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. , Chapter 11~ g
FACTORS AND ExPDHEiTs

In mathematics we often run into problems where 1t 15 imporu

tant to know whether a given'number is divisible by anather numberi

1

For example, ik finding the sum of <%= , , and g , we need

12’ 15

to find the least common denominator. This, as you remember, is

d

the smallest number that is divisible by 12 15, and 8. Alse

in ofdér to obtaln a simpler name for a fraction’ such as’ %%%

8% and 35@, An uﬁderstanding of the meaning and applicatiangaf
factoring is helpful in finding these numberg .

11-1. Pac ﬁnd Divisibility.

flier work in algebra, we have us%d the set of real

aldergdﬁ In the work of this Qhap*er we shall be chQefﬁEd Dnly

nd also different subsets of the féals* AS*Examplés, the

-

wilth the subset of the real numbers known as the positive 1ntegers.

Yauﬁhaxf met thls setebefore. A listing Bf 1t looks like this: -
;i (1! E: 3; )4‘,1 53 6: Y !], i v #

In this chapter; the word 'number"' will refer to a mepbe
this set. - : A

] Although fractions are mentloned 1n.the following :Q;y; the
story is Intended to 1llustrate an important idea about th§§

positive integers.

Once ‘upon a time, there was a farmer who had 11 cows.

When he died, these 11 cows were left .to hils three sbns.

His will sald that 3 of(the cows should be left to .

Charles, 5 of the cows to Richard, and g of the aows to

Oscar. The sons argued about thls, befcause none of them

wanted juat a plece of a cow, as the will seemed to

requife As they were arguing, a stranger came along,

leadlng a cow to market. The three boys told him of

their problem, and the stranger sald, "That's simple:

Just let me give you my cowg and then try it." The boys

were delighted, fAr-they now had 12 cows Instead of 1l.

Charles fook one-half of these, or 6 cows.{ Richard took

one-fourth of them, that 1s, 3 “@ows. Oscar took.one-sixth

of them, or 2 cows. The 11 cows which the farmer had
* willed ‘'were now happlly divided. The strangér took his

own cow and went on hils way. - W

T ! ,
455



1 2

K

- ' %;

Butcume af thia story may eause you to think tﬁat the
But nosice thgt each, boy

bnya did not get their fair sh
- actually got more, since it 1s

Evén 80, however, there seems to be Eamething

6>%, 3>%,

g

e that

and; 2> %% .

starg_ What made such an unuaual solution possible?

For some reasgn, the people of the story. fcund it much
¢ deal with 12 -cows than with 11. The reason 1is that
and 6,. with

 easler t

‘s 12 can

 remdinde

any of these numbers, with remainder zerp.

be divided by eagﬁ~

r zero. The number 11,

however, canpot

of the numbers 2, 4,

made 12 a more convenlent number in the story*
" ivided by, with remainder zero" .
paints directly to a very impartaﬁtxmathemaﬁical idea, whlch glves

si?le!‘x;;

Act

uE émther
by 6, with remalnder zero,"

12”}

Before considering a definition of thg werd "factor," study
the following examples of 1ts use and see 1if yoﬁ can anawer the

questien

4 1s-a factor of 12, because
lgg!

5

Is
Is
I%

.Not

12 1s a poaitive multiple of that number,

ually, the phrase

h-

s asked: _ .

ls not a factor of
of .5
3 a factor of, 1

2 a factor of 12

7 a factor of P!

ice that saying a number’is a factor of

olée of words .

Why

why

Instead of saying
we can-say that

- i

b x 3 =12,

or why not?
why or why not?

or why not?

3
i

M

"1l2 1is divi

"fishy" about the

be divided by
Do you aee haw this

"6 1s a factor|of

because 12 1s not a multipile

12 méans that
(A multiple of a

number .1s the product of that numbér and an elé%ent of the set of

integérs
A\
4

} For. example,
3£ N

is a factor of 12.°

;1EE 1s a positive multiple of
. « F

5

12 18 not<a multiple of

18 not a factor of

4

1z.

;

5,

(12'= 4+ 3)
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y proper factor:

1111 1 o " . , .

We can now/turn our attention from specified numbérs to variables
and ‘'make Egg following statement:

T@ Ba? that a- pasitivg integer x 18 a factor

of a pnﬁitive integer y Mmeans that y 1s a

positive multiple of x.

Aqy positive integer has itself and the number égé as
factorsa. ‘?brfinstaﬁge, 12. and 1 are factors of 12. 12 1is
a non-zero multiple of. 12 and of 1. The other factors of 12--
the numbers 2, 3, U4, and 6--are called proper factara of 12.
7 E§ way of contrast, the number 11  does not have any praper
factors. ThHe only factors of 11 are 11 and 1. )

These exampléﬂ illustrate the followlng definition of a

A poaitive 1nteger m 1is a proper factor of

the positive integer n 1f mgq = n, “where .

q 1= some ppsitive integer other than n

and 1. - ] .

4 - ‘ = .

In Qrdgrlta test yauzfggﬂeratanﬂing of this definition, try’ using
the definition to show why 3 1s a proper factbr of 12 and to
show why 1§' is not a proper factor of: 12. 1In each case, what
are the pumbers m,  n, and g?

%

Check Your Reading

Is 12 a multiple of 67 of U1

1.
2. Is 6 2 factor of 127 1Is *4°?
3, Is ‘12 a proper factor of 127 Is 27
- 9 |

L, Daes‘ 11 have any proper factors?
5. Hhat 1s a factor of a.number?. ) ‘ E
6. What 1is a proper factgsof a number?
7. What do we mean when_y we say that a positive integef m

~1is a proper factor of a'positive integer n? 5 I

. - .
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1. In angwering each of the f@liawing quEEtfﬂnE, glve a reason

fcr your answer as the examples show. '
: _ — Example 1. Is 5 a factor of 45% Yes, since
. . 5% 9 =145, - _
: ‘ i Example 2. Is 5 'a factor of 46'3 NQ,/;nce E&S -
- is not a multiple of 5. There ia neo i
integer g such tha{ 5q = .46, - > '
(a)V:Ia 3 a faet%r of 242 ?
4b) Is 5 a facter éf 249 ﬁ‘ ‘ 3*47
(e) Isﬁ 9 a factar of 247 ' :
_(d) AIQ 24 ‘a factor of 2kr .
' (e) " Is 36 & proper factor of 369 -
(f) Is 1 a ra ctor of 5 ’
-2, tﬁ;Et the set of multiples of 6. " .
: §_ List the set of multiplés of 12,
4. List tﬁélget of all factors of 12.
5 List the set of proper factors o} 121 R

‘6. If mn =p, where m, n, and p arefpaéitive integers, 1s

h‘ a factor of p? Is n a factar of p?

i;nr
7. Singe 3 15 a factar of 18, 1= 8 also a factor of 18?

- 3 -
8, _If m- 15 a fad®or or p, 1is % a.factor of p? Is 1t __
a proper facthr? i
, - L=
9. If we know one Factor of a numb3fz how can we immediately
find another? ) ‘ F .
] \ . . \ b i P =
Problem Set 11l-la . .

‘Anawer each of the following questions. Gilve a.reason for your

answer, as shown 1ln the oral exerclses.
I P

L. I 13 a factor of 917 -




E . .. . Problem Set ll-la
i o " (continued)

2. Is 30 a factor of 5107 5 - .o
) N3, 'Is 12 gifaetcr of éok?‘ . f T -
. Is 10 a factor of |100,000? ; _ *.i
5. -;E 6 nggéﬁsr'af 151,82¥7 ) { Y.
6. If 3 is a factor of 51, what is another .proper factor?
7. If 3 “1s a factor of 57, what is another proper factor?
8. Ir.5 is a rgct@riéf 65, what is another 'f;\r-ci:;pe:n-"-;E‘;am;c:sr-'?it
3 9. If 7 1is a factor of 161, Whaﬁ'15:aﬁather%ngpgé;factar? ‘
%yb‘hié; If 29 1s a factor of, g, what 1s another proper EQEEEE§@ZCQc¢
ﬁ 11. If 23 1s a factor of 437, what 1is another proper facton?
: 12. If a positive integer ¢ is a proper factor of a p@sitive
. integer q, what 1s another proper factor? )

i 13. List the set of all factors of 18.°
14. List the set-of all proper factors of 18..
15. List the set of positive multiples of 18.
16, Write each of the followIng numbers as a prﬁdugtlafrgraggg
factors, if it 1s possible. It will not be possible in every
'+ case, because some “of the numbers have no proper factors.

AExamp{?: 24 = 2 x 12

¥ ¢

Zhx 8 .
. i There are other poasibllities.
) . (a) 85 (h) 94 (o) 122
{6y s ) ss (p)~ 68
(e) .52 .. () 6 (a) 95-
b - -(a) 29 (k) 23 s;‘ (r) 129
(e) 93 (1) 123 (s) 1M1
(r) 92 g (m) 57 ' () 101
(&) 57 © (n) 65 ’

or 24

3
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. have an easy way of declding whether or not 2 13 a facdtor of a

"number.

’

11-1"0 -
Is % a factor-of 151,3217 o
J ¢I§ 6 ‘a factor ,of . 151,3217 _ '
., Is 12 a facto% of 87,3 ﬁjéug_ T~

-These are examples of- questians that can be answered on the basis

@f the der;§1§L§ﬂ of factor giVEﬂ in the pfevious ;ELtiDﬂ. rcu

céﬁsumiﬁg arithmeticp Suﬁh as diVidLﬂE

a sharter way of d?Pidiﬂg Whgther or not one numb T 1ls factor
of another numbéf In this gewti@ﬁ, we qhall unwé some of
/ P
these-metheods, -
- Consrdér first the set of even positive 17t , o
. | ~ B B 4 - U
[%’! 4; E’p Lj’: 10; 12, lbﬂi 165-13, 20, . . .}i
. L T
2 18 a factor of every number in thisa set: 1n fact, an integer
with factor 2 1s exXactly what 1s meant by an even lnteger

n
Notlice that every even number has a common namé whose last diglt
1s one of the following: 0, 2, &, 6, 3., Already then we

%

The set éi p@sitivg multiples of 5 can be liSuFd 11Ee this:

(5, 10, 15, 20, 25, 30, 35, 4o, . . .).

‘Is it possible to look at the last dlgit of a numeral and tell

whether or not the number Yt names has a factor of 57 ”
The set df pﬁsitlve multipleg of 10 18 indic¢ated below:
(10, 20, 30, k0, 50, 60, 70, 80, . . .}.
/ .
Here ‘again, do you see that there 1s a way. of deciding from the

numeral whether or not the number has a factor 107
It zeems ialfly simple to look at a numeral and decide about

the factors 2, 5, and 10.. It is not quite so Simple to make
a decision about the factor 3, but the table below should help

you to see a method. Try to find a comnectlion between the sum of
the digite and the ractor 3. (Some of the table has been left
for you to complete on a separate sheet of paper.)

3

ol N



11-1. ' . ‘ -

v . Sum of Digits . Is 3  a factor
- H?méé?, in Numeral of the number?

[

) 147 1+ b7 =18 yes (3 - 49 = 147)
A S 36 3+ 6 = Cyes (3 12 = 36)

no

W, el

e

=
Wt
=g
_I.
WO
]
[
i ok

23,412 P .

If you had trouble deﬁecting any of theae methods or in
putting them into words, the followlng summary may help. It
gives the methods for declding whether or not 2, 3, 5, “and
10 are factors of a glven number; 1in each case, the 'test'
18 based on the common decimal numeral for the number.

If the last digit is g multiple of 2,
the number has a factor 2.
{ . If the sum of the diglts 1s a multiple
tor 3.

[p]

of 3%, the number has a fa
v If the last digit 1s elther "O" or N
' "5", the number has a factor 5.
If the last digit is "Q", the number
has a factor 10.
Because of the relatlonship between factors and dividing, the
_ four tests above are also called tests for é;visip}}ity. In the

problem set,'ycu will have a chance to discover some other tests
for divisiblity. . P

%

ej'
/
f Problem Set 11-1D
1. wWhich of the following numbers are divisible by 2? By 32
By 5? By 10?

(a) 207 (e} N7200 (1) 66248

(b) 3894 () 379242 (1) 23824

{e) 1hr42 (g) 23825 (k) 46008

(d) 44726 (h) 21460 (1) 739200

=

b O
"

[asl
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. : Fﬁ@blemHSEt 11-1b ' *

) Q(Qﬁntinued)ﬁ
R - s Il : .

I you find that ¢ 1s a lactor of a number
i

would ¢

and also that

3 4 then be a factor? Hint: An ope

R

tactor,

I

hr
be

o)
i
D]

seé for a number, thdt has 2 and” % 4s [actors could

Why?

[

I flfactor of 2 . % .n?

% .n. Is 6%a

G

the test diseu above

the iallawing numbers

Ey

se ussed in Froblem ‘to 'ind wgich ot

has a factor ot 6.(Do not divide.)

(2) (1) ‘
(b) (g) 3
(c¢) (h) .
(d) | (1) )
(e) ‘ . (J) |

157 (Problem
N : 1
the

H@w could . you tedt numbers

% should help you 1if

E
[
—
[
i+
B
[og
g

for div 13

vou have trouple.

test for numuers

your

diviaiblllty by 15 on

5!',D@ rot divide.

that the dlv innility teat i'or % uses the sum

| eat
5. There 1z a divigipllity test f'or 9 that
i

t¢an dlsgcover

&

are divisivle

-] e
ol
R

et
P
)

a number by

' you can

s

your test

diviiibilitj sy 1P Uase

]
on parts (k), orU prouvlem l;‘ ard  eheck

-

3,. very much 1Lké‘ﬂhé test
and state a divlsibiii,
HF -
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Froblem Set 11-1

- (continued)

*10. There is a divisibility test for

following examples.

he common name of

ot , then“the numoer 1ts

of . : . |

*11. There is a test for divisibility o

number . 13762.

b

a number ls

y 7.
Take twice the last diglt and subtract 1t

u

Study &ach of the

above examples:

g’ of altérnate

a multiple

1z a multiple

Consider the

from the: number PEpFEéEntéd Dy;thé‘remaiﬁing digits.
=M

”3i”j5f diviqiblﬁ oy 7?7
127¢2 ¢+ 1376 - E(E) = 1372

Contlnue the me pattern. Is the

multiple of T?

1572 13T - 2(2)

ERIC

Aruitoxt provided by Eic:
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A S Problem Set 11-1b

: v ¢ (cdﬁtiﬂued)*,i_

= . Fy, ’ = .\
- Complete the sentence:
. If. the difference between ;i ;”:Vthe number represented
"by the last digit and the number PPDPEEEHLEG by the
. diglits 18 a multlpLL of seven then the
. number ltself .13 a multiple of seven. *
Is this. test a useful test? Why?
- 11-2. Prime Numbers and Prime Factorization. -

In working with Iact@rs of numbera, ‘we often cho@se the .
factors IPDm a 8et called the set of prime numbers. The set of
prime numbe?% 18 a subset of the set @f positive Integers. . The
definition of a prime number will b& considered in the igllawing
problem set and in the next sectlon of the te t.

First, however, let's diacuss certain ways 1n which a set of
numbers might be determined, or generated. Suppoae we start with
the number one, then add one, add one again, add one again, and
'so on, without end., The following set of numbers would be

= generated.
s SN o= g e oal ; . :
{l! ‘j‘! TJ: 43‘:3,! C’g (F; ‘(j} ® = i]- r B

This, Bf course, 1s the familiar set of counting numbers. Tt
ls corregt to say then that the set of counting numbers 1is

5 generated by the number one and the operation of additdon. That

1s, we can bulld the set of counting numbers by starting with one
numb5P==l==and with orie operation--addition. 7 , ’
" What Het of numbers is generated by the number 2. and the
\ operation of additien? 35t dFtiﬁE wlth thP number Q W
30 on

getting 4, add 2 agaln, obtalning u, and so
1s the zet

(2, b, 6, B, 10, 12, 14, 16, . . .],

the set of éveq positive integers.

In the problem set, you will be asked to generate sets of
numbers by using a specified number and a specified coperation

- Lgh
. l \..,
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of numbers-is generated oy the number 3

et an
ration of addition?. Does év?zy number in this 3ét have
oD ol

proper factor “?=; -
. | . o
How could tHer set of all positive Integers.-with factor 5
a Lt

to 100.
g work

ction to

., oross out evepy number that has 2 as

racto. Do not aross out the number 2
.y v = - . -~ -
« 72 1s non oa,proper factor of 2.
Beneath eacn numcer-that vou cross out, write 2",

to show thas 2 1s a proper factor of the number

ouf every numoer In the 113

3.

=3 out.

, .. S 4

{¢) The hem in the 1ist is &, but 4 has beer
crossa {it naa 2 -a3 a proper factor). 3o move

on which nas not been crossed out. Cross out

eve ining nompber in the 1ist that has a proper

fac wrrliting 5" beneath each one

(e) When you have Iinished, some of the numbers (like 2,

5, and &) will not be crogsed outb., IND ice that

Lrie numbern LOT

'



Problem 4 in the problem set above was included for an
important reason. It helps in understanding the definition of a
prime number. If you followed the instructions carefully, you
found that fhe following ﬂhmbe;s were not crossed out:

1, 2,

W,

N
ol

A,oo11, 13, 17' 19, 23,
58 g ,

g, 61, 67, 71.

W s

7,

=
o

z
] 4

:j L]
W,
. - 3 ] . -3
Notice that none of these numbers have any proper laciors. oz
this reason, they are called prime numbera. with the exception

of the number one, which 13 no%t conszidered to be prime. In fact,
the following definition can be made: .

4

( r A prime number 's an inseger

than one that has no prover fact@Tz,
- . a2 = : * - -
50 we have uncovered twenty-five »Hrime numbars {(listed sbhovse
- !

. P o . , . - < .-
with the number 1 removed). W= vid have Tound rany .more.if

the 1list of numbers we started wi<h gona heyond  100. 4 For

'éxample, 101 1is a prime numbar, ' i

Because the 118t of numbers we s-artec wlth in Pzcblem 4
gerved to- sift out the prime umbara, it 8 sometimes called a
"sieve", and we shall refer to 1- by tha% name or the next few

pages. Look at the number Ej in <he sieve (1t was crossed out)

mallest Fime
Eumber Flcte frcm sleve)

63 i 3 In the sleve, the number 3
i . 1a written below.63, 1indica-
. ni ting that % 18 the smallest
orime number that is a factor
7 o063, If. 63 1s divided by
%, %he guotlient 1is 21.
6% =3

Beneath the number 21, the
= numbéﬁ § 15 also lndicated

I
[
il

TI Z1 1s dividéd by
tor 3, the quotlent is

P

7 T : The number 7 has not been
<Y 7 crossed out. It is az prime
number, and 1ts smallest prime
factpr 13 7 1ltself. The only
other factor of 7 18 1, not a
prime. ’
3

. 5
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The work above can o
' 6% = 3 21 factor of 6%,
FTx put 1t is not
prime .,
=3 - 7.7 The number 21 has now been factored 3
is also the smallest prime factor of 21.
. + 7 1s glso a prime factor. +

- The product (5)(2)(7) 1is egual to - 63. Thus, we can say
that we have 'factored’” 63%: that 1s, we have llsted factors

WhDSE»@?DduCE 1s ©%. Furthermore, each of the factors in this

case 1s.a QFimF number. 350 we sai that we have shown a prime
. .

» note that ©3 might be factored in the
followlng way: 635 = (7)(9) However, thls is not a prime ,
. factoriZation. VWny not?’ ‘ N P
In obder to clarity y@ﬁﬁ thinkiﬂgJébDut p?iméfgacﬁaﬁizatian;
another example 1s giveb below. ™
i
Give the prime factorization of 60.
00 = (2)(20) i 2 1s the smallest prime
fadtor of &0,
= (2)(2)(15) 2 1s the smallest prime
factor of 30 ' '
= (#) ()Y (3)(B) 5 1s the smallest prime
factor of 15. __
Note that all of tThe :

factoras are now prime.

In glving a primé rfactorlzatlon of a numb&z, there 1is no

A

gpeclal order &n whilch the factors must be listed. For éxampléi
the prime ractorizatlion of. 6% mlght be written as (7)(3)(3)
Mnstead of (1) (3

(
qhanged; there 18 or

7). Although the DFdFﬁ of the-factors may be
n

ly one selectlon of numbérs in any prime,

factorization. Hence, 1t 1s correct to sfeak of ﬁhe prime
factorlzation of a number. Anot

her way of Szy%gg thiz 1s to say
that ' :

]

O
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It may seem obvious to you that each positive integer which
can,be factored has only one prime factorization. However,
&%\uﬁ;que prime factorlzation 1s a property of the posltive integersa.-
"It 18 not a property aof all sets of numbers. For example, ¥n the
get of rational ﬁumbersg there 12 no unlque prime factorization.

L

i,

\ Check Your Reading . ~

= . - - : . _ Bl ‘;‘
l. What 1s a prime number? !

2+ Whieh of thé- foll ng are prime numbers:zﬁlg; 29, 39, 4y, 5g,

. 69, 79, 89,. 992 Are all numbers ending in 9 prime npumbers?
3. Which of these are prilme numbers: 3, 1%, 2%, 33, 43, 539
"’%

\APE all numbers ending 1n' prime numbers?

b, Are?%ii odd numbers pfime numbers?

D

3

5. Are all prime numbers odd?

3

5357 of

Py

507

Do T
!

6. What 1s the prime factoflzation o
i

7. How do we start the prime iact@riziﬁi@n\gf a numbe&r?

%’j
- i -
.“ o - Orarl Exercises 11-2b
, 4 a
71. Glve the prime factorization of each of the following numbers.

i

.

“f

—
(W
lo]

Ty

99

"u

‘U ]
1”M —
I 4

o

[anel =
=
o]

e

"‘-J'*J
W

Hm&mmm

)
p)
a)”
r)
)
)

28 4 t) 225

(2
L
(¢
(d
(e
(f

&

- (

=
1
0\ P
"
sl
e
4

)
)
)
)
)
')
)

1w
[
~J

N §
. > . !
2. What 1s the next prime after 100°?

- ) i ) R '
3. Th edch ofythe followlng, the prime factorization Df\% number’
. - i

REive a vommon name Tor the number.

1z given.
. I

kv
M

=

™3

X X

fCh
Y
ek

[
XK K
I

.t

[a]
— et
W]

X 5
x 7

"
S,
~

—~3
/‘N :
) .

v

—

s
'|(
i

" u63 , ‘ I

e
.

N
N‘""«
"y
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1. Tell which of the follo are
’ remempey how to test for divisibp

(a)
()
(c)
(a)
(e)

i

o
o
X

r,m‘("
ﬂ‘u

¥

1
1

el o T =

X ¥ X X X

o

4

WO

3

5
1]

lv—-' 6

LS

~3 ~] W
X wWowW om oW

-
el

H

~3 W

[ RRNY

Ofél Exerclses 11-

(eontinued)

&

bl

/

=
%,
[
-
st

bt
et

m

(
LG
EP[’ g

2b

are prime numbers.
1lity by 2, 3, 5,

121

- L3
(Doés the distributive property help?
'ry- 13(20 --1) .3

(Hint

97

)}
)“10101
1)’ '9999

2. What 1s the largest even prlme number?

4, @ive the éfime factorization for the following

(a)
%)
S (2)
(a)
(e)

numbers

i

"*D 5
=

are there?

WA T
=

q

[ ?]‘
1

P

N L
Do you think there 1s a largest prime number?

‘é@w 'marjy even pr{g&
Why?
numbers.

(k
(
(m
(n

b

5. Each of the following 13 a prime factorizatlon of a number.

Glve

(a)
(b)
(c)
(d)
(e)

ER]
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& COommonsname

for the number.

£) s
| 3

7 » 11
1% x 19
3 x 3 X3
19 x 31
;’FS/'%
. “

L™

e
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In the QPEVLQQS‘SGQCL
Speciﬁigallg, W

The- numbers we worked with at that time were relatively

letts 3523, for

i - 5
on, we consldered the ldea of factoring
a number; e worked with the prime ractorization of
numbers..

In this section,

and determine 1ts prime
Smallest Prime Factor )

The steps above show that the prime [actorlzation

The new symbols

5528 i 2 dlvides 3523 e quotient

e

. Th
= (2)(1764).

1760,
1760 = |

=
&

divide

442,

The guotilent
2) (382).

The quotilent
(2)(4b1).

© dlvldes

LT

it

392

e

| . =z I =z
\ 5 In 4

41, but
147,

does not.divide
dhes .

iy

The quotlent 1s
< (2)(187) .

‘ 147, The quotient
(2)(h9).

divide
7 jdivides 49,
).

49;

-

(7) (7

a prime number.

5

7

=)

2R T 3w 3 u 7o, AT

.

"o
7

read "3

" 1a
second power'.
two times'.

is a power of 3.

ol

1oy 21t

iz read

third power



-
(Sl
I
Mt

A iy
three times". 27 = 2.2 .2, A\ .
22 is the thiznd power of 2. ~
As . another example 'of this kind of symbol, gonslder the symbol
- ‘QU £ 1 )
il i} R ‘:Lf%’i’:-ﬁ
4 e N
"5 13 read "5 to the fourth ESWEP
It meanz "5 used as a factor four times" ’
Sk . b -
5 =5-5-95-5. 5 is a power of 9.

-
This kipg of S‘Ebéi can be detined easily by use of varlables.

For example, o ( :
. "xF'" 15 pread "x to the ﬂg)/rpDWE . It '
" means. "the numter x used as $ factyr
. PR n . ¢
n times"™ . o= XX =X aer e . X -

power of x.

Certain labe e usually attached to the tg@ parts of this kind

names are shown below, and*wlll be used here--

215
of symbol. Thes
after.

n

%1 exponent

—-—base

1L shows how many times the

From the 1ldeas,presented 1ln -this section, 1t should be clear
that there 1s a st
factorization. To show thla, let's consider the’ questian of

rong connectlion between divlgibility and prime

whether or ﬁét 252, fqr example, 1s divisible by B4, More

simply the question could e wordéed:

'Does 84 divide 22"’ i §
We can, of course, getwthe answer directly hy division. Since

252 = 8B4k = 3 with remainder zero, the answer 13 yes.
However, suppose we look at the problem 1n another way,

using prime factorization. We see that

5 £2
= = = 7
and 0= 2 M I
* ,
W7l
iy
i:‘i;i I
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s F \
g’F = \ . .
L I ‘ x
. 11-2 v
s T - - i . p
. What d@ you notice about the two prime fawt srizatlons? We observe
that the prime factorization of 34 1g; in a sense, ¢ mpletely -+
included 1:} the pr‘ime factorization of SEZ Ah@ther way of
ﬂayiﬁg this % that eath prime factor of &4 1s a14m a prime _
fact@r of 252, and the expaﬂéﬁt of each facté? of Ay 1is less
’ than or equal to thh exponent ol the corresponding factor of 252.
L ~ BN = =, .
In tﬁis GQNﬁectiDn we can think of .any ﬁumbéf appegriﬁggwithcut an
. exp@ﬁeﬂt as haviﬁg an 1mpliéd &xpoﬂtﬂim‘i 1. Thus 7 =7 and
-5 _ '1 . i = . -
3 =37, etc. - ‘ : , .
B = & 13
] GGﬂSidéf‘ anotner example. Does 36 divide 180? The prime
factorizations g%e: ’
1 ~ ’fxﬁ - e ¢
: 180 = 2° -3 .5 -
B 2 _2 w’ . s :
and - 36 = 25 .37, ) v, .
3 - ? -
What 1s your answer?. . !
§ P 7
This idea can Péa}¥§ te thought o as an applicatlon of the
* multiplication property of 1. I% -other words, we see thaw
|y
e S
!/ 7 :f
s Check Your Reading
1. What 1s{the prime factorization of 35257 How can we write
thia more brlefly”
2 In the numeral ”%5”, what 1s the number 3 called? What
1s the number ¢ called? Wha® number does 3 Fép?éﬁé%t?
h
3 How do we read "5 "7 What does 1t mean?
-
4, what 1is an exponent?
5. What does 'x" mean? How do we read 1t? What 1s the number
x called?” What ls the number n called? R\\
f. Why does (2% .3%) divide (2% . .5)9

“V(;‘Z’
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Give common names
(a)
(p)*

2

. N

(c) .
(d)

2. ‘What 1s the smalile
numbers?
(a) 115 -
(b) 1357
. o(e) 321

Lan

i (a)
State the

exponents.

(a)
(B)
(¢)
(d)
(e)
Fer which of the

the first number

prime f

]

0

~N o
(AN & Y s T
&

Pt

2 27
=] ]
1 g E2 =
(b) 2.3%, 3

(c) %

1.

' X power
(a)
(b)
(¢)

Each of the t

of

3

O
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divides the asecond?

, \(1

Oral Exerg;sg;rlizgc

for “the following, powers.

[N

= d

ol

g

(

st prime factor of each of the

L] W

ollowing

ey

[Nl
) A
“vw\
=
o

ol

[
et
b
[
[

g

—-
(VI V]
[Nl bl
—_ —
M e
Yt -~
[N
sy
1
e
et

Pt
b
[iu]
M
Yl

actorizatlon of these numbers, using

iy iy
Tt Mttt
g
i

(f
(g
(n
(
. (4

T e T

followlng pairs of numbers is 1t true that
. % . .
For-which 13 1t false?

3.5, 11, 3°.5%,.41°
25

M_}«l
2

[

%

my

el
gp,
m

, 106

[N

-
"l
Wt
2
*

=
P
Ll

g
T
%3l

(r) 32 (1) 121 (1) 343

Ty

W)

o) 7 - (1) 2 -
(§) 107 T ;;‘
(g)  12° ) 25 | (
) )
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% 112 cel e '; ¢
é h Problem Set 11—22 o g
. (2ant1nué§) - W L -
2. éFlnd bhe*prime factorization- of each of the fallawing numbera.‘
Use exponents in writing your answer. ‘ 7 "
© (a). 98 . (a) 180 . (&) 735 (§) 1098
() 432 . . (e) 102k (h) 825 (k) 486
- (e) 258 (£) 378 " (1) 576 (1) 3375
;, _ | 3.- For which ‘of the following pairs of numbers 1s 1t true that ..‘*'~
- the first.number divides the secqnd? Férﬁyhlgﬁ is 1t false? .
W (a) 3f.s, .57 () &8, 58 e
ﬁ—: (b) 235, 22 . 7 (e) 5%.7, 3156 B
o) 2-3.5, 22.32.5% (1) 2.3%, 162
\ A% Ise prime ragtérlgatian to decide‘ﬂhéthéf}af-nat Eﬁé Firsat .
. A number div;des the second. Conslder the .varlables as primes.
' (a). 36,396 - - (d) 27a’, Biap®: '
“vws y  (v) 30,.875 (o) 18@3&3’1:»,, 125@:& bE o
o) 16, 192 (1) 175‘/162379:{ L
5. Find a common name for the number represented by each af the
N .:fallawing expresslions fc:)r‘ the glven value of the \{ariag;_gj
(a) :‘c?.if‘*x 18 2 o v
"(d) 2% 1r x 1s 4 ' PR T
s; ‘ i\(c;-,) _a;:!;f a }s 7 _
(@ 3% 1r a 1s 3 . S
(e) a2 “1f a is 2 and b is 4
(£) (a®)(a®) if a 15 3 *
f(g)%ifxis‘j 5‘{ 3
x -
Se (n) (2%)(27) if x.is 3 and y 1is- 2 .
’ (1) mgng if m 1s 3 and n ‘;Ls 5
r (1) (mn)E 1f m  is :;_ar}d'n is
'(}{) S—ig 1f a 1s 3 anf b 1= &4 (
"




.Problem SetAllsée
(continued)

. (1) Ei if' x 15’;§.<éﬁd ~% ;§€A§%Q%;; »
2;}; (m) 3a* 1r a 18 2 .. : -
- A (n) i(}a)}‘ if a 18 2
"~ (o) :(Em)§“,if‘lm -ieb‘ﬁ
(p) Sm>7af m 18 3 A
(q) 5w if m is 3 Lo 5
- (r) (a+Db)° 1f a 18 2 ggﬂ b 1s 3
(s) a 4
| (8)
. - (u)
W)
(),
(x)
6. If the length of each side of a square 18 5 inches, what is
1ts area in square 1inches? . 3

L T
M

\Im\
+
po
m
o
+
o
[
by
e
ST
=
n
=™
o
e
@
el

—

my g

A
o
PR ¢ e
—

o

I

=g
"’
o
T

T @
[

[
n
\m\

o
(o
o
[
"
W

*

2-rand. b 18 3

b)(as- ) 1f ;a 1872 and b 18" 3
. and. B

— o
1
o
[
iy
]
i
L

o
[

-2b +Db° if a 18 2 and 'b.1s 3

*,

7. If the length of each edge of a cube 18 5 1inches, what 1s
1ts volume In cubic inches?
- 8: If you did Problems 6 .and 7 correctly, you should have
stated the numbers rgpresented by 52 and 53 for the two
an3wers. Can ygu'agzpwhy the words '"squared" and "cubed"
are used? :

=

At the beginning of thls chapter, 1t was polnted out that our
concern would be only with the set of positive integers. Now that
we have done some work in factoring, we are in a posltion to see
that some such restriction must be made in order to make any
definlte statements at all concerning factorization.

) For exémplé; wlthout our restrlection, we would find it more
diffiiult tp define a prime number. vif rational numbersa, for

L75

£y
< wt

N

8,



A3 S

example, were admitted to the discussion, the prime number 7
would certainly have factors other than Ifseifsand one, since

7'§ é“x 14 We would not have unlque factorizatlon og any kind
W You caq see then that the restriction ta the positive intggers.
}?ii 18 basie to this chapter. Later, we may find uses for factors
? ;%’1,;Qutsiég’tﬁe set of positive iﬁ%égersi But, for the present, we
} :ijéhai;'ééntinue to eonfine our attention to this set. 5!
.~ 1123. Factors and Sfigf ! ‘ ®
N : Are thére twalhumbers whose product is ; R
',ff; . 72 and whase sum is 227
. . -
~There are two reasons for Qansiderihg this type of question at
. this time. ’t is a question that will arise 1in- futur'e wark and
1t 1s a question which 13 directly related to the ideas on.
N Tactoring which we are now studying. * »
i One way to approach the aolgticn is to guess. '20 and 2 o
are two numbers whose sum ig g;; unfortunately. their praduct o

,»:18 not 72. The sum of 12 and 10  is 22, but ‘their pradu:t
1 not 72. Although a corﬁgct guéss is alwa;ﬁ a posgibility,f,’
bllnd guessirig 13 a was teful approach to the problem. o

A more .systematic dpgf@a;h might vegin with the primé factor-

1zatign of T72. (Remember that the é;ggugﬁiof the numbers is to -

be ::\f)
T2 =2:2.2 35 3%
. - oY 22 1

We must alséifecall at this p@int that 1 15 a factor of every.
- positive integer. 1In our study Df factors, we ha u
omitted the number 1 from consideratlon since the product of ;

and any other number is equal to tﬂat number. Hawever, we are

,now concerned with a sum as well as a product. Hemce the number
1 should vue lﬂclung In forming our lists of possitle factors. .
Thus for convenlence we may write .

9 L

T =1 E 2. 5

tfactors in

In determining the two numters, we can place the
any way —~ choose to get a product ol /v, ,ust as long as we
s ’ . e v S;JQ;:; N
' o) " s ,
Ly
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"11-3 L S
are sure that all’ af the prime factcrg oﬂrs?z a@gftherel We
‘must try different placementa until we get an arrangémént that
alaﬁ glves twaznumhera with a sum of 22.
) i One paasible placement of the factars 13 like thiss ;
3 - * ] 7,3" - ) .
1.2  and 3 . Da ycu ﬁEE that §;;Vo§1§he prime }
" ' factors of 72 appear? The numerals *
. indicated name the numbers 8 and *
Co 9. of eaunge;th&ir product 1is 72,
[ * . f ® = .
7 . but thelr sum is not 22. They do
T ' _ ‘not repregent a solution to the
L prablem.
A L Y .
Same ather possibilitles (not all of them) .are listed and
discugggd be}ow : ;
o : ' L -
JLe?2 and z;?;’ ;722 The numbers here named arg 2 and
B 36. Their sum is™not 22, . 7.
and 2% - 3% The sumof 1 and 72 18 not 22."
and g%;7 3 The sum of 6 and 12 1is not 22.
2:3° and ' __2°  The sumof 18 and 4 1s 22.
Therefaré: 18 .and 4 are the numbers Pquiredi .
As a second exémple, consider the followlng. VThe sum of
two numbers is 32. The product is 156, Find the numbers.
As before, we first. form thé prime factorization of 156. Then,
- as before, write in the number 1. That 1s, we note that )
156 = 1+ 2% .3 .13,

Some passible'éhaiéés for the sum are:

-1, and 1 + 156 = 157
1-2.  and 2 + 78 = 80
y 1.2° and b+ 39 = 43\5
1:2 and 213 ?

W;ﬁﬁhat can you say- about the last cholce? Are théfe r:ﬁ:l"uzr'a‘fl

%

JdThere was still some guesswork in seeking the solutions apgve
HDHEVET, the - guesses came after the prime factorizations of 72 °

W77 o~
j? -l
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. : . 4 -

‘afid 156 were obtained, and invélved the proper placement of

factors into two groups i .9t

N - ‘Préblem Set 11-3a

1. List four of the different arr&ngements of the prime factors
éﬁ‘ ‘72 1into two groups. (Remember, one and the number
1taself are factors of every ﬁumbér.) -Find the arrangement,

Ar any, which results in a sum of * 27. e f' ‘*é&
2. Wf;te thé prime factorization of the product in each af the
' fallawipg and use it to find two numbers whose sum and
srodict Are indicéted below. '
{a)s§4:§ pradugﬁ is 18 and the sum i3 9.
. (b) The prédugt is 18 and the sum 1s 11. .
« (e) -The product 1s 32 and the sum is plféf‘ﬁi,
(d)"iﬁeﬂﬁréduct 1s 49 and the sum is §é;- - :
(e) The product 1s 54 and the sum is 15.
“(f) The product 1s 14 and the sum is 15. '
(g) The product 1s 200 and the sum is 30.
(h) Iﬁé product 1s 2235 and the sum 1s 30,
(1) The product is 56 and the sum is 56.
(J) The product is‘ 216 and the sum is 30.
. *(k) The product.is 972 and the sum 1s 247,
*{1) The product’is -180 and the sum 1is 3.
(Hint: write -180 as (-1)(180) and
factor %?D.) ’ '

3. Wrlte the prime factorization of the first number in each of
the following and use it to find two numbers whose product
and whose sum are as indicated below.

Y ( .
(a)” Product is 48 and sum is 14 ;

Y () Product is 48 and sum is 26 k (

(¢) Product is 48 and sum is 20
(d) Product is 48 and sum is 19
(e)  Product is 150 and sum 1s 36
(f) Product 1s 150 and sum is .25
(g) Product i1s 150 and sum 1s _ 31
(n) ;PPc:i'uc:t i1s 150 and sum 1s 30
’ 478
Ji



T, v o - VP:abiem Set 11%33- .
R ST " (continued)
(1)  Product is 150 and sum 1s 151 . & .
(J) Product,is 288 and sum is 3& '
- (k). Product is 330 and sum is 37 |
" b Half the perimeter of a rectangular fleld is 34 feet and‘.fvsf
the area is 225 square feet. If the length and width are - - .

integers, find them.

5. The perimeter of a rectangle is 58 eet anﬂ 1ts area is
- 54 square feet, Find the 1ength and width

o 1)

;The sim of the base andaheight af a paralleﬁwffam is 15
inches and the area 1s 36 sguare inches at are the

base and helght?

7. The combingd length of tHe base and éltitude of a triangle
is, Sﬁ iﬁche while the area is 300 square inches. What.
. Y _ :

8., Find'ﬁ@@ integers, \; and y,’ such that:

!
™

D

i

e " (a) xy = 48 and x +.§ =

[
WO,

Iy,
=
:
&

'(e)' Xy = ED"éﬁﬁ X +'y=

1]
W
o

N (d) = 700 aﬂd X4+ v

ey

11-4. . Laws of Exponents .

T A ) , R ! e
In a previous sectlon t- 1 “ing of X was glven as

¢

7-§ B XXX ... . _ .
o 3 " R R N

T n factors . .
Théfe werge also some pPDblemE which mav have caused you to think

=

that inddcated products such as a”.a’ and a” .a’ might be
written 1n simpler form., Let's study the first of these and see -,
if 1t will help us with the second. -We know that ° -

%]
u

.= a:a, - a° = a.a.a.

3

So, a“ .« a’ = (a-a){a-a.a). i .

O
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= I

o 11-4 . 7
Since only the operatlon of multiplleation 1s 1nvelved, the
/J' B .i 5 =
pargnthesggdafe not ‘mecessary, #nd the sentence above may be

written: - .

|

a® sa§ = a-a.a-a-a. = ° *

' The phrase on tﬁe-right sidgiafvtnig.géntgnge’isgsimply a”.
S0 we have . “ - h :
. ¥ Fols ‘ - - o = i i R - ; ~ ~
. This éxample, together with several others, has been placed in
+" “the table below. Try to determine a pattern for finding a simpler

numeTal . )

. | Exponents in
4 Simpler | Indicated
Meaning Numeral | ~Product .

. -A-a-a-a-a
2 3| Y T , R
a“.a 2 factors 3 factorst a -l

s -

‘ 2:22.2.2.2 C s .
ol 2 T T :
2" . 2% |4 factors 2 facters| .2, b, 2 .6

b-b-b-b:b-b:b:b
factors &5 factors

o
ol
[«3
T
o
o
O
]
W
el

"7'*_:7'*' —_— — = X = ‘\
., © 5:5:5:5:5:5:5 ‘

3 o4 e tonn b Paetere 7 5 D

7. factors U4 factors|. 5 3, 4 .. 7 B

1
o

X ¥

Notice that the exponent of the simpler numeral has not been
glven in the last example. After looking at the last, two columns
for the other examp'es, do you see that the simple- numeral

should bg a7 » '

480
SN
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For all real numbers &, and 7
for all positive integers . x and ¥,

XY

; a¥. a x+y

1]

a

Tne numeral "a**¥"  1s considered to be in sigpler form than M

[ "ax . aytif

x

Check Your Reading

1. What does "x°" mean?

2. What is a.siﬁgler ﬁumeral for ag }33? ;féf Qg cb5?

for 2t 5% T . : .

‘3. What'1s a simpler way of writing a*.a’ e { T S,

Qég% Exercises 1l-4a

1. Give simpler names,for each of the fDitiing ﬁ?ﬁbéréultfﬂ! T !
a) @522 ey A Al () ARt AP |
(v) 32; 33 ‘_' ) m - mg . ;(1;;?2@ ::éﬂ
(&) e®a® ) 6xE w29,
S (d) "o . 1QA 1) xg(x) ) ; (ﬂ) 2. % *i - .
T e ) u) 60 (), (2P (eabd).
2 Which of the following.sentences ame tiue? Which are false? . |

_ (a)- 23 4 33 é, 3 i : (g)‘ 3,3 L e

O RRCOIER IS :

()" (21 (3% - 6 0
() .Ei N 33 E,é?‘ — )
() 2 = ¢ ()
(£) 2 +.{%.E gg (1) 23 4 23 _ 3 4+ 8

]
Il
=

4

LI

Cng

C e Tl

3:

Lk
'3
—-—
oy |
gn]

v}

L]

3 .6

]
]

L
L

L
1]

Lt
L]

[

Mo
LW
| Lt
fil
1
w
Wi

ul
"
mro
r

3. Uhlech of the following sentences are true for all values of
7

b

bl
i

Slen?

Kle

the varl )
2 _ .0 ' 2 353 6.9

(a) (D) (c) (a2

(€3)) ax® = (ax) (ax) _ (a) (mgﬁ)g(m




11-4 \
- “ N Problem Set 11- ua _
1. Write simpler names for each of tgé following numbers. -
(a) 23. 25 - (r) x3. %2 g
‘ (b) m3. m® . (g) 10° x 103 |
() 3”3 7 (h) 9®x9 |
L@ ey @,
(@ ety ) Wta® o T
' 2. ‘Write s;mpler names for the following xpressicns
=) ax(2% ) ?} (e)
© () (3%a)(3ta®) o) -
(e) (2ra)(61a%) (g) (3a767) (3Pan?)
Cr ) (5P (n) (3¢ |
) \, 3. Write each of the following Expressiung as a produ:t of powers
of primes and pawers of the variables present. _& o
' Examplg 375 823 = 3% .52.58 ,aa ]
"y ' _ EB,iEE' .2 753 .
: 3.3 .,5 §

() (16a%) (322 Q (a) 173(3%2)’ Ve i(e’vﬁ(z?xg

, (b)  49b(Sh3ab) - (e) (18 n)(24mnp) (n) (Bab)(Bab)(Bab) -
: s . _ .2 1 o ) 5 . =
. (e) Bixy-'3x yg (£) 35352(3235bc) (i) (Eab)
- - . § e -
The definition of expanénﬁ also leads to a- simpler form for
a fraction such as
a2
- where a # 0
- a
i
\ LBz
ﬁ ’g\

ry o=




[
—
Lol
S
iy
()
1

[
o

"I
M

V 4 » :‘- . ) ) - -
.L[ixgy Erg-xi-ixi%i;l'y}yj'y x ;é 0; ¥ ;B

/

. iﬁ%—? 2‘ 2 = 777§ux.¥iy

| \ | g ‘ -

' in the case of each varilable and each number in examplé,;
1l rand 2, the egponent in the numerator was greater than the
exponent 1in the. denominator. Examp:les 3 and 4 illustrate
what happens when the expanent!in the denominator 1z greater
than the exponent in the numerator.
Example 3. 2% = l.a.a.a 4

35 a.a.-a-a.a’ ayz7o
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- B 1. ,‘;"’,{iﬂ m-hn-:n
- Iié-ﬂ-gam-_m’mmnnnnn‘Am?‘DJ;“F‘D
| L - (2mmonny 1
™ - T Y3 ¥ m.mn-n 1.23.m-.-m:n.n-.n /
% 3 l
. ~ =) rewEEERT
=’ 1 = ‘1 - o ‘. = f
' 6men- , :
V. - g L > » ’ bl

_ The next ‘@xample illustratés:.a case in which, for some ;
fa gﬁtars, the- greater exponent 15 in the numerator, and, for others,
thé greater expgnent is 1in thé denominator.

vERT g 6x y 1-2-3.x ;% Y.y
.—rExéf{ﬂle , = 12 x £ 0; 6
o rxemple 5 gxyf’ I 33 %xxYyyyy’ 7 yer
_¢1-3 X:X-y:¥ 2% 7
(175 xxyy) 3 yyy »
- 2%
£ z) 3 N
N .
Examples 1 and 3 illustrate the basic ideas used in all
of the other examples. . .
/- P
If a#£o0 & - 427 The greater exponent
a” 1s fn the numerator.
[ ., ) §
= g .
t 2 .
* If a # 0, = = The greater exponent
a” a - 15 in the denominatoer.
= 77
a
S, -
UBLe) o 1
= - Wi ‘
. %




' Turning from\the specified exponents 3 and 5 to the
variables m ‘ny we are able to say that the following .
simplifications may be made: °

For any real number a,. a # O,

and for any positive integers m and n,

"
g
[
o]

= 3 . ir m}ﬂ;

of.

e
-

P

) o} |
W
—

n,

o

w Im
ol 3
"

m 1
[y
«F
=]
v
3

" Check Your Reading °

5
1. VWhat 1s a simpler name for -ﬁga? -
. = =

2. What is a simpler name for ——= ?

* - 3
3. What 1s a simpler name for 31 ?
ad

-

4L, Por what values of x and y 18 the following true?

5. What 18 a simpler name for Eﬁ s 8 # 0, 1if

= n?

m? \ \ /f

i? L
n? , S 8

(a)
(b) n
(e)

=]
]

g
WO

I\jgl




Grai Exerclses ;;;QEW. .

Glve a simpler. form for each of the following expfessians,
as was done in the examples of this section. (None of gné
variablés in a denominator can have the -value 0.)

) .2
(a) m? b (r) AL

L 2 . " 2
. ' . - 3a“m
(®) F- (e) .

(c) .2 (h) 27a“b () 100m°x

) SRS |

2. Which of the following sentences are true? Which are false?
¥ I} 5

L
v

. (a)

IWJ

I
s T
-
L
L
——
J:
-
-
e
Mt

[

n—-l

v o

()

FL“J !
!
no

e

—_
[

Mt

d
I
o

md L
=
L]
1

]
oy e
!

e

3. Which of the following sentences are true for all values

Tl (a) 5B e (es) (x7) (c) (em®) (%) = 2" m>

EBmB )
— = m

T (b)  (2%m3) (2m)- 2%n° (a) 21

[N

b, why must we not allow any of the varlables appearing in a
denominator to have the value 0°? '

o -

s



S § B : | ¢ -

- Problem Set 11-lb +

=

T . Simplify each of the following expressions. (Noné of the
variables appearing in a denominator can have the vglue 0.) .

LoD e, EEE;E%i
; . 14&*’?:’32

ye  50cid?y®
27" _ ' -5e”dy, v o

L EE R ELy S -
5. (222150 1y, 2oxiya?

o
vl 1
oy
<
(i)
et
ol

M
o

5.,ab’¢c - abe 16. ﬁ—

’ 2-mn
18 e

Lo 19, zeam

Pt
-
Ly
=
oy
n
H
'y |
‘ ke
",
(i
iy
S
e
™
/"}E@
o
|




11-4 ' _

Froblem Set 11-4b
(continued)

i
!w\
TN,
%m
= ‘ o]
>
345
-
*
™2
(o3}
—
]
[0s)
wog
L
|
\

4
m
Pt
"UJ
W
%<
ol
Dﬂ
k\,)
*
[
el

29. Which of the followin@\statements are true? Which are

false?
- Give a ‘reason for your ayswer
2.2 "DE _ ) _ E =
(a) ($)° =5 # (e¢) 3 1s a factor of (3° + 5)
i 3 o) 62 E
5 (d) 3% 18 a factor of (6% )
2 _ 2 5
(b) 3 - 7 (e) (2x + 4y®) 18 an even number
; 1f x and y are positive
Integers.
The expreasion
(ab)”

1s easily written in another form by using the definition of an
exponent together with the commutative and associative properties
of multiplication.

(ab)? = (ab)(ab)(ab)

-
fe's]
Do

J‘

.,,E .3
1
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[

-
1
=

agbg and

41n the same way, it can be shown that (ab)E
(ab) " = a'bu. In fact, for any real numbers a and b, and
for any positive lilnteger n,1t 1s true that

(ab)” = a™b", ;
Do you see that this “conclusion a result of previously accepted
properties and definlitlions? A somewhat more compllcated example-
is%given below, .’
> 1, (a07)” = (2%)7(v7)?

is the problem of

o
—
=1
i
I
A

Simllarly, (E)

a and b, and for any positi
| 7 -

i
1g
= =5
o :
3
{ 1
T,
l‘kﬁa;




I_.I\
=
]
=
P
e

P

Write simpler names for these numbers. (None éf;the’va?iablé
)

appearing in the denominator.can have the value' O.

e T ey .
(a®)° 12,

=

L

[}
—
el
o
—
8T
g

"
—
o

o

5., (eam”)” L T
g 60 (070%)7 | ’
£
70 (5a)%(a%) :
8. (3%x°)7(x°)° ,
ER 5 !
9. 5
(rs®)*
10. (§§l§
(a®)“
©oqp, Aam
%(am)”

na 1f a 1is 2, -

s

r
*lte the expression

o
-y

I

Find the value
b is -2, ¢
1

n a simpler for

i
LR

=

=]
- o2 2 2
2l. =Fa b e~
a2
22 (-cabe)”

O
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11=5
Problem Set 1ll=4ec

(c@ﬁtinued)

25, o, 7
; i
a” + b’
.‘f, )
..12.16 20
*27 | ;ggfﬁgfggﬁf
2a” "b" c°
28, BBt o) | ’
: a® + b® + ¢~ ) l

11-5. “Adding and Subtracting Fractions.

It 1s easy to add or to subtract two fractions if their

denominators -are the zame number. For example,

\;',3'- : u

]
Furthermore, when the multiplicatiaﬂ property of one 1is used, -
addlng or subtracting fractions whose denominators are not the
same number 1s also simple. For example, consider the sum
" This 1s the indiecated sum of

two fractions that do not have
the aame denomlinator.

‘,:qiw‘_'[ I

+

;mwm

=) (%) _ The multiplication property of
one has been used heré, with the
numeral for one.

vl
o
o
o
il
—
o

: 2
& T
3
- .

4

%]
—

,
il



In the second example above, the protlem was restated so
that both ffacti@ﬂ; in the Indicated sum had the numbe

m
denominator. Many other intégers could have veen ch

3

Z and

]
o

\,—
T
DO
[
b=y

Positive multip]
Posltive multiple

m
o
[

p—
K

Least common multiple of 2 and 3: 6.

mmon multlple of 183 and 9.

vetween 'multiple”

"also ve defined 1In thls way:

Cage

"5
-
L
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I

W

|

|

l

o
4

- ]

Check Your Reading ‘

1. List the set of common multip

—
T
el
o}
Lo
r.
et
=
Ll
n
L.

L
5
gt
ot
[
b
—+
[
T
h_l
il
o]
exd
1 ind
I
)
=
=
h
=
3
=
o
[
oy
e}
e
g
sy
i
o
(R

he least common me¥tiple o0 Lwo: numbers
i

ration.

r L
to be one o the gilven numbers? Glve an

5. Is it possible forgythe least common multiple of two numbers

to be the product of the two numbers? Give an illustration

For each set ol number:z glve the {irst 5 posglitive multiples of
. each numober of tlye set. Then tell whether you have named the
e {

least common muitipl

[

Using the method {llustrated in this section, U'ilnd

common multiple of the numbers In each

3 12, g AL 2a, Ja
4 10 ¥ l[) 5 L“:; ‘;’i-:f' “ i 9K, QA
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* * It 1s poasiule Lo develop a more systematic method for

détEPmihing the least common multlple. To zee why 2 more system-
1 {'indin

(s

atlc method might be desiravle, conslider the prou

the least common multiple of the numbers @, 5, and 27.

Positive multiples or
Posigive multiple
P@;itf&e mg;&%ples ot

S0 far, the listing of mul

multipie at all. In t

of the three numbers 13 cer

see that this might te a tim

1s detalled below,

[ . ¥

bai
l
I
I
ol
i
g
3

b
i
T

T
—1

= 3

Suppose we leL n

L)
I
e
)
o
L)
i
]
v
b
pu
b
[
g
]
£
ot
o)
[ad
=
=l
=
ks
=]
R
et
[
o
oy
—
]
Y
I~

the three numbera. 3lnce n ls a multiple of &, of 73,
o

are [actors of n. ' Therefore

T

. can be determined from the prim

n, I andl 3 tust be factors of

of' n may ve started (not
%

7 el
J
¥
%
B -~
£
4
T
- 1 9 i =
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-5 ‘must be a

P

ctor of,

’
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f'a
T

LW

(o]

more

b
frik
—

of

[jJ

make n a multlipl

3

a common multiple of &, 73,

27 .

removing any one of

,and

mmon multlple vecause

(o]

It 1s the |east ¢

the factoria would mean that n

would no longer ce a, multlple

o' each of the three numbers.

o
hu
jo?
b
3
ot
"3
e]
jo
=
%
Ly
e
L
hwd
P
@
o
i
=
ot
[
ot
ot
e

product of these

16, and 25.

W

15,

o,

=
e
gl
whe
%5

10 = 2.2 2
N A
20 = =9

‘*s -

Naﬁicg that the only r'actors thath and

5, and -
o 4 1s %

power

The least common multiple or 1z, 13,



. ﬁ,“

in much of our future work, 1t will be convenlent
. to leave 1t in the factored form above.

-

N : Qral‘ExErciSES 11-5b

4 R i

g . 5
in factored form. ‘ ' ' v »

%!

tud
i
.
w
-,
W
L
%,

b

]

-,

[

x
N

(i

o

[w

% .
:1 LI
|

*,

—J

-]
"
g
“
§=
Loy
-
1™

9
10. 10, 25, 3 x 5x 5, !9
- 0

11, 2%.3;/°32.5, 29.3.52

Write the prime factorlization of the least common multiple of the
set of numbers in each of the following. ' :

- - g -7
1. 25, 10, & 6, 6, 10, =20,

o T
%]
W

I
e
Y oo

it

8, 16 7. 9, 16, 24,

[N
WL
-

h_l
-

m

b=

el
A
L
g
LW
-
0T
—

o
-
—
I
-
—
T
"
e
N
,
LI
v
It
fes

W
=
i

-
p—
)

-
i
po]
f—
i

T

-

.0
k]
-
Lt
o

s {

With "least common multiple" defined, wé
problem of adding and subtractlng f?aﬂtiéﬂi.‘EWé~C L
the solutlon of such problems on 8 much lrmer mathematical

foundation.

-
=

W
pa
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‘The multiplication property or
ch ¢

What 1s a common name for %ﬁ = ™ % ?

LI U

to find a new name for ea

in the indlcated sum. The question ol what denominator

new numorals chall have 1o ansgered by inding

™
15, and & This 1n often called the leas COmMmor
denominato, of the fractionz

—
fo)
i
KA
T

2
o - -3 = & =
ey = G5 = % i—;
o= 243

o
L3

.
[N

£:5, the denominatorg

means we must multiply
:3. By the multiplication property
AN L 3.5

A ]

dezlred numeral

a7

v



&7
N
M
I

ERIC
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Now. the Drigiﬁal problem can be restated and a

aimpler numeral found.

i

In this Examﬁlé, the least common dernomlnator was

90. Notice, however, that 1t was left in factored -
form until the last step.

)

J

[
b

Ml
'ﬂ

1
‘H

Find a common name for +

G n it
-
I
")
2

4 ,
The denominafor * 1s a prime number. The p?im§§3
factorizatlons of the other two denominators are:

= R=T o =
223, 2-2+5

Mt

Least common denomlnator: 2.2.3.5

.
—t

] =
+
=
P’::Y [t
P
i

Nt "” f—t

¢ Your Reading -~

between 'least common multiple" and

i



Check Your Reading

(continued)

\"“v‘

mu,_,ﬂ}‘

S,
i

”l”

5 a fraction with the denominator

If we have the fraction »  What numeral for do we

use in order to write this

5otpa 1
Xl

Y

A

do we

4, Wwhat name for the fraction denominator?

in each of

2 the following

\L,J\

r
J.

O

ERIC
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Oral Exercilses 11l=5¢
=y . (aeontinued)

: ;7[,'

=
-
v
A
L
[
o
=1
=
o
|
g,
yi
=

—
’ﬂ 4.7
4

i,
(k%

, 7 4 17
3 _Jéﬁnﬁ:’;

- r/r' =

P,
.

1
T
Ay

e
\HM

Without paper and pencil. For

findlng a common name f[or

The second:fractlof "needs”" the factors 3 _and 5.

The third fraction '"needs" the factors 3 and 3.
t

The fourth fractlon "needs” the factors

ERIC
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The followlng 1s all that needs to be written:

17
515t

Example,

T,

=
ke
ko
vy
]
Ry
il

2y 1 i)

L
=

LN TN
[y

b
| 10

4

M

pu

2, Dpetermline

whlch are

(a)

) [k
[

-

O

ERIC
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2

= +

3

+827

i
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Problem Set 11-5d
(continued)

3. 1In each of the following, determine which number is the greater.

oe Ry
o
L
|

() gors-3 () -

> (E) or éiv (g) .%9 or .h99

4

' (¢) €507 T (H) - .009 or - .0009
1
B7

)
3
(a) or 137 | (1) .900 or .09000

. ) 5 = s
(E) = 3 or = % (,j) .49 or _'é._g
- . , )
4. You have learned in Chapter 9 thaﬂff@r any pair of numbers
and b, exactly one of the following must hold: a > b,

a
a=b, or a¢b, Putin the symbol for the correct relation

for the pairs of numbers below:

. 2 5 L 11 11 1
(®) 3 # (@) (z+3) @G-8 -
5.° A man is hired to sell suits at the AB Clothing Store. He
1s given the choice ol being pald $200 plus f%@ of his
sales or a Ztraight % +f his sales. If he thinks he can
sell 4600 worth of sults per month, which is the better

o

cholce? Suppose he could sell %700 worth of suits, *which
15 the better choice? What if he could scll  $1000 worth?

What should his sales be 30 that the offers are equal?

¥6, John and his brother Boo each received an allowance of $1.00
per week. One week thelr father said, "I will pay each of
you $L.DD as usual or I will pay you in cents any number
less than 100 plus 1its largest prime fagtar=whichzis also-
proper factor. If you are not too lazy, you have much to

a
gain." What number should they choosze?

O

ERIC

Aruitoxt provided by Eic:



| if

v Summary
multiple Qf & number is the prgduct of that ﬁumber ‘and
an eiement from the set of integer5;

A ﬁﬂsitive integer x 18 a ractor of a positive 1nteger

Yy if y 1is a multiple of x.

LA pagitive integer y 1s divisible by a positive integer

x 1f x -is a factor of y.

In the set of positive integers, any numﬁérahas itself

and the number one as factors. All other factors are called
proper factors, '

. . A positive integer that has no proper factors is called a

prime number.

Every integer greater than one and not prime can be written
as an indicated product in which every factor is a prime
number. This 1ndicated product 1s called the prime
factorization af the number.

In the set of positive integers, the prime factorization
of .a number is-unique.

In a phrase of the form "x"", the number n 1s called an
exponent, and the number x 18 called the base. An exponent
indicates how many times the base i1s to be used as a factor.

x" 1itself 1s called the nt! power of x.
If a#0 and if m and n are positive integers, then

the followlng statements are true: &
m, o n_m+n

i
3

a .
_"n=l' if m

W
b
Wl

ey



-
(o)

it

The least sémggn,mu;t;ple of a set of positive irtegers
1s the smallest positive integer that has each of the numbers
as-a factor. The least common denominater of a set of
fractions 1s s;mpiy the least common multiple of the denom-
inators of .the fraétions. ’

1

{ .

Review Problem Set

Name one proper factor of each of §hese§numbers without doing
any dividing. ’
(a) Uz2 (d) 920040
(b) 1884 , © (e) 62511 ‘ S
(c) 928431 - (£) 19725 \

.“'Pind the prime factorization of each of the folléﬁing numbers.

Use exponents where appropriate.
(a) 180 (a) 792
(p) 378 ' (e) 6384
(e) 3075
(a) Is 36 a factor of 4142167 Hint: These can be done
) mentally 1f you
(b) Is 25 a factor of 7324757 think about divisi-

bility principles
(e) a factor of U431257 we have dlscussed
(d)

and look for short-
7 a factor of 817297 cuts.
Write each of the following in simplest form.

(14m®n®) (18m°n)

(4gm°n) (36n°)

{(p) x.x:x-x-m:m-m ! “(h) (;? + 422‘

(x° + )
y)(x +y)°

—
=
L%

8

i
1]

3

(a) b-b:b:b-b-b “(8)

(x - ¥)(x + ¥)

W

m

Y Y-yy : 152°x(a + b)
5%a°(a + b)

i

6a°x” (k) (-2

m

)

wn



. ) , Y ;
. Eeviaw Problem Set o T
| . v (aenﬁinued) - N - o
; 5; E:p?eas each Qf the ﬂallewing gumsg in a gimpler form: i» =
T , 7 . o

(a) —Eié*ﬁﬁ fay m;%'% L
) FeB-I e MEeXgy Xoy o

- _ = = “,

; ‘ 7 . -

(e) %‘:’J* % +'§§ ; . -

(a) 15 1s a factor of 123345,
(b) .The prime factorization of 36 1is 4 x 9.
23"

—
Ly ]
v

LR

(d) The leasf common multiple of 2°.3°, 2°. 5%, and
2.3%. 5 15 29.32. 52
(e) To change ”fi" to a fraction whose denominator 1s

15
x|
22. 3. 54 multiply by

%
7. Which of the followlng open sentences are true for aTl values,
' of thé 'ariables?

(a) pt = (a+a+a+a+a)(lb+b+b+b),ago,bgo

(d) 3x” = 2:3.3.x.x.x, x #0 \\
8. Translate these phrases or sentences into algebra. Indicate
what the varlables represent, '
(a) The sum of two numbers multiplied by the difference of
the same two numbera

{(b) The gtient of two numbers lncreased by twice the
product of the two ﬂume‘FS .

&1,

[k
l®]
g
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;\ . /'* e \ : Review ,Problem Set” Y
o ! , ) o (cantlgued) I
o (c) “A;number 1ncreaged by 7 1is three times as large as -
et : twice the number . o -

. - (d) The distance traveled in 2 Wours at a certaln speed

e 1s equal to the distance traveled in 3 ' hours at a -
: speed 5 miles per hour less,than the first.
) (e) The tatal length of a plece of wood and anatﬁ?r plece
. - 5" more than twlce as 1long is 76 inches.
' (f) 108 of a aérta%ginuﬁber of pounds of solution-is the
' amount of salt in the solution-. ( .
(g) A dining table was placed on sale %t a discount of 10%
\ +  of the regular price, and the reduced price was $95.
J (h) A mixture is made from two kinds of candy, one selling
' for $2 per pound, the other for’ $1 -per pound. The

mixture contains a certailn number of pounds of the $§2
pEr pound candy. The amount af &1 candy is filve !

s pguﬁds more than the amount af 82 -candy;'EThE'tatal-
cost of the mixture is $23.

(1) A man walks in one direction at 2 miles per hour ‘and
another, startling fﬁam thé same place at the same time,
walks in the opposite direction at 3 :miles per hour.
After a certain length of time has elapsed they are

T4 miles apart.

9. The sum of three consecutlive even integera 18 5920. Fi 1id the

numbers )
10. The perim é\er of a rectangle 1s 47 feet. The width is 7%5;;
feét, Find the length.

11. One side of a t“f‘ﬂﬁle 15 twlce as long as another silde and
the third slde
first two. The ~pimeter 1s 97 inches. How long 1s each
slde?

times as long as the longer of the

m;, R

506
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- (f‘ 4 Review Problem Set -
A Y ' w (continued) -

: , ™
12. . Find the truth sets of the fbllawlng open sentences’

o (8) 3x4+2-5x47m :::(x+l+)-8

A
o
ot
o
L]
|1

5>x+7 . ’

v (c) 3y +4 - (y-2) = -b(-2y + 3) -~ .
(d) g +2y = % + Iy . g
(e) x+ U <cox+7 -
(£) x| =& E
(8) Ix + 1] « -3 | *’ S
(h) |x - 2] =2 3
(1) (x+5)(x -2) =0 .
(J) 3x +5>3x + 2

13+ Find two integers o e

(a) whose product 1e 96 and whose sum is 35

(b) whose product is 96 and whose sum is 28

(c) whose product 18 600 and whose sum is 70 .

(d) whose product 1s 600 and whose sum 1s 83

(e) whose product is 600 and whose sum 13 601 -
- (f) whose product 1s 600 and whose sum 1s 48

14, Pind the dimensions of a rectangle whose area 1s 800 square

feet and whose perimeter is 120 feet.

15. Find thé base and the altitude of'a triangle if théir sum 1s
21 unilts and the area ai the triangle is 52 square unita.




RADICALS

12-1. Sguare Roots. '

In our

. 77, Chapfer 12

(<5).

-

For examp1%3 adding

In multiplication the same thing is true, with one *
 exc¢eption. Multiplication by any real number, except zero, can
"=niu;y; be reversed. This can be done by multiplyiag by the
can be reversed '

'reeipracal For exampie, multiplication by 5§

if we multiply by %;

Let us now conasider the aperatian of squaring a number
. You recall that this 1a.the multiplication of 'a number by itself,

. ‘What about the reverse of this'operation? Suppose we begin with
84 real number which we agsume 1s the square of some

number. How do we determine what that other number 1s2?

To put this problem in terms of a mathematical

might say, for example, given

. : %2

find a value of x which will make this a true sentence.
- should be clear that one element in the truth set 18 7. Can
you find another one? We see that it is

the sentence

49,

noting that (7)% = 49, ana (-7)2 = 4g.

