simple closed ‘eurve J2. You may obtain,

a natural one-to-one correspondence between J and J as follows.
Consider a point such as P in the ‘interior, of‘J Consider the set
‘of rays with endpointiat P. Each such ray intersects each of J1
and J in a single point. . Furthermore, each point of J and eaoh
-point of J is on one- such ray. A point of Jl corresponds to a
point -of J if- “the -two points* are on the same ray from P. 'Note
.)that this procedure using rays would ot determine a one-to-one -
correspondence if one of the simple closed curves weme like- that ,
in Fig. .. o i R T
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. , Exercises 149
1. ,DraWAa figure representing two simple closed curves whose

o intersection is exactly two points. How many simple closed
_eurves are represented in your figure° ' [
2;. In. Fig. J, describe the region between the curves in terms of
-'intersection, interior ahd exterior. . : : .
3.'"Draw two triangles whose intersection Is a side of each.‘;Is.
"~ . the union of the other . -sides of’ ‘both. triangles a simple closed
curve° How many simple closed carves are represented in your
T figure° N » ' Lo . -
"4, In a map of theé United States does ‘the union of the boundaries
o of Colorado and Arizona represent a simple closed curve°
5o 'The iine £ and the simple closed o _ o
Lo curve J° are as shown in the = . =+ O S
_____——figure. R ' ' '
T a. Whatianl _
b. Draw a figure. and shade the
I intersection of the interior
o of .J and the C- side of.l
7'\~_é. _Describe in terms of rays

- the set of polnts on /£ . _ N .
" ¥ pot'in the interio? of J.. _ N
6. Draw two simple’ closed curves, one in the interior of'the's.
_-other such that for no point P do the rays from P establish
:j'a one-to-one correspoudence between the two curves. ‘Consider
4fFig.»1._. L o L N
7. . Draw two simple closed curves whoge interiors intersect in. vf
‘ three different reglons.: _' co T - -

8. Explain why the intersection of a simple closed curve and a °

) line cannot contain exactly three points if the curve. crosses /////

.the line wifen 1t intersects it! . o
bl - (Qi
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ifcounted they are measured"‘

B

' 2f;‘ ting and Measurlng

A 1. " Chapter 2 - S *

" Such ' common questions as "How many people went to the ball
game?" or. "How much meat . shall I buy°" or How fast can ‘a jet o

-travel°" have answers Mhich are alike in one: respect- they all

involve numbers. Some of these. ansvers are found. by ounting,
'h e others are found by measuring.

of obJects and wish to ‘have some measure -of" how many there are

- in the.set. . Such a set is called a diserete set.- Questions as,

~ "How much?" "How long?" "How fast?" etec., are used to describe .
'»something thought of as all in one piece, without'any"breaks; Such,
a set is called a continuousfset; Sets of people, ‘Houses, or

animals are discrete sets; a. rope, a. road .or a flagpole are all"

thought of‘as_being continuous since’ they are like line segments; -

you can count'a number_of line segments but. you cannot count the

_number of all'points on a line'segment.- A blackboard and a. pasture
_ may be thought of,as sets of points enclosed by simple closed '

'curves, and as being éontinuous. Such sets of points are not

. . L]
K

Pr;pertiéé of Continuous Quantities .

The sizes of- 1line, segments and of simple closed&curves can be’

compared without actually measuring them. . To compare segments,,KE

«and CD lay the edge of a piece of paper along GD and mark points :Cr

and D, Place the edge of the paper along AB with point c on'
point "A. If D 1s between A . and B, B is longer than CD. If

D falls on B, the segments are the same length these segments. are- .

‘said to be congruent. _If B is between C and D, [} is longer
tham AB. RN ’ :

) The union of the set of all points which lie on a simple
closed curve or ‘are contained in the interior of the simple closed‘

curve Will be,called a closed répion, To - compare ‘the sizes of two '

closed regions, ‘one may be cut- and placed ‘over the other. _
Certain properties of geometric seontinuous. quantities are
assumed~ ' : : ' ‘

The question, ‘"How many?" indicates that you are thinking of a'



.‘. K - . . :

o&ion Property. A geometric figure may -be moved.without
';changing its size or shape. -

Compgrison Property. ‘Two continuous geometric figures or sets, f "'

_ of the same kind may be compared to determine whether they have ﬁhe

same size, or which one 1is the larger.__ o - -2 .
Subdivision Property A geometric dontinuous figure or. set O
" may be subdivided. L T ‘ - :

Subdivision and Measugement. _ AR - SRR
‘ The Subdivision property of a continuous quantity 1s the basis

;;fo the process called measuring. If a segment AB is subdivided
by ¥ point C so that iC = CB,_then AC 1s one" half of AB. If
two D and E are placed on AB 80 as to’ suboivide AB

’ 1ntoéthree equal parts, how does AB compare with AD°1 with AE°
Eﬁf can be subdivided so as to compare the length of one line

segment with the length of. another line segment. suppose a. segment o

1is chosen of any. length less than the length of AB,‘call the o o

" n - _ ., .

length of the segment n .

., n ___.h ., n__ n_ N . >

A

Beginning at point . A 'in the figure, above’ a segment of
length n. . is 'marked off 4 times so. that - AF 1s of length hn.‘
The symbol "In" means "four times as long as the segment ‘of length

o, It is- sald that tHe length of AB 1is approximately equal to
hn‘ A symbol for the words approximately equal to" 1is a wavy
equals sign like this, "at, You can state that: the length of .

& In, Notice how these symbols are used
R T TS ‘the measure,
' n 1s the unit of measurement,
: . hn is the length..
Subdiv;ding Units of Measurement

' " You have seen that the. sizes of continuous quantities ‘can ‘be’
found by measuring, and that for this a unit of measurement must be
used The unit of measurement must have ‘two charistics

+ N ; . B . -

]‘ -

'35




Y. It must‘be of the same nature as the thing to be
’-measured--a line segment to measure a line segment
) 0 measune a closed region, and so on.
2. It must be poss ble to move the unit or to copy it.
. accurately3 80 fthat it can;be used to. subdivide the 3;‘
'fthing that 1s:
In® measuring a re

“''a closed region

easured. 44“.. g BN S S
angular region it is assumed that the _ ;_\ B
Sresult does net depend,on how. the rectangular units are placed on 4
‘the 1arge figure.f Th agsumption that. the area obtained does not ‘
‘depénd on the way. ‘the units are. placed on.a figure can be tested.v;f'
‘Measure the' same rec angular closed region with the same unit but .
','plaoe the units on}the region in. different ways._ If you actually |
try this "experiment" you. should get: the same results, within the -
1imits of experimental error. The- assumption ‘that ‘a“ continuous )
quantity can be measured by covering it with units in any way found .
iconvenient i1s very important.~ If in this experiment different 1
results -were obtalned, then a single rectangle would seem to havef'4
two different sizes.» To agree with our assumption. that continuous, ;
'quantities of. the same 'kind ean 'be compared the fact that\the wholef
‘rectangle mist have greater area than any part of it, 1s accepted. o
' To measure this rectangular closed region a smaller rectangular’
"closed reglon may be used as a unit,. . » s _ ;
4 . Exercises 2-1 l e
1. 'Draw a triangle, a circle, a square and a rectangle.' If eachl~
' of these is used to- measure the area of a sheet of notepaper
af Would eny of .the figures be hard to use as'a unit of
. measurement? If so, what ‘1s the reason° : ,
.(b)4 Would: the measure be -the. same number for anx two of
- " the figures° ' ,- .
‘2, Use the closed region .-B as a: unit to compare the areas
r;of the two closed regions. ) ;'4 e ;A. _;' .
o A L RS




™~ 1
The size of closed region A is approximately
‘times the size, of °B. R : -
" (a) Compare'the iength of curve D wtth thellength-of.-
© . ‘curve C.. : o ' ~ ..
- R - _,
. 'Ai .‘
o . -~
_ (b) Compare the size of°the closed region D with the
g ’.’ - . size of the closed region C. - . - v
b, Subdivide solid A, into parts. the size of box B. The_SQlid N
o box A 1s about . ‘times as large as the splid B.
\. . . .
A B L
. 3

5.

o

-

"

Draw a triangle AECK_
/point which subdivides the side into two congruent segments.
Name these points D E, and F, as Shown in the sketch._ A

segments DE EF and DF.

o each‘sido of tne riangle place a

.

Y
(a) Use a strip of paper to determine which segments aré

congruent.f\(You shOuld find three sets, with threey’

AL

&

... ./‘ ..
. /-
7

segments in Fach set, )

Draw.

i
EURITN




"to measure this Space° e _..-, R

f:.2¢é;

well

"-, advi

;_'of P

have difficulty comparing results, at least some agreement ‘is.
sable, When a- unit is agreed upon and used by a large number .
eople, it is a standard unit. R Sy R
”-"Linéar" means "having the nature of a line . 'Ali measurementbﬂ
line segments isbcalled linear measurement... .,“' - f;;' '

of 1
that
tati
inte

on t

. the

plan

'tot
defineo the. meter in relation
o is u

.coun

(cy, Copy“triangle EFC by tracing it, -and compare the area of«

(b):pThere are. Lall simple closed curves in this figure. Some -
are triangles and some are four-sided figares._ Name all
~the simple closed curves, S

the closed .region. EFC with the areas “of .the other tri-.
angular closed regions.

(d) VWhat’ sets of’ closed regions are the’ same size“ (One set

- ‘'should have four members and two sets should each have R

\

3 members. )

“Could the space inside a box be measured by finding how many _
'marbles of a’ certain size 1t will” hold°» How would the measure--'

ment be stated° ' What different shaped object WOuld be better

oA -

-

Stagdard Units of Length ; . 5;' H" & :,wﬂx f.”‘tf”

“In history disggreements about: linear'units becarie 8- common

a group of Fr%QCh scientists ‘ealled a conferehce of represen~_»'

ves from many countries to meet ‘With them and establish an
rnational set. of measures. This group developed the metric

’ system thCh discarded the, old units and based all of their units'

he dis ance from the North- Pole to the equator. The meter is.;
—— b [}
baoic unit of length‘in the metric system. (The- meter was .

ned - tonba one‘ten millionth of -the’ distance from the North Pole ¥

he Equator, oat recently ar_'ngernatio al’ congreso -of scienquus
tollight waves).ﬂ .The. metric. system

sei/ﬁy all scientls*s ln the world and is ln common tise in all\'f

t1 es except those in which English is the main 1anguage spoken.

©  The National ‘Bureau . of Standards in Washington has an accurate
copy of the meter, a bar made,éf platinum and iridium, since this ;

; meta
rwcond

Tresy o

1 changes very little in length under different atmospheric
itipns, Congress has passed a law that tells what part oﬂ this

{ e - R

Two people using different units to measure the same thing may.

5
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- bar shall be the official yard in the’United States.' This bar’ is

the stagdard unit of length with which all standard units of length :

Nin this country are compared.. If a manufacturer wants to- make'
- measuring instruments, his products must.match the official

 standard.. L ST ,_7_ : S Cb if

‘The Ruler /and the Number Line . . . - R
'"_ ‘ Measuring segments may be considered the same- ae comparing the
: segment that is to be measured with a number line. Actually,_

B, rdinary ruler represents a part of a number line on which the unit
_ 18’ an.inchf this part of the number line starts at zero and goes to

(RS

wpa TS T T
'”f" In" ‘the first part of this section. it was stated that the meter
is the basic unit of length 1n the Metric System. However, it is’
frequently convenient to usé€ another unit to measure leng S which
are smaller than . one meter. This unit 1s the. centimeter ES!ih

7-130 of a meter. Many commercially mgdé~pulers have one edge -

labeled in inhches 'and the othbr edge. labeled in centimeters.' The . ,F

.follOWing picture will helpiyou visualize the 8ize: of,one centi- )
meter and its approximate relationship to-the 4inch.

Seud oo T _ Sy
" ‘1lcentifmeter = i%ahof a meter i - b
b - I meter = 100 Eh. ' -

~' Under many laboratory conditions it is frequently necessary to

. use 2 unit-of measure smaller than the centimeter. For. ‘these pur-

. i;
poses scientists uSﬁ
1 1
millimeter. thice‘ghat T X 155 of a meter is To5o °f 2 meter.
" The prefix M"mi11i™ means one-thousandth.- The fbllowing pigture

: wilr help fix ‘the size of al millimeter unit in our mindsi- s
"U l‘ -

\.' ||_cm o L T

. 1 millimeter =
1 meter

/

a unit which: is I—- of a centimeter,'called a’

1s‘ oy



A e
‘of' the points, A through.
' ey
'1')'5'"_9 . (e) FG") .
J'each !

' A"C_r:.DiVide 5 1} % :
'Is there -

L @ 17 enl 1o e .--(b._) sk to
(o) Mmlteem o (a) T tom -
i liisj. A (e) a93 o’ to m. | ST (f) T 9.7 to mm. .
R REREE A S o T

ngf Me ing of Linear Measurement j;' v'”iﬂfm ) .
B A line segme t may be considered as a set "of points._ Whe
pline segment is measured in inches, 1 inch units are "placed §id
J” ;by sidb" on the ine. segment so - that two consecutive units have
k-fyeXactly one point in common. The ‘'segment AC .is the union of the

o e N ]
. CEEe T P
L P T
. —— s.};‘,_.
AL . LB . L,

' a line segment 1is, exactly 6 inches long this. merely
"gf*is the union of«.six unit segments forseach 1 inch ’

is paramount.‘ A similar use of union of sets will appear later in,

{;»conneotion with area. and volume. R o ’fﬁt ST
‘, / ' '. BRI * P A ~.' Co ‘ .“'.‘- ‘ T
- . * 14 ) . " . L
e . i . . . o P . R A " X [ L. o
T T I 3 et
Bl o T T e ,31)? oM S .
Bl T T e e e T, ea T D . ol
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2-3." Measurement of Angles R
' ' An aqgle determines ‘three. sets of point§ in the plane, the
:‘set of points in the interior of ghe angle, the. set of points in
.-the. exterior of theuangle, and the set of points on the angle
itself. BAC . 1f it is on
. the S ‘,AB“ as point C and on the same side, of ”
line 3§%-~ (B Any point in the plane whieh 1is not a.":'
_point on the angle.and_not a point in the interior is a’ point in, .
the exterior of the,._angle. .;' Tew

As has oeen stated previously, to measure anything you’must
' use a unit of the. same nature as the thing measured.~ To measure
}an angle, an angle 1’ choSen'as'the unit’ of . measure. In the
follOWing sketeh, the?interior of angle- BAC.” is subdivided so .
that angles are. formed ?hich.aré exactly like the unit angle shown. ‘
The measdre of ZLBAC fonr this'dnit angle, is " 73 its.measurement‘ '

P

T unit angles. . H?* ; K3
. " ! v B~ N Cam
. Standarc Unit for Angles S ,
L 50 Just -as there are standard units for measuriﬂg a line Segment

1f(inch,_foot yard, millimetér,‘centimeter, meter) so are there

‘i_standard units for measuring an angle. Start with a 1ine ; .;
~ point on 1t. Through that point draw 179 rays so, that they,-
'together with the two .rays dn the given line, determine 180 con-

gruent angles. These angles, together with their interiors, make
a half—pﬁane_together with.the f!ne vhich determines it. The rays
are numbered in;order from d to 180, forming a scale. To each
ray corresponds ‘2 number and conversely. In the sketch below, only
‘the ray corresponding to 0 and every tgpth ray th@reafter is




, n-'-:'l'_ . |
Aﬁdrawn. One of these 180 congruent angles 1is selected as the
‘standard unit; 1ts measarement 1s called ‘a degree and 1ts measure

W

( .

. in degrees, is 1.

. Ano \ e
oo _ 120 ° k _
. o T 50\ .
-T \G0 \ e
= \50 ‘.
160 B
~—" 20 -
110
—_— 0
AL Y-E g

A

~ . ) -

e 'Fiwure 2-3

'_ A scale like this can be used to measure. ah'angle. Place the
angle ‘on the scale with one. side of the angle on the ray that
corresponds to zerp and the vertex of’ the angle at the fntersection
'oﬁ.the rays. Then ‘the number which corresponds to that ray along

. Wwhich the oLher side of the angle falls 13 the measure -of the angle,.
.in degreesJ The_size_or measurement.o 2 e angle is that number of

degrees. . Lo 2 PR o v ' .
v The symbol for "degree 1s "O" so“that thirty—fiVe degrees may
 be written “35°" . _ o R S

The Protractor. Since placing an angle on a.scale is
1nconven1ent .an . instrument called a Qrotractor is usually used.
'Then the ﬁealeican be placed. on the angle, rather than-the angle on

'fromwpoint V,, In the drawing, two of the rays are shoWnﬁin do»ted
lines; "##iTe on the actual instrument a portlon of each ray 1is )
shown on the curved part.

o ’ :
! ) 3 y .t




To measure an angle with: the protractor, place the protractor on t'
‘t ngle so that point V is on the ‘vertex of ‘the angle and the
~?ay\ hich corresponds to zero on the : protractor lies on one side
~ of ‘the: angle, Then .the: number which corresponds to. the protractor
ray which is on the other side of the angle is the measure, in
degrees, of the angle. - . . !
o An actual protractor has tio scales, one- of which ybu read '
from right-to left and the other from left to right. . a
g ) Sets of Angles. Angles may be separated into sets according
- to their measurement or measures. ' : .
.. An angle of 90 degrees is called a right angle.-.

:
S

An “angle whos& T measurement is less than 90 degrees is-. called'”“'

: an acute gle.. oo ::: o I

An angle whose measure is more than 90 and less than 180 .

'is called an obtuse angle. W _ ,' L T

’Perpendicular Lines i : Lo e .

When two lines intersect;  they are perpendicular if one of the

'ﬂangles determined by the lines is a right angle. Line segments are

'-perpendicular'if the lines on them are perpendicular.
’ In similar fashion a line segment may be perpendicular to a
; ray or to a line. The’ symbol for "perpendicular" 1s " o
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a

-Exercises 2 2=3 ,
'In the next drawing a protractor is shown placed on a figure
with several rays drawn from point A. .

Find:the measdre, in-
degrees, of each of' the angles. : '

| (b) ;/BAG {c) [BAD (d) [BAH (e) [BAE
() : LmeF c (g) LGAM- (n) [ MAC (1) [ DAE(J) LOCAG.
(). [KF (1) LHAF 3
v, o e (M | | .
’ . ‘ AN i D “
. L °
.u . “.\" c a
' r\ FEAEEN ;
- F ’. . )
— .:K
= .
"QIM = B> .
. wa
2. Describe how to use a protractor to construct an ‘angle whose '
(a). measurement is 20 .
(b) - measure, in degrees, is 61. R
2-4,. Area ;

t

The most familiar of the simple closed curves, the rectangle,

1is,a“£our?sided figure (in a plane)" which has a right angle at’ each

‘of its four corners..

- perimeter of a rectangle

Under this definition is a sguare a

¢ .
. “ . : .
- If the length and width of a rectangle are denoted by ,é
linedr units and. w 1linear units, respectively, then the _
(24 + 2u0 linear units. Note parti-
cularly that l and w are measures sq. that the mEasure of ‘the width
in the’ linear unit being: used = W and - the width of the rectangle
“1s equal to w linear units. ' NS
Opposite sides have equal lengths and intersecting sides are
perpendicular.- :
If a rectangle 1is

rectangle”-

Y

6 unitS‘long:and 3 units wide, ¢hen the

rectangular closed region'can Just befEOVered by unit square

)
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r"_af_:eas:'as.'shown.uls the large rectangle

ii_i,:_‘i,ﬁ- 4Ti;" - _'Ejjajff ::(fi;/:zjiz;/:k/ii/,;;Vzi/e::;zf::%_: ot -M>icjvi7: v

R = —p — vava o v
E
,w-'wzdx/_  )

S B Y
8 .
, .

.Y

the uniOn of the eighteen small rectangles° >With respect'to the ‘

"union" concepé'note the similarity between the measurement of this"
.“rectangular closed region and the measurement of ‘a line segment.
- The measure of the area is then, by definitioh, thé number off
' unit square closed regions. There is an easier’ way to get the num-
" ber than by counting them. ‘
' ~ Using 4 and w , as defined above

area of a rectangle =4 cw square units.

.

-

Exercises 2= 4
1. A farmer. has had a rectangular garden for a number of years.
" He knows that the length of wire fence around it is 50&;feet
and has found by experience that he uses a lOO-pound bag of
. fertilizer on it each year. -One spring he decides to enlarge
* his garden so it will be twice as long and twice as wide. .
Since the. old fence is worn out anyway he. throws if away. He
 then goes to the hardware store.and orders 1000 feet of;fencing'
and 2 hundred-pound bags of fertilizer. Is £his orderlreason;*
ahle? Vhy or why not? : L .
2. (a) A rectangle is 3 units long and 2 units wide. If
L —ahother rectangle is twice as ‘long but has ‘the same width,
how do the areas of the two rectangles compare° Draw a
figure illustrating the answer. Do the same if ‘the new.
. 'rectangle has "the same length as’'the original one but

¥ twice the width. . .
(b) Does-the reasoning used in part (a) depend on the par-
- - ticular measures, 3 and 2? If not Write a statement.

N
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_ A telling the effect on the area of doubling the length of
- any rectangle.‘ on’ doubling the width.

3. (a) Ifa rectangle has length and width of 3 ‘units and
ot

L]

2. units, what is. the effect on the .area of doubling both
length ‘and width° Draw a figure to illustraVe your con- i
clusion., Use mathematical notation®to describe this
situation for a_general rectangle.‘

(b) In the rectangles of part (a) compare the two perimeters.A
Write a statement- telling the .effect. on thie perimeter of - a
rectangle of doubling both length and wldth. Is this truc,

_ fof any rectangle” , A . ‘

‘h,A farmer found that it took 2“0 feet of fence to go around
p his rectangular farmyard He. noticed that one of the sides is{
- bor feet long. "How long “is each of the other sides. Let x f
stand for the number of feet in the width and write a number
J . sentence describing this problem.
5. In the figure below, D, E, F are the midpoints of the sides.
" Let a stand for the. number of. units in ‘the length of Segment
. A . - .

L r'Label with an- a. all the segments which have the same length
- , AF.. Similarly, let b be the number of units in the .
length of 'AE and Ac the number of units in the length of BD.}
Write number sentences for the number of units in“the perimeters
'of ACED and AABC. . : C L - ‘g;,

In thc previous sets of exerciseb Enclish units were useo in
'finding perimeters and areas of closed regions. ~Now consider the
use of some of" the ‘metric units. The|metric urits for linear @ &

hAmeasurements vere the meter, the centimeter and the millimeter."The

corresponding metric units Tor* area measurement are square closed

’
¥
e
reS
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'regions having edges which measure l meter, 1 centimeter, and
1 millimeter respectively. o o ,
,6.‘ How many square millimeters are there in a square centimeter“"

7. . How many square centimeters are there in- a squar weter' PR -

8. How many square millimeters are there in a square meter?:
}9..‘A »ug is 2 mete oS by mcuens._ Find its perimeter "and area.
. 10. The floor of a room is in the shape of a rectangle. Y ,
~ The length and width. are measured. as b meters and 3 meters.H,'
There is a closet 1 meter. long and 1 meter wide bullt in oné

A
.-

2h5.; Rectangular Prism
A figure shaped like that shown in uhe next diagram will be
referred to-as a rectangular prism, most rooms. have this shape.

The flat sides -of the prism, each lying in a plane, are called its’ f

faces, epg.,' ABCD. .-Note that each of the six faces is a closed
'rectangular region. For, each face of - the prism there is- Just one
other face that does not meet it; these are: oalled opposite faces.
Opposite faces. actually lie in parallel planes and are: congruenﬂ

" The" set -of all points lyinO_on the six faces constitute ‘the’ prism.
The orism has an interior, if you walk'in a rQOm whicn has the

rism.

£§hape of a rectangular prism you are wal ing in .the interior of the;

Since two planes - which intersect must intersect in a line, two
faces wWhich are not opposite must intersect in points that -lie on a
line, actually the points of a line segment. These . sevments are .
"‘called the edpges of the prism. How many edges are there on a '
‘rectangular prism° Some of ' these edges have the same length. " How
many different. lengths could tqcre be. amonr the edges” There are
on the prism ccrtain points“where three faces intersect, or what’
amounus to. the same . thinﬁ, where three edges intersect These '
points-are called vertices (slngular'- vertex) of the prism. How-
manyfvertices are there? I I
As you noticed, - parallel edges have the same length, hence,
there_can be ‘at. most three different.lengths. In the figure

..

cbrner.. Find the floor area of the rbom (outside the,closet).f,.;l
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-wbelou, the number of units in the: lengths of three edges have been
marked as 4 , W, and h the letters were chosen: since the lengths.
of i T
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" the edges ‘in the three possible directions are often called the
length, Widuh "and height of the Rrism. Slnce ali the faces are’

, recuawuala: closed recion *their areas. can be fourd readily, the

sum of the areas.of all uhe faces 1s callca the surface area of the'

'recuangular prism.'” o

Volume . . P = : T, i
=,The tqgm rectangular solid will refer to uhC set of points
hi‘hhﬂs the union of a rectangular prism and its interior. To
' measure this rectangular solid, yo find its volume. Fhis volume

will be referred to as the volume of the’ prism, the last phrase is

a figure of speech since actually a prism does not have volume, - -
though it does have area. When you ‘measure -a volume, you-pick ont
- .some convenient unit of volume and see how many such units are -

necessary to maké up the solid.~ coe N .
. The term ' volume of the interioragf’afrectangular prism ‘can

rectangle was used.
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v What must you know in order to find.bﬁ ; olume oﬁ.a TPeCHS
prism° This procedure ‘of flnding the volume of ', prism'from tp%&

,aéé%‘-

considered.. R : .m';
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If all the edges of a rectangular prism are known, the area of
the base can be found readily, then che volume. " If a rectangular -
.'prism a units by b units by ¢ ‘Gnits, has as base the face
whose area is a x b ‘square units,-its volurie would be
- ¢ x (ax b) cubic units. Now-stand the prism on end so that the
'»5_ by c facefisfthe base. Using previously stated ideas the
‘volume of the solid'should be written ds a x (b X ¢) v cubit units.
Resting the prism on its third face, the ‘volume’ is b x.(ax ¢)
cubic units.. Since it is the same SOlld in different positions we ;

©

o .
o

c"x'(a X b) =a X (b xc)=0D x_(a x ).
. o ‘ Exercioes 2-5- B ~
1. A room is 15 feet longl 12 feet wide and 9 1eet high there,

- ;‘are five windows in th walls, each 3 feet wide and 6.feet

.. -high. ; . :
_ (a) - How many asphalt tiles, each 12 inches by 12 inches will
~ . be: necessary to. tile ‘the floor?
- (b) ,How many tiles will be necessary if each 1is 6 inches by

‘ 6! {riches? ,.7 1! , :
'(c)’;How much wall, surface is there, not coun;ing ‘the windows‘7
.”'ﬂ In finding ‘your answer does it ‘matter mﬂﬁ§é§ the windows
_ are. placed‘7 ' « e .

.(d). How many quarts of' paint are necessary to paint these
. walls if a pint of paint will cover 66 square feet°
2. A. trunk is 3 feet long, 18 inches wide, and 2 feet high. The

edges are-all reinforced with strips of brass. "How much braSS

stripping is necessary‘7 Express the answer in inches,'in feet,
“and in yards.. y L v . s '
" 3. A cube is a rectangular prism for which all the edges are con-
| gruent so all the faces ‘are square closed regions. How many
f square inches of wood are needed to make a coveréd cubical box
-~ ‘with edges. of 18 inches eachf - How many square feet? _
4.1'Let L, W, h stand for the numbers of units  in the length,<\\
width and héight of a rectangular prism. S S
(a) Write ,a number sentence telling how to. find the number,

3

S, of square units in. the surface area. . o ;;

. - p .
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o (b) Write a number s ntence telling how to get the total
IR 1ts of length in allthe edges.’
"-5; ‘Write a. statement te ling how to find the number of cubic. units
3_‘in a rectangular prigm. if the number of square units in the
£ units in’ the height are. known. . s
h. units high and has a base whose area -

’f number, E,. of

‘base: and the number
- 6. A rectangular-box ig’
' 18 B ‘square units

a get -number, V, -

‘ "theaiﬁﬁbené' h and

_ mathematical senten
7. 1r £, w, h, stand {
~* - and heightvof a rec
- telling how'to find
R the:interior of ‘the

' 8. How.many cublc inch

Write ‘a~number Sentence showing how to. _"'
f cublic units of volume in its interior §f
B are known. Notice that this-is. Justia
e for the statement you made in Problem
or the number of units in the length,
angular prism, writé a number sentence
the number of cubic units V, of volum' in
{solid. - - .-'
s are thefe in a ubic foot°' How many
'cubic,feet are- in a. ubic yard° Show how to obtain these
~clusions. .
9. (a) In a 3- inch cub
R what is the’ volume of the cube?
(b) Is it larger or g all?r than 3 cubic
careful not to confuse the volumeé of

‘nches° Be very
3—inch cube with '

a. measured volume ofp3 cubic 1nches."‘ :

R ,(c) If ﬂ 1s the. number of inches in the ‘edge of a cube, is

oo ; greater than:/ cubic inches°
lO,.If a. rectangular prism is 2 inches long and

1 cublc inch°. : . :
‘ll.iTell what will be the. effect on the. volume o _a,rectangular
at will be the.

/‘

"»pﬁism if all its measurements-are. tr1pled°
i effect i ‘two are doubled and one tripled°
, An iron rod is to be made with K:! ‘square cros‘fsection l ‘inch

on a side. If a cubic foot of iron were moIded into this shape,

how long would the rod be?  Expréss the answer in 1nches, in

feet, and'in yards. - g . o o o
. Voo R - B K L o
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1k,

15,

16,

.countries together be accomodated°' (Allow 10 c@b
.per\son ) . o : . T g

2“|_ ' .. ' . . . . 1".1_
. . . . " . . .’p

’If"a building were'a'oheimile cube, thaL is a cube ‘one mile on': ,
‘an edge would there be space for the ‘whole population of the r\

United - States ‘(about 176,000 ooo)° For the.populaﬁ'ig
China (about 606 000,000)? Could the population ‘0] t

The Tength, width; and height of a. rectangular prism are
measured as 10%"inchcs, 5¢ inchés, and 3% inches, Find the

: volume of 1ts interilor from these measurements.

LR

The floor olan of ‘a room is as’ shown -t o ";s

e

T2

" How many square feet of wall-to vall carpeting would be .
" necessary for the floor) Vhat is the volume of the interior
© of the room if it 1s 9! feet high?

2

A pantry, the floor of ‘thlch is ! ft. by 5 ft., is 9 rt. high.

'Ib contains a deep freeze which is 2 ft. by 3 ft. by 7 ft. -
How many. cublc fect-of. space are 1eft in the room?- Express

the answer also in cubic yards.

In the preceding exerc1ses volumes were calculated Ln terms ef

. cubl\ jarda,,cublu.feet and Cublt_lnLhEu. Some metr1c units for

measuring volune are the cubic meter,'cublc centimeter and cuBic

.milllmetcr.’ A"ublc ocrtlmcter and a’ "ublc m*lllmeter aré chtured

vbelou; . ) . ’
.S . T R
< UV o . e
’L -7 ) : .A . T . ’ L llum. . o )
= Icmi ) - o - Imm. -
lem. ~ o : ' o - 1 mm. e
1 cubic centimeter ) - @ﬂ;l'cuoic miiiimeter‘;"'

saes
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'How many cubic millim!!ers i 1 cubic ceni:imeter‘> nﬂ
3 [wa many cubic centimeters in 1 cubie metér” o
.~ 19. "How many cubic millimeters in’ l cubicﬁmeterV : : ".,uw
20: Draw 8. cube 3 cm.non each edge. ‘Draw also. a pectangular prism
- ’;whoSe volume is 3 cubic centimeters., Which has the greater
]volume0 R : : ‘ b
21,"The length width and height of a rectangular prism are.
- meters, 3 meters, and 1 meter. 1Find its total surface area
AR “and its. volume..:% Ca '"~n“ : .
22, Suppose that in a room 5 meters long, 4 meters wide, and 3
" meﬁers high, a closet is built in one corner. 1Thichloset runs
*to the ceiling and ‘has a base- l meter on a side. Find the }:w

ﬁblume of “the room without the closet.
v$~' v :

Dimension '_ o o,

: Consider bwqqflies side by side‘atwa'point A by the base-‘u
"board of a room." ‘One. of them is trying to direct ‘the other to, o
crawl to a. lump of Sugar which is also by the basebbard...What
direction does he need to. givc”’

»-

Lo - R v WRE "‘Vl o - oo N .- . - " r'.'> N
N ﬁ, o - . "* Y o B Y Y lv
Ry Loy e . 4FT s

I Presumably all he ‘neéeds to Say is "Follow the baseboard this way o
for four feet--you can't miss it1!. The’ complete description ofh
where the Sugar is located by the baseboard can be given by one - ‘

= number and .one direction. For this reason the edge of"the room is B
called one-dimensional.‘ of course, the section of baseboard
_ followed may be a single segment or may turn one or more corners,
;;.-i so any segment or simple closed curve is- one-dimensional.,x
If the lump of Sugar S 1is- somewhere out in the middle of the
floor, this‘presents more of a problem to the directing fly. His
friend cannot- get there at-all by following the baseboﬁrdl How can.
- he give directions? One: of the simpler wéys would be as "shown below.

o . . . -

[
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Follow the baseboard this way for four feet. Then turn to/the
}“left 80 you are headed perpendicular to the baseboard and crawl for‘f
six. feet.“"In this case Wwhen the 1ump of sugar was lnterip’ﬁto thef-_
. rectangle 1t..was found convenient to use tuwo numbers and’ %wo*direc-.f'f
_tions parallei to an’ edge of the room to describe its. location.; _
'tFor this ieason the set interior to a rectangle (or any simple o '“{;f
"closed curve) is called two-diménsiona1.~ :

" The directions then might go 1ike this,_“Crawl this Way along the
baseboand for four feet, then turn to %he 1eft and. proceed along

. . WL
—_— i LA '

_the floor*perpendicular to the baSeboard forﬁsix feet. You will o
then be directly under the . sugar To—get-to the suﬂar fly directly’ .
up for two feet". This time three numbers and three: directions". '
parallel to an edge of ‘Lhe room have beén uSed to describe how to
I'get to the point S, .80 the.interior'%f the room . (that is, the“_
interior of. a rectangular solid)’ is called three dimensiorial..

On the baSis of the above discussion what dimension would you

want to give a point° B

. ) - e I I ;
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Roughly th dimension of the set in- Wh 5 the fly moves sdes
how much fr edom'of motion he has.u If he mu't stay in the one-qs‘f
dimension :set donsisting of'the floor's edg he can. only move. .
one way . r the o her along this edge. If he, may go anywhere in the
two-di ensional "et inside the rectangular edge he can cran all L'"
“.If he is’mérely confined to the three dimensiohal

' over the floor.f
set interior to_ he* room, he can fly all over the roomé" J?
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S TABLES FOR REFERENCE

- | ‘ i . BN :n;
": * "f co Metric Units o

Y j» MeaSurements of Length o f(’ o *11 .
5 3 .10 millimeter, (mm ) =B centimeter (cm.)
7100 em. 1 ‘
v 1;000m,.. ", - fﬂ
320 rd, S R T
5280 ftt‘ : . . B . . -
,-~‘*W-LQ;:if Measurements of Surface'f e
8qQ. in. e 1" "sqe e, *100°.8q." i

9 'sq. . T'sq. yd 16,000 s, . -

- 8Q% 1 s acre. -ooc poo 84s_ ¥
Sq. [l acre K
acres _;1 sq. i SN R

.'t‘

Measurements of Volume

. fl 000 cu. mm. ;£"1 cc.' T

1 cu. ft.
L cuy yd

R RN

a}d :
S0 62 mis,
139,37 in

&0 2.2 Abus .
1.05 qt. Kk M
. 5
V . "-T’.‘_, 3




T A, *'" chapter.3' . ' .
ST .P,AhALI;ELOGRAMs AND TRIANGLES

3:i,. Two Lines on 2 Rlane Tk -

. Figure 3- la shows that. the intersectiOn of lines 1’1 and.l

is point A. Rays on ,e are EE , and g KE.- (Recall that AB

mgans the ray with A as°endpoint and containing point B) Rays
on,e ~are AE and AD._ :

o,'\,

Figure 3 1a :

ObsérVe that'there are four angles formed by the rays in ' 1
Figurevaala angle BAE angle BAD, angle CAD and angle CAE.
These® angles shall be spoken of as angles formed - by Z ~and Z

' we shall speak of two intersecting lines. as determining four angles.'
Angles CAD and DAB have-a common ray, AD}{ and a‘common: =
‘vertex, point A. Any-two angles ‘which have a common .ray, a compon
:_ vertex, and'whose intériors have no point in: commOn are called 1 .
¥j adjacent angles. Thus, aﬂgles"CAD and DAB ‘are adJacent angles.
Angles BAD and EAC- are not adjacent angles, but they are

{‘.Miboth formed by rays on the two line zf ' and ,f - When two lines
= intersect a pair of non-adjacent angles formed by these llnes aré
tncalled ‘vertlcal angles. Note that here vertical" is not asso-'

“¢lated with "hori7ontalf'_‘Thusa'angles EAE and CAD are a pair’

.

R

U

of vertical angles. Tl i
* Two intersecting 1xhes separate a plane into Tour reriOns.

