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PREFACE

The ERIC Information Cen't for Science, Mathematics, and'Environ-

mental Education has'.compiled abstract" of the research papers to be

presented at the 56th annual meeting of the adtional Council of Teachers
1

of Mathematics, Selection of the Papers was made,by PrOfessor Jeste.A'

Rudnick, Temple University, and members of the Research Advisory Commit-
,

ee of the Council. Minoi editing -has been done to provide a general

format for the papers.

Many of -the papers that are abstracted here will later be made

N
available through the ERIC system or published in journal.- - These

4
%

will be announced in Research in Education or Current Index to Journal's

in Education.
-

March, 1978
6 Jon L. Higgins

Associate Director. for"
Miithematics Educatiori
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This publication was prepared pursuant to a contract.with the National'" "
Institute of Education, U.S. Department of Health, Edticationand Welfare;

,

Contractors undertaking such projects under GoVernment sponsorship
encouraged to express freely their judgment in professional and technia,a1
matters. PointS of view or opinions do not; therefare,. necessarily':
represent official 'National Institute of Education position or
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An Investigation of A Model of Children's Preferences
with Respect to Topological and Geometric Figures

Albert 0. Shar
University of-New Hampshire

William E. Geeslin
University of New Hampshire

Purpose

The purposes of this study-were to: 1) test one aspect of Piaget's
developmental model concerning children's perception of Space; and 2)
investigate an alternate model of perception. Piaget and Inhelder(1963)
contend'that young children view. space topologically and discuss t
.child's spatial conceptual development in terms of a transition fr
the topological to the geometric. Past research in this area has pro=
duced contradictory evidence concerning Piaget's contention.
Difficulties 1.0.th previous studies include:. inaccuracy and vagueness_
of mathematical terms; over-reliance on haptic tasks; instrumentation
biases; and ignoring within age-level individual differences. Since
children's spatial abilities appear to'play,a significant role in
mathematics learning, the question of.how children develop spatial
concepts and/or perceive figures'is an important factor 'in designing
optimal elementary curricula. This research was intendqd to aid the
development of a documented theoretical framework upon vqiich-mathemati-

, cal instruction can be based.

Formal definitions of the terms "topologically equivalent " .and
"geoietrically equivalent" were developed. These definitions appear
to cover-the intuitive distinctions m,adejw previous author, includ-
ing Piaget. An alternatedodel of perception based on pattern,
recognition technique& was derived. The sighificant variable in this
model is amount of "distortion." .4k test package'consistini of ten
'figures and two variations of each figure, one topologically equivalent
to the original figure and the other'geometrically related to the.ori-
gihal figure, was developed. According to the pattern recognition
model, a child (or adult).- will select the variant which'' represents the
minimum distortion of the given figure. By comparing the relative dis-
tortions of the two variants, one can assign selection4probabilities
to each variant. These probabilities were determined mathematically
prioeto using the test package with any subjects. The items in the
package range in,prior probabilities of topological choice preference
from approximately 0:1 to 0.9. Items were arranged randomly into four
sequences. Similarly, the variants were placed randomly with regards,
to left/right location,

A
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Procedure

Three hundred forty-five children from the nursery (age 3) level,'
through fouith giqiie level (from local schools) were for test-
ing. Each child was instructed on each'item to select the variant
most,like the given figure. After the ten items had been administered,
the Child was interviewed concerning hid reasons for making selections.
TO compliment this process and in order for us to be better able to
-determine key factors in the decision process of tUe children, a
separate group of 59 children from the same lel/els was videotaped
while responeding to the items. These children were interviewed after
each item response rather thafi after all ten items had been completed.
The interviews were less controlled and ranged over more variety of topiCs.

o

Results,

/
Data analyses included comparison of number of topological selec-

tions by age-grade lev)4 and sex across the total test and across a,
subscale,of items (the extreme probabilities were eliminated). Total
test analyses indicated the pattern recognition model fit the data
well (with the exception of-the "star" figure). Subscale analyses
indicate some support for developmental differences, but the strength
of these differences was not 'accord with Piaget's findings. Although
the interviews are less amenable to statistical analysis, results
indicated that children ,at all levels were well aware of the differences
between the giiren'figure and the two variants. Children varied within
.each level, in spite ofz.observing similar figural elements:

Conclusions

Thus-the study provides etidence that childien's perception of
space is far more complex than Piaget suggests. Individual differ-
ences were large at each level. Some children selected almost all
the topological variants whilesothers selected mostly geometric
variants. Interviews iadicated both types-of children were consciously
and "knowledgeably" making these choice's. This indicates children have
definite.preferences about figures. and /or the .:'correct" answers.-
Analyses of-the test items also indicate that the,teqi item itself
does significantly affect children's selections. This no doubt played
a role in causing previous studies to arrive at contradictory conclu-
sions. In addition to test item, developmental, and distOrtion
variables, it appears that familiarity, training,--and test instruction
variables can affect childrees-selections: Future studies should

-attempt to Tocate additional variables affecting children's percep-,
tions. Likewise, it appears that these factors varyin importance.
A hierarchy of perception factors Is suggested, However, the inter-
views left,us t4ith the feeling that relative importance of the
perception factors changes when extreme valueg are used fcit a .

particular factor.
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A Description of How Selected Seven-Year Children Learn
To Reason To Solve Partitive Division Problems

t

Linnea Weiland'
Kean College of-New Jersey

.Purpose

This teaching everiment examined,the procedures used by'21 seven-
year sold children to solve partitive division problems during discovery- -1,
oriented instruction. The goal *Waste observe and describe the
-strategies and arguments the children used, and the difficulties they
encountered, ai-71-hty learned to reason out, solutions to problems using
base teh blocks.

Procedure .

-
The su ectP of the experiment attended an independent elementaiy

_ school in New York City. While the children understood the language of
partitive division probleMS as'weli,as numeration with base ten blocks,
they had not received formal instructron,in.division... During 17 inter-
viewlObver approximately a yeai each chifseiVed 66 problems ofvarying
difficulty. Problem difficulty was defined. ii- 'terms of the size of the
dividend and'the numb of exchanges involved. \Divisors ranged from 2
to 9. Each child wa§ asked to reason outloud ai he solved the.problems.
The researcher did not instruct the child id methods of solution or in
ways of overcoming difficulties. Running record4 were kejt of the
children's behavior during the interviews. '

'-..-
..

.., .
Three coding systems were developed to classify the children's, '

reasoning interms.of (a) the strategies ug , (b) ,the,difficulties
encountered, and (c) the,olerali arguments Mployed in" solving the
-problems. Sevedteen distinct strategies of roblem solution were

.,

identified-. These fell in.three categories,-,representational, sequen-
tial, and distribUfional. :Representational strategies described how
the children represented the dividend; that ie, .in.the standard or a .

,nonstandard way. IS.e0ential strategies referred to the order in which
children exchanged and distributed; that is, in-the standard order
analogots to the standard./Aistributive algorithm or.ina nonstandard
order. Distributional strategies described how the children distri-
butedthe dividend; that is, by concretely passing out ob}ects one by
one, or by more abstractmethods, for example, guessing, using.a(
measurement approach, halving, or using distributiviO. The modes of
representation used to express representational and distributional'.
strategies were separately examined'. Although the children most often,
used ,the concrete mode and expressed.their strategies with base ten
blocks, they did express some strategies menta14.y; that Is, verbally
with'ut accompanying actions, and c4ith pictures and numerals. 'The

,

I
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757 difficulties identified, were classified in 2Q,categories._ The
frequencies of occurrence of the svategies,their modes of represen-
tation, and the diffiCulties across all the data-were exapi-ined. To

evaluate the effect of instructional time, a comparison was made of
the data for five assessment interviews. To evaluate the effect-----*

pgproblem difficulty, a comparison was made of the strategies,
amides of representation, and difficulties Which occurred-for each
assessment combination. (The 'same.six combinations repr4se4ting
the total range of problems given were repeated),at each assessment.) t

qv'

Results
'N ,

The data on the children's reasoning were classified in five
g0ument categories. -Thestanderd distributive argument was used.

Most 'frequently by every subject. --The -four other arguments. were
each used at least once by over half the subjects and each accounted
for between 3 percent and 5 percent of the arguments. One argument
relied on distributivity; another, only appropriate to those combina-
tions with.divisors.which-are powers of 2, involved halving. The
measurement argument involved subtracting off bunches ehe size'of ,

the divisor and counting, the number of bunches thus made. The last,
argument relied on recognizing multiplication as theinverse of
division.

The beha of two of the' subjects was described in detail.
-The'cOntrast o ese two children in their use of strategies and
arguments, and in their-reactions to difficulties was illustrative
of the variahopin sophistication among all. the subjects.

°

The resul'tS of this research implied-sever 1 modifications of
the-discovery-oriented teaching method,. In a tion, criteria,Jor
theevaluarion'of problem difficulty and sop icated thinking
about division were

gproposed,
and some directions fpr further

research were outlined.

r-'
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Gau4s As Aides to Retrieval and Maiilienatce of
Skill with Basic Multiplication Facts

George W. Bright.
Northern Illinois Uhiversity

John G. Harvey. .
University of Wisconsin -Madis8fi

41

.,,MargarieteXontague Wheeler
Northern Illinois University

Purpose

If

-Gaming activities have been a source of entertainment and instruc-,
tion for cexfturies. During the last twenty years, teachers have been
enthusiastically encouraged.to use an almost bewilpering array of
mathematics games. The empirical research reporting positilie cognitie
effects of games on mathematics learning, however, is virtually non-
existent (Bright, Harvey & Wheeler, 1977).

.
,

Three` tUdies were designed to investigate the effeCts of\games on'
the retrieval and maintenance of mathematical skills. One of'the exper-

A.mental variations tested the effect of alternative, game strategies.
All three studies were set in a post - instructional context (B;ight,
llarvey:& Wheeler, 1977).'

The games used in these studies were MULTIG anebIVTIG(RomkANg,
et al., 1974, 1975, 1976) which are similar to CONTIG (BroadbefitCI972)
.at least, with respect to 'the use of a,gameboard,-random generatitn.of-
numbere, afid scoring. -Each of the studies incorporated the tournament
portion of the TGT classroom management model (Edwards and Deifies,
1974). Initial assignment of studelits to'three-person tables was
random.

Format for the several instruments was consistent across the
studies. For a 20 -item test, ofbasic multipliCation facts, 10 items
were-randomly choSen from the 36 facts (4x4, 4x5, . . 9x9) used in
the games and 10 items were randomly selected frowthe remaining'facts.
The speeds test included all 100 basic multiplication facts, randomly
ordered. The placebo test consisted of twenty 2- and 3 -digit addition
..terns.