As another example, consider the sentence

It should be clear that 10

answer thls question we note

number besldes 10, then elther

and

property *of order We can say that

if x <10, then 125 100,

and 1f x > 10,

-10
truth set of this sentence. Are these the only elements?
that 1f x 18 another positive
x <10, or

6

-7.

x > 10.

are elements of the

then %2 > 100.

It

To

other real

But by a

-y

study of the additian of one real number 4o another
shat we can alwaya reverss, or "undo" the process.
.}’fThiS can b dene by adding the oppesite.

"5 'can be rever;ed by addiné

sentence we'

We can check this

v.

e

E]

R




. Thué we Eeegthat 1@ is the cnly positive element..
-In caﬁnecticn with the negative number, -10" 1t can be

shown that if" x 1s a negative number such that .
x ¢ -10, then x°s 100, @
and 1f x is a negative numper such that -

- % >-10, then x° {1(3(3 L,

- _We canclude fragiﬁéig that ‘10 ai% -10 _are“the only elements
’ ‘in-the truth sets ard that there dre at most two elements in the
truth set of any sentence of this type. It would appear, then,
;j&_ ; that the reverse, or as we sametimes say, the iﬁvafse of the
operation of squarlng invalves flnding the truth set- of a -
. special férm of sentence. _
v In the above two examples, we say that 7 and -7 are
\ square roots of 49, and that 10 and -10 are sguare roots
of 100. / N '

Thus the process of reversing the operation of squaring 1s

that of finding the. square roots. The question is, "How do we
do Ehisgf v ;
_ In our examples we were able to find the square roots
s - because we know from eiperience that 49 ¢an be written as
7.%x 7 and that 100 can be wrltten as 16 % 10. In other
’ words we know that 49 and 100 are squares of integers, and
Hé know what these lntegers are. In the beginning, then, we can
- say that in-certaln tcases we andASquafg roots by a process of
recognitlon. “
Sqﬁafgs of integers are falirly easy to recognlze 1f they
are small enough. We éan also find square roots of fractlons
1f both the numerator and denominator are squares of integersa.

For example we can see that a-square root of

16 4o 4 pecause we know that &= = 18
55 1s z because wWe know that 55775
N . P o
Do you see that -z Lls also a square root of ?%?
— . £
=
6’1 510
B

O
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T12-1 . o -
' ' o - - 1
However, 1in the'céaé“éfflarg3f numbers, we may not be able
" to, reqognize the fact.that they aré squares of integers even
zntHEy are. Infgggh cases we will find that factaring is
very useful. For example, suppose we are asked to find the
square roots of ‘784, Thie 14 the same as the problem of

finding the truth set of

. Yo x2 - 78,
By the methods we usad in the previads ehapter we can abtain the ~
" prime factorization of 784, which g ) h
; e x2x2x2%TXT.
r. . . ' e -
We can group the factors as follows: ‘g
(2 x2xT7)2 x2xT7) \

Thé'lﬁdiéatéétﬁdeUEﬁs in parentheses each represent théisamé
number, 28. This, then, is a square root of 784, Do you see
that the other square root is .-282

Check Your Readlng

1. WHat are the square roots of 492

2. Name the elements in the truth set of "y = 4g."
3. Why 1= % a aguare root of %% ?

i 16

How ma?y aquare roots does BE have?

_ J ) ) e i _
5. The prime factorization of 78B4 1s 2 x 2 x2 x2 x 7 x 7.
How rcan the factors be "grouped" so as to have two eqgual

factors of 784°
6. What are the square roots of 7842

»
Oral Exerclses 12-1

1. Find the Squaresréf:

(a) 3 (@) % (g) -2

(v) & (e) % (n) -7

(¢) 5 (£) 3 (1) -12
511




- : - - Oral Exercises. 12-1 R I

=

o (continued) =~ . 7
5 , LY - i )
+ 7 2 Pind the square roots of: - L‘éfs

(a) 16 (4) 3 (&) &
Coe) W - (e) % (h) 14k

) | K
\ (e) 100 o) & (1) 121 . )

(a) 9 (@) ¥ (e) -25
(b) -13 (d) 14 (£) 3
-2, ﬁFiﬁd the square fccté éf:
(a) % (e) %% (e) 225
(b) 36 - (a) 169 C D) g .
Find the truth sets of the fall@wizgﬁgénténeésg
625 (c) £ =4 (e) xF-121=0
2

2 - 224 (d) 71_;

w

H

(a) x

2

(b) m y () vy —;'g%;c:

[]

1]

4., Write the prime factorizatlon of each of the followlng
numbers and the prime factorization of 1ts square.
(a) 30 (e) T = (e) 22
(b) 12 (d) 18 (f) 39

5. Wrlte the prime factorlzatlon of each of the following
numbers and the prlme factorlzation of 1ts positive équafé

root.

(a) 441 (c¢) 17564 (e) 784
(b) 484 (d) 676 (f) 15,876

Rl
—
2%




. Problem Set 12-1 : \
(continued) i

6. If the:squaré of a positive number is decreased by 3,
the result is 166. Find the number.

N

12-2. Eadicals

L]

Thus far we have been finding sguare roots cf numbers
which are squares of 1nteger§; or frgctions whose nume:atara_

“and denomlnators are squares of Iintegers. In all cases ﬁe :

‘have sSeen that there are two square r‘ats; orie posltive, and one

‘negative, In every instance the ﬁega£1Vé square root has been t
the oppasite of the positive square root. ’

To make things convenient we will use the symbol #F 3
called a radical sign. It 1s used to 1indicate the positive
square root of a gilven real number, 1If there i3 such a root.

. For example,- .
V43 = 7 means -

"The positive square root of v49 13 equal to seven"
We sometimes call +/49 '"radical 49",

In general we say that
J@ =Db, if b 1s positive, and if b° = a,
where a and b are real numbers,
ESupp@se now that a 1s a negative real number, say, for
example -9. Would the symbol ./~9 have any meaning? What if
we were to say that

£g = b?

This would mean that b 1is a positive real number ané that
b~ = -9. But whether b 1s positiﬁe or negative, we know that
there 18 no real number whose square ls negatlve. Why?
Therefore we can say that va has no meaning if a 1is a negative
real number. )

We shall say that

ERIC

Aruitoxt provided by Eic:
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; 12-2 '
5 : - ’ Check.Your Reading . :
“ 1. Give two different ways in which the symbol " 45" might
) be read. .
2. " Ji9" 13 a nun;gral for what number?
3. 1If J/&8 = b, what two statements dan be made about tHe number
b? ) ' -
4. Why is 1t that the symbol " ./3" doeg not represent a real
number? ' é\\
. 5. 3tate a simpler name for J/O
Oral Exercises 12-2
1. Which of the followlng symbols name a real numbé% and which
~ do not?" '
(a) 36 (d) v25
(b) 3 (e) 25 g -
(c) +B1 () /5
2. In each of the following 1If the symbol names a real number,
state another name for the number.
gRY
(a) /121 (@) V75
/. . , .
S o(v) S (e) V256
(c) (16 (r) <9
~ Problem Set 12-2 ‘
1. In each of the following if the symbol names a real number,
write another name for the number.
(a) ~bu

() 133 -
(b)/%é

hg ﬂ
(e) . -ﬁ%
(c) ¥(5)(5) (r) VO




“ ’ Problem Set 12-2
(continued)

the truth sets of the following:

SN pae e 2

(a) (17)(17) = vy

16
£y (p) x = f?% " (e) t% - é%i

~ ' (e) m? = 1b (£) b =./222

v}
g
o
o}
o8

3. Use prime factorization
the following:
Example:

Vo

= 21

(a) 256 (a) 1024
(b) 1089 (e) +576
(¢) +/230% (r) /1336

4, i(a)a The common factors of 3 and © are 1 and 3.
What are the common factors of 3 and 6 x 67

(b)" The common factors of 2 and 6 are 1 and 2.
What are the common factors of 2 and 6 x 6?
(¢) What are the common factors of 5 and 107
What are the common factors of 5 and 10 x 107
(d) What are common factors of 3 and .8? .
what are the common factors of 3 and 8 x 87
(e) If the only common factor of b and a_is 1,

what are the common factors of b and ®x a?

l‘uﬂ

=

[l
~
~




12-3. irratignai Numbers. -

. . In finding square roots by the pLLhe fsctgrizatlan method
* ;' we aeparated the proper factcrs into two parts.* We then noted
that each” part contained the same factors as the other one.

In finding a square raat ,of QDD for example, we note that tpé

_. brime factorization 1s , 2 .
L] . __/ b ;
" ! 2 X2 X 3 b4 3 X 5 X 5 = ;
-g - . L=
- He can group the’ prcper.factgrs as fDllﬂWS
. o . - (2x 3 x5)(2 x 3 x 53 ’
o or .
_ It beccmea clear that the poslitive square root 18 30.
<7 However, suppose we are asked to. find a square root cf BY,
The prime factorlzation is \
§ 2 x E-x Ix 7.

"But this time ée cannot -separate the factors into two groups
which are the same. Whaé then? It might occur to us that we
could find another prime factorization which would be more
"hdgpful. However, in Chapter 11 we learned that for any given
posltive integer there 1s only one prime factorization.

From this we see that there is no pasitive Integer which
1s the: square root of 84, The same thing is true of 12 whose

prime factorizaticdn is

_ 2 x 3 x 2,
and 10 'wh%gééprime Fact%ﬁﬁggtién 1s
2 x 5. ) -

We_musﬁ_naw ask a very Important question. Since there 1is
na pésitiveliﬂtegef whlch is a square root of, say, 10, 1is
there a rational ﬁumber, not an integer, whose square i3 107
In other words, can we find a rational number % whose square
i1s 10? This ls a hard questlon to answer. We know that
BE = 9, and Ag =16, so 3 1s too small, and 4 1is too 1argeg~
Therefore our rational number, whatever it 1is, must be Samewhéfe :
between 3 and 4. Remember that a rational number 41s one

which we mumt be able to write as a fractlon whose numerator

T
=
bk
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12-3 .

sﬁifind denominator are both lntegers. A rational number between

a
3, and U4 whlch might work would be 3%; which we can write as

13
I -
However, we see that

13 .13 _ 166
. R T -’fg
which 18 a 1ittle larger than 10. Do you agree?

We couldgtry some others. But remember that in Chapter 1
we learned by means of the number line that between any two
rational numbers there are infinitely many others. In other
words we could keep on trylng for a long time and our search
might never end! ’

But here 1s where mathematics comes to the rescue. We are .
about to show that there 1s no ratlonal number which 1s a square
root of 10. Therefore, we don't need to hunt any further.

In showing this, we shall also prove a theorem which says
a gréat deal more. This theorem may be stated as follows:

If any integer has a square root which 1is

rational, then the square root 1ls also an

integer.

For example, the number 10 1s an integer. The theorem says
that if 10 has a square root that 1s rational, then the
square root must alsc be an integer, svweh as 3 or 4, -But
we already know that nelther of these works; we alao know that
any other integer will be elther too small or too large. Thué;
once the theorem 13 proved, we will be able to say that 10---
as well as many other numbers.- -has no rational sguare roots.

First, however, Wwe must prove the theorem; the proof follows.

We begin by pilcking any integer and calling thls integer
n. We then supposge that n has a square root which 1s a
rational number and whlch we call »%i We also say that % 1s
written in simplest form. That 15;7 % 1s %hé COMMOR namé for
our rational number. welléa%nﬁd in Chapter 10 “what this

means. It meangﬁFhat a and b have no common factor except 1.

517
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We know that b 1s not zero. Why? (Remember the descriptlon
T

of a ratlonal number in Chapter 1.) Therefore we can multiply
}_.

both sides of our sentence by b“ and obtaln

This means that b 1s a factor of thz Integer a x a. In other
words all the prilme factors of b are contalned among the prime

factors of (a x a). But (a % a) has no prime factors which

L
=
e
A

are different from those of ch prime factor of a merely
appears twlce as oftengn the prime factorizatlon of (a % a).
Therefore, ln loolMng at b we see that either b has a
prime factor In common with a, or else b 1s 1.
But we started by saying that a and b have no common

b omust bs 1,

e

Ly
proper factor. Henec

Thus we have shown that our rational number % muat be an
Integer. ’
We can now use thls very important ldea to find out whether
or not any Integer has a square root which 1is ratlional number.
We can already see that 10 has no ratlonal
Suppose we try now the number 230. Does 30 have a ratlonal

v
square rcot? We are asklng, in other words, whether or not
30

ratlonal number. We can easlly check thls. By

above, we sée that Lf there 13 a rational’ square

We try &5, and we

then 1t must be an

v
between 5 aud . Therefore 30 +oes not have a squar
L

feh s a ratlonal number.

G1s )




ER]

Aruitoxt provided by Eic:

RIC

12-3
We can also check whether an lntege
root by prime factorilzatlon: Lf the prim
in palrs, then there 1s no lntegral squa
rational square root.
éi; Check Your Readlng
1 The prime factorizatlion of 920 is
Can these factors be separated Into
the same?
2 What 1s the posltlve square root of
3 The prime factorization of B84 1is
these factors be separated Into two
sam
) Lz = N
4, Wnat .5 37 What is 4%7 he squa

between what two lntegers?

5 Is the positlve square rcot of 10
begtwean 2 and 47

5. Complete the statement of the follo
developed in thls sectlon of the ta:

r
rational number,

uare

s an integral squa
ctors do not come
cot, therefore no
F
2 x 3 x 3 x5 x5
"groups" which are
2 =3 x 7. Can

1 e a 1"
Z£Toups

re root o
a rationa

which are the

wing theorem, whlch was

x

L:

roof?

[
square root Lf Chere 18 one not, 3
mxample 5
folutlon If the lnteger O has
it must we an integer
73
since 2% = 4 and 3
o )
3= 9 There are nogl
3: hence, 5 has no ra
.
Toely
7

Why or why nob?

3
a
1ts positive rationa
oW why not.
Pational square root,
But 2 ls too small
. 2
5 too large since
tegers between 2 and
lonal square root.
P

[yt
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Cral Exerclses 12-Ja
(continu.i)

o LB B

R T . 1o

4 : 7. 13

T
fost
[
W T

rat

|
F: r'[w_{;‘h

onal

of the

square

followlng integ

root Lf there

e 1lts positive
t, show why not.

DR
) 2

) 45

w

o

(a
(b
(.

For each of
raticnal

le 1.

xamg

E

[x

Solution:

square root

the Followlng integers, astate

I
e
o d
=
i

—
L_,ﬂ
N
I,
1t
et
T

T
b
1T
[l
]
[
jag
N
b
[

ou]
=
[,
i
IE
e

ilnteger 2% - 3 has 3 rational aguare

i
o
it
fai
o
=1
o
[
[
bo
T
pad
[
)
o
e
T
e
i~
i
ol

the prime

t
factors de not occur in palrs. Therefore there

'y

iz no

b

integer whose square ls 2° -
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p Problem Set 12-3a
(

continued)

the followlng integers, state
r 3 r

there 1ls cne.

e root 1°F

—r
b
i
o
=
b
-
)
oTa
1
il
—
1
e
jad
VT

We have shaown that a symboel zich as 30

represent & rational number.

i
o
P
[
—

mportant now bto review So0mE

numbers are those numbers

point on the number line.

1m
Tn Chapter © Lt was stated t

and others Thersfors bthese are real numbers.
tnat they ars not numbers, Theref
there are real numbs o1 are not ration

rall suecn numbers

trratlonal numbers.

that the s=at of

fumbe r canno o

pflméy,’,téﬁ=
»=~4zation)
its positlve
¥
does not
int ldeas about
hat the rea
ted with point
t the;




can be wrltten In the simpler form "5"] However, 1n the case
of a square root of 2, the slmplest form we :an write this in

is _

at thls represents the positlve square root of 2,

=<,
e
=
gl
)
e
fu
—
j—
[
pu g

"y
izt
k!
o
g
i
pa
T
0
i
[l
R

ve square root of 2 we write

Check Your Heading

1 Copplete this statement Real numbers are thoss= numbers
that can be assocliated with polnts of the

Complete thls statement: Some real numbers are ratlofial

W
™

numbers: all =f the others are

T
m3)
4T | I
.

3. Whlech of the follewing are irrational numbers:

T

i

* N B - —
4. Wrlte numerals for thne two sgquare roots of 2.

1., Whleh the followlnys are rational and which are irrational?

(a)
(o)
(c)

(4) /57 (z) 8
(e) 5 (h) /3
( )

) ﬁ (1) /10

N

e
L

o

K

et

4
.

?

2. Flnd the
(a) x° =2 - (4
() =
(2)

]
I
;’_
B
=
ko
™,
H
oo

1. Which

ERIC
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12-3
Froblem Ség 12-3b
(continued) ,
2 Find the truth sets of:
) (a) x° = 5 (d) z° = -3
(b) % =7 (e) t =+35
- 3
(¢) B1 =m" (f) x =./11
3., Find the truth sets of
= =
(a) 3x° =15 (d) 7m° - 4= 17
(b) 75 = 3y~ : (e) x =11 and x £ O
. 2. 2 2
(¢) 14+ 22" = 18 (£) 3t° = (/3 )°
4, Find the truth sets of
2 .
{(a) Bk = 16
L R -
(b) 16x° = &4
f .
(¢) =z = V49
, B o i
(d) 5m” = 15 }
(e) % =+/3 or x - -+/3 (Compound sentence)
n 2 . 2 - ; 3
(f) x°+2=0 or x° -3 =0 (Compound sentence)
5 If m and k are primes and
1.2-m-5 =1-k-3-5°,

o

Y

[
™t
Lt
<r

e

ERIC
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in

which

Yorn o aven

20T ve i ¢
Usin P
H - d

to
o a0
.
{1y Ll e Vige v fwo i
wWeoelbten o oo oo Yoo

radicals es
G IERES|

O
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onal numbers Therefore
For the 7 and
. o

(QVEIRIRVE)

can wrilts

It should be clear that the

real numbers as well as 3

following, general property
For any tWo noff-neg

d belore, are

we mist oty a dlifferent %Fp
. B P

J5 0 owe know thatn

= (/3G )F

(/5 ) Lz a

r

ove would hold for any non-neg
i 5 Thus we can state the
ive real numbers a and Db

This tells us, for example, that tne followlng sentences are
true, -

(V7 WV = ST, %)(/s): and

VERQVEIES 15 -V .

In the last sentencs

whlch,

real numbers.

the oposlitlive sguars rool o
2 Glve ancther name for the
3 Frevided that a arnd b

4. lUse the

ur Headlng
5" shows that  ( B)( /F)

f whas number?
—_ —— N ;f
product 3)( -fé) };’(
- =
= ; £ ve, glve anoth

are non-negatlve

square

-

oach.

i



[

%]
I
&=

Oral Exercilses 12-4a
ab, Use the distributive property

Multiply vsing ./

where 1t applies.

T (/7 +/B)
13 /B

.3

5. V3 @5T~#¢ﬁ§)

1. Simplify each of the followlng products,

<. S5lmpllfy each of the

Lt

O

ERIC
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P
|

4,  Find - truth

(a)

Nl

Multiply, indicatlnz the reatricticons on the domalns of

the variables

Lm

() (f D/ - )
() W2 VEIWE VD) () WY MY - )
(c)

¢)  WT 4" (1) (Vs v/B)?
i{ F 5

enacles s <o wrlte this as

Our knowled

I
o
o
=
"1
[fmn
ot
g

s flnal form 1o

O

ERIC
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simplify, that i3, find the asimplest form of V180, We write

! V180 = /2%, 3%, 5

In the above examples we have observed that expressions such

2 . 2 ) ) o —

as =2 and 3 are clearly the squares of integers; hence - 2
=2

and 3=

aign. It should be clear that this can always be done 1f the

may be represented as 2 and 3 wlthout the radical

T

i)

Al

. i 4 . -
expeonent 1la an even numbér‘g&:}r example, 5 1s the sguare of
- &

which 1s %5,

™

the integer 5

Do you see that - ) ‘ _ .
M/%D = 77 and V3 = 37

ch contaln varlables, we

(-
i
il

,

=
[~

be
(]

—

ot
-
5

=
]

g

If we are worklng with radicals w

idea. Suppose we are

al attentlon to the [
ify the radical

must pay specl
asked to simpl
71
Sx,

™2 ‘

We know that thls represents a real number for all value

e
Why? It would seem natural, then, to wrlte the following:
X = X.

But now we must ask the question, "Is our sentence true for all
values of x?" Suppose x has the value =7. Our sentence then
becomes:

V49 = -7 which is false. Why?

Because the radical always representsa a non-negative square root.

=g

[

ﬂﬂ‘
i

e
To avold this difficulty we always write 1n such c¢

3

N
It

x|

(4]

Do you see why thils sentence 1s t: e for all values of x7 Revlew

the meaning of |x| in Chapter O.

3!
™
fos]

ERIC

Aruitoxt provided by Eic:



B E1r

I

o
gy
W
3

g
14
ke
[
&
[
- "

It might be Interesting to note that 1f we were asked t©o

simplify '\%F , We could wrlte

However in this

absolute value

value of y for w

[
s
ot

1. "J/12" and "2 /3" are names for the same number. Wh
mp

2. Give a simpler name for the number =

[
<
m
Vi
i

LN
rloe the orath set of

5. Describe the truth sest of

iz
Pl
ol
-
<
T
o
L3

7. Glve a 3

o]

O
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Oral Exerclses 12-4b
{continued)
!
= 3 :
(: )1
‘ c) NW2E4 (1) f
N (c) i
IR
2. Simplify:
. ! = -

(a) 2 V12- (a) /108

Tl

it
[ )3
v_J x'ﬁi

ERIC
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12-5
Problem Set 12-Ub

y (continued)

§_ Find the truth sets of the fgllawing, writing
simplest farm
(a) foS'ES S () Ft8 = 16
(b) 2y™ < 324 - (e) 49 =

- . ) . >‘ o 5

(¢) sm° = 900 () V2 = 3

6.

12

mo

the sanme way .

wi

i

It

r

each radical in

,,

Slmplify, and indicate the Pestrictiana on the vafiable
(E)‘\/ } ' (d) +/625y°

(b) V3xVBx - (e) Y196m-

(c)l 5;7-* ‘ £ r(f) Ea/igmﬁgz

1

-5. Simplification of Radicals Involving Fractions.
LR} = 8o YI0E

Thus far we have been Eimpiifying radicals which for the
a8t part have cantained positive inﬁegera Ey means of a
" second prcpérty for radlicals we can work witb fractians in much

th an example,

: To shew how this pr@perty works we will begin

w% have seen that ' : ]

16
25

?
S

ahould alsa be clear that

- V1B

W g

g“\
-
/25

He see 1n this case that a siﬁgle radical c@nbaining a fractlon

can be written as the quotient of two radicals,

if

the numerator®and.denominator are not squares
&

—

W
L]
—

Is this true
of integers?

L




12-5 - -

¥ 5
be written as i’@ﬂ
Jg -

For example, can

unju)

We do know that A

. LA
| = - =
( V5)°
. < .
- , i
R A - 3
This tells us that ~3_ 13 a square root of % since 43
| VI : /5
18 positive, we can say that LR :ﬁ“
- \

. ‘The general property can be stqted as follows: If a 1is
a non-negative real number, and if b 13 a poslitiye real
number, then
N . Vo Vb - ,

With thls property in mind we can now simplify an
e’xpr‘essiéﬁ like % We say
/i
7
‘ = ’Ewé_g - , which can be'

ﬁ

o

written

wwu

11
il
i
o
N
i




The property can be used "in reverse". For example,
are asked to simplify an expression such as

:

¥

=

ol

F

We can see that

&

/18

727 =
= @4
L = 3

Check Your Reading *

1. SExpress as the quotient of two radicalsi

b

2. Express as a single radlcal.

S

3. Complete this sentence: For any nénanégstive 'a -rand.
! a

positive b , /% =

4, A simpler phrase for /sl% i1s .
i ' 5x o

- T

PA V18

A" simpler phrase for —_— 1is

”~ _ /2 —

Oral Exercises 12-5a

E‘»implif‘y:

- '"“w%



?;qblem Set 12-5a

For the fciiéwing problems indicate the restrictions on the

. variable.

1.

2.

3.

L.

 (a)

Simplify:

@) /B
(b) \/{%

(¢) ﬁ//%z

Simplifyf'

Vol

Simplify:
] 12
(a) /3=

Simplify:

(a) Lo ¢ |

V3

(v) 2L
3

6
) fo?

(1)




‘Problem Set 12-5a

i ~ (continued)
i the truth sets of the following open sentencés,
(a) 7 x.-= /1B (d) —t-
T >
(b) /Ty = El (e) 2
: T2

K
ey
[
o]
¥

s :mléﬂ

(¢) V2+J/5t =352 (1) ﬁ(y+3);.?§_u,/§

We come now to the caaegef a rad1i51; like 5 4

containing a quotlent of two integers in which the denominator
18 not the square of an integer. To Eimpi%ﬁy such a radlcal
will mean to write 1t in a form in which the numerator or

denominator is free of radica}g. As an example, let us find
o L /3 .
two simpler forms farr 5 -

We know we cah write

‘\/;Ei

If we multiply by
' which is another name for 1,

we get

*,
¥

An@ther simplifiedxféfm is obtained by multiplying v;i : ‘;fgf
$ 1 5 5

which 1s anothdr name for 1. s
.~
This will glve us

5
5

=7 ' .. é
. VERRE 5
Both - 3; and EL%% are simpler forms than the one we started
V15 ' .
with. Later we will show that the second form 1is more convenient

v
B

for some purgiies. We call the first process "ratlonalizing the

v 535 :
Sl'f
Y




s 12.5

numerator,” since the new form -3 glves a numerator which

3

is a ratlional number; For the same reason, the second process
is called "ratlonalizing the denominator". '

Simplify ﬂ/%%ﬁ by the process of ratlonal-
izing the denominator.

kgff 7 /e
2 V3
¥
Multiplyling by *iii we get
/3 .
ST A3
2 V3 J/3
v 21

Example 2. Simplify 3 by the process of ratlonal-
bxample = £§§

1zing the QEﬁaminatar

) N ¢
e i 3 J3
The steps are N/i:; = (x # 0)
Ny 2x= ; E
, L
- |x] /2
We multiply by 24%; and get 43 7 {? = %§$%;Fa ;
* J?2 Ix| +v/2 2 !
(x #0).
=, —
Example 3 Simplify % by the process of rational-

izing the numerator.
In thls case we see the need for restricting the domain of the

varia®le. The expression \/5§ 18 a real number only if x 1is
non-negative. But we wish to multiply by fr Therefore we
. ’ . X

must say that x cannot be negatlve or zero. ‘Do you see why?

Qur example can be wrltten as follows:

E

W
o
ST

O

ERIC

Aruitoxt provided by Eic:




12-5

-

1.

»

- (e)

JE -

= — X}D
v U

= ;{’ » x>0
v2x

. Check Your Readin

What name for one do we use in rationalizing the denominator

of

p

-7

F.

“®

What na

3

e for one do we use in r@tionalizing the numerator

oy 3, ‘
of = 7
V5 . .
. f e e , o o X e vamd 8T e e e 1
Why 1a it that In the expresslcngx/gg the variable must be
" non-negative? ‘ s
Oral Exercises 12-5b l

.Rationalize the denominator,

(a) /% (a)

3 !h

—
o
Rt
S S
——
1]
o
|
I
T,
e

-,
L]
" —
——,
La!
e
Fal “"“‘ (%) 1%
<l

o)
I
ot
e
[»]
o]
]
et
H
[x]
]

NN

the numerator.- "

(d)

—
]
N

™ "Héﬂ

-
w
Mt
|

hm =
A



12-5

N

Ffzﬁr’:b,lém Set 12-5b

1. Rationalize the denomlnator.
(a) 2 (@) /2
;g (b) (e) «/%
L
JB

(c) (£)

:mim '@lp Imﬂ |

2, Ratlonalize the numerator. }

(a) f (d)

3
7

(b) A (e)
. J11

/2
2
/B_
/3
, 3 . 12
(c) ‘%‘— (f) J%
3. Simplify by the process-of ratisnaldzing the denominator.
Indicate the restrictiéns on the variable. .

-
ol

O IV N O
i (b) 3 -\% (e) o %
e VB (1) FH

4. Simplify by the process of rationallzing the numerator.
Indicate ﬁthe restrictlons on the variables.

fy 38

W




12-6

Problem Set 12-5b
« (continued)

5. Simplify by the process of rationallzing the denominator.

12-6. Sums and Differences of Radicals.

We have seen what can be done with products and quotients of
radicals in order tp simplify them. We will now consider sums
and differences of radicals. We will see that in this gituation
there 13 often nathing‘ge can do to simplify a given expresaion.
Suppose we are glven, for example, the phrase

V2 + V3 .
It 1s clear that +/Z and +/3 are each in simplest form, and
there 13 no way in which we can perform the indicated operation of
addijian. Therefore we say that the phrase
2 + /3
1s already 1in zimplest form.
On the other hand, suppose we are given an expresslon such as

L3 o+ 3./12 .

> right may be simplified as

ot
jacy
1M

n

o)

We see that the expression

follows:

T

[

m|
]

ERIC
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12-6

By the distributive property
' b S3+ 6:./3

which may be Written as

(4+6)+J/3,

]

10- /3

This form i3 the almplest one. -
The difference of two radicals can often be simplified in

* much the same way. We try first to work with each radical

separately to see if 1t can be simplified. If'cur expresslon

can be written so that both radicals are the same, we may then

comblne the two parts by the distributive properiy as above,
As an example, simplify

W/ éxg /28
radical on the left c@n be written as 3 /7
radical on the right can be wrltten as 2 ‘f’

see why? This glves us

=3
5
)

w3
5
m
o]
0
e
o
e

3 /7 - 2 JT .

i

Using the distributive property we obtain (3 - 2) VT =/T.

Check Your Reading

Give a simpler name for the number 4 /3 + 6 /3.

1.
2. What pPDperty of the real numbers 1s.used in simplifying
4 J3+ 630 .
3. Give a;simplér name for 3 /7 -2 J7.
4, Give a simpler name for J€§‘a V28,
Oral Exerclses 12-6
Simplirfy. Injiczte the restrictions on the variables.
2, 543 - 23 Poa e ven ’
5. 242 + VB 0. V16 + Vo
‘t;;g?\ EL'(" u
=
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Problem Set 12-6

l Simplify. ‘Indicate the restrictions on the gariab%e;
(a) 5v5 + 245 (4) 8/a - 2Ja
(6) 545 - 245 (e) 3v2 + V2
(¢) 8va + 2/a (r) 342 - /7

2. Simplify.

- (a) V2 + VB _ (d) 3v3 = V1§
(b) V2 - VB () 2v1Z + 347
(f 33 + VI8 (f) V75 - 347
3. Simplify. Indicate the restrictions on the variable.

(a) V75 + 2 JB (@) L v + 205

f

(e) % + 2 /2
(c) V8 + 2 J/a (f) = L

(b) Vo8

3

4. Simplify.

(a) ~B + - VB2 - 2

. Y 1 _
(b) 8s 3 - g‘%/g

541 (i

\L_
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12,7 ) b - . S =y
g’ FProblem Set 12167‘ . “ -
' (continued)
5. S8implify. Indicate the re3trictions on the .variable
(a) |5| ﬁg'a + 2 ‘\/{T
(v) 'axg v Afox2
(che 5 +/3 - ,E.Ttg
8 5 E 4 %Ei . = 777
(d) kel A/ 'y b + 5§ 2 + 3 A i‘g b
o x
12-7. Appraximate Sduare Roots in Declmals. ~ = f

We have saild that the simplest form in which %p write the
squa?\ root of 3 s ’ R

]

) R
,/3 . ) a.‘
This is a real number. Therefore 1t must bi:asaaciated wlth

some point on the number line. 5Slnce we know that 1 =1, and
EE = 4, our paint must lie somewhere between 1 anii;E,\>

/3 P

I B s 1 — i

0 o 2 3

But the symbol v/ 3 doesn't really tell us very much about just
where this 1s. Therefore we would llke to be able to express
this number in another way.

Since we know that +/3 1s not a rational number, we
cannot wrlte 1t as a fractlon with lntegers for numerator and
denominator. We also cannot write 1t exactly as a declmal wlth
a fixed number of decimal places, since such decimals are names
for rational numbers {(for exémpléj 5, .301 = %ﬁé)

On the other hand we can find a decimal expression which
will be close to the real square root we are looking for. This
expression will tell us more about where the point should lie.

Let's begin by squaring some numbers between 1 and 2,

wrlitten as numerals wlth one decimal place. By actual



[
[2

multiplication we see that

1]

Mot
(%]

(1.5)2 = 2.25, (1.6)% = 2.56, (1 2.89,

and’ (1.8)2 = 3.24.

=
~l

This should-make 1t clear that the polnt assoclated with

" 3 1lles domewhere between 1.7 and 1.8, )
— = —h . — —{5;1—: —_— .

0 O = 17 18 2

We can express this idea using 1néquali£; symbols as follows:
1.7 ¢ /3 < 1.8,

We can read this 1n two ways. We say that #%é 1s greater tha
1.7 and is less than 1,8, Another way 1s to say -that

Jﬁg 1s between 1.7 and 1.8.

The method which we have Just been using consists of two
steps. We first determine the two integers between which our
square root lles. Thls locates our polnt somewhere in an
interval which 13 one unit long. _

In the next step we dilvide the interval into tenths and
then locate our polnt somewhere in one of these smaller inter-

f vals. Lo 7 '
v

. Check Your Reading

1. 1Is there an exact decimal name for J/3° Why or why not? ‘
‘ 2. What 1s the meaning of the statement "1.,7 < /3 < 1.8"¢
F - : :
Oral Exercises 12-7a

Between what two integers do each of the following lie?

" s
m [ (%] .

7.
/ 8.

+ L]

\y

Ly

‘w“

W

el Y 51 Y] [N
+ M [0 L«J‘
Lo

Ny
et
L]
\]
et
i
]

=]

O
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Problem Set 12-Ta

Locate each of the following in an interval of one-tenth as in the
example in the text. '

1. V26 6. Va1

2. V65 ~ “ “ 7. V55 . t

3. J123 8. V3o )

- VLT 9. V63" ~;//// '
5. /13 10, ¥V19

We have learned that +/3 1ies between 1.7 and 1.8. By
actual multiplication we see that )

(1.70)2 = 2.8900, (1.71)% = 2.9241, (1.72)% = 2.9584,
(1.73)2 = 2.¢929, (1.74)2 = 3.0276 .

o
Frdﬁ‘this we cdn locate ~/ 3 1n an even smaller interval. We can

say that !

’ 1.73" < ¥/3 < 1.74. Can you see why?
We call such numbers as 1.73 or 1.74 approximations to+ 3.’
Which 1s closer?

These two numbers have been determined by squaring every
two-place decimal from 1.70 to 1l.74. But this approach can

mean lots of work and some wasted time.
There are better methods for finding 'an approximate square
‘root. We will show one of these methods by means of examples.
Consider the problem of finding an approximation to“vﬁB.
As in the previous examples, we first locate the two ;ptegers
between which our square root must lie., Can you see what thése

two integers are? Suppose we try 3 and 4. 32'= 9, and

( f
42

=16,

544 ' .




Iﬂ this methgd we want to pick the %nﬁéger which we think 13'
1Q§EP to: aJ 10. What is your choice? NG doubt it is°'

7

c
3 1in:this prablem a- 3
first approximation .

WE call

&

to J;f! It is coﬂvenient, now, to make use of a' new symbol = =

Héméaning; Mig approximatelg equal to. Thus we write
- EE ?BE#,l = "X,\'

Our, next dab is to find a rational number which is‘claser to

4?? than 3. We will call this ngw number a second gpproximation.

DW suppose we did have a numbez p!'whiéhkis the ekact
;foot(of 10. That 1s, let p =+10. Wé could then say that

hd S
Cy pé! pf ng =

But we know thst 3 is'ﬁ@t exXxactly equal to p. In fact,
3 9, we know that 3 is smaller than p. Do you #ee why?

L
I\ !

Let's now form the sentence oA
- - -, 3 n 10. 4

- ' { , .

square

* .

since

Since 3 1is smaller thar p, then, 4f thl; i= a true penteﬁce,

must represent a number iah;er?than:-p; Multip

%;’Wéiabtaii : ) i *
n = %g which cap be writ
‘as 3.33. T e . R
/- - )

.We have gh?wn that p lies petween 3 and 3.33-.

- Tty 73 , . P
; N E : . - :7l — ./ e ©
/. 30 ‘ 3.33 )

We take as our second approximation the pdint half- -way between
‘and 3.33. Another wayg;ﬁgfavlng this is that we take the avyerage

of 3 and 3.33 which iives us x
3+3.33 _ 544
c 7o \
i ] ‘717 _ S .777 _ i
. 30 37| 3.33
* . - 545 .
— [
A \ﬁ,} ;
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fing both sides by

en approximately :
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“we, think that 5

:F-; _ i;.i- N i . \
12-7 e Y - ey \
) . .. = . \
. = w E . !tf&-‘g ’ , :
Thus Dur s&cond . a;prﬂximatlen 18" -3.17. e
It 15 interesting tbxnate that oL T
L (3.17)% =%10.0480, « = o
.

This tells us that

" “This process
‘as a new agpfaxima
We would then take

and £ind an even c¢c

3. 1? is claser to -J:é than 3 is. )
caulé now be dane again. We could take 3.17
tion As béfore, we would divjde this inte 10.

'3 '1T+ andg 3%%7 ;_find th% average of thdse

~two, that is, we would calculate .- . v
’ T et . . v
h ' B 3 10 . .
!‘ S Sl vy
. e sl DU T S
i to - o 2
B . F

=

loser appfaximatian

In gineral, however, we will perform the operation anly ancei
-To review the steps, let's, consider anather example Find an f_

apprgkimate value
We see that

5.n =22,"s0 n =
'~ As before, we
Therafore we'find

4.4 + 5§
s = AT

1

5i .

1.7 In the text, w
2. How 1is %he sen
3. If 3 1s used

18 the” second

of J 22, '

4’ =16 %md 52 =.25. Which one'is clééerﬁa Ir
*1s closer, what is the next step@- We say that

22 | wnlch 1s 4.4,
5 ‘

see that vﬁET lles between 4.4 and '5!

the average of 4.4 and 5, which is

wWe can now say tHat as a second apprcximatian’
atian that 4.7 1is a closer aﬁbr@ximation than

3

Check Your Feading

hat was the first gpg;gggr tlon to A107

o

tence " /10 & 3! reads’

-as the first appréximation to' /10, how

approximation determined?

3

e ’

ol

N4

s
.,
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k" - . Dra}rEﬁér§1§es;i?;7b'

Gigg a first approximation for 'each @g;ﬁhé following:

:(a)i‘w/ii ‘ . (£) 120

a- ) ¥ ; -

FOR ) vE

i

- (c) J‘FS;D‘F‘ ‘3’ ! : - (h) ,7/7,_—? :
(a)° VE

S () V2
) VE

i
L Givgra setond approximation for each of the following:

b
T
b
ECRE
o

q o ©  Problem Set:

Find ‘first approximations for the following QEmEEfS-

o

£
m
[

i aﬁd appfo;ﬁ;aﬁiaﬂs for the féllé#&ng numters .
(b) VAT ﬁ (&) vio7 =
(c¢) V83 () VY11

L,

L



12-8 ', - ) A ,
{ Préblgm_Set 12-7b

« s (continued)"

\

,4g Find decimal appraximatidns far the féllewing, given
J'E 1,414 and /3 = 1.732. ‘

< Example: /50 R -
S?lutigq; ‘vfgg - ézi 2
! | - L svE
V50 ™ 5 (1.414)
' : V50 = 7.070

» (Db) V18 . : (e) —%§‘ ‘Hint: rationalize
- 3 the denominator.

(¢) I8 (r) V750

5. The diagonal of a rectangle can be fcund by the férmula

where d 1s the nuiber of units in the length of the
diagonal, ;! 1s the number of units in the length, and w
' iégthe number of units in‘the width, all, measured in the
game unit. Find a second approximation to the diagonal of
a rectangle 1In each of thé followirig cases,

(a) £ , |
(b) gf is 5 1inches and w ;s 3 lnﬁhes;§; J

(c) £

=

feet and w 1is 4 fes

e e
L7 I ]
N

[fe
m

yards and w 1ls 5 yards

12-8. Cube Roots and thVE@@ts, ‘ ‘ . 'g&;

We have defined square roo%s of real numbers as §§i1@Ws.
t of .a 1f b = av/

Consider, now, the number 8. We see that 8 can be

r
‘We say that b, is a square root

[}

written as

N

ERIC
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which 18 the same as 7 T
LLIE ige 7 )
27 = 3 x3 x3 64 = 4 x 4 x 4
3 and - 3
= 37 : : : » o= 4=

. We call 2 the "cube root" of 8. Similarly 3 .1s the
cube root of 27, and 4 1s the cube root-of 64, : Can you see
Hhat;thé cube root of 125 might be?

,In>32ﬂeral we say that a real number b 1s the cube root
of a real number a, if

ba = &,

. The study of cube roots brings in some ideas which differ
somewhat from those involved in square roots. 'You>recall, for
example, that a square roct Df by 1s 7T anpther square root
of 49 1s -7, ' ’ |

However, {n the case of the cube root of 8, ¥e have shown
that 2 1s a cube root. But what about -2? What is the
value of (-2)(-2)(-2) ? ) o
' Do you see that it 1s -8% Therefore we say that 2 Js
bhe only real number which 1is the cube root of 8. Likewise -
3 1s the Dniy real ﬁumber which is the cube root of 27. .

___Since we know that ( E) -8, 1t follows that -2 1is
the cﬁbé'raatﬁaf -8. Thus wWe can say that there are real

ﬁumbéra which are cube roots of negative real numbers, In
fact 1t can be sahown that every real number has exactly one
real number as 1ts cube root.. u | '

Agaln we make uge of the radlcal sign to lndicate cube
roots. 1In this case we place a "3" in ﬁhé‘gymbpl in this

ay: ¥ Thus, i | -
Y% -5 Y = b

Che "3"  in the /Aymbol is called the irdex of the radical. "

fhe cube root rgdical can represent a posltlve or a negative

*eal number; sAnce there I's no confusion as to which one-1is

reant. We algo say that . .
, JO = G.
}

549 7

o v,



) © Check Your Reading -

"What 1s the cube root of 82

1.

2. Give another name for §f§?!.

3. If b=jga , then b3 = - \
4. Give another name for J0.

If x 18 a poslitive number, 1s §F§ poaltlive or negative?i

o <"L‘NI\

if x 1s a ﬁégative number, 1s 3,3 posltive or ﬁegétive?

Oral Exercises 12-8a

Give a simpler name .for each of the followlng:

&

~3
o

. 7,—, .
%VZE Is there any restrlc-
tlion on the domaln of a?

1.. ¥2

e
N
::I
~

o
o
pa
o

:r-w"
=
Wk

1 - )
-2 ' 10.

L%
L

Problem Set 12-8a

1. Give a %1mpler name for each of the fall§wingz
(a) Y27 (0 -3
() -¥8 - (e) V%5
() ¥S h (£)

2. _Gl;e a slmpliér name f[or each of the ;gllgwing;

+ (a)




F\ ‘ Problem Set 12-8a
a
o _ (continued)
‘ . ’ -7 . iy
‘3. Find the truth sets of:
(a) “x° = -27 (a) Ix =
(b) 4md =32 ¥ . (e) 5m3 135 = a .
, {e). $t3 - 12 =20 (£) 33m =243 ./

In dealing with square roots we 1eg¥ned a very important
theaggm This told us that 1f the square root of an integer 1s a.
_ rational number, then it must also be an_ integer. Thus we were
- able to see that numbers 1ike ﬁf_- and ~f§§- are not rational
_numbers. . S .
The same type of argument holds for cube rodts. Wé,caﬁzshcw
that if the cube root of-an integer {8 a rational number, then 1t
" must be @n integer.- Thus we have, cube roots which afe irrational
- B : . F b .
mumbers. Take for example - - ' *\ésf;
The proper prime factors of EDL.are 2 x 2 x 5. There 18 no )
fiﬂtégéf which 1s the dube root of . 20, and therefore no rational
number, Eut the cube root of 20 1as assoclated ﬂ%th afgniatbon
the real number line. It 1s a real number.
In general, the 1dea of root,goes be @nd square and éube raatrfé
Consider a number such as 8B1. Its Erime 3 fora are - \ .
) 3 x3.x3 x 3: - =y
In this\case we say that 3 1s & fourth root of 81, since
, 81 3?_4 Since (53)4 = 81, -3 1is also a fourth root of 81,

ey

| If we have a number such that a”.= b, then W say that a 1s
a fifth root of b. We can summarlze by saying that if

- Il

< X =Y, § : *
where X and y are real numbe§s and n 1s a positive irnteger,
. then S 7
‘ . o X 13 an n®" root of -y,
e s 551

i
' I l’l;’n

G ")

-
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. As 1in the case of cube roots and’square ;cctsg'we éan find
. pth s:roots whleh are 1rrational, where n 1s any pogitive*
integer.: In additlion to, n®M  roots of real numbers there are
mény other 'real numbers assoclated with p@inﬁs on the ﬁumbéf.

line Gﬁith are'ifrationali You have heard of such numbers:

‘v 18 one of th?%?‘ I@ fact 1t can be prpved thattghere are’

more numbers which are nelther rational nor the n]

rational numbers than there are of any other type. .

roots of

i

Check Your Eeading

"1, .Why 1gn't there a rational cube root of 207?

2. What does "x 1s.an n®™ root of y" mean?

1. . Which of the f@li@wiﬂg symbols represent real numbers and
which do not? S ’ .
"f:ifiiﬂ g’ é ) © W16 ’ ‘3 ;8 » ‘\/'—é-; = ﬁ:
%H\ v . ) »
Nt A e |
- 49, =N -4 H L 24 1

2. Clas: Ify the real numbers named 1in Problem 1 1nto the
"smaliest" of the following sets to which each belongs:

the 1ntegers;,the‘ration313} tAe lrrationals,.

) i
i : Summary \ -~
rd . (5‘/‘ /‘r ,
' 1. For a posltive real number a, the Symbafi /3 1ndicates
the p@sitiﬁstsquare root of a, y

= : .

[

In general we sayzthat /2 = b, If b 1s positive and
2 , _
b~ / 9

SO = o. ) ‘o -

s 4. . If any Iinteger has a square root thgh 1s a rational number,

il
[

Lad

.then this square ‘P@ét-mﬁst itself be an lnteger.

L3

SRR © L 52

Ea =

O
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5. A real number which 18 not rational:is calded ap irrfitional
J. ' numver. Numbers such as 2, ﬁ)x;/io’ are irrational.

6. PFor arly two non-negative real numbers a ia@d 34

RO I Y- A T S

7. If a 1is a non-negative real ‘number, and if b 1is a
positive real number, then 2. - ﬁ]{% . .

: : \ /b :

8. The foliowing examples 1llustrate what we mean by

simplifying & radical. ~ © AN

Mg

Ll
a—,
ot
an
o]
-
M
-
]

(a) a/32a"

1]
N g
4]
I
L2 Eﬂ
ﬁéﬂ‘ B )

-~

)
9

-

K

. S -5 , i i .
i 5 and = are each conslidered to be a
. 2 : :

o

simpler form than N/G% . -
' Y21

The process usgd to arrive at = Lgfcafied
- rationalizing the denominator. The form ,3~' ,
was obtained by rationalizing the'ﬁhmer&tgf.géSﬁé: ¢

9, For any:real number a, éfg =b 1if bB =-a,

R

10, ¥ a 1s called the cube root of a. The number jB is
called the index of the radical. :

Every real number has #%actlyjone real cube root. The

Lube root of a negative number 1s negative. The cube root

of a positive number 1s positive. 3’@ = 0.

12. In contrast to this every positive real number has two real

square roots wiflch are the @pp@siﬁe of each: other.

&

1

d:;‘

Ny
¥}
[

= .

ERIC

Aruitoxt provided by Eic:



%

. e
13. A real ﬁumbep/,b is éalled an nﬁh‘ rcotig? a real Eymbér' R
+ a 1if b" = aywhere n 1is Empofltive Lnteger

= ‘ -
. B 1; a ‘
L 14. In addition to irrational n D roots theré are many more .

" real numbers which are irra&ional. Tth latter type Qf
irrational number makes up the largest ‘of all the sets of¥

. real numbers .
« - ol
Summary of the Fundamental P;Eperties of Real @g@@ggg._
' Suppose you Were-aakéd the following question: "Jusﬁ what

do we mear when we say, 'The Real Numbers'?"! This 1s a

difflcuitﬁagé to answer,  We ﬁight say something like, "These
! are the‘numberd people uge every‘day," or, "They a}e the th;nés E\;

we count and measure wlth" o o
o Agtually nelther of ﬁhégé statements wculd tell very ‘much.
AS a matter of fact much Qf the ?DFK we have been dolng 8so far =

"

what the real numbef aystem

® has conslited of an attempt tp arrive at an underatanding of
%P In dc;ng this we haven't aaid

Wry much' abgut whaﬁggﬁé reals numbers %heﬁselvés are. On_ghe
othegr han&'w% have learned a great deal,about how they behave.”
'ﬁejszve gtudied operations, relations, and propertles Qﬂ'these
But Lt 1s Bust these 1deas which give us an understanding Df
real numbers. Thus, the best way to deal wlth our question
might be to dlscuss these propertles.

It turns out that a full defin}iian of the real number
system can be _Elven, by means of céd¥taln of th? properties we have
studied plu; one addiciunal property. We will not discuss thls
last property 1nwgétail sirce 1t involves complicatlons beyond
the range of this course. However, 1t i1s. lnteresting to note :
that 1f we include all put thls last prapérty, we have a full ‘ 2
definition of the rational numbers.,. - 7

==, It 1s this last property whrci in a sense, brings in the

/

irrational numbers: that 1s, Lt fills up the number line. For’

thls reason we can refer to it as tne completeness property.

Since our deflnltions of the real number system must lnclude

this, we willl mention 1t by name, but not give a descriptigﬁ.
The followlng, then, deflnes the real number gystem. It

should also provide a very helpful review.

4
* A g“f"l‘k
1.

w
W
4T

ERIC
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"~ The real numpg;,system is a set uf elements ﬂallad réal .
numbers. The sysfem has two operations: additlon, Wwith ‘the
. symbol ""+", and multiplication with the symbol "-", The
system also has an order relation "is less than" with the symbol
MM The two aperatians and the relation have the fallawing ,
prapertles ' / . ,
N 7
“*1,. For any real numbers a and b, ’ ~
) a +b 1is a real number. Co ‘ {
2. ' Fors.any real numbers, a and by -
a+b=Db+4gr/ H (commutative property
' ;o . of addition) ’
"~ 3. For any rea®numbers a, b, and , .

(g?’ (a + b) 4 ¢ = &+ (b o+ é?“(;

There 1s a speclal real number OC.
»sugh that;:fér any real number -a,

a+ 0 a.

a there
such that

5. FPor every real number

' is a real number
F=4 7 )
a + (-a) = 0.

L

-a

6. For any real numbers .2 and b,
/ a*b,1s a real numter.
7. For any real numbers a ;1 b,
a-b="Db-a. 2
3 ' 3
F .
E 8. For any real numbers: a, b, and '
e, ‘a-b\\-c—f—a-(beé)i
g There 1z 2 apeclal real namber 1
such that, for any real number -a,;
a*1l = a.
i
N 1
. T e
¢ %%zﬂ.JQF— .(ﬁﬁb

O

ERIC
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(assoclative property

of addition) Fy
(1dentity element
of addition)
-1
(inverse elements N
of addition) .
N

(commutative property
muly{iplication)

D ,

oclative p“mper&v -

55

of multiplicatlon)

(a

(iﬂEﬂtify element of

multiplication)



=*10. ‘For every real number a . : . -

different from ©, there is .
. _ 8 real number g such that \ ‘ _
. !a,,g(%) = 1. : ' (inverse elements of mudtipli-
11. For any real numbers as b, - i' ‘ 5 catianr) o
% =~sand c, a(b.+c) , \ . _ ! T ;x
#° - =a-:-b+a- c. /f“' (distrifputive Qpépeqty) oL

et

12. For any real numbers & and . .
b, éiaﬂtli orne of the follow- 7 ‘
ing 1s true: a {!b;ﬁ a = bngfl S .
b < a, - - (comparison property
. o . of @rdéf) '

* 13. Por any real numbers a, b, -+ : e
-and ¢, 1f a < b and ‘b <e, )

then a < c. . . (transitive property

w

‘ of order)
14, For any real numbers a, b,
and ¢, L1f a<b _ ' ' -
then a + ¢ < b +ic, (addition prgpeéty .

: of order) : \
15. For.any real numbers a, b, o
*and ¢, 1if - _—
“& ..a<b ana_c 1s positive, - ) i
“then ¢~ a <c < by .
'1f a<b and c 1s negsti?e, )
s then c - b < c - a, -(multiéligapioniprggertyE
7 of ordgr) 1 ' '

=16. The Completeness Pr@pé}ty,
‘Some of the propesties which we have studled are not
" included in .this fiét, We have left these out for a definite
reason. It 1s because these other p?DpéPtiéS can be proved by .
o ﬁging the gnes_ghich'appeaf in the 1list. We shall aniude .
. below a set of additlonal properties. We hope that you will try
?tc dlscover how these can be shown to be true for real numbers.--

ERIC
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5 Since the first set of proberties Ls all that we need In

: . . [
@%dér to prove, or discover,” the others, thils Fﬁrsu set,jas we

—k
¥

satd before, c¢ompletely deflires The Real Number System.
) é + ‘v.

<o ‘ - pdditional Properties

17. Any real number x ‘has Just one add!

tlve inverse, namely -X.
£

B

f -

- 18. For any real numbers and b,

L& % e A )l N4
. b.

—
o

19. For‘real numbers_ a, b, and ¢, 1f»a + c = b+ ¢; thenta =
¢0. For any real number a, a - C = O. S
= ) 73. ) = . & B

For any real number a, (-l)a =--a. -

o
-

(]
]

Por any real numbers a and b, (-a)b = -(ab) &nd
(-a)(-b) = ab, S

23, Any real number x d rent from O ‘"has Jjust one multipli-
1

catlve lnverse, name

24, The number O has no reclprocal. <.

25, The reciprocal of a positive number 1s posltlve, and the )

i i e i

4 reclprocal of & negative rumber 18 negative.

[

26, The reclprocal of the rzcip%@cal gf a non-zero real numper

a, 1s a.

27.. For any non-zero redl numbers a "and b, .
. ) .

1

~ ab
f

i

T |t

L, E
’q

oL

o
Loy

For real numbers a and b, ab = 0 then & =

. . i { *
= 0. '
‘or real numbers a, b, and ¢ with ¢ # 0, Lf ac
. .

= b,

(1]
)

or -’

o

i

be,

no
0
=

_then
3¢0. For any real numbers a and b, if a < bii;hen -b ¢ -&.
31, If a and b are real humbers guch that a < b, then there

ia a positive number ¢ auch that b = 3 + c.

L
m
[

f a and. p*®are poaltive real ﬁumberaj and ﬂf 2 i\b} then

i i

o

& =

a .

ERIC

Aruitoxt provided by Eic:



ns dan Lllustratlon of how a proof might be carrled out, let

s
us conslder ﬁﬁp%gr 19 from the 1ist of addiﬁi%ﬂal properties.
=1

Lo

"For real numbers a, 4, and ¢, 1f + ¢ =0b+ c, then a =

We gmasume that a, b, and ¢, are glven and that
a+¢c=Db+ c.

We can now use fundamental property Number 5, which, with a

change of letter can be stated,

For every real number ¢ there i3 a real number

-c such that "¢ + (-c) = 0O,

D

Thus, We-can now 3ay that

(a+ c) + (=) = (b+e)+ (-c)

since tha_right and left 's
) number. . ! )
Also (a + c) + o (-c))
) )

and (b + ¢ = b + (E + (-¢)} . by property
- ) Number 23

g
[l
ok
i
i

of the equations name the same
i

f\
L
v':-—v’
u
o
+
Ch

Hence ' a+ 0 ==+ 0.

xr ) ’ LY N
=N@wfby propepty Number 4 we get

/ | S
* Whleh @E‘?ﬁe'st;téméﬂc we were tfyLﬂ; to prove,
’\

nt a
and which do not. Further ildentlify each number ac

it

o3

.elsment of the "smallest" set of numbers to which

—

(Integers, ratlonal numbers, or irrational numbers

ERIC
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' (0) 7 (/B 5 7)

Review Problem Set.

e
(cohtinued)

L
[N
il
I
Lt
—
pah
o
i
Ll
]
|
yan
D]
oo
M*"-:*..“..r\

(a) .
(b) 4y® = 20 = (e) 5t° o = 19 -
) 5 + = :W/Z?Sg (I) Iu: = m N

Which of* the followlnp aentences are true and which are false?

‘f—*:*"/; !

= when restricted,

o



/ - o :"55

‘ ~ [ == _ . o . u
, .. / teview Froblem 3et : "

(Continued)

glmplii ' L

(a) V2 EVT)JQQE () /B v
1

o
w

a_za
(v) G/§>=~f’)( +¥;ﬁ) ‘F (e) %;. -

_ » . }
() */‘g@ : (£) V& 2i F"J‘%‘S

i w

# ?; Multiply ! :
(a) Tx- 3)(x + 2 (a) (en - 1)(n+1) .
(b) (y +3)(y (e) (a -fb)(a + 1)
(e) (m+5)(m - 6) To(r) (2x - 1)(ex + 1)

o

8. Simplify. Indicate thé%resﬁricti@ns on the varlable where

+
]

+
[
EoN—

necessary .- '

1

(a) é§E< (4, -2m
5 .
1

9. A boy has. § 1.75 in change. ~If he has twice as many dimes as
nickels and % as many, quarters ag dimes, how many of - each
coln daes he have? f :

Lo, A plane hag enough .gasoline for . 6 hours of fllght. How
many miles can 1t fly away fror Lts base before it must turn

back, -1f 'ita rate is 100 mph away and 120 mph returning?

#

20—

e

)



O
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-1t 18 possible .to wrlte more, c
In other words, if we are
carf we write it as the

A gaé}ial answer to thls quest
we made use ot the districutive property .
rléafned that ’

sala + b) = 5a-.a

.
e
a = 53 + 2Aab

4+ R o= XX b AeX
= wek o+ F A
; = x(x + %)

Jus)
i
b
oy
1]
i
I
3
It

(]
J
i
jog
4]
Py
Z
<3
g

factored form of

& distrimutiye>prapéft

-y

F



- Qﬁél Exerclses/13-1a

L]

.7 Express each of the following in the¢ factore

t
1. a m + 2m

9!

(a)
(B) Eﬂg + 6 } e
() 2y + 6

(a¥™ 2% - a

(£) 2b° 44 o

(g% Exg + bx . |

(1) hr® - 1lor-

! In our study of the factored forms of numbers in Chapter 11

we worked with positive Integers. Ve wrote positive integers as
products of other numbers which were themselves poaltive integers.

The point to be noted here is that the indiwldual factors wete in
. s

5

all cases numbers of the same kind as the number we started with.

For example, we mlght have sald the followlng:
: : &= (-2)(-3)
This is a true asentence. However, the factors on the right are

8 £ .
nregatlve integers. The number on the left 1s a positlve integer.

M

H

S5ince we wantedvtﬁe factors to.be the same kKind of nﬁmber% as the
original number, we sald that the factored form should be
- i ' '

ring the.mumber & mlght have been to write

ot

12 a positive numper; Uy

o

Ped

intgger. Therefore 1t 1s not the same kind

v
=

o

number ., and thus we did not 1lnclude = a

ERIC
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1
[}

than with individual
mind 13 that when we
f?ﬁ@ we will want the

the same Kin

are posltl

In thlz chapter we shall te

we consider phrases

The expressions

hat we call

To nelp in our under

get conslating oo all Lne

[}
]
1
—

nlen

and

2o

phrages

nave

no

rather

%

are not.

way in which-

consider the
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'i‘,’ . '5}
Then let us conslder one,

€
whether we want to form p@iﬁn@mials in one varigble, two
variables, or more. We shall assume, as belore

of these variables is the set of all real numbers.
t

We are now ready to describe what we mean by a polynomlal
In the flrst place a polynomlal may conslat-of any numeral for
an element 1n our set or a variable ltself. Thus, 'x" 1is a

- o

polynomial, "-x' 5 a polynomial, 57 13 a paﬁg omlal,

"(-7)" 1s a polynomial.
=1

polynomials a3z long as we used no than the [our operatlions
lilsted above a finlte number of times. However, as we sald
before, expresslong 1lke -
! B =

L :

x
are Why not? Do you they #11 Indicate

; . “ 5
the Farther examples of polynomials are
i‘f L3
e ¥

' Iro



- 1
13-1 R . '
\ <
S ﬁ??
s F‘-\ X = bx o+ 1%
¥ B
’ . T -5
& . O - i

The grigiﬁ’Ijget of numbers which we started with in forming
our polynomials was ch set ¢ integers. There are other types
f polynomlals for which the @riginalnset Df'”umbérs fiay be a
different set, such as the ratlonal numbers g » the real nymbérs!
For this reason it 1s important to dis tiﬂguish the different

types as polyromials over the rationals, polynomials over ghe:

reals, polynom}als over:the integers. However, we shall for the
=x =ERAGSIUT IR 2=

“most .part be cofcerned with the last type. ‘FDF convenlence,

_therefofej we s%,’ merely use the word pélynémials ln the early

!seétk@na of ﬁhis»ch ter to mean paiyﬂomiais over th?,ihﬁ?géF?* .
Hiirking with other number sets, we(shall

Latéf, When we are
our deflniti@n of palynamiala appli&s to polynbmials in amy
%number of variables. "Examples of p@lynd%ials in two variables

are N
5x + x‘y -y +§3 -
o = ) E 3 i
A 59t - 37 + 3t a8
: f a] - tab + b

Exampleshgf polynomlals in three variables are
2 W

3

= - = 7’3
» "+t - 58t + 7
= z
. Checlt Your Reading
=
1. Why do we Qﬁhslégr {2 ?( a Detter factored fcrm‘of &
than (=2)(=3)7? %)(IEQQ §ﬁf
7 o
: /
. /
( - /
-/
2 v -

ERIC
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Check Your Reading - 7

& ‘ (contilnued)

iy

-2. Whleh of "the followlng are positive integers?

'
i
-
s
]
b
Mt
Tt b=
-
—
I

J P .
2 =
&

R = =4 .
%. How doeszs the phrase ig’-’f _ii¥ér from the phrase X + 5X7

m

b, %ﬁﬁé an example of a polynomilal in one variable.
5. Which of the féligwing are polynomlala?

2 2 . . . _
-+ 4 -t . o o ) 1
_ . % - fx + 17 S - g =
X - TS X 6x + 12, FE + TC s + 7, "

I

Ik

I

1
B!

[k

. S = % . ] 2
6. ~Polynomials such as 5x + x™ -y~ + 6 and a - %ab + D
are polyhomials 1n *how many variables?
. - 7. What about the polynomial 2xyz + z - y + 17 .

L

8. 1Is it possible to write a pelynomtal in more than three .\

a
variable%ﬁ g/’

4 = i ) .
“9., What Dpératiaﬂs may be indicated 1n a polynomlal®?
! \ : :

k=
3
(]
b
et
z
-
[y
D]
g
a
Tt
ag
e
lth,
i
et
et
i
3
o]
]
[l
w
=
T
el
[
—
ol
<
o
=
(i
=
L
o -

+ 12ab + 18a

,
. |

. : | 7 o
2. In the exerclse above Indicate whigh polynomlals are

iy

gpolynomials in one varlable; 1n two varlables; in three

_(dvarlables. i P

Ej F‘ f;ﬁ
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Perf
a

Write any letter as a variable and také 1ts opposite.

rm the 1ndicated cperations and simplify.

n ( . )
4 - * . " -
Problem Set 13-1b

three polynomlals in one variable. . :

three polynomials 1in two vaplables.
three polynomlials in three variables,.
Wrilte .the varliable y.

In?icate the sum of 3

aﬂgg V.
£hi%%sum and 2.

Indicate the product ol
1s subtracted from this product.

Indicate that 9
Is the resulting expression a gglyn@mial?

Indicate the product of 4 and the variable. ’
indicatgrthé
Indicai?ﬂﬁﬁe
Iﬂdica§éy§hé

opposife of the variable you choze.in (a).

sum of © and the“product. . 4 o

. - 3 * ;
of % and the sum. - ;

by the

product
quotlent of the result in % (d)

Déeaf%hé resulting expression invalve only the opera-
t16ng permitted by the definition of % polynomlial?

Iz 1t a polynomial? . o\ 3

polynomial over the 1lntegers?

Ya)
(e)
(f)

each of the following polynomials

2x({x - 1) .

factored form "

the polynomial. -

in

ffactors are of the same kind as

(d)

e

¢
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Factorling. A
In thé beginning off this g¢hapter
"Ir we are given a certaln. type of phi the

indiecated product or
F

that we wlll want the

same type as the g£x
n ~
factors of a given p

Integers
We are now Féaiéf;
expredslons Q@i% cerfaln type,

,\ ‘, ES = S f
we wilT wanrgi;FfTQE%Qf'
at is, we—ill want the -, .7

E1§thiss¥ﬁasan 1t
1

Here we zee that the
factors
It
Jii;%—é?{

but in tnese “wo caszes

=

polynomlals. According

15 not a polynomlal?

polynomials over Ché
* a polynomlal? Why?
' in wnﬂking wltn éoslzive'integevsiﬂwe used the bterm prime

thap 1 whilch had

the

polynomls

a Vol
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o
]

I

7
word

tfacto

Y

where
Howev
we 3n
"prop
polyn

L

In 1fne with our discussion about intlegers, we shall W%%Ejthé

H

"prime’" to apply 1f the polynomlal

11

que

=)

cLor

red {urther, tnat is, L{ 1t ecannot Pe’writge

in voth cases we

er, slrice woth | and

all

...,
B
-
-
b
jad
]
pach
g
-
H
i
i
-
o
i
-

er' factorizatlion. Thus we

ominal . -

1O(x + i)

n as the product

ol' two other polynamials. Consider, then, the gglynamis;

a prime factorlzatlon o 10x + 10 even though 10 can be

ffacto

prime
What

prilme

redd oA .

It should ve clear, however, that (x° + 5x) 18 not a

ffactorlization.

la the prime factor

tffactorlization ot % +

{a x4+ 12,

Can

af f(x” + 5x)7

v

ou see why?

What 13 the

W



’ |
i,fi’ e # . E . B

Some other examples are o -

5 - ququm}gi ' Prime Factorlzation

it

By multipliéati@nf can

=~ -you Show that each Ekgressiun names the same number

5? as the correspondlng expression on the-flet't? ’ : .

g

4

T, 1.4 What are the tactors of X +

Z.  VWhat 18 a prime polynomlal? o,

%, What -doeg lt mean to tactor a polynomlal. completely?

oo
N
i
T
i
"3
o
I
il
i
i
8
o
Pad
-y
P

4, What 1s meart oy the termn prime . t'ac

&
polynomlal?

Isﬁiﬁg;pglyn@mial £

r
bl
-
]

(1 + %).- Why do we ur
( ) v d )t

™,

o, Is  sx{sx o+ ) the pr a W Uoem or x4 13x%? Why?
4, What i1s a prime practor

. What s o prime resoapivation or fapet o 1iar

1. Whicn ol the tollawis: sentenaes nre Lrue or all values of

O
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5 A g .
’ Problem Set 13-2

(e)
(d)
(e)
(£)

7§+§2§

1:'-3+ 3:’!2

qu + Eq! =
49" + 8ar

", {gontinued)

a(? + a)ﬁ

= 5r

r(re + 3r - 5)

Eq(qlra

= %(q + 2r)

g(g)‘; 433 -ilga? + 32a = “43(32 - 3a + 8),9‘ )
ih) 27s + 18 = 98 (3s +2) e »
2)(x - 3)

'(J) xg +7X + 12 = (x + 3)(x + 4)

(1) E%.g' 5x + 6 = (x

Ei' Whiah nf the fcllawing are polynamialsg

*?g) ' x° +n?x;+ 12 4 _ o )

“(_b_i"%”g; | |
'(é)"?Tsrw'%% ,‘ ST o ) .

ff’% 73+5-2q

X + 2 s vi ;

5 oo ’
: - ~ : : *
. P

; . L '
5. Which of the following are p%ime polynomials? -
; .

