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N ' Chapter 6 -
RATIONAL NUMBERS AND FRACTIOQ?_

6-1. An Invitation to Pretend. . >

In very early times, the only numbers used were the counting
numbers. As the need arose, rules were developed for working
with the counting numbers. Much later, the general principles,
upon which the operations with fractions are based, were dis- '
covored. sl e SR

you will pretend that it 1is all new to you. Pretend that you

" have never heard of any numbers except the whole numbers. Try to

think as if you were one of ‘the first to realize that the whole
numbers are not enough. '

When new nymbers are introduced,~symbols must be invented
for them.' -Questions about how to define multiplication and

. addition of the new numbers must be answered. These are the

ideas which you will study in this chapter. =~ -

Consider the following examples:

- Example 1: Eggs cost 60 -cents a dozen. How much
_ does one egg cost?

You know.that you-can find the cost of one egg by dividing
the number of ‘cents by the number of eggs. 'The work looks like
this. - !

60 + 12 = §

Example 2: Eggs cost 53 cents a dozen. -How much
o R does one egg cost? . ' .
Here agaiﬁ, youvdividé the number of cents by the number of
eggs. :
53 +12 = 2 R
In the second example, you see that 53 canno§ be.eiéctly

divided by 12. . _
If you had never heard of fractions you would say, "You

‘can't divide 53 by 12." ' This would be correct. You would

mean that, in the set of counting numbers, there is no number

 which 1s equal to 53+ 12. You know that the set of counting

185
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6-1 , . ; -

numbers is not closed under division. 'This means that when you
divide one counting number by another you do not aiways get an
answer- which 1s a counting number. Thus, in order to solve
problems like ‘Example 2~ it is necessary to use a new kind df

.;umber, o

-

Exercises 6-1

él. Just as you have done ﬁor multiblication and addition, now
make a division table. In each box place the result of
dividing the number on the left by the number on the top if
this quotient is a whole number. If the quotient is not a
* whole number write "no." Some of the blanks have been filled
to help you understand what is meant.

+ |1 2 3 471 5 6 7 8
. 1) 1 no| mo| 4 o -
2| 2| 11| no |
313 no,
/ 4
: . -
. 6 3 ‘-
: 7 [
. 8 no /

.25 Jim spent 90¢ for chocolate bars. They cost 5¢ each.
How many did he buy? He shared them equally with his
friends, Jack and Harry. How many bars did each boy receive?

" Could- he have shared the bars equally if Mark had been
present also? ' -

3. a. The gym teacher divided sixteen boys into two equal teams
' to play a game. How many boys were on each team? How
did you solve this problem°
b. The gym teacher divided seventeen boys into two equal
teams to p.ay a game, How many boys were on each team?

v

. | ' : 186




' 6-2

6-2. The Invention of the Rational Numbers.

A

In the last section, you saw that thel set of counting num-
bers is not closed under division; that is, the. quotient of two
—counting numbers is not always a counting number. -Let us/con-
sider the following problem. K

Example: Mrs. Green has a ribbon 100' inches 1long.

She, wants to divide it equally among her 3 daughters. How
. long a plece of ribbon should each daughter get?. )

~ You may obtain the answer as follows: ‘ .
° o 100 + 3 = , _
Think how hard this problem must have seemed 1n the days

when fractions had not been invented. Mrs. Green tried to solve
the yroblem by folding the ribbon into 3 pleces of- equal length

like ‘this., -

¢

DR

. Then she cut the ribbon at the folds to have 3 pileces of equal
length ) . ' L)

3

1

Eéch piece had a definite length, but this length could
not be glven by any cguntihg number. She would have liked to
have a number to describe this léngth. What. could she have done?
She could have overcome this difficulty by inventing a new num-
ber., .
. How could this number have been named? It seemed reasonable
that the new name should use the numbers 7100 and 3 in some
way. She decided to give this number the name " l%g ", In her
mind, ‘she thought, " 32  is the number obtained when 100 1is
divided by 3." : ' ,

You are familier with symbols like lgg and you know that
100 eans the quotient when. 100 is divided by 3. Another

possible .symbol might be (100, 3). You may have read that lgg

';. 187



6-2

is an "indicated" quotient. It actually is a quotient. So are
the numbers 12 rigj 19 + 2, ; .

The numbers which we get when we divide a whole number by a
counting number have 'a name. They are called rational numbers.

T The word "rational" is derived from the word "ratio" Which 1is

another word for quotient. Note that we must speak of dividing
by a counting number rather than by a whole number since we can-
not divide by zero. Some examples of rational numbers are % ,

FEE

Exercises 6-2

) 7 15 4 17 29
1. Explain the meaning of 52 5 -%2, T?’ it -

For example: % means 7 divided by 9.

. I
2, %? names a rational number. This rational number is also

a ‘number.  Some rational numbers are

numpers.
3. Express the quotient o¢f 13 divided by 9 1in three ways.

.. 4. fThree-men who took a trip of 750 miles shared the driving
equally. How far did each man drive?

'5. Three men who took a trip of 700 m 1és shared the driving
equally. How far did egeh man drivef?

6. A bus carrying 50  passengers made trip of 500 miles.
How far did each passenger travel?

7. Perform the following division and check your work by mul-
tiplication, _ )
Arrange your work like this:

65 .
42 T30 Check: 65 .
252 42 -
—210 : 130
' , 210 260
L 2730 + 42 = 65 42 - 65 = 2730
a. 2752 + 43 d. 3293 &+ 37 g. 1729 + 19
b. 2915 + 53 e. 2093 &+ 23 h. 13431 + 121
c. 2916 + B4 ,/ f. 2541 & 33 1. 1001 + 13
3 L
188
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‘8. During a recent year, 8133 ocean-going vessels passed
. » through the Panama Canal.
a. About how many vessels passed through each week,on the
average?
b. One of the vessels had been at’ sea for 5400 hours.
- How many days (24 hours) was this?

{

6-3. Fractions and Rational. Numbers.

In the 1asﬁ'section we saw how the need for rational %pm-
‘bers arose. These numbers give us-an answer to any division
problem where we divide a whole number by a counting number.

For example, 14 + 7 = %i . But we know that 14 + 7 = 2,
Perhaps, you will say that we can get two different answers to
the problem of'dividing 14 by 7. This is wrong. The fact is
ﬁhat 1} and 2 ~are the same numbers. You may say that ‘"%ﬁ"
and "2" 1look different.. How can they be the same? The things
that look different are the symbols'@e write- down. These symbols
are the names for the. riumbers. The'symbols are not the numbers.
This point was stressed in Chapter 2, Symbols for numbers are
called numerals. ' E '

ot 1l n 1 n 1
, 6%, "I, 11five s 7T =17 _
are different names for the number 6. The numerals

2 1 ) ~ : .

"_12-"’ "_3§||’ u_i_u’ "ol 3 lf",’ noy IK" ‘

are also names for the number 6. It is important to know whe?
we are talking about a number and when we are talking about a
name for a rumber, ’ '

In this chapter you will frequenély find the words "fraction'

" and "rational number" Iet us consider the difference in meaning
between "fraction" ahd "rational number", ' .
The numerals "%;", "g", "%g" are called fractions.

. , \
The numeral "%" where a 1s a whole number and b is a
‘counting number is called a fraction. Fractions are symbols for
numbers. When we write. 1y 2 ’
T 1
189
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' we are not saying that the fractions and are the
gsame symbols. We are saylng that the numbers which these frac-
tions stand for are the same. We are fussy about this in order

.{ to avoid misunderstanding. later.,’ ' . ' _

- . Every rational number has a name which 1is a.fréction. Some

rational numbers have other names which are not fractions. The
number 2 is a rational number., Its numeral "2" 15 not a

fraetion because it is not of the form F + Other names for 2
are "%#" "%", "%" « All of these names arée fractions. It

18 correct to say that rational numbers are numbers which have

fractions as names. The number 2 has a fraction as a name as
we have Just seen. Therefore,"z is rational. So are all. the
other whole numbers. ' '

As you study more mathematics, you will learn how the num-
ber system is e;tended to include numbers which do not have
fractions as names. Some of these numbers will be needed when
you study ci eles and right triangles.

v o - Exercises 6-3a R
\ »

l. a. 1Is % a fract:ion‘7

b.” What other name which 1s not a fraction does the number
- % have? : : /
c. Is zero a rational number? :

2. a. Is A4[3 a fraction?
b, Does ,uIB__name a rational number?

' 3. Does the statement, "Every rational number can be expressed
as a fraction" mean that rational numbers havé no.other names?

4, Tell which of the following represent rational numbers:

a. %%. ; d. 6 +7
b. 14]63. e. 2.15

A. '% ' . £. f%

5. Which of the numerals in Problem 4 are fractions?
.- \\
\'v
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- 6. a. Select from the following‘set,of-nnmerals thosehwhich
) are fractions: 8, 56; 16 + 2, -3 124, 8 00 . )

b. Select from the given set the. numerals which name
' rational numbers.

o .
‘7. Express the answers to the" following questions by using
fractions and also without using fractions. ', S _
a. ‘Three men who took a trip of 750 miles divided the .- ..

i

- driving equally. How far did each man drive? foes .
b. A woman divided 90 inches of ribbon equally among 3
. daughters.. How .much did each daughter get? -

c. A dozen egss cost 60 cents. How much did each egg cost?

8. Express the answers to the following, using fractions. Can .
. you express the answers without using fractions? ,
a. Thres men,who‘took‘a.trip of 700 miles divided the
driving;equally.‘ How.far did each man drive? ' :
] b. A woman divided 100 1inches oﬁ ribbon equally among 3
+ . ' ‘daugnters. How much did €aech daughter get?
e. A dozen eggs”cost 43 cents. How much &id each egg cost?

9. Consider the following set of symbols.

2 ,1 0 ‘111 1o
; I)?; 1, O, 3’ 22" 3‘) _' ; ‘T’ 2‘) 6‘]

2. Vhich of the aboye are numerals for counting numbers‘7

b. Which of -the above are numerals for whole numbers?

c. Which of the above are numerals for rgﬁional numbers? .

d. Which of the above are fractions? ‘

e. Which of the above are meaningless synbolsé-

f. Which of *he above are different names for the same
number? ‘ ’

Exercises 6-3b \f
; (Class Discussion) S

) I3

1. a. JWhat number must yov muitiply 3 by to get 90 ?

- . b. What number must you multiply “12 by to get 60 2

c. What number must you multipiy 3 by to get 750 ?

s d. What number must you multiply 18 by to get 54 ?
e. What number must you multiply 11 by to get 5280 ?

f. W.at operation did you use to find the answers? '

ST 3 , 191
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2. Can you find a number to put in the blank 80 that the state-
ment will be true? ‘ -
a. 3.2 =90 ‘ d. \18:2? = 54
90 4+ 3 =7. a 54 + 18 =
b, 12.7 = 60 ~ees 1147 25280
, 60 + 12 = 52@0 + 11 =
t T . - ‘
‘Ce 3+ ? =750 e f. 19.7? = 1729
© 750 #3 =2 1729 + 19 = 2°
3. .In each of the following problems the symbol 'n stands for
a number. In each case tell whatinumber n must stand for.
a. 3en =15 ‘e, "19.n = 1729 '
b. 4.n =20 : f. 13+ n = 1001.
ce.T*n =56 . - 8 1Ten=1T
.d. 18 en = 54§ ) h., 14.n=0
i, .In Problem 3, what operation did you use to .find each answer?
o 6-4,. The Meaning gg‘Divisibp. ) B : . '

In Chapter 3 you learned that division by a number is the
inverse of multiplication by the same number:

1. 12+4 =73 Divide 12 by 4 and get ‘3.
2. 43 =12 Multiply 3 by 4 and get 12.

‘The two statements say the same thing-in different ways;
the. followins .ways of expressing ‘the idea:

8o do
3

12 + 4 =
4'?:12

what is the 'result of dividing 12 by 4?
What number multiplied by 4 gives 12°¢

3.
Sh,

. We have two kinds o..problems using products.

'One kind 1s like this: o bes -?}

We choose to write it 1like this: 4.5 =n:
product? ey

Both statements ask: What is the

- Multiplication

This is called a multiplication problem.

~

<

‘ o 192 ' M -
‘14 S -




6-4 ‘ - ,
' The other kind is like this: be? = 20}; Division
We choose to write 1t 1like this: 4.y = 20

Both statements ask: What is the number you multiply by 4
o . - to get 20 ?

This is called a division problem;
. To get the_answer we must divide even though the -division
sign is not used. We ask, "What should be the number y 8o that
b.oy will be 20 2" ‘I'his number 15 called the quotient of 20

by 4 or 20+4 or-,r .
In this way we can write division problems using only the

multiplication sign.

. The statements Y.y =20,
and ' . .y = %8;

tell us that T is the number y»for which &4 .y = 20,

©

In the same way, % is the number t for which 3.t = k.

™. ( ' ' -
: . Exercises 6-4 N ' : SRR
. : : : St
1. . Copy and complete the followling sentences: :
a. What number do you multiply by 9 to get 8 2 -

& '_ . . _ 9 .92=28
b. What number do you multiply by % to get .7 ?
. . u.?=.7 ; ]

Ce g- is t;e_t.mxmber x for which 3.x = ?2 -
d. 2- is thé number x for which ?.x =2 °
. e.ﬁg is the number x for which ?.x = ?
f. !'68- is the number X for which :?2.x = ?
& -11— is the number x for which 2ex =2
-}‘ i3 the number X for which ?+x =‘.?

_ _ . ;
- 2., In which parts of Problem 1 is the number x a whole number?
Find the number for x whenever it is a whole number.

\

2 ‘o193
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. 6-5 . . ' ‘p . "
- 3. 1In each of the followlng Sentences, find the number o which

makes ‘the statement»true. (Keep the fraction form.)
¥ .

a. 2+p =3 e.. 3.4 =21
b. 5+ = 40 f f. 5er =11
c.. ber =15 ' - g. 10-T =60
'd. 7+r =56 ‘ h. 8.r=1 .

)

4, For each of the following write a sentence which describes
_ the problem in mathematical language. Use a letter, such as
\.- _,n, for the unknown number and tell, in words, what it stands
for in each case. '
Example: Sam's father is sawing a log 12 feet.long
- into 6 equal lengths. How long will each

v - - .plece be?

.. .Answer: If x is ‘the number of feet in each plece,
¢ .
~ . then 6 x = 12 .

a. If 12 cookies are divided equally among 3 boys, ‘how
many cookies should each boy receive?
__mmﬂw“ﬁ“b, Mr, Carter's car used 10 .gallons of gasoline,for a
co 160 mile trip. How many miles d}d he drive for each
S gallon of gasoline used?
N . .c. If it takes 20 - bags ‘ef cement to make a 30 foot walk, -
' " how mitich cemént is needed for each foot of the walk? - .

5. Without'dividiné or factoring, decide which of the"follohins
- 'statements are true. As an .example, to’ show that %g? = 8,
multiply 8 by 21° to find out if the product is 168. .

fa. %g? = 13 S %g%_= 6 e, l%%?l =101
L 262 PR 1 RN . :
o b T = 16 a. fIii =15 - .

LY

.« 6-5. Rational Numbers in General. ' ‘. . o .

In the last section we said . -
,%? is the number n for'which .4.n = 20,
P ;- is the number n for which 3en=1%4 .
2 . . : \

16
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" . : . '
| L 3 21 u
r»-.[; From these examples, can, we say exactly what ?T’ 5, T§3%§T’
fand 9 .mean? We can, but not in a single statement that includes
lall of the examples at one time. The task is easier if we use
lletters to staqd for numbers, Here\ is a way that we could say
It is only put in

("t"_m.s with words. (Don't try to remember it.
; as a hqnpible example.)

If we write the numerals for two counting numbers, one
above the other, with a horizontalyline between them,
! then the resulting symbol 18 a numeral for the number
P wnich, when multiplied by the number whose humeral we
. have written in the bottom, gives the number whose . !

[ o
b . numeral we have written on t0p.a
| Here is the way that.we say thils if we use letters to stand for

1

N numbers. : : .
(b,éo)

|

| '. Definition. If a and b are whole numbers
then B -1s the number n for which

) ) ben=a2a ¢ -
‘ Clearly, the second'statement is easier end more convenient
In\the definition, if you let a =20 and b = 4;-'y0u .

- get. % %9- . ~ :
Then -2,19 -18 the number n .for which, 4 -n ='20, and
482 = 20,

Examples: g 1s the number for which 9 g. =5 .
. . . l
2.

22 is the number for which
4 1s the number.for which
+ 1s_the number for which 16 - % =

nad: is the number n for which b.n = a"

", When you write 5
' you are usihg "n" to stand for "%“.' Then be.n =a becomes
" g ' i b.%v=v"ad'
* when you'qeplace- "n" by ﬁ%".;; ’ o . . . .
AV )

. - For example: "2-~§ :
~ )
o 4
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Since you are Just besinning to investigate fractions:and

: rational numbérs, 21l that you know about them is that. .

l._ Every rational number has a name which 18" a fraction.
2. The rational number B(b # 0) is the number .for which

b--.5-=a.

In this'new look at fractions you are asked'to pretend that .-

_You do not know the meaning of addition or multiplication of
rational numbers or the manipulation of the symbols which produces
fractions for sums and products of rational numbers.

) Exercisés 6-5

.

Practice using the pattern b. F = a 1n the‘following problems.

‘Example: 247 = 6 1s 2. 2_6, ' S ’
“1.. Copy and complete. - L : I
| a. 3-‘ ? =\ S d.. 12. 7 = 132
B b, 5.2=5 e. 19. 7%= 1729 ",
T e 7.° = 63 : f. 352 '= 1960 * . N

-

é;. In each caée find thcyvalue of x which makes the state-~
. ment correct\\ ' Sl ‘ '

d. 12.x = 132

A ;

é, 3.x=6 _ oo
v 5.x=50 " e. 19.x = 1729
c. 7+x =263 £ 35 x'= 1960 S
3, In each case find €\a)value of x, - Express the'anéwer_as'a
"jfraction. ‘ \ e |
Bl 3ex =T < ' - d. 12. x;='6
. be Bex=bk e 19.x =29
c. Trx=5 . o f..354x =345
4, 'Copy and coinplete. ‘ ) . - - . 5
a. 5 og-'= ? ’ . ) d.. 30% = '? .
b 12._172= 2 e 5 —5-
196
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' 5. Copy and _co_mpleté.

. a. %%:7 - a. 7.X-n
b. 2.2=5 e. 2 4%%,: 1
c. ?-%6=3 £ Tefr =9
6. Copy and complete. N 3 &
a. 6+%=5 . . £ 11-%=9 s
b. mQﬁfs oo gl 16.3-1 | ’
. o e ’ 4 [P 2
c. 9-%=7 _ % the ko=
C g i = s .
d. . 4 *F= 9 . i, 1739. 7 = 2403 .
e. w-f=7 J. 609253 - 3 = 17963
7. Ccpy and complete. Use the pattern b -%'é a, T e
M . = o
4, ?2em =2 €. Vewde = 2
5 \ \ Iz C
b, 2ef5=12 £. 2 -g =2
c'.?.%=.? . - "B ?°'§'=?7 . . .
g 24 . o . 93147 S

- 8. BRAINBUSTER: Each letter 1s a different digit and E is
. greater than 2. )

- MATH _ o .
2l : -
What numerals containing four digits do MATH 9nd ‘EXAM
'represent?' ' : ' '
197
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6-6

6-6. Properties of Operatioxs with Rational Numbers.

We have now extended the number system to include rational
numbers. We found it necessary to do this in order to be able
to divide who1e ‘numbers. Now we shall ask questions about. mul-
‘:tiplication, divlsion, addition, and subtraction of the rational
nqmbers._ . ‘

‘ » The first'problem will be, to extend the meaning of- the opera-
_tion of multiplication. Using only what we know about the mul-
tiplication of whole numbers we shall show how the qperation of
multiplication is extended to the rational numbers. et us think

'abcut the idea of extendins the meaning of a word.

9

Suppose you had Specimens of each of the foilowing' . eagle, .
row, parrot, stcrk. Suppose you decided te call all

4

Now suppose'that_someone céme'ﬁo you with some‘other,credtufe
and asked you whether it wad a bird.. Supposevhe pointed out
a <hippopotamus. - ‘

-t
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3 -”ﬁbuld you call thiu_creature a bird? Certainly not. Suppose
""" someone came with the creature pictured.below. >

| ad

Would you call this creature a bird? You would, wouidn't you?

' -How did you make these decilsions? From' your limited know-
1edge of birds how did you decide to extend the idea of bird to
include the quetsal but not to include the hippopotamus° You'~ .
probably made this decision very quickly because you have been'
doing this sort of thing all your life~ .But there was a thought‘
prOcess involved that went 1like this. :

. The five given examples of 1living creatures that are called
birds have certain properties in common. Among these
nroperties are. wings, feathers, beaks, two 1§gs, c{éﬁs.

.ﬂﬂ

o You decided to extend the use of the name "bird" to include
any creatures that have these properties, but not to S T
include creatures: that ‘do not, have these properties. .. - .

p'*‘Now vwhat .does all this have to do with mathematics? Simply '
this. ‘We are ‘going to extend the operation of multiplication to ': !
operaye on rational numbers. And we want to do this in such a- ’
way that we preserve the propert of multiplication of whole
numbers. We have already definé:che operations of multiplica-
" tion for certaln basic products like

5.§‘=3, . .2.%5?, Q"i;s.nge? . S /./
o whichlfollow the pattern b F = a. ‘ ' '

But how shall we define products which are riot of this type,
as for example._',- - " , f

5.%’-. _?6_ . é L .. %. % '



. thing we like,

We might think that we can
But-Just as in t
extend the idea of multiplicatio

[ LN
Lo

define these products to be any;
he case of the birds, we wish fo
n to the rational numbers in

+

way that preserves the 2__g‘?t1es of multiplication,

~ You learnegrabout the basic
with whole. nunbers in Chapter 3

Erogerties ol theae operations
rhey are listed ’again beldw.

Addition

“ -Multiplication

Closure Property
a + b-_is a number

C;osure Property
*a « b 1is a number

Commutative Property
a+b=>b+a

\Commutative Property

a°+*b=>b:°a

Associative Property -
a+(b+c)=(a+b)+ec

<

Associative Property

(bc)=(a-b)-c

‘Distributive Property .
a(b.+¢c) = (a b) + (a -'c) , -

Identity. Property of 1 .
a+l=1-2a=a

Identity Property of O
a+0=0+a=a

K

Multiplication Property of 0

) a-0'=0-a=0_.
™~

W

" These preperties held trne wnen)the numbers we had were the
whoie'numbers. Now we wish to require that these prbpertieé
hold true when the numbers we have are- the rational numbers.
What does this requirement mean? Some specific,examples of what
it means are that - _ _'“f\

K

%% ‘must be 2 rational number (closure for multiplication) .
4§~+§ must, be a rational number (closure for addition)
2y ' 4 2 '
3% must be the same number as 53 Which property is
3 : . illustrated?
%.'1 must be thd same number as % Which property is
_ ) o illustrated?
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Exercises 6-6

- 1l. Jllustrate the- following properties from tHe list on page 200
" as propertiles bf rational numbers like 3, % % .

a,- Associative Property of Addition

2. Distributive Property

¢. Identity Property of 1

d, Commutative Property of Multiplication

2. Give an example of each of the following:
g a. Counting number,
- b. Whole number. .
c. A whole number which 1s nbdt a counving number.
"..d. A rational number which is ﬁot a whole number.,
P ‘e. A numeral which 1s not a fraction 'but names a- rational
) - number. ' '
o 3.. Which of the followlng represent :ational‘numbers?

a

w

RN 16
b, % R - ,
s 5 . g, 0.2
4 < h. 0.13

- 4, _Copy and complete, or find the number that x| represents.

a. 15 x =14 - d. 15. —5-
b, 15-‘7=1u ' ', e.'__‘-]l_-;=‘__

c. —_— -I5-=ll|' , : .

1201 .




-3°x R X =5
b 3-2=5 ° 1. .9.2=7
c;‘ .4.-.-;=_5 J. _.'_‘%_‘%=_._
d.'7°$-=____ S L
‘ . __:18=5 1. 5-%=1
£, 15-% =13 m. 5-x=1
e. __F=__°% n. 17.%=0

6. Matching. Each example on the left illustrates one of the
' properties listed on the right. Write the number of the
property beside the example which describes it. :

- ' 2. o '
a. S.2=2- ) (1) Commutative property of
3 % g 3 ‘ addition: B
L] 2 == '- L] - 2 ‘
‘ b. g'(g' '5')' (% _ %) 5. (2) Cemmutati_ve pronerty of
o, T ' ‘ " multiplication
c. 5(2+3) =5.2+5-3" (3 a Lativ - . 'f,
: Associative property o
d. 1(u'+6) g(u) +§(6) » addition |
fe 1. g g_ . . ~(4) Associative property of
e “"multiplication
) o . B,
f. %Er-% T (5) Distributive property of
" ; . multiplication over .
e G+ o_=% o addition
sy Y , (6) 1Identity property of O
h. +ZE=5+3 (7) Taent :
. } » ntity property of I
4, *0=0 : *  (8) Multiplication properiy of 0 -




6-7.. Mulbiplichtion of' Rational Numbers.

A fraction is a numeral which is written in a Speciflc way.
‘The symbol 20 49 4 fraction. A symbol ‘for the product of two
‘rationalk, ‘numbers, ‘% and ‘%-‘is ."go-%." This ajmbol "%..%", '
- .18 not a fraction. .
o ,If you knew nothing at all about howito find a fraction for
. the product i” %,ﬂ you might guess that a_ possible ‘numeral for
_ this product could be "%g "  Someone else might suggest "%%"
cully
=

‘or even ~fé§." Why is "the one which is accepted ahd not

the others? VYeu may even ask what right we have to deal separ-
ately with the parts of .the symbols in %% since each fracticn
-Mstands for a distinct rational number. ' :
Our problem is to define what we mean by multiplication of
".rational numbers andlat the same time to find out what’ to do
‘wibh the numerals. We are free to make any definitions we want
“to make. It is our intention to make a definition that will be.
useful and will fit “With what we already know about whole
numbers. ' K
' Therefore, we shall define a product like" (—-~Z) .80 that
1_the commutative and ‘associative properties are kept. -We 8hall
. ‘begin with what we know about the whole numbers and rational
numbers.- We shall extenq_the properties of multiplication of
whole numbers to the multiplication of rational numbers and*
.observe what' happens. . .



4‘ . .
’

Exercises é-?a

(Class Discussion) | ‘ \

This sBt of exercises 1s different from other Det» you have
had. \ It presents a big idea in small steps. The, ‘correct Zuswers
are given at the right and you are asked to cover: all of them -
until you have made your responses to the first one. Then’ look
at the eorrect answer to the first question. After each response
you make, look at the correct answer. .

e e ot e e e

Since these are cluss discussion questions, you will be able
7 to ask questiqns to clarify points you do not understand. Be
sure that each step is clear before you go on to the next one.

— _ . _ o . 4 ~ Cover
1. 2 Tand- 7. are both - ﬁumbers.‘" rational
We wish to find a single fraction for . '
‘the product’ 3- % if there is such a
numeral, ; ‘
. . ? (
2. ‘To find out what we can about the product :
‘ 3 1 we use what we Know about’ % and | L
S % nd'also the properties of multiplica- .
~tion which we wish to keep. From ‘ .
b-2=a we know that --2= . 3-%:2“
3. We also know that %: . 5..’5/.=7
'u. When we 3ay 3¢ % = 2 we mean that
"3, %" and " " are symbols for 2
‘the same number. The symbols "3 - %"-
and "2" are different pencil scratches,\g
but they name the same number.
5. Also, the same number is named by the .
- pencil scratches "5 -%ﬁ and " ", ‘ 7
] : —_ :
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10. Compare the products 15. (

-,

and - 2.7

We know that we multiply numbers, not
‘;pencil scratcheé.'*Therefore, the
"symbols, that look different are simply

two ways of writing the s product

and we may wrilte ' -

2y .. '
-5 (5D =22 .

7..- Another symbol for Y"2.7"4g "igv, o
. Then we may write. (3 - %)- (5 - %)’: .

———

13

8. We should like to group the numbers in

(3 2)e(5- %) in another way. We are
N - *

permitted 'to group these factors in a
different way by the commutative and .=
properties of multiplica-

tion. .
-5 -5 =L )-5D
9., Then (3+5)+( ) =14

\
and since (3-.5) 1is 15 51e write
15 (5:L) = -

T~

)= 14 :

win

and b.n="a
- We can match these exactly if w= think

b 1s 15 P
n is 2
a is __

—

" | 205
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same product

2:7

1

* A

associative

(3. 5)



* o2, The matching we did in Step 10 tells us

) a _ 1k
et Et | L
-, \' .
13." Then for n ,% we may write
g. = ) ) 2.7 '_ 1k
(3 g) ™ : G.h-1

We havelfound that

This result may not be a great surprise to- Xpu. The point
is that you have been using a procedure on faith. Now you know .
‘that this procedure is based on mathematical reasons, It is not’
- merely an accident, but a logical result. i

, n
In short form the steps‘you just went through can bé written
this way:

’

332and5;§7 g

(3:8) - (5-5)
-5 5D

B o : 15,(§..%)
2 14 2.7_2-

2.”:/“ and 2.7 =-14%

14

i}

=

5=
Ay

5



) “"‘-'_V'-—- . 2 _ 2. s
To find the product of thesq two particular rational num~
bers you form a new fracﬁion-by using the product of the numera-
tors and the product of the denominators of the fractions you
st?rted with. The prodﬁct %{—% is ciearly a fraction and hence
you know that the product of these two rational numbers is a
rational number, ’ ,
o Other numbers could have pgen used stt as well as _% and
.'% - The reasoning does not depend upon. the particular nuqbers
used. .We can use %— and % where a, b, cx and d " are any
whole numbers with b and d not zero.

O

b-%‘:a and d-%‘=
(b'%)'(d_’%) a

(bea)  (B-§ =are

a ¢ a-c

b°d

- Product of Two Rational Numbers: If a, b, ¢, and d are whole
numbers with b’ and d not equal to zero, then
a0

a. c
b'd~b-d

This statement tells us a great deal:

' 1. It tells us that this is the only definition of multi-
plication of rational numbers which is possible under
the requirement which we made. KWe required that the
_properties of multiplicafion listed in Section ©-6 hold
when the operation is extended to rational numbers.

