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PREFACE TO TEACHERS

This text has been written for the ninth grade student

whose mathematical talenIt is underdeveloped. The subject

matter presented is essentially that which appears in the School

Mathematics Study Group text: First Course in Algebra. This is

part of the body of mathematics which members of the Study Group

believe is mportant for all well educated citizens in our

society. I ,is also the mathematics which is important for the

precollege student as he prepares for advanced work in the

field of mathematics and'related subjects.

.It is the hope of the panel that this'materi41 Will serve

to awaken the interest of a large group of students wb have

mathematical ability- whicK has not yet, been rectigniz_d. It is

CID

hoped also that this text will contribute to the understanding

of fundamental concepts for those students whose Progress in

mathematics has been blocked or hampered through rote learning

or inappropriate curriculum. However this text is not offered

as appropriate content for the slow learners among the non

college-bound students.

The mathematics which appears in the text is,not of the

type norms ly called "business. or "vocational" mathematics;

nor is it tended that this serve as a terminal course. Rather,

as the title clearly states, this is an introduction to Algebra

which will provide the ',student with many of the basic concepts

necessary for further study.

Some of the important features of the text are the

following: ,

(1) . The reading level is app opriate for the kind

students for whom the teb is written.

( ) In order to achieve the objective of introducing

one new concept at a time sections are divided

into subsections, each including exercises.

New concepts are introduced,hrough concrete

examples.



-(4) Easy drill material is- included in the exercides.'.
.

(5). Chapter summaries and equate seta of review

1problems are provided.-

(6) Terminology is kept to a minimum.

(7) A glOssary of importanOterms.and,definitions is

included at the end of each of the four parts.

Some general suggestions for-the use of the text are offered

below.

Reading.

As is the case with all SMSG texts this text was written

with the expectation that it can and will' be read by the student.

Since many students are not accustomed to, reading a book on

mathematics, it will be nece ary to assist them in le.arning to

make the, best use of the boo

_A

-----'-Teachet report that at the beginning of the course they

find it best .o read the text aloud while students read silently.
J

When students eventually do the reading on their own they need

to be reminded again and again of the necessity for rereading

some .of the sentences. It is hoped that by the end of the year

they will have gained a good measure of competence in reading

mathematics. .

Check Your Reading.

The text provides sets of questions titled Check Your

Reading which are concerned with the ideas in the material

which the student has just read.

It would be wise to start a class period by reviewing the

reading questions from the preceding day or the preceding two

days. The student who was not able to discuss a question when

it was first encountered would have the opportnity to do so in

the review.

-oblem Sets.

The text has an amp e supply of exercises. They are graded

in each list so that the most difficult are at the end of the

list. In an exercise which has parts the teacher should use as

many of them as seems best the particular class sitgatiorL



Problems have-beikn included which may be omitted without any loss

of continuity. Among, them are steered problems which are mor

difficult than others. Problems of this type as well as the

challenge problems which appear at the end of each of the four

parts, might well be appropriate for the "extra credit" part of

the assignments.

This 'text is in four parts. In the directions sent out to

"tryout ". centers during ihe -past two years teachers were advised

to use their own judgement as to how rapidly they should

introduce the, material to their studerk! The reports of the

teachers indicate that it takes moreithalone year of study for

students of average ability to complete the four parts success-
..

full). It is not clear as yet how well students .of lower than

average ability can learn algebra from this text. -

IA -comparison experiment conducted recently-by the Minnesota

National Laboratory showed that college capable, students studying

`from this text performed a well on SMSG unit tests as students

of like -ability'studying rc the text First Course in: Algebra:



Chapter 1

SETS AND THE NUMBER LINE

In this chapter we use the non-negative rational numbe

. and the basic operations upon them as a familiar background for

the- introduction of concepts and procedures which may 'be new to
)-

thepupil. Welonsider briefly two of the indspenstble topls

for our study ofthe'structure of th'e real number system eta
......

and the' number line. %
One of the great unifying and simplifying co qepts of all

mathematics, the,idea of set, is of importapce thughout the

course in many ways in clasaifying the n- berg with-which we
( N

work, in examining the properties of the orations upon these

numbers, in solving equations and inequalities, in factoring

polynomials, in the study of functions, etc.

'Since most students have not studied about sets before

entering this course, and since the basic notions of set are

usually grasped quite readily, it seems a good topic, from a

motivationa standPoint, with which to start the course. We

move on, quickly from this first discussionof sets, however,

postponing much work with operations on elements of sets and

with closure, so as to get quickly to the presentation of variable
1

(in Chapter 2). This is done largely because (1) teachers and

students expect the early introduction of variable and 2) our
0

study of the structure of the number system can begin witiT the

idea of variable.

.Next we place the number line before the student. -Here

again is a concept thftt il:

;

f use throughout the course. It is

the device for picturing ma y of the ideas about numbers and

operations on them. This is immediately apparent as the graph-

ing of sets is introduced and is followed in the final section
0-
of the chapter by addition and multiplication on the number line.

Pupils who have .studied SMSG Mathematics for JuniorHighz--

School will have had a little experience with sets and the number

line. They may be able to go through parts of this chapter a
,

little more quickly than other Students-, but the treatment is

sufficiently different that nothingshoU d be omitted.



pages 1- 1-1

The teacher is referrtd to Haag, Studies in Mathematics,
VOlume III, Structure of Elementary Algebra., Chapter 2, Sec-tiOn 1.

1 -1, Sets`.

,Though the Ti listed at the outset of the chapter
,

are not examples of sets or numbers', we move quickly in the text

to consideration or'such sets.. Thpyigh non - numerical ;sets may be

of interest, a prolonged ditcussihm,of them would constitute a

diversion from the basic purpose of the course.

The concept or set is tntroduced by making use of the

student's experience. Yo_ ay find it necessary or desirable

to give several other- xamples.

We do not introduce much of the standard set notation such

)i LJ rl, because the topicsas set builder notation, r

to which theie notations,are particularly well adapted are

probably too widely separited in the book for retention. There

is, however, no objection to the teacher using any of these if

he so desires. Certainly, if the class already has a background

including set nOtation, the teacher should make use of it.

/ Braces are introduced

eans of listing sets.

a means of recognizing sets and as

Study Guide ) page 2:

1. Stress the .idea that "set" will

' course.

Answers to P lem1 Set 1 -la; pages 2-3:

(a) (9,1.9, 29, 39, 49)

(b) (3, 13, 23, 33, 43)

) (10, 20, 30, 40)

2. The'Set in (c). It has 4 elements.

r

used throughput the

Cd,.e, f, g, h. 1, 1)
(o, e, 1, a)

(1, a, p) (Point out that the let
only once, even though
than once.)

1 2 t 4,

7 -75' 7'

2

er is listed
t occurs - more
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(b

0

Problems precedeq by the asterisk are more challenging

than others in the same set of exeecIses. Such problems. are
_ ,

I9cluded primarily for the edbrighter and more curtous-stude

and the 4Sepf these prdblemsAwith axo!ntire-class may consume

e needed late in the year -to completethe ba.gic work of iLhe

e.

problem

.to deal

*5.

The

whet

wi-th

teacher will have tcli

me and the abilt4 of

the problem with the crass
4

Connecticut

(N.Y., N.J., N.H., 'N.C.:N.D., N.M.

tHawaTi)

There are no elements in this

decide as he rear nes each such

permit himfits students;

lio.

rn

Pages 3-4. It shoul

of describing sets.

closed in braces, pr

tion. It is importan

description and a

set. Howeverthere

e pointed out that there are two methods

set can be listed with the elements eh

a set, can

o note that in some,cases a verbal

__g are equally,adequate''In desortbin

are sets which can be described only in

be described with a verbal icrip7

one

of the two,ways. On one hand, for example, is the, set [2, 3, 5,

is not easily described in words; on the other hand,

null set, which cannot be listed and must be
7, 8), which

there is the

liescribed in some other manne

Pages_ !LI2.. We introduce the technique for listing sets which

have tady elements and sets that are infinite. We use the common

notation of the three dots ". ." which mean "and-so forth" or

"continuing in the same pattern". Depending upon the class, this

notation may or may not need more explanation.

The representation of a set by a capital letter is intro-

duced. The student should understand th6(t this is simply a way

of naming the set. We then define the set of counting numbers,

wholerurnbe

multiple

(to clarifymultiples of 3 the con,7ept.of

even numbers, and set of odd numbein,

:3

I I
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Answers to Problem Set 1-1b; pages
1. (1,,2, 3, . 12)

(0,

(11,

(d)

(e)

(f)

(g)

(h)

(0,

(0,

(0,

(16,

(11,

(I) (1,

1, 2, . .,'10)

12, 13, .)

7, 14, . 49)

3, 6, . 27)

2, 4; . '12) ,

18, 20,

13, 15, .1

3,, 5,

1 3

-7 ' 7' 7 '
A 7)

A is the-set of all even numbers less 7.
A'

b ) B is the set of all odd numbers.

C is the set of all multiples of 6.

(d) D is the set of all whole numbers.

(e) E is the set of all multiples of 4.

(17) F is the

greater

(g) G is

(or

H is the'set of all odd numbers less than 1 9

(or 18).

1 is the set of all mul_tkples of '6 which are less

than 72 (or 67).

J is tAif set of all even numbers greater than526

and less than 100.

K,Is the set of all 30day months. (Other verbal

descriptions are possible).

set of all whole counting) numbers

than 11.

the set of all odd numbers greater han 21

The set obtained by'dividing each element of the set

of even numbers by two is the set: (0, 1, 2, . .),

which is the set bf whole numbers.

4
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Many of the problem sets in this'ohapter are short, and

teacher may wish to Cover more (than one problem set in 4/day.

For most students, the short problem sets should suffice to convey

the- idea of sets which are needed in this course. The teacher f8

cautioned not to dwell on these sections at length, nor to prolong

greatly the exercise work on sets, for it is the algebraic struck

ture of the real number system, rather than the study of sets

for their own sake, than constitutes the heart of the course.

Answers to Problem :et .-1c; pages 8-10:

B is a subset of A C is not a subset of A because 30

Ptis a subset of A is an element of C and nc

is a subset of A 'element of A.

subset of ,A is not a subset of A because C

Ls an element of F and not an

element qf A.

Q is not a subset of A because 27,

29, are elements of G and

"notelements'of A.

2. T 4, 9, 16)

= (1, 4)

(a) No, R does not contain 2 as an element.

(b) Yes

(c) Yes

No. 9, lc, are elements of T but

K 4, 9, lbj

K are all subseta of K.

is a subset of R.(b) R

(c) K has the moat elements.

(d) R has the fewest elements,

We have defined an odd number as "one more than an,.

even number." Hence, if we add two odd.numbers'

we will have 2 more than an even number--which will

be an even number,.
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(b From our de_finitt31 of an odd number, multiplying
an odd number by ah odd number would always result
in an "extra" one, so the product is-always odd.

If T 1,

S 3, 4, 0, 7,

because the elements

4), the set of sums of pairs of T is

If (0, 1), then the se

P P Is'a subset

S is not a subset of T

8 are not in T.

products of pairs 18

(f' R = 1, 2), the set of sums of pairs of R is
- (0, 4) and the set P of products of pairs

of F is P - (0, 1, 2, 4); neither P nor S is a subset
of Rs

The s ect'\of clos intro -- in this pro
be dwelt .upon thoroughly later

em will

should probably be

left as an,tnterest problem at this time and should not
be allowed to distract the class from more immediate
ideas.

T is not closed under adct1on.

(b) 0 is closed under multiplicaeion but not under
addition.

R:13- not closed under either multiplication or
addition:

N is closed under h multiplication and addition.

on problems 2 and

Experience shows that students usually have difficulty
understanding the directions given for these two problems,
regardless of the care with which tHo ins -ions are
written. Here we are touching for the time the ideas
of "Int,er -:!tion" and "unibri" of two sets. These will 'be.
hit again In various contexts; -,hus, it is not necessary
for the teac -,oak ' 'an all-out productionof problems
2 and 1. The difficulties here can be eased/by means of a
dialogue between teachers and class in which it is made
clear that
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the elements in R' and in S -stst those:

elements common to R, S:

the elements In R or in S constst.of thoSe

elements Other In R or in ,S or both.

After the class succeeds In understanding enesvg_two

operatiens,.,on sets, be sure that the words nd and or

remain the y words rather than the words both" "common",

elth , _ there is a good reason for this, because

very soon Irithe course (Chapter 3) we will meet

conjunctions and disjunctions of sentences in which the

rntersections and unions of4.4sets 11 be impli6d 6- and

aild or, respectively.

.Pages 10 -11, TMe teacher should be of three common errors

made by studQ ts4in -working with the pty set. The. mftt common

error Is the onfuslon of (0) and 0, and thNo is warned against

in the text, ut may need further emphasis by the teacher. A

less sgnificant mistake)is to use the words "an empty set" or

"a null set" instead of "the empty set" or "the null set". There

is but one empty set though it has many descriptions. A third

error is the use of ple symbol, (0), instead of just V.

The statement that the null set is a subset of every set

may cause some difficulty. The teacher should point out that

to say'4that every element of .\ Is an element:of B means that

/there Is no) element in A which Is not in R. The null set V is

a subset of the,set (1, 2, 3) since has no elements which are

not in the set (1, 2,

Answers to Problem Set 1-1d; pages 1-12!

.0114: (a) A , therefore' i't is not

(b)

C V

(d) This is not the null but the set (0)

), no t
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The list of subsets of B

2,

The list of subsets of C is

V,'(1), (2), (3), (41,.,(1,

(2, 4)/ (3, 4), (1) 2, 3),

(2, 3, 4), (1, 2, 3, 4).

There are eight subsets.

2 x 2 x - 23

(l 4),

2, 4 1,

There are lb sublets. 2 x 2 x 2 x 2

For a set consisting of n elements, the number of sub-h.

sets is 2n. This problem is included to help discover

the student who has the ability to generalize. Do not

consider this as something for the entire class to

master at this time, certainly not the notation 2n.

Pages 12714. The number 1e is used as an illustrative and

vational device, and our d ussion of it is quite intuitive and

informal. As was the case 'With th'e preceding section, more ques-

tions are raised than can be answered immediately.

Present on the number line implicitly are points correspond-

ing to the negative numbers, as is suggested by the. presence in

the illustratioin'of 61e left side of the number line. Since,

however', the plan of thj course is to move directly to the

consideratiorLof the properties of the operations on the non-

negative numbers, anything more than casual recognition of the

existence of the negative numbers at this time would be a

distraction to the student.

The idea of successor- is important{ SupPoseyou begin with

he counting number one. The successor is "one mat-e", 1 + 1,

he successor. of 105 is 105 1, or 106; of 100,000 is

om00,o06. This implies that whenever you think ofia whole

number, however large, it always has a successor. To the pupil
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should come the realization that there is no last number. An

interesting reference for the student IS Tobias Dantzlg, Number,

the Languatile of Science, PP. bl,b4,

The use of the term "inftnitely many" on the part of the

student and teacher should help the student avoid the noun

"infinity," and with it the temptation to call "InfiniZy" a num-
.,

eral for a large number.

The emphasis here is on the fact that a coordinate LS, the

number which is associated with a point on the line. "Coordinate",

"associated" , and "corresponding to must eventually become part

of tie pupil's vocabulary. He must not confuse coordinate with

potirit, nor coordinate with the ngmb of the number.

The distinction between num.br and name of a number comer

up heretfor he'firs timb,° Do not make an issue of it at this

time, for it is dealt with explicitly at the beginning of

Chapter 2.

Answers to Problem met 1-2a; page 15:

= (1, 6,

(a) finite

(b) infinite

(c) Infinite

21, . Lb) list description

finite

finite

Infinite'

Pales 15-1T. Here we pic'ure the number line, the points being

labeled"with ratitnal numbers. You may want to point this out

to the students after they have read at the top of page 17. We

must be careful to observe that the general statement oh page 17

concerning rational numbers is not a definition, since it does

not take into account the negative numbers. Do not make an issue

of this with the students; for the moment we-merely want them to

have the idea that these numbers are among the rationals.

It is also possible to say that a number represented by a

ction indicatingitne (\iviston-of a whole number by a counting

number is a rational'humber. This statement maybe of interest

since it is expressed in terms of these recently defined sets,

9
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but the statement in the

exclusion of division

has the advantage that the

by zero __ explicit.
"34" "14" "8"
)717 2 T

are some possible namesifor these numbers.2
,A rational number may.be represented by a fraction, but

some rational numbers may also be represented by other numerals,

such as 1.333... and 1.42. The number line illustration on

"4"page lb. gives the name "2" as well as the fractions
7 I

"8"
to name the number 2.

"6"

The same diagram make clear that not all rational numbers
are whole numbers. The stiz ents may have seen some fractions'

4rthat do not represent rational numbers, such as, , 7r, etc.

They will have to be reminded that so-called "decimal fractions"

are not by this definition fractions.

It is necessary to keep the words."rational number" and

"fraction" carefully distinguished. Later on in the Cou'rsep it

will be seen that the meaning of the term "fraction" includes

any expression, also involving variables, which is in the form

of an indicated quotient.

121E2. 17-19. The Idea of "density" of numbers Is being

Initiated here, By density of numbers we mean that-between any

two numbers there is alway another, and hence that between any

two numbers there are infinitely many numbers.- ,This suggests

that on the number line, between any two points there is always

another point, and, in faclt, infinitely many points. We refle

here to "points" in the mathematical, rather than physical

sense-- that is, points of nd dimension., Because the student

may not be thinking of points in thit way he may riot intuitively

feel that between any two points on the number line other points

may be located. Therefore, he is shown "betweenness" for numbers g

first; then, taking these numbers as coordinates, he can infer

"betweenness" o;f points on the number line. .

The fact that there are points on the number line which do

not correspond to rational
_

curiosity.' Do not extend.

tional numbers will be,int

of such points.

nu rs should arouse the students'

this at this time,444owever. Irra-

oduced at a later time, as coordinates

10



pages 19-20: 1-2

At this point In the course, t is hoped that the student

will accept the fact that every point to the right of 0 on the

umbO! line can be assigned a number He may not accept the fact

that not every such point has a rational number as its coordinate,

.

but this fact need not be emphasized until Chapter 12. He may

also be impatient to assign nuMbeps to points to the left of O.

For the time bQingii until Chapter (: we shall concentrate on the

non-negative real numbers, This set ' numbers, including 0 and

all numbers which are coordinates or points to the right of 0,

we call,wthe set, of numbers of arithmetic. After we establish

the properties of operations on these numbers (in Chgpters 2 and

4) we shall consider the set of all real numbers which inCiOltS

the negative numbers Chapter b). Then in Chapters 7, 8, 9,
and 10; wl spell out the properties'of operations on all rea

410
numbers. '

Ah3Wer to Problem -2b; pages, -21:

4 5

( b
3 7 9

-
7

a #
2.0 2.7 3 4.Q 4,4

The studenIt shuuld circle the lbointa label-

4 5, in (a)

0, 1 in (b)

2, 4, In (c)



page_s 2G-21: 1-2

3. This problem represents a very gOod ruler exercise, If

time is a factor you may choose to omit it.

3
12

4

4

6
I2

11. ,47
largest, ,a 46, etc.

1 1 1smaller, etc.s- :lies

1Z

The stet en' may notice the sequence of 4,

11 and
12 -

doesri

(b

12. 13 -

answer 13' 14' etc. If he

point this al

3 b

10' 12

1
(c) u is a possible answer.

_ 2 2 4 2
12

Of course o
OV

infinitely

= 71-r; between 77.an-
c4

e- are possible such as

finitely many. Infinitely many.
51are possibLlities:

possibilities

1000' 10,000

is 3 1
or 13.

7

va

There is none --no matte what one is offered as

"next", an6ther can be found between thrs number

and 2. This should provoke some interesting

discussion!

12



ages 21 -22:

5. 4,

6
6.

g'

, 2 x 2 are possibilities.

75, L-4
30'

30047 are possibilities,

7. Here we are building the idea of Aderk:

The point with coordinate 3.5 is to the right of the

point wit coordinate2. 3.5 is greater than

The point with coo inate 1.5 is to the left the

point with ,coo na 4 " 1.5 is less than 2.

Finite

11 12 .13.

lb

on.ittlInG the 2e

infinite

infinite

8 7 11

7' 7
13

-7, 9-

_10

10 11 13

name the same number,

Paggs 21-22. It should be pointed out that the graph of a set

is simply the points marked on the number line.

.,thswers to ',Problem Set

1.

0:

22-23:

0 2

0 I 2 3 4 6 7 10

3



The points on - -he graph of Kare proJenions of the

potnts appeart simultaneously on S and T. The points

on the graph (7) M are the projection of every point on

and every point on T. The student need not, of

course, answer in these terms.

P
t

i

I 2 3 4 5 6 7 8 9 10

(b) If C is the set of numbers which are elements of both

A a,nd B (meaning in A and in Ei), then C has no

elements.

(c) C ts the,empty set

Pages 23-24. This ltst should be used as a teaching aid but

as a guide for the student.

null set

Review Problem Set; pages 24-
The review problems can be used in a variety of ways. They

may be used for homework. They may rg., used for test items.

Problem *12 should not be given to every student. It involves a



es 24-251,

very subtle idea involving infinite subsets.

Answer!! to Review Problem Set; pages 24-27:

1. _, 3, 6, 9, ra,, ,

2. (0, B',Y 6, . 481-

3. (0, 6,. ., 48)
=,

Theaell of multiples of 3 it not a subset of the s-c_?&. of

multip1-4 ,of 6 because there are elemeWs In the first set

not appfaring in the second. For example, the' number 9 is

'a multiple of 3 but it is not a multiple of G. The set of

multiples of 6 is a subset-of the set of multiples of 3.'

5. The set of all even numbert greater than 8. -Other.descrip-
.,

eibposstions ,are l--_ _ _ -

6. the sat, of all odd numbs from T to 59 inclusive"

of the possible descriptfonei. 4

Y. The empty set.

8. (a) 18 elements

(b) 25 elements

(c) infinitely many elements

(d) 3 elements (don't _prget zero

(e) 101 elements
(f) infinitely many elements

(g) infinitely many elements

9. If S (5, 7, and T = ,6, 8, 10)

(a) then K =

K is a subset of S and of T. All three are finite se

(b) M - (0, 2, 5, 6, 7, 8, 9, 10)

N is not a subset of S. T Is a subset of M. M A, a
finite set.

(c) R = [5, 7, 9"

R is- a subset of M, of S.

(d) A = 0. A has no elements. A is th- empty set.

(e) A and K are the same.

15



pages 25-26

11.

(f) Subsets on finite sets are always finite.

(g) The set 0 of all rational numbers from 0 to 10

inclusive is not a finite set. This illustrates the

interesting idea that it As not sufficient to be able

to name.-the last numbrr tQ be able _ount the set.

1. A sl_1.4set of D.

Ever nfinite set doe have finite subset

D is oubset of D.

Infinite putts can have infinite subsets, for example,

the set of count number is a subset of the Set of

rational numbers, or of the whole numbers.'

(b)

C

2 3 4 6 7 9 9 10

6 6 6 6 6 6 6 6
11

5
12
6

13
6

14
6

15

6
16
6

17
6

19
6

19

6
20
6

-,'

3 - a and - 3 are j.mbers.
3 -3 .-

it ancb 3 are counting numbe rs.

All the elements of the set are rational numbers.

ol numbers 3 and
A

7
Is greater than 3.1.

The point with coondLa=e -,r= lies-to the ri

4,Z lies between 3.1 and 3.2.

lb

3.1.



6

Tare teacher should not:eel-coMpelled to use dlass time for

this-problewsince tneideWmaybe lost on the class. How-
1

ever, it can, l; d- to an interesting discussion if enough of-:

the class will bensfiifA0M'At. The obviously capable indi-

vidual in the .class should have the opportunity to do it.

This is a much more ,,useful definition of an infinite, set than

has been deVeloped in the text.'

e-Set of multiples of 3 iSn'proper subset of the set'of-

whole numbers since it does inOt,:include the elements 1, 2, 4,

5, . . . as a partial list.. One possible one-to-one corre-

spondence between the set of Whole numbers and multples of

where-n represep any

whole number.

For tneeuperior student it could'be pointt ut that

mathematicians take this as a definition f an.infinite set:

A set s infinite if it can be placed in one-to-one corre

spoddence with a proper subset of itself..

Suggested Test Items

(The "sfilggested test it which follow are not intended to

coMprise a balanced br ccmpl'k test, but are, as the title -

implies, questions which seem suitable for inclusVbn in a test

on',this chapter.)

1. Are the-following sets finite or infinite? If it possible,

list the elements of each.

The people in this classroom tod y.

(b) All multiples of 3.

All counting numbers le tAan 7.

17



2.

(d) all whole numbers which are not multiples of 5.

all numbers betWeen0and v.

Given set S = (0, 1, 2, 3, 4). Find set T, the set of.-

products of each element of set S and 1 Ib T a subset'

of S?

Given set: (0, 2, 4, 6, 8). Find set B, the set of

proflubts of each element of set A and 0. IS B a eubset

of A? Is B the empty se

Describe in words each of the following sets

(a) (1, 5, , .
(b) (0, 10, 15,

(c) (0, 2, 3, 4)

(d) 0

4. Given set'N = (1, 2, -4, 8, 9, 12, 16).

(a) Find the subset R consisting of all elements of N which

are squares of whole numbers.

Find set K of the odd numbers in set- N.

Find 'set A Jpf the squares of the elements of N.

Find set B whose elements are each 3 more than

corresponding element of N.

the

Find set C, the set of all numbers which are elements of

both N and B.

Find set D, the set of all numbers which are elements of

either N or B or both.

5. Consider each of the follo,'Lng sets, and for those which are

finite list the elements, if possible. If the set is the

empty set, write he usual symbol, 0.

(a) All .counting numbers less than 1.

(b) All whole numbsrs less than 1.

(c) All numbers less than 1.

(d) All counting numbers such that 10 times the number 1$

greater than the number itself.

) All whole numbers such that 10 times the number is equal

to the number times itself.

18



( Draw a number line and locate the pointt whose

coordinates are:

1 2 )4 5
71 5, 3

b)-WhiChrof these coordinates are counting"numbers?

numbers? Rational numbers?

On the number line how is the point with coordinate

5.4 located Withrspeat to thePoint coordinati 4?

with coordinate

3 15nIS 7 to-the left of on the number line

Show the graph of the set K = (0, 3, 7).

Write 3

nate

her names that could be used for _e -coo'

If A is the Set Of all Whole numbers less than 20-wh1oh e-

not multiples of either 2, 34 or

(a) list the elements of.set

AO draw the graph of se

9. List two numbers between

1are between usnd

How do y

. State S, the set of all whole numbers.

Is it finite or infinite?

(b) Is it closed under addition? Explain why.

Is it closed under multiplication? Explain why

(d) Is it closed under the operation of find' g the average

of two numbers? Show why.

State T, the set of all odd numbers, and answer questions

) through (d).

State R, the set of all odd numbers le--

questions (a) through (d).

-9w that they



Answers to Suggested Test: Items

finite- .(Ann, Mary, Peter, . ., John Really

depe ds on the

(b) infinite

(c) tinite 6)

(d) infinite

infinite

T (0, 1, 2, 3, 4) Yes, rfis asubset2'of S.

Cb B = (0). Yes, B is a subset of A. No,.B is not the

!: empty set.

'T set of odd numbers.

(b) Th67set of multiples of 5.

(d) The set of whole numbers less Than 5, or the _of

whole numbers from 0 to 4, inclusive.

(d) The empty set.

) R.= (1, 4, 9, 16)

(b) K = (1, 3, 9)

(c) A . (1, 4, 9, .16, 64', 81, 144-256),.

(d) a= (5, 7, 9, 11, 19, 21, 27, '35)

-(e) C = (9)

(f) D (1, 4, 8, 9, 11, 12, 16, l9, 21, 27, -35)

6.

)
.0

(b) (0)

(c) infinite set

(d) infinite set

) (0)

(b) 2, are counting numbers fi

0, 4 are whole nUmbers.

4411 are rational numbers.

This is to the right of the point whose coordinate is 4

Itis to the left of the point whose coordinate is 6.2

20.



the left on th numbex line.

3Among:Oeverglpos pilities are 1.7, 2 + 1,

a) A . (1, 7, 11, 13, 17, 19)

-te4

0 1 2 3 4 5 6 7 8 9 10 H 12 1 14 15 16 17 18 19 20

.

ong several possibilities are 1763 , 77,
,..

2 k- 3'
e

1and thus 1- is between and
Io

1 2
TET

S (0, 1 2,

a) infiit
b) Yes, any element in set S added to any element in

set S produces an element in-the set S.

) Yes, same as above.
V

(d) No. and not an element of the set

of whole numbers

T (1, 3, 5, 7, .

(a) infinite

(b) No, 'since 1 + 3 4 and 4 is not an eleMent of the

-set T.

(c)' Yes, same as eb above.
4

1 3
(d) No, since 2 and 2 is not an element of the

set,T.

R 3, 5, 7

finite

No. 1 + 3 . 4:and 4 is.not an'element of R.

No. 3 x 5 = 15 and 15 is not an element of' R.

+ 3
No.

1
- 2 and 2 is not an element of R.

2]



Chapter 2

NUMERALS, SENTENCES,-AND VARIABLES

For :background in the topics Included in this chapter the

teacher ikreferred to Haag, Studies in Mathematics, Volume III,

StrUcture of ElAntrILla Algebra, Chapter 3, Sections 1 and 2, and

Chapter SecXion 1-.,

7

2 -1, Numbers and Their Names.

Thy aim of'this Section i

between numbers themselves and the

introdu e the notion of a phrase.

to bring out the distinction

names for. them And also to

Along the way a number of

important conventions used in algebra are pointed out.

We 't(114.not want to make a precise definition of "common name

The team is ,a,velative one and should be used quite informally.

Note-that some numbers do not have what we would wish at thi,s time

to call a common name, such 1Y-1, while some may have several
1 5

comotyn names (e. g.
1

0.5
,

d etc.).

The ideas of indicated sum and indicated product are very

handy, particularly in discussing the distributive property, and

will be used Crequently. hey are also useful to counteract the

endency, encouraged in arithmetic, to regard an expression such

a-s- "4 2" not as the name of a number but rather as a command

to add '4 and 2 to obtain the number 6. This point l f view

makes it difficult for a pupil to accept such expressions as

may wish tc mention to the

differences. Some may

_lent" as synonymous w'th

names of anything.. In passing, you

class indicated quotients and ihd!

already be Familiar with ;'indicate

"fraction.

You will notice that tht word 'factor" is not introddCed here

and for the following reason. It is felt that the mathematical

concept of "Pactor" is such an important one that we should wait

until $,h- students are ready for its definition and application to

the theory of prime factorization of integers and polynomials in

Chapters 11-13.
-

If the teacher feels compelled to use "factor" at this point

as a' handy ord to describe the numbers involved in an indicated

prodbct- he should do so with caution. Be sure that the students



pages 27- 2-1

do not.thinWof factors in ..erms of the form of a numeral. For

example, avoid this kind 'of aulty thinking: "2 is not a factor

of 2 because 2 4 does not involvet,he indicated operation

of multiplication." Instead, encourage this kind of thinking:

"2 is a factor of 2 4 becauSe there a. number, ,11, such that

the product of 2 and 3 is 2 4." In general, the number a

is -4,rapor of if and only if-there is a-number, such that

ac b. Later we learn why factoring is mathematically interesting
4-

only for integers-or polynoMials.

iiate the use of quotes to indicate when the reference is to

the numeral or expression rather than to the number represented.

It is important to be careful about this at first. How6ver, since

good English does not always demand this kind of distinction, but

rather allows the context to give the meaning, we tend later to

become more relaxed about it and use such forms as "therexpreasion

3x - 4y'4- 7" rather than "the ewession 4y 71"..

The agreement about the preference for multiplication over

addition is made to facilitate the work with expressions and not..

as'-an end in itself. In certain kinds of expressipns the agree-

mentshould also apply to division as well as mu1liplicatiOn,- for

example when division is written in the form 2/3 or 2-4. 3,
2

rather than 3. We prefer to avoid these forms and, in partic-

ular, to discourage the use of the symbol "+".

The use of parentheses might be compared to the use of p

tuation marks in the writing of English. Emphasis shoUld-be on

the use of paren eses to enable us to read expressions without

ambiguity and no on the technique o? manipulating parentheses for

their own sake.

Answers to Oral Exercises 2 -la; page 28:

Exercises 7, 8, 9410 may have more than one answer. For
1

example, .5 and 7 are both common names.for one half. This term

"common name" is introduced to improve on the old term "simpler

name" which is often ambiguous.

1. 12 4. 1 7. E 10.,

2. 3 1, 11. 6

3. b b. 9 12.
10



3.3. 4

"These are possible anSwers:

16. 4- 4 17. 18.7

1
2

3 x 4 5

18

Mowers to Problem" Set 2-la pages 28-2

1. (a) 5

(b) 5

0) 5

Many responses are possi
12 - 2

- 1; 2 x 7_,

d) 5

4

1

3 x

1

6

1

1

1

19.

.

1+0
1 x 1

4 - 3

(g)

(h) or 2.9

le, such as:

)CCC;+ VI; .3,0 6

responses are pass

5 x 2; 8 -f- 2;
-4

135 x I; 314-7T

2 x 1 7 F,'4;.

(d) 8 x 0; 0 + 0;

(e) -5 x 1; 3 +

10
"I'

'4 12 + 1; 4

(h) 1.7 - .4 4-

ble, such S;

11 - 1

00 -

7

Answers to Oral Exercises 2,1b; page 31:
Exercise 10, sifte Only addition and subtraction are

involved, the order is immaterial. The same is true of,
Exercise 13 because only multiplication and division are involved,

11 7? 13

1 8. 17

1
17

In

1. 17 3. -7

2. 19 4. 11



Pages 31- :- 2-1

11.

la; 4 12. 11

Answers to Proplem Set -1b; page 31:

1. 14 6.

1

2

4. 7

8. L

9. 9

13.

14. 5--

1. 4

5. 4 10. 36; here,, order would not
make any difference.

The wo ds "numeral" and "numerical 6hrase" denote almost the

'Same think, A phrase may be a more complicated46-xpresalon which

involves. sortie operations; "numeral" includes all these and also

the common names of numbers. We do not wish to make any%fuss.over

this diStinctionvand are happy'if the student learns to use the
I

wordS-In-tAi-way-in-the course .of the year just by watching

otiers use them. We introduce both because people do use b th,

and beeaose.a term fora numeral which i ves some indicated

Operations Is sometimes handy.

In the term "numerical phrase" the,word"nOmerical" is not

very important and is used not so much to distingnish it from a

-Word .phrase as frOm an open phrase (one involVig one or more

variables) which is comi g.

The word "operation " is intended at this point to sugggst

the basic operations of arithmetic (multiplication, division,

addition and subtraction). In some contexts it may be desirable

to admit operations such as finding the square root, forming the

absolute value, etc.

-Answers to Oral Exercises 2-1c; page 33:

Exercises 1(J) suggest properties that will be

,discussed later and hould not be overeM0hasized here except to

mention that the order apparently is not important.

1. (a) Yes (d) Yes

(b) Yes:, (e) No

(c) No (f) Yes

si

(g) Yes

(h) No

(I) No.

(J4 Yes



pages 54-36: 2-1 and 2-2

wers to Problem Set

17

(b). , 24

133

39

2. 2 x (

2+ (4x

(6 x 3) -1

(12.- 1) x 2

f

(g

(h)

6)

(b) (? x 5)_ + (6 x 2)-

(c) (2 x 3) + (4 x

(a) 3 x 8) - 4

a) -11 X21= ,yen

(b) 25 1, yes

6 1z 3 yes

2-1e;

13

pages 4-35:

i) 8 (gi 13

23 (j) (r71)

2Q

19 (k) 7 (a) '4

19 (1) 11 (P).

18 18, no

10 10, no

1
7 yes

(g) 11 15,E yes

(h) 10, yes

2-2 Senti,encea.

The words "true" and "false" for Sentences seem preferable

to "right" and "wrong "" 'or "correct" and "incorrect" because the -

latter all impliy moral judgments to many people. There is nothing

illegal, immoral, or wrong in the usual sense of the word about a

false sentence. The student should be encouraged to use only

"true" and "false" in this context.

We have b en doing two kinds of things with o sentences:'

alk about sLn encesl and we use sentences. When we Write

5 .13" is a true sentence,

are tallIlrg) about our language; when,,in the course of a

series of steps, we rite

- 8,

r
7



pages. 2=7.

we arc using the language. w when we alk about to language,

we can perfectly well talk a ut'a false sentence, if we find,this

ueefpl! Thus, it is quite= ell right to say

"3 + 5 s 10" is a false sentence;

but it is far from all right to use the sentence

3 5 16

in the course' of a proof. Wpen we are actually 41 the language,
false sentences have no pta when we are talking about our

language,=they are often very useful.

Check Your ReAdinK

Question should lead to a discussion ofvariOus mnemonic

devices such as "points to the smaller number in a true sentence."

Answers to Oral - Exerci eT 2 -2; page 38s

1. False 6. True 11. True 18.' Talse
2. True' 7. False 12. False ji 17. True
3. True EL True False 18. False
4. False 9. True 14. True 19. False

5.' True 10. False- 15. False- 20. False

Answers to Problem -Set 2-2; pages 39-40:

1. (a) False (e) False

(b) True False

(Z) True (g) True

(d) True (h) True

True

(k) False

e

10 - (7 - 6 (g) 9) x 4 84

3X (5 -I- 7) 36 (h) (3 x 5 2) x 4 68

(3 x 5) + 7 ( i ) 34x 5 - 2) x 4 . 36-

(5= 4) .,,

(3 x 5) 4 = 11
)

(k)

(3 x 5)

(3, x 5

(2 x 4) = 7

- 2) x 4 7052

(3 x 5) (2 x 4) 2_

( )

(

1
(1

1 7

)

(12 x 1 - (4 x 9)

51

= 3

In.problem

parentheses

convention

2 both

and the

concern_

(0 ) 12 x - 7)x9 =181 ) x 9 = 187

28

order of operations

are used.



pages 39-41: 2-2 and 2-3

a) False

(b) False

(c) True

(d) True

,,(e)' False

(f) False

(g) False

(h) False.

(i) 'Falaa

(J) 'TrUe°

a) Four plus eight is equal to ten -plus five. False.

b) Fiv plus seven is not equal to six plus five. True.

(c) Thi -n iA 1ess than eighteen minus 7. False

(d) one plus two is greater than zepo. True.

A PropeliSy of the Number One.

This is the first time the student encounters the word

"property" used in a mathematical sense. He will see this word

often during the course and our object is to play heavily on the,

word to indicate a characteristic, a pattern, a behavior which

a -iven element or operation displays. That is, a property of an

object is something it has which is a distinguishing_character-

istic of the object. *

The particular number 1, unlike all other numbers, has the

peculiar property that the product of '1 and a given number is

the given number. This is quite obvious to a student; thus, we

begin our discussion of propertievith the property which is

easiest to understand. Later we shall call 1 an identity for

multiplication. ,It is also a valuable property to have estab-

lished (or accepted) when we introduce variables later in this,

chaptpx. Otherwisei-swe might have difficulty justifying that

and n

are names for the same number no matter what number n is.

For the time being we are content to find certain properties

by considering many numerical examples and\_then state the gjeneral-

ization in words, in dhapter 4 we shall symbolize these proper-,,,.

ties using variables;

There may be a tendency on the part of the student to

resist the use:of the multiplication property one in.the

exercises. He may feel that he is being asked to use a more

complicated way of doing things which he already knows how to do.

29



pages 4_, 2-3

jt, is important to po1n out to him that we are not trying to
h a "new" method but rather to ahow the importance of the

multipaication_property_of. one. It is hoped that he wi2.1 come to

see that this property gives the justification for the various
methods of simplifying expressions with which he may be familiar.
Once the justification is understood_it is all right, of course,
fbr him to use short-cuts. Perhaps ltean .be said that on has
to "earn" the rfght use short-cuts. It is imprtant to
emphasize that in this section the multiplication property of one
and the uses of this property are more ifiportant than the

. methodology involved in simplifying expressions.

Answers to Orai Exercises 2-3; page 44:

ApatArtrs

1 5 5

1

7

21-Tx

4 12

to Problem Set

8 24
5 13

4 20t X -T

9 8 72
YU U gd

25

5

)

(f)

(g)

25

5

1
25

75
-,100

5 153

pages 44-45:

12(e) 4 x

84 252
3T7

(g)
40 2 so

x7 1-13

30

2 9 18=

(b) 5 31-()

5 9
15 15

14
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10 7 -10 2
E -74

- 20

27

,2-4. Some Pro erties of Addition and Multi lication.

The aim of this and the next section is to look at the

fundamental properties of addition and multiplication in terms4of

specific numbers. We, go as far as obtaining a general statement

of the properties in English. You should nOt-stAte the propeities

at this time using variables'. We do not need these formulations

at this point and prefer to lead up to varlablee in a different

Way in Section2-6. It isAmportant to emphasize the pattern

idea here and you may want to do this by writing something like

the following on the board when discussing, for example, the

associative property for addition:

(first number + second number) + third number

first number + (second number + third timber).

The use of the-troperties of addition and, Ultiplication as

an aid to computation, in certain kinds of arithetic problems is

both interesting and important but Is not\the main Point'of these-.

properties. tese properties will play much more fundamental a
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role to this course. They constitute the foundation on which the

entire subject of algebra Is built.

The properties will be returned to in Chapter 4 and subse-

quent chapters where the eneral statements using variables will
be given. They are discussed here not only as a part of the

"spiral method" but because the distributive property is used

in introducing the concept of variable.

From the mathematician's point of view the statement that

an operation is a binary operation on a set of elements implies

that the operation can be applied to every pair of elements in

the set. In this section we use the word binary only to, bring

out the fact that the operation in question. is applied rto two

elements. We do not concern ourselves here with the question

whether' the operation can be applied to every pair of elements

that cAn be chosen

Each of the followin Cive numerals

t=

(14 3 + 8), +

(4 + + 8

Is an Indicated sum of two number= and each names the same number.
-This 1ritter tact enables is to write "4 + 6 f 3 + 8" without

any ambiguity. The fact remains, however, that addition is a

binary Lon

Answe- Oral

13

-

= L t4

it

= LI 4

, 4 + 9

= 1

b

- 14

13

1 2 .



pages 47-48:

5.
1

v)
5

3
2

1 1
2

. 5

8.

.25) + .75 2.25 +

i+ + 1 = 5 +

21

Answers to Problem Set 74a; pages 47-48:

1. 4 + (2 + , (4 + 2) +

(b) 3 + 1) + 4 6 + (1 + 4)

(e) + 11) += ( + 4) + 11

(ci) (5 + 1) 6 5 (1 + 5)

(i1 -I
13) + 221 - 11 + (13

11 4 (13

(f)

1

(ci

(e)

3

1.)

, 2

1

1
77'

.75) - 2
3

+ 1

7

or 5 + + 0) + 1) +

+ 121) or

+ 121) (11 + 13) + 121

or

1

asier.

3
+ 1, ea210r.

4

(:abler.

7+ -7 )

(7 1- srA)

42 + 7

1 1 5-
,; 75 )

3 1
easier. TO 7

eas-Lr' 24 -I (14

P.7 1., ,ier (P.7- .8
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070 7 H + (3 neither is easier. This is_

hintinr, at the commutative prolltrty of addition which is

corr Do not emphasize it unless some student wants

to pursue it.

3. 17) millimeters

Yes.
,

Althoue:h the question is very easy to answer, the fact

that the answer is "yes" depends Upon the propety ttudied in
this section, as can be soon by those or similar calculations

32 + 71 =F 7U

(32 71)+ 76

103 + 76

179

76 + 71 1- 32

(76 71) =1= 32

147 4- 32

179

Answers to Problem Set 2-4b; pages 501:

Some of these problems might better be given.as oral
exercises.

1. True, commutative .property of addition
2. True, commutative property of addition
3. False

4. True, commutative property of addition
5. True, hut not becaUse- of the coMmutative property!
b. True, associative property of addition'
7. True, commutative property of addition
R. False

9. True, both properties

10. False

11. True, neither property

12. False

13. True, comecomutatIve property of addition
lb. True, commutative property of addition
15. False

16. True, both properties

17. True, commutative property applied twice
18. False

re.

19. True, both properties

A ,0
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20 One purpose or' this problem is to help the students make
4

a habit of quickly recognizing addition combinations which fac 1-

itate computation. Another and more immediate purpose is to

help the pupils begin to, become aware-that trhese manipulations-,

which, theyzmay have taken for granted, are possible because of

the associative and commutative'properties of addition.

In these problems we do not ask specifically which properties

are used in going from one step to the next. This,is often r
tedious - particularly in the latter steps of the calculatio4-,

We do not insist that this be done at this time for we are more

concerned with having the student recognize the usefulness of the

propertiep.than in having him pursue a thordu step-by-step

reasoning process from beginning to end of the calclaation.

In several parts of this problem there are vari ions on

"the easiest way" to/performrthe additions. Comparidon of some

of these in ,c1ass discussion 'should help fulfill the purposes of
,

the question.

(a) The student may express his answer in a manner like this:

"Add the 6 and the_ 4 to -get 10, then 10 and 8 to

make 18." This can be shown step by step in several

ways, e. g

(b

6 +' (S + 4)

6 + (4,+ 8)

(6 + + 8

10+
i8

)

2 + 1

2 + (1 1)

2 +
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3+ 177 This is a case in which there is no reasier" way.

Neither property is of help Ie this computation, though

several properties to be studied later, most notably the

Allistributive property, lie behind' the Student-s-1 calcula-

tions.