; (e) rg +

(e)

%

() Sg +

.(g)

f(h) TEFE

o

oyt

L]
e By

* 'qu

atiohs of the iDllawi 1€ expr ?ié;ﬁ,s‘i
8.7 17
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", 4. 1353, Common Monomial Factoring.

‘The expression sl

T ‘ st + 8st® + 28s°t”

?‘fs a polynomial in two variables. It can be written 1n various

- factored. forms

(é);ré(ééﬁj% ust® 4+ lAEEtE) .
: (b) 4(st + 28t .4 75°t7)

2 + ?ét§)> ;

(e¢) Ua(t + 2t

(@) Yst(l + 2t + Tst®) *
‘p'

Which of these is a prime factorization? 1In all of these fqrms
we have used the distributive property to "factor out" something.

In . (a), (b), and (c) there is still something left inside® - ..

the parentheses which cah be "féétérédwout"g Can you see in

~ea§h caae whét this 18? In (d), on the other hand, we have
"factored out"  everything e can. Form (d) 1s a/prime factor-
. -1zation. . _ o

e
Expreasiona like

2, i, Lg, Ugt

are Eiémpiés of what we call monomials. A monomlal 18 a speclal

kind of polyncmial. & monomial is a polynomial in which the only
~indicited operation 1s either multiplicatlon or takilng opposites,
or 1n which there is no indicated operation at all. For instance

2.3 2

25xyz, Ty =X 1287t~, vy

are all monomlals.

(]

X +.5, =3y - 2, T s 4+t -rp .

are not monomials. Why?

Thus, each of the factorizations 1n (a)--(d) are examples

of common monomial factoring, because one of the factors 18 a

monomial. But only one of these, (d), 1s a prime factorization.

L]

o,
—

AN

i
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~ A8 .a further example inepmmgn monomial factoring, sugﬁ

‘'we were asked to factor’ the polynomial

"into prime: factors

The

?
2.
3.
4

wn

_factorization? Why?

¥
What 1a8 a monomlal?

: 5r°q - 106 + 15r'q°
i .

8. This can be written as

5rfqf) + 5r2q(~2rq) +'5r2q(3r?qg) - 5§chi - 2rq + 3r°q").

form on the Tfght is a prime fagtarigati@n.

Check Your Reading

Is the éi?ﬁeasien' kist + 28t + Tégtg) an example of pfime

8 a monomial also a polynomial? Explain.

[

s 128°t? "a monomial? : S

-

Igl 3yr=- 2 @ monomial?

Oral Exerclses 13-3a.
T i

What 1is a ﬁrime factorization of each of these expressiona?
(a) 3a + 3b « (e) §x§ + 6x° + 9%
(v), 2x” + Ux® + Bx ‘ (d) EYE - 6y

=
* =

Use common monomial factoring to find the primé féctgrs Df@
the following. 1In each case state the monomial factor. '
(a) 7 +>ESax N / (¢) 5Smn + JEanE
(b) 41? - Bx (d) Tarx - 1hax®"
Which of the fallawiﬁé are monomlials?
(a) 7x ) fd; Ta - rx
(b) 7 +x (e) Tar®
(e) y7arx

Uﬂ
ﬂ
"

b,

"’l« -

- L ) T R = o
oo L~



Problem Sét 13 §béi,f;fq B

1. 1In whi;h af the following 18 the right slde a prime v
factnriza;ian of the Ieft side? . ,j ] g

e
& ¥

e ; (a) ,Ex - Ux = 2x(x - 2) - P

t " (b 2a-20-20=2(a-b-c) . .° o
%\ (e) hxy - by® - 8y = 2y(ex - 2y é"%_’);
x2 ?ax(a + 3;4;3;);

- 2(e) b7+ 6b° - 12b = 3b(b +2p g‘;f#‘)’-;" . .

CLf) s AxT - 10x7 + 2x° = Ex(gx' = 5x +x)

i R
' fs)ix y - 15xy + 18y3 3y(x? - 5x + Ey’)“ )
2. vae a: prime factarisatia; of each of the fallawingg if

pasaible. - o : - uf‘éﬁ
(a) 3x C
b)"’**g\ vob (1) 2a + 18a°
(c). 2 : Cm) 6m% - om
S0 (a) by - 35 ' " .«{n)."2ac #.6ad + 10abd

+
oy

(k) 5x° + 10x + 20 .

I I
L
W O

(e) 6x+9 (0) x> - x? +q
1

(f)  8a + 6b + 23c “ (p) 332 - 12x° + 6x

o
+

\l:f) : (g) a° +ab | | (). bx2 4 by ;
{ A ) N | °
R ) e? gyt S (r) 2p” - 6b° - W ,
(1) a3 4 a% + pa : (o) 3ax + 158y - 982"

2

= + 4
|
+
T
i

: \ N "2 o -TS- I
(1) e“n = en . (t) Tab"™x - 63bc"x
y g
. 13-4, Quadratic Polynomials,. .
AIn pfebiéus chapteras we learned to find products such as
i (x +5)(x +3)g &




F N Lol -y . ! .
. 4
qu ;ng the prapertieﬁ of‘the SperatiOﬁs we finhd-®that
LA O (x.+ 5)(x +3) = (x +i5)x + (x + 5)?,5)
- ' ke . .
r ‘ = (x2 % 5x) + (3% +15) . -
L - /: x % (5x + 3x) +15. o
ot I . = x° + 8x +.15. .
- fChégk to see 1f you can ‘follow each of the steps 1in the above
' fpracess. . o
., + . The abave iilustration makes 1t clear that' o

(x + 5)(x + 3) 1s the factored form of X + 8x + 15,

.If"we were given the palynamial x .+ 8x + 15 "and were told to
¢ :fattor this polynomial, éur—answer wculd have\ta be

S O SO 2

:””fffzg“qﬁéstiuﬁ is ﬁhiﬁ?f Haw wguid we have been able to write _Ehe

=

. factored form
. (x + 5)(x + 3),
1f we had not known the factors ahead of time? We see that thé
process of factoring i§fdefinitely connected with that of tindlng
A products. In fact, 1t 1s really a matter _of going through the’
steps "backwgfis;;H»Eut this 1s not so easy. Have you ever
'+ * been asked to say the alphabet backwards? You can do 1t, but 1t
usually takes longer and requires some thinking.
Ir the above example the process of "going Packwards' might
have beén easler if we could have started with the next to last
. Btep. Instead of the problem 8f factoring "% 4 3x + 15"
suppose we had been asked to [actor” the polynomial
=4 2 . o = ’
T q . *° + 5x + 3% + 15.
«If 'we Took at the first two terms by themselves, WS see that

2

x© + 5% could be WPlttEﬂ as (x + 5)x

j by the gistfibutive property. Li%gwise

i 3x 4+ 15 could te wrlitten as . (x + 5)3.
" Thus, we could say that :
I s , . ,
! { X° + 58X + 5% + 15 = (x + 9)x .+ (x + 5)5.
\ j B .‘ . K
q?j LI B ] *
. 12

ERIC
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If we look at the expression

T s (x4 5)3, L .,

o

we eép think of 1t as.consisting of two parts = "(x + 5)x" . and

- "(x # 5)5” It dhould be clear:that the expression "(x + 5)"
in parentheaea 18 a factor which 1s - "common" to both parts.
Suppose now that. we. apply, the distributive property 1in which we
think of (x + 5) as a single numeral. In other words we
"factor out! - (x + 5) as though it were a monomial factor.. The
result is as follows: o Lo e

el x4 5)x 4 (x +5)3 = (x +5)(x +3).
" Thus we have ! ‘ Coo=
xE +5% + 3x + 15 = (x + 5)(x +3).
In. ather words, we now aee how the fagtoring opération can be

. Earried Qut once_we have an expressicn of the f‘Dr‘Tﬁ
L x° + ax + bX + ab where a and b are integers.
A few e gfamples and exer:ises of\@his type will ‘help stréﬁgthen -

, thé 14da, Consider the following. See 1f you.can follow the:
“steps 1n each case.
/ B . w2 , ,
x? + 3x + 2x + 6 ig + 3%x) + {2x + 6)
’ = (x +3)x.+ (x +3)2
» ) | =(x+§)(x+§)‘
,, 4
- .
= . ‘ ; o 7
oL 2%t = I0x 4 X - E'z\(éx - lox) + (x = 5)
| ;'(x.sg).._\-,:{ag)l
. . ) Lo - (x - 5) 1) , {

L | - SR

i? ’ : l Check Your Head;ig T R
1. How many times was the distributive property used 1n Dbtaining

the fesufg .
(x +5)(x + 3) = x° + 8x + 159
5 7 H
\ "
576
* . % - _l ‘l;‘ \J‘ =
J




[l

Frcheeﬁ Your Readrng :
“ (cﬂﬁtinueé)

“In the expresston (x + 5)x + (x + 5)§ what factar s
'camman to both terms?,

How many terms are there in the expression

{x + 3)x + (x + 3)2? What factor do these terms have in -

ol

gamman? 7 .
—VnFaéﬁaring ié the reverse of what operation? R
. - Problem Set 13=4a ‘
Group the féllawlng polynomials into two terms
(a) b b +b+1 J - (e) a® - 12a + 2a. - 2y 7
‘(b) me + ém - §m§§ Sj (d) bﬂ - 6b - bb + 24 - [‘
. -~

ey

Group the fellawing Pelynamials inta two terms and.fagtar, g

tgach term using common monomial factaring

Example: X2 - 3x + 5% - 15 = (x - 3x) + (5; - 15). | ;
A = (x ="3)x + (x°- 3)5
(a) GE‘+ 3c + éc + 15 \
(b) 9¢° + 12¢ - 12¢c - 16
(e) EEHEL:'EEm + 15m - £2 .
(@) 2x% + x + 1ix + 7 T

Group the following pggynomials into two terms, factor each

:termyusing common monomial factoring, and complete the

factoring as in the: example - o )
Example: x° - 3% 4+ 5% - 15 = (x - 3%) + (5 - 15). s .
= (x'= 3)x + (x - 3)5
= (x = 3)(x + 5)
(a) mE + 2m + %m + 6 “ ,
(b) y© + 3y + by + 12
(e) 2° - 2z + 3z - 6 \
(d) x° + 5% -jbx - 20
y 577 »%"h)



- Problem Set 13- ua
’ ' (continued) = -

3) !

‘i, Pactor the following polynomials (as in Exerclse
(a) 53% + 2K+ 9x + 6 o
(b) 1002 Ai5p br 6 !
(¢)- 6q® - 1aq + 9q - 15

Jw 0 (d) By® - 2oy - 6y + 15

: (e) 4m° + 2m + 2m + 1 T ) .
o ‘(f) 2a® + 16a + 2a + L : ﬂf%jv
5i§ Faetdb»the foli@wing gﬁlyﬂpmials.?7 | !53 e -

(a) x° --4%x + bx - Ub
(b);?éc + 5d + ac + ad

“(¢) O9ma +6ab + 12m + 8b -

[ih]

(a) m°a - 2bm° + na - 2bn

e

() 55X ¢ Sy +ax —ay (- 7 o
o ,ﬁi _ do, o 7
(f) 65 +9s + 8s + 12 4 e 1

- : . » B

* =
h B Wégfeturﬁ:again%ﬁgfthé job of Pactoring a péiyﬂomial such as’
- 7 .
x° + Tx + 12, - .

] =
i .4 L

Thus far we have learned how to factor this type of expression”
+ after it is written'in the form, . *

A 2 R . H
S : _ x’ + aX + bx + ab.

8 vWe must now find a way to change the. iirst form to the second.

v » To accompligh this let us see how the integers a and b. in|the
‘second ‘form are related to the 7 and the 12 1in the first. A
study Df this partiﬂulgr case will give us some general ldeas,

; which we can apply to other.examples.

,ﬁ

—~

%
1}

o 150U : _ }'f

ERIC
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234, L | .
g' ; Using the dietributive property wé can write w7 s
- ’ ngﬁi ax + bx + ab o R Y
as B X + (a + b)x + ab.
If we now examine the two expfeg;ions:' ’ - L
. ) /. . € - : .
xgv+ {(a + b)x + ab and v xg + 7x + 12,

we see. that the product ab represents, 12 -and the sum (é %iﬁ}é{
) represents 7. Thus our problem is to find two integers whgse[
§f§'~sum ia 7 and whose pradugt ia 12. What are these two integers?
o If we consider all pairs of integers whose product 18 12, we
cdme up with these cholces: -

1:12 . 2.6 j_qf?"‘"‘:s
B !7.; L
Do you see which palr has a sum of 72 The correct choicde willl
g'!!‘f = <
show us that the form ’ o

xg + ax + bx + ab .

fiﬁr this example 1s - , -
D N e - ¥ 7
/ : : '-zg+§x+4x+1a
y - -
/By PPEVLGUE méthads we can now shcw that e 5

xg + 3x‘+ Ax + 12

=

[

(x4 3)(x + 4) .

rwh;gh means that ’ ’ iy

e

]

x° + Tx + 12 = (x + 3)(x + 4).

]

Is this a prime factorization? " .
The pr@blem Di finding two ittegéré with a Specified product
and a speclfled sum is a familiar Qqe,-whrﬁh we studied in
' Chapter 11. The method involved prime.factorization. When the
sums and products are falrly small, the answers can often be
obtained by inspection or s¢me form of éystematic guessing. On
the other hand the use of prime factors can be of help in dealing
with’larger numbers? The following examples will lead to
:gféatEF uﬁderstanéingi See 1f you-can follow the feaé@niﬁg in
each case.

B o

O
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Example 1 Factor x° + 10x + 24.
= T\f' For the form x° + ax-+ bx + ab ‘we want‘iﬁteégrs
: - a and b whose product 18 24 and whose sum 1is
.. 10. Pasgiblekéhaices: : . R
-3

‘a 2l 2.2 3.8 b6 P

T B ) N - . R A
Which do you take? The correct cholce should give

you the followlng result. CN
x° + 100 + 24

xg J 4x + @x + 214 \
(x ¥4)x + (x + 4)6 ﬁ
(x + ¥)(x + 6). o0

- . ij,,‘s;g B | ;\3_ », ’ 2‘\

& Eia@g}grg. Factor x~ - 17x + 16

<
]

n .Here we might find it helpful'tg write the palyﬁamiai
x° % (=17)x + 16. -

) ! This tells us ﬁgat we are looking for two integera
. . with product '} i;énd sum - (=17).  For the product
. (gf w16 we recall that the factors mustbe elther both ;)
;7 %ﬁ R positive or both pegatlvé,' Singe the sum .must be -~
. negative, inat 1s, (-17), what do we conclude?
v Possible ého%ces of two negative factors are
L L (1)(-16) (-4) (), (-2)(-8).

What 1s yéﬁf cholce? Do you see that

XT = 17x + 16 = (x - 1)(x - 16).

The intermediate steps have been omlitted. You should,
however, write them down to be sure that you under-
stand them. :

, . ) ) L2 ' .
Example 3. Find the *Ime fact zation of v - W = .
Example 2 Find \he prlme factoriza on o w x: 20.

This we can:write as - ?
‘,E B ) L
e+ (=1)w + (-20). .

N , nust have a product of (-20) and a sum
) L ;;Ef (-1). /fhe product is negat;ve,i-wha% does this
VY oes ‘tell us abdut the factors? Do you see that one must
) itivd and the other<negative? JJhe sum  -1)

ERIC
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; . . E
' 1s~also negative. This ggpla us th%% the negativk
factor has the greater absclute value. With this

"iﬁfermatian_in mind we can 1limit our cholces to the
following pairs:

(1)(-20) (2)(-10) - (¥)(-5)

T DRI one of these palirs has a sum equal to (-1).
» o= Do you seen which one it 18? The Yroper choice gives
= F

g o~

=

We - W - 20 = (w + 4)(w - S),

ﬂgain yeu:éﬁeuld Egmgletefthé intermediate sateps,

Example 4. %?act@rryyg 27y - 90,

¥.7%7  JIn thils example we shall use prime factors to illus-

. )*.~%  trate the-method. We wish fntegers with product .

- (-90) and sum (-27). The prime factorization of
o w (=90) with an additional factor 1 gives us -g?
- , 90 = 1-2:3°.5, .

L , ; . Before thinking of passlble;35mbinaticns ;;)b
Y - rv§hau1d note twa'thiﬂgs_ The negative product (<90)
requires one positive and one negative factor. The

sum (-27) tells us that the negative factor has

greater absolute vélpg; To select our cholce we

grofip factors in the following way: -

o ¥ y2 - 27y - 90 = (y + 3)(y - 30)"

s,

N



R B Check Your Reading
.2

1. If we thHink of the Exg;éséléﬁ; + 7x + 12 >as!having the

form x° + {(a + b)x + ab, whs

\ers do a + b and ab
2.. Give all pairs of integers whosg-sfoduct 1y 12. What are all

o

3. Glve the pair bf integers/whose-product is 12 ° and whose

sum is 7. » , N - 8

' Oral Exercises 33-4b

1. For each of the followlng pairs of numbers find two integers
such that thelr product 1s the first rumber of the palr and

thelr sum is the second number of the pair.

[
-
[¥e)
L]

(a) 10, 7 (&)
(o® 10, -7 - (h)
(e) 8,6 (1)
| (4) 8, -6 ()
~ (e) -8, -= ' (k)
(r) -8, ¢ (1)

[ SR '}
P e e
N [N I
1 Wl
-l

[

;s 1

(™)

each of the following in the form x~ + ax + bx + ab.
X - X - 20. We want integers a and ®p such that

their product 1s =20 and thelr sum 1s =1. Thus

5
# & -
[ 2

x° - x - 20 = x7 - 5x + hx - 20.

(a) % + 6x + 8 - (g) x™ + 7y + 12
" (b) %2 +.9% + B (h) xg -~k + 12,

. (&) xZ - 6x + 8 (i) x? + Wi + 12 = "
(4) x° - 7x - 3 (1) x° - x - 12 ,
(e)ixgj—sx-B (i) xgq»ax\alé /
(1) X% - zx - A (1) x° - 11x - 12

ERIC
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RS : Problem Set 13-4b L

1. Express each of the following in the' form x® 4 ax + bx + ab:

(a) x° +8x + 15 () w2 - bm-12 - _°

]

i

(b) r° - 2r - 15 (g) a“ - 7a + 12
e (e) s 9 () yP oy +2n
(a) ¢ 6

oo
w
1
I

4+

N n
P
LR

(1) 2% -'11z + 30

ow - 11 C(4) e® - 2c -2l

+
L%
ot

C +

3]
—

(e) w° -

2. Factor each of the following polynomials:

[’

(a) t° + 12t + 35 S (f) 22 ¥hz - 21

v

(b) w° - 7w + 10 . (g) a® + 6a - 55
(e) re
2

(d) a2 - 18a + 77 (1) x° - 3x -

[

r+22 - () y°-79 +12

%]
"l
=

s

(e) m° + 3m ‘- 18 () b

3. Factor each of the following polynomialg.
(a) y° - 7y - 18 (1) k2+|6K -
(b)
{c) x° - 7Tx - :

(a) wo - Bw +

[ih]
]

e
Loy
¥

+ ba - (g) -x°

™M
N

e
Lo}
[
fe]

(h) x

[
N
o
3

I
=
L))

o (1) m™ +

W,,'

(e) WP - 6w -] (5) t%+ 2t 41

A polynomial such as
N .- iuig - 3x + 2

is called ifggfynamial of the second degree, or quadratic poly-
nomial. InJthls polynomial .-

=

432 1

m

called the second degree term,

=3X 1

]

called the rirst degree term,

and 2 . 1s called the constant term.

[N
E




O
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- . (x + m)(x +'n), SR r

4 1s the caefgieient of xe in the. second degrée term,
and =3 "1s the coefficient of x 1n the first degree term.

The constant teqm E can also be called a coefficient.
The degree of a pnlyncmlal in one variable 1s given by itas-
term of highest degree. Thus,

5x + 7. 18 a firét degree polyncmlal and ) S
- -\"‘A - - =
3

P Ex + Ex -1 18 a third degree polynomial.

In this same sense we can call an expression in the form of a non-_
zero integer such as 7‘ or =10, a polynnmial of degree zero.

The_fgg}aring problems. which we have Just been -studying
involved quadratic‘%glyﬂgm;alg of the form s

~ . X% 4+7x 40, :

in which:theiaééff;éiént of the second degree term 1s 1. .Supposé,
now we were aékéd to factor a quadratic polynomial such as & -

. ' 6x° + Tx + 2,

in which the coefficient of the second degree term(sometimes

called theeiéad;ng céegﬁigiént) is greater than 1. How would we

g0 about this? o . ] - e .

Up to now we have been able to wrilte our answers in the fcrm
I

"2

where m' and n are Integers and the first term in each factor
i1s the variable itself. However, we see that tﬂis will not be
posaible 1n our present problem, since multiplication of the
above factors will gilve us a second degree term of xgi Because
our seaond degree term is Exg, we shall need factors whose first
terms are 6x and x, or 3x and 2x. Are there~any.-cther
poseibilities? * i

The constant term of Ex% +7x +2 1s 2
terms in‘each factor must hg§e a product of 2. Do ‘you_see why?
With thesae facts in mind, we can 1list the following cholces:

Thus our second



13-4 -

/A (6x

Multiplféaticﬂ of the first

) = (6x

]

(5£ + 1) (x +

s

[}
joy
v

o

[l
oy
EC

rlght except the flrst degree term. We have
Find the other products! Do you see that the

We have found the correct factors

error' process. You might even have guessed the right combin-

oy

ation the first time. However, there are dlsadvantages to a
trial and error method, especially 1f the number of cholces 13

- fairly large.

; Let us look 1nstead at the ldeas we used for the previous

" type (with a leading coefficlent of 1) and see if we can
"extend" these 1deas to include the new fype. )

In factoring polynomlals of the previcus type &é first wrote
a second form conslsting of four terms with ax and bx as the
second and third terms. Let us now write a second form for the
polynomial
6x° + Tx + 2

el
=

.,as follows: 6x° + ax + bx + 2
Our task 18 to find the correct lntegers a and b. We can then
factor this form 1n much the same way as before.
In the first place 1t should be -clear that we want the sum
of aFgand b to be 7. 8o far the process 1s the same as
beforé;4 But what about the product (a)(b)? To anawer this 1t

will help to examine once agaln the multipllcation operatlon,

which 1ls the reverse of factorling. Let's use the answer we got

g
S0

l R
= v

O
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1%~

by trial and error. We recall that this was (2x + 1)(%x + 2).

Omitting the rirst step we see that

(2% +1)(Fx "+ 2) = 6x° + 3% + 4x + 2

This tells us that a shodld be. 7 and b should be 4.

Thus we see that In the correct form (a)(b) = (3)(4) = 12 In
other words, the product aty & not equal to the constant term
2 as 1n the prevlious type EDQEVE?; note that 1f we multiply

the constant term ¢ by the leading coefricien -, we also get

1t
(5 1t true that the
Q

12. This suggests an 1mportant question. I
product o and b should be equal to the constant term
muktiplile the leadling coeftlcient in every case? If sb, then
we can e our previous method of f{actoring to ineclude the
new type ollows To factor
PxT o Tx 4+ 2 )
write the rgrm (x° + ax + bx + 7 )
. ¥
Determine intepers a and b such that
a + =7
and (a)(b) = (&)(2) = 12,
= To factor,

In thls case, wo have found that a = 9 and b = 4.

we rniote that

Wee have not anawered estlion as to whether or not thils

will "work" look at one more example, then see
story prool for the general case.

factor o

a and L whose sum ls 10 and
are several possibllities, but

a
the integers 4 and 6. Thus we




O
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It we multiply the | two factors, we obtain the nripinal
polynomlial
2yt
We shall now examlne tind out 1 1t works ror
all cases. Before dolng thls, however, we must reallze that when
we speak ol a method "working" we are assumlng that the quadratic
polynomial in questlon can be tactored with. There are,
of course, many quadratlic polynomizls ot be factored
= . )
over the lIntegers the polynomlal »
2x° + x4
two %olynomials over the
vut don't work at it too
ample ol a prime polynomial
polynomial which can be
is ' A -
1) )
where the letiers ¢, d, e, and [ r To )
[form the product we see that
(cx + d)(ex + ') = (ex + d)ex + (cx + d)1
= cex® + dex & afx + dt
Here. the steps have been carrled out exactly as In the previous

1lluatrations.

We now wish to find out whether or not, our so-called method
-works. In the above examples wWe 3sug that the product of
a and *in the second férm of l'our terms should be equal{}ﬁf
the constant term multiplied vy the leading coeflleclent *ﬁ@w
examine the polynomlal E
Qexi + dex + ot'x + df
Do you see that dJde and et take the place of a and b
respectlively, and the constant term ls df and the leadlng
coefiliclient 1s c¢e? It now remalns to be seen whether or not the
two products are equil we ask the guestlon, 12 the sentence



13-4

-

(de)(ef) = (ce)(df). o

true for all integers -c, d, e, f ? Because of the assocfgative

*

nswer 1s yes. ) . E
’ A few more examples should serve to. fAx the ldeas firmly 1n

_ o _ ) ¥
ind commutative propertles of multiplicatlon, we see that the

Factor Gx~ =

Second-form: éﬁ + ax + bx +°!

[
-
"
+

\TA i
o~

e
—

Requirements for a and b: a + b = (-1

-
—
e
—
fesl
—
i
T
g

Since the sum 1s negatlve and the pré&uct 15 g&sifivé?=
we know that bcth

. (=2) and " (-8)

6x7 - 3x - Sx + B = (2x -

a and b are pegatlve, Will
give us the correct results? -

1)3x + (2x = 1)(=4)
1) ).

i
¢
=

<

( Z

|
—~
Fit
=
i
L=

2. Pactor | %x" - s5x - 2.
2

Second form: -3x° + ax + bx - 2
Requlrements for a and b: a + b = (-5)
(a)(b)

We see-that (-6) and 1 wlill satisfy these

;

(-6)

[

requliremencts. ° Thus
L) .

5x° - Bx + x - 2 = (x - 2)3x i}(x - )1
+

Check Your Readiﬂg.

2

1. What 1s the déj?éégéf the 1Tﬂﬂmidl hxS o+ x4 27
1

What ls the coefilelent ot x  1n the first degree term?
adiﬂg coetficient and the constant term of

fal _ox™ + 7x %

- M
5 5
it

D

-

D

bl

g

T

b ‘—-“

TR

- i - : —
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Check Your Reading =

! ' -+ (continued)

3., What 13 the sum and the product of & and b when
N g ) i ) ] - o
. 6x” + 7x+ 2 13 consldered in the form &x° + ax + bx + 27

How do you determine what the sum 1s3? How do yvou determine
what the product-is? ' : )

4. If the polynomial B8x~ # 10x + % 13 considered in the form
B8x° + ax + bx + 3, what 1s the product of the leading
coefficient and the constant term? What 1s the product of

a and b?

Oral Exerclses 13-hg

L 4
the following polynomliala:

x° 4+ 5, %" - 2x

- . - L - . - 2 3 4
5%, - 3 4+ 2X 4+ 5%, 5 - 2%, 9 - x , X + 3%

T4
>, <
o ]
'
»»
B
-
It
[
+
Al
il
b
1
~J
[
b
1

(a) Wnigh are polynomlals of the flrst deéréé?

(b) EWhich are polynomlals of the second degree?

(¢} Which polynomlals have a second ﬁegreé term?

(d) Which polynomials are not quadratic polynomials?

(e} Wnhich polynomlals have a second degree term and a flirst
degree Lerm? !
(f) Wnich polynomlals have a constant term?
(g) For each o< the p@lyﬂ@mialg whilch has a f'irst degree
. .

t‘\

term, nams 1ts coefilclent. )

B3

1als in the form

L8

2, {Consider each of the following polynon

N
vt
i
=
=8
o
o
=
CL
=]
o
e
M
]
o]
jou

]

3x° + ax + bx + B

(a) #x° - 11x + 8 ()  5x° + 1ox - 8
.

(b)Y 3x° 4+ 10x + A (&)

(e) 2x° - 2%x

it
BN
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1.

&
SN

Oral Exerclses

{continued)

<

Factor tn® t'ollowing polynomials:

T

(a)

(b) sy°

Factor.

A

(a) Ox +

(o

o

P

D)

o

G

(
(
(e
(

ot

)

)

)

) Bx -
L

)

2y o+ Tlf h

+ Ty

250

1 f;;ll}:

-

T



. Frovlem Set 1:°- l
(continued) ’
3. Factor 4 e
(a) O N o Y R N A A
() NANNE TR
(1) + 11% + -0
(1)
(1)
V)
F

a general method for

arn indleated opsratlon

and o ire

thne second form 1=

we ceck

the =zum?
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13-5 ; P ;m
From properties we have studied 1in Gh%éféf 7;> we know that thig .~

-]

1aat§étatement 1s true 1if and only if b 1s the opposite of a'. &
*In other words, our two requirements on' a and b for this
- i p (a)(b) = (-9)
, a = (-b)

’ special type are

Do you Bee that these two requirements willl be met 1f a = 3 and
b = (-3)?7 Thebefore, we now have

IE + 31 = 3% = 9 = (x

S,
I
i
B
.
»
|
ol

- Likewlse for

= o
N - 16 ®
we gee that in the form
= . - s : . . ¢
N + aN + bN - 16, a=»U4 and b = -k

wlll meet the FequirementsL Hence

N° % UN - 4N - 16 = (N + L)(N) + (N + 4)(-8)
= (N + &)(N - 4).

For the polynomial

=
=

hy™ = ¢

v
‘A.Jm -

we write
2 . .
hy© + ay + by - 25.
In this case we note that a + b = O and that (a)(b) =
(4)(-25) = (-100). The requirements will be satisfied 1f a = 10
= and b = -10Q. Thus we complete the factoring as follows:

) ,

s
Nl

v+ 5)(-
).

-
byT'+ 10y - 10y - 25 = (2y + 5)2y + (
= P2y + 5)(2y -

Wy

-

Let us now put these three results together to see 1f we can

flgure out a short cut’ for the factoring process.

(x + 3)(x - 3)

™

)
1}

I
o)
[l

(N + 1) (N - b)
)'«.

=
-]
]
I
W
4.

(ey  J(2y -

g

E S §

597
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We shnould now oe

Thus far we have

e
I
W
)
1
~a

in
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t'ormed .

doubits .

vhie

nuadratlia

lynomials of

P

volyrnomlal .



- 46pT = (sat 4+ 6r){Sst - br)

we have a polynomlal
Tele

in three variables.

to multlply of the above examples

dif'ference of ftwo squares.
Checle Your Reading
2 \ ; . 2 . -
1. Whnen x° - 929 1is considered in the form X + ax + bx - 9,
what 1s the product of a and b? What 13 the sum of =&

and b7

4

O
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Oral Exerclses 135-5

(continued) .
2 Express each of the {ollowlng products as a diiference
squares
(a) (L +1)(t - 1) (6)  (m - 2)(sm o+ 2)
(B) (x + 6)(x - &) () (u+ v)(u - v)
(¢) (8 + 10)(z - 10) (h)y (st - u)(st + u)
(@) (x - 7)(x+7) (1) (1 + 2k)(1 - Zk)
(e) (ex + 1)(x - 1) (1) (w - 15)(w + 15)
o ~ '
Froblem S5gt 15-5
1. Factor each of the following polynomials. K
- 5 !
(a) n° - 16 N g

» Indicated prdilucts as the

[N

— — —— —, —
Pl [
—_— e e o e
—
B
..|..
poy
o
—
o] e
[ [
i
-
o
f
—
=
=4
-+
[
—
=
o}
i
[—
~—

O
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13-5 .
Problem Set 13-5
. (continued)
3. Factor each @f;theﬁféllawing polynomlals: |
(a) x° - y° [ (g) 6z - 132° g
) , 2 . N a2 : *
i (b) x" - 2x - 15 : (h) 287 _+ 3t - 5 \
, e ) ) 5 \¢
(e¢) sy - 17y + 6 (1) 1 - 1hbg” \\
(d) 5a° + 5a (1) 9x~ + A .
(e) m~ - 2m + 1 (k) us o+ 18u + 17
() 9a“p® - 25 : (1) a°b + b7a
¥, Try to write a common name for each of the followling indicated
products by dolng the work without paper and pencil. ‘
Example: (59)(41) Think  (39)(41) = (40 - 1) (40 + 1)
T 3 sl
) = uor; _ 1,

1600 - 1
1599.

L
e
5
S
il

o]
f
]

\
-
(

(g

o

i

1

x*
"
ool
g
b
ot
Qo
T
L
it
ju g
[
o
e
=
=
P
=
e
a3
m
ey
o]
-
=
o
b
=]
[inad
Iy
=
i
le]
<
[
I
-
ju g
g
e
o]
=y
il
L
T
"
b3
[aad
[
ol
[l
¥}
[}
o
oy
o
e

(0) (x+1)7 -1 J (m+n)" = (m-n)?
J (¢) (x4 1)3 - a® () (if _ yE) C (% - y)-

O
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,13-6. Perfect Squares.

7 A secon® speclal type of quadratle pdlynomial can also be
factored in égéémplé way .- Consider the polynomials *
2 - i} 2 ‘ = E -
x° 4+ Bx + 9, yo o= lDyJ+.25, 9N® + 24N + 16
The "special features” of this type are not as easy to recognize.
The factoring process, however, will polnt thése out. We shall.
begin with the so-called. general method. '

For

=

X% 4 6x + 9 L

[k
d

the form X 4+ ax + bx + 9 requlires that

Yoo @ =

- and _ a + b = 6.
These requirements are metfif a = 2 and b = 3. Are there any
—other possibilitles among the Integers? Factoring as before, we
obtain

: =
\ng X5 4+ 3xX + 3% + G ( )k o+ (x + 3)3
)(x + 3)
i

Next consider ) - ' q'
+

-

+
x +

i

ol

3

or the  form ¥y + ay + by

[

25 we see that a = (=5) and

+
Te continue factorling we write

yo -5y - 5y 4 25 = (y

To factor

+
T

N~

L)

T,

we observe that the orm 9N” + aN + bN + 16 requires that

a+ b = 2k .- and (a)(b) = (9)(16) = 1hh4,

The requlmements are fulfilled ! a =12 and b = 12, Therefore

ON® 4+ 12N + 12N + 16 = (3N -+ B)3N + (3N + 4)4
= (35N + 4)(3N + )

ERIC
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A « Summarizing these results, we have
. xg + bx + 9 = (x +§§)(x\+ %%
) fyg - 1oy 25 = (v - 5y - 5)
;éNE + PUN + 16 = (3N + 4) (3N + &)
4 are thé same In fact,

In each case the two factors

may be written (x + 3)7, Ay - 5)9, a@pd (5N +
»] o]

the results

Y. TFor fhis

reason the general name given to this type of polynomial 13

. péffg;p sguare.
’ There i3 little or no difficulty involved 1in determining the

factored form, as can bé seen. The problem 1ls really one of

. recognitlon. How can we 1ldentify this type? The answér to this
:quéstién‘caﬁ be obtalned .by examining the Speciaf nature of a
and b 1in the second form. Since a and b are equal, it
follows that a + b = 2a  and {a)(b) = ag In other words the
requirements on a and b may be stated 1n terms of a aloﬁei
To make thls clear, let's look agaln at the examples:

For x= + bx + 9 we note that 2a = 6, hence .a = 3,
It our polynomlal s of the speclal type under conslderation, then
o a® must ve equal to ﬁ9,
¥ 2

For y° - 10y + 25 we note that 2a =

|
2%

a

K

o

;

- - Does a~ = 257

[

Finally for ON° + 24N + 16 °a = 24

What must a” . be pqual to? We thate, a

From these ideas wWe can [lgure
or not a glven quadrdtic polynomial is
note that ror perfect squares the 1
constant term must Epth be squares of
that 1 is
condition, we can then apply the following
vy 2. If

the square of 1.)
U2

coef'tlelent of ithe tlrst degree term
resulting numver 1s equal to tHe product of the

and the constant term, then the glven polynomlial

ERIC

Aruitoxt provided by Eic:

= (9)(16) = 144, )

out a way to determlne whether

We first



=%

. Thls test can be described in symbols. The polynomial

18 a perfect square if

‘,', Dﬂeéiwe know that a polynomial ié'a perfect square, the
factoring 1s simple, o ] :

il

[

25

"
&
]
K
L

How do we know these are perfect squares? Do you see that

[u]

12 _ . .
5 = 6 and 6

[
b
Loy
o

‘Also

(;%Q) = (-10) and (-10)% = (4)(25).

Test the sedkond. example yourself'!
Suppose/we were glven the expression

[l
=

X = 13x.

A

What constant term .should be added to make this polynomial a

perfect square? VWe see that

W)

(Z%§)§ (-9) and {(-9)° = 81.

Thus

rj _
x" - 18x + 81 |

1s a perfect square. What constant should be added to make

L = -
9x° + 2hx

b

a perfect square? Here we nole that

. and o5 = 14l

oy
m
4]
i
3
m
b

ERIC
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13-6

3 you see that the number in question is 162 Therefore

QxE + 2Ux + 16

is a perfect mquare. What 1ls the factored form? To determine -
this quickly, 1t may help to think of the polynomlel as

(3x)2 + 24x + (1)%,
which suggests the factors
(3x + 4)(3x + 4).

In certain situatlions 1t may be necessary to "factor out" a
common monomial before applying any of the methéds'af the last
three sections. The following examples will illustrate this.

Example 1. 5x° - 35x + 50 = 5(x° - 7x + 10)

= 5(x - 2)(x - 5)

Example 2. 12y

i
]
3
]
LAY
‘ ﬂ3h
,
0
—, [%Wal

]
ol
?
+
Z
<

I
z

Example 3. fog - 42:x*+ 63r = TP(IE - 6x + 9)

I
\]
i
=

I
hoMd
=

]
!

As a general principle 1t 1is always wlse to check for a

T

common monomlal factor before attempting-to factor by other

methods.

Check Your Reading

= B -
1. When x° + 6x + 9 1s considered in the form xg + ax + bx + 9

what 1s the sum of a and b? What is the product of a

and b? What are the values of a and b?

jund

Complete the sentence: If a polynomlal 1s a perfect square,

the leadling coefflcient and the constant term are both

[

3. Complete the sentence: If a polynomlal of the form
1
Ax"~ + Bx + C- 1s a perfect square, then ( 2

,) = .

mj o

600

L g




co#

&

| ; Check Your Reading
< E . (continued) -

4, what number should be added to x° - 18x to form a perfect
square? Explain how the number is obtalned.

5. What number should be added Yo 9x° + 2ix to form a perfect
square? ' Explaln how the-fiumber is obtained.
6. Complete the sentence: It 1s always wiBe to check fdr
a _ - _ sbefore attempting to factor by other
methods . ' ' g

Oral Exercises 13-6

1. Which of 'the following polynomials are perfect aquares?
(a) n? + Bn + 16. (e) t% - 20t + 100 °
(b) n° + 16 : (f) 3552
(c) x2 - 5x + 25. " (g) n®-25

(d) s5x° : (h) 4x° + 4x + 1

2. 1In each of the following incomplete expressliona, what musat
be placed in the parentheses in order to make the resulting
expression a perfect square?

(a) xg + 6x + ()
(b) n . ion + ()
*(e) x° + bx + ()

3. Factor the following.

3

(a) x~ + 8x + 16 (d) uyg + 16y + 16
(b) n® - 6n + 9 0 (e) 16m° + 8m + 1

2

™y

(e) x° + 2(xy) + vy (£) 4a° + Yab + b
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Problem Set 13-6 RERRVRS

_ 1. For each of the fo11aying,palyngﬁials; answer "yes" -or '"no"

) " to the question, '"Is the polynomial a perfect square?”. ~
. . o

(a)%»xg +6x+9 . ', _.(g} ¢ + 2¢d + d

i)

(b) x° + 6x + 36 ().~ +.cd. + @?5 ’ s
+ 36 : (f) - box ’
]

- 10n + 100 (§) #x° + 2x + 1

. (c)fAcE
(a) ' n?

(e) n - 10n + 25 ' (k) uxé + lexy +'9y2'

(£) n2 - 64 . (1) (x-12%-6(x-1)+9

2. Gﬂmplete'éach.af the féli@wing so that the resulting
polynomial 1s a perfécﬁ'square, (This process 1a often
called '"completing the square".)

(a) x° - 8x + (*) (1) uZ - () + 25

(b) x° + 8x + ( ) J ‘ag + 12a + ( )

(e¢) n° + 2n + () k A@E + bst + ()
” ,

(@) tZ+10t+ () () +6xy + 9°
S IR C R

() + bov + 25

bg
(£) x“+ ( ) + 16
(g) y° + () + 1 Nox2 - () + 1657

(h) 9a° +

ot
— P b o e s

(
(
(
(

(e) ¥ - 165"+ ( ) (m
(
(
(

i

a+ ( )

3, Factor each of the following Pclyn@mials.
2 ' \ 2

(a) x° + 12x + 36 36Kk° - 12k + 1

(b) 48" - 128 + 9

)
) ;
(e¢) 2m" + 12m + 72 (h) a:ﬁ _ éa b ;xbg
(d) 2u” + 6u + 3 ) .
)

(e) v° - 2vt + t

s s



. ' Problem Set 13-6 r oo ,
N / " (continued) v, )
4," Previous exercises have pointed éﬁt:the following: ..

N ) ‘x° '+ 2ax + a° = (x '+ a)2 *
L X% 2ax + a% = (x - a)°.
This reéﬁit éives us a rule for squaring expresslipns dilke
Xx +a and x = a -wWlthout the usual: multiplication process.
.~ Perform the indicated operation for each of the following.
Example: (x + 3)2 = xg #-2(3);-+ (3)E .- S |
) - ' = x° 4 6x + 9 . SN

:(a)\"‘ L 2)? ) Tx-mE

) (a =32 (e) (x - y)°
“(e) /(y.+ 10)® (£) (v +6)2
, \% :

5. Using the fact that the sentences "(a + ’l:s)}';:l = ags$¥gab + oo’
‘and "(a - b)g = a° - 2ab + b°" are true for anyﬁgeal '
numbers a and b, -same indicated products of numbers can
be simplified easily. Try to write a common name for each
of the indlcated products below. '

] Example: (31)°

M
A e~ —

[]
W
Oh
=3

(g

(f) (51)
41) (g) (49)
() (99)

2 i (1) (101)(101)

b

[N

[
W

=

)
&
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' - ! Problem Set 13- ﬁ'?

Foeeoaf | !! ‘ = (continued).
6. Factor each of the following pélyncmials. oo
o (a) y- = By + 12 . (n) ExE +'Sii+ 2.

. (o) - 8m® - 8 |
(¢) am? + an? (pY My - by +

(@) 3t2-7t-6 (q) ax® +-Teax + 25a

() xz + 6x + 9 )

]
-

(e). 952 - 16 - (fj 3?2 - 48
B (£) u? & 2uv + VE . (5)75432 - 20x

! (8) 65 - x - 7 9 () 5m° - 20

[

. (h) §y2 -3 {u) 3ax" = 15ax + iSa

(1) u® + 5u - 14 ' (v) 3t° + 8t +5
ﬁ - ng
2

4 p

(3) ¥y~ - 10y + 25 (w) a
1 - 2k -*12

(k) 1= 9t? (x)
(1) s
\ (m) 8y

* I
-~

+ 33 + 2 ’ (y) ¢t 1

+ 8 ; (2) 5?2 + 18y - 72 T

13=7. Polynomials qué the Real Numbers.

I
When we stated that an expression such as
x -5
could not be factored, this meant that x2 - 5 could not be

expressed ssftﬁe product of two polynomlals Qveéﬂthe integers.

H?WEVEF, if we form the pFDdUEt

(x + vr_)(x Vv5),

23
we see that this 1s equal to x™ = Check thls by multipli-

have polynomial factors.

i

‘I'"J

12
m
[l

LT ]

cation! In other words, x -5 d

But these factors are polyn§mial the real numbers, not

d

8 ove

polynomials over the lntegers.

. ¥

ERIC
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In the’ beginning" éf the chag%er we* atressed the fact ﬁhat
the prablem of factoring 1nv91ved finding fdctors._which were .
expresg;ngs of the same type as the particular exprgaalén:belng
factored. How does this idea'relaté to the exémple'caﬁsidered

"above? The answer is this: °The polynomial

. .
. a polynomlal over the reals as well.
‘situations. . . : 7 : ! :

. - . . ,

~ x* -5 .

igggipglyncﬁial over Ege 1ﬁtégérsi  cheveﬁf since 5 1is also ar

element in the set of real numberg,g?e could regard x° - 5 8 T
- We thus have two possible

(1) - If we are working with the basic set of integers ag
coefficients, then we say that x = 5 c¢an not be
‘factored, » : -

(2) TIf we are warking in the larger set of real numbers, .
then we say that x° - .5, as a palynamlal over the '
reals, can be factored. ‘L

In short, the question of whether or not a given polynomial can .

.be factored depends on the baslc set of numbers from which the

coefficlents may be chosen.
It should be noted that the polynomial
. x° -9
can be factored as a é@lynomial over the integers and also as a
polynomlal over the reals. In both cases the factored form 1s

(x + 3)(x - 3).

The expresslon

cannot be factored over the Integers. It can be factored over the

reals. The factored form 1a
(2x + J2)(3x - J2).

Check this by muttiplication!

"



O
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Factcf

Factor the [followlng

Is xg -5

over
as a polynomial over the real, numbers?

Does ig
polynomial
consideéered

Eﬂctar xé

‘ can 9x° -

the reals,

e

X -

£ - =

Check Your Readin ’ v ) L
AgCX oAr X 1ing .

f i

ove Lt- be ﬁegérded

a polynomial khe integers? Can

5 .. have factors if 1t is copsidéred to 'be a‘®
over the integers? Does 1t have factors 1f it 1s
to me a polynomial over the real numb€rs? ‘

= -

N ,
9 over the integers. ‘EaCEDiZit over the, reals.

% ©pe factored aver the integers

2 Faétor it over

Oral Exercises 13-7

7

the followlng expresslons over the real numbers.

/£ ‘3“: = E’y
/
2

—~
H
kS
M2 ™,
]
L
v

Provlem

expresslons over the real numbers.

- I

. z° - ga“

[¥%3

a0
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Do yau sée that in thils way we have abtained a" factaf on

tHe

13;8 ) ‘,: - : - Lo 'j;f;%‘ ?éf - " i
>1§—8g Palzgamials over the ‘Rationals. . 7 L.
Let us now cdnsider the ‘polynomial : . .
. 1.2 4 L,
KT 4+ X+ oz
3 3 3 -
. . . L 4
This/ 18 a pnlypomial over the gatianal numbers. It can be
factored, siffce rational numbers are allowed a%ifactcrs In this
example we want.to '"factor out" the moriomial" % * and. obtaln
.- ) - . ’ N s 8
3 -
* %(;é + Ux + 4). LN . ,

right whlch 1s.,a polynomial over the 1ntegers as well as over the

‘ratichals? In this particulaf eas? i1f 18 also 'a perfeét

ThE Qamplete factored form le

) Hx + 2)(x + 2),

lU,,MI “_.u

Let!s now loock at another polynomlal over the rationals.

[y

- 3
[ 1 ) . ¢ :
This can be written as

M
z
m
s
1]
ot

If we factor out

square.

‘ B

This result should also be checked by multlplication. Agaln the
factor on the right 1s a polynomlal dver the integers. In this

factoring 1s posslble. The final form 1i=a

ol PO

(v +3)(y - 3).

1

In each of the above examples of polynomials over the

"instance we have the difference of two squares. Thus further

rationals we have factored out a rational number thereby obtailning

a polynomial over the integers as the other factor. Is this

always posslble? The followlng example will provide a clue to

the answer.

L

s 7 7’ lf;{}

e
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N = :, - ' A -
If we conslder the fcfiawing expression: - ’
N *’%a:g f%x} % , :
- we seexthat 1t can be written as . . _ ' : i)
' y o2 03, o2 ‘
- X"+ =X+
. ; , I B* 1
.+ Qan you f1lAd rational number which, when factored out, will AE
. leave a polynomial over the integers? CQur expression can be -

written as

f%(4x2f+ X + 2)

Althoggﬁ the factor Dn the pight cannot ba factored any further,
- we do see that 1t is a polynomial over the integers. . ’
It should be clear that the rational number which was

_factored out iﬂ the above example 1s related to the common

denaminator of the fractions in the original palyﬁamiali In fagt

it 1s the reciprocal of this commdén denominator. Do you see,

then, why it 1s reasonable to conclude that . T—
any polynomial over the rationals c¢an be written
as the product of a rational number and a
polynomial over the integers.

/

Check Your Reading
e . o 1.2 4 4
1. Complete the sentence: X+ §x + 3

the

1s a polynomial over

: — . _
2. What is the first step in factoring %yg;g 6 over thet,
ratlonalsa? ) . gf

3 Is it always possible to "factor out" a ratlonal monomial
from 4 polynomial over the rationals 30 that’ the other factor
is a polynomlal over the integers?

H08

ERIC
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Oryl Exercises 13-8

 Express each of the following polynomials over the rationals as
a product of a rational number and a polynomial over the inteéers."
i ; 2 1 : '
. 6. -z

= . = -

-

‘m&w

1. x° -

M

Ind  rOpo

2.

o

+
Wl
~]
m

B
]

™

)

oo
U%n——'
..I.
My—“
+
[

(K%

WO
-
5
[
=

i

10,

)
o il s

"l
i
"‘u’wm

Problem Set 13-8

Express each of the followlng polynomlals over the rationals as
"a product of a rational number and prime polynomial(s) over the
, integers. ‘

1e2 | 2 ;
,1; ét = = . 6).

Mo
)
+
"
]
+
ol B
~]

N
%
|
S [
i
q..'l’x
.
(Sl

1%2-9. Truth Sets of Polynomial Equations.

i)

an equation 1in whilch each side 1s

A polynomial eqguatlion !

b

ntence ol this type can be put in a’

ide is a polynomlal and the right side

Ce
i
T
s
it

a polynomlal. An ope

I
let't

[
I
b
e

form in which the

1s 0. 1If we can tactor the polynomlal on the left side, 1t will
on,

te very nelplul In tinding the truth set of the equation

© 0 jsj ’ .

T R &

ERIC
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v “ 7 | N .
Example: Find the truth set of* the equatidh

2

x° - x -6 =0.

Our first job 1s to faetar the polynomial, 1f possible. Once
this 18 done we can write the equation in factored form as

/fallows;

You should check to seeé thht these are the.correct factors. If
X 1s a real number, then each of these factors can be thought of
as a real number, '

’ (x + 2)(x - 3) = 0. -/

Our equation, then, 1s of the form
a*b = 0

were a and b are each real numbers. In Chapter 4 we
learned that 1f any two real numbers are such that their product
ias equal to zero, then elther one or the other of the numbers
must be zero. We also learned that 1f elther a or b 18 zero,
then the product a-.-b must be zero. ‘ Bé

We can now make an important statement about the equation

(x + 2)(x - 3) = 0.
We can say that the sentence 1s true if
(x + 2) = 0.

It is also true if

(x - 3) 0. .

The sentence 1s not true under any other conditions.
We can see then that our problem has been changed to that of

7

finding the truth. set of the compound sentence

(x +2) =0 or (x -~ 3) =0.
We see by the addition property ofgéquality that the truth set of
the left clause 18 (-2} and the truth set of the right clause
is ({3}. From thls we learn that the truth set of our polynomial

equation 1is

{-2, 3}. Check this in the original sentence.



O
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e . ¥4

_ A a'second example, let us try to find the truth set of ,

. 4 - -

the Bentence . '

x° = Ux + 5.
To put this sentence into a form in which one side 18 zero we must
first apply the addition property of equality. We add
B (-4%) and¢  (-5)
to both sides. Our sentence then takes the form

xg - 4x -5 =0. : ) ' |

We must now write the polynomial on the left gide in factored

form. Can.you see that our. equation becomes
(x = 5)(x + 1)

Its truth set is the same as that 3% the compound sentence

0?7

0 or x4+ 1=0.

x =5

[}

"The truth set’of this compound sentence, and hence that of __the

origiral sentence x° = Ux + 5, 1is
{5, -1]. (Check these values in the original sentence.)

Now suppose we were asked to solve the eqguation

xg bx - 9 = 0.

-

Notice that we have used the expression "solve the equation” to
mean the same thing as "find the truth set of the sentence". We

shall do this often throughout the book.

wWhen we try to factor the polynomial

2

*x° = bx = 9 o,

*we find that there are no two integers whose product is (-9)
and whose sum is (-4). Therefore; we cannot factor this
_ 3

polynomlal over the integers. This does not necesaarilyi}an
that the truth set of the sentence 1s the empty set. It means
that we cannot find the truth set by this method of factoring.



T

Gheck Your Reading. i

i 0 we' call an equation such as x° -6 =07

%ﬁ If a:b = 0, ‘what do you know abcut elther a or *b? -
. 3, 2If x + 2 = 0, what 1s the value of x?

“If x =3 é, what 1g the value of x?

4 .

’E,VQEhat pf@perty is used to find the value af x 1n questiéﬁa\
3 and 47 U P
= ] : =

6. How can you write x° = Ix + 5 80 that 1t€is a polynomial
‘équatién in which one side 18 zero? i

Oral Exercises 13-9 Y .

Give tﬁé truth set of each of the followlng:

0 b (e -5)(e - 2)
0 ) 5. (a -9)(a+1)
0 ; 6. a(a-1) =0

[0
<

1.: (x + 3)(x + 2)

W
o]

2, (b = 2} (b + W)
3. (m -g3)(m + 3)

4
W

-

Problem Set 15-9

Find the truth set of each of the fallawiﬁg polynomlal

=

equations;

(a) x%:* 53/%¥§ =

b) x® - 5x +

It
=
fl
(o

w = 5w =1

i

1t
-
~J
o
4+ -
~]
vl

]

Lo

b + 1

[nd

o
. "
o o o o
»

-
W

=+

KN

)

£) tS 42t -15 =0
)
) a° -2a+1=0

(
(e) ag +
(

(R
e
T
]
D
or
|
W
]

the followhsg as a polynomial equation with

one side zer Then t'ind the truth set of each eguatian

= - el

(a) t° + 2t = 15 (e} m" = 66 + 5m

L]

%

Wrlte each o

[»)

|

(b) x° + 11x = -13 (1) a“ = 13a + 30

(e) y™ + 2 =ty (g) x° = 5% - 6 :

(d) b’ + 5 = rb “(h) 144+ 7x - x" =0

ERIC
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Yl
[}

o

s

*{1)
*(1)
*(k)

Froblem Het 1°-9

{(continued)

- Px + 10

%
U

[
[
b
+
il
[o]
il

%
W

k]
[
Ii
I
[N
b
]
“
1z

The square of a number is 7 greater than © times

o
the number, What 1s the number?

The length of a rectangle is 5 1nches more than 1its
width., Its area is Ffl sguare Inches. Find 1ts

width. -

The square of a number ls 9 1less than 10 tlmes the
number. What 1s the number? ’

one number 13 8B 1less than another and thelr product

I :
iz 34, 9Mind the number

L]

0

The product of two congecutive odd numbers 1ls 15 more

v
B
=
m

than % times the smaller numoer. What a

numuers?

Find the dlmensions of a rectangle whose perimeter 1s
29 [eet and whose area is 2/ square rleet. Hint: IU
the perimeter 1z 23 [feet f* the length

.
and width ts 14 rfeet: 1ir £ represents the number

[ =
of feet in the measurement of the length then (14 - Z )
represents the number of feet, 1n the measurement of the
width

al :reas. The length

than Lhe number of

width of the

¢ number ot fee

the square. . -

(1) PFind the number of feet In a slde of the

square .
%. *

(?) T[Find the dimensions of the rectangle.
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bummAﬂy
In this chapter we have concerned with certain types of

pnrases called polynomlals. In forming our ﬂefir;ti;' ot a

Integers:

o Any

operations of addltlon, suvitraction, multi

certain tvpéb of

ERIC
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Two specilal types of quadratic polynomials were considered
which, because of thelr particular tormation, could ve ftactored

by inspection. These were

(?a) The ST LWo Squares.

Co ractoring polynomlals over
the rea

Example:

With respect to @ rmomlals over t“he rationals the property
was eatablished that ~
any polynomis. over the ratlionals can be wrltten
as the product of a ratlonal number and a

polynomlial over the integers.

o
T
S

Example: ?x - 2X + T o= =(xT - 10x +

We have also studled the solutlon of p@lyﬂamial:equaii@ns

by means of factoring.

Example: x - 7x + 12 =0 _
This may be wrltten as (x - %)(x - 4) =0 .
From this we obtain thé‘démpaund sentence -

£
]
i
-
[
g
3.
t
I
s
I
0

which becomes x = 4% ov Yx’ =

O
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Revlew Problem 3Set

Find & common name ror sach of the

1+ 7 - e

{(d (-22) + 1
(e) 10 + (-71)

{dd) =20 + Se
(e
(1)
{'or each oi the

Find a common name

products:
(a) (10)(%)
(b)  (-2)(9)

i

“ollowing Indicated sums:



Review Problem Set
(continued)
4, Use the distributive property to simplify each of the
followling:

alo + : (1) (a+3)(a+2) i

C FD ’ (k) (m = W)(m =~ 2). i
m ((
2m

—
P

—
a

-a) + ) (1) (a + 6)(a = W)

(n + 5p) . (m) (22 4 3)(sa + b)
-im) (m - 2n) (n) ("o + 1)(Y0 - 1)
(£)  (=%a = 5b)(=-5c), (o) (5c - 2)(Be - 9
(g) fa + b +c)(-1) o (p) (%m = 2n)(m = 5n)

(h) (-1)(ka - b 4+ Im - () {(q) (m - n)("m + ™

o,
M

e

.

(1)  (=hx -4y +5x +x+ Zy)(-2mn) (r) {(a + b)(c + 4)

O R TR P I (e) I -1l
© (o) 7 - 1ol ' (6) -0 - 7
6. 31mplify the followlng expressions. . (Colleet terms 1f
possible.)
(a) (5% - B) + (2x + 1)
(B) v+ 7+ 2y = 30
(c) % + ©X + € + X~ - x = 9

() =-°n =7 =n + % +n -+ 2




L. d
o
L]
<

w— b
I
=z
e
]
e
i
[
o
El
[ ]
i
ot

7. Factor the followling into prime factors,

(SL’ fia + 12b (1) SE - %3a - 70

3 (p) ¢ + 3¢ ] . (m) me +.7m = 8

- o % -
(e} m" + 2mb + m (n) 3ec® - 1led + 104°
(d) -%a + &b - 12c (o) Eabz - Sabe + Eagg
(e) 2ab + Bax - 10ay . (p) abm® - Ehab
(£) %" Tx + %% + 21 (q) 1Ec£t - 75dgt
(g) ©6mr + lir + 1oms + 358 ﬁ/ (r) x° - 16x + 64
(h)., ac = ad + bec - bd (2) 932 + 60x + 100
¢ (1) ljmE + 2lmr - 20mn - 28nr (t) hxg - 20ax + Eiag

(1) 19ac - 20ad - *bc + bbd (u) 5 = M%g
(k) b% + 116 + 50 '

=
(a) =+ — () a’t
10 15 £ n
@ ' i
: 23 6
(b) 5+ % (h) 2L . ab
- 5°b~ Xz

M s
5‘\ W
arh
'
PN
e
R
»

ﬂ "
“\_,/’/

’ fxn 18m™ “n

O
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Review, Problem

D

T

ot
—

{eontinued) ,

g. Find the truth set of each of the to

—
w

”’1
Pyl
>
I
g
H
(@]

=
et
kg
It 0
il
kS
+
il
(KN
”
+
%%

10 Translate each of the tollowling into open sentences and find
u

a) The perimeter of a rectangle s i€

ot
4
rt
[
(O]
ix]
o]
3
s
S
»—4\-
i)

i
3 ft, greaver than 1ts wldth. Find lts length and
width.

T3

(1) Ann ls 'three tlmes as old as Jerry. In 17 years Ann
will be only twlce as old as Jerry. Find thelr present
ages. '

{¢c)* The number of girls ié an alg class 18 puplils

) o , v o
s 2 less than the rumber ol Loys.

of
ind the number

e

of each.

O
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Chapter 14
RATIONAL EXPRESSICNS o &

14-1. Polynomials and Integers.

In the previous chapter, 1t was seen that expressions such

as
) N 2 .
2x + 3 and T - 2x + 5

are called polynomials over the integers. any two such poly-
nomials can be added, subtracted, or multiplied. Furthermore,
the result in each case 13 another polynomlal over the integers.

For example, using the two polynomials above, the sentences

A =] {2 ~
(ex + 3) + (x° - 2x + 5) = x" + 8,

(2x + 3) - (x° - 2x + 5) = -x“ + 4x - 2, and

o 3 -
(2x + 3)(x° - 2x + 5) = 2x~ - x° + 4x + 15,

b
I

{1llustrate the f#%t that the sum of these pclynomials, thelr
difference, and thelr product art also polynomials over the
integers, 3

We can s

ay then that the set of all polynomials over the
e Il

e a
integers 1s closed n, subtractlon, and multipli-

0T
Tt

2
cation. What about division? Are these polynomlals closed

gz agaln the two polynomials at the beginning

under divisien? Us?l

of this section, thei¥y quotlent might be indicated 1n thls way:
. x° - 2x + 5 ’
Z2Xx + 3

Is the above sxpression a polynomial? Obviously, 1t 12 not,
slnce the definition of polynomial (see Chapter 13) does not
permit the operation of dlvislon. Thus, dividing one polynomial

by another does nut always produce another polynomial. That 1s,

the get of polyrnomlals over the Integers 13 not closed under
division.
Earller, Lln our study of the r=2al numbers, wWwe met a set of

numbers which ls c¢losed undsr additlion, subtractlion, and

multiplication, but not under dlvision. Thils was the set of

i
=l B

i L
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Do you recall that the aum 5f two Integers, the difference of

two Integers, and the proiuc 2 alsoc Integers?

4 4T
However, the qumglgnt of two Llntegers s not always an lnteger---
3

for example,

In this way, thsn, the set of

polynomlals ¢

A
addition, subtractlon, and mul

t
division. .lthough we do not Jdiscuss

11
he integers. We shall

in tne chapter.

ng the polynomlals, 2x + 3" and  "x° - 2x + 5,"

P
of the followlng are polynomlals over the

Under what nver the

2

fas

4, Under what cperatlons s the set of Intemgers closed? .

y

1. Simpllify each ot the

Ias the resultlng sxpression a polynomlal ln each caas?

a) (3x r 2)

b) (7% - 4) 1

e) (Ha + 2)+ (a v 2)+ (7a - 1)
i (

(
(
(
(1) (a v 1)
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Problem Set 14-1
(continued)

(e) (agr+ Ja - L) + (2a° + 2

(f) (32° - 2a) - (2a - 1)

(g) (2x + 7)(a - 1)

(h) (x + 5)E i

(1) (1 +2y+ v - (v v 2y + 1)

(1) (5x° - 3x° + 2x) - (2x° - 3x + 7)

Find the truth set of each of the following sentences by

Simplifying p@lgngmial expresslons where neceasary.

+

-
1
—

(a) (3x + 2 - x2) + (2x
(b) (3a - 7) - (2a + 4) =a -5
(c) (#x - 1)(x - 2) - 4x" =0

T W

Two trlangles each have oER
hpight of one 1is 5 the helgh
zle

4.2, gduotlients of Polynomials,

[

48 observed ln the previous sectlon, the quotient of two
olynomlals ls not always a polynsmlal. Howaver, an expression

uch as

hich Is thE\Lndiéatéd quotlent of two polynomials, 13 an
mportant king of expresalon. It 1s imparﬁant{that we be able
0 Wiork Wwioth ;Eih expressions,; to add them and:tc multiply
hem. We s3hall turn our attentlon to these operations 1n the

ollowlng sectlons. Flrat, however, the problem of restricting
he domaln of a varlable In such expressions must be consldered.
4n lndicated gquotlient in which the denominator is 0O----for

xample, ---does not name a real number. Therefore, 1f we

ofc.

re to Wwork with indlcated quotlents of polynomlals, Wwe must be

areful to exclude valuea of the variable whlch make the



14.2

denominator zero. We shall then be able to say that the

indicated quotient of two polynomlals represents a real number.
7 Earller, we have seen examples in which the domain of a

variable had to be restricted. Below are some additional

= L
e 1. For what values of x does §=%s§e represent a

real number?
" 3 1

% _ 7 names & real number provided that the

denominator 1s not 0.

If x 2, the denomlnator 1s 0.
No other value of x makes the
denominator O. Therefore, in

wor'sing with this expression, 1t

must be stated that x 1s not

s

It could alse be sa.d that the

domain of x lncludes all real

numbers except the number

o

Example 2. What restrictlon must be placed on the domaln of

¥y In the expresslon

It y=2, (2y -5 ta 0. If y= -7, (y+ 7)
1 1 :

s (. In e he denominator of the above

T
ot

Therefore, the

numbers =xcept

Example 3. What 13 the domain of n 1n the expreaslon

_ “ﬂ i ,l b
—?I'hf?" H

n o+ 3n & 2

i+ 1 )
(n v 2)(n + 17

Therefore, Lt mudt be stated that n # -2 and n ¥ -1.

ERIC
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Example 4. Jhat"fag;figticn must be placed on the domain of z
in - ?
z- + 3
- T
If =z =0, 2z =¢C and thé denominator ngg'( 3"
2
s 3 For all other values of z, =z 12 positive,
a . ltlve number and 3 ls not

zZerTn ‘Therefore,”there i3 no values of 7  that
‘\ makes the dPﬂnﬂlﬂpf T Eerc
The domatiln of = ts the set of all real numbers.
Check Your Readlng
i
1 Is % thm name of a real number?
i 2 i .
2 Does " — represent & real number for every value of %7
3. b plac=d on the domain of % in the
11 2 = it
; iy + & -
4 5 3 the lomad 5 F iy g - T —7
Wwhat 1z the domain o ¥y In the v T 5y T T
) Daes rapresant a real number for every value of
g‘?
Cral Exer
1. What values must be excluded domains of tpé
variables in the indicated quoflient of two polynomials?
- 3
2 For what values of x T 7 nhame a real number?
- - 1
3 Explaln why the domaln of x for the expresslon oy + 1 is
not the ast of all real ﬂumbé rs.
4, b from the domain
followlng efpresslon
- _ )
{a) Ix + 1 () SR
1 2
(b) §* X (f)
(¢) x% ¢ 2mx » m" () Jal
£

ERIC
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e

Oral Exerclses 1\4-2
(continued)

(m) X+ 1 -~

Problem _et 14-2

iState the restrlctions, if any, that must be placed on the
domaina of the varlables in each of the following expreasions.

or sentences.

i

1. x° + 2x . 9., —=

[
]

§ |
‘W
",
—
1z

o
s n
= ) =
5 x_t ex t 1 17 0
= l’?x - [:) = T
= 9 Fn

14,

o

7. ¥ 2 L Y— “
9xy Y X< . n L
8 lal = b ‘
) srels)
L R
' 1 (o !