,

!Study I: Retrieval of Basic Multiplication Facts Via Games.

The hypotheses of StudyI were as gollows-:A, , . .

1. dames are not effective in aiding in retrieval'of skits in
basic multiplicatiot facts by intermediate grade students.

1 3
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2. Administration of a basic facts pretest does not alter
the effects of games.

3. There is, no correlation between posttest performance and
final tournament position when a modified TOT structure: -

is imposed 'on game playing.

Procedure

Subjects were students in 14 classes In grades 4, 5 and 6 in.
Rochelle and Rockford, Illinois, and in'McFarland, Wisconsin4. There
were 348 students? but the unit of analysis was the classroom (N=14).

The treatments were conducted during the first ten days of instruc-
tion for the school year. On Day 1 each 'student-took a pretest. Half
the students, randomly chosen, took a 20-item test of basic multiplica-
tion facts. The other half of the students took, the, placebo test.
Fifteen, minutes' were allowed. On Day 2 each classroom teacher explained4
the game. On Days 3 through 9 the'game was played for 15 minutes per

.day within the TGT tournament structure. On Day 10 every student took-
a 20-item posttest of basic multiplication facts. Both grade 4 classes
played MULTIG. Grade 5 and 6 classes were randohly assighed to MULTIG
or DIVTIG.

-

Results

All hypotheses Were..-tested for' the total test scores and' for the
subscores on the ten game-specific items. On the basis of Wilcoxon.
signed-rank tests, Hyipothesis 1 was rejected for total test score
(p< .025) 'and for game-specific score (p< .01). Hypothesis 2 was not
rejected for any Of-28 computed F-statistics. The testof Hypothesis
3,is not yet completed, but of the firgt 16 comPuted'F=statistics,
only two are significant at ,the .05 level.

Conclusions

Thet two games.used in this study were effective in aiding the re-
development of skill with basic multiplication factS. Games do provide
a legitimate alternative to more standard kinds of drill and praCtice
When used early in a school year to retrieve skills with basic 'facts.
Nurther, there seemsto'be.no effect caused'by pretesting. That is,
a pretest neither enhances nor detracts froth the effects of the games.
Finally, the study prbvides'cofroborativedata suggesting that the
assumptions underlying the TGT model are too simplistic and need to be
-re-examined.

a
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Study II: The Effect of Alterndtive GaQejStrategies

The hypotheses of Study II were as follows:

1.

i 0).'

difications of the strategy of a game do not have i:lilfei-
ential effects at the skill utilization level.- .' /,

,.

2. There is no correlation between posttest performan044d
,

final tournament position when a modified TGT sru4tnTe
. /is imposed on gate playing. , /

/ /
/

... I

1

Students enrolled in grades 3 and 4 from Aurora,' /ill nois, were
subjects. Two hundred fifty students flora twelve classr oms used one
of two versions of MULTIG to practice basic multiplidat n facts. In
Treatment 1, students used the scoring tule usually ass ciated with
MULTIG:' namely, count only. In Treatment 2, students sedan alter-
native scoring rule, count - count - multiply.

.' /

Treatment 1: .Count the number of covered(diamonds that touch.
a side or a corner of the diamond you just covered. This

- :,number is your score. '.

Procedure

Treatment 2: Count the number of covered diamonds that touch
a side or-a corner of the diamond you just covered. Count_the
number of uncovered diamonds that touch a side or a corner of
the diamond yokcovered. Multipik thesb two numbers. The

'product is yovr'score.

The treatments were conducted on ten consecutive school days in March
1977. On Day 1, each teacher explained, one randomly assigned version
of MULTIG.' On Days 2 through 8, students played that version of,
MULTIG within the TGT model. On Day 9 every Student took the 20-item
power,...test as the first posttest. On Ddy 10 the second posttest, the
100-item speed test, was"administered to every student. FifEeen
minutes were allowed for eachposttest.

Analysis

All the data have been collected, but the analysis,has not yet
begun. Statistical resul5s-will be available when the paper is pre-
sented.

715
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Study III: Replication of Study I'

Study,III was conducted-in fall 1977 as a replication and exten-
sion of Study I. -An additional measure of learning was a. speed test
of all 100 basic multiplication facts. A limitof five minutes was
imposed for this test. Results will be reported 1n the paper presen-
tation.

References

Bright, G. W.; Harvey,.J G.; and Wheeler, M. M. Cognitive Effects
of Games on Mathematics Learning Paper read at the Annual
Meeting of the National Council of Teachers of Mathematics,
Cincinnati, Ohio, April 1977.

Broadbent, F. W. "Contig" A game to practice and sharpen skills and
facts in the four fundamental operations. Arithmetic Teacher.
May 1972,..388-190.

Edwgrds, K. J. and DeVries, D. L. The Effects of Teams - Games - Tournament

and Two Instructional Variations on Classroom Process, Student Atti-
tudes, and Student Achievement (Report No. 172). Baltimore,
Maryland: The John Hopkins University, Center for Social Organiza-
tion of Schools, April 1974.

Romberg, T. A.; Harvey, J. Moser, J. M.; and Montgomery, M. E.
Developing Mathematical Ptocesses. Chicago: Rand McNally and
Company, 1974, 1975, 1976.

A

I



aj

1,

A Review of Research in the Learning oftGeometrIc
Tran 'sformations

4
jenstine PirBam 1 .

Central YMCA Community College
1

4

and r,

Zilman Usiskin
University of Chicago

. ,

Ten:years ago, if the writers' perusal of the research is accurate
there had been few studies in the United States which directly involved
the learning of geometric transformations. -

Since that time, a rather large number of studies, some indicated
below, have been conducted which relate'to this subject. They fall
into five general types:

A. Natural Evolution of Transformation Geometry Concepts

Piaget and:replicators
Shepard ,pnd'Metzler (1971)
Huttenlocher and Presson (1973)

Moyer (1974)
McGlone (1974)
Martin (1976)

B. Role of Instruction in Learning Transformations-Piagetian-Style Tasks

Turner (1967)
St. Clair (1968)
Shah (1969)
Williford (1970)
Morris (1974)

Gardella (1974)
Kidder (1975)
Perham (197B)
Russian studies

C. 'Organization of Curriculum for Learning.Transformalions.

Beard (1968)
Usiskin (1971, 1975)
Olson (1970)
Hoban (1970)

\

D. Effects .of Learning TransfOrmatiods

Usiskin (1969, 1972)
Kort (1971)
Solheim (1971)

Shilgalis (1971)
Klein (1972)
Nuapl (1975),

Herot (1976)
Pitcher (1976)

E. Teacher Attitudt, Towards,Ti,ansformations

Gearhart (19'74)
2

9
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This session reviews the above research andmore*recent Studies,
and due to lack of time and space concentrates on the interpretation
of groups of studies. Some attention will be given to those studies
(e.g., Kidder, 1975; Solheim, 1971) whose results seem to contradict
the results of others, - c.

Some attention is given to foreign work,
and of a curricular nature. Of necessity we
by Piaget, But others (e.g., the van Hieles;
also lead us in tHis direction:

both of a psychological.

are brought to:this work.
1959; Freudenthal, 1959)

The goals of this session are (1) to summarize the research in the-.
learning of geometric transformations, .(2)'to-compare anecontraat the
curricular and psychological studies and discuss the Implications which
the sociological studies have for reseathers in each of the other
areas, (3) to suggest avenues'fo"r-future work, and (4) to_generate
discussion about all of the above.

References. I

Heard, Earl'MJIL.. "An Axiom System -for High School Geometry Based ofi
riometriel,," Ph.D. dissertation, Universilyof Wiadonsin, 1968.

Coxford, Arthur and UsiSKin, Zalman. '\Geome ryt --A Tr fOrmation
Approach. River Forest, Illinois:' Laidlaw Brothers, 1971.

Freudenthal, Hans., "A Comparative Study OTIN4hods of Initiation into
Geometry." Engeignemen Mathematique, 1959, 5, 119 -139.

Gardella, Francis J. "An Investigation into the Learning of Transfor-
mational Geometry in Grade Two." Ph.D. dissertation, Rutgers
University, 1974.

Gearhart, George. "A Survey of Secondary Mathematics Teachers' Atti-
tudes Toward the High Sdhool Geometry Course." Ed.D. dissertation,
Harvard University, 1974.

Herot, Louise Wilkins, "The Effects of a TransformationApproach to
'Teaching geometry to Low-Achieving High School Students." Ph.D.
dissertation, Teachers; College, Columbia University, 1976.

Hoban,'Michae
An Evalua
Afssertat

J. "Transformation Geometry in the Junior High School:
ion of A Curricular Unit. in the Seventh Grade." Ph.D.
on, Teachers College, Columbia University, 1970.

Huttenlocher, Tanellen and Presson, Clark C. "Mental Rotation and
the Perspective Problem."- Cognitive Psychology, IV (June, 1971),
277-298.

,Kidder,.Francis Richard. "An Investigation of Nine, Eleven, and
Thirteen Year-Old Children's Comprehension of Euclidean Trans-
formations." Ed.D. dissertation, University of Georgia, 1073.

10

is r



Kilpatrick, Jeremy and Wirszup, Izaak SKi'et Studies in the
Pgychology of Learning and Teaching Mathematics, Vols. I-XV.
Chicago: University of Chicago Press, 1970.

Klein, Melvin Philip. "The Group of Isometries in Tenth Year Mathe-
matics:: A Comparison of.the Relative Effectiveness of Two
Approaches in Geometry with Respect to Achievement in Geometry
and Interest in Mathematics." Ph.D. dissertation, New York
University, 1972.

Kort, Anthone Paul. "Transformation vs. Non-Transfoimation Tenth-
Grade Geometry: Effects on RetentioA of Geometry and on Transfer
in Eleventh-Grade Mathematics." Ple.T. dissertation, Northwestern
University., 1971.

,

-
MacDonald, Joan. "A Survey of High School Mathematics Teachers' Back-

grounds and Attitudes COncerning,Transformational Geometry."

M.S. thesis, University of Wiscodsin, 1975.

Martin, Larry. "A Test with Selected TopologicA Properties of Riage-
n Hypotheses Concerining-Spatigl Representation of Young Children."

Journal of Research in Mathematics Education, 7 (January, 1976),
8-24.

McGlone, Virginia. "Children's Understanding of the Geometric Trans-
formation of Rotatiori about a Point." Ph.D.-dissertation, Columbia
University, 1974.

