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currlculum On hggher levels.
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',“« Probabillty 1s' of course,

T

. "Goals for School Mathematlcs " the report of the l963 Cambridge Conference,"

L

'th Db We‘Eeaéh ProbahllltyQ C L e

g R+

,
L}

4 ..
The study of probablllty‘has come to be an 1mportant part of the mathematlcs

«u B

4

,

weather forecastlng,'ahd in many cher areas.

. . Lo T 1

.

~

,' 1n.a fr;end's unsuccessful and 1mprudent wager.

R4

=

-

Probabillty has ,many pract1cal uses.

N

It is. used 1n

okt

,:.‘

also uSed 1n.games of chance.‘ In fact, early,

"~..".mak1ng‘decis10ns in the fléldS‘Of mllltary operations, 'scientific. research de-*

- signing and manufacturlng machlnes, insurance calculatdons, bus1ness predlctnons,

.‘_..‘1

",\ o

research in “the: study of probablllty developed from a mathemat1c1an s interest

L recommended that some of th€'bés1c 1deas of probablllty should be rntroduced very f

early in the school program,,and the SchOol Mathematlcs Study Group undertooh

the develTpmentmg

.

cons
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a

What Are We Trylng To Do In ThlS‘ﬂn1t° L .{

fapt bf playlng the_
bﬁiulnnlng equal to tha

brlng game mater1als from home, and dlscuss with

A}

g

'*Even

‘41

-

YN

v
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ATe -

' _»“
Coe . .. R
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.

ame

ch fhvolve draw1ng a.card

L . R ¢

l.‘... .

not very llkely

chlldren demonstrate their 1dea th

’

It is on th1s le el, and w1th these prlmltlve

J"better chance ..

ablllty for primary grades is wrltten.
'fknowledge of what const1tutes'
,%shdvm-- though not in so many words ==, that there“xs

' for many of the1r 1deas w1ll

"not ‘as llkely as", .

"sure thing",

To use and

I‘

-eas1er, more deslrahle, and. more frultful.

e

.

..\

!

t.

’
\

an equal chance -or

ideas of, EQual.chance )
etc., thet the unit on prob-

SN -

f, mater1als for grades k1ndergarten to h1gh school. ’ _j

By the - very

-

1te ypl g chlldren aré not strangers to probablllty on ‘a pract1cal
: 'Vbrdu ' and they play games, us1ng sp1nners
‘from s shuffled deck.

t they have a: chance
é*qf the opponent - Take advantage onShelr offers to

the class any dev1ces brought }n.

improve cHildrent!s intuitive

a'betterlchahcet,'and to -

1_‘

1t is hoped make further study of probablllty

mathematical justificatiOn'
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'e certaln frlnge benef1ts to be~der1ved from the uﬁit A : { ‘i“fﬁ

C . A ® s . s .“
' ‘;‘ - Fﬁist it should be fun for the chlldren~ and,gaklng mathematics fun 1s one °

way 10 1mpreve 1nstfhct10n Perhaps ~because ganes are used as an. 1ntegrﬁl part

".of the development of thé'un1t< some chlldren«who have heretofore not enJoyed e

—

'mathemat1cs or who have found the work too hard w1ll become more 1ntereste% or
s , o L e
w1ll experlence an unusuel success e 4“.,’ RV

. s
. 7 .. . . \ 9 * K
ed N w

Second, one ol the goals of mathematlcs 1nstructlon 1s to promote systematlc
fthlnklng rather than a hlt -or- mlSS approach or Jumplng to concluslons Espec1ally
e L the lessons ‘on comblnatlons and permutatlons (a word not used in the un1t,wby the'

-

,‘_ . way) demonstrate the advantages of a systematlc appn&ach and prov1de many oppor- M
' tun1t1es for pract1ce ’ ';-' PR \- o ‘ )

- . » .
o, v -

\ " .
- .
Thlrd certaln ar1thmetical skllls may\be practlced and relnforced Addltlon

/2h<' 'facts are us¥d in manyalessons, and subtrac 1onpand multlpllcatlon are reQulred
SSL’X\’ in. -some of the supplementary materlal For those classes in which practlce in
. - . the use of rational riumbers (comparnson and vddltlon) is needed; ‘there are '
>~0pportun1t1es galore Chlldrennﬁmq;have had dlff1culty in formlng or: 1nterpret1ng “

ﬂaddltlon and multlpllcatlon tables may,flnd hem easler to. use after th1s un1t

‘0
L

almost say "research” .- b 1nd1v1dual ch1ldr n. The teacher too may selze
¥y e ’ ’

'opportun1t1es to undertake more d1ff1cult con%epts 1f 1t seems des1rable w1th

o

R S ' . . i S R g : : . :
e S . ‘ ) ' ‘ S ‘ ,
o - [ 2 . N - . . . . T L »
Cr e o S . B

‘some groups of chlldren . “_ : ST '“\ S Ca oy

o . . Y

“How Sha.ll I Use‘vThis_Un‘_it? LT o

K Because\1t is assumed that theredhaa béen ko formal 1nstruct10n 1n probablllty
. in the prlmary grades, theknnlt 1s not labeled grade one or grade three 5 forJ
_— example.. The teacher should preferably, lbok

1

‘ver the materlal in" the entire Lo
‘unlt, wh1ch has been wr1tten 1n sequentlal form. The dec1slons as to where toj fl‘
start how much emphasls or tlme‘to glve any lesson, what to om1t and how farl
or how fast thD are left to the teacher s Judgment Ciass 1nterest and ablllty ! O
wlll, of co&rse, be détermlnlngﬁfactoriﬁ S . j. :'j o ~<» _ y;;y:

P - Thls un1t co.ns'lsts of eleven lesgon»s - Experlence‘ 1nd1cates that Lessons l 5

can- be understood by.chlldren dn klndergarten and grade one whlle second grade

. . "" . N
<o . RO . .
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'children seem abLe to comprehend qu1te well through Lesson 8 Pupils in'third
grade should be able to complete the unlt However, 1t is dlfflcult to assign
lessons to- pec1f1c grade levels because of the w1de varlatlons among and Wsthln

.Broups of’ chlldren. The teacher can best determlne how this un1t can bé used

It miglrt be mqre profltuble to incorpoza{e it with the present mathematico pro-:i

glam throughout the ‘year 1nstead of complet1ng the un1t in a short peraod bf tlme

N - . » .

The obJectlve, vocabulary,*ma.erlal «and suggested procedure are - g1ven for
N

S a r

A

P

,..ea 1 lesson,, The procedure 1s inte ded to be 1tl:strat1ve and not - prescr1pt1ve

It would be worthwhile to‘study t SMSG unit, Probablllty‘for the Inter-;

medlate Gradee, “to see the development in t

‘ un1ts, Inéyoductlon o Probablllty, Parts 1 and

will be most helpful * These -

two volumes contain a more sophisticated treatment of probability. -
. . . . . [} K W

-
4

.What Materlals Are Needed7

»

Much of the 1 terlal the’ Chlld will e\\bunter_i

S will dealfextensive y w1th the results of c01n“r sSing.orvdlce throw1ng. In th1s

ilntroductory unit c01ns and d1ce have not. bee?f sed in the pupll text The

AW
mater1als necessary for- each lesson are llsted These 1nclude sp1nners wh1ch

are prov1ded w1th th1s unit. The- reglons of these sp1nners by the way, are .

numbered so that they can be used in. .many ways for,practlce of the bas1c.facts

in arlthm%? Tor - example two. spinners can be spun “and " the result1ng numbers

added. Each ‘of ‘the three typgs’ of sp1nners has a. dlfferent set of numbers Some'

act1v1t1es employ1ng these numbers have been outllned 1n thé commentary, but the-
' teacher is encouraged to use her 1mag1natlon ih\\he deVelopment ot others Col—

‘Ored blocks and marbles and vags o hold them crayons, colored chalk, cohstructb

tlon paper, paper cups and tagboard are also used 7'Q o _ _ ]

w

A sectlon at the end of this Teachers' Commentary|descr1bes various unusual

dev1ces about which children should hﬂve no'preconceptlons and which, 1t is hoped

-

g w1ll st1mulate curlos1ty and 1nterest ' Some chlldren can probably make or help

g¢ grades. Also the Junlor high | -

later stud1es of probablllty

-

a.

to make many of them. Some of these materlals can* be used to supplement lessons,‘

others may be«used for'nnd1v1dual work. Feel free to substltute one dev1ce,

color, etc , for another as, 1s convenlent

\"'3 _dn last p01nt Children °hould not be expected to read independently the .
1nstrué§

ions or questlons on the pupll pages It is assumed that these will be

read aloud and more detailed 1nstructlons glven 1f necessary

-

!

. s _ , 8
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.varlable,'etc. No speculatlon is 1nvolved Everythlng in a mathematlcal .

' of the likellhood of an. event is called the probablllty 0

-.conversatlonal meanlng of ' conpectu§§, ‘ as'when we say; ﬂhe detective had a

N theory about who flred the gun.' . ' The theory of probablllty consists of cur

e . MATHRMATICAL COMMENTS -~ - .

A«fu:v-mt;.i.f;\h”..' o e .
» . . . . ‘ . o
RS ' v e o . o S
ro o The 1deg of probablllty. T L ' B ‘
c Some events are rzgarded as certaln the'sun will‘rise”tomorrow, » >
the‘c01n wllL fall elthersheads or talls. © ) gf.-' : ' )

. Other events aqé uncertaln, dependlng upon chance fluctuatlons ' it
\ . .
wlll rain tomorrow, the coin Wlll fall heads.- ‘Y'. . - L
.:\. ~ ' ) ‘
. In everyday c\nversatlon,\people frequ%ntly compare the llkellhood

of (uncertaln) events: . G e Ce : N
N - ‘ They are all. equally likely. . A ot L
s : This is more likely than that.._"[_?‘ SR

~

I th1nk it w1ll rain this afternoon} ,(It—is'more likely to

rain thls afternoon than not to rain. )

In more sc1enu1f1c wDrk we. compare llkellhoods numerlcally Every

'event is ass1gned a number descr1b1ng or meagurlng 1ts llkellhood » thf more

lLkely he event the hlgher ‘the number assignied to 1t. i%F nmnerlcal meaSure : ,
the event._ ‘The ' '

methpd of ass1gn1ng probab111t1es to events ‘and the study of the relatlons among

them constltute the Theory\of Probablllty :; : /'la ‘ T B
\ . - . . . L . _'
A comment may be 1n order about the word "thcory. In mathematlcs,- s
AN
the word is used to/mean "body of" knowledge. Th1s is in contrast with 1ts 2

-
-

accumulated knowledge about probab111ty. Slmllarly, mathematlclans speak of

N
the theory of numbere, the theory of groups, the theory of functlons of a real

theory is true.;.' S S L y.‘

Modern sc1ence, 1ndustry, agrlculture, and human affalrs all depend

strongly upon the theory of probablllty, either directly orvvla the theory of

' mathematlcal stat1st1cs which 1tself is based upon probablllty. The theory of ’

probab111ty underlles the blologlcal laws of heredlty, ‘1t 1s needed 1n funda-

. mental research 1n phys1cs and ‘' astronomy : and as a matter of fact,-ln work1ng

out plans for - travel 1nto ‘space; it 1}Lused in develop1ng and cestlng new fv'

drugs and_medlclnes,.llt is: the basls of agr1cultural experlments that lead to

B |



1mproved methods foﬂbthe farnmer; lt guldea the'manufacturer 1n controlling the .
. » .
. _ quality of his produci tht industrial labor1tory 1n the design of new equip-

" ment, the dtonomist and psychologist ln theii utudi?é of behav1or, the mllitary

commander in his choice of tactlcs.

bi- S A rl Probability theory ié also the basis for analy21ng games of\\hance.-;\,
| vIn fact the theory of probability‘had 1ts origlns, about 3004 years ago,.in '
"the gqmbling hulls of Europ L Moreover, in explainlng ‘the theory and in- WOTk-

" ing prohlems, it 1s-necessarylto toss c01ns ‘and throw dlce. OccaS1onally a

' person will conclude that to teach probabLl1ty is immora% He reaéons "Gam-

_ bling is evil. amblers have to use probability Therefore we should not teach
vprobability. One might equﬂlly well 1eason ’”Gwmbling is ev1l._ Gmnblers> .

.have to read and write. Therefbré’we should not teach reading or writing.

. b : -., . @

We tearh probability hot because -of 1ts poss1ble misuse but because

’
.

V. of th applications for the benefit of mankind. o sl T

+ oo
a

v - A pareﬁcularly important appllcation is to.mass behaV1or where each
1nd1V1dual action is subJect {o chance fluctuations. For example, while the
theory of- probahility will not tell us whether the next coin tossed will actual-
_uly land heads, it does tell us that of. the next 10, 000 tosses *the. number of
,.l~_ heads will lle, with v1rtual dértainty, between u5OO and 5500 Dosplte the.
| randomness, there’ is stabilitv 1n the whole. The‘principle applies (Wlth per— a
haps different numerical values) not only 1n.genet1cs and the other pure

Y

'sc1ences but to 1ndustrlal and social phenomena as well to manufactured ltems ';}

,,A\v ji'-rolling off an assembly line, to a mass of vacationers deciding where to i_op
. forlunch o e
e
?' | 2. leow probabilities are_found. :1 L oo h ' - - .L;.‘

Ihe probability ass1gned to any event‘ﬁs, roughly speaking, ‘the fracj_——
tion of the t1me we expect it to. happen. The probability of an event is, there—h
sfore, a number between O and 1, 1nclus1ve._ An 1mposs1ble eVent is ass1gned

the probability. 0. (It never happens ) A. certa1n event is ass1gned the prob-

.
~

T _“ability 1. (= lOO o/o J. An event- that 1s Just as likely to happen as not toll'
' happen is ass1gned the probability _;;, for example, 1f a c01n 1s as likely\to

" fall heads as tails (and will never land on. edge) then the probability of heads N
L ﬁ'is"%. and the probability of t ils is- ,% : “ ) &””” . e -
N , e 5'-; S C

-




.ﬂ"<..".i‘ Of course, most of the events we study are more 1nterest1ng and more'
\\involved_than 'these. How are the1r probabllltles determ1ned7 There are two

', ways:.. by observation, -and. mathematlcally.'. K ﬁ_ S _',

Probabllltles that are determlned by observatlon are of tpas sort

R I(&T; o _ The probabllltv that a chlld born today wlll live through“'
: g a its first: yepr.’ ' T: T S
o ) The probablllty that a tossed coin Wlll land heads..; : W
v B ) )
~/ ’

l'The f1rst of these is Judged emp1r1cally, from. b1rth and death records of

'recent yeaxs. The second is obtained by cons1der1ng the symmetry of the’ c01n

_'and checklng with some exper1mental tosses. " N ; . '
. e o ..1" B

o Probabilltles that can-be determlned mathematlcally are of . th1s sort-';
M . . - }J ' / . 7
b~ - The probablllty that at least 85 of any lOO children born :
' .54v. i-*x" today Wlll llve through the1r flrst year. ' k

The probablllty that.of 'lOO tossed c01ns, between hO andtvi:ff—»
b o 60 w1ll land heads. L

o

. - . AN -
. These complex events'are made up of. comblnatlons of the s1mple~events of & T

51ngle child or c01n, whose probab111t1es are assumed known (from observatlon).y _
The probabllltles of the complex events can be cdmputed from those of the srhple:l

LAt .

.‘events accordlng to the mathematlcal laws of probablllty.b
. ? .

We hope to glve the Chlld an appreclatlon of both these methods...We“,'

‘have h1m make Judgments of emplrlcal probabllltles by performlng actual experl--

ments, recordlng the1r outcomes, and analyzlng the- results. . We also gulde hlm, {ﬁ 3

1nformally, to some of the 1deas underlylng the mathematlcal formulas..,u f;»
What is 1mportant is the splrlt._ We_w;sh’to develop 1n the chlld a- //”lﬂ

: feellng for the subJect - an educated 1ntu1tlon. Ir. he learns to-make quall-ff
..tat1ve comparlsoné basedﬁé’/%§derstand1ng, we have succeeded If the best he
t

can ever do is perform q Zﬁ 1ta%1ve computatlons based on memorlZed rules, we“” =

o - have falled L SN T ---xg'_: R e
L R
3;}\\Comp§risons.gijlikelihood.j' e -

. e

l - ."". . "‘._. . -, -
: . All chlldren have had experlence in ‘makirg 1nformal comparlsons of -
likelihood, -ard “this is a good topic’ to begln w1th.,-

» o o ' Ekample l.' Whlch is more llkely on. the hthfofﬁfuly_ﬂ(here-in"

AT L our town) .~ - ra1n, or snow?




U_;;t . ThlS simple questlon leads to three 1nterest1ng pdlnts for d1scuss1on.b o

o . ¢ . . . . “ . .\\, RN

) - . N B W K .
o h~_3 ':' . (l) The comparlson if self should be obv1ous to the chlidréh
P
‘: ,; j: ' o
SRR The.remght' n
I be nelther ra;n non snow. N =;' ‘, . '.1 -3: wyg;« g }gi ;:1.' i' 4,
L m . ;‘_ (3) The llkellhoods belng compared m1ght°both;be very small s
P ',In many localltles the chances for elgmer raln or snow are’vgrtually nllf '
e o wecan stlll 'compa:re the oné with the other. L s s o
L Ekample 2” Bllly is a- very good student. yh ”h'ls he more
- i LR
o ,-.\ . '-'llkely to do in tomorrow s test - passr or faal? ;' S
e - » . . o
i . P
i Here agaln the compar1son is, ewgdent
: \.
-not fall.\ In
S \
R \ he’ has.l Who is- more llkel& to guess‘r:ght9
! i . . ' Y 1 . . . . "‘
-
. ',' 'L n X . i . , ) - L ‘~-_ N . l..- _. ) o e . ‘ '_ﬁ_ o
7 j"-.‘ ;-° EVents belng compared may be related to each other 1n some way - ﬁ{
ﬁﬁ"'~: Exmnpleﬁ l “rain and snow are relate&, in. the sense that contr1but1ng causes‘;
r;":ﬁ} f~ifavor1ng one aléo favor the otherm~JAnother relatlon between them is that of ".:*
' T _excluslon they can’t both happen at the samertlme (prOV1ded we deflne thlngs,,,
N :;Trlght)1 Flnally, it may turn out that né1ther one of them takes place.~.In.ﬁ R
Fi 3 N : ' o - - " .

AR '\E&ample ;éd - pass. and fall are strongly related one or ihe other_must occur,'-l'
but - not both.‘ In Ekample,,3, the tWo guesses are not related at all. Mary 5.
éﬁéss 1s of no help to" Allce, hor Alyce 5, -to: Mary. One guess could be rlght
whlle the other- 1s wrong, both glrls mlght guess rlght both mlght be wrong.*

. . 2 - . e
- o R
,_‘\"p o : f

In eaﬁlcﬁ‘these examples, 1t zan happen that the less llkely of the’”t

CL two events occurs whlle the more llkely one does not.‘*It can snow.' Bllly
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might fall. Mary may get the b1rthday rlght e&en though Allce 1s ‘wrong about X
the family.~ ' ' - : : ‘

F I

L3

.:.‘ '{' Examplé L, When Mary guesses'jhe new boy?’s birthday, Whlch
T (1n her guess) is the more llkely”to be rlght - the ent1re |
ht .'q, . b1rthday, Or the month alone? B - o

ThlS example is fundamentally d1§ferent~from the others and 1llus-

LY
: trates“an elementary but 1mportant pr1nc1ple._ If‘the boy was born on January
lhth, then he was born in January It is 1mposs1bl for the leSs llkely event

(hitting the b1rthday) to occur: vhile the’ more- likely (hlttlng the month) does

v not. In th1s tase, the comparlson in. llkellhood is derived not' from past ex- -

-

Perience or numerloal cons1derations, but- from‘logical nece551ty. v
U BT P
N -"‘:;:" ) e : e o v . ; o e PR
St L.".  Estimating probabilities by experiment. .
t ) . REEEE g - - ] b n e
tL ’ . :~_~;‘.. : - S

' The probablllty of an 7Nent 1s, roughly speaklng, ‘the. fraction of fl

the time we expect it to happen An’ est1mahe, then, is the fractlon 2? the _

Ly - time 1t dld happen (under s1mllar eondltlons) Records of blrths OGer a pe_,.,u
) rlod of years show that the fractlon of-boys is' 1.5 - (to wathln two one -hun-

dredths); we cOnclude that the probablllty 1s - 5 ‘that the Jones's next chlld
; will’be a boy A maJor league player has a battlng average of : 303, we
conclude that the probablllty of a. hlt h1s next t1me at bat is’ 303.' -

- -
N >

Children*w1ll be less 1nterested in tables of actual stat1st1cs than
. ‘ls.

in performing experiments for themselves. An excellent, prOJect is’ to est1mate

a probablllty about which they have no preconce1ved notlon - for example, the

probablllty that ‘8- thumbtack when jlggled and thrown onto the table, w1ll '

oy X L

' .come to rest on’ 1ts head (If tacks are too hazardous, substitute rivets,

bottle tops etc )'J'_f‘“

Our estimate of the probablllty is the number of heads divided by
. the number of throws.‘ How many\ﬁhrows should be made? Questlons llke th1s A
can be subJected to dellcate analysls, as part of the theory of S{itlstlcs._

R . our. own discussio%§w1ll be much more elemdktary

N » - : s ) :
_ Before plunging into the experiment with the tacks, let us gain :
some insight by experimenting with the humbﬁe coin. We assume. that the. coin

. 1s "honest" __} that - is, the probability of heads is -é- .




-

.of h c01nv in the order penny, nlckel dime, quarter ) _ A

. N . - " " i
_ ). , , L
A

e o By the way, a fair toss or spin requlres some Sklll beyond many - e

'children. A little practlce may be worth whlle even for the teacher.- If the

experlment calls for a large number of throys, and if you are not keeplng
£ <
track of the order of ‘thé results but, only the totals, thi

vthe c01ns 10 at
a t1me. The probabllltles are the sgme whether the thr ‘
to control ‘mix by shaklng in your cupped hands, and T lease gently onto the

table; Cover ‘the table w1th paper to cut down on- n01se. (Wlth some modlflcae'

tlons, you’ can keep track of order as‘well. For example, record the results

» Back to our-coin. -TLiet us toss it 10 t1mes. (Or toss . 10 ‘coins.
: N .
at once. ) glnce the probablllty of heads 1s-'% s we.expect heads > the time-
ﬂgﬁmany tosses. So‘we expect heads 5 t1mes out of 10 ‘1n the long run.

~But of course we cannot count on gettlng exactly 5 - heads 1n our part1cular '

v throw of lO Lo e .

.-

Actually, the most. llkely result 1n_ 10. throwsfls indeed tobget .

exactly 5 heads. But this res ult is nEt likely!? ‘It'willAhappen onlybabout

1 t1me in h (The methods ‘for calcula ing these probabllltles Wlll be gone

'-‘, into Later on.) Thls fact w1ll come as a.surprise to most chlldren. But con= '

frontlng them wnth the theoretlcal quotatlon 1s not enough. "For bhe;fact to;

t - .

soak 1n, they should performg(or observe) some actual experlments.

Let us assume that in. our throw of lO we counted T heads.' This &

'-ilgpl perfectly reasonable result. ( 1 time in 3 we 'will ‘get at least 7.

oL of%heads 1s .- pretty”%ar off.-

o

“heads or at least 7 tallJ) If we stop here, our est1mate of the probablll-ty

But suppose we throw 100 times. 'To obtain ag many as 70 hedds would

be hlghly unusual. A reasonable result would. be somethlng between - h3 ‘and: 57,

-

say. ,Our eotlmate would now be ens1bly near the true value.

S

Suppose we thréw 1000 t1mes.' To obtaln as many as 700 ‘heads’ would be a'j

“miracle. Even-a, result~like . 430 or 570 is ‘highly 1mprobable. Avreasonable -

-result would be somethlng between ) and 525, say Our estimate would now be'

~

qu1te close.

~

Aid now to the Lacks. We throw 10 of them and, count 7 on the1r

heads, 3 on thelrl 1des. Is the probablllty of heads .7 ? That would be a

rash conclusion.7'As we have Just seen, we might well get the same count ‘when

PR
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._"" . . . . _ - . ' . . . .
"~ ~the probability is«actually _.5 . So we make another throw of lO And another.

‘X;.