2. It tells us how.to find a fraction for the Jproduct of
two- rational numbers by using their fraction numerals.

3. It tells us that the system of rational'numbersxis closed
T under multiplication. The product of two rational num-
bers has a fraction numeral and therefore the product
i1s a rational number,
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fractions we shall find it necessary to have names for the a
and b of % We shall use numerator for a and denominator -
for .b. The context will make clear whether we mean the number
_or fhe numeral. We may speak of the product of the numerators:

and think of them as numbers. We may also speak of the numerators ‘
of the fractions and think of them as numerals.. .

= Now tell in your own words how to find a fraction for the
product of two'rational numbers by using their fraction forms.

A

Exercises 6<]b .

l. Use 5 3 5———3 to express the following products as

© fractions. _ . .
S ) . u . _u ° =. 12
‘ Mple. -S- 'EI = rﬁ -5-5-
~ ?.. . é. 1 . 1 9.‘. 0
a. = 9) e, [} = i. 3 7
1.2 1 92 - -
b. 3- M 3 ' f. % . g J. E '- 26' i
* ’ 1
0. 6 - 2 5 1 92 | -
- 53 & 5% -k o 19“\
5 6 -2 X 0z ‘
ym's he 5. g Ly cw
’ 2. Express the following products asffractidns, g
- by b 7
. de % . '3' d . 7' '[r .
6 5 2° . -
b. 5% e, 3 %
5., 1 a b
C. -I A -5' f. ‘E '.5_‘
3. Express the following products as fractions.
: % | | .- 8.1 \
. ‘ 3 . . 7 -I S .
) 2 ' c 1 ‘
b. 7 . %— e. a- . -I
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. women and

: The Men's Shop received a shipment ofLshoes.

At the West Junilor High School, ~;~ of the teachers were
f%' of these women teachers were married.. What
fractlonal part of all the-teachers were married women?

‘A T.V. program lasts % of an hour., If T6 of this time
'ls spend on commercials, what fractional part of an hour is
“spent on commercials° :

ji'

Of these, <&

were black shoes, If of the black shoes had rubber
soles, what part of the shfpment was black rubber-soled
shoes? _ _

At a certain'town election g of the population was eligible
to vote. If 2 .of those eligible to vote actually voted,
what fractional part of the town's population actually votﬁd’

Let us réview what you know about rational numbers at this

stage .of your progress, . " -

1. EVery rational number has a name which is a fraction,

2. The rational number F(b # 0) is the number for which
- b's’—ao

h T

3. The commutative, assoclative, distributive- properties
~and the properties of zero and one are retained in the
system of rational numbers,

X

%';
4, The product of-two-rational numbers 1is

%,. % =_§-§-§~' (a, b, ¢, d, are whole numbers
b # 0, d#£0) '
209



waav .1p Dne'proqucv UL VWO Iratvcional numnopers wnen Qne or- .
them is a whole number? Fdr a particular case like 1, thich
" follows the pattern of ‘b 5, _we know that the product is/ 7.

' What can we do with = T i ‘\- - o

10 -%? | -' U

Notice that 10 . % .does not follow the pattern b - %-.

We can make use of item 1 above. Is 10 a rational number?
t fraction may we use &s a numeral for 10 ? W%g" is a
iy tion and we may use this: numeral to find the product.

We may write - - %? . %..

This is now the product of two rational’numbers and we use the

pattern'in item 4. .
T - 5, g

Exercises 6-19;

. . » N,
‘1. Which property is used in the statement: 10‘-'% = % « 10 2

2, Describe in your own words how to write a fraction for the
3 product of two rational. numbers when one of them is ! whole
" number. ’ :

' 3, Express the following products as fractions.

a. 5-% . a. 0.1 g« 8%
“b. 6.3 e. 4.2 h. £

. 2 . ‘. 8‘. " 5 o. :

Ce. -1-5 b f.‘ § 11 . i.; 1‘3‘ 0]

‘ u, Express the following rational numbers as the product of a
" whole number and a fraction’ With\numerator "', For °

example, % =5 e

01\1
Q
o
i
S¥

a.
' ¥

Ui’
o
Hy

Wl

'bo



i/ 9s AT Mountain View School the length of the school day is 6

e HSurs. - ? of the day is spent 1n class periods, what is
< the t:l.me spent’ 1n class each day? ¢ ,
Egg;ialént Fractions.

- If you were asked to J%s:l.m;:ol:!.fy" the fraction ]1_-8-, you

‘'would probabl{ say that iz = %— This is correct. Why is it

. correct? It turns out that this fact follows very simply from
what you know about the product of two rational numbers.

’ Let us see how it follows. In what other way can we

s 2
. We can write: 3——§ . What does =6——-5 mean?

We recognize from what we know about the product of two

~

© write

rational numbers that '

I 10 _ 2 . 5 2.5_2.5 5 _ .
BEIAEE 2 il aa b B REER R RS

.r'I.'hen'- 2:5=§-°l
8o that o H:%
or - 3-%

by the property of the mu;tiplication of one, applied»to rational_

~numbers-- -
We speak of and "g" as equivnlent fractions. They /1

- are different fractions representing the same rational number.

nxOn

We regard % as the ' simplest form" since the numerator
and denominator have no common factors (other than 1) Some -~
times 1t "1s desirable to find the "simplest :form" and sémetimes .

it is desirable to find a particular "eguivalent fraction”. o
Suppose we start with the form =3 and wish to find an equiyalent'

 fraction in which the denominator is 15. How shall we proceed?

% = g e 1= §-- %,, (Multiplication property of 1)

~
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et us try to work with a s&mbol which re%resents any
fraction ,and, in turn, any rational number,
. Ir a, b, and. k are whole numbers with b and k not
.equal to zero, then :

o a_a, 1.=8. k _a -k
. 12 T A R
, a_a-k -
Then the statement 55 % :

tells us how to write equivalent fractions.

AN .
mample 1: Simplify %g o it

CBeRede-d

. Example 2: Express % as a fraetion 1n'whieh the denomin-
' " “ator is 20, ’
2_2'-14 - 8
55§ =20
° ‘In’-this case k 1s & since 5 . 4 = 20,,
and 20 is the required denominator.
Exercises 6-8a
(Class Discussion)

1. In Example 1 what numeral in ';—%—g‘ corresponds to k in
a:k? . .

A

2. What values should be given to a, b, and k if you want.
 to simplify %g to % ?

3. Why is. the fraction = simbler than the fraction 10 ? Note *
, 3 15

that the numeral '% is simpler bi@ the number . 3 is the
same as the numbe; %% . _ ' '




’ fractions below.

e 3
L3
. 2
e 2
. 2

5 a. . Nha'c As the least common multiple of 10 and 15 ?
‘b. Use the L.C.M., as the denominator and write equiva'!en'c

Write thivee different

’

equivalén’c fractions for each of the’

h.- %(5)" ’
1.3
3. &

\_fractions for % and %

6. ,' Express ‘each of the given ra'ciona.l numbers as-a fraction with -
o 'che 1ndica’ced denominator. ‘

9.
3-, denom. ‘15

‘b. %,' denom. 15

“e. _%%, denom. 111

d. %, denom. _111
-
e. 7,  denom. 18

f. -%-, denom. 18

' F.::press the followlng groups of rational numberb as
" fractions with the same denomlnators.

2 .1
& '3
y
b
2 5
¢ Co 7‘)6

o L2 - )
O | |
S o1 :

€ 1’ 3 Y
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3.

&5 R e Mo
g5
&
9

Z'with the 1ndicated denominator.

o b A hode A
. - 1

Exerciseo 6-8b

.JSimplify the following fractions. Use the method shown in

the example.

mamie: #-313:8-5-3-3-3 .

5
-

%

I , 111111

Express each of the given rational numbers as a fraction

a; 2, denom. .3 - d. %, denom., 35 /

. : : ,
b. 5;‘ denom. 3 e, %%, denom. 30 )
C. %, denom. 15 . B %, denom. _15 /.

. . .
Express the following groups of rational numbers as frac-
tions with the same denominators.

S . 1 . .
Qe 2‘, % v f.,‘ %" '5 l.
l . .
5

. I i - L s

d. g,. % i.. g,_.%, % | |

- b TR

Multiplyland simplify where possible. i

a. 3% £, 8- 3 K 3.2

b. P6.f‘§] | g. 10 - £ . | 1o oy ?

c. 5+ £ e T g m. ;g . 5

d. 6 -.f% ' 1.7 g; A no %2

e. 3-% 3. 3% 0. f 12
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5. Aman has 7 children, 3 daughters and the rest sons. He
~. has 20 acres of land to dlvide equally among all his
children. What is the total number of acres that the sons

wlll receive? : '

)

6. -Hamburgef costs 8b¢ a pound. How much would you pay for

N,

7 -ounces? N _
7. Walter was paid $173 for 40 hours of work. At this rate,
how much will he receive if hefworks 50 hours? )

8. BRAINBUSTER. The numerator anh denominator of a fraction
- contain the same two digits but in opposite order. The .
* fraction 1s equivalent to 7 « Find three such fractions,

6-9. Reciprocais. ' . o
' '_ Two numbers are saild to be reciprocals of each other if
the p:oduct of the two numbers 1s 1. What is the reciprocal
of 6 ? Another way to ask this question is: What is the
172 '

]

nunber x for which 6 : x
o X = % ‘from the pattern b. % =
< Then 6-%=1
and “6 and % are reciproca13'of each other;
The‘reciprocai of 6 1is % . The reciprocal of 6 is 6.

'All rational numbers except 0 have reciprocals. Th;nk
about how you can find the reciprocal of % . The reciprocal
of ’5 is % since

L5 _4-5
5 'T=5+%
and 3———% is 1 because the numerator and denominator are
- the same. -
If a and b- are whole numbers different from O, then
. -a b a b _a--b_ .
the reciprocal of § is 7 since " "a~b-za " 1.
215
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> Exercises 6-9
(Class Discussion)

‘ ' : ‘ . a.b
1. .What properties are used in the statement i 1.?
2. Describe in your own words an easy way to find the reciprocal
of a rational number, written as a fraction.

3. Give the reeiprocals of the folloWing numbers.

a. g 't e. %} - \i. J%; Com. %
* b. % f. % J. % n. %g
e ;é. g g. % k. % o. .%% Y
’ a. % h. ’% lf g p. %%%g

4. Why is there no reciprocal for zero?

6-10.. Division of Rational Numbers.

Now we are ready to look at the problem of dividing one
. rational number by another rational number. When we came to
division in our study of counting numbers, we ran into trouble.
We noted that we cannot always find a counting number as the
" quotient when we divide one cbﬁnting number by another. The set
of counting numbers is not closed under division. We had to
extend our number system to include rational numbers in order to
be able to divide counting numbers.
We now‘face.an interesting question.  Is our rational
. number §ystem closed under division? Can we find a rational
number which is the quotient when a rational number 1is divided
by a rational number, or is 1t necessary to extend the system
again?
, We wish_to investigate % + ? in order to. find whether -
this expression has any meaning. 1In our investigation, we shall
require that the properties 1isted in Section 6- 6 continue to
hold true.




. "6-10 . _
we do not yet krow anything about division of rational
‘ numbers, but we do know about multiplication. We make use of
" the fact that ‘division is the inverse operation of multiplicétion.
' a+ b= means that =b . x _
We_can start by saying that we want to find the number n s
if there is such a number, where

-2"‘" =n . -"
By the definition of division as the 1nverse of multiplica-
'tion, we ‘have 2 _ 5 ;
=7 0.

This is helpful because the operation 1s now multiplication,
‘which we can handle. It would be nice to have just n instead
of ;-- n . We learned about recliprocals in Section 6-9 and we
now find that the product of reciprocals is useful to us.

The reciprocal of ;- is % and the product (;- . '3-) is 1.

Let us now proceed: :

3 = *n : from above
."§” and "% e n" are different names for the same number.
nl .20 ang L. (5- n)" are different ways of expressing the
3 5 M7
‘ ' product of the same two numbers,
, L and the number named by."%? and also
n5 . 1 ‘
“ by (7 n)". | N
%-%— ='%- (-; « n) "%- . %-" and "L (%- - n)" are names
L : for the same number. ‘
%% = % . (% * n) % . §g= %%_(product of rational numbers)
%% = (%_-.%) * n) v Assoziative property .
L L 7and 2 are reciprocals
5 57557
%%_='n - Identity property of 1
‘Then % + ; =n J..” Statement we started with . .
1
2.5 _ 14 . 14
becomes .‘3-:-7- i n 1is is .
or 24+42-2.1 L 15 2.1 (product of rational
37 3 5 15 35 _rat
e ' numbers) ,
e ! 217

[}]



6-10

The last statement says that division by % is the same as

, multiplichtion By its neclprocal L . Does diviston of any
rational number by any non-zero rational number follow the same
procedure? The answer is yes. Division by any rational number
(not zero) is the same as multiplication by its reciprocal.
~ You have found'that % + ; is % . % which is a rational.
number. It is the only possible meaning to attach to — 7 if
the properties stated 1n .Section 6-6 are kept. It shows the pro-
cedure to use wigh fractions in the division of rational numbers
and it shows that the rational numbers are closed under division
except that division by zero is excluded..

N

To find the quotient of two rational numbers - .
written.as Y actions, find thé' product of the=

" first ratio?al number and the reciprccal of

the secondyrational -number.

Qgptient of -Two Rational Numbers:

If a, b, ¢, and d are whole numbers with' b and d

a,c_a R« %“"d
p¥*a=p "¢~ .
When we began our search for n in
sure that such a number existed, We found that indeed there 1s
such a number and that it is %% . Let us chgck that this num-

ber n (%%) really does satisfy

pot equal to zero,

\Nlr\) o

; = n we were not.

2 _ 2 . .
377 %
- 5 [ — —5- - -l—lt = é‘. 7 hd 2 — é: . l [ -2—
gro=g =gz =7" (53
=(2.1y.2_47.2_2
- ‘(7 5) 3 — l N vt3 3 .
- ) '




. Express each of tbefo,llowing as a fraction: . ¢ )

I O ? o (p) L (e)
. §5+2 £+3 -~ 3a3
2 315 348 o ge8
3. 8% 7 B XX N S e
- 3+3 3+
‘5. §+§{ '§+% - %f%
6. £+% £+3 2+% .
- Ees 341 %3
8§42 S SN K A

)

Express each of thgaféllowing as a fraction in simplest form
é)9. z+ g J%' + Ilr Tt g’
10. 24 1.: %+§
A Fed B8
eoer BV a1

\

13. Mrs. Brown has %? pounds of potato salad. Hov_: many
portions of B' pound can she serve" '

+ "14, A metal worker has a steelg %— of a foot long. How many
pleces § of a foot long n be cut from the bar'>

15. A wire. fence extepds over. a distance of % of amile. At _
each '511&' of a. mile a wooden post is. used as.a support. How
many wnoden posts are usgd/"/(DonH:’ forget to count the pos

U

.at each epd.) . L.




N Ul

W\ [

xerclses o-.LUb

, Write the reciprocals of the following rational numbers:

a. 11 e 2
b. 201 oo P
e. 47 -8 -1-%9—9 '

a. N | h%‘%

'In the fdllowing, letters represent rational numbers, all
-different from zero, Write the reciprocals. . :

- 1 Tr o ot
a. -m ) b. 8 c. % d. 3 e. ;(

'-Write the set of ,Qumbers consisting of "the reciprocals of

the memberq of the set Q where:

2 6 7
'Q'=-l’—’%,3,6;7',§'.]-

Find the value of -x so that the following statéments are
true: - ‘

a. 3+ x=1 d.%-x:l f.lgg-x;l'
b; -%.\'x--rl e. 106‘~x=1 g.,27x55'
-§- ex =1 '
-Express each of the following in simplest form:

£-2 1. 27 17. %+31-
3¢ % 12. %*—% 18. -:2[+%
F+f 3. Fa+2 19. ;f%

+1 14, %+% 20, 2+%
9-% 1_5.:-13-1-+% 21. -g--l-g
%-!-“% J \lé. %-l-%

220 | 7 .



R . - Exercises 6-10c

1. Express each of the following as a fraction in simplest form.

%, 12‘ﬁ‘% o . e. %% + %}_" )
c.. g-l-g | . | . f. %-l-%- '
2. Jpp‘you think, division is commutative° Express each quotient.
"as a fraction to test your response. . -
a. “§-+ %_- : b. % + %I

3. - Do .you think that division is associative? Express each
quotient as a fraction to test your response.,' '

a.-§+<f‘2- L be G+ sl . ‘

5

4, A large can of orange Juice is 8 full, If a portion of.

orange Julce 1s TE 6f this large car, how many people can
be served by using the Julce in the can?

. 5.. How many meat patties can be made from . % pound of meat if

each patty is to contain 8 pourd of meat?

6.. Mrs. Edwards bought Z of a watermelon. She cut the water-
’melgn into 8 equal portions. What part of a whole melon
is each portion? '

6-11. - Addition of Rational Numbers. E

I! is time to pretend agaiﬁ This time we shall investigate -
addi.tion of rational}numbers. We shall use the distributive '
proper y; This seems reasonable simce this property uses mul-
tiplic tion which we know about and addition which we wish to =

. study.

. our problem is to extend addition t5lrational numbers and to
keep the properties of addition. We shall start with the simplest
‘kind:of addition example where the fractions have ‘the same
denominator, ¥ ‘

221
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. Example 1: Add ;""and % - o,

ES

- " We kriow that 2 - % = % *Product of ‘two
: o - ,Erational numbers.
‘and 3 - %s%‘i
Fegeeries-d
’ $«+ ;.=.(2 + 3) . % ' :istributive pronerty )

. S (D /
o+ % =5:7% R +3 = 5 ///{A
7*%“; s .7 S

-/
J/

Example 2: ;Use 5' and. b (o # 0) to represent two //

o rational numbers whose fractions have the same

. denominator. = S : s
Add 2+ & e A
E E‘ ‘ 1’ S //

v 'a B ~ l e
We know that 5 ief a .y ’
1

and %f'ié c *'§

Begeacdeed
Cg+g=(ate) g « T :
'i% +‘%Q= a~+ c )

Exercises 6-1la
(Class' Discussion)

Describe in your own words the procedure to follow to find

the sum of two rational numbers in fraction form in which
the denominators are the same.

A What fraction represents thie sum of R»+ 9 where p, a..
‘and s are whole numbers, \and 8 % 0 ? . C



B ...;mpx"ess as fractions:

"':_._a;. : %+% . o ... %""(; B
[T R Y
d %+g - b -g—+%
.:'#ﬂ,rﬁxﬁress a8 fractions in simplest form:.
: a. '3 + %' ~4 4 o e. %.+.% ;
I §+8
e 0 e 7+3 o
11

H+ds 0 n e + 7

B L4
© 5. Find the least common multiple of the denominators in, each
pair of fractions. .

. 1 T -
. b. %, T T S ég, 2%
e & A . 2 %, 8-
a. . & 7 ‘h. %, =

- . . . . -

4

6. Use the 1east'common multiplés of th\\ﬁairs of denominators
in Problem 5 to write equiva&ent fr ﬁions with the same
~denominator for each pailf of fractio s\\\

Example._ a. j% f%
v ,.-lu 2 8

15~ "3 2730

223 o S




N

~ . . . So far, you have learned how to add rational numuers of a
E o partioular kind. " The fraction. forms of these rational numbers
_have ‘the same denominator. What can ‘bé done when the fractions
" ‘have different denominators? Simply . find equivale*t fractions
in which the denominators are the same.w -
Consider the problem of finding a fraction for the sum:

Any common multiple of 5 and 7 will serve for a denom-

_inator,. but the least common rultiple- s usually preferred. )
What 1s the least wommon multiple of 5 and T ? Write
equivalent f§actions and add -

S | ?'%% and? B

*% 35= 55

Exercises‘6 llb

- 1. Express each 8um as a fraction and simplify where it is

epossible. _ :

e §' % , ; B e. 2+fﬁ- o i 1, %+%

5. 343 Cndedo s ded

. . %-f% _ g {%-+£% :v . k. %-+%
LR A N A Lo

2. If -a, b, ¢, and d are whole numbers with b and d not
equal to zero, find a fraction’ for 5 + — .

~a. What is a common multiple of b and d?

e gegrd
¢ g-a‘?..? ‘
S d b . d o
. a « d b-c_. ?
de g~ * 5 d =7 .

224




.u-f.x.q. a3t
LT R '

Express éach sum ‘a8 a fraction’ by finding least commoh

3.
. denominators. Simplifypwhere possible.

®

’ : 1., 1" y

o HrE o ndv3 g5+

: - . 3 1 1 =z

= 5*r%7 - - B T *¥3F 1.4+ %

¢ 2 11 T2 2 .
S grf - mogts O
. *?6/'" B % . n. 5 +&

e. +€- ' 'J.’ -%-+:97- o. 4.,._3.

R T Express -each of the following as a fraction in simplest form.
T - o , |
o a _(3- -!-3) .+‘3 . ce ('lT"'%)""%.

e deGeh o a e @ed

5. In.a recipe the ingredients include- % 1b. butter, .% 1b,

sugar, % 1b. cocoa, and 6 -1b. peanuts. What 1is the
total weight of these ingredients? : , ¢

1

6. It is '6 ‘of a mile from Ben's home to school and % of a -
_mile from his home to Lincoln Park.  How far’ does Ben walk

' when he goes home'from-School and then on to Lincoln Park?

7. “The White family spend E of their income for rent ‘and. %

of thelr income for food.

a. What fractional part of thelr income is spent on both

rent “and food?
b.f What fractional part of their income. is- left over?

" 8. On a lohg motor trip Mr. Downs covered (% of the distance

‘the first day, =% of the distance the second day, and
of the distance the third day.

What part of the trip did Mr. Downs cover during the

. first three days’? , :
jz= b. What/part of the trip did Mr. Downs still have to cover°

A man spends- 3 of his salary for rent, % for food, 6 for
clothirg, and F for charity and service. .The rest he saves.
Out of each dollar he earns, how much does he save?

°

225

S

1

lS\I




LN
- In the magic square below, add the numbers in each caiumn

Then, adding across, find the sum.of the numbers in each
row. Now add ‘the. numbers in each dlagonal. (T0p left

A

;'_____nnnnen.to lower-right~corner7~eve.,

.{%%" g , | %g o m
DA

R
‘Sum of Two Rational Numbers: If a, b, ¢, and. d are
v . Whole numbers with b and 'd 'not equal to zero, then

IS

' a,ec_atce

R0 Talben e

a c_a-d+b-c
bPTa° b« d

 The statement ‘bove tells us that the rational numbers are
closed ‘with respect to addition and describes the procedure to
find a fraction for the sum of two rational numbers..
This is the only possible definition of addition :of rational
‘numbers consiatent with the properties of addition extended to
rational numbers. '

7

6-12. Subtraction of Rational Numbers., /

, , . / o
Consider the difference % - % ./ Subtragtion is the
'1nverse of. addition which we know how to do. ‘The difference,:

% g. 1s the number which we add to % to get -g .

9

Then %' % is the number 2 for which .
» 2 n=7 n i )
g +'§ g Why was the form 3. chosen here,

“

2 N

48



..' It. is easy to gee that + g 5-

. Hence % § is the number g

can be expresaed as % - -g =g .

'l‘he procedure for 8 btraction 1s

- L . % '- - L— g
A\ ) - We often do the middle step mentally. We check by addition: -
| | to2,5.1
9+*§7g

) ‘ . N
Subtraction of Rational Numbers: If .%‘- and ¢ where
b £ 0 are two rational numbers, then ‘

a c¢c_a-=-c¢ ( o
F°bP~"b : ’

'0\'\_ ‘ N Exercises 6-12a
N : . . o

- \1. Express the following as fractions.

‘.\“\.\.\a. 1 - %‘Ili' ' 4. %_% L g. % _ %
L 2 AR O SR SER
2 Express the following as fractions and check by addition.
? 2. - & A F-3 g % -

(o) I oim

14 1 1 o

-‘ b. %l- -5- ‘ e, ir - 'TE__ h. . |
u -1 . 1 ' 5
C. ‘ ; - 7 fo % ". % 1. " ﬁ

3. a. How do you proceed v]hen the denominators are different

P . asin B--%?_- J‘

b. What can you use for a common: denomina.tor'? What 1s t'he
least common denominatorg ) '

S - 227




What two fractions equivalent to g- and % have the
}denominaﬁor bo.?2 - N \

‘ b, . Express the numbers as fractions with the same denominator
T 'and write a single 7-aetion for .each’ differe ce.

a.h gn- % . e.l % "g 1.
c%-% g. 2 -"% | K. .§_ -
d. %-7}- h .7.--132“ 1.

: 5. . Express each of the following as a fraction and. simplify
' ‘when it is possible, '

e kd e k% v B-d O\
I SR S MR SU

B A S

e k& o l-g 0 ug.mo

"#6, Find a fraction for % - % where a, b, c, and d are -, .
whole. numbers and b # 0, d # 0. R

a. Express 5 and 3 as fractions with the same -_ ¥

denominator.
a ? R
b. — - 2 == ———‘7-— .

Eﬁercises 6-12b ‘ . . ,

Express each of the following as fractions and simplify when it
is possible.

[
=

A - ?g CNES 8
e Y3 s 2- 4 8. 1.2
228
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5 ;}-‘“T'-m‘ - 2 > : - : P X . . . . R
" 6-13 | | AR “
10._ During the first hour of travel a ‘plane covered % of ‘the
‘whole trip. At the end of the second ‘hour %g of the trip

____;___had_been—completedf__Mhat_part_or_tne_;rip_was_covennd

during the second hour?

© < 11. Over a. ten-year period the city of Spring Falls grew in

~ -population from I? of a million to % of a million. By
-what fraction part of a million atq Spring Falls grow in
this ten-year period? ”

12.3 Betty ‘had a pile¢e of ribbon 5 of a yard long.' She usea‘
. E of & yard to make a bow. How much ribbon was left?
 'Was this more or less than ? a yard? :

B NP i

.\l-,

4

6-13. Summary.. , f

In this chaptar you csaw why it was-necé%sary to extend the
~ number system from.the whole numbers to the rational numbers,
" This gxtension was necessary because the counting® numbers are
not’ closed under .division. Need for the rational numbers arose
when man started to use numbers to measure. .

Fractions are names for rational numbeﬁs. The fractions
""gﬁ, “%", “%g“ are all names for the same number.

The set of rational ,numbers is closed under the operations
of addition, multiplication and division. You have learned
.certain procedures for expressing in the form of a fraction the
sum, difference, productband quotient of two rational numbers.
These procedures are not picked out of a hat. They follow
logically from the basic . properties of .the operations of mul-
‘ tiplication*and addition. The basic procedures of operation
‘with rational numbefs are given below. '

[

Kl
~
-

b

£



not- equal to 0 then'

It a, b, c and d . are whole numbers vlth b- and d

- T

L

. Product' %‘ : % = H
o - . :a . d a :
Equivalept-_fractions: P d°F
Division: %‘ + % = f‘r—% (¢ not zero)
: ' . a c_a+ec
Addit?_;.onf p 5 + 1y -——S-—- -
. ., a,¢_a-d+be.c - - .
Ty T a b . d ‘
Sﬁbtractién: % - % = g_g_c_ ;
‘ a_¢_a-+d-b-c N
: B a b e d -
.- Definition: b . %_ = a /‘where %‘ 18 a rational number.
Reciprocalé: _Two nun}b’ers'are reciprocals of each other if
the product of the two numbers is one. - '
. '6‘--1u. Chapter Review'. ' ' ¢
o RxerciSes 6-14
1. Copy and complete or finA t"ne correct value of .
“a, 2 ex=6 r"'"d. ?-%=?
. . . N u ) . .
b ? !.3= b . . e. 6 o 3-=5A . ' e
c.'7°;'=?"' | fo. 4 -x=3
. 2. Multiply and~ simplify. - .
' / " 2 1 2 1
a. %.% f. r:.§. k. 3',‘(-5-_-2-)
. 2. Y4 , ! 14
bo '5"% g 2°:7' . 1. %'(%.T)
- 10 2 1
R e 1803 mogt 5P,
R 22 | 31 © o ko2y .35
vd. B A1 1. - % n. (5 7) | %—
.2, 20 , 6~ : 1 2
€+ 3 ; I 5 o0 7 - (3 %)
230,



3. .D_ivme and simplify. o
b F+d o fo3ed 0 BB o Zas
R SO S A O
. d. g-u- % ‘.1'\1. | %-:-; ’ .'1. . :BL'."' % p. 1.4‘-:-%- .
| 4. Add and simplify. o
. %"‘% g."(i%+§)_+‘g
. '.b. %‘+ %— | - h. (g.:.,. %) + 31_
. g+is 3. %+§
e; ;+% | k2+2 I
£, 3+§ 1. 2+ 5
;5. ‘Su‘btxv'agt. aﬁd. simplify. | o
. 2.3 e 5.1 L3
b g-3 e £-7 RES B
c.%g_% _'5"%'% k. 5'_%1_
d.»;.-‘z ’h."‘\l%-_{-*; 1. :-Lgl--.fr
‘ 6.. Perform the indicated o‘:pe}'..ations and simplify. . \
Tas: ez umom
b. . «11-‘5 £ SR 1%’; 2 1. % 2
c..{-*s-!-s h. %2 © m. %_,_%
“ fr+% 1. 2+% n. #.+1
e. a:._% 3? _2__%_ o, ;1.-,2
_ 231
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7. A piece ot plywood is made of three plies oflthickness

é“ 352- hick_is__the board?

8, Two-thikds of a cake is” divided into % pleces. How much
of ‘the cake ‘1ls each plece?

o

o .

. 9. Before Edward moved, his home was % mile from his gchool.
His hew house 18 2 blocks closer to the school.
(Assume that a block is 1w of a mile.) How far from -
_ school -18 his new house?
10. A recipe calls for -% of a cup of milk., If Mrs. Cook
' reduces thé’recipe by %, how much milk should she use?