Morris, Janet P. ."A Comparison A Three Instructional Strategies for
Teaching Bilateral and Rotational Symmetry to Second Grade Students."
Ed.D. dissertation, Indiana University,1974.

Moyer, John. "An Investigation intd the Cognitive Development of Eucli-
dean Transformations in Young Children." Ph.D. diSsertation,
-Northwestern University, 1974.

Nuspl,NJoseph Michael. "The Effects of Generalization and Specialize-
tion in Curricular Units in Transformation Geometry." Ph.D.
dissertation, Teachers College; Columbia ;University, 1975.

Olson, Alton Ttyorpe. "High School Plane Geometry Through Transforma-
tions: Exploratory Study." Ph.D. dissertation, University's
of Wiscongin, 1970.

Perham, Faustine. "An Investigation into the Ability of First Grade
Children to Understand Transformation Geometry Qoncepts and the
Transfer of Such Knowledge to General Spatial AbiliON" Ph.D.
dissertation, Northwestern University, 19/6.

r-' Piaget, Jean, et al. The Child's Conception of Geometry. New York:
Harper and kow, 1960., 6-

Piaget, Jean and Inhelder, Bartel. The Child's Conception of Space.
New York: W.'W. Norton and Co., Inc., 1967.

19

4



4

.

Pitcher,'Roy. "Transformations in High School Geometry:- An Experimen-
tal Study." Teaching Mathematics, Vol. 3, No.'2 (Official publica-
tion of the Mathematics Council of the Newfoundland Teachers
AssoCiation), 11-12.

Shah, Sair A
Seven to
11-1128.

Shepard, R.
Objects.

i. "Selected Geometric Concepts
Eleven." The Arithmetic Teacher,

and Metzler,'J. "Mental Rotation
".Science, 1971, 171, 701=703.-

Taught to ChildrenAges
16 ( February, 1960,

of Three-DiMenSional

Shilgalis,,Thomas Walter, "Transformations in High School Geometry: A
Critical Analysis." Ph.D. dissertation; Univeriity of'Illinois at
Urbana-Champaign, 1971.

A

Smock; Charles D. "Piaget's Thinking About the.Development of Space
,Concepts and Geometry." Paper, presented at the Space and Geometry
Workshop, University of Georgia, Athens, Georgia, May 5

ft. 1975.

Solheim, Jerome_Hartad. "The Effect of the Study of Transformations
of the Plane on the Attitudes of Secondary School Geometry Students\ .'

Ed.D. dissertation, Indiana University; 1971.

St. Clair, Irene Zercher. "A Study of'the Developmenof the Concept of
Symmetry by Elementary Children." Ph.D. dissertation, University
of Texas at'Austin, 1968.

;

Stiffer, Leslie. P, "Implictions of Piagetian Psychology: The State of
Current Research." Paper presented at the Symposium .on Cognitive
Psychology and the. Mathematics. Laboratory, Northwestern University,
Evandlon, Illinois, February, 1973.

4 ,
-

Turner, Mervyn Leonard. "The Learning of Symmetry Principleg and Their'
Transfer to Tests of Spatial Ability." E&D. dissertation, Univer-
sity of California, Berkeley, 1967.

Usiskin, Zalman Philip. "The Effects of Teaching Euclidean,Geometry
via Transformations-on Student Achievement and Attitudes in Tenth-
Grade Geometry.h.D. dissertation, University of Michigan, 1969.

i)

Usisifa, Zalman. "Three Reports on a Study of 11th GradeMathematics."
ERIC SE 017 077 ,(July, 1973).

Usiskin, Zalman. Advanced Algebra with Transformation and Applica-
tions. River Forest, Illinois: Laidlaw Brothers, 1975.

van Hiele, P.-M. "La Pensee de 1'Enfant et la Geometrie." Bulletin, de
1'Association des Professeurs Mathepatique de l'Enseignement
Publique, 1959, 198, 205.

12 20



) 0

.
.

yilliford,,,Harold Johnson. ',1"4 Study of Transformational GeoMetr)>
Instruction in the Primary Grades." Ed.D. 'ais9ertati9n, Univer-
sity of Georgia, 1970. ,

.

,- ''>-'.....-

Wirszu-p, Izaak. "13reaktfiroUghs in the Psychology of Learning and )

Teaching Geometry.." .Paper presented at the -Space and Geometry '
Workshop, University, Of GeOrgia, Athens., Georgia, May 5, _1975.,.., ,. , , .. , .

4

A

13 .

21

a

o

a 4
x

6!.

41.

0



. .
o'

Interest and Its Relationship -toV r al Problem Siftng.

.

,.

Purpode

.

7

Martin P. Con
a
en

.°

University of gittsbu PO,

4

e

The purpose of this study was to investigate the relationship
between interests and verbal problem- solving achievement among sec n-.
dary school mathematics students.- Morse spedifIcally, it IT desig ed
to examine tendencied for students to be more Successful ii solvi
verb 1 problems based on situations for which they Possessed meas,red
intere than in solvihg verbal problems based on situations for.whiLl
they po sessed 'little measured, interest.

Impetus for this study developed from thejollowl:ng assumptions:

1. Verbal-problem-solving is an importaniAfungt'ion/df s4cOndary
school mathematics.,

- 2. Verbal problem - solving achievement -may be enhanced,by the
construction of verbal problems'whoSe situational

°

ments serve as'motivational devices.' '
_

The results of studies attempting to, secure evidence"of,Vrela un-
ship between' interests and verbal problem-solving achievement'haye been
inconsistent. Some demonstrate either no relationship or an'insignifi-
cant relationship. Some others indicate a moderate positive
relationship. The lack ok.a clear, consistent defiaAgonoflinterest '

is undoubtedly a contributing factor to these contridictory.resUits.
HoweAr, advances in techniques of, measurement and experimentai design'
and tbe'appearance'of a carefully researched instrument, such as the
Kuder General Interest, Form E, deigned specificallyfor'secondary
school students, should serve to alleviate this prOblem:

r.

Procedure'

The Kuder G neral Interest Survey (GIS),-Form E,-Ciesigned meas-
ure an individual's references in ten broad areas of interest
administered to 2231 ighth grade mathematics studdht.,:(fi4 mated, 109
females) in the Wac (Texas) School District.' The three interest areas
utilized in this in estigation are outdoorb computational, and sagn.
tific. '

11)C4
- t . . . ,

,Three parallel fords of-a-verbal_problem,solving test; Cofrespond-:
ing to the interest areas of .outdoor, computational, andAcientlfic,_
were censtructed.by the investigator. Each form consisted of ten '

Verbal- problems. It was desired that-only one feature of the,iproblems-

.

)

, ,

. ::'
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on the three parallel forms, that of the cdntex"in which they were
placed\ would vary. In other words, the first problem in each of
:the three forms was similar except for context. LikeWise, this pro-
cedure was used for problems two'through ten. C4e was exercised to
control for other aspects of the "equivalent" problems (e.g., reading
level, verbal clues, mathematical operations involved, computational
difficulty). ,

Separate norms are established for males and females On the GIS..
Hence, students were.random1y assigned, by sex, to each of three tiro-

bleM

settings (outdoor, computational, and scientific). The verbal
problem-solving test, with context reflecting outdoor interest, was
administered to those Students who had been tandomly assigned to the
outdoor probiem-Setting group. A similar procedure was followed for
those students randomly assigned,to'the computational or scientific
problem-setting groups. Reliability coefficients (KR-20) for the
outdo4, computational, and scientific verbal problem-solliing tests
were .7679 and .79, respectively.

In designing this study, the investigator` sought answers
ftowihg questions:

Question 1: For,males_or females, will there be a ditference
in mean scores on the three verbal prbbl4M-solving tests?

Question-2: Based'on the knowledge of a student's interests
alone, it is possible to predict on what type (context) of
problems that student will be most successful as measured
'by a verbal problem-Solving test?

An 34i:
Su

k -''In order to answer the questions, hypotheses were formulated and
. tested.by,mulfiple linear regression.' The specific hypotheses tested

were:'%,-*.- .

.
--:..

'"

1., The lean scores on the verbal problem-solving test across
problem, settings will not be significantly different.'

3. When scores on the verbal problem-solving test are ,

regressed on an outdoor interest variable; the regression
lines across groups (problem Settings) will not be parallel.

..

. .

\
. When scores on-theverbal problem-solving test are

regressed on a computational interest variable; the
regression lines across groups (problem 'settings) will
not be parallel. ,

4. When scores on the verbal problem-solving teat are regressed
on a scientific interest variable, the regrgssion lines

- across groups (problem settings) will not be parallel.

16 23
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Each of the above hypotheses was tested twice, once for males
and once for females. ,The'investigator chose-a signifidance level
of .05 for all stated hypotheses.

7

Conclusions

The answers to the questions relative to the conditions of the
investigation are discussed below.

Answer to Question-1: The mean scoreson the three verbal,.
problem-solving tests were not significantly different for
males or females.

J Answer to Question 2: There was no:eVidence in the data
obtained to support the expectation that it would Ve possi-
ble to predict on what type (context) of problems a student
would be most successful as measured by a'verbal problem- s.

solving test if prior knowledge of his interests were known.
/

In view of
it was somewhat
Question'2. It

they tend to be
achievement.

4

the related research and the literature on motivation
N4

.

surprising not to,find affirmative evidence for
may be case that if interests serve as motives,
very laklas predictors of verbal problem-solving.

For future research in the area of this Investigation, it is
recommended that additional work be conducted in developing the
,verbal problem-solvins tests. _More evidence is necessary to claik,
that the tests actually_ do reflect a specified area of interest.

"It is the opinion of the researcher that interest areas in which
students have had more hands-on experience "(e.g., sports, auto mechan-
ics, music) will serve as stronger motives than those used in this
study: It may be necessary to use'interest measures, other than the
GIS. A suggested test may be Ewen's Activity"ExPerience"Inventory.

Inventory

With appropriate changes, futufe invegtigations may illustrate
. 'the usefulness of designing instructional materials to suit students'

interest profiles in order to facilitate the development,of verbal
problem-solving skills.

.17 24 .
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AStrategy for Inducing Reclassifidation of Problem
Types According tolleuristic Schemes.

,

Martha L. Ledbetter
MassAchu)etts-College of Pharmacy

Purpose-
.