‘ hundred tr1als - that ‘the results start to settle down We‘yatch the small.

is

when to. stop.‘ But we not1ce after a whlle S perhaps only after two or three 3

~

random fluctuatlons get: swalIowed up in the overwhelmlng stablllty of the mass .-
Then we. announce our, est}mate in a flrm v01ce. '

. '.'.'. -t .

T
. . - R
.« L~ : \ . o R - < ‘

"lone of the s1x faces 1s as. llkely to show as any other. Then each face Wlll

.,appear, in- the long run, %‘ of the t1me. Hence the probablllty of any part1c-

Jular face, on a glven throw, is % . The probablllty of a"u, for 1nstance,

.

- OV

Thls example 1llustrates a general pr1nc1ple. Suppose that-an ex-\:

.perlmfnt .can result 1n any one of a number of outcomes, all equallx llkelx

. Call the total number of posslble outcomes n Then the probablllty of any par=

t1cular outcome 1s E_. . : . *." ro N '=‘i S i .

o et

n . . - " e

In the example, the experlment is the throw of the d1e, the poss1-"‘

. ble outcomes are. the faces: l, 2, 3, L5, 6, -all of whlch are equally likely;

the1r number, “n, is 6 3 and the probablllty of any part1cular outcome, %’,

o1 e , o e .
is ¢ - S . SRR y . ' SRR ©

‘ I throwlng the die, what is the probablllty of a number greater .
-ilan h ? In other words, what is the probablllty of thr owlng e1ther 5 or-

: 6'? Each of these\appears (in the long* run) E. ’of the time. Therefore one or '

1 ,
. the- other appears g of the t1me - ¢ that 1s, § of ‘the' tlme. So  the. probaj:

blllty of a number greater than h is“ é

~

.U‘We don’t know Just: when 1t 1s safe to stop. In fact there 1s no way of knOW1ng_'

. . SN0 . - L o [ ' X ‘,- . - e

The pr1nc1ple here is an extenslon of Uhe one’ above. Suppose'-again,'.

« that, an experlment can result in. any-one ofih number of outcomes, all gu ly

likelx "~ call” the total number’ of- poss1ble outcomes n. " Certaln of the out-

"

comes are "favorable" to th¥ event we are 1nterested 1n, whlle the ‘rest -are not

'vthat 1s, the, event takes place 1f one of the favorable outcomes occurs, but not

otherw1se. Call the. number of favorable ‘outcomes s. Then the. probablllty of -

the event is %{ . (The earlier prlnclple handles only. the special case in , ' -

which s'=1.) | N o S S,

RO

SO e T e e T LI
A EQuallM"likeleOHtCOmGSi’f.- SRR e
. f o Let us’ throw a d1e wh1ch, we are’ assured, is. honest F that IS: any



g
In words‘ the probablllty of the event is equal to the number of

o -favorablé outcomes ddV1ded by the total number of posslble outcomes.

. .

o In the example, the experlment is the throw of the d1e, the possi-

~- . [

_ble outcomes are 1, 2 ‘3, L, 5,46, all equally llkely, n'=06; ‘the event. of

]'1nterest is a number gréater than ?h the favorable outcomes are'“S“-and 6

R ;'there are two favordble outcomes, 80 sﬂ 2 ;> and’ the probablllty Qf thé
T = ‘;:eyent fi h[.ignh%"_i‘n that 1s,r %-f,?'.d’d."yh.-'e.ﬁ'i} ljﬁ”;e':f'”,. : :J;zﬁ&?.
. cee It is 1nstruct1ve to test these bonclus1ons by actual experlments._
‘8 . A4 °
%Make a large number’ of* throws and check that a number greater than b comes up
. 1 , o , e Vo
about § of the tlme, _ .'. S -j_,r~ﬂy\f‘ :_."‘ . L

We have descr1bed two methods for obta1n1ng probabllltles 'iemplrl-
,cally, and by countlng equally llkely outeomgs.: In appllcatlons, 1t is some-
t1mes hard to tell whether varlous outcomes really are equally llkely. Thls )

' problem, d1scussed 1n the next sectlon, will lead to the Questlon of how*known

: probabllltle are cOmblned to obta1n niew ones. Y L
, c ' .
.6, Probabilities of combinations. ; g B
. T . — ’ : R A .

L3 P s . .
. ) . . . T . -

Suppose that we are 1nterested in the number of heads showlng on a ,,

RCS

:throw of two c01ns, say a penny and a d1me.v There may be none at all or just
l,v or. 2 - Ane . these :three outcomes equally llkely9 If you are in any doubt

at all about the answer, make 50 throws and see what happensr
: . Tor i
T It is a common p1tfall s1mply to assume that outcomes presented in
a natural way are equally llkely The: safeguard is to cons1der them carefully

-

and supply a reason in support of" the assumptlon.

- . The danger in our problem is.-to be sw1ndled by one! S own language.'

Let us replace\the d1me by a checker. Even_betterv - keep the* dlme, but Justl

say "’ "star! for its heads and crown"’for its ‘tails. On a throw of’ the two c01ns
; there are 4. possible outcomes' heads star, heads~ crown, talls star, talls-'

crown; and there is not the least doubt that these E outcomes are all equalr:i

ly-likely. Their orlglnal names are heads- heads,‘ hedds-tails’, tails-heads,
ﬁ'tails -tails (the f1rst word in each case referrlng to thz{penny,,the second to

'.the d1me) It is. now clear that the probability of 2 he¢ads is % s -the prob-

. - 14
.ab1llty of Just: l head‘is %l,lland the probablllty off O heads 1s'_% oY




What is' the s1tuation w1th 3 c01ns ‘3: say a: penny, a n;ckel ‘Gnd ei

‘e ually llkely.'VThey are '; . .--’;]_f, -vx\;?ﬂ:V?."jV;",a -
; N Toe e B

HHH, - HHT, H'I'H HE; | HET, THT ’ g TTT R

. ¥ O Lot : A a

v Here H denotes heahs and T talls, the flrst letter 1n each trlple refers
. . T
‘to.the penny, the second letter to the nlckel, and the thlrd to the dlmev" In L s

3

th1s llst we have grouped the re ults as follows. flrst the«outcome cons1st-

R

1ng of 3,.heads,_ neXt the outcomes w1th Justa 2 heads,, then those Wlth 5“31'
ﬁust l head then thé'one w1th O heads. Ther:

/‘.,

;are 3 wlth Just »2 heads.

L ¢ Therefore the probablllty of. gett1ng exactly 2 ééds is g s the number of ,_1

favorable butcomes lelded by the total number of”outcomes. o [ L ?.:

.Thls ls a good tlme to pause for exﬁeriment. Take 3 pennles,_“

' throw them 20 :org 30 tunes, and see what happens.'A ?_',5"j o A

« 0L ) .." “ i Ao

¢ Looklng bask, it should be clear why the number of favorable outd

!

comes (those yleldlng exactly 2 heads) is-}3.. That 1s prec1sely the number -

of ways we can select 2 Colns (for heads) from the ‘3- c01ns as penny and—'
1ckel (HHT), \penny-and dlme (HTH) nlckel-and dune (THH) L;kewlse, Just

_ 3; of the poss1ble outcomes yleld exactly l head . penny (HTT),,nlékel (THT)

’ T/ﬁ;\; dlme g ) Flnally, the;e';s Just 1 way ’ (HHH) to.plck 3 heads, and ‘

. Just 1 way (TTT) to plCI‘TO} heads.-'*‘ 'j- e
;;7/;'v. o ". h The reasonlng in'the general cage, is slmllar. Suppose we'tdssg»n'i
- colns.; Ebch one will fall in elther of . 2 ways, 1ndependently of how - the
.(;. others fall Altogether, then,lthe n col s can’ fall 1n k _;;- r;-' »4 S ‘);
- . 2><2_.><‘_... -><-2 - O T

B

t?rﬁﬁfT".'f-"' 4L_.n ,factorséeéjhd_;v : -,b”. - '_‘ flhj _’f ._;?.f;

poss1ble ways, all equally llkely Cons1der any number s fbetweenﬁ'O and . n,.

j ¥~\_ 1nclu$1ve.' How many of the ?n outcomes yleld,exactly s headsZ..Answer:- ' ‘ﬁ
- the number of ways of selectlng "_c01ns (for- heads),from n coins.‘-Theﬂﬂﬁﬁ—‘
bol for th1s rumber. is '(Zﬁ”ﬁf”' S o '

% : : ‘ - S :
'f(:) = number.ofvways of Selecting s, objects’ from. n ,objects.
" . . : . . . . . . . . ,‘ »v .. ' I\
o The probablllty of obtaLnlng exactly 4 heads on the throw of ‘n .coins is,"'

then" - ) / 2 ' the number of favorable outcomes d1v1ded by the total number.

-

of outcomes.

e - . o Bl

~r
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[, JCThe symbol (s)' is’ réad "n above {s%' (not "n over Ns@). ,It‘-.’_x
-,1s not a fchtlon, even though ;t looRs somethlng.llke one.. It is a specfal -’;'j'

JVsymbol* the one most popular among mathematfblans for the number oi ways of se- ,"
. > - .
xlectlng s: deects from ’n obJects In place Qf _(2),, some wrlters use; T
.C(n s) .. .:ég s:' ( the number of Comb1natlons of n thlngs taken 'g‘ ata °
) N 4 ln' s
ﬁlme") None of the symbols is used in, th1s teachlng material v
e, P ,_;_ ce s Y S . . Lt e
. SR e e LT S L N .
N N PEEY . S . . G - : .- - .
3 3 . . . L LY ‘.- P - w% . L : e . ."" . oo . N .\.'
. " 7. -Computing:the number of combingtions. e T _ .
SR O .o - s ' ok : T . s .. 0 g _,...t\'

We haVe to know how to compute 7(2) for varlous values of n and':

v - -

f/f'gﬂ”\s. . Whn n and ,s- are small “the computatlons are easy.'fFor 1nstance,_the

jﬁ.example of -the - 3 -colns shows that 5 = 3) 3, and that '( ) ‘-(3)

. Rg . N I3 . v - . ,
| o '_‘ It. 1s clear tha¢ _( ) = l (2) = 1, and,so on: ( ) = l whatever
_,F, the value 'of n; for, there lS Just l way of selectlng n. obJects from n
' .obJects (namely, choose them all) : It is" also ‘easy to, see thaé' ) =1, (g)‘;'l,"“
‘,pt and ‘'so on: ”(g) l for. eve e value of n; for, there is Just l vay of se-” '
’ 3,g lectrng O obJects from ‘n \obJe (namely, om1t them all) EN '].
,4{?" . "', Next we see that ( ) = l ?) = ) =3, and'sobon° (;) =-q'f.
whatever the value of n fos there are Just n - ways .of. selectlng a slngle‘

| .
obJect from ‘n obJects (namel&r plck any one ‘of them) : There are also just'-

i ways of_plcklng _n-1 -objects . rom-" n ‘obgects (nam@ly, om1t any one of them)

- | oLyl - o . '3 Ca o
vtherej?re _(Oqa:zljj‘(l)'; 2:1§2)'= 3, -gng,-;n general, ‘(h:l) ;.n,‘,
3:'_ For the next observatlon, cons1der as an 1llustrat10n the case ,

Y A v v -

un"t lO,"s = 8ﬂ (Suppose, for example, that we are 1nterested 1n the number of
ways lO _coins gan show exactly\ 8; heads ) Fbr each selectlon of 8 c01ns v
for heads,'there remaLn 2 show1 g talls. A dlfferent ch01ce of 8 headZ/ y
yields a dlfferent remulnlng set f 2 talls. If we run through all poss1ble v

\

‘ Selectlons of 8 c01ns, then (fro those 1left over 1n each case) we slmulta-'
l\ o
neously run through all poss1ble selectlons Of 2. c01ns.‘ It follows that there‘

are exactly as many ways ot choos1ng T8 ‘c01ns from 10+ as of choos1ng 2

l coi sffromv_lO Therefore'.(%S) = (lO)‘;. Slmllarly, (lO) —_(lo), and - _ -
(%?)ié'(%?), The . reasonlng ‘here: 1s\general and ylelds the general formula " ) ff\
. e '
T P A . T ¢ S EA : "
o = n, - . o ..-_ S e o . _ "“\ - . - o
J(nﬁs) (s( R - \ R CoE T _ L
;a - ‘ R . S o , . g ’
he . X 4 ' .




‘e -,
. . - - . . . \ w . \
~ ‘e K

‘_{f:' g ﬁ"::“" The‘values of ( \ increase surpr1s1ngly rapldly, For example,_u\
Pa 2y .-

AR (55 )_,, K ,)98 /960", and ( ) 2635, 013,\359,600 (These ‘ére the/humber of pos-_ o
S -*~.slble 5 eard hands and the number of poss1ble bf&dge hands,,respectlvely )

= :% o Small Vhlueﬁ 0f (n) are easy to calculate by means 85/2ﬁ€ 50_7"
. '

‘ called "Pascal trlangle, -named for the mathematlclan Blalse Pascal (l623;-j'
e 1662) The trié?gle starts out “ﬂ°_-\'.u . - ]‘ N '

P c . S L. . . .
B . . . - P S . . . ~
A ; . ' '

- .

and can be contlnued 1nd flnltely ;:t . ' ,:J.V-"'~ 2f'l;'.; CoT

o ; The arrOWS shown 1llustrate the method by which new values are
) - generated'. Each entry (1fwnot the flrst or last 1n 1ts row) 1s equal td the .

'sum of the two neare§t it in the line. above. -In the illustratlon, 6 +'h —_lO,

- AN _ 5. .
: representlng ( ) + ( ). ?J.(B)t.ix'. .

‘. ‘ ' - N L]

_" ST To see Why thls works, thlnk of a man w1th h1s _h sons on a camp-
1ng tr{B. From the - 5,' a. team of 3 are to be chosen to gather klndllng« .
'The number of possﬂ;le teams ls?,then, 3) Now, e1ther Dad, is.on the team, '
e

-+ or he 1sn’t. If Dad is on‘the am, then h1s' 2 partners are chosen from among

the h boys, there are _ ) ways of ch0051ng them._ If Dad is- not on the

_ ,team, then‘the,whole team of 3 1s chosen from among the‘ h boys, there are

o ) ways: of . choos1ng them. Altogether, "then, there are '(%)
TR :; -‘chOOslng the team _ Consequently,-; ) (h) ) o ,'
A ?ormula'for computing :(é)' is- glven at the end of the next

) Ways ;of

i

section. - .. 7"

g s T 19 R T




4yOne”w

. ,-,.‘ahgie ).:”.4 iS -tQ Sef’

y t

thﬁt the sum of the entr1es in- the th;

5 .

)

check onels arlthmetlc, when calculatlng from the tr1-; 4

row is equal to 2 .
'th -

&

v . JBor example, the t :um 1n the 5,'. row is- A_: Co el . ,:74
B R 5 + 1o +10.+ o 1 ‘; 32 = P,
} ‘r'This.must?be so'because, as we' saw on{page~ 13 . there are 2?' possible out+

.‘»f:~ omes altogether“'n a throw of n- thf Tow,

r
S are countlng o

c01ns'4 and 1n addlng across the'

these sdme outcomes (the number w1th D heads,'+ the nwn—‘_,

L T w1th 1 head, and 50 - on ) - 1‘,* (O

BN . . - - -
. . .. .

) N , , L
‘ ’ By the way, the entrles 1n the Pascal tr1angle arlse 1n algebra

T

When\pne multlplles ‘but “an. expresslon llke (H’+ T)5 The result 1s.ﬁ,‘i‘ \ v
J . e P \ .

/ | :'\17“:‘ T)5 5 - 5HuT ¥ 10H3T2 & lOH2T + 5HT% i T5 S

S T
e . ‘ o

s o _.'. ’ \,‘, . . . R ) . LTS

Do . L ‘ ’ . ‘

”The doeffioientsh - l, 5, lO lO 5, - are prec1sely the entr1es,'1n ™ '\
_5ph; -

”"order, 4in the row of. the tr1angle. Moreover, the exponents show the

numbers of occurrences; For example, the
B tlon that there are

fof 5 c01ns)

1o _ways of- get}lPSau4

Eerm lOH3T? glves us. the 1nforma-'

headscand 2 talls (1n ‘a throw

‘ o

xS . - - - K . .o . s v c
N - - e c Coe . A . .. ‘° / Lot ) . o ‘

. . T . A : s o . \ R N L LI - - . X s

!. N

. 8ff;'

Tl i- R Lo o S L
Permutations. -+ - . .. T b v R . P

T

-ﬁ}.ﬂj : ,'H_.- A.permutatlon 1s an ordered arrangement. One often flnds 1t neces-

e

sary to know how many permutatlons are poss1ble of a glven number of obJects._f,f‘

‘For
12

) For

'7;;cle

- eqt

fVEhe reasonlng goes like this.

2 obJectsny-.
/and 21.4 Fbr
123, 132

3,

Sy

example, there are:

ar the table,awas_

.-

there are

213, 231'

say the dlglts 1, 2

6 waysAthat’Jim,

the dishes, and‘dry

The number of permutatlons of]

A
al to 3 x 2 X l.

(We could wr1te

.'3

There -are,

LWith each such ch01ce, there are 2 ways

' }Jec
vof‘

ts (1n the 2
11 3.

-

-rema

ining pos1t1ons).

16 -

-Hence,there are .

:-1 there are Just 2 permutatlons

‘

6 permutatlons o R ,4'4,"‘
,,312 321, s

<

Dick;zand-Sue‘can:be assigned to

the dishes (one:to a task)a

6 because 6 ig'

: but 3 X 2 X 1 looks better )

.3 obJects 1s.
X 2
3 ch01ces for the. first pos1tlon.‘;

of permutlng the 2 .reméining’ ob-

Lo o
s o
. " . s

Tt

3H*12"permutationsi



’ - . " -

. LA I = td
T : - ER K .

tTlf?ﬁ’ 'lf poo o The number of pennutatlons o? h obJects 1s‘ ﬂ X 3AX 2 X 1 o= 2k,

’it For, there nre —H. cholces for f1rst pos1tlon._ Wlth each such cholce,,there e

Av’«s}énl»remalnlng posltlons) Hence there are h X 3 x 2 X‘l permutablons of all h
AN & . S ‘T ‘» L v",'V X K
o ,.7, . i,
AR

WL Slmllarly, the number of: pennutatlons of n ObJeCtS is equal th

the product&of all the numbers from n down to «l. This number 1s
" factorlal and 1s denoted by n. For example, l’?— 1. and 2' =

. \2 >$ l = - Also" as We haVe ‘Seen, o ," e . A . . ‘ R o ,

Ty and . . : ETEE ‘ - Dae o Lo B Lo o
. . X e e R . L. )

R SRR - 'M 1+ x 3 2. s 21+ | ;'f?f-] R f__,:

These express1ons, ‘as well as the reasonlng that led to them, %uggest how to
Lee T :compute eaoh new factorlal from the precedlng one.( “In computlﬁé M" -~for gf‘—

example, we doh’t have to multlply out oh x 3. X 2 %X l 1f we already know that

o 3!l'= 3 X: 2 X 1l = 6:‘ 1nstead we say, more s1mply, )
| p.ajpfp. sj_~:ur ux31' uxé 2% R TR R

-~ . . ~
. » .

The sav1ng becomes clearer as sodn ‘as one deals w1th larger numbers. ‘Herenare '
e G e o R
the next few factor;als, T f e 11\ Sy
oo IR L s T ' o : ’ !
RS L s L
SR L R SR <
. . . . PR 3 . B ‘7!
.81

B T

5 X W= R 2l+ 120, ',' e C '
6 X‘53ﬂi= 6, %’ 120 \_ 72@ B BRI f;:
T X6.= Tox 720 = 5,0 --.:f:’;=«}e, S

8x Tt = 8x5,00 = bo, 3205 -
V9?x”8§‘ "9 x ho, 320 = “36, 880

e

101 =10 X9t = 1o X 362 880 '3, 628 8oo

\F

'As 1s seen, the numbers n'«'increase more rapldly than most people mlght
'guess.- Suppose that lO chlldren ‘come up to sharpen the1r penc11s. There

are more than three and a-half mllllon ways of dec1d1ng whlch‘chlld Wlll be L

”jwflrst which second, and. g0 on, down to which will be last" (No wonder we use‘

an exclamatlon p01nt’) v L ' S ~.g>fs;' “l N -
-:f_; R ’Factorials can be used to compute.the numbers ,(:) . The formulaﬁmz

' For example,. © p S R r

O . e : I . < S R

' H5<6)-._ 6r 6y o S

end so on. In the actual calculations, there is always some cencelling thati '

_ can, be done'first to-simplify the work: . = _‘vfi SR

; | g L T T e s e oo ;
ERIC -~ 0 o T i T

Af\,‘@“‘ffarew 3 X.2 X l 6 'ways df permutlng the 3. remalnlng ‘objectks (1n the 3w;l' S



"_~367,.éﬁ"6x5xkx322_}6x5;vf‘v
Q) s = XK xguz T T P

—There is one deta1l that somet1mes looks strange at first, :So'far;.i
'we ha;% not said what ot 'is.‘ The definltlon glven above for 1, 2!',"and‘
the others-does not work for 12ﬁl;f 'dﬁd” fore\t ! needs a separate def1n1t10n.
1=1

i_The deflnltlon glven 1s ‘V/b.” - The reason for th1s is to make the formula‘

for (® ) worR in every case ,For example ) ‘ ' o
. e S - s
At : 5 % . ! 1 -
) ( ) .0t 5F T .01 ¢ -1l \ er
. +
“ .
© 9.. Yes or'no. - ,_ _ .
Ll . N > . ' . .« L
» . R . - o S
- , o L_In-theSe,concluding sections we degeribe some Of the basic rulesff\\\
of probability. o L R |
S : - We shall use the letter P as an abbrevlatlon.for "the probabll1ty
o of.ﬂ. In place of "the probablllty of heads, ; for 1nstance, we w1ll wrlte '
oo Bmesas) . e
o .'“.(The parentheses .are there Eo help the eye ), - o
- | Suppose we wonder whether 3111y w1ll pass or fall tomorrow s test.v'
" "He may be more llkely tg do one’ th&n the other, d@pendlng on clrcumstances.
.But 1n any case, two thlngs are clear:- he can’t do both; .and he must do, one
'f{or the,other._' Then the follow1ng is true O ‘f
N ¢ : oo ) - . + .
BT © L . AN Lot
B P(pass) + P(fall) = :1». e ?
h SN s ‘ . : A) P SO N |
_ 1'13Q7j,‘- The rule is thlS- An event e1ther happens or does not happen. We .
. p: must have one Or the other, ‘and cannot have both. Then '
‘ Lesie ] ' . ’
T ‘~,P(1t~happens) + P(it does not haﬁpen)‘.= IR N
_mpre brieflp, *.:.ﬂ" . ' o o RN L e ;
5 A A P P(yes) +‘P(no) _=, "_l‘-. l. ;l . . “
' _Q: AN In a typlcal problém, we know one of the values on’ the left (the o
. .f1rst, say) and solve for the other. L _‘l : e
' P(no) l - P(yes)
For example, 1f the probablllty that Bllly passes is .6 then the probab111ty
: tha+ he falls is .h . If the probablllty that Dad tﬂkes Jlm to the circus-is
3, then the pyobability that he doesn’t is .7“; Ce - - g L _4f’\_
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—There is one deta1l that somet1mes looks strange at f1rst. :So'far;_i
, ar
" the others-does not work for 12ﬁl;f tﬂéﬁefore\t ! needs a separate def1n1tlon.
i_The deflnltlon glven is: ‘V/b!m—

'we ha;é not said what ot 'is.‘ The definition glven above for 1! ,"and‘

1. " The reason for th1s is to make the formule

- - v

for ) worR 'in every case ,For example
e o0 SCHICZ o 05 S

~ll

9.. Yes or-no. . . . o

. - L:In-these,coneluding'sections we desoribe‘some‘ofithe basice rulesff\\\
'fof,ﬁrotability. - ff'; "ﬂJ?f*' B L S U

We shall use the letter P as an abbrevlatlon.for "the probabll1ty
-of.ﬂn In place of "the probablllty of heads,  for 1nstance, we will wrlte

L N P(heads) Cow '-_}\nv R
“.(The parentheses are there Eo help the eye )‘ v

v : o '

Suppose we wonder whether 3111y w1ll pass or fall tomorrow s test.v'

"He may bé more llkely tg do one’ th&n the other, d@pendlng on c1rcumstances.
'But 1n any case, two thlngs are clear: he can’t do both; .and he must do, one

ffor the_other._v Then the follow1ng ig true . T )

[
1

SN - | ‘ | R .