O
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14-3. Multlplying Quotlents of Polynomials

) In working with real numbers, 1t turned out that the basic
! operations are ad@ition and multiplicatian Subtraction Sndi
divislan can be deflned in’ tefms of addition and multlplicatlon.
Siqce, with néteasary regtrictions on the variable,
squotients of palynémials rEpresent real numbers, our principal
concern in working with sugh expresslons will be with the
operationa of multipl}caﬁlan and addition. In this sectlon, we
conslider multlplleaticn; In sectlion 14-4, addition 1is
considered. o ' » .
. Let us begln by 1cok1ng at the expresslon J
k.

uhféh is the -indlcated pfcduct of two palynumial gquotients.'
(Remember that the definifion of p@lynomial allows us to

consider "x" and "4" "as polynomlals.)  First,--what

restrictlon must be placed on the dﬂmain of x? X §§E§{ be 5.
‘How 1f t 5, then both X " apg 22X =37
,Pyev,r, “x_ 1 not 5, en ? h == and ==

represent real numbers, and the sentence

For all real numbers a, b, ¢, d, b #0, d #0,

Fe]
a.cgc _ ac
5 3~ b’ :
may. be appliéd as follows? «
) X 2x - 3 _ _ x(2x - 3)
Xi- 5 I T (x - 5)4
. 4 . 7 )
= %%;?;ggi-, The result itself
. roT e 18 the quotlent -«
a ‘of two polynomials.

Thus, multiplying tWo quotlients of polynomlals is not -~
really a new ldea at all. In fact, we have worked with such
expresslons in previaus chap§ers, "Below are two other examples,
f1lustrating the kind of prcblems you are asked to conslder in

the problem set. : -

Py

O
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. i, i »
. y+3 2y - e . .
Simplify vy - %gé§e§§g§§§§é§§eésc§h€wa
polynomial quotlents.
.The domain of~ y must be restricted so that the
o - denominators "u4y" and f:y - 4" are not zero.
*  This means that y cannot be O, and y cannot
be U4,

If y #0 and

- A =

: ;5 1z a name for
( , . ™, if y A£o0..

Thls result may

alac be gfitten

|| S— -
4-+t37, wnten
R AR
_ . 1s 1itself the )
quotient of two
polynomlals,

Example 2. Simplify gx:i 17*613; 3

y 3. 6x -3 3 3(ex -1)

2x

1 ax 0 Bx = 1 3x

Notlice that !the phrase "6x - 3" in the
original expression 18 not prime. In the
first step, it 1s expressed as the produet
of prime factors, 3{(2x -1). This is
often a helpful step in simplifying.




14-3
< 1'
Ifx#D,-i#g;
SEx - 1) _
Ex ~ 1 7
_ 1s a name
1
3
% 3§ (l) >
' d 3 . . N ’
=< Agaln the result is

1tself .-the quotlent
of two polynomialg.

Check Your Reading

1. Complete the following sentenc®¥: For any real numbers
- v . . a ’,
a, b, ¢, d,, b ¥ 0, d%@,ﬁ!{%; - :

2. Complete the Tollowing sentence: If x ¥ 5,

-

is a name for what numgér? 2/

4, Complete this sentence: If x # %, x # 0,
may be simplified to
5. 1If two quotients of polynomlals are multiplled, 1ls the

result also a quotient of polynomlals? : -

£
Oral Exercises 14-3a N

, y 0% -
1. For what values of x 1s 1t true thit %&s=ﬁ£

.2. State the restrictions on the domains of the variables ahd
then, 1f possible, aimplify each of the following expresaians

(a) 1. ’ () %32 ; ; o




14-3

Oral Exerclses 14-3a
(continued)

(c) 22, 8 (1) EER

(a) 3|X. 2% . (g) EgB.xrZ s

(e) }.B42 (h) (K + 3) iy

. e 10
e

Problem Set 14-3a »
~ Perform egefl of the following Indicated multiplications, simpll-
- fying where yp@saibleg State the restrictiofs on the domains of

the variables,

3a%be | 76%c% | _a’

x ' 2a 3a 1lhe

o 3(x - 1) S(x+ 4) — 4k + 12 (k - 1]
7% 5)' x - 1 19‘34}c;4"'(k+§%3

; _5m Z . (x + 1)(x - 1) . x+ 1
5. = =, 12. 53 X - T

13, {x+1)x

630

182
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: , : /
No matter how "complicated" the polynomials may be, the
simplification of an indlcated product of two quotients of
bccomplished by the following:

polynomials can be f
(1) Refftrict the domain of the variables so that

— the indlcated quotlents represent real

numbers: ' ’

(2) Apply the sentence, "For all real numbers .
) . . ) a, c ae
B,— b; Gj d; b?’o,d?’@,— ?'Ez E_;“

(3) 1If possible, use the multiplicagion
property of one to slmplify the result.

+3x - 10 _2x+6 .

x° + 3x X - hx o+ 47

Example. Simplify -

Four polynomlals are present in the expression above.
As mentioned earller, 1t is often helpful tp express
each polynomial as a product of prime paiigimials;

in this case with the following result:

If x #0, x # -3, and x # 2,

+ 5)(x -2) ., __ 2(x+ 3)
x(x + 3) (x - 2)(x -72)

.
[

p
i}
—
—
Mt

- 2% + 10

x- - 2x . .
" Agaln, the result is,a single indicated quptient . 2

of polynomials.
Fe
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Problem Set 14-3b

Perform each of the following indicated multiplications;
simplifylng where possible. State the restrlctiong on ‘the
domaina of the variables.

’ 1 3x - 6 . 5x + 10 4
1. - _ ) .. g o7

"y
1]
A
3
Lk
i
1]
I

3 b iE’IEﬁ{{Y .
. 2 Y
y y- -25
M ;E -x =6 [ x +
: X + 2 X =4 !
i (U
5 xg =1, X =2
x xg-3§+2
6 gE+;Ea+36 a® - 12a + 36 . \
\ ) - a = b - a+ b
®, Ty, o
7 9b + 9b~ 1 - b
" 9 -9p° 1+ b
8 3m” + 2m m3 ﬁfm

Vo, (em+ 2)(Bedyigm
om mE -1

11 3 = :727 : _— Es) ;:' - o

12.
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Problem Set 14-3b
(continued)

. Solve eaeh{gf the following problems.

15. Separate 80 into two parts such that half of the larger
part, increased by flve times the smaller part, results 1n

- : § _
16. The sum of the digits of a two digit number is 12. The

tens place dlglt 1s three times the units place digit,
Find the number. A

14-4. " Adding Quotients of Polynomials. {

The expresslion

1s the indicated sum of two "polyn9m131 quotients.”" In this
E%éiiﬁﬂ, we shall work with the simplification of such
Eipf335IDﬁSi y

Just as with multlplicatlan, the simplification 13 based
onh the way in .which real numbers are added:

% -
For any real numbers a, b, and ¢, b ¥ 0,

i

a + ¢

I
Yy B

o

The followlng numerical example 1s similar to ones -
conSldered in Chapter 11. The steps lnvolved in the simplifi-

cation were carefully explained at that time,

633
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Simplify 1%+ =

s

" Example 1.

1 5 1
*' 10

58

31

»

Below are two examples involving variables.

restrictions have been placed on any
expressalions ln these examples may be
gsame way as in the numerlcal example
real numbers.

3

Simplify #= +

—3(5) * 73

The léast common
* denominator is

2:2°3"5.

(53

Once necessary
variables 1lnvolved, the
simplified in exactly the
above, since they represent

(a # 0)

"

The least common

il
o
®
)

+

ner
J

]
] |

denominator 1is
2-3-a-a.

The result 13 a
quotient of
polynomials,

a0, b#o



14-4

1 + 5 = 1 — + T 5— —
36a“b 240> 2.3°.8°.b 2°.3.b°
The Teast ccmman ~denom-
inator 1is 3 3 E ba.
- .2
T 20 g '?‘;T’ .3
§ 22 .32 .42 .b 209 23.3.0° 3a°
. b2 15®
72a"b” 72a" b
7 {%%" ’ . -
= The resault 13 a single
indicated quotient
of polynomials.
Check Your Reading -

In questionas 1 and 2, complete the atatement, based on the

readling and the examples of thls sectlion.
i

1. Por any real numbers a, f“ and ¢, with b ¥ 0, % + % =__ .
- 3ax 15
2. If a #£o0 =+ =
' 6aZ a2

3. If 2-2-3 1s the denominator of one fraction, and 2+ 5
1s the denomlnator of a sécond fractlon, what 1s the least

common denamid&tcr?

b, 1If 2;!3 ‘a 1is therdehamiDStor of one fraction, and

2:13 - 13 the denominator of a second fraction, what 1s
the least common denominator?

5. Ir -EE iagi agi b 1is the denominator of one fraction, and
23. 3.3 s the denominator of a second fraction, what is

the least common denominator?

6. If two quotients of polynomials are added, 1s the result

also a quotlent of polynomials?

[

l 1;, .
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Oral Exercises 14-4a

State the least common denominator of each of the followlng

expressions:

are correctly restricted.)

Slmplify each cf

=

™A

MOfr—

1
¥ f—g 3

ba

-]

2
3a”

C
b
5

[ad
N2
)

1

¥

1

= 7
12;2" 24a

[l

Problem Zet 14-4a

the fo

[t

V4

lowlng expressions.
i

F

Indlcate the

ns of the variables,

(It 19 assumed that the domains of the variables



b4 —
Problem Set 14-4a
: (continued) .
' 4 a_ c 3 . 2 :
9. T -BItTE-BHeFE Y Ao TIta-z s
2a = Ny x -X
10, —=—x — 16 =+ =
(a - b)E (a - b) X+ 5 X -3
=2, 1 - _Xx -y
1. % text Bk 17 X+y X -y
1 i 1 1 2 -3
12. §+§+Eé 18 a-b b-a
) . 1 . v+ 1
S (e ) A e S 3 9. gtetE2e s
_5x 7 - 5 3
14 CRE D CRED] + I 20, x-T*txrTt 1

Although the polynomlals themselves may be quite complilcated,
the process of simplifying an indicated sum of polynomlal
quotlients remains the same. The pPégess may Eeigutlinéd as
follows:

1. Restrict the domain of the variables so that
each quotient represents a real number.

- 2. Determine the least common denominator by
expreasing each denominator as a product of )

prime factors; then use the multiplication
property of one to express each quotient in

terms of thls common denominator.

3. Apply the sentence: For all real numbers
a, b,c, b0, 2, .28%rc
2y U, ] i ] b b ‘?"

4, If possible use the multipllicatlion property of
one to almplify the resujit.

\

. . .537 -lé;i?
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- 12 yEF 8y + 15

7 2 7 -

(if Mhr63)+2;=5ﬁya3)

ZY?!ELHY%B&Y#kS

— A A’y = 5) + 2 1Y-+'4=l
Y+ By -3y -5 T -5y -3y + ¥

LY _ The least common denominator is ., . (ié
(y + #)(y - 3)(y - 5).

Ty =5) S -1 ¢ A . )
v+ 5ily - 3y - 5) " [y + B)(y -3y

[N S

1
~~4~J
e
1
£
Wonetf®h, Tl
Ko ()
+
Ml
[N,
Sy
g
—_—
»
#
Ay

9y - 27

gy - . sult may be
S 4)(y:; D167 This result may be

simplified by the
multiplication pro-
perty of 1.

S

(v - 3) 1s a factor
of both numerator .
and denominator.

s 0%
w————
el fen
g

L e
<

i

;—5)

- y _ 3 . . 7% ] : Ily - 3"
y - 3 (y+ &)y -5) y
o

9 Now the numerato:
= - — Now the numerator
— y+ ®Mly -5 and deriominator have
no common factor.

638
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P

Example 2. Simplifﬁ §§éf§§~- ,xzf -

Thia expresalon Indicates the subtraction
of one polynomial quotient from another..
‘However, ££* x # 3, both quotients represent

A real numbers; and the definition of
P subtraction may be used to restate the

expression in terms of additlon, as followa:

1 2x _ _ 1 _ .
Tt (- 518

If x # 3,

1 : = . + = =
3x -9  b5x =15 3(x - 3) 5(x - 3)

The least common denominator
1s (3)(5)(x - 3).

i
18

written as
- 6x "

- 15x - 45 -

Problem Set 14-4b

’ E
Simplify each of the following expressiona. Indicate the
domalns of the varlables,

1 — +é ;ig}t

™
=

. 5’39 - ol

191
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Problem Set 14-4b
(continued)
3. Ly L 12, Lt e O
a°~ a“ - 4 a.§‘5 a“ - 2ab + b2
3 c + 1 5 3
y, - i - 13 = —
Z§ e+ 2c X -1 x“+2x+1 ’
¥ b.-2- 2x 3
5. = - —m—— 14, —tSt—— R
b  b° - 5b : xEﬁTiﬁB X - 6x + 5
- 3 5 . 1
6. —7 : 15. == s T
(b - 1) 7o - 7 vE 4+ v 12 v© -8By + 15
7. o Y2 gf By
yOH 3y (v + 3y - 3) y© -2y -8 y" -4 ;
. s
8. 32— X, xt 2 17.
x -1 + 1 -
9. -» 16 + 4'§ 18,
M8 yiu. 4
10— - 2 19, x4 —2— s —1
x° + 2x 3x + 6 " a” -1. a =1 a+1
11. - 4 - + ﬁ{ 2 . 20. = I 2y =3
m- - 7m + 12 m- '+ m - 20 z° - 25 3z + 15 2z - 10
14-5. _Raﬁg;péljéxpfes§;g3§ and Rational Numbers.
Although the numbers 3 and 2 are lntegers, the
yuotlent of these numbefs, % 18 not an lnteger: it 1s, .

however,

real number that can be name
At tﬁp beglnning of trhis chapter
polynomials over the Integers behave something llke th

integers themselves. If,

a ratlonal number.

In fact, a Patisnal number 1s any
as the quotlent Df Ewa intg¢gers.
1t was suggested /that

{nstead of startling wéth two integers,

A0 ’ .

1y



We start with. two polynamiala, say "2x + 1" and “;?,; 3,";‘?
- the indicsted quotient ‘of -these polynamials may be Hfittéﬂ as
.. .- A; = - . ifai_g E 'A : . X
' X + i_4 . .

g

f TH is indicated quatient is not a paiynamial Howeéer, just as
‘ %aés called a ratlonal number because it 1s the quotiert of
tﬂB integers, so 1s. o ’f . .-

: X + 1 o
= F , =

called a rational expression because 1t is the quotient of two

pglynamials over the integers : + - : oty

i;Thus; the indicated quatients of palynamials with which we.
’:ﬁ‘secticns 1#_3 and +14-4 may also be, called ”ﬂ

?at;onal expressicns Listed belaw are three more 11;ustrat1ans

af rational expressions:

e l - ‘ e
S Bt afimes

Rem—

. BxT + 7 -

The firat two are obviously quotients of pclynomials #The third
may not appear tD -be so. However, Pemember that an ﬂ%teger,

- 8ay for—éxample 5, 1is also a ratlonal number since 1it\can be

[

. expressed as the quatiant In, the same“way, a polynomial

over the iﬁtegers, such as Exg - 7x - 6 18 also a rational .-
expresaslion slnce 1t méy be written .

- 3352 73«:&=6

The feollowing palrs of statements are very Slmilaéf One palr

gaﬁcerns Lntegegs and.ratlonal numbers. The -other palr deals
with pﬁlyn@mials and ratlional exrréssians _ %

i'.

'Every Integer 1is alsé a rational number.

LY
However, not all rational numbers are integers.

Every pclynamial over the integers is aisg a
7 rational expression. : )

However, not all_raticna 1 ,”gr 5 ians are
pclynamialgi [

O
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14-5 o e . [
. Ve £ ' s .
‘= Although every raﬁional nunber /chn be named as the
qu@tient Df two integers, 1t 1§ pg;sible to use“names ' for i
ratianal numbefa that are: nct quﬁﬁienﬁs of integers. For example,
starting wlth §, e migh§ acld 7, ' llke this:

[

™3 w .

. . . " LR . . 5 i .
The expressLDﬂ,abéve=15;n@t the quatlent af two lnteg ers
However, it does.name a rational number; 1t can be sim ﬁ ified .

to %g . . S or : .

In the ‘same way, we might beginfwith'ﬁhe polynomial

= ! : 3

duotient é?‘i;T and add (x %.2), like this: . ~

S

3 o :
Tt o+ 2. o

i’+

Ll
\M:\”

The resd&ting Expfessloﬂ is not the’ indicaﬁed quotient of twa
pclydgmials But 1t is c@ﬁsldefed to be a ratlonal expressian.u

) It can be’ 8lmplified ‘to the indicated quotlient of two
- palynamials ! ® ' '

. It 13 possible” to write quii! complicated names far both
-rationaL numbere and rational expressions, as thg illustrations

below suggest,

_ -?' : “x° + x - 3
C. ) . , L+ 2° - 2
K , ! 2 ey e ; . 2%+ 1 - -3t
This rtumeral names a Thls expresasion 13 a ‘
ratlonal number. . It can - rational expréssion. It
be simplified to read as can be simplifled to read
the quotlent of two as the quotlent of twp
Integers. polynomials over the

co : integers.

-
- The abave 111ustfatiﬁﬂ of a rational expression suggestsltﬂe
f31lowing defidttion: * . ’

! A rational expression is one which indicates

at most:the operatians of addlition, subtraction,

multipllcation

;, divislon, and taking opposites,.

she

194 ~
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. Campare ‘this with thé definition of a puiynam;al in Chapter 13.
- They differ. nnl&‘in that the operation gf division 1£ 7
_pénmitted in a palyna&lal but 1is permltted in a Patlsnal expres:t
The phraseiggt most," occurring 1n the definitian: means
that no. aperaticms ‘other than the fj.VE;ment.ioned in jthe
,deﬂiniticn can be"lﬁﬂdicatei in a rational expression. It does
not. mé&ﬂ, of course, that a rational expression musy indlcate
all fivevnf the operationsfk -

s not

PN 5.‘!
Fd ¥ =
. T et -J 2x + 3 , .
5 = ™ e e — J = 7 % W T PP 8- q 3
) gxamggg 1. 18 X -5- a ratiaqal expression’ o ]
Cs "« It is not, since the operation of "taking a square
& - . root" 1s indicated, and this operation |18 not one
- F. :

of the Tive permitted in a rational exyfessiéni
Notlice that the definition above does not say that evarﬁ_

rational expression 13 the quotient of tw® polynomials @ver the

integers, since this 1s not true. Hawever, 1t 1is t'f"

.~ every rational expression can be simplified to a fD“ﬂl :Lndit:ating
- ﬁhe quotienﬁ of .two polynomials DVET‘ the ‘integers

Y

- E’amgle 2. Simplify 2§?f+4%x.m\‘1ffx #
. 2=

J».m.

mMﬂ

j‘u .

This expre&sion 1s already the indicated quotient
of two polynomfals; however, they are/not both
polynomlals dver the integers. The £t1tlp11¢3ti@n

Lpropéfty of one may be used-to obtain|a’

/simplification.
w2 1 ,
‘ 2x” + 3x 3 (Ex, + %x )(3) ‘"
{ 5 - 2x k) (5 - 2x)(3) #
. - 7 ‘6}:2 + x
= i = This expresalon 13 the
- Indicateg

O
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1 14-5
. 1 ¢

. Example 3. Simplify (14 zoplx-1). . ¢

This is a rational exﬁfeésigﬁ.‘ The only operations
indicated are addition, subtraction, multiplication,
and division; all of these are included in the _
definition of a rational éxpréssion._ A |

However, the expression 15 not in simplest form, 7
since it 18 not the indicated quotlient of two :
polynomials over the iptegers. ) Cy

If x # 1, then ;‘%—T , as well as ™" and

"x - 1", represents a féél ﬁumbe:. ,The distributive

property may be applied, as follows:

(14 T2 x - 1) = ()= 1) + (Ep)(x - 1)

b

H ]

(x:éfl) +1

eading

1. What name 1s given to numbers which can be expressed as

1

; quotlients cf_integefs? g
e Hhat'namgﬁlsigiven to expressiona which can be written as

2.
- & quotients of polynomials over the integers? i c
3.

. Which of the following statemefts is true: -
Every péiynomial 1s a rational expression;

Every rational expressiorn 1s a polynomial ¢

4, In the definition of a rational expression, Tive permissible

operations are stated. What are they?
5 5

5. 1Is the expression X —_———— - 3 quatieﬁt of
. A 1

polynomials over the integers? Isgit a rational gxpreiiian?
; , - : - L




LI > Oral Exerclses 1445

1. Give an example of a rational expression which is a
polynomial. Explain why it 1s a polynomial.

2. Glve an exémpié of an expresaslon which 18 not a raticnél
expression. Explaln why 1t 1is not.

-3. Gilve an example of a rational expression in three variables,
4, For each of the followlng expressions state whether it is

- (1) a polynomial
(11) a rational expression
(111) nelther of these
(a) a° + 2ab + b2 (1) la + bl = o
(v) 222 : (J) Bx + 7 =2x+ 4
(c) 2a+ 5b (k) %%
(@) x® + 2x+ 1 =0 (1) (x - 5)(x + 2) + (2x - 3)

(m) Ja - Ja

(e)

&

Problem Sé@ 14-5
1. State wheth¢T wach~6f the following.ls
(1) “a pilynar;af
(131 a rational™axpression .
) S ‘

(111
and 1n how many va
: 2

. 8 Jgentence )
lables 1t 13 written.

(¢) Mem+ 3)3(m - 7)
.\ & + 2ab + b2
(d) a ,+a i b*

(a) a® + 2ab + b
() (x + 5)%(x - 4




w5 7 T

L -

Problém Set 14-5 X '
. (continued) 5
(i) 7x(y + m)

¥

(£) 0 o (m) 7+5 o o

(g) 5(2x + 4)8 | (n) Ty

() la+ ol (o)

() /X =3

]
+
W‘
I
st
]
[

(1)

() % (@) =

(k) (x+y+,2)° ,
5 .
E}' Write an expression in oné=v§riable whlch {a
(a) a poTynoniial
(b) a rational expression but naﬁ a polynomial .

. : - if
(c) a non-ratioenal expressidn.

RO Rt () (34 E)(xe2)

(¢) (1 - (n) B 6,

646
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14-6. - iEig;ngPalgp&mials: . ‘

, , ' \ N
N, .

1s a rational ‘éxpression, in simplest form; 1%

X -
ia the indicated quotlent of two- gglynomials over the Ilntegers,
-"and the numerator.and denominator do not have sa common factor.
( Nevertheless, there are times when 1t 1s. desirable to change. )
this expression to another form. Let us’fi%st look at a simllar -
‘situaticn in: arithmetic, where both palynamials are slmply
integefaa—ﬁfﬂr example,

i
kjm
oo

168" : t . - )
_TT'VLS a name for a ratlonal numbefi Aﬁather name for

¥

thi;-numbeﬁ is "15—T " In arithmetic, ycu may have spoken Df
.this as "changing from an improper fraction to a mixed nlimber.'
The "mixed number".name may be ‘obtained™by long division, as

fCDllDWEZ 3 . - . ’ ,,_,_f} . /
] - v 15 .
. 11j'*1E§f B : ,
¥ ¥ - ?‘E _ ;5,

. ) e .. ~ ‘

The division process above is wali Kﬁéij from arithmetia ’
However, there are certainipaints aﬁait this pracsés that. &xﬁgfg
should be understood before a carfespanding procesa for divlsioﬁ
of any two polynomials 1s discussed. Epr this reason, the

following form of the pracess is-glven.

"11'8" from 168. ~

3 3 1s less than 11. Therefore, no
more "11's" are takem away.
’ 3 is the remainder. Y
The explanatigﬁ abéve shoWws that division may be thought
of as repeated subtractlon. 11 @ yere subtracted from 168 ‘
until a number smaller than 11 was obtalned. First, 10 "11's"
‘were subtracted, then 5 "11's." . The number 3 ‘remalned.
‘i\, - i
;. Tk



* = E #
Thefefore, we may'w}iﬁé'
©. 168 - (10)(11) . (5)(11) =

168 = 10(11) +. 5(11) + 3 -
168 = (10 + 5)(11) +3 R
, 168 = (15)(;1)+3 e ] |
" dividend divlaor . The. underlined words

remainder are names commonly

quotient ————=—=— used in division.

The sentence on the ,right below may be obtained from the
. " sentence on the left by multiplying both sides by 11. ﬁpd the
. septence on the left may be obtained from the sentence on the

right by multiplying both sides by T&-i The sentences are
‘ equivalent, :
i - 168 3
. _ 3T = 15 + ‘ﬁ 158 (15)(1.4’ 3

_In fact, the sentence on the right represents a. famlliar method
' of "che:iingf dywision. multiply the quotient by the divisor,
and add the remainder; the result ghould be the dividend..
Following is ahMpthdr example, in which division is .
approached from the p@lnt of view of subtraction. Again, the
reason for this lies in preparatlan'l’r'divisiéﬂ of polynomials.

o) 821 (30)(24) = 720.

L 720 is subtracted from 821.

720~
101 (24 s\gé
B 1s subthacted
.95 €§s —
5 1is 1ess than 24,
Therefcre, the remainder is
1§ The same divii}an process 1s exhlbited below 1in a way familiar
~ from afighmétié The pFDceﬁE is really ﬁhe sé&e, notlce how
the "30" "and the "4" sh&} up. e . fi
7
\ . .
. . , :
i ¢
¥ -~ 648 ?
-~

Qi




5 + . , A 2N
The fdllowing statements‘are equivalent:

‘ V 7;7 . e ) ) - !, . R 3
- 82 5y, ’g%: . 821 ;(34.)(2 B

‘ _dividend diVED;\\\

_guotient - remainder .

T In general, i1f n and d are pagiiive integers and n i.d; i
then % may be expressed in "mixed™number" form by the long

diiislan process, indicated,raughlyiby the f@lléwing" '

, diagram: :
. - a . ‘
- d)’Ti*_ j§: For any n and d 'Eé%;sfying the

above cgﬁditians; a number q .
can be found such that'0 < r < d,
r. ) where r and 'q, are Iintegersg
The followling true statements can then be made:v

(Y

s

(|

o
+
s
[
ko]
e
+
"

1.” What protess 1s used to change. ST ‘to the "mixed number"

h S e BJFQ )

name 15ﬁ |

2. In this Secﬁian; 1t- 18 polnted out that division of lntegers
Fmay be thought of as a repeated appllcation of what

operation? . -

3. + In the statement "168 = (15)(11) + 3," identify the
- dividend, the divisor, the quotlent, and the remainder. f

¥, The remalnder is always less than what number?

5. Giv¢ a statement that 1s equlivalent to "168 = (15)(11) + 3.".

¥ . b if r 1t /

6. Give~a.statement tha$ 1s equivalent to % =q + 3 . =

- =
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fral Exercises 14-6a -

1. . Tell how %% can-$e written in several ways as the sum of
a positive’integer and a positivé-rational number. Which

of these. i3 1n :the form % = q + %,= O¢ re d?,

7 2. If in a division process fthe quotient is 2,  the remainder Y

is 2 &nd the dlvisor is 5, what is the dividend? R
3. Write %% as the sum of an‘integer and d& rational number.
4, Find’the values of the varlables for which the following

sentences are true. .

Vs g - . Lo r
n=q d_+ r . 3 =q + 3
(2) 1/593 d + O (f) T = a+ g
#(b) g%=q.10+ 7 . (&) %1254-§ -
£ 81 . . r '
. (c) 49 = 9.5+ r (h)g 5 I
, (d) n=58-064+ 2 (Lyfilzﬂ!: 22 + % .
=¥ i - E
(e) 93 =2.d+5 (4) % =11+ § !
_ ot
Problem Set 14-6a
: . o )
Petform each of the following indlcated divisions; then write
" the results in each of the forms n =qd + r and % =q + % .
) \ .18 :
S - >y .
e 73 % o 10
192 ° v - 22
3 s
768 © = s by
Yoo Sa 15 ¢

9. & man walked a dlstance in miles th%t was 4 tilmes the
number of hours he walked. Wrlte an expression for his

e _ e o o] ;f:—*“:
rate of speed. : 7

ERIC

Aruitoxt provided by Eic:



. iuéér R AN o . R v

: , v .-

’ ) ‘Problem Set 14-6a
(contlinued) - )
10. ‘A stack, of quarters was divided into three equal piles - .

_ with a plle of 2 remaining. The total value of the

oo qua?téré was $29.75. -How many were in each plle? _

’ Traﬁsiate ©his into an open sentence and find its truth set.

> . : R i | 4

et
i .
oo

=
] ‘

. X - )
of two Integers. inflicated quotient of

i two polynomial¥ over the
= é .

)is_ﬁhe indicdted quotlent X _+ X '0 i3 the {

integers.

It may be changed to 'mlxed- The similarlty between
number"” form by the long ‘° the behavior &f integers -
division process. § o and of polynomlals over
& \ . . { the integers sSuggestsa ng
that this rational
expression may be changed'
. to a form correspondling

. i to "mixed .number" form,
by a long dilvisilon
- -~

: process.
Tet us follow the long qivislon process for integers, and apply ik
it to the polynomials "x - 3," the divisor, and "ox? 4 x - 5,"

the dividend. : _—

3

Subtract (2x)(x - 3).
|This 1s suggeéged by the

fact that (2x)(x) = 2x2
H(2x)(x - 3) = 2x° - 6x. \,

Subtract (7)(x - 3). This
s 1a.suggested by the féct=
that (7)(x) = 7x. )
(7)(x = 3)'= 7x - 21.

16 1s the remainder. F}

%

ERIC
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_ A . . :
2" you see that the subtraction appragfh was used with division-

off ﬁalyﬁcmiglg, Just as 1t was with positive integers in thg’
previous section? First (2x)(x - 3) was sultracted, then
. (7)(x - 3) was subtracted; the number 16 remained.) Thus,

N - -
Cex® & x - 5 - (2x)(x - 3) < (7)(x - 3)
i

x4 x - 5

M
[]
=
[

+
C

[y

s

-3+ (D - 3)

b
>~
© ol

Eﬁg + x.-5 = (2x + T)(x - 3) + 16. - s

dividend ~ /| divisc

quotient Lo ng remalnder

Provided that x # 3, -the f@llégiﬁg tWwo sgntehﬁeé are
equivalent: Y - +4 -

-

vUo2x" + x - 5= (2x + 7Mx - 3) + 16:

i X “

=
+
ki
1
i

23 5 _ 16
Tx = ‘2x+7+*m". ’
N — . 7 b S . 4 . L
This-1s a3 This 1s another*form of the .
ratichal expression,. corresponding to . -
expression the "mixed number" form of ' -
: arfthmetic. :

#  1In dividing posltive integers, we stopped whenever the
reni;ndér wa§ 1essfthaﬁithe\d1v£%§r. You may wonder why we
s8topped with 16 1in the example above, since 1t makes no

sense to say that 16 1is "less" than the divisor x - 3. When :

"

' diyidirng polynomlals other than two integers, the remainder

must be of degree less thart the degree of the divisor. afg the *
—= & . :

=

The divisor x - 3 13 of degree one,.

=
pu
i
i
T
e o<
i
-
ja
e
M
o]

16 1is of degrée zero.



N

TN - -
14-6 - g . * v
' ‘ b . \i.’ - R
Helow is another example. e °
-~ =, ! . Bx© 4+-4x DB R
Y Change the rational.expresslon X X -fT = to —t
aﬂDthéF form by the 1Qng division pr@;eaai
a ot \ * .
- 2x - 7 jiﬁx + Qx 2 @%) |subtrace (4x)(2x - 7),
) " |suggested by the fact
. - e that “Chx)(2x) = 8§E .
- o 2 1 = = — Pesd ’
L 8x° - 28x (4x)(2x - 7) = 8x° - 28x. ..
- @ . : P . }%Hf
. - ; Subgpact (1@)(Ex - (
= _— 7 suggéstéd by the’fact S
‘ . that (16)(2;} = 32x Easx -
& -3 o . - o
. . P (16)(2x-- 7) = 32x - 112, :
ll4a:aa The degree of "114"'1s
“]1ess than the degree of
the dlvisor "2x - 7."
Therefore, 114 1s the
4 remalinder.
o
In thlis example, (4x)(2x - 7) was subtracted from Ex° + 4x + 2, J

Then (16)(2x - 7)

+ (15)(21 -"7) was subtracted.

wag subtracted.

altogethel, 4x)(;x - 7)
using'the distributlve
wlith remainder 114..

That 1=,

7) was subtracted,

Thus, :
“BxS 4+ Ux + 2 = (4x + 16)(2x - 7) + 1145~
Bx° 4 dx + 2 ) , 114 . .
wrgxz_(;::u};%lu't-;ﬁx— 7 -
. i
Check Your Reading
1. When dlvliding positlve lntegers, lt was Statéd that the
remainder ls less than the dlvisor. What corres punding
stfatement 13 made Iin this sectlion concerning dLVlSlun of
polynomlals other than 7
2. What ls the degresdof "x - 3"7?
B * !
3. What s the dégree of "12"? ’
£
e

O
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If x - 3 1s the divisor
L) =
X

Check Your Readling
(

continued)

M

2x° 1s the product of x and what other factor?

S L - . :
8x“ 18 the product of 2x and what other factdr?

H

If x - 3 .is the dlvlisor, identify the dividend, the

quotlent, and the remainder In the sentence
]
"o

D
=
o

"2xC + x - 5 = (2x + T)(x - 3) +

[ -
(1<) "
o]

glve a

+
-

r, te
alent to 2x -5 o= (2x + 7)(x -.3)

. =t - .

In each of the following subtggéc the bottom polynomial

from the top polynomlal.

L3 L2 - 2 .
5% F 3X =3%x - 2x=- 1

(b) —_,Ey: + 3yT o+ Uy + 2 (d) 11lx + 7%

s
i
-4

\

-

I
+
M2
L

564
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(contlnued)

™2

(e) 11x° + 7 ' (h)

%

11x™ - Fx + 2

\
i i
¢ -3 - .2 -
5x” + 3x - 2x° + 7
3 .2
5x° - x5 Y o
N .

Problem et 14-ob

The followlng sentences are

For each wrlte an equlvalent sentence in the form

n=q-d+r. Identify the

‘glven in,the form

= q +

o fu

i
4

e

dividend, the divisor, the -
1

quotlient, and the remalnder.

= 5x + 3

G} =

= 7x = 10 ¢
x =

The followlng . sentences ace

For each write an equivaiénc

8
Identify the dividend, the divisor, the qu@tiégt, and the

remalnder.

-4

+

—
B K]
{ = &

- n
n the for n _
n the form a



O
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Problem Set 14-6b

(continued)

3., State the monomial needed in each of thé:féllgwing indlcated
. . ) N . . e .
multiplications so _that the indicated ?DEI‘ECELDE results

in . a lower degree polynomial. Write tie'resulting

polynémial. .~

(@) (< + 2x®) - (2)(x + 1) ;

(6) (x" -3x%) - (2)(x + 3) -

(e) (=5%° + 3x + &) - (2)(x - 2).

() (& v 2x®) - (2)(3x + 1) r
(e) (1?35 - Exg) - ('?)(Lligg + 2% + 1) ; ) ‘

(f) (3-:E +2x + 1) - (?)(x +41) ’

(g) (3x% + 5% = 7) - (?)(x - 2)

(h) (4x3 ;;7x2 +2x + 4) - (2)(x - 1)

(1) (3x° - Ux + 7) - (2)(x° - 3x + 2)

:Ej) (Exi - 3x4 + 2x3 - xg - x + 2) - ("3)(33 + Exg - 3x +°1)

The long division przéesskfar two polynomials may be shown
in a way exactly like tha/
long divislon process for two lntegers., Examples 1 and

11lustrate thls. . v

™

]
"Example 1. Divide Bx" + 4x + 2 by 2x - 7.

This problem is the same as the last example
" in the previous sectlion. Compare the work

below with the work done at that time.

.
,’gf‘
o956
o PR
. ’ e v ‘35);3 .



Lob

= { 3 _ & =
:xamghé?i< Change ifﬁ; iag,fjlg "to another form by long i
- division. . ¢ - e T

J
Hn_.en S

X - = —_—
X -5 ) ;j .38x - 10 Note that there 1s
X~ - Bx _ 7,‘ no "X term in the 7

dividend. Hence, as

W
)

[

VIR

g
£

I

ot
%

P i
|=
[
o
-
i

matter of con-

O venlence, a space

B
!

I
| [ p—

DI
B
+
O e
T
M
L
-
1)
s
ok

~ng divisicn process may be used to answer questlons
ring, as tllustrated in Examples 3 and 4. B

G The remalnder 13 zero.

o ¢ - ‘Therefore, 567 = (63)(9) +0 Cow
( = (63)(9) |

fa

&

§

tor of . 9567.

b
Ll
s
1]
oy
o

=
jug
i
e
1Tk
=
P
=
=
[l
m
e
o
L
[
i
!
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Therefore, XB

=

X 1

:

igs a factor

at

| W

+ B}E -1 = -
;2 o . o
= (;{ = X /‘F 1)(}: - 11)‘

4,

of

1.

d 1is a factor of

Hpﬁ” does ‘ihe division p

n?

In which of the fellowlng cases 1s

tell you when

Su

d factor of n?

Ly

2x'+ 1)(x —-1{>+ 0

Why?
L.

. éf,t,gs + 10 .? 7
5 (u) P = ( 7+~ H) -+
O - E’% /fJ
() S :
#* i i
(%) = T4 ]
I T I (o §
() e = o+ '
,); ! i = ) ‘
() === = "+ u o+ 1
- o=
Prdblem 3et 14-pc
Perform each of the followling indicated divisions until the
remainder 13 of lower dégPP& than the divisor. In each case
check your result by -multipllicatien and addition, gulded by
=qd + r. ' ’
E 2
y  9xT 4 Mx” - 3x + 7 !
) x+ 1 *
’ n ) — :5;,;:
o ,L#xi* lbi,t,lﬁ 5 ;{j - 31‘: + 7x -1 .
\-*" EK f l - x _ 3 -
o ;f' ) 4 - ]
3, X -Lix+ 3 g, X =X -1
P X (; ,2 = . % j‘ j
' fgia —
<
<1y

O
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14-6
’ Problem Set 11§5a Y
, (continued) )
3 I . 5 3 .2
S 57 - 1lx + 7 11 2K + X - 5% ¥ 2
[ o S -
8 x3 :& 12 ??%fi—,,l—
o X + 1 - Tx+ 1
4 2 ‘
- x -1 13 "%+ 12x + 4
9. X -1 - 3x + 2
- =]
EXB E,EXE + 5 _ DX3 =,,Xf,,: 5% + U .
10. - < *1l4 -
- X - 0 3% - 2
(
15, Wbat polynomial multiplied by x + 2 results in the
polymofilal 3x° */13x + 149 .
16. 5 results in the

—

M

Wwhat polynomial mulclpls ed by * -
polyriomial EKB - 9x" - 9x + 207

What polynomial mult1p11ed by X + 3 results'in the

polynomial 3x° + QRE - x - 3%

" Find the mlssing factéf 1ln each of the following:

(a) (x + 5)(?) = x"+ 7x + 10

While the sum, difference, and product of two polynomials
are always pelynomlals, the quotient of two polynomlals
is nat always a polynomial. ’ )

In Wnrking with quotients of pu}ynum\ala 1t 18 necessary

to restrict the ‘domalns of the variables to exclude values

. for which the dsnuminatar 13 zero. s s



Y
3. Simplification of an indicated pr@augt of two gquotlents of
polynomials can be accomplished by applying the sentence,
"For all real numbers a, b, ¢, and d, b ¥ 0, d ¥ 0,

it

Y

Bd ’

o
fal To}

T

= - and then using the multiplicatlon property of one to simplify
--the result.

4, To simplify an indicated sum

[ad

f two quotients of polynomials

We . 3
determine the least common denominator,
‘ Expﬁess each quotlent in terms of this camméﬁ denomlnator,
apply the sentence: K B A

*

D
D

¥

+ (,: n ; ; /
B . . ,

"For all real ﬂumbef a, b, and ¢, b #

1

o
UWM'

%
i
(e
ha g
i
i

multiplication pr@?erty of one to simplify the

3
T
]
-
i
wt
]

-~

RN

4 ratlonal expresslion 1s one which indicates at most the Vi
operatlons of addltlon, subtraction, multiplication,
g

-division, and taking of opposites. d
. ‘

_é. . A rational expression can be expressed as a quotlent of

( polynomials.

7. If p and d are polynomials in one variable such Fhat
thé’degféé of p 1= riot less than the degree of 4, then

there are polynomials g nd .

s

r 3zatisfying the condition
r

L
+

p =4

where the degree of 1 1

piud

g

less than the ﬂégr e of d.

W
g
y

, ;j; Reylew Problem Set -

Which of tne follow
"Which

=] Q
1nteg rs? over the ratlonal numbers? over the real ﬁﬁmbpr??

-

ng are ratlonal expressions? polynomials?

L a7
fFéhleyﬂ@mlalS 1n one variable? polynomials over the
\

1 (a) (s® - t)(3st + 1) + 5(s + t)

“ &
G600

S R \.

s
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Revliew Problem Set
N\ (continued)

i
L
[
%

(b) 7x° +2x - 5 () (Ixl + 1)(Ixk -0

® !

((C‘) axg_+\bx + ¢ %(1) ;;,HF:T&

(d)  2u + v (m) a;

;:-Jl ]
(¥}

A

[y

(e) 2(u + =v) (n)

robn
iy fe
[
TR

(f)

u
N ! =

(g) —%(im + 2v) (p) ?l tx +E
(h) (§)- -2(5) + 1. % (q) s°-2

(1)

4

()

2
e
-
+
‘m
.
)
p—

[
|

™

- ("
‘51mplify each of the following expressign&.

(a»,L V18

(ry 2v18+ 312 ®

#

£y W

——
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< Revliew Problem Set

(continued)

=

—
L
et
R
nc
I
[N
™
iang
vt

-5, Simplify each of the following
il e

Y

I

1

o
T

6, Perform ea~h of the IS AT

=

(n) e hxT 4 w4 6
- (&’ v 3 =
(D
T T _ =
6}(}’3 £y

O
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7. Find the truth set of each of the followlng

{(a) 2x + 5x

szkShaw whether or not (x - 3)
A

b

™,

2x° + x - 20.
J,’i

g.. Whieh of the
= 3 *&_7
(a) /n’

w /a

(

Revliew Froblem Set

(continued) .,

«I =

-
]
-

o
w—
[
Mt

1]
-

4 Hint:

=
£

=0 *(n) . x|

o
pa
el

oL

Oy,
~ J ::]

L9
P
ey
1

=
3)x|“

- numbers are rational?

[

-
L]
]

factor % T

=
=
™Y

[
""JD‘

Consider f
separately the
cases (x - 5)
and (x - 5) <

>0
0.

1s a factor aof the'pglynamial



A
- * Review Problem Set '
Eantinued
< - 10. PFind the average of §4§,§i and’ % ; 3 , X #Jég
) w A=
Solve each of the followling problems. 3 -

91. The siuafe of a2 number 18 91 more than 6 times the.

‘number. What 1s the number? \

-]
12. The sum ofg‘he’regfprgcals of two succeszlve integers 1s

. o ) S {
%— . What are the Integers? TN
%%?E One leg of a ri%ht triangle is 2 feet more than twlce

the amaller leg. The hypatenuse iz 13 AfeeEi Find the .~
length of each leg. ;)

- 1b4., A Jet travels 10 tlmea as
. one hour the jet will'travél 120 miles farther than the
passenger traln will ga in 8 hours. What is the rate of

) p
. each? - : .

\

|

xat ag a passenger train. In

15. A candy store made a 40 1b. mixture part of which had
cream centers and sold at $1.00 per pound while the
rest.had nut centers and sold at $1.40 per pound. The
final mixture 1s to sell for $1.10 per pound. How

J many pounds of each kind of candy should there be?

= 5 M = = ! 3 y -
16 ==-TWo trains 160 mlles apart travel towards each other.’

One ls traveling ag fast as the other. How fast is

ﬂﬂ
]
ot

each going 1f they me in 3 hours and 12 minutes?

@

o5k
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_ Wlth the same truth set. \Tﬂe truth set of an open sentence may

¥ .t | ;o
ST \
$ -
i . © .
i ‘ Chapter 15 7 - (
TRUTH SETS OF OPEN SENTENC CES N
15-1. Equivalent ng %g§§g§g§§i5 : . "

)

As seen-earlier, équivalent sentences are open sentdnces

be fqund by forming a chain of equivalent sentences, a pfgpess
11lustrated below In flnding the truth set of "Bx + 8 = 20, !

= 3

g

Tk
ol
+
e
h
[y

+ (-8)% .8 1is added tv both sides,
resulting 1n a sentence
equlivalent to the original one.

T
b
+
I
+
|
o]

R
1}
[y
i

3x =12 T
Ty _ (Lye [ S 1
(§)3x = (?)15 ‘Each side 1s multipljled vY T
N - resulting 1In a sentence -
equlvalent to the one above.
x = 4

The truth set of the last sentence, "x = 4," 413 clearly (4},
However, gince we formed a chaln of equLvalﬁpt sentences, (4]
1s also the truth set of the original sentence in the chain, .

"3x +‘8 ={20."
Do you see how the chaln of ?quivalent sentences was formed

In the above example? Two Ldéa%é;studiéd earller and reviewed

below, were applied. . ’ '

A\
The same pumber may be -
added todboth sides without
changing the truth set.

(S
. &
Both sldes may be multiplied
by the same non-zero number
. wlthout, changing the truth set,
for any ne 1

number o,
Even though we know that 2gulvalent sentences have the
sam= truth zset, Lt 13 gfiil wlise to "check" truth numbers in
14

irist dFithﬂ“th mlstakes

the orlginal. sentonee, a suard a

& . : l;)l [
. 'ﬁriE; ~ !
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Thus, in the above example, the number 4 may be Qﬁeckéd in
the sentence "3x + 8 7 20," as follows: ’

I(4) + B8 = 2C. .

s . i 1. A a f B

—fPhls aenten;e Lg true (both sides arct names for the number 20),

showlng that §4 1s 'tfugh number of "3x + 8 = 20.

A3 a secornd examgle 1n which equlvalent sentences occur,

consider the open senke)

I
Tt
+
+ Mg
o

L L Wy o+ 7
by + 7+ (~7) =y + 28 + (-7) -7 is added to both sides.

-
]
I
k"
+
I
ot

=

-y 1s added to both sides.

g
b
+
I
<
St
I
.
-+
o
i
+
l
e
St
/]

_
0

B
",
)
L3
——,
Mt
Ll
<
i |
— M
L= b
Mt
]
[

Both sides are multiplied
by T

oo =
M

vy =17

In the chain of equivalent sentences above, notlce that 1in one

atep -7 was added to both s8ldes, and In another step =y was-

added to bo

le step by adding -7-y to both sides, as follows:
&

5

h sides. Actually, these'steps may be combined

i"‘@

4y + % =y + 2C
)

=y + 28 + (-7-y) =7
1

[
)
1l
m
(A

Both sides are muitli-

—
L
i
I
—
L=
Mt
i
o

. ) plied by %;

In either case, we arrive at the sentence "y = 7," whe

truth set 1s eastil

— t<
P}
i
T
il
ot
[
log
G
—
\‘1
el
I @
I
e
s
]
y
=
i
ul
ot
g
T
ot O
e
=
ot
pu g

get of thé orlginal se
When we first solved open sentences by forming chains of

gquivalent sentences, the truth set was verified by "reversing"

the chain, that’ 15, by reversing the steps In the chain. I

v

i
this were done 1n the last hfample above, Wwe would start with

4 o
(S15]]

‘-:j;”!ll
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15ip\ o S
3 ) L . . ' ‘i‘“
"

y =.7," then go}“up the .ladder" to obtain "4y + T =y + 28."
However, such a demenstration 18 not necessary if we can be
sure 1n advance }hat each step taken 1s reversible. The
© question 1s, then, what steps.are . of thia type? In other wcrdé,
" what kinds of steps can we reverse, or "undo," by another step?
As one example, the atep oft adding 5t may be, reversed by the

step of "adding -5." As a matter of fact, we have alr-ea::i:,r‘7

learned that: . - .
71'T%¥if'?’vﬁ"”Addition‘if ‘any real number 1s révgrsible —
R Such a step can be reversed by adding the o ”
iﬁppgsite. :s ‘
’ ; Multliplicatlon by any non-zeroc real number
is reversalble. Such a 'step can be reversed
w+4%, . by multiplying by the reciprocal. The -/
o i‘; %Z: numbér zero has no recipfccal that' 1s the .
v reason we must exclude muitipilcation by
"f’_;; Zero 88 a reversible step. -

S ,} . p ;
-<The sclutian of f“4y + 7 =y + 28" abgve iI}uatrgted both
of thégﬁgkinds of Eteps The‘numﬁer (=7—y)‘ was added ﬁoigt:h
sidea. This 18 a raveralble;step, aince 1t may be reveraed by
adding ,thd oppostte Of (-7Zy), that 1s, by adding. 7 +y. Also,
both sides were multiplied by '%,' This 1Y a preversible step;

I}

1t can be reversed by multiplying by the reciprocal 'of %; that A

ia%’hg multiplying by 3.
5 R o A ¢
' Chefek Y@;riﬁeading"

1. What 1s méant by the pfirase EquivalEEﬁ sentencesa"?

2. State two ways in which a sentence equlvalent to a glveniﬁ
sentence may bé’abtgined. gf
3. What step reverses the step of adding 59 N -
MR £ thefaddi@ien of any real number a reversible step?
§;5_ What step reverses add%ti@n of (-y-7)? '3 e
What step révébses multiplicatién.by % fi' ) :
7. Is multiplication by any real number a. reversible step? ,

\,

e

/ S

T 210

L]



SR Oral Exercises s
< 1, Describe in each case the step. which reverses tggigiﬁen
step. ' T e
. ~Examples: adding 7, reverse atep: adding -T;
td multiplying by #4,-—.reverse step: multiplying
. 1 ‘

b g

Hw

(a) adding 6 - . (f) multiplying by

(b) 'adéing: 10 (g) adding (-x-6)

‘ (c) iu%tip?ying_by 5 (h) multiplying by 5%5'7
(d) adding % | (1) multiplylng by -6
(e) adding (y + 7) (1) ad&i@gl W

| 2. Giye thettruth sets of the f@llowihg séntences, £
(a) 2x =8 " (e) 8x =20
(b) x+5=6 ) =1
(e) W=6 () 2w+ 5=5

(d) 2y +1 = 755 | (h) 4x = 3 )

Problem Set 15-la

1. Two sentences are equivalent if they have the same truth set.
Show whether or not thegfollow;ng palras of sentences are
equlivalent by comparing tfuth sets.

- (a) 3x = 6} bx = 8
(b) 5t = -10; t +

{

)
(d)

ot
\
iy
[N
o
[

2 = bx; 3x = 12
2. Two sentences are equlivalent if one can be obtalned from the
other using reversible steps. For the following pairs of
sentenges show that the second can be obtalned from the
first and the first can be obtalned from the second.

!k\j




Problem Sét‘15sia \ ff‘iﬁ
.(tontinued)

% =
]

. Examplex ‘Bt + T = 10; 5t = 3
'Solution: 5t = 3 1s obtaided from 5t + 7 = 10 by adding
© o (-T)" Ko each mide. -
5t + 7 ~-10 1is obtained from 5t = 3 by adding
7 to each side. o C '

@) 3x - B m12; 3xm20 - ocan A
(b)) by

[]
[
o
oy

7 yia o T
(e) 9t + 7T =2t; Tt#7=0

N AT L ,

(d);7x - 2 = 3x + 5; 4;:%!:5
() 3+5=3c+5 2=20
4 = 4n

e

Y 3p_1en  ar
(f) gh-1=h; 3n
(8) F+ k
(h) 3x% =27;.+x2 = 9

c+ 0 m 2k - 1 |

L [
[ ]
g
I
+

e ) 3
(1) 1%+ n=25+3n; 1 =12 +2n

3. For each of the following pairs of sentences, determine
whéthéf or not the sentences are equlvalent. You can show

" this byrbeglnﬂiﬁg with either sentence and carrying out
operations that yleld equivalent sentences, until you arrive
at the other sentence of the palr. If you think they are
not equivalent, try to show 1t by finding a number that isv
in the truth set of one, but not ln the truth set of the.

H

other.

]

l
bt
I
e
™

il
I

(a)
(b)
(c)
(d)

(e} 3x+ 9 - 2x =

(AT e Y]
[N
4
n- Ll
pos) K
i
[y
put
e
s
W
[]
I
o

~]
[
I [l
i -
o
1]
i
! Tk
e
[N
[P
o
Ll
DR
I
o
P
[]
[t
.
o

-]
ke
1
[
I
Mot
L1
fil
)

(£) 2x° + 4 = 10; x“ =1

'
'
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y Problem Set 15-la S A
(continued) ’
3 .-
L, ~Fgreescﬁ,Palr of sSentences belaw, decide whether or not the
sefiterices are equivalent, ( EARC .
L «a) .- 2x = 10; X = <3 Vi B " S S ;:§
ﬁ, : (b) 12x + 5 = 10 = 33{, X = % N * -
- ‘_ . 2 - ) .
S (e) WStk =0;  (wa-2)(W+ 2) =
s (d) ¥ -2 - bx+ 6=0; axh4sO.; v

il
o]

(e) O'=%se 3; H(t - 3) s

i (g) 0 = 3‘22 : 0 = K( _ j{)
(h) 2(h +2) % 2(h + 3) = 27;  Yh 4 10 = 27 -

5., Solve (thgtgls, find the truth set of):
(a) 3x+ 6 =12 - (g) -6 =

(b) 8 =5x - 2 , (h)
" (c) y =1 , (1)
(d) 32 = 11t + 21 ()

e
]
+
bon’

\UJH ']
Il
W

o,
!
+
[l
IR
<
i
ot

mlem <
+

]

s
i,
[ 141“

b ]

() 6 - 52546 o

o

r{_‘[;:'ﬁm‘»__ﬂ ]
I
-
-
1]
Lat
Wk

s .
i .
: \_Cﬁ B " St #
— . . F

. In the sentences which we have been solving so far we have
obtained equivalent sentences by additlon and multiplication.
We have been able to §Ed expressions which contain a vafiaﬁie,
such a8 x + 7 or x - 3, and get equlvalent sentences. This.
is true because we know that such phrases répresent real
numbers for all values of the variable. We also know that
' © additlon to both sides is permlssible for any Teal: number. |
However, in the case of multiplication, we ?éye been multi-
plying 'only by expressionsa which do naﬁ contaln a varlable, We
could be sure of thaining an EQulvalent sentenca as lang as

the number:we were multiplylﬂg by was.not zero, T

. a
670 :
H
21‘3f1 R
=~ =
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We .will‘now look at some éxamples which involve Tfultipli-
catipn by an expression which does ,éntain a varlable. We will
éiscoﬁer,-in such cases, that we do nct always obtain an

equlvalent sentence. For .example, ,anside: the fallfwing Qpen
sentence,. ’ - ’
o T ox(x- 3) = 2(k - 3)
experiment a bit, we will see that this sentence has the
’
Now, suppose we had wanted to use the method

(=
[

W
ruth set (2,

I

ot
H

“iwe have been working with, namely that of obtaining equivalent’
. ‘sentences, It would have been natural to multiply both sides by

the expression

This would gilve us.
v ol , 1

iy

b

e

|
L
e

|
. f

iy i

1]
[}
-
o

|
Lk

|

Ly

L]

which becomes

~
[}
NG

But thls last sentence has the'truth set {2}, 1Is this last
sentence equivalent to the fipste? It should be clear that the
aniswer 1s no, since the truth set of the first sentence 1s
2, 3). - | .

The question is, '"What happened?" "
To answer this we must look carefully af the Expfessian! -3 -
Remember that our rule statzs that 1f we multiply both sides o

in

an open senténce by a non-zero real number, we will obta

equivalent sentence. Now 1t 1s true;%hat the expression T
does represent a real number for most values of the varilable x.
For example, if, x has the value, 5, then the expression is a

rnumeral for . Do you see this? . -
o On the other hand, suppose X has the value 3. 1In this
case we see that the denominator has the value 0. What does
this mean? It means that our expression does not fepfeseﬁt

4 real number when x = 3. 7
In Other words, the phrase i’% 7 does not represent-a

real number for all values of the variable. This helps to
explain why the second sentence was not equlvalent to the first.

&

67
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Let's canaider anathér example. In this cade we will not -

be attempting to soYve a sentence., we will, hawever, learn some
. more about equivalence. We begin with the apen);&ntence ;i‘-

. I

w=5, 5 . .o

= 4

We now multiply both sides by w and obtain the sentence

;d?ﬁ \ L wR . %w;

- °  Question: ."Is the second sentence equivalent to the first*" ;f .
' The best way to answer this is to look at the %wo truth sets. N
The truth set of the first 1s clearly (5], What is the truth

get :of the aeccnd sentencg? Iif we experiment, ‘we will find that ”
1t has two elemEﬁts_ The set is (5, 0}, becgﬁse

5(0) are thhgtqu#_

= 5(5) and 0%
Our answer, then, must be_that the two sentences are not
equivalént : s
(Agdln we must 1@ak*at the multiplier ‘It is the variable
Voo W, Surely this always represents\a real number. But W can
gile states that we will. )
always Dbtain an equivaleﬂt sentence 1f we multipiy both sides =~ -

also ‘have ‘the value 0, -and our 1

by a, non-zerc real number
-. The above examples have sé?wn us that we do neot always
obtaln equlvalent sentences when we multipl both sides by an
éict in both of our

R

;Expressicn which c@ntaiﬂs a vafiable.r In

-T 'iprﬂblems we did nDt obtaln an equivaieﬂt senténce It is /’
4 naturﬂl to ask 1f thls always happens.’ The answer, as we will
soon s%e 1s no. We often obtaln equivalént sentences even .

when the multiplier does contain a varils %; The important
g} thing to remember 1s that we mﬁaﬁ in all f 1ese caMes be
especially caréfu  to check the tfuth'seta,'since we cannot

. Driginal one,

o H72
) . 23(32
; ra /i
O
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15-1
Checlg/Your Reading -
. 1. Does ii%~i ‘represent a real number far all values of x?
- 7 ) A . i 7 . T

2. Are the open sentences "x(x - 3)i= 2(x iré)" and “"x = 2"
' equivalent? Why or why not? - i ¢ ‘
3. Are the open sentences "W = 5w“§ and "w = 5" eqlilvalent?
"' Why or why not? ,25:-; ' E RS

4, If both. Eiéeg of an open séntence . ‘are multipl d by an

gzprgasian invalvrhg a varlable, is the resulting sentence
necessarily equivalent to the original cne? Give two

examples from this_ sectlon that Support your answer.

Y

? ra; Exerclses 1°

;i§§§§ each of the pairs of sentences below, explain why they aré'

/

——

equivalent or why they are not efuivalent.

e

5 § s i o - LT
1. x=3; 3x =9 6. t = 1; tT = &t - . - !
2. .x = 3; Y x? = ax 7. m° = m ﬁ<%»1 o
3. Tx=7; x=1_ 8: 5(y-1)=yly -1); s 5=y

x_1 ) : : ' '

£ =z = 6 = m; 6(m - 1) = m(m - 1)
4 =7 X 1 9 & ) = m( 71:
5. 712 = 7x; . Tx =7 10, x(x + 1) = 0; X ::3 = O(;)

Problem Set 15-1b

1. For each of the followlng phgisesj find values of the vari-

able for which the phrase is (1) zero,. (11) Qat;a real

~ number. h ° .
-(a). % §=3 ) ' - (e) x

(‘b')-ynsix 4 () \; 3)

(c) $2 () )

@ % (n) ¥ 1)

|
673 Doy,
) ©BoR2 .

4
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(continued) - : B

N Problem Set.15-1b _ ’

- 2. PFor eagh:gf the followlng phrases, decide whether the phisse
is - . T ﬁA / »
- (1) =zero for some value of the variable,

,'(ii) not a real number for some value or values of the

' T variable, ‘ :

S (111) a non-zere real number for gvery value of the .
T -, -variable, “ ’ ' ' ’
e , e , .
(a) y +5 5 : (e)
(b) x2 - . \
§ 7 ) . .'5' (f
(e) x2 +. 1. .
ta)” %

y
(g8) (x=1)(x - 2)(x - 3)- i

3. You can write'your own practice exerclses by choosihg a ¢

has an obvious tiruth set and then building. -
up a more cgmp&éx equlvalent sentence. Lo b -7
. R

sentence which

For example: - ‘ »

= . - .

- " B 7 =9  adding 7 to each side

‘ ’ Y7 3x 477 =2 94 2x *adding 2x to each’ -
' alde 3 s

For each' of -the following sentencés, write a more complex

s

[}

sentence by performing the given éperaticns, "Then decide
if the pperations pé?formed guarantee that the new sentence
. ?\_15 equivalent to tpé glven senténce and staté;ybur reaé@n@-
: (Ifhin doubt, chetk by finding truth sets.)

(a)
(v)
(c)

P (@)
(e) -
(r)

A : “f:
; add x + 3 to each slde.

]
[3%3

; multiply each side by 4.

; add y -2 to each side,

; multiply each slde by Xx.

; multiply each side by (w - 3).

0;: add 15 to each side and multiply each side

W
Lo

HOE M W K
W

O
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15-1 ¢ ;
" Problem Set 15-1b - 'Zg;. .
(continued) 8- -

4. Which of the following operations on a sentence might not
yleld an equivalenf sentenge? Stgte a reason for your

decision. ’ ‘. . A
(a) Multiply each stde by (x - 1).
(b) add 3x + 7 to each side. Lo
(c) .Multiply each side by SX
* = . e.-;i e o ;’ . - ) 7‘” i B 1 .
. w(§}~-¥ulﬁiplx:each side. by- raerut
. ‘(e) Multiply each side by %;
(£) Add = to each sidk. _
5. Solve, . B - »;1;
(a) 5x + 3 = 2x + 12 . : . .Y
(v) x(x 2) =0
(c) = E - 3n ‘ ‘
(d) = 0 T :; }
X 1% x _ -
) (E) 5’ = § 1,3 1 = ¥
’ (£) B+1=3 v i
(g) 2t + 7 =3 + 2¢ .-
T (n)T(y - 3) -3 =5(y+ 3)+ (y° +5)0 !
- (1) x +3.=3x -0 - .
. - - P : .
i i
i ‘ :j
We will now conslder some sentences whésé‘gides, or
members, contain rational expressions such as
\ . 1 X + 3 3 ) 1
Y i 2 3 K + g ] x+ 7 ¥ ;ﬁ =

Befor's we begin solving 3uch sentences, however, 1t 1s
impertant that we review some ldeas about the domain of the
variable. You willl recall that the d@main i3 the set of numbers
from which the value of the variable may be chosen. It was
pointed out that the domaln sometimes depends on the type of

problem belng solved. For Ilnstance, 1f a problem lnvolves

™
576 R
275 i)?j"d == .
S4 . g‘xa

O

ERIC

Aruitoxt provided by Eic:



T 151 | e, ’ A
i . ) S - C? e
inding the number of people, we rule out fractions and

negative numbera. The domain then becomes the set of whole
- numbers. -~

We haVE ggreed in géhégél that unless something special -

1s sald, the domain will be the real numbers. We further state ;H

©. '»that if we are given an’ Qpen senténce, then the domaln will be

the set of all real numbers for which the sentence has a meaning.
TN

=gy

" For example, the sentence

0 3x + 5 = 26 : .

has a meéaning for all real numbers. Th herefore, in a séntenee i .
of this type, we will-assume theajcmain to be th% set of al

real numbers, . “
HaweVer, Supp 8e we 1@0k at the follawing sentence.

thatr the sentence hasﬁﬁmmeaning if x 1s 5, singe
thisd wouXd give us O for the deéé:%n&tar? We will therefore
umé ghat, the domain of the variable of this particular open

sentence 18 the set of all real numbgrs except the pumber .5,
f r' -

& LT
H LY

FQr sthe sentence

w ] b g

£ 5

o we ﬁ@uld say that the domain is the set of all real numbers ’ {;;/
except O. Do you see why?

By .now it should be clear that the domain of the variable
of the sentence ' ’

X . 3 __
X -8 " x+3°

i

N . ] , .
1s the set of all real numbers except 4, -3, and O.
We will now return to the problem of finding truth sets of
open sentences wWhose members contain rational expresslions.
™

Consider the EEﬂtéﬁQé

T:EE = 5 6. . . =%
X - . : ,

We first see that.the d¢main of
3. We now wish to multiply bgth sldes by the expression (x - 3).

The q&eétlan 18, "Will we theln get an equivalent sentence?".
57 'ﬁ

- x ‘ecannot include the number

ERIC
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4.

domain does not include 3, #herefore (x - 3) represents a

rion-zero real riumber for all values of x 1in the domain. We

can now multiply and obtain

3

g fégrf’x - 3) = 6(x - 3)
. which becomes 12 = 6x -~ 18, . .
& ~ : t . :
‘Adding 18 to both sides we get -

ey . 30 = 6

E

I

finally glves us T f .

- .

Multiplication by .
' . “ 5 o= x. (Domain: x ¥ 3)
i ! =
We caﬂ:lowhgay that the sentence \

S : \ o
R 7 . 5=x ’gpamaiﬂ: x ¥ 3)
iakéquivglént to the sentence we started witﬁ: The. truth set
of "5 = x" 18 (5). Since 5 1s in our domain, we know
then that (5]} 1s the truth set we want. It 1s importantghat
) = ’ ) o ] ) ) - .
the final sentence be accompanled by a statement about the
domain of ﬂg; vgriable. This 1s the domaln determined by the
original sen

Let ‘'us look at a second example.

Lence,

This sentence tells us that our domaln must exclude the real
the domaln, we can multiply

number O. With 0 excluded frop
by n, and obtain an equilvalent/sentence. This gives us

N 8& 2n. /
A ) , o ) 7 4
We now multiply both sides by 5 and get the sentence

. 4 = n. (Domain: x # 0)
\

_i%s truth set 1s (4)}. This sentence is equivalent to the
original sentence. We know then that (4} 1s the truth set of
the original sentence. : ™

We see from the above examples that 1t 1s very important
to examine the sentence we start with before we begln workling
the prZ%lemi In tﬁis way we can s8ge what the domaln must be,

Ve _
:) 677 ~ = . i@ b
. | 220

To gili¥er this, we mote that in this partifffilar problem the J

TS



-x .
It will then be posalble to cbt;%n a sentence which is éﬁuiva= .
* lent to the first. From this we ‘can determine the truth set of
" the original sentence. B .
A final example should clear up this pcint Conslder the

_ open sentence.- : -

.

- F. ,

. \The sentence tells us tha&§ the domain for this problem must

s : 7 O
exclude the number 2., We now proceed to multiply Ia (x ;fii
with thia in mind From this we get :

T el I /

]
-
(]
n
1]
“\
l |
. m‘
=
]
I
&

E
[1]
L]

which become® (Domatin: x ¥ 2)
Th;s sentence 1s equlvalent to the one Wwe started with. The
sentence "x = 2" has a truth set (2} only in domains.
which includegthe number 2. Therefore, in.the domain of this
particular problem, the truth set of ) . -

x =.2 (Domain: x ¥ 2)
1s empty. From this we can say ‘that the truth sét of our
origina& sentence 18 also empty. We see/ngw why 1t 18 lmportant
that 'a statement about domaln should agcampa“¥ the final
gsentence,. . 7

Check Yaur Reading

;f‘

1. *What 13 the domain of the variagge ln each of the followlng

open. sentences:

- E _ AE — 3,,, = ) 1 = & % 3 = QSE
3x + 5= E?§ X - 5 12, x > xowtryrTy I TR
L L iw . ' . _ o m"oqe "
2. What 1s the domain of x in the sentence %= 6 7 ,
3. Does "x - 3" represent a non-zero real number gBr all
. values of x 1n the domain of the sentence §é§—§ = 67
B i ||8 7" . -
4. Is-the sentence = =2 equivalent to the sentence "8 = 2n"?
.
678

3 -5




'53;‘ T, Check Your Reading

: P (continued) )
N - o " - ok Coa
5. Are =5 =173 and- "x = 2" equivalent?

) 5 n o : =

6. Are —2— == 2 and "x &€ 2"+ equlvalent-if 2' 1is
X-2 X=2 , uive.

excluded from the domain of the variable in the second v

problem?

15-1c

1. State the domailn Qf'gach of the following sentences,

a

1
2 (d) a(q + 1)  1q

[ = q .