3

7
13

2/

0 4
+ + + 77

5
6+ +

(24 + 7

10 + 6 +

(10 +

59or 7-

Here ip another case In which neither property

facilitates

(1.8 -4 2.1)

the computation. 9- +
5 15

(1.6 -I .p) 1.2

1.2 + (1.8 + 2.1),+ (.9 + 1:6)

(1.2 1.8) + (2.1 4 .9) + 1.5

3.0 + 3.0 + 1

(3.0 + 3.0) 1.6

6.0 1.6



pages 51354:

(h) (8 + 7) =1 4 4 (3 6)

(8 + 7) + (3 4 6) 4

8 + + 3) + (6 '4

8 + 10 4+ 10

8.4 (10 10)

20 -,---

Answers to Oral Exerci 2-4c; pages' 53 -54:

1.

5.

True,

True,

True,

True,

False

associative property of multiplication

commutative property of multipl'ica IrplY

commutative property of addition

commutative prOperty of multiplication

6. False

7. True, commutative property addition

8. True, commutative_property_oi: addition

9. True, commutative prop- of multiplication

10. True, commutative property of multiplication
commutative property of addition

and

11. :True, associative property of multiplication

12. True, associative property of addition

Answersto Problem Set 2- 54-57;

1. This problem is int c serve the puTposes
1- for

the properties of multiplication which Problem 20 of

Problem Set 2-3b served for the addition properties.

(a) .4 7 x 25
4 25 x 7

(4, c- x 7

100 x 7

700

(2b

37

5)

20
L,

26 x

2



page 54:
*

(c)'

This

2-4

73 [ 62

73 + 27

(73 + 27

100

162

prAirolem

A

4 27

1- 62

is a reminder that addition properties are not

to be forgotten'while multiplication properties are at the
center of attention.

(d) 2 x 38 x 50

2 x-50 x 38

(2 x 50)x 38

100 x 38

3800

(e) /4x 39) x 2

1
(39 x 75) x 2

39 x x

39 x 1

39

6(,. Ji _4,)1 xli)

(43 X 4) 6

)43 x Hx 6)
43 x 2

(g)

3 x 18

54

(h) 50 x (97 x 2)

'50 x (2 X 97)

(50 x 2) x 97

100 x 97

9700



page 54: 2-4

(I) (it x 1)) 4

-(19 x: 4) 4

15 x (- 4)

19?x 3

(j)

p)7

(4 x 8) x'(25 x 5)

(8 x (25 x 5))
4 ((25 x 5) x_8)

4 (25 x (5 x 8))

(4 25) x (5 x 8)

100

4000

(I) (3 x 4) x (7 x 29) The student will probably

3 x (4 x 25)) give an answer such as

3 ((7 x 25) x 4) / "Nuitlply 4 times 25 and

3 x ,(7 43 (25 4)) get 100; then multiply 3

3 7;z (7 100) times 7 and fr,et 21; then

(3 x 7) x 100 multiply 21 times 100 and,

21x 100 get 2100."

2100

(1) Here is an exercise in which there is no "easiest" way,

that is, regrouping

12 x 14 = 168

1 1 5
' tT

1 5

is not involved.

35

This way of doinr the calculation is preferable. only in =

that It involves only ene digit numbers until the
64.

simplest form is written.

n) x 8 x 125

6 x (8 x 12

6 is 1000

6000

-55



pages 54-55:. 044

(o) (1.25) x 5.5 x 8

5.5 x 8 x 1.

5.5 x (8 x 1.25)

5.5 x 10

55

Observe that in this case

the orlglnal form of the

problem is the best from which

to work.

The firstfirs drms of each part of the problem are easier

to compute because repetition of a partial product is

involved in each case.. Thus the recurring partial

products can be copied after their first writing.

3. These problems are the first in which a variable occurs.

It is not the intention to introduce "variable" now, but

only to have the student'replace "t" with the correct,

number. "Variable" will be dibcussed in Section 2-6.

(a) t = 5

(b) t 8

t = i4

t + 1)

(e) t - 3.7

(f) t .= .5

(g) t = 7.2 + 5 or 12.2

the commutative property of
multiplication is the important part.

40
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(h) t = b, We expect some answers of t . 4, but this
not an example of the commutative property,
Tce subtraction is -not commutative.

,(i) t = [(3 + 5] or 10

(j) t [(71 - 5] or
(k) t

(1) t

) t . 16. Again = 4 is wrong. Division is nett
commutative.

4. No. Have students give counterexample, such as

(a) 8 4' 4 4 8

( b ) 8- 4 4 - 8

(c) (8 4) 2 ,/ 8 (4 4

(d) (8 - 4) - 2 / 8 - (4 --

Problems 5 through 10 are difficult and ncluded only for

use with the better students.

= 2 2(3) = 8

= 3 + 2(2), 7

Not commutative si e 2 3

6. 2 X 5 = + 1) x + 1) = 18

5 X 2 = (5 + 1) x (2 1) = 18

Yes, it is commutative. Donit expect the student to

,prove this, but he should be able tofurnish several

examples.

(\ ®3) CD- 4 (2 x 3)) 0 4 -. 8 + (2 x 4) - 16-

0)(3 C04) = 2(D (3 + (2 x' 4)) = 2 11 - 2 (11) = 24

No, it is not associative.

(2 5 X 3 . ((2 + 1)(5 1))'X 3 . 18 X 3

= (18 1)(3 + 1) . 76

2 (5 x 3) 2 X ((5 + 1)(3 + t)) 2 X 24

= (2 + 1)(24 1) - 75

No, it is not associative.

*9 and *10. "Keep the instructions simple" should be the cau-

tion fob' all except the exceptional student.

41
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2-5. The pistri ative EE222ZLL.

The properties of addition and,mu iplicatIon studied in the

previous section appear symmetrical in form and do not really
!fx

reveal anything different about the two operations. Here the

student discovers from his number [acts that "multiplication is

distributive over addition," that is, that there is a definite

connection between the operations. Although we mean "the dis-

tributive property of multiplication over addition," throughout

the course we shall usually shorten this to "the distributive

property." it-is not necessary that the student immediately

grasp the significance of the Cull statement of the property.

An example is given to show that addition in not distributive

over multiplication.

Again we use the spiral technique of presentation. One

the distributive property, a(b + c) - ab t ac, is given;

then after some experience with this form it )1- s presented in the

form ab + ac = a(b + c) . The emphasis herd is on changing back

and forth between Indicated 'slimy and indicated products. Later,

In Chapter 4, other Corms, (bit c)a -5ba + ca, ba - ca =

(b + c)a, aretudied and used to simpliCy certain expressions.

Even later, In Chapter 13, the distributive property is applied

to the problem of multiplying polynomials and factoring poly-

nomials. In the meanwhile many examples of the use of the pro-

perty are_ -red throughout the ercises.

Answers to Qr 1 Exercises 275a; pages 60-61:

1. True, this does illustrate the distributive property.

2. True, this does illustrate the distributive property.
P

3. True., this Hoes illustrate the distnibutIve property.

4. False

False This, in tact, -Illustrates that addition is n-
distributive over multiplication

6. True, this does not illustrate tre distritirtive propert

7. True, this does illustrate the distributive property.

8. Indicated product.

9. Indicated sum
--f

10. Indicated sum

1

11. Indicated product

12. Indicated sum

13. Indicated product



pages 61-67=

Answers to Problem Set 2-5a; pages 61-_

1. 6(8 4 - 6(8) 6(4)

2. 9(7 6 - 9(7) + 9(6)

3. O(8 + 9) - 0(8) 0(9)

4. 9(8 + 11) - 9(8) + 9(11)

5. 5(8 + 4) - 5(8) 50)
6. 7(2 8) - 7(2) 7(8)

7. 5(80 4= 5) - 3(80) 3(3)

8. 4(100 7) - 4(100) 4(7)

9. 13(10 = 13(10) 13(1)

10. 18(20,t - 18(20) 18(2)

11. true

12. Not true

13. True
e4

i4. True. Distritrutive property is used.

15. Not true

16. Yes. Distriputive property Is used.

17. Yes, Distributive property is used.

'18. Not true

19. 7 7(30 + 3)

= 7(30) + 7

210-77 21

109)

13) - 8(10) + 8(3)

3) - 8o + 24

100 11.(16 ) - 14(10) + 14(6)

3(100) + _ (() - 140 + 84

600 + 54

13( ) + 13(1)

260 + 15

-ers to Oral Exercises 2-15y; page _

1. 5(7 - 5(7)

- 35 + 1

4(8 -1- 4(8)

52 +

43

15(23) - 15(20 ) + 15(3)

= 300 + 45

12(2 + 7 = 12(2) + 12(\

24 6

5 6(4)

30 ÷ zoo
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5.. X4(6 + . 4(6) + -

Answers

24 + 3

to Oral Exercises 2-5c: page

6.

7.

4- 2

65:

5 + 3)

(8 + 4)

1.

2.

2(3 + 5)

18(3.2 + .8)

3. (3.1)(7 + 3) 8. 14(.6.+ .4)

4. 6(19.2 + .8 9. 976 + 4)

) 5. 3(37 + 3

Answers to Problem Set 2-5c; pages 65-66:

11. 16 + 40 = 56

12. 0(17 83) - 0

13. 88(200) + 88(1 7,688

1.

2.

3.

110(100) . 11,000

12(4) 12(0 7

27(1) 27

)

4. 5(1 ) 14. (9) - 8

5. 3(1 ) = 3 15. 9(1) 9

6. 6(') 6(2 ) = 13 16. 7(4) - 28

7. 9(20) = 189 17. 8(100) 800

8. 160(100) ,,_10,000 -8 (7(4) 7(4). 5)

9. - 7-1s(1) + 5
5-

7(1) + 7(5)

10. 7(8) + 60 7(6) = 42

'19: ,8(10) 4- 8(3 - 80 +24 23. 25(10) 4- 25(4) 250 + 100

. 104 350

2 7(100) +''7(8) m. 700 24. 80(10) + 80( ) 800 16(1

- 756 a 960

21. 12(10).+ 12(3) = 120 56 75(1000) 75(1)

7 156 = 75,000 75

+ 12(4) . 240 48 = 75,075

- 288 4 6 + 4 . 24 2

26
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27. 9(8) --72

75

28, 18(a) 1 =-18 + 4

22

29. 1
+

917
1

17 17
10
17

30. 1}(2000) + = 26,000 +

26,026

31 30(50) + 30(2) 1500 + 60

1560

32. 101(100) +,101 1 10,100 + 101

,= 10,201

33. 21

34. 21

35.

36. 2(5 6) 41, §(5 + 8)

37. 3(5 + 42_ 5(5 + 6)

38. 7(2 + 3) 43. 5(5 + 6)

39. 5(7 + 3) 44. 6(3 + 4)

40. 4(9

1

*45e y (11 + 7)

(4)18 + )1801-3
9 +

21

45
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*46.

2-6. Variable

The atm of this section is to acquaidt the pupil with one

meaning of the word variable. At this point we insist that "n"

or "x", or whatever letter is used as the variable, must be

thought of as the name of a definite number although we may n

have very much information about that-number. In some cases, such

as in the example discussed in the text, the number may be

unspecified because what we want to say about it is the same for

every number in a given pet. This is always the case when we

are
f interested in the pattern or form of a problem rather than in

the answer. In other cases the number may be unspecified because

we do not know what it is at the outset but will find it out

later. Variables used in this context are usually called "un-

knowns." In any case try to avoid the ,concept of a variable as

something that varies over a set of numbers.

The discussion of the example would not have been changed in

any essential way if we had decided to denote the chosen number

by some letter other than n.

The set of numbers from which a variable may be specified

is called "domain" by some, "range" by others, depending largely

upon the point of view from which the variable and its set are

being seen. There are points of view, then, toj'support the choice

of either term. Since the .most natural connection for many

teachers to mice, when a variable and its set are mentioned, is

to see that variable as the "independent" variable in a function

relationship, the name "domain" for its set comes easily to mind.

It must be emphasized, however, that the variable need not be

seen as the"independerlt variable" in a function relationship,

but may in fact be considered as the "dependent" variable.

g-)(8 4- 7)

_5

--)19 (1.)15

9 #10
19

1+ 7)(10 + 4)

(4 4- 4)14

7

2)14 ()14

4 + 7

11

46
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Answers to Oral Exercises 2-6a; page'70:

1. 9, 12, 17

2. 10, 25, 50

3. 22, 55, 110

4. 3, 12, 27

5. 3, 18, 43

6. 21, 30, 45

7. 10, 25, 50

8. 36, 69, 124

9.

n
10. 2,

h

11.

12.

14. No

15. n 2

16. n - 7

17. 6n

18, 7
19. 2n 4. 4 --
20'. -Five more than so e number.

21. Two less than Some number.

22. Four times some number.

23. Some number divided by 5.

24. Three more than twice some number.

25. Two less than three times some number.

Seven, times the result of finding two less than some

number.

27. Some number divided by 4 and the result increased by 5.

28. The product of five more than some number and two less

than the original number.

47c--

Qa
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Answers to Problem Set 2-6a; pages 71-72:

1,
2, 4, 22

2. 1,
13

7

4' 4% j#

4. 3, 15

5.
21

,

300 1.5

77 7rr,

6.
3 3) + 4L5)

2

2-12212

141

10. 7(3)( 5)

7(3) 7

147

12.
1
(5)

1 + 1 +

4

7. 7 2) - 2(5)

14 - 10 + 3

7

9. (3(2) + 5)(5 - 3)

(6 + 5)(2)

(11)(2)

22

11.

13.

2) - 2(3)(2(5) - 10)

(6 - 6)(10 - 10)

0

1
2

Point out the use of the associative and commutative proper-

ties in Problem 8.

14.

15.

3n

1
- x
2

7

6

Encourage students to use

different letters rather than
4

always "n" Or always "x"



pages 71 -75: 2-6

20.
n

21.- Four more than eight times a number.

22. Four less than the quotient of twice a-number divided by

three.

23. The product of eight and the difference obtained by sub-

tracting 5 from 2 times a number.

24. Take a number, subtract 5, multiply by 12, add

and divide by three.

The steps in the proposed example are

n

3n

3n + 12

n A- 12

3

The last phrase is a numeral for n 2.

The student may wonder why we insist on writing_

I- 12 = 3(n 4). Either method will, of course, lead to the

same result. The completion of this as

4
2

and the subsequent simplification lead to the mural n 4- 2

with less computation than the first method.

Perhaps it will satisfy most students who raise the question

if you point out that the first method brings out the pattern

while the second method tends to obliterate the pattern.

Some temps have found it helpful, in introducing the

notion of variables to their students, to play a number game

class in addition to the material in the text. Another successful

method has been to use such a game at the board.

49
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Ex : "Choose a number frofs some set S - such as for

an4e the whole numbers between le and :30 - add 3,

multiply by 2,.and subtract twice the number chosen."

Different pupils:try dhe game at the boar with different

numbers, and always obtain 6. Others mayb instructed to

.leave the numerals in indicated form, another may use "num er"

instead of a specific numeral, and yet others may-use a Ihri-ble,

like "n" or ,flx" from the beginning. The board may look )4.ke

this.:

5 number

7 5 3 number + 3 n +-3

111 2(5 + 3) 2(number 2(n +
or lL 25 + 6 (number) 6 2n 6

6 6 - 25 ° (num ) 6 - 2(number) 2n + 6 --2n

6 6 6 6

is example uses the distributive property, which the students

have seen, but it slso uses associativity and commutativity with

one subtraction, which they have not seen. The operations with
A

numbers are quite simple, however, and so the 2n" should

really not give any trouble. It is certainly not worth making a

fuss over. If the subtraction is, for,some reason, likely to give

trouble, the game may always be played with an example such as

the one in the text which involves no subtraction.

Answers to Problem Set 2 _ pages 75.-77:

2(t + 3)

2n + 5
3

Both forms are correct. The second is found from the

first by use of the associative property of multipli-

cation.

14y

Neither form is

correct forms.

9- qi
32

5- 5

150 + 32

212

b) and 2a +'2b e-re



(b) 11(42+ 0) 4 6

. 2(14)
28

rt) 500(1 0.o4(3))

500(-1 .12)-

= 500.4- 80

5b0

g(48)_ -
2 6 4

92'

(e) Ae wh , 24(12)(5)

= 1440

7- is the final number.

8.

3n + 6 -

3n

+
2

2(2x

Yes, we get the original number.

4 2x

2x + - 4
0.

2x

ry answer is zeroj

9. True for all values of x!

10. True for all valuA' of x!,

11. False

12. True for all values of xt

13. False. Don't be'concerned about the negative result, but

caution those who want to think of subtraction as

being commutative.
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114. False: N'

15. -- True -

If). True for all values

17. False

18. False j iv

19. False

of

20. rue for all values of

Answers to Review Problem pages 79-81

1. Many possible an wera, for example:

b,
6 5 +1

11 2'

A "common name" of a number is a numeral most often

used to represent the number, For examPl

is a common name-of 5- 3, 1., etc.

"2"

3. .We do the multiplication and division first, then the

addion and subtraction.

44. 27

5. (a) true false

(b) false true

(c) false false

6. "<"

7. (a) 7 > 5

(b) 5 > x

(c) N > M

A binary operation `is an operation that is applied to

only two numbers at a time.

(a) Yes (d) Yes

(b) Yes Yes

(c) No No

10. (a) Associative property of addition

(b) Neither, it is the commutative property of addition

which is illustrated.

(c) Associative property of multiplication

(d) Neither, the commutative property of multiplication

is involved if we replace "'in by "". The sentence,

as it stands, is false.
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b

(a) Tr4e, commutative propel ty of addition and commuta-

tive-property of multiplication

True, commutative and associative prope ies of

addition.

(c) True, multiplication property of one

(d) False
,-

(e) True commutative property of tiplication and

distributive proppty

False

(b )

True, multiplication property of one

False

True, none of the properties are involved.

(b) 15(12)

15(10 + 2)

150+ 30

9

9(5

9()+ 9(29)

37 29)

180

(203)(101)

(203)(100 + 1)

20300 + 203

9(30)

270

20503.

A variable is a numeral which represents a definite, but

unspecified, number chosenr m a given set of numbers.
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15. If x 4,

(b) 30

(c)

0 (d) 0

+ X
e) he easy way X2

16.

If x . 6,

'9

(b) 44

26

1

5
7

(d)

(e)

4(2n +
is

Simplifiqd:
(4 )(

'_)(3_e) + (x)11 x(x +1)

X +

n + 1)
+

n + I + 7

n + 8==m=m

The trick is o add eight to each number n.

514

UI)



1. Insert_parentheses

resulting sentence is true:

tad Test penis

each of the following so

(a).

(b)

(c)

the

5 x 4+ 3 =-35

5'x 4 t 3 = 23

7 4X 2 1- 2 x 3 = 84

(d)

(e)

(f)

7 x 2 t 2 x 3

7 x 2 2 x 3 .

7 x 2 + 2 x 3 .

. 56

20

48

Stat thS property illustrated by each of the following true

Sentences:

(a) 7 x 3 = 3 x 7

(b.) 5(6 + 2) . 5(6)

(c) (8 x 2) x 3

/
(Ot 7+ (5 + 4) . (7 + 5) + 4

5(2) (e). 9 :4- (3 4) = (3 + 4) + 9

x 3)

3. WhiCh of the°nuerals listed below are

(a) 44
(b) 3(1 + 1)

(c) 3 x 1 4- 1

4. Which of the following sentences are true and which are false?

names for 6?

d) + 1 + .15

(e) 3(4 +

(a) 7 > 2 + 3 )

(b) 4(5) 18 + 5

(c) T+ (2 x 3) (7 x 2

(d) 7 + 3 < 7 x 3

5(21 + 1) = 5(24) ) + 5

6 2 4

5. Show the steps In finding the simplest name

indicated:

(a)
) ,_20 1

for the number

10

Show how you would use the associative, commutEqive, and

distributive properties to perform each of the following

computations as simply as possible:

(a) 4 + (17 +

(b) (12.8)(7) + (12.8)(3)

(c) (5 x 13) x 20

(d)
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7. "keertain number n is multiplied by 5, then increased by

and this result is multiplied by 2. Which of the following

open phra s describes this statement?

(a) 2x 5 3) 2n(5 +3)

(b) 2(5n 3) (a) 2(5n 15)

8.- Given that the domain of x is the set: ,(0,1 find the

value of the phrase

for each value

Use the numbers 3,7, and 5 to illustrate

(a) the associative property of multiplication,

(b) the distributive property._

10. Show how the distributive property can be used to, _d each of

the following products:

(a) 4 x 54

(b) 15 x 1006

(c) 6 x 4)
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Answers to SuggQ8ted Test iteme

5 x (4 13)'. 35

(5 x 4) + 3 = 23

7 x (2 + 2) x 3 84

(d)

(e)

(f)

7 x (2

(7 x 2)

((7 x

+ (2

+ (2 x

S) x 3

. 56

.'20

. 48

2. (a) the commutative property of multiplication

(b) the distributive property

(c) the associative property of multiplip_ ion

(d) the associative property of addition

(e) the commutative property of addition

The numerals in (b), and (e) are names for 6.

6 6 12

3 x 1 + 1

4 true

(b) true

(c) false

5. (a)

(b)

5(3 +

7

2

3. 1

4

(d) true

true

false

20 5(3)_+ i(4) =20

15 20 - 20

5

- 10_ 12
-67)(5 3 10

2(5 3) - 10

. 16 - 10

6

3
17) commutative property of

addition

+ 17_ associative property of
addition

10 + 17

27
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(12'.8)(7 12.8)(3 ) m 12.8(7 3) distributive property

12.&(10)

128

13) x 20 - (13 x 5) x 20 commutative property of
multiplication

. 13 x (5 x 20) associative property of
multiplication

13 x 100

2. 1300

1 %
/ distributive property.

1

(b) The phrase "2(5n + 3)" is the correct one. It is built

up 1n the following sequence:

5n, 5n + 3,

8. If x = 0, we get 0 + 4

If x . 1, we get 1
1+

If x . 2, we get 2
+

2(5n +

c.

x 7) x 5 e 3 x (7 x 5)

21 x 5 . 3 x 35

(b) 3 x (7 5) (3 x 7)

3 x 12 21

10. (a 4 4 x

( 4 x 5

20+ 3
23

.1
=

5.

4- (3 x 5)

+ 15

4 x
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X 1 x 10 .4. 6)

a 15(1000) + 15( 6)

15000.+ 90

15090.

( 6 x 6

5
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Chapter 3

OPEN SENTENCES AND TRUTH S

The properties of operations which were verbalized in

Chapter 2 will be formalized In Chapter 4 in symbolic form. In

preparation for this formalization we first enrich our vocabu-

lary. The Concept of a sentence, from Chapter 2, is enlarged in

three ways: (1) W&increase the variety of relations which

our sentences can express, so that inequalities are included

along with equations. (2) We write open sentences which

involve variables, and for which the notion of a truth set

becomes important. It is essential that the student consider

both equations and inequalities as sentences, as objects of

algebra with equal right to our attention, and as equally

interesting and useful types of sentences. (3) We consider

compound sentences as well as simple sentences. While not all

of these concepts are immediately necessary for stating the

properties of the operations on the numbers of arithmetic, it

is worthwhile to Introduce them together, and they will be used

many times throughout the course.

Although this chapter is devoted entirely to sentences, it

must be emphasized that we do not study sentences for their own

sakes. As always,- our main goal is the understanding of the

properties of the operations, and sentences happen to be useful

language devices for recording these properties. Students

quickly become enamoured of the process of solving sentences.

This is good, but be sure that this enthusiasm is directed

beyond the mere fun of manipulating -flItences. After all,

sentences are only part of the language, but not the substance,

of algebra.

The teacher may want to read, as a general reference for

the work of this chapter, Haag, Studies in Mathematics, Volume

III, StruCtullgaILIvmentarx _Algebra, Chapter 2, Section 2.

3-1. Open Sentences.

he experimentation with the example "2x + 3 = 18" is

supposed to suggest a systematic way of guessing values of the
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variable which will make the sent4ece true. The methed might
also suggest how one might decide whether or not all such values
have been found. For example, a value of x greater than

and a value smaller

than will give a number less than 2 The properties

of order Which are Suggested here will be taken up later in
Chapter 9.

2
ni0 will give a number greater than 2

Answer! to Oral Exercises 311s; page 85

2.

True

True

True

True

True

Answers to Problem Set 371A; page

1. (a) 5 is not a truth number of the sentence.
(b) 1 a Ls a truth number.

071 3 is a truth number.

I is a truth number.

5 is a truth number. (The alert student may observe
that 4 is also a truth number for this sentence.

f) True

(g) False

(h) False

(1) False

(e)

r)
3

8o
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(f ) 5 Is not-a truth number.

(g) 12 is a truth number.

2. For finding a truth number for each of these sentences,

emphasize reasonable guessing procedures that "center in"

on the target. Systematic solution of equations will be

dealt with in later chapters.

(a) 8

(b)

2

0 5

(g)

(h) 3

co 3

5

2

21

(g)

(h)

(I)

(j)

(k)

(l)

4

6

12

18

5

(P

(q

5

11

3

58
17T

Answers to Oral Exercises 3-1b; page 881

True

(b) False

(c) False

(d) False

(e) True

(f) True

(g) False

(h) True

2. (g), (i),

3. (a), (b), (e), (k), P)

4 (d), (f), (h), (j), (1), (m), 0)

(i) False

True

(k) False

(1) True

) True

False

False

(p) False

b3.
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:gnawers to Problem Set 3-1b: page 89:

(5)

All numbers greater than 4
3. Qf

4. All numbers greater than 6

5. All numbers less than 8
6. (3)

7. The set of all numbers
8. (0)

9. The set of all numbers

10. The set of all numbers

11. All numbers greater than 2
12. The set of all numbers

13.

14.. (61

15. 0
16. The set of all numbers

17. All numbers less than 27

*18. yll numbers less than 5
*19. The set of all numbers except zero
'20. (01

Answers to Oral 3-1c; page 90:

0 (f) None
(b) 2 (g) None

(0) 5 (h) 3

(d) 3 (i)
(e) None (j) 4

25(a) 25 (f) 144
(b) 100 (g) 64

(c) 36 (h) 196

(d) 121 (t)

(e) 81 0
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pages -93:

(a)

3-1 and 3-2

(g) 14

(b) 4 (h) 0

(c) 8 (1) 1

(d) 15 (j) 5

(e) 100 (k) 3

(r) 3

Answer3 to Problem Set 3-1c; page 91:

1. 3 6. 0 11, 2,3

2. 5 7. 1 12. 1,2

3.' 3 8. 0,1 *13.
3

4. 2 9 7 14.

5. 1 10. 5.1 *15.
1

7

3-2. Truth Sets of open Sentences.

An open sentence involving one variable has a "truth s

defined as the set of numbers for which it is true We AO

need at this time to introduce a name for the set .4hich makes a

sentence false. The phrase "solution set" is also used for

"truth set," particularly for sentences which are in the form of

equations. We shall use "solution set" later, but we want the

student to use "truth set" long enough to get its full signifi-

cance.

Until the introduction of the real numbers in Chapter 6,

when a sentence Is written and no domain is specified, the domain

may be inferred to be the set of numbers of arithmetic for which

the given sentence has meaning. Note, however, that when the

student begins to translate "word problems" into open sentences,

he will sometimes find inherent in the problem, but not spelled

out for him, some further limitation upon the domain. ,_Thus the

agreement specified in the text regarding the domain refers to

sentences only, and should not be extended to include "word

problems."

The teacher may want to ke a moment of class time to be

certain that the students remember clearly the set of numbers of
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arithmetic. This understanding can be reinforced soon (in the

next section) by the graphing of this set.

Answers to Oral Exercises 3-2a; pages 93-94:

1. (0) 8 (0)

2. (1,2) 9: 0
3. 10 (0)

4. (0,1) 11. 0
5. (2) 12. (1,2)

6. (1) 13. (1,2)

7 (2) 14. 0

s te st o ubr
es ta . F i h

e f nmes getr
ta r eul t , bt
ls hn 1.

1..

17. (2)

18. (1,2)
/ 19. (2)

20. 0

15. (2)

16. (2)

(a) T (2,3,4,5,6) *(d) T is the set of numbers

F (7,8,9) greater than 4 and less

than 7. F is the set of
(b) T = (0) numbers greater than or

F = (10,20,3050) equal to 7.

(c) (3,5)

F (7,9,11)

an 4 and less

than 7. F is the set of
(b) T = (0) numbers greater than or

F = (10,20,3050) equal to 7.

(c) (3,5)

F (7,9,11)

S

6666

74

S

T is the set of numbers

less than 7. F is the

set of numbers greater

than or equal to 7, but

less than 10.

74

Answers to Oral Exercises 3-2a; pages 93-94:

1. (0) 8 (0)

2. (1,2) 9: 0
3. 10 (0)

4. (0,1) 11. 0
5. (2) 12. (1,2)

6. (1) 13. (1,2)

7 (2) 14. 0



pages 94-95: 3-2

1

T Is the empty set. F is

the set of numbers greater

than 8.

(a) T = (0,1 4) T = (1,2,3,4,5,6) or T

(b)' T w (6) is the set of counting

(c) T 0 numbers less than 7.

(d) T T = (0,1,2,3,4,5,6)

5. (a) yes

(b) yes

(c) 'no

(d) no

(e) no

yes

(g) no

(h) yes

(I) no

6. In this exercise encourage students to give a variety

of examples.

7.

a

(b

Examples are x + 5 - x + 4; x + 2 < x + 1

Examples are x = 5; x + 7 10

c) Examples are 2y + 4 2(y + 2); x + 3 = 3f + x

(d) Examples are x > 5; 3x + 2 a. 14

This exercise might be a good one for class discussion.

(b)

T (2) ) T 4,5)

= the empty set (d) T = (0,1)

T (2)

The sets in

T = set of all numbers

greater than and less

than 5.

(d) T = set of all numbers

greater than 0 and less

than 2. '

and (b) are finite.

9, In connee _in wi h these exercises the teacher should

bear in mind that formal methods for solution of

equations and inequalities have not been developed as

yet, :Ince they depend upon properties of the real

numbers to be presented In later chapters. Somewhat
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systematic guesswork is the student's method and the

stress should rest more upon the fact that the value in

question is indeed in the truth set, than upon the

device used to discover it.

(e)

(f)

V (g) (4) the set

(12) (h) (3)
of numbei

except O.
(6) (*) (k) V

In exercises (b), (c), and (k) above, the student

may need t be reminded that division by zero has been

excluded in the formation of rational numbers. Later

it will be tressed that since zero has no reciprocal,

an expression with denominator 0 does notrepresent

any number.

Answers to av Exercises

1. (2,3,4,5) O.

(4,5) 7.

3. (5) 8.

4. V 9.

5. (0,1,2,3,4,5) 10.

; page 97:

(0)

(0,1 2 3 4

(0,1,2 3 4 )

(0,1,2,3,4,5)

(0,1,2,3,4,5)

11.

12.

13.

14.

1.

dr

(0,1,2)

(1

(1 ,4,5)

(0

Answers to Problem Set 3-2b; page 97:

1. ()
2. The set of all numbers greater than 1

3. The set of numbers from 0 to 1 inclusive

4. The set of all numbers greater than or equal to 1

5. The set of numbers less than 1

V
7. The set of all numbers

The set of all numbers

9. The set of all numbers

10. The set of all numbers greater than or equal to 1

11. The set of all numbers less than or equal to
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*12. The set of numbers
10

7

*13. The set of numbers less

*14.

15. 9(

or greater

than or equal to

3-3. Graphs of Truth Sets.

We shall soon start saying "graph of the open sentence"

instead of the more clumsy but more nearly precise "graph of the

truth set of the open sentence."

In graphing sentences whose truth set is ce do not fuss

over the "plotting" of the empty set. Either no graph at all or

a number line with no points marked is all right.

For convenience in doing problems involving the number line,

you might find it helpful to duplicate sheets of number lines

for the pupils, use.

Answers to Problem Set 3---- 3; pages 98-99:

We have not included oral work in thils section because we

feel that this can readily. be Centered around the examples in

the text, which the teacher should review carefully with the

class.

1.

(b)

0 3 0 i 2 7 3

0 I 2 3 0 I 2 3

(1) ---0 I

0 I 2 3 0 f 2 3

-- 0 I t

2 3 2
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0 I 2 3

Z 3

o I 2 3

o J-- Z 3

If the student shows on his graph an arrow to the left for

parts (e), (1), (j), and (o), simply point out that the
domain of the variable for these sentences is the numbers of
arithmetic. Later when the real nmbers, the operations
upon them, and some of the properti s of these operations
are known, the student will be able; to work with confidence
with sentences in this extended domain.

Yes

(b) No

Yes--assuming that the dot on the number line has the

coordinate

No, the graph o of,whole numbers only o such restric-
tion has been placed upon x. This is a good time to

re-emphasize that the domain of a variable when unspeci-
fied is the set of all numbers of arithmetic for which
the sentence has meaning.

Yes
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Accept and encourage a variety of responses

exercises. Possible answers are:

(a) f 2; 2x 49 8

(b) 2; X 4 2 or x

x > 4; 3x + 5 17

1; 5x + 1 1. 6

3-4. Compound Open Sentences and Their Graphs.

The student has dealt with simple sentences, finding their

truth sets and graphing these. With compound sentences, as with

simple sentences, the emphasis should be on what constitutes a

truth value rather than on any technique of finding the truth

valUes. Frequent use of the compound sentence is made throughout

the course, so that further practice in this area awaits the

Student.

The word "clause" is used to denote a sentence which is part

of a compound sentence, just as in the corresponding situation

in English. The word is convenient but not very important.

Answers to Oral Exercises 344a: page 102:

1. Yes

Yes

Yes

The left clause "8 - 1 = 7" and the right clause

"5 4 9" are both true. 'Therefore, the compound

sentence is true.

2. Yes

No

No

The clause "11 4- 12 = 25" is false. Therefore, the

compound sentence " "13 - and 11 12 - 25" is

false.

No

No

No

Both clauses are false. Therefore, the compound

sentence " 31 = 9 and 9 + 18 37" is false.
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false

The clause

false

" 19 = " is false.

The clause

false

"16 8 8" is false.

The clause "9 - 6 . 2" is false.

false

Both clauses are false.

false

Both clauses are false.

5. (4)

(b) (3,4,5)

(c) (10)

(d) 0

Answers_ to Problem Set 3-4a; pages 102-103:

1, (a)

(b)

(d)

(e)

f)

(g)

(h)

(1)

(j)

(k)

(1)

2. (a)

(b)

(d)

T, both clauses are true.

F, both clauses are false.

T, both clauses are true.

F, second clause is false.

T, both clauses are true.

F, first clause is false.

F, second clause is false.

,F, second clause is false.

F, second clause is false.

F, second clause is false.

T, both clauses are true.

T, both clauses are true.

T a

T =

T

T =

(12) T

(4,5,6). T = 0
(3) g) T. . (3,4)

0 h) T = (3)

The text defines the truth set of a compound sentence with

the connecting word "or" as consisting of all those numbers

that are in at least one of the truth sets the clauses which
make up the compound sentence. It is particularly important,
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no only In the Interest clarity here, but for the sake of

his later work in mathematics, that the student be given a

careful introduction to the phrase "at least." To have him

explore Such synonomous phrases as "not less. h may help pin

down the idea.

Answers to Oral Exerotoes 3 -kb; page 105:

1. Yes

Yes

Yes

Both clauses are true.

2 Yes

/ Yes

The first clause is true.

3. No

No

No

Both. clauses are false.

true

The first clause is

(b) true

The second clause is true.

(c) true

The second clause is t

(d) false

Both clauses are false.

e

Both clauses are true; the student should note,

however, that since the first clause is true, the

truth of the sentence is established without

consideration of the second clause.
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5.
(b)

( d )

(0,1,2;3)

(0,1,2,3)

(0,1,2,3,4,13)

(0,2)

(1,2).

0,1,2)

(0,5)

(0)

The set of all whole numbers

The set of all whole numbers

An ers t ©_ Problem Set 3-4b; bageu105-106:

1. Each sentence uhich is true is true because at least

one clause is-true.

(a) T (f) P, both clauses a P false

(b) T (g) TL
,) F, both clauses (h) T

are false

F, both clauses are false

2., (a) The set consisting of 5 and all numbers greater

than'

(b),-- The °set consisting of all numbers less than or

equal to

The t of all numbers

The set of all numbers less than 7 and the

number 1

(a) True

(b) False because '5(8) < fal

(c) True

(d) False because both clauses are false

(e) True
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ire to Problem Alt 3-4c; page 10

2.

3.

0 I 2
f

3

-1-

1

_1- _

2 3 4 5

0 1

I

2
r7
3

3 .0

5.6 7

0 I 2 5 6 7 8

0. 1 2 3 4 5 6 7 8 9 10

6.

10.

0 I 2 3 4 5

0

0

0

0

0

1-1-7-0-1-1-40
1 2 3 4 5 6 7 8 9 10 11 12

(The teacher may want to note

( 2

_t -A

3 4
I

5
J-AX-4
6 7 8 9

f
10

that exercise 8 is the first
graphing exercise-including
examples in the text-in which
the truth sets ofthe clauses
of a compound sentence have arr I r

1 2 3 4 5 6 common value. If the student
recalls the meaning of the
Phrase "at least," he will not
find this troublesome.)

1 2 3 4 6 6 7

1- t 4

1 2 3 4 5 6
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Further exercises in-graphing3truth sets of co -ound sen-

tences with connective "or" can be obtained from the preceding

section, Oral Exercises 3-4b and Problem Set 3-4b.,'

Answers to Oral Exercises 3-4d; page 110:

1. no

no

As
yes

yea

yeS

no

no

4.- %Tea

no

no

1.

2.

3.

4.

5

Problem Set -141L; page 110:

0 I 5

7§

84

6

The empty set.

The Empty, Set.,



pages 110-111:' 3.4

6.

7.

8.

6

2 5

111=11Nilmsw

O I 2 3

5

10._ The empty set.

O 1 2 3 4 5 6

Answers to Problem Set 3,4e,page 111:

0
111

1 2 3 4

I 2 3 4

4

t--
O I 2 3 4

5. (2,3)
O I 2 4

0 2

The set of numbers equal

to or greaper than 3

4

0 4

The set which includes 1 t______,
and all numbers greater 0 I 2 3 4

than 3
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The set of all numbers

less than 5 or

greater than 7

10. The set of all

numbers equal'to

or less than 3

11 The set of all

numbers except

3_and 4

12. The set of all

numbers greater

than 2

(2)

2 3 4

0 I 2 3 4

0

14. The set of all numbers

15. The set of all

numbers less than

two, all numbers

greater than 4,

and 3

16.- (3)

17. The set of numbers

between 2 and 3

S

2

0 I 5

2 4

The summary is.intended to help the student make a quick

recall of the concepts that have been studied in the chapter.
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pages 112-113.

Answers to Review Problem Set; pages 112-115:

It is expected that the Review Problem Set may help the stu-

dent to Trove his overall understanding of mathematical sen-

tences by giving him opportunity to work with a mixture of sen-

tencesl.ess sorted into "types" than the problem seta throughout

the chapter -have been.

1. (a) Yes No

(b) Yes (g) Yes

(c) No. 3(4)-2 < 7 is false (h) No

(d) Yes (i) Yes

(e) Yes
note

(The student should
that this exercise is

(j) Yes

an instance where the
commutative property of
addition enables him to
answer without aritiznetic
calculations.)

2. (a)

(b) The set of all numbers (g

(c) The set of all numbers (h) The set of numbers equal

to or greater than 3

(d) (0,1) The empty set

(e) (4) The set of all numbers

greater than 2 and less

than 7

0

2 4 0 I 2

(g)

1)2 3 4 5 6 7

2 3 4 5 7

,0 I 2 3

The empty set.

I I

a I 3 4 5 6 8
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0 1 2 3 4

0 2 3

0 I 2
empty set.



page

4.

The' et of all numbers

less than l3

0

The empty set

1

4

r I -t
0 2 4 6 10 2 136

k.

3

(e) The set of all numbers
1

less than 3

(0

(1,2)

'42 3

2

I 2

0 I 2

The set of all numbers

greater than 6

4

set of all numbers except 0

01.0011,m041*/,
2 30 I

I. 2

_4
(k) The set of all n bers

less than 3
0 2 3 4

(1) (1) _t_ t
0 I 2 3

The set of all numbers
0 I 2 3 4

8o



pages 113115

The empty set

(a) True

(b) True

(c) False

(d) False

(e) False

6. (a) 11

(b) 3 or

(c) 14

(d) 2 or

(e) 0

8.

0

The sentences in

I -I
0

(a), (c),

value in the domain.

(b)
(c)

False

True

True

2 6
9.

(b

i

I

2 3

r True

(g) False

(h) True

True

(j) False

(f) 8

(g) 2

(h) 1

(i 0

and (e) are true for every

(d) 2

) 8

(r) 0

(d) True

True

ue

(g) False

(h) True

True

(j) False

(f) 8

(g) 2

(h) 1

(i 0

True

81

(d) True

True

2 3

and (e) are true for every

2g

8 4 3

(e) ,2-g

(r)
8 4 32

(d) 2

) 8

(r) 0

re

k

,2-g

8 4 32

81

(e)

(r)



Suggested Teak Itema

1. Which of the following sentences are true and which

false?

(a) 5 s 6 .18

(b) 9+ 11 5 5 (d) 5+ 3 7

2. Which of the follojing sentences are true and which are

false?

(a) 33 and 6 < 2 - 1

(b) 6 yl 5 4- 1 or 4 s 3

(c) 6 - 4 3 or 6? 7

(d) 4. 4 and 4 X 5.3

3. Which of the following sentences are true and which are

false?

)
(18`= 10) - 4 -18 - (10 - 4)

(b) (18 - 10) - 4 / 18 (10 + 4)

( c ) 3 + 4 < 8 or 6 + 5-> 5 + 6

(d) 7 + 0 = 7 and 7(0) - 7

( e ) 4 > 6, or 5 + 2 - 10

(f) 7 3 or 17.813 .529 - 8.777 + 18.442

Determine whether each sentence is true for the given value

of the variable.

(4) 3 4 . 15i 2

(b) - 3 <7a 7

(c) 20 - 2x

(d) +4
10;

Ox 3.

+

5. If the variables have the values assigned below, determine_

--whether the sentence is true.

1

_3x 4 y,

(b) 5X < 2 4 y,

x is 2 and y is

x is 3 and y is 8

6. List the truth pet of each of the following open sentences.

The domain is the set of numbers

x + 3 = 3x - 5; (2,4,6)

(b) x2 - 3x . 0; (0,1,2

indicated.



Determine the true sets of the following.open sentences:

(a) 3x 4 25 (c) 2x +- 3 = _ 5

(b) 2x +1 < 3 (d) 4 4- x 2x+ 1

8. Draw the graphs of the truth sets of"he open sentences:

000 x# 5 . 6 -(c) x 7

(b) x 1 > (d) 4

Draw the graphs of the truth sets the compound open
14,sentences:

(a) x > 3 and x < 4 (c) x 5 or x < 4

(b) x s 5 and x > 4 (d) x < 3 and x > 4

10. Which of the open sentences A, B, C,'D, and E below has the

same truth set as the open sentence up 7"7

A. p >7 or p = 7 D. P 7

Bo 1) 'T ]P 7 E. 7 5.13
t

C. p 7 or p > 7

11. Write open sentences whose truth sets are the sets graphed

below:

o I 2 3 4 5-

O I. 2 3 4 5

(c)

(d)

list
O I 2 3 4 5

O I 2 3 4 5

12. for each of

-graph of its

the sentences in column

truth set in column II.

1, select the appropriate

I

(a) 6x 18
0 1 2 3 4 5 6 7

(b) Y < 3

b yi 2

0 1 2 3 4 5 6 7

0 1 2 3 4 5 6 7

t > 4

d < 5
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w < 2 and w > 4

0 1 2 3 4 5 6 7

I-4 I 4 -4--4

0 1 2 3 4 5 6 7

13. If the domain of the variable is the set U = (2,4,6,8,10,12),

find truth sets for the following open sentences:

(a) 3x + 1 ='13 (c) 2x < 20 and x*+ 4 = 4 + x

(b) 2x . 10 (d) 2x + 1 . 7 or 2x - 1 =

Answers to Suggested Test Items

(a) True

(b) False

(a) False

(b) False

a) False

(b) False

(c) True

4. (a) No

(b) No

5. (a) Yes

6. (4)

7. (a) (7)

(b) the numbers of

arithmetic less than

(d)

(0) True

d) False

True

True

False

False

True

Yes

(d) No

(b) No

(b) (1,2)

(e) 0
(d) the numbers greater than or

.eqUal to 3

8. (a)

0 I 2 3 4 5

(b)

(d)

0

a

5 6

3 4 5 6

84
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5 6

6

0

10. A, C, E

11. PQ sible answers are:

x < 5

b) x > 2 and x < 4

12.

13.

(d

d

he empty set

x = 1 or x = 4

I I I 1-0-_1_
2 3 4 5 6 70 1 2 3 4 5 0 1

(e)or_

«'0 w
I--

2 3 4 5 0 i

-i (f)-t 0 I-f
0 i 2 3 4 5 0 I

(a) NO

(b)

(g) 0 I

(2)

2 3 4 5 6 7

I t s
2 3 4 5e6 7
2 3 4 5 6 7

the empty set

6,8)



Chapter 4

PROPERTIES OF OPERATIONS

In introducing this chapter, it is perhaps advisable for

US, as teachers, to consider a basic difference between this

course and the arithmetic with which the student has previously

worked.' The principal concern of this course is a systematic

study of numbs and their properties, and arithmetic would seem

to have had much the same purpose. Arithmetic often consists of

a rather mechanical application of a large number of rules for

computing correctly with "getting an answer" as the objective.

On the other hand, we are interested in understanding rather

thoroughly why numbers and operations on numbers behave as they

do. A rather well defined search is made here for important
,...1

general properties of the numbers and the arithmetic operttions

with which a student is already familiar. In short, weyfre

interested i r what is sometimes referred to as the "structure"

of the "system" of numbers. Other words which convey some of

the same meaning as "structure" are "pattern", "form", and

"organization".