The rule is thlS- An event e1ther happensyor does not ha De

We.‘

i must haye one or the other, ‘and cannot have both. Then
*”*- L ‘~,P(1t"happens) + P(it does not haﬁpen)‘.= 1
mote briefly, © L .l v L m .
) +P(n0). R T

In a typlcal problém, we know one of the values on’ the left (the L
.f1rst, say) and solve for the other: L el e

' P(no) = l - P(Jes)

For example, 1f the probablllty that Bllly passes is .6 then the probab111ty
'tha+ he fall is .h .. If the probablllty that Dad tﬂkes Jlm to the circus is

Ve

‘.

w3, then the pyobability that he doesn’t 1s .7“; e ; - - T .4f’\_

-
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—There is one deta1l that somet1mes looks strange at f1rst. :So'far;_i
, ar
" the others-does not work for 12ﬁl,f tﬂéﬁefore\t ! needs a separate def1n1tlon.
i_The deflnltlon glven is: ‘V/b!m—

'we ha;% not said what ot 'is.‘ The definition glven above for 1! ,"and‘

1. ° The reason for th1s is to make the formulaf

for ) worR in every case . For example B 7
S s -
g o DR 5' ol <TJ.'1 oo B
T .(o) FOOUSE Thor Tt U
. +
" »‘
9. Yes or'no. - R . -
. N . B ! . ' R .« T

CERN
'

' o L:In-these,concluding'sections we describe‘some‘of{the basice rulesff\\\
fof,ﬁrobability. - ff'j "ﬂJ?f*' B L SR SN

We shall use the letter P as an abbrevlatlon.for "the probabll1ty
-of.ﬂn In place of "the probablllty of heads, ; for 1nstance, we w1ll wrlte

o o L P(heads) ‘ -»;~ , -_;\" R .vgm :
“'(The parentheses are there Eo help the eye )‘ "

v : o ¢

Suppose we wonder whether 3111y w1ll pass or fall tomorrow s test.v'

"He may be more llkely tg do one’ th&n the other, d@pendlng on clrcumstances.

'But 1n any case, two thlngs are clear:- he can’t do both; .and he must do, one

150T the_Other._v Then the follow1ng is true T xf-
}'h”;vvf_j o, P(pass) + r(fall) = :i». “'fr'i’.yff”é“f?" \
':'ﬁ'.‘ ) The rule is thlS- An event e1ther happens or does not ha ne We. ‘
f must have one Or the other, and cannot have both. Then ' '
me. L "=P(1t~h8PPen$) + P(it does not haﬁpen)‘.= L L
.more brieflv, *,t f;i . ; v _'; ,-': 'f, B . {'.
ST Ry wRm) =TT
' CL , :
AN In a typlcal problém, we know one of the values on the left (the o

,flrst, say) and solve for the other. e uml : e
' P(no) = l - P(yes)

For example, 1f the probablllty that Bllly passes is .6 then the probab111ty
: tha+ he fall is .h .. If the probablllty that Dad tﬂkes Jlm to the circus-is
w3, then the probability that he doesn’t is .7“; Ce - - g —_— .4f’\_
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—There is one detall that sometlmes loo
'we ha;é not sald what 0! 'is.‘ The definltlon glv
© the others- does not work for Z’, tﬁé\ifei‘ore \O!

. 7 ) o ....‘n“
- The deflnltlon glven 1s ‘V/bl = 1 .. " The reason £

for ( ) worﬁ in every case.:,For example:

P S o 8
’, . (5) _ P2l R 1 .
IECHIEZ SR T
9. Yes orypo. !

| . these concluding sections we desch
AOf probablllty ‘ ;:-; .41;1p;: _ 2

We shall. use the letter P oas an abbr
-of.ﬁ‘ In place of "the probablllty of heads, ; for
o R P(heads)

“.(The parentheses are there Eo help the eye )

_ Suppose we wonder whether 3111y w1ll p
"He may beé more llkely to do one’ th&n the other, dg

'Rlﬂ‘ A oAany ead e trre Rl ge are T ane e mom . A



e ol gl T LESSON 1 IR B

Sl v Certainty and Uncertainty L IR A Y -'lfjf«’
K . o, N . . R . " . AN . ) , I P -
- - L L Vo e T
Objective;: To call attentron to ‘the. fact that some events are predictable = _
e Y S whereas others are uncertain.;,~ f:'n ;_L- L ‘. »,f o ;-";'@T" B
Lo e S A : - — o b
Vocabularx While many words might be 1ncluded 1n a vocabulary list the ﬂact ooy
. -; e that a child uses sure" instead of "certaln‘w or "not very likely ...... A3 {;
TR ' 1nstead of "im}_)robable'l should not’ be alarmlng It 1is 1mportant-—~ PR
: | that he have ‘the ideas from the less0n, but not that he say partic-r
B ‘ ular words. Therefore you should feel free to use express1ons {:.r' a
: which are meaningful tq the class. /Introduce words such a§ T,
:: forecast, predict and uncertain, ‘but do not lnSIStan the chIT: .
’ dren s, using them .,“'f‘f-l;.f' ’1 “_f T - lll;
." : ‘,:._‘.\.,e o : .-°==.'..
‘Materialg: - Elocks (some all one color others of the same size and shape but ';fﬁ'f |
T o of d1fferent colors), non-transparent cloth bags, checkers'or : ;'”
' _ 1 counting disks marked w1th a crown on one slde and a star on the";
c ' other " o ' B ’ ‘A:y]@t o
Suggestea Procedure R ‘“-ﬂ I _'*. '_i ) -:ﬁf' | A .

Tlme devoted to, th1s lesson should be detennlned by the interest and under-

vstanding of the class. For' some’ children the idea of the uncertainty of some. . '“'fi

events may be obv1ous, but for others it may not. - Actlvitiesisuggested may;be
o ) .

used on d1fferent days L . - “jp o : : - ,j'.'- RS ;_5'?
\ [ - : . " - . . : . . . K .
Lead a discussion of" the certainty of some events in everyday llfe as 'L .
'opposed to the uncertainty of others You ‘may want to 1ntroduce the 1dea by .
questions like the following e ,;7, 7 ' T )
'1 Can you tell someth1ng that's g01ng to happen tomorrow9 . R .
' Do you know what a fortune teller is9_b?_3 7 ﬁ¢¥~ '
Do you: think it's g01ng to rainV ' J{
) .What kind of car- will come around the corner next?ﬂ,' (L. .
Will we come:to school;on Sunday? "5 f f; ',.'gfi”ij; . :Qén '
B 20 \1 1 N T R e
‘ ‘ e ) s R SR
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S Certalnty and Uncertalnt

.Objective;:

Voéébula_II Ve

'MaterialSi;

Lo 5
Y

To call attentlon to the fact that som

a

whereas others are uncertaln.;_A T

Vel c . R
. e oy o ~

Aiwhilefnenj:ﬁords might'be incldded'in:

‘that & chlld“uses sure" lnstead of "o

._ instééﬁ of ng}_)robable'l should not’ be

thét he heve ‘the 1deas from the 1esson

| ular words. Therefore, you should fee

which are meanlngful tq the class. +In

1

forecast, predlct and uncertaln, but
dren s using them. 'ﬂ SR
L . e . :

Elocks (some all one color others of

‘of dlfferent colors), non transparent

o countlng d;sks marked wlth a crown on

3

other. ’
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. Hgw meny of you hed more C's then S's B .
"'ﬁ\‘ . to . X ) . «

>°'How méﬁy had more"S's than C's ?

. ﬁ.\c¢%7éy L Who~had_the largest number of:.CPs"Z' R - |
e " Who.had the largest nuiber of - S's 7 . . |
. ‘ 'y . . RN L

p .page 2. 2* This page repeats the- first activity and should go more smoothly
Y Compare the results this time with those the pupils obtained on-the first “
page. Ask questions as before to: develop the &dea of certainty- and uncer- '

tainty, and discuss pupils' answers to the eight questlons.

-

Pupil'p_ai_ 3' By the time t‘ pupil completes this page and discusses his
-~ answers to the quesilons, he. should understand that the checker is "fair"

¢

that is that one side is Jjust. as likely to come up as the other. He also
will know ‘that ‘he can't ‘be certain which side will be up on the next shake
or spin. You ‘may want the Pupils to add to show the total C's eand S'

_ they obtalned on.the three experiments and to find the total number of

" times they spun the checker. e T e

K




o . . : . , ) A > .. . - - . B ‘

&~

—

R . Shake your checker ina. cup or spln ‘it and let it stop. If the ¥
" shows put an Swm one of the boxes under o ‘I_f,the tﬁ shows,_., {_
o ,‘,put.a C in a,box“under_the w ,Stop'wh.en.or_t_e_s,_etof boxes is filled. .

AN

. N 0y ’ ’ .’ N . - " .
S . . oY ~
R .. i . * : N
. : N N - e ’

_ 1 Howtnany C’s d|d you make? |

22 :»'_‘How many" §s did you make? e

,// 3'.\ How manytlmes d|d you spin or toss the checker? U

/ 4."__._How many more marks are there in: one set of boxes than in the
v . -other? . | o o
foe 5_."Wh|ch do you th|nk another toss or sp|n W|II show a % or N
Cooa e o | N
6;’.;,/T.oss or spin again. -Dld"you-guessri’ght"? :I - .

.

2

on



i

_ an let's trv aoaln Shake your checker ina cup or sp|n |t and Iet

'_'-'_-u'-it;stop. Ifthe W shows putan S in. one of the boxes under '
- 4I,fthe @ shows puta ' |n a/x underthe @ ..Stop when_ _-
~ “one set of boxes is filled. t

N ; . . - s.—. L

. ¢

" Did you get th&éme results as Iast time? _

'How many t|mes {ZHd you spm or toss the checker? '.

How many S's -did you make? -

How. many C s did you make?

R N N e

-'How many more marks are there in one set of boxes than in
theother? | | g
C 6. Wh ich do you th|nk another toss or sp|n WI|| sow a aér or .
Ay e o

. 7 Toss or sp|n agaln Dld you guess,rlght’?

- 8 _Can you be certa|n WhICh S|de of the checker W|II be- up? /Lp | _'
4 ' ' : 26 ‘\a B '

eic 0 B0

Y




Shake your checker |n acup or sp|n it and Iet |t stop Show |n the

boxes WhICh 5|de comes up If the 5|de W|th the * comes up, put an S
f N |n eﬂ box. If the @ comes up, puta c in-a box Sto_p whén a.Il .
| boxes aref|lled L . . e s

e |-

©L-oHowmany s didyousee? . | "
. How many @s did you see? - ) | G

1
2 ——
o3 How. many t|mes did you spln or toss the checker?QJ ' N
A ,"What is the dlfference between the number of S’s and C’s ? |
'5.._ _quess what will come up next t|me you sp|n ortoss S -
'6_.'_,Sp|n ortoss agaln D|d you guess r|ght? SRS ‘. o <

7

: '-’.Each t|me you do th|s Is |t uncertaAn wh|ch 5|de W||| come up? //,j

’ . . ; : ' o .
: [ [ T o B




Comparing the leelihoo Jof Varions EVents

s

7[~w‘p Z,Objectire} ‘To show uhat ‘some events are e ually like y, and that  some events

".are more likely than oﬁhers.

LN - K . . -~ N
v .

= Vocabnlazxﬁ‘ Equally:likely) more.likely, le%s likely, probably, chance.

w . - . ] P v . . K . ? ~ . A
" Materials: Colored blocks and bags, as for Lesson 1; large spinners for use

at tne‘front of—the—roomwith--dials-of—“ 'A") half red;  haTf bLue,
(B) one- fourth ‘red, three-fourths blue‘ (see the last section
of this commeptary); small™ ~Spin erS'and markers such ag‘a.bean,
| piece of corn, or. bit of colored aper for, use b&ﬂthe cﬁildren.

)

<-

' sﬁggested'Procedure° . .
D1scuss the fact that although some events are not absolutely certaln, we '
say they are- "very llkely or: "alnmost -sure' to happen.' In a given season, . the -
) . . weather is very likely to be warm (or cold} It is not‘certain that there w1ll:
T 13 mllk for Junch (because the ‘trick mlght break down),” but 1t's‘almost certain,
' ' I§$§ou cannot be sure you will see at least one car on the way home from school
,‘but.you'd be very much surprlsed if you dldn't When we say §ometh1ng is
\fprobable, or that 1t w1ll probably happen, we' thlnk it 1s more llkely to happen'

-.than not. There are some things that are not very llkely to. happen .but- they

are not 1mposs1ble. Other thlngs ‘are imposs1ble '(the cow Jumps over the moon,
for 1nstance) Use examples from. chlldren 5 dally llfe of more llkely and less "

llkely events and of thlngs that are 1mposs1ble.

Gt



Comparing the leelihoo

A f Various Euenbs

N2

.Objectire} ‘To show phat ‘some events are e ually like y, and that some events ,'“
_ , . o .

"'are more likely than oﬁhers.

N . o . . -~ N
. v -

- Vocabulazxﬁ‘ Equally:likely, more.likely, le%s likely, probably, chance.

S e e L : N . . .
- Materials: Colored blocks and bags, as for Lesson 1; large spinners for use

at tne‘front of—the—roomwith--diais-of—“ 'A") half red;  haTf bLue,
(B) one- fourth ‘red, three- fourths’ blue‘ (see the last section
of this commeptary); small™ ~-spin ers ‘and markers such as‘a.bean,
| piece of corn, or. bit of colored aper for, use b&ﬂthe cﬁildren.

)

<-

Suggested Procedure°

'y ) .
D1scuss the fact that although some events are not absolutely certain, we'

say they are- "very llkely or: "alnmost sure' to happen.' In a given season, . the -
. weather is very likely to be warm (or cold} Tt is not‘certain that there w1ll:
be milk for. Bunch (because the “trick m1ght break down),_but 1t's‘almost certain,
Iéﬁfou cannot be sure you will see at least one car on the way home from school '

- -buty you'd be very much surprised if you didn't When we say §ometh1ng is

Gl

\fprobable, or that 1t w1ll probably happen, we think it 1s more llkeiy to happen' R

~ than not. There are some things that are not very likely to. happen .but- they
are not 1mposs1ble. Other things ‘are imposs1ble '(the cow Jumps over the moon,
for 1nstance) Use examples from children 5 daily life of more llkely and less "

likely events and of things that are 1mposs1ble.

,ﬁ_ﬂ;prj . ;.’n . ;._é:- SR “. 32 }-; ,,s,.j ,‘g.iﬁ..lfj.r




5 L
. S A

_‘j_the sp&nner and show the pupils the: résult. . Large spinners must also ‘be carefully
‘ fused and checked to be sure that the pOinter ig not influenced by the position oﬂ

- .

{ Use Spinner A Ask children where they have seen spinners'before and why

sroe U thel spinner.

Y

‘_‘Q_' they were- used . Develop the idea that sp nners'select "by'chance' because the

person Who - upins cannot know in advance Just where the qpinter will stop 'Ask'

children whether they can ‘tell. which color the pointer will stop on. (No )

3
|

Is it more likely to stop on #ed than on blue? '(No.)__'
Is it less likely to stop'on red than_on_blue? (No.) o

. R Are red and blue equally likely? Yes')

o

Have each child spin it once and keep a, record of the results on the chalkb‘ard

Discuss these results bringing out the~notion that red and blue are equalLy N
likely ' e
o . N 4 o A '."
. Y " = s
: ‘ . red- ' blue . I . -

o T L

NN ©

. A . / )

o PEEEE T
e

Use Spinner B and repeat Discuss these results.'«Ask.if blue and red are
- pow equally likely; if red is less likel than blue, if blue is more likely.
" "then red. Let children tell in their own - ds why they think blue. is more- likely‘

. than red v R .:-‘ . | oA . ;. E }j. o ’d, R

Suggest playing the ‘same . game with blocks as zn the preceding lesson but
_'pthis time explain that you will put two green blocks and ‘one- yellow block into

'the bag.. There will probably be a protest from the\children whose teams. would
-get a pOint for 9 yellow block If not let one pair of teams play briefly,

record and discuss the scores. o A o e e

1__Eil BEEEE h-8 On page e children ean. pass the spinner to snother pair as they -
A.finish.' Keep a record on the board of the number of Winners and discuss . _.~‘.
‘2 with the class the fact that the players are equally likely to- win. If“you b
‘..think it is des1rable the game can be| played again_Withvthe children' choos-""

ing a different color this time. : ;" A o g
- ,Tf'v‘ ) ?_. Most players will probably not reachAﬁheitop or thefbottom'On page 5

o

-~

vtb' IR because the spinner is. unbiased"‘ Belcause this;isbthe first'time'pupils ;

T 30 84




' keep track Of the spins by marking an X in the circle they may need . to
;be reminded to mark one circle each t1me they sp1n.- In. d1scussing the four
_ questions chlldren may be surprlsed to seé “Trow few in their room actually

{”“ﬂ. -.reached ”stop and how many times the marker moved f1rst 1n one d1rectlon
“icwc . and then in the other. '__y 1»,2 ‘;_ - ‘ g:uw K ~‘." S

.\‘f f;' Page 6 is simllar to page 5 Record on- the board thq number of pupils
'who ended’ on red, on blﬁe, E:nd the "Clrcus and\at "Clean Xour‘Room?., Let

L ow . . By P

T them d1scuss these results. ‘ o » ( ) -.)v
- S '. Pages 7 and 8 use the one- fourth Ted, three fourth§ blue sp1nner. Dis;.
'cuss the answers to thefquestxons on these pages. Ask children why so many '
© more of them reached the goal here than on pages 5 and 6
. ) ~'. : i . ,. ) 2

Pupll pages 9-10: These two pages w1ll help you evaluate the chll&ren s-under—

' standlng of the f1rst two lessons.' For - some of -the 1tems such as- 2, .3,

and 5 -on, page 9, there are many answers but these 1n%1cate that the chlld

understands.
A d1scusslon should follow the completion of each of thesevpages;\

. Optlonal Further Actlvlty An Experiment

Lo '“~ s Some chlldren might prof1t from thls experiment How many times, ‘on’ the. f'ﬁ
'average, do you ‘think you have to sp1n a one-half red one-half blue sp1nner

'before it p01nts to red?

_ " 8pin the one-half red one- half blue sp1nner and’ count the sp1ns before you
u?‘f,.get red If you get red on\the f1rst sp1n write 1. If you do not get red

'untll the - fourth Spln, write h‘ Then start. over.; Keep a record in columns of

‘3lO ‘reds each.» When you have recorded the number of spins- for ten reds, add the.’

number of sp1ns needed and lelde this sum by lO to find the average number
‘ ' 3 ," e PR
of splns neede .o S . . . f o .

Does the . average change much from one column to another?' Add the sums_for .

vae columns (50 reds) and d1v1de by 50 .. Is th1s average_greatervor less than .
2 7 How much greater‘or less9». S " ) ot
oo ¥ : - / L R
: - ‘ ' B
¢ -
AR *




0 4 - .'
.;-h > }‘. o Children. eould arrange thelr reQQrd in _this ey _
. ‘ ‘Number of Spins to Get a Red '
) 10th red | :
; -9th red
8th red .
" Tth red N
.. 6thered- o - L
.. Sth red .
hth ped | ' ‘ ;
, ‘ ‘3rd’ red o
i ‘2nd red , :
‘ let red | . .
’ ’ ~ \.\4 E
o s L : -
. SUM =~ 10 S S I N R 94 e
o o ' B : T = . _ ; \.” 2 .
- ' . ‘ ‘ .
) -,“ . , PE . *
' FrOm this experlment -more fmature youngsters could galn ‘some feeling for
the _stablllty in large numbers and the randomness of the smaller samples. _'
g ‘ .
. \. “- " .
. ¢ - : ” G . B
. . " J ( . - , ‘u.r‘q . .
- . 8 ' - -
4 . i . K
o N ‘ Q " x'.‘,' . + . k h u : R ‘ . o
- 1. i ‘ , . o ' ‘\” » :. .
. - o = 4 .
¢ - ) 4
: ;\ « \ A . |
' ' 32
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. Use the spinnier

w

Now start the race sp|n

: | color |.red”

A Race

2

-.

SRR B .f-_-_Keep it flat on the desk
W-'n.“er__ ST You and another- pupll race

- First color the race track red or blue
as shown T

-One pup|| chooses the red track the
- other the blue- track B

. _' Each pup|| put a. marker on start
_If the splnner stops’ on.red “the pup|l

with the red track moves one space.

'»-If the splnner stopg,son blue the pupnl
-With the biue track moves one space

Take turns usmg the sp|nner “’

Repeat |f your teacher d|rects

Keep track of the wmners .

-y
'(‘.]

wome

 Spin untlone pugirwins, -

ey
e
M

blue |

color-

winner} . -




S Take a Walk

stop |

“calor|-blue’f - |

. 2 Where is it - on red on blue or back Home 2

(N

Color the srdewalk as shown o
. Do not color the space marked "Home” 8

“ .

Use the sp|nnel“ Put your marker on- Home

.. N
. DIRERT I N
. SR

= If the sp|nner stops on red move
down one space If it stops on;

" .'blue move upone space. Put

L5 an X*’an one of the c|rcles each

”}?';f"_"’tlme you spln When you f|ll

| _-‘the c|rcles put an X in the

‘space where your marker is. If

‘ you get to the top or the bottom

'.do not sp|n again.. Put an X in’
the o space where your marker s.

1 How far from Home is your marker? N

b -"; SR
—_,_—_

o &'i(:’
3 How many puplls """

S

4 Accordrng tothe rules howfaLfrom
' Home could youget? | f .é’/édoé’ '




A & Yolit mother gives you- a choice of going:
- Use the spinner.: * i+

to'the circus or cleaning your room. .. -

ut-your marker on start. Iffhe spinner il

vred, move one space toward |

P .
EN e N LA
L Lo

. Af Ahe-spinner stops on blue, move one-spa

e'of the circles hére:

St

‘toward ""Circus'’ ¢

v each time you spin. U

i ..; -‘ - ‘ B ’3 ‘AI)._
o your, room:,".(s‘ tO SR T
- youfill'in ‘%lb.fofg_thue circles, stop: -

3

1

L T S
B

N X wherexyour -

o
- 'markerds. .
L T




o Usethesplnner Color the sldewalk as shown

Do not coIor the space marked

©cglor :ble st

'«curcles put an X rn the space

where your marker |s, | If you get

2 to the top or the bottom,, do not sp|n

agarn Put an X ‘in the. space
where your marker '|s -

oo .
. “ : Y

I Where de you end on red on que or back

. _Home? T ’“ v '1- - L "'f _i’ ,.Lw

2 ".HoW many pUpl|$ m your room d|d not get to
. either end? ' b

‘. .

Sy .

3 _;How many puplls stopped on red?

e 7/ —— - 4 “Do you th|nk more pup|Is shoutd have
R ':_stopped on red than on blue? ;7{(/ .




1 7_'Y'Qu'r-'moth'e'r.gives you _anothve'r_(‘:hb.ice.' | If’thé' o

i Use the spinner

spinner stops.on red, move toward ""Clean your room". .

1If the spinnér j"stqps:;on jb|ué,- mee'tdw'ard '."Circft‘js:";. | |
Putan X in one of the circles h"er‘e'e/act:h finﬁ‘q

| Ifyou"gét"tO"-'CirCus"/or”,'?Clean j'yoﬂﬁr room", |
_.‘_If;;If»;you tii_l in all of the circles, s_togiand mark

" “-with-an X .where your marker is. +

0 ' v
"

: . ’ . : . \ . 1 L
Lk e o ’ - . .. : T ! N ‘ISI“:
e lnv T o o ‘ : e v

. ° s : ' : . ) : o

o Color blue ‘;q.-.a.—.-.-_ﬂétart +— Color red-

RN .
.

o

- :
o

t to the circus?

T 1. “pidyou'g
2. How many pupils in the FOORY got

v | cireus| -tothecircus? . . | your |

\'-.;! T

ple=e 1 3 'How"mariy-._hadtd",'_C-'Ieén-your

“room"?

| _._»“4,"HowgmanY‘PUp“s in the room did . &

‘ _.'not,_gnet to e_j,.th_‘e‘r"enq?"._ S ‘




Color the: blocks ln the bags b[ue TeII h

put in each bag s

» _'1 If I wanted to have an equal chance of drawmg red
or blue Iwould put |n - / \ﬁed blocks

l
-.|!.,.

