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PREFACE,

T0 THE STUDENT: ' o
This text is written for you. _it is not just a collection of prahlemsj
and it is not quite the sémé as other texts tﬁét you use. It is written so
that.you may study and learn algebra without teo much outside héip; it is
c%l;ed a programed text. It present§ math;mati&s in’ sn orderly way;!gskiﬁgr
questions along the way to be sure that you are following.
. Mathematics is & péﬁcil and paper Eubject; and as you read mathematiés&
you should be prepared to work ouf details. andeexasnples-te aid you-in undep -

standing. With thla text, responie fhEEtg are provided for each section

except for some Df the review sections. In add;tlﬂn to thHe a;prgpriaté
reaﬁmnse Eheet for the gectian on which you are working, provide yourself - -
with paper for the purpaae of doing necessary flgurlng as you go along.

For each ;tem, you will, record your respanse in the -space provided on
the response sheet, and then verify it. Most of the correct résp@nsesfare
in the shaded zones éé the pages of your text. Atxéame places, hcvevers you
will be talﬂ to refer ta'the Answer KEy in the back Gf y@ur bDQk far the
correct answer. . . . .

You will pr@bably_find!it helpful to coverfthe shaded "zone with a pilece
of paper or card while §@u make ‘your response, ? Then you can chérk to see
whether you were cgi:ect or ﬁat In .any case, yau should write your reﬂp nse

"U‘

before yéﬁ compare 1t with that provided. If.you merely copy the glven
respansel you will not be making the best use of the text. g

Ttems which call for Tesponses are of three ‘general typec. Those which
occur st frequently are cén structed response items like ;temg l,FS;,anﬁ 3

below.

1 The sumof 5 and 6 is __ . -

In some cases you will be given a clue to record the entire answer

indicated by the underline, as shown below:

% =
- i
2 The product of 6 afd 5 can be written 6 X .
1,10 :
3 327 _6 °




o l\Dtl.LE in Item 3 that a hcx has been used to show that the numerator of
the frachr is missing, hut ti -t the entire fraction ghauld be recorded on

In I‘ttém v the Lmdc:rl;ne is used tD indicate that your

Include-everything ab.ove the line.

s 4 second type of item i€ a miltiple choice quest n 1like Items 4 and 5.

o -

zgponse sheet the létter @f the

‘le

ed
i zons wiich follows the item. In-some cases, the shaded zar{e 1nc1ude only
single discussion f@r al]l choices, asin 4 below -
— - — —
L I: which of the following is there an error in additian?
T (Al =2
. P
- - A 2 _
[BY 3 =5
- el 7 4.0 :

In {C], 32+ 1 + .7 may be i&*itt&n 3\‘2 + 1. 0. + iz.,.-v:":' ;
eqhals 4.9, so this contains an error. [A] and iB} Eaﬁtain"

no errors, =o [C] is the correct choice.

=i
-
[
+
-
b
ka3
[
el
I
I
Lt

, there js a zeparate discussion for each choice as in 5 below
_ ) —— . _ _
- . -/ ; ’
: Lhoareets Z2URSTL wilowing is the multiplication done Cél‘l‘éét{ly? _
# -
£ £
. } S I A - .
a
L=
[C]

[A] .3 x .2 could be written q;-ixmg vhich equals %, or

.06. This is not 6.

[B] Yes, this is done correctly.

o 2.1 z2x 2 . o .

C = Mmoo e = o= 50 the miliiplicetion was not done

WO X g = gy T %o the mive =
correctly. ’

=
s

- It zou are not really sure why a certnin choice iz correct, you will find

1t worthwhile to read the discus for the Thwr responses,

ay
'

T
Ja

O
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Other items are found in the form of practice sets of §x3fcisgsgA For
these, spaces are provided on the response sheet,-while the correct ans.
& *
‘ In most “Haﬁtar:, tiw Jinal ‘éEtan includes a set of review prob:.ms,
Some of these pfﬂblemg will serve to provide you ‘with mo

topiecs of the hh&PtEf; Other

m

have ﬁéén written to challenge you wit

opportunity of applying what you have learned to new situations.

<

be found 1n the An,ver Key- - L N
Ttems marked with an as téfiak( ) are considered optional--either they are
mére difficult, or they onsist of material at a somewhat more asdvancdd level.

Omitting. these items will not interrupt the continuity of what is to follow.
However, if you are having no difficulty with the regular work of the text,
will find tha ‘:thé starred items provide better understanding apd a |

<§ bac kg -ound for further work in mathematics,

Your mathematical growth and the satisfaction and enjoyment you deriwve

{rom your study of algelira will depend 1arge,'rén réadig* and following

directian= carefully. You have a new and enriching experiencé ahead of you.
We hope that you will maf the most of i’ ' ]
: - - [ . <
Cﬂil = *
. y
SUGGESTED REFFRENCES

éfﬁﬁ f@ll%wing list of references is offered if you wish additional
rgading material on some of the t@ﬁics mentioned in the text. The list Jraws
up the volumes of the NEW MATHEMATICAL LIBRARY (NML), which is a series of

g
B
o
o
T
]
b
]
i
—

students and-published
t i . i ) .

Mathemaflﬁ 5t udy Group. The references are by no means complete, but we

h@pé that they will be helpful in directing your attention to available 1if.

erature at the appropriate level. In the teachars? Pammentary is anv additional

1 - - * q 1.1
list of| references. These cover topics which are not necesgarily included in



 VOLUMES OF THE NEW MATH

Volume - .Author and Title -

NUMBERS: RATIONAL AND IRRATTONAL -

2 Sawyer, W. W. : + X
WHAT IS CALCULUS ABOUT? '

3 Beckenbach, E. and R, Bellman

1 -

=

L Kazarinoff, N. D. )
GEOMETRIC INEQUALITIES -
_ e s s ’ \
s 5 Salkind, C. T. .
- THE CONTEST PROBLEM BOOK
, P. J. . ~
THE LORE OF LARGE NUMBERS

i

il

7 Zippin, Leo
USES OF INFINITY

8 Yaglom, I. M. R s
(4' GEOMETRIC TRANSFORMATIONS
CONTINUED FRACTIONS -

10 Ore, Oystein
GRAPHS AND THEIR USES

11 HUNGARTAN PROELEM BOOK I
1z . HUNGARIAN PROBLEM BOOK II

13 Aaboe, Asger »
-~ EPISODES FROM THE EARLY HISTORY OF MATHEMATICS
1k Gr@ésmeaﬁ; I. and W. Magnus
GROUPS AND PHEIR GRAPHS
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Following each topic listed below is a set of number pai¥¥ such as -

(1 ;S)\ The first numeral refers to the volume in the seiiesg and the second,
in most §5es,‘ta the chapter in that volume. Thus, (1, 3) refers to

Volumg 13%égapter 3. In the case of .Volume 6, which is divided by section
instead of b& chapter, the seccéé.numéral refers to the section spe§ifiéd_
Volumes 11 and 12.are collections of problems of the E&tvés Campétifians fqr
the years iSQk t@r@uéh 1928, These are %riﬂted‘iﬁﬂchrcnalcgical arder. For
these, the reference (11, 1899/3)2 for éKéﬁ?lE; indicates Volume 11, Problem 3
of the 1559 competition.. Those references which we consider to be challenging
have an asterisk‘%avthe left of the reference designation. _ X

= i

]
‘Topic } , References

t‘é
. Approximations to V2

Composite numbers

Equivalence relation
Identity element

Y
Inegualities 7‘4i

Graphs of inequalities
Linear equations ii (6 , 22) =

» 1), (12, 1906/3),
>, 1913/1), (12 , 1926/2)

>ﬁpNatura% numbers and integers
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Properties of numbers
Ass:ciati%é property
». _ Closure: 3
Cormutative property
Distriéutiva'praperty
Guadratic eguations
Real numbers’
Irrational numbers
Retional numbers
Real numbers

=

Unique factorization

=
-
- -
L

1,1) .
(1,1), (1,2, (1,

(1, 1)

(1, 1)

C%(11, 1896/2), *(11 , 1899/2),

X,

(1, 3], »(1, 1),
(1, 3), (1, 4).
(1,3 7

(1 , Append B) . S//
!“‘7-17
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Chapter 1

-
iLC{‘

TS AND THE NUMBER LINE o . ’

: A
1<1. BSets and Subsets . . .

5. Each of .these ac

yé will gall memb

talk about a ¢ollection of things M
2 The of statee of the United States has 50

=
s
M
=
ot
Dk
it
-
[
e
ju g}
g
W,
o
-y
i
<
bl
a3
S
o
=
b
e
pad
w3
:
s
ba g
[aid
e}
b

‘leas than 7.

Above, we have Introduced the use of braces,, [ 4, tc indicate that we are

forming or displaying a set; such as

[

[

i
LW

" Uze braces to write the set consisting of the last

5 three letters of the alphabet. 4 {x,¥,2}

set in words,  On
e are free to form sets whose members have no simple relation
An example might be the zet, [a star, a pair of eyeglasses,

a pernny, the number 6],



11 .
7
o In (&
3D the

l!f

2L,y

il

alphabet,

—:impl@rctnan

A

SHOW e
A Wen e
et BILOW

XS NG RSN

capital letter

hesres
i patbttern that we ha

countinge

afl actial

a zet,

For example, we can
s,

" afl counting numbers

to counting numbers. The set of counting

you would use in counting: 1, 2, 3,
Thu 1 i¢ an example of & counting number, but liq is
- Tt

sgl of counting numberz cannot be 1isted completely,

Here we have written the set with enough elements to
pAttedn and then have used the three dots to mean “"and so forth",

3

en order

indicatesz the
numbers,

Wit

boor

the tollowing is " all counting numbcr : greater
LI t;,??
[Al19,7,8, ...

(7,8,2, ...}

[A]
[B]

[e)

O
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6 'graatsr than

v..] i3 the sat of all aven.ééuﬁting numbers gr at@r.
"but not of all Faunting numbers greate' £

Ho.

51ix?

0,12,
n 6,

Yes, {7, S 9; wes} ia anath&r way ﬁf hriting
counting numbers gfeaxer thao aix’, 1t might‘
whose elements are. 7, 8 94 and EO ft:rt;n w

214

and




Anmthér name that is used

gggpfaliﬁumbers.

inclnde the ﬂﬁﬁbgr 0 together wi
a new set, thz set of wi
3 : i

name this set, then !

thi

counting numbers iz ta

o

by

=3

T

then

EX)

B

What number is

—
-

bers, but not s

I
]
=
]
i

[
Lt

1k |>digit. B = (12, , ,. 1.

et

" whose units digit iz twice its

tens

il

T

G

s (4,5,6,7)
ves

{12,2h,36,48)

¥

C = (0,1,4,9)

¥

ng question now arises,

that a set wvhich contains

when writing the

ribe the set of

in mathematics

]

You may not. wish

How many

contain?

e
r
cf
=
]

18 (0] i . B
19 e

%
o]

o

i
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©1,000,000 form o Dinite

WL:\‘
e

P

P

1 obe counted witth the cou

It will hot always be

end,”

the elements ool ghe United

o+

set, but it would bBe quite a job te 1list

- =

hem.,  The nwanj{“

apraln, It would be quite

It ilg alsge convenient to use three dots.

count Lng numhér;zlé:S»thai 10 could be written .’
) e osel consisting ot two, thres, and

oo Porsh, up to and Note the use of the comma after the
: » Hi .

Ehree dots,

[,

2 How would we wrijte: K

the three dots in [B]

set, [C] is incorrect becauss

M -

gselection iz (€], 'The three dots in set {P) indicate

piw]

[t

that all the odd numbers from 7 through 21 are to be included,

Set (N) is the same set with the elements listed in aifferent

order,”



If it iz not pessible to count, (2ven I we had unlimited

u et with the counting coming to an end, G}

intinite sot,  As we mention. earlior, a complete” linting of

] . . ; : . ) .
numbers is not poscible,  Th.o, . we say that the set of counting  numbe

infinite et

™

=3 I

and T Io the sot of

[A] IR and 0 . [B] & only [¢] 5 and

are inf'inite

The correct cholde is [C]; both & and T- are infinite sets, .

Cc
{0,1,3, ..;,IQG} is a finite 'set having. 101 “members.

s -
U1 z ) I . - N %

“Given the cet M - [o,2,h,

Pofmoa set W, o numbers which wre elements of either M or

Then  § . Hote that although 0 and & urd

Loth M 4,
o either A,

Thus, in our

the union of

"

and the set L = {0,3,6,9],

ol elther

ol multiples of

e

[A] is the correct selection. [B] listed only the numbers g%iéh‘

are elements both of 8 = (0,5,10,15,20,25) and of T, the set
1

1tiples of 10 which are less than S0, [C} is not &

proper choice because no element should be repested in the



B I M- (1,2, ...,19) and N (17,18,19 then which of the
' following is the union of M .and N ? :
S

about the set @ which is important to remember:

ppose A = {1,2,3,4]. Now

¢ does not hove any elements, the cnvwer is "no'. Thus, @ is a

of A

AP : , | yes

(oo
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the oet 1,000 0], .
e -
Whicn ot

e .

L2y

l .
y ]

bove summuriz four points thet hod

ot itoelf,

[Al, Since (0,1} and (1,0) ar

e
set, these are not different subsets

s 4
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[

# has only ore pubset.

hns

two suboae

has four subge

s

have the staft of o pattern for discovering “the number of

e

A

finite set with any given number of eléments.

sphéétg

5

e and dizcov

M
—y

bee if you coan complete the féllmwing tab

51
in any finite

[a:3
]

inding the number of subnets

1 - | L e e ) n, « cquating
] a N ) mimber

¥ : o
in exponent ol -
Form A 2 .-

. . 1 =

*alag written--00 . 2, 27 ¢
"When you finish, i.
L]
:
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mark

thimme this pro

would ook

We oo think of this proe

cannet sihiow the procors be

o
ok
w
L
L -

e -

whiole number with o o

ol whole numbe

thot  there opre infi

bliin

tefinite et correrpandence en b elenr

mry. points oo b



keturn now to the line,:ore of whos

The Tabeled points divide

of the point labeled hy O inte

Tnterve

0 ! 2 3
ete.,
o Ludeeld : ol il . .
' %
L 1 L . 1 I |
: 0 h ' 2 3

-

|
—
I

i

|

|

\

-

. 0 1 2 2 )
o 1 2z 3 4 k] B z
B 2 2 H F 2 2 2

_ | i FE - L 17771, S S— ] e s

Lt
L s
bl
e

Yl

ol

[
Wi

s
NI

2
3

A
A “ )

Here pnin we

s ol cdivicion ond lobeling
.

Pines ro obioined nnd purn

antinued without end.

st frte oteled by the nnme number

thet

?

it
[T

| =

L e
S|

L
ol
Lufium

-
BlE L mals B

B wio mjo O

bl i malea —
P
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pelow the diagram indicotes

you will notice that muny

point.

Notice that the point which corre

many labels: ‘ .

uﬂu«
A 10

chans the 1abels

vy
)
=
[
-
-
‘vq-‘
et
)
—
™

Namers such an

onane or oo symbol which

by o necond’ numt

fog
i
]
o
s

0) where the name of the first numl

snd the nome of the o

alled the numerntaorp

15 written below. The upper nime i:

and the lower pmne, the denominntor,
3

second number must be dis

vero Lo onot defined.

el

A

=
I w’
.
2

[

D} ie the correct choice. In-[A], gt is an abbreviation of
+

and is not written in the form of an indi<ated division

<Y ds

Pe -
Tt} et e

of one number by another. The symbol which is in the

8%, which should not have been included, it has omitted 5= .

which meets the definition. 5

11 .
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A number whick

of tyo whole numbe

podivision by

NS

by a fraction indicating the guotient

called o rational rumbor,

The number 15 ic & whole rumber, - ) T gé
5. It may be written =fe . .
is o ction indicating the queotisnt of two whaole

6

numbers,

Therefore, the whole number

B

1% rational

-y B

H

a rationnd

15
R

mey

16

ol

vt ional

every whole number iz o rational
fraction

hence,

number,

hence ’

=3

number,

|
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|

|
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‘A given point an the

mmimber, =

—
Wil

(3]
he]

1M
i
=
-

ne and rational

— C R -

points

- numbers

*would be labels for the some point, T

is multiplied by the

iz a name for

= =

une number (other than' 0), then the resulting fraction

paint Lk
poin ,

™
ra

does not belong.

we assoclate points

We shall call a line on which

above, a number line.

In (4], '% does not

the point.

‘JAt the beginning of this

_ line, the First point

™
(%
i
o=
=

assigned the copordinate 0.
The second point which ve chaosze

1.

2 the

O
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Although we have used a special case by

process can be used with any two rational numbers,

. N
3 o - 1 1

Return 1o our example using = amd =,
4 3 &

Now that we have found ti- number <= letwesen =

N : ]

aril = let un find 4 oo i beltwveen = and

~,
-

1

L0 . . 1
B |Another nume tfor = - ‘f—l
; -
. . i, T
3 another name 1or = g—

hO  [Certainly, iz

-
[
ke
Lo T

and %T

[y

gy
=
[
e
i

i
s
[l
t
-
i
e
W
,,
,.4_

ihiz pre

is,

finding a nu.ml er betwoen = and

O

ERIC

Aruitoxt provided by Eic:



Since the abave process can be céﬂtinuéd in dEf nitely,

42 lthere are '7 o ______ points Y
(a finite number of,infinitely many) - el e

~and

-

between the points with.éoordinates .

L] s
.

7ﬂ‘
From this example we should see that, in general, bétweén any twc paints
.having rational numbers .as coordinates there are 1nf1n1tély many points.

We have a process for associating rational numbers with pmi nts on the
11

number line. Does our process assign a rational number to every point to the
right 3? the point with coordinate zero?: -Surprisingly, the answer is néi

. % ” :
Later, in this course we shall prove this to you. Meanwhile, we assume that
gvery point to the right of the point with coordinate 0 has a number :
coordinate, although some 'f these numbers are not rational.

In Chapters 1 thr@ugh 5 we shall be concerned with the set of numbers
consisting of the number 0O and the numbers cg Esp@nding to all points to .
the right of the point 0. When we speak of ' num»Ers,?i arithmetic" we
shall mean numbers of this set.

The following statement, — \

The get of numbers of arithmetic contains
elements which are rational numbers and
’ lso elements which are not rational numbers,
L3 true
S
Ly JEvery number of . | may be associated either with srithmetic
! b j@@r:inaté is O
45  Jor with a point to the of the point with right

coordinate O

Every point of a number line to the right of the point| : .

fwhose coordinate iz zero may be assocliated with .

. . ‘ number of
46 a,; — ?377 —* e L arifthmetic
Now th"i we heve the number line, lgt us show a use of it which will

feem the buacis Por many important applications later on.

5 Lo
<l 16
O
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Concider the set of whole numbers Letween F -and 8.

- |Let us call the set F. ,Then; E- { , , Jis]_ F = [h,5,6,7] .

Q?-géﬁ;gssaclaté’every element of F with a

on a fumber lire. ' P
"9 |Each element of F is the - ~_ of exactly one

L point. . .

Lol 4 |
01 2 3 4 5 &

Examine the number line: _| ]

Ty -

We have marked the points whose coordinates are

W
o}

3

and _, with heavy _ . | L4,5,6,7

The set of points‘with coordina

tes
" the set of numbers, (L, 5, 55 71.

bj means of heavy dots as we have

— - —_— —
51 |Draw the graph of the set {ngjéég] )
The graph of a set B has been drawn as follows
I W 5 N | i

w1
'

=2

[l

) N 1 ) S S i i i Fy i ... ¥
(o] i 2 3 4 5 & 7 8

n the upper line we have drawn the graph of the set,

-

.
= o

of numbers (natural numbers). © counting -

2 1

In your response

Sk lgraph-of the 5e£? W, of vhole numbers.

Compare the graphs of set N and sst W. For every

ERIC
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56 |Thus’, every point in the éfaph‘ef the set
57 |is also in the graph of the set

58 |Of the two sets, ,Nj.W,” 'wé. can see that

59 Jis =& subset S .

B . ;

Given S = ,:,4,7) and i;f_[6,234§6383131_
The responsze for each of the following appears directly below the item.

60 | Draw the graph of set S, T )

e

61 | Draw the graph ofset T.

D
M
7
E
i+
o
M
™
lal
i
s
=
(]
=y
o
v
N
L]
i
rl'-
=
[\l
o
c
=

63 Draw the graph of the set, K, of ..o wrbers belonging to both 8

irg T. - =
B D S S B S S
L

1

As you did this problem did you notice a gehome 1u: drawing the graphs
of set M apd set K7 If you did, you observed “hat tor every dot on the
praph ol *M  (see p. 19) there is a dot directly below on one or both graphs .

of & and T. -

You also observed that for every dot on the praph of K there is-a dot

directly above on both graphs of 5 and T.



&=

ihé‘figure=bel@w-5umm§rizésfyﬂur rnchome, *
s . ; ) : e .

‘craph of M.

b1
: 2.= ! - §

LY

graph of

b

== 0l
|

ia g

[+ T =}

ol -y
iy ;

-

=]

of-
[0 .—-:Fé‘
B

graghréf

. - graph of K 1 L
craph o 5 6 7 8 9 10

1

] ' .
i S — | *7 1 ,{;,
. 2 4

' Given two sets A and B, we tanféﬁfﬁfa;set consisting of all those

elements which are members of both A >aﬂd B. This set whic

e

o

formed from A and B is called the intersection of A and
3 ] - £ULEISEELIon

=]

n our example above, K 1is the intersection of 5 and T.

b

o

for the intersection of sets is "[1". For example, we write
i : ple,

!

64 | If M= (1,2, ..., 19) and N = (17,18,19, ..., 30}, then which of
the following is the intersection of M and N?7.
(A] [1731§§19]

[B] (lgggﬂ;l‘-—-i; SQ] ‘ )
(¢l (30,£9,28, ..., 2,1} B ’ ) -

w

_— s
 [A] 1s the correct choice; T[B] and [cf are both MU N.-

3

65 | Ir M= (1,2,3, ..., 21} and N =7°(17,18,19, ...} 30) then which'® -

I
-
il
=
R
o
=]
L

of the following

[
o
s

LT !, A
“lA]l (17,18,19,20,

3

(B] (17,18,19)

(c] {1,2,3, ..., 30)

. P

[A] is correct. Although each element in (Bl is. a member of
both M and N, these are not all the elements of both M and N;
the set [C] is the union, not the intersection of M and N.

P 7,77 ) S i, = .
If M 1is the sét of all elements each of which belong

[iu]

to both set S5 and set T, then M is the

6 | of & and T. ‘ intersection

[t
)
»,

-

™

-
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Ir 8= (1,248}, T=1(01,25,7,8), and
67 M= (1,2,8), then M=5 7. 1 snr
.68 | union of S and T is' _ _ L ’ (0,1,2,3,k4)

=
H
¢
Il
—
=
-
s
"
=
e
o
=]
=8
w3

Ir g E’(lggy‘h] -gﬂd T = [Qsl;jl, thEﬂ i = )
69 [sNT= [ ]. } A | -

70 | then 5 NT = ( R P ©(1,2,8) v

Consider the sets ‘A = (0,2,5}) and B = {1,2,4].
| Drav two numbers lines, one below the other; &nd ArdLb L L b,

1P Tt

7L on these lines draw the graphs of A ‘and B.

.

If set C 1is the set of numbers which are

elements of both A and B, what can you say

about set C from looking at the graphs ot A
72 | and” .B? 3 It his no ele-
’ :ments, or it is
the empty set.

73 | What is the usual symbol for the set C?7 R
- = e = {7

te set A = (a,b,c,d,e} and the finite

It

[
hat
<
o
jal
[
ot
it

W
-

Th set B s 3,k e j'éach having , _ elements. 5

, T (how many) S ,

We canh.pair off, one-to-one, the elements of A

and” B \&S many ways. ) "

For example: 1, 2
a, b

and \\lj 2 3 L
S0 NSE U O O
'75‘3_’ ,\,f_ﬁ,b,, e,

The letters of th& alphabet, in their usual order, can

iy

o
[

-
]

% e

be paired with thd first counting numbers 26

 Thow many )

—J
—J

1
oo

)

L -,
-y
s~

byd,e,f,y-
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=

proper subset
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elements, or
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proper
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iQG Hoy should you complete the following statément? . . s
’ There._ . a next ratiaaéiiﬁugber after the number 2.
; - A is - e T .
g ___[B] is not _ _ ) 7 ,;‘7. _

>4

S;@gasg there were 5 ne;ﬁ: ratiangl mnber after 2. Between

find a thirdumtmberi (Th;g
'";pxagess is shown' 1ﬁ Ttems. 33=36 ) This third number is closer
. to " 2° than the sgpgased Trext™- number. Thus ;g rational
number chn‘be next to 2, and.the correct answer 1% - [B];

101 |Since there is no "next" rational number fDllelmg & glven rational
ot number, the given rational does not have a '.
. i L
‘[A]  numerator ‘ ;
’ [B] denominater
. '
coe tC] .Suégessar . B i .
&
[C] 1s the correct selection.
N # N ‘
-
Now let
- the rmumber line to visualize addition and muitiplication of numbers.
At the beginning we recall that
5ot 5 ' -
P ) . .
iz A_SyﬁbGT for the rnumber obtained by adding 3 g namely, .. This

can bw interpreted as moving from the point and "then
g

mDVlﬂg from this
with coordinate S + 3, or B8,

' 5 +3
SRS N
F 1
T N I SRR S B R R -
o I 2 3 a 6 7 8 9,

{53
(")
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My g
ot

o

e move from th: = with coordinate O +to the ¢ point

-, and then move " 5. units 3
r

s thé;eb} lccating the point with

indefinitely. here, ior

ripht or the line in

[

45+23

f————————— 45 — < — 23 ———4
] ‘. | I I
0+ 2 3 4 44 46 66 67 68 69

o She pumier Uine rrovided on the

. . -
vy =3 '
W ‘# Q
1 ~




numiiers

What number added to 5 iz 5 7

3, 1z the

g+

i ZTrom 5. This number line as

J

™
e
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C

1

s

the number obtained by addin

Gl

» fthe interval from O ino

ot Rirds,

S e

hox

T )

R :
T

Answers Lo Arc on

we may visualize the multiplication

*

fin.

i
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e I i t T, we [ind
- that & o Te
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- R
- o R h
{2,3,4] '
is not
' .
‘ J12,3,4,536,1,
7 -
iz not
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L]
£y =
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* e
3 .
Let us consider Q = [0,1]. ) .
+ .
- : -
26 4 0,1]
=7 a subust o1 §. is
-
TR
) . ‘i: M
&
Here. is another example:
5
O 3 + ’ : i
N Given the set ot whole numbers, W ¢
28 | The sum of two whole nymbers iz itzelt a ‘whole ™+
U t ] whole
SRR T 4
number.,
The set of possible sums ot two vhole number : .
Ay ot W. '  is
sum 31 any twa cloments of
.
sell’ an element o1’ tho sane A
under the operation A PO
Fe
= g - .
r Ty . .
20 | The is -
i
the o B
The cum of bwo N
N ’ o
number, -
¥
31 addition
numb-ors ’
.
i o1 all odd whole numbo " even
- 13 B _under the operation o addition, closed
n Ta 1= {0,1] wnder addition? ) no
.
- = f - g
'5 =0
4 - £
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iz an

Thuz, &, 7 + L,

o [ T x - .
numetral - when we

a number., In peneral,

Lwo rumes:

aned PO o6 whipgh

ion which

T 5 e . .
nthier hand, o o 5!

(or name) the smne number.

g 3t 5

Fan ]l o

e Doty

for the number we usually call 1 5
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teoan indicated

Such

¥ ) = . E
’ T
! b4 -
3
. , what
fas i
) " Cu [ L ¥ the SiE
)
The correct choice iz [C]. If you choce [C] and are
. pertain of your nmet! haoLE,
Le ((( ) W) - _) x o,
g S IR PSS PRI B ~
i . ehernon . f
o e s ((C) Y 2 ) s
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In this sentence we have two numerals, 203+ 7) and o, - L

(e
b
.
=
i

Pyl

D

u

o,
-
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P
o
&

%M
—
¥
It
i
—
T
e
I
iy
ja
[
pax
s

KK

2x5

not an.

choire
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Which of

3(5

+7)

ideas of this

The

numersl

Skngud shie

L

numersl

i
i

parentheses

aum

indicated
product

both

true
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Insert parcntheses in each .f the Ul lowops
expressions so that the resulllng sentence .
. y
true.
Given We Write
243 +5 ks (24 3)(h +5) ks
s h+5 2 29 2t 1 (L o+5) = o
69 2+ 3hry 2 B B
TOl 2+ 3 b +5 =19
TL -ﬂ‘rl;'fi;l-LfJ;% )
72 R N R o8
T3f 5%+ 7 = 36

m
L)

LA

1 2

17

(3+h) 641 = 43

i

I+(bh6)+
or (3+h:6]+]

i

3+(5+7) = 3

of Addition and Multipli

Here iz a problem: Find the common name for

would you

Ferhaps you would think: 0.5 + 7 = 7.8, aag

work might be written this

think: &

Both methe

Let

C

[3
Lot
et

0.8 4+ 7 + =

e

Tk
o
bal
]




1 Both use only the nume 0.8, 7, and .

In both, the order of the numerals is the

Z Fach involves only one kind of operation, namely . aidiﬁiaﬁ‘

dif

T

H

e &

W

However, the two numeral to the way in

hick 0.8 = ard 4 e .
which 0.8, 7, and 3.2 are grouped.

. parenthesss

ot

i
But in spite aof

e

4 nuUmerals . A\ number

to make a true

We carn use

sentence:

. . (0,84 7) + = 0.8+ (7 + -
Let's try soms mo
= (% + + %
- - |
/
£ 3

il
7

trus

True

",

E,
e
i
(-
g
I
o
-
N
! ¥
%
= TS
» "
= iy

I
!
!
W
w
I,

theat true

i)

&

ot et
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T e
]

Addition is.a

sum In two

S

i the

et il

ol twe clven

We

Now 1

sum indi

I the zanme
v (aocond

ho

O
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Dag
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property,
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* property,
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N -
28

&+ (b o+ B)

bl
o,
—
Dacy
+
—
4=
st
+
e
1
o
+

] &l or them

=

] e
o]
ju!

i

o

The only correct selection is [A]. The assoclative property .
of addition dpes not allow us to change the order of the '

‘numbers, as is done in (X} and (2).

n

Suppost you wished to find the sum Can the assoclativ

Ll

on simpler? Yes, you would

writing 9 + =) sent the same sum.
Go there are cases, such as this one, whore regrouping by moving the

ety of addit]

parentheses in accordance with the aggociat

lead te a simpler way to find the sum,

!
= I
~ 10 3 101
. . ] .
The correet choice is [C]. In (E), b e (6 +;7=
. © by the asgsociative Er@p%sty of addltion, and the new expression
: b 3 7
is not simpler than the §ld, ITn (G}, ﬁ + = iz not a situation
1 the az;oc;aLiveé}rapnrty of addition applies, sipes only
two numbers are added. .
- = e *'i!_!‘*iii = —— - =
Tt v sarn 3,':% teaday arul t}i‘x Lotareow, wil!l i arn \
2! N N &
Lhier e amonnte s yon wou bl bE v edarn \s‘.‘ BT A AR BN
i £5 tomorrow? ~ ) . yed
Ey
-
- — 42
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‘Does walki:ﬁffg miles before lunch and 5 miles after
the

lunch coverthe same distance as walking 5 miles

[
=

before lunch and 3 miles after lunch? . yes |

i
Iy
o+
%
o

numbers are added in different orders, the sum

same. U + 9 =13 and 9 +k4 = 13

[
i
[iy]
ot
I

and O+ 6 = .. Thus we see: 5,;5

'
Hoalt
)
+
L]
I

3 l6+0=__ +6 ~l o+6
- The ekercises which you have Just completed suggest another property

of addition: Tor any two numbers,

[
second number + first number.

Iif

first number + second number

This property of addition is called the commutative property of addition.

We can state the commutative property of addition

‘35 | results are the . & same

8+ B39

[
ey
il
o
g
i
Py
i
po}
-+
il
o
[l
im
X
+
[
1
s
+

illustrates the commutative property of addition.

“

property of addition. commutative

bk
=
i
+
Pay?
1
L)
+
5.1
s
S
[
g
e

i
| e
o
Xl
]
o
o
jiad
o+
b
Im
b
s
o
]
i
s}
+
et
Pal
oy
b
fa
(o'
[N
it
o
[
pad
=
iy}
L]
il
fad
I
M
-y
o]
[l
N

u
oo
o4
i
+
~1
i
+
-~
'
&+
L,
+

) illustrates the 6+ (7 +4)

[

hand, the commutative property of
addition is concerned with the order in which we
add two numbers.

(6+7)+b =k + (6+7) illustrates the ) commitative
-

(%)

nember the word commutati

back and forth.
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Let us review what we have learned.

4O | We say that addition i& a binary __ . operation

Two properties of n are the associative

k1 | ana properti .- commutative

commutative

W3 b+ (u+3) = (b +9)+ 3 illustrates the associative
1

+ 2= (94 k) + 35 illustrates the ] commutativh

8 X 3) i: the product of 7 and . 2k, or 8 x 3

flond
Tl
-1
,
mﬁ
‘

Lo | The common name for 7 x (& X 1)

If' we are interested in secing whether or not

miltiplication has the a

We have found that
(7 < ) oo o x (0% ;)

sentonoe, trus

¢

i
i
.
It
[

51

addit.ion.
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Given any three numbers, thégpr@ducts .

ATE equal.

assaciativé,praperty of multiplication may Te

that has the

%]

iy}

We

o

could describe
If you multiply a

and ther multiply

1]

the result iz the

%]
W

o
Vi

Thus multiplication,

second

umber

third number by thei

by a first number,

r I

assncintive

product

esped

L]

for .

are the

Uou
/

S,

I

It twe numbers arpe nultictica in d

ST wEam

ifferent o

tle, Loowe L

A

O
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This property of multiplication is called, of cour:

property of multiplication.

We can summarize the. results of this section:

. cation are two different binary operations both ot

associative and commutative .p

roperties.

binary operations have these properties.

Later, we

cond number X first numkber.

L

Addition and multipli-

which have the

sha

-l BC

For éacg of éheifélléwig; trusz sentEﬂcés, teiiiggggiAg
property of numbers is illustrated.
N (537 + -5%) + é = ,%i + (% * :l:%) ____ property of ____
65 % X (% x é) = (% x %) % % __ rrozerty or __
66 | 221+ (I7+19) = (221+17) +1¢ __ proverty of __
67 &+ (B +L4) =6+ (4 +8) proverty of
68 [ (31x13)x17=31x(13%17) property of
69 | (31x13)x17=17x(3Lx13) ___ property of -

The f@li@wing example

plication ecan be used

— —
shows how properties of m

to simplify a computation.

= x (26 %x5) = X (5 x 2) - i

5 . —
71 = % 5) X 26
_ i | ,
72 = 1 % 26 [since = % 9 !

5 -—
e L6
; oo -

¢ that natgali

associative,
addition

commutative,
multiplication

commutative
azsociative

L



. . ~#
In the example, the vork was made easier by, rearranging and regrouping

terms. We could do this because of the commutative and associative

prbperties of multiplieation. .

In each exercise, you are to find the common name, oy

Lock for the easiest method; rearrange and regroup

the numbers if it is helpful. ’ e T T

g
n,
—]
b
o
T
g

73

Th

I

75 |73+ 62+ 27 f 162 '
76 | (3 x k) x (7 x 25) = - 2100

[
W
—
]
s
B g
[
n
—
[
Mt
I
p—
N
—
-l
+
[y
—
*

Ly
[y
2
I
i
e
=
b
a4
H
o
o
g
g
bl
e
el
L2
et
L
i
H
£
")
,
i
o
5
<
(1
W
ps
e
o
et
W
(e
3
=
e
pul
=
o
=
[
=)
i
pad
o, it
i
jug
]
o
H
I3
]
A

Orls

plication, which leads us to suspect that there may be number properties

In ovder to Uind how mooo
mighs think: (7)),

Lrousht,
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f, Fpr the tntal number af qtamps wé'findz
3 :}’, 15( A% 15(0) = 105 + 1

1 r hand, you might solve this-problem 1.
iv§“3;§ferent,way_ You might think: - '

+% 9| The total number of boys was ____ ;. -% 15
&%| each brought T+ - stamps. | T+ 3 L

Thus the total number of stamps which were brought

can be written: lﬁg 2 = 15( > ! (?'+ 3}, 1@

o~
T
W
uﬂ
o
)
L=

Wl
o
=
o]
il
m
[

W
-—
~J
—

-
-

W
—
el
Nt

H—l
kY|
L]

10| and. 15(7+3) s . 150

we see that we obtain the same result, whether we
H

use the first method or the second,

11 15(7) + 15(3) 5 15+ | 15(7 + 3)

=

T problem we have Just d iscusse
%

t another example, which

D‘ m‘
E
[
—
>
[
-
-
=
b
o+
]
P
,_—'r 3
]
it
=
]
U
i
L
K
ri'
u’"
“’1‘

RIA

[
[l
P

o]

e =

LLern

One method:-

-
o

-
|
+
1%
i
s Ji—=

[
"
fa)
s
T
Ry

rouneds Innoatl,

—d
.
3
=
Ji—
-

%

T

in aii, ther: ar-  ~0( ) vounds of choshlates

4,

150(£)
2

15 Henes:, there are o 7) i ( ) povivls Lnoall, LjQ(%)‘#L;D{%)
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17 | Since '50(;%) b 150(4) L , T8
218 ' - _ i
13 . - ) 711; L o . = v . - i _ - C
1 fand . 1506 + 3) = 150(_ ) ‘ 2 133(%) S
- K = -l m . - B L& ra
20 - 125 -
we observe that .the two methods give the same result.
Thus, ve see that the sentence ) ’ "
- cle L .
150(=) 1.:1@(%) - ot 4 L)
= - 3 = a
21 |is & ___ .  sentence. ig . s *true
2o lm%) + 15(;;7(?) %
is also a true
23 *
o(+) “and  150(: + L)
number. H@wnwauLd we write the number
. ay following the pattern of this

iscussion. .
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Problem: M;; Jones owns a city lot of réhtangular shape, 150 feet deep,
. Wwith a frontof 162.5 feet. Adjacent to his lot, and separated
from it by a fence, is another lot with the same depth, but with

' a froft of only 37.5 fedt.
] FENCE
Y 7 .
= }
= .
= B -
. - Mr. Jones,
é first lot )
~ =
T8 162.5
3
fo——— 150" ] <

what is thé sum of their areas?

The area of Mr. Jones' lot in square :=et is 150(162.5),

The total area of the .- serarvate lots, 2L, 375

P
= .
o

H

in square feet, can be written as

150(

k!l
[ —
i ol
i iz
. e
= s
" 1
4N [N
il Nl
et et
+ +
o
o
i
.
Tl
-l
Z
. it
I
-~
-
b
Py
ki
+

I
~l
ll
I
b
o
L1
D\
C
o]

28 | The total area of the two separate lots ic - 30,000

What i5 the arca of the entire lot Mr. Jones novw owns?

6.
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After Mr. Jonek buys the neipghboring lgt, the arcue of

his property,, in cquarc fvet, can be writton as -

5l -

Therelore

Ll owns in

IEU( I,L’;ig 4 ,;7‘13) . JEJQ( ‘7

f—
i)

_7 ?Qntcﬂﬁé.

amine the dlapram-shoving the lots

Fefun) L othe

ol the

. WnJuAre > bW

smabler rectangles.

chee g

rectancle Lo ocomposed of

mumbor -0 o pare
71 QEENTS I
ol ey o

aron,

oot in the area of the Lurpmat alsc

o( 7). Thus, cock of the

this

b

naon et Mhe
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i
mny
L
Wt
-~
"
!

A1) 3(28) + 3(1.5) =3(25 + 1..) —_— true
bal b2+ b5 = :7 _ _ - true
43 1 3(2) + 6(3) = 9(6) : e false

Ly

i
PR
»
[ind
b
—
3
+
P
]
g"
1

The items above reveal a number pattern which can be stated

Given any three munbers of arithmetic,
first number X (second number + third number)
and

(first number X second number) + (first number X third number)

The distributive property

Ir the su

L6 | if the

W7 | preduct or

ERIC

Aruitoxt provided by Eic:



i

R e L AL I L

) (f% ) 19(2) + 19(3)

I s

52 19(5% +

B -

The true sentence )
53 o 13(19 +1) = 13(19) + 13(__ ) r

illustrates the distributive property.

