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PREFACE TO TEACHERS =
This text has been written for the ninth grade student

whose mathematical talent is underdeveloped. The subject- .
matter presented 1s essentlally that which appears in the échaal

‘Mathematics Study Group text: First Course in algebra. This 1is

part of the body of mathematics which members of the Study Group

" belleve 1s K mportant for all well educated cltizens in our

soclety. 1It' is also the mathematics which is important for the

pre-college student as he prepares for advaaced work 1n the o

'field cf mathematics and related subjects. -

mathematical ability- which has not yet, been recognized.

It 1s the hope of the panel that this materiql will Eerve
to awaken the interest of a large group of students who have
EE It 1s
hoped also that this text will contribute to the understanding
of fundamental concepts for those étudents whasegbrogressln
ﬁathematies has beén blocked or hampered through rote learning
or inappropriate curriculum.. However this text is not offered
as approprlate content for the slow learners among the non

college-bound students, ) . : .

]
The mathematics which appears in the text 1s:not of the
type normaii?%called "business" or "vocational" mathematics;
nor 1s 1t tended that this serve és a terminal éourse Rather,

which will provide the,studenﬁ with many of the basle cangépts

.necessary for furthe% study.

Some of the important features of the téxﬁ are the
following: ) : P .
(1) . The reading 1§§el is appigpriate for the kind of
students for whom the text 1s written.
(2) 1In order to achieve the ijective of inﬁraducing

into subsections, each 1nclud1ng exercises
(3) New concepts are introduced ®hrough concrete

examples.

N
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(4) Easy drill material is included in the exercises
). Chapter suﬁmarlés and adequate setd of feviéw
problems are provided. ’ '
* (6) Terminology 1is kept to a minimum.
(7) A gldssary of important™erms and definitions is
; included at the end of each of the four parts,.

'~ Some general suggestlons for ‘the use of the text are
below. ' - e .
Reading. ﬁ - ;

As 1s the case with all SMSG texts this text was writ
with the expectation that it can and w11¥ be read by the s
Since many students are not accustomed to, reading a book o
mathematica, 1t will be neceggsary to asslst them in learni
make the best use of the bGDZ?: \ i

iTé;cﬁe§  report that at the beginning of the course t
find it best™to read the text aloud wHile students read si
When students eventually do the reading on tHeir own they
to be reminded again and ggain of the necessi@y for reread
some of the sentences. It 1s hoped that by the end of the

mathematics,

Check Your Reading.

The text provides sets of quésti@ns titled Chéck!EBur
Readling which are concerned with the ideas in the materilal
whict, the student has Just read. »

It would be wlse to start a class period by reviewling

readling questions from the precedlng day or the precedilng

;

offered

ten
tudent,
n

ng to
hey —
lently.
need

ing

year .

the
two

days. The student who was not able to dlscuss a question when

1t was . first encountered would have the Dppart?nlty to do
the review. ' '

Problem Sets. i }

so In

The text has an ample supply of exerclses, They are graded

In each 11t 30 that the most diffiéult are at the end of

the

list. It an exercilse whlch has parts the teacher should use as

many of them as seems beat for the particular class situation.

1

[
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Problems have .bepn included which may be omitted without any loss
, of continuity. Among. them are starred problems which are more. .
" difficult than others. Pr@bigma'cf thls type as well as the
challenge problems which appear at the end of each of the four
- parts, might well be appropriate for the "extra credit" part of

the assignments. Y

v This 'text 18 in four parts. In the directions sent out to
"tryout" centers during the-past two years teachers were advised
to use their own Judgement as to how rapldly they should
introduce the_materlai to thelr studem{s. The reports of the
teachers indicéte that:it takes more/than.-one year af?study for
students af average ablllity to complete the four parts success-
fully. It is not clear as yet how well students of lower than_

average ability can learn algebra from this text
A comparison experiment conducted regently by the Minnesota
‘National Laboratory. showed that callege capable, sﬁudenta studying
E‘fram this text performed as weil or SMSG unlt tests as studénts
of 1like -ability studying (iaﬁrzhe text First Course in Algebra:

i
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. Chapter 1 ~
: 'SETS AND THE NUMBER LINE

In thla chapter we gée the non-negative rational numbers. -
.'and the basic operations upon them as a famillar background for
thegintraductién of conéepﬁa and procedures which may be new to
the pupil. iWé‘qsnalder briefly two of the 1ﬁd}spensible Eggls
f

é

for our study g,;theéstructuré of the real number system £-.sets

and the number line. - A ~ ]
'One of the great unifying and simplifying ccgzepta of all*

mathematics, the.ldea of set, 1ls of importapmce thl’ughgut the

course in many ways: 1n claasf?ying the nygbers with which we
work, in examining the prcperties of the oggraticns ~upon these
numbers, in sulving equations and inequalities, in factoring y
polynomials, in-t@é atudy éf functions, etc. - '

‘Since most students heve not studied about sets before
entering thls course, and since the basic notions of set are
usually grasped quite readlly, iﬁ‘seems a good toplc, from a i ‘

7fF§tand§§Lnt, with which to start the course. We .

move on quickly from this first discusslon of sets, however,

motivational

postponing much work with operations on elements of setsiand
with closure, so as to get quickly to the presentation of varlable
(1n Chapter 2). This is done largely because (1) teachers and
students expect the early Introduction of variable an§ t?) our
atudy of the atructufe of the numﬁef aystem can begin'with:the
idea of varlabie 7 .
-Next we place the number line beforé the student. -Here
again 1s a concept thﬁt Lg;;f use-thrgughaut the course., It 1s
the device for pleturing mafly of the ideas about numbers and
operations on them. This is immediately ap@areﬁﬁ as the graph-
‘ ing of seta 13 Introduced and 1s followed in thé final sectlion ?
of the chapter by additlon and multiplication cn the number 11né.
Pupills who have studied SMSG Mathematics for Junior Higﬁ
Scnool,will have had a little experience with sets and the number

line. They may be able to go through parts of this chapter a
little more qulickly than other gtudents, but the treatment 1s
sufficiently different that nothing sholild be omltted.

%xzﬁg) W Q\l * ’ }
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The teacher s referrgd to Haag, S;gdiggrégfﬂath;métiesg .

Volume III, Structure of Elementary Algebra, Chapter 2, Section 1.
“1-1. Bets. e o .
. a . { A =

- Though the rirgz sets listed at the outset of the chapter
are not examples of sets of numbers, we move quickly in the .text -
to ccnsidekatibn of~such sets. ] ng?gh non- numer}calsﬁeta m;} be
of interelAt, a olonged diacuaai&g,af them would conatitute a
diversion from the basle purpose of the course. ’ .

The concept of set isa intraduced by making use of the
student's experience YDUE%gy find it neceasary or desirable
to give aeveral other examples
- We do not introduce much of the standard aeb natﬁticn such
as set builder notation, €, ), C U.nN, because the topics
to which these notations are particularly well adapted are
probably too widely seﬁareted in the book for retention. There
1s, however, no objection to the teacher using any of these 1if

* he 80 desires, Certailnly, if the ciass'alréady has a backgraund
iricluding setgnétgtian, the teacher should make use of 1it.

j’BFaEEE are introduced as a means of recognlzing sets and as

a féans of 1isting sets. ’ N . r i
Study Guide; page 2: - ;F S
1. Stress the .1dea that "set" will gg\uaed throughout the
* course. ’ :

AnaWers Lo Fraglem Set l-la; pages 2-3:
=== :

(b) (3, 13, 23, 33, 43)
» (e) (10, 20, 30, 40)

=

2.- The’set 1n (c). It has 4 elements.

N, 3. (a) (4,e, £, & h, 1, 1) - ) c
T (b)) (o, € 1, a) - S

g (¢) (1, s, p) (Point out that the letter is 1isted
| - only once, ¢ven though 1t occurs - more
- . than once.) .

¥ 4 ' ..
“oa) (P8 L1284 | E
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pages B—S:lﬁ,zl
i » ) +
+ ( 3 4 5 %6 1 8 9 p
(b) (E: T; 3‘, g; 5, ?)—, 5=j] ég
o (
5 5 8 1lle 12 13 14
() &3 23 5 5 51 L

Problems preceded by theyéstefisk * are more che
than others in tha same set of exgkche% Such proble
included pglmaflly,f@f the Erlghtéf and more curlcus.st
and the use of Ehesé prablems with ap =ntire- laé

. \ime needed 1atef in the year-to cumplFtp ‘the Da,i,
§ course. The teacher wlilI have t@ dPLLdP _as he reaghes

g

prublem whe;hFr time and the ablliﬁi of hiq students g
;ta deal witﬁ the problem wlth the class as a"yﬁdle, ; .
. o A S ;
5, (a) LCalif@rniL, Conneectlcut, Colgrado] B j
D¢ v () (N.Y., N.J.NJHG, ONLCLUNLDL, NUML, Neb, Nev.),

(c) h[Hdeli} ; , R

(df There are no elements in this set.

Pages 3-4 IF 3h@u¥¢ be pointed out that there are two methods
of describing sets. -4 set can DP 1isted with the elements er-
closed in braces, orf a set. can be described with a verpal de;crip-

¢ tion. It iqliﬁp@rta%t/t@ note that ln some cases a verbal
descriptlion and a 1i Lng are equally.adéquaté“in descrlbiné a
set. However,. there are Sé%ﬁ which één be described i
of the two,ways. On one hand, for example, 1s the.s
7, 8}, which is not easily described in words; on the Dthér nand,
there s the aull sét, which cannot be listed and must be
deégg}bed in some other manner. o -
o : . . s
Pages 4-5.  We introduce the technlgue for listing sets which
have mardy elements and sets that are infinite. We use the common
notation of the three dots " ." which mean "and.so forth" or
'continuing in the same pa&terﬂ". Depending upon the class, this
notation may or may not need more éxplaﬁatian.
* The representation of a set by a capltal letter is intro-
‘duced. The 3student should understand thé& this i3 simply a waj
of naming the get, We thén deflne the set of countling numbers,

whole ;@umbe?’% multi'plés of 3 (tn' ﬁlafif‘y the c(um«pt‘ of a

2

J £

e g,



pages 6-7: 1

Answers to Problem Set 1-1b; pages 6-7:

1.
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(a)
(v)
(c)
(a)
(e}
()
(g)
(h)
(1)

(1)

(J)

(k)

(1,.2, 3, .. ., 12)
(o, 1, 2, ., 10}
[11%,121 13, . . .)
(0, 7, 14, ., 49)
{o, 3, 27)
(o, 2, 12}

6, . . .,
oo e
(16, 18, 20, . . .}

[ljz BjA’Sv; ;‘39,]
(& 2, 3 &y
,7! 7:‘ 7‘? = £ ¥ 7

the
& the
greater thagyll,
15 the #e:

or 22),

set of

@
[

I

——

H Ls the set of
(or 18).

I 1s the set of
than 72:(or 67).

all

all

J 1s the set of all

even numbers lesg than 7.
ES

odd numbers,

multiples of 6,

multiples of 4,
whole’ (or counting) numbers

odd numbers greater than 21
odd numbera less than 19

multiples of 6 which are less

even numbers greater than 26

and lessa than 100. ..
K:1s the set of all 302day months. (Other verbal

descriptions are possible).

¢

The set obtalned by dividing each element of the set

of even numbers by two ls the set:
i

(o, 1, 2, -]:

which 1s the set of whole numbers.

2

Ty
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pages 8595

Many of the prablém sets In this chapter are

1-1

short, and the

teacher may wish to ¢over more than one pranPm set in a,day

For most atudents,
the  idea of sets which are néédéd in thls course.

should suffice to convey

The tPauhPF %s

cautioned not to dwell on these 3e ctions at 1ength nor to prulaﬂg

greatly the exerclse work on sets,

ture of the real number

system,

for it 1s the algebralc strucs

rather than the study of sets T~

for thelr own sake, thaﬂ'vanrtituﬁes the heart of the course,

Answers to Problem

Set

.1, B 1is
Df1s

j% is

d H 1is

[iv]

e T« B
ih

O
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agsubget of A

a subset of

a subset of A
f

a subset ©

(1, 4, 9, 16}
(1, 4)

No, R does not
Yes

Yes

No 9, 16 are
(1, 2, 3, 4, 9,
5, T, R, ﬁdare
R 13 a Eub%et
K has the mos

We have
even number."

we will have 2

defined an
Hence,

more than

S 10:

pEEEE

C 13 not ubaet of A because

a 31

and

E

i3 an element of C not an

elemerit oft A,

F 13 not a subset of A because

ls an element of F and not an

element of A. : .
'

because 27,

of G and

elementa of T but not of 5
167 ;
all subsets of K.
f R.
elements .
=9t elements
odd number as "one more than an’.

if odd.numbers -

—which wlll

we add two

be an even number.
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pages 9-10: 1-1 N

- 7N

, , € f :
{b) From our deflnitiﬁ#fgf an odd number, multiplying
an odd number by ah odd number would always result

In an "extra" one, so the product is-always odd.

of sums of pairs of T 1s
18 mot a subset of T

7, 8 are not in T,

then the set of products of palrs is
7. 1f R = (0, 1, 2}, the set of sums of palrs of R is
] , } and the set P of products of palirs
of R Is P = (0, 1, 2, 4}; neither P nor S is a subset
R

= 3 i
[ =

, Je of clésurerintr@éﬁged in this problem will

be dwelt upon thoroughly later so Lt should probably be
as an Interest 5r@blem at this time and should not
llowed to distract the class from more immediate

5. ' =

(a) T is not closed under addltion §
(b) © ls closed under multiplication but not under
Additlon. O .

(c) Rls not closed under elther multiplication or
additi@ﬁf

(d) N Ls closed under both multiplication and addition. fg

.

Comment on problems 2 and, 3.

. Experlence shows that atuéénts usually have difficulty
a lng the dlrectlions gilven for these two problems,

dless of the care with which tHe insfructlons are

Here we are tolching for the Fﬁiét time the 1ldeas

and "union" of two sets. ThESé-wlllubé

aln tn varlous c@nﬁéxES: hua, 1t i3 not necessary

e Leacher te make 'an all-cut productlion ef problems

and 3, _The‘difflculﬁie: here can be éasedj%y means of a

dialogue between teachers and class 1in which 1t ls made

clear that -



1) the elements in R and in S consist -of those
- elements common to R, S; g
2) the elements in R or in S conslst of; /those
elements elther fin R or in.S or both.

After the class succeeds In undérstanding thpsqégwa * .

DpPFEEanS on sets, be sure that the’ wgrds {nd and or
remaln thé ESV words rather than the wards
Pithﬁ?” et

very soon in~the course (Chapter 3) we will meet

"both", "common",

There 1is a g@@d reason for this, because

conjunctions and dlsjunctions of sentenc=s in which the

e

Pntersections and unigns of%sets'will be Lmplied by and

. aﬁdigg, respectively. ., % o
“ Pages 10-11. ' The EESLhFF should be awage of th?éé commorn errors
made by stude \ts#in working with the%iﬁpgy set. The m&st camm@n
error 18 the Zanfus‘an of {0} and ¢, and_ thf& is warned agalnst
in the text, but may neeq further emphaslis by the teacher. A
less signiflcant mistake’ 1s to use the words "an empty set" or
Ya null set" instead of "the empty set" or "the null set" There

is but one ﬁmpty get though 1t has manv degcriptluns, A third4 .

—
T

- ' The statement thst the null set is a subset of every set
~may cause some difficulty. The teacher should point out that
"to say’that every element of A\ is an element of B means that

' jthere 1s nd element in A which 1s not in B. The null set ¢ is -

a subset of the .3et (1, 2, 3] since @ has no elements which are

"not in the set (1, 2, 3}. .
Answers to Probl em Set 1-1d; pages 11-12: . ’
VY, &£ (a) A = (2); therefore it 1s“not ¢ =
(b) B=d ‘ s
. - S )
(c) c=¢ o
(d) This 13 not the null set ‘but the set (0}
(e) ¢ . ' .
(£) (0}, not & .
B
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! [] - ¥ =
. (3} There are elght subsets.

1, 2) 2 x 2 x 2= 27

3. The 118t of subsets of C 1s
t, . (e, 8}, (3, 8}, (1, 2, 3}, (1, 2, B}, (1, 3,4),

[EJ 3! )4}; [1J EJ 3! L{,}! »
There are 16 subdets, 2 x 2 X 2 x 2 = 2

: ~
4. For a set conslsting of n elements, the number o} Subo

|

‘ sets 1s 2". This problem is included to help discover _
the student who has the ability to generalize. Do noﬁﬁ

‘ { conslder this as something for the entire class to

| :master at this time, certainly not the notatlon 2n

Pages 4 The number 1L§E 1s used as an 1llustrative and moti-

vational device, and our d ;tuasion of lt 1s gquite intuiltive and
informal. As was the caséﬁwith the preceding section, more ques-
tions are raised than can be answered immediately. /

Present on the number line 1mp}icit1y are polnts correspond-

ing to the negative numbers, as is’éuggesﬁed by the presence 1in
the illustratian of the left side of the number line. Since,
hawevef, the plan of the course 18 to move directly to the
considéfatlon of the properties of the Qperatlcns on the non-
negatlve numbers, anything more than casual recognition of the
exlstence of the negative numbers at thls time would be a
distraction to the student. } f

| The idea of successor 1s important! Eupﬁase%y@u begin with

\ﬁhe counting number cne. The successor 1s "one maTé"j‘EP 1+ 1,

?ne successor.of 105 1s 105 + 1, or 106; of 100,000,065 is

,DG;DDD,QDé, This implies that whenever you think of-/a whole

number, however large, 1t always has a successor. To the pupll

O
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pages 13-17: 1-2

should come the reallzatlon that there 1s no last number. An
interesting reference for the student 13 Toblas Dantzlg, Number,
the Language of Sclence, pp. 01-04. -
The use of the term "{nfinitely many" on the part of the
student and teacher shauld help the ‘student avold the noun .

"infinity," and with 1t the temptation tu call "{nfinity" a num-

eral for a large number.
) The Emphasia here is on the fact that a coordinate 1is. the

npmber which 1is associated with a point on the line. "Coordinate”,

1 i

must eventually become parﬁ

F

"assoclated", and "corresponding to'
of Ehé pupil's vocabulary. He must not confuse coordinate with
point

'!

PR ’ The distlngtlon between numbEF and name

nor coordinate with the nime of the numbe

F ¥

[

r
f a number comes

sue of 1t at this

up heregfor the first time, Do not make an 1s
time, for Lt 1s d&alt with expllecltly at the beginning of
Chapter 2. ~ : .« -

Answers to Problem Set 1-2a; page 15:

1 g = {1, 6, 11, 1o, 21, , 46} (a list description)
2. (a) finite (d) finite

(b) infinite (e) finite

{(¢) 1infinite . (£f) 1infilnite'

Pages 15-17. Here we pigiure the Bu%bef 1ine, the polnts belng
labeled ‘with fatlnnsl numbers. You may want to polnt this out

to the atudents after they have read at the tnp of page 17. We
must be careful to observe that the general statement on page 17
concerning raflonal numbers 1s not a definition, since 1t does
not take into account the negative numbers. Do not make an 1ssue
of this with the students; for the moment we-merely want them to

have the ldea tnhat these num mbe = among the rationals.

m
;.

i It 18 also posslble to say that a number represented by a
fraction 1nd1watinp/the &ivls;mn of a whole number by a counting
number 18 a rational” humber Thla Etatement may .be of intérest

aince 1t 13 expressed 1ln terms ‘of these rereﬁtly deflned sets,

=
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pages 17-19: 1.2

but the Staﬁement in the Eéxt has the advantaée that the
‘ ||§£H 1 1 4" HS"

x exclusion of division by ﬂeﬁg is explicit. 0 = T

1]
% are some posslble nameslfgr these numbers.

A raslonal number may, b@ ?épPQSPhtéd by a fraction, but

such as 1.333... and 1.42. {The number line lllustratian on

. . i , B it i [ 0ral -
page 16.gives the name "2" as well as the fractlons % s % y "
ngn 7 7 o ; B i
T to name the number 2. I ",

The same dlagram makes{clear‘that not all rational- numbers

are whole numbers. Thénstawents may have seen some fﬂEEtiDnS
- that do not represent rational humberr, such aa,’{é 3?, etec.

They will have to be reminded that so-called 'decimal fractions"
are not by this definition fractians

It is necessary to keep the words ratianai number" and
"fraction" carefully distlnguished Later on in the eourse, it
will be seen that the meaning of the term "fraction" includes
any expression, also Involving variables, which is in the form

of an Iindlcated quotient,

Pagés 17-19. The ldea of "density" of numbers is belng

initlated here. By density of numbers we mean that -between any
two numbers there 13 alwayg aﬁnther, and hence that between any
two numbers there are infipiﬁely many numbers. --This Suggeats

that on the number line, thWPPn any two points there 1is always

another point, and, in fazm Infinitely many polnts, We refler
here to "points" in the ma%hem&ticgl, rather than physical;f
gsense-- that ls, polnts afiné dimenslon, i Because the student
may not be thinking of pulpts in thig way he may not intultively
feel that between any two points on the nuniber line oﬁher polnts
may be located. Theref@reL he 1s shown "betweenness'" for numbers s
first; then, taking these numbers a3 coordlnates, heiean infer
"petweennesas' of points QnLthe number line.

The fact that there are points on the number line whleh do
not corfeapcnd to ratianal‘nuﬁggrs should arouse the atudents'
curioslty Do not exgﬁh tn this at this time, *ﬁawev&r Irra-

ticnal numbers will bﬁ int oduced at a later tlme, as c@ordinatES

L

of such points.
, 1

e
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. pages 19-2C: 1-2 T (

At this polnt ln the course, It 1s hoped that the .student
ngL%accept the fact that every point to the rlght of O on the
numbé} line can be assligned a number.. He may not accept the fact
that not every such polnt has a ratlonal pumber as lts coordlnate,
but this fact need not be emphasized until Chapter 12. He may
also be lmpatiert to agsign numbers to polnts to the. left of O.
For the time bgingg‘untli Chapter ©, we shall concentrate on the

= a N _ L . .
non-negatlve real numbers. Thils set of numbers, 1including O and

all numbers which are coordinates of points to thé right of 0,

of numbers of afi@h@gtici After wéres;ablish

the properties of operations on these numbers (in ngpténs 2 and

4) we shall r the sét of all real numbers which inciguey”

the negatlve numbers (1n Chapter 6). Then 1n Chapters 7, 8, 9,
pr

- = 7 .
and 1¢; wé spell out the operties 'of operatlons on all real
7 . L B b o )

numbers.

, P .
Answers to Problem Set 1-2b: pages.20-21: . e
1 (a)—g e o ——e . -
- e 3 4 5

&

#

f -
[ S Q— _ &5 & s i B R .
(b) . D S E S S —
.0 = 2 3 i 7 3
z N e 2 Y 5
E = 2

I
—
oy
o
L
ot
=
L
g
2-
[
[N
o
51
=
=
el
e}
s
4
el
e
[
_—
jo)
]
o= el
')
-
3
ot
b
-
o
Py
o
i
i
i
S
=
-
M

O
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- 3. This problem represents a very good ruler exercise} If
time 1s a factor you may choose to omlt 1lt. Q‘?
P T T R TR T ST A S S T S A
0 iz 8 e 4 3 8 T2 H iz 8 3 4 s 8 1z
2 z z z 4 & 10
2 T % — s s 5 2
3 4 ' 3 a 2
) [FE— ? . 2 iz
o \_‘_ﬁ,/ 4
K]
) 3
12
<]
(a) largest, % 1&11”'%&‘1”' é=—3§, "ij;, ete
smallest, —s; smaller, ==, = S et
AN -A N R A 1S T
' L - sequence of 3 51
The student may notlce the sequence of T 5 B
- i : 17 113 .
. %31— and giv%yﬁé answer % %‘3—, ete. If he '
. +
. %\ doesri't, point thls out. - ‘
by L 2 3 a2 5 & (
v ®) 7 ©» & B o 12 y
. 1
(c) ¥ 16 a pussible answer
1 _ 2 2 _ 4 e 2 by .3 1
. i7 ° 55~ 15 = 377 between ;;,T,and 25513 sy °r g
q\ . of L
) (d) ?nfinit
4 (a) Infinitely many. , Infinitely many.
- 5 7 . 5 51 w2
b = = Aare g - 3. == =, = ‘ :
(b} 5, 7 are possibilitles 1660 16-000
possliblilitlies
(c¢) There is none--no maﬁﬁe"; what one 1s offered as
"next", anather can be found between thi's number
‘a‘ and 2. This should provoke some interesting
! discusslon!
.1 \""\.\ .
—_— : - /
12 “
fl H
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=~Qages 2l1-22: 152(
i 4
5* 4: I;

- v 3
3+ 1, 2 x2 are possibllitles.

u
| et

]

1
Tt

6. g 16 Y V75, ﬁ%; ﬁ%% are possiblilities.

. A
7. Here we are bullding the ldea of otder

1s to the right of the

,,,,,, 3
p The polnt with coomginate 1.
polnt with coopdinate 2. 1

5

.5 18 greater than 2.

5 18 to the left of the
less than 2, '

b
e
i

2
—
iy
—
[
fi—=
o
o
it
1T

omltting thoze whicky name the same number,
%

vy infinite
;‘(Q) Lnfinite

Pages 21-22. It should be polnted ocut that the graph of a set

1a simply the polnts marked on the number line.

22-23: !

{3
=
(¥
£
m
]
[ ¥
ot
el
;TJ\
1
e
o
-
o)
=
L]
i
ot
e
i
iy
g
bs]
i)
i
T
N

b
>

e e - — -
0 i 2 3 4
=
E i 4 P - F 1 — — -} I P S il i _
b ¥ ¥ T ' ¥ -t 1 ¥ ral T
0 I 2 3 4 5 1) 7 8 9 10

[ }| Bl
Ik

™

o
—
puad
L
-]
+r
L

|
—
P

3, b, 7} and T = (0, 2, 4, 6, 8, 10], Ao

then ¥ = (0, 4} and 11 = (2, 2, ?, Lo, 7, 8, 10)

By ow
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The points @ﬂﬂsﬁé graph of K'are proje&tions of the
potrits appearing éimultanesusly on S and T. The p@ints

on the graph of M are the projection of every point on
5 and every polnt on T. The student need not, of
course, answer in these terms. /

o
P e
oy

‘ 4
K ]
o4
-~

- 5y 223 4 s 6 7 8 10

(b} If £ is the set of numbers whlch are elements of both
A 1

n A and in B), then C has no g

5,

F B
. a =
(¢c) C 1s the.empty set (or the null set).

v ]
thes,sszga. This 1lilst should not be“usediés a teaching ald but
. N ) . .
t i

1
may be used for nomework. They may HBE used f

Problem *12 should not be glven to every student.

14

I
*
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pages 24-25,
.
e

werd to Reyigw Problem Set;

RIC

1'4 {Q; 3! ) 9! j,j_y 118]
2. {0, 876, o h8y

g

512, /0, 48)

L

= L
—
')
oy

v» L
'very subtle idea lnvnlvin{ infinite

pages 24-

Alb set of

mEﬁEJ in

. The seﬁ of multiples of 3 1t not a
multipldg of 6 because there are ele
not app#éring in the seccond. For ‘ex:
‘a multiple of 3 but 1t 1c not a mult

. multiples ¢ f 5 is a subset-of the
5, The set of creater
f

6. (a)
(v) nt
(c) 1
(d) 3 elements (don't Merget
(e) 101 elements
(f) infinitely many elements
(g) infinitely many elements
9. I3 =(5 7, % and T = (0, 2,

' K 12 a subkset of 5 and of
(b) W= (0, 2, 4,5, 6,7, 8,
M 1s not a subset of &
finite sci.
{¢) R = :
R 1 of M, of &
(d) A has no elements

(e)

—
W

zero)

I,

8. -Other. descrip-
Y ) ¥
inclusive" 1g oge
H Oy
s“é’é
10) =
i
ee are finite zmets.

af

=

ey

the sef~orf
the filrst set
the' number 9 is

6. The set of

multiples of 3.°

A1l thr

of M. M ﬁs a



O
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pages 25-26

1a.

(2)

is greater than 3.1.

lies between 3.1 and 3.

. ) 4

Subrsets of finlte sets are alwayé finlte.

The set D of all rational numbers from O to 10

ihclusyGE is not a finite set. Thils illustrates the

interesting ldea that 1t 1s not Sufficlent to be able
a

t6 name.the last numbpr tg be ble ‘to” fount the set.

t
sinfinite set does have Tlnite subsets.
4 €ubset of D. '

Infinite =kts can have Infinite subsets, for example,

the set of counting number?® is
= 1 ;
2

a
‘ational numbers, or of the whole numbers:

-~
® L& S W | - [ § I R | i
T | T % LI ¥ T T 1
. | 5 z 3 U 4 B4 5
o 3 | 2 3 3 5 45 5
L]
- & et} _

ol
mhﬂ p
mia P
LT ]

O+
-

wlg P
. omp=
.,

|

%)

i
1]
-
) -
I

5 '3 are whole numbers.

and- 3 are counting numbers.

o RS [

[
it

&
the elements of the set are rational numbers.

i~
%,

15 between theo whole numbersz 3 and b, =

=

T e

point with coordinate

4

lles to the right of 3.1.

b |
; ‘“:‘h r

e

1
Ly



i this prob}em Eincé the 1d§aé Way be loat on the class. How-
ever, 1t canalééd ta an imtereating discussion 1f enough of.
»the class wili benefit fﬁﬁm it The obviously capable 1ndl-
) vidual in the class should have the opportunity to do 1t.
- This 1s a much more useful def‘i.nition of an infinite set than

has been’ developed in the text

whole numbers since it does not include the elements 1, 2, 4,
5, . . . as a partial 115t f One possible one-to=one corre=
é*:spondence between the set of*whole numbers and multiples of

) 2 n
= f I I ' ,) ?
. 6 3xn
ifi RN _ : e ~ where-n represents, any

~whole number. . °

S .For tpe superiar student it could be pDianngUt that
id‘,mathematieians ﬁake this as a definition qof an.infinite set
A set 1s 1nf}nite if 1t can be placed in one-to-one corre-

spaﬂdence wtth a proper subaet of 1t5e1f K
.r }A : s;r £

[ It : i

Suggest §7Tgsﬁvit2ms

which follow are not intended to

’ campfise a balanced Br 2@mp1€t test, but are, as the title
implies, questions which seem sultable for inclusibn in a test

on.this chapter.)

1. Are the followlng sets finite or infinite? If it 1's possible,
list the elements of each. -

E

“.(a) The people in this classroom today. ; ‘ .
(p) All multiples of 3. S ‘
F{e) All counting numbers legs than 7.
. / , L
) 3
-1

7

L\‘-. -



!
. .
(d) all whole numbers which are not multiples of 5. ;
(e) all numbers between O and %‘ '?;ﬁ " -
2. (a) Gaiven set 5 = (0, 1, 2, 3, 4). Find set T, the set of
£ T products of each element of set S and 1, I T a subset®
B of 87 - ’
" ’(b). Given set A = (0, 2, 4, 6, 8). Find set B, the set of
' praduata af eaeh element of set A and O, Is B a subset
of A? Is B the empty set? . o
3. Desgribé in words each of the followlng sets
(a) (1,8, 5,7, . . ) ' )
()" (0, 5, 10, 15, . . .} . ’
(‘3) {0, 1, 2, 3, 4} ‘ S
(@) # |
4, Given set N = (1, 2, 3, 4, 8, 9, 12, 16}. »
" (a) Find the subset R consisting of all elemenfs of N which
~ are squares of whole numbers, e
(b) Find set K of the odd numbers in set N.
(¢) Find set A -of the squares of the elements of N.
(d) Find set B whose elements are each 3 more than twice the
corresponding element ﬁf N. ~
(e) Find set C, the set of all numbers which are elements of
both N and B. ./ ‘
. (f) Find set D, the set of all numbérs which are elements of
' either N or B or both.

5.  Consider each of the follco 'ng sets, and for those which are
finite list the elements, if possible. If the set is the
empty set, write Y he usual symbol, &.

(a) All counting numbers less than 1.

(b) A1l whole numbers less than 1.

(e) Al lrnumbé?a less than 1. ]

(d) All countlng numbers such that 10 times the number 1is

greater than the number 1tself,

(e) A1l whole numbers such that 10 tlmeg the number 15 equal
_ fto the number times 1itself,
¢ :

18

.




(a)® Draw a number line and locate thexgéiﬁggéﬁhose'

caérdlnates are: ) .
1 2 4 / . L i
3 5T gi, 2, -3-, % 6, 1.2, 1.5, 1.8, 3.5, 4

(b) " Which of these coordinates are counting’ numbers? Whole”
;?1,number5§ Rati@nal numbers? T
(Ef On the number Iine how is the point with coordinate
5 k located with PESpEéE to the paint with Ea@rdinaté 4o .-

with coordinate 6 2? %

. .(a) 1Is ?7 to the left Df 2 on the nuwber line?

8.

9@

0.

“(b) Show the graph of the set K = {0, 3, 7].
~(e) vrite iher names that could be used for the ccor‘di—-

nate 3. '

If A 1 the set of all whole numbers leas thaﬁ ED whiah are -

” not multiplea of either 2, 3, or S,

(a) 11st the elements of .set Aj
*Xb) draw the graph of set

=

List two numbers between g and g How do yoyl know that they
are between E and % . (s .

‘State S, the set of all whole numbers.
(a) Is it finite or infinite?
(b) Is it closed under addition? Explaln why.
"{e¢) Is 1t closed under multiplication? Explain why. 5.
(d) 1Is it closed upder the operation of find7ﬁg the average
of two numbérs? Show why. ‘

-¢State T, the set of all odd numbers, and anawer questlons

(a) through (d). N v R
1 x *
State R, the set of all odd numbers less tﬁan 8 and énswer

questions (a) through d)



R L ( lgf . ",
. . . %,
Answers to Suggested Te Test Itema
1. - (a) finite’ _tAnn, Mary, Peter, . N - Jahn} Really
o ’ | depends on the cglass.- a
s (b)L;ihfinite, : s igﬂ“ L L
' . (e) “finite (1,2, 3, 4,5 6} . - .
5 (d) infinite . . SRR :
(i) infinite . . N
2.7 (&) T=1{0, 1,2, 3, 4 Yes, T is a 'subset of S.
(b), B = (0). Yes®B s a subset of A, No, B is not the
Laémggy set. = A
3. (é?h‘fﬁé'set of odd numbers. 4
(b) " The'set of multiples of 5. ™
(53F4The set of whole numbers lESﬁféhan 5, or the seﬁ_gf
,,,,,,, . .whole numbers frcm D ta 4 inclusive ) :
(d) The empty set. B -
] (a) R-= (1, 4, 9, 16}
(p) ¥ = (1, 3, 9]
(c) A= (1, %, 9, .16, 64, 815 144 256]
‘ © (d) B=¢(5, 7,9, 11, 19, 21, 27, '35)
(e) ¢c={(9) oo o
(¢) D= (1,2, 3, 4,5, 7,8, 9, 11, 12, 16, 19, 21, 27, -35)
5. (a) -¢
(v) (0}
(¢) 1infinite set . , . s
(d) infinite set
“(e) (0} '
;;"
(v) 2, ijh are counting numbers. . i

0, 2, 3, 4 are whole numbers.
%11 are rational numbers.

{¢) This is to the right of the point whose coordinate is L.
It is to the left of the point whose coordlnate 1s 6.2.




% 10-

(v)

(c)
(a)

H

> 18 to the left of %—% on the number’ 1ine.

5
e
Gw

—'—n'

0 I-2:3 ? 5 6 7 a 5

3 24 1,5" *2 kot

Amang BéVéFal passipilitiés are-g, T

A= {1, 7, 11, 13, 17, 19) .-

L 1ds : = .

(b) ] & M — } i — i } i‘

f e

"X’fg 15 @
i
E

or,

S = [
©(a)
.(b)

(¢)
—~ (d)

(a)
(v)

| 234 567 89 1011 12 13 u;|5|s W’lEIB EG

NS

several possibilities are _5’ EI’sé% é% 18 étc. . e
{

and % Tg’ thus ﬁg is between giand ?

- gu Ana gﬁ- 2 = f%i

":i

cnm

&

P A

@ 1; E 5; ij,::;}.
1nfiﬂ1tgx : . N S
Yes, any element 1In set S5 added to any element 1in i

get S produces an element in the set S.
Yes, same as above.

Z—%—é = 3? and ?; is, nat an element of the set

of whole numbers.
3, 5, 7, . . .)
infinite .
No, Bince 1 + 3 = 4 and 4 18 not an element

[+]
La
o 7
=3
g

“get T

(e)-
()
R = (1
(a)
(v)
(e)
(a)

Yes, same as () above.

No, alnce l:g%g = 2 and 2 18 not an element of the

set T. . . g '

H4 3.! 5; T.} ’ s : ) B
finite : : .
No. 1

+ 3 4 and 4 1s not an’element of R.
No. 3 x5
1+ 3

15 and 15 is not an element of H.

2 and 2 is not an element Gf H.

z
w O
[

5 5

2%,

N —
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- | NUME RA,LS _SENTENCES , ~ AND VARTABLES N

. For backgfnund in the topies included in this chapter the
‘teacher ig referred to Haag, Studies 1in Mathematics, Volume III, -
;Stfucture af Elementary Algebra, Chapter %, Sections 1 and 2, and

:Ghaptér 5,,Seapian 1"\_v . : S L

2-1. 'Humbéfs and Their Names

. -. The aim ﬂf‘fhis gsectlon is to bring out tha distinctian
:between numbers themselves and thé names for, them and also to
introdu e the notion of a phrase. Along the way a number of
imparﬁéﬂt conventions used in algebra are polnted out. ]

- Wé dq not want to make a precise definition of "common name ."
The teﬁm is agfelative one and should be used quite informally.
3Ngt8~that some numbe;s do not have what we would wish at this time .
fo ca¥l a common name, such g@a T vﬁ' while some may have segeraf‘s

gi , etc )

2

\rw;u |\ -

common names (e. g. 5» 0.5 and
handy, particularly in éiscussing the distributive pPOpﬁPty; and
will be used f%equentlyithhe§ are- also ugeful to counteract the .
tendency, encouraged 1n arithmetie, to regard an expresslon such

as "4 + 2" not as the name of a number but rather as a command

to add ‘4 and 2 to obtain the number ' 6. This point Bf view \\\
makes 1t ditfieult for a pupil to accept such expfesaiéhs‘és )

'hgmgg of anything. . In passing, you may wish té mentlion to the
ciasé’ig@igated quotiem;; and ind' . differences. Some;méy
‘already be famillar with ['indicate a1 _lent" as synonymous with

"fraction." :

You wi 1 notice that th® word 'factor” is not introdided here
and for the following reason. It 1s felt that the mathematlcal
concept of "factor" 1s such an Important one that we should wailt
untll the students are ready for 1ts definition and application to
the theofy of prime factorlzation of 1ntegers and p@lyn@miais in
Chapters 11-13. )

If the teaéhér feels compelled to use "factor'" at this point

as a handy word to descrlbe the numbers involved in an indlcated

prodhbct, he should do so with caution. Be sure that the students
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pages 27-28: 2-1 .

do natfthiﬁﬁigf factofsrin;térms of the form of a numeral. For
example, avold this kind ‘of Jfaulty thinking: "2 1s not a factor
of 2+ 4 because 2 + I does not involve the indicated operation
of multiplication." 1Instead, encourage this kind of thinking:
"2'1s a factor of 2 + 4 Dbecause there_is‘a numbéf;-i; such that
the préﬁuct of 2 and 3 1s 2 + 4." In general, the number a

18 a_ factor of \° 1if and only 1f there s a‘number, ié"éﬁgh that

.ac = b. ZLater we learn why factoring is mathematicaily 1nterest1ng

only fér integers. or polynomials,

Note the use of quotes to indlcate when the reference 1s to
the numeral or expression rather than to the number represented.
It 1s impartant to bé careful about this at first. Howéver, since
good English does not always demand thils kind of distinctioq but
become more relaxed about it and use such forms a§>"the[8xpreasion
3x - by-+ 7" rather than "the expression lﬁx, Ly 4+ 71",

The agfeement about the preferencé for multiplicaticn over
additian is made to faclilitate the work with expPEEEiGﬂS and not.f
as*an end 1In itself. In certain kinds of expressions the agree-
ment - zhould also apply ‘to division as well as mulgiplicaticn, for
example when division is written in the form 2/3 or 2% 3,
rather than %. We prefer to avold these forms and, 1n partic-
ular, to dlscourage the use of the symbol ", : -

) The use of parentheses might be compared to the use of pd!i;
tuation marks in the writing of English. Emphasis Ehou1§ be on
the use of parentheses to enéble;us to read expresslions Qithout
amblguity and not.on the technique of' manipulating parentheaesgfar

- = ! -

3

Answers to Oral Exerciseg 2-la; page 28:

Exercises 7, 8, 94 *1@ may have more than one ansawer. For

example, .5 and are both common names «for one half. Thisg term

5
"common name" 1s Introduced to improve on the old term "aiépler

name" which 1is aften amblguous.

] I . 1
1- lg L“a_ l 7- .E lQ'\ §
2 3 5. 3 8. 12 11. 6
2 3 : ; = g
3. 6 6. 3 9. 15 12, 25
)
* oy
i A
[



T
my

pages 28-31: 2-1
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Answers to Problem Set 2-la; pages gSEEQ; 3

1. (a) 5 . o fa) s (&) 3
(b)%15 ey u N

Ne) s Qe) R A

2. Many responses are possible, such as:
o, 1.2
(a) 9 -4 ;53?%* SRS (e) -

R - i - f

(b) 15 - 1; 2:-{7;'_"‘ (£)

(¢) 1 +1 N 9; é%i* (g)

(é)! XXX+ VI; .30 + 6 (n) 1.7L§

(i I
oL

+

U V¥

N
+

3. Many responses are possible, such d@s: »

(a) 5x2; 8428 S 11-1

\ 8w A 2142 1 1
ﬁd) 8 x D; ? + 0; —ﬁ%g‘; 7 - 17

Answers to Oral Exerclses Eflb; page 31:

77777 In Exer;ise 10, siﬁﬁéiénly addition and subtraction are )'

involved, the order 1s immaterial. The same 1s true of

Exercise 13 because only multiplication and divislon are involved.
17 3. -7 5. 11 77 13

=

19 4, 11 6. 1 8. 17
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9. .25 S 1.3 . 11
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10;° 4 12, 13 _ 14 55 - .
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Answers,tngr@plém Se§%§=1b; page 31: L
T | 1
1. 1% o 6. 3 PIEEN

A | T - T " P

2. 213 . L ‘
3. . 8 8. 1 L

B T 9. 9
5 y - 1V. 36; here, order would not

e e _make any difference.

, ‘The words "numeral” and "numerical ghraSE» den@te almost the
. - same thing. A phrase may be a more complicateﬁ éxpﬁesslan which
" involves some operations; "numeral" includes all these and also
the common names of numbers. We do not wish to make any&fuss'over;
this distinctiqn, and are happy if the student learns to use the
“words in tﬁis;way~iﬁ ‘the course Qf the year just by watehing
_ ofﬁers use them. We introduce b@th because people do use bbth,
T -and beeauﬁe a term for a2 numeral which 1ndglves some indfcated
¢ Dpérations is sametimes handy ' Co-
t In the term "numerical phrase ﬁhe word" 'nﬁmefical" is nat

very important and 1s used not so much to distinghish it from a

word_phrase as from an open phrase (one involvihg one or more’

i

B Vvariablea) which is comigg ..
) The word "operationd" 1s intended at this point to suggest

the basic operations of arithmetiec (multipliecation, division,

‘%, addltlon and subtraction). In some contexts 1t may be desirable
‘f to admit operations such as finding the square root, forming the
5 ‘ 7 z

* abaolute value, etc.

-~Answers to Oral Exerclses 2-lc; page 33:

Exercises 1(f)\and 1(J) suggest properties that will be
. discussed later and ghould not be overemphasized here except to
£ mentlion that the order apparently 18 not 1mpartant

1. (a) Yes (d) Yes - o (8) Yes
(b) Yes: (e) No ' (n) No

(¢} No ' (r) Yes (1) No.

(19 Yes
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pages 34-36: 2-1 and 2-2 _ — S ;

\0swers %o érablem Set 2-lc; pages 34-35:

Co(e) 13 - (1) & (m
s (f) 23 (3) 22 - (n) %

_fi (8) 19 3 f(¥}, 7 (o) f%_

(@ 39 ;7 m ag W oun- () e

2. (a) 2% (3+1) . P N

y- 1121, yas. (e)_ 10 # 10, no
(b) 28 # 1, yes\ (£) F#g ves
(e) %# 3%, yes ' - (8) 11 #15, yes wi o

“ 7 (a) 18 ¥ 18, no. (h) 15 # 10, yes

{ §> o ~

Sentences.

The words "true" and "false" for Sentences seem preferable
to "right" and "wromg" ‘or "correct" and "incorrect" because the -
latter all imply moral Judgments to many people. There 1s nothing
illegal, immoral, or %fang in the usual sense of the word about a
falase sentence. The atudent should be encouraged to use only

o . S N i

"true" and "false" in this context. . -
We have baen doing two kinds of things with

We Eg;g about skntencesy and we u§§,sént2ﬁees!‘ when we write

-

our_sentences:’

r5 = 8" is a true sentence,




prges. 37-39: 2-3

[

,;fwe.are using the language. vgfw when wetalk about EPE 1aﬁgﬁage.
" we can perfectly well talk & out 'a false sentence, if we find,this
useful, Thus, it is quite all right to say ‘

"3 45 = 10" 13 a false sentence; | /

but 1t 1is far from all rlght to use the sentence

34+ 5 =10

. _ ) , o ‘
in the course' of a proof. When we are actually using the language;
false sentences have no pia&g; when we are talking gppﬁt our ’
language, .they are often very useful.

Check Your Repding o ' !

<, Question B should lead to a discussion of: various mnemonic

devices such as "points to the smaller number in a true sentence."

LoF R s
L F 3

«.. Answers to Oral Exercises 2-2; ® page 38: ‘ ¢

False 6. True 11. True . 16. ‘False
True® 7 Fa%se: 12. False {3 17. True
True . True %5. False . 18. False

. False 9. True 14, True 19. False
5.4 True 10. False " 15. False \) '
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Answers to Problem 'Set 2-2; pages 39-l0: R

1. (a) False ' (e) False (1) False
(b) True (£) False (J) True
¢ True " (g) True (k) False
(d) True / (h) True ‘

2. (a) 10-(7-{!)= (g)éax(ﬂgﬁ;%)xg,au :

(b) 3x (5+7) =236 (h) (3 x/S +2) x b =68 AN

() (3x5)+7=22 (1) 3% (5-2)x4- :

(@) 3 (J) (3x5)-(2xb)=7

r (e) (3 x5 (k) (¥x5-2)xh:
’ (f) (3 x5)+ (2 x4) =23
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*(1) (12 x% - %) x9 =51 In problem 2 both

) parentheses and the
*() (12 % 3) - (% x9) = convention concerning
‘ order of operations
are used.
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" ‘pages 39-41: 2-2 and 2-3

'S.ﬁifij,'False "\S - (f) False
(b) False - AR (g) False
~(e) True ... 7 (n) False,
(d) True (;) False
.-(e) False (J) True”

a) Four plus eight 1s equal to ten plus five. False
(b) Five plus seven is nct equal to six plus five:. True.
(e) ‘Thirbeen 1s less than eighteen minus 7 False

(d) One plus two 1s gréater than zifn True. )
2-3. A Property of the Number One. ' .

4
This is the first time the student encounters the word
"property" used in a mathematical sense. He wlll see this word

#

" often during the course and our object 1s to play heavily on the

word to indicate a gharactéristicj a pattern, a behavicr_%hiéh
a Eiven element or operation displays. That 1s, a prgperﬁy of an
object 1s something it has which is a diatinguishing character-
iatic of the object, — : : ‘
The particular number 1, unlike all other numbers, has the
pecullar property that the product of ‘1 and a glven number 1s
the given number. This 1is quite obvious to a student; thus, we
begin our discussion of pfcpeftie' with the praperty which 1s
easlest to understand. Later we shall call 1 an ldentity for
multiplication. It is also a valuable property to have estab-
lished (or acgepted) when we introduce variables later in this

chapter. Dtherwise*%we might have difficulty Justifylng that

éiggiéil and n + . 4

are names for the same number no matter what number 'n ”ié.

For the time being we are content to find certaiQ propertiles
by consldering many numerical examples and| then state the g neral-
ization 1in words.. In Chapter 4 we shall symbollze these proper-
ties using varilables:

There may be a tendency on the part of the Studéﬂt ta
realat the usergf the multipllcation property of one in.the
exerclises. He mayAfgel that he 1s being asﬁéd to uge a more
complicated way of doing things whleh he alyeady knows how to do.

29
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Pages 41-bh: 2.3 -

It is important to point out ta him that we are not trying to
phgh a "pew" method but rather to -show the 1mportance "of the
multiplication property. of one. It 1s hoped that he wi;l come tg
see that thils property gives the justiflcatian for the various
methods of s8implifying expressions with which he may be familiar.
Once the Justification 1s underatood.it 1s all right; of course,
for him to use short-cuts. Perhaps it «can be sald that one has
to "earn" the right to use short-cuts. Tt 1s 1mp$rtant to

[

emphasize that in this Section the multiplication property af one

and the uses of this property are more ifiportant than the

. methgdolagy inveolved 1in 8lmplifying expressions.

1

Answers to Oral Exercises 2-3; page 44:

1. te) §x2=3 () 3132
() fox b= (&) 3x2-%8
ADEWErs to Problem Set 2-3; pages U4-U45:
Vo) Exgefy (e) 4x32=12
() gx5-5 () Ynza.zz
() B x5 =& (5) 402. 8
@) R x 3 () Zxga-38 \
2 ‘(;-)f%ﬁ%(%) + g () Le2ei@) +20),
2 1k
=g = = \



Dages U4-46 273 aﬁd-eeu e
- ol i . ; :
(e). }3E+%g%g(§)+%
- 20 7
R -] -
_ 27 -
: N ,
?%(%) ) .
i ST
2
a) 29 1 8
(4) 3 (e) 13 (r) 3
3 (gé, g% = '(%),x % = (%) X (3 4+ 4)

) 2B R xz = () x 5B
CoAe) gp 2 @ x NE IR CIE ) R
(@ % = &% = () %-(B.- 5)

f = &
,@=4. Some Properties of Addition and Multiplication. i

Thé aim of this and bthe next sectlon is to look at the
fundamental properties of addition and" multiplication in termqﬁof
;;specific numbefs We go as far as obtaining a general gtatament
of the propertiEg in English, You should not -atate the prapertiear
at this time using variab185£ We do not need these formulations
at this point and préfer to lead up to varlables in a different
way in Section 2-6, It 1s important to emphasize the pattern
idea here and you mayfwant to do this by writing something like i
_the following on the board when discussing, for example, the '
aszoclative property for addition:

(first number + second number) + third number =
first number + (second number + thifdiﬁpﬁef)

1=

The use of thefp,opertie) of addition and multiplication as
an aid to‘camputatlon‘in certain kinds of arithmetic problems 1s !
both interesting and important but 1s not-.the main point of these
 properties. ?heae properties will play much more fundamental a

»

WM
[
”

L



O

ERIC

Aruitoxt provided by Eic:

is an Indicated aum of two

~This latter Pact enables

b
=l

T

pages 46-L7;

role In thils course. They constltute the toundation on which the
entlire subject of algebra 1s bullt.

TEE properties will be returned to in Chapter 4 and subse-
que%t h apters Where the éeneral atatement; using varlables will
be glven. They are discussed here not only as a part of the
"spiral method" but because the distributive property is used
in 1ﬂtrcdué1ﬁg the concept of varlable.-

From the mathematician's polint of view the statement that

an operatlon 1s a blnary operation on a set of elements implies

that the operation can be applled to every palr of elements 1in

the set. In thils section we use the word binary enly to: bring
out the fact that the _Operatlion 1n question 1s applled Eg two

elements. We do not concern ourselves here with the question

whether the operation can be applied to every palr of elements

that en.

4]

An be cho
tt

A
Each oi' the followling t'lve numerals

(é + (3 + 83 i‘ b GB +3) + 8),

(b4 6) + 3+8),  ((5+6) +7) +8,
(u 4 (6 + 5)) + 8 -

numbers and each namea the same number.

us to write "4 4+ 6 4+ 3% 4+ B" without
any amblgulty. The fact remains, however, that addition 1s a

blnary operatlon.

Answers to Oral Exerclses 2-la:  page I7: N f
1. (W +2)+7=064+7 B (2 47) =14+ 9
= 13 = 13%
2. (o )+ 5 =11+ 3 O+ (5 +3) =6+ 8
= 1k = 14
5 (2 + 9) v % =1t + & 2+ (9 4+ 4) =2+ 13
) (5 + 6) 4+ 1 Ll o+ 1 S50 (b o+ 1) =5 ¢ 7
[ = 12
E]
1y v
@
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pages 4z3-50: 2-

it

j

b

L, (3,1 welther 15 easi s is
T = % + (ﬁ + g), neither 1s easier. . This is

(m) (54 3)+

hinting at the commutative profer

7
‘.

ty of additlon which is

coming. Do not emphasize 1t unless some student wants

to pursus 1t,

K]
E

3. 179 miliimeters
Yex. B

) E hd R

- Althougzh

that the answer is "yes" depends upon the prope®ty ftudied in

S

the question is very easy to answer, the Tact

this seotion, as can be secen by these or similar calculations

I

32 4 71 4 76 - 76+ 71 43
< (320 71)+ 76 . (76 + 71) + 3

I,

AﬂEEﬁPﬁfEEVPPQEléﬂ Set 2-4b; pages 5;551:
Some of these problems might better be glyen. as oral

exerclses.

1. True, commutative .property of additlon

[N

True, commutative property of addltlon

i
False

]

3=

True, commutatlve property of addlition

el

Irue, tut not because of the commutative property!

A2

True, assoclative property of addltion :

y ~d

True, commutatlve pﬂmperty ol addltion

[
|
i)
[
3
Pl

True, Dch propertlies

il & I
T
o
=
[
i

True, nelther property

= e

m
T
4
=t
o
T

j
True, comgiutatlve property of addltions

[
J——
=

~True, commutative property of addition

st
Lo IR

False

True, both propertlesa

True, commutatlve property applled twice

=
o~

False

True, both properties

,._
W

O
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page 51: 2-4

20. One purpaae ~" this problem is to help the students make
a hablt of quiﬂkly rEEDgnizing additiaﬂ comblnations which Iacil—
itate computation. Another and more immedlate purpose 1s to ’
help the puplls begln to, become aware that these maﬁipulatiéns{
which they may have taken for grantel, ape posalble because of
the assoclatlive and commutative propertlea of additlen. -
In these problems we do not ask specifically whilch properties
are used in going from one step to the next. Thls-13 of€en r
ﬁédious - particularly in the latter steps of the calculatiors.
We do not insist that this be done at this time for we are more
concerned with having the student recognlze the usefulneas of the
prapertle; than in having him pursue a thorough ztep by-atep
reasoning process from Jbeginning to end of the calcu&ation,
In several partg of this problem there are varlgtlons on '\
"the easlest way" toperform "the additlons. Comparisan of some
of these in g;assﬂdiécussigﬁ“should help fulfill the purp@%és of
the queationf | .
(é) The student may express hls answer 1n a manner 1ike'£his:
"Add the 6 and the 4 to.get 10, then 10 and 8 to
make 18." This can be shown atep by step ln several

6w (Brt) C 6B )
6+ (i 8) | (8 + 4) + 6
(6 + 1) + 8 ' 8 + (4 +6)
L, 10+ 8 ! ) 8 + 10 |
18 | » 18 _
8 AW, g
o 8 .2,1,
§+§+’§’*§+l
2 8 2 1
(g + §) + (3 + §)_+ 1
2 +1 +1 ‘
2+ (1 +1)

2+ 2 5 - ) .

e
LT

O
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Nelther property is of help :in this computation, though

-

y.

geveral propertles to be studied iater, mos € notably the

'distributive property,

Here ls another case in which nelth

fac{litates the
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computation. %%

6.0+ 1.6

7.