- 11. FouP boys went on a picnic. In their ‘lunch was half of a
" watermelon. . They divided 1t equally. What part of the
whole melon did each boy get? - '

"12. It 2 of the eighth grade class usually works during the
' 'summer, how many members of a class of 304 will probably
work during the summer? ' '

13. _How many quarts ‘of milk are needed by a family of 6
persons for a week 1f each person uses %- of a quart
each day? '

What property of numbers 1s iilustrated'by ; . g = ;.?
what 1s the leaud common multiple of the denominators of
%ﬁpaﬁd w? . ' ;

If the product of two numbers 1s 1,. what are the numbers
‘called? .‘
- \ ”

174 ow can you decide whether two fractions name the same« -

} rational number? i :

. COmplete the followlng statements:
Y - 18.

% ‘18 the npumber which when multiplied by 1s 2 .
2 i 2
19.. 3 1s the product of ? by 3 .
- 20. % « 2 =1




6-15. Cumulative Review.
] 4 Exercises 6-15 ;
1., PFind another name for 2.2.,2
SR 5'%5°3

s

" a. as a fraction,
b, using an exponent.

2. a. What are conimon names for 53 and 35 ?
- b. Which is larger and By how much?

3. Use set notatlon to dessribe the set of \'.ll multiples of 10,
Is this set closed under addition? :

\

4, 'bwhat whdle numbers can'yoxeplace n by so that the I
goilowiung stntements are { : '

8 + n.=15
b, 8 «na=15
' . Ce 8+n<15

S. True or False. If the intersectlon of two lines is exactly.“
ame point, then the two lines lie in the same plane, G@(ive a

v reason for your answer.
6. In the diagram there are .
(> L er

. three lines, AB and CD /
' ( . are parallel, : A E B
M. a, wnat1s BN 2 o / . )
T b, Wnat 18 EF N D2 <G —

A - C F D
c. what 1s BNE - .

7. How many different prime factors does 100 have?

8.. Can ydu tell if:
a, 10101 1is divisible by 3 without dividing?

b. -Is 10101 divisible by 9 ?
9. What is the least common multiple of 2, 4, and .10 ?

10, If a number has 10 as a factor, what other factors must
the number have? '




Chapter 7
NON-METRIC GEOMETRY II

T-1 Segments.
- Consider three points A, ,B, and C as in the figure

below. Do we say that any one of them is between the other

~two?: No, we do not,

c v oA

ge .C

' . We use the word "between" only when the points 1in question
are on the 3§2§ line. ILook at points P, @, X and Y above
on the line PY,.

Is X between Q@ and Y?

Is Q between P and Y?

Is P between X and Y?

Your answers should be Yes, Yes, and No.

We icnow that while Q i between ' P and X, there are
many other points between P and X. These other points have

i

not been labeled.
When we .say that a point P 'is between points A and B,

we mean two things:
1. There 1s a line containing
A, B, and P.
2. On that'line, P 1s between
A and B. ‘

Iook at the line AB again. Are there points other than
P between A and B? We have not labeled any but we know

that there are many points between A and . B,
We can now say' hat we mean by segment._ Think of two.
different points L and M, Thec set of points consisting of

235 o
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\

N . L; M, and all points between L and M 1s called the
f_" ‘segment "IN, Points L and M are calYed .
the endpoints of .the segment. We name the L
< ‘segment which has endpoints L and M .\\\\<\\\\;‘
‘}' by IM 3r by ML, A segment is'a part . M
o of a line. ' -
In ‘the figure below, we can name segments AB, DB,
and XT. Can you name oluer segnients?

o‘;}:-i ! /r//ﬁ
- C .

,——4/'8 . ,
A \ - ' 4

Figure 1

You have studied about the intersection of sets. Do you
agree that 1n the above figure the 1ntersection of segment
AC - and segment BD  1s segment BC? (AC/) BD = BC)

Exerclses 7-~la

1, In Figure 2:
‘ a, uName two segments whose intersection

is point C, Name the endpoints

- ‘of each segment. A —_—
.b. Name three segments whose
intersection is point B;7 ¢
Name the endpoiht of each
: -egment. D ' B
Flgure 2

. . .
c. Explain-the difference between AD and A&D.
d. What is AB/) DE?

/ e. What is ADN EB?

A
-2
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2. . In Figure 3: < X
&. Name 4 segments that "%
’

intersect at 2. .
b. What is 2Z¥ N XV? Z Y
c. What 1s WWN 732
d. .What is XZ N I7?
: e. What 1s ¥V N X¥?

3. In Figure 4:
: <>
a, Name 3 segments on TF,.
b. What 1s ENMN DM?
¢. How many points are there
vtetween T and F? Name
two of these points.

. d. Wnat 1s TKN DF? _
- e. Name at least 6 segments T K D F
2 _ . ‘
on AL. Figure 4

‘4.  Draw a segment. label its endpoiliits X and Y.
.. a. Is there a palr of points of XY with ¥ between
' them?
b. Is there a pair of points of 5(_? with Y Dbetween ,
them? | ' '
5. Draw two segments AB and CD\ for which ABM TD is
empty but BB N €D is one point.

6. Draw two segments PQ and RS for which PQ M RS 1is
empty but FQ’ 1s K5,

7. In Figure 5:
a. Is AB N [empg,y? Explain,
b. Is KE N g empty? Explain.

Figare 5




Union of Sets

You may remember that the intersection of two sets

A= (2, 4, 6, 8, 10} . _ &
‘ B=1(5 6 7, 8 9, 10)
is a set ' L\
~ ¢ ="[’6l\' 8, 10},

whose menbers are <in both set A and set. B.
It is sometimes helpful to talk about a different set
. formed from set A. and set B. Suppose we think about the
set . . .
.. p=1(2, 4 5 6 7, 8 9 10l
The set D includes all the memvers of A and all the members
of B, Set D is called the union of sets A and B, Notice
that members 6, 8, and 10 appear in both sets A and _B.
We agree to list these elements only once once in the union.. The ’
symbol used to show union is U- We read:

AUB=D

as "the union of set A and set B 1is the set D." .

Another example of the uninn . of two sets 1s given below:
I . - L
Let et P be the set of glrls in your

. mathematics class. R
! Iet set Q Dbe the set of boys in your

mathematics class.

Padl
R

] Then Py @ 1s the set of all-the students
' in your mathematics class. '
A geometrical example can be /'////,6’ .
seen in the picture at.the right. . . . e )
‘Here ABU BC = AT 'and -
ACU BD = BY and AT U TD = AD.
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Another coricept 1s 1llustrated by this EQme picture,
We see that every point in the Segment BC is also a point
of AD, We expres§ this fact by sayingrthat BC 1s a subset
of AD or by saying that BC 1is contained ;g'giﬁ. You .
should see that AC 1s a subset of AD and BC 4is a subset
of BD, but of the segments AC and BD ‘neither is a subset
of the other.

Other examples of subsets are:

'Thé set of boys 1n your school 1s a subset
of the set of. students in your school.

The set (1, 5, 9] 1s a subset of the
set (1, 3, 5, 7, 9.

In these examples the words "is a subset of" may be
replaced by "ia contained in." '

Remempér that in general for sets S and T,

"S 1s a subset of T or "S 1is contained in T"
means that every member of S 1s also a member of T.

The concept of subset 1s extremely'useful. One reason
for this is that anything that is true of all members of a
set 1s also true of al. members of a subset. For example:
if alllthe students';n your school are American citizens
then you may conelude that all the students in your class
are American citizens. The reason that you can make tﬁis
conclusion 1s that the set of students in your class 1s a
.subset of the set of students 1in your school.

Exercises 7-1b

&




.

a, ‘In-Figﬁ{e 6, 1s segment BC contained in segment

AD2

a, In Figure - 6, 18 

b. Is BC a subset of AD?
C. Name other subsets of AD

T —
CE a subset of CE?

b. Name other rays which are subsets of EE?

In each case, Write the elements of the-set that is the
Write the elements of the set

‘union of the given set..
that 1is the intersection of the given-sets.

a. R = {a,
S = {a,
.b. P =(1,
Q= {1,
c. X
Y
d. A
B

b, ¢,
e, 1,
3, 5,
4, 9,

d,
o,
7,

16}
= The whole numbers.
= The whole numbers

1s the set of linemen on a football team.

e)
u}
9,

1
3

1) .
through 10
through 12

1s the set of backs on 4. football team.

Draw a line.

and C with B between

a. What 1s
b. What 1s
c. What 1is
ILet A and

exactly one

Iabel three points ef the line
A

gl g

ABﬂ
T\“'

C: :)

B be two pcints,

d.
e.
f.

and C,

What «4s AB | AC?
What 1s AC U BC?
What i1s’ AB U AB?

explaining this problem and your answer.

VIn the flgure at the right
FR U QR?

.A. What 1is

b. What is
¢c. What is
d. What 1is
e, What s

Draw a vertical line A/v
to the left of /.
MmN N / empty?

AOf 4” . Is

_Which are segments.

f.

g.

Label

2140
6%

-

"R 7S

o4

What 1s PR U @S2
What 1s PQ U QR?

Iabel M and N twWo polnts
C a point to the right
empty?

Is MC N

Ly
-3

B,

Is it true that there 1is
segment containing A and B? Draw a figure

1

Explain.‘



C7-2

8. a. Explain why for any sets A and B we have AN B

is'contained in A while A . 1is contained in A {J B.

b. Explain why: If A 1s contained in B and B 1s
- contained in ®C then A is contained in C.

9. Illustrate both parts of Problem 8:
a. With sets of people.
b. With sets of numbers.

c. With geometriial setc.

10. = (multiples of 10)
B = [multiplus of 2,
= [multiple: of 5;

"a. How 1s B re_ated . A7

b. How is C relates ne Af
c. How 1s B C relatec “&  A?

7-2. Separations.

' s We often find it convenient to» separate sets of objecté.
For.example, in a movle theatre we usually separate the seats
on the left slde from the seats on the right side by a center
aisle. In baseball, we separate the points in fair territory
from the pdints in foul territory by Coul lines,

Thls l1dea of separation 1is also.imﬁortant in mathematics,
Three important cases of this idea wlll be considered_below: _
In Figure 1, let plane ABC D
be the plane of a window in your
classroom, Thils plane.separa%es
space into two sets:

I~ .,J

Figure 1

S by




called half-gpaces.
half-space, '

”

ABC

1. The_&et of points on your side of the plane of

the window.

,of the window.

-2, The set of points on the other side’ of the plane

The portions of space on the two sides of plane ABC are

Iet R and S be any two
points in space not in the plane

of the window, Then

R

and S are on the same side
‘of the plane ABC if the
section of . RS and plane ‘ABC
= 1) empty.
Also, R and S are on

opposite sides of the plane ABC
if the intersectidn of TS and

plane ABC -1s not empty.
case, there is a point of plane

ABC

Thus, we have three types of separation:
Type l-Any plane ABC

on RS.

inter-

In this

A

|

Figure 2

The plane ABC 1itself, is not in either

separates space into two

half-snaces.

If R and S are in the same half-space then RS r)plane'”

~ ABC 1s empty.

If R and 'S are in different half-spaces,
ABC is not empty. -

RS() plane

We call plane ABC the boundary of each of the

half-spaces.,

242



Consider the plane XYZ. Do
you’'see how the plane XYZ could
be separated into two half-planes?
What . would be the boundary of the
two half-planes?

Do. you agree‘that_a line such’
'as' /, separates XYZ into two
half-planes; We call line ¢ the
boundary of the two>half-planes.

- Iook at Figﬁre 5. It consists

of the line xy and three points A,
B, and C, '
Is TBN /Ehe empty set?
Is- BCN { the empty set?
Is &N [t_:he empty set?

Figure 3
/fN
L
L
Figure 4
£
oA
¢
. .B
Figure 5

If your answers were yes, no, no, you were correct.
>

Thus, we have

Type 2-Any line _/ of plane

XYz

geparates the

plane into two half-planes,

Recall that planes and lines extend without 1imit.
Therefore each half-plane extends without 1limit.

We call the two half-planes into which a line separates a

plane, the sides of the line. For
example, in Figure 6, the line
separates the plane ABC into two‘
"half-planes. The two half-planes
fare called the sides of A/ . We
name the sides of Aﬂ_ by saying the
A=-gide of ,/ ‘and the C-side of
In Figure 6, the B-side of )7 =
the A-side of ,// '
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- into.two half-lines?
- half-iines.

Now, consider the line ./ . What is meant by a
" _half-line? Do you agree that a point P separates line Y2
We call point P the bdundary of Lhe

Type 3—Ahx point P of line 4{? separates the

In Figure 8, D separates 4ﬂ "so that A and C are

-

L

Figure 7

1ine _¢ into two half-iines.

on the same half-line apd A and B~
are on different half-lines,

you see that, if two points are on
different half-lines of the same
line, then the boundary must lie

between them?

Expiain how each of the following may be used as an

Can

Exercises 7-2a

- (Class Discussion)

example of a separation:

a.
b.
c.
d.
e,
f.
g.

The plane of the net on a tennis courc. -

First base on a baseball field.

A movie screen.

The right edge of your desk.

A window in your 1living room.

The 8-inch mark on

a

12-inch

ruler.

The goal line on a football field.

(S
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3.

4,

5.

. ¥6,

T

o 3
o . ) . - $

_ In Figure 9, 1line / and points .
P, Q@ R and S are in one

'piane. Are the following state-
ments true -or false? Give reasons
for your answer,
a. The R-side of ¢ 1is the
* same as the S-side of_xp . pe
b. The S-side of J/ 1is-the ' ;-

same. as the Q-side of A/ . Qe R
ce / N PR 1is empty. ’
a./ N T is empty. C oS
e./‘ﬂ QS is empty.

£./ N PR 1is empty.

In Rigure 10,
>
a. Does PQ separate the

. plane ADC?
b. Does PQ separate the
plane - ADC?

Explain your answers.

Figure 10 -

Draw two parallel horizontal lines E and® m on your
paper. Label point P on line m. Is every point
on m on the P-side of k? Explain,

The idea of a plane separating space is similqp'to the

idea of "the surface of a box separating the 1nsiae from

the outside. If P is a point on the inside and Q .

a point on the outside of a box, does ' PQ intersect

the surface? ' ' ' |
_a. Could the union of two half-lines be a line? Explain.
b, Vould the union of two haif-planes be a plane? Explain.
If A and B are points on the same side of plane RST
(1n space)must ﬁﬁ?fw‘plane RST be empty? Can ;KEIW
pléne RST _be empty? N

“y

245

&
(6hp)



A ray is a half-line together with its endpdinth A ray
has one ehdpdipt. Thus, a ray without its endpcint is 2
legfligé.' We usually draw a ray like this, —» . If A is
the endpoint of a ray and B 1is another point of the ra,
we denote the ray:by 5?; Note that ﬁi’ is not the same
as E We use the term ray in the same sense in which it
1s used in “"ray of light,"

In everyday language, we sometimes do not use the words
lines, rays; and‘segments as words with different meanings.
In geometry, we should be careful to use them precisely. A

~ "2ine of sight" 1is really a ray because it has an endpoint.
_Thgs, you do not describe somebody as in your line of sight
if he is behind you.

The right field foul 1line in béseball refers to the
union of a segment and a ray. The segment extends from
home plate through first base to the bottom of the ball
park fence. It stops at the fence. The ray starts on the
ground and goes up the fence. ‘

Exercises 7-2b

1. Use Figure '11 to explain the meaning of:

» <> ,
a. RS R S
> b, R¥- +
_> .
. RS - Figure 11

2. In Figure 12 :
a. Wnat is PLU TIK?
b. What is FLN Lﬁ Figure 12
c. What 1s TP U IX?

P L

n
T

R5
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3. Draw a line containing points A, B, and C ' in order

———-ﬂ.»~J~from left -to right- ’

- -

a. What is AB () EA?

)

b. What is B_A’ﬂ CB?
c. What is AC

d. What is BA

e. What is BA'|J CB?

3

* 4, . Draw a horizontal line. Label four points on it A,
B, C, ard D 1in that order from left to right. Name
two rays (using pairs of these points to name them)
a. whose union is the line. “
b. who;e union is not the line but contains A, .B, G,
and D. ’ |
¢. whose union does not contain A.
d.. whose intersection is a point.

€. Whose intersection is empty.

7-3. .Angles and Triangles.

Angles. - B . .
' "An angle 1s 2 set of points consisting of two rays
with a -common endpoint and not %oth in the same straight

line. For example, in Figure 1, BA g

and BC are two rays. B is the ‘ I A -
common endpoint and A, B, and ¢C '

§rebnot_on the same line. Thus, the 8‘<:i//f/*/’
set of poinEg consisting ?f all the : ‘_‘_‘E;:>
points of BA together with all the _
points of 53 is called the angle ABC. Figure 1

An angle is the union of two rays with a‘commgn endpoint,
and not.both in the same straight line. The cggmon po%g; B
is called the vertex of the angle. The rays BA and BC
are called the rays (or sometimes the sides) of the angle.
An angle has exactly one'vertex and exactly two rays.

¢
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Consider the angle drawn 1in - '//// )
 Pigure 2. Remember that R « .S o,
aﬁrepregiﬁ%s a point and that ﬁg. :::i: i;jf{

and ' RT represent rays. ’ R T
Siﬁilarly, Figure .2 represents
- ah angle. . : _ " Figure 2

It is oftén necessary to name angles, The angle'in
~ Figure 2 1s named L SRT or [ TRS. The letter a: the
-vertexals always written between the other two letters, -

* : _ : C Exerclses 7-3a

.8 ’
S0 $
1. Draw an angle ABC. ~

(Class Digéussion)

v

B
. o ' ‘ - Figure 3
2. You can see that the angle separates the plane.

3. Shade the portion cf the plane
that appears outside the angle,

*'as shown. This shaded portion

is ca;}ed the exterior of the

; - angle. - ) //B_ ////C//7

: Figure 4

4. 'Shade the portion of the plane
that appears 'inside the angle,
.as shown. This shaded pogtion

1s called the interior of the

.

angle. B
Figure 5
.. Explain the following statement. :

"The interior of / ABC can be defined as the inten

. » . -~ £ —> P "
! - gectlon of the A-side of BC and the C-side Qf AB,

=
oe]

2

®p)

9
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) Note that the interior of an angle is the intersection of
- two half-planes. The exterior of an. angle can never be the
intersection of two half-planes. The,interior of an angle
‘does not contain the angle. The exteridr of an angle is the
set -of all points of the plane not on the angle nor in the
interior, . a

6. Another way to indicate the
'éJ“exterior of /-  ABC 1s to
- say that it is t*e union of
the P-side of AB and the
Q-gide of BC.

Exercises 7-3b

1. 1In Figure . 6,
a. Name the angle in two
ways., '
b. Name the vertex of the
*  ‘angle.

c, Name the rays (or sides)
‘ of the angle.

Figure 6

2. La»el three p'ints A, B, and C not all on the same
<« - £—>
line. Draw AB and BC.
. <
a. Shade the C-side of A5,

. > '
. b. SHade the A-gide of BC. : T
& . . : 0 /
- + C. What set.:is/now doubly shaded? -
3. In Figure 7, what is: | T Vv
~NT | ywe
a. ?
' > — W
b. TV Wv'? N
—> —>
c. VE. [ wW? Figure 7
., /
. L o 249
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, blane,

‘Triangles

- Let A, B, and C be three
points not all on the same straight

. line. The triangle ABC, written

as A ABC, 1s the union of 7B,

IUZ and BC. You will recall that

the union of two sets consists-cf
all the elements of one sget.
together with all the elements of
the other set In thig case, we

B

Figure -
have %“he unior of three sets. The union of A8, 1c,

8

and BC

consists of all the elements of the three sets taken together,
" The triangle ABC -ig the‘se of points consisting of A,

B, and ¢, and all points of AB between

points of AC between A and ¢,
beiween B and C. The points A,

vertices of A A4BC. We say "vertices"
' more thsnrone vertex. '

A and B, all.
<>
and-all points of B
and C are the

when we talk about

Do you see that the sides of a triangl= are contained in
the -triangle? This fs true because the sides of a triargle

are segments.

Are the angles of a triangle contained in the triang1e°

No! In the figure L RST ian the union

of SR and §? As you can see the

angle extends beyond the sides of the
triangle

.
/‘M
/

/
R~

S

Figure

Every point of the ‘triangle RST 1is in'the plane :

——— e .

- N

No‘c that a triangle is a set of poin?szin exactly one

RST.

Would you tay “hat A RST separates the plane "in which

it 116%° It does.

250
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The A RST has an interior and an exterior. The
" interior is the intersection of the interiors of the three
~angles of the triangle. The exterior 1s the sét of all
points of plane RST not on A RST or in the interior of
.A RST. " :

. Exerclses 7-3c L
1. label three points A, B, and C not all on the same !
<> -
line. Draw ‘Ig, KE; and BC.
. _ <> : <>
a. Shade the C-side of 'AB, Shade the A-gide of EC.
~ What set is now doublxeghaded? _
"+ Db. Shade the B-side of AC. What set is riow triply .

shaded? - : . L /

2, label three points. X, Y, and Z not 4ll on the same /
’ line. . ' L ) /””’~
- a. Draw '/ XYZ and . [/ XzY. Are they different b
' angles? Why? : -

~

b. Draw [ Y¥XZ. 1Is this angle different from both L

e

of the other two you have drawn?
c. Each angle 1s a se% of points in exactly one plane.
~ Why 18 this true? . ;
3. Draw a triangle ABC. ‘ '
a. 1In the.triangle, what is &B() AC?
. L)
b. Does the triangle contaln any rays or ‘half-lines?
Why? : ' o
c. In the drawlng extend AB 1in both directions to obtain
L € —
4B, What is A3 () 3B? B o '
B -
d. What 1s -AB (/1 A ABC? :
~ i
. e. What 1s - AB U AC?
4, In Figure 10
' 2. What 1s YW () AABC?
b. Name the four triangles
in tre figure.
c. Wnhich of the labeled
poinés,'if'ahy, are 1in '
A the interior of any of ’ Figure 10+
) : the ‘triangles? : :
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5.

On your paper, make a copy of Figure 10.

o B
-

Which of the labeled points, ifbany,'are in the
exterior of any of the triangles?

Name a point on tiic same side pf.ﬁﬁ? as C ancd
one on the opposite sidc. \

awgelabel a point P not in the interior -7 zny of the

triangles.

Tabel a point @ insideltwo of the triangles.

b.

c. If possible, label a point R 1in the interior of
A ABC, but not in the interior of any other of the
triéngles. » . =

If possible, make sketches in which the intersecti&n of a

line and a triangle is: : L ‘

a. The empty set. , o - .

b. A set of one element - P

c. A set of two elements

d. A set of exectly three eiements

e; A line segment.

If possible, make sketches in which the intersection of

two triangles is: v

2, The empty set + f. Exactly five points ‘

b. Exactly one point g. A line segment

‘e, 'bxactly two points "“h. Two line segments

d. Exactly three points 1. Three line segments

e. Exactly four points ‘

In Figure 11, what are the following:.

a. [/ aBc) %c. :

b. A aBc B

_C. 4? 1 N L ACB

.' B N £

e. BE() A aBC

r. B¢ / acB

g. s+, aBc () A aBc

h., AC UGB ‘

\ ] Fygure 11
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*92% In a plane if two triangles have' a common slde must their
) interiors intersect? If three trlangles have a common side,
must some two of their interiors intersect? Make drawings
" to explain your answers.

.10, BRAINBUSTER: Draw / ABC. Labei points X“and Y in

the interior and P and Q in the exterior.

a. Must every point of XY be in the interior?

b. Is every point of ?6 in the exterior?

¢c. Can you find points R. and S 1in the exterior so
that RS [) L aBC 1s empty?

d. can ¥ L ABC be empty?

'*7—4. One-te~One Correspondence ., (Optional)

" In the first part of Chapter 3 we studied about one-to- -ohe
correspondence. We 1earned that early man kept a record of the
number of sheep in his flock as follows: For each sheep he put a
stone in a pile. In order to make sure that no sheep were missing
he took a stone out of the pile as each sheep went into the pen
If there were no stones left in the pile when thevlast sheep was
in the pen he knew that no sheep were missing: This process of

matching eac.. member of one set with a member‘of another set is

an example of .one-to-one correspondence.

Let us consider other examples of one-to-one dorreepondence,
or matchingle When Mrs. Barber served tea she put a set of
saucers on the table, one for each guést . ‘Susan Bafber then
placed a cup on each saucer. Thus, there was a one- -to-one
correSpondence between the set of saucers and the set of cups
on the table.

/

' At the start of a major league baseball game nine players ran
onto the field and took their positions. There was a one-to-one
correspondence between the set of players and the set of

positions. ! ' - o

Let U be the set of human noses in your classrooﬁ.
Let V Dbe the set of humans in your clagsroom.
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_ ‘~Is there a one-to-one correspondenc “etwren U and V? For
- each nose 1s there a matching human? For each human is .there
a matching nose? o

-

In showing'that two sets X and Y are in one-toZone
correspondence we must show that: '

a. For each element in X there is a corresponding

.

element in Y, o »

V]
jo}
foh}

b. Bach clement in Y corres ponds to a given element
in X. o ’ .
. let us see how a one-to-one correspondence’ is wused in georetry,

-Follow the directions. \Answer the quostions as you
N\ .

> go along.
- R
. Exercises 7-la
(Class Discussion)
1. Draw a line and label it Z . :
2., Locate a point above line . and label, it P.
- 3. locate a point on line 4’ and label it ! A,
> : .
4, Draw . PA. - '

: P

a. Does PA intersect line '42 ?/ .

b. How many elements-are there in the inversection set
> )

: of PA and Aﬂ o

_,//’/5. Iocate a- second point on 1line 4” and label it B,.

o 6. Draw 7B, ' '

' a. Does ?ﬁ intersect X? ?

b. How many elements are in the intersection set of

: PB and X? 7 '
7. Locate a third point C on line 4? .
. i - '

k3

. <>
8. Draw PC. . :
> ,
a, Does PC Lntersegp A/ ?
b. How many elements are "in the intersection set of .
; : >
2 - PC and //
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, i~9.f a, Is it‘pOSSible to locate more points on xﬂ ?

RS ;Through each additional point marked on /¢ can
"~ @', ‘you draw a 1iné that also ‘passes through point P?
10. Let all lines which intersect A? and pass through P

" be elements of a set called K. o
a. How. many elements of ‘K have been drawn so far? .
b, How many points have béen located on line x’ so:far? . .

c. Is there g point on 'Xﬂ . for each element of K ‘ )

' drawn so far? - v ) . N
" 4. Is there an element on K. for each point'located
" on ? - ' oo '

e. Can you matcn 'one-td-Gne" the elements of K and
. the poirts located 80’ far° ’
L. Do you think that 1if more points were located on
A/ and more elements of K were drawn that a
one-to-one correspondence between the sets could
‘be shown? & i .
9% Supply the missing words: -
" To a line through P and intersecting Aﬂ there/’
cQJresponds a . on AZ s and toa °
on 4ﬂ there corresponds a : through P
and intersecting Ap‘. o7 ,

Have you found that there is a one-to-one correspondence
hetween the set K of lines and theé'set Xg of points?

?d

‘ ' i} Exercises 7-4b’

H

1;. Each desk in a classroom’is‘assigned’to a pupil, _
- a. When all pupils are present, 1s there a one-to-on2
' correspondence between the pupils and desks. in the
' ¢lassroom?

b. 1Is ther? aiways a one-to-one corr@%pondence between
the pupils and desks in a classroom? Explain your

1 answer, N
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2. If you have a full set c. fingers (including thumbs):

a. Is there a one-to-one cor respondence between the
, fingers on your left hand and the fingers on your_
right hand? o ' I
b} Copy and complete: TFor each finger on my left
' 'ﬁend\there is a - finger on my

tet————

. 3. Two basketball teams are playing on a court, Shov'that
e there is' a one-to-one correspondence between the memberq
of one team and the members of the other team. .

u, In the triargle ' ABC show .A
' that there is a one-to-one
correspondence between points
A, B, and C and the sides : \\\\"

* opposite these points. . B v [

5. Draw a circle as shown at qpe right
label a point X 4in the )
interior of the circle let

R be the set of all rays

having X as an -endpoint.

understand that the
elements of R aré in the
same piane as the cilrcle. |

-Draﬂ’§eVera1 rays of set
R. Copy and complete the following:
a. For évery point of the circle there is
ray of set R cutting the circle,
b. For every ray of set R, there is
in whicth the ray -cuts the circle.
c. 1Is ‘there a one—to;one'correspondence between
set R and the circle?




1Y

7-5 .

6. In the diaégem’below; Z XYz .is an angle, 7YX,
YT,™ and YZ are elements of set K. Set K is the
set of all the rays through Y which do not contain

 points in the exterior of , XVvZ.

DE and -XZ are segments
Joining points on YZ with
‘points on YX.

a. Show that there is a.
one-to-one correspondence Y-
betweén K and DE.

b. Show that there is a

' one-to~one correspondence
between K and XZ
. c. Show that there is a
one-to-one'correspondence
" petween DE and XZ.

7, Show that there is a one-to-one correspondence between“the
set of even whole numbers and the set. of odd whole numbers.

-#8,  Show that there is a one-to-one correspondence between the

set of even whole numbers and the set of whole numbers,

7-5. Simple Closed Curves,
- In rdewspapers and magazines you often see graphs like

..those in Figures 1 and 2 : \
Figure 1 " Figure 2 - '

These graphs represent curves.. We shall consider curves
to be special uypes of sets of points. Sometimes, paths
that wander around in spacé are thought'of,as'curves.

But in this section we shali consider only curves that are

.
c ~
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BN S 4
" in one plane, Such curves may be drawn on a chalkbcard
or on a sheet of paper. )
" A curve is a set of points which can be represented
by a-pencll drawing without 1lifting the pencil off the paper. -
Segments and triangles are examples J6f curves we have already
studied. Curves méy or may not contain poftions that are

-straight.

C -~ . One important type-of curve is called a broken-~1line curve,
t is the.union of several‘iine segments. That 1s, it consists

of all the poinfs on several line segments. Figure 1
yepresents a broken-line curve. A, B, C and D are marked
as points on the curve. We also say that the curve contains’
‘or.passes through these points. Figure. 2 also represents
a curve. In Figure 2 ,points P, Q and R are marked
qn the .urve, Of cogrse; we think of.the curve as containing
many points other than P, Q, and R, %

A curve 1s said to be a simple closed curve if:

. © the drawing starts and stops at the same point.
D. no other point is touched twice by the pencil mark. .