13(19) + 13(1) = 13(19 + 1) _
- Dproperty. ’ distributive

54 | also illustrates the B
13(19 + 1) is an indicated product of two numbers,

13 and + . 19 + 1

T
W

W T
A2,

13(19) + 13(1) is an indicated _____ of two sum
numbers, 13(19) and ~ . K : 13(1)

e
—J

- 13(19) +13(1) = 13(19 + 1)

the same number, s has been expressed in two

In the sentence

W
e]
Tt
e
[}

Ways: as dn indicated sum and as an indicated

59 | . . ; ’ product

[y
L]

distributive

computation.

Which is easier to compute,

150(162,5) + 150(37.5)7

Dac
[AnS

83 | 150(162.5 + 37.5) i4 an indicated . product

If we compare 1

- )
# f) firiel

ol

note that both name tne same number, The common

A | name for this number is . R 17

=

t iz easicrr to compute

W T

the indicated B

011
.
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. 66 | Remember, the

about a certain’'indica
X indicated product.
The distributive property is the basic number

&7 | property that involves _ operations,
. how many ),

" addition and multiplication.

68
gattérﬂi) ! _

(A] 15 + (12 x7) = (15 + 12) x(15 + 7)
[B] (2.5 +14.5) = k(2.5) + 4.5 - y
L1y oLy
(c] au(g +2) = ab(z) + sh(%)
The sentence 15 + (12 % 7) = (15 + 12) X (15 ¢ 7) - is false,

) which proves that addition is not distributive over multipli-

= cation. The sentence (2.5 + k.5) = M(2.5) + 4.5 is also
false; application of the distributivaaprgpgfty would give the
tive sentence (2.5 + 4.5) = 4(2:5) + B{4.5). The correct
choice is [C]. _ - |

Moreaver, this sentence resembles in some I have
3
ool Lo D lustrato ty. It does, in Fact

ocertain indloated wioa certain indicated sum;

A=)+ ale,

Lt faeroe ith one wi.lch the distributive
rorerhy A it
(i s (W )uo= L) A( )

ritutive i

Pltnatrarad

O
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by the commutative property of multiplication.
and 3(8) = 8(3)

- Look at the pair of sentences above. (b + 3)8 and S(L + 3) e
In the same way, L(8)

illustrate the commutative property of multiplication.

Thus without any computation at all we could be sure that

(k.+3)8 = 1(8) + 3(8)

i

is a true sentence.

2-3
are equal )
=.8() -

n H

Our conclusion would .be based on the fact tﬁat this

sentence can be obtained from an illustration of the distribut tive praperty

. by applying the commutative property of multiplication three times.

Here is another example. d
We are sure, without computing, that B
: 6(8 +2) = 6(8) +6(2) .
69 | by the _ property. distributive
We a?& also sure, without computing, that
70 6(8 +2) =48 + 2) 6
71 /eca) =8(__) 6
T2 6(__) = 2(6) o
3 All‘thégé q\hllties follow from the _ commutative’
- / )
T4 | préperty of 7 _ multiplication
Hence, we can be sure that '
75 (8 +2)6 = 8(6) + o( 8(6) + 2(6)

The two examples just completed sugge

st an alternate pattern for the

distributive property. It can be stated as follows: Fo

of arithmetic, the indicated product -

r any three numbers

(first number + second fumber) X third number

names the same number as the indicated sum

(first number X third number) +

(fecond number % third number),

¥We now have szeveral ratterns. Compl

to illustrate the various patterns

4
W

:,a\

3(11)




, 2-3

-

"t
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‘we apply the

=

The fact that 3(9 .+ 11) and 3(9) +.3(11) 'name the

same number can alsoc be written:

3 )

In the sentence 1 . o : .

i 3(9) + 3(12)

3(g + 11) = 3(9) + 3(11)

Aigii_v’pigperty of multiplication
to each of the indicated products

to obtain (9 + 11)3% 9(3) + ).

And finally, we alsoc see that

S,, _ Zi

9(3) + 11(3)

< 3(9 + 11)

& =

© commutative |

11(3)

(9 + 11)3

The four patterns are summarized below. . You will need to become

familiar with all of them.

s
=

o
e

b

":w._(

property sometimes Lo

3( + 11) = 3(9) + 301
o) + 2(11) = 3(e +1
(o + 11)3 = a(3) + 11(
9(3) + 11(3) = ( 1

Follow the pattern of any convenient form of the
digtributive property to camplete each example.

]
12(3 + ) = 12(__ ) +12(___)

3 ) (1) s+ )

T i
TeB a8 (- 0+ )

3, b

3(5) + 3(7)
(3)2 + (11)2 *
(7 + 5)j g

ET(% + %)

additieon and

o the distributive




ch_
=5

57

Inoorider Lo comrate puichiy (= ‘ - :)
1 R ey A

ot £

(=0 =),
7 i )
Sl Elnee 1ois Bo dow thah S ) v

Eolaet 200 - i 12
g - + ( i

.
-

ERIC

Aruitoxt provided by Eic:



1240

oo
s

1

-

"2
=
bl

A - o
.
1
e
ol A ; 1. i oy
sl i : vt oL
N N B . T
. [EREN . bis t . pivi .
G At 1 o N t T Vi
. =
[ A 1 . . . s
WLl b ety LT L
¥ ind f i iy
Ll
4
3 -
-x
L o

ERIC

Aruitoxt provided by Eic:






9]

—
[

Hers 1o how wo migsbb Uhmd Lhe

coroLl b dn carng thug werhiln

(..

O

ERIC

Aruitoxt provided by Eic:



) L A ,(1)7 L

ot e i seb cf nnmbor

-

Ty e Loopa ok ¥ ‘ o
L R s [ A
Ll 11 R g
’
ey . . -
: ! ' SE A 1 HER ’
i =
L+ T -, ; ST SN AN SRR
. . ’ .
(Y Lit i H 1 2“ ”1 L T ”. L“ N
[N & I’ J " 1
LT L 1 i . e o Ll it T i1
! R . 1 "
* L it * Ty it B P n
i ! .
= .
- &
o LY

O

ERIC

Aruitoxt provided by Eic:



-
e
=y

right

(

{ s

12]




Find the

‘f i
AL
1t

e

=
s = 15
”T O
Wit the sum

a5 Is ineddicatod
which of th 1

variable

numbers of

drithmetic

The dommin or

1a

understond

Ehii

numioer
Lined £ each variabile,

O
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We can say that the open sentence ax + 11 =.28 1is S
- 48 | true if % 3%
_ . 1 _ 7=
— _ : ]
L9 | Do you think there are other values of x which would make the open

sentence 2x + 11 = 28 +true?

[A] Yes ' o ;

[B] No

If you try numbers greater than B—

£ greater than 3(8—) + 11. But a(%)
r - I you try numbers less 'than 8%

you will always get a numher

+ 11 is am::thar name far 25 .

yuu will always get a numbér less

one "truth"

than 2(5—) + 11 or less than 28, There can be only

number for j;h;:;x open’ sentence. (B} is correct.

1
some special open sentences we may be able to aveid thé guessing
Recall that we know that
(238)(478) = (478)(23k)
N i *
a true sentence without multiplying, since this is an instance of the of
* the commutative property nf muitiplication,
In the sare way,

Coalm h) = gme 12 .
iz a true = no matter what number m represents, since this is an
instance of Lributfve pfupﬂ*zty

In the iullDWJUV set of exere determine what numbers, i any, will
make each of the following apeh s true. You muy work Lhese on
above, tut record only the "truth numbers"
. e
. B .
50 | 1@ - : : i 4 ‘
S I # - '
LA N . _ 10
C2 X - 10 . b
_ 17
- 14 % - =
. ' B, E] )
S R B ) 2
55 hx - 3% 1h } _ 1k
s - \ -
@
M T “ * s
: S \
. 3 Xﬁ * 72 ,
’ . ) 7 . A
. . ) . 'y

O
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st
o

L
]
.

L™

no numbers

t+3=3+1 - all numbers
Ao+ 2t 4 2y + st all numbers
fx + 1)2 4 2x + 2 - no numbers
Which of the following is a true statement? =

it tru

e,

An open sentence may have.one

 many vali

Iad

ol

{ the variable which’maké

the v

- variable which make it true,

ariable, no values of

i

of numbers ol

mealis x

miltiplied by =

may also oceur in an open

arith

3

d 57, You will see

tic

£ind

that [C] is

and iz read

= VafiabléF which

d,_only the truth numbers

tor which ti
iz true

Py

-~

Ty
no numbers of -
arithmetic

2

o TR

B gﬁg”rggiumbersrcf
a¥ithmetic:

hooox5 Q N
* o =
5 .
25 2 LUx o= 0
3 _
w + Z K * i}
= i
({=,1,)I> A
[ 70'_1' 3
(=1 .
2 H L M
X *T .
T+ x = -
< . A
— — T - i
3 - B

7



You may have been tempted to. respond "-L4" +to Tbe Remember that

we are consldering only numbers of arithmetic. In Chapt Fwe shall see how

we may extend our notion of "numbers" to include such numbers as "L, .

2 A number of interest to us later is a value of x for which "x° = 2"

is %frrﬁf sentence. We call this number the square root of 2, and write
/2. '

S

Later you will find that is the coordinate of a point on the

number line. Approximately where on the number line would it lie?

s | et us try %o guess a "truth nymber" for the open

71 - (1.5) = | 2.8
] = .
Singe (1.5)° .s greater than .2, suppose we, next

try 1.4 for x. ’ : .

-
howlt
T
]
=
y
L)
[
=]
Lo
o
Cm Ol
=
i
by
P
Ded
"
b
=
it
juy
o
b=
5
-
I
o
b
e
=
I
J
*
=

[
]
o
7
1=
[
.
‘ ]
T
o+
o
I
¥y
i
pul
| £
i
ja
ot
1T
i
bel
g
X
¥

'3

o
+
k3
I

-

; " ) ] Lt - . - : -~
be the set of all numbers of arithmetic. If we spocity that x has a par-

ticular value, then the resulting sentence will be u numerical sentence which

co

7h . .

ERIC

Aruitoxt provided by Eic:



— - — ,*, — —_
Complete the following table based on the open

3+ x=7. (This is similar to the exercises in

Lm]

("5
+
o)
I
-~
=y

[
[}
st
+
1]
-
4y

\m‘
mal
o
-+

oy
=
L™
head
+‘
=
"
-

)
i
ol

+
il

| =
£

ing numerical szentence true. The other subset is the

of the domain which make the sentence false. In the example we are consider-

ing, 4 1is a member of the first subset and @, 1, %j 2, 6 all belong to the

will alwéyz act as a corter, sorting the

Definition, The truth set of an o

c
o
5
=
o
i

the zentence true,

i

" not the given number iz a member of the

= piven open sentence,

the mumleer hel, to the truth zet

-
e,
o
—
e

b
ix]

.
[
]
o
.
—
"
-,
3

—
I—
i
+
Ny
e
Py
+
i
s
|
ol

g
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' is the only number which makes % + x = 7  true, Hence,

1+ x =7 is (L],
It may happen that the truth set may contain more than one member; in

truth zet. For example, we

fact, every element ol the domajn may be in the

have neen that  <(n + 4) - @ + 12

In Item 1("3, the truth zet wazo. 525 because the<domain of the variab

1
not difficult to write wn open rentence having ¢ as

not include h, It

Lts truilh set even thoush the domaln of the variabic is the set of all
i 1 i PR - = il
oumbers of arithmetic, - *

ntences has @

T FLLL in the blanks so that eadh of

=

“for itz truth cet. .

-~
—
)
—
3
+
L
+
13

(@) ;{2 + 8 E)

Which of the altcrnﬁ(iv&s below irc correct?  (Remember the Jdomain in the
=

set of numbers off arithmetic. ), .

any tuwmber excepl 0.

mip mumber

0.

[B] In (P) use any aumber

will have t:uth;SSt $. In (Q), if we use O, we have x° + 0 = O,

The truth set of this sentence is [0},

87
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Z

Iet the domain of the variable in each SE‘ the follow-
ing be the set of all numbers of arithmetic. Find the

truth set for each open sen

set of all num-’ -
) bers of arithmetic
23 |an + 1h = n+ 7 o | P ‘

ar
tences in several variables. Farsgxample, the fgrmula V =
find the volume of a zone. The variable h represents the number

If V, B and h were all szpecified, the r%sulting sentence would

E
not be an open sentence. You should have selected [A].
- cone whoss volume is 66 cubic feet and the

r'eet,. We use this information to form the

B
it
]

o]
i
M
o

It is not difficult to determine that the truth set of

83

77 -



Here are some more pf@bléms invélviﬁg the use bf formulas, For each
problem write the appropriate open sentence, find the corresponding truth set,
and then determine the answer to the guestion asked. The correct answers are
on page iii.

[ — _ — - _ —
25. The formula used to change a temperature F measured in degrees

Fahrenheit to the corresponding temperature C in degrees Centigrade is

E - - C = g(F = jg); 3

Find the value of C when F is 86,

26. The formula used to compute simple interest is
i Eﬁxpﬁ

where 1 1s the numbef of dollars of interést, P is the number of
- dollars of principal, !r is

of years. Find the value of

p 1is 1000
e » ' i . .

27. A formula used in physics to relate pressure and volume of a given
. amount of a.gas at constant temperature is

v iz the number of cubic

pressure.  Find the value of V  when v

25‘ The formula for the area of a trapezoid iz

A -
where A iz the number of

2l units in the one baseo.

arnd N is the numt of units in

when A i O O Wyooand n e I

84
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The graph of a sét

onlly those points,

% at the points whose cocrlinates are

ot |

(3)

Its graph

0

k)

the point whose cg

a heavy.dot,

[

]

alilgaints on the number line whose coordinates are the members of

£3
=3

oordinate

Let us review some examples.

is indicated 'by heavy dot
7

and éi

omit
3,

! 8N arrov.

g the point with
and continues to the
The arrow indi-

ht are on the graph, We use an

-

"

T

(2

) 8ll numbers of
et arithmetic -

O
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_ . , ~
- 3=2 , ’ o A f;

35 Which graph is incorrect?

Graph of Truth Set

) - | W —| l_ & 1
-0 o 1 2 4 5

— | ¥

5

,,:3
[T R T §
2 3

al

|
4 5

=

]
, . » I | L1
R O R L S e RS

The truth set of (x - 1)(x - 4) = 0 is {1,h4}. The.truth;set

of % = g is {3}. The truth set of 3x + 4 # 13 1s the set of

all numbers of arithmetic except 3. The truth set of

(L +x) + (x+3)=2x +7 is the set of all numbers of arith-

metic., Therefore, the only incofrect graph is that of [c]. I%

you selected [C], you should begin Section 3-3 unless you desire

more practice.

State the truth szet and drawv its graph for each of the following open
gentences, (Answers are given on page iii.)
Sentence Truth Set Graph

ib X + = 7

Ll ;Y(-L) 7{ ¥ ’
he <" = ox
H
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s of arithmetic, we are always able

—
Hy
£
1]
r+
pay
s
i
ry
ot
£ :
] [
I
[
=y
by
m
H
[ud
i
s
pa
:
M
o
[}

than the other, Thus, of 4 and 9,

i
]
L)
o
o
+
pug
pr)
s
o
s}
M
o]}
H
it
=&
[l
pe)
5
o
11
-
o
.
[
=
]
I
L]

3

- _
L is less than 9; of .t and g, f is less than %, eto.

ach of the following pairs of numbers, determine

e
which i's less than the other. S

-
—
ind
M2
—

bt
i

2 | o, .ou \!, .Ch
oo ¥ < .001

we write "1.l

a true sentence the polint of”

&,

a true senfence,

—
ity
]
<}
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3-2 N

-

éiaté whether the lellowin: sentences are true or l'alse, .
1z ot 324 h B 3 false
13 52+ 3) >09(2) + - true
. —

Wl s5s+0§y 7 true
151 0.5 + 1.1 4 0.7 + 0.9 77 true .
6] 2+1.3> ., false
W hs (o 2) (s ) o - ‘ Falge .

- | 2, \ 2 g 2
18| S8+ k) = (= = 8) + (= x k) . 7 false

 We know that 8 =< 12, If ye locate on a number line two points having

! coordinates 8 and 12, e notice that the point with coordinate 8 3o

to the left of the point with voordinate 12,
19 | The point with cocrdinate 5 is to the  of -left

the point with coordinate 9, '

Locate points with coordinates .% and 2.2, Which .

number corresponds to the point- farther to the
20 | left? B 2.2

In general, the lesser of two numbers will correspond
2l | to the point to the of the offher. left
22 ce, =

i Ed

o : ;/ . . 5
2- The point 2.2 /iz to the - _of the point =, left

We may interpfet = 12 as meaning that the point with coordimate §
1s to the left of the paint with coordinate 12,

Renr g Section l-¢ we may indicate and subtraction on a
number 1i

,VJ 8 S 4 —

L.
B

|
[
[N

o i2 . -
4
Ll 1 1 1 1 3 I T Y W T . < a
2 | 32 i!i?l?lﬂlll:illi - - -
s
2 8 :
& 2
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(y%]
=
o
M,
|
[\
o]
i
pa
C
1l
-}
]

[
L
M
™
ﬂ"‘
on ] mad
g
(el
.
| ™ ) ]
+ .
Lo
[
Fhae nihE =

in later chapters. - ) : . : *

[
Dan]
M2
It
pan
147

number line.

s,
i

2,49 - = 1.08, . ' 1.31

Indicate which of the rollowing sentences are true

and which are falszse.

31 1 5.2- 2.9 < 0.6 - |7 true
o 1 1 .
2 |lzs+r=%1 - false

N ' true

- Zo - ! B false

Juot as there are opeon sentences containing the verb symbols "
containing the verb symbols "', "

there are open sentences

&

Lo oan open gentence becguse we cannot decide whether

true or Paloo,

Thi: wpen sonteces x o+ 02 &4 1o rewl, "the sum of the
i

| Rumber  x oand the number 2 I& thar® 4

Thee open aenten e X+ 2 -0 - L pewd, *"the cum ol the
- number A apd tHe number R than the

e e




O
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v v )
Consider the open gsentence x + 2 > 6. Since }
B2 .7, sand 7 is greater than 6, 5 is a
38 | member of the sel ol' the open sentence,
X+ 2°> 0, . - - i
30 ‘ a member of the truth get of x + 2 > 6,
is,is not - - .
4O | because 2+ 2 -y ‘and Y g than 6,
Which elements of the get {0,1,3,4,6,7) are members
by of the truth set of x + 1 <« 5 2

truth _ .
is nbt j
less »

.0:1;-3<' ’

Just as inlﬁngli:h a scntence like "Bil) caught the ball" is called a

simple centence, in mathcemalics o sentence Like x + 2 >

i

A
A simple sentence in which the verb form involves the {idea of "

or "iz greater than" ic catled an inequality,
5 ety

Htate which of the Following are incqualitics and ‘which
. .
are equations, ’
ba f2x v 5 1 -
, —_ -
I *+ 1 < .
LY ¥+ 5 >0

prabhing the truih sete or opert sentenes Involving: incqualifies,

How io we “ind the truth et of un opon sentence cuch ac
Suppose i greater thund 2. For example, i % e
2y thern x + 2 beocoriy + 2, ol \
- N -
w P . ’
(iz ¢reater than, Io Tecs than)
I io 3, then 2 o+ 20 or 10
he | Irox i 1, then + 2 i
m—— ) — .
N
Iy then x + 2 i .owhiioh 1
. -
| .
IrigfézueraL, 0w e oany Hurfber sreateor the
b8 fithen x + 2 >k iy a sentencef
. ifruq)falses ’
# \
‘ =

called a simple

Simple gcentences ure sentences containing only one verb torm. -

timple sentence Wivolving the symbol " . " is often called an equation.

is less than™

equation

iﬁequélity - {

L ? .
inequality

The rerainder o thes cection will be devoted chiol'ly to finding and

X+ 2>h 9

&

oo
.
- e
o

true : .



-
. .

-

Suppose x ‘is le8s than 2. If x is 1, then

b9 | x + 2 becomes 3, and 3 b, - : < -

z<,=,>$ . -

v t
, X+ 2>Lh is g sentence. N

itrue,false)

If x 1s O, then x +2 is 0+ 2 or 2. It is

nofeo

50 | If x 4%

51 | certainly true ﬁhat\ 2 - - Ty, _ .

1 2

7| In general, if x 1is & nwhber less than 2, 'then,

.92 I x+2>h is g - sentence, ] o fa¥se-

-~ . ]true,fglse) . 7 ol

53 | If x is 2, the sentence x + 2 >L is S
L (true,Talse)

Thus, 2 1is not in the truth set of x + 2 > 4,

¢
.

- *
"Every number greater than 2 makes the sentence "x + 2 > 4" ‘trug,
while "2 or any number less than 2 makes it false, 'Thai is, the truth -
. . L.
set of the sentence "x + 2 >L" is the set of all numbers greater than 2.

:The graph of this truth set is the set of all points on the number line whose

coordinates are greater than 2. The graph would Yook like this: ) “‘ N

S WD W N T
0O I 2 3 4 5 6

Recall that the bpen dot at the,point with coordinate 2, ;ndicétes that 2
is not in the truth set, while the heavy line and the arrowhead inhdicate that
the coordinates of all points to the right of this point are elements of the
truth set. C N

As another example, consider the iﬁequality 1+ x <4, Whed x is 3,
e . [ 2N
or 5ﬁ’ or L, or 9.7, or 1Q, or any number egual to or greater an 3,
e L] B
then 1 + x iv not lecs than 4. When x is any number less,than 2, then
L+ x - b dis truc, Do you acree? Tect this for seme numbers less than i

A} »

The truth set of 1+ x <4 is the set of all numbers
of arithmetic from O +to .Cy  ineluding O, but

(inciud ng,not including) - : ) . .

+

o, . i, - not including

.

The graph of the truth set of L +x <k is drawn

’ . h

5| with - at 3 since 3. 8n open dot
(anygpen dot,a heavy dot) .
is-not in the truth set.
T R . T s
r
s . - 9'()
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Thus far in this section the donfain for- x has been the
numbers @flarithmétﬁc, Let us consider a problem where the domain is a rinite

set.

w

P
set, finite =

LS
oy
W
Ity
i

[
s}

77 | Graph B 1is the gre

_(Finite,infinite)

sentences which

*FCOUnN

i
(el
i
=t
=
D]
W
v
5
i
b

the compound sentences from the tolléwing:

e
i
i

5
it
=

£l

M. "2(% + 2) and L{é + 3)

P. 2=3 and L {4 - .
(A} M [B] W [C] N=&and P [D] a1l af them

The EQTTEQtAChGiéE'iS‘{C]Q @), "3(5 + 2) and L(6 + 3)" ds not &’

o]

entence, since there is no verb form. (N) and tP}iskg compound

sentences. (M) might be called a compound phrase,

7 975 o - N/

[
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and Johnn

WOI'e .
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both
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']
o
Lul
M
+
%)
N
1
W
+
M
;

3
).l
My
[N
+
T
"o .
Le
.
W
v
+
Tk
[

- ] l = v _

26 L*ffé*% and 7 =<2 +.3 - . -
“‘j? 1L _1; + é (j'x" 7 E= S : f . l fﬂ;e

= = EE 2 - "= = - - —_ = LLSE R

2L

. A ) o

IR at lea_at me Lla 5 i

i (B all the clauses ar g

Since the eamm;d sentemge wit.h. “the céméc:tii‘e or is tme if one
ar. mre of its clauses is ‘1:1‘1.1&i we cam‘;z:t ‘bé sure- t.hat jj: is f&l‘e )
AT we Jnow mily that at least Eﬂe cgf 1‘tE zzlguses is f‘a.lgé.g ' :

. - 7 .

[B} is correct, .- .o

32 | FALEE and FALZE . false
e TRUE ar TRUE s true )
) TRU-E Ot N true
it FALZE 31 TEUE - true
s | Farer \ AT faige
[et us summariis
£ tOmpd et with o orly il 1
w2 tooo e e titue It Ta Tale
s nte with only i1

_L " i 50 ) .
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all of its

It

e

m

Ll

e

]

true.

ghservation,

statement,

s
5L

ider sthg,,;ﬁm;:;&g .sentence. ..

%]

s

e

truth set o = 2 iz K
truth zet of ¥ = 2 ir the =zet of

true

union

~
2

. -
greater

I

the

truth

> and = iz
S the ang ull
ot fhe truth T 2 i
L ¢ 1.1 1l 1
0 | 2 3 4 5 &
o othe Lrutin cotool - =




v see answer
below
-+

vonne ot lons among open rentenver, truth cote, and o

21 oan open ceatenee",  In the tuture,

. L M B i
1o tie "rraph of a sentence'. .

.- s
e

Ly - §

1y 1 . L.l I .

N i
The [ iy = X
<0 ‘
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=

x

V?ité an Dpéﬁ sentence for each of the f@ll@wiﬁg graphs:

or

"

x

53 | x =7 means the same as B

=

1ocompound open

[

£
3

O
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centence

% .

"

3-

is less than
or equal to 3

£

2 IO

with



3-b ™ - P

2

o)
o)

ar
Pl
H
| v
ke
M
o
el
]
T
. A

¥

"

have coygsidered only fthe graphs of ith sets of compound open

the connective "or". Now we shrdll study the graghs of compound

5

]

with the connective

the pfraph @7 the iruth

nomne

none

J
—~
<
<

:4
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. We shall now turn our attention to compound sentencés such as, "x > 2
. and x < L4¥ in which the connective "and" joins two inegualities. "
The graph of the truth set 6f x =2 is : S
-
The .
. N
- =
= j'
= i . - - 7\! " g ,"i"f,‘e”"’f':::‘:"irs‘
The compound sentence, "x >2 and x < 4" is true only if both clauses
are true. Therefore,  the graph of the truth set consists of those points
[- which are included in both the graphs r;:f-‘?.ihé truth sets of the separate clauses.
Thus, the graph of the truth set of "x > 2 and x = 4" Bis '
_1In short, the truth set of ;
: 3
XxX>2 and x =4 :
v i A .
is the intersection of the truth set of x > 2, and the truth set of x <L
UL LA _ . ] . :
In words, we may say that the truth set of x > 2 and x < b4 is the set of
numbers of arithmetic between 2 and- L. L T
The truth set of "x >1 and x < 6", is the set of .
71 | numbers of arithmetic between and 1 and 6
An open sentence whose truth set is the set of numbers \
. 72| vetween 5 and’ 9 1is and ) x>5andx <9
73 | The graph of intersection .
the graph of i
—— 7: »,777 _ —— § — .
The truth set of "x = 2 and x = 4" 1is the inter-
, Th zection of the truth set of and the truth x = EF
T4 set of . x =4 .
‘ s ' .
76 | The truth set of x = 2 and x =k iz . ¢
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3
-~
‘Graph each of the following: f;s'

77 x4 and ~ <7

Sometimes we write "x > 2 and- x = 4" as

"2 = x < 4", This can‘alsd be read- "x is between

2 and 4" Thus, we

pun]
Jft

1
T
"
!
ot
pou
s
byl
o
H
i
<
i
o]
it
I
(=}
ik,
Po

D]

boas

X iz between L and

= 7 méaqﬁathat

' ! ! o ; .
. Using the abbreviatéd notation.we would wefte "x  is 2, 4, or:
) . r

any fdumber of arithmetic between 2 and 4" as
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3-5. Sumary and Revi®u

= . S, ' ~ T . - - . N )
We _haye examined some fnmericsi"sent&n:eg and have seen that each one VEE‘ZH

‘be classified eithef as true or false, but not both.

. : ~
We have also established a set of symbdls to indicate rela

tions between .

@g{' gihers: o ’ - ) _

e
all those numbers-Which make the sentence true, Thé open sentence acts as a -

sorter. It s$rts the domain of thé variable into two subsets: a subset of

it

raph of the truth zet of the sentence,

= n -
kde further practice in working with opern

=

ééntenbes} both $imple and compound.™ For ehach open sentence that f

I
i+
pria}
o+
1]
i+
g
i
P
b
=
i+
-

-
Lit
]
o+
IR
]
2
=t
o
o
2
"
e
-
+
Dy

1
H
i
pacy
Lo
o
3
It
>

i
Lo

variable is the szet of all numbers of arithmetic,

Some examples of the form of your answers are:

Truth Set Graph

-

- 1 . c N A 1
71l numbers ot arithmetic o | &

3
+
[
=
pat
-t
I i b
M 3
o+
W
=
[ +1 r-
—
L
m =
e
[k
u
Y =
L

1 = ' all numbers of sarithmetic
- less than &,

The set of uJanumberz consisting of =

and all nuypbers greater than

k3

O
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. = i
- - -
2o . . R
- . . ) o }
i + 9 1); ‘
[ 3 o .
* o
- PRI T AR =
' ®
. i [ [EETE RN R S N i 3
. t A
. ; + . i L - -
. g B
H - i
A . : . R ooand ox b1 Iy
, ; .
R . ot ot o+ b T sl w1 N el w op 0 l)
* . 2
T - ) R .OX 2 oor ¥ o b
O HEE Cit Lo ’A/ X iy, = o5 o1 % :
' T S =4 or x :'l .
. B £ N
.
Lo = 2 ar x 4 )
Lot el ar Fd £ . 0, 4our X ‘
- : . (
the e + 1. 3otnd x A
o (x - LE. X 4 or o x oar x = h
i, % (2« ). » ’ v, B
. : s ; > 2 x = h
B
. .
-
5
. 08 )
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s il =
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.o thet foont Dty 1t '
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£ The: truth oot of each ol these centences lo . f1})

“{ The product ot any number ood b i cqual to the - | number

A7 The ddenbig s . 1

") In peneral, Por uny maber n, - o 1) . 1}

I lu the ! pdement for the z:::rpxurfﬂir.::,n al . . }{3;1’1?1}23{‘!
— e maltiplication

m

Since a(t) - i{a), by the commutative propority of multiplication, w

state the multiplicvation prope

.Af
v";“
%
\V;
=
:
i
g
E.
-
Z
i
—
=
=
D
o

e work ol inding

S bhee rollowings could neither o these properties

Tal =7 +

[Fw]

r the addition property of

+ (% + %)) Associative property

2 3 -
(55 1)
lpiication properly of 1.

U (6 - o (hE) = o(ks)
. k -

Here we did not use either the multiplication property of 1

or the addition
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m(0) = 0 T

Each time that we find %ha product of & number and 0O

our result iz O,
.

> Pound that will mske this sentence false? no

-
out

g o
i

i

Try different values for m.

number, . V m .

is property of numbers iz called the . é multipliéaiiqp;f
_ ; — — proparty

of "0, - ) x

=
=
i

[
il
5
=
I

§
16 | 5imply stated: Any number times ) equals .1 0,0

ative property of multiplication, we .

Since a(Q) - O(a), by the commut
01

[

%@jﬁ-k@j)slgus;;i_ - . 0
: .| miltiplication,0

=
g ~J
T
i
]
[}
e
[l
H
it
Tl
=
g .
I
)
iy
it
o+
=
i
e
Ly
Lage™
ool
i
Lo
o+
<)
i
[

17

=

o
N

I

I )

=

—

K%
KN

+

—

~

v

20

5880

multiplication,l

1o
e

[
P
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- o ) N !{.
i d any of Ttems 17, 19, or.21, turn to page vi where you #ill
: ‘ / i,

of The

M
ol
",

For instance, .
A )
" (t) = T’l‘
is Just another way of =zaying - N

his muitiplivetion property of 1 iz useful
onal numbers, Buppose we wish Lo find a m

T o
of a fraction with 18

| We know that

2k« |which. may be written

Tt
Dl
[

g

[
[ag?

to zhow that =
al e 3

Suppose we now wish to add =. To do this we

5 3 3 4 .
= with the same dipamlnatmg. What
- —_— ®

7 .5 A
for = and §, names which arc

H

The denominator we choose muct be a multiple of

27 [vpoth and - . 9, 4

28 But it cannot be 0O aince division by T O




- 31 elément.s
our denominator any numbé{r
by o), if we
- will find the
" ‘
32 18

kel
e
D)

i B
T

e
e

=

=
“D

il

ey

=

5

—

o+

b

3

]

%

i

-

=

E,

J

1l
o] ot - il '
e EE HE

5

Let us use the multiplication property of 1 to find a common name for:

e
Ie)
[
P
e,
[SSEN
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We can write:

istrivutive
t:

Multiplying:

and adding:

o Mg [

] 1y

In which of the following Iz the multipllication property of

correctly to find a common nems for the mumber?

pencll to follow these, you will Tind them quite simple.

-

l\O-rJ\

[A] E ana § . lc] F

(E] F, G,

I you

UEsE

LK

Ligo




- o o

: . A . T "‘;‘gx:: P
In E :ﬁafpsg is made of the multiplicatipn prpperty of . 1, and .-
the result is incorrect. Done correctly, 4%t womld be::

]

Pk b

]

TR CORTE (I

r...l‘
=
Lix]
P
[t
¥
A

The multiplication property of

The multiplication property of 1 is used.

Done correctly, this would be:

d under the

whenever o and

ToLSum.

Iy

a + b, which iz thel

ctly one 7

- e o) Ea. I - [ S T E
2 That iz, 4 + 3 = and “thers iz

whole number, namely, 7, which iv the zum of 4 and 3,

iz the only whole 7

Ariother way of

the sum of % and o

1 LThat the

- whole number. unique

1% =1>zi;
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f Thers g : one whols number which is exactly

e

b

The sum of 3 and & is a

an elemsnt of the set of whole number

%

I of . addition

an even num

—
iz

11

! . Is the zet of all odd numbers closed under addition?
let¥s check this.
L .
21 +1 =2, %+ 3= . L7+ 15 = . 8, 32

numbers., even

1 under addition

an number when we odd

is not
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[l!g;‘g!h! }!

6,78,

Y = (1;335;7!9;111
2 = [0,2,k,6,8,10,12,

ed under

15

d under the operation

o)

addition.

"unique"

T

a unigue

number of

£ always a unigue number:

mean o

= ﬁ£ Arithmetic

:d under addition. because

of arith-

za

w?}g one, W; state

Under

arithmetic.

ot the

15

!
20| < v 75 -

following numbers,

‘BL»

Yo s Gk

oumber of

arithmetic

O

ERIC

Aruitoxt provided by Eic:

> number

hie net
The product

of arithmetic, =he

T

We s

ithimetic

‘oft the

of any two numbors

e
ot

iu ¢

= this property as

IR

1 under addition,

numbers of arithmetic

of arithmet’c

follows:




-

\‘E

i

thmetic
Ehmeti

e

hmetic

(8]

o1 ari

a and b, the number .ab is a unique number of

arithmetic,’

b

?‘\
pul
i

that we use the symbol "&b to indicate a times b. a x b a(b),

o,
b
i
bay
B
T
L

. L —
Find the. following products:

xnd
bt

ot

is
107 —— ‘ 16
2
500

pumbers of
arithmetic

it the zet of a1l
1

27 numbers of arithmetie iz ) _under miltiplication. cloged .

T

multiplication? . )

[A] K aa L [C]  all are closec

‘The only correct choice is {(pj. 1

H

(1,%,5,7,9,11,13, ...} and
M= {0,3,6,9,12,15,18, ...] are closed under the operation pf
multiplication. L is the set of odd Tounting numbers, and any
element of L ‘multiplied by any element of . L s always an

slement of L, For example, 3 X 5 = 15, and

ot
wn

iz an edd

counting number. Alsa, 9 x

[
s
i
&
"
g
el
5
o
ixd

an odd coufiting
(continuedy
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. IooTo oy trnher it i iiention,
closed under
of the numbers in
but the number 2,
(
J

O
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of aritthmetic,

rhetl e

suvh

Thege true

1

fonum

-_hp

In

numbers

are

e the addition

Lion




the third number,
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3 " b * A
This“kind of statement is usually shortened by saying:
. For ‘any numbers of arithmétic: (a +b)+ec=a+(b+e)
- . ¢
atatement with the samé statement written @ut in
* -
statement of the associative
per For any numbers of arithmetic | v
23 | a, b, and ¢, (a+b) +e's v {a+b)+e=a+(b+c)
As a consequence of t associa plaperty of addi-
) tion, every sentence of thé form or pattern
. 1 I
5 (a+b)+ec=a+{b+4&) :
ek | will be' a true sentence if u, b, and c¢ are numbers ;. ) -
of arithmetic’ §
Consider the addition example, 1.2 + 8.8 + 8.8,
By the associative property, this example can be ] Vo 5 .
. 25 | written two ways; either (1.2 + 8.8) + 8.8 or. .- |12 + (8.848.8)
The sentence, (1.2 + 8.8) + 8.8 = 1.2 + (8. 8 + 8.8) S o v
. B2h is true due te the ' property of ‘addition. asscciative.
o Fizdiﬁw the common name from the phrase,
27 | (1.2 + 8.8) + 3.8 is T ) than ‘easier
:‘: 7 7 ;x .
Another property developed infChapter 2 was the commutative property of
addition. In the language kaglg bra we state the commutative préyérty of’
addition: '
For any numbers of arithmetic a and ®
P T a+ h =10+ a. 6 ‘
e
Only t ‘arii les are
L]
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had

Tt
e

30,

31

[N

=
To eimplify the camputatlan in the éxample %’F%=F%;
the commutative and associative properties of addition
are both usefuli.z. o :
The 7;;7pr§perty of addition gives ug the
how we group our numbers: .
Grouping = and = we mey write =+ :+.2
CHPINE 3 7. We may write st 5ty oas
1 1, 2 . 1 1 2
=+ =) + = may be written as =+ =) + £ by makin
3+t3) f3 my : (5 3) 5 by g
use of the - o]sl s 1}
1 .
order in (§ + %) to

+ (2

o =

-
P | =
| oy,

e

gsé@??éﬁiﬁg

¥

G} + 1) +5

.

mmntat;ve

. Pproperty.

rob
+
[

The example above illustrates that using these proper tlaa intelligently
: t

L héf@fé that there are associative and c@mmptativ; prop-

ovlallve property ui multiplica

2rs, a ctatement of this property

property ol multgplica-

conumbers of arithmetlic, o, b, and o,

o

of the comruiative property of multiplica-

tion igvelvern variablen,

A statemSnt ot the commutat ive property of multiplica-
tion io:

For any numbeors of arithmetic o and b, ab

three



SR
Assaciative ancl Commutative- Prapeﬁii 5

s '

for Multiplication:

. «  Foxr’ anyamm}bgrs -of s;‘ithj’rx?tic a, b, and ¢ .-

i v - L N : o B i
e (E.b)é = E,(b!:) - .z »
o and ‘ ;

ab = ba. )
. L
37| If m n, s, u, v, and y aré ady numbers of arithmetic, which of the
_following true sentences is not an iTlustration of either the associative

property of addition or the

dssociative property of multiplication?

(Al 2u(ve) = (2uv)z, -
s G+ 3-8+ +§) ,
C L6 su(w) = (uv) -8z -

. If you will recell that Zu-

u-:".'ging_e‘nmber I;y the clasu.re
e 'mmbérs of E;‘itlmetic ,
: me by ‘thé assﬁciatif

:a:n be thgught of as the name for &
Pﬁp&rt}ﬁ of mltiplisgtign far the
then s‘ml wi.ll see that Eu{vi) (Buv)z
@ pi-ﬁ:perty c:f miltiplication. o
i an i1tustration of the

the numbers, of arithmeﬁfé,
mv any .numbers of arithmetic, then .
bers of grithmetic. . - /[
true sentence, mt it ulustrates the -

38

O
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If x, y, my and n are numbers of g;lthmetlc, ‘which of the fallmrlng
sentences are true?
R.  (3x)(9y) = (9y)(3x)
5. 1.7 + 2.9.= 2.9 +'1.7
Tn 3+ (Gmegn)w (3 gn) + 2
) ‘w = ;- E= =
fA] 8 and T only (C] ‘R and S only °
[B] R and T only [D] all of them
125 *
e 11k
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= (3 + 30) .+ 2
o e L
‘Hence, the correct choicé 15 (D).

Because of the associative and commutative propérties of addition and
‘multiplication for the numbers of arithﬂetic, you can reorder and regroup the

térms in an indicated sum or the factors of an indicated product of several

numbers. . )
Cansidér; for example, the product
e -

- N £

Bra-3+b .

We can write the numerals L4, a, 3, b in many orders. (There .are 2k
orders to be exact, as you can verify for yourself.) We may write, for-
example, )

b.a-b-3, or
Beboe b 3, ,or

b+b-3-a, etec.

Also, we may group the factors 3, 4, a, b in many ways.