6

+

.0+ 3.0+ 1.6

3.0 + 3.0) 4

T
3

&

1.6

er prope

lie behind the studénts! calcula-



pages 51-54: 2L ' \

8
(84 7))+ (3 +6)+ 4
8 + (7 + 3) + (654

+ 10 % 10 V. SN
+ (10 + 10) 3
8 + 20 28

1]

1
*

Answers to Oral Exercises 2-lUc; pages 53-5h:

True, assoclatlve property of multiplication ®

NV e

True, commutative property of multiplicatlos
*x?" B

*addition

O

True, commutative property

Do s B o
[

¥y

multiplication

%

True, commutative property

W=

False i
Fglse &

True, commutative property of addltion

oo =1

Pol

L]

True, commutatlve property. addition (twlce)

'

i

True, commutatlve pr@pgfty multiplicatlion

WO

10. True, commutative propé€rty
commutative property

muitiplicatiéﬂ and
addicion
multiplicatlon
addition

o 0o
ey by

il
]

True, assoclative property

[
]

True, assoclatlive property

b5

]
ey

Answers to Problem Set 2-l4e¢; pages.
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1. This problem ls intended to serve the same purposes
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73 + 27 + 62 ,
! (73 + 27) -+ 62 B
100 + 62 s )
162

a remfnder that addition properties
]

i
e
g
m
]
mooa
ct

t le multiplication properties are at th
. .

t
cenfer of attent

!

f ention -
(d) 2 x 38 x 50 v
2 x50 x 38 r
(2 x 50)x 38
100 x« 38
3800
(e) (5 x39) x 2
>, }1 o=
. (39 x £) x 2 ‘
. 1 .
39 % (5 x 2) 5
39 % 1
39 i
(E) (FxM3) <6
(43 x %) = 6
E l s )
B3 x (5w 6) { r
43z x 2
1. .
() & x (18 x 15) ;
\\é -
¥ % % (15 x 18) .
(%aﬁﬁas‘ % 18
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(3 % 4) x (7 % 25) The student wilil probably
3w (B (7 2 25))
. -

mlve an ansver such

and

"t
=
£

)

o
[
ol
[
. ‘L:"

=
ot
-
=
T
1
A%

= nm

then multip

o
—,
—i
a—
hT
e
=
et
L
bty
Pad
s
=t
d
po
-

vy 3
then

3 3 (7 ¥ 100) ) times 7 and get 21;
X lply 21 times 100 and:,

in which there is no "easiest' way,

t

is not involved.

-

This way of dolng the calculation is preferable.only in .
that it involves only one diglt numbers until the

gimplest form is written,

-

(n) 6 x 8 x 125 \
O ox (8 »x125) 7

- l 6 % 1000

6000

ho
i

O
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(p)
(q)
% 2.

(a)
(v)
(c}
(a)

(e)
(r)

(g)

X .
10 - .

(2 x5) x 1.97 _ Observe that 1in this case
10 x 1.97 © the original form of the .
19.7 ' problem is the best from which
to work.

M

to compute because repetitlon of a partiél product 13
inVolved in each case, Thus the recurring partial

products can be copled after their firstrwriting,

These problems are the first in which a varlable occurs. ¢
It 1s not the intention to introduce '"varlable" now, but
only to have the student replace "t" wlth the correct. -,
number. '"Variable" will be discussed in Section 2-6.

t =5

t =28
t = 1z

1
3
t = (3 + 1) or 1%, the commutative property of
T ' " multiplicatlon is the important part.

t =7.2 + 5 or 12,2



(h) t = 6. - We expect some answers of t = 4, but this 1s
' not an example of the commutative property,
since subtraction 1s.not commutative.

(3+2)+ 5] or 10
(%ﬁ— )~ 5] or %

—
:"’T
St

[ S A o A o

6. Again, t = 4 1s wrong. Division is nat

commutative. '
k., No. Have students give counterexample, such as

(a) 8= W44 <8

(b) 8 -4 #4_8

(¢) (B=+4) =

(@) (8- %) -1
Problems 5 through 10 are difficult and are included only for
uze wlth the better students,

g
-,
+=
m e
I
o

|

v3(§ 2=3+2012)&=T
Not commutatlve s1i

N
[N
L

i

e 2®D3#3@2

St
Loy
W T
Lo T ]
i

= (2 + 1) x (5 + 1)

[ 5 - (5+1) % (2 +1) =18

Tg/ . Yes, it is commutative. Don't expect the student to
prove this, but he should be able toy furnish several

P

\P‘ [0

examples.

7. (A®3) ®h = (24 (2% 3)) @1 =B+ (2x4) =16
2HB @) =2@® @B+ (2xH))=2@11 =2+ 2(11) = 24

(
N@; it 1s not assoclative.

*8. (2 x)g)x 3 =

I
=
o]
kL
M

18 + 1)(* +1) =76
x((g+1)(3+£))§gx§b¢
(2 + 1)(2% + 1) = 75

No, 1t 18 not aesoclative.

2X (5% 3)

*g and *10. "Keep the 1lnstructions simple" should be the cau-
tion fop all except the exceptional student.

’\/"',
L

e

1

4]




2-5. The Distriputive Property.

"The propertles of addltion and multlplication studied in the
previous sectlon appear symmetrical 1n form and do not %gally .
reveal anythlng different about the two operatlons. Here the
student discovers from his number facts that "multipllcatlion 1s e,
distributive over addition," that 1s, that there is a definite
connection between the operatlons. Although we mean "the dls-
tributive property of multipllcation over addltion," throughout
the course we shall usually shorten this to "the distributive
property." It 18 not necessary that the student immediately
grasp the significance of the tull statement of the property.

An example 1s glven to show that addltlon is not distributlve

over multipilcation,

F

Agaln we use the spliral technlque of presentation. One form
of the diatributive property, a(bo + ¢) = ab + ac, 1s glven;

then after some experience with thls form it Is presented 1n the

N

form ab + ac = a(b + c¢c). The emphasls here 1s on changlng back
and forth between lndicated -sumg and indicated products. Later,

!+ ﬁ)é ='ha + ca, ba + ca

i

in Chapter 4, other torms, (b
(b + ¢
Even later, 1n Chapter 1%, the distrivutive property 19 applied

Ya, are™studied and used to simpllfy cerfaln expr ESSi ns.

to the problem of multiplying'pglyn@mLals and factoring poly-

nomials. In the meanwhlle many examples of the use of the pro-
QEFtV are_gca attered throughout the E}EP lzes.
/o /
Answers to D:AL Exerclises 2-5a; pages 60-61:
1. Truej> thls does illlustrate the dls tributlve property
< a2 True, thilsa d@és 1llustrate the distributlve property.
¢ 3. True, this Qoes illustrate the distributlve property.
4., False
5. False This, in fact, illustrates that addition 1is not
- distributive over multiplicatlion.
6. True, Lhla does not 1llustrate tife dquributjve property.
7. True, thls dges 11lugtrate the distribusive property.
8. Indtcated product 11. Indicated product
9. Iﬁdigaﬁed sum 12. Indicated sum ‘
lé. Indicated sum 13. Indlcated product
e ;
=

O

ERIC
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Pages ol-t.-: -3 - \ (

Answers to Problem Set 2-5a; pages 61-62: .

1. 6(8 «+ 4% = 6(8) + 6(4) i
2. 9(7 + 6Y = 9(7) + 9(6) ) )
3. 0(8 + 9) = 0(8) { 0(9)
. 9(8 + 11) = 9(8) + 9(11) &
5. 5(8 4+ ) = 5(8) + 5(k)
6. T(2 + 8) =7(2) + 7(8)
7. 3(80 + 3) = 3(80) + 3(3)
8. 4(100 + 7) = 4(100) + 4(7)
9. 13(10 +.1) = 13(10) + 13(1)
10. 18(20'+2) = 18(20) + 18(2)
11. HNot true
12. HNot grue
13. True -
14. True. Dlstributive property 1ls used.
15 Net true
16 Yes., Distriputive property 1s used.
17. Yes Distributive property 1s used.
“18. Not true » \
19. 7(33) = 7(30 + 3) 2. 8(13) = 8(10) + 8(3)

= 7(30) + 7(3) = 80 + 24
= 210 ¢ 21

)

il

) 9. 6(109) = 6(100 +'9) 23, 14(16) = 14(10) + 14(6)

= 6(100) + 6(9) ‘ = 140 + 84
= 600 + 54 (

(21) = 13(2%) + 13(1) 24, 15(23) = 15(20) + 15(3)
= 260 + 13 ) = 300 + U5

T2
ot
st
ok

4 . =

1 ) ; 1 . 1
1 (7 + §) =5(7) + ,(%) ol 12(2 «+ §) = 12(2) + 12(5)
A =325 + 1 = 24 + 6
2. B(8 ) = 4(8) + u(d) o 6(5 + 3) = 6(5) + 6(3)
. = 32 + 2 = 30 + 24q
X
hs 5




"pages 63-65: 2-5

1
(o)}
—
e
+
|
Mt
!
Loyt
j-
ot
+
o)}
]
i

5. M6 +F) = 1(6) + 4(5)

25%

Answers to Oral E;grcis?é 2-5¢; p

il

2k + 3 =3+ 2

ge 65:

ek

1. 2(3 + 5) ‘ ~
18(3.2 + .8)
(3.1)(7 + 3)
6(19.2 + ’B)-ik

- 3037 + 3)

™

e ~
= L
= —
» W
(o))
¢ +
.+

ol
- o
=
v

W = M
gel
W
L
-3
@"»
+
4=
N

)

Answers to Problem Set 2-5¢c; pages 65=66:

110(100) = 11,000 11. 16 + 40 = 56

[t

oo

[a®]

12(%) + 12(%) = 7 12. 0(17 + 83) = 0

27(1) = 27 13. 88(200) + 88(1) = 115588
5(1) = 16, 3(9) - 8 ¢
3(1) - 5. 9(1) =9 .
5(%) +6(2) = 13 16, 7(4) = 28

= e

]

W
1

e SRR ¢ To
—
N

9(20)
100(100) = 10,000 N8, (?(%) + 7(%))'+ 7(5)
5(3) +5(3) =75 7(1) +7(5)

5 5/ =0
10. 7(8) + 7(7) = 60 7(6) = U2

180 \ 17. 8(100) = 800

[0 o BN fea)

o)
+

| =]
1]

—J

'19: 8(10) + 8(3) = 80 + 24 23. 25(10) + 25(k) = 250 + 100
%Eﬁrf' = 104 - N . = 350 ’

[
e

7(100) +7(8) = 700 + 56 2L. 80(10) + 80(2) = 800 + 160
= 756 S = 960

It
o

12(10).+ 12(3) = 120 + 55;25- 75(1@@@) + 75(1)
= 156 ' 75,000 + 75
12(4) = 240 + 48 75,075
. 1

288 26, 4(6) + 4(§)

1

[
m
=
T
—
e
<
P
+

2k 4+ 2
= 26

il

1]




| ¢

‘ N

.ﬁ_péges 65=66: 2-5 T . /
27, 9(8) + 9(3) =;72 + 3
A .
Y
28, 18(1) + 18(%) =18 + 4
S o= 22
29. 127(1) + %(%) = 137 + %
_ ~ 10
T a7 *

30. 13(2000) + 13(2),= 26,000 + 26
= 26,026
31. 30(50) + 3%0(2) = 1500 + 60
’ = 1560

i}

Y32, 101(100) + 101(1) = 10,100 + 101

= 10,201
33, 21
L 3k.o21
35, 12
36. 2(5 + 6) TS
37, 3(5 + 2) ug . 5(
. ;8, 7(2 + 3) bz 5
39. 5(7 + 3) 44, 6
ho., 4(g9 + 3)
J o -
5, (3 + 2)A1 + 7)
5 2 5 Y - )
1 2,
(“§+?)l8 )
(3018 + (18
9 + 12
21 1

o
+ 4+ +
=T

W
o o
— e e e

el 4
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pages 66-69: . 2-5 and 2-6

Cek6. (a) @+3B4T) () (FHzpla0+H)
. (% + 5ns G
o dns e Bns Guv e ey
9 + 10 b+ 7 /
19 11

2-6. Variables.

The aim of this sectign 18 to acqualrit the pupll with one
1] 1

meaning of the word'?ariapigj At this point we 1insist that n
or "x", or whatever letter 1s used as the variable, must be

thought of as the name of a definite number although we may ngt

" have veiy much informatlion about that number. In some cases, such
.~ as in the example discussed in the text, the number may be

unspecified because what we want to say about it is the same for

'every‘number in a given set. This 1s alwaya the case when We

aré interested in the-pattern or form of a problem rather than in
the answer. In other cases the number may be unspeciflied because
we do not khow what it 1is at the outset but will find it out ~
iater. Varlables used in thils context are usually called "un- ~
knowns." 1In any case try to avold the concept of a varlable as
something that varies over a set of numbers.

The discussion of the example would not have been changed 1in

any essential way if we had decided to denote the chosen number

by some letter other than n. G

The set of numbers -from which a variable may be specifiled
1s called "domain" by some, "range" by others, depending largely
upon ‘the point of view from which the varlable and its set are
veing seen. There are points of vlew, then, to support the cholce
of eilther term. Since the most natural connection for many
teachers to make, when a variable and its set are mentioned, is
to see that variable as tﬁe "independent"” variable in a function
relationship, the name "domain" for its set comes easily to mind.
It mus% be emphaslized, however, that the variable need not be
seen as thévﬂiﬁdEpEﬂdéﬂt variable" 1in a function relatlonship,
but may 1in fact be considered as the "dependent" variable.

=

b

o

L’!’"ﬂ
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page 70: 2.6 ; ,

Answers to Oral Exercises 2-6a; page 70:

oW e

10.

17.
18,

19.
20\

O 6 A ST R W T (V]
(RS N VI

T A

(A W]
20 =

O~ o

[e) U"‘ Lol

9, 12, 17 ' : ‘
10, 25, 50 '
22, 55, 110

3, 12, 27

3, 18, 43

21, 30, 45 , . )
10, 25, 50 | .
36, 69, 124

"BI -
™

™
L]
! (IR X))
UJH 'w:ﬂl—' q

NS

;4

&

=
Mo
(-
o

=
o
L]

na 2

n-7":

6n

I

T

2n + 4 —
Five more than some number.
Two less than some number,
Four times some number,.

Some number divided by 5.
Tnree more than twlce some number,

Two less than three times some number.

Seven. times the result of finding two less than some
number,

Some number divided by 4 and the result increased by
The product of five more than some number and two less

than the original number.

(W
oy



1

pege 71i 26 - . |
Answers to P?bbigm,ggp 2-6a; pages 71-72: "

n
-

- 22
1. 2,4 &

2. 1, ¥, 7

DR | -
h, 3, 32,15 - f- , .

6, A4 H0) 7(2) - 2(5) + 2(3)
. B 14 - 10 + 3 '
2422 : ; | \

-q‘

+ 20
(3(2) + 5)(5 - 3)
(6 + 5)(2)

1
' ; . < (11)(2)
' g + %?' 22

+
L
Fi
\
W

o

10. 7(3)(2 + 5) 11. @(2) - 2(3))(2(5) - 10)

7(3)(7) (6 - 6)(10 - 10)
12, £(2) + £(5) + 5(3) 13

S | | (%ﬂ*faéﬂ )‘i@
1+ i + 2 7%; M (égil _ %§?L> '

o o

Polnt out the use of the assoclative and commutative proper-
ties in Problem 8.

14, 3n - 7 Encourage students to use
different letters rather than

15, 2x + 6 Lef 7
© always 'n" or always "x".

‘ =
Lo




pages 71;753 2.6 S

16 3ye6) T
18.7 % -6 - . S

19: 2n + 3 ’ ey L

. 2o. %lJ . h l - - ] -
21 Four more than eight times a numberp. -
22. Four leas than the quotlent of twlice a-number divided by
" three, '
23. Thé.prcduat of eighﬁ and the difference obtalned by sub-
tracting 5 from 2 -timés a number. t
24, Take a number, subtract 5, multiply by 12, add 0,
and divide by three,

Y

The steps in the proposed example are -

t
n

3n -
3n + 12
2n +12 _ o

]
The last phrase 18 a numeral for n + 2.
The student may wonder why we 1nslst on wrlting
3n + 12 = 3(n + 4). Either method will, of course, lead to the
same result. The completion of this as

and the subsequent simplification lead to the ﬂ§%§r31 n+ 2
with less computation than the first method.

Perhaps it will satisfy most students who railse the question
if you point out that the first method brings out the pattern
while the second method tends to obliterate the pattern.

Some ﬁé&*‘é have found it helpful, in introdueing the
notlion of varlables to thelr students, to play a number game in
class 1in addition to the materlal in the text. Another successful

method has been to use such a game at the board.



;g\ !i : ‘ *
Esé _
F Chanse a number frof some set S - such as, for °
. instaﬁée, the whale numbers between 1r .and” .30 - add 3,

multiply by E and subtract twice the number chosen. )
with difierent
instructed to

- Different pupils try the game at the boar

numbers, and always obtain 6. Others may- b
-iileave the numerals in inHicated form, another may use "number'

instead of a specific numeral, and yet others, may use a G;:§§Ple,

- 1ike "n" ‘or -"x" from the beginning. The board may look ke

this: - . ’ o .
&, | 5 ¢ ' number S _ no. .
5+ 3 ) number + 3 n o+ 3
b 2(5 +3) 2(number + 3) E 2(n + %)
?r 1k 2.5 + 6 2(number) + 6 .+ o 2n + 6
+6 -2

¥ 6 2. + 6 - 2.5 2(numbes) + 6 - 2{number) 2n + 6 - 2n
ji' 6 & 6 6

Tnils example uses the distributive property, which the students
have seen, but it =also uses assoclativity and commutatlvity wlth
one Subtracti@nj_whizh they have not séen. TQE agperations with
numbers are quite simple, however, and so the "2n - 2n" should
really not give any troutle. It 1s certainly nct worth making a
fuass over. If the subtraction is, for.some reason, likely to glve
trouble, the game may always be played with an example such as

the one 1n the text which involves no subtraction.

Answers to Problem Set 2-6b; pages 75-77:

1. 2(t + 3) .
5. 2n + 5
3 =

%, Both forms are correct. The second 1g found from the

first by use of the assoclative property of multipli-

catlon
b, by &
5. Nelther form is ect: 2(a + b} and 2a + 2b #are

correct forms.

6. (a) 2¢ + 32 = 2(100) + 32
- - 3
= 150 + 22
/ ’ -
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pages 76-77:

)

Ji

(a)

(e)

500( + 0.04(3))
500(1 + .12)"
500 4+ 60

b
w——,
et
+
N
ot
M
] ]

L

1

|

h
e

= 5b0

r/- a g(as) SR o
- = T =96 - 4 e

e

N
5

= 24(12)(5)

= 1440 /‘
3(n+2) - 6 is the final number.

True

True
False

n. Yes, we get the original number.

0. , Every answer 1s zero!
for all values of x!'
for all values of x!

True for all values of x!

False.

Don't be concerned about the negative result, but
caution those who want to think of subtractlion as

belng commutative.

tﬁ’%j
51

!



_ pages 77-79 I et

14, palse
14. False

15, - True ' & - : )
4 .16.- True for ail‘%aiﬁes of x!
© 17. False - -
_ 18, False )
Vs i%; ﬁaise _ ot
20. /frue for all values of X! )
. Answers té Review Problem Set; pages 79-81: - T

1. Many possible an8wers, for example: 4 -1, %&

MF: -
o

2. A "common name" of ‘a number is a numeral most often
used to represent the number. For examplge, - "2"

is a common name of 5 - 3, 3, ete. )

3. . We do the multiplication and division first, then the
additlon and subtraction. : -

b, 27 ’ ! . .
5. (a). true | (d) false
(b) false : (e) true
(c) false (f) false
5! iiin -
7. (a)
~ (e) 3 >x )
(e) > M )

8. A blnary operation’is an operatlion that 1s applled to

-~

>5

Z W

only two numbers at a time.

9. (a) Yes (d) Yes
(b) Yes (e) Yes
(e} No (f) No
10. (a) Assoclative property of addition
(b) Neither, it 13 the commutative property of addition
which 13 illustrated.
(¢) Assoclative property of multiplication
(d) Neilther, the commutative property of multiplication

is involved 1f we replace "#" by The sentence,

as 1t stands, 1s false.
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(c)
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B
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:I-"l Ly ‘

X

tive property of multiplication
(b) fTrue, commutative and asseclative properties of
. addition. :
"(c) True, multiplication property of one
. (d) False - X
(e) True,. commutabtive property of multiplication and
distributive property
(f) False , '
; - (g) True, multiplication property of one
~ (nh) Palse |
(1) True, none of the properties are involved.
13, (a) 19(f + §) (b) 15(12)
19 x 1 h ' , 15(10 + 2)
* 19 150 + 30
. ) 180
() 9(B)+9(F)+9(29)  (a) (208)(101)
s 5 (203) (100 + 1)
9(z + 5+ 29) 20300 + 203
9(30) 20503.
270
14, A variable 1s a numeral whlch represents a definite, but

unepecified; number cn@seﬂjér@m a given set of numbera.

0.




15, If x = 4, .
o [, , ' :
, (8) 7 .- o -
(b) 30 i e
() &
*(d) o
. x2 4 (x)(:)+(J_1Q _(_).

X

e) 5, the easy way
7; s - S =x + 1 "
- Tix-s, | |

, (a) 8

® 7 Ty
() T f = g\
(@) % o . |
(e) 6

If x =

- 6,

(e)n+1)

Simplified:
n+1+7
n + 8
—

The trick 1s to add elght to each number n.

oy
Lo




. b= . :

() 7T+3<Tx

- Suggested Test Items

Insgrt,parentheseg in each of ﬁhe following so that the
resulting sentence 1s true: - :)
{a) 5 x4+ 3=.35 o (d) Tx2+2x3=56

(b) 5x 4% 4+ 3 =23 () 7x2+2x3=20 ,
(e)\7%2+2x3 =84 () 7x24+2x3=48 o
State the property illustrated by each of the following true
sentences: - y : .
(a) 7 x3=3x7 (AR 7+ (5+4)=(7+5)+4
(b) 5(6 + 2) = 5(6) + 5(2) () 9+ (3 +4)=(3+4)+9
(e) (Bx2)x3=8x(2x3)

Which of the nuerals llsted below are names for 69

(2) : ,
, =) +

(¢) 3 x1+1 ) 3T e , %

Which of the following sentences are true and which are falsé?

(a) 7>2+3 (e) 5(2f+ 1) = 5(25) + 5

(b) 4(5) ¥ 18 + ,

(¢) 7+ (2x3).

6 + 6

(8]
[o)]
[
M
=

(7x2)+3 (&) =74 572

-

L N

Show the steps in finding the simplest name for the number
indicated: .

Show how you would use the assoclatlve, commutative, and
distributive properties to perform each of the following
computations as simply as poasilble:

(a) 6+ (17 + 33) |

(b) (12.8)(7) + (12.8)(3)

(¢) (5 x 13) x 20

(@) 2§ + 2(g)

55



\
\_ .
7. A certain number n 1s multiplied by 5, then lncreased by 3,
. and this result is multiplied by 2. Which of the following _
open phra describes this statement?
(a) 2 tn\+ 3) \ (¢) 2n(5 + 3)
. (b) 2(5n ' (d) 2(5n + 15) ,
B . . - ) _
B. G@iven that the domain of x 1ias the set {0,1,2), find the
" value of the phrase
x + Xt
for each value of X.
9. Use the numbers 3,7, and 5 to illustrate
(a) the assoclative property of multipllcation,
(b) the distributive property. .
10. Show how the distributive property can be used to/find each of,
the followlng products: ' .
" (a) 4 x 5% :

(b) 15 x 1006

(c) Sx(%+%ﬁ)




(a)
(v)
(c)
(a)
(v)
(e)
(a)
(e

(a)

(e)

(2)

()
()

(2)

(a)

. 5(3 + 4) - 20
2. TS

Answers o Suggested Test Ifems
5x (4+3)=3 (4 Tx(2+ (2x3))
(5% 4) + 3 =23 (e) (7 x 2) + (2 x 3)
Tx(2+2) x3=84 (£) ((7 x 2) +8) x 3

56
"20

]

&

‘the commutative property of multiplication
the distributive property o o )
the assoctative property of multiplication
the associative property of addition -

the commutative property of addition

> numerals in (b), (d), and (e) are names for 6.

6 +6 12 X
S R

= 2

3 x1l+1

"
+
=

true (d) true
true (e) true &
false (f) false

5(3) + 5(4) - 20

15 + 20 - 20
= han

%?

i

(]
[
L
it 1]
My
— [
G ]
et
-+ —
W
L%]
= +
) L
L
et
(o] ]
]
Lo

woon
-
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52 17 33) = SE + (3= % 17 commutative property of
65 + (17 + %) (%5 ) addition ’
associative property of
addition

i
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+
i
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|

1
e
(o]
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i
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(v) (12.8)(7) + (12.8)(3) = 12.8(7 + 3) distributive property
’ ' 12.8{10) .
= 128

.M‘
. N -
~
.
]

(¢) (5 x13) x 20 = (13 x 5) x 20 commutative property of
, miiltiplication

A - - = 13 x (5 x 20) associative property of
- multiplication

13 x 100
= 1300

(4) %s(gr) + %(%)'g %(g + %) distributive property
"= (1)
L1
] 5
7. (b) The phrase "2(5n + 3)" 41s the correct one. It is bullt
up in the following sequence:

n, 5n, 5n + 3, 2(5n + 3).
8 Irf x Q ‘we get ~ . O+ 4 _v
> =0, weget O+ =5—=2

If x =1, we get 1+"1—'§i21+g' ~

If x =2, we get g;‘%igeéa

5= 3x (7 %x5)
21 x5 =3 x 35

) ={(3x7)+ (3x5)
21 + 15

Lk
»
'
v
1}

bx (5 + 7)

10. (a) "4 x 5-131-

(4 x 5) + (4 x%)
= 20+ 3 '
. = 23

5867




(p) 15 X 1006 = 15 x (1000 + 6) : i
. . = 15(1000) + 15(6) j
oy | ‘ = 15000 + 90 o
¢ = 15090.
ko) Ex GeP e (ExP s 6xF o
L N
5

¢

L
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Chapter 3 .
OPEN SENTENCES AND TRUTH SETS
R
The properties of operations which were verbalized 1in
Chapter 2 will be formallzed 1n Chapter % in symbollc form. In
preparation for thls formalization we flrst enrich our vocabu-
lary. The concept of a sentence, from Chapter 2, 13 enlarged in
three ways: (1) We®increase the varlety of relatlons which
our sentences can express,; 80 that inequalitles are ineluded
along with equations. (2 ) We write open sentences which
involve variables, and for which the notion of a truth set
becomes important. It is essentlal that the student consider
both equationa and lnequallities as sentences, as objects of
aigebra with equal right to our attentlon, and as equally
lnteresting and useful types of sentences. (3) We consider
compound sghtences as well as silmple sentences. While not all
of these concepts are immediately necessary for stating the
properties of the operations on the numbers of arithmetic, 1t
is wofthwhile to lntroduce them together, and they will be used
many times throughout the course. T
Althaugh this chapter 1s devoted entirely to sentencea, it
must be emphasized that we do not study sentences for thelr own
sakes. As always, our main goal 1s the understanding of the
propertles of the operations, and sentences happen to be useful
language devices for recording these propertles, Studentsa
quickly become enamoured of the process of 3olving sentences.
This 18 good, but bé sure that this enthusiasm ls directed
beyond the mere fun of manipulating =ntences. After all,
sentences are only part of the language, but not the substance,
of algebra. ’
The teacher may want to read, as a general reference for
the work of this chapter, Haag, Studies in Mathematics, Volume
re of Elementary Algebra, GhapterE,VSeétlon 2. '

3-1. Open Sentences. <«
&he experimentation with the example "ox + 3 = 18" 18

supposed to suggest a gystematic way of guesslng values of the
61
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pages 43-85: 3.1

variable which will make the sentgnce true. The method might
also suggest how one might decide whether or not all such values
have been found. Por example, a value of x greater than

8% wlll give a number greater than 2(8%) + 3 and a value smaller
than 8% will give a number less than 2(8%) + 3. The properties

of order which are 3uggested here will be taken up later in
Chapter 9,

Answers to Oral Exercises 3-la; page 85:

1. (a) True (f) True
(b) True (g) False
(¢) True - (h) False
(d) True (1) False
(e)

2. (a)
(b)
(c)
(d)

—3
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]
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3. (a) (g)
(b) (n)
(e¢) 1 . (1)
(d) & (1)
(e) (k)
(r) % (1)
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Answers to Problem Set 3-la; page 85 -

1, 5 1s not a truth number of the sentence. .

a)
b) 16 ts a truth number.

U
(%]

is a truth number,
) 1 13 a truth number,
e) 5 1s a truth number. (The alert student may observe

that 4 18 also a truth number for this gentence. )

1)

ERIC

Aruitoxt provided by Eic:



pages 85-88:  3-1

(f) 5 1s not-.a truth.number.
(g) 12 is a truth number.

2. Por flnding a truth number for each of theée sentences,
emphasize reasonable guessing procedures that "center in"
on the target. Systematic solution of equations will be
dealt with 1in later chapters.

(a) 8 (r) 5 e
(®) 3 (8) 2
(¢) 2 (h) 3
(d) % (1) 3
(e) Z¢

3. (a) 5 (g) 4 (m) 5
(b) 5 (h) 6 (n) 5
(c) 2 (1) 12 (o) L
(¢) 3 (5) 18 (p) L
(e) % (k) © (q) %
(1) & (1) 5 (r) 2%

Answers to Oral Exerclses 3-1b; page 88:

1. (a) True (1) False
(b) Palse o (4) True
(¢) False o (k) False
(d) Palse : (1) True
(e) True -?;' (m) True
/' (f) True c (n) False y

;/yf (g) False - (o) Palse
(h) True s (p) Falae

2. (g), (1), (n) 3
3. (a), (b), (e), (x), (p)
L,

(C’); (d); (f): (h); (J): (1); (m): (0)

63 -




pages 89-90: 3.1

Answers to Problem Set 3-1b; page 89:

. (5]
41l numbers greater than 4
z  1§3
All numbers greater than 5
A1l numbers less than 8
6. (3) |
7. The set of all numbers <
8. (o) ’ ‘
9. The set of all numbers
10. The set of all numbers

All numbers greater than 2
12. The set of all numbers

L N

16. The set of all numbers

17. Alllnumbers less than 27

*18. All numbers less than 5

*19. Tﬁe set of all numbers except zero
*20. (0] )

Answers to Oral Exercises 3-lc; page 90:

1. (a) o (f) None
(p) 2 (g) None
(¢) 5 (h) 3
(d) 3 (1) 2
(e) None ' (J) &4

2. (a) 25 (f) 144
(b) 100 (g) 64

{e¢) 36 (h) 196
(d) 121 (1) '
(e) 81 (1) 0
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pages 90-93: 3-1 and 3-2

3. (a) ? (g) 14
(b) 4 (n)
(e) 8 (1) 1
(d) 15 (1)

(e) 100 (k) -3 N\
(r) 3 N
¢ , ) e .
Answers to Problem Set 3-lc; page 91:
1. 3 6. © 11. 2,3
2. 5 7. 1 12. 1,2
3 3 8. 0,1 *#13, -35
5 #
L, 2z g. 7 *14, T 7
5. 1 10. 5.1 *15, }§

3-2. Truth Sets of Open Sentences.

An open sentence involving one variable has a "truth set"
defined as the set of numbers for wﬁigh it 18 true We av. .0
neéd at this time to introduce a name for the set shich makes a
sentence false. The phrase "solution set" 1s also used for
"truth set," particularly for sentences which are in the form of
equations. We shall use "solution set" later, but we want the
student to use "truth set" long enough to get its full signifi-
cance,

Until the introduction of the real numbers 1r- Chapter
when a sentence 13 written and no domain is specified, the domain
may be inferred to be the set of numbers of arithmetlc for which

o

¥

the given sentence has meaning. Note, however, that when the
student begins to translate "word problems" into open sentences,
he will sometimes find inherent in the problem, but not spelled
out for him, some further limitation upon the domain, -Thus the
agreement speciflied in the text regarding the domain refera to
sentences only, and should not be extended to include "word
pr@ﬁlems,"

The teacher may want to take a moment of class tlme to be
certalin that the students remember clearly the aset of ﬁumbers of

65
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pages 93-94: 3-2

arithmetic. This understanding can be reinforced soon (in the
next section) by the graphing of this set.

- Answers to Oral Exercises 3-2a; pages 93-94:

A 1. {0) 8. (0} 15. (2)
2. (1,2) 9. g - 16, (2)
3. (1) 100 (o) 17. (2}
4, (o0,1) 11. o 18, (1,2)
5. (2) : 12. (1,2} 719, (2)
6. (1) - 13. (1,2] 20. of
7\ (2] W

Angvwers to Problem Set 3-2a; pages 94-96:

1. (a) T=(3} F=1(0,1,2, 4, 5,6, 7, 8)
(b) T={(4 F=1{0, 1,2, 3,5, 6,7, 8)
(¢) T=1(6,7,8 F=1{0,1,2, 3, 4 5)
(d). 7= {0, 1, 2, 3,44, 6, 7, 8] F = (5)
() T=1(0,1,2, 3,4 5 F=(6,7,8)
(£) T=4g4 F=u
2. (a) T = {0,1,2,3,4] (£) T = (4}
(b) T = (2] (8) T= g
(e) T = {3,4) (h) T = (8)
(d) T =g (1) T = {0,1,2,3,4,5,6,7}
(e) T = (0,1) (5) ™= {0,1,2,3,4,5,6,7)
-
3. (a) T = (2,3,4,5,6) “(d) T 1ia the set of numbers
F={7,8,9] greater than U4 and less
than 7. F 18 the set of
(b) T = (0} . numbers greater than or
F = (10,20,30,40,50) equal to 7.
*(e) T is the set of numbers
(¢) T = (3,5) less than 7. F 1is the
. F=1{7,9,11) set of numbers greater

than or equal to 7, but
less than 10.

74 /S



pages 94-95: 3-2

. i
*(f) T is the empty set. F 1is
the set of numbers greater

. than 8.
4, (a) T = (0,1,2,3,4) *(e) T = (1,2,3,4,5,6] or T
(b) T = (6) 1s the set of counting
‘ (¢) T=¢ numbers less than 7.
s(d) T =g *(rf) T = {0,1,2,3,4,5,6]
5. (a) yes (r) vyes
(b) yes (g) no
(¢) no ’ (h) vyes
(d) no (1) no
(e) no

6. In this exerclse encourage students to glve a varlety
of examples,
(a) Examples are

{

x 5
(v) Examples are x = 5;
Ey+4§§.‘(y+2);x+3z%+x

(c) Examplée are
(d) Examples are x > 5; 3x + 2 > 14
This exercise might be a good one for class discussion.

7. (a) T = {2} (¢) T = (3,4,5)
(b) T = the empty set (d) T = {0,1]
8., (a) T = (2] (¢) T = set of all numbers
greater than g and lessa
. than 5.
(v) T = [%) (d) T = set of all numbers

greater than O and less
than 2. ¢
The seta in (a) and (b) are finite.

B
L

’ 1
A\

9. 1In connectlion wi}h these exerclses the teacher should
bear in mind that formal methods for solutlon of
equations and inequalities have not been developed as
yet, zlnce they depend upon propertles of the real
numbers to be presented iln later chaptera. Somewhat
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»,\v

(o) (1) () (8} (1) B (W)

I

aystematlc guesswork 13 the studentfs method and the
streas should rest more upon the fact that the value in
question 1s indeed in the truth sef, than upon the

device used to_dlscover it.

(a) [4%] &d) 7 (8) (4} (J) the set

(v) (2] (e) (12} (h) (3) of numbers
except O,

In exercises (b), (c), (J) and (k) above, the student
may need th be remlnded that dlvislon by zero has been
excluded in)\the fcrmation of rational numbers. Later
it will be stressed that since zero has no reciprocal,
an expression with denominator O does notYrepresent
any number. _f’ ' ®

Answers to Oral Exerclses 3-2b: page 97:

1.

(0} 11. ¢ ;

(0,1,2,3,4,5} 1

e

(2,3,4,5)
(4,5}
(5]

s

) —
R~ L]

[(:)!152!3!)4]

Wo-oo ~d

(0,1,2,3,4,5)

=
Wr

(0,1,2,3,4,5}, 10. ({0,1,2,3,4,5)

Answers to Problem Set 3-2b; page 97:

W e

W -~ O oW

10.
11.

ERIC

Aruitoxt provided by Eic:

(1)

The set of all numbers greater than 1 -

The set of numbers from 0 to 1 incluslve
The set of all numbers greater than or equal to 1

The set of numbers less than 1

)

3
o
143

set of all numbers

The set of all numbers

The set of all numbera

The set of all numbers greater than or equal to 1

The set of all numbers less than or equal to 2

O
o
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pages 97-98: 3-2 and 3-3

o

#12. The set of numbers 1%

#13. The set of numbers less than o
#14, {%]
15. ¢

3-3. Graphs of Truth Sets.

We shall scon start saying "graph

or greater

nY|

r equal to

L y;

of the open sentence"

instead of the more clumsy but more nearly precise "graph of the

truth set of the open sentence."

In graphing sentences whose truth
over the "plotting" of the empty set.
a number line with no points marked 1s

For convenlence 1n dolng problems
you ﬁlght find 1t helpful to duélicate
for the puplls! use.

set 18 ¢ do not fuss
Either no graph at all or
all right.

sheets of number lilnes

Answers to“Problem Set 3-3; pages 98-99:

-
We have not 1lncluded oral work 1in

feel that this can readily be centered

this sectlon because we
around the examples 1n

the text, which the teacher should review carefully with the

class,.

(a) — (1)

(e)

[
|
|
r
—
LW
P
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(m) I O - = g il
o 5

ro
H
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-
A

(7)o
0

P
L

- ~O- ——
b2 3

If the student shows on his graph an arrow to the left for
parts (e), (1), (J), and (o), simply point out that the
domain of the variable for these sentences 1s the numbers of
arithmetlic. Later when the real nymbers, the operations
upon them, and some of the praperti;s of these operations
are known, the student will be ableﬁt@ work wilth confidence
with sentences in this extended da&%in.

(a) VYes {

(b) No N

(¢) Yes--assuming that the dot on the number line has the

o~

coordinate
(d) No, the graph is of whole numbers anlyjina such restric-
tion has been placed upon x. Thils is a good time to
re-emphasize that the domain of a variable when unspecl-
fled 18 the set of all numbers of arithmetic for which

the sentence has meaning. J
i

(e) Yes
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pages 99-102: 3-3 and 3-4

3. Accept and encourage a variety of responses ln these
exercises. Posslble anawers are:
(a) : 2x + 4 = 8 (c¢) x

2: b; 3x + 5
{(b) =« £ 2; x €2 or x »=2 (d)

1; 5x + 1

17

I o
W

3-4. Compound Open Sentences and Their Graphs.

The student has dealt with simple sentences, finding thelr
truth sets and graphing thgsei With compound sentences, as wlth
simple aenten§es, the emphasis should be on what conatltutes a
truth value rather than on any technique of finding the truth
valuea., Frequent use of the compound sentence 1s made throughout
the course, so that further practice in this area awalts the ‘
student.

THe word "clause" 18 used to denote a sentence which is part
of a compound sentence, just aé in the c@rfespandlng sltuation
in English., The word 18 convenlent but not very important.

oy

, AP . i
Answers to Oral Exercises 3-Y4a; page 102:

1. Yes
Yes
Yes X
The left clause "8 - 1 = 7" and the right clause
"5 + 4 = 9" are both true. 'Therefore, the,compound
gsentence 1s trie,
2. Yes
No
\
\ The clause "11 + 12 = 25"

\ compound sentence "13 - 7!= 6 and 11 + 12

-
i
=y
i
i
L
[§1

Therefore, the
25" 13

I

) false,
3. No
No
No
Both clauses are false. Therefore, the compound

sentence "5% - 3% =9 and 9 + 18 = 37" 18 rfalse.



pages 102 -103:

4. (a)
(b)
(c)
(d)

(e).

5. (a)
(o)
(c)
(d)

3-4
false
The clause "8 + 19 = 17" 1is false.
false

The clause "16 ¥ 8 + 8" 13 false.
false

The clause "9 - 6 = 2" 1s false.
false

Both clauses are false.

false .

Both clauses are false.

(4]

(3,4,5)

(10) ‘ ;
)

Answers to Problem Set 3-4a; pages 102-103:

1. (a)
(b)
(c)
(a)
(e)
(r)
(g)
(h)
(1)
(J)
(k)
(1)
(a)
(b)
(c)
(a)

The text

ro

T, both c¢lauses are true,
F, both clauses are fzlse.
T, both clauses are true.
F, second clause 1s false.
T, both clauses are true,
F, first clause 1s false.
F, second clause 13 false.
+F, Becond clause 13 false,
'F, second clause i3 false.
F, second clause 18 false.

™

both clauses are true.

-

both clauses are true,

(12} (e) T
(4,5,6) (£) T
T
T

o

(2)
g
(3,4}
(3)

G

(3} (g)
= ¢ (h)

defines the truth set of a compound sentence with

]

H 3 13 3 3 W3
]

the connecting word "or" as consisting of all those numbers

make up the compound sentence. It 1= particularly important,

~J
k8]



pages 103-=105: 3-4

not anly in the interest of clarity here, but for the sake of
his later work 1n mathematics, that the student be g;vén a
careful introduction to the phrase "at least." To have him
explore such synonomous phrases as "not lessﬁthig" may help pin
down the 1dea.

=

Answers to Oral

1S

xerchses 3-4b; page 105:

e

\Ecﬁh clauaesa are true.
2. Zes

/No

/

The first clause 13 true.

Bothe clauses are false,

I’4. (a) true iﬁb‘

The firat clause 13 true.
(b) true o

The second clause 1s true.
(¢) true T

The second clause 13 true.
(d) rfalse

Both clauses are false,
{(e) true

Both clauses are true; the student should note,

_however, that since the first clause 18 true, the

rtfuth of the sentence 1a establlshed wilthout

~  consalderation of the second clause,

81

ERIC

Aruitoxt provided by Eic:



pages 105-106: '3&4

=

,2)

¥

»5}

(v) f{0,1,2,3]}

(¢) (0,1,2,3,4,13)
(d) f(o0,2)

(e) (1,2)

5. /ta) (9113213}

G
o o

L )

———

]

)
he set of all whole numbers

=

[ e |

he set of all whole numbersa
A

Answers to Problem Set 3-4b; pages 105-106:

1. FEach sentence which 1s true 13 true because at least
one clause is-true. , '
(a) T (f) F, both clauses are false

(b) T (g) T
(c) F, both clauses (h) T
oo are false A .
(d) T ‘ )T
(e) T (J) F, both clauses are false
2.. (a) The set consisting of 5 and all numbers greater
- than 6 7
i (ELF=T§E‘EEt consisting of all numbers less than or
ot equal to 3
L (ng Thgiigt of all numbers
@ng

(E);XThé set of all numbers less than %= and the

number 1

+ 3. (a) True
) (b} False because "5(8) < 5" i3 false
(e) True
. (d) TFalse because both clauses are false
o
(e) True
k ¢
TU




page 108:- 3-4.

Answers to Problem Set 3-4c; page 108:

ﬂ
@ 4+
o

o
o
W
A
o
o
~
@
©
S

o
GO

(The teacher may want to note
that exercise 8 1s the first
graphing exercise-including
examples in the text-1n which
9 ) s the truth gets of, the clauses
Lo i — of a compound sentence have a

-0 1 2 3 4 5 € . common value., If the student

recalls the meaning of the
_ phrase "at least,” he wlll not
10. DD S S find this troublesacme.)

,
+




pages 108-110: 3-4 -

Further exercilses in-graphing,truth sets of céﬁg@und sen-
tences with connective '"or" can be obtained from the preceding
section, Oral Exercises 3-4b and Problem Set 3-Ub, °

Answers to Oral Q;;rciéés 3-4d; page 110:

—— iy e

l. no

no ’ <

- A

o+
™
Ln
an

;,: - . . : The empty set.
0 i 2 3 4 5 @46 ‘ 'Kéﬁ _

5. ' — * The empty. set. -




pages 110-111: 3-4

6., p—— )4 s
0 i 2 3 4 .5 6

Lo
]
w4
F
N L

o

4]

w o+
&

o -

0 | 2 3 4

(=]
] — i
m -
I |
-

-
o
M
L
F-3

=
—
L
Nt
|
L
I
I

o
[
[
'S

5-’ (213) I =4 L 2 —

|
o]
]
LS ]
H

6. (3] ——
-0 |

[
o
E-3

T. The set of numbers equal

The empty set.

)

to or greager than 3 0

8. The set which includes 1

and all numbers greater O
~~, than 3
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pages 1;1412: 3-4

. greater thare 7 o i 2 3 4 5 -]

10. The set of all
numbers equal to . N ——

or less than 3 0 I 2 3 4

11. The set of all

numbers except . —
3. and 4 0] i .

[y

w
'S

w

12 The set of a;l

. numbers ‘greater N — 0 — — -
' than 2 ) o .2 3 4

13, (2) — e
—

14, The set of all numbers oo\ —

15. The set of all
numbera less than

two, all numbers PR W 7 —
greater than 4, 0 I 2 4
and 3

16. . (3) ‘ e

o]
™
[
F-Y
L8]

17.. The set of numbers =
between 2 and 3 —_t

w O
-’
I

The summary 1s intended to help the student make a quick
recall of the concepts that have been studied in the ‘'chapter.
i

:

/
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pages 112-113

- ,
Answers to Review Problem Set; pages 112-115:

It 18 expected that the Review Problem Set may h%ip the stu-

tences by gilving him opportunity to work with a mixture of sen- ,
tences less sorted into "types" than the problem sets throughout
the chapter-have been,

1, (a) Yes (f) No
(b) Yes (g) Yes
(¢c) No. 3(4)-2«¢ 7 is false (h) No

(d) Yes (1) Yes _
: § " -
(e) Yes (The student should ¥ (J) Yes
note that this exercise 1s ‘
an instance where the
commutative property of -
addition enables him to :

answer without arithmetic
calculations.)
B (£) (3]

M
~

{ ,
(b) The set of all numbers (g) [%%}
(c) The get of all numbers (h) The set of numbers equal
. to or greater than 3
(0,1} (1) The empty set .

greater than 2 and leas
than 7

[

(@)

0 1 2 3 % 4 0 { 2 3

()

=
O
L
|

={ —+ + —t—
3

B
o]
Ll
-~
o

ra|
[y
(AT

&

‘o, 1y2

(c)& + ———t

oI 3 4

(@) . (1)

0 | 2 3 0
" The empty set.

i

mmw.

D

whe()
I
,
I

w] =

T (J) F -: —t —

6 7 8 o1 2 3

Lo
Pl
W)
&
SN ]

?ﬁe empty set.

8
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(¢)

(d)

(e)

(h)

(1)

(9)

(k)

égff*“\ o 1 2 3 4 5

i \
(v) The‘Aet of all numbers

less than 13 P —

The empty set —

The set of all numbers

. i ——
less than 3 0 i

[D;1] ’ -— &

The set of all numbers
greater than ©6

Ll

- 0 I 2

The set of all numbers except O

(2} —_t * §
o o2 3

The set of all numbers

less than 3 | f— —

(1) — >— ! 4
O | 2 3




pages 113-115

(n) The empty set

) I 'é 3
5. (a) Trﬁe () !True
(v) True (g) Palse
(¢) Palse (h) True
- (d) Palse (1) True v
(e) Palse ‘ (J) PFalse
6. (a) 11 o (£) 8
(b):fé% or %? (g) 2
(e¢) 14 o« (h) 1
(4) 22 or 1L | (1Y o

(e) ©

. 7. The sentencés in (a), (c), (d), and (e) are true for every
value in the domailn. - )

8. (a) Palse - *>¥ (d) True f
~ (b) True o o (e) True
(¢)  True (f) True
9. (a) §x3-% (@) gx%=db \
() 2x2=3 () $x7 =5
(o) #xF-1% (r) 3x3=3%
10. (a) 20 (a) 2
(b) 4 (e) 8
(¢) 26 (f) o
11. , (a) 3(10 + 3) = 3(10) + 3(3) ﬁ,
(b) 5(8) + 3(8) = (5 + 3)8
(c) (4 + £)6 = 4(6) + X(6)
(d) 32 + 5a = (3 + 5)a b
(e) 5a + 5b = 5(a + b) '

(rf) a(6 + b) = a(6) + ab

81




L ted Test Items
1. Which of the following sentences are true and whici‘fre'
" false? '
(a) 556+ 1 _ (¢) B+2 >3
, (@) 9+11s5 . (d) 5+347
2. Which of the rallaling sentences are true and which are
false?
(b) 645+ 1 c '
(¢) 6+ 1 I
(a) =+ 3>2

+

3
34+35342 and b = 5.3
7R T and tEo
3. Which of the followlng sentences are true and which are
false?

=

8 - (10 - %) .
10) - 4 # 18 - (20 + 4) ’
<8 or 6+5>54+6
(a) 7 =7 and 7(0) =7

(e) 4 >6.0r5+2=10

(f) 7 >3 or 17.813 + .529 = B.777 + 18, 442

o
|
ot
o)
-~
i
=
[

(a) (1
(b) (18
(e) 3

+ +
o &1
W

1

4, Determlné whether each sentence 1s true for the given value
of the varilable.
(3) 3t + 4 =152 (¢) 20 -2x » 10; 5
/ ' - ;s X 1 2 3, 4
(b) 4x - 3 <757 (a) 5+ 7 # 7t 1

5, If the vdriables have the values assigned below, determine
- whether the sentence 1ls true.
(a) 3 =H4+y, x1s2 and ¥y is 2
A-(bjﬁvix ¢c2+y, x 183 and y is 8
6. List tﬁe truth set of each of thé following open sentences,
The domain is the set of numbers indicated.
(a) x+ 3 =23x =5; (2,4,6) b
(b) x2 42 - 3x=0; (0,1,2,3] '




ot
o

11.

12,

.
Determine the trugp sets of the followlng open sentencea:
(a) 3x + 4 =25 (e).2x +3 =2x+5
(b) 2x+1 < 3 (d) 4 +xg2x'+ 1 \
ﬁ!&ﬁ the graphs of the truth sets of-the QEEn:aEHtEncEE:
(ay) x+5=26 (e) "Px <7
(p) x+1>3 ] '

Draw the graphs of the truth sets ofy the compound open
sentences:
(&) x >3 and x < 4

(b) x<5 and x > 4

5or x < b

Which of the open sentences A, B, G,*ﬁ, and E below has the
same truth set as the open sentence '"p > 7"?
A, p>T7 or p=7 . D. P#T
B. p>T7 andi p=7 E. 7<£0p
C. p=T7 or p>T7T
*
Write open sentences whoae truth sets are the sets graphed

below:

(a) e —— (c) éw?
(b)

M‘ -
F ]
wm

01 2 3 4 5

(a) +——
o 1

‘wb wl
'y
tn

]

[y ] 1

‘or each of the gentences 1n column I, select the approprilate
“graph of its truth set in column II.

I

(a) 6x = 18

(b) ¥y<3

’(é) b g2

(d) t >4

(e) 422 and d<5




(f) 324 ’ L e e pp—
' o | 3 4

=

VR A

() w<2 and w>h o —+

, , - 0 i 3456 7

13. If the domain of the variable 1s the set U = (2,4,6,8,10,12),
find truth scts for the following open sentences:

(a) 3x +1 =13 (¢) 2x <20 and x + 4 =4 4+ x

(p) 2x = 10 (d) 2x + 1 =7 or 2x -1 =3

An§E§g§i£g Suggested Test Items
1. (a) True . (¢) True
(b) False v (d) True , S
2. (a). False (¢) True

(b) False "2; False
(a) 11se (&) False

(b) False (e) False
(¢) True (f) True

L, (a) No , (¢) Yes
(b) 'No (d) No
5. (a) Yes (b) No
6. (a) (4} (v) (1,2}
7. (a) (7] (c) & ,
(b) the numbers of . (d) the numbers greater than or
N o arithmetic less than 1 .equal to 3

(]

-

2
o
[
o
b

1

|

|

i s

0] i 2 3 4 5 6

(b)

(c) ; ‘ S S —————t

(d) bt PN




S N, SR
o 1+ 2 3 4 5 &

—+ — pm——

o
o 4

» ‘l:l

oy
o

e

B4

0 | 2 3
10. A, C, E

11. Pepssible answers are:

(9 x <5 (e)
(p) x>2 and x < L4 (4)
e (a)

12. (a) +
4 5

(e)

(0

(8)

7 (c)
(b) _Fi (a)

oo
W

—+— the empty set:

LN
)

or

o
1]
IR

\H
ATy

01 234567

o
i
~

4

(2,4,6,8)
(2}

4 5 6 7
the empty set
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i% Chapter 4 L
PROPERTIES OF OPERATIONS -

In introducing this chapter, 1t 1is perhaps advisable for
us, as teachers, to consider a baslc difference between this
course and the arithmetic with which the student has previously
worked.  The principal concern of this course 1s a systematic
gtudy of numbews and their properties, and arithmetic wadid sSeem
to héve had much the same purpose. Arithmetic often consists of
a rather mechanical application of a large number of rules for
computing correctly with "getting an answer" as the objective.’
On the other hand, we are 1lntereated in understanding rather
thoroughly why numbers and operatlions on numbers behave as they
do. A rather well defined search is made here for important
general propertlies of the numbers and the arithmetic opergtions
with whieh the student 18 already familiar. In short, Wgégﬁé
interested :& what 1s sometimes referred to as the "strugture"
of the "system" of numbers. Other words which convey some of
the same meaning as "structure" are "pattern", "form", and
"organization".

It 1s inevitable that many of the general properties of
numbers and of the operations we apply to them are already quite
familiar to the student, even the slower one, from the study of
arithmetic. The properties are familiar, however, only from
apecific instanclks and not as explicit principles, .

In Chapter 2, the aim was to have the student diacover some
of these properties by means of questions and examples. In the
present chapter, the propertlies are studied further and are
formallized. The properties which we have sought to eliclt from
students in this way are:

(1) Commutative and assoclative properties
for both addition and multiplication

(2) Distributive property of multiplication otver
addition .

(3) Addition property of C

(4) Multiplication property of 1

(5) Multiplication property of O

b

8

]

94
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Propertlies (3) and (4) above state, in -terms we would never use

‘Wwith the student before he is ready for them, that 0O and 1

are, respectively, the additive and multiplicative identities,
Property (5) above is in¢luded 1n the 1ist even though 1t can”
be deduced from the other properties. v :

It 1s worth noting thdt in this chapter we are considering
the prﬁperties only in relation to the non-negative real numbers,
with which the student 18 already famillar. We call-these the o
numbers of arithmetic, Later, 1t will be seen that the same
properties hold for all real numbers . ) :

The student, conditioned as he 1s to arithmetic, may well
ask, "Why bother?" when confronted with the formalization-of
these properties. Thls question may be forestalled somewhat by
exercises which are interesting in their own right and by the
teacher's own established devices. Of course, the real éﬁswer

~—to the question "Why bother?" égnsists; to a ‘large extent, of

what haa been sald in the paragraphs preeeding thls one
regarding our concern wlth structure.

another majJor goal of this chapter is the development of
a good deal of technique in the simplification of algebraic
expressions, a consplcuous feature of any beginning algebra
course., Here, however, wa>areriﬁﬁroducing these techniquea 1in
canJuncEion with the pr@perties of numbers and operations,
ﬁlgebraic saimpliflcation 1s practiced at the time the principlés
upon which such simplification rests are first developed, and
many times thereafter. These principles are preciasely the
properties of numbers which the student 18 to discover in this
chapter. .

The teacher may wart to read, as a general reference for
the work of thils chapterf Haag, 5Studies in Mathematics,

Volume III, Structure of Elementary Algebra, Chapter 3,

-Section 2.



Pages- 117-118: 4.1 ' _ .
o : _ | | ,
‘hsli Identity Elements, |
Identitz Element for 'ddition,

B It may well be adviaable to spend more time with alower
students citing specific numerical instanceg of the addition
property of zero, such as:

5+0=5
1 -
. *‘sé +0 = 325
4.7 * D = 457, atec.

These may - help the student aﬁpreciate the significance of, the
atatement,; For every number a, a+0,=a" . .
1a true for aill

Note that the open gentence "a + 0 = a'

"structure" or

values of. the variable.. Such a sentence conveys
"pattern" information about the number system. - ¢
The association between the "result being identical with
"the number to which zero ls added" and the name "identity
element" n.y be worth emphasizing. Slower students frequently’

are seldom auccessful in msking the asscclations themselves.

need the aid of such assaciatiens in 1earning new wnrds, and they ’K

Answers to Gral Exercises 4-1a; page 118:

1. (o) "6, (1)

2. (o) ' 7. the set of all numbers
3. (o) ! 8. the set of all numbers
4, {o) 9. the set of all numbers
5. (7) 10. o

ﬂgiﬁi’licaﬁign Property of One.

after the additive identity element; rather than aimultgneguslj,
"in order to glve the student ample time to sssimilate the ‘ideasn..