It is inevitable that many off' the general properties of

numbers and of the operations' we apply to them are already quite

familiar to the student, even the slower one, from the study of

arithmetic. The properties are familiar, however, only from

specific instanc4s and not as explicit principles.

In Chapter 2, the aim was to have the student discover some

of these properties by means of questions and examples. In the

present chapter, the properties are studied further and are

formalized. The properties which we have sought to elicit from

students in this way are:

(_) Commutative and associative properties

for both addition and multiplication

(2) Distributive property of multiplication osier

addition

Addition property of 0'

(4) Multiplication property of 1

(5) Multiplication property of 0

87



Properties (3) and (4) above state, in-terms we would never use

with the student before he Is ready for them, that O. and 1

are,' respectively, the additive and multiplicative identities.

Property (5) above is included in the list even though it can-
be deduced from the other properties.

It is worth noting that in this chapter we are considering

the properties only in relation to the non-negative real numbers,

with which the student is already familiar,. We call-these the
numbers of arithmetic. Later, it will be seen that the same

properties hold for all real numbers.

The student, conditioned as he is to arithmetic, may Well
ask, "Why bother?" wheri confronted with the formalization'of
theee properties. This question may be forestalled somewhat by

exercises which are interesting in their own right and by the
teacher's own established devices. Of course, the real answer
to the question "Why bother ? "" consists, to a-large extent, of

what has been said in the paragraphs preceding this one

regarding our concern with structure.

Another major goal of this chapter is the development of

a good deal of technique in the simplification of algebraic

expressions, a conspicuous feature of any beginning algebra
course. Here, however, we are introducing these techniques in

conjunction with the properttes of numbers and operations.
illgebVaic simplification Is practiced at the, time the principles

upon which such simplification rests are first deVeloped, And
many times thereafter. These principles are precisely the

properties of numbers which the student is to discover in this
chapter.

The teacher may war; to read, as a general reference 'r

the work of this chapter Haag, Studies in Mathematics,

Volume III, Structure of ElementsrL Algebra, Chapter 3,
-Section 2.



Pa -117-118: 4-1

4-1. Identity Elements.

Identity Element for Addition.

It may well be advisable to spend more time with slower

students citing specific numerical instances of the addition

property of zero, such as:

5 4- 0 . 5

1 + 0

4.7 + 0 . 4.7, etc.

These may-help the student preciate the significance'ot the

statement, ";For, every number a, a + 0,- a".

Note that the open sentence "a + 0 a" Is true for all

values of the variable. Such a sentence conveys "structure" or

"pattern" information about the number system.

The association between the "result being identical with

the number to which:zero is added" and the name "identity

eleMentt y be worth emphasizing. Slower students frequently'

need the aid of such associations in learning new words, and they

are seldom successful in making (he associations themselves.

Answers to Oral Exercise 471si page 1181'

1. (0) 6.

2. (0) 7. the set of all numbers

3. (0) 8. the set of all numbers

4._ 9. the set of all numbers

5. (7) 10. 0

Multiplication Property of One.
_

The multiplicatiVe identify element has been ntroduced

after the additive identity element, rather than simultsneouslY,

in order to give the student ample time to assimilate the Ideas..

The different numerals for the number one are m-ntioned in

this section to help the student appreciate the fact that the



Pages =119:

multipliCation property of one is a property of he number and
-has nothing to'clo with the numeral chosen

-

to represent the .

number One.

I) = x" and x"

both express the property.

Answers to Oral Exercises 11:1b; page 119:

1. (1) 6. the set of all numbers
(1) 7. the set of all numbers

3: 8. (3)

4
9. 91

(1) 10. (1)

401

:Multiplication Property of Zero.

The multiplication property of zero is not, like the others,
a fundamental property of.yle real number systeM; jt would not,
for example, appear amonthe axioms for an ordered field, Ito
can be derived from the distributive property, the liddition
property of :zero, and the existence of An opposUte (which comes
in Chapter 6). As a matter of interest, a deriVation of this
property is given below:

For any number a, consider the expression

Then

but

then

0)

= a(1),

s(o) - a(1).

To conclude that

1S
a ) is 0, we must add -a(1)

t(the opposite, or addi ve inverse of a(1)) to both sides
of the equation above, thus obtaining

1 0).

a(0) by the distributiVe property,.

by the addition property of 0

90
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Wages 119-122:

en

. -and

"a(

Answers to Oral_ Exercises 44c; page 120:

1: :additiorrpropely Of zero

2, multiplicationr0rOpeIrty of one

3. multiplication propertyof zero

1 by the.associatiire
faropertyOf addition,

by the additiol
ADroperty,ofl
opposites',

,by the addition.,
propertYpf C.

In. Exercise 3 of Oral Exercises 4-1d and in ExerLaes

5. and 6 of Problem Set 4-1d, and in future work in which the

multiplication property of 1 is used in adding fractions or

'rational expreisions, the student should be encouraged to mentiOn

or "write out" thenumeral he has pled for 1. It is important

that the computations which depend upon this property be clearly

'tied to it. Here, as 'at many points in the course, only a

thorough.appreciation Of the connection between concept and

manipulation entitles the student to take "short cuts," Before

assigning Exemise'5 of Prmblem Set 4` -lb you may ware to remind

2btheatudents that EL or is a numeral for

values of the variables except O.

Answer, to Oral Exerc-
.

1

4-1d; pages 22 -123:

6;j"' addition property of zero

._15; multiplication prtperty of one

Op multiplication prOperty ofa zero

kd addition property, pf zero

(e) 2.81, multiplication property Of one

f) _00 multiplication property of zero

g) .2, addition property of zero and multiplication

for

property of one

r
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2. (a) True. False

b) False' (d) True

8

True False
A

True (h) False

4a

3(a+1

(h) .11.(htZ)

9
4 b

9 b+3 b+

Answers to Problem Set 4,-1d; pages 123-124:

'(a) b. Multiplication property of zero
(b). b. Multiplication property of one
(c): rf; 'Addition Property of zero

3.

n- + 1 No property

(a) Falsea Numerals represent the same number because of
the mu tiplication property of one.

(b) True. Iultiplicatlon property of one
(c) False. uierals represent the same number because of

the multi ication property of one.
(IT) False. The\addition property of zero,

(c)

number m, 'n + 0 - m.

False for every value of m

False for every value of m

18

n

x

x
10

5

18

x 1
n

- x 1x
_x_

- 10

5

18 .

n

x
5

x
10
5- x

13 _

-- 20
-x -4-7.

5x.

3 3x
7 30

06,/.
15

a 4 a' 2b 2ab
7, X 2b 77

2 = 2 x 1 2

r every



Pages 123-124: 4-1

(d

1 4 1-(v
2 3HT
1 2b a 2b a
7(n) tE 4- EV

(g)

2a g 3b 2a
BWE GEE

(d

or

X
3

.157

1 + x 42
9 9 io +

x 1 I 14
TS- -

3 x 1 x
+2 3 7 7

1 + x 1

G. 3 2
2 1 x 227 7

2 2x
3

6a b 6a+5b
5 15 5 15

2 6 6

x 12
x.

3 3 .3
7 x 12 3

) Ga(1O ()
3 3 3 .a(4)(3) a 1 a4 - --4 II 12 *12T / r r i( 3 ..v

(h

7rb1 (
X

, (b+1) () (10)
=

b+1)2 2b + 2,
j ='3 io 2 x 10 15. 15

7
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The Set of all- umbers

(0)

(1)

(I)

The set of all numllers
(0)

(g) -(5)
(11) (3)

) (5)

(i) (3)

(k) (11)

4 Closure.

This section is concerned with two related ideas. The

-first is important and is one that should .be impressed strongly

on the student. -It is this: if a is any number of arithmetic

andi4b is Elnl number of arithmetic, we can add a and b and' we

can multiply a and b. This means that we can freely write

numerAis such as "38", "2b", "38 # 2b", "ab", etc. Eadh of

these had a meaning; there is a number which it represents.

Moreover, the student must be reminded over and over again that

an expres'sin such as "a b" is a numeral rather than a command

arithmetic. In contras we recall some cases in which
4

subtraction can not be performbd, and we remember that division
!

by zero is impossible.-; Thus "a - b" has meaning only if a isne
greater than or edual to b, And 1 has meaning only if d is

not 0.

The second idea is to introduce by examples the notion,of

a set of numbers being closed under an operation; a concept

which the student has-met informally in previous exercises. The

text does not give a formal definition of this since it might

be too technical. What we have in mind is this: a particular

subset A,of the num 'q &rs of arithmetic is closed under a

particular operation (e.g., addition, subtraction, att.) if the

fqllowing state nt.is true: if a is any element in A and b is
,

any element i the operation can be applied,to a and b and,

moreover, the n ber which is produced is an element of A. For
example, the (0) is Closed-under addition since 0 0 = 0,

iris closed'under subtraction since '0 - 0 = 0, and it is

closed under multiplication since 0 . 0 = O. It is not closed



Pages 126-129: 4-2

under divieion Since division by zero cannot be done. The set

(1) is closed under multiplication and under division It is

not closed under addition since 1 + 1 m 2, and it is not closed

under subtraction since 1 - 1 = 00 Here the operations can be

performed but-the numbers produced are not in the set (1). The

set,of even numbers' (0,2,4,../.) is closed under addition and

under multiplication. It is not closed under subtractibn and

it 14 not closed under division. Thew operations cannot always

be perfotmed for this set; moreover, in some cases where they

can be performed they do not yield an even number.

Answers to Oral Exercises- -2; pages 128-129:

1. yes 3. yes

yes,

no

yes

_ yes

yes

yes

5-

Answers to Problem Sets 4-2; pages1 9-131:4

1. Additiori Multiplication- Division Subtraction

closed closed

closed closed

closed closed

(Can't yet subtract a

(d. ) closed =

(e) not closed

(f) closed

(g) closed

(h) not closed

not closed not closed

not closed not closed

closed not closed

larger from a smaller.)

closed

closed

closed

not closed

not closed

not

not

not

not

. not

'closed

closed

closed

closed

closed

rot

not

not

not

not

closed

closed

closed

closed

closed

Subtraction is not closed until we extend the number system

to include negative numbers, but this need not be mentioned at

this time to the student. Division is not closed for any set

containing 0. This again can be played down or barely mentioned

at this time. Just say "We don't divide by 0" and let it go,

at that. Later it will. be shown thgt 0 has no reciprocal.



Page! 129-13

A is not clo under addition since 2 not in set A.
A is cldbed under multiplication since every element in the
table is an element of A.

Construct tables.
go-

4-

0 1 2

1 1 2 3
,

2 2 3 4

0 1

0 0 0

1 C 1 2

2 0 2 4

We see that there are elements in each table that are not

elements pc X. Thus, A is not closed under either

operation.

The sets in parts (d) and

All 4 sets

C. is closjd under addition, but not under multipl ation.

Notice that these are new 4erations of "mvitip cation" And

"addition" that have been defined-by the tab and are not

related to the operations we will be dea

numbers.

The operation "+" is not ovmmutattve since for e ample

b + a b and a + b c, Therefore, a + b + a.

The operation "x" is co utative as can be sho by t

all cases ,but is more readily seen _ob the

symmetry of the table about the diagonal

Class time should not ordinarily be used for discusslo

the starred problems since thy orderly progress of this course is

not dependent upon a successful solution of, such problow.



Page$131432: -4.3'

(

JP"

4-3. CommUtative and Associative Properties of Addition and

Multiplication.

The .commutative and associative properties ofdkddition and

multiplication were disdussed in Chapter 2 by means of numerical

eXamples. In this section, the properties are stated in open

$entencps. Actually the properties are translated from word

statements into the language of algebra. The translation process

of ehich this is an example is coAsidered more systematically in

Chapter 5. Some students may find it easy to by-pass the word

sta ement and go directly from the numerical examples to the

ebral,c st'ai'emeni of the properties. In fact, this could hive

seen done in Chapter 2 except that we did not then have'variables

'and so had to fall back' on wordstatements. The comparison of

the.word statements .with the algebra_ statements shows the gr at

advantage of, ter, latter in' both clarity and simplicity.

e the orm of the statements of the properties: if we

had stated commutative property of addition for example,

without quantification of the variables as

a +.17)=10+ al

we would have had no cation whether this open sentence is

true for some, none, ll the values of a and b. Thus we

quantify the variables and state: "For every numbet, a and

.every number b, a b = b a." In this way we say that the

open sentence is true for every' a and every b.

Examples like "(2 +3a) 2b,= 2b (2 3a)" and

"2m 3n = 3n + 2m" are included (pages 131-132) since students

often have trouble appreciating the generalitJ of the statement

"a b = b a." These examples are included to help head off

this sort of difficulty.

The purpose of the labt portion of the section is to

emphasize that there are operations which,ar, neither. commutative

nor associative.

We suggest that the problem sets in 473 be doeftc-a oral

exercises with ample discussion. Perhaps this is the 'beat way

'to avoid tedium and to,get to the root/6f misunderstandings.

c
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Pages 132 -13k -3

Thera seems O. be no extra value to be gained by individual
,.woik pn these exercises.

Answers io Oral Exercises 4-3a; page 132;

1- 5. 6.

Answers to Problem Set 4-3a; pages 132-133:

1. True, commutative property of addition
2. True, commutative property of addition
3. True,-e9 utative property of addition
4. True, _o utative property of addition
5. False, since '(3a 2b) may be number different .

from (3b
6

Answers to Oral Exercises 473b; pages 1347,135:

)
True, commutative property of addition

(b) True, associative property of addition
(c) True, associative property of multiplic_tion
(d) True, co mutative proplorty of multiplication
s) True, none of the properties

False

(g) False

((h)

Trued Commutative proper- o multiplication
i) True, commutative property addition and

"$ commutative property of mul plication
(j) False 1-7.fa

(k) False

(1) False

False

'rue, commutative property of addition and

commutative property of multiplication
7
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Page 135: 4-3

.7(3a)

5m(4)

5(3c

9(3g)

(7) (3) dl. 21a

4) (5m) . 4).(5

5)(3))c = 15c

9 ) 27x

3x-
2

2)(8(8y)2 . .2(8y

(g) 15m) . ((7)(15 = 10m

)8

(16y)(

(8a

A

2Dm

6y

.8q

2

I

((8a

16y)

_

= 2m2

2/Iy

a (6a )a

The student may not consciously go through all the steps in

the exercises above, but if he is) uncertain of an answer the

ability to spell out tha6steps should reassure him.

Answers to Problem Set 4-3c, pages 135 -136

1. Division is not associative. (18 6) 2 =

18 4 6 b
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Page 136: 4 -3

Subtraction is not commutative.' "a - b b a."

Consider x - 3 and 3 x. Whatever number of arithmetic
chosen for x, one of these expressions is not a number

of%arithmetic while the other is. Hance "x - 3" and
"3 --10 cannot name the same number.

a) True. Associative property of addltion
(b) True. Cbmmutative property of multiplipation

True. Associative and commutative propertie's o
multiplication

p
(d) True. Commutfttive property of, multiplicat

True. Commutative Property of additioh and commutative
property of multiplication.

True. Commutative propert S multiplication and
associative property of addition

True. Commutative and associative prOperty of

multiplication and associative property of addition
False. Tho left side may be written 2) c 2a,,
which may be a number different from b(2) 2a.
True. Commutativeproperty of addition and

commutative property of multiplication

True. Associative and commutative property of addition{
and commutative property of multiplication

(k) True. Comr;utative and associative property of
multiplication

Yes

No for example, (8'* 12) 16'= 13

8 * (12 * 16) X11

L 5. a o for example, 5 t 7 = 5

(b) Yel This can be Illustrated as follows:

(4 A 6) A 8 = 4 A 6

4

4 A (6 68) .
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Distributive 1:-.c12ellt

The distributive property, 'like the others before It, is

stated here as tin ppen,sentence,..again buildingupcin numerical

experiences in Chapter 2. The property is stated in four

different forms to lay the foundation for some of its future

applications. However, the rtudent shoulctundelstand that there)

is only one distributive property'UnderAconsideration.

The examples should be carefully discussed, with emphasis

on the fact that these are applications f the distributive

property. I example 4, you will note he phrase "simpler form".

We Would like to use this phrase to deacribe the end result.

Although in most instances it is quite obvious
4
that one form

is simpler than another; it appears to be virtually impossible

to give's good definition of "simple". Therefore, we will be

satisfied to use the expression in concrete situations where

there is no possibility of confusion and will not attempt to give

a general definition. The important idea here is that, when we

use the basic properties to write a phrase in another (simpler,

more compact, -ore useful, easier to write, easier to read, etc.

form, the resift is a phrase which names the same number as the

given phrase.

great deal of- practice is given with the distributive

property in the problem sets of Section 4-4. However\ there is

no need to despair-if the 'students seem,. to have something less

than.-a mastery of the priKciple. Following the spiral method of

development, the property is used in the same and different

contexts throughout future chapters; a greater Agree of mastery

might well await, thole later 'chapters.

ansWers to' Oral Exec

1. (a) dicated product

(b) ndicated product

)
indicted sum

d) indicated product

(e) indicated ,sum

indicated sum%

4--4a; page 139

(f)

(g)

(h)

(i)

(j)

(k)

(1) =indicated

indicated

indicated

indicated

indicated

indleated

101

sum

sum

sum

product

sum



Pages 138-142: 4-4

An a e

'3.

(g) a'b 1)

'(11) a(b 1)

8(ab + 1

(j) 2(x 2y

(k)

al Exercises 4-4b; page 140:

+ 3(m)

54 (7

6. 9(2) a 3(2)

7. + 4)

m(a) 6(a)

q. 6(a b)

10. a( S) + b

11. (a-+ b

12.

13.

14. (3 1)x

(.7 +

a(b) + c(b)

17. t-)a + 5b

Answers to Problem Set 4-4b; pages 140 142:

1. True,

(b) True

( "'e) True

The aim of Exercise 1 in this problem set Is to have the.

student recognize the truth of each sentence not because

sides can be reduced to the same common name, but becausthe

sentences. Ls an example of a true pattern. You may have. to

remind youratudents to do this,

both

2. False

(b) True

(c) False

(d) False

True

False



Page 142: 4-4

(g) True.

(h) True.

(1) True.

(a) 3(10) + 3(5)

(b) 3(x) + 3k2)

(c) m(2) + 3(2)

(d) -5'(4),+ 5(c)

(e) 11(k)

(a) 3(5 + 7)

.(3 + 7)5

(c) (15 + A)4

(d) 2(1)4- c)

(e) a(2 + 5)_

(0 (6 + a)d

(g) (b + 4)

a(4) + b(4)

(g) ab + a

(h) ab ac

(1) x(m) + y(m)

(j) a(a) + 2(a)

(h) cannot be done

(t) (2 a)a

(()

x(x(k) (4+3Y))c

(1) (a + 1)x

(m) 7c )

The student may want to work some of these problems more

quickly by "collecting terms". He may want to write "7b"

immediately for part (a). Make sure,that he earns the

right to use these short-cuts.

(a) 5b + 2b = (5 4. On = 7b

(b) 4a + a(7) 4a + 7a = (4 + 7)a . lia

(c) + c(3) = c( + 3)4- 5) - 5c

73 flm + 7m . ,7 _ 7m

1 .4n + .6n = (.4 + n = In n

) ,8.9b + 3.2b (8.9 + 3.2)b 12.1b

(g) 3y y 3y + ly = 3 4- 1)y . 4y

(h) M + 2m . lm + 2m = (1 + 2)m . 3m

(I) 2a + 3b

J) 3.7n n , 3.7n .4n (3.7 .4)n . 4.1n

(d)
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Answers to Oral Exercises 4-14r.. pages 143-144:

1. True

2. False

3. False
4. False

True

6. True
7. False

8. True=

9. False-

10. False

Answers to Problem Set 4-4c; pages 144-145:
'1. (a) 6(m) + (3p)rn (f) (5a)5 5

(b) (2h)k + (2h)1 a
(g) + 3y)::

(c) 6(2s) + 6( (h) + m(3m)

(d)_ a) ,+ y(, (1) x(4x) + y(14x)

(e) 7a (a) + 7a (1) (j) k(2x) + k(5)

2a + 2b

2mn + 5n

2(a +

+ 5(n)
+ 5)n

,nrri + 211(1)
+(2n)1

2n(- + 1)

b)

(d) Eibc + FCC 6cb + 6c
6c(b) +'6c(__)
6c(b + 1)

Imp = 4m(n) + 4m(p)
p)

cy = + (4c)Y

x) + c(4y)
c(x + Y)

_) +
-a + 5)x

(g)

mn +

cx +

3ab + 9a 3ab + (3a
3a.(b)+ (
3a(b + 3a)

104
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(i) 3x + 3x 3x + 3(x)(x)

3x(1) + (3x)(x)

3x(1 + x)

(j) xz x(z)(z) +(x)(x)(z)

(xz)(z) + x

(xz)(z) + xz(x)

xz(z + x)

3 (a) 3b(2 +

,(b) (2 + 3)7

(c) 5a(x

(d) a(5b +

(e) (m + 1)x

(f) bx(3x + 1)

4 a) (3 +

(b) (a + b

(c) 5(x2 + c)

(d) 3c(3b + 2)

(e) 4b(3a + 2c)

ba(1 + y

Note: 5a cap be written
TI

5. (a) A rectangle has two\equal sides and two equal ends and

so its perimeter is found by adding the number of

inches in the length and the number of inches in the

=width and multiplying the result by 2.

2(7 + 3) = 2(10)

= 20 The perime

(b) 1.5(375 + 125) 1.5(500)

=750

The amount of money collected i@ $750. We could

inches.

found the amount/ collected at each window and then

added the two amounts. This would certainly be'more,

complicated.

I-
I



Pages 144-145: 44

e to6Ora1 Exercises-ises 4-44 page 1

1. (a + 6)(a + 4)

2. (xi + A) (x 3).

3. (x+.1)_(a +b)
4. (3a + 4)(a +

(7 + x)(x + 7) =-=

6. (3a + b)(c + d)

7. (mn + x)(a + b)

8. (ab + c) (b + c)

9. - + x)

j
AnSwers to 'rob

1 . a + 1 a +

(a + c)a + (a e)4

(x + a)x-+ (x + a)3

+ 1)a + (x + 1)b

(3a +=4),,a + 3a + 4)5
_ _

7 + x)X +-\(7 + x)7

+ b)c)+ Oa + b)a
.(

(mn + x)d' + (mn + x)b

= (ab + c)b + (ab + c)c

(8 - x)8 + (8 - x)x.

em Set 4-4d; pages 14b 147:.

b) (a

2. + 5) (a + b)

+ 1)a A1- (a + 1)b

+ a + ab + b

+ 5)a + (a + 5)b

+ 5a + ab + 5b

24) 2x + x + (2x +

2x2 + cx + 8x + 4c

5' a + b c+d)

+ d) (a + d

7

(3 r (3 + .m)a

15 + + 4 + ma

a + b)c + (a + b)d

ac + bc + ad + bd

+ a + ( -c d)d

,== 2ca +,da + 2cd +

= (20 + 5)40 IL' (20 +-5)3

LO -200 + 15
= 1075

,== (ix

2x +

+

+ 5

+ +- +

2x +

2) + 5
(2 5)
7

106
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+ 5)x + (20 +
20x + 5x ,+ 60 + 15
25x + 75

10. a + 2b 2a + c) a + 2b-) 2a + a +4 2b)c-,
+ lab + ac + ,i2bb

11. + n)

12. Y)(rn + n) +
,4_

13. + 1)(r
;

- :14. (Or + )(r + 3a)

15. + b) (_

+ a)(y + b

y)

ym

+ (3r + 1)a
+ 3ra + a

_ + 1)r + (3rts+ 1)3a
. '13 r + gra .3a

+ crnn' + b)a
bran + mna +J-Ja

(xy t+ 8.)b

y +.ay + xyb + ab

17.. If is and x 1_ 2, then
(a 2) (5 +

if
then
(5)- + 2(5

Therefor + a- + 2a ax + 2x

If is 5 and x is
a`+ 2a + ax +

when a is
18. If x is 3

If x is

5 and

and is 0,
(2x + 3 ) (x + a

i a

Therefor + 3)
when x is 3 and

a is
tax 3a

+ 3)
27

+ 3(3) + 2(0

3x + tax + 3a

2)



Page 146: 4:4

19. (10 + 2)(20 + 4)-

(b) (20 + 2)(20 + ki

(10 '+ 6)(10 + 2)

(d) (10 + 8)(60 + 1)

(e) (20 + 5)(30 + 2)

(f) (40 + 2)(30 + 6)

(g) (30 + 3)(20 +13)

(lo + 1)(4

+ ;4)

(30 0 + 5)

1 + .5

4 # .5 + .5)

_0 2)

(20 5) (1000 + 3)

(4 + 1)(3

.4(40o + 8)

(q ) (o + '1t)(8 +

(3 4)( .8)

This summary of properties is very important. We want the

student to begin thinking of the number system more and more

often in terms of the basic properties so that eventually almost

all operations he does with numbers will be performed with

these properties in mind. This is a dtelopment which will not

take place for most students very tqUickly; however, by the end

of the year it is hoped that the majority will have progressed

to within sight of the goal.

108
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Pages 14b-147

The list of properties obtained this point is not

complete. We still must introduce the negative numbers and

obtalil the properties of order. The list will be completed for

our purposes by the end of Chapter

-4*

Answers to Review Problem Set; pages 148-151:

Zero is the identity element of addition.

For 'every-number a, a 0 - a
#

Addition property of zero

For every number a, Multiplication property
of zero

One is the identity-- element of multiplication.

For every number a, a(1) 6 a

5 '
x + b

a

3 4

+ 7
3,

4

3

m

7
T7

3

not

Multiplication property
of one

are numererals for one.

x 1

0

1 1 46,

7 7
4 6o
3

2 ' 2m
5 5rn

m m 5 5m
n n 5n

5_ 5
n n

x 2m 10m
m 7r71-1

109



Page 149

b)

0]

(1)

The set of a 1,
numbers

(d) (0)

(e) (1)

(0)

(1)

{

0

6. Set of whole numbers ending in GI is closed under addition,

is closed under multiplication, and is not closed under

subraction.

For every number

a +b=b+ a
a+b) + c - a +

a(b +

every nu and every number c-

ab = ba 6ommutative properties

(a )c 7 -sociative properties

ab + as att.zibutive property

False. If x is 1, m is 2, y is 3, and n 1

then (1 + 3)(2 = (1 + 2)(3 + 4 ) is a fa

sentence.

(b) True. Commutative property of addition

True. Commutative property of addition

(d) True. Commutative property of multiplication

(e) False. if x is 2, y is 3, 'and r 13'1/2

3(1) - 2(3) + 1 is a false sentence.

x is 2, y is 3, and m is 1, then(f)

(g)

(h)

(1)

then

False.

+-2 3(2 + 1) is a false sentence.

True. Commuativepropertef of multiplicat

True Distributive property and commutative

of multiplication

proper

False. If x is. '2, y is 3, and m is 1,

2 + 3(1) 2 + 1) is a fie sentence.
True. Astociative property of multiplication

110
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Pages 149-150

10.,

2n + 5

(b) - 6

3n -

(d) n(5 + n

n- + 2n

or - 6

( n + 5 )(n +

(g) (n + 7)

(h) n( - 2)

n

ri A- 6
n

(d

0

3m + 3n

(b) 6(m n)

How hard did the students work on these?

Are they using the properties of 0 and

1 to make -,their work easy?
6

ab + ac

+:xe + yb + ye

7xy + 7x

a + am

(g) (ab +

axy + 8xy

(1) 4a
2 + a + 4ra + r

ab + ax +AM + 3x

(k) (3 a)(x y)

( x

7

(m

(n

(o) + ab

(p) x(y + z)

ba' + 10a

'

3m-
2

+ 3mn

ha(x

4y'(-
y)

1)

x + 3)

a + ae + 3ba + 3bc

111



Page 150

2
(b) x 40 5 x (4 + Ts

= (5 x 4) + (5

10-20 +7-

J

set:

= 20Ta
-13

4 x (1

(4 x 1) + (4 x,

a

0 I 2

truth set: 2)

t.
0 I 2 3

The truth set of the first sntence is a subset of the

truth set of the second sentence.

14. truth set: All numbiers

Less than

The first truth sit is a sub-

ruth se All numbers

0

4. the econd truth set.

Ai set: All -numbers less

than 2

0 I 2 3 4 0 I 2 3 4

Neither is a subset of the other.
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Suggested Teat Items

Show how to use the multiplic tion property o

common names -for

2 3
( ) 7 r (b

1+ 7

1 to find

J
1

1 +
(C)

1

2. .Which of the following sentences are true for every value

of the variables? ( ve ragsons for yoUr answers.)

(a) x(2 + (e) (3a + c) + d (c + d) + 3a

(b) b(a + = a(b + 2) (f, (x)y = 2(xy)
.9 .3 .3

(c) (g) a(b b) a

(d) (4x1 + -y)3 4x(y + 3) (h) a + (b- b) a

Each sentence below is true q7or evey alue of the variables.

In each case decide which propertie. able us to verify

this fact.

al x(y z) xy + xz

(b) xy + (ay + c) (xy + ay) + c

abcd ab d

xy + xz = yx + zx

(ab)(cd) = (dc)(ba)

(f) x + 0

(g) 0() - 0
(h) 1(x) = x

Show is possIble to use the distributive property

to find common names for the following. in an easy way.

(212)(101) (13)(29)

(37)() + (37

113
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(1. (43) (1.6)(43)



5. F,or each step except the, last in the folowing, state which

property of the operations is used to derive it froMthe

preceding step

y) + Jx + 3y + 5x.

, (3y 6x) + 5x

3 + r- 9x)

3y + (6 4- 5)x

3y + ilx

6. Use the prol5erties f Of the operations to'wri ' the followihg

open phras6s in simpler form.

(a) 6:(H- 3x

(b) 41a + 37b + 14b

(c) .3x + 104y + 7.1x 42 1.1z

16 4
(d) + + +

7 7

7. Find the tru

(a) 4x =0

(b) 4y = 4

(c) -z 1

h sets

04

of the following sentences.

(d) 4(a A. 4) = 12

4 4v + 2 = 7v+ 7

(4 - 4)w ==, w)

Change indicated products to indicatyd sums, and indicated

sums to
cr.

(a)

(b)

(c)

5x

(u

indicated products, using the distributive property.

+ 5y

+ 2v)4

2 + 4b)

(a)

(11

114
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2(a + 2) + x(a +

(a + 2)(b + 1)

(x + y)(x + 1)



allat4a Test Items

3 2 4 3x1+7x1---3-xv+7x7 8 y 17
12 12 12

or

(a)

(1-)(3)3 4
--.

(03)

True. Commutative property c

'3-)(3),

multiplication

3
3 -

(b) False. ba b(2) and at a(2) are different
'numbers if a / b.

(c) True. Commutative property of muitipliation
(d) False. 1_ 3y and 4xy 4- 12x are different

unless 3y is 4xy, i.e., unless y is 0 or x is
True. Associative' and commutative properties of
addition

True; Associative property of multiplication

False. By the multiplication of zero, for any number
a, a(0) = 0.

True. Addition property of zero

(d)

1

1

Distributive property

Associative property of addition

Associative property of multlpitc_ ton

Commutative property of multiplication

11 5



,4

Commutative Apr arty of multiplication

Addition property of zero

(g) Multip1ioation prt:pe;ty of zero

(h) Multiplication property of one

(212)(101) 212(100 + 1),. 21,200 212 . 21,412

-(37)( ) + (37)

'6-

7 7 ) (37)(3) = =111

4_

(60) (
5
) a 50 + 36 . 86

29) 13 (20 + 9) - 260 + 17/7 = 377

+ )72 = *(72) + ()(72) -16 + 60 - 76

3y +

141(43) = (3)(43) = 129

31.)'+ 5x distributive property

6x) + 5x commutative property-Of'
addition

6k 5x) associative property of,
addition

3y + (6 5)x distributive property

+

6. (a) r 6x + 3x . (6 + 3)x - 9x

(b) 41a + 37bi+ 82a . + = (418 + 82a) + 37p 14b)

(41 2)a + 7 + 14)b

123a + 51b

3x + 1. 4y ± 7.1x + 1.1z + 2.3y

(:3x + 7.1x ) + (1.4y

(.3 + 7.1)x + (1.4 +

7.4x + 3.7y + 1.1z

116
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+ 2.3y) + 1.1z

2.3)y + 171z



(a) (0) (d) 0
(b) (1) (e) 0
(c) (1) (11 the set __ all numbers

(a) 5(x + y) (a) (2 + x)
(b) u(4 ) 2v (e) ab + 2b + a + 2
(g) (3a )(2) + 4b) (f) x2 + yx + x + y

4y

117
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Chapter 5

OPEN SENTENCES AND. WORD SENTENCES

The purposeof thi6 chapter i to help develop Some ability

in writing open sentences- for.,word Problems. We work first just

with phrases. We doi some inventing of English phrases to fit

open phrases at the atart'to try to help give a more complete

picture of what- this translation back and fOrth,,islikeThen

we translate back and forth, sentences involving both statements

eqOality and inequality.

In order to -concentrate on the Translation process, we prefer

at present riot to become involved in finding truth sets of the

open sentences. We nevertheless ve asked quest -ions in the

word problems. This seems necessary in order-to point clearly to

a variable, to make the experience more closely related to the

problem solving to which this translation process will be applied,

and to bring forth the sentence or sentences we are:reliy wanting

the student to think of. Thus in the first example in 'the exposi-

tion of Section 5-4, if instead of saying, "Ho long should each

piece, De?" we said, "Write an open sentence about the lengths

the pieces," the student might well answer, "If one piece is n

inches long, then n < 44," or he might even answer, "n >0."

These are true enough sentences, but they miss the experience we

want the students to have.

Some spudents may feel the urge to go on and "find the

answer". In that case you should let them try, but don't let

"finding the answer" become a distraction at this point. Tell the

students that we will be developing more efficient methods of

finding truth sets of sentences later on, but for the present we

shall go no further than writing the- open sentence.

In a few of the problems _,In this course there is superfluous

information which is not necessary for doing the problemThis

is intentional. We hope thal occasional experience with such

irrelevant material will help make the student more aware of

'information which is relevant.

An attempt is made throughout the chapter to bring out the

point that, in trying to solv , problem about physical entities,

one must first set up a mathematical model. Having made the
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Mathematical abstractions corresponding to the physical'MeaSures

Sid their relationships, one can then write one or more open

sentences, and direct his attteneion to-finding a solUtion'to this

mathematical problem.

be-related once againonce

Once such a solution is obtained, it een

o the original physical problem:

Phrases, to Word Phrases.

In t anslating,from open phrases to word phrases you. may

prefer to say "English " phrases -- mgty word phrases are possible.

Encourage the students to use their imaginatiens,and bring in as

great a variety of.translations as possible. It is clear that the

broader their experience£i this type of translation, the broad`

will be the base from Which they start the reverse process, tranS-

lation from word phrases to open phrases in the next section.

Thus, if supervised study time is available, it may be advisable,

for the teacher to won( with the student as he begins Problem

Set 5-1, so __e student may be helped to think of a variety of

word translations for the given open phrases. If the student says

that he cannot .think,of any different translations -, the teACher

can ask him (as was done in the text) to respond to the question,'

"Number of what?" and almost any answer to this question is a

substantial beginning for a translation.

In the last example of the text in Section 5-1, it may be

necessary for the teacher to work with particular care with the

=class on the phrase "number of points(Bill thade if he made 3

more than twice as many as Jim."_ It seems impossible to simplify

this _language further, and yet this is typical of a kind of

Wording that often bewilders a slower student. The teacher

should stress that 2x 3 is a number.

Possible translations of I! include "less than," "the

difference of," "shorter than," etc. You may have to warn your

students that, since subtraction is not commutative, they must

watch which number comes first in using "less than."

You will sooner or later find a student who is confused about

the difference between "greater than"or "more than" which calls

for "+", and "is greater thap"on "is more than" which calls for

"5". Be prepared to-make this distinction clear.' Thus, "This

turkey *eighs five pounds more than that one" could call for the
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phrase "t 5"-,. while "thierturkey weighs more than twenty

pounds" could call for the sentence "p > 201!

Answers to Oral Exercises page 155:

This exercise is intended to provide experience An trans-

laingopen phrases when the translation of the variable is.given.

Pay particular attention to the translations oi4 since this.is

a new notion not discussed in the reading. Since the multipli-
a 1EA rinverse .and the definition - a lie well ahead in

ext.; it will. probably be:necessary _ mply to make plausible
t 1'

to the student that - t, relyi -ng on some examples to do this.

(a) One more than the number of quarts,of berries that can

-lie picked in one hour.

Two less than the number of quarts of berries that can

be.pipked in one hour

twice the number of quarts of berries that can be picked

in-one hour

Three more than twice the number of quarts of berries

that can be picked in one hour

One half the number of q arts of berries that can be

picked in one hour

(b) One more'than the number of records you can buy for

No less than the number of records you can buy for $3

Twice the number of records you can buy for $3

Three more than twice the number of records you can buy

for $3

Half as many records as you can tuy for $3

(c) One more than the number of feet in the diameter of a

given circle

Two less than the number of feet in the diameter of a

givers circle

ce the number of fee in the diameter of a given

circle

Thr more than twice the number of feet in the diameter

of a\iven eircLe

Onelialf the number'of feet in the diameter 'o A given

circle
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page 155: 5-1,

Answers to Problem Set page 155:

The translations given below are, of. ourse, sugOations

only. Encourage students to use Aferent translations. Perhaps%,-

you will want to handle these problems as oral exercises. It is

advisable that,bhestudent should write out the translations for

some of the problems but not to the point where it. becomes

tedious. In Problem 12 the phrase should be translated as it

stand, 8x is a different phrase from x ± 7x.

Be sure that the student's response, oral or written, sho

that he is aware that the variable represents a number_
)

In thisJ,
'sort of problem, forexamPle;'the variable= w 16 not "width" but
"the number of feet in the width," x is-not "books"' but "the

number of books Mary has," b is not "the boy" but "the number

of years in the boylstage". Notice also that a clear; correct,

and smoothly flowing way to day the last phrase is "the boy is

b years old"

5'

If n is the number of books Ge ge read in July, then the

phraSe is "7, more than the number of books George read in

Jul y'

If jn is the number of penntes Mary had when she went to the

stare, then the phmWis "th number oT pennies Mary has

left iiiter she spends 7 of them for' candy".

If x is the number of inches in Tom's height on his eighth

birthday, then the phrase is "the number ofInches in Tom's.

height on his ninth birthday if he grows 2 inches_during

the year".

If x is the number of people that a ot- , bus can hold,

then the ph4-ase "the number of people _LI) the bus if there

are two empty pi_ es

If is the number of couples attending a dance, then

phrase Is "the number of people at e dance".

If n, is the number of miles from A to B, then the phrase
is -one more than the number of miles from A to B and back".

If n is the number 3f'hats Linda has, then the phrase is

"the number of hats Joyce has if she has one less than twice

the number Linda has ".



pages 155-156: 5-1-and 5-2

8. If ,n is the number of plOple in a certain city, then the

phraseis"the number of people owningciirs.iffonethird of

the number of people in that city own cars". The'teacher,

might mention the restriction on the ,domain. of n

:If n is the number of oranges-on the table, then the phrase

is "the number of oranges Tom puts in his basket if h1R.-

thir firbt puts4moither orange on the table, and Tominen

es one-thi_rdk-of the oranges and puts them into his basket ".

ID, If r is a certain number which Harry chooses, then the

phrase is "the number Harry gets if he doubles the number he

'chose and then adds '5 to the result".

11. If r is the number of points'made by Frank in his first

game, then 2r - 54 is the number made by Joe if he scores

five less than twice as many as Frank.

If x is a certain number, then x+ 7x is the sum of;

number and bne seven times as great.

13. If t is the number of students in Mr. White's class, then

+ 3 is the number in Miss-Brown's cli ,classher _ass das

three students more than half as many as Mr. White's. Again-

there is a restriction on the domain of 't.

14. If r is the number of dollars Mary has in per purse, then

3r + 1 °is-the number of dollars Bill has when he has one

dollar More than three times as much as Mary.

15e If t is the

the .first of

miles covered

one mile less

number of milesmiovered by the dons family on
1

heir summer trips,
2t

3

- is the Inumber of

in one third of the-second trip if it is to -be

than twice the length of the first -trip.

Phrases to Open Ph

-eat care is taken throughout the chapter to point out that

a varia&e represents a number. We have seen that no matter what

physical problem we may be concerned with, when we make a mathe-

matical translation we are talking about numbers.

On this point it may skem that, in the example involving line

segments given in Section 5 -2 of the text, we violate our



pages 154155:

insistence upon the fact that t 8 a number. Care shou d be

taken to emphasize in this example' that t is indeed a number.

The phrasing in the problem, however, is of a kind that

students are going to see. They might as well get used

understand that even though we talk this way we are using a

and

variable to represent a number,,not as a line segment.

Someof the problems in this chapter may involve more than
,sv

onavarlatlie or may suggest the use of more than one variable.

Thi =s should be allowed to happen casually. In theCase_Of_ open_

sentendesyou may have opportunity to show the possibility of a'
y

compound sentence. It is to early.to be able to sh-- the

necessity-of a compound sentence for unique solution,. Since, we

are not at present looking for answers it will not be necessary

Ato worry yet abodt how we will_ find the truth set. Nevertheless,

student\phouldbe encouragedthe

, ever he is able to, so that, for

numbers would be represented by

to use one variable only when-

example, consecutive whole

x + 1, and x.+ 2, rather

than by x, y and z. If the examples in the text have been at

all effective andifOle translations of the prevLous 'sections

were done satisfactorily, then it stems likely, that the use of-

more than one variable will be, for, moWstudents, a. soft if last

resort measure. In many of these cases the teacher can aid the

Student inthinking through the problem again so as to.pirMit the

student in effect to redefine one variable in terms of another.

Answers to Oral Exercises 57: pages 157-158:

the student to notice that wh#11-the.variable is given
A . #

in the problem, it is_not necessary for him to tell about it, but

if tile problem

responsibility

does not 'eve the variab;e, it is. the student's

to choose a letter and tell what it represents.

Exercises 8 through 13 require the student to choose the

variable. Encourage the use of different letters of the alphabet.

By t1is means it is hoped that students will realize that the

meaning or definition of the symbol is the important considera-

tion rather than the choice of the symbol to be used.

For many of the following problems there are implied restric-

tions on the domain of the variable. While we ordinarily let

such restrictions remain implied because they seem quite obvious,
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page 157-11 5-2

therp would be some value in,o6casionally discussing with the

students what restrictiOns actually exist.: For'instanct, in

Exercises 8 and 9, the domain of the variable is the set

multiples of that is, when the variable represents a

number of dollars, the domain cannot include numbers like

In Exercises 17 and 18, the domain is thPset of whole numbers;

in Exercise 19, th; set of multiples rf
1 Exercise 20, the

set of multiples of ,T.

Of course, at this point in e course we are restricting

to the numbers of arit etic, but most of the problems

chapter by their nature give only non-negative numbers

anyway.

k + 7

25t ; 100n

n

ourselves

of this

in the domain

1.

2.

3 .

4. n 5

5. 5n

6. n +

7, 14x

8. =If q is

phrase is q

number of dollars in thy; bank, then the'

9. If Is is

phrase is

the

s

number of dollars in the bank,

- 7.

then the

10. If Sam is b years old, then the phrdse 1 b 4.

11= If Sam's age Is m years, then the phrase is m - 3.
12. If Sam is q years old, then thy; phrase ie q.

13= If tSam is c years old, then the phrase is

14. 12x

15. 3Y

16. 36t

17. 5k

18. 10d .

19. _,910y

20. 60n

Answers to Problem Set -2; pages 160:

The teacher should be prepared to teach or reteach the ideas

perimeter and area which are used .in these problems.

12
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:pages 158-159: 5+2

1. If n
,

the tuber of dollars Fred has

(or, "k Fred has n dollars")

4.1

2. If n is the umber of dffillara Ann has,

3n -

the numberhQ :.inches In the width of therectangle,
he rectangle J inches wide")

4. If n is, the number,

n + 2n (Leav6---it-in ie rot -a- a lation of-'
the phrase..)

If c is the counting number,

c (c + 1) + (c + 2) (leave it that-way)

If q the even number, z

q+ (q + 2)

If n is "some" number,

(n
)

or 2(n + 3)

If n is "some" number,

,2n + 3

9. If the rectangle is n incheas wide, n(n + 10) (You may

have to-remind them how to find area. Be certain that n is

the number of inches In the width, not .ust n is the width.)

10, If w is the number of inches in the width of the rectangle,

w + (w + 10) + w + (w + 10)

(Here they may think 2 times the-number of inches in the

width and 2 times the number of inches in the length, so
accept 2w + 2(w + 10).)

11. If s Is the numb

S +S +S+S
Or 4s if

number of units in the side

,12 100t I: 25(t + hd numbs of cents.

13. 10d + 25 (d + 5) is the numb__ of cents.

units in the side of the square,

y thinking of timesthey arrive\ at this

1,14. 50n + 70(n + -) is the cosd in cents.
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pageA 159-162: 5-2 and 5-3

15. .ln the'number.of ounces of salt.

/6 100k + 25( k - 2) + 5(2k) is the number of cents.

17. 36.9g + 30.9(g + 2)- the number of gents

.369g + .309(g + 2) is the number of dollars.

la. 50q + 32.547q) is the number of cents.

50q + .325(7q) is the number of dollars.

19. l0(2c) + 5. + 5) '100( - 7)- is the number of cents.

20. lOy + 5(y + 2) is the cost in cents.

If x is the number of candy bars, then ). 10 +

is the cost in cents.

22. If t is the ntiMber of dimes, then lOt + 25(t + 2) + 5

he total value in cents.