So,

, we can form many true sentences, of which these are Sﬂ@léé:

(ha)(3b) = (3a)(b) (k) L,
(4)(3a)(b) = (ha)(3d) : .

we want a short name for (4a)(3b), we can think:

(ba)(3p) = (4 - 3)(ab)
= 12ab ’

in a 51mllar way, we can write the product x -y - x in many ways. xyx
’ 2
and xxy are numerals for the same number. .You will recall that x7y 1is

“another way to write xxy. Thus, another name for (xy)x is xgy

-

et
o
}-«
I o~
i
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“h2 | Ypu remembered, of course, that a-a

LTma - R e
— [ I - — v/ - ,:' — - — I
To write another name for (Er)(i;)j we might think:
29 (ér)(%) (2:5)(r . )
ko

= Tom

0]

r’EI
Iy
pd
i

k3 | A short name f (3x)(4) is X.

Read the following carefully .and com plet each

-=i
statementw
3
Wi | (3d)d = 3(a- ) = 3a°

B Ge)se) = (5x3)( ) = A
46 | (Bm)(2n) = ~ ‘ )
L7 | (9y)(7x) = .

a -

(pa), 15pq -

16um

63xy

128be’

i nt in'the previous responses?~ What
=
da and 12abc® ?
g * ~lagt
. =] R

50 - ahe

. In products we usually write variableg last. You may al=zo have observed
a product, we usually write them

not a hard and fast iDnVEﬂthD but "3ap"
is usually written rather than "4ha" unless there ig a cpecial reason for

not doing zo.  And, of courue, you already know it is mathem matically

to do this since multiplication iz commutative and s

N
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52 | (.2q)(4p) = ) ,{. .
53 |'20082 - (’1@,51);% ; % ‘k
st | 100a% = (5ep)( ~ )

57 | 79 (Fyx) (y) o

59 | x YE () () - -

55 [ thed) (6am) -

56 | 3xy

“In 51 through 56 above we made use of the associative

(Ei)( ) : s E%Y}A;‘ :

i

and commutative properties of multiplication.

ﬂ

58 Ekagbc 77?(léabc)tgabc)i ’ L %

3

I\H

5]

P | B0F), (B)(a)(v), () (2ab), (2bab)(Fan)
50  _ ] all indicated products Equal ta Sab’ are n§t'

In the preceding item, the indicated product : G
- N N = - _ f) i ,-—1 Lo . . o
61 [( (), is not equal to Bab®. (Eﬁab)@%&h)s

L — = = = erec————— —— s )]

; .

A the properties with which we Have been Lancérned are the commutative
properties of addition and multiplication for the numberv of arithmetie. Why

are we so canpsrned whethpr or nDt binary operations like addition and multi-

on
PllLatlDﬂ are commutative? Let us try division, for example. Recall that

6+ 3

means "6 divided by 3". How would you write this example to test commuta-

S tivity? We want to ask:

* ] 1s "0+ 3= 326" atrue sentence?
62 | Since 6 =+ 3 = and 3+6=_  the 2, 3
63 | above sentence is ) . false

117



Since’ 5 £3 = we can conclude that a -zg,ib =b+a is

Ao

+
o
[

i}

not true for arf’ ﬁLL,tleéTS-_‘ of ar 'lt}unetld and hefice that division'is not:

Egmtativei : : ;. W - i \ o .
Let us test the operation of division for assaclaﬁlvity by using {he
following sentence | .
(12 +6) + 2 =12+ (6 + 2)

. (g)(;)ig : and© 3 %% 2 to mean (3)(3)
éd to mean a has been used as a
b are counting numbers. Is the
= SR :J LI -
"A) Bl no
Sinee 5 %% 2 means (5)(5) or 25 and 2% 5 means.
s . (2) (2 )(2)(2)(2) or 33, 5% 2= 2 ** 5 is 2 falge séntence
and [B] was the correct choice. . s

a
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Let us see if the QPérEtiGD Mot as defined in Item 58

. =

is fssociative: § .

Is (2% 3) #» 2

M

‘2 #%(3 *#%2) & true sentence?

*69 [ (2% 3) = (2)(2)(2) = - . | }B’.‘ &
*70 | (2 #* 3)%x 2 = (@)(2)(2) x ( ) ) ) =8x8 e(g)(é;i(é}_.
N1 (2 3)er o e |
l *T2 | 2 #x(3 »x g)_; P **GB)_J: 2 #x g . | g ;,_:..;

*73 ] 2% 9 - (2)(2)(2 ) (2)(2)(2)(2)(2 )(2) - .

V We can conclude that the sentence . S g
$ATL (2% 3)a% 22 2 0 (3 4% D). 15 -
'\ H .
s the operation "xx" = °

. “i ‘We have found thgt there exist reasonable binary operations wh1ch are,
neither eammutatlve nor aasuc;ative Xbu may ccmplaln that such DBEratlﬁﬁE
are artificial. On the cgntfary, the "**"E operation 'is actually used in

_thE*ignguagE of ce:t%;p dlgltal cogputers. A macﬁiﬁe is much happier if yon
give it all its inntfuf:'tiaﬂ‘f on‘a line, and so a horizontal notation which

' writes ﬁ% as E o 3 was devised for this operation aﬁd here the order of

“the: numbers makes a great. dlfferenve T
i You may think that a binary Dperatian must be both commutative and

555321at1ve or Elgé that neither of thése properties holds, This is not

the caseg Cﬂﬂniﬂéf the following binary operation:

i . a+ b . ’ . . . .
*76 We define aob to be = =— for all numbers of arithmetic, a and
b. We can easily check to zee that this ts a commutative operation
. . g+ b . b+ ’
since aob = 34£ - and b o a = — 2
a+ b b+ a 7
2 T T8

is true since a and b are d ers of arithmetic and a+b=5b+a
is irue‘by the commutative prapggﬁy of addition for the'numbers of

arithmetie.” o

-
[
'iqg

ERIC
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Now let us consider the assoclative property for this cperatiﬁrl Let - *l
‘a=3, b=2, and c = L /and test to see if R g
(302Y ok =30 (20 4).

Is this operation associative?

[A] yes 7[7'5] no .

s ’Ei ;,,*E+§
2) ok =

3 2737+7§+5:}§§ .

@

(30

1]
P

3 L ek | i V,: ' ﬁA;' o
Lo 30 (20k) = - 2 %'E'* §7+'k - %% ) N - .

This is not an ‘asgociative operation and [B] was the correct
o el;_gizce'- As you go on with your study of mathematics, you will
see other examples of binary operationa that may be associative

. or commtetive, or neither, or both.

e

Lok, “The Distributive Property

Qur previous work with numbers has

distributive property of the numbers o:

and o Aae) +pi2) =

are both true sentences which illustrate the distributive property.

S -

=l 7 Dii 3 /
(£ + £)20 = =(2Q) + ﬁ(ED) also illustrates the

N
L]

distiributive

[d

~ properiy.
The phrase (= + ﬁ)ED iz an indieated T of product

(% + %) and 20, . : )

g

o
=y

1o

-(20) + ﬁ(JD) iz an indicated sum

o
T
T

e
g
i)
Oy
T

ani  £(20).

=
M
e}

41 s
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- . ]
F »

# " |mhe true sentence - (2'+ 3)20 = E(20) + 3(20) states a =
5k 5 I -
product,

. _ .- Oor sum
}Hndicatea . - ' - BUl, OF .-
5 n lcated T , ] product,

4 |zelation between an indicated and an

4 -
The example sbove ﬁ@iﬂtg cut that the distribuﬁive property rélates

indicated suis and 1pﬁiéatéd products. As you c@n@iﬁﬁe your work in mathe-

matics you will find what an important role this property plays.

E

You may find it difficult to decide whether a number is an indicated
:or an indicated product. You must look carefully at the numerals and the
indicated operationse For examPlé§ .3 + x- iz an %Eé%g§téd.é32 since the
number x is Eégig,t@ 3. On the other hand, 3x may be thought of as an

indicatg@ product since x is multiplied by

Hihul
.

6 x+ 12 is an indicated = . sum

{

7 ax(3 + x) is an indicated - . : ‘product

8 (a +b)n is an indicated o product

9 an + bn is an indicated . ) sum

ms 6-9, you may skip to Item 13. I not,

i
it
o
)
H
it
¥
=
1)
(]

[]

If you wers corrent

continue with Item 10,

10 {The phrase y(x + b) is an =~ -
(A] indicated sum
[B] indieated product - N

Althéugh (x +b}$‘é ndicate a sum, the entire open phfsi.seg
.¥{x + ) is an indiéatgd.;radug;- It is the product of y and

{(x +1b). [B] is correct.’ :

1 |1 ‘1%75}11*&5& vk + yb is an - o
[ 4] indicated sum
[B] indicated product

Although yx and yb are indicated products, the entire open
phtase yx + yb 1s an indicated sum. It is the sum of yx and

‘yb. {A} is correct. : . -

~



{A] indicated sum
[B]' indicated pradﬁct

12. | The phrase (la + b)p is an

. an indleated'prﬂénrt [B] is carragt.

a .

Ietts lauk at some of Gur§;xamplsa for indicated sums and 1nd;cated
products again. ' ij

Indicated Sfms . Indicated Products
Xy + zw (x + y)(z + W)
, 3x° + lxy x(3x + hy)

. tHre that xy + zw 1s the indicated sum of two products sl namely, Xy
‘and”” zw. 'On the other hand, ‘(x + y)(z + w) 1is the 1ndﬁﬁate@j£raduct of
_two sums; namely, (x +y) and (z + w). Let us note also that the indicated "
gim ‘Exg + bxy and the indicated product  =x(3x + Ly) illustrate tée dis- i
tributive property since jxg + hxy 15 thc came number as x(3x + by).

The dlntflbutlve property relates indicated sums and
13 | indicated . Hepce, it is used in two =situation
3x + y) maylbe wrltten'as the

The indicated product

LS

1k | indicated 3X + 3y

On the other hand, we may write the indicated .sum

3x + 3y as'an indicated product:

£
B ~ =4 !’ . B B : .
16 |6+ x, ba+ 2, 2m+ %n are all indicated . sums
(3 +x)y, 3(x+y), La(7x +5y) are all ) -
17 1nﬁlrat&d . : products
T - 77 - e =
e e
i T
- 1 \Ei [N
! lz2z2

O
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Complete each of the following:

Indicated Product -

5
£

:,3(111 + a)- e

19 alx +y), o = o | f"+ay

20 - x( ) - %+ .xz Jx(x.* 2)

—
Y
L]
o
=]
+
[
L N

1]

el
+
b
[}

21 bld + 1) ' o . N !
[ Remember: -
E Lot # . . - bil = b]

+ 3x

a2 x(y + 3)
Notice in Ttem 22, thatsby uéiﬁg the distributive
)

. However, we

LK

property, we get x(y + 3) = xy + x

| havg agreed to write x3 _as 3x. The commutative

-

property of multiplication makes this permissible.

The indicated sum 15x + 25y can be written as an ) -

indicated product., .To do so we proceed as follows: .

I
Hoad

5(
oY) L -

; ) | 5(3x) + 5(5y)

15% + By = 5( ) + 5
( -

3x +

Just as we have stated the associative and commutative properties in

mathematical language, we can state the distributive property: For all

g
i
i
H
1
[
—y
kﬁ‘
[
s
g
I
r*
[
i
Py
=
g
[n ]
3
Pie]
—
P I
+
e
e
ir
[y
o
4
w
[t
]
jat
el

]
Py
=R
oy
+
2
I
{
o
+
&
+
juud
lpl

I

oM
e
be
o+
T
7
I

[ e
—

[Ty
1y
a—
[
+
3
o
i
b
| i
fm‘
T
\
o
.
+
Parl
i

indicated products as indicated sims and indicated sums

ik
beal

m(p + q) - B ’ ‘ . | imp + mq

rs 4Tt - 4 B IO

Mt
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- s . . N ‘, 5
N - N )
. ’
£ . "
30 {B+K)x=_ T ’
- Lo s N - ,
- 31 m-i an = .y .-
a Use the diﬁtnbutwp pr@p;q:t;f 7t(:3 write the fgllawlng
ST indi r:atéd praduL s as indicated sums. . 7
1 . - v
. 3R] 3(1o+5):3(1D)+,,,(;_):'* (
33 [3éUma2) = 3(m) +
L . B ——
L im+ B.- . .
b (m + 3)2 - + 3(2) 7
B . +6 7
. .
36 [5(6 + o). ~
_ 1
3T - * 5o
¥ =
38 (a + b)h‘ = -®
LA ——— “
39 _ ,
\'\' O (x + y)b = "+ y(b) -
2 = -
ho Je(d+e) = e .
b3 =
* S =
© Lk aéa +2) = ala) + .
Ly - = ’ V
‘h Omit the fnlddlé—‘r"fbp it you wis h in thk Iullm.rlng;; 2
L& Q T(j + :1) - )
L (e +4d) = _ )
48 bla + 1) = (RE‘nﬁ'mbér b+l = h)
ko J2(d+ w) - | :
.i'\ o - )
A .
= i =

3{1@) * 3(53
s(m) + 3(3}

ﬂéiﬂa@
12rn+5

K-(S) + *(z)

I“'

3* a,’_{ ;’:

3(4) + b(u}f
i&a + bpb
x(’b’? + y(v)

¥+ y8 or”
bx + by

c(af) * ele)

ed + ce

'ﬁa) + a{2) ‘

a
a® + 2a



# . ’ - T -

Use the distributivé property to write these indicated sums as

indicated products.

. Y

O I I VA T TY I T

38 + 3b

324—3&%7 _
3(5) +7(5) = ()5 = 10(5)

i

ma + na

ab +--a(4) =

. [Complete each of tne followimgi — T

ay + y = & e y 7+,,l * _
= (E_;F _ )1’

y+y = ( )y + (_ y
= { _ 7)3&" N

g . .

yry =y J+y( )

=y )

Write the iﬁﬁicéﬁtéiéﬁﬂi “ors + 2rt, as an indicated |

.
r

product.
We can write thé 'indicated:sumj _2rs +Prt, as an

indicated product in three ways:

1) ars +art = 2( )+ 2( )
=2 )

M
st
T
H
L]
+
e
\01
o+
0
W
—
|
R D !
| +
H
ph
N

ot
o
(K
b
it
+
1
i
ﬂ."“'
i
| Fick
]
—
| et
+
I
H
o
o

Loer( )

Although all three ways are correct, the third ig

B A R

ki

fa+ 1)y

@'+ )y ;
_ (1 :v+?;?})” . :

1)+ p(
L ACRELIE

2(xa) + 2(rt)
2(rs + rt)
rr(gs)% f(Etij
r{ze + 2&).

2r(e) + 2x(t)

=




=4

O
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iroduet LY

obeed

[

R s A A T A T O RN B

Snd

inooten (f), bia

chow,

agdition

Unrm.

A

et

IO (F R R AR

3

183y (30 + 18 3¢
18xy(3x + 2y)

Ba
(17 + 3)b

(6 + 1)x

Ba + 3b

distritutive
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90 [5m + 2n + 5m =

[

91 fha + v+ 2b + Ba = (ha + Ba) + (

= Ja + 7 }

96 [ 1.3x + 3.7y + 6.2 + T.7x =

i0m + an
(ha%éa}*(}b*E
{(h+8)a + {342
12a + 54

9x + 16y -

b

- ‘ N
iﬂ indic

clative property we might group the

By the as
the y, to write
98 | 3(x + ¥ #»;) azn j££37+ y) o+ 7}

99 |Then, by the __ property,

property,

L
o
o
=
=
<

- hY

3ilx+¥y) + 2
G y) )

distributive

3(x + y) + 32

(3x + 3y) + 31

Prom Ltem:s: M. 101

teh fo bree Por oall thee virdabler . By

numbers,

condimilar pros

il the pottorn of che distreibutive proporty Lo <the cm o th

s owe colld

10 more



ch +°fh + gh

e
po
LN

3
38” + 3ab + 3ac

S 5
) [
= &

106

ed sum without parentheses,

(2 + 2)(x +

Before looking into this

gimilar cxample,

— . = — <

Caddition accures

number

\»—-—
o
=

104

10

Wer can now apply the distributive propert:

a(t + o) ab + oas,  an !

o | (v 2)(x v ) - 9w (0 (x + 2)(3)

]
[N ]
e



) -

= (é(

+3;{Fj‘{+é}

-

(x + E)(x) +

3

T (Bx o+ 3x) + 6

= X

(’TLMt) (1)

K)*’E(KD +-(I(j)*’2(39(ii)

)x + 6

«

+ ‘:}}{ + F'

(1) to (ii), the distributive

time(s).

Lok

the variable x.

i
——
(x + 2
111
In going
112
113 |In going
was used ag
11k *|The propert;
From the
(x + 2)(x + 3)
115
,i; :

O
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.

vy )= 119, (3% ¢ B)(hx + 3) =

o
=
-l
—
o
+
b
—r
—
e
+
wn
—
it
=
2
b
—
ES
o
B
o~
E
+
[
i
il

et
—
—_
A
m
+
=]
—
—_
e
*
»"1:1
L
i

Let uz summarize our conclusions- about the operations

ication in the =zet

rty tnder Multiplication: For ali numbers a and D,

iz exactly one number ab.

roperty of Addi}i@n; For all numbers a and b,

rof Addition: For all numbers a, b, and a,

a+ (b o+ o).

+
1
1

b, \ssoclative Property of Multiplication: Fdr all numbers 4, b, and

For all numbers a, b, and e,

alb + ) « ub + ar and (b + c)a.= ba + o

b

For every number a,

4+§) I R

Je Multiplicatj@n Froperty of Far avery number a,
St A LS L

call) - a and (1)a

I '—‘

=

For every number  a,

10, Multiplicution F of
al(0) = 6 and o(a) . 0.

pat
et
B!

12 of addition and
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ther chapters, no respons
lesired with the distributive property,

answers to the problems in this section

‘B
%
R
<
.

T
—
@
=

~Bordinate of g point which 17

v with coordinates

(a) under the operation ot

¢ (b) under the operation of

=
et
i
t
+
jug
ST
i
!
I
i~
o
g
—
,
i
i
(s
i
i+
-
n
P
-
i
L1
i
+
m
[ad
by
o
[
[
E
3
Loy
i
il
h
g
I
Pad
£
W
T

3 oand 5, inclusive

{(a) Draw the graph

(L) Decide whether numbers 15 in the domain of

It

» variable k.

the e

o the same truth set as

O
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Find the-truth set for each of the following sentences
() n-5=7 Hd) bn-5=7
(b) 2n-5=17 (e) 6n-5=1
(¢) 3n-5=7 (f) 12n -5 =7

[ed
=3
o
i
o+
o
i
r+
Y
c
i+
[
o
e
o
i
Lo

a) Is 3 an element of T2
b) Iz 2 an element of T7
¢) 'Is § a subset of T?

t 8+ 1) = L+ 5)

ion to answer part (a)?

)
[

L-6



ollowing sentences are true?

‘....\
j
el
g
i
L]
i
[ag
5]
L

gl 1 21 21

b 10z + =) = = + ==
(v) (5 i), 5 :
1 15 10

(c) lD(g + §) =5 + %?

14. Explain how the calculation

2
r;-:;\
el
h_.l
i
I
g
L,
T
o=

3Kty @ 2% 4+ Zy = 5%+ Ly

is true for all values of. :x and vy.

> indicated cums without parenth

=
P’
h.%
i
=
Pl
i
o
o
g
IH
Ly
i
-
o]
L
P
i
it
park
Load
]
Ped
(e
=
s
I
Pl
%t
il
ol

O
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Il
o
b
-
B

+
]

Il
T
[

=

pagy’

o

+

)

+
=
]
+
[
[oug
Ll

Yo
P.i

X vy + 3x+y :_‘::::== 3, by + Zby =
.

3(x + 1) # 26+ 7T = ) 3B, 9x + 3

had
¥

Here you are going to see how to test whether a whole number is exactly

i

*
Isal
fau

o

“ 2357 = 2(1000; 100) + 5(10) + 7(1)

3(99 + 1) +5(9 + 1) + 7(2)

3(99) + 3(1) + 5(9) +5(1) + 7(1)
9) + (2(1) + 3(1) + 5(1) + 7(1))

i
T

[
[
-
i
W et e A
+
|

]
™
[N
+
o
ot
+
Kyl
R
e
+
—
i

*37. Look for the pattern in the following calculation:

197x 13 = 19(10 + 3)
= 19(10) + 19(3) (what property?)
b = 19(10) + (10 + 9)3
= 19(10) + @D(%) + q‘(‘g)) (what property?)
- (19(10) + 10(3)) + 9(2) . (what property?)
= (19 + 310 + 9(3) (what properties?)
The final Tesult indicates a method for "multiplying teens" (whole

numbers from 11 through 19): Add to the first number the units digit
£

units digits of the two numbers.

Use the method to find:

[3

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

ot

™

L

(%]

faz)

I

OFEN SENTENCES AND,

Chapter

E

N

5

GLISH

SENTENCES

received,

|
b
[
o
i,
pid
=
5]
=
b
-
x
Pl
=l
=
o
.
o+
it
ITe
pad
ot
-
g
o]
[as
e
i
)

2
s

00 is

the number

I
P
<
20
o
i
L]
-

W

tumber of votes

e can simply

is not

- . - — \
[(A] Yes
[B] Ne




'reésived 339 'vétes. But this ?ﬁulﬂ
‘were cast. 300 is not th
[B] 1s the correct choice.

an thet 630 votes .
nuﬁbar af vates Charlea received, S

nnmber af vates caat;_;{ﬁj ig earrect.

back, 71535 this remind you of a game described in

ali
it helpful to represent the number chosen by a

ing with a zomewhat similar pattern in

summarize the pattern we have followed in our problem about votes.

Add to the number
chose the sum of th

u—-" e
@
=

nmumber and 30 @ —————00 o 5 + (n +

—— CQmPE‘;I‘E

ot
Lo
"

n+ (n+ 30)

| %
pud
ot
g
[N
it
Lag?
B
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false



4 The set of elements which make the resulting o L
12 | numerical sentence true is the ___  set. ftru?h‘

Suppos

3

s

1 you can check that Ehg

You can be sure that 243 15 the oply

because the truth set contains no ot

In such prdblems you are often loocking for a
13 | certain numbar'(herﬁj the _ of rumber -

received), There are three major steps:

1

(1) We.tind an apen

number we are looking for belongs to the

1h sot of the truth

truth

n
elements of the truth set in

Stﬁp (1) is iltustrated i: the box befors Item 10. Steps (1) and (3)

Find the

o
It
ﬁ\
o+
=
1
i
ot
DA
el

and test each element of the btruth set in the original problem.
It takes practice to bacomes skilliul at findiry open zentences that fit

to concentrate on this step--

In this chapter we are

chapters wo

rans late word problems

Dur aim in this chapter

abount Cimding trutls gsebs ol open I'tt will help you

Cyon priactice thinklng abent what problom situations might £it

.
certain mathematical oxpressions.
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we saw that i

the variable n

Hy

i

“In the éiémplé;

i
W T
o+
o
i
e
jag
&
o
T
pad

’ representz the

i
¥,

Charles received, then

of dollars in your allowance”, or "the

n number

a

students

\x
ot
jag
Ty
o
=
=)
=
T
]
e

—

"

e
=

than

Yo

)

[N

You can from these examples th

wbed b many situations.  The meaning you chonse for

T
ation you have chogen for the variable,

the interpr

value of a variable in

P

iz a num

of an apen phra

9

a phrase dependsg

Howvever, re

Eum

number

morea

number

"

alder

swpen phrase may be
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23 Let us consider the open phrase Tw. Which of the following meanings
mig?;s:w and 7w have in & problem? I ’
[A] w 1is the water in the well and 7w 1is seven times the water

in the well.

' [B] w' is the number of wolves in a 200, and 7Tw 1is the number of

wclves ;n geven Zzoos.

[c] w 4s the number of dollars I paid for one bushel of wheat
“and Tw 1is the numbér of dollars I paid for 7 bushels of
wheat.

[a) Ean!t you meen %hé"ﬁuﬁber of gallons of watéf‘éffﬁi”
number of paunﬂs af uate;? Remember that tbe vapiable

L must always IEPTEEEnt & number. Go back to Iigm 23

and read the ‘cholces aggim

(B] This i5.a passible choice, but would be a ﬁar:eet one

only 1f you knew that each 200. had the saime nﬁmber 35

walves Is there & betﬁer selectlan?

] -Ygu are gar:esti TﬁE interPrexatian*ahgﬂt the w@lﬁes
!'n'a saa wauld‘alsa be e@rrect, ﬁf@?i&&ﬂ yau kgaw that
“each of the geven zoos had the ‘samé number of wﬁlv&a‘
_It 18 more rﬂasmn&hle to exp&ct eaeh Qf Ea?azalf L

o

gxpect each of several zoos to éant&in the seme . numbar

of wolves.

phrase, should be sensible. You are not likely to find a situation in which

N

Yy represents the number of pencils on your desk and "2,500,000 + y" is

WM
[y

a pthSé related to a reasonmable problem. On the other hand, the phrase

2,500,000 + y" might occur in connection with a problem about populations.

I

persons in the city of Detroit in

o]
=
D
ot
0
s
12
R
]
o+
fucl
/]
4
1]
%,
it
-
T
.
-
o
i
-
el
8]
bad

1950. Then the open phrase "2,500,000 + y" could represent:

[A] the number of persons living in Detroit in 1960 if y is the

‘mumber by which the population increased in 10 years.

{ the population of Detroit y years after 1950
[C] the inerease in population if the population is y. more than
Lg;uD DQD s
b1
3 'L ?? ’
¢ 1 1
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[
2,

.

E tbe anre&seﬁ. [A] iE the correct choice.

.

Choose the sensible meaning for the variable in the open phrase,

Q@+ki
R. k 1s the number of cows in'the barn.
5. The rate of interest iskiﬁcréaSEd by k per cent.
T. k is the number of dollars in my purse.
[A] R only [B] s only (C] & ana T
§ is éensiblé; end T is also good. I might have k aéllars
and . 5¢ in my purse so that the open phrase .05 + k repre-

sents the number of dollsrs in my purse. Thus, [C] 4is the
corredt Ehciée.n Den't you agree that we wguld not usually add

the mumber of cows and the rumber .057%

Before we consider other open phrases we will review some of the ideas

we will need az we go along.

In the open phrase '3x + 25" the symbol " +"

indicates the operation of . ‘| addition
The symbol " +" 1in the open phrase x + S¢.indkcates

that we are forming the _____ ot the two sum

numbers, x and 5.

The open phrase 2w + 3 might be read:

{sum,dliference )

than 2w', more
+ 3 may alzo be read
by i j}




30 | The phrase .6t + 7 may be read: "6t by T".

. ) . .
The symbol " -" indicates that the open phrase x - 5
by 5",

31 | might be translated: 'x ___ =~~~
- ' (increased,decreased)

Other translations of the phrase i = 5 might be:

321" than x" or "5 is subtracted from
(more,less)

Note: We must be sure in emch case ‘that our variable represents a

number. We are perfectly correct in saying: '"John is n years old," or
"I have t dollars.” In each case, if we substitute & number for the
variable, we have a sensible statement. On the other hand, we must avoid
saying: "d is dimes" since that does not indicate whether d- is the
number of diﬁes or the number of cents in the valué of the dimes.

In the following table you are given open phrases and you are to
complete the table as suggested by the first example. There are many possis

bilities in each case. Choose a sensible one!

Open Phrase

nglish Phrase }

- — B =
is the number of cents The number of cents Tom

=

Meaning of Variable

b

3x+ 5
Tom earns in one hour. | earned in three hours if

-he gets & bonus of 25 cents.

3, n+ 7 n 1is John's age now,

35, n-7 ’ Joan's weight in pounds

after she lost seven pounds.

36. % larry's wages in dollars

for one wesk.

37. 2r + 5 r is the cost in cents
of one hbunch.of rhubarb.

E
i
-y
e
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T After campleting ycu: table, turﬂ to page x% and read the completions |

suggésted there.
represent numbersi The ddeas expressed should be similar.

Although the answers you gave mdy be differeént, they should

Of course, the indicated lntéTPfEtatanS are just auggeat;gﬂg.' It
i@uld be fun for you to write others for the given Dpeﬁ phrases. Therefore,
in the space below we have written only the open phrases--you are to find
for each a good English interprétati@ﬂi Be sure to specify the meaning of
the variable first, so that it represents a number, and theng;a find a
corresponding meaning for the open phrase. Yau must be very alert, since
we shall not record these answers and you will have to find your awn'errars;

Keep your results. We shall use them afain in the next section.

Open Fhrase Interpretation of Variable English Phrase
x+ 3
- o+ 7

HET K -

Go on to Section 5-2 when you have locked over your work and feel it is

If this program is being used under a teacher's supervision,

have your teacher read your iﬁtérgretétiaﬁs;.

L.v‘n

5-2. English Phrases and Open Phrase:

[

In the section which you have just completed, you practiced finding inter-
pretations for open mathematical phrases. In this section you will learn to
translate English phrases into mathematical language., Once you have
learned to do this with ease, you will be able to solve "word problems'.

Suppose you were asked to write an open phrase indicating the number

feet in y yards. Recall that there are 3 feet in 1 yard. Hence

Iy

Q

[ =~
Ea
Iy -

ERIC
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- would be an opeh phrase for the nymber of feet in' y yards.

Write an open phrase for each of the following

- English phfases.
1 The number of pints in k quarts is .
2 | The number of inches in f feet'is ___ * .. ’
3 The successor of the whole number n is ___ .
(For example, 5 .is the.successor of L4.)
_+]«If n is an ever number the next even number is
L . ]
5 In one pound there are __ ounces,
An open phrase for the number of ounces in k pounds
6 and t ounces is .
7 In one quarter there are __ _ cents, and in one .
8 dollar there are ______ cents. Then an open .
phrase réprezenting the total number of centz in

10 | is . 1003+25k+1 Q5

[
ja
L
b
=
I
I
i
g
B oy
o+
o
=
o]
o
1.
iy
[
[
[y

106 + 5t °

bt
)l

- of coins containing d dimes and n nickels

—
(KX
et
Liy]
Cl
"y
o

I
fui
o
fiad
1,
ja ]
s
by
L}
ol
Ditr]
i
H\
I
L}
of
o
T
P
5
T
i
sl
I
|
I U‘
ja
=+
L%
=
pa}
i
(e
™
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I
D

104 + 5n

£
et
[
il
o
ol
o]
jui
-
=
o
bad
it
bl
[
pid
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— T e T — . e T
14 ]Jack has only diméé and quarters. If m represents thé number of

- quaftars he has, and if n represents the number of dimes he has,

then m + n represents:

[A] the number of cents Jack has.

(3]

coins Jack has.

In the above examples you were told the number represented by each

variable. You probably noticed that, hdving chosen an interpretation for

certain variables, yaﬁ répresented other numbers by phrases involving these
variables. In‘order to do this it was necessary to look carefully at the
relationships expressed in the English phrases. : o

In many problems, you will need to use only a single variable. It
will be necessary'for you to éh@ase the number you wish to represent by a
variable, (There are often two or more possibilities.) You will usually
want to express other numb;rs iﬁigpe problem as phrases involving the
single variable you have chosen.

Write an open, phrase for the number of ysars iff John's
age if John 45 seven years older than Dick.

, . &
The number of years in John's age is expressed in

15 | terms of the_ number of years in _ age.

The refationsip "older than" can be expressed by

6 addition *

(addition,multiplication)

number of years in Dick's age.

Then the number of years in John's age is repre-

17 | sentee. by the phrase . . n+7

[

Many problem#™nvolve geometric figures.  For such problems it helps

to draw a diagram.
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19

M3 M
=

[N
it

I
had

i ; .
_ _ R — - i P
7SuPPése a _represents the Mumber of units in.the
léngthvéf’a rectangle and b represents the number
of units in the width. 2 , o

The number of square units

in the area of this

ab -

feet-in the peri

I
e
I
H
Juy
=]
T
it
m
H
i
=
[+
it
jog
g
:
=
o m
L
pad
)
i
a)
-
fa
H
M
Iy
T
T
ot

in the area.
Since the length is given in terms of the _

we might choose w

Hy
Hy
1T
i
o+
e
o
s
ja g
I

Then an open phrase for the number o
length, expressed in terms of the variable ",

would be .

length and width are expressed in terms of the variable

&
e
bl
Iy
ol
gl
oy
4
il
Il
M
H.A
Pu]
H
i
o
il
T
i
=
=]
i)
i+
i
M
Wzt
sk,
ot
juy
i
H
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]
i+
o
=]
[y
[
T

[
Liv}
»

147

[y
orr

The rectangle might be represented by the following figure on which ..

2(2w - 5) + 2¢

or 2({2w-5)+w)

(w)(2w - 5)



i L] - : - . _
. “The number of feet in the height of a triangle

1
A more than the number of feet in the base. If b is

K the variable representing the number of- feet in the
g s -

-5 basge then . is an-

Q

pen phrase for the number of

~feet in the height. oot

Indicate on the following figure how this migﬁt be

“shown.

g
i

- o - - o e
How shall we write an open phrase for the part of the
house & man can paint in one day, if he can paint the
entire house in d days?
Suppose that he painted a house in 8 days. How ’

[in]
-
]
e
I
oy
i
]
ot
jacy
i)
-
)
=
A
T
o
o
o
jag
I
r
m\
s
=
ot
=
]
o]
E
I
[» )
]
e
el

are the Jame as the open phrases which you have just written.

n
It they are not, you have not translated correctly in both

dircefions.

zontinue with item 5, ] Writter open phrases

correctly, o to Ttem 5.
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* {:
If a pipe 1ills '% of a swimming pool in one hour,
35 | the part filled in 3 hours would be _____ .
36 | The part filled in  x hours would be * .
. —

s
]

An open phrase

iy

for the number of inches inm the
e B .

relationships that ydu krow apply.
1

% £

act

[

by

need

E

=

Lo

" need

/%br example, in a probléem about a square you might

to remember:

The number of square

in the area o

[
+
oy
i
p]
Ly

el
o
w
H
i

is .

(
number of units in the side.)

. Fa
Ziﬁ number of units in the perimeter of the square

15

O
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perimeter of this triangle
is . A&, b, o are

the aumbers of units in the

respective sides,

Ls

a +

b+

In working with sugh problems, it helps to think first about the

Remember, drawing a figure iz often

you have learned in earlier mathematics



Ll

-
o

The number of square units in
the area of this triangle

is . (b, is the number

of units in the base and kL

the number of units in %the
altitude.)

-Similarly, thé number of square

units in the area of this

triangle is .

The distance d 1in feet traveled bty an object which
t r feet per hour for t hours

b
is given by the sentence 4 = .

f

The simple interest 1 earned in t years by p

dollars at r per year can be stated 1 =

R
i

[
i

For sach of the follewing write an English interpretatic

z the

urits
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X — hi‘ —

57.

58,

é open phrase requésted. Ehech your phrases with those nkpage xi

> for the number .0f inches in the length of a geccmd j
side of a trvangle, if it ;n thréé inches lunger than thé first side,

1e admissiod price to a performance of ”Th§~M;kaﬂc: is $2.00 per
. .

terms Of the number of people who bought tickets. .

When & treefgr@ws it increases its radius each year by adding a ring
of new wood. If a tree has r rings now, write an open phrase for
the number of growth ring g5 in the tree twelve years from now.

n an inheritance. Let x represent the number of.

o)
=

Three sons shar
dollars in the’ lnhérltﬂ nce
e an open phrase for the number of dollars in one son's share
which is one-half of the inheritance.
(b) Write an open phrase for the number of dollars of the second son's
share, which is fifty dollars more than one-tenth of the
inheritance,

on's share. ;

4]

(¢) Write an open phrase for the third

(d) Write an open phrase for the sum of the three sons' shares.

(a' Write an open phrase for the number of inches in the length of
[ P

the third side.

(b) Write an open phrase for the number of inches in the perimeter

of the triangle.

A plant grows a certain number of inches per week. It is now 20 inches
1

all. Write an open phrase giving the number of inches in its height

Suppose that when a man immerses his arms in hot vater, the temperature
et will rise one degree-per minute, bepinning at 10 minutes
after his arms are put in the water. Write an open phrase for the rise

in temperature of the man's feet at any time (more than ten minutes)




5=3
5-3. Interpreting Qp:n Sentences |
- .
- In many "word problems' you are concerned with finding a quantity by
the usze of certain given conditions. The conditions are stated in English

interpretations. Now let us examine how we can relate open senténces to
problems.
: We first review the meanings of some of the verb forms used in

mathematics. -

l n it means: "15" or ng équa.l tvD" A 14 = n

~ o n 1 iz ' 1 il T Jv, -

2 # means is ar 'is ) __+ | iB not,
) - is not equal to
L n

3 ! " .means: "is less than". e

h "=" means: " " o is greater than

5 "<" means: "is ) than or s ", is less than or

7| is.equal to
o it i _ _ 1f e e = 3 o 2 “_ - 3 un " i3
(= means is greater than or is equal to'. =2
Consider the open sentance A

we have: # -

conumber =5 coldiers i he army 1s
numbier of soldiers in the army,
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“to pége xii to see some suggested Dmplét?pnq, (Of course yours may be

41 fferent )

Open Sentence I” ter pretat;aﬁ Situation which would lead
RS ot Variable to open sentence
7. 3x = 2 = 78k © X is _ The number of books in the
- ) library is tripled. Two

) ’ books are lost. There are
i . 784 books left.

8. n+7-=28e Jonathan we gh;

n  pounds.
9. =17
- R _ —

"A boo paid $45 a week, plus $3 for each set of books he
sells. he was paid $108."

An gituation, if x is the number of small cartons, might be -~
"A freig consisted of a box weighing 45 pounds and a number uf
small ¢ ing 3 pounds each. The whole shipment weighed , 108
pounds . " -
10 | Which of the following is not a situation that would lead to the hE

[B] Jane had a piece of cloth 103 inches long. She used hs

inches for a tablecloth, and divided the rest into three

equal lengths for place mats.,
1
[C] John worked the same number of hours

He had previouszly worked LS

total pay was $108.

Eéﬁtéﬂcég ‘Thé open phrase “kﬁ * jx concerns the number of

shours John worked, but- $1@8 is the total pay.
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Let us consider the open sentence

g t(t'* 2) = L&Ef)_ .

is the following: -

- An appropriate %ituatiaﬁ

+2 :

t

lad

the number o
the length o

3
number of feet
" in the width:of
8 rectangle.

f
fa . i
2 feet more- than the o

width.

s

&

Below is a set of open sentences.

g
rectangle with length . - its
n f

has -

.whose length

more than

Write your pwn English interpretations

for each of these. Then turn to page xii for other suggestions.

11. . 2n = 500 o 7 T : ]

12, & + (2a + 3a) = (a + 2a) + 3a

13. §n+8,,§6§‘

ik, kLx = 100

15. y+5=5+y ’ ]
16, farkoos

number of dollars
in my wallet

30
the last hal?t, they will still
{ have less than 4O points.

if,the team makes

O
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compound open . '
o il 1 "r'“ V‘ i )
17 Lo inches and
L . fhe o ide?
o - .
RSN N tis iy Gdde o
s t
1 SRR
i

Side

=
o,

W
+
0,

Lime, the

iy,
W
e
Y
W

chibence with ther cnppeet e N i and

¥ .

iy W od
'y

&
flois i on . -
ot onGonamcly,
: [ R U
;‘U“: '
Thuz,

the

the lomain

Ehat, unleis otherw

arithmetic,

armd bhice Like,

0

foooUhe domin

“iven problem.