‘Each of@the four regiono is the interior of an anglc._?Thc
interior of “each angle 1is’ the lntersection of two half- plancs. The”
Lnter cctionaof the shaded half plane determincd by /e and the -

shq@ed half plane determined by ,f is shown in Figure 3-1bs fneif

b

A : : K : ) . .

e
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jintérséctiohfof-these pwo'halg-plahes‘is“the interibr of, angle BAE.
The interlog of angle:” CAD . 1is the nterddetion Of.the two Pemain-
"ing unshaded half-plangs. These two dngles, ®fgle ?Aﬁ %nd,éngle. ~

_CAD;':are'vgrtical’angles. . d . A o L
Lo e : e " . :
5 . o R
o »
. .
S
N
h g
»- Al
. ] .
.’ . -".‘-
[ -ﬂ,..
S .-‘Figt'c 3eap felo 4T .
L ’ L} i -. .’ ) ,-' s . . ., .. » )
- If the;suhfgg ther measures in degrees of twd angles'is 480,' .. - |
“the angles are called supplementary angles.® In Figuré 3-1b, the r
vshaded'angleé. BAE -and BAD - are supplementary.’ These supplemen- '
_tary-angles are3a1so.édjacen§'ang1es. HoWever, .supplementary S,
‘- angles need not be adjacent angles. -® . T o '
' 'T6 indlcate the numbep' of units in an?éngle,»the symbol . '"m" -
ollowed by -the name,ofathe”angleﬁehcloséd'in parentheses will be
\Used. ~For example, m(/_ABC) means the,qumﬁer-of'units'in angle .
_ ABC;.'Aﬁy angle}§an,be used as a unit of measure, but in ‘this - - .
. chapter ‘the degree will be used as the standard unit. Thus when
.- you write, m(y_ABC = 40, ~angle ABC 1is a Y0  degree (40°)
" angle. Note that since m(Z ABC) is a nymber, m(/_ABC) = k0, *
. n’ot_ "'m(LABC) _:' l;oo’uzq VVVVVV o B [ » s
» Y ) f
v',:.t‘“
. (¥ . -
! . froeedr
o R L ] s
" Voo A o sl v .
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. . .' 4, “
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e, : o co Exercises 3 1
.V Yse ?ngre 3-1c in answering 1 through 3.

. ‘ : Aﬁ% S FigureﬁB-lcj
S (a) Name,the angles adjacentato é;JKM;
(b) 'Name the angles’ adjacent to /_JKL. .
2. (a)_ Name'the angle which with Z_JKM completes a pair of
© yértical angles. : | o
(b) .When'two liﬁes intersect in a point. how. many pairs of
_ vertical angles are formed? ° e .

3. (a) Use a protractor to find the measures of the vertical
v . ' angles, [ IR - and /_LKN, . _ .

L (b);‘Draw sets of two intersecting lines as in Figure 3 lc. ,
' Vary the. size of the angles between the lines. With a -
J_ | protractor find the measures-of each pair of vertical
e .. angles.’ A . i . .
i' . (c) What appears to be. true concerning the measures of a pair .
' | _  of vertical angles° ‘ -

Progertx '14%."When two lines intersect, ‘the two an gles*in -each

pair of vertical angles which‘are formed have.
_ equal.measure, or-are congruent. E
u:ﬁ,f The following figurer is similar to Figure 3- lc.,lLet' x;' y,
e and represent tne.angles -LKJ, 'JKM,, and: NKM . respec-.w
' tively.lﬁThe angles are. indicated in this way in the figure. -

.-

Ui

,ﬁ;u




Copy-end'compléte.the'folIOWing statements: f
) mi) + () e 2 5 o
b)) It m(y) s known, how -can you find m(/x)? -How . -
' ' can you find m(/z)? . o :
s (e) 'Write-ydur_answef for part -~ (b) in the form of a
B number_éentence as 1is. done in parts:. (a) and (b) by
copying and-completin' the follow1ng o ’

_ m([z) 2 -_ 2 _ - o
(d) Write a number sentence to show the relation,between
m(/x) and m( Zz) L :
&

372.3 Parallel Lines and Corresponding,Angles '

. .A line which intersects two or more lines in distinct poincs
‘“ia—ealled_a transversal of those 1ines. . . ,
In Fiﬁure 3-2a, t is'a transversal., » - fﬁfmqug"““*“;““f"‘f
' From the vertex of angle . £ ‘theresis a <i2v - _ G/b
ray which extends upward on line q. '
This ray contains .a ray q; angle b. e
Also, the interiors of angle -b and

angle f are on the same . ,side of ° _
the transversal ° t.'-Angies placed =,
in this way are called. corresponding

angles. . o ; S 'ei_;—_q;é—i‘%?
N : L o B - & hlg .

T A
if WO ines—

ré, — ———F
are cut by the transversal t, ' '

“and liles Ty and 7, do not - h
inters ct, in the language of secs,

v

I . ‘v.;\-'l’z

Figure 3-2b




ry N .t is not the empty set,//7'

?Q,IW ~t .1s not.the empty set,
AR rl‘ r, 1s thg empty set. o
That is - and_'r2 are parallel Neither - ry nor r, 1s L
panallel to. t. : e o . g

4 ' Exercises 3-2
1. Use Figure 3-2a\to answer Problem 1,

(a). .Name another pair of corresponding .angles on. the same‘
' "side of the tXarsversal as angles' b and f. “';."‘
£ corresponding angles are in Figure 3- 2a°'
f /a and /[e are. 90, what can you
say about the mea‘ures of all the. angles in Figure 3= 2a°' '
(d) If the measures o /aand /e are 90, are angles hj'
‘ C and b ‘supplementary anwles” Explain.. . . -
- 2. “In the following tab » using fig 2b, predict whetler Iy and r2

"1nterseot and 1f s¢/, where. Make a drawing to oheok vour orediotior

_ (v ) How many pairs
(c). If the measures

-Mcasure of <L'a 1easure of L_b Interseotion of°‘ =

in degrees [ in degrees :_r1~ and ry

50 8d

50 50 h R
| w0 | ] ko o ]
3. Use;Figure/;£2Q<* Chpy the table and complete it.
Heasuie vf; b '»Meagure of p’ B :;21' and 42é
In degrees’ in degrees’ — — — —
. S , o 4 Are Intersect|Intersect|:
A Parallel [above t [below t .
(a) 120_‘L 1k —t= —
(b) . 120 .} 140
(c) -~ \220 00 : :
(a) \Qo';; ' 10
(c) 9o ~l_ "0 :
(£) 90 70
= ¥ =
t 10 . . B



Fi guwe 3-2¢

ﬁof Lhege oloolems we_aie readv Eouszate—%wo————~‘-'”'
_ ¢ i .
wﬁen in Lhe sane olane a. transversal 1nter-
. sec¢ts two lines and a palr of corresponding
e anbles have different measures, then the lines
. intersect. R o

Pfopefty,gg3,When in the séme plane, 'a transversal inter-
S sects two 1Lnes and a paLr of correspondlnp
angles are congruent, then the 1Lnes are
;naraiiel.

'3-3. Converbes . . _ _
Certaih stétéments'are Qriﬁten in the form, "If . . .,'theﬁ
. . . for example . ‘ o "'
' '(a)' "If two-angles-are chthal angles, then the gngles;
! have the same_measure.’ .. .. '

e e e e, - 1- P

SuprSe a new statement is nade by, Lnuerchanginﬁ the'~ e,

part and thd "then" bart. ﬁ Thus P : 1:/’, 3 5

(v) "EL two angles- ha/e uhC same meaoure then thenansleu

.

“are vertical anbleo. A guaLement obLained by such an

1ntercnanoc is called a converoe,ubatemenu. In the .
converse ;
;- example’ above (v). "is called the converse of (a)., - . .

Since such an. 1qter hange inv (b)+ brings us back to
(a),. you can also call (a): the.converse of. (b).

ERIC

Aruitoxt provided by Eic:
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_ If you 1nterchange the parts of a true sbauement WLll the new.
‘statemenu always be true? - : v
*1: "If Mary and Sue are sisters, then Mary and Sue~af¢‘éirls}"
Converse‘of 1:! "If Mary and Sue are girls, then Mary and Sue
" are slsters." Is the original statemént true? Is the convefse_'v
‘also true? . . o ' : ‘
Now consider the next stauemenu
o 2. "If Llef is Lhe son of EPLC, then Eric is. the father of -
i Llef."'H' ) o - ' : .
Converse’ oi 2: VIf Eric is.the_father sf Lief,“then Lief is
"the son of Eric.f Is the original'statement true? Is thé-dqnverse
'u;»{ e These two iilustrat*ofs show that, if a statemertyis'true; a
. converse obtained by 1nterchanglng the. "if" ‘part and the "then"
I part, may be true or. may be false.. _ S
S 3. 1Is statement (a) above, dealing with vebtical angles,
frue° Is' the converse stébement (b),. trueVy One cannot accepL

. Exercises 3-3
1, 'Makc ‘a drawing for which a converse of statement '(a) ,
Whlch have the‘-

Section 3-3 is not- true.: Must’ any two angles_
same ‘measure always be vertical angles°

2. For each of the followLng statements write ”tru,
statement 1s always brue,-"false AL the statement 1s some—
times false. - T o C T

(a) If Blackie is a dog, then Black’ie Is a cocker spaniél._
"(b)‘ If Robert is the tallest oy in his school, Robert is. tne b
tallest boy in his class. - -
(c) If an animal ‘is a, nowse the animal has four” 1egs.
3. Urite a onversc for cach sLatemenL in ‘Problem 2 ana uell
whegher 1t is %rue or false S ST
~ .4, Read the follo Dﬁésxa&e“cpts,T°Write "true" if the statemeht'ﬂz
' is always Lrug ”ﬂ lsc\ if.the

P
Iy

statement LS sometimes false.,u_ﬂ'
(a) If a fig re ;s a circle, Lnen the figure is a slmple
P C
closed ¢ rvey - \, ‘

Y2 N
.
R Y

(b) "'If a fighre is -a ulmple closed curve CompOSCd of threc !
- fllﬂe4§eémenbs‘ thcn th Lloure is a tria”{le. 'r -

| : e

1. . . - -t : .
‘- “ . ’ .. - '

.
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' If two angles are congruent, they are Pi°hu angles.-
If two-lines,are_parallel, then uhe lines have no point
in common. o ., . .
If two angles are. supplementary, they are-adjacent.'
If two adJacent angles are both right anLles they are
supplementary. ' A . ; '
Irite a.converse statement for the following property.i
: Progertx 2a: If, in the “same plane, a transversal'
fintersects two lines, and a pair of corresponding angles
. are congruent then. the lines are parallel.
18 the converse: true or false? - . . _
Write a converse statement for Property 2: If, in.the same _
- plane,.a transversal intersects two'lines{ianq a pair of T
' corresponding angles have different measures, then the lines =  «
intersect. Does the converse-statement seemfto;te trhe or . N
' ﬂalse°3' K : o ' '.4 o v
= 7.,:Can a. converse for a false statement be true?"if.so,-cangﬁou
A giVe an example° . -ﬁf~,l:r . '

. RA TP R 4

s

fﬁjju.f.Triangles‘bf

u[d is a. trans ersal.
3poinus and AB
The union of

tion, contains triangle

O

ERIC

Aruitoxt provided by Eic:
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called the vertices of the 3riangle and the'segments A8, " BC,
and CA are called the sides ofﬂthe triangle. d .
' Triangles that have at least two copgruent sides are called’ ,
‘isosceles triangles. 'If thPee sides are congruent the triangle is
called. eguilateral.. If‘no tWwo sides are’ congruentr;he triangle is_.
“called Scalene. . | 3:,12' s ':' to B
" The uniod of A5, BC; and AT 1s called "triangle ABC.{'
. Notice that poinks C and B are the only points ‘shared by
‘angle A and side BC. Angle A and S1de BC. -are sald to be
opposite each other because th&ir intersection consists’only -of the_
{endpoints of BCo Is /B Shp”sgc AO°,tWhy° ,
Propertz 3 In an isoscelesﬁtriangle, the angles opposite
" congruent sides are conpruent anples. ' .-
" You can convince yourself that Property 3. 1s true by drawing
"isosceles and equilateral triangles and by measuring the angles
L"oppooite the congruent sides. : -

; Similarly the converse of Property 3 can be- checked by drawing '
" triangles With a pair oﬁ’angles " or three angles congrueFt and ;
’ measurinn the oides opposite these angles.,;_, ﬁyﬂw . o R

Lo A
g <

Exerc1ses 3.k .

-1, If.a triangle is isosceles is it also equrlateral° ;Ekplain

‘your answersa“'“

., K . d

. QIf a'triangle is equilateral is it also 1sosceles° EXplain.. '
[+ your answer. ’ : R ' '
~.'.(a) Could a triangle be represented by foldinn the, soda

straw shoWh in this figure” Explain your answer, -

. - . : Y o L
N e /S 0 . I N

DR

. .
» L,

..|.
s

Ll

. ) Lo .
’ v, N N RN I . - 0y
‘ . . ) - .

(o) wCouid a triang le be represented by folding*the soda- straw .
' shown here° Enplain your answer.ﬁ_:' : N




) !
2>

——

'.u;.‘tc) _otate a property about the lengths of the sides of a
L _triangle as suggested by your observations in parts

) e e

“aas

_3=5. Angles of & Triangle R : :
 The rigure shows a property about the sum of the measures of
géﬁangle of,a tri ngle. '

: y
Lito "RS is drawn through po¢nt L so that the measure 1“

v and “the measure of [,y' . are equal Here a new notation,,
"

y' is'used yr ;s read "y . prime,". (In this prob1em this nota--
tion_;s used_in naming”anglesr) . e '

' LT e o R < ' SAUE
onsider‘EEe triangle ABC and. the'r1'3~ AP and ”BQ shown :



T (a) g
(b) "

kc)'

T kot ¢ e Ts m(/2) = > e
(a)y ‘mLy) =..;m<4-y') o “Why? -
(e) m(Zx)+m(Ly) +méz Ié x1) +m(4y ) +m(A z') . Why?

m(é.x) +. m(é.y) + m(é.z) is the: sum of the measures

- #: of the angles of the triangle.._ B 5“§,A : L why?
(&) m(Lx") £m(LyY) + (=) =180 " e
T m(ZX) +nlly) +m(lz)i=180 . .. - Why?

(1) s Therefore the sum of the measures of the’ angles T

‘% s of the triangle 1s 180w . & 0 T i ymy

;jThis is a proof of Property 4 B : ' 3 b S

. p . 2 ’
. (a‘r;.

B Propertx 4.  The sum of the: measures in d;grees of the anples -
R - of any triangle 1s' 180. , - Lo
. Notice that in this proof Just any triangle was drawn. Does

) this proof apply to all triangles° If ‘you are in doubt about this,v

) kyou might dram some other triangles ‘quite. different in shape from
the one in this section, label points, angleﬁk segments rays, and
1ines in the same way. Then, try the pr00f‘above for the figure H-")
YOu have drawn. ‘f S R S h




CHEE T
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- K.' ; : . ’
Y : Exercises 3-5° e A
What is the measure»of each angle of: an equilateral trf’émgle‘> j*'

24

3:.

: ; 5‘%

What is the measure of the third angle ofuthe triangles if tyo

of the angles ‘of .1

“(a) - 40. and 8o i

(b) . 200 " and” 504 A, . -
{g) 70 gnd YOSl T T e
“(a). 80 ands R ‘ " ""

Suppose one angIe-qkﬁj_
50.

ABC'. Jdnd.
m(L EDF)

Iﬁ two triangles,, DEF

A.m(L BAC)

answer based”k

: i

é;triangleihaVe the following me.asures‘>

%ﬁsosceles triangle has a measure of
Find ‘the measurés of “the. other twd angles.
aifferent sets -of answers posSible5 ”

Are two f

~

re drawn so that

m{/. BC/%F m(/ EFD), what will be..true
ﬁabout angles 'ABC _and DEF”.sUpon what pr0perty is your.

v . ‘<,

I

"In’ each of the following the measures of certain parts of the
triangle ABC are glven, those of. the’ sides in inches and .
‘ those of the angles in degrees. You are asked to find the
b measure of some other part In each case, give your reason.
.“. o - oo Given' SR R ‘Find | - Pr'oper'ty‘ K
S| (@) m ABg) 60, m(/ BCA) = 4o.” ©on(ZcaBY |2
© | (0) . m(Z cAB):= 52, m(Z BCA) = 37. | -m(/ ABC) ... 2
- (e) LABC)l: uo m(AB) E e 1, '
< amam(®) =e ol om(AacB). foL 2
(a) m(AB) 35 m(AC) = 3, m('B—C') = 3'-, ~.:m(/ BCA).." ’9 .
(e) m(L BAQ) = 1oo m LBCA) T 1 T
- and m(Aq) m(AC): . ”,;;Qﬁﬁa;.
'ﬁ. :15 . 3
. Y
a “, ‘ 4._.4 ._ | ‘.I,-'( |
o wo g )
| S 66 ° :

T



£1 and [2‘ are parallel. o

] , , a’ Does m(é y) m([ n)‘?

g
'y

_ Does -m([ y)

Y wr T

* o (e) Try to p'ro‘ve that . - 7t oo R T

o '”"\7’ '» ([ n) ‘= ([ u). 7 SR e e
Vv 7.' “In problem 6, 1t ‘has - begn shown that the measures of angles a
o “and - b +n the figure below are equal .‘Lix line r 1s parallel

) to EF.A Ustthio property to prove that the suin. of the measures
. ‘of “the angles of triangle DEF shown below 1s *'18('9 e

3-6. . Parallelop;rams o7 T RS

‘ In the following figure, 1-' and - k, represent parallel
_lines. ‘Lines - a, b, and ¢ are perpendicular tb K2 and go
‘through’ three points: D, ,E-,’ and “F' of K. That is, the ¢
lengths of FA, EB,. and .DC are the distances from .F, E, a'n'd.”
..D ‘. to: l‘i,n'e' 'k2.' One often. drawo a smakl square,: as 1n the figure v
. at A, ‘B, Cs . o 1nd1cate t?lat an angle is intended ‘Qo be a right
0. angles. . R :




. ¢ -
e
N

4 FOTRTRREI A Figure 3-6a ' . L
In Figure 3—6a, :fﬁb; fﬁi and " DG represent segments which:

z“arefeQual in length . This’ common length is, called the. distance 1 ?Qf“

“?between lines k" and’ k2._ Thus the distaﬁce betweé! “tho parallel |

. 1
”-lines Jnay be ‘deseribed as the length of any: segment contained in’ a

iuline perpendicular to the two lines and having an endpoint on _
‘each of the 1lines. . R EEREICE
,.  Any- simple closed curve: which is a mnion“of segments may ‘be -
'“called a polyg ' The word "polygon" is applied tp curves which'
"are not simple, but any polygon’ in this chapter will be a simple *5
' closed curve. Unless it is indicated otherwise,Q. is understood ,fi
that a polygon lies-in a plane.‘ _ I g :_.R: i ;
Polygons with diﬁferent numbers of sides (i e., segments) are
given Special names. A polygon with three sides is calledwa tri-;_ﬁf__ﬁ
aqgle.. Similarly a polygon with four sides is %alled a guaéga} 'a-'if
;J * and a polygon ‘with" five sidea is called a pentagon. In a
quad?ilateral two.: sides (segments) whidh do not interSect are';:.'

. calied_ ppositepsides. 4\'~y et R, s

BTS2

' opposite si‘des of a parallelogram_‘,'are paralﬁel:' '




i.Property'ﬁj Qpposite sides of a parallelogr are parallgl

¢ -

. and ongruent. ) e e

<, - This property of congruence .can be checked by;measuring
v opposite sides of several parallelograms. f- S

. - s .%.. -
_;.wom‘mn“ vl . ExerciSes 3- 6r,wr“;m;ii~

1. The following questions refer to-

a figure which is a quadrilateral, ; '
3as suggested by the drawing.  Each = * .
jﬁquestion, however, involves a o
gﬂdifferent quadrilateral, 1’ i P
{<(a) KT is,parallel:to oM, e - K
‘ . is'parallel to KO, . Kf7;has_; v

a lengthi of 3 "ini and’ OK
. a length of ' 6 1in. :.What are, - ) S .
. ‘the lengths of INM and. OM? ' ©
(b) er]3ﬁ is the empty set, 'fﬁfﬁgﬁ ‘is theiempty set. INM .
" has a length of* % in, and OM is three times as long
- as LM. .Find the lengths ofu KL and OK. . = . :
" (e) LMﬂOK 15 the empty set, MNKL, 1is not the empty set.
- Can two opposite sides ‘have the same length‘7 Can both
pairs of opposite sides have this. property°' (Draw.figures;
“to 1llustrate{this.) R
-2 Draw a parallelogram and gut. carefully along its sides.« The
“resulting paper represents the interior .of the parallelogram.
Draw a diagonal (a Yine Joining opposite vertices) and cut the
paper. along this diagonal Compare‘the two triangular pieces.'

' What do you ¢oncludé about' these triangular pieces? ' Carry out
the same process for two other parallelograms of different o
- ‘'shapes. -Write a statement that appears to be true on the basis
of your experience in the problem. R
3.+ 1In triangle .ABC shown at ' ‘ '
' the right, assume that the
‘.segments A8, DL, EM, FG
) are parallel; assume that .

. the segments AC . and JG are
"parallel; and, assume that
the segments BC and KE

' are parallel. |




¢

,64}’. 1

~ . . . L4

. . N [y
e (a) List the paral!elOgrams;'.-: o Y SR
© " in the drawing.e (There- ' - ’ . _" g ,? .
' 1 should be 10 paral- o ' 3 S *-5}"___ .
' lelograms.) . . D A
*: 'i(b) Without measuring, ligt the segments in the above aigu
‘ figure“hich'a—e”oongruent to ﬁﬂu.( - : T

;(c) Without méasuring, list Jthe segments ipthe above -
L figure which are congrueht to BK.
gd)_ Without measpring, 1ist the segments in the above ¥
Y figurihrhich are congruent to GI. o

-

3-T. . Areas of Parallelograms and Trian gles . . o '
‘ If .the sides of a parallelogram are extended by dotted lines,

as shown ih Jﬂe Figure 3~Ta,

;»l’ S Figure 3- 7a : PR “‘F
R there are several pairs of parallel lines cut by a transversal.
. By making use of the converse of Property 2a, one caneuerify

Properties 6a and 6b about the angles of a parallelogram. .o ’ .Qb
ropertxlpa., The an angles of a parallelogram at two consecu- -

.. tive vertices are supplementarx.

Property 6b: The angles of a parallelogram at two opposite
- vertices are congruent. - .

L 4

. ' Acoording to the results above, what can you conclude abOut
_ the parallelogram 1f LA isa right angle? Ir the figure 1is o
‘ not a rectangle then LA, and / B. are.got right angles,.and v
‘one - of them 1s an acute angle.. Why?"Suppose the acute angle is
"L A. Prom_point D,  draw ‘the segment DQ perpendicular-to the
v ‘pse B of the parallelogram as'shown in the figure at the‘

Ax



_ .« " : .
. right.~'Since AD and BC are con- . D
-‘gruent imagine the triangle AQD
moved rigidly, that is, withouc
changing its size and shape, into
the positioh of triangle BQ'C. . :
———‘Tnen—point—q'—i-res—on—the—exten- &
" sion of AB. Why° g : ‘
The figure QQ'CDs is‘therefore a rectangle. Moreover- the
rectangle QQ!'CD and the parallelogram ABCD are made up of
pieces of the same size. To find: the area of the parallelogram 1t
N is ‘only necessary therefore to. find ‘the area. of the ‘rectanglé.
Notice that the base 1B of the: parallelogram is congruent to *
~the side GQ' of' thearectanﬂle. QD 1s a segment perpendicular to
* the parallel lines AB‘and CD and is called,an al,trﬂiude of the .
parallelogram to the base AB. T o o Vo
; On the -basis of the discussion above-the:folloWing statement ..
holds "The humber of square uqits of ‘area in the parallelOgram i's
the product of .the number of linear units in the basé’ and the num-
ber of linear units in the altitude to this base. oo
Consilder any triangle”™ ABC as1
- shown at the right. Through: C and,
B draw lnhes parallel to segments
. AB and AC and meeting in some
: ; point S. /[The’ figure ABSC is-
thereforE“/ parallelogram.. The'seg-
- ment fﬁ\.(‘_t)hrough‘ c’ perﬂendicular . :
- to line AB 1s called the altitude " S ;; - ;’_ ;wgi
of the triangle ABC to the ;base AB. s ) ./'J'
‘The length of altitude %DQ is the drgtance from C, to line AB.
Noti¢e that AB  and C@ .are also “a base and an altitude of. the
parallelogram. - -t o IR
In Exercises 3- 6 Problem 2, you discoqﬁred that the areas of
tr!angles- ABC and SCB* are the same., SThce the two triangular
regions gover the whole pagallelogram and its int%rior,»it follows -
tyat the. area?of the triangle ABC }s Oone half that of the area of
the parallel ram AﬁSC. "The‘pumber of square tnits in the area .
+of a triangle id one-half -the product of the number of linear units’
. A T . W e 4

. e : o - : "
e e o o ?{1 0" ;
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R R ‘ : ' I
.. in the base and the nurber of linear units in the altitudeito -
“ﬁthis‘ﬁase." - ' _ — N ’.-' A
' Area of a parallelogram: If A = area, b the base, and h .the -
‘ - altitude, then A = bh. h o

) Area of a triangle ©_ If A'= area, b the base, and h the ”
R ——~,’~~-~-—7~ ———~—-ma1i;itude,- then. A= 5 .bha L S
N | Exercises 3 =1 . ’
Bl Find the areas of the parallelograms shown using the - dimen— o
sions given. o : )’ ’

-« -

2 Find the areas of the triangles shoWn using the dimensions
given.

3. Let 'QRST‘,be any pafalielogram not .a rectangle. One possible
drawing is shown below. Extend the line segments TS and =®
as shown in'the second figure. below. At the vertices Q and |
S,_ where the angles of the-parallelogram are acute, ‘draw the
perpendiculars QV and SU. QUSV is a rectangle. Let b f'

" be the measure of QR, h the measurée of US, and x the. -
measure of RU.

72
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(a) If the measure of QU 1s. b + x, what Is the

_measure of V3?7 . b

(b) -VWnat is the measure of .QV?

" (e) What is the measure of T3?

(d) What is the méasure of VI?
(e) Wnhat is the aréa of QUSV?

(f) What 18 the area of the triangle

RUS?

(g) What is the area of the trlangle. QVI?
! P . R 3 . .
(h) .Using your answers from (e), (f); .and (g) above, ,

A= bh'.. ..

JA
{
’ - % 1
B
o ? R .
v Ay iomg
- .
e A R

-
HY 4

G
:

>

. show that the area of QRST 1s given by the sentence



Chapter 4 -
' CONSTRUCTIONS AND CONGRUENT TRIANGLES

‘4.1, Mathematical Drawings

Drawing pictures: and diagrams helps us solve many problems.;

For some problems the&drawings need not take- long to make and need .
not be carefully drawn. For_such problems a rough sketch of the -
situation is often sufficient. ' Other problems can be solved’by
measuring drawings, but when drawings .are used this way they should

"+ be accurate representations. , _
Many tools are used to make accurate drawings. A.man whose
« Job 1s,to make accurate drawings . : .
is called a draftsman. He uses a '
compass and a straightedge but
~also he uses many other tools..

;Draftsman use such tools as
protractors, T-squares, 30-60" .
triangles, 45-15 triangles,
rulers, parallel rulers, panto- .
graphs, and French Curves to help
make drawings aocurate. You will
be ‘using some. ‘of these tools but’
others,are too expensive to obtain:
at this time. ) ]
Relationships among two or more lines on a plane are of _
special interest. Perpendicular lines are lines that intersect so
as .to form 90° angles. Parallel lines (in a plane) are two or‘more
lines that do not intersect, or, 1in set language lines whose inter-

section is the empty set. Perpendiculars may be drawn accurately:

with the ald of a protractor. - S .
0" B Protractor% can also be used to draw parallel lines accurately
# '&f you remember that corresponding angles . are equal when formed by

parallel lines and a transversal.: Suppose you wish .to draw a line .
, parallel to a given line. One way to do this 1s to draw- a,line
uperpepdicular to the given line. ‘Then any line»perpendicular to it
"is parallel to the. given line.. ' . ‘ o

Ios



| | b o
Triangles can be drawn with a ruler and protraotor if- you know
the measure of two sides and the angle between .those sides; or if

you' krtow the measures of two an les and ¢he length of the side ' Lo
: Y ) " \’

between the angles.
f; . For the first set' of measures, two sides and the angle
sahetween the sides follow these steps ! '
Z"TN‘_J-fﬂa,'{Use yOur protractor4to draw an angle oﬁ<the given
‘ ) B size. IR B R . { . o
a v.i?ib. :Use ybur ruler to,measure one side of the triangle on' Jfff&
*Tijﬁ'”;‘*‘;:one ray of the angle;’_Be spre the measure starts at ‘Qtﬁa
":V,_;'ﬂ"the vertex. ‘ LI l' LE -. S R t ;

' o;;*Meagure the other’ side on the‘second ray of the anglepvg
',gd;. Connect the endppiﬂts oﬂ the segments t& fbrm the RN
. ‘third’ sides . o AR O
v Scale drawings are representations of‘figures and'are'_ery -
.iimportant'in many types ‘of work The first .pep in scaleedrawihg :‘ ,
f’is ‘to. select a scale”by yhich the measurements of - the obJect undérﬁjf"f
*tcOnstruction may be drawn K yqur paper. Suppose you wish to draw‘ i
‘fa representation.of a- football field. A football field is a ree-: o
tangle which is, 100 yards long and 53 3 yards wide. If you use —Bﬁ;
. of an inch to represent one”yard the length of the'field would be:
/6 %-incheszon your paper. _Thgs ndmber is obtained as follows. L

4 . -
o B} . . N Lo o, L
. R A Lo } ¥ o A _' s .h. RIS £

v

l. (a) vraw a’ho%ﬁzontal line and mark tgo Ty

" it.” Draw perpendiculars at each



r,-.

rgvother andssq fhat[each line lntersects the oblique line forming

'rbp—l :

‘iﬁngle_that has two angles of 60° with a side 2
'-qng between the angles. : :

=”0rmed by these Sides being 110° .
o3 40 miles east7of ety A and city C s 30 miles
- inch to represent one mile draw a
e drawing of these distances. How"
s ¥R to ity C in a, direct line°‘

"isicourtjf B I v3;+;—alley,;‘
iing a,l@ngth. RN | L .
i Tdth of 36 ' ' |
I N . service
RN, ol . e ane 43 5 feet T court
_ o2 courts are - |
Rl . :‘L_'.
»" . h,'
' ) ';""‘:' ;
n % "
“ 2 Constructions ,*”ﬁ_: ' o S .,‘;;pf'
'ﬁw;? The ancient Greeks who were the first people to make a science
/ Bﬁa oretry, had ruled about the tools that could be used in
B metry. Only two tools could be used a straightedge to make
%’ strag;;t line . segménts, and. a compass to draw circles and arcs and

'

re segments of equal length An arc 1is any part of a -
Notice~that a compass will not measurc a segment in incnes :
r_anjio‘hci ur*t but it can be useu to construct a sezment the.~

2 . . . . N S e L e ~ -
. . v W ey R . . .
. . o et . e ) ]
. . S e . P T . .
. .
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-

'saMe'length as some other segment.; In this chapter geometric

'gdrawings ‘made’ with compass and straightedge are’ called construc~ ~."

.tions. 7 :
——r L3
',terms are used with which you .may .not be’ familiar.f When' three or

;ﬂmore lines intersect in:one point they are called concurrent
'lines.-

A polygon with four sides is called a guadrilateral, one with
five sides 1is called .a pentagon, with six sides a hexagon, and one
' with eight sides an octagon.A If the sldes are all the same length
and the. angles all have “the same measure, it 18 called a regular

‘ polygon. A polygon 1is said to be "inscribed in a circle" 1if

. .every vertex of thé.polygon is a point on.- the circle.

.‘ . ' R i . : - . -

L

In . the problems which occur at the’ end of this section, some .

¢



» Bisecting a line segment Bisecting an . gle :
. The figures show ‘the steps in The. figures show the steps
'bisecting a liné segment with' in bisecting an. angle’ with o
'. straightedge and‘compasses.g o Straightedge and compasses. S
> &
J
. _' 79 . ” -




.r73ie74

3.’fErecting a g ggendicular
:from: a point on. a line._
iFollow the steps in the )

figures ;"

.

:;This construction can ‘be modified

“to construct a perpendicular to a .“'

'line from a point not on the line.

Follow the steps in the

: figures._j_

.
>
.ol
3
. e




e Exeércises 4-2 T
1. ‘Use a. ruler to draw'a horizonkal line 1 % inches long. .
" “Construct a vertical segment the ‘Same length. L v
‘2.' Use a ruler to draw.an oblique segment 3 g-inches long. Con;f
gstruct a horizontal segment the same length. _ .. .
';T3.; Bisect each segment-. that you constructed in problems 1—2. Use¥7
- . only compass ‘and straightedge. - . T

‘4.; Draw an acut angle ‘and bisect it. .UseWcompass and‘strai ”t-
F Use compass and straight-

: _ S :
52 IDraw an obtuse angle and bisect it. 'Usefcompass~apd straight-

_6. _Draw a segment and then divide it into U equal parts. Use -
_ -compass and straightedge only. ‘ﬁ Sy Ty e e -‘Q v
'].‘hDraw an acute angle ‘and an iobtuse angle. ,Copy each aﬁg1e;usiﬁgf
: compass. and straightedge only .". L
8. (a) Draw a triangle. Then construct the bisector of each’
s _ angle. Extend the bisectors. until they cross. ’p‘,‘ '»-f ’
" (b). What do you ngtice 2bout the figure‘7 R .
‘ -9.'.Draw an obtuse angle and divide it into four. equal angles. . Use
- cbmpass and straightedge. FE . AR rn..-l'_.“f_
"'lO.f(a) Draw a triangle.” ‘Then - erect perpendiculars from*each ‘y:~'
o _ vertex to the opposite side.- Extend the perpendiculars
¥j$”until they cross. (1t may be necessary to extend the ;
h sides of the triangleoso that the perpendicular meets this
L C line ) -'”__ L el . T
fﬁ (b). What do. you'notice in' this figure‘7 'h'; :~' E _
ll._Construct a triangle whose sides are the same 1ength as the .~
: ',segments given here. T 7?. : Lo
. : a

.

:‘::'.. 9

' ~_1é;_( ) Construct a triangle with a base the sf
L h" segment drawn here, and with the ang*
L base the same as these. L




(b)~'Uill all triangles constructed with these measures look,.
‘ alike° - This. construction is used to ‘draw triangles when

. two angles and the side between these angles are known. .

13. (aﬁ\ﬁConstruct a triangle with two sides the same size -as .

Lo %wh-these segments and Wibh the angle formed by these seg-r~ﬁ:ﬁ"“

;mnts.the same size as, the angle drawn here. f,

o (b): W1 all triangles constructed with these measures look
: ‘“i'?alike°‘ This cqpstruction is- used when two' sides and the
,,..‘:f?i'anglé'between those sides are known.:” i;'" N
ih}ﬁ”(a)’?Construct a. right triangle ‘that has one: acute angle of
R y 609.- HintY How can- an equilateral triangle be used as
the basis for this? - How many degrees indeach angle of
an’ equilateral triangle° How can.you make two right

-triangles from an equIlateral triangle° C C ~-'-»

_"(b)::How many degrees are there in the measure of the third v
_‘ S 'anﬂle of this particular right triangle° e
15 Draw three rays Such that. the endpoints of the rays are the
' '. only point of interseation. wﬁ; L 0 Lo .
}163. ‘How "many angles are formed by'the rays in problem 159 2 '-.}-1'
17. - Sets of concurrent linesathat are related to triangles are: -
- The"perpendfcular bisectors of*the sides ' e

1

‘The ‘Disectors of thefangleﬁ,f- SR R S P

5
The perpendicularspfrom each vertex to the opposite . ,
" Side, (These perpendiculars are the gltitudes of heights

- of the trLannle.). R r.:ﬁ§.ﬂ : “ . -~{ .
”( ) Draw 8. trianglg, ggen £ind, by cohstructlon, the mid-
%Q:fo ‘ point of each” side.f Connect each-of these midpoints to'
S " the. opposi%e vertex, These segments are calIed the—-
o L medians of | tr*an“le. v .ﬁ,»»_ é7f€jiu::0--4"ﬂ S
;“P( ) Are the medlangwconcurrcntom' TR ' B
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iDraw a circle.r With the same radius use any point on the .
'éircle as’ center and mark off arcs on the circle ‘at equal dis-f
tance§ from ‘the. point. Move the point of the compass to one f'
» point Where the arc crosSes the circla., Mark another'arc on
AT.,thePcircle., Continue until the are drawn falis at 4he stant ﬁ
B ingﬂpoint.--If you ‘do this carefully you will discove'“that; 5
- the last arc drawn falls exactly on the first point. o '
"at.{How many arco are there” e »' a
;b;thonnect each’ intersection of the circle and an arc to the
"'intersection ~on’ each side of it.-~“»ff: R

o o RS e R XN .
o . BN ,

G What figure do these segments form° ,.]:. R

,’@1 ‘dtitﬁow can you use these points to construct an eQuilateral .

RN riang1e° oalt

;“f "fé: LHow can' you form a six-pointed star°‘ ' A
- f. Using the same radius as the ciﬁble,fdra"an an omwoneft
. point on: the cirole to another. Move ‘the poin' 7 h ‘T_k
_ ‘compass -to either interseétion and repeat‘ Continue"“*”A
N round the circle.“ What does this figure look like”'

,-r19 Draw a circle and .orie’ diameter.¢ Construct a diameter perpén4 N
' dicu1§r £6 the first diameter. Connect the endpoints L tne.j
CeTT o ddametel fhoorder. . T L F0 T TRl e e SR
. V’fﬂ “a."” Wnat"figure does’ this form” SUCEEA 3«}7”11u . ‘
‘ Jf;bti-How can you form a polygon with twice as many sides‘> Ther«
“'~4:are £wo ways that this ‘can be dOne._ Can you find both oP

‘ them”.'“

v ')4_3_.  S et_'.‘ . f . e v(___ R :_ NN Cotn o
.uj A; This section is developed so that you will be able to discover
D for yourself what is meant by symmetry.jf CL T T
J N . . .o "' .
, - Ao
e Sy ‘ L Coant
-'° . B ‘. «'A‘ L. ’;‘_.»
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1.