23. /If r 17 the number of pgunds of solutionoothen .25r

the number of pounds of salt.

24. If s is the number of units In the length of the rectangle,

5then 2(s + -,,$) is the number of units in the perimeter.

25 If q is the number of units of the width of a box,

then (q)(2q)(q) is the number of cubic units of volume.

Answers to Oral Exercises pages 1611162:

If t is the number of students in -Johnls class, the

translation is:

Ninety is eight more th:n the number of students-

In John's class.

If y is the number of cents John,receives each time
4

he mows Mrs. Jones' lawn, the translation is:

John receivks $1.05 for mowing Mrs. Jones' lawn

five times.

If x is the total number of students in school, the

translation is:

When the totel number of students in school is

divided among ten gym classes, theavere number

in each class is 47.
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page 162: 5-3

4. If n is the number of feet' in the length of a piece of

board,-the translation :

A second piece, wh_Ch is, 62 feet long, is-eight

feet more than twice the-length of the first.

If x is the number of votes Joe- receives, the

trahtlation'is:

e number-of votes Joe receives, decreased by-

five, equ ls 12, the number of votes received

by John.

If n is the number of units in the leng

of paper, the translation is

The length of paper needed to make two posters is

30 inches, if one poster is one inch more than

twice the length of the other.

7. If r is the number of units in the length of a

rectangle, the translation is

"The area of a rectangle is 18 square units,

if the width is the units less than the lehgth.

If r is the number of units in the length of a sheet

of construction paper, thi translation is:

A sheet of construction paper does not have an

area of 18 square inches if width is

3 inches shorter than its length.

one piece

If t is the number of yards gained in the first play

Mika football game, the translation is

The team gained twenty yards in two pays. In

the second play the team gained one -rd less

than 3 times the number of yards gained in

the first play.

10. If t is the number of dollars Mike has, the translation

is:

The number of dollars Robert has is one dollar

less than three times the number Mike has. John,

who has 20 dollars, does not have the samehum-

ber of dollars a9 Robert' and Mike have together.
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page 162: 5-3

Answers to Problem Set :A; page 162:

We give suggested translations for the open.sentences;

assigning them to the pupils will produce a great variety of

translations. One way of testTng the correctness of the student

translations might be-to distribute them about the class and

hay- e pupils try translating them back into open sentences.

This would also serve to give the pupils a start on the wock,

Of the following section by having them first transliteApupil-

made problems into open sentences.

1. Let n be the number of books in Bill's desk. Five

times the number of books in Bill's desk is 25.

2. Let y be the number of years in Harry's age now.

Five years from now Harry will be twenty years old.

Let t be the number of inches in the length of the

board. After five inches is sawed off a board the

remaining piece is 20 inches long.

4 Let t- be the number of dollars in the total amount.

Each of five persons receive 20 dollars when the
.

money was divided.

5. Let n be the number of dollars Frank has. John has

three dollars. Two times the number of dollars Frank

has plus What John has is 47 dollars.

Let n be the number of firecrackers Frank bought.

John bought twice as many firecrackers as Frank did.

After he used 3 hehad '7 left.

7. Let x be the number of inches in one aide of the square.

The perimeter ofa square is 90 inches.

Let n be the number of dresses Jean has. Mary had

4 times as many dresses as Jean, Alice had 7 times

as many As Jean. TogetirreAlice and Mary had 44.

9. Let k be the number of hours Harry and Bill rode.

Harry and rode their bikes for the same length of

time. Harry traveled 5 miles per hour, Bill traveled,

12 miles per hour. They traveled in opposite directions

and were 51 mileS apart at the end of this period of

time.

10, Let n be the .number pf feet in the width of the

rectangle. The length of a rectangle is twice the width.

Itt area is 300 square feet.
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pageS 1627166; 5-3 and 5-4

Let n be the number of feet-in the dth of the

rectabgle. -.The length of a rectangle.ls two feet. more
than the width. Its area is 300 scOare feet.

12. Let w be the number.of feet in thelonger side of the
rectangle. One side of a rectangleJis four feet lest

than the ether. ,Its area is 16 square feet.
*13. Let x be the number of dollars John has. Jim has one

dollar more than three times the number John has..

Together they have 46 dollars.

*14. Let y be the number of block a-Bill-maIked. John
walked 3 blocks after walking twice as far as Bill.
Tom walked 3 blocks after walking the same distance
as Bill. John and Tom walked a total of 3'0 blocks.

41,

5 -1 Word Sentences to Open Sentences.

In this lesson, we turn our attention to verbal problem.

You will notice that a qUestion is asketrin each of the probleras.

Earlier in the commentary it was pointed' out that the question

serves toohelp'the'student ferret out e number 'he is interested

,in and to make the most fruitful tranaction.
The "guessing "" method employed in the examples of this

lesson is usually an effective one for students who are troubled

by the abstraction of switching from a word problem to an open
.sentenca. You may want make even greateruse of*-thistapproach

than indicated in the text. For many students, this guesting'

technique may remain the best way to make t?hnslations indepen-
dently.

The short exposition on page 165 concerning "is less than"
and "is 5 less than" results from past experience in which

`many students tend to see these phrases as saying essentially

the same thing. Thus, such meaningless translations of "5 is 4
less than 9" as "5 - 4 < 9" have arisen. Hence the warning

to the student at the end of thiazsection.

Answers to Oral Exercises 5 -14; pages 166-167:

The emphasi6C-in Exercises 3-19 is on the translation to

sentences. Exercises 9, and 11 through 22 involve variables.
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'pages 166-167: .5-4

It is not essential that the truth set be found, but if the stu-

dents want -do so, permit them to have this fun.

1. (a) n (any variable may be chosen)

(b) n t 8

(c) 8)

(d) - 8) - 180

(a) r represents the number of inches of length of the

short piece.

(b) r + 3

e + (r 3)

(d) r+ (r + 3) =39

3. 30 17 + 13
4. 14 - 17 3

5. 14 < 10

6. 14 - 10 - 7 This _ a false sentence,
a sentence.

but It is

7. 42 - 32 + 10

8, 42 m'x +.10

. 9. 42 < x + 7

10. 12 21 - 9

11. 12 - x 9

12. ,..- - 12 + 4

'y 32 - 12

y >32 - 12

15. 2m m + 3

16. m - 28 - 5

17. s < 21 + 5

18. 15 - 3x - 2x

1 9 5 . 4y + y

20. If n is the number, n 2n - 3.

21. If r is the number, r < 5r + 3.

22. If q is the number, 3q > 2q + 5.

Answers to Problem Set :5-z4; pages 167 - 170:

Most of these problems do not have integral solutions. This

is to prevent the student from guessing the right answer before he

has written the open sentence. The emphasis,is on the open sen-

tence, not the truth set.
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Page 167: 5-4

Several important points might be mentioned again at this
time in an effort to!anticipate and forestall translation errors
by the students:

1. The question asked in the problem is the most effective
guide to the student in the definiti.41n of the variable. (Note

that the variable need not always be the number which is the

answer to the problem, though thj.s will often be the case.)

2. Any other numbers needed',in the problems should be
stated in terms of the one named by the variable. Thus we say,
"If the shorter piece is x inches long, the longer piece is
(x j) inches long. Of course some situations may naturally

lend themselves to the use of two variables. As we have said
before, there is no objection in this chapter to including an

occasional example of this sort.

There should be a direct translation into an open
sentence. Thus in Problem 1 of this Problem Set, while we could
change the sentence to 15x such a sentence not a direct
translation of the problem. It does not really tell the story.

A good test of a direct translation is to see whether, with the

description of the variable, the sentence can be translated

readily back into the original problem.

The form in which the student is to write these problems is

suggested In the examples in the text. Some freedom of form is

desirable, of course, but certainly a clear definition of the

variable should appear along with the sentence. Frequently the

student will find it helpful to write out - phrases, especially the

more complicated ones, in terms at the variable, before writing
the sentence. Thus a typical example might have this appearance:

1. Tf n is the number,

then Pn is twice the number,

and n Pn t 8(:)

Other problems will occasidnally be written out in this manner in
the answers below; In most cases, however, only the sentence is

written, since the form is similar in all problems;

3x - x = 15

x(x + 5

82 = x(x 6)



pages 168-170; 5-4

5. x+ 2x

6. 10 + 20.1- x X 60

7. 10 + 2x x 60

8. x + 2x + 5x = hO

9. x + x + 13 + 13 - 66 or 2x +

10. w +,w + (w + 5)-+ (w + = 60 or 2w

11. (x + 7) + (x + 7) + x + x = 50

12. (x- - 6) + (x - 6) + x + x 727

13. (2x) .

14. x+ (x + 50) =516

15. 5000 + 2x + x 10,500

16. 5x z 175

17. 5x + 3(10- 175,

18. 5x:+ 2x(10 = 175

-19. 6(5)+ x(10) 60

20. x(10) + 2x(5)

21. x + (3x - 1)10 - 155

22. 2(25) 2x(10) + x(5) = 200

x(10) + (x + 1)25 + (2x + 1 = 165

(x + + x 64

25. 21(4) + 3(3) + + 3x(1) . 153

26. (3x 3) -

60

*27. Let n be the number of nickels, and d the number.of

dimes. Then d + 2 is the number of quarters. We

obtain the open sentence

5n + 10d + 25(d + 2) = 325

The f ct that n and -d can be only positive integers

makes t possible to determine seven sol6tions. The

possible values for d are 1, 2, 3, 4, 5, 6, and 7,

.
and the corresponding values for n are 48, 41, 31r,

27, 20, and 6.

*28. + 3) (2x + 30

*29. x + 3 - 3x 3, if the table is x feet wide

+ 20) a 5x + 100, If the speed of the freight is

x miles per hour, Notice that all values of x are

truth numbers of the open eentence.

*31. Let x be the number of quarters; then 3x is the
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pages 170-171: and 5--.3

number of dimes and the number __ nickels. Let y be the

number of cents John has. Th

x + 10

The solution set would co

positive integers of the

5-5. Other Transla

5(2

infinite net of pairs of
A

65X),

Here we extend the student's experience with translating to

sentences involving inequalities. The term "inequality" as well

as the word "equation" is not introduced in the text until Chapter

9. The exposition in this section of the text parallelthe

earlier presentation of sentence translation in Sections 5-3

and 5-4.

Whilie we are not at the momejit concOrned with finding the

truth sets of sentences, it 1 likely that the student will be at
4

least, occasionally inter4sted.ln lis,!overing the "answers" to the

problems which he has written sentences. Thus it is almost
certain th.ai. it will be noticed and pointed out that inequalities

frequently have many number., In their truth sets, instead of just

one, as was often the case with equations. -Jiere the idea of the

open sentence as a "sorter" of the domain of the'variable can be

re-emphasized. All eldments or the domain which make the sentence

true are possible "answers" so our word-problem, and those ele-

ments of the domain whiCh make the sentence false cannot be

-"answers to the o :-)blem. Thou h we lack a definitive single

"answer,- have a clearly det t r,ec3 se- of "answe " 1.e., the

truth set of the sentence.

Answers to Oral Exercises age 171:

(These are possible translations.) The ,teachex may want to

omit some of the latter exercises of this yet, particularly if it

seems that Dlonged background discussion is needed regarding

the geometry upon which the translations would be based.

1. Ii a is the number of Lays in class, the number of

boys In clans Is less than

if n is the number of dollari3 in Joe is pocket, the

number.of dollars is greater than'
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`page 171:

3. If n is the number of books needed, the number of books

increased by one is greater than 17.

If n is the number of points made by Harry, one point

mare than the number is less than 17.

If -t is the number of pencils, four more than three

times the number is less than 12.

6. If John is x years old, John's.. age greater than 10

and less than 15.

7. If m is the number of hours required to do a job, the

time required is at least hours and no more than 12

hours.

If n is the number of yards gained on the first'play,-

and the second play gained five yards*Ore than the first,

the sum of the yardage gained on the two plays is

greater thane _)5 yards.

9. If a is the score earned by Kary, b is the score

earned by Jane, and c is the scare earned by Mike,

Mary's score is greater than Jane's and the sum of

Mary's and Jane's scores is greater than Mike's.

10. If a bag.of-5ange contains n nickels, two more dimes

than nickels, and one less quarter than nickels, the sum

-'of money in the bag is greater than 4 dollars.

11. If a is the number of units in the base of'a triangle

and if the height is two units more, the area of the

triangle is greater than 20 square units.

12. If is the number of units in the width of a

rectangle and 1f the length is one unit more, the area

is not more than 37 square units.

13 If the radius of a circle is- increased by one, the area

of the new circle is at least 40 square units.

14 If the height of a cylinder is two units greater than

the radius, a, of the base, the volume of the cylinder

is less than 17 cubic units.

15 A cylinder with height 4 has a radius shorter than the

height of a box. The box has a base with area b. The

volume of the cylinder is at 'least as great as the

volume of the
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pages 171-172: 5-5

16.-- If x pounds of salt are used to make a '10% sdlution,

the amount of salt in the solution is 9 pourlds.

17 If x pounds of candy selling for $0 a pound is mixed

with some weighing two pounds ml #nd selling at 40

a pound, the mixture is worth $5;/r0.

18. If the height of a triangle is one unit more thanlhe

base, the area is no more than 15 square units.

the width of a rectangle isltwo inches less than the

length, the perimeter is less than 19.

If-one side of a triangle is twice the first side, a,

and the third side is one less than three times the .

first, the perimeter is greater than

Answers td Problem Set 5 -5a page 172:

The following are suggested translations. Encourage a variety

oI tra'nslations.

1. If t is the number of toys in the club, the number of

boys in the club is less than O.

If t is the price of a sweater in dollars, the price of

the sweater is greater than 6 dollars.

If y is the number of students in the class, the class

will have less than b0 students when 15 more join.

If y is Jimmy's score on a test, he will have a score

of more than '00 if he gets points- .bonus.

5. If y is the number of cars on the parking lots, a'lot

10 times as big could hold more than 80 cars.

6 If r is the price ,of a stamp in pennies, 25 Stamps,

would cost less than 2 dollars.

7. If x is the length of a section of fence 'in feet, two

Sections of fence plus,a-'gate that is 5 feet long will

cover more than 50 feet.

In the early part .of our work with translation we

have been trying to emphasize the idea that the variable

represents a number by being reasonably precise in the

language. Thus e have been saying, "the number of

dollars in the price of the sweater" or the "numbec of

inches in the length of a rectangle". As we go on,,we

will allow ourselvs to become more relaxed in order to
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speak more fluently. Thus, we may say, "x Is the length

of a section of fence in feet" when there is no doubt

that,qe- mean "x is the number of feet in the length of

a section of fence"

If x is the weight In pounds of a sack of-flour, two

sacks of flour plrt 5 pounds of sugar weigh less than

50 pounds.

If a is the ,number of years In Mar-,y's age, if Jane is

twice as old as Mary, and if Sally is three times as old

Mary, the sum oftheir ages is more th- 48.

*10. Same as above...sum of their ages is greater than

equal to 48.

Answers to Oral Exercises 5 fib: pages 174-175:

1. If x is the number of dollars John has, x > 50.

9. If y is the number of students living in the city,

y < 150.

If r is the height of the plane in 'feet, r < 000.

s is the height of the plane in feet, s < 30,0004

and s 5280.

5. If John's weight In lbs., q (q 10) O.

A 6. If b 4.s the number of brothers Jane has and c is the

number of brothers Mary has, c >

Answers to Problem Set 5-5b; pages 175-1

1. If is the number of dollars Tom has, x > 200.

If y is the number of people that went to the part,

00.

. If t is the num 4_ > 100.

If r is the numb_ 7" > 45.

5. If n is the number, do 3n 1, 10.

a. If h is the altitude in .hest at Denver, h > 5000.

If m is sh number of people who live in Mexico,

160,000,000 > 2m.

8. If r is the number of years in Norma's age,



pages 176-173:

10. If h pis the numbiQr of hours on the Job,' h 2 and

,11. If k is the number killed, k'> 25_ k < 500.

12. If c is, the speed of the c urrent, c k 12 < 30.

13. If m -is the ndmber Of minutes of advertising,

and m < 7.

14. If x is the length of a side of the square,

x x x x (x 5) 5) (x A- 5)

15. If r is the number of students who remained and n is

the number of students enrolled; then r < n e 152.

This problem is similar to Exercise 6 of Oral Exercises

5-510,.in that a sentence for it must be expressed in

terms of two variables. There will doubtless be con-

siderable discussion of both exercises.

oummary

The first part of the summary is a parting effort to

strengthen the idea of translation back and forth between a

physical situation and a mathematical (or numerical) one.

The latter part of the summary reviews, by means of examples,

the kinds of translations thal have tome up in this chapter.

Answers to Review Problem Set; pages 178-183:

Let t be the number of4Marbles In one jar.

(a) The number of marbles in 2 jars

(b) -5 more than the number. of marbles in one jar

The number of marbles in 3 jars, each holding as

many as the first after two marbles have been removed

(d) The number of marbles in one jar after one has been

removed
_

After one marble is removed from one Jar, 5 marbles are

left in the Jar.

If we take out one half of the marbles In one jar, we

will take out less than 4 marbles.

(g) If we count the marbles in tw lars the number of

marbles is greater than b.
?

There are at least 5 marbles In one Jar

178
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(a) 7w, w is the number of weeks.

(b) x(2x ), x is the number.

(c) 3x + 5, x is the numberef students.

(d) 7(x 5), x is the number from which

subtract.
is to be

(e) 4(x(2x)), x is the number of s in the length of

shorter side of t e rectangle.

(f) 5x + 10(2x), x s the number of nickel

(g) 1.40 x i .3Q

chocolates.

(h) 4(x) (x + 34 ) x is the number of units in the se.

x is the number of )oounds of

(1) 7 x' x +

of the base.
j) (x 4 21) 8.9

x e number of inches in the radius

x is the number,

the

(k) .20 x, x is the number of gallons of salt solution.

(1) 2x 4, x years is Mary's age now.

(m) 25x + 32(x + 2), x is the number of loaves of bread.

(n) 25x =1= 10(x -1 5(. - 2), x is the number of quarters.

- 2), length of the base.

original number.

(q)(x -,.,
(x + :=3.-7))kx - 1), x is the number of lnches in the

length of the shorter base.

(r) x + 2x + x is the number of units in the length of

the shortest side.

x + 3x 45, x is number.

x + (x- + 1) - 45, x is the first number.

'Insufficient information

(d) x + 4 16, x years is! Mary's sister age.

> 14,000, x feet is the heighpf Pike's Peak.

x + (x + 2) = 75, x is the first odd number. .This

problem has no solution since the sum off' two odd numbers
---

is even, but we can still write the open sentence.

3x '5 x + 26, x is the number of students
1

the class.

(r
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x + (2x - 20) 70 = 180, x in the number of ees

in the measure of the smallest angle. Here the variable

x does not represent the number of degrees in the measure

of the largest angle which-aPpeared in the question.

(x +48) . 11214; x is the smaller even number.

x = 18 + 22, x is the sum of the numbers of years in the

ages of each 6 years from now.

(k) (x 1)` x-
2

- 27, x units is the side of the smaller

square.

(1) 8x - 12(5 -

country.

(m) 2(7x + x) 150, x inches is the width of the rectangle.

( ) 7- x + 32

hours is tale time spent riding intc

is the number.

o) .10x . .025(x + is the number of pounds of the

original solution.

x - .20x - 29.95, x dollars is the orirlinal price.

62Ax 5 39,7x, = 12q, x hour is the relUired time.

(p)

(q)

(0)

(d)

(e) all numbers less khan

(i) all numbers equal to or
greater than 4

zero

140 4

x is the n

0

o 3

2

_I t

O I

o 7
3

I I I_ I - I _

0

I

0

I _!- -I
I 2 3 4

140
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(k) all numoers greater than

or equal to

(1) all numbers

5. ilNa)

(b)

(c)

4 1
(d) ax(n,-f or a(x(4

) 5

or X(hi + 1)
),

a(2b + 5a)

a() 1)

x(2b + 1)

( r

4 ax

(g) 1 + 9
2 10

o 2.1 2
44 a

0

or
4

- a( + a

or other answers as In (d) above.

(h) x(2a- + 1)

(1) (7 5)2

(i) (a b )(x ± y)

-2 8
,

6 (a) 3x- +x (f) 7 m=m,

4 2 12
(b) 6e- + 42 (0) Tr) x Tcri x

a2b2 7a2b
(h) 6.25x + 3.9k

(d)

(e)

7. (a)

(b)

------

(1) ac + ad + be 4 bd

(j) 10 + 8

/
4. 4 is not 14t1 element of the set:

4 2 + 4 -/6, 2 + 6 . 8, etc.

0
10e

, 0
12e'd

N

Yes.

10ab/

+ l2cd

3

'A'4-2 =

No. 1 4 5 .

No. 30 + 2 =

No. 30'+ 5

Yes. 0 + 0 .

No. 1 + 1 =

No. 1 3 =

No.::: 5 + 10 =

No. 10 + 10

6. 6 is not an element of the set.

32. 32 is not an element of the set.

35. 35 is not an element of the set.

0

2. 2 is not an element of the set.

4. 4 is not an element of the set.

15. 15 is not an element of the set.

= 20. 20 is not an element of the set.

1141.4 "o
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(b)

(c)

(d

(d)

7

3
(g

(g) 0

(h)

Suggested Test Items

Translate the following word bhrases into open phrases.

(a) three less than twice the number n

(b) the product of x and the number rl ich is -7 times x

(c) the sum of 5 times a number and a number 4 greatei

than d

(d) the number of marbles Jimmy has if he had m marbles and

was given 10 amore

=s val(x 2 in cents of n nickels and 4 pennies

Translate each of WI_ following into an open phrase or into an

open sentence, using a sin-glariablA in each. First tell

what the variable represents.

(a) $30 more than Jim's weekly salary

-1)) Tom' s weekly salary is more than 30.
(c) TnnitS`Lweekly salary is $30 more than Jim's. Tc ge the_r they

earn 140 per ',leek,-
fit

Tom's weekly salary 16_3 $30 more than Jim's. Together they

earn more tha- 140 per week.

':trite a word trans1ation for each of these Make your

word phrase as meanini:u1 as rosslblo.



(a) 2o1
(b) 8n-

(--t- 7

(a)

(e)

(1)

10m 1- 25m

4(a - 3)

x 1 3(x - 2)

Write an open phrase which descvz ibex the following state

Choose a number and then-add 4 to it. Multiply

this sum by 3. Subtract 5 from this product.

If p

the second odd number is

the third old number is

the sum of the first and third numtders is

first of three consecutive odd numbers; -then

Complete the Vyllowing two problems so that each problem correm
.

sponds to the given open sentence,

f. Sentence: a 4a I-- 25 = 1, 0

Problem The perimeter of a triangle is 180 inches.

Open Sentence: 5(x i 4) 10m 125

Problem: John found a billfold containing $125.

Write an open Sentence or phrase for each of the following:

8. The area A in square feet of a rectangle whose length is

x yards and width is y feet-

9 In an orchard containing 2800 trees, the number of trees in

leach rdw is 10 less than twice the niunb of rows. How many

10.
_rowS are there?

Bill weighs 10 pounds more than Dave. Find Dave t s weight, 11

the combined weight of the two men is 430 pounds.

11. Jack is 3 years older than Ann, and the sum of their ages

is less than 27 years. How old is Ann?

The number of cents Paul has if he has d dimes and three

times as many quarters as dines.

13. If a boy has 250 ya of chicken fence wire, how long and

how wide can he make his chick n yard, if he would like to

have the length 25 yards greater the width?

14. There are five large packages and three small ones. Each

large package weighs 4 times as much as each small one, and

the eight packages together welgh'3 pounds i ounces. What

is the weight of each package?



15., Separate $38 Into two parts such that one part is $19 more

than the-other.

-. The thickness of a certain number of pages of a book IT each

--age is 773 of an inch thick.

17. The product or a whole number and its successor is 342. What,

is the number?

18. A father earns twice as much per hour as his son. If the

father works for 8 hours and the son for J hours, they earn).-

leas than $30. How much does the son earn per hour?

Answers to Suggested Test Thorns

1. (a) On - 3 -(d) m 1 10

(b) X(7x (C) 5n 4

(c) U 4 (d 4)

-,-. (a) Let a be Jim's weekly salary in dollars.

The translation of the phrase: x 4- 30

(b) IC qlomls weekly salary is a dollars, then

the translation 12: a > 30

If Jimis weekly salary is a dollars, then Tom s weekly

salary is (a -; 30) dollars.

The translation: a 4 (a i 30) 140

(d) if Jim's weekly salary is a dollars, Tomas weekly

salary is (a -1 30 ) dollars.,

The translation: x 1- (a 30) > 140

3. (Possible translatior6)

(a) moremore than twice the number of pennies Jimmy hal,3

(b) 8 times' as many rainy days as An June

(c) the area In square 1:72.et of a rectangle whose wldth is

7 17eet loss than its length

(d) the- total (lost in cents QC a certain number of ic(74 oremm'

cones at 100' each and the same number of sodas at 215,2'

(72an

the porlmr Inches (JC a sitiare whose side 10 3

Inchea shorter than the 21de: of a given square

the a quadFllaterW three or

ar- lun,:th and the Vourih side



3(i t 4) -5

5. p 4- 2

p + 4

p (0 which is

e side is four times as long as another side and the third

g 4

-side is

There were

inches in length. Find the length of each side,

4 More $5 -bills the billfold than $10 bills.

How many $10 bills did,lohn find?

8 A 3xy

9 Let n be the number o

-row is 2n - 10.

2n - 10 2800
7.

10. If Dave we

X +
ghs x.pounds,

x 10) 430.

The number of trees In each

11. If Ann is x years of age,

-x (x 3) <27

12. 10d 25(3d) /

13. Let the width of the yard be x yards.

2x 2(x 4- 25) 250

:14. Let the weight of each small package be x pounds. Then each

large package weighs 4x pounds..

3x 5(4x) =

x (x + 19) = 38, where x is the number of dollars in the

smaller part.

16. 175-6x which can be written
400

17. 342 where n the smaller whole number

18. Let m be the number of dollars the son earns per hour.

Then the father earns 2m dollars per hour.

5m 8(2m) < 30
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CHALLENGE PROBLEMS

In the event that you should have an exceptionally interested

and eager student we have tried to include a few problems of vary -.

ing difficulty but usually requiring more perseverance and insight

than most problems in the text. We do not recommend these for

,class discussion oras assigned problems for the entire class.

'Where are, of course, many other resources for challenge problems,

We recommend publications of the National Council of'Teachers of

Mathematics and Dover Publications among other's.

Answers to Challenge- Problems; pages 184-190:

1. (8 x 3 ) +2 26

8x (3 +2) . 40

(8 x 3 ) - 2 22

8 x (3 - _) - 8

8x (3X2) .,- 48

(8 x 2 - 48

8+ 13 8-
(8 + 2 13 (8 -

8 A 14 8 -

(8 + (8

8 4- (3 = 9 8 -

(8 + 3) - 2 9 (8

x 2) 2

x 2 = 10

2) . 3

- 7

2) 7

- . 3

This is an interesting study in arrangements. The 8, 3, and

2 are fixed. The first of the signs may be or -, and

for each of these the second of the signs may be x, or -.

Then there are two ways in which parentheses may be inserted,

grouping either the first two terms or the last two. After

all this is done, it is interesting to note which expressions

are names for the same number. For instance:

8- (3 + - (8 - 3) s2

8 A (3 + 2) (8 + 3) + 2

8 x (3 x 2 ) (8 x 3) x 2

11i7
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19

(a

15

= 19 {1© + 3)

= 19(10) + 19(3)

*'19(10) + (10 9)3

= 19(10 ) t (10(3) + 9(3))

= (19(10 ) +-10(3))-+ 9(3)

= (19 + 3)10 + 9(3)

220 + 27

= 247

14 = (15 + 4)10 + 5

= 190 + 20

. 210

'distributive pope y

distributive property .

assoctative property Of
add tion

commutative property of
multiplication and
distributive property

4) 14(15) --- (14 1 5)10 + 20

= 190 + 20

= 210

(b)

13(17) = (13 + 7)a0 + 3(7)

= 221

(c)

11(12) (11 + 2)10 + 2

132

1 (17 + 3)10 + 3(7)

221

12(11)'= (12 + 1)10 + 2

132

This is really a trick, although it has an algebraic expl a-
tion. It'may be that pupils will accept lt and use it to
simplify mental multiplications. This is goad, but not a
requirement. In any discussion with,a student it should be
made clear that the development hinges on the use of 10 as a
factor and thus the procedure should be used only for numbers
between 10 and 20.

10 4 a is the first number

10 b is the second number

(10 + a)(10 + b) - 100 + 10a + 10b + ab by the distributive
property

10(10 + a + b) + ab by the distributive
property

10((10 + a) + b) + ab by the associative
property of
addition

14,8

153
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10 + a is the first number, and is the arts digit of the

second number, so,-(10 q a) b s'thW-sum'of the first number
1

and the units digit of the second number. 10((10 + a) + b)

is the result of multiplying the sum of the first number and

the units digit of the second number by 10.

,10((10 + a) + b) + ab is the complete translation of the rule.

35874-* 3(10,000) + 5(1000) + 8(100) +' 7(10) +
)

= 3(9999 + 1) + 5(999-+ 1) + 8(99 + 1) + 7(9 + 1) +

3(9999) + 3 + 5(999) + 5+ 8(99),+ 8 + 7(9) + 7 + P

(3(1111) +.5(111) + 8(11) + 7(1))9 + (3 + 5 4- 8 + 7 4)

Since (3 + 5 + 8 1- 7 4) .27 . 3(9), ve see that 35874 is

divisible by 9.. The general ruleito be formulated is "A

number is divisible by 9 if the sum of its digits is divis-

ible by 9."

Since we hope to teach pupils to generalize, it would be well

to take this opportunity to do just that: Let the thousand's

digit of a four digit number be represented by a, the

hundred's digit by b, the tents digit by and the uni

digit by d. Then the number is

1000a+ 100b + 10e + d . (999 + 1)a + (99 + 1)b + (9 + 1)c + d

- 999a + a + 99b + b + 9c + c + d

999a + 99b + 9c + a + b + c + d

9(l11a + 11111+ c) + (a + b + c + d)

Now, 9( la + llb + is divisible by 9, since 9 is a

factor. Therefore, if (a + b + c ± d) is also divisible by

9, the entire number is divisible by 9, as can be shown by

the distributive property. Hence our rule that any number is

divisible by 9 if the sum of its digits is divisible by 9.

(a). 2x belongs to the set with graph

I 2

x 1 belongs to the not with graph



belt of numbers between 1 and -10.

0
10

belongs to the set of numbers between and 6.

(d

PIA

1

belongs to the set with graph

1---simmmwmmimme
0 f-1, 2 4
-1 belong he set h ann

OL 1 2 3 -4

I 3 4 7 3/ 10

LILL! 1112.14 2 3 . 4IS IS 4 IS g 4

(a) BLA

7. GREEN

2

10

20

4
7

10

40

So

(b) RED

1

2

3

1
7

BLACK

3

3
7

21

9

3
if

No none to the right of 0, since each red coordinate is

four-thirds the corresponding black coordinate.

4 3r = or b = vr.

0

BLACK °

2 3 4
2 4

(a) The black coordinate of the point with green coordinate
1

3 is 1 + 7 1- . Yes;- every whole number is the
green coordinate of point.

150



There ie no green coordi to for the point with blaekT,'-

coordiniiii, -3.: mere a e n green coordinates for pointS

to-the right of black reover, black, 2 has no

eyrresponding green coordinate.

The'point'would have black-coordinate

2 3 4 5 6

7 4 3 7 10

3 = 3 3 3
From 1 to 2

From to

Flom

From 4 to 6

From 5 to 8

From 1 to 8

From

Flom

c = a

d . a

1 to

1
to

L

b - a

11

. ld
71-

3
7

9

or a = 2a b
3

a 2bor d
3

9. This problem reviews sums of pairs of elements 'a set; it is

not aAproblem set up primarily to get an answer. The pupil

Who tries to write an open sentence will find he is wasting

his time. Instead he should observe that the man has a set

of four elements: [1.69, 1.95, 2.65, 3.15) ar that he should

examine the set of all possible sums of pairs of elements of

the set.



+ =1.69 1.95 2.65 3.15

'1.69 ..- 3.38 3.64 4.34 4!84

1.95 3.64s 3.90- 4.60 5.10

2.65 4.'34 4.60 5.30 5.80

3.15 4/84- 5.10 5.80 6.30

ai the set: (3.44 3.64, 3.90, 4.34,

5.10, 5.30,'5.80; _.30)

4.60; 4: 4,

From this we see:

(a) The=smallest amount of change he could have is

5.00 - 4.84, or 16 cents.

(b) The greatest amount of change possible i8 5.00

'or $1.62.

There are four pairs of two boxes he cannot afford: one

of $1.95 and one of $3.15; one of $2.65 and one of .15;,

two of $2.65; two of $3.i5.

10. We can write a numeral An powers,other than 10, and 8 is as

good as any other. For-the "8 scale" we need the set of

digits (0, 1, 2, 3 "8" would be written. "10".

(Read this "one - oh.")

2357eight 2(8)3: -I- 3(8)
2

1- 5(8) 1-7
. 1C24 192 40 -I- 7

1263
ten

-8,

207 ten
. :3(64) 4- 1(8) 7

3(8)2 1(8) 7

317eight

In case the pupils wish more practice in changing bases we

uWiret the following:

137ten
211
---eight

3452
eight

-
1834ten

2345ten
4451eight

(d) 67562eight 28'530ten

152
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11. The set of all girls with 2 heads is the null set. We cannot,

add the number 1 to the null set since it is not 0.

12. This problem was-inserted to provide pleasurable experience

in reading directions and translating. Each of_the

numerals from 0-to 9 r presents seNteral letters of the

'alphabet. The pupil trap- lateO fUst,from numbers t letters,

then.;frO letters.to numbers. Each translatiohiiand paf,

ticular-the secondland,rinvolves aechoice based on easoning.

Probably the pupils will all accept Jane is }some" for

"9034 7424." This iS a correct However, in_

case some pupil pro s that "9034 .7424" is not a true

sentence, and hence Jane is not home, accept the suggestion

as a possibility. evertheless, make it clear that the trans-

lation of 'Cm" is "is" and not "is riot." Some excep

tionallyeager students can be encouraged to devise their c

codes or,problems using letters for numbers and vice versa.

(a) A possible translation is "he is hungry."

(c), 3(1(10) 2) = 4(10)

3(10 2) = 40 6

36 a 46

This sentence is not true.

(d) 7 2 . 2 7. This sentence is true. This points

toward the commutative prop&rty of, addition, whose truth,

as it applies here to numbers, the pupil will probably

accept readily.

p(h) indicates the multiplication of h by p, hence

5(7)' 7(5). This is a true sentence. (This points

toward the commutative property of multiplication.)

Therefore, the sentence p(h) > r(f) is not a true

sentence.

6 4- 5 5(6) is true.

8(m) indicates that m is to be multiplied by 8. .

Hence, we have 2(8). This is ague sentence.

(Here again we use he commutative Property of multipli-

cation.)

(f

(g

153



Pages 187-188

does not' refer back to the code used for the previous
AM
THE problems. Here we are to select numbers for the

BOS letters which will make.the additlodcorrect, being

careful that no number is represented by two different

letters. There are many solutions, such as

5
46

982_

3:033

SEND has a unique solution. M must be Hence 0 must.
MORE

be zero. S must be either a .orMONEY 9, but inspection

shows that 8 is impossible, so S is 9. Consider-..

ationof the second and third columns shows that R 8.

Then N must be E 'Since 0, 1, 8 and 9 have bee

used,

N 3 for E

N 4 for E

N 5 for E

2

so we let N be 6 and E be 5. Now we have used 1,

5, 6, 8, 9. D- and Y may be chosen-from 2, 3, 4 7. Since

the sum of D and 5 must be more than 10, .D D

and D 4. Therefore D is 7 and Y is 2.

This problem involves quite a bit of reasoning for ninth

graders but there are always some of them who will work at it

until the problem is solv,941---Tiease do not spoil their

pleasure, but let them reason out the solution under their

own power. We hope to give them many opportun ties at this

14.

level.

843 1567

2765 + 7234

3961 + 6038

=

=

9999.

9999

9999

3(9999) = 30,000 - 3

30,000 + 4028 = 34028

30,000 - 3 4028 = 34029.

The teacher was correct.



SEP

pages 788 -189

15.

Another way of writing the second problem might

8005 Here again we have 3 sums which tote. 30,000 - 3.
567 it is easy to add 5,678 to 30,000 and subtract 3..

a9o2
5678
1974
5432
6097

35675

There is a nice extension of this to 5 and 6 numbers which

thepupil.might try. The game may also be played with numbers

having more or less than 4 digits.

this also.

Pupils miAt like to try

12 10 i-

3

---------_____.----_____
12 144 120 24 9

-10 120 100 20

21i 20 4

15 TU

9

With the facts already given, the table earl be completed by

performing a single multiplication: 10(10) . 100. The other

spaces can be filled as follows: Use the commutative property

to complete the last two rows and columns. Fill in the row;_

and the column for 2 by.use of the distributive property

(For eXample:, 12(2) . 12(4 + 4) = 15 + 9 . 24. Now comet

10(10) = 100. Then 12(10)6 10(10) + 2(10) . 100 + 20 . 120.

Finally, 12(12) = (10 + 2)(10 + = 10(10 + 2) + 2(10 + 2) .

100+ 20 + 20 + 4 . 144.

16. The set S includes at least the set of whole numbers greater

than or equal to 2. Since 2 is not specified as the

smallest element of the set we cannot be certain of its lower

bound.
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page 189

417. (a) a =o b a. 2a + b

boa: b+ a.
If a 5 O\end then 2a b = 1

bile 2b + a . 2 so we can see

that 2a + b nd 2b + a de not name the same number

for all a an Theoperatilm is not Commutative.

+ b b + a, and b 0 a = .

Since a + b = b + a, we can see-that

a +b b+
--2-- and name the Same number for all

a and b. The operation is commutative.

a o b (a - a)b and

la 0 a = b b)a

Since (a - a)b and (b - b)a name the same number 0)

for all a and b, the operation is commutative.

a0b= a+ and

b o a = b+- e.

If a = 6 and 3 then a + 7 while

b + = 5; so we can see that a + 1_and b + se

do not name the same number for every a and every b.

The operation is not commutative.

a 0 b = (a + 1)(b + 1) and

be a (b + 1)(a + 1)

Since (a + 1)(b + 1) and (b + 1)(a + name the same

number ror all a and b, the operation is commutative.

18. (a) (a a b c = 2(2a + b) + a a + 2b

a o (b a a) = 2a 2b + a.

If a b = 1, a = 2, then ka + 2b + c = 8
while 2a + 2b + e 6; s6 we can see that

4a 2b + a and 2a + 2b + c do not-name the same

number for all a, t, and a. The operation is not

associative.
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(d

a c, (b o

20
4

+ b +

So if a = 1, bag,

While
24 b

4

wro

c 2, then
a + b + 2c

4

1 'and we can see that

+ b + 2c 2a + b + c
4 and - 4- do not name the same number

for all a, b, and c. The operation is not associA ve.

(a o b) o c = 0 and

a 0 (b c) = 0

Since the same number (0 ) is _named for all a, b, and

the operation-is associati

1- 1,b) o c= a+ b#
a o (b 0 ) a +

It is clear these always differ by

and

a ++ and a

number for all

associative.

2
9

+ do not name the same

and c. The operation is not At

(A o b) o c = (ab + b + a + 2)(c +A.) and

a o (b o c) . (a + 1)(bc + c + b + 2). So if a = 0,

b 1, c = 1, the first expression is 6 while

the second is 5. Thus we can see that the expressions

do not name the same number for all a,b and c. The

operation is not associative.

19. It x be the number of days it would tie the two men

together to paint the house. The first man can paint
1

of the house in one day. The second man can paint 7 of the
1

house in one day. Together the two men can paint 7 of the

house in one day.
1 1

The open sentence is 7 +

2The truth set is

8

x
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The two rrn save days'by working together instead of the
first man working alone.

days is the time saved each day the two men work

together instead of the slower man working alone. For

example, 10_a job would talk0 the,two men working together

3 days, the first man could do it in 8 days. The saving in

time is of 3 or 5 days.

20. Let x be the number of hours it would take the combination

of pipes to fill the tank. One pipe can fill
1

of the

tank in one hpur. Alle second-can fill 4' of the tank in one

tankhour. And the third can drain 4 of the tank in one hour.
Working together the pipes can fill of the tank in one
hour. The open sentence is

1 1 1
7 + 7 7 r

(12 20 - 15)x = 60

60
17

60The truth set is ---).
17

x

The tank will be filled in 60
hours if all pipes are left

en. After
60
-- hours the tank will start to overflow.17
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Chapter 6

THE REAL NUMBERS

. In Cheers 1 to 5 the, student has been disc.overing and

applying properties of.operations on a set of numbers. This set

consiste_of zero and the numbers assignedto the points to the

right of zera On _the number line. His work with familidp num-

bers gave himArecurity with such concepts as the associ*tive,

commutative, and distributiveAproperties,,, open sentencesvtruth--

sets, etc.
With this background, he is now ready to give namesto num-

bers which, we assign to points to the left of-zer0 on thvnumber

line. The total Set of numbers corresponding to all.polAts of'

the line, the set of real numbers, is now his field ofaltivity.

In Chapter 6''vie attempt to familiarize the, student With the

total set of real numbers. This includes the order of real num-

bers, comparison of real numbers, and the operation of determin-

ing the opposite of a real number. The final section is devoted

to a definition an discussion of the absolute value of-a real

number.

In general a system of numbers is a set of numbers and

operations'on these numbers. Hence, we do not have the real num-

ber system until we define the operations of addition and multi-

plication for real numbers. -This is done in Chapter 7 (addition)

and Chapter 8 (multiplication). Our point of view is that the

operations must be extended -om the non-negative real numbers to

all real numbers. Thus the definitions of addition and multipli-

cation must be formulated exclusively in terms of non-negative

numbers and operations (including taking opposites) on them. It

is essential, of course, that thefundamental properties of these

operations be preserved in this so-called extension process.

Order in the real numbers is introduced in Chapter 6. In

Chapter 9 we return to order, but with an important shift in our

point of view. Previously we have tended to use order as a con-

venient way to discuss certain aspects of numbers. In this sense

"<" and ">" were simply fragments of language. In Chapter 9

we treat "<" as an order relation having specific mathematical

properties in its own right.
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page 195:

Chapter 10 deals with subtraction and division. -These

operations are defined in terms of addition and multiplication.

In this sense we retain the notion that the real number system is
a structu-re which may be developed in terms of two basic opera-
-ions.

It should be mentioned that in this course we have chosen
approach the negative numbers in a manner different from some
writers. Instead of presenting a new set of numbers (the real
numbers ) and then identifying a particular subset of these (the
non - negative) with the original set (the numbers of arithmetic),

have chosen the following approach. We extend the numbers of
arithmetic to the set of real numbers by attaching the negative
numbers to the familiar numbers of arithmetic, This has several---
advantages: First, we do not need to distinguish between "signed"
and nunsigned " numbers; to is the non-negative real numbers are
the number's of arithmetic. Second, it is not necessary for us to
prove that the familiawpropertles hold r the non-negatives,
for these properties are carried over intact along with the num-
bers of arithmetic. In this manner, we avoid the confusion of

establishing an "Isomorphism" between positive numbers and "un-
:ned numbers". Notice that we have no need whatsoever for the

ambiguous word "sign".

-lin general, we have taken the point raf view that a ninth

grade student really has some experience with negative numbers.
fie is q ready to label the points to the left of C) and, in
so doing, make the extension to whlchwe ref erred

,

The treatment or absolute value in this chapter exemplifies
what has been reCerred to as the. "spiral technique". The intro-
duction to absolute value is followed in each suctJeding chapter
by more and more uses at different levels of abstraction. Thus
the teacher need riot give a full development of this topic in
Chapter 6 since it will reappear regularly in later portions of
the Look.

The Real N b--

We introduce negative numbers much the same way that
we labeled tb-w pain- -1 on izie rigbit at the number lute, which

Our notation for negativeco 5nd to the poslttve real num

Ott
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four, for example,

dash

not want the student to think that something has been done to the

II

and we definitely intend that the

be written in a raised position. At this _age, we do

number 4 to get the number -4, but rather that -4 is a name

of the number which is assigned to the point 4 units to the

left of 0 on the number line.

In Section 6-3, the student will'be able to think of 4

the number obtained from 4, by an operation called "oppositin

The opposite of 4 will be symbolized as -4, the dash being

written in a lowered position, and -4 will turn out to be a

more convenient name for -4.

as

Since each number of arithmetic has many names, so does each

negative real number. For example, the number 7 has the names

- 14
'

(--) -(7 x 1), etc.

In drawing the graph of real numbers, the student should be

aware that the number line picture is only an approximation to the

true number line. Consequently, any information which he deduces

from his number line picture tb only as accurate as his drawing.

Once the negative numbers have been introduced, we introduce

integers and the entire set of rational number$. We introduce

irrational numbers only so that we can talk-airout real numbers

and the real number line.

We could call this set the "set of numbers", but some stu-

dents may learn about complex numbers later on. We do not want

the teacher to discuss these complex numbers now but the students

should be aware that there are numbers other than those we have

called real.

A common derstanding is that some num s on the line

are real and others,are irrational. The student should be encour-

aged to say, at least for the )eing, that "-2" is a real
-_

number which is a rational number
3

and'a negative integer; is

a real number which is a rational number; -2 is a real number

which is a negative irrAional number",

We want the student to be very much aware that there are

infinitely many points on the number line which are not rational

numbers. He will eventually learn how to name many of these, but

he should not be concerned about this at present. In Order that

he does not j mp to the conclusion that all these new numbers are
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simply variants of etc., we introduces an intuitive

method for determining TI on the n line in Exercise 2 of
Problem Set 6-1c.