Yy

;

O
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The open
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o i oA number audde surths of the same number

-

than

= £ . number

[ R P I

number
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11 m = 10
tos 200
L 5n
1 - . -
L LOx + 5y + &
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' ' 5=5
Fa
" 1 IT the number of dollars earned h month by
1y Mr. Kineaid is "'x, 1iIn“one year he earns g 12x%
dollars. p
If Jake travels for h hdurs at 40 miles per hour,
20 | then he travels e omil o 4on *
! N , . ) . o :
: Mr. Brown's taxes are computed at the rate of §25 - RN
per .$1000 *valuation. gr" y 15 the value of
21 ?r; Brown's property, his tax is ___ . dollars. 1@09fg§)1 Dr
) . ) fL, 025y, “ete,
ﬁ ) _ : o o
i | It Bard?s weight in pounds iz p, then *a phrase i Y
reprégenting the weight of an object weighing forty o . ¢
22 | pounds more than Earl is . p + ko
} _ _ | . _
I u, v, and w are the number of degrees in each : .
anpgle of a triangle, then u *+ v + w - 180 can be
o sum
-
180
24 13
5 Statémeﬁtj "Mr. Jones is . iz less
old,” f than
54
26 9b = 5k
in Chery aLluwdnLe .
't allowance is one dollar more .
4
s also two dollars less than
S . o . . - I |
27 [ three times Cheryl's", may be written as - e - &b+ 1=3p - ?
If = Aol
28 than one million in %épulatlmn, we can -write: z < 1,000,000
B  _

o
“‘ -
-
»
~
Z ‘E"w
WL
B
e,
~F
(e
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" Two million is maré than, twice thE papulati@p of any
1

i

city in C@larad@. Vif p IS the number of people in e
? .29 ) a city in Cf(::laracit:gi then ESDD,j'QQ = 7;’ . g,céo;ooa > 2p

The length of the side of a certain ®quare ig x  Ffeet.
The 1ehgth of a +
width is° x = 1 feet. A senténce stating that the

=H=

‘

square has a largar area-than the rectangle is: o
B 2 = : B S . B
<« 30 | x ) i .x?:.%- (x+LI(x-1)

. : ) . . gf q‘

The tax on real estate is calculated at $ h 00 per ]

H

wr':l

$1000 valuation. The tai assessment on Property
valued at y dollars is $345,é6! Translating this

+

into a sentence would give: %?%f# ) = 3&83 ) ié%g(&h) = 345

ot
=

If John added, 40 pounds to his weight, he would still
not weigh more than 152 pounds. If John weighs w
" P@undsl translating the

fore
32 | would give: w +L40 152, o w + k0 < 152, or
’ ' w+ 40 F 152

"The distance-from Dodge City to Okldhoma City, 260

# = =7 Q
miles, was traveled ip t hours at an average=speeﬁ'

of 40 miles per hour on July 4." " In order to find

wurs traveled, we may write the- ‘ b

. . * 40t = 260

L
L]

s more than

height in

A book 1.4 inches thick has n shee,zg 4'§‘thgg
e L . o 1.
iz 0,003 Lnghés thick, and each cover is ) "inches
thlfF and 1s blue. An open sentence we might uze to
A

L = (m) T, 1.%=0,003(n)+2(.1)

45 find the number of sl

rz old and has two bréthgrz; ig i

"If her =i 5 v

ter iz

ol
L?

h may be used to {'ind M

oad
o)

- - —— L .
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ansvwer the ques

nothing to do with the thicknes: of the book. The fact thal varol has two

brothers ils not neecded in Ttem 35 to wri

sister's ape.

#
37 I a whole number is n, then ity su=cecssor is - .
"The sur® o1 a whole number and its successor s S/76"
38 | -ould be stated:
- . : '
cssive whaole numbers one must be cven and
3 | the other odd, Hen:e their sum - he oven,
bO | Tt toltows that n + (n + L) - 576
faor atl whole numb 1.
) G - - =
{ is an odd number. The next sutive odd number
i f+ 2, or Y., &' n is an“odd numbsr, the next
b1 onsecutive odd number is .
The sum of twp consesutive odd numbers is 75. I n
is an odd nmber, The open §€3ﬁtt}n;‘é sorresponding to
Se Y o
L2 | the given infdrmation is n + ¢ % ) = ¢ Note
that this sentence is falue for 411 whole number
values of n, berauge the gum of Lwo odd numbers
Lz always io . /(
5 . N : R &
suech that
1wan tvive the other. Ir
of the board iy .1 rectk long, then
Ll ___ lvel leng. A sentensze for
L5 .
babysitting Tor 3 hours at x
A szenténze for this would be:
L& '
thaet Heth., 14 Beth has ko
showing that together they gve yore
47 | than 28 bvooks would be: -
r Ann has,

48 | The phrase represents the number of books

171

5=5

| 1‘ is not ncerdml o .

fon asked, In Ttem 50, the ract that the cover is Ling lis e

o
-
o
—
=
=
Lt
o
i
=
Pl
[y
=
wd
-
]
i
[ia
=
e
L
[nd
-
=
-
]
=
iy
)

n + (n+l) = 57€

cannot

k + {k+16) > 28

k+ 16
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The sum of two numbers

]
=
e
Lo
o
e
1
iy
o
o
m
Hy
Iy
o
w
o+
E
[n
T
e
e
it}

represented.by n, then a j
L9 | number would be 7 . . _ k2 = pn
A number is increased by 17 and the sum is multiplied :

by 3. If n ‘fEPIES;ﬁtE'thE number, we could write a

L
I
pa
o
m
]
L]
Do
[Ad
o
il
o+
s
pu
I
it
jag
e
[
i
et
i1
H
1]
i
=
—
ot
=
b
fiix]
L
k]
el
=
&
o+
]
i
=
o
—
i

%)
2
[
"y
L]
o
&
»

3(n+;?) - 192

TN
=
i+
T
]
I
f
=
o
i
=
&,
n]

> would haver ___ 3{n+17) < 192
One number is 5 times another. The sum of these
two numbers is 15 more than & times the smaller.

/’ I the smaller number is n, then an open sentence

— - — e — 77*7, = ’5

12% of the marked price. To restate
t;

L
3
-
ot
i
iy

oo

‘ bir
.

ih
et
—J
o
=4
¥

A man's paycheck for a work week of 48 hours was

$160.40. He is pald at tHe vate ot

Lo

L
-
=

-7
i
s
H
’:ﬂ‘
o+
i
-
D]
5
P
o
5

o

L

C

=

o

ZL

.

£

iTe

P

“

I the rate ol puy for one hour's work is x
= ; I . o . . . : x
5k dollary, then - 1ls the number of dollars for one éxg (=) %;

o - 2

k at the overtime rate,

Sy

An openfaaptonce corresponding
I i {7

53 i

7 hours with one

or and in 5 Jhours with ancther tractor. Let us
find out how lomg it would take him 1o plow the field ' ,
using both tractors,

It he uses the first tractor, in one hour he zan plow -

LA
b,
b
=
-
™
\
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But using the seconds tractor for two hours, he can

56 | plow _ of' the field. : 2(%}, f:sr.§ B

Ii* ge has both tractors golng foy 2 hours, he can

oo |

59 | plo® ( + ) of the field. : % +

It both tractors are used for x hours, the part of

the«l'ield that iz plowed can be represented by the

]

60 hrase . ' ' -+
p —_— T 5
r +

LR )
.

=

The entire I'ield can be indicated by Hence

% iy the number of hours it takes to plow the

61 entire field, wo can writg — - -1. k& % + g;i 1, or“-
1 1 o
= 4+2Y 2
x(? 5}-

Test your common sense. Then look on page xiii for the answer.

¥
fe)
™
o

) L) What i:f}ﬁ{ largest amount? ' ‘
S Ny L _ .

It is a good idea to think back ovpr what you have learned in earlier

[pd

chapters. In Chapter 6 we will *be using the number line a great deal.

II" you feel that you need revicw, do Items 63 to 79. If not, go to

Chapter . 6.

o
2
=3

e

D
=
il
e,
i e

1
I
i
[

i ! i g

i N l[ 1]

=
)
hok
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Given the compound open sentence:

X

1
yv]
o]

L
w
kY
T

[
L

we would graph this as in the following steps:

\
the graph of x = 2,

the graph of x =5,

the graph of x =2 or x =5,

W G
” 5_.;_ e
ok e

Given the compound open sentence:

we would graph this as follows:

Given the compound open sentence:

we would graph this as in the f@ll@iing steps:

L]

the graph of x =
the graph of x = 5,

- 0

the graph of x > 2 or x =5,

Given the compound open sentence:

we would graph this as follows:

ot

L 3
o
e
“,"-
il

T T
the enpty sgﬁ',
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Determine an open sentence for each of the }‘clléwing

graphs:

An open sentence 1is

r———




i Chapter 6

THE REAL NUMBERS

6-1. The Real Number Line .

i
i

\ The number line above reminds us that we hgve associated numbers Eith
the points to the right of the point represented by zerc. . In this chapter
we shall associate numbers with points to the left of zero and begin the
study of the set of numbers corresponding to all of the points on fhe number

. line.

o
»
]
m
i
W
0
i

B
o
lad
L]
[l
=
&
et
o
o
r
i
o]
g

o
1]
H

The point A 1is one unit to the left of zero. We

shall associate the number "1 with this point.

1 is read "negative 1". (Notice how high the dash

in the numeral 1 is written.) :

3 ""1" 15 remd " 1" .and represents a new number | negative 1

|

which we shall séén find to be very usefuls

L ii'Eli is read ",,, ) " ' ﬂ&@ti?& g
5 "Negative 3" would be written " " 3. '

6 |["Negative 53" is 7 written "753" [ correetly
(correctly,incorrectly) »

- ,,é;, < ) o _ _ _
S T T— | [ N

Point C 1is loeated two units to the left of zero and

associated with the number A:j . Point D is 2 .

o
[
]

e
Vi
[iv]
w
i
Iyl
s
bl
%
‘m‘
[a
)
e
\ﬁ“
o
ot
.y
[y
=
£
id
s}

o,
o

|-
o
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9 |withAfhe number _____ , which is called the coordinate

=

The point ten units to the left of zero is associated

off{that point.

isread "___ 7. | negative

10

is the coordinate of the point which is
junityg to the __ of zero.

13 |-g

1k is the ___of a point which 1ies _ __ units

to the left of zero.
This process of locating points to the left of 0 continues without

end. We may indicate this by writing these numbers as membeﬁé of the set
(+++,73,72,71). This set may also be written (1,72,73, ...).
, If we form the union of this set with the set of- whole numbers
(0,1,2,3, ...) we obtain the set of integers:

{..+,73,72,71, 0, 1, 2, 3, ...},

Note that the counting numbers are elements of the set of integers.

These are called the positive integers. The elements 1, 2, 3, ..., are

also integers and are called the negative integers. O is an integer but

is neither positive nor negative.

]

This is indicated in the foilowing diagram:

J (...,73,72,71, 0, 1, 2, 3, ...).

[ih]

, g,  B2EXO
negative ro
integers i

The positive integers are associated with points to

15 |the of 0. right

1The negative integers are associated with points to
16 |the _____of Q. left

17 |0 is an ___ which is neither integer B
18 nor . pasitive(negativé)

19 . negative{positive)
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22 *[i¥f° I is the set of integers, then I = { .

If W is the set of whole numbers, then

20 |w=(___ .

X
[
Lo B
1]
[

I
Hy
£
s
i}
o
sy
m
i

et of n@nsnégativ: integers, then

23 |L = [ } and L is the same as the set of

N
=
o
g,
[ng
m
bﬂ‘
£

]
o
o
M
Wu
m
ot
2
ar

"r’ K
I

N=[ ) and N 1is the same a

L]
2
p
=
jrh
)
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ol
H
¥

N
o

Loy
[

ol

L}
F

¥
Kk

1
]

L]
Al
L]
o
F
i
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L}
F Y

]
LU % o

[}
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i
o
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[
o
N
[ o

Draw the graphs of the following sets.

i ) o ) s I
= and L7 are cxamples of Mt ionsl numbers whick
'

L whoo b numbers. -
,are not)

u rational number.

1

whole number

o
Lo

N

6-1

10,1,2,3, )

(1,2,3 04}

(...5371,0,1

=

(0,1,2,3,...}

‘whole

(1,2,3,...).
positive -

(0,71,72,73,...)

(71,72,73,...) 7

See Answer belaw

s
[
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If a number can be named by the indicated division of
'a whole number by a counting number,the pumber is

33 | a ______ number. : ' retional

[ 1=

2

On the number line, the point == is located

W

S W

3% | of a unit to the _ the point 2, right. .

righﬁﬁ;e:t

=

Proceeding as we diﬁ when we associated rational numbers with points to

the right of éeré, we can Subdivide the intervals to the left of zero andx

firy

Thus, the point which lies £ of a unit to théileft of "2 is.

=12 =12 P i e =%
labeled (é?ﬂ. (Ef) is read ‘negative twelve-fifths". In this way (-

s

= B 12 N
is the same distance to the left of 0 as %? is to the right of 0.

In general, if the rational number r* is the co Drdlnate of a point to the
right of zero, “r will be the coordimate of a point which lies exactly
s to the

[

T

as far to the left of zero as the point with coordinate r i

right of 0. This number “r is called a negative rational number. The

~union of .the set of rational numbers of arithmetic and the set of negative
1

numbers. By the positivé rational

i
rational nugbers is the Zet of rational

numbers wq/‘gan those rational numbers which correspond to points to the

7"
Some other fatlmﬂdl numbprs are

M
o]
...4
o]
ol
s
=%
[
ja]
I+
T
¥l

number line below:

o
-
o s

-, 3 . -
The number (5) is read " . negative
[négative
three-halves)
Negative eleven-Tfourths h : ﬁ(%%ﬁ

[
by

i

[

o
P,
bad

e

i

pa

i
—J

We note that ~(£) is to the ____of *(%)! right

)



38 |The rational numbers to the _of zero are called right of zerés

positive rational: numbérs. ) : .

39 |The rational numbers to the ___ '79f5ze,p are called ‘left of zero

negative rational numbers.

Among the rational numbers are numbers like "6, "1,

40 |12, 17. ‘These numbers are also called . _ integers

41 {We have seen that evéry intéger

is

are pot’

=
I
@
=
it}
-
£
1]
I
m\
pa
i
o]
L]
-
b
i
o+
ot
o
L]
0]
m
]
i

of integers ] ] is

8 subset of the set of rational numbers.

You recall that there are points to the right of zero with coordinates
A s o . vy
that are not rational numbers. Similarly, there are points to the left of

zero with coordinates that are not rational numbers.

‘|let P be a point to the left of O which is not

E
o
i
=t
T
Wit
o
e
o]
pav
T
0
ey
[xd
[
P
im
H

tional numbers. We can locate
0

a point @ which is the same distance from , but -

Let x be the coordinate of the point Q. To
follow the scheme that we used for negative rational

numbers, we must label the point F with the symbol

number, rational

g
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i
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2
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H
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s
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s
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[
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=
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In thig manner we can associate every point on the numbér line with

some number, The set of all numbers associated with pcints on the number

line is called the set of real ﬂumbers. The numbers tc the left of ZEIG

are called the nEE@E;FE real numbers and those to the right are called the

S

m\

pésit,vr'real numb rs. Remember that zero is a real number, but is neithér

- - #

positive nor nég&tive. Another nam§3¥cr the set of numbers of arithmetic .
is the set of non- negative re&l numbers . ’ T

We emphasize the fact that now every point on the number line has a

real number as DDleﬁatE by calling the number line the real number line. -

A reml number vhich is not a ratlanal number i's called Qﬁ-lrratlanal
number. We have nat as yét,shnwn hmw to locate-a point on the number line
vhose coordinate is not a rational number

Let us c@né%ger the nglﬁlVP real number whose square is gqual to 2.
It“is customary to represent this number by the symbol, V2. How can we

locate the point on the number line which corresponds to v3? Consider:

the square of side 1.

=
[
[as

You may recall the Pythagarean Thegremg which h says tl any* right trlanglé

the sauaré of the léﬁgth of the hypotgnuse is equal to t}e sum of the squares

{

of the lengths of thé;tﬁ@ legs. In our cake this would tPl us that
dn::i:;+l;

‘ Hence the .ler gth of the diagonal of the square is ER
to transfer the length of the d}ag@nal to our, number line.. This we can do
by drawing a circle with*éenter at the point O of the number line and witp

radius equal to the le'g%} of the diagonal of the saquare. This cirele:cuts.

: the number line in two 2
and V2.
— )
‘Lﬁ ’ E
= .
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square of anothér whole number its squa

Anathér type of irrational numbe

i

, o ete., are irrational number

TS,

re root is

r is the number 1.
F

irrational.

For example,

-<h i -
. . - 6-1
-’50 Study the discussion above.  What is its maln purpose? :
o o - -
[£] To show th&t in any right triangle, gg = a® + -
o ¥ H
[[B] To show how the point on the number line :arrespanding to
“the irrational number V2 can be determinéd
) Tel ‘1o ahaw that 2 -is the length of the diagonal of a square
—_of mide 1. '
The number 1. 4 is. SDmetlmEE uﬁéd as an §Arrgx1mat1gﬁ v
for Y2. Do you think 1.k is §ctually equal to V27 T
T 2 i =
’ * B : ’ - =
51 flbx1il=__ . " ) | 1.96
Perhaps 1.kl = /2 ! z} —
o o
52 1 1.b x 1.4 = 1.9881
f=1 . e
(LW1)% - (1.4)° . >
< = ' ’ .
54 (1.41) - <
"i:’:? : '
If you'were to try (l.b:llk)i y ou would get
55 | 1.999396 which is R 'S
Althaugh wg could find rational numbers with squares fi '
_ vhich are near to E,,»we are never able to find!
B . L =
56 |a _____ number whose square 1s equai to 2. . later. ‘rational
on you will see & proof 'that V2 1is i tlunal.
Of course there are many other irrational numbers. It can be shown that
numbers like 6 + 3Y2  are irrational. Also if a wholé number is not the

)
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6-1 o S .
P ’ . . - : P . . T N

: 57: The irrati@ﬁai number i; is the ratio of théﬁgizcumféféngégéf a

ire
ha
on the number line at thé’%%int 0. If the circle is rolled on the 5

B E ]

a

= to its diameter. Thus, a circle whose diameter is of length

=

a circumference @f%%ength . Imagine suéh a circle resting

.
=

o

linéj without slipping, one complete revolution to the right it
"will stop on & point. What is the coordinate of this point? .

(A] 1 (Bl 71 (c] = + [D} "n .

b . %

“As the circle rolls ome revolution, 1% will
of one :;mpleteieiréumferenﬂé of the circle. Since the B
‘circumference of the circle with diameter 1. is-. o, - the. = b

. point on yhich 1t ‘stops i¢ " n units to thg{:ightraffgeiag

Thus the ?ai%tﬂanﬁﬂz%gh the circle stops has coordinate .

Lo . . - = 8
[{C] 1s thé correct choice. , .

The following diagram may help to review the sets of jnumbers we have

discu

i
I

ed. {

5ooff

real numbers

ratdional - -

rumbers

subset

40 The zet of

= - li — = J** s
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s We could think of our work so Fhr as suvﬁesglve stages Df gxténdlng

- . our ideg of "numbers" until we finally obtain the set of real numbers . Now -

every point on the, number line can be named by & real number; and every real

number names a pDint on the nuﬁSF line.

f

After ycu have warkéd Ttems 61-80, turn to page 1 _ to check your
* work. - )
v . ¥
Draw the graphs of the following sets: v ’ o
6. (0, 3, 5, (1)) 65
== =y ¥ H = =
A 2y 2 5 =54, v
62 (°(5), 5, %, "2 66
. 3 B - 1, -~
63. | (%); 5,77, T(5) - 67
, & 6 7
& U@, @85 | . :
Of the two polnts whose coordinates are given in the pairs below,
which is to the right of the other?
- Y
. _— z 5 10
68. 3, b . 3. 7(2), 2(17)
69. 5, L . e, 0O, 3
70 _'E, Tl 5. Tk, V2
1.0 VB, 1 : 76, T(EN (8L
-5y . L e lywl ’
2. (5), O 7. (Z)rE
78. ;é ig% a whole number? An integer? A rational number?
" A real number? S )
9. 1Is (%?)‘va whole number? An Integer? A rational number?
A real number? '
'80. Is /2 a whole number?. An iﬁtégér? A rational nymber?
A real number? ) 5 ) -
5 T -
. , T
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6-2. Order on the Real Number Line )
How did we describe order for -the positive real/numbers? Let us
review, using the numbers -5 and &
. ‘ We agree that the t¥o sentences: ’ -
j &
"S5 is to the left of 6 on the number line," and * i ,
., 1 5 6" say the same iiglgsg‘thaﬁf*r
R (ig,lggq than, is greater. than) o
* hing abou and 6. N ) :
6" meafis that 5 is to the
2. on the real number line. left.
)
£ ) . N -t e
3 "5 is legs than 6" may be written 'S _ 6) . < .
e K
? 3 . -
J* il,i {,
5 5 <6 is a zentence true
Thus for & pair of pogitive real numbers, '"is to the ligt of the number
1 it :

they are positive, negative or 07 We agree that "isz less than 11 mean
"is to the left of on the real number line
Let us look for g justification ‘in common experience All of us, are

famll;ar with thermometers and are aware that scales on thermometers use

numbers above O andrnumbefﬁ below 0O, asz well as 0 itself. We know

- that the colder thes weather, the lower on the scale we read the tenperature.

a
If we pla 5% a thermometer in a horizontal po osition as shown, we see that
le

=i,5,,b s part ol our 'real number line. QWhen4wa 5‘g§"15 less than" ("is
lower temperature thaﬂ"lg we mean "is to the left of" on the thermometer
pl&jéd‘lﬂ a’ horizontal puA;tlun as shown.
\
B} - N 7777477
: . T
- ¥ ) I5 TI0°5 0 5 10 15 20 25
. 2 .
L] T\ Ef;ﬁi}
/ L}
! -
v o
; dgie
& =
F
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6 | Refer to the diagram of the thérmometer and find which numerical

sentence below describes the order of the tefiperatures, 5 and.-

[A] "3 < 10 (8] T10< 78 .

3 -

‘  "10 1s to the lert of. 75 . Bince "< means "is less than"
‘iptchioan ‘be interpreted as "is.to the left of’, T10< 5 is’
j}'g .. correet, . o ‘ ‘ - - ’ E
T - i . ‘
S . -
Thus we extend our formbr meaning of "is less than" to the sét of all
real!numbérsg We agree that:
"{g less than" for real numbers meam:t "'is tc the left
of on the real number line" f a and bt are real
) numbers, "a is less thédn ©" is written v
g <b. . !
{Now and in the future & V?rl&blé iz understood to have as its domain
the set of real-numbers, unless otherwise stated.)
Since "is less
the left of on the .
7 than" should mean 7
number line". ' Forieht ) right
If a and b are real numbers, 'a 1is preater,
8 than t" a =b
g ; false
%:
10 TLw Ty
£
11 | Since O is than &, 0O 1is to th iz greater t
12 51 L g right
15 Sinee 0 is _ than any negative el number, is pgreater thar
1h 0 is t@gtﬁe - ot all negative real right
15, positive fFoal number, iz lesz than
16 1l positive roul mumbers lef
1i% l i,;‘#
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[N

5. B is greater than

Just as with the set of positive real numbers, we’see that zin-e ]
,to "3 by moving to the right on the

[
F
[
ol o
L
[ ¥
"

Let us extend the meaning of the other verb forms to the set of all
. real numbers. . '

19 a>b

[}
20 true
2] 3271

i

22 right ~

T
™

E )

(K]
£

iz i ] . ' trus

=29

b 3.5 15 . true

e,

(S

Wi,
s
]
b
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: e ’ : ! f true .,
R ' true
= ‘ ' -

- true
= 1.7 = ralse
o + ;) / = .

e 1.

v

sanhenees AT




1 | I

- e
2 3 4

I a1

2 3 4

Y PO N
2 3 4

Lhe truath oot

=ach. o' the tollowing open

and

&nd a = 3 5

L3
MUmML ST .
For
-
P
I
sl
.
1 w
.
N

have

ey b

A
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Find the truth set

1

for each of the following open
the set

o+

[}

entences if the domain of the variable is

T integers. .

2

b9| "2<p and p <3 , ) ' ("1,0,1,2)

..k
{2, 3]

s1| p=2 or p=75 | _ {5, 2)

i\

numbers. See whether you

- : order suggested by these examples. It may hel

[red
i}
1]
i
34
e
:
&
T
H
[
e
i~
]
it
Wi
o]
)
L]
"ii‘
o
it
uc
WM
LA
g
Wt
=
[
[
i
oy
e}
i
I
[y
a

W
[N
LN
S
i
o

LW
il
—
T
s
gy
&
¥
r

1
hoad
iz
M,

I
2
e
]
[
[
I
w\
o
v
iy
M,
o)

W
by
o
[

"

sentence 1s trus.

Drda;vfur the real number:
- *

are fHe same number,

If =

as
cowe did net actually
. bl
ords, we have assumed 1T.
:
v . E
N
L
{
. o 3 .
& F
S ) - (
191 “—
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Another way we may state the comparison property is:

then either' m = n or < : n<m

5
Lo
=t
Iy
=]

"o,
¢

<k

For éﬁy two géal numkers,

comparison property -

iz stated in terms of =" . Can we state this “ -

point with coordinate 5 on the number

a
lins. Let x be any other real wumber. Then !

- 58 x 1s to the __ atf 5 right .
The compariszon property may also-Le stated!

If 2 and 1V ars real numbers, then
exactly one of the following is true
[=

[ :
A
- - - — — — — y —
60 | Which of
- - I It =2 and i nubers, then exactly one -
L a1 the I'milowing iz frue:
! A < b, ba.
Iz one
R i
AT koI el 11

ERIC

Aruitoxt provided by Eic:



Suppoze a, b;. and ¢ are real numbers such that, on the Tnumber 115%}& a
. .

=4

and . ¢« afe real numbers and

L b
gs;; a<b and b < ¢, then a < c. ]

arithmetic, we know from the number line and the definition of "less than

that this property is true In the set of numbers of arithmetic.

v ‘ ) ) .
[} ' x 2 At tive number, then x 0, x =0
« number, then 0O < 3 0=y

m iz less than 4 and that b

transitive

follows trom the

b

} =

]
-

-

Pt

-

i

-
P i
o
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12

)
i

i

Q“ﬁ,, "yeg',

* doing this.

b !
(=3

Rezall that we can
A ¥
Two piven numbers,

boad

Suppose you wanted to compare

Could the above method be used?

However, perhaps there {?

the, same number n,

» f'ollowing:

=

- §
5 n o and n P ==
_ 112

L”

impler way"

of' course,.|

®

cone luwle that %

~transitive

transitive

LET
55

2 i
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Which of the following is
s 33

167 1
= = ar

houd

13 T 77 55

Finally, we can conclude
2

3

a8

'near tol the integer -

. 3 g

1

i

=
e

s

[
]

=

- -~

Compare the following pairs of real i

-, & -5 *
(52) ‘and (2™
77 R
i aned
and (=) .
an
. LS
7 >
—  and =
Thy
—_— "y
A -
£y
E]
)]
=15 = .
A Y

ER
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dwe onambaer oo

[S1RTHIRTRD S

This appiged b Gl o

.jniiitivvgnﬁgafEVP)

PLive number.

e o

_ongmbier

SGUmmaE e

. Ly Lhe

whi

wimbie

)

numbir- Hino,
. he o ity
. The o
(RIS
L awkbwerd bo write "the oppesd At wil

i . o0 s
Wi Lt

0

atber

el

the opposite

(3

]
b

}
b
i

of
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\‘.

names- |

the dach in

1y

upper d

o
s we shall retain

Wee must understand first that = is a

er

T

negative numbkr-:

b 3 e negative
35 0

r
of "determining t

involves two
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sonternc

Then it tollo

- -E X, .
Thuz, the - as the
truth zoh . -2 = x

[ iz . =% = 2 or
-2 < x

greater than

P

T

afl
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riambi

L%
i
wo
= -3

'(y}j - (—) £ :

5 : :
78 0 i} s

¢ i non-positive

(ron-po )
numtiers .,
(N
itive,non-ne
3
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itz

=-0,01
8] i

We know that the

then 3 is pgrea

the = vinbiol

tod

than -4

=

50T and o= Wi

-: < 4 then
it =

thing,

o the

Voo may rewri

opposibte din t

of th

BV

- _—
=] P
2y =¥2

e o
=2, =2
)
=

true

=3 and 3

3

5 7
st

0.01
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wir ape led Lo ocortaln conciasions.,

1U7~ Prom [tems
fGllﬁw}ﬂﬁ statements are bruct
L. In Items U=1(, Lhe numbeees in bhe thizd cobumn are
il :;J§l‘j,':‘§ posiljve, -
I1. The preater ol a non-sero nunber and ibs spposite is
alwrys positive,

3

ihe o 0L ds O,

I1r.  The opg

(C] none

{A) T, TI mnd 111

Which ol -

Don't forget that -(-2) is the number
and is a positive number!
"apposited’” and "preater than” we are

statemont: » ,

el the oper

meant that for every real number, wo could Cind another number an

How we

distance f'rom O on the number line.

operation on a single real number. This operation will relats

number Lo every real numbor.

value of a non=sero real number defined to be

ater of that mumber and itz opposite.  The absolote

Piied
N
]
P
b
r

73
Aot

e U Lob

All of the statementz are true

ation of "taking opposites

=3
=3

"h-‘
e,
=
i
it

value of O is 0.
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Complete the following table !

Greater of Number
and its Oppc

Tl

iz
"

=

21 = -25 _ . o, 25
- - —_— ,

- 3 2 - T |

€| — 2 ] — L=

23 - -5.06 = 5.06 . 5.06, 5.06

~(6-1), (6-4)

o5 0 7 neither _ o, 0.

its N

he greater of the number and

Dp?dSit&j we can say that the absolute value of a

]
oy
fad
o
]
]
[}
I
H
o
oy
£
o
hod
H
et
[
ool
g‘
L
IX]
»

T
-
=
o
i)
[eg
o
I
=
i
i+
B
<
il
—
=
m
g
Iy
1
[
ol
L]

we find that it is convenient to agree on & symbol to indicate

We write

to méan the absolute value’af n.

L, absolute value

[x]
b
=3
=
i
Tt
Ty
=
peg
g
[and
=
fun
i}
L]
bn ]
5
pITY
o+
puy

L

(A
L
=

Il

O
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T
;\—ll-‘
——
fun
e
+
P
o
I

Nt
=
1
v =
™
+
boat
il
-

v 2 o -
38 I— f] = & : -~
: 3 _ .
Remember that "|- Z|" is read )
B - ‘::} -
29 "The . e EN rd
2 !T},E N S B 7 j
e — . . —

4O | Traph -4, 0O, and k.

=
=

What is the

=
ind

What is the

=
e

T8 st

Ed

same number

o=

: Zame number

: examples that the dista

mber and is equal to

+
el
o
bud
o+
x,
i
M
o
2]
M
i
it
o
=

(N}
1z
e
[
ot
o
fud
ot
=
o
i
L]

every real number 'n

W
et

between n and 0O".

-

e fas P o

Keep in mind that the distance between two points on a number line is

non-negative real number. Therefore, we can say:

he absolute value of

i

i
H
T
=
)
iy
it
[l
—
—
m\

abzolute value

distance *

0

abgolute value

distance

o
o

a real number and O on the Té;)

that real number.

nother way that we ¢ould have defined-the absolute



o

' 3

First we examine the abzolute value of some mon-

|
|
|
i
oy

by, »il
M2
L] &

"
Il
Gt

w R

Iut
Pl =
W
p
=

T
=
—
S
[
I
L)
hO
e
i

¥
il
D
i

Q

L 56 | We conclude that the o of a absolute value

T -

-| nonanegative number is.the number itselka
L]

In symbols, -

. Ix] = x

Sy
21

- Ly, ) ' .
58 1= 3 e =(-9) = =

i 4

Wi

1

60

-
If we combine the statements which we made in Items

the definition for the a

a statement that

a real number.
] - = it = 15 non-nepative, that ls, % 2 0O,

lzi - o-x, LU x o is negative, that iz = = 0,

™2
-]

r"w
e
Co
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1Al |x| =x = (8] M >0 (el {x] o -,

e — = =

£

If x = =7, }lxj=7. Thys Ix[ﬁsx -18 not aiﬁgyé‘:tgué.
If x =0, |x| =0, Mus |x| >0 is not alvays true,:

The correct choice.is [B}. - .

Let us summarize:
1]

H(a)_;fhe absolute value of a number 1s the greater
63 IR ‘of that number and its . & . " opposite
| (b) Thé distance between O and n. on the »
6l , number line is equal to the _ % . absolute value
of n. ’ 3 , ’
# 65 | (e) For every real fumber &, ‘la] __ 0.
66 | (a) £ y2>0, |y|-=
- 671 (e) Ir y<o0, ly| =

let S = (-2,-1,0,1,2). Let A be the set of the

abs@luté values of the elements of 5, then

68 |a=( _ }. c (02,2} .

T0 Herice S

of taking the absolute value.

Is the set of all real numbers closed under the

71 | operation of taking the absolute value? “yes
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- | Here 1is g@mé pracficég W,i,é a common n;me:al for

-] each Ef the following. ”? .

72 | ]2 + |3| +3= (The sum’ of the absolute values)
73 |2 + 3] = lé[ = (The absclute value of the sum)

T | l-2] + 13| = |

75 |1-2] +[-3] =~

_  — R 4
— e —

Write a common numeral for each of the following:

i
oy .

76 | |-5]2
77 | I-sll-2l = ______ o _ s
8 | -(l8ll-sh) = (e N - "(ta)s)) = 10
%;G" R

\F’J
il

10

79 | -(l-5]]-2})

 5@ 3 = |3 - E|'; L ’ ) _,g(' ’ /i?f.
81 | -(]-7] - 6) = _ | SRR

= = = — = . *

Judge each of the following as true or false.

82 . |;7| <3 (R ember |[-7f =7) ' falag
83 | 1-2| < |-3| e g
e ta g [-3] .- Co falsé

85 | Mol & l2| - tre

86 | -2 < |-3] : true

¥ For example,consider the open sentence Ix! % 2.

in the truth set of is not

pa]
[8:s]
oy
i
jad

)

i
\r o
i
[

-

Pan )
Wit

The truth set include numbers cannot
can, cannot )

greater than 2.




set é%ltth

The absolute value of a number less than <2 1is

. e — —
(less than, greater than)
l for example |-3| '

92 Therefore the truth set - _inec

[}
Tk
Mt

L .
. [
3 .

ude pumbérs -

=

-

-2

The absoluté value of éiﬁumb&i between O and

3 ths.n 2. } i R

s

M2

W ’
ol

[
(A

94 | The absolute -value of O is _ . ' ~ 0 - T

gw
[y
o
e
o
']
s
=
ot
1
<
o
st
[
1]
[}
=)

a number between -2 and O o CET

W
"W
=
b
L]
A
t+
o
o
o
i
o
i)

of all numbers

?\
T
i+
\g‘
i+
-
Y
M
it
‘ o
Hy
e
M,
M
e
o]
o
o
-
hial
o+
g

Wi
—
[
Jicad
[a}
e
oy
o
i
\I‘-ﬁ‘
[iad
‘m ‘\
ELE
:
b
I
M
o
i
g

see

1
|

(3
[
]

98 | The graph of x =

™
(0]
it
s
4
i
e
g
[ad
Hy
b
]
Fi
=
[0

100{ is the set of elements in the truth sét of x-< 2

# 101 |-and in the truth set of ___ ., * x> =2

= B
T tHe ) - intersection
4 - (intersection,union) . 4 :

=
o]
[
1Y
]
ot
fon
4]
i
t
pad
L]
B
My
W]
[
[t
3
|
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103| Graph |x| > 2.

o
=
g
2
o
ok
iz

[Theret'ore, the truth setlgf;:|x4 =2 does

: \ . (does,does not)

-

-

118] Therefore, the truth

include all numbers

The truth seot of [5} o ls the set of numbers

o and the et of numbers less than -2,

The truth set ol izi & da the unlon or the

W,
“

112 truth &ets of o == and . ko=

: Anzwer below

,
L
—
Ly
Eg
b
b

1L The praph or
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- Find the truth set of: ' : . - s

— =
L= =
Paes) W
- E
I i
] (]
ot

=

—

-

-

L ",

‘D‘

- S

Dld

- atsolute

N —— ) N —
118 | |x| £ 8 has the same truth set as

[c] 4is the correct choice,

/

*119 | Using the absolute value symbol write an open

séntence whose graph is: ’

L

by, or .

o
3
bl U
+=

L, or

LZ1 } Which of the following opon

v

scentenc

, ("The temperature
v L

ERIC
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_ ot 1f yau‘seleztéd either [ﬁiu’af;:ﬁﬁjgwiéhéy.i 7
ha.ve ‘the sm truth set. 1€l 15 true for all real mumbers x. - -
#he gruth sete of - [A]. -and - iE}:-«_bgm dontain, for emle, Sk
-15 ¥ and 15 degreeg belmr zero is :m:;t within Tive degztees

of zero.

L . n .
#122| Are the sentences: x < |x|
’ -x g [x| ‘
Co-lx] <x

3
all true for all real values of x?

N [A] yes ‘ - [(B] no .

& All three ‘sentences &re true. " HNotice: L .
: If ¥>0, then' x = [x|; 1f x <0, then x < {x|;
, Hence, x < |x| 1is-true for all real valiues of x.
Ie x>0, then -x< |x|; 4f x <0, then -x = |x|;
» hence, -x < |x| is true for all real values of x. A
If x>0, then -|x| <% if x <0, then -|x| =
hence, -{x| < x is true for all real values of X,

6-5. “ummary and Review

1. FPoints t@ the left of O on the number lins are labeled with

ﬂegatiﬁe numbers; the zet of real numbers consis

numbers of arithmetic and their opposites.

[iv]

Many points on the number line are not assigned rational
tz

niumber coordinates. These points

and irrational numbers.

less than" for real numbers means 'to the left of" on

-
oy
o

the number line.

L, Comparison FProperty. If & is a real mmmr a*ldjl iz’'a

’

real number, then exactly one of the following is true: - |

' a<b, a=5b, b<a.

1% DD
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a)
L)
(e)
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a<b and

Ifgn;itiﬁgrg?gggrty}igtf;ié,‘b; ¢ _are real.pumbers and if
b < c, 'then -a <6 2 [ !

The opposite of © is .0 and the opposite of anyzgfher real

number is the other numbér which 15 at an equal distance from

0 on the r

If x is a positive number, then -x is a

o

P
o
M

o
H
ot
s

-2
1
E
=
[x )
H

If % 1is a negative number, then -x is a positive number.
hY N =
The absglute value of a non-zero number is the greater of

In| .

=
g
i
o
%
o
st
=
ot
)
<
pod
=
[
i
o
Yy
ot
&
m
L 2
il
]
=
2
o
g
I
a
e
[y
fal
M
o]
Ct
ot
13
o
sy
]

is a non-negative number which is the distance

“and n ‘on the number line.

as thé trutﬁ

of the compound sentence -a < x < &a. -

h

|x| >=a 1is the same as 'the truth

zet of the compound sentence x < -a or X = a. .

T
=
1T,

207

=,




3. Draw the graph of each of the féll@wing sentences, . .

(a) v>1 and ve 3 ®:(c) x<h or x>2

() |r| =2 (a) x| = x

(a) regl numbers 7 (c)
(

r (b) integers .

6. Describe the variable used and write an op

by the follvwing:

-

On Sunday the temperature remained

7. If R is the set of all real, numbers,

' real numbers, F the set of all rational.

(=
11 integers, which of the following are
(a) F 1is a subset of R.- . .

%

(b) Every element of I 1is an element of F.

Write an open sentence suggestec

)
;) Find the truth %ét of this sentence.

(a) What do you know about the number of units, s, in the side

(b) What do you know about, the number of units, A, in the area

of this square? Graph this set.

2
i
=

d
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Chupter - 7

_++ *'PROPERTIES OF ADDITI

means to add numbers of ari{hmetic;

it

we are dealing with the set of real

set of numbers of arjthmetic is a proper subset. Your |

both

numbers, in ‘arithmetic and on the

e

. about thé addition of real numbers.

,,?-‘

(

t

rizéﬁginithé
sheet ‘For- this

e could use p

ositive numbers to repr
. !

[§%)

He had a

To show on the number line a gai

gain of ¥, we use our usual lde:

number lins, We first draw an ar

starting at 0 and extending to

& ond arrow of b

o extending to the

o

cregm
e Fane] 7-1.

gain

row O

the

ngth starting

ripght. Thus we! have

e

1

Plrot entrics

Note h

O

ERIC
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2

[
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-
—

I
(s

Durlng —lg rext tm dayg» of busm' 5, the vendor
recorded a profit of $6 (on Wednesday) and a

of &4 (on Thursday). -

wavy lipe dis5 & 1gna] to you that you are to’record
your response in the apprupr;ate space on the panel. -

To show a gain or $@ we dza an arrow

arrow of length  °
and extending toithe right. -Then,
n or $4, we draw a second arrow of
rth to the

For the nﬁxf two-day period (F”, » and Saturday) the

We thus write tie

rid
and thén a4 prarit

vendor répgrtfd a

af $hg \ iﬁ

two days, he hoad 8 not

-

93, 000

¥
A
& -
0
b
i
3
$7
loss
(T ow b= -3




and Saturda

an arrow of lénﬁth 7
v o : = .

20 | to the . ' , _ left:

We then complete the drawing. It looK:’ 1ike this:

o T 4

Can you complete the rest ol Panel 7-17 If you Qau; do so and sKip

Ttems 21-2h. - I not, review Items 5-20 and continue.

On the next line of the panel, refer rring to gundAy anf

Monday, you should enter, in Colwmn 2,

T
=

]
I
i
ko
ot
o p
i
jat
=
&
]
g‘
.
2
o]
2
=
L
—
-
pod
T
L
la]
,.;.
oy
AT
el
g
T
—

Corresponding to the riet income for the last two days, -
7 23 we write . ‘

24 Drawv the appropriate number line diagram. 4 -

Now tha

+

you have ['inizched Panel 7-1, compare your results with the com-

pleted panel on page v . You will tz 1llustrate almost

every possible sum of rezl numbers:

ive plus g positis

experience with

add real numberc.