(e)

A

20_' :

"(a)

_paper down the middile.

' Figure 4-3a, Unfold the

- What shape is 1t? C L

Label as A the vertex at the fold, and the 4
~tices as B and C. Label as D the inte
 the fold and- the side. The_figuré‘now‘resem

' has symmetry. with respect to. |
"the line AD- because when . |
folded along AD the two o

~'folds along itself.) Cut

78« ) v
3
. 0 Exercises 4- .
Fold a sheet of notebook J— - AL

Starting at the folded -
edge, cut off a.right
triangle with the longer \ ‘
leg along the fold,.as in | ' 4
. . o
|

FOLD

piece you have cut off,

Figure 4- 3b. S - .' i ¢
Refold your triangle.along B

'AD. Do right triangleg;

BB D-cand ‘ACD éxactly -
fit‘over.each other?" It is '
sald that triangle - Azms - i

b3

‘v

halves exactly fit... Line AD“
is an axis of symmetry of the’ \ : L
triangle.A - a ah Figure %-3b f\ S

!

" Take another: piece of" notebook paper and fold 1t lengtk
"wise down the middle., e \

Take your folded sheet” and o ‘
fold it crosswise down "the S U
middle. (so that ‘the crease :

‘off the corner wheré the folds , ~ Cur S
meet, as: indicated in Fig. 4 3c. ?6L6‘-A) . iﬂp
“Unfold the piece you cut off o Wl Lo o -
Vhat. shape is 182~ . . Figure k-3¢
', o AT o BRI .
. . . S x 4

bl 83 .o KT S S
. . £ e
. \
. . . X .
. . )



q;', (c)fiiahel‘yonr fig®g as in S
Fig. 4-3dv If you fold
- _ along “AC do. the tge L,
, halves ‘exactly Iit’ Uhat'
ﬁ;appens 17 you fold alonc'
YDBQ Is there an axis of

i . $

. symnetﬂy How naq‘ Coa
Lool: at the regular hexacon in-,.
‘Figype 4=3e. Does: each dotted g

- 1lifie. determine an axis of _ '
sy-mmetry" There are other? axes :

of; symmetry.. Find’ them, - How

-
-

many axes of symmetry ‘does a_
regular hexagon have?

- "‘i'ia'nn | . 'J.! I
: - : _ - Figure “-3e
4, ' Draw g circle and one of 1ts digpeters. Is this diametqiban
-#. axis of'symmetry. Does_a circle have other axes of .symmetry?
", Are there 5.axes. ‘of - symmetry° lOO° 1029 Are there more than
. any. number Jou may name? - _' r EH '
5.  Look.at the ellipse in Fig. 4-3f. . S ; g
‘ Tt is a figure you get if-ycu1" L - ‘
»* . & slice off the tip of a cone but
" do not slice,straight across.- Is

> AB. an axis of: symmetry2 Are
| there otheérs?  How many axes of

o ~ Figure H_Bf'l
symmetry does -an ellipse have? o .

2B 1is- ‘called. ﬂhe major axis of - & T
_ jthe ellipse. On, ahother axls of symmetry is a segment called
" the minor axis- ot the elllpse. Why do - you think B is called
‘ y*- . the major axis? Where’ is the minor axis? . - o '
. - From these exercises you have learned that many of the geo—
metric figures you . know are. symmetrical with%?espect to a l*ne.
Many ornamental designs ‘and -dé orauions also have such symmetry.
Definition A figure is symmetrical with respect to a line’

if for’eaqh poineb A" on thJ figure there 1s a point B on the
gfigqre»for which sthe,line s the perpendicular bisector of IB

A




- L o - 4 L
M‘ | . . ,80 e oy
6. Draw a rectangle and draw its axes of symmetry Label each »
:'-axis of symmetry.f How many axes “of symmetry does & rectangle
L) have° ' o . ‘
7. Draw an"edhiiaterai triangle, and'Qabel each axis of symmetry.4
~ ¢ How many axes of symmetry are there‘> ’ . , ‘y
:8 Draw. a square, and 1abel each axis of symmetry. H$W'mahylaxes
of symmetry ddes a square have? " A .
94. Draw and label the axes of symmetry,‘if there are any, for - .
each 'of the figures._ How many axes of symmetry does each 4

figure havegd S

[

10. It is said that'a“circle‘io symmetrical with respect to a
- point, its center, and that an ellipse is symmetrical with
respect to a point,. ito center (the p01nt where 1ts major and
' ‘minor axes intersect) It is a1SO said that the figure below
.is symmetrical with respect to point O. Describe in your own
words what ‘you think‘is meant by symmetrykwith reopect to a

L

: % ’ ) .

}./. : - N ’ .
T

-point.

. .
ey
o

L

°
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” T
Which of the figures in Problem 9 have symmetry with respect
to a point° . _ .
ill.'When an. orange is cut through the center 'in. such a way that each
'section is cut in half you may think of the surfaces made by
the cut as_symmetrical‘ Symmetry of this kind is symmetry with
'respect'to a plane. Name other objects that are symmetrical s
“with respect to a plane. “ﬁ

:4-4. Congruent Triangles-

In §ection 4.3 when you cut along a right triangle on a folded
sheet ef paper, you produced an isosceles triangle. The axls of
symmetry (the fold) forms, with the edges, two right triangles

’ which have the same size and shape, When two figures have the same*

size and shape they are .congruent. The two right triangles are

congruent triangles. s V ' :
Two clrcles, each with a radius of five inches are congruent

as are twoilinecsegments having the same length. - Also, Fvo. rec-

" tangles are congruent if their bases and altitudes are congruent.

-

) . AN ) ' .
? Anghes-.B and ¥, as shown, have e2qual measures. You may
say--éqg 1s congruent *o / F, and you may write /B /F,

.’ where the symbol ”': "“stands for the word "congruent", -

LF x> AG‘) ' .“ . S

., Consider two coné%uent triangles DEF and ABC: traced on-
paper. If the paper is cut.along the sides of triangle DEF, the
paper model would represent a triangle and its interior. The paper
model could be placed on triangle ABC . and “the -two triangles would

_ exactly fit. If point D Wre pPlaced on point A with Dr along
jﬁﬁz point F would fall on point ¢, and poilnt E. ‘would fall on

), . .
SR . ég(,
.\ . . -
0y
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point B. In these two triangles there would be. these pairs of
Nucongruent segments -and congruent angles R . .

& -

B x DB ﬂ' LB % [E
- ) R ;.
CB * FE- /e LF

-§ Recall that anotheﬁhggj'of expressingsy/ B "L E is m(/ B) =
'm(Z E). Your choide of expression wi11 depend upon whether you
wish to emphéasize the angles as being congruent figures or’ the ;
‘measures as being equal numbers. f . v
;7 In triangle ABC, sides B anda B and A B are referred
to as "two sides and ‘the included angle". /A and Z_B and
side AB are called-"two,aﬁfles with the included side". Do you
E .

fte

a

see why? o . ? _ _ .

In the study of constructions, we '’ found that a triangle'eouid_

be’ constructed if certain parts (sides and aggles) are :
Three cases yere considered '

1y two sides and the includ gngle,'.. r

(2) two gnglés and th$ incluggd side, *

(® three sides (pra lded- that the measu_

. side 1s 1&%8s than the sum of

other two sides) Co
Yowlnay wish to try these constructions‘again

.. e

§e-

; of any one
sures of the -

G Fulthcrmpre, by consiriction, we sce ‘LY the-parts of a tri-
angle are given, as-in anJ orrc of the three cas es; ‘he Lriangle
is completely determined. For any ctase, a corréspondence ‘can be .
esﬁablished so that two triangles which’ have the.given parts are
copgruent. ‘ ' : L - "

'We state- three properties Y s

Two triangles are congruent if two sides ‘and the included

gle of one trianyle are conpruent respectively to two sides and

. the included angle of the dJther trianﬁle. This will be referred
tq as Property S. A.. S'. (Side, Angle, Side)
Two trianples -are congruent if two angles and the included

: side of one triangle are congruent respectively to two anples and
the included side of the other triang;e. This will be referred to
as’ Property_A. S. A. (Angle, Side, Angle)
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¢

‘I‘wo triangles are conp.;ruent if the three sides of one tr*angle .

Fare congruent resgectively to the three sides of the other triangle.5
. This will be referred to as Propqgty S.\S. S. (Side Side Side)
' Let us look at- ‘the. ¢onver, e of the SuS Se- relationship. If two
- athree sidés of one triangle are
sides of . the, other.¢riang1e.::f*:
& ue staﬁement. "You can test
-Test. the truth;or falsruy
' oonverse of. Propen@. i
- “Q'V o ?“i, "

‘96 onle corre spondence,{,

1 triangles e congruent theh "

- congruent reslﬁ:tively to’ the

Thé.. converse ‘of PrOperty s. S S

this by lool*in?* again at -cons

‘ .-of the converse oI‘ Property S y
AL S. A.< in the. same manner. _

| Notice ‘thagy ¢

dr',." b and s, cs

' . and r! correspondixa v
c . 'and t correspon

' then tnei& 'corresgond‘ing';&?;;_~’_;
- “Re.'call the’ const&ﬁu di 4 ne
a ﬁ}ive‘ ﬁomt on the- lir} i, thl NN Ca
const~r\h,5’€icﬁi £10 .arc,s irterse;:%gﬁat i “' LA -

JP is a side
and so s called a ~'
3 ony’ lgging Proper\,&»rs v S S., 3}ou oM, th
.GRJ = trianble RH’E; ‘s¥nce sthree sides@of On ’ angle are congraen.*i
_ to three s&dcs ofl the cv‘che;b trianglea‘*Ahgl (oppo‘site GJ)

in, triaragl, '-_GPJ corresponds to’ angl)e JPH~ : ‘c‘s - JH) in G
‘triangle “PHJ. By applying the 'pr,op?rty “thét’saygdii\"”tw%*trian ks ‘

>

’1:*
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Ta

are congruent then each palr of cosreapondin"'angles io congruent 'fé

_and each m@ir of corres;;ndfng sides is. congruent, you’ know that

L JPG is congruent to M8 JPH. If a protractor is 1a1d along PI;I
with the vertex mark at”™ P and O , mark on PH ~ then-the ;80
" mark wilf be on’ the'ray PG.; This means ‘that. the sum of the
' measures oi% the angles at 3 is 180 and sihce “these. measures

“are. equalﬂFac"’x must be 90. Hence angles . JPG and JPH are
rig,ht anLLes., Coa ’ T ‘.; U RE o
PR uelcises Yoy EHE "; R

_'1; In tneu fiﬂﬂreythe construction of the bisector o

shown. ;'I‘.up seg?ments ; AE and CD are drawn. ;

.Uhat parts i# L'mav- e -

* S irg eparts d'f tr}i J. ‘_ 5 by chstruct,ion” i
. (b) - Find dnother: *par ol tn

xgﬁ.e ABD - tifBt must be con=. -} -

(A el

_ gruent Qo,a?art,gof tri¥igle BOD. Why’ar;e;tégé;y‘? ehgrusn’

o (e) Is triangl“e. ABD ,congruent toe tniemgle P Hy

' ' SO ‘ﬁ" AL
(a) . Is [ HBmj{.cd gruent t%LDBW £y

2. In the Tigurges shatm hig thwonstruction oi‘ Z/- HJK'
LHJK = L EFG.__ 'Segmen ', EG.'and’ B are d'rnwns.
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Moo L 85 . . ) oo

_'(a)”3What parté*of triangle EFG are aongruent.tb cornesponQ-'

oL ing parts of triangle HJK by construction° N D
e (p) Is triangle EFG congruent, to triangle HJK? Why? '
: (e) Is LJ congruent to /F? "Why? ., -

N

C30 M. Thompson wishes to measure
:lﬁfthe distance between two posts .
1on edges of his property. A
o ’f;grove of trees between the two
.5f cﬂrposts (x and Y) makes it impos- .
”w‘sible to measure the distance
Xy directly. He_rocates
< _“. "point_ Z 'such that-he can lay
 out a line from X to Z and -
continue it as far as needed.
Point. Z is also.in a position
such that Mr. Thompson can lay
out a line’ YZ' and continue it
Ce ‘as far as needed. - Mr. Thompson
"'+ ‘gnows that /1 T / 2 since they
‘ abe vertical angles.. He extends
YZ - so that QZ = YZ and XZ so
that, XZ = ZR. ' :
(aJ ‘How 1is point R locatcd°
. Is X2 2R L
(b) . Are triangles XYZ and’
QR ‘congruent? Why? : Y
: ic) How can Mr. Thompson determine. the length of f?b ‘
L, Line Aﬂ and line ,52 are paralleltlines cut by a transversal.

Q

_ : - >4 5
o N >
| . R
: - 1 e
. B - —=> & | %igf.
\\\‘_;;gg\"’k o _éi .
N o ;3
[y = "
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(a) What do you know ab ut’ angles 1 and 29
(b) Are angles 2 and 3° congruent° why?

(e} Show that /1 %/3. AT L

i

5. In the paralleloﬁiib ,! ABCD, the diagonals “AC and ‘ﬁﬁ'_interi o

. \’0 I
sect at E. EE ’ - : -
Y re

’

(a) 1Is angle 1 (in AABE) congruent to angle 2° ' o S
_(b) Vnat kind of angles are /. 2 and / 3?2 Are they congruent°
(c) How does the size of: / 1 ‘compare with the size of -/ 3?
. (d4) show that ./ 6% /7 :and that /5 s /b, |
) (e) When two triangles have three pairs of congruent angles,

. are the -triangles always congruent° If not, what else
is .needed? - : , _ o
'(f)’ Is any side of [&ABE ~congruent to the corresponding sidef-'
 of .ACDE? : » AR o
"(g) Show that the dlagonals of a parallelogram bisect: each
7 other. - L ' '

6,' The construction oﬂqﬁhe perpen-.;" R
* dicutar bisgctor of. segmeﬂ T
_1s shown., Usually t radius

' ‘ 1s used, for the four rcse ‘How-
'eVer, it is only necessary ‘for t o
“two arcs that 1ntersgﬁt on one éga
of ‘the segmeﬂt to have' the' equal
) radll.- ‘Thus, the arcs drawn from,, L

c and D that lntersect at E-

"have equal rgdil, and the two .arcs
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REE Bight Triahgles R

::interested in the problem. Pythagoras is credited

of a square, the sum of the areas of the two smaller squares is: thh
"same as the area of the larger square. In Figure 4.5y, two tri-o_
_ angles of. different . Size -gre inked in and the squarqg drawn on the
. sides of the triangles shaded. Count ﬁhe number of the smallest.

. -dr&wn from. - C. and’ D that intersect at F have eq&al radii.
By applying some of the properties about congruent triangles,
";show why EF - bisects CD and’ is perpendicular to CD. H!ht
','First think about the large triahgles CFE - and DFE then about
. another pair of triangles that seem to be congruent...

‘]é»f., ;’ NN

If a triangle, S an angle having a measure in dégrees

a0, 1t is called a:rig i iangle. If a. triangle contains an obtuse

angle (an %n &e with mqasure greater than 90) is called an
obtuse: triangle.‘ If a triangle contains only a angles (with

'measures less than 90), it is called an acute riangle.

The right«triangle 1s of special interest The ancient

‘:Egyptians are, said to have uSed a particular right triangle to make_
. corners ' "square". This triangle has sides 3, ¥, and 5 units

long. When such a triangle is made of. rope stretched ‘taut,, the
angle between the two shorter sides is a night. angle."
While the- Egyptians are thought to have made’ use_of

. this faot 1t 'was .left to the Greeks . to prove the ‘re-

lationship - ‘involved. The Greek philosopher and ‘math-
ematician,’PythagoraS who lived about 500 B.C. became

-unit
with the proof of the basic property that will be; '
studied in this section, this property is still known by his name
the Pythagoreanﬁﬁropgrty. . ..~@ o %w

It is thought that Pythagoras looked at a mosaic like the "ene
pictured in Figure 4_5a.  He noticed that there are many triangles
of different sizes that can be' fohnd in the mosaic.‘ But he noticed -
more than this. If each side of any triangle is used aSAone side

triangles, in.each square.’ Por each” triangle that is inked in, how ’
does the. number of small tr1angles in the. two- smaller squares Uom-'_
pare with the‘number in the larger_square? If you draw a mosaic - |

~ »
13

. . ) - ’ .
Dt S R 5923].- N
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like this, you will find that this is true not only for the | two e
'triangles given here but for a trianglé of any size in this mosaic, 7,'

. : e
Figure “ 5a s L S Figure 4-5b i

. ' Pythagoras probably noticed the same relation in the 3-1l 5
triangle that the Egyptians had used. for so long to make a right

angle. The sma11 squhre are each 1 square unit in size. In, the
\ ) . .

s . . ' ' . ’
N R -

‘e

three'squares there~are 9, . 16 and 23 small uares; Notice that _
9 + 16 = 23, . Pytﬁagora was aole to prove that in gny right tri-
‘.angle, the aréa of the- sguare on ‘the hypotenuse (longest side) is
- equal to the sum of the areas of the s Sguares on the other £Wo. .
_sides., This. is the Pythagorean Theorem, or as it will be called
B the Pythagorean Property. s ‘ R “
) So far this has been shown only for two very special right

.triangles. It is true for all right triangles. In. mathematical . - ...

-language the Pythagorean Property is c?'_ a2 +. b2 *Wwhere c*stands

. for the measure of the hypotenuse and a, and b stand for the
‘measures of the other two sides. The meé'ures of any two sides
e <~

¥

N
. : RS BV R R .




:;:can be substituted in the number Sentence above, and from this the N
;“third value can be found., A familiar triangle can be used to show
~this. Ef}the two ‘short sides are 3 units and X units what is the

square of the hypotenusgo o }"\' _9': | | ﬂ
. 02 o a2..‘+ b2 R A
i ‘.02'.—,.53.2'-;-_4? o o o e
o S I
' . . [¢] = 2| .« . . . o
. vf . .' ._5 L : L r o . ‘
) | e=5. oo L

_ ' : . .
Qf.course,_ 5 X 5 is 233 so c'= 5, 5 is the. positive square reot ’
of 25. ~If a number is the product of two equal factors then each

:factor is a sguare root of. the number.. The - symbol f0r the positive
_.square root is v/.;. The numeral is p1aced under the sign for ' '¢
- example, ¥25.= 5. o e ;.:-,.imA;
-« What.is JF'° V16 2 Jfr ? JFB ? The first three are easm
2 .f‘to understand since 3 x 3 = g, 1 x k= 16" and 6x 6 =~36 put’ there
‘18 no integer that can be multiplied by itself to give the product
‘30.' In fact therekis no rational number whose square is 301
;There are decimal forms of’ rational numbers that give products
close’ to 30 when. squared 'You can’ even find a number whose square

s as close 'to 30 as you wishl " For usg now there is a tgble at the

~ end of the chapter that gives ‘the decimal value (to the nearest

thousandth) that is closest to-the square root of integers from-

i 1 to “100. . You can alsc use the’ table to- find the square root of .

;'.a11 counting numbers up to 10, 000 that have rational square roots.Lﬁ

b
Exercises 4-5

. L
. . ~

o B When approximate values are used in these prob]pms, use the -

A symbol, R, in the work and answer."'_« SR o p
i “1. Use the table at the end of the chapter to. find the approximate.
_ value of: J‘ L - ;u,'- L ) e
N S - S ®) /i - (c) Vi3
,?' 2. Use the Pythagorean Property to finé't length d? the- hypot—
. enuse for each of these triaﬁgles. %\§ . 5 : S 5
(a) Length of side a 1s 1", lerigth of 'b. gs2" f?
" (b) Length of “a 1is M1, length of b is 511- R
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' .(c) Length of a is 2“' lengtH of b, 1s 3" - - ,--:; ;;
’ (d) Len th of ‘& is 50 ¥d. an‘d the length of b’ ‘18 6 ydu | .
: otenuse of a right ‘triangle is 13 ft. and: one side 18
Find the length of ‘the. third side. N :

: -‘ Sl . 012 .%‘a‘2 + b2 - -
O L AR |

N

T 169-- 25 = RS o L .
| g R g e
e e 12. = b h Lo W ’ ' R .,,_a" : :
iﬁf: The third side is 12 feet long. Find the third side of these:.»
’ k'ﬁ right triangles.- The measurements are in feet..;

: (b) 26 a'=2‘14_-__.- L _
v {e) 5 o ) '

!
‘o

39, b & 15 -
RN telephone pole is steadied by
R guy wires as shown.  Each wire is.
to be fastened 15 ft.-above the R
ground - and @nchored 8 "ft. from aaE

7 the base of the_.pole.

r

x,_ . ] . . e

as How* muoh wire 1s needed to strétch one wire’ from the
e .ground to the point on thq\ggié at which_the wire isf'
. _f - fastened” EERTIN . e ? o i Sy e
. .2 (p) ;If 5 ft.' of’ wire - are required to fasten each wire to the -
" ”_:,:' 3pole and the* rbund anchor, how much wire is needed for_‘j};-‘
T .,each pole° . ' ‘
'+ 5. "A roof on a hou i1s bullt. as
; *‘shown. How 1ong?should each
raftergbe'if it-extends 18
1nehe,s‘ over the wall of thei .,
+ 1 house S S
,6 Ak hotiel builds an agldition acrossuthe street from: the. - ..%
*,'origiﬁal buildinm. ‘A passageway ia built between ther two .

parts at the third floor leVel The beams -that support this AT

¢ .
L .
' » .’

0o ":F,’ ) g . .
¢ " . LA . s P 2
’ ] 3 Bl S :; . . R .
, ; > . , - o 8 A .'¢ ; e
! A 3 ‘). v ~
) 2 AU SRS <
“ v ! s e b ot
‘ ’ o TR
% 9 + ; 9 5 L " .-,}
‘ [ B ' . .
v . * o f . ' 4 s ]
L fas .
> . s \ LA ]
I . AN 3 . T ¢
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passage are 48 ft. above the o
L 5street.. A c;ane operator 1s
e . lifting these beams into
. 'Pplace with a crané -arm that -
.18 50 ft.. long. How' far fﬂ_]:'
'down thé. street from a point
,ldirectly under the beam should
. the crahe cab be? S
t.if?."A garden gate is U ft. wide and.%{'
"""2-5 Tt high. How long should the-
'brace that extends from. C - tor b
N bé? . f’ , ’ ]
»_"8;,‘Two streets meet at the angle
" %nown. . The streets are 12 Tty
g .wide. Line‘”for a cross walk

v f'f"the street. 573 11 uo £t
: .“from ore end of . the cross walk

. 1_If.ym}1quwvthat one side of- an equilateraI triangle 1s R ﬁ*
g unitsJ what’is its height? - Give _the answer 1n relation to R.,

R ~ﬁ_;j'9 P T
b6, One Proof of the’ Pythagorean Propertv LR S e
- There are many- prooﬂs of this property. The’one used here 1§
) not the one used by Pythagoras. f}““ﬁf' vhﬂ* . .,-;' V/' .;;':
BN . i Draw two squares the same size.‘ Separate the first/square .
‘1nto two squares’ and, two rectangles as shown here o ;
SR TR : = o R
q 0..1 EPEN % : 'l"‘:,_ ' . S
VI B R o Lo
bl A=ab - |A=b S oot
{ ' L B .o - < ,L '?.b‘;“ . ‘ .l IR ., , : ‘,-;
‘ ~ -al A=a"t’ [A=abja .. . L vd R o
— a ..", L f) r' " |
N a b Figure l-6a '
K ‘ . L ﬂ; ¢ v
. } R . ; A 4] s
"\ : l‘ 7 A & ' 90 ‘ s \ ’ ’
g A : G §
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Let’ the measure of each side of the larger square. in Figure 4 6a be
.a and the measure of each side of the small square be b. Notice
the areas of the small squares -and rccran les. .

)

. .One square has an arca of measure a .
The other square has an area of measure b?.f
Each rectangle has an area of measure ab.
. Since»the area of Figure 4_6a 1s equal to the sum of. th ereas of
" - all of its parts, the measure of the area of Figure 4_6a is
C . a? + 2 (ab) + b2 '
" Now turn to the second square, Use the same numbers a and' b,
 that were used in the first square. - ' S

S . 'Figurelzsb"' o .

‘rfMark the lengths off as shown here ‘and draw the segments PQ,\ QR
'RS and SP, The large square is’ separated into 4 triangles and a

'-3quadrilateral that appears to be a square. '

The measure of .each triangular area 1s: i ab. Theré are four con-

2
gruent triangles. The’ sungof %He measures of the areas of all
‘ four tri?ngles Is A(E ab) | 2ab. - : R

If you look back to Figure 4_6a, You will see that 2 ab
is the measure of the area of the two rectangles.' Cut the two
_rectangies from the first square, Cut along the diagonal of each
rectangle. See if the four triangles you cdt are cpngruent with

those in the second square. : . ’
: 2 2
Asquare =.a +_2ab.+_o (From Figure 4 6a) e
. Syl gy by
*esquare = 4(2.ab) + Apors (From Figure 6b)
= 2ab + APQRS
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Therefore a° + 2ab +'b% = 2ab + A GRS Why? .
: ) R 2 ) 2 . P
. , -a + bT = APQP(S (addition’ property of
. ' - equality.)

This shows that PQRS has an area whose measure is a2 + b2 units
‘but a2 ig’ the measure of the area of one small square in the first

figure and. b2

is the measure of the area of the other square.
From this the area'of the figure in, the center of the second square-
"is equal to the sum of the areas of the tvo small squares. f
. Place the square whose area measure is’ 'a2 along: the. side of
length a of One triangle in bhe second square. Place the square
" whese area measure is _b? along the side of length b of ‘the same
triangle:' The areas of the squares on the two siﬁes of the tri-
- ‘angle are equal to the area of the figure in the center of Figure
U 60, All you need to do. now is prove -that this figure is a square! ‘
What are the pro erties of a square? .
' L. The four sides are congruent. )
* . - 2. Each angle '15.90° in measurement ; - .
:If you can prove that these two conditions for the quadrilateral in -
v Figuro L-<o the Pythaﬂoreaq Propcrty has been, proved. R .
"As has been suated the fou* rwangles are congruent since for -
each pair two corresponding sides and the angle between these 'sides-
are congruent. -As -a result, PQ "QR .= RS =' SQ becalse they are
_‘measures of corresponding segments of congruent tr ahgles,
"So far it has been shown that the squares in/F igure M 6a are
' 'congruent to the squares on the short sides of any .one of. the tri-
Vangles in Figure §_6p, It has also ueen shown that the sum oi the
'areas of these squares 1s equal tosthe area of PQRS, and that PQRSNYf;
‘hao four congiuert sides. Let us prove tha the angles are.right
ahrlcu. ‘ '

»
-

-
L ]




la
. [ ) . I 4 : l '
o] b _ b T] a P b

(1) In A PST, m(/ 1)+ m(/ 2) =90 Why?
L@ mn) =mly e
(3) Therefore m(/ 4) + w(/.2) =  Why?

(%) andm(/2) +m (£ 3) + m(L 4) 180  Why?

. (5) m(/ 3) + 90 = 180 S _ Why?
L .- ¢ (6) . .and m(/ 3) = o - Why?

! You can go hrough the same type ‘of reasoning to show that
angles 5, 6 and [ are also rfght angles. . .
PQRS has bden proved to be a square and its area has also
. been proved eq al to the sum of the areas of the squares on the
l.:other tWo sidep. 3
hl_7 Solias"‘ '__4 L Lo . _
You have been drawing figures which are contained within a !
plane.- It is not so\easy to draw pictures of’ solids ‘on paper or-on
the chalkboard. This is because ‘you must draw the figure on a sur— .

' 'face i such a way‘that it will apptar to have depth. This requires o

- the use of - projectron which you have possibly studied in art. o ;'.
(a) Prisms. . , JRE o
‘o p ) gegtgngu;gg Prisms. ‘One way to draw a box is as {/
: (/ followsd. : R . - o

~a. Draw’ a 1cctangle susn as ABCD 1inthe figure/‘

'-‘ .1

‘ . . ' oo Delow. A E . .,.4' i _ ) . . /
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& - . b. Nowﬁﬂraw a, second- rectangle RSTV in a positionl
: ' ' similar to the one
c.” Draw AR, ES, DV and CT.

jYWhen you look at a solid you cannot see all of the edges, or faces,-
-unless the solid 1s transparent. For this reason the edges which
are not visible are. represented by dotted. line segments. This v
-also helps to give the proper proJection to the drawing. The dotted ‘
"line segments do not have to be drawn.’ .
S After you have sketched a rectangular prism, you should be able
‘ to .sketch other prisms by studying ‘the sketches given,

(2) Triangular Prism : o - e /
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(3) ‘Hexagenal Prism . c . [P e
i . 3 . ‘ BETIAN o R
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¢ (%) Pyramids ' '
' : P In this drawing let the base represent a square with
. ' " oa. vertex at the bottom of the drawing. . 2' s
- . First, draw only two-sides of the square, such as»
. T8 and . 5T, ‘as_shown “in the figure below. ©oEL
o c. Now select a poirt P ‘ﬁirectly above point- B,
, ‘' . and draw PR, B and ac. I R .
¢ ‘ d. D, TD  and' _B' ‘may, now Be drawn as dotted lin L
" segments 1ntersecting'on PB 'with AD parallel'
~ to BC ‘and-'CD parallel to ABq _ ; ;-'rsq; _ ;f_}:
“e..:-How many faces does this pyramid have”t 25' e ;'f '
/oy .f
) . R !
R :
. v, - [
° 2 “_ ' o
’;' . -i’ .
. s . ! . . . A -’. -
~ ] {- pv' ; : ;
- . ' ° Mo
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, (5) |

3.17 ;h-fzf circulﬁr regions. In drawing cylinders on the surface of :

' . 1..;5your paper you are again confronted w1th the problem of /

J,} SN gettin the correct perspective' if you construot twot - f
'-'ﬂ l;iﬁ; 'circle with your compass .ahd then draw line segments ‘N;' f
j" l-; . connec ing the end points qgf parallel diameters -.of the. 'W

. two clp clea, the figure you have draWn will,not ‘have the -
f appea ance of a right cylinder: In order to have the
) bprope - perspestive you must draw :the bases as ovaIs as ;]ff
| . - .shown “1h - the - figuré below. T J” oo o

| L.
. @y DraW a rectangle such as ABCD cin the figure bolow. I
N low use B and DC as diametero ‘of tne c1rcular T

o Lo / ases to be shown. S f;“f', : v “5{</
ve . I . ‘N. - ) . - . ) ) . . . ) ..‘.‘:

~a

! R . . i
/ S . s
< / P) - ‘ - R - [
Lo ' / ‘ / ' - A : - B o ¥
N il - ‘, e b >
. ' .. v .
) . - :
. . « . \
. - X . R -
¢ . ,‘V' .l ’.' "
> . ! ) '. . "
,( ,a""f_q.-,'——---ffrk s C L o
. 't . e . \\- . 4 = .
o Y . /— . ~ . -
‘ / D - “ . C ”
A [} iy
. ’ : ' . '... ) . : . : t- ’ ‘.
. . x [ N ’
L (6) - Cone . "} ._r ‘ ot t ,"' ) N
A cone may be sketched as shown., .
. v - -~ e v
{2 : Co
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Intersectlng,?lanes

LEERN

.a surface, the 1ntersection of two or more planes._,An

example 1s the 1ntersection of.a wall and the floor of -

7 .
-your room. o - » A

4

There are times when it- 1s(usefu1 to- represent on

.a. Draw a parallelogram ‘ABCD. S o e

b.-fSelect a. point R on? AD and draw RV parallel
 to RB. T . : o

c. Draw a per%endicular {VT to BC. and a perpendicula
RS .to \AD S0 - ;hat VT _and RS “have: equal. measure.f_T

" Now * ‘draw TS. ‘ veoo TN x o
. ‘e . ' « R ’
1.
r -3 N
: T
Line Intersecting,a Plane . ' 1“ f‘aigl N
“This type of drawing 1s also useful at\times.‘flp54
.is 1lustrated below. - =~ .~ . . R
a.. Draw a parallelogram such -as ABCD *~~'" . J‘:ﬁu”

. bh__%elect a point R. on ‘the surface of ABCD ',’1.“

r.
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“’c. Now draw a lihe throsgh 'R'
pass through the surface of ABCD.
v : some praktice. Lo
{ . d. You will have-.a better picture if the line through R

e '. 1s not; parallel to a. side of the parallelogram.

e - -

- Practice making sketches of each
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so that it appears to
This will\require
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\ . TABLE
A SQUARES AND SQUARE, ROOTS OF NUMBERS
" No.. S S uam;s ! | Square- N§ S unafes .Squa'.re‘ .

. * - quares.. - . roots * q rodts -
SR U . 1 1.000 - | 36 . 1,296 6.0b0
2. ' 4 o1, 37 1, 36 . 6,083
I ©3 16 S+ 2,000 39 1,52 6,245
L5 o es 2,236 40 1,600 _ 6325

6 . |- . 36 C2.bhg ) m Uaeg1. T 6 k03 -
T, R 2,646 42 1, 76& 6.8
.8 . 6l ' 2.828 b3 - 1 8b9' 6.557
9 )t 8t 3.000 | 4k 1 936’1 '6,633"
.10 .l 3. %92 45 2,025 ‘ . 6.708
S R 46 | v 2,116 6.782
S ERLR R U907 S 21209 6.856
13 169 3.606 |- 18 . 2,300 6.928
olbho © 196 . ©o3.742 | hge . 2, %01 7.000
L1s 225 1 3.873° |+ 50 « 2 500 7.071
“ 18 o T 256, |7 dLo00 51 2,601 . 7.141
S i G B - 28 « S b123 52 4 | 270k . 7.211
.18 . - 32 b, 243 53, 2,809 0 7.280
19 | 361 42359 | 54 2,916 - s . 7i308
- P e 055 | w3050 | . 7006
;- A~ |y 583 56 5. 3,136 7.483
-7 S EER -V A hoego | .. 57 3,2k . 7+550
.23 »529 4,796 58!, 13,364 - T\ 7,616
ced ot e76 4,899 59 3,181 1 7.681
o250 L 625 * .¥5.000 60 .3 6003A o T.746
c 26 | 676 5.099 | 61" 3,721 * 7.810
e7 o ,723 5.106. | 62 | 3,84k 7.874
N8 . 78 54292 63 . 3,969 7.937
%§§~\\,‘ co T8 5.385 b, Bogh 8.000
30 7 N 900 5. 477 5 - 4225 . 8.062
3 R 5.568 . | " 66 11,356 8.124
132 Y -l 5.6;7, 67, . oy 48?_ 8.185
.33 - 1,089 5.745" 68 MY 8.246
3k, 1,156 5,831 T 69 ] ;761 8.307
", 35 1,225 5,916 70 4900 8.367

: . | : _ , _;
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No Squares i‘ggige
271 5,081 8,126
72 15,134 8.8
73 5,329 Coyhh
’f:)- ;'-;, ('2: 8.660
e 5,776 8,715
77 5,029 DN
i3 G, oAt 78,832
g 5,241 3.888,
80 6, oo 8.9hk
81 6,561 " 9.000
82 6,72L 9.055
83 6,889 ©9.110 -
. 84 . 7,056 19,165
.8 7,225 19,220
86 7,396 9.27h
- 87 '7,562 . .9.327
88 7,7h 19.381
89 7,921 - 1 9.3k
‘90’ ' 8,100 9. 48T .
91 8,281, ©9.539 .
92 . 8, ipl 9.5
94 . . 8,836 9.695
95 9,925 9.747
.96 '\ 9,216 9.728.
98 9,460 9.899°
99 9,801 9. 950
00 . 10,000 10.000
!
BN
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L S Chapter 5 -% '
) SIMILAR "TRIANGLES AND VARIATION »
S ) ) J .
: T e . v
5-1. Indirect Measurement '.“- e g . .

, You may have read: that the sun ‘1 93, OOO OOO miles away from :
‘the earth, or that the distance from the earth ‘to the nearest star - -
(other~than the sun). - U 1ight- years, or that the diameter of .
- the earth is about. 8 000 miles.; These distances are measured
indirectly. . P e
. - Indirect measurements are aisO'used in'problems which are
“closer ‘to home. To measure the height of a building, ‘You may sight
the top of the - ﬁuilding with a sextant and measure’ the angle of -
elevation from the ground Then you measure ‘the distance from where
you sighted the top to the bottom of - the building. 1In- the follow-
ing diagram it is indicated that the measurement of the. ang1e of
eievation is 60 ’and “that the measure x - of the distance from -
A to C in feet 1s100.. - Fregm this information the measure ytv
" of the helght.of the building in feet can be calculated. The x
‘and y. are 'used to. represent numbers not iengths._; -

R oA
. ~ E |
- 1 15 - ,
- — > y= ? . 4
[l .
. . VA > I.' N
‘ . O - N , o
~ 8 » '
. . . |/ e0ki ) v 5 : S
: - oy —> X
. T =100
' .
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; cL o .
“ " . J

Notice that in the above diagram a drawing has been made tp
scale. The,trlanﬂl above is not of"' the Same ste as the real :
.triangle, ut it do have the ‘same, shape. It .isdgaid that this
one-and the actual triangle are. simiiar. HeasureT;mzlength of"m
CB in the figure above. ,Calculate the helght v -in feet,
that -1 inch represgnts 50 feet., o v"’

te

-

)
Oiven

; T
In the diagram beiow four triangles have been/drawn, eachf h
' hav-ng one right angle and ope .60° f angle. They ‘ae +'A ABC, '"‘
T
AADE, A A BHI, nnat do you notice about their shapes°*

For each one find the measure x - of the‘horizontal dlstance andI

N of’the vertical distance and calculate the ratlo %-*

- . [ )\ I' _'- :._.(.:
o <y a . . . . .«
S ; o s e N Y
- 14 s - : : . .
r s ' o o
-y . n . . . ‘o .
. . »." L ' .‘ . .'; - 3- A
B . 3 R e . .
: ) 4 X A . - ; S B .
e T ‘ - V)
L2 o 1.\ . B N ’
— . : - D E T . °.
- IS . . " .
) 4 IR ) " \ o . . .
“ : v - . -
@ - L - \ ]
A : o ) » ;
. - - R ':.v _‘.‘ ’ - te ) b ] B .
" ! B ‘, - . . ,?_ S .
. . . . ) { .;- e i .
< < 6'&‘: : - \ >x . ). ‘ . . ..A
Ja e E G. I o
'_ . . . ! - L)
< ol , . y ‘
r‘ . . lY‘,/ '

:In the table the x's and y's are numbers which are measures” of the ,.
-

' 1enLths of the various scgments such as AC ~and CB. The notation !