2. If I wanted que to be more kely than red

I could put m 4 ared blocks " R

; - [

3., IfI wanted que to be less kelxthan red >

Icould putin ___ - red blocks. - -+ P
Z2 oe T e o ,Z‘aeu/ -~ ..

‘\./

*

If Iwanted an equaI chance of drawing red or blue,
_..I‘would put in = red blocks

L

If I wanted to be sure I would draw a red every t|me
' I COUld_ pUt in { 4"{. ,/}_/M_L»‘ | /d PR /

If I wanted to be sure of drawmg abt\ue block
1 would put. in o red blocks. |

C UL wa'nted-to be sure of drawing a blue block,
; 0 '

: deuld_putsin s red-b‘l'ocks.'

L8

42



| t/f’ o j"Color the blocks in the bags blue Tell how many red blocks you would e

I t‘._'put in each bag o , -

. L .rIfI wanted to draw a red block about as often as
L "-. a blue one I would put in _g_ |

. 2 1f I wanted to draw a red block 3 t|mes as often ':'
" asa blue ong, 1 would put in Aj’__ |

o 3;” If I wanted to draw a red block half as often as a )
o blue one, 1 would put in 4 |

C 4 .If I wanted to draw a blue block every t|me I

Mwould putin___p o --‘_F/ |
. " - Y ' ’ 4

5 LIfT waf‘lted lo draw a red block every tlme I .
| -could put in 4 g ,/W Z%M»/ N

-

-

. _‘ 6. "1f T wanted to draw a red block Iche as often asa

" blue one,_ I would put_ln. { .

] R L, .
7. If 1 wanted to draw a red block one thlrd of the

 time, 1 would put in _L

e

Brain'Teaser: 1 have a bag W|th 3 red blocks in |t If I wanted to draw a

" blue block %— of the tlme, I would putin .- é ‘blue blocks

@ . .ot L | N |
o - 49 N




SR 'j:LESSON

- Cdmbining-Events: Thls One AND That One o

.,'- . . =

- . . . . ) T N
- .

._Objective{_ To show that probability'may decrease when two events are both

N

e required to happen.,.

R

Vocabulaii: ‘Both,.and._ T-.‘_,';l/ff'

' &‘/' Materials: Two ‘cloth’ bags, red and blue blocks, several small sp1nners w1th3
L ‘ .,d1als half- red half-blue.

'(NOTE BeGEuse the concept 1nvolved is hard for. chlldren to verbalize, an"

-

: ]EuggestediProcedurefn L
:attempt 1s madé’here 10 provide experlences which will lead}them to the des1red
conclusion. _The games suggested Wlll probably require more than one class perlod

vThey may also be played on such occaslons as rainy recesses.)
.Game 1. D1v1de the class 1ntc two teams or.1nto several séts ofvtwo ‘teams \~G1vef'
';._':' each set of, two teams a bag with one red block and one blue block "in ﬁ}r 'ij
member of a team, w1thout looklng, takes a block from the bag. I 1t is red he -
'tscores a p01nt for his team, but if it 1s blue no p01nt is scored. The block

o ‘.: is returned to the bag and the bag is shaken. .A'player_from,the other team
' :lthen gets to draw. Players on the two teams_continueﬂto take turns,untiljeach
team has had ~ 20 draws. _The:points'are_recordedjon the bosrd in the'box,for;”

~the first game.:ﬁ‘ _ l. e H'f _. O ' R K
T T %mhl: ‘%mB- : o
First Game WU | M-‘"//' . L

Y * Second Game _ , _

-

. Gene 2. Now provide two bags for each pair of.teams. Each bag e&ntalns oneA,
IR red'block ‘and one blue block as before. Play the game aga1n but_ this time two
. members of the same team, each us1ng a different bag, withdraw a, block In;
order to score a point ‘both blocks chosen must be ‘red. ~ The points are tallied
lon the board in the’ box for the second game. The blocks are replaced in_the
' bags from which they were withdrawn and “two players from th§lsecond team get -




‘to draw. HEach team gets twenty turns as before. . Compare the number o:f‘ p01nts 4

4

4"'.scored in thls game with the scores in the first ‘game:. ’The record mlght now

' look llke thls =
s l1 . ' '. | '4 i : TeamA N ’ Team B
: o First j(_}ame ' | Y u_” ”
.4 S S‘e'cOnd,‘é}"ame ’Hﬂ N T/ I |
‘ If there. were more p01nts scored in the second game ’bhan in the flrst e .
‘ (unusual but not J.mpos51ble), play the game several more tlmes.' We. would expect '

: ‘/'each team to score about lO pomts in the flrst game and about 5 points i

L .. R et

_ the second game. o ' - S ~ o N e

Dlscuss the two games with the" class..

5 Is 1t more llkely that both members of a y'eam w1ll get a. red
block than . ‘that one “‘3119 (No )
: Is it Just as llkely'? (No )
o R block than that Just one. will'? (Yes )

| 'Game' '3 (Pupll page 11 can’ b ;
. . o ;.. ,_k s

used now or"you can 6se';' ~t‘:when playlng thls _'
@mllar game “but’ haVe ohe team member use the

P

s .
‘aw a: block from the ’b_g. To score,

pcnnts as before ='on'.the board - ‘ S N 4: o . s -
y o ‘I'eamA L ;i'eamB' “- .
Firdt Geme " UHU,H U‘H Uﬂ[ < . v
x B Second Geme wh 4l R s
| . Thira Game". nm oo .[}ﬂ R -

N ; Did the result o:t‘ sp1nn1ng’ﬁ,aye .a.ny ef:t‘ecb on the block tha.t’,wa.'s'_‘ '
’ ‘ A 'chosen'?, (No ) . o o TR
Dld\One thlng have any'thlng to - do with the other'? _’ (No )

| "Was Billy Just as llkely to. get red as blue when he used the
N _ spinner'? - (Yes.) e I v ,

BT



” . .
\ . '_, g

' :fel,Lnf o - fWas Sam- just 8 llkely to get redlas blue whenlhe took a block
R ~out of the bag” (Yes ) ' '

“. Is it just as llkely to get red both times as’ 1t 1s to get red

>~on one or the other” (No ) d

fHow are the seeond game and the thlrd'game aIlke9
'Pupll page ll' Thls page can be used with the thlrd game when that game is

.,"

‘v515; - 1ntroduced or it can be used -as a class actlvlty w1th two teams ,when the

game is played for a second tlme ‘ ‘\ . o

'_‘Pﬁpil pages l2'and'13' ‘A dlscueslon of these two pages after chlldren have‘féﬁfj-
' completed them should help pupils understand that 1t 1s less llkely that '»;

two events will both happen than that .8 given one’ of the’ two will happen. ::;

. kr Some chlldren mlght enJoy maklng a problem for thelr~ lassmates s1mllar
<. . to number 6 .on" pege l3 '

¢ .. . . R . s o , NI
. ! N N
- . .
. v .
Y E
2. .
: =
y - :
ot
.
ot .
* 1
R :
”
. . -
N « ’
. . K .
I -

© e




Iooahl T
t ".’1“\1_‘ L.

» . . ' . ’

B Puta red bIock and a blue block ina bag Have

two teams One player fbr TeamA spins. Then
'- ‘another pIayer for Team A wrthdraws a bIock
O rom ‘the bag | |

T0 score the sp|nner must stop on red and a red bIock must be W|thdrawn
: Nowf Team B splns and draws PIay unt|I each team has 20 turns Teams

1. -What;is Team A’s score after
20 turns?_ o u .
2 What is Team B's score after

ZNurns?




‘: . 12 o ' t,v - ,) | , .‘ & . |
Draw a red rlng around the nametof every an|mal that has four

_:i'_;.\vleg Draw a blue r|ng around theﬂ name of every farm an|maI even |f
|t already has a red r|ng | |

S L : . v,

L1 drew 5‘ '_red r|ngs __'There are .5 anlmals wnth four Iegs

2;'.{Idrew 5 blue rlngs':‘:-. Thereare . farm an|maIs

' 3 j ' words have both a red and a que ring around them There

are 7 an|maIs wh |ch‘are both farm ammal..s and have fou__,r_ Ie_gs,
S : ', g . e

4, Are aII anlmals whrch have four Iegs farm an|mals? W

" 5. Do you thlnk there are more an|maIs WhICh have four leg' jhan there }

S ‘are an|mals WhICh both have four Iegs and are. farm anlma'ls'?

Q . o - . . .




S

13

Look at these words Draw a red ring around every word that hasf e

the Ietter a init. Draw a blue r|ng around every wor\d that has the . g

,' | lett,er.. n in |t even |f |t aIready has a red r|ng

.'(_ o

o about begln'_ o cat ) do each '.

~ look o 'make " my ! penny one .

©ran . we - where  Jwork yoyo

o L 7 \ words have the Ietter a. |n them N
2 | é words have the Ietter n |n them |

3 < J 3\ words have both the Ietter a\and the Ietter n |nthem

o, 7Wh|ch are there more of = words with red r|ngs or words W|th both

' red and blue rlngs? ﬂ,@ﬂ(// L r|ngs

\ .

wdh a ? Z_l’_

6. In the chks famlly there are four chlldren o
Guess WhICh is more I|ker R o - .. o o
.Each ch|Id s\name hasan r in |t | F B
. (2 Each child’s. name has both an T and an a ‘in |t
o | -"_Here arethe actual names of the chlldren oo
R|chard Frank ~ Dorothy ’, Mary
: fook carefuIIy at each na,me | Dld you guess‘correctly?

_ 5. 'WouId you expect to have more words W|th both a and n than Just "



Y
N

G o ,gf~_ LESSON u

Combining.Evenbs:. This One OR That One

"~ Objective: _.To. show that probablllty may 1ncrease when either one
T e :

'”another (or both) ‘s acoeptable.

3

: Either, or.

o v

”',fﬁﬁaterials:- Two green blocks, one yellow block bag, small sp1nners with d1al S
7o -helf red, half blue..;"”é ’ | | i

p 5 3 S CoL, . . . | Lo A

;Suggested Procedure Af I o o . .1 i s R
Recall games 1n which chlldren have more than one guess (Seven -Up, . Dog
and Bone, ete. ). Ask whether these " games glve a. child & better chance to win SN

o than if he had Just one guess.,-h o . S .' _' " R

Tell the class that you have one block 1n the bag Ask a. chde to whlsper '
to you what color he ‘thinks 1t 1s. Wlthout teligng him that he is rlght or . .}N .
.tnwrong, ask someoné else to whlsper h1s guess to.you. - D1scuss the fact that '

-there,are now two chances that the ‘color was»guessed

C

\i_ - Whlch 1s MOre.llkely that elther Bob or Blll guessed rlght
‘ : or just that Bill guessed r1ght° (Elther Bob ar- Blll -- at least

one of the two )

I. D1v1de the class 1nto two teams. Use two green blocks and one yellow‘-
' block in &' bag. To score a p01nt for h1s team the DPlayer must wlﬁhdraw the

K

”-yellow block _ The block is returned to the bag after the draw; All the Chll- :
}»dren ‘can., keep a record of ‘the p01nts 1n box I on Pupll page Lh : :

¢

II. Play the game agaln. This tlme ‘allow the. player to select a- second time.

’without replac1ng the first block if h1s first. choice was not the yellow block
- Children gan record the p01nts in box II on. page lh )

°

_ Play a thlrd game. In order to score thls tlme the child must use the:
'half red half-blue sp1nner “Pirst and then wlthdraw a block If-either'the

spinner stops on red or he takes the yellow block he scores a p01nt (If he

. : . R
. } . .(

s .. s




AT}

b . . v B
. ! o i
& . o~ =
. P . )
: St L ?{1'
o . 'l_-'.;

gets both desired results the score 1s stlll only;one pgi*

4

o
b-

. o (-"'(

ote, for example that in the s

L 5

C 3

7 In probablllty, elther'or also means “or both",-so one- thlnks, '"Elther
'_thls can happen or that can happen or both can happen ThlS 1s dﬂfferent from

...,.."'Eithér this of’ "that bt not-both'

.glrls\ls rather dlfleu o glve However, d1scuss the fact that sometlmesr

,._wheﬁ'you say, ”Elther this may happen or that mayJ .t 1s“pos 1ble that both ,v';

thlngs w‘:L ﬂapﬂen CIf Mother san&»;'Exther we ‘will have gL
s e e W
'.or we’fl o't"the dr1ve -in for dinner, she mlght also declde that you would

ek
.

1cn1$on Saturday

WL
flrst have -fﬂ b

3. 1cn1c lunch and thenfgp{to the drlve 1n in the evenlng

In thls d1scuss10n mgntlon bhat if youmhad 2 blue blocks and 1 red*:

vone 1n a bag, you mlght draw a blue one e1ther the f1rst tlme or the second

‘ tlme, or both. I '_, h‘z_-f . , -’; o . o A

Sometlmes, however, 1t ig 1mposs1ble for both- thlngs to happen., Either:it

Wlll ra1n tomorrow or. 1t won't but not both ' In game II,*you m1 ht plck the,

R yellow block on the flrst draw but if you d1d you couldn't also get 1t on*bhe
.L'"usecond draw (because it would ‘rid longer bexln the bag) Of course, you mlght
"_,not get the yellow block at all e

' Pupil'pages*l5 and 16: Chlldren are to draw rlngs around the words as 1ndlﬁ”re&’

- The questlons are. to help them see that if the sltuatlon 1s elther om

there are more poss1b111t1es thantlf 1t 1s‘"both ana", Thls can be devel- ‘
--oped in.a d1scuss1on of thelr answers. S o . ’

For some chlldren you may want to add these questlons for page l6

_ 5. What is the sum of the answers to questlons one and two?

C(E 1= 19.)
,‘6;; From the an@wer to questlon five;"Sub£raCt.ﬁhe.énswe%”to o
. _)".g" s .,
questlon tﬁree (19 -5 = 1. ) e

. ~_‘}~n - A ]
a ) . . : B oL .

e




N ‘fhat have both
L twice )

For example, a8 red on the f1rst spin and a red on the second sp1n wou_ .

"gu?nx’« be marked under Red and Red ;If the

and also under At least one Red

.'chlldren,;o do &

_..'.\-

| thlrd column,' No Red

. for that row. If a tally appears 1n the flrst column, Red and Red

fﬁ
. shouLd also be a‘talLy in the last column At least one Red " If a tallf

,f appears 1n the second column,~ Exactly one - Red then a tally should also

be made 1n the last column-”ht'least one Red

D1scuss chlldren' ‘answers;to the seVen questlons yddeanuragegtnemT"

to state thelr reasons

W




Make tally "
| marks

Mak tal|y
marks

ERI

Aruitoxt provided by Eic:



L These are the names of anrmals Draw a red rrng around the ..
name of every anlmal that has four Iegs Draw a blue r|ng around the
name of every farm an|mal_.,]_. B ok

'--"anlmals have four Iegs

. W
an|ma|s are farm anlmals B

£
sy
\_; 'anrmals aie both farm an|mals and anlmals W|th four Iegs
4 ‘”-"“anlmals are eltheyr farm anfmals or anlmats wrth four Iegs

T j . .




Look at the words below .Draw a red rlng around every word that
has the Ietter s in |t Draw a blue r|ng around every WOrd that has

.J - ‘ v

the Ietter e |n |t .

fgét"' . greent quess ,”
.' N . . . ' B o ;
street et ws

. .’ . : P‘ -“ ‘ v!, ) “ . ’ v:. M ‘e ' ’
. o o oo C __*ﬂ_./ w
<, . - , R

.
EAY

)

!?'J:

1 > 'f_words have the |etter s lnthem - / o

‘words havethe Ietter e |n them AR

oy 'a o «

' words have both the Ietter 45 and the Ietter e ; L

._!fwords have e|ther the Ietter s or the |etter e or both

R

|

i

{

i

|

t

&
En
) it-clri. N

‘a»




. Usea splnner WhICh _ Splns B Results
.l 'S 7 red and 5 2 que' - -~ F|.rst Second Red E)tl— No ,I'Att' |
s | lactly]  |ieast|+
e Spln tW|ceand » Spin_ ; Sp«'n“ | & ong, one|
v record under . |Red BIue_Red'BIue Red | Red | Red | Red |
o '."F "St spm and e T
: ',"‘ Repeat 16 t|mes ' T2 R
ol e 3 ..
.. ﬁow Iook at your 2
»‘ = A word of $pins. 5 [ —
- Put ta]ly marks in 6 T ,
wooe the right place BT — o
S u(ﬂler Results. R .
See the SampIe 9
“ 10 -
v Total the cqumn§ Fen -
l;’ ,Jr»‘\ - . .“' ' ' TOfaI '

«
.

1 Whlch resutt has the greatest number of talhes? az‘ &a.ﬂ‘ e A%/
2 B /lfddléy

Are anytwo results equal?

3 Ifs0, which ones?

o gL

‘.

-

4 Wh|ch' result has the Ieast number of talhes?

5 1f you were to guess before yau did the act|V|ty, wh|ch resuIt would you
guess wouId have the greatest number of tallies ? ) L

A)

ue ‘w . .
. ¥

6 It you repeated the act|V|ty many t\|mes would‘you expect ”No Redi' to
have Iess tallles than ”Exactly one. RedJ' .

\

1 If you repeated the actwrty, yvoutd you expect the resutts to be exactIy

4’(/&

PR B S

the same?

DA
L Taes.
4 .

-




I R LESSON 5

Number of Possibilities

*. ! . . ' . . o . . . c -

;“ ,'Obgectiveé - To introduce the idea of the number of pO\Bibilitles for a given |
e j._ o :experlment and to use simple tables to show these poseibilities.

: Vocabulbl;' Possibilit.u tabl e Sl S+ ions ‘. NN ‘\——-'

. Yocabu_ary: S5 Yy, ta e,‘row, column, (optlonal) probabllity.ﬁ,

_ Materials:™ Two red blOcks, two blue blocks, two bags cheCkers, réd and blue -
\ R ] )
: " crayons, §mall spinners halfs red half-blue, small spinners one- -

- - n" .~ third red one-th1rd blue, one third yellow.._

! Suggested Procedure.'“ l, W-h‘ 3 r: 'h- R "" N hfxﬁ

Lo

' Rev1ew the fact that sometlmes there are only two pOsSlbllltles when som -

thing happens. When a bag contalns only red and blue'blocks, the only colors

tﬂat can Pe drawn. from 1t are red end blue. .If a child splns a checker‘ ft

migh of course,- stand on edge, but lf we say that we won't count that as a o
"spln, the 0nly p0ss1b111t1es are that it Wlll land w1th one. or the other of the‘

two faces on top. Tt cannot do both. o ;' “.-' : I S :1

. Recall the gamﬁs'children played ‘in, whiCh they had to draw a block ‘from-
. feach of two bags.' Suggest ‘hat’ they play the game agaln but keep score in a,
':.'new way . Use sets of two teams, called S (Same) and D (Different). NA player~
. dravs a block from eaoh” of two bags (each contalnlng one red jBQ\One blue block)
.If the two blocks _are the same color, 1t is a p01nt for Team S. If they are‘of
}idlfferent colors, 1@\1s a p01nt for Team D. Record the results.and ask about

the fairness of the game.f Is one team as llkely to win as the other? (YES )

: Now suggest that the boys form one team, the glrls another 'and you, alone
b : the th1rd Use the §ame bags and blocks as- before. If & player draws two red
blocks, 1t is a p01nt for the glrls.. ¢ he draws - two blue blocks,’lt 1s a p01nt ib
f# A‘\for,the-boys, I he draws blocks of d1fferent colors,’ 1t is a p01nt for you.'
'-,- o ?lay;%he game and have each pupll keep a record on* Pupll page 18 ,of the draw1ng,
: .I.as-well'as_of the scorew The ‘sample ShOWs how to record a red block -drawn from
bf;the first bag and: a\blue‘block from the second bag.l DlSCuSS the. chlldren'
answers o the four exerclses on th1s page and lead them to d1scover why yOu_

have a better chanCe to w1n than e1ther the boys or, the glrls.v Let them use

\)M‘ ‘. .. s Co ‘:{W °_.:_',w..A‘..“...'.._..__‘.__; ...... i e 3 5.7




o )/ .
'gtheir own wordu td/explain that the1e are two possibilities for drawing dlfferent

'colors but . only one for drawing two 1edu and only one for drawing two blues.

B . Y

Le sons lO and 11 could follow this lesson if vou think this order would be
”appropriate or your children. Also, when you reach a p01nt in this un1t wh1ch
‘Leems to bejibout as far au your chlldren tan prof1tably 80, you m1ght want to
look'at'later lessons to see: if there are 1deau which .you might adapt so- they

’

. would be appropriate for your chlldren.

pil page l9 ¢ Thlu‘ age should be us ed wlth the class work1ng together. Explain .

" - that each part of a flag may have only one coior, so if red 1s used for. half -
| of the f1rst flag 1t may not be used for the other half. Children may need
to be assured that 1t.1s‘not wrong if they leave two flags uncolored.» On
. pf the contrary; there arebonly two ways to- use red and’ blue without repet1tion.ﬂ
| - You may need to explaqn that different shades or angles of draw1ng w1th the
came crayon do not represent a d1fferent way of maklng the flag. Compare
A_2~_j' each flag to a bﬁg contﬁ1n1ng one red and-one blue block It the red blockvf’

L ds taken out first,vall that 1svleft is- blue,‘and v1ce versa. ' R ’

3

vf Pupil p_g_ 20:- On this page the same. color may be used in both paTtsloanLbox,.
' 50 each box is.like two bags, each of which has & red and 'a-blue blocR. 7A_'
Chlld m1ght draw a red block from one bag and a red block from the other
) bag, so 8 box m1ght have both parts red etc.‘ See ‘if children can transfer
. thlsbldea to the game played at the beg1nn1ng of th1s lesson - boys score =
‘on 2 blue blocks, glrls on: 2 reé'blocks, and -the teacher on- 1 red andf”
1 " blue block. C - L (: ' ‘ ' ‘

Pupll pages ‘21 and 22 Complete these two pages as a class act1v1ty.‘~Chlldren,
- can. ohare the -small sp1nnero or you can spln one sp1nner and - the children
can tally the results in the: chart._ . : e
% Dlscuss the answers to the e1ght questlons and then 1ntroduce the table
. at the bottom of- the page. .. Mention thet it is an orderly way to show the '
’ poss1bllit1eo of’ sp1nn1ng a up:;Lnner and tossing (or sp1nning) a checker.
@bntion that the left o1de shows the result of a spin ‘on the sp1nner and .
'.i~,f ¢ that this will’ Ee 1ndicated first in its row, The top of the table shows
o the side of the checker which 1s up, and the- ?esult 1s shown second in the i
_ _'fcggumn below its name. Always.work from lcfé?to right and tQp to/bottom
. .’ . i4 these table;. -Call the1r attentlon to the first box, ,Rc; which has -

-been filled-in. Have children tell what thi§ R stands for and what the

..'"




C‘ stands for.‘ The next "box” in the table to - look at is réd on the spinner
o . and star on the chebker.. Children;write RS in this box to stand for red
jf'\i,'-‘on_the spinner»and aistar onlthe checker.‘ Ask which box should be complet%% *&\

~ next and then have each pupil write BC in this “box to !epresent blue on
"the spinner and a crown on the checker._ Complete the table by writing BS
- - in the last box.f Some children will need extra practice in learning how to
| ~ complete tables. There “dre - two more to do in this lesson.' Always work.in
:i'a_definit der while dOing this, we have used the left to right and top
_tto-bottom'sequence in this unit Show children how easy it is to read“.

,lthe four posSibilities:from this table.‘?m

pil bage 23 actice invméking and interpreting a table is given on this.