This research study investigated changes In problem solving
schemes that occur as a result of a courseln heuristic problem
solving. Recent studies by Chartoff (1976),and Silver (1977). have
isolated a number of problem sorting schemes including: the heuristic
sort, the generid sort, the contextual sort and the question-posed
sort. Silver's research seems to indicate that -those students who
sort according.to heuristic cues are more effiGieptproblem solvers
than those who sort otherwise. If such evidence is correct, then
teaching students to solve problems heuristically may well increase
performance 'in problem solVing.

An examination of current high school and college textt reveals
that for the most part problems are categorized with respect to
content (mixture problem, age problem etc.). or algebraic type (quadra-
tic equation problem, system of linearequationS"problem, etc.).
Students are then encouraged to look for cues,in problems that will
allow them to place them in one of the above categories.;- A majot
criticiser is that no-instruction is given in how 'to conceptualize
or approach'problems that do not closely resemble previously encoun-
tered problems. The heuristic' approach, on'the other band.:, emphasizes

`,problem solving strategies rather than specific problem types.
Strategies include arriving at a contradiction, specializing, general-
zing.and establishing patterns, to name a few.

Procedure

This study has both an instructional and a research component.
Involved in the instructional component is the design of a set of
materials used in the teaching of a 10-Week course in heuristic problem
solving. The courseds,organiied around'three heuristic strategies:
(1) Using the-symbolic language of algebra as a problem solving tool,
(2) Establishing and continuing patterns as a way to solve.problems
and (3) Using contradiction as a method of problem solving. The
research component involves the analysis of data obtained from a
class of freshman students enrolled at:ifleAsSachusetts College of..
Pharmacy in Boston who took this course.

4
The basic questions investi-

- gated by the study are; (1)-does the proposed course improve. problem
solving performance? (2) does the course effect changes In problem
sorting schemes? (3)-are changes in problem sorting schemes related .

to increased problem salving performance? (4) do students with
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certain patterns of ibilftie§. (i.e-..convergent and 'divergent thinkipg

and deductive reasoning) benefit.most,from such a course? (5) ddes

the course increase performance on basic mathematical skills?
.

. .
. .

The research design is, Solomon four group design as described
.../

by Campbell and_ Stanley-(1963). The subjects.(n = 100) were a group
of freshmen students enrolled in a required sequence,of college algebra,
courses at the MaslachuSetts Col ege'of Pharmacy. These students could
be described as primarily middl incopae students of average mathematical
ability residing chiefly in the NeeEhland4rea. The control group
studied the traditional course in college' algebra and trigonometry:.
Pre-testing was of, two types: pre- testing of initial "abilities" .

and pre-testing for initial problem sorting, schemes. The pretests for
initial ability consisted of five tests fitopthe"Kit of Factor Referenced
Cognitive Tests ..developed by Ekstrom, French, Harman and Dermin. 0

A 'specially designed problem solving test and accompanying prOblem ,

sorting questionnaire was also administered as a pre-test. The post-
test consi ted, of-a 30-item test of which 15 items were on specific
mithemati 1, content and 15 items were on problem solving. A# students,
alSo completed the problem sorting questionnaire it the end of the -

10-week period. Multidimensiondl'scaling was used to analyze the
data from the problem sortingquestionnain and, ulhAriate rdgression

tanalysis was the statistical-means of relatin e studied faors
(initial problem sorting scores, cognitive test.seOres, treat pt vs. ,

'Control) to the response variables (post-test problem'solvingiscores
and post7test mathematical content'score6). .,

l'

Results

Results will be repOrted when'the,paper-is presen

j
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An' Investigation of the Hand Calculator As a

Mathematical Problem 'Saving Tool

or"

Purpose
4

The hand-held calculator is purported to have tremendous
potential for the development of problem solving,abilities. Among .

the studies' currently found in the literature,- however, little
researcfr related to use of the calculator in problem solNing is
present; almost all studies relate to attitudes, achievement and
computational skills. The NACQME.repoW(1975), Shumway (1976),
and Suydam (1976) suggest that the calculator may have did potential
to "free a iubject's- mind" to focus on the reasoning processes and
problem solving strategies. If this is true, the immediacy and
generality of outcomes could still be seen in attitudes, achievement,
and computational skills. Hilton and Rising (1975) however, already
point out that "singular dogmatic answers" and "irrational- reactions"
have and will continue to focus attention away from the use of Cal-

= culators in school settings. Suydam (1976) indicates an immediate
need for research as well as development, in order to mitigate against
criticisms and in order'to determine he extent and nature of the
calculator's potential as a-problem solving toll.

Mr

Edwin McClintock
Florida International University

WOW

To investigate the development of problem solving abilities, '

analytic examinations oftlie development of mathematical processes
as oppemed to products is frequently cited as critically important
(Kilpatrick, 1967; Suydam, 1976; Scheffler, 1975;. Kantowski, 1974).

- This focus on procesS is not only appropriate for investigating
problem solving but also is necessary in exploratory studies
involving the calculators as well. As Suydam (1976) and the NACOME
Report*(1975) suggest, the calculator virtually assures the product
in the' treatment of problem solving provided accurate reasoning and.
analysis of the problem leading to the development of process precede
thb-calculations.'

Procedure

In view of the need and the state of research on the calculator
as a problem solving mediator, a combined experimental and clinical
study was carried out. This study employed a Pretest-Posttest
Control-Group Design .revolving an experimental group^and two control
Itoups. - Further, selected subjects from,each group were clinically

-.. studied during the experiment to deterdine the extent and nature of
the development of mathematical processes. The_threegtoups, con- -

iiiting of from 9 to 16 subjects each, are defined as follows:,

21
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Gi is defined as those subjects.who. were given specific instruction
in: l) The Texas Instruments produced Introductory Algebra Calculator
Mathematics, 2) selected heuristic reasoningxechniquei, 3) inductive

'reasoning techniques, and 4),analytic-synthetic reasoning, along with
5) continued content instiucfion.

G2: Those. subjectg who were-given specific instruction and,
practice with: 1) peciftc heuristic reasoning techniques, 2)
inductive reasoning techniques, and 3) analytic-synthetic reasoning,
along withcontent instruction, but no work with the calculator.

. G3: Those subjects who were given specific instruction in the
use of the calculator for learning Algebra,I, including the Texas
Instruments prOduced Introductory Algebra Calculator Mathematics.

, .

The treatment involved topics taught duiing 'the iaSt three months
of Algebra I. Initial pretest data was collected in mid-March, 1977
and posttest data was collected inmid-June, 1977-,-

Dependent measures of content knowledge and selected "reasoning"
abilities were used to collect data to assess differences among
groups. They included:

1. tankton First-Ye'ar Algebra Test,

2. Necessary Arithmetic Operations (ETS),
4

3.' Number Sequence Test, and'

4:1kNonsense Syllogisms Test (R1,1 by ETS).

More critically, selected subjects from each of the three groups
were periodically given "typical Algebra I" word problems and complex
novel problem to solve in a clinical. setting -i. Tape recordings of their
"thinking aloud" were gathered for protocol analysis. "ghe tentative
answers to several questions were sought threuglit the analysis'of these
protocols.- An example of the'questions is: 'Do process seqUences
exhibit increased frequencies of the use of estimation and Successive
approximation, as problem solving abilities develop under calculator',
mediation?-

Data were analyzed through analysis of covariance,,widethe pre-
test data being used as the covarate. Additionally; prOtocols were
analyzed' through the process coding scheme developed by Kilpatrick
(1967) and refined,by Kantowski (1974). (A slight modification of

. this scheme was necessary for this particular study.) The protocols
, arose from the administration of six verbal problems to eight subjects

from each of the three groups at the outset of the study and from
the administration of six_viFbal problems to the-same subjects at
the end of the experimental-period. Data arising'from the protocol
analyses were .used to,goipaie the individuar's performance on a partic-
ular Vioblem with,1114/her,UnprOcesS-Prolluct Median Score'as wellI t-t

22



as to compare performances of an individual and a,group with the
process-product scores of other groups.-

Results

Results of the analysis of covariance for Algebra I achievement
indicate significant differences among treatment groups. The P-
rato, F(2,31) =$4,49 is significant at P <.05. Adjusted mean
scores were': 32.27 OD; 27.20.(G2) and 30.55 (G3).

Results of the analysis of covariance for NeCessary'Arithmetic
Operations did not indicate significant differences among treatment
groups. The F-ratio was F(2,31) = 2.11: Adjusted mean scores were:
14.27 (G1);.12:55 (G2) and (G3).

Results of the analysis of covariance for the Number Sequence
.Test do not indicate significant differences, among treatment groups.
The F-ratio was F(2',31)< 1. Adjusted mean scores were: 12.48 (G3);
13.20',(G2) and 12:4 (G3).

Resultd of the analysis of 'covariance for the Nonsense Syllogisms
Test indicate significant-differences among treatment groups. The F-
ratio, F(2,31) = 11.14 was significant for p <.01. Adjusted,mean
scores were: 16.42 (Cl); 11.46 (G2) and 16.84 (G3).

The results of protocol analysis'indicati-irendS toward greater
usage of specific heuristics under a combined problem-solving and
calculator treatment. For those subjects in Cl and G3 who showed
increased frequency in the use of specific heuristics, there was
a corresponding increase in median process-product scores, and complete
solutions on the final battery ofotests. . The questions that guided
the analysis of protocol data along with tentative answers to those
questions based on the data is included in the full report of the
study.

Conclusions

Within the context of this experiment, a combination of calculator
mediated and problem solving oriented Algebra I instruction appears
tcl, produce greater improvement in Algebra I achievement than problem
soling oriented instruction alone. In contrast, however, on the
variable that has been designated as more closely related to deduction
significant differences favored treatment groups in which problem

, solving oriented instruction was provided. Protocol analyses pr uced
evidence of trends toward improved usage of heuristics and more formal
reasoning strategies. However, the data from protocol analysis did
not provide evidence of marked improvement in completed solutions
no of different effects on problem solving processes resulting from
tkrdifferent treatments.
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The Evaluation of A First-Year Algebra Program: Fundamental
4' Issues in Educational Evaluation -

Jane Swafford
Northern Michigan University

and

Henry Kepner

University of Wisconsin-Milwaukee

Purpose

s During the 1976-77 school year, the National Science Foundation
sponsored afield evaluation of the experimental first-year algebra
materials, ALGEBRA THROUGH APPLICATIONS. These materials were
developed over a two-year period by Zalman Usiskin under a grant
fro NSF. In them, the usual skills and concepts are developed
through applications and models rather than from the properties.
The traditionL Skills associated with first-year algebra are pre-
sented but with the following exceptions: factoring of polynomials,
fractional expressions and simplification, and artificial word pro-
blems. AIn their place, greater attentOn.is given to operations,
linear eXpressionsfisentence solving, and problems arriving from
real situations. Elementary notions from probability and statistics
are integrated into the course. The course is designed for the
average student as a substitute for the traditional first-year
algebra course.