The dif‘fer‘ent numerals for the number Dne are m—ntigned in

e



. Plggsrllaallgz;ﬁual

. T * <. L . ¥ . =

multiplicatian prﬁperty of one i8 a prcperty of the:number ‘and -
has nothipg to ‘do with the numeral chosen to repreaent the
number one. - Thus, ’ )

(1) < x" anq x(d) - xr -
. - both express the property. - .
,-Answers to Oral Eiérgi§g574:1§; page 119: ’
1. [1} ) 6. the set of all numbers
2. (1) 7. the set of all numbers
3.4 8. (3} ,
. 4q/[1] , 9. ¢ - . : ey
W5e (1) 10. (1) ’ .
11, .[0} w -
‘Multipiication Property of Zero. !1 , T

The multiplication property of zero 1s not, 1ike the others,
a fundamental praperty of. the real number sys&em; Lt wauld not,
for example, appesr amangithe axiams for an Drdered fleld. TIt.
can be derived from the distributive property, the addition
praperty of-zergp, and the existence of én opposite (which comes
in Chapter 6). ' As a matter of interest, a derivation of this

broperty 1s given below ’

For any number a, cgnsider the expression

a(l + 0).

" Then' a(l + 0) = a(l) + a(0) vy the distributive property,

- but a(l + 0)

a(l). by the addition property of 0
f

then a(a) + d(0) = a(1).

To conclude that a(®) 1s 0, we must add -a(1) ,
(the opposite, or additfve inverse of a(l)) to both sides

of the equation above, thus obtaining / ' . N
90
5, 71', key

i




W

L)+ (@) 4 a@) = -a1) +'al1)

 then "(—"a(’l‘)-+ a(l)) 4 a(0)- -a(1) +*a(1) by the . assoclative
s ’ ‘property: of additian,

.fand 0 - . 4a(0) =0 "+ by the additien
. Coe e T ) * = -property of”
. ' ' : ’ - opposites, .
B ¥ . . . - X - * .
;g _ 'a(®) =0 _ , . . .by the addition L

property Df 0. }

vAﬁEﬁE?g,EQ érglﬁExeré;gég #:i;; page 120:
l)l‘additioﬁgpfoﬁer§y of zero
'« 2, multiplication prope?ty of one

¥

3. multiplicatlgn property of zero “ . . - -

n Ex erc%ge 3 of QOral Exercises 4- 1d and 1n Exerdises 3,
4, 5 and 6 of Problem Set 4 1d, and in future work in which the

multiplication prgperty of 1 1= used in adding fractions or

H‘

srational expreggiona, the student should be ericouraged to mentlon
or "write out" the numersl he has psed for 1. It is 1mgartant
that the computationsiwhich gepend upon this property be cleariy
‘tied to it. Here, as at many polnts in the course, only a )
ﬁh@fough.appreciatioﬁ of the connectlion between concept and
manipulatibn entitles the student to take "short cuts." Before

m

tHE’studénts that 5 or %% ts a numeral for 1 for alﬁ o

values of the variables except O.

. Answepw to Oral Exercises 4-1d; pages g?éleB:

(a) 64¥addition property of zero : ‘
(b)2.125, multiplication property of one
(c) D, multiﬁlicatlan property of zero .
(a) 3, addition property of zero ’
(e) 2.81, multiplication property bf one
(f) -0, multiplication p?aperty'af zero

S (g) 5,2;§additian property @f‘serQ and multiplication

. N

W

property of one

&

O
e




.-‘Pages 122-123:

) I
' 2. (a)

L S {5; 

e
(c)
(a)

Ansvers

“ by

el i?

kt) Félsé

L,

o) - (h)

to Problem Set 4-1d;

1.' (a)
(d)
(a)

(v).
ey

. number m,

0. . Multiplication property of
'b.  Multiplication property of
n,” ‘Addition property of zero
;5-+ 1. No property

Falsey Numerals represent the
the multiplication property of
True. xMultiplicaﬁiéh property
False. Numerals represent the
the multifiicaticn property of

‘m+ 0 = m,

False for every value of m

for évery value of m
13 C

alse
8 1

o
oo

H\
I

x

W T
v

*
et

n
il
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1=
ot
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EH
X
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I
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(o]

w‘wnolH oy
x
e

I
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[iv] 1Y
1
O
ro

o
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i

1]
I

x
=

[N
1
N

(e) Tru

(é)! Falae
(h) False

pages 123-124:

zZerao
one

]

same number because of
one, j

of one _
same number because of

~ 3 Y
one.

- False. The\addition property of zero, i.e., for every

b A R
. , -
r v
- L%
Y
L)
1
- F
A
f :



' Pages 123-124:
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7. $(a). The set af gll‘ﬁumbers'“’. (g) (5]

() (o) . (n) (3]
Coe) ) R Y B C I
-(a) vy - - (3) (3]

" (e) The set of all numjers - (k) (11)

(r) " (0) *' :
4.2, Closure. ' : —

.This section is concerned with two related ideas.‘ The

first 1s important and is one that should .be impressed strongly

on the student. -It is this: if.s is any number of arithmetic
andb is any number of arithmetic, we can add a and b and we
can multlply,aignd b. This means that wWe' can freely write
numerals such as "3a", "2b", "3a + 2bv", "ab", etc.” Each of
these has a meaning; there 13 a number which 1t represents.
Hargafer; the student must be femindeé over and over again that

‘an expressign such as "a + b" is a numeral rather than a command
ité“da arithmetic. In conﬁrasi, we recall some cases in which

sUbtraction can nat be performéd " and we remembef that division
'a - g" has meanling only if a is

by zero is 1mpossible :» Thus

'greater than or edual to b, and %4 has meaning only 1f d 1is

not O. : *

The second idea 1s Ea‘iﬂtroduce by examples the notion «of
a set of numbers belng closed under an operation; a concept
which the student has ‘met informally 1n previous exerciéés_ The
text does not glve a formal definition of this since 1t might
be too technical. What we have in mind 1s this: a particular
subset A of the numfers of arithmetic 1s closed under a
particular operation (e.g., addition, subtraction, ett.) 1f the
following statement.is true: if a is any element in A and b is
A, the operation can be applied.to & and b and,

any element 1
moreover, the [nymber which 1s produced 1s an element of A. For
example, the #set (0] 1is closed under éédiﬁion since O + O 0,
19”18 closed under subtraction since 0 - O = O, and it 1is

¢losed under muitipligatian since O . 0 = 0. It 1s not closed

I
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Pages 126-129: 4-2

=4

" under jdlvisibn since division by zero cannot be done. The set

(1) 1s closed under multiplication and under division. It 1s
not closed under addition since 1 + 1 = 2, and 1t 1is not closed
under subtraction since 1 - 1 = O, Here the operations can be
performed but-the numbers produced are not in the set (1}). The
set of even numbers' (0,2,4,..2) 18 gloéed under addition and
under multiplication. It 1s not closed under subtractlion and

1t 18 not closed under division. Thesé operations cannot alwéys
be perfoimed for this set; moreover, in some cases where they
§an be performed Eheﬁ do not yleld an even number. i

Answers to Oral Exercises-4-2: pages 128-129:

—— =

1. yes . 3. yes 5. (d):
yes . . yes »
2. no L, yes

yes yes

pnswers to Problem Set 4-2; pages‘:;9—131:‘

1. Addition Multipllieation Eivisian Subtractlion

(a) closed closed not closed not closed
(b) closed closed not closed not closed

(¢} eclosed closed closed not closed

i
(Can't yet subtract a larger from a smaller.)

(d) closed - closed . not 'closed not closed
(e) not closed closed not closed not closed
(f) closed closed not closed not closed
(g) closed not closed not closed not closed

(h) not closed not closed : not closed not closed

Subtractlon is not closed until we extend the number system
to include negative numbers, but this need not be mentloned at
this time to the student. Division is not closed for any set
containing O. Thls agaln can be played down or barely mentioned
at this time. Just say "We don't divide by 0" ‘and let 1t go
at that, Later 1t will be shown that O has né reclprocal.

SLoo



-Pages 129-131:

*7.

The operation

45

A

1

18 not ciasq@ under addition since

S

#

2

is not 1in set A,

A 18 cloBed under multiplisstian since everw element in the
table 13 &n elément of A.

Construct tables.

+ o1 ]2
o |o 1|2
11 2 7 737
2ANERD

x o [1]2 .
o Tololo
e A I
2o |2 |u

We see that there are elements in each table that are not

elements of A

operation,

Thus,

A

18 not c¢losed under elther

The sets in parts (d) and (e)

All 4 zets

C .

Notice that these are new cberations of "multip)
that have been deflned. by the tab

"addition"

18 closed under addition, but not under multipl
cation"

zatl

, and are

related to the operations we will be dealing\gith invol

numbersa.

b+a=>
The operation

and

"

all cases,. but is more Peadily seen ﬁ;ﬁob”

\
a+ b %

n

is co

Ca

’
£

L

Therefore,

"+" 18 not commutatlve since for eYample

a+ b £

utatlve as can be shoyh

symmetry of the table about the dlagonal rgy

[

Qﬁi -

and
not

the starred problems since the orderly progrdss of this codrse is

not dependent upon a succeasful salution of such prcblag@-

&

O
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" Pages 131-132: 4.3 S
-
lative Properties

of Addition and

i

\l""

. Multiplication.

The .commutative and associative properties of &ddition and
multiplicaéicn were disdussed 1n Chapter 2 by means of numerical
examples. In this section, the properties are sgated 1n open
sentencges. Actually the prgperties are translated from word

" statements into the language of algebra. The translatlon prpceaa
of ahich this 1s an example 15 c&asidered more systemat;cally in
Chapter 5. Some atudenta may find 1t easy to by-pass the word
statement and go directly from‘the numerical examples to the

rebralce statemen® of the propertles. In fact, this could hgve
been done in Chapter 2 except that we did not then have variables

-and so had ta fall back on word-statements. The comparison of
the word statements with the algebra, statements shows the gr%at
agvantage of, the latter in both clarity and simplicity.

*ﬁbﬁiﬁé the
had stated Uhe
@fthaut quantification of the variables as

5

orm of the statements of the properties. If we
commutative prapéfty of addition for example,

a+.b

b+ atv } ‘

we would have had no Ttation whether thils open sentence 12
all the values of a and b. Thus we

true for some, none,
quantify the variables and state: "For every number a and
every number b, a + b = Db+ a." -In this way we say that the
open sentence is true for every a and every b.

Examples 1ike "(2 % 3a) + 2b,= 2b + (2 + 3a)" and ’
"om + 3n = 3n + 2m" are ‘Ineluded (pages 131-132) since students
often héve trouble appreclating the generalitflaf the statement
"a + b=b+ a." ,ta help head off
this sort of difficulty.

The purpose of the labt portion of the sectlon 1a to

emphasize that there are operations which, arg nelther ‘commutative

These examples are included

nor assoclative. - 9

We suggest that the problem sets in 4-3 be donw-as oral ’
exercises with ample discussion. Perhaps this is thelbgat way
‘to avold tedlum and to.get to the root of misunderstandings. R

3
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Pages 132-134: 4.3 ~/ ~

There seems to. be rio extra value to be gained by lndividual
\» Work pn these exercises. ) -

Angggrs Egipfa;jgxergiggs 4-3a; page 132: ‘i;

by 3. 5. 6. | -

P i _ . ; ) . . - . - ' 7
Anavers to Problem Set 4.3a: pages 132-133: (ff;
- T T } - o

1._ True, commutative property of addition
2. True, commutative property of addition i
‘3. True, -cQn utative property of addition  #
4. True, codgutative property of addition '
5. False, Eiﬂ\ge (3a + 2b) may be @ number different .
from (3 +\Ea)
: ' \} . .

Answers to Oral §§ ises 4-3b; pages 134-135: /

r

—

1. (a) ;True, Eommutative property of addition

(b) True, assoclative property of addition ¢
(¢) True, associative property of multiplication
(4) Trué, copmutative propgrty of multiplication
(e) True, none of the properties

(f) False ' 7 -
(g) False ) g

(h) True, commutative property of multiplicatien

, (1) True, commutative property &f addition and

W commutatlive property of multj
, (J) False .
+ (k) False
(1) False .
N . (m) False 3y 7
(ni Frue, commutative prcﬁegiy of édd;tioﬂ and
cemmutative property of multiplication

&

plicatien

5y o

1




Page 135: b;S T

2. (a) 7(3a) ((7)(3) a/— 2 -
(b) 5m(¥) = (4)(5m) = ((4)(5))111 = 20m
N ) .
() 5(3¢) = ((5)(3))e = 15
ST (@) 9() = ((9)(3)x = 27x
(6) axfk) = 3((x)(x)) = 3
(r) (8y)2 = 2(8y) = ((2)(8))y = 16y

[

1]

&) B asm = (3103)

0
oo
——

=

s ]

M »
i

—
——

(h)‘ (.19)8
¥

]

(1), 1@ - B ey =

/(i) (2m)ny = E((m)(m))

¢ /\ () Ga@d = B (ke

- (
(1) (8a)(fa) = ((Ba)(f)>a = ((8)((&)(1:))

& - (@@ @)= - (@@))a - (6a

2 :”é(caua)) - 6a” |

. L

The student may not consclously go through all the steps in .
the exercises above, but 1f he is uncertain of an answer the
ability to speld out the, steps should reassure him.

/ .
Answers to Problem Set 4_3¢c:; pages 135-136: P
' T -

o ML

1. Division 1s nat assoclative. (18 =+ 6) =+ 2
18 = (6

2) -

99’1 0o




Page 136: 4-3

% P ( =

« 2. Subtraction 18 not éommutative.' "a - b = b - a," -
Consider x - 3 and 3 - x. Whatever number of arithmetic
is-chosen for x, one of these expressions is not a number
of .arithmetic while the other is. Hence "x - 3" and

» "3 -'x"_ cannot name the same number
v L - ’\
3. (a) True. Associlative property of addition o
r (b) True. Commutative property of multiplication
(¢) Trué. Associative and commutative properties cf{
méltlplication%* _ Foo
4 (d) True. Commutative property of, multiplicéﬁ}bﬁ
(e) True. Commutative Property of addition and commutative
prﬂperty of multiplication . ) ji\

(f) True. Commutative prapérgﬁggf multiplication and
associative property of addition

(g) True. Commutative and assoclative prdperty of
multiplicatyon and asscciative property of addition

&h) False. The left side may be wrlitten (b(E) + c) + 2a,
which may be a number different from ( (2) +c 2a.

(1) True. Commutative* property of addition and
commutative property of multiplication !

(J) True. Assoclative and commutative property of addition:

3 and commutative praperty of multiplicatian .o
(k) True. Ccmmutative and assoclative property of
multiplication
bk  (a) Yes . ~- 7 ‘
- (b) No for example, (8% 12) % 16 = 13 -
81(12:@155):11 7
> 5. (a) No , for example, 5 %7 =75
' N T x5="7
(b) Yes This can be 1llustrated as follows:
. (+Aa6)A8B8=uA6
=4
4 A (6A8) =4

. J L]
o ( _
“‘x..‘) W 100
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stributive Property.

b,

The diatributlve praperty,'like the others before 1t, 1s
stated here as N open, EEﬁten:e +Again building updn numerical S
experilences 1n Chapter 2. The property is stated in four
different forms to lay the foundation for some of its future
applications. However, the tudent should- undeystand that t?ere 3
is only one distributive praperty underﬁconsidepatian. _

The examples should be carefully discussed, with emphasis

: on the fact that these are applicationg Ff the distributive
\ property. In example 4, you will note“the phrase "simpler form'.
~. We would like to use thls phrase to describe the end result.

Although in most instances 1t 1s quite obvious ‘that one fcrm

18 simpler than another; 1t appears to be virtually impossible

to give‘a good de?initign of "simple". Therefore, we will be

satisfled to use the expression 1In concrete situations where

there 18 no passlbility of confusion and will not attempt to glve

a general definition. The important idea here 1s that, when we

use the basic properties ﬁoiwrite a phrase in another (simpler,
—-moreéaﬁﬁéct,liife uséful, easler to write, easier to read, etc.)
form, the résﬁlt is a phrase which names the same humber as the
given phrase,’ ’

" sy great deal of -practice 1s glven with the distributive
property in the problem sets of: Section 4.4, Howéver there is
no need to despair 'if the students seem_td have someth ng less
than sa mastery of the prificiple. Following the spiral method of
development, the propérty is used In the same and different
contexts throughout future éﬁap%ers; a greater §Zgree of mastery
might well awalt thoe later Tthapters. )

Answers tc‘éral,Exerc;ses 4 l4a; page 139:
£ Lo : 45 -2

1. : {a) ‘iégicated product (g) _Andicated sum

(b) ™ndicated product (h) 1indicated sum
P C(e) indicated sum (1) indicated sum .
Td) indicated product ~(J) 1indicated sum
(e) indicated ysum | (k) indicated product
(f) 1indicated sum=> ’ (1) -indicated sum
T 101

O

ERIC
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Pages 138-142: 4.4 '\
t . ,
. . .
2. 5(a) + 5(2) (g) ealo + 1)
2(c) + 2(v) () alb + 1) - e
EICE (1) 6(ab + 1) -
m(n) + m(1) - () 2(x 4+ 2y) ‘
. 5(.3 + .2) T (k) 2(2a) + 2(3b) ’
“3(2a + 7) (1) #3(2a + 7)
: . =i
e . ~ oy B
- , Y .- ¥
Answers «tdo0ral Exercises U-Ub; page 140:
- [ Q . (- Fe :
! - N 3}/’ . ) A N ey
<1 M3F 50 .10, a(8) + b(8) S
a2 (Bee T a1 (A b)3x . -
3. (2+n3)a 12, 6(a + 1) o
U_ = T(m) + E(m) 13. 5(3 + ;)
5. (7 + B)U Ih, (3 4+ 1)x
6. 9(2) + 3(2) 15 (.7 + .4)m
L ® 7. 2(2+ 4 16. a(b) + c(b)
. 8. m(a) + 6(a) 17 ba + 5b
. D -
Y 9. 6(a + b) 13. ﬁ(r +s) -
" Answers to Problem Set 4-4b; pages 140-142:
1. a) True- 7 :
, (b) True - , : .
) ¢ True ]

[
.

, The alim of Exercise 1 in this problem set 1s to have the.
student recognize the truth of each sentence not because both
\ . i

, : i )
des can be reduced to the same common name, but becagsg3thé

! c
sentences L3 an examplé of a true pattern. You may have. to
remind yoursstudents to do this. 7
2 {(a) False 1 d) False
(b) True ¢ o’ e) True ;
(c) False (r) False

ERIC

Aruitoxt provided by Eic:



Page 142: 4.4

(g) True. .

(h) True.
(1) True.
3. (a) 3(10) + 3(5) (f) a(4) + b(4)
(p) 3(x) + 3(2) (g) ab + a(2)
(¢) m(2) + 3(2) (n) ab + ac
(a) 5(4),+ 5(c) (1) x(m) + y(m)
(e) 11(k) + 1(k} (J) a(a) + 2(a)
4. (a) 3(5+ 7) (h) cannot be done
(b), (3 + 7)5 (1) (2 + a)a
(¢) (15+ a)k - (J) x(x+y)
(@) 2(b + ¢) ' , (k) (% + 3)c
(e) a(2+ 5) (1) (a+ 1)x -
" (f) (c + a)d (m) Te )

(g) a(b + )

5. The student may want to work some of these problems more
qulekly by "collecting terms". He may want to write "7b"
immedlately for part (a). Make sure.that he earns the

right to lise these short-cuts.

(a) 5b + 2b =(5+ 2)b = 7D '
y (b)) Y4a-+a(7) =Yta+7a=(4+7)a=1la o
- (¢) c(2) + c(3) = c(2 + 30 =c(5) = 5¢
(d) Fm 4 dn = (5 + Pm = 7o
(e) ) Ln + .6n = (.44 .6)n=1n=n
(£) B.9b + 3.2b = (8.9 + 3.2)b = 12.1b
(g) 3y +y =23y +1y = (3 + 1)y = by
(h) m+2m =1m + 2m = (1L + 2)m = 3m
; (1) 2a + 3b |
(4) 3.7n + n(.4) = 3.7n + M0 = (3.7 + . H)n = Ldn

103 11 {)




Pages 142-143:  4_y4

Answers to Oral Exercises b-lUc; pages 143 -144 :

Answers’

=g I I
Ld " - -

WL
.

True

False
False
False

True

51,

™y

(a)
(v)
(c)

(d)-

(e)

- (a)

(b)

(d)

{h)

6(m) + (3p)m
(

6.
T
3.

9.
10.

(f
2n)k + (2n)l, 4 ‘(g
6(2s) + g;ﬁ " (h
( ) + y( (1
2a + 2b = 2(a) + 2(b)

= 2(a + b)
2ma + 5n = (2m)n + 5(n)
= (2m + 5)n

2mn + 2n =

515}(:4- EJC =

umn + llmp =

ex + Hey = ¢

=]
3ab + 9a“

o

[

(x) +

(x + M)

(
?i(b) +

{
True

False
True.
False-
Falsze

to Problem ;;EVN_MQ; pages 14451#5:



(1) 3x + 3x° = 3x + 3(x) (%) ' i

< 3x(1) + (3x)(x)
= 3x(1 + x)

. . = ;"’{sz . . .
(1) x2% + x%2 = x(z)(2) +(x)(x)(z) ' %51,
= (x2)(2) + x((0)(2))

. : = (xz){z) + xz(x)

N
M

il

= xztz + X)
3. (a) 3b(2 +§ig N - /
© () (24 3)g | L ‘
. - {ec) 5a(x +’g) Note: 5a can be wrltte "?a{l)ﬂ
(4) a(sp + b¢) |
(e) (m+ 1)x° ™~ SR : -
(£) ox(3x + 1)
b, da) (3 + 2)x°
) 5
(b) (a + b)xE o, .
P /
. o .
(¢) 5(x% + ¢c)
(d) 3c(3b + 2)
(e) 4b(3a + 2¢) o
(r) ©6a(l + a) * |,
N ;

5. “(a) A rectangle has twolequal sides and two equal ends and
so Lts perimeter 1s found by adding the number of
inches in the Jlength and the number of inches in the

' Y

‘width and multiplylng the result by 2.

2(7 + 3) = 2(10) S é/
20 The perimeter 1s .20 lnches,

I

1]
Jt
Wi
—
b}
O‘
e

(b) 1.5(375 + 125)
= 750

: - /
The amount of money collected 1s $750. We could haved
found the amount/ collected at each window and then
added the two amounts. Thls would certalnly be‘more.

complicated.

1Qfaz£3 : | t.

1



Pages 144-145: 4.4

Answers to-Oral Exercises 4-4d; page 146 o <.

1. (a+c)(a+ %) = (a+cla+(a+ )t
2. (% + §)(x+53)'; (x + a)x.+ (x + a)3
3. (x +.1)(a +b)= (x + 1)a + (x + 1)b , , o
CHS (32 4 B)(a +5) = (3a 4 Ma+ (Ja+ b5 o ' (
57 (7T + X)(x +7) = (T + x)x + (7 ? x)7 '

6. (3a +b)(c +4d) = (38 + b)c{%— (3a + b)a

7. (m + x)(a + b) = (mn + x)a* + (mn + x)b
8. (ab 4 ¢c)(b +¢c) = (ab + c)b + (ab + ¢)c e

9. (B - x)(8 +x) =2 (8 -x)8+ (8- x)xa ¥ :

Answers to Problem Set 4-44; pages 146 - 147:

1. (a+1)(a+b)=(a+13)as(a+1)b . :
: “ h L 3
=a“ +a+ab +b
2. (a+5)(a+b)=(a+5)a+ (a+ 5)b
== 9 . .
=a“ + 5a + ab + 5b .

S

(2x + ¢)(x + %) = (2x + e)x + (2x + o)k

= 2x° + cx + 8x + k¢

by (3 4+ m)(i%?ﬁzéui (3 +m)5 + (3 + ma
=15 + m(3) + 3a + ma

i

- 3 , ,
5/° (a + b)(c +d) = (a+p)e + (a + b)d
( 7 = ac +/bg + ad + bd

6. (2c.+d)(a +d) = (2c +d)a + (2¢c + d)d
o}
= 2ca +da + 2e¢d + d°

'

-

‘f = \gv 5#’899

7. . (20 + 5) (%0 + 3) = (20 + 5)40 + (20 +°5)3
: +

8. (x+2) + (x+5)= Gx + 2) + 3) + 5

? =(x% (x +2)) +5

IS

= ((13{+1;{);+’E + 5
= (2x +2) +5

= 2x + (2 % 5)

= 22X + 7

EEmma o T ‘1?1:3 -
s s i i
13
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Pages 145-146: 4_4 p
=

3

5)x + (20 + 5}3 S
X+ 60 + 15 /' . t

2
ped
+

9, WCEQ + 5)¥(x + 3) =

N

b
+
=

W

a+ 2b) 2a + (a +
&

M

10. + (a + 2b)(2a + c)

[
[AAC

s
o
et

]

[

a®‘+ bab + ac + 2b

|
i%(m +n) = §2§+ mn “ Y

et
“_..I\
L

=
¥]

i : .
{x +y)(m4+n) =(x+y)m+ (x+y)n
l = XM+ ym 4+ Xn + yn .

3r + 1)r + (3r + 1)a N
+r +3ra+a |, '

13. (3r + 1)(r L a) =

7 R

- £ . =
+ 1)r
+

+(3§+1)£
r + 9ra + .3a

|
Coab, v (Br o+ 1) (r + 3a2) =
i ) ‘

P

15. (mn+ b)(mn + a) = (mn +H blmn + (mn + b)a
N

i
—
=
]

(mn) <  bmn + mna +_ba

.

16, (%y +‘§)(§ + b) _:(xg + gjy + (xy Y a)bg

='xyT + ay '+ Xyb + ab
17, If :a' is 5 and x 1is 2, then .
(a+2)(a+x)=(5+2)(5+'2) :
) = logw 3

If a 18 5 and- x 13 2, then , ;
+ 2(5) ~ (5)(2) + 2(2)

2 2
2 =

a + 2a + ax + 2x = (5)
Ty

RN

"
I

Therefore, (a + 2){a + x) = a° + 2a + ax + 2x
- when a 18 5 and x 18 2. - .
18, If x 1s 3" and a "1s o,
(2x + 3)(x + a) = (6 + 3)(3 + 0)”

)

: [
3 and a 11z 0O, =] . i
e (

e
]
W20 T
-3 .

i"’s

. . - - ; * - - - e

Therefgr%i (2x + 3)(x + a) = 2x“ + 3x + 2ax + 3a W,
when x 1s 3 and a 1s O. N

ERIC
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Page 146: 4.4

19. (). (10 + 2)(20 + by
(p) (20 + 2)(20 + 13
. (¢) (10 % 6)(10 + 2) .
{(d) (10 + 8)(60 + 1)
(e} (20 + 5)(30 + 2)
- “(r) (Yo + 2)(30 + 6)
(g) (30 + 3)(20 +\3')
(h) (10 + 1)(4 + .2) .
(1) (3+He+D
(4) (30 + %')(3@ + )
k) » (1 + .5)(30 + 6)
(B) ~fh + .5) (Lg+ .5) ’
(m) (% + 5)(200 + 2) Y
(n) (20 + 5)(1000 + 3) : .
| (o) - (4 + 13+ P
. (p) (6 + .u)y(koo + 8) |
, X )
(a) (6+3)(8+%) :
(r) (3 + D)4+ .8) ‘
)

This summary of préperties is very important. We want the
student to begin thinking of the number system more and more
often in terms of the baslc propertles so that eventually almost
all operations he does with numbers will be performed with
these properties in mlnd. This 15;5 défelapment which will not
take place for most students very gulckly: however, by the end
inJthE year 1t 1s hoped that the majority will have progrdssed
Eé‘wlthiﬁ aight of the goal.

ERIC
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Pages 146-147

i ;

The 1list of propertles obtalned %t this point 13 not
gompletei We still ﬁust introduce the négative numbers andv
obtain the properties of order. The 1ist willl be completed for
our purposes by the end of Chapter 12, = 4

’ - o
» AnsWers to Review Problem Set; pages 148-151:

1. Zero is the identity element of addltion.
" Por every-number a, a + 0 = a - Addition progerty of zero

0 Multiplftcation property
) of zero

]

For every number a, a(0)

2. One is the identity-element of multiplication.
For every number a, a(l) = a Multiplication property

of one
1T - (m not O) are numererals for one.
3. (a) x+ @b »
.3 U 3 . ) 3 4 g 2 22 u
() §+§f§xl+?¥l;§x +?x§=%wgw;i

w

\l:q I

o
N
o,

.
ot
l\

L] rmmq\m
b
o
i

L] J:mwfq L
*
o
:

fil
|
B
. [ “
)
R
1]
L
X%

)
Lo
m
el
r;m
=
=
had
=
1}
sfons
o)
il
04

=
—
il
Mo
P
]
=
o
=
[l

1, 48 _
- 7% 18 =35
4 4 15 60 5
(b) 3=3x15=17%5 _
N o 2_2 . m_2m
() 5-5xq-5&
jy m_m 5 _ Sm
() F=gxg=1
5_5,2n _1om
(e) F=5>*%m~ Zm
N T & , A
. ! -
r,\‘
P
109 . R .
. s 114 e
| ~d
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Pége 149
£
5. (a) (0]
“(v) (1}
(¢) The se
7 nungF
{ () (0
(e) (1)

18 closed under multiplicatiaﬁ;

6.
subffactiaﬂ
7. ‘For gvery n
a+ b =
E =

’*(a+b) + ¢

8.% (&) False.
then
. senten
(b} True.
(e¢) True,
(d) True.
(e) False,

then
Fa alse,

2(3'+%1) = 3(2

(é) True,
(h) True.
of mul
(1) False.
2 + 3{
(1) True.

T

O

ERIC

Aruitoxt provided by Eic:

Set of whole numbers ending in,

-

(r) (o). ' -
(g) (1)
(n) {2} ¥
% (1% g
(5) - (o)

G 18 closed under addltion,
and 18 not closed under

%

~
umber a, every number b, and every number cr
b + a ab = ba tommutative propertles
a + (%+Q> (ab)ec = a(be) shssociative properties
a(b +¢c) g ab + ac DIstributive property
If x 1s 1, m 1s 2, y 1is 3, and n 1s 4,
(1 + 3)(2 + 4) = (1 + 2)(3 + 4) 1s a false t )
ce. ' }
Commutative property of addition L
Commutative property of additton -
Commutative property of muy%iplicati@n - -
If % 1s 2, y 1s 3, gand‘ B 1s ),
2« 3(1) = 2(3) + 1 1s a false sentence.
/if x 1s 2, y 1is 3, and m 18 1, then
+ 1) is a false sentence.
Commutative E:

qutfibutiVé praperty and commutatlve property

tiplidﬁtian
If x 1is.
“+ 3)
ative

prap?fty of multipllcat%on

7 g’ )
2, ¥y 18 3, and m 18 1,
(2 + 1) 1is a false sentence.
progperty of’ multipli;atiuﬂ
3 A
¥
. /
o
.
Vs
110
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Pages 149-150

9. »(af)g on + 5 (f) (n +5)(n + 2)
(6) in-6 orl (8) (n+ 7)°
(¢) 3n -6 F (h) n(f - 2)
(d) n(5 +-'n) 3/ & /(1) %
(e) n® + 2n ’/f T (4) B : 5 /
: \E}/ 1y
10.. (a) , 0 ’
_(b)’ % Howghard did the students work on these?
(¢) o Aare they using the properties c,{f 0 and
(d) o . 1 to make :téhél'f‘ work easy? ¢
{ (e) 7 | |
11. (a) Im + Bn (1) 6a(x + y)
% (b) 6(m + n) (m) by®es 1)
(c;:) ab + ac (n) Q(é}{+ 3)
(d) “xb +:,c + ¥b + ye {o) sgrb + ab® /
(e) Txy + 7x (p) x(y +'z) .
(f) a°% + am (q) 6a° + 10a
(g) a(ab + ¢) (r) E;ng + 3mn
"~y ((n)  axy + 8xy (s) a’ + ac + 3ba + 3bc.
(1) 4a® + a 4+ kra + r (t) E‘\,b.‘zx(?ﬁ' v)
(3) ab + ax +‘\3b + 3x 7 6 s;b)(a-rl)
(k) (3 + a)(x +y) ) (v) (x+ y)(m + n)
12, (a) 3 x (2+ 2) = (3xap+ (3 x %) A
= 5? B )
{ A
(D
) 111 lli{ .



. { \
Page 150 ° . .
.7 (
o iﬁ&a" '
(b) 5 x 4;% =5 x (4 + 3) T
e 13 ) 1_5 m— -
. ]
% = (5 x 4) + (5 % 7%)
o 10 -
~ 10 :
= 2073

(¢) 4 x 1% - 4 % (1 + E)
(ﬁxl)%-(l%xg)f

)l

I

Pl = b+ 2 o
, =65 o~ <
J
(13, tru};h set: (1} truth set: {1,2}
; to.
0 2 30 4 o 1 2 3 \4 .
The truth set afﬂthé first sentence 1ls a subset of the
truth set of thé second senfence. ( R
; N4
. | . . -
14. truth set: All numbers truth set: All numbers
‘ less than 2 .
t’
e O ——— et ' -
0 | 2 3 4 0 b
The first truth sdt is a Subsgﬁ of the fecond truth set.
1;_‘truth gset: [-Z?} truth set: All numbers less
b ’ than 2 ’
p i — — o . —
f = - ; o Frre—— ¥ = =
0 i 2 3 7 4 o) | 2 3 4
Nelther 13 a subset of the other.’
. ¥ ‘
)
;‘
{ N p ]
2 112 VY
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Suggested Test Items A

Show how to use the multiplic%tion property of 1 to find

common names for : J
. =] + L . l o+ é
/ 2 3 = 3 ) 3 s
(a) $+7 (b) 5 (¢) ——5— .
) {1l - 5 e

‘Which of the followlng sentences are true for every value

of the variables” (&ivevraasona for your answers.)
(a) x(2 + 3) = (2 + 3)x ﬁ?(é) (3a +¢) +d = (c +d) + 3a

(b) béaﬁ+ )ﬁzja(b + 2) (£Y  (2x)y = E(xy) )
(¢) a%p® ="b%a” { (g) a(b - b) =

(@) (B +9)3 = bxl{y +3) . (n) a+ (b - b) = a
- ‘ 7 _
Each sentence below is true For EVEE yalue of the variables,

In each case decide which pvopertié Yable us to Vérifi

+this fact. s
(&Y x(y + 2) = xy + %z
(b) xyv + (ay + = (xy + ay) + ¢ Na

¢)

(c) abcd = ab(cd)
(d) xy + Xz = yX + 2zX
(e) (ab)(ed) = (dc)(ba)

(f) %2 +0=x

(g) ofx) =0 . ,

(h) 1(x) = X - ' "

Show hoW it 1s possible to use the distributlive property
to find common names for the féllowiﬁg in an easy way.

(a) (212)(101) (a) (13) (29)
(0)° (37)() + (31)(3) (2% 2)(72)
(¢) 60(Z+2) (5} (1.)(43) + (1.6)(43)
. o i\ﬁ
-
’ 113

~ %K‘
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L

For each step except the, last in the foldowing, state which

W
-

property of fhe operations 13 used to derive 1t from the
* preceding step. . ’ N
, vo3(ex 4+ ¥) + 5x = (6x 4 3y) + 5:{;
! ' = (3y + 6x) + 52"
\/J = 3¥ + (éx + 5&)
: = 3y + (6 + 5)x .
! » | Y, ] = 3y + 1lx e~

iy

6. Use the p?oéertiésgéf
. open phragses 1in simpler form.
' (a) 6x + 3x . -
(b) Ma + 37b + 82a + 14p .
(¢) .3x + l.by + 7.1x + 1.1z + 2.3y .
(d) % + £x ; %§1{+ %Eﬁ j%y ' P
' &

Tt

[

~J|

7. Find the truth sets of the f@ll@wimé sentences.
(a) Hx =0 (d
S C )
(b) My =4 (
(

() T2=1

b
i

8% Change indicated products to indicafed sums, and indicated
s%ms to indicated products, usiﬂg the distributive pr@ﬁéfty.
(a) -5x + 5y (@) 2(a + 2) + x(a + 2)_

(b) (u + 2v)4 ' (e) (a + 2)(b + 1)

(c¢) 3a(2 + bp) (£) (x+ y)(x + 1)

ERIC
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L
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Tealf
P+

o

[
+
] - T =
oy
o}
il
[

—
¥
-
#
*
L A ] —
J‘“_‘t- — . .
i
Pl

1
o
1

b
L]

()

NER)

1
mjuu 3=
-
e
—
i
%] rulw| =

2. (a) True. Commutative property of multiplication
(b) Palse. ba + b(2) and ab + a(2) are different
‘numbers if a # b. - -
(c) True. Commutative hf@perty of multiplication
(d) False. 12%%+ 3y and i4xy + 12x are différent numﬁéfé
unless 3y is 4xy, 1.e., unless y is O or x is T
(e) True. Assoclative and commutative properties of
addition F _
(r) Tf@e. assoclative property of multiplication
gg) False. By the multiplication of zero, for any ﬁgmberl
, a(0) = 0.
True. Addition property of zero

]

Distributive property

) Assoclative property of addition g
(c) Assoclative property of multiplication
\el g

(d) Commutative property of multiplication
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5. B(Exr

-

s

6. (a)!
()

L

=%

s (cﬁé

Ty
)

fé@(g + &) a (60)(P), + (60) (2)

Cammuyative prt perty of multiplication C &

Addition praperty of zero
Huitipliaatiaﬂ prcpe:ty of zero
Multiplication prgperty of one

(212)(101) = 212(1@0 + 1) = 21,200 4 212 = 21,412

1]

(37)(3). + (37)(3) = (37)(2 + 3) (37)(3) (37)(3) =

50 +m36

]

86

(13)(29) = 13(20' + 9) = 260 + 17 = 37'7' |
(& + %)72 = (B)(72) + (R)(72) =16 + 60
if

, (li-l& + 1.575(”3)

76

]

<1.4)(43> + (1.6)(43)

+ ¥y 4 §x

(6x + 3y) + 5x  distributive property.

[
[
=

= (3y # 6x) + 5% - commutative property’ af
. ) _ 7 addition
J =3y + (6x + 5x). agsoclative property of,
s ) addition L
=3y + (6. + 5)x . distributive property
= 3y + 11x ’ ' o
6x + 3x = (é + 3)x = 9x . o y

b1a + 276+ B2a + lfb = (41a + 82a) + (37b'+§14b)
(M + B2)a + (37 + 148)p
.123a + 51b

«3x + 1, ”y +-§ 1x + 1.1z + 2. By =

P (73x +.7 dx) + (1.4 4+ 2.3y) + 1.
= (.3 + 7.21)x + (1.4 4 2.3)y + Wflg
.
i 13
F o , ’A e
116 s /

123

(3)(42) - 129 »

"5
o W



(a)
(b)
(¢)

(a)
(b)
(¢)

% + %x +§-2§ +15i5y+ %y
= %+ ,»(%;H %x) + (%ya& %Y}

= %-+ 1x + Ly

{0}
(1)
(1) .
5(x +y)

u(4) + (2v)(4)

(Ba)(E) + (3a)(¥p)

= % + X + By

(a) ¢

(e) @ Co

(f) - the set of all numbers
() (2 +x)(a+2)

(e) ab + 2b + a + 2

(£) x° + yx +x + ¥



€ Chapter 5

OPEN SENTENGES AND. WORD SENTENGEE s

i . The purpase Qf this chapter 13 to help develﬁéfléme ability
in writing open aenbences for word prablems!‘ We work first Just
with phrasesa. -We dq gamé invén%ing of English phrases to fit
open phrases at thé:ségft'ﬁa try to h€lp give a more complete )
picture of what this translation back and. ferth is 1iRe:, Then , -~
we translate ‘back and forth.sentences inﬁolwiﬁgﬁﬁeth statements
f equality and 1nequality,- =

In order to concentrate on the translation process, we 'refé}

at present nat to become involved 1in finding truth sets of the
" open senpgncesi We nevertheless jve asked questdions 1n the
" word problems. This seems necessi!§ in order  to polnt clearly to
a varlable, to make the experlence more closely related to the
problem solving to which this transiatiqﬁ prcgéss will be applled,
and to bring'fartﬁ the sentence or sentences we are redlly wanting
" the student to think of. Thus 1in the first eiample inithé exposl-
tion of Section 5-4, if instead of saying, "HoW long should each '
plece be?" we sald, "Write an open sentence abgqt the lengths af -
the pleces," the student might well answer, "If one plece 18 n
inches long, then n < U4," or he might even answer, "n > 0."
These are tfuégencugn sentencea, but they mlss the experlence we
want the students to have. ’

Some sz?dents may feel the urge to go on and "find the
answer' In that case you should let them try, but don't let
"finding the anawer" become a distractlon at this point. Tell the/
students that we will be developing more efficient methods of
finding truth sets of sentences later on, but for the present we
shall go no further than writing the open sentence.

In a few of the problems 4dn thls course there 1s superfluous
Information which 1s naﬁ necessary for dgi@g the problem.- Thils,
is intentlonal. We hope that GQGaSiQﬁal:eipEFience with such
irrelevant material will help make the student more aware of

“information which is relevant.

An attempt 1s made throughout the chapter to bring out the’
polnt that, in trylng to solv - problem about physlcal entitles,
one must first set up a mathematlical model. Having made the

i
£ »

S 1 125
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pages™153-154: 5.1 - |

méthema£i&al ébgtractiohs EOFFééanﬂiﬁg to the physiealiiéasurésr
aﬁd their relationships, one can then write one or more open _
- gaentences, and éisect his agténfién to.finding a solution-to this
mathematical prcblem Dnce such a solutlon 1s gbtained it can

¥y

be- related once again to the original physical problem

.5#1. Qpen Phrases to Word Phrases. - *3"

In tfanslating from open phrases to word phrages —ﬁ ygu may
prefer to Bay Englisb phrases == mggy word phrases are passible

gréat a Variety of . translatians as poasible It 1s clear that the

broader thelr Expérience iﬁ thlis type of translation, the broadé&r

will be the base fram whlah they start the reverse proeess, trane-
lation from word phrasesvto'opén phrases in the next section.

Thus, 1f supervised study time 1s available, it may be advisagie,

: for the teacher to work with the student as he begiﬁs‘Préblem
¢ Set 5-1, so gﬂe'étudent may be helped to think of a varlety of
word translations for the glven open phrases. If the Etudent says
"that he cannot think.of any different translatians, the tedcher
can ask him (as was done in the text) to respond to the question,
"Number of what?" and almost any answer to this question 1s a
substantial beginning for a translation, " .

In the last example of the text in Sectlon 5-1, 1t may be
necessary for the teacher to work ﬁith particular éaré wlth the
.class 65 the phrase 'number of points¢Bill made if he made 3
more than twice as manj as Jim!t% It seems impossible to simplify
thls,languaée further, and yet thif is typical of a kind of '
wording that often bewllders a slower student. The teacher

e,

should stress that 2ZXx + 3 1s a number,
Fosslble translations of "-" 4include "less than,” "the
difference of," "shorter than," ete. You may have to warn your
A students that, Since subtraction 1s not commutative, they must
‘~ ., watch which number comes first in using "less than.
You will sooner or later find a student who i1s confusgd about

the difference between "greater than" .or "more than" which calls

* for "+", and "is greater than' -on "18 more than" which calls for
">". Be prepared to make this distinection clear.” Thus, "This

" turkey %elghs five pounds more than that one" could call for the
H
Ly
O
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=

phr;sé "t + 5" ,~uh113 "fhis- turkey weighs more than tweaﬁy
pounds”’ qauld call for the sentence "p > ED
- Answers to Oral Exercises 5-1j page 155: = ( L

This exercise is intended to provide experience in trans-
_lating open phrases ﬁhen the translation ofbthe variaﬁlé 1s. glven,
Pay partiaular attent;an to the translations ofr %& since this 18

i a new notion not discussed in the reading. Since the multipii-

": cAtive inverse and the definition & = & ? lie well ahead 1n - = o
ﬂﬁe text it will probably be neeeggary admply to make plausible
to the agudent that % = = t, relying on some examples ta_do this.

L=y

ol =

1. (a) ‘Gne more thar the number of gquarts of berries that can
‘Ue plcked in one hour. IR ; -’
Two less than the number af quarts of berrles that can
T be pigked 1n one hour o , :
! 'Pwicé the number of quarts af ‘berrieas that can be plcked ;%,f
- in-one hour '
Thfee&mafe than twice the numiber of quarts of berrles
that can be plcked 1n one haur'
~ One half the number of qifarts of berries:that can be
; picked in one hour . 7 I
> (b) One more-than the number of records you can buy for $3
' Two less than the number of records you can buy for $3
Twice the number of records you can buy for $3 .
Three more than twice the number of records y@ﬁ can buy
for 43 ' . » [
: Half as many records as you can %uy for $3
(¢) One more than the number of ‘feet in the diameter of a ~
.glven circle ' '
Two less than the number of feet in the dlameter of a .
giéén ¢gircle ® .
Tche the number of feaskin the diameter of g glven
chGlE
Thr@gfmafe than twlce the number of feet in the diameter
of a\given clirale .
One ‘half the number of feet in the dlameter gf a glven

circle




page 155: 5-1 ’ : o

Answers to Problem Set 5-1; page 155:

The transiatigns giv2ﬁ!§§1gw are, of course, Eugéééticns .
only. Encourage students to use d}ffEféﬂﬁ translations. Eerhépéi
"¢ you will want to handle these problems as oral exercises. It 18 *

advisable that,ﬁhglstudéﬁt should write out the translations for
some of the problems but not to the point .where it becomes

*tedlous. In Problem 12 the phrase should bé translated as 1t

- standd, 8x 1s a different phrase from x + 7Tx. . S
Be-sure that the student's response, oral or written, shows
A that he 1s aware that the variable represents a gpmber;f;ln this
* . 'sort of problem, for example; the variable: W 18 not "width" but
’ "the number of  feet in the width," x 1s not "books" but "Fhe

 :ﬁEmpéP of books Mary has," b 1s not "the boy" but "the number

of years in the boy!sgage". Notice also that a clear, correct,

and smoothly flowing way to #ay the last phrase 1s "the boy 1s
e b years old". - - . :

& = %

o 1. If ; !iséﬁhé number of books George read in Jui&j then the )
- o phrase 1s "7 more than thg numbei&cf bookg George read 1in
Jay'. S I e
If ,n 1S the number of pennies Mary had when she went to the
. stare, then the phrasézié "the/number of pennles Mary has
left\agggf she spends 7 of them fof’candy".‘

g

3. If x 1is the number of inches in Tom's height on hls elghth \
{ birthday, then the phrase 1s '"the number of “inches in Tom's.. .
helght on hils ninth birthday 1f he grows 2 inches during

the year". '
M. If x 1is the number of people that a c¢: “f~ . bus can hold,
" then the phﬁase §E "the number of people .. the bus if there
are two empty pldces".
* 5.. If n_ 1s the pumber of couples attending a dance, then the

hrase 1s "the number of people at the dance'.

gl

6. If n. 1is the number of miles from A to B, then the phrase
1s "one more than the number of mlles from A to B and back".
7. If n 18 the number Of hats Linda has, then the phrase 1s
"the number of hats Joyce has if she has one less than twice

‘the number Linda hasz".
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pages 155-156: 5-1-and 5-2

8., If n is the number of pgéﬁle in agcertain city, then the
phrase, 1s “the number of people owning: cara if .one third of
\ the number of people in that gity own cars'. The teaghexxg_
" might mention the restriction on the domain of n. ' ..
15, "If n 1s the number of.afangés on the tabié ‘then the phrase
.+ is "the number of cranges Tom puts in hils basket if h;g
. «jyother first puts. inathgr orange on the table ard Tom then . ..
sﬂj’ . takea one= third.ﬁf the oranges and puts them lnto his basket".

-.k

If r is a certain number which Harry chooses, then the
phrase 1s "the number Harry gets if he doubles the number he
‘chose and then adds 5 to the result".

11. If r 1is the number of points made by Frank in his first
game, then 2r - 5, is the number made by Joe if he scores
‘five less than twlce as many as Frank. N ;

2. If x 1s a certain number, then x + 7x 1is the sum of rthat

+

number and one seven times as great. . )
M . ! ¥ )
13. If t .is the number of students in Mr. White's class, then
§ + 3 is the number in Mlss- Brown's claas .when her class has f
three students more than half as many as Mr. White's. Again:

there is a restriction on the domain of ‘g, -

14, If r 1B the number of dollars Mary has 1in her pursé, then
3r + 1 * 1s- the number of dollars Bill has when he hae one
dollar more than three times as much as Mary. :

15.. If t 1s the number of miles,ipvered by the Jcnzs famlly on

the first af their summer trips, EE?;=% 1sfthe ‘humbér of
miles cnvered in one third of the second trip if it 13 to -be
one mile less than twice the length of the firat trip.’ . "

s - -7

5-2. Word Phrases to Opéh Phrases.

Gggat care is taken throughout the chapter to polnt out that
a vggiaﬁle,gggfesents a number. We have seen that no matter what

physical problem we may be concerned with, when we make a mathe-
matical translation we are talklng about numbers.

On thls point 1t may séem that, 1in theléxample involving 1line
segments glven in Section 5-2 of the text, we violate our

b}

| o oaes 129 ¢

M

O
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insistence upon the fact that t $£ a number. Care should be
taken to emphasize in this example that t 1s indeed arnu,beri
The phrasing in the problem, however, is of a kind thatitﬁ
students are going to see. They might as well get used to it and
understand that even though we talk this way we are using a ;
variable to represent a number, -not as a line segment. )

Same of the problems in this chapter may involve more than

- ohe variable or may suggest the use of more than one variable.

This should be allowed to happen casually. In the case of open. . -
sentenées you may have opportunity ﬁp show the posaibility d{ a

Ml

compound ggntencé, It 1s too early.to be able to gh%w the .
' necessiﬁy=cf a campouﬁd séntence for % uniqué’sclutian. Sinéé‘we

.thé student\ghould be encauraged ta use one varlable only when-

. ever hégia able to, so.that, for examplé; consecutive whgle
numbers would be represented by x, x + 1, and X.+ 2, rather i
than by X, ¥y and z. If the examples 1in the text have been at
all effective and lf‘ﬁhe translations of the previous ‘'sectlochs
were done satlsfactorily, then 1t seems likely that the use of”
more than one varlable will be,.far most" students, a. saﬂt'bf last:

" pesort measure. In many of these cases the teacher ¢an aid the
student in" thinking thrgugh the prgblem again 50 as to .permit the
student 1n effect to redefine one varlable in terms of agather,

e
E
: =
[

Answers to Dral Exerclses 52;; pages 157-158:

ﬁe%p the ‘student to ﬁégicé that whEn'thé*vafiablefis giv5ﬁ
. in tﬁé problem, 1t 1s .not neaessary for him to tell about it, buﬁ
3 Af thﬁ problem does not glve the _variable, 1t 1s the student's
‘PEEpDﬂEibility to choose a létter and tell what 1t represents.
Exe?clses 8 through 13 requlre the student to choose the
variable. Encourage the use af different letters of the alphabet.
By t?is means 1t 13 hoped that students will reallze that the
meaning or definitlon of the symbol 1s the important conslidera-
tion rather than the cholce of the symbol to be used.
For many of the following problems there are implied restric-
tlons on the domaln of the varlable. Whille we Qfdinafily let

such restrictions remain iﬁplied because they seem quite obvious,

124

S 130 .
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there wauid be some value in. cccasiﬁnally discussiﬂg with the
atudentg what restrictions actually exlst. For instancé, in
Exercises 8 and 9, the domain of the varlable is the set of

multiples of 1é0 ' that is, when the variable represents a
number of dollars, the domain ‘cannot include numbers llke %

In Exercises 17 and 18, the doman 1is the’ set of whole numbers;
in Exercise 19, the set of multiples of =; 1in Exercise 20, the
set of multiples of - %. f . Ca e

. Of course, at thls point in tile course we are restricting

aurselves té‘%he numbars of arit,,étic, but most of the problems
of thia chapter by their nature/give only nan =negative numbers

in the domaln arnyway

e
< 1.k + 7 , .
"2. 25t ; 100n ! | o
3, n+8§ . § -,
- 4, n-5
5. b5n
6. n+5 <
7. 1lbx ' o ¥
8. If q is the number of dollars in the bank, then the"
’ phrase*'is q + 7. “ . i
9. If »s 18 the number of dollars in the bank, then the
T phrase is s - 7. - . .

10. If Sam 1s b years old, then the phrase 1s b + 4,

= 11. If Sam's age 1s m years,>thEﬁ the phrase 1s m - 3. =«
12. 1If Sam is ¢q years old, then ﬁh§ phrase 18 2qg.
13. If Sam 15 ¢ years old, then thé pnrase is 3c.

—
[

14, 12x

15, 3y ]
16. 36t )
17. 5k

18, 10d, e

19. «Hoy !

20. 60n o

Answers to Frcblem Set 5-2; pages 156- 160:

The teacher should be preparéd to teach or r‘etéach ‘the ideas

of perimeter and area which are used in these problems.

I B

[
M2
%4
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1. If n 48 the Eﬁmber of dollars Fred has, Q‘ s
(or, “i{ Fred has n dollars")
®n +T ’;» " -
2. If n 18 the gumber of dellars Ann has, A __—
3n - 7. C e ' N o 'HJH
. - i .
3, If w ' 1is the number-gf .inches in the width of the rectangle, :
(or, "if the rectangle 1§ w 1inches wide") : R
2w i o N '
L, If n is _the number, ‘ ‘ .
. £
e n + 2n (Leavsjétqzn~thi&»fﬂfm-~§n 8- nat ‘& translation of-
the phrase.) b ; i} -
5. I: ¢ 1s the counting number, '
) e+ (c +1) + (¢ + 2) (leave 1t that-way)
léi( If gq (La the even number, - .
7. If n is'“séme" number, ;X . . ® T .
_ (r:ZH ¥)2 or 2(n + 3) . o . - ‘
" 8. If n s "some" number, e e .
2n + 3 : \

Y
9. If the rectangle 18 n 1inche’ wide, n(n + 10) (You may\/**Qant

s . have Eo-réﬁind them how to find area. Be certaln that n 1is
o the number of 1ngﬁgs in the width, not )just n 1s the wiﬂth.),

10. If w 1s the number of inches 1in the width of the rectangle,
W+ (W o+ 10) +w + (w + 10) 7 -
(Here they may think 2 times the -number of inches in the
width aﬂd 2 times the flumber of 1nches in the length, so

accept 2w + 2(w + 10).) . »
11 If s 1s the number of units in the side of the square, .4
* 8+ 8+ 8+ s ' _ Sy

Or Us 1if they arrivad at this by thinking of 4 times tHe.
number of Tﬁits in the/side ‘e

12. 1DDtu+ gg(t +2) s the numbMr of cents.

13. 10d + 25(d + 5) 18 the numbdr
.14, 60n + TO(n + g) is the cos “ ’ ¢
f 126 &
§ 132 ﬁ
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pagé; 159-!32: 5-2 aﬁ§15—%;
15. .ln,. 8 _the ‘number of ounces of salt.
¥6. 100k + 25( k - 2) + 5(2k) 18 the number of cents.

17. _55_95 +30.9(g + 2)° isfthe number of eé;tsg

;- .369g + .309(g + 2) 1is the number of dollars. f
18, 50q % 32.547q) 1s the number of cents.
.50q + .325(7q) 1s the number of dollars. o
19. ‘e + 10(2cf + 5-2(c + 5) +100(c - 7) 18 the number of cents.
20." 10y + 5(y + 2) is the cost in cents. ? - :

) - o _ Xy oam o (X A+ Hyoo
71. If x 18 the number of candy bars, then ,(§)! 10 + (=)50
1s the coat in cents. :

]
-

22, If t 1is the nimber of dimes, then 10t + 25(t + 2) + 5(3t)
- issthe ;c;al value in cents. '
osal val

W
"3
=
o

EEQE Paiy r i lfhé number of pqunds of solution, sthen .2
the number of pounds of salt. .

24, If s 1s the number of units in the length of the rectangle, 7
then 2(s + %5) is the number of units in the perimeter. v
25, If q 18 the number of units of the width of a box,
then (q)(%q)(%ﬁ) is the number of cubic units of volume.

Answers to Oral Exercises 5-3; pages 161162:

1.

=

f t 1s the number of students in :John's class, the
" translatlion 1s: E .
Ninety 1a elght more thfn the number of students .
in John's class. /ﬁ' . .
2. If y 1is the number of cents John.recelves éaag time
he mows Mrs. Jones! lawn, the translation 1is: {

John receivas $1.05 for mowing Mrs. Jones! lawn

P o o Tfive times. ‘ ’

’*Ei If x 1s the total number of students in school, the
translation 1is: - '
" When the total number of students 1n school i1s
divided among ten gym classes, the‘average number
_in each class is U7.




page 162: 5-3

L, 1r 'n 18 the number of feet in the length of a plece of
board, -the translation\is: L
A second piece, which is, 62 feet long, is eight
feet more than twice the length of the first.
- 5. ,If x 18 the number of votes Joe reéeiveg; the

translation 1is: e,

* ’ighe number, of votes Joe recelves, decreased b§2
7 - “five, equéls 12, the number of votes received
(' by John. . ..
6. IF n 1s the number of units in the 1eng?ﬁ of one pilece
of paper, the translation 1s: ™ -
. The length of paper needed to make two posters 1is
30 1nches, 1f one postEF 18 one inch more than

twice the length of the other.