Figures 3, 4, 5, and 6 are examples of simple

 01osed curves, -

Figure 3 Figure U4 Figure 5 . Figure 6

Figures 3a, 4a, 5a, and 6a are examples of
curves whlich are not simple closed cu.-ves,

Figure Ja Fizure,ha" E{gure 5a

Figure 6a

: | g8
3 | - 75
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- Figure 7 represents two simple closed curves.

Figure 7

The boundary of a state like Iowa or Utah on an ordinary
map represents a simple closed curve, A fence which extends
all the way ardund & coiB field or a city park suggests a simple
c10sed curve, ; .

You can see that a simple glosed curve has an interior and
~an exterior. Also, any line or curve containing a.point in the
. interior and a point in the exterior must intersect the closed

curve,
e
~ INTERIOR EXTERIOR ,
_____ ————
Q

~ Figure 8

"In Figure &, P is in the interior-of the closed curve
and B 1s in the exterior of the closed curve, The dotted:
line which contains P and. Q .must cut the curve,

EXTERIOR

. Figure 9
In Figure 9, A 1is in the 1nterior of the closed curve and

' B 1is in the exterior of the closed curve. The dotted curveg
which contains A and B must cut the curve, : ]

<
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Any two points in the interior or -ny two points in the
" exterior of a simple closed curve may b. joined by a broken-line
. eurve which does not intersect the simple closed curve.

Ry
INTERIOR //

_ . Figure 10

- In Figure 10, R and' S ‘are points in the interior of a
simple'closed curve, R and S are Joined by a broken-line
carve (dotted 1ine):. which does not intersect the simple -closed

-

CUI'VE .« : . - b

Figure 11 .

In Pigure .11, L and M are points in the int/erior ‘of a
érhple clogsed curve. L and M are Joinéd by a broken-line
curve /dotued line) which does not. integsect the simple closed
curve,

We call the interior of a simple closed curve a region.
We call the interior of a simple closed curve together
with its boundary a.cloged region.

w

Closed Re 4ion(Inferior and Boundary)

REGION
(INTERIOR)
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l'

2.

3.

b,

Exércises 7-5

Draw the simpie closed curves described below:

a. one which 1s the union of. four segments.

b. one which is the unlon of flve segments.
sC¢. one which 1is-.the union of fhree segments,

Draw a figure representiﬁg twdﬁgimple cloéed curvés whdse-

irtersection 1s exactly two points.

In the figure at the right, ' c,
the tw imple closed curves
are re:;zé nted as Cl and C2. A
a. Make alcopy of this figure, ,
b.- Shade the exterior of ¢

2 ‘ -~
with Aorizontal lines. Cz

¢. Shade the interdor of C1
with vértical lines. ) ~><

'd.’wfsing the word "iftersection" . -
‘describe in words :the portion
of the plane that is doubly .

shaded. : : . = P

e. Describe the portion of the ' ' L
’[plane that is singly shaded, -

Look at a map of the United States. ,
a, Does the boundary of Colurado represent a-giQPle closed

curve? ‘ »

b. Does the boundary of Arizona represent a simple closed
curve? .

c. Does the union of the boundaries of Cpiorado and
Arizona represent a simple closed curvg? Why?

251
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closed surve J aré shown
in the figure at the fight.
- a. What 1s J () /Z~*
b. Draw a similar figure and
shade the intersection of
‘the interior of * J and
the C-<side of ¢
& c. PeSCribe in terms of rays
' the set of pointa on ¥
not in the intericr of J.

6. °"BRAINBUSTER. Draw two simple closed curves whose
interiors intersect in three different regions,

7. BRAINBUSTER. Think of X and Y as bugs which. can
crawl anywhere on a floor. (a) Draw a picture showing
‘ > a curve‘whigh could ceive as a fence to separate X
o from Y, (b) Draw anocher plcture in which 1t 1s hard
to tell whether the curv -~eparates X from Y.

7~6, Summary,

-any of the practical uses of geometry are based upon the
! angle ard the ‘triangle. 1In order to work with the angle and
the t 2 ¢ e we will need to understand the meaning of ‘segment,

.ray, +n@ wnion of sets.

ke segment is a part'of'a line together with 1ts endpoints.

A ray is a half-Mne together with its éndpoint.
ray

If every member.of a certaln set is also a member £

0
! A - N .
{or contained 1n) 2 secound set, the f£ipst set is called

a subset of-the secopdy“
The union of two sets 1s a set conslsting of all the
elements ol the first set together with all the elements of

the second set. . ; o ,
Using these 1deas we can now explain tne meaning of

angle and triangle.
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endpoint in common and both rays not on the same straight line.

1

The triangle ABC, written A ABC, 1is the union of 4B,
AT, and BT provided that A, B, and C are not on the
# same straight line,

A half-line 1s a ray withdut its endpoint.

A region 1s a set of points ir "he interior of a simple
closed curve,

-

The following ideas are useful in mathématics:

Separation

In this chapter, the following three kinds of
separation are considered:

“

1. Any plane separates space into two half-spaces.

2. Any line of a plane séparétes the plane 16;0

two half-planes. w

it
3. Any point of a line separates the line into

two half-lines.

One-To-One Correspondence

Two sets can be shown to te in one-to-one
! N
correspondence if: '
; .
a, Each element of the [irst set can be matched

with an element of tne second set, and

b,, Each element 0§ the second set is matched
witn a given element of the first set. '

Simple Closed Curve N

A curve 1s sald to te a simple closed curve if 1t

N
can be drawn: 1
:

4, S0 that 1t starts and stops at the same woint,

©. No otrer point is tcucred twice by the pencil
. 1

st mari, |

!

\

O

ERIC

Aruitoxt provided by Eic:



7-7. Chapter Review.

— Exercises i—?
1. Draw a vertical line. Iabel four ?R-
, points on it" R, §, T, "U
(as shown), Name t 31 %5
a. Whose endpoints are - S.
b. Whose union is the line. ' 17 .
c. Whose union is'not the 1line - 4 JU
but contains R, S, T, 4
and U, ‘ -
d. Whose union does not contain R,
e. Whose intersection ir a point. . }
f. W.use intersection is enpty.
2. Name ten subsets of ﬁi: » e
3. In the drawing at the right
a. Explain Qgghdifferengg ‘
between AD and AD, A B
b..\Explain the differénce N
yetween BB and AD,
: D c

\
.c. What.is the intersection
\ €—> «>
of AD and CD?

4. In the figure at the right

a. What is AB f]'KE?

b. What 1is ﬁ})}/?ﬁ?

C—P o —>
¢c. What is AE BD?

What is AB [) DPE»

\ -
(.- e

] /// ’ a
2'1 i
. O

~ U




5. o

Draw a horizontal line. label four points on it P, Q,

"R,

and S 1in that order from left to right. Name two
segments
a, Whose intersectici is a segment,,
b. Whosze intersection is a point.
- AY
c. Whose intersectlion is empty, )
.d. Whose union is not a segment.
N
If R = [1-; 3, 5 Ty 9, 10]
And S = [4; 7) 10}
Write
a. R()s '
‘b, RUs
In the figure at the right - ' ‘ a
a. Name a point on the ’ :
B-side of Aa. A F - D
t. Name a point on the
«>
F-gside of BD. . . 'y
. <> — »
c. What is AC () BD? - '
d. What 1s AB () DC? B 3 c
e. What is EF |} EG?
—> > ,
f. What i1s EB |J EG? N

Explain how each of the following may be usedﬂas“én

example -f a separation.

a,

b.

The plane «of a shelf in
a bookecase., g A C

:The left sideline on a

basketball court,

The plane of a store 0 ‘a//
window, //
Point P, ~
I /f -
A
. ¢, ~
\ N ~ s
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9. Draw A ABC.
a. Name the aﬁgle in the
triangle whose vertex is B, | n
, . b. Wnhat is AB [) AC? A
: ¢. Are the sides of the ‘ ’
triangle rays, half-lines,
or segments?
d. 1In the drawing, extend KB
° 1n both directions to obtain
8. what 1s & [ B2

e. What 1s ABFf) AABC? .
Vet

o
(@]

10, In the ‘figuré\at the right, is

a. 15?(] B2 ) Y -
v. DEU EC? ! A D
Yoe, A EECIWW K : " E
d. EX U ¥D? |
e. D () BC? B "_———__T__C‘
11. In the diagram at the right.
\ “a. Point Q separages .-
b. C qugn'the - side
of PR.
-, —> c-
c. Q@BU Q5 1is . .
d. ~AABc V%R . 1s .
, " e.  J cBAl) PR 1is .

l2. In the figure at the right, -
~ the two simﬁle closed curves

re represented by Ql' and ~ .,
a. Make & copy of this figure.

b. Shade the exterior of C
' with vertical i1ineso.

¢. Shade the interior of C1
with horizontal lines.s
d. .Using.theasymﬁol for intersection indicate the region

that 1s doutly shaded.

.O "y




13. S 1s the set of states in the United States. ~
C 1s the set of state capitals in the Unilted States.
Describe a one-to-one correspondence between set C

and set S,

"14. In the figure at the right,

J 1s a simple closgd curve.
What is

-a., SK N ?K?

‘b, J () AE®
c. A point outqide J?
d. AC L) AF°
e. AB( BC?

15. By drawing lines through
point Z (1like RS) show
how to set up a ovne-to-one

correspondence hetween the

set of points on XY and
the set of points on WV,

7-8. Cumulative Review.

-

Exercises ' 7-8

Tell 1f statements 1-8 are True or False,
1. The numeral for "seven" would look the §*Me written N

in base seven or base ten,

N

. 0 = 0 1is meaningless., .
The numeral followlhg 33 1s 1060 -, “

3. P
four . four . ~—
4, Some - odd numbers are div;sible by “wo.
Da The difference between'any two prime numbers greater
than 5 I's always an even number, ' .
6. A set 1s closed under additlion 1if the sum of any two
2lements 1s an eleme:.: of the set.
7. A common denominator of two fractlions does not have to

be a multiple of the denomirators of both of the given

fractions,



r s
8. If a line contatins two different points of a plane, .

it ‘lies in the plane.

9. 3140eisht is how many times as large as jlkeight?

10, "Find a whole number which can'te used for X to make - <:

the followlng true: i
a. 7+x=15

b, 1+ x=x+1 ,
c. x =0+ 3
11. In the figure at the right
<>
a. What is gg(W plane DEFR?
b. What ir AaH[) plane DER?
c. What 1s plane ACB () plane
DEF? . '
- e
d. What is i&fj plane DEF?
What is HK[) plane ACB?

12. Which of these: 2, 3, &4, =, A, 5, 10 4s a —
\/' -

factor of :

a, ©o0 b. 15%

13. Terform the indicated opevaticns and simplify

e 3 c ‘-

= -~ I - - -
a. 7 + —r7 v._ lo O

[ 2 7 I

2 - = J I e
b. 7 3 d. g 7 Ve

a. Wnat is plane ABcl) ZF
- <> - .
, b. What is EG rlare -ADC?Y
> y
¢. Explain why GF and gi

» in the sume pliane,

o

d. EBExplaln why B&F

same plane as G oand

v

)




Chapter o

RATIONAL NUMBERS AND THE NUMEER LINE
8-~1. The Number Line.

Do you remember how the number line 1s formed? You
start with a 1line,

[
-

3. >
Then you selcct a point on the line which 1s cal.ed "0V,

< >

0

Next you choose a distance which 1s called’a

unit of d'-tance,
Using this unit of distance and starting at O you mark
off a point to the right of O which is called "1",

”

0$
Y

—
!

Stérting with 1 you measure off your unlt of distance .to
find a point which 1s 2a2lled "2".

0 | 2 e
Ard so on:
o 0 —0—0—0—0—0—0)
Ot 23 4 5 6 7 89 0

)
The counting numbter at any point shows how many segments
23 bou g N £

. :
of unit distance are measured off tfrom O, +o the point., Hence

"4". indicates the polint & units of distance from O,

.The number 1in- may te used to "plcture" tre operations

on the counting number Suppose you want to add 2 + 3

N

A



Star* with O on the
number line and mark off 2
uhits of distance. This 1is
indicated -by an arrov}‘.w The 0'1 2 3 4 5 é 7 8 9 ‘O
head of the arrow falls on

b

point 2.

(In order to have a
diagram which 1s easy to
read place the arrows above
the number 1line.)

Next mark off an arrow -
- . |
~representing 3 and transfer l l—,3—>|'

2 1,7
this arrow to a position i 2

i
. , ! !
. . beglinning at the head of arrow e—+———+—++—+—++—
- 2 and going to the right. 01234567%910

The sum (2 +.3) 1ig L p+3) X
represented by an arrow which :—2:: S
beg}ns at r'O and ends at the ! ; : :
head of the "arrow .3". The «<t+—t+—t++—t+t+++t+—t+>
~* . -3 of this arrow 1s at 5, 0123456780910

the sum of 2 + 3.

You can also plcture a subtraction problem on tne
number line. Remembter that the ¢+ problems 2 + 3 = 5 and
5 -2 =3 are just two wzys of saylng the same thing. For
this reason the sub:iraction problem 5 - 2 = 3 should have
'tpeusame diagram as 2 + 3 = 5,

First ;'epresent. by an %J )
arrow starting at 07\ |

A

O Femme e o
N 4

W -+

g

o + .

o

~

o 4

(o

o

Then represent 2 by an

i |
arrow starting at O, ;—#_;:
2
| ¢ I ‘
O1 2 3 45678910
270
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The difference (5 - 2) 1is - S N :
represented by an arrow starting }'2 (5-2) |
|

|

&
N+ -
w 4+
H4
N4 ———
ol
<4
o4+
O+

O

at the head of "arrow 2" and

ending at the head of ”arrqw g _

4
Y

To read this number (5 - 2)
transfer the arrow back to O, S ;
“The arrow corresponds to 3. | o 1(5-2 |
Since the length of this arrow . r‘—;*ﬂ !
s 3 wunits you can do-this r—_‘_féﬂ {
step mentally.) <ttt
01 23456 7 8910

There are other ways that subtraction can be pictured
on the number line but thils method will be very useful later on.
Here (5 - 2) 1s the number which, 1f added to 2, gives 5,

Notice that all the arrows in your diagrams. point to
the right and all the numbers which thz2y represent correspond
to points to the right of O on the number line.

Exercises 8-la

“(Class Discussion)

P )

tate the addition problem and tue corresponding
subtraction problem which each diagram represents.

-

X S
1 - + )
' ! L A 54
| . 1
B |
I T S N N i S N T T
C 1 2 3 4 £ 6 7T 8 S 10
2.
— ! ]
i ! i
1 3l
L ~
f
1 L1 I | i 1 | 1 i i »
0 H 2 3 4 € 7-8 9 |10
271



3.0r ]
| S
) — > -
N Y N IR S SN S N S S
o 1 2 3 4 5 66 7.8 8 10
. -
4' [ 1 N |
i — |
ok A
N N N N SR SR N SR SN CHN N
(o) 1 2 3 4 5 6 7 8 9 10 Il
>,
- N
.’! i -..I T
¥ N S TS N T I WY SO N T W
0 I 2 3 4 5 6 7 8 9 10 Il

The number line can be used to multdply and divide.
To shew the problem 3 - -4, start at O and mark off.
three—gégments of 4 units each. The product 1is represented
by the arrow from O to the head of the third arrow.

< ‘ 444 +4=3.4

— N

N : >
; 4 |

: 4 I I

— |

— : |

1 ! |

]
012345 67 891011121314

The corresponding division problem is

l $
r T 23

12 + 3 = b,

-

This 15 the same as the p}evious multiplication protlem,
since 12 + 3 = 4 means 12 = 3 « 4, The diagrams fotr these
two problems are the same. Here we start at O and draw
the arfow of 12 units.

’
/
;o



I I 12 L -
T l T Il
| ' o !
X | 1 !
—_ ! i
| : | | I
I ! I !
] | I |
,<_f?'L""?:§§:'i——>
01234567 &9101 121314

You want to divide this segment:into three equal parts.
What 18 the length of each of these three equal parts? It
1s the number 12 + 3, This is indicated -on the diagram,

1 4

! 12

L ! ! N
¢ | C | 1pe3
I | +
, T
| L 12s3 . |
L 12+3 ! :
! ! ! 1
! | I ! :
1
O1234567¢€095101 121314

Exerciges 8-1b

In each of the followlng problems draw a copy of the number
line and show how to indicate the given operation.

1. a. onow how to find 4 + 3

b. SHew how to find 7 - 4

2. a2, Show how to find 5 - 2

b. Show how tc find 10 = 5

273
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8-2. locating Ratioral Numbers on the Number Line.

In the preceding section you represented the problem
of dividing 12 by 3 on the number line. You divided a
gegment 12 wunits long into 3 segmencs of eaqual length.
Can you divide 7 by 3? This presents some dilficulties.
The reason is that 7 + 3 1is not a whole number and the
only numbers inarked on our number line are the whole numbers.
You can proceed in the same way as you did in-dividing

12 by 3. R
Take a plece of ribbon (or a strip of paperNy 7 units
in length,
e N S
r_~——— 7 units : >
| §
[ #1BBON OR STRIP OF PAPER ]

Pold . the ritvon like this

}

a——

RIBBON
&

into “hree pieces of equal length and crease it at tne folds.

Unfold ti2 ritbon and lay it between O and 7 on the

‘ number line. Transfer the creases onto t?e numeer line)
, Ve
| X

.y
-

s —_— } —3 —_t—
T H 1 L1 L

S0 : §| 3 4 |5

1
T

Py

7

-

3
[ mriBBON OR] STRIP __ OF | PAPER ]
\ ’ -

. Ay
The segment from O to { has been divlded into three

segments ol eaual length. Label as "x" the point where

the first crease fell. .-
e




— ! 7 b N
I I ; 7;
! : R [ X ™ ]
' I ! 7
| — X ~, ]
L X > i'\ ,} :
] i I I

<+ t +—+ t } —t t —>
o) 1 x 3 4 5 6 7 7

The letter x then denotes the lengthof the segment from O— -

“o the pcint labeled 'x". Each of the threr segments has

length x and therefore

W
s
il

~ : 7 °
Other ways of saylng this are
\ N .
) X =7+ 3 or X = 1.
A 3

The pcint marked x 1s called %. In the same way you
can repr¢ :ent other ratlonal numbers on the number line.

" Exercises 8§-2

s '_ (Ciass Discussion)

1. a. ‘What is the rational number x pictured below?
b. What point corresponds to 3 * x? :
| ’ | .
I ‘ I 3
' | = — I
—i b | -
SIS TS U U N SR U A S T SR L
0 2.x3 4 5 6 7 8 ‘9 10

-

2. a., Wnat 1s the rational number x plctured below?
b. What‘multiplication-problem doeg the dlagram show?
. <. What dlvision problem does the,diagramishow?
d. Wnhat polnt corresponds to. 4 - x?
b | Ry
[ —E— |
) y——L—): , !
1 1' Lo L 1 0o N
o} ! 2 3 4 5 6 RV
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3. .Sfate the multiplication problem and the corresponding
division problem which each diagram represents.

a. } >l
| . | 1
| i :

1 L 'L 1 1 i
0 | 2 3 4 ]

b, — >
L L
| — | ]
| — [ |
! ' L by b ]
0 | 2 3 4 ] 6 7

8-3. Comparing Rational Numbers.
~ There is another way to locate the rational numters

on the number line. After the counting numbers are located
’ on fhe number line, you can latel other points by dividing
each interval between each two successive marked points

into halves, thirds, fourthg, etic. \\\\\
' & - - v g \ 4 >
0 ‘ I 2 3

|
Counting numbers are labeled.

0 | 2 3
~ —e » - -»- —— - o » >
oS 1 2 3 s A s xz
0 z 2 2 2 2 2 :
Multiples of % are labeled.
9 . ) S S 3 . .
—p— 0T /O — ¢ —O6—— 99— ¥ ——= >
o
2 S N S S G JEE R SN JNE
Multiples of % are labeled.
. o . R U S A 5
- "9 1 2 34 5 8 7 88 o 1z i
4 4 4 4 4 4 4 4 4 4 4 4
Multiples of % are labeled.
276
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Think of this\process ef dividing the line as continuing
without end. Now pﬁt all the points together on one line

and you have a labelxng of points corresponding to a set of
numbers like this, ’

v

wle
wle

wlo sjoO ¢

|-
sl

wja - — ¢
rs]es

wio mje N 4
»jo

ulo ylo w9

wls
e

alo
al-
ae
ol
s
s

8 I
r 4

ale
o
alc
o=
R

(and so on.)

This set of numbers is the set of rational numbers,
Each number in the set has a fractlion name. Every possible
fraction can be attached to a poinht by this process. Notice
that equivalent fractions correspond to the same point,
Each rational number corresponds to just one point no matter
‘what fraction we use to name it.

Exercises 8-3a

(Class Discussion)

0 { 2

9 1 2 3 ol 8

2 [ T 2 2 z

o L 2 3 L2 -3 s X

k) 3 3 3 3 3 3 3
—————+ } + 4t +—t } } ¢ + + + +—»
s 1L 2 3 & &8 s 1 8 2 10 4y 12 3 s 18

s -6 . . ) e € e r 3 r 'y e s ry s

On the number line above are located numbers written
‘as fractions with denominator 6. These numbers have other
names and some of these names are also shown.
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- 'What is & common name for g?

2. What is a common name for %? ?

3. Which of the numbers %? and g 1s the greater!
' 6

b (3

. Which of the numbers %? and lies farther t.¢ (re

right on the number line?

5. Whichof the numbers # and £ lies farther to the
right on the number 1line?

6. a. Which is the greater number % or %?
b. Compare % and % using the symbol <« .
7. a. Compare %? and %' using the symbol < .

_b. Which of the numbers %? and % lies farther to
the right on the number 1line?

. 8; If two fractions have the same denominator how can
you tell which represents the greater number?

9. if_two different numbers are located on the number
line how can you tell which is the greater number?

. Two very important facts about comparison of numbers are:

1. I” two different fractions have the same denominator,
then the fraction with the larger numerator represents
the greater number,.

i 2, Of the different numbers on the number line, the
/ number farther to the r'ght 1s the greater numter.

! One of the most important properties of the number line
: is that 1t preserves the order of #he rational numbers, That
1s, the rational nurbers are arranged on the number line
from left to right 1in order of 1ncreasihg size,
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Exercises 8-3b

(Class Discussion)

1. Supply the correct symbol, > or <, 1in each statement
below.

- .7
mExample: 10 ? {%

. Lo 9
Solution: 16 < %

b. 2319%1 e 'f—g"il% h %9%

c.g?% f‘.—g-?—;- 1. 212
2. Certain rational numbers are indicated on the number

line.

> c s w1 —F

.

Supply the correct symbol, < or », 1in the statements
below and give reasons for your answers.

Example: q > r since q 1is to the right of r
on the number line. '

\
N\

a q?r d s ? u o4 u?r
b p ? s e s ? q h r ?t

- =
Which is the greater number % or f?- These rational
numbers are expressed as fractions with different denominators,
and so far you have only conpared numbers expressed as fractions

with the same denominator.
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If you look back at the diagram for Exercises 8-3a,
=
you see that "%” is another name for % and "ﬁ" is

another name for %?.
- Jince you already know
3¢
then % < g.
. In order to compare % and % you express the two

rational numbers as fractions with the same denominator
and then compare these fractions.

»

Consider another example. Compare ; and '%. How
do you proceed? Try to express these as fractions
with the same denominator. To do this, look for a common
denominator for % and %. That' is, look for a common
multiple of 7 and 3. A multiple of 7 and 3 1is 21.

Find equivalent fractions for ; and £ with denominator

21, . .
2_2,7_.1
3°-3° 7 21

~3hn
\Ve
win

Stnee 15 > 14 then Lyl o

Exercises B8-3c

1. FCompare the foilowing pairs of rational numbers by
expressing each pair as fractions with the same

denominator:
3 5 21 10
a&- T g - . 220 11
b 13 2
b. 5 % - d. Sl 52

280
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2. Iocate the pairs of numbers in Problem 1 on the number
line, by estimating their relative positions,

—t +

0 . l

i
T

3

N+

o |
3. Store A sold candy at 50¢ for T of a pound. Store
B so0ld candy at 50¢ for % of a pound. At which

store is the candy cheaper?

4, It costs 935,000 a mile to build a road. The state
will pay %5 of the cost, the county will pay %5 of
the cost and the town will pay the rest. Will the
state or the county pay more of the total cost of the
road?

Now that you have a method for comparing two rational
numbers, try to compare ’
a ¢
E and a- B

Your first step is to find a common denominator for these two
fractions. Since b - d 1is a multiple of both b and d

a_a-d and S = b - ¢
| =5 4d I -4
‘The numbers - % and % are expressed as fractions with the same

dgnomihator; Now you compare the numerators of these fractions,
" a.d and b - c. The three possibilities are expressed below:

Comparison Property: If a, b, ¢ and d are whole numbers
with b and 4 different from O, then

% % if a . d«<¢<b-.-c¢
2. .§->% i1f a-d>b - c
% % 1f a - d=Db - ¢

281
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Example 1., Use this property to compare % and %.
let a=3, b=2, e¢=5, d=23. Then
a_3 - e _ 2
b2 . and g =5
Now a -.d=3.3=9 and b .-c=2 . 5= 10,

Since 9 < 10 or a - d<{b . c, the property says that

3
< or 3<%
Example 2. Compare é% and f%
Here
-2 c _ 6

ol
i

51 and a°- 1
a-d=9'1u=126;b'C=21'6=126

Then a--d=>b.c and therefore

6
or %]T:TE'

o|w
i
oo

gxercises 8-34d

Using the Comparison Property, supply the correct symbol
>, <, or = between the given pairs of numbers., Arrange

your work as shown in the example.

Example: % ? %%

Solution: 3 + 13 =39, 4-10 =140, 39 < 40 so that 2 < 73 .
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Lofrr 7o fgri o Heg v oo
2. P23 8 %9-35- W, f22 20. 22 ¢
?-%—%?% 9 -13—7"% 15.%?% 21.%?%
b, 2248 10 %v%- 16. 323 2. l,]l?%
eo 28 ndeg 1§k o HoE
6. 3725 ie.%?g 18. £21 24.%?5

. ' 4

*25, a. On the number line below locate %u 3 % ‘and the
reciprocals of these numbers. (Do this very roughly
but be sure the order of the numbers is correct.)

2 3

1 '

0

b. Replac: the question marks by the correct symbol

{ or HD.
3,4 243 goi 3 9
273 3°% 3 ° 9 %5
i 3
§'~’% 1:'-’8
c. From Part. (b) above replace "?" in the general /”
statement about reciprocals. with the correct symbol,
——— < -or O.
a ' b, d
If :5(% then E"E
283
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8-4. Mixed Numbers.

1f the numerator and denominator of a fraction are the
same, as in g, then the fraction is a numeral for 1.

-1

Ir thgnpumerator is less than the denominator, as 1n %,
then the fraction represents a number which is less than 1.

oy

5

% <
If the numerator is greater than the denominator, as in %,
then the fraction represents a number greater than 1.

>3

Fractions in which the numerator is less than the
denominator are commonly called proper fractions. Fractions
in which the numerator is elther greater than or equal to
the denominator are called impr0per.fractions. Unfortunately,
the name "improper" seems to suggest that there is something
wrong with this sort of fraction. This is not really the case.
These fractions are just as good as any other fractions. You
should notice that proper fractions are names for numbers
which are less than 1, Wwhile improper fractions are names
for numbers which are either equal to 1 or greater than 1.
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Exercises 8-4a
(Class Discussion)

1. Tell in each case whether the given fraction is proper
or improper .

a. 4 . % k., 34
b. %g g. % 1. 8 )
c. .% h. % m. %
d. g i. g n. %

) e. g J. %% o. %%

2. 'Certain numbers are located on the number line;

i i 3 I 4 1
T T T T ¥ T ﬂ {

(0} e b 1 d a c f

Tell which of these numbers will have names that are
i proper f{ractlons and which will have names that are

improper fractions.

Every improper fraction| can be expressed either as a
whole number or as the sum of a whole number and a proper
fraction. Both of these possitilities are 1llustrated by
these examples

13 12 1
T cF tz=2+%

It is customary to use the expression

2%°

285
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as a short way of writing
Similarly

Such expressions as

are commonly called mixed numbers. . This is a very bad name
because it 1s not the numbers which are mixed, but the numerals.

We know that

1 _ 13
%=% -
but we do not say thatl %% is a mixed number. When we talk
about mixed numbers weKare talking about the things we write,
But we do not write numbers, we -~-ite numerals. We see that
it might be better to refer to expressions 1like

o, 35, 13 \

. . |
as "mixed numerals" rather than "mixed numbers".j But we shall
speak of "mixed numbers'" because this expression'is the one

commonly used.

It is often convenfent to express rational numbers as
mixed numbers rather than as improper fractions, This is
particularly true when making measurements. For example we
could say that a soda straw is 88 inches 1ong or we could
say that\it is 1} inches long. The numbers and 1}
are the same. But when we say that the straw is 88 inches
long we have a clearer idea of how long it is. We know at
once that it is more than 8 and less than 9 incres long.

286
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JWe can place this number on the fiumber line more quickly when
it 1s expressed as 8% . '

— 1 } +— F t + + HH—
o3 ! 2 3 4 5 6 7 s |
' 3
8
19 I1f a woman reading a recipe found that-a cake required

| cups of flour what should she do? She might take 19 cups
of flour and split this quantity of flour into 8 equal parts.
Or she mighﬁ measure out % cup of flour 19 times. In the
first case she was thinking

;' %? =19 + 8,

!

In the second case she was thinking

. 2-19-%

\
Both of these methods are correct but neltner 1s convenient.
If the recipe called for 2% cups of flour (the same amount
of flour as above), the woman would probably do the sensible
thing. She would measure 2 cups and then measure 8 cup

of flour.

To express an improper fraction as a mixed number you

may proceed as follows?

BoapEoPaioeagech

"The 1idea 1is to'find the largest multiple of the denominator
.which.is less than the numerator. 1In.this case we saw that
12 was the largest multiple of 6 which is less than 17.