The idea of rolling a circle along the number line to deter -

mine Tr can, course, be used to "locate" numbers like N/7 TT

by considering the circle to diameter

Thenumber qu

like ,./,5, ,(57,

bers Are solutions to equations of the form

different In character from numbers
7 , 4 etc. All these latter num-

a
0

+a1- x-i=a
2
x

4

in which a, al, a2, am are laLtigL. For exam
number satisfies the equation 3 - x' 0, and 7 - 4

is a solution of

f am x-

1 - I 4 x == 0.

HoWever, TT satisfies no sc :n equation. It is an example of what

is called a transcendental number, with numbers like

etc. , being called algebraic numbers.

It might be pointed out to the student who is inquisitive

about irrational numbers that these numbers differ in an inter-

esting way from rational numbers in their decimal representation.
Any rational number can be represented by a repeating decimal.

Some examples are:

The A

TT, --Z/4

1
= .25000.. (usually written .25)

.142857142657

2222.

al representation of any irratibnal number, such as V
etc., is an infinite non-repeating decimal.

Answer> o Oral. Exercises 6-1a; page 196:

-swersAay vary for questions 134. Any five

stgret" set are satisfactory.

1. (1,

2. (-1,
-

ements of the



pages 19 -199: O-1

5. (0,

4. (1,

5. The

Answers

' 4,

2, 3, ,.
empty set is the set

to Problem Set 6-1a;

which has no elements.

pages 198-199r.

1. (a) (0, 1, 2, 3, ... )

P = (1, 2, 4, )

L (0, 1, 2, 3, ... )

- (..., 2, -1, 1,

N (1, 2, 4,

Q = (0, '1, 2, 3, )

. (1, 2, 3, -4, .

2.

(b) W and L are the same.

and N are the same.

All are subsets of I.

Q and are subsets of Q.

W, P and N are subse

and N are subsets of

-5 -4 2 3 4 5

I 2 3 4 5 6 7

-I 0 I 2 3

(d )
-5 '4

a

(b

0 I 2 3 4 5

'1 0 I 2

Is to the right of

-2

(d) 0

0

5

-4

2
-4
0

the empty set

the empty set

4. If x Is the number of pigeons Bill had 5 years ago,

then the number he has now is 2x +

2x 25 - 77

lb
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An

(b) If x is the rate in miles per hour of the first

train, then the rate in miles per hour of the second
train is 2x + 10.

4x + 4(2x + 10) -- 54Q

Let w be the width in inches.

2w + 2(62)

or 2w +

wers to Oral Exercises 6-1b; pages 200-201:

1. 51 -4

2. W 1,

3. A = 2, 6

P = 5, 4, a)

5. N - 1, 2, 6)

3 7
7'

-4, -(10),

1,

bl

6. o

7. L

8. Y (

Answers to Problem

1. (a)-

(b)

1, 2,

-1b; page 201:

-1_ 2 0 z 2AS) 3
L. _ I

-7 -6 -5 -44. =3 '2 4,-1 0

-(1)

4

(a) 5 is to the rigs
0

(c) -4

(d) 1

(e) Same point

15

7.

6 7

Here we are building toward

the ordering of numbers again,

which we will develop further

. in the next section of this

chapter.

the right of -h

1 t
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If w is the number of inches in the width, they 4w is the

number of inches in the length. The perimeter is 24 inches.

w 4w w 4w 24

or lOw -,- 2! truth set 2.4)

answer: inches

AnsTrs to Problem 6-1c; pages 203-2

1. (a) -2 is an integer, rational, real.

(b) -(10) is ratiopal, real.

(c) -.../4T2 is a real n-__tuber.

(d) 0 is whole, a real number, an int

(a) False

(b) Prue

(c) True

.(d) False

(e) True

True

(g) True

(h) False

a rational number.

-7. V is between -TT is between and

4. (a) Three

(b) Seven

5. If s is the number of years in sister's age, then 2s

is the number in brother's age and Mary is 2(2s) years

old.

r.

2s s - 15

= 15 truth set is

answer is: sister -2 years old

2
brother 47- years old

7

Mary a,- years old
4

(b) If q represents he rate of travel of one boy,

2q + 2(2q) = gO.

If x represents the first i

x + (x + 2) = 86.
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Order on the Real Number Line.

We believe that, the student will expect the relation "is
greater than" for the real r._:muors to have the same meaning as it

did for what we now eali the non-negative real numLers.
Although "is greater than whb defined to mean "is to the

right or" on the number line for the positive numbers, it could
clearly be interpreted as is farther from zero than", It is
then plausible that">" Itt) the real numbers might well have this
latter meaning. On the ct,her hand; the example of the thermo-
meter does not agree with this interpretation, nor would such
familiar things as the variation in the height of tides or eleva-
tions tuove and tyelow sea level.

Is also a good mathematical reason for rejecting this
plautLl inerpretation. The mathematician is never really
interested In a relation as such, but rather in the properties it
enjoys. Whatever meaning isaattached to "is greater than" we
want to tie ahle to say, for example, that precisely one of the
sentences "t') > and -5 > 2" is true. This plausible inter-
pretation does not permit thts comparison, since neither 3 nor
) is favthen from zero than the oth4r. Here we choose to retain
the interpretation ">" to mean Is to the right of on the num-
ber line.

The comparison property here given Is also called the
r chotomy property of . Notice that it is a property of <; that

is, give any two numbers, 'they can be ordered so that one is
less than t`he other. When bhe property Is stated using numerals,

we must inotude the third postdbIlity that the numerals name the
same number. Hence, the hame;trichotomy".

Although "a < b" and "b-> a" involve different orders,
these sriLpnces say el the same thing about the numbers
and b. Thus? we can sate a trichotomy property of > as:

Po:' any ranter' a and any number b,

exhctiy obo or these t true:

a - 6, h r o a,

I: in:-Lef-cl of concentraInv -ItenIlon on the :'rder relation,
we concentrste on tne two then either "a 1 b" or
a b" 1 a rue, :Hu. a r, :lone we fix the numbers a and



pages 206-?07:

find then make a decision as to which order relation applies.

It is purely a matter of which we are interested in: the numbers-

or the order. The comparison property is concerned with an order.

Answers to Oral Exercises page 206:

1. By "is less than" we shall mean "is to the left " on the

number line.

2. This, ">", means "is to the right of or equal to" on the

number line.

`This, "<" means "is to the left

ber line.

or equal to" on the num-

Answers to Problem Set 6 -2a; pages 206-207:

1. (a) False

(b) True

True

False

True

(a )

)

3.

4. (a

(b

I I

1

-I 0 I 3

-3 -2 -I 0 I

3 -2 `I 0 I

0

6 degrees

5 degrees

50 degrees

4

2 3

2 3

(f) False

(g) True

(h) False

(i) True

(j) True

(d) I -1[

-5 4 3 -2 -I 0 I 2

(e

1

6 -1

-3 -2 -I 0 I 2 3

-3

Do these on the number line as prepara

for the addition of real numbers that

developed in the next chapter.
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5. (a) n > -18

(b) a > b

(c) n = x A- 5

(d) n 7 < n 4

Answers to Problem Set

1.

2.

(a)

(b)

(c)

(d)

(e)

(a)

(b)

>

>

>

<

5 < 6

< 0

(a) 5> 7

(b) 0 > -8

(c) 8 > 0

(e) n 4- 5 < n

(f) n 5 . 2n - 4

(g) 3n - 8 or m - 4

(h) n = -4 6

pages 208-209:

(f)

(g) <

(h

(I ) >

(j) <

(d) (1.

(e) 3 < r

(d) 4 > .3

a) If the original price was p dollars, then the discount
1 1was 7 p and the sale price was p -s- p.

2
So p I p -\ 733 or p 33. (Answer: the

'original price

was $49.50)

If x represents the bP,otl
2x - 4 = 12. (x ® 8)

If d represents the height

8 12- d - 864. (d - 9)

of

age,

he box,

b -3. Opposites.

Your students have ved by now that, except for zero, the

real numbers occur in pairs, the two numbers of each pair being

equidistant from zero on the real number line. E ch number in

such a pair is called the 22pcaLte of the other. To complete the

picture, zero is defined to be its own opposite.
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On locatlng the opposite of a given number on the number

line, you may want to me a compass to embhasize that the number

and its opposite are equidlo nt rIrom zero.

It is clearly much too tedious to have to write "the oppo-

site of the"the opposite at ()", etc. PT having the students

write down a few such phraws, we hope to suggest to them thpt a

shorthand is needed. The lower dash - which we use Is per-

haps the most suggestive device to indicate the opposite of a

given number and we are very quick to observe that l'or example

2 and =2 are two different names for the same number.

Having observed that each negative number Is also the

opposite of a positive number, it Is apparent that we have no

need for iwo symbolisms to denote the negative numbers. Since

the lower lash " is applicable to numerals for all real num-

bers whiie the upper dash "-' has sihalfIcance only when attached

to numerals :or positive namlerh, we naturally retain tvhe lower

dash. There are oth»r lebs Iaportant reasons on dropping the

upper :lash in favor or the lower: it Is easier to write, say,

than e; more care must be ,_15.1 In Aenoting negative frac-
-12

tions with upper dash than w4h the lower (ilor example,
-12)

hould Le misread as ==) lower lash is universally used,

etc. barr, negatlge namtrefaa like a, 2,

etc. will to written an -P, etc..

The student muSt learn to designate the opposite 6f a given

number by means or the lefinition. The student shou_- d not be

penmittei to .;ay, itind,the opposite or a number, hinge its

sign". Thin to very imprecise Ual i'art, we have never\atached

a "sign" to the p iltive numbers) and will lead to a purely

tmlatilatiYaa algetna whian we want to avoid at all costs.

The )it.udent Is well aware that alt lower dash " - is r -ad

"minus" in the case or subtraction. We prefer to retain the word

'minuz ror the aperatIon o: subtraction and not use it as an

alternate wool tar "opobtte cl'Y. Thus the dash attached to a

variable, ouch as --a will be read "oppootte of".

The opposite or the opposite of the opposite of a number Is

the opposite of that number. What is the opposite of the opposite

or a negative number? The (negative) number, of course!

.1.
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If x is a positive number, then a negative number.

The opposite of any netive number x is a positive number -x.

And -0 = 0. Thus, student should not jump to the conclusion

that when n is a real number, then -n is a negative number;

this is true only when n is a positive number. Note the empha-

sis here on the use as "the opposite". Because of com-

plications that will arle in later work regarding "-a" which the

students insist on calling a "negative number a", it is worth-

while to reemphasize the meaning of the upper dash (read "nega-

tive") as meaning "to the left of zero" or "less than 0", while

the middle dash (read "opposite of ") means "on the opposite side

of zero"

There are no oral exercises for 6-3a since the problem set

given might just as well be done all or in part orally.

Answers to Prc lem Set b-5a; page 211:

1. -(a) 55, negative 55

(b) 55

(d)

100

3

(g)

1
negative 275

ive 33.5 (j) 1,000,000,000, negative 1
billion

negative i

The only tAle statement is "The opposite of -a positive number

is a negative number".

(k) 1,000 000,000

8, negative 8

negative 9

-16, negative 16

The only true statement is "The opposite of a 'negative number

is a positive number"

4. The opposite of zero is zero.

5. "Negative 9" and "the opposite of 9" are names for the same

number. The first says "9 units to the left of 0", the second

says "the number which corresponds to the point which is the

same distance from 0 as 9 is, but on the opposite side of 0".



pages 211-216:

Answers to Oral Exercises b-5b,

1. (a) 20

(b) -20

c)

page 215:

(d) 5

(e) 210

(f) 37.5

Answers to Problem Set 6- page 21

1. (a) 40 0

(b) ;) 8 9

2. If y is a positive number, then -y is a negative number.

3. If y Is a negative number, then -y is a positive niumber.

4. If y then -y is 0

5. If -y i positive, then y negative.

-y is negative, then y is positive.6. If

7. If -y is

8.

20 +X

then

0 +2X-

XI

20

--h set

30

Answer:

If x is the number of feet in

the width of the walk, then the

length is 30 + 2x, the width is

20 + x. The perimeter is the sum

of the sides.

(20 + x) + 20 + x) (30 + 2x

(30 + 2x) - 150

or 100 + 6x = 150

feet is width of walk.)

Answers to Oral Exercises b = fie; page 2_

2.97 > 2.97

2 > -12 12 >

-358 2 -762 762 > 358

> -1

-121 > -370 370 > 121

.24 > .12 -.12 > -.24

0 - -0 Zero is the only number with the property

that it is equal to its opposite.

-.01 .1 2 .01

1. (a) 2.97 > -2.97

(b)

(C)
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2. This means that x > 3 or x < 3.

-.01 > -.1

Answers to problem Set 6 pages 217=218:

1. (a) -1 < 3, < 1 ..,

1 '5

(b) K _(-1:

(d) Tr - -17'2 < TY

(e) TY TY i - Tt

r 7

54- 4- 2) < f(20 8),
r

(i(2O
)

(g) + 4) < 2(6 5), 2(8 + 5)) < 4)

(h) the same number

2. (a) (-7.2 ) (f)

(b) (g)

(c) -5) (h)

(d)
, -(77)

(e)' 17 (r)

(1)

.01

2 or

9
lb

-(-2)

or (1

1 2 15
1 (7) or re

1 17 - T or F

Here we are building toward the meaning of "absolute-value

of a number" and that the greater of a number and its opposite is

always the'positAve value.

3. (a) x < 1, 1 <

(b) x > 2, -('

(c) x > 0, 0 > -x

.d) x < 0, 0 K -x

4. (a)

3 -x

(e) x > 1,

(f) x < -2,

(g) x > -2

2 > -x

t-

I 0 I 2 3 4

1 > -x

< -x

and x < 2,

and -x > -2



pages 217-219:

(b)

-3 and

1-

2 -I 0 I 2

4 -3 '42 -I 0 I 2

I 0 I 2 3 4

5 The set of all numbers except 3

(b) The set of all numbers except 3

(c) The set of all numbers less than 0

(d) The set of all numbers greater than 0.

*(e) The set of all numbers equal to or less than 0

The set of all numbers equal to or greater than 0

(b)

If John scored points, t

If he has n d4llarstben
If' bhe original bill w

6-4. Absolute Value.

The concept o the absolute value of a number is one of the

n <0 anu

dollars, then

most useful ideate in mathematics. We will find an immediate

application of absolute value when we define addttion and multi-

plication of real numbers In Chapters 7 and In Chapter 10 it

is used to define distance between points; in Chapter 12 we define

as lxi; in Chapter 19 it will provide a good example of an

equation With extraneous solutions. Through Chapters lb to 18

absolute values are involved in open sentences in two variable .

and in Chapter 19 it give. us interesting examples of functions.

In later mathematics courses, in particular, in the calculus and

in approximation theory, the idea of absolute value is indispens-

able
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pages 219-222:

usual of the absolute vaLue of the real number

is that it is the nutber 1n l, for which

n > 0

n < 0.

Quite likely it is this form of the definition that is the origin

of the difficulty which the students sometimes have when they first

encounter absolute value. We have tried to circumvent this diffi-

. culty by defining the absolute value of a number in such a way that

it can be pictured on the real number line: The absolute value of

0 is 0 and of 'any other real number is the greater of that

num& and its opposite. his'implies that the absolute value of

a number is Q or a positive number.

By observing that this "greater" of a number and its opposite

is just the distance betwebn the number' and 0 on the real number

line, we are able,to intelvret the absolute:value ligeometricall".

Avoid at all costs allowing the student to think of absolute

value as the humber obtained by "dropping the sign". Such a habit

leads to endless trouble when variables are involved.

It is quite apparent that the greater of a positive number

and its opposite is just the number itself. ,Furthermore,' 101

is defineoroutright to be 0. These two statements can be

expressed symbolically as:

If x > 0, then lxJ e x.

For negative numbers, the number

the students that the greater, of, for

-467 and their opposite6 5, 3.1,

5, 2.1, and 467. This' _ picture cannot help but tell them

that the greater of any negative number and its opposite is the

opposite of the (negative) number.' Symbolically if x < 0, then

1x1 = -x.

We have therefore arrived

value.

For all real numbers

line picture should .convince
1example, -5, ,r-(&, -3.1, and

and 467 are, respectively,

lx1

the usual definition

x, x > 0,

-X, x < 0.

4

absolute



pages 220-223:- 6-4

Answers to Oral Exercise

1. (4) 1-71 = 7

(b) -1-(-3)1 s 3

(c) 1(6 4)1 = 2

x is 3, Ix'

If x is -2, lx1

3. A non - negative number

4. A positive number

5. Yes

6. 'xi

70 No

8. When

3.

2.

page 220:

(d) 114 x 01 = 0

(e) 1-(14 + 0)1 - 14.

(f) ))1

Answers to Oral Exercises pages 222-223:

(g) True

(h) True

1. -x

2. (a)

(b)

(c)

False

True

False

(d) True

(e) True

(f) True

(a) 5 (g) 10 (m) 2

(b) 5, (h) =3 (n) -1

(9) -5 (i) 1 10

(d) =5 (j) 5 (p) -10

e) 5 (k) -1 -10

f) 4 (1) -5

Answers to Problem Set 6 -a; page 22

1. (a) (-1, 1)

(b)

( -3, 3).

(d) (-3, 3)

2 (b)

-3 -2

175
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page 223: 6-4

(c )
I I

-3 - 0 I

(d )
.4*-71-7t-1717-1-1740

The similarities of.these two pairs of graphs are worth

pointing out since they provide a clue for a procedure for solving

equations and inequalities with absolute value of the variable.

That is, to write a6 two sentences with conjunction and/or as is

appropriate.

etc. _

-5 -4 -3- -2 0 1 2 3 4 5

-5 belongs to the set, 0 does not, -10 does, 4 does.

11

(b) -1, 4, -5

1 ij
-7' '719' 12

(infinitely many possible answers)

finitely many possible answers)

infinitely many possible anbWeirs)

There are none. (e. g. , the set of numbers in P but

not in R is the empty set. L.

5. The truth set of Ix' = 0 is (0).

The truth set of lx1 = -1 is the empty set.

. If Pe x years old, then Sam is x 3 years old and

Bob is 2x years old.

The father being more than twice the sum of their ages

the sentence:

45 > 2(x +

or 45 > 2(4x +

or 45 > 8x + 6

or 8x < 39

X <

....._

(This is the expected
response.)

Answers: Pete is less than 4$1
years old.

Sam is less than 7i
years old.

Bob is less 4han
years old.

It might be worth pointing oLet that we started with the smallest

number in describing a variable and show the students what it

would look like if we started with Bob's age.

If x. - number years of Bob's age, than 1,s the number of
2

years of Peteloage and Sam is 3) years old, so the sentence

17b



pages 223-226: 6-4

becomes:

45 > 2( + + 3) (This could be an expected
Tesponae.

45 x x 6 2x

45 > 4x +,6

4x < 39

x < but this is not the same x as before.

Answers to Review Problem Set; pages 225227:

1. (a) W ie a subset of I-.

(k) N is a subset of W.

(c) N is a subsist Of R.

(d) R is a subset of R*.

(e) 1 is a subset of R.

P and Q are not related as
subsets--they havelkno ele-
ments in common.

J is a subset of R*.

I and .7 have no elements
in common.

W is a subset of R*.

Neither; P does not contain
zero which is in W.

b means "a is greater than b" or "a is to the right of b".

(r)

4 5 etc.

+/-16 is not irrational

4 is not irrational
is irrational

5

(b)

4 L 1 j I _L

3 4

-5 -4 =

_L_

-2 -I

L

0

-3 .-2 -1 0

177
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page 226

(a) .171.1.172f...44611'

(e)
=2 -I Q 2 3

A 1

-3 =2 =1

the empty set-

6. a b or a < b dr a > b. The comparison property of order.

7.

8.

_

-2 -I 0

t

-I 0

2

-4
-2 -I 0 I

t _
-2 -I

empty Set

9. (a) x > -1 and x < 2 IXI 1

(b) x > -1 (d) 1x1 > 1

10. (a) The- set of all integers froth -1 to 4 inclusive.
1(b) The set consisting of 7 and all numbers equal to or

greater than 2 and all numbers less than

he number is w aen the sentence is

x (x 434 7,3. (Answer: the number(is 1.4)

12. If the number is x, then the sentence is

x 7.6x £ 8, (Answer: the number

If

13. If the number is n, then the sentence is

84. (Answer: the number

178
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14. If n is. the numbe'r of pages in the smaller volume, then the

larger volume has (n 310) pages and the sentence is,

n (n 310) > 000. (Answer: One book has more than
,345 pages and the other has more
than 655 pages.)

15. If1the second plane was flying at an average speed of x miles
800

per hour, and = 4 is the number or hours flown by the

first plane, then the second plane flew 3 hours and the

sentence is:

-3x = 800. (Answer: 25 mph. is the average
speed.)

Suggested Test Items

1. Determine
A
which -he following senktences are true:

(a) 1-71 7 (d) 1-51.+ 1 -71' 12

(b) / I- I
) -1-21 -

(c) 121 > 1-21

2. Rearrange the folloltng numbers in order from the leadt to

the grtatest:
1 1 1

0, 7,

(L.-!

In each of the following write one of the symbols <, >, or

= in the place indicated so that a true sentence results.

(a) -1 -31

(b) -4 - 7

) -1-31

14 15
(

(e) 18 51 181 151

If a < bi where a and b are real numbers, write a true

sentence expressing the order of -a and -b.

If a < b, is it possible. to tell whether -a < b, -a = b,

-a > b? Dive illustrations to support your answer.

Write an open sentence whose truth set is

-3

179



(b)
2

7. If b is a negative number,indicate which of the following

numbers are positive and which are negative.

(d) -I-bI

) -(-b)

)

8. Draw the graph of the truth set of each of the following open

sentences.

(a) IxI = 3

(b) IxI -1 a 5

'xi =0

(d) Ix' 0

(e) -Ix' < 0

Descr 130 the truth set of each of the open sentences.

(a) Ix! x

(b) Ix' < x I

10. Describe the variable and translate into an open sentence:

Peter lives one mile closer to school than Ralph. Peter

is more than 37 miles from school. What distance is the

school from Ralph's home?

11. Consider the set of real numbers

W = (-4, A, r, 0, - 1.42, 182/T).

Which elements of this set are

(a) integers?

(b) rational numbers but not integers?

(c) negative rational numbers?

(d) irrational numbers?

(e) non-negative real numbers,

(f) rational numbers that are greater than -4 And less

than 2?

1



1. (a) True'

(b) False

(c) True

5

(a)

(b) -4 > -7

(c) -1-31 = -3

1 1

2 > -1-31

re to ested Test Items

(d) True

(e) False

(0 )- >

(e) 18 + 51 181 151

-b < -a

It is impossible to say whethe/ -a < b, -a b, or > b.

The answer depends on the absolute values of a and b.

The graphs below illustrate'some possibilities.

-i 1- _I

o

0

-a

-a < b

b

b

Numerical exercises such as the following can be used.

-2 < 5

-7 < 5

6. (a) x > -2

(b) x < -2

7. (a) positive

(b) positive

(c) positive

and - ( -2) < 5

and -( -7) > 5

and x < 3

or X >

(d negative

negative

negative

181



(d)

(e)

0 I

(a) the set of'negatiV'e real numbers

(b

(c) the set of non-negative real numbers

(d) the set of negative reals and zero

Note: 101 -0

the empty set

all PO

10. If Ralph lives x miles_ from school, then x

11. (a) -4, 0, 182

(b)
133T- r, 1.42

(c) -4, -
13

(d) 7,

(e) 0, 1.42, 182b

=(f) 0, 1.42'

except 0



Chapter 7

ADDITION OF REAL NUMBERS

In this chapter we take up the study of addition. Our

problem is essentially that of defining this operation on the

larger set which includesthe,yegatives. Though most students

can achieve satisfactory competence in actual computations with

these numbers through various intuitive devices, a formal defi-

nition is a necessary mathematical tool for the establishment of

properties and a genuine understanding of the nature and struc-

ture of the real numbers.

We first consider some examples using gains and losses to

suggest how addition involving negative numbers might be defined.

The number line is also used to picture this. Fine ly, as an

outgrowth of these experiments, a formal and precise e inition

is formulated.

The properties of addition are then presented, with stress

on the fact that our definition of addition of real numbers

permits the familiar properties of addition of the numbers of

arithmetic to hold.

Very early in the chapter the student should learn how to

find sums involving negative numbers. This is easy and is

suggested completely by the profit and loss examples, and by the

number line. However, our immediate objective is more ambitious

that just teaching the arithmetic of negative numbers. We want'
I

to bring out\the important fact that what is really involved here

is an extension of the operaelon of addition from the numbers of

arithmetic (where the operation is familiar) to all real numbers

in such a way that the basic properties of addition are preserved.

This means that we must define addition In terms of only the non-

-negative numbers and the familiar operations on them. The result

in the language of algebra is a formula for a b involving

the familiy operations of addition, subtraction, and taking

opposites Applied to the non-negative numbers, lal and Ibl.

The complete formula appears formidable because of the variety

of cases. However the idea is simple and is nothing more than a

gerri description of exactly what we always do in obtaining

sums which involve one or more negative numbers.

1d3



pages 229-232: 7-1

The main problem is to lead up to-the general definition of

a + b in a plausible way. We have chosen to make full ufe of

the number line and especially to make use of absolute value.

7-1. Using the Real Numbers in Addition.

The profit and loss approach to addition of positive and

negative numbers seems to be a natural one. The only thing which

may seem new to the student is the representation in terms of

positive and negative numbers.

Answers to 9ra ercise

1. (a) 5 A-

(b) 50 4-

(c) 2 + -5

(d) (-6) (-3)

(e) (-6) (8)

2. (a) 9

(b) -7

(c) -3

(d) 3

e)

pages 230-231:

-15

5) - 0

Answers to er2124t Set 7-1; pages 231-232:

1. (a) 11 /

(b) 4

(c) (-

(d)

(e) / 5

(r) 1(-5)

(g) (-5)

(h) (-9)

(1) 7

U) 2

2. (a) a 3

(b) a 7

(k) -10.8

(1) -5

(m) (-1)

(n)

) (-2)

(p) 1

(q) 1

(r) -2

(s) 1

(e) c

(f),m . -3

(a) -7 (g) n 0-

(d) -5 (h) n 0

184
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pages 2327234; 7-1 and 7-2

.(1) -m 0,-1

(i) a 6

CO 10,0 -11

. dditi and the Number Line.

b .4

Recall that- -the main purpose of addition on the number line

is to lead up to thedefinitAion of addition given on pages 23-240.

By this time the students are familiar with the number line, and

it is hoped that illustrating addition on it will seem natural.

Note also at the concept of absolute value, introduced in'the

last chapter, is used extensively; it is central to the defini-

tion of addition developed here.

lthough some of the exercises in this chap which are

designed to strengthen understanding, will call for specific
--

application of the formal finition, the students will not be

expected to us this on all occasions as a rule by 'which to add

real numbers. The point of view -here is that the student now has

a description of the process he has already learned how to do.

In general a student should be encouraged to apply any intuitive

process for addition of real numbers which he finds reliable.

Answers to Oral Exercises 7. a; pages 234-235:

1. -5°

2. 4°

3- -3

4. 10

5-

6. (a )' Start at zero. Move 5 units to the left, then 2

units to the bight. The sum is -3.

Start at zero. Move 5 units the left, -hen

more units to the left. The sum is -7.

(o Start at zero. Move 5 units to the right, then 2

more units to the L_ t. The sum is 7.

185



pages 234-235: 7-2

(d) Start at zero. ,Movq. 5 units to the right, then 2

units to the left. The 'sum is 3.

Start at zero. Move 6 units to the left, then 7

. more units to the left. The sum is -13.

Start at zero. Move 11 units to the left, then

units to the right. The sum is 4.

Start at zero. Move 4 units to the right, then 12

more units to the right. The sum is 16.

(h) Start at zero. Move 6 units to the right, then

units to the left. The sum is -1.

Start at zero. Move 6 units to the right, hen 6

units to the left. The sum is 0.

Start at zero. Move 7 units to the left, then no

units either way. The sum is -7.

(k) Start at zero. Move 4 units to the right, then 6

units to the left. The sum is --2. Then move 8

more units to the left. The sum is -10.

Start at zero. Move 5 units to the left, then 2

more units to the left. The sum is -7. Then move

7 more units to the left. The sum is -14.

StArt at zero. Move 4 units to the left, then

units to the right. The sum is 4! Then move 4

units to the left. The sum is 0.

Start at zero. Move no unit in either direction, then
move 2 units to the left. The sum is -2. Then

move 2 units to the right. The sum is 0.

Start at zero. Move 7 units to the right, then

units to the left. The sum is 5. Then move 3 units

to the The sum is 8.

Answers to Problem pages

1. (a) 7

( b )

( c )

186

(g) 4

(h)
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pages 235 -2111:

(b)
False

Falee

True

(d
e

(f)

(d) .True

(e) False

f) True

6

0

-2

(g) 3

(h) 0

(g) False J True

(h) True (k False

(1) True (1) False

a) True True (e) False (g) Fhlse

(b) False (d) True (f ) True (h) True

6. (a) (-4)

(b) (6)

(-2

(d) [ -2)

(e) (10)

(f) (8)

(g) (-7)

(h) (6)

(1) (-5)

j) the set of numbers greater
than 4

k the set of numbers greater
than 0 (the positive numbers

CO

the set of numbers less than
(-2)

the set of real numbers

Answers to Problem Set 7-2b; page 24l,:

1. (7) + (-3) 171 - 1-31 3 + (-7) 1-71 131)

- 7 - 3 7 - 3)

2 4 (-7)

-

- -(1-71 (-31) 5.
- -(7 + 3)

-10

1-71 + 10i)

'+ 0)

-7

187

7+ ( 7) -0

nce 171 1-7

( -3) 7 - 171 1-31

7 3

4



Jpaaaa-*i4 77, and -

1-3 I+ I -71-1

= -(3 7)

-10

8. ( -7) -(101 +,1-71)
-( O -r)

' -7

) + 5 0

Since 1-31 131'

10, True

'11. False

12. True

13. True -

14. False

15. True

16. False

17. True

18. False

19. False

7-3. Addition Property of ZOro; Addition Property of Opposites.

Note' that the addition property of zero and the addition

,property of, opposites are obtained4directly from the definition

of addition,- Note also that'the addition-property or opposites,

says that the sum of a and (-a) is zspo, It does not say
thatjf the .sum of a and another number is zero, the other

ntimiier is (-a). This fact is proved later.

.

Answers to Oral Exercises 1=1; page 242:

I. True

False

3. True

4. Trup

.5: False

6. True

7;. True

8. False

9. ,True

10. Falser,.

11. False

12. False

13, True
I

14. 'True

Answers to Problem Set 7- X242 -243:242-243:

1.*, 14

2. 0

3. 0

4. -8

5. -9.

b. -45



'CY

Any number greater than

9,. Any number less than

19. Any number greater than

Any-'humberless than (44

7-4. Pr©perties Of Addition.

The definition. of the addition of real numbers has eery made

in terms of the non --negative numb s and the familiar rratione'

uporf them. We have -seen that it.agees with our intUi lye:

feeling.fOr the operation of addition of real numbers =s shown,

,1h Working with gains or losses and with the number line It is

further required that addition of real nOMbers haYe he Aame

baste, properties that we observed for addition-of numbers of

arithmetic..Itviouldbeal:dcward,-forinstance,-toeve.addition.
of numbers of arithmetic commutative and addition real numbers

not commutative.
Notice that, while we did not call them suet.- for the students,

thetoMmutative and associative properties were for all intents

and purposes,' regarded as axiomiefor the numbe of arithmetic,

and the operation of additiOn was regarded_,ess n 411y as'ah'

Undefined.dperation. For the,real numbers, h wever,we have made rt

a definition of--addition in termsoeearlier concepts. If our

definition .has been properly chosen, we sho d fihd that the

properties can pe'proved as theorems. Whi most students will

not fully appreciate all this, the teacher should have it in

mind a& background.

We,have tried to giv the students r feeling for the prov-

ability these propertie- but very f of them will be ready

motto followfolloW through the'details( Howeve for the.occasional

etudent who is able and interested, we have left the way open'fpr.-
1,

him to satisfy himself fully that the properties hold in ally

cases, not just in some particular c -as he might try -.

Answers to Oral Exercists 7-4; pages 244=245:

1. Yes

2. Commutative

94



pages 244-245: 7-4

3. (a)

(b) 724,

c) Yes

d) ,Associative

Two real numbers may be added in either order. The sum.will
be the same-in both cases.

also be more briefly stated:

b , a + b b + a.

5. Pbr any real numbers a,

A precise word statement

involved.

6.

The commutative property may .

For any real numbers -a' and

b, and c, (a + b) + c = a + (b, + c

of his prOperty,becomesquite

Ca) tommutative (f Associative
(b) Associative (g) Commutative
(c) Associative (h) Commutative and associative
(d) Commutative (1) Commutative and associative
(e) Commutative and

associative
(j) Commutative and associative

Answers to Problem Set 77

(a) (3) + 7 t 5 A- 3 (-5)'

pages 245-246:

(-3) 3

(b) 14 + 6 + (-7 )+ 4 +£

. 7

(14 + 6

. 20

4 +

+ 2 . 5 -3) + 4-8) (6 +

= 5 + (-3)
=2

(d) + 5 + 6 + (-'9) +

. -1

Here there is no particularly easy grouping. The

student may want to adcr6ral left to 'right mentally;

getting first (-4), then"' 2, and then (-1).

(e) 11 + (-17) + 9 + (-3) + 4 - 9) + (-17) + (73
20 A. (-20)

-4

4 4

190



Pa a 245-248: 7-4 and 7-5

) -5

0 7

7

(g) r + 4 + ) +

0

0

+ 5

(h) r + 6 + r) +- -3

- 0 +

(b)
True

True

True

False

-6

'7

-9

-3

2
2

3

False

I False.

g) True

h) False

f) 8

g) 10

*(h) all real number:

.(i) all real numbers

(j) 4

(k) 18

7- Addition Property of Equality.

You may recognize the "Addition Property of Equality" as the

traditional statement, "if equals are added to equals, the slime

are equal." iile we shall have frequent occasion to use this

idea we prefer not to treat it'as a property of real numbers;

,because it /is really just an outgrowth of two names for the same

number. The name . ""Addition Property of Equality" will be a

convenient3qay to refer to this idea when we need to use it.

From another point of view, the addition property of equal

can also ;be thought of as)being a way of saying that the opera-

tion of addition is single valued; that is, the result of adding

tWoTgiven numbers is a single number. In other words, whenever

we add two given numbers we always get:. the same resul -There-

rore, /if a, b and c are real numbers and a bL4_ w hen the

statement' "a c e b -Lc" can be thought of as saying that the

result,of adding the two given numbers was the same when they

had die names "e and "c" as when they had the names "b" and "c".

191

1 9



pa 248-249:r

Though this' property -has more to do with the language we
use in talking about numberS than with the umbers or'the.opera-

tions upon them, it is clearly a useful tool in finding the truth
sets of sentences, and it will be put to. use in this way in-the
next section of the text.

Answers to Oral Exercises 7-5; pages 248=249:

-1. The resulting sentence is true.

2. The resulting sentence will. not be true. The number repre-

sented by the right side will be larger than the number,
represented by the left side.

The resulting sentence will not be true. The same order
relationship -as in question 2 will exist,.

5.

(a)

(a)

(b)

(c)

and (

all real

all real

all real

-5

are statements

numbers

numbers

numbers

of the: property.

7

(b) 6 (g) -1

(c) 11 (h) 5

(d) -8 (1) 12

(e) -9 (j) 12

7 (a) -3 f 3 (k) 7

(b) 4 (g) -16 (1) No number need b
(c)

16 (h ) -16 added, since by the use of
the associative property of

(d) .8 (i) -5 addition, the addition pro-
(e) 9 14 perty of opposites, and the

addition property of zero,
the variable is isolated on
the left side.

to Problem 775) pages 249-250:

(c) False (e) True (g) True'
(d) True (f) False (1.6 True

1. (a) True

(b) True



P gem 7r5 dnd 7=6-

tt4a problem we arevnot interested in the students 1

finding the truth set of a -- open sentence. The important

tliit her* is for4lim to 1 am how to use the addition

property of equality to obtain an equivalent open sentence,

The'student should not.take short -tuts now. -
-4

a)

(b)

(c)

(A)

(e)

(a)

(b)

(d)

(e)

add ,(-4) (f) add (-6)

add 6 and (-4), or 2 (g) add (-4) and 6, or 2

add _(-5) (h) add 30 and 10, or 40

add 2 -. (i) add '3(4 2),' or le

add 2 and' (j) No number need be added.

4 (f)

11 (g) 11

-5 (h) -8,4

-7 (1) 9

(j ) 15

7 -d. Truth Sets of Open Sentences.

Later in Chapter 8 we shall learn about equivalent sentences

and the permissible operations which keep sentences equivalent.

For the present, howeVer, notice that all. we arexiaiming,when

we apply the addition property of equality is that if a number

'Makes the original sentence true, it will make the new sentence

true. We then have a chance to test each number of the truth set

of the new sentence and see whether it makes the original sentence

true. It is necessary to make this check every time, until we

have the more complete reasoning of Chapter 8.

Attention is also focused on the fact that the use of the

addition property of equality with a subsequent "checking" by

substitution is more than a convenient alternative to guessing.

It does, in fact, give us the complete truth set. In other words,

the question Concerning the possibility of additional truth num:

bers is definitely answered, Jn the negative. Students may have

some difficulty in grasping but should be encouraged to try.,

It is also necessary to reexamine at this point the general

cNestion of the domain of the variable since our basic set has

been enlarged to include negative numbers. In Chapter 3 a
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page .541 7-6

coverin statement was made .the effect that unles's otherwise

specified the domain of the variable was to be assumed to be all
numbers- of arithmetic for which the.given sentence had meaning.
A similar statement is made in this section. Since we do not
wish to labor the point at this time-as far as the student is

Concerned, no further discussion of domain is presented in the
teat. However, the teacher should be aware that until multipli
cation is defined for negative numbers in Chapter 8, such ex-*-=
pressions as 3x or 5x are, theoretically, without meaning.
Hence, in constructing the exercises a-nd examples care has been
taken to avoid attaching a coefficient to the variable for any
sentence having a negative truth number.

4
Answers to Oral Exercises 7 -6; page 254:

1. 6., 1.5

7. '5 +- 2, or

8.

9. $

10.

Answers to Problem Set 776i' pages 25

rm of the student answer, if he does not guess the /
truth number directly, is suggested 17ft the examples in this
section ofthe text. Parts -d (h) are Written out
in this manner below.

a) if ,x + 5 = -3 is true fot some x,
then (x + 5) ; (-5)

x + C5 +

+ (-5) is true for the
.

same x

(-3) '(-34*

x 0 (-3) (-5)

x = ( -3) (-5)
and x m -8 true for the same v.

(-8) is the truth set _f the last sentence and since
( -8) - -3 is true, (-8 ) is the truth set for

/
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ages 254-255: 7 -6.

(g)
(h)

- .50)

(-5) + 3x + (-8) = 15 + (-20) + 1 is true or
some x,

then -5) + 3x (-8) + (-20) + 1' is true for
the =same 4-

(-5) + (-8) + (-20* + 1 I'

+ .(-20)

(3x + (-13 ( -5) -4- 1

3x + (--13),+ 13 w (-4 ) + 13

3x + (-13 + 13) = 9

3x + 0 - 9

I

and 3x = 9 is'true for the same x.

is the truth bet of 3x = 9,

and sin e (-5) + 3(3) +A-8) 15 +' (-20

(5) s the truth set of (-5)-+ 3x + (-8

) -5
) -1-1

(g) 3.1

+ 1 ls true,

= 15 + (-20) + 1.'

(h) set ox all real numbers

(a) If 2x + (-5) E -3 true for some

then + (-5) -3t+ 5 is true for the same x

2x + 5 3 + 5-
2x + 0

2x

1 is the truth numbeiaf ax .

and since 2(1) + r-5) z -3 is tru6, 1

1 is the truth n ber f 2x + (-5) a



pages 255-256: 7-6 and 7-7

(b) 5

(c) -2:

(d) 1

(e) 5

7-7. _Additive Inverse.

3

5

(h)

At the end of this section the student may be having his
first experience t anything epproaching a formal proof. His
chief difficulty here is-seeing the need for such a proof. We

ask the student to'extract from his experience the. fact that for
Aevery number there is another number such th4t their sum is zero.

At the same time the student can equally well extract from htspe
-experience that there is only ont'such number-. Why then, do we -

accept t e.firs idea from experience but prove the second? The
canTrove the second. The two ideas differ in

that one must be extracted from experience while the other need
not be. The existence of the additive inverse is in this sense

1.,

a more basic idea than the idea that there is only one such num-
ber. Speaking more formally the existence of the additive
inverse is an assumption; the uniqueness of the additive inverse
is a-theorem. You are referredto Haag, Studies in Mathematics,
Volume III, Structure of Elementary Alan/2A, Chapter 2, Stction
3, for further reading.

At this point we are still quite informal about proofs and
tr4- to lead into this kind of thinking gradually and carefully.
The viewpoint about' proofs in this course is not that we are
trying to prove rigorously everything we say - we cannot at this
stage - but that we are trying to give the students.a little
experience, within their ability, with the kind ofkhinking we
.cal l!!proof". Dori't =-frighten-thed-by making a big iiitiWi
And don't be discouragenf some students do not immedfately get
thpe point. Discuss the proofs with them as clearly and simply as
you can We hbpe that bytneend of,the.year they will have some
feeling for deductive reasoning, a better idea of the nature of
mathematics, and perhaps a greater interest in algebra because of
the bearing of proof on the structure. For background reading on
prOo-fs the teacher is again referred to Haag, Studies in_ ,

ieason is that
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Pages 256-257: -7-7

Mathematics, VQl am tI e of Elementa- Algebra, Chapter

2, Section 3.

The:principal emphasis in this section has been on in ro-

duding the studet to formal prOof. Notice, however, that the

theorem through 4ihich this first experience in proof was given

is itself a significant structural property of the real numbei,s.

Answers to Oral

1.

2.

3.

4.

5.

Exercise- -7a; pages 6 -257:

5 + (-5) - 0 (-5

(ic) (-5)

6. Each is the additive inv rse of he other.

(a) -4 (e) -x

(b) 9 (f) x

(c) -25 (g) -(3m)

(d) 12 (h) 5k

(i) Either -8 or -(3 5) or (-3) + (-5)

+ 9)

-6) + 3m

-4) + 2y +

-(a + b)

-(3m In)

-(4y -- x +

Answers to Problela Set 7-7a; pagea 257-259:

(e) (4)

( .(-14)

(g) (17)

(c) (3)
(d) (10)
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pages 257 -259 7 -7.

(g)

(4)

(h). ( -6)

x '4- (-I ) .1 24'+ ( I is true for
some x

then 3x + +

a+ _0
(b) x + (-5) 15

+ (- = :x

(d) x,+ x + 3) =

.(el x 5 = x.-f- (-5)

(f) .yes, yes

if x is the number c7,4? nickels John h then 4x is the
number of pennies, and 2x as the number of dimes. The

(-4) t 1

is true for the same_x.

7 "21
N.

(7) is the truth set of 3x = 21.

Sinde '3(7) ;1- (-1) = 24 + (-4) '1 true

(7) 16 also the truth set of the

original .open sentence.

sentence is 5x + 4x + 20x + 7 94,

7. If th smallest angle has n degrees, then the larger
'angle has 2n + 2U degrees', and n + (2n + 20) + 70 = 180.

x + x bx + bx = 112

where x is the number of inches in the width



Pages. 259-264: 7-7

Answers to Problem Set 7-7b; age 262:

1. Addition property of opposites.

2. + (-4 )) + ((-3 ) 4 4 4 + (-

commutative
f
property of addition'

+ (--4) +4 + (-3)

associative property or additi

+ (-4) + )) + (-3)

associative property of addition

0)+; ( -3 )

additibn property of opposites
(or definition of addition)

= 3 4. (-1)

addition property of zero

addition property of opposites

can conclude that - 7 + (-4 + 4 _because

queness of Additive inverses.

4. die addition property of opposites

5. The addition property of opposites

4,14 6. The theorem on the uniqueness of the additive inverse of. a

real number

(a) -a) +,(-3) 2 + (-a)

(h) (-x ) + =(-y, (-x) + 3y

(-2m) + (-3). + b

(a) (Vx) + -?Y) (-5x) +

Answers to Review Problem Set; pages 264-Problem

(a)

(b) -4-

(c) 7

(a) since

(d) -4

4

6

1-91. 131, ,

-(15! 131) ffi



\
pages 264r265

(b ): Since both are negative, (-3 )
---- -(5 + fl,-16

) Since , 1°151, c> 1010
0 + (-1(f) ) = -(1-19 -, 101 (1

(d ) Since

( ) ce -1181 >

(-14) (118 7 ) (18 -

ce I Ti
i = 1-11. I,

11.1 ± =0
'Sind e 1

1,71)

1-51 1-ir1)

15

(h ) Since both are negative,
(-35 ) (-65) -( 1-351 + 1- - -(55 :+ 65) -100

(1) 'Since 12 and '7 are numbers of ,arithmetic
12 + 7 --- 19

) Since 1101 > 1-6 1,

( -6) + 10 (11g1 - 1-61) (10

Since 1 111 > 11 It

1 -( 1- 11 1)

), Since 011 Y J2001,
200 + (-201

(k)

7

(b )
(c )` 5

(a
(e)

4. (a)-- _e

(b True
(c) False

-(1-2011 -

(d) True
(e ) True
(17) False

200

1

2001) - 200) -1

(g) False
) False

(1) True



pegee'265,267

5. True

.(b) False

(c) True

(d) False for all x except x - 0

(e) True

(f) True

7.