Procedure
4

Tweni`y (20) schools throughout theognited Sitates'were selected
from volunteer schools on the basis of a geographic and community-
size distribution.' The schools ranged geographically from California
cto New York and fiom Urban.centers to rural pockets. Each school
selected to participate was contacted in the summer of 1976 and
requested to submit the names of two equallycapable teachers, both
of whom would be willing to teach the experimental materials. By a
random processone of the two teachers was select6d as the expert-

. mental' teacher. Each participating school was also requested to
provide, four first-year algebra classes, two control classes, and two
-experimental classes. Schools were further requested qto randomly
assign students in these four classes to,their particular section.
The two classes assigned to the experimental teacher,,constituted-the
'experimental classes. Thee were taught using the experitental
.materials which were provided.at no cost to the school by NSF. With
the exception of a teacher's guidey "Notes to theTeacher," no guidanCe
or in-service was provided to the experirRental teacher. The control
teacher taught the two control classes using whatever first-year
algebra materials were normally used in the school. .In all, there
were 2,446 students participating in the study. ''

0
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In theiall of 1976, the following four tests were administered to
all classe Participating in the study:

1. A 25-item, tikert-type Opinion Survey developed by the
project staff incorporating items from Aiken,NAEP, and
others;

2. The Mathematics,Computation sub-teat of the Stanford
Achievement Test: Advanced Battery, Form A (1973);

3. The ETS Cooperative Mathematics Test: Algebra I, Form A
(1962); arig

4. A 28-item Consumer Test developed by k4gpner.

In the spring of 1977, the following four tests were also adminis-
tered to all classes:.

1. A 25-item Opinion Survey containing items from the fall
opinion Survey together with items modified to focus
specifically on algebra or the algebra text;

2. A ConsumeeTest, Form A or B, each consisting of 11 and
10 problems, respectively, from the fall Consumer7Test;

3. The EST Cooperative Mathematics Test: Algebra I, Form
(1962); and

4. First-Year Algebra Test developed by Kepner.

The computation test and ETS'test were given in the fall in order
to determine the relative ability levels of the students and the
equivalency of the control and experimental classes. The ETS Algebra
I Test was given as a post-test measure of achievement on many of the
objectives common to a br?ad spectrum of first-year algebra courses.
The,

0First-Yeir.Algebra

Tent was developed to measure achievement on
those objectives othe cohtrol and experimental materials not measured)
by the ETS Algebra-i Test. , The Consumer Test was used to,compard
improvement in the'consumer problem-solving skills of regular first-
year algebra students wits those presetited an applications orientation.
The consumer problems themselves did not require sigebraic skills.
The Opinion Survey was administered to monitor changes in attitude

, relative to the enjoyment and usefulness of mathematics; as well as
to obtain feedback from the studentsron the texts. ,Ali tests were
administered by the classroom-teachers according to a schedule suggested
by the evaluators.

In addition to student testing, a site visit was made to each par-k

ticipatigg school, textboak:evaluationforms were completed by, both
control and experimental teachers, and end-of-chapter reports and
chapter tests were submitted by the experimental teachers..
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Results

0

Due to incomplete data, only seventeen schools were retained
in the final achievement analysis.' In the across-school analysis,
t-tests for 17 matched pairs (control matched with experimental in
each of 17 schools) showed no signifiCant difference between the
two treatments on the Stanford Achievement Test and ETS
Test administered in the fall and again on the ETS Algebra I Test
and Firitl-Year Algebra Test administered in the spring.' School-by-
dchool t-test analysis yielded significant differences in favor of
the experimental group in 8 of the 17 schools on the First-Year
Algebra Test, and in favor of the control group in eight schools
on the ETS Algebra I Test. Item analysis of two achievement post- 6.t

tests across schools showed significant differences favoringrthe \

experimental group on 13 items on the First-YearAlgebra Test and
significant differences favoring the control group onJhree items
on the First-Year Algebra Test and.16 items on the ETS Algebra I
Test. Overall, achievement between the control and-experimental
.groups was comparable when the entire spectrum of objectives and ,

school situations is considered..

Attitude data was analyzed by item across 19 schools. In the
fall, there was a significant difference between the responses of
the experimental Lid control groups on only one of 25 items in the
survey. In the spring, there was a significant difference favor-
ing the experimental on four items and favoring the-control on and
item. The four items dealt either with the importance of algebra
in everyday life, the enjoyment of word problems, or the explanations
in the text. From fall to spring, there was a decline in attitude

. in both groups on 10 out of 19 repeated items, with the experimental

group experiencing a significantly greater decline on one item.
Overall, the. control group found algebra more interesting while the
experimental group enjoyed word problems more.

The Consumer Test data was also analyzed by item across 19
schools. Gains from fall to spring showed a significant differende
in favor of the experimental group on five items and in favor of the
control group on two items. The experimental group showed a signifi-
cant decline on one item. Overall, the performance of first-year
algebra students on consumer-related problems was disappointing.

Fundamental to any curriculum evaluation are a number of basic
issues in! educational,research concerning a fair yet unbiased test--
ing of_eiperimentalimaterials. These include:

1

1. How do you get schools and teachers which are truly
representative to test new materials?

2. How do you insure that teachers teach.in the spirit of
the new materials without extraordinary assistance and
in-service?

ti
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3. What degree of control can-the evaluator exercise over
participating teachers and still maintain an authentic
classroom setting?

4. Does, the first year of use of a set of new materials
constitute a valid test?

5. What is the magnitude and effect of the status quo bias
on the success of experimental materials?

Results of the present evaluation project must be i terpreted
in light of a discussion of these questions and with a onsideration
of the unique circumstances in the schools involved.

I
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Pocket-Sized Calculators Versus Seventh Grade Math Students
. =

purpose_

Accordingto a recent report in Changing Times magazine, due
to nominal,pricing, pocket-Sized electronic calculators have'put
remarkable problem-solving capabilities in the hands of millions

oof citizens.

Waldo,Rich
Temple University

This'phenomenon was not taken lightly by the,Mathetp atics Educa-
tion tion Research Center (MEARC) of Temple University:

.

First of all there is little available eviden6e to ,support the
contention that these small computing devices make a difference in, -
terms of how young students function in basic arithmetic computation.

Under the direction of Dr. Jesse' A. Rud ;ick of, the. MEARC staff
a cooperative research project commenced during the &11:of 1975.
This research project was planned to,extend a one-year period and
to include a mutual participation from industry, the University and
a public school system. The major question:,/of concern was - What
impairment if any do calculators pose for students learning arithmetic?

Consequently, the Monroe Calculator Company became involved and
made auroedmately $16,000 worth of their hand-held min -calculators,
available.- The West Chester area public school systesa,,involved six
classroom teachers and more than 700 students-in their seventh. gradeg
as a population forsthe study.

The calculator study was initiated to determine what impact if
any the availabilityand.use of a hand-held calculator would have_
upon the achievement at* attitude toward mathematics of seventh
grade students.

Specifically the study was designed to answer the following:1-
questions: ..:

1. Wou d the availability-and use of a hand-held alculator,
ove time, affect the students ability to Perf the,

basic computational skills without the calculator?

2.- 'would the availability and use,of ahand-h4d calculator,
overtime, affect the students' attitude toward mathe-
matics? 0
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3. Would the availability and use of a hand =held calculator,
over time, affect the students'` overall dehievement in
mathematics?

4. Is there any relation between student dexterity and the Ea
students' achievement with the calculator?

attempted\to assess the atqtude.of parents
calculator into,school programs. Mdre

In addition the stu
toward the inclusion of th
specifically:

5. What are the attitudes of parents toward the use of a' ..

calculator by thelr children in the school mathematics
. .class? -. . ,

4

...

(6. What change, if any, occurs in parent attitude toward the,
inclusion of a calculator in the school mathematiCs class-
room after the pgent's child has used the calculator for
an entire scl of year?

Procedure
\

The MEARC staff organized the study, involved the'West Chester
faculty in the planning, and was reponsible.for the collection, -.
interpretation and disseilnation of the data and Midius under the
direction of Drs. L. Waldo Rich and David-Kapel.

Students participating in the study it-tended e North Juillor
High SChool and the Stetson Junior High School. A roximately one 7-
half of the seventh grade students in these schools were assigned
to the experimental, group, while a similar number were designatqd
as a control group. The-selection and assignment was done-randomly
by the school administration under the djrection,of Dr. Brucurt,
Director of Mathematics: Each.of the six teachers participating in
the study had four classes: tufo experimental and two control.

4

The experimental group had mini-calculators available to them
each day for use in their mathematics classes during the fallof 1975 -

and spring of 1976. During the Summer 1975 the,MEARQ staff, under
the direction of prs.'Krulik, Wilderman and Mre;,N6la Blye, developed
,a training manual for the calculators. .

The curriculum for both the experimental and control, groups was
constant, namely, the topics which the district felt cogild he covered
in the seventhgrade.Holt School Mathematics text.

the beginning of
their. own" as to

The students kept
the carculatOr

After a brief period with the calculators at
the school year, fall 1976, the students;were "on
how and when they would use the mini-...calculators.
a log of when and for what operationa-he.or,
during the day.
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All the students were'pre-tested in several important areas.
One question under investigation was whether or not manual dexterity ,

enters into the eye-hand coordination. Since this can easily affect
the atudent's-npe of the calculator, the MEARC staff utilized a form/'
'of the Gestalt_Bender Test to measure 'this dexterity, and hoped that
the study would reveal some correlation between these factors andi.the
use of the calciulator.

Since student attitude toward mathematics is an important factor
in performance, students wett-tested on a pre-post basis to determine'
any change in their attitude. For this puipose4,a form of the'atti-
tude instrument found in the International Study of'AchieVement in
Mathematits was employed (Rusen; 1967)..

The parents of all the students in both the experimental and
control groups were surveyed4or attitude and all of the mathematics
teachers in the West Chester schools were also queried in this area.

Standardized tests in both problem solving and computational
skills were administered-to participating students by the West Chester
faculty,,and the same tests were given at midsemester and again at
the conclusion of the study in an attempt, to determine what effect
the availability and use of the calculator hM upon the computational
and problem solving skills of thi students. Specifically, the COOP
Test of Arithmetic Skills (ETC) was administei'ed to both the experi-
mental and control groups befor'e, halfwaTthrough, and after the
school year 1975 to 1976. Three parallel forms were employed. Fifty
items comprised this test which are distributed unequally in problem
solving and arithmetic computation.