7. If r 1s the number of units in the length of a
rectangle, the translation 1s: - -y
®The area of a rectangle is 18 square units, .
if ghe width 1s three units less than the length.
8. If r 1s the number of units in the length of a sheet
‘ of construetion paper, the translation is:
3 A sheet of construg£lcn paper does not have éﬁi
s : area of 18 square inches; if\lts width is
’ " 3 1inches shorter than its length.

9. If t 18 the number of yards galned in the first play
ofma football game, the translation 1s:
ThHe team galnedé%wenty'yafds in two plays. In o
the second play the team galned one yard less
than 3 times the numﬁer of yards gglned in

the firat play.

=
Iy,

10. t 18 the number of dollars Mike has, t?e translatibn

e
o

The number éfiéallarg Robert has 13 one dollar

-léES than three times the number Mike has. John,
who has 20 dollars, does not have the same num-
ber of dolYars a= Robert and Mike have ﬁagefthz

T ' 128

134




page 162: 5-3 N o
Answers to Problem Set 5-3; page 162:

We glve Buggested translaticns for the opén sentences;

asaigning them to the pupils will praduge a great variety of
translations. One way of testThg the correctness of the student
translations might be .to distrlbute them about the class and
havegpﬁg pupils try translating them back into open sentences .’
This would also serve to give the pupliis a start on the wark
" of the following section by having them first translate. pupil— \
made prablemg into open sentences.
1. Let n be the number of books 1n Bill's desk. Five
timee the number of books in Bill'fs desk 1s 25.
the number of years in Harry's age now.

%]
=
i
o
*d
-
m

Filve years from now Harry will be twenty years old.

3y Let t be the number of Iinches in the length of the
board. After five inches is éawed off a board the - .
remaining plece 1s 20 1nches 1Dng

L., Let t be the number of dollars 1n the total amount ,
Each of flve persons receigfgs 20 dellars when the
money WwWas divided. —

5, Let n be the number of dollars Frank has. John has

three dollars. Two times the number of dollars Frank

has plus what John has is 47 dollars.

"Let n be the number of firecrackers Frank bought .

i John bought twice as many firecrackers as Frank did.
After he used 3 he. had by left. _
7. Let x be the number of inches 1n one side of the square
~ The perimeter of.a square is 90 incpea; 7
8. Let n be the number of dresses Jean has. Mary had
4 times as many dresses as Jean. Alice had 7 times
as many as Jean. Tcgetqer Alice and Mary had 44.
9. Let k be thg number of hours Harry and Bill rade
/f Harry and F{il rode their bikes for the same length of
) time. Harry traveled 5 miles per hour, Bill traveled ,
’ 12 miles per hour. They traveled 1n opposite directions
and were 51 miles apart at the end of this period of
T time. ’
10. -Let n be the number of feet in the width of the
rectangle. The length of a rectangle 1s twice the :édth
e

Ity area 1s 300 saquare ¥ et

{ 129

13
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. '11. Let n be the number of feet‘in the. ;_l_gt.h of the
. o rectangle. The length of a reetangle 1s two feet. mgrE'
than the width Its area 18 300 square ‘feet .
12. Let w be the number of feet in the. 1onger side of the
regtangle Dne side of a rectangle is four feet less
than the dther. ,Its area is 16 square feet .
*15. Let x be the number of dollars John has. Jim has one
¥ dollar more than three times the nﬁmber John hasg. .

%

*
-
g
£

; A et y be the number of bl@ckE_Bi}%:ﬂ&iEéé John

h ) \ walkéd 3 blocks after walking twice as far as Bill.
Tem walked 3 blocks arter walking the same distance
as Bill. John and Tom walked a tctal of . 30 blagks

- : X

5-4. Word Sentendes to Open Sentences. - :

In this_lesson, we tdrn our attention to verbal problems.
4" You will notice that a question is asked in each of the pfgbleig}
Earlier in the commentary it was pointed out that the question
serves toghelp- the student ferret out- the number he is intereasted
+1n and to make the most fruitful transfation. o :
The "guessing" method employed in the examples of thils

leason i3 usually an effective one %Df students who are troubled
- Dby the abstraction of switching from a word problem to an open

* sezggnce You may want 'to make even greater use of: this approaGh
- than 1ndicated 1n the text. For many students, this 5uessing
*4, technique may remain the best way to make tFanslations indepen-

t dently. ’ )

The short exposition on page 155 concerning "is less than"
and "1s 5 1less than" results from past experience in which
‘many stuéents tend to see these phfaseé as saying essentdally
the same thing. Thus, such meaningless translations of "5 1s 4

less than 9" as "5 = 4 ¢ 9" have arisen. Hence the warning

to the student at the end of thig-section. L.

Answers to Oral Exerclses 5!%j_pages 166-167: - .

The emphasis'in Exercises 3-19 1s on the translation to
sentences. Exerclses %ﬁ 9, and 11 through 22 involve variables,

-

[
’nﬁ,u\
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‘pages 166-167: 5-14

It is not essential that the truth set be found, but 1f the stu-
dents want pe.do so, permit them to have this fun.

1. (a) (any variable may be chosen)
() n-8 |

(¢) n(n - 8)

(a) n(n - 8) = 180

S 35

"

ja

v .
"2, (a) r represents the number of inches of length of the

short plece.
() r + 3
(¢) r+ (r+3)
(d) r+ (r +3) =

[}
"ol
W

3. 30 =17+ 13 -

b, 1% = 17 - 3

5. 14 < 10 ,.

6. 14 =10 - 7 This is a false sentence, but 1t 1s
7

8

9

. a sentence. - {
. b2 = 32 + 10 '
3, 42 ="x + 10 ' e

b2 « x + 7

20. If n 18 the number, n = 2n - 3.
21, If r is the number, r < 5r + 3.
22. If q 1s the number, 3q > 29 + 5.

Answers to Problem Set 5-4; pages 167 - 170:

Most of these problems do not have integral solutions. This
18 to prevent the student from guessing the right answer before he
has written the open sentence. The emphasis 18 on the open sen-

tence, not the truth =et.

1

132

13?
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page 167: ©&5-4 -

Several important points might be mentloned agaln at this
time 1n an effort to’anticipate and forestall t?anélatian errors
by the students: )

1. The question asked in the problem 1s the most dffective
gulde to the student Ln the definition of the variable. (Note
that the varlable need not always be the number whieh 1s the
answer to the problem, though thjis will often be the case,)

2. Any other numbers neededﬂin the problems should be

 stated in terms of the one named by the variable. Thus we say,

"If the shorter plece is x 1inches long, the longer plece 1is
(x + 3) inches long." Of course some sltuations may naturally
lend themselves to the use of two varlables. As we have said
before, there 13 no objection in thils chapter to including an -
occaslonal example of this sort.

3. There should bé a direct translatlon into an open

It

sentence. Thus 1in Froblem of this Problem Set, while we could

50, such a sentence ks not a direct

=

translation of the problem. It does not really tell the story.
A good test of a direct translation ls to see whether, with the
description of the variable, the sentence can Le translated
readily back Into the original problem.

The form 1n which the student 1s to write these problems 1s

- suggested 1n the examples in the text. Some freedom of form 1is
i

desirable, of course, but certalnly a clear definition of the
varlable should appear along with the sentence. Frequently the
gtudent will find it helpful to write out phrases, especlally the
more compllecated ones, 1in terms of the variavle, before writing
the sentence. Thus a typical example might have this appearance:
1. Iy n 1a the number, .
then Zn 13 twlee the number,
and n + 2n = 30.
Other problems wlll occeasicnally be written out 1n thls manner in
the anawers below; Iin most cases, however, only the sentence 1is

written, since the form 18 similar in all problems.

2 X - x = 15 )
3 106 = x(x + 5)
b 82 = x(x - 6)
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Let n be the number of nilckels, and d the numher of
dimes. Then d + 2 18 the number of quarters. We

obtailm the open sentence

R

= 325

5n + 10d + 25(d + 2

The fact that n and -d can be only positlve Integers
makesa&

t possible to determine seven solutions. The

kY

possiblé values for d are 1, z, 3, 4, 5, 6, and 7,

27, 20, 1% and 6. )
*28. (x + 3) + (2x + 3) = 30
29, x + 3 = 3x - 3, 1if the table is x feet wlde

a
and the corresponding values for n are ug, b1, 3k,

*30. 5(x + 20) = 5x + 100, if the speed of the freight 1s
¥ miles per hour. Notlce that all values of X are

truth numbers of the open entence.

-
w
o
g
W

#3]1 . Let x Dbe the number of quarters; then 3x
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pages 170-171: 5=% and 5-5

numuber of dimes and ¢x the numter of nickels. Let y .be the

number of cents John nas, Th 4 ' T
v o= 25x + 10(%x) + 5(2x).

The solutlon set would caonsist of an Infinlte set of pai?s of
) ) .

tve Integers of the torm (x, 65x).

Here we extend the student's experlence with translating to
sentences 1nvolving inequalities. The term "lnequality" as well
as the word "equatlon" 1s not introduced Iin the text until Chapter
9. The exposilion in this section of the text parallels’the

earller presentatlon of sentence ffanslatian In Sections 5-3% K
and 5-4. '

WhiLP we are not at the mamept Fuﬂﬂéfﬂéd wlth finding the
truth %Pfa of sentences, 1t 18 11kely that the student will be at
least ﬁFCi%iundlly 1anr§5téd_1n dlsovering the "answers" to the
proklems for which he has wrltten sentences. Thus 1t 18 almost
certaln that it willl be notliced and polnted out that inequalities
fréquéntl? have many ﬂumbérs 1n thelr truth sets, 1lnstead of Jjust

one, as was often the with equations. -Here the 1dea of the

of the domaln of the 'variable can be
of the domaln which make the sentence

open sentence as a
rééémphasizédi Al1l
true are p@ssi@ié to our word problem, and those ele-
ments of the domaln whlth make the Eéﬁt?ﬂéé false cannot be
"answers" Lo the probtlem. Though we lack a definitive Single
"answer,”’ we have a clearly definesd set of 'anawéxs/' 1gei, the

truth set of the asentenze, 0

\'[’I
[
=~
i

Answers to Oral Exerclses 5=%ai page

(These are posaible translatlo Th -teacher may want to
30

ons.)
of the latter exerclses of thls set, particularly i 1t

e ¢

[y

omit

I

m
geems that prolonged tackground discussion 13 needed regarding

L
the geum try

upon whiech Lhe translatlons would be based.
1. It a 18 the number of teoys 1in class, the number of
voys In claas 1s lesa than °. . . —

TR SR tz the number of dollars In Joels pocket, the

P

numher of dollars ls greater than 3.

Lib

T , .  ?3 _ | 1‘1[)
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If n 18 the number of bcéks needed, the number of books
increased by éne is greater than ‘173 o .

If n 18 the number of polnts made by Harry, one point
more thansthe number 1s less than 17.

If 't 18 the number of pencils, four more than three .
timesa the number 1is less than 12.

If John 18 x yaars cld, JOhﬁ'E age is greater than 10
and less than 15. £ -

If m 1s the number of hours required to do a jéb; the
time required is at least 3 hoursand no mare than 12
hours. B )

If n 1is the number of yards gained on the first -play,.
and the second play galned filve yafds‘%@re than the firsat,
the sum of the yardage galned on the two plays 1s

greater than® 35 yards. _

If a 1s the score earned by Mary, b 1a the acore
earned by Jane, and ¢ 1S the score earned by Mike,
Mary'!s score 1s greater than Jane's and the sum of

Mary's and Jane's scores 1s greater than Mlke's,

If a bag of~¢éhange contains n - nickels, two more dimes

than nickels, and one less quarter than nickels, the sum .

"of money in the bag is greater than 4 dollars.

il.

If a 1s the number of units in the base of a triangle
and 1f the helght 1s two units more, the area of the
trlangle 18 greater than 20 square units.

Ir :f 13 the number of units iﬁ the width of a

rectangle and 1f the length 1a one unlt more, the area

12 not more than Ef square units,
If the radius of a circle 13 1ngreased by one, the area
of the new circle 1s at ast 40 square units.

le
nde

L
]

" the helght of a cylin
the radius, a, of the base, the volume of the cylinder’
1a lessa .than 17 cublec unlts,

A cylinder with height 4 has a Padius shorter than the

helght of a box. The box has a base with area 6. ‘The

er 13 two unlts greater than

volume of the cylinder 1s at 1east as great as the

volume of the box.

g

14;



pages 171-172: 5*5‘ ’ \

5 ¥

s {
16. - If x pounds salt are used to make a '10% sdlution,

of
the amount of salt in the solutleon 1s 9 pounds,
17. If x pounds of candy selling for &iﬂo a 'Euﬁd 15 mixed
’ with some welghi ng two pounds maiF and selling at 3
a pound, the mixture 1is webrth §3. :

18. 1If the helght of a triangle is one unit more than Ehe
base, b, the area 1s no more than 15 square unlts.
# 19... Ir the width of a rectangle 18 two inches less than the

o= length, the perimeter 13 less than 19. !

20. If-one side of a triangle is twice the first side, a,
the .

D]

and the third side 13 one less than three time

P ‘| =
-

eater than 12z

nq

K first, the perimeter is

1

7

o

Answers toé Problem Set 5-5a; page

]

&

The following are Su;gadtéd granslati@nag Ehcourage a vafiety

-~

of translations. .

1. If t 1is the number of boys in the club, the number of
boys in the club 1s less than 6, B
If t 1s the price of a aweater in doilafs, the prlce of

o2

mw

the sweater 1s greater than 6 dollar _
If y 1s the number of students in the class, the class
will have less than 60 students when 15 more join,

£ & i8 Jimmy's score on a test, he will have a score

sl

o
=
L}

of more than 60 1if he gets 15 polnts.bonus,
f y 1s the number of cars on the parkilng lo%i a lot
O times as blg could hold more than SO CErs.

Dot
b~ =

3
f T 18 the price of a stamp'in pennlea, 25 atamps
would cost less than 2 dollars.
7. If x 13 the length of a section of fence 'In feet, two
sectlons of fence plus.agate that 1is 55 feet long will

cover more than 50 feet,

In the early part of our work wilth translatlon we
’ )

€

have been trylng to emphasizé the idea that the varlable
represents a number by being reasdénably pPEQiSE in the

- language. Thus ‘we have been saylng, "the number of
'dollars in the price of the sweater' or the numbe?iaf
inches 1n the length of a "Ctéﬂgl?”. As we go on, .we
will allow ourselves to become more relaxed in order to

126
;ap
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pages 172-176: 5-5 {
% .
speak more fluently. Thus, we may say, "x 1s 'the lenjth
of a section of fence in feet" when there is no daubt )
that,we mean "x 1s the number of feet in the 1Ength of
a sectlon of fence" '
8. If x 1s the welght in pounds of a sack of-flour, two
sacks of flour plug 5 pounds of sugar welgh less than
50 pounds. - R
9, If a 1s the.,number of years 1in Mary 's age, 1f Jane 1s
twice as old as Mary, and if 3ally is three times as old
as Mary, the sum of their ages 1s more théﬁ
*10. Same as above...sum of thelir ages 13 gfeatér than or
equal to 48, . o
Answers to Oral Exercises 5-5b: pages 174-175:
1. Iﬁ ¥ 1s the number of gallars John haa, x > 50,
2 If y ¢1s the number of students llving 1ln the clty,
y < 150
3. If r 1s the helght of the plane 1n Feet r £ 30,000.
J#I-If 8 1s the helght of the plane in feet, < 30,0004
and 3 > 5280, .
5. If ¢ 1is John's welght 1inm 1bs., q + (q + 10) > 220.
v 6. If b iEE the number of brothers Jane has and ¢ 13 the
number of brothers Mary has, ¢ > b.* f '
Angwers to Problem Set 5-5b; pages 175-176:
1. If x 1is the number of dollars Tom has, x > 200.
2. If y 4is the number of people that went to the park,
AN
5. 1t "t 1s the numper, Ut + 9t > 100.
4, If r 1s the numSi?TJST? > A5,
S. If n 1s the number, on - 3n i 10,
9, If - h 1s the altitude
7.

If m 13 the numoer
1

50,000,000 > 2m.
If r 1s the number of years 1in Norma's age,
r + (r + 35) ¢« 2% -
g}
- li;{'
143
H = o
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1 =18 the numkgr of hours on the Job, h > 2 and

[

0. If

[

VR

138. the speed of the current, ¢ + 12

o

13 the number @f minutes of

—
ol
[
Il

h
i,

If k. 1s the number killed, k > 250 and k < 300.
c 3 ;
m advertlsing, m > 3
m

14%. If x 1s the length of a slde of the square,

X+ X+ X +x=(x+5)+ (x+5)+ {(x+5)

If r 18 the numbér of sfudents who remained and

n
the number of students enrolled; then r < } n = 152,

e

is-

-]
[Ny

s
ol

5-5b, in that a sentence for it must be expressed in
terms of two variables. There will doubtless be con-

slderable dlscusslon of both exercises.

The first part of the summary 1s a parting effort to
strengthen the i1dea of translation back and forth between a
physical situation and a mathematical (or numerical) one.

The latter part of the summary reviews, by means of examples,

the kinds of translations that have gome up iﬁ\this chapter.

Answers to Review Problem Set; pages 178-183:

t t be the number of §narbles in one Jar.

a) The number of marbles in 2 - jars

b) 3 more than the number of marbles in one jar "

Q; The number @f;ﬁafbles in' 3% Jars, each hol@ingias

; many as the fi}st, after two marbles have been removed

(d) The number of marbles in one Jar after one has been
removed N

(e) After one marble is removed from one jar, 5 marbles aPé§
left in the jJar.

(f) If we take out one half of the marbles 1n one jar, we
will take out less than 4 marbles.

(g) If we count the marbles 1n twr {ars the number of

marbles 18 greater than 6. t

P
(h) There are at least © marbles in one jar.

5=



2. (a) 7w,” w {5 the number of weeks.

(d) 7(x - 5), x 1s the number from which 5 13 to be
Y .

(e) %(K(HX)); x 18 the number of units in the length of .the
f) the number of nickelq

. Y
e number of pounds of

(h) %{x)(x + 3%)} x 1s the number of units in the base.

(1) s X‘;(}Eg%‘ 5%), X izghé number of inches in the radius
of the base,

‘3 x + 21) 8.¢

(1) (x+ 25) 8.9

— —— , X 18 the number, ' 7~

(k) .20 x, x 1s the number of gallons of salt solution.
(1) 2x - 4, x years is Mary's ag

bt

e now.

(m) ,25x + 32(x + é); x 1z the number of loaves of bread,
(n) 25x + 10(x 4 3) + 5(x - 2), x 15 the number of quarters.

i (0) &(x)(x - 2), x 15 the length of the base.
(p) ‘3 + 2%, % 1s the Qrisiﬁal number,
¥ Z A

(a) %(x + (% + 3%))(x = 1), x 1s the number of inches 1in %he
z'ngtﬁ of th; shorter base,
(r) x + 2x + 2(2x) x 4is the number of units in the length of
g the shortezt side.
3. (a) x + 3x = 145, 1s the number.
(b) x +(x +1) = 45, x 1s the first number,
(e¢) 'Insufficient in
(d) x + 4 =16, x
X

-

formation

- yvears 1d Mary'!s sister's age.
(é)§ x > 14,000, feet 1s the heigh#& of Plke'a Peak, :
(f) x + (x + 2) =75, x 1s the first odd number. .This .
problem has no solution since the sum agftwa odd numbers
13 even, but we can still write the open sentence.
o (g) 3x >x + 26, x 1s the number of students in the class
H
Y
)
E
[N 5,}{_
. 139 3 A
. 145
) J
f .
;J
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(h) x + (2% + 20) + 70 = 180, x 1s the number of degrees

in the measure of the smallest angle. Heré the variable

{ . % does ﬁot repregent the number of degrees in the measure-
’ of the 1argegt angle whicH appeared in the question,
(1) % + (x +48) = 11247 ““X 1is the smaller even number. _
(1) x =18 + 22, «x is the sum of the numbers of years in the
ages of each 6 years from now. /
(k) (x + 1)° = x® =27, x unlts 1s the side of the smaller
square.
(1) 8x = 12(5 - x), =% hours 1s the time spent riding into
the country )
(m)  2(7x + x) = 150, x inches is the width of the rectangle.
2 —
(n) % X + 32 = 38%; % 1s the number.
(o) 10x = .025(x + 20), x 13 the number of pounds of the
original solutlon
i (p) x - ,20x = 29.95, x= dollarz 1s the @Ijiinal price,
(a) @Eéx - 39.7x = 125%; %x hours 1s the required time.
(r) x D(x + ") + ((x+ 1) + 6) :%zé, x 1s the number of
QEﬂ%l‘S.
i} (a) all) numbers greater tHaN ZEro O R S S
A o)
- [ 2 - [ N | & I 3\l
N dv) (3) P ‘ . _
¢) () et
( = Y
(a) (1} Lt
(e) all numbers less }han % L L
(I) [L] ’ L ! L& ] ] I
SRE 0 r :
L]
_ (o [ | — 1 ! I
(g) (2] 5 s
e Ty ) [ M W SR B B
(=2 o
(1) all numoers equal tg or L 1 N S i
greater than 4 - 0 ! 2 3 4

(1 2 ‘k‘} ) s S

or

140
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(k)

s

6) (a)
_(b)
(e)
(d)
(e)
(a)
(v)
(¢)
(a)
(e)
(£)
()
(h)
(Qi)
(1)

O

ERIC
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not an element of the set.
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2

T

e
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L
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Mt Mt L

. 23 Y/ -
s 'j £ -
) 12
a 4
29 .
(a) 52 (£) 9
25
(b) 5% () ©
(c) =% . (n) 0O
15 . i,
(a) (1) o
(e) 6 (1) A
Suggested Test Items
Translate the following word ﬁhraseg into open phrases.
(a) three less than twice the number n
(b) ‘the product of x #and the number which 18 7 times x
(c) the sum of 5 +times a number A& and a number 4 greate:

-than d
(d) the number ol marbles

I

Jimmy has 1 he had m marbles and

vas EiVFH 10 mere

. value in cents o n nickels and 4 pennies
1 é ts of ickel 1 4 g i

Tranulata each of the followlng into an open phrase or into an
open senterice, using a siﬂgIEJ ariablé in each. Filrst tell

vhHat the vari iable represents.

(a) $30 more than Jim's weekly salary

{b) Tom's weekly salary 1s more than $30. %\%

(c) T@m'§ weelly salary 1s 330 more than Jim's. Together they
. earn $140 per week, . -

(d) Tom!s weekly S%lafy is $30 more than Jim's. Together they

earn more than $140 per weel,
drite a word translatlon for each of these phrases. Make your

word phrase as meaningirul as posoible. .



(a) 2a 4 5 (d
(b) 8n. = (e
Toe) (S Tﬁasa ‘ . (f 29
L. Write an open phrase which describes the : following statement:
Choose a number and then add 4 to i1t. Multiply
"this sum by 3. Subtract 5 from thls product.

e
=
S
1.7
=

=
—
p F
I
Ll
et

)
)
)

L)
se
£
—
b
1
I

SN

It p 1s the iiPLt of three consecutive odd numbers; then

the second odd number 1s

the third odd number 13

the sum of the {irst and thifd ﬂumJFP‘ is

Complete the fyllowlﬂg two problems so that each problem corre-
sponds to the glven éPEﬂ sentence.,

&. Qpen Sentence: a + 4a +.25 = 180
g r

- ol a triangle is 180 inches.

7. Open 3entence: 5(x + %) + 10x = 125
Problem: Jahn found a billfeold containing $125.

]
1
]

Write an open genter ce or phrase ach of the followlng:

-
f;sfS, The area A 1n square

X yards and/ width 1z y feet.

ﬂTJ
e
il
1T
ot
12
ey
fu
T
Do)
ot
ol
vt
st
et
s
5
et
O
i
T
I,_J\
E
Iy
o
jay
=
[

\I—‘-

9. In an orchard containing 2800 trees, the number of trees in
4 -

éaahsréw 1z 10 1less than twlce the numbaixaf rows, How many

pounds more than Dave, Find Dave's welght if
the combined welght of the two men 1s 430 pounds. {
11. Jack is 3 years older than Ann, and the sum of their ages

] How old is Ann?

12, The number of aul has i1f he has d dimes and three

timez as many quarters as dimes.
13. If a boy has 250 yar®s of chicken fence wlre, how long and
how wlde can he make hils chicken yard, if he would lilke to
reater than the width?

rge packages and three small ones, Each

have the length 25 yards
14, There are five 1

,:n
m

ar
large package velghs 4
the elipght packapes toge

as much as each small one, and

her welgh 34 pounds 8 ounces. What

r1“l:‘|“

‘1s the weight of each package?

11;3 l 4 ,i)

O
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father works for 8 hours and the son fgr‘% hou

less than }30. How much does the zon earn per

]
o
N
I
Yy
=
o
=
[
o
e
oo
ek}
=
w
L
oy
il
k]
g
ey

I
D]

theé translation 1s: x > 30

If

salary 1s (x + 30) dollars.

he translation: %+ (x 4 30) = 140

(a) Ir Jim's weekly salary 1s x dollars, Tom

salary 1:a

The trannslation: x4 (:o+ 30) » 1hO

- =

(Possible translatiors)

of a whole number and 1ts successor 1z 34

x dollars, then

a book

ta week

(a) % more than twlce the number of pennles Jimmy hag

as 1n June

[ L - s . [E - -7 =l
(b) 38 times as many ralny days
et of a rectangle who

() the arca In aguare 2

7 feet leas than its lengsth s

(d) tha total cost in cents of a certaln numbe

cones ab  10¢ cach and the same number of

R

perimetor in Inches of a square whose

shoprber Ghnrn the olde of a glven

a quadrlilateral

wivoe il e ol

')Ll;‘
’.él!)

Jimta weekly salary 1s x dollars, then Tom'sz weekly

se wildth 1is

r of lc

Lhpen



b, 3(x 4+ b) -5
5. p+2
p+4 ,
p+ (p+ 4)which 1s 2p + U
—*'6; QEE side 1s four times as long as another side and the third
slde 1s gé§ inches 1n length. Find the length of each side.
- 7. There were 4 more $5 bllls in the billfold than $10 bills.
How many $10 billls did.John find?
8. A =3xy )
9. Let n be the number of 'rows. The number of trees in each
row is 2n - 10. 8 ) v
- " n(2n - 10) =-2800
. N
10. If Dave welghs x pounds,
' x + (x +10) = 430.

11. If Ann 18 x years of age,
: ‘x + (x +3) <27

12, 104 + 25(3d) 7
13, Let the width of the yard be x yards.
2x + 2(x + 25) = 250

14, Let the welght of each small package be x pounds. Then each
large péckage welghs U4x pounds. ©
© 3% + 5(kx) = 3%
15. x + (x + 19) = 38, where x 18 the number of dollars in the
smaller part.

1 S , B ) x
Tﬁﬁx which can be written 700

n(h + 1) = 342 where n 1is the smaller whole number

Y
m ~ o

let m be the number of dollars the son earns per hour,.
Then the father earns 2m dollara per hour.
5m + 8(2m) < 30

&
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CHALLENGE FPROBLEMS

In the event that you should have an exceptionally intereated

and eager student we have tried to include a few prableﬁs of vary- \-

ing difficulty but usually requiring more perseverance and insight
than mgat problems 1n the text. We do not recommend these for

'* Ela5E discussion or as aasigned problems for the entire class.

. There are, of course, many other resocurces for challenge pfgbléms.
We recommend publicatliona of the Natlonal Councll affTéachéfs of
Hatheme&igg and Dover Publicatlions among others. '

Answers to Challenge Problems; pages 184-190:

1. (8 x3)+2=26 8+ (3 +2) =13 8- (3x2)= 2
8 x (3 +2) =140 (8 + 3) + 2=13" (8 - 3)x2=10
(B8 x 3)-2=22 8+ (3x2)=14 8-(3+2)= 3
8x (3-2)= 8 (8 + 3) x 2 = 22 (8 -3)+2=7
8 x (3 x2) = 48 8+ (3-2)= 9 8-(3-2)= 7
(8 x 3) x 2 = 48 (8+3)-2= 9 (8 -3)-2= 3
Thls 1s an Interesting study 1n arrangements. fhe 8, 3, and

2 are fixed, The first of the signs may be =%,—%, or -, and
for each of tnése the second of the signs may be X, + or -.
Then there are two ways in which parentheses may be lnserted,
grouplng elther the first two terms or the last two. After
all this 1s déne, it 1s interesting to note which expressions

are names for the same number. For instance:

8~ (3+2)=(8~3)-2
B4 (3+2)=(8+3)+2
8 x (3 x2)=(8x3)x2

1“715(}
Lo
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pagé 184

'19(10) + (10 + 9)3 : ,
19(10) + (10(3) + 9(3))¢ - distributive property

Thls is really a trick, although it has an algebraic explana-
tlon. It -may be that pﬁ?ils will accept 1t and use 1t to
simplify mental multiplications., This 1is good, but not a
requirement. In any discussion with a student it should be
made clear that the development hinges on the use of 10 as &
factor and thus the procedure should be used gnly for numbers
between 10 and Ejij;

10 + a 1s the first number

10 4+ b 18 the second number

(10 + a)(10 + bJ = 100 + 10a + 10b + ab by the distributive

property

= 10(10 + 2 + b) + ab by the distributive
property

= 10((10 + a) + b) + ab by the assoclative

property of
add tiog

=t
.
[

. - ”. - B ' * | !',!
19(13) = 19(10 + 3) . - . I .
o = 19(10) + 19(3) s 7 rdistributive property -

= (19(10) +10(3)) + 9(3) . assocflative prcperty of
. addition
= (19 + 3)10 + 9(3) : commutative pragérty of
\ multiplication and .
distributive property
. = 220 + 27 ! o T
= 247 ) C S
(a) - ) - .
15(14) = (15 + 4)10 + 5(4) 14(15) = (1% + 5)10 + 20
= 190 + 20 ’ = 190 + 20 -
= 210 = 210
(b) ,
13(17) = (13 + 7)20 + 3(7) 17(13) = (17 + 3)10 + 3(7)
= 221 .. = 221
(c) . < N .
11(12) = (11 + 2)10 + 2 12(11) = (12 + 1)10 + 2
= 132 ‘ =132



pages 184-185 | e
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10 + a 1s the first number, and b 1s the ﬂﬁ%ps digit of the

aeaend number, so “(10 4 a) + b 18’ the’sum-of the first number .

*and the units digit of the second number, - 10((10 + a) + b)
is the result cfﬁmuitiplyiﬁg the sum of the first number and
thé units digit of the second number by 10. ry .
le((lD + a) +b) + ab 1s the complete translation of the rule

4, ‘35874 & 3(10,000) + 5(1000) + 8(100) + 7(10) + 4 ,

| 3(9999 + ) + 5(999 + 1) + 8(99 4+ 1) + 7(9 + 1) + 4

3(9999) + 3 + 5(999) + 5+ B8(99) + 8 + 7(9) + 7 + X

(3(1111) + 5(111) +8(11) + T(1))9 + (3 + 5+ 8+ 7 +4)
Since (3 +5 + 8 4+ 7 +4) = 3(§)Etwe see that 35874 is
divisible by 9. The generél rulet to be formulated is "A
number is divisible by 9 if the sum of 1ts digits 1s divis-
ible by 9." o :

. Since we hope to teach puplls to generallze, 1t would be well
to take this opégrtunity to do Just that: Let the thousand's
digit of a four digit number be represented by a, ¢ the
hundred's digit by b, the ten's digit by ¢, and the unit's
diglt by ﬂ; Then the number 1sr -

(999 + 1)a + (99 + 1)b + (9 + 1l)ec + d

999a + a + 99b + b + 9¢ + ¢ + d

999a + 99b + 9¢ + a + b + ¢ + d

9(1lla + l1%+ c) + (a+b+c+d)

]

1000a + lQDb + 10c + d

It

Now, 9(illa + 11b + c) 1s divisible by 9, since 9 1is a

factor. Therefore, if (a + b + ¢ + d) 1s also divisible by
9, the entire number 1s divisible by 9, as can be shown by
the distributive property. Hence our rule that any number 1s
divisible by 9 1if the sum of 1ts digits 1s divislble by 9.

5. (a) 2x beélongs to the set with graph

o I 2 ) 8
x + 1 belongs to the zet with graph
o) [ 2 B 5 '
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T (b)) ex, belohgs to the set of numbers between 1 and 710,

=

Y . - _ - _ _ . L Fa
== o 2 y ) =

1
. 0T L 0 10
’ X # 1 belongs to the set of numbers between ¥ and &

| — é__‘f - - i ol ) i e . 1 - 1
el o N = ) bl B I o i
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. (e) x belongs to the set with graph
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(¢) No; none to the right of 0, since each red coordilnate 1is
four-thirds the corresponding black coordinate.

%b; or b = %ri

7. GREEN 0 i 2 34 . B .

_ . M ! — —
k + — —t + =

0 | T2 3 4

(d) r

BLACK ‘
(2a) The black caordimaté of the point wlth green coordinate
3 1s 1 4+ % + E = %i Yes;  every whole number 1ia the

. green coordinate of & point,




page 186 L ¢ B

: kb), There 1is no green eaer&inate for the point with black" e
SR cﬁard, ate 3. JfJhere s‘e green cqordinatea for pc::lnts
. .-to-the right of black 2. oreover, blaek 2 has no
gyrrespanding green coordinate, -
(c) The paint would have black coordinate
1+ § + f + é 4 f%r+_§§ + é%, = ;23 .oe
-8 (&) Q lf 2 3 4 5 6 _
- ol bol L 41 ) 4 o 1 1 g 1 1111 TN
- T 43 T e U 18 -
3 3 3 3 3 -
~__From 1 to 2 §-
From 2 to 3 : & ‘
- From 3 to 5 L ’
From 4 to 7%;
From 5 ‘to 8 6
£ - .
From 1 to 8 : 30
\ : .
From 1 ¢to % . %
Fpom % to % %
(b) c=a+ Esgsé, or ¢ = géjiﬁg
(¢) d=a+ %(b - a), or d-= §¥€§£§3!

9. This problem reviews sums of palrs of elements of a set; it 1s
not a-p?@blem get up primarily to get an anawer, The pupil e

hls time. Inatead he sh@uld observe that the man haa a set

of four elements: [1.69, 1.95, 2.65, 3.15) ar that he should
examine the set of all possible sums of pairs of elements of .
the =set. ‘ ’




w0 : ) E . . .
o . U . ‘5!} . R
. % “pages 186-187 - — . /’ :

. This is-the set: (3.38, 3.64, 3.90, 4.34, 4.60, 4.84, = .
PR 5.10, 5!30,5,80;&6_303 ' -
. From this we seea:
F (a) The -smallest amount of change he could have 1s )
5.00 - 4,84, or 16 centsa. 7;37
(b) The greatest amount of change possible is 5.00 - 3,38, )
“or $1.62. '
(¢) There are fﬂur pairﬁ of two boxes he eannat afford: one
of $1.95 and one of $3.15; one of $2.65 and one of $3.15;
two of $2.65; two of $3.15.

. . . - . .
b 10, We can wrlte a numeral in powers other than 10, and 8- 18 as

‘good as any other. For.the "8 scale" we need the set of
digits {0, 1, 2, 3,-+-, 7). "8" would be written. "10",
(Read thls "one - oh.") ‘ ‘
2(8)% + 3(8)2 + 5(8) +.7
1024 + 192 + 40 + 7
1263

ESS?éight =

ten
3(64) + 1(8) + 7
= 3(8)2 + 1(8) + 7
- ) ' = 317§i3ht
In case the pupils wish more practice in changing bases we
suggest the following:
(2) 137y = 2lleignt
(b) 3452

EG?tén

elght =

(e) 2345ten = 4451;

= 28,530

(a) 6756245y . 28,5304en
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Probably the pupils will all accept "Jane 1s home

. - q a
The set of all girls with 2 heads is the null set., We cannot.

‘add the number 1 to the null set since it is not O.

This problem waslinsertgﬂ to provide pleasurable experience
in reading directions and in translating. Each of-the
numerals from 0-to 9 rfprEEEﬁts seiéfal letters of the -

.glphabet The pupll tranglates firgt from numbers t letters,

then fram 1§tters ko numbéra.. Each translati@ﬁ; aﬂd in p
ticular the second’ kiad, involves afchaice based on

"9034 7424 " .This 1§ a correct translation./ However, in
case some pupil prat,%ﬁs thaﬁ "go34 = 7424" is not a trué
Jarre 1s not home, accept the suggestion
as a pcssibiiityi evergheless, make 1t clear that the trans-

1atiDn of "=" is “is and not "yg not " Some excep-

sentencé, and hence

cédés or. prablems using 1etters for numbers and vice versa.

(a) A possible translation is 'he 1s hungry.'

(¢) 3(1(10) + 2) = 4(10) + 6
’ B(IQ-F’E)%L}D;F&
36 = 46

"This sentence is not true,

(d) 7+ 2 =2+ 7. This sentence 1s true. This polnts
toward the commutative property of, addition, whose truth,
as 1t applies here to numbers, the pupil will probably

_accept readily.

. (e) p(h) indicates the multiplication of h by p, hence

5(7)*= 7(5). This 1s a true sentence. (This points
toward the commutative property of multiplication.)
Therefore, the sentence p(h) > r(f) 1s not a true
sentence,
(£f) 6+ 5 # 5(6) 1s true.
(g) 8(m) indicates that m 1s to be multiplied by 8.
Hence, we have 8(2) = 2(8). This is a _true sentence.
(Here agaln we useffhe commutative pf@pérty of multipli-
* cation.)

155
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I does ngt refer back to the code useﬂ for the prevlausd
7 ‘_prablahs > .Here we ére to select numbers for the 7
BOSS 1letters which will make thé addltian}cofrect belng
careful that no number is represenﬁed by two different
letters. There are many solutions, such as

. 42 _ .
1033 : \
"SEND has a unique solution. M must be "1, HKence O must -
Mgggg * be' zero. S must be either 8 .or 9, but inspection
shows that 8 1s impossible, so S 1is 9. Consider-
ation*of the second and third columns shows that R 1is 8.
Then N must be E + 1. Since 0, 1, 8 and 9 have beep,
used, ) N
N#3 for E#2
N#4% for E#3
N#5 for E# L :

so we let N be 6 and E be’®5. Now we have used 0, 1,
5, 6, 8, 9. D and Y may be chosen from 2, 3, %, 7. Since
the sum of D and 5 must be more than 10, D # 2, D43,
‘and D # 4, Therefore D 1is 7 and Y 1s 2,

Thls problem involves quilte a bit of reasonling for ninth
graders but there are always some of them who willl work at it
untill the problem 1is solviﬁfi‘?iease do not spoil their
pleasure, but let them reason out the solution under their

own power, We hope to give them many,opportunities at this
level.
8432 + 156
2765 4+ 723
3961 + 6038 q,
3(9999) = 30,000 - 3
30,000 + 4028 = 34026
30,000 - 3 + 4028 = 34025,

The teacher was correct.
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15-

16,

- : / N

+ . - 2

Another way of writing. the secand prablem might ’

8025 , Here: again we have 3 sums which tatgz 30,000 - 3.
gggg' Tt 1s easy to add 5, 678 to 30,000 and subtract 3.,
5678 - -
E ¥

35675 | ¥ o

There 1s a nice extension of this to 5 and 6 numbers which
the pupil might try, The game may also be played with numbers
having more or less than 4 diglts. Pupils might like to try

thls also. : = )

=
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m,_m
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e
ww
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With the facts already gilven, ‘the table can be completed by
performing a single multiplication: 10(10) = 100. The other
spaces can be filled as follows: Use the commutative property
to complete the last two rows and columns. Fill 1n the fowff
and the column for 2 by.use of the distributive praperty':

(For EXamﬁle:A 12(§) = 12(% + T) =15 + 9 = 24, Now come®
10(10) = 100. Then 12(10)= 10(10) + 2(10) = 100 + 20 = 120.
Finally, 12(12) = ( + 2)(10 + 2) = 10(10 + 2) + 2(10 + 2) =
100 + 20 + 20 + 4 = 144,

The set S 1ncludes at least the set of whéle numbers greater
than ?r equal to 2. Sinae 2 183 not specified as the
smallest element of the set we cannot be certain of 1ts lower

bound.




(b),

(4)

(e)

(a)

‘b ea=(b=-"a ‘.

-1, then 2a + b =1

. . while 2b + a = 2 8o we can see
that 2a + b (\EF + a do not name the same number

nd
for-all a éng\gg: The operatibn 1s not commutative.

a+b b+a

a‘@b-=Tand b.°E=Tai )

i

Since- a+b =b + a, we can se€ that

A §é§52 and Esé}ii name the same ﬁumbérrfcr all

a and b. The operation 1s commutative,
aob=(a~a) and _ / *_
Since {é - a)p and (b - b)a name the same number (0)
A 11 aiand b, the operation is commutative,.

]
L]
o ]
]

a + %b and

b+ %a.
6 and b.= 3, then a + %h = 7 while

b + i = 5; 30 we can see that a + i and b + 15
38 i

do not name the same number for every a and evéfy b.

o
[»]
]
[

If a

The operation 13 not.commutative.

]

ae b= (a+1)(b+1) and

be a=(b+1)(a + 1)

Since (a + 1)(b + 1) and (b + 1)(a + 1) name the same
number Tor all a and b, the operation 1s commutative.

(aob)oc=2(22+b) +a=1ha +2b +c.

a o(bec)=2a+2b+ c.

If a=1, b=1, ¢=2, then 4a + 2b + ¢ = 8§
while 2a + 2b + ¢ = 6; 34 we can see that

ba + 2b + ¢ and 2a + 2b + ¢ do not-name the same

number for all &, b, and e¢. The operatlion 1s not

assoclative, N
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e
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19.

().

(c)

(4)

(e)

while —ia—1§!¥-15 = 1 "and we can see that

= -~

a+b+c - -

b =0, ¢c =2, then -a——ﬁ:a+bi?g =%
+

do not name the same number

for all &, b, and c¢c. The operation 1s not assoc¥pﬁ¥:§;ﬁx
(ae b) oc =0 and . 1 f

ao (bec)=0 , <
Since the same number (0) 1s named for all a, b, and

¢, the operation 18 assoclatifg.

(ae D)o c= a4+ and
a +

=+
+

e

e

ao(boc)=
It is clear these aiwaysrdiffer by %ﬂ ‘8O .

a + %b + %ﬂ and =a +,%b + %ﬂ VdD not name the same
number for all a, b, and c. The operation is not g
asgoclative.

aob)ocs=(ab+b+a+2)(c+1) and

(b oc) = (a + 1)(bc +c+Db+2). BSoif a=0,

3 ‘n

(
a
b =1, ¢c = 1, the first expression is 6 while

the second is 5.,  Thus we can see that the expressions

do not name the same number for all a,b and c, The
operation 1s not assoclative.

Let x be the number of days it would take the two men
together to paint the house. The first man can paint %

of the house in one day. The second man can paint % of the
house in one day. ?agether the two men dan paint % of the

house in one day.

The open sentence 1s

—

=
i
034}—“ A

+

-

il

SH® e

‘The truth set is (3f) .
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’ 1
The two men save 3% days by working together instead of. the
first man working alone. : :
.- o .
jgii or §< éays 18 the time sayed each day the two men work

together instead of the slower man working alone. For
example, ifya job would take the two men working together
3 days, the first man could do it in 8 da§si The saving in

time 1is ’% of 3 or 5 days.

Let x be the number of hours it would take the combination
of pipes to f111 thé tank. One PiPé can fil11 %1 of the }
tank in one hour. .The second-can fill = of the tank in one
hour. And the third can drain % of the tank 1in one hour.
Working together the plpes can fill of the tank in one
hour. The open sentence 1z

BTl

1.1 _1

E+3-T
(12 + 20 - 15)x

E

i
an
(o]

5

x

The truth set ig
The tank will
qpen. After =

o filled in %% hours if all pipes are left
hours the tank will start to overflow.

Lo

-
W
[ad

140
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' i Chapter 6 .%s
- THE REAL NUMBERS ;

In Chag ers 1 to 5 the student has been dlsqeverlné and
applyiﬂg pfépertiea of operations on a set of numbers. Thils set
conalats of zero and the numbers assigned -to the points to the
right of ;grﬂ'éﬂ“the number line, His work with familidr num-
bers gave him. Eecurity with such ccncepts as the assoeiative,
aammutative,ﬂaad diatributive: properties¥ open sentencea, truth-

sets, etc.», : g
bers which. we as;;gn to paints to the left of-zero on thg number
line. The total set of numbers gorfESpandlng to all poinEs of”
the line, the set of real numbers, 1s now hia field of aqtivity
‘ In Chapter 6*we attempt to familiarize the student with the
total set of real numbers. This includes the order of real num-
bers, cgméariscn of real numbers, and the operation of determin-
ing the opposite of a real number. The final section 1a devoted
to a definltion an%hdiséussign of the absolute value of a real

=

number . S h;::)
In general a system of numbers is a set of numbers and the

o*eratians;an these numbers. Hence, we do not have the real num-

ber sistem until we define the operations of addition and multi-
plication for real numbers. -This 1s done in Chapter 7 (addition)
and Chapter 8 (multiplicétion)i Our point of view is that the
operations must be extended from the non-negative real numbers to
all real numbers. Thus the definitions of additlon and multipli-
cation must be formulated exclusively in terms of non-negative
numbers and operations (including taking opposites) on them. It
is easential, of course, that the - fundamental properties of these
operatiens be preserved 1n this so-called extenslon process.
Order in the real numbers is introduced in Chapter 6. In
Chapter 9 we return to order, but with an lmportant shift 1n our
polint of view. Previously we have tended to use order as a con-=
venient way to discuss certain aspects of numbers. In this aense

"¢" and ">" were simply fragments of language. In Chapter 9

"¢" as an order relation having specific mathematical

we treat

164
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page 195: 6£-1 o

Chapter 10 deals with subtraction and division. These
operations are defined in terms ol additlon and multiplication.
In this sense we retaln the notlon that the real numoer aystem 1s

a structure which may be developed 1in terms of Lwo basic opera-

iona .
; It should be mentloned that 1in this course we have chosen to

approach the negatlve numbers in a manner different from some
riters Instead of présenting a new set of numbers (the real
numbers ) and then ldentirying a particular subset of these (the
non-negative) with the original set (the numbers of arithmetic),
we have chosen the tfollowing approach. We extend the numbers of

arithmetic ‘to the set of real numbers by attaching the negatlve

ﬁumbers to the tamillar numbers of arithmetic. Thls has several

advantagesa: Firat, we do not need to distingulsh between "signed"

and "uhsigned" numbers; to us the non-negative real numbers are

the numbers of arlithmetic. Second, 1t 18 not necess ary for ua to.
t

D
ot
o
-+,
pat
M
o+
.y
T
—
U

prove that the famlliageproperties h -negatives,

for these properties are carrled over Intact

lOﬂg wlth the num=-

1
bers of azirhmetlr. In this manner, we avold the confusion of

eqahllshing an "1somor ph*am between posltive numbers and "un-
slgned numbers”. Notlce that we have no need whatsoever for the
ambiguous word "sign" '

’ 1In general, we have taken the pelnt of view that a-ﬁinth

rumbers .

»"E«
-3
-
ot
by
pad
T
’r,|
,.f
\0—"

grade stLdént reaily has some experienc

He 13 quite ready to label the points fo the 1eft of O and, in
80 doling, make the extenaion to which we 1 ref
The treatment of absolute value in this chapter exemplifiles

what has been referred to as the "splral technique". The Intro-
ductlon to absoclute value 13 followed In each guc. :seding chapter
by more and more uses at dlfferent levels of abatractlen. Thus

1t wili reap

m

1
the teacher need not glve a full deve elopment of this tople in
Chapter 6 aince a gularly in later portions of

the boolk.

6-1. The Real Numbers.

,Qi *
We lIntroduce the negatlive numbters in mueh the 3ame way that

«

labeled the polnts on the right aide of the Aumber line, whlch

z
[

reeapond to the posiflye real numbers. Jur notatlen for negative

]
o]
ook

1630
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four, for example, 18 4, and we definitely intend that the
dash "-" be written in a ralsed position. At thiE‘stage,gwe do
EEE want the student to think that somethling has been done to the
number U to get the number &4, but rather that "4 1s a name )
of the number which 1s assigned to the polnt 4k units to the
left of 0O on the number line.

In Section 6-3, the student will’be svle to think of

4 a

i

the number obtained from 4 by an operation called "oppositing" .
The opposite of 4 will be symbolized as -4, the dash belng
written in a lowered position, and =4 will turn @it to be a
more convenlent name for 4.

! Since each number of arithmetic has many names, 80O does each

negative real number. For example, the number "7 has the names
-.14 - -
(=), (7 x 1), etec.

In drawing the graph of real numbers, the student should be
aware that the number line picture 1s only an approximation to the

¢rue number line. Consequently, any information whlch he deduces
from his number line plcture 1% only as accurate as hils dfawing.'

Once the negative numbers have béén introduced, we introduce
integers and the entire set of rational numbera. We introduce
irrational numbers only 80 that we can tallk. about real numbers
and the real number lipe. % ‘

We could call this set the "set af pumbers’, but some stu-
Eénts may learn about complex numbers later on. We do not want
the teacher to dlscuss these complex numbers now but the students

should be aware that there are aumbers other than those we have

called real.
A common misunderstanding 1s that some numberd on the line

student should be encour-

i

are real and others.are irrational. Th
aged to say, at least for the time belng, that "-2" 1s a real

i

number which 13 a rational number and’ a negatlive integer; % is
a real number which 18 a rational number; -2 18 a real number
which is a negatlve irratlonal number”.

We want the student to be very much aware that there are
infinitely many paints on the number line whilch are not rational
numbers. He will eventually learn how to name many of these, but
he should not be concerned about this at present. 1In order that

he does not jump>t@ the concluslon that all these new numbers are
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simply varlants of 2, V3, ete., we Introduce an intultive
=

Wl

method for determining T on the numier line in Exercis
Problem Set &-lc,
The 1dea of rolling a circle along the number line to deter-
t

P V]

of

mine T can, of course, ve used to "locate'" numbers: like . 2
&

The number -7 1s quite different in character from numbers
like V72, /3,

bers ire solutlons to equatlons of the form

2 m
a. + a8, X + ax + ... +ax =20
~0 1° 2

e

¥
in whieh . y iaas E are integers.
in which B Bny teey a, are integers

3

number eJé satlsfles the eqﬁatiaﬁ

18 a golution of

1 - 1hx X = 0.

However, T satlsfles o suzxn equatlon. It 1is an example of what
1s called a transcendental number, with numbers like /2, /5,

etc., belng called algebraic numbers
It might be pointed out to the student who 1s inquisitive
about irratlonal numbers that these numbers dlffer 1n an inter-

esting way from ratlonal numbers in their decimal representation.

% = ,25000... (usually written .25)

% = 1h2B57142857

¥

,hsweragﬂay vary for questlons 1-4. Any five elements of the

' a'§§§d§Set are satisfactory.



5 {G! l! 2, %, L;! }
4 [1; E; j; 4, I ]

Qe
Answers to Problem Set O-la; pages 198-19%

1. (a) w*= {5, 1, 2,3, ...
P=(1,2, 3, 4, ... ]
L=1{0,1,2,3, ...} .
I=9{(..., 2, 1, 0,1, 2, ) i
N=1{1,2, 3,4, ... ]
Q = (0, "1, "2, 3, )
s =1("1, T2, 73, 4, J

(b) W and L are the 'same.
; :F and N are the same.
(c) s All are subsets of I.
) and § are subsets of Q.
I, W, P and N are subseta of L.

P and N are 3gbsets of P,

2 (a) —o—L o1 = . g1 o
‘-5 4 -3-2 -1 0 1 2 3 45
(p)1—t—e—2—3 oo Ll - -
-1 01 2 3 4 5 &6 7 B
(¢) t—t—~t—1—L— - — - the empty set
o1 2 3
(d) +—e—o—9o—9o—o o o oL
‘"5 4 -°3-2 - 0 | 2 3 4 5
S S B N _ ety el
(E)‘Z o 1 2 the empty set

5 1is to the right of 4
5 it ’2#

T )7!?

ot

5 i D
4, (a) If =x 18 the number of @igeéna B111l had 5 years
then the number he has now 1a 2x + 25.

2x + 25 = 77

=
fo
R

1 6 o
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(b) If x 1s the rate in miles per hour of the {irst
train, then the rate in mlles per hour of the second
train 1s 2x + 10.
v C bx + L(2x + 10) = 3ko
(¢) Let w be the width in inches.

62) = 196

or . 2w

Answers to Oral Exercises 6-1b; pages 200-201:

1. I=(5 "4 71,0, 1,2, 6)
; 2. W={(0,1, 2, 6
3. A=(1, 2, 6}
b oP = {75, T4, T1]
5. N= (1,2, 6)
6. G= (3, 1,3, 2, I, 6)
. B s 3 )
7.ooL=05 T4 (), D), 1)
8 Y = {0, 1, 2, 6}
2 Answers to Problem Set 6-1b; page 201:

Pok
ol
'S

(b)

s
T |
\J

s
—
i
L
[Wal
[
T
it
o]
ot
o
1,
e
[and
=t
o]
Wy

g

Here we are bullding toward
(b) o " 5. the ordering of numbers again,
(e) ~H ! 7.~ which we will develop further
(d) 1 S ‘(%)! in the next séctlon of this

3ame point chapter,

o=

w
— e,
L)
N
]
— e
n
=T m
— e
s
e
o+
by
o
= oy
1
4
[
I
o
it
[
juny
I ]
— o
[
L8]
.
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&
3., If w 18

number of

or

i 6-1

the number of inches in the width, then 4w -1is the
inches 1in the length. The perimeter 1s 24 1inches.
W+ bw o+ w o+ Uw = 24 ]

10w = 2I truth set [2.4)

. anawer: G2 1lnches
2
. _ P

Answers to Problem Set 6-lc; pages 203-20U:
ers Lo et 2

1. (a) 72

iz an integer, rational, real.

(v) é(%g) is rational, real.

(e) V2
(d) o 1

Fals
(b) "True
(¢) True
(

m
¥ '
S

U1
m‘
Mot
[~
-y

or

(p) 1If

ic) Ir
X +

1z a real number.
s whole, a real number, an intege®, a rational number.

True

(=)
(f) True
(g)
(h)

e
True
False

L}
tween 3 and 4.

%)

7 13 between % and 4. T is b

DA

8 13 the number of years in siasfer's ag then 23

€,
the number in brother's age and Mary 1is 2(28) years

[
I
o
p—
+
M2
P
+

1]
(I}

]
e L
fi

x represents the firat Integer,
(x + 2) = 86,



Che non-negat

. N . o ) ]
Although 'is greater =han” waa el

numeer

on the

rarther

real num

the varlatlon

gea level.,

The mathema

numLers, Lhey can oe

When

WO

the property

we must Include the Lhled pesilolllty that the

namuess To ha

f'rom

Der:

relation "1

ame meaning as

i}

numLéers.,

iy

iz s or a-
reason for rejecting this

ordered 3o that one is

same numi Hence, the name 'tr tamy’ .
Although "a < o' and "o involve different orders,
these gsentenceg ly the same thing about the numbers a

and ©. Thus, we a chotor
Borouny numter 3
2Xacl iy wng ol Lthese
B o, v, { .

=t e ing b nent

and -any number

H .
14 true:

lon on the order relation,

we mE cn ., Lhen ] ohep a L' or
"a GO Here we {'1x the numbers a and

O
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pages 206-20T7:

b %nd then make a declslon as to which ordér relation applles.
the numbers-

It 1s purely a matter of which we are interested in:

or the order. The comparlson property ls concerped with an order.

Answers to Oral Exercises 6-2a; page 206:

1. By "is lesa than

number line.