. m - (e) L X1 _1 .
m -1 . (3)5 L_B_ - -? ¥
1 _vx ‘

+{

5l
I
I
Wn

(a) "=
)
(¢) 8(t -2) =5 (1) 3 2

2. For each of the following explaln how the second sentence may*:
be obtained from the first and why equlvalence 1s preserved

3
Il

= 3

by this process.
(a) 5; 1 -
(b) x - 1)=6; x -1=2 (d) 3x+ 5=2x; %= -5 7

= 6(x - 2)

W
T
b
w——
o]
L
x|
[ L]
ol
I
(e
o
1l

[ - [

——
-

1. For each of the following rational expresslons, state the
values of the varlable for which the expression has no

meaning (that is, does not represent a real number).

1

or T H(e) ——r

S T W i



Préblquggt 15-1c
(continued)

; 2. For each of the following state the domain of the varlable’

such that the ratilonal expresslon represénts a real number.
. ¥ : Fo. "
(8) x -2 - : (a) L=—3

. aey 10 : v ke -2

) . (¢) -1

' N5 | , 6
g 7 L) gy ' (£) (m = 6)(m + 5) )

! 3. Explaln how the second sentence can, be obtained from the
first and why equivalence 1s preserved by ﬁhié‘ppageQEi
Eiampie;‘g?%fﬁsé 3; 1= 3(x -2) *

-Multiply edch side by (x - 2), which is a
non-zero real number for every x, since x ¥ 2.

il
[
i
ll
[
Cama
5
]
[
o
o,
=
1
XN
~—

,\

b}

o —
—
7]

n '

g

[

il
1
o

—
e
Mt
]
Il
b e
—f'
'
A
1
[
e
]
-
-
|
I
L
il

I
T2
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P
o
el [
1
‘L“_"
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s
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o’
1]
2

14
il
L]

(v) 221 : - (o) E41
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]
—
e
|
|
L
—
et
1
} )
1]

il

[ua
)
b
ot
<
A

h t r,
(a) === T (1) 7= =%

A
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i
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() o= 1
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A sentence may have a varlable in the denominator and still

have as 4 domain the set of all real numbers.

example 13 of thls type. Conslder

2 [
e =
2 ]
< x + 1

Here we:see that the sentence

of x 13 any real number, Do you

We may multiply both sides by

_Without having to exclude any real

glves us

~
- e -
—F&K;:‘_ }{(}ZL + 1) =
' x + 1°

which becomes

Y

We may now add (-3x

1

This sentence 13 equlvalent to the

therefore know that the truth set o

3
3x° + X .
L =3 1
¥ o+ 1

quations.

with ratlonal expressiong.

fractional equation:

|
b

The following

the open sentence

L

= (]
Is 1t clear that.the denomlnator will never be equal
(

ot

he expresslon

nﬁmbér from the domaln. This

Thls wlll gilve us

(If no statement about
the domaln 1s glven, we
always assume that 1t
1s the set of all real
numbers for which the
gentence has meanling.

first one. Why? We

=Y
least common multliple, or least common

I
|

uged the 1ldea of a
on denominator, ln workling
115 in solving the following



O
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Here we note that the domalmn 13 the set of all real
numbers excludling both 0 and 1. We also see that the least
common denominator 1s the expresslon x{(1 - x). If we keep 1n
mind the Specialidémaiﬁ for this problem, we may obtailn an
equivalent senteace by multlplying both sides by x(1 - x).
This gives us

W(x(l - x)) ;=f%%—g(x(1 - x))

o et

whlch becomes .

Adding x to both sldes we get

MultiplicatL@p of both sldes by = gives us flnally

% = X, (Demaln: x # 1, x #0)

We know that this sentence 1s equivalent to thg~one we started
with. The truth 3et 1s therefore [%].
! =

JCbgck Your Reading

-
=
jo )
]
ot
I
]

the smallest value of the expression =x~ + 17

mJ

Explain why ;§§=——¥-2 3 iz equivalent to
< -

3. In solvimg the sentence
1s multiplied by the -lea
h =31

= 77—% each slde of the equatlon

ccmm@nidencminatgr of the
i

i
ot

1Tt
g
bl

(]
pah

e 18 multiplied by what expression?

[

fractlona. Thus, eac

»luded from the domalin 1n the

]
k]
el

4., What values of x are

s x(1 - x) =zero for any values

w
I
jn
it
T
o

el

I

|

|

I

Ehd
4

% from the domain?

Pad
ey
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T

Féfreach of the following sentences, state the domailn of the
variablé; By what expfessign would you multiply both sldes g0
that each member of the resultlng equatlon wagld be a polynomial?

v -1 r_2
o+

o,
y y

[

1.

]

%]
ot |
1]
o+
-1
o =
+
M
il
]\

3
)
]
i
L p
.
or
-+
of i
[}
)

el
w [+
+
ﬁﬂw
1]
M=
Yol
3
"
Im
[
170

W
-

S~
it
g
3

"Froblem Set 15- d, : a2

,f the following begln by first indicating all the real

L
pa ]
m
b
[e]
a3
r

numbers which can not be in the domain.

-
[n)
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Prob’am Set 15-1d
(continued)

, bm - 10 § m° - 9 N5 10
() m+ Z—5*a—3 (&) prir-= -

= é; =

15-2. ‘Equations Involving Eg;ﬁpfeﬁrﬁxpressipnsi‘

In Chapter 13 we solved equations of the form

3)x+2)=0."
f
/

1]

(x

Its truth set was found to be -2}. This

truth set of two sentences:

x

x +

We can now think of this in another way.

we studled two kinds of compdund sentence

ot

in Chapter

of these had the conne C "and". The other
xin example of thls second type would , be

nectling word or'" .

= O,

it .

X - 31 =20 b

orr

H8h

L
e .

O
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One

had the con-



) Y, ’ . ) ¢
We 1§arﬂéd_that thisf;ypé of cgmp@uﬁd sente 'QE,’thh connecting
.word "or", 1is true 'Lf at least one clause ls true; otherwise
1t 1s false. In other words the truth set of our compound )

sentente 1is’
i ¥ .

s true when x = 3; 11E9w se "x + 2 =0

since’ "x - 3 =0
is true when x = -2, From thls we can see that the compound
gentence

- X - 3 =0 or X + 2 ="0 :

13 equlvalent to our origlnal Bentence

"
i

lve EEHEEECPS whleh contain more than two factors

o
i
W
=
n‘
oy i—-“

A sentenc

]

g s (x - 3)(x + 2)(x - 2
N

Tt

18 true if . (x -

=y
w
-
l"“ﬂ
il

or 1

)

3) =0
5

)

M

I

or 1if L (x - 0.

Otherwilse, Lt is false. Do you see that the truth.set 1s

—

Check Your Reading

=

'State a compound open senternce that 1s equlvalent to
"(x - 3)(x + 2) = 0.

]

Y]

the elements in che truth set of "(x - 3)(x + 2)(x - 2)

= 0.

Gral Exerclses 15-2a

1. Which of the sentences, x + 3 = O, % - 4 =0, and

o
hy
wl
i
gy
2

b

(x + 3)(x - 4) = 0, are true if x = -37?

How do you krnow that the sentence (x + 3)(x - 4) =0 Is

false If x la 579 .

n

]\
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Oral Exerclses 15-2a ’ S
(continued)
3. What is the truth set of x + 3 = 02 of x - 4 = 02

N b ‘ 7
4.7 What 1s the truth set of [(x + B}d; - k) = o0¢

1
w

- i,?ly - 18

ZmT 4+ Tm o= 15

ve: (Before solwlng indlcate the domaln of the variable.)

i eyt

-
i
-

Ih
[}

m
:L
=3
|
I
Ih
9

) om TS (e) v+ 7=

1
Ladf
.
—
-y
—
=
1
|
‘ —
I
-

O
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For what lﬁce;ers 1s 1t true that the reclprocal of the
integer is one-fourth the lﬂEEFFF "Write and solve an open

sentence. to-anaver. tbia quesnlan

:

T

. 8
An lnteger 1s added tn&éﬁs reclpro ocalh and the sum 1is %%E.
For what integers 1s this 5ent§nsé true? Wrlte and sol

an open sentence tg anawer this question.

A river boat can make a trip 120 mlles downsifeam In the
same tlme that 1t takes ‘to make a trip ©60 miles upstream,.
If* the boat travels 15 mlles per hour 1in s3till water,
find the rate of the current. 1
(a) Write an open sentence to anawer this gquestlon.
(b) What ls the domain of the variable in the sentence
Por this problem?
Solve the sentence. ) .
(Hin If s 1s the number of mlles per hour iﬁzthe
rate of the current, then 15 + 38 1s the number of
mi he' rate of the boat as lt goes .
3| 1 T eC 7 18 the number of g@ufs that 1t
takes the boat to make the trip downstream. By a
similar line of thinking, represent the number of hours
for ﬁhy trip upstream. . Then you can write an open

sentence that says that the tlme for the trip dgwnstrpam

13 .the same as the timé fnr the trip upstreami)

"ront wheel cf a wagon has a clrecumference that 1s =~ 3

i
t 1&5?‘chan that of the back wheel. If the front wheel

T
’El

=y
b"[}w

e
makes a3zsmany turns in golng o0 et along the road as

t
feset, find the ctlreumference

of each wheel

(a) Write an open sentence to ana&er the above pTDb1em

(b) What 1s the domaln of the .yariable 1n your sentence
for this problem?
& the sentence and glve the answer to the problem.

- 57
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We saw that the truth set of the flrst sentence was [ 3,

18 a real number iﬁf all values of the varlable x.

b, 3{(:{ - j) . <=E(}: _ 3))

15-2

In tite early part of the chapé&r we discussé#d the danger
of maltiplying by an expression or adding an expresslon whilch
for some value of the variable might not be a real number.
HGWEVEF;J£h §hE case of problems of the type

! d

x(x = 3) = 2(x~-3) .

the domain 1s the set of all real numbers; in this example we

1
noted the followlng danger. We were tempted to multiply by

}.

ce, whose truth set is (2] 1is
1

%

This means that the last senten
ngi equlvalent to the first. The change 1in truth sets came

about because our multipller

i
Toad

but our domain does include

i3 not a real nuhber for. x
the number 3. .
The question then comes up, "What can we do to avold
changing the truth set in sentences of thls type?'. 1In other
words, how can we keep the sentences equlvalent?
This can be done by using addltion. We see that the

expression

1]

( )

-
Il

=

Slince we

8
are géiﬂg Lo use édditimn and not multiplicatlion we shall not

oy

. » )
bothered by the fact that the expresslon becomes equal to

o
i

zero for x = 3.

Adding our expresslion te both sldes we obtaln

lli
™
—
e
]
Lk
i
-
N
1
[
—
b
)
T
e
e’

b
—
-
I
It
—
i
]
—
-
b
L
o
il
b



O

ERIC

Aruitoxt provided by Eic:

Usiﬂg the dlstrlbutlive law we can rewrlte our equation as

v

(x - 2)(x - 3)=0. /

gur equlvalent sentence 13 the compound sentence

Ay i -
/ i =2=0 or X - 3 =

Pl

b
™4
[—
3
e
=
g
E
e

This compound sentence has the truth set {3
" 3} = 2(x - 3)

that the sentences x(x and ."x - 2 =0
1

X - 3= 0" are equlvalenf.

=

What i3 the domaln of the variable In "x(x - 3) = 2(x -

%]

Multipllcatlon of both sides of "x{(x - 3) = 2(x - 3)"

results in the iéss of Wwhat element of the truth

-

X - 3

3. Why ls "x(x - 3$ - 2(x - 3) =C" equlvalent to

4, ‘What property is

13 e ey = ;(
"(x - 2)(x - 3)"7 ¢

to obtaln

nee which ia

i
D]

i

"~
9]
-
1l
~ e
e
o
—
I
[
e
i
—
|
-
e

»
Y
b
[
.

g
]
m

el
i3



Problem fet 15-2b

. (continued)

I
L
o
ey
<
I

[

J
I
o
-
T
-

— —
[ o
Mo R
—

]
el i
1 »
b 0
—_—
1
]
B
—
Pl
¥
1
f—t
—
— ——
L )
ot v
hE et
o =
+ 1]
B! 1
"
++
]

L
o
o]
l_ 4
<
i

—_

=
I

[

L, Solve:

,\

Z
£

+
5
I
-
I

1]

]
tf
-1 [
+ -
|
i
[ gLt
+
-+
T
for

the number 1tselfl,

5, The sguare of a numper 15 four times

&
te and solve an ppen zcntence to find the numbers for
shv this 1a trues

6. The produc~t of a pozitive intzzer and its succe

n 1z n+ 1)

successor to a neosltive inte

for which this

the succeanor, Firel the int

15 Lrue by wWritlns arnl solving ar open sententce,

,
y ™
[
-~
-

O

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

Is this second sentence equivalent to the flrst one? The
second sentence has the tru {
this 1s s0°? (Hem‘gmber ( (.5) =25, and 55 = 25,
However, the flrst sen
element. Its truth set ls [5]
It should be clear, then, that the operatlion of aguarling

both sides will not necessarlly produce an equivalent sentehce.
Will truth numbers be "gainéd” or "lc

We do know one thlng. If there 1z a value o
Qill make the sentence x = 5 true, then thifs same val
wlll make the sentence xg = 25 ¢true also. /Why? What dgés
this tell us? It tells us that the new ﬁ%ﬁ%ﬂ set will contaln
%he elements of the old one. It may, héweveri contaln some new
éééments as well, In ether words, when’both sides of a
aéntence are squared no truth numbers are lost but new elements
may be galned whlch do.not satlsfy the orliginal sentence.

" There are some types of sentences which we can best solve

sldeg—~_In such cases we may @bt&in Sentences
valent. \The truth sets of the new sentences

" elementls. We wlll need to check carefully

1
]
D

may contaln "ext le
to see whilch elements ruth set of the new Séﬁtéﬁﬁe-afé
s

3
m
b
i
i
o
jac
it
=
i
o et

of tHe original sentence. Here

also Elémé§;3 of the truth set
3 £

he equation % r 3 = 1.
ir xyéiﬁff? = 1‘ is true for some value of x,
£ )E = (1)2 is true for the same x.
We square both sldes and obtaln x + 3 = 1.
=t of this last sentence Lls [-2}.
We ne=d now té find ~ut whether or not -2 1a a

truth value of the sentence



If x = -2 then the sentence reads

J-2) + 3 = 1.

This 1s true, Ssince w

‘ " Thus, we see that -2 1s the solution to the \
sentence " 4x + 3 = 1." - \
In this case no newWw element was added to the origina

truth set by squaring. .
Examplé 2: Solve the open sentence /X + x = 2.
We want to obtaln an equation whilch does not
contain radicals.
We try to accomplish this by squaring both sides.
This gives us
- L f =
( /%X + x)° = 2°
4 which becomes )
(/B + 2( /D) (x) + x2 = 2
and this can be written

_ =
% b 2xSx + x5 =4 s\

ntence 3till contaig a radleal. This

/f , suggests that we should begin with a different step.
Beginning again with " /X + x = ¢

t's first add (-x) ,to both sides. Th{s will

1
¥

2

—
w
o

<

i

)

an

(i

= X

,fx = (
which is equlvalent to the orlginal sentence. Do
you see why?
If we sgquare both sides, we will get

ke
—
2N
—
™,
ik
—
fin]
1
-
—

Th,

i
W
[
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4 contalned 1h the set (4, 1}.

T

- bddding =-x to both aldes we get
. 3
7 e 0 =4 - 5x + x°

which bBepmes
0= (x - W) (x - 1).
This sentence has the truth set {4, 1},
We know that if there arg any elements in the truth
:3/ set of our original sentence, then these will be

1]

Once agaln we must check. We %if that 1 1is a
truth value slince
1 +1=2 18 true.
But %hat about the number 4? We see that the
gentence
V¥ + k=2 1is clearly false.
Thérefgrg} we know that the truth set of our

Drlglnél sentence 1is

(1}).
\\%x Evidently 4 1s an "extra" element which has come
in because of the squaring process.

Check Your Reading

R =] .
-and "x° = 25" eguivalent open sentences?

I(
hICH of Fha followlng two statements 1s true?

2. W

Every truth number of '"x = 5" 1s also & truth number
I | =
of "x% = 25,

Every truth number of "x“ = 25" 1is alsc a truth number

of "3{ - E}i"

3. If. both sldes of an éﬁgﬁgseﬁtenca are squared, ls the
resulting sentence ﬂééeasafiiy equlvalent to the original
one? ,

2" e

4, aAre 4 and 1 both truth -numbers of. " % + x

1



Joo=3
2, Sy +1 =71
3 m- 1= 7 .
. L /7 -1 =73 ) = o= ] -
b5, >% = 10 2 =1
. Problern Zot 10-3
1 serntences hy sauaring both sidea
’ i
- b .
2 Jolve
(a)
(k) 5

Ll
.

(2) VEu = ; - 3 - () 2] = 22 = 1 (Remember:

12 =
x| = x°.) .

1l
—
—
I
i
-

694 ‘ {g

p%:
.
&L
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Problem Set 15-3
(continued)

5. The square root of a certaln number is twelve less than the
number itself. PFind the number or numbers for which this

- _ 48 true by writing and solving an open sentence for this

E ] .-
pfableﬂ§§
. &

6. The sum of a number and the absolute value.of that number
is 8. Write and solve an open sentence to find the number
or numbers for which this statement 18 true.

7. The sum of & number and the absolute value of the number
is 0. VWrite and solve an open sentence to find the

numbers for which this 1s true.

5

15-4. Equivalent Inequalities.

Up to now 1n this chapter we have been studying open
sentences involving the equallty symbol "=" which tells us
that the two sidés name the same number. We have referred to
these sentences as equations. In finding truth sets to these
equations it has been very helpful to form equlvalent sentences,

We will now find the truth sets of, or solve, open

sentences such as

2x + 5 > 23 and

3x - 4 < 20,

You will recall that the symbol "s" means "is greater than",

and the symbol "¢" means "1s less than". We shall also use

combined symbols such as "2"

, which means "1s greater than or
equal to". - .

_ In thls work, as 1ln solving equations, we will want to
form equlvalent sentences. We therefore need some ways of
doing this. The rules are very much like the rules for working
Wwith equations. However, wé must be careful to note that there

13 one Important difference. To recall thlis, we muat return to
the properties of order which we studied in Chapter 9. These
properties, and the fact that certaif operatlions can be



A #
'15-4
"reversed,": will give us rules for forming equivalent
sentences. ) -
' The A
.addition property of order

states that 1f a, b, and ¢ are real numbérs and if a < b,
_then

a+c<b+ec.
A similar property holds for the order relation "»", !is
greater than". Because addition by a real number can be
"reversed", we can be sure that if we add a real humber to both
sides of an inequality, we will get an equivalent lnequality.
Conaider, far example, the open sentence '

x + 5 <8,
We add -5 to both sides and obtain an equivalent sentence
x+ 5+ (-5) <8+ (-5)
- .
which becomes
_ x < 3.
The truth set for thils last lnequality is the set of all real
numbers less than 3. This 1s also the truth set of the
original sentence.
The ' .
multiplication property of order

i8 & blt more complicated and needs to be reviewed carefully.

In this case 1t makes an lmportant dlfference whether we
multiply by a positive real number or by a ﬁggat;yerfeal number.
The property can be stated asa follows:

For any real numbers a and b such that a < b,
(c)(a) < (¢)(b) if ¢ 1s positive
but

(c)(b) < (c)(a) 1f c 1s negative.

10
e
oy
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o

. We can add r(ii) to both sldes. We may then mugfiply?path

A similar property holds for the order ?eiaticn not, Mig

greater than". This can. be summed up by saying, as we did in
Chapter ‘9, that if two different numbers are each multiplied

by the same positive number, then:the order relation remains the

same. On the other hand, if both numbers are multidlled by the
same negatlve number, then the order 1is fewéfsea. Multiplication
by non-zero real numbers is reversible. We‘can therefore apply
theae ldeas in forming équ;valéﬁt inequalit{es. For éxamp1é1

caﬁs}dér the lnequality’ 2

3x < 15,

pdt

If we multlply both sidéé*by the positive numbery %; *ﬁe wil
obtain an equivalent lnequality ’ : v

[ ]
X < 5.

« - -
Its truth set 1s the set of all real numbers less than 5. This
ia also the truth set of the orlginal sentence. ’ *
In the sentence

2x + 5 > 23

*

<:;des by the posltive number % . This will givé us an

‘equlvalent sentence
e

X =9

~whose truth set 1sa-the set of all real numbers greater than 9.

We will conclude with two more examples.
3 1 2

Sc 2 =3 - £ £ =1 —_

Solve 53{ 2 By + 3

We may first multiply both sides by the positive

[

number 15 to get an equivalent sentence without

+ fractiona. Thls 1s .
9y - 3¢ <« 5y + 10..

¥y to both sides.

[

. Now we add the real number 30 -
This glves us

4y = 40,

BTN

97 \



= - - = -
-!T - . . . _— - ! =
15-4 . - ; <

. 1 :

Multiplication by the p@sltive real number 5
_ ‘then gives us % e Lo
I - d : . . . .
¥ _ y < 1Q . T,
The Bset of 311 real numbers less than 10 18 tﬁeif{
‘ PR truth set of the ariginal 5enteﬁcé. T LI
Example 2. Solve - O 7
=(x" + 1) T e
_s(xE + 1) represents a negative number for all
values of x. Therefore, multiplying both sides of
the above EEEEEHEE_EX g(x + 1), we get ‘the
equlvalent sentence
. S(x2 4 1)(-1) > (x4 1) ———
. ' ' ' Y
xg + b1 (fﬂ} !

. Notice that the order was reversed since both 8sldes

were multiplied by a negatlive number,
. L. . -« .

Now we add -1 to both sides and!get

. xg > 0.

The truth set of thils final sentence 1s the set of ~

all non-zero numbers. This 1s also the truth set
of the orlglinal ineguallty.

1 Give the meanings of the following symbols .
<, >, <, 2.

2. BS3tate the operations which may be performed on an igequallty
wlthout changlng the truth set or the order. %\

3. What operatlion changes the order of an inequallty?

&
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. SIS j Oral Exercises 15-4 ;.

. L U T o ot
:pescfiée the truth sets of the following inequalities.
S e A,f . S 5
3. (é) x>5 —(f).ysigK

(b) .y < ¥ (g) 2y <6
(c) W10 o (h) -3x ¢ -12

L (@) zg-6 (1) -y g - .

' (e) x+1>7 ’ (J) -x+1'¢<8 '
) Problem Set 15wl

1.. Solve the following inequalities-by writing equivalent

inequalities, .
(El, X + 12 < 39 . (d) x+ 3 < 2x -8
(p) t -7 24 © (e) 3x 4+ 6 > 12
(¢) v+ 7 <=2 (f) Bx = 2 >~ x + 10
2., Solve: ~ .
(a) 8y -3 >3y + 7T T(d) t+ 5 <2+ d2
1. , : ox 1 N
(b) % +2<% (e) 3>%
N L, 5
(L) 3‘{936 (f) 3+§§%+l
3. Solve:,
i £
(@) s<lb+g-2 (4) 2 . <=2

o

1|

h

[oN]

L1

A

I

N o
) N o+

o= g

oy

N

m
<
(2) ==>2 (r) % and x > O
L, Zolve: )
)
(8) < ani
(b) + 2 .
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- #, s ; . I *
- y Problem Set 15-4
I » (cgntinued) : \ ’
: 1 2 . ‘
. 7. (e) !§-< -5 and y < Q‘ ! ‘
- ) ! *, 3 . i - - : )
(f) =>2 and m <O ) ‘
2 ’ ‘5%
- , ‘
o ‘Thg érabiém of f}nding truth sets for open ‘8entences
Lot “involyes the following 1mpaftant idenh o . e
5 1. Open sentences which have the ‘same truth sets are called
1 &

2, Sentences with the connecting symbol = are called
equations. : '
3.. TWo equatlons are equlvalent if one can be Ebtained -from

“the ’ cher by - - -
(a) Adﬂiﬁigﬂ;gﬁ the same real number to @gﬁp sfdes.
(b) Multiplication of both gides by the same non-zero real

: number.
4. The following operations will not always produce equivalent
equations.

(a) Multiplication of both sides by an expression
econtalnlng a variable If there 13 an element in the
domaln of the variable for which this expression does
not represent a real number.

(b) Adding to both sides an expression containing a .
varlable if'theré 1s an element in the domaln of the
variable for which this expression daés not represent
a real number.

(;) Multiplicaﬁiaﬁ of both sides by an expressalion cantaining
for some element in the domain of the variable.

(d) Squaring both sides.

Do
L
Ol



v any given sentence will taken as the set of all real
numbers  fér which the sentlence has a meaning. - 3
‘ 7Ef;LA sentence in factored foph of the type (x = 3)(x - 4) =0,
“im equ%;glent tafthe campound aentence X -3=0 or
;x - 4 = D -~ ‘ ’ - T
7. Tﬁa 1nequalit1es are equivalent if "the secdrid can- be obtained -
.. rram’thg firat by addiﬂg the same number to. both sides of
» the first.
.8, Two inequalities are equivalent if the second can be obtalned'
- ‘from the firat by multiplying both sides of the first by
h the same positive real number. e
9, Two inequaliﬁiea are equivalent if one of them 18 obtained )
¥ .
from the other one by multiplication of both sides of the
first by the same negative real number and reversing the
order, - . :
Find the truth set of: )
1. x =7 = Bx kb, l7x+24;;x-21=
Ny 15. Y+ 1=6
s, L. %g
5 - f _3
0. 773~ 7-3°°
- [
3. Bx+ 2= 3x + 2 3
- e g=3+tv-3°°
4, /3x = i L ]
. J‘;, 3 18, 1 4 -1
X ¢ = 1
= 1 8
D. E2 = =T == )
) o, 83 19. (2 - 2)(x - 3) < (x - ¥)(x - 5)
T 6, t5 o= bt i
- i - - It = _
7 [x] + 6 = 2]x]| 20, £&===5 =0
% g™ J -
8 %}tskq-z% 21, m(m = 1) = 4(m = 1)
9 z(z = 1) =0 . vt _t =1
10, z(z -=1) = 6 - b+l Tt 3
11 2m 4 b m+ 6 2
23, ——m— e ]
12 %‘: 5 X"+ 1
13, %«‘ 5 anl t 0 \ 2h, Z3m < 6
®
701
0
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- Review Pr blgm Set - .
-  (continfhed) - .

25. x7 + 11x + 2 = © : .

& - B N

26, ¥ =5y +. '3 ¢ .

27. 6t% 4 5 = 5(t° 4+ 1) + 2t ¥ "

* 28.%}{ 35 a,,wé . ? . -

39, —pi-=2 ol . ' ‘
z° 4+

) 2 1 .
. 0. §=EF~97-2
. at' )
31, +-34 B0
%

32, |x] +x=0 / -

I’ f» = "/ K—
ﬂéﬁ;& = 1 .

.33. s 1 é

3, ST +y =2

35, The nuﬂgzatof of a fractilon is 7 less than tne dznominator.-
Thu value of the fraction iz %. “hat 1s the numecrator?

Vhat iz Ghe denominator?

36. A salesman made a trip of 150 milles at a certaln average
rate. The next day by inec easirj his rate 10 milles per
nour he made a 200 mile trip in the same time as the.

~ previous trip., Vhat was hls average Tra ate on the first trip?
. 3 . R

37. One third of a number is equal to % of 3 more than the
number., Find the number. »

38. Is there an integer such that the result of dividing 4
by five less than the integer 1s the same as the result
of dividing' 5 by four less than the integer?

0% ‘Bill—can mow the laun at his father's country cottage in

2 hours
the same

boya vork

when ne uses
lawn 1in flve
tomether,

A pouer mouJer. fﬁl; brother can mou
hours with a If the
long will 1t take?

'push! mower,

how
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" Review Problem Set )
- - (continued) .

b § - - :
3. 18 divided by 2 more than a certain number the
resulq 1s the same as 7 divided by that number. What -

is the) number? . : .
M of sevgr divided by a certaln number and’twelve
“divided by théisQuare of the samg number 1is —l.;lQhaﬁ is _
- the number? . ’ . ; : . ) \
L2, There are 90 ' students in a high school bsti‘\Tpéy are
arranged gn a football field so that the number of rows is
?"lés% ﬁﬁ%nithe number of students in ‘each row,' How mgﬁé
rous are there?-: ) 4 7 . .
The sum of a -.certaln number and 1ts absolute value is '
greater than 6., Vhat ié the number?
Ly, The reciprocal of a certain number equals the number multi-
plied by the reciprocal of 36: *What 1s‘the number?

T 3 *
- Draw the graph of the truth set of each of these sentences on

a number line.

-

bs, %+ 1 >4 and 2x = 3

b6. Ix| + 2=7

= _ 3 5 .
:}l—i = . = + £ = = 4
= | =
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“$10,000G7 i‘ ¥

"\ CHALLENG".*PROBLEMS ' ,

A farmer has §1Q;DQQ to buy steers at $250 each and cows at
$260 each. If yqu know the number of steers and the number -

of cows are each positive integers, -what is the gfeatest

number of animals he can buy, -1f he must use the entire

At what time"tefween 3 and ! o'clock will the hands of a
* clock te together? At what time will they .be opposite each

other?

A rug with area of 2I rsquaée yards 1s placed im a room 14

feet' ty 20 feet ledving a ugiform width around the rug. How -
' J

‘wlde is the stflp around the rug? A sketgﬁed diagram of the

rug upon the floor may help you represent algebralecally the
length and width of the rug.

One leg of a right trilangle is 2 feet more than twice the
smaller leg. The hypotenuse is 13 feet. What are the

lengths of the legs?

Tell whnich of these numiers are ratlonal:

E S (3/~T)(V-16).

£ a two-dlglt number of the form 10t + u 1s divided by

—

I and the remainder

P

jnd

pt
I

b

the sum of Lts

-

(a) For what pomlitive intepral valdes o7 ¥k 1s the poly-

aomial xS F kx + 12 {actorable over the inte ers?

(p) for what pool
jl

nomial =7 ok

tie value 30 o &y that x© - Eyfgx + k1=

o
L
C.
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14,

15.

16,

For each 1nteger B, show whether or not the 1nteger
(n+ 3)2 - n? 1s divIsible by 3.

Show wheﬁher ornot x -+ 3 1s a factor af the polynomial ;
4 .3 -_2
x - 5x° + 6x° - 3.

. v
Suppose that the paly&&g}al EI;QQ + 3317 =1 1s written
in the form ) - ‘ - o -
. Eiloe vt o1 = Q(XB - x° +1) +r, )

where q and r are polynomials,
(a) What can you say about the degree of r 11X 1t ia as
low as possible? i
(b) If r has minimum degree, what 1s the degree of q?
The polynomlal Ex4 + 1 can be written in the form
Exu +1 = E(x3 F X% 4+ x4 1)(x - 1) + r

where r 18 an integer. If a value of x 1s given, can

" you flnd r- without carrying out the divisilon process?

Is there =2 apeziél value of x for which thls 1s easlest?

The polynomial leoa 3x17§9 1 can be written in the form

leDD + 3317 -1 =g(x -1) + 1,
where gq 1s a polynomial and r 18 an 1lnteger. Find the
integer r wlthout carrylng out the divislan process,

A man‘makes a trip of d miles at an average speed of r
miles per hour and returns at an average apeed of g mlles
per hour, What was his average speed for the entire trip?

Prove the
Theorem: If a and b are distinct posltive real

numbers, then

§¥%ﬁg > Jab.

=

Hint: Observe that proving ié%EE > /ab 1s equivalent to. . ~
proving a + b - 2./3ab > 0.

4 . , 4 2,2
Solve x = 1 by thinking of x as (x°)° and then
factoring. 3

05 &5

g



t !

g 17. A remarkable expression for producin& prime numbers is
n - n+ 41, 7
Try it for several integral values of n from O to k0.
Is the result in every case a prime number? Try the number
41. 1Is the result a prime number? If an open sentence is
true for 400 values of iﬁg variable does it necegsarily
follow that the %01%% value chosen will also make\lt true?

18. Prove: If a> 0, b>0 and a > b, then & > /Db"

S Hint: Use the comparigon property in an indirect prpaf,

 That 18, assume & £4/b and see'if this leads to some

contradiction of other conditions we have set up, or of
properties we have agreed upon.

19. A rat which weigha x grams 1ls fed a rich diet and galns
E;Si in weight. He 18 then put on & poor dlet and loses
25% of his weight. Find the number ﬁf grams dlfference
in the weight of the rat from the beglnning cf the

experiment to the end.

ey

20. A man needs T 'galians of paint to palnt his house. He
bought Eﬁfée times as much grey paint at $6 a gailan as
white paint at $7 a gallon. . How many gallons of each
color paint did he buy? (Assume that paint can be

purchased in quart size as well as gallon size cans.)

21. The sldes of lengths x and <
2x - 5 of the first triangle
shown have the same ratlo as
the sldes of lengths U4 and
& respectively of the second

) 2x-5
triangle, How long are the
two sides of the firat triangle?




22.

23,

24,

25,

26,

27.

A rgéﬁénéhia£ bin 18 2 feet deep and 1ts perimeter is

< L.

24 feet. If the volume of the bin ia 70 cu. ft., what
are theglength and the width of the bin? :

Two plywood panels each of which cost 30¢ per square-
foot, were found to have the same area although one of them
was a sgifare and the other was a rectangle 6 feet 1on§ér
than the square but only 3 feet wide. What were the
dimensians ?f the two panels? B

Prove that A1f p and g are integers and 1f xg + px + g
1s factorable, then x° - px + q 1s also factorable.
Find every integer p such- that 32 + px + 36 1=
factorable. For which valuea of p will xE + px + 36
be a perfect square? How are these values of p - dis-
tinguished from the other values?, Anawer the same
questions for the polynomial xe + px+ 64, If n 1s a
posltive integer, what ls your gueas as to the smallest
poaltive integer p for which xg + pxX + n2 is factor-
able? What is your guess as to the largest positive
integer p for which xg + px + n2 1a factorable?

A mixture forgkilling weeds must be made in the ratio of
3 parts of weed-killer to 17 parts of water. How many
quarts of weed-killer should be put In a 10 gallon tank
which 13 going to be fllled up with water to make 10
gallons of mlxture?

Factor each of the followlng as shown by thé example.,

Example: 33 + bB =,a§ - abg + ab + b3
- = a(aE - b*) + (a + b)b;
" T a(a + b)(a - b) + (a + b)b2 xj7
= (a + b)(a(a - b) + b )
= (a + b)(a® --ab + b° 2)
. (a) £3 4+ 1 ‘
(b) g3 + 8
3

(e) 27x” + 1

707 535;1
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the followirig as shown by the example.

3 . av? 4+ av?

= a(a? - bg) + (a’- b)b2 )

a~ . - bS, = a !-'E/ba' ,

= ala - b)(a + b) + (a - E)b?
= (a - b)(a(a + b), + bg)
= (a - b)(a’? + ab + b?)

3
b
- ¥

708



DEGREE OF A PCLYNCMIAL - The degree of a polynomial in one
L . i

DIVIFICN PROCETS - FDF'HHE tver polynomlals n and d, whers
8 not the Zero polynnmial, thers exlst polynomlals
3 7 and vy wlith. r of lower dayres Stnan o such that

no= %o

H e
i = T =

]
]
.
T
Lt
iz
o
o
i
i
=
%
g
pucd
w
T
=
o=
il
g
—
it
o
D]
[
-
i
i)
T
o

H.
G
iy
o
pu
T
2
P
—
“
g
iy
ot
g
i
el
)
s
[kl
it
i
T
3
=
d
o
o

2y symbol (=",

nees tnvolving the eauall

the two sldes rame the same number)

Sk exponent, It shows

How many vihmes the r. taous ke oused as oo factor,
a voo inneser x 1s s nf a poslulve

FeRTCH - e
ntoger oy 1F 0 ts o a miltlole of ¥

TRRESTTON, L

which

- I tie men o f real numnbe

=R T S 18 b
e la o oenlloen an reationnl number,

Dows ST MM MUTTIPLE - The Dewsnocnmmors anluvinle of Luo

L3 Lhat has each of
a factars

Moso M T et oo iy omlat Toowhiltaeh the only indloated
cparations apo omatniplt o ten, 1 renooLne romresites, oo in
wWhilek porot TS SO S NS IR

s wambers, Lo STRAANS yoo T
tn DTG oo tut ey,
R EIESE LTt ; Lgl 2 50 nha
eyl o ol
& O ! ol Pt t i i
tl 1‘ ’1‘5 e \‘ :‘ N n H 1

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

b
=
I
fz)
e
)
oy
«d
-
o
i

PRIME NUMBER - » prime number

which has no proper factors,

FRiME POLYNCMI.L - If.a polynomial

product of twe polynomlals Lt

polynemial,

PRCPER FLCTCRE - Tn the set of posltlve Intepers,

factors of a nunbar are all luz

iy
T
]
bl
vt
L
b
k)
Dy
i
s
lad
Le)
jug
e
=
-
=]
o
T
3

Ltoelf and one.

' involve numbers and



O

ERIC

Aruitoxt provided by Eic:

Chapter 1o

m;

There have probably been
would have been convenlent to
problem in the form of a sante

now consider sentenc

- #
2x + y = 5.
L%
We 3ay thils sentence 13 of first degree because the phrases
involved are of first degree or less It 1is 52%@ called an
equatlon of the flrst derree in two varlables
Ifrthé domain of id the domaln of y are both the set
of real numbers, then we r_ 7 conslder x to be affy real number
and do the same for . Yor example, we mlght choose 3 as
the value for x, and 7 as the value for y. Then the
sentence! becomes
2(3) - = 5
clearly thls 1s a false sentancz
Can you select from the zet of real numbers a value for i
and a value for y such that the sentence ls true? Do you
believe that, if the same duestlon were asked of three different

be the same

may have been X = 2 and y = 1. Wlth

these values of x and vy, the open-gentence
X Fr Yy =5
becomes
which 153 a true 3suna
There are othe= poasyble cholees which make the sentence
true Some are shown Ln the following table. Notlce that the
choices appear In palrs.
T1ll *
gy
20
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: n t

éggétian. "How many palrs of values can be chosen for x and
y ésa tha. "2x +y = 5" 1s.a true sentence?"
The truth set of a sentence in two
=

tnfidltely many elements, e

ot

numbers.

numbars' .
wn oitdeisd palr belonglng to the Lruth

L
wlth two vartables ls called a sclutlon of the sentence

this ordered palr 1s sald te n
gpeak of an crlered palr belnp a solutlion of an eguatlion, or

an =zquatlion,
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heck Your Reading

Why i3 "2x + y = 5" a polynomial equatlon of the
degree?. - ' '

Complete the sentence: Each element of the truth
"2x +y = 5" 1s a

gf real numbers.

How many elements are Ln the truth set of "2x +

Complete the sentence: The number palr (2, 1)

that x 1is ~and y 1s

—

Is (2, )  the same number palr as (1, 2)7?

Why do we call (2, 1) an ordered palr of number

i

Complete the sentence: An ordered palr belonging

et of

o
y=57

means

57

to the

truth set of a sentence wlth twu varlables 1s called a

_ of the sentence; and thlis ordered palr 1s
sald to ____~ _  the sentence.

Name several orlered palrs which repfeaent values

and y that make the sentence Xx + 5 true,

i
3
[l

What does "(5, 1)" mean? What does "(-2, T7)"
Name a ¥

“hen y and x represent elements of an ordered

i
e
L
o
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—
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Why Lls 1t imposasible
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aest of a sentence of firat degrees ln two var

How many numbers are thers 1n one element of the truth

of an open.sentence Lln one varlable?

How many numbers are I1n one element of the truth set of an

open sentence In two varilables?

of x
State

mean?

of the set of ordered palirs of real numbers
T

palr,

1ts of the truth

set:

{

e
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Problem Set 16-la

(continued)

3. Which of the followlng sentences are true

=

ordered palr? *Adhich are false”
(a) ex ;

(b)Y 2x+ y = 0; (2
(c) :
(d)
(e) Hx - 2y = ,
(£) 2x - 3y = 6; (2, 3)

¥
K]
D
-
bt
ot
I
o

4, FQF each of the following
th% truth set, .

(a)
(b) x
(e)
(a) 2
(e) Tx+y =29

1]
)

-

+ oy
+ 7
-y
£ -y =4

rk

1k
4

I
-

b

e

5. The

1a the number?

(a)

sum of the diglts of a two d

Write a sentence 1n two
problem,

(b State the domains of each o

£

the

number 13

EwWo

(c) Glve the truth set. (There are «lght

done in the following manner

1]
e
T

'
-~

v

truth

—

When we say "by

clent 1.

|
b
-
e e
ot
-

—~
e~

11. What

et of a

i

an equlivalent

This can

for the glven

et

O
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4x
ra which 1s equivalent to (f

This 13 equlvalent to ) (What o ation has

beern performed?)

[N nnJ‘

ls called the "y oform” of thg sentence 4x + 2y - 5 = (.
In general, every filrst degr sence 1n two varlables
where the ccefflclent of v 1 n can be written In the

Returnlng to our sxample,

e e e - T . - RN — R e

If x 1s | then the sentence ' and the correspondling | 3o an slement
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Let's look at another sentenc

dx -y + 1

Written in the y-form thls becomes
g y = 3x +

@]

From thls we can describe the relatlun btutween = and y In

words, It should be clear that for every value of X tLne
corresponding value of y whilech makes the sentence true is
"sne more than three times as great' For example, when x 1s
2, y 1a 7; when x 18 3, y 1ls 10, etc Thus the y-
form makes 1t easy to construct a table, Sée,hgw rapldly you

can make a table glving filve palrs in the tr

thoge mentioned above,

1. What is the y-form of

2. When a sentence 13 written

coefficlient of y?

in y-form?

\!—"'

in

3. Can every flrast degree sentence

Y

-fgrm,

"4bx + 2y - 5 = Q"2

what 1s the

in twe varliables be written

)
ot
e

'
ot

n
atate the number palr

valua s (U

(a) =+ y - 7 =
(b) 3x + y = 17
(e} 3x -y - 2 =
(d) 2x + -1 =
(e) 2x + = 4

wWwhose

s "

—

()
(2)
(h)
(1)
()

ach of the following sentencszg to

in the truth set whose X

and then

value 18

v-form

% value 13 -1.
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2 Wrlte each of the tullowing sentences ln y-form and 1ist
three ordered palrs in the truth set 3
(a) x +y - 4 = G s (k) -bX + 2y = 3
. / )
(b) x -y -7=¢ (1) x + 12y = 7 = ¢
(c¢) 3x +y =2 (m) -~3x 2y + 1 = 0
(d) 11x -y + 5 =¢C (n) %;{=yi%
(e) 2x + 3y = 4 (o) Zx + 2y = 2
(f) 4x -2y =9 (p) .7%x + .2y = .3 -0"
1 A - .
(8) zx -2y - 8= (a) .2x - 1.5y = .7
=) =
(h) £x+y =12 {r) 3x - Sy = 4
3 3
(1) 7% - 3y = 1 (s) 9x + 21y - 6 =0
(1) 20%x + 7y - 2= (t) 1.5x - .3y = 6.3
3 The sum of the dlgits of a two diglt number is 15 For
what, numbers .s this true® Write one senterice in two
varlables whlch describes thls problem, find the truth set
of ffe sentence, and then answer the unECLD% of the
problem ¢
'
s
— = - (,\"
lv-2. Grapns of Crdered Palrs of Real Numbers.

You will remember how convenlent 1t has b=en to refer to

line to galn more understanding of the real nu@bers.

about apen sentenceg 1o one varlable were madle
clearer by locokling of thelr truth sets. Truth

>f elemants which are real
i

£

craph of a set of number

ponding set of polints on ths number line.
=

nte
fe ine
slngle numbers. It would not be possible to associate each
718
o
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likely, tnv ,re, th

and polnce In a plan

coTrespor.

can be done by me

na of two number ilines Lo 2ne folloawin
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Thus we 8ee that the numbers of an ordered palr can be
made to correapond to a polnt In the plane. We can think of
thls pplnt ae having two coordinates. Lo thls case the coordl-

LN

nates are 3 and 1. The coordlnate is shown by a
measurement of 3 unlts to the right of zero. It 13 called the

x-coordinate., The coordlnate 1 12 shown by & measurement

of one unlt above zero. It is called the y-coordlnate. Thus,

an ordered pair (3, 1) corresponds tc a polnt whose X-coordinate
is 3 and whose y-coordinate is T. '

Do you agree that the ordered pair of numbers (-2, O)
properly represented by the polnt P 1o Figure 17 The flrst
_coordinate of P tells us that P 13 2 units to the left of
The second coordlinate of P tells us that the distance of t
>QDLDE upward or downward from the x-line 1ia zers.

Do you 3ee that the polint @ ln Flgure 1 corresponds to

the number palr (2, -2)? The sgecond cecordlnate of § tells

n

usa that the polint & 1is two unlts below. O.

In place of "x-11ine" and "y-1ine'" we shall

=

Om NowW on

use the words "x-axls" and "y-axis". We use the plural word
m _ o 1

axes ' When We wilsh to refer to both of them. See Flgure 2,
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T e
T

y-axis 1is called the gorigin. It 1s the p
are both zero. The pair of numbers (0, 0) corresponds e
origin. gu

plane?

ean you

would you do
to the left

ordered palr corre
point? ) .

The answaor oo

al numbers,., Thls =ztatemen
1

i owWhich was

numbars and the number Llgs, & correas

gald to be una-tco

o
rt
¥,

The sumuer palr (3, 1) corresponds

A

slans, The numbas> 3 s ca¥led the
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nalr corraespornl Lo 2xactly one polnt?
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. Problem Set 16-3&

1. Draw a palr of axes on a page of graph paper and label them

as 1in Filgure 1,

[

On the set of axes that were drawn for FProblem 1, plot each
of the followlng polnts and wrlte the coordinates as an

ordered palr of numbers beslide the polnt.

(a) (5, 0) (£) (4, -3
(6) (0, 3) (&) (-2, -5) (1)

) (k)

-5 (-6,

(c) 5) (h)e (0, =) (m) (4, -6)
) (-1

) (

o

] T
-

(a) (o, 0) (1) - (-4, o (n) (-4, -6)
(e) (-3, 5) (3) (6, -4 (o) (-6, -1)

The x-coordlinate of a polnt 1s usually called the abscissa.

' The ¥= cbérdinate 1a Cdll?d the ordinate.
Suppose; Nnow, ngwefe given a polnt in a plane. How would
we. deteﬁnine 1ts c@afdinatéa? For example, what are the

ccnrdinath of the pglnts Agf M, and S on the diagram below?

|
» ' !
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Fieure 3
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16-2

, . We see that the point R is located 57 units to the
* right of the y-axis and 2 unlts above the x-axis, If we start
‘at the origiln we can get to the point R by moving 5 units
to the right and 2 units upiA This tells that the caordinates
of the point R may .be written as the number palr
’ . (5, 2). ro
In this case 5 1is the abscissa ahd 2 13 the ordinate,
The p@iht M 1is located 2 units to the right of the y-axis
and 5 unlts above the x-axls. Once againzif we start at
the origin we can ‘get to the point M by moving 2 units to
the right and 5 units up. The coordinates of M are (2, 5).
Do yow see that thé coordirates of S are (-5, 3)? Which of
these ‘tWo caqrdlnates is tﬂgfabsciséa and which 18 the
crdlnaﬁe? o . ' " -

B

=

£
F
Gheck Your Readlng

1. What are the coordinates of the poilnt M 1n Filgure 37

2. What are the coordinates of the point R 1in Figure 37

3. In the ordered pair -5, E),‘ where do you measure the 57
‘Where do you measure the 27 '

4, Does ths ordered palr of numbera (5, 2) name the same
polnt as the ordered pair (2, 5)? Gilve reasons for your
anawer, ' i .

5. Which coordinate 1s also named the "absclssa"? ~

6. Which coordinate,1s also named the "ordinate"? .

} Problem Set 15;§b ;

H = ]
i B

=1, Write the brdered pairs of numbers that are assoclated with

points E, F, G, H, P”and Q in Filgure 2, page 720.

2. Write the coordinates of the point which 1is:
(a) to the right three units from ﬁhe y-axla and up one
unit from the x-axls.,
(b) to the left four units from. the y-axis and down twg
units from the x-axis.



L]
‘ * - 7 . =
. : Problem Set 16-2b
(continued)
(¢) .to the right one unit from the y;axls and down 8ix
. - units from the x-axls. : .
(d) to the left three units from the y-axls and up five
, ' units from the x-axis.
3. In each of the following write the ordered palr which
corresponds to the atatement. 4 .
(a) .The ofdins\:‘e ts -2 and the abscissa is 5.
(b) The y-coordinate is 3 and the x-coordinate is O,
. (¢) The abscissa is. 3 and the ordinate 1s twice the
abscissa. ” -
(d) The ordinate 1s three times the abscissa and the
. ’ absclssa 1s -1, ]
e)r The abscissa is 5 and the point lles 3n the x-axis.
" (f) The ordinate is -12 and the point lies on the y-axis:
The x- and y-axes separate the plane into four reglons
called quadrants. The quadrants are numbered .I, II, iII; and
IV beginning wlth the right uppér reglon and moving counter-
clockwise as in Filgure 4 ‘below.
y
7 -
¢ I T
| -
_ N ! F .
- - 2
- = X
’ m Sl
- Figure &4 .
. 724 s { .
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¢
If a polnt is located In quadrant I, 1ts coordinates are
both positive numbers. In quadrant II, on the other hand, the

y-coordlnate, or ordinate 13 a positive number. For éxémplé,
the coordinates of the point F above are (5, 2) and the
coordlnates of the pcint N are (-4, 2).

What can you say about the coordinates of polnts in

5

quadrants III and IV? For example, what are the coordinates
of polnts W and’ G? Do you see that the coordinates of W
are (-1, -5) and the coordinates of G are (2, -3)?

Points which 11; on elther of the axes are not in any of
théiqugdbanﬁa, Examples of such polints are those with
coordinates (0, 5), (-2, 0), (0, 0), etc. *

Chedk Your Reading

1. If a point 1s located in quadrant I, i3 1lts absti;sai
" peositive or megative?.
2. In what quadrant does the pciﬁt whose coordlnates are
. L A . .
{-4,-2) 1tle? .

3. .What are the coordlmates of point W 1in Figure 42 IA what

quadrant does W-: 1le?

4. In what quadrant does the point with coordinates (0, 5)
% 1ie? - ©a

Oral Exdrclses 10-2c¢ T

1. In Figure 4 1s the x-coordinate of the point W positive

or negatlve? of G?

M

k;

az\ﬂegatlve? of G
 What are the coordinates of point W 1in Figure $42 of G?
= : Y -

In Figure 4 1s the y-coordinate of the polnt W positive
- .

T

‘4. § Is the abscissa of any poAnt in quadrant III - positive

or negatlve? ™n quadrant IV?

5. :Is the ordlnate of any polnt 1n guadrant III positive or

.
o

quadrant IV? .

T
nd
o

T
)

& ;J Ty
o : - <o,



16-3
* Oral Exercises 16-2c¢
(coﬁtinued)

a negative number* Its y-coordinate a negstive rniumber?

the Drdinatg pnsltive numbera* Both negative numbersﬁg\

_8; In which quadrant (Dr quadrants) is the x-coordinate a
negative number angd the y-coordinate a positive number?

9. In which quadrant (or quadrants) 1is the absclssa a
positive number and the ordinate a negative number?

Lt *  Problem Set 16-2¢ -
H » — — ————— -

From the following list of ordered palrs;af numbers, sort
- the palrs and 118t them below followlng the name of the

quadrant to which they belong:

Ordered pairs: (1, 4), (-2, 3), (4, -1), (-2, -1),
(-5, 7), (6, 2), (4,7-9), (0, 0),
(3, -7), (7, 8), (-3, -7), (-7, -3)

=

All those in Quadrant I

2. All those 1n Quadrant II
3. All those in Quadrant III
4, All those in Quadrant IV.

16-3. The Graph of a 3entence in Two Variables,

R
- We are now ready to draw the graph of the truth set of a
‘sentence of the firast degree 1n two variables. For convenience

we shall, as before, call thilis tht graph of the sentence.

Lét us conslder the sentence

2x -y + 1

0,

whoge y-form 1§



16-3

py /
This form enables us to describe the relation between x and
y 1n the followling words. "The ordinate 1s one more than twice
the abscissa." The table below can be easlly constructed from

thie description, or from the y form.

x Y

)

-+ |
1

1

[N ]

y 1 | s 9 -3 -5

The plotted points would appear as in figure 5. You should

check these carefully. ¥

[v ]
|

v |

PO 3
N |
o
]

B
I
o
o
L
|

1
|
|
|

t
1
|

L)
I
!

|
A

|

I

i

|
i
s L
;
<5
e
I
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T8 “the other points? oo oo e e

16-3

"

What do you notice about all of these polnts? Do they seem
to form a definite pattern? Do they appear to lle on a straight

line?

Suppose we draw a line connecting the polnt (4, 9) to the

point (-3, -5) as in figure 6, Does thls line pass through

I

|

I

I
| 5.
e

Figﬁﬁ? o

What does thls suggéstéabaut any other polnt whose ordinate 1s
Would such a point 1lie on this

!

1 more than twice the absclssa?
- & - .
same line provlded that the line were extended 1ln both

directions? Suppose we conslder the point with coordinates

(3, 7). The ordinate 13 1 more than twlce the absaciassa. Is :
this on the llne? o

Let us plck Ewg?ﬁig;;mint
-~ _ [ '%‘ B i
B. Do you 3ee that the coordinates of A are
(1, 3).

on the line, the points A and
{-1, —1)?§‘Fhe
coordinates ¢f B are Both of these number palré

=i
. (Sfi)
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make

a true sentence, S

Pick other points on the line. Do the coordinates of
these points make the sentence true? , s

Thus, 1t appears that any point on the line has coordinates
which make the sentence true. Although we could not posasibly
check all of them, 1t seems reasonable to assume that all points
én our lline have coordlnates which satisfy the sentence

2x -y + 1 0.

]

‘e

'xWeﬁgggther assume that 1f our line were extended @cr any length

ln elther directlion, then the coordinates of all éaints on the
extended line would also satlafy our sentence.

Let us consider another Qpenxséntence, In thls example we
shall also develop a convenlent method for drawling graphs of
sentences of this type, Take the sentence

X -y'- 4 =0, 1

We select any two number pairs which satléfy this sentence. We
plot these pointa, and then draw the line connecting them, For
example the number palrs ' %

(5, 1) and (-2, -6)
make the sentence X -y - 4 =0 true. Flgure 7 shows the
plotting of the polnts and the llne through them.
: Y
p. | S—

1 c K 7 )

|
]
THT
a
Il
il
il
|
e
[
(e
o
H\
T
\_]\
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. . cy )
- - g

Points F and K are alébﬁbn‘theﬁiiﬁéfysng coordinates
of F are (2, -2). The coordinates of K™ -are (7, 3). Do

~ the coordinates of these polnts satlisfy the sentence

;ES—A-O? E
Try other points. Of course you cannot try the coordinates
all pciﬂﬁs on the line. But What would you expect to be true

D
Yy

such a thing were possible?

We might look at this in another way. Suppose we start
with any point on the 1lne. Do you see that 1f we move one*
unit to the right and one unlt up, we wlll then be on the lihe

once more,
Now let's conslder the Bentence

x-y-4=0

We know that the coordinates (5, 1) satisfy the sentence. What
1f we add 1 to each coordinate? This gives us (6, 2). Do
the coordinates (6, 2) satiafy the sentence? What if we add
3 to each of the coordinates (5, 1)? Do the coordinates
(8, 4) satisfy the sentence? ) -

This suggests an-1dea. If we start anywhere on thé line,

‘move a certalin dlstance to the right and then the same distance

up, we shall end up on the line. On the other hand, 1f we
start with coordinates which satlisfy our sentence and add the
game number to éach‘cqﬁfdinaté the resulting coordlnates gtill
satlsfy the asentence.

We thus find 1t very reasonable to conclude that all
polnts on the 1}ne have ca@rd%gates which satlafy the senﬁence;
It 18 also reasonable to assume that all number palrs which
gatlafy the sentence are coordinates of polnts on the llne.

Now let's examline=a poilnt C whlch 18 not on the line,
Its coordinates are (-2, 3). Does this number palr sBatisfy
the sentence x - y. - 4 = 07 The answer 18 no. Would this be
the case for any polint not on the liﬁe§ Try some others!

What do these examples suggest? We have dxamined two
sentences of the flrst degree’'in x and y, that 13, sentences
which could be written in the form—"

Ax = Ry + 0 = C

2
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'Hhere A, B, and C are real numbers with A &and B not both
zero. The graphs of these sentendes appeared to bealinési
VNumbér pairs which satisfled the sentences turned out to be -
coordinates of polnts on the lines. And points not on the
lines had coordinates which did not satisfy the sentences. With
“this in mind we can readily accept the following sgatement.
If an”open sentence 1s of the form

Ax + Ey + C = D 3
where, A, B, and C =are real numbers wiith
L

"A and B not both zero, then its graph 1s

a line.

We mlght also ask whether or not every line in aiblané is
the graph of a sentence of this type. The answWer 18 yes. 1In -
fact it can be proved that for any two polnts 1n the plane
there 1s one and only one sentence of the above form which the
coordlnates of these two poiﬂtg will satisfy.
As in the case of sentences i1h one variable, an open
sentence 1n two varlables acts as a sorter. It sorts the set
of all ordered palrs of real numbers lnto two Subsets: the set
of ordered palrs which make the sentence true, and the set of
ordered palrs which make the sentence false. In thils sense we
could say that an open éentengéuaf the first degree 1in two
varlables "sorts" the polnts of a plane into two subsets:
the points whlgj lie on a pa}tizular line, and the points which

do not.

Chgég Your Reading

1. Are the ordered number pairs (2, 5) and (%, 9) elements
of the truth set of the open sentence 2x -y + 1 = 07

Is the point 2 whose coordinates are (-1,-1) on the line

my

in Flgure 57 )

of point A satlsfy the equatlon

1
[w]
]
o
J
i
(%]
s}
o]
"3
L
i
pa
i
ot
g
iy

M)
-
[
L[]
33
+
b
il
i
3
v

O
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4. What are the coordinates of polnt B 1in Figure 67

5. Do the coordlnates of polnt B satisfy the equation
2Xx -y + 1 = 07 -

Lo

the line in Flgure 5 the graph of the entire truth set

¥

7. Are the ny polnts that are not c¢n the line in Figure 6
\\\%€§s§§b§§Psat ‘yehe open sentence 2x -y + 1 = 0?
8, do the ccordinates of the polnt F satlafy
the open sehtence X =y = 47 of _K?

9 rdered palr of numbers makes an open senteﬂce'true,s
5. 2ay EboUt 2 palr with respect to the graph of

\&get of a sentence,

what can we say about ths coordinates of/ the point with

the truth set of ‘the sentence’

10. If a polnt 1s on the graph of the

respect to the sentence?

11. «What can we say about the coordinates of every point on a

line that 1s’' the graph cf the truth set of an open sentence

it

in two varlables?

Pl

Cral Exerclses 10-3a

1. In each of the followlng complete the table of values so
, the resulting ordered number pairs will satisfy thé glven
| \open sentence. ’ -

o

£

a) K-y - 1 x is : 5 2| ¢

ik
=
Ity

p
n "_... B
[z

I
I
2
(]
Vo

lo

[

;i L
1

Lt

Iy =
-l =3

i
-
| <=
i
L

—
[a®
—
[
P

~
Ii
hbo

)

0

(e
oy
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Oral Exercises 16-3a
(continued) ' : f

2. Is the glven ordered pair an element of the truth set of

the sentence? -

(a) (4, -1); 2x + y

[}
-]

(b) (0, -3); 3y - 2x =6 :
(¢) (2, 3%); 2y '
(d) (%, -2): 3x
(e) (9,0): x+3y+9=0
(r) (3, 1); §+ by - 10

]

X+ 5

8 - 2y

1]
o

Problem Set 16-3a

1. (a) Plot 2 points whose coordinates satisfy the equation
X -y = 2.
(b) Draw the llne through these two points.
¥
{(c) are the polnts that are represented by the coordinates
(2, 0) and (0, -2) on the line that you drew in (b)?
(d) Are there‘éﬁ&;r points on this 1line?

d number pair (5, 3) satlsfy the

[
[

(e) Does the ofde,s
y =

equation x - L

(f) Plot the point that is represented by the ordered
number pair (5, 3)., Is it on the line that you drew

in (b)~? .

-]

The two open Sentarnices which we have studled so far have

heen

il
g

?X -y + 1 =¢C
and X =y - 4 =0,

We have agreed that the graphs of

f =
It i3 not true that the graphs of all

5

"For example, Lf we wers to

conslder the open s

ERIC
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Yy = X +lj

' wWwe would see that the followlng number palrs all éatisfy the

sentence, or équati@n. B

( (1, 2) (3, 10). o (e, 1)
Check these to see that

o (1)§ +

(;‘3)E +-1

N 2
”

p—t

1C

1'= (G)E £ 1 ‘ ‘

re all true. However, 1f you plot these points, you willl see
3§§t they do not 1lie in a 1in;! Try 1t. ) L
There 13 a reason for-thls, It 13 due to the fact that
this partlcﬁlar open sentence contalns the term xE which, as -
you remember, we called a second degree term. én the other 4
hand, note that eqé\tians such as - -

L3

3x + by -6 =0
and 5 - x -3 =0

have first degree terms, but no terms whose degfeé is higher
than the first. Such sentences, as we now know, have truth sets

whose graphs are llnes,

Check Your Reading

1. Is the graph of an o¢pen sentence in two varlables 1ln everny
case a 1lne?

2
=

2. Is the graph of y =%+ 1" a 1line?

3. Does the equatlon "3x + 4y - 6 0" contaln any terms
. _

whose degree 1s higher than the flrst?

ERIC
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Ll

4,

=

Problem Seﬁ 1§!3b

FPor each of the féllawing open sentences wrlte three ordered

number palrs which are elements of 1ts truth set. Plat

these polints wlth respect to a palr of axes and draw the

Hemember, -only two polnts are necessary to determine a
"line. The :third point should be used as a check.

I
W

(a) x+y =656 (f) 2x + 2y
(b) 2x +y =7 (g) x+ 3y =2¢ -
(e¢) x+ 2y =6 (h) x -y =0

(d) x -y =1 (1) 2x -y = 3
(e) 2x -y =2 _ (J) 2x + 3y

I
e
WM
[
iz

=
=

—
&
b
]
-
+
L

0]

(1) vy=x+1
(m) y -2 =x
(n) vy = -3x

Write three ordered number palrs which satlsfy the
sentence 2x + y = 4.

Draw the graph of the sentence. .
Write two ordered number palrs that do not satlsafy the
sentence. ) .

Eglatfthe polnts corresponding to the number pairs that
were written in {c) wlth respect tg the same set of
axes on which the graph for 2(8) was plotted.

Are these two polnts on the graph of the sentence?

Find filve ordered number pairs whilch satisfy the
ol ' )
KL

I
1
—

[
i
i
[nl
£
:l‘
.
o]
——
N
Mo i

Do they 1lie on a 1line?

ﬁ 4
entence in  (a) contain any terms whose
dagree 13 hlsher than the flrst? )
Find flve ordered numbzr palrs which satisfy th
b

1]

try (a). Do they lie on a 1llne?

orzaln any terms whose
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_ plane.

'

-3

i

1

‘sentence

) o

Ween we were asked in Chapter 3 to draw the graph of the

-

3 4

[kvE o

A ]

However, suppog8e we'are asked to conslder thls %ame sentence as

a sentence in two variables and draw 1ts graph on the number

This might be puzzlling at% flrst, slnce the 8entences

whose graphs we have been plotting on the number plane have all

contalned the varlable y 'as well as the varlable x;:-also the

elements™n our truth set have all been number palrs rather

‘than individual numbérs.

Cur problem can be solved 1f we.consider the sentence

as though 1t had been wrltten

4 X F Qy

ot

sentence In x and.y as

M
[y

x

-3
ou recall thahn wrlting the general form of a first degree

CAx + By'+ C

1t was stated that A, B, and

A and B were not both zero.

= 0.

= C

C were real numbers, but that

In

thls sense we do have an

open sentence ln two variables, even though the coefflclent of

the varlable y 15 zero.

We can now consider the set of

number pairs which will make the new sentence true. What number

palrs wlll satisfy the sentenc

%X + Oy

Siﬂée we are worklng in the ‘number

of two varlables even tHough t

appear 1n the orlginal form

* that the followl!ng number palr

i

-3

he

x = 3”!

5 sat!l
(

o 2
plane, we must think in terms
varlable did not agtually\
It should Be easy to see
Lsfy our sentence:
3, @) (3, 5),.
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BT & . -
_since the sentences - R R £
! LI N k3 ' = : "7 ’ = . é_‘
T 3+ (0)(1) =3 + ¢ ' .
' : ; 3+ (0ff2).23 '
'ﬁé : - 3+ (D)(B) = 5  =5T1 - =
fg are ali true by the multiplicatian,and additian pr@perty af -
: zerﬂ : e -y ) L
# Do you also see that any pair of' the farm‘ C T

-

*' (3 ﬁ)_, . -

armeﬁbeg of
ocur truth set? , Lo

Qur graph 15 easy to draw.
pcinta, say (3, 1) and (3, 5).

draw the line connecting them, “Flgure *8°

AS%bEfGPE; qgféelect ‘two- -

Plot these ‘polnts.  Then

.1llustrates the
. graph. I
e ) = y : l ’> ,;
o 5 (3,5)4 4 f,
i ) = 74 ST -
- 3 ~ 4
L 2 _ +——+—( -
1 \; R
. : | (3,1)
i s - y ! o 1 X =
: RN - K
—t— - :
v ( \‘; = — =
‘ - e x=3
® . s :
B 1 R
B 1 S ) 7 V
- - . Figure 8 f
\ .
In a simllar way let u; now cunsLder the Séﬂtgﬁcg\r
. | ) ) —
- s ; ' \v\ y = E!‘ 1
B N i
. . . Vo
. \'\ )
\ x;
’ 137 .,
' ~ :_J\} -
i

O
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i'bq,ycﬁ:sgglthaﬁ this can be théugﬁt‘af as- '

L Ox +y -5=0¢C, or y =;0% +}5,°

f we wish t§ dray 1ts graph on the number plane?
Sqme number pai’:js" in the truth set are. j

[}

i -

, 5).

-

(1,5 e s

- . The graph 1is igi'\fe!n in Flgure 9._

Y. .
. - +e 1+ -
S S AW a
- = ;h wd = = ] = p
! - 4 Lo L
: . 65432 -0 | 234 T
o5y 3 T T O O O BV

2 - ="

"+, . Flgures: 10.,'and 11 Lllustxgte graphyg of sentences c:f"t,his-

_same. type.. You 'shbuld check to see th t;ﬁhes% :graphé are.

ol
"3
i

ko]
L]
1
=¥

e
PN
]
]

-
ps

!

*, e
—t- x4 —-2 ' - Y2
T [ , - S 1.

Flgure 10 - Flgure 11

-1
b
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N

i:;i‘,‘lj-l ';{
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. Check Youf Reading - Y
What 18 anbther way of writing the sentence x = 3 as a
.sentence.in 2 varlables? ’ . _ .
Number pairs of what form w111~satisfy!the senterice
X+Cy - 3=07? . -
Po thé ordered number pairs (3, 1), (3, 2), (3, 3),
(3, 4), and (3, 5) satisfy the sentence x * Oy - 3 = 07
What 1is anather way of writing the sentence y =5 as a
sentence in 2 varlables? : . '

” . . : - . B
Name three number palrs that wlll make the open sentence
Ox +y =5 trie, . .

B - . ¢ : ~ E.

v ) OfaltExercisesllé -3¢ A .
‘Describe ln your ‘own words the graphﬁ‘%f the f@llcwingé?f
senténces. : - ; ' o
(a) x =13 i
(b) x = -4
(C) y = 5 = A
(d.) y = EE :_,‘,.',' I i T
(e) x+3=0%"" .