We were dh_l_f Just oo

the

mmber

ERIC
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7-1

ad M
o 3

[
(]

[
[

bl
hoT

oat
o

ok
]

el

The number line 111ustratian* agrped with our common
sense ideas about combining gains and losses.:
We used positive numbefs to represent .,

(gal -s losses )

and we represented losses by i - numbers.-

To add two real numbers a and b on the number line,

we first go to the point corresponding to a. We move _

from a to the right if b is . . If b 1is

negative, we move'tc the

lo motion from point a occurs if b is .
I ' -

a, a +.0.= .

N =
let us consider some further illustrations.
If a football tPam lost 6 ie first play
and gained 8 vyards on the ond play, its net
yardage gained for the two plays is yards

Draw the appropriate number line diggram.

Write the appropriate numerifal sentence.
buppose, Jnhn paid Jlm the

th transa&ti@n5§

the amount he started with.

Draw the appropri -i‘tf‘ number line disagram.

Write the appropriaste mumerical rentence,

unset oh a wintry day ithe temperata

By midpight 1t has fail@n to -19% deprees
X N 0r

i

setween midnight and snrise, the temperature

107, The temperature ut sunrise

IErG, N

Draw the appropriate number line diag

Write the appropriste numerical sentence.

10




‘ L \
Suppeue the temperature wWas 2ero degreee at sunset,

drepped te -10° at mldnight,qend rose 1§G by. = .

hE:’ epnrise - The temperature af sunrise was N

h31 degreeﬁ 17 zero,
- above,below ’
L]
W | Draw the appropriate number line diagram.
45 | write the eppreprlete numerical sentence.
D Miss Jones lost 6 -pounds during the first week of her

dieting, lokt 3 'pounds the second week, gained k4

pounds the third week, and gained 5 poundé the last

46 | week. Her net pain (or loss) WBS « pounds. -
by Draw the epprep:iete number line diagram.
L8 | Wiite the eppreprlete numerical sentence. .(;§)+{;3J%h+§ee
— — Vif’, —— ST x . N -
- e

In performing the 1ﬂd1ceted QpET&tlDﬁg on real numbers

thinking about the number llﬁe may help you.

b | (b + (-6)) + (-5) = + (-5)
50 ’ = __
51 b+ ((6) « (5)mhw () |
52 =
53 -0 ™-6) - () :
5k e 2
55 | (-2) + 2 = 0
" 56 | The sum of.the number -2 and its ., & opposite +
57 | is ) . o s
B R (B0 I I 3
« 59 |2+ G)+‘(-ED =2+ ( ) (-2)
60 —— o
61 G-%) + d) + (.2.5) = . -5.5
62 | |-2] + (-2) = , since |-2| = 2 ) o & i '
v 63 1(-3) + (]-3] +5) - 5
£ - o N )
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# T - iy -7
*

o from a to a+ b on the number line we move b units to the

To

[
s
o |

) right if b 1is positive. If b is negative, we move to the left.

[A] We go b units to the left, - N R
f [B] We go -b units to the left. -

“The mumber of units is a mumber bf arithmetic; thet is; a :
nonsnegative number. -If b 16 negative; then <b is positive. = ...
'[B} 18 the correct choice.

4,
i

ind- a + b on

) .. "We can summarize our process of adding real numbers:
the number line, -
start at point a, and I o : e .

if b

if b is 0, go O units. : .

Let us see whether we hdve a natation that will state this méfe}é@ncisely.'

When b is adddd to a on tﬁé_humper llhég if b is

non-zero, the directi

pad

t
whether b 1is positive or ; for every b, the negative

T
AN

point a 1is a non- __ number, non-negative

P

g
i
=

[iv}

.
5
7
[y

., I
v
o]
=}

~

iz positive, |[b] = . b

o)
;
"
by
pey

1 negative, [b] - , -b

5
—J
I
(=
—
o

71 it b ois 0, [b] - . o
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RIC

can restate the process
absolute value: If a and b are
number Iina
start at point =&, and
if b is non-negative, go  |b|
if b is negative, go  |b| units

to the left.

—J
™

on the number line, we be

ne, we herin

at 7

cunits to the right;

7z | and move 7| unito to the right
To find -5 + 0 on thes number ipe we -5
and move urnits o]
— _ _ _ . =y
Here are several numerals involving 0, 7, 10 and their opposite

the

u,

j3kttils

abf two

SN,

] The

ol add
numbier:s
arud

ero ool

u.

atements iz

ition in P,

ot arithmetic,

X vou van do

arithmetic and

the

thn

I

addition by finding

taking the opposite

wxactly the

of

Same

that

In

numbe -

The numbers
represented

fals

For example, (-10) + (-=7)

=17,

this section

line. Now we

repres

by R

atatement,

we have

I

[A] 12 true.

and’

LlTuntrated the

255

We shall return to this point.

ablition

ot

real

numbie rs

on

‘th

ly Tor an algebrailc detinition of real rumbers.

[




Definition of Additier

¥
L)

[}
o

Section T-1,

the number

I computing sums 1ik
line., You have learned: -
¢ to ind o+ b on the number 1ine

Pirst, move to & on the number line ' :

ond, from @,

"5 [b] wunits to the right if b is .| positive

o L] units to the if b is left

¥ units it b is 0.

ample, to find 4 o+ (=3) on the number

\ y ) 7 ) B ] o
{ move Lo D oand, trom 5, move - units to I-af

i

Lee
bl
—
s
i

o

f . 5

In other words, you know how to translate the sum a + b inte addition

on the number line when o wd b oare given., In this are going

to restate The process of wddition on the number line in alpebraic larngumze .,

When we huve finlshed, we shall have an alpsbraic de

two reqsal numbers,

We want to expres:

Fou o romember:

X Lo bhe aboolute ol the number., value

—

-4 on the number line? It iz to the lef't

ERIC
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M
[
B

adding two nepative n

v to

ement with this on

O
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1
It

ard true,  Whi

o
IT
Li]
—
e
—
e
b
]
Vel
-+
g
b

+ (,h} = ={u + k)

+ !=l¢7| )

[C] is the & llustration. WNote that {B], though = true

("3

5
statement, camnct 1llustrate Pa which begins, "If a =0
| . .

and b = 0%, [A

Now that we nave completed

—

BRI Panel 7-2, let us go

Qo twoconsDIer the sum ot two read numbers when one number non-negative

In Part < of the panel-we have, "I o

0

and o< D";i

Conumbaers o O and the

fen o Uslng the pnumber Line, we

I3

-
-
=
=
T
-
=
g
I
o
ot

[ S P “yryed ok

i Wil non= et Tvies

Conoprent iy, 1o consi

we may concentrate

[S180 S TR PR I N S I

ive and the other

1o prcitio

Convider the Collowine examples of pro il losuen,

[

T ¢ !

O oor e and los

g
i

t

bt

by

R ~h
g

[

i3
i Lo wt Y and prorii or

0

e Loss or §o ana protit

runpd
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Each b

to do with the cum ol two mmbery, one

Lk o Live arnd one . ' neFative

)t‘g In cach, the :.Lh; ylutle value ol the rosull 1o . h

valus o the recult by

In each, we Uind the
Lis subitractin: . Urom .

wodute value ot the s 18 the

Ty oty oo the

syt values of Lwo rnmbere,

Lhe

soppative LF the nopative nune

wablowing: pailrs ot real numbe

Hotive that each pair ine ik

K

Iy
B =
o
[:J I =
¢ 3
=2

P

Ol ) 0
L‘!f:) i ;i oY

+
—
|
e
o

, .
!
;i
L h
0 5
T P o

g,

O
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]

Now that we have goalned some ckill In adding two real numbers, we shall

think about how to vomplete Pancl 7-2, Uhic panel, vwhen completed, will

provide o precise statement ol the definition of addition for real numbers.

* (v (=) L

fl (-3) <0

i ITI = 1*3]
The mwm 7 o+ (23} nae the Uorm o+ b, wheore

Ty 20 and <0, and |l ;‘|H|; 4 >0 and b <O
(o, ) e -
In rencral, <0, and il l L!

& thieer a + b

Mt e thint i : ] arce numbers ol arithmetic,

subbraction

Woowrn sure rom

“that al - bl Sl arithmetic.

uled determine: the (ol low

at a pglance,

gy however, nze the definition in ITtem 07 in

order Lo convines ourselves that the definition gives

Pl pesul s that we tecl sure are correct,

15+ (- 1) |16 - =14 .

oAl
=

—i
b
1
oo
L e
Ik
Ak

—
"
]

(C PR R | 3 - 1

== ol e
]
e

-
o
i
Z
I
I [
7,
[} ——
F= |
L]
=

~
my
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to a

non-negative number in ca

number has the greater absolute value,

[

—J

]

De'ed
Ie

P
i

Daind
™

3

o

hosd

Dol

L

T -
Similarly, 5 + (-11) - -

s = -

By now we have a pattern for completing the definition in

Part 4, in the panel, should r
a = 0, and
= lal, then a =+ b = )
1| = ]b|, then a+ b=

negative

difference

a+bh=

&]-[o|

(2 thic one.
PANEL 7-2
B inition of Addition ror Real Number-

=0, ther o and ©  are number:

usual m

1 b, If b =0 and o= 0, and »

‘e your vorpleted panel with the one below. Your panel

0




"
rumbe
27 in onu in
o rompl
) in i T LT
0 e Lhe Ol oany i i Lo
il

oy [

abh |5 0ok 10
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o BT T Y
W %‘ = i

[
Ded
[ai]

L

/‘”\ o il
[ KU +
et
— o, ol
¥ . 1]
[ - I
ot - [
I | 1} =
1] * bt
-1
]
| |

e
+

7=15)+a

.. 2 >

v+ 3°°%

3.1

ﬁzé*m R

AT

+ (-4) = 6

(Y'*(’ED ta2=3 Q:I:;:

el
s
[
=
inid
fie)
o]
g
R
=
iz
"W, |
Do
ja
, ]
2
It
(%
T
il
-

> Wednesday night.

t remember how much he had on Monday.

on Monday, we can write an open sentence with the

spent 60¢ on Wednesday, bu
He had 30

To determine what amount he had

t

’

§

If you drive L0 miles north and then 55 miles south,

you are then miles your
(how manys

starting point,

have recorded- all

- i

t

ig

of your responses, turn to page

true or

o+
=
m
y
o
st
f—+
[e]
T,
P

L]

il
e

=




describaed in detail and then listed

ol grithmetic.

of addition for tho pumbe

We now have a delfinition for additlon that we can use to add any two

real numbers.  (Remember, the et of real numbers ineludes the neprative

numbers asz well as the numbers of arithmetic.)

whother the propertios of already discussed for

W

warnt widition

the numbers ol arithmet ure in the wet of al numbers, Further,

of addition

Y

1
i
there roperties or this set.

5
T
3,

whethoer

v
1
- A

studied.

the following ot

all the propertics of addition we have

Yo+ oy - o+ 7 luoa true sentence that Dllustrates -
property ol addition. commitative
=4

iz o true sentence Lhat illustrates
addition, O

2] the praperty ol .

Thee T

SEnTOTne - :
4

o (5 k h) 5
r / -,

assoviative

sriy of addition.

Prot

3 illuste

n that the propertics of addition

Heaviee

We

be used to simplily computation. Here is a detailed

illustration, 'Tell which property ol addition i

in each step.

property

pr@p&rty

I
g

QO tesy, wis

think:

O
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g 1

10
1

the

ER TR L P S Tiee e1pe
wio ird The sum oum

order A whilebh we wdd,

Lhe

Addition:

A AT . .y P 1 F
Wt Lo ocur Ionvolvins Lhe tb onumibesen

O the e 1 Clit RIS SRR ST HY N
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e, les
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, then

gl emdd it Lo,
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o

g+ .(;E\)

At (_?/' + (=‘)> Foooana [k ((= D ) e rar

A7 Lheer came pumber

7+ ((gtj) + .5)
(-B) +(§3+(”2‘))

Lo+ (5 + (,5))

numbie s in

o=t 2w numbiers,. Duch e

Yor owll T numlberrs .,

the anno-lative el commuital ive pre

pol cncsrch o cvarantes thnt Thew held e In

costthin cumranetes 1o aohiieved vy pdving on

cer ol bwo thing

=) ard the Ui 1iar s

whilon we et wldition for roal numbe

Do ther i e e, Howevar, bhieere prools e
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ngthy, they will be omitted he

pranted that the properties in

tigate another property of addiz

[
=
—
[}
.
Z
|

We note that =4 1. the ait .

Lhe onro

iredioate thot The tallowing:

f

statement Lo true: "The sws ol o

R Lt ioomero, '

ho O+ 0 &

this point,

tion do hold

9]

reite

o

0

o

o x;\ul:
w o+ (-n) . 0 and {§>7(=il} RV
9

The i fon property o7 oppoiten T apenr iy

foproperty

b o et

Whet, we N

fert. oy g,

bt 9t Pofmot o oproporty of nund




Az in the case of the asuo-iutive and commutative properties of addition, -

I

1]
e

-the addition property Diﬂﬁgp@sites for real numbers follows from our defini-

tion of addition and frofi properties of the numbers of arithmetic.

+

Let us now investipate still another property of

'

addition. ) {
; .] Beler 1o the definition of dddition to complete the

Tollowing:

We coboerve: addingg O to any number gives,.as th

sum, that camc number.. Likewise, adding any number

Lo 0 gives the number.

For every recal number a,

3

a+ 0=m58 and 0+ a = a,

5 property for rcul numbers follows from cur definition of addition

and {'rom the addition property of O {or numbers of

arithmetic,

We can uue the properties of addition to simplify

phrases and sentence:s:,

+ | In order tec simplify the phr:

e (7 + (ET}) + 6, we

note: f

La

ha, 7o+ (=7) becaune of the addition property

50 |ot ] . ’ ' opposites

51 O+ b heraune of the addition property

o
Lo )

=
o
o
o
]
Pl
T
o=
Do
s
"
+
o
1
=
+
et

ol
et
b

L}
[k

[ — 2:{ 5

£
O
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Here is another example:
3+ 6_3) + 4) = ( )+ by the associative
o ) property of addition
: by the addition
- - property of
by the addition
property of _

c

;Hencex, | 3 + ({}3) + 1&)7; —

=5+ ((-5) +3) vythe -
o " property of addition

fC5+(-5))+3 by the -
| " property. of addition

)

by the

property of opposites
by the

property of O

Thus, 5 + (3 + (,—5)) =

Consider the open sentence
X=X+ ((—X) + 3)
Let us look at the right side of the

egquation. We

know that if x

x + ((-df) + 3)

is any real number, then

= (x+ (x)

3 by the addition
N property of

by the -
property of addition

1]
+
s

= by the addition
* property of

real number, then a

H) is

We have

—
I
B
ot
+
bt

simpler name

since 3 15" another name

.
v

|
=
i
!

o
el
H
i
+
I
B3
Z
+
RN

OO
o't

2Lo

‘commitative

Griahss

_opposites

4

asgoclative
eddition

addition

assoclative

o

opposites

¢]
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|But the truth set of the sentence x = 3 is seen to b

,

b

the set containing only the number - -

is also an element of the

the truth

We can easily verify that 3

truth set of the original equaticn.

set of x = x # ((Ex) + 3) is AV P

Hence,

Consider the open sentence: m + (

~J

v (D) m.

ies @f addition to

28

We can apply some of the proper

obtain the simpler sentence;

»

What is the truth set of m + (? + (am» = m?

Find the truth set

o]
|+
—
-
J',.
M
—
.q_
—
1
o
—
m
[

since (11

adblition

(3)

-
It
B

{7}

commutative’

Tl



As the previQUE Example suggests the ESEGElEthE and commutative pgaper;
" ties of amddition,. taken tagether, méan that the sum of .several mffibers is
independent both of the order in which the numbers are written and of the way -
in which they are grouped. . F "._'. L e
This general conclusion is exactly liKe the one wé_havé already uséd in
many examples with the numbers of arithmetic. Just as we found for thej
numbers c,\f arithmetic that reordering and regrouping numbers in a sum helped .

- in cg@uting, so we find for real numbers that reordering and regrouping is
- . p1ng

often helpful. ' . t

In each of fhéiféllaving items, consider various ways

al - — 5

of doing the computation and then perform the addition e
in the easiest way:

W _1264;284’(’?)5___' 28
8 10.27 + (-18) + .73 + 3 = - :
) +

s
n
L]

120

[ ]

[}

]
B

19 (€D + 7+ 2) v (3 )
B0 |w+ (w+ 2) +i(_y)+1+(§3);ﬁjﬁ ) w
Y I (I S I L
3

253 + (-67) + (-82) + (- 13),

Find the truth get of each open sentence. -

83 |x+5+ (-x) = 12 + x + (-12) - {5}

B In+(n+2)+(-n) +1+(-3)=0 - fol

)
‘754; Addition and Equali ty -
Cr: 1sider the true numerical sentence a
6+ 2 -8,

In this sentence, the symbol "=" signifiez that 6 + 2 and 8 are

names for the same number. Suppose we add -2 +to this number. Then

6+ 2+ (-2) and 8 + (-2)

are again names for one number, which has the commeon name 6.
7 I 2h2 -
L= \J’
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M -

‘Here is enother example.

b+ (555 +3 and (-1) + 3 are again names for.

one qnumber, whose common-name ise .

Hence, we may write the true. sentence
- b+ (-5) + 3= (41).+ .
. 7 T : -

In a similar way,

T
o
P
(=
o
T
pa]
+
ITe
jad
[xd
L]
i

In faect, if ¢ 1is any real number, we can conclude

that 4 + (-5) + ¢ = (-1) + is a true sentence,

W
e
=
h
T
£
i
fod
T
1y
B
,
[
i+
oy
i+
o
i
&
g
i
[
M
A
o+
13
=
i
[y

Let us generalize from these examples.

In fact, [ - is any real "number, we can conclude
o 3

pexd
e
=
o
—
=
s
—
<
]
1
e
2
o
b}
g
B
o
po
|
2
g
i}
i)
ind
e
-
=
]

[m)

+ &




. ?‘L* i

This generalization is an important fa ct ‘ahout addition. Tt is a con-- )
sequence of the f&r:t that if ’a and ¢ are twdnumbérsj there iz exactly
" one number which is their .sum. This nurmber- does not depend cn the particullr

5 "a = b" means "a  and b

numeral we choose A name

m
P
12
i
T
i
oy
a
H
—
=)
5
5
[=g
i
H
I

name the same number".)

We sﬁail use th;.s gehexal'zatlm 50 often that it is userful to have a

spéélg_’l name for it. We will call it the addition &gperty of egualityi
® ' For any real numbers a, b, and o,
if a==%
. then a+c=b+ ¢ and c+a=2c + b,
11 ['Which of the f@llr;winj expresses the idea of the addition property of
equality?
are
. B : \
[B] is the corréct choice. Although [A] is & correct sentence,
it ie not the generalization which we have called the addition
property of equality.
12 If x =y, then x+ a =y + ) E:1 »
131 I m - s then-m+ p=n + p, n . ’
14 ?IL‘ vioewe th S vla s v
19 I8 mo= &, then wm + F - 8. 2
' 16 ) It =+ 4 7,@%1‘1@11 (¢ + k) + (-4) ) + (=4), 7

Lot Jeads us Lo wonder 10 the addition property of equulity might be

unciul in findinge truth sets o apencooontences, Up Lo now we hove found treuth

Ui the widition property or equality we

certain open sentenves in 1 more syotematic

way .

Ol we oare dealing: with a property ol equalitye, we shall examine open
sentences such as o x o+ b yhere tie verl "N Dpen
having this vert o oare often calles the equation  x + 4 K
WO o o+ hoin f the
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g

It
g

I
bt

L5 important) there is some number,

that makes x + k = 7 2 true centence,

number also makes. (x + 4) + (-4) - 7 +

(Can you guess why we chioce -k  as the
¥

Now we can procescd as

and x o+ = 5 do trues for that same

and, finally o Lo true for that came

The truth zet or x - 3 14 obvieus. It in

Hence, 1I' there iz some number x which makers

7 trus, this number must be

o

make the original sentence trus?

o

number t

then that

3

o-

add?]

0o

gy

"
p
C.

(-1)

addition

true

{3]

i

Lt
+
g
W

-



- -
i ' e F
7-4
%
We have-shown thgt if there is a number meking x + 4 = 7 +true, then
-the only number vhich x can be is 3. After we check and find that 3 does ' *
make the .septence true, we have fo 7'd the one and only nﬁmbér which bél@ﬁgs to |
the truth set. oL
) let us simpllfy our langu ag a bit by agreeing to the following:
Instead of "determine thF truth set of the open sentenc e" we shall often
say- "solve the equ*t;@r" ' .
*Instead of "truth set" we may say "solution set".
- Instead of "a member of the truth set of the open sentence" we shall
éftén'sax "a solution of the equation”. 5
30 | The solution set of x + 4 = 7, is £3]
31 The only solution of == + L =7 is - 3
32| 3 ic a ~ of the equation x + 4 = 7 solution
33 | {3} is the ~ tet or truth set of x + L4 = 7, solution set
In solving an eguation
properties. The first one that
equality We were very carefu
ete. In our next example we 3l
same time we shall examine the
Solve the equation & + =
If 5o+ %
) 3k then (v + :5) + % %
H o the coame ¥, ing t egquality
36 the pame  x, usl asspciative
Y oy + isn true for 0
A8 | the same  x, using the of oppocites. gdgi;;zgty
f X is true tfor the same X,
4 usim: & o+ & Tooand the o1 Q a‘i}ti@r}
- - _— property
L = o
25;
24t

ERIC

Aruitoxt provided by Eic:




I

b1

then in the

ide i

The right side is (

original equation

5. 5%

it}

L

1

5 +

and’ = ==

Pl o

™y

)

+ (-3)

. 1,
T+ ng)

™

nlt

and

Hence, the solution set is [ }.

In solving =x + L

= 7 we began by adding

-k to each s

Y |

ide af the

equation. . Of course, we cowld have gddé@.s@me other number, such as 5, to

€

each side. If we had added § we would have obtained the.equation . x+9 =12,

By adding -4 we obta

X 3 has an obvious

W

+

In seolving %
T

egquation, ébtaining!

in x =

solution set.

X + (Eé) we began by add%pg
The truth zet of 7 = x 1

i

Xs

In solving
¥+ 9=-11

x + (-2) =5

we begin by adding to E@th sides

(-9)

3, in which the left side contains .x alone.

Ly | -3+ x= -1 B 3
!leb: 5 = 6 + x _ : (—5)
I . — -

Consider the foll
§

Solve the equatio

(x + 2)

then

Y,

O

ERIC
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x*(gar(

@wing example:

n x

[

[ag

[

+ (-

D —:-%f ) is true for

e

W

X+ 0

S5
13 . -
=-= is true for

o]

:

(A

-

11

same




: Check: If x 1is e;%gg then in

the left side is . G{%§) .

. 13 r
and C—=—) + =
5° 5
. and the right side is -2. ;
1 : . = :
Hence, the truth set of x + § -
Which property was not used ig the above example?
A] Commutative property of addition . R

P
Addition propenty of equality
i erty of addition

i

7 of opposites

o — e

828 e s
b
i1
o
o
Lol
=
F
it
=t
<
M
s
H
o]
Ls}
s
o+
5

¥
Addjtion property of O

All of the properties gxgegi [A] were used. BReview each step
in the example and noté that the properties [B] to [E] are’

listed in the.order in which they were used.

In solving equations, it is not necessary

line should begin: "then ...". By writing this

)QUT argument. You may wish to omit writing "is true

it is important to undefstand that the "check" is es

) -
gf,};i 248
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Sélve snd ghé ck Eécﬁicf thé f%llawiﬁé. Drganize and show yaur wﬁrk on
the regpgnne sheet in a. farm similar to that shown in Item 45, Since -
- we wish tD became fam;llar with the use of thé additlan property of
. e?pa;ity, be e to show each step that mageg use of this property.
C:mpare vith Miges v and vi. . )
- E
k6. x +5 =13
b7, (-6) + 7= (-8) + x [Hint: Begin by finding a simple .
: numeral for the left zide.]
4. (-1) + 2 + (-3) + (-5)
o, (x+2) + x = (-3) + x [Hint: Nothing prevents us from adding
(-%x) ' to both sides.] L

help us to*solve problems. For each we shall write a related open sentence,
t

find its truth se , and then answer the question in the problenm,.

? After Bill added six books to those on his desk, he
had 24 books in ell. How many-did he have at first?
If b represents the number of books he had at first,
50 | then represents the number on the desk after b+ 6
6 are added
51 | A related open sentence is = 2, b+ 6=
52 | The truth set is . {18)
53 | Bill had . hooks, _ 18
To verify If Bill had 19 Tbooks on his desk and
54 | then added 6, he would have ~ books in all. 24 -
Two numbers differ by 2 " The sum of the numbers iz
10 more than the smaller number. What are the
numbers?
55 I¥ n reprecentc the omaller number, then n+ 2
reprezents the larger number
56 | Their swm can Ye represented by ] ; n+ (n+2)
An open sentence which oayr Lhat the sum of the two
numbers is 10 more than the smaller number is
57 n+ (n+2) = . ‘ n+{n+2)=n+10
249 o~
~2y
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If n+(n+2)=n+10 is true for some n,.

Hl

58 'then,_(=§) fn+(n+2) =( ) +n+ 10

i§ true for the same n

+

Hl

59 | and- 0+ (n+2)

is true for the same n,

1]

60 o n+2

is true for the same n.

* 61 | The truth set is

The &maller number is 8 and the other number , ,
62 | is . . . 10

63| To verify: 10 - 8 = , and 2. T

= . ) B N

6h.| 10+ 8 is 10 more than . .8

In this préblém we reasoned: If there is a number which fits the con-

ditions of the problem, then that number is an element of the truth set of
n+(n+2) =n+.10.

In solving the open sentence, we concluded: If there is a number in the =
truth set of the equation, then it is 8. Since we are interested in solving

the’ word problem, we checked 8 in the original problem.

Suppose we try to solve the egquation
- i

(-2) + x + (-3) = x + (2).
ing (-2) + x + (=3) = x + (E%) is true for some x,

=

) is true for the same x,

rafhan

then xﬁ+ (-2) + (-3) = x + (-

and X =) is true for the same x.

+
———
[}
Tl
i)

w
+‘
—
i

(-2) + x + (=5) = (%) + x + C*%) is true for the same x.
/ (-5) = 32) ig true for the zame x.

Remember, our method depends on the agsumption that there are numbers f@¥
which the given equation is true. But there is no real number x which will
make this last sentence true. Therefore, our assumption is false and the

is ¢. We also express this by saying

i ]

iy

solution set of the original sentenc

that the equation has no solution.

23y
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Eérg is a slightly differenfiexampleﬁ

o ) -Bolve (-2) + |x| =5. b
Ir . (-2) + |x] =5 1is true for
: - some x,

65| then using the . property of ___ we have
66 ' 2+ (-2) + |x| = o+ 5

. ; v
By using the appropriste properties of addlti@n

|x] =7 is true for the same X.
67| 'The galutian get of this last e equation is __ .
Do both solutions of |x| = 7 make the original

68| sentence true?

[
"
[
g
.

69| Hence, the truth set of (-;3) + | x|

S@lve the fallaw;ng équatanf

70 I}«:I + (-3) = |-2| */é
/ -2) + (-1)

T1 (Eg) + |x| = C—K) + (Carefull)

el x+ (=3) = |-¥] + (-},

73 C'E) + (x4 g) = x4 (x + %)

T ( 1) + b= 3+ x|

In this section we have stated the addition praperty of equality and
have discussed briefly how this property together with properties already
familiar to us may be used to find the truth sets ("solution sets") of
‘EETtEin open senténces. In the process of finding theltruth sets of
("solving") these sentences ("equations") we have laid stress on the logic
of replacing one open sentence with another until we obtain a zentence whose
truth set is obvious. You will encounter thiz same pattern of procedure many
more times. Later on we shall examine more carefully the need for checking
whether or not the =zolugions of the final equation. are also solutions of the

original equation.

p
r’rﬁ:
Pt
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7-5. The Additive Inverse .

We have pointed out that 0, is the

is simply another way of expres

;

any Mumber-and-«0 is edual fo the numbe
&

Suppose we have two numbers whose s
f : i

related in a special way.

identity élement for addition. This
addition property of 0: the sum of

|

um is 0. These two numbers are

2 +|What number when added to *%' yiel
g

In general, if x and y are real numbers and if

+1  |What number when added to 3. yields the .sum 07 .| iy

ds the sum 07 g

|x +y=0, we say that y is an additive inverse of ' €

[
b
=
po]
r
m

—

il
(%]
R
+‘
M
i}
i
-
I
!
L
g
jud

} If t is an additive inverse of s, is it also true

x and that x 1is an additive inverse of V. .

edditive

" additive
inverse ’

’ =

s
"

[A] all but one

[ Ci all but twe

sum of each pair iz

It you answered incorrectly, convince yourself

0.




O

ERIC

Aruitoxt provided by Eic:

-

the

m

Various

Wes

Wik

")

T

addition
property

D]

¥




O

ERIC

Aruitoxt provided by Eic:

that the number 3

i

core i

dopeondesd only on £

Du

ely, th

witbgue awdditive

; 1 wlditive Inverno unique
T Lo Humiy which 1z the

coanhditive Tnveroe ar o,

e
-
=
B

ol apposi bor bl ot

S cndd LU 1vee . inverse

ane wdditive

shown to follow

From prov o avcbohed feeet o e Preguent by called Mt

biowhioch oo theem Lo chown o be o conaesquenes of

thre theceon,

[t o theen, bt o prove Ul rem, Mo Lhic prood’,
b K Tiess =y,
"‘114 =



cxactly one,  »

numher

-¥X iz an additive inverse

First, we already know th

& |of x, since x + ( ) = 0. (-x)

Suppose z  1s any additive inverse of x, then

by the definition of additive . inverse

!"C.
-
+
2
1l
1

27 | We wish to show that 2 - , =X

Ir X+ 2.0 iz true for some 2, then

28 (-%)+ (x + z) = by the
of equality. =

29 7 + z = (-x) + 0, by the associative G-x) + %)
’ ) property.

PR " by the addition property

. Therefore, =% is the only additive.inverke,

We have compleled the proof of Theoren 7-Sa. It would be natural for you

ctiningr which we strongly expected to

to ask, "Why bothor with o proof ol

The ransyer to this question, for the present, iz that we wish you to

become Uamiliar with the ldea ol o mathematical proof. From time to time we
L B =

£ in order to help you to become 3

shall prove

Eventually we hope you will be

mathematical T

ments whose truth 5t obvious.

Note that in the proot ot Theorem 7

the equation x + 2 - 0. Why did we seloet (=x)  to add?

your work with colving eguations, you will aee tho! adding

enatbbed us to obtain o alone on the left-hand side,

¢ in o«

CUrie" bl proot of 4 thoorem in thic way by using previous knowled

towardr our poal,

*

mannaer which le:
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OWll

What happenad on the dowin?

FIAN mimeedr 2 yards the ball poved on

]

To i ot 2
‘&; l.n Ol 7
. e
-
¥
1
L IR
. e 7 ox

O
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Fim

; state

Qur o

For

That ig, IF

rinber gn -

Thus, i we

wo will

both name Lhe additive inve

that the oppozite

ot that

+ k) + o - 0, then

/

chow that

know thot  (-n {(-1)

o (a + ).

i

number.,

ot o number 1s th

Therefore,

of .

(o + b)z+ G

i equal to zero.

rames the

commutative




&l But -(a + b)) also nancs the additive inverse of , (a + )

simee It i the oppocites oy (io 4 1),

s o, we wmnew that (oo+ b)Y hun

However,

only one wlditive fnverre,

I1 tollows that  (-2) + (<0) and =(a + 1) name the

IRp=Tyilay

we 65 | Theretor

(=) + . =(a+b):(=a)%(ab)

prool ot Theorem T=5D7
ults which have
©
_ ; b ’
- = = 13

W can use Theorem T-0 to decide whethor or nof T

lowing opsn

pond true or faloe Loocnelin

Pojeere o 0 bhe schditive 1o

—
(=
jay

el b el a it ive Inversaos toardtnes with o the addition

O
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Jou will

Tinit
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ik
Pe)

ormal definition but it at least

1E

1 by "proef'.: If you disagree,

me ol the preoofs of th

numbers, of which one in

obtalng

vl off the

oo bhe rumber,

it the

O
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Addition:

that the

a+ b

Addi

tion:

= b + &,

Pfﬁpél‘ty’ jadi

:fa-is(b%e[‘.)g

5
b
+
i
I
F

For

if a - b

i

v sentences,

We have proved that the

Orie

Liy

have discov

two numbers i the

The correct

Find a common name

O
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any Iren

then

add itive

tfor th

a +

jdea supplied us with a usef

%

additive
inve

ered and proved the fact that

Lo+

inveorse is unique--the

oe, which we

s
&

The
t

for cach of the following:

call

e

opposite

20,

following properti

For any real numbers

on poyte

For any two real numbers
N3

which we

vii.
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Show how the properties of addition can be used to explain why the

following sentence is true:

—
(o3}
=

+
b
Y
e
+
-

If n is the number of dollars in his zélés for the

i
"3,

r 'v,J\
R

(1%
o
=

{.03)n

go
80+ (.03n) = 116
Y



1

~i
]
o

8. thes are 8 , 10 feet, and

for this probvlemn.

(1) Graph the truth set ol the open zentence,

(It you need help in writing this compound open

some things to think about:)

have zome lenpgth, LU x g the

lencth ot the fourth side, we know

there any posit ve number =

reat? I x o3 - 10+ 5, the

11

ike {hilo:

=

F

420
ok

Lhat for thiz problem = =0 . Z

triction: on ¥ are stoated 10 the

centoneo

B arid 5

the indicated

L. I o, b ard 0 wre numbers ol writhmetic, weite

poduecl, el ench off the indicoted produ stz as o an

O
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(0)  Iv o set iz oclosed umder the operation ol takings the shrolute value,
Io it tive wprration of Why?
kil i
1

-~

M

.~

o
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8-1. Multiplication of Real Numbers

d to the negati

Until-we were introduce t
ﬁumbé£3 of arithmetic. t
call féf the use of
inA the launching ot =
by the fores of gravity. If one of the

negative,  Problems

times rejuire operations with negative numbers

u

are sometimes

Iet?s say the merchant is handling record albums.

bf&nd ,
N sells 15 albums of brand X and 20 of brand Y,
then his iy
N @
1 (5)(3)+(20)(2)
O the other hamd, g hant makes a $3 profit on brand X and
5 oon brand Y, ds from the'szale of 15 sets
20 cets ot brand Y9 .. .
— s S )
the $3 profit as (3)
' then the result of the cale :
\ .
g ! 020 v (20)( ).
Furthermore, 1 the dewder hae to accept some returned merchanc
ot brand X and ¢ oU bragd ¥,  thuen the
SstILD more involved:

We o may need b know how to handle the multiplicntion of two real numbers.

ALl that we cun say a0 precent 1o that we know how to il tiply non-nepgative

nubters (that 107, numi

of et thmetio ). We want to cive meaning to products

which' involve nreative sumbers
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Aruitoxt provided by Eic:



S e -

at among the properties of multi

We noted ipl
that hold for non-negative real numbers, that is, for
3 the numbers of __ =y are . arithmetic.
the commutative property of multiplication, ) o
! - the associative property of multi1:11'li';:.gfczir:ar:zj ' o o
12 multiplication pr@perty;af 0,
1

3 muliiplication property of .

e
n
s
=
-
el
bl
o+
LA
ot
o
i
o
Gal
T
\0—1‘
(]
o+
=
Lo
v
W
o
!
=7
=
B

Fﬁr{hérméfé, in Chapter 7 we found that for rea

numbers, just as for the numbers of arithmetic, we
P t

have the commutdative and aszociative pr

6 .|or ) . o addition

when we multiply numbers of arithmetic, Thus, the definition applied to

W
C(3)(2) must give

g

non-fiegative

8 then a - 0= by the o) )
9 ., property of zero ) \ - miltiplication

L "N
Py
"‘LT

L.

i

[
F
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As wé oxtend the set of number

¥

5 from the non-negative real numbers to

all real numbers, we shall want the multiplication property of zero to hold.

That is, our definition of multiplication must insure that a + 0 = Q,

0:8

= 0 for every real number a.

If the mﬁitipiiéé££@n property éf ____is to héld;
then (-2)(0) = o

(0)(-2) = _ oo :

(E)0) = . .

7 (Q)(&ﬁ) U o _

=
W‘y

[
i,

=
BT

T2
Lo}

i
=

i
2

T
i

L

L2

L 7 ) .
If~the multiplication property

>+ (;E')) =

If multiplication of real numb

o]
el
el
P

Now 32 = ;

3 iy
Sy T

that is,

]
=y
[
£
I
iz
pou
Lol
=
PR
L

o+
=
o
=
=
]
oy
o+
=
o
jm
]
[nd
o+
jug
g
fad
P
=
i

ers iz

to have.both hhe

multiplication propers

must-be trus,

Jqust be true,

) must be the additive

£ and a real

_— ¥

must gunrantee

L of

2%

275

e

and

zero, or 0

i d

Lo e B w B - |

-6
additive inverse

multiplication

\



Note to the-student: Be careful in your thinking! We drié?‘rcve that
3(-2) must be -6. We showed only that if we want to define multiplication
in a way that preserves certain properties, then we must define 3(!2) as -6,

Note, also, that this agrees with our intuitive notion of - 3(-2).

- If record albums are sold at & loss of $2 each, then
27 . |the sale of 3 albums results in a -
to the dealer. _ N 2810, T

Obsérve that if we define multiplication go that the distributive property
is to hold, then

If x is -2, then ‘ o .
3(-2) = (-2} + (-2) + (-2) = -6 :
e
It should Tf; clear that when we state our definition
of multiplication, it mugt guarantee not only that
® . :
3(-2) = -6 but that
28 7(-8) = . ) -56
1, : 5
29 5(=§) = . . B/ -z
0 | @ - =~ ~ - L
2 10 20
We are ready now to consider the product (-3)(-2).
Let us proceed in this manner: . ) -
. 0= (0)(-2) g the multiplication property of O
is _to hold for real numbers.
Vs 0= (3 + (=—3))(=E)' We writF- f% + (- 3)) for 0, uzing
31 ) ' the aﬂdltl(}ﬂ PI‘DpPI ty of s opposites
32 o= + If the distributive pre pérty is to (3){=2)+(-3)(~ g)
- - hold for real numbers.
33 0=+ (=3)(-2) We have PIFVlDL;._aly found that our (-6)
def 1m’r1cm of mu]t;plLCﬁt,mn had
. to guarantee that (3)(:=2) = -6.
3 Now (=3)(-E) must be the additive inverse of _ N
35 |Hence, the only po s2ibility is that (-3)(-2) 1z . .| ¥
)y
Q7 ) :
- 270
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he same line of Téés@ﬁiﬂg>ﬂﬁuld:léad to the true

. N 1., 7 ok
36 |sentence (- é) (= §) = . _
It would appear that we should define multiplication

for all real numbers in such a way that the product of

37 |two negative numbers is B .
© {positive,negative

So far we have been concerned with preserving the multipligation property
of O and the distributive property. We also want to preserve the commutative

¢

preperty of multiplication.