2. This, ">", means "1s to the right of or equal to" on the
number line. 5
N

3. 'This, "<", means "is to the left §f or equal to" on the num-

ber line.

pages 206-207:

1 (a) False (f) False
{(b) True J (g) True
{(e¢) True (h) False
4]
(d) PFalse (1) True
(e) True (1) True
s a) Lt 1 A a) SNV N TR NSNS RN S WU B
-~ ()'101234' ( 5 4 -3 "2 1 O | 2
RN
b N N — 1 A T T & i'“l”lf P R R i F
()*S*EW I 2 3 ()"3=2'T0123
(0) I N IR R S (1) sy | 1
’ 3 "2 “l 0 | 2 3 3 "2 7l 0 | 2 3 4
3_ 6 ] -/3 3
~3. (a) =15 (e) "(2) <3
3. 3 -4 3 -4,
(v) 2> ¢ () ") > ()
9 . 8 i} -3y . -,3
(c) 1‘% 215 (g) ( g) ~ (‘g)
; 9 .4
(1) 5> %
4. a 6 degrees Do these on the number llne as preparation
to 5 degrees for the addition of real numbers that 1s
¢ 50 degrees developed in the next chapter.



pages 207-209: 6-2 and 6-3 (j“

5. (a) n> 18 () n+5¢<n+ 8
(o) >b (f) n -5 =12n -4
(c) =X + 5 (g) 3n=8 or n - 4‘} 2
(d) =T <n+ b (h) n="4 -6

Answers to Problem Set 6-2b; pages 208-200:

1. (a) > (£) >

s (v) > (g) <
(e) > (h) >
(a) = (1) >
(e) < (J) <

2. (a) 5<6 (a) (1.4)% <2

S (p) T3 <o (e) 3 <

"(e) () < (3

3. (a) 5> 77 7 (a) 5> .3
(b) 0> 78 i (e) 4> 02
(¢) 8>0

4. (a) 1If the original price was p dollars, then the discount

was % p and the sale price was p - % p.

o ny

p = \33 or p = 33, (AI]SWE:'P; the
\ original price

_ was $49.50)

S0 P -

(b) If x represents the brother's age,

2x - 4 = 12, (x = 8)
(¢) If 4 represents the helght of the box,
8.12.d = 864, (d = 9)

6-3. Opposites.

Your students have observed by now that, except for zero, the
real numbers occur in pairs, the two numbers of each pailr being
equidistant from zero on the real number line. Each number in
such a pair 1s called the opposite of the other, TFD complete the

plcture, zero is defined to be 1its own opposite.
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On locaring the opposlte of a glven numteér on the number
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line, you may want to-.ugse 4 con naslze that tThe numoer

It

3ite of 2",

[
I
[y
=¥
M

wrlte down a

shorthand 1s needed he lower dash " - " which we use is per-

e
haps the most suggestl
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T2 and =

Havling
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If x 15 a posltive number, then -x 1s a negative number.
The opposite of any ne+-ntive number x 13 a positive number -x,
And -0 C

that when n 1s a real number, then -n 1is a negative number;

0. Thus, student should not jump to the conclusion

this 18 true only when n 13 a positive number. Note the empha-
[} it

518 here on the use of " - " as "the opposite". Becauszse of com-
plications that will arise in later work regarding "-a" which the
students insist on calling a "negative number a'", 1t 1s worth-
while to reemphasize the meaning of the upper dash (read "nega-
tive”) as meaning "to the left of zero' or "lessa than 0", while
the middle dash (read "opposite of") means "on the opposite side
of zero".

There are no oral exerci ‘or 6-3a slnce the problem set

s )
glven might just as well be done all or in part orally.

&

Answers to Provlem Set 6-3a; page 211:

1. (a) 755, negativey 55 (h)

i

Py =

=

, negative 2%

m

———
o
v
W
L W
—
e
vt
[

(e¢) 733.B5, negative 33.5 (J) ~1,000,000,000, negative 1
) \ . billion

k) 1,000,000,000

1 "8, negative 8

(k)
(1)
(m) 79, negative 9
(n)

n) T16, negative 16

——
my
vt
I
——
o
Mt
o
]
g
i
l_u
<
i
P n 3

I

The only true statement is "The opposite of ;a poslitive number
! 7 5

is a nezativé number".

3. The only true statement 1is "The opposite of a hegative number

1s a positive number'".

o

4., The opposlte of zero 1s gzer

5. "Negative 9" and "the opposite of 9" are names for the same
number. The first says "9 units to the left of 0", the second
says "the number which corresponds to the point which 1s the
aame distance from O as 9 i3, but on the opposite side of OV,

ERIC
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LW
st
Y

Answers to Oral Exerclises 6-3b; page &

1. (a) @20 (d) 5
(b) ”’297 (e) =210
(c) “(3) (r) °37.5
Answers to Problem Set b=3b; page 2153:

(¢) 78 (e) ©
b) ~(§) (a) 8 (£) 79
2 If y 4is a positive number, then -y 1s a negative number.
3 If y 1s a negative number, then -y 1s a posltive number.
4, If y 1is 0O, then -y 1s 0.
5, If -y 1s positive, then y 1z negative,
6 If -y 18 negative, then y 18 positive.
7 If -y 1s 0O, then y 15 O
8 . If x 1s the number of feet in
fe———— 30+2X A;’i** : the width of the walk, then the
LY — length is 30 + 2x, the width is
T =X § ‘ 20 + x. The perimeter 1s the sum
20+x | F [ of the sides
l 20 X - (20 + x) + (20 + x) + (30 + 2x) +
,L,,,, i E— (30 + 2x) = 150
L_zggiJ or 100 + &x = 150
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Zero la the only number with the property
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(1) > .01 -0l > -.1
2 This means that X > 3 or X < 3
Answers to Problem Set 6-%c; pages 217-218

) M
=Y =

—
el
e
I
—
oy )
e
o

2

4
—,

‘ ;ﬂ
]

N

“

I

|

2

(e) (55) < -m
() <2204 8), - (Rro+8) < - (35 + 2))

; » (h) the same number
z. () -(7.2) ’ - (r) .ol

(b) 43 (g) 2 or =-(-2)

(c) [-(75) (h) f% or (1 - %)E

(4) ! -(V/2) ) J

(e)' 17 (1) 1 - (3?2 or T3
101 1

(1) -3 or §

Here we are bullding toward the meaning of "absolute-value

of a number" and that the greater of a number and 1ts opposite 1s
alwayse the posltlive value
ays

3 (a) x <1, 1 < -x (e) x >1, 71 > -x

() x> 2, -(2)>-x () x < T2, -(T2) € -x

(¢) x>0, 0> -x (g) x> 2 and x < 2,

d) x < 0, 0 < -x 2 % -x and =¥ -2
4 {(a) O .

T 0 12 3 4
172
—_ I A
N [}

O
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(d) i —— e

numbers except 3

b

5. (a) The set of al
(b) The set of al

(c) The set of all numbers less than O
(d) The set of all numbers greater than O.

—

numbers except 3

*(e) The set of all numbers equal to or less than O

*(f) The set of all numbers equal to or greater than 0O

6. (a)- "If John scored Q;fﬁéints, then n >

If he has n déilafzgﬁﬁhen n <0 anu

If bhe original bill wa# d dollars, theu
“ B ‘{{

Y

oo
L N

Y

i

6-4. Absolute Value. U

The concept of the absolute value éf & number 1is one of the
most useful idéassin mathematics. We will find an immediate
applicatlon of absolute value when we deflne addltion and multi-
pllication of real numbers in Chapters 7 and 8. In Chapter 10 1t
<3 used to define distance between points; in Chapter 12 we deflne

x°  as |x]; in Chapter 15 it will provide a good example of an
equation wlth extraneous solutlens. Through Chapters 16 to 18

absolute 'values are 1nveolved 1in opén sentences in two variableg:-
and 1n Chapter 19 1t gives us 1nteresting examples of functions.
In later mathematlca courdea, In pirticularj in the calculus and

in approximation theory, the ldea of absolute value 1s indizpens-
able,



_value as the humber obtained by "dropping the sign". Siuch a habit

»

pages 219-222: b-4 o S

The usual definitlon of the abaolute value of the real nuﬁber

+n 18 that 1t is the number |n|. for which

: ' n, n>o0

!n| =»~{'-n, ng
Qulte 11kely it 18 this form of the daf;nltien that 1s the arigin
of the dlff;culty which the stuﬁentg sometimes have when they first
encounter absolute value. We have tried to circumvent this diffi-
culty by defining the absolute value of a number in such a way that
1t can be pictured on the real number line: The absolute value of
O 18 O and of ‘any other real number 18 the greater of that
numgg? and ita opposite. his' 1mp11es that the absolute value’ of ’

é number 12 0 or a paaitive ‘number,
" By abserviﬁg that this "greater" of a number and 1ts opposite
is Jjust the distance betwekn the number and O on the real number
line, we are able-to inteTrpret the absaluteivalue=Jgeometrically”.
Avold at all cgstsgallawlng the student to think of absolute
leads to endless trouble when variables are involved. !
. It 18 quite apparent that the greater of a positivé number -
and its opposite is Just the number itself. .Purthermore, ' [O]-
1s defined outright to be 0. These two statements can be
expressed symbolically as: i

I

If x > 0, then |x]|
For négétive ng@bers, the number line picture should convince
the students that the greater of, for example, -5, F(i)g -3.1, and
-QSZ: and theilr opposites 5, %, 3.1, and 467 are, PESPEGtiVEly,
5, Euvéalj gnq L4e7. This*game picture cannot help but tell them
that the greater of any negative number and its opposlte 1s the
oppésite of the (negative) number. Symbollcally if x < O, %ﬁen

|x| =
We have therefare arrived at the usual définition of absolute
value. ,
For all real numbers x;: -
' X, x>0, “
Ix| = {-x, b4 g 0. J
L a - V
. “ )



b ) 6-4 -

pages 220-223:

‘Answers to Oral _Eﬁcé:eises 6-4a; page 220:

1. (a) [|-7] =7 (4) |14 x 0| =0 _
v (B) A-(-3)] = " (e) |-(2% +0)| = 14
(e) 1(6-4)] =2 (£) 1=(-(-3))1 =3
I x 18 3, ' |x|
If x 1is -2, |x]|

H]

[

31»
2.

1]

4]

A non-negative number

+= W
» -

A positive number

Yes

o W

|x|

T: No ‘ ) : ) ;

‘8. When x =0

\LAHEWEfszg Oral Exercises 6-4b; pages 222-293:

1. -x

2. (a) False (d) True (g) True
(b) True - (e) True (h) True
(¢) False \. (f) True ®

(g) 10 (m) 2
(n) -3 (n) -1
(1) 1 (o) 10
() 5 ° (p) -10
(k) -1 , (a) -10
(1) -5 - ’

\n

3. (a)
(v)

L {e) -
(a)

(e)

- ()

i
SRR IR
vy

Answers to Problem Set 6-4; page 223: %

1. (a) (-1, 1) (c) (-3, 3)
(-3, 3) () (-3, 3)

L ]
ol

2. {a) , (b) ,
L 1 N SR 1/ 1
-3 -2 ~ 0.1 2 3 -3 =2 - 0" 2 3

175 18y




page 223: 6-4

< : . .
(e) 4 (d) , , | Lo

The similaritles of ,these two paira of graphs are worth
ﬁointiﬁg out since they provide a clue for a procedure for solving
equations and inequalities with absolute value of the variable.
That 1s, to write a8 two sentences with conjunction apd/or as 1s

approprliate.

2 ete. AR W TSI T SN VI W ———|
5 -4 -3 ii -l 0 | 2 3 4 5

=5 beicngs to the set, O does not, -10 does, U does.

. - : .

, 1 5 11 . o o

L, (a) rR T (infinitely many possible answersa)

% _ . o _ o -
(b} -1, -5 -5 (infinitely many possible answers)
(c) L #*é, Ej% (infinitely many possible answelrs)

2 7T

WO
"

(Q) There are none, (e. g., the set of numbers in P but
not in R 1is the empty set. ).

(0].
=1 18 the empty set.

1]
e
[
w

‘5. The truth set of |x|
‘' The truth set of |x|

i

*6, If Peﬁis X years old, then Sam is x + 3 years old and
Bob 18 2x years ald

¢
The father belng more than twlce the sum of their ages g%gﬁs
the asentence: ; -
b b5 > 2(x + (x + 3) + 2x) (This 1s the expected
7 ‘ response.) ,
. L = X % - . -
or 22> ?(43 t ) Answers: Pete 1s leas than ¢g
or by 5 8Bx + 6 years old. -
or Bx < 39 Sam 1s less than f%
LT years old. )
x < g Bob 1s less ghan 9%
: . years old. d

IIt might be worth polnting od% that we started wiﬁh the amallest
numbér in describing & variable and show the studenta what 1t
would look 1lke 1f we started with Bob's age.

' If x = number years of Bob's age, than § 18 the number of

™

years of Fetg}sfgge and Sam 1s (% + 5) years old, so the sentence-
176
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- pages 223-226: 6-4

becomes: ) .
. ¥ E(%a+ (%'+ 3) + x). . (This could be an expected
. _ - response . )

45 > x + x + 6 + 2x ’

4s > 4x + 6

kx < 39

} x {59%; but this 18 not the same x as before.

Answers to Review Problem Set; pages 225-227:

1. (a) W is a subset of I, (f) P and Q are not related as
’ subsets--they havq no ele-

‘ ments in common.
(b) N 18 a subset of W. (g) J is a subset of R*.
(¢) N is a subset of R. "(h) I and J have no ‘elements
) in common.
{f(g) R 1s a subset of R*. (1) W is a subset of R*. .

(e) I is a subset of R. (J) Neither; P does not contaln
- \ Zero whlch 18 in W.

2. a >b means "a 1s greater than b" or "a is to the right of b".
(£) < /

i (&)

(n)

(1)

(J)

3. 7 (a)
(b)
(e)
(a)
(e)

4, w, V2, V5 etc.
4?2? is not -irrational
vﬁii is not irrational

JE?V is 1irrational '\x 5

WO M M
WO AN

5. (8) o
=1 0 1

i =
m‘
Y
o

(v) el - I Ll L

. i 11 1 | | I N
(G,) !E ;t - g _ T = ;7 3 4




(e) —4 1 L1 4 the empty set

(£) —d J‘,?gf%;é 4

The comparlson property of order.

-~  on

‘m‘

o

(e¢) W,_; é =— é,g, gxs%%tQS empty set

(a) —————p |
-3 -2 o |

. & L i
(e) -4 =3 -2 = 0 I

nNo-
vl

=

9. (a) x> -1 and x < 2 (e) Ix]| <
(b) x> -1 ‘ (a) x| >

10. (a) The set of all integers from =1 to 4 inclusive,
(b) The set conslsting of L and all numvers equal to or

. 2
greater than 2 and all numbers less than -2,

=

11. If the number isiigi then the sentence 1s ;ff
x + (x + %—FE 7.3, (Answer: the number is 1.4)
i2. If the number 18 x, then the sentence 1s
A . ' e R}~
N ;c + 7.6x F’?ﬁ ﬁ (Answer: the number 1a 6%)
13. If the number 1s n, then the sentence 1
n(n + 3%)‘; 84, (Answer: the number 1is

L

178
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. page 227 - ;
EE; . .

14, If n 1s the number of pages in the smaller vaiume, then the
larger volume has (n + 310) pages and the sentence is

n + (n + 310) > 1000. (Answer One book has more than
. : ) . 345 pages and the other has more ’

than 655 pages. )

15. 1Ifythe second plane was flying at an average speed of x miles
per hour, and %%% =4 18 the number of hours flown by the
first plane, then the second plane flew 3 hours and the

sentence 1a:

- = 800. (Answer: 266% mph. 1s the average
hd speed.) :
¥

Suggested Test Items

1. Determine which of the following sentences are true:
(a) |-7]1 =7 (a) |-sl +1{-7l"=
2, |\ 2 .- o
(b) 3‘# -1- =l \ (e) -l"2] =2
(c) | > |-2| N

2. Rearrange the folloW™ng numbers in order from the least to
the greatest:

L 7 L«
' - ECTEEE ST TR B

_ - . . o o ,
3. In each of the following write one of the symbols <, >, or
in the place indicated so that a true sentence results.

(a) 2 ____ -I-3 (a) - 37 __ E%%
(b) -4 ____ -7 (e) 18+ 5! _ 181 + 15l

() -l-3] ____ -3

4, If a < b, where a and b are real numbers, write a true

sentence expressing the order of -a and -b.

If a < b, 1s 1t possible to tell whether -a <{ b, -a =b, or
-a > b? Give 1lllustratlons to support your answer.

W

6. Write an open sentence whose truth set 1s

(a) — e e -E—
-3 -2 -t 0 | 2 3 4




(v) S——) . i t—————

7. If b 1s a negative number, indicate which of the following
numbers are positive and which are negative. :

v (a) -b (d) -[-p|

(v) Ibl - (&) -(-b)

(¢) |-v| o(r)r -1-1-nl]

8. Draw the graph of the truth set of each of the fgllowiﬁg open
sentences. .
(a) Ix| =3 (a) Ix| <o
(b) Ix] -1 =5 ; (e) -Ix|l <o
(¢) Ixl =0

g. Deseribé the truth set of each of the épeﬁ sentences.

. |

10. Describe the variable and translate into an open sentence: ’
Peter 1ives one mile closer to school than Ralph. Peter
1a more than 3% miles from school. What distance 1a the

school from Raiph‘s home? .

]

(a) Ix| >x (c)
(b) Ix| < x (a) -

3
0

11. Consider the set of real numbers
W= (-4, 3%, ™, 0, - 3, 1,42, 182, /7).
Which elements of this set are
(a) integers=®
(b) rational numbers but not integers? .
(c) negative rational numbers?
" (d) irrational numbers? r
(e) non-negative real numbers?
(f) rational numbers that are greater than -4 and less
than 27

T ! laj g7 '
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" Answers to Suggested Test Z;gggt

(a) True’ (d) True
(v) False , (e) False

O] s

(a) 2> -|-3]| (a) , !a? > - 17 .
(b) =4 > -7 (e) |8 +5| = |8| + 15]

(c) -]-3] = -3
-b ¢ -a

It 1s impossible to say whether’ -a < b, -a = b, or =a > b,
The answer depends on the absoclute values of a and b,

The grapha below 1llustrate some possibilities.

S S ;,Lf‘l_vf —4 - 3 -a ‘;x: b

Numerical exerciases such as the following can be used.
-2 <5 and -=(-2) <5
-7 <5 and -(-7) > 5

3
4 @

=2 and

(a) x x
x -2 or A

(v)
(a) positive (d) negative
(b) positive *  (e) negative
(¢) poaitive (f) negative

P "
(AT




1Di

11?

(e)

(a)
(b)
(c)
(a)

— the empty set

|
I
!
!
o+t
!
|
4

the set of* negative real numbers
g ‘
the set of non=-negative real numbers
the set of negatlve reals and zero
Note: |O| = -0

If Ralph 1ives x miles from school, then x > 4.

(a)
(v)
(¢)
(d)
(e)

(1)

-4, o0, 182 .
3%!& 13—, 1.42 . *

4, -
T, /2
3%, r, 0, 1.42, 182, /B

0, - ff, 1.42° .

182
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Chapter 7
ADDITION OF REAL NUMBERS X

In this chapter we take up the Btudy of addition. Our
problem 1s essentially that of defining thls operatlon on the
larger set which includes the pegatives. Though most students '
can aehieve'satisfaetcry competenee in actual computatlons with
these numbers through various intultive devices, a formal defl-
nition 1a a necessary mathematical tool for the establishment of
properties and a genulne understanding of the nature and struec-
ture of the real numbers. ' ‘

We firat conalder some examples using galns and losses to
suggest how additlon involving negatlve numbers might be defined.
The number line 1s also used tbv pleture thils, Final&ﬁ, as an

e

outgrowth of these experiments, a formal and precise Pefinition
.

is formulated, i

The propertles of addition are then presented, wilth stress
on the fact that our definitlon of additlon of real numbers
permits the famlllar properties of addltlon of the numbers of
arithmetle tg§hold.

Very eaﬁly in the chapter the student should learn how to
find sums involving negative numbers. Thls is easy and 1s
suggested completely by the profit and loss examples, and by the
numberblinei However, our immedlate objective 15 more ambitlous
that Just teaching the arithmetle of negative pumbers. We want®
to bring Qut\the important fact that what 1s really invélved here

is an extensiaﬁ of the operatﬁan of addition from the numbers of

_arithmetig (where the operation 1s famillar) to all real numbers

in such a way that the baslec properties of additlion are preserved.

Thls means that we must define addition In terms of only the non-

‘negative numbers and the famlllar operatlons on them. The result

in the language of algebra 1s a formula for a + b involving
the familliar operations of addition, subtraction, and taking
opposites applied to the non-negative numbers, lal and [b].
The complete formula appears formidable because of the variety
of cases. However the idea 1s simple and is nothing more than a
gengral description of exactly what we always do 1n obtaining

sums whlch 1nvolve one or more negative numbers.

183



pages 229-232: 7-1

The main problem is to lead up to the general definition of
a + b 1in a plausible way. We have chosen to make full ufe of
the number line and especlally to make use of absolute value.

7-1. Using the Real Numbers in Addition.

The profit and loss approach to addition of positive and .
negative numbers seems to be a natural one. The only thing which
may seem new to the atudent 1s the representation in terms of
positlive and negative numbersa.

Answers to Oralgixercises 7-1; pages 230-231:

1. (a) 54+ (-3) =2
(b) 50 + ((-40)
(¢) 2+ (-5) =
(d) (-6) + (-3)
(e) (-6) + (8) =

2, (a) 9 e 3 (1) -6
(v) =7 (r) -3 (3) 1
(¢) -3 / (g) -13 ' (k) 1
(d) 3 / (h) 8 . (1) -1

(-25)) = -15

(3) + (5) = 0

Answers to Problep Set 7-1; pages 231-232:

1. (a) 11 / ' (k) -10.8
(b) 4, (1) -5
(¢) (-17 (m) (-1)
(@) /s (n) 1
(e) /5 (o) (-2) g
(r) " f-5) (p) 1
(g) " (-5) (q) 1
(h) (-9) (r) -2
(1) 7 (s) 1
(J3) 2

2. {(a) a =3 (e) ¢ ; 6
(b) a=7 (f) m= -3
(¢) a = -7 (g) n = 6" /Z
(d) b = -3 (h) n=o0

184
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pages 232-234: 7-1 and 7-2 i} Y "
(1) ma-1 (1) & = -2%
~(3) ¢ =6 ) ,
(k) b;-' =11 . (lTl) b= =4 B
“7-2. jaditign and the Number Lime. ‘ :

Recall that.the maln purpose of addition on the number line
is to lead up to the definition of addition given on pages 238-240,
By this time the students are famjiliar with the number line, and
. it 18 hoped that 1llustrating addition on it will seem natural.
‘Note also Qpat the concept of absolute value, introduced in the
last chapter, i1s used extensively; 1t 18 central to the defini-
tion of addition developed here.

CAlthough some of the exercises in this chaptér, which are o

designed to strengthen understanding, will call for specific

application of the formal definition, the students will not be :

expected to use this on alzinccaaions a8 a rule by which to add _ﬂ -
_ real numbers. -The point of view -here is that the student now has

a description of the process he has already learned how to do.

In general a student- should be encouraged to apply any 1lntultive

proceas for addition Bf real numbers which he finds rellable.

o

o
.

Answers to Oral Exéf@;?f%,zféii pages 234-235:

R e -

5

A

4°

-
ﬂ "

W
i
=
& ]

6. (a) Start at zero. Move 5 wunits to the left, then 2
units to the wight. The sum is -3. '
( (b) Start at zero. Move 5 units to the left, then 2°
X more units to the left. The sum 13 -7.

more units to the right. The sum is 7.

(c{\ Start at zero. Move 5 unitse to the right, then 2

=
120
W

19y
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‘pages 234-235: 7-2

(a)

(g)

(h)

(1)

(1)

(k)

(1)

(m)

(n)

‘Start at zero. Movg 5

units to the right, then 2

units to thé left. The sum is 3,

Start at zero. Move 6

-more unitas to the left.

'Start at zero. Move 11

units to the right. The

Start at zero. Move U
more units to the right.

Start at zero. Move 6

units to the left, then 7
The sum 1s -13.

units to the left, then 15
sum 1s 4,

units t@fthe right, then 12
The sum’'is 16.

units to the right, then 7

units to the left. The sum 1s =1,

Start at zero. Move 6
units to the left. The

Start at zero. Move 7

units to the right, then 6

sum 1is 0.

unita to the left, then no

units elther way. The sum 1s -7.

Start at zero. Move 4

units to the right, then 6

units to the left. The sum 1s .-2. Then move 8

more unltas to the left.
Start at zero. Move §
more unilts to the left.

7 more units to the left. The sum is =14,

¥
Sthrot at zero. Move U4
units to the right. The

The sum 1is =10,

units to the left, then 2

‘The sum 18 -7. Then move

units to the left, then 8

sum 1s 4% Then move &

unlts to the left. The sum is 0.

VY]
ot
[

Start

ero. Move no unit in either directlon, then

move 2 units to the left. The sum 1s =-2. Then

oy

move 2 unlts to the right. The sum is O.

Start at zero. Move 7

unlts to the left. The sum 13 5. Then move

to the right. The sum is 5.

Anawers to Problem Sgtrj-gi; pages

1.

(a)

(b)

(e¢)

7 (
) (
(

(

Do
N
]

“
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units to the right, then
units
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pages 235—2&1; gTLE
2. (ak -5, (4) 6 (8) °
- (®) 3 (e) O (h) 0

(GD -6 . (r)
3, {(a) False {(d) True (g) False (J) True

W

I
avl

) 'Palse (e) PFalse (h) True (k) iFal§e
) True " (f) True (1) True (1) False
) b ‘ (£) 6 N

) -1 ' (g) 8

) 8 (h) -6
(@) -6 . (1) .8
(e) -8 ‘ (J) -14

i 5. (2) True (c) True (e) False (g) False .
(b) False . - (d) - True - {f) True (h) True

6. (a) (-4} (§) the set of numbers greater

(b) (6] »thaﬂ L
w (c) (-2}, (k) the set of numbers greater

(d) (-2} L% i than O (the positive numbers)
(e) ({10} " (1) the set of numbers less than
(r) (8) o)
(g) (-7) : (m) the set of real numbers
(h) (6} ;
(1) (-5} o (n) ¢

Answers to Problem Set 7-2b; page 241

N.(7) + (=3) = 7] - 1-3] B3+ (=7)
=7 -3
= Ul

L]

=(1=7) = 131)
ﬁ(? -3)

n

2. (=7) + (=3)

(N
by
et e
o~ —
'
—]

!
<+
|
M
L=
n
W=
+
l
~J

3. (=7) +0 ~(1~71 + lol) 6. (%) + 7 =171 - 1-3|
5 1 = =(7"+ 0) -

-{

noo
= -
]
il




:'apggeg Eul—gﬁj =2 aﬁq;;?:§ ;* Zzi - : - '(3*1*;

L7 e3) +7(-7) B
i ".“ g : = ;(3 +7) g - T ‘,
) S 10 L , ! . |,

.@

=(1o] #1-71) B
E—(‘Q—i—?) . : o . ¥

oo
o]

+
e
- "
ot
]

: 10. ' True : 15, True’
11. 'False . 16. False o T
/ 12, True, . . 17. True o
13. True - . . - 18. Felse ' -
14, False = - 19. False .

o o S o 7 55

7=3. Addrtian Property of Zero; Addition Property Dﬂ Opposites.

'Ngte that the additian pf@pﬁfty af zero and the addition

af addition, Note alao that the aaditién prcperty qf oppasitea

says that the sum of a and (-a) 1s zgro. It does not say -~
that if the sum of a .and another nupber is zero, the other
numder 15 (-a). This fact is proved later.
e .
. - - ° ’ ® 4
Angﬁgrs to Oral Exercises 7-3; page 242: . Z
1. True ! ! . 8. False
- False * - o 9. [True 7 h
-%:ZL True . 0. TFalse™"” ' "

True . .

=
V]
xj
v.lm

b

W

m

.\ False’

e
[ S SR S TR

]
"o el
[
b
o
m
k]

o . True . 'k\ 3. u€
! . True a ' . “True °

~
ot
=

. ; )
, _ o _ el N .
' Answers to Problem Set 7-3; pages 242-243: -
1k
0
Q .

(=
ey
I

o0

M
%)
1
-0

L]

i,
]
=

W
g

o8
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T; »Q—é - :; - ) : “-_ T" . - B
8. 'Any number’ greater than '3 -
9. Any number less than (-3) . L ;
0. Any number greater than 6 . ) C )
1. Any ‘number less_than . () ° - R
7-4. Properties of Addition. - ' R

The definition.of the additian of real numbe%s haa
in terma of the non= negative numbeps and the familiar o eratian& C
uporf them, “we have ‘'seen that it. zgrees*with our intuly{five. ; - -
reeiing for the operation of addition of real numbers’;s‘shawﬁ :
in working with gains or losses’ and with the ‘number lAne. It ia
further required that additian of real numbers haje fhe same
basié’prapgffieg that we observed for additign of nymbers of
arithmetic . It would be awkward, for instance, 'to avesaddition.
oftﬁdmbers of arithmetic cbmﬁgtative and agdition f real numbers

4

not commutative. : .

/. Notlce thdt, while we did not call them sucf for the students,
the Eammutative and assaciative_praperties were/ for all intents
and purpases, regarded as axioms’ for the numberns of afithmétic,

amd the aperation of addition was regarded eagpntianlly as aﬁﬁ

gp to follow through the details Howeverj, for thé'écéasiaﬁal

qgggflned,operationi For the.redl nufibers, hpwever, we have made -

‘a definition Qf’a&ditiOﬂ in terms of earlier/concepts. If our
definition has been propefly chosen, we shoyld find that the

prﬂperties can be’ pfoveé as theorems. While most students will
hot fully appreciate all this, the teacher/ should have it in St

mind as background. ‘ ) _
We_ have tried to givigthe students 4 feeling for the prov-
ability 9$*ﬁﬁése propertie butivery fegw of them will be ready

gtudent who 18 able and 1nterested, we/ have left the way open’ fpr-
Him to aatisfy himself fully that the/properties hcld in all .-

casges, nét Juat in some particular cdses he might try.
) & . \ ﬁ—g‘ﬁ}
Answers to Oral Exercisks 7-4; pages 24lh-2U5:

T —
) s : A 4

1. Yes

2. Commutative . L
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A Pages Ehu;guég"7§4

4 F F c e

3. (a) -2 R N B
(b)) -2+ o o l
2 {¢) -Yes
f&d) .Associative -
h,‘ Two real numbers may be added in éither order. The sum. will
be the same in beth cases, The commutative property may
also be more briefly atated: For any real numbers .-a and
b, B+b=b+a, ’ C
5. Por any real rimbers a, b, and ¢, (a + b) +c=a+ (h+e
A precise word statement of this pPOpEfty becames.qulte =
involved. ’
6. (a) Tommutative = - (f) Associative . . -
(b)  Associative . . (g) Commutative :
(¢) Associative . (h) Commutative and associative
(d) Commutative o (1) ¢ommgta£i§e and assoclatlve
(e) Commutative and  * (J) Commutative and associative
assotiative ; ‘ .

Answers to Prcblem Set 7- 4 pages 245 246:

1.

(8) (3)+ 745434 (=55 = (-5 3) + (5+(5))+7
=7

(14 + 5)+ (7-+(44=1Q
= 20

o el
I

(b) 1%+ 6+ (-7) 4 4 +

[N

v

A3y (-8) + (6 4 2)

(6) 5+ 4-8) + 6+ (-3) +
o + (-3)

%]

(k8]

@ (-8) + 54 6+ (3) = () +9) 6+ (-3)
. + j "

= -1

. ' 4
Here there is no pafticularly easy grouplng. The
student may want to add frsﬁ left to fight mentally,
getting first (-4), ther 2, and then (-1).

(Ga+ 9) + (-17) + (5 ED ny

20 + (- ?D) +. 4
Y X,
) ¥

i

(€) 11 + (-17) + 9 + (=3) + 4

1]

o

il
=
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pages 245-248: 7-4 and 7;5

[ﬁ

CU(f) e+ 24 (-e) 45

]
Q,
+
-~

.t ¢ | ‘ T
(8) r+ 4+ (-r) + (-4)

f o=

(h) r+ 6+ (;r) +- (_;‘t)') EA

éi (a) True

(b) True
(¢) True
(d) False
3, (a) -6 8
(o) -7 / S 10 ] , /
; (e) -9 /o K (h) é!l real numbers %
. '(d) -3 ;;/ : (1) all rea} numbers ﬁ
e ) W j
_ / _ (k) 18 o

7-5. Additién Ptﬁ%erﬁy of Eqpality,

' !
You may regagnize the "Additlon Property of Equality" as tﬁe
traditional statgment "If equals are added to equals, the sums
are equal.’ While we shall have freguent occasiOﬂ to use this’
idea,; we prfEF not to treat 1t as a property Df real numbersf

because it,is really Just an outgrowth of two names for the same

number . Thé name ."Addition Property of Equality" will be a
canvenient‘%ay to refer to this idea when we need to use 1it.

From ranother paint of view, the addition property of equallty
can also Ee thought of asi%eing a way of saylng that the opera-
tion of additlon 1is singl& valued; that is, the result of adding
two ‘glven numpers 15 a single number. 1In other words, whenever
we add,twa given numbers we always get the same result,” There-
fore, Af a, b and c¢ are real numbers and a = hy-fthen the
statéﬁéﬁﬁ "s + ¢ =b + ¢" can be thought of as saylng that the

result of adding the two gilven numbers was the same when they

had Qhe names "a' and "c¢" as when they had the names "b" and "c"

191
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pages 2u8-249: 75 . B

Though this property has more to do with the language we
use 1n talking about numbers than with the aumbers or'the opera-
™ tions upon them, it is clearly a useful tool in flﬁding the truth
sets of sentences, and it wi;l be put to. use in this way in the
next sSection of the text. -

=

Answers to Oral Exercises 7-5; pages 248-249: -

R . - *

*l. The resulting sentence 18 true.

2. The resulting sentence will not be true. The number Pepﬁéa
sented by the right side willl be largerﬁthan the number
represented by the left side. .

3. The resulting sentence will not be true. The same order

g relationship.as in question 2 will exist. .

4, (a) and (c) are statements of the: property.

5. (a) all real numbers
(b) all real numbers \

i)

(¢) all real numbers

6. (a) -5 (1)
(b) 6 (g) -
(e) 11 ot ‘ (h)
(a) -8 _ 1)
o (e) -9 : (J)
7. (a) -7
(b)
(e) 1
(d)
(e)

=

[
VI v I

(k) 7 o
1€ (1) No number need bs

(h) -16 7 added, since by the use of
. ) the assoclative property of
(1) -5 addition, the addition pro-
(1) 1k perty of opposites, and the
N - additlon property of zero,

. the varlable 13 isolated on
- ' , . the left zide. ‘

=N
—~
]
—

[N

bt

Lo

WO

-
o=,

]

Ang,gés Lo Problem Set 7-5; pagéa 249-250:

1. (a) True (¢c) "False (e) True (g) !TPUE*’
(b} True (d) True (f) False (k) True

192
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" pages 250-254: 7-5 dnd 7-6 S

= ) N : = &

-

'2:; Im this problem we are not interested 1n the studentas' *

7 —iihding the truth set of ap open sentence. The impaftan§>'
‘. thing heré, is for™im to lfarn how to use the addition h
-p?cpért? of equality to obtain an eguiva;ént open sentence,
The student should not take short-euts now. - i} i

(a) add (-4) (£) aad (-6) ‘ ,
(b)" add 6 and (-%), or 2 (g) add (-4) and 6, or 2

(¢) add (-5) (h) add 30 and 10, or 40

(4) ~add e -.° " (L) add ‘3(% +2), or 18

(e) add 2 and 7, or 9 (3)° No number neeé be é@déd;

3. (a) b ; C(r)
(b) 11 (g)
(e) - (n) -
(d) - (1)
(e) (4)

I~3
et [
WUWD 0o e
+

= - .

7-8. Truth Sets of Open Sentences.

‘Later in Chapter 8 we shall learn about equlvalent sentences
and the pérmlssible operations which keep sentences equlvalent.
For the present, howeVer, notice that aii.we éregglaimingrwhen
we apply the addition property of equality 1s that 1if a numbe§
“makes theé original sentence true, it will make the new senteéence
true. We then have a cnance to tesi each number of the truth set

" of the new sentence and see whether it makes the original sentence

tyue. It 1s nécegsary to make thils check every time, untll we
have the more complete reasoning of Chapter 8.

’ Attention is also focused on the fact that the use of the
afidition property of equality with a subsequent "checking" by
substituBton 1is more thania c@nven;ént alternative to guessing.
Tt does, 1n fact, glve us the complete truth set. In other warﬂs;
the question toncerning the possibllity of additional truth ﬂum7:>

bers 1s definitely answered, in the negative, Students may have

" some difficulty in grasping th;s, but should be encourdged to try..

It 1s alsa necessary to Péexaq;ﬁe at this point the general ’

- questlon of the domain of the varlable since our baslc set has-

been enlarged to include negative numbers. 1In Chapter 3 a

E =193 .
() - (
195 o

-1



page 254: 7-6 , ' - .

- ',,' : F L'
caveringxatatement was made tﬂﬂthe effect that unless otherwisze
specified the domaln of the vsriable was to be aasumed to be all
numbers of arithmetic far which the- given serntence hsd meaning
A similar statement 1s made in this section. Since we do not )
wlah\t@ labor the point at this time as far as the student is
toncerned, no further discussion of domaln 1s° presented in the \
text. However, the teacher should be aWare that until multipli- —
eat%an is defined for negative numbers 1in Chapter &8, such ex-+

" pressions as 3x or 5x are, theoretically, without meaning.
Hence, 1n constructing the exercisés and examples care has been .
taken to avoild attachiﬂg a caefficiént to the variable for any

sentence having a ﬁegative truth number.

Answers to Oral Exergis A?T%é; page 25i4:
L= 8 | 615
< (- %) 7 5 + 2, ?r 5 g.
\ 3. ‘f* - 8. (-3) ;
.0 (-3) . 9. =z
- 5. (» | 10. (-2) N4

. ;
Answers to Problem Set 7- éx pages 254-255: : o

1. The form of the studentls anawer, if he does not guess the S/
truth number directly, 1s suggest ed in the examples in this
section of-the text. Parts (a{j'énd (h) are hritten out
in this manner below. ; it .

(a) Ir . X+ 5
then (x + 5) + (-5)

Ko=n

1s true for the
same X -

x+ (54 (-5) = (-3) + (-3¢ "
X+ 0 = (=3) + (-5)
x = (=3) + (-5) _
and x = -8, 1s true for the same x.

. (-8} 1s the truth set Bf the last sentence and sincé

(-8) + 5 = -3 1s true, ([-8) 15 the truth set for

i X+ 5 = -3, o | T
i ‘ 194
‘ £ .
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‘pages 25‘4—*2755:. 7*5; T, /(
< ) (@) > _ |
(¢) (-11} | _
(a¥ (-15) L
(e), (0) | ‘ |
(£) (3]
(g) (-1.50])

(h) If (-5) + 3x + (-8) =15 + (aéD) + 1 1s true fcr'

. some X,
'(15 + (—2@)) +1° is true for
) ) the -same X

1]

]

then ((-5) + 3%) + (-8)
(Bx + (—é)) + (-8)

3% + ((-5) -+ (-8))

o G em)
*oo3x o4 (=13) + 13

3x + (=13 + 13)
3 + 0=9

- 13

1l 1] I
g Ygunt
oW D
T 4+
\ +
——— —
‘ L 1 ]
™ [y}
qu q
TN
+ o+
P

]
I
=
e
+
ot
WM
[}

H
LV . .
!

and 3x = 9 ls‘trueifar the same x.

(3} 1is the truth set of 3x = 9, ]
andégzgc; . (=5) ¥ 3(3) + (-8) =15 + (-20) + 1 is true,
(3}\-1s the truth set of (-5) + 3x + (—8§ =15 4+ (=20) + 1.~

. . .
2. (a) B - (e) -5
(b) 6 co (f) -1
(¢) -1 ' (g) 3.1

(d) 5 - . ' (h) set of all real numbers

=

P

3,  (a).1If 2x + (=5) = -3 ‘%% tpue for some "X,
then (%x + (§§D§3+ 5 = -3+ 5 1s true for the same X
2%+ (—E) + 5) )

2% + 0 = 2
2% = 2 9

-3+ 5°

1 1s the -truth number of 2x. = 2, - - - - - {

and since 2(1) + (=5) = -3 1s true,

1 1s the truth nymber of 2x + (-5) = -
. LY =

S

]
(%]




_pages 255-256: \7-6 and 7-7 * PR

(e) 5 . - (r) 3 :
(¢) -2. SR 5 .
(a) 1 o _(ép g' .
(e) 5 (h) 5 o
- .
7-7. .Additive Inverse. . : D e

At the end of this- section the student may be having his
first experience at aﬁything‘ipprgaghing a formal proof. Hisa

chilef difficulty here 1s seeing the need for such a proof., We
ask the student ta extract from his experiEﬁee the fact that for
every number there 1s another number such that their sum 18 zero.
At the Bame time the student can _equally well extract from his

experlence that there is EEél one ‘such pumber; Why then, do we -

§ecepﬁ qpeffirgésidea from experience but prove the chand? The —

reason is that w canrprove the second. The two ldeas differ in
that one Eiigsbe extracted from experience while the other need
nat be. The exlstence of the additive inverse 1is in this sense
a more baslc idea than the idea that there is cnly one such num-
ber__ Speaking more formally, the existence of the additive

> inverse is an assumption; the unlqueness of the additive inverse
is a theorem. :f@u>are referred to Haag, Studies ;ErﬁatngggtiGS;
Volume III, Structure of Elementary Algebra, Chapter 2, Section
3, for further reading. ' :

At this point we are 8t111l quite informal about proofs and
‘try to lead into this kind of thinking gradually and carefully.
The viewpoint about proofs in this course 1s not that We are
trying ta prove rigorously everything we say - we cannot at this
stage - but that we are trylng to give thé stﬁdénts a little
experlence, wilthin their abllity, with the kind of thinking we
-.-call-"proof". - PoAlt: ffightén ‘them by making a big issue &f it,

and don't be dis:ouraged Af soﬂe students do not immedfately get
the polnt. Discuss the proofs with them as clearly and simply as
You can. We hbpe that by the end of the .year they wlll have some

feeling for deductive reasoning, = better ldea of the nature of.
mathematics, and perhaps a greater 1nterest in algebra because of *
the bearing af proof on the structure. For background reading on
prbafs the teacher 18 again referred to Haag, Studies in

1
S

196
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pages 256-257: .7-T ‘ e 3
' Mathematics, Volum¢ III, Structure of Elementary Algebra, Chapter

2, Sectian 3. . -
= The prineipal emphasis in this section has been on intro-

’ dueing the atude?t to formal proof. Notice, hawever, that the
theorem thrﬁugh ﬂhich thils first experlence 1n pProofl was given
- 48 1tself a gignlf;canﬁ atructural property of the real numbeYs.

1. 5 I A
2. -6 > T gifp\\; F
3.7 ¥

4, -10% .

5. (a) =5 , 7
‘ (b) % +54+ (-5) = 0+ (-5) )

Qc) (-5} » .o,
" 6. FEach is the additive inyerse of .the other.

1o the o |

- (a) -4 (e) =x * .

(b) 9 (r) =x _

(e) -25 (8) -(3m) b
i} (a) 12 ' (h) 5k Al

(1) Either -8 or -(3 +5) or y(ai) + (-5)

(3) =(x+5)

(k) - ((-6) + 3m) i :

(1) ~((-4) + 2y + 5) i
o (m) =-(a + b) '

B (n) =(3m ﬁin) )

(o) ~(by «~ x + 2) 4

Answers to Probled Set 7-7a; pagés 257-259 ~

1. (a) (-2) (e) () / .

“(b) (-17]) ' (£) . (=14} )
(¢) (-7} - (g) (17}
(a) (-7}
2. (a) (3] o (e) (3]
(b) (&) (d) [10]
197 20




* pages 257-259: 7-7 g
: ‘ ¥ - -
(e) (3) + oy
(r) 1) - o —j
(g) (2) o | : i
3. (a) (2) (e) (2):
, (8) (5] Coe) L) '
(c) ffl ( . (&) (1) | YO
(@) (2} s (h) . (-6) <
. " (a) (0] (Sj If  3x + (- 1) = 24 + (-@) is true faﬂ
- o n some X
(b) [E][‘ = théﬂ 3x + ( 1) + 1 = % + (,—4) + 1
- S 1s true for the same . x.
(¢) o) .- e =2t N
o "1 E - - {7} 1is the truth setgﬁfg jx = 21.
() (7). © 7 Stnoe 3(7) 4 (<1) = 24 4 (<B) -1y true
) (7} 1s alsc: the truth set of the
(E) '[%] . ariginal Qpen sentence.
(£) (-1} /f (h) (1)
5. (a) a+ (fa)=o0 . |
I =
(b) X+(55)'515 L
(c) JK + (- g) = : ‘ T
(d) ( (-3 )(X+;)ix2!9 . v _
(e) X -5=x+ (-5)
(f) . yes, yes {
6. If x 1s the number of nickels John ha? then Ux 1is the’ —
numbter of pennlies, and 2x Jds3 the number @f dimes. The )
sentence 1s 5x + Ux + 20x + 7 = gk, x - ‘

7. 1If tgé smallest angle has n degrees, then the latgést
‘angle has 2n + 20" degrees, and n + (2n + 20) + 70 = 180.
8., X + x4 6x + 6x = 112 _ ' 7
where X 1s the number of inches 1in the width

L



._pageg‘259;é54= T-7

L J 7 7 - - ) ) . .
é? . Answers to Problem Set 7-7b; ﬁage 262: : _ SIS
1 Addition praﬁerty af gppasites.
- (34-(-49 + (éz‘:‘)éfﬁ)z@ﬂ%(“) + @+(:>))
e S Y - commutative property of additian
' = {3 + (aMD + 4) + {=3) o
. T assoc ative praperty of additi&n
a;saciativg property of additivn
C T s+ 0) #(-3) .
- - addition property of opposites
(or definition of addition)
=3+ (-3) ' A .
addition property of zero
- - - =0 ’ .
. addition property of opposites
_5: We can conclude that ;<§ + (EAD = (ai) 4-19 hecause of
" uniqueness of additive inverses. ’ .
b ?ﬁe addition property of opposites
5. The additlon property of opposites
4% 6. The theorem on the uniqueness of the additlve iqvérse of a
real number ‘ ’
7. (a) (-a) +(-3) < (e). 2+ (-a)
H \ ; . . -
(D)  (=x) +(~% (£) (-x) +3y .
() (-2m) + (-3) (g) « + D
(@) (z3%x) + (-2v) (h)  (=5x) + (-3)
k]
égg§w2r;'gg Review Problem Set; pages 264-268:
.  (a) 1 (d) -t
To(m) -w (e) 4 >
) fe) 7 (£) 6 .
2 (a) since |-5| > |31, "
'3 +.(-5) = =51 - I3]) = -(5 53) = -2 )




W
e
+
—_

]
[
e
>
L

I
—

I
T

s

-
[
=
=

b)  Since both are negativéj;'(s;"j
. = -(5 + 11) =¢-¥0 .
R * : N o - - . N T B . : .
[\ (¢) Since, |-15} >"fol, 7 .
- . 0+ (515) = -(]-15] - |o]) = -(15 - 0) = -15
. N . ’i‘ .
(d) Since |/Z] = |-V/Z],
‘ ’ u’-/z'*'(_’ﬁ)fs@ -+

(e) “stmce 18| > |-14],” v
BN 18 % (=14) = (18] 5 |-14])

(r) sihce || = R

fl

(18 = 1h) =74

| 7 (=M) + M = 0 )
T ) vstnce. U1 2 1 ‘
: (g) QlﬂSE; |- gl > |§|: ; g
.- : o2y 1. 2 1 2 2 1.3
3 - = == _. - = - = = {2 «+ = - = =
( ﬁi) + 5 -(1- | |g|) =-(5'3 -3 5)
LI TR |
- =-g-gl=-3
(h) Since both are negative, .
(=25) +-(-65) = -([-35] + |-65]) = -(35 + 65) = -100
f(l) ‘Since 12 and 7 are numbers @féarithmetia,
12 + 7 = 19
(J) Since 10| > |-61,
- (=6) + 10 = (]lo| - [-6]) = (10 - 6) = &4
(k) Stnce | =| > 1|,
¥ = >, r -

T

{

1]
oy
=

1

I
P,

v

I

—

]

1]

PIj =

= ~:i§501i - \goo\) = =(201 - 200) = -1

5. (a) 7 ) 9 (k) 1
(b) 3 (g) 105 (1) -6
(e) 5 (h) 6 (m) -6

. (a) 13 (1) 30 (n) 7

(e) 28 () =10 (o) 12

Y, (a }»Trrue (d) True (g) False
(b} True (e) True () False
(¢) TFalse (f) False (1) True

‘ £
i?: 200 ) F
* <0




pages 265-267

5.

(a)

(b)

(c¢)

(e)

- (f)

1

9. The followlng are merely suggested methods.
the

tion easleat for him.

O
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&
8 = “ig(a)

(b)
(c)

(J)

True
False

True

True

True

W
=
—
1
joel

/

assoclativg
of oppoglifes

of zero

fa
[

M =

= O

(d) False for all  x except x = O

K]

ot

[

(1) (11}
(1) |
(k)
(
(

i

=

[

)
m)

5

) o o-11

5

any number

no number

0

pr@péffy of additieon and édditian_pf@ﬁerty

3

Eammu?égive property of addition - K
additdon -property of opposites and aéditi@n property

i

¢

&

5 .
T 1

[

4

agaoclatlive property of additlon and addition property
of opposites and additlon property of zero .

associatlve
commutative
aasoclative

commutative

zZero

1
addition pro
addition,

-atudents

property
property
pf@peity
property

perty of

the difterent

of
of
of

of

addition
addition
additton
addition

oppogltes and addltion property of

opposites,
addltion property of zero and ass

in

However,

the

:

EO&SC){;

teac

ierr should dlscuss

ey

c@mmuﬁativigprapéfty of

clative

ways of commuting and

The student
way that makes the-cghiputa-

N
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pages 267-268*%

EESSOCiatlﬂg the numbers. '
" 7 1 . } v Ne p
! (a) Q!§)+(*§D+T+Q-s)+323 )

——
T
—
n\/-\"’i
bl }|‘ ™
3
—

]
il T
Rl
+
o
[and Rt
+
(]
naf
N
+
1]

(g
B
[

w0

(h)  (=1=10]) + (-=3) + (=]-8]) + ((-15) + 15) = -1
Ry N
10. {(a) If t 1s the number of feet above sea level that the
fﬁj tide registered, t = (-0.6) + 5.1:
(b) If b 1s the number of inches that Dave shot above the
center of the target on the second shot, b = 10 + (-3).

(e) If f 1is the numEE?'Ef feet that the submarine éruised
below sea level after the change of position,
£ o= 254 + (-78). ‘

(d) If x 1s the number @f;aollafs that hls daughter
received, then 2x 1s the number of dollars that his
son recelved, and 3x 1la the number of dollars that

the widow received, so x + 2x + 3x = 50,000.

(e) If x 18 the toftal number of dollars that Mr. Johnson
owed the bank, x > 200. ’ :

58
I'e)
N
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Suggested Test Items . . - v
) ; .
Find a common name for each of the followlng: »
(a). (=4) + (-11) o/, (e) (-¥)+o0 .

(b)) * (-3) + 8 (£) 4((-3) + 1-31) + |-5]
() .4+ (-6) () ©-(<3) + 1(=3)"+ (-5)] .
(a) /k 5) 4.5 (h) % + (-x) / /

P s f'r
Write a cammon name for each of the following, éciﬂg the /
additjoh in the easiest way. 1In each -case téll what properties
you used to make yaur work easler, / :

(a) » (=17) +(3Q + (-83
(b) ((-19) + 183) + 19

) (o) (23 4 (-12)) + (-11)
(a) (‘(_?8) + 1@9) + (;;53)*

If a and b are two real ﬂumbér’,determine whpt er the sum
a + b 18 positive, negative, or zero for Pach of the follcwing
cases 1/
(a) a>0, b0 /
(b) a>0, b<o0, and Ja] > lbl/
(e) a<0, becoO /
. i 4
(a) a<0, b>0, and |al > |§K
(e) a=1"Lb 4o ‘ /
(£) a=0, b<coO *
“(g) a>0, b=20
Conaslder the sentences: 7
A. 34 (-5) = (-5) + 3 ‘.
B. (-8) #+8 =0 -
o () =30 (5B )
/ D. If a=Db, then a+ 2=Db+ 2 .
A :
o E. -(=h) 4 ; /
F. 0+ (-6) = -6 ‘
G (=B) k(3 = (lH s g3
Which of the sentences 1llustrate
(a) the commutative property of ltiplication
(b) the addition property of zér@
203,y .
= ) - 7
20,



( “
J (c¢) the addigion prcpérty of gquality
(d) the fact that the sum of tWo negative numbers
- is the opposite of the sum of thelr absolute
. values
P (e) the opposite of the opposite of a number 1" the
P ‘§' _number itself : g
(i) assoclative property.of addition
g) ;Ze addition property of opposites
. (h) the associatlve property of- multiplicatlon

5. Find jhe truth set of each of the follewing cpen sentences,

J(a) x 2= (@) (-6) + 7 - Y- 8) ra ™
(b) 0=7+n ’ (e) Ix|] + (-2) =
“(e)vm o4 (55) =0 l (£) =x k&igl =0 =

6. When & certaln numbér 1s added to 99, the result is 287,
(2) WTite an open sentence to find the number
(b) Find the number by finding the truth set of the sentence’

. } -
7. Which of the following sets of numberg ls closed under

h addition?

g;:f:- E;’—-& . ' .
ff - (ay (-3, -2, -1, 0, 1, 2; 3}
’ . (b).. &., ,-12, =9, -6, -3, 0)
(c) the Tt ‘of*all negatlve real numbers
J , > L :
8. Describe in terms 3f operations with numbers of arithmetlc,
) (a) ~the sum of 8 and (-3) £
(b) the sum of (-11) and 5 ‘ '
— (c) sum of (=~12) and (-5) . \.
SN, . < , )

9. Wnich of the following sentences are true? Which are false?
3 !‘g

; = f - _ =

(a) 5 + (-5) |4+ (-6)] < [¥] + |-6] ®

(b)  (-3) + 5

g

o
Cam

o

>24 (-7) () (-3) 4 (-3) < -b
{¢) (-9) +3 < (9) 45 () 2h9+ (225.9) < 71|




b=
/
10. (a) A number 1s three more than its additive inverse. Vhat
. is the number® Find the answef to thilis guession by
finding the truth set df an DFEH sentenae, (Hint: If
there 15 a number n such that n = 3 4+ (-n), then
n+n=34+ (-n) +n (whyt), and n+ n =3 (Wwhy?).)
(b) A numbe? 1s equal to its additlve inverse. For what
; & numbers 1z thilz sentence true® Answer thils question by -
finding the truth set of an open sentence. (Hint: If
there 15 a number n  such that n = -n, then
n-n=(=n) +n., Uhy:) ¢
LN
Answers to Wuopested Test Items
d. (a) -15 (e) -4
' (b) 5 (fr) 5
W(e) -2 () 5
, (a) 0 (hy 0
2. (a) (- l7)+(3QT %3)) = (=17) (1583)+3D> commutative property
of addition
= ((-1?)4(5?3))+3@ assoclative property
) of addition
= (~100) + 30
= =70 j
(b) ((s1§) + 153)+15 = (ﬁSE + (=19)>4i9 commutative property .
7 of addition
. = 1834 <('=l9)r;—1§)> assoclative prgperty
- of addition
= 183 + © addition pfaprsrty Df
- i opposites
= 183 additlion property of
¢ Zero '
‘ [
) B - g B o 5
\ (e) (’3 ¥ ( 1 *)) (=11) = 23+ ‘(ee];f)—a(=ll)> assoclativ Eﬂprﬂpérty
," hs E aof ' C_Ld 'j(=
i = 234 (-23) H‘»‘
/ — 7
= 0 additlon mﬁ"qpéfty
of opposites
2 =05 (
0 '
<[y

O
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(@) ((-98) + 1@2) + (=63) = b + (-63)
= =59 There 1s no easiest way
to do this.
3. (a) positive : (e) =zero N
(b) positive ’ (£) negat}%e
(¢) negative () positite
(d) negative '

N

4, (a) none : (e)
(b)  F (1)

() D ()

o g (a) ¢ (h) none

e . ) /
v 5. (a) &) (e)vlxl+ (-2)v2=3 _  *
) (b) (-7) : [x] = 3 Truth .set: (-3, 3)
- o -~ : .
(e) (6] (f) the set consisting of all negative real

b o

g

. (d) (9} numbers and zero

For such numbers |x| = -x;
and 50 x + |x| = x + (-x).
S

28
8 >
9 -99) = 287 + (-99)

88 THe truth set: (188} ;
The number iis 188X‘

¥
7. (a) not closed under addition )
(-3) + {(-2) = -5, and -5 1s not an element of the set

1
——
R
L
o JERVe
I%s]
+
o
I
[
B

(b)

+ -
l‘\ n + =
n =

I

W

W
+ 0
T

H
*__I\

(b) closed under addition
(c) closed under addition
N
8. + (= e~ 1-31
- =8 -
5

L

M
.O«
""h"': e

L




—~
i
e
s
n
s
I
—
+
—
I
W T
L
]

[}
——
[}
ot
o]
+
]
%1
S

O

) False : (d) True
) True ¢ (e) False-
)

True . (r) True,

10, (a) It there is a number n such that

i

1]

+
L

]

n =3

then n + n

]
L
+
I
-
+
=

=A%

L
]
)
+
—
|
138

] and

o] i

, then -n = -

/

i? t%E;TequiFed'ﬁumbéfi

mhﬂ

f n

[t}

is true. Hence,
- -~ P ™
" there 1s alﬁumbéq n such that

n o= =0, ' - oy
then n+n=(-n)+n ?g\J

i

Ca
=
i

Since 0O 1s its own additive inverse,. we have shown

that O 1z the only number wlfth thls property.

o
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AN MULTIPLICATION OF REAL NUMBERS

] L]

This s the gecond of three chapters 1n which the operations
with the numbers-of arithmetlc are extended to the real numbers.
and the DFQQEFEiES‘Gf thege Qpera£1@ﬂs are bfaught out .. You may
want to refer to the statement at the beginnling of the commentary
for Chapter 6 to have another look at the overall plan of these
three chapters, o
Ba ics of this chapter 1s
a
i,

kgfound readlng for the mathemat
i I, Chapter 3, Sectlons 2 _,

n Mathematics, II

o

Bac
}avail ble 1n, Studies

and -

8-1. products, ® - -

—_——e M L]

As 1n the case of addition, the'péint of vieQ here 18 that we =
extend the operatlion of multiplicatlpn from the‘numbers of arith-
metlc to all real numbers so a3 to ptreserve the fundamental
properties. Thils actually forces us to define multiﬁ;icatioﬁ in _
the way we do. In other words, i@faéuld not be done in any other
way without giéing up some of thejpr@gﬁrties. ” ‘

The general deflinitlon of multiplieation for real numbers 1s

© stated ;b terms of absolute values because [a| -and |b] are
.numbggs of arithmetic. The only problem for real numbers is to

determine whether ghe product 18 positive . or negétivel ]

There are-aeverai ways of maklng mulgiplicaﬁion Qf;%Zal
numbers seem plausible. It seems bfstJtD let the cholce of defi-
nition of multiplication be a necessary outgrowth of a desire to
retain the distributive property for real numbers. At two points

vin Sectlon 5—1; priorrté the use of the distributive property to

discover the nature of the products, Eheré appear partial multi-
plication tables, included simply to help establish the plausi- =
bliity of the definitijﬁ Gf‘multiplicat10ﬁ=by permlitting the
student to gee that thrkpegult;?ébtaiﬁéd using the distributive
property are the same as those seen 1n the extended multipfg§2tiaﬁ
table. Note, however, that 1f the 'definition of multiplication is
based on consalderationsa of mathewgtic51 structure, ﬁhé implled v
extenslon of the symmetry of a mz}tiplicétian table must be

QR

",
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pages 270-274: " B-1

regarded only as

Answers. to Oral Exercises H-1a;
1. (a) / O
W) o
(¢) 0
\_Ad) o
(e} 0
2. (a) gJrue
(v) False
(¢) False o
5 (a) true for all values af
{(b) true T all values of
(e) of true tor all value
2
(d} true for all vzig’z of
- (e) not true for all value
(r) not true ror all value
: L] -
< (g) not true for all value
¢
Answers to Oral Exerclses H-1b;
ANSWers Lo L LXerclses b-_9
1. (a) 14
(k' 0 F‘
(e) 14 )
(d) 0
(e} -20
(f i)
() <5
€, £
)= 15 L4
2. .The,operations in (b) and
4 !
not. the operations in (a)’
|
e
-

O

ERIC
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®-

supporting evidence tor the definitlon.

pages 270-271
(1) 0

(g) o0

) -5.2
(1) ©

(1) o

{(d) False
(é)E_Falge
a €
a , s
s al' n (in faet, true ™Mor no
vhalues of n)
m
s o' m (true for no values or
s of a (t?u? for no values of
s off x and \y (true for no
values of x _#
and vy)
page 274
(1) -12
(1) 0
(k) -.32
1,
Qm){4 0 w
(n) -6 /
(o) \'=5 d
{(p) ] !
(¢) =5 ‘
(¢) an be 3o performed, but
and (d).
. ’
I~
10 :
*’L‘,_,:‘
4
I

m

=

)
!