: page. Some children ey need to spin the one third red one third blue,
- 10 help find the p0ssibilities with this spinner

{th the left to right and top to\\ottom approach

~one-third yellow spinmﬂ
and a checker. . Again wor5‘
o in completing this table., In question 3 children can “count to see that the
n table shows there are six po sible results of spinning this spinner ‘and
,‘toss1ngva checker.» By looking at’ the table they can also ansWer question h
5 hb and Mc you may need to call attention to the word or .. It may
.‘: be helpful if children draw a ‘red ring around the answers in the table for '

o) and a blue ring around the answers for th.v”

Pupil page 2& Letters are used for the children’s names in this table. Children o
‘ may need to be assured that there are oﬁly 8 possible pairs of leaders '
'.l-even though the list shows places’ for 100 If- des1rable, you might make
‘.cards with the six namei on them and select cards to find different pairs

of children, choosing a card from the boys' pile and a card from- the girls

Plle- L 7 4" S CoL AL Lo !
t B . s .. ‘ C .y . ‘ . ) - . " ° i
, .. Optional Further Activities - Games. o T IR
. - IR s R AR LT
', . These games can be used to‘provide'drill'in"addition,aﬁd_subtractionfl_ )

Aoy
o

‘Game l'eiSmaller and‘Difference.;-

.. ; . N L"

. This game for two people uses’ two spihners with- dials of 6 equal parts -
u‘~Ff numbered from 1 through 6., or two cubes with faces numbered from 1l through
6. One player is ‘called D (for difference) and the oth&r S (for smaller)

" The two' cubes ‘are tossed (or the two’ spinners are spun) and\the players look at

.~ the two numbers.‘ Player D earns one pOint if the difference between the two

J;E(l(;‘ e : Ti;i;w;imiil, .m«:;;;/. . _n,-éfé)_. b ‘;7;‘,;;>'{?_




'cof points first for example 15

 Game 2 —.Sums-and Déd%les-‘

”(or sp1ns one . sp1nner) "S

aGame=3‘- Add or - Double Your Score 7.'

_-numbers is greater than the smaller of the two numbers If the smaller of the
‘,tho numbETq is greater than the- difference, player S gets one point If the

difference equals- the smaller, for exesmple if the numbers-ere 4 and 2 or

’,6 and 3 5 'neither player gets a p01nt Play to see who,getska*certain number,v

" After several children have played the: -game, ask them 1f it is 8 fa1r game. v

N Would they rather be S or. D. This- table shows that S " has the»greater
| TABLE OF DIFFERENCES "~ chance to win. Squares ‘are dra
m[¥ Second- Cube ;jvtt:"‘*t“““around the ‘cgses’ that ‘are ties (%
_ l -2 3 5 6 - Ovals are drawn arbund the cases /".d»»
1 L0 RI é N LL -1 5. e where ‘the, d1fference is. greater than -
. o T . " the smaller number The rest of the

entries in the table represent the

_, . cases where: ] “wins a‘pclnt.b of the

' 36-”cases: there are 6 ties, D

' .&ins in “12 cases, S. wins in 18

4 H :
-P .;i. = Il<kg _fb

" cases. So.ﬂSj‘wins: %j of the time
and - D wins %j of ‘the time.‘

: Two players use the same two sp1nners or the two cubes in Game l

" adds the numbers shown on the two cubes ‘while.

player is called "Sums -and other "Doubles , Each player tosses'one cbe ™ 7
Lm §>

""Doubles” looks at his cube and doubles that number If "Sums’ sum is greater

-~ than "Doubles s"'double of" his number he gets one p01nt If not "Doubles gets

the p01nt\‘ No p01nts are g1ven for t1es (for example, 1f both "Sums s eube and o

e

"Doubles‘s vcube showed 3) Play until one player ts a certaln umber of

B points,ﬁ l5’for example; Puplls can determine after play1ng th1s game that it j‘
is a fa1r game. " Of the 36 -entr1es in a 6 X 6 table, S wins .15 times,

D w1ns« l5$ times and there_are 6 t1es

1 Do . i o ) o

This ame is a variatlon of Game 2 Now however "Sums g" score is the
g R

tf'actual sum on the two cubes (or sp1nners) and Doubles s score_1s the"actual'
'5:double of the number on h1s cube (orysplnner). »For'example, ifft"Sums’s".cube .

'Ilshowed > and "Doubles s'" cube showed 13., '"Sums"'gets an .8 for his score

B

-wer:f-ff-‘-;hf_T'p .‘ii:" '»'"J'"u .56m, N



Play until one. player gets lOO po:.nts.'-

Aruitoxt provided by Eic:



G'trls Boys and Teacher
RS L : 'FOr this”game you j.need two: bags Puta red and a que bIock |n each
) | B The glrls are one team and the boys are another Your teacher WI||
.--,be the third team R o o
| | One of the g|rls starts by drawmg a block from each bag If the two
o bIocks are red it i is a pomt for the glrls 11 both are blue itis a po nt for

-the boys If the two blocks-are of d|fferent c"”"ers it |s a pomt for your | teacher

-‘_*‘Keep a record‘on th|s chart

l_ . Second, _,Score for: T ';1. ;gWho has the h,ghest;

o score? L

| %V oirls | Boys |Teacher| It thisdame Iasted
20., ‘turns, Wthh
“team do'you th|nk ‘

wouldwm? o

o _'-3‘.._--_Does gach team have,'
: " '-'an equal chance o .

_’ _fl'j_t'_._t'-.:;"';;'vDraw a c|rcIe arounof_
| 'f‘each way your

gJ’R-_R

- -Totals .| S —

—
e




1

G'i'rls

g L - For th'is”g'ame you j.need ;two; ba,gs

bag.

__v'_"'be the third team.

Boys and Teacher

Put 3 red and a blue bIock |n each

o\

The glrls are one team and the boys are another Your teacher erI

One of the glrls starts by drawmg a block from each bag If the two

. bIocks are red, it is a pornt for the glrls

11 both are blue itis a po nt for

" -the boys. If the two blocks-are of dlfferent c."”"ers it |s a pornt for your | teacher

-‘_'-‘Keep 2 record -on thlS chart

Second

Scor.‘e for:_-]"'- R

1 Who has the hghest

Bag

" Girls |-

Boys |

| _score? e
W If thts game Iasted

,.20 turns Wthh

"'team do you th|nk

wouId wm? o

" '.._'-_Does each team have

) f.'_'_'_.,.,,"Draw a c|rcIe around
o ‘each: way your . By

- ;teacher can wm

bao ~bag

gJ’R-R

Totals |

[Kc

Aruitoxt provided by Eic:

k2

st ] 2nd o



0

e

Use your red and blue crayons See how many d|fferent ways you

fcan use Just these two colors to color the two parts of the boxes Thls t|me

you may use the same color |n both parts of a box o f

e of 2

B o

"‘-"::“":HOW many Ways d|d you f|nd? 5’! "
.-‘-'How many boxes are aII red? / E % s
'How many boxes are aII blue? | / S

_;"How many poxes are part red and part blue? 472

ver L

“How many boxes are at |east part red? ‘;3 g ﬁs o

0 [

. .__‘_How many ways can you color these boxes W|th two colors? Ll

L2
2

Brain Te_a”ser' If you could use three colors guess how many ways you

| can color boxes ||ke these
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. . A s . ,.‘. ‘:“
‘ al

A H°W many DOSSfbﬂltleS are the,l:e lf we use th|s splnner And- theft
toss a checker? | . Y

. h en':ksp:'n j

or toss the checker angt

i

et ’_“’~'55anda star on the checker =
IR A r Red B|ue @ s e Lo i

-t
IR NP

s
. —

)

‘.
ot 7

o} ' .
A .61




| 1 In the same turn dldvyou ever have red on the splnner and a crown b
on the Checker? i '.-‘ o _

s2 led at least one of‘the turns g|ve red on the splnner and a star on -

" 3 In the same turn d|d you ever getoblue on the sp|nner and a crown -

L on the checker? Lo ’ SRR
g 4'-._5,'2\1\ the same turn d|d the spmner ever show blue and the checker

<L R B .
J w_”’;-""‘:

.-l..,Can you thmk of any D055|b|l|ty wh |ch y0u dld not get? L
.",_-_fHow many pOSSlbIIItIeS are there W|th thrs splnner? Z SREAR

How many possmlhtres are there W|th a checker?

A
oo - -aes_f oo

._%'j_How many possmllltt’es are there wuth tyh|s splnner and a checker? 'i':< 5

S, s
. .

EEE We found fout‘ p055|b|||t|es when we. u$ed th|s sp|nner and then
: \ spunachecker They are Red Cr‘own i Red Star BIue Crown
o _-.;'_';Blue star. B ,
o tomplete th|s tabIe us,lng R for Red B-:>fo.'r' _'Bllue,i.... C,;ff.or"C.r-ow,r
'-7'.1:1'and S for Star RS EE R R

T ol -Checkeri-__. ,
. '=| .. = . . |Crown |  Star: SR
oo sRed | oRC Jes |t o
Blue |gc | As |




P I PO
[ -

Now |et’s fmd the p055|b|l|t|es W|th th|s spmner

‘/'.':;'_"'and a checker g

';,i_:,'ig'fCompIete thtS table You may spm the pomter and toss a checker |f you

N

/' " ST e ‘. So

e e

,;",W|th th|s sp|nner? \_5

-’.-_How many p055|b|ht|es are there
B W|th the checker? g

3 ‘How many p05$1b|llt|es are
L _there W|th th|s spmner and_
| _a checker? é‘j' BT

— L -;_How many€p055|b|l|ttes are there

‘..D’:" O -

.
+




:..

| Mlss Holl|day always has one boy and one g|r| Iead thesclass to lunch
Thge boys who have not had a turn are. Bob Dan Tom and l;rank The

"
ot Toe
4

only glrls who have not had a turn are Nlary and Helen L .é{.}l.f".'.,.' ‘
k= N\ MlSS HoIleay wmte& each na[ne on a card llke th|s. o _' LT

SRR : a, S T AR S L SR
1Pom Prank "Ma‘ry Helen e

" R T:o'fl'nd out who W|ll lead the class today, Mlss Holllday puts the bovys’ o
| names |n one box and the gl'ri's n'ames fnarﬁther box Then she dray&
. w@ R : S

/° 'o

RYETEEN
T

PRI

You calh eomplete the ta'ble or wrlte th'e'"na .s of the p055|ble leaders

IR I . o -
}u : -‘.l' o .

here’ IR S Sl
: c PRI R R o Boys

Helen !/}’ﬁv 7 AV e vV
1 Wlth the 2 colored splnner and the

checker there were

earlfs.;;‘:: B

D055|b|l|t|es , o
2 Wlth the 3 colored splnner and .

the checker there were L
ﬁ q : '.. ’0 | - :“._.:_- 2 .‘_...\ __‘_ :
7”_ 7*‘ p055|b|l|t|es el

a;?/za 3 Wlth 4 boys and 2 glrls there

are / p055|ble pa|rs of

. B o )
AT DO I
e et f_-,x'
N :‘ Lo ) . .- . )+ ..
P o .C_h_,a
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T : : - C PN . o . . A
L - . .. ) ." . . . m’ . - v ) - - 2 B
. 4 e T %+ .+t LESSON 6 : . L
vl T o e : S . S8 : : - R ,
L e <l ~ .Combihations.(of 2 - thi# s) o oer T ‘X L Y,
] S d . . ;‘,:-. ; - . Cw L o T .Y . : : . ; .
L . o X _ .
“'Objective?* To court the number of, ways two things can:be selected from
R .- EY-C o e . -a a’ . ‘
. o s Py ) . — . . e o . s 3 o . Y
B I S P
Vocabulary: 'Combinations. . R T S : ; X
L g , ' B s o 3‘, S e R
"~ 'Ma eri\als: . None. w Ty e Y e B -
4*~ T o o - v, S e
. s T »y \":'-_’a o - - _"r_v.' -u
Suggest‘iﬁ Procedure . - . . Sl L .
v - i - . - »
: PN K
Lot Less%ns 6 and i are concerned with comhinations and Lesson 8 introduces  *
ordered arrangements. You may want to read., again -sectjons 7 and 8 of the -~ . .

“.

Mathematical Comments vefore teachin‘é thEse lessons. .In Lessons 6 and 7 we are
%btain%ng subsets while 1n Les‘%n 8 we are working w1th arrangements in which w
order is conside'red commonly ten%d permutations This word need not be used

‘w1th children.<:. s AR S IR '
e ‘ o ‘5" X S : , o
).Present problems s1tilar to. the follow:.ng < .', _— . . -
* . w . ;,’) -' . " . 0T - V
: When you play Squirrel in a Tree,._i:you first get into grOups of : 4. P@k
,"three, and then two of each group .joln hands ‘&9 make a tree with ' S
~ . .. " -the squirrel 1ns1de. Suppose Bob, &‘erry, and Jack are in one’ _ : PR
’ ' ' group How many d.ifferen‘t ways c,'m they make a tree? (Use - o @
' - children in the class and ‘have, tbem demonstrate. Bob and Terry,
, o Bob?,and Jack Terry and Jack.) W S . T ¢
g List the answers in a column w1th the heading' “Trees b Ask -how many different ,
combinations were possible. o A Sl
- ._ Pupils, : | Trees " ,
S ' .. Bob, Terry, Jack . - . Bob, Terry * : ‘ S Ft
N , . . v Bob, Jack T .
I '._'"f Co Terry, Jack’ . e Uy
e gl e R .
L Show children how you did t’his systematically, going.from left to right w1th L
the 1ist oftxi}hree boys,’ @b first. Ask children how- many- different trees can - .
be made if L& ‘were’ in the group with Bob Terry, and Jack. - After children ‘
' have given their predﬂtions, meke a new’ 1ist of« "Trees". ' S
v ) . " ‘ ..Q- ""\‘ " N T | v “ . . . ’ . . ’
. . . ." ) - ' . : ' * . ‘ . ) . .




: ‘? . ﬁl - o ) o . z“ ‘n.. : _,v oL ._ ’ J . - - v

O s Puplls A. ® Trees .
. - ‘v S v A "W L A T o
T Bob, ,Terry,)Jack R : _Boba Terry .

s ® e T Bob,riJack
a o ' ‘_ As:Terry, Jack
"m' o - &% ' _ Bob, Terry, Jack, Lee Bob, Terry - R
R - SRS e
K DQ - ;L‘ L L ' Bob Lee } o )
T Q e ¥ %y o Terry, Jack @

j“ " @_ o : . o ) ' Ve WTerry, Lee o -

: ) ,"-' V, R %’ ‘. * JaCk X Lee . " .

o | < e . i * “—— . ' ‘ &

e ¥in show how you have followed a definite order 1n writing» the trees that " ‘
o ” L can be made from ‘the. four boys You started w1th -Bpb and worked :E‘rom the lis’& of -
& C A
boys frcﬁl left to r1ght\to Tind who would ge w1th Bob ' 'Ihen you moved ‘tq the

k _.“ right to Terry and wrote the boys who could be WJJ;h him agam going from left to
' Kl r1ght ”Finally, you listed Jack and Lee,: agaih followlng the lef't- to. right se—-; *
J’ . 9uence. Chlldren should learn the importance and advantage of a. systematic "
"'g o . L N A . ) . . b : L

oo ,,approach such as 1s suggested here. o ' R ®

;‘,' ‘f" ¢ The formula from sectlon 8 of the Mathematlc@l Comments %rould of course not i
s Qbe used w1th the chﬁdren but it” is 1ncluded here ffbr your 1nterest -
» A" ’ .
" ) . : B R : : F:S
- 5 ) ’w X . n’ v M ’, A
s " o ’Q .- | o, S s?Zn s, : .
“' R Make a.chart on 1B ‘board:' N ' _ 3
P | ‘Y ? . . _'.. A L e . , o v . ) 0 . - "! .,_-.
. ) B'—i’. .‘,& o * ; : : . . " '& .
N T e ~Number of ’ : -
. '9} & -;,..Numb@r&inﬁ‘ roup "Gombinatdons of 2 o “n L
g v., - . 4‘._,, ,‘ Ky .‘ . . v ) ’-'0.‘ . B . .\ .
: @ ’ - b ' e . aéb. .
e " 4 o L 3¢ _ .3t o3¢kl
' o @ = > £ 2 2'(3 7)) %ok 3
B e e B Py o kege
. 8 % ‘ 2’p " 28(h-2)r T 2.1-2°1 ,
li} ‘% s . o . n - o 'a
" ! ‘ ’-' &' 5 ) ‘n I.‘ ~"‘. lo v (5)’ = ! l > = 5.!4.;';3.2.; :
i. g L s 1, 2 T EG2) T aT3el
TR LT T T Ve Pl esaeer
SN 6” . % I @ o ()= 2!('6_'@ R-ORTETE i
N P T TR A
5 _ o . " . S 2 L . , .
oy " . 17 ' » 0
Ny 4 Change the ‘context of thé*p‘roblem by sqlgesftfing ﬁat %” girls wa% to Jump

two g¥-a time, What combina-"
" tions can be made‘? List them. (ﬂ he chart Qntez@the ggmber@.m the gro;Alp 5)
9
‘and the number of combinations (lO). .,'I’h,en j,.pclude one. wore child in the grohp.’

rope and that they w1l]. take turns holding the rope,

u\ . d -g,q.#_

,“' . ‘ . 66 o - ' '_A..
s - . | . . . S gl 7@. ‘ - L >

i -




N
..(.,

. . o
Perhaps by thi" tfhe oomequy Wlll be able to sce a pattern and to predlct the

. . . < ¢
¢ [}

number of comggnatlons. . For seven in the‘group, there are ,21 comblnatlons.

‘Pupll page 25: ' Chlldren should have gﬁhddfflculty w1th thls page. Thé order -

L

4

. of chlldren on’ the swing or. on. the teeter- totter does not make a dlfferentv'ub

»

set. (Order will be cons1dered in Lesson 8. ) However do encourage a

systematlc way of llstlng, as Betty and Anne, Betty and.Sally,v Anne and.
- sally. o . R ‘

Pug 1 “page 26 % The placlng of answer llnes is such thet an orderly approach is
‘ encouraged,' the teams wlth Mary flrst are in column one, Tom first in the'
- second column, and " then Susan flrst in the last column. . A left to rlght v

’ sequence is foll&ived. in wrltlng the names as’ they are’ orlglnally stated.vv-

,.

'hiPupll pages 2? and 28 ’Agaln these pages are arranged so-that a. systematlc

: 1mportance of organlzatlon.

llsflng is encouraged Questlon 2 on page 28 remlnds the pupil of. ‘the

2

2

°"



~ From three children we.can choosé”_ pairs. . °

o ] Y X

Betty, Anhe and SaI Y want to play on a swmg that is made for

twoch|Idren Use B, A, and S forthe names ofthech|ldren ‘Put.

these |etters on the swmgs to show the th ree palrs of ch||dren

W
et

»

'- '.','J|m Andy, and Erlk want to play on a teeter totter Show the dlfferent. B

pairs of children (one on__e'ach end) Use ], A and E for the names "

" ofthechildren.. .z

o ‘ . ) s -
) . o)

B F How manyt|mes d?es Erik get to, play?

2 Three chlldrenaea_-teeter -totter (two atatlme) in o .wa)(s'..'.f"""

¥

L] S . A o

. - Ll ! T . o v . o ot
A . . " . 7-) . ) ros R



w -

T

2.,

Mary,_ Tom Susan and B|IIy are pIaymg a game

hoose a team W|th 2 chlldren Show aI| the teams they can choose Use

M T S and B forthelr names

S

.,and»

They want to

o and 4

1 How many teams would Tom be on? _3' IR
' EERT '

2 How manyteams would Susan be on? J o~

3 Each pupll would be on how many teams?

. PN

B "’4 From 4 chlldren we can choose a team of two |n VV B Z,

ways

L

s

5 From 3 chlldren we can choose a team of two |n‘ J

wa S : o : Co
y ERT R SR .
C ‘f" 4- v S

6. From 2. chlldren we«can choose a: team of two in onIy AN

Y

different
'_.;differ'ent.

- way;

. f-,“

7 Guess how many teams of two can be chosen frpm 5 chlldren /@; o



In the Brown fam|ly, flve chlldreh - Mary,, Steven Becky, 3

Ltnda and Rlcky~ puy take turns domg d|shes Two chnldren work together

_ each day Show aII the ways they mlght work"' "Use‘ M S B L and
_1;‘-.__': R forthehames of the chnldren

S TR SO
- Lo ‘..ﬁ‘

Nt and S ndige:

| e and 4’ 5 and /;
._-A‘W and .4_ S and ,6
/ﬁ and 6 |

a

4 ?.Each chlld was |sted

_‘

> !
-\ 3

LD, _‘Who Was llsted w th ‘I\@ar‘y”?_.:

l




AN

B ce7) ,, o~

UD a_team of two UseJ C P

- #. rom 6 chlldren wé%@an choose a feam Of tWO |n 4 ways

:'»a*t’ gy.l
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B T LESSON T e 1

o

Comblnatlons (of 3 thlngs or L thlngs).\/ ‘-f ',ﬁf; '

P ] ‘," R R R S

Ty

o Objecﬁive:;; To count the number of ways threelor four thlngs can be selected L

from a larger set

o
‘

. " .",.-.., R . . . NS
. Materials: - Nope. - - . - - - o AN
I - N A . P ' -

vauggested Procedure. o J‘fﬂfd e ?_H-j ' ":Q,l- Lo jh D :lzmﬁ;-‘

. - Rev1ew briefly Lesson 6 .on maklng comblnatlons of two members from a set.
,3w :;", .Dlscuss the posslblllty of maklng comblnatlons of more than two.’ Present a

) problem similar. to the followlng

“In a playroom there ig a readlng table at whlch only three. chlldren H‘Q.'.
- can s1t.: If Pat Anne, Ben, and . Mark are 1n the playroom, how many .
7d1fferent groups can go. to the table‘7 ( h‘;: Use chlldren from the ;
'class.' Pat Anne, Ben; Pat Anne Mark Pat Ben, Mark, Anne

v Llst the pos51ble comb1natlons and make a chart showlng the number 1n the
group and the ‘number of comblnatlons of 3 (Just as ‘a matter of 1nterest to:":” '

you, the computatlon by formula is given here. ) ST -

v .  Number of . - | . - .,' l 7“l; E \~p.‘v,
.'thber‘in'GrQup_ Combinations{of,3= : _ .‘:#’= -

,3, o | , L ... f 1. R E ( ),~ 3 (3 3)1:‘ cDel1 1
IR KRR S S Ut (=)

R

e

f?“ﬂ,fv}‘?‘: T Suppose sdg comes 1nto the playroom, too. Now how many dlfferent Al.f
' SRR groups can go to the tableV_ Do’ you- thlnk we'll have. more comblnatlons ' Qﬂj
than we- had when there were only b chlldren to share the table‘7 ' '




v

A ,w*"

- Lead ﬁhe cﬁildren to llst groups,ln an orderly way.. ‘For example,r '
i 3*,Pat Anne, Ben :f‘: Anne, Ben, Mark ‘vh'bBen,.Mark,:Suef‘;V

fjfpat Anne, Markf ) Anne, Ben s T oYy
"f;]Pat Mark Sue ' Vs; L et L
o £~.‘; o How many- ch1ldren would be in the room 1f there were only

'wf “one pos51ble com 1natlon9 ' (3) ;;;, 5
IJ(NOTE Do not cont1nue unless pupll 1nterest warrants 1t )

“If there were‘h6ﬁ chlldren in the room, how many comblnatlons

of 3 ‘could we f1nd9 ‘ (20)

‘

You may -want to use’ an. 1llustratlon w1th comblnatléns of four th1ngs from a .‘f"’

" -sét, of f1ve and from a set of six before g01ng to the pupll pages.’ If S0y use. ;:~

‘small obJects to show th1s. S T o

'__’Teacher Note Even adults have d1ff1culty keeplng track of comblnatlons selected

q__hfrom a'sset. One method vhich may be helpful to you 1s to make a chért., For
1lexample let’s say we want to get all the poss1ble subsets of 3 from thls set
Of 5 .- A B c, D} E.‘- i ' .
) wrlte the set ,_g L ‘..,‘!f_

. lg_f Start w1th the usual method of the f1rst E TR U
SR ABC" land make a tally under the letters. Thus:

;2,; Plck the next group of 3 oy worklng from left to_??fi
- ' r1ght, and. tally ? . . L o 2

'”b]3. Plck‘the next group of 3 and'talLf

"*fﬂ. Pick another group of 3, g01ng from left. t0"KF-‘ '
‘right (no more start w1th AB 50 g0 to . AC)

Sf’\ Tally the next group of . 3
6.. Work from left to r1ght agaln.