L]
iy ’

Lo negative

41l |The product of =3 and the opposite of 2 is the opposite

¥
We have now covered all the possible cases of miltiplication of re

B

,,,,,, 51 ,
orfe or both of the numbers are zero,
- both ?umbérg are positive,

2 one number is positive and one is negative,

M
o
I
Pice]
w
part
=
<
o

5 both numbers are ne
7

)
i
pu
7
i
i
e
s
=
=
Dol
pal
iy
L
ot
X
oy
i}
il
+
m
boa
]
fad
L
=
-y

s must be, if certain properties are to
o

oy
)
—
[t
o o
[
E
L%
oy
i
=
—
o
E
i
]
i
]
=1
2
[
s
+
/]
[ad
e
[
w
o
=
)
el
pad
[l
L]
i+
g
s
5
Dad
ol
[
b
i+

-
I
s
z
Wt
<
i

numbers? Tet's look at the various products we obtai

Each result is 6 or Its opposite, -6. Both 6 and -6 have the same

absolute value., This absolute value can be obtained by multiplying the absolute

t h
values of- the numbérs on the left. These examples suggest that we might think

[+



8!1 ) L] [

however, that the product is -6 when one of the numbers is positive and

the other iz negative,

First we review some facts about absolute value. If
the real number a is non-negative, it is either
k2 |positive or __ .
7 l&if‘lf a is .0, tgn lal] = .~ . L
4 |If a is non-negative, then |a| = a ,
L If a 1s negative, then |a| 2 . s =i
Applying the definition of absolute value, we have
L6 | = 7 2
W7 [-7] = - = (-7 =7
L8 lo| = 0
~ |0

in
50 ab = {a}|p|
51 . é
a2 |Hotice that |-2 Ix,| = 7(”7)7(' I {(2)(3) =6
1Here (- 1(:) - |x§f"s;ig :
it Woula wppear that for any palr, a, b, of nopative
real number:s we '
93 ab = |al|b]
b B Bt
~ 0 070 .
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Let us now try the same appl:ga;}i on thé pradu;t -
(<2)(3). We found that our definition had to give
54 |the result (-2)(3) = _ .
) 55 |However, |[-2][3] =( )( )=
Thus, (-2)(3) = -([-2]]3]).
: From this example it appears that for a pair of real :
numbers of which .one¥is positive and the other is 7
nega‘l{iveg we want it to be true that i
56
57 ©v=____ . 0
Since |b| is
R |D| = Ds
58 |wEfcan state ol |e] = 0
59 land  -(olle) = . 0
Remember that for every real number a, |a| 1is a number of arithmetic.
The principal achievement of the above discussion is that every possible
product of real numbers has been expressed in terms of a product of numbers
of arithmetic, This enables us to define the new operation in terms of one
a which is already known. )

Definition: lLet a and b be any two real numbers. In case a and

b are bgth negative or are both non-negative,
ab = |al|p].

In caze one of the numbers 1e negative and the other is non- -

The second statement of this definition may appear awkward let'is péusa
o analyze what it means. We are given any two real numbersj“ ; b, of which

1=,
-
jmi
ey
o
]
bod
o]
T
Iyl
o
I
e
i
i
P
i
g
WTh
pal
a1
rt
pug
5
iy
5
§
o
1Tt
-y
o
o)
]
<t
i
[
]
ol
o
pu
m
Pt
pul
L
L
]
Pod
H
il
o
=
Pail
iy
of
£
Lt

ERIC

Aruitoxt provided by Eic:



8-1

- real numbers, a, b, we now have numbers of arithmetic corresponding to them,
-(lal|v]) tells us to find

and we can form the product |a||b}. Finally,
the opposite of the product.

From the definition and from Items 58 and 59, we see that for a pair

8, b, of real numbers of which at least ope is

ab =—(|a||b]).

zera, both

ab = |a||b] ana

You should convince yourself that the above definition properly handles

all of the cases which were discussed above.

Examples: (5)(-3)
(-5)(-3)

(-5)(3) = -(|-5]3])

' (-7)(0) =)|7||D|)

-(1511-3]) =

] i

L]

il
[}

(I-511-3]) =

|following products:
(-8)(4) = -(r [ J) = _ %
@ - L] - _ ‘

I NI TR
(-3 5= || ]) =

raey =L -

Using the definition, find the simplest names for the

U372 -2

A;{fﬁatfgj}f§f§§
I
(gl 1D -

Uﬂ1*1|‘%31}2 3.3

You should make very sure that you understand the method of computing

products whlﬂh involve negative numbers. Here are some questions to help you.

For all real numbers a .and b, |a| and

65 |non-negative: Consequently, |a||b| is a

to know:

2

how to compute products of numbers of

[o.ra
I

how to decide whether the product is

or non-negative.

number. This non-negative number can be computed from

what we know abgut‘theﬁnumbéfs of arithmetic.

To compute the product of any two real numbers you reed

= T

7}b| are

norn-=
—_—

ERIC
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non-negative

arithmetic

negative
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E

From the first part of the definition, we see that:

68 )thé product of two positive numbers is a

number, and that

€9 the product of two negative numbg;s is a
number. ;

From the second part of the definition, we see that:

the preduct of a positive and a negﬁtiﬁé nufmber

m

70 is a number. ‘negative .

We can also tell from the definition that
71 the product of a real number and O is . W0 wi

- T wm
, 72 | The product of two non-negative nimbers is a ' fnen#negativé '

number. -
L I - E— —

(positive,negative,0)

positive

1

75 | If Bu is negative, u is .

| If (-9)t is positive, t is . *Bega‘tiire

Liv)

ur

i
Lt e

e :
W
e

<

b

76 | If (-2)s is negative,

77| I (-117)q is zero, q is __ . 0

From Ttems 68 and 69 we get arsimpiéibui important

fact about x for all real numbers X.

78 | By the _ property, 1f x is a real number, fé@m;afisan
is 4 -

et
[

d\
w

lowi

&

exactly one of the fo

=
i
-
'
le]
-
1]
MO
o
L
£ w"h
(L
M
o

a
MW
[oRel

Q

H

e
o N »]

ol

H

T
i

i

b

WM

Since x° ‘means x - x, if x >0, x° ig

81 | product of & - number and a positive éumbér; ‘ positive

82 | and this product is a __ number. \- positive
o

83| If x <9, x is the of a negative number product

84 | and a number, and this product is negative

positive

C oo
W JU
fiad

~ number,

(i

23,2

]
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From Items 79-84, we have the following: : - .

If x is a real nuper and x £ O, then
: 2 A ’ 2

'éansidér the product

) Mo 6P

K. (2)(-12) N. (-3)(0)

3 =
<-18)(§) )

Lrﬂ

Which of these statements about the products is-correct?

Al Only J and M are non-negative real numbers.
B

8] Only N

C]

is a non-negative real number.

I

(
(
[

Only K and I are negative real numbers.

1f you selgéfei {ci, 5@@ ﬁéﬁé the éarreét chaice. '(§7)(s§j' and
ng)@s%) are nop-negative, and so is (-3)(0).

The answers are on page viii.
2 ((2)(-5))
(-3)(-1) + (=3)(7) 9z.
(-3) () + 7)
(-2)(-%) + 7

[3]]-2] + (-6)
(-3)]-2] + (-8)

(-3)(1-2] + (-5))

Which of the following sentences are not true when x ia. -2

L
e
I

[

t iz -10, m is 2, and a

L

¥

]
I
bl
+
—

Yt
I

q “i + 3]‘1| + (sh)y) = b

hex] e
— [
3 =+
+ +
s e
t
+
u
i —
WG

T. x+y+ 1 =
(A]
[B]
(cl
[D]_Only

P and § are not true sen

Only R

(]

Only 5 iz not

[

iz not a true
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8-1

You should have selected [B]:aS’ﬁﬁur choice, since they are all trué
(-10) = 15, or '

‘-”-.‘

except T. x +y+ f =15 becomes (-2) + 3

-9 = 15, which is & felse sentence.

“ true
false
true

-2. true

Zection 7-4 to find the truth

dure to

o
I
r+
P

we zhall supply all the reasoning, in order to

As you work on through these problems you may wish to drop some of the ex-

planatory words, following the patlern of work suggested in Segtion 7-4,

1 2
P
o
1T

2
[

'

+

-

r

]

=

L]

.

i

-

H

=

3T
-
o)
~
o
jny
]
+
Tl
“
it

)

1o = Tiot

wlalmed that It (2)(==) + (-h) i true vor noohialn of

been no point

e original sentence 1o

in tne truth

and this must be verilicd it == 1. to te
T () ‘

set. I0 v Qo -4, then the letd side s (;.)(=;) + (=), ar ard the

When we oy thet 10 the Cirod statement i
i

inal statement 15 truc for thc

=TT

e



8-1

that no other y will do.

The graph of the truth set of (

Hence, the truth set is

{-3].
3)(-3) + y = 3(=4)

is

i

i L1 1 1
[s] 2 3 4 5°

101
102

Find the truth set of x + (-3)(-1) =

graph.

is

The truth set is

8 and draw its

and the graph

Omitting words which show the reasoning, the work for Item 101 might

appear like this:
‘ If + (-3)(-4) =8 iz true for some x

x +12=28

12 + (-12) =

¥

statement is true if

%

each of the following open sentences.

Find the truth sets’'of Then draw

their graphs, When yof have fini5}’1“3"51j turn to page viii for the correct

—
I

106, x + (~2)(4)

Xy
Tl
Ly

10k, 2(-2) +y = 3(-2) 107. x| = 2)7 + (-1)(-5)

HHSI

108 21

09 [ (D3] = a
110 17H‘3! - x)I(T)(fZS,),l l?”'BIEHT)(“B” .

(W4

O
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n1|]-8[)-6] =
12 | [(-8)(-6)] = "
<7 a3 |[-8]1-6]  |(-8)(=6)]

I

» T%e examples above might lead us to wonder whether it

i

114 |is true for all real numbers a

be stated as a property of multiplication:

% S o
Fe-siaal

|ab] = |af|b]

E

real numbers. However, the property stated above can be proved as a theorem.
u

15 about the proof

*[Proef: Suppose a and b are any two real numbers.

Case I: If a and b are either both negative or

both non-negative, then

*115 ab = ,

#
PN
=
o)

Case II: If one of the numbers a and b is negative

Thus, |ab] = =(|a|[b|)’

¥119 |Hence, in either case,

|a] ]

non-negative

ab = -(]af[5])

negative

) - .
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e = —— e R

.wo real numbers, the pfééﬁé%

o

If a and h are any

ab 1z defined as follows:

ab = |al[b] it a and b are both |-

non-negative or both . ‘negative

"
o
o

i

ab = -(|a||b|) if one of the numbers

L
e
&
5}
o

negsiive

0y

5 non-negative and the other i

i
[
i
|
I
i
"
"

Thus, for any two real numbers a and b: TN

either ab is equal to the product of |a
3 and , or ab 1is equal to the _ lb|
. opposite

number:s ic to

poszible one,

that hold o

t
giga
58 all real rnumbers, . i

we chall first tes

enable ua

some inatans

I, and one tiat takes

proof et
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o
=

Commutative property
multiplication

6 : = Multiplication .property
T l+*a=a + o of
Multiprication property
=0 of

e
Lo

We are familiar with tke following properties of non-

and ¢ are non-negative real numbers, then
i

property of multiplication

"

=
[
—
=
=1
e
™
|
L
—
|

=
(KN

1

ar all non-

oo
Lo .
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8-2 . , . : ‘ ‘ o
- 5 . r . . :
- . . : \

The Pact that the commutative prbperty holds for .

non-negative real numbers guarantees thmt

- 201-17], hecause 1-17] ‘s |-

¢ 18
-1 =
=171 133 s
are non- B numbers. R . ‘non=negative

—_— - — 1

[
o

= - —

17 (-83)(-b7) = (-47)(-53)

following numerical sentence is true?

yes -

In fact, we can r'égét:)n: . } ZA
L (=53)(=47) = |-53]]-47] “ Definition of
‘ ‘ multiplication

ad o |-7]]-53]

=
)
[
v
i~
-
=
[
Tl
sl
o
[l
=4
5
o+
=
]
by
e
put
=2
ct
n—lm
S
o]

(-33)(47) = (b7)X-53) -

[

We can now organi

construct a step-by-step

real numbers, i
=5

[
104

* botigp negative

T2
[y
e
thet

- P
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26 . and the other i

5

®

T4
%)

Case II. Suppose

"

i multi
real nymbers

- - Definition of mu

Definition ¢f multiplication

Commutative property of

-

" Read the proof carefully. Try to see how

you

#

of the precedi

ab|

ERIC
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used in Items 11-16.

J . ’ . )

it

*Another way of proving this theorem iz to recsll first that at the end
ng 1

secti

é -
= |al|®]. :A similar statement can be made

"

T
if they are both negative

- if one is positive and the otl

if one or both of these are ze

a and b are both pc

it translatesfth

for

i compare the products ab and ba for the various caszes

"

In ¥oth ways of reas

real numbhers;

The reasoning in both of these proofs iz aimil

and

The moral is: A theorem can

#
[proved in more than one way.

Lv]
[
[

négatiie

&

non-negative

Lo

(Jaf )

nop-negative

ba

réasoning

S



, houdd
g
t e
[
o
S
A
—
1
LN

bk

u
-
=
w

b 5 ¢ = arpd : A2 - B a8 =

& you

=

numbred 103
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2 | i "+ | multiplication,l
2b3 7 gén} negative
ok II, we azsume that a . negative

.

" |8inie a iz 2 negative real number, the facl Lhal -

‘definition,

L LT

«

!

a2 o=

s
i

W
i
o

0 ool b !
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< B.2 - i -
- PANEL 8-2 :
Theorem. If a 1i% any real number, .
N then a - 1 = a. ) .
Proof. -
Caze I: a 1is non-negative.
- If . a iz non-negstive, then a - 1 = a, beoause the | )
multiplication property of 1
holds for all non-negative real numbers .

Case 1I: a 1is negative. i o

Since a 1is negative and 1 is non- negative,

- a1 - -(la]i1]) Definition of multlpl;c A;G
- of real numbers
. = -(la]1) since |1 = 1 -

Multiplication property of 1
for non-negative real numbers

L}
1]
[
i

£
i
=
<
L
[
it
I}
yin
&
s
53
o
e}
=
s
Pl
lay
i
bl
el
fr
il

reasoning, not simply to commit the proof

that you don't understand; and

3
paia]
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complete

Ly

a

B . e ~ o

One' important idea used in the proof in Panel B-2 is

that the multiplication property of _____ holds for

all-non-negative real numbers.

is property is used in each of the two cases. ,

=

o

If a is non-negative (Case I) a - 1 = = ~from

i,

this property. (

In Case II, where a 1is negative, we need this.

.

Try to prove the multiplication praperi; of 0O, Do your best to write a

We Tirst suppoue that a is non-nepative, and then

The next step iz to'noiz that |al<0 . 0.

So woe have, ifrom Itemo 00 wid &2, a - 0 - -(]al-0 - -0

rince we know that =0 =

The proot

]

g

=
0o
b
L

bl

55-63

5-
p you.

=two

negative

multiplicatiaﬁ
property of O

non-negative

negative

multiplication

multiplication
property 6f O

.



i‘: |
fou]

3

']

<

i
[y |
i
jay
e
o+
[
!

if". a* is any-cegal num;éf, then a-0-=0.
. " 5]
in exactly the same way: .

)
Tl
D]
Lo
=

[

1
tr
I
g
-
b
=
b

&h I a 1% any real number, then QO . a = . 0

5 a+*0-0:a becauzse of the property N eommitativa © |
&6 | or . : > . | maltiplicatton

- T a0 =0 and 0+ a - 0. ) fv

ey
L
i
Eﬁl
[l
=k
fau
oy
(i
[
o+
It~
el
[
e
i
P
=
ol
ol
b
H
]
s
T
&
B
o]
L
Lo ]
z
jacy
i
-
"
<
g
—

| = -
Ini]

L B

*67 | In proving that thi

iAP The muitiplication property of O for non-negative

el numbers, oL

: <
e - [ < - . -
] LBl e del miltiplication in the zef orf all

g

'
L

Look garefylly ét'[cji* We proved the multipligation property of O
in Egéiiggg W8y as we proved ihe muitipliéaticﬁ property of 1.

¢ H@ﬂéver; we did not use the multipliéaii@n property of 1 in our
proof. We GQulﬁ.ér@Vé the miltiplication property of 0 even if
we Aid not’ know the multiéliéatian property of 1. Thus, [C] was

proof, but [4], [B] and [D] were used. (Look again

6%, 12 vou weren®t sure.)
L
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Apply the multTplication properties of 1 and O . ’
(which we have just shown to be true ip the set of all oo
real numbers) to compute the following products: . . )
68 |(-2)-o0=__ 0
69 |(-/3)((-7) +8) = B - | .
N Ol (GO . o 73
70 [(-/3)(-8) +8).= N 0
3B . . S oA
e |G coy(ee cmy . o
73 (o o)+ () - 0 '

for real numbers a, b, and ¢, .

& ‘(ab)c = . ‘ ‘ {ab)e = a(be)

I

z a real number, then

ks

G, and & 1

1.

ab = O, and hence, (ab)e = 0, Similarly, we can show that if one or more

of the numbers &, b, ¢, {5 0, then (ab)e = 0 and also a(be) = 0. Thus,

(ab)e = a(bec) if one or more of the numbers a, b, =

a is positive, © 1s positive, and ¢ is positive:

& 1is positive, b iz negative, and ¢ is positive.

¥

The detailed proof of one such case, namely, it a and b are positive and

¢ ism négative,(%s given in the starred Items S91-101 at the end of this section.
o
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You may want \t‘: try g@nstﬁlcting this proof for yourself and compare it with !
the one given there. B ? :

Instead of proceeding with the proof by considering each of the elght
cases separately, we are géing‘ta:iﬁﬁicate a more condensed version in which

several cases are sometimes combined in one., As usual, the consideration of -

a fey examples yill Help. .

o 7(:@1111311:1;5 the following: 77 )
’ i L " ’ “ o r
e | GD@N3) -

Tk

3 |hEees) -

b | (erNs) ¢3) -

.5 G?)( 4))‘(‘3)':i }/

6 same 7 value.

This suggests that 4t might be heipful in comparing
the products (ab)e and afbe), to compute [(ab)e|
T and | | ’ “fefbe)]
In doing this, remember that if x and y are any -

- 8 Mnumbp s

Applying this to |(ab)el, ’ ' , L ; }
R famyel = faollel = DN el = | Jeawye]=lalivlfe]

! ’ - 4 1
which we can write without paréntheq es because |a|,

10 ||»], |e|, are numbers of arithmetic, and the | assopiative

h;v! lxi vl

T

11 | property of multiplication holds for non-  real non-negative

numbers,

In the same way, we can write

=
T

® laGe)| - fallv] . | a(ve )= [ef [blle]

Combining Items 10 and 13, since |(ab)e| and _ talve)}

=
It

are both equal to |a||b||c}, we can cogelude

1 | that [ab)e] = © ) . l(gb?cI E.{l:ﬁ:”

Having shown that (ab)e and a(bc) have the same absolute value for
all real numberz a, b, o, Wwe will be sure that (ab)d = B(b?) if we can

prove thats-whatéver -the ntmbers a,.b, and ¢ represent--(: b)r and - a(be)

~are’ either"both positive, both negative, or both 0. If you tried the second

ERIC
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praaf fﬁr the commutative property in the last geéticn, you. noticed that thd
hne of reasaning followed there pE.I'EJ.lE‘la thé reasmﬁng outlined here.

We shall not have to consider the case if all of the rumbers are positive

I}

since the associative praperty holds for all numbers of arithmetic.-

. .
&'.

If one of the numbers a, b; c, is negati®e and the .
‘Dthéis are positive, éither ab or c¢ .1s negative - .
! = ~ - o ;-':’
and the Gther is positive. So the proguct (ab)e: is i
15 . 7’ ) ! C négétive
{positive,negative) \
16 |8imilarly, either a or _ is negative, and the Be
, other is positive. N ’ ;//
17 * |80 the product a(be) is . negative
Hence, in this case, (ab)c and a(bc) are
18 |both negative
o . ' .
we have proved: If one of the numbers &, b, e, is negative and

Thus,
the others are positive;, (ab)e and a(be) are both negative. Morgover,
we have proved that the absolute value of (aﬁ)é is the =zame as the absolute
value of a(bc). Hence, 'in this case (ab)c = a(be).

either
) t% a and b are negatite, or
7 one of the numbers a, b, Lis negative '
tive. R
4
S _ : -
*19 . sinte both a and positive
% ' ' v
*20 . ‘:pﬂsitive
\ negative) ‘
*21 iz *, and negative
*22 positive L

is .t . poaitive

L]
M,
o)
|
o

are negative and the Ut}é” is

%0l a(bc) are both . positive
all negative, then
*25 positive #
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ow sure thal the associative property hol
“-

the grb/d;r:t of the numb&s a, b, and

[ - B j;i,,j

The Eammutati%F and associative properties of éultigli;

R éati@%i permit us to compute the product of three or

L

It is coenient to find (-5)(17)(-20) "

((-9)-20) (a7) = ¢ (17)

[
"

]

2
1
il
T

[y
18

more n ibers in any convenient order and grouping. Q

(iaé)(17§
1700

B

PN
DD -

(- 21)(100)= - 2100

at

/7
(-1)(-1) = 1

(10)(57) = ¢

M

n
—J
[

'(1@@)(4) = 400

Complete, using . o
23 The opposite of € is

el : T izl shi T qs
1l The oppozite &f -3/ isg

toe values of the following:

T3 3 T
gr_ 3‘_‘ B! *
N ~ F
-

I
I,

I
i,
AR

~ >

[}
D

[

oppasite



N g - ’ e

. (5 LY _ L]
Similarly, the product of -1 and -3 is the
- of *3’(" b} X g

.41 |If* a 1is any real.number, -a is the

AN ‘ -

a

sed the distributive property for real numbers we

o

After we have discu

shall give an interesting proof of this theorem. However, you may want to
W prove it now; Wsing methods similar to those. of the gther proofs we have

studied, We can start by expreszing  the absolute value of. (=1)a as =
v L

values, Try the proof ifryou are curious. If you

Ttem L9 ’ .
- o 7 L . B -
Although your proot need not be exactly like thiz, it *

probably uses the =

o £(=1§a| = J=11| I

mnain ideas, .

Wil .
ERIn =1 = |a|,

c o al, iltiplic ) _
s ’ Lion property of B
o -~ . C 40 7
(“1)a. and -3 are either both poritive, . i

Moreover, .-

or both  * . 1 o

_— = —

ir Ta Ll positive, then (-1)a and -a g

Lo nepative, then © negative

pogitive

atnd =n hiove the’

éqﬁ al

5)1‘\
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‘8_3 ~ I" . d . 7 . N 3

R A
. [Heré are sope examples thatgéuggéét an@thgf tﬂééfém!'
se BB - - ama (58) . 4 |
55 F o (-9)(-6) - and 5(-6) -
bl M e ZGfTND e
, i 5 )
'We might gﬁess that for ;il Téal{ﬂumb%fs a and b
b ) " (-a)b = -(ab) |

We cquld prove this in the same WY &5 we

prove it in ‘a different way, using Theorem 8-3, Trv to constry

using this method. Then read on. C

= - .

7’_{_‘(\ [
i

g

Eu

y: "9 _
We would 1ike to prove: TFor any real numbers
. - 1
55 : (-a)b = _( ).
4 .
From Theorem 8:3, we know that -a - (-1)a.
56 |Hence, (-a)b = ()b ;. .
f57 = (-1)(ap) by the ' property
! of multiplication
2 “EJ:TEP) from Theorem 8-3

By the commutative and associative properties and Theorem

similarly show thet
a(=b) = = ab)!

In practice, the expression -(ab) is frequent

summary , we may state that for any real numbers a and b,

-ab = -(ab) - (~a)b = a(-b).

Write each producet without parentheosa:s,

wr
i
)
MS:
=
-
yrtk

=

58 [ (3x)(-7y) =
59 J(ex)(-4) =

60 (-3&)(5bc) -

s
30,, 30
28, =8

% =
;:;‘

]

{-a)b = -(ab)

Gal}a b

associative
tisfi, we oan

a5  -db. In

\



O
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4T
(i

Lo
Tt

65

of all poeal

will

b is
and

cand b

mples, ysw—gjobably suspect

of with the one

]
iz
o
=
fa
o
i
5
+
N
=
i
=
I
a
wt

product of their

. . ‘s
a0, oue Tiem 62

1ite éégﬁ pr@duc£'§it}

101

t. paf@nth

10ac

Ty

1
Lk
%,
£
#,

—
13
[
-
i
=g
¥}

[etts look into the Jdi:

rnunbers,

chow you why.

This property holds in the set

The proot’, however,

L many CAses.




o
]
L%

The distributive Lor Por all real nimbers
o, b, ol e )
. wheotoar ol (14 o)g
Chat thic cropoprty Todds -
mmlsges,  For
= F '
72 Seoe e (e ) = 700 99 + 1
——— = = = s
Here are a few examples ih Uhiat the dictrilbe-
utive property holdr fov oall real mimbers, i
-33 .
(-18)
!
. 20" L7
30 -
xl‘j
-60
7 3= ) e o and . |9

a1 (_.n,)((_,- . 1) S (W) () L and . 8 )
Se (=)0 (L)) de e ) 8 -b

i

worormal proot theel the distritutive property holds in

v propertiec of suttraction of

all cases o Lo neconsary to o cortain

bew Thene propertios bnve oot Deen dealt with so far,

the numbers ot i e

(The whole mottor of CGbtractiog witl o apter 11.)  However, it

Io o oot that Gl A1t vttt ive prope sty oo true for,all po

munt err rrom now on without

AR ST A B A PR SRR Property whersg he bpi'ud 4 errorm

rted Lperned Do with e wmin v wwant of work,
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however, to show you how you might have proceeded in working out the proc

o
l fog.yourself. When you come to a proof it is always a good idea to think

about how you would construct it. Don't Worry, though, if sometimes you

We want to consider the products (ab)e, ahd a(be),

where a and b are positive and o is negative,

For example, if a is 7, b iz L4, and e is -3,
we have:

%91 | (ab)e - (74)(-3) = 8B(-3) - -8y
%92 a(ve) = 7(h(-3)) = 72 ) = -8y 7(~12) |

]

*93 If 2 and b are positive, then ab 1is alsc E! . positive

ce o ois s ) negative

-{|abl]e})

)
iy

-
%95 1 (s S b " from the definition™
. ,

gative, we

i
Ll |
m
foall
o]
<
e

5 11

g

Since b iz nen-negative and ¢

4]
again from theg delinition of multiplication,
-(Iblle])

[b||c[?‘f |o|]e]. Lnan—ﬁégativ&

e

*¥96  |be = -(|b

of course, is _, and

-1y, once more using the definition of

a

it

e
\h-:}

et .
fete
v 3
b

L S
R

o

=1
E

k3
e
el
i
g
—
s
L]
L
|
Il
b~
=
o3
e
o

(EIIED)
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Let u ramparp our lau‘tripfult

== (lal ol e l)) 4

with our result in Item 95:

(ab)e = -(jab]]|e])

We see that we can replace |ab| by |a||b|, %and that

(ab)e = <(|a[|h|)|t*[‘).

Now we are almost finished. |a|, |b|, and |c| are : .

%99 | since the " property of multiplication holds for mssociative
*100 real numbers. non-negative

Thuz, (ab)e and albe) are

r'TH\

=qual; becauce they are

%101 | - of equal numbers. opposites

1 The expression (ll + ( x))( e) iz an indicated .| proguect

2

By the use of the distributive pfc@érty TR

(v

(11 ) [ 13+ (-x) (=6}

1(=e) + (-x)(-c) is an ' ST ‘
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N

-1

cep (T )

(0w w00 ,

2 e

,=;v;<; + (-r)

-i(i (:~)> - i

( . (- ) .

AT .

= K -
N A
- - Poro AP
i I i St
= E e .

¥ Wi prelos 1 ST Vo g

i
El [
=z N (:—E )

—

Fr

5m o+ mn

T

a + 1B

7

mnp + (-~ mpy)

-3ed +’(§Qdéf)&

2n + 2B+ Ze

[
g

=Tl + TR
-bh + hh

ad + {-5d) + cd

32 + Hm




O
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o
Ne

Yo

=

>

it as an indicated products To do Do

notice that 1k - 7 « 2,

indicatéd sums as indi-ated products:

Write the following indicated sums as

products:
TX.*+ r =
5% + 5 =

ac + bho + oo o=

+ the distributivd pf@pérty’t} write the

We cun expr

wiz nesd to -
following
5

2(3x + 15y)
3(2x + 10y)
; 6{x + 5y)

L1
%u(%x +y), .., are

icated product. Ususlly we

has the advanta

D o). (-3)(=x + 2y)




O
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indirated products, the rumbers used are all

and the Indicated sums, “(}c + y)) and (

cannot be expresced an oo pr oduct withoul the uze of
fractions, Here, the indios sroduct which would ™

ated oums

nterest

chee bnelicated sum Y% o+ 2x

cavbesd prondoe T

);f‘i

SO | The faect fhe

Sl thie

g@a +b o+ (93<;)) 7

E(m + (%713?

7{-c + 3)
(«3)(x + 1)

{a + b)x

KN |
¥

distributive

e



1 .
simpl

O Iyt i

e simpll

Sdhutlve

pro

O
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digtributive

customary to

o
]
e
il

distributive



o
b

I

)

wiin we

o eEpTO Ol
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Deosd
[aoe]

Dl
WA

(KN

e
ek

ok

ble‘) in th& ILllD wing L
S
3 u = .
et t , lda + 3¢ + =
, 1 -
i - _ - L3 -
ba.+ 5b + ¢ = e 6a + 5b + ¢
9p + hg ¢ (3)p o+ Ty = - * C6p + 1lg
, g i i .
In + = + =53 + YS ; : T = +
#x (-2x ) (-5x}) + 2> — x iﬁ}%ﬁ 1leor
7 . o, N . o 3x° + (-x) +1

=5 can he aGlVPd by intelligen

7 1%7
more eduations or th;s form in Chapter 9., There you>¥ill.
such sentences without guessing. "Moreover, the method

applied g sentences that may not be as easi ily obtained

real numbers, we

aw how the distrib@itive property could be used

indicated sums. ¢

One form of the _ property is For all resal distlibutlve
riumbist a, b, =

(a + ble = ac + be
If we apply this form of the distributive property to
the indicated product (x + 3)(x + 2) we have:

(x +3)0(x+2) = x(e+2) + () x(x+2) +3(x+2)
- 306



+

8.4 7

dis ﬂtrihut ive

f
"
1

'

)=+ 6,

L
-
Lad

i

&‘a+7)(a+( D\_(a+(:s)>
. 7 :a?-#a(%)*?f_l"'f’(i)

/:EL;‘k

- (-21).

and obtain x5 5% + 5, N _j
—r —— — e — —
Let's try another. uffiicated product,
""!Jfr'/«.l- _ ?' ; .
- (a+ D+ (-3).

; 7@ ¥ (—3)

ag + ha + (-21)

Write as iﬂéiﬂﬂté‘f“ﬁﬂg in the simplest Torm

(x + 8)(x + 2) = -

(:f + (%D(y v (-5)) = o
(6a + ()))(d " (;))

(s + 2)(a+2) -

ot

xg +-10x + 16
o+ (<8y) + 15
64° +(-178) +10

2
8" + ha+ It

2 4 (-36)

105f (3m+ @)(3m+ (-2) = 3 - on® + (-4)
106 (2x-+ 5)(3}5 = B ﬁgf : 6x2 4 x4 (-35)
_ T ,f;; L i, - , i

107.
108.
110.
111.

11z,

119,

on page-’ ix:;

[ S

Write as indicated cums in the

(re (e a) -
e (=3)(n - (-3)

(a + (=c)\(b + d)
(o .
Ga + (:ED(& + 1) = 117.
(Y + (=53))(hx + (=;;)>; o 11

Write ;in the sim

(-3xy) (2 t)* o

+u¥(a+ b) = 114,

)_C(

120.

you more practice

simplest

mplest form that you can:

The answers are to be found

form possible:

c + (=3’)> (5+e)=_
(-2 + f)(cy + (- %)) 5
(L + (- n))(H + (-Jﬂ)> -
(x + 3)(:{
(:p, - H))(%Pq +7)

(w + (-2x D(ﬂ + (- :d)

+2x + 1) =

o
100(- ab® )( ﬁa'b) B

O
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. Summary and Review : .

We have

. . . £
If a and b are both Hegative or bot

1

then ab = |a||b|. C
T one of the numbers a and b is po
and the other is negative, then a

From this definition and the properties of o

defined "the product of two real numbe

ers a and b as follows:

h nananégaiivé,

sitive or ZEro,;
b = §(|a||b|).

perations upon mumbers of

arithmetic, the following Pfépertiég of operations can be proved:

For any

(0)(a)

[foNd

1. Multiplication property of
, (a)(0)

1]

0 ,and

;:

2. Multiplication property of

, (2)(1) = a and (1)(a)

2,

3. Commutsative pro

numbers &

4, Associative property of multiplication:

numbers b, e,

a,,

(ab)ec = a(be).

il

roperty:

W
=
bi]
o

§ -
[
=
e

-
<
i

ab + ac,

a(b + o)

(b + c)a=ba + ca.

i}

and

1

O

ERIC
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For any re

For any real npmbérs§ a, b,

real number a,

number a, ! .

*. any real - .

Are on page x,

= o :
For any resl
and ¢,
i
r’!;_—-
-
N
(-5)°

) (d) (ﬁ +
(b) (x +1)(x+ 6)

() (a * b) a + (?DD

(e)
(4)

Write each of the following as an indicated
(a)
(b)

2ax + Zay

10x

1

ac + (abc) + ¢

(ef (x4

(-b))(2x + 3)

product:

cla * b)x + (a+ by

+ (-15x) + (=5)



o
Ll
w
]
W

3.. Collect terms in the f@lléwing phrased:

(a) 3a+b+a+ (-2b) + kb (¢): 6a + (-Ta) . 15.2 4;(95)3 + (-8.6)

What were his

1 fund

et
-
e
o
o
ot
e

C, D, E, and

1 of the companies were asz Tollows:

i

for eac

1

_ _ A}
’ 3 - 3, - 3 1 [ . 3
+ = . =7 O, +E: H N, =1 N
St Boeg GOm0 B F ovg
. "
What was the prorit or gain from this investment propram? 5

[xd

is paid

i,
b

man's paycheck for a work week of A48 hours was §166.40. He

-z hic normal rate for all hours worked in excess

of 40 hodrs, If the rate of pay ior ocue hour's work is x leii;S;

write an open centence corresponding to -the given information.
3 5 S ¥

Ela ] :3 7 f%

O
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Chapter 9

"¢ s 77 MULITPLICATIVE INVERSE-

9-1. Multiplicative Inverse

Bt
[
s~
L
Il
LN
L
J
l//

praperty of O.
s L. . R ]

LR

| ®

a
and 0 + a =

The number O 'is called the identity element for

addition. ~
Another way of saying this iz that 0 145 the
additive identity.

Since O 1is the only real number such.that a + 0 =

ik}

and 0+ a

a, we can say that O is the cnly™

B - &dditiVE L . : 3

7‘ t

.,

I
Lo
*ri
‘):(‘
s

any real number a, there exists

#

one real number (-a) sueh that

-
=
| o

a+ (-a) =

12 | and (-a) -

The pumber -a, the oppogite, of a, is aluo called

13 | the additive of a. *,’ va,

- b ‘?
The number a, the opposite of -a,

1h . ) of -a.

iz the =

exactly 7.

311 ~

identity

‘addition’

i3

gﬁ‘{;a),

{a) +a=0

+

additive inverse.

additive inverse

:



Jo-1e” Ly o o \)
ST i! ; = § :;'_ B [ ,

Y M

' "= 3 1is true by the o property af 7i7 ' m\;_ltipiieatiqn"
.. o o a . . v
- | For any real number a, .

ot
"W
T
=

(il

]
o
H
[
=
[
o

o]
”__l\
e
o]
[t
[n]
pai
ic
L]

ot

e multiplicative . identity

is the . identity. miltiplicative:

20 | We called ,3 and (-3) additive , since inverses
21 |3+ (-3) = . ' 3+(3)=0"

since 3

are | _inverses, since T - 4 = L. © miltiplicative

) = 1. Therefore, ‘1 is its own {1){1) =1

icative . o - inverse

The sum of a number and its gﬁdit ve - iz inverse

27 the ~ ldentity. o T additive

28 | The product of a number and its inverse is multiplicative

the multiplicative . \ identity

I a4 and b are real numbers auch that

=d

thén

”
ave a multiplicative inverze? At this point you

do not know the answer question.  Howover, we do know that svery.

= non=mero number of aritheest o

aloo 4 non-soro mumter.of arithmetic,

et us try to Jdiscove
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30 _

Locate the numbers. 3 4nd

o]

Jl
H
It

o = 2

multiplicative .

\]vu_'l
i

Now locate the opposite

of 3,

[
bt
|
L -

ot
Dy
il
4
I

o

See answer below.-

J1
303t

inverses

answer below.

See

ke

. e

% 4

e Ly 7aarly.
(;3)(;§3§(%)(§)3_:

inverses

conclud® that -3 and -

a general theorem’about n

T e |

D]
fiad

positive num

37 a number. .

3% | Indeed, every ne

£ mumrer.

We also know that, if & dic a

haz & multiplicative inverse; then we

3

‘a multiplicative inverse.

B

number £ the .

number has a

ber has a

ozitive number, -a

can ~onelude

to prove that edery negative number has

If we can show that the oppozite af every positive number

negative
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(additive inverse)

negative
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In order to shovw that'every negative number has a multiplicative inverse,

we first prove the following theorem.

We have proved that if =a and;sbf are positive real

43 numbers and a and b are inverses, then
‘inversds

bh " 1(-a) and (~b) are also multiplicative =

: =

! Now let us consider any non-zereo negatiwe number,
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4" 1By Theorem 9-1, if &b = 1, then (Ea)(-b)f; .

Therefore, a multiplicative" inverse for (-a) is B

We can conclude that every negative number h;

Number o : Multiplicative Inverse
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57 ATT HE sﬁre that every negatlve numher haf a multlplicative invers E?

= I, the inverse of .02 18 o,

I}gs a multiplma‘tlve irverse. The correct

We have been careful to consider inverses of positive numbers and
negative numbers. What about the number 0? Ibes O have an inverse?
* & : .

iﬁ 0 1is to have an inverse, then there mist be a

. 58 nﬁmber b such thet 0 - b =

59 | But, by the multiplication property of 0O, O0:b=
for every real number b.

Therefore, for any real number b, O b # 1..

0 cann@t have a multlpllcatlve lﬁverzé

60 | Decide whether or not each of the f@llaw1ng numbers has a multlplicat1v3
.. inverse;"% E)j 10, 0, 1. _
o 1. [A] Each has a multiplicative inverse,
[B] Each of the numbers listed, except O, has a
£ .
_ _ miltiplicative inverse. .
) EB} 16 correct,  Rach mumber listed excg G has 4 multiplicative
inverse, %* = 1; (—%)(?ﬂ) 1; 10 { }, 1* 4 1+1=1.
But ﬁQE‘S O “have p multiplicative iﬂverse? In other wﬁlsg is
there ‘s mumber - b. such that 0 « b = 17 No!
Cons 1der the following example:
: (-2)(-3) = 6 .
J (-2) and (53) and & are different n‘ames for the
61 | same number
=,
Iet us multiply (-2)(-3) by 4 and also multiply 6
by L. We have o ) : s
W) (-2)(-3) =4 -6 : i
62 2 = . 2
———ry
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Since ({2)(-3) and 6 are differenﬁ names for the
same numbér,:when we .multiply this number by -4,
S =2 . a—— ’

- - we obtain
b(-2)(-3) ana (4)(6) , e
as . different names. for the same new number. ’

are different names for the same
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' the zame newnumber since

v (D) 68 = Cised) 0 N

These examples illustrate a very useful propert
n

the mul

a = b then ar = ke and ca = cb.

rr
o
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Iir Zl'l = 12

1
We must multiply T;ﬁ -arid 12 by the same number to be sure we

- obtain the same:new pumber,

is true for some n, is tn(bs):

512(%’3 also true? |

[C] is not an jllustration of the  “u.

L]
* Lo

b
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—J
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—
o
-
Mt
)|
—
L]
pie]
ot
e




" b since ab =
- ca =1,
, ¢=0D . multiplication
75 ) - property of
t B - - B
? We have proved that the multiplicative inverse
. : N
non-zero real#number has exactly one multiplicative
. We know-that every non-gero negative number has a dnique multiplicative
inverseah That is, there i{s exactly one real number b such that
ab =1 and ba = 1.
name for the multipligative
parallels the use of the name
The additive inverse of the number a is S
1 |written (), . (s}
Another name for the additive inverse of & is the o A :"
2 . _of a, opposite . .
3 a is the multiplicative -
—_—— k . s E3
We agree to
Y Thus if =& ;
h.i""f plicative inverse may be writieh 3 %
5 For exampls, % is the reciproeal of . 5
6. |%. is the o1l 3. - reciprocal
. ) o 1. .
- is the reciprocal of 7 ,?—
The number %; is also a ratiopal number. From our
experience we know that
_ ot
8 - 5 3
]
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11

.My

Thus. calling % the multiplic&tive inverse of 5
agrees with out knowledge of arithmetic. . g s
) The definition gf, % as the "multiplica ative inverse ﬁIF‘ a" agrees .
: *with our experience from arithmetic. What about other reslinumbers?
) I .
Can we SaY ths.t évery “non-zero real immbér a ha; a ra;‘iprmcal'? o
(A} _yes - [Bﬁ];na
‘Bvery non-zero real number ‘&, has exactly one multiplicative
'im%:se, Hafhave ¢alled this,. multiplicative inverse of &
Mthe reciprocel of a", The mumber a must have e reciprocal
which we can write ag %; The correct answer is yes! X
B LR T k L o ] C - -
| i
Does O hava a re’ip '@caﬁm o \ii [" iﬁ_i ) -
A, 8 v
[A] yes [B] no *J Py

“Does O hs.ve ) mltipligative 111?&1‘3&‘2 Sinc-g ve have proved
tha‘t 0 does not have a m;lti;ahéative iﬂverse, we know it. |

does not hava & r&ciprszfal.‘ Eémember th&t r‘ ciprgcal" i e
‘simpler neme for the mltipli:ativ& invfrse. The, correct |
answer is no! a-;;x,f e o . .