.CB 'will also be us ed for:the mcasure of the 1ength of CB,. AC
for the measure of the 1ength of AC and S0 on,

| r o108 A
¢ R \\;} :
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Exercises 5-la
1. Complete the following table by measurintr

Right]
tri- ; v L,
angle| 5 R )
' . : : Yy . Xy - v,
g - CB'= = AC = | =L CB-_| 71 "AC | 71 _CB_
ABC |'y; = CB'= |x; = AC = Flel TR | T, BT
: . B ‘ .
N . P v o
: : 2 _ED 2 AE 2 ED _
ME (Ve ED s i xp = RE = 5t = g = T, “AD T | T, = AD-
| Ya = ® = Xy = A0 = 13-k = ry T AF T | TS T AF T
o v o | Ry ar P
AL vy = TH= |2y = AL = | =T = | 5, "M~ | 7y = A=

‘

» .
" -

As you found in completing the table above, for triangles with N

: one richt angle and one 60° angle, the ratios X' are the same for.

‘;all X and Yo .Similarly _%n and %v are the same for all - v, and

o and all ‘x ‘and r. The four. triangles have the same shape..'

'They are similar triangles.‘ . : o E BRI

I§g'bpears that in similar triangles the corresponding sides‘-3;
are prdbortional, ' The ratio X- is a certain fixed number._ If you

vwknow'what this number is, then you can solye all problems of the

.. angle ABC, with the right. angle at

/ ABC is.a 90° angle and /-BAC is .
‘a 60° angle.. Glven the. length of the
: segment AB find ‘the distance from

B to C, -or the length of BC.

-followinv kind

- Let ABC. be a triangle in which P

In general, in the- right tri-

B, ‘the rtio '%3. of the measures -

= BC and . x = AC, _depends only on
the measure of the angle BAC, Tables



have been’made showing the value of such ratios as .i- for
different angles. You will learn how to use such-tables‘to solvey

problems of indirect measurement. A

. . _ Exercises 5-1b » -
1. -Draw a right triangle ABG.' Let D be the midpoint of side _
AB and . E- the midpoint of side. AC.' Which of the - followipg

pairs of. ratios are - equal? Give ‘reasons for your answers.
(a) 45, 43 To» 43 4 (o) ADEB (g AD MB
AC’ AE AD” AE DE’ BC- ~AC’ AE:

'2...WOuld your answers in’ Problem l .be different if you had started '
 with a different ‘triangle ABC° Why or why not? C
'3.i:Draw a right triangle? ABC" and 1et DE ' be a line segment
| "_parallel to . BC, whege D_ 45 on EB and: E 1is on AC.
w {Then ‘answer the questibrs in Problem 1., g
-4, The angle of elévation of the. top of a tree is. 3o° 1f the’
=fg"wme urement is’ téken%at a-point ' 50 feet from thc basc oi
'": f.th rcc._ How tall ig the tree? Draw a trianglo to scalc
- and use. meaourcnents to find this answer as was done in find-
C-ing Ehe height of a building in the first part of this sectlon. .
}véii T .an@ S . arB points at which trees dre located on one side -
' ‘ of a: river and ‘R 1is a point directly T -
across the river from S S0 that RS )‘
perpendicular “to .ST. With a
sextant the meagure Ain degrees o{’“
-~/ STR 18 found ‘to be | 60. ~ The,
- distance’ ST . Has’ been measured B
: a/'ligo feet.- Draw & figure to
.NF'scale, using 3 in.’ to represent , .7
F"’-10 0 feet: Find the distance ' .-_*{
, -from tree R to tree S..

Y
el R s

-, ”

'S;é. Similar Triangles
' Two triangles can be thought of as being similar if they are
of the same "shape. A more careful definition is:

Definition: Two. triangles are said to be similar if there
is a one-té-one cbrrespondence between the vertiges so that correo- :
ponding angles are congruent and ratios of thg_measures of corres-
ponding sides aretequal Lo ) S S

N .
. . .

? {.;';.f»'-:‘_l .;:i..f {l,_;ijlil()';

* L. R
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: T\A'not',h'er Way"of"saying this is: Suppose two triangles are# .

labeled ABC  and A'B'C' Then  they are similar if

1. m(/ A) =m4m,mu3 = m(/ B'), m(/ ) ) = m{/ Gry .

o, T AB . _AC BC_ : ' N '
"2"A'B'=A'C'=B'C' L ."’v.._ ‘ -

Actually, if corresp ding angles axe congruent, Eﬂtios of the

~measures of corresponding S des are equal - Also if ratios of
measures of corresponding des are equal, correspondxng'dngles are

_congruent. Hence if " 1 "holds, then 2° must hold; if 2 holds,

_ ' theh 1 must hold. | - ' .
v Ir two pairs:of correspondlng angles of two triangles are con-

_ gruent, uhe third angles are also congruent.. Thus’there are two &
alternate definitions of similarity which seem to. require less than
the definition given Fbove. . S S : ‘

Alternate Definiftion 1:  If -ABC .and A'B!C!' are two trie. ‘
angles with the propérty that the angle at. A. ls‘congruent to the

g

angle at . A%, and the angle at B 1is congruent to the angle at

1

B!, then the triangles aré simllar.

Alternate Definition 2¢ If ABC and  A'B! C' art two tri- -
"angles with the property that, T '
\‘; S .AB _ _AC_ _ BC_ :
o : g_. . : A E A'B' = A'C' = BICI
- then “the. triangles are similar." 't//' . ‘

. . Sﬁ—‘ Exercises 5-2 N . S

1. In edeh of: the following, ABC. and = A'BIC! are twobsinllar .
triangles' in which A and A', B and” B',.  C and . C! dre.
pairé of corresponding vertices. F111 in the blanks.where_1t~
is possible.. Where 1t is not possible, explain why.

- e )'m(AA = 30, ZB =795 m(LA) = 7, m(L Bt) = 2.
(o) AB='3,AC =Y MBY =6, mCt=2, .
k”*%?%>“®é5,w@%f,y&f?} ! a
(d) ‘%% = %', ATGY = 3, A}Bf ;'?:, BiC: =;? . r o
(e) m(é A) = 30: m(L B)_ =‘73, m(LIA') - , m(L CI) ..

-2, Find vhich of the following are true statements.. Gilve reasons
\ *» for your ‘answers. . S T o )
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(a)’,If ohé acute'angle'df-dhé right triatgle .is.congruent to .,
- anlaéute.angle of another rlght triangle, ‘then the tri—f;'

angles are similar. = IR e,

. . R . C Lo . s J " - L4 .
{b) If 4wo sides of one triangle are congruens to two sides
o .of_ another trlanglé then the triarllcc‘arc ulmllaf.

(¢) 1r K%%Tf I and o = 2R then tofanples ARC

oo A'B1C! are, similar - _
L la) 1r SR Afg,' then Lriangle (ABC and  ATBICL. ldre
.« similar. - - . " S o S
: S AB _AC AIBI COBICH g C e . . ,
,(e)ﬁ Ir T = RicT ‘and B = TBe then triangles -ABC; and.”

ABICY Qa?.uimllar. - R

L
r

gruent mu§t the PatiOu of the measures of corresoonding
sides be equalQ' - A

' . : ,,a,,v
(v) .If the ratlos of Lhe meaoures of the cowresponaing sides-

of bno quadrilaterals are cu”alf uvll cowrcsponding angles'

' ' be congruent°'

“aGe e folomc,r‘c Ratios ‘ : R

*One of the main. problemo in the branch of mathematics called
'trigonometry (Greek: "tri" means ”three gon means-langle _
"trigon" means - "triangle ; and metron means ‘"to measure ; thus .

-

' “trLgonometry means'"the mcaourement of triangles.") is to,find
the u*kﬁown measures, of sone pa1t ol a triar le when the ucasuics
ol the otiler parts. are knowr.i ‘ v . o

One viay tnat Jou mlgnu approach the plovlcw 1oulu ve as

followe:  ¥ou could deav a 1a1_c_xpaucg ol ¢ -iarrles and meauur

-sdthe silded. Tnern you could tab&late "ourireuulc' O; course ou.
J P) y

- would wart-to-tabulate L your. reSultb yutemaulcally oO ‘that it would

ve easy ‘to 1ocate information .in tHe table. You might have dn the

14

measure 1. - | - R

- first page a Lable shonlng the, sltuation when' / QPR 1s,of

-4 ‘Bo-work out the tablc;-ydu wouldrdraw-au angle ol measure 1.

. Marlk off lcngth‘ 1, 2, 3, 4 “unlts, ‘and so forth, on one.side of

the an ;le draw er eralcularu and nreasure the "lengths of corres-
’ perp ’ , -eng :

.

- 11z

~3.-“(a) Iﬁ§the correspondLng angleu ‘of two quadrllatepgls arc. con-

e .



~ ponding oegments QR."In the figure below, PQ is on'ray- ‘PA .and
PR 1is on ‘ray ?ﬁ The figure is. labeled‘;or PQ. = 3:% p: — ’\\\

-

- You nlght measure QR fQ. all the cases from %855 l to PQ = 100
or: whatever 1limit you may’ choose._' Co d//*>\ .

Then on Page 2 you could make a simllar table shOILng what ™
happenu vhen angle QPR is. 2° 1n‘measu ent. -On the next page ’
'you would have a table for'uhe'caSE'where ‘L_QP? is 3% in
measurement Ir you continue in-* this wvay, with ‘é QPR “Increasing

_,lo in measurement at a time, now many pages will you need in the  ©
book? If there are. 100-entrieo on each page how - many entrlés will
there be in all' I it takes you 1. minute’ per entry to make the
constructior and measure the lengths how many ,hours ‘would you need

i to make the table? Fortunately these measuremento have been made

ﬂ .
. for us. .and are recorded in a table.
The ratio, . ‘ i T -
. gg,_‘measure of the length of adjacent side -
A ! - PR 7 measure:of the’ length of hypotenuse - >

s called the gosine of [/ GPR. =Tt is abbreviated Like this

- LY L. -
£ - . - T . -

, . . cos [_QPR. .
Other useful tatios formed from the' lengths of the sides of
the triangle* PQR -are the sine (abbreviated sin) and_the»tangentf
(aobreviated tan) e S o
o G et Leostn of sonosite sidc

‘tan / QPR _(%5__’measure of the length of opposite side
an'm T PQ measure of the length of adjacent side o

: .and_-:




e BT

[ . .
) _ A part of a table of trigonometric ratios would look like
“this. - E ~ ]
- m(Z,QPRii : .sin‘é QPR" . ".cos / QPR "~ tan Z,QPR .
kol 0. 611 . o7 | 0. 8%» "
6o 1. o087 | | .. .0.50 | . 0.58
R F R S 0.9% 7 ‘ __‘0.3{» S _~2.75,

You can use the table to solve - problems like: the following
Sample Problem In the riggt triangle, AOB

. . . AR

; -_, S _A'~ g B o
. o
! °A .. s I
| | | O A .
fhe.measure of L AOB is 40, and the 1ength of OA 1s o
L. inchesu Find AB’ and OB. . . - : .

Solution:, First let us find AB.. The. side AB 1s opposite
the given, angle AOB, . ‘while the - known side OA is the adjacent
‘s1de. The only ratio involving the opposite side and the adJacent o

" side is the:tangent.

-

AB AB'-".-' S

. e tanLAOB tan4o =7 ..
' If the measure in, degrees of Z,AOB is 40, you can use the nota-,jl
tion.- . x - PEL T L - g
tan L'AOB . tan \Ho since 1t is+sald that 4 AOB ;Ls aho® .
,angle.\ Look up tan 400 An the table and, .find ) ~
. tan bo° =~ g8y, e

X means ' approximately equal to".' youiwill'obtaini-ﬁﬁen;ithef.

1relation T ‘

. , o, 84 -ﬁ-‘i B R

g This relation can be solved for the . unknown AB. .
Co LB 4(0 8l % ' _ L

'The measurement of AB is 3. 4 inches, approximately. ' N 3'

. [
AT L . o N 4




L

e ‘ o, o o . -
| 'By similar reasonlng,f OB can be- found by the following steps
N : 4O _ OA .. 4 T e
| “cos IO = 0B=08 . S
- cos z*0°~.-.s{.o..77, e |
' o o ok y 0-77 («OB)‘ or 0.77 (OB) » 4. -
;. 0B mgTr R 5.2 .
The. 1°ngth of - DB is approximately 5.2 inches.,’Checkbyour answe S,
by use of the Pythagorean property. ' S ~:f o T ;? .
e (0A> +(aB)° = (0B)%. .
T (oa)F . (AB) x 42 P2 rers e
L '(05) R (5 2)% % 27. ;- R
. s - ) o |> & v ) « i .
.Is 27i6- X 27, 02 G -

r ‘ .
; Your results will not check exactly because approximations to : /
~the values of ~cos 40° and tan UO were used..- ‘

. It so happens that for certain,angles such as’ US . and »
»600; trigonometric ratios can be found by reasoning instead of : ERE
v measurement. _ o . N
I Consider an equilateral triangle OBC ‘whose sides are .2
units 1ong.- The angles of this BRI . C
» . o -
-7 2 ) ‘ ‘
- ‘ TN
St boo
. R o‘ . 'l

Quilateraldtriangie are 60° 'in measurement. Join the vertex B
" fo. the midpoint‘ A  of. the segmeﬁt ocC. Since the corresponding
': sides of the trIangles 0AB and CAB are equal in 1ength these
triangles are congruent.‘ Therefore the corresponding angles [.ABO'if
-and [.ABC .are equal in measurement. Since L.OBC 1s 60° in".
measurement, then [.ABO :and [.ABC are 30° in measurement. ﬂIni

v 3 «
.' o .oR




N oo 12 .

'the'same-way, you can see that anOles- z OAB - ‘and ~ CAB are .equal’
"in~measurement and. so, must be right angles. Why‘>
Therefore triangle QA‘B is-a right triangle.

o Lo GA- ;f.
PR . cos 60 e cos’ L_AOB 0B =%

’/In order to find the value.of sln_ 60 and . tan 60 find AB,
' which shall be called Yol By.the Pythagorean property, .-

"

T (OA) L+ (#B)7 = (oB)? o
(Thus = BT 1+ yé oo .
i . 2'= 3’

PP RV R 73i.

.

{Check thts approkimation_for"y§' by calculatlng (l 73213 )

. - o o .sin 6_(.30 AB _ _QL_«, 0.8860
- and ' - oo o o
- tan 60 =,f£3“¥.'1;7321- .
o . Excreis 5 ' ;,
1. sin . 30% ‘cos’ 30°, anc ! ta: 2%,
Z. | ' i
. B :
o . Ao
e ) oA
Al ’ ; -
o . 1 ] A .x\. o o
. ‘ ) . ¢
Iived i OTOWCLPiC ratios for/an an"le of measurement 450;

You may calculate the ratios by uSing ¢@ 1. bk,

3¢ In Proolem 2, you will find sin. 45° vﬂg You could thenu K

determine a decimal expreSQion for L by dividing 1 by . jf’_"'

1. “1“2.. If the computation seems tedious you might think
- about another numeral for.. i~.f»
.L «/—2 «/_2 'or'~-2-~/é...

oo




. : e o

’ /.’ - ' . . ) . PPN

It is easier to divide 1. hlha by "2 than to divide 1 by

g 1. Ll“?. Find sin 145° angd cos h; ", by computinv -w/é _
R .Flnd-the’ratlos:' EEILle— ahdi EQELEEL—
T Sin 30 tan 30
. _State 1n your own words why you ‘think these ratios are not 2,
’f_ 5.':A regular hexagon 1is. inscribed. in a circle of radius. .10 1nches.
o (a) What is the measure of [_PCQ’
"~ (b) Vhat is the measure of / CPQ?

(c) and (d) use an appreximation-
for. Q@ and‘express your answers
. as. decimals correct to 'O;Ol.-'
¢« . () 'Find oM.
“ . (d),. Find PQ . . -
.« In problems 6 -.9 use the table 1n the earlier part of this section.
' ,6. In the table, compare thc values of sin 20 and cos 70°% Is

v 'the"e any reason for what you notice? .'.:;. o Y .
e EAamine the sine .column in the tabl”Jf As / AOB 1ncreases ln
' measurement from 20° .to- 70° , -'does sin . 'AGB 1intrease. or

 decrease?. What about cos ya AOB'> What- about tan»f'AbB? Look
. . .at the table to answer the question about tan _.AOB, _ ~

.8,'&Using the table find $l e | - -
" ; . . I ) ' i . (Sin 20 )2 " -(Cbs 200) ?. L |
F",A s.'Uhat ansuer should you &et) ~Why? Check by finding .
o _: E (sin 30° ) + (cos 30 ) A
and °, "7 (sin 60° )2 -_(cos 60° ) , o
.. 9. Use the values in: the table and calculate 519-293
' . ' cos 20

Compare yOur-result with tan-EO . What do you -notice?: what
- 1s the reason? ., : ' '

L}

¥

-

5-4, 3lope of a Line .

. Or a sheet_of graph paper draw the line Jotnlng the origin to
" the point. P .whos e coordlnates ‘are k(QQFl.:

a .,‘ . K




TCo11h

v
x

m
. ]

' Where does tni;)line intersect the vertical lines through (3 O),-
(4, O), and (2, O)° For each of these intersection points (x,yf
'Afind M ' What do you - notice° o . N C

Take ggx_point Q other than 0 on. B8, Let; the coordinates

of Q be (x,¥). Drop the perpendicular from Q to the X- axis,

_and 1et - B be the foot of this’ perpendicular.
R : , -Q X Y)

What” do you conclude about. the. ratios R
T e . EQ‘ andr .A—P_

o A :
'Since AP 4y z ‘or 2, and —g L then M ifor any point
OA 2 “X
..(other than 0) on line OP~.is¢2. . : :T‘j
I koo, then y = 2x. R PUR

_ Plotpthe points ( 1,72), (72, “4), and ("~ 3 6) on your
- graph. Do they lie.on the line 0P° . For . each of these points
calculate the ratio '1 +  For any point on OP Y = 2%. .

- On another sheet of* graph paper draw the line which passes
through the origin (o0, ,0) and the point P' with coordiggtes
T (2;3).. Do the points (}#,6), (6,9), and (1,—) 1lie on OP'? For

T O R O



135 .
each of these points, what is theiratio _%n ? . What‘property of
similar trianglesvtei 5 us that o 1 C ;\‘_
_ 1_' L. %- (provided that X # O) ? -
";.This could be written

)
_ ‘In general v*f P is a point - for which the ratio %ﬁ-is. m,
'then the following statement is true e
If Q withlcqprdinates -(x,y), is anyupoint on . oF then
y =.mx. . o : S
., Thus, the equation of any line through the origin (except the
y- axisl) has. the form. N ” . )
where m is a certain number.l. s . - .
) The<number. m is called the sloge of the line. The slope of s
: ‘the‘line- R _-g ’ is ’%u The slope is a measure of the steepness
\° of he line.- ‘Look again at any line y = mx, m£0, < - L

(4 -

[

Consider any . - L

] ”J 'VJ .‘ . -, “,

? Vi T C,

. / = X .
)& 4
\ ‘ ] _/!, :
. ‘ 8 - ) L . AV N .
F N I > e zom - 0 I A I R
L ; . . - - s

‘point' Q(x,y)' on_the line. Drop the perpendicular from Q to the '
X-axis. and let B be the foot of this’ perpendicular. Since y

L o B, _ -_%“& mf= slope of line.
Also 'in the right triangle OBQ, - .
' R : L _ measure of opposite side _ y-
. - _ ‘tan Z-BQQ_’ measure of adjacent side ~ x °*
-~ We conclude, then, that '» S SR
) : ‘ slope =m = X. tan [_BOQ S 3
We can think of the lepe geometrically as the tangent of the
ahgle BOQ which ‘the line makes with the X- axis. ‘

®
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SR < Exercises 5.4 ' o '

;'l.' Find tﬁe equations of -the lines Joining the origin to each of .
s the following points: (4 1)y (3,1), (1,1), (142), (1,5).

.”2. -Consider the line 65% discussed in the text, where P! is
. (2,3).. What it the ‘tan / AP, where . /*AOP'- is the apgle
" the line makes with the x-axis? 5d e | T
3. (a) Draw the graph of NG __% . - | 7*_ LN .*.'
. (b) .Mark the point R on ‘the IEBERRN v
2T X-axhs to the right of o . . | | : oL
. such that OR = 1.. Construct .
atthe_perpendicular to the 311/ -
X-axis at R. Let K be ~la K M} .
) the point of'intersection-of; L + L1
this_perpendicular and the" = / , = RS L
"gra_ph in (a). "~ T T -»V_,‘“f‘ K
o o . . 5 : X .
“ (c) What is 'RK 'in, terms of OR° Write a'numeral for- RK.
‘ o ‘Write the .coordinates of K. oA
::jf-v(d) Draw 0S = 2 and then “draw IS perpendicular to the '
" x-axis, whede L 1s a point on the graph in (a).-
(e) Wnhat is the measure of 8SL? = ,.
. (£) Wnat is the ratio g% 2 the ratio .g%' T
f“; ‘Let P .be a point with coordinates (ayb), where §-= m.' The
. _coordinatesnof all points on fﬁ?_satisfy the equati '
R S oy = mX. o
\ ~if ' Q is any.point - (c d) whose: coordinates satisfy this - o
eq -'a‘ ion, tl'ic::, deine '§ a tirue _sentc_xce‘., Draw the line

'chﬂoutn - pcrpondicular-to the X-axis, _and let Qr, with
" woordinates (c,d') Dbe the point where this perpendicular
intersects the line Eﬁi,‘_ e . s
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N )'-Whjimust ‘d' = me be a true sente ce°'h
] What 1. true of d .and - d'° “What 1s true’ of Q and Q'°
~ What have you proved in (a) and )2 W . . R

Graph the 1ings™ ¥ = %x y =—%§ and v = 4x on thefsame set,of'“.
axts. Use four\ values of. x _for each graph.__Find the slopes =

‘3.

v of these lines.'

-
-

_6} 'Find the slopes of the .lines joining the following pairs of

o points ‘ S ) ‘”} f':: h
() (0,0) “amd, (1,3) . (¢) (0, and (%,5)
(0) (0,0) and (2,3). - *(d) (3, 2) and (2,8)

Te Draw a rectangle with one vertex at (O 0} and its interior

'_completely in the first quadrant The measures of the. sides of

the rectangle are to"be 3. ‘and - 5. Find the slope of its |

,diagonal from (O O) (There: are two possible answers. )

8. A road rises 10 feet ove distance qf one mile. What is’ ,
the slope of the road° Consider e one”mile to be_a horizontalM
:distance.. , > - '

. ; Ve
-‘9. Choose an appropriate Scale on coordinate axes so that ;you- can
compare the graphs of ry = 7x and y = 8x. ‘How does the o
) measure of the angle determined by these lines ‘compare with the
e ' measure of: fhe angle formed by lines of slopes 1 and‘>2°_-

. . : 2
A . - .

-'5—5. -Reading Trigonometric Ratios From a Table

. To read .a complete taole of trigonometric ratios you use the
'.ratio-headinp at the top fior ¢ ne angles‘wnose measurement is found |,
uon.the left, andvthc>headings at the bottom.for’the angles whose

~
A




measurement is found on the right Por example to- fénd uin 20
fin the table first look for'.20 f It: lo 1n the column on: the [_'

..?left ' Look for the colurn Uibh ”Sine at the top. The number in

the 20° = row ‘and the Sin- column is: 0.3420. 'sin 20° % €. 320, |

oI you want- to know cos’ 70° _you will find TYOQV.wn the column on

.f the right Therefore you will use the column neadings at the
-rbottomJ ‘Look for’ the numBer in the 70° —.r0ov and the column W1th
“"Cosine" &t the bottom and find cos 70° X 0.3420. This is the

' same number as b ore. Thls 1s as d¢t should bé, for'angles of,

)°. and 70 are complementary, S0 that sin 20 = cos 'YOé,f

Just as the sine of the complcment of the angle is called the'

.co°ine of the angle S0’ tne tangent of the complement of an anOle-
’,is called the'cotangent of the angle. Por lnstance

&£ S cov 70 = tan 20 a _ T :
'3The symbol ”cot" is used ‘as an aﬂ%reviation for 'cotangent.f " You
: notlce tnat the "co" in coslne .and tﬁe 'co" in cotangent)are_ ‘
@su&gested by the "co" 1in complementary. : K o
The table reaoings are giver ‘as four place decimals. Most of

_thcse readings have been rounded to the nearest 0. 0001. They are

b“ - .

-

only approximate valueo and hence ‘we use sin 20 X 0.38807 We say .

most ‘because some do not need to be rounded llke cos 60 O,S.

PPN L. R
-

t

l . = : : S 2
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TRIGON@METRIC RATIOS =

Sine Tangent L Cotanvent . Cosine
L0175 0175 57290 9998 .© 892
.0349 - .- 034% o _28 636 . .999h ¢ 83
.0523 .052: sl ? .081 | 9986 370
L0697 0699 .301 . .9976 - 36
L0372 .0375, - =11 k30 - L9062 £5)
L2005 1051 0 g.uL L Jaals Aro
.1219 .1223 _ B.1kk3 0 Jog2f 330
L1302 "o ﬁ Y T (SN CowRd
1564 ..158 ., -6.3138 - .98K7 81
- .1736 1763 . 5.6713'.;'~s 98 ~ .80
41008 1ok - o T 5,14k6 9816 o 798_'
.2079. 2126 - 5.7046 o781 . 78.
~2250 w2309 o h3sis o LgrdE 770
2419 2493 44,0108 . .9703 - 3760.
.2588 e 2679*& oo 3.7321 .9659 . 75 o
L2756 2867 . 3.48rk o 9613 (740
.2924% .3057 ... 342709 - .9563. .. 735
.3090 . .324g . 0T 3.0717; o .0511 7207,
.3256 S3hb3 L 2,902 _.91');.-~ ST
~3h20 obo Lo TR 9397 70
.3584 ¢ 3839 A - 2,6051 * T -.9336 . 698
L3746 7 lholo < alhysl. - T lgaye ot 650 -
.3907 TLphs. ty o 2.3559 L .9205 - 67>
. boeTt Ahs2- o 2.2B00 L0135 ¢ 667 .
Jheoe 4663 - 2.1u45 ,.9063.  © .65°
. 4384 T 877 el 02,0503 4 *'8988' P Le
JAsbo 50050 - T B,9626 ¢ . g o} . 635
u62 : 5317  “-, . 1.8807 - .8 62
oo uelg 5543 T +1,80d0 87“6‘ . aa618 .
25000 . STTH ; 1.7321, - .,8660 - 60~
, 3150 6009 é?k '1.6643 . R 590
"5 62119 .@ig‘ 1.6003"  .8¥80. - - 580
. "U . 649 l,?399 -//Zgo( K 570'
%5592 La67hs A 171326 8290 . v o582 .
“-.5736'.gj ¢ ,7002 T T oAl bedl v L 8192- By
. 5878 L7265 . 1,3764 8 8090 : 5&3
.6013" o.7336 0 1.3270 79867 - 53
" 0157 U318 T e 1.2799 LieT380 Bl
-.6293 . . .8098 ¢ v, 0 1.2349 1.7771i”_, 510
6b281“ ;] ..8391 Lo L1918 ,76607 0T
6;61.‘ '40’93 ‘ 1,150 75k 400
6691 . N ‘900)4 ' o ) 1-1106 ‘- ¢ . 231 - v ugg e
.6820 .9325° - l.o72b . . L73L4L 0 W7l
T.6947 L9657 7.+ 41.0355- % | CETI930 - 462
L7071 “1.°0000 :"i. 1.0000 A7o71 - UsC

Cotangent . , Tangent Sine < Angle -
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1. Use the table to find the following ]
© (a) sin10°. . : . (£) .tan ¥0°
(6) " tan 10°” - T (8) cos17°
(e) sinh1® ; (h) tan 60° - .
(@) cose® . (1) tan70® ot
T (e) sin8° .. (J) cot 88°

2. Check the statements below by studying the numbers in the
' : Table. Do you agree with the statements?" . oo o
~(a) The sine of ‘the anglé in the Table is always between 0
- and1l. : :
'(b) The sine of an angle,increases with the size of - the angle
; ~from 1° to 89 B _ : : :
(e) The sine of an angle less than 30 is less tha
- (d) * The differences bétween consecutive Table reading
. varles throughout the Table. , c
(e) The difference between the sin&s of two- consecutive
' angles is greater for smaller consecutive angles than for
o ,larger consecutive’ angles. )
- 3. State properties for the tangent which are similar to those

muupe-

-

given in Problem 2 for the sine. . S ,
4, Find the followlng products: . - R N
(a) 100 sin 32° o (e) 0.27,sin 73° -
- (b) 81 tan 48° .. (d) 0.05 tan 80°,
5. Ih the figure at the vight L ABC 'B S

,_has measure 60' and /> AcB has
measure 32, 'in'degrees, and

¢+ "AB = 100, Find (a) AD .and
.. (B) BC. - ' '

Ty

" 5-6. Kinds of Variation
Let us. think again of the equation y

2x and 1ts graph.
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. If perpendiculars are dropped from the points P Q,R S ~on the
'graph to the X- axis, four similar right triangles are formed. The
ratio of the. y-coordinate to the x- coordinate of each of these
points is 2, and 2 1s called the slope of. the line, There is a
'relation between thgt’&- and x-coordinates of points on- this graph
and this relation is expressed by the equation y = .2x. . = '

In the world around you there are many situations where two

quantities are related. When “you buy - peanuts, the amount ‘you- pay o
dependS'on how much you buy. If you hang a mass on a spring bal—
;;ance, the distance that the spring stretches is related to the
welght of ‘the mass. : ,

Here there is a picture of a, cylinder filled with air. Pres-.

sure can be exerted by placing a Weight on the platform P which is

. — | _~Air
_~Hepght et
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-connected to a piston'in the cylinder. The volume occupied by the
.air depends on the pressure which in turn, depends on the weight
- placed at P. : o
- The distance through which a falling body has travgled since‘
it was dropped depends on the time ‘elapsed since it was dropped.-
The force with which two planets attract each other, according to ‘:*
Newton's law of gravitation, depends on the distance between them.:'
In all of these cases when one of the quantities changes, then
the other one also’ changes in a certain definite way. ' In the rest
of this chapter you will study some of the simplest properties
related to these changes, which_are sometimes called laws of_ .
variation. - A

Exercises 5=6 ’ _ : ‘
I.~ Suppose peanuts cost $ 60 . per pound Make a .table showing
the cost of.yarious amounts ‘of peanuts: ' ’

: Amount in'pounds| 0 l,l T 213 4w1-5 | 6 l 7 |l8 l 9 1 10
Cost in. dollars I l | | | | ‘I 1] Y
Make a graph showing how the cost is related to .the weight.

£

Let W - be the* weight in pounds and . ber the cost in dollars.
'What simple geometrical figure is formed by the points in the
graph° o

' 2. A, girl measured the distances through which a spring stretched
' when she hung masses of various weights on 1t. Here is a
table of her observations: . Do . o

Welght in pourids | 0 } 1.| 2 | -3' | 4

Stretch in inches | 0| 3 |15 | 21 l 3
Make a graph showing the relation between the weight W in.
pounds and. the stretch s in inches.

*Find a formula for . s ~in:terms of w ‘which fits- -her
observations._ Using your formula, or your. graph, predict the
‘stretch in the’ spring 1if she hangs a mass of weight % o
pounds on it. ' : - : . : -

3. A boy placed masses of various weight on the platform. P of .
' the- piston. He used a pressure gauge to measure the pressure _:~5-‘
p in pounds per square inch of the air in the cylinder._ He .

" also measured the height of the piston each time, ‘and- cal-,'

N

. - . : - . . D
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culated the measure v - of the volume, in cubic inches, of air
ip the cylinder. Here are his results K
pll '15'f 20" | ,25| . 30
v 250'f 187. 5-| 150-| 125

~
© Make a graph showing the. relation between p and V. Predict
“the measure of the volume if p = 40. o . :
4,‘ Make -a table showing the relation between the ‘measure h of the.
;length of the altitude and the measure b. of the length oﬁ the '
"base in an. equilateral.triangle. Calculate your results correct

to l decimal place._

T o
This table éan"befcdmpleteg by measurement. ,Construct eduilat;
~eral triangles of base 2 units, "4 units, etec. Youd results
O -'will be mQre accurate 1if your triangles are not too small.- '.
'Make ‘a graph showing the relation between b -and-.h. What
simple geometric figure is formed by the graph° S o

-~

-,_"5.' Give a formula expressing R in terms of b 1in Problem u-y You
7;at'  ‘may wish to use -tan 60° h~%-%t. - :
. 6. Make a table showing the relation between the measuré b 'of the'
-length of the base and the measure A \of the area ‘of an ,
equilateral triangle.‘ Use. the values of b “which you used in
“your table for Problemyu. Make a graph showing- the relatioh

ibetween b and- _ A. Give a formula fer A 1in terms of b.

.o




-5 -7.~ Direct ,Variation . :

In Problem 1 of the last set of exercises the reiation
‘ betweén cost (e) and weight  (w) would be ¢ = (O. 60)w . '
B When you graphed this relation, you obtained a straight 1ine
‘through the origin: ¢ \

A :

e

(1,0'.'60)1’;.' I

(00) "-?w

%t is said that c varies directlx as w,‘ or that :the cost -
is proportional to the weight and" that 0 60 is the constant of
perortionalitx. InothiSfrelation, the ratio of the measure of

the cost to the measure of the weight is. always' O. 60. Because iP»

v”does not change it is calied a constant, -~ - - | l;mgy/..h
: les

If you drive along a straight road at the speed of 50

per hour, "how far do, you 80 in-. 1 hour? 2 hours? 3. 5. hours°

t hours? The measure d of - the distance traveled is given in
terms of the measure t of the time by the formula: _'__ S
>~ : .. o . N .. . 50t. o ,« ) N i
. The measure of the distance is a constant- times the measure of the
_ time. The ratio %? of the measure .of the distance to the measure
.. of the time- is a constant. ' The distanqe varies direct_x,as the :

.time. The distance is proportional to the time. The constant of :

._proportionality is 504+ ;0

, In the graph of the equation v “2;, the" y- coordinates of . the
v points on the. graph are a cqnstant times the X- coordinates. In
other words, Yy varies directly as: X, The (Y= coordinate is
"proportional to. the x-coordinate and the constant of”° proportion- :
.ality is 2, the slope of the line. N :
; ' According, to Hooke's law of elasticity, the amount that a
.spring (cee Problom 2 of Section 5. -6 stretches is proportional
to the. weight of the object huhg on it. Suppose you know that

when 3 mass having a weight of 2 pounds is. hung -on it the

sy
N
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the spring stretches 3 inches. How. much stretch would.be produced .
fby an object weighinig 5 pounds? . - : ' '
S Solution ) Hooke's law may be"’ expressed by means of the
equation: .13 e '

o -7.
| ‘ ' k-w S L B
whére -k~ is some constant of proportionality, and 8 and w are
'the measures of the stretch in inches and She weight in. pounds,
:respectively. According to the given information, when W= 2,
s = 3. Applying the above equation, you will find 3 = (k) (2 ). All .
" you have to do now is to solve this €quation for the unknown con-
stant k, and—then calculate s from the formula ‘s = kw, when
' _.5. FinlSh the problem. : L - : '

v

. ‘Exercises 5-7 , :
S Write a sentence in mathematical terms about the total cost

v_.t ents, of n. gallons of gasoline at 32 cents\per gallon.
In this statement the cost may also be stated-as- d- dollars.
fWrite the sentence a second way, using d dollars.
24 Suppose the gasoline you bought cost 33 9 cents a gallon.”__
" Write a sentence showing the . cost .c cents,‘of g gallons-of
. this gasoline. co L : - '
;3; 5If your pace. is normally about 2 feet, how fdr ill you walk
' .-in n steps?: Use d feet for the total distance and. write .
'the formula. If n increases can - d decrease at the same
4, Write a formula for the number. 1’ of inches in f- feet. oAs
. £ decreases what happens to i° o '
5. State the value -of the constant “in each of the equations
. you wrote for Problems 1 through - 4 : '
6. Can you write the equation in Problem 3 in the form %-— 29
. What nestriction does this form place on -n°-
" 7. Find k if y varies directly as x, and y 1is 6 when

x is-,2. = . ' : A
8. "Pind k if vy varies directly as x,_land. y:~is 3 -when~.x

- 18 12. "_ o TR St




126

' 9, Sometimes it is required to write an . equation from a set of

' "hnumber pairs.’ From‘the information'in the table, does it

" appear that a varies directly as b? ZWhy? What equation
‘appears to relate a and b? ' o - '

a’ -

o L A, b '
' 20 2 T
| 50 5 ,
- T o |77 - -
A T 1000 10

. 10. Suppose that d- varies directly as t and that when ¢ is
' 7.6, d 1is 2Y4. Write the equation relating . d and t.