(b

2

-5

(5)

-4

(t)

(p

(q any number

-1 no number

20 -11

(e) (1) (]) )

(f) )0 ((-3)

(g)

(h) (1) 0

(-5)

associativ property of addition and addition
of opposies

(b) commu ive prop rty of addition

/operty

(c) addit-on.property of opposites and addition yroperty
of zero

(d) associative property of addition and addition property
of opposites .4710 addition property of zero

(e) associative property of addition

commutative property of addition

associative property of additi-on

commutative property of addition

addition property of opposites and addition propert
zero

(A) addition property of opposites, commutative property of
addition, addition property of zero and ass Aative
property of addition,

(g)

(h)

(1)

9'. The following are merely suggested methods. The student _

should use the properties in the way that makes puta-

tion easiest for him. However,

with the students the 'dtrt'er.ent

chef should discuss

' of commuting and



page- 267-268

assoeiating the numbers,

(a) +7 ~5

(b) T
) + b

g

(c) 125 + (+25 -17) - 70

(d) (-3) + (-5j) + + W.+ 12) + -4) - 16

(g) (_9) + 1-21 + 12 + 1-71 + 7 19

(1) (-I -10j ) + (-3. (-I -61 )

A

-19

10. (a) If t is the number of feet above sea level that the

tide registered, + 5.1.

(b) If b is the number of inches that Dave shot above the

center of the target on the second shot, b 10 + (-3).

(c) If f is the number of feet that the submarine cruised

below sea level after the change of position,

f _-, 254 + (-78),

(d) If x is the number of:dollars that his daughter

received, then 2x is the number of dollars that his

son received, and 3x is the number of dollars that

the widow received, so x + 2x + 3x - 50,000.

If x is the total number of dollars that Mr. Johnson

owed the bank, x > 200.
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Suggested Test Items
A

.1. Find a common name for each of the following:

W.
(b)

(c)

(a)

F

(-4)

(-3)

, 4 +

(( -5 )

+ -11) ,/, (e)

+ 8 (f)

(-6) (g)

+ 5 (h)

(-4) + 0

1pi((i-3) -F, 1-J

': -( -3 ) +

x + (-x)

1-51

-5)1

Write a common name for each of the following, doin the

addit on in the easiest way. In each case tell what properties

you used to make your work eaSier.

(a ) (-17) 4- (-83) (c) + (-11'2) (-11)

(b) (-19) + l83 + l 0) ( (-98) 102) -,63P
/

U

3. If a and b are two real numbers, determine whet er the suM

a + b is positive, negative, or zero for each of the followirtg

eases.

(a) a > 0, b > 0

(b) a > 0, b < 0, and

(e) a < 0, b < 0

(d) a b 0, and

(e) a = LID

(f) a = 0, b < 0

(g) a > 0, b. 0

4. Consider the sentences:

A. 3 (-

B. (-8) H 8 = 0

C. (3+ 5 . 3

D. If a b, then a + 2 . b

E. . 4

F. 0 + (-6) =

G. (4) + (3Y -0-41 + 1-31)

Which of the sentences illustrate:

(a) the commutative property of multiplication

(b) the addition property of zero

203



6

Cc) the adds ion property of ,equality

(d) the fact that the sum of tao negative numbers

is the opposite of the sum of their absolute

values

the opposite of the opposite of a n

number ,itself

associative property, of additon

e addition propertyof opposites

the associative property ofmoitiplication

(e)

g)

Find ,the tr=uth of each of t40 following open sentences.

(a) x 7

(b) 0 7 n

(c) m i (-6) -,p

(-6) 7 - X-8) + a

Ix1 -2) = 1

(f) x I = 0

When a certain number is added Y

(a) -Write an open sentence to find the number

(b) Find the number by finding the truth set of the sentence

the result is 287.

the

Which of the following sets of numhersjs closed under

addition?

[ -3, 2, -1, 0, 1, 2; 3)

(b), -12, -9, -6, -3, 01

e 4orall negative real numbers

8. Describe

the

the

the

9. Which of

in terms 5 operations with numbers of arithmetic.

of and (-3)

sum of .11) and 5

Sum of (,12) and (-5)

the following sentences are true? Which are false?

(a) "'5 ( -5) < 0 14 + -6)1 < 141 + 1-61

(b) (-3) + 5 > 2 + (-7) (- 4 ) + (-3) < -4

) (-9) + 3 < (-9 + 5 (f) 24.9 + (t-25.9) < Iwi



10.

(b)

I

A numbQr is three more than its additive inverse. What

is the number? Fid tie answer to this question by

finding the truth set Of an oven sentencv. Hint': If

there is a number n such that n - 3 -t ( -n), then

n+ n= (-n) i n (why?), and n n by ").)

A number is equal to its additive inverse. For what

numbers is this sentence true': Answer this question by

finding the truth set of an open sentence. flint: If

there is a number n such that

n n n. Why'.)

(b) -19) +

-83)

-0,

to ----Tested Test s

(g.

19 =

commutative property
of addition

associative property
of addition

+19 commutative property
of addition

associative-property
of addition

addition property of
opposites

addition property of
zero

= 1b3-1

1 r3 0

= 183

-11 ) , 234 ((-12

73-F

ociative p pe
addition

u addition-property
of opposites



(a) ((-98) 'A= 102

positive

(b) positive

(c) negativz.

(d) negative

4. a) none

(b)1 F

(c)( D,

(d) G

6. (a)

(b)

99 = 287

n 99 = 287

n 99 (-99)

n- 188 The

-59 There is no easiest way
to do this.

(e) zero

(C) negati

(g1 positi(re

(4) none

fx[ (-2) -1 2 = 3

'xi .= 3 Truth,set: (-3, 3)

the set consisting of all negative real

numbers and zero

For such numbers

and so x Ix1 = x

= 287 9)

truth set: (188)

The numberis 188\,

7 not closed under addition

(-3) + (-2) = -5, and -5 Is not an element of the set

closed under addition

= 0.

closed under addition

8 -3) =
8 - 3

5



(b) (-11) 5 - -111 151)

- -(11 - 5),

-0

(c) (12)

9. (a) False

(b) True

(c) True

-5) - -(1-121

-(12 + f

-17

_51)

True

False-

True

10. (a-) If there is a number n such that

n ~ 3 + (-n),

then n n ~ 5 d- (-n) + n

2n -

n

3 5 ,,...)

,

If n = -,:-.?, then -n - - , and . 3 + (_ 1
-_J- 1 2- .

5is true. Hence, -. is the _equired number.
.

*.--

(b) If'there is a ,numbt7-.-. n such

then

n

n n + n

2n - 0

n - 0.

a

6

Since 0 is 1ta| own additive inverse,,we have shown

that 0 is the only number with this property.
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page 269: 8-1

Chap e_

MULTIPLICATION OF REAL JMBERS
4

This is the second of three chapters in which the operations

with the numbera-of arithmetic are extended to the real numbers

and the properties of theAe operations are brought out You may

want:to refer to the statement at the beginning of the commentary

for Chapter 6 to have another look at the overall plan of these

three chapters.

Back ound reading for the mathematics of this chats is

-available in.Studies in Mathematics, III, Chapter 3, Sections

and -4.

8-1. Products.

As in the case addition, the point of view here is that_we

extend the operation of multIplicati from the'llUmbers of arith-

metic to all real numbers so as to p eserve-the fundamental

properties. This actually forces us to define multilQ.ioation In

the way we do. In other words, it/could not be done-In any other
y.

without giving up some of theiproperties.

The general definition of multiplialation for real numbers is

stated 1- terms of absolute values because Lai- and Ibi are

number _ f arithmetic. The only,problem for real numbers is to

determine whether the product is positive,or ne ive.

plication of realThere are several wa _ of making mult

nuMbers'seeT plausible. It seems _o let the choice of defi-

nition of muLtiplication be a necessary outgrowth of a desire to

retain the distributive property for real numbers. At two points

in Section 8 -1, prior to the use of the distributive property to

discover the nature of the pr6ducts, there appear partial multi-
.

plication tableS, included simply to help establish the plausi-

bility of the definitii of multiplication= by permitting the
)

student to see that the results obtained using the distribu

property are the same as those seen in the extended multiplication

table. Note, however, that if the'definition of multiplication is

based on considerations of math- atiCal structure, the implied

extension of the symmetry of a multiplication table must be-

L +.1



pages 270-274: 8-1

regarded only as supporting evidence for the deVinition.

Answers- to Oral Exercises b-La; pages 270-271=

1. (a) / 0 (f ) 0

(b) 0 (g) 0

(c) 0 1(b)

0 (1) 0

(e)
0 (j) 0

2. (a) rue (d) False

(t) False , /

la)( False

(c) False

(a) true for all values of

(t) true for all values of a

(a) not true for all -values at: n (in fact, true 'for no
values of

1

(d) true for all vas of m

(a) not true for all values of m (tre for no values Of

(f) not true for all values of a (tru for no values of

(g) not true for all values of x and (true for no
values of x
and y)

Answers to (2a1 ExercIses

1. (a 12

0

-20

C -24

1 ) -

-12

-J.0

0

0

(n) -u

(0)

(p)

(q)

The)oporations in (b) and (o) can he so performed, but

notheoperations in (a) and .(d).



pages 274 8-1

5 (a) -6
(b) Yes

6
" )(

"131'1-21" names the number h.
Hence

(d)

(a)

(lo )1

names the number -b.

False

False.

1151 1-.21)" names the number . -6

Answers to Problem Se 8-1'-b-; page 275

14 (a) True

(b) Fal?
True-

((1) False

(e) True

(r) Ti.ue

(g).-''False

2

t%-

Answers to Oral Exercises 8-1

( b

-5

1. (a ) 30

(b) =12

(c)

(d) 12

(e) 12

(r) 0 ,

ti

(g)

(a) 6

(b ) yes

(c ) 6

(d) The expressions

name

True

True

(1)
(,1)

(k )

(1)

False

True

False

False

True

True

False

(e) 0

(f) -20

page 278:

(h) -7
(1)

(k) -5b

) 7b

(m) 0

n) 0

211
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pages 278-280: 8-1

(b.

False

True

True

Answers tct Problem Set 6-

(e

True

True

(f) True

pages 279-2811-P

1, (a) 40 f (-9) 4 12

(b) (-24) (g) 9 (1) .3

0 (1-0 0 11.

(d -4- (I ) 14 (n) 0

( e ) ( 2 4 ) (.1
'_1
12

(

(a),- True (f) Tr'ue (k) False (p) True
(b) False (g) True True (q) False
(a) False (h) F-ise False False

(d) True (1 ) rue True

(e) True Fal,s False

(p )I 4

(q) 3.5 .

.18

(s) .8

(a) (--')]

(b) ( -3)

(c) (-1,-2

( d ) set of real numbers less than

J and greater than /Lb

(e) the set of all real rOrrters except

zero

One.integer is The other integer is n 4.

~Their product is 51.

The open sentence is n(n 4) - 5.

Possible pairs of integers whose product is 5 are
7-
'1 and 5 -5 end -1,

In either the above cases, the second integer is 4 more

than the 'first.

Therefore the integers are -1 'and 5 or -5 and

10 (e) 120

(b ) 12 (c) 0

(a ) 20 (g) 7

(d) 6 (1) 0

6. (a) True

(b) False

(a) True

(d) False

(&) False

(f) False

(g) True

(h) True
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pages 29dL29r: 9-1

(1) True

(1) 'irue

(k) ?False

(I,) True

(m) Falaer (Here

V

student should+ note that rhe left side

equation is a-positive number and the

, xqgh sid4'' a negative number, and thur*it is

not necessary to simplify either side further

.tO/show that the sentence Is false1
,. ,

)

..*

(n) False

.(o) True

(p) False

(q) True

(s) -6)

(b) no

(c) yes

n

0: (a) (0, 4,-, 1, 2,

) no

.

9. , (1)

(u) no

-27 -1, 0, 1, 2, 3, ft

6

The product of an

3 9

7'4A7'

6, 9i '

wo negative numbers is positive.

1, 0
1

a, 7"

Answers to Oral Exercises 0-1d; page 204:'

6,

(6)(-5) = -(161 1-51) 7

1-±1,1 .1

(2)(d) 121 .1h1

(5)(0) = 151 101

(-7)(1) = -(1 111)

(- = -(1-41 121)

6.

9;

10.

11.

12.

213
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0

(0)(-2) 101 1-21

-'(e-)(-1) - -(181 1-11)
G

(-2) -3 1-2 . 1-31

1-

-(-11( -1 ) 1-11 1-11
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Pages 28-256: -9-1 and 8-2

1 -(0)(- 101 17.

(8)(5 ) IdIf 16 1

.1d.

15 -#)( - I 1
19.

16,-
=d1 )

7 -

Answers to ?radio-

1 . a If

0

"et 6-1d; page 2.95:

(-11 )(2 -(1-111 '121:

1-51 I

-6 ('-O 76 1 1-5

(-7)(0) -1-7 101

a K 0 -d t < 0, the,n ad a I
. lb

(b) Tr a< 0 and t > 0, thenr-ad -(1a1
=

Ifa 0 and 't ,< 0, then ab = -( la I

0 and b >O then ab = la

Tf= 0 and 1; - 0, then ad al ibi.

If a = 0 and b c/ 6, then ab - la 1 . Id 1

Los, ( t ) 10,000 k

(g) -100,000 (1.-.) -4.14

(h )

100 (1) -8 *(n) '2

- (m)

-1000 (.1) 8 *(0 )

8-2. -ertIe of MultIplicatIon.

Once the definition of multiplication of real ,numbers is_-

formulated, It Tan be proved that the properties of multlpllcaflc
which held. for the numb4Fs of arithmetic also hold for the entiA-,e

set of real numbers.

The prOof of the multiplication property of one is included,

in the studentts text. Though it Is probably the easiest

property to prove among the properties dealt with in this section

of the textvdit will doubtless be fricult for slower studehts,

The teacher shouldt riot, expect mast of the proof, but it is

hoped that the proof tan be followed by the student to the extent

that It will provide an experience to give meaning to the asser-

tion in hi u text that the properties of multiplication for the

real numbers can be proved from definition oT multiplicatl on



!IVO 286-289: 8=2

The proofs of the associative property and the distributive

property are pet difficult, bUt are lengthy:and tedious. The,

proof of the commutative 'property id quite brief and is given

below:

IfFone or both the numbers b are zero,

then ab ba, by the, multiplicatiOnc.Troperty of

zero .- If a and b are both positive or both

negafilie; .then

ab lb!, and ba lb I :la

60oe lal and IbI are numbers of arithmetic,

and the commutative property holds for the mul-

-tiplidatlon of the numbers of arithmetib,

Ib 13 Ibl

or these two cases.

If one of a' and b is positive or 0 and he

other-is negative, then

ab 4( 1111 lb 1) and to ( Ib l la I

ab ba

Since

1 * lb I ' lb I la 1)

and -since if numbers are equal their opposites are equal,

(. lei I lb 1) - -( I
la

Hence,

ab ba

for this casealso.

Since all pobsible cases have been considered, then

ab ba, for any real numbers a and b.

Answers'to Oral Exercises 8-2a; page 289:.

- ,

1. (a y , , ,(d) -10

(b) -5 (e) -9

(o) 12 ) -14
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.'pages 289-290: 8-2

3.8

-15

,24

Answers to Problem-Set 8r24; pages 289-291:

1. (a) minUtative property of multiplication':

(b) cmmutative property of multiplication

associative property of multiplication

(d) associative and commutative properties of multiplication
(e) multiplication property of one
(f) associative property of multiplication and multipli-

cation property of one

(g) associative property of multipliciation and multipli-

cation property of one

) associative property of multiplication and commutative

property of multiplication, or the associative property
of multiplication and the multiplication property of

zero

associative property of multiplication and the commu-
tative property of multiplication, or the associative

property of multiplication and the multip catton
property of zero

distributive property

distributive property and commutative property

multiplication

commutative property of multiplication

1

-6

-6

8

(1)

0)
(k)

2 (a) 2

(b) 5

(c) 4

(d) -7

(e) -7

(0 -42

(a) (2)

(b) (-3)(-4)
4(a) 4(-5

(g) -24

(n) -36
(1) -24

(J) 12

(k) -18

(1) 9

(-2

)

216

(m) 1

(n) 13

(o) 0

(p) 0

(q) 18

(r) 9

(d) (1)( -5) (1 )(-10)

e) 1) ( =1)

(f) (1 )( °1) + (1 )(1)

-6

1

0

(-2)x

5a



pages 2 -294:

g) -6)a 5) ( -2) (-8)(-7) +

(h) (76 )(10x) (6)(-3) (k) 6m + (-

(6a)(4) + (1)

7 + 3)

(e) 4A(-6)

(4) -5)

(e) + (5 ))

-9) + (-6

4 + 61

)

(-2)(a + b)

(6m )

The distributive property_

is not useful to simplify

this problem unless a

and y name the same

pumbar,,,

Answers to bra]. Exercises 8 -21); pa 294:

1. -2

2. 3

3.

4. a

5. -x + (-5)

6. x + (-5)

7. -x + 5

8. x + 5

9. -a +'(-2)

10. -a + (-2)

11. '-x + (-y)

12. -x y

13. -xy

14. -xy

15. xy

16. -x ( -y)

17. -x + y

18. -a

19. 0

20. -2m 4

Answers to Problem Set 8-2h; pages 294-295:

1. (a)

(b) (-4)

2x

check: ( -m) + (m) . 0

check: -m + 4 + (-4) .

. 0

check: (-3) + 2x+ 3

(-2x) +2x+ (-3)+

217
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d) -5Y + ( -7x) check: smilar.to slave

(e -) y + x check: similar to above

(i) 3m + check: similar to above

check: 5x+ ;+(4)(5x.

-4, 5 (75x )

(g)

= 0

+ -(h),_ 1.+ 6x check: -(8x2 + 16x)1

8k? -F ex + -16x) 1- . 0

7y check: 3y2 + (-15) + (-3Y2 ) 7y

2 / % %

3Y +
2)+

(-7Y) + 0

) check: 25r-+ 11)), + (-(2y + 11)

2y +,11 + (-2y) + = 0

8y

(b) -m+
5x

7y

-m + 3

0

(d)

(a)

(b) (1)

4. If x

If

then

(g) -x

2) (h 3y

-abk

(j) 3am

(k) -4y2

(1) .2mnx

0

(d) the set of all real
numbers

the smaller of the numbers, the larger is x +

- x + (x + 5)

x + (x + 5)

-(2x + 5)

-2x + (-5)

-2x + (-5) + 5

-2x

x

=17.
= 17

17

® 17

. 17

. 22

. -11

+ 5

is true for some x4

is true for the Same

Is true for the same

is true for the same

is true for the same

is true for the sane

x-

x

x

x

If x is 1, the left side of the first sentence is

-(-11 + (( -11 This is 17, the same number as the right

218



page .295-297:_, 8-2 and 8-3

side, s

and the two numbers required in the-problem are -11

and -6.

Let d be th. number bf dollars spent by the daugh
;A 4

then

1) 16 the truth set of the ,first sentence,

d + (3d + 5) 49.

The daughter spent $11, and the mother

Let n be one number,

then 3( -n) is the othe number and

n: 3(-

The numbers are 43 and.' -129,

aqa the Multiplication Properties.

In this section,. there is a series of "subsections",'rach of

which introduces or emphasizes a particular kind of simplification

or change in the form of a7 phrase. All of the processes are

direct consequences of the properties of multiplication just

developed. We wish to give sufficient'opractice with these tech--

niques, but we wish alsb to keep them cloaely associated with the

ideas 'on which they depend. We have to walk a narrow path between,

on the one hand, becoming entirely=mechanical and losing sight of

the ideas and, do the other hand, dwelling on the ideas to the

extent that-the student becomes slow and clumsy in the algebraic

man ulation. A good slogan to follow here is that manipulation

must be based on understanding.- We stress here again that the

student -must earn the right to "push symbols" (skipping steps,

computing without giving reasons, etc.) by first mastering the

ideas 'which lie behind and give meaning to the manipulation of the

symbols.

In collecting terms we want the direct application of the

distributive property to be the main thought. Don't give the

ression that collecting terms is a new process. We are avoid-

the phrases "like terms" and "similar terms" because they are

unnecessary and tend to encourage manipulation without under-

standing.



pages 297 -2

(a). -12 + 4b

6 + 2b-

-11M2 + 5m

2. (a) 2(a + b)
(b) (-5)(a + b
(c). 3(3x + (-/i)y)

miters to Problem Set
1.. (a) 15 + 5a

(b) (-12) + Jib
(c) 6 + 2b

(d) (-8) +
(e} (-3a) + (-3b)

(a), 2(a + b)
(b) (-5)(a + m)

) (-2)(b + c)
d) -3) + (-4))

+ (-1110
+

x + r)y
m( + 1)

(g

(j)

ajepages 297-298:

(d) (

(e) 8 + 8a
(f) 0

(d) Either (-4

(e) m(1 + m

(C) The followi

(-2 4-10x,

8-3a) pages 298-300:

(C) (-2a) 2b

(g) 5m + 5n

(h) + (-1L8b)

e all correct:
-2x(1 + (-2)

+ n)

1.5(a + b)

(1) -am

(m)

(n)

(t

3(2a + 3b)

-f- (-4y)
(-5) 2m + (3n)

3 (a -5b))

3a(3x + ity)

(-2a)(2c + 3b)
m(1 + m)

a + ( =2))

The distributive property
does not apply.



Pa e 299: 8-

In some of:the rpb1erna it is suggested that the teacher

insist that the student foilovtthe suggested Steps in thS'

solutions given for (k) and 'Perhaps it would be

helpful to !ask theevto identify property that they have

applied in` each step.

(a

00

(6 4.- 4) 10m

m 4

(-6)a.

9Y

,(-6))m . (-9)m

4a + 3b. Call attention.to the fact that since the

distributive property does not apply here, the terms

cannot be collected.

(g

(h

(4 4.,1)a ... 5a=

(-5)x + 2y. The terms cannot be co.11e ted.

-6) + 1:)a ( -5a)

1) ( =4 a (-5a)

(k) 2t + (-4)w + 3t + (-2)w

2t + 3t + (-4)w + ( -2)w commutative property
of addition

+ (-2) w distributive property(2+ 3)t +

5t + (-6)w

(-5)a + (-2)b + 6a + 5b

(-5)a + 6a -2)b 5b,

-9)

a 3b

(m) 4b

-x

5a + (-3b)

(P) 5m + (=3n)

(q) 5a

(r) This is already in its simplest farm.

commutative proper yof
addition

distributive property

22



pages 299-300: 8-3

a(b c + a) a b
a(b) + a(c
ab

ab

+ d)

+ a(c) + a(d)

+'ac,÷ ad

2k(a) + 2k( 2k(5)

(-61a + (-6 )(-b ) + (-6 )( -7)

=3) ( 7) +-10

(d) c-6)(e' b + a)
0

5a(a) + 5a(-2) + 5a

5a 2 + (-1 ) or, a-
2
+ 2a +

or, a a + 10 -5

(b)

Be sure -this problem is-not
overlodked. Though thestu-
dent might do the nextprob-
lem correctly without'dding
ProbleM 4 this problem shows
him that it is the:same fami-
liar distributive property-
which justifies the work of
aimplifidation in exercises
such as those in Problem-5.

0
(5)

the set of all real numbers ,

the set of ,all real numbers

the.set of all real numbers

( -3)

,ba the mallest of the numbers. _en

x + + (x + 153,

x - 49.

The numbers e 49, 51:,54°1

8. If n ,is thejnumber of lri the° width,

2(n +,_1),- 24
4

and he domain of n is the set of positive integers.

The truth set is (?-1), but
22

is not an integer.

Thus, it is not'possible to find an integral length and
width for this rectangle.



o3 8-3

TS to Oral Eieicisee81-3b. page 302:

1

- (x)

(d) -12a

(e). 8st

(r) -28xy

(g) 15ab

(h) -m

(I) -4bc

(J) 3x 2y

(k) -6ac

(1) 5mn,

(m) . 0

(n) 0

-2abxy

(p) 12a2m2

Anawers to Problem Set 8 =21k; page 302:

When the student has 1WOrked step by step through a,number of

exercises of this sort Well enough to convince the teacher that he

understands the prress, then he certainly should be,permitted to

take short cuts in doing this work. The teacher shoUld:be ready,

however, with occasional questions to be sure that the ideas behind

the manipulation are always on call.

1. (a)

(d)

k

8a2m

2

(j)

04)

2.

a b-2cxy

_9am22,

(1) 72a2m2n2

240d2 (m) -m2n2

2
-30 d- n) -43

itabcd

-12abxi

21am
2n

2

(a) (-1)

(b) (1)

4.5bc

0

-35a2
+(-2b)

Answers to Problem Se c page 303=

6x2 l2xz

2. -lBax 12bx

22-5

5. -2m-
2

bmn

3mx 3my

6



page 3034304:

20am.-. 5cm

-a 12. + 6d

ab + (-2 )ac 13. -4ac + (-6bc)

cam
-

15ah' -;
m- +

b + (-c s exorcise and 15. 3m
2
x + 4.5m2Y

some ofhose which follow

may also be done by use of

the property that the-OppO-

site of the sum of two real-

numbers is the sum of their

opposites.

-4x7+ ( -3i)

16.

17. (-b) + (-0)

(-b

19. -b d + t.-

4mx + (-6my) + 8mz

Answers to Problem set tlf.N; page 3O:

1. a2=+ 5a + 6 17, b 2
+ 7b + -8)

a ( -5a)2 + -5a) + 6

a
2
+ (-8a) +

4. b
2
+.10b + 24

5: 2
+ 2c + (-35)

6. m2
+7m + (-8)

7. m
2
+ (-gm) + 20

8. m2 + 2m + 1

9. t
2

+ (-1)

2
10. + 6x t 9

_2
11. a ( -25)

12. x-
2
+ 8x + 15

2
18. z + (-7z) + 10

19. z-
2

+ (-10z) + 21

20. z + (-2z) + 1

21. m2 + (-6m) ,7 9

22.= a
2
+ 10a + 25

23. a
2
+ (-10a) + 25

24. b2 + 4b + 4

25. .8 + 2b + (-b2)

26. 18 + (-9a) + a
2

27. 36 + (-a2)

28. 82 + 22a + 15
2 2 1 213. x-.+ (- ( -15) 29. 12m + 10mn + 2n

14 k
2
+ k + ( -42) 30.- ac + be + ad + bd

15. kk+ 2k (-63) di' 31. x
2
+ (-ax) + (-bx) + ab

16. (-b (-2 32. x2 2+ ( + (-6a )

224



it pages 304- -8-3 and

12a .19a (..21) (-5az) 6a2

34. 12 38. 9 (-4z2)

35. 4en 4- n2 6x2 l3ax 6a2

36. 4k2 (-b2) 40. 4x2 ( -lOax) 6a2

k.--- Mat_ licativ Inverse.,

Era series of examples an0 4estions, and with the aid cif

the number line, the existence and uniqueness of the multipli-

cative inverse are set before the 'student.
.

The student's -first opportunity-to discover that zero has

no multiOlicative inverse comes in Oral Exercises 8-Asi Problem .

2.1.4, This point is emphasized again in the text in the section

following these exercises. The student should understand not
4

i'Sr that zero has'no multiplicative inverse, but also Alb it

does not.

The word "reciprocal" is not introduced until Chapter

where it is given as an alternative for multiplicative inverse.'

At that point the statement is made that the symbol i used

to repreient the reciprocal of the number- x. Such a postponementponement

is expedient since the student will-not have encountered division

with negative numbers in the .present chapter. Hence, the symbol
1 for x < 0 might cause trouble at this stage. In Chapter 10
x
the full connection between division and reciprocal can be

established on a logical basis.

Some discussion show
±
d bring out the.idea that the multipli-

cative inverse is unique just as the additive inverse is unique.
. -

usedThe uniqueness'of the multiplicative inverse w I be sed in

subsequent work.

Answers to oral Exercises 8-4a; pages 305-306:

1. (a) 1 (f) 1

(b) 1 CA) 1

(c) 1 (h) I

(d)

(e)

225



pages 3 310: 8-4

2. (i)

(b) (-

(c) (-3)

(d) (5)

Answers to Ora-------

1. 1

2. -1

(4)

0

e 8-40; page 309:

7. 1 p- 1:
c and (-1

8. sa
3. Zero has no multiplicative

inverse 9. a

4. There is no number n such 10. no, zero does not have a
multiplicative inverse

yes

that n(0) 1.

5. yes

9
6. no 11. The product of the two

numbers will be one.

Answers to Problem Set 8-kb; pages 309-310:

1. (a) True

(b) False

True

(d) Falie _

(6) True

False

2 (a) (1)
3

(b.) (-

(c) (5

(d) (1

(e) (-

f) ( .)

226
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(g) False

True

False

True

(k) 'Pal

(1) Tr

(g)

(h) (-

(1) (8)

(i), (-3)

(k)



pages 310-312: 8-5

Multiplication Property of Equality.

Both the addition property,of equality - comments for which

the teacher: may want to review at this point - and the multipli-

cation property of equality are concerned with the languagd with

which we work rather than the algebraic structure. If a, b, and

are real numbers and a 3 b, then the statement '. "ac bc"

can be thought of as saying that the result.; of multiplying two

given numbers was the same when they had the haMes "A and "c"

as when they had the names' "b" and '"c".

As in the case of the addition property of equality

thd usefulness of the multiplication property of equality in

finding the truth sets of sentences that justifies its "elevation"

,to the status of a property.

Answers to Oral Exercise! 8-5; page 12:

1. Using the multiplication property of equality, Multiply each
1

side of the sentence by 7, since 12. and 2 are inverses.

multiply each side by 4 9. multiply each side by 2

V3
1

10.

4.

5.

8.

II

II

rI . 1

3
1

If rl

5

1
2

11 1
7.

11.

12.

13.

15.

II

rr

rr

II

II

It

3

-2

-3

4

Answers t Problem Set 8 -5; page 312:

A few of the exercises in this set will be worked out in

various degrees, of detail. For the other exercises only the

truth set will be given. In assigning exercises for students to

work, it probably would be unwise to expect them to work out in

detail more than foup or five of these exercises. fter all, it

Is also a worthwhile objective to get students to he point where
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pages 312-313 and 8-6

they can determine the truth sets of oden

by inspection.
entences,of

1. If there is an a such that 10. (16)

2a - 12 le true, 11. (6)

then the same 'a makes 41.12. (-12)

4(2a) a 124) and 13.

(1( 2)a = 124_ and 14. (-

1 a- 6

a 6

. a . 75

a -5

a

4. (2)

.(0)

6. (-7)

7. (8)

9. (-9)

and
15.

true.
16.

17.

18.

19.

20.

c

60
55

12 --
11

12 ,

11

12
11

8-6. Solutions of Open Sentences.

Equivalent sentences will be discussed-in more detail in
Chapter 15. Y may wish to refer to this later discussion, in

both text and commentary, before taking it up at this point. The

228



pages 31,5-314: 8-

idea is introduced here for linear equations because the student

17S-'probably beginning to be aware of it by now and surely is

growing impatient with the checking routine. It is not our In-

tention to do away with checking altogether for these equations,

but rather to put it in its proper perspective - a check for

errors in arithmetic.

It is important that the teacher note, and help the student

note, that in the process of solving equations, not all steps

involve directly the equivalence of two equations. Those steps

in which the addition property and multiplication property of

equality are used must raise the question of equivalence, but on

the other hand there may be steps taken with the sole purpose of

simplifying one member or both members of an equation.

Thus in going from

to (3x + 7) +

3x + 7 = x + 15

(-7) (x + 15) + -x) (-7)

equivalence is anissue because, for example the phrase on the

left names a number different from tnat named by the left member

of the original equation,as the addition property for equality

has been used. But in going from

(3x + 7) -x) + (-7

to

(-7

the question of equivalence does not enter the picture because

all that is happening is that each member of the equation is

being written in simpler form. Both types of steps are important,

of course, and students should be able to give reasons for them.

A prolonged discussion in the text of the difference between

these steps could have been a distraction to the main idea, and

so the task of emphasizing the distinction is largely the

teacher's. This is probably appropriate, because many natural

opportunities to point this out will arise in class discussion

throughout the course.

In connection with the work on equivalent equations, some

teachers report that classes have found good practice and enjoy-

ment as well in the process of building complicated equations

from simple ones by use of equivalent equations. For example,
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page:

x + 1

2(x +, 8

i One of the princlpall'ressons for introducing the idea of
equivalent sentences at this time is the need for them in study-
ing truth sets of ineqYAalities, coming in Chapter 9. It is

impossible, for example:' to "check" the truth set of "x + 8 > 10"
in the sense that one can check the truth set of "x + 8 = 10 ".
It is important in the former case to know that "x + 8 > 10" and
"x > are equivalent sentences and so have identical truth
sets. Therefore, no "checking4Lfieed be done in the original
sentence (again, assuming no arithmetic errors); the truth set of
"x > 2" is the truth set of "x + 8 > 10".

In the first example in this section of the text it is pointed
out that the steps used in going from the original sentences to
the simple sentence are reversible. Th6s, if there is an x
such that 2x + 5 = 27 is true, then x - 11 is true for the
Same x; and, eonversely, if there is an x such that x = 11
is true, then '2x + 5 . 27 is true for the same x. Although
it is not called by this name or etressed in the text, this is
the first situation Involving "if and-only if", and it may be a
good place for the teacher to begin building for this important

. 2x + 2 =

7 = 8 4- 7

2x 4 9 = 15

concept, especially since

uallzed in terms of equat

subtle proofs which the s

courses.

Although the 'idea Is

gives rise to confusion.

13" where A and B are

the notion is perhaps more easily viS-

ons and truth sets than in the more

udent may later encounter in other

not difficult, "if and only if" often
The form always is "A ,if and only if

sentences. We are actually dealing
with the compound sentence, "A if B and A

sentence "A if B" is a compact way to write
and "A only if B" is a way of writing "If A then B":
These conditional sentences are sometimes written "B implie

only if B".

"If B then

The

A",

and "A implies B". Some writers abbreviate "if and only if ""
to "iff". The compound sentence then reduces to "A 'Iff B".
The confusion with "if and only if" comes from tryin
ber which statement is atement and which

o remem-

die
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40 if" statement. Everyone has this trouble but it is fortunately

not an important matter. What is important is that the-compond

sentence "A if and only if B" means If A then B and

if B then A".

The preceding remarks are for the benefit of the teacher

Only. It is probably not wise to introduce "if and only if"

notation to the students at this time.

Answers to Problem Set 8-6; page 317:

Since the student has been shown procedures which assure the

formation of equivalent sentences'it will no longer be necessary,

in general, for him to "go the other way", i.e., carry out the

reverse operaptionS. ;r) the first four problems, hoWever, we,give

him this experience, whiCh maw as suggested earlier, ,helpset:

the stage for an understanding of "if and,lonly if".

1.

0

5x 4- (-4x) . 7

5 (-4) x

ix 7

x . 7

Going the other way:

x . 7

(1)x - (1)(7)

5 (-4) x - 7

5x (- _ ) = 7 ,

The truth set is

- 12.

8. 5- 13. ( -17)

9. 14. (1)

6.

15.

lb. (3)

251

17. 0

18. 1-

19.
21

(- 7- )

any real
number

21. (0)

00



pages 318-320: 8-7

Product4t.apd the Number Zero.

The theorem on products and 'the number zero is presented in

this section in two parts. The first, since it is a direct con;

sequence of the multiplication property of zero, requires very

little elucidation. The second pArt ia far less obvious. It is

proved here in detail for two reasons: one, to,dispel dn,the

studentls mind the erroneous notion that the first result implies

the second, a common error; two, because of the. Significa-e of

the second result in determining complete truth sets of ceittain

types of equationa. For example, without the second property we

could not assert that 3 and are the only truth numbers of

the sentence (x - 3)(x - 4) .T 0.

Our theorem can be stated in one piece as an,"if and only

a ement as folloWs:

For any real numbers x and' y, xy s 0 if
and tInlY if x 0 or y = O. (The use of "or"
ire includes the case when both x 0 and
y = O.)

As before; this form is not given in the text since the two part

approach seems at this point to make for greater clarity.

Answers to Oral

True

(b) False

True

(d ) True

(a)

(b)

ses .page 320:

(e) False

(f) true

(g) False

(h)-

(d.) ( =3)

(-1, -2)

I

Answers to Problem 8-7- pages

1. (a) (0)

(b) (-0)_

(0)

(d) (0)

(f)

(g)

(h)

-323:

(0)

(0)

the set of all real numbers

(0)

II
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2.

(3)

(7)

(4, -

-3.4, -2.18)

(-9.15, 3

(1.75, 25)

(h) (-.8)

(1)

(.91)

0, =2)

(0, 3)

4
(0,

5
(p) -.7-1

(q) (0, 1)

(r) (0, '-1)

(-6, -

-8)

(4)

(1' )

-24)

Be sure, that the students write out the steps carefully in

the solutions. The following method'is suggested:

If x is the number of cents that Mr. Johnbon

paid for each foot of wire,

then 0x is the number of cents that Mr. Johnson

paid for the first purchase of wire,

and 5x is the number of cents that Mr. Johnson

paid for,the 1ter purchase of wire;



Page 322: . 8-7

25x is the number of cents tjiat the,neighipor

paid for the wire that he.purchased.

en the open sentence is

Ox = 25x + 420

55x) + ( -25x) = 25x + 420 +25x)

310x + 55x + (-25x) -- 25x

63©+ 55 +

0

0 + 20

0x 420

x 7

1
420)

+ 420

Checking: Alt 70 per foot,

30 feet of wire costs 30)(7) or 2100;

55 feet of wire costs (55)(7) or 3850;

iMr. Johnson's wire costs (210 + 385) or 595).

The neighbor's wire costs (25)(7) or 1750 for

25, feet of wira.

Mr. Johnson's total cost is (175 + 420) or 5950'.

=Thus 70 per foot is the cost of the wire.

(b) If n is the integer, njE 1) is the successor of

that integer. The open sentence-1s

4n = 2(n 1) 10

4n 2n + 2 + 10

4n 2n + 12

2n5+ (-2n) 12

2n 12.

(2n -

n 6

Iftthe numberis 6, four times the number is -24.

if the number is 5, its successor 1st 7, twice_ the

successor is 14, and 10 more than *14 is 24. 4

Therefore 6 is the,required integer.

234
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If rn is the number of miles per hour that the

first man drove,

then 5_ is the number of miles hat-the

._ man drove in 5 hours

and is the number of miles that the

dr6ve in 3 hours.

A diagram similar to the one below may be helpful.
A

S

5 m
4_

-3 M - -250 M

- -120

The open sentence is

5m + 120 + (-

5m 120

(-120) =

= 130

m . 65

250.

+ 250 +

Check: If each man drove at the rate o

per hour, then

the first man drove 325 miles in 5 hours,

the second man dtove 195 miles in 3 hours

325 + 120 . 445, 195 + 250-. .445:

.Fimsh

-iso)

65 riles

From here on the solutions are in more compact

form and the check is not given.

(d) Let __.fl:be, unitsnumber of its in the length of the

third

Open sentence:

235

(.0,+ 5) . 44

+ 8 . 44

4 = 36

4
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( g )

the integer

n+ (n +.1) = 1 + 2n

2n + 1 - 1 +

-ore R,1ert students will observe that this sentence

e for any -integer.

a: the number of pigs

4a + (a + 16) -74
6a + 32 74

6a = 42i

a = 7

the number of hits

10b + (-5)(ty 10

1b

bi

25

5

(Gain is 10 if he hits and- -9 if he

Answers to Review Problem pages 4-731

=10

0

0

1. (a)

(b)

(c)

-3

24

-25

'(d)

(e)

(f)

8 (e)

-16

30 (g)

(h)(d) =24m

2a + 4b

(b) -4e + 16d

(c) 42e + (-36d)

tarn + (-24an

(e) Qiab 28ac

24am

236

24ab

-l2bm

(1<)

0

-600mx

b)lba2 +

3a + (-6b)

4am+ ( -tan)

_be + 3bd

m2 + (-10mn)
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1002 + 2Ocd

15bm + (-24b )

+ 4cd

2
a- + 7a + 12

(o) a
2

+ a + (-12)

(p)
m2

6)

(q) Y
2

-11Y) + 18

(r)

4. ) 13x

(b) -13a

(c) 9k

(d) 3b

(e)

(f) 9x

(g) -14a-

(h) 2a

(1) 17p

(j) 0

5-
31

(b)
41n-

(c)

(a) 3(a + b)

(b) -5(c

(c) 5(2m + n)

(d) -5(2a + 3b)

ay)

2y + (-x

(s)
(t)

(v)

"(y)

a` + 3a + 2.25

+ (-4.41)

(-4yz) + (-8y)

6y2 9-yz -4y) -1- (-12z) + 16

8m` + 2mn + 2m + n + =1)

f. --
4 d Y(

(k), 12a + 3

(1) 6a + 4b + c'

(m) 6p + llq

(n) -2p + ( -6r)

(a) -9b

(p) 0

(q) ct 55

(r) a b

(s) -4m + n + a

(t) 7a
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(g) 2b(x 2y); Or, 2(bx + 2by)

In Problems (h) through

are acceptable.

(h) 2a(2m(-1-3n

(1) -3b(2x

,

(j) --tka 2b)
3

(k) - 54 ( b + )

(1) 2.5(m +

7. (a) True

(b) False

(c) True

(d) False

True

(b) True

(c) False

(d) False

(e) True

(f) /True

(g) False

9 (a) FAlse

(b) False

(c) True

(d) Truck

False

(g)
(h)

(1)

b(2x 4y).

simirar alternate answers

False

False

True

False

True

(h) True

(1) Fal

(j) Fa se
a -1 1 is false

en a e -1

(k) False ?Olen

(1) True

True (j) False

False a '(k) True

(h) False (1) False

(i) False (m) True

(g)

(h) all real numbers

(1) (0)

(.1) (7)

(k) 11)

(1) all real numbers greater
than or equal to 5

9 4
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-) all numbers less
than 1

(n)

(o) all ,real numbers
greater than 5
and all real numbers
less than (-5)

(p all real numbers

(0)

(1)

(v) all real numbers

(w) ( -4)

(x) (0, 1)

(q) (6) (Y) (-7, 2

(r) (- (0, -5)

11. Students should be encouraged to check their answers. In

verbal problems this checking should be done first In the

-'original statement of the problem, then, if necessary, in

the open sentence. Here the work is shown in detail only

for parts (a) and (b). After a while students should

be able to omit some of the steps.

Let be the dumber

Then the open sentence is

2x 4- 5 a47
2x + 3 (-5) = 47 (-5)

Px = 42

x = 21-41,

If 21 is the number,-then twice the number

is 142, and the sum of twice-the number and

5 is i42 4. 5 or 47.

Let b be the umber of bushels of :heat each truck

can hold:

Then 3b is the number of bushels one truck hauled

and 4b is the number of bushels the other trick hauled.

3b 24b 4901

3 4)b = 4g0

7b -49©

b = 70

239



pages 330 -331

Check: If each truck holds 70 bushels, then the

tiirst truck hauled 3(70)` or 210 bushels,

the ,second one hauled '4(70) or 280 bushels.

Together they hauled 210 + 280 or 490. bushels.

number of cents that one can of peaches cos

83 . 190 (-4)

-1
c =

63
or 31--

(d) x: number of degrees in the second angle

12) = 180

x 42

2x - 84

-4- 12 = 54

Check: 42 + 84

Let t be the number of hours that the passenger train

ran before overtaking the freight train. Then the

freight train ran t + 1) hours.

60t is the number miles the-paasenger train traveled.

40(t + 1) is the number of miles the freight train

traveled.

(1)

(2)

(f) Let

ot . 40( 1)

t . 2

+ 1 r 3

9:06 A.M.

120 miles

be the number of fee n the width.

W 4 W 8) + 8)

w =

2w +8=

196

30

68

The dimensions are 30 feet by 68 feet.

(If the student should say or write "w o 30 feet"

remind him that w represents a number, so _ha

240
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12.

w ,-- 30 is a statement about numbers, whereas "the

'14 width is 30 feet" is a statement indicating how

eng'a certain line is.)

(b)

(c)

-6 -5 -4 -3 -2 -I 0 I 2 3 4 5 6

I I I-- I I
0

-4 -3 -2 -I Q I 2 3 4 5

-5 -4 -3 -2 -I. 0 I 2 3 4= 5

-3 -2 -1 0 I 2 3

(the null set)

-2 -I 0 I 2 3 4 5 6 7 8

Suggested Test Items

Find the value of each of the following when x

-4, and b isy is 2, a is

2. Write

(a)

(b)

Wr

tax + 3by

tab 4- y

these indicated products as indicated sums.

(d) 5x + (-2 )(3x + 7)

3y y + (-2xy) + ( -4 63( + ( -)/

(-6xy)

the following as an indicated product-

2xy + (-xy) + (-x)

(_4)a2
(-4) 2

a + x + ( -y

+ (-Y22x + (-a

(-7)(3x + 4y)

(x + 6)(x + 7)

each-

7a + 7b

3m + 15n

4p + (-7px)

241



Collect terms in the following.

) z+ 3z (c) 4x+ (-6y) + 6x + y

(d) x + 3y + 7x + (-2y) + 4y(b) (-15a) A= a

Write the multiplicative inverse cf each of the following

numbers.

(a)

(b )

lb
7

15 ( -7)1

(g) .23

(h ) x +

The following sentences are true for every a, every b, and

every c.

A. ab - ba

B. (ab )c a(a(bc)

C. a(1) = a

D. a(0) = 0

E. (7a)(-b) ab

If a = b, then ac bc.

a(b c) ab + ac

Which of the sentences expresses:

(a

(b

(c

the associative property of multiplication?

the distributive property?

the multiplication prbDerty of equality?

the multiplication property of ape?
0

Find the truth set of the following open sentences.