_ 8-4
N

_Another way 1is to divide 17 by 6,

-
6 ,17 .
. A2
[
Ca < \
-.the remainder is £, This means

We say the quotient is 2 ~and

© 17T =2 - 6% 5

or" ) %}f

it
n
+
ot
1
v
N

EXerciSEs/S—hb'

1. Copy‘the number line as shown below.

} " t —+ } + }
N
o I 2 3 4 .5
f
Locate on the number line.
a, 2%‘ e, -]:’;i < L. “%
oy 3 1l 1
P b. 4 £ i- 2
+ " N o ) > .
c. 1§ 5. % k. 3%

d, 3-31- > h?]];'-i : 1. 313;
2.  Find two consecutive whole numbers‘petween»Whiéh:eéch
of the Tollowing numbers is .loc.ted. Use the symbol

8

<. 1in your answer,.

(F’o.n\exam'pl'e: -28;- = 2-&5;‘ so 2 -28l< 3.)

. - 288
s- -1 . ,




. 8-y : | .

. 3 . g
-3 111
b. e . =T
. 8 e 33
0 -
d. 11 1, 5
) .
e. 27 J. §1

3. Express the following improper fractions as mixed numbers.

7 27 167 40
a. B e, 7 i. _1-61 m. mg
14 4o 43 956
b, o3 £ 42 j. 32 n. 229
' ;65
c. ;—3 g, —g k.%%ﬁ o. gg_g
. )_l_ 3 [~
a. £ h. - 1. T%f p. 27572

Suppose a rational number 1s expressed as a mixed number
and you wish to express 1t instead as an 1improper fraction."
You proceed as in the following example,

E

Express 6% as an improper fraction.

w Y _ .5, 4% _30_ k& _ 34
© bE=btg=6rfrg=F g3

- -~

"Addition problems with mixed numbers can be donebin

_several ways.

Example 1: 6% + u.% = (6 + %) + .(4 + %)
= (6 + 4) + (% +.%)
= 10 + (% + %)

. 1 1
= e
ng (o]
+
- ol



Notice we have used the commutative and associative
properties of addition to regroup the "whole number parts"
~~ and the "fraction parts" of our mixed numbers. We add these

separately and then combine them,

[

Sometimes the sum of the fraction parts is greater than 1,
Then another step 1s necessary.

A -2 3,2}, 10
Example ‘g. 2§_+-4§._ (g + U4) + (5 + 3) = 6+ <%§ + 15)

4
15 = 715

3 .
2 - e
2 _ 10
ic i
. el gk ’
’ 6T% = 15

Sxample  3:

When we subtract, this same way of -arranging our work

is convenient.

w']’ w wfm .

Example  4:
Sometimes in subtraction problems 1t 1s necessary .

to regroup. Consider

42 _ 22
5 - 2%

"
ke
[



WTﬁarrange our work 1like this:

2 1
b5 = 5

£ N of
a "%

&

Now we see that 53 < §i 80 that we cannot subtract as things

stand now. We could express both .4% éhq 2% as improper

fractions and subtract. Or we can proceed as follows:

g _ 35 . 14 _ k4
“3—5‘3+l+37573f35+3§‘-3§%
(iirst regroup <then exoress <and finally combine)
Y as. 3+ 1) 1 as ) the last two terms

Now we have: 4% = 3£%.
- ’\2 _ 222
24

153 .

It may be ccnvenlent to express the mixéd numbers as
improper fractions before performing the operations.

1,13 10,35 109 -,5

. 2
‘Example 2: by 2% = Sl f e = 5 =

!

ple 6 2.3 -1 13_70 39 _31_,1
Example _6_. 14—3- - 2—5— = T - 5= = 15 15 5 2T5 .
\
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Exercises 8-4¢

1. Find the given mixed numbers on the number line below.

(by eye).
1 2 3 4 2 1
a. 25 b. 3§ c. 43 d. 2; e. 37 f. %g
+ ' : | ! :
0] 1 2 3 4 5

2. Express the following mixed numbers as improper fractions.

a. I% e, 4% i. 8% m. 14%
b. 2 £, 35 3. 102 n. 18}
. c. 3% g. 4% k. iz o. 2L§T
a E h. 68— 1 12 o 19y
3. Perform the indica;éd §perations.\
a. 1% + 2% e. 3% - 1% i. 6% + 4%
b. 2%+ 3% f;i‘ 4%+3% J. 5%-+2%
SR AR 5 G5 k. g - 28
a. 4% -2} h. 55 - 43 1 ;1%-62%

-

4, Max had 10 cups of lemonade for a party. He found
3 pitchers. One held 2% cups, one 3% cups, and the
largest one, 43 cups.. Did the pitchers hold all the

- lemonade?

K}

o : : 202
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5. “How far did a group of boyé hike on a four day trip,
~ if the distances hiked on the separaté days were

6-1% miles, 7%5 miles, 5-1%’m11es, 61_16 miles ?

*6. .. A painter used 2% gallons of white, 1 quart of green,
“.and 1 pint of blue to mix some paint. How many gallons

Ef paint did he have in the mixture?

In other cases, pafticularly in multiplication and '
division problems.it 1s better to express numbers as improper
fractions rather than as mixed numbers. You should be familiar
with both ways of expressing numbers and be able to switch
from one way to the other. - ‘

. . 2 .3 _ 1% 13 1h-13 _ 182 2
Ex.ample 1 4—3‘ . 2-5 = —3—- .7 T = T35 15 12-1—5-
' \ 2 .3 14 ia 14 S5 _ - 5 _ 710 31
Example 2% - 4§,+42§= TSy B3T3 155
\ )
\\ ‘4k' Exercises 8-4d
1. Pefform the indicated operations.
1 1 2 Ll 2 . .4
a. 25 .35 d. 65 + 23 g 45 +op
S 23 L 1
b F kg e. 6 & h. 3 *5
2 . .3 . ~ 3..3 . 12
C. 53 311 N 17: . .4 i'. 3 .'_7

i

For a school play 16"costumeslsre needed. Each
rquires_ 2% .yards o?‘maﬁgr%alf \The‘teaghCr was able
to buy part of a’ bolt which‘coﬁtained- 39 yards of
material. '
_a. Did the teacher get eriough material?
b. Wnhat 1is the'difference between the amount
needed and the amount purchased?

‘ B . 203 114
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3. . A delivery clerk is allowed 7%# per mlle for the use
of his car, How much is he paid if he travels 40% miles?

4, A secretary typed for 6 hours. She finished # of -
her work. How long will it take her to do the whole Jjob?

5. A housewife made 7 Jars of Jjelly from % of a crate
of berries. > How many Jars can she make from the whole

crate? i

6. In the city where iim lives there are 12 blocks to
the mile. It is 9 blocks from his home to school.
How many miles does he walk in going to and returning
from school? '

y
|
1
|

8-5, Complex Fractions. ' . - \

You will often see expressions called complex fractions
which look like this

whon

o

(Notice that the middle.line is longer than the .other ﬁwo iines.)
This is a numerql in which the numerator and denominator are
- fractions. What coes this mean? Remember that when a and b

are whole numbers than .-
2
b

stands for the result of dividing a by b. That is
A .

=a + b.

ol

-1

© 204 \
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In the same way when a and b are fractions, we agree

;% means a + b. So
-3 2
' -_27- means -3-—:{—

In our definition of a fraction we now include expressions

of the form % where a and b may be rational numbers

instead of Just eounting numbers. Some examples of fractionsg

s are:
2, 2_, .15 , 1.5
1 2 10V 7.5
5 3

_ The'hain problem with complex fractions 1ls to learn to
’ express them as fractlons where the numerator and denominator
are whole numbé?s. You are able to do this because you know
" the rational numbers are closed under division. '

24

2
Simplify: ~_3. .

2
7
2 ; .
L=é__2.=_4_.l=_5_-_£=_362 <
- 2 3 T 3 2 3.2
7
. . . k.
The same method applies to fractions like 4—?——
» . . . s
2 -5:+:2_.2.3_15
2 < 1 2 2
3 ,

Complex fractions in which the numerator is 1 are

\ ‘particularly interesting.- For example

wlon
\Uj On

=1 +'% =1




In the same way, if a and b are different from O

we have
K '
' 1 -1+ 22 b_b
5 =l+g=1-2=7.
b . N
b. s a
And a is the reciprocal of e

1

In Chapter 6, we saw that if x 1is a counting number
1 .

then X is the reciprocal of - x. Now we see that if x 1is
any rational number (except O) then % is the reciprocal
of X, '
Exercises §-5
- 1. . Simplify. - e
o2 2 =
a. 3 d; 2 q g. __L
J€ 3 3 2
., F T 3
3 6 Y B
: 3 i
b. 3 e. ——3— h.. =
Gl 7 %
J(‘ . - ' . .
1 - Z
3 5 '
c. g ' f. —'3_ i. T—
& 10 16~

2. Simplify. (Hint: first express both numerator and
denominator as fractions.) ' .

-
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1 1 1 1

4. 2 '3 c 3%
T .75 2t 23

8-6. Equivalent Fractions.

" "A rational number has many fraction nameg. When you
compare or add rational numbers expressgd as fractions, you
often . want to find other frqétion namesg for your numbers.

The Comparison Property gives you another way to find
equivalent fractions. - .
_ Example 1. What is the fraction with denominator

30 that is equivalent to %

You ean write this; problem as

N
9]

_2
V"5

.The Comparison Property says . %5 = % irf

36 - 2

n-+ 5=
5 +n = 60 Commutative property .of
multiplication o .
- n = gg - Definition of a rational number.
n =12

(The product n - 5 or 5+ n is usually written as 5n.)
' - Sometimes it is useful to express a simple fraction
‘ag a complex fraction.




Example 2. Express '% as a fraction with denominator 10.

— 3_n
7 - 10

30 = Tn
n =32

. T
Y

-

So-

© hed
2
47
10

4
Since 5 <

¥y 3
vouwon f5cdedy f
" . 3 42 |
_Having;expressed 7 in the form you can
iogéte '% propérly bétween tenths, on the’ number 1line.
3
7 .

Exercises 8-6

'a) Use the Comparison Property to write the following
as statements about n without fractions -

. 2 -4 ; .
Example: 1if 3 - ‘ g

]

T Then =~ 2n = 12>




.10,

11.

b)

Then use the definition of a rational number to find

n in simplest form,
" If 2n =12
then n = %2
or n=6,
3 _n n__ 1
T=% 2. 18=%
n 10 = 10 . 10 10 _
=% 5 7 =% 6 F=

‘

denominatdr.

Find a fraction equivalent to

Find fractions equivalent to

10, .

a.

b.

-

C.

100, and 1000,

1
5 d.
2 e.
n
7" f.

ol W& #l

21

=

1

0

\
\ .

]
Sl

10 . n
7. -i_"3

% which has 100 as the

% which have denominators

g.

h,

‘Express-the following as fractions with denominator 10.

i
3

3
2

Jocate the points in Problem 10 on a number line to
the nearest tenth of a unit.

C.

Express

1
9
Express %
2

JEXpress 1%'as<a fraction thh denomin

as a fraction with denominator 102.

as a fraction with denominator 10°.

ator . 104.
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*8~7. Operations on the Number Line.

Now that we can locate rational numbers on the number line
~they can be added and subtracted geometrically in the same way
‘as whole numbers.

I 2
© L 2 3 4 85 & 1 8 3 b u 2
(] 6 [) [ ] 6 6 6 6 6 [] 6 6
Here 18 a number line with multiples of % located on it.
Suppoue we wish to add 3 and 6 We may ‘add these Just
as we added whole numbers. The following diagram shows the
_procedure. , o
' 3,7 ;
— (E + ?) >
. ’ oz |
.3 | |
| [ \ 8 -
8 > )
!’f’,l i ! 3 i I i e :I\ I 4
L lﬂj T L Ll T T T T L} D T ¥
o i 2 3 & 5 €71 8 3 w© nN 2
6 6 6 6 ., 6 € 6 6 e 6 L] ]
£ l 2

1

The point which corresponds to the number (% + %)

»isilabeled in this example as %? .

=
1 .

o b

o¢——X

Here are two rational numbers a and b located on the
number lineL The  arrows which represent them both start at O
and end at the point which corresponds to the number. »

To find the point on the number 1line which correspénds
to (a + b) we proceed as shown below '

{a +L)

\

X

. X

oOT™T——7T

a4t

(a+b)




- 8-8
. .
. \ |
\ ‘ ] ‘
1. Thé arrow represerting a starts at O and ends
at a. ‘
2. The arrow representing b has been transferred to the
end of "arrow a". : . .
3. The arrow from O to the end of "arrow b" represents
the sum "a + b", and locates the point on the number
line which corresponds to this sum. '
The same type of diagram can be used for subtraction.

' Exercises 8-7

. Here 1s the numbe:i line with certain rational numbers indicated.
Answer the questions below. (Use a strip of paper to lay off

Tdistances.)

g

)
LA T
0o .

‘QTL
-
»
-
=
<

Which of the indic4ted numbers is:

1. p+ ¢t 6. s+ p 11, u —‘t
2. q+t 7. t -8 ‘ 12, vZig
3.t -p 8. u-p 13. t+o
b, ¢t -q 9. t -r 14, o+ s
5. .r + q 10. v -t 15, v -o
%f8-8. Summary.
Infthis chapter you learned to place any rational number’ w

on the number line. You learned how to add and subtract,
multiply and divide geometrically. The methocd of placing
numbers on the number line preserves the natural order of the
 numbers. That is, if a < b then a 1is to the left of b
" on the number-line. ‘

oty
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The Comparison Property 18 a rule for telling which
of two rational numbers 1is the larger:when they
are both expressed as fractions. -One importanv
‘ part of this rule gives us a quick way of tellirg
When two numbers arz equal. That 1is % = %

if. 4 - d=Db - c.

Fractions 1in which the numerator 1is lesv than the .
de. vminator are called proper fractions. ., Fractions in which
the numerator 1s edual to or g.~eater than the denominator are
called improper fractions. Therefore proper fractions are
.names for numbers which are less than 1 while. improper |
‘fractions are names for numbers which are greatér than or equal
to 1. Mixed numbers are numerals such as 2%. This last _
number 1is shorE for 2 + 3. Mixed numbers are a way of
expressing rational numbers as the sum of a whole number and
a fraction less than 1. Mixed numbers are better than _
improper fractions for making measureme..ti3 or for quilckly '
estimating the size of the number. Improper fractions are
easier than mixed numbers in multiplication and division

problems. o -
Complex fractlions are fractions in which the numerator

or the denominator or both are themselves fra ctions. The

2.
complex fraction g stands. for the same number as % i_%.
2 .

To simplify a complex fraction we perform the indlcated
division and express the number as an ordinary fraction.

8-9, Chapter Review.

’

Exercises 8-9

1. On the number line below show how to find

a, 4 -3 c. B+ 2
b, 12+ 4 . d. 7-5

1%




1 [ N | L1 L1 L 1
-2 3 4 5 6 7 8 9 0 il 12 i3

a4t
o |

2. The following dlagram shows a problem on the number line.
State ’ '
a. the addition problem it represents.
b. the subtraction problem it represents.
c. the multiplication problem it represents.
d. the division problem it represents.

v

- Y. r

t

2
|
1 2 3 4 5

o} eap——

3. Iabel the indicated points on the number line with the

given numerals.

4 =3 1 £ 3
= £ = 2
3 5 37 3 E -
1 i 4 3 1 i | |- | l I
T T T T T T 1 T L T
0 ! 2 3 4 5
4, The segments indicated by the braces are equal in length.
e o v " . N—V_/\‘W'—J;—V_A——"\
—_— i i l - | Il i
T T T R L T T
(o} u v w X y z

u, . v, W, X, ¥, 2 are numbers on the number line.
Which of the indicated numbers 1s equal to:

a. w+ v g, % -z
b. z - X h. % W
5
c. 2 « V , 1. 5V
d. 3..- v j w <+ 3
1. -y
e ,5 b ¢ k. v 5
3 . 2
f-'E'X 1. )(?3
303




5. On the number line below, locate
a. the number 6 and its reciprocal.
b. the number % and its reciprocal.

¢. the number 2% and its reciprocal.

d. the number % and its reciprocal,
L 1 i 1 1 | 1 1
L] ] L T L T N | 1] T
(o) | 2 3 4q 5 6 7
6. In Problem 5 you can seé that in each case the number 1

lies between the given number and its reciprocal. Can you
tell why the number 1 will always lie between a glven
number and its reciprocal?

Te Certain ratiohal rumbers are indicated on the number line.

I B

3 L
L T

} t t t i +

] n u m b e r s
Replaée the question marks by the correct symbol, > or <.
b ? e ~d. n?r

e 7 m e, r ?s

?2 n f. 8 ?2u

. Compé thé fcllowing palrs of numbers.by expressing

them as jactions with the same denominator.

2 3 6 4
a. 3-?1+— d. -9-96
3 2 I 1
‘b. B?E e. -ﬁ°§
3,2 16 , 25
C. 7?5‘ f- 7?11
300
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9. Compare the following pairs of numbers using the
.- Comparison Property.

3.2 2., 3 )

a. '8'?-; d. —9"7ﬁ

8 10 6
b. 15?93 e. 27 Z
c. jl% ? 32 £. g ? 2
: 2 1
. 1= s 4
10. 42 o B 17 }
3 2 % 1% + 5%

13. BRAINBUSTER.

a. Simplify 1+ —24 T
1+ 3
2
b. Simplify 1% ;4__;L_7r_
T T
‘ 1
l+—2-
c. Simplify 1+ 1 T
1+ T
14 N
l+§

8-10. -Cumulative Review.

Ecercises ¢-10

i

v Complete the statements in Froblems 1-5 belbw.

1. Zero 1s the identity for
2. Dividing by 10 1s the of multiplying by 10.
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"

3. " The following shows a one-to-one ccrrespondence between
,the : numbers and the
numbers.

!

NN >+
=€ N

2

.

4. . The inverse operation of adding 5 1s 5.

5. ° The number of counting rumbers between 4 and 5 1s
6. In each case, what ls the set that 1s the intersectlon

" of the given sets?

a. The sef‘of.even_numbers less thaH 25 and the
" set of multiples of 3. '

b. The set of baseball players now in the National
~ League and the set of baseball players now 1in the
American League.
7. List the multiples of 4 which are greater than 30
and less than 50. ' :

8. Wwhat 1s the least common multiple of 2, 5, and T7?

9. Perform the indicated operations and simplify.
' 1,1 1 ‘
a. (3+3)*3
L +2\_41
b. (5 T5) - 3

3

- T T3
10. Write thé reciprocals of the given numbers,
a. 7 | d. B’S’j‘l‘
_ b. 19 \ e. é%
e & e 3
506 7

0 Lol
)
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\

11, In the diagrém at the right
- a, . Name threc; triangles.

b. What is €F N AEBD?
€. What 18 AF N BE?

—3> —>
d. What is BG | BC?

e. Name a point on the
B-side of 50.

f. What is AC U BD?

‘Explain why 75? is in the
plane .CEB.

"
.

8
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Chapter 9
.  DECIMALS

9-1. Decimal Notation.

) There 1is a special notation, called decimal notation,
used for exg;qssing'proper fractions with denominators which

are powers of ten. For example:

,%% is written as .7. - (read "seven ténths”)~

s %g% . 1s written as .23 (read "twenty-three hundredths")

ll'75 . . H ' :
. 1660 1s‘written as 475  (read "four hundred sevgpty—
: ' five thousandths")

-

‘Note that the placement of one digit after the decimal
point (such as .7) provides a short way of writing a fraction
with denominétor 10; two places’ after the decimal point
(such as' .23) provides a short Qay of‘writing a fraétion with
denominator 100, and so on.

We can also write mixed numbers as deéimals. Por example:

2 :
110 is written as 1.3
12%%% is written as  12.73

The point or.dot that occurs in the notation "1.3" or
M12.73" 1s called the decimal point. The deccimal point always
appears to the right of the units place and separates the
whplgAnumber"places from what we call the decimal ‘places:

,

whole number places decima.. point decimal places
309




Look at 12.73 1in

ld

The fact that

ﬁf

greater detall:

12.73

12.73

shows us that the first digit
represents a number of tenths
or in 0.7), and the second digit after the decimal point
ﬁepresents a number of hundredths.

= 1002
12766

12 + %%%
12 + L0525

= 12 +

—J
o
+

B g

12

|~ Slﬂg

]

12 +

=
(]

¥ (10y2

7,3
12 + +
10 (10)2

after the decimal point still
(Just as 1t would in 12.7

' Exercises 9-la
(Class Discussion)

1. Write in decimal notation:

N

27
- 105

'c.. ’12%%

2. ;ﬁead each of the follbwing:

a. 4
b. 32.7

c. .28

a. 1{%

e. 2 7

. 8198

d. 3.7 :
e. .257

£f. 17.935

310
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‘6.

Expresé each of the following decimals as fractions with

denominators which are powers of 10.

AR

a. .55 ’ £. .012
‘b, .21 g. .03
c. .4 h. .84
d.  .013 1. .064
e. .105 J. .25

Express each of the following as fractions with
denominators which are powers of 10.

a. Séventy-five hundredths
b. Five tenths

¢. Thirty hundredths

d. Eighteen thousandths

e. Thiftyfsix hundredths

Complete the following:
?

a. 5.23 =5 + 1—?6.*"—2

10
b. 3.79 = 3 4 e 4
? ?
c. 28.05 = 28 + 15+ I—g
] 0
N
da. 75.91 = ? + 1o + IS? ‘

Write in decimal notation:

3 8
a. +
LY
' 7 9
b.e ==+
10 1_52
c 5 + f% + —lg
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Any fraction with a denominator which is a power of 10
“can be written in decimal notation. .Here 1s another example:
{read "four hundred seventy-nine

4791%% 479.532 . and five hundred thirty-
two thousandths")

We can write 479{%%6 8 follows:

[}

500
l‘79 + §000.* I%TS + 1ooo

uv]

Il

=
ﬂ
O

+

N

+

+

I
=
ﬂ
\O
4-
+
o
+

Now let us see how this fits into our scheme of expanded

notation:
400 + 70 + 9 + f% + I%ﬁ + Té%ﬁ

4(10°) + 7(10) + 9(1) + 5(35) + 3(-1—;?) + 2(;%;)_

i

479.532

When the number i written as .479.532 it 1s in positional
notation orjdecimal notation. ;

Look at the numerals in the pareniheses in the last
expansion: | -

1 1 1

2
10 10 1 -
= 10 10° 100

" Note that as we move from left to right we get the next
number by multiplying the preceding one by %5 . For example,

10 = f5-10° 5 1=4510; g5=175°1;
i .. . 1 _ 1. 1
Tl R AN A

312
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9-1
i H
A We see that our decimal representation of 479.532 is
a natural extension of our place value system of numeration
(base ten).

The following chart shows the place values both to the
left of and to the right of the units place.

PLACE VALUE CHART
B

£ -
© s ©
S| E 2l S
@ 2 = 2 4
3| 2 £ |3 3. 2
0 €| £ = © ] S £le €
ET T8 2 s 28] |8
© - =
g s (2|3 |s |z |5 | 5|2 |s |2
x [ I =~ 2 =~ I o Lo b
100000 (10000 | 1000 | 100 10 | ol 00!l | 0001 {0.0001{0.0000
4 3 ! [ [ ! |
_105 10 10% |10 | 10 | — 2 3| .4 5
_ 10 10 10 10 'Q_J
i Here are several examplés of how we change from one.
notation to another. . ’
. 2 ] 1 1
Example 1: Write 5(10%) + 7(10) + 0O(1) + B(Ta) + 2(——5)
N in decimal notation. : 10
Answer: . 570?32

Example 2: Write U42.356 1in expanded form.
{' Answer: B10) + 2(1) + 3

1 i 1
(f5) +5(=) + 6(%),)

- 313 133 .




JExerclses G-1b

Wrife_each of the following 1p decimal notation:

a.

b.

a.

[«2

c.
d.

e.

1(10°) + 9(10%) + 6(10) + 7

5(10%) + 6(10%) + 1(10) + 8 + 3 ()

2(10%) + 4(10) + 5 + 6(s) + 1(—1—?)

8(10°) -+ o(1 b+ 3 (2 L L
_ﬂﬁ ;7+ 0(10) + 4 + 3(75) + S(IS?) + 9(;63)
5% 2(5%) + u(#)

b)) + 8(5%5) + 3(;{;)

. ;3(102) + 7(10) + 2 + o(%B) +-6(I%§)

1 0 ‘1 6 1
2(52) 1+ (W)l"" (16'4')1
>3+ 5(T5) + O(Isg) + 7(;53)

.Writg each of the following in expanded form:

7862 f. 2.465
437.9 g 384
. 28.64 "h. .013
347 .15 1. 24.09

96.372 J 0039

Write each of the following in words. For example
3.001 18 written '"three and one thousandth".

,a.
b.

cC.

o

658 e. T759.6
3.2 : f. 48.07 . )
4,73 g. 3.209
58.29 h 37.0106
314
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4., Write in decimal form:
N a. FPive and fifty~two nundredths
b. Seven hundred sixty-two and nine tenths
c. Three hundred and fifty-two hundredths
d. Fourteen hundredths
e. Two and seven thousandths
f. Sixt& and seven hundredths

5. In the following numerals, indicate the number represented
by the underlined digit:

a. 478 » d. 5017

b. 3259 e. 2103
c. 62 o f. 1567
*6. Write .l ., 1in base 10.
*7. Complete: .5 = twelve
*8,. Complete: % = . twelve *

*9, Change 10.011two to base 10.

9-2. Arithmetic Operations With Decimals.

In order to be able to use decimals in'solving problems
we must learn how to add, subtract, multiply, and divide with
decimals. T

Suppose we wish to add two decimals, for example, O0.73 +
0.84. We know how to add these numbers without the decimal
places: 73 + 84 = 157. How do we handle the decimal places?

We proceed.to add 0.73 .and 0.84 - as follows:

0.73 = 73 x 75  and 0.8 = 84 x 135




Therefore,
L - Ly 4@y x L
% 0.73 + 0.34% = (73 x 1oo) + 84 x 150
= (73 + 84) x 735
: 1
= 157 x 155

= 1.57

Netice that we use”the distributive property here.
\Suppgse that we wish to add a two decimal place number and
a thrée dgcimal place number, for example, 0.73 + 0.125.

Ve 1
Ty 0T = T3 X pyy = T30 Xy
\ ke
and - 0.125 = 125 X Tg55-

1 1 , - 1
We write 73 x 100 as 730 x 1665’ S° that the factor 1066
appears in both terms of the following sum:
R v 1 1
0.73 + 0.125 = (730 X Eo—o) +. (125 X m)
o 1
(730 + 125) % 1000

a 1 \
95> X 1000 -

0.3855

These examples can be handled more conveniently by
‘writing one numeral below the other as follows:

T3 0.73
‘ +_.8h + 0.125

1.57 0.855

You notiée that a zero is often used in the units place
when ybu see decimals of numbers between O and 1, such as
" in 0.75 and. 0.84. This 1is not necessary and these numbers
may also be represented as .73 and .84, The reason for
dsing thé zero '1s to emphasize the location 6f the decimal
point, which might otherwise be overlooked.




9-2.

 Subtraction of decimals can be handled in a similar
marner. .. Conslder the Egéblem 0.84 ~ 0.53. We proceed as
follows:" ) ' ' ’

1y Lo 1
0.8% - 0.53 = (84 x 155) = (53 x 155

it

' 1
(84 - 53) x 755

- . 1 :
=31 %X 355 «

= ..31

This example can be handled more conveniently by writing
one numeral below the other and cubtracting:

0.84
- 0.53
0.31
Here are several additional examples:
T 0.83 ~1.03
- 0.74 - _.25
0.09 ' , 0.78

Exercises 9-2a

1. Add:
a. .3+ .5 . -
b. 0.73 + 0.59 ,
c. .6+ 0.35 7
d. 0.719 + 0.382
e. 1.0023 + ¢.00102 — 1
£f. 1.05 + 0.75 + 21.5
8% 23.04 + 9.6 + 16.58 )
{
-~ . ‘\)
e
317
{an

N -

o -




*8.

R " 00O O

Subtract:

9 - .3

B - 767

.35 - .09
1.36 - .97
0.625 - 0.550
. 0.500 - 0.125
1.005 - 0.0005

There are 16 ounces in 1 pound. Which 1s heavier,

7 ounces or 0.45 1b.?

In a mile relay race, four men each run a quarter-mile.
Their times are #48.3 seconds, U47.9 seconds , 49.0

‘'seconds, and 48.5 seconds. The meet record is 3

minutes 8.5 ‘seconds. By how many seconds did this team
fall to match the record?

At the start of a trip a car speedometer read 3827.4
miles. At the end of the trip the reading was 4013.2
miles. How many miles were traveled on the trip? -

The rainfall in a certain city for a year was 30.04
inches. The rainfall record by montns was as follows:

January - 1.39 inches April - 4.86 inches
February- 0.92 inches May - 3.49 .inches
March - 3.14 1inches June - 1.97 inches

How much rain fell during the rest of the year?

In Problem 6, how much more rainfall was recorded in
March than in January?

Add 10'01two + 1.01two and then express the answer in

the base 10.
_.1 _ 1
Hinﬁ. In the base two: o°1two" 5 and 0'01two =7

318
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9-2
_Supboséiwe wish to multiply two numbers in decimal form,
for example, 0.3 x 0.25. We know how to multiply these numbers

without the decimal places: 3 X 25 = 75.
Just asibéfore, we write

L 03X 0.5 = (3 x i) x5 x 1hp)
= (3.x 25) x (£5-% 160)
_ 1
= 15 X 1500

0.075

1. How manj digits are there to the rigﬁt of the decimal
point in - 0.3?

2. How many digits are there to the right of the decimal
point in 0.25% '

3. What is the sum of the answers to (1) and (2)?

How many digits are there to the right of the decimal
point in 0.075? '

5. Compare the answers to (3) and (4).

Now multiply O0.42 x 0.29. What is your answer? Answer
. the five questidns above tor these numbeis. Do the answers to
(3) and (4) still agree?
To find the number of decimal places when two numbers are
multiplied, add the number of decimal places 1n the two numerals.

‘ For example, suppose we wish to multiply .735 by .25.

] The first numeral ‘has three decimal places and the second has
two, so there will be five places in the answer. We multiply
735 x 25, and then mark off five decimal places in the answer,
counting from right to left.

135

=

.25
3675
1470
18375

Thus .735 X .25 = .13375.