11, _Use-the relation y = 3 . to’ supply the missing values in the
..following ordered, pair (- 4. )i (T3 ) (T2, )y, K )
'('lg.u); (O ) A{e, ); (5, ). Plot the.points'on;graph. :
“paper. . a ' ; BRI

. lé} . In the relation- of Problem 11, when the number x is doubled
18t the number v doubled° When x is halved, what happens
to \y?' When the’ number ¥y As multiplied by lo what happens
,.l to'the,number x? Are your atements true fbr negative values
" of x and y? . . - : .

13. In the equation"yb= kx what'happens to'the-number x if'y

is halved?f{What happens to y 1f x is tripled?

A

. -

5-8; Inverse 'Variation ' : . - o

_ Suppose you have 10 .gallons of punch for a party, and _you '
‘want - to be perfectly fair to your guests and serve each-one exactly .
the same ampunt.; How does ‘the amount for each guest. vary with the
number 'n ~of guests° If the number of guests is doubled how 1is i
-the amount that each one gets changed°. Let p - be the number of .
'gallOns of punch per guest. Then the total amount of- punch which .
is lO gallons, is. equal to: _ .

‘ (the number of gallons per. guest) x' (number of guests)
The- relation between p and- n can. be expressed by means of the

'equation T , . o
: -). . p 100 ) *
"Give a formula for p in’ terms of Ne-

' . S ' B o

R luU' L &
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In this case p. varies'inversely'as n or p 1is inversely.
proportional to n. 1In, .general, it is said that one quantity varies
inversely as another if their product is a non-zero constant, .If '
- the number substituted for n is multiplied by 3, that is, it is.

- .tripled what is true of the corresponding values of p which make
- pn = 10 a true statement? ‘ .
7 Boyle's law states that, at constant temperature “the volume

oﬁ‘a gas is’ inversely proportional to the pressure or, in.mathema-
4'tical language o
o . P°v = k. :
Find thejcons t in the experiment and check to see whether this
equation fitsggze,observations. (See Problem 3 of Exercises 5- 6)

- v’ o Exer\ises 5___ P
1. (a) The table below, as it is now f11led in, shows two pos-
: “5\‘? sible ways in which a distance Jof" 100 miles can be
. traveled. Complete the table. : -
Rate (mi. per hr) 10 20 25 50 60 75 80 1oo ot
Time (hours) .10 5 . '
- (b) From part (a),/use r for the.number of miles per hour
o and t., for'the number of hours and write an equation con- .
N necting r and t ‘and 100.° : A 4
(¢) Wwhen the rate is doubled what is the effect upon the
. X :_ _corresponding time value° -’ C 143'
v (d) When 't increases in rt = lOO what happens. to r? .
2, " (a) Suppose you have 240 square patio‘stones (flagstones)
A N You can arrange them in rows to form a variety of rectan-
‘4' gular floors for- a patio. If s represents the number of 4
stones in a row and n represents the number of  rows, '
' what are the possibilities° Fi1l in a table like this one,
. Total Number.of Stones: "-240
Number of 'stones,in a row 10 12 15 16 30 o
Number of rows * 24 . fl s - -
.. (b) vrite an’ equation-connecting n;4 s, and 240.’ (lf'you
cannot cut any of ‘the stones, what can ‘you say ab0ut the f
kind ofonumbers n - and ‘s must be°) R '

-
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 (a) . A seesaw will balange if

128 -
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wd = WD when an obJect Ed v'zﬁ Q‘ FHEJ- - _ :‘
welghing w pounds is T ‘ : o ,
- d .feet from the “fulerum and on the other.side an obJect .
weighing W pounds s D feet from the fulcrum. ifr
WD = 36, find D when' fw\‘is_E, 9, or_18,and find'w
. wheni D 1is 1, 4, 12. N o ‘
_(b) What can you say “about. corresponding values’ of W as D
' is doubled Af wd .remains constant°' As numbers substitu-
.ted for W increase, what can you say about. corresponding
values of 'D. provided wd remains constant°

o 3

‘Write an equation connecting rate .of. interest r and the" num-

“ber of dollars on deposit p with a fixed ‘interest payment of
$200 per year. Discuss how coéres nding values of are
affected as different numbers re zsﬁaxituted for .P. If the
interest rate were doubled how much’ money. would have to be: ‘on
‘depbsit to give $200 interest per year?

o -
7 f

Give the constant of proportionality in each of the Problems

1 th¥ough 4. -

State your 1mpression of the diffenence between direct varia-
tion:and inverse variation.

e

- Find" k if ¥y varies inversely as x Aand'if\'y is 6.' when
’l‘X is 2-- . . -_., . ) .. , A .

_Find k if x varies inversely as yi and ifh y 'is' 10 when

From the information in the table does it appear that a
varies inversely as b‘> Explain your answer,

IR a | =& 71 1 3.8.19 M- -
. b|'8 2 2-6 16 38 82 -
Study the number pairs which follow: ( 2, 8); {71, 2); (0,0);

11, 2); (2,8)5 (3,18); (4,32).

(?) Does it appear that y - ‘varies directly as .x?

(b) Does it appear that y varies Anversely as x? : :

(a) Supply the missing values in the table below where xy 18,
4 _‘3' f2 M 12 3 45 6 7 89 18

x|
v'... R
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(p) Is it possible for X or y to be zero- “in Xy = 18?2
C ey T | o
".(c)"Plot on graph paper tne points whose coordinates "you ‘

'_found 1in (a) and draw the curve.' You may wisn to find
‘more number pairs to enable you to draw.the curve more.z_-'
-easily._ C ’

s

v

Notice that in the discussion of direct and inverse variatiOns,

o the letters. X and'- y may pe used, Anterch geabl In y = kx,
an T e Xy

©a particular numeral in order to’ 1nc1ude all possible cases, .

'_ bility- of X being zero., B . 'vu. - ] PR N

-

which lies in the first quadrant, _ -l

if k 1is not zero, 1t 1s' said that 'X varies. airectly as y ~and -
¥y variles directly as T X In’ Xy = k,' ¥ cannot be zero and it is
sald that X varies 1nversely as y or that y varies 1nversely
as X. In tnese statements X and y can represent different

.pairs.of numbers wnile K represents a constant that 1s, a fixed

numoer. In the general. equation the letter "e".is used. rather than _

For x # 0 ~the -equation xy = k may be written y=%k - %~_which

says that 'y varies directly as the reciprocal of x. O
Occasionally you may see direct variation represented by the

, statement I- K. There are times when this form 1% useful. but

from your work with zero you know that .I._ k excludes the possi-»ﬁf

* The graphs of y kx. and xy k include .points with nega---
tive coordinatesw' In many problems it doesn't make sense for, x '
or Sy to be" negative. In the problem of serving punch at your ' }[“
party, the number n -of guests must be a counting number. .Ih such'r
cases the equation is not.a completely correct translation of the
relation into mathematical language. nhe correct: translation of "

your punch-at the-party problem 1s the’ number sentence _

»

(1)~ =10 and. n “is a courfting number, " ;
The' correct translation of Boyle's law is _; o o
(2) "pvik and p>0 'and v.>0.% . ¢ ST Rt

When you graph the number sentence (1) you obtadn a ‘set of- 1solated*'
points’ in the, first quadrant The graph of the relation al isvthe

1 brarich of the. hyperbola . _ S S

pv =k

¥
.
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- Bag, Other' Types of Variation'i i> .
A If you ‘make a table of the measure d of the distance in
feet through which an obJect falls from rest in t- seconds, you

will obtain results like this: P .
. . b o | 1] 2 | 3 | G
at o a ol | 64 | 1w | es6 -

Sketch a graph of the relation between ‘d .and - t. Sinde:the num;t&,
bers: for -d are large you may wish to .use a different unit on the 5;7

"d-axis from that used on the t-axis. ~ .. ¢ .. e
. L e
150 |
S L S
50- 1
e ) < .0 m 1 2 3 oAk S L
+ You obtain a. part of a curve called a parabola.” .

. .If the. number -t is doubled by how much is the number d.
multiplied° ‘If t is’ tripled by how': much is d multiplied° As . ,
you see, d -varies directly as t?ﬂdwThe_relation can be expressed . -

by means of'the;eguagion-m+;'r. R i

2 .

. AR o d.= kt 4 ,

~where k is constant. ‘What, 18 this constant° How far does the

body fall in lO seconds° i f o B o 7{4»:]f¢:§; '
e : -1 Exercises 5= 9 -

1, (a) What is the ‘area of each face of a cube whose sides have
length 2 1inches?- Howwmany faces are there° What 1is the
.. 1 total. surface area the’%otal area of all faces°
(b) Make a table showing the relation’ between the lengths ofs-
each side gf al cnbe and the surface area. ‘

s | . ' 2l '5 ' 6

*

" S
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" 2. 'Let ‘S - be the measure of the area in square centimeters of a -

square with edges , e centimeters long, a S
(a) Find an ‘equation connecting S and e .. i .
() Tell how S varies with e. S AP

e

’ (5 _Plot the graph of,the equation you found in (a) ' Use

values of e from 0 fo 15 and choose a convenient

‘scale’ for the values of S. e v

e . . C m—

'(d)_-From the graph. you drew - in- (&), find E ‘L *L:L?ﬁix'
el (1) The area of a squaré with edges + 3 cm, l:‘E.f B _
. - (2). The lergth of the ‘¢dpdE.'of a- square of area- 64 . f'_ﬁ
' squdre centimeters. i@?,fﬁ, - - : fﬁwég.€/4

L1 (3) The area o% a square with edges 5. 5 cm 'long. .fffﬁne
i (4) The lengtfr of the edges of a square.’ ef area 40 SQ. Cmas
}5;( © From the equation you -found in (a), find ,
(L) Thq_area of a square with edges 3 cm. 1ong.

(2) Therarea of a square with edges 5.5 cm. 1ong.

s 3. If'E is“proportional to the square of" “v and E is 64 when
B v is_ L, find:. : _ i t

w

(a) How many pounds of seed will be needed to sowﬂa square:
plot 10 . feet on a side? -2'5 : : i
(v). How much Will 1t cost to buy'seed td sow a square plot
B . 10 feet on a side?' - .

(e)

. (a) an equation connecting E. and Ve ' RS :
"(b) the ;#alue of E when vy=:6,. i 0 o
" (c) the; value of v when ré}=-16. S ' «* :
o4, Suppose grass seed costs 70 cents per pound, “and one pound S
- will. sow an area of. 280 sq. ft.. ‘ . . S

B

s’is the cost of the seed to Sow a square’ plot
L s “feet ona side, find an equation connecting (o and rs
“(d) ‘How much will it.cost for seed to sow a square plot 65

" feet on a side? : : : i : j;.
(e) (If $15 00 1is: available for seed can énough be bought Y
. ~SOW, a 'square plot 75 feet. on a side? 4 o .
~ 5. A ball is dropped .from the top .of a tower._ The distance a .

' feet which it has faIlen varie€ as the square of the time,. t,
secon s,that has passéd Since it was dropped ’ LA

5,




' 132 o |

; _'(é) From the &nformation above, what equation .can you write ._f‘ff_
o connecting: d-oand 't ? - e . FEIVE A
?n‘l(b) ‘Find- how:Tap-the ball falls: 1n the first 3 secondg; B A
- () /If ‘you are also.told that the ball falls 144 feet .in the = =

firStg 3 seconds,,write %9 egdation connecting d and t. ‘%%

( ) Using the equation you wrote in (c), £ind- how far the. ball
falls in the first' vfﬁéconds.r

ERIC
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. Tetrahedrons {‘m.jf - "f - : ' Z'~ .
A geometrio figure of a certain type 1s called a tetrahedron.
& : The -
etrahedrons. (Another formroi the word
("retra" is the Greed word for'

drawings below represen,
“tetrahedrons" 15'"
four.)

tetrahedra.

The points A, B, C, and D are thé vertices of the tetra-
" hedron on the left. The points P, Q4<R
of the one on the right. The four vertices of a- tetrahedron'are
.notmin the same plane._ 'The word "tetrahedron refers ‘either to the
'fsurface of the figure“or to the "solid" figure, i.e. the figure

, and S are’the vertices

-

3:;1nelud1ng'the 1nterroﬁ 1n space. From some p61nts of; view the dis-
‘tinction is'hot importadt,’ from others it is.” One. cafi pame a
h tetrahedron by naming its. vertices. Parentheses shall u$ually be
put around the letters like (ABCD) or (PQRS) in naming tetra- oY
hedrons. The vertices may be nameg¢ in any order. Later this nota- '
tion shall ‘be used to meah speciflcally "SOlid tetrahedron", the
uniaen of the surface and its intérior. IR U :

Thé- segments ‘BB ﬁi? AC, BD, BD, and CD are called edges
of the tetrahiedron (ABCD) Sometimes the nothtion (AB) or (BA)
will be used to meah the edge - KB. What are thé edges of the BN
tetrahedron (PQRS)? e '

Any three vertices of a tetrahedron are the vertices 6f:a tri-
‘angle and lie in a plane. A triangle has an 1nterior in the plane
in which its vertices lie (and in which it lies). Tet us use (AEC)

. . . - i



to mean the triangle A ABC together with its interior.’ In otler
words, (ABC). 1s the union of - ABC and. 18 interior. - The sets
(ABC), (ABD), (ACD), and (BCD) are callgd the faces of the
tetrahedron (ABCD). What are the faces of the tetrahedron
“(PQrs)? ’ . . e

You will be asked to make some models of tetrahedrons in the
exercises.. The easliest t&pe of tetrahedron of which to make a
model. is the so- called regular tetrahedron. Its edges are all
.the same length. (Length or. measuremént is introduced_here only
for convenience in making some uniform models., vﬁh‘ chapte. deals
fundamentally with non-metric or no-measurement"«geometry ') .on a
piece of cardboard or-stiff paper construct an equilateral triangle
"of side 6". ‘You'can do this- with a ruler and compass or with a
ruler and protractor. ' )

Now mark the three. points that are halfway between the pairs
of vertices. - Cut out the large triangular region. Carefully make
‘three foldsvpr crfases along the segments Joining the ”halfway”
points, Yqu mayvuse a ruler or other straightedge to help you make

" these folds.: Ybur original triangular region now - looks like four
smalls triangular regions. Bring the original three vertices

together above the center of the middle triangle. Fasten the loose

fedges together with tape or paper and: paste. This is easier if you
‘add flaps as. in the third figure, You ‘now have a model of a reg-
~ular tetrahedron. : .
' How do you make a: model of a tetrahedron which 1§, not a reg-
ular one? Cut any triangular region out of cardboard or heavy
.. paper. Use this as the base of your model. Label its vertices
A, B, and C, Cut out another triangle with one of its edges the
same length as AB. Now, with tape, fasten these two triangles
together along edges of equal lepgth. Use edge (AB) ‘for this,
- for instance. ~Two of . the vertices of the second triangle are now .

- ‘.e"‘
o
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:considered labeled A and B~* Label the other vertex of the
'second triangle D. Cut out a third triangular region with one
'edge the length of AD and another the length of AC.. Do not make
the angle betweén these edges too large or too small. Now, with
~tape, ‘fasten these edges of the third triangle to AD and . AC so
that the ‘three triangles fit together in space., The model you have

' iconstructed so far will look something like a “pyramid-shaped drink-

ing cup if you hold the vertex A at the bottom, as in the drawing
below. Finally, cut out a triangular region which will just fit
" the top, fasten it to the top and you will have a tetrahedron.

.B.

o 't - - Exercises 6-1 ,;4 )

1. Make two cardboard or heavy paper models of a regular tetra-
hedron. ‘Make your models So that their edges are each 3"
long. '

2. Make a model of a tetrahedron which is not regular.

'3, "In making the third face of a non-regular tetrahedron what'
‘difficulties would you encounter if you made the angle DAC
. too large or too small®?

e

6-2. Simplexes -

_ " A single point is probably the simplest object. or set of -

‘ points you can think,of. A set consisting of two points is probably
- the next_most'simple'set of points in space. But any two different
points in space are on'exaotly one line, and are the endpoints of
exactly one segment (which is a subset of the line). A segment has
length but does not have width or thickness, so, it does not have
area. A segment or a line 18 one dimensional.f Either could be

. 5139 |
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considered .as the simplest one-dimensional obJect in space.' In “
‘this: chapter we will think about the segment, not the 1line. -

A setcconsisting of . three points 1is the next most simple set
’of points in space. If the three points are all on the 'same line,
one is not much better off than if there were just two points. Let
. us agree therefore, that our three points are not to be on: the -
-same 1ine. _Thus there 1s exactly one plane containing the three
_points and’there is exactly pne triangle with the three points ‘as
vertices. ‘There 1is- also exactly one triangular region which
h together with the triangle which’ bounds it, has the three points as
.vertices. *This mathematical object, the triangle, together with
its interior is what we will think about., It.1s two-dimensional.
It can be considered as the simplest two-dimensional object 1n

Space. I . . . . . ] -

4.

It seems rather clear that the next most simple set of points K
in space would be a set of four points., If the four points were
.all in one plane then the figure determined by the four points -
would apparently also be in one plane. It 1is important to require
that four points are not all .in any one plane. This requirement
also guarantees that no three can be on a line, If any three were

on a line, then there would be a plane containing that 1line and the -

fourth point and the four points would be An the same plane._ Four
points in space,. not all in the same plane,. suggest a tetrahedron.v
.The four points in space are the vertices: of: exactly one solid
nntetrahedron.v A solid tetrahedron s threpﬂdimensional. It can ‘be
‘considered as the simplest. three- dimensional obJect in space.,
Each of the four obJects described above may be. bhought of as
.the simplest of 1ts kind. There are remarkable similarities among
-these obJects. They all ought to have names that sound alike and
remind us of their basic propertieI., Each of these is called a

~
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'simplex.f~¥ou.can-tell them apart'by labeling each with'its natural
dimension. Thus a set consisting of a single point is called a
- O-simplex. ‘A segment is called a l-simplex.. A.triangle together_":
.with its interior is called a 2-simplex. - A’'solid tetrahedron (which
g'includes its interior) 1s called a 3- simplex. o

Let us make up a table to help us keep these ideas in order.

.A set consisting of: ;'_ determines: ' - which is called a:
_One.p01ntpl,;' | ~ one point ‘(1tself) _ O-simplex
‘two points o a,segment - R 1-simplex
three points . a triangle together o é-simplex

not all on ; "with its interior
any one line ;o o

four points =~ a_ solid tetrahedron . ¢ 3-simplex
not all on , - o - ' C
any one plane : . -

There 1S ancther way to think about -the dimension of these
sets. “In this we think of the. notion of betweenness, of a point
being between two other points. o _

Let us start with two points. Consider these two points and -
all points‘between them. The set formed in this way is a segment.
Now take the segment together with all points which are between ggx

two points of the segment.  We get just the.same segment. No new “'
_points were obtained by "taking points between" again. The process |
of "taking points'between" was used Jjust once. We get a one-

- dimensional set, a l-simplex. U R

Next consider three points not all on the ‘same line. Then let .
‘us apply_oqr process. We take these points together with all '
points which are between any two of them. At this stage we have a .
triangle but.not its interior. \# apply the process again by tak-
ing the set we already have (the triangle) together with all points

which - -are between a __x_two points of this set. We get the union of
the triangle and . its interior. If we apply the process again we
don't get anything new. = We need to. use the process Just twice. We
get a two-dimensional set, a 2-simplex. '

; iy
il
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.. >—becomes—> ) »>— becomes ——>.
(after. (after
first second ..
. Process) process)
o , . . ‘ (, ‘ . . l . A
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_ Next let us consider four points not all on the same pla e.
We apply the process of "taking points between" and we get the
union of the edges of a tetrahedron. We_apply the process

and get the union of the faces. We apply . 1t once more apd- get theh

solid tetrahedron itself.' We apply it again -and stil' get Just the
‘solid tetrahedron. We need to use the- process Just t ree times. ’
" We get a three dimensional set, a 3-simplex.’ 3'~
' "If we had Just one point the application of the proc
would still leave us with Just the one point. We need apply tkhe
process zero times. We geﬁ a zero dimenslonal set, a O- simplex
(We”mention this case last because we have t0’ understand the

process bef ‘it can make much senSes) J~i“ ,
< Let“us consider d 3 simplex. Look at one,of your ‘mo els of
! tetrahedron. It has four faces and -each face is a 2-simplex.
"It has?oix edges and each edge is a 1- simplex. It has four ver- .

”tices and each’ vertex 1is an 0- simplex.

Exercises 6- 2 ' A . )
1. (a) A 2-simplex . has how many 1~ simplexes as edg;es‘7 4 — -
' (b) It has hdw many O-simplexes as vertices? » S
2. A 1- simplex has how. many . 0- simplexes as vertices‘7 ' .
3.. Using models show how two 3- simplexes can have an intersection
* which- 1s exactly one vertex of - each. r

v4."Using ‘models show how two 3- simplexes can have an intersection '
" which 1s exactly one edge of each. ‘

~ I 2

¢ »

 6-3.- Models of Cubes ' , : B .
An ordinary box could .be made from six rectangular faces.
They have to fit and you have to put them together correctly.

There is a rather easy way to make a=model of a cube.

3;;\2 ..,. |

Coan
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Draw six squares on heavy paper or cardboard as in the drawing
above.i Cut around the boundary of - your figure and. fold (or crease)

.along the dotted lines. Use cellulose tape or paste to fasfen it

" - together. If you are going to use paste it will be useful to have

P

. flaps as’ indicated in the drawing below.f1 T A!{AQ
. Sy ‘ . . . o
OO 4 BT b TP ' .
! P -
v g J
. « . ‘
- " I'.
; e
J .
L /
~

2- plexes (that is, of triangles together with their interiors)9'
Carf a solid cube be regarded as the union of 3- simplexes (that is
..of solid tetrahedrons)° The answer to both of these questions is

;?mCan the surface of a cube be regarded as ‘the union of
8

Myes". A .
_ Each face of a cube can be considered to be the union of two
2=~ simplexes. The drawing on the left ‘below shows a cube with two
of its faces subdivided into two 2 simplexes each. ATheAface ADEH
appears as the union of (ADE). and (AEH) for example, The other
face which is- indicated as subdivided is CDEF. It appears as the
" union of (CDF) and (DFE) The other faces have not been sub-
divided, but you can think of eaéh of them as the-union of two

2= simplexes.' Thus the surface of the cube can be thought of'as the )
union of’ twelve 2-simp1exes.; ' v » ‘ —

114 3
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. With the Surface regarded as. the union of, 2-simplexes you may
regard ‘the solid cube as the union of 3 simpleXes (solid tetra-
hedronsx as follows. Let P be any point in the interior of the
S -fFor any .2- simplex on. the surface, (CDF), for example, (PCDF)
! ;simplex. In the figure on the right above, P 1is indicated‘,.z
as xnside the oube. The 1- simplexes (PC}5 (PD), and (PF) are also :
inside the cube.~ Thus with twelve 2~ simplexes on the _surface, we ' .
, would have twelve 3=~ simplexes whose union would be the cube. ‘The
solid cube 1is the union of 3-simplexes in this "nice" way.

v‘( .

' Exercises 63 - - .
.l.i Make two. models of .cubes out of cardboard or heavy paper. Make
i them with each edge 2" long. : ’
- On’ one of your models, without adding any otheg!
. segments to express the” surface of. th ¥
' 2-simplexes. - Label-all the verticl,‘ r :
. .'E, F, 6, and H. Think of a poipt . in_the,interi‘gnLof 1-,__\
-cube. Using this point. and the vertices of the aesimple_
the surface 1list the twelve 3 simplexes 16 “18%er
solid cube., e i ,Tf‘
3. On the same cube as. in Problem 2, mark a_point in- the °°9:$
each face. (Eachashould be on orie of the segments you drew
Problem 2. ) Using as vertices the corners of thé cube and S
‘ these six new points you have marked draw Segments to indicate_
- the surface of the cube as -the union-of 2- simplexes. The- sur—'
yiﬂv face is expressed as the union of how many 2- simplexes in this
Y07 new way? :




N

ik

'4. Think\about a geometric figure formed by putting a square-based'
pyramid on each face of a cube. - This 1is one example of a poly-}'
f hedron. The surface of this polyhedron has how many triangular”_
_nfaces° Can you- set up a one=-to-one. correspondence between this
. polyhedron, vertex for vertex, edge for edge, ‘and’ 2-simplex for
2- -simplex, and the jsurface of the cube subdivided into
- 2%simplexes as in 4"oblem 3? - ’
[ .
|

‘ 6-4.: Polyhedrons ' 1 I A b
A polyhedron is efined as the union of ‘a finkte number of . <
_ simplexes. It could Be just one simplex, or maybe the union of '
'~ seven simplexes, or maybe of 7,000,000 simplexes. ‘What '1s being
said is that it is: the union of some particular number of simplexes.
In the previous section, observe that a solid, cube, for example, was
'the union of twelve 3= simplexes. The figurégobelow represent the
'unions of simplexes. .. -_.'.x'. o )

.‘ The* figure on the left represents a union of a’l simplex and a
2= simpl X which doeshnot contain the l-simplex., It 1s therefore of - "
mixed dimension. In what follows, you wlll not be concerned wit@fw’
polyhedrons (or polyhedra) of mixed dimension._ Assume that a p05
’ hedron is the union of simplexes of the same.dimension. A .
L 3- dimensional polyhedron will be spoken of as one which is the union -
' of 3- simplexes. A 2~ dimensional poly edron is one wh&ch 1s the .
union of 2~ simplexes. A 1- dimensional polyhedron’ is one which 1s
the. union of 1- simplexes.' (Any finite set of points could be
thought of as a O-dimensi onal polyhedron but theSe wlll not be
. dealt with here.) . . .;;[. .
. The flgure on the right above represents a.polyhedron which
seems to be the union of- two 2~ simplexes (triangular regions) but

'v.‘ . &
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i_they don't intersect nicely. It is more’ conyenient to think of a

-polyhedron as the union of simplexes Which intersect nicely as in
* the ‘middle two figures.‘ Just what is meant by simplexes inter--
secting nicely° There is an'easy explanation for.it, If two .
simplexes of the same dimension intersect nicely, then the inter-
section must be ‘a.face; or an edge, or a vertex of each. ' '

~ Let us look: .more closely at the union of simplexes which do
not intersect nicely. In the figure
on ke right the 2-simplexes (DEF) S
and (HJK).have Jjust the point H in .

'nicely’ While .H . is a vertex of -
.”(HJK), it is not of (DEF) However,
the polyhedron which is the union of
these two 2- simplexes is also thd’

union of three 2- simplexes'which do not intersect nicely, (DEHT,

(DHF) and (HJK). ', . oo

resents the union of the 2-;
‘simplexes (ABC) and (PQR).
- They do not intersect nicely.

quadrilateral together with its
'interior.

. On ‘the wright it is indicatéd o
”fhow the same set of points (the } ’
 same polyhedron)f?an be consid-ﬁ

ered to be a fin
simplexej-which'do not interSect
nicely. . The polyhedron is the

te union of-2-

-union oq the eight 2-simplexes,
(Acz), -(czy), (Pzw), (XxYZ), (wxz)
(BWX), (XYR), ‘and (YQR). ~ . - - ST

' ' These examples suggest a fact about polyhedrons., If a. poly-
'hedron i's’ the union of simplexes which intersect any way at’ all

The figure on the left rep-

Their intérsection seems to be a.

N
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then the same set of points (the same polyhedron) is also. the union
of simplexes which intersect nicely. Except for. the exercises at’
.the end’ of this section, you shall always deal with unions of sim-
plexes which intersect nicely. When convenient a polyhedron will
- be regarded as having associated with it a particular. set of sim-
a7plexes which_intersect nicely and whose- unioh it is. Whén you: say

~the word "polyhedron," you may" understand the simplexes to be there.
‘ ~Is a solid cube a polyhedron, ‘that is,.is it. a union of 3-- -
-simplexes° You have already seen that itels. IS a solid prism a-
polyhedron°' Is a solid square-based pyramid° -The answer ‘to all-of
these questions is yes. In fact any solid obJect each of whose_.-"
ifaces is flat (that is, whose surface does not contain any. curved
portion) 18 a 3- dimensional polyhedron. It can be expressed_as the

- unton of 3-simplexes.

As examples let us look at a solid square-based pﬁramid and a
prism with a triangular base. .
X . oz . °

~E

) R B :
¢« In the figure on the left the. solid pyramid is the unionwof

' “the two 3-simplexes. (ABCE) and (ACDE). » The figure in the middle
' 'represents a. solid prism with a triangular base. The prism has .

three rectangular faces. Its bases are (PQR) and (XYZ) Here

. you can see howtthe solid priSm may be expressed as the union of

elght 3- simplexes. The same device I's- used that was uSed for. the
solid cube. First think about the surface as the union of 2- -

5simplexes.‘ You already“have:theﬁbases_as 2-simplexes. - Then think

[iad

‘of each rectangular face as‘the”union“of'two‘2-simplexes. In the
-'figure.on_the~right’above, the face YZRQ 'is indicated as the
union of.-(YZQ) ‘and, (QRZ), for instance. Now think about a _
point F':in the interior of the prism; The 3- simplex (FQRZ) 1is
.one_of eight 3-simple§es (each with 'F Qas a vertex)'whose union_is i

L ol
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the s011d’ prism..;In the-exercises you'will be asked to.name'the_'»
otherrseven. e ;' » af*r" .
:.? . 'Finally, how do ybu éxpress a solid prism with non- triangular N
1""bases as a 3« diménsional polyhedron (that is, as a union of 8---- '";gl‘
simplexes with nice intersections)° You can -use a little trick
. First express the base as a union of 2~ simpleXes and using these
you may eXpress the solid prism as a-union of triangular ‘solid
prismsz- And you may then’ express each triangular solid prism as.
the union of "eight 3 simplexes. You ean dq this in such a. way .

;i %hat all the simplexas intersect nicely. *ﬁuy.

- SR f ' Exercises 6-4 . Cl -5,
1. Draw two 2= simplexes whose’ interseetion is one point and
' (a) .the- t:lgt 1is a vertex.pf each : -{tj
“(b) tf point is a vertex' of one but rot of the other. ..
2. “Draw ‘three 2- simplexes which intersect nicely and whose union
“1s 1tself a 2- simplex. (Hint Vstartdwith a 2'simplex as_the-
union and subdivide it.) L S
3. You are asked to draw various 2- dimensional polyhedrons each
as’ the union’ of six 2- simplexes. Draw one such that o
m (a) "No ‘two of  the 2-simplexes intersect. L T
(b) There is one point common to all the 2- simplexes but no
other point is” common to. any pair._.'- : : )
(c) The polyhedron is a rectangle: together with its intérior..
T4 The figure on'the right rep-
 ‘pesents a polyhedron as -the ..

~

-

union of 2- simplexes without

nice intersecttons. Draw a

similar figure yourself and

then draw in three segments
.which will indicate the: poly~"

-4w..hedron as the union of 2-

,simplexes which intersect
3{nicely.33’f.




. the.right can ve expressed as “';'“;. .
‘a union of 2 simplexes With
nice intersections in many ways.

e " Draw. a similar figure and' e ;

- (a) By drawing segments ex- ?:"

pres& it as the ugion of
six 2-simplexes without.
L e using more vertices. S : PR :

' (b) By adding one Vertex near the middle (in another drawing .

' ' of the figure), expressithe'polyhedron as the union of c;_{

) - ' one vertex.. 4;“ L "f}
6. (a ) List eight 2: simplexes
- . whose union is the surface < .
;3 .- of the triangular prism on” -
"+ the rignt. . (The figure 1
»;{}"“ like that used earlier ). i
. (b),'Regaraing F as a point in
f - the;iqisrior of the. prism ‘
o 'hlist eight 3-simplexes N , .
'(each containing F) whose»unidn .s”the sol1d - prism..
The figure shows the triangular prism (PQ,RXYZ) ag the union _
“of three 3- simplexes vhich intersect nicely. Name them. '

1) 1.,

.

6-5, One-Dimensional Polyhedrons "'a', . S
A l- dimensional, polyhedron is the’ union of a: certain number of
1- sipplexes (segments) A ﬁ-dimensional polyhedron may be. coptained :
1in a plane or 1t~may—not be. Look at a model of a tetrahedron.. ‘The".
union of ‘the’ ques is a l- dimensional polyhedron. It is the .union
of six 1- simplexes, ‘and does not lie in a plane. You may . think of
the figure below as representing l dimensional polyhedrons that do.
lie in a plane (the plane of the page) '




) There-are two types of 1 dimensional polyhedrons which are of
special interest, A PO xgonai g_gg,is a. l-dimensional polyhedron e
~dn which the l-simplexes can be considered to be arranged in order
as follows. There is a’ first one and there is a iast one.; Each
other l-simplex of the polygonal path has one vertex in common - i o
-} with ‘the 1- simplex which precedes it: and ,one vertex in common with iﬂf;
7,the l-simplex which Tollows it.. There ane no extra intersections. '
‘ The firstishd last vertices (points)_of'*hefpolygonal path are
-called the‘endpoints.. o *“" ;»r;¢ i e o win ;
Neither of the 1 dimensional polyhedrons in the figures above=tﬁ_.fﬁ
. is a Pol; gonal path._ But each . contains many. polygonal pathso The l '
{4B), (BC); (CD), (DG)* and {GH), 'is & polygonal. path ;';:_y .
50°. H. The union of (JD) and (DE) is a polygonal -
: ~simp1exes. . R
intthe drawing of a tetrahe- PR R 'f*f-.j EE ET* _
dron éh the right, the unionyofr.. . - - - Do A
(PQ}, (QR); and ' (RS) - 1s 4 poly- . R | T "
_gonal ‘path from . .P to -S (with
) endpfints P ‘and S) The 1=
simplem (PS) 18’ itself a pbly-
gonal path from P to. s, COn-i \,’
‘sider the 1- dimensional polyhedrOn
: which is the union oﬁ the ‘edges. ‘of

th' tetrahedron, and find another "

PRGN
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The union of two polygonal paths
that ‘have exactly their endpoints in -
common 1is called”a simple closed
Qongon (it is "also a- simple ‘closed
curve) The 1- dimensional poly-.
# . - hedron on theé right is ‘ot a simple

closed polygon.. But it contains ex-

actly one simple cloiéd polygon
namély the. union’ of the polygonal
" paths ABC and’ ADC Fwhich’ have . | ey
endpoints A and c iﬁ’gommon,~ o C N

The union: of the edges of the cube in~the drawing is a 1~ dimensional.
' polyhedron. It contains many simple

(,:::W R ‘C . . D
- closell’ polygons_, ‘0ne 15 'the union T

of ' (AB); (BE), eEG), and (GA). S
Another is the union of . (AB), (Bc),
(CD), (DE), (EG), and (GA). IList e )
" the Vertices naming at least two - f( th____- F

more simﬁle clbsed polygons con=--: Dl
N ‘taining. (AB) " and. (GA). (Use a . A d —6 _
?'" model if 1t helps you'see itt) . .f_ o o o ‘
= ' ‘There :s—one~very easy"relationship-on"any‘simple closed poly—
-gon. The number of 1- simplexes (edges) is equal to the number of
vertices; COnsider the figure on the right. Suppose you start at

s .some vertex. - Then take an edge con-
s taining this vertex. Next take the
:;other vertex contained in'this;edge
- and %then the other edge containing -
. this second vertex, You«may think

_as‘in the f#ure. Continue the-
process. You will finish with the -
”other edge which tontains our original

of numbsrini%thejvertices.and edges

._vertex. You will start with a vertex
.and finish Wibh an edge after having

'ivalternatea vertices and. edges. .as. we 8o
'along.' Thus the number of yertices 1s - .
e ~ the same as the number of edges. L

T s

-.:'

\
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Exercises 6 5
1, The figure on the right repre- -
R ‘sents a 1-dimensiona1 polyhe- ¢
dron.’ How'manyipolygonal paths
- does it conthin with endpoints
- A andb B? How many simple L
T closed polygons does, it- gontain° .
‘2., (a) The union of the edges of « .
. - 3-simplex (solid tetra- .,
.~ “hedron) contain's how mariy -
-:simple closA% polygoﬂ'”
(b) Name them all.
(c) . Name one that is*not con-
f'ltained in a p1ane. - _ _ ‘ ,
.o (Use a model .if you wish.J S S e
3. Let P and: Q beavertices of a -3 _ . i 4
’ cube which are diametrfcally op- o . Q.
,posite each other glower fron¢ . } ' ' /
Jleft and upper back right) Name =~ 'C)
, three polygbnal paths from P to
".Q each of Which contain’s all the N
~ vertices_of the cube and is in~ | B
*the union of, the edges. (Usé a’ 2 1,7 : ' e
~ model if ydu wish") f‘f' o P, v ' —A _ ' 4
4, praw al- dimensional polyhedron which is the union of seven
hl simplexes and contains nd polygonal path consisting of more
‘than two of these: simplexes.'x ' S -

¢ 4

5.  On the. surface of one of your models of a cube, draw a simple
v;-closed polygon Which intersects every face and which does not_
contain any of the vertices: of the cube.

. . -
B ¢

6-6. -Two-Dimensiona} Polyhedrons 4 - . * S
A 2-dimensiona1 polyhedron is a union “of 2- simpieiés.' As
' stated. before, ‘it is agreed. that the 2- simplexes dre-to - intersect _
‘nicely. That is, Af two 2-Simplexes® intersect, then the inter-' = . =«
fsection is - -either an edge of hpth or a vertex of both, There are | 4
-many 2 dimensional poLwhedrons, somé are’ in one plane: but many .

¥ - -

R U T 3
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_arefnétzih-anyponeyplane. Thé_surface of a tetrahedron,-for -,
~ ingtance, is not in any one plane. Let us first consider a few:
‘2-dimensicnal polyhedrons in a plane.. In drawing 2-simplexes in a
- plane their interiors-will be shaded.

-

S Every 2{diﬁ§néipna; polyhedron ?
in a plane has-a boundary in that’
plane. The boundary is itself a
"l-dimensional polyHedron. The v
boundary’ may be a simple closed -
bolygon as in the-f}gure'on the L .
right. 1In the<figure on the righﬁ below a polyhedrdn has been.