(a) 4x + (-8) 4

1 -51 -F-7 -5 ) 2x 0

-5)x i

(d) Ix' 4

(e) 2x + - _ 3x

1 (-7)

)(-8)

242
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94N,
8. If a and b are real numbers, state the vroperty used in

each step of the following.

a a (-b) (a + b)a + + b)(-b)

- a2-+ ab + a + (-b2)

a
2
+ ab + (- b) + (-b2)

a2a- + 0 + (-b2)

-
a2

+ (-b2)

Find truth sets for the foil_

graphs.

(a) 7r + 4 + 3r = (74r

(b) k(y 2) -6)(y + 3)

(c) 41x1 . 18 + (-21x1)

(d) 3(x + (-4)) (K. + (-1

x(x + 2) = 0

-ences and draw their

. -4+ ( -y)

10. Write an open sentence for each of the following problems.

Statle the truth sets and answer the questions.

ja) Two automobiles 360 miles apart start toward' each

other at the same_time and meet in 6 hours. If the

rate of the first car is twice that of the second car,

what is the rate of each?

Four times a certain integer is two more than three

times its successor. What is the integer?

The perimeter of a triangle is 40 inches. The second

side is 3 inches more than the first side, and the

third side is one inch more than twice the first side.

Find the length of each side.

11. Which of the following sentences are true for all values of

the variables? In each case tell what properties and

definitions helped you decide.

(a) a + (-a) . 0 (d) (x + y) 1(x + y)

_(b) (73)(-41.3)0 o (e) (-7)(-4) > (7)(4)

(c) 7 (1) -5(n + 3) -5n + (-5)(3)

243



(g) 1-2611 < 1130)(-2) X

12, Write and solve an open sentence to answer each of the-
.

following.

(a) When a number and twice its opposite are added, the

result is- 3
. For what number is this sentence true?

Write and solve an open sentence to answer ,this question.

Tell what properties you used in finding the solution

of this sentence.'

Two numbers are multiplicative inverses, and one of them

is one-foi1rth of the other. Find the pairs of inverses

for which this sentence is true by writing and solving

an open sentence.

The product of a certain number and its opposite is the

opposite of the square of the number. Find the number

for which this is true by writing an open sentence and

finding its- truth set.

1. (a) 27

(b) -20

2. (a) (-21x

2
(b) 3y +

Answers to Suggested Test

) + ( - 8y)

2
-6xy ) + 3x y

2
x 13x + 42

(a) 7(a

(b) 3(m 5n)

(c) p + (-7x)

(a) 4z

(b) -14a

(a)
1

7

(b)

(c) 81

(d)

15x2 29x (-14)

25x2 (-23x) 12

-3x
2
y

y + (-1

-4(a' + x

10x + 6y

(d) 5y

244



9.

100

(a) B

(b) a

no raultiplioative ihverSe.

o has no multiplicative inverse.

F.

(d) C

.(a) (36) (-4, 4)

(b) (- (1)

(c) the set of all real
numbers

distributive property

distributive property

The product of one number and the opposite of another

number is the opposite of the product of the two

numbers

addition property of opposites

addition property of zero

(The associative property of addition is also used in the

latter steps, since it makes possible the grouping implicit

in these

(a)

steps.)

-4 -3 -2 -I 0 I 2 3 4

(b)
-4 -3 -2 -I 0 I 2 3 4

(-3,3)
-4 -3 -2 -I 0 2 3 4

4)
-4 -3 -2 0 I 2 3 4

(-2,
-4 -3 -2 -I 0 I 2 3 4

245



a

(b)

) True

(d)

If the second Car 1$ traveling r miles per

firth car is traveling 2 miles per hour.

then,.-the second car- travels 6r miles; and

car 6(2r ) miles. Since the'number of miles

both cars togethSr is 360, we have

6r + 12r . 366.

18r . 360

r = 200

2r - 40

The rate of the first car is 20 and

the second car is 40 m.p.h.

hour, the

In 6 hours,

the first

traveled by

the rate of

If n is the integer, n + 1 is its successor, and

4n. 3(n + 1) + 2

4n,.= 3n + 3 + 2

4n . 3n * 5
4Ln = 5

The-Integer is 5 and its successor is 6.

If the first side is m inches long, the second side

is m + 3 inches long, and the third side is 26+ 1
.inches long. Then

m + (m 3) + (2m 1) = 40

4m + 4 . 40

4(m + 1) = 4(10

m + 1 = 10

M

The first side is 9 inches long, the Bond side is

12 inches long; and the third side is 19 -inches long.

Addition property of opposites

Multiplicatiln property of zero

igatiplication property of one

(-1)a

False. \ ( °a)(-b) ab



Distributive proper

The absolute value of aohumberis always a

nohmoegative..number) and the product of a

negative number and a positive n ber is a

negatiVe number.

e. Distributive proper y

X be,the number, then -x is its oppoS

-open sentence is

x a(-x)

x ( =2x) = a(-b) e _

3

-2))7 DistributiVe proper y

x(-11

The truth et is

MUltiplication pro ertreof
equality and a(-1 . -a

t x be one number and'° ix be the other. The open

sentence is

truth set is The pairs of inverses are
1

-2, 7 and 2,

Let x be the number, then is its opposite.

The open sentence is

The ith set is th of all real numbers.
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Chapter 9

PROPERTIES OP ORDER

In this chapter the-properties of the - order relation "-

less, than" are systematically developed. Throughout the discussion

all order relationships are phrased in terms of the symbol ."<.
.

.

The motivation for this is twofold, l),to keep the deVelopment as

-uncluttered as passible, and 2)) to emphasize the fact that we

are essentially considering only one order relation among-the

real numbers. To be sure, in talking-about a given pair of num-

bers, we may, and frequently, do, shift from "less than to

"greater than') and back again without trouble. However this

tends to obscure the idea of order relation and id not permissible

when we are studying the order relation "<" itself. We are

making an issue of this matter because it is mathematically im-

portant for the student to begin thinking of order relation and

not just order. It is not essential that they be able to explain

it. Ifs the teadffer is careful to duscuss the prooperties correct-

.1y, then the student will automatically learn to think about an

Order reIation_.aa a,mathematicalobject rather than as a con-

venient way of discussing-a,pair of real numbers.

It has been the custom in the past to assert that properties

analogous to those applying to the order "is less than" can also

be "proved" in a similar way for the order relation "is greater

than". Rather than oppress the student'with a host of additional

properties, we make instead a simple, statement to the effect that

the expression a < b may be written in an alternative form

b > a, both expressions conveying precisely the same relationship

idea, namely that. the 'real number a is located to the left of

the real number b on the number line.

The student has already been familiarized with the symbols

of inequality and has used them in clnection with open sentences.

Thus, certain developments in :this chapter may - appear to be

repetitive. It is hoped, however-p,that the student will be able

to grasp the distinction between the use of the symbols "<" and

">" to form mathematical sentences and a study of the properties

of. an order relation. Again in this chapter we introduce some

simple proofs. Considerable care should be taken to prepare the
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-
students for -the presentation SO that they -might understand the

significance of the proofs. The teacher may decide to omit some
or the proofs. This can be done without loss of continuity. It

%

is felt, however, that a.strong effort should be made to present

at least,ohe ,or two of the proofs in class.
Ar

9-1 rder Relation for Real' Numbers

ti It is likely that a stt entls unfavorable reactith to marl!'

of the properties presented in this chapter will, stem from a

sense that they are for the most part intuitively obvious. The

comparison And transitive properties, fel' example,ssly seem

scarcely worth mentioning. The teacher, however, sho ld be aware
of the fact that there are lumped together in our statement of
the comparison property two distinguishable ideas: (1) a state-

ment about the' anguage of algebra and (2) a basic property
of order. The first of these merely recognizes that it is pos-
sible for a and b to represent the same number. Then, of

course, the order relation does not apply, since there is but one
number involved: If, on the other hand a pi b, then exactly one
of the following is true: a < b, or ,b < a. Some authors.state
the comparison property for a yd 74 only, thus stressing the

order relation; others have termed the property the trichotomy
-.-

property, thereby tending to stress the idea that, if a and b

each represent any real number, it is always possible to "hang"

exactly one of three symbols between themhto make a true sentence.

As indicated at the outset n our comments for this chapter, we

hope in our approach to play down the tendency to focus on the

numbers themselves, and to emphasize the order relation.

In connection with the transitive property it might be help-

ful to cite some examples, perhaps non-numerical ones, of a rela-
tion which does not have the transitive property. For instance,

the fact that John is the father of Sam, and Sam is the father of

Tom, does not imply that John is the father of Tom. Likewise-if

John loves Mary and Mary loves Joe, it will not always follow

that John loves Joet If the student is familiar with some ele-

mentary gebmetry, the relation is perpendicular to" will prbvide
a significant

`example
of a non-transitive relationship between

lines in the rAne.
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to Oral Egerciaat Page 337:

In doing Problems 9 and 10, the student will very likely

use the verb phrase "is, greater than" in reading the sentence

that is' hle_answer. Thus tee student will be more likely to

clinch the idea that, given two. different numbers, one is always

less than the other.

1.

5

a < 4

<
x+ (-2) <-x 4- 2

(-3) <y +1

-5 (

A

8.

9.

10.

-6 <

m'

b

(-t

5, ince b <
and -1

-4; that is, -4 < -a

-c; that -c < 0

Answera to Problem Set 2-1; pages 337-338:

1. (a) .-5-< -2 (d) > .3124 ; that

(b)

) -5 < .01

2 (a) -a < -2

) *2 < b

-x < 3

(e 1:) that is b

x < x + 1

(d) y < 2

) -I < 0

(f) 1 < x2

(a) x + (-) < 3 CO -(a b) < b +

(b') 0 < z (e) 1-31 <.-2 since 2 <
1-31

2 < m (f) Since a b, there is but one num-
ber involved, and there can be no
ordering.

124 <

9-2. Addition Property of Order.

The second addition property is introduced as an illustration

of a simple deduction based on two other properties. Once again

the result may seem "intuitively obvious".

Answers to Oral Exercises

True

pages 340-342:

(b) True True



pages 341-343: 9-2.

No decision can be reached.
More information is needed.

Thin

True

The

If -

±b.

(g) True

(h) True

(1) False

relation does have the transitive property=

3 and 3 - 4 - 1, then: 8 - 5 4 - 1.

(b) The relation ">u. has the transitive property.
If 7 > 3 and 3 > -1, then 7 > -1.

4

The relation #, does not have the transitive.p pert-
8 # 7, and 7 # 7 +.1, but 8 . 7

7hla particular exercise provides a good opportunity for the
teacher to. point out that it requires only one, Perhaps aomewiat
isolated counter-example .to prove that a property4does:not hold.
The student may easily be led to believe that the relation "
is transitive since it would appear to work in all cases in which
the original choice of c was such that c #,a to begin with.
He may also be suspicious of the given answer on the ground that
the hypotheses look like a # b and b # a, with no c involved.
Here again, it mky be necessary to reaffirm the fact that dif-
ferent letters may be names for the same number.-

(d) If a and b are any two different real numbers, then
one of the statement, "a < b" and "b < a", is true
and the other is false.

(a) >

(b) <

(c) >
(d) <

(e)

(f)

(g)

Answers to Problem Set pages 42_=

1. (a) <

(b) <

(0)

(d)

(e) No decision can be made.

More int' ion is needed.



< Since a + < -14 -1 < 0, arid 0 < b

h) CarOt tell since c could be positive, 0, or negative .

(i) < is problem anticipates the work at the clase of
Sec on 9-2.

<

2. (a)

;algae,

3 + 4

ILI,tby --a, -6 <

) False,

(d) True,

False,.

True, 18 <

3

(g) True,

(h) False,

(1) True,

(5) True,

(-273) -114)

(-2)

(-5.3) < 0.4*

4
Pages_ Here and in Section 9-3 the concept of

equivalent inequalities is presented without an attempt at rigor-

ous justification. A more detailed -treatment of the same topic

is given in Chapter 15.

Answers to Oral Exercises 9-2b; pages 345-346:

1. (h ) No (b) Yes (c) Tgs

2. (a) Add (-3) to each "side" of the "<" statement.

x < (-4) (2) + (-3)

Add 8 to each side; 2n < -27) 8

Add (-4) to each side; (-8) + 12 + (-4) <

Add to each side; 7 (- 2 + (- 1) < 2x
3

Add 7 to each side; .8 + 14 + T) + < 4y

25



1

(bi Add
ti

(c) Comb

then

-3) to each side, or add -x ;to each Side

to each side in two separate steps.

4 ( -3y) to each side.

terms to obtain -4n 14 < -3n

dd -4n to each side.

(d) Add o each side.

(e) ,Combine terms to obtain +.3 3.2y < .3 + 2.2y
then add -.3 (-2.2y) to each side.

-ers to Problem Set 9-213;

(g)

pages 347 -348

the set of all numbers

the set of .all numbers

the set of all numbers

the set of all numbers

the set of all numbers

the set of all numbers

the set of all numbers

less than 8

less than 2

less than 0

greater than 0

greater than 11
T-6

4
greater than 5
less than or equal to 4

than or equal toset of all numbers greater

the set of all numbers

the se-'t of all numbers

1) the set of all numbers

the set of all numbers

the set of all numbers

( -3)

1)

the set ota all numbers

the set ofd all numbers

(-4)

the set of all numbers

greater than

greater than 4

greater than -7

greater than -4

greater than or equal to -1,

less than 15

less than 5
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A 0 I 2

-I 0 I 2

f --A I --A I

-4 -3 -2 -I 0 I 2

) False

0 1

-I 0 I 2

34 5 6 7 8
I

90

4 5 6 7

A I3 4 5 6

4. Suppose n is the number.

(the empty set

If 5n + 3 > 7 + 4n,

then 5n + 3 + (-4n ) + ( ( -3) > 7 + 4n + (-4n) +

n > 4.and

If n > 4,

then n + 4n + 3 > 4 + 4n + 3

5n + 3 > 7 + 4n.

All numbers greater than 4.

The teacher should note that we have asserted here that

the "reversibility" of addition by a real number assures

equivalent sentences. Therefore there is no need from 'the

point of view of mathematical theory to reverse the steps

in the process of solving the sentence. Nevertheless, going

through the reverse steps does afford the student one means

of checking his work for computational errors. He may prefer,

instead, to choose several numbers from what appears to be

the truth set of the sentence, and then check these in the

original sentence, but this is an incomplete sort of check,

hardly more than an indication of the plausibility of his

supposed solution set.

255-



pages 348-,351:

5. SuppOie x is the third test score.

82
lc > 90, Check: if 971

270,

x > 97.

173 + x

Ake must score higher than 97.

173 + X 270,

82 +.91 +_x 90.

Pages ,48350. The "two-way" connection between the order rela-
tion and addition will play a leading role in -the development of
the multiplication property. It is essential to the proof.

At this point the words equation and inequality are intro-
duced as names fOr the two types of sentences under consideration..
It is quite likely that these terms are already familiar to the
students.

Answers t6 Oral Exercises 9-2c)page 350:

1. (a) 3 + . 7

(b) -2 +6.4

(e) - -5 +1

(d)

(a) x < 6

(b) w < 9.5

) x < Y

(d) 2x < y

(e) .99 + .009 . .999

(f) -.3999 -

(g) (x) 2 x + 2

(h) k + 1 (k) +1

(e) m > n

(f) x+ (-1 ) < y + 2 or

(x + (-1) + 3 > Sr (X ow Y)

(g) x < y + 5 or x + 2 > y

(h) k < 1

Answers to Problem Set 9;-20.; pages 350 -351:

1. (a) -15 > -24 ; 9

68(b
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942 and 9-3

1

7
,2516. -345 4 91

1

1.47 >'-0.21 ; 1.68

4- 1
> (

61

2. (a) True

Ab aloe
True

(d) True

Addition property of order

Addition pi4bperty of zero

a c names the same number as

Trut (g) False

TrUi, (h) True

9-3. Multi lication Property of Order.

A deductive argument is,given to show the plausibility of

the multtblication property. of order. This argument does not

constitute a.complete proof of the property but it do contain

the essential ideas that are involved in the proof. .

A second multiplication property analogous to the second-

addition property is included. The results of this are fruitfUl

in the study of--. square roots. They should be noted even though

the student- -may m1 h to side-step the proof.

Answer to Oral Exercises 3 page 357:

1. 2a < 10 6. -3 < x + ( -1)

2. -2b < 6 7. 15 < -3 a +

3 -p < 0 8. 25 < 5a 5b

4. 3m < 3n 9. a < -4

5. -244 < 10 10. -2 < x

Answers to Problem Set 2z2; pages 357-358:

1. (a) <

(b) >

We cantt say.

(d) >
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pages 357-360 9_3

2. (a) 15 < -5x (d) --<x
(b) a < -1 < x

(c) -2 < z (f) Y < z

3 \,(a) x6 (d) Y < 1

(b) z -3 (e) m 1- 1 > 1

(d) 2x <2 (f) t< st

4. (a) 25 < x- (d) z 9r
0

(b) )( < 25 (e) a b < 12

25 < (f) 12(f) ibr l< a

Answers to Oral Exercise 9-3b; page 360:

2. 3 7.

5. -2

4.

5-

1

3
1

8. Do not multiply. Add -5.

. Add ; m.iitiply by

10. Add -J ; multiply by

Answers to Problem Set 9-1b; pages 3h0-1:

1. (a) all numbers less than 3

(b) all numbers less than

c) all numbers greater than

(d) all numb ers less than 1

all numbers less than -5

g

(f) all numbers 74'; or greater

(g) all numbers greater than

1

7



pages 360-361: 9-3

(h) all numbers greater than -8

(1) (0)

(j) 0

2

4.

(1)

0

3

all numbers less than (-3)

(b) all numbers greater than (-
11

(c ) all numbers - 2 or greater

(d) 0

filV 1-7J
all numbers greater than

(g) all numbers less than

(h) fall numbers

1

all numbers greater than

If Moe pays x dollars, then

Joe pays (x + 130) dollars.

If x +-(x + 130) < 380,

2x + 130 < 380,

2x < .250)

x < 125.

Joe:

Moe:

Total cost

19
11

If

x + 130 < 255,
x < 125;

< 380.

Hence, Moe pays less than $125.

:159

x +

x < 125,

2x < 250,

2x + 130 < 380,

x 130) < 380.



pages 3 9-3

5. Suppose n is the number.

If 6n + > 7 + 4n,

2n > 4,

n > 2=

The number is greater than

If

Suppose there are x students in class.

ir 3x:< x + 46,

2x < 46,

x < 23,

There are less than ')-2 students=

7. If Norma Is x years old, then

Bill is + 5) years old.

If D ) + x < 23,

2x + 5 < 23,

2x < 18,

x < 9.

Norma Is less 9 years old.

If

If

Answers. to Revie_. Problem Set; pages 363-369:

1. (a) False. (0 True
(b) True (g) False
(e) False (h) True

(d) True (1) False

(e) True- (j) False

2. (a) (-4) + 7 < -P x+ (-5),

5 < (-7x) '÷ -5),

3 < (-2x ),,

and -4 x

are all equivalent sentence-.

> 2,

2n > 4,

bn + 'I> 7 +

2x

x < 2),

2x < 46,

5x < x + 4E

x <9,

2x <l8,

+5 < 23,

+x < 23.

Hence, the truth set Is the set of numbers x such that
x

2b0



page 363

(b) 4x # (-3) > 5 + ( -G )x,

4x > 8 4- (-2)x,

6x > 8,

and x > are all equivalent sentences.

Hence, the truth set is the set of numbers x such that

4
x > .

and

4
< ( -3)x,

0 < (-3)x,

0 > x are all equivalent sentences.

Hence, the truth set is the set of numbe_-.

x < 0.

(d) X,

3 < 2x,

such that

and < x ,are all equivalent sentences.

Hence, the truth set is the set t numbers x such that

x >

-6)

the set of all

( g )

17
h) all numbers less than

0
(1) all numbers greater than

(b)

all numbers greater than

t

=6 --

-0-
-4 -3

or less

tt



;age 364

7.

If the rectangle i c x inches wide, then

12it is= inches long.

If
12

(where x > 0 because the number of inches in
width is positive

12

< x.

Hence, the width is greater than 2 inches.

If the rectangle is x inchea wide, then

it is 12 inches long.

12 12If 4 and is pos

ix

x

< 12 and

< 3 and

Hence, t

12 <

dth is between 2 and 3 inches.

If

If

x >

x

0, (J.

O.

If x / 0, > 0.

If x is any non-zero number,

number,

(-ba-b)

wx -F y

12a + 8a2

(x +

-2)

+ 8x + 2

y' 32y 4- (-8)

+ 1 + 3a); or

Srt- + (-12t) 2r +

3ab

+ 4mx + 4m`

or,

or,

If x is arlz real

+ xy + (-x))

2y 4 -d))

+ 2 + Oa); or + m +



pages 364-365

8. (a) -11x

b) 7a + 2b can't be simplified further.

) 0

(.0) 2rst + (-65 can't be simplified further.

x + ( -3y)

9. If h is the number of hours required,

then 34h and 45h are the distances traveled by the cars,

giving the sentence

45h - 35 + 54h.

45h (-54h) =,55,1+ 54h -5

45 + (-54)) . 5; 0

11h - 35

35Ty

2
TThe time required was 3 hours.

10. n is the number of votes received by Charles.

n + 30 is the number of votes for Henry.

n + (n + 30) 516

2n + 30 m 516

2n + 30 + (-30) - 516 + -30)

2n = 486

n 243

Charles -ece ved 243 votes. (Note that the domain of
the variable for this prob-
lem is- the set of non-
negative integers.)

11. a is the number of dollars left to the son.

is the number of dollars lef to the daughter.

a + 2a + 5000 a 10,500.

3a + 5000 + (-5000) - 10,500 + (-5000),

3a - 5500

a - 1833.33

The son received $1833.

12. -3a + 2b

(b) 2x + (-3a) + 7



page 36,

( c ) - a + 3 +

(d) 3a + (-2b)

-2x
2

+ x + 1

13. (a) Prove that -(a b) (-a

Proof:

(-a) + (-b) + (a + b) + a + (Fb) + b

commutative property of addition

-a) + a -b) + b

associative property of addition

0 + 0

addition property of opposites

0

addition property of zero

This means that (- ) + (-b) is the additive inverse

a + b. Therefore -a) + (-b) is equal to -(a + b),

since additive inverses are unique.

(b) Prove: ifa+c.b cthena. b.
Proof:

a +c-b+ c given

a + c + (- b + c + -c)

addition property of equality

a + b + (o + (-c)

associative property of addition

a + 0 . b + 0

addition property of opposites

a = b

addition property of zero

With those students for'whom Problem 13 is clearly too

difficult as an independent exercise, the teacher may want to

g8 through the proof in lass, where students may be able

to work profitably with i as a joint enterprise. This

procedure is of considerable value to the teacher as well,

for it gives him direct information regarding the degree of

understanding and appreciation of formal proof that his .

students have at this stage of the course.
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2a4(-191 Test ite--

We know that the sentence "4 < 7" is true. What true sen-

tences result when both numbers are

(a) increased by 5

(b) changed by adding

) multiplied by 5.

2. Which of the folio

multiplied by (-5)

multiplied by, 0

:rtences are true Which are false?

If a + 2 = b, then b < a.

(b) If a + (-3) b, then b ( a.

(c) If (a + 5) + -2) b, then b < a.

(d) If and 4> b, then c

(e) If a + 2 7 and b 2 > 7, then
.)

and n.Given
9

many statements involving

as you can, if you know:

(b

In each part of this problem make as

about n and the given numbers

3
n

A man, has three pieces of trietal, each having the same volume.

The sample of lead outweighs the sample of iron. The sample of

gold outweighs the sample of lead. Which is a heavier piece of

metal, gold or iron? What property of real numbers is illus-

trated here

Find the tr uth sets of the following open sentences and draw

their graphs.

(a)'` x + 5 -8) ± 1- I

-3) > x

(-4) (-y

(d) 37 + -Or -1- 7 >

5n I- 2n + g

4 Ix I > 12



6. If p, q and t are real numbers and p < q, which of

the following sentences are true?

_ p-i-t<q+ t,
(b) p t > q t,

(c) pt < qt, if t > 0

(d) pt > qt, if t 0

t > 0
t < 0

A(

7. Write an open sentence for each of the following problems.

Find out all you can about the numbers asked for in the

question.

Paul bought a jigsaw puzzle and put it together, only

to discover that there were 13 pieces missing. If

the label on the puzzle box said over 390 pieces",

how many pieces were in the puzzle when Paul bought it?

Tom has $12 more than Bin After Tom spends $3

for meals, the two boys together have less than $60.
0

How much money does_Bill have?

15 is added to a number and the sum is multiplied

by 2, the product is more than 76. What is the

number?

(d) Tom works at the rate of p dollars per day. After

werking\ 5 days he collects his pay and spends $6 of

it. If

)

le then has more than $20 left, what was his
rate of :)ay?

A farmer discovered that less than 70% of a certain

kind of seed grew into plants. If he has 2U5 plants,

how many seeds did he plant?

If m is any positive real number and n is any negative

real number, which of the following sentences are true?

(a) M

(b) 3n < 3m

2n < m n

206

(d) n

-n <

-m



2.

4.

Answers to Suggested Test Items

a) 4 +5 7 +5 ; or, 9 < 12

(b) 4 + (55) < 7 ( =5)
; or, =1 < 2

(c) 5(4) < 5(7) ; or, 0 <

(d) -5(7) < -5(4)j or, -35 < -20

(e) 0(4) . 0(7) , or, 0 = 0

(a) False (d) False

(b) True (e) True

(c) False

(a) No further a ement

,

(b) n <

n < 7

Since the number measuring the weight of iron is less than

the number measuring the weight of lead, and the number

measuring the weight of lead is less than the number measur-

ing the weight of gold, by the transitive property of order,

the number measuring the weight of iron is less than the num-

ber measuring the weight of gold. Hene gold is heavier

than iron.

5. (a) The set of all real
numbers less than -5

(b) The set of all real
numbers greater than

The set of all real
numbers greater than
-4

4 1 1 1- At.

-5 -4 -3 -2 -1 0 2 3 4 5

1-4.

-5-4 -3 -2 -I 0 I 2 3 4 5

(d) The set of all real_
1 I 1 1- 1

numbers less than 6 _5 5 _4 -3 -2 0 I 2 3 4 5 6



The set of all real
numbers greater than

1 1 I I 1 I

-5 -4 -3 -2 -1 0
1 I Clormm.
2 3 4 5

The set of all real
numbers less than -3 -5-4 -3 -2 -1 0 I 2 3 4 5
or greater than 3

(a) True

(b) Fals,e

(c) True

(d) True

7. (a) If Paul had p pieces in his puzzle when he bought it,

then

p 13 > 350.

12,> 337

Thus there were more than 337 pieces left in Paul's

puzzle.

(b) If Bill had B dollars, Tom had B 12.

B + (B + 9) 50.

2B + 9 60

,B

B < 25.50

Thus 8111 had less than $25.50.

If n is the number required,

2(n + 13) > 76.

2n + 26 > 76

2n > 50

n>

The number is greater than 25.

(d) If Tom works at the rate of p dollars per day,

5p + ( -5) > 20.

5p > 26

P >

Tom's rate of pay is more than $5.20 per day.



If the farsmer planted p seeds,

245 < .70)p.

(10)(1

550 < P

The farmer planted more than 350 seeds.

True (d) True

(b) True (e) False

(c) True (f) True
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Chapter 10

SUBTRACTION AND DIVISION OF REAL NUMBERS

$7The logical structure of arithmetic and algeb a could be

developed without even mentioning subtraction or division. How-

ever, it is convenient to have the binary operations of subtrac-

tion and division, if only for ease in writing. Evidently, these

operations must be defined directly in terms of the basic opera-

tions of addition and multiplication.

There are two eouivalent ways of defining subtraction either

of which could have been used here. They are

(1) a - b = a + (-b)

(2) a b is the solution of the open sentence in x,

b + x.

The writers of this book chose the ri of these because it

lends itself more readily to the point of view that subtraction

of a number is a kind of inverse operation to addition of that

number, an operation which is already known for numbers of arith-

metic and must 4e extended to all real numbers. Thus we have

only to identify subtraction in arithmetic with a + (-b) in

order to motivate the definition for all real numbers. This

definition also builds on the work done previously with the

additive inverse, which is Important in its own right and fits

in nicely with the picture ofaddition and subtraction in the

number line.
!te

There are also two ways of defining division:

(1)
1a

at is the solution the equation a bx, b X O.

In this case also the first method was chosen because it parallels

the chosen definition of subtraction and emphasizes the multipli-

cative inverse. It should also be mentioned that from these

definitions the various properties of subtraction and division

flow easily from earlier properties of addition and multiplica-

tion.

The second method of defining subtraction and divisiori uses

" solution of equations" as motivation. It has some advantage

when the objective is to motivate extensions of the number system
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by demanding that certain `simple equations always have solutions.

For example the equation a = b + x does not always have a sol-

ution in the positive integers (even if a and b are positive

integers) but does always have a solution when the system is

extended to include the negative integers. Similarly, the
=

equation a bx 0) does not always have a solution in the

integers (even if a and b are integers) but does always

have a solution when the system is expanded to include the

rational numbers. 'In later courses the Introduction of the com-

plex numbers Is motivated by the demand that C) (ln

particular f- - 0) have a solutions for every a

The student is motivated by being asked to describe subtrac-

;Ion of numbers of arithmetic in terms of what must be added to

the smaller to obtain the larger. When it is established that

we must add the opposite of the smaller, we immediately take this

as the definition of subtraction for all real numbers. A simi-

lar motivation leads te,, the definition of division.

Re erenc o subtaction and division will be found in

Studies in mia2-- Volume III, Section 3.1.

10-1, The

We a,JUme

-.sub acting

L to obtain

5uptractlon,

the student is familiar in arithmetic with

from a by finding how much must be added to

'From this cur knowledge of equivalent equations

qu Ickly the oppo.Aite of b to a.

For the student who has ben subtracting by "taking away"

we hope the illustration of making change will help the transition

to an altIve viewpoint.

Page - - ( + (-g) - 11

10w= 1 > - 10 (-15) = -5

(-) -H ( 6) - -14

7) - (-10) =

l- 11



pages 369-372: 10-1

We read "5 - (-2)" as "five minus the opposite of 2".

The first "-", indicates subtraction. The second "-" means

"the opposite or., (Of course in this case the. second could also

be read "negative 2". If a variable were involVed, however,

the "-" Would have to be read "the opposite".)

We shall soon want our students to be able to look at a - b

and think of it as a sum, the sum of a and (-b). This is

tified by our definition of subtraction.

You have, no doubt, noticed that we are not using the word

"sign" for the symbol "=" or "+". We find that we do not

really need the word, and since its misuse in the past has caused

considerable la of Understanding (in such things as getting

the absolute value of a number by taking off its sign") we pre-

fer not to use the word "sign" in Any of our exposition.

A related pdint that we ihould mention is that we do not

write +5 for the number five. The positive numbersiare the

numbers of arithmetic. We therefore do not need a new symbol for

theW. Thus we write 5, not +5, and the symbol "+" is used

only to indicate addition.

answers to Oral Exercises 10-1; page 371.:

1.' (a) 5 + (-4) (8 + (-12

(b) 11 + (-12) (I) 2

(c) -4 + (-8) (k)

(d) -11 + 5 (1) 8k + llk

(e) 24 + 8 (m) 6x. (-2x)

(f) 4a +'(-5a) (n) 0 + 3m

(g)
-2x +12 (o) 61Y+ :9 4T)

(h) 77 + 2y

Answers to Problem Set 10-1;,pages 371-373:
. 2

-(a + 7) (- ) + (-7) (d) -x + x + 2

-a 7 (e) x - y

(b) -(a 7) - -a + f) x +ry

(c) -x-

273 1

(-2)

=12))



page 372: 10-1

2. (a) 15 + ( -25) -10

(b) 132 + 18 150

(f) + 7
3

(g) 7m + ( + (-12)

6m + X-12)

(0 -12 + 24 m 12 (h) -4x + (-2x) + b

-6x + b
1 11_(d) -7b + (-12b) = -19b (1) + (- .x)

(e) + 4x m x (j) 7.4m + (-12) + 7.5m

. 10.9m (-12)

(a) 2x + 2

(b) 5 w

(c) 0

(d)

(e) 1 - 2x

(r) 2a - 4

(g) -3
x2

(h) 2x

(1) 0

(b)

g9)

(d)

4

+ (-5)
4. (-5) 4. 5 . -4 5

11

2
X

(1)

(j)

(k) 4m - 3

(1)

(m) 2a .21)
(n) 18

(o)

(p) 10 - 3a - 2b

(q) 0

(r) 0

x 5 - x

all numbers less than 9

2x



pages 372-373: 10 -1

5.

(g) all negative numbers

(h) 0

(a) 15 + 8

(b) -25 + 4

(c) 79 + (-6)

(d) 22 + 30

(e) -12 + 17

(f) 8 + 5

(g) 5 + ( -10)

(h) 7 + 8 This deserves

emphasis since it

relates directly to

the definition of

subtraction.

6. If the bullet takes t seconds to reach the target, then

the sound takes 2 - t seconds to return. Since the die-

tanCes are equal, the open sentence is

3300t - 1100(2 t)

3300t . 1100(2) + 1100(-t

3300t . 2200 + (1100t)

33 1100t . 2200 + (-1100t) + 11_

4400t - 2200
1 1

4400 X
440e. = x 2200

2200

The t 1it took the bullet to reach the target was sec.
r-

The distance then is x 3300 or 1650 Met.

7. If r isithe number of gallons of regular gas, then

500 r is the number of gallons of ethyl.

The value of the regular is (30r) cents.

The value of the ethyl is 35(500 - .cen

The value of the mixture is 32(500) cents.

Our sentence then is

The value of e regular plus the value of the ethyl in

the value of the mixture.

or 30r + 35(500 - = 32(500)

30r + 17500 + (-350 = 16000

r + 17500 + (-17500) 16000 + (-17506

275



Pa 373-375: 10-1 and 10-2

30 .(-35) r = ,1500

-1500

1 1
- (-5)r ( -1500)

5 5

300

The number of gallons of regular was 300.

There were 200 gallons of ethyl.

8 If t 4s the number of hours walked by the second man, then

t + 1 is the number of hours walked by the-first. The dis-

tance.traveled by the first is 2(t +40, by the second is

3t. Since the distances walked were the same, our sentence

3t = 2(t + 1)

3t = 2t + 2

3t + (-2t) = 2t + ( -2t) + 2

t = 2

The second man will have walked. 2 hours when he catches up

to the first.

10-2. Properties of Subtraction.

The title of this section might seem to be a misnomer,

because we find that subtraction does not have many of the pro-

perties enjoyed by addition, such as the associative and commu-

tative properties. 'The point is that we always change from in-

dicated subtraction to addition and then apply the-known proper-

ties of addition. Thus, multiplication appears to be distribu-

tive over subtraction:

) ac

only because multiplication is distributive over addition:

+ = ab + (-ac)

In this sense, subtraction can be thought of as having the

properties of addition, but only because subtraction is defined

as addition of the opposite



pages 376-381:

Answers to Oral Exercises 10-2a; page 376:

1. (a)

(b)

(c)

2 . (a)
(b)!

(41

(0
(0

AnSWers;

(a)

(b)

(0) - 2x 4

(d) o - 2x 4

(A) x 5 (k) -3a 5b

True

True

True

(a)

(e)

f)

False

True

False

0 -3

-14 (g) -14x

-B (h) -a

3 i) -42

2

o Problem Set 10-

j)

page 377:

-10a

-58 (g) -6x2 ,9x 6xy

-9a (h) -6x2 9x - 6xy

(r)

2. The sentences in (a), (c), (e), and (i) are true for

All values of the variables.

Alley/era to Oral. Exercises 10-2b; page 381:

(also (-1)b)

+ 5
-a - 2b

x - 2y

x w

277
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' pages 381-382: 10-2

) 4

(b) x y z

(o) a - x 7

(d) 3x

(e) -2x + 4

(f) -a +

(g) -3y 4. 5

Answers to Problem S et 0-2b; pages 381-384:

1. (a) -7 + 2x

(b) -a - b

(c) 4 - 20

(d) 10a

2

I

(e) -a + Jux
- + 2y + - 4 or

(g) -3X(2x + 3) or ,-16x2 - 9x

(h) -7m(3m - 2) or -21m2+14m

3 x - 2 or 1 or 1- 4

(b) 2y, + 5 - (5y - 3 ) i 2y + 5 + 5y -

w 2y + 5 + (-5y) +

2y + 5 + ( -5y) + 3
-3y + 8

5a - 10

(d) + n 44ibtributive property)

(e) -(5m - -5m + (opposite of a em
+ n opposite of the opposite)

(f) 7x + 3y - 4

(g) -6x 4b

(h) ,-1010x + x or

(1) 4i - 2

5t + 8

(k) -x(x (-x )x + ( ( -x)

xy

Ox

278



pages 362-386: 10-2

(1)- (9a + 2b - 7) -( A - 7b + 5)

9a 2b 7 (-3a) +

6a + 9b - 12

x(m) 3x

2

+ 2)

3x -

- 2x

2
- 1) . x2 - 1

. 0

-7b)

+ X
2

- 6m2 + 6m -

ft-4m2 + 5m

+ 2)x x2 + 3x + 2

+ 2

(-5)

Another way:

(x + 2) (x +1) - (x + 2)x x + 2) x + 1 + (-x)

(distributive property)

The sentences in (a), (b),

all values of the variables.

4. (-6)

(-5)

5

set of real numbers
equal to or greater
than 4

(d) set of real numbers
less than 2

set of real numbers
equal to or greater
than -3

)

-2a
2
+ 2b2

(b) -3X + 5y

(c) 9a + b - 11.

ft tx + 2)(1)

2

and (f) are true for

(d) k 9k2 = 29

(e) n2 + 23n - 3

279



page* _4:

6. (a) n - 8 if Join is now n 4years old

b) m m 6b if the boy is b years _old and the ma-
_
years old

c) 5d - 36 if d is the distande in miles

(d) 2w + 2 if

and J is th
W is the number of feet in the width

number of feet in the length

3(3y) or 9y feet

(1.1)x if x is the number of pounds of idy

30M + 35(x + 40) if x is the number of gallons of
gasoline

(h) 100(2d)

i) 15 + 2V if k is the number of dollarS'I have

((7n + 128-

Simplifying,

8n +8.

is the form of the exercise.

2(n + 1) -

2n + 2 - 4

2n -

n - 1

Thus n 1 is,the simplest general form.

Starting with 2, me - 1 . 1 is the final number.

Starting with 11, 11 - 1 - 10 is the final number.

Starting with -3, -3 - 1 - is the final number.

d is the number of dimes

d + 1 is the number of quarters

2d + 1 is the number of nickels

.10cf+ .05(2d. + 1) + .25(d + 1') - 1.65, or

10d + 5(2d + 1) + 25(d + 1) sig 165

104 +10d + 5 + 25d + 25 - 165

45d + 30 + (-30) - 165 +

45d . 135

280



Pages 384-387: 10-2 and 110-3

.45d 0 -1 x 135

3

d 3

The number of quarters 14

9. It n be the number of half-pint botles.

Then 6n is the number of pint bott

39 quarts is the same as 2(39) pin

+ 6n . 2(39)

n + 12n - 4(39)

13n 156

n 12

There are 12 half-pint bottles.

10. lla + 13b - 7c - (8a 5b - 4c) lla + 13b - 7c - 8a + 5b + Lic

11.

12.

= 3a + 18b 3c

4t +17u) . -9s - 3u - 3s + 4 - 7u

w -12s - 10u + 4t

If a b + c

then a + (-b

and b -

If a - b c

then a + (-b) c

and a + (-b) b b + c

d afth+c

10-3. Subtraction in Terms of Distance

The relation between the difference of two numbers and the

distance between their points on the number line is introduced

here to make good use again of the number line to help illustrate

Our ideas.
You are no doubt aware, however, of the fact that (a - b)

as a directed distance and la - bl as a' distance are very help-

ful concepts in dealing with slope and distance in analytic

geometry.
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pages 88-389: 10-3

Answers to Oral Exercises 10-3; page 388:

1. (a) 8

(b) 8

(c)

(d) 8

(e) -4

2. (a) 5 - x

(b) 15 - xl (also

(c) x 2

(d) ix 21

(e) -x 1

lx 51) (f) I-x 11

(g)

(h) 1 xl

Answers to Problem Set 103; pages 89-390:

1.

(d)

( -5) . 6

-5 - 1 - -6

11 - (-5)1 6

1-5 11 -

(a) -( -8) . 5

(b) 7- 4 . 3

(a) 5 - 0 . 5

(d) 6 - (-5) . 11

3. (a) x -5
(b) 5 < x is true

x <.5 ilt-true

(d) 9

3

8 - 3

(g) 5

(hZ 5

. -5

5

(e)

(f) 1 or -9

(g) 9)

4. The information given can be translated:

Ix - 51 < 4 and x 5.

Since x 5, ix - 51 = x 5.

x must be such that x = 5 < 4 and x 5.

Hence x must be greater than 5 but less than

Ix - 51 < '4 and x < 5

x 5 < 4 tells us that x is between 1 and 9.

But x shall be less than 5.
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Pa 389-390: 10-3

e x is between 1 and 5.

x is between 1 and 9.

(d) The set of all numbers which are greater than 1 and

lees than 9

The sentence Ix - 41 1 'tells us t

x and- 4 on the number line is 1.

when x is 3, also when x is 5.

Truth set: (3, 5)

6. (a) 02, 14)
-2 0

(b) (4)

, 12)

he distance between

_ sentence is true

0 4

14

all real numbers
which are greater
than -3 and less
than 3

the set of all real
numbers

10

1

-14



pages 3904391: 10-3 end 10-4

74 Truth est: the set of all numbers which are e
3 and lees than 5'

10.

The graph coma

less than 1.

of all poin whose distance

The set or numbers which are a.than greater than 5 or
lees than 3.

The graph o Ix - 41 > I would consi
of all points whose distance from 4

greater than 1.

The graph 1s the same a in problem The truth are
the same

10-4. Division.

x -3 or X = 3
x > -3 and x < 3

x > -3 and x < 3
x < -3 or x >3
x < -3 , Or X > 3

In a manner analogous to the uefinition of subtraction in
terms of addition, we define division by a non-zero number in
terms of multiplication by its multiplicative inverse. The word
"reciprocal" is introduced to mean the same thing as "multipli-
cative inverse". The symbol t is introduced to represent the
reciprocal of b, where b is a non-zero number.

At this point it might help to draw on the analogy between
the reciprocal (or multiplicative inverse ) and the opposite (or
additive inverse).

Corresponding to each

.real number x there is
a unique number y such
that x,-1- y 0.

284

Corresponding to each non-
zero number x there is
6 unique number y such
that xy = 1.



page 391; 10 -k

"Ttria number y is

called the 'opposite of

"the number x and is

denoted by -X,

The opposite of the

opposie or x is x:

x

For real numbers a, b, c,

a - b = c if and only if

a b c.

This unique= !Umber y

called the reciprocal of

the number x and is

denoted by R

The reciprocal of the

reciprocal of x is x:

1
x, if x # 0.

x

For real numbers a, b, c,

with b# 0, .11 c if and

only if a bc.

The sum of the opposites The product of the recipro-

is the opposite of the call is the reciprocal of

sum:
the product:

=x) + (-y) = -(x + Y) (4(4) m , if x # 0
x y and y # 0.

Again, like subtraction, the operation of division has no

properties in its own right, but when written in terms of multi-

plieation of the reciprocal it can be thought of. as having all

the properties of multiplication. Thus

a +b a b
c

can be thought of as a statement that division is distributive

over addition, whereas in reality it is a statement that multi-

plication is distributive over addition:

2117± (a + b)1
c c

1
.-
1

4- b.
c 7

a b
7 7

by definition of division

distributive property

by definition of division



'`page 391-395: 10-4

Answers to Qral Exercises 10-4a; pages 391-392:

1. (a) What number do we multiply by 4 to get 12?
(b) What number do we multiply by 4 to get -12? -3
(c) What number do we multiply by -4 to get 12? -3
(d) What number do we multiply by 14 to get -121 3

What number do we multiply by 4 to get 4a? a
What number do we multiply by 3m to get 12m? 4

2What number do we multiply by 9' to get i7x2 31(-

What number do we multiply by -13 to get 26a? =2a
What. number do we multiply by to get 4? 8
What number do we multiply by -2 to get -6a? 3a.

b -2 (a) (d)

(h)

(1)

(0)

a(b) a

b

a

a) and c): "What number multiplied by a gives
us Ehe product b?",

s-

For the others: "What number multiplied by b gives us
the product a ?"

Answers to Problem Set_ 10-4a_ pages 392-393:

1. -4

2. 2a

3. -5

4. -7

5. -5m

6. -21

7. -7a

8.

9. 5ax

10. a b

11. 1

12. -3a

13. x

14. -4a

15. 12

16. -1

17. 3

18. -2a

19. 0,

20. -16

Answers to Oral Exercises 0-4b: page 395:

1
1. (a ) (b) -4 2
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2.. (a) Trdi

(b) False

(c) False

2.

(d) True

(e) Truer

(f ) False

if

d is assumed to be

different from 'Zero

nultiplied4 yielda. 1* as product._ _

If n is a:reciprocal of 0, then 0.n 1, because the

product of a number and iis'reciprorel shallcbe 1.

sehtenCe- 0.n E 1 has the empty set, 0, as its truth elk.

There is noiehumber which when multiplied by 0 yields 1.

-re to Oral Exercises 10-4c) 'pages, 399-4001

(a) True, for all-values-of b except zero;

(b) Not true for any value of a

(c) True for all values of b and c and all values of

. except- zero

True for all values of x and a

(-3)2 . -6

True

-24
m -8 ; -24 - (-8)(

-- When we say_ c" we imply that

-True for all values of x except -3:

g 1True for all values of x

2(5) 3

A

5

2



74011 lo.4

8

no multipllcati

(b).