[ *

. K
pages 274;278; 8-1

TN
3. (a)

(b)
(ec)
(a)

(b)?

Answers to Problem Set 5-1b; page 275:

False

False

- ]-2])" names

- (e)

v

ZL-? (a)
— (p)

(¢)
(d)
(e)
(r)
R (
2. (a)

(b)

~

g) I

TPue
Fal?é

True- -

"

Df.]\U\'i

(e) -
(a)

-20

b

I
i

heg)

the number

True

True

Fal

)
i

True
False
False
True
True

False

Answers to Oral Exercises B-lc; page 278:

1.

L T TR M o T o R v

-
— e e e e e
]

oo oo

T,

!
I:“

1
i
QO

= e
Tt

X%

FPd

o O O

yes

The

expressions

name 6.,

&

and

-6,

both



pages 278-280: 8-1 -

.
;; - i ;-\
T4, (a) False (d) True ’
. (b) True , (e) %?ue
(e¢) True & * (f) True
- \ o
- £ .
Answers tq Problem Set S-lc: pages 279-281% ")
. ) - % : el N
1. (a) 40 (£) (-9) (k) 1% (p), 4
’ (b) (-2k) (g) 9 (1) 3 (q) 3.5.
- ~ ] - o ) . . s
(;)g‘ o . (h.) 0. (m) ! (r)g .18
()N (-vof (1) s (n) o (s) .8
: o ‘ L + 1
_ il Q _ - . 4
. (E) ( L74) (j) f%3 - (D) 12 ,
) / IQ )
2 (a} True (f) True (k) False }  True
(b) Palse (g) (1) True {q) False
(¢) False (h¥ (m) False (r) False
5 (d) True (1) (n) True !
(e} True (1) (o) false
3 () (-3) (d) .the set of regl numbers less than
(v) (-3} 6 and greater than 46
(e) [-1,-2) (e) the set of all real numbers except
’ ZEro » ’
! One Integer 1s m. The other integer is n + 4
“Thelr product is 53
The open sentence 1s n(n + 4) = 5
= Possible palrs of integers whose product is8 5 are
% and 5 : =5 gﬁﬁ -1
In eilther of the above cases, the second intéger is 4 more
than the ‘firat. %
Therefore the integéfs are 1 “and 5 or =5 and -1.
- 5 (a) 10 (e)j 120
' (v) 12 (£)" o
o e,
(¢) =20 (g) 7
(a) 6 - (h) 0
6. (a) True (e") False
(b) False (£)” False
(¢) True {(g) True
(d) False (h) True

Il
oo
} I
—
LS
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Ve xi‘, s \ q_“-—-'if;; ) =
pages EBdL;%gé 8-1 e )
. ?(i) I'rue 7 ) .
F (1) Tgue ) o .
(k) tPalze di N
Y1) True S :
) (m) Palse’ (Here student should note that The left side

- ' “Th, the equatlion 15 a- positlive number and the

;1de' a negative number, and thu™t is

- L
ecessary to silmplify elther side further
e

(n) Palse )
- : S
- ;(0)  True a ) |
(p) False /| - L
(a) True E - )
-l )
1 n . .
7 (a) f—a, =0, =0, =7, -2, -1, 0, 1, Z, 3, ”\ 6, 93 . .
(p) no i . .
(Q) Ves —_— , )
no ‘

(¢) no. The product of any™wo negatlve numbers is positive,

- . el & . 2 1 1 1 .
9- (’E‘) {E"’éiﬁ,j‘?i =lj‘f1=,=§_

et
1 st
”
=]

I,_l
—
1
o
—
I
T
et
|
i
—
i
I
hat
—
i
— -
1 o
W T
s .
—
1
|-
—
1l
-F
T
T
o =

2. (=8)(=2) = |-y e)-2 5. (0)(-2) = Jo] - |-2] )
/ (2)(L) = f2] |+ 9. (w)(-1) = -([8] I-1])
&
U (5)(0) = |5 - |0} 10, (-2)(=3) = |-2| =21
5. (=7)(1) = (7] 1] EURNES T SR T 1
6. (= 2)(2) = -5 - [zl 1. (-1)(-1) = Je1] ¢ |-
217 n
o I
il B
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then ab = Ja| - |biL, :

laif ol N

¥ ":7 N
and . L = O, then ab = lal < bl

cand b # 0, then

[

o B~ |

8-2. Pgpperties of Multiplication ‘ . )

H ‘2‘
Once tne deflinition of multiplication of redl .numbers 1s

.farmuiateéj 1t an Le proved that the properties of multipliéa}ién
I

which held for

set of real numbers.

the numbé;s of arithmetic also hold for the entife

The proot @fvﬁhg multiplication property of one is inecluded
in the student's text . Though 1t 18 probably the easiest
property to prove among the properties dealt with in this section
of thé text, it will doubtless bé%&f‘f"dultj

2y of the proof, but 1t 1s :

for slower students.
The teacher zhould riot expect mas
hoped that the proof zan hbe f@llgaed by the student to the extent
that it will provide an experience to give meaning to thé asser-
tion in his= text that the properties of multiplication for the

real numbers can be proved from our definition of multiplication.

[ad

21

- <15



pas-a 256!’289 L.

Th; prggfg af the aasaciative praperty and the distributive -
property are pat ﬂifficult but are 1engthy -and tedious. The
proof of the cammutative prcperty id gquite brief and 1is given

¥

beluw'_‘

If ‘one or bétﬁ the numbers. a, b are zero,
then ab = ba, by the . multiplicatign ‘property of
‘zero. If a_ and b are both positive or both
nesafife, then

g

ab

la| - fbl, and ba = [o| -+ |al
% s - ’ - . . . .
Skhce |a| and |b| are numbers of arithmetic,
a ' and the commutative property holds for the mul-

‘ti’pliéatian of the numbers of arithmetié,
Bee s e 81 Jol = 101 - lal. "
L HehodF. ,
v s - : ,
- - ' ab & ba .

=.3’§qr these two cases. . .
" 7 If one of a’ and b 1is positive or O and the
fgs“’  other-1s ﬁégative;Uthen

ab,i'é{Ja| . 'Ip]) and ba =-(Jo]| - la]).

, U stnece - © vl _
[ Y RO H N N B CY A S
’:fj; - and-slnce 1f numpérs are equal thelr opposites are éqﬁéi;
A ~Clal - D= -(pl - D).
’ Hence, - - L
) - ab - ba

for this'ca§éxalsér :
Sin:e all pgssible cases have been cansiéeredi then

ib = ba, for any real numbers a and b.

¥ . : * } i

Answers' to Oral Exercises 8-2a; page 289:

1. (a)f'-i" i (@), Z10
(6) -5 (e) -9
_f(c;) 12 : o) -1k
-, 215 =

219 .

o
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i
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‘pages géésggcz 8-2 i . )
(g) 18 () -3 % (o). 1 o
(h) -15 (1)1 L) -6 -
(1) 24 .m0 é "q) -6 )
(1) o {n) -3b a (r) 8 ~

Answers t@ ;gpblem Set 8-2a; pages 289~ 291

1.

()
(b)

(2);

(d)

(e) "

(r)
(g)

(h)

(1)

admmutative property of multiplicatian=

cémmutatlve property of multiplicat}on

assagiative property of multipi;catian

assoclative and commutative properties of multiplication
multiplication property af one R
associative property of mulfiplication and multipli-
cation property of one - A .
assoclative property of multiplichtion and multiplt-
cation property of one - )
assoclative property ¢f multiplication and commutative
property of multiplication, or theiéééoeiative property
of multiplicatlion and the multiplication property of
Zero

‘associative property of multiplication and the commu-

tatlve property of multiplication;‘ar the associative
property of multiplication and the multipl cation
property of zero

distributive prapérty

dfstributivetpfgperty and commutative pfgperty of
multiplication

commutative property of multiplication

e = (g)  -24 (m) 1 (s) -6

5 (h) -36 (n) 13 (t) 1

4 (1) -24 fo) © (u) o
-7 (1) 12 (p) o© (v) (-2)x
-7 (k) -18 (a) 18 (w) 5a
~42 (1) 9 (r) 9

(2)(3) + (2)({-2) (d) (1)(-5) + (1)(-10)
(=3)(-4) + (-3)(=6) (e) (1)(0)+ (1)(-1)
b(a) + u(-5) () (1)(-1) + (1)(1)

W]
[t
Lo



‘pages 2&:% 82’ | T it
@) + ()2 (1) (BT + (2)T)

(h) (-6)(10x) + («6)(-3) (k) (1 '(Sm) + (-1.1)(6m)
LRI (6a)(B) 4+ (-2)(®) (). ((—g)(?x))

!—: N 4 . + (%) (; E)(EID

(a) 2€5+4) () x(9)+(5))

.+
-

) (37 +3) (e A+ 6) f
(). ¥({-6) + (-9)  m) 1(-3)+9
@ AN F ) ) (- 2)a+b) |
T (e) -QgS) + (5)>y .(,j) The distributive property .
' o ’ = 1s not useful to simplify
’ - this problem unlegs a
and ¥y name the same
4 ' ' number. . *

.

Answers to Oral Exercises 8-2b; pag£ 294 ;- *
-2 Y11, tex o+ (-y) '

3 . 12, -x +y

a o 15. =Xy

a 14, =-xy

) 15. xy |
) 16. -x + (-y)

(

(

5 : 17. =x + ¥

5 ’ 18, -a . {
(

(

-2) 19, 0
2) 20. -2m + 4

O W W~ W FW N K
"
oW

FoEE o+ o+t

=

w

Answers to Problem Set 8-2b; pages 294-295:

1. ()~ m check: (-m) + (m) = 0
(br) m o+ (-4) check: -m+4 4+ m+ (=) = (-m) +m+ 4+ (=})
. o » |
(c) 2x +.3° check: =2x+ (=3) + ox + 3

= (-2x) +2x+ (-3)+3 = 0




) BT
v

- e

—_— ' (d) -5y + (—7;3 check: sfmilar to a¥dve

(e) y+x . . check: similar to above
) #

A& -
(£f) 3m + (-%) ~check: similar to above

(&) (%lj(éix + %) check: 5x+ % +(={1=)-(53§¥-§-) 553:*%4 (_55:),,(;%
. M : . . 7 -

.

A

o=

55+ (-5%) + 3+ (= 3)

0 -

(h)}g;g +16x  check: (-8x% 4+ (-16x) + (8x2 4 16x)
R P ="=8%x° + Bx® 4 (ﬁléxlii 16x = 0
(1) (-3¥%) + 7y check: 3y2 4 (-7y) + (-3%) 4 Ty
;'Ef . = 3%+ (-3y°)+ (=Ty)+ Ty,
(J) -(2?‘ + 11) check : s(;(éy:sk 11))1 + (g(fy + 11))-
=2y 411 4 (-2y) + (-11) = 0

]
. o

2. (a) 8y (6)  -x | -
(b) -m 4 (-2) () 3y o TN

S(e)e sk C(1) ek ‘
(@) 1y | (4 sam
“(e) =m+ 3 - (k) - -ky
(r) o (1) emnx

3. (a) ! {%] ‘ (c) 2

- ' () (1) AL (d) the set of all real
' - ’ n numbers

4, If x 1s the smaller of the numbers, the larger is x + 5,- an
-(x + (x + 5)) =17.
Ir -(x + (x + 5) is true for some x,

is true for the same
1s true for the same

Il
)
-~

then -(2x + 5) =
-2x + (=5) =
~2x + (=5) + 5

-2X =

owon
o A I
N NN

+ 5 1s true for the same
is true for the same

I
ny
Mo

1l

|

LR

m_m

BWoOh B b b

‘ N X is true for the same
If x 1s -11, ‘the left side of the first sentence ig
=(-11 + ((-11) +'5). This 1s 17, the same number &s the right

218
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K and -=6. .

5. Let d 'be thé_number of dollars spent by the daughﬁéﬁ;:%,_ ;;j

=

pages 295-297:s 8-2 and Si}-

_ S o : - , . 4 o
- side, 8¢ (-11} 1s& the truth set of the.first sentence,
and the two numbers required in the problem are -11

i

t—hgn e w3 ;‘-;

tl‘ )
4 + (3d + 5) g,

., The daughter spent $11, and the mother $#33.

<l

3

6. Let n be one number, B v e

‘then 3(-n) +1s the othey\number, and

n+ 3(-n)

The numbers are 43 and: -129. 7

,?ﬁ-Ei Using thg,@pltiﬁi;gaﬁignfprpgrti%gi

¥

In this section, there is a series of "subsections", ‘ach of ..

?hieh introduces or emphaslzes a particular kind of simplification

or change in the form of a’phFaSéﬁ All of the processes are
direct consequences of the pf@pgrties of multiplication Just
developed. We wish té!give sufficient.practice with these tech-
niques, but we wish also to keep them closely assoclated with 'the
ideas on which they depend. We have to walk a narrow path between,
on the one hand, becoming entlrely mechanical and losing sighg of
the ideas and, on the other hand, dwelling on the ideas to the
extent that- the student becomes alow and c¢lumsy in the algebralc
mandpulation. A good slodan to follow here 1s that manipulation
must be based on understamdiné, We stress here!agaln that the
student must earn the right to "push symbols" (skipping steps,
computing without giving reasons, etc.)iby first mastering the

..1deas which lle behind and glve meaning to the manipulkatlon of the
- symbols. . .

In callecting terms we want the direct application of the
distributive property to be the main thought. Don't gilve the
i?ﬁfeaaigﬁ that collecting termé 13 a new process. We are avold-
iﬁg‘the phrases "like terms" and "similar terms" because they are
uhnecessary and tend to encourage manipulation without under-
standing. o

ot



- pages 2972295;ﬂ§§i3

vgg gs te gs% Ecerciﬁéﬁ S-Sa,rpages

(g) s12 +: by
.,;»_ _ (b)

6+ 2b. .
—lhng + 5m

2(a + b)
(-5)(a + b)
3(3x + (-4)y)

(a)

"~ (b).
(c)

: ~‘L‘-

—ﬁ—_i"

(d)  (-8) + (<ke)
L (e) (- 38) + (-3b)

@)y
(b)
(é)

2(a + b)
(-5)(a + m)
(=2)(b + ¢)

) (-3) + (-1))e
(e) (=1)(m + (-n)

“(r) (-2

- (8) a{b +m) -
(h)./ Z‘t + )y
'(fi_
(J)
(k)e

<

m(r + 1)
(-
5

s

J(m + n)

1

v

a+b)

o "

-
-

(a)
(e)
(£)

i ;(’2 +‘£)X: »

" (r)

:Either (} U4) 4+ (= 5))

297-298: :

58 + 8al-
0

(e)

or

e,

m(1 + m)

?9@;

The fallawijﬁgjgre all correct:

8-3a; pages 298-300:

\

+ (1) g

Mt

" (m)

. w—,
[

(f) (-2a) & 2b
(e)
(h)
(1)

5m + 5n
8.4a + (-4,8b)

-am + (=cm) -

.E ﬁlt (—EﬂD
3(2a + 3b)
3!§x + (—4yi

i(——<5) C’é’m + (EﬁD.'
5@a + (-50))
3a(3x + 4y)

(1)

(n)
(o)
(p)
Yy
(=2a)(2¢c + 3b)
m(1'+ m)

a@ +(;ED

—
RO -1 ot
N e

does not apply.

At

2k, -2x(1 + (-2))

The distributive property



page 299: 8-3 , R T PEE.
3, In some af the rgblems it is suggeated that the teacher »
. N ingdst that the ‘student fallaw—thé suggeated stepa 1n the -
. solutions ‘given for (k) and - f Pefhaps it would be
. : helpful to. ask them-to identify t L] prapérty that they have
g applied in’ éach step- _
. -
&

5 * 1 . - ¥ x b .
fc)* (9 + 15))a = (-6)a : »
@ (5 +ty =9y :

(e) ((-3) + {-6))m = (-9)m | i
(f) 4a + 3b. Call attention, to the fact that since the f
distributive property does not apply here, the terms
ca%not be collected. - - i r
(g) (4 +.1)a = 5a
) (h) (-5)x + Ey. The terms cannat be ccllecﬁea
S ) ((-6) + Da = (-58) |
’ = - } 2
- (9 ((1)+(4’Da (-5a) , y
(k) 2t + (-%)w + 3t + (=2)w A ;
2t + 3t + (=4)}w + (- E)W commutative property
» , of addition
¢ . (2 + 3)t +=,Gi4) + (!Ei>w distributive property
+ . 5t + (-6)w

(1) (-5)a + (-2)b,+ 6a + 5b

(-5)a + 6a +-(-2)b + 5b commutative property of
v © . addition ’ '

625) + 6)5. + ({-E) + 5)1::*’ distributive property
a + 3b
(m) Up
(n) =-x
(o) 5a+ (-30)
(p) 5m + (=3n) , . «
(@) 58 L
(r) This 1s already in 1its simplest form.

),—*3 . 2 & (;) ) F‘
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péégg éQQsEQD:' 8-3 f .t

12

SR R B L ,
-4 a(db +c +d)=alb+(ec+ d)) Be sure -this problem is-not
. e albl o afn 3 overlocked. Though the . stu-
=alb) +ale + d;, dent might do the next prob-
= ab + a(e) + a(d) 1lem correctly without doing
. e A o s ag Problem 4] this problem shows
. ab +'ac. + ad him that it is the same fami-
- ~ llar distributive property = -
- : which justifies the work of
_8implificdation 1n exercises
such as thoge in Problem 5,

(a) 2k(a) + 2k(h) + 2k(5) T 1
(v) (-6)a + (-6)(-b) + (~6)(-7) v

() ((-3) +'(-7) +10)x -

() S-S)(g'+ b +-ai . o o - B

(e) 5a(a) + 5a(-2) + 5a(-a)

{?i)j Ea(é + 2 + (-1)) :  or,
. \ R i - or,

6.  (a) p | | N

(b) (5) o -

(e) {the set of all real numbers . =

(d) the set of all real numbers - !

(e) " the set of allrpealinumbe}s I o ,Z;{

L

= ]

(£y (-33 = _° : .
BT {;ét xiﬁba the pmallest of the numbe%si Then

| X + kx + é) + (x + b) = 153 %

! . x = 49,

- ' The numbers #re Ug, 51, .53 ¢ : j .- ’}

If n .is the .number of inches in tﬁe;width,

3 | . ¥

(o]

2n '+ 2(n +.1) = 24
. L o 7
and the domain of n 1s the set of positive 1ntegers,

. 22 ; . 22 o .
_The truth set 1s [ﬁf}; but 3= 1s not an integer.

Thus, 1t is not'possible to find an Integral length and
width for this rectangle.

a
[
.

B2
Do
<.




pages 300-303: 8-3 . L
“;'M to Oral gerciaeaf B—B‘b page ;mg _
(a) Eg:lm . ' (i)ifigbg )
(b) 1/ =12xy (3) 3x + 2y
(e) -(x) _ . (k) -6ac
(a) -12a o o " (1) 5mn- o
RO ’ (m) . O
(£) -28xy o _ © (n), 0 e
(g) 15ab N - L v{8) " -2abxy L
] () - . (p) 122°m2
AnBwers to Problem Set 8-3b; page 302:

when the student has worked step by step through a number of
exerclses of this sort well enough to convince the teacher that he
understanda the process, then he certainly should bé permitted to
tske short cute 1n doing this work. The teacher shauiﬂ ‘be ready,
hqwever, wlth occasional quegtians to be sure that the i1deas behind

the manipulation are always on call. , s
1. (a) 85°m . '}ﬂ;:i (3) agbgcxyb
®) w12y ) -oan?x® - -
T Tte) -eaplle (1) 72&21112112 o ; f‘j
' (a) 2hed? ) | (m) -mn?
7 (e) -3c%a ) & ap2c2
(£) -6axy (9 w.s5be .
~ (g) - habed 'sk;(p) 0
(h) -12abxy - (@) -358° + (-2b)
(1) 21am"n? : *
- (c) P
W @) ©

Answers to Problem Set ;téc; page 303:

1. 6x° + 12xz 3. _2m® + 6mn
2, =-18ax + 1%bx b, 3ZImx + 3my
223 ¢
S I
241 -4 \




*

"pages 3034304: 683

5.
'{i 6. -a

20am:+ Sem = =

okt (c32) -
e 4+ 6d

-4ac + (-6be)

. 7. ab + (-2)ac >
,,.ir‘¥8ﬁ{§§w+wdm ~;'}~' - e

9. b+ (-c). 'This exercise and
some gf:thésé which follow
may also be done by use of

: the property that the Joppe-
site of the sum of two real_
numbers is the sum of their
opposites, A

=
i

16; =bx:+ (=2y)

G

gﬂ\nnswera to Problem Set B8-%d; page
T - s = —

1. a~+5a + 6

a~ + (-5a) + 6 e

€+ (-8a) +15
bS +.10b + gai(

2¢ + (-35) *

¢

= oo o,
b
(VI

- Tm + (-8)
(=9m) + 20
2m + 1

~ o
3
-+

S S v s ]
3
+

10. x

11. a

13. x°.+ (-2x)
14}

16. p

224

1

e g
W N oW

o

Dy,

T =I0am + 15an  ~

-

3nex + 4.5m°%y .f‘
o . .

77 i . ) is‘\ V )
(-a) + (-b) + (-c) -
(-b) + ¢ + (-m)

b +d 4+t
bmx + (-6my) + Sms_i\
2

b~ + 7b + (-8)

+ (-7z)-+ 10

My 4]

-z5 + (-192) + 21

o §

2% + (-2z) +1
+ (-6m) + 9
+ 10a + 25

L T v I ]

(-1Da) + 25
Lb + U

a

M
+

b~ +

. 8 +2b + (!bg)

18 + (-9a) + ag
36 + (-a)

8a° + 22a + 15

> 4

+ 10mA + 2n°

12mE

-ac + be + ad + bd

x° 4 (-ax) + (=bx)i+'ab _

x° + (-ax) + (-6a2)

=



:page; 3@#—3& -8- 3 and 8-4 v ) i
7,,-;3 "42a2 +29a + (-21) 3% z° + (-58z) + 6a° 3

3, 2@2; (-11m) + 12 ' 38, 9 + (-uz?)

35, 4m® 4 bmn +no " 39, 6x2 + 13ax + 62

36, Uk2 4+ (-b?) 4o, Ux? 4 (~10ax) + 6a°

. By’ a serieas of examples ang q@;gt;ang, and with the aid g?
_the number line, the exigtgnce and uniqueness of the multiplil-
The student'a ;irat appartunlty ta diacqver that zero has
no multipjicative 1nverae comes in Oral Exercises 8- 4;, Froblem .
- 23... This point 18 emphasized again in the text in the section
»zfellawinj theae exercisea. The gtuéent should understand not
ohly that zero has ‘no multipllcative 1nverge, but also why it ¢
doés not. ’
A The word "reciprocal" 1s not introduced until Chapter
where it is gilven as an alternative for multiplicative inverse.’
At that point the statement is made that the symbol %- ls used
to represent the reclprocal of the number x. Such a pgtspunement
is expedient since the student will not have encountered division
with negative numbers 1hithe,§rEEEnt chapter. Hence, the symbol
L for x < 0 might cause trouble at this stage. In Chapter 10
he full conhection between division and reciprocal can be

ot W

established on a loglcal basisi

Some discussion should bring out the, idea that the multipli-
Just as the additive 1inverse 1s unique.

 cative inverse 1s unique
The uniqueness'of the multiplicative lnverse will be used in

4

subsequent work. !

Bngwgrs to Oral Exercises 8-4a; pages 3@5-366:

1. (a) 1 (£) ‘1 )
(b) 1 @) 1
(e) 1 (hy 1
\ (a) 1 (1) 1 #
\ (e) 1\ ; ' )
f) o o 225 o0
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O RNCE ) OO I B
@ 3 m oy S
’i ) (4) (5) L1y i§1 R
SRR CY RN (1 #

Answers to Oral Exercises 8-Ub; page 309:

"f?ﬁages 3&6;3f¢3 8-4 - h . o =>;

L.

1. 1 : 7. 1fhd alé (1) (1) :'1
; , : and (-1)(-1) =1

23 il N
8. -a

3. Zero has no multiplicative
inverse : v 9. a
4. There 18 no number n such 10. no, zero does not have a -
that n(0) = 1. multiplicative inverse.
5. yes ' yee .
‘6 . no o 11. The product of the two
= . ot numbers will be one.

Answers to Problem Set 8-4b; pages 309-310:

,vg 1. (a) True _ (g) FPalse

~ (p) Palse ' (h) True

Tle) True EY

A

(d) Egiséziﬁja%;ﬁa (1)
(€) True T (k)

(f) Palse : (1)

2. (a) (3) (&)

(b) (- 3) (h)

(c) (5) _ (1)
L@ @ W

e - (k) (3]

226
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B éases 310-312: ;5!5

BfS fultl llaatian Praperti,af Eguglitz -

v

Eﬂth the addition property.of equality - comments for which
7 the teacher may. want to review at this point - and the multipli—
=~ catlon prgperty of equality are concerned with the language with
} which we work rather than the algebraic structure. If a, b, and
c are real numbers and a = b, then the statement “"ac = be"
can be thought of as saying that the reault,af multiplying two -
glven numbers was the same ﬁhen they had the hames "2\ and "e"

as when they had the names "b" and

As in the case of the addition

. “(:_‘."

property of equallty, it 1is

theé usefulness of the multiplication property of equality in

finding the truth sets of sentences
;to the status of a property.

Answers to Oral Exercises 8;5;_p3g3;312:

that justifies its "elevation"

-

1. Using the multiplication property of ‘equality, multiply each

side of the sentence by %,

2. multiply each side>by % 9.

3, " " L % 10.

v, o UL T

5. " nooowo e % 12.
« 6. m e L

8. v v ovowllas
. : \

&

gince %. and 2 are inverses.

multiply each side by 2

L} 11 i 1 ‘;‘5

]
Wl = T o

=
Answers to Problem Set 8-5; page 312: /

various degfees of detall. For the

Gther—exEPcises Gnly the

truth set will be given. 1In assigning exerclses for studenta to

work, 1t probably would be unwise to expect them to wark auf in
detail more than four or five of these exercises. j?rter all, it
h

‘18 also a worthwhile objective to get students to

=

227
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. pages 312-313; 8-5 and 8-6
they can determine the truth sets of open sentences -of this type

i

#

by inspection.

1. 1f there 18 an a such that 10. (10)
d 2a = 12 is true, 11. EET
then th; same ;a makes ¢l2. ([-12)
) -

H~

. . 3(2a) = 12(3) and 13. (
| ' (% * 2)a = 12(%) - and 14, (- F4)
\ 1l - a= 6 - and~

a==6 true. 1

. SE%a:i -25 , 7 G - g.)(“ %Dc = (- g)(%) .
%(g’a) 2 (EEE)% “ ; l ¢ = = @ EY

E_;sS

[ =¥ 1TE’ : = = = :i
t2) T 11~ 5
= - 1

‘(0]
{-7) ; c T
(8} -

(-9]

20. (- $)b = (- )

W~ oo W =

&

(- D3 - D Fy)

8-6. Solutions of Open Sentences.

Equivalent sentences willl be discussed in more detail 1in
Chapter 15. Y@u may wish to refer to this later discussion, in
both text and commentary, before taking it up at this point. The

13 228
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pages 313%-314: B8-6

idea 18 introduced here for linear eguations because the astudent
/EB%probably beginning to be aware of 1t by now and surely 1is
growing impatient with the ehecklng routine. It 1s not our in-
tenticn to dD away with checking altogether for these equations,
but rather to put 1t in 1ts proper pepspectiv - a check for
errors in arithmetic.

It 1is impcfﬁant that the teacher note, and help the student
note, that in the process of solving equations, not all steps
involve directly the equivalence of two equations. Those steps
in which the addition property and multiplication property of
equality are used must ralse the question of equivalence, but on
the’ Othéf hand there may be steps taken with the sole purpose of
simplifying cneémember or both members of an equatign.

Thus in going from

=

[i]

. X + 7 .= X + 15

so Gxa) + (=0 ¢ (1) = xe15) s (50 % (7))

eqilvalence 13 an-lssue because, for example,, the phrase on the

left names a number different from that named by the left member
of the original equation, as the addition property for equality
has been used. But in golng from

Gx+ 1)+ (%) + (-7)

to

]

{(x + 15) + Q—x) + (ETD

2x. = 8,

2

the question of equivalence does not enter the pleture because

all that 1s happening 1s that each member of the equation 1s
being written in simpler form. Both types of steps are important,
of course, and students should be able to gilve reasons for them.

. A prolonged discussicn in the text of the difference between
these steps could have been a dlatraction to the maln 1dea, and
8o the task of emphasizing the distinction 13 largely the
teacher's. Thils 1s probably appropriate, because many natural

. opportunities to point thils out will arise 1n class discussion

throughout the course.

In connectlon wlth the work on equlvalent equations, some
teachers report that classes have found good practice and enjoy-
ment as well in the process of bullding complicated equations

from simple ones by use of equivalent equatlons. For example,

2
‘ p 229
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X = 3 2x + 2 =8
X +1 =14 _ X+ 2+ 7 =847
2(x + 1) = 8 2x 4 9 = 15

N . : ,
{ One of the principal E%asqgg f'or intreoducing the 1dea of

equlvalent sentences at this time 18 the need for them in study-
ing truth sets of inaﬁﬁgliﬁiés, coming 1n Chapter 9. It is
impossible, for example, to "check" the truth set of "x + 8 > 10"
in. the sense that one can check the truth set of "x + 8 = 10",
It 1s important in the former case to know that '"x + 8 > 10" and
"x >-2" are equivalent sentences and so have ldentical truth
sets. Therefore, no "checkingly fieed be done in the 6figinal -
sentence (agaln, assuming no arithmetic errors); the truth set of
"x > 2" 1s the truth set of "x + 8 > 10".

In the first example in this section of the text it is pointed

out that the steps used in golng from the 6rlginal gsentences to
the simple sentence are reversible., Thﬁ%! if there is an x

= 27 18 true, then x = 11 13 true for the

W

such that zx +
same . x; and, conversely, 1If there is an x such that x = 11

e
o]

is true, then 2x + 5 = 27 1s8 true for the same X« Although -
1t 18 not called by this name or afressed in the text, this 1s
the first situation involving "if and-only 1if", and it may be a
good place for the teacher to begin building for this important
concept, especially since the notion is perhaps more easily via-
ualized in terms of equations and truth sets than in the more
subtle proofs which the student may later encounter in other
courses. '

Although the ‘idea 1s not difficult, "if and only if" often
glves rise to confusion. The form always 1s "A AT aﬁd‘cnly if
B", where A and B are sentences. We are actually dealing
nce, "A 1f B and A only if B". The

with the compound senten
ls a compact way to write "If B then A",

sentence "A 1f 8"

and "A only if B" 18 1 way of writing "If A then B".:
e

These conditiocnal sentences are sometimes written "R implies A"
and "A implies B". Some writers abbreviate "if and only 1"

to "iff". The compound sentence then reduces to "A ‘iff B",
The confuslon with "it and only 1f" comes from trying@o remem-

A ber whlch statement 1s the "1f" statement and which

i
I b
oo
» ~,
—s
ol

Y

ERIC
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pages 316-317: 8-6

M 1f" statement. Everyone has this trouble but it is fortunately
ﬁct‘an lmportant matter. What 1s important is that the compound
- sentence "A 1if and only if B" mean3< "If A then B and
1f B then A". '
The precedling remarks are for the béﬂ%flt of the teacher

only. It 1s probably not wise to introduce "if and only if"

formation of equivalent sentences,’'it will no longer be necessary,

iﬂageneﬁai, for him to "go the other way", 1.e., carry out the

;rEVErgéﬁgperatigns. In the first four problems, however, we gilve
iglhim this gxperienée; which mayg as suggeated earller, .help, set’

the stage for an understanding of "if and only 11", .

()

. Ei + (=bx) = 7
‘ 5+ (-4) x =7

C1x =

[ W
~ =~ -~

X =

Going the other way:
x =7
()x = (1)(7)
5+ (=4) x =7 -
5x + (=4x%) = 7
The truth set is [7].
2. (2] 7. (-3) 2. (- %l] 1 ?

7
3 - 9. (-4
0. (52

~
—
bl
L
b
!
——
+= \*‘I‘w
P— ‘».,_.M :
e !
[t ! [ =
W = b
—. s, e e,
b ™ - ]
— b et =
[ -
-
K T = =
= Lo It o o~
] o —
oe 3 1
[V
H -
m‘
o
H\

1
K
My

hot
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pages %*18-320: 8-7

8-7. Productg.and the Number Zero.

The theorem on products and fhe number zero is~pre58hted in
this section in two parta. The first, since 1t 1s a direct con-
sequence of the multiplication property af zero, reguires*Véfy
little elucidation. The second part 1# far less obvious. It 1s

4

pFéVEd here 1n detall for two reasons: one, to dispel 4n the
student's mind the erroneous notion that the first result 1mplies
the second, a common error; two, because of thegsignifica?ze of
the second result in determining complete truth sets of cektain
types of equations. For example, without the second property we
could not assert that 3 and 4 are the only truth numbers of
‘the sentence (x - 3)(x - 4) .= 0. :

Our theorem can be stated in one plece as’an."1f and Daly i

statement as follows: . E

For any peal numbers x and’ y, Xy =0 |1if

and only if x =0 or y = 0. (The use of "or"
here includes the case when both x = 0 and

y =0.) ‘ :

As before, tnis form is not given 1in the text since the two part
approach seems at this point to make for greater clarity.

Answerg to Oral Exercises 8-7; .page %20: ..

1. (a)kxTrue é (e
{(b) False . (f)
(c) True » (g
(d) True ‘ (

(o) (@) (-3}

(b) (o) (e) (-1, -2)

(e) (-1) ) (e, - D

I
—
Lo
e

Answers to Problem Set B-7; pagesa 320-3%23: \

1. . )
)

)
)

(e)
. . (£) (o} R
{0) _ E (g) the set of all feal‘ndmbers
, ) ) :

(o} J
*

(a
(b
(e
(d

i
m
T

e
I
he "
—
L



pages 321-322:. B8-7 | t o
2. . (a) (4) () .
() (3 (1) |
(e) (7) | (1)
(@) (-2) (k)
(e) (~6) 1 @,
(£) () (m) (- g)
(g) (-2 (n) (.91)
3. (a) (-4, -3} m) (0, -2)
(b) (-2, -6) (n) (0, 3)
(e) (5, -6) (o) (0, - 2)
(a) (-10, 5) (p) (o0, %E-] «
(e) (3, 5) (a) (0, 1)
(£) (-9, 9) (r) (0, -1} - ~
(€) (-2 & *(s) (-6, - 3)
= 5*‘ g v - 2
(h) & 2) *(t) (-5, -8)
(1) (3 - 15 *(u) ()
(3) (-3.4, -2.18) “W(v) (3 - 3)
(k) Fﬁs.lij_;ﬁglg] * (W) [_% -24)
(1) (1.75, 2.25}

, ‘ ~

4. Be sure that the students write ‘out the steps carefully in
7 the solutlons. The féllawing method "1s suggested:
(a) If x 1s the number of cents that Mr. Johnion
pald for each foot of wire,
then 30x 1s the number of cents that Mr. Johnson
paid for the first purchase of wire,
and 55x 1s_the number of centa that Mr. Johnaon

pald for the later purchase of wire;



. 4
page 322: , 8-7 ' <{ \

25x 18 the number of cents thaf\the,neighﬁaf

P pald for the wire that he purchased.
Then the open sentence 1s
)f r S0% + %é;gi 25x + 420
T(30x + 55x) + (-25x) = 25x + 420 +.ﬁ;25£)
30x + 55% + (-25x) = 25x + (-25x) + K20 :
- 60+ 55 + (-‘E))x: o + 420

Il

60x = 420
lg%(éo)x :

il
—
g
=
L

x =7 T

@ ‘ Checklng: AL 7¢ per foot,
(7) or 210¢;

(7) or 385¢;

10 + 385) or 595¢.
ES)(?) or 175¢ for

© 30 feet of wire costs (30
55 feet of wire costs (55
Mr. Johnson's wire costs (

': The nelghbor's wire désts
25. feet of wire.
Mr. Johnson's total cost 1s (175 + 420) or 595¢.

Thus 7¢ per foot 1s the cost of the wire. '

el

) 'If n 1is the Iinteger, (n + 1) 1s the successor of

that integer. The open sentence ts = ) 4

=

Chdn=2(n + 1) + 10

@ﬂxf (-2n)) = (2n.+ (-2n)) + 12

? gn = 12
A =
o Lo 110 )
\ é(éﬂ) = f:;(l"—)
n =6
If‘the number. 1s 6; four times the number is -2k,
! ..If the number is 6, 1ts successor 1las. 7, twice the

successor is 14, and 10 more than “14% 1s 24,

Therefore 6 13 the. required f§t2g2fi”

[
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(c) If m~ 1s the number of miles per hour that the
- first man drove, )
then 65m 1s the number of mllez that*the
" first man drove in 5 hours
and 3m 1s the number of miles that the
*2gecond3@an drove 1n 3 hours.
A dlagram similar to the one below may be helpful!
’ ——— ——5m ——— —— ¥4~ —[20 Mi,— — —4

- ; 5m + 120 = 3m + 250
" 8m 4 120 + (=3m) + (-120) = 3m + 250 + (=3m) + (-120)
2m = 130
m= 65

Check: If each man drove at the ratélofr 65 miles
per hour, then
the first man drove 325 mlles in 5 hours,
the second man dtove 195 milles 1n ‘3 hours;
325 4 120 = K5, 195 4 2500~ 4hd:
From here on the solutions are in more compact

form and the check 1s not given.

%' (d) Let ./ be the number of units in the length of the

third %ide

Open sentence: |

N
+
[y
A
i
= 4=
= =

4=
[ I
[
LYo e

[
N
ual

Dy

‘;EL::‘;;




pages 322-325: 8-7

=~ (e) n: the integer ’
v - n+ (n+.1)=1+2n
on +1 =1+ 2n
- The 'more glert students will observe that this sentence
1s true for any integer. -
(£) a: the number of pigs A
ba + 2(a + 16) = T4 :
6a + 32 = 74
ba = 42¢
a= 7
(z) b: the number of hits
10b + (=5)(b + 10) = =25
5b = 25
‘ b= 5
(Gain is 10 1if he hilts and- -5 1f he misses,)
Answers %o Review Problem Set; pages 324-331:
1. (a) -3 (a) -10
(b) 24 (e) o
(c) -25 () 0
2. (a) 8 (e) 24am (1) =24ab
. f - f s
(b)* -16 (£)  -5m° (§) -12bm
fi . ) * , ?
(c} 30 (2) By (k) -H52°
! ' ~2hm h X 1 ¢
! (d) SHm (h) E?ﬁy (l) 0
(m) -60a"mx
. = -
3. (a) 2a + Wb (f) 16a” + (-2ab)
(b) <he + 164 (g) 3a + (-6b) -
(c¢) 42¢ + (-364) (h) ‘4am 4 (-2an)
- ; _ _
(d) =-32am + (-24an) (1) 2bc + 3bd
4

T (e) lf—;;ab + 28ac (3) 5m° + (-10mn)

\ ,
\ 23




' pages 325-327 \ -
- , i
() 10c“ + 20cd (s) 2z + (-25)

(1) 156m + (~24b2) (6) W2 v (- 2w+ 2
3(m\ =%ad + Hed (u) a° + 3a + 2.25 >
(n) a® + 7a 4 12 (v) b2 4 (=4.41)
(6) a2 +a+ (-12)  (w) 67 + (<byz) + (<By)
() m +f£-36) 7 *(x) -6y° + 9yz + (=by) + (-12z) + 16

(@) ¥ (-11y) + 18 w(y) 8m 4 omn 4 2m 4 n + (-1)
(r) ve 4 %y + %

b4, (a)‘ 13x : (k)g 12a + 3c
(b) -13a ’ (1) 6a+ 4 + ¢
(c) 9k (m) 6p + 1lq
(d) 3b (n) -2p + (-6r)
(e) n - (o) =9b ‘
(£) ox (p) © |
(g) -14a™ - (a) 2t + 58
(h) 2a i (r) a+&b
(1) 17p - * - (8) -4m 4+ n+ a
() 0 (t) 7a
5 (a) 2% (@) 12
(v) % (e) 2L
) % (1) 9
" 6. (a) 3(a+b)

(b) =5(c + Q)

(¢) 5(2m + n)
(a) -5(2a + 3b)
(e) n(m + ay)

(£) mey + (-x));




\

(g) 2b(x + 2y); or, 2(bx + 2by)
In Problems (h) through (J)
are acceptable.
(h) 2a(2m,+%n)
(1) =3b(2x + 3w)
() St(a + 20)
(k) =~ g(b +c)
(1) 2.5(m + 2n)
?i (a) True (e)
{(b) False ()
(¢) True (g)
(d) PFalse (h)
(1)
8. (a). True g (h)
N (b) True 1\5 (1)
R (c) Falsge (1)
' - (@) False
\%/ ~ (e) True
(f) True (k)
(gff False (1)
9. (a) Eélsér (£) True
(b) False (g) False
(¢) Tru (h) False
(d) Tru; (1) Palse
(e) False
10. (a) (2} (g)
(b) (5] ; (n)
(e¢) (-4} (1)
(a) @ - (1)
(e) (9] N (k)
(£)  (-8) } (1)

pages .327-329

3

‘oa iy

; or b(2x + h4y).

simllar alternate answers

True

(3) False
., (k) True

(1) False
{m) Tége

| L

)

all real numbers

(0]}

(7}

11}

all real numbers greater
than or equal to &5



pages 329-330
- (m) all numbers less (s) #
: than 1 . )
() (t) (o}
, (w) (1) )
(o) all real numbers . .
greater than 5 {(v) all real numbers
‘and all real numbers
less than (=5) (w) (-4}
{p) all real numbers (x) (o, 1}
(q) (6]} ) - (y) (-7, 2}
(r)  (-3) “(z) (0, -

11. Students should be encouraged to check thelr answers. In

¥ ‘5]

Mo

“original statement of the problem, then, if necessary, in
the open sentence. Here the work 1is shown 1n detail only
for parts (a) and (b). After a while }he students should
be able to omlt some of the steps. -

(a) i Let x be thej%umbér,g .
Then the open sentence 1s %§

47 ,

W7 + (=5) i

Y2 ‘

IRY

/7 | ¢

Chech: If 21 1s the number, then twice the number It

2Xx + 5
2x + 5 + (-5)
2

b
[}

™
L]
M

-

g 42, and the aum of twlece .the number and

, 5 13 /2 4+ 5 or 47,
ggw N 5 p 5 or T

(b) Let b be the mumber of bushels of wheat each truck
can hold, '
Then 3b 1s the number of bushels one truck hauled
and 4b 1s the number of bushels the other trpck hauled,

3b 4 Ub -
(3 + )b
7b =
b -

3
B
b

g

I
=
O WD

o

il
=
~]
[ D]

(]
ow
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_pages 330-331 /

. )
Check: If each truck holds 70 bushels, then the
Nirst truck hauled 3(70), or 210 bushels,
the secongd one hauled 4(70) or 280 bushels.
Together they hauled 210 + 280 or 490 bushels.

P

(¢) c¢: number of cents that one can of peaches caé%s

2c + 83 = 150 + (=4)

¢ = S% or 31

(a) =x: numbér of degreee 1n the second angle

X + 2x + (x + 12) = 180
X
2x

X 4+ 12 =

I
oo 4=
D

i
[%y]
=

Check: 42 + 84+ 54—=180-— ﬂ 7

e

) ¢
(e) Let t ©be the number of hours that the passenger train

ran before overtaking the freig@t train. Then the
frelght train ran +{t + 1) hours, ‘

60t 1s the numben éh\miles the ‘paassenger traln traveled.
4o(t + 1) 1s the number of miles the freight train

traveled,

o/ 60t = 4o(t + 1)
b . :

gt
i "“-C -
i,
",
—
=
"
o

t+1 g 3
D gzog A.M, ‘
’ 120 miles -

——
DI N
L

(f) et w be the number of feeg\;n the wildth,

"

Wt w4 (2w + 8) + (2w + 8) = 196
& we= 30
68

A 2w + 8

The dimensions are 30 feet by 68 feet. .

(If the student should say or write "w = 30 feet',
remind him that w represents a number, so tﬁgg

240




7
page 331

s width is 30 feet" 418 a statement indicating how
%;%?ﬁg‘a certain line 1s.)

12. ({a) ettt —
5 -4 ' 5

]
fud

1

o

'

I

i

Ly

1

]

¥

Lo ]
o
[
g

(b) ) bt (the null set)

[
S

)
4]

§

S

[]

L

I
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Suggested Test Items , :q

/

1. Find the value of each of the following when x 18 =3,
N 1 .

‘¥~ is 2, a 1s -4, and b 1is 5 -
(a) 2ax + 3by (c) (a +x + (’=;»f))E
— (b) 2ab (-x) + y (d) 2x + (-a) + (-y%)
2. Write these 1ndicated products as Lndlgated sums .
(@) (-1)(3x + by) (@) (5x + (-2)03x + 7)
(b) 3?@? + (-2xy) + x9) (e) @:+ (-4)) (5:& + (-3)
() (x +6)(x +7) (£)  (Fx)(-6xy)

3. Write eacﬁﬂgfétheifollowing as an Indicated product:
(2) 7a + 7b ' (@) 2xy + (-xy) + (=x)
(b) 3m+ 150 C (o) (=B)a? s (<4)xP
(¢) bp + (-7px)

| iy ,
' s <3l e’




> 4, Collect terms in the following.

(a) =z + 3z ’ {c) 4x + (=6y) + 6x + 12y
; (b) (-152) + a ‘ (d) =+ 3y + 7% + (=2y) + Yy

5. Wfité the multiplicative inverse of each of the following .
numbers. ' e

(a)
(b)
(c)

(@ -3 (n) x + (-x)

(gg’ 0
(£) 15+ (-7)|

(&) 3

=
“-Jll Do T TR

[

€. The follewling aentences are true for every a, every b, and
every c¢. . R

ab = ba

(ab)e = a(be)

a(l) = a

a(D) = 0

(-a)(~b) = ab

If a ="5b, then ac = be. .

a(b + ¢) = ab + ac

Qowmom g o e
i}

Which of the sentences expresses:
(a) the assoclative property of multiplicatilon?
“(b) the distributive property?
(c) “the multiplication proberty of equality?

(d) the multiplication property of ane?

7. Find the truth aétiaf the followlng open sentences.
(a)
(&) |-51 +7 + (-5] : |
() =((-5)x 4 7) = 5%+ (-7) :
(@) x| = ¥(-3) + (-2)

)
(e) 2x + 3x = 8 - 3x

.y
=
J‘_

———
1
oo

-
[
=

]

2

=

Ik
’L% e




10.

.4
i
# 5

If a and b are real numbers, state the praperty used 1in
each atep ﬂf the following.

(a ‘+ b)(a + (—b)) = (a + b)a + (a + b)(-b)

, = a4+ ab 4+ é(;b) + (ebg)
= a8 + ab + (-ab) + (ibg)
= = 8% + 0 + (-b°) f
= % + (-b°) .

Find truth séts for the following
graphs, -

(a) 7r+4+3‘rz(4r")+13

(b) by + 2) + (-6)(y + 3) + (-¥) =
(e) 4ix] =18 + (-2]x])

(a) 3(x+(4))(x+(1))

(e) =x(x + 2) =

Write an open sentence for each of the followlng problems.
Staﬁé the truth seta and answer the queatlons.

(a) Two automobiles 360 miles apart start toward each
other at the same time and meet in 6 hours. If the
rate of the firat car is twlice that of the second car,
what 1a the rate Df each?

(b) Four times a certailn integer 1s two more than three
times its suecéssof. What 1s the 1nteger?
. (c) The perimeter of a triangle is 40 inchesf The second
i side is 3 dinches more than the first side, and the
third alde 13 one inch more than twice the firat side.
Find the length of each side.

Which of the following sentences are true for all values of
the variables? In each case tell what properties and
definitions helped you decide.
(a) a + (-a) = © (a) - (x+y)==21(x+7V)

o o -1 - 1
_(b) (73)(-#1.3)(0) = O (e) (-7)(-65) > (7)(63)
(¢) (-5 = - 3 “(f) -5(n + 3) = -5n + (-5)(3)

W

El
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g

(8) |-261] < (130)(-2) .  (h) X+ x =2«
12. Write and solve an open sentence to arswer each of the - .
following.
(a) when a number and twice its opposite are added, the
result 1is . %i For what number is this sentence true?
Write and solve an open sentence to answer, this question.
Tell what propertles you used 1n finding the Ealutian

i of this zsentence.: ) : . ;

ﬁ (b) Two numbers are multiplicative inverses, and one of them'
is one-folirth of the other, Find the palrs of inversea
for which this sentence 1s true by writing and solving
an open sentence,

(¢) The product of a certailn number and its apposiﬁe is the
oppcsité of the square of the number. Find the number
for whilch thils is true by wrliting an open sentence and

o finding 1ts~truth set. )
o . Answers to Suggested Test Items
= 1. (a) 27 (e¢) 81
“(b) -20 (d) 75
2. (a) (-21x) + (=28y) () 15%° 4+ 29x + (- 14)
) A = — ,
. (b) Byg + (-6xy®) + 3x%y (e) EXE + (=23x) + 12
(c) x° + 13x + ke () sBxEy
3. ‘(a) 7(a+bf (@) x(y + (-1))
(b) 3(m + 5ﬂ) (E) 54(82 + XE)
. (e) p(v+ (-70)) L
b, (a) bz (¢) 10x + 6y
(b) -1ka (d) Bx + 5y
A _
\ . 1
5. (8) & (0)
oy L 3
(b) —# () -
244
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(e) Zero has no multiplicative ifverse.

=

(£) % '

(g) 352

(h) Zero has no multiplicative inverse.

6. (é). B o r(c)i P 4
(b) @ T () ¢

7. (a) f35] : (a) (-4, )
() (-5 : (e) (1)
(c) .the set of all real
numggrs
8. distributive property
- distributive property

£

addition property of opposites

‘addition property of zero

(The associative property of addition is also used in the
latter steps, since 1t makes possible the grouping implicit
in these steps.)

9. (a) (1) 321 0 2 3 4

(¢) [%3:3] et

(@) @, ¥

[k
T
£ %

-
-

(e) (-2, 0] ettt —




10. (a) If t.he segand ggr is travel:l.ng r miles per haur, Ehe

Lo thenr. the Eaccnd car t-rgvels Sr milés, and the - first
oL \ car 6(2r) miles. Since the’ ‘number of miles traveled by
S : both cars. together is 36@ we have
6r + 12r =735Cf’_ '
18r = 360 !
: r= 20 B
i 7 - 2r = Uo

The rate of the firsﬁ car 1s 20 m,pglil.;, and the rate of
the second car 1s . 40 m.p.h.

(v) If n - is the 1nteger, n+ 1 18 its successor, and -

bn = 3(n+ 1) + 2.
bne= 3n + 3 + 2
bn = 3n+ 5

n=>5 A

The~integer 1s 5 and 1its sucéessor 1s 6,

(¢) If the first side 1s m 1inthes long, the second side
i8 m + 3 1inches long, and the third side 18 2m + 1
@ .Anches long. Then

m+ (m+ 3)+ (2m+ 1) = 40 . "
bm + 4 = 4o . o
b(m + 1) = 4(10) e
) m+1=10
m=

The first side 18 9 1inches long, the aqviand side 18
12 inches long; and the third side 13 19 “ inches long.

1, (a) True. Addition property of opposites

(b) Multiplicatidn property of zero
(e¢) @ ftiglicat:_t@n property of one
(d) Tru -a = (=1)a _

(e) False.\ (-a)(-b) =

246
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L udf)s; True.. Distr_ibutiVE property:

(" (g) TFalse. , The absolute value of a‘number is alwaya a
el riopsnegative. number, and the product of a
= EI negative ‘number and a pasitive ‘nymber ;s a
i negative number,
" (h) ‘True. Distributive property

12: (a) Let x be the number, then -x 1s 1ts opposite. - The _
.open sentence 1s o o : .
' x + 2(eX) =,

a(-b) = -ab

- -
Distributive property

E
T
a8
1]
e Djw jw Pl

S
. .
R
+
——
1
n
N
1]

X = Multiplication property of
- equality and a(-l) = -a

¥

b

¥
P

The truth.seﬁ is (- %]i : “

(b) Let x be one number and"%x: be the other. The open
sentence 13 :

, The truth set is (-2, 2). The palrs of inverses are

(c) Let x be the number, then -x 1s 1ts opposite.
The open sentence 1s

x(=x) = -x2

) ~ The truth set 18 th * of all real numbers.
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~ Chapter 9
* PF‘DPERTiES OF ORDER . .