A computation test designed by the West Chester School District
comprise of 26 items dealing with basic computation facts was
adminis red at the end of the year permitting those students who
receive the calculator treatment to use their calculators during
the test hile the control poup could not.

The research design was established to permit pre-interim-post
a lysis,of all data collected 9n main affect variables related to
achievement and attitude. Pkovisions-wev also made for the collection
and evaluation of summative data. Test analysis included t-tests,
Pearson correlation and analysis of variance. All computations-were
facilitated by Tempe University CDC 6400 computer.

Results

Although the work of the MEARC staff continues it 'is felt
reasonable and honest to report the following-results as sound and
conclusive.
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Analyzing the resultd on an administered computational test to
--N.-both experimental and control groups and allowing the experimental'

group (the group which learned how tb use the calculators) to take
the test with a calculator, it was found that the groups did not
appreciaily differ in arithmetic achievement and computational
skills. Further, the MARC 'staff feels on gexid grounds to conclude
that calculators. don't harm children. ,It can further'be offered.
that total performance differences leaned in the direction of the
group (experimental group) which, used the calculator.

Although some parents f It consternation at tA outset, their
attitude moved Ina positive direction' at the-en& of the 'study.

ight positive correl tions were uncovered with relation to
dexter ty and achievement.indicators; however, these correlations.
were oo weak to merit conjecture.

The correlatiOns between control and experimental group in all
areas of achievtment were high, which suggested that the performance
of the control group was not greatly dissimilar to that of the
experimental group.

'Further, it was found)that at the end of the study both groups
improved across the study; but surprisingly enough, the improvement
was at the same rate.

In terms of student attitude, the control group leaned in the
direction of positive change from beginning to end while-the experi- .

mental group seemed to be leaning in a negative direction. This could
be explained by the3extra work it took to acclimate students to
calculators, associated with 4 self-fulfilling prophecy on the part
of students that they "must" use the device. Students .were informed
that using or not using calculators was their decision. However,
1t s observation was not supported by statistical significance and so
sh 1uld not be taken out of the context of the total data to which it
was a part. .

:-.

Finally, one popular viewpoint suggests that; aids to computation
stifle the understanding of,basic arithmetic processes. Yet another,
asserts the dilline principle that with calculators our boys and girls.
will be saved from the wrath of math, HoweVer, this -study rather
conservatively suggests that calculators neither exceptionally enhance
nor do they hinder growth in mathematics. To say the leastsome
learn with and some ledth without calculatord.
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The Nature of-Spatial Ability and Its'Relationship to
. Mathematical Problem Salving

Barbara Moses'
Indiana State University-Evansvijlle

se--Purpose

Interest in problem solving has clearly grown in the past
five years. Research studies-haveattempted to: (1) refine the
definition of problem solving; (2) evaluate the complex strategies
involved in problem-solving behavior; and (3) assess the" abilities
needed to be successful in problem- solving situations. _

This investigation attempted to analyze one specific. ability,
that has arisen as a possible factor in successful problem- solving
behavior, namely, spatial ability. The investigator attempted to
answer the following general questions:,

11. In analyzing the intellectual Abilitiel of an individual
using existing instruments,..pera dist4Pct, indivisible

quantity, called spatial, ability, be detected?

2. Is there a significant relationship between spatial ability
and problem-solving performance?

. .

.

(/
1 1

.
I ,..3. What effect, if any, 4 in11 struction in certain perceptual

techniques have on spatial ability? On problem-solving
performance?

L'

,

Procedure

The study consisted of two phases. The first phase explored
the nature of spatial ability and how it related to problem solving,
based on pretest data information. The second phase was an instruc-,
tional'phase, followed by aposttegt period used to assess the effects,
of the instruction.

The study was carried out over an 11-week period duringthe first
-semester of the 1976-77 academic year. The sample Popula4on 'con-
sisted of four intact fifth-grade 4.assiooms, totaling 145 students.
All four classes were given the pretest and posttest batteties; two
of the four classes were randomly selected as experimental classes.
and received the instruction in Perceptual techniques.

The pretest and posttest batteries were the same set of six
tests. Five of the tents were spatial ability teststhat had been

31 53,9
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' selected-after an extensive review of factor analytic stu ies and

Aifte4r pilot testing to determine-Ifthe tests were approp iate far
fifth-grade students. The five spatial tests chosen were: Punched
Holes Test, Card Rotations Test, Form Board Test, Figure Rotations,
Test, and CubeComparisonsTest. The eixthtest was a Problem-
Solving Inventory designed by the investigator. This inventory
consisted of tenproble*: four spatial problems (i.e, problems
solved most efficiently,by::phtures; graph6,diagrams, tablesi and

,lists), three analytic problems (i.e, problems solved most ef4eiently
by computational teChniquesand.number sentences) and'three e
spatial and analytic problems.

Tbe.spatial.abilitY_score was computed ,by summing the z- scores
on the five spatial tests.. The problem-solving performance score
was computed by the number of correct responses to the ten problems
on the Problem-Solving Inventory. The degree of visuality score
(an indication of how much an individual uses pictures, graphs,.
tables, etc. insolving problems) was computed by ageigning a score
of 0, 1,'-or 2 for each item on the Problem-Solving Inventory and
then summing across elltenitems.

The pretest data col/ection occurred during the first week of
the study. The instructional period lasted for nine weeks. The c
posttest data collection occurred during the,11th week.

'

In"addition, several EEG measures were taken in order to
corroWnFe the results% The EM measuree'brain,hemisphere activity,
whet left hemisphere activity,fe associated With analytic thinking
and right hemisphere activity is associated with spatial thinking.

Results

1. Four of the five spatial tests hung-together as an indivisible
construct based on: (a) Pearion product-moment correlations between
:each other; .(b) factor analyseit and (c).regreesion analyses.-' The
fifth test, namely Cube Comparisons, did not correlate significantly
with the other four tests and came out on aseparate factor., The
EEG data served to 'confirm the author's hypothesis concerning this

. finding; theother'fOur tests were pure spatial egstt (right hem17
sphere activity) whiletCpbe Comparisons could be solved analytically
(left hemisphere activity).

1

A second and third administration of seven spatial tests (the
'five -original tests plus two additional tests) indicated that-apatial
` ability was an indecompoaable'ability, contrary to previoua+ factor
analytic results slowing -that spat" rability could be separated into
twii-componenta.

,

N,

21 Spatial ability was found to correlate significantly with probleh-
saving performance,, and, to a lesser extent, with degree oevisuality;
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however, problem-solving performance and degree of visuality did not
correlate signifidantly (based on Pearson product-moment correlations).
An individual with high Spatial ability will do well in,problem- -

solving situations but will not always use visual solution processes.
Again, EEG data confir ed the author's hypothesis about this finding.
The EEG, data indicated that the high spatial'ability individual may
not be writing down visual images, but they are ,taking place in
his brain, as the right hemisphere activity indicated. In other
words, the high spatial ability individual may not find the need to
write down the visual processes. Since the degree of visuality
score was based on written work, the statistical results are not
surprising.

3.) The classification of problems as spatial, analytic, ually
spatial and analytic is a meaningful and consistent chara terization.
The tenproblems in,the Problem-Solving Inventory were originally
classified according to individual oral interviews in a pilo-tear ing
situatiomhe problems were re-classified, judging a problem to
be spatial if; (a) it has a high mean degree of visuality score based
on written work; (b) its Mean score correlates significantly with
spatial ability; and (c) EEGs show much right brain hemisphere activity
by students trying to solve the problem. In general,problems
classified as.spatial uSing'one definitidn were found to be gpatial-.
by all four definitions`.

4. The instruction affected significantly spatial ability and
problem-solving performance on spatial problems, but did not affect
degree of visuality (all based on analyses of covariance,.using
pretest measures as covariates, in order to factor out initial. Qv

differences between control and experimental classes). This finding
indicates that spatial ability is a modifiable quantity (contrary to
research studies claiming that spatial ability is genetically deter-
mined). The finding also indicates that problem-solving performance
can be-improved by spatial instruction; it would behoove mathematics
educators to consider including spatial instruction as part of the
regularmathematics.curriculum.

No differences were found in Astructional effects between
males and females or between high and low spatial ability students.

4 1.
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An Exploratory Study of Fourth Graders'
Heuristic Problem Solving Behavior

Kil S. Lee
University of New Orleans

Purpose

Tte primary purpose of this investigation was (1) to study how
young children (fourth graders) attempt,to solve word problems, and
(2) to study whether young children; can use heuristics appropriately
and effectively in solving word problems. 'Heuristics were considered
as questions or advice a problem solver may conscientiously consider
when solliing a problem.

Conceptual Framework

11.

c
This study considefed three aspects of an educational situation:

when to teach, what to teach, and how to teach. Bruner (1963),
Piaget (1964), and,Polya (1957) emphasize that the learning situation
should be centered around the learner, particularly, the learner's

di cognitive developmental stage. Polya's heuristics (1957) were adapted
considering the developmental stage of the subjects (Concrete opera-.
tional) and the problems found in the fourth grade.textbooks. Polya's
teaching. method (1957), imitation and doing, was used. The clinical
method wk-chosen for this study. This method allowed the investigator
to observe each subject involved in prob-e solving and to ask probing
questions intended to uncover the ihner4ynam cs of the price s of
problem solving.

Procedure

/ The investigator selected two croups of subjects, experimental
ax1 control. The 16, subjects were selected on the basis of 1)'two
Piagetian problems, Equilibriutnin the'Balance and Oscillation of a .

Pendulum, and 2) teacher's recommendations. Eight of the 16 subjects
were recommended as average achl.evers and Satisfied Piaget's criteria
of II-A cognitive,level on both problems. The other eight subjects
were-recommended ashigh achievers and satisfied Piaget'.s criteria-,
of IX -B cogniti'ye level on boLth-problems.

The experimental groups, four U=Aand four II-B, received 20-
sessions of instructions in the use of/ heuristics when'solving word
problems. Each instructional session lasted about 45 minutes and
was completed in eight weeks. ,Two pre-experimental interview problems

'

and six post - experimental interview problems were given to all 16
subjects. Four weeks after the -post-experimental interview, two word
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problems were given to the experimental subjects as part of the
delayed post-experimental interview. Each interview session was held
in an individual clinical setting where audio recordings, student
worksheets, and investigator remarks were collected. These were the
basis of the quantitative and qualitative analysis of the study.