4,

b

Ansiere to Problem Set 1O -4c; pages 401-402:

1.

(a) 41.

b,

288
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Truth set:
6

41 1 s b

a a

2x 71%

(m +2 ) -S 83

2m S 81
< 81

m

The firms-number may by any odd integer
freM 1 to 9 inclusive. The second is

two more than the first.

7% Dat-Xb=a-the-wldth

Then 7x la the length in inches.

2x + 14x = 144

= 9

7x V63
The width is n inches.

Le x be Lick's age in years.

Then 3x is John's age in years.

(x .3) (3x - 3) = 22

x - 7

(- 3x = 21

Dick is 7 and John is 21



402: 10-4

46

=22
n + 2 . 24

The numbers are- 22 and 24

17 + 3

= 9

The number is

It the speed of the wind be x miles per-hour;
The speed of the plane is 200 x miles per hour.

00,- x 7 630

The average speed of the wind is 20 mph
12 (i)Prove: If a = be and b 0, then .,c,

Proof: If b 0 then E is a real number.

Then if e 7-be,
- 1

a 7 (be) multiplicative pPpper_y
of equality

associative -and commu-
tative properti6s of
multiplication, and
definition of division

a
F = (b

a

b

a
,.(ii Prove: If r 7 c and b i 0,- then a - bc.-

Proof:- I E c, then
N

b(a - be

be

be

a = be.

definition of division

multiplicative: propdrty
of equality

es ociative and commu-
tative properti-s of
multiplication

2)0



pages 403-405: 10-4

Answers to Oral Exerciees 10-4d; pages 404-4
"e

(a)

(- 7.

7
3

7
2

1

Answers to Problem Set 10-14d;

1. (a) - 2
5

(b

(d

(d)

(also

(d 3

2n

a

3a +a'
fi

(3a + a),t7
1

4a
4a

4 -4 -4 4 8_7+ 7 7 -7 7

2x 2x

pages 405-406:

1

(f)

(g)

(h)

7 7
7

3a 3a
-473



2

10
3

5.

(b)

2
a

3
7
8

13
2
5

=1

8
7
4

(b) 5

(C)

-2
4-

b

or

-2)

b

292

(e)

(f)

5
a
2a
3b

5x

4
a
8b
5c

0

(d)

(e)

1

2a

-2a
3m

_ - 5 + 2a--
3m

ka
m n

8a
m n

a +
a -



pages 407-409: 10-5

10-5. Common Names.

.
In this and the following section we are interested in three

commonly accepted conventions about the simplest numeral for a

number..

(1). There Should be no indicated operations remaining which

can be performed.

If there is an indicated division, the numbers whose

division is indicated should have no common factor.

a
3) We prefer -

a -a
to or Ay .

Thus, to illustrate the first convention we would say that

Int"
ti 0 _fl

lb not as simple as "5"; is not as simple as
li II

i$ not as simple as
1 u u+

but. -Y----y- cannot be

" 4."
simplified., Similarly, for.the second convention 21

is not as
&u 2

"2" "2x + 4" - -n611

simple as T and is not as simple as . Sim-
s

axa + 2a
plifications of this kind depend on the theorem which states that

a c ac the fact that 1 for a 0, and the property.

N,

The student has for years been 'multiplying fractionstt

according-to the theorem proved here. It is ot a new result to

him, but it is now a consequence of and is directly tied toizer

definition of division and the properties of multiplication. In

the past he knew how to divide; now he learns why he divides

this manner .

In the process of proving the theorem, it must be dished
/1A1%

that kroka, , that is, that the product of the reciprocals

iof two non-zero numbers is the reciprocal of the product of the

numbers. To do this, use the commutative and associative proper-

ties of multiplication:

ence,

bd4 .10(d.1-

1)

1.

the reciprocal IA; i.e.,



Pages 410-411: 10 -5
#

Ininerator" and.Hdenominatde. Although these words refer. to'(I

* ,

.Noticp that we.have become relaxecUin our use of the word*

numerals, we Mall begin to use them interchangeably for numerals
and numbers,:whenever the context is-clear.

---,

Answers to Or Exercises 10-5;

1. (a) =

X

x + 2

page 410:

x + 2
x +-2

2/x - 2

This is in simplest form.

x + 2

ThilLi in simplest

2)( ±-

form.

= x + 2;

-3

-

x # 1

p-,1)+

Answers to Problem Set 10-5; pages 411-412:

1. a #0

a
b

m 0 and m

(h) (x -'=2) (x

(xm 0 says the same

.ding- a -x-#-0-and-

m # 0)

x # 0

pi -2

is in simplest form,

x 1

b + 1
b

5

2

-1

x + 1, y 0

is
3:

simple

0 and x-# 0

-1, b-a Of

(p) -1,

-2 and x

29

4



44:' .ltd-

(3x) - 6 (Zer

3x im 6
(2)

s excluded from the domain)

The value 1 is excluded from the domain Monde the

left side of the sentence is meaningless for x m 1.

If x # 1, -1-f7r * 1.

Thus the sentence Pc12(

becomes 3x * 3,

%Mich is equivalent to x * 1.

The truth set is empty since 1 is not in the dcm#tin:

Excluding the value. -1 from the domain of x, the

given sentence is equivalent to

which is equivalent to x - 1.

The truth set is fl).

(d) (01 Exclude the value from the domain of x.

Exclude the value

6x -
4-x - 5

< 5
11-17177FT

from the domain of -x.

< 5
A

This means that the truth set consists of all real

numbers except 1.

Exclude 0 and 7 from the domain of x.

ex +-7
3,;(17- x)

3x
3x

th 1Jet , 1 and -I are the only numbers

which are their owl reciprocals.
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No numbers need'be excluded

from the domainof X.

4 Let t be therequired number of year;
4-;

After t -years'Brown's salary will be 3600 300t.
"After At yearsiones1 salarr 11 be 4500 21104qt

:-F3600 300t: 4500 200t

(9)

After- '9 , years =weir salaries will be

4. Let x be,Billis e in years now.

Then 2x is Bob'r age in years now.

(x 3) 1- 2 3) 30

x

2x 16

Bill is years

10-6. Fractions.

cid,. Bob i-
,:

sane

The main point of th asection is to devel skill in
plifying an expression to one in which there is mostmost one,indi-
cated division. This essentially Means that we are learning to _

multiply,divide, and add fractions.

Page 412. We are again relaxing ttUr rigor inIthe use of words.
We shall allow ourselves to use ;'fraction" for eithe the symbol
or the number, even though cO#ectly speaking it means the:symbol.
Thus in the preceding paragraph a precise statemehi would have

4 said "to multiply, divide, and add numbers which are represented
by fractions,"

Now that we have begun to relax our precision of language,
we shall hereafter, without further comment, feel free to use con-
venience of language even when it- violates precision of language
about numbers and numerals, as long as we are sure that the
precise Env2iing will be understood
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pages 412-415: 10-6

We define the' word ratio" Probl a4 pirt,of
!.

the.language in certain applications. We also call an equation
z

such as Tg , Which equites two ratios, a "proportion". It

g ems undesirable at present to digreskinto a lengthy treatment

o ratio and prbpertion since t is just a matter of special

names for familiar concepts.

0

Answers to

.,.. 1- 7
-

al Exercises 10-6a; pages 414-415:

8; x 3, x f.1

12x
9' 7RrT,

10. x

11.

12. -1,

13. 6a, a # 2,

14. is simplest f c nn,

12x
1=5E'

Answers to Problem Set i10-6a; pages 415-417:

7'7 877

4 21 4.21 x27'T

7'2 2-3

_

5

1

'
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(h

29
17

3-

x id

already in 'simplest form



and c kb

zy 0

(d)
2

Truth set: all real num-
1tiers greater than

1
)

3

If the freight gain n averages p miles per hour

.,then the,passenger train averages p 20 miles per hour,
The ells e traveled lyt the passenger train is 5(p 20)
miles; by the freight train is 5p miles.

5(p + 20) - 5p +10©

5p 100 5154 + 100

The sentence is true for every valve of p. The f

train could have travelvl at any.speed whatsoever.

6. If $c was the price of thq chair befdre the sale, then
the discount was (.2)c.

The sale price was the original price less the disco n

giving the ence

.2c = 30

.8c 30

The original cost of the chair was $37.50;
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pages 417-420:1- 10-6

1
7. 7 a number n is the same as

The number

=fin *3

3n - h 18

2n = 18

n 9

rage 418. Tha .reasons for the/steps are:
I

iflitionof subtraction

a -a

Multiplication property of ne

4. . 1 if 0
a

5. Theorem on multiplication of fractions

,6. tefinition of division: 11 = a .13

7. Distributive property

8. Definition of division,
-a a

and E = - E.,

--N
The number of steps needed to do such a simplification will vary

from Student to student. After he understands reasons for every

step, he will soon be able to write

vZ 2x 5x J5x

3

Answers to Oral Exercises 10 -bb; pages 420-4a:

(a

(C)

6x (d) -a
-a

40x (e) 21a

9 (f a b
a -I- b

5(a
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pages 420-422: 10.6

x

(b)

4m + n
5

12x +-1
4

-4 - 10

(d)

(e)

(g)

(h)

(1)

(.0

13

10

x - 2

x + y

3x

10
3x

Answers to Problem Set 10 -6b,', pages 421-424:

1'. (e)

2.

1 1-3-

2a

4a4 5

=

=

55:
3

11-7)

10

(g)

(

(g)

(h)

(1)

(j)

(c)

(e)

(a) L 1

a- ,

2

(C)

(d)

(a) + 5)

3x + 45

(b)

300

19a

20.- a
35

3x-

x
ab + b4

0
+ 1

a + b

7t50-± 7 + 5a

15

a + b a +

all numbers greater

than 1



pages 422-423:- 10-6

4. Let s be the number of fi stamps Mary bought. If she

- was charged the correct amount, then, s must be a non-

negative integer and

05 .04s - 1.8o

If there is a non-negative integer s for which the above

sentence is true, then each of the following sentences are

true for this value of s.

- 1.80

.04s - 1.35

4s = 135

Since is not an integer, she was charged'the wrong

amount,

5. He had 12 pennies, 16 dimes, 22 nickelS. He has $2

6 John has $25.

7. If one number is y, the other number is 240 - y.

y (240 y)

5y -1 720 - 3y,

y = 0

e numbers are 90 and 150.

it should be pointed out that another open sentence for this

problem is 240 y Zy . Here you get y = 150 and

240 - 90. Again you get 90 and 150 as the two

numbers.

30r



pages 4.7-424: 10-6

8 x 27
7 21

12 3x = 27

x = 5

The numerator was increased by

9. 312

10. If his father is x years old,

The father's age

Tx + 12

1

3

_

-e is years old.

x 36

the sonlsage is 12,

Let x be the smaller of the two numbers. Then the larger
number is 7- x.

(7

The numbers: 5

The sum of tle reciprocals:
2 1_70

The difference of the reciprocals:

12. (a) If there were g girls,

there were (2600 g) boys.

1200,

and

2600
g

6(600 - 7g

1600 7 'fig= 7g.

15600 = 13g
0.

1200 = g

2600 - g 1400,

1400
1200

Hence, there were 1200 g

302
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page 2'2:

1I

B00 r 40 radios were defective .

800 - 4Q or 760 radios were not dtfective.

40 1
is the ratio of defective to non-defective760 19

radios. -

The alert student will `notice that he number

800 is unnecessary intArmatioi. if we suppose that

there were r radios in the shipment, then

radios were defective, and

19
radios were not defective.

1 19

Therefore the re red ratio is yg .

(c)' Let f be the number of faculty members.

.1197

f = l'=36

J
ence, there are 126 faculty members.

5x
Since 5 5 0), 5x and

9x
1 ,

9 9

9X are in the ratio of 5 to 94 More precisely,

if 5X- 1- he fi aeit of the numbers that are in the

ratio , and y is the other number, then

5x

_Then 9Y(i

9(5x) = _Y

aired 9x

(when

303
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page 424: 10-6

Hence, the numbers can be represented by

x 0.

If x - 7, the numbers are 35 and

If x = 100, the numbers are 500 and 900

If =

()bd bd

)bd

(ad)(b

(ad

then

)bd

(ad) .1

If

be

ad = be

and 9x,
/

Multiplicattion property
of :equality

DefinitiorJ of division

Associat ve and commutative
properties

DefinitIrm of multiplicative
inverse

Multipl-:cation property
of one

be and b/ 0 and d X 0 then'

(be

1 1
e

d

a c

Ef

6 2

15 5.3

(h) a E x =Y
y x

R Y
p x

x

Multiplication property
of equality

Associative and commutative
properties of multiplication

Definition of multiplicative
inverse

Multiplication property
of Lone

Definition of division



pages 425-428: 10-6

Answers to oral gxereises 10-6c; page 4

1
4

7 ; also

(b) also

als

(d) lx

12xy

4
3

d
C
d

4--

also

4x

(f)

(g)

(h)

(j)

28b
28b

-

3x-

7b

also

also
3bm3FR

also

%

x -
also ,---

X
x -

Answers to Problem Set 10-6c; pages 427-431:

6

1. (a

2.

(b) lb

2x

(b)

4

5

1

2x 4x-

3

2 . 5xt7

9
7
4

10
3

9
3

also

4



pages 428-429: 10-6

(d)

e

4

12

12

A

ab
3

5 (a)

(b) 3y - 6, or 3(y

( d )

(e)

20x -
(

a
3 + 2a

+ 12

4

-a ÷ 2b - 2c

1

2(x + 1
7a
3b

?5Y
12 12

4



pages_ 429 -43Q: 10-6.

6. (a)

7-
0

(g) the set of all, real numbers

'(1)' 15'
t

(I) all rOal'numbers except -4

0

_

.141W.,6;t7,rriliw
-5 -4 -3 -2 -I 0 I

-3 -2 -1 0 I 2 3

If the suacessive positive integers are

n + 2, then the senteIce is

n+ r + 1) + (n + 2 ) m1080

3n `;+ 3,= 1080

3111/4. 1677

n m 359

n, n 1, acrd

e integers are 359, 3b0, and 361.

he successive positive Integer be n and n + 1.

Then
6

n (n + 1) < 25

2n ±. 1 < 25

n < 24

n < 12

The numbers col.ade any of the pairs (11, 1 2 (10, 11:),1

(1,



pages 430-431= 10-b

10 If the consecutive even In

.then

The numbere are

11; If the whole

then

n (n 46

2 - 46

2n = A4

are n and n 2,

number and its successor are n and n

n+ 1) 45

2n 45

2n = 44

n - 22

he numbers are 22 and 23.

12. If the two consecutive odd'numbers a e

n (n = 75

2n 2 = 75

75'

73

16-11)t cn must be an intege

numbers whose sum is 75.

and n 2, then

so there are no consecutive odd

13. the first numberlis n, hen he s c nd is 5n and

15 4n

2n = 15

n
15
2

15. 75The two numbers are and

alts If t is the number of hours each train traveled, ttien 40t

is the number Of miles traveled by the train going south, and

bOt Is the number of miles traVeled by the train going north,
, _

40t Sot =\125

309
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pages 431-43,3

=100t - 125

t =
125

The time required was 1 hour and 15 minutes.

Answers to Review Problem Set; pages 432- -447:

It is not anticipated that all of the exec The In the

following review list will be used by any one teacher. ,Many

tern may choose to use some of them as supplementary or as

xtra credit' exercises at the time the topic is studied earlier

the course.

some cases it may be desirable to use portions of the

list s a review, list because the class'is completing Part 2.

In a few instances the 'completOn of Chapter 10 may conclude%the

year's course. On the other hand, a teacher who plans to use

Part 3 may not 'feel that reylew is necessary at this point and

may omit ,the entire list.

In no instance is it recommended that an assignment include

more than 3 or 4 difficult verbal problems.

('d )

.10

100
53

(e ) 1

(a) 1

(b)

t

-1, 0

(h)

(j)

172

) 100

10

100 or

(e) 0 (The expression is

not a number if a = -1.)

(f) has a reciprocal for every

real number a

has a reciprocal, for every

real number

(h) -1



pa 43 3 4 3 4

a + 1

3)(a +

+

a + 1= 1

1

multiplication property
of equality

= (a - )(a-45)

associative and commutative
properties of Multiplication

Otfinition of reciprocal

multiplication propemY of

If a = 3, then 3 + 1 = 1, and this is false.

We should not expect... the sentence a + 1 = 1 to have

the same truth set as the original sente___-- since our "multiplier'
1 is not a number when a = 3, and we used the,multiplioa-a - 3

tion property of equality in the very first step. In manipulating

algebraic expressions, as in this example, we have to be constant-

ly on guard that we do not become so engrossed in "pushing symbols'

that we forget our algebraic structure. So longas we remember
that 1

- here i supposed to represent a number, we are safehere

in ,using algebraic p'roperties, When we 14ew
3

as a symbola -
only and apply our algebraic. properties, any results we get can
be only syboni4c; to be interpreted as results about numbers, we

have bo check to see that we were actually using (symbolic) num-

bers at each step along the way.

+ 15x - 14

(b) 25

- 5a + 10

lOn + 13p - 13a

- 3x m 16

Yes, in all cases

319

a + 18b - 3c

L 8x + 19

(i) -12s + kt - lau



pages 434-435

6. (a) < is

false.

-5

Yes, it la true. 'Let

Then

8. Yes, rue. An example:

if

then
1

-7

(t <

8, (13, < a)

(a
1

1 1
If a 16 positive 'and b is negative, then 3 > for

the reciprocal of a positive number is d positive number

and th0 reciprocalof a negatiVe number is a negative number.

10. If b < a, then a - b is positive. The proof of this

follows

If b < a, then

a (-b)

_ (-b) < a - b

0 < a -

addition property
of order

deflnitiop of
subtraction

addition property
of opposites



pages 435-436

If a is to the'right of'

difference a - b is posit

the number line, then the

If (a -b) is a positive number, then a> b.
If -b) is a negative number, then a b.

If (a.- b)c is zero then a = b.
t .

' 12. If a, b, and c are rear numbers, and b < a, then

b 7c<arc. The proof -bf,thisfollows:

dr L--- ,If b < a, A.-

/ b + c'*1 < a + addition property of order
,

b - c < a - c definition of sObtraction
;.;

43. (a) '44ct

(b) 2

(c) 19k

(d) -3j

(e)

(g)

15x-,

-9a

14. 4 - 15 . -11

(h) -25pq pq = -25)pq + (-1)pq

-26pq

(1. ) , -lby

0

(k) -4y

(1) 3m

The resulting tempera e is 11° below zero.

F
15. (-50) - 30 . -80

The new position is 80 feet below the surface.

lb. If the number is fl, then

-11' - n - 25

lb±2n-2+2 5
) 9 - n.

Hence, the number is 9.-

312,



ioUges 436-437

17 ta9lf Oeleek P.M., t -

At 2' o'clock A.M..

2 - (-1) = 2 +

interval is 3 hours.

At 6 o'clock A.M., t n- -6 .

t- -4 -ololocik,i A the next day,.

22

The interval 1.s 22 hours..

18. -LetAhe distance in miles to the east of the 0 Mark
e

correspond to positive numbers:

.= Johns
position on
the number

line

R -yls
paiit4on on

'f the Tf nber
lie

The
di ence

Distance
between
them

in miles

(10) = 30 - .(.3 ).(7.2 ) = -36 j30/- (-36)1 . 66 66

(b) 5 + 3(10)" -6 3(12) = .135..- 3065. 5

5 + 30 = -35' -6 + 36 - 30

(c) (3) (10) = 30 -12) . 13Q -- = 63 63

, -12) = -33

-10 f -30` -6 + 3(812) - - 1(, 0) ( -42) 1 12

'.- - 12

}
19-. (a) If a is larger than 1, 0 < b < 1.

(b) If 0 < a < 1, then 1 <'b.

If a 7 1, then b = 1.

If a = -1, then b = -1.

If a < then -1 < b < 0.

-1 < a < 0;-then b -1.

a > 0, 'then b > 0.

If a < 0, theh- b < 0.

'Zero has no multiplicative inverse.

If b is the reciprocal of a, then a is. the

reciprocal of b.

313



20. (a)

(b)

(c)

(d)

(e)

(f)

(g)

(4) The given sentence is `equivalent tb

(9 X 17 x 3)y . 0

0

NC

n = 0

p can be any nUmbe including 0.

Either p ='0 or q 0, or both are zero.-
q .must be- 0.

x - 5 must be zero since 7 is not zero.

If > 0, then the product (9 x 17 x

If y < 0, then the product (9 x 17 X

3)y 0.
3)Y < o.

Therefore the only truth number of the given sentence

is 0.

x - 8 is zero when x = 8. It cl 1ovis that 8 is a

truth number of the sentence 8)(x = 5) = 0.

(8 - 8)(8 - 3) . 0

x 3 is zero when x = 3.

3 is a truth number of (x - 8)(x 3) 0.

The truth set' of (x - 8)(x 3) 0 is (8, 3).

21. (a) If x = 20, x - 20 is zero, and hence

- 20)(x - 100) is zero.

If x - 100, x 100 is zero, and hence,

(x - 20)(x - 100) is zero-.

The truth set is (20, 100).

(-6, =9) (h) (6

(0, 4) (i) ( -2)

(-34) (j) all real numbers greater -

1, 2, than -

(k) all real numbers less

than
4

- 7

(1) ()
I (i



2
(57771iT5Z-T

J

(k )

(1) a2 + Eia+ 12

- 8a 4-` 12

(p

1

a
2 +b
a

1

This may also properly be left in its
original factored form.

1

x



(b)

2 + 5)(2x -

Also 3x(2x

1

4 + 1

+ 5

+ 5(2x - 3

6x tx

xHI-

20

1

0

The truth set is (0

25

25

25

+ (-10 )

+ ( -25)

(-25)

+ ( ( -25)

+ (-10))

by the associative property of
addition

by the commutative property of
addition

+ (-25 )) + ( ( -10) by the associative property of

316'



7 4and 17

thug
is true.

2Them47'by the transitive property, is

27.'*Let e be the number of units'in the length of each edge.

Then 4e is the number of units in the:perime er and 07

iS the number of units in the area.

lipw make the length of the edge '.20.

Neil_perimeter 8e The perimeter is multiplied by

2'New area 4e The area is multiplied by '4.

28. Set A is closed under multiflication.

Set B is closed under multiplication.

29.

(b) C = (0, 1). Set C is a subset of both set A and

set B, but is a prbper subset of B .only..

The only.value of x for which

_ 7number is x = 2x - 7 = 0 f aed only if
2

The set of real numbers other than 0 is closed

division.`

30 Since

(a) If a < 24, then b < 24

and b 24)*

Hencg b satisfies the inequality, b < 6.

< 16

31

is not a

under



a is one of the numbers, then a

other number.

is-the
a

2 2 ,a < 3 If 0 < a < 3, then a > # and FL > , by the

multiplication property of order. If a < 04 then
2

< 0. Thusithe other number, is greater than ora
less than 0. ,

1 1 2 2a < -3. Here r > gand -5 . Also, since
2

a < 0, < 0. Thus, the other number is greater than
2

and less than 0.

ac
and

DC
r __ not equal for all values of= a, b, and c.

a b) c = -

a
c

c =a+ .113a +

= a

ac
b

(For example, let a =-b c = 2)

33. 'Ho

Ii

A counter example:, 2 + 3
0

a + and
a

or

2

since



Pa 1140-441-.

.35. between p and q, ljle

Suppose p > q, then

1 1ince a > q,

and.
P

(k
(1

Hence,
1 is betweena

feet, -if 6y : ,L number of yards

inches,',;If#,-2t is the number of feet

Pintl if Ltic is the number of quarts

- 10) years:, if she is now n years old

+,t) ounces, if k is the number of pounds

and 't is the number of ounces

if f is the number of square144f square inches,

feet

1.00104 25k) cents, if

and k is the number of

(100d + 25k + iOt + 5n)

dollars, k quarters,

1, if n is the wh
1-

if the number is n

5280k feet, if k. is

2(5280k) feet, if k.

d ,the number of dollars

quarters

cents, if there are d
%

t dimes, and n nickels

_ e number

the number of miles

is the number of miles

In these open sentences, the phrases and numbers often give

-a Clue to the possible translations. In each part, Just one

interpretation is given, for sugges e purposes Fmly, and

there is no-implication that this interpretation is the

"best one; pupils should be encouraged to look for more

than one meaningful translation. Note that with certain

translations the variable is restricted to the set of whole

-numbers, whereas with ether translation's there le no such

restriction.

a) My grandfather is less than 80 years old.

(b) His annual salary is 3600 dollars.

The assets of a certain bank are more than onelhundre

million dollars.



pages 4111-442

(d) The sum of the angles of a triangle is

(e) The length of a rectangle is 18

width. 'The area is 360 square

inches more

inches.

than the

The length of.a rectangle is three times the width

and the area does, not exceed_ 300 square inches.

The number of,units in the length of a-rectangle is

twos re than the number of units in the- width . side

of a aware is one unit longer than the width of the

rectangle. The area of the square is greater than the

area of the rectangle.

Farmer frones had 30 sheep which he expected to 411

for #20.00 a head; some of the sheep died, but he

sold the remainder for $24 a head, receiving as much

as or morn than-he had originilly expected.

The aides'of an equilateral triangle and a square are

such that the perimeter of the triangle is equal to the

perimeter of the square.

The sum of five cAsecutive numbers is less thAn 9b,

and the least of the numbers is greater than 13.

In_each case.abovethe response could have been given,in the

form of one sentence by.7uzeofieennectives. -Sometimes, for

the sake of clarity, it-is better to use several shorter

sentences in makihi a translation,

c.

38. , (a) If n is the number then the nurteP'dI Inished by

is n - 3.

(by If t is the first temperature, thetemperatu e after

it rises 20 degrees is t + 20 degrees.

If n is the numberyof penOls purchased at cents

etch, the cost is 5n cent's.

(d) If the number of nickels in my pocket is and the

number of dimes is x, the amount of-efeney I have 1.5

(10x 4- 5y + 6) cents_

320
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page 442

) If the number is then'the result of increasing it

by twice the number is n 2n.

If the first number is x and the other is y, the

first increased by twice the second is x .+2y.

If the number of weeks is (, the nber of days is

7w.

If x. is the number of melons~ and ,y is the number of

,pounds of hamburger, the total cost is 293C-1- 59y cents.

If -n is tie number of inches in the shorter side of

a rectangle, n 3 is the number of inches in the

longer- side, and the area is n{p + 3) square inches:

If x is the population of the city in Kansas, then

one million more than twice the population is

2x 1,000,000.

(k) If x is the number of dollars salary per month, the

annual salary is 12x dollars.

If b, is the number ofedollars in Betty's allowance,

the number of dollars in Arthur's allowance.is 2b

(m) If h is t6'number.of hours, the distance traveled (t

at ko m.p.h. is 40h miles.'

(n) If the.number of dollars in theValue of the property

is y, the real estate tax is (25) dollars.

Ifvthe number of Dounds Earl'weighs the number

Of pounds Donald weighs is e + 40.

r 1 Is the number of miles the first car travels in

an hour, if r is the number of miles the following

car travels in an hour.

(q)

(a

is the number of pounds cf steak, the cost in

dollars Is 1.59x.

If the number of hours Cather _ works is z, the

number of dollars she earns is (.75z.

If the number of gallons is g, the cost in cents is

33.2g.

321



page 4 3

39. (a) y is Maryla sister's age.

16 y 4

(b) b is the number of bananas.

9b = 54

n is the number.

_.2n + n . 39

b is the number of dollars in Betty's tllowanee.
2b + 1 is the number of dollars in Arthur's allowance.-
213 + 1 =3b - 2

t is the number of-hours.

40t.= 260

the number _T hours the trip took.
50t > 300, if we assume that the'mwarmam speed is not
maintain for the entire trip, or e

50t 30 if we assume that th maximum speed is
maintain d. The sentence 50t > 0 given a correct
trans on. ,

h i the,number'of feet of eleVation of Pike's Peak.
h > 14,000

(h) n is the number of pages

0.003n + 2(.l)

)Let p be the number of people in any ety in Colorado.
3,000,000 > 2p + 1,000,000

X
2
< (x 1)(x + 1). This is a correct translation.

However, it is not possible to find any'value of 'x
for which it is true.

Using the distributive property we get:
_2

x x 1,

x2 x2
and this is false far every x.

number of doll rs in the valuation of the

book.

y is the

property.
ir

24.00) . 348.00; or .0-4y = 348.00

322
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pages 443-444 I
1) rl he number of pounds Earl weighs.

1 + 40

0.

n is the counting number.

n + l is its successor.

n (n + 1) = 575

n is the counting number.

711 + 1 jsAts successor.

,n + (n + 1) w 576. This Sentence la falpe for al1

Counting numbers. Ifs& number is odd; i success or is

even; if the number -is even, its successor is odd;

in either case,- their sum cannot be even.

n is the firAtvlumber.

n + 1 is the second number.

n + 576.:

Here th,e'solution set is ;not the empty set since the

domain of n is not restricted to the counting numbers.

f is the number, of feet in the length of-one piece

of board,

2f + 1 is the number of feet in the length of the

other piece.

f +(2f,+ 1) . 16

(ci 5x 225.

( ) C + 1 . T

(a) y Is the number of years old May is now.

y 6 is the number of years o d Mary was six years ago.

y + 4 is the number of years 1d Mary will bd in four

years.

y 4- 4 = (y - 6)

t is to ten's digit.

u is the unit's digit.

10t + u is the number.

u + t is the sum of the digits.

lot + 5(u + t) + 7
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n is the

3(n 17) = 192

3(n 17) < 192

he-number of months that

weii,ht was 200 lbs.4

_75. 5m 200

41.` Ca) n is the number.

n < 7 and n > 1

have elapsed dinde h

(b) b is the number Betty chooses, and b < 7.
n le the number Paul chooses, and n < 5.

Both are counting numbers, so b > 0 and n >0.
If b a. 1 and n 1, b + 3n = 4; if b = 7- and

5, b + 3n 22; hence:

'b + 3n > 4 and b + 3n < 22.

.11
b is the number Betty chooses, and b < 7.
n is the number Paul chooses; anI-jn < 5.
Betty chooses a counting number, so b > 0,

ul chooses a whole number, so n 0.

ok: b +3n> 1 and b + 3n < 22.

42. (a) The fee for 4 hours is 350 + 3(24 r 95g.

(b) t 1s the number of one-hour periods after the initial
hour.

35 + 20t is the parking fee.

h id the tot

h o 1 is the

initial hour.

35 + 20(h - 1)

number of cale-hour periods parked.

umber of ,one-hour periods after the

he parking fee.

43. (a) 100x + 40y is the totalllumber of gallons.

(b) 120 (Igo) is the number o: gallons from the first pipe
2 hours.

40y_ is the number of galls-, 7, from the second pipe
y mnutes, where y > 120.

324

3.



120(100) + 4 is the total number of gallonsim,

y minutes, f y > 120.

1040x + 40y = 20,000

If x is 0, 60, 120,

an y is 500, 350,

e sentence is true.

160,

200,

180,

100,

200

50, 0

44. c is the number of degrees Centigrade.

1.8c + 32 is the number of degrees Fahrenheit.

1.8c 4- 32 < 50

5 -c <

45. d he number of dol are Har receives.

+ 15 is he number of dollars dick receives.

2(d + 15) is the number of dollars Tom receives.

d + (d + 15) + 2(d + 15) . 205

4d + 45 205

4d . 160

d = 40

Harry must receive $40.

Dick must receive $55.

Tom must receive $110.

46. Last yearldcost was 100d cents per dozen.

This year's cost is 100d + c cents per dozen.

100d +
Half a dozen balls will cost

2
'cents.

47. Since the amounts are proportions.; to the ages 7 and

they may be represented/as 7x doilars and 3x dollars.

7X x . 24'

10x .

x . 2.40

Then 7x - 16.80 and 3x 7 7.20.

The older child receives $16.80 and the younger, $7.20.
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48. Let -x be the new average.

Then - 8x is the total number of po n

8 pupils who remained in the class.

The total number of points received bat 10 pupil

received by the

is 720. Hence,
1

8x 192 = 720;

8x = 528,

aid x = 66.

r' Hence the new average is 66.

49 -4, -2, 0, 2, 4, .)

Addition, subtraction or multiplication of any two

numbers of the se `gives a number of the set.

Divipion may not give a number of the set. For example,-

is not an even integer.

Finding the average of pairs of numbers from the set

,may not give a number of the set. For
2

example,
4

or,

3 is not an even integer. Thus, the set of even integers.

is closed u der addition, subtraction and multiplication,

bUt is not closed under division or pairwise averaging.

2

If the first shirt cost x dollars, then

x .25x= 5:75,

.75x = 3.75,

x = 5.

The first shirt cost $5, so he lost $1.25 on it.

If the second shirt cost y dolidrs, then

y ± .25y = 3.75,

1.25Y = 3.75,.

3.

The second shirt cost $3, SD he,lained $0.75 on it.

Thus, he lost $0.50 on the sale of the two shirts.
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51. If n is the number of nickels,

then 12 - n is the number of dimes,

5n is the number of cents in n nickels,

and 10(12 - n) is the number of cents in (12 - dime

Since the total number of cents is 95, we have

5n 10(12 - n) = 95

5n A- 120 - lOn' 95

-5 -25

t(-5n)

n - 5

There were 5 nickels and 7 dimes.

52. If t is the number of hours he rides into the woods,

.then 5 t is the number of hours to ride out.

4t is the number of miles he went one way

and so is 15(5 - t). Hence,

4t = 15(5 t)

4t = 75 - 15t

19t = 75

75 18t or
19

He can ride in for 3
-18
-19
hours so he can go a distance of

4) miles into the woods.

53. If s is the speed of the wind in miles per hour,

then the speed of the plane is 200 - s miles per hour,
1

and the distance traveled is 3-2 (200 - miles.

So,
200 - 630

700 - - 630

-70

s -70C

s = 20

The speed of the wind is 20 miles per hour.
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,i9HE9Req Test it ms

1. Simplify each of the following:
(a) -4

(g)

_rr3x.7-1 , where

2 (x + 2 ) 1
x x

where x and

2. If m = -4 and n

(a) m n

n m

where y / 0

- 1) - (a + 2)

- 2) - (x -

where z / -1

fled the value

Im 1711

Simplify each of the o ing:

3a2b.5c
T77 FEE

a - b
75-777

- 7 + 5 + 2x - y -

( f )

x - 1

1
n) m + n

4. For what values of the variables in Problem 3 is each of

these expressions not a real number?

Find the truth set re each of twe following:

1 2
(a) 4 + 7 7 7

x_+ 2 x
7
2

7

9 - 2x
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6. For what glues of the variable reach of the following true?

= 0

>0
(a) = 0

(b) 5x = 0

(c) x.0 = 3

7 Find the truth set of each of the following,

(a) y - 3 = 3 y

(b) 1 + x > 1

'(c)

(d) lx1 21x1

8. If a b, which of the follow

(a), a - b (d)

(b) F-1g (e)

bl

are positive?

ab <0

a)a

What number must ,bt added to -2x - 4 to get

x- 2y +2?

2
10. By what number must be multiplied to get 3ab?

11. I.
3the numerator and the denominator of the fraction

are each increased by x, where x is positive, the value

of the fraction is increased by .5 . Find

12. A student lived at a boarding hou0e, where he paid rent at

the rate of $1.50 per day, except .on those days when he was

able to work for the boarding house owner. Whenever he worked

for the owner for a day, the owner charged him no rent for

that day, and gave him $8 credit toward his rent for the

month. The'student paid $8.50 rent for the month of January.

Write and solve an open sentence to find out how many days he

worked for the owner that month. (Hint: If the student worked

n days, for how many days did he pay rent?)
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13. Horatio in ,making scale model a buildi If the scale
1

is --that is- if a lehrth of feet on the building is- -that _ _

represented by a length of one foot on the model--how

should ho make the wall of his model which is to c9rrespond.,

to a wall of the buildi.n:::? jrite and solYelp-an-714en

sentence for thin problem.

(i)

(b)

Answer,

(a) If at least

(b) Ii. a = b

Mono

if b

(b)

(d

(a)

1or Ti-7T

one

all real all

for no -aiue of

(,)

t. zteci TOst items

.330

(1

4

()

a -

2-

and e i s 0

22.

all real values exee



(b) all p<ositive real

numbers

all values of x which are

greater than and ress

than 2, except 0.

(d) 0

8. The numbers are positive; the othe

negative.

x - 2y 2 - -2x -1- 3y 3x - 5y 6

3ab 3eb10. 77
a

3 x 3 1

4 x 7-

12(3 + x) - 3.3( -+ x) =, 4 + x

x = 2

12. If-the student worked n days, tYIen he paid `rent for

days. Then
1.50(31'- n) - 8(n) = 8.50

46.50 - 1.50n - 8n = .50

46.50 - 9.5n 8.50

38 9.5n

4 = n

7

The student worked four days during the month of

13. If the
f.

11 of the model is y feet long, then

1

30 - 300

5 - 12Y

5

The wall must be T.7 (5 inches) long.
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Challenge Problems.

Part 2

1. The relation " >" does not have thA compar son property.

Far example, 2 and -2 are different real numbers, but

neither Is further from 0 than the other; . in other words,

neither of, the statements "-2 }- 2" and "2 }- -2" is true.

.

The trAns7tive property for ">-".- would read: If a, b, and

c are real nUmbers for which as-b and b>- c, then a o.

This is certainly a true statement a,s can be seen by

4substitutinr, the phrase "is further from 0 than" for

wherever it

The relatfons "}-" and "
IT havp the same meaning for

the numbers of arithmetic: further' from 0 than" and

"is to the richt of' mean the same thinc on the arithmetic

number line.

2. By the definition of the product of, two real numbers,

we have

ab lal IbI or

(1),LIf at = lal 1b1) then

jabl af

lal Ibl,

ab 1b1).

since 10.1b1 > 0.

(ii) If at Hal, Ibl)! then

labi I -(al ibl)1

Hal ibil, since lx1

it'.

for all x
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3. Prove that the number 0 has no reciprocal.

Proof: Assume that the sentence of the theorem is false.

Then 0 has a reciprocal, say This would mean thatThen

0 x a = 1.

Since the product of zero an

follows that

This ence is false.

a reciprocal is a false assumption, and it follows=

has no reciprocal

0

any real number is zero, it

Thus our assumption that zero has,

zero

4. Prove that the reciprdcal of a positive number is positive,

and the-reciprodal of a negative number is negative.

Proof: The statement follows immediately from the defini-
1-

Lion, a x = 1, since the product of two numbers, is

positive if and only if both numbers are positive or both

numbers are negative. (Proof by contradiction would also

be possible.)

Prove that the reciprocal of the reciprocal of a non-zero

real number a is a-

Proof: Since

tion of a reciprocal, it follows that 1.

of 1is the reciprocal of by the defini-
a

Similarly, since a

that

Compare
1

number
1
ri has

real

1

1

a

1

a

he reciprocal of a, it follows

or, by the commutative property, (b7)(a) = 1.

1 with = 1 We see that the

1

eciprocals
1

and -a Since any non-zero

a

ber has only one reciprocal, it follows that

= a, which is what we,wanted to prove.
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6. (a)

(b)

19 21 - 191

12 91 > 121

121_

191

(c) 19- (-_,2)1:> 191

(d) 91'>' 1-21 191

(e) I( -9 ) 21 > 1 -91 121

(f) 12 '-9)1 > 121 7 1-91

(-2)1 - 1-91 1-21

(h) (-2) 1=9)1 > 1 -21, 1-91

2

7. i m the preceding exercise the student will, we hope, infer

that for all real numbers a and b,

la bl lal = 1bl

Is -11 > 1bl lal

la - bi Ilal rbik

In case some of" the more capable students are interested in

seeing a proof of these statements, we give the following.

The statement that lx Yl< lx! IY1 for all real numbers

x and y can be used to prove the three statementu above:

With x m a'- b and y = b, we have

lal =, 1(a = b) < le - 1

By the addition property of order.

/ lal ± (-101, < la - bl

lal = 1-4< Ia - bl

la bl lal - lbl.

similarly, x b a and y = a leads to the sentence

lb - al > 1b1

Since lb - al = 1-(b - a I - la - bl, this gives

la bI > Ibl lal.
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la( -(1a1- 1b1), so that we now have

la - bl lal

la - b1 - ibi).

Therefore,
1 k I-181 101.
,

8 The distance between and b is found to be at least as

great as the distance between la! and 1bl, because a

and b can be on opposi sides of 0, while lal and 1 b1

must be on the same

9. The two numbers are ) and

Though the above is the suggested approach to this problem,

Some students may try to do it by,using the definition of

absolute Nalue.

If lx - 41 is 1, that .is, lx - 41 is another
name for 1, then 4) must,-by definition of abso

value, be either 1 or -1. Thus,

x - 4 =
1 r

x

x = 5 or x = 3.

1

10. The truth set of the sentence 41 < 1 is the set

) < x < 5.

u_e

Rather than using formal methods for solution of the

inequality, the student will be guided by the question:

What is2the set of numbers x such that the distance between

x and 4 is less than 1? As in the case of the' preceding

exercise,, the student may work directly from the/definition

of absolute value instead of by the suggested approach.
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For example:

If Px -4 > 0, x - 4

But

then

So x <5

- 4 < 0, then 1z - 41 = -(x - 4)

=--x 4

But Ix - 41 < 1

-x 4 < 1

-x < -3

x > 3

Thus, x >'4 and x < 5

or x < 4 and > 5.

5 < x < 5.

11. The graph of the truth set of

0

It is the same as the truth set of Ix - 41 <

5 is

12. In someof the allowing exercises the methods described in

connection itl the solution of Problems 6 and 7 above

may be by the students. The method of the distance on

the number line is our main objective here.

-Truth set: (-2, 10

Graph: -2 - I 0 I 2 4 5 7 8 9 10 II 12 13 14

(b) Truth set: (4)

(d) Truth sett Real numbers x such that x < -3 or

Graph:

Truth set: All real numbers

Graph:

1- I

3

L_ _A i I r I-
0

6
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(g) Truth set: Real numbers y such that 4 < y < 12.

Graph:
L 1--r-4- ---H-_--- __ 4 _4 1

4 8
1 1-

(h) Izl -6

The empty set 0

Pr

Truth set: (-22, -16)
1-1 1 I 1 I 1 1 4 1 1 1 1 1-1--1 I 1-4--1-1i 1-4 -I-

Graph: -16 0

1Y + 51 = 1Y (-5)1 = 9

Truth set: (-14, 4)

Graph:-

Proof-
I -a m (-1)a

(-1)1 Definition of multiplicative
a inverse

(-1)x mi-x

14. Prove: If a < b, a and b both positive real numbers,
1

then r <
Proof: a < b Given

< Multiplication property of
1 1 _order; g V is positive,

Since a and b are positive.

Associative and commutative
properties of multiplication
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< 1

15. Prove: if a < b, where

real numbers, then

Proof:

1

a

a < b

1 1
< b(

Definition of multiplicative
inverse

Multiplication property of 1

a and b are both negative
1

la- `

,

Given

Multiplication property of
order

1 1 1\(Since and are both negative numbers, %a ET) is a

positive number.) The remainder of the proof is identical

to that in Problem 14-4 Alternatively, since a < b,

-a > -b. Because -a and -b are,both positive numbers,

1 1Problem 14 allows us to assert that < and
1

- g < . Taking opposites, again we have,
4

1
a F

1 1 1
16. If a < 0 and b > 0, then < because is negative

an
a F a

is positive.

17.

a + b

abadb
18. F F(U) a

ad beT-
ad ca

ad be
cd

Definition of division

Distributive property

De on of division

Multiplication prope-ty of

Commutative property of multi-
plication and t116 theorem:
a c a ac

b 0, d yi 0

Proved .in Problem 174,
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19.

r

Yes, because the product of any two numbers of the set

is a member of%the set .

(b) (-1) x j

(e)

1 x

Hence,

Hence,

J

Hence,

j x (-1) .

(-1) x j j x ( -1)

(-J) x J 1

J x (-J) = (-J) x J

x (-j) -J) x (-J

j x) -J) 7 (-1, x 1. -1

x (-J) (-1) x j x( -J)

) x J -j

x J - 1 x -J

nce, x J= 1 x (-1) x J

Yes. 1 x 1 1

) x 1
J x 1 = j

-j) x 1 s -j

1 x 1 . 1. Hence, 1 is the reciprocal of 1.

( =1) x (-1) - 1. Hence,-1 is.the reciprocal of -1.

J x (-j) = 1. Hence,-.1 is the reciprocal of J.

(-1 ) x J - 1. Hence, j 113 the reciprocal of -J.

x is a number such that j x x s 1, then

(-1) x (1 x x) -j x 1

(-j) x j x x 7 (-j ) x1

x x -j

-j

If x = -j, then j x x

Hence, the truth set is (-j
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(g) Similarly, the truth set is (-

since j is the reciprocal of -j.

Multiply by

\

The truth set is (1). Multiply by (-1), since -1)

is the reciprocal of J2 or (- ).

(1) The truth set is

Hence, multiply by

-J.

= = ( -1 ) x e-
since is the reciprocal

20. A rate of' 47,(.tes per mile is

time going is , or 18 hou
360

3 miles per

e

to

!n.p.h. Thus, th

is 180 miles 0per hour. -Th he time returning is
1

or 2, hours. The total time is i8 2, or 20, hours,

the total distance 2.360, or 720, miles and the average

rate is 720
, or :56 m.p.h.

21. Start with the sum t.

Then, for he,ten numbers, the new sum is

10.4) - 10.4 3t 80.

For 20 numbers,

3(t + 20.4 ) - 20.4 = 160.

The new sum, then, is 160 more than three times the

original sum.