31?.1:25)



Exercises 9-2b

_Find the products:

a. .8x.7 f. B x3
b, .06 X .9 ‘ é. .8 x .09 e /
e. .05 x .03 ~ h. .007 X .09 S/
d. .4 x .00% ‘i. 6 %9 -
e. .02 x .007 | 3. .8 x .006
Find the>prod;cts:
‘a., 1.3 x 2 f. .23 x .58
b..2.5 x .3 g, .T23 x .37
c. .02x1.8 , “h. 2.56 x .15 S
4 1.5x1:5 . 1. 30.2 % 6.8
‘e, 2.03 x .7 o J. 12.7 x .49

/

A gallon of water welghs about 8.35 pounds. What is the

weight of 4 gallons?

There are 4.75 fluid»ounces in a can of-frozen Juice.
Three cans of water must be added to this to make a
mixture. How many ounces are there in the final mixture?

L | e s arsssnen st o ot

In a certain ecity the average monthly rainfall is ,ﬁ.3"‘
inches. ‘At thils rate what 1s the total yearly rainfall?

A family pays $83.50 rent per month. How much do they

- pay per year?

If there are 16.5 feet in a rod, how many feet are
there in 15 rods?

About how many miles is a distance of 4.5 kilometers?
(One kilometer is about .6 of a mile.)

2940
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.- - Next we wish to examine the operation of division of
decimals. First consider the problem of writing a f{raction
as a decimal to the

)
ubﬂ

in decimal form. Let us write
thousandths_place. '
Using the Comparison Property we have:

5 x ' - ’ 84
= 13)5000
o %
S 13x = 5002 104
X = 38“—1-3- %
'_ . 8' .
_ 3842 .
- Thus f%i= ﬁjf%g which leads to an approximate decimal
representation for f%: .
gy
384 _ 23 385
1006 < 1000~ < 1000

In other words,‘ f%- 1s between .384 and .385. However,
8 51 sothat 2 1s closer to .385 than it is to
I3 732 13
384, Therefore we write:
f% ﬁ .385 . (f% "is approximately equal to" .385)
. o

" Now f%- 1s another way of writing 5 —13. Thus 5 — 13
18 approximately equal to .385 to the thousandths place. -

Let us see what we really did when we used the Comparison
Property to divide 5 by 13. First we multiplied 5 by
1000 to obtaln .5000. Ve thenkd\vided 5000 by 13 to get
384f% . Finally we divided by 1050;

3815

Tooo> N 385

~

) 321

N FT



. gez
- In other words:

1000 - ;5 . .
._ T%-x 1006 = (5 X 1000) + 1000

(2%%9) < 1000

8, .
(3844) -+ 1000

3845
1OOQ

. We can simplify this process considerably by writing 5
-‘as .5.000. Do the division as if the decimal point were. not

/
/

there. Then place a decimal point 384
1h the quotlent so that it 1is 13 $>%°
directly above the decimal point - %Tﬁ
in the dividend. Divide by 13. 104
As before we find 5 — 13 ® ,385. gg

We can extend this process to all division problems
involving decimals. First express the problem in fractiounal.
form.' Then'use the Multiplication Property ég 1 to change

.the denominatof to_a whole number, and divide. Here is the
procedure for finding the quotient .432 =~ 1.35 to the
hundredths place.

Express as a fraction. iﬂgg
' _ 100 432 100 _ 43.2
Multiply by 1 = 100" 155 X 156 = 55
A . .32

nnex a zero, since we ~135rﬂ3_%6
want our answer in hun- 40 5
"dredths, and divide. g %g

'As a check, note:
(divisor) x (quotient) = (dividend)
135 X .32 43 2

]

322
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Whenever the divisor is a whole number, the dividend and
the quotient have the same number of decimal places. By
placing the decimal point of the quotient directly atove that
of the dividend, we locate the decimal point of the quotient

'fautomatically in the correct place. 'This is the reason we
. want our divisor to be a whole number.

: Z Here is one more example: Find the quotient 2.65 +12.3"
to the thousandths place.

2.65 + 12.3 = %4§5

- 2.65 % %% {why do we multiply
by 1_0.‘7)
10°

We want the answer to the thousandths place. Therefore
we write 26.5 as 26.500 and divide:
| 215

123 [26.500
-

1 90

1l 23
~ 870
615
55

The remainder, 55, 1is less than one-half of 123. Therefore,
to the thousandths place, 2.65 =12.3 s .215.

‘Exercises 9-2c

1. Use the Comparison Property and expréss cach of the
following as a fraction with a denominator of 100.
a. % d. %
b3 e %?
1
c. =
9

. 2. Write each of the fractions in Problem 1 as a fraction

with a denominator of 1000.



9-2
___;_zdf,%Write,each.of the fractions in Problem 1 as a decimal
to the hundredths place. } ' ' . -

v

L, Write each of the fractions in Problem 1 as a decimal to
the thousandths place. ' ’

5. Find the following quotients:

a. 0.009 ¢ 0.3 f. 24.6 + 0.12
b. 0.24 +6 g. T.35+3.5
¢c. 0.015 + 0.5 h. .756 + 0.42
d. 0.532 + 0.0k 1. 9.83% + 4.1
e. 2.04% + 0.008 Jj. 8.125 + 3.25

6. Find the following quotients to the hundredths place:

a. .4.32 +1.2 f. 27.96 + 2.5
b. T2.8 + 0.43 . g. 8.375 + 0.12
c. 9.87 + 0.37 h. 25 + 13

d. 42.6 +3.02 i. 0.796 + 0.85
e. 798 + 5.8 J. 8.32 + 9.08

7. Find the following quotients-to the thousandths place:

a. 87 =+ 17 f. 0.833 + 42

b. 9.62 + 85 g. 7.6+ 5.23
c. 39+ 7.2 : . h. 0.897 + 0.34
d. 48.6 +0.79 , 1. 8.29 + 1.76
‘e. T79.62 +1.5 | J. 6.5 + 0.32

8. Harry weighed 92.5 pounds when he entered the seventh:
' grade, Ten months later he weighed 103.4 pounds. How
much did he gain, on the average, each month during this

time?

324
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ﬂ” .9, >Atlth# start of a trip the speedometer of a car read

SN 13243;7. At the end of the trip it read 13536.2. If.
TN 15 sallons of gasoline were used on the trip, how many

mileq/did the car travel per gallon? - BT
/

10. p.;Jones pald $54.24 ‘for his phone bills last year.
VHow ﬁuch did he pay, on the average, per monthg

11, - How ‘many rods are there in 495 feet? (There are
16.5 feet in a rod.) '

12. Eight-girls shared the cost of a party. If the total
expenses were $27.60, how much was each girlts share? .

- 9-3. Repeating Decimals.

We can change any rational number expressed as a fraction
to a decimal representation with as many decimal places as we
please. Some of the representations are exact; others are
approximate. We know that the more decimal plaqes in an
approximate representation, the better the appﬁdximatidn.

But is. it possible to find exact decimel representations for
all rational numbers? C |

If a fraction has a denominator that is a_pewer of ten .

~and a numerator that is a counting number, it 1s easy to make
‘the conversion. For example; ' '

7 _
15 = T
-
'1'20'0' o = 037

. If the denominator 1s not a power of ten, the fraction
can often be changed to an equivalent one whose denominator
i1s a power of ten, and whose numeratcr is a countirz number.

\‘.
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. For example, - \
3.5 5
% = 160 15

L ETERE
RN

~ We can write a fraction in decimal form by dividing
numerator by denominator and carry ou the process to any

.desired numﬁéf of places., For example, \We express f% to

four decimal  places as follows:

16 .187%’ -
. tm o % = s

We are also able to‘apprdximate fractions such és

L L o4 L 2 - ‘
. 3‘: '6: ‘1‘1‘; 33: 3 ) :
as decimals; correct to any desired number of decimal plaées.'
In none of these cases do we obtain an exact representation of

the original rational number. . For example, N

% 8 333333
1

z s .166666\
.

T ® .363636
.3_'3’_ 8 .212121
%-?{— ™ 621621

‘ You may have noticed that in each case there seems to be

" a block of one, two, or three digits whic = repeat endlessly.

This 18 also true of the first group of fractions in this
326 |
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‘\ Becﬁion; 1f we consider the digit O as fepeating endlessly.
~ For exampleu"we.exprgss these fractlons as decimals to the
.milllonths place:

c = .700000

7
I0
22 = .230000

7 _ 1
I%-oc = .037000

s

25 = -150000
55 = 320000

‘Eb' = .187500

A difference between the two groups of fractions is that
in one'ﬁe_make use of -the equal sign whereas in the other we
do. not. (In the first group we used the sign which means
'"1s approximately equal to.") However, here is a way to
represent any rational number exactly where there 1is a
repetition of a block of digits:

2 om 333335 $- .33

Ay 363636 4

1T 36363 1T = 3636
%’% N 621621 %% = .62157T

In the first case the bar means that the digit 3 ‘repeats
end%gsgly; in the second one the block of digits 36 repeats;
and 1n the third case tha block 621 repeats. Note that we
write *the block of digits twilce, and place a bar over the
second block. You'may also see this notatibn used 1n one

i

|

3

27
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of the following forms:

=3  or %=.333

Wi
I

= ;}5'.;. . or

]
]

[

3636 ... or f% .36 or f&-= .363636

°

When this type of repetition occurs, we have_a way of
naming a rational number by a decimal numeral. Let us see if
- the decimal form of every rational number has this repetition.

“J

m ' , Exercises 9-3a
iy (Class Discussion)

i. Express % as a . decimal to the thousandths place. 1Is
there a pattern of repeating digits?
142

7 1
30 1 8143

There 1s no repetition of digits yet. T2t us fry the
ten-thousandths place. Complete the following division:
' L1422 -
7T1.0000
- 7‘
) 30
28
20
14
60
(Note that there was no need to repeat all thét was done
in the first division problem.)

2. fThere is still no repetition of digits. Continue the
" process described in Problem 1 until you find a
_ repetition.

3. A decimal such as .33 or -.62163I is called a repeating
decimal. Give some other examples oI repeating decimals.
- 328
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- 4. .. Just enough work was done below to £ind out whether ‘there

are repeating decimals for 33 and ;)

33[1'6"0'6

280

2 64
—T5

16 _
35 = 8w

How do we know that the decimal repeats after doing only

this much work?

1. Write each of the following rational numbers as repeating

decimals.

-

a. g
0. 2

2. Express the following rational numbers as decimals to the
thousandths place.

1
- 3

a' .l—.l
b.

T
iy

16 2
828
lll]§§.600
3 20
22
888
92
92 _
1T = .828828

Exercises 9-3b

o
HIN e
G HE B

F19



4,  Can you find a decimal numeral for
5. Can you find a decimal numeral for

6. Is it true that the decimal numeral

»

3.  Study these decimalunumérals and see if you can find a
relationship: " '
a. Between the decimal numeral for %T and the decimal

numeral'for %T .

b. Between the denimnl ﬂnm”r?l fop '%Y >nd the decimal

0
numerals for “T%’ f%, %%, %%.

without dividing”?

without dividing?

e -
o qu th
"

f% is three
times that of f%?

If you worked allﬂthe exércises correctly you will probably

_sayighétlall rational numbers can be given a decimal name.’

However, we certainlylhave not tried all the rational numbers.
In fact it is impossible to try all possible rational numbers.
Nevertheless, we can show that every rational number can be '

‘expressed as a repeating decimal. (Remember, we agreed to call

decimals like .35 repeating: .35 = .35000...)

Exercises 9-3c
- (Class Discussion)

Let us look éf:j?e decimal whichAnames the rational

number % .
0.142857142857 ...
7 [T-.000000000000

1. Can you téll, without performing the division, the digits
~that will appear in the next 6 places?
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Is there a block of diglts whlch repeats endlessly? Let
us plxce a horizontal bar over the block of digits which

repeats:

~J+

/

Name f% by & deci=al numeral .

= 142357182557

V111l there be a zero remainder if you keep on dividing?

Does the decimal numeral for L repeat? How will you

11
indicate this?

&
Do you n;%ice that the decimal numeral rfor %T repeats

as the remainder repeats?

Let us check the idea in Froblem 6 by finding the

decimal numeral for 7.

0.1428571
71 .0000000

7
%0 —> PFirst remainder is 3
25 '
_58 » Second remainder is 2
1
—62 — Third remainder is 6
5

40—— > Fourth remainder is X
5

50-————>3 PFifth remainder is 5

———> Sixth vemalnder is 1
————— Seventh remainder is =

Note that the seventh remainder is the same.as the first.

a. Is the seventh diglt to the right of the decimal point
the same as the fipst? .

b. If you continu the division, will tv= elghth remainder
ve the same as the second remalnder?

€. Will the eighth digit to the right of the decimal polint
ve the same as the second di, it to the right of the

decimal point?

o



A\
t
A\

o o.1u2857§1u2...
You shcould see that the hlock of Yll.OOOOOOiOOO...

digits, 142857, will continue
Zea« This 1s so because

to re
there are only zercs in the
dividend. Therefore, as soon

as we get to the sixth remainder
and "bring down" a zero, wve

are back to the original

problem of dividing 7 1into

10.

8. Check .this 1dea again by dividing 1 by 37 to find a

decimal numeral for %7.

You should agree with the follbwing conclusion: Every
rational number can be named by a decimal numeral which eilther
repeats a single digit or a block of diglts over and over

again.
Exercises 9-35d
‘1. Write a decimal numeral for %?

a. How socon can you recognize a pattern?
b. Does this decimal numeral end?
How can you indicate that 1t does not end?
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‘Write decimal numerals for:

a,

[o})
\l—‘n,\] S{‘:’ Wi oY~ Ul

How soon can you recognize a pattern in each case? 1In
each case locate the step in which the remainders begin
to repeat. Do the digits in the decimal numeral begin
to repeat at this step?

. For each of the followlng numbters:

Find a decimal numeral.

Indicate the repetition of a digit or a set of
digits by placing a horizontal bar over the digit or
block of diglits which repests.

a. % r. -;—

c. % h f%

d. ? 1. %

e. % i %%
333



. 4,  Make the following chart and fill in the blanks according
to these directions:

a. In column A glve the equivalent fraction with
denominator 10. (Thus % = Tﬁ')

b. In column B give the decimal representation to
the tenths place. (Thus % =1.5; % & .h) Draw
a circle around those decimals which are exact repre-
sentations of the rational numbers under conslderatilon
(Thus there is a‘kircle around 1.5)

¢. In column C gilve the eguivalent fraction with
denominator 100.(Thus Tﬁﬁ)

d. In column D gilve the decimal representation to the
hundredths place. (Thus 2 = .75; # X .17) Draw
circles in zccordance with the directicns in (b).
(Thus there is a circle around .75)

e. In column E give the equivalent fra:tion with
denominator 1000. ' ’

£. 1In column F give the decimal representation to the
thousandths place. Draw circles in accordance with

the directions in (b).

A ] B C D E F
3 6
a.—j- -1—6
n. % 6
c. % 1.5
.. 36 148
25 100
e. g
: 1
f. 5 A7
s 2 D
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9-4

9-4. Rounding Decimal Numbers.

-,

The length of the Missouri River is 2,60 miles. In
talking about the length ol the Miszsouri River a boyv said that
its length is 2,500 miles. Would you say that he gave the
length of the river incorrectly? Actually, the boy gave the
length of the river to the nearest hundred miles. Ve say that
the length of the river was rounded to the nearest hundred
miles.

We often use rounded numbers eccause they are easier to

remember and easier to work with. In many cases, the rounded

number is just as useful as the precise number.

In a recent year the population of Colorado was 1,625,059.
This may be rounded to 1,600,000. Ve have rounded to the
neavest hundred thousand in this cese. In talking about
populations of states people rind that rounded numbers are
more convenlent than the exact numbers for most uses.

The helght of Mt. Rainier is 14,410 rfeet. This may bve
rounded to 14,4%00 feet. Here the number 1s rounded to the
nearest hundred feet.

When we round a numier we glve an appro.siration of 1t.
Clten, an spproximation is-all we need. Ve may prefer the
approximaticn tecause 5 i easler tc remember and to use.

As you would expect, we choocse an approximatlion close te the
actual number.

These ideas are further explained in the examples which
follow in this sectlon.

Example 1:

We say that 27, rounded “o the nearest 10 unites, 1is
20. VWhy don't we say 209

Look at the numier line

and find 25. 1Is i

1t closer to 20 ————
‘ 20 21 22 23 24 25 26 2/ 28 25 30
or to %0? Locate
the polnt halfway between 0 and -0. On whlech side of this

f o

haliwvay point is 23%%

335
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Example 2:

Round 677 to the nearest hundred.

Use your pencil to touch
tne point where you think
377 1is located. What is «—} >
the number for the point 600 . » 700
halfway between 600 and .
7002 On which side of this halfway point is 6772

Did you decide that 677, rounded to the nearest 100,

is T7Q0?

Example’ 3:

Round 450 to’'the nearest hundred.

In this case 450, is exactly halfway between 400 and
500. In such a case we could flip a coin to decide whether te
round 450 to 400 or 500. In this book, however, whenever
a number falls midway between two others we shall agree to
round always to the larger of the two numbers. Thus 450,
rounded to the nearest hundred, isy 500 by agreement.

E:ercises 9-l4a

}—
.

Round these numbers to the nearest hundied:

a. 280 d. 850 g. U39

b. 31k e. 749 h. 973
c. 1,’u56 . f. 3,555 ) 1.‘ 5,250
2. Round these numbevrs to the nearest thousand:
a. 5,320 © A, 14,550 g. 144,501
b. 3,399 e. 62,853 ‘ h. 144,500
c.l 2,949 . 144,499 1. 326,495
3. Round these numbers to the nearest ten thousand:
a. 734,159 c. 72,400 el 563,31
b. 159,022 - d. 195,632 ' A f. ,85,000:
336
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' Look at the portion or
the number line at the right. —+ t : +
! 230 £38 238 .240
- What number is halfway between
.230 and .240% Do you agree
that it is .235? Where is .233? Is it closer to .230
or to .240? Since it is closer to .240, we round .2383,
to the nearest hundredth, to .24,

Example 4:
Round .2673 to two decimal places.
We locate .2673

' between .2600 and ) : ; ,
.2700. The number - .2600 .2660 2673  .2700

.-

halfway between .2600
and .2700 is .2650; .2673 1is closer to .2700.. Do you
see that .2673, rounded to two decimal places, is .27?

Examglle 5:
Round .1339 to two decimal places.
Touch with your pencil
the place where you think
.1339 1is on the number line.
What is halfway rtetween .1300
and .1900? On which side of the halfway point do you place
.1339? Would you round off .1359 to .1300 or to .19007

—} 1
T

.1800 N 1900

Exerclses 9-4dp

1. Explaln why each of the following is correct:
_ Number Rounded to Two Decimal Places
a. 0.237 0.2l '
b. 0.241 0.24
c. 0.24b 0.oh
d. 0.19%0 0.19
337



Round each of

a. 48.362
b. 0.513
c. 35,016
Round each of
a.- 16,355
b. 43.72
e. 103.05

Round each of

a. 4 0486
b. 17.107%
c. 0.0006

Write each of
result tc one

62

100
b,

2

4
C. -g

Write each of
result to two

521

a. T1%00
.2
o. T;'
3
¢ 39

the following to two decimal places:

d. 6.012
e, 0.0053
f. 0.097

the followlng to one decimal place:

d. 0.0T4 g. 3.1415
e. 0.032 h. 63.07
£. 1.5 1. 43%.03

the followir.g v oAb e
| : 3.00159

L.1nh U TR06

s €2 .9119
the following a#% ¥ & L.~} Round the
decimal place.
s 2
© T
1
e 2—1—:1:-
B b
15
the following as a decimal. Round the

decimal places:
L

d. 12

]

[u}
[eX LN (V3
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9-5. Summary.
) A number may be written in decimal notatién or in expanded

form. For example:

Decimal Notatior Expanded Form
489.2 5(10%) + 8(10) +9(1) + &(5%)
3,056.37 3(10°) +0(10%) +5(10) + 6(1) + 3(75) + 7(155)

When one reads a number, the decimal point is read "and";
such as "four hundred eighti-nine and two tenths".

The following are the procedures for performing arith-
metic operations with decimals:

1. 1In the addition or subtraction of numbers containing
decimaly, write the numerals in vertical order so
that the decimal points are in a column. Then add
or subtract as with whole numbers. The decimal point
in the answer is directly under the other decimal

points.

2. The number of decimal places in the product, when two
numbers are multiplied, is the sum of the number of
decimal places in the two fagtors.

3. When dividing one decimal by another, change the
problem by multiplying dividend and divisor by a
éuitable power of 10 80 as éo make the divisor
a whole number. Then divide as with whole
numbers. The decimal point in the answer is directly

- above the decimal point in the dividend.

A rational number, represented as a fraction, may be
expressed as a decimal by dividing the numerator by the
denominator. 1If the division is continued we discover that
elther we reach a remainder of zero or that, after a certain
point, the remainders vegin to repeat. After we reach a
remainder of zero the tucceeding digits in the quotlent are
zero. After we reach the first repeating remainder, the
succeéding digits in the quotient are repetitions of the
preceding diéits in the qudtient, in the same order. 1If

339
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we continue the division, the digits -in the quotient will
repeat in blocks over and over again,

_ Thus, each rationai number may be namecd by a repeating
decimai. In some cases, the repeating digits will be zeros.
In other cases, the digits will repeat in blocks which are not

~all zeros.

Repeating decimals are indicated by a bar over the digits
which repeat. For example, f% = .4545,.., is written as
4575,

In rounding decimal numerals use the following procedure:

Note thé digit which is one place to the right of the
place to which you are rounding. If this digit is 5 or
more, then lncrease the preceding digit by 1. If this digit
is less than 5, drop it.

9-6. Chapter Review.

Exercises 9-6

1. Write each of the following in expanded form:

a. 79.3 c. 6,028.357
b. 453.08 d. 5,739.205

2. Write each of the following in positional notation:
a. 3(10%) + 5(10) + 2(1) + 7(3)

2

b. 4(10°) + 9(10%) + 3(10) + T(1) + B(f%) + 3(—%5)

=

5 . 1 1 1
c. 3(107) + 9(10) + (1) + H5g) + O(Igg) + 9(;63)
3. Write each of the following in words:
a. 54.3
b. 169.05
340
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4, Write in decimal form:
a. Six and nine tenths LA

b. Ninety and six hundredths

5. -Write each of the following as decimals to the nearest
hundredth:
2 2
a. 15 d. 5
> )
b 6‘ e 2-1:
2 2
1 . =
c 8‘ 3
6. Change each number of the pair to a decimal rounded to the
hundredths place and write them so that the larger number
is first.
11 7
a. 55 1—5-
4 7
b- I 20
e, M, 5
3’ 18

7. Add the following numbers.
a. 0.58 + 2.97
b. 1.602 + 3.056

8. Subtract the following numbers.
a. 0.93 - 0.48
b. 3.057 - 1.923

9. Perform the indicated operations.
a. (3.09 + %.16) - 2.07
b. (7.321 - 2.056) - 1.309

(5]
1=
g}

<D
-
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10.

" 11.

12.

13.

15.

16.

Find the following products.

a. .35 x .09
b. .008 x .7

Find the fdllowing quotients.
a. .05691 =+ .3
b. 1.2586 <+ .007

Write decimal numerals for the following:

How soon can you recognize a pattern in each case?

In each case, locate the step in which the remainders
begin to repeat. Do the digits in the decimal numeral
begin to repeat at this step?

Round these numbers to the nearest hundred:
a. 375 c. 938
b. 1250 d. 12,549

Round these numbers to the nearest thousand:
a. 6,712 c. 76,802
b. 485,350 d. 5,349

Round ez:h of the following to one decimal place:
a. 2.47 c. 96.55
b. 385.063 d. 1,043.142

Round each of the following to two decimal pléces:
a. 3.267 c. 0.0172
b. 439.0%56 d. 5,329.135
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17.

13.

9-7.

Round each of the following to three decimal places:
a. 25.0947 c. 47.69542
b. 3.125639 d. 7%.04375

Wirite each of the following as a decimal. Round the
resul* to two decimal places:

ca.

3
n
b. 17

Cumulative Review.

Exercises 9-7

What property is illustrated below?

53 +52=5(3+ 2)
R X
The number of Xx's at the
right is written in numerals
in four different bases.
Which numerals are correct?

a. loofour c. lot
b. lhpwelve a. >1

en

five
1
Write 71 without using exponents. Wwhat 1s its value?

Answer "true" or "false".

a. Every number can be completely factored in only ore
way except for the order of the factors.

b. Zero 1s a factor of every number.

¢. The number one 1z a factor of everv number.

d. The intersectlion of the set of prime numbérs and the
set of even numbers 1s the empty set.

e. If a, b, ¢, and d are whole numpers and b

a ¢ a-‘ ¢

and d are not equal to zero, then T3 -5t 4

343
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' }5. In the diagram at the right:
/ a. Wnat is SRS
S
/ b. What is point S called? :. \\\\\\\\*
/ ¢c. What is T-side T
o #Nr-stage I
5. In the figure on the right:
- a. What is plane
A AEC\ plane EFD?
b. Name two skew lines.
¢ c. What is ADNBC?
. » - >
' 4. What is FEUPFH?
7. Perform the indicated operations and sim;1ify.
1 o 1l . 1
a. 1% X 2§ 1. 5~ Té-
. 4 1 1 1
. o. —5— X h—g- g. 5T l-ﬁ- 4
2 sl RS
c 13 X ‘10‘ h 3 25
‘1 hl 7.1 ";.
d 45 + A i 7% + 5%

e. }f% -

as decimals.

17 49
a. -8— d. %
b. 2L e. 12
2
c. 15
9. Mr. Miller 1s a salesman for the General Products
Corporation. He is permitted an allowance of 3.3 cents

What is his allowance for a

miles? -

per mile for car travel.
trip of 634
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10. / Divide, and then use the inverse bperation for checking.
e 28 ; 34868

11. By what number can you replace x, So that the statement
. will be true? '

, a. 2x =1 d. 3x =4
b. X = 14 e. % = 5
c. 1llx =0 , £
12. Insert one of the three symbols <, >, or = Dbetween
the following pailrs of numbers so as to make true
statements.
3, 2 7 - B
b, 2 2 Z o _6_\ 1
» > 7 i3 -
3 16 - R
c l;. 2 =7 N
s




- Chapter 10
RATIO AND PERCENT
-

10-1. Ratio.-

In vour use of numbers, you probably noticed that you can
compare two numbers by subtraction or by divi-<ion. Of the two
numbers, 6 and 2, we can say that the firct number is 4
more than the second, or that the flrst numter is three times the
second. We can also say * ‘at the ratio of the first number to
the second is. 3 to 1. 3atio is a comparison by division. 1In
comparing the numbers 9 and 2, we say that the ratio of these
numbers 1s 9 to 2 or %. :
_ - In a class there are 36 pupils of whom 16 are girls and
20 are boys. Thg ratic of the number of girls to the number of

boys 1s %g or %. You will often {ind this shortened to "the

ratio of girls to boys is %% or %." '

When a ratio 1s expressed as a fraction care must be i1aken
to write,the numerals in the proper places.‘\Thus, in the '
preceding example K the ratio »f the numher of Zcy= to the numoer .
of girls is %g or %. This is not the sar+ 2 .Le ratio é

In general, the ratio of ¢ to d 1s& viere tae first
numter is used.as the numerator and the second number s used as
the denominator ® How would you write the ratio of 4 to c¢?

Definition: The ratio of a number ¢ to a number d,
(d # 0), 1is the quotient %. (Sometimes this
is written c¢ : d.)

Suppose that John is 60 inches high and that his fatﬂer is
u 72 inches nigh. Then the ratio ¢f the number of inches in John's
height to the number of inches in his father'!'s height is 'gg or .
%. Such a statement as this is usually shortened to: "the ratio

of John's height to his father's helght is %."
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Notice that this statement does not tell what units are
used 1n measuring the heights. If these helghts ure measured in
feet, then John's height 1s 5 feet and his fath.r's height is
6 feet. The ratio of the number of feet in John's height o
the number of feet in his father's.height is still %. We sece
that the ratio is the same no matter what units we use as long as
We use the same ! .1ts for bdth measurements.

We could say that the ratio of John's height in inches to
his father's helght in feet 1is %? or 10, This_étatementlis
correct and meaningful but not very useful. If, in this state-
ment, we left out the units and sald that the ratio of John's
melght to his father's height 1s 10, then people would probably

make the incorrect concluslon that John is 10 times as high as 

nis father.

Yhen we use ratlos to compare two helghts, two distances,
two volumes or any two measured quantities we must either use the
sameg units for both measurementé or we must clearly state the
units used for the “wo measurements.

You may sometimes wish to compare measured quantities,
lengths for example, using different units. On a map of. the
United States you might see the expression "1 inch = 200 miles."
This means that i1f the distance between two points -on the map is
1 inch, then the distance between the corresponding poirnts on
the ground 1s 200 miles.

The ratio of these lengths, 1 inch to 200 miles, 1is
found by first expressing @200 miles in in:ches. Since;there
are 12 inches in a foot and 5280 feet in a mile, then the
number of inches in 200 miles is 200:-5280.12 or 12,672,000,
The desired ratio is then T?TB%?Tﬁﬁﬁ . ?his is called the scale

of the map.
Usually, in reading a map, we are not particularly interested

in the scale. We could use this scale to convert inches on the
map to inches on the ground. But we are more interested in
cenverting inches on the map to miles on the ground. For this pur-

pose we use the ratio ;%5. This is the ratio ol the numver
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of inches between points on the map to the numter of miles
between corresponding points on the ground. This ratic will
remain the same for any pair of points on’ the map.

Let us consider another example. Suprgzose a club consisted
of 6 members and that one member of che group suggested that
they ail Joip an art class. After much discussion a vote was
taken and the other .5 membérs of the group voted against the
" motion. We can say that the ratio of the number of members who
voted against the motion to the number who voted in favor of the

5

motion was 5 to 1. This can be written as T or 5.

‘Exercises 10-1a

(Ciass Discussion)

Express the ratios of the;following as fractions in

-

simplest form.

a. The number of inches 1n a foot to the number of inches
in a yard. I

L. The number of pints in a quart to the numbef‘SFﬁpints
in a gallon.

¢. The numbter of cents in a dollar to the number of cents

in a quarter.

2. In a class Ehere are 32 puplls of whom 20 are girls.
a. The ratio of the number of girls in the class to the
total number of class members,in simplest form,

is ?
b. What fractional part of the number of class members
1s the number of girls? . \

-, What fractional part of the number of class members

1s the number of boys?

d. What 1is the ratio of the number of boys to thg number of

girls in the class?