. 'indicated ‘as the_Enibn.of"éight 2-simplexes. {ABC) '1s one of them. -

=

" The boundary'is-the unlon of two A
v simple closed polygons, the inner ‘
44 square and'thg_outer sqyare. Thege B. C
two pglygons do not 1nters§ct. l'EE? ’
.. - _ = .
. =a7]]

~ The fighre‘on the right repre-
sents a 2-dimensional polyhedroﬁ‘
Y. . which is the union of six 2-simplexes.
" The boundary of this polyhedron in the
< piane is the union of tWo simple
. Closed'polygons which have exactly one
- vertex of each in ‘common, phé poiat P.

) Suppose a 2-dimensi%nal polyhedron im the‘blane_has a boundary
. which is a simple closed polygon (and nothing élée), Thén-the,hum-
_ ber of l-simplexes (edged) of the boundary is ‘equal to.the number
- of O-simplexes [vertices) of the boundgfy, You have)aireagy seen,.
. .1in the ﬁfévious section, why this must be true. 4
S There aré many 2-€imehsiona1'polyhédron§ which are not in any
one plane, The surface Qf a tetrahedron is such a polyhedron. The
"'surﬁace,of a cube igs anothe?. You have seen that the .surface of &

. N - .
cube may be considered to be expressed ag¥a union of 2-simplexes. -

. X
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- These are examples of some 2- dimensional polyhedrons which are
' themselves surfaces or boundaries of 3-dimensional polyhedrons..
’
-'Let us consider these two surfaces ~the surface of a tetrahedron
and the . surface of a cube. ' ‘

T

[ ; e

s

“You may look at the drawings above or you may look at some
models (or both) As yeu have .observed earlier, the Surface qf a
cube may be considered in several different _ways. You ‘may think -

- of the faces as being square regions (as in the middle figure N
" above) or you)may think of each square face as subdivided .Anto two-
2- simplexes (as suggested in ‘the figure on the right above). In
any case, it seems clear what is meant by faces, edges, or vertices;'

Let us count the numbers of such objects for a given polyhedron.

——The 1etter——F——wiil—be—used—for—the—number—of—faces———E-‘for—the—————————
number of edges and V for the number of vertices. If ypu are N
counting from models and do not" obserVe patterns to help gou count, -
it is usually easier to check things off as you go along. ‘That is,
mark the objects as you count them. L

Let us make up a table of our results.. -

L}

F E \
Surface- of _ S BT - '
tetrahedron . : t? v 6 e
~Surface of cube : v - N ' )
¢ (square faces) . L .2 8

Surface of cube - : ' .
(two 2-simplexes e A2 ? S e
on each square face) ' '

i
A
AN

a7
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It i1s not easy by considering Just these special polyhedrons

to observe any. relationship among the numbers you get:. What you
are lookingffor is a relationship, if any, which wilt be true not
only for ‘any one of these 2- dimensional polyhedrons but also for .
any others like these. See if you can, discover a relationship

which i@ true in each case,

1.

2.

3

- Exercises 6-6 CL
' Make up-a table as in the text showing F, V and E - ‘for the
2- dimensional polyhedrons'mentioned there. o ; "'
(a) Draw a 2-dimensional polyhedron in the plane with:the
polyhedron the union of ten 2 simplexes such that its
boundary is a. simple closed polygon. ’ o .L

-(b) -Similarly draw another such polyhedron such that its

boundary is the union of three simple: closed polygons
having exactly one point in common. ‘ _ )
(¢) ~ Draw another, such that its boundary is the union of two
: simple closed polygons which do not intersect.
Draw a 2- dimensional poly dron in the plane with the number of
edges in the bounidary

(&) ~ equal to the number of vertices,

(b)  one more than the number of vertices, -

(¢} two more than the number of vertices.

-Draw a 2-dimensional polyhedron which is the union of three 2-:'

simplexes with each. pair having exactly an edge in common. Do -
you think that there exists in the plane a polyhedron which is.
the union of four 2-simplexes” such that each pair has exactly ‘
an edge in c:ommon‘> 'Does one exist in space?' . '
On one of your models_of a cube, mark six points one at the _
center of each face.“ Consider each face to be'subdivided into

. four 2-simplexes each having the center point as a vertex.

Count . F (the nugber of 2-simplexes), E (the numbér of 1-
simplexes), and V (the number of,0- simplexes) Tor this sub-

division of th whole ‘surfade. Keep your answers for later use.

.Do Problem 5 wi out using é model and without ﬁoing any actual

counting. Just ‘figure out W many, of each there must bé. For',

instance there ‘must be. 14 %ertices, 8 original ones and 6
added ones. ,'g; ' f A L
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2z

Cw

T Express-the polyhedron on the right
as a union of 2-simplexes which

\‘

intersect nicely (in edges or

=

~ vertices of each other),

Py

N

6-T. Three-Dimensional Polyhedrons B ' ~"F' T @
- A 3-simplex is one 3-dimensional polyhedron., A solid cube 1is
'another 3-dimensional polyhedron. Any union of 3- simplexes 1is a
-dimensional_polyhedron. It will be assumed again that the sim-
plexes‘of'a polyhedron intersect nicely. That 1s, that if two 3-
simplexes intersect the .1nhtersection is a 2-dimensional face
‘(2 simplex) of each Sr an edge (l simplex) of each or a vertex =
(0O-simplex) of each. ' |

Any 3-dimensional polyhedron has a surface (or_poundary) in
space: This surface is itself a 2-dimensional polyhedron., It is
-—-the. union -of several 2-simplexes (which intersect nicely) The
surface of the 3- dimensional polyhedron represented by the drawing
on the}right consists of the sur- '
“faces of three tetrahedrons which -
‘have. exactly one point 1n common. .
‘ The simplest kinds ‘of surfaces
of 3- dimensional polyhedrons are
called simple surfaceés. The , surface *

-of a cube and the surface of a 3-

‘simplex are both simple surfaces. .
'There are many others.- Any surface of a 3 dimensional polyhedron
'obtained as follows will be &’ simple surface, 'Start with a solid

tetrahedron. Then fasten another ‘to it 80 that the intersection of

- the one you are adding with what you aiready have is ‘a face of the

one you are adding. You may keep adding more solid tetrahedrons
’ in any combination or of any size provided that each one you add in
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turn intersects what you'already have in a set which is'exactly a
union of one, two or three faces of - the 3-simplex you are adding.
.The surface of’ any polyhedron formed in this way will be a simple _

surface. . .
Class activity. Take five models of regular tetrahedrons of
-edges 3". Put a mark on each of the. four faces of one ofthese,

Now fasten each of the others in. turn to one of the marked.faces.

R The_marked one should be in_the middle and you won't see it any - .

" more. The-iurféce of the object you have represents a ‘simple sur~
»{' face. You can see how to fasten . a @ew more tetrahedrons to get
-more and more- peculiar looking objects. Suppose it is true that
whenever you add a solid tetrahedron the intersection of what you
-.add with what you already have is one face, two faces, or three-

ysnfaCes.Qf the .one you ‘add. The surface_of,what you get will be a
i simple Surface, ‘ L '

i One can also fasten solid cubes together to get various 3~

e

dimensional polyhedrons. I you wish- them to have ;‘ple surfaces Ll
“you must follow a rule like the one given before. The cubes must ‘
be fastened together in such a way that the intersectioh of the ‘
polyhedron you ‘alréady have with the cube you are adding is a set
which is bounded on each surface by a simple closed.polygon.‘ For

example the intersection might be a- face or the union of-two or

a

more ‘adjacent faces of the cube you are adding.’ 2 .pfl~‘

- Finally an interesting property of simple surfaces is mentioned.g
Draw any simple closed polygon on a sinple surface, Then this poly-:.

gon separatesithe simple surface into exactly two. sets each of 4?.4111

which 1% connected, i.e., fs in one piece. . ' . .’5‘7 s
Class activity. On the surface 'of one of the peculiar 3- .~ *;
dimensional polyhedrons (with simple surface) that ‘you have con—"uf ..

structed above, let one student draw any simple closed polygon (the‘

- wilder the better). It need not be just one face. Then.let .
another student start colOring somewhére on the surface but‘away '

~ from the polygon. ‘Let him color as much as is possible without. '
.crossing. the polygon. . Then -let another student start coloring With
another color at any previously uncolored place.~ Color as much as . .
possible but do not cross the polygon. When: the second student has ‘T;
colored as much as possible, the whole surface should be colored

-1
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f:If you dontt carefully follow the instructions for construct-"
-ing'a polyhedron with a simple surface, you may get a: polyhedron ~
\whose surface 1is .not simple. Suppose, for 1nstance, you fasten
‘ight cubes together as in the drawing shown below, Thé-poly-‘
’hedron looks something like a square doughnut. Note'that in fit-~
'ing the -eighth one, the intersection of the. one you are adding
‘with what' you already have is the union of two faces which are

fnot adjacent. The’ boundary (on the eighxh cube) of the . intersec—,
Cstlon is two ‘simple closed polygons not Just ‘one ‘as it should be.

~fThere are many simple closed polygons on this surface wh\ch do- not'
separate it at' all..

oY

panapejitfq Thefpolygonf‘K does, -

. _.-,'.é

- Start’ coloring .
‘\?Color as much as - -

- some uncolored portion.

out crossing the polygon
. R
L colored When you finis .

2.
' 3 dimensional/solig wif‘
. & s

as you cgn with-
"e whole surface

.::;».

‘}k'ﬁ"‘ .
a
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models or another block of wood Make your‘simple'closedepoly;
gon as complicated ‘as’ you w133 < , RS

lo' -

6-8. Counting Vertices, Edges;land ‘Faces - The Eulep F%rmula ‘é
In Section 6-6 you were asked‘to do. some counting. Lock at the
.problem in another way.° A 1ewf@$5you may have’ discovered a rela- '
tionship between F, E, and V. Consider the tetrahedron in the
,figure below. Its surface.is a simple surface. What relationship

+

., can you find among ‘the vertices, edges ‘and faces of it°:' =

I

‘There. are the same number of edges and faces coming into the point,of
A, three of each. One-may see that on the base there are the ‘same -
number of vertices as edges. You have two obJects left over: tHe-
\}ertex #& at the'top and the.face (BCD) at-the bottom. Others..
wise gou have;matched all the edges with vertices ‘and faces.‘ So ".’,;
" V4+F-E= 2._ Now et us ask what would be- the relationship if
m.one -of the faces or. the base :were broken up into several 2 simplexes.
f. \JSuppose you Had the base broken up into three 2. simplexes by adding .
one vertex P in the interior of the base. Thegqygure on’ the
right above illustrates this. Thb counting woul% be the same
. 'until you got ;to the base and you would be able to match theo:,
) :three new l- simplexes which contain P with the. three new 2-
'simplexes on the base.'_YOu have lost the face wﬁich is the base
‘but’ you have picked up one new vertex P. Thus the number of ver-
tices plus the number of 2- simplexes is again two more than the
number of l-simplexes. Vv + F «E=2,

’
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" Next’ let us look at a cube. - Y o
g%ere is & drawinggof one on. the 4 |
"Yignt. The cube:hag: how many  faces?. '
How many edges”‘ﬁﬁoW?many vertices° ,
- Is the sum of_ the nimber of yertices"_ oy

and the, number of faces two ‘more "y
- than the number of ‘edges? Let us see. T .
why this must be. - . - i S
"ﬁf (l): The number- of vertices on the top facefis shefnumber of'

SR O edges on the top face. L '..':7 -‘ A .
‘The number of Vertices on the. bottom face is the number R
of edges’on thefbottom face. ‘ ' S
he number. of vertical
dges., .. B AN o
ALl ‘the. vertices and edges are now used up. All the
%vertical faces are now used up. -The top and bottom

R

ch face'you would have one new 1~ simplex lying,in it. Other .
ng are not’ changed Hence Vi F - E 1s again 2. b
_‘Suppose you have any simple surface.- THen do you suppose o
,hat.V + F -:E =.27 -In the exercises you will be asked to verify 1
this formula, which is known as the Euler Formula, in several L
other examples. Euler (pronounced "Oiler") is the name of a famous
mathematician of the ‘early 18th century. ' L
. . Let us now observe that the formula: does not hold 1in general
for surfaces which are mot simple. Consider the. two examples below.

U !ﬂm

N

B

;.S§:§SS;?§§;:\\\’ :

N
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. | .~ In the figure on the left (the union of the two tetrahedrons
| ;having exactly the vertex A in common), what is' V o+ f -—E 9
- Count and see. Use models of tWo tetrahedrons if you wish. . _
V+PF - E should be 3. You. may reaﬂon this way. On each tetrahe-
' dron separately the number of faces plus the numbeg of vertices 1&
the number of edges plus 2. But- the vertexj”Ah would have been

&Wcounted twice. So V +. F is one less than-ﬁ

’\"union of eight solid is

. ninth one in- the cen

_' edges and Jertices wh siare in the surface.,.For this figure
V+F < E shouldqbeg,_ As a starter V. should. be 32.)

- S Exercises 6- 6-8 “ 'ﬁ- i PEE
1. Takexa cardboard model of a non-regular tetrahedron.‘ In each-
face add a vertex near the middle._ Consider the face as the
} union of three 2= simplexes SO formed. Give the count of. the -

Sfﬁfaces edges and vertices of the 2~ simplexes on the- surface.
"How do the faces edges and: vertices of this polyhedron com-:
:pare with those of the polyhedron you get by attaching four N
regular tetrahedrons to the four faces of g, fifth’> Does the '
., Euler Formula hold for sudH a- polyhedron'> R
. é;ilTake amodel of a cube.. Subdivide 1t as fpllows. Add’ one
i:{cvertex in the middle of each edge. Add one’ vertex in :the
}middle of .each face. Join the new vertex,in the middle of each

~

_missing. Count all the faces (of cubeﬁ);;

'v;face W1th the eight other vertices riow on that face. You should

.'rhave eight 2-simplexes on each face. Compute »E,.V, ~and E.‘
Do you get 'V +F <E = 2?: . o N :
3. Consider the squarish doughnut _
. ‘which is the union“of -8 cubes. .
.-Without cube- number 8, the,sur- 3
face 1is simple and V +F -E=2,
What is the: effect of adding -
cube 82, You. lose two faces (one RN
on cube 1 and one on cube ?) You
gain 4. races ‘and 4 edges on cube 8.
. and that is all. Herce for the whole
polyhedron, V+ F <.E 2 B

-

.
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Zflz Areas of Plane Fi_ures _ ‘ £ Jon -
ff_ J. : You recall that area-of’a surfacb is the number of square units_:
g contained in’ it._ The area of a rectangle means the area of the
_,rectangular closed region. The a ea‘of a. rectangle is the product '
. Oft the measures. of the length, aqﬁﬁ%idth. - h'aﬁf
: tated as a formula,- AE::j "Bh, b

v -t -'.

’TA Symbol such &s the rectangle in "A[::3“» will sometimes be used.

For a square, Ag = s » s or, 4Apg = 2 _
-5;?«-1 A paralleiogram has the same area as’ a rectangle of the same
t “height and base.l Stated as a formula, A45:37 bh_. . S N
'4 - A trapezoid is a quadrilateral only two of" whOse sides are
¥ parallel. ‘ : JORER ’D: b, 'C ‘ ..

s T

If a'diagonal’(such as . AC) 1s drawn the’ interior of the trapezoid
"_is separated into two triangular regions. Note that the altitudes
of both trianoles are7congruent ‘but the ‘bases blf -and . b2, of the
l_two triahgles have dlfferent ‘measures, -. The area of ‘the trapezoid
Jis the sum -of the areas ‘of the two triangles 'H L

‘ Area of ABCD

Area of*, ABC +-Area of ADC .

: o _ABCD =5 hb1 f 5 hb, .. : ,

Example In the trapezoid ABCD find the area by finding the
sum of the areas of the two triangles into which the diagonal AC
separates it. : ! o , .




ARBC - T
- Samc =
klfThe area. of the trapezoid is 66 square inches.vf:ff

The above method of finding the area of &, :rapeZOid

,"simplified by using the distr%butive property.

i . . lv— A -]é '. ) -]—' . 3 '.l'. " .'- ‘.,' l- ;
i Ampcp = Zh by + 5h by L Ty
Then by the. distributive property,. '

amep < ERGuev) o

THe formula may also be Written o

: (b +b) L
'The area of a trapezoid %an be obtained by multiFlylng the ;-
. measure of the height by the average of the measures of the bases.g;l

. Area of

- . ‘
Recall that a regular polygon is defined to be a polygon
: whose sides have equal measures and whose angles have equal
. measures. ' ) S .
_i Join the center\of the regular polygon‘to each vertex .of the_"

b.polygonl (The center is the ‘point in the interior which is equally
distant from the vertices of the polygon ) If there are ‘n ver-

1.tices there will be n congruent‘triangles.,

v

Ny

IR 11 TPy




L areasmof the triangles. In. the figupe,.»v

1

The area of' any such regular polygon-will be the sum of the

‘e ;' , AA = ‘-h.% : h . . o : : ;. Cmg
There ‘are five such triangles, so: R _ T ' ;
| o AO_. -1 nb 43 nb + 3 hb % %hb wF '
- =‘%—h(b+b+b+b+b)
£ But (b +b D+ b4 b) 1s ‘the measure of the perimeter of the oA
polygon. mhus A¢Y _:._ np, B ._4_3.._
fwea of a a Cirele ‘_ Co e s
. . pl q . 4
3;32'_, J<" Consider circle O in the figures below. T

ismelear from the figures above that'the more sides the inscribed
pol@* on has, the shorter will be ’ehe 1ength of each side." As n
getggﬂfarger arfﬁc‘l ‘larger, it willvbe more ‘and more difficult_,'g’o di's,
tinguish between ‘the regular polygon and the circle.' You»c
- that tt eAarea of the interior. of thi inscr;;ib,ed polygon is}"'
mately equal to the area of the interior wf,pethe cirql:

FRRPEAY | SR

is always some portion of the. a,;ge*of the &3

‘tained in. the interior of aﬁu ine,so-ri‘bed, resgular pqugg;}f« ,,,g ‘
.for large values of” n, the areas)are: V@-dcldse "a't)ﬁq‘yo'l can« thinlﬂg""

of the area of the iriteriorr of .n:" oircle aS' the u%per limit of that

of ‘the inscribed regular po'lygon &y '.»..,a_,'.,. Lot R - ;‘

) AN
i .-

ih 'i ;
It should also be. noted that‘ the 1arger n w(the number of P

sides) becomeS, the clOSer the méa“suré ‘of" .‘ﬁ%\ distance from the



- 1ntqrior, then o . S

_center of the inscribed polygon to a side gets to t

".;' R :. - B-A'= %T(Ewn);
™

. v sola T
) 162 Lo
- 10 ) S
. . o - .
. hY
”~ 4

measure of
the radius of ‘the circle. You have seen- that the number of square
,units of area in the polygon is %hp, but you have Just observed

~that when n. gets very large h gets Very close to o, and p ;

'gets c105e .to 21 so you are, led to dgnclude
AIf ’r is- the number of linear units in the radius of a
ciréie, and. A ‘is the number of square units of area in its

f

4 . . s
. .

A=m 2

Exercises 141

Find the area of each of the following figures;

/

<

. . Figure - C ' L ' Measurements
1. Rectangle ABCD o AB is M” long, BC 1s 12" long.
2. 'Square XvzW = . vz’ is 3—- ft. long 3
' 3. Parallelogram ABCD : T 15 16 in. long; the height"
o o L - is 15 in. .
4, Triangle XyzZ - - .. The base YZ is 38 ft long,
LT . .~ the helght XW I's 37 ft.
5. ‘A-circle . . .+ Length of radius is 4.5 in.
| | c o r 1h)
6;' Find therarea of trapezoids > . . .
. Height o Upper Base o Lower Base
8 in. L ~ 6in.. . 13 in,
Csdet. T 9Bt L o, S 8
w 2%-ft. B = X 12

7. The area of a trapeZOid is 696 sd in. The lengths of the
bases are 23 ,in. and 35 1in. Find the height of the trape-
zold. . R S



SO I e,

i@. Compute'the area of the interior of .each of the'following.'”:'“
" circles: The. measuremqnt in each case dre in inches. EXﬁﬁESs’

-

Coe .the answer in terms of Te % . .
L (a) re s L@ o
L, ) r=10 o (d) r:'l%- e
o ig. Pind the area% of the following reguliar polygons
"o : . Kxgg of. Polygon . .Distance from the oLength of a -
. . . _ Center to a Side Side - -*
(a) Hexagon . . | o L 3703 inches . .2Q inches "
" . (o) gentagon "¢ - ° 27.5 inches - 40 “inches
woe . (&) octagon - . . 72.5 feet. 60 feet”
:o -(d) Decagon . 30.8 inchés " 20 inches. -
T-2. Planes and'Eines:~"‘ ' ""'.. I ' .
W - Take a piece of notebook paper as shown first. folding it so
‘that AD .falls'on BC. 'Now take - . R o IR
che paper and set it on your desk ~ s \\T\\\jc S
as- shOWn in..the position of a - ‘ 1"-i; o
partly opened book, so that seg- , - . . .
- ”* ments’ AQ" and 'BQ@ 1fe.onthe = .- T B B
plane of- thendesk top.' Would you '3;;;;;\Jdi
agrée that QR ’is now perpendicu-~ _ ¢ B
, lar to ‘the desk top° If So,,notice N .
,.‘ that you have found a line perpen- » .:Ldesk
~ dicular to a plane’ by making it R )
perpendicular to 3ust two, different lines in the plane. This
_“o illustrates the following property of- perpendiculars. 'J ./‘ ‘ b
'Progcrtz 1, If a liné is perpendicular to two distinct tnter-blﬁ
“secting lines in a plane, it is perpendicular to the plane. o T
.

- From a consideration df several o

; segments from a point Q to a
" plane, such as - QR and Q",r
" we state '

=
e
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. lAri..' 7 A ) . . N A V A 7 - .". ) .
Propertx 2« The shortest segment from a poirit Q .outside a

plane. r to the plane r 1is the segment perpendicular to that

a

.
~

- This, shortest distance is called the distance from S to r.

' Extending the idea we have about the distance between two
paralle& lines toe two parallel planes we have: S :
. ¢ ) .
Property 3. If twp planes zre parallel the,(@erpendicular)
distances from different points of one plane to;%he other plane
are all the same. < S . _ "‘

L]

_ The constant distance in Property 3 is called the distance
between the parallel planes. Actually the segments involved in

Property 3 are' perpendicular to both‘planes -a$ 1s true for the

_vlateral edges of ‘a Yight: prism-

1t by. experiment. ‘ d_ S -
. Let 8 be the point of r so "
& oo . P
that QS is perpendicular-to'_} Co . S
. ""\u ’ a4 .
r. Draw segment SR. ~£ U

véy‘, ") = is the hypotenuse of a right triangle. Why? ' '

e

' 2. - You actually could have proved

e .Exercisesfzgz

. Givé fiw@ examples of pairs of parallel planes with lines per- .

pendicular to bq;h ‘planes in each example.

s

i

Property. 2 instead of observimt =

.(a) / QSR. is a right angle~\ Why° o

gg) QR 1is longer tHan @S. Why? L 2ol
But since R was any point of r except, :S, thls shows ‘that.
QS is &he shortest segmemt. L T v
a | i e e )

ight__iﬂ ST A o
¥ 1In general, a right prism is a figure obtained from twg con-
gruentipolygons s0 located iq“paraflel planes hat when the seg-
ments are" drawr Joining corresponding vertices dT thecpolygons,
v . s ¢ ® ¥

B

-

L1
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the quadrilaterals obtained are B
all rectangles. The prism is the _ _ »
“uriion of the closed rectangular _' . A
regions and the two closed “poly-
gonal regions._ The rectangular ;
~ reglons are called the faces of the T - |8

|
|
|
1
|
|
|
|
1
I
prism, the segments are its edges, wf :
and the'points where two or more .-, - | .
~ edges meet are called vertices.'u o K ,E
- The bases , of the  prism are the . : A - ‘,’ N P
regionsxbounded by the original \ ‘
polygons. ' : '
-AS-was indicated, the figures
described here are called right ,f
prisms. Later you will meet more"
general prisms for wh'ich the quadrilaterals mentioned are allowed
to ‘e any parallelograms ‘rather than necessarily rectangles.
Rectangular right prisms are simply the right prisms whose
bases are rectangular regions. "A rectangular prism can be thought
.of as_a prism in’ three different’ ways, since any pair of. opposite
Qfaces can be. used‘s bases. No other figure can be thought of as
a right prism in more.than one way.

tr

_* . .In the drawings of’ the prisms 1t is often convenient to show

" the planes of .the bases as- ‘horizontal. However, there should be no
difficulty in identifying such, figures when they occur in different
-positions.  For example, the figure below represents a trLangular
right prism with bases ABC and -A'B'C', even though it is 'shown

- resting on one of its rectangular faces. N -
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.

Previously, the volume of a rectangular prism was discussed This
discuSsion showed that if the area of  the ‘base were ' 12 squarei .
‘units, then by using a total of 12. unit cubes of.volume (some*of
. which may be subdivided) you could form .a layer one unit'thick
across the.bottom of the prism. If the prism were 3— units _
high it would.take 3— such layers to fiil the prism or.a total :
of (12)(3 5) . unit cubes so the volumé is b2~ cubic units. E A
The interior of any right prism can be considered as consist-
~ing of a series of layers piled on each other. Thus, the follow-°
ing conclusion can be obtained - : T
The number of cubic units of volume of a right prism
" is the product of the number of Square units of area in
the base and. the' number of linear units in’ the height.* ' .
In this statement, the term 'eigh means. the perpendicular distance
'between the planes of the bases. - It is the length of the segments
from any- vertex of ore base to the corresponding vertex of the \_
other base. Notice especially that the height '1s’ not measured | :
vertically unless the planes of~the bases happen to be horizontal .
In the last figure, for example the helght is the length of any )
one of the segments BAY, BBT, or e, .
Rectan ula Right Prisms . I . . .
One ight prism with which you are rather faniliar is.the rec-
tangular right prism. A good example is a cereal box. The figure
" below represents such a prism.

/ : e

] R

!

The me.sures of its léngthh width and. height will: be repre-
: ; w and h, respectively. Furthermore, S will
_'represenﬁwéh_ measure of its surface area and A will represent
_ the measure‘pf its volume. .Recall the following formulas
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S=2(Zw + jh + wh) )
V= fuh or V= Bh- where B is the measure of the L

- area of the ‘base (B = Agvﬂ’ You will notice that in a prism of this

i . type all faces are rectangles, so any pair. of parallel faces can be '
considered as the bases. ’
A cube is a spécial ca%e«of the rectanguJar right prism in‘

~which all of its edges ‘are congruent. Let us designate the measure -
% of 1t$ edges by s. The formula for the surfade area of a cube is

S = 65> . The formula for the volume of a cube 1s .V = s3

Triangular Right Prism 5

- P e . ) <
T .
e : A
4"» ’ a .
. d ) c - J
.. . R . .
o - " itY . h
4
. S e ~ '
' LY .
\ A e X - ) -‘ [
. ,_‘__‘_,_,/—’_ ‘
. -."‘.
A ‘ b
t
R

Since the area of the surface is the sum of the areas of the

’ -

bases ana’ the faces, : : . . e

| s o) d(msnosna o
| .. S=ab+h(b+ec+a) ’
e U s=absnp, -
: Where p is tye measure of the perimeter of the triangular base.
e . 1 . . -
L ’1.2“ ,.. ‘ V =5 abh - or- V = Bh y

.f;Where B 1s ‘the measure of the area of the base: S
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; ,\'1' "TifEéercises 7-3 : o :
1. Find the number of cubic unit% R volume for each of the prisms - .
- shown below: : : ' S ' Te

()

_2.‘ Find the number of cubic units of volume for each of. the prisms -

r

§hown oelow. e Ce

A 1 |iom I o
- 1 P {
p— AL _

o B _ . ' a . Area of the Pen- :
- ‘ : : . " taggon is. 21.° Y
- . : = : . g B square ;inches,,

' 3.'-If B stands for the number of’ square units of area in the
'base of a prism ‘and h - 1is the number of linear units in its _
fheight ‘write a sentence showing how to find the number V of

_ cubic-units of . volume in the prism, B

4. A container in the shape of a‘prism is 11 'inches high and

‘ 'holds one gallon. How many square inches are-there in the -

'base° Do you know the shape of. the base° (A gallon contains

231 cus in.) E S : | '

5. AF gular prism has a base which is a right. triangle with- . .
" the two perpendicular sides 3 inches cand . 6 ihches. WIf the v'}#g
prism 1s 20 “inches high what is ‘the’ volume in cubic inches°-" Aﬁf

‘6. How fnany edges,’faces, and vertices are there on & triangular
' -prism° a pentagonal prism?  a- hexagonal_prism_(6.sides)? an
octagonal prism (8 sides)? ?~, ' » o SR .
L e : S . . o . 3
el ¢ S ' . ) B . . N N ) .

. e .;,.” ) .1‘?5}.
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A -

. Compute the- volume of each right rectangular prism whose
' measurrs are ag follows

. N Ld
. ..

*,(a) L1, w=z2, »h.é‘a"
(®) 4 =2, w=2, h=2

i
e

8. . Calculatg the surfaceﬂarea-of each right'rectangularjprism of "
I'Problemgg nT : : ; ' o ' o
9. Find the surface area and volume for Model 5, at the end of the
T chapter. . o L : : : ' '
10.” Construct’ Model 4 ’Find thezarea oflits‘surface'andgits

’ volume..

a

-;ll.-“(a) Refer to patterns for Models 4 and 6 and find the
R perimeters of the bases. , .

( ) Are these perimeters equal to’ each other°

(c )f.Compare the volumes of theSe two models,;

(4, ~Are the volumes equa1°

(a) When you computed the-volumes of Models b and 5, did you

; find them equal? .- '

«

- () Check- (a) by filling ohe With salt and- pouring it into
"' the other. i e o : : .
(e) Find the perimeters»of~the bases of these models. Are theﬂ

,-perimeters equal?, . S L
: 7-4,' Obliq__ Prisms S
) Consider two’ congruent polygons._ Imagine them S0 placed in .
. parallel planes that when the; segments .are drawn Joining correspond-
ing. vertices of the’ polygons,_the quadrilaterals ‘formed are all: _
'parallelograms of which, at least two must be non-rectangular. This,
'_ni means that the lateral edges are not perpendicular to the. bases.:~-

‘ These parallelograms and original polygons determine closed regions.
The union of these closed regions i1s called an oblique prism. The :
-segments are its edges, and the points ‘where two or more edges meet

" “are. vertices.. The closed regions formed by the parallelograms are

- called lateral faces’ (or faces). The. original ‘polygondl - closed 1\
regions are calle® bases. -The - segments Joining corresponding ver-

‘tices of the two bases are calﬁed lateral edges. (See Model 7).
'?.'.77' : ' ) :

B




:ing tHe surface area and volume of oblique prisms. There is no‘
'a_problem in. finding the ! surface area, since ¢his is obtained by find-'
*.ing the sum o@ the areas of ﬁhe bases and lateral faces.- of courSe v
G”;in finding ‘the - areassof the late-u facesf you will. be finding the _”.
; areas of the oarallelograms rather'than rectangles..' N S
efﬁim Now.. let us consider thevvolume of an oblique prism. Take a v
"ystac of rectangulap cards which are congruent You may make such g
‘7ﬂa stacRMbr use ‘a. deck of playing cards, - When you have the cards ,

‘stacked s6 that all adJacent capds fif exactly you have an illus—cd.*

‘tration of a right prism similar to..the following illustration inti,

"cross. section.‘" T
3 e SO SRR

. L o 4 , . . K . R R -
. Co . . . \ . ) - . . '
A .. .

Now push ‘the cards a bit so that the deck will haye the following

',appearance in cross section. T S ) e ) 5
Lo DR . 3 . ' L e
* ' P S— ﬁ,' ». R
. " - '— .
. | m— ffij
. /_ o v

ST B

o . N R . » ST

You now have an illustration of an oblique prism. Of course
11t is not a, perfect _prism due to the thickness of the cards. The‘
“cards no longer fit smoothly. . . S

‘ Next let us consider a similarity between the two stacks

‘-illustrated above. ’You note that the bases are congruent and the
distances between the, bases are equal.\ In view of this discussion
1t would seem that we have the basis for making the following con-
.Jecture. of IR - o - - e .

‘._\_4.

ConJecture If two prisms have congruent bases and equal height

'f théy have. equal volumes. N ,l‘ s ,4;.P§J
v Since the conJecturé seems’ to, be borne out in practice wei?f*
will iﬁst 1t now as a property. - <‘fgﬂ'_nﬁ SR "_;‘ o
. . N [T ; v ; <.
e . Sl A

v

‘}4;,. 7-;;‘;12;‘1a'.vv1k?

As in the study of the right prisms we are interested in find~ sjf'



) , :,"' o . :.g‘.; ...;1173’

':Jfgggggzx 4, -If two prisms have congruent bases and equal
Q:heightsl they have equal volumes.. ' : ’

e c et o . . --.‘.'- e
' ) _»",_., o . . O

" ..‘b'\;f-‘. . » : . ‘ ‘. ) . . N .“r.
' iFrom Property ! the volume ‘of any. prism is the samé as that of

a,right prism whose base 1is congruent to the giuen one. and having
the same height. But since we know how to find the volume of 'the’
o right prism we obtain ab once the following formula "

° .
L N

i

. . Tne" number of cubic units of volume in any
R ﬂ,. prism is obtained from the formula o Do
oo . S . ‘ " i . . : . V Bh g ) ) v - . ‘ ',.‘ :‘ . . | ._0

where B 1s the number of square units of area in its base and h
~~ + the number of linear units in- its height B
l | 7-5. Cylinders ‘: L V" .'V‘ S S Ca T : f?“"*
R Examples of cylinders are tin cans, water glasses tanks L

silos and water pipes. ‘The figures shown in the following drawing
%f ; represent cylinders.< Those on. the left are called right _ylinders..,l
' fCompare them- with the obligue (or slanted) yLindeﬂs on ‘the right ‘

o

We rarely see‘slanted cylinders in ordinary life. ‘Therefore
in this chapter we shall assume our cylinders are right cylinders

.(l) It has two congruent bases (a ton and X\ bpﬁtom and
‘ each is a. circular region._;"“ L
’,(2) Each base: 1s in a plane and the planes
' are parallel o SRthS

-

!
T
0
1

..
R

fa

5 “Yc(3) If the" planes of. the bases are- regarded as horizontal e
o RN ‘-: then the upper base i% directly above the. lower base. (r*ff
)i - '-f-(§)~ The lateral or side SUrface of the- cylinder is made ‘up -»4:E
A é - Of 'the points of segments each Joining a point of. the k<i‘dﬁ

- lower circle with the.point directly above it An the. ::
: upper circle. o S R o _ e e

T

: “_}{‘{ c . _._g“ .;1??{;




i__....'_..:_ ﬂ%‘ “F' - — “'.T—._;'I.i' : _ __i_i e S U S AP T

. ~ .
IR R ., f .
v o

‘ There are. two numbers or lengths which describe a oylinder.. :
'These are the radius of the, bgse of thé cylinder and the heig fti'_j-‘
‘_the cylinder. The height s’ theffperpendicular) distancq\betwe

-

',the parallel planes containing the’ bases.~. e ;“@5 : T ﬁqi-i;ﬁi
VFZ' To find “the’ volume of a cylinder whose radius has a measure '75;;;;_
'+and whose height has a. measure of 10: .. . . SRR
B L _-Bh for a cylihder,-?ﬁi'e e ;'-—" o

R

VY '15140 B | S
_The volume of the cylihder is about 1540 cubic units. o
~In considering the surface area of a cylinder, two questions .
ZEmight be asked (1) wnat is.the’ total surface area? (2} What is "
ithe area of the curved surface°‘ The total surface areaxis the area .
f;of the curved surface plus the area of the' thghases. The ‘areds Off»
. each of the bases.are the Same: -wr?, where r. is the measure - of
'the radius of the base._ ;t remains for us to determine the area of
:'the curved surface. SRR SR

Iy

ot

< <. <

TN ¢

- Therefove,

The lateral area of the cylinder is the area of arrectangular
tregion. The length of the .rectangle" is abtually the eircumfer-

ence of'the cylinder, and the~width of the "redtangle" is the "~ PR

height of the &ylinder._\The formula for the apea of ‘a rectangle is. S
e e e ".;:' lw sl e D AN

for the cylinder, L . j; T4 or é%r **“—fblff'-v‘fi".L
Y,, Lo ancl . .g ‘0‘,/ '_ "? 'h,‘ s "c : .,’ DI T r" -

' Therefore the 1ateral aregwof -a cylinder is the product of the
measure of the length of the basefcircle°and theameasure .of thej"

. height._ This is cononly written as: .'_3\~ o L T L ;;
: i e
A3

/r

"

s*FgQ&-
H‘

~ e . N .

&Trdh &  Av < Zrrh. Wl e
The méas 5rp of the total'area-may be foundeby usink the formula
'-commonly written R ' :
z . Ty
. ,.“' N ) : . 'S.
7' ) ., a n . ’ [ B : . L 3 -
ST represents the measure of the total surface @f a cylinder,-'fg'
& : L K

-

‘ 4 represents £he measure of thehdiametemaofabhe base ' ._:““Ei o
"gaﬂ' r represents the measure of the radfus of the*base.,nﬂif3i' T




RS o Exercises Z 5 o A {
-1, Information is given for three cylindersL_Using Y 3 l find
all the missing data.v' _j 'g'h'fh{ ) _;n R .:f33
. _=“]ju.Radius'_;Diamdter R "TTotal“Surfaca_ Volume G
+|-Cylinder )| of base|'of base | Height | Area (A%) . /| .(V)..{ -

S a A sil'o (with a flat top) 130 - feet high and the inside radius
- 16 feet.‘ Hdw many ° cubic feet of grain»will it hold° (What
is its volume”) Use’ 'v B3 3 14 f?~”'vm CoLoe D -~;,; % -u.u;fz

. I
A\*I

*é. Find the volume of 'a cylihder whdse height is lO centimeters
' and the radius of whoge. base is 3. centimeters. Leave your ,yf*
- answer in terms of v.-; __~-' N w'~-V- - ,vaf ;;m
b, In Problem’3, what would the volume be if ghe height were {;_ F.ﬁ*
doubled (and the base were. left. unchanged) PO SO
Ip froblem 3 what would be the. volume if the radigg of the base
‘wWere doubled (and the altitude were left unchanged) S ..‘w* c6.
In Problem 3, what would bé- the volume if the. height.werev"ﬁ; 7?'
NETRA doubled and ‘the: radius of the base were also doubled° f(Think
J “of” first doubling the. height and then ii‘oubling the radius of' 4
' this pew cylindrical solid ) L e Bl

4

. P._' .