, ‘In this chapter theuprapertieézof the -order relation "yg

. less than" are systematicmlly developed. Througﬁéut the discussion
all order felationships are phrased 1n terms of the _symbol_ St )
The 'mativaticm for this ia twofold, 1),to }ceep the defelopment as
uneluttered as pasaible, and 2), to emphasize the faet ‘that we

are essentially éonsider;ng only one arder relation amang the

real numbers. To be sure, in talkingnabaut a given palr of num-
bers,iwe may, and frequently_ do, shift from "less than" to
"greater than! and back ‘again without trouble. However, this i
tends to obscure the idea of order relation and 18 not permiBsible
when we are studylng the order relation "'¢" 1itself. We are
making an issue of- this matter because it is mathematically im-
portant for the student to begin thinking of order relation and

" not just order. . It is not essential that they be able to explailn
it. If the teaéﬁ!r is careful to duscuss the propertiea correct- |
-1y, then the student will autamatically learn to think about an
grder relatlnn aa ;mathematizal object rather than as a con-
venlent way of discuaaiﬁg'a;gairrgf real numbers.

It has been the custom lnmﬁhe past to assert that properties
analogous to those applying to the order "is less than" c¢an also
be "proved" in a similar way for the order relation "is greater
than". Rather than oppress the student with a host of additional
properties, we make instead a simple statement to the effect that
the expression '3 < b may be written in an alternative form
b > a, both expresslons conveyling pfggiseiy the same.rélatianship
idea, namely that the real number a 18 located to the left of

the real number b on the number line.

The student has already been familiarized with the aymbols
of inequality and has used them in c:nection with open sentences.
Thus, certaln developments 1n tpisncﬁapter may- appear to be
repetitive. It is hoped, however;_that the student willl be able
to grasp the distinction between the use of the symbols "<" and
"s" £ form mathematical sentences and a study of the properties
of. an order relation. Again 1in this ghaptef we 1lntroduce some
simple proofs. Considerable care should be taken to prepare the

1
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students for .the presentation 80 that they.might understand the

S S B RN
 pages 333-335: 9-1 ) | ff?’? . '

B E e ¢ ]

significance of the proofs. The teacher may declde to omit some
oft the proofs. This can be done withgut loss of continuity. it
is felt however, that a.strong effort Bhauld be made to present
at leasﬁgoné,cr two of the proofs in class, ’

-

-

9-1. The Order Réiation far Real Numbera.,. ,
. g P .

It 1is 1ikely that a stQéent'a unfavorable reactiﬁh to maﬂ¥
of the prgperties presented in this chapter will stem-from a

Eenae that they are for the most part intuiltively vaiaua The

;ir

comparisan and transitive properties, fen example, mgy geem
scarcely worth mentioning. The teacher, however, shoyld be aware’
of the fact that there are lumped together in our statement of
the comparlison property two distinguishable ldeas: (1) a state-

.ment about the- ianguage of algebra and (2) a baslc praperfy

of order. The first of these merely réc@gnigea that it is pos-

ib
course, the order relaticon does not apply, since there 1s but one

i
[
i

for a and b to represent the same number. Then, of

" number involved. 1If, on the other hand,. a ¥ b, then exactly one

of the followlng 1s frue: a < b, or *b < a. Some authoras.state
the comparison property for a ¥ 3 only, thus stresslng the
order relation, others have ‘termed the property the trichotomy
property, thereby tending to stress the idea that, 1if a and b
each represent any real number, it is always possible to "hang"
exactly one of three symbols between them,ta make a true sentence.
As 1ndicated at the outset dn our commente for this chapter, we
hope 1in our approach to play down the tendency to focus on the
numbersa themselves, and to emphasize the order relation.

In connection with the transitive pfcperty it might be help-
ful to clte some examples, perhaps non-numerical ones, of a rela-
tion which does not have the transitive property. For 1nstance,
the fact that John 1s the father of Sam, and Sam is the father of
Tom, does not impiy that John 1s the father of Tom. Likewise if
John loves Mary and Mary loves Joe, it will not always follow
that John loves Joe! If the student 1s familiar with some ele-
mentary geometry, the relation "1s perpendlcular to" will prbovide
a significant example of a non-transitive relationshlp bEtWEEh‘

lines in the plane.

‘m M
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RFEFi 337-341: - 9-1 and 9-2 - . P
An!iers ta Oral Exerci;ga.g: pgge 337:

In aning Froblems 9 and 1Q¥ the student will very 1ikely
use the verb phrase "is greater than" in reading the sentence
that 18 his anaweri Thus tge student will be more 1ike1y to
eiinch the idea that, glven two' d;fferent numbers, one 1is always
lesa than the other. e

1. ach : LN, 6. -6K 4>( t), .
x:j" 2;;' 7"3 { . ) ’ T mb . )
‘3, X + ( 2) {‘x + 2 - - B b < 5, gince b ¢ =1
I ) ) and -1 €%
%’ y *7('3¥ <y+1 " 9. é_; 4; that 1s, -4 < -a
2: fs #vi(m + @§£Q ‘ 10. O > -¢; ~that 18, ~c < O

Answers to Problem Set 9-1; pages 337-338:

. 16 = : :
1. (a) -5<-2 . (d) % > .3124 ; that 18 .3124 < 355
£ o .. =z ) L{, , ) ) ] I a
(p) - % < = 3 » (e? a>b; that 18 D < a;
(¢) -5< .01 (f) x<x+1 :
2. (a) -a < -2 L (@) y<2 &
S (b)) 2< b (e) -lal <0 o
' () -x<3 (£) 1< x°
3. (a) x+(-1) <3 (d) -(a+Db)<b+(-a)
() o<z (e) =-]-3| <.-2 since 2 < |-3
(¢) 2<m (f) Since a = b, there 1s but one num-
ber involved, and there can be no
argering.

9-2. Addition Property of Order.

The second addition property is introduced as an illustration
of a simple deduction based on two other propertles. Once again
the result may seem "intuitively obvious"

\
A

=

¥

Answers to Oral Exercises 9-2a; pages 340-3L2:

Ai; (a) True (b) True (e) True




pages 341-343: 9.2 s . a
(d) .No decision can be reached. (g) True
More information 1s needed. .
i (e‘ Toue ... . oy (h) True - ‘
(f) True [E ' ! “- 1 (1) Palse °

2. (a) The "=", relation does have the transitive property.

If B-5m=3 and3 = b -1, theh " B -5mk -1,
(v) The relation ">" has the transit;ve praperty
" If 7T >3 and 3> §1 ‘then 7 > -1, »

£l

(¢). The relattion # does not have the transitive’ property.
i B#£T7, and T # ? +'1, but 8 =27 +1.. t

‘This particular exereise provides a gaad appurtunity for the
tegeher to point aut that 1t~ réquires only one, perhaps Eamewhat
isolated counter-example xo prove that a property*ﬁaes not hold.
The student may easily be led to believe that the relation i
is transitive since it would appear to work 1n all cases in which
the original choice of ¢ was such that e # a to begin with,

He may also be suspiclous of the glven anawer on the ground that
the hypotheses look 1ike a¥b and b ¥ &, with no ¢ involved.
Here again, it mhy be necessary to reaffirm the fact that dif-
ferent letters may be names for the same number. -

(d) If a and b are any two different real numbers, then

one of the statement, "a < b" and "b < a", 1is true
and the other is false,

3. (a) > (e) < (h) <
(b) < (£) 5 (1) <
(e) > (g) </ ‘ *(J) <
(d) <

Anewers to Problem Set 9-2a; pages 342-343:

1. "(a)
(b)
(e)
(d)

(e) MNo decision can be made.

WM MM,

More 1inf ion 1s needed.

S

41_]



" ous justification.

-

e Voo
. o | -
pages 343-346: 9-2 ,
(r) < . v , ) L U
(8) < Since a+2< -1, -1<0, and ‘0<Dd ]
.. - (n) Gan't tell since c could be positive, 0, or negative.
" (1) < 18 problem anticipates the work at the cl&se of ,
SecWon 9-2. .
b < t
2. ,‘(5) alBe, 3 + 4 -%:E— + 4 I 7
(by rue, )
(¢) False, :
. /
: l(e) False, . =
T (£) frue,
(g) True,
. (h) False,
(i) mEj = ir - ]
() True, (-3 = (-3

Pages ::543 345, Here and in Section 9-3 the concept of
equivalent inequalities 1s presented without an attgmpt at rigor-
A more detalled treatment of the same toplc

is given in Chapter 15.

pages 345-346:

Answers to Oral Exercises 9-2b;

1. (a) No (b) Yes (¢) Yes
2. (a) Add (-3) to each '"side" of the "<" statement.
x < (=4) + (2) + (-3)
(ﬁ) Add 8 to each side; 2n < (-27) + 8
(c) Add (-4) to each side; (-8) + 12 + (=4) < (-3n)
(d) Add (- %) to each sidé; 7+ (- %) +2 + (= %) < 2x
(e) Add % to each side; .8 + 14 + (- %) + % < by

253,
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;0 each side, or add -x ' to each side
= side in two separate steps. '\
_ éagh side. g
. . e terms to obtain ' -4n + 14 < -3n
then \add -4n to each side. i ;
(d) Agd ;:§ + %-\ta each side. - ‘
. (e) .Combine terms to obtain ‘.3 + 3.2y < 3 + 2.2y
’ then add -.3 + (-2.2y) to each side. '
Answers to Problem Set 9-2b; pages 347-348:
1. (a) the set of all numbers 1éss thah 8
(b) the set of .all numbers less than 2
(¢) - the set of all numbers less than O
(d) the set of all numbérs'greater than 0 X
(e) the set of all numbers greater than %% 7
(f) * the set of all numbers greater:thani %
(g) the sét of all numbers less than or equal ta‘gfk
(h) the set of all numbers greater than or equal to %
(1) ¢
(J) the set of all numbers greater than %g
(k) the set of all numbers greater than &4
(1) the set of all numbers greater than -7
(m) the set of all numbers greater than -
(n) the set of all numbers greater than or equal ta’ -1
(o) (-3}
o
(p) (1) ;X%
(q) the set éfxall numbers less than 15
(r) the set agfall numbers |
(8) (-4 '

(t) the set of all numbers less than 5
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?'I,
gea 3&7:3&8 9-2 -
) u TQ)E : e :}' 4 eyt —
- 01 2 ¥4 5 6 7 8 9~
(d) +—o bt - )
-[: 01 2°3 4 5 6 7
(8) d—} -7;":v: ——t——— A
/ﬁ ] -4 -3-2-1 0l 2 34 5 6 '
) e (the empty set)
(p) —t :427 } T
-1.0 1 2 o
o=l 01 g
3. (a) False (b) True (e) True
4, Suppose n 1s the number.

If 5n+3> 7+ bn,
then 5n + 3 + (-4n) + (-3) } 7 + 4n + (=4n) + (-3)
and n> 4. &
If n>u,
then n+4n + 3> 4%+ U4n+3

5n + 3 > 7 + A4n.

All numbers greater than 4.

The teacher should note that we have
the "reversibility" of additlon by a real

asserted here that
number assures
equivalent sentences. Therefore there 18 no need from ‘the
point of view of mathematical theory to reverse the steps
in the proceas of solving the sentence. Nevertheless, golng
throughﬂthe reverse steps does afford the student one means
He may prefer,

to choose several numbers from what appears to be

of checking hils work for computational errors.
inastead,
the truth set of the sentence, and then check these in the
original sentence, but this 1s an incomplete sort of cheakg'
hardly more than an indiéagégn of the plausibility of hils
supposed solution set.




i =

pages 348-351: 9-2 o L e
5. Suppose X 18 the third test score. = .
-If > 90,  Check: 1f x> 9T,
173 + x > 270, 173 + x > 270,
‘ x > 97.

iﬁa_must score higher than 97.

Pages 348-350. The "two-way" connection between the order rela-
tion and addition will play a leading role in -the development of
the multiplication property. It is essential to the proof.

At this point the words e ;g*atiﬂn and 1negualiti are intro-
duced as names for the two types of sentences under consideration.
It 18 quite likely that these terms are already familiar to the
students,

2

Answers té Oral Exercises 9-2¢; page 350:

1. (a) 344a=7 | () .99 + .009 = .999 |
(b) -2 +6 =14 (£) -.3999 = -.4000 + ..0001
(¢) =4 = -5 +1 (8) (x)+2=x+2 ~
(d) —522--%24.;- (h) k+1=(k)+1

2. (a) x< 6 | (¢) m>n :
(b) w<o9.5 (f) x+(-1)<y+2 or
(¢) x<¥y (X + (‘1D +3 >y (x =y)

' () X<y +5 or x+ 2> N

(@) 2x <y (h) k<1 :

Answers to Problem §Et 9-2¢; pages 350-351:

1. (a) -15> - 9
) % > *%
(e) % }ﬁ ; %



. )

S (e) -msé > 35 91 . ? /
i é, 2 *1= N * -
Vo -BBp

7 () 1.47>-0.21 ; 1.68
- \ \:‘ 72 u 3., E . 151 . ) Jﬁ'
¢ P> (%igf _%3.. ™ -
PR ) * w . » B 7-
2. (a) True (¢) True (e) Trug (g) FPalse
"{b)- Falmse - (d) True (f) Trgé (h) True
3. - Addition property of order £y

Addition pfbperty of zero o

a + ¢ names the same number as b. -t
9-3. Multiplieatian Property af Order. : )

A deductive argument is.given to show the plauaibliity of
the multiblicatian property of order. This argument does not -
constitute a complete proof of the property but it does contain
the essential ideas that are involved in the proaf.

A second multiplication property analogous to the second
addition property is included. The results of this are fruiltful
in the study of square roots. They should be noted even though
the student may wiph to silde-step the proof. )
Answers to Oral Exercises 9-3a; page 357:

1. 2a <10 _ 6. -3 <x + (-1)

2. -2b< 6 ’ 7. 15 < -3(a + (sb))

3. =-p< 0 8. 25 < 5a + 5b

4, 3m < 3n 9, a < -4

5. =2q < 10 ‘ 10. -2 < x

Answers to Problem Set 9-3a; pages 357-358: : ,
1. (a) < (¢c) We can't say. (e) <

() > (d) > (£) <

\ ' 257
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pages 357-360: 9-3

2. (a) 15 < -3x (d) -

-
o
e
o
,
1
=
—
]
b
M " st
b M
v

{
!
-——
o
—r
[]
M
A
M
.H.
-
]
N
—r
—
Lo
—_—
e
o,
]

b)) 2 < (1) 2% <25
2

Answers to Oral Exerclses 9-3b; page 360:
1 } 2
1 ? g 6, :?T
2. 3 7. -8
. 5
3 -2 8. Do not multiply. Add
b -2 9. Add -4 ; miltiply |
3 9. 1d -+ multiply by
g : . 1 ) o ] 7
5. " 10. Add -3 ; multiply by

- Answers to Problem Set Qééb; pages 360-361:
1 (a) all numbers less than 3
(b) all numbers less than %
(¢) all numbers greater than f%
(d) all numbers less than 1
(e) all numbers less than -3
(f) all numbers %ﬁ'ar‘gréatéf
&
(g) all numbers greater than -19

O
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pages 360-361: 9-3

3. (a)

(b)
(¢)
(d)

all numbers greater

(o}

el o
|-

all numbers
all numbers
all numbers

2

L 3% (=

(£)
(g)
(h)
(1)
(1)

all numbers

all numbers

,a11 numbers

(2g)

all numbers

4y, If Moe pays x

Joe pays

Ir

Hence, Moe paya less than $125.

x +-(x + 130) <
2x + 130 <
<
<

s
2%

Joe:

Moe:

x

o %

than (-3)

lessa

greater than

or greater

Q]
-
£

greater than =12

less than .31

(x + 130) dollars.

™
-+
[
el
WO
M
| aenl N
Tl W
W

= b
T W
(o)

Total cost L

(- L

EA ALY
bl el

oe)
<

h._l\
jan]
W

o

e

R

D
(e}

.

@]



5. Suppose n 13 the number.

If én + 3 > 7 + kn, if n > 2,
Zn > 4, ) ' 2n > 4,
n >z bn + 3 > 7 + W
The number 1s greater than 2.
6.  Suppose there are x students 1in the class.
ir 3x < % + 46, ' ir x < 23,
2x < 46, 2x < U6, -

x < 23, 3X < X + U6

3 .
There are lesa than 23 atudents.
7. Iff Norma 18 x years old, then M
VT
Bill 1is -+ 5) years old. 2
. . -
If L.+ 5) + x < 23, Ir x < 9,
2% + 5 ¢ a3, ?x < 18,
'x < 18, 2x + 5 < 23,
X < 9 (x +5) + x ¢ 23
Norma 1s less <han 9 vyears old.
Answers to Revlew Problem Set; pages 3635-3%365;
1. (a) False - (f) True
(b) True (g) False
(c) False : : (h) True
(d) True (1) False
(e) True- (J) False
2. (a)  (=B) + 7 < (-2)x-£ (-5),
/ 5 < (=7x) '+ (=5),
and b x
are all equlvalent sentences,.
A Hence, the truth set 18 the set of numbers x such that
s"f % < =4

260
fJ N
~ ‘1,;

O

ERIC

Aruitoxt provided by Eic:



Ty

O

ERIC

Aruitoxt provided by Eic:

bx + (-2) > 5
' Lbx » 8
6x > 8,

&

Hence, the truth

x> = .

Hence, the truth set 1s

x < 0.

< X are

o

Hence, the truth set 18 the

x >

o

Do)

(-6)

[
the set of all numbers —=

(= =)

numbera lesa than
¢
greater

b= L]
— e e et e
o
=
=
(T

WTM
g

than

o
m

—
—

numbers

Pt

than

s
o
=

numbers greater

[,

or

sy

oy

set 1la the set of numbers

the set of numbers X

set i numbers X

less

- ‘1'77 I ,—iL”,,L — R T
- 0 14 2 3 4

are all equlvalent gsentences.

X ‘such that

X are all equlvalent sentences.

all equivalent sentences.

such that

guch that

2
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cage 364

*4, If the rectangle 1s x inches wlde, then

3
it 1s %? inches long.
12 . ,
- If = <6 (where x > 0 because the number of inches in
width 1s positive), \
12 <« 6%, ﬁ‘g
2 < =X, 0 , s .
Hence, the width 1s greater than 2 Inches,
*5, If the rectangle 15 x 1nches wide, then
L 12,
1t 1s = lnches long.
14 153 B .
12 b <22 and 22 <6 (x 1s positive), ¥
bx ¢ 12 and 12 < 6x, )
X <« 3 and S =
Hence, the width 12z between 2 and 3 inchas.
- A 2
6., If x > 0, x>0 .
If x<0, x>0,
T If x £ o, x° 5 0, .
- .
It x 1s any non-zero number, X~ > 0, I =x 1s any real

=

number, x° > 0.

7. (a) 3a® + (aé;éb) 4 3ab

/o Y-
(b) EK(EK + v o+ (;1)> ;. or, E(éx + Xy + (—X)> ;

(f) 6x° 4 Bx 4+ 2
(8) =1by" + 32y 4 (-8)
~(n) e2m(2x + 1 + Ja): or m(4x + 2 + 6a); or 2(2mx + m + 3am)
(1) 6rt + (-12t) + 2r + (-h)
(1) %% 4 dmx 4 im® ,



s pages 364-365

8.

[
-

1z,

O
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(a) =11x
(p)
(ec) ©
(d)

(e) x

m

rat + (-6stm)

+ (=3y) .

If h 1s the number
then 34h and A45h
glving the sentence

X Lsh =
Lsh + (-34n)

n(i5 + (-34))

1lh =

]

o
P
I
W
I
ol ol W

h =

hours.

]
The time requlred was 5%%
: i

7a + 2b ecan't be sgimplified further.

can't be simplifled further.

-

of houra required,

are the dlatances traveled by the cars,

n 1is the number of votes received by Charles.

n + 30 13 the number of votes for

n + (n + 30) =
2n + 30
2n + 30 + (-30)

2n

]

n

I

votes.

I
—
3=
b

Charles ﬁeceived

5

(

Henry.
16
16

Lol

16

Note that the domain of

the variable for this prob-
lem 18- the set of non-
negative integers.)

a 13 the number of dollars left to the aon.

2a 18 the number of dollars 1efE
a + 2a 4+ 5000
3a + 5000 + (~5000)
. s
a
son recelved $1833%.3%3.

ey

t

o the daughter.
10,500.

10,500 + (=5000),
5500
1833 .33

et

o



page 365
(e) -2a + 3 + (-2a) + (-3) 1
(d) 3a + (-2b) ! *
() -2x° 4 x + 1
*13, (a) Prove that -(a + b) = (-a) + (-b).

Proof:
(-a) + (=b) + (a + D)

It

(-a) + a + (-b) + b
commutative property of addition
((sa) + a) + ((Eb) + 6)
assoclative property of addition
0+ 0
addition property of opposites

. 0] '

addltlion property of zero

This means that (-a) + (-b) 1s the additive inverse of
a + b. Therefore (-a) + (-b) 1s equal to -(a + b),
since addltlve inverses are unique.

It

)

[l
o
4
fet
o
oy
T
o]
o
I}
o

(v)

rove: 1f a c
- \

roof: 3 /

m o

a+ac=b4+c¢ glven

addition property of equality

il

a+c+ (=c)=Db+ c+ (=c)
a + (c + (=c)> b + (G + (EG)>
' assoclative property of addition
\ a+0=>b+0
additlion property of opposites
- b .
addition property of zero

u
]

With those students for whtm Problem 13 1s clearly too
difficult as an independent exerciase, the teacher may want to
gé through the proof in &;aasg where students may be able
to work profitably with 1t as a jolnt enterprise. This
procedure 1ls of considerable value to the teacher as well,
for i1t gilves him direct Anformation regarding the degree of
understanding and appreclation of formal prool that his
students have at this stage of the course. .
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We know that the sentence

Suggested Test Items
"o 7" s true.

tences result when both numbera are

(a)
(b)
(e) multiplied
Which of
(g) If a +
(b) If a
(a + 5
a < 4

(c)
(d) 1rf

(e) If a + 2
e L 203
Glven g T T
many statements

as you can,

(a)

A man has three pileces ¢

+ (=

increased by 5
changed by adding -5

by

and 4 » b, then a
<7 and b+ 2 =7,

J

and n. In each part
involving "<"

5

b, then
+ ( E) = b, then b < a.

b <

if you know:

(v) n<

f mefal

*
Lo

ara

a,

about n

true 2

< b.

then

multiplied by
multiplied by,

wnich are false?

of* this problem make as

(¢)

3
‘lgE

each having the same volume.

The gample of 19,1 outwﬁigha the sample of iron.
Which 1s a heavier plece of

gold outwelghs
, gold or
ated hera®

Find the

‘bthelr graphs.

(a)\ x4+ 5 ¢ (-
(bf 2x + (-3)
(@) (-4) + (-
(a) 37 + (-ur)
(e) %n + (=3} :
(L) |:r] > 12

truth ze

the

iron

gample of lead.

nv

etz of the followl
-8) + |-8]
= X (g&)
) ke {2' ¥ ( 7’)
+ 7 29 + (=Tr) +
Zn + 9
:651J‘

What property

2

of real

g open 3e
8 + (-2
o

#

and the given numbers

The sample of

numbears

1s illus-

and draw



6. If p, q and t are real numbers and p < g, which of
the follewing sentencea are true? - af

(a) p+t<qg+t, if t >0
(b) p+t>qg+t, 1if t <0

(¢) pt <qt, 1f t >0 B -
(d) pt > qt, 1if t < O

7. Write an open sentence fer each of the following problems.
Find out all you can about the numbers asked for in the
questlon. ; !

(a) Paul bought a jigsaw puzzle and put it together, only
to discover that there were 13 pieces mlssing. If
the label on the puzzle box sald '"over 350 pleces",
how many pleces were in the puzzle when Paul bought 1%°?

(b) Tom has #12 more than Bill. After Tom spends §3
for meals, the two boys together have less than $60.
How “much money d@éf; Bill have?

(¢) Iff 13 1s added to a number and the sum 1s multiplied
by 2, the product 1s more than 76. What is the

number?

(d) Tom works at the rate of p dollars per day. After
w8rking\ 5 days he collects his pay and spends $6 of
it. If Ye then has more than $20 left, what was his

rate of pay?

discovered that less than 7% of a certailn

{e) A farme 0
kind of seed grew into plants. 1If he has 245 plants,

~

how many seeds did he plant?
8. If m 1is any positive real number and n 1is any negative
real number, which of the followlng sentences are true?
(a) n - m (d) n+m< 2m
(b) 3n < 3m (e) -n < -m

(¢) 2n<m+n (f) =m < -n

T
b )
120

ERIC

Aruitoxt provided by Eic:



1. (a)
(b)
(c)
(d)
(e)
2. (a)
(v)
(¢)

3. (a)
(b)
(c)

L, Blnce the

Answers to Suggested Test

Items

b4+457+5; o0r, 9c<¢1l2

b+ (=5) <7 + (=5) ;

5(4) < 5(7) ;

=5(7) < -5(4) 4 or, =35 < -20
G

o(4) = 0(7) ;7or, 0 =

or,

Falae
True
Palae

No further statement
pn< g

n <

WO~ o=~

number measuring the welght

or, =1 <

3

of 1ron 12 leas than

the number measuring the welght of lead, and the number

measuring the welght of lead 1s leas than the number measur-

v 1ing the welght of gold, by the transitive property of order,

- the number measuring the welght of iron is less than the num-
55 ber measuring the welght of gold. Hen&e gold 18 heavier
than 1ron.

5. (a)

(d)

ERIC

Aruitoxt provided by Eic:

The aet of
numbers le

The set of all real

G .
M
o+
2u e
R

numbers greater than

[

The set

of all real e o

Y SR N i P ] S
——f—) —— L3 r— L r

numbers

The set of all real

greater than -5 -4 -3

numbers lesa than 6

M
1
i
s



(e)

6. (a)
(b)

7. (a)

(b)

ERIC

Aruitoxt provided by Eic:

The set of all real

i 1 1 1 1 1 i I i : I -
numbers greater than 5-4 -3-2- 0 | 2 3 4 5 &
The set of all real g | Cp———
numbers less than =3 =5=4 =3 =2 -1 0 I 2 3 4 5
or greater than 3
True (¢) True
False True
If Paul had p plecesa 1n hls puzzle when he

then -
p + 13 > 350
B > 337

Thua there were more than

puzzle,

5
If Bill had B

dollars, Tom had
B+ (B+ 9) < 60.
2B + 9 < 60
ZB < 51
B < 25.50
Thug B1ll had less than $25.50.
If n 1s the number required,
2(n + 13) > 76.
2n + 26 > 76
2n > 50
n > éi
The number 1s greater than 25.
If Tom worksa at the rate of p do
5p + (-6) > 20.
S5p > 26
. 26
p > 5

B+ 12.

llara

bought 1¢t,

337 pleces left 1n Paul's

per day,



(a)
(b)
(¢)

If the farmer planted p &seeds,

245 < (.70)p.

O

(F2)(245) < (32)({5)p
550 < p

The farmer planted more than 350

True (?

d) True
True {e) PFalse
True (f) True

seeds.



Chapter 10

SUBTRACTION AND DIVISION OF REAIL NUMBERS

\L\':lw

The loglcal structure of arithmefle and algeb?a could be j
developed wlthout even mentloning subtractlon or division. How-
ever, 1t 1s convenlent to have the blnary operations of subtrac-
tion and division, 1f onl'y for ease in writing. Evidently, these
operations must be defined directly 1in terma of the baslc Gpera-L
tions of addition and multiplicatilion. ‘

There are two eoculvalent ways of defining subtraction either
of whileh could have been used here. They are

+ (-b

ig the solution of the open sentence in x,

w—,
et
—_—
i)
1l
[og

R

o

b
a =b +

-

The wrlters of thls book chose the 'irst of these hecause 1t
lends 1tself more readily to the polnt of view that subtraction
er

of a number i3 a kind of inve

m

se operation to additlon of that _

F

number, an operatlon which 1

]
w

already known for numbers of arlith-
metic and must e extended to all real numbers. Thus we have

only to identify subtraction in arithmetic with a + (=b) 1in 4
order to motlivate the defiritlon for all real numbers. This
definition also bullds on tne work done previously with the

which is important 1in 1ts own right, and flts

in nicely wlth the pilecture ofTaddition and aubtractlon 1n the

number line. "
e 4

There are two ways of defining division:
(1)
(2)

In thls case also the flrat method was chosen because 1t parallels

lacg
= ,l
= a,t

n of the equation & = bx, b # 0.

i3 the soluti:

r'j«

ol o
@

the chosen definition of subtractlon and emphaslzes the multiplli-
catlve 1nverse. It should alao be mentlioned that from these
definitlions the various pr@pérties of subtraction and divisilon
flow easlly from earlier propertles of addition and multiplica-
tlon. )

The second method of defining subtraction and dlvisi@d;usss
”aalutian of equatlons” a3 motivation. It has some advantage

when the objective 18 to motlvate extenaions of the number aystem

ERIC
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by demaﬁdlnz that certaln simple equatlons always have solutlons.
For example the equation a = b + x does not always have a sol-
ution in the positive integers (even i a and b are positive
integers) but does zlways have a solutlon when the system 1s
exténded to 1include ﬁhebnegative integera., Simllarly, the
equation a = bx (b # 0) does not always have a solutlon 1n the

integers (even Lf a and b are Integers) but does always
have a uOlgEiGﬁ when the gystém 18 expanded to include the ‘
rational’ ‘numters. <In latgz courses the Iintroduction of the com-
plex numbers 1s motivated by the demand that x“ +a =0 (in
particular x° +-1 = 0) have a solutlon for every a.

The student is motivated by belng aaﬁ&d to describe subtrac=
tion of numbers of arithmetlic 1n %erms of'what muat be added to
the smaller to obtain the larger. whgn it ie esatabllshed that
we must add the opposlte of the smaller, we immesdiately take this
a3 the detinitlion oL subtraction for all real numbers A 3imi-
lar motivatlion tn the detinitlion of division.
Rg;gvpn;kgga subtraction and d}visiaﬂ will be found in

ITI, Section 3.1.
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" We avsume that bhe gtudent 1s famlliar in arithmetic with

'.Eubtfactiﬂg bt trom a by tinding how much must be added to

L £6 obtaln 4. From vhis our knowledge of equlvalent equations
aqulrekly Lleads to adding the opposlee off b to  a.

For the student who has bekn subtracting by 'taking away',
we nope the 1llustratlion of making change will help the transition
Lo oan ad tinive viewoolint o

o L 3 . o
PO - 9 o= 20+ (-9) = 11 .

(- - (w8y) = (=2) = =7
T {
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s
® {J"‘r
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pages 369-372: 10-1

We read "5 - (-2)" as "five minus the opposite of 2".
The first "-" 1indicates subtraction. The second "-" means
"the opposite cfﬁg,_(gf course 1n this case the second could also
be read '"negative 2", If a variable were iﬁfgiﬁéd, however,
.the "-" Would have to be read "the opposite'.) : =

We shall soon want our students to be able to look at a - b
and think of it as a sum, the sum of a and (-b). This is jus-
tified by our definition of subtraction.

You have, no doubt, noticed that we are not using the word
"aign" for the symbol or "+". We find that we do not
really need the yard;'and since 1ts misuse in the past has gaused
econsiderable lacfofl ‘understanding (in such things as ,detting
the absolute value of a number by taking off its sign")’ we pre-
fer not to -use the word "sign" 1n any of our exposition.

- A related pdint that we ghould mention 1s that Wé:dé not
write <+5 for the number (five. :The positive numbers are the
numbers of arithmetic. We therefore do not need a new symbol for
thenf. Thus we write 5, not +5, and the symbol '"+"
only to indicate addition.
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" Answers to Oral Exercises 10-1; pag

+ (-12)) + (-2) -

2+ @+ (-12)))
+ T

8k + 11k

6x + (-2x)

1.0 (a) 5 + (=4)
(b) 11 + (-12) .
(e) -4 + (-8)
(d) =11 + 5
(e) 24 + 8
(f) Ua +7(=3a) 0 4+ 3m )
(g) -2x +°2 672 + (-9#)
(h) Ty + 2y N

s S
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Answers to Problem Set 10-1;.pages 371-373:

1. (a) -(a+7) = (-a) + (-7)  {d) -x" +x+2
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(b) -(a -7)
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page 3725
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(a)

(b)

(e)

" (a)

(e)

(a)
(b)
(e)
(d)
(e)
(f)
(g)
(h)
(1)

(a)

(b)
(e)

(a)

b+ (

- {e)

15 + (-25) = -10 (£) $+%-¢

1321+ 18 = 150 A (g) m %+ (-m) + (-12)
= 6m + (-12)

=12 + 24 = 12 “(h) =Ux + (-2x) + b
= =6Xx + b 7

-Tb + (-12b) = -19b (1) " 2x + (- %;) - 33x

. ¢

=3x 4+ 4x = x (3) T.4m + (~12) + 3.5m
‘= 10.9m + (-12)

2x + 2 (1) =6m

5=-w (k) 4m -3 ’

) (1) 2

x 4 (m) 2a +.2b

1 = 2x (ﬁ)‘ 18

2a - L (o) %ﬁ

-3 (p) 10 - 3a - 2b

-x2 + 2x (@) o©

0 ; (r) 0

X + (‘5) = =4 =

‘X +(-5) +5 = -4 4+ 5

(1)
(-1}
(3
Ao (- %) +x =5+ (- %ﬁ)
- %) + x + (=4) + % + %i = {¥+ (- %ﬁ% + (=4) + % +
2.3, 2,
5(5%) = 5(3)
10
[?f%
[%;]. {,
all numbers less than 9

(f)

10-1

[} Lond



' pages 372-373: 10-1

<

(g) all negative numbers
(h) g
(a) 15+ 8 (g) 5+ (-10)
(b) -25 + &4 (h) 7 + 8 This deserves
(e) -9 + (-6) emphasis since 1t
(@) 22 + 30 relates directly to
(e) =12 + 17 - the definition of
(r) 8+ 5 . subtraction.
If the bullet takeas t seconds to reach the target, then
the sound takes 2 - t seconds to return. Since the dis-
 tances are equal, the open sentence is *
3300t = 1100(2 - t)
3300t = 1100(2) + 1100(-t)

3300t = 2200 + (=1100t)

3300t + 1100t = 2200 + (-1100t) + 1100%,
\ LLoot = 2200
1 L nuene - 1 .
oo X 440QY = igg X 2200
t 2200
- 7765 ‘

The time 1t toakfgne bullet to reach the target was % gec.
The distance then s % x 3300 or 1650 feet. &/
If r 1a:the number of gallone of regular gas, then

500

 (38)

= r 1a the number of gallons of ethyl.

e value of the regular 1s (30r) cents,
: value of the ethyl 1s 35(500 - r) . centsa. . B
e value of the mixture is 32(500) cents.

sentence then is 3

3

The value of tﬂggregular plus the value of the ethyl is

e value of thé mixture —

!
30r + 35(500 - r)
. 30r + 17500 + (-35r)
r + (=35)r + 17500 + (-17500)

32(500)

16000 .
16000 + (-17500)

[

i

275, | o



* 30+ (-35) r = <1500
r = -1500

i syp = - L) ’
s(-5)r £(-1500) .
I T = 300

The number éf gallons of regular was 300. .
There were 200 gallons of ethyl. %\

8. If t -is the number of hours walked by the second man, then
‘t +1 1is the number of hours walked by the first. The dis-
"tance .traveled by the first is 2(t +4), by the second is
3t. Since the distances walked were the same, our sentence
1 .

el v |
o

£l : . . ¢

3t = 2(t + 1)
3t = 2t + 2
3t + (=2t) =2t + (=2t) + 2

t =2

The second man will have walked, 2 héurs when he catehes up
to the first,

10-2. Properties of §p§tn§g§;gg_

The title of this sectlon might seem to be a misnomer,
because we find that saubtraction does not have many of the pro-
perties enjoyed by additlon, such as the asasoclative and commu-
tative properties. ‘- The point is that we always change from 1n-
dicated subtraction to addltion and then apply the-known proper-
tles of addition. Thus, multiplication appears to be diatribu-
tive over subtraction: s

a(b - ¢) = ab - ac
only because multiplicatlion 1s distributive over addition:
a(b + (—c)) = ab + (-ac)

In thia sense, subtractlion can be thought of as having the

properties of additlon, but only because subtraction 18 defined

a8 addition Q§ the opposaite.

7

il



pages 376-381: 10-2

Aﬁsgggg to Oral Exercises 10-2a; page 376: !

1. (a) True (d) False
* (b) True (e) True . s
(¢) True - (f) False

2. (a) -6 (£) -3
(v)! -14 - (g) -1ix
(c)) -8 . - (n) -a
(4) 3 (1) -u2
(e} 2 (3) -10a

| ~ .

Answers to Problem Set 10-2a; page 377:

1. - (a) -58 (8) -6x° - .9x -

() -9a (h) -6x° - 9x - 6xy
(é) gﬁ gngfiE\Tm - 2x +
(4) o : (J) Tm - 2x +
fE) x -5 (k) -3a + 5b
{£) - %?? é‘%;

2. The sentences in (a), (c), (e), and (1)- are true for
all values of the variables.

I
g
e

=

§Aﬁéi§fs to Oral Exercises 10-2b; page 381:

1} (a) -p  [also (-1)b]
B CO IR . J
(¢) Zom ' ’ (
jd) -11x
fe) -3x =
(f) -2x + i\ ,
(g) -a -2b +c¢

(h)- x - 2y
g’(i) X - w

Ly




pages 381-382: 10-2

2. (a) &
(b) x-3-2
(e) 2a-x-7
(d) 3x ¥
(e) -2x + 4
(f) -a + 2 ' 3

‘(E) =3y + 5 | ‘ zﬂgé)
J 5

Answers to Problem Set 10-2b; pages %81-384:

1. (a) =7 + 2x (e) -2 + .01x
(b) -a -0p . (f) %i + 2y + %x - Ey or §x
(e) 4 - 2¢ (g) -3x(2x + 3) or -6x° 9x
(d) . 10a ‘ . (n) -Tm( 3m - 2) or -21lm“ 241hm
i

2, (é) > =X =-2o0r-x~lorl-#%
2y +5 + (~(55 - 3)

(b) 2y +5 - (5y ~ 3) =
=2y +5+ ((-57) +3) \ ‘
=2y +5+ (-5y) + 3
e = -3y +8

(¢) 5a - 10
(d) -5m + n Qdiétributive property)

(e) ,(5m - n) = -bm + ( (rﬂ) (;ppgsite of a sum)
w= -5m + n (opposite of the opposite)

(f) 7x + 3y -~ 4
(g) -6x + 4p

(h) .-100x + x or -90x

(1) 4y - 2 . \
(J) st +8 |
(k) -x(x ='y) = (~x)x + (-x)(-y)

[}

~(x)(x) + xy
= X2 4 xy

278



p#geg 382-386: 10-2

(1)- (9a + 2b - 7) =(3a - Tb + 5) =
9a + 2b - 7 + (-3a) + G(-?b)) + (-5)
= 6a + 9b - 12 '

(m) 3x - x° - x(1 - x) = 3x - xg - x +x°
Q}n) (x = 1)(x +1) - (x2 -1) = x° -1 a(xg -1)
. =0
(o) om® - 6m(m-1) -m =202 - 62° + 6m - m
-,iumg + 5m
(p) (x+2)(x+1) - (x + 2)x ?EKE +3x + 2 = x° - 2x

= X t 2

Another way:

-
[]
L
+
v
“

¢ = (% + E)(? + 1 + (-x))
(distributive property)

>¥ = (x +2)(1) [
- = x 42 L

3, The sentences in (a), (bv), (d), and (f) are true for

(x + 2)(x + 1)

all values of the variables. %
b, (a) (-6) ol g
(0} {-5) () (5)
(¢) set of real numbers
ég;;l ﬁa or greater (h) (2)
(d) 8set of real numbers ]
' less than 2 : (1) #
(e) Bet of real numbers 1 .
equal to or greater (J) [EJ A r

* than =3

5. (a) -2a° + 2b° (d) k - 9k° - 29
; o , , 5 o - \ .
(b) -3x + 5y (e) n° +23n -3
(¢) 9a + %b - 11 3
279
<81 .




pages 383-384: 19;%; ;_, S

8 1if John 1s now. n years old

éiir (3) n
. (b) ? = 6b 1if the boy 18 b yeara}gld and the magp m
*yearg old LR
(¢) 5d = 36 41f d 1s the distande in miles

(@) Z=2w4+ 2 if{ w 18 the number of feet in the width

/ ,
and / 1s thé number of feet in the length
(e) 3(3y) or 9y freet
(f) (1.1)x 1f x 1s the number of pounds of %sndy
(g) 30x + 35(x + 40) Af x 1s the number of gallons of
30¢ gasal%pe
(h) 100(24d) ‘
(1) 15 + 2k 1f k 18 the number of dollars‘I have
. 7. (?(79 r1es ttny %)% 1s the form of the exercise,
Simplifying, .
8n + 8 1 (o N1
G- T T TP R
o - 1
= (2n + 2 - u)§
=1 =1
f’ . 'x L]

Thus n - 1 18‘the simplest general form.

Starting with 2, @ - 1 =1 is the final number.
Starting with 11, 11 - 1 = 10 1is the final number.
Starting w;}h -3, -3 -1 = -4 1s the final number.

, -
8. d 1is the number of dimes
d + 1 1a the number of quarters
2d + 1 1is the number of nickels
.10d°+ .05(2d + 1) + .25(d + 13 = 1.65, or
10d + 5(2d + 1) + 25(d + 1) = 165
104 + 10d + 5 + 25d + 25 = 165
45d + 30 + (-30) = 165 + (=30)
bsd = 135




pages 384-387: 10-2 and 10-3
%% 454 = %% x 135
e i
l1d=73
d=73
The number of quarters is 4.
, /7
9. Let n be the number of half-pint bottles.
Then 6n 4is the number of pint bottXe
39 quarts 1s the same as 2(39) pints

) " 1. ) L V‘
. - 1 6n = 2 39 T
+ 12n = 4(39)

13n = 156
n =12

There are 12 half-pint bottlea. .

10. 11a + 13b - Te - (8a - 5b - 4¢) = 1la + 13b - Tc - 8a + 5b + ke
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11. -98 - fisu - (38 - bt +%u)

]
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=
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1z, (1) . If a =b + ¢
then a + (-b) = b + ¢ + (-D)
and a -b=c¢c
(14) If a -Db = ¢
then a + (-b) = ¢
and a + (-b) + b=b + ¢

and a=1! +¢

10-3. Subtraction in Terms of Distance.

The relation between the difference of two numbers and the
distance between their points on the number line is introduced
here to make good use again of the number line to help 1llustrate
our ldeas.

You are no doubt aware, however, of the fact that (a - b)
as a directed distance and ' |a - b| as a distance are very help-
ful concepts 1in dealing with slope and distance in analytic
geometry. -

281 .
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pages 388—389? 10-3

Answers to Oral Exercises 10-3; page 388:

1. (a)
' (b)
(c)
(a)
(e)
2. (a)
(b)
(¢)
(d)

8 (£) &y
8 , (2)
: | (h)
8 (1)
-4 ' (5 7

o

]
~3

F -z (e) =-x +1 : -
5 - x| (also |x - 5|) (f) |-x + 1]

X + 2 (g) x

|x + 2} - . (h) | x| S

Answers to Problem Set 10-3; pages 389-390:
(3\7

1. (a)
(b)
(c)
(d)

2. (a)
(o)
(c)
(d)
3. (a)
(o)
(c)
(a)
g, (a)

(b)

l - (-5) =6 e)7 3 - 8= -5
-5 - 1=-6" (r) 8 -3
1 -(-5)] =6 (g) 5
-5 - 1| =6 () 5

1]

-3 -(-8) = 5 (e) -8

7T-4=3 (£) 1
5-0=5 (g) &

6 = (=5) =11 (h) 8

x -5 (e) 1

5< x 18 true (f) 1 or 9
x (s

g9

5 1§ true ) (1, 9)

M

e information gilven can be translated:

=

|x - 5| <4 and x > 5.
&
Since x > 5, |x - 5| =x -5,

x must be such that x - 5 < 4 and x > 5,

‘,\4 .

Hence x must be greater than 5 but less than 9.

|x = 5] <4 *and x < 5 ‘ o
X -5 < 4 tells us that x 18 between 1 and 9.
But x shall be 1less than 5,

o

282
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paged 389-390: 10-3
Hence x 18 between 1 and 5.

(e) x 18 between 1 and 9. : .
(4) ' The set of all numbers which are greater than 1 and
less than 9
5. The sentence |x - 4| =1 tells us that the distance between
x and 4 on the number line is 1. The sentence is true
when x is 3, also when x 18 5.

Truth set: ({3, 5)
\

6. (a) .2, 11&];%

ot
-]
;Ii

(b) (4] ! —_—

(o T
5.

(c) (8, 12) —+ — e

(d) all real numbers .
which are greater O—— — = )
than -3 and less > ey | -3
than 3

(e) the set of all real
numbers

L

(f) [21; 1]

(g) # : ” ,

(h) (-22, -16} ~3% -3 -8 0

[

™y

i

5]
o .+~
oy
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“pages 390-391: 10-3 i:a 10-4 S '

7+ Truth set: the set of a1l numbers whieh are greateg than
3 and 1less than 5

T T —————
The graph consists of 311 points whase distance from 4 is
less than 1, Co

8. The set o numbers which are elther greater than 5 op
less than 3, : 7 )
The graph of |x - 4] > 1 would consist - .
of all points whose distance from 4 1s '
greater than 1. ‘

9. The graph 1s the same as in problem 7. The truth sé?s;are'

the same. &
10. |::-3\ X=<3 or x=3 R

Ix] < 3 1% X>-3 and x < 3

x| <3 Xx>-3 and x < 3

x| > 3 X<-3 or x>3

x| >3 X3 or x2>3

10-4, Division.

In a manner analogaus to the uéflnitiaﬁ of subtraction in
terms of addition, we define division by a non-zero number in
terma of multipliecation by 1ts multiplicative inverse. The word

"reciprocal"” 1s introduced to mean the same thing as "multipli-
cative inverse" The aymbol % is introduced to represent the
reciprocal of b; where b 13 a non-zero number.

At this point it might help to draw on the analagy between
the reciprccal (or multiplicative inverse) and the opposite (or

additive 1nverae)

Corresponding to each Corresponding to each non-
.real number x there is Zero number x there 1s

4 unique number y suech & unique number vy such
that x +y = a. that xy = 1.



page 391; < 10-4

ol e \inique number Yy 1s This uﬁiqué: nember ¥y 18
called the opposite of called the reciprocal of

”the number x and 1is. 7 the number x and 18
denoted by -X. ' denoted by * .

L reimom 3 » o
The opposite of the The reciprocal of the
oﬁpasifé of x 18 x: ~ reciprocal of x 18 X:

1 }
;(gx) = X, TE’K, ir 1#0-
% .
For real numbers a, b, c, For real numbers a, b, ¢,
a-ba=c if and only if with b § 0, g=c if end
a=b+c. only if a = bc.
The sum of the opposites The product of the recipro-
18 the opposlte of the cals 1s the reciprocal of
sum: . the product: '
. - 1yl 1 N
(-x) + (=y) = -(x +¥) () =55 M xF0
y and y £ O.
Again, like subtraction, the operation of divislon has no
prgpérties in 1its own right, but when written in terms of multli-
plieation of the reciprocal it can be thought of as having all
the properties of multiplication. Thus
a+b_2a_,b
s ~cT¢c
can be thought of as a Etatéméﬂt that division is distributive
over addition, whereas 1n reality 1t is a statement that multi-
plication is distributive over addition: :
§%§ﬁ£ = (a + b)% by definition of division
s = as% + ba% distributive praperty
_a b ot - ot o d
=tz by definition of divlalon
¥

E
=

PP
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[

AN

Answers to Problem Set 10-4a; pages 392-393:

(a)
(v)
(c)
(d)
(e)
(f)
(8)
(R)
(1)
(1)

(a)
(p)
(¢)

F

Bjo op Pjo

_What

What
What

What

What
What
What

"What
What

what

(a) .

number
number
number
number

number

number
number
number
number
number

do
do
do
do
do
do
do
do
do
do

and (c):

we
ve
we
we
we
we
we
we

we

we'

mEltiply
multiply
multiply
multiply
multiply
multiply

mul€iply b
multiply |

multiply

multiply

(d)
- (e)

by
by

by -

by
by

by 3m

o o o
< <<

ol

ol

hnswers to Oral Exercises 10-4a; pages 391-392:

to

to

. to

to
to
to

‘ to

to
to
to

get
get
get
get
get
get
get
get

get 4
get -£

"What number multiplied by a glves

us the product b?" .

For the others:  "what number multiplied by " b gives us
the product a?"

™Y

Lo T o e S N R Y

a+b

=
M

page
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ol o,

Af c 4.0

(£) -3 " (4) 4, 4 1 assumed to be *
A o L - different from :Zero
() % oA
L , \ - i Y 2
2.. (a) Trde . (d) True o
- (b) False é L “  (e) True®
T (e) False , - (f) FPals
/.?'1 .
3. %% _multiplied q& ylelds', 1" as product.
- _Rfi AIf n 13 a PEQiprEEl of O, then lc.n =1, begaﬁse_theu
; praduct af a number and its reciprgeal shall¥®be 1. ngf'
EEQSEﬂGE O:n =1 has the empty set , #, as its truth st .
There 15 narnUmber which when multiplied by 0 ylelds 1.
‘Anguéfg,gg Oral Exercises 1nggg'pagesrzggfgoez o /
1. (a) True for all values of b except zero; %i 7T=1 "
(b) Not true for any value of a : N .
.-(¢c). True for all values of Db and c and all values of a
. except- zero ) = '
} (d) True for all values of x and a
L (=3)e =6 (- P32 = (- ()

<ok = (-8)(3)

- YWhen. . we - nre 8 oL
.- When.we Bay.. ;Q{ b c

,(f) -True for all Véiluégl of x
(g)*'True for all values of X

except

BoL* D = 2(5) +3

2. (a), 45" /

() - 3

S

ol
—
=T
v
1
T

e —

we imply that b ¥ O.

-3 £



" ‘pagds ¥0O-4OL: 108

(@)
e

()

N

8
T
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no mltiplizéﬁi .
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(b)

(@),

(d)

(o) -

(r)
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6?. m + (m +2)-
' 2m

[ m

o™,

v [
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o
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. The first-number may be any §Eg~inﬁegef ‘
- frém 1 to 39 inclusive. The second is
two more than the first. :

.

T o2x + 1lbx 144
X =9

7x & 63

e

The width 1is @ inches.

Then 7x 18 the length in inches.

8. Let x be Dick's age 'ln years.
Then 3x 1s John's age in yedrs.

(x - 3) + (3x -

(.

3)

3x =

22

]

21

Dick 1g 7 and John is 21
. > |
289




. . = 22 ..
-8 | ~
are 22 and 24 - . : ' e
. i
) The number is’a,
11. . Let the gpeed of the wind be x miles per hour.
*g-ed of the plane 1is 200 - x miles per hour.
Cﬂ?) = 630
. = 20 - . :
. The average speed of the wind 1s 20 mph - .
12. (1)*Prove: 1If a = bc and b # 0, then E o o ,
, ‘Proof: If b # O then ag i1s a real mxmbér. o .
Z ; ‘Then 1f & =be, .
i a % = (be) - %‘- multiplicative prpperty
E - ' of equality
. %z (b %) ¢ assoclative.and commu-
. C - ' tatlve properties of
- multiplication, and .
. definition of division '
‘g: =1 L=
b=+ C
i % = _\:; 7 t
(11)" Prove: If & =c and b # 0, then a = be..
Proof: ‘If % = ¢, then -
) : ' o
a % =c i definition of divisién =~ 7
./
b(a %) = be multiplicative praperty
) C : of equality
—-(—br?f%)a = be - - - -dssociative and commu-
) tative prapertifs of‘
: ‘ o ; multiplication
(l)a = be
- . )
/ ’ a = bc -
i
k¢ ;
Dy
A 7 r
»siq,i‘é“s—*f‘j
4 290
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| /. (v)

Answers to Problem

E(AE) _1% , - 1%_ B
(1) !1}1; _ 12[ .
-l -

o) 33

. ,‘ (a)

(d)

() s

4

(v)
(e)

wing | WOloo )
o =
5 o
ot

-+ .

"
EUTEREC WK TS RS ST WY
‘ +
~ro '
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s
=m0 sdlpe

i

~\
+

Qo
0

1.

- (b)

o
L

(a)

\
§

~a
]

0
O o
]

(c)
(a)
(e)

-

‘
oo sMng
Y| B o) l e U

r“;,xu'\\-”w
A’\‘vw-d'\:

ot
K

-

_ SE})
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1:

(d)

' _ Answers to Oral Exercises '107151; !;piagga 4O4-405:

6 E o
Ta

: 6

(e)
(£) 78

of
W
]

I
ol
]
o
+
o

1]
o
W
ol
+
ol
oj-

1}
—
o
]

w
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o R

-y
i
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|
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[
¥
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2. @A{-3 T ¥

7 P e - g
(r) -2

=
&

® -

" (e)

3n

(a) 0

>a, (a) g—-&(-‘%) =g+ (i%) (d)- §gg+ (?5) =

(e)

I
pr

% (ay 2

(v) % - ) (e) 3%

© 3 3

S - SR -1 I :

)5 | (e)
4

(e)

m+ n

(b) —2 (e) _Ba_

X -y “/ m+ n

(c) ’g%s‘, or” -

Para e s (4) —&

a_+b
) =%
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16“5- C@Qﬂ :REEIEE . : - &' : R H !_

'In this and ths fallﬂwing sectlion we are iﬂterestgd in three

can be pérfarmed

(2) If there 1s an 1ndlcated division, the numbers whose
division 18 indicated should have no common faetér

~ (3) we pr refer - %, to ’% or ;% . .
Thus, to illustrate the first convention we would say that
PE%“ is not as simple as "5, " E;%%ET i3 not as simplé as
“gf; “2§§" is not as simple as ”%?f; but.in§;§?j“ cannot be
Py is not as

i mm =
=

Eimplified.g Similarly, for the second conventlon
LA 1] " 2 no- M
% and 2 + N 1s not as aimple as % . 8im=
ax- + 2a S
plificatians of this kind depend on the theorem whilch states that

simple as

> _ ac

g - E = 5g » ‘the fact that =1 for a # 0, and the property-

(k]

of 1.

- - ’ A

The student has for years been imultiplyjﬁg Qragtiggs"
according to the theorem proved here. It 1slgpt,a new result to
him, but it 18 now a consequence of and 1s diregtlﬁified to oury
definition of division and the properties of multiplication. In
the past he knew how to divide; now he learns Egi he divides in

“this manner. ( R
In the proceas of proving the theorem, it must be =mbablished

that - ( )(3) = Eﬁr’ that 1s, that the produet of t?e reciprocalas -
of two non-zero numbers is the reclprocal of the product of the
numbers. To do thia, use the commutative and assoclative proper-
ties of multiplication: | ol

ba(F)(3) = (b- ) (d- %)
= (1)(1)
=1,

N 1. .1, ,
‘Hence, (%)(%)f is the reciprocal of, bd; 1.e.,

¢

(Es)(g)s%.»a |
v - S e

1 ' ‘:) (} o




pages 410-411: 16;5 ' - = . | v 1

L Notice that we .have become Eglaxed in our use of the wnrd:
"hymerator" and.'"denominator" Althaugh these worde refer to-
numerals, we shalll begin to use them interchangeably for numerals
and numbers, ‘whenever the context 1s. clear.

Answers to Oral Exercise Ezl,iﬁ page 4165 : .
T : ,
1. (a) 35 -3 BEFD =5, x A2
LS - 5 i, *
(b) £(5) = § (g) =(" 2o =%, x%o

»(h) This 1s in simplest form. _,

[
b S
R‘}l\H e
Mt
| 1]

‘ LTk
M=
. <
s

]

.
QO

(1) This is in simplest form.

() E223) -2£2, ) <x+e)<gﬁ)éx+2; \
7ﬂ§§§y§?é Lo Pr ablem Set 1055, pages 411—4122 . ’
1. (a) A, afo0 St () (x-2)(x 4+ b),x 4O "
(b) &, b 40 S b"gl;r'b;ééar;dr#fc
(e) é%? , X #0and m £ 0 (1) %j, x # -1
- (xm # 0 says the same (k)! 2-a, agd
thing as-—x 4 O-and- o~ o » oo Lo
m # 0) (1) x o+, JFO, :
(d) % s # f 1 j (m) -1is in simplea% farm, v # %
(6) 7, x#-2 (n) %, X #1 ) _
(f) 1s in simplest form, (e)” -1, b = é #0 ¢
x A -2 9
. - ° (p) ’13 1#Ef
() x -3, x#-2and x # 3 o ' x%?
’ - - e 294 E



|
h

(a)

*(e)’

o

. numbers except 1.

