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L %/;:/ Over a period of several,years mathematics educators haye been interested
S .

o
ted in the ability of teachers of elementary and secondary school mgthematlcs to
(-
o~ 'use propositional Iogic. 'Evidence of this interest abounds'in~several forms:
\_r\ N 4 . . ‘. . . ! " .
— many programs for preservice training of mathematics teachers require course-
W work on elementary logic; a large proportion of elementary teachers' textbooks

on mathematics and mathematics methods include chapters or units on logic.

-
v

-

2 'Logi is among the topics WIth which the Comnii ttee on the Undergraduate Pro-
gram in Mathematlcs (1971) recommended elementary and secondary teachers of
mathematlcs be conversant, and‘the National Council of Teachers of Mathematics, “f

{M> in its Guidelines for the Preparation ot Teachers (1974) made a simiTar recommen -

’ -

+.y dation.” Artlcles such as. the Exner-Hllton debate (Exner 1971 Hllton 1971)
have appeared in Journals devoted to the teach|ng of mathematlcs and research
on teachers' Use of Ioglcal connectlves (Gregory 1972, Gregory and Osborne'
1975) and thelr abullty to make |1ferences (Easterday and Henry 1978 Elsenberg

and McGlnty 197#' Janssaon 1975, Juraschek 1978) has beep reported in Journals

7

.-
devoted to- résearch on’ mathematlcs educatlon.
- ' : However,:there is ple evidence in many of the same $ources that whlle
' : loglc mlght be Judged lmportant it-is not cons|dered "all that |mportant'l by iz :
-
mathematlcs educators, .Although textbooks or programs may include chapters .
‘,c or cburses on Iogic' these units are generally infégrated poorly, if at all, |

°

Lo . q é §
‘with the-re inder: of the text materlals, indeed textbooks on Wathematlcs for
e h S i ‘ ~

- . > ' . - -
% 4 - - - . -
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elementary teachers_frd?&ently include logic as ‘the last-chapter, thus clearly
. ' i ? ’
. demonstrating the independence of the preceding materlal from logic. , Eisen-
- ‘ ‘ . L ‘
berg and McGinty (1975) have examined the contents of textbooks for e\ementary

teachers to determine the ceVe[age of~logic and»concluded that itAwae genera!ly
~inadequate. The erter haelexamined one pppular mathematics textbookvékelley
_‘and Richert.;%?o), coeing all eEes of 1Q%ical connectives and cencluded that

.except for a:}ew difficulttarg enjts (e.é., the'Fundamental Theorem of Arith;
‘ me \c) understandlng of d|5Junct|ve,’condltlonal, or bltondltlonal connectlvegv

or- constructlons issunnecessary to an understandlng of the text content

Thls‘flndlng is not entlrely |ncon5|ste t thh the statement
Committee.on the Undergraduate Program in Mathematics (197I9i

cen the elemen ary notions of logic such as logical

connectlves, egation, and the quantifiers. should

be, trea; xplicitly only after attentior has been

« 7 calle )nf'nn 1ly fo_their uses ip other mathema-
tical contexts. Indirect proofs apd the use of _
counterexamples aride naturally and sh®uld be | ‘
stressed when the structure of the number systems
is examined.| However, in the final stages of an. )

. elementary tgacher's training it is useful to : :
return to ldgic in a more explicit way.....™ ‘.. \¢

However the ability of preservice ePementaryiteacher§ to Lepe with indirect

’

progf and:the use of counterexamples in the absence
\

use of pr03251t|onal Ianéuage and® legcc has been questloned, at least: -

f prior traiming on the

formally, by many teacher educatorsfcharged WIth teachlng the strucfure of

the number systems to preservice teacheqs.' : _ . ’

S . : E
Perhaps-it is ;his nagging question which has Jed researcherS'such as

—_— . -

Easterday‘and Henry (1978), Elsenberg and McGlnty (1974), Jansson (1975) and = -

Juraschek (19780 to examvne performance of preservice elementary teachers on

0
tests of |nﬁenence, The résults of-these studies have revealed podr performance -