."7 T There areﬂno ‘more groups beg1nn1ng w1th A bfr;,u'
© . mow start with B and tally P L Te - o
'8f Eally another group Of 3 in left to raght order. lB. . R 'l-"

_jé; Tally tﬂg next group of 3 .. ', . ‘.YQT," - 9., ‘p‘ o 1
o 1oif Tally thé last- group of 3 '”"‘d o ‘“1¢;:“~1‘,.~‘ (IR A

A look at the chart shows that there are slx tallles under each letter. 'Now.‘p"'

the ten groups of, 3 ,can be wrltten for this chart

’. . -'.‘ .‘._l\ . . . . .
" - . [N . . : T

£



I ANR R
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‘e,
‘
.
v

ERIC ©

Aruitoxt provided by Eic:

Pupil pages 29 3l ' The flrst two pages work w1th oombf
f? next page with comblnatlons of ko Each of'thes

't\ that the pupll can wrlte the comblnatlons 1n an orde‘i

a’““‘ ERTER R ,

P p l pages 32 and 33+ These. pages show a way to obtaln the comblnatlons from

ey

- a larger set by buildlng from preVlous comblnatlons. You w1ll want to do
"this as- a class activ;ty Some chll&ren may prefer to use a, dlfferent

“e method of . obtalnlng the dlffe ent comblnatlons and thls, of course, 1s

-

o,
5

acceptable.. The 1mportance of order snd

1n thls lesson.”
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Betty I|kes alI klnds of an|mats Her mother wnII |et her have L
three pets However Betty must choose from a dog, b|rd f\sh

and turtle
Show a|| the combinat|ons of three pets that Betty can have Use

- ai o
s

: ofic'" ’ )

theletters d b f and t

ﬂ‘ ;é

1 Dld you fmd the four d|fferent comblnatlons of Dets 7. ,

S 2A dog is |n \3 of these combmatnons 5

of these comblnations L

Y 4Do not Iook at your ||st of combrnat|ons Do you know hOW mam
}these combmatlons |ncIude a frsh?‘ Do i |




"?-".-':“_f.z.'?f_"'i'-v.,'-frve pets Use the |etters d b f t and'f_'.! oe

. L ©Te . P . e B Yol A . T X
o . Ce e e S A Sl e ey T e . L
: L s\e oS : D LR S B K . . X B TR S
u ) b

. . .. . . . L s . . "4. ML
- » S s& SUNS ¥ ¢ @k

1 D|d you wr|te your answers |n an organlzed way?

[ - s* . m s

2 From 5 pets Betty can chéose s /"0 cqmbrnatmn,s ot 3

GS . _a-' V.\r ,:'.

4 Betty S father puts a penny nlckeﬂ dlme* quarter and hatf douar
n the table He asks Betty to matee as mﬁly dt’fferent Qombmahons of
3 coms as she can How many combma’nons of Ba,emns -fcgr? Betty

make trom these 5 coms? /&7

3’-’- How many t|mes rs a snall in ome qf tr}ve comblnatlons’? é



Betty,"s-'m'bt"hler'[tf_'.;" ks that asnall m|ght be a satlsfactory pet She

. ,!

jets fromadog, blrd fISh turtIe and sna||

"""f'.‘-"__'"f-.ffrve pets Use the |etters d b f t and"\'_'é

1 D|d you wr|te your answers |n an organlzed way?

RN 2

- TN e e - I ' . o . . T . R :
S S . , N S KO . e e PR : - Lo T . L
. . e - R ’ . - coee RO A : . B IR - -
e . . o. . S ;‘:,_.‘ v"-,, e - ‘4._. . . . o
o
i L3
ooy

- S UG " .
R a, s

2 From 5 pets Betty can chbose---."a/”& cqmbrnatmn,s ot 3

GS . S ¥ V.\r ,:..

, "3’ How many t|mes rs a snall |n orre qf tr}ve comblnatlons’? é .

'.‘!

4 Betty S father puts a penny nlckeﬂ dlme* quarter and hatf doﬂar
on the table He asks Betty to matee as mﬁly dt’fferent Qombmatmns of
3 coms as she can How many comb|nat|ons of Ba,coms -‘c%r? Betty

make trom these 5 coms? /&7

}




"?-".-':“_f.z.'?f_"'i'-v.,'-frve pets Use the |etters d b f t and'f_'.! oe

. L ©Te . P . e B Yol A . T X
o . Ce e e S A Sl e ey T e . L
: L s\e oS : D LR S B K . . X B TR S
u ) b

. . .. . . . L s . . "4. ML
- » S s& SUNS ¥ ¢ @k

1 D|d you wr|te your answers |n an organlzed way?

[ - s* . m s

2 From 5 pets Betty can chéose s /"0 cqmbrnatmn,s ot 3

GS . _a-' V.\r ,:'.

4 Betty S father puts a penny nlckeﬂ dlme* quarter and hatf douar
n the table He asks Betty to matee as mﬁly dt’fferent Qombmahons of
3 coms as she can How many combma’nons of Ba,emns -fcgr? Betty

make trom these 5 coms? /&7

3’-’- How many t|mes rs a snall in ome qf tr}ve comblnatlons’? é
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F'red 1o|ns the'group They now have Ann -Betty, Charles .
- David, Elsre “and Fred The 6 ch’fa'ren deorde to make up teams of 4 -
How many d|fferent teams of 4 can ‘be tormec_Ffrom 6 chnldrgn?

We can use the same method as before when~EIsre Jomed thegroup
Add Fred to each of the "3 Chlld" teams

e s e

v
ur.

__A,'B',E,'F*{

OWW

CDE,.f@ ;}Q

e A,
3 r o e . R AR
. A

ALVDEAA | - y
AR Bag o3 ) _ 5.y LI 3 ’
D s ST S T S ST BRSNS AT S A
L o . : .

N ‘
A

F|ndthe remamn‘tgteams usmg A B C D, -E, wh|ch donot

mclude Fred e >

A B, c 2. ABC £ A 8, o E -A,}C,;D, E " BC, D‘.ﬁ.

» ! a

R
“3

4 teams have Fred aﬂ -do 3 There are /5
teams in aII e NERTRE R .
- . Co o
6 chlldren can choose 4 d|fferent teams of 4 members ‘

L= >:°-.a_ o " “— . \g\ S e .*.‘
R e S 'g . .
o -

% | E ®
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' S _' *l:b - e : 33
b SRS : - -
< ‘ Ko _ . ey :
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F'red 10|ns the group They now have Ann -Betty, Charles ]
- David, Elsre and Fred The 6 ch’fa'ren deorde to make up teams of 4 -
How many d|fferent teams of 4 can ‘b tormechrom 6 chnldrgn?

l

L We can use the same method as before when~EIS|e Jomed thegroup
) - O . Q L _‘_m__.'. .

Add Fred to each ofthe "3 Chlld" teams

__A,'B',E,'F'-'E B

C D" vw( e A ,
: N A
;'A:.,).D ',E"%-_ . ¥ _ .i;? . ‘ . ’ A’

(')WW

‘-

F|ndthe remamn‘tgteams usmg A B C D, -E, wh|ch donot

A -

mclude Fred e

A B, c 2 ABC £ A 8D, Ey ACDE " BCOD,

B % . o
. .,, . : ) N
. ’,‘ ° PN
4 teams have Fred aﬂ o There are /5
teams in aII R e S .
Y <
6 chlldren can choose 4 d|fferent teams of 4 members
' o -p» .. "_‘» ks § ?: ] . .
.. \.\« [y : '\. ) l




Y

. List on the bonrd' John Bob Mary Continue to list as the discussion proceeds.

oo Suppose John tarts, but we go ar&hnd the ring the other way
T LT {" Then Jphn is first, Mary is second, and Bob is third Do we -
. ‘ have to start with John7 (No. ) Let's start with Mary this time.~

aMake a chart showing the number of differgnt ways sets of 2 3, ~and h can be

ordered.: ' - Leave room for a set of- 1 ‘at the top, and insert it at the close of “
_ the discuss1on._ Just for your interest the computations are shown below as

' discussed in section 8 ‘of the Mathematical Comments."gﬂ; u

; o ,"‘ _ I »Number of Ways
Number in Set }" of Ordering
2 1 2 T oteo1= 2
ERR B Cogis3els 6
B A N TR

o -

Call. attention td the difference in the numbers of'ways of-orderiﬁg. You may -
'f“ want to ask children to guess or predict how many arrangements can be made*frOm‘ |

a set or b ) f o ; :

»

Use .chalk of k d;fferent colors to make tally marks on the chalkboard or

use crayons ‘on construction paper where all can see._

Suppose we see- how many different ways we can arrange these colors
if we start with red. (Make marks as you proceed one set of four
' under the other ) We can use red first, and then what7 Then any -

of ‘the other colors.' y ’{’, e

' ;. tetls ‘show red,’ then green‘. ‘ What color do we want next? If we a

f‘want yellow th1rd we will put blue last but if we want blue‘
“"third - we Wlll put yellow laﬁt So with red: first and green.

ﬁ'; o second we have two arrangements'
: e . : _
_ v . _ . ' R GYB - . L A
e o T o RGB'Y * '

1'_Suppose'we“use red first'andiyellow-second. What can we do?

.o .-
e - [y

T

] . . - o . e e L o P Lo _
. . . : A . .




.

- Pupﬂ pages 3& 36

Continue to list the ai‘rangements using red first. (Not:Lce
j Q - that & left to right sequence s used, a. systematic or orderly
~".’)' oo approach again’) ; v .
o 3
N ,‘ . r -f i § S
%, - » ' v Fe8
. o . . . o e ® . . .
-+ Ask- qu’e_stions'such as: F T _‘.' L _' » o ,,‘ W

How many ways are there in whfch red 1,5 f1rst? red is first

. ’
and yellow is second‘? red is f et and blue is second? red

is first and yellow is tyhlrd?ﬂ ' j -_" : P

e . ) : o . -
Point out ‘the fact that th1s 1s Just a lLst of arrange‘glents in which red is
first

i
fn‘st :would also: giae

6 arrgngements. Hehce WX 6 or 2& arrangements can.
be made.‘ You glay want cha,ldren to help q,_gmglete the chart n
[

Q'hese three pages glve practice in l:Lst:Lng a.rrangements. :
Space.s a.re(‘provfded so theg a systematlc approach to listing. can be made.
*a planned procedﬁre i“s most helpful on page 36

Th1s page should be
»
omitted fo:r9 some&puplls. *
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Ask q’uestlons to lead to thewuld,ea that each idf the other colors if used



Allce and Jane are. playlng "Follow the Leader"

| show th'e ways the Ilnqmlght Iook % 3
\ _ T

F |rst A then» --‘:\ J o
v~‘F |rst then

Two chlldren can make A%

i

A J




lyhss Johnson has three readtng groups -Shggalls ther
| ‘f'f |n dlfferent orders One day»she carled&?roupl then GroupL and

N\lss Armstrong hkes to \?y th "‘-_ordér |n whrch‘t‘she eats h\er‘tunch_‘.i_ .
he fr”utt/ and a: prece ofvcake “8hi oy ¢

'S;he always brrngs a sandwrCh
:.ways she can eat these |n 'r"ehtt orqdﬁeréwuse S.. F &d C for

:sa"'ndw1ch frurt and cﬁ(e AR

“ E

| 'If she eats the fruit f|rst and sandwrch second what n’gﬁht she eat

IR |ast'? Mc/ R f BRI

T e T 88
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M|ss Peterson s 3rd grade has 4 favorlte games They often

vote to decrde wh |ch game to play flrst HeIp N\ISS Peterson by: Irstrng the ' "

L PCT el
S TSR R e
B S & i .
A R P, 'fh’ K EI
. Lo A TN T
DT e T e

L d|fferent arrangements |n Wthh the games can be pIayed “Use 1, 2 3
4 for the names of the games ‘ |
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. n'f;Vocabularx: (No new terms.’)

: and compare the numbers of: p01nts ln the three. sect/ons of the chart

.

" are real words.. POlﬂt”@ﬂm tﬂ%t of the s

" and three: are n%t (PTA is not a wordl ).

e

. m

. A LESSON@ e - :
Arrangements and&Probabllity_
BN SR o .
- ~QObjective:  To relate arrangements t¥ robabilityle = S B

Materials' 'Three cards, 3 in. by 3 in., plein, on one side, with the;léf'ér”°r '_
e P on one card A on the second and ‘T -on the th1rd, blocks 'l'A
of dlfferent coloro,: bags, ‘red, greene and blue colored chalk or ‘
: sheets of red green, and blue constructlon paper. ’ o .
. o . .
Suggested Procedure: . : S
Div1de the class: 1nto two teams and make a chart on: the chalkboard to- record" "
scores‘ Al T ' _ ' o .
00| eamA- | TeamB- | - NoSecore | i i iy
N

Put the three cards on a table, face dewn, and scramble them. Have a-childfturn )
them over, ope at a tlme Write the letters on the chalkboard in the order in

which ‘he turns them ‘over. D1scuss whether or not the letters 1n that order spell

o a real word. v If. they do, 1t is a p01nt for the’ player s team. LIF they do not . f?.*'

v spell a real word enter a tally 1n thep"No Score column

- when revera]. chlldren'have‘had an*'?portgnlty to, play, llst the poss1ble

arrangﬂmggfflffiEF the letters Py A o’ and 'SE} Dlscuss the arrangements that

vaar ngements, three are real words

o v,

?‘ erefore, here are thre chances out _
e

Qf s1x of gett1ng a real word. Play the&game until all chlldren have had a turn, : "ﬁ

, \,
Show the arrangéments of letters 1n two columns. ' ?;:'f',g=a . |
| -"86'.;90' ;




' If youx claaa has had experienCe 1n using. ratlonal numbers you will want to‘

'call attention to the fact that a probability of 6 is the same as a: probability

”:of ~%_; If however, the class has ‘not yet encountered rati0nal numbers, slmplyur‘

'llead children to see that there 1s Just 8s good a chance of gett1ng a word as not

{f',_so that the two events are. equally likely Compare ‘this w1th the. chance of gettlng

'"a crown when spinning a checker, of drawing a.¥

block from a bag conta1ning one

' uhalf-blue spinner.

. Ask’ whether it would be: falr for Team A to get & p01nt when ‘a. real word 1s

. o
,:spelled ‘and Team B to get a point when ng\real word 1s spelled Yes ) -
Suggéét that the- letters!on the cards be changed to " ."A" - and_. "N"‘ fg:j? -
Would the game still air if Team A} goa\a p01nt for a. real word and Team B ) !
: scored when no word was formed9 (No ) Allow time for discussionﬂ It.1s-hoped
"that someEne w1ll suggest listing the poss1ble arrangements of D, 'Aifrand' N .,
and will p01nt out that the chances for Team A would be 2 out of"6 or 1. out ,
o of 3, -while Team. B would have L' out of 6 chances or 2 out of 3 '-Ef-. o
| Further Activities: = . S
Draw. .2 bokes on the_chalkboard\and print, as shown: - -
. . L . T _ Y
- 1 B ";,‘. ‘ .
red S ' : blue '
- ’ T - R N < 1 Y ) L
) , i . ) D v
e : - ' o ' o B . S e
k Under each “on the chalk ledge, place a block of the correspondlng color. v f-}ﬁfp_

_ Tell a story ahout a flrst grade class 1n wh}eh the children were Just
;Tlearning t0>read The teacher had used word cards and colored blocks to help
1 children aSsociate the words w1th their meanings. However one Qf the k1nder-
':gartEn chlldren came in after sohool and after playing w1th the blocks, put _S::
glthem back under the wor&s Since he dldn't know wh1ch wo;d was" wh1ch he Just

“‘guessed at -the place each block should go.‘ How llkely was it that e.. got the Lo
g r1ght block under each: ﬁordQ Suggest that an experlment m1ght g1ve some(;dea L",“fi

";of the probablllty of the chlld's be1ng right e e ' ;,,...,

Have the ﬁhlldren work +in teams of two. Eachpair needs lf~red'and' 1 ,'..?.fg,
Blie block; a.b
iould beAheaded_VRed-Blue and d1v1ded 1ntol 2 sections headed

ag or hox, and a piece ‘of paper on wh1ch to keep a record The'V';£~'TE‘

".record sheet

',,"Yes and "No

- IV RN 87 f
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- R e . | Red"B-l.li-e . . l‘-:.
- - Yes | o . - '
. ; . : . R b . - i ;

Both blocks are put into the bag and drawn out one at a time,VWithout
bnreplacement If the. red block 1s drawn first we pretend that the kindergartener

"mji’g.puts 1t* under the first card which says ‘red, so a-tally:is put under "Yes . CIE.
'jf;gtf'the blue is drawn first “ar tally is put under "No". ,Each,team should make 20

a ‘-trials.,*ﬁ : . SR . IR o :-a » . i.‘.f'v T IO

X * - . . ~ IS S 'Q'\f,;-' o : oo ' Lo s ) r. . R :._ ..‘ N ‘ -
- Discuss results. Children should realize that there is l; chance in 2 .

(probability ) that the kinderganﬁner gqﬂssed correctly Also, he. could not : }'jl
. ‘get L block under the right word without getLing both under the right words.' L

. ¢ .
‘.7.'"' . . . . . Qq

-ﬁ“_a Eﬁpil page 37 Now suggest that the class can do anh experiment which is. like .i
- the kindergartener playing with three different colored blOC"

an having.‘
T threeaword -cards -- red, blue, and . green. : R S

o S 7';-5_ 'Have pupils use their redy blue* ahd‘green crayons to color the boxes w'
- " on page 37 They should db this in a random way -as- explained above the
boxes.' After all’ of them have colored the three boxes, use the colored

ﬂ < ah
“chalk or the sheets of construction paper to’ show three colored boxes in a

”'row on the board for’ example blue, red, green. Comment that this is one

; <'rj'.way the three bokes - might be- colored and -ask if any chlldren colored their

boxes in this order. - T

_ Make a chart on the board and have each child tell the way he colored
>5‘the three boxes. Quickly record this With letters, for example.

Blue C omea’ G—rﬁe—n ' Rigmt .
“G o - SR ., B LT 1 ’. N
. S S . 5

Discuss the results.p How many . times vere'all 3 in the right orderv

‘ How many times was .1+ in'the right place?' Was there any t!ﬁe when exactly
: %. _r.fgﬁ '2'-blocks were in the right plaoes9 ,The chance of haVing all three in the
| | ’ﬁvrighm.places seeris . to be. about l:*in how many? - ( 1. in. 6; probability

- 3 ) The chance oféhaVing them all wrong seems to be about 1. in how many?\\h\
R ‘ Pupils'then‘answer the fouruguestionsiat'the'bottom”of_page'37.'. ) o
S : S . : sl ~ .




__pil EE&E 38 This page is related to page 37 Children use their three colors'a :‘>,]
3}' '}v to show, all the pOssible arrangements of the three blocks., Encourage chil- S

. ', Hdren to’ use an. orderly procedure in coloring the blocks, for example, start'Tfi'
."”ﬁ.fwith re& fqr the f1rst two rQws, start w1th blue for the next two rBws, and-;:

r\)\

"lniWith greenf%or the last two rows. ;ft TR

Ybu may want ©6 have the. children 1ist the permutations (you do-notfneed~;;'
| to use this word with the children’) 1nvolved 1n this experiment._ Ask how"”
‘many different ways the blocks gguld have been arranged .and list the ways.
".-For instance, in thq ¢ase of 3 colors o) red blue, and green - the e

permutatlons are. L 5 ,’_'ﬁh

o fl h’f:,lffi R B G.g::¢f3u_;j;_{l‘ - ;iigiflj'l";l,’jé.
- ".'G,RB_'”“' L

'VCall attentlon to theifact that there ‘are 6 Possible arrangements, there

_fore the chance of hav1ng all in the right order- is 1 'dn =6 (probabllity

”E ). However there are only 2 of the arrangements 1n whiéh none of the
- A
-colors is 1n 1ts right Agace, so the chance of hav1ng none r1ght is 2 'in.

‘L-6 (or .l i 3, probability 3 Q._ What may surprise children 1s that ¢here

; 0 o

"fare"3 chances “in 6. of hav1ng ‘1 right (probability<‘- ) S of course,

nthere is nd- chance of haVing exactly e right for 1f 2 “are q;ght the

 remsintng/ 1 met verignt; sweo. - G U g

Sy <, ' Lo - B ‘;,\,‘\ o i' I S

Discuss the1r answers ‘to the SlX questions, keeping in m1nd that the .
goal is to establish the 1dea that the chances are 1 out of 6 or then”"
.probabillty is'fg (P = 6)’ of choos1ng a: particular order of 3 thlngs

Ybu may want t0. 1ntroduce a fourth color. as anothergclass act1v1ty and
'discqss the" results. Ask about the number of t1mes all were. in the right

;ﬂ f place, exactly 2 were in’ the r1ght place,. exactly 1 was 1n the rng? 1

"l;_i .,place, rione were 1n the right place, exagtly 3 were in the right place
.'~Here, of course, there will® be h93 2.1 or ' 24 poss1ble arrangements,
“;fquite a Jump frdm the 6 possible arrangements with,three colors. Wit

5'_,;~,‘» .;5 colors there would be 120 possible arrangements. ' ji

i o S .




»
R

R,
i

Tw

/ruPnRil’ggg_ 12 This game is like the one which wps used to introduce this”

ffiif.:r",f lesson. Children should write the arrangements in a systematic way. ¥w‘5;n‘”'“

Aruitoxt provided by Eic:
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2 Was Just one of your boxes in the same ptjce as the

teachers boxes ’? g

Ty :
e ‘d Lo
g

e

3 How many ch||dren' in. your cIass had boxes coIored i

same order as the teacher? _

4 How many chlldren matched onty the teacher S flrs§ '
box? L OnIy the second box? o
Only thethlrd box’? SRR B '

. : P i . . B T R .
. v Do w | L FEIPET A 9 .
E LR .o e - L " . f .
. DA . . T SO . ~
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d N TR
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1 'Ho)@ many t|mes does one of your rows of boxes match youF’teache; s

'1'
Q
1

PP, . e «cA«W Ui
-*433 How many flmes are none of your colors m the same place as your

‘l |..-. .

1 K J' 3

4 How many chances are .there in s1x that qone of your colors are m the

\a same place as your teacher s? ,?,.- Bt .,_ ARUCINEL PRI TR ‘

your teach eraww?

o '. v ,_ : T et (-/\ . ’ l ,.\:-',:
5 How«many ttmes do you have Just one, box match the teacher s

mxes ’ \” T
6 How many chances m sux are there that'jUSt one»fof your boxes wrll |
match theteacher’s boxes?t;_:... L

.’ ,J




.39
A BIRTHDAY PARTY GAME

| Mrs. BIack made a- game for Tom's fr|ends to pIay at a party She put
. ‘cards with Ietters on them in four boxes Each boy chose & box Then he -
. f'drew the |etters out of his box, one by one, wnthout Iookfng Mrs B|ack
‘. wrote the Ietters doWn as the boy drew them. If the Ietters were.in the
| rfght order to make a rea| word he qgot a prize. Here are the boxes of

‘ Ietters Wr|te aII the arran&ements for the Ietters in each Hox under the box._ '

Blue box. Green box '_.1P|nk.box e Yellow box

.'._. e , ‘....j . . G , ‘.‘ . ‘ l‘v\ g .l ,‘.I. | A . ,I d' N

- }\ -

fﬂ/ﬂ/?‘/‘fw/v ./W us >‘ ma//c/x
) /Oef; x //a/fk Wa/ ?? ‘ /Z/a///f; x-'
!&/xr/ffa /p‘f g/ﬂ/yg d//z/mx-
1 ’Put an X to the rlght of each arrangement that |s a rea| word. :
-2 'Wh|ch boxes would you most want to get? @uw/ or /Agé“/
3; Wh|ch box wouldyou least wanttoget? 7 £ -,,, /, - \
'4,.’:‘"Wh|ch box glves you 2 out of 6 chances to makeaword? /éa/ |
'.}5:._ .In WhICh box is the chance foraword 1 out of 67 Al o
= e )

9y
'9_~' P '
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Objective: / To relatexbr gements froh_rbpeate% trisld to probability.
* Vocsbulgry: (Noinew t ms. )~ - : . B .
v Materials: l red gnd - l blue block, ‘spinneﬁs:with»'
'\ \/ . . - ,v'-";v' ‘; > N
]‘ ] N »v’\g. ,//. .Y,‘ . . . - :
Siggested Procedure . ‘ -; e X ' . - .
N ’ .".4.-. " (S .‘ ) e o
: Re mber the pages on whlch you :were asKed td color parts of T J
/ ‘o
./~ f gs red or blue? v(pages 19 and 20) When we talked about :
,/ ) 4
/ t/at exergase: we compared the segond page, where you could
/ . .
& ;] /use the same color twlce 1n one flag, to ch0031ng blocks from L
; v" " Y } 'Gv_ . .
T Lo, bags, each contalnlng orie red and. one ber block Wlthout R NS
”'f\ij ' using real blocks, letts” llst all the thlngs that mlght happen ;ﬁ : ”Ajf“
PN when you choose blocks from 2 bags. o W Lo ';ff 7
N . - L L e Lo
A Ask\questlons whlch Wlll show that from the flrst bag a red block mlght be\: _f

chosen, 1n\that case, one would get e1ther- 2 reds or a red and a blue, depen- ;

dlng on what one drew from-the second bag wrlte' . _f3f; '.,v;i n :*; i;.‘.ﬁ
'/:‘Repeat showlng the poss1b111t1es of drawlng.a blue block flrst Show: i;ﬁn
’ g v .o . ’ ) i_ . | i e N .
o 3 D . RBR . RB BB . .0 S
Yo Lo T ol ao ST R 8
SR R é« e L e éﬂ B R e T T S s
How many poss1b111t1es are there all together* h) What is the 4*43‘“‘

« PRV

' chance of gettlng 2 red blocks7 '( 1. out of h “or H ) Of
ett1ng~ 2 blue blocks? ( 1 out of R . or: E ) of g _tlng .