Pfopiém Set 16- -3¢
) /
_Dfaw “the graph of thé truth set Qf Fach of the fcllawing
open sentences.
. & _ . 5
(a) x=5 (f) "x = -3 -
(b) x = -5 . (g) y = -8 .
(c) y=2 (h) y =28 ,
(d) y = -2 (1) x =0 :
(e) 7x =1 ; (1) =C ,
With respect to the same set of axes draw the graphs of “the
followlng squatlons. : .
y = 3x + 5 .
y = 8x +¥h | . ’
. - &
|1 S
‘g - - M -
733 7 '
o 2);
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| ; | o
: L. Problem Set 16-3c 4, o
: ] - (éanﬁt?ued) | .
y=x+5 o .
. ' i - ; 1
oo 3. 'With respect to the same set of axes draw the graphs of
- the following equations: -, * | A
» , ) v+ x=0 v
7 xX+¥ =0 : .
\— -y =0 : :,
. - . ~ |
i 3x + 2y = 0 |
What do you notice about the graphs? What 1s speclal about
®* the equations? i : o
4, With reepect to the same set of axes draw the graphs of
) the following sentences:
3 y;é “
i:"z ‘ - ¥y =2x + 2 (’\
y = 3x+ 2
roT ) ' ys%x+2
. What do you notice about thé graphs? What 1s common to all
) the equatlons? ‘.
£ \, i
- ' : ) ;
16-4, Intercepts and Slopes. ' ‘
‘ S In the last group of exerclses jyou were asked to notlce
something special about the graphs. ~We shall give a further ~
» example to emphésize this 1idea.
Consider the sentences:

i

L
W
P s
P,
+ o+
W W

- . Y

H
)
Lt
%
+
L

Notice that these sentences are a1l in y-form and thstf%hey=
A B have.somethling else in common. What 1is 1t? Let us exaﬁfﬁe the
graphs of these sentences.

{

ERIC
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y-form of each sentence. DDéyGuASEE that in each case the
constant term on the right side is 3% It should be clear that
thls number determines the y-intercept of the™®ine, that is,

" the point at which the 1line intersects the y-axls. We 'saw that

O

ERIC
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the eabrdinates‘cf this point are (0, 3). Thus we can say that

y = ax t+ b,
W-intercept of the graph of thg sentence;
the feludes the polnt whose coordinates are
for the sentence y-= 5x - 3, the .
#h 1s the p#int (0, -3).

S r—
4
. -]
N : . :
Tﬁﬁggﬂst striking feature of the graphs 1s that they all
meet at the same point, (0, 3). This point 1is on the y-axls -
‘and 1s called the Yy-intercept of each line. Now look at the o



O

ERIC

Aruitoxt provided by Eic:

"

= .

= Check %@urrﬁ§§§;qg

1. The sentences’ "y = 3," "y = 2x + 3," and "y = 3%+ 3"
.are in y-form. What else do they have in common? ’

2 1

2. The gféph of the sentence "y = %x'+ 3" contains the point
which has coordinates (0, 3)T What 1s this point called?

3. What is the y-intercept of the line whose equation’ is" .

y

State

= 5x - 32 .

N Oral Exercises 16-4a

the y-intercept of the graph of each of the f@lﬂ@ﬂiﬁg

sentences. State the y=-form of the sentence first 1if necessary:

I

4 1l

‘Write
graph

of the graéh. .
1.

™2

L]

Draw
same
Look

geem

m o~

9, x -,y =12

1]

L
aﬁ

+

ox - 5 ‘ 10, 2x -y = %

11. 2x + 2y = 5 :

I
PO =
=
T
It
™y

y
y
y
y

I
~J
-

]

IS TH

[

M

e

+
&

il

T

X+y =2 '13__xééy:4 . .

2x + ¥y

Ii
| ]
Rho ™

=

W

my

-

+

]

o

i

4

%X«+ y

Bx vy = .16

Problem Zet 16-Y4a

each of the followlng sentences in y-form: then draw the
] 4 . - . ) o
of the sentence using thefy-intercegg a3 one of the polnts

: . .

1}
WO

3x +x2y
7% - 2y
bx - 3y

2x + y

e
1]
b b

3 -y : .
bx + 2y = 8 ’

[]
i
LSRR L )
]
W g

the graphs-of the .followlng sentences with res?ectwt@ the
get of éxes as above. ) ‘

at the y-form and look at the graph. What do these -graphs
to have in common? What do the y-forms have in common?

]

-

/4 Tup



ot ’ & Problem Set 16-4a ' o
-, ) (continued) . . )
= 7. -2x+y =5 . 9. 10x - 5y = 3 N e

' B, 6x+3y=1 1c. -8x + 4y = -1 (
N - - = i
Ir ybu did the last f@ﬁrvexercises carefully jag should

have noﬁiced-aﬁatbé% interesting Télatianship‘beﬁween the

y-form of a.sentence in two variables, and thé graph Df.éé?

" ) . B 1

sentence. o 7 »

Let us emphasize this relatlonship by considering another

group of sentences: '

. 2 . .
- y.= . :
2., ' ' g
- y =X +1

Ty . -
y = %}: -2 :
y = %i + 3 )

What 1s "special" about the y forms of these séntenées{;gpa you

8see that the coefficients of %. are all the same, namely: % ?

B \;’; \s.gf
[

" a .

743 . I r
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. . . o - -
What do you notice that 1s "spécial" about these graphs? - Do you
see that the 1lines are parallel? It .appears *then that sentences
‘1n thé y-form Which bave the same coefficlent of x- have graphs
"which are parallel to each other. , ‘ S, e
) - ’ = :

heck Your Reading

1." The sentences "y x", "y = §§ + 1", and "y ggi - 2"

are in y-form. What else do they have in.common? .

[ Y —
2. What 1s special about the graphs of. sentences in y-form

which have the same ceoefficlent of x°?

( Oral Exercises 16-4b -

1}

Ity
w1| i

In each of the following problems, three equations %n two

+

varlables are glven. T .
< (a) Give the y-intercept of each 1ine. )
’ (b) Tell which equations have graphs which are parallel to
T ! each @ﬁhériﬁ | ‘ . : .
(c) Tell which equations have graphs not parallel to any
i |

=,

others, j\ \

(d) ‘Tell which eqﬁations have the same-graph. ‘
. \ - *

B
A
= AY

X + \ -3x + 7 N .

2 . , )

e

oy
W
[
-

<)
ak
L
Lad
RS
[

=3x

VY SN
o oo S win

L

. I
%
-+

fi
‘[_{ﬂ:
[}
b
+

i
[
»

4=

3

+
L]
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*. . Pproblem Set 16-4b

= =111 .

, In each of- ‘the fallcwing cases draw the)graph of the first

equatlnn glven; then aelec% from tha list fallawlﬁg it only

-
_ those equatlons that have graphs parallel to ‘whe first ahd draw -

thelr g?aphs

y-="3x+2 3. yo= -2x +
y=3x+5 ¥y =3x -2
¥y=3x -1 g+ ex =0
y;4x+2—{ ¥ =X
, - s
2. y = %ﬁ -5 4, ; =x+ 3
2y - x = -5 ¥+ x =3
y = %i + 2 y -{x =2
x -2y =h ;\ y =x +:5"

Let us now examihe another gr@up,ﬂf sentences. These are

similar to the ones we studied in cépaectian’with the yslﬁtgfcepﬁ,

1) y:%"i"'l H a

2) y=x +1

. 3 2 )

3) y=3x+1

) y=2x+ 1 :

‘5) y = 6x + 1 a i

For each of these SEﬂEEﬂEéSKGQ willl draw the graph byrméané

of twe polnts. As a convenlence we use the y-intercept 1In

gach case as one of our polnts. The secaﬂd pepint alse appeafs

at the right -of the 1ist on the follawing page [
N ¥
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*
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= ‘1672} = ’g = . =
, AT . 7 '
| ' Y 1) (0, 1) (4, 3)
~ @ s s 2) (q, 1) (4, 5)
. T 7 T3) (0, 1) (2, 4),
T i A 4) (0, 1) 42, 5)
o T 5) (0, 1) (1, 7)
- 1 (P :
] i | E'J . :
' - .. ) ; e 'i , t 5
, s /7//| 2.

§

Each line 1s Tabeled by number. F
see that in every case they are the
coeffcient of . x. We also see tha
"Increases with each. new sentence.

that each line seems to get progres

rst, note the egnztions. We

“Eame except for ‘the
t the coefficient of x

L@éking at the graphs we see
sively steeper.

Another Way

of saying this might be

to state that in each case the "slope"

»

of each llne appeaTs to increase. .

It seems natural, therefore, to make the following statement
with reference to the ldea of slope. o o '
A The slope of a line 1s the coefficient of x 1in

the corresponding sentence written in the y-form,

. say 'thatathe slope of a 1line 18 very steep, or not
are speaking vaguely. It 15 now possible to ~—

slope of a line-in a very definite way, using in

When we'

S0 steep, we
deseribe the
_each case a specific number.

-
3

" " For example, if we are given a line whose corresponding

equation 1s Y

N 3
: 746
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To sum this up we caﬁfﬁgw'say.éhat for a séﬁﬁeﬁce of the form

ax -+ b

1}

y
where a and b are speéified real numbers, the slope of the
corresponding line 1s the number a and the y-intercept '1s the

“point (0, b). |
v Thus the y-form revegls two specific bitg of infarmatién‘ f?*
abautlthé graph¥gf the sentence, It gives us 'the slope and o N
the y-intercept. ) ' ,
IP the seﬁféncesr' {

1) y = -x+1, v
2 y 5 , ;
v2) ¥y = 2x + 1, - . 1%
and L 3) y o= -3x 4+ 1. . : .

the coefficlents of x iniihe y-form are negative. Here ﬂé
thin; of -x as (-1)x. Thus by de%iﬁiﬁicn the slopes of the
corresponding lines are negative. The graphs appear below. AS
1n thégprevi@us dféwiné the lines are numbered. Each has been
determined by the indicated pair of points. ‘
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With respect to the idea of steepness we nate the rnllawlng
Ihe steepegt line. apgeara to te the line whose slope has the
. greatest gbsolute value. Do you see that Ehis 1s true far
" "1ines of pagitive slope also? : L .~

In a previous section we have studied lines of the form

. o : ..y =3 ___ and 1 x = &, : o
-the graphs of whileh ngzéhOWﬁxbélawi*A :
,L :
- - = 1 - | 3
. ) ! Clpwa s ..
B , i B ) y=3 -
. 1 21— s
. i ol .
_ 1= 4 ~.
§: o] | £§73 ) 7 -
* & . N
- - = . 4
) H "
We noted that the sentence y = 3 could be written as
- ‘ 0x +y -3 =0, ,
- wi®h y-form B ¥y = 0x + 3. - . -

Accordlng to ou% definition, what 1s the slope of the 1llne
which 1s the graph a? this sentence? Do you see that it is
zero? This.1s reasonable‘in terms of "steepnesé" : Since the‘
. 1line 1s-horizontal 1t has; in a senge, zero §%eepness B
- Sentences of. the type

3 7 . x = 4, ‘ -
however, preBent a special problem with respect to s8lope, since
1 this type of sentence can nat be written 1in y-form. Do you ‘
see why? We do not define slope for lines corresponding to '
such sentences. We have already noted that lines of this type
ol are vertical. ‘ : -
{? ]
¥
- )
] = ?48 .
- ijj”!) %
o o :

O
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Check Your Reading

. Neddll i
cmiarejthé graphs of
hi¢h

and "

Which 1

i ii'H
uy = }Q?X + 1

£ 3

to, 1)7

(]

£

has the y-intercapt

Y

=
= -

How 1s the slope of :a line determined from the correspording

=3 -

equation in y-form?

Whéﬁ 1= the/;lape of

1}

!
b
+
W

[l

Whi@h has the ‘steeper 11
"y = -x +1"2? /

gr‘ ! 'rs}r ’ ) = =
What form of "y = 3" *shows the slope of 1

slope?

or each of the followling equations, glve
t T

)

I

]
1
w4

-
ral
—

i
—
3

I

y = 17x - 5 C (f) x = -2

Which of the fol
paralle]l to each ather?

(a)
(v)
(c)

v o= 2% -

T

1 :
y = %i +.8 " {(ey y - 2x
-

Froblem

In each of the followlng give

of $he line whoss ogquation ta glven.

= graphs

%

) .
e whose equation 1s
! )

= 3

S B

= the 5

«3x + 1" or
raph? e

1-
[
=
[

the

y=intércépt

.
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Problem Set 16-4c
(continued)

ach ;Lné;PgLVEﬁ the followlng
tnformation, and draw tts graph. .

£

I

‘Wrltd the equation of e

g

o

s 2 and the y-intercept is (0, 6)

) the slope
) the sl
) the s1
) the sl
) 1
) 1

)

2]
5 =

and the y-intercept 1s (0, 0)

]

1

=
=

1
i

pe 1s © and the y-intercept is (0, -1)
1 “and the y-intercept is (0, -27
L

[
1

the =1
the 1
(3, 5

e’ and the y-intercept is (0, -3)

tne is vertical and passes through the point

y = 3x + 8" and whigh has the y-Intercept (0, 1).-
quation of a 1line which 1s parallel -to

4, Wrlte the e

i

LR el

y = -2x - and which has the y-intercept (0, 3).

W
b -
-y

a, and a, are the slopes of parallel lines then what

[l
A
ot
g
0T
y
14
et
]
it
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o
o
=
ot
=
T
[
had
A,
i
o
Ik
iy
ol

o e 7
We have already obierve

commonly used r

it glves an 1dea of the rate at whic

]
]
[
[

helght as we move along

i
that slope by our definit

measurement also,

)

Consider the




. —,c:f(@rz)
e N

vates of polnt .« are o (2, 2). The coordinates of

It
are {4, 7). L=t us now éheck the horizomtal
. o .
‘tjisqgﬂcé from 4 to B, and the vertical distancg from A

o
We see that the horlzontal distance 1s 2, This can

ot
el
]

be found by/subtracting the absclssa of A from the absclssa
of E; t-hat is ' B Fo- :

|

b -2 =

2

.Thé sértLﬁal distance, which we can obtaln by subtracting

Vertical Distance from - to B
Horizontal Distance from A to

Here the word ratln has the same meanlng as frac

pind

of this ratic 1

o

2
£ - -

the two points € and B. If we subtract

r

o
I
ot
=
iy
ey
o
z
"
12
o
D)
b
o
L

ot
huy
T
g
[a3
L]
O
Tl
[4¥]
'[U‘
il
L
3

&

!

from the absclssa of B ‘to flnd the e
£

oy
D]
=4
It
)
12
o
L4
—
-
o
ot
ot
.
b
[k

from Cg to B, we obt:
ey
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For the vertical distdnce e get

'
e

If we now cqonsider the points C and, A and form thé same’
type of ?atﬂ@é we will find that

o

nce from C to A
tance from C to A

ik

(R

his. Do you’see what Eggyfg

iree cases .1s the same.

3 .ﬂ}

are? The value of the ratio
t 1is gn»“This 18 alsc the cosfft

wo 1ldeas are suggested by all%of
i

A

i

E

h

lent of % 1lh the y-form of
the equation, in other words, the glop
Another point on the same 11 (8, 17). Call this point D,
Now é@néider the two points A and D. Form the ratio of the
“vertilcal distéﬁce dlvided by the horizontal distance as before.

3

This becomes

Is this ancther name for =

o points on the line selected at random are (=5; 13) and
re elements in the truth set?

£

oy

, -1). Do you see that these are_
we subtract the ordinate of the second point from the
inate of the first polnt we

h the

Dolng the Séme thing

——
il
it
Jd
ot
fomd
s

B R e e |
"'1 L]

d
t ln the same order we get. -7. The ratlo i3

[
i
i
D‘
o
)’3
u\i
b
i
bl

which 15 the same as

)

P\\n

S +
1A
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g*

R £

0

R
6.
Aat 13 the coefflclent of x Iin

- The“above examples l lustrate

-

stated in a general way as follows:

If (¢, d) and (e,

W

our equation?
i
a relatlionship white® can be

H

f) are any two points on a line

with ¢ # e and i1f the y-form of the CDFFESpDndiﬁg

eq 'Cltainn is

- L

Thls statement can be proved to be
n be put Ilnto the y-fo

ma thema. ical*idéas which we have n
develop the

polnts are

and (2, <1) of the previous exam

subtractaed the coordlnates of the

&
cogrdinates of the first. ~Ef we BuU
5

equation
y = -2x
B
7a2

rm. Since the proof Involv
W

ot y&ﬁ studled

he order in which the two
consider the points. (-5, 13)

ple. In formlng the ratlo we

cond polnt from the

ubtract the first coordlnates

igate further the meaning of

In the graph of our

TN



3 :u !/r
. b= Y & ) _ " !
16-4 | | o
. 5,
) _ ilr AN _
' - H
T +—X(0,3) ———f——
- _ :i _ I‘ o -
B N ] L3
S N T i i W X
o 01 ~ *
* = = @
N .
. B i, \L ~ ‘

3
we see that the line appears tec slant downward as we scan 1t
from left to right.” In other wer,, as we assign increaslnog
values to x, the corresponding values of vy decrease. 1In
thls case the slope 1s a negative number,
’ In the case of #m eguatlcn such as
vy = 2x+5
Check Your Redding °
1 If A and B are‘two pédints on the graph of "y
then what 1s the ratioc of "thé vertical distance
4 to B" to "the horizontal distance from A
o, 2) and (&, 17) both 1ie on the g I‘aph of
How 1s thp vertical distance from the fipst
second pnlnt found? How 1s the horizmnt?
ance from the first polnt to the second point . faund .
3. spe of a 1llne which contalns the E
(2, -1)7
4!: Complate 12 sentence: A line which has a ﬂ@gatiVE slo é

as we scan 1t from left to right.

s
J
B3
=
e
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Cral Sxerclses 10-4d

4 the slcpe of the line through each of the following
rs of polnts. -

andi (3, o) ()
and (3, -1 '
and (-2, -2) (1)

L e
—
o m
-
I O]
— o

st
-
i

In which of the followlng cases the values of ¥

X%}
[l o |
-
) o
=
4
T
ot
Dy

icreases as wWe asslgn Inereasing values to x.  In whleh
he

[
g
b0
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e
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j El
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e
il
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i
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vt
i
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=
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W
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3
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T
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Problem “et 16U

1 Find the slops of the line through *d(h mf the followling
palrs of p@iﬁtsi
(5) (‘%: (ri) (O; D) 31"1(;1 (=E’1 ;E)
(c) (5, (f) (-2, %) and (-3, 6)

the following 1lin=a

4%
o
a
i
x

Throuzh the polnt

Through the polnt

)
)

(¢) Through the pointg
) Through the point
) :

Through ths point

L
=
"1
=
ot
M
it
=
i
i
L
-
A
oY
e
=
i
gy

! i
(a) slope 3, y-inierzapt (fx 3)\
~int’ (1, 2), y-inte rr“pt (0, 3) (first find the

&

—
]
R
T
i
i
s
ot
o~

]
=
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L
-

[
fu
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f
g
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ot
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i
it
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‘ Problem Set 16-4d i
* (continued) L
- (d) point (2, ), containing the origin (0, O)
(e) slope -2, y-intercept (0, %)
-  (f) point (-2, 4), y-intercept (0, 1)

£

16-5. Graphs of Sentences Involving an Order Relation.
In Chapter 3 we studled open sentences in on® variable
invelving an order relation, guch as
X+ 3 <9
- . EY
The egulvalent sentence
x < 6
has the followlng graph: ]
R’»
LIRS
, We now ask the guestions:

(1) "How is the truth set determined 1f the sentence of the
first degree LﬁV@lving an order relatlon contalns two ;\Lj

variables?" - .

(2) "How do we construct the graph of such a sentence?"

Let's begin with an example such as

It wWwill help us 1f we first draw the graph of the equation

Xty =3, i

i

which, a% you.see, 13 formed by merely fggiaciﬁg the symbel ">"

I

L e . v
of our inequality by an "equals" algn. Do you see that the graph
of this equation 1s the 1line which appears in Figures\ 122-

e, 2

' t , .
=

—~

v T
PG
-
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" F

. -2 '

= =, T

{
\ Flgure 12 /

A5 we Know, all number palrs which satlsfy our equation

t
have thelr corresponding points on this line,. We also know hd
1

. _ ¥
that Mf a point 15 not on this line, then ,,t,a:s‘fgz@@’r‘diﬁaties will -~
not satisfy the equation. ‘ ) \»,,

Furthermore, 1t should be clear that tfie line se = pal
polnts of the plane into three sets. nThegeé r? '
1) the points 1lying on one Sid_é of the line, 2B the p@ints_
1ying \5’“ the lilne/1l " \
side of éhé'li;ﬁ&r

We wlsh to determine ;i

£ T
pair satisfles the eguation
=S

3

t;hjgj 1t cannot make the inequ 11ty true, Can %ou name the

progerty of order whicW tells-usithis? Thus we sez that no
point of our Etruth set can 1lie @3 ¢hs 1line, that 1s, our poipts
must lle on one slde or the othert™ . : e{,’
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Suppose now we lat x be a fixed number; for example, let

% = 1. We want to see what values of 'y when paires

o
<5

a T
number 1 will make our sentence true. It 1s easy to determine
» A

this if we substitute 1 for x 1In the sentence. This gives

usg

Do you gee fhat an equlvalent sentence 45

4 M

2
2

From thils wé can Seegthai if- v 1=
* ] &

then the number pair

LX)
]
J

e
=
=

X
o
T
L}

il
3
5T
i)
it
e
e
o+
juy
‘m‘
pu
™

.

will be in the truth set of the sentance
X+ oy » 3
In the same way we can show that 1f x = 2, then If y 18 h

o
any number greater than \1§ thz piimber palr

w .
wlll be 1n ocur truth set. . /
yLikewise If x = 3, then any number ¥y whicH 1s greater

than zero willl make the palr

an =1

(1]
I

ment 1n the truth se=t. -
5

Our graph shows many of these polnts. You will note that
n 1

the polnts akl '1le on one zlde of the line. In this particular

he Yine. It can be shown that no’

[

T
i
-
(w3
T o
Pl
—
-
v,
buy
[

=}
case they appkar to by above
d ' 1@ave coordlinates which

polnts on the other sfids

satlsfy the sentancs. :
It should not, at thls thej be-difflcult to form an ldea

we have been working with. Can

[
[l
o
i
O
o
jo
L’T
[
jag
-
i
L
o
[
i
1
44
=
VT
=
i
T
S
TF
o
T
—t
a}
T
s
P}
o
(g
ot
i
ol
"
ot
i
k-l
ot
ja o
5T

graph. This can be demonstrated by making.it a ”br@kég” 1ine,
as .in Fglzure 13,
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Exampte. Draw the

“inequality can then be written as

oty

=]
by,
Le
0
L]
]
H
I
-
-
)
T
jmgy
s

p.a
by
[fte
i
Iy
[
<
1T
ol
ot
ot
o

, O~ ‘
A ey
& 3 r"Z:FE '
b e e x
23 ~

]
I
",
e

We now return to the inequallty and let x

a
'value., For convenlence we can choosze the number 2. Qur 4

!

v

[

4o

Tl

y = 1C

- . i . ) . -
4n order to determine a set of corresponding truth values

for ¥y . Wwe must find an équiva,Eﬂt nequality. As we learned

4

15, thils can be ‘done as follows:

In Chapte

]

r
We see thHat an equivalent ssntence 1s -/
., -

I
i

B - _ Tap
Yok =2 S0
and this becomes/ -2 >y

which can be written as y < -2,
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tells that any point wit@ an abstisda of @
e which 1s less %han <2

in Flgure 14,

[
0]
4
0T

polnts shown

poipts we can shade in’

R

thase polints are found, 28

¢ el

A—F—

o 23&

f:‘\
\\\ . o

to construct graphs off

twWwo varlables can he -

>1lows: We flrst determine the

s lon equatlon obtained ¥ repla
aymbul with an "=". We then let x assume

and substlitute this in the original 1lpequa
15 an lnequallty In the one varliable vy We

of thls sentence, Itz graph will lle
i

soclated equation.

T
o
o
jo 3y
i
fur
bl
Lm

rizlnal sentence s the det of all polnts

In our two examples the equation was us Ed t
loecate our polnts, but 1t was not part of the graph. HuWé'e
Af our gentencss had contalned the symbol "i” meanling "gr
than or equal to", shat L5, if they had bden written

- : . ¢ ) . . -

- Jox oty 3 {
and : 2% - 3y > 10, AN

would haves lines. in

then the
the lines

graphs included the

In the drawings would not have bean brokan. For

examples, the. ssntenas &
X o2y o0
7o
! =
. rd

is a polnt 1n our graph.

h?,aidP

Lrl Fi%{%jlri

]

and

Wlthaut héving

of

n

.\;‘m

The

i

zuch caszes

in the™

ate

er
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has the graph: | 7 .

2]

How many numbers satisfy "1 + y > 3"2

T

— X

_ Check Your Readlng w ,
o ~ = T - T ] e .

1

W

Into how many sets does the line "x + y 3" se%arate

the plane?
What property of order tells us that if a number pair
i

igtisfiés the equatilcon X

+

<
1]
londt

;hEﬂ 1t cannot satisfy

YR o+ y > 39

Problem et 16-5

In each of the following draw the graph of the sentence by

]

L4

a

ffrst drawing the graph of an assoclated equation’
: aF

h ted eduatiéﬂ i=

s,

e

assocle

y > -5 (

o
b3
i
oot
o
)

E
(]
]

T

Mt

o

2

i
I

I
Ll
ol
¥
oo
ill",
D)

W

Mo [T T
e . I )

—
O L W
. :
I
™

i

CEETE



on the game "axes.

P,

rVﬂry point in the

i)
L)
L
P
~
o]
ot

’which separates the plane

s S
-

!{g this Qhaptér Wwe have s

~Lentences in twn varlables and thu rraphs of these sent
1

£
earned that each slements of the truth set of a senten

X By +0 =0 -

%5 an ordered number patr, the first number representing a
L ' noer p

value of x and the sescond a value of )
We have learned that a numbesr palr %géh as (2, 5) can be
assoclated with a particular polnt on a plang, and that this

N

plotted by means of two pFFDFﬂdiCU1?F n&mber lines

n
led axes., W™ saw that to avery ordered palr of numbers there

point there

esponds a point in the plane and to e

sponds a pair of ﬁumbe;sk Furthermore Lt was shown that

oints which satisfy an equation such as the one above lle
&

on a line, This fact 2nables us to const

auch an equatleon. We also

1s the gfaph of a firat : mquation

that two polnts detormine thls eduat g?
We =aid that Lf a sentence 18 wrgth en in the y-form

& ) Yo oax b by

then a 1s the'slope Sf the craph of the sentence and (G, b)

ig the y-lntercept o the pgraph of the sentence,

ERIC
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g

ir !A_; and B are two points on ‘the graph of the sentence theh

the slope of the graph 1s equal to the ratio: '

“?ftic,ﬂifdi?“aﬁgicgr%mAl 2. —Eﬁi The y-intercept 1s the

“point on the y-axis where the graﬁh of the sentencefintersécts

the y-axis. - = . e AN
‘Finally, the truth sets of sentences of first degree. in

two variables 1nvolving 1nequalitiea have been shown to consist L

of, the fcoordinates of -all points lying on one~“side of a

'E'gpec:'_i.:ie 1ine. This line is determined by replacing the 1,41',{'34&7,*,,;,

or ">" symbo)s with an equality "="  When the order relation

18 "2" or “s:" the line must be included in the graph.

i

. : .

Review Pr-éblem -Set

L.Qq
k im 1ify each’ gf the following:
(a) ? 2) + NEON ,
oy O 4 . ‘ o _
(bj ' T o/ R : e ) :
1he) ?5-+8 - 14 422 v o :
-i(czif)ggﬂ;i 10 e .
. 3ITTTE T B, ,
(e) Ypa - 5b'+ rHa - 10a + 5b v .
(f) 3a+6b-5+c  ° o
o F : 3 ! ; l *1
" (8) o :
TN LA L ) T
43 . - - B ¥
e 5@2& - P g ) ’ o
(h) —35— » Where ;#’Q and m# O > -
S Lot i .
(1) Eamg-ﬁﬁn where m #0, y #0 amj‘ z #0
' 5_&? limz B _
" (1) (a + 3b) - (2a + 6b) ]
e (k) - The result of Subtﬂiﬁagtingz m - 2n + 4 grom’ 3m -6
(1) 5x + 2y.- 3z(3x - 3y - 6z) o ,
c# v -
763




o la)
~*(v)
(e).
(d)
(e)
(r)
(=)
(h)
(1)
(1)
(k)
(1)
(g)
. Find
(a)
(b)
(e)
(d)
(e)
(£)
()
(h)
(1)
(3)
$o
(1)

,4!

-9 - 6a

.am + an
ém + 6n
14a° + 42a
18¢c + 12cd
6a°b + ab®
3m - 2n

3x - 9

5m + 6m + 9m
a + a® + a°
by2'+ by
2rr = 2rt
20y - 15x

b

Review Problem Set.

10

(continued)

(n)
(o)

(p)-

(q)
(r)

(s)

(t)
(u)

(v).

) *(w)

*(I)
*(x)

“x =

- ’ e
. S

2. Pactor each of the following polynéﬁials into §§iﬁe factors.

by + 5x + Tz
2ac - 4ab - 2a
ax + x + ay + y
cy - ¢x + ay + ax
-8bc +,6ac + 4ba - 3ad
+9x + 20
“x° - 8x + 12
b° - b - 12
ng_f 28m + 40
E;EfE'SBG - 6b
5

x

L2
X

the truth set of each of the following sentences:

764

Sy

3x = 3. K L

X.= 2> =% +'7

(n)
(o)
(p)
(a)
()
(s)
(t)
(-
(v)

=)
i

w2 m o T —
FCS T % T S W e T 0 -1



: Review Problem Set
(continued) 2

#

Translate each QT tﬁ% fcllawing into an apen senﬁence and
-find theé truth set:: ’ )
(a) Find two consecutive iﬁtegers whose sum is 63.
(b)':Dné numbér 1s five’ times another and their sum 15 Q0.
. Find the numbers
(¢) Jafies 18 five years older than George. If the sum of
their agea 15 37, how Qld_is each? : . o,
(d) The perimeter of a r;ctanguiarrict_;s . 240 feet. Its*.
' - drea 18 2700 square feet. Find jts length and 1its
~ width., L | '
(e)_ The atea of a triangle 1s 60 square inches. The base
.. As 16 inches. What 1s the altitude of the triangle?
: () The sum of three c;ms.utive numbers is 108, What a:}yﬁ‘s'-
the numbers? . o '
*(g) The sum of two consecutive odd numbers is a three digit
_ number: Whigh 18 less than 11@ What are the numbers? «°
- *(h) Find two consecutlve even numbera (intégers) whose
. 3um is ,35

i

6. On a separaté ‘set @f axes draw the graph af the truth set’

P

af each of the fcllcwing sentences,

(a) 2x+y - 4=0 , o (£) ~ix 4y = -8

(b) 2x+y -6=0 b (e) x =3 ‘
(c) Sx+y=0 (n) y = -3

(d) 2x = 3y (1) x=1

(e) x4+ 3y =06 » () Ix] =2

%

7. UWrlte the equatlon whose graph has

(a) slope -, y-intercept " (0, 2)
2

(b) slope %, y-intercept (O, %)
' =, o

(c¢) slope- é, y-intercept (0, O)
(a) salope 4, yﬁintercépt (0, )

lope -8, y-intercept (0, -3)

(e)

[




X » .2: ) ‘ ,;i 'A! . = iq:;{l,.;%
- _ Review Problem Set S T
: \ (continued) ’

1 8. Statgfthg slope anéfthé’yiintefcept of each of the following
) seiFééggsi’ o 7 ' . 5ff ’
(a) y=3x-5 , oL BRSS!
; (¢) y+7x~-5=0 ol
ST, (d) 3y - Bx + b
(e). 4x =2y + 7
(f) 3y -'15.5)0

(U
O O




C LT Chapter 17 % L ) f’%
S SYSTEMS OF QPEN. SENTENCES
. 17-1 Systems of gggggéggé “éi oo ’ W
1 .,!-— N Sow e
- ‘Listed below are some exampies af compound open sentences:
v - XxX+1=5 or x.<7, . y
, x+2=8 and x > 2,
x2 <9 and 'x + 3 =5, .
3 ,3% <9 or. ~xgr} 9.

éamé of tﬁése gompéun& open sentences involve the connecting
word "or;" others involve the connecting word "and." Each of

; the examples above 1nvalves only ane ‘variable. However, a
'campound open sgnten:e ‘may invalvedtwa variables, - For eXample,

- LESN

‘gr 3{4‘?;5;&‘; EI—-yEBJ v
Y 2xby-1e=o0 and x+ ey -5=0°

’aré‘exampies of compound open sentences 1n two variables,. When
such’ a sentence Involves the connecting word "and," 1t 1s
called a system of sentences. If each of the individual sen-

tences in the system 1s an’ equatlan, it may be called a system

5 b

E'éf eguatlans ‘ e . -

A system may be wrltten in more than one way. For example,

the system |

2x ¥y -1=0 and x * 2y - 5 =0

"may be written like this: < . .
cJex + vy w1 0
x + 2y -5

0
Na matter haw 1t 1s wrltten, a system of senténces-isla'ccpa

"and it _‘

F=3

paund Dpen sentence wlth connecting word
' Recall that a truth aumber of a ccmpaund open sentence with

ccnneating word "and" must atisfy each individual sentence in -’ T

the Qampaund sentence. ThEPEfQFE; an element of the truth set

of a system ¢f sentences must satisfy .each ééﬂt&ﬂce in the -
. system. ) - ‘
Consider aEaiﬂ the system of equatians {Ex'+y - % - g

767 31
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Li=L1 . _ ! ’

5 ’ f B &
4 = =
- - )

“There are two individual equations.in this system. Each of thém "’
has infinitely many sblutions of the form (x, y). For:example, -

iy

the truth set of "x + 2y -'5 = 0" 1includes o Fﬂ

- (5, Q), because "5 + 2(0) - 5 = 0" "4is a true sentence;
(1, 2),.because "1 + 2(2) - 5 = 0" 1is a true sentehce;

Vi (-1, Bf; because "-1 +.2(3) - 5 =0" 18 3 true aentegce.

’ ﬁéweverj 1t 18 not true{ﬁhat each one of these orderead pairs;

belongs in the truth set of the gystem.

In order to.be_in the truth set of a system, an qré;Teé
pair must satisfy 11 the senﬁences of the sxgtem In the case
_ fabgvss there are twa equatians S0 any élement of the trut et
T must satisfy bcth equatians . : -,

’ From this‘deﬂiniticn, 1t 13 easy tD see why (5, Q), for
example, 18 not an element of the truth set of the system. It
satisfies "x + 2y - 5 = q?,i but -1t does not satisfy

" . ; , L.

FA "2x +y -1 =0. , : . , o

% I3 : . ]

I
]

v o "2(5) + 0.-.1 o& 1s false
i T "5 +°2(0) - 5 =0".1s true.

R
In the same way, it is easy to see-that (-1, 3) is an
- elemeht of the truth set of the system.” It satisfies e%ph

- . L.
- equation of the system. ' & T S
"2(-1) '+ 3
—,( ".ﬁi + 2(3)

R
W=
]

0" .18’ true, |
o" 'is true. oy

. ] "~ Check Your Readiﬁg

§j 1. Which af the foll@wing sentences may g\c; led a system of

sehtences? - % o N p
{a) x +.y = 5]>DP 2x -y = 3. N~
(b) 2x+y -1 =0 and x +°8y -5 =
) (¢) x+y =5 or x<3. ° ' * ¥
(d) = + =5 and x < 3
(e) x=6 and y = -2
) (f) x=6 or y= -2,
a7 =
\
768
g TR .
‘ SO0




=% /
g Chec§ Your Headlng ’
. (contiﬁued) e 7’ .
2. How do you explain the fact that (0, 1) .1s not an element
e e o o Ex+y=15@
of the trgtn;set'@f the system Ww+2y -5=0 ?
3. How do you explain the fact that' (-1, 3) ig an element of
.. e o . - 2x + y - 1.=0. X
‘i the truth set of x%e.aystem {; +2y -5 =0 ? [
#"T‘?ﬁ":’*— 3 ;(: ERY - .
4. What must ‘pe ,true of each element in the truth seg of a
) system af sentences?
. Problem Set 17-1
1. In each of the parts of this question, you will find an

ordered palr listed together with a system of sentences.
In each sase, declde whether ‘or not the ordered pair

satisfles the system.

(ar (s, 5 frtYy o

(b) '(i; 3+ ‘3 2x +'y - 5 E;Cz and 3x ="y

() (1, 1) " fxrEv-t=o

f o \
3 ) . X+ y o= 12
(@ (8, 4. Pyl
(e) (8, 4): {%*g;;?
(f) (1; 4) y = 4 and X = y‘: -3
3 E. = 3x - Yy - 1@*5“@
(8) (5, 5) (P g P00 o
(h) (%:V%) X +y = g and x -y
SORNEREIER (ol
] ' 13
y 73 327



Problem Set 17-1 . .
(éantiﬂued) '
2, For which of the f‘ollowing compound seﬁtencea 1s' (9, 1)
.an element of the truth set?

(a), x+y =10 and x <8 ;.

(b) x+y=10 or x <8

fx+y=10 E
. - (t;) { x >8 : '
; , (d) x+y=10 or x >8 ” -

(e) x=9 and y.= 1

A
= WD
—

-]
“Tnon

. 3. Liﬁt 1‘1?§ ordered pairs that satisfy the system "x + y's
- d =

I
8

2 = .
- A

4. List five éi‘def‘ed palrs that do not satlsfy the system®
B

E

- x+YEEOE\I = . ,‘ ‘-» . 5 = N
x <10 > S

5. List five different systems that the element {4, 2)
- satisfiesi ’ T .

e o s

17-2. Graphs of Systems of Equatia'nsg

In the previous sectlon, the tfuth Set @f a system of
equatiéns was defined as the set of elements satisfying all
’ Equatians of the- system* However, no menti@n was made cf a
< w@éthﬁd fcr determiﬂiﬂg the truth set, Dther than by guesswork.
¢ Also, no mentian was made of how many elements are 'in the truth\
get of a system of twu first degree equatlons.
One way to appfaach such questions as these is to draw the
& graph of each sentence in the system. For the system

2x +y -1=0
Xx+2y-5=0,

i

[Kh]

O
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17-27: ' ) i
. - F A

= . )
N =

. we have already seen (in the previous section) that*(-1, 3) 1s
- an element of the truth set. The graph of eath equation in this *Df?
system has been drawn in Figure 1.
. i .

¥, LA N Y-~ S _ 1 —

L

. Figure 1

Each‘'of the graphs (as werlééfned'in Chapter 16) 1ia a 1line.
<}§th1ce the poin® of intersection, the point which is on bdth

1ines? Two different lines cannot have more than one pint in

cgmmon; that 1s, there *cannot be more ‘than one point of inter-

Secﬁian i -

This point of Intersection 13 on both graphs; therefore,
itE co@rdinates satisfy both equatlons of the system. ,QEHEé 4t
1s the QnJy point of intersection of e two lines, 1its
ccardinates represent the only ordere§fpair ﬁhat\satisfies
both equatlons. Because we saw in the 1ast Seation that the
ordered palr (-1, 3) satisfies both equations, (-1, 3) must
b§ the coordinates of the point of Intersection of the lines.
Furthermore, (-1, 3) 1is the only ordered pair satisfying
. both Equations There 15 one and only one element in the truth

£

&

set of the system.
As another Examplé; consider the problem of findiaF the
truth set of the system

X

{Ex - 3y &g 2
+ B

O
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17-2

C

The graph of aach eqéatian in the system 1s shown in Figure 2.

- : y }I
N 7 % N 1 B .
. fii ~ IREE ] Pl B le
7 ' ’;% B D%
” ]
- — T - -
1.1 ] I Pg—a“ L4 . _ A
. RN 1= 2} -
. - i - —
— e ) 4 .
1 77% ~ =! _ 5.5 a_:/ -
—7= 7 ‘lir; %EV = = 7\3
% = '*:1;!-;53' T T
RPN T ) ] *
4
Flgure 2

There |18 ‘one and only one poiné\pf 1ntersect1@n of the two lines..
Figm the fiigure, the coordinates® df this point appegr to be
fé) “Because reading coardinatés from a figure - '

appraximate at best, this ﬁfdered palr sheuld be teated in each -

genterice of the system.

oo "2(4) - 3(2) = 2" 1is a true sentence, because .V ‘/ -
. each slde names the number 2, S
= 8" is & true sentence, because

"(4) + 2(2)
: each slde names the number &8, .

giﬁ %4j2&;

- In the examples of this section, the truth set of a

Théreféfej the truth set of the system {éi + §§

system of equatlons was determlined from the graphs of the
individual equatians of the asystem.

J .
S ra
- . #
— = .
B
772



1. What kind of figure 1s the graph of each of the indiyX

sentences in-the system
. 2x + y -1=20
3{+Ey!5gc

2 What 1s the greatest number of points in which.two, different
- 1ines can intersect? s ) )

! o
3. If the graphs of the individual_sehtén%i% in the system

. : ox -3y =2 &
Y x + 2y = 8-

are drawn, and the grapﬁs Intersect in & péiﬁt, what 1s true
of the coordimates of the*point? Why?

{
4, 1If the graphs of thE?indiv1dual‘sentencéé\ln the system
7. f’?' £ ’ . . .

2x -y -5
X

VAR {% + 2y + 1

are two different straight 1lines that lntersect, how many
< ' elements are there in the truth set of the system? . I»

0 Tw
0 &«f

*

=

. ) Problem Set 17-2 . W

1. ﬁg each\éf the figures below, two lines have been drawn

Wwith reference to a set »f axés. Assume in each case that
- R = = .
the lines are the graphs of the sentences of a system, and

~determine the truth set of the system.

N
T NI L -+ .

) P 773 S0 j

O
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¥ ) ‘Pr&ﬁlem Set 17-2
(cohtinued)

-]

, T~
2. D;éEPmlﬂé the truth set of each afAthe %ailcwing systems
by drawing the graph of each sentence in.the system.
Because reading coordinates from a figure 1s only -
ap@roximate, be sure to test each palr in b@th sentences of

the system. )

@ Y

*

(b) x ¢+ y

.- , 2x -
(c) {3; + )

[

i
i
L0 4] ;
i

o

]

o

b

1
L7

]

=

i

el
[
L Py
0o
i
>

——
m
L
[
-
1
n
i
i
‘ le]
T
o
m.
<
\
T B
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Ll
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]
vt
k2
]
L
i
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w
o
o
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+
L
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s
e
——, :
=
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M e
=
i
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s
W
&
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o
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L
[ g
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e L. . " problem Set 17-2 .
?4\3 toe (continued) . ,

=

3. (a) Draw -the graph of the truth set of the sentence

"ty +y=8 or x -y = 2. »
“(p) Draw the graph of.the truth set of the sentence
: "x +y=.8 and x -y =2." -

4, What kind of flgure is the graph'af the truth set ‘of the

Vs

system _ x +y-=8-7
: ' X -y =2
. \
17-3. Solving Sygtems of Equatians
4 In the previous sectian 1t was seen that certaln systems

of equatlons can be solved by drawing the graph- of edch
equation 1in the system.- This 1s often a.'very tedious’method,

however, *and it is difficult to read caordinates from a figure
with accuracy. So,;, In this section, we shall develgp a method
of solving systems of*equatlions that does not depend ofi drawing

graphs, -
Consider agaln'the system

2Xx +-y -1 0
X+ 2y - 5 0

B

*

v

whose truth set we .have already found to ke Q 1, 3}i Even - .
"though the truth set 1s already known, we shall try ta determine

1t 1n a new way that will be useful in future groblema and phat

wlll lead to an understandlng of . equivalént systems.

- Each of the equstigns i the system has been written in
such a,f@rg that ane side is a p@%ynnmLal in x and y, _and
the other side 15 the rumber ©O. Let us bulld a new equation

f%ram the glVFﬂ EQMEEF§;S and® find what connection it might

have with the system. Flrst, multiply the polynomlal in the

first equaticn by any non-zero number, say T, getting

7(2x +y - 1).

—J
)l
W1
Co
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Next,

T,

) ﬁext; multiply the polynomfal in ;ne Secon equaﬁién by .any
non-zero humber, 55&3, getting , T N

3(x + 2y - 5).
sdd these two and form the“equa;icﬂ
Yoo 7 .
7(2x + y'- 1) + 3(x + 2y -« 5) = 0.-

J ®

New we can state the following facts about this equatien:

.polnt -1, 3) must be on the graph of .
T(Qx - y - 1) + 3(x 1 2y -'5) = 0. W

In other words, the graph of "7(2x + y -.1) + S
3(x +-2y - 5) = 0" contalns the point (-1, 3), the
1ntefsect1@n of the graphs of the equatlions of the
systém _ ' ' _

3. The graph of "7(2x +y - 1) + 3(x + 2y - 5) = 0" 1is
a line because the equation 1is egﬁlvalent to
] 141 + 7y -~ 7+ 3x + 6y - 15 = 0, .
which is equivalent to | ’ -

' 17x + 13y - 22 = 0, .

whose graph, as wWe know from Chapter 16, 1s a line.

4, By way of summary, thpn, we can say that the graph of

"T(2x vy - 1) 1+ 3(x + 2y - 5) =0" 1s a Iine that-
‘contains the point of intersectlion of the graphs of
L1

"2x + y -1 50" and "x + 2y - 5 =0."
The situation 13 1llustrated in Fi

gure 3.

3

1. The pair® (-1,.3), which satisfies the system DS
{?x fy-1=0
X+ 2y -5=017
.also satisfies the equation - -
7(2x +y - 1) + E(x £ 2y - 5) = Q. €Why§)
2. 'SEnge a pmint 15 on the graph of an open sén%enea if
its caardinates satisfy the open sentgnceg then th§
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17-3 /

7
P

—x

B

T

o
Do
™

el an _ 2x + vy - 1 s
In the system {;\r oy - 5 =
=
you may have wondered why the number 7 was chosen as a

g

"multiplier". for the polynomial in the first equatlion, and 3

t
~was chosen as 4 "multlpller" for the polynomial 1n the second
e

equation. The answer is that 7 and 3 Were not chosen for

any speclal reason at all. fny non-zero real numbers could have

. been used.

. For example, the graph of each cne of the followling open

lning the intersection of the
and "x + 2y - 5 = 0." That

sentences 1s a line contal
graphs of "2x +y - 1 =0
1s, (-1, 3) satlsfles ea

This 1lst could contlinue wlthout end. We can say that for

any non-zero real numbers a_ and b, the graph of

asslng through the lntersectlon of the graphs

s
[Ae]
i
it
e
po
i

" oand "x 2y - B = 0",

satiaflies the

ond
e
3
oy
-

p
y = 1 =C
L

It ts not f )
sentonce "a(?x vy - 1) ¢ b(x + 2y - %) = 0", no matter

¥
» b
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]

[
]

what number

a(2(-1

Why or why no

Is (-1, 3) a
Why or why n
(-1, 3) a

r any norn-

ey,
Pa

(-1, 3) 1is

For sach of

"no" to the
contaln the
(a) 2x + y
(B) x + 2y
(¢) (ex +y
(d) 2(2x +
(e) = -1
() =3
(g) = -1

3 a

)+ 1) + b (-i

<
ol
it
T
=
r
B
+
=
I
[Nl
W

2x vy - 1) + b(x + 2y -

zero real numbers a and b? Why or wh

W

LN
o¥e)

) ) +
the solutlon of the system {;K+Fé§ i
the F@llowing open Senténéés, anawer "yes
"Does the graph of the open se

polnt ( )"

[N
)

I
-]
<,

1]

5) 3 Dii
y not?

s" or

ntence
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17-3
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L
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(e)

x

ég From the text of

o ]
[V [l (V]
P
I
Jih]
d
-
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o o
[
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o
o

Problem Set 17-3a

[
foke)

1
™ o

T <
[
o 4P

"

b
T
O
~
I
)
]

]

+ 4y - 7 'D

(if there is one) of

solutlo
"a(2x -

numbers

sentence that results when a

determine the open sentence that results when' a

b 1i=s

- .. Tt is

%
numbers a

i3 an open
gsection of
However, ce
" useful resu

be 2.

varlable y..

n of. the ppén
“y + 5) + b(x
a aﬁd by

=2,

(continued)

and 5x -

this section, we

the system
sentence

+y

e,

is

{Ex

-2y = 0"/ for any
In this cas

determine

and. .- b

([
o)

true, as we have seen, that for any non-zero real

and b

a(2x + y - 1) + b(x + 2y - 5).

O

sentence whose graph ls a Iilne conta

the graphs of
rtaln cholces

1ts. 1In the

Do you see

Moy by -

why

=

779 .
{ ;j

a" :
L

(:\ii
lead

W

in

'

iﬂg.thé inter-

and -"x + 2y - 5 =

to especlally

be

Al

5

e

-1

le]

and let b

I
i
-
Ll
o

this cholce Ted to this resault?
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-3
g K
A There are cholces f@; a and b which will lead to an
- éﬁuatlén‘invalving only the varlable x. For example, 1f a
‘1s 2 and b 15721, we gt
L o 2(ex +y = 1) + (-1)(x + 2y - 5) =0
(4x + 2y - 2) + (-x-- 2y + 5) =
3x+ 3 =0
x = -1

1, 3):

—
]

a line: containing

4 z
i
/
i Il I i N X
T T T T

Fipure 5
i
78c
- - ,
. . g

O
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i

L 2x +y -1 =.D, X 4 2y -
‘are all .drawn with resgpect to thé game set of axes,

In Figure 6, the graphs of the equation

o

élj 3723

& Ly -
1]
s -
A i
:
4

;
£, -
I " X
_— — B Ld
et —f——

This filgure emphasizes the following

d e
Ly The. _two system {

(

4.

Recall that two QEH%PHPES W

important fac

o

¢ ha%e the same truth

ot

-
]
]

Ll et

and {

(-1, )

same truth set are saild

to be equivalent. Slnce a system 1ls a compound open sentence

with connecting-Word "and," the two

j{#y;l:;
X+ ey -5 -

represent two compound open sentences

Therefors, they are called eguivdlent

B

=1

same truth set.

In general, two

systems are equivalent 1f they have’ the same truth set.

; Natlce that one of the two Fquivaléﬂt systems above L8

mlch easief to solve tngn'the

suggests that

i)

System’caﬂ be snlved by forming an equivalent system whose

truth set 1s gulckly determined.

1l1lustrates thls method.

Example. ‘Find the truth set

Flrsﬁgiléﬁ a be -4 and
L + 2y + 2) + (1) (Hx

" x4+ 2y + 2 =
Qx F 3y = 7 =

(~bx - 8y - 8) + (4x + 3y

The following example

Do you see why the
cholce of _j_%ér a
and of 1 for b re-
aulted in an
equation Involving
only the varilable

.

ye



: . ) . . o o
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T 3
and of -2 fo
to the su :
resulting in an
equatlicon involving

I
1T
pe!
+
[
1
.
0 o
»

{ = - B
\ O, v -

The systems ),. & <y +c.=¢0 and ) * ° 4 are equlvalent.
b + 3y -7 = , 2q

P

;== . - v = 1 ~
- The truth set of the system {": _ ! isd{h, EB)}!

Therefore, the truth se

Do you see that the ser

n
ix’+ 3y - 7 =0" is true when x 18 4 and vy 1is -3 .
) ,

‘and only when x Is

- Flgure 7 'shows the .;raph of each of the individual

equations in the equivalent systems of the above example,

o 1Y

oo ¥ER3 ,

=l
,—;_%
-

Lo T
RS

[

~1 M
o

D

Yo you ses that i:& graph of the s5yste

15 the single polnt wfth coordinates (4, -3)°
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y. 1In these exerclses

1?93

1. Are 'the systems

equivalent? Why or wh

Are the zystems

o

"Why or why not?

=,
o
(.
g
[
Bl o s e
ey
jo
L
PN
Rl
i h
(SIS

W
-
S
+
[N
S
[}
I
I
i
o
o]
po s
L N
g
W
]
ot —t

equlvalent?

- - Pi;\\

3. What 1s the definitiéﬁ‘jg‘equivalent systems?
. A

4, In the explanatlon of the text, sentenc

)]

g
i
e}
[

th? form

f
"a(ex + y - 1) + b(x + 2y - 5) = 0" were @bﬁalbéd from the

]

+
)

I

-
{

)

t

sences involved only the varlable Xx:
I

( 5
1 =0
5=0

‘what

riable y:

"2x +y -1 =0 and

For each of the follow
n

determired in which o
1

variable  x, and

n the

[

be used to obta

values can be used to

3
e

mw
]
if

I
M ondunoulio vl
l
—
)

ing systems,_ an equlvalent system can be

e of the sentences lnvolves only the

other sentence lnvolves only the varlable

and of ﬁ

squation Involving only x, and what
Is in t

, tell what values of a can .

the equation invelving only V.

1]
‘.—J
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~ Problem Set '17-3b

Determine the truth set of each of the fo
first determining an equlvalent sys
sentences .involves only the variable x,

LA ' . 3 -
sentence ;ﬁvalves only the variable y.

llowing systems by
em 1n which one of the

and th& other

problems, draw graphs of each of the sentences

then give a word description of the graph of the system,

'._M
——,
=
+
e
i =
o=
i
]
)

%]
[
iz

o
—

In the previous -section, the system

was solved by determining the equivalent

For the first two

in the systems;

= (0
= O

This turned out to be a very convenlent equlvalent system.

However, many other equlvalent systems could have been uddd,

and b, the SySﬁém

’ 2% + y -
X+ 2y -

-
DI
-

o

]

2+ y -1 =0
a(2x vy - 1) + b(x + 2y

The gystems have been labeled "system I"

and

5)

0.

~In fact, 1t can_be shown that for.any non-zero real numbers a
i !

(system II) .

"system II" for

1
convenience 1in the proof that ayatems are equlvalent,

whilch 13 glven below.



i

]
]

L

To
be shown:-
1) any
2)

(1)

(2)

ERIC
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solution

AQy 2ﬁ1uti?n

show that the systems are equivalent, two things must

of system II.
of f system I. 3%

Suppose (r,s) 13 a solution

the followlng sentences are true: 2r + s - 1 =0
r+ 23 -5 =20

we Krow

all B(0 ) o
( ( 4 ) Tﬁ"%‘r—.‘s
which L erc no matter what numbers a and b

We may conclude

that

52 .(n,%) {5 a solution of

the followling zentenc

i
g
]
L

Iz (n,t) also a solutlon of system
k) &

satizfies the flrst sentence ol system since
we know that "2n + t - 1 =0" 1s true., To gee

that (n,t) alao

syatem [, remamber

alén + & - 1) true
Tnis sentence
() + bin +
0 ‘iﬁ(ﬁ +




w )
&_%Hig
b

and

that

al2n + t - 1

1=

O
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Check Your Reading
(continued)

1) + 5(x + 2y - 5) =0
=0

.
+
&J
¥
W
It
L

F
——,

™

b

+

~<

I
-

1|
be!

-
I
—t

e
™2
ol
+

gy

]
b, T
i
i
o
2
ey
it
Ll

Problem Set 17-3c

Il
MR e

. o - L L o P2x - 3y - U4 =
1. Form a system equivalent to the system X + 2y - 9

using the ffrst sentence of the system, together with
X - 3y - 4) + b(x + 2y - 9)

where Co ) )

[
ol

1M

sentence of the form- Ha(

i

(a) a= -1 and b = 2.
(b) a= "2 and b = 3. 4

.
Il

!
—
]
i

& (e) a ) and b = 6, ‘

zi Form a system equivalent to the system {Ex -3y -4 - Y by

]
[
o]

X+ 2 -9
usling the second sentence of the system, together wilith a

sentence of the form "a(2x - 3y - 4) + b(x + 2y - 9) = 0,"
%

where e

(a) a =1 and b =\2.
(b) a=4 and b = |5.

a and b = -9. /
= £

P 4

3. Wlthout déégfmlning th

(¢)

i
0]
..,_\E

truth’ set of the syéﬁem; form flve

e
different systems, each of whilch Ls equivalent to the

x 3y - 8=0
2x + y = QF i

aystem

ot

T

+
+
W

i

T L
I

To find the truth sgt of the sy: =m

T i,
=
S S
[
..“\E
S
L+
[V

=

[
<

o
i

the addition property of equallty

. ‘é—g .
. i
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k3 * R
equatlonsa In the system. The syatem may then be written 1like
this ) :

\ ¢7x +y -5=20 '

y + 3 =0° -
The fallawlng Pquaticns F?p?éapﬁt a line which contains the

éintersectian of the 1lilnes whose équtiong are "-7Tx +y - 5 = o"

and "bx -y + 3 =0." . ‘Kf
(U)(-7Tx + y = 5) + (1)(4x -y + 3) =0
(-7x +y = 5) + (4x -y + 3) =0
-3x -2 =0
i‘g
Xx=- =
The two systems below are equlvalent
“Xx +y - 5=0 ‘ “ix +y - 5 =0
{ by -y v+ 3 =0 and { X - %

The system on the left ls the one whose sclutlon 13 to be
st

Slnce the two systems are ;quivaléﬂt, the sy
may be considered instead. If there 1s a solution of the system
on the right, it must be Df‘thérfDﬂn .
| ' (- 5 ») .
since thessecond squation says that x must be - % ., If there
1s such a solutlon,; then, from thé\ﬁirst equatlon of the system
the number b must satlsfy the follhwing
(-5 r b -5 =0
- : i
1»;) i! i; b - 5 =0
- b - % =6
2} _ %&_ =
The four sentences above ars eruivalent oneés Therefore, 1f b
ia %, not only 1s ths last one true, but,ghé first 1s true
also, and a solution of the system has been Found ‘

The method abpve 15 essentlally the same as that developed
in the previous sectlon. The only difference llies in the fact
that instead of determining two étuLlDDEijﬂé i

x and one Involving only vy, we determined only one of th;3§i

=



17-3 i
and proceeded direcftly to the solution. another example, 1in
#which the stepws have been shortened, 13 glven below.
%
?x - 5y - 1 =2¢C This 1s the system whose-
b4x 2y - 14 =7¢ solution 1s to be found.
2x 5y = 1 = C
/’ 22(2% - 5y - 1) ¢ (4% v 2y - 14) = C
;*’ - ) B
2% - by 1 =2¢C '
12y - 12 = O
B
2% 5y -1 =20 This system 1ls equivalent
y =1 to the origlnal system.
- Because of the second
) equation, 1f there 15 a
zolution of the ayztem, it
must be of the form (a, 1V).
If there 1s such a solutlon,

0
= 0
3

o

iy

e

h

R
oy

P
[

I []
VO B
TR

(3, 1) 13 the solution of the orlglnal system.

- - 5 =0 . . -
1 Ir = ayatpm ; _ ¢ 2 has a solution, of what
= -3

|
Q:ﬁﬂﬁrm must thls solutlon be?

U‘h
H‘*“« f‘h"'* wm r’”““‘u
m 3
9

2. If the system - ; _ % has a .sclution, of what
form must the lutlon ké

) \ L 3x o+ 2y 7 O L . ]

3. If the sysatem y = .2 has a solution, of what

" form must it he?

4. If the system { - 1§ i 2 7 has a soclutlon, of what -

form musat 1t he?

s 5. In the explanatlon ln the text of this SPPti@ﬂj an equatlon

LT
—

of the form "a(-7x + + b(4x -y + 3) = 0" was
obtalned, In which ﬁnlv the vartabie x was lnvolved,

What values of a and b were used?

o

4
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Find the truth Bet

et fmlnin an

HD‘

volve @ﬁly one v

X

H
1]

R
h'!
-

ks
r

o e
1

w MJ‘
+ oL
L

l”'nJ
oy
i S
o

]
(=

g
i

1]
D
1
e,

ol
Tk
-
ill
O
st
L]
i
ot
—
-
—
[y
eI
[l
NN
PO SR
o
il
"

,..
=
[
=
i
=
(%
T
ot
el
Iy
o
u
i
~
+
—

How many

k%]

and x- -
How

r,
=t

ja

o

of

oy
=0
o

-

s

ot

o]

vy

(b)

many

We know that for any non-nercs pesnl numbers o and b,  the

following system®is eauilvalent to the

b(4x + oy - g'c;.«) =

v 1, vhee fellowing,
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‘The system seems somewhat strange because one of the sentences
1a "0 = 0." Remember, however, that a solutlon of the system

makes the sentence 3
. 2x + 3y - 10 = 0 and O
true. Since "0 = 0" is true, any (x,y) satisfying

[}
Lo}

’:*jggx + 3y - 10 = O" satlsfies the system. There are infinitely
~'many ordefed palrs (x,y) satisfying "2x + 3y - 10
-Therefore, there are infinitely many ordered pairs satisfying

0.4

the system
’ 0
0

2x + 3y -1

0
¢

" and’ infinitely many ordered pairs satisfying the equivalent

]

system

I
o0

bx + 6y - 2C
which we were to solve. As examples, (2, 2), (5, 0), and )
(%; 3) are some of the elements of the truth set since they
satlsfy both sentences of the system,

'Stuéy the system ii i g§ B %g 7

{?x + 3y 10

(.t
e N e

and see 1f yofi can discover what made 1t possible to determine
an equivalent system in which one of the sentences was "0 =0."
The answer to thls problem Will enable you te recognize any
system of two first degree equations in which there are-
infinitely many solutions. )

In previous problems, the glven system had one and only
one solutlon. The graphs of the indlivlidual equatlons of the
system were llnes that intersected in one and only one point.
In thls problem the system has infinitely many solutions. What
do the gfaphs look like in this case? In the pféblem set, you
wlll have a chance to find out.

L

Check Your Reading

1. In the explanation in the text, the sentence "0 =0 was
obtalned by us%ng speclfied values for a and b 1
sentence "a(2x + 3y - 10) + b(4x + By - 20) = 0." What

values of a and b were used?



- 17-4 -

¥ . : N
3

Check Your Reading
" (continued)

2. How many elements are in the truth set of "2x t{ay -1 =0

and 0 = 0"? .

3. How many elements are in the truth set of the system

2x + 3y - 10 0
0

0 ?
4, How many elements are ln the truth set of the system

2x + 3y - 10 = 0
0 .

(L]

W

bx + 6y - 20

Problem Set 17-4

1. (a) Draw the graph of each of the sentences in the system

2x + 3y - 10 =0
bx + 6y = 20 = 0 .

(]

(b) Is the sentence "2x + 3y - 10 = 0" equivalent to the
sentence "4x + 6y -"BO = 0"? How car one of the
sentences ‘be obtained from the other?

(¢c) What is true of the truth sets of equivalent‘sentéﬁces?
What 18 true of the graphs of equlvalent sentences? R
2. (a) Draw the graph of each sentence in the system
; X -2y + 5 =0
) {3x-5y+15 o . .
(b) 1Is the sentence "x - 2y + 5 = 0" equivalent to the
sentence "3x - 6y + 15 = 0"? How tan one of the

sentences be obtained from the other? )
(e) Determine a system equivalent to ) .> ~ gg

+ 5=0 _
3x - 6y + 1F in

5=0
which one of the sentences is "0 = 0."
(d) How many elements are in the truth set of the system

X -2y + 5=0
3x - +

Yy 5=0 7
3. (a) Draw the graph of each sentence 1in the system
12x by 0 )
3x - ¥y o .
(b) Is "12x - 4y = 0" equivalent to "3x - y = 0"? Can

one of the sentences be obtalned from the other? If so,

3,

\

Loy N
Ll Wi

how?

—~]
W
It
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" Problem Set 17-4 . .

" . : (continued)"

- (e) Is 1t possible to.determine a §ystem equlivalent to

[]

M

{}gi - 4% g in-which one of the sentences 18 "0 = 0"9%

(d) How many elements are in the truth set of the system

L 12x - 4y =0
‘ ' 3x - ¥y

o7 : 1
4. (a) Draw the graph of each sentence in the system

. " x -y =3
T : 42X - y=6 :
(b) Is "x -y = 3" “equivalent to "2x - y = 6"? Can one
) of them be obtained from the other? If so, how?
(¢) 1Is 1t possible to determine a system equivalent to
& :;c'gy ’
2x -y ,
(d) How many elements are in the truth set of the system

X =y =3
2x = y

6 ?

5. (a) Des?ribe a .way 1in whicﬁ 1t 1a possible fo recognize a
syatem of two linear equations in two variables which ~
has infinitely many solutions.

(b) Describe the graphs of the individual sentencés 1in a
system of two linear equations In two varlables that

[

(O - y
g in which one of the sentences 1s "0 = o"?

has infinitely many solutions.
6. Without determining the truth set and without determining
an equlivalent system, declde which of the followlng systems
have infinitely many solutions. N
C2x + 5y . L 5x + .8y = 1.
(a) {43{ + 10y - (d) 3

X+ y =
(b) [} * 77

=X+
2

* W

= 0
0

-

[
Fegin]
[

lt
o)

(e) {'233( + 18y - 1%‘3

It
O

e
ML~
]
-

TN [ x o+
(e} {ox +

A
+ +
"
Dao Wh
(]
e e

'mv‘ Tk

- " 3x + 2y - 5 =0
(f) {}ax + 2ay - 5a =0
i : 0




= 7 Prcblem:Sétil7—4%

(cngﬁlnued) *j

7. For each of the following systems (wherg pasgiﬁle),
determine an equlvalent syatem in whlth one of the sentencea
48 "0 = 0." If 1t is not pcssible,,sﬁate this. )

3x -5y + 4 =0 A X Ty + 3 =0 e
(2) {5 - 10y +,8=0 (c) {x - l4y +6 =0
X.-3y -1=0 ry 2X + ¥ sgé f?of
(v) {ix +3y+1=0 (d). and
bx + 2y = 12 = 0 .

-

17-5. Systems Hith No Solutian

: 2x + Uy, - 1Q o)

2x + 4y + 5 0 .
For any non-zero real numkers—a-.and b, the following system
is equivalent to theugiien one: T

oW

Consider the system {

Ox + 4y - 10 =0 ,

a(2x + 4y - 10) + b(2x + 4y + ) =
If a 18 1 and b 1s -1, the following equivalent system
1s obtained: ‘ ’ . )

2x + 4y - 10 = .
(2x + by - 10) + (-2x - by - 5)

This system can be written
{%x + by - 10

N
O

([
ole]

-15 _
A solution of this sistem must make the compound sentence
2x + 4y - 10 = 0 and -15 =
1

o" s not true, there 1s no ordered pair

true., Since "-15
(x,y) that will satisfy the system

2x + Wby - 10 =0 . “\
] 1520_ R
We must conclude also that the equlvalent system

2x + by - 10 =0
- 2x + 4y + 5 =0

has no solution.

Ji1g
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P TR N <
:‘ t’ 3
éx + by -

-Study the syﬁtgm {?x + by ¥
and see ff you can discover what made it pasa;ble té obtain an

equivalent

.the values 1 ‘and -1 chosen for

- these . questians #111 heli you identify any ayatem of tw

L5

a

0

system céﬁtaiﬁing the EEntence

T

.15 =-0". WHY were
and b? The ans' ra to
linear

In thé prablem set, you wiil have a chance to disctver what

the graphs of the sentences in a system with no solutlon look
1ike. '

[av]

In the explanatién in the text,
obtaine
Sentenc

*
4

vafuzs’?f a and b were used?’

How
"ox

ng
{%x
(a)

(b)

(c)

(a)

maﬁ?*eléménts are in the truth

+ 4y - 10 =0 and -15=0

il?

many elements are in the truth

+ by - 10
=15

0
o ?

1»—-“

1-2

Draw the graph

(]
2x + by - 10 =0
ox + 4y + 5 =0

Check Y aur Readi E

d by using specified values of
"a(2x + 4y - 10) + b(2x + 4y + 5) = 0." What

w

the sentence " 15 = 0" yas

a and b in the

set of the sentence

set of the syateﬁ

{

f each sentence 1in the system

How 18 the graph of "2x + 4y - 10 = 0" related to
5 = Oh‘?

the graph of "2x + 4y +
Is the sentence "2x + Uy

sentence "2x + 4y + 5 =

10

o"?

0" eqguivalent to the

How are the coefflclents

of x and y 1In the two sentences related? Are

the constant térms related 'n the same way?