N - . - . . .
* . . ° . Il
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on items inveiving.diéjuhc;ive,,conditionaﬂ;'and‘biconditional statemenif(
However, jt'ehould be noted that the test items used by these researchers did

: . : G ~
not refer to mathematical.concepts or arguments, but-rather to familiar objec{g

[y

cars,'bikes,'sisters;'etc“) There wou}d a ear to be no reason to belleve
! PP

tl

that tralging such as that recommended by CUPMvshouId generalize to the collo-
. oo D

quial contexts of thesé |tems,' nor, conversely,.is it QbVIOUS that perrormqqg..ﬂ'
on these items should tran,fer to mathematacal contextsg%z?hus the importance; /S

of these stfidies to the concetns of CUPM and others i's un&lear.” Moreover, even

if the relevance of these studies is established, :they provide littTe direction e
to the teacher eﬂﬁcator; - a L . C
™ / _ - S

< . v '

</

The pprpose of the analyses and studies described below is to construct

Purpose, Assumptrons, and Deflnltlons

an organizational model, analpgous to a learning hierarchy, which. at once,

-

'exhibits relationships among preservice teachers' skills in the use and N

«
|nterpretat|on ofeloglcal cognectlves in mathematlcaN contexts, %?d prOV|des
N ‘ v

:

‘dy/egtnon to teachers of courses on mathematics and mathematlcs me thods who
® “»,

seek to acquaint their students with“those notions of 4ogic/recommended by

CuPM. . - ; Y o, .
. s o - P R -
. A major assumgtion underlylng this effort ‘asserts that one of
> the principal factdrs determining the ablllty of individuals to use
and interpret propdsitional language in a manner consistent with
deductive logic, as well as thesappropriateness of that usage, is
. the context in which,the language is presented or requested. The ' . '
context.has at least three aspects: (1) the concepts or phenomena
with which the-statements deal, (2) the availability of additional
*information concefning the conce or .phenomena, and’(3) the »
‘ nature of the interpretive task. What i$ '"'natural'’ or lanU|s;{Eally
*  appropriate in some contexts might be nformal’ or even artificial,
\ * as well as- l*egﬂlstlcally ﬁnapproprlate, in other contexts, and vice-
. versa. The- fundamental relatlonshlps between logic and mathematits -
’ |moly an a EFIOF 1mportance to. loglc in mathematical contexts; ‘

3 ' . .
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* moreover, these ]atIOnShlpS lend a “natural“'character to pro=- .
positional statépénts about mathematical concepts. .- Ral

Parts of this aﬁgmmptlon are bolstered by examination of the
‘research literature on the use of logic. Although the effects of ¢

mathematical vs. nonmathematical contexts have not yet been” S
sufficiently ‘studied seyerad differences are apparent when one” _
‘compares the results' of studies 4n different contexts. The most @ . .

(e.g., Jurashek 1978) using tests concerning nonmathematical )
concepts.or -abjects have found strong evidence .that subjects in- __-
terpret the word ''or'' exclusively.  1in two studies asing mathemac
tical concepts (set membershipypodd and evem numbers)., on the other
hand, Damarin «(1977a, 1977b). found, that appfoximately a-third of
. the subjects interpreted ‘'or" inclusively, e hal f\of Epe sub-
jects treated "or' as if it were Yand;'" no SUbJeCt onsistently
+ treated 'or'' as an excluslve d|sJunct|on. ‘ '

i

striking of these concerns the disjunction. Several researchers ~‘J .

n
1 ! . '

. / T \\
A second assumption is that the |mportance of elementary teachers' under- 1\\
stanﬁﬁng of loglcal cdhnectlves is complex. Not/only should teachers be able

. o .
to draw.valid inferences, frém clearly stated pairs (or strings) of statements:®

v

they‘should also be’ able to. translate such statements into other fonns such ds" &

"

/
equatlons,lnequalltles, and l|st|ngs of truth sets, and conversé’y Indeed

some of these translatlonal abilities are necessary to the full understandung

N LY

of the statements, ‘and, therefore, to the consnstent drawnng of appropriate’
: ' /
_|nferences. The forms in wh|ch statements and the|r transtations are pgesented