S /1t e.a-.ch,,_color? (2out of /b, % YL e
l ) .‘\- Lo . a SR ‘_" -~ ".. . -v . . : . ‘\ .'4 ) : . . -;. B .
g .."_‘Pupll page hO :Use thls page as a class act1v1ty Then lead the pupils to.relaﬁe;
-“ﬁ: ST thelr work‘to the‘act1v1ty of drawlng a block from each of ‘the 3' bags each
;é;ff,‘~‘ 'contalnlng l red-block and * l blue block Make a llst of the possﬂnlltles
y; . ’ " .
: v ..94‘ R




T . - - .
7 ‘-l . v ) . L . 5
- bn<the'chalkboard:’? L

'_,.:' ot ) 3 Reds , . 2 Reds

. . ' . N RS < .
- o - » . . :
o . . T .
. R.RR B ‘v < v
o . \ o . - R TG
. . :

-~
-

o : _".-.;'_r R | BRB ., j' o

.. . How many. possibilities are there all together? (8) In how:s -

7. (1)  Ié‘how many_ways
 :i§an'yoq geﬁ.éllkblue bloCks?“(l)' Whaf is tﬂe,chancq“df‘ ' ..._ -\
getting all red?. (1 .out.of 8, or %') . Of getting all -
LR ;blﬁe? A(;i out of 8,_ or- %})v "%'gettihg all one color?
’W;ffjj;_*f : (v2' out of 8,. or - % ). Of'getting exactly 2 ‘réds?"('3
. -out of 8, or. % ) ;Jof.getﬁing t least 2 reds? ( h‘_opt‘_."'f'
‘:&%;., -': |  . of a; oyi %.) Eﬁéi‘\_ 1 . : S . :

Maké ' another chart or the.cﬁalfboard;-, / - \ li: SR ‘_ : }f .

fmany_wéys:canfyou get all red blocks

4 Allfréd 2 red 1 blue- |. 1 red "2 blue A1l blue 

N

R T L . N A
. . . . \.../I.~ .- | < e :.. . 1 _. N_ . ', r .

T R ET T RIS , : R A

- T'P',Have éﬁildieh.ﬁaké ﬁu?qsfdféwing'afblock'from each baé, and use.tailyfmarksV

e - . -

T 4o show the résults: 'Discuss_fhe results in reiaﬁion'to yourjearliér:queSH,
)'_ o tions bhﬂthé;chanées b%ugeitingla givén butcoﬁe;',g" T R
Pupil pége bi." Ddlthis pégé as a class aétivity.' The spinners éoﬁid,}of'course,_:

‘be *spun consecutig instead of .at the same time, or one spinner could be

o
N

“-spghxthfqe timeé(_jIﬁ will-probably not be necessary to actually.spin the - =~ °
. . ’ o R o : o .

) Jspinpe:sin'prder_tp gptérmine ﬁhﬁ)erfanéémeﬁts of co??rs;tha@ axs'b9§#ib¥e;\.;;+ 
) \\ Relate the.sbinning;of ?hegé thréé spinnejgﬁpq the-activi§¥ of diawiné a . :H{#K
N ' bloqk gzom eagh'of,‘3 ﬁbags?Eeagﬁ Of.which,éeg§ains.il ‘zed b;qck and - 1 (
.~ blde block. Ask questions asfbefpre=abgpt;theqéhénc¢§ of/getﬁing'cértain lh:'_
i "reéu1£s}: , ) e ;;@} Xlé; G '/ _ T R
:Pupil pageé'gg and Ei{{iEachﬁpupilfgﬁini.;ﬁé;hélf;?édéfyglf-biﬁ?-spiﬁner }n.§§tsi |
cof 3 ;spins<apd-ta;lies-the,results.of éacﬁqspinfquer _;ét'Spiﬁ;7-2nd_spin,- \\‘

 aﬂd7 3rd Spiht__Hq d6es'this-er»twentnyoﬁr-seééfafjépins._\Then in the | _
-ffﬂ%ightihénd portion of ‘the tablé'he-marks;:in:fhg_propgrzcolumns,Vthe.rééhlts“: +

e -.".‘},; c

r
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ir Ay R} ‘ " PR .,“ ) .“._4',' ™ s ., N .- N—. . ’. N
. “ v 5‘;. Av: ';" . . P T a by -, ‘P v E ‘J:' s ' N *
. gf'edch seb of 3w ﬁ&pins.- He tpen totals'thege'last four tolumnbgahd ahswérs
. et o ‘l/l '
o . _'the queﬁbibnsrqn ngﬁ h3 .In Qpestion 3,. the p?qbability of ," Reds"

'8 , Sowe would’expegf In'the long run that Reds“ wouldvoccur about
of the time. Our ekpectatlon for EH trlals is for "No Reds“ to occur-

v- gbout. 3.  times., In Questlon 7, most chlldren will answer "No Tt
N 'be very unusual to flnd in. Just 2& trlals that gl of the trlals,
.were ,"Three Red” ' % Of. the trlals, or - 9, were ”Exactly Two Reds‘_
"3 or the trials or % . were "Exactly One Red” -~ and’ ‘of the trial%
8' s, ’ . 8'
.- or 3, bere '“No Reds". If approprlate, however, work with chlldren to_ "‘
. help them see that in: the long run the eipected recults would Ye close to.’
) .the fractlons we- have 1nd1cated for mhe probabilitles. Thq{%raln Teaser
1, ) gets at thls 1dea.' ' , '_ - . S e
- e o bo- ' e ' ;
il ‘ : "
> ! ) ' L "
'\-—?/. .. - ’ o
. \ , \ ._ Py
. . } N : '/ .
" o 3 ) -
i e o
. , . | - ;
,_.\' : . ‘ ” v D '
R o . ' .
- . 0,
, C - ' o
[ n * . 8
o - .
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blue crayons to color\the th ree parts of these ik

\-ways you €an color them -;.': S

4 < N .
. R -
[N e it -

17lags See how many d| ;. .

Ll
-

:T"f'\;ﬂ-:”“-‘- 3. Reds 2 Reds 1 Red S No Reds

1 How many ways are there? | f ' Hovv man,y flags.are all 'r'ed_?'_f‘»%""
R A How many fIags have more red than que? % _' |
3 How many fIags have morepluethan red? I

74. H"'w many fIags are aI| blue? o e '

F ow manyflagshave at Ieast 1 part red?i T

6. How many fIags have at Ieast 1 part blue? :Z' | e

‘ . - C B . - a N e

910«- e T E




IRSTITCA On another page we recordedvthe results of two sp|ns of a ? red
’ ; and ; blue spmner We noted th ‘t it is possuble to get |

e

r ’.Z
.‘,4,-_'..5 S .v.s 'Red'? v Red . " R

* Here are picturesbf 3 spinners.

. o

N aII three are spun at the same t/|me I|st the arrangements of colors we-

Could get

o, v ’ ey

One Red No Reds

| Three Reds T :

1 How many dtfferent arrangements are there?_ WA

2. How many are all red? /- S

3. How many haveLctlytwo red?- g":v . o

A 7How many have at least two red?_L TN
5. How many have at Ieast one red? 7, '. T

6. - How many have no reds? 4

| Brain Teaser If you sp|n the 3 sp|nners 16 t|mes yo;: would expect
L | jf.~_~_:~.,;'-_;.;4:\4 . | RRR to happen about ,;?' tlmes

stp ®
e

s de



L]

Record the results

LEERY

| The Sp|nner is to be spun in grou »

3rd spln

Biue .

7, Exactly
= ndwo

CNo|
“Reds |-

Red |Blue

_/élueg

Hed

el

1a by

/

\)‘ ‘ \ -.-.

Totals

‘\/

iu:z



Y

/ Use thetotals on the table you JUSt completed to answ'e'r g
L How -fhany "Three-» Reds"'-""/ar'e there?"'.- L

s v \

5 2 :’How many "ExactIy Two Reds" 7o | L '
3 How many "Exactly One Red" ? | j
s, *-How many "No Reds" 2 '- / " %/

3

. 5. On, 24 groups of spms ab"ut how many "No s" would you -

".6. Did you getthe same number_ 'Th,
| "No Reds" ? _

’ \':\\\*'[

T to be about the same as "No Reds"

-

o Braln Teaser. 'I'n 80'0"'group.s of spins R

( : - ‘(a) Iwould expect "Tr ree-R'eds" to happen abo“ut

L _“(b) Iwould expect "Ex ctIvao Reds"’ to e the result
| abbut ,300 tlm S. Do T |

5 (c) 1 would expect EX ctIy One Red" to be the resuIt

R :

about jm times.

o ”1oo. ,



: e b :ﬁ ' LEssou\I{ -gkh'- et
) i :[fffﬂ-:{‘ N :;Repeatedjmrials (Contlnued) R R
S N S e e el T

L '.»\ . . . '. I . . ~.‘_ ) S

Al

i

f_ *ObjectiVes' To gain $klll in us1ng tables, flrst 1ntroduced in Lesson 5, for .
“ e organlz;ng data, to use. tables for organ1z1ng and 1nterpre£ing R TR

- data from repeated trlals. ;--'_g TR ',j* ' -;.‘; [

’, I . v - s o S S T gl
¥ N\ . Dot '_"_~: B o ’;-\ e

\\Vbcabulggx (No ‘new terms.} \ JREE R T

. 0. Y v -, . [

'ﬁ.Mgkerials: Two cubes of dlfferent colors (w1th a.felt pen, number the'faoes

of each cube us1ng numerals l thrbugh 6»-& or .2 through T
3 through 8 ’etc., dependlng on" the addltlon practlce des1red),. .

tw . - .
e oatmeal box or- other contalner for the cubes.' ; T
o8 i P L ' oL
. S T T h | -.\ b .l T . \‘.‘
~ . . . . .

. ~ : - L ] : R
In thevprecedlng lesson, chlldren llsted the paks;billtles ‘for the experlment

ﬁ' of draw1ng l block from each of/two bags., State that we could find the possi-
'c“bllltles systematlcally, us1ng g table. Show on the chalkboard f_"i;ﬂ"

Rt L S Second Bag ST N
v . Y ¥ W e EEIEN

’ 4» . .' - ) : o [Red_ _ Blue : .;-: o » : . l ..

B Ty . I e

| Lo T, FrstBeg Tl oL e L
S ‘Af_* ‘ ':.‘ — o ' -,_"-f ‘ ";, 7

.
-

T Remlnd the chlldren that they flrst used a babIe in Lesson 5 and ask one -of them
\\‘“fo place the entrles id this table.i Ybu may- need to explaln ag 1n‘that the left

fJ ‘s1de shows the color oﬂ'the block taken from the flrst bag -and. th color w1ll be
o ¥ .
Ind;cated first in 1ts row, The top of the table shows the’ color “of the block
. from th econd bag, so that color 1£'wr1tten second in the column below 1ts name.1=~
" '3-\ﬁ'_' o T nSecond Bag *1 T ~'\' '€,' e
g " ) e - - . o ' LA

S . ' . Red | " Blue'| =~ - - o .
el s FRea - MR :
Blue BE : . | ' . . : .




PR e S . _,\‘

~
Y

Show that the possibilitles -are all given, as they were when you wrote. in”the-

last lesson; o Coa SRR e
o . o . . . .

EA o . .t . i T, ) ':"l"r B
oL e ¢, - . -BR.- " . R o o e
R o — I R
&;_. T You mlght say that a table makes 1t posslble tb f1nd the ,/; . . f"iﬂﬁ@3

' pOSSlbllltleS.'qzﬂ

723 . N?w in order to f1nd the poss1b111t1es when a block is. taken from each of

3 bags," use another table. ‘On the left show the possibllltles from 2. bags
4 :
(the entrles in the flrst table) At the top shOw the poss1b111t1es from the_ -
- ;Q' o thlrd bag, and ﬁave chlldren help to complete the table. SR AT
N . : : IR ‘ : R - e
' N N ' Thlrd Bag * . (~ o
- e e T L 0 .

' Red | Blue - S
~[.BB | RBZ | oo , ,;f., S '; v
BR.[ BR 4'.ﬁ°‘ . :Q'w.t Co 'j ’ .

mFirst'Two Bags:

.\" ot Agair, rewrlte 1n the form usedgln +the precedlng lesson so chlldren can,See that
i . o N

no osslblllmy was omltted ha S v Lo ﬁl' .»‘ Co ol Do ,.'. n_,;“
el e - L T ’ s : : '

o <.4.3 Réds - 2 Reds ~‘; el Redffli '”f NoTReds .

e e o4 ERR j.‘_.' BER: o N
‘ i\\ Use cubes and "an oatmeal box or other contalner for the cubes. NUmber ﬁhe ”%i
. faces 8s suggested in Materlals so that your chlldren cah get Bhe praetlce in. . ;
) addltlon that they need _Have''a Chlld shake*the cubes in a Pox and splll them g'
" out on a desk. (A few newspapers or a*plece of heavy cloth on the desk W111 help
\;;~ _‘;4 to reduce the n01se’ y The top faces of the cubes -are the scores.' Keep a. record
.on the chalkboard 1s example is for cubes: with - faces numbered from l

. through 6 Lo

v T




. ‘ . oo " ..‘. t

N S T Y ) ) T _ o
Lo .0 ) Yellow Green Totak v L =

. S y A Cube Cube- core - )

. R D ‘ . . . . h - . E H .‘., - ' .. '.',.',- l’. ‘ v .
P Ma.ry;-'_-_‘_3 1.2 | Z£57.0 \“ T

) L Jim 'j--.';‘l:: o
.."' o S ’Lucy\ . .

B

.

each numeral appeared on the yellow cube a on the green cube. Flnd.pht how o

-.many times each tot@l score was made. . Use” anc, ke the follow1ng on. the

chalkboar& e ; T L ':_Cif“ }. .
e T L -t s ' ,‘-..‘ : te .. .:. ..-:.
Yy Yellow cube | 213]M15 e e i T

D1scuss ‘the fact that 1t was Just as llkely\that ‘on elther oube the“‘3._ B
would be up as that “the . 5 would, etc.|. "

* Green Cube, pE1Z43LBIO1OL0 oo S

n.
w.

10

11

12

Total Scoié”

ﬁ .

»

:\.

’

'*s

!

U

-

[

-

. o { 'How many possibllities are there if Just one ; cube is used? (6) -~:
(Yes)

Are 6 poss1b111t1es equally likely?

. - . . L N . : \'..'.‘5.

Compare w1th the results shown on the chart for each cube alone.' R R
v . . : L .': PR O

T : ’ . S

e 'jJ "' How. many p0881ﬂglltles are there for total scores? (ll) Y _

B

~

Whlch score was made most often?
IR least often? i '
. When' we added the two numbers on” the faces that Were up we

»Whlch score. was made - “

. W
.o

got the sums whlch.were the total scores._ HOW'many

:>,'d L arrangements do, you thlnk would ‘give a sum'of 2" f(l)}'c {b'l_{;:;fdv;:'
_~;; o :“\ of (. 2, )\\iﬁi 11 o Z-:f._‘ "";h.ui;.l ,.¥4r;§ 4
- .
C Ask children to suggest a slmple way of flndlng all poss1ble arrangements.:
: ..them of the tables used before, if necessary, and encourage them to\tell how a '

"table for the new problem should ‘be made. Show the table on the chalkboard

ﬁemlnd~‘*.
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Ao
S

-

, E R " U l ‘ .2' 1K1 'lu

L]
1]
C PR S, : - S - g . . R o
Y :%."‘..r T _"3 ‘ [ e . 3 /I ! . \' : o o . '."'»’."‘.l E e
>, - - B P Sy T 3 ' ‘ h > - - . ' 2ot ‘ ’ : Toes
PR L 52 Yellow: . |-~ o TS G LA | SV ML R P 3
kl
S
T
v

.. l"v o ’ ot . A . -
o el S P R

,_
o Lo

..,'_.-' : ," '...'.\‘. -“ . . 1 .‘ ". ! - .".):..'. "l._,” ,“.“‘.I, r“,' - ‘. L . . .
I Let chlldren help to complete the table and then repeat earlier questlons about

@ : . . 0y
S comblnatlons whose sum, 1s 7, letc." N ,," . _” o
S . PR = el S -

' _'ﬂ_;,- If you have 36 dlfferent possfbllltles, what are the chances of

L T rgettlng a score of - 6 2 (LB ‘out; of 36 or, _3 ) Of 2 ? »fun'_
;n;\ff o ;7”:j11~ (1 -out o ~36;* or _6 ) Ete. What score- do you have the. best .

-

chance to get° (7) . What scores are you least llkely td get?

.';,/*‘ (2 12) SR 7;»:". S,

‘ ~

Show the "l” 1n the ch&rt for«total sgores ngge when the cubes were actually

. - v L [ ..- : BRI Y2V
o i Rt ) N e - . M . o .’ X :
tossed.j , “*;7‘_,'-f> JUR IR FER 6:«.:_.

":*;'”15 Nobody made 8 score\Qf bR = WhyV (Imposs1ble ) ‘What chance d1d f p'ﬁ.
. you ‘have of making' a score of l’?,'(O) Yof . l3f? (O) Of 2 2 '

’- .v : ( l Ou't of - 36 Or —6 ) . [ f~ A - . ,'r o - v

(1 you=have used rationalinumberif show*the probab;llties'as-- —6 ,' etc ) R

Pupll pages Mh h6 These pages prbv1de practlce in u51ng’tables to organlze data

L and present opportunltles*to 1nterpret these data.; Ybu may want to use ration
. J;'f%;‘p’ al numbers and brlng out for fxample in fxerc1se 3 page hh that the prob-
;_ﬁ§7?f7**p&:i ab111ty of - gettlng red on both 'spins’ is . It would be: easy\to move from.;
:Cfilf?‘tciljlﬁehagces to‘ratlonal.numbers 1f‘your chlldren have‘the backgTOu?d | ':pf.

- -

b.(ﬁﬁlpu 11f'3§ h7 1Th1s 15 the f1rst page-on whlcbxtwo tables aré bullt.‘ ch may

\ . ) S,
?;5'4\\;,. ST want to complete 1t as a class act1v1ty. The .3 sp1ns on the sp1nner can .f

be compared to draW1ng a block from each.of 3y bags each.of“whlch contalgs

a red and -a blue block.l It can also be compared w1th page hl the three .




i .
L - ‘ . . o - v

[ : . . ) C ( ‘ : ' a ) 3 SN
‘.spinnéf page, and with_pages_hE and 43 in which en actual experiment:was' R
'pe.i"_fbr_nied. ' T | - S

. . .
‘..- .. » Y . . , . 1 L

E Eages h8 and 49: Encourage chlldren to llst the. posslbllltles in Exerclse 3

= «

' -pag€s 48 and_kg. ‘ S e Lo : -

in an orderly manner, that 1s, to. complete thls exerc1se by readlng from

. w1th the chlldren' maKing addltlonal explanatlons as needed. For eXample, B
*xfor two splns of thls 3. colored sp1nner there aré 3 X 3 ‘or Q possibll-

?‘1t1es,- whlle for "3 splns of thls splnner there are 3 X 3 X 3 or ZT

;pOSblbllltles Exerclse 1h asks for the number of posslbllltles for: h

’ \ ~

splns.: Ybu may want to ask the same questlon for 5. and 6 splns

. R . . . ’

L. \

o 2 Péﬁn 50 Chlldren should flrst complete the left side of the table and

then make the 6h entrres in the table., Dlscuss thls page as you did

R

. ‘ e B .
¢ ‘ - '

, . . . '» . . ] - : ) [

Pupil pages 51 and 52% On page 51 the pupll bullds three tables and uses the

- .chlldren show how they obtalned the answers to each questlon Ll ‘f“

sa

Y — "

data from these to answer questlons Questlons 7 and 8 go wlth the table'

'form on page 52 Ybu may want to do these pages as a class act1v1ty, hav1ng

’

.'fthe table 1n 2 left to right end top to bottom sequence Dlscuss the answers i»

R



3 Wr,lte in the table to show all the p055|b|I|t|es of
| '_\\ | two splns on the sp|nner Red and blue are. - .

) equally llkely

\ \\ | Second spin
R \ ,' ;R_ed“ Blue
o SR [RRIRZ|]
o L‘g\ .Blu‘e 8Llgal e P

1. . Th|s tabIe shows there\are f different p055|b|llt|es when we sp|n

th|s splnner tW|ce -/\\- D ot e ;. g

\

2. Complete th|s I|st of possub|I|t|es

.
PO

i ,' "\ . Exactly

‘_ Both Red © (1Red ., ORd .
| R R _"\, RB T gg N
O G E

3. The chances of gettmq red on both sp|ns are__/ in 4
AV There |s ,' / ] charlce in_ 5/ of gettung blue on both splns

2. How-many chances- in &} rje there of gettlng only one: red on two

SERERY spins? A .‘
. s k . .

b

6. How many chances in 4 \are there of gett|ng at Ieast one blue on
. ;two splns? \j |




. . . L S C : - . S . i : . . 45 .
h . . L . S AR . . . - - -

Th|s sp|nher s spun twotlmes Use the table -

i toshowallthe 055|b|er uIts Thethree'-
(AN g

| colors are equaIIyllker \

Y S e Sec_ond s_p|n

| R leglerleg. 0
’E s | pedorlae)

L L W|th "two sp|ns there are Z p055|ble results
2 The chances are / ) |n 9 that bOth\SQmS will stop on red

3 .The chances of que on both sp|ns are 4 out of 7

4 Of the 9 possm|I|t|es there are 5 whrch haveat Ieast one

u yellow \

S5 The chances are - .5 in 9 'that‘at'teast one‘spin w'iI‘I stop on blue. -

- 6 Look at yourtable How manytlmes do you have RY ? R

- The chances of gett|ng RY .are. - lh

7 The chances of getting a YY are - o
- @ less thaii  greater than -
gett|ng an RB. (Cifcle the correctlone.) RS




DA ; <
’ '15‘ .
. L .
ST o
e - .

R R
= *R’zz;
ol F"St Bag Le é‘é'% laey f eh | ce

S 1 "There are _ /é possmle results
2 The result RR has- / | chances in _ /é

. 3 Of the - 16 poSS|b|||t|es there are é --whlch haVe only one g‘reen |
: ‘-Sothere are é chances in 16 of havmg only one green block |n |
| one ofthe p055|b|l|t|es o T '_-";_- '
4. ‘The'chances of at lea‘st one-rgreen'are " 7 0ut of /é
L. . ' ) ' .