Results

In the post-experimental interview, the experimental groups solved
35 of 48 problems successfully or 73 percent. The control groups
solved,only 3 of 48 problems or 6 percent. The delayed post-experimental
interview indicated that the experimental subjects retained the appro-
priate usage of heuristics in solving problems. Nearly 80 percent of
the problems were solved successfully.

The control groups showed no change in frequency of usage of heur-
istics from pre= to post-experimental interview.- The experimental
groups' use of heurfstics increased noticeably from the pre- to post-
experimental problem solving. The expeiiimental subjects were able to
select an appropriate heuristic for nearly. all the post-experimental
interview problems. There was a clear difference in the usage of heur-
istics- between the II-A and the II-B experimental groups. ,A more
detailed reporting of results, particularly qualitative results, will
be included in the presentation of the paper.

Since this study was exploratory, definitive conclusions cannot
be provided. The goal was-to generate hypotheses based on the observed
:results and the theoretical rationale of the study. The generated
hypotheses were as,follows:

l, Modification of Poiya's heuristics can be effectively incor-
porated into the problem solving experience of fourth grade
students in the sense that the children (a) are capable of
using the heuristics when attempting to solve problems not
encountered before and (b) will be more successtul in solving
the problems attempted.

2. There is a relationship between cognitive levels II-A and
'II-B and mathematical'achievement at the fourth grade.

3. In a problem solving situation where multiplication is
appropriate, II-A children use additive procedures and
II-B children use matiplicative as well as additive pro--
cedures.

4. SoMe proportionality problets can be solyed by concrete oper-
ational children if they/learn to use proper heuristics.

5. Some combinational- problems can be solved by concrete opera-
, tional, children if they learn to use appropriate heuristics.

-
6. There are difference's in the interpretation of certain heur-

.,sistics by fourth graders.
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The Effects of Three Key Organizers on Mathematical Problem
Solving Success with Sixth, Seventh and Eighth.

Grade Learners
I

Kenneth E. VOIS
College of Saint Catherine

Purpose

Problem solving ability as demonstrated by a learner has beep fre-
quently cited as an essential goal of secondary and elementary school

mathematics education. 'Nevertheless the major emphasis of the role of
problems in a mathematics curriculum has been-relegated to what are

only referred to as word or verbal problems and translating these,
nto number sentences. Also, activities exhibited by the'learner in
solving mathematical' problems frequently focused on the narrow range
of possible answers and not on the possible means or methodsof solv-
ing these problems. Recent research seems to support the hypothesis
that specific instruction in tertain problem solving behaviors or

)
activities can enhance problem solving success'. These behay.iors can
'be-described as organizersvof information that facilitate perceptive
conjectures and provide an orientation and focui for the learner.
OrganizerS'can be considered prerequisite abilities for certain
heuristic techniques that have been shown to be effective in solving
problems.

110.

A partial list of organizers that em dy some potential for
increasing success in problem solvi s given below. This list will
ee identified askey organizers since theypossess the greatest pdten-
tial fdr opening the blocked goal to. the solution of the problem.

The key organizers are the following:

Choosing appropriate notation to represent information.
2. Identifying the available; explicitly stated information.
3. Recall of related, implicitly stated information.
4. Constructing a chart or tabke.
5. Drawing a diagram or picture.
6. Constructing and/or using a physical\ model'
7. Approximating and verifying.
8. Making a simpler problem.
9. Using resources.

10. Making an equation, inequality.

This study will focus on only three of the key'iorganizers. These
will be drawing a diagram, approximating and verifying, ajid construct-
ing a chart or table.

'4i
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The three,key organizers studied may be described as follows:.

Drawing a diagram.--Given a problem, a sketch is drawn of the
situation that includes many of the conditions of the problem.

Approximating and verifying.--Given a problem, a reasonable
approximation of a possible solution is'made. This is followed by
a verification of this approximation with the conditions stated in
the problem'

Constructing a chart.--Given a problem, a table or chart is
construet6d involving most,of the possible conditions of the problem.
This chart could show a pattern developing from the conditions of.the
problem.

4

Related -to the description of the key organizers is the question
concerning instruction in these organizers. In other words, is it
possible to instruct students in these key organizers? Also, if
students learn these organizers will they employ them in problem
solving situations?. Ate there certain learning styles which reflect
successful problem solvers? What key organizers do students possess
before instruction? Is there- any relationship between effective
application of these key organizers and success ,n problem solving?

- Is there any relatiopship between success in problem solving and
practical judgment?

The ptirpose Of the study is to determine if-the three key organi-
zers drawing a diagram, approximating and verifying, constructing -

` a chartican be taught to students and exhibited by the students as
an effective tactic of solving probleth tasks.

Procedure

Situation:
Grade levels:
Selection of Ss:
Number of Ss:
Description of Ss:
Instructional topics:

Mode of instruction:'

Number of presentations :

Instructional sequence:

Length of Instruction:

within a school orgariization
6th, 7th, 8th
random within grade level
7 for each grade level, total 21
instructional history, academic achievement
drawing a diagram, approximating and veri-
fying, constructing a chart.
teaching experiment, student guidesheets
for each presentation.
6 presentations for each topic, total 18.
presentation of individual topics is in a
lateral movement in a cyclic manner; that is,
within-each topic the presentation is.. ,s

sequenced for difficulty and the presenta-
tion for a particular topic occurs every
third situation.
14 weeks.
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Preassessment

.

Assessment by teacher(9) of S's math ability.

"7

Learning Style Inventory ea;

Problem Solving Test I: set of three problems that could be solved
by 'involving at least one of the three key
organizers.

Mode: individually 'administered;
written -response;

talk aldud-audio record

Scoring: process code;.

product code.,

POstassessment',

Prattical Judgment Test

Problem Solving Decision Test

Format: forced choice; six,problems with the three key
organizers as choices; same problems as Problem
Solving Test II

Mode: group administered;
written responses

Scoring: weighted response score.

Problem Solving Test II:

Results

set of six problems that could be solved
by involving at least one of the three
key organizers.

Mode: individually administered;
written responses;
.talk aloud-audio record

Scoring: process code;
product code.

Although d. a analyses are incomplete at this time, preliminary .

findings indic- e that a teaching experiment with problem solving key .

organizers ca increase the effectiveness of solving ptoblems by sixth,
seventh and e ghth grade learners. A more detailed reporting'of results
will be possi let'af the time of the presentation.
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Conservation of Equation, Function, and Structure and Its
Relationship to Former Operapional Thinking

Purpose

Sigrid Wagner
University_of Georgia

111
,

The primary purpose of the research reported in, this paper. was to
invetigate the relationship between the ability to conserve equation,
fqn on, and structure under a transformation of literal variable and
th ability to use formal operations in solving typical Piagetian tasks.

Conceptual Framework

A pattern is a relationship among two or more elements which is
invariant under certain transformations of at least one- element.- A
geometric,pattern, for instance, is invariant under certain transfor-
mations Of the objects, materials, or colors which comprise the pattern.
A musical pattern, or melody, is invariantAunder trap osition to
another key. A behavior pattern may .be repeated either by the same
person under different circumstances or by different pe ple under the
same circumstances. Atittract mathematical structures such as groups
or fields, are patterns which are invariant under certain transforma-
tions of elements,. operations, or variables.

To exemplify a pattern, it is on necessary to select particular
elements related according to the pattern. To define a pattern, the
other hand, it is necessary,to represent individually, yet simultaneously,
all elements which might comprise. the pattern. The symbols used to
represent these various elements individually and simultaneously are
variables, as used in mathematics.. Because a.pattern depends only upon
the relationship common to all of its exemplars, and not upon the symbols
used to define it, any pattern is invariant under a transformation of
the variables used in defining it.

-

The algebraic patterns of equation and function are among the first
patterns.which students ;typically, see defined mathematically using varia-
bles. -Although equations and functions, likeall.other patterns, are
invariant under transformations of variable, this fact may not be imme-
diately clear to students,encountering the use of variables for the
first'time. 'Because the symbols most often.used as variables in
mathematics are letters'of theirPhabet, students may at first tend to
associate the alphabetical order of letters with the numerical order of
the numbers represented by the letters as variableg. It is onl9F
when the student realizes that letters in the context of algebra are
completely arbitrary and interchangeable symbols that the student may
fully comprehend the cdncepts of equation and function.
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Similarly, students first encountering mathematical definitions
of abstract structures cannbt.appreciate the essence of a structure
'until they realize that the structure pattern is invariant under
transformations, not just of variables, but also of elements and

. ,
operations.

Just as Piaget has used conservation tasks to measure children's
understanding of certain'concepts, one way of measuring a student's
understanding of equation, function, or structure dnsto test the
student's Ability to conserve equation, function, or structure under
changes of variable and other appropriate transformations. The methods
used -to test for conservation of pattern in this research are compiti-'
ble with the techniques Used by Piaget and others and may,, therefore,
eventually lead to an extension of Piaget's model of cognitive develop-
ment into the realm ofhighly abstract mathemaeical-thinking.

Procedure

;-
The research reported herein includes-the results 4 two separate

studies, one already completed and one to be completed in the near
future. Tasktiwere devised to test for connervation of equation, func-
tion, and structure. Other tasks involving concepts such as proportion,
syllogism, and Cartesian product were designed to be similar to those
used by Piaget and others to identify formal operational-thinking.

In the first study, six tasks were -administered in individual
interviews to 72 New York City :public- school students, 12, boys and 12
girls at each of three age levels: 12,.14 and 17 years of age. The
order of the tasks wavvaried to control for practice effects among'
the Piagetian tasks an4 learning effects athong theconservation tasks.
All interviews were conducted by the inve tigator and were'audio-tape-
recorded. In addition, written notes were made on each student's
responses to the tasks. The responses we ethen classified and scored
from the written protocol according'to cr teria consistent with Piaget's
theory of development.

or The second study is an extension the first Co include coil*
students with a variety of mathematic backgroUndsland tasks which
may require a higher level of-mathematical sophistic'ation than some
of those used in the first study.

4'3

Results

Using a chi-square goodness-of-fit test, it was found in the first
study that (a) significantly (p <.01) more students conserved equation
but not unction than conversely; (b) significantly (p 4..001) more
students conserved equation but were not formal operational on the
proportion task than conversely; (c) significantly (pic.001) more
students conserved equation but were not formal operational on the
syllogism task than conversely; (dl significantly (p4:.01) more students
'conserved function but were not formal operational on the proportion
task than conversely; (e) significadtly (p <.001) more students were
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formal operational on the combinations task but .!id not conserve function
than conversely.