 Will be called ”presentatlon modes.ﬂ) B

< R

At least three modes of presentlng |nformat|on ¢pncerning

e mathematical relations among. variables_ as' they yange over dichot~-
omously partitioned sets (e.d. odd and._even |ntggers, zero and. R .
v nonzero counting numbers, etc.) can be identifie These three ‘ '
presentatlon modes are: 7 : N B
- Logical statements: Simple statements (p,q) or compound .
T statements in the forms 'p anS'q "!p or q,!' "if p then \
,'' and ''p if and only if q;'" neither p nd/kq refer . a"
?nrectly to mathematical operaticns. -

‘- Mathematical statements* . Simple statements whose subjects
are (the results ‘of) themat|cal operatlon%fror state-
ments (e. g. eqdatlon.“v-xpresslng mathematical relatlo?s

[ 49
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- Sortings of the set of possibilitiegf\ Partitions of the
set of possible ''values'’ (with respect to thg dichotomous
partition) of the variables into '‘true' and ''false' sets.

v

. Examples of these presentation modes fer situations involving two variables - .

- and the partition of the in{pgefs'into classes of odd and eygn‘hdﬁbers ?re P
- . : S - e | ey
presented in table 1. ‘() ! S

r

L

- _ Table '1 :
Presentation of E!Livalent information in 3 modes'

~ Mathematical * Logical . - Sorting of thef;eplacement set
-, Statement . Statement o » ' (. -
S . . )
M+ Nisodd  Miseven if and Truth set: ™ S _ |
) . ) conly if N is odd [(M odd, N even), (M even, N odd)] - ¥

Complement: .
. [(n odd, N odd), (M even, N even)]

M x N is even M is even or N is Truth set: '
s ~ ' . < even ¢ " [(M odd, N kven), (M even, N odd),
TN - _ (or) (M even, N n)l : ’
' . If M is odd, then Complement:
N is even =~ =, [{M odd, N odd)]
M'x N_is odd M is odd and N” is- Truth set: .
| - “odd " [(M odd, N odd)] o

, \ (
Any piéce‘éf,informationAwhich can be presented in.one“of these ﬁ;des can
also Le stategjbg.either of the ofhgrs; t(anglationlfrom one mode~to another js
“;Trequéntly‘a.crltical componentLpf’Tﬁéirect_proof aﬁd;of thé identification of

counteregxamples. There are six trgnsfation'fasks which can be ?ég?;rmed among

the three"modes; these ar{«identifféd'and ngmgd‘in table 2,

~

o R See next page for Table 2 L S

[N . - : - -

,lx
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L} . o .- {
» v . Table 2 oo - ,
Descriptions of six translation tasks : N . !,“
L] 4 ' ‘ 1]
L ‘ .
Task Name Translation-Task\V\
~ ¥ s .
L Given“a Iog|cal statement, sort the set of pOSSIbl]ItleS by »
' indicating for which poSS|b|l|t|es the statement is true.
0 w . ® . ) . P
M Given a mathematical statement, sort the set of»possibi'lties
by indicating for which possibilities the eatement is true.
- : . : !
\ LM . Gfven a logical statement select an equivalent mathematical
~statément. :
~—ML ‘ Given a mathematlcal-atatement select an equnvalent logical = -
! . ' - statement. . 1 ' .
- s ' /
S Given a sorting of the set of p055|b|l|t|es select a loglcal
b\ N ° statement descrlblng,the 'true set. RO
Mt -Giverm a sorting of the set of pOSSIbI]ItIeS s&lect~a ma he-.
»matical statement describing the true set..
B Y S . o . T * -

. s . . R (Y .
Questions concerning the relationships among these tasks and betweenﬂthese
tasks and the inference process canbe posed at many levels. Are these transla-
. . > - i . J‘ ‘ ‘e . . r ( .
tions’constituent parts of ‘the infe?ence process? Do some translatP&hs occur
‘v 4

a

as\parts of others? For example, does perfonnance of translatlon M con54st
of perfonnlmg fIFStFL and then M'? Can |nd|V|duals who can perform one trans-

latlon also perform itfs reverse? . Can translation LM be performed by persons
who cannot perform translatlon L7 7ﬂg§erous other questlons mlght be addﬁ%ssed