5. /,l(result ot a blue block and a green block happens " z t|mes out"

w1 L (# ed @)

6. W|l| a blue block and a yellow block be expected more often than two
'- 'yellow blocks? - NeZZe 477/ )’Af Z“'i 4*% - ’(/)

108




‘» T R L
Th'S SDlnner JS Spun three tlmes Complete L

the tabl to show, aII the possrble results

Complete th|s table f|rst

Thlrd Spm : ?_i:..:,;;.ff -
“Second sp|n \ i BIue A SRR

\Blue

Ftrs_;tj o

t
F__irst'two" '; -
" -spins. . '

j@ vl
"‘___-,Complete th|s I|st of possmmtles L "~
C3Red, . 2Red 1Red ' ORed S
éé_ ._ﬂ&é - ‘ CO

“RZ
B

'-'1 Thetables andthehst showtherea(e poss+’o|I|t|es when we b o

sp|n the splnnerthreetrmes o

- '2 How many chances in. 8 are there of gettmg blue on aII three ! Ry

-3 There are c;? chances in 8 of gettmg exact‘ly two reds on ‘

o hrteespms ) e ,_1 SRS o

o 4'""“3”3 are_Z'_fC_hances.m _8‘of gettmggat'Iea.s@mmu_e on o

;three sp|ns R LT L f | .

5. Which is more I|ker,_A or B? Clrclethe Iett&r f hecorrect answer
@ to get two reds and one blue o i\ S

‘B toget three blues - -~ ol T T

- Bra|n Teaser It is @7 t|mes as I|ker that the sp|nner W||| stOp |
“ L ~on red exactly twrce in 3 splns than on red. 3 tlmes in

'3 sp|ns 109 IR

ZAL. é%.@’ R



I

Q_'Complete thetable beiow to show aIIthe R Y L

E p055|b|l|t|es of threa sp|ns LN .: |

Flrstand Secondsplns : o

| 3 L|st the pOSS&bll‘ltleS for 3 spms under these head|ngs

We found the p055|b|I|t|es when th|s sp|nner
o s spun twotlmes Ourtable was -

-

Second sp|n o

‘I RRIRY|RB |
RIYY|¥YB|- -
BB

Thirdspin SR

ROy | 'B‘

First spin
w=<|=o
=<
v

1 When we spln th|s splnner

VE

RR|RR RIR R?-_X /'55 | "-.2 tlmes thereare 2 |
- RY : /4/,@ x| ,675_1 N p055|ble results
| R \ege| oy #ea| Lo
D When we: sp|n-th|s sprnner
V\YEIYeR | vy | 22 8|

N B R 3 tlmes thereare Z
B e e e o I 'Possmle results - |
AR ZZA R AD7 i

BRI e 2. td MV 17 A

44 ﬂz jé’/ g;{z

: ‘ Al
"RRR Yy ‘BBB . 2R - . 2Y - 2B _'fd|fferent-

'..'_:"-éézé zzzf /éé //c/ L’Vz ééfé /ffj

 LEL sy EE LAY

L Llg sAE LB He s

ey el 228 A28 7’,5_&."
B YL XA AEL LLY/

 gee £22 AaY éz:a

llO



... . - . . _
. . AN o .
\ S . . . H - . .
o . . L N N . ~

T -'.-4'?'H'ow many trmes does the result have at Ieast 2 reds? Z.

5 There are é trmes when the resuIt has exactIy 2 reds

u-'s!‘.‘.-‘
e

6 There are é trmes when the resuI{has exactly 2 yeIIows -

N

7 There are’ [ trmes when the resulthas exactty 2 ques

8 There are ] il'fé results whrch have one red and one yeIIow and
. "f‘z-oneblue {0 '

'_t

g llls |t twrce it I|ker thata resuIt erI have exactly 1 que as. exactIy
_2 ques? L

) - 12 "-'Wh |ch of these res |ts is more |
3 btues 2ye||ows and a red

.' 13 ,,;,On three sprns wh rch of these resuIts are you Ieast Irker to get?
( 2 blues and a yellow 2 reds and ayello -

of /&,_{zCCcr, .../
A

‘.‘:_.,'.-How many possrbrlrtres are there |f we sprnthrs sprnner '_: ‘ R
S, 1_4 trmes? f/ - D

o . L S R Coeo 11l
ERIC - . o T




L F;l._l’St' two blocks - '

. 'f; BR:.

Y BB BG

“GR. G Y G B G G ‘
Now we WI|| th|nk about drawmg a block from each of three bags Complete
th|s tabte to show all’the 3- block arrangements you can make |

Th|rd block i

B I

\.. -’

e
. Fﬁi‘.'.
.

" How man;possmlhtles are there when we draw

éy block from each of two of these bags’? 4@

R,V-'

N

B

P

e

: Z/é‘z
\ere

\err

ez

lese

sy

e,

|£ge

,€é’ Y

\PAYS

-
| VA~

74,

Xyl

17ae

|

s

Zzd

|ree

vay

42‘/ s

glaee |

NE7€

£

228

Al

BEA

Aere

zey

&5

Lol

L4 @i 5 How many t|mes can we exPBCt

mcs

(Ll

cad

R _|pee|eer|ges| e
67 lova ¢y ¢8| o]

CAG

lec <

"c},"aa

é’@’é'

’ey

cre |
’Z ﬁ(’; 2 How many of these poss1b|||t|es
L
r£e]
v/yj‘

1 'How‘ man"y possl"t'riliti'es'are' there B
when a bIock |s W|thdrawn from

o f‘_;.,each of these three bags? ~ é 7/

_ ;3_;.'5Mlhatare the chances in 64 of
//? G"jaz,r_ Is: |t}|kely that 2 reds and
)’éfé o

'gettmg GGG ? s
‘a yeiﬂow will be the result more f |
L »often than 2 yeIIows anda |
Lﬂ‘ired'? o L

2 reds and 1 blue? 3
2. blues. and 1 yejlow? _9’

2 greens and 1 red? !g
2 yellowszﬁtd 1 green? -j’

Cl12. 116



Jlm ||kes cake and JeIIo for dessert He can have jUSt onedessert each

I

| -day On Tuesday, Thursday, Fr|day, and Sunday of one week his mother Iet

- “hlm choose wh|ch one he wanted F|nd aIl the pOSSIbI|ItIeS for h|s dessert on

,those four days Usea C for~ca|geand J for Jelto ",.-'- \ -

- L . . ¢ .ot . _: . . .
; . e, -,\ G e . ; .
. ‘ K . . . 3 . -

- .A Tuesda ~ RS A e cro e
-.". . ‘ ) .. E B ?,‘ . .‘.;, " \‘ - Th ursda . '.:"., " ‘ "_ '&3-/.’: , : - " ‘f g ‘._ < , :p .;5‘_. 4 o

. e s .o
: e . A A . M . LA ' : . -’ o Lo .
-, v' . S . d ..b . L2 ST e o [ S - C U . ] o=
. PR . . Lt ST . Y e . Lo .
‘. ’ - . . N ‘ . N . - - . N - . . »

-, Tuesday “—— ,.C_C’,,_ = Vo 8Ll e oo
S Y e T - Tuesday, -

Thursday, [¢¢ LeeZe | CC-»/f

& .. Friday :'F agd “eze f-'éJCC/ T T

2 c e y ezr|cTIc. ,JJ:) |

sy [6¢Jecelee] o reelrece e T

. and  {e T ledc cJLJ L e ;'70;7-(‘/- TeTT )
?v_"T__hu'rSday | | | S

ze e |ged| D) @Ec\ju/ éc. Jj(’f':'
g ;jc'__uj- B .ij ZITC jJ./

'Look at Table B ‘wh ich Shows the pOSSIbIHtIes fgr Tuesday and Thursday
' | L. ~,“1n how many ways can he have dessert for:these two days? b .-

2 "Can he have caLe on Tuesday and cake on: Thursday? y |

2 ,
3. If he has cake on Tuesday, he can have [aé; | or ,Aafa on: Thursday.'
4

. J .
. Putan X in th|s box which- stands for JeIIo on Tuesday and Jello on - °
“'Thursday B PR e
| ‘Thursday -~ <« -

1 . . e f'ﬁ'k-i

35 eSdaY R T S ”,'_4if‘:fh

13 e

EKC

. . M . ) -
T : A 1 S : S Y



<y

L Look at Table C wh |ch shows the p055|b|I|t|es for Tuesday, Thursday,

Frlday R i R andFr|day

o C J 5 How many p055|b|I|t|esare there for dessert'-.
e el '_ ) -1+ onthese three days? é L -
: — ' j'-_,'.__"TheK are _ Z chahces |n 8 of havmg,_‘»_

'Jel‘fo on atleast 2 of these days SR

y .

dThursda
(=)

Tuesday ar

R R

M "

1 e U >< A Putan X |nthe box wh|ch stands for | |
R R ':Jello on. Tuesday and Fr|day and cake on.-’
— Thursday o

. .

8 Put an 0) in the box wh|ch stands for cake on Thursday and Fr|day
./ : ;f and JeIIo on Tuesday | s '

Look at TabIe D wh|ch shows the p055|b|I|t|es for all four days
9 : How many posSIb|I|t|es are there for dessert on these four days? 4é
10 Thls |s ,2 3 t|mes as many ways as for three days

| 11’.’ --In how many ways can he have cake tW|ce and JeIIo twrce? . é v

- 12 In how many ways can he have Jello exactly 3 t|mes? 5[ /

f.' = 13 There are | 5/ chances out of 16 to have cake exactly 3 tlmes

{

":".14. _'In how many ways can he have cake at Ieast 1 t|me7 /.5’

- ‘ f 1_5.""‘In how many ways can he have Jello at Ieast 2 t|mes? //

16 In how many ways can he have cake more than 3 t|mes? | /-'j_ _' o




. ‘ . . ' e .. ]
e Ny aRREWDIX L et
e e EEE ?”.Prob’a.bilijty\l)evices SR e T
B T ” .
. f, R‘ . » N =

. Thls sectlon suggests‘d\ﬁﬁpes yhlérrypu mlght flnd helpful It 1s taken -fff*zf
?;l'ﬂ' from the Pupll Text of Probablllty for Intermedlate Grades,'and sG 1t is. wrltten - f"

&?; for chlldren. However from it you' may w1sh to plan act1v1t1es for supplemen-“'

tary work for 1nd1v1dual chlldren or gr ups.
1. - Regular Sollds L “-;." j\~3f”~ ; ...’ . ?T W '*1;_ S :
‘.: “ L e — . Lt o .- ".‘ L ‘.7“_‘ o

. o ; We have uséd ¢oins, d1ce, cubes, cards -angd- other materlals to help us .

_ learn about probablllty, but there are many dev1ces whlch are Just as useful
".f The patterns on. the next six pages are for the constructlon of regular sollds"'
whlch can’ be used 1n probabLllty experlments., The patterns can be traced ondfﬁwfj ’

tagboard and the Sollds w1ll then be sturdy enough to toss#or roll._‘

- The tetrahedron, octahedron ‘and hexahedron (cube) are not dlffihult to' St

) construct. Just fold on. the. dotted llnes and glue the tabs.‘i'r

‘b The dodecahedron is more dlfflcult to construct Make the flrst -half of .
. 1t by cutt1ng to the dotted llne at each arrow. Then £31d .on the dotted llnes
and glue the tabs.‘ ComplEte by foldlng the second half and‘g g it to the '

' flrst half tab by tab Do not make both halves and.then tr;I::qut them ’

L together. -j‘r
R f The 1cosahedron appears dlfflcult to construct but 1t 1sn't Cut to the

~ K

dotted llne at each arrow.-\Then fold -and . glue the tabs in order, one by one,

and 1t w1ll w0rk ou$5n1cely "; w7 . ﬂjc -Lgiﬁﬂ' : '
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~If numbered or colored: the.

face which is down is the
-vo'ne_t‘o' count.
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o Tet'r_ahed:rb‘ri; |
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. If tﬁ\cube is to have
* dots" on. its fates, make
»_the_qots.,as shownbel“o,vy_._-,-_ -
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~Nnuimbered ‘er’m 1

{0 8. ,«C0lors may
also be used



cuttothe.
dotted line at -
. each arrdw

\)é/

" After cuttmg J’( e k
- glue thy d]ommg
: ”tabto he edges

.A dodecahedron is a
solid with 12 faces."
It may be numbered,
. colored, or even. used
as a calendar
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-T'AfterLcuttmg this out do not.” noo S
glue.adjoining tabs to the edge. e L

: Instead, glue one tabatatime , = . L
. tothe first half of the dodecahedron o ST

. gluethe
s

cut to the

dotted line
-\ at each’ -
“Narrow

® ¢ . second half of a Dodecahedrori
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cut to théi-dotted |

line at each

A solid with

Icosahedron
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For a. small top you need a piece of cardboard ‘a wood dowel or sucker o

sstick a straight edge and. a. compass. Use a two-inch piece of . dowel_or.

.. sucker stick' Sharpen one end to a point with a pencil sharpener.

Use a compass and straight edge to make the dial from cardboard “Mark
a point for the center and draw a circle with radius 1; inches Mark any

point on the circle and,. w1th that p01nt as center, strike an- arc with the

fsame radius to 1ntersect the circle Continue to strike arcs around the circle,-:

DR
- . L0 . s

'- F|rst pomt

ARy

'Connect points marked'mmkcut off Jhejouter part of the region to make a'

hexsgonal region. . Divide it as des1red._ Here' are some suggestions




) ) ’ e ) ) ‘ ’ : e .
Ebke the sharpened end\of\Ehe stick throu&h the center-oﬂ the hexagon. '
(A drop of - glue will help to keep 1t\fr\m wearing too large a\hole, but

- experiment f1rst to find the best balance\for\the topa) Spin the stick be-.c='3V

\

-lltween thumb and forefinger. Spin the top on -a flat surféce.~ The edge théb

'-sﬁops against the table is the one that is counted o ff&:

A large top may be made in the same way An ordlnary pencil makes an
adequate STick. It 1s a good idea~—however—4aaﬁﬂﬂ£~the cardboarﬂ alnnz the
division lines at the center before insertlng the pencll ‘Use glue to-fastenz
the cardboard to the pencil g S o J : o

o

) . . .. . T
The tOp can also be made with elght edges or with twelve. . Do you,know.
how to do thls? L - 2 _ o : o ,'- L

2
|}

¥ can make a top with two or three dlals. Use a sucker- stick, or'thin
_:.ches long and Sharpened at one end Make a c1rcular cardboard .

3 1n dlameter. Inscrlbe a hexagon, but do not cut it out _.j

v

._/'
w

Insert the stlck through the center ‘and glue the dlal to the Stlckh

.



- When the glue }s dry, place over the d1al a "bearing made of a p1ece of

K ,'.f milk carton "1 inch square with'a hole in the mlddle. Make another dial 6
if}?5 .inches in diameter but if possible use cardboard ‘that! is slightly llghter in |
oo weight. Inscribe a hexagon, color, and cut as shown B -
e : _ ‘ ‘ o ? .
g ';Make cuts .8 1nches long on
S . the llnes as shown by arrows
_Bend the cardboard up on thé
right of each cut to make a
‘ tr1angular "wind- catcher N
o

‘ffiIQace this dial, on top of the bearlng Before sp1nning the top,‘llne up the y
. two 'dials -so: that the coIors match The bent -up cardboard will let you. do S
thls. Spln "Reeord,. the number of sp1ns necessary before the colors agaln

matchi. "How many splns would you expect 1t to take? o
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Aruitoxt provided by Eric

'constructed 1s one “in whlch the d1al spins, ss shown in the draW1ng

splns._ Ybu can make thls type of spinnet. Another spinner Whlch ls ea51ly-

Construct«-

.

1¥3i Spinnéfs ':a-_' . e ,j:' . ' : * :
Spfnners which come w1th éost games have a.fixed dlal and an- arrow which 'jj“”‘

~the’ base out. of heavy tgg boarﬁ* Use a heaVy paper clip for the post and then N
';va_louoedials may be exchanged and use& on the base.._ "71 L ’
: B
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::up with the arrow .on the base. . Th&/ dev1ce can be used to 1llustrate'an,,

Another spinner with dials -which go from large to small can illustrate how
items can be put’ into an order V Each heavy cardboard dial is,divided into- a

'"number of equal parts._ The'number of parts -ds the same as the number of items . .
eto be ordered For example " to experiment to see how four ‘TOWS. in a classroom._
' might @e dismissed for lunch each of foﬁr dlals is divided into four equal f‘_yﬁﬁf*

parts. (A dial is made for each row.) <Spin, the dials and record how they line

- e

orderly way of - arrlving at and listlng the various arrangements.‘
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15': R Cut four‘pieces of file card or tagboard to make two vanes. o o o
N —5 - ’1_{; e
v - ~ : ¢ . “:.‘ .
;, ¥ v L
A A . ! e ?!
,‘Staple two Pl together 1n two places as shown in sketch B ;"Color one ;.

side of this vane red w1th a pencil or crayon.' Insert a sucker stick in the .
' mlddle between the two p1eces ~ Use a punch to meke a hole ‘in' a piece of milk

. carton one-half 1nch square foyr & "bearing o Staple the other two’ pieces of

. file card together to make’ a second vane. Mark one side as before, and 1nsert

»the top of the stick betweén “them. Paste a: str1p of gummed paper or tape over ‘
one end of a small spool Put the end of the stick into the hole at the. other

'end of the spool 'Hold the spool and blow the file card vanes. They should

N turn quickly and 1ndependently. I éLT\ ‘_._. ' ..}'. .?.jf

) _ ; g S -" ‘.‘ » o ' \Practice blow1ng a few .
' '~ staple ' o : times. When - vanes have stopped

: turning, lay thém gently on & o
gji. ' ;flat surface so that both vanes °

are flat,on.the_surface. Then

record.whether‘bothfvanes are

red, Ohe is red and one is ‘white, -
or both are vhite "After fifty"'
tr1als, do “the results of the .
experiment ﬂ\tfﬁqth the ex-  +
pected results? Lo

-
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R Whlrlz-blrd - o "' , Cee T e

- . . "
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This 1s ahother type of w1ndmlll

Use a sectlon of quarter 1nch dowel about . two feet iong. Wax 1t by
. rubbing 1t with'a’ plece of.crayon Follow the dlrectlons as given for a w1nd-
’mlll snd meke as- many flle card vanes and milk-carton bearlngs as des1red

B Hold the. dowel at both ends, llke a‘h oniea; sndbblow.- ‘When vanes have

stopped turnlng, lay ' the Whlrly-blrd ;Z:tly oh a flat sufface so that all -

' vanes are on thls surfaq§ One vane &orresponds to one coxn; so ten vanes R

scan be used o dupllcate an experlment of tosslng ten coins" . Can you

- think of other ways to~color the vanes so that ~other. experlments can be done?

L
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:Spoon device R : : ,]f‘_ : v‘.» _ B o :

Use two plastic picnlc spoon; of different*colors(f Lay'the-handleVof one'
: _on the handle of the. ‘otHer ‘so that the bowls are at opposite ‘ends and face

oppositevways. Fasten W1th two rubber bands as shown at arrOWS~'h‘-=
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- Roll the handles between your palms and. drop on'& table from a helght of - ad?

foot’ or s0. . The spoon on top counts.' Is it Just as llkely that one spoon

7 will be up as the other? - e
. D e Sy - S
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- 6. * Sampling Boxes (Urns)

B i : - ’ . iy e .
v . L PP ? [EEE . !

Many probablllty experlments'reQuire'a7sampLing to be baken-in'a randomu.*

. e

manner. This- dev1ce uses varlous colored marbles

An oatmeal box- serves well as the contalner (urn)'. Cut - round holes, ten,
';Ffor example, 1n the bottom of the box. These holes should have :a dlameter
"slightly sma ler than’ the marbles so “the marbles can be seen'ln'them. Ch1nese“

‘.‘Checker marh es gerve: well and come. in packages of 6*“colors, lO of“each.

" 4 )
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' Example:'>Tell'a‘friend'you have 60 . marbles in the contalner.' Do not tell '

him how many there are of each color. Use;\for example, hO white and 20&
‘black. Turn the urn up 10 times and record the number of black a

"whichﬂshow ih each sanp, S', From the totalj‘ErEHiEt‘the—p able number of

white-and black marbles in the urn.. - ;F

drical) thh a- lid It should be large enough to allow obJects such - a\
or small balls to roll around. In;a ‘corner of a rectangular box or at t e .
bottom edge of a cyllndrical one, cut a. hole just. large enough to let one b_
‘object. go through. easlly Wlth the hole up, shake the box. Turn_lt.over in

your hand to let one obJect ‘come out o S - “._ ‘ j SR

s . v <\‘

A thlrd sampllng devlce, a paddle,.ls made as shown the draql The
holes are sllghtly smaller in dlameter than the marbles. t a box
(a shoe box works well) Place marbles in the box Scoop w1th the paddle

‘until all "holes"- are: fllled Thls glves a sample of the" entire collectlon
of marbles._ S : ;, e f{' : RS

e




ERIC

PAruntext provided by enic [N



ERI

PAruntext provided by eric [

fd,allow the marbles to roll around

.ones inside the carton., Closekﬁhe lid furn the carton upside down,_

‘IPlace' 5 black marblee and 5

Flip_ he\cartOn uprjgh

'.l1d._ Record the 1nformat10n you: are 1ntereste';;' -dyleyhmple; %he,ﬁumberf FRRE




Te A Pdobablllty Scale

.

Sy

S

When tossing two dice or. other regular SOlldS,'lt helps to gbnstruct a 'fj

2

:'f." table for eountirg how many ways a certa1n .sum or product can be obtained

Two cubes, for example, give the follow1ng sums R :. o e
Suns o .v‘EossiBle Combinations _'i- '?gé;*gg‘weyéi*r‘ )
.-2 . '(l,l) : . L . £l l
c3 @R, ) | e
R e 3), "'(2,‘?5 (3 1) - L3
5 S(1,m), (2;3), (3, 2), (u 1) _ 4
. 6- (:L 5) (2,)4'), (3)3), ()4,2), S:l) . . 5
7 b @we (25), (3,4), (,3), (5,2), (6,2) 6
8, (2,6), " (3,5), (4,%), (5,3), (6,2) -5
9. L (3,8), (b5), (5,k), (63) | b
| 10 L (8,6), (5,3), (6,4) 3
‘Ll . . -(_5,5), (6,.5)‘_ v 2
(6,6) | * 1 ,
- Total -36 . .
- o ‘l"
‘number ‘lines on stripsdo%.cardboard; '
B . » 'i‘. ) - ¥
. - " AR L n
s . . . W
HE ' T I N
6 5 b 2l
| . e dn ° = - R
'f .,: ;." - B
These two strlps can be placed 4n- pockets of a larger piece ‘of cardbOard SO
g that by sLiding the scal¥s along, one quickly sees the number of possible .

o

. combinationu.p'rhis figure shows the h poss1b}e combinatiods of a sum of 9.

. ..+ Seales for other solids may also be constructed
. ' PR 4
kT :
con | L 137 | | S
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R -lb-8; Hexawhirl : ‘\>‘:‘a' d o ‘ "t' R S i ' }
ﬂﬁﬁ', o Thls gadget works llke an old- fashloned button on -a- strlng toy.‘ Cut from j}

”é_cardboard two. c1rcles w1th radlus lE 1nches., In each, punch two holes Just

;; blg enough to 1nsert a p1ece of strong strlng The holes should be punched _

~

-1nch from the center.: (See

'onn%S'marked X

“in. Flgure A )'

[P

'}'lﬂbdard hexagons us1ng a 2§~-1nch radlus for the flrst

second etec. Cut a hole w1th raduus -lE inches in .ﬁ'

Make two or m
- a 3 -inch radv €34
the mlddle ofﬁeach hexagon and number ihe sides 1 through 6 .’ (see

Flgure B ) : RN e o L d v

‘hexagon, and the flrst clrcle Tle the ends&_ua he strlng together -to make

s second loop AdJust the. cardboard pieces so.that the loops on. eachyslde

'”E ard are the ame length There should be Just- enough space

between the circulaer p1eces for the hexagons to- turn on the strlng Fasten

- .
+ . .
. - e . . - .
. B . f . . - . . : -
. s . . . . . ’
N »
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'::- next: to the' maller hexagon._ (See Flgure C. )

- pieces around ‘and around (25 or more v{me

" ‘o twist "the other way,,and pullvagaln. With- practlce you can make the hex-v

the circles to the strlng with a drop of glue.7 Meke anfarrow on the circle;;’_:

A v

et n

To operate the hexawhlrl hold a loOp in.eac /'hand and sw1ng the cardboard

'untll the -loops of strlng are

'vtwisted.) Pull the loops. untll the’ tw1st1ng is undone, release to. allow strlng

,agons apin ra?idly Between the circles.4 Stop, and se® Wthh sides of the

_hexagons are in line with the arrow ( 2 on the smaller, 3 on the lsrger,

for 1nstance) Experlment to flnd out 1f the results are s1mllar to those

" obtained by throw1ng two dice.

L
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