Since 0 has no reciprocal, the symbol % has no meaning

B = .
R. a+1 5, (a + (-l)_)a T.. a® + (<1) ~
(A] Roand s
[B] Rana T
~[c] sanam LT

S I

—h



v Ei,' -
12 |If a is __ then —2— g meaningless. .
S a -+ l - = =
f, _ = ar i1

i
L)
S
u
‘w
e
i
L
o
\
(1]
|

14  |Hence ——— - . a reciprocal
(has,does not have) ., lf

s |when a is 0. ° -

:

3
e set of values for whieh a“ + (-1) has no
) .

K

Since a + 1 ig different from O for all values
o

of a, the set.of values for which &% + 1 has no o .

=]
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[f—st

licative . T ‘inverse

estate this: -Every real number except O .
Jiigghas'exactly ) reciprocal(s). . one o

[
e

, h . o :
is the of =. reciprocal
” - 4 B

21 We kriow that

.
|
[ d¥]
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e
=
m
b | s
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o
YT
e
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o]
=
]

I
il
oy
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g

T
- N

1

B et 1 C . b} . ]
23 By detinition, —<= means the ot - %_ . reciprocal
3 S L b

is the , of - %,, »Q:%)Q.%) =1,

s - ' ‘reciproesal

L -
= - = cne :
.3 )
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The reciprocal of 0.25  can be written 5
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Try this problem: - o
What number is equal to its reciprocal? If =0 )
’ n =
n
31 . {-1,1)
s 1 -
e e
-5
33 1

reciprocal

1]
)

&l
SO

let usz prove that for every real number a except O, .

g ‘l s

e

e
=
i
t
oy
T

"
(e

36 |Bince (-

¥ »7. |reciprocal of -a. .

reciprogal
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T
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ThE fact that every number except O has Exac‘tiy one reclprccal was
1 1 . .
used to prove —=— = - =, : -
—E. a
A number Df other useful theorems can be proved easily in a simils;r

iy

way. Suppose e wish to- find a simpler expréssian for %, where- a 'is

any real number except 0. As u=ual trying a f’éw exampleg helps us to’

m I+

state the theorem we would like to prove.

39 |2 is the reciprocal of . o
S P _—

Lo is the reciprocal of = .

3 L1 |Since —(;)E\ we see that = 'is also the

ol

reciprocal ofe .
1 C ’
But 3 has only one reciprocel, hence, T =%,
R i ,, 5 .

~ b2 |[Since < s the - of %, which.is the Ai‘eéiprﬂt‘él: N

I,
"~y
pid

b 'IIs it true that for any a except iQJ TL
’ ’ a

s number a? reciprocal

45 |Is the reciprocal of the of a the
6 Of course, we must be sure that 5 ;! if 7 is - ;é o .~
to have' a reciprocal, B ) = “
. I 7 :

Since a0, 1 -cannot be O,.:Thus, for any real

. 1 o ) . .

number a ex&:ept 0, Ei‘ iz a real number,

i _ _ . a o ) -

= — — = = - /

We are ready to prove that the reciproesl éiﬂ the reciprocal of a non--

zero number is the number itself. . :
N R
k7 |For a ;! C)j a - == » 3 1s the reciprocal of
W | orf ) and a is the reciprocal (multiplicative

inverse) of <. ’ )
3 - at $ 9

o ]
o
i
W
I~
o
o+
o
o]

mﬂu—uiw“‘l

»

r'-lu;; By definition, the reciprocal of

L
A
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Look carefully at the wordin
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In prcviﬂﬁ‘ﬁﬁ? "

prove

= had to

________ parts.
how many5

We have proved: ab = 0

only 1f a = 0O b= 0

The

!
a4

statement

els of certain equations.,
L

iz

The truth

The truth set

The truth set or 9 -y« 17

only if

that is, that:
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Find the truth set for sach equation: Turn to page x for the

I
]

to construct a proof ol the followving theorem:
If a, b, ¢ are real numbers, and if ac = ba,

! and ¢ # 0, then ¢a = b.

/
: Cmmﬁ{&é your proot with the proof on page ¥,
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then perhaps we carn

0

(Of course, it

kriow that 10 there

number =,

T,

5
e

[T
W

[
>,

Let us conzider the

such that

simpler senlence

Find the truth

By ‘the addition pro

serty of Equalitj we may add

Sinee
arul

wer obtain

The equations

The trmith szet

(2x+7)+(-7) =
15+ (-7}

0 :

8

the same
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Using this method, we apain pet the

From the check shown in Ttems

7215

may add

sentence

know that

truth sets
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%( +7)=ﬁ‘lg

distributive
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48 | we multiplied both sides of x = L by

49 ! We note that 2 and = .are multiplicative inverses

kWi
]
3

!

.«
¥,
—d
L

we add ( ) to both sides of 2x + 7 = 15,
The corresponding step in the chain of equivalent

equations

W
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WAz both gides of x = b by . multiplying, 2
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Adding the same number

) number zan Lo

number,

oplied various propertics of the real numbers which are true for

obviously reverzible:

all real numb

whonover we like,

number.,

For any real number a e b | =& the
a0y

led Trom our {irst steps

Thus, we could hive coneluc
alonc that 2x + 7 -~ 15 and. % = 4 have the some

7 set. truth

Ny

We could have concluded without checking that

equivalent

X 2x + 7 = 1% and x = U

Tl
b
r

Dur conclusion is

7 1% is

used dn obtaining = = b from

¥l the reasoning

Once you have under

Find the truth sct of 5y - 2y + (-18), .

%] N

The Eruth seb is  [-0].

S In this example, we bogan by adding: to both -y

sides.of the equation,

We then simplitied, applying propertics which hold tor

all real mumbers, and obtained the squation Gy . -13,

H0 [ We multiplied both sides-or this equation by

e g
i}
1
ot

61 abtaining the still simpler oquation i = .

rrrrrr =
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70 | This is

By adding (-x) to both sides of our open
0= 0, '

sentence we obtain the sentence

true

Conszider the eq

Adding -x

0.1 and

T2 | The truth set o

uation 3

3

This may be thought

for

are equivalent open

0 - 1 iz . ﬁ

"The

‘ight member of an equation' iz

(5 {saying "the right

The lért aide of

an cquation is also called the

ancther way of

[ad

ol a#n cquation”, slde

member

77 In

whish of the following

oo (ST) T —n

are the two equations not equivalent?

anel oz
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78 J by + (-6) =5y +(-6) and O=y __ - | are
are,are not ¢

equivalent.

79 | -3 =-6 and a=2 - __equivalent. are
: are,are not)

-6m 7 are
\ATe,are not

fil

80 |5m+5=-m+ (-7)*and 12

equivalent.

8l | x=3 and |x] = |3]

equivalent. are not

are,are not

82 | The truth set of x = 3 is . {31
[3;‘3]

i
ot
=
b

83 | The truth set of |x]|

Find the truth set of

g
B
-+
-
I
]
’LIE'A
+
—
]
pee!
—

is one approach.

‘m
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H
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4+ (-8) + (-12)

Qg
e
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e =
ey ]
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I ]
g ok
(
L L Yt
il Il I
¥y o
+ +
— —
I ]
[y A
Lad 12
e
+
I
&
—

=
[
|
I
I
o

y = -5

y = -5, the left zside iz 6(-5) + 12 = -18,

I
The right side is 2(-5) + (-8) = -18,

]
o
.
hod
[
;Dj
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Find the truth set of each of the following equatiaés:
84 |2a +

-85 | by +
' (

17 . : .

)
]

3=3y 454y + -2 -

Collect terms first)

(-6) = Tx + 2k S
87 [8x+ (-3x) + 2= 7x + e
88 |6y + 9+ (-by) ‘

86 | 12x

+

[l
-

il

89 |12n + 5n + (=) = 3n + (~b4) + 2n

5& + (=8) + 17x ' .

90 |15
8=7y+3+(-2)+5 _—

+

91 |5y

Find the truth set of each of the following equations.
Ansvers are on page Xi. o C e

B2. ’-5&*(;42 + 28 =3+ (-a)

I

03. 0.5 + 1.5% + (1.5) = 2.5% + 2

oh. L+ (- %) ;:i(i; 2) = ke + (-2) * (- %)

+

95, 2y + (-6) + Ty = 8 + (-9y) + (-10) + 18y

x(x + 2) + 3

96. (x + 1)(x + 2)

Equations arise in the study of physics, chemistry, engineering, etc.
As you sav in Chapter 5, maﬁ§ everyday situations also give rise to open
sentences. In that chapter we learned how to find the open sentence
suggested by a given vword problem. Now we are able to find the truth set

of the open sentence.

Example. The perimeter of a triangle is ULk inches. The length of
the second side is 3 inches more than twice the length of the

third side, and the first side iz 5 inches longer than the
third side. Find the lengths of the three sides of this i

1f x "is the length of the third side in inches
97 | then - .is the length of the second side in inches
98 | and is the length of the first side in inches.

[iv]

uggested by this problem i

L,

M
8]
jos]
[
=
iy}
bl
o]
s
i
=
o
il
w

x + (2x'+ 3) + (x +5)

39 345
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T T = - [ .

e We' now find the truth set’ of this equatdon.

(- x+(2x+3) + (x+5) =Lk
o9 | Ce

=
E
i
L
Lo

The truth set is [ ],

'S
[
. 1‘1”‘

w
]

Ly

lution of this equation orresponds to the

ne sc

o
length of the third side.

f 9 1is the length of the third side, then

( )+ ias the length of the decond szide. (2.9) + 3

the length of the first side. 9 +5

=
o
Il
-
i

etting up

"
pui
5]

When you have i

answer is not correct, or if' you are not sure that

the items below the problem.

Lok I Fiant A prows @  inches

20 inches tall. Flant B rrows 3

and it is'now 12 inches tall. How many weeks rrom

Iet =x

plants

A prows inches, £x

15| In
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N *iﬁchégg" o 3x

106" Plant B grows
107 | At the end of x weeks, piant- A is ) 2x + 20
inches tall. o o

108 | Plant B is inches tall, 3z + 12

-~ An open sentence which states that at the end of

109 | x weeks the plants are équall§'tall is ' = ] 2x+20 = 3x+12°

i
[
Lo

The truth set of this open sentence is -, . (8)

s 111-] If a counting number and its successor are added, the result is one
more than twice the number. What iz the number? (Remember to specity

the domain of the variable in this-open sente

&
of .the problem will usually indicate the domain of the variable.)

Any counting number.

:

= If n is a coun

-
=
™3
v
ta
+
et

113 | The number that iz 1 more than 72n is . 2n + 1

An open sentence which fits the problem is:

ilb; n + (n + 717) ~ . ’ n+(ﬁ+l)=§n*l

115 1e domain of the variable is the set of 7 _counting

b
=
=
[
Lo

counting number. -

' two consecutive odd integers is  11. What arc

s
i

-]
m
A}
=
5
i
o,

L, 2, 9, 7, «.. are conscoutive add

34
w94,
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121 | This sentence has, truth set [ ).

%

\
i

An ageg:séﬁféﬁeg which ‘fits the problem is  }

199 | n + (n+2)= "~ |

The domain of the variable is the set of iﬁtegersa
An open sentence equivalent to n + (n + 2) = 11

120 {is 2n = .

}

Since g iz not an integér, the truth set of the
122 | open sentence, n + (n + 2) = 11 1z the

set,

123

radiator?

A radiator contains only water. Two quarts of alecchol
are added. The mixture then contains 20 per cent

alcohol. How many quarts of water were in‘the

ERIC
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12k | Let x = #dhe rumber of quarts’'ef  in
the radiator. '

After the alcohol is added, the radiator

&

contains _guarts of liquid.

P
[
i,

Of this, ____quarts is alcohol.

We know that 20 per cent of the liquid is

alechol.

127 | by computing either .20(x + 2) or = ).

; We may find 20 per cent of the number x + 2
/

¥ence approprilate to this problem is

129 | An equivalent open sentence is: x + 2 = .

)
o'ty
=
‘H‘JJT

|

i

|

x*
=

X+ 2

10



131.

132,

134,

!Tufn to page =xi for the solutions. . : S

133,

Orie number is 5 times another and their sum is 15 more than U4

times the smaller. What is thé smaller mumber?

A number is increased by 17 and the sum is multlplied by 3. Ir
the resulting pr@du:t is 192, what is the number?

A\
In an autam@b;le raée, one driver, starting with the first grodp of
cgrs, drove for 5 hours at a certain speed and was then 120 miles
from the fln;sh line. Another driver, who set out with a later heat,
had traveled at the same rate as the first driver for 3 haurg; and_”

was 250 miles from the finish., How fast were these men driving?

.

Four times a counting number iz 10 more than twice EFE successor

of that number. What is the number?

"Jake h&g $1.65 1in his pocket, all in nickels, dimes and quarters
He has one more quarter than ‘he has dimes, and the number of nickels
he has is one more than twice the pumber of dimes. Hovw many dimes

has he?"

9"’4‘ L]

Summary and Review

follows:

[y

We bave defined multiplicative inverse a

For each real number c¢ different from 0, there
exists a real number ~d  such that

cd.=1 and dec = 1.

We have proved that for each non-zero real number ¢ there is exactly

one multiplicative inverse.

“and

ERIC
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We have agreed to use the name rec

iilﬂ

to represent the reciprocal or any number a by =", -

a

1. The number O has no reciprocal.

iprocal for the multiplicative inversze,
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2, The recigrggalraf the reciprocal of & non-zero real number

a 1is =a. - i =
#

3., For any non-zero real numbers a and b,

[y
Lol T2

L
ab’
L. For any non-zero real number; a,

&WP
o [

5. For real numbers a and b, ab =0 1if and only if

0.

g =0 or b.

The*answers to these review problems are on page xiil,
1. Find the truth set -of each of the following equations:
(a) ba + 7 =2a
(p) 8x + (-18) = 3% + 17
(e) 7x + 2+ (-5x
-(a) |-2] *ax = (-
(e) 43%° + (<2)x =

]

Find the truth set of each of the following:

(a) (x)(x+ 1)(x+6) =0 : ;
() (x + (-¥))(2x + 3) = 0

(e) (x + (=5))(2x + (-1)) = 0

I

3. We have proved that the opposite of the sum 1

it

is the sum of the opposites.
That is, for any real numbers a and b, =-(a + 1) = (-a) + (-b). I5
it true that for non-zerc real numbers a and b, the sum of the

" reciprocals is the reciprocal of the sum?

,
L, For what values of b does each of the following have no reciprocalf?

(a) Zb + 6
() vle + (-1))

&

(2) v+ 1

35
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5. For each of th

truth set, and answer the question asked in the problem.

(a)

m
It

ollowing problems,; write an open.sentence, find its

Jim and I plan to buy a basketball. Jim is working, so he qErees
) 1

to pay. $2 more than I pay. If the basketball costs $11, how

rmuch §@e§ Jim pay?

" The sum of two consecutive odd integers is 0. What are the

integers? )
. .-

. ‘ -
The length of a rectangle-is 27 yards more than the width. The
perimeter is 398 yards. Find the length and the width.

rades on & test and found the sum to

H
et
]
u
(=}
e,
e
=
o
ok
ol
Py
ol
it
g
L]
[
H
oy
[
P

be 170. Mary's grade was 1lh: points highersthan Jim's. What

A man worked ' days on & job and his son worked hal

N
o

a
that of his father. If they earned

The son'a.daily wage was %
a total of - $96, what were their dajly wages? '
In a farmer's yard vere some pigs and chickens, and no other

more chickens than pigs. Observing this fact, and further

_observing that there were 74 feet in the yard, not counting

his own, the farmer exclaimed happily to himself--for_he was a

himself--"Now I can tell how many of each kind of creature
there are in my yard." How many were there? (Hint: Pigs

L0¢ for each time he hit the

L
=
o

o
¥

[ ——
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- ' Chapter 10

PROBERTIES OF ORDER

10-1. E Fundamental Properti€s of Order

WE have used the concept of arder to make certain statements about rmmbers.
In Chaptér 3, when we were considering only numbers of arithmetic, we used
"is less than" to mean "is to the left of" on the number line. In Chapter 6,

we extended this meaning to the set of real numbers. The statement "a is

. less than b" 1s written in symbols as Ma < B".

If we are given a first number a, and a Second number b, then the

statement & < b is either true or false. In this sense, "<" is called a

relation in the set of real numbers,

If & and b are real numbers and if & <b is
false, then either
a="5b 1is true
s
1 or b is true. b<a
2 The sbove is a statement of the ______ property. comparison
If a, b, c are real numbers and if a < b and
3 b<c, then = . a<ec
L The above is a statement of the = < property of the | transitive
relation "<
Recall~that we have called this the "transitive property
of order”, _ _
—
[A] -5 < x (B] x < -5 (c] x=-5 o

"If x < -6 and -6 <-5, then x < -5" is a direct
applicetien of the transitive property. Thus, [B] is correct,

= relation "<" that we shall develop




T10-1- .
Le use the
& . addition
) true for some x,

"¥ = 0" are equivalent]

= . = 1t
>+ x =3

and
9 - |sentences, since they have the same get. truth
K . ¥y I —

Now let us consider the open sentence 3+ X < 3.

_w

in the truth set of 3

negative

;15 not

positive

—
=

the property of "= which we wish to discu:

thie arid

=

punber line., let usz rfix pointe  a

3k

353
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]
T

\Fréjw

%,

(e

(R

ot
o

5 s

which ia

Again, starting with the true sentence 2 < 5, if -

4,
o
jan
m
-
M
LY
i
(s
s
pa

™
i
m
o]
i
M
b
g
AT

iz added to 2 and alio 1o

will be 2+ {-k) =5 + (-4) or % 1, which

is a

We can now state

numbers and if & = b, then

Rzrall the addition praporty of equality:
b, ¢, 1 a = b,

o+t a = o+ h,

Loy
i
R'el

it
1
e
]

oA

=10 < (-6)

true
true

tryue
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How would we write an addition p:
praperty of equelity with the addition property of order?

(A If & =1 a+g=b+eo

i
ot
i
s
sl
i+
[
I
-
+
]
|
g
I8
v
+

roperty which combines the' add

“Hince a + c a+acechb+e

PR 8:3
el

ig the more concise Torm.

use the addition

;
. | f . N
T I e - =, i [
. ] T .
Ll / 11 - | . T
We nove  — b = - 4 = nd  * - =,

i2 a harder onc. Let?s Jdeterming whether

o
T
o
]
e

than

lens

T s

(We would use the

D T 114
T Y- k== 1i a4 truc statement,
K s B K

£
.
-

&

o]
-
.

roperty of orde

While either [A] or [C] is'a correct choice,

HE BlE

M

true

addition

ition prop-
erty ol order
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poe o b+
() () v (=)
fo1e) - ) 0+ (-=n)
i () B
[ toe () - .
. { D e e
’ {0 e N .
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. () it property or v
! . ety addition
() o oro uiddition,zerao
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Y =Jl .
X z
N oooand oy I positive, v
Thre b preted o Lorms of
oL aro:
1 X+ y = 2
F
x
e X < F
: e Vi v pr o sitive
snliluad Lo :
The soecond
7
n - i .
X I Coroe :
E 22
Tat 1 to neeot
SIS .
B K
Ll |
o ) . t Wil oot i -
| W] R ot h LEi b, poopet ordear
- foeL . Plon oty 0
oW H 4 " (1 i (i
-
f
3 =
, Y ,‘

O
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ng examples show that ror sach two dirferent numbers with

we Found a positive number which added to the

what Theorem 10-2%

we zhould be

taken topgether miph® be stated

ve number y

and only if there iz =

X+ Yy -2. I we had chosen to do hove used this

i
07
[

of our knowledg

tion 4-5.

arithmetic. BReter to our brietf dicc

transitive,

opted this definition, we could have proved the oo

2L

than three ti

11 have le

[
el

(2)(2) = (8)(2)

¥e

e
b
(aa
[
o

o
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sentoncs

Given
this

which is a true

Did you notice that

inequality and

It appeuwrs

then

that | =7 = -2,
t

each member of

Z, we get the inéquality

in cach example we started with a

both numbers by a pc

oAnIwer

to Ttem 3 was "no".  Can you guess

(- 7}(ﬂ)€( 2){(2}
or =1b = -k

maltiplied

Whisi

ir numbers o

zentence io

(@) < (5))
wit (2)(-2) <

c (6)(-2) 1=

(2)(6

and

[F} in

Write » true conten o,

Lhoat chows the Dden o0 (<10(--)

2 - il =

ERIC
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a(ak) < 2(-h)

D
r—~.
lg_’
e
&

- (-1)(- 3)
< (-5)(-1)
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ume the truth of the propertics stuted in Itéms 1-3, we eould

proveed to prove ©onumboi of Uheorems about " Y. Fortunately, this is mnot

really noces

AR
When we are deuling with two ditferen

matter whether we \ L, for cxample,

with complete [reeddm, from onc order relation to the other.

tleular, we muay state the order property of

ae follows:

l it a = b, then - . 8 > =b

similarly, If a < b and ¢ is negative,

5 then e . Bre = he

I
=

+ — — .. - .

i Examine 1 ol I,QWET,E inequalities:
: P. ¥ = :J _E\'_ v = o
Q. ¥ = =9 DL -y m oo

Which two are cquivalent open sentences

o

[A] P and K [B] P and o (€] @ and R [D] §Q and
S _ ] - L i -

P. the set of real oumbers
f

Q. ih{z se2t of real numbers

K. the zet of real numbers

i

- the set of real numbers ] {if -v = -5 1is true,

1t follows that y <5

[
—
=
—
»
.
<
i+
2
]

whel Lo the order of <% and  -x?

13 | 1r

then  x . X =2
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drawing graphs.

lowing open sentences,

call that |y
7 the distmnwee betwsen
15 ¥y =3 0 and y.]

=

.
]
b
"
’
,

ol inequalities.

me pra

Answers are on page xvii.

]
™2

The multiplication ol order can be waed to help rind truth sets

ol open sentences. We chall apply this property in the form which is the

more helpful.

Which of the following pairs of

iy
|

we obtaln the

i
i,
s
fas
e
o]
;._.I
L#
]
8
it
ey
o
e
fa®
M
u!
o
()
]
[ea
e
'
Ot

squivalent sentence x < 6. B5So [. wes not contain two

equivalent sentences. We ¥ % by multiplying both

gidez of the corroct choice,

and multiplicatio:

find the truth sot of an open contenee such

(=) + (=) (adrilinn praperty of order)
( R

= (-2) (=) (multiy!ication property
finally : of ordeyy)

o

o




) -
b N [ 7:;:;" o
[ i i
)

1

{_ e :

o :
: SIS (-
. t
O \




O

ERIC

Aruitoxt provided by Eic:

I
=

D

foad

bt
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Again, starting with 59 =5 one might

first write

then

Finally,

e might

=
%

The truth set of (-2) + 95 + (-3x) < hx + 7 + ( - zet of
(C] les: togp =1%
[B] greaster than (D] greater than ﬁ .

&

The proper choice is [B}. If you had difficulty in determining

the truth set, continue with Items 37-41, otherwise go to Item L2,

Ir, (-2) + 5+ (=3x) = hx +
#

then s+ (=3x) = + 7

3= + 7

1
o s
} . — —

Find the truth set ot 2x = s i:ii:‘f -
Find the truth set ot

[As w Pirot step yon mish

Find the truth et off ,( + ':-D =5

gy

[Az a firet step you mi-oht either multiply both

e by or apply tne distributive property. |

Wb

Find the fruth wet o 2% 4 ] - BT SR

[Be careryl?] |
3 .
565 T /

£

et 21

es
17

o) B

3
of all

3

=
(=]
=

of

al

> greater

1

: greater
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Tet us construct an open sentence for the following

= b=

problem: _
~ Carol has 16 - more books than Patricil.
Together they have more than 28 bookf.

Héw many books does Patricia have?
Qpeﬁ sentence:

Find the truth segi

fﬁtricia has at leas

~and x 1s a whole number.

If a number of flower bulbs of & certain f&ﬁéwé}é
of them will
3 of' them

B. -3
15 of these

planted, itiis known that fewer thane

o

grow. However, with proper care, more than
will do well.

Eulbsj how gany did he prabébly plant?

If a careful gardener grows

‘ahd less than

{He must have planted more than _

- T v

If you did not see how to do the question above, do ITtems 50-57.

problem gave you no trouble, go on with E@cti@ﬁniﬂ-h. i

If the number he planted is réPféééﬂtédgﬁy the

variable &b,

-~

W

- gnd

(1,8,9,10, +..)

the

then of them can be represented by

& 7 8

ks
5

1T,

W

o=~

O

ERIC
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=T

|The truth set. of this open sentenc

.|Since with proper care more than

,of them,can be represented by

Since less than g will grow, and we are told that

15 do'grow, we can write the open sentence

b

=

L‘m&w

all numbers greater than
-

ﬂrite the open squfnce 15 =

The ‘truth set of this i
than 40O,

So we know that thé gardener Blanted more than

and fewer

3
\d

bulbs than .,

[
Ly

15 > ’83{}

‘less than
240

80-
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*10-Lk,

<
1.

[ah]

Here is a list of problems which will give you more practice in using

Review ‘ 5

the ideas deéveloped in this chapter. Answers are on page xvii.

For each pair of numbers, determine their order.

(a) -100, -99 (@) 2, % 7

(®) 0.2, -0.1 _ (&) 3(4) + (-4), 3k + (-)

() 1-31, |-7)" () 241, o |
- \ : 1

If p20 and n <0, determine which sentences are true and which

are false,

(a) If 5 >3, _then 5n < 3n. (d4) If (%)x >1,-then x > n.

o
W

(b) If a >0, then ap < 0. *(e) If
. i

(e) If 3x > x, then 3px > px. *(f) If

]
R
]
B wi
Dol

Which of the following pairs of sentences are equivalent?

(a) 3a>2, (-3)a>(-2)

(b) 3x=>2+x, 2x>2

E

A

(c) 3y +5=y
( 3

If p>0 and n =< 0, déterfﬂiﬁ; which represent positive numbers,

. . - AV
which represent négative numbérs.ég

() -n @ m o
() n%0 T (@) o (wp v (n))
(c) -n® ‘ (r) Inl °

Solve each of the following inequalities,

\ L

i(a) =X = rJ ‘ ' (a) (:h)j;{s}{) = 3x + B
i .

o
-«-

+

3
o
+
[
[

(v) (-1) + 2y = v, (e b+ 2 < 381

-5)z <3 CE) x(x 4 1) = x

6, -

367



6. Find the truth set of each of the # owing sentences,
. 1 ‘ 2 7 )
(a) z< and x >0 (4) (=) >0 anda x40 .

1
2 x
(b)) =<3 (e) 0 < ax <180
. bl =
: (c) % < % and x = 0 (f) ==+ 1 =0

; sets of the following sentences. -
(a) 3x + 2x = 10 (@) e(x+ (-3) =5
(b) x 2§(§l) = gxg+ 1 7 (e) 3x +5 < 2x + 3
e ax e 1 3w (-9) (£) (2)+ (x) > (D) + (-2x)
8. bf5D1Vé the féll@wing equations.
(a) 3x=5 oo (d) Ty + 3=y + (-3) o
(®) 3+x=5 Co(e) 3x = Tx + (-2)x
(¢h 2n+n+ (-2) =0 (f) 3q + (-q) +5 + q = (-2)
9. Solve the followi .
() 3(x+5) =
(b) B 3) -
©) %-y b () =
() a° < a(a+ 1) *
(e) (x+ 2)(x + 3)
(£) 2¢° + 29+ g7 = (39 +)(q v 1) )
# F

.~ units and less than 7- units. The width is known to be U units.

Find the area of the rectangle.
11. The length of a rectangle iz known to be at least 6 units and less

than 7 wupits., The width is known to be at least 4 unitsz and less

i

*12. The length of rectangle is known to be greater than or equal to 6.15
' 1d less than 6.25 inches, The width is known to be greater

B LY
than or equal to 4.15 inches andkless than L4.25 inches., Find the

“*

oy

ERIC
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*13,

1k,

10-4
F
a) A certain variety of Iowa corn plant yields 24O seeds per
ke b N

plant. Not all the seeds will grow into new plaﬁ%s when

o

E
planted, Between % and é of the seeds will produce new
1

1 LO seeds. From a

T

plants. Each new plant will also yield
single corn plant whose seeds are harvested in 1964 how
many seeds can be expected in 19657

(b) "Suppose instead that a corn plant “did not yield exactly

2L0  seeds, but between 230 and 250 seeds. Under this ¢

Ow many seeds can be expected in 1965 from the

+ 240 seeds planted at the beginning of the season?

the square. What iz the length of the side of the szquare?

not more than 25 miles per hour. What is the rate of *

the current?

spare time, and i3 saving his money to buy a car. If the car

will cost him at least £75, how many hours must he work?

v
T?f

hod
T,
Wl

k
L
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10-5. The ‘Real Numbers - Summary

Let us summarize the material of Chapters 6-10. )

We- began by intrcducing the set of negative numbers, as suggested by our
knowledge of the numbers of arithmetic and the number line, We called iﬁe
union of the 5etﬂaf negative numbers and the set of numbers of arithmetic

the set of real numbers.

Addition and multiplication of real numbers were then defined in such a ™
I 3 ) i = B

 that .

(1) the usual meanings of addition and multiplication in the set of
& numbgrs of arithmetic were preserved,

‘and (2) many of the properties of these Eperatians, which were true for the
set of numbers of arithmetic, were alsc true in the set of real
numbers. A '

]

on our ideas of order in the set of numbers of arithmetic.

In the course of this development we stated many properties of addition,
multiplication; and order.

Here. is a list of certain basic properties wiftch we considered:

For any real numbers a, b, and e,

-

1. a+b 1s a unique real number. ab 1is a unique real number.
b ab = ba
) ., (ab)e = a(be)
*re 1s a special real number . There is a special real number 1
such that a+0 =4¢a and such that a-1 =1 and 1l-a = a.

=b + a

LN

a#b)+t§;a+—(b+g)

o

. For each a, different from O,
such that . there is & unique real number (g)
such that -

m
=
L]
o
=
I
hrs

[Fa
[y
il

YW

(]
ok

a+ (-a) = 0 and (-a) + a =

=

=1 and

o
g —
1
H

o

]
* 6.%alb +c) = ab
) (b + c)a = ba

T- For a and b, exactly one of the following is true:

ERIC
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These are by no means all of the properties we discovered, but we will

interrupt our listing at thisiggint 1o make the following remark.
add Just one more §a51c property,
could be used to prove eyerythi
this additional proger-

of this course.

If we
wve have a list of basic properties that
Unfcrtunatelyg

about the resl numbers,

would involve us in mathematics’ beyond the scope

Practically all the algebra of this course mgy be developed from the

fcurteen Properties listed above,

prpETtiEE which may be proved as consequences -of the basic properties.

of these havy
will

li

11.

O

ERIC
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Let us now list some of the more important
All

been dlEEUEgEd in the text, As you Study more mathemsties you

learn mich more sbout the real numbers.

For real numbers a, b, and ¢, if a+e=0b+e,
then = b.

For real numbers a, b, and c with c £ 0, ir

ac = bg; then a = b.

For real numbers a and b ab = 0 1if and enly if

a=0 or b=o0,

For any real numl -8,

For any real numbers a and b, -(a+1b) = (-a) + (-b).

For any real numbers a and b, (-a)b = -(ab) and

(-a)(-b) = ab

The opposite of the opposite of a real fdumber a 1is a.
The reciprocal of the reciprocal of a non-zero real
number a iz a. . F
- any non-zero real mimbene o .ee o 1 1 1
For any non-zero real numbers a and b, = . == =,
> ’ a b ab
If & and b are real numbers, then a < b, if and only if
there is a poditive number e such that b = a + ¢,
For any real numbers 8,. b, and g,
if a<b and 0 < ¢, ‘then
ac = be, #
if a<b and ¢ <0, then .
be < ac ) ™
37,
7
i
371



12. For any real numbers a and b, if a <b, then -b < -a.

m—u

ol
.
-
H

‘'O<a<h, then

u,_ll

5

.

i

Hhy

=4 1

x £ 0, then x°

"_l\
"
=
Hﬂ

O0<a<b, then & <b .

If we égnsider the set of real numbers together with the operations- "+

and " . ", the relation "<", and the basic properties we may call this the

28 I : y

N |
CN ‘
e ;
o

ok
=J
T
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Chapter 11
SUBTRACTION AND DIVISION

I

In the preceding chapters we have succeeded in ext
relation and the opefations

of arithmetic to the zet of all real numbers.
certain fundamental properties of
1

However, in stating these

subtraction anﬁ division.
olos

natural to define subtraction

efine division of real
k]

d

= 1

terms of addition and t

Plication.

11-1. Definit;qg of &ubtrg@ti@ﬁ

make a purchase which amountsz to 83
r

How does sh coupg ocut your change

cents and say "90", and

“"one dollar".

subtrac
mén;élly changed the wording of

obtain 100. GShe has 2

"One hundred minus elghty-three equals what?" to "Eig

endi
of addition and multiplication from

We were theﬁ able to

ing the order
th

I

the real number system,

undamental properties we have never menti%ned

subtraction is

1 15 closely related to multipli-

of real numb

cents, and give the
? bBhe might hand you

one dime and ‘say

htv-three plus what

(K]

O

ERIC

Aruitoxt provided by Eic:

+f

‘DC‘
o




I [Thus, "100 - 83" and "___+ ( )" are names 100 W {-83)
for the same number. In this case, the number ‘

5( |1 17

e - — e

L

~
ol
]
=
[
W

[aind
e
o]
59
|
+
[
e
ol
H
i
o
o
[
-
E
L]
I
I
fo
o
i
o
el
I
(4
wn

In the set of numbers of arithmetic, if &a-- b names the number n,
al

numbers, we are able to solve the

hat rnumber a and b represent. We are

a+(§b)g
and n=a+ =b).
Therefore, "a - t" and "a + (-b)" name the same number. Further-

a
more, the closure property of addition assures us that "a + (-b)" names

11 In order to subtract a real number, we ___  1its add

12 In order %o subtract 2, we would add __ . -2

318 7
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.13 |In order to subtyact O, we would add

14 [In order to subtract -2, we wmuld-add _

=
"
4T
]
s
]
+
i
It
NI
i
~
B
]
Htaanet
1}
il

P
i,
W
¥
i
[

[ [
oo =
W
1 1
W
—
[ 1]
T
[0 L
] Ui
¥ ]
8y
I+
+
N
Li¥] !
Mt
i
I A
U -+
+
ha
-y,
IWILJM (]
o ]
]
]
o]

=
g
]
W
[
©
It
+
|
il
|
[]
W
s
Lo ]
B
[}
Wt

v
2
1
" J1t
]
[
[
-+
-
'
w0
+
L]
It
I
LY

_ — § — -— )
How do we read the expression 5 - (-2)?

I
=

We read this as 5 minus the - of 2.

In the expression 5 - (-2), the symbol "-" ig J

used in two different ways.

The first "-" indicated the operation of . subtraction

i
I

T opa
[

The second " -" indicates the __ __of 2, epposite

To help keep these uses of the symbol clear, we make the following
parallel statements &bqﬁt them.

In- "a + (-b)",

In "a é'bk
"- " stands between)two numerals "- T, is part of one numeral

and indicates the operation of and indicates the opposite of.

subtraa§igni We read the above We read the above as fg plus

as "a minus b". . - the opposite of b".

. i
i} _ i _ _

Here is some more practice. The answers are on page xviii.

-5000) - (-2000) =

— 36. 75 - (-85) = _ -
37 - ™~
i i 35 _ S~
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add the opposite
B,

inverse of

addition. . '

To find the truth set of y - 725 =25 we mi;hf )

uze our definition of subtraction teo write
37 . ¥ o= + . . 1235
32 |The truth set is {750}
L = . {110]
Lo |rmoed o -1 : (-12]
SRR -1k =43
Lo T Eaah [z {=16.4}

2 L 1

I LA = = = = =
L) Z ( 4) = - {)4_3 R
lele S o=z o= 7 {—2}

Le

The operatlon ol subtragtion

sfated

in

can

can find th

- - a1 = .
iz & =37 is

16!

5 =K(=3) =

L Subtract -3 Irom 15, 15 - .

suttrast

£

51 What number is Llesg thwm =47

O
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L% 1

o
Hoat
o]
]
g

g
=
[l
g
ot
=
T
o
o
M
H
=
]
1
ot
g
o]
b
f
W
ol
]
bad

3
11-2. Properties of Subtrackion )
oL st -
Included in the list of properties for the resl number system were the
commutative and assaciativeﬁifgpérties for addition and multiplieation.

Iz subtraction commutative or associative? If we look at some

examples we might find the answer to this question.

s
w—
[}
Dt
et
1
——
N
ot
-
[
¥
W
L

I
i
pa
(o)

—

]
Vo
ot
I
—
I
b
Qo
i
b

is not
"

On the other hand, we must remembeér that addition is commutative.

- (=y) + (%) by the commutative property
b of . addition
: {not subtraction]

5 a - b may be written az -t + . =b + &

In each of these examples we made

Ty

property of

ERIC
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¥ - <_§ ) -
1-2 . ! )
L

. Examine ~
9 |8-(2-7) =8 (5)%77, .
10 | and (Beé)-*“iégs;f;,,f”-

Again, this one example is enough to allew us to

. . . . #

11 | assert that subtraction i#not .

Let us recall that addition iz an operation 1nvslv1ng two numbers.

Hence, 8 + (2 +7) anda (8 + 2) + 7 are both meani ful -expregsions.
The associative prop erty of addition assures us that these numerais name
the same number. Therefore, we may omit the parentheses and write 8 + 2.+ 7
without confusion as to its meaning.

Since "subtraction does ﬁ@t have some of the pr@perties~ta which we have
become accustomed, we need to be careful in handling expressions invalving

subtraction. For example, since subtraction is an opération involving ‘two

S g

numbers, both 8 - (2 - 7) and (8 - 2) - 7 are meaningful. 8 - 2 - 7
does not name a specific number, hence 1s not a numeral. However, it i

expression.

)
pad
pa}
<
i
o
o
I
]
ot
ot
P
]

1w
H
i
Lid
i
=}
B
[
i

o

i)
s
1]
=]

)
]
pu
ot
]
P
]
(]
H
o+
"J‘
o

The second of these is the meaning we decide upon. That is, we agree

that, for any real numbers &, b. and ¢ . o

8 -b-c means f{(a - b) - c.

By our agreement, ,
aab-;:(_sf;b)ec .
12 =(a-b)+( ), (a - b)Y + (';e) |
13 ~(as v (o), (a+(-0)) * (~e)
=a+ (-b) + (-c), since addition has the
‘lh . ) L 7pra§ertyi aasagigtivé

mmutat;ve, we

o]
e
=
[
et -
[}
m
‘ p ]
=
[y}
h
EI

8 -b -c¢
notice that a EtQ;, ‘all name the same

number.
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11-2
Express each of the following in terms of additton
and «taking of opposites. V L
B ¥ 1
15 | x-y= ______ N
16 |x-y-2=__
17 | 3x +'4y - 2 = M ‘ ’
18 [x®-x+1-= i
L. =
19 |28 -b =-¢c =54 = . i
| Express each of the following in terms of e

subtraction. = ' A
50 a + (;b) - . | . . ao b '
B .. - . 1 '
2l | x +'(-y) + (-3) = _ | ; Xy =3
22 [ (-3x) +y + (-b) = -3x 4y b

: N * - ; me

»l-ﬁ;ltiplicaticm» is ﬂistriputive over addition. - We are able to write, ey

for example, 3(x + 2) = 3x + 6 and J5x o+ 3x = (5 + 3)x :VX. \We now ask,
X . :
is multiplication distributive over subtraction? Is it true that .