It is not the purpose here to address the questlon of whether the trans-

-
- 7

] on proceSSes outlined above\are actually |nvolved in the cognltlve pro-

w ) .
- cessnng of statements and'the extractlon of'lnferences from them. Rather the

point of‘view adopted—+s\th§t |nd|V|dq%;s dpaw |nﬁ\fgnces on the basbs of thei'r

o i

X' understandings of the meanings of statements and that the dep of understanding

- N

- f . : : . . " * :
L » . : » R ) o . . >
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tion“errors. The model described below is thesefore posed, fjot as a potential .

model for the actual cognitive processing of statements, bdt rather as a mod

“"The Mode . 4 .

, , y . .
and forth between logical and mathematical modes. ~ -

- . N .
S : . . . -
. - - " "
- : . . ! L4
, .

v - '
. \)
is related to the ability to translate the statement to‘équﬁ?alst statements .
. N . - ) / "‘- .

in,the"same mode or in other modes. M?reoven, systematic errors in inference.

-

can be Explained by misunderstandings which are revealed in systematfc tFansla-

i
I

of the orgaﬁization of skills related to the understa ing of, translation

and inference from statements about mathematical concepts ‘and variables.

. ) ) e S * . a T . . . )
- . . ot . -
’ . " va - , R . ' ' . _)'

. ! b.
The understanding of mathematical arguments proof, and counterexample is

>

dependent upon the understandung of mathematical statements, understandlng of -
\

'loglcal statements, and theqability_to make transtations and oomparisons back

N e

ok ﬂhe undersmandlng of statements in each mode - has “two aspects-' |n2erpret|be (™
RS s e
understandlng,w |ch .5 operationally deflned~as the ab|l|ty td qartltlon the

4

)‘
/

replacement\set into the t}uth set and itd complement and constructlve under-¢ .

1 »

tandlng thCh IS the ability to use the statement to descrlbe the approprlate
’ 3

sortlng for the replacement set. The ab|l|ty to make translation L or M listed

i
in table 2 is indicative of |nterpret|ve understandlng of the glvenjstatement "ﬁ/A
1 " . .
wh;le the ability to make translation Lf or M' reveals tonstructive -under-.
’ v " : .
standing. -~ . 1 * ' \ ,

' ' L ' ) /.
Translatlon from a mathematlcal statement -to a logncal statement réqulres

) . /
interprezgtlon of the mathematlcal statement and construction of the loglcal A
- e

statement fromgghe |nterpretat|on.. An analogous pair of opera@ions is required
b - ‘% //'

for translatlon\from a loglcal to a mathematical statement , Usnnd the operatlon

.

/
names assigned in table 2,'ML, translatlon tf rom a/mathematlcal to an equlvalenta VA

¢ . i ' ) S . - - ) .‘
’ - . . ’ _ v
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loglcal tatement is modelled as the .compos jte of skills M and- L! 4Similarly-.
e
LM is modelled as the composnte of sknl@ﬁ L and M'. ‘Figure 1-below illustrates
4 the model. In thé absense of research evtdence establlshlng relatlonshlps
T

N between or‘among L, LY, M, and M" these skills are.con51dered to be indepen- .

dent of "each other. On the baS|s ofithe_a priori pnalysis above, LM is con-,

‘. . . ’ s ' . »\
_gidered-as L*M' and ML as M*L'. ' ' / '
200 .

lefhem«'i'acq\
Statenseut

: R ! S .

Empirical Studies: Support for fthe Model _ - : . , o

e — - < oL X ’ =
A number of investigations related-to this model haye been conducted‘

. using_populations of preservice elemefitary teacgfra (Dam::?h/l976, l977a, T

l977b,Ll978 to appeér)} These studies have shown that L and L' |nterpret|ve

v .

and constructive understandlng of loglcal statements about mathematlcal .