T

)
™



3. On_ a certain map you read "1 4inch = 100 miles".
3. ‘The distance oetween Hotberg and Coldspot on the map is
repreéented by a line segment of % in. How many miles
- are there between the cities?
b. The airplanq distance between Hotberg and Middletown is
ﬂ#‘”‘ 250 miles. How far apart are the cities on fhe map?

We also use the idea of ratio to compare numbers which

represent very different quantities.

. If ascar travels 258 miles in 6 hodrs, the ratio of the
number of miles traveled to the number of hours of travel is

or %; ‘or 43. This ratio, 43, is usually called the rate
that the car is traveling, and is often expressed in terms of
miles per hour. In this example, the rate of speed is 43 miles
per hour.. In examples of motion, like that of a moving car, you
may have used a formula

d = rt,

vinere d represents the number of unité in fhe distance traveled;
r, the rate of travel; t, the time of travel. If 4 = 258
and t = 6, then

6r = 258,
_ 258 _
T e

Exercises 10-1%_

1. Find the ratio of Helen's height to Lauriets height. -
Helen is 48 inches tall, and Laurie is 6% inches tall.

2. Josephine has 90 cents and Martin has 30 cents. What is
the ratio of Josephine's amount of money to Martin's amount?

Marc walked 5 miles and Jerry walked 3 miles. Wwhat is
the ratio of the distance Jerry walggd to.the distance Marc

N

walked? : s
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10.

What is the ratio of Marc's distance to Jerry's dlstance in
Problem 3%

Bus fare ten years ago was 10 cents. Now it is 30 cents.
Find the ratio of the present'fare to the former fare.

How much did the fare in Problem 5 1increase? Find the
ratio of the increase to the former fare.

During a sale, $8.00 shoes were sold for $6.00. Find the
ratio of the decrease in the cost to the original price.

In Problem 7, find the ratio of the sale price to the
original price.

The temperature rcse from 80 degrees to 90 degrees. Find
the ratio of the increase to the original temperature.

EXpress the ratios of the following as fractions in simplest

form.

a. % to %

b. £ to 2
> 5

c. K to —g

4. 2% to 111?

11.

1l2.

2

. The scale on a map 1s 1 1inch to 20 miles.

a. Express this scale as a ratio.
b. On the map how many miles are represented by a segment
of length U%- inches?

Centerville 1s a small city with city limits forming the
sides of .a rectangle, 3 miles 1in length on the longer side,
and 2 miles in length on the shorter side. Using a scale
of 1 4inch for % of a mile, how lo:ng and how wide will

the map of the city have to be?

3
il.")
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13. A map of the United States is drawn on a scale of 1 inch
= 300 miles. .
‘a. -Express'this scale as a ratic.
~ b. On this map how many miles wili be represented by one
iv foot?
c¢. The distance from Washington to Chicago is approximately
750 miles. How far apart will these cities be on the
map?

14. A plane flies 2600 miles in 5 hours.
a. At what rate does the plane fly per hour? ,
b. What is the ratio of the number of miles tiaveled to
" the number of hours of flying time?

\
15. A balloon drifts 600 miles in 15 hours. What is the rate
at which the balloon drifts per hour?

One sunny day Tony measured the iength of the shadow made by
each member of his family. He also measured the length of the
shadow made by a big tree in the yard. He found that his father,
who 18 72 1inches tall, had a shadow 48 inches long. His
mother, who i1s 63 inches tall, had a shadow 42 inches long.
His‘little brother, who is only 30 1inches high, had a shadow
20 1inches long. He didn't know how tall the tree was but its
shadow was 40 feet long.

He wrote this information in a table.

N ' Shadow length Height

Father 48 inches 72 inches
Mother 42 inches . 63 1inches
Brother 20 inches 30 inches
Tree 4o feet ?

352




Tony saw that the taller people had longer shadows. He

" wondered if he could £ind a useful way to compare the numbers,
and tried division. He divided the shadow length of his little
brcther by the number of inches in hls brother's height.
20 _2:10 2

‘ 50 3 '10 3

- He tried the same thing with his father!s shadow length and
height. He formed the ratio of shadow length to the height of his

father. '

48 2 .24 _ 2

T2 °35.28° 3

“What 1s the ratio of the shadow length of his mother to her
height? . ' .
A1l heights and shadows were measured at the same time. The
ratio % is the same for all of them. This ratio 2 1is the

3
same for the tree, too.
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The shadow of the tree was measured to be~ 40 feet. Can
you find the height of the tree? Wwhat must the height of the
'tree be in order that the measure of its shadow length divided
by the number of feet in its height 1is T
With this reasoning you can {ind the height of the tree without
Did you find 60 feet?

~
e,

measufing it.

Exercises 10-1c

What is your height in inches? What would be the length of

~N 3 WU

1.
your shadow if i&_were measured at the same time and.place
as the shadows of the people in our story were measured?
2. Some other objects were measured at another time and place,
Aand the data are recorded below. Copy and compiete the
table. ' ’
ObJect Shadow Length Height - Ratio
Garage 3 feet 8 feet ;
' Clothes pole | = 36 inches g
Tree 7% feet 20 feet
Flagnole / 144 inches 'g
1
Fence 113 inches 30 Inches
¥ ]
3. wfite the ratio of
a. 2to 9
b. 48 to 40
c. 175 to 125
d. 65 to 100
Write an expression-fa? the ratio of ¢ to 4.
. Write an expression for the ratio of s to 66.
Write a:_expression.for the ratio of 2k to 7m.
Write éh expression for the ratio of 40 to w.
354
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_10-2.. Proportion.

. Tony's older brother is 66 inches tall. Is it possible to
find the‘length his shadow would have been when Tony made the
other measurements? '

To answer this qhestion,we shall write a fraction for the
ratio of his older brother's shadow length to his height and
state that'it is the same as the other ratios. We shall use s
to represent the number of inches in his shédow length whicr we
wish to tind.

S 2

[ )
Now we have two names for the same ratio. We know how to
express a rational number in different ways. It will help us to

express«M%x as. a,fraction with dgnominator 66.

2 _2-22 _ 4y

3" 3-22 &6
by : 2 .
We can use (33 instead of 3 and yrite
FG gg (The denominators are’

the same.)

This tells us that s = 4l4.
The older brother's shadow would have_been . 44 inches long.
The statement 65 »2 states that two ratios are equal.
A statement that two ratios .are equal 1s called a proportion.
Later in the day, the r&tio of shad len.\h\to height
changed to %. At this time the shadow a water tower measured
feet. Then the statement
'about the height, w, of the

‘water tower,

21 _ 5

w 7
ls a proportion. We wish to
find the heignht. To solve
pro: .ems like this we need a
method for finding - number:

B va
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which will make the statement true when 1t is used as a
replacement for' w.

The statement says that the two fractlons name the same
rational number. From Chapter 8 we know the Compariscn Property:

k r 2= % and b #0, d#0, then a.d=b-c.

We use thils property to solve our problem

21 _ 2
w K
21 -7 =5+w Comparlison Property
5w = 147
W = 1%1 Definition of a ratilonal
number v
w = 29% The water tower 1s about

29 feet 4pn helght.

The problem of the older brother's shadow can be solved 1n

the same way .

s _2

B6 3 \

3.8 =266 State the property
used\here.

3s = 132

S=l¥}+ \\

The older brother had a U44-inch shadow.

Exerciseé 10-2

1. Find the ratlo of the first number to the second.

Shadow Helght Ratlo
a. Garage: ' 3 feet 10 feet ? .
b. Clothes pole: 36 inches 96 inches 2 7
- ¢c. Fence: - 11 inches 30 inches . ?
356 ~
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1

In a mixture of nuts weighing 24 pounds there are 15

pounds of -peanuts, '

a. How many pounds of other nuts are ﬁhere in this mixture?

b. What is the ratio of the number of pounds of peanuts to
the total number of pounds of nuts in the mixture?

¢. What is tne ratio of the number of pounds of other nuts

' to the total number of pohnds of nuts in the mixture?

d. Wwhat 1s the ratio of the number of‘pounds of peanuts to

the number of pounds of other nuts?

In another mixture, the ratio of the number of pounds of
peanuts to the number of pounds of other nuts is the same
as in Problem 2. This mixture contains 25 pounds of
peanuts. How many pounds »f 6ther nuts does it contain?

What number substituted for n will make the siatement true?

no_ % 56 _ 1 16,96
a i-g'-g . b. n-—). c. S—n
What number substituted for s wili make the statement true?
20 s 30 _ 90 s _ 36
e be 1 =5 ¢ Tz <57

Joyce has a picture 4 inches wide and 5 “inches long. She
wants an enlargement that will be 10 inches wide. How long
will the enlarged print be?

Mr. Stephens was paid $135 for a Job he finished in 40
hours. At thls rate how much should he be paid for 60 hours

of work?

A recipe for 30 cookies listed the following amounts§\

RN
N

1 cup butter l% cups flour h
‘% cup sugar ' 1 tsp. vinilla
2 eggs

a. Re-write the fecipe to make 90 cookles.

b. Suppose you wish to make 45 coolkles using the original
recipe. What ratio should you use? What amount of each
item should you take?
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/

9, -
10.

11.
12,

13.

14,

What is ‘the cost of "10 doughnuts at 50 . .s a dozen?
What 1s the cost of 12 candy bars at 3 for 25¢ ?
What ié the cost of 2500 bricks at $14 rer 1000 bricks?

The following table lists pairs of numbers v and w. In
each pair the ratio of v. to w 1s the number %. Cop~ and
complete the table.

v w ~atio % (simplest form)
a. .12 14 g
b | TSy 21
c. _ 30‘§£
d.’ \| 200
‘.e. 100 % /
/

\

State which of the following ratios are eqqgl. Use the
Comparison Property as your test.

.10 20 _ ;
. % 70 /
6 16 /
b. 3, F ;
48 b2
¢- 15 IF
4. 68 16
7’ 19
1 4

Mr. Jones 1is told to mix 2 pints of pigment with - wallons
-of paint to complete a certain paint Jobt. He later finds

that he wishes Lo mix pigment with 2 gallons of paint. How
much pigment does he need?

358
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*15. When triangles are the same shape but not the same size,
they\are called similar friangles. The measures of the

lengths of corsesponding sides of similar triangles form
equal ratios. Triangles ABC and DEF are similar. By
using equal ratios, - -
a. Find the length of side
b. Find the length of side

| o
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10-3

L

2.

2.

Express as decimals:

17%, 25%, 65%, 104, 8%, 1004, 1507, 2004 .

Exerclisges 10-5b

Using squared paper dréw,a”large,square,so that the interior

1s divided into 100 3mall squares. Write the letter A 1in

each of 10 8mall squarés. Write the letter B .., 20 of

the squares. Write the letter C 1n 3% of the squares.

Write the letter D 1in 30 of the squares. Write the

letter X 1n the remainder of the sguares.

a. What 18 the ratio of the numter of squares which contain
the ietter A to the total number of squares?

b. In what percent of the squares is the letter A?

For each of the remaining letters B, C, D, and X,

write the ratio of the number of squares which contain

the letter to the total number of squares. Give each of

these ratios in simplest {orm.

What' 1s the sum of the ratios in Parts {(a) and (c)?

In what percent of the squares is the letter B?

In what percent of the squares is the letter (2

In what percent of the squares is the letter D°

In what percent of the squares 18 the letter X’

What 1s the sum of the percents of the squares containing

the letters A, B, €, D, X?

om0 o

Copy the table rvelow arnd fil1 in the blank cpaces a:s shown in

the first line
1 1
<. '_7:‘ ‘:‘J’ ‘1_00 2 ]
2 e 1
veog 100 0 X135 _—
i) 160
¢ 7 T00 —
. 7
4 10 —_— — —_—
e. 5 —_— — .
i 3 o _ o
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1

3, (Copy the table below and fill in the blank spaces as shown in
the first line.

a. 0.3 0.30 ~.01 30%
b. 4 4,00 400 x V.01
c. 0.78 0.78 .
d. 0.9 o
- .. e. 8 .
f. 1.2

4. Florie has a weekly allowance of 50 cents. One week she
spends 12 cents for a pencil, 10 :ents for an 1ce cream
cone, 15 <ce¢:ts f.. Sunday School collectlon, and puts the
rest 1n her plggy bank.

a. Express the ratio of each amount to her total allowance,
and express each of thesgse ratios as a percent.

b. Find the sum of the ratios.

¢. Find the sum of the percents.

d. What do you ovserve about the answers above?

5. The followlng boys and girls live on the same Street.
\

Edward Polly Mary Doug Mike
\Sara Harry Ann Lars | Bil1
a. What percent ol the total numter of e¢hlldren are voys?

b. What percent are glrls?
¢. What 1s the sum ol Ui Iwo percenist

£, Whatﬁ}s meant. Ly each ol tne rollowing?
his faurlic lc 1007 weol.

a.
. wr nave had 1007 atiendance [or & weel.
e 007 AP the.memreorn woere in fovor ol onoplienle.

ERIC
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Percent 1s a convenient tool for giving information involving
ratios. Athletic standings often are given in percent. Two
seventh grade pupils discovered the reason for this use of
percent as they talked about their neighborhood basc -all teams.
The boys were discussing the scores of thelr baszball teams. In
the Little League the firit boy's team won i5 games out of 20
games played. The other boy's team won 18 out of 25 games .
Whilch team had the better record? The second team won 5> more

* games, but the first team played fewer games. Look at the ratios
of the number of games won to the number of games played for

.
each team. The ratios %% and %3 are not easy to compare at

a giance. Percent makes the comparison easy.
4

The first team won %% of the games played:
15 _ 75 _ e
20 = 166 = 97

The first team won 75¢ of the games played.
18

The second team won 5 of the games played:
[
1z _ 72 -
25 = Too - ¥

The second team won 72< of the games played.

The first team which won 7957 of 1its games had a higher

sténding than the second team whlch won 729 of lts games., W

27T, or T > T,
-

could say tna

1. A Little League team won- ~  out of b tipet ooogames p.oorel,
v What percent of the Yivst . pames d'd Lhe Yeonm win®
7 IOy S e ot T e BN cromes dld o rhe cea Se
L. Whniat peraont g the Doy cooFrmes dida rthe “eam 1lose
C wral o loothe total ol Lne foesconis in Farus ta) oarcd
>

ERIC
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2. Later in the sezson the team in Problem 1 had won 8 out
of 16 games played.
a. What was the percent of games won at this time?
b. Did the percent of games won increase or decrease?

3. At the end of the season, the team in Problem 1 had won
26 games out of 40.
a. What percent of the games'played did the team win by the
” end of the season?
b. How does this pércent compare with the other two?

~N '

\\
N,
\

Informdfionlfrom business, industry, school, Scouts, and
Similar sources  1s often given in percent. Tt 1is often more
convenient to. refer to the information at some later time if 1t

_is glven in percent than 11 it 1s given 1n another form.

.A few years ago the directop of a Boy Scout camp kept some
records for future use. Some information was given in percent,
and come was not.  The records gave the following items of

informatlon.

(1) There were 200 boys in camp .
(2) One hundred percent of the boys were hungry for the
Irst dinncr at c;mp.
(%) Fifveen percent of the boy: fopgot t~ pack a toothbrush,
and needed to buy one at camp.
(4) On the se:zcnd day at camp 4% bo ~ caught fish. (.
(5) One boy wantec to go home the first night.
(6) A neigr.cring camp direztor said, "Forty percent of the
novs at our camp will learn to swim this summer. Ve
siall teach 7“2 boys to swim.' - e
From (1) and (2), how many hungry bc,. came to dinner
the flrst day? b
. Of course we know, without computation, that 1007 of
anything 1s all of 1t. Then 100¢Y of 200 1s 200. The ansver
1s that 200 hungry bLoys onme to alrndr the first day.

v

KIS

1o
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From (%), how many extra tocchbrushes were needed?

- . =. 1 - 15
15%, means 15 100 or 166

The ratio of' boys without toothurushes to the total number
where n

E

o
of boys in camp is ?65 . Thils can be written
is the number of toothbrushes needed.

)|

0

. n 15 " .
) The ratio 555 ©auals the ratio T60 Since 15 of the

boys forgot to pack a toothurush. We write the proportion and

solve 1t to answer the question.

’ no 15

200 ~ 10C
100n = 15 * 200
_ 15 - 200

Y 100
— n = 50
50 toothbrushes werc needed.
Statement (&) says that ‘% boys caught fish. The percen

of poys who caught [ish can ve found. The ratio of the 44 <©oys

to the 200 boys in camp is -—=. Ir ¥y percent caught fish,

. - . N OO .
this ratic is T%ﬁ' Since the ratios are equal, then
L 3
SR A
- 00 100
#2100 = 00y
00y = 400
_ 00
¢ 7T T
Then ;7 percent 15 .. rpercent or 0o
e o C1' the voys crurnt Uilsh on the second day.
. - \
From Statemers () = can t'Ind the percent ot the LoYeE who
Ve homeslici.  One toy wianted Lo 7o none oo oast nlght. So
e arm o the pratlo of ons Loy Lo the Looal numLer o) voys, or
—— . P Voopercoent wanted Lo oco rome. we nave the ratlio Ti—
00 : 100
- 355
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These are equal, so

Then %% of the boy  wanted to go home. This may be read,
- "oae-half percent' or '..&-half of one percent", preferably the

latter. ‘
Be sure that you know the-~diffc¢rence between % and %%.

/ Other names for % are .5, f%, %é% , B0%.
( s :f:-d: 1 . .
) —! ’ =
T 1 7 1 5 o
Nther names for E% are <Tg55~ * %050 ° 160 ’ .005, .5%.
Which 1s the larger number L or l% ?  Since L A e
o2 20 27 . 2 100
so that #.= =1- we see that 1 1s ‘greater than L
2777~ 200 . 2 _ ‘ 27
Statement (6) of the camp .roblem says that 40% of the

boys in a neighboring camp would learn to swim; also, that 32
boys would learn to swim. How many boys are in the neighboring
camp? The ratio-of the rumber of new swimmers to the number of

I

. boys in the® - camp 1s ﬁ? where n -1s the number of boys in
thelr entire camp. The ratio 1s also ‘;g% . These two ratios

_ name the same number, oo

ho 32

100 ~ n

ton = %200
o - 2200
n = 50

"There were <0 boys in the nelgnboring caap.
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Now you have had examples cf all the kinds of problem: which

will arise for you in percent.
Notice that each kind of problem,although very different, was
solved by writing a proportion. We solved

In each case we found two different names for the same .atio and
solved the proportion. One of the ratios was always a sraction

with denominator 100. There was always one unknown number, but
it appeared in different places. Yet our method o. solution of

the proportion was always the same.

Exercises 10-3a

(Class Discussion)

1. Usually % of the plplls who buy season passes to school
events fail to use tnem. If 250 pupils bought passes, how
many pupils probably will not use them? Use these steps in

solving the provlem.

a. Explain where 180 comes from in setting up the solution

of this problem.

b. Explain where ?%%T comes from, if n 1s the number of
pupils who probably will not use their passes. '

¢. Explain why T%5 = ?%5 .

d. Find the value of n which makes the statement in (e)

true.

e. Would you accept an answer of 200 as sensible? Whv?
Y
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2.

PN

There yere 300 bdys in the school and 120 signed up for
track (practice. What percent signed up for track:

- a. Whay is the ratio of the number of boys who signed up

for ﬁ?éqk to the total number of boys in the school?
b. Call x- the percent of boys who signed 4o for
track.
c. Write a fraction for (b) wusing 100 as the denominator.
d. Write the statement that the ratios in (a) and (c)
name the same number.
e. Find the value of Xx which makes the statement in (d)
true.
f. Answer the question in the problem.
Is your answer a sensible answer for the problem?

Exercises 10-3e

.Problems 1 - 5 all refer Lo the same Juniof high school.

1.

There -2 600 seventh zrade pupils in a junior high school.

The pri.c.:.pal plans to divide the pupils into 20 sections

of equa” silze.

a. How many pupils will be in each section?

b. Wwhat percent of the pupils will be .n each section?

2. How many pupils are 1% o: the number of pupils in the
sevenrth grace?

‘d. How many pupils are 10 of the nurber of pupils in the

- seventh grade?

Suppose one section cortains 36 pupils. What pe nt of the
sevanth grade puplls are in that - 2tlon?

One hundred flifty seventnh grade puplls come to school on the

sch20ol cus.

a. VWhat percent ol the seventh grade puplls come by school
o ? '

L. Wwhat percent oi U.e seventh grade pupill come toO school

iy some other means?
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4. 1In a class of 30 pupils, 3 were tardy onz day.
a. What fractional part of the class do the tardy pupils
represent?
b. What percent of the class was tard:

5. Ore day the principal said, "Four per- 1t of the ninth graders
are absent today." The 1ist of absentees had 22 names of
ninth graders on it. From these two pieces of information
rind the pumber of ninth grade pupils in the school.

6. Find the missing number n which will make each of the
following statements true. First write a proportion, and
then solve it by the method you have just learned.

a. 504 of 75 1is n.

b. n percent of 43 is 12,

c. 150 1is 755 of n.

d. 1253% of n 1s 100.

€ n is 29% of 240. ~
f. 2 1s n percent of 40,

g. 30 1s n percent of 25,

7. BRAINBUSTER. My brother had #72. This was 300¢ of what

I had. My brother gave me % of his money. Now I have
300% of ay brother's mone;.‘ How much money do I have now?
10-4#. Ratio as a Percent, a Decimal, a Fraction.

There ars four common ways of expressing the same ratio.
You should be able to use any of these. They are: a {raction

in simplest form, a fraction ‘th 100 as the denominator, 2

decimal, and a nerrtent. It 1z necessary to ve skillful *n

writing different names for the same ratio in order Lo be free

to choose the most useiul srm.

w
™
O
D
N
<Y



10-4

Exercisus 10-4a
(Class Discussion)

I” you wish to write a percent as a decimal you may follow these

steps.
Example 1. 654 = 65 x 0.01 = 0.65
’ ’ 1 ~ ae
Example 2. 1a§% =12.5 x 0.01 = 0.125

1. Express the following as decimals: 17%, 2%, 3%%, 65%,
115%.

To write a percent as a fraction in simplest form, you may follow

these steps.

' Example 3. 125%

g = A= 65 _13
Example 1. 655 = 65 X 156 = 160 = 59
aoly 1 1 _ 25 1 25 1
Example 2. ;2§ﬂ = 122 X100 =3 X106 - 566 = B
1 125 5.25 _ 5
125 X 100 =100 = T35 = %

2. Express the following as fractions in simplest form: 25%,
10%, 5%, 65%. 1103, 200%.

To write a decimal z~ a percent you may follow these steps:

207 — 23 —
Examgle l. 0.23 = 23¢ or 0.23 = -1—66 = 23%
Example 2. C.05 = 56 or  0.05 = 25 = 5%
o ’ 1 47.2 ——
Example 3. 0.472 = 47.2% or 0.4h72 = 3190 Ly 2%
| 3. Name the following as percents: A5, L0455, L5, k25,
L. 25,

To write a fraction as a percent, 'ind an equivalent fraction

with denominator 100. Its numerator is the required percent.
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Examgle_l_ 3=m
l_ n
Solve 3 = T06
1 X100 =3 x n
‘ _ 100
n——s—-
- 1
n = 333

1
lzig._.
L ]

b 15 Bo
Example 2. What percent is 157

N
of-

Sir .e fractions cocn be written as decimals by Just carrying out
the indicated division, we could have done the previous examples

el .
this way.

Example 1. %
Example 2. % ~ .385 = 38.5 x 0.01 = 38.5%.

Note that 1t 1s necessary to use the ”approximately equal"
sign. Since the decimal for 'f% does not terminate, f% is
not exactly the same as 0.385. The equal sign cannot be used.
The two wavy lines w are used to mean '"approximately eguzi”.

371
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Exércisés lg‘ub

1. Write the following fractions in the form indicated:

b. 2= qhp = L ¥ B
o t5 o = - # T . 65 = 2 ¥

2. Write the following fractions in decimal form. Round to the
nearest hundredth.

a. %“ e. '1—01—'
b, 2 7 %%
4. % h. %é%

3. Write the percent form c? the decimaic in Froblem 2. Notice
that when you round to the nzarest hundredth in a decimal,
the percent :orm is : unded to the nearest whole percent.

4. Write tnhe -0l owlng fractions in decimal form. Rournd to the

nearest thousandth.

. 2 -5
— &\g e 7
©. -;—‘ T

c § 1-6

© 9 & 50

29 387

do ‘3_" h. m

5. Write the percent form of the decimals in Problem . To what

place do you round 7 decimal when you wish the percent form

to be rounded to the nearcst tenth of a percent?”

372
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If one of the four common ways

o! exXpresc!
given, you can find the otner itnrez.
a 23 o 7
Example 1. 0.2¢ = v55 = 207
0.1 = 7 =7 % = 7
_xample 2 = 077 =
.__.E._._ ! 10C
A
2 uo \ .
Example 3. == === = 0.0 = 0"
e
5.1
2= |
2 s o= TiAT L LT
Example - g 55 B G.n7
. T
xample 5. 2o = 3% = 07
Example > 1050 0
1G
—_— = 2 =
100 - %
!
In Example 5 we nad only three common ways ol
. 9oy N Yoy 1t
. ratios secause 766 and 756 are au Lite sam
in simplest form and fractlicng wit 300 as the
373
170

O
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Exercises 10-lUc

1. Fill *n the missing numerals in the chart below. The
completed chart will be helpful to you in future lessons.

Fraction. in Hundred
| Simplest form as Denominator Decimal Percent
a. % ng‘ﬁ ~+50 50 %
T
b. T
c- 15
d. .20
€. uo%
. . =
; 100
L] 'u
g
: S .33
0
1. E%o
Je .66
, 3
Ko |
1. .10 |
Iil. 90%
1
n. 8'
300
°- - T00
p. .375
| _d. I 150%
| 622
‘- —T06™
S. .01
e &
u. 100%
1-6§
Ve 100~ !
o | 2
374
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2., Draw a number line aﬁ? at points about 5 inches apart mark
0 and 100%.
a. Locate thevfollowiﬁg percents from Problem 1 on this line,
Estimate their posi%ions and mark the percent names below
the line. a, b, ¢, d, e, f, g h, n, p, t, w.
b. Mark these fractions above the appropriate points on the
' line.

i .1 1 2 1 3 3 7 4 2 3 5
'5‘: '3': A‘Z],': B’: L P '5‘: '8: g: '3': '8: B

3. Using squared paper, draw 5 large squares each containing’
100 small squares. By proper shading show the percents in
b, d, 1, p, s of Problem 1.

4. Wwhat fraction in simplest form is another numeral for

a. 32% b. 90% ' c. 120%
5. Express the following as percents.
13 1 3
e -2-5' b.. %o' C. ?(2) d. 10

10-5. Applications of Percent.

Percent 1s used to express ratios of numerical quantities in
everyday experience. It is important for you to understand the
idea of percent, the way it is written, and, also, to be accurate

in workihg with percent.

Budgets
A budget 1s a plan for spending money. Families use budgets
to help them work out how their money will be spent for food,
housing, personal needs, savings and other things. Governments,
businesses, and school systems all have budgets to show how they
plan to speﬁd thelr inccmes. Boys and girls in school often ’

have budgets, too. _
Suppose a family had a monthly income of $410 after taxes.

The family budget allowed 323% for food. How much money is
32% of $410°

9 04

»
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.The problem is to find m, the number of dollars allowed
for food. The ratio. %%% is known. Tell why this is khown.
The ratio E%5  is another way tc express the ratio of the
number of dollars allowed for food to the number of dollars of

income. Then
' m 32

1. 710 = 100 Tell why.

2. 100m = 32 x 410 Explain this step.

3. m-= 1légo Explain this step.
R &

4 m = 131.20

$131.20 1is the amount allowed for food.

Suppose the family rents an apartment for $78 perbmonth.
What percent of the family income of $410 per month is spent
for rent? The problem is to find the percent of income spent
§£f~fent. Let us call this ratio T%ﬁ . The known ratio is

' 0 1
TiG" Notice that this is about Tog ©OF about 5 A good estimate

then, 1s about 20%. It is always sensible to estimate the

answer before you work the problem.

r _ 78
TO0 - 10
_ 78 x 100 ‘
T =10 !
r 8 19.02

The percent of income spent for rent 1s about 19%.
i The wavy lines = mean that r .is not exactly the same as
{ 19.02 .sihce the decimal does not terminate in the hundredths
I place. The value . 19.02 is an’approximatiop for r. The rounded
; answer 19% 1is close enough for practical plrpos@b.

S ' - » 376 - ~

125



"10-5

Exercises 10-5a

Suggested Budget for a Famlly of Four

Take-home pay [$300 per mo.|$350 per mo.| $450 per mo.|$550 per mo .
Food 30 % 27 % 22% 22 %
Housing 30 % 28 % 28% 28 %
Personal needs 139% _ 13% 12% 12%
Transportation 7% 7% 9% ' 9%
Savings, Taxes 5% 10% 16% 169%
Others 159 15% 13% 139%
Total]  100% 100 %o 100% 100 %

1. Why should each column total 100%32
2, What percent of the $450 budgst is allowed fof-food?
5 .

. a. Write the ratlo in Problem 2 as a fraction with 100 as
the denominator.
b. Use £ to.stand for the number of dollars allowed for
food, and write the ratio of f to $450.
c. 22%, 1is about %. Use this to estimate the amount or
money spent on food out of a $450 income.
d. Use the ratios in (a) and (b) to write a proportion and
find the number, f.
.e. Check your answer with the estimate in ({¢).
4. a. Write the percent of the $550 1income which is allowed
for the item called "Savings, Taxes".
b. Find the number of dollars of the $550 income which are
allowed for Savings, Taxes.
‘c. Notice that 16% 1is between 109% and 20%. Then it
is between'f% and %. Hdw can you use this information
to check your answer?

5. What amount, according to the table, is allowed for personal
needs from an income of $300?

6. Find the amount allowed for transportation when the income
is $350.
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*10.

inst

. . Find the ambunt allowed for housing when the income 1s $450

a month.

Find the amount allowed for savings and taxes when the income
is $300 per month.