Draw the graph of each se
X +y =6

i x+y -2

‘ 795

i3

B

in:the system
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- ; = ‘\’; S 2;7
S ’ Problem Set 17-5.
. , : icontipued) C

T ) i: . . , a
(b). 1Is "x+y - 6=0" ‘equivalent. to "x + y-2=0"?
How are the caefffcients of x and-y 1n the two a
. sentences related? Are the ,constant terms felated 1n~
the ssame way? '

(g) Determine a system:-equivalent to | X x i ; - g,: g in
which one of the sentences’ 1s "4 = 0. s

(Hint: Use -1 for a and 1 for b 1in the
'sentence "a(x +y - 6) + b(x ¥ y - E) =0.")
Lo (d)'LHQW many elemenés are.in the truth set of the aystem
L {% ry--6 ’ g
X +y -2

. 3
4 3

£

0 .
0 - r .

i

3, (a) Draw the graph of each sentence iﬁ the system
2X +y -1=0
. bx + 2y - 5=0 . )
! "~ (b) Is "2x +y -1 =10" equivalent to "kx + 2y - 5=20"2
: How are the coefficients of x and y 1p the two
Sentences related? Are the constant terms related in

( " the same way?
) , o o 2x + y =1 =0
, (¢) Determine a system equivalent to {4x +2y 2520 ip

whlch one of/ the sentences iz false.
(d) How many elements are in the truth set of the system

2Xx +y-1=0
X + 2y - 5 =0 ?
4, (a) Draw the graph of each sentence in the system

2x -y - 4
X +y -6
I

(s "2x -y - 4 = 0" equivalent to "x +y - 6 =0"?

W

lele)

"

(b)
Do the coefficients of x and y 1in the two sentences
seem to be related In a specia’ way?

(c) Determine, if possible, a system equivalent to

éy_L!E

X + v - 6 such that the caeff?cients of x and

Mrw”ﬁ

(d) How many elements a

ERIC
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Problem Set 17-5
(cantinued)

- Describe a way 1n which a system ar two linear équatians
fin two variables having no solution clan be reccgnized
Describaﬁthe grapha af the individual sentences in a ‘system
éf two 11nesr equatipﬁg-in two variablea hagiﬁg nnignlutlan

s

6. WLthaut ‘finding the trush set and without determining an

: uivalent system, tell whether each<§f the following
- ﬁms has one solution, no solutions, or infinitely many

=

solutions. } -
) \,‘%_E.-—
X+2y -T7T=0 x-y=5 -1
- (a) (Ex*’*y-l#=0 (E)’{Ex—'éy=7
. , A .
g (x+2y =T =0 Ix +y - 10 =0
(b) {?x + by + 5. =0 (£) {—Bx y+ 3 =0
R r .
f X+ 2y =7 =0 x+y-2=0 .
(c) {2x-3y-14=c (5){ax+ay-25 o 8¥o
"X - y+2=0 7x+y527=*D a #0
(d) {Sx -2y + 2 =0 (h) ax + ay - 2b =0 a ¥ b

7. For each of the following systems, determine (if ﬁassiblé)
an equivalent system 1n which one of the sentences 1s false.

x4+ 2y - 5 =0
(a) {Ex + 4y + 3’=0
, "X + 3y + 6 =0
(b) {Exa y+ 4=C
(c)p 2X +y -3 =0 and 6x+ 3y - 5=20

»17-6. Another Method for Solving Systems.

As we have seen 1in earller sections of tﬁis chapter, any
system of two equations In two varlables may be solved by
rérmiﬂg;én equivalent system whose solutlon may be determined
‘at sight. It was alsg found that some such systems have exactly
one solution, others have infinltely many soluticns, and

others have no solution.
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There are other methpds for sélving such systems Dné.af',

these, often called the "substltution me thod ,

" 1s especlally' -

convenlent in some cases and 1s discussed in the examples

following..

Example 1.

L : Ty
Solve the system {Ex

Ix + 4

y -3

erhaps from your experlence in previous gections,
you are able,tc:jeil whether thls-gystem i

)

Bas anE;;

(many, or no solutions. HDWEVEP, eyen witbaut
'knawing that there -ls a solution, wé can say thatj

iAf there 1s a saiutian, certaln statements must be

‘ _ .

If & 13 a number and b 1s a number such fhat

the ordered palr (a,b) 1s a solution of the above

system, then the following sentences.must be:true:
bzga*fl#,' ‘ N

2a = b < 3. N\

From the first of these sentences, it can be seen
that "3a + 4" 1s 4 name for the number b. By
adding 3 to both sides of the second sentence,
1t can be seen that "2a + 3" 1s also a name for om
the number b. In other words, if (a,b) 1s a

‘solution of the system, then "3a + 4" and "2a + 3

must be names for the same number. That is,
‘3a + 4 =2a + 3

a :’El .
as been shown that Lf (a, b) 18 a
Salutian of "the system, ;ﬂgi a must be -1,
Since "3a + 4" and "2a + 3" are both names for
the number b, elther of them may be used to find
the value of b 1f a 13 -1. Using the phrase

|i3‘:3 + 4’“ ] ° . I3

=9
[

L
[v}3

1]
-



. =
-
) = -
.o . =" =

ﬁhe syétém; then
a must be -1, ‘and b must be. 1. That is, if
CR TR “" . there 1s anéolution;?;t_mu§;_be (-1, 1). Since
’ it 18 possible, however, that there 1s no solution
at all, the pair : (-1, 1) sheould be checked in

T So, 1f “(a, b) 1s a sblution of

each sentence of the system, as follows:
< ' Sy 3+ 4 "1 =3(-1) + 4" 1is true.
2x =y -3 . "2(A) =1-3" 1p trpe. ,
“tPherefore, (-1, 1) 1is the solution of the systém.
. s <
’ Y

AﬁO%héQ'Exampié is d}ghuséed below., And &gulwili notice
in'this case ‘that one namé for the number b has actually.- ’
been substituted for another. This 1s the reason for the ;
name “sub%titutian method," m§nt1 ned earTler. :
2%

y - 7
+2ys4i(}i =

If there is a solution. (&, b) of this system, then

Solve the system

the following sentences must be true: ,

-2a = b -7 In each sentence of the system,
x has been assigned the value
. a, and y has been assigned

? " the value b.

I
L]

a+2b—}4—

2a + 7 ’ This sentence 1s equlvalent to
"2a = b - 7," by the addition
property of equality. Notlce
from this sentence that if
(a, b) 1s a solutlon of the
system, then "2a + 7" is
another name for the number b.

b

i}

4 = 0 The sentence "a + 2b - 4 = ¢"
4 . must be true if {a, b) 1is a
N

[l

© solutign of the system. .lso,
¢ "2a + 7" must be a name for
the -number b. 2o, the name
"2a + 7"_ has been '"put in,"
5a = -1C or substituted, for "bd" 1in
the sentence "a + 2b - 4 = 0."

[xi]
+
]
+

o)
)
4
T

1]
]

(]

Thus, if (2, b) 1s a solution, a must be -

The phrase "2a + 7" may be used to find the
corresponding value of b, as fqllows:

ERIC
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Ir a 18 -2, 2a+7=2(-2)+7 "~ " . s
.A -:.: - . éll + 7 .

” " fherefore, If there 1s a solution, 1t is the ordefed
-pair (-2, 3). This pair should be checked in each
sentence of the original system.

E

Below 1s a \third example. You should be able to explain
each step. : '

B \ ! 2x +y = -9
Example 3.< Solve the aystem 3£ -2y + 17 = O. .
If (a, b) 1s a solution, then tH& following sen-
tences are true: 7 .
= B . 2a b = =9
a-2b+17 =0
b==0 - Za

3a - 2(-9 - 2a) + 17 =
3a + 18 + 4a + 17
Ta + 35

[}

1]
[ I o B -

]
]
L]

W

If a 1s -5, b =

]

I
W

I
w2
i

m
=

I
"

Therefore, if there 13 a solution, 1t is (-5, 1).

here 1s a fourth example.
X+ 3y=17

y=-7XA 2.

Solve the system {
If there is a solution (a, b) of this system, then
the following sentencesz must be true:

a4 3b =7

&
.
M

b

? From the seécond of these sentences, it can be seen
that " %a + #" 13 a name for the number b. Sub-
stituting this name for "b" 1in the first sentence,

y



) a + 3b

I

7':
7

. a-+ 3(— ?g. 4 2)
t

b+ 6 =7 : o _ .
* 7"

]

a =

t
The result ' does not mean that we have
made a mistake! What we have shown 1is that if there
is a solution (a, b), then it must beftrue that
6 = 7. Since we regcognize "6 = 7" ak a false sen-
tence, we conclude that there is no soclution of the

aysten. ) I

Y

Check Your Reading

‘If (a, b) 1s a solution of the system {
what two sentences must be true? :

‘ et ‘
]
)

= 3x
X = ¥
What name for the number b 1is derived from the sentence
"2a = b - :3"'?
What 1s the result of substltuting the name "2a + 7" for
Yb" 4in the sentence "a 4+ 2b - 4 = Q"2

4
Problem Set 17-6

Solve the followlng systems of equations using the substitution
method.

s

“
L
——y

3
I
KN
-
]
ot
1841
— _WL';»: '
[}
"
ey
a4
~J
i
[

<
[}
[
-
I

kS
I
120
i
Lo
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17-7
. Problem Set 17-6
i - - e .
! (continued) - -
ex + 3y = ’_3 ' x4 5y =5
x -5y +9 = 10. 5; + Ty =17
17-7. Word Problems. o
We have seen before thatlward problems can often trana-

lated into open sentences in algebra. The truth set of the open
sentence then leads to an. answer to the prablem

- Many times 1t 18 eaasler to use two variables in the traﬂs-
lation from words to apenlsenténcesg Below are two examples in.

‘which two variables haviiyéen used in the translation.  You will

notice that when two variables are used a system of two equations
is needed. i
Example 1. The sum of two positive integers 1s 7. The
difference between the integers is 3. Nﬁﬁt are
the integers? o B

let X be one of the integers, say the. larger one.

Then let y be the smaller integer. '
X +y =7 This open sentence says that the
sum of the numbers 1s 7.
x -y =3 This open sentenge says that the
. difference between the numbers

iz 3. ©Notice that we sub-
tracted the smaller from the

larger.
Solve the gystem » o
X+y=7 ‘ We are looking for two positive
% - — integers whose sum is 7 and
x-y=3 whose difference is 3.

Writing the system as
x4y =-7=0

{x -y =3 o,

an egulvalent syatem 1is

]

[

x4+ y=7=20
(x+y-7)+ (x-y=-23)=0,



‘ iﬁ the firat equatilon,
“if x 1s 5, we have

}EES
YEEE

-80, the truth set of the The numbers 5 and 2
sratam 45 . glve ua an answer to the
system 18 word problem we started
{(5,2)]}. with. Both of them are
: : positive integers. Thelir
: ' ~ sum 1s 7. Their differ-
' ‘sence 1s 3.

A éand% store is golng to make a 40=pound mixture
of frult centers and nut centers., The fruit
centers sell at $1.00 per pound; the nut centers
sell at $1.40 per pound. In order to make the
mixture worth $1.10 per pound, how many pounds of izi%
each kind of candy should be used?

Let f be the number of pounds of fruit centers.
Let n be the number of pounds of nut centers.

f +n= 1540 This open sentence says. that the
. number of pounds of frult cen-
ters and the number of pounds of
nut centers together 1s 40, 40
1s the welght of the mixture.

The money value There arg - 40 pounds in the -

of the mixture mixture, and each pound is woﬁEE;
1s 44 dollars. $1.10. (4@)($1,1@§ = §u4b, /
The value of the There are [ pounds of fruilt;
fruit centers in centers, ‘and each pound id worth
the mixture 1is $1. (le(’l) _—

T dollars. ' »




1.

b Lo+ luon = 44

hg.

The. value of the - There are n } o
nut centers in the . centers, and e;ch-paund is
mixture is = 1.40n vorth $1.%40. k(n)(l ko) =
dollars. o - 1l.40n,

Thia open, sentence says that

-thé value of the fruit centers

added to the value of the nut

centers gives the ¥alue of the

) 'ehtife mixture. -,

2 P ¥

Solve the aystem We are 1uck1ng fpr-ﬂumbers £
. ®™- -~ amd n so that there.are 40 -~

pounds in the entlre mixture

. [f+n=4%0 ' 4
T4 it e m and the value of %he mixture
f + 1. Ll'@ﬂ = 44 - i_ ’-“l

; . o _dollars. .
k4 -Hﬂg

write the aystém as

. Lo :
t+n- ho = x . -
£+ 1.h0n - 442 0. , 3
This is equivalent to
f 4+n - 40 0 . » - .
-(f +n - b40) + (£ + 1 4on - 44) = O, .
whigh can be written | ' '
£4n-4% =0 |
" n =10, (why?) ,
If there is a solution of \ ®
the system, n' must be 10,
In the first equation, if ;
n is 10,
(r 4/(10) = ko VA
‘-, - y f = 3@ N
Thus, ah équivaléﬂt We now have an answer to the
gyatem is . word problem, The candy stare
. - should use 10 p
f = 30 . centers and ~30
oo & © frult centers.

Problem Set 17-7

Find two numbers whose sum 1s -23, and whose difference

ia

7.

8ok

S50



17-7
Froblem Zet 17-7

(continued)

M

v
]

Find two numbers whose difference 13 16 and whose sum 1
30. '

\i A boy has 10 coins totaling $1.60, whlch 1s made up of
" dimes and quarters. How many dimes and how many. quarters

11
v has.he?

L. A man cashed a check for $590, asklng the tell
him the amount in 5 and 10 dollar bills. I
70 bills in all, how many &5 dollar bllls did he recelver

]
u’l

er to glve
T

there were

5. In a two digilt number the unit's digit 1is twlee the ten's
digit while five times the unit's diglt 1s 6 less than the

given number, Find the number.

6. A man bought ‘30 pounds of nuts, some at 35 cents a pound,
and the rest at 50 cents a pound. How many pounds of each

kind did he buy lfgghé mixture cost him ki Célta a pound?

7. One day Mr. Brown employed five men and three boys for $68.
The next day he eyplg%ed three men and five boys for $60.

How much Ald he pay each man and each boy for one day's work?

m
pan

at 3$1.0% a pound may be mixed with

cf=t=

L\C{

P

8. How many pounds of
gégd worth $.85 a paund to give 200 pounds worth §$.90
a pound?

5. Mr. Raynelle invested $10,000. le invezted part at 5%
and the balance at ©% . If his yearly income was $548,
how much did he invest at 5% ¢ How much did he invest at
B % 9

3

10. The course of an enemy submarine as plotted on a set of axes

=

can be given by the equatlon 2x : 3y = 9. On the same axes
a destroyerts course in indicated by the graph of x -y = 2.
At what polnt do the path: or the destroyer and cubmarine

Interassoty?

A5 3;‘ ‘
03y

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

!
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Systems of equations are riot the only systems that are

The open Tentences in a system may be

lons. Por example the compound open

™

Irom Chapter 1., e now thnb

Inequallty

numbear ot Ghoons pnlzag HURE

Bl ccrapie ool w0 it ooy

the sot of polnts "above" the line
ordered palrs that satlizly the

there are an in




17-8

inequality. (Notlce that the line "x 4 2y - % = 0" is dotted,
since we do not want to include points on the line.)
Next look at the graph of the second lnequality in the

system--"2x - y - 3 > 0." The graph 1ls shown in Figure 9.

g

|

Tt
|

o

AN \\\
SNANNNRNNNSNNN\Y

H

The set of polnts "below' the line "2x -

e
I
Lt
i
iz

represents

squallty "2x -y - 3 3 0",

ordered pairs which satlist’y the |

Arain, there are infinltely mony them. 'The graph just helps

us to met a pilcture of them.

The twn graphs abe

did not represent a new ldes

[

;e
graphed inequalities 1In Chapter But remember that wve are

looking for the truth oot ol the s bom
j |G A
To be ln bthe truth set of the system, an ordered palr must be in

Ol

10.
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# Thils graph gives us a plcture

Notlice %hat the pgraph of one
reglon wlth lines running in

other inequali¢y is shown by

Flgure 10

of the truth set of the system.
inequality is shown by a shaded
one direction; the graph of the
a shaded regilon with lines running

in another direction. The region with "criss-cross'" shading

(1ines running in both direct
All the pointsa

both graphs.
sent ordered palrs that satis
thils reglon 1s a graph of the

There ar

ilons) shows points that belong to

_in" this criss-cross reglon repre-

fy both 1lnequallties. Therefore,
truth set of the aysten.

infinitely many ordered palrs in the truth set.

e
We cannot 1ist them, and zo we must be satisfled wlth showing

the graph of the truth set.
3x = Ty
In the system

s,

open sentences

e
£

one of th

i

Ineauallty,. The truth set of
#

be shown graphically.

The praph of "3x - 2y

13 shown 1n Mipure 11, Every

oi. the line represents an ordered —t—t

palr which satisfiles the equation.

X 4 3y -

bl

an equation, and one 1s an
the system can

5 = 0"

polint

Flgure 11



17:8
The graph of '"x + 3y - 9 ¢ Q"
1s shown in Figure 12. EVery point
on the line "x + 3y - 9 = 0" and
v every point below the line repre-
sents an ordered palr whilch satis-
fies the inequality.

The graph of the system {éﬁ -y -5=0 .

x X 3y - 9 < \
can be shown by drawlng the graph of "3x - 2y - 5 = 0" and
"x 4 3y - 9 < 0" on the same set ol axes. The graph 1s shown i
In Pipure 13 -

The graph of the system 1 the
both of the graphs of the individual

In the figure, this la shown as the.

line "3x - 2y - 5 = 0",

ERIC
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s Problem Set 17-8

For each of the followlng systems, draw the graph of each 3enternce
in the systém, and indlcate the truth set of the system by
appropriate shading.

RS
et
o e

1y LTy

{

b
ﬂ

w

b
g

kY
i
g
<
o

o
o
o
o
k]
o
o

Wk T
B

+

b

~

f—
kX

iz

2

11, X

-
!
~
I
s
It
jo]
v
<
™,
sl
o
i
»

wn

open sentence with connecting word "and" 1is

p
system of sentences. The sentences may be =quations
1

2 nces In x o and y 1s the

a
o' the system.

b

wlth the zame truth set are called equlvalent

bl A system of two Ulrat degree equations 1in two varilables may

in whilch case the

e

raph of the

e

ction of the

g

rae

m

e gingle polnt of inte
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i

(b) no solutions, in which case the g

ntalnga

DI
o

_ no polnts because the gt
of the system are two line that d
(c) infinitely many solutions, in whl
‘thé system 1z the set of all poln

i

which 15 the coinciding

The truth set of a system of lnequaliti

drawing the graph of each centence of

reference to the same set of axes and
1

-

' open senfences furnish a ma

)

£
the aolutlon of many word problems.

Revlew Problem 3Zeat

teh of the followlng can be called a

=
b

Zx + Py =7 and x - 2y =5

4 y =5 or

o

2l

b

i)

.

Glve a number palr which satlalle

e
[—

-y - ) s ob(m o= By o 7

I a horizontal . lae.

a{2x

~apha of the 3

raph of the system
entences
t;
ch case the graph of
ts on the one 1ine

each ol the sen

€5 may be shown by
the system with
ahading

thematical model for

il
L
i
i
o
=
e
oy
b
1M
o
o
T
]
[d
i
b
2

i e

z each of the follow-
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Review Problem Set

(continued)

o
y

(d) Find a and b so that the graph
a(3x -y -~ 3) 4+ b(x - 3y 4+ 7)
1s a vertical line.
(e) Find a and b s
a(3x -y = 3) 4+ b(x <3y 4+ 7)=0
contalns the origin. Hint: If the graph of

i
2

50 that the graph of

ax + by « ¢ = 0 contalna the origin,

o,

Find the truth set of eadh of the following open sentence

i
f
ja®
b
g
PR}
i
uid
=
D
iz
L

s;}yz@

o,
]
s
Bl
1
[

L
{
N
1
o
)
L b=
L™
oy
~—
[

I
\\]
Mt
e,
o
o
-
e~
)
I
o
Mt
|
-l
e,
e
Mo
——,
e
£
4
. [
T
rd
. -
[\l
oo
[
Tl

(5) J5% =k -2y
RS l):y =8 - 10x

"
s
—

g
g
|
i

sets of Problem 3 (a), (b),
and (f); (g), (1), and (J)

Draw the graphs

and (e) on the

on the plane.

of "ly} < 3" and draw its graph if 1t
4

Find the ~ruth set

pev)

1z consldersd
(a) one variable (b) two variables.

Complete this statement: o

corrssponds cxac Ul

every polnt In the plane there

for 2 gilven set

plane. This 1o an example of a one-to-one carrespondence,

Draw the graph of the truth set of each of the systems

Whilch follow:

(a) J* -V -1 L0
X0 Ey oo H

2y = 0 .
v \
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(1) Does (-1) satlsfy she eguation in part (h) of ‘this

er to the number palr (-3, -1) to answer each of the

b
"
4
T
[}
ped
[a]
=
it
it
P
]

(¢) In what quadrant

tne number palry

oy



dlt'fer in the pro-

Fopulation A has

red, Jome

now many snalls

tlon A and population 2 to the new colony:
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5 SATIC POLYNOMIALS

18-1, Graphs of Quadratic Polynomials.

N In Chapter 13 it was sald thal polynomla
i

. : . ; L2 - ;
\ x° = 3dx = 3, <z + L, 3x~ - 10x, sx~
‘are called

quadratic polynomlals 1n X, because each contains a

term of second degree and none of higher degree. Any polynoemial
in x which zan be simplified to this form is called quadratic.
5)

it can be simpliflied fo

= 1

For example, "2x{x - + 3
t

i

15 a gquadratic polynomlal because

he form "2x° - 10x + 3" 1in which a

second degrsze tery and no higher degree term is present,
Compars Lne four polynomials listed above, They .are all

quadratic polynomlals in x. What makes any one ﬂlffé?éﬂ% from

the othars?

terms differ. A

the coefficlents of its three terms. Thus, 1f we agree to llst
t

The form 13 the same, but the coefficlents of the

11fic quadratic polynomlal 1s determined by

the coefflcients in the orider of the degrees ~the terms, the
!

three numbers 1, = 3, = 3 determine the uadrattec polyno=
&

bag

mial abovse, x© - Hx - 3", . The three numbers 2, 0, 5 +eter-

T
.

s
mine the second quadratic polynomial above, 2x= 4+ 5", What
three numbers defermire the trird quadratic polynomial above?
The fourth?

Ir1 eneral, any Shrio real numbers A, B, C, with A < 0,

*

5Et%ﬁmtt% a auadracic pelvnomial tn X,
s’,. ) ) )
\ AXT 4+ B + G,

and any quﬁﬁ?ﬂﬁl?kgﬂljﬂﬁmlal In can b zimplified to this

=3

i

form,

ERIC
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x Oral Exercises

In each of the following decide whether or not the phrase 1s
a(quadratic polynomial in x. +If the phrasge 1s a quadratic
polynomlal in x, glve the values of the coeffilclients A, B, and

J

C of the form Ax~ + Bx + C.

1. Exg + 4x 4+ 5 B, % + 8

2. x% 4 6x + 8 9. x + 8 - x°

L]
V|
-
]
]
I
ue
o
b
ol
P!
+
s
B
Ty
I
w5
-+
=

=
I\

+

K
]
o Lo
s

[

"

5

1

=

+

iy

The graph of the guadratic polynomial in X, §§éij Bx +4/C,

1s the graph of the open sentence

3

“AxS + Bx + C

R

y

where y represents the¢ value of the polynomial for any real

number x, That 18, the graph is the set of all points (x, y)

in a plana; Wwhere x 13 any real

=
o

umber and y 1s the corres=

ponding value of the polynomial Ax~ + Bx + C.

T

Example. Draw the graph of x~ = 2x - 3,

fW
M
<
ot

A number of ordered pairs

(x, y) which satisfy the

open sentences

1
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™
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-

i

I
Al 3 B DI |
A
'
=
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.W’»..,U N
N
s
L
Mt et

2
=

y = X7 = 2x -~ 3

.,
.

™

are indlcated 1in the table

B = TP e
i

i
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Pt Mt ot

£ Lo b o Rdus o e
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o

e

at the right. In several
cages, the value of the

n left

-

be

pind

rnomlal has

[V
]

=y
ot
"
< O
it
s
-
i
e
i
[
[

errmlne,
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contalning
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Lolal 1Y

. - e
what opan aont el N

2., What {3 tho unlge of

pus
nrotynomial xT o= 2% = 3 If x 1s 17

3. % o8 the graph of the polynomlial %7 = 2% - 3 have
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the graphs of t

5

polynomlals.

‘1. 2x7, for x such that =2 {x-¢ 2
2. =2x~, for x such that =2 { x g 2
3. xg = 2,sfor x such that'a3.g x < 3
b, x° 4 X, for x such that ~3 {x £ 3
- 5 ) i
O. X +x +1, fer x such that -2 < x ¢ 3
- 2 ) P
6. ﬁ%ﬁ + x, for x such+«that -3 ¢ x ¢ 3
7. x° - Ux + 4, for x such that -1 <x <5
8. =x + l4x - 4, for x such that =~i < x <5
From the graph of x° s whlich might be called the simplés

gquadratic Dgiyhcmial muﬁh-cén be learned about the graphs of

other quadratic pnlynomidl Wde begln by comparling the graphs
the fullgwiﬂg e l
. 2 Lol 2 =) 1.2
y-:«: }y!hﬁ}{ » ¥ = X }y—gj‘;{

2.

These graphs will help in u&gzrqtanding the shape of the gfaph

- ‘Y,: g
» Vg = ax®
where a 1E‘§ny non=zero real number.
- A list Df values of each of the four polynomlals (for cer-

taiﬂ valuas Df x) 13 glven below, Some values have been left

for you to determine,

3 ] ) 1 . -
x |3 | 2211 -2 ol | 2|23
SR SNURSUNY SN SN, — Y N [ 3 - —
x© 9 : 1 0
S T ;y - - 5 ’ A R A
2x< | 18 8 2 ’ 0 g
1.2 R 0 I
* 2z . z, | '
= -3 C, - ! ) T T T
_i%f ~% -2 a% to0
@ < IS . B I L .
N\ !
{3

O
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1 i
The graphs of the four, polynomials have been drawn with

!‘; reference to thé same set of akes in Figure 3. Some .of the
aquestiéns in the pf@blem;set can best be answered by referring

to this figure.

]
[ —

\
\

\

il
1
' ]
L I
T
! ]
v
L

. ) B B 1 ,“,"7,?; ! ”/j gt
1]
. 4 X
I A ii 2 % i _

Flgure 3.

1

Check Your Reading

1. What one point 18 contalned. in all four graphs? How does
thls show up 1n the table of values? 1n the graph?

Notice 1In the table ofwvalues that the values of the four.
polynomials are the same for 3 as for =3, the same for
2 as for =2, and the same for -1 as for =1. I8 there
an explanation for this? Give an ékample of a polynomial
for which this woulll not be true.,

=

O
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Aruitoxt provided by Eic:



18-1 .
Ny Problem Set 1B-lc., "
1. Compare the graphs of x> and 2x°., Given the graph of x°,
hew could the graph of Exg be drgﬁh witheout preparing a
" = = = o N o i N j - _
new table of coordinates? (Hint: igntice that each value of

. = 23:2 E-)

1s twice the corresponding valje of x

2, Draw the graph of x2 for x such that =24 x £ 2.
, Then draw the graph of 5;2_

[

‘XE; Giéén the graph of xe,

asily drawn?

3. Compare the graphs of ;? and

how could .the graph of é%xg "be

DI V]

4, Draw the graph o x2 for x such that -+2< x £ 2. Then
draw the graph of %xg_ ' _

5. Given the graph of %ﬁg; how can the gréph of - _he
obtained from 1t? Descrlbe how this shows up in the table
of values as well-as In the graph of Figure 3.

2

\Inil-—* .

é;‘ Given the graph of 32, draw the graph of !£E_

Te Expzfin how the graph of Eaxa, where a 1s any non-zero
numter, can be obtained from the graph of axg.
' s
. 8. Does it seem correct to say that the shape of the graph of
ax® 1s the same as the shape of the graph of ;g? If _ a
is 10, how do the shapes compare? If a +1s .1, how do

the graphs compare?

_ The previous section showed that the graph of a polynomial
Y axgv(a # 0) 1s easlly obtained from the graph of x°. So the - .
problem of g}aphing all gquadratic polynomlals of the form axg ’
w where a 1s any non-zero number, has been solved. However,

xaf all quadratic polynomials,

such polynomials form only & subset
Therefure, the problem of drawing the graph of any éusafgtic
polynomlal demaﬁds more attentlion,. : B

Another form of quadratic polynomial that migh¥ be con= v 5
sidered at this time 1s illustrated by -

1/, 12 B
: A CEE)L | »
From the form of this polynomial, 1t seems possible that its
: graph may be clogely related to the graph of '
i N %%E' “ . i

) ‘ =20
i.,'i
%j.lg?,
O
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\

1 .
The graphs of these two polynomials have béén drawn 1n

‘Pigure §, AL NPl
- \ \L . I / = 1xt
) \ ; l‘ 7 A - 'l - Y3
T \ \ 7;,, (x-3)
INAVEEE JA IR !
] 1 1) 11
Al NEEN 7 _
1 al A Vil
. - - ;777. \J7‘5 :77 B
' - Figure 4 _
“ ‘Notice that the graph of "y = #(x - 3)2" has’the same
shape as the graph of "y = %ﬁa". The point (3,0) on one

graph seems to correspond to the peint (0, 0) on the Dthegf

and 1t lies, 3 wunits to the right of (0,0). Similarly, each

)En

point of the graph of "y = %(1 can be thought of as,
£

having been obtained by "moving" a corresponding point of the
/ graph of "y = %;2" to the right 3 wunits. More briefly, 1t

might be said that the graph of "y = %(x - 3)2“ ‘ds 3 units
%0 the right of the graph of "y = Ly, ‘ ;

The graph of "y = %(x - can be obtalned by
moving the graph of "y = %ﬁ 4 units to the
right. . : :

*The graph of "y = §(x - )é" can be obtadned @"
H 1 2" .

moving the graph of "y = 10 units td-the pight,

PIJ

How does the graph of "y = 5(x - 6)2" compare with
the graph of "y = 5x°"?
By way of é@ﬁtfastr suppose We had started this section by
. 3
cansidering the palynamial %(x + 3)° 1instead of the polynomial

1., _ : P

g(x! 3) . ‘ A

B How do you think,the graph of "y = (x + 3)3"
campaﬁes with the graph of "y = %ﬁg"?

4

You will have a chance to check your answer t@ this question in

the first prmblem of the prablem set .
- :*‘;ﬁ}v ' i ';
Rl Ty
. i ¢
- | v
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Check

{

our Reading

. _
In this section, the graph of %(x - E‘l)2 1s shown to have the
same shape as the graph of what other polynomial?

Invwhat way can the graph of !%(x - 3)E be obtained from the
graph of %ﬁg?

How does the graph of "y = 5(x - 6)2" compare with the
2

‘graph of "y = 5x<"7 %\

Problem Set 18-1d -

From a table of coordinates of points, draw the graphs of

I VAR IR B
ysg(x;k.?) and y = 5x

with reference to the same set of axes. Does.it appear that

4 * ; 5 - ) 7 .
the graph of "y = %(x + 3)2" can be obtained by "moving"
‘Il - %xéli?

the graph of "y = If so, describe the movement.

. Por each of the followlng, describe how the graph of the

first equation éan be obtained from the graph of the second
equation. ’ . !
(a) ¥ = 3(x e !
(b) 3(x
(c)
(a)
(e)
(f)
(2) Hx + 3%
(n) 5(x + 7)% y = ,
If a g?%u how can the graph of "y = a(x - h)g” be

obtained from the graph of "'y = ax~", where h 1

+
1]
Ll
]

4)2;
)2,

H

=2(x -2

W < ~<
il I
VIR PV
b b

2(x +2)%;

[}
N
b

]

2(x - 3)%

s
i:%(x +1)7;

“ <o«
i
]

1]
]
u?-'ﬁ P

W

LA - R L T T S
]

i
W
—
kg
]
~J
R

(A

any

L]

real number? Be sure to conslder the followlng cases 1n
glving your answver:
h>0, h=0, h<O.

el
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In the preceding section, it was seen that the %raph of
y = a(x = h)?
can be obtained by "moving" the points of the graph of "y = ax??
horflzontally (to the left or right). It seems natural then to
ask if there 1s a quadratic polynomial whose graph can be ob-

tained'by a vertical (up or down) movement of the graph of
) 2“ :

"?!Ex_ . A 7 )
) Lt L . It 1 20 . w., _ 1.2 . .n
Let us compare the graphs of y = 5% and y =3x" + 3.
A table of values for each of these ‘polynomials is given below,
In Pigure 5, the graphs of both have been drawn.
& — . S _ _ _ _

2] e

i
=
[]

-

Pufis|
| PO

2,3/ | 5

| cops o

et

M~ |
1.
L
LS
| PO~
3
ol OO}
G MO

o] u
I

|
\

L]
1 "’L‘\

Filgure 5

It can be seen %ﬁtﬁEfFDm the table and from the g;gﬁé that,.
for-any . x, the vaMue of -%ié +3 1s 3 greater ggén the value
of %ﬁéi This means ;ha% Ehe graph of %ﬁé + 3 can be obtained-
by moving the graph of éx; 3 units upward. For example, the .

point (0, 3) 1s ‘3 units above its corresponding point (0, 0O).
; _
Notlce that the shapes of the two graphs are the same.

‘ r"
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¥ . : ¥

. In Figure ‘6, the graphs \|

of "y fj%(x - 3)°" and

"y - %(i'; ;3)E - 2" have been

L
<
@

drawn, together with the ‘graph

1l 24

of, "y = 3% .

4 Do you see that the graph

-

has the

of "y = %(x - 3)% - 2"

game shape as the grag? o

(3.0

Imde ey

y = %(x - 3)2" ‘but 1is

A |

ypits below 1t? For example,
the point (3, -2)
thought of as having been

obtained by moving the point

(3, 0) 2 units downward. ‘

can be

Notice in Figure © that the graph of "y =
units to the right of and 2 wunits below the graph of

1s 3 un n
_j%xghi

"Y

Similarly, the graph of "y
unlts to the left of and

v 7 e
graph of "y = 2x°",

The graph of "y = -5(x =

to the rlght of and

;? "y = -5x2",

the graph of

2

y = ax

2

y =a(x - h)™ + k has é
e

N\ and is

Ih|

(32

¥

Figure 6

1,0 _ a2 _ sn
2(; 3) 2

2(x + ?)‘g - 5" 1sg

unlts below the

L3 .
3)5 + 1" 1s 3 units
- (Onlt above the graph of
ErE]

unlts

or left of the graph of

y =

ax

At this point, the féliéwiﬁg summary can be made, based on

to the right

You have probably already made your own observations about how

the numbers k and h

e
Ty

P bs
' Jy u

O
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- 18 up or down and whether the horizontal movement ls to the right

er to the left.

The problem of drawing the graph of any quadratic polynomial

has now been solved.

Every quadratic polynomial, as we shall

shape of the graph

of the polynomial?

soon see, caﬂ be expressed in the form
a(x - h)® +k, a ko,
and once this form 1s determined, the graph is easily obtained
from the graph of "y = ax>", ‘ !
Check Your Reading
1. How can the graph of Eig + 3 be ﬁbtained fqgm the graph
12,
of X7
2. How can the graph of "y = %(, - 3)2“ be obtained from the .
7 graph of ”}" - 1 E;’n.; .
3.. In this section, a summary 1s made of the relationship be=
tween the graph of "y = §x2" and the graph of [
"y =a(x - h)? +k o
(a) How do.the shapes of the two graphs compare?
(p) What relationship between the!grapha is determined by
the number h?
(¢) What relationship between ‘the éraphs is determined by
the number k? '
Oral Exerclses 18-le ’
1. Which of the following have érapﬁs of the same shape as the
’ graph of "y = 2(x + 3)% -.6"?
(a) y =2x° (@) y = 2(x - 12)% + 157 —~
(b) y = 3(x + 3)° -6 (e) y = 2(x = 10)?
(¢) vy =2(x +3)° +6 (£) vy = (x +3)°
=
2, What number in the polynomial a(x - h)° + k determines the

?



O
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Oral Exerclses 18-1le

(continued)
If a % O, "y = ax%'
must be moved (fDP examplé,rup and to the right) to obtain

describe the way in which the graph of

the graph of "y = a(x - h)’ + k" 1if:
(a) W=0 and k<O )(r) h<O and k >0
(b) h =0 and 1-:;:»0’ (g) h>o0 aﬂd$k<’:D
(¢) h<0 and k=20 (h) h >0 and k>0 \
(d) h>0 and k=20 (1) h=0 and k =0 |
(e) h< 0O and k<O
ProBlem Set 1E-le
Describe how the graph of "y = x° - 2" and ér "y = x> + 2"
can be obtained from the graph of "y = ”2", Draw all three

graphs with reference to the same set of axes.

How can the graph of "y = 2(x - E) + 3" be obtained from
the graph of "y = 2(x - E)E"? Draw both graphs with

reference to the same set of axes. 7

How jcan the graph of 'y = 2(x - E)g + 3"
the graph of "y 2x2"e

to the same set of axes.

be obtalned from

Draw both graphs with reference

lll

or | ) " 2 . .
How is the graph of "y = (x + 1) obtained from the

graph of "y = x"?  Draw both graphs with reference to the
same set of axes

How 1is the gfaéh of "y = -2(x + %)g + 3" Dbtainedifram
the graph or "y = -2x°"2® Draw both gr

aphs with reference
to the same set of axes,

Without drawing the graphs, describe the graph of each of
the followlng by telling how 1t can be obtained from the

graph of some polynomial of the form ax®

(a) v =3(x -7 +3 (f) v = x° + 14

(®) ¥ = 3(x - %)é + 7 (8) v = 5x° + 14

(c) y = 2x" + % (h) 5 = 5(x - 2)2 + 14
(d) v =2(x+ g)g (1 ) y = -8(x -8)% - ¢
(e) v = ~(x +3)° -4 (1) y o= 4(3 -x)° -6

¢ ¢
S
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18-1 _ :
: Problem Set 18-le

(continued)
R L] ) -
7. PFind an open sentence whose graph can be abtained by each of
~ the movements described below. -

=

(a) the graph of "y = x“" moved units to the right -

5

5 unlts downward
(¢) the graphn}f "y = x2"  moved 5 wunits upward

5

5

(d) the graph of "y = x?” moved 5
2n )

(e) jthe graph®of "y = x moved 0 /the right

urrlts t
and 5 units downward

' , . BT 2

(f) \the graph of 'y = -x°"

: moved % unit to the right
ahd 7 units upward ‘ .

3 i E| N = : N .
(g) the graph of "y =2x " moved 3 units to the left
and 6 units downward

(h) the graph of Yy = %ﬁ%" moved

and 1 unit downward

unit to the right

P

¥ .
*(1) the graph of "y = %(x + T)E - 4" moved 7 units to
the right and 4 units upward,

Now that you have ‘learned to draw graphs 'of quadratic poly-
nomlals, it seemfp wise to introduce several words which allow us
to discuss sucgjtrﬁpha in a more concise way.

The graph of a quadratic polynomial 1s called a parabola.
You have probably noticed by now that every parabola we have
drawn has had elther a "highest point "
Such a pelnt 1s called the ver;éx of the parabola. The line that

or a "lowest point".

is parallel to the y=axls and passes through the‘'vertex 1s called
In Figure 7, the graph of "y = %(x - 3)£+ 2" has been drawn,
The graph i= a parabola. ] :
{ The vertex of the parabola is the p!iht (3, 2).
The axis of the parabola 1s the line whose equation 1s
L4 . i ‘ : .
X = 3. . : ‘ X
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S 11N y r
Do you see that the vertex T T I\ T
of the graph of a(x - h)= + k, N NS
a ¥ 0, 1s the point (h, k)? HEER \, T
What is 1ts axis? — - - - _
— - 1 +
¥ . o ’ N I:f J‘f/
. HEBE ” ol I
R 2T T
) ioglz ~TTT*

Flgure 7.

1. What name 1s glven to the*gfaph of any quadratic polynomial? .
2. What point of a parabola is called the vertex?

. ) ) , ) o ~ )

3. What line 13 called the axis of a parabola?

4, What are the coordinates of the vertex of the graph of

17 > 2 ¥ I
5. What is the equation of the axis of the graph of

"y = H(x - 3)% + 2"

/ Oral Exercises 18-If :

\Give the c@mrdlnates of the v;—:rtex and the equati\:‘m of the
axis of' each of the fallawiﬂg parabolas. (Note that we often
speak of an open sentence as a parabola; this means, of course,
the parabola which 1s the graph of the open sentence.)

1. y = x° . ) L by =5(x-2)° -3
. _.2 ’ S _ 12
2. y = 5" 7. yo=5(x +2)°
3.y = -5x° 8. y = 5(x + EF*%
- ;;3 ) E 1 \,v“
4. y = 5(x = 2) 9 y*—;i}(;{i—é)‘ —§ ke
[= = g = * o é
5. ¥y =5(x -2)"4+ 3 10, y = a(x - h)° + Kk ‘
. o . N
g o
' o ;
tj;;if
.



18-2. Standard Forms.

The graph of "y = (x - 1)E - 4" 18 a parabola which can be
obtained by moving the graph of "y = x=" 1 unit to the rightr
and 4 units downward. This parabola 1s also the graph of the
open sentence ’

4 - ' y = 12 - 2x - 3,

siﬁgg it 1s true thét, for any real number x,
(x =1)% - 4 = x% - 2x -3, (Why?)

_ The above is merely an illustration of a statement that was

made at the beginning of this chapter--every quadratic polyno-

mlal can be expressed in the form Axg + Bx + C. On the other

hand, every quadraﬁ‘pnlynsmial can also be expressed in the

form a(x - h)* + k, and this form 1s known as the standard

form of a quadratic polynomial.

From the example in the first paragraph, 1t. can be seen that
2+Bx +C 1s a
simple matter. But what about the reverse problem? Given the
polynomial xg - 2x = 3, how céﬁld the standard form be deter=-
mineq? '

In the standard form, a(x - h)2 + k, the variable x ig
involved Dhiy in an expression that 1s a perfect square, There-

changing from standard form to the form Ax

fore, the feollowlng approach to the pfabiém ﬁight be taken:

Example 1,

X" - 2x =3 = (x~ - 2x) - 3~ This 13 a simple
grouping of terms to
emphaslize that a per=
fect 'square 1s desired
in the parentheses,

x° -2x +11s a per-/
fect square. Note
that 1 -1 (that 1is,"
0) has been added.

We now have the stand-
ard form, a(x-h)2 + k,

where a 13 1, h 15
1, and k 18 =4,

]
—
"

]
Pl
o
+
=
N
]
L
i
-

0
—
-

]
[l
e
[
g

As you can see, the problem of changing to standard form in=-
volves the process of completing the gquare, studied in Chapter
13. - Another example 15 given on the F@ll@ﬁiﬁg page. Be sure

that you can explain each step.
_

39
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Change x° +'8x + 2 to standard form.
2 - (x2 + 8x)+ 2

(x2 + 8x + 1c) + 2 - 16
(x + 4)2 - 14, ' 3

®
+
+
4"l
N

The method used in examples 1 and 2 1is a perfectly gén%'

o ~gf§L one. It can be used to change any polynomial.form :

/ Ax” + Bx + C to spandard form, though not all cases are as sim=-

d ple ak the first two examples. A more complicated,case is 111-
ustrated in Example 3, Be on the lookout for the‘step in which

you seem to be adding 4, but are really adding 12.

"Example 3.
= - . %
Change 332 = 12x +'5 to standard form. I
. . ’ 1

3x° - 12x + 5 = 3(x° - 4x) + 5 - The distributive prop-z.°
) erty has been applied ...
3\ here. Ycu will recall's

that in thé standard Eéfm;
. the coefflclient of x 1ir
) the perfect square 1s 1,
That l1s the reason for
this step.
- 4x + ) +'5 It is merely being empha-
' gslzed that a perfect

the parentheses,
Here 1s the step you were
warned about!

]
Tt
Caame
-
]
+
3
+
&
Mot
+
g
k
b
i

2
X = Ux + 4 1s‘a perfect
square. But do you see
that 12 (not 4) was
added,; since multiplica-
: tion by 3 is distribu-
tive over x &, 4x + 47
This explains the "-12",
meaning, in effect, that

, we have a@ded_'lé =12,

: =3(x -2)° -7 This is the standard form
a(x - h)2 + k, where a
is 3, h is 2, and
kK 1 =7.

Lad

(¥ ]

bl

3
-
i
300
N =4,
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# e . :
Changing to standard Eﬁrm‘mgkﬁs drawing the graph a simple

matter. On the basis of the three examples SDDVE; the following

statements can be made: -

T

L

o

ERIC
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The graph of ‘
with vertex (1
The graph of "y
with vertex - ( -4,

y

is a Parabala
"x = 1",
) 15 a parabola
-14) .and axis "x = -4", .
12x + 5" 1s a parabola

The graph of .
and axis "x = 2", /

with vertex (2,

Your Reading

of the followlng 1s called the standard form of a quad-

polynomlal?

1 .
AXxS + Bx + C; )2

a(x - h + k
"(x%fi 2x + 1) = 3 - 1" names the same number
- 3" for any number x.

7"3(’}{‘2 -

4x) + 5"

why
as x- = 2%
1 why 4x + 4

+ 5 - 12" -names the same num-
L a2 - : ’
as "3(x" =

)
for any number - x.

Oral Exerclses 18-2a

Is (33{— 5)2 + 5 1in standard form? Why or why not?
Degcribe the filrst few st

t
3x° + 5x + 7 to standard

Problem Set 18-2a

. ;
Tne quadratic polynomials below are in standard form.
+ Bx + C.

Change
= £
of them to the form Ax~

3 .

(d)

earch

- 1
(a) =5(x + 5
(b)) 2(x - 3

)
(e) E(x - 3)° + 6
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n

has been drawn,
the_p@iﬁts at which the graph
intersects the x-axis? There seem

to bg two such pgints.

« ' Problem Set 18-2a .

(cociutinued)
V'he quadratic polynomials below are 1n the form .
Axg ; Bx + C. Changé each of them to standard farm (The
starred ones, llke example 3 1n the text, are slightly
more complicated.)

(a) x2 4 10x - 2 . (g) x% -3x -2 )
(b) x° + 6x + 10 " (h) x% - 3x + 2 g

(e) X% - 1ox - Y ) _Ex% + 5

(@) x° -16x *(4) 5x2 -10x -5 .

(e) x° - 20x + 5 (k) 2x° 4+ 12x - 7

(£) x®+x+1 - (1) L -mva

Ghanée»eagh of the followlng to-the standard form of a quad-
ratic polynomial,

(8) x° ~2x + 5 (d) (x +5)(x = 5)
(b) xg =X +2 y . *(e) 3x° - 2x
(c) xE,+ 3x + 1 ; *(f) 6x° - x - 15

=

., Without drawing the graphs, describe the parabolas which are

the graphs gﬂlthe palynamlalg in problem 3. : .
.Draw the graphs of ths fDllawing open sentences, In each
case, name the points (i1f any) at which the graph intersects

the x-axis.
(a) y = x%-+ OX + 5

- 777:3 I

(b) y = xg + Ox + g
) . 2 ) o
(c¢) y=3x4+#5x +13

In Figure &, the
.—J‘

y = x - 3x -1

]
—y
i)

s
=
]
i

o)

Can you idEﬁEiFy

The value J
off= ¥y at these polnts 1is zero. o 3 4
* \ SR B e 7
;In DthEFsWHqu, the absclssas of Sl .
hes ts 2 of 7
" these p@iﬁJ are truth numbe of Figure 8
0 =x= - 3x - 10.
: e ‘ .
‘ g



I = . R oo -
g Lo e T :

. - From the. 111uﬂtrat1an abuve, 1t can.be seén that there 1s an:”
impﬂrtant relqjigﬁship between the graph of "y = x% - 3x..= 10"
and the truth set of . "xg - 3x - 1D,— D" T S

s - H -
In Figure 9, the grﬁph of 7 . . -
2. : : 0 s
S yo= x2 - 2x 4 2 - Lty Ly
hassbeen drawﬁ, What kan be said - SEERYE 1| _
abaut the thtérsection of the graph - \ i f : ——

~with therx-axis? Do you tee that ;7 T 1) T T 1
there are probably no reAl numbers At 1 Tl
which. make . ’ I —1 :

. - R § N - .
0 =x% -2x +72 : Nl

b Lo T T L i Pean +—
true?  Thus, the truth set of T T ,ﬁi% T
"x? - 2x + 2 = 0" should be the A |

v empty set. - i N Wigure 9
- From this 1llustration it 1s seer th,Q there 1s a close

n tha
“relatdonship between the graph of "y = x° - 2x + 2" and the
truth set of ”xéifééx +2=0", -

A In general, how would you des fibe the relationship béﬂ&een

L3

the truth set of the open sentsnce ' ; >
Ax° +Bx +C =0, | S
.and the-graph of the open sentence » oo
y = Axé + Bx + C? ‘ . ,
Do j@g agree that the nﬁmbééz in the truth set of T
"Ax° + Bx +C = 0% are -the abscissas of the points at which,the
3
graph of "y = Ax” + Bx + C" intersects the x-axis? .
{ .
A ,
. Problem Set 1£-2b
’ ' 2 . ’
1. Draw the graph Df "y o= x7 ¢ ngééii[i .

Give the abscissa “of each p@int‘(if any) at which the graph
* Intersects the x-axls. - )

‘What 1s the truth set of "x =~ 4x - 21 =0"7,
,"1:.
,[é e
“jf! '—‘
: : = ) L
‘ \"'--* f i_j._JU,

ERIC
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6. Ir "Ax® + Bx + C

18- 3 o / i .
’ / : = 7
e ) / i Lo
Pfgblem Set 18—Eb ; H f
- (gantinued) [ {
* 2. Draw the graph of "y = x¢ - 10x + ggx' / ) i )

.7 Give ‘the abscissa of. each paiﬁt (1f any) at/which tﬁe Sraph )’"
1htérsects the’x—axis o 5 :
What 1is_ the truth set of ix%o- 10x + 25 aagﬂ? C o

¢ , ; .
3, Draw the graph Df 'Ly - 3{3 + S”

‘Glve the abscissa of each point (1f any) at which /the graph i
Inteérsects the x=axis -

s f -

What 13 the truth set of "x° + 2 ;‘é”* L
4, How dbes éhe_graph:af 'y = Axg + Bx + ¢" show &ha;
"AxS 4+ Bx + C = 0" probably cahnot have more than two real
7 truth numbers? . . . A ‘
5. '1f "Ax2ﬁ+ Bx + C = 0" has only one real trutﬁ nufiber, "how
V would you describe the intersection of the graph Df
-~

i

Ty = Axg + Bx + C" with the x-axic?

il

O has no real “truth numbers, haw wmuld

you déacfibé the intersection of the graph of’

"y = Ax® + Bx + C" with the x-ax1%3 : Ly
—_ ) ) - . _ . . _i‘ 'g;‘ u “ i_.a .
18-3. Quadratic Equations. .= . B

=

. ; /
S Just as!""Ax= + Bx + C" (A #~ 6) is, called a qqaﬁ?afic paly—
ndmial, so "Ax® + Bx + C £ 0o" 1s called a quaé?at;g equatign. .

In fhis section, we shall be- LDﬂCETﬂEd with tﬁé pr blem of

selving quadratic equations., ‘_A

The problem of “solving quadratlc equati&gs Y5 not a new ‘one.

ggfﬁiaptef 13, we Dlveﬁ quadratic equstlans 1ﬁ which the quad—{
ratlc palyn@mial ¢ould be Factgfed over the’ iﬁtegers An ex-

ample hr such a %Sé 1s given below. = j
The sentenced ) g /ﬁ

. 2 * . £,
X+ %4 12 = 0, . g /
(x + B)(x + 2) = o, 3 ; )
X + & = O Df * ;f‘ 2 = DJ N /l

. X = =6 or X = -3 & E/

are all pquival%nt. Hence, the truth ‘Féﬁ s [-6, -2}.



18-3° -

Ed

) AlED;_He have seen that the truth numbers of" a quadratic equatian
l are iﬁdieatéd by the graph of a quadrétic palynﬂmial This graph-
ical Salutian 15; thever, an appfagimatiaﬁ 1n most- cases FDE- .
Examplé, 1fﬁf§ were ¥ truth humber, it “eould nat be, ﬂetermined
by puré;y graphical means. (Why?) In t@is secti@nzwé shall Ctry .
] ﬁD deﬁelap ‘an algebraic methad for determining the tfuth set of .-

'adfat.ic equati«:n ) - . ) ; L -
E 3 “Solve the quadr&tic equatian "xé’% Qé - 16 ="0".’ ..
. . dihé sentences which follow .are gll equivéleqﬁ?
’ ;ﬂﬂ; = o ) e ’ " i L .
. ff' x it= &xﬁff lg = D . i g . ) -
;2 - A perfect square is,desired in: -
> (x - 6x) =16 =0 o oapenth .
- , the pareggheses;; - = gt g
) (xg -6x +9) -16 - 9 = @y x° - bx. 4+ 9 1is a'perfect '
. . PO square. 9 -9 (that s, zem:)
= } . A has “been added, _ ’
(x -3)% -25=0 T | :
(x 3)2' (5)2‘2 0 . This makes itaclear ‘that the
. left member is the difference .
[ 3 7 —of -two squares, -
Y ?(x - 3+5)(x -3 ~5) =0 For any real numbers a and b
~ a® -1 =(a+b)(a-b). Here
a 1s x -3; b 1is 5;—,; L
(x +2¥(x -8) =0 , . ' o, .
— S xg2=0 or x - 8§ =0 , o o
T xT= -2 or. x =& T
Hence, thé truth set is / : ’ <
(-2, 8). %- Thus the truth ﬂumbéf; of
1 L onx® - bx =16 = 0" are -2
-agd g. This polynomial,
X< = ox -.16, could have bean
factored DVEP:thE integers *
- "without completing the square.. . |
' It serves, however, to illus-’
b trate a procéddure that can be
- used to solve any quadratlc
- - equatlon. ‘
; i
: N - : . = : . =
Example 2. Solve the quadratic équatl "xT - 2x =2 =0".
The sentences which follow are all eq Jivaléﬂ
‘ &
%
L o .
jlj Ve [ ' 2
=y

O
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i
<P
"
+
"

—
"
[
e
L
[
L

[ truth set iz ¢g.

ratic- equation is rfdt “one.

ly mafg?QDmplicated

Example 4.

-

\I\
o -

:EQ *

. , _ o
In the next example, the coefficient of k-
-This mflkes

but the

Solve- the 4uadratié egquation

: » Since géu’ -we do have
N ' . Liie dirfergnce of the squares
, of two real numbers, (Note
B that are no longer factaring
. Dzigsthe integers.)
\d‘(x -1 +0T ) (x -1 AT ) ' ;
=X, =1 443 =0 or x =;l”ﬁﬂf§ =0": Z}‘
X = 1 i‘Vig or x = 1 +V 3 B
Hence, the’ truth set Is '
(1 -¥V3, 1+V3 ). ..
& Exagglg 37 Solve tHe quadratic equation "x° - 2x + 2 = o". °
/ (xg g Ex).+ 2 =0
3 i
poe(xT -2x 419 +2 -1 =0 .
/ e aNE2 . In this step, it can be seen
é (x - 1)° +1 =0 that no real number will makg
- This sentence 1s equivalent to this sentence. true, (x -
/nxg -2x +2 = 0" vaﬁd 1ts can never be less than Eerai

(Why?) So, (x - 1) + 1 can
never ' be less than one. Com-
pare this with the dilscussion
of this ﬁame Equatian in sec-
tion 18-2

in the quad-
some of the steps slight-
basit method does not change.

3 o -
"2xS = 5x - 12 = OF,

~ The sen tEﬁFé; which Imlluw are all equivalent.

i
O

The distributive property has
been uszed here 50 that the co-
efficient of x withiﬁ the
parpnthaq S

. g : = 7 7
=0 x° - <x + éﬁ 1is a perfect

5 - 7¢ (that is, zero) has
been added.




Cases S A
2(x - %)é = i%%’i o - é%%§; is a simpler name for
) T~ 12 - 1@ . :
. B2 121 _ : - o e o _
(x --g)v -3¢ =0 . Both members have been multiplied

by =, glving an equlvalent sen-

=

- tence. This makes 1t easy to
identify (x - é)e as-a perfect
square. -~ '

b - Once again, the left member is

Problem Set 18-3a

xpressi@ﬁg over the real numbers using

the methed of the difference of two squares,
(a) (x -1)% -4 : (é» {x

(g) (x +3)° -
(h) (x - 3%)° -

)é

]
}et
L
I
—~
Py

(b) (x + 2)
(c) (x =2)% -1
(1) (x -3

(5) (x +2)° =

(e) (x = %)3 f,%;

2. Solve the follow

i
‘%ﬂJﬁw ~ W

L
g

n @qpad§ati¢ equations,

(a) x> +2x -3 = - (g) X% 4 4x + 6 = O
(b) x° +’—" 4 ‘ 7 ;
(¢) x° +
(d) x° + ¢ 11
(e) x% 4

. . "3
R & I S I=0




'Théllength of a recténgle is B feet more than. the width.

,Prahlém‘Séé 18-3a . . - .
’ (Céntinued) : :

The area of the rectangle is 36 sqyare feeti Find the

Elength and the width of the rectangle_ o

8

*gi

"0,

LE

"1,

ERIC
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One number 1§ 5 less than anather number . The product of

the numbers 1s '100. Find the numbers. '
) - '|i§ E o ’ .
The sum of a number and its. reciprocal 1s 4, Find the num-

ber, = -

S

=4, .Find the-

o]

The sum of a nuﬁber:and’itéybecipfggal 1

number,

The sum of 14 times a number and the square of the number

1s ili‘_Fiﬁd the number.
The length of alfectshggigr plece of sheet metal 1s 3 feet
more than the wldth If the area 1s 46% square feet, find
the length. ) . - o

The sum of a number and its reciprocal is 0. Find the num=
bgf &

An open. box 1s ccnsﬁructed from a rectangular sheet af metal
8 1inches longer than it 1s wide as follows: «

Out of each corner a square of side 2 1inches is

cut, and thé sides are folded up. The volume of

the Fesultiﬁg box 1s 250 cublc lnches, N
What ‘were the dimensions of the original sheet of metal?

A rope hangs from the window of a bullding. If pulled taut
vertically to the base of the building there 1s 8 feet of
rope lying slack on the ground. If ‘pulled out taut until the
end of the rope just reaches the ground, 1t reaches the
ground at a polint which 1s 28 feet from the bullding. How
kigh above the ground 1is the window? -
J=hn dr@ve 33t miles to Chilcago, bought a new car and re-
turned the next day by the same route., The return trip

took 1 ‘hour longer than. the original trip, and his average
speed was 6 mgaésaper hour slower. Find his average speed
each haygs -



Lt N B h + 5 . s )
1. A pgg§hﬁmiai of form Ax° + Bx + C, where A, B, and C
» are any real numbers, withlr .A # O, 1s valled a guadratic

2. Every quadratic polynomial in x may be expressed in the
- - S . ) .
standard form " a(x - n2 + k.

3. .The graph of a quadratic polynomial Ax2i+ Bx + C 1is the

: " set of points (x,y) satisfying the open sentence

,' "y & Ax® + Bx + C" and 1s called a parabola,

4, Fhe graph of "y = a(x = h)2 + k" has the same shape as the
graph of "y # ax>"  and may be obtained by moving the graph

of "y = ax?’ horizontally and vertically according to the

values of h and k.
5. An épéﬁ sentence of .the form, "Ax® + BX + C = 0", where “A,
B, and” ¢ are real numbers, with A £ O, 1is called a
- guadratic equation.
6. The truth numbers of~ "Ax :
of the points at which the graph of . "y = Ax® + Bx + C"
= =
“intersects the x=exis. - - . - L s D

77777 - T
5 |i N
° 4 Bx + € = Q has elther

2 4+ Bx +C = 0" are the abscissas

* A quadratic equation in x, "Ax

=~

two real truth numbers, one real truth number, or no real

truth numbers.

. } ] . [
Review Problem Set (ii. ’
- i

1. Describe how the graph of each of the following Qpeﬁ sen- 7
tences can be obtained from the graph of y s-%ﬁgi )

y 1.2 . ) 2

(a) y =3 -2 (e)

(b) (£)

y
y y
(e v = (8) v =35(x +3F)2 -2.5
y y
(

= ]

I A
= 3(}1 . E‘)
1.

+
Los]

;(x

Tk

[}
Dt
I

A
()
+
W
s
+
—
]
J

i1
= Col - o
1 ———
"
+
o o
o

]
[
+
T ~p-

[]

(d) (h)

A
o




_ 1 . ! ' Revtew Problem Set
- ' <! (continued).

2. Write‘fach of the following quadratic polynomials in the
' standard ferm a(x - h)g,% k. In each case, glve the values
of a, h, and k. . .
. 2 anx%* ' . 2 . . .
-(a) x= +6x +2 (e) x= =7x -2 \ L
1, 2 - L 2 :
(b) x® -10x -7 . v (f) %% ¥ 5x + 40
(c) x® -ux +4 * (8) 2x° + 8x + 7
(d) x° + 12x + 20 (n) 2x° - o9x +12
;séﬁjg Write each of the followilng quadratic polynomials in stand- i
R ard form. Draw the graph of the polynomial from 3 units .
» _ to the left of the vertex to 3 ‘units to the right of the
v vertex. - ) : &
(a) x° +x -6 ° (e) x% - 6x 49

. (b) x° + 12x + 32 (d) x° +x +1

3

=

‘ ¥, Use the graphs of prabléﬁ 3 té determine the truth numbers
of the fa;laﬂinggquadratic'equatiags.

@ X rx 6 =N (e) X -6x49mO

*i b xg'+ 12x + 32 o] (d) Exé +x+1 =20
& )

5. Determine the truth set of each of the Following open’sen-

tences. . K

= 0

foe]
1}

M
-t
1]

! . (a) x° + 6% (e) x° = lx + 1
(b) x°~ + 10x . (f) x= +7x +6 =0
- s

(c) x° = 5=0

b

. M
b
+
b

1 (h) x°

M

+2>0

(g) x° +x +
(d) x + 6x + 2x

€. Glve the coordinates af the vertex and the équatigﬁraf the
axis of each of the following parabolas, '
2(x. - 7)® -

= -U(x +2)% -8

L™

(a) y = 3x° + 2 /(e)
(0) o ) (1)
c) v (&)

(d) y = 2(x +—7) (h) = 6(x + 5)% + 10

. v #

]
”
¥
~J

[}

]

]
e
Mt Y

o

~3(x ~2)% -4

T
N

=

5 = —' '\r O R
- . 2
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Review Problem Set . .
. (continued) o ’ .
7. 1In each of the following tell whether the graph is a point,

a line, a palr of lines, a parabola, or none afiéheéégf

(a) y =x "
() = x° - - . -

0
M .
+
-

(c)
(d)
(e)
(f)
(&) _
(h) x% -y =.4 , \ -
(1) {x =3)°=0 K ii S

2 . .

= (x + 7)° ,_ )

WOk | g
it

) () x=0 R | ) ’ o

() y=0.x°

y and 2x -y = 3
=y gor 2x =~y =3 ’ !S%KX .

8. One number '1s 7 more than another number. The-square of

8]
(1) x -3
(m) x -3

the larger number 1is twigg the square‘of the smaller number.

,,,,,, - E

"Find the numbers, '
9, One number 1s 7 more than another number, The square of

- the smaller number is twice the square of the larger number,

Find the numbers, ° ' \

- 10, The perimeter of a rectangle is 94 feet, and 1ts area 1s
{496, square feat. What are 1ts dimensions? 'f
is 9, FYAd the \numbers and thelr

*11. The sufy of two numbers 1
produdt if-the product 1s the largest number possible.

.

*12, A boat manufacturer finHs that his cost per boat in dollars
;s*reiatédbt@ the number of boats manufactured each day by
the formula R ’

=

Le)

=n ., - lgngggéTE, )
. RS s , , ,
Find the nuhher of boats he should mdufacture each day so
that his cost per boat 1s smallest. }

-

i A 3 ] .
- : e ) L Y
. £ 7

O
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‘In werking with sets in Chapter 1 we were given such prub—
 lemM as ‘this. Given a set

. - D = 1; 2; 33- 4} i!
R 7 (1 s 5]

=

!"férm a new set by multiplying each number in the set D by 7.
. You would write the new set as

. ‘IR = (7, 8, 35},
Looking over these two sets we see that with the number 1 1n
D we asdociate thetnumber 7 1in R, wilth the number 2 in
D we assoclate the number 14 in R, and so forth. Do you

iy

=

L!‘:i 21:

* In éﬁhef words, if a number in D were called out, and
you were asked to give the CDPFéngndiﬂg* 'éer in" R,, you
could always do this. - ) e

Let's t®e another example. Suppose we think of a set D

as consisting of all the pesitive even integers, that 1s,

D=(2, 4 6, 8 ..} _ e
‘vNaw we form a set R by adding 5% to each elem&nt!in 'D. It
is easy to see what the elements in. R would be. For R you

would write .

Py

R= (75 9 Uz 135 ...).

ane again we see that with every glement in D we
| associate some element in R., If someone gave you the number
20 in D .and asked for the corresponding element in R, you

{would undoubtedly say 25%. ! S

\ It i3 possible, to make the a,,ociatlan beg&ﬂge of a rule.
The rule in this case was addition of 5%. fn the first case
the rule was multiplication by 7. . -

_Suppose you are working on a traffic survey. You are asked
to keep a record of the number of cars whilch cross a certain
bridge each day. Your job is to do this every day for ten

-

O
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19!1 i «x! - - * ’ - . : ) [ . - .

daya.v At ﬁhe énd of the‘ten days you turn in ynur repert It
looks 1ikg this : ' : )

. , —_— — -
i mw (2] 5] 5[ 5167809 10
Number’ of cars |1¢3c5 160] 98 §g 200/80 [156]140][150]150

o,
' ?ej Though 1t-may not seem so at firat, this record of yours

IR » represents a gituéticn verw<a1milar to the two cases on the
-previcus pagé. we can think of the top row, répresenting the
first,r second, third day, etc., ag the set of 1nteggra from
to 10. The bottom rgw is algo a set of numbers. How many .

' elgments does this second set have? There jare two 80!'s and '
two 150's. We count each number once. Therefére theﬁpecond
set has 8 elementgi - , , o

You dontt have a specific rule telling, you to do, sdmething

to the numbers in the top set in order to get_corresponding num-
bera in the secgﬁd set. However, the’ ¢hart itself acts as a -

rule. It gives you with“each day a corresponding number, the
number’ ?f cars for that articuiaf day. Thus 1f you were asked, -
for example, to glve the.number which is as*ociated with day
number 7, you_could imm@ﬁiateéyxsay 156 You could als@ glive

As another example, suppose we cansider thé following set
of temperatures given in degrees Fahrenheit.

R L Ty

-

If we are asked to change each of these to degrees CEﬁéigfade, we

(212, 50, 32, 21, -4, --k0)

&

»
—

> would use the formula

— i S - 2 - ¢
- ¢ = g(F-32). : ,
' For example, 1f F = 212, then C = X(212 - 32) -
. l A
= 100 .

IT we apply thi;‘farm§i§ to all temperatures in the set D, we
t

obtafn a new set of péfaturEa- ) ;f?
R = (100, 10, 0, -5, -20, -k0}. —
Check thesze values! o B o : ;ff .
In this case-the formula C = %(F - 32) aéséﬁégtgs with

each Fahrenhelt temperature in D a corresponding Centigrade

"y



[temperaure in R. .With what element in D do we assoclate the.’
fumber 0 i R? . .