"“7.' A small town 'had’ a. large cylindrical water tahh&that needed .- ﬁﬁ
e _-"‘ painting. A gallon of paint covers: about 400 - square feeti '

How much paint islﬂeeded to- cover the whole mank if the radius 79;

-of. the base is 8 feet and the height of the t k is 20 feet”l

‘f: Give your answer to the nearest tenth of a. gallop._ o S
B . - B - . IS Lo - . . - v .

ro . A . . . M ] - r: - " "‘- - : ."';.' . ' { . . U .
- i ) u“:' . ’ S ) . : ot . .’_._‘.‘,::. - N LI Y B -
[ -. 7"6.‘ P I‘ fds . e : -;‘( e . T N o o .

Models & and 9 are fo; a figure obtaineﬂ by Joining the ver- ;f‘
tices of . a polygon to a point not dn the plane oi the polygon, thus
'tforming triangles. The pyramid consists»of the closed triangular a;;f
ﬁrregions and the closed region of the original polygon. ‘The closed l”y
region of the original polygon is called the base of - the pyramid_,,“ﬂ




76 A _
_ i l
7,

‘-and the other;faces its lateral faces.. The point to which the ver-

tices of the polygon are ‘- joined is called the ape of the pyramid.

S g
(Many bocks call this the ‘vertex. of the py. id but the term apex e
ia e

is chosen here since each corner of the polygon is also called a
vertex.) The edges meeting at the apex are called 1ateral edges..
" For example in the figure, ‘'the -
 base is the interior of quadri-
-lateral  ABCD; the. lateral faces
are the closed.regions‘ofithe coa
triangles ABQ, BCQ, CDQ, and '
'DAQ; ‘the lateral edges are A AQ, , -
BQ, TQ,,Da; and the apex is Q. -
o Imagine thezsegment drawn from the apex perpendicular to'the?
plane of - ‘the base. This segment is called the altitude and the’ '
1ength of the. altitude is the height of - the pyramid , .

. Certain pyramids are called regular pyramids. 'T® .be regular,”- ™
a pyramid must meet two conditions., First, its base must be the
‘closed region of a. regular polygon- (having congruent sides and. . ) .
eongruent angles), and second the foot of the altitude must be the : x
center of  this regular polygon. Then;the lateral edges willyall -
be congruent. , C ' ’

PR

"?Q'. ' S Exercises~_’Z-_6

1. Look at the figure which is

" supposed.to show a regular i

‘ pentagonal pyramid'with apéx

"A and altitude™ AQ ~Since Q
is the center of the pentagon
‘1t 1s the same distance from

' S and from - ‘T Suppose o) ,

“is b inches long and QT oo
,and Q5" are_edch 3 inchesAtong.

.

!

How can you find the 1engths .of AS and AT?
What are these 1engths° .

)

) )
(c) Do AS and AT have equal lenhgths? .

)

)

(b

LR A

(e
(e)

Is triangle AST 1isosceles? , o
- Can the reasoning a@ove be used to show that all five of
“the 1ateral edges have the same 1ength° '

N - . - . .-

v




;.L. T .
- @ ‘."

4 -
quk again at the figure of Problem 1, with the base. ajregular

w -

_-pesttagonal region, but this time suppose you kﬁothhat the Iat- -

‘eral. édges all have the pame lengths but do not know where the
- fopt Q of the altigude is loea®d. §o be definite, suppose -

%

the height of the prism (i e. length of AQ) ik 12 inches, ®and

 thEt eadh of the lateral edges' AS ' and - AT is 13 inches long.,.

2

v 7-—7 ..

(a) How pan you find t,hg lengths of %S and QT"
(b) What aré these lengths? “w o o .
(¢) Are they equal? R L ¥ -
(

1 s

d)- Can thisxreasoning ‘be used to show ‘that- the distances

o from Q to-all five vertices f the polyé%n are equa1°
(e) Does this show Q i's th of the regul*polygon?
(f) 1Is the pyramid a regular pyramidB L ' ’

. P ) . .
- R - 2 ;
i’, . . -‘ : . d .

. Volumes: of Pﬂr amids °
To find the volume of a px‘amid, you must'comp@re it with some’

' figure whose volume you know. C%nstruct with stiff paper or card-_
board a regular square pyramid and a rectangular right prism whose.
bases are: congruent and whose hefghts are equal. Fill the pyramid

3with salt and pour it into the rectangular prism. “Do this several

o

'ftimes until the rectangular prism is full. ©On the. basis of this
experiment do you agree with the following property°

‘ . . J
e

Progerty'if'lghexvclume of a pyramid whose base is congruent

Lo %

the

. o\
e T

/ once to a formula f§§ finding the volume of any pyramid:

he tase .of the”pri sm anl whose height 1s theg™qme as that of
nrism 1s one thirl that of the prism . . . .

Yo
i

Since you know how to find'the volume of a prism thils leads at ,

L 1
v ':=_ -§ Bh

where B stands'for'the number of square units of area in the base

and

1

(b) area of:base)

h the number of linear units in ‘the height. S '
9

. -
4 )

. D NG - hxercises 7-7 ’ ’ e B l\
Find the vdlumF of’ the pyramids the measurements of whose - )
. bases and helghts are.as follows: 0 . .
(a) = area'of base = 12 square inches;'height‘ 7 inches. ' i;;/

]

160 sq. cm., height = 2% em.

.
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2. A pyramii has a square base of 1§ inches on a side and a’ '
j height of L inches. Find'itEivolume. - | K
’ : . L‘.- .~ 2
3. What is the height of a pyramid whose volume is 324 cu. m, and
whose base is- a square, 9 m.’ on a side?

4., The Pyramid of Chevps -in Egypt 1s 480 rt. high and its square

base 1is; TEO ft on a side. How many cu. ft. of stone were used o

/0 build 1t? (Assume that the pyramid is solid. ) How many
" cublc yards? ’ ’
'5.. Find the total area of the regular triangular pyramid(whose
.lateral edge 1s 12 inches. o . o '
6. The side of the square base of a. pyramid is doubled. The
Aﬂheight of the pyramid s’ halv@d. .How 1s the volume affectedf’

K
i

7-8.6 Cones o
'Anyone'who has eaten an ice cream cone has at least a'rough
idea of the figure called a cone, or more. strictly a right circu-
lar cone. Let«a circle be drawn as shown below, wyth center C,
.and let V be a point not in the plane of the circle so that
segment VC is perpendi ular to this plane. )

.

~

If all the segments from V were drawn to the points of the circle

’

e

the union of all these segments together with the closed circular )

region forms a right circular cone. The closed circular region is‘w

called the base of the cone, and the union of the. segments is 1ts
lateral surface. The point V 1is called- the vertex of .the -cone.
In ‘the description ripht circular cone the word circular indicates
‘that the base is the: closed circular region and the' word right

means that VC is: perpendicular to the plane of the circle. Here

only right circular cones w“ll be’ corisidered and when the word . .

“cone" is used it will mean this type.- (

:



VQ?  How? If R is another point of the circle, do V@ and VR

cone. g -

property f' | Co . .-

- - 179"
/ ‘ '.‘ . ]

Seoment VC is called the altitude of the cone, and the length
of’ this segment is the height of the cone. If Q is a point of’ the
circle, "what kind of triangle is Ve#® VWhy? ‘If ‘you know. the height

of the cone and the radius of its base can you find the length of

s
N

5

have the same length° This constant distance from vertex v to the‘

-different points of the circle is called the slant height of the

Q

If h .is the number of linear units in the height of the cone,

- r the number of linear units in the radius ‘and s ‘the number of

linear units in the slant height write an equation relating h

r, and s. If you know any two of these numbers can you find the
third one from this equation? , 4

» . ‘As an example, suppose the radius of the base of a cone is

10 in, and -the height is ol in. What is the slant height of the

_coxw° Did you find the slaht height to be_ 26 in,?

By experimentation one would be lead to accept the following .

.

rogerty.6 The" volume “of the interior of a cone is one third

b,ha, of a cylinder of- the same height- and whose base has the same

. Then r.= 1o, h = 24, so by the formula above

ya Iy

radius,.’ .
- aﬁgzeJ&ou havevalready learned how to find the volume of a
cylinder, this leads;at'once to the formula'for finding_the volume
of a cone: . ‘ : " B

- ST .vs%wm%: :

Since vr2 is’ actuallv the number of "square units B of area

‘in the base, the formula could be written as -

S L - %-Bh B o L.
This gives the same rule fgp finding the volume of a cone as . for a
pyramid ' _ . : .

As an example refer back to - the cone mentioned above where"

the radius of .the base was 10 inches and the height 2k inches.

Sy 5 7(10)2 ol goo 7,

~and the, volume is 800 T cu. in. or about 25 l2 ‘cu. in,

2t

. %;ik 4 o L B . . A . R ... .—”‘

h

I’
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Lateral Area of Cone .
_ To find the 1atera§< area of a cone, look®d% Model 10. If we
: ;ake it apart again, t"f'?teral surface goes back into a'sector-»
.- of, a ciretle as shdwmn in tne - pattern for the model. .
| (Notice that-a sector of & circle-is. bounded by two radii and a
part of the circle ) That is, the modei which 1ooks like tnis

3
g

¢
! 1
© flattehs out into ' € o L oo
flattehs out into'a sector of a.cipcle that looks like tnis,
[ i ’ ’ ' . » g ' ~ :
_ ¢
* o
» . '
v, )
M |
vy
. € : ¥
s - . ¢
: g 'A I.
0 ¢ :
»' .
u.

The lateral area of the cone has the same measure as the area of
" tne’ snaded part we are trying to find. The two points marked Q -
_in the figure come from- the same point of tne model. The rest of
' tne large ctrcle is snown Ln dotted lines to nelp you . follow ‘the
reasonlng. « . iﬁf ' o
Let S be tne number of units in the slant height of the cone
and Jr be the number of units 1n the radlus of. 1ts base. Do the
markings on the flgure above on the'two segments ‘and the aro show
the' correct number of‘units in their. 1engths° @mhy?

. ! !

1&,

e
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:{ [

0

( : Thi{ reasonin?gy*
o . i
-'“ Ezgggrix.z " LMy

2y

=page, the aré% is nelatéd to

'the cirdumference Of ‘the’ circle
',L stands. for’ the ‘number * ‘of square
'find uherefor,

5, units and the pagiui

vtherefqﬁ@ o 2 ‘;fis 3*26

R TP '

‘Now ¥n a sector of a’

between the two points marxed-

the shadea»area is one quarte nterior of the circle._

But

the proportion

__‘-‘_._,_i_.,

Ir you multiply ﬁ‘
you £ind. for L°

where;ﬁhe radius of the base :
Hne “h“}inches, You rqgal; ne
found.theﬁslant*height to pg4 26 imghesﬁy In thlS pr lem we have

vorume. 'Z ;3 i ' X W

Sal o v
The radius f:{ = & 1s 15 incheB and hQ,volume isv*
2700 cubic inches. ‘Find 1t§ heigﬁ? sﬂenﬁ hélght gpd lateral
areas, : E

: rc.,‘For example, 19 the . arc '1.; .
k™ one” quarter -of ‘the ¢circle, thenj



' 5\‘ RN Summarv oT Properties BRI AN
- Propertle. If a line is perpendicular to two distinct intersect-
?"‘.ing linégf in a plane it 1s perpendicular to the plane. "-" '~
Propeztx 2. " The shortest segment from point Q outside a plan\e
S r %o the plane r; is: the segment pe'r‘pendicular to that plane.._;,_: S
Property 3 3. ."!If*two planes are’ parallel the distanc\es : perpendic.“' '
ular) fnom a&iffgrent points*of one plane to the‘other plane are all*

the sa_me. Vv C i L -_.-‘. ' o ‘\w M )
.Proper%x .", DS’ two prisms hafv.e congruent bases d eq@l height’
they hale equal t?olumes* A ." : i Cow .-'x. i

‘Property 2. he voﬂume of‘ a. pyf"a.;nid is\one third tﬁat off a pris,.
: whose‘ base JAis: congrugnt ’co the base of the prism and whose H‘eikght

is’thé- same Bs *‘t?at of . tl\}; prism. “‘".(\z/ = -B—Bh fwhére ",stands‘ -

for the Aumbler - o square,‘,unit,s ‘of arqa in tﬁe base and . "h~ the '1 B
. number of niiﬁnegig‘ in .the. hei,ght 2 srie g LT
,) v e,
Progerty b (3 T.h% volumé%of the {nte 1or) of‘ a cone is

radius. (Va_. %— *h: \p Y,.: h) L 4‘
Property ]_..,’If the ¢ «sla.r&#i 3 ;«?o_lz' a ri
units and the . ﬁadj,u? of ths badl . r units thé' num-b

square units in-1ts, latenal area ‘'is giv
xi»‘

s
3. »
‘¥

‘that of a, cylinder of the same. heightﬁan.d gmose baee has thepgﬁmé

-

I‘S.

S l

Notice tha% in ~‘Ehe f@ls .‘lde exacj: measurementfs are not ..the;

k .
measurements indicated are mere'!§ drawn to scale. LA :,-.!
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Modél 5 - ht Tpiang;ufar Pr'ism. e @ L .

f Q (Base 15 Interior- of a Right Tr-;Langle) -

Make an extra copy *the baSe to use for- the other b.ése,.butbt.xse‘
only one tab So *the op cal__ ' ' '
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Model 6 - Right Circdlar Cylinder _ e

| 5.8.6

Jt wilk be easier ‘to draw the circular bases

”

/

with ycur OWn compass

using the radius of the circle below rather than trying to’ trace

the c1rcle as shown
" are two bases.

Make two copies of the circle
Attach the lower ‘base Tirmly. (with tape). but

since there

attach the top base only at one- point so it\can be readlly opened'
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'..'Médeﬂl. 7 -"Oblique- Prism with Rhombus as Base.” . .. o "' -
T ,Q&lso Paralielepiped) - = . . oo e T
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Aruitoxt provided by Eic:
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. -lodel’ 8'= Regular.Square Pyramid :
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Model 10 - "Right Circular Cone . !

It will be better to draw these,circles with your own compass
using the radii of the circles drawn rather than trying tq trace _
them. The radius of the small circle is supgpsed to be the same as
in Model 6.

2




N Chapter 8 . . . - o
CIRCLES AND SPHERES

»
.

\

.8-1. Interiors and Intersections

N The circle with center P .and radius r units is the set of
all points in a pléne at a distance r from P. '._.' .
. _ A circle is a simple closed curve,and thus has an interior. .

. and an exterior. In the drawing at
the right, the interior is the set
of all points at distance less than
r units from P. The extérior is
the set of all points at distance
greater than r units~frém P.
Point A 1is in the interior and
Point B 1is in the exterior of

~« circle P. '

The drawing at the right shows
a ra& Ea with end-point on P,
" "the center of the circle. How many
points of the circle are on the
rayh_ﬁaz How many poin@icﬁ‘the

\

circle are on the ray QP? R
‘p How would ggy-describg,the'1ocaE£Sn of the additiona}sbgint-
determined by - QP which is not on PQ? ' o
The interior of a simple closed
. curve is called a-"closed region."
the drawing at the right the interior
of the circle 1s‘the shaded region.
e The-union 6f a circle and its 1nte}10r

is called a circular closed region.

<

‘
The union of:a circle and 1ts interior is the sej of all points
whose distapce from the center P. 1s.e1tber the.éagg.as or less
than the radius of the circle. What 1s the 1ntersggtibnvoﬁ'?'c1rcle:
and 'its interior? No point of the circle also lieg-in the j{nterior

L

of the circle. This intersection is the empty set. Lo
Let Y represent the union of circleg‘Pc}énd 1ts interior.

'Q 1s a point on the circle. Note that "YNFQ is'quite different -
from thé intersection of circle P and N o

L3
Ty .
i

- -~

S  , | | ;‘;159;:%{‘;;:  -i-" - '.‘ | .3;
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i N Exegcises 8-1 - -,
In the following exercisesa\draw the figures o
1. ‘Let C be a circle with center at" P and radius - units.
Let S be any other point in the same plane., - | o
(a) How many points belong to the intersdction of the
circle - C and ‘the ra §§?
(b) How many points belong to the set C F\$§°
() . Do your . answers to, (a) and b) depend upon where
- you chose the point S } ‘
(d) How many points belong ﬁo the set —C. F\PS° Does thisw_ .
.. .. answer - dep‘ehd on ‘the choice of .87 If 80, how?
2. In aplane, can there ‘be two circleq whose intersection con-'
| sists of just ane poj7nt" : \ | T
3. Choose two poirnts and label them P and Q. Draw two'circles
' with center at P s'uch that Q 1s.in the exterior of one
“circle and in the interior of the other. Label the first
. :circle ~C. and the second circle D, , L
4, Choose two distinct points P and Q. Draw the circle with
center at P and with‘the segment 55 ‘as a radius; 'Then\
draw the circle with center at Q and with P on the ejrcle.
(a) What is the intersectior of these two circles? ‘?-
(b) can you draw a line which passes through every point of
the | intersection of the two circles? Can you draw more
thaﬁ one such 1line? . Why? . ‘
(c) In your picture shade the intersectiox of the interiors
of the two circles. (If you have a colored pencil, handy, .
use it for shading; if you do not, use your ordinary ‘
pencil and shade lightly.) , h
. (d) (In this part, use a different type of shading or, if you
' have one handy, use a pencil of a different color.) Shade
the intersection of the interior of the circle whose center
is P and the exterior of the circle whose center 1s Q.
(Before doing the shading of the intersectidnh, you may N
find 1t helpful to mark separately the two sets whose *
intersection 1is desired.) , .
(e) Make another copy of the picture showing the two circles,
and .on it shade: the union of the interiors of the two
circles. . o ' - “ '

ste
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5. The two circles’shown ét the = ,
‘right 1lie in the same plane and
Have*tbe 'same center, P. Circles
\-havihg the same center are called
concentrib-circles. .
(a) Describe the intersection of _f ' o
. scircle . A and dircle‘ B. i o
§ (b) Give a word description of the shaded region,
© words as "intersection," "exterior," and so on.
6. In the drawing at the right,
the cehfer of each circle lies
- on the other circle. Copy the
figure on your-paper. Shade
the union’of the exteriors of

E the 'two circles.

8-2. © Diameters and Tangents

A diameter of a circle is a lihe segment which contalns the
center, of tHe ‘circle and.-whose end-points lie on the circle. In thé“
drawing-shown'at the right, three A
diameters are shown: AB, MN, and -
W. A diameter is- the longest line

'segmént whiéhlis containedﬁin‘a cir--

' cular closed region. The length of
any diameter of & circle is also '
referred to as the diameter of the R ' S
circle. ) '

A diameter may also be described as the union of two different
raaii which érg segments of the same line.  Using any unit of length,
_if we let .r -and d beé the measurees of ‘the padius and the diameter:
ofba circle respectiv%ly, we have these 1mpqgf:nt relationships:

d = 2r and r = = a. .

) \ 2 e
A tangent to a ‘circle is a line that intersects the circle in
. v * H - f .
exactly one‘point. In the drawing DE 1s tangent to circle P..
. - . LN

s ' . _ “w
.

") \ . P . ' )




¢

‘section is ‘TJ

point of tangency.
a circle cannot contain a point

\\?'

The single point of. their inter-
It is called the.
A tangent to

194, | | -

'cépy the drawing shown

right. Note that the sides of
" the hexagon and the radius are

- -
congruent. » )
- a3 N

»

- of the interior of the circle. “
. , Exercises 8-2 “f.
1. How many tangents do ydu<finq in each of the following? .
(b) /1\ (C‘) +
2. .Find the diameters for each of the circles where the distance
from the center of the circle to a point on the circle isjas
follaws: ‘ ' " . _ )
(a) 6 in. (¢) 17 cm. C(e) ¥k,
() 3 m. (d) 5 ft. o T
3. Draw a circle C with center at the point P. Draw three _
' 'q1améters'of C. Draw a.circle with center at P -whose .
: radius is equal to the diameter of C." ¥
4, With compass and straight edge- )

at. the .

-
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' 8“30 rcC.S

' is not trué for sin le closed-curves.,..
: The same 1s true if we move in, a counter

circle into two parts. One 'of the ' o
" other part contains B. No path from

. B« ‘Thus; we see 1t takes two different

f”other simple closed curves\ we observe : N ;

.pOints on a circle it is difficult to. identify one of the two arcs

o

ne separates the line into two half lines. This'

- “a

a

A point on a

In the drawing at /the right, starting S
at Q And moving H .a clockwise direc-
tion along the- circle we return to - Q.

clockwiée direction; . ot
In the figure at the right the ' »
tWd points, X and Y, separate the ‘ . : .t

parts contains the point A.. The . '

X to Y alongvthe circle can.avold
at least one of the .points, A and

“polints to separate a c#rcle into two s v
- distinct partszf ' : ‘ . o\
Note in the above drawing that while Point A 1is between X

and, Y‘ point- B 1s. also betwgen X and Y. For circ1e§ e

(1) A single point does not separate the curve into two parts.

() Separation and betweenness are not closely related notions

for simple closed curves. e
r‘A part-of a circle 1s called an, arc. In the drawing at the

right,” points A and B separate /v 3 AY - .

¥ the circle into 4wo .arcs. Each -of v N\
these arcs have points A” and B
,as end peints. ' The arc includes L B .
its‘endpoints‘ The arc, starting e T .

at A and moving clockwlse to B. ’ a: .
is shorter than the Aarc starting at A and moving counter-
clockwise to -B. '

. The symbol e~ represents the word "arc." With'only‘two

s

X
.

198
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! : l
o a A k]
determined by A’ and B. . s \
Usuaily a third point is marked M
and labeled between the two ‘ ) N
o~ .

poin“s. AMB (er- BMA) repre- . B
hsents the arc containing point ‘M, : T .

- ‘ Exercises"§-_3 ’
1. ‘In the \drawing ©on the right
- -identify the shortest arc '
‘containin® the following 7 .
points,‘where'the points are
not endpoints of the arc.

A

~

(a) ‘A ;. (a) R
+ - (0)" B 3 (e) X D A
(c). € S 5 I 4 RN '
2. What are the endpoints for these arcs from the drawing in
Problem A? .
! (a) *-AYB. . (e) A’c‘:e (e) WRA
"/'\u . N
(b) AXR. 4 (q) we - . , (f) BAC

3., In answering the previous question7 was it necessary to See
the drawing° Explain, : "

4. Use the drawing ‘at the right' o | C
" <4m answering the 1oilowing P '
{a) Point L -separates CLH H
into two arcsu Name these L K
' two arcs. e h .
(b} Does point L separate  *. R N 5
: the ‘clrcle into two arecs? -
3 Explain 'why, or _why not. . .

5. QSe your answers in Problem i, above, tolanswer the: following:
(a) "Does a point on an arc sepdrate the arc ‘into two arcs?
(b) On an arc, must a point swhich is not an endpoint of the
arc, be between' two pOints bf the aES? i %
__(cv) Does an arc-have a ”starting" aoint an& aé‘%topping
point?. If so, what are theytcalled° - H

°
4 DR} .
R -

(d) For an arc are the notions of betweenness and separation

‘more 1ike those of a 1ine segment or o@ a circle?

: 7 ] ;
) ‘ : AN : . -~

PO ¢
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8-4, ‘Central Anglese :
Arcs have some properties ‘similar to properties of line seg-
ments. At the right note the - ‘ ’
natural'one—to—one correspondfnce )
bétween the set of points of ™’ AMB -
and the set of points of FG. On-
'*a"line‘segment, a point, not an
endpoint, separates the segment
‘into two,parts. Similarly, an arc
is separated into two arcs by a
point which is not an endpoint of
“the arc. ' As with a segmen} an arc

N

has endpoints.’ = : )
 In the drawfhg at the: right,
the endpoints of a diameter are. A
and B. These points. determine two
special arcs called semi circ1es.
In ‘the drawing, AVB is a semi-
circle. - ’ .
Th'ndpoints of ‘a- semi—c‘ircle and the centei" of t /circlel.
are on a straight lhnea For other arcs this is'not tple as shown
4t the right. The center P 1is .. S e

~a - '

L

not on the straight line passing'

. .‘through the endpoints of DXE : :
Rays PD and’-PE :determine a |
central angle. A*central angle 15
an angle having its vertex at the

center of a circle. Such angles

“are measured/in the same way as .
."rrotber angles.

-

To measure arCs we use a unit called one degree of arc. We"
think of a circlé divided into 360 congruent arcs., Each such arc ..
determines’ a unit of arc mea‘gre.’ Rays from the center of a circle |
passing through the endpoints of such an arc detepmine a central
angle.  One degree ef arc is determined by a central angle which 1s 'i

. . .

N
Y . . ..

. )
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‘a'unit angle of one degree, In - B
the Tigure at c_the right, if ‘the ‘
measure . of AMB in degrees of
‘arc is 80, then the measure of ,
Z.APB - in angle degrees 18 80. © .
The-symbol for a degree of arc.
MO i3 the same as that for the
“angle degree. . x ~;"
In the’ figure at the'right are
two circles having a common center,
P. The circles are in the same
plane. Such circles we have called -
concentric circles; The tw0 arcs,
ARB “and ESD have tip same central
angheg / GPH. Therefore " ARB - and
ESD must have the same arc measure.
. If the angle measure of / BPA - is
70} then the arc measure of - ARD ' is E g
.70. The arc measure of fsd must '; _
also be ‘70, However, ARB appears shorter than ESD.‘ Remember
that arc measure is not a measure of length Two.arcs may have
the same arc degree measure but have different lengths. The .
, reason will be more apparent after you have studied the . remainder‘
of ‘this chapter. o : »

‘ Exercises 8r4 .
1. Construct a circle with radius approximately l%'inches. In
' this exercise mark off the points in a counter-clockwise path
around the circle after starting anywhere on the circle |

with A. Mark off and label arcs with the following measures:v

(a) m(AB) = . (4) m(DF) 170 .
' (b) m(AC) = #5 (e) Wnat, is m(Bc{?j'
~ (c) m(BD) = 50 C .

2. (a) How many arc degrees are in a quarter of a circle°
(b)- How many arc degrees are in one-eighth of a»circle?
(c) How many arc degrees are in’one-sixth of a circle?

(d) How many arc degrees are 1n three-fourths of g circle?
- o . ) - .

3
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- 3. Refer to the arc iEEBEﬁ, or more briefly~ i@i shown in the
drawing below. Determine the following:

-

3

D. E s,

. . J o
| () W @ ®nw ]
e Wa® - ¢ (e nE .
: ~~~ ,\\ . by N

(c) ADACF - N D
4, cCircle A ha® a radius of 5 inches. Circl¢/ B has a radlus
of 25 inches, Explain why the arc measure,of one- fourth of -

circle A 1is the.-same as the arc measure of one fourth of . .

) [
circle B. : : . }

5. Demonstrate'a one-to=one correspondence betwéen the sets of
points on the two semicircles of a given ci&cle which are '

Circles

8-5. Circumference of
It is’ difficult to measure the circumference of a circle

' accurately. The circumference of a circle’ is the length of the - -

simple closed curve which we call a circle. Experimentation with
circular objects will reveal that the circumference ‘1s a 1little
more than three times the diameter of the circle.'

Mathematicians have proved that, for any circle the ratio of
the measure of the ciréumference to the measuré of the diameter is
always the same number’T\The special symbol I represents this“
‘ratio. The. symbol' 1s read "pi" and is the first letter in the
Greek word for "perimeter." In mathematical language this- relation

1s written as follows: '§-='v or ﬂ9.= T d. , :
. , / ’ '
Exercises 8f5/

l. Find the missing information about he circles described.
' (Use A 3. 14) ' '

!

’ -
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- . p
. Circle ﬁadius . Diameter- ‘ dircumference
@] e ] 3.6yl N |
] (b) p | b2em [ o E ? '
O ( )| - E 2 5.6 in. 7| ?
A ) v o BERE Ty o D
. 4. (e). z AR I S -88

2. Sometimes it is a good idea to use T as a numeral, instead of —
' using a decimal for- v.' Answer’ the fellowing question using
T as a numeral. We sayfthe answer is expressed "in-terms of
.n_ Il. . . . . . 3
If the 1ength of a circle is 54 7 in., what 1s its diaieter?
' Its radius? S o
3. A circle with a diameter of 20 inches is separated by points
into - 8 arcs. of equal length.
. ‘(a) ‘What 1s.the length of the whole circle?
" (b) What'is the length of each arc?
(c) What is the arc measure'of each &arc? -

(d) On this circle, how long is an arc of one degree?

A

~gg§ Numher T ’ e '

' The humber represented by the symbol "7" 1is.a new kind of
number. It 13 not a whole number.\ Neither is it a ratipnal num-
ber. Recall that any decimal expansion of a rational number is'a
-repeating decimal Mathematicians have proved that 1 ’cannot be a
. repeating decimal In an article by F. Genuys in Chiffres I (1958)

a decimal expression for tg, 10,000 decimal. places was published.“

Here is the decimal for T to fifty-five places. '
3.14159 26534 89793 23846 26433 83279 50288 41971 69399 36510
58209. .. :

(The three.dots at the end indicate that the deeimal expres-
sion céhtinues indefinitely.) . . : -




" Note. that the area of the circle is less than that Of square

: the circle is a little more,mhan three times the measur

fwhere
A-,the radiusf

1. 9
.4 = in,, or %

SO ool L LT |
8-6. A__a.of a Circle : Cowe &" : ;R"‘ T Z" '

When speaking about a, circle in eVeryday language,owe usually o
use ‘the phrase’ "the area of.a circle" When wZ'EZEn "the area of" the
closed circular region. - : _:;;‘ D _.;.”

"In the drawing, the point 3] ' o
15 the center of the circle and. " -
-also the”center of the square‘ ABEF. '
Let the measure of a radius of the.”
circle be r.

Then the segments VP
and PZ are radii,with measure r.,
Angle VPZ .1s a‘right angle.. The
~area_ of the square is'four times as, . .
large as the area of sqlare VAZP. s ' : :

ABEF.
Similarly, it is less than the area of four squares such as VAZP.
The area of the circle is a little more than three times as great
as the area of VAZP. Compare the area of the circle with éhe area
of the, square, ABEF. . : .
Mathematicians have proved that far any circle, the area‘of
of tike
radius multipyied by itself. In mathematical language,'._ ;‘
- . "“9 ‘A":l'rr r? . e
A is the number of junits “of area and’
Thé'area of”

f"is the measure of
¥ nine-inch circle (having a radius of

in.’) may be found as follows:

2
A =T ’ ?;.(Using T X 3-%0 ke
" Lo2ua. g e
hox =732 |
~ 1782 18 L '
X : A © 2 or 63 28 - L

v Exercises 8-6 .

1. Find the area of each circle for which .the radius ts givén..

(Ube_‘IT 'R
(a)" 8 ft.

3, 1#)

:(b) iO yd. (¢) 15 om.

-
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Find all the missing data. Use 3.1 as an approximation'to .

-

Circle Radius | Diameter Circumference Area
(a)] A b re,
¥, . .
(b) c 20 ft.
(c) D - - 100 mi.

3¢

_area of the portion of the plot

- .interior of this simple closed curve, measured in square -

‘.sklilet or a seven-inch square frying pan? (# 3. 14)

Which has the greater frying surface--an eigh% inch circular

/

A rectangular plot of land, 40
feet by 30 feet, 1ls mostly. lawn.
The circuler floWer-bed has a
radius of 7 feet. What is the

%

that is planted in grass;g L
The figure represents a mple

closed curve composed of an arc . . o
of a circle and a diameter of . N f.[i::::::ix '
the circle, _TBe' : . - ‘

area of the. ~

inches, 1s 8 T. ‘Do not use any approximation for w 1in
this problem. ' - - }
(a) What 1s the apea of. the interior of the entire circle?
(b) What is the second power of the radius: of the circle?
(d) * How long is'a radius éf the circle° _

(d) Hdw'loﬁg is the straight portion of the closed curve

represented in the figure? - TN
(e) Wnat is the circumference of the (enttre) ‘circle?

S (1) Howllong 1s the circular arc represented in the figure?.’

(g) “What 1is the total length of the simple closed curve?
The earth-is about. 150 million kilometers from the sun. The

orbit (or path) of the eabth around the sun is not really. cir-
. . ~ LI . .

cular, but approximately £o. . ‘Suppose that. the orbit were a.

circle; then the/path would lie 1in a -plane and there would be
an interlor of the orbit (in the plane). What would be an

estimate for the area of thls interior?
’ !

: R )
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8-7 The Sphere - v .ot : s -
~ What is suggested by "a.set of points in space whose distances

‘from a particular point are all the same?" . This set of points. .
would be moreTthan-a cir¢le. It would be a surface' 11k the sur-
face of a ball. -Such a surface is called a sphere. The point frOm
which the distances are measured 1s called the center of the sphere.

Many objJects are spherical; i.e., have the shape of a sphere,
rubberiballs, used as toys; ball bearings, important to 1ndustry, \
the earth, which is far from being a perfect sphere. - D

. Note that it 1s the surface that is called a sphere.. On a-

\ball .only that portion that could be painted’ represents the sur- ' .
face. ’ : : : . : !

Let us consider the set of all lines wh;ch intersect a sphere
in two d¥stinct peints (pass through a sphere.) Each such line con-
tains a line segment Whose end-points lie on the sphere. Are all
such segments congruent’> No, but one particular subset of this set
consists of congauent segments, the set of line segments passing ‘
‘through the’ center of. the 'sphere. A line segment whose end- points .
lie on the sphere;and which passes through the center 13>called a
diameter. . % ;

LN
-

) ‘}. Exercises 8 7
1. (a) Suppose aljwthe points of a sphere are a distance vV from -
the center, C, of the sphere. How can you describe the’
. set of points such that all points_are-located~a distance
less than v from C? T ~
{b) How can you describe the set oI‘ poigxts such that ‘11
points are located a distance greater than» v frem. C?
2. 1In sectdion 8-1 of this chapter, the interior of a circle was
) p defined to be al; points'of a set, ;ncluding the center 1tse1f;
& - Whose distance from the center 1s less than the radius.
\ﬁ;irﬁ\\\\fa) Using the above definition as an example, .define the
) “ interior of a-sphere.. % o a

(b)" Similarly, define: the exterior of a sphere. ’
Y (c) Similarly, define 4 sphere.

AR

‘?5' ' AR
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8-8. Great and Small Circles of a Sphere o -
- The line passing through the poles of the earth Jds called the
axis of the earth. This 1s approximately the line about which the
earth reVolves.-\Accepting the surface of the earth as a sphere,
“the diameter contained ir’ the axis intersects the sphere at the
North and South Poles. The points represented by these poles are

: "directly opposite each other. Each diameter of the earth will
-contain two,such points called antipodal pointa. The North Pole
represents a point which is the gntipode of a point represented.
by the South Pole. “‘ o . '

" . " We can connect any point P, of a sphere with the center of
'the-sphere.- A line passing through these two points will interseet
.the sphere in a third point, the antipode of point P.

In the drawing at the right v North Pole
assume that the horizontal planes S /

 assune v
., Just touch the sphere at ‘the ends: ,/4?% 4,"f£:i /%i/(//

‘of the vertical ‘axls shown. Such

planes, intersecting a sphere at’

» one peint are sald to be tangent ‘
‘ to the sphere. An infinite number 7

. » '
. of such planes exist o _ ] N .\i
If we lower the top® horizontal Soufh Pole —

plane as shown in the drawing at .

the right ‘the intersection of the . .
plane and the sphere will be a¥ ' — == -4///,
¢ircle., These circles will vary in

"length. One such circle, determined —”::=‘==;:::~; % ~

by the plane pagsing through the

cengerrof.the sphere, has a circum-

ference greater than, the others.’

On” the earth we call this circle the .
eguator. Many such circles may be determined however, by other'
planes intersecting the sphere and passing through the center of
the sphere. Such circles are called great.circles, and the other

“circles are called small circles. We have, therefqre, this
,definition: ' . - a

4
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Definition: A great circle on a sphere is -any intersection of .
y ]
the sphere with-.a plane through the center of the sphere. .
Definition: All. circles on: a sphere which are not great -

circles are called small circ1es.