The Hughes family of "4 has a monthly income of $575 after
taxes. The amount this family spends for housing averages
$1%O a month. Find the percent of their income that they
use for housing, to the nearest whole percent. Compare it
with the percent allowed in the table for an income of $550.

An apartment for a family of 5 rents for $95 a month. If
the family.plans to spend 25% of the monthly income for
rent, what monthly income does the family need?

r

Commissions and Discounts

People who work as salesmen often are pald a commissicn
ead of a salary. The money they earn depends upon the sales

they make. A salesman, for example, may be paid a commission of

| 25%

he, s

rati
sale

of the selling price of the merchandise that he sells. I.
ells $12,000 worth, his commission is 25% of $12,000.
If ¢ represents the number of dollars earned, then the

o of the number of dollars earned to the number of dollars of
I 25 -
s 1s 17, 000" The commission ratio is 166
c _ B
12,000 ~ 100
100c = 25 x 12,000
c = 500, 000
- 100
c = 3,000

~

The salesman earns $3,000 on his sales of $12,000.
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The numbers in'this problem are easy and you probably could
think 25% 1s + and 7 of $12,000 1is $3,000. Other
situations will use numbers which do not lend themselves to short
cuts, Hence, the above exa2mple was solved in the general way.

Sometimes the percent of the selling price which gives the
commission is called the rate of the commission.

~ Definiticn: Commlssion is the rayment, often based on a percent
' of the selling price, that is paid to a saiesman for
his services.

Merchants sometimes sell artlcles at a discount. During a
sale, an advertisement stated "All cocats wili be sold at a
discount of 30#4." A coat marked $70.00 then has a disccunt cf
304 'of $70.00 or $21.00. .Tne sale price {sometimes called the
net price) is $70.00 - $21.00 or $49.00.

Definition: Discount 1s the amount subtracced fPOm the marked
' price.

Definition: Sale price or net pricenis the marked price less the

discount.
This felationship c3i1 be plectured as follows: -
/' Sale Price Discount
( e — Marked Price - —>

Sale Price + Discount = Marked Price

Marked Price - Discount = Sale Price

- : ' 379 .
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Example: Find the 8ale price of a coat marked $80 1if there
is 'a discount of 30%. Choose d to represent the
number of dollars in this discount.

d _ 30
B0 ~ 100
100d = 2400

_ 21400
d = 350
d = 24

The discount is $24. ,
The sale price is $80 - $24 or $56.

Exercises 10-5b

In the following problems it may be necessary to round some
answers. Round money answers to the nearest cent, and round
percent answers to the nearest tenth of a percent.

1. On an examination there was a total of 40 problems. The
teacher considered all of the problems of equal value, and
assigned grades by percent. How many correct answers were
indicated. by the following grades? '

a. 1004  b. 80  c. 54 d. 65%

2. On the examination in Problem 1, what percent did the
fullowing students recr:ive? 'Each grade is based on a total
of 40 problems. '

a. Emma: A1l problems worked, but 10 aniwers wrong.

) b. Muriel: 36 problems worked, all answers correct.
¢. 'Don: 20 problems.Worked, 2 answers wrong.
d. Bill: 1 problem not answered, and 1 answer wrong.

3. 1If the sales tax in a certain state is kg  of the purchase 
price, what tax is collected on the following purchases?

“a. A dress selling for $17.50
“b. A bicycle selling for $49.50

380

_1 12X -
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10.

A real estate agent receives a commission &f 59 for any sale
that he makes. What is his commission on the sale of a house
for $27,500? '

The real estate agent in Problem 4 wishes to earn an ananual
income of at least $9,000 from his commissions. To earn
this income, what must his yearly sales total?

A salesman who sells vacuum éleaners earns a commission of
$25.50 on each one sold. If the seélling price of the

" cleaner 1is - $85.00 what is the rate of commission for the

salesman?

‘Sometimes the rate of commission is very small. Salesmen for

heavy machinery‘often may receive a commiséion of 1%. 1If,

" in one year, such a salesman, sells a machine to an .industrial

plant for $658,000 and another machine for $482,000, has he
earned a good income for the year? What is the income?

A sports store advertised a sale of fbptball equipment. The
sale discount was 27%.

a. What was the sale price of a football marked at $5.98?

b. What was the‘sale price of a helmet if the m&rked_price
‘was $3.75? ' .

In Lincoln High School there are 380 =seventh gfade'pupils,

385 eighth grade pupils, and 352 ninth grade pupils..

a. What is the total enrollment of the school?

b. What percent of the enrollment is in the seventh grade?

" c. What percent of the enrollmert is in the eighth grade?

d. What perceat of the enrollment is in the ninth grade?
e. What is the sum of the answers to b, ¢, and d°?

Mr. Martin kept a record of the amounts of money his fanily
paid in sales tax. At the end of one year he found that the
total was $96.00 forvthé year. If the sales tax rate was

4% ,what was the total amount of taxable purchases made by the
Martin family during the year?

205 |
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Percents Used for Comparison

In some of the problems we have met, the percents were not
: Wholeupercggpsn "The fraction % changed to percent is 12%%.
Also, you have used %% and have learned that %-% may be read

‘~% of 1%. Decimal percents such as 0.7% are also used.

- A o7 T
0.78 = 0.7 X 755 = T8 = Togo = ©0-007

These are all names for the same number. If we wish to find
0.7% - of $300, we need to find n so that

n _0.7

; 300 100

100n = 210
n=2.10

0.7% of $300 ‘is $2.10

(0.7% 1is less than 1%. Since 1% of $300 1is $3.00, the
answer $2.10 1is sensible.)

1

Suppose that we wish to fina 2.3% of $500.

.

= 2.3
2.3% = 155
Find the number X X
. __=&2
such thgt 500 100
© 100x = 1150
x = 11.50

¢ 2.3% of $500 1s $11.50

A baseball batting "average" for a player is the ratio of the
number of hits the player made to his number of times at bat.
This ratio is ‘expressed as a decimal and rounded to the nearest
thousandth. The batting average can be considered as a percent
expressed to the nearest tenth of a percent. If the player has
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23 hits out of 71 times at bat, hils batting average is %%

or .324%. This is 32.4%. In newspaper reports the decimal
point in .324 i1s often omitted in order to save space.

‘ Sometimes, grades are called for to the nearest tenth of a
percent. A teacher may be asksd what percent of the number of
marks in his.class are B's. Suppose he issued 163 'marks, 35
of them B's. He wishes to find x such that

X - 22

100 ~ 163
163x = 3300
_ 2500

X = 153
X = 21.47

In the chapter on decimal notatlon you learned how to round
decimals. If the percent is called for to the nearest tenth of a
percent, 21.47 ... 1s rounded to 21.5%.

Exercises 10-5c

1. Find the batting averages of these four pléyers. Who has the
best average? 'Glve answers as (3 place decimals and as
" percents rounded to the nearest |tenth of a percent.

 Player Times at] bat ' Hits
George : 65/ 19
Max ‘ ™ 22
Bill 73 21
Tom 60 21

2. A nuf growe’> has found Shat %4.€% of the nuts that he grows
can be expected to be beiow standard. At this rate, how many
podnds of nuts will be below standard in a bag welghing 80
pounds? Express your answer to the nearest tenth of a pound.

383
2072
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3. When Mr. Davis built his new home, he found that the cost of
‘the land was 18.5% of the cost of the house. If the land
cost $3,330, what was the cost of the house?

4. The Lewis family has an income of $5,200 a year. If they
save $450 a year, what percent of their income is this?
Express your answer to the nearest tenth of a percent.

Percents of Increase and Decrease

Central City had a population of 32,000 (rounded to the
nearest thousand) in 1950. Thé population increased to 40,000
by 1960. What was the percent of increase?

' The "percent of increase'" asks for the ‘ratio of the amount of
increase to the original amount. In this case the increase is
40,000 - 32,000 or 8,000. The original population, or the _
population in the beginning, was 32,000. The problem is to find
g so that

_ 8,000
60 = 357?66

8,000 x 100
— 32,000

23

g

g

\
The percent of increase was 25%.. !

|
Notice that the percent of increase compares the actual increase

to tne original or earlier population number.

\

- — 32,000 ><—8 000+
100% . 25%
< . 40,000 >
384

240 -
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Hill City had a population of 15,000 1in 1950. If the
population in 196Q was 12,000, what was the percent of
decrease? The actdal decrease is 15,000 - 12,000 = 3,000.
If x ©represents the percent of decrease, then

15,000x = 300,000
x = 300,000
15,000 .
| x =20

The percent of decrease was 20%. Notice that the population
decrease is computed by comparing the actual decrease with the
original or ?arlier population figure.

' ‘ . ~

)

15,000 >
T 80% 20%
-— 12,000 ><3,000~>

;
i

If- the rents in an apartment house are increased 5%, each
tenant can compute his new rent. Suppose that a tenant 1is paying
$80. for rent. What must he pay in rent after the increase?

If x . represents the increase in rent, then

X _ _5_
BO - 100

100x = 400
x =4

The increase is $4.00
The new rent will be $80 + $4 = $84.

\
\ .

385

2494
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1.

2.

Exercises 10-5&
There were 176 pupils in 5 mathématics classes. The
semester marks of the pupils were A,20; B,37; C,65; D,Lo;
E,14, Give answers to the nearest ﬁenth percent, .

a. What percent of thelmarks weref A?
b. What percent of the marks WeI‘e-:"*"B?
¢. What percent of the marks were {C?
d. What percent of the marks were D?
‘e, What , ~rcent of the marks were E?

f. What is the sum of the answers in parts a, b, ¢, d,
e? Does this sum help you check your answers?

Bobls weight increased during the school year from 65 pounds
to 78 pounds. What was the percent of increase? '

During>the same year, Bob's mother reduced her weight from

160 pounds to 144 pounds. What was the percent of

decrease?

The enrollment in a Junior high schooi was 1240 in 1959.
In 1962 the enrollment had increased 25%. What was the
enrollment in 19629 '

~ Jean earned $14.00 during August. In September she earned

only $9.50. What was the percent of decreéase in her earn-
ings?

A saiesman of heavy machinery earned a commission of $U4,850
on the sale of a machine for $970,000. -
a. Find his rate of commission.
b. What can he expect as his commlqsion for the sale of
another machine for $847,500? ’

James was 5 ft. tall in September. In the following June

~ his height was 5 ft. 5 in. Both heights were measured to

the nearest inch. What was the percent of increase in hig
height? ’ '

285, -

bat Ul.)
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‘Do you know what your height was at the beginning of the

sthool year? Do you know what it is now? Do you know what
ybur weight.waé at the beginning of the school year? -Now?

A

a.' What is the berqut of increase in your height since last

‘September? ‘
“
b. What is the percent of increase in your weight since last
September? C
A baseball player mace 25 hits out of 83 times at bat.
Another player made U2 HiqS out of 143 times at bat.

a. What 1is the battlng average of each player?

~ b, Which player has the better record?

10..

An elementary school had an enrollment of 79C pupils in
September, 1960. In September, 1961, the enrollment was

1012. What was the percent of increase in enrollmernt?.

11.

12.

13,

14,

On the first day of school a Junior high school had an
enrollment Jf 1050 pupils. One month later the enrollment
was. 1200,' what was the percent of increase %o the nearest

tenth of a percent? !

Une week the school lunchroom receipts were  -$450. The
following week.the amount was $425, ‘What was the]percent of
decrease to the nearest tenth of a percent? '

A bady's weight usually increases 100#4 1in his first'six
months of 1life. '

a. What should.a.baby weigh at six months, if its weight at
birth was 7 1lb. 9 o0z.? T '

b. Suppese that the baby in Part (a) weighs 17 1lbs. at the
age of six months. What is the percent of increase to the

B

nearest percenc?.

During 1960 a family srant $1,490 on. food. “In 1961 the
same family spent $1,95C on fond. What was the percent of
increase 1in the money spent. for food %> the pearest percent?
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#15. During 1958 the owner of a business found that sales were
below normal. The owner announced to his employees that all
wages for 1959 would be cut 20%. By the end of - 1959

the owner noted that sales had returned to the 1957 1levels.
The owner then announced to the employees that .the 1960
wages would be increased 204 over those of 1959.

Which of the following statements is true?
a. The 1960 wages are the same as the 1958  wages.
b. The 1960 wages are less than the 1958 wages.

¢. The 1960 wages are more than the 1958 wages.

~

Interest

The charging and payment  of interest are important in business
affairs. You.may have nnticed this. Savings banks advertise that ,
they pay 3% or 4% on savings. Lending companies advertise that
they will lend money at 6% or 7%.. The numbers. change but the
ideas of percent remain the same. )

Everyone knows that if you live in a house or apartment which
_ belongs to someone else you pay for this privilege. The fee you
pay 1s called rent. * ' .

B - In the same way, - -1if you arrange to use money which belongs to
someone else. you pay for this privilege. The fee you pay is
called interest. If you have money in a savings account you
receive the interest, for then you are the :lender. The rate of

_Jrterest whien expressed as a percént is usually considered the
rate for one year. : ' ,

The amount of money ugpon which the interest is paid 1s called
the principal. The ratio of the interest to the principal is -
called the” percent (or rate) of interest.

B 388

LS A
v
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| Example: At the end of the yéar Marie received $13.50°

" interest on her savings account of $450. Her
bank paid 3% on savings for one year.

$450 1is the principal. $13.50 1is the interest.
39, 1is the rate.

;‘ " a, How do you find the rate when you know the
interest and the principal? The rate is a
percent. Let T%G represent the ratio.
This is the same as the ratio of interest
to principal. So .

T%ﬁ - 13Mgo

13.50 X 100 .
- &m50

TR T The rate‘is 39@;
e T -, b. How do you find the interest when you know the
rate and the principal?

The rate is 335 or Tg6 . The interest is n
dollars and the ratio of the interest %o the

prineipal is Hgﬁ .

: 3 _ .n
3 x 450 _
100 = n
{ 13.50 = n
The interest is $13.50 -
¥ :\\ )
389
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1.

2.

>3
b,
5.
6.
7

8.

9.

c. How do you {ind the principal when you know
' the rate and the interest?

100
$13.50 and the ratio of the interest to the

The rate is -3% or -2~ . The interest is

principal, p dollars, is 22220

s = 5>

3p = 1350
p=)450 BN

}

" The principal is  $450.

' Exercises 10-5e

Find the interest for one year on $1,800 at Leg |

wWhat is the rate if the interest for one year on $1,250 1is

What amodnt of interest will $900 earn -in a year at 3%% 2
What principal will earn $42.50 in » yeas at 562 '
Find the interest on $250 at 4% for a year.i

Find the interest earned in one year on $3,500 at 3p

The -interest for-one year on- $800 1is $28. What is the

~ate?

Mildred'earned $1.80 'in one yearﬂon'a sum of money she
deposited at  4x%. "How much did she deposit? (That is, find
the principal ) ' . :

Veryl deposited d350 in a bank which paid 4% ~interest
per year. . At the end of the year she decided to leave her
interest in the bank. How much did she then have,, altogether,

in her account?

390

‘ O e
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*10. In Problem 9, Veryl kept her money in the. same bank for
another year. How much did she then have at the ¢nd of this
second year?

-~ 10-6. Summary.
v ' In order to prepare for the ideas of percent, you learned
f.about ratio and proportion. You willl use the principles of ratio
_ end bfoportion in your later work in geometry and in numerous
' applications.to science problems as well as to problems of
"business. ,
Percent is widely used in practical affairs. Everyone must
Know how to deal with problems involving perbent Only selected
examples of the use of percent can be included in this chapter,
but any persent problem can be solved by the methods developed
in this chapter. All you need to know 1is how to translate the

facts of the problem into a proportion ‘and then solve the !

prOportion.\
' The ratio of a number ¢ to a number .d. (d # 0) 1s the
- . quotient F. \ T L :

N

The Comparison Property: If % (b £ 0, d-% 0) then
-d=Db-ec. ' o s

‘Any fraction, %: can be expressed as a percent by_fipding.
= _a___-_c R v ) l o
¢ so thst 5 "—56 = Ch.

-

.Any fraction, %, can be written in décimal form and ﬁﬂen

expressed as a percent by finding éf.SO'that, %-:_c X .01 =c¢c %.

The sign ~ means approximatelykequal.'

A budget is a plan for spending money. The ratios of the
separate parts to the total income are often expressed as percents.
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A commission is the payment to a salesman for his service.

18 often based on a percent of the amount of his sales.

A discount is the amount subtracted from the marked price.

The sale price 1is the marked'pfice less the discount. -

'The percent of increase or decrease is the rati: of the
amount of increase or decrease to the original amount.

Interest is a fee paid for the use of money.

\

The principal is the %mount of money on which interest is
paid. It is the amount borrowed or loared.
The rate of interest 1's the ratio of the interest to the
- principal. The rate of interest is stated as a percent.

10-7. Chapter Review.

-

Exercises 10-7

—

1. Write the retio éf
a. 22 to 24 ' ;

b, 63 to 56 |
" 2. Which of the following ratios are equal?

22 8 48 54
a. 97 % . o ¢- 15 1B
b L4 18 q. 18 T2
. —7" ) '8_ . 717 ’, 6'8'
Y
392 \

It
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- 3, In each of the following find the number for ¢ winlch will

make the statement true., *

20 _ ¢ ' 3._ 15
a. -B-__Q- c -5-——-75
b, Lo 19 81 _12
b 50 = 30 d. 66 =T .

4. A plecture 4 1inches wide and 4% inches high must be
reduced to fit a 2 inch newspaper column. How high will the

 picture in the newspaper be? ‘ '

5. *A trianglé has sides of léngth 11. inches, 8 inches, and’
6 inches. In another triangle, the measures of the sides
have the same ratio. The shortest side of the second
triangle is . 9 1inches in length. Find thezlength of each of
the other sides. ’

6. Write the following as percents.

, - 2 1

.a- .02 . b- -955 c. ‘3‘ d- '8'

7. The monthly take-home pay for the Donovan family 1s  $400.

The payment on the mortgage for their house is $80 a month
' What percent of the Donovan income is nepded to .pay the
mortgage? . - S

8. If the u4%  sales tax on a new car was $108, what was the

price of the car, not including the tax? '

' 9 The records of Central High School show that about 76%
' thﬁ students can be‘expectedvto buy the-yearbgok. The
enrollment this year is - 1862. How many pupils can be
expected to buy the book this year?

‘ lb. Mr. Stephens earns a commission of 40% of his sales. His
_sales in October amounted to $2 450. What was his commission
"in October?

\ Boys! sweaters marked at %lé.db were on sale at a discount
of 30%. Find the sale price. : !

] _
en calls on coin telephones increaseéd in price from- 5 cents
o 10 cents, what was the percent of increase? '

'

33 .. . <
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13. State the propefty.of equalirationaltnumbers which is useful
e in solving a proportion. S Y
" Use- %% = %g in your statement .-
.14. The baseball team of Room 106 won 13 games of the 16 the
boys playpd. The. Rcom 107 team won 15 games of the 18

they played. Which téam had the better record?

15. Find the interest on $1;050 at 3% for one year.-

10-8. Cumulative Review.

-

Exercises 10-8

1. True or False: o ‘
‘ a. Every number can be completely factored in only one way.
b. In the base twelve system 7 X 9 = 53twelve'

¢. The nuheral "y  (four) has the same meaning in the
base five system of numeration as 1in the base ten system

of numeration. o

2. 1In which base has this multiplication been performed?

123
22
312
1101
o 11327 -
3. Write the numeral for 17:’1n
a. Base five
b: Base eight - .
c. Base two . L e

4, Use the associative property of multiplication so that this
" ' product can be found easily:

3; - 5.2

394
CR12.
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5.

10.

b, The set of points rn K§>_ ‘B

Write the following statements in words: ;
. S _ /
a.  8< 12 . /
b. 34> 32 :
c. 5>3. > 2
Btate the commut\tive property for addition using the symbols
a and b for apy .whole numbers.
The following points are suggested by.objectslin your.kitchen.
Point A is sug ed by the refrigerator handle. Point @B
18 sugbested by a foot of the kitchen table. Point C 1is-
suggested by the faucet on your kitchen sink
a, How many different planes contain A and B?
b. How many different lines contain A and C?
¢c. How man& different planes contain A, B, and c?
In each case, describe the union of the two sets'given below:

8. The set of points on the <A c
v -~ 8ide of Xﬁ and the A . E
_side of D,

N .
./ : ’ . . >
L v ) .

Do
O

and the set of pOintS on, _
AC. .

‘ Write the larg>r of each..of the following pairs.

2 4
-8 5 0
b. 13, %}

PRI o

Perform the following operaﬁions.
a. (6.04%'+ 5.07%) - 2.909
(8.326 - %.041)- 2.998
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11. Write the following as percents,

) a. % : c. %.
) b. .026 a. %

12. The Fairlawn basketball team won 18 games of the first 25
played. The team .won 5 of the next 9 games. Did the
| - team improve its record?

13.. Perform the indicated operations and simplify:

a. ;:x 7 f. %-% 2 )
b-,,4‘X %l g. 6 %-%

o. 3t h. 245 ‘
d. %—x'% . 1. 10 + %

e. 3 131 J. 30+

_i&._iFind the following produéts.
‘a., .25 % .03
b. .002x .7
c. 1.2 x .35
C d. 3.26 x .04

15. Find the following quotients.
a. .0312 + .3
b. 2.35+5
c. 1l2.08 = .08
d. .612 + .4
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‘addends, hor
addition

in base five, 42-46

of decimals, 315-316, 339

of rational numbers, 221-222, 224, 226
on. the number line, 270, 300-301

angle, 247-249, 250-251, 263

definition, 247; 263
exterior of, 24é
interior Ofﬂ8248

-notation, 2

of a triangle, 250
sides, 247
vertex, 247

approximately equal to 371

‘assoaiative propertg 91 110
3,

of addition, 82 110

" of multiplication, 83 éu é é6 91, 110
Babylonian numerals, 19

s base, 23, 31, 65, 66
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base»chaﬁginﬁ 55« 56

& ‘base five, 3

addition, ﬂ6

"division, 53

-multiplication, L49-52
‘subtraction, 47-48 -

~'base seven, 57, 58
base ten, 28, 34, 35, 36, 64, 65, 66

base«twelve, 59- 60, 65

base two, 60-61, 65
betweenness, 100-101, 110, 235
binary system, 60-61, 65
boundary, 242, 260

budgets, 375-376 .

closed regiony 260

.closure, 92-93 106 110, 216, 218
commission, 37é :

common factor, 162 179 -
common multiple, 174

commutative property

75- 81 91, 110
of addition, 80, 85, 91, 110
of multiplication, 8o, és 91, 110

Comparison Property, 281, 302, 321, 356, 391
complete factorization, 162 163 179
complex fractions, 294-296, 302

composite numbers, 164~ 165, 178, 179

_counting numbers, 73-74, 92, 102, 105, 106, 107, 108 109, -

153 166 178
curve, 258 , ; /o
broken-line, 258 , '
simple closed, 258 :




‘decimals
addition of, 315-316, 339
division of, 321~323, 339
expanded form, 312, 339
expressed as a percent, 370
multiplication of, 319, 333
notation, 309, 312 339
numerals, 21
places, 309
point, 309
rational numbers as decimals, 325 332
‘repeating, 326-332, 340
rounding, 335-337, 340
subtraction of, 317, 339
. system, 21, 22, 23, 65
deriominator, 208, 278 280
digits, 22, €5
discounts, 378 380 :
distributive property, 86-90, 91, 110
divisibility, 166-172, 178
© by-two, 1 167, 171
by three, 169, 171
" by four, 17p, ex.6, 171
by five, 169, ex. ﬁ 171
by nine, 170, ex. 5, 171
by ten, 169, ex. 3, 171
tests for, 171- 172, 178
divisible,\166 168
" division
in base five, 53
meaning of, -192-19%
of decimals, 321-323, 339
of rational numbers, 192- -194, 216-218
on the number line, 272-273 .
. duodecimal system, 59-60, 65
Egyptian numerals, 17-18
elements of a set, 70, 110, 134 250
empty set, 134, 147 | :
endpoint, 236
" equivalent fractions, 211-212, 297-298 .
. Eratosthenes, sieve of, 155
Buclid; 113
Euclidean geometry, 113
even number, 75, 167
expanded form, 27-29, 65
"in base five, 40
: in decimals, 312 . ;
exponent, 31~ 32, 65 66
exterior
of angle, 2&8
of simple closed curve, 259 |
of triangle, 251 e




_ factor, 31 66, 160-166, 178, 179

&

o) multi_pleJ 154, 173-175, 179

. * of triangle,’ 251.

, '

common fadtor, loz, 179 o

_fractions, 185, 189-190, 302

~ comparison of, 278, 280 281-282
complex, 294-296, 302
definition, 189 .
, equivalent, 211-212, 297-298
\ expressed as decimals, 571, 391
. expressed as mixed numbers, 287-288
‘expressed-as percents, 370, 391
improper, 284, 302 :
-proper, 284, 302
Gauss; Karl. Friedrich 5

" geometric line, 116, 126
. geometry, 113, 144
" greater than 10

“half-line, 2&4 263

half-plane, 243 e
half-space, 2#2
Hindu-Arabic system, 21

" identity element

for addition, 106, 110
fen\myltiplication, 103, 110

' if-then statements, 1-2

improper fractions, 284, 302 :
expressed as a mixed numnber, 287-288

interest 388-390

. interior

‘ot angle, 248 ' ) ‘
of simple closed curve, 259

intersect, 117
intersections, 117, 133-141 145 l4b 147
lines. and tlanes, 140, &6
sets, 133-13%, 145, 147
. two lines, *17, 137-139, 146, 147
twé planes, 135-136, 140- 141, 146, 147
inverse operations, 9,—98 110 :

.K6nigsberg Bridge problem, 13-14

least common multiple, 173-175, 179, 224
lesss than, 78, 101, 110 .,
line, 116-~118, 126, 132, 145, 244
separation, a4y’ :
lines and space, 116-119
logical reasoning, 2
marked price, 379
mixed.numbers, 286, 302
addition of, 289 290
diviesion of, 293
expressed as improper fractions, -.289
multiplication of, 293
subtraction of, 290 291
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miltiplicand, 160, 179

multiplication -\
‘in base five, 49-52 \\;
of decimals, 319,- 339 B,

of raticnal numbers, 203-210
~© ___on the number line, 272
- multiplication gropertyipf 0, 200
‘multiplication property of 1, 322
multiplier, 160, 179
naming lines, 118, 126, 132, 145
naming planes, 127-129, 145
- maming points, 114, 145
- net price, 379 . .
non-metric geometry, 113, 144, 235
not equal to, 78, 110
number 1line, 100-101, 110, 269-283, 300-301
" numerals, 17,.64, 66
numerator, 208 = -
odd. number, 167 . -
. ‘one, the number, T4, 102-104, 108, 110, 153, 178, 179
' . ' one-to-one correspondence, 73, 253-254, 263
order . - :
of rational numbers, 278, 301
parallel lines, 138, 146, 147 .
parallel planes, 141 ° g
percent, 360-367,.370
applications, 375-391
' . expressed as a ‘decimal, 370
expressed as a fraction, 370
of increase and decrease, 384-385
used for comparison, 382-383
perfect numbers, 173, '
place value, 22, 23-24%, 28, 39, 55, 66, 313
plane, 120-124, 127-129, 1h5, 243 :

. separation, 243 .
point, 113-11k, 126, 145
point of intersection, 117

- positional notation, 312 .
powers, 29, 32, 66 ;
primes , 155-158, 178, 179 -

~ prime factors, 162, 163, 178

prime numbers, 156, 178, 179
L twin primes, 157, 158, 159
.principal, 388 . _
product of two rational numbers, 207-210:
proper fractions, 284, 302
properties of one, 102-104, 108
properties of operations with numbers, 200
properties of zero, 105-108 . o
proportion, 355-356 ) %
definition, 355 : .
quotient of two rational numbers, 218
rate, 350 ‘ v .




. RN ,
rate of the commission, 379
rate of interest, 388
ratio, 188, 347-35h .
" definition, 347, 391
expressed as a percent, decimal, fraction, 369- 373
rational numbers, 185, 187, 189~ 190 229-230, 269
- ,addition of, 221-222, 224 226
comparison of 276, 278, 280 281-282
decimal form, 325-332 .
definition, -188, 190, 195
division of, 192-1Q4, 216-218
expressed as mixed numbers, 286
multiplication of; 203-210
on the number 1ine, 274~275, 276-277
operations with, 230
order of,' 278, 301
product’ of two rational numbers, 207-210
. Quotient of two rational numbers, 218
'Jsubtraction of, 226-227
..—'sum of.two rational _numbers, 226
ray, 246, 262
notation 246
reciprocals, 215, 296
region, 260,. 263
closed, 260
repeating decimals, 326-332, 340
" Roman numerals, 19-20
rounding decimals, 335 337, 240
- sale price, 379 {
segment, 235-236, 2‘62
notationﬂ 236
separations, 241-244, 263
of line, 244
of plane, 243
- of 'space, 242 :
set, 69-71, 110, 113, 133- 134 147, 238, 239
1ntersection of, 133-134, 145, 147
subset, 239
. union of 238, 250, 262
gimilar triangles, 359
simple closed curves, 257~ ?60 263
exterior of, 259
intsrior of, 259
skew lines, 13é 146, 147
. space, 113, 117, 119, 242 .
separation, 242 .
-straight line, 116
subscripts; 132
subset, 239, 262
. subtracuion ,
'in base five, 47-48
-of decimals, 317, 339
of rational numbers, 226-227
on the number line, 270-271, 301
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sum of two rational numbers, 226
symbols, 17, 66, 126-129 :
greater than), 78, 101, 110

>
< (less than), Z , 101, 110
# (not equal to), 73, 110
s (approximately equal to), 371
'+ (times), 78-79, 1107 :
‘e {11ne), ‘118, 1#
— (segment), 236
A (trian les, 250
/ (angle), 248
= (ray), 26
n (intersection), 134, 145-146, 147
v (union), 238 '

times, notation, 78-79, 110
triangle, 250-251, 263

angles of, 250

exterior of, 251

interior of, 251

notatiorn, 250 -

sides of, 250

similar, 359

vertices of, 250
twin primes, 157, 158, 159
union

of sets, 238, 2507 262

notation, 238 ]
unique factorization property, 166
vertex .

of angle, 247

of triangle, 250
whole numbers, T4, 97, 105, 110, 178
zero, T4, 105-108, 110, 175, 17é
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