: A flngl example illustrating the same gEﬁeral idea 1s the
fallawiﬁg - Consilder the set D to be the set of all real num-

bers. Consider also .the open phrase f
- . }EE—E. T{ . -
S If we let x have a value from the: set D, for lnéfance 1@

thén the number représenﬁed by the phrase x° - 3 is 97. We
call 97 the element in the second set R Jwhich 1s assoclated
with . the element 10 in D. We could say that 97 1s the
number aasigned to the number 10 by theE?ﬂle The phrase

é:xg - 3 describes the rule. oL -

: what, in this case, 1s the set R? Do you see that 1t is
the set of all real numbers greater than or equal’ €% -3 Why?

, , e

13
N

4 - Check Your Reading

(1, 2, 3, 4, 5} and the rule '"multiply by

1. The set D
seven" determine what set? - N

2. "Multiplying by seven" and "adding 5% are two rules used
in this section. What are twcfzi?gr rules used in this

section?
. iy ‘ - ,
3. If D 18 the set of real numbers, then what number
* does the phrase xg - 3 -assign to 107 .What number in R
1s assoclated with 5 in D? :
. - = )
. -

Oral Exercises 19-1a

i Givgn the set D= (1, E,;B]. Find the set R of numbers ob-
tained byi - s
1. adding © to each element ‘of D.
2. multiplying each element of D by 3.
3. squaring each element of D.
SZ. squaring each element of D and adding 1 ¢to the -square. ~
5. (using thEgrule;'described by the phrasey xg 4+ 3+ ﬁhére b4
1s an element of* D. -
] F 3 -
v w .
e ‘ J ! u *
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(b) using the rule described by the phrase 2m where m
"' is an element of D. '
(c) using the rule described by the phrase |x| where x

is an‘element of ' D.
(d¥ wusing the rule ﬂéscribéd by the phrase 7 - x where
) x 1s an element of D, - . R
r‘(e) ~using the rule described by the phrase %§ where ¥
1 an eltmpnt of D.
(f) wusing the rule described by the phraseﬂ{BE - 4 where
z 15 an element of Di.- E
Find the Séi R glven the following Anfofmation,
(a) D is the set of whole numbera and the rule 15 "to
© each element of D add one"
(b) D if the set of whole numbers and the rule 1s '"to
each element 1in D assign 1ts successor" 7
(¢) D. 1s the set of whole numbers and = R' 1z obtalned by
using the rule described by the phrase x + 1 uwhere
"% 13 an element of D, '
3
* 1
;f;\
3,

/-.\\
r : ) B
1 Oral Exercilses 19-1a "
(continued) _ «
o7k

assfgning to each element of B the sum of t}e
and '1ts successor. -

assigning to each even number in
5 -
D its

to each odd number in square,

asslgning to, each number in D, tHe number 7.
asso Lating wltH €ach eiement in D;i 1tz 3 Eé cessor.
aasaciating wilth each element in D, dts cube, “
- x/ ) : . ey
[ ¥ _
- ‘ Problem Set 195-la
Given th Eét. D.= [ﬁ, 2, 3} Find the .aet R

thained by

(a) -taking the opposilte of each element of D.

D the number =zero,

nt
antl
‘{L
.

8
of numbers

&
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Problem Set 19-la

(continued ) -

3. Find the set R given the following dnformation. S

[we
Je
o

“—’Ji

the set o

res

IEU‘

(a)

\l—“-

asslgn the number 7.

(b) D 1is the set of real numbers;" to each ratignal num-

ber i ‘D 'assign the number 1 and to each irrational

number in D assign the number =1. -
(¢c) D 1s the set of :eal numbers; to cach negativé Aum-
i ber in D .assign the number -1, to O in D asslgn

the, number*\D and to each posltive number in D

\ asslgn the number 1. i
i - In each of the following, describe carefully the sets D

and R of thé fynction.

(a)° - ' : .

n l1{z2]3|* 819l10]...
nth " oad integer 13|57

(e
O
]
[
o
e
<y
[14
.
pad
o
il
e
i

|

|
T
N1l
'
i,

i

Wy
(UK

R

F111 1n the missing numbers. What number 1n R 15 asso-

‘glated with 13 .in D? With 1000 in D7 ‘Uhat 1s.the

m

wr# ‘

rule? ’ ’ : .

(b) Imagine a apég;al computing machine whilch accepts any :
positive real number, multiplies 1t by 2, subtracts
i “1 from this, and gives out the result
A —— 4
T
:Q\ » j/input ’
F i . — Tk — —
R | _ - :,
: L@ltipay by 2 j ‘ [ Subtract | -
| 1
< 2
. ) . o N ) auﬂqy _ . -
A . /C ,\ S
. /e
- - l B

5 ' 1 :
. - 2
If vou feed this machine the number 17, what will .
come out? What number does the machine assoclate
: ]

with @92 With =17

—y,

ERIC
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. Problem Set 19-la L .
- (continued) .
sk ./ & f ! * ) =

(¢) Draw two parallel real number lines and let the tinit
of measure on the upper line be twige that on the Lo
- lower line. Place the lower 1fme so0 that ita p@int /

-1 13 difécﬁly below tﬁelpﬁiﬁtiﬁi“ on the uﬁﬁer line,

paf%t directly below Qﬁ‘tha gecand llne what number
15 below -132 Below 137 What number on the second
’ : : line i{s associated with 1000 on the first line by
~ this arrangeméntf - ‘ _
(d) Draw a line ‘with respect to a set of c@afdinate axes
o " such that 1ts alope 18 2 and the yﬁ§00fdinate of its
¥y=1intercept 1s -1. For each number a on the—-
x-axis there 1s a number b on the y-axis® such that
(a, b) are@thé coordinates of a polnt on the glven
line. If we pilck- 1 .on the =x-axils, the line
assoclates with -1 what number on the y-axis? What
x number on the y-axls 1s assaclated with - % on the
x-ax1s? With 579 With -52 with 13°
(e) For each real number t such that |t] < 1, use the
rule described by the expression "2t - 1" to ot
tain an assoclated number. What number does this
v oWith - 3o with 5o

’5

U“
]

o

expréssion associate with
With - é_ With 29

i

=,

: - {(r) Giveg any negative real number, multiply 1t: by 2" and
\ then subtract 1. What number does this verbal in--

struction assoclate with -8% With 132 with 07

In all the examples and problems we have been working with
in thils chapter the central ldea has been the saame. We have
- 4 :
been glyen a set of numbers gand a rule. The rule assigns £0 each

I, ‘
-
i, l
] S

W
e

ERIC
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‘azsoclate thm numbars ;3 and
=4

19-1 : - _ . .

:

‘nhumber in this ‘set exactly ane?numbéri The asslgned numbers

form'a second set. To bring out the 1mpcftance of the idea we -
have special names. The baslc ldea 1s described as follows:

GlVEn ‘2 set of numbz ra‘dn% a rule

vhich éérig égh@ each number of . & ,
this set éxﬁﬁtlytsne number, - the
) reaulting aas@ciéti@n of numbers . }
1s called & Eg
function.
. The gi&en set 13 called the domaln
b - ,
- of definition of the runytion, and 3 -
of aacigned Eumbérg;ls : ¥
‘i_l Jsl 1 : ’ﬁhé‘fuggti@q,

In mogst of our examples we have called t e d@maln of defil-
nition (when there 1s no gonfusion we use the slngle word domain)
by the’ letter D. Fdr the range we have Eed«thégléttéf R. The
word function really applles to all three parts, that is, thel

domain, the rule, and the range. It 1s true, however, that.the

‘pange 13 completely determined 1f we know the rule and the

.-

Naticé that we have sald that our rule asslgns to each

element in D exadtly “one number. It is béssible to have’a rule

“"which assigns more than one number to each elemEﬁt in a given

set. For example we might call the set- D .the:set of gquaﬁéé
at

=

of lntégérz'bgginﬁing with 1. In other words,
o o
D= (1, /" 9 16, 25, N

Thgﬂ JE'vi'hﬁ have a rulh which asslgns to ééch element:- in D

l(.ti square roots. 'm\w with the number ¢ 1in D -we would

l
i

etc. In a ~ase like this
sven though w& have a- d@main, é rule, and a fan&e wa do not

call such an assoclation a functlon.

.
W



-

-
5
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19’l [ ) 13

.¥@methe3 the domain of defilnition of a'fqngtion iz not”
stated expliclitly. It is then understodd to be- the largesf set
ol' real numbers to which the rule for the function can be
sensibly applied. - For example, if a function 1s described by
-he Exprézéi@ﬂ ?;%ES , then, unléss Staﬁed @thérwiSéj,itE
domaln of définigionllz understood to be the set of all real
numbers different from -2. ~Why? Simllarly the domain of
definitlon of the functien defined by A/x 1 2 1s undérstood to
be the set of all real numbers greater ﬁhan or equal to —21
Why 7 _ ‘ o

It 1s pessible tp define a Tunction by means of*a set of
ordered number palrs, in which the .second number of each pair
: t, In other words, the '

irs
ddmain 1s the set of flrst numbers,

w

of second numbers. . . - .t

For example the [lrst function given in the C} pT 2T ﬁauld
have . bheen written as
((1, 7). (2, 14), (3, 21), (% 28), (5, 35)).

The fuhctlion.defined by the table on page 844 could have- baen

déil e A funrtiq{ 735 . : C in‘=
f(? (3 s (” 8), (=, 6))

‘Do you see whyfit.doez ot define a functlon® Remember that a

function asslrns to every number 1n the domaln exactly one

number It th% ransc. . .

\ . ’ l .

Cﬁs;k Your Ré;ﬂing

1. vhat names are glven the two zets of a [unetion?

How many elements of the range may be assigned to each

%

element of the domaln of a fanctlion®

2

vhile ‘the PSHFE is ‘the e -get N
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4 ) - Check Your Reading
(contlnued)

what sort &M an assoclation is described in the: text

#

Ll

wh#ch has a domaln, a rule, and a’fgﬁgs? but 1s not called

‘a function?® = - |

H

\ 3 . ' -
- .

R o
. Oral ExXercises 19-1b

Describe the domain and range of the following functilons. :
1. To each number in the set (1, 2, 3} assign five times

. -7 the number. = .

()

T6 each number in ghe sét  [2, 3, 5)

3. Assoclate the positive square root wit
{

Time AN.M. | .8 9 10 [ 11 | 1z,

st
| -
P 0

Temperature | €2 65 70 | 7

. 5. To each real .5 - opposlfte.

P

-G, ~ 2 Ls.assaaiatéd with 'h;, an Integer such thakt

'7.* 3x is associated with x, where x i3 an element of the

[

8. he - 1 -ia‘ajsaciated wiﬁh”{xj where -x 1s a
in the set (2, ~/2, - /2],

aslgn a number ¥y such that

o
]
i

9. To each real number X,
(x, ¥) - 1s a solutlon of the equatisn
h . ¥y o= 3x 1.
- K .
10. To each two-dilslt positlive integer assign the sum of 1ts
Y,

dlglts? N

s Ay

ERIC
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roblem Set 19-1b ,

Mm

1. Degcrlbe the domain and range of the f@lloWiﬁnguﬁGtiQnSa
(a) “With each positive integer assoclate its remainder
after diviaian by 5,

(p) To each pésitive real number assign the product of %
and two more than the-number. )

(¢) To each integer,: n, . 1n the set (1, 2, 3, ..., 12}
asslign the number of days in the nth month af the
(ﬂDn 1éap) year. ‘ '

(d) with ‘each real number assoclate twice its opposite.

] 11 3 1 1234,

(e) With each fractlion in the set C- O T 16606}

aasaciage the numnpr of deecimal places in its , ~

dt?imal.r;pfaqentgtigni _' s /
'\T%€éﬁith @aoh-ﬁumbéf n 1In the sete (1, 2, 3, ..., 10}
assoclate the noh prilmednumber, for example with
thé,numbér 3 assoclate the 3rd prime number, etec,
To each even number 1in the set A = (1, 2, 3, ..., 12}
a

ss51gn the number 0 and to each odd number in A

*n the numbé: 1.

2. In each of the f@ll owing deseribe the functions 1in two
ways: (i)x by a table, (ii) by an eiprevPiaﬁhin x. 1In
each case describe the domain of definition and the range., *

(a) To each positive integer a-éign the pvaduct of 3 and

IR

the number. )
(b) To each positive iInteger less than 10 assign the

'

sum of 5§ and the numbér,

- (c) With each positive Integer less than 8 assoclate
the sum of 3 times the number and 2.
sSuccessor,

(d) With each positive integer associate its
(e) With each positive integer associate 1ts opposite.
(f). To each number which is a square of 2 positive 1integer

~ azalgrn 1ts positlive sguare root,

3. With each posltive integer aregt&r %hiﬂ 1 assoclate the
amallest factor of the integgr (greater than 1). Form a
table for the first ten positive inte?éﬁé'(gréatér thanglji
What integers are associated with themselves? -

[ ) -

- i; ST
= _ =L Lid
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Problem Set 19-1b

«(cdbntinued) Ve
2 The cost of malling a package 1s determined by the welght
of the package to the greatest pound. This can be described
as To every posltive real number (welght 1in pound ds) Y
assign the smallest 1Integer which i3 greater than or equal

to It, - What integers would be asslgned to each of the

following:

=
=
A
=
O:I"’“-ﬂ
L]
[
o (9K

Is thils assoclation a function?”

Find the domains of definitlon of the functlions defined by

[N

the following expressions:

o ;u
o
Lal e
=
—
-
=
k o
-
]
[
St
R

(a) 0, 3

(b) (1 2, 3), (3, 2), (%, 3)

(¢) (1, 2)41, 3), (2, 4), (2, 5)

(@), (2, 2), (3, 2), (+ 2), (5, 2)

(e) (3, 1), (3, 2), (3, 3%, (3, ¥) _

(0) -1, (-5 1), (3 -1, (-301) :
¢
-

19-2. The F‘L mcetion Hotation. -
We have been uslng letters as names of numbers. We shall
now use letterd such as , g, h, J, etc., az names for functions.

Tr £ le tHe name of a ;Z?en function and x 15 a number in
1ts domain, then wg shall use %hé zyﬁbal r'(x) to represent .
- the number which téé fUEcﬁign f assigns to x. The number

represented by f(x) i;égalled the value of f at x. Thus
value L : "
f(x) represents a numb in the range. Notice that f(x) does

not mtaa,n " times x".
L : I

ERIC
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For example, when we wish to describe the function f as

that which asslgns to each real number X the real number

2x - 1, we may weite ' ‘

iy

H

f(x) = 2% = 1,7 for each real number X,

Then .
£(5) = 2(5) -1 °* ¢
=9 ‘ ] .
< and f(%) -1

i
]
—

Similarly(f(o) = 2(

for any real number a./

Also . f(a)

(
B
I

e

Check to see if you agree with the following.

) L = o ’
£(10) =19, f(g) = %' L(-7) =15,  f(s ) = 2s -1,
where ¢ 3 13 a‘real number! " 3uppoze t ia a ﬁeal number. For
the same function f what 1s f(2t)? Do you see that N
Lf(2t) = 2(2t)
= Ut -1 i -
- f‘—‘ ¥ 3
; ) ) l 8
and \. :7i(t—l)~3(\12=l)=1 \
/ S 2tls 2 -1 N
= 5 / .

could define, for example, a function J as follows: |,

. o - N
1*& J(x) = %7, fox earh number  x such that x > 0O;
J(x) = 5%, for each number x Such that ‘¥ < 0.

L

This 1is Teally a Jiﬁglé rule evé&n though 1t is deggribed by
f " means of two equatianaii The domain of the iUﬂCtiGﬂ is the set

of all real numbers {EEWEVEF, f'ofy a non= ﬂégatiVP number iA the
" domaln our rule t&lla us to qquagzthe nmuiber, Thus !

J(#) = 16.

ERIC
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19-2 . o
gut for a negative number in the domain the rule, tells us to
multiply by 5. So ) '

&

. . < (=) = -20.
De you see that z; : P
J(20) = 1005 J(-10) = 50, J(0) = O 2
There 1s a~5h@rte; way of wrifing a.des&rigFiOﬁ of a,

We can write 1t as follovs:

H

\ functlon such as

-

Eow D

i : . S
The followlng functlion .h 13 also of.this type. It 1is
defihed by ' ) :

v{h(ﬁj = X, fér each number x such that x > 0; . -

) a

h(x) = -x, for each number x such that X« 0.

Again it-is a single rule, and 1t defines e function, even
though it involves two equatic:ns. ,Dnceﬁ're we wrlte thils type
- of rule in the shorter form - ﬁ : /

=
N L]

h(x) =

Let. uz{examine thils functlon carefully to aee ;gét what 1t

means. We can do this by taking varilous elements in the domain,
and then seeing what he assigned ggpbers are. Take, for example,
the number 5. Since Y“thisz 13 wreater thég\zero, we use the top
line. 1In @his case we see thgi

h(5) = 5. . Do.you see why?

&

But now suppose we taxe the number -5. 1In this case we have

a number lezsz than rero, 80 we use the bottom line: On the

* bottom lilne we are told that the functlon h assigns to a

_ negative number its opposite. Thus {’ '

. o h(-5)
Likéwise = h(-12) /

while : "h(12)

Do you also see hat h(0) =

1l
(%]

[
O
[
p
-
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1 Qé E ) f“";‘l N 5
~ { |
We have wWorked with this function before, only we gave 1t

another name. Do yau see that 1t Is __the dame as the function
defined bg

- hix) = |x], fgr every real number X9 .
’

We Sa& that two fun;tions are the same 1f they involve the

same deain and determine the . Same assoclation of numberd,
Otherwlse they arejdifierenti In the case of . the fallowing two
funetions -~ . ﬂfgSE T
fﬁgﬂa% £ 7x, for all integers x,
\ : 2
fT; Tk %(K) = 7x, for all real numbers X,

I

-4

- the two ruleg appear to be. the same, but the domaiﬁé afe
diffEPEﬁt Thus f and q are not the same iunction In this
céﬁnection -we ‘'should reallze that a functlon has no value at a

" number oupside 1its domain.' For example if a fuﬂﬂtiOﬂ 1s defined

2

as f(x) = xg, for all”iﬁ%egérg %, then f( ) has n@, ;
~ meaning, even though ﬁe might be fempted to say f(%)
- Let us canglder another function g defined by the ru;e

g(x) = -1, for each real number x such that x < D;
g(x) = 0, for % = 0O, '
g(x)
It 1s important to understand that this %5 also a single rule,
Tt is described in thref parts. We again write the short form

kS [

1, for each real number x such that x > 0.

i

i

Do you see that the domain 1a the set of all real numbers? What

| 1s the range? It should be clear that R = [-1, 0, 1}. We can
get a-petter uﬁdprstanding of g by checkling the following:
g(5) =1, g(-5) = -1, g(b) =0, g(3.92) =1,
g(V3) = 1, S(;%\/??)' = -1.
‘ Ift a 1s any number greater than zero, what 15 g(a)?
i It a 1s any non-zero real number, what is g(lal)?
.

O
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Check Your Reading

1. What number does the function £, 1in the example at the
beginning of this section, assi%% to %, a number in the

) of

< domain of definition?
If to each real number x/ the functfon f assigns the fg;%ﬁﬁ .

Mo

number 2x - 1, what real numbers are repreaen%&d by . gggsg
arey . o ~rly ' : J
- . l(i_))i f(D)J L(j)s f(ﬁ)
. » -
3. In" the text h(x) 1s defined in two ways. What are .they?
) ] . _ . .

S What are the domaln aﬁ 1‘-anggr}f the-function g as

f

defined in Lhe a » 0, ,what 15 g(a)=? o

< textn I = 0 = : ‘fo%%
50 If f(z) = 7x and g(x) = 7%, under what z:c::nditi@ﬂgg;é
b

£ and g the same- function? Under what conditions are ey

”5 \ they dlilerent [funections®

o,

defines a fu'm:tffm, what number is
r - s 1, toa) o
j)’ :("‘i’); g(@), E(E}‘): 5(‘3): z(éa)

il
]
.
1
[

“ ) = 0, for =« 0, .

H{=25).

‘ H(- -1=) H(9),

W, Let f be a function da2fined by "£(x) = 2x" fer all

Tl

=8y

let " 2 be af/z"'tm‘.;’:t;icm defingd by

1
for all rational numberz x. Are [ and gi\
the same functlony  Whye* o B

Glven: f 1la a functlon defln=d by "f(x) = 2x " for all

integers and g 1s a function defined by - "g(t) = ot”"

<
for all int

L. Are [ ‘and g the zame funcfion?

ERIC
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I (=) = 7z and z(x) = 7%, under what Puﬂdltluﬂiglfé
LIr

same- function? Under what bDnditi@rg ar.

£ and 7 the

i

they diffcrent functions:

If "g(x) 2 2x" defines a function, what number is .
, . ! 1y A o
ted by g(3), e(0), £(3), g(a), g(2a) 2

If 3 "F(x) = 3"h defines a functlon, what number is

represented by F(3),  F(-2), F(0), Fla) * - )

0, ftor x g 0, .

‘ezented by each of the f@ll@wlngzk

ction dafined by "f(x) = 2x" fer al

[

g be igLun‘rinn defingd by

rat iz,m 4 numbers

&1

ol

H

T
!
o
oF
pa

o [T

Given: f 1s a functlon definsd by "f(x) = 2x" for al
and gz 1s a functlon defined by ."*(t) - ot

pac} =

=

r3 L. Are © and g the zame funefion?

O

ERIC
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Check Your Reading

1. What number does the function £, 1in the example at the
beginning of this section, assi%% to %, a number in the

) of

< domain of definition?
If to each real number x/ the functfon f assigns the fg;%ﬁﬁ .

Mo

number 2x - 1, what real numbers are repreaen%&d by . gggsg
arey . o ~rly ' : J
- . l(i_))i f(D)J L(j)s f(ﬁ)
. » -
3. In" the text h(x) 1s defined in two ways. What are .they?
) ] . _ . .

S What are the domaln aﬁ 1‘-anggr}f the-function g as

f

defined in Lhe a » 0, ,what 15 g(a)=? o

< textn I = 0 = : ‘fo%%
50 If f(z) = 7x and g(x) = 7%, under what z:c::nditi@ﬂgg;é
b

£ and g the same- function? Under what conditions are ey

”5 \ they dlilerent [funections®

o,

defines a fu'm:tffm, what number is
r - s 1, toa) o
j)’ :("‘i’); g(@), E(E}‘): 5(‘3): z(éa)

il
]
.
1
[

“ ) = 0, for =« 0, .

H{=25).

‘ H(- -1=) H(9),

W, Let f be a function da2fined by "£(x) = 2x" fer all

Tl

=8y

let " 2 be af/z"'tm‘.;’:t;icm defingd by

1
for all rational numberz x. Are [ and gi\
the same functlony  Whye* o B

Glven: f 1la a functlon defln=d by "f(x) = 2x " for all

integers and g 1s a function defined by - "g(t) = ot”"

<
for all int

L. Are [ ‘and g the zame funcfion?
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' o ' EX 3 »;TJ'; : . . s
Draw” the ;graph‘iéf-- thé function f defined by:

f(x)sgx-rl ,;ég_x-ie

a9y

You will nate that the domain has been aspecifled on
the right DG yau EEE that D Is the séﬁ of all réél

2? Thua E is. nﬁﬁ 1ncluded in thé dEmain; but
1s. Our graph is the graph of the equatlon .

= "y = Ex -1, . 0gx<2.

0

o

{

Here feor the first time we have an Exaﬂple of g graph
cf¥a line in-the plane which has end points, It does

1s circled, while the point (O,

,ggs this t@é same aé!thé graph of the function F

efined by  ;

F(x)

i
o
wpd
I
I‘_.I\
- L}
I
L
M
¥,
P
o
wal

What makes the difference?
. ) v

Draw thée graph of the function g defined by:

. g(x) = ¢ 0,
1

) o

>
Here the'function is defined in thrée parﬁg As

" sald before, it 1s to be considered .as a “lngle

g

ndt contlnue nitguut end You wlll note that the

-1)

Yau learned what this means on the

we



=L

function., The graph is also in three parts. Check
- the following drawing., Can you see that 1t is the. . .-
. graph of the equation” y = g(x) 27 . e T

-

[
L]
'
]
1
=]
o
3

*j'/-r ‘.12 _ - _ gl HL:,L;,: - . B .

&

.4 Check Your Reading

1. If f 18 a function that is described in terms of the
. o . X/ * - «
variable x, then the graph of f "1s the graph of what
open sentence? ‘ |+ ’ -
2. In the graph of . T definéd by, f{x) =2x -1, 0¢ X < 2,
why 1s the point (2, 3) circled? Why is the point (0, -1)
filled in? )
, S _
3. In the graph of g defined 1in the section, why 1la the
- polint (o, -1) circled? why is the point (0, 1)
circled? Why 1s, the point (0, 0) filled in?

i Problem Set 19-3a
1. Draw the g%aphs'éf“the funetilons defin%d as falléﬁs:
(a) f(x) =23x, -3<x<2
(b)  F(t)
(). g(s8) =
(a) T(s)

2t -5, 0gtg?2
s an integer such that -3 < 8 < 5

#

28
1 . :
78+ 1, -1 ¢ 8 < 2
oL

x\ \

¥ A
H i £
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2. ,Draw the graphs of the functlgns défined as fallaws‘

2

,(a) f(x) = %2,
(b) R(t) = t°,
(c), V(&) = t° -

3. what are the domains|of definition and the ranges of the

¥

Problem Set 19=3a

(continued)

EECEE

-3 ¢x<0

oxx<3

=3

t an %Fteger sﬂbh that -3 g t <3

1,

q;xe:é

2¢tgl’

functicna in Problem 179

L, What are the d@maiﬁg of definition and the ranges of the *

fgnctions in Problem

29

L&
Now that we know

nataral to ask whetherja given set of points'in the plane 1la tk
- graph of some functian ) You recall that in Drder to have a
function we must Have a fule which assigns to eagh element af

the domain exactly one number. What does this mean in

ow to'draw the graph of a f%ﬂgtion, 1t 1

connection wlith a graph?

Let us examine the following drawing.

3
%

706 Q) h(x) =A/x, domage: (1, , 9, 16)
- ) B, k<t .
(e) H(t) = 4%, 0<t ¥
1o tgo
; sy, . -1, 553;{< =1
(f) a(x)=< x, -1<x<1
X2, 1<x<?

T

5w

A"

.

i

wpd
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Da ?ﬁu ‘see that there area;wc dots, one directly abave and Qne
’ directly below the coordihate 2 on the x-axls? This meanézREZ_
that two differEﬂt ardinates, 1 and .-1, are assaciatedgwit§;§

“the abscissa 2. This ‘shows that to the element 2 1in ¢

domain there have been aasigned two different numbersg Thds'
we see that this 1s not thé éraph of a function. Why?

Examine the followlng ‘two drawings. Do you see that ‘she wy
drawing marked A does repfesent a function, but the drawing

marked B does not? : : - o

-

" o,

[+

EEEEEEENEENE
/

EK¥LQA) 5_ _ N (B

" We can sum this up by asking a quéationi If a vértléal line 1s
drawn through the graph of a function, in how many‘pcints should -
"the line inter;ect the graph? DD yau see why the answer is one?

A 7 .

Check Yaur Readling

a ‘x R
1. If the point (2, 1) is on the graph of a fuﬂction r,

T why is it that (2, -=1) cannot also be a point on the
., graph of 'f" : ' \

2. Why 1s 1t that drawing B 1n the text does not represent

- a function? - : “,
- . e e




: 19 a 3 . . PN =& £ . . * : . ) \
S I ; " Check Your Reading o Y
e ° -(continued) - e

3. bDeacribe a simple geametric test for de:iﬂing whéther a
o gfaph 1s the graph of a function, - ' '

) ‘;fA . -
% - - & s

. o . Problem Set 19-3b

1. Consider the sets of points, coordinate axes not-included,
indicated ip the following figures. , AU

State which of the above figures i3 not the graph of some
function, and in each case give your reasons.

L

41@! ' | ’ | ’ R
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PR T - Problem Set 19-3b - RS
P - (continued) " '

= N = - é . ) o = )

2. The accompanying figure is the graph of a function h. .

: Frcm the graph estimate . : h

(a) h(“a); Q(Q): 11(2); - S X
(b) the domain’ afiaéfiqitigg of h; _ ,
(¢) the range of ‘h. i fiff , : -
_ = ”, .
ny :
= T.1 - m = = LT
- A }E?#a- g 2 T | -
A 0 .12 PR X i s
‘fh' - i
= ' i B } # 1 X .
' ARG N )
4 _ a1 7 _ . -
= 1 - ~
i*ﬂ’:- P - ‘Eé, . a
= _ - }- ) 1
I : -
N =3 =1 _ . 4 .
*3. ILet G denote a set’ of points in the plane which is the.
graph of asome functign g
! .
(a). For.each x 1in the domain of d%f‘inition of g,
explain how to use the graph to obtain. g(x)
(p) How do you obtain the domain of definition of J::
{ from the graph of G? - =

(c) " Show that if (a,.b) and (c, 4) are any two
distinct poilnts of the graph G, then a

> . * ;-
= = 7 1:
s __fg
Fa =
v
s L]
v 41
865



] The cent}gl idea in thi? ﬁhapter has bEEn the caﬁcept of
functlon. The deacriptian followa. .

I
=

Given a set of numbers and a rule ?;r
which assigns to each number of - tggg

set éxagtlz one number, the resultiné

_ ) assagiabion of numbers is calleﬁ a -
o ‘ Tooe fUﬂﬁtiQni : -
xséi, T T FE [ s
e * T 7 The glven set 1s called the do ;1.,7 ~
cf‘ definition of the funr;ticsn, and i
i - -the set of assigned numbersils called ,
) hd the =§§EE of the {pngtion. ’ o,

‘ - LI
J;f _ We use letters; f, g, h, etc.; to name a funétion, The
/ “symbol f(x) 1s used to represent the value whieh the function

" f - assigns to the number x, provided that x 1is a. number in
e the dama;nibf the function. For example, 1 f(x) ='5x + 3,
. for x a positive integer, then - £(2) = 13,. f(4) .= 23, but
f(aB) and f(%) iA this case have no meaning,
The graph of a function f 1s the graph of the open
sentence t ' '

£(x).

. y

) If -any vertlcal line meets a particular graph in more than
K one point, then this graph 1is n%E the graph of a functidn,

KX

¥

Review Problem Set

1. * Whlch of the following sets of ordered pairs cannot be
usgé to define a function?

(a) (1, 2), (2, 3), (3, -3), (4 ©0)

(0) (1, 7), (1, 8), (2, 9), (2, 10)
.(‘:) (l: 1), (2, L‘L)! (-2, l‘l); (3, 9), (-3, 9)
(d) (13 4)! (2: 4)3 (3; 4)? (5! u)! (6? 4)
. | 5@ , .
’ 866 N
? &

417




' Review Problem Set . 4 .0
! . . R SR K T ook
A {continued) o . MR
(&) (3, 1), (3,2), (3,3), (3, ¥, (3,5 o
{£) (1, 0), (2, 1), (3;0), (4 1), (5, 0) -
\\ 2; Draw-the graph of the iiﬂg‘whase*3quatigﬁ is y = 3x, for )
, PR Wy ’
(a) phat 1s the y-intercept? : s . N
(b) . What is the slope of the line?
(g) The graph you have drawn represents a function™ f. . %
R ’ .,: Hhat numbers are represented by f(-l), £(0), f(go
2 (4) Deaeribe‘ the graph of "y’ = 3x +-2, )
(e) Descr¥be the graph of My = ox". 3
(f) g 1s a function defined by '"g(x} = 3x“;'where-vx? 18 -~
p an integer such that -4 {'x < 4. Draw the graph of '
&£. Is g the same function as f (part c) 2
3. H 1s aifunction described by the rule VYto each real number
asslign its nppqéite' : . : o
(a) what 1s the domain of H? e AR %T‘
" (b) what 1s the rangd ‘of H? o ;) ;:gafg
(c) - what number is represented by . H(B), H(—B), ﬁ?c), 4 S
, H(1.75),- H(V2), H(x) 2 = . e
F (d4) write fTive arderédypalrs which wéuld be painta on the * &
 graph¥of H. .. . . .- W :
(e) what point, 1if any, will the graph of H have in
- common with :.the graph of "y = 3x = 8"? b
(f) 1If the point (a, b) 1s‘cn the graph of H, which of
] ' the f@llgwiﬁg points is also on Hy . (-asDb),
. . ( -a, -b), (a, -b)? e .
a7 Suppqse that the graph af "y = xg“ _for -3 ¢x i 3 were
given. . o e 7
(a) Explain hgw to obtain ‘the graph of "y = _x2" from the
graph of "y = xg“ ' ) .

(b) |Explain how to obtain the graph of "y = x" + 2" from
the graph of fy = X2, . 1 7 i}
. (e) Explain how to obtain the graph of "y = (x + 1)2" from
the graph of "y = X2, .
&n

(d) why is the graph of “y = X the graph of a function?

- EA‘ éﬁls’ - ;- P
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- T . Review Problem Set {

"« . (continued) - : -

(e) If h' is a,function defined by “y's'xg" (ﬁékggx'gis)é
4€ range of h? :

(f) . what numb ra do the following represent: h(0),

| n(/2), n(3), () - S

5. Find the truth sets of the %Qllcwing.syatems=

VV = x = gy = 7 ‘ ) . = "
Bx-i-YE'T " . .
o F‘ f.' ‘Eﬂi+D=-3 . .

- (b) 51’!1111;;4 = " 7! R
3& L ]
2

-~ |
~
[
L
]
]

]
Mm

. -7
T ¥ " :
6. . The ordered pair (1, 3). 1s a solutlon of the system ——

x-y+2=0
;+y§%}56 &

(a) why 1s (1, 3) the. DHLY solution? (Answer in termg
‘ of the graph of the syﬁtem.) o }
[ %]

- ) 7'7, i == | . - é

x -y + 2 G : .

(x -v +2) + (x + y - 4) =0 2 y

(c) 1Is the graph of the system in paft (Eﬁ; the;sagf as

TR the graph of .the given system? )
: !

7. : Glven the open sentence

Eri-3%

(a) What is the domain of the varlable?

"+ (b) what 1is gée least common multiple of x - 1, x, and
207 . ‘

. = - ) .
(c) Why is 20x° + 60(x - 1) = 37(x - 1)x equivalent to
the given open.sentence?

(d) WwWhat 1s the truth set of the given open sentence?

)

[

T

g™ , , " 868

11
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9-

10,

11?

(e) Associate with the numper of dollars invested at 6% -~ -

Review Problem Set SR

L

(continued)

F

"In each “of the following, describe (if possible) the
fuﬂctian in two ways: (1) /§y a table, (11) by an
efﬁfesaign in "x¥: In each case, describe the domain e

‘w

deflnitian C e _ - \
_(a) To each positive real number assigp the product of fg
: %- and two more than the number. o RN

th. -

(b) With each positive integer n associate the n
pﬁime - -

e
for one year the ﬁumber of dollars earned aéjintereat

3

(4) Asscciate with each 1ength of the diameter of a circle

the length of the circumference

i

336 .miies to Chlgago bought a new car and
returned 1he‘next day by the same pute. The retnrn

trip tool
aveP 7%35peeé was 6 miles per hour slower: Find his =

-

aveprage 3speed each way. - P - <.
Tﬁé sum of a number and its recilprocal 1s 4. ﬁiﬁd the
number.- .’ ' . o o
In certain applications, the domain of definition of a
function may be autonlatically res tricted to those numbers
which lead to meaningful results in the problem. For

examﬁle, the area of a rectangle with fixed.perimeter

10 " 1s given by A'= s(5 - s), where s* is the length of

a side in feet. The exppession s(5.- s) defines a '
-furictlon for all real s, but in thils problem we must

o

~restrict s to numbers between O and 5. (Why?) What

are the domains of definitlon of the functlons,involved

)

in the followilng problems? - »
L

(a) what amount of intefest 1s aarned by investing x

dollars for .a year jat W

e . e \ »

\
= E s
< »

£

oo
S
s
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Revliew Problem Set
. ¥(continued)

" (b) A trfangle has area 12 square inches, and its bade
measures ‘x inches, What is the length of 1its

Tl : altitude? - : .

' made by cutting

orner of a

ﬁn open top rectangular box 1s ¢
—_ a4 square of slde x 1nches from each

then folding up the sides.
- box?

¥hgt 1s the yolume-of the
*a = -

Consider the function -k defined by; .
. : . Mi} ] i , X #Q f/J
: > k(x) = (1 .

A o © * = ?\

]

. “; ;
aﬂgjﬁpeﬂfunctién g <defined by:

%

AN
o O

-1,
g(x) = G; X =
1, x

O

as the function g.

Show that {k is the same function

13. Given the function H defined byé

H(z) = 2° - 1, -3<z<3a :

1%,

Find

the real numbers represented by:

(a)
(b) H(z
() H(
(d) -H(-2)
(e) H(-1) + 1
Draw
(a)

(b)

I

T(s)

G(x)

ghergraphs of the functions
6 +1, -1<sg?2 .

Ixl, -3¢ xg

" H(3)
H(a)
H(t - 1) T !

H(E) - 1

defined as follows.

Y
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Review roblem Set
. (continued)

‘ . SR =X, éng;iD o t L
- (e) U(x) ' : o ,

X, 0 g x {:3

n

o) u(t) - ¥ -1, -2<tgl o )

RN

-1; x‘;-, . , ) \'

(£) Hu(z) [
what are the domains of definition andjﬁhé ranges of the
functions dé?ined‘in Problem 147 :

i

et
W

1 % £

16. Draw the graph of the function q defined by:
% l i

-1, -5<x<
%, =lgx<
X2, 1<x¢g

[l

QIg)_

M

17. Give a rule for the definition of the function whose graph

iéhthe 1ine extending from (-2, .2) to (4%, -1),
1§c1uding end polnts, ’
18. " Give a rule for the definition of the function whose graph
conslsts of two line segments, one extendirgaffom (=1, 1)7
ffg%%zgg; 0) with end points included, and the other ex- A
tending from (0, 0) to (2, 1) with end points excluded.
Wwhat are the domain of definition and range of this
function? \. . - é o
19. Draw the graph of.a function f which satisfies afl of the
following condltionz over the domain af définition
2¢x g2 ‘

f(-1)
£(0)
£(1) =

. £(2)

f(x)

H
%]
L]
e "‘ll”.. J"
—_

-

0
o O
Ll i ™
.*'\

FAN
Lo
In]
S
[
T
>
TN
i

"\
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Review Problem Set
R (continued)

be functions defined by *

E
2 o S - :
X"+ x and . 8(x) = 2x 4+ 6.

Find x such .that f(x)

r(x)
g(x).

Draw the graph of the equation. yg =X, for 0 x<h,

Is this the graph of some function?

Let f be a function defined by f(x) = Ax + B, for every
X 1n the domain of f, where A and B 'argvreal numbenrs, -

¥(a) TDescribe the gmaph of f if A= 0., 5

(b) Describe the graph of f if A =0 and B & O,

[{c) Determine A and B if the graph of f 1is the
lige segment Jolning (-3, 0).and (1, 2), d4ncludin
end points. A S ’

(d) Uuhat 1s the domain of definition af;éhe Ffunction
in part (c) ?

(e) Determine, A and B 1f the graph of is the
line jolning (-1, 1) and (3, 3) including~end
points, ’ S

i
-

(f) what is the slope and y-intercept of the graph of the
function in part (e)?g
ot

(8)  What is the domain of definitié’
part (e)” /

of the function in

If L 1s the complete line containing the two points
(=3, 1) and (1, -1),. define the function h whose graph -
conslsts of the points (x,,y) of L such that
/s —2 <y < 2. :
Which of the inicﬁing expresslons define a function having
a line as 1ts g@aph?
(a) -(x-2) (@) Ix| -2
(b) " Ix - 2] C(e) (=x) -2

ey AT ) % -

Jun]



. Review Problem Set
_ ) (continued)
25, Let f be the function defined by:

f(x) = x - 2, for every real number x.

a . ) :
Write each expression in Problem 24 as a functlon g in.-
terms of the given fuhction . f. Example: The expression
(a) defines a function g such that :

B * 1)
BN . g(x) = -f(x), for every real number X,

267 How are the graphs of "t and. g related in Prablém 25,
part (a)? In part (e)? Draw each ‘graph with reference
.+ to a meparate set of coordinate axes.

27. If F and G are functions defined for every real -X by .
&
F(x) = _3x + 2, G6(x) = -3,
explain how the graph of the sentence

. (?Y“-. F({E))@* —f'f;(xD -

is related to the graphs of F and G. (Do this without

drawing thg graphs of F and G.) : !
28. Draw the graphs of the following polynomials:
: (a) 3x° o o
! (b) %2 4+ 3
(e¢) _3(x-- g)gg. o

(d) 3x(x - 3)
\ . . '-3;’3 ) 7 . - ,

(e) Explain how the graph of (d) can be obtained from
the graph of (a).. '
) =

29, Given the graph of ¥y = x°

(a) Write an equatlon of the graph obtailned by rotating the

- . 3
graph of y = x“ one=half a revolution about the
x-axls. '

(b) Write the Equatian of the gfaph obtalned by moving the
graph of y = x vertically upward 3 unlts. i

(¢) wWrite the equati@n of the graph dbtailned by moving the
graph of v o= E horizontally 2 wunilts tq the left.




.-

30.

31,

32,

33,
L

ERIC

Aruitoxt provided by Eic:

Review Problem Set
(continued)

(d) /Write the equation of the graph obtained by mdving the
. 2
- graph of y = x° one unit to the right and two units

down. . .

i

Draw graphs of the folléwing open sentences

o

Find the truth set of each of the following compound open
sentences. Draw the graph of each clause., Doee this help

‘you with (b) and (c) »

0 "and 2X + 3y + 5 =0

(a) x -2y + 6

(b) 2x - vy =0 and  lbx - 2y =10 =0

1
[Nl
il

(¢} 2x% y =% =0  and 2X 41y -2-0

Find the Equa%i@n of the line through the intersection of
¢
y - 3 =0 and

=~

the 1lines whose equatlons are 5x -

'3x - 6y + 5 = 0 and passing through the origin. (Hint:

What 1s.the value of € so that the graph of
AXx + By + C = O .18 a line through the origin?)
Find the truth set of each of the following systems:

Cx - b4y - 15 =0 X - 2y =
(a) 7ax By - 11 = 0 oy =

,W
et
L
r_&"
b
Py
e
]
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o
o
f—)‘ﬁ
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Aruitoxt provided by Eic:

g,

Bhi

35.

36.

39.

lLD!

Review Problem Sét
(continued)
Find two numbers whoge sum 1s &6 and whose difference 1s
18. ) ’
The sum of Sally's and Joe's ages 1s * 30« years. 1In flve
years the difference of their ages will be 4 yeara, Vvhat

are thelr ages now% N

=

‘A dealer has some cashew nuts that sell at $1.20 a pound"

and almonds that sell at $1.50 a pound. How many pounds
of each should he put into a mixture of 200 pounds to
sell at $1.32 a pound?

In a certaln two diglt number the unlts! digit is one more
than twice the tens! digit. If the units! digit is added

to the number, the sum is 35 more than three times the
tena' digit. Find the number. '

Hugh welghs 80 pounds and Fred welighs 10C pouqd'.b They

balance on a.tecterboardgthat 1s 9 ., feet long. Each a8lts
4 Ea

na
[
L
i

[

at an end of the board. How far 1s each/Boy from the

’

point of balance?

Two boys sit on a see-saw, one five feet from the fulcrum
(the point where it balances), the other on the other side

'gix feet from the fulcrum. If the sum of the boys! welghts

is 209 pounds, how much does each boy welgh?

It takes a boat 1% hours to go 12 miles down stream,

and 6 hours to return. Find the speed of the current and

the speed of the boat 1in still water.

Three pounds of apples and four pounds of bananas cost
$1.08, while 4~ pounds of apples and 3 pounds of bananas”
cost $1.02. What 1s the price per pound of apples? of
bananas? ‘

A and B are 30 mlles apart. If they leave at the same
time and walk 1n the same directlon, A overtakes B 1in

60 hours. If they walk toward each other they meet in 5
hours. What are thelr apecds”?




O

ERIC

Aruitoxt provided by Eic:
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43,

uy,

b7,

48,

Revliew Problem Set

(continued) -
TR

A 90% solution‘of alcohol 1s to be miked with a 75%.
solutlion to make 20 quarts of-a 78% solution. How
many quarts of the 90 % solution ahauld ‘be used? -

-In a 300 mile race the driver of car r A glves the driver

of car B a start of ' 25 miles, and still finishes one-
half héur sooner. in a second trial, the driver of car
A gilves the driver of car B a start of 60 ﬁiLQS‘aﬁd
loses by 12 minutes. What were the average speeds of
cars A and B in miles per hour? :

Three hundred éleven tickets were sold for a basketball

game, some for pupils and some for adults. Pupil tickets
sold ‘for ~@5 centis each and adult tickets For 75 cents
each, The total money received = was $108.75. How many'

gl

pupll and how many adult tickets were sold? *

The Boxer famlly 18 coming to visit, and no one knows how
many chilldren they have. Elsie, one of the girls, says
she has as many brothers as SiEtEFS;: her brother Jimmie
says he has twlce as many sisters as brothers. How many

» boya and how many gilrls are there in the E@xer family=? 7

A home room bought thiee- Lﬂnt and four- cent Stampg to mall
bulletins to the parents. The total cost wasg $12;6Ti Ir
they bought 352 stampa, how many of each kind were there?
A bank teller has 154 bills of one-dollar éﬁd five-dollar
denominations. He thinks his total 1s. $46 5 Has he
counted hig money correctly? _ ;f
The perimeter of a rectangle 1a 94 feet,'and its 'area 1s
4§E dquare feet. What are its dimensions?

An open Eéx_ia conatruckted ff@ﬁ a rectangular sheet of metal
8 inches longer than it 1a wlde as follows: out of each
corner a sguare ‘of alde 2 1inches 1s cut, and the sldes are
folded up. The volume of the resulting box is 256 cubic
inches. UWhat were the dimensions of the original sheet of

metal® =

i'f

= 4



-. | Review Problem Set
(contim 1)

51. A leg of a right triangle{is 1 iuat lopger than the other
’ leg ﬁgd 8 feet .shorter than the hypuf?ﬁ'a?i Find the
i length of the sides of the right trlangle. . hy !
52 A ropée hangs fgcm the window of a bullding ‘ ir pé&led taut
verticali& to the base of the bullding there 15 '8 feet
of rope lvihg slack on fthe ‘mround. If pu lled out taut until
the end of the rope Just reaches the ground, it reaches the
, ground at a point which 1s .28 feet from the building.

How hilgh above the ground is the wlindow?

53. 'The hypatenLSE of a right triangle is 3 units and theé

E 3
legs are equal in lEnﬁth Find the length of a leg of the *

trian@lé.

B, Find EhP length of a diagonal 4t a gquare if the diagan al
18 & lnckéa longer than a side.

‘The length of a rectangular plece of sheet metal 1s 3 feet

55.
more than the width. TIf the area is ME% square feet, find
the length. .

56. The sum of two numbers 15 9. Find the numbers and thelr

product 1f the product 1s the largest possible!

7. A boat manufacturer fiﬁda that his cost per boat 1n dollars

%

is related to the number of boats manufactured each day

by the formula, . . Fa
¢ =n" - 1on ¢+ 175, v ’) =

. : - 5 /. S
Find the number of boats he should manufacture each day so
that hiz cost per boat 1ls smallest,

il
nunbers 1s 9 and the difference of thelr

58 The sum of twc
- squares 1z 25. Find the numbers,

55, The sum of 1% timea a nuaber and the square of the number

2

iz 11. Find the number.
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N

that the polnts of the plane - . i T
| : \ FHE)%#;_ (1,2)

(b)

(c) ‘

(d) wnat point doesz
(e)

(£)

CHALLENGE PROBLEMS - (

%

 LEt us think of moving all the polnts of a plane in the

followlng manner: 'Each point with coordinates (c, d) is
moved to the point with coordinates (-c, d). Deséri
this in terms of taking the opposite. Another way of

1@@king at this 1s to consilder ’

are rotatedd one-half a revo-

L
lution about the - -
lndlcated in the A - .

the problem. Answer ’,;v 0l - Fﬂ‘2)3§“%ﬁ(L13
lowing questicnz, and lofate : ) T‘
the points referred to in parts B :
(a) and (b). Figure for Problem 1
(a) To_what moints do the following points go:

=
=

(¢, (2, -1), (-4 2, (-1, /1), (3, 0),

[k

What polints go to the polnts listed in (a) above?

What polns does (e, -d4) go to?

What podnt goes te (e, d)
What polnts go to themselvesy

Suppose a polnt with coordinates (e, d) 1z moved to the
point (¢ + 2, d). Thls can be thought of as 511ding the

polnts of the planc to the rilght 2 unlts.,  Answer the
1

following questions and locate all of the points in parts

(a) and (B). '
() What polnts do che fullawing’painﬁ; go to:
(L, 1), (-1, 1), (-2,
What polnts go Lo the

To what polnt does (¢

Whatﬁp@inb moes to (-«

Whilceh points zo Lo

T

(o
L



4T
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k3

a set of coordinate axes, .
Through polnt (2, -1) draw a palr of T

, making the a-axls parallél to. the x-axlis and

15 parallel to the y-axis, L@ﬂatgdﬁqg‘fgllawing

‘A3, -5)#' -
F(ESv “1);
H{t, 0), TI(-n, 0), ©). Make a table

coordfnates of each oI these points with
s 1

N

pleure Por Problem

Glve Swo oequatlong Sorocash o thetllnes in the above
.

(x, v)-axesa, the other

(linte that L

[

floure, one wlth referapes

2o the (a, bL)-=
' i

iz a

=

)

h

<SUppose a polnh with coowdinates (a, o) 15 moved to the

(a, -b).» D

Deseribe 16 In terms of a rotatlon. Ancwer the followlng

nuestlions, and locate

nta referred to In parts (a)

Tand (b).

;}I,J!}

&

w4l

i



ot " 1 . ~ -
S (2, 1), (2, 1), (-% 2), (-2, =3). (3, 0),
(-5, b), (0, 5), (0, -5).
N (b) What pothts go to the polnts llsted in (a)?

(c) What point does (a, =-b) go to?
(d) What point does é;a, b) go to? ¥
) , SR
(e) what point goes to (a, t %S g
(f) wWhat points go to themselves:®

6. Suppose a polnt with coordinates (a, b) 1is mavéé to the

point (a - 3, b 1 2 *How can you obtaln thls by moving
a1l the points of the plane? -Answer the following questions
and locate the points: 5

(a) What points do the followling points go to?

s (1, 1), (!1; -1),

>1"“
o
o
]
<,
i
Lo
b
J
o’
T
el

b what polnts go to the

)

) What point does (a, b - 2) go to?

) what point goes to (-a, -b)? R
) .
)

—Which points go to themselves?

(
(c
{d
V(€
(

f) ‘Describe how the polnts are moved 1f (a, b) 1s

:’:) =

= 5 look 1lilke?

start with the iﬁté%ﬁépt%.
which will

. moved to' (a,.b -

L}

7. what does the graph Let us

=
I

make a chart first.
Let v = 0 and get some poaslble values
make the sentence true. Then let x = O
of" the other poasible

of x
and get some

values of vy.

values. ‘ .
N
8. Draw tht graph of each of the followlng with reference to
a separate set of axeg) N
- (a) x| lvl >5 ! i
(b) x|+ Jvl <5 ..
. i )
Ae) =l Ayl €5
{
\
. £
.
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9. Make a chart of some values which make,the open sentence
Ix[ - |yl =3

= 1

tyue, and draw the graph of the open sentence, ;

" Write four open sentences whose graphs form the same
figure. 7 o 2 :
10. Draw the graph of "y = E|$]"! Give an equation of the
" graph which results from each of -the following changes.
(a) The graph 1s rotated one-half revolution about the
X~axla. :
The graph 1s moved 3 units to the right,
The graph 13 moved 2 units to the left.

¢
il

LT PR o

The graph 12 moved 5 units up.
The graph is moved 2 wunits to the right and 4 .units -

o

N . e e

I,

R

11. What 1s thg slope of the line which contains the points
(-3, 2) and (3, -4#)» If (x, y) 13 a point on this same

2 ]
‘ Al=o

line, verify that the slope,1s also
verify "that e . ;
are different names for the slope, show that the
equation of the 1ine 1s "y - 2 = (-1)(x + 3)". Show that

",

1t can also be'written v o+ = (-1)(x - 3)"i

12. Write the equatlons of the lines through the following
pairs of points. (Try to use the method of Problem 11 for
parts (e) - (h).) ’
(a) (0, 3) and
(b) (5, 8) and
(¢) (0, =2) and
(d) (51 *?) aﬁdr

) (
) and (
) and (
and (
v

%} the value of”

o
Ll
H
11
o
b
i
o
o
[ad
)
JEo
.y
)
=
o
g

13. In the case of an ex

the expresslon 1s sald to ya;y,;nvarselyrgg the value of X.

The' number k 1z the conatant of variation.

(a) Draw the.graphs of the open sentences:

- 1-
;?‘:j:‘ : y’; = y:;’ =

B
"y
1t
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(b)

" values, what can you say of the values of % 7
(Does it matter whether k

they increase or decrease?

If the variable x 1s gilven inéreasing poaitilve

Do

i3 positive or negative?) ,

14,
has length w units,
(a)
the other side
Is thils a cas

-(b) of

constant o

A rectangle :as an area of, 25

(¢)

inequallties. . (The brace again indicates a

‘sentence with connective

(a)

(b)

In Problems 16

n

b+

through

\

[

Draw the graph of the eXpression in

ma

r:['}

inverse variation? What is the

aristion?

(a);

Draw the graph of the truth set of each of these systems

compound

and. )

=

S

[

refer to Flgure 1.

ST

L

i
\‘,

O
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square units, and one side

Wrlte an expression 1n terms of w for the length of



2

16. For any real number x, x° > 0. (Why?) Also, x°
! if and only 1f x = 0. Explaln why the graph of vy
lies entirely above the x-axls and touches the x-axls at
. & single point (&, 0).

il
L@
L

For any real number = x,

(-x)? = 2, .

If (a, b) 1s a point on the graph of y = xg, prove that
(-a, b) ,is also on_ the graph. (This means that the portion
of the graph in Quadrant II can be obtailned by rotating

\the portion 1n Quadrant I about the y=axls. We zay that the
graph of vy = x° 1s symmetric about the y-axis.)

‘H
=~

18. If x 1is any Féal number such that 0 < x < 1, then
x . (why?) Show that the portion of the graph of
y=x, for 0<x <1, lies below the graph of y = x.

19. If 1 < x, then

!
™

x < x°, (vhy?)
L 3

) Show that the portion- of the graph of Mg xég for 1 < x,
lies above the line vy = x. T - ’
=

EQ,; If a and b are real numbers such that 0 < a < b,  then

"

L™

a” < bE@ (Why?)
=]

~.ghow that the graph qﬁg y = x° TContinues to rise as we =
move to the right from ., O.

Show that a horlzontal l1ine will intersect the graph of

—

™3
o

Wl

[y

y = x 1n at most two podnts,

=]

22, Choose any point (a, a“) \on the graph of y = x°. What
3

the ‘3lope of the gntaining (0, 0) and . (a, a“)”
we choose polnts of the graph close to the origin Qa

2

line e

e
[T

cloze to 0) what happens to the slope of thils line? Can

» you explain why the graph of y = x 18 flat near the
orlgin? :
El A 2 ';x)
- I
*

O
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23, Prove the Theorem: Given any quadratic polynomial
Axg + Bx + €, there exlst real numbers a, h, k such that
a(x - h)g + k = AX® 4+ Bx + C, for every réal number X.
The numbers a, h, k are related to the numbers A, B,
.and C by the true sentences ¢

B _ hac -

- Y 7

K%

24, The problem of changing a quadratic polynomial, such as
égxg - bx + 1, 1into standard form can also be handled

as follows. Let us find numbers a, h, k (if possible)
such that

M

ca(x - h)E + ko= -2x° - 4x + 1,

for every real number Xx. By simpllifying and regrouping the
left member, we write

2 5

-2x° - hx 4 1, )

il

2 2
ax® - 2ahx-+ (ah® + k)

for every real number x. Now we see at a glance that we
must find 'a, h, k so that g P

; : J -,

b a = =2 -2ah = =4, ah® + k = 1. (Why?)

7
2

then "-2ah = -4" 1s equivalent to '"4h = 4",
1.e., to "m = =1". Also, if a = -2 and h = -1, then

+ k = 1" 18 equivalent to "-2 + k = 1", 1i.e., to

e = 3", With a = -2, h.= -1, and k

——
4
Hy
w
1§
1
I

g

il

34 we have

‘I’"Y

-2(x + 1)§f f

+
T

-2x% - 4x 4 1, /

for every real number

-y
o)
et
—
o
Z
i
put

m
o
-

/) .
X ing#?his method write each of the
atandard fé%m; 2
, .- ’
(a) 3x" - 7x + 5 .
= . ; 13 “‘g

[
1
Lt
"
+

|

(b) 5x

(e) Ax" 4+ Bx + C, wher are real numbers.

Ka]
L]
=

L
X
I
i
=
-
(]
-
!
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25. Consilder the quadratic polynomial in standard form,

a(x - h)E f Kk, where a, h, k are real numbers
and al¥ 0.

(a) State a rule for declding whether/or not this poly-
npmial over the real numbers can be factored.

(b) Ir'a, h, k are integers, what conditions on these
numbers guarantee that this polynomial over the
integers can be factored?

(¢c) State a rule for deciding whether the truth set of

a(x - h)° 1 k=0,

contains two, one, or no real numbers,

(1

Consider the-function Q defined by:

]

i Q(j{) = )
x, 0<xg2

' (a) Vhat is the domaln of definition of Q¢
{ . . ¢

; ) (b) What 13 the range of Qv

! * (e) hat numbers are represented by

.

N \
, 3

A1), al- 3, 20), ), \g\f—) Qm) o
(;) If R 1s defined by

z, 02 =z L2

-
LN

)
i
[}
i
L
[
o]

is R a different fynctlon from 'Q?

b
4

-

Lewy

™
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! GLOSSARY CHAPTERS 16-19

1 S : )
. EQUIVALENT SENTENCES - Open sentences which have the same truth
e call

1 ns.
. ,FUNCTION - Given a set of numbers and a rule which assigns to
;/ each number of this set exactly one number, the résulting
/> assoclation of numbers 1s called a function. ‘
s ORDERED NUMBER PAIR - A pair of numbers of the form (2, 1) 1in
which the filrst number represents a vElue of x and the
second a value of y 1s called an ordered number pailr.

c
QUADRATIC EQUA%ION - An open sentence of the form
N 2

=

A + Bx + C = 0, where A, B, and ¢  are any real
numbers with A ¥ 0, 18 called a quadratic equation.
QUADRATIC POLYNOMIAL - A polynomial of the form Ax> 4 Bx + C,
where A, ﬁ, and € are any real numbers with A # 0O,
R\XDP 15 called a quadratic polynomlal in x.
SLDPE - If a sentence 1s written in the form

pos ¥y = ax + b

then a 15 the slope of the graph of the sentence. If
A and B are two points on the gfaph of the sentence,

| then the slope of the graph 1s equal to the ratio:

Q‘_; vertical distance from A to B

horizontal distance from A to B

SYSTEM OF SENTENCES = A compound-open sentence with connecting
word "and" 1s called a system of sentences. Such systems

are often written in the followling form.

Jéx - 3y =

‘ 13E + By =

TRUTH 3ET OF A 3YSTEM ~The truth set of a system of sentences
in % and y 13 the set’

that satisfy all of th

s

=

Wi

all ordered palrs (x, v)

of
sentences of the ay

T
o]
vl
L]

tem,

I

I
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as dista
ddition,
agsoclative property of, o, 1337 243.344
¢losure under, o7-128
commut t Ll
identi f T o
1\, of rea 2! '
i on. the
proper
proper
proper
proper
quotle
usihg
addltive 1nv
arithmetic,
array, &7
associative proper 5
of gdditi@n,
of multlipli
‘axls of parabclas,
base, U471
between, 1
binary
brac
claus
zlosu
coeff
PDmﬂufafiVL proper
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. of multiplica
comparison pr
complete fhe
complete
compound
Kl
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sig s =a

o

denominator, 17
' least common, 497

describing sets, 3 :
difference, 367 - -

indicated, 27

of squares, 591-594
distance, C o

between, 386-387

from-to, 384-386

‘diggributive property, 59, 137, 139, 288, 295, 303

divisibllit 455463
division, ~391-399 : ‘
~ by zero, 17, 397 -
_definition of, 397
of fractions, ui25-026
of polynomials, 647-658

domain of a_variable, 68, 92, 100;- 675-678, 681-682, 688-689

domain of definition of a functicn, 849
_element, 2 : »
‘empty aat, 11 - . . . C
equallty, )

addition property of, 246-247

multiplication property of, 310-311
equations, 349, 695

fractional, 675-682

grapha of systems of, 7T70-772

involving factored éxpreaaions, 68L4-689

polynomial, 609-611

quadratic, 834-837 .

solvirg quadratic, - 834-837 ,

solutlons of systems of, 775-789

systems of, 767-768 -

truth sets of quadratic, 834-837
equivalent 1nequality, 344, 695-698 )
equivalent' sentences, 314, 665-682, 835-837
equlvalent systems, gBl

of equations,
exponent, 471

laws of 479= ABQ
factor, 133, U56-461

prime, 466

proper, U457
factored form, 561 o
factoring of. polynomials, 568-608 o
common monomial, 572-573
difference of squares, 591-594

8

784-786

perfect squares, 597- 600 B
« quadratic polynomizls, 574-588
factorization, u64-672
prime, 467 Wre, 514, 568-5
factors and.sums, H76-478, 579-5
finite aset, 13
fractional forms, 16

‘fractions, 16, H412-%14"

indicated product of, LO7-408
indicated sum of, H17

open senternces anfalnlng, §18-419
quotient of two Frartianai hpr-lzh6
radicals involving, . 531-537

o



funetian, 843-463

defined by ordered pairs,

]

. domain of definition of,

. graph of a
notation, 553-856
. - rnange of, B8i49
graphs,' 21, 98

859-861

of functians, 859- 861

of ordered pailrs of real numbers,,

of quadratic polynomjals,

of sentences, 110

of sentences in two variables,

vl

850

849

B15-828

718-725.

726-739

of sentences involving an order relation,

of systems of equations,

7

of systems of 1nequalities,
107

of truth sets, 98,
identity element,
: -for addition, 117,
for multiplication,
"index of a radical, 549
inequalities, 344, 349
equivalent, 344

308
118,

graph of truth set of,

Bystema of,
truth sets of,
infinite get, 13
integer, 155
negative, 197
positive, 197
squares of, 510
square root of, 513
intercepts, 740-741

806-809
£95-697

y-intercept of a line,

inverse, -
additive, 256
multiplicative, 3@7

¥

of =quaring operafion,

irrational numbers, 202,
least common den@minatar;

least common multiple, 522

line, 728-731, 736-738
slope of, T746E-T48,
y-intercept of, 741

monomial, 572

multiples, 5
least common, G&22

multipliﬂation,

asgoclatlive property of,
commutative property of,

closure for, 127,
identity element for,

of radieals, 524-525

128

70- 7%2

308

756-760

118
of quotlents of pclynamialg

of rational expfesaiansg

of real numbers, 269-28

on the number line,

property of eqqality »

property of one, ]18
property of order,
property of zero, 1

i

\v—-‘ )_“u

=

809

756-760

e



a2

multiplicative invemse, 307 . .
natural number, - 27 s
negative, . : o7
*Anteger, 197 : -
number, 195 . g
rational’ numbers, 200 :
non-negative number, 221 -
null aset, 11 o
* : number line, 14, 16 :
addition on, 48, 232-23%4 .
multiplication on, 52
real, 202 .
numbers, :
absolute value of, 219-222
counting, 4 : 1
even, 5 : .
irrational, 202, 516-522
‘ natural, 27
negative, 195-200
non-negative, 221 ' ) \
odd, & -~
of arithmetlc, 19
power of, 9, 89, 10
% oprime, U66 v *oa
rational, 17, 199,. 516,
real, 202, 521, 554-558
square of, 9, B89, 510
truth, 83
' whole, 5
numerals, 27 . .
numerical phrase, 28, 37, 68
one, multiplication property of, 40, 118
one-to-one correspondence, 27, 721
open phrase, 68, 83, 151, 154 )
open sentence, 68, 83, 92, 151, 154, 158, 160
compound,. 99 7
containing fractions, 425-426 ) B
contalning rational expressions, 675-682
equivalent, 665682
in two variables, 711-716
solutlons of, 313-316
truth sets of, 91, 251-254
y-form of, 716
operation, binary, 45, 56
opposlites, 209-212, 368
addition property of, 24l-242 .
order, 205, 333
addition property of, 334, 696
for real numbersz, 333-336 )
multiplication property of, 351-356, 696
transitive property of, 335 ]
order of operations, 29-30, 31-31
ordered palr of numbers, 712
graphs of, 718-725
ordinate, 722-723
parabola, 827
axls of, 827
vertex of, f27

W

521, 640-64l4

parentheses, 31 s

N
By
P
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; perfect squares, 597-600 ' ST

. perimeter of a reatangle, 157 ) lsff
"ﬁhrépe, ) : B . s

" numerical, 28, 32, 68 ’
open, 151, 154 .

.word, 151,. 154  ° "~ T s
polynomlal, 563-564, 621, 622 '
coefficients of qua ratic, 815 )
~. degree of, 5B3, 815 .
dividing, 647, 658
. equation, 609 611 ,
: £ factoring, 5 é 611
over the integers, - 565 , ,
- over the rationals, 565, 607-608

over the reals, 565, 604-605
prime, 568, - 587 )
quadratic, 573 589, 815-837
quotients of,. 623-639
positive,
' integers, 197 )
rational numbers, 200
power of a number, 470-471
prime factor, 6 i
prime factorization, 467
of polynomials, 568-608 _— ,
prime number, U466 ) B rg
prime polynomials, 568, 587
pro8uct, . )
indicated, 27, 60
_ of fractions, 4O7-408
praperéfactor, ks7 :
proper subset, 27
préperty, 4O "

radditlon property of equalilty, 246-247
addition property of opposites, 241-242
additlon property of order, 339, 696

addition property of zero, 117, 241-242

assoclative property of addition, 46, 13

asgoclative property of multiplication, 53,
L closure for addition, 127

clogsure for multiplication, 128

commutative property of addition, 49, 131

commuitative property of multiplication 52,

comparison, 208, 334

completeness, 55&3555
distributive, 58, 137, 139
multipliwati@n property of equallty,

310~
multiplication property of one, 40, 286
multiplication property of Dfdéfj 3%13 55
multiplication property of zero, 119, 1éé,
‘ummary of properfies of rational numharg,
summary of properftiles of real numbers, 55
transifive property of order, 335
proporftilon, 423-424
quadrants, 724-72%
quadratls equations,
truth geats f
quadrati«
graphs af
standatrl Fnrn of,

.;:
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S e d
U+ quotient, 16, 27, u#6
4 ' ihdlcated, 27 v
g o cf‘pnlyﬁamigls, 623-639 , |
fadicala,
muitipl@eatian ‘of, 524,525 .
3 sifplification of, 524.525, 531-533.
- i sums and differences of ; :539-540
- .-+ 7 radical sdgn, 513 . o
‘range of a function, 849
::ratiaﬂal .expressiong, O640-644 )
additioen. of, 633-63@ . - =
: in sentences, 675-682 , '
- . multiplication of,_ 627-631 f;

- simplifying, 627- 631, . 633-639 " ,
’ rationalizing,
‘dénominators, =SﬁE f
_ numerators, 535, =
rational numbers, 1Y, 199, 516 521 ’
pgsitive, 200 .
ve, 200 .
) summary of prpPPtiEE of, 554-556
real number line, 202
. order on,\ 205 .
real numbers, :
addition
division Abf,. 397 ,
multipiisation of, 269-284
order relation for,. 333s335
subtractlion of, 369

f, 237-240

\%§ reclprocal, 394 398
\\ root,
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