"All great circles.on & sphere have the same length since their
radii arg equal to the radius of the sphere. " The length of every
' great circle on a sphere,is greater than the length of any small
.circle on that sphere.iigjy _ . ,
Again think. of the earth as a spheres We can imagine many
;,  great circles of this sphere.»'A
-particular set of great ciroles of-
the 'arth is’ the set whose members
pass rough the North and South
Poles.- -Tthsider half of such a -
great circle.. On the earth, half-

~of a great circle with the poles

-

as end-points, is called a meridian.
" We sometimes. use’ the ‘term "semi-
circle” in talking about half of a
“circle. o S '

The small circles whose planes are parallel to the plane of

the equator are called parallels of latitude. These circles hage
‘their centers on the - axls of the earth and their planes perpendicular
to the axis of the earth. : ' hE e by

Meridians. and parallels of latitude will be, discussed more
carefully later. At.that time we shall discuss how points on the
surface“oﬂ the earth can be located by means of these great and
small circles. ' p

In a'plane, the shortest distance between two points is along
g straight line. On. a sphere this is not true, although it may

appear to be true when you think of two points rather close. together‘

ES

on the earth. A plane, flying from New York to San Francisco
v follows the curvature of the earth. On a sphere Fit turns ou% to
be true that. the shortest distance between any tWo points 1is a path
"along a great circle that passes through the. two/points. (You may -
have heard of "the great circle route" for airpbanes and ships )
* However, by uSing a string stretched around a globe you may test
this statement. : . o g

C20: PR
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- ‘Exercises 8 8 , '

. You may find it helpful to use a globe representing the earth
.or a large ball on which draw ingé can be made in. answering the
following questions., . - . S

)

1. (a) 1Is there an antipode of any. ¢given point on a sphere? v
(b) Is there more than one antipode of ‘any given point on a
"l . ssphere‘> .
2. (a) How many great circles pass ‘through a given point " such
as:-the North Pole, of a sphere? = . : DO

‘

(b) How many small circles pass throagh a given point of a
A sphere? ' ' .
(c) "Can a small circlé pass- through a pair- of antipodal
poinés on a- sphere'> Explain. . o A
3: (a) On a sphere, does every smali.circle intersect every -
L " other small circle? Explain. K o L » <
(b) On a sphere, does eyery, great ciroie'intersect every -
otHer great circle‘> Explain. S o
~U4,° (a): In how many points does each méridian cut the equator»'>

Explain.
Gh) .In how many points does each meridian cut each parallel
“of latitude? - .o :
Z (c) Does a parallel of latitude intersect any other parallel
) of latitude? Explain. - N
8-9. Properties of Great Circles - c ‘

For short trips, i.e. keeping within the boundaries of one of
the stateo of the United States, an ordinary road map may be used
as a guide > For trips between citles it is relatively easy to
select a shortest route. For ocean travel, however, a road map is
‘of little use. A globe would be more helpful. ‘

To understand travel on the globe better, let us review some
fundamental properties of spheres. :

Property 1. .Every pair of distinct:great circles intersect
in two antipodal points. ' *
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-This property is easily'proved as follows:
(1) Every. grea dircle of a’ sphere- lies
‘ ésthrough the cente+ of
. the sphere._'?fﬁ'.
'(2) All planes containing a great
<o . circle have_the .center in common,

on a plan

. and thus any ‘two such planes must
o intersect.-' : . :
~ (3) The intersection set of any two intersecting planes is a line.
(%) m™is "line- intersects the sphere in two antipodal points since-’
“the line passes through the. center., )
(5) Thus, these antipodal points are the points of intersection of
‘the two great circles on the two planes. -

We will use this property in discussing distances" between pOints R
a sphere. ¢ : ' '
.. In the previous section we stated that the shortest distance
on the surface of a sphere between any two points on, the,sphere is
‘measured along the path of a great circle, -In the study “of. geometry
in high.school;pathematics this statement is proved. ' We will not do

a -

V

\ .

‘ 'so now, .
SuppoSe you are to travel from the North Pole to the South Pole.
‘You should be able to find many possible 'shortest" routes. Each
meridian 1s a possible route. I we ‘think of the earth as a sphere,
the meridians are congruent. Thus, it does not matter which
meridian is. selected as your route. For any two antipodes,“then
all great circle paths for the sphere belng copgruent, there are. any
number of paths one can take. ' : ' e )

A But what ir the two points are not antipodes° How many pos-
.sible paths along‘a great circle ‘route are there? There are only .
"two- possible great circle-paths between two such points and both lie
on.the same great circle., This 15 the next important property.

Property 2. Through any two points of a sphere, which are not
'antipodes there is exactly one great. circle. _ S ’

’ ) 5
‘-

;
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We can prove this property.as follows: :

(1) Think of any two.points, A and B,

. oh a sphere which afe not antipodes.

(2)'-Sinoe ‘A and B are not antipodes, 8"

' a line through A and the center of = “~_ -~
the sphere C. cannot pass through '

. B.  (Similarly, BC does not contain A).

(3) Through the three points A, B, and C there can pass
exactly one plane, because these three points are not con-
_tained in one, 1ine.

(%) - The one plane containing A, B, ‘and C, contains:only one
. great circle with center at €. ) :
(5) This great circle 1is thus the only great circle passing
through A ~and B. S ‘

_ This property tells us that if two points on the sphere are
not antipodes, there 1s exactly one shortest route between these
two points., Of course, there are two
‘directions one can travel along a great -
circle containing A and B. In the
‘drawing at the rlght we see that one

Axis
D-.

route, - ADB, would pass through D, C
the other, ACB, through C. Since .

A and B are not antipodes, one route ,
must be shorter than the other. e naturally choose the one which
is shorter. Can you pick ‘the ohOPteSt route in the drawing?

From the point of Vview of shortest distance,_ the great circles -
on a sphere behave like straight lines on a plane. We have sh‘own"T
also that thfough any two points there,ls just one great'cigcie
unless the points arexantipodal; But great circles on a sphefe do
not behave like straight lines in_all respects for ggx_twp great,
circles intersect in two point . There are no parallel great
circles on a sphere. ' ' ‘

A Exercises 8-9

Use a globe and length of tring and a ruler to answer
questiono 1-3. - '

21 .




1. Locate Nome Alaska and Stockﬁolm, Sweden on the globe.'
. (a) Place one end-point of the string oh the locatlon of Nome.
Place the string on a northern path,. passing through the
North Pole. = Continue untdl you reach Stockholm:  Care~ °
:fully mark ‘on the string a polnt witich fall; on the loca~
h tion of Stockholm. What is the distance on the globe in
inches from Nome to Stockholm as represented by the sek-

o

. ment marked on. the strihg'> e s K
" (b) Using a string and. ruler,‘what is the distance from Nome .
“to Stockholm along a route directly east from Nome? )
(c)"From your results above,)what is the shorter distance‘
between the two points represented by Nome. and Stockholm,-
“a path following a great circle, ‘or a path following a.
-~ small circle on.the line of -latitpde? .
2. (a) What is the distance from.yome, Alaska‘to Rome, Italy along
a great circle route which passes‘through a point-near the
- North Pole? « “ote t . = N
(b) What is the distance from Nome to Rome along a south- .
-easterly course passing. through the southern tip of Hudson
Bay, and through a point on the border between Spain and

France? °. .

o (c) How do your results in (a)- and A compare9
3. A merchant living in Singapore,_Malaya plans to take a non=- stop
flight to Quito, Ecuador. What'is the best route betWeen these
" two points?. ‘ : :

. 'Explain/why going due north would be the shortest although not
necessarily the safest or best, route in traveling to a point
on the earth directly north of your starting point. - ’

5. (a) Explain why going die east is not always.fhe most :
efficient way of getting to a point directly to the}east.

(b) When is. a route due east or west always the most efficient?
6. Given three points on'a sphere. Can a circle on the sphere: ‘

(small or great) be drawn through all three points? <
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Te BﬁAlNBUSTER A hunter set out walking due south from his camp.

. He walked for about 1m0 hours without-seeing any game. Thenh ‘he
walked i2 miles due -east. At this point he. saw a bear which
he shot. To return to camp he traveled directly north . What -
color ‘was the bear‘> (Note “this’ problem'does have an answerg)

N .
r. . . i

Locatings Points on the Surface of the'Earthl ’ ._; ' ~
These are parallel planes slicing -
the earth in Horizontal sections as, ////f
_ ‘'shown at the right. The top plan€ is
' tangent to the North Pole, and the
~.bottom. plane is tangent to the South-
‘Pole. The intersection of each of the
remaining planes and the earth is a
circle._‘The-circles determined by’
th;se planes are all small circles

- '8-10.

except for the equator, which is a

great circle. ~ All such circléslare S

called parallels of latitude. They are called. "paralleis" because
_ they are determined by planes parallel to the plane passing through
" the equatof.. - . F

The second’ set of curves ‘consists of the meridians. Recall,
that meridians are halves of great circles such that the half- v
circlés have the poles as end-points. -Thus, each great clircle
through the poles consists JT two meridians. Each meridian has a
diameter, the axis of the earth. ‘
Let A be some point on,the
sphere as shown at the right.
There 1s exactly one plane through
A, perpendicular to the axis df.
‘the earth, This plane contains the
parallel of latitude through A.
‘There is exactly one meridian -
through A _because the point A \
- and the.North Pole (or South Pole) '
' determine one great circle. Since
that great circle passes through'the’ ‘ '

. 0 ] !
21 f"| ‘A.. 9 -7 A
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-




poles, the arc of the éreat circle containing' A 1is a’'meridian.
Thus, through each'point of a sphere, except. the poles, there 1is.
. exactly one parallel of latitude and one meridian.

- The zero meridian for the earth has been signated as the -
'meridian which passes through a certain.location in Greenwich 4
(pronounced Gren - ich), England, near London. We sometimes refer
to this'meridian as the Greenwich meridian' even though the meridian’
itself passes through one particular point of the town. The . )

_.meridian at Greenwich is sometimes called the prime meridian. This
has nothing to do with a prime number. o - . oy
The intersection of the Greenwich meridian and the equator is "'l
marked 0°, . From this point we follow the equator east, or west
until .we ‘reach the meridian which passes,through the antipode of the’
Greenwich point, that is, lies on the great circle through Greenwich )
and-the North Pole. This méridian intersects the equator at & potnt
which is one-half way around the equator from the point labeleg 0°
This point 1s labeled 180°. ‘We can think of a plane interSecting
the earth in this grgqat circle. The
plane separates the darth into two
hemispheres, or halfispheres, as
shown in the drawing at the right.

%,

Greenwich

The hemisphere on the left as you
look at the drawing, is named the
western hemisphere. The hemisphere
on the right is thé eastern hemisphere..
' The great circle, which we call
‘the equator, is divided into 360 equal
'parts in a view as seen from the North
Pole. The ‘Whole numbers between . 0
and 180 are assigned to the points‘
on the' half equator % the left of OC.
The same is done for the points on the gqe
other half of the equator. Each of
" these points names the meridian ‘passing .
through that point. Any poiht on earth ;’%;\\\

may be located by the meridian passing

through the point. For example, Los
Angeles 1is approximately on the meridian



120° " west of the Greenwich meridian{ Tokyo is approximately on
the merddian 140° éast of Greenwich. We say the longitude of '
‘Los Angeles is about 120 w(west).. The longitude.of Tokyo is
about . 140° E. . : '

‘ The parallels of latitude are located in the following way.
The equator is designated the zero parallel. All _points above the
equator are in the northern hemisphere, points below in' the. ° .

~ sduthern hemiSphere. We choose any meridian, for in!tance that

"meridian through Greenwich. The part of the meridian. from the

intersection with the equator to the North Pole is divided 1nto

'-590 equal parts, assuming ‘that the earth is a sphere. The whole  ~
Anumbers between~ 0 and 90 are C e o T -

assigned to these points., Each - ' '

"~ point determines a parallel'o}

latitgde. A similar pattern 15
" folldwed for pointsvon the meridian

south of the equator. Fof any point -

‘on’ earth, we may locate the parallel

*oof latitude containing the point
ﬁor example New Orleans 15 approxi-
'mately on the parallel - 30° 'north _ — !
.of the ¥quator. Wellington,.New o T 900 E R
Zealand is approximately on the: ., o

‘parallel, 40° south of the eouator. We say'that'NeW'Orléans has"‘
"a latitude of about 30° N(north):- The latitude of Wellington is.

. . d )
«sapproximately 40° s. SR NWQ&;"Q' . Arctic
”£ﬁ~\ ~ Some of the parallels are given : AN N‘ o chg o
; xﬁPECial names. The Arctic and ,v*- Noﬂh'. - e y~ f%
"”: Temperote A - TrQpic o
‘ Antarctic Circles are the parallels” | épne~ S WN] - Comger
' located .about 23—-de rees from‘the = . ' : )

¢ . \\ NSO N MU Tortid

North and South Poles. The Tropic
of Cancer s about 23% degrees north

: Equotorv' NS \\Q\QQ Zone .
t . < .

-

- South ./ Tfomcoi
- of the equatorh and the Tropic g£ Tempeune .  Capricorn
Capricorn is the same distance ‘south - ‘Zone R . ‘.
of the equator. Portions ol spheres R A%h"ﬁﬂc
. iai Circle.
between two parallels of latitude are ~ South Frigid : f

. Zone- . - - L
sometimes called zones. Some of. these zones Are also given ' o

special names as shown in the drawing at the right.




, To“locate a ﬁoint oh earth, we name the—meridian andhthe' :
'1parallel”of latitude passing through the point. Thus we nam the °
longitude and the latitude of a point. For example 90° W, 30° N
locates a.point in the city of New Orleans. Ve, say that Nei Orleansf
ig" located - approximately at this point on earth. Durban, South ‘
Africa is'located at approximately 30° E, 30° S. Note that “the
longitude is always listed first. Note that latitude and 1ongi—}
tude give a coordinate system on the sphere Just as the X—axis and
Y—axis 'give a coordinate ‘system in the plare, ’

"

&

Exercises 8-10

1. Using a.globe, find the approximate locationBof each or the
following cities. 1Indicate the location_by listing the longi-q
tude first, followed by the latitude. Be sure to iriclude the -
letters E or. W and N or S in your'answers§

(a) New York City - . (e) Paris

(b) Chicago - . ¢ (f) Moscow

(c) , San Francisco "~ (g) Rio de Janeiro

(d) London < (h) Melbourne, Australia *

2L ‘Greenwichj England is located approximately on the parallel of
c latitude labeled 52° N. - Without obtaininglfurther information,
write the location of Greenwich
3. Chisimaio, Somalia, in‘eastern Africa, 1s located on the o
equator (or very near. the equator). It is about 42 degrees
+  east of Greenwich. Without using a reference» write the "

A

-

location of Chisimaio. : ' _ R A
‘4, Using a map or.a'globe, find.the cities located By the
' following: v J : : .
(a) ~58° w, 35° 5. (b) 175° B, 1%s. . k
5. Using a map or a globe, find the cities located by the
. followi?g . : R v
(a) 122° E, 359 N. . (p) 4% w, W° N.

6. (a) Compare the location of the ‘city in your answer for 4(a)
with the location of ‘the city in your answer for 5(a).
(b) Similarly, compdare the locations of the cities determined
. by 4(b) and 5(b). ,
- (c) What' kind of points do these locations suggest?

,
Ea

. - - ¢
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Te -Determine a way of. finding the location of an antipddal point

- say of 90° w, 45° N, without using a globe or map. P
) Then find the antipodal points of each of the following:
(a) -80°%w, 25°s, (¢) 180° w,~51° S.
(b) 100° E, 65° N. ' '

8. VWhere and what: is the. International Date Line? | -,

) ’9.' Southeast of Australia, there 1s located a group of islands.'
o 'called the Antipodes Islands. s They received this name because'.
they are antipodal o Greenwich. Without using-a refegepce, v .

. write the location of the Antipodes. VWhen it’is midnight in
~ Greenwich, what time of day is it at ‘the Antipodes? When' 1t T
is the middle of summer in Greenwich what season is it in the~’
— Antipodes° _ , - . et

Iy . . . ‘e e

, ) v Y . L .
. P d » .

h - 3 \

© 8-11. Volume and Area ;i_a Spherical Solid x* e o
A cube is a surface,’ and when te speak of the volume of" @ ‘
cube we: mean the volume of+a’ rectangular- solid whose surface is a
lcube. Similarly, by volume of a sphere we mean the volume of a ’
solid whose surface is.a sphere.
| The drawing -at the right shows
a sphere with the smallest possible
- cube built around the sphere. Each
* . face .of the cube is tangent to one
- ‘point of the-sphere: Hence the edge -
of ‘the clbe ‘has measure "2r. where r - ‘
is the radius. of the sphere. ° .

-~

B . _ 3 R . _ . . . e
. o If chbe = e (and e = er), ‘L//%z"
50)3 . R }
R then chbe = (2r); or 2:r«2:r«2.r, y IR ‘
v . '8 3 Ve L
or cube = °T P : e - .
: Since the sphere lies’ entirely witnin- the cue, e
Vsphere < 8r S L L R
: T ' .
. .
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The drawing at tbe right represents'

a cube entirely within the sphere SO

that all the- vertices of the cube lie on

the sphere.‘ Points A .and B are.

opposite vertices of the cube.l Point C

is, the center of the 'sphere and lies on
S the segment ,AB. Hence A and B are

- antipodes.,f R

¢

- Stnce  ADE is a right triangle, PR SR
. : 2% - " .
o ! S L . ADJ = e'2 + e or 9'32
7 (Note: AD means the measure of AD)s - T '
Since ADB is also a right ¢ gle, S e
L 2/‘x~ ' 2 M . 2 .
- : , (AD) + (BD)%.% (AB)® - .
. . ¢ But, (BD) = e ar]d (LAB) =‘ .2r‘ ) 13 ) -:ﬂ ‘i . S ' h )
S e 50;. 2€? +;e? "=4‘(2r)2 e i
" 0 : : I e TIY .
- . .and, . . . 3e ;=ifr,
Solving for eﬁ, ?_" (%ﬁFE = 2r ifﬁ“ v }
'vHenCe“' ' i) ='e3 :‘(, A ' o - o
v :'_ -Voube W R - S Lo . v -
"4'- AL .’.ll B - x’ Vb :‘ =( 2r>3 . S 'GA ' a - ’ . ~ . i ‘ -
| = (8 45 rdxaisaed S ‘ :
) Since the volume of the sphare is larger €gan tne volume of
" this-cube, - R - ' I
. L. - . . ‘ . ’—' 3 . B .
Vspheré > l.bSr . N
3. L 3
i Therfforgg .p3r < Vsphere < A8r

* We have- two numbers between whicn the measure‘of .Ehe volume of
tne spnere lies. We can see that these numbers are not .very close
" to each other by replacing r with 2. Mathematicians have proved
) that the’ volume of a sphere may be. found using the,following

formula, ‘ S R ‘ ol
. _ Y = l- 3 20y
- | . o '\ys =3 T.rT. . -
AR, SO B : a3  n.3 0 F
Note that 3 7 r” lies between 1.53r 7 and-. 8r7. ,

It is also difficuly to determine a formula for the area of
’&the surface of a sphere. 'Matnematicians.have proved tnatﬁthe area

" . . . : N . \ -
L : ' ) o N X . ) . ¢ ‘% .
IS N e R . .
. o NS to. ’ et .
a . : .

+
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of tne surface of a spnere ma be found by ‘using the following .

formuld:' ’ ‘ v

. . . AS =, b m r2.

A .
Exercises 8 11

1. For eaoﬁispnere Wnose radius 1s given below, find the volume of
the corresponding spherical solid Use 3.1% as the ‘approxi-
. mgtion for w. - o : '
« (a) ¢ = 3 inches ) . (). r = k4 yards
(b)' r-= 10 feet : (d) r = 6 cm, .
2. For'fhe various spneres of Problen°1 find tne surface area.
l3. "An oil tank is in the shape of a spnere wnose, diameter<is 50

feet. The tank rests on a concrete slab.
(a), If paint costs $6 oer'gallon and a gallon covers Loo
.,'z square feet, find tne cost of the paint for tne surface.
(b) If oil costs 13 cents per gallon find the value of the
'~ oil in the tank. Assume ‘that the tank 1s full..
'-(Use 1 cu{ ft. = gallons ).
R - 4" spherical oalloon has a diameter of 40 feet. How much gas
. =~ "will it nold when all the air has been pushed out?
. 5. (a). 1rf tne radius of a sphere 1s doubled what effect does this
C have on the volume? On the Surface area? :
(b5 If the.radius of a sphere is tripled what effect does this'
have on the. volume° On the surface area?
6. Two spheres have radii’ in the ratio %-. ’
(a) Find the ratio of their volumes.

(b) Find tne ratio of their surface areas.

L 4

1 L
.

%-12. Finding,Lengths of Small Circles
. The 1engths of circles of latitude may be found by using f
. values. of .cosines of angles.. In

) ﬁﬁe drawing at the right, N repre-
- sents - the north pole, C the center
, of the earth” P some point on the
. surface of the earth, and E -the

point on the equator directly soutn’
“of P. ‘The drawing shows the great - -
'o}rolesfthrough E and through P, and the small circle through P,

| el .
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The measure in degrees of / PCE is the latitude of point P.
Let - A represent a point such that PAC  1is a right angle, and let
B represent a point on CN . such that PBC 1is a right anglé. ‘
Thus, PBCA 1is a rectangle, and hence PB and GA -are congruent.
‘ Let e represent the length of the' great circle represented o
by the equator. The radius of this circle is CE, and CE and
TP are congruent. The length of e = 2 m(CE) = 2 w(CP).

Let" p represent the length of the small circle at P. The

radius of this circle.is BP, and BP = CA. Thus the length of
p = 2 m(BP) = "2'm(CA).
. Let L° represent the latitude of P. Thus, the cosine of
PCA = Cosine L°, o ‘
L So, cos L° = %/ \ <
CA . _ 2T o _ 2 m(ca) -
mu}tiplying. P by 1, using l..= 7 cps‘L = 5P’
Therefore,  cos ° = g-. o -
Since cos I° = £, 1t folléws that™p = e cos 1°, The length of °

~the equator is abogt 25,000 miles, so p X 25,000 cos L°.

Assume the latitude represented by L° 1s 350. The value
for the cosine of 35° 1s oO. 8192. The length of the small circle
passing through a city having latitude of 35° 15 about
4 25,000 X 0‘2392 X 20,480 miles.

. Exercises 8-12
1. Find'to the nearest ten miles the: length of the circle of lati- -
' tude which passes through the point with latitude given below. -

 (a) 15° (v) 75° . (c) 4s°

2. How far is it between meridian 10° w. and 70o w. at latitude
40° N, along the parallel of latitude? ¥

3. By sun-time is meant the time as determined by the position of
the sun. Standard time zones should not enter into this problem.
(a) If sun-time is 7:00 a.m<;ék meridian 10° W., find the sun-

time at 70° W. ’

(h) I sun—time is 7:00 a. m. at meridian 70 w., find the sune
4 . time at 10° E, ° : ’




Chapter 9
. RELATIVE ERROR = * -
9-1. Qreatest Possible Error - ' ; e - .-
When you use numbers to count separate objects you need only
counting numbers. .When you measure something, the situation is
different. ' : T ‘
' Scientists and mathematicians agree- that measurement cannot be
considered exact, but only approximate. The important thing to

know is just how inexact a measurement may be, and to state c1early

~how inexact it may bé. -
o \ (
- o A I "2 B 3
€ | [ 1 | l A 4 3

The line above shows a scale divided into one-inch units. The.
zero point is labeled "A", and point B 1is between the 2-inch -
mark and the 3-inch mark. Since "B 1s clearly clcser to the two-
inch mark, you may say to the"nearest‘inch that the measurement of

'segment' 7B is 2 inghes. However, any point which is more than
15 “inches from A and less than 2%~ inches from A would be the
endpoint of a segment*whose length, to the nearest inch, is also
2 .inches. The mark below the line shows the range within which the

- endpoint of a line segment 2 inches long- (to the nearest inch)

- might fall.” The length /of such a segment might be almost 1 inch

‘ 2 .
less than. 2 inches, or almost i inch more than 2 inches. You-

therefore . can say that, when a liﬁe segment is measuréd to the
nearest inch, the greatest possible error is inch. Consequently
.such measurements are sometimes stated as (2 %) inches. When a
measurement 1s stat:d as 2 inches 1t may mean (2 + -) inches or
(2 + 0.5) 1inches. ° In the everyday world this is often not - the
case: However, in industrial and sclentific work the greatest
possible error should be specifically stated. For example,:a _
mcasureﬁEnt should be given as.' (2 + 0.05) inches, or (2 + 0.005)
inches, niot simply as 2 inches. E ' ' -

f+ o=
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‘ : - Exercises Q-1
1. Draw a line and mark on it a scale with divisions of ﬁ inch.
Mark the zero point C.  Place 4 point between: 15 and 13,
but closer.to lﬂ s and call the point D. How long is CD
to the nearest. ﬂ inch? ’_t, . ‘

-

2;' Between what two points on’the scale must D 1lie if the ;‘. -
'measurement to the nearest ﬂ ‘inch, 1is to be 1% inches°

How far from l%- inches 1s eac¢h of these poi ts? ‘
3. Why may this measurement of CD be stated (ﬁﬁ-+ E) inches?

4, The measure 6f a line segment. was‘gtated as (256 + 32)

" (a) Between what marks on the. scale must. the end of this.
-segment lie?

(b) What-is the greatest possible error?

. "
v |

f - on

~9-2. Precision and Significg___Digits '

;ﬁnsider the two measuréments, 105 inches and 12— inches.
As co only used, these measurements do not indicate what unit of
measurement was - used. Suppose that the unit for the first measure-
ment 1is E inch, and the unit for the second measurement 1s %
inch. Then it-is said that the first measurement 1s more precise
~ than the. second, or has greater‘grecision. Notice also.that the
greatest possible error of the first measurement is % of 8- inch,
or. 16 inch, and of the second is '% of % inch, or<% inch.
The greatest possible error is less for the first measurement than
1for the second measurement. Hence the more: precise of two measure-
ments is the one made with the smaller unit, and for which the
greatest possible errOr is therefore the smaller. -

In this chapter the convention, that the’ denominator of the

fractional part of a measurement indicates the unit of meagurement

used, is.adopted. If a 1ine segment 1s measured to the nearest %‘
inch, and the measurement is 28- inches, you 'shall not change the )

frattion to: ﬂ , for that would make 1t appear that the unit was
"% inch,. rather than 8' inch If a line segment is measured to
the nearest ﬂ inch and the measurement is closer to 3 inches
,than to 2ﬂ or 3¢ inches, you shall state 1t to be 3%' inches,
_ $0 that 1t is clear that the unit used is F inch.

e
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Usually scientific measurements are expressed in decimal form.:
For instance, it is known -that one meter 1s about 39 37 inches.i“
‘This means that-a meter is closer to 39 37 1inches than 1t’1s to
,‘39.38 inches or 39.36 inches. In other words, ofe meter lies
between 39.375 inches and 39.365 inches.’ ;

The measurement, 39.37 inches includes. 4 significant digits.
They are significant in that they?tell us . the precision of our
~ measurement. The place value of the last significant digit to the
right indicates,the. precision, in this case one hundredth of an
inch. o : .

All non-zero digits are significant. A zero may or may not be
'.significant. Zeros are significant'when they are between non-zero '
digits as in numerals like 2007 (4 significant difits), 80,062
(5 significant digits), and 3.08 (3 significant digits). Zeros
are not significant in numérals such as O, , 008 and O 026 because
‘the zeros are used only to fix the decimal point.

If you are told -that semething is 73,000 feet long, 1t 1is not
clear whether or not the zeros at the end are significant and
actually indicate the precision. There is doubt about the pre-
cision of such a measurement. The unit of measurement may have
been 1,000. feet, 100 feet, 10 .feet, or Y foot. "In a case
like this, a zero is sometimes underlined to show how precise the
. measurement is., For example, 73,990 feet (3 signifigant digits)
means that . the measurementhf’ precise to the nearest 0 _feet,
73,000 feet (Y significant digits) means that the meaSfrement 1s
precise to the nearest 10 feet, and 73, OOO feet (5 significant
digits) means that the measurement is precise to the nearest foot.

If no zero is underlined, you understand that the measurement was
-made to.the nearest 1000‘ feet. If a measurement is stated as
5. 6“0 ‘feet you understand, without underlining the zero, that 1is
is significant and that the unit is one thousandth of a foot, for
otherwise the zero would not be written at all. ,
- When a number is written in sclentific notation, all of the.;
digits in the first factor are significant. For example,,the' '
measurement 2.99776 x 10°° cm./sec., for the velocity of light,
has 6 significant digits; the measurement 2.57 x'10 =9 ¢m. for
the radiss of the.hydrogen atom, has 3 significant digits; the

223
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measurement for the national debt in 1957, . 2.8 10 dollars,
has 2 signifidant digits; 4.800 x 108 has b ignificant
digits. . In.the last case, the two final zeros are significant.

Were they not,Athe nimber should have been written as 1.8 x 108.
: - I o ,
' “ : : - Exercises 9-2

1. Suppose'you meas ed a lirde to the nearest hundredth of an
inch. Which of the following states the: measurement best?
N e 3. 2 inches ' 3,20 1inches - 3.200 inches
-2+ Suppose you measured to the. nearest tenth of an'inch., Whlch ,
' of the following' should you use to State the result?

4 inches ' . 4.0 inches - -~ 4,00 inches _
3. Tell which measurement in each - pair has the greater precision.
' (a) " 5.2 feet ' ' eﬁ feet =
(b) 0.68 feet; '23.5 feet . o
>(c), 0.235 inches, 0.146 inches.

k. (a) _For each measurement below tell the place value eflthe
. last significant diglt,
(B) Tell the greatest possible error of the measurements.
- (a) 52700 feet . (c) 52.7 feet y
- ' (b) 5270 feet (d) 0.5270 feet °
5. .(a) Which of the measurements in Problem % is the most precise?
,_(b) Which 1s the least preclse? ' ' .
(¢) Do-any two measurements have the same precision°
6. Show by underlining a zero the -precision of the following
' measurements: L, -
(a) Mzoo feet measured to the nearest foot,
-(b) 148,000,000 people, -reported to.the nearest: ten- thousand.
7. Tell the number of significant digits in each measurement

-

(a)- 520 feet o /, (e} 25,800 ft.
~ (b) 32.4 1n. o - (d) 0.0015 in,
8. How many significant digits are’' 1n each of the following:
" (a) h.700 x 107 . . (b) 6.70 x 10°
[ ‘ ‘
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9-3.' Relative Error, Accgracx and Percent of Error
~ ‘While two measurements may be made with the same pr cision

(that is, with the same unit) and therefore with the sam greatest
possible error, this error is morggimportant 'in some cases than in
hothers. An error of %- inch in measuring someone's he ght would
not be very misleading, but an error of % inch in mea uring a nose
would be misleading. One can get a measure of the imp rtance of the-
greates® possible ‘error by comparing it with the measurement., Con-.
Ssider these measurements and their‘greatest possible

4 in,- + 0.5 1in.: - 58 1in. + 0.5 in.
Since these measurements are both made to the nearesy lnch, the
greatest possible error in each case is 0.5 inch, / If you-divide
the measure of the greatest. possible error by the number of units
in e4measurement you wili get these results: (N te that the

mea The number of

rrors: <

ures are numbers and the measurements are not.

unife_in the measurement is called the meapure).

R gﬁi = %"%~0N. »/
928 = =g5 % 0.0086 ;/"

The quotients 0,125 and 0.0086 are called re1ative errors.
The re1ative error of a measurement 1is defined as the quotient of

the measure of the greatest possible error and the measure.’

measure of the;greatest;possible error :
the.measure

Percent of error is the;ielative error e pressed as a percent.
In the above two examples the relative error expressed as a percent
is 12.5 ‘and 0.86 . “When written in this form it is called
the percent of error. R - : \ R ¢

The measurement with a relative error of 0.0086 (0;86 ).
_more accurate_than the measurement with a,relative error‘of’ 0.125

;(1§.5 ). By definition a measurement with a smaller relative

Relative error =

~error 1is said to be more accurate than one with a larger relative
-error. ' | -

The terms accuracx_and precision are used in industrial and .

scientific work in a special technical. sense_even though they are .

‘h'.' often used loosely and as synonyms in everyday_conversation. Pre-




.eal
, - ¢ision depends upon.the size of the unit of measurement; which 1is

‘twilce the greatest possible error, while accuracy is the relative
error or percent of error. .For example, 12.5 pounds and 360./

" pounds -are equally precise, that is, precise to the nearesf' 0.1
of -a pound (greatest possihle error in each case is 0.05 pound).
The two measurements do not possess the same accuracy. The second

. measurement 1s more accurate. ¥You should verify the last state- ¥
ment by computing the relative errors in each case and comparing
them, . -

An astronomer, for example, making a measurement of "the dis-
tance to a galaxy may have an error of a.trillion miles
(1,000,000, 000, 000 niles) yet be far more accurate than a- machinist
meaSuring the diameter of a steel pin to the nearest 0.001 inch.

Again a measurement indicated as 3.5 4inches and another as
3.5, feet are equally accurate but the first measurement is more ~
_precise. Wny? ' » ' '

- Exercises 9-3
In all computation express#your'answer so that it includes two

significant digits.
1. State the greatest possible error for each of these measure-

ments. : o
(a) 52 fr. ' (¢) 7.03 in.
(b) . 4.1 1in, _ ~ (d)e 54,000 mi.

2.,'Find the relative error of each measurement in"Problem 1.
3. Find the greatest possible error and tne percent of error for
* eacn of tne following measurements.
(a) 943 ft. - A ' (b) 0.093 ft. ' o ,
Q:' Whaft do you observe about your anéwers for Problem 3? Can you
' explain‘why the percents of error should be the samevfor these

- measurements? _
_5.' Find the precision of the followtng measurements.v
. (a) 26.3ft. ' (b) 51,000 mi.
6. -How many’ significant digits are there in each of tne following
" measurements? _ . 2
(a) '52.1 in. - ( ) 3.68.1n.
(b) 52.10 in. ' (d) 368.0 in,
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7. Find the relative error of each 'of the measurements in “Problem 6.

. ‘8. From your answers for Problems 6 and 7, can you see pny relation '

between the number of significant digits in a measurement‘and .
1ts relative error? What 1s the relation betweer the number of
significant digits in a measurement and its accuracy?

9. Without computing, can you tell. which of the measurements below

_.has .the greatest aocuracy? which is the least accurate°
23.6in. -  0.043 4n., , 78l2'in. * 0.2 in.
lO.'Arrange the following measurements .in the order of their pre—
. cision (from least to greatest)

© (a) .36% in., 273 in., 32§ ine, 46% in., 22%_1nﬁ

(b) .62 in., 3.0% in., 3 in., , 82.4 in., 0.3762 in.
11. Count the numher of significant digits in. e~ch of the following:

(a) 43.26 " (¢) 0.6070 " | -(e) .76,000

(b) 4,607 (d) 0:0030 (r)- 43,000

9-4, Operations with Measures

‘Since measurements are never exaot, the answers to' any ques-
tions which depend on those measurements are also approximate. For
instance, ‘suppose you measured the length of a roem by making two

marks on a wall, whioh you-called A and B, and then measuring’

the distances. from-the corner to A, from A to » and from B
to the other c¢orner. Measurements such as these whose measures are
to be added, should all be made with the same precision. Suppose,

to the nearest fourth of an inch, the measurements were 72% 'iﬁches,
MOH inches, EEH* inches. You would add the measures to get 135%;
Therefore‘the measurement is l33ﬂ inches. Of course, the dis-
tances might have been shorter in each casey The me res could

" have been almost és’small as. 728: 40§ and 22& (?uwhich case
the. distance would have been almost as small as l35g inches

which is three- eighths of an inch less. than ‘lBJE inches.

Also, each distance might have bcen longer by nearly one- eighth of

"‘an inch, in which case the total length might have been almost three-

eighths of an inch longer than . l3;r inches. The greatest possible
enror of & sum is the sum of the greatest possible ‘errors., If you.

. were adding.measures of 37.6, 3.5, and 173.6; the greatest

LW

.
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‘,possible error of the sum would ‘be

. Computation ihvolving measures is
"world. Many rules have been laid down
precision of -the results obtained from
‘ mate measures.
The general principle 1is that ‘the

0.5 A 0.5 + 0.5
~ The result of this addition could be shown as

[

or ~1.5 .
219.7° + 1.5 . .
very important in today s .
giving the accuracy or -
‘computation with approxi-

.

sum or difference of measures

cannot be more precise than the least precise measure involved.

} Therefore to add or subtract numbers arising from approximations,
;first ‘round’ each number to the unit of the least precise number and -
then perform the . operation.

When data are expressed in decimal form a rough guide can be
employed for finding a satisfactory product.‘,The number of sig- -
'nificgnt_digits in the product of two numbers is not more than the
number of siggificant digits in the less accurate factor.

For. 7. .

example: 'The area of the rectangle 10. 4 cm. by 4.7 cm. would be
stated as Y49 sq. cm. - c SN
’\1 . _‘n . - "10.‘4 .'.. - R . .
e ‘ \w.
.o . : A 1416 B . .
. : . ﬁBTEB—

* If one of the two factors contains more significant digits
than the other. round off . the factor which has more significant

-digits so that it contains nly one more siggificant igit than
the other factor. : T

a

: Exercises 9-4 - ’ ,i P
- 1.

B 3.

’Find'the greatest possible error for the sums of the measure-
ments’ for each of, the following E , o .‘ ..
(a) . in., 6i in.,» 32 in, ¢ o _ -"A. _ _:

~ (v) o. ooh in.,_‘2 1 in., 6,135 in, RS BN
(c) '2%-in.; 'lig in., 3% in.. C\‘ ' 5
* Add -the following measures: - . E L .
(a) k2,36, .,578.1; 73.h7. 37.285, 0.62 0 S ..
() 8s5.42, 7.301, 16.015, 36:4 el
Subtract'the following measures: =~ X - oo ‘i o
(a) 7.3 - 6.28 (b) 735 = 0.73 (c) 5430 -.647

-
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b, Multiply the -following approximate,numbers;'v : . .f._
| () h1x 369  (b) 3.6xU673 (o) 3.76x (2.9 x.10") -
'fé. "Find the area of a rectangular field which is 835.5” rods long
and 305 rods wide. > i AT A
6. A machine stamps out parts eéach weighing 0.625 1b. How much
) welght 1is there in 75 of these parts°
.T. Assuming that water welghs 62.5 ‘1b. per cu. ft., what is the

volume of 15,610 1bg.? .

N o LI e . : ' ’ -

There are many rough rules for computing with approximate data
but they have to be used with a. @reat deal of common sense.. They
don't work in all cases. The modern high speed computing machine
which adds or multipilies thousands of numbers per second has to

: have special rules applied to the data which are fed to it. Errors

involved in rounding numbers add up or disappear in ‘a very unpre- .
“dictable fashion in these machines.. AS a matter, of fact "epror
theory as applied to computers is an active, field of research

“today for mathematicians.