'

vardaples are distinct abilitles'wiﬁh constructive undergtanding bEan more

prevalent: among the popdlation than'lnterpretive uriderstanding (1376, to . "\kﬁ
:k\ . £ -
appear). Translaflon from mathematlcal to loglcal statement is correspondlngly w |

@
easner for the gopulatlon than the converse tran latlons 'Interpretlve and

~

sconstructive understandlng of the mathematical ‘statements tested were Correlated -
- . Co . < ) . 1.
‘\

2 in this population. =~ ‘ A ;_ N
. : ) . . i - < e -




- The hypothesns that the ab|l|ty to translaﬁé from a mathematlcal to a -

is d%pendent upon the |nterpret|ve understandlng of the"

‘:“J

log;cal statement
mathenatlcal sta ement and the construcflve understandlng of‘the loglcal
. » \ ~
'statement was: suQPort;d HGWever theﬂ(nfflculty of both the. test of Inter-‘
pretatlve understandlng of loglcal statements and: the test for translat|0n
; ‘o

i

from logioal to{nathematical'statements precluded drawing any qonclusnon o
gxsept that thede skills are rare in population. . . . .

\4 . . ‘ 9
Lo . v ,

|nterpret|ve and constructlve under-

T~

[N

Empiric& Studies:: .Findings related t
. Y . B

e

dies (l977a, 1977b) meyealed that .

, N -

condlélo:7ﬂ~and bicoreN tional

standing of logical statements.: TWO s
d;eservESg'e{ementary teachers~interpret b
R
Statements about mathematlgal concepts ‘in the same way
- i \ - - '
Junctlons, that |s, " the only member of the - replacement set. assngned to the.—-
.2 . i. .

“truth set is the element satlsfying both §lmple statements. The samg StUdleS

\

..showed that sllghtly less than one- thlrd of the preservice elementary teachers:

Y

they"lnterpretddonf .

. — .
- tested interpreted the codnective "or'l as an inclusive d|5Junctron; and more

\

"than forty percent as a conﬁunction (the”remain er yere inconsistent in their -

~ 8

.- N, .
responses) Response patterns on tests of constructlve understandlng were. ;%
. f' . ‘

queerved to be similar but less well-deflned (1978) Lo T \1 o

- .t

[

-t

1 . /\-‘
Becausé-the evidence concernlng lnterpretatxon -of '"or!"! stands-ln stark

L

~N

. o .

contrast to ‘the flndlngs of. other researchers (Elsenberg and McGlnty 1974

E

-Jansson- 1975 Juraschek 1978) who used |nference tests in non-mathematlcal

‘eontexts;.an.attempt was made to determine whether the context of statements'

v S : co S A .

¢ . . o ’ . S
determined. the interpretive understanding of the word ''or.'l, @Damarjn to Ty
* e - T v o ' /[ l ) ) ' “(
. appear). Inference items _and interpretive understanding items we rascons t uc ted
YN ™o » ',‘ . . W . oo .
. ¥ . X . . e o .., ' o L=, .
Jin @athematlcaT; technical-scientific, and familiar content areas yielding six

¢

- : ) / ; ! - L
o~ . - ' . . . 1
. T ’ ‘ - h b ' an
- - ’ . . 7 4 - . N
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;,tary teachers }t was found that these subJects were more»llkely to make 1 ﬁ ﬂ v

R

clu5|ve dISJUnCtIVG |nterpretat|ons or conJunctlve |nterpretataodE of “or”

v
1

- e
© +

: on both lnterpretlve and |nference tests when statements dealt wuth mathema- ST
’ Y W O, et
U . 4/'/ »” “ o
tlcs than when ;eatements were. drawn from the othe Contexts. An order effect}' i

A
3 e

“

was also apparent in the data wever' after some i}ceﬁsistenc 'On”the‘firét
Y

“

: ) - n ' a )y
“or” and use it onuthe-remalnlng |tems negardless of context }/ R ot
co ' : ‘ : - TR ' S
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