3(x e;g) = 3%- 6 and that ‘5x ~ 3x = {5 - 3)x = 2x? r

23 |.3(x - 2). may be written as 3(x *+_ ). | s+ (-2)
"3(3: + (*’S)) = 3x + 3{(-2), by the distributive property -
) o s of multiplication over - o
2k " iy g o wddition ,
= 3x + (<6) ‘ S fnot subtgaction]
2 =3x- P 3% - 6
E3 N N A . ) b -
26 | 5% - 3x .may be yritten as S5x + ( ). ' . 5x .+ (=3x)a .
5x + (-3x) = 5x + (-3)x | PR B
27; = (5 + (-3)) x, by the property of " distributived
multiplication over '
f - Al
: addition.
' = (5 - 3)x ' . R
= 2x [ ) . M 4
. 4 [
L4 /. . - N
. 379 o ..
3 g



state: |

If a, b

b, ¢ are real .numbers, then
-, a(b

- e)

ab - ac LA
3. “and (b - c)a = ba - ca
"Multiplication

i

disBributlive over subtrdction.

is

_bas cl;rgperty. It %
s Ee,

== e L o 3 R . . .
terng of addition and of the distributive property’ of
addiVtion. :

3

- 5 — —_
¥ the distributive property. L T i

[N
ot
m

L]

33 L"(xé - 2% - l) =

O
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not a new

s a canngQEﬂce of our definiticﬁ of subtraction in

multiplication overd

hx
{2 - 6)x
-8

X(I - 2) or-
(x - 2)x°
x(x - 1)
{since -x =

3y - x)

(-1)x]



We already know that the opposite of a sum of two ,
t

real numbéré_eéuals the sum of

~(a + 1) = (-a) + (b).

L3 =8 + b
b (- y) = 4 “x 7ty

£
bain]
]
'
—
\Lu
[
=
1
]
m
N
—3

working with surtnacoiion. "Altheush vou

Comentally, von o shouit wos boomr L be oaxpialr eoch

R S
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_ &
| 4

f (x=3) - (x-2) = (x+ (-3))+ (-(x + (-)))
* i ) =x + (=3) + (ax) +;3»

= x (0 + (3) + 2

¥ . , <0+ (-1) .

-1 -

u,

If you wish to check your reasons, see page xix.

53 A simpler numeral for (53@7- 3y) - (2 + 5x) + (33{ 2 2) is )
e (Al o ' o §

[B] 10x -k '

(c] -k

(D] 10x - 6y - &

[E] none of these .

i .
The correct cholce ie [Cl. If you feel that you need more - -
practice, or if you responded iffcorrectly, continue with
Ttem 5h. If youw hed no difficulty, proceed to Item 6Ly ' . ..

Simplify each of the following.

W
.

(3x - 6) + (7 - bx) = ____

(3% - 6) + (6 - 3x) =

W

WY
ot

(58 - 170) - (ba - 60) = - ‘

=(i_l’3f= by) « Y

58 [ (7 - x) =

L

el
]




70
71

T2,

73

n

7

78

a-? ‘i‘
T -t - 112 .
382 - 58° + 6a = +6a
(x*!x+)1)+(ig+§gsh); - '

G-k r ) ) -
(7x% = 3x) + (bx® 7 - 8) = ___ i

subtract 8a - 5b -

(72 - 3x) v (bxZ - Tx - 8)

From 1lla + 13b - Te e,

———

Vhat 1s ithe result of

127

subtracting 533{2 +5x - 7T
from X+ ' '

¥ A
What must be added to 35 - Ut + 7u  to obtain %

-98 - 3u? _. . !

5a - a =(5/- 1)a = __q_;;; B
Sy -y =2 )

P ) - P axv ) a2 )

bx +y) = (x+y) - 3(x+y) = )

-125 *+ bt - 100

Lbe
2(x - y) v
“a(x% v 2x 4+ 1)

0

A simpler expression for 3x(l - x) - x(x =~ 2) is .
. 5 - )
(A]  -hx™ + x = -
_ . =
[B] -bx® + 5x
2
[c] 2x= + 5%
o o
[D] 2x° + x

The correct response is [B]. If you had difficulty ‘continue

with Ttem 75, otherwise go to Item 79.

33’(1 = X) = 3x - c
ax(x - 2) = (~x)(x) + (-x)(-2) = -x° )
. -
3L =) -l - 2) = pfd ) -kl - 2)
= 3x - 3}:72 - o
= (=3x% - x®) + (3x + 2x)
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nothing

. B = & t

LS

¥

A teacher says, "If I had 3' times as many students
, o , nts

L
<
m
-
m
]
4]
o+
o
o
g

e
in my elass-as I do have, I would

46 ‘more than I'now haVe." What is the largest

mumber of students that he could have in his class

Wl

*

i
]
o
v
Fl
£ g
g .
(o
et
i
E‘
[ ‘p_.‘
N
s
s
T
ha
Ll
[
of
M
=1
[l
i
o
H
s
pu]
L

. . ) . \ . s
the number line. ﬁg%ém,,' 1at to add a positive number

o
i
H
o+
by
]
ot

numbter x, we start

w
» ,r|-
=
VLU
o

[
o
0
b
i

|
1
to add & negative numker 3, we move ly] units to the

i
b=

‘We already know how to illustrate the additiocn of two rea

ar

units to the right.

eft.

et

subttractiod iz defined in terms of addition, we thererore know how

,
o

Although




2 Therefore, . |a -b|l = b  |.

Whatever statement we make about |a - b| will also

apply to |b - al.

Next, we récall that the absolute value of aﬁy real number represents
.

s distance on the number line.

3 |a| represents the distance betw®en a and . fs)
_ —_— .

is _ > - {-3, 3}

SEé'angger below,

=2 <10 1 2 3 4

Ix| does not seem to-indicate subtraction, but we

E

6 could write [x| = |x - o =

1o - x|

That is, [x - O] and |0 - x| each represents the
7 between x and O. - distance

———— - F

5

to Bsk: ‘ma

G
=
<
i
o]
]
o |
Lo
o+
€
H
M
m
—
pu)
=
=8
o
i
o]
i
o
|
La]
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T
]
ja]
i
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e
I
=
(o
Tt
,
o
[
o
i
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Do
T
|
o
il
t~
¥
% FI
Il

9 b - 2] = ]2 - 4| = . 2
_ ’ -2 —
. Un the number line, L1 1 1 & 1 3 1 J
) 317271 01 2 %3 4 @B
10 [ a2 - (-1 = [(-1) - 2] = o 3
On the number line, Lo !'%E’fj;ligjif
=2=1-1 01 & B 4 &

=
-
—
]
=
e
I
—
i
I
—
il
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o
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—
Al
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11-3

OQur examples lead us to the general stateméﬁt: ] _
If a and b are any real numbers, then
the distance between a and b is given )
by la - b|. (Of course, |a-b| = |[b-a].)

- 2 - I .
= e ——— Si— = — ‘
The distance between 5 and 1 is . . i
5 -1f=____ b

-
The distance between 7 and” O is _____ 7
T -0l = ___ 7
The distance between -3 and 5 is __ . 8
&3 -5l =____ . 8 .
- | ’ )
(.
The distance between 6 and, -2 is __ . 8
6 - (-2)| = 8
| (-2)| ) B
‘
The distance between -1 and -3 is . 2
-1 =~ (=3)] = el
| 17 (-3)] .=, _____ - | e .

written-either |2 - x| er ]¥ -2].

]
KN

I

L]

[

&+

i

T

20

(

istance between

K

x and ‘% may be written as

2 anzsff may be written as |x  |.

[x - 5]
l

- 2

w

[x - o], or |x|

5,

B

B

b
pat
il
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on the numper line is

and 4, &nd between

o,

sentende  |x - 4| =1 is

Je
%

o
o
b

3]

i

and 0 iz o
ol L= oAl o= .
] g - {i arwd ‘ - D, and since
A o -
»oarnd LY are membera of
- al = 2.
- A\

N T

‘distance
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.The truth sets of [A), {B] and (D] are all the same: the
get of real numbers between -3 and 3. The tiuth set of .
(2] 18 th3 set of all real numbers. Thus, - [C] is the

a correct choice, ’ , ) .
= . T e ¥

Lt | Graph the truth set of” |x|

7 O 1is greater than or equal g

LA

1;{'.

[y
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"g} 3 rand x < 5" 1is usually written "3 < x < 5",
Graph the truth set of 3 < x < 5, -
L < l{ is the

<% .

The graph of the truth set of |x -
same as the graph of the truth set of

7

The truth set of |x - 4| >1 is the\sét of all
mz:mbgrs x\

is- 'greater than _ "~ . ',

Graph the truth set x'< 3. .

truth set of x >.5.

e

truth s

Graph the

Graphithé Xx<3 or x>5.

-l

Graph the truth set of |x - 4| >.1.

- N
truth set of x <3 Sor - x =5

Notice that the is

same as the fruth set of
e : -

such that the distance betwéén x apd

s
-

B

"ly - 8] < L may be read:

"The distance between _and N

less than __ Lk

i

[

The truth set of |y .- 8 <’4| is all real numbers y
such that __ <y < . ' '

Graph |y - 8] < k. J

3" read, "The distance between

]

n’lx ;; (—:9”
" -9 is

may be

x and - I

The truth set of |x - (-9)| = 3 1is

Graph |x - (-9)] = 3.
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ly +5)/=9 g@y‘be vritteg |y - (-5)] 9. 1

Written in this form 1t is'now easy to 53&‘tﬁatfthe
LS 9.

o

69 | distance between y and _, . i

70 | The truth set of = EQ{ (-5)] =9 is

-1 =

71 | Te truth set of |x + 3|

72 | Graph the truth set of

I

5.,1s

]
L]
w
’
-

[x +71]

73 G;Egh' |x| >-3. (Be caYetull)

iﬁ * . ' ii .
Here axe some more exerclses on finding truth sets and their gr&pﬁsi\ ir
E;u need mare practice, work these EXEfQiSEE.- If you have had no trouble
with this section, go to Section 11=L, or to starred Item 82. '

“Find ¢he truth set of each of the following. Graph each of these
sets” Answérs will be found on page xix, ’

The y + |26] =10 S8 |x+ b =3 . :
" ) _ o 7 ,
75. Jy| +12 = 13 JQi |x - 3] <5
z| +12=§6 , 80. |x - 2| >3
- o :
x -3 =2 1 Bl. |x+3] <&

5, - — —— i —

— — — _

* In later mathematics courses you will encounter absolute value in a

variety of* situations. By éx%ginin%fsame special cases, perhaps you can

discover’a result which is useful in more advanced mathematics.

- - —_ ——
We shall compare the absolute value of & sum of two
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and "a .=

closure property of multiplication a

b

one number, remembering tHat

=
o

amd & name

I

b

" and "a multiplied by the - reciprocal, or
multiplicative
inverse

"z)iivi ded by b

4
i

of b" have the same meaning.

In order to divide by a real non-zero number we
N - - ° * .
6 by its reciprocal. - o miltiply
7 | In order to divide by 5, we would multiply by

— |5

=) Tn order to divide by

[T

= we would multiply by . 5 {=5< = 5]

9 In order to divide by -3 we would multiply by . % *ﬁi-ﬁ "3

i
fe)
=
=1

order to divide by -«

boat H st

we would multiply by | -3 [ﬁmf = 3]

11 It the statement of the definition of divisic

. defined

is 0. “Tle] either x or y iz 0.

]
'
o
i
sl
ot
sl
A
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[y
g
=t
it
i
L]
ol
Yl
v
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al of 3V,

nnot be zero. On the other

call the
the

394
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In an indicated iu@tiént; the must not be a

[
[

name for the number O.

j—
ha
=
s

then does not name a number. . y=0

15| oy = s

g, rprovided .

EQ‘ _— v

] =
~—
I

u

21, _ 2
2 -

(I
[
»
L]
D]
y
|
—
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b
o
—
I
T} e
S
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LI

consequences of our def

rg

I

For any real number X,

ot
i
b2l
]
o
]
=
!
Jai
bl
g
rd
o
&-j‘
e
"
o
m:(\
=
jo]
E
E]
e
o
L}
i
-

since x = 1° x. o

1
[a

If you need more practice, complete Items 31-37. Ctherwise,
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39
Solve:
1. ) 1 )
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—ubtraction
Fer real numbers a, b, n

a - b =n has

To zubtract a real number b

we add the opposgsite of b to a.

= interpreted on the number line as

listance between points with coordinates a and b is
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SENTENCES

ol

truth set iz [30]; temperature is 30 deg

1;

120 = {1000)(.0k)%; truth set is [3}; time is. 3 years.

(15)(500) = (75)¥;  truth set iz {120); volume is 120 cubic units.
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. Answers,for Chapter 4  ° PROPERTIES OF OPERATIONS ¢ - .
gection k-1 - e -

- %(3 T4+ 0.3) - h) g(h - k) i e el L

o -

)

= 0 by the multiplication property of zera

2 =) i > ) 2 7 ‘“iif’ M
B L. . [ 4g = = < = 3= - -
- 19, - - = E) + 17 = (== =) # 1
(3 3(8) 17 = (5-3) 71 i
_ i} : g = 0 + 17
cgé- : L . 17 by the addition perErty uf Zeno

S o
Vo (& F)(%)(J“BQZ (( )(j))(%nao
o = (1)(5280) *

§ ' o
: = (5280)(1) )
N . : = 5280 by the multiplication property of one
.

Sectiagn Eii;
16, (yr )y +9) = (y+2y+(y+2)y
, Sy oy + oy 418
- y? 4 (2+9)y +18
o %% 411y + 18 o
-~ 117, (x + 1)(x +5) = (% + )x + (x + 1)5
‘ = xg + X' +5x + 5
= xg + (1 +5)x+5
‘ x4 6x + 5
118, (2x + a)(x + a)= (&x + a)x + (2x + a); > /(
:; EXE + ax + 2ax + ag : i
- = ng + (a + 2a)x + ag
= gxg + ((1 + 2)a)z + a~
= Exg+ Jax-+ ag
19, (3x+8)(hx+3) = (3x + Whx + (3% + 4)3
= l;xé + 16% + 9% + 12 .
' - 12%7 + (16 + 9)x + 12
= 10x% 4 e + 12 .

{(x + y)x+ (x+y)y

120. {(x + y¥(x + y)

2 2
=X+ Xy F XYt Y

=]
=x" + {1+ ])Ky + y

\

=x"+ 2xy + yé

L]
-
1
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~ Section #=§, Review - Chapters 1.k

1..” (a)i H is ‘the set of add,lntegers greater than 19 .and lesn than 51,

5 IR ér'the set of odd integers from 21 “to Lg inclusive. -
(b) H is ubset of- A. : - ' ‘ . . T
. (#) " Set H is finite. Set A 'is infinite.
2. Since 3 is '%8 - and 2 is VED, the coordinate of one palnt between
2 ¢ U i SR

the two is Eng There’ are infinitely many ﬁggﬁta between % and %,

3. (8) Set T is claseﬁ under additién, since the sum of two elémentﬂ

gives ‘an integral multiple of 3.

¥ - (b) set T is not eclosed under "averaging" since the average of two

e
elements (such as 3 and 6) is not ﬁEEéEEETily an integer.

3+6 _9
2.~z .
k.  (a)
y .17 1 ' i
(p) =, T 4§ are in the domain of the variable +t.
%, %%; V2 are not in the domain of the variable t,
5 In (¢). °
() (6] (@ (3 (£) (1]
7. If m is a number of arithmetic, the truth .sets are
(a) (1) . (¢) (0]
(b) the set of all (a) ¢
numbers of arithmetic
8. If the domain of m is the set of counting numbers, the truth sets are

(a) (1) (c) ¢
(b) .the set of all _ (d) ¢ -
) counting numbers

9 (a) 3 is an element of T
b 2 iz an element of T
c ¢ is a subset of T (Note Q is A subset of every set.)
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3.4 5 ) N

=

between O and %i
=

(a) The sentence is true.
(b) t that is needed is to note that (8 + 1), and _(k #5) are names

the -same number.— o
L

[
2

a) true (d) true
(b) false . iew.e) true _ ; o tin

{(c) +true o - = Ei.(f) true ' L

[
o

[

-

N
oy TN

15, 3K by o+ 2x v 3y = (3x o+ 2x) ¢ (.4 3y)

o ; i
(3 + 2)x + (1 + 3)y by the distributive property 2

I

g : s . 2 .
iative, commutative, and distributive properties are true .
1 numbers.

Since the as
for all numbers, 3x + y + 2x +

v+ x 1 distributive pr@péf%y

6. f {x+ 1){x + 1) = (x +E§)x + (x + 1)1 distributive property

.
= k" (L4 1)+ 1 distritutive property

¥
N
i
P
[
+
=
-
+
=
P
]
w
g
12
=
Y

(b) (f;{,‘,’:k E’)(l‘;, + =
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.%3(3 +2) or a(% + %) ' 25;1’€§’+ y+ 2y or (1+y)y
3(11) +15(11) = (3 +15)11 267 (1 +'3a)b or b(1 + 3a)
’ = (18)(11) : 2 ’

Eag + 28B + Zac

LR

or
CTIHE) + 11(15) T 11(3 + 15)
S © - 11(18)
= '\

3

(u+2v)(u+v) = u® +ouv +uv + 2v
: 2

. ug’+3uv*§‘v
v g .

eag(;*g)c or ‘3‘;3/ ((a+1)a+(a+I)1 = ag#la-ﬂ-la%-l

1 = y
a2l %y+§y f . L.=a +2a+1

23. x(y + 1) )

30, 17x + x = (17 + 1)x
= 18x - ) \

X + 3x + ly + 1y \

2+ 3)x + (1 + 1)y

[0
W e~

3. 2x+y +3x+y

32, 3x +d) + o+ T = 3x+

%
3%, by + Bby = (1 + 2)by
3by

3FB. 9x + 3+ x+ 2+ 11x = 9x + 1x + 1lx + 3
' =(9+1+11)x+5

= 21lx + 5

414
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36. " Since 2+ 3+5+ 7 is not divisible by 9, we cannot use the dis-

N tributive property o write 2357 as’the product of Q and a vhole
‘number, so we find that 2357 is not divisible by 9. A
o -

3587k = 3(10,000) '+ 5(1000) % 8(100) + 7(10) + 4(1)

309999 + 1) + 5(999 + 1) + 8(99°+ 1) + (¢ 1) '+ 4(1?

. 3(9999) + 3(1) +5(999) + 5(1) + 8(99) + B(1) + 7(9) + 7(1) +8(1)
S (3(9999) + 5(999) + 8(99) +:7(9)) + 3(1) + 5(1) + 8(1) + 7(1) + 4(1) _
' (B(ll%l)iikg(ll;).* 8(11) + 7(1))9 + (3+5 +8 + 7+ k) )
(3333-+ §55 +°88 + 7)9 + (27)

, N ,
s‘(3333 +955+ 88 + 7+ 3)9

]

1]

]

35&7!4 is ‘divisible by ‘9.

"lE which becomes apparentdla that i’; the sum Df the élgitg of a

number is divisible by 9, the number is divisible by 9. L™
i37. distributive pf@pérty, distributive property; assopihtive property of

addition; commutative property @f multlpllaatlan and ilstr;butlve praperty

15 x 1k = (15 + 4)10 + 20 =, 210 -

13 % 17 = (13 + 7)10 + 21 = 221

11 x' 12 = (11 + 2)10 + 2 = 132

Answers for Chapter 5 ENGLIQH AND MATHEMATICAL aENT ICES

Section 5-1 -
Open Phrase Meaning of Variable
= = =
|l 3x + 25 x 1s number of cents Tom . |The number of cents Tom |
earns in one hour. éarned in thrée hours if he
S gets a bonus of 25 cents.
34 n+ 7 n is John's age now, in’ Mary's age in years if she
years. B : ~1is =seven yéarg >lder than
" | John; or John's age-in
. _ YEears Seven years fram oW,
35 n-7 . n 1is Joan's original Joan's weight in pounds
_|weight in pounds, ) _ | after she lost seven pounds.
36 % y (s the number of dollars | Larry's wages in dollars
= Larty earned in two weeks. for one week. -
37 or + 5 I i5 the cost in cents of |5 more than the cost in
_ _ one bunch of rhubarb, 21 E vunch ~hu
38 a+hb a is my age in years and the combined age in years of
: . b 1is my sister's age in my sister and me
years.

g

43

O
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£ Bection 5-2 .. .
= L8, If I bought n bracelets, and the same number of necklaces, then the
. phrase is: - The total cost im dollars if I boyght iome bracelets at '
¢ 'il each and the same number of necklaces at $T each. '
g, 1If there are r paper clips in each- bé?; then the phrase is: The
P .humber of paper clips I now ha‘ve if I had two boxes of them and my
R rqcmmate took- avay fIve _paper c¢lips and then brought hack seven.
50. If the first 51d inches long, then the phrase :
- The number of inch a triangle if the second side
iz three times t" side is one inch longer than 2
. twice the first
51. If_'y is thé number of people in each of the new familie es, then the
phrase is: The population of a village which originally had 5,Q00 people
after four more families move in. <
52.{If y is the number of dollars I put in the bank, then the phrase is:
* The number of dollars in the bank after simple 1nter&;t for one year at
4 percent, has been added.
%53, If 4 rectangular National x + 3 miles
Forest iz x miles wide, o
then the phrase is:. The g
number of square miles in . é
the area of the forest if
it is 3 miTes longer than ’ =
it is wide. B : — . -
*5h, the altitude of a trianrle .
¥+ inches, then the
The number of squ = i
the .area of the tris - .
basp iz 5 inches lor., Lhan
altitude,
55. the first side of a triangle iz 5 inches lc , then th nrase is *
+ 3. - ) *
56. If a people bought tickets,
57 r + 12
) \ If x 1is the number of dollars in the inheritance, then the phrase is
58. (a) %x or % .
1 15 - i =0
(B) g% * 50 or =%+ 50
i 1 ' X X ~>
(¢) x - (ﬁx (Tﬁx + QOD or x - (3 + (55 0)
(d)" x. Of course, you might write (=x) + (==x +50) +(x - (iq,* (%Lx +%D))
e MLocourse, 10° , EA ST
You might find 1t interesting to show that this phrase represents
the same number as X.
.
s 415
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. (b) x*y*f%_(x*y)

ﬁlsnt grovs

> 1@; then the phrase is t - lD -

Y inchéa ffff
'g inches per week then the. he1ght in 5 weeks

iz
in the library.

|78k books left.

Section 5-3 . .
Open Sentence  Meaning of Variable 7Ehgli$£ Sénfence
= Cd o = — — L T
7 3% - 2 = 784 x . is the number of books |The number of books in the

library is tripled. Two
books are lost. There are| ’

Sammy, who 1s 7 pounds
heavier than Jonathan,
weighs 82 pourds. (Or a
similar sentence,) .

A class that has the same
number of boys as girls
has 17.. boys (girls).

same number of links whether I

rst and second pieces together and then

n Fairwood and then
rom Middlebury to

9 % = 17 ¢ is the number of stu-
= - dents jn the class which
consists of the same num-
_ L ber of-boys as girls.
11 In order to buy 500 EHVEIDPEQ, had to buy two boxes of envelapea
12. I have three pieces of“thain. The aecanﬁ plECE has twice as many links
as the first and the third piece hAs three times as many links as the
first. I get a single chain with the’
fakten the second and third pieces together and then fasten them to the
first, or whether I fasten the fi
fasten the third to them.
13. 'James bought some 5 cent stamps and the same number of 8 cent stamps.
The total cost was 65 cents.
1k, The perimeter of a square iz 100 feet,
15. I have to travel just as far whether I
the five miles to Middlebury, or whethe
Fairw@ag and then back here.
16. Wg ifgéived 6 gallonsz of milk,

gallon bottles.

some in quart bottles and zome in half-
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Section 6=1. -

61.

63.

6k,

-

I
[ ] =
W
-~
[
m-—
1
]
i |
-
5|
“—
[]
M-
Ll
\l‘
b
‘\
ML-
vl
*—
“-
L]
\
~f
[- -1 2

e
[T o

66.

SN NS WU G T A T T .

iy
o

g .
ourl: 2 3
) -3 - .
3 1is to the right of

(] il
= o

5 1g to the right of

J::- -

"2 1s to the right of

1l is to the right of

[
- /’“ \,%1

LT N I ON)

0 is to the right of ~(
7%) and gé% are names for the zame number and so name the
on the numbér'liﬁel

3 is to the right of 0

/2 1is to the right of k.

16

S(fiz

|
w—

M

i

wif, -

“(83) ana "(:

=
Aot o
-
([

=-,21, . .
(F7) is to the right of

r

—_
[ LR

Fo T 2

)

2 is an integer, a rational number, a real number.

is to the right of ~(

e

It is not

number.

- ' t ' i xivlinii;

) is to the right c

of

a whole



. .
T oA 3 N
(rr“:i - )

L.

x

79. ;(%2) ie a rational number and a real number. It is neither a whole
= A
number nor an integer, ’

80. “V¥2 "is a real number. It is neither & whole number, nor &n integer,

nor a rational number. -

- 1

P ] I I N [
- - o .1 2 3 :
38, w3z Q'
39+ vzg(%)
bo. T # "2
Li. x =3 or
b2, c<2 and c > 2 SR S TN T R N
' -3 =2 i 0 | 2 3
43, a< 3 and &> 3 g0 d L 1L L I _ /
} - 3 T2 I o | 2 3
b, d <1 or d>2 gub—t—— ol ol ey
- -3 "2 f o I 2 3
LS, a<6 and a< 2 gee—te—t—ll L [
i'i =2 I o | 2 3 o

6. \u >2 and u < 3. The truth set in this case is the empty set, §, and:

hence has no.graph. You should, observe that there is no number both
less than ~3 and greater than 2. - . '

- #1602, and *103. )

’ Under the ordering "< ", 3 & ~3 and 3 3. Since
the comparison property does not hold. Clearly the trans )
true for the real numbers., This would not be a use ' . extension of order

«  although in the set of numbers of arithmetic, "<

A have the same meaning.

42
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J96. 12 number represe
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i e & P -
e =
- H = .

If we let "t" represent thé number degrees of the temperature on Sunday,
if we interpret "within" to mean a variation up te 6° but not including
then the open sentence can be written: t>-11 and t< l;or -11 <t <1.

=

he number line, If you go 6 +o the léft} you are at

You might 1look at t ,
to the right, you are st 1.

=11 and if you go
(a), (b), and (e) are true statements.

L)

[ B B AL
3-2 -1 0 1 2

is greater than 3.

n+ 1 is its succeszor and n+{(n+1)=n+1.
0

wli~
B
m‘
[+
~

;
.
B
&
i
.
) f\ = 5
‘ 42;
=
&
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Section 7-1

Cgluéﬁﬁl s
Business
Mon.: Profit of §7
Tues.: Profit of $5
Wed.: Profit of $6
Thurs.: Loss of $h -
(Tire trouble)
Fri.: Loss of §7
(Another tire)
Sat.: Profit of $4
Sun.: Day of rest
Mon.: Loss of §3
(cold day)
Tues.: Loss of §b
(colder)
Wed.: Loss of $6
(gave up)
Section 7-2
109, false
110, true
111, :true ’
Bection 7-4
Le, T Ir = 5

the left side is:

the right side is:

i :
- Hence,

S

the truth set

PROFERTIES OF ADDTTION

u
¥ 1

PANEL 7-1

" Column 2 -
Net income
(vy & arithmetic)

T+5 =

6+ (-4) =2

(-7) + b= -3
0+ (-3) = -3

(<) + (-6) = -

= 13
=13 + (-5)
E“B ’

in the original

8 +5

@dig*f):’i

-
had Y

Column 3 y
Net income

(number line)
— T —— 5 5

I
. ] |
- . i B h T

R —
II _ -
0 B 12

| .
— | . |
[ i I
o 2 6
— LQ‘ - L ,7,
| % : _ L
I li |
=7 =3 9]
3 —|
]
-3 0
e 6 — &= b —
_7+ _ ,,I _ " } —

-10 ah 0

117. true

iz true for some X,

istmefm*mesaﬁ X.

question




(-8) + x
-(38) + x
_8 + ((=8) + ;x,)

x 7 is true f@rﬁ the same. :X.

1]

true for some x,°

"
vl

Lo x]
+

WO e )
il

Check: if x -is 9,

+
-3

the left side is: (-6)
and (-6)
~ the right side is: ' (-8) -
' and  (-8) +

+
]
-

+
o NSl
s n
N “_l\

_Hence, the truth set is (9].

o ,
48. L (~1) +a » (-3 g.;/%zﬁgff)@& 5 . f
ﬁﬁ% —g,i i,/,(’ )
f:_‘i)%/ 'é/;;}g(":;))z,g/
E . . -/ =X s&éséii*e&;ﬁy%ssﬁéésgasagﬂzi
CAieed ; . _ , | .
by Legh aide <o ; (~1)r 2+ (-3)
back (1) # 24 (3)= -2
ftfi&fﬂ?*‘éfgmsﬁﬂ !‘g;‘-c’f;} f(’a;,;) _
‘ | and K F(rhr (~5) = L
fiZiﬂifgi,;éiiig;£&445§d;£géﬁg ey Ef;i}*

Unacceptable: ' 3
(1) F(2)F (-3) = H K A (S
) Fa A, (-3) = - E?,’%(;i):
-a) w1t =% #(~r))
-?/ = ;}i.‘ -
Lo, Ir o (x+2) v x= (fB) + % is true for F:%ﬂ;; X,
then G:{ 2) + }t) + (=x) = ((23) + x) + (-x) "
X+ 2= =3 '

(x + 2) +.(-2) = (-3) + (-2) .

X = =5 is true for the same x.

+

Check: If x dis -°
" the left sidé is: ((-5)
N ‘ and ((-5) *
the right side is: -(-3) ;
' : and  (-3) +
{

+

+
B e e
]
]
e +

Hence, the truth set is

.
wd
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g2 and b, ab = ba,

; for all resl numbers a and b

tion holds for non-negative numbers,

same abszolute valus. Moreover, ab

are «both positive or both ne

=2

In short, 1t a and b are any real numbers, ab and ba have the

both pozitive, both negative, or

yl

- o' multiplication

zfinition of multiplication of two
negative numbers

= ab Multiplication property of 1

=




—_— o~
o
NP
-2
ol
+
+
—
= I
] (=]
%
B
et et
+ +
— T
I T
ot
I
P

L, The dealer made 8L or the transactlions,
a)(3) + (A7)(-2) = hn e (Lh0) + (-18) 4+ b = kb

ative and a

by the Jiﬂz-il;nfi:ve: pra ¥,
1) v 20(-2) + (-0)(5) + (-7)(-2)
: 15 ¢ (=) (5) ¢ (20 + (-7) (-2)

+

109, Theerem: IF o, b, ¢ are veal numbers, and i ac - be and To £ G

Proot's | oo £

) Multiplication property of equality

) Acsociative property

¥xxiil

q

0

O
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cection 9-4 k
1. (a) (2] (d) (o) ‘
(v) (7] (e) (-1}
(e) set of all real numbers
2, 7 (a) [-6,-1,0]
(¥) (-2, ¥)
(=) (2, 3)

menbers s oand b,

Tirgt odd int ,
next odd inteper.

o

2w o+ 2(w

wide ane

The truth
1l yards
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5.  (continuegd) |
(e) If b's iz the father's wage in do

(20). The father earne
earned $8 per da

(£) 1If % is the number of pigs,
then x + 16  is the number of chickens.

(g) It ® is the number of hits,
then ¥ + 10 iz the number of miszes,

¢
Section 10=1
- ]
éf}. o+ 5 =1

Truth szet: the set of all numbers lessz than -6,

66, Truth set: set of -1,
67.  Truth set 1.2
65, Truth =zet: set of numbers greater than 5.

69.

70.

explain which pr
uged in each step?

4 $20 per day and the

Y
gs oand 2% chickens,
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(a)

=100 = -39

true
false

true

numbers
numbers less
numbers

111 numbers

numberz lezs than or equal to

not equivalent

equivalent
equivalent
positive
positive

negative

greater than -1.

1

- ok
greater than 3
) 3

not eguivalent

not equivalent

than or equal to 91

g
o
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numbers greater than 2

negative real numbers

real numbers except zZero



8. (a) (3 (a) (-1
(v) (2} (e) (0)
) o i 7.
c = £ = =
() 3 () -4
9.  (a) (.12) (a) (0]
(t). (-3) (e) The set of real numbers
(c) (0) (r) (-2
10, If A 1is the number of square units in the area, 24 <A < 28,
11. If A 1is the number of square units in the area, 2L < A < 35,
. . =
*¥12, If A iz the number of square units in the area, ' 25,5225 = A = 26,5625,
*¥13. (a) If p is the number of plants at the beginning of the second year,
p > %(gua) and p < 2(240); that is, 180 < 200,
if n is the number of seeds at the end of the second year,
n = (1 BD)(“hQ) and n = (200)(240); that is, 43,200 < n < 48,000.
(v) I e end of the second year,
g > that is; 41,400 < s < 50,000.
1, (a) If the szide of & square is x inches long, then the side of the
triangle is x + 3.5 inches long, and hx = 3(x + 3.5). The length
of the side of the square iz 10 5 inches.

QFCtluﬂ 11-

If the rate of The current 15 x miles per hour, then the rate of

the buzt downstream iz x + 10 miles per hour and X+ 10 = 25,

The rate of the current is equal to or less than 15 lEf per hour,
If x is the number of hours spent on the job, then 3 =x<5,
Mary can expect to zpend from 3 to 5 hours on the Jjob,

If x is the number of hours Jim mst wurk 1.75x = 75. Jim mast

hours, to the nearest h@ur.

'

work at least L3

-

-1

25, -9

26, -5

27. 3

26, .z

30. 0
4
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35. -0.57
36. 160
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80. Truth set: The cet or all real numbers less than -] =,

1 numbers such that . -
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1. (a), (b), (a), (£)
2. (&) (-1)% - u(2)(5) = -39
(b) (=3)% - u(1)(-2) = 17
(c) (6)7 - u(-9)(-1) =

3. (E). (-4}
(b) Set of real numbers
less than 7 - -

Il
Fo)

(e) + If 3|x| <6 is true for some x,

e for the same x,

z

then |x| <2

Truth set: BSet real numbers consisting of -2, 2, and the real
uMbers between -2 and 2,

(a) (0,2 .

is true for some x,

Kl

(e), If |x+2| <
/ theh |x-(-2)|< 3 1is true for the same x.

" Truth set: set of real numbers between -5 ‘and 1,

/b (@) sx .15 () -F- %
(b) -2b + 2 : (d) ab - ac

5. (a) 7(1 +2y) ' (e) -7(1 - 2y)
(v) 7(1 - 2y) - o (a) -7(1 + 2y)

6. (a) 2x (e) 5x -8
(b)) -x +2 (d) -x-5 or -(x+5)

7. "(a) No graph., The truth s&iﬁés ¢ since no matter what number x
represents, |x - 2| 1is non-negative.

(B) 4P|—hﬁ§!éﬁ The truth set is the set of all real

numbers,




8, ‘If w Trepresents thérsve;sgé wind speed, then 200 . w represents the
average alrplane speed., An open sentence is
%(2@0 - w) =630
—~Z(200 - w) = 1260
200 - v = 180
-20 _
20 : 4
The .average wind speed is 20 mph.,

1]

- -

w

9. If the first shirt cost x dollars, then. x - .25x = 3.75

Hence, the first shirt cest $5.00. Since he soldNt for $3-75; he
lost $1.25 on it. .
If the second shirt cost y dollars, then y + .25y
1.25y =
. ¥y = 3.00
Hence, the second shirt cost $3.00. Since he sold it for $3.75, he
gained $.75 on it,
. - (-1.25) + .15 = -.50. Thus, he lost $.50 on the two sales,

1]

&rw

10. [t - 70| <15, where t 1is the temperature in degrees.
Truth set: The set of real numbers between 55 and 85,

s
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_ . . Index, Part I

absolute value 205-21k, 216, 385-392
addition
definition 226-232, 261
identity element 99, 252, 311

of real numbers 219-225, 261 e
on the number line 23-24, 219-225

‘properties of 235-242, 262
addition property
of equality 2k2-251, 262
of oppbsites 238, 262
of order 350, 352, 354
of zero 99, 130, 239, 262
edditive identity 99, 252, 311
additive inverse 252-260, 311
uniqueness of 254-255, 311
associative property
of addition L41- AE 110-113, 130 237, 262
of multiplication 44 4s, 113- 114 13@, 289-292, 308
binary operation 40, 117-120 '
clause 87-91
closure property 28-30, 105-109
) under addition 105-107, 130
under multiplication 108-109, 130
collecting terms 304-305
common name 31, 38, 113
commutative property

of addition 43, 112-113, 130, 236, 262 i
of multlpllr&tl@n k5-46, 113-11h, 130, 281-283, 308
comparison property 191-132, 215, 347, 354

compound sentence
with connective and 87- 89, 97
with connective or B89- QD 97
coordinate 13-17 -
correspondence 9

differerce

direction ¢
distance 203, 2z
di trlbutlve prope

domain
equality
addition property of 2h2-251, 26
multiplication property of * 416-3%
equal sign 67
equation Bh, 24k
equivalent wmences 342, b3, 360
formula 77
fraction 11
fundamént41 pf@pértiés ol real numbers 370-372

graph;

ot uj ruunhcr,

of truth sets ‘.5(_)
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greater than Bl 87
greater than or equal to 93, ;Qﬁ s N
identity element 99-105 .. c

for addition 99, 252, 311

~ for miltiplication 100, 312

if and only if 326, 358
indicated product 30, 53-55, 121-123, 303, 32k
indicated quotient 395
indicated sum 32, 53-55, 121-123, 303
inequality 81-86, 353, 361-366

" integers 178

intersection 19
inverse )

additive 252-260, 3L
* mltiplicative 311_318 343
irrational numbers 182, 215 -
least common multiple l03 .
less than 81, 187, 347 B -
less than or equal to 93, 188
mathematical language 137-1kL
mathematical proof 254-260
multiple, least common 103
multiplication

definition 273, 308

identity element 100, 312

of real numbers 267- 279

of a real number by "-1" 293, 297

on the number 1line 26-27
multiplication property

of equality 316-318 v

of one 100, 101, 103-104, 130, 284-286, 308

of order 360 Y ' '

of zero 101, 130, 287, 308 g
multiplicative 1nverse 311-318, 312, 343
names for "1" 102 .-
natural numbers 3
negative integers 178
negative real numbers 182, 215
number

counting 2 .

irrational 182, 184, 215

negative 200, 215

negative real 182

of arithmetie 17, 73, 190

natural 3

3

itive 200 £
?Dmﬂ 12, 180, 184
al 177-214, 182, 184, 215

whole 3, 29 )
number line 9-23, 177
numbers of arithmetic 16, 73
numerals 31-38
numerical phrase 31-38
numerical sentence 35-37, 68, 88.90
numerator 11, 394

one, multiplication property of 100, 101, 103-104,

one-to-one 20-21
open phrase 62, 70, 140-155
open sentence 5? Th 97

invalfiﬁg inequalities 83-86

28L-286, 308



opposite 197-204, 216

addition praperty of 238, 262
opposite of a sum ¢257-259 gg; L
order property of opposites 201-A¢ » 354, 362
order relation 186-196, 347

propertiés of 3h47- 372 e

¥

* parentheses. 32 3) —
phrase : )
numerical 31-38
open 62, 70, 140-155

pi 183-184

point .8

positive integers 178

positive number 200 B
fffbrgnf 237, ash-255, 257- 259, 260, 286

‘Proper subset 21 Y

property of an operation 41
rational numbers 12, 180, 184
real number ©177-21k, 182 (184, 215
addition of 219:225, 261
multiplication of 267-279
real number system 370-372
reciprocals 318-327, 343
reversible steps 336, 353 - .
relation 347
sentence .
compound 87-96

set 1-8 H

nuli 3, 75
solution 246
truth 7L-80, 97, 246
solutions
of equations 2L6-751, 328 343, 384, 397
of inequalities 6

solution set 246
solve 246

-8quare of a number 73
gguare root

approximation of V2 Tk; 183

mltdhlication 33

mll set 3 =

Eiar% 5, o 4‘13
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term 304

thdorem 254°

transitive praperty l93 194 216 347, 354

truth number 7T1-T73

truth set Th- 80, 97, 246, 353, 363-366
graph-of 79 80

union 5 =
unique 253; 315 ' ?" :

value 61-62 ;-

variable 58-65, 7@ 77,,111 .
domain of 52—63, 165-166, 187
value of 61-62, 70, T1

é vhole number 3, 29
word.problems 137- 175

with inequalities 154-155, 164-166
zero L3
addition property of 99, 130, 239, 262
division by 11, 131, 394, 397
has no reciprocal 319
meltiplication property of 1Dlj 130, 287

1 braces--indicating a set

- -

the empty set, the null set

equals, nemes the same number as

#  does not equal, is different from
= is greater than ’
< is leszs than

= is greater than or ‘equal to
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