.

. In addition, it was noted that nearly 50,percent of the 12-year-
olds and about 83 percent of the 14-year-olds in this study.conserved
equation, whereas about 20 percent of the 12-year-olds and 50 percent
of the 14-year-olds conserved function. The performan of the 17Tyear-
olds was similar to that of the 14-year-olds in this study.

Data analysis for the second study has notbeen comp'le'ted.

0

Conclusions "

, .

The results o this research suggest that.the Ability to conserve'
equation may be ac uired, in general, prior to'the ability to conserve
fUnction and prior to thei,onset of formal operational thoUght as
presently defined. Further studies may clarify the relationship'
between formal thought and the ability to conserve function and
structure under various types of transformations.

The results of this research clearly show that it is not necessary
for a student to have formal training in algebra.in order to conserve
equation.anclfunction. Moreover, the responses to the conservation
tasks indicate that student's who do not conserve equation an4/or func-
tion may indeed associate alphabetical order with numerical order when
they first encounter letters used as yariabl* Teachers who are aware
of this tendency may be able to dispel9some,Colusion by emphasizing
that letters used as variables are compleeel, arbitrary and interchange-
able symbols, that, alphabetic order is tr;elevaht in the context of-
.algebra. )

1.
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The Ability of First, Third, and Fifth Grade Children
to Perform Rigid Transformation Tasks

Karen A. Schultz
Georgia State University

.Purpose

The purpose of this study was to investigate the ability of first,
third, and fifth graders to perform rigid transformation tasks. The
tasks required the child to reassemble parts of a meaningful configu-
ration showing what the configuration would look like if it were
displaced by translations, reflections, and rotations.

Conceptual Framework

The conceptual framework for this study has been developed in
large part through involvement in the Space and Geometry Working
Group of the Georgia'Center for the Study of Learning and Teaching
Mathematics. In particular, it was influenced by Lesh (1977) and
the research of the other Working Group members scheduled to appear
Spring 1978'as a monograph published through the ERICJnformation
Center.

An earlier investigation (Schultz,"1977) found that an intuitive
understanding of transformations was already present in the elementary
school child's thinking. This investigation also obtained criteria
for predicting relative difficulty of transformation tasks. e pre-
sent study attempted to further analyze the child's thinkigg.o
translations, reflections and rotations. In particular, it repre-
sents a continuing study of the figurative and operative aspects of
concrete 'manipulative taterials and activities for transformation '

gametry in the elementary school classroom. It is important to
have a theoretical base for the use of materials and accompanying
activities in any area of mathematics learning, especially when the
development oespatial skills is involved. It° is thtough these skills
that complex mental structures are formed so as to facilitate the
process of abstracting.

The present study asked the following questions:- (1) are there
differences in children's understandings among the three transforma-
tions? (2) does the direction of the displacement effect the child%p
performance? (3) what strategies are used to solve the transformatiatr
tasks? (4) does the child's ability to perfOim the tasks-zente to
matheiatics achievement as determined by standardized tests? (5)

is there a difference in performance between-boys and girl's on the
tasks?
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rocedure

/
The experimenter individually interviewed 120 stdents in a

suburban Atlanta, Georgia, elementary school. There were 40 first
graders, 40 third graders, and 40 fifth graders with 20 boys and 20
girls in each graste,_\The subjects were each given five translations,
five reflections, and five rotations displacing a configuration in
each of five different directions. The distance of each displace-
ment was four cm.

The subject was first shown a sailboat made of two flat' wooden
pieces diftering from each other in shape and color. Thie sailboat .

configuration was glued -on an eight cm square sheet of clear plexi-
glass and then covered by another similar sheet. ,The experimenter
moved the top sheet as a translation, reflection, or rotation. The
subject was then asked to place two wooden piece,elikd the others on
the displaced sheet of plexiglass to show what the configuration would
look like if it were moved in like manner. s

Analysis
OF

The subject's placement of the wooden pieces for each of the 15
tasks was recorded by an observer. Each task response was then
evaluated using a scale of zero to four according to thocation and
position of the shapes. A score of four indicated that both pieces
of the sailboat were in the correct location andorientation on the
plexiglass sheet.

The data were analyzed using an analysis of variance with
repeated measures. Variable considered were grade, sex, isometry
(slide, flip, and turn), and direction of isometry. SignifiCantly'
mare first grade boys were able to perform the tasks than first
grade girls. No other sex differences were found. A signi4cant
isometry by direction interaction indicated that children had coA-
siderable difficulty with diagonal flips. Slide subscores did not
differ across grades, but flip and turnsubsdores did differ.'
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An Examination of Student Perceptions. of Relatedness Among
Mathematical Word Problem

Edward A. Silver
Northern Illinois University

Purpose

The purposes of this study were,(1) to'liomine the problem similar-
- i:ty:dimenSions perceived by a student when classifying mathematical word

problems as related, and (2) to examine the relationship betwten a
student's perceptions of problem similarity and. his performance on a
variety of individual difference measures.

Conceptual Framework,

In his classic treatise on mathematical problem solving, How to
Solve It, Polya (1957) has suggested a s.ries of heurisO.c precepts that
.may be useful iri the solution of a mathematical prOblem. (For example,
Polya has suggested that when one is devising a plan for-Aolving a pro-
blem, it" is often useful to think of a "related" problem.

J

is reasonable to assume that many mathematics teachers suggest
this advice to their studehts. But how do students interpret the word
"relatde? If they consider "related" prqblems when it is suggested,
are the problems related in a mathematically useful way?

,

The answers to theSe queStiOns may 'be fundamental to an understand-
ing 'of, the psychological implications of Polya's logical suggestion.
'In fact,, the answers may help to provide increased understanding of
the modes of information procesing that are helpful in mathematical
problem solving.

:- -Research evidence related to students' perceptions df problem
relatedness is 'scatce. Krutetskii (1976) discerned both-qualitative
and quantitative differences betA.n the memories of good problem

'solvers and the memories of poonprqblem solvers. 'Specifically, he
found that good ,prolem solvers tend-to recall' the structure..-of
problem for a long time,,-wheresis probldm Solvers-tend to.remember,
if an'ything4at all

'
the details of the problem-statement. Ris research

has pointed to differences in the way good And poor problem solvers
perceive the important aspects of:aNprOblem.- ".

A t
.
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First Phase

Procedure

The principal technique used to examine students' Pereeptios of
problem similarity Itas-a,tard-sorting task (CST). The CST problems
were written so that they varied systematically along two problem

similarity dime4ionsmathematical structune: and contextual details.
Students formed'groups of problems that they thought were "matheinati=
cally related" and expldined their basis for categorizing them.

The CST was administered to'98 eighth grade students on two occa-
sions: Once before and once`after they attempted to solve the .

problems. In the time between.the two sorts; 'each student-attempted
'to solve each problem. Students were also assessed using measures
of verbal IQ, nonverbal IQ, mathematics concepts-knowledge,*oomputa-
tional ability, and problem-solving ability.

7 *

Results

Analyses of students' criteria for categories formed in the CST
indicated that they were associating, probleis along four Aroblem
similarity dimensions. The structureand context diiensions were
evident in their sorts, and two new dimensions were identifiedques-
tion forM and problem pseudostrdcture. Many students appeared to
associate problems on the basis 'of the quantity measured, in the '

prig:dem, such as age, time,, or weight. This latter characteristic
of problems was called pseudostructu're since it often takes on the
appearance of the mathematical structure dimension.

The tendency to sort problems according to their mathematical
structure was significantly po4itively correlated with all ability
Variables. the tendency to so* problems according to their don-
textdal details/was negatively corre ated with all ability variables.

The significant relationship (r .45; 2.1C.001) betweewa student's
problem,-solving-dbility and his tende cy td, associate problems on the
bigisjpf structure was analyzed using artial correlations. When the
effects of verbarl, nonverbal Q; majtematicstoncepts knowledge,
and mathematics computation abilitAwe °simultaneously controlled,
the relationship remained significant,'( = .28; 2.<.01.

Second Phase:' .

Procedure.

a 4
iInterpretation of certain results,of the first phase was,difficult

since-the question and pseudosiructure dfmensions overlapped with the
,structure and context dimensions.within the CST. In the second phdse,

10

2
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some of the CST problems were rewritten so that, the set of revised
problems varied systematically along,all four dimensions and contained
little dimensional overlap. The revived set of prOblems was used with
58 eighth grade students who had not participated in the first phase of
the study. The revised CST task was administered using the same pro-
cedures as in the first phase. Data related to students' IQ, concepts
knowledge, and computational ability were'also obtained.

Results

The significant positive relationship, noted in the first phase,
between a student's mathematical ability and his tendency to associate
problems on the basis of mathematical structure was supported by the
results of the second phase. Also supported was the negative relation-
ship between the mathematical ability variables and tendency to asso-.
ciate problems according to context.

The tendency to associate problems on the basis of their pseudo-
structure appeared to be unrelated to mathematical ability; in fact,
students who were classified as high in nonverbal IQ, concepts, know-
ledge, or problem-solving ability actually had more'pseudostructure
associations before solution of the, problems than students who were
classified as low for the variables. On the other hand, the tendency
to associate according to questiOn form was negatively correlated with
all ability variables.

As in the first phase, the significant positive'correlation (r =
.69;,1 <.001) between 'problem-splving ability and the tendency to
associate problems on the basis of structure remained significant

m .30; 2L<.01) even when the effects of the four general ability
variables were simultaneously controlled.

alb
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The Effect of Problem Structure and Cognitive Level on the
Processes Students Use td Solve Verbal Algebra Problems

Purpose

Harold C. Days
Fort Valley State College

The purposeof this study was twofold: first, the study compared
the processes used by concrete- and formal-operational students to sal e .

problems defined as having either simple or complexstructures. Seco d- ,
ly, the study attempted to determine if the problems definecias havin
complex structures were more difficult than those defined as having
simple structures.--

A widely held dal of mathematics t ing is the development of
studentS'!, ability to solve verbal proble . Knowledge of the processes
and strategies used by students to solve various types of verbal problems
may provide teachers with information for improving instruction in mathe-
matical-problem solving. Additionally, knowledge of some of the
relationships which exist between task variables, subject variables, and .

problem - solving performance could aid in determining how problems should
be sequenced in instruction and in our textbooks.

Conceptual Framework

SeVeral researchers (Dalton, 1974; Flaherty, 1975; Grady, 1975;
Hollander, 1974; Kantowski, 1975; Kilpatriok, 1967