X(3x) = 6 (Zero is excluded from the domain)

3x = 6 B ' f) - -
=) I _ b L
The value 1 is excluded from the domain sWnce the
left gide of the sentence is meaningless for X = X.
o ) . *;:12 7 . ) g
Ifr X#l, ﬁ 1. , s .

Thus the sentence

. becomes Ix = 3, _
which is equivalent to x = 1. - i)
The truth set is empty simce 1 1s not in the domain:
Excluding the value -1 from the domaln of -x, the
glven sentence 183 equivalent to !
. L N
which 1s equivalent to x = ,
The truth set 1s {1]. ' : . ~ -

|
=

(0) Exclude the value -1  from the domain of x. ™

Exclude the value 1 from the domain of .X.
5 ngé

r 3 .
This means that the truth set consists of all real

Exclgde 0 and 7 from the domaln of X.

3% o \

3). 1 and -1 are
own reciprocals. ‘ y
. Ly

by

m [

ot
T

w

only numbers

\;7717(’ .y
395i§

- / - ‘



: .j- pages. 411432: Tio‘—s and J Eli(}-é?s

77 ‘(E) 72 ~E ;rgx =N S % ,/ No numbers need 'be excluded
" S -, < from the demein of x.
L L lk -6 1 ‘
N SR B L
- 10x - 6 = b
. = )
. (1)

i ] . ’ : t

i‘, 4Let t be the required number of yeare -

. After ¢t - yeere ‘Brown's salary will be 3506 + 300t.
‘After 't -years. Jonee' Eelaff§3'11 be U500 + anf\\\

- . 360(3 + 300t. = 45(30 + 200t

- {9} ~ “
eir salaries will be the same.

AFiam | . = ”~
After  '9 : years :

4,  Let x befsillis}ege in years now.
Then . 2x 1is Bob's age 1in years now.

(:*§)+f(éx+3)-3ﬂ '
: x =8
L Bill ia i? years old. Bob is 16 years old.
= (.I\ - - \x’
10-6, Fractions, S ; ‘ \ "

The main point of tﬁiéteeeticn is to develgt sk1ll in sim-
7p11fy1n5 an expression to one 1n which there 1is &t most one-indi-

cated division,i Thie eeaentially meene that we efe learning t te N

’muitipiy,divide, and add fractions. )

éljie 412. We are agein relezing Sur rigor 1n the use of words.
We shall allow ourselves to use {fraction" for eithef the symbol
or Ehe number, even theugh ceéreetly epeeking 1t meena the symbol.
Thus in the preeeding paragraph a precise atetemqu would have
» sald "to multiply, divide, and add numbers wh;eh are represented
by fractions." .

Now that we have begun toArelex our precision of language,
we shall hereafter, without further comment, feel free to use con-
venlence of 1enguege even when 1t .violates precision of language
ahout numbers and numerals, as ;bng as we are Bure that the

precise meaning will be ur’n:l,er-etenf;:»cii1

296

o\
\L’:‘
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pageg 412- 415 16-6 T

. We define the' word “ratia“ J(Prnblqm Set “410-6Db ) s& part of
the. language in certain gpplicatians We also call an eguatian
‘such as , which equates two ratios, a "progortion". It
seems undeé;rablé at present to digresds.into a lengthy treatment-\
of, ratio and prbpei—*tiag ain“ft 48 just a matter of special

names ‘for familiar concepts. I -~

. Answers to :‘Q;gl, Exercises 10-6a; ‘pages 414-415:

¥ N
= L

b ET; . ) i
oy =L

7. x =1, x §£O0

Answers to Problem Set 10-6a;
1. (a) gu% %%- = 21 \-
() 7 = 75 |

&

n
e ~4~3
PAPY . [HX
, kﬂ‘i\;’ii« \.“ LI

() %2 N
n
(e) 1,

(f) g »nx #0

pagescﬁ15-h17z

“a;é’éb
a;ﬁ'?,é;ﬁg

4

(s)ié—%;n;c-

2
(h) Tx

(1) 5 "‘\ ) o ‘_

(3 - %? , - N

h-p'

() 5

;, X # 0

already in ‘simplest form °

(1)

= rl‘w



‘o
T (a) 3k o+ % = % , () !
o Ty © Truth set:, all real num-
) &?1 bers greater than - %
E n 1. I \ l ; a a
s (b) () . (e) f*;§ 3 5)
() - « . () By - :

=) . .
5. If the freight tyain averages p m¥fles per hgur,%
.then the passengér train averageas p + 20 miles per hour,
% The dia;ggce traveled by the passenger train 1is 5(p7+ 20)
: miles; by the freight train 1s 5p miles,. )
5(p + 20) = 5p + 100 '

! - 5p + 100 = 5p' + 100

=

The sentence 1s true for every value of p. The fréight
traln could have traveled at any.speed whatsoever.

6. If $c was the price of ‘the chair before the sale, then
the discount was (.2)e. ’
The salé prlcé>was the ariginal price less tne discaunt
givlng the sgntence :
. ot ¢ N\ 2¢
- - ST .8¢

¥ c
]

1}

50 - B -!"
30 o ’
30() = 200 |

) i 57.50
7 ~ The obiginal cost of the chair was $37.50)

Ji)si




pages 417-420:u- 10-6 ¢

]

1 ., v g I | o Ty
g 5 a number n 1s the same as gnh + 3. 2

3
IR
R
|
[t
o
+
i,

M
jn
Woow
=
ool
+
e
[win]
—

.
I
el

" The numbé?‘iéﬁsg, . » .

. & . .. e -
b ~ / '
» Page 418. The reasons for the stepd are:

o ~ \& " B 4
. - _1: Defipitlion of subtractiom
L. LEL R . : .
- R S :
s - "E D ;

7.

. Multiplication property of E?e‘ ~

F

'

=
i ‘I\ 1l

=1, 1f a £ o0

Theorem on multiplicatlon of fractions

;a;i

Pefinition of division: L

b U"n W
ofw

Diatributive property

7. _ ,
- 8. Definition of division, and ’% = - %. o

N ) . L LT ) '
The number of steps needed to.do such a simplification wlll vary

U from student to student. After he understands réésﬂﬁf for every
: i [ N A

step, he will scon be able to write

© BX 2% _ 5x%
- -

5 3 £l

= (5% - 6x)%

O b=

D]

1

Answers Egéprggrzxgrciaegl;Dfﬁb; page% 420-421:

“10 (a) 55 6x (@) 2, -za®

oo mj

P ()

d

Lo
™
+
o

(e)

RSN




(g)

o), pEE g P x-wF () 3 ox-2

e o+ e

Y

(a) x ~ (£)
(b) % . (g)
(e) Lm“% (h)

(e) ™HLg20 (1) 7

s

Answers to Problem Set 10-6b; pages 421-424:.

1. (e) 32

(r) 29:-2

. o

o (E)

T

o
[

] 10
N
—
h
N
p—
L
i
L
-

) (e) all numbers greater
() (2] ' than 1 ‘




pages 422-423:  10-6 Yo _ .

(1) (-1) NN
(&) (31 - () -3
(h) ({-10)
4, Let = be:thernﬁmbEf of '4f stamps Mary b@ught.: If she
- was charged the correct amcuhtggthen. & must be a ﬁ@ﬁ%

‘ s 7 ‘ .

negative integer and
' 15(.0%) + .Ols = 1.80 J

q

2

7/ © If there 1s a non-negative integer 8 for which the above
sentence 13 true, then each of the followlng sentences are

true for thils value of s.

[
o

Jus + .Qbs
.Olha -

4g

@]

1]
wn

]
—

3
2

i
J

o

< 222
= ,;JQJ]I .

*,
0]
W

s
1]

Since 333 1= not an integer, she was charged the wrong

amount .
5. He had 12 pénn183; 16 dimes, 22 nickels. He has $2.82.
6. John has $25.

7. If one number 13 y, the other number 18 240 - y.

<
]

3 ranr <
= 2(200 - y)

AN
A
I

= 720 - 3y.
= 90
he numbers are 90 and 150. 4~ .

5
i

It should be pointed égt that another open sentence for this
problem 1s 240 - y = %y . Here you get y = 150 and
240 = y = 90. Agaln you get 90 and 150 as the two

numbera .,

. %30T

e

ERIC

Aruitoxt provided by Eic:
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' pages "23-124: 10- . -

12 + 3x = 27
x =5 ~ /g
The numerator was increased by 5. . . ,%5'J
9. 312
-10. If his father is x years old, Joe 1is %ﬁ years old.
1 5 o= L, o
?X + 12 = E(I + l;) %
A X = 35 N )
S ) o : , L . ;
The father's age 1s 36; the son's age is 12,

\11; Let x be the smaller of the two numbers. Then the larger

number is 7 - X.

]
il
Y

(7 ﬁ:x) - x

(]
[n]

o

The numbers: 2, 5

/f The dum of t4§§;e¢ipracals:

+

[

P roj -

WA W
1
=S

The difference of the reciprocals:

s
)

(a) If there were g girls,
> )

ot
=
o
e}
m
z
E ]
e
m
™
I
it
i
™

=~
W
iy
ol
L
]

o
]

n

—]
I

Hence, there were 1200 gifls in the school .




¢

page 242: 1Dé6 { \
1 N i ' =
(b) f% .800 por 40 radios were defective. .

800 - 40 or 760 radios were not defective.

%%% = f% 15 the ratio of defective to non-defective
w5 . -radilos.
' - The alert student will natice that the number

800 1is unnecessary inLgrmatish ‘If we suppose that
there were r radios in the §hipment, then

1 . o
. == radlos were defective, and
; z0, Ve

—=1r radios were not defective.

- T \J

; | 20 1. ‘
- . "Iy, T19 -,

Therefore the required ratig_ls> %§

(¢) " Let £ bé the number of faculty members.

o . . . f 2
v —_Io7 = 19
- ~ _ 2 i o
I = 151197
/e f = 1:3)5
! ¢ \Hence, there’are 126 faculty members. -
(Fsa =
B nce 2% - 2.X _5 .1 =5 (whe 5 n
(d) . Since 5 ~5x=9° 5 (whe§ X # 0), 5x and
9x are 1n the ratlo cf 5 to 9:; More precisely,

gt
=

-if 5x' £§ §he fL-d% of the numbers that afe 1n the

ratio % , and y 18 the other number, then
‘ 5% _ 5
vy 9
o .1 Dhx e f 23
. Then 9y (=) = 9y(%) ,-
4 y i)
9(5x) =5y , ,
' (& LQ £ aﬂd 9:{ = y'
“ - x R
’ 303 1)), ’

ERIC

Aruitoxt provided by Eic:
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Aruitoxt provided by Eic:

10-6

Hehce,
x
If
If

L=
L}

i
|7

ol= o
o "t

fea fan

Uﬂ\ i

H o
T
Y

i
i

-
(S
W
b

]
tlge

N'”’lm‘

-

the numbers are

1] i [C§

i}

I

i

(8

‘\,@M/ kel -

g

e

I

W3

[l Tent

then

the numbers can be represented by 5x

¥
= 100, the numbers are

&

g

Qe ol
-l
G

55 and 63, // /

/
/

énd gx,

.

/

500 and’ goo/;

Multiplicat}on property
of equality

Definitio /ot division

Assoclative and commutative
prcpertﬂes

Deiini@&@n of multiplicatlve
inversg

%

Multiplication praperty
DT equality

Associative and commutdtive
properties of multiplication

Definitlion of multiplicative
inverse

Multiplication prdperty
of one

Definition of division

i

b fe
&
oo
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Answers to Oral Exercises 10-6¢; page !

(b)

(e)

(d)

(e) X

Answers to Problem Set

1. (a)

(b)

(p)

(c)

(o) N1 W!J Py

16

(52 Ty B el

(f)

(g)

(n) ==

(1) 2%

() 2y

ot

S wjon.

r




pages 428-429: 10-6 ' e

- (d) g { f,, , | ' -

.
¥y
—

I
=L
|
|
|
I
'
I
1
|
I
2
\i
=

= i ¢
Hrd 1 ’
1r_ 1E(=I + t) il =
3. = —— VoL 6x 4+ 3
12 1 -

_ox - 3 ,
T Zx +,°2
- : .
_ 3% - 3
T o2x o+ 2
/
4 (a) ff% ' '(d) -a + 2b - Z¢
lla 1 .
(b) - 75 (&) z5T1y

|
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12y
a——,,
o
e
—
=
-
[
e
o
—
iy
—
-

A (g) the set of all real numbers

.
-
-

7. (f) et I A e A
-1 0 |4 2
( 3

(1) _,;71 { — ;I WI ,l,:l

1
o
[}
5
I
L
I
]
1
O.—

rl
—

I
L
I
oL o
i
el o
P
g

) () ——d

g
£
: H
8. If the sucgessive positive integers are n, n +1, sd

n + 2, then the SEnteﬁée is

n+ @m+1)+ (n+2

A . n = 359 | {

) -

~..The integers are 359, 360, and 361.

g. iet the successlve positive integers be n and n + 1.

gmnen ' g

4

- 2L
_ 12 S
‘The numbers could-be any of the pairs (11, l%ﬁ, (I0, 11),:

Mo N
KA
SN
r“""‘w
‘V
t
|

, (1, E) -,

/ R TR

JU N

=y




) pages 430-431 10-6
10. If the consecutive even 1Integers are n ‘and n + 2,
- then
4 , " n+ (n+ 2).= 46 X
' . : o 2n.a+ 2 = U6 I
N ; 2n = 44
n = 22
: ¥
The numberes aQE*SEE and 24, '
/— - : '
11. If the whole number and its successor are n and n + 1,
- then ‘ s
‘ n o+ (no+ 1) = U5 ¢
L / - 2n + 1 = 45
= v gﬁzgu ’
n = 22 .
. =
Whe numbers are 22 and 23, ,
. . ~
12. 1If the two consecutive odd numbers aréﬁfn and n + 2, then
- n+(n+2) =75 . é
< 2n + 2 = 75
q
. ?ns?f}s -
73 ‘
n o= =
But ¢(n must DE an integeg, go there are no consecutive odd
numbers whosge sum is 75. »
?‘i’"‘\\ :. \
13. 1If the firat numberi‘ls n, 7hen the secand 1s 5n and
n + 5nf= l5-+ 4n
\ 2n = 15
& Ijz-;l_;
. -
The two numbers are %ﬁ“ and L2 E\ ' .

14, If t 1s the number of hours each train traveled, then 40t
1s the number of mlles traveled by the train golng south, and
60t 18 the number of miles traveleﬂ by the train gcing north,

\ Lot + 6ot =\1£:
{

08

Lflfj

L2
M«H

ERIC

Aruitoxt provided by Eic:



8 U431-43 . = .
page 3 33 - ( .
B
' 100t = 125 - i
. 100
A

The time required was 1 hour and 15 minutes.

=4

=

Answers to Review Problem ﬁet: pages 432-447:

It is not antlcipated that all of the exep Taes%in the
followlng review liast will be used by any On? ‘teacher, :ﬁany

"hgrs may)cgcase to use some of them as supplementary or as,
xtra credit” exercises at the time the topic 1s studied earljler

Y

1 the course. i

In some cases it may be desirablé to use portiona of the
11;¥¥§s a review 1ist because the cldds i3 completing Part 2.
In a few 1nstaﬁces the camplatién éi Chapter 10 may CDEGlUdE\thE
year‘s ccurse Dﬁ the other hand a teacher who plans to use
Part 3 may not feel that review 1s necessary at this point and
mdy omlt the entife 1ist. ,
In no 1ﬁstance is 1t FécamméﬂdFd that an asslgnment inglude

more than % or: 4 difficult verbal problems.

4 -
1. (a) = (f) -1 (k) -2
' i 4
v 10 ] 1 { -
(b) = (8) = 1) 6
i WY (1) 3
(c) -32 . (n) e (m) 100
5 5
: a® + 1
.y 100 oy W2 v 1 . 5
(a) 2% (1) x° + b (n) - g or - 3-55
[ (e) 17 (§) e (o) 100 or 29
vo.o+ 1 REY g
. !
2 fa) 1 (e) =1, O (The expression 1is
. not a number if a = =1.)
(b) -1 N (f) has a reciprocal for every
% ' real number a .
’ {(e) -1,1 7 (g) has a recliprocal for every
T } real number a
(d) -1, 0 (h) -1

il
O
W
o
P
i
r

ERIC

Aruitoxt provided by Eic:
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‘the‘same truth set as the original senten

5

O

ERIC

Aruitoxt provided by Eic:

pages 433-434

(1) -

(a'_&j)(a =)

multiplication property

of equality

N EN %

) = (a - 3)(F2)

assoclative and commutative
properties of multiplication
$Erinition of reciprocal

-

a ¥

multiplication propervy of 1

+ 1, and this 1s false.

1

s then 3 1 =

)

= 1. to have
ot "multiplier

a -3 a =3, and we used the-multipliéaﬁf;
tion property of equality in the very first step. 1In manipula¥ing
algebralc expressions, as 1in thls example, we have to be conatant-
ly on guard that we do not become so engrossed in "pushing symbols'
: S50 long-as we.femember

We should not expect. the sentende #a + 1

ye 3ince our

1s not a number when

that we florget our algebraic structure.
that 3 l”é here 13 supposed to represent a number, we are sgafe

= - s} R 7 : _
in Msing algebraic properties. When we view ’71%:3 a8 a symbol

a i
only and agply our algebralec properties, any results we get can

be only symbotdc;
have to check to see that we were actually using (symbolic) num-

bers at each step along the way.

“

()
(g)

(h) 3x

(1) -123 + 4t - 10u

in all cases



7. Yes, it is true. ‘Let a =15, b =2, (b < a)

1.1 Ll L
572 (z <¥g)

if . a =<4, b= -8, (b < a)

then T

A
b

S|

——,
T
m
o Lo
et

;

=

9. If a 18 pozitive and b 13 negativé, then > T for

a
the reciprocal of a positive number 1s & positive number

b < a, then a = b 1s positlve. The proof of this
o

If b < a, then
b+ (-b) < a + {-b) addition property
of order

definitlon of~—
subtractlon

has
+
I
L
M
e
1
o

0<a-»bD addition property
of oppositea

ERIC

Aruitoxt provided by Eic:

*and thf reciprocal of a negative number 1is a negative number.
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ERIC

Aruitoxt provided by Eic:

. /' b+ (=) < a + (-¢)

. ;? & .

If a 13 to the right of . b dn the number line, then the

difference a - b 1s p@slﬁliﬁf; .

S

i
-

If (a -,b) 1is a positive number, then a > b.

If *(&8=b) 1s'a negative number, then a % b.

a L
If (a a=»b,.

b)!{ 18 zero then

B

e aréfrealfﬁﬁmbéﬁsg and b < a, then
The proof ‘of. this follows: ‘

L } » . FE

If ‘a, b, and

b=¢c<arec,

. v b )
~ additlon property of order
b-¢c<a-c. definition_%f subtraction

+ - s =
= o -

—
u
L2
el

W
o
o2
Mgt
[
]

W
"
s

[}

Lol

A
!

2

(o) 2w | = -26pq

below

}_,

e
oy
i
[
]
o
pa
o
Py
jfu
fia)
ot
T
=
el
m
e}
f
et
w
g}
144}
o
prd
=
=

Zero.

(-50) - 30 = -80
The new position is 80 feet below the surface,

)

If the number 18 n, then i

[
—

7 o,
il

1
1%
3T

¥ -
W, . 9 ’

& . \

il

]
Yt
[k
+
P
(&

b

o e B

3
i
I
4
™
0T

R

-
-
P
-

(-25)pq + (-1)pq

by



,ahzes 436-437 -
17@&1‘1%&:{ _otelock

Ve AL 2 a'clnek
- (-2)

e interval 1is
RS

‘P’iH!!

A;H-_'p ti'f?
= 2 + 1*= E
3 hours.

6 ofclock A.M., t =-6. i

. 2& 6= 22
2 interv 1l is gé hours. .
T

carrespand to pasitive numbers:

. Rudy's

pssita@n on

the nymber
Iile

. Johntsidx- |
position on - |.
the number = [|*:

1ine

4 ofclock, A.M., the next day,.

: -the dlstance in rniles to the east of the

t = 28.

¥ The .
diffgrence

¥

0 mark

Distarnice
between
them

in miles

(3) (10) =
5 + 3(10)>= 3’.
543 =.35 |-6+ 36 =230
(3) (20) - 30 igé§!(~1g)' :
; ‘ ( L) (-12) = -33
6+ B(Blé) -

(3)( 12) =
-6 + 3(12) ;,

(a)
(b)

]

(e)

-«M

(a)

1,
1 <D,

is 1aréer than
a < 1, then
1, then b =1.
-1, then b = -1.
-1;.then -1 < b < O.
-1 < a<0;-then b< -1.
a>O0, then b > O.
a< 0, theh b < O.

(b)

. (e) 1Ir
o (a)
(e)

- (f) 2If
(g)y ~1f

(n) If

(1)

(J)

My

O o

M

If b 1s the reciprocal of
reciprocal of D.

513 317,

a,

,[30['(“36” 5;56
135 - 30k 5

|30~ (-33)|=

1(=30) - (-42)] -

12

0<b<<1l.

i&

‘Zero has no multipllcative inverse.

then a

66

63

ot
U



(p)”
(c)
(a)
(e)
(r)
(g)
(n)-

(1)

(a)

(b)
(c)

(a)

()
gg)

p can be
Either 'p =0 or
q must be - 0.

X - 5 ‘must be zero since 7

0,

(9 x 17 x 3)y = 0 _

i ¥y > 0, then the product (9 x 17 x 3)y >.0.

0.
No
n=0

any ﬂumbeixiﬂeludlng 0.
q or both are zero,.

i
1s not zero.

‘The glven sentence is ‘equivalent to

If y < 0, then the product (9 x 17 X 3)y < O..

Therefore the only truth
is 0.

number of the given sentence

x - 8 13 zero when x = 8. Tt follows that 8 is a

truth number of the sentence

-3) = 0.

(x - 8)(x

(8 - 8)(8 -3)=0

-3
is a truth number

1s zero when x =3,
of

b

Wl

13

The truth set of (x

I 20, x -

If x =
(x - ¢ 100)

If x =100, x - 100

{(x - 20)(x -

100)
100},
(h)
(1)
()

The truth set 1s
[‘5; ‘9)

{20,

——
b
"
kY]
ol
g’

(]
Ho

p—
WA
I
P
gt

E ]

(x -

- 8)(x -

1s zepo,

8)(x - 3) = 0.

3) = 0 18 (8, 3}.
and hence

i1s zers.

1s zero, and hence,

1s zero,

all real numbers greater™

than =

Mo~

all real numbers less
than

(32)

”“-J‘"I‘ﬂ F=3



()

(J)
(k)
*(1)

(m)
(n)
+ (o)

(p)

- (a)

gtffa)'

-

This may also properly be left in its’
original factored form.

]

[

[
M}
W
4+
Z

]
I
———

]
[
i
—
r"«
‘H
1
i~
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‘23 =

- N

i
i

3

+1)(a - 1) _2(a'+ 1) + (5 )
+1)(a - 1)! a+1l+ Eiﬁg 1)
. i ga +1
*, . a - :
<L « ;;_.
(a) () é
EH N =X -
(b) (3g) U
L -
%7x>§ x =0
x(%g -1)=0
(¢) (0) The gtr‘,u?ﬁ set 18 (0}.
(3;& +5)(2x - 3) = (3x + 5)(23')7; (_éx +5)(-3)
Also 3x(2x -'3) + 5(2x - 3) -
(@5 + (- 1a)) + (-25)

=25 + ((-10) + (- -25))

 525+<(25)+(1<3))

(25 + (- 25)) (-10)

by the assoclative property of
addition

by the commutative prcperty of

< addition

by the assoclative property of
additlap




= ) * *
. ;:. * !r. T [
- - — =x* ,s ) P :‘t{: {
5
and ~ =& % = %% . E
N : ]
H = 1 7
thus % < % - 18 true.
-4 -‘
9.2 .27 7 .4 28 °
%578 " 15T &
' . A . 1 ) e n - .
.%{%; thups 2%{{5 is true.
Fi ' .Then, by the transitive pr@ﬁersyjf % < %%[ is true.
P o= e = . ) A
27. "Let e be the number of units’ in the lergth of each edge
' Then Ue 18 the number of units 1in the. perimeter and eE o
is the number of unlts in the area,
Now make the’léngth of the edge -2¢.
- ; .
New_perimeter 8e The perimeter 1s multiplied by 2.
3 . New area o 4e® The area 1s multiplied by “4
28. (a) Set A 1s closed under multiplication.
. Set’ B 1s closed under multiplication.
A - [
(b) ¢ = (0, 1}. Set C 1s a subset of both set A and 3
set B, but 1s a proper subset of B .only. ?
29. The only.valué of x for which is not a
. ' - 8 : -
. real number 1is ’:::-%-_ 2x - 7 =0 4if ard only if x:%.
L ' The set of real numbers other than O is closed under
division. K
U S-S -
30. Since =3 a!§b

< 24

W ’

(a) "If a < 24, then
# ]
. o 3 A

d b L

| and ,;{ §(E )

Hencg b satisfies the lnequality, b < 36.

(b) a< 16

Ao




Wl

' :31. If a 18 one of the numbers, then a #-0 and

R 14N

other number. ’ : .
k4 ] .
(8) a<3. If 0<ac<3, then }% and

=

1V
wijna

>

m‘

a <0 ﬁuﬁ}-ﬂm other number 1s greater than
less than 0. - .

]

]

1

"multiplication property of order. If a < O, then

2
?

is the

(b) a < -3. Here %}sf‘andig}ﬁ-’ . Also, since _
a<o, 2c¢<o0. Thus, the other number is greater than

o

and leas than 0. ,{
,‘ N Py

S 1
a.g) 3

o
P
— .
o
¥
Lo
*
o
]

m\
+
—
R
‘ +)
[n]
- it
n *
w
o
—
-
i
Lo

I

2. and %E{:f not equal for all values of..a, b,

&
(For
{
=4

"example, let a =b =c¢ = 2)

| A counter example: 2 + 3 ¥ 3 + 2, since
= -

WM
ol
xz
o

i I

34, If?izaasﬁ and a = » then

i

-~

. o 1 (1,2
. ax+:_faz)==%g§1-+j;—) + (%)

i
-
PO bt
\ﬂ\
\I-j‘
!

E.ﬂd

Wi

43

Gi

2
[



N ~,';Pss,=§ #?ﬂ@*mi

1: a -is-between p and kL *Eﬁ?“"% '1sfi§ggy333 %-
and ?f. Suppose p > q, then :q‘{ a < p. 'Sinée: &< p,
% ;}% §iﬂ§e a>q, % {% . Hence, 3 18 be’;weén 7
1 o= 2 R
E and _ % . h 5
‘ s T g'
36. (a) feet, - 1f 6y .4is the number of yards
{b)’ nehea, Jif+2f 18 the number of feet
) nts, 1f 4k 18 the number of quarts
(a)’ 10) years, 1if she 1s now n years old
(e) (1Ek + t) ounces, 1f k 1s the number of pounds
. and ‘'t 1s the number of ounces
(f) 144f Bsquare inches, 1’ £ 1s the number of square
feet , ) | .
(g) (1004 + 25k) centa, if d 1is.the number of dollars
\ and k 1s the number of guarters — ’J;

37 .

(1) n

(h) (100d + 25k + 10t + 5n) cents, 1if there are’ d
dollars, k- quarters, t dimes, and n nickels

n-+1, if n 18 the whole number ° :
N %'; if the number Is n :
(k) 5280k feet, 1f k 18 the number of miles .

(1) 2(5280k) feet, if k. is the number of miles

.In these open Séntenées, the phrases and numbers often give
-8 glﬁe to the possible translations. _In each part, jﬁst one
interpretation is given, for suggestl,e-purpﬁée§‘pnly,jana
there 18 no-implication that this 1nterpretat1§hsf§ the

" "best" one; pupils should be encouraged to look ' Tor more

than ane*meaningful tranalatian Note that with certain

translations the variable 1s restricted to Ehe set of whole

numbers, whereas with Pther tranalations there 18 no such

reatriction.

(a) My grandfather 1s less than 80 years old.

(b) His annual salary is 3600 dollars.

(¢) The assets of a certaln bapk are more than 6éne”husdre
" million dollars. R LI '

T2 * K
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- pages Bh1-442 . T 7

o . - ) 5:: 3 X o ’jf: o
~ - (d4) Tnhe sum of the angles of a triangle 1is 180;{A eyt
(e) The 1ength of a rectangle is 18 1inches more than the
width ' The area 18 360 square inches.
(f) The 1ength ef a rectangle 1ia three times the width
and the area does net-exeeed 39@ square inches.

(g) The number of_ unita in the 1ength of a Pectengie ie'
TR .o tve.iere than the number of units in the width. -A side
kéﬂ'_ S " of e square 18 one unit longer than the width of the
rectangle., The area of the square 1is greater than the
area of the rectangle. : ?
- (n) Parmer Jonee hada 30 sﬁeep whleh he expeeted to sd1l
for $20.00 a head; some of the sheep died, but he
F 3 Bold the remainder fer $24 a head, receiving as much :
as or mere thgn ‘he hed originally expeeted

(1) The eidee ‘of an equilateral triangle and a eﬁuere are
such that the perimeter of the triengle is equal to the
perimeter of the square. -

(J) The sum of five ee%eecutive numbers 1s less thén QQ,

~and the least of the gumbere ie greeter thea 13.

- = .

= .= & ¥

In_each eeee;ebo#e«the response éeuld have been given.in the
form of one sentence by juse’ of: -agnnectives. -Sometimes, for
Athe sake of clarity, 1t.-1ls better to uee Eeveral ehorter L5

e

‘sentences 1n making a translation. R
7 , - : . e e i j;
38..(a) If n 18 the numbeé& then the numbef diminished by 3
is n - 3. - . - . -
s by 1I£% 0t 1s the first temperatureé, the-temperature after

it rises 20 degrees 18 t + 20 degrees.

(¢) If n 4is the numbervof pencils purchased at 5 cents
’?eh the cost is En cents.

{(d) If the number of niekele in my pe:ket 18 ¥y and the
number of dimes 1s x, the amount of-nbney I have 1s
(10x + 5y + 6) cents. i

20 S e

ol

v




page 4i2

. ' _ (é) Ir the-ﬂﬁﬁbar is n, then the result of increaaing it

A by twice the number is n + 2n. , ,

= (f) 1t the first number is x and the other is y, the
first increased by twice the second is x + 2y.

(g) '1If the number of weeks 18 '$; the ngﬁ%er of days 1s
Tw. ’

(h) If x is the number of melons and .y 1s the number gff!:A
pounds of hamburger, the total cost 1s 29x '+ 59y cents.

-

) - . ¥
(1) . If 'n 1is %he number of inches in the shorter silde of
a reétangle} n + 3 1s the number of inches in the
7 longer sidéﬁ and the area is m{n + 3) square inches.
(j)i If x 1s the population of the city in Kansas, then
.+ one million more than twlce the population 1s

2x + 1, GDG 000.

(k) If x 1s the number of é@llars alary per month, the

annual salary is 12x dollars.
> . ' ) ey v 7

(1)gIf b. is the number Dfﬁdcliéfs in Betty's allowance,

N _the number of &ollars in Arthur's allowance is zEb +1. -

- , '

(m) If h 1is the number- af hours, the distance trgveled §
at 40 m.p.h. 1is 40h miles.

¥

(n)* If the number of dollars in the vaiue of the propeérty
" . 1is y, the real estate tax ia T%%E(EE) dollars.
(e) Ifrthe number of pounds Earl’welghs %s e, the number

of pounds Donald weighs is e + 40. % !

(p) r - 1 '1is the number of miles the first car travels in
an hour, if r 18 the number of miles the following
car travels in an hour.

(q) If x 4is the number of pounds of steak, the cost in

dollars is 1.59x.

(r) If the number of hours Catherine works i1s z, the
number of dollars she earns 18 [(.75z.

(s) If the number of gallons 18 g, the cost in cents 18
33.28.

y
M
(%]
N
) "h:.‘.-
‘L _:

A LE



" 39. (a) y 18 Mary's sister's age.
! 'l55y+4 .

5’4 J

= =

LV ]
Loy
]

(¢) n ééjthe numbet. y
L 2n + n <' 39 L
¥ (d):°b 1s the number of dollars in Betty's %1lowance.

" 2b + 1 18 the number of dollars in ARrthur's allowance. *

~ 2b + 1 =3b - 2 L — ! ,
. (e) t 18 the number of hours.
40t- = 260 - Mo Ty

(£) t J4s the number of hours the trip took, _
. - 50t > 300, 1f we assume that the ‘maximum speed 18 not

maintaineq for the entire trip, or- * v
“ | 50t = 3@ ,‘ if we assume that the maximum speed is
ix' . maintainéd.: The sentence 50t } gives a correct
' trang; ion. 'j : .
'g, thé number ‘of feet of elevation of Pike's Pegk.
- h > 14,000 » , L\
(h) n_1s the number of pages in the book.
' 1. bim 0. OD§n + 2(.1) ‘
. 3 . i . .
i o) Let o} be the number of people 1in any i}ty in Colorado.
’ 3,000,000 > 2p + 1,000,000
(1) x° < (x'; 1)(x + 1). This 18 a correct translation. ‘
However, it 1s not possible to find any *value of 'x
for which 1t is true. ;
Using the distributive property we get:
xgéi xg - X +x -1,
- xE < xg - 1, and this 1is false for every x.

property. = *

-,

% (k) y 1s the number of dollhrs in the valuation of the
L |

nga(ga Qo) 548 00, or .odhy = 348.00

-



number of pounds Earl welghs.

“ pages Wh3-huy J
- (1) v éigrgpe nur
1§ w + 4o
e counting ﬁuiber.
its successor. -
’ -

1las the
is falge for 41l
successor 1s

g (m) n
- n+1l 1s
n+ (n+1) =575
. : /
}\ ' (n) n 1is the counting number
‘ "h + 1 4s.its successor. .
. n o+ (n +'1) = 576. This sentence
; counting numbers. If a number 13 oddf it
' Ty even; 1if the number 43 even, 1lts successor 18 odd;
in elther case, thelr sum cannot be even. * \
<l§;; (0) n 1s the firgtsnumber. o - ‘ ;;sﬁ
’ .. * n+1 18 the aeccnd number . ’ :
' . n+ (n’% I) - 576.°
- Here thé solution set is not the empty set %ince the -
domain Qf n 18 not restricted to the counting numbers
(p) f 1s the numben of feet in the 1éngth of -one plece
of board.
2f +1 1s the number of feet in the length of the
other plece. X )
£ +(20.+1) =16 oL )
(a) 3x = 225. * )
(r) ¢+1 =T
- - ,
(s) y 1is the number of years old Mapy 18 now
& y - 6 1s the number of years o d Mary was six years ago
y + 4 1s the number of years #éd Mary will bé in four
years. s "
"y + h=2(y - 6) !
(t) t 18 the ten's digit
“u 1s the unit's digit.
. 10t + u 18 the number. -
u+t 1s the sum of the digita. N
10t +u =3(u+t)+ 7.
\\ . ' )
. AN
/7 N\ ’
J 323
32, |




‘' pages Whh-bh5

" (u) n 1s th&nﬁmger_ | - -
| 3(n + 17) = 192 \

- {v) 3(n+17) < 192 : )
e - o
ho. '?fsig the "number- of* months that have elapsed
5 _ v
welght was 200 1bs. : .

1
: \ \ g AT 45w = 2007,

i

41.- (a) n 1s the number. ,
n<7 and n )1 (
/f; (b), b 1s the number Betty chooses, and b <7. ‘
T n 1s the number Paul chooses, and n < 5.
Both are counting numbers, so b }.O and. n > O,
_ . If b=1 and n=1, b+3n=4; 4f b =7 and
' n=5, b+ én = 22; hence:
¢ '+ 3n >4 and b+ 3n < 22,
(¢) b 18 thé number Betty chooses, and b < 7.
n 1s the number Paul chooses, and=’n <5.
Betty chooses a counting nqpbéf, 50 b > 0.

ul chooses a whole number, so n > O,
i®e: b+ 3n>1 and b + 3n g 22.
_\? ) . :
ne\ fee for 4 hours 1is 35¢ + 3(26); or 95¢.
(b) t ,is the number of one-hour periods after the initial
hour, 5 _
35 + 20t 13 the parking fee. -
(¢) h 1§ the totgl number of -one-hour periods parked.
h - 1 13 the humber of one-hour periods after the
- initial hour. i '
35 + 20(h - 1) 1s the parking fee.

\

(b) 120(100) 1s the number of gallons from the first pipe
in 2 hours. , ' C
Loy 1s the number of gallc-= from the second pipe in
Yy Ainutes, where y > 120,

43. (a) 100x + 4Oy 1s the total *lumber of gallons.

: 324

&fifij




“d ﬁgsﬂs uus 445 \-%5\

1. 129(10&) + uéy 1s the total number of §E116ﬂ5»;ﬁ;;

y minutes,! y > 120,

If x 1is 0, .60, 120,

160, 180, 200

and y 1is 500, 350, 200, 100, 50, O

We sentence 1s true.

44, ¢ 1is the number of degrees Centigrade.
1.8¢ + 32 1s the number of degrees Fahrenheit.
1.8¢ + 32 ¢ 50
e < 50 - i 32
| i
45. d 4is the number of dollars Harrfgreceives. o
d + 15 1is the number of dollars Dlck recelves.
" 2(d +15) {18 the number of dollars Tom receives. . _-
d + (d +15) + 2(d + 15) = 205
g + 45 = 205
Lbd = 160
. d = Uo
’) , Harpy must recelve , $40. "
) Dick must receive $55.
Tom must receive $110.
- (‘%L:_,;‘,L_b

4. Last year's.cost was 100d cénts” per dozen. ..,

‘This year!
Half a dozen balls will cost

1.

they may be repreaented as Tx

ffg’ 7% ff§§ = 2

i
-
rl

s coat 18 100d + ¢ cents per dozen.
100d + ¢
2 T

‘cents.,

by, Singe the amounts are proportional to the ages 7 and 3,

\
dollars and 3x dollars.

) 5 = 24
x = 2.40
Then 7% = 16.80 and 3x = 7.20.

" The older cnild receives $16.80 and the younger, $7.20.

C o=

f ‘""»:h



v . . -7 i‘ # 7 i ) . _7-: _— ' v - - N . 7:»7-._‘:“» e
<;des hu6-4u7, . S ‘ ‘.

48. Let -x be thé new average, - ] -

" Then-8x 1s the total number of points received by the

8 pupils who remained in the claas. ‘

The total number of polnts received byl the 10 pupil%
. 18 720. Hence, ' ' -

8x + 19é = 720,

- o ‘- o . 8x = 528,

- and ' x = 66. ‘

} !ffHEhce the new average is 66, ) » ' s

T Co B ‘

bg, S ={. . ., =4, =2, 0, 2, 4, . . .}

Addition, subtractlion or multiplication of any two
Division may.not give a number of the set. For examﬁle;
% is not an even integer. ) :
e Finding the average of pairs of numbers from the set
;;may not give a number‘gf the set. For example, 2 %‘” or .
3 1s not an even integer. Thus, the set of even ipgtegers.
18 closed uffder addition, subtraction and multiplication,

but 1a not closed under division or pairwise averaging.
: - ’ %

50. If the firat shirt cost x dellars, then
x - .25x =.3.75,
- .75x

i
W
=~
wn

= . X = 5! -
The first shirt cost $5, so he lost $1.25 on it.
If the second shirt cost vy dalﬁirs, then
y + .25y = 3.75,
— 1-253' = 3!?5§i
y =3.
The second shirt cost $#3, so hggggined $0.75 on it.

Thus, he lost $0.50 on the sale of the two shirts.
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51. If n 18 the number of ﬂickels,
then 12 - n 18 the number of dimes,
5n 18 the number of cents in n nickels,
7 and 10(12 - n) 1s the number of cents in (12 - n) dimes.
— Since the total number of cents is 95, we have
5n + 10(12 - n) = 95
Bn + 120 - 10n'= 95 -
-5h = =25
& 1 1, ¢
g = =={ =17 = = =|=°
5 5( 5n) 5( 25)
Y P : n =5
There were 5 nilckels and 7 dimes.
52, If t 18 the number of hours he rides into the woods,
then 5 - t 18 the number of hours to ride out.
4t 1is the number of mlles he went one way
and so 18 15(5 - t). Hence,
bt = 15(5 - ¢)
4t = 75 - 15t
19t = 75
_I15 o 318
tnl—:— or 5i
. He c¢an ride in for 3%% hours so he can go a dlstance of
\ .
(3%% % 4) miles into the woods.
P
53 If s 18 the speed of the wind in miles per hour,

miles.

then the epeed of the plane 18 200 - 3
and the distance traveled 1s 3%(260 - 8)
So, 1 ) )
3=(200 - 8) = 630
700 - 338 = 630
- 328 = =70
’ 2
a = !7@(: ?)
3 = 20
The speed of the wind is 20 miles per hour.

"ol
v
-J

mlles per hour,
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Suggested Test Items

3implify each of the following:

(a) =4~ 6.

(b) 12
(c)
(d)
(e) 12 -

(f)

()

where x # 2 and x # -

If mﬁz -4 and n = 3
(a) (c)

m=n

(n)
(1)
()
(k)
(1)

(m)

2

[m - nf

In = m]

3implify each of the following:

.2
5¢

| 2,
(a) Z2gx

(c)
~(a)

e~ IO
5 e
L

Tl
——
=

2
afrq

el v
+|+

‘ -

H

i

%

vhere

C,i

By'— 77X + 5

find the value of

k]

(e)

(f)

where

v#O

(a + 2)

2)

z # -1

(x -

where

X #£5

s

For what values of the variables in Problem 3 1s each of

these expressions not a real number?

Find the truth set of each of the following:

(a) 7+73=7

\ X X+ 2
() F=2 %2

9 - $x = 2x

(d)
(e)

Wl
M
Los]

3,19

o8 R

(% Tyv]

%2 Tiv]

oy

sy,



O

ERIC

Aruitoxt provided by Eic:

o

Din

For what Mlues of the variable 13 each of the following true?

(a) 0:x =0 (d)
(b) 5x =0 ‘ () |x o2
(¢) x.0 = :

]

\M\
L
L]

Find the truth set of each of the following:

]

(a) y-3=3=~y o) ol R

(b) 1+ x>1-x (@) x| > 2|x]

. If a <'b, which of the following numbers are positive?

=

(@) a-v (d) a, 1if ab <o

L

(b) LE () (b:‘a)af

() la-vl . . » |

What number must be added to -2x + 3y - 4 to get

X -2y + 27

*

By what number must g be multiplied to get 3ab?

ol

If the numerator and the denominator of the fraction %
are each increased by x, where x 13 positive, the value

of the fraction 1t ilncreased by T% . Find x.

I

A student lived at a boarding house, where he paid rent at

the rate of $1.50 per day, éxcepﬁ-@n those days when he was
able to work for the boarding house owner. Whenever he worked
for the owner for a day, the owner chérgéd nim no rent fOT.
that day, and gave him $8 credit toward hils rent for the
month, The’studgnt;paiﬂ $8.50 rent for the month of January.
Write and solve an open sentence to find out how many days he
worked for the owner that month. (Hint: If the student worked

¥

n days, for how many days did he pay rent?) -
329

3



13, Horatilo is . making a scale model .of a bullding. If the scale

is g% ==that 1s, 1f a length of . feet on the bullding 1s

reprezented b

’< e

a length of one Toot on the model--how long
should he make the wall of hiz model whieh Lo to cprrespond,

— s . ke e T
to a 25=loot wall ol the bulldins? Urite and solvé.an ogwmen

centence [or this prc

- 5y Answers to Summested Téot Items

h

T
T
[
]
e,
—
~)
e,
e
e
\_l \\4‘

1 b~
(&) - = (d) ——
& b= = 4
= 2
b, (a) If at leact one of a, b, and ¢ 1s O €; )
(p) If a=>=,b ’ —~8
(¢) DMNone
(d) If b is -2, O, or 2
i' : —
5.  (a) (12} () (=}
() (-12} O (e) (35!
(c) (¥} ‘
6. a) all real values (a) =

[

(a)
(b) -0 4' {e) all rbql values except
(c)

]
bty
.

-
—

far no value c

O
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13.

(b) all positive real
numbers

The numbersa 1in

negative.

12(3 + x) = 3:3(4 + x) =44
x=2

If- the student worked n

days. Then

. ?
The student worked four days
If the wall of the model 1s

1

55 =

300(g5) =

|
i H W
!

The wall must be 5 ft.

(e)

Wl
"'-JW
o]
LU o« I

;oo

. (
all values of x which are
greater than
than

(d) ¢

~2 and Tess

except O,

3
=5

are positive; the others

=3x - 57y + 6

[ s
® o T
Lt Kl

s . s SN
It moon

e

- - "
WA o
¥ o e b

=
il
s

(4}
during the month of January.

¥

v feet long, -then

(5 iﬂc&es) iéﬁg_

LA
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Challenge Problems

N

Part
. S N/ e
"The relation " %" does not have tha comparison property.

£

_

For example, 2 and -2 arec dilferent real numbers, but T
nelther is further from O than the other; . in other words,
. e
neitmer of the statements "-2 % 2" and "2 % -2" 1is true.
. ,
- . . S x -
"}EW) would read: If a, b, and

H

The trarsltive property fo
¢ are real ndmbers for wilch a»b and b;=cg then a %c.
This iz certainly a true ztatement as can be seen by

,substituting the phrase "is further from O than" for "»"

vwherever 1t occurs, . \

&

[ The relatfons "%" and " > " have the same meaning for
the numbers of arithmetic:  "is further from O than" and
"5 to the richt of™ mean the same thing on the arithmetic
number line.

0

L
2. By the definition of the product of. two real numbers,

we have
ab = Ja| - |b] or ab = -(Ja| -|b]).

(1)s, If ab

lab| = |la] - o]

I

|a] + |b|, then

o = la] - o, since |al|b] > 0.

ap’

it
—_

('al’:'ID'); then .
-Cal - o) -

,]a] : |b|’, since |x|

—
[id
-

el
i
I,

lab |

i}

Il
1]

|-x|] for &11 x

- Jal - ol

]

W
R
(i8]
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3.

*

Frove that. the number 0 has no recliprocal.

Proof: Assume that the sentence of the theorem is false.
.Then O has a reciprocal, say a. Thils would mean that o~
O0xa=1.

Since the product of zero ang, any real number 1s zero, 1t
follows that ) TR

' ' 0=1. ‘

This saﬁienge 1s false. Thus our assumption that zero has,
a reciprocal is a false assumption, and it fallows:tﬁét zero
has no reciprocal " 1

Prove that the reciprocal of a positive number 1s positive,
and the reciprocal of a negatlive number 1s negative.
Proof: The_statement follows immediately from the defini-

ot

tion, a x = =1, s8lnce the product of two numbers is
& i

Y

positive if and only if both numbers are positive or both
numbers are negative. (Proof by contradiction would also
be possible.)

\ T —

Prove that the reclprocal of the reclprocal of a non-zero

real number a 13 a.
A 1

Proof: Since —— 1s the reciprocal of % by the defini-

a 1
tion of a reciprocal, 1t follows that (%)(‘TE)
X

I
=

18 the reciprocal of a, 1t follows

|-

Similarly, since

that (a)(%)\iﬁlg or, by the commutative property, (%)(a) =1.

S

) A
-) = 1 with ”(éﬁ(a) = 1,[ We see that the

Compare (%)(*

w m»—«m [

A

et

. 1 5 \
number § haa reclprocals —— and .A. 3ilnce any non-zero

|

real qﬁﬁber has only one reciprocal, 1t follows that

1
- = a, which 1s what we wanted to prove.

a

Lo W
P
b
);'-m
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. - ) =
6. (a) 19 - 2] = 19| - I .
(b) ¢ 2 - 9] > 12| - |9]
() o~ (=2)].> 191 - |- |
(d) [(=2) = 9] > |-2] - |9]
(e) | (-9) - 2] > [-9] - |2
(£) 2= (=91 > |2 - [-9]
(8) 1(-9) = (-2)] = 1-9] - |-2]
(h) | (=2) - [-9)] > |-2] - |-9] ‘
J “
7. t om the preceding exercise the student wlll, we hope, infer
- that for all real numbera a and b,
) la - b] > lal - |b]
la - ol > v}~ |a
la - vl > |lal - Ivl].
In case some of the more capable stuQEnts are interested in
‘geeling a proof of these atatements, we give th% followlng.
The statement that |x + y| < |x| + [y| for all real numbers
X and y can be used to prove the three atatements above:
With x =& - b and y = b, we have
la] = |(a = b) + bl < [a -]+ |b].
By the addition property of order.
- lal + (-{b|X < la - b]
lal - bl < la - bl
o ld - bl > lal - |of.
Similarly, x =b - a and y = a leads to the sentence
o o - al 2 [b] - lal.
Since |b - al = |-(b - a)|] = |la = b|], this gives

' la - b] > Ip| - |al.
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LY

“lb| - lal = -(|a]- - |v]), so that we now have

But /|
'la
|a

bl > lal - |b],
bl > -(lal - |b]).

, . .
Thérefore, |a =t > |lal - [b]].

The 5iataﬂcevbetween a and b 1ls found to be at least as
great as the distance betwgen |a| and |b|, because a

and b can be on oppositf sides of O, while [a| and |b]

mugt be on the same s1gd

The two numbers are 3 and 5,

Though the above 18 the suggested approach to thils problem,
some students may try to do it by using the definition of
absolute .value.
If |x - 4} 4s 1, that 4s, |x - 4| 1s another
name for 1, then (x - U) must,-by definition of absolute
~value, be elther 1 or -1. Thagj
f x -4 =1 " 4r S |
X =5 or X = 3,

) ' ,
' The truth set of the sentence |x - U] ¢ 1 18 the set
3 < x <5,

inequality, the student will be guided by the question:

What 1s)the set of numbers x such that the distance between
x and 4 18 less than 1? As 1n the case of thg’preeeéing
-EIEPQlEE,_EhE student may work directly from thefaefiﬁiti@n

. of absolute value instead of by the suggested appreach.
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El

F@f exXample:

If .x - 4 >0, then |[x - 4| =x
{_ ‘ . But |x - 4} <1
So x <5

If ,Xx - 4 < 0, then |x = 4} =
But |x - 4| <1
So =X + 4 <1
‘ X < -
s x >3
) Thus, x >4 and x <5 '

or x <4 and x> 3.
Finally,. 3 £ x <5,

. 11. The graph of the truth get of x > 3

It 1s

4

and x ¢ 5 18

——

0

12. In some .of the

connertian wit}

o

Vo )

(d)

(e)

ERIC

Aruitoxt provided by Eic:

=Truth

Graph:

Tfuﬁh

Graph:
Truth s

Graph:

Truth

Graph:

Truth

graph:

H

3

the same as the truth set of

i

may be used bz/the students .

% 09

the scluﬁicn of Problems
The method of

the number line 13 our main obJective here.

- 4} <1,

and 7 above

the distance on

i
set: [-2, 1£I
— b} b ————
-2-1 01 23 4 567 9 o234
get (4]
S N S Y T N N ¥ Y S S + IS R T D S -
1 2 3 4 )
set:. (8, 12}
e B R - e e e I e e o e S
(o] ' 8 9 10
get: Real numbers x such that x < -3 arv x > 3,
s " I S N S T— -
_ -3 .0 3
aet: All real numbera™
,W
] — el -t e

336
37
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(r) Iyl =1 _
Truth set: {-1, 1} -
e e S T T G A S e e
Graph: -1 0 1

(g) Truth set: Real numbéés y Buch that 4 <y < 12.

— e ,j:, i Cn L | l,;,,'l £ L___L AfiJ';,#i b  —
(h) lz| = -6
The empty set @

o] q 8 2

(1) Truth set: . (-22, -16)

NV NN N I A Y SN TN SN Y N S S S [ N S WY A TN N SO )
Graph: -22 -l& ) 0
(3) ly+5l=1Iy < (-5)1=9
Truth set: (=14, 4]}
S S S S S S
Graph: -4 -5 - o 3
. oy,
i - /
] rd i—éla = = lE
13, Prdge.(_a) = - (3)
¥ o 7 177 1 - ~
Proof': - ey il -a (-1)a
> | | .11 1,11
-I"a . ab~3a’'b %
- f!
_ = (;1)a£ Definition of multiplicative
a | inverse
" 1 1k o i
£ =X (g) (-1)x = <x
b ' i A
1k, Prove: If a < b, a and Db both positive real numbers,
hep L ¢ L
- then E E
Proof: a<b Given -
a(% %) < b(% i%) Multiplication property of
- ) . Aan. 2.1 4o o
~ order; a ' b is positive,
‘ since a and b are positive.
(E%i% % < (b -%)% Assocliatlve and commutative
. ' propertles of multiplication
§

337
AN ._j .2 )

e
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1(%) < 1(%) Definition of multiplicative
.inverse

} “

% < = Hultipli%ation property of 1

15. Frove: If a < Db, where a and b are both negative
1 o -
{: ; =

o

real numbers, then
Froof': a<hb Given

Multiplication property of
order

b

1

o

M
M
o
Ao |
T

(Since 7 and a

. positive number.) The remainder of the proof 1s identical
to that in Problem 14, Alternatively, since a < b,
-a > -b. Because -a and -b are .both positive numbers,

ﬁ% Problem 14 allows us to assert that = < =% ; and

are both negative numbers, ( %) is a

o=

-a
- % < = % . Taklng opposites, aga}h we have,

'§, : : !
. ; 555

N
< 5 because Y is negative

-

16. If a< 0 and b > 0, then

o

1s positive.

ol

b _ 1 1 ® et A e of A4 et
+ Ei;)?(c) +5F(G) .Definitieon of division |

= (a + b)% Distributive property

-,

17.

ol

-2+0 Definition of division

-
—
I

=+
+
) o
[}
oW
ala
o
T

Multiplication propexty of 1

= =7 + éﬁ Commutative property of multi-
- plication and tng theorem:
a ¢ _ ac . ] .
s B'd"ear PAO afO

- = == Proved 'in Problem 17,.
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19. (a) Yes, because the product of any two n

'~}i5 a member ofwthe set.

r . .
- (b) (-1) x § = M Jx (-1) = -
Hence, (-1) x 1 =] x
Jx (-3) = 1; (-1) x J =1
, : Hence, Jx (=3) = (-3
}/ (-1) x (-3) = 3 ; (=3) x ( = J
(é>" o Hence,  (-1) x (- (-3

Je) 1) x g x (=3) = (=9) x (=) N
(-1) x J x 5-3) = (-19 x 1 = -1

Hence, (-1) x J x (=3) = (-1) x J

1 x (-1) X3 = (-1) x J = -

1x (-1)x g =1 x (-f) = -4
%\kHEHEE, 1 x (<1) xJ3=1x ({-1)

umbers of the set

x (=)

“{d) Yes. 1x1=1
(-1) x 1 = -1
= )] x1=
M)
/ (=J) x 1 =-3
{ g
(e) 1 x1 =1, Hence, 1 18 the reclprocal of 1.
(=1) x (-1) = 1. Hence,-1 1s.the reciprocal of -1,
Jx (=3) =1. Hence,-j 1is the reciprocal of .
(=3) x 1 =1. Hence, J 18 the reciprocal of -j.
(f) If x 1s a number such that J x x = 1, then
[
(=) x (J xx) = (-3) x1
(-4) x § xx = (-3) x1
‘ 1 Xx=-=]
X = =]
If x=+-J, then Jxx=]Jx (=3)=1.

Hence, the truth set 1s [-]]).

v 33934

\ '
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e oo s , :

(g) Stmilarly, the truth set is (-1}. Multiply by J,
since J 18 the reciprocal of -j. ¢

(W@ The truth set is (1). Multiply by (-1), since (-1) *
is the reciprocal of js or (=1).

(1) The truth set is (1). 42 = (19 x J

(-1) x 3 = -3,
is the reciprocal of

oF

oo, Hence, multiply by J, since
[
) Er’j =

nutea per mlle is

%%% , or 18 hour

A rate of’ 3
time golng 1s

. o= W m L L 360
iz 180 miles per hour. -Th he time returning ls %83 ’
or 2, hours. The total time 1s 18 + 2, or 20, hours,
the tﬁtal,disténce EgjéD; or 720, mlles and the average

rate 1is %%? , or 36 m.p.h.

e
le)

m.p.h. Thus, the
3 miles per minute

21. 3tart with the sum ¢t.
~ Then, for the .ten numbers, the new sum 1is

3(t + 10-4) - 10-4 = 3t + 80.
For 20 numbers,
3(t + 20-4) - 20-4 = 3t + 160.
The new sum, then, 1s 160 more than three times the

original sum.

b3

=)

i,f

40

\—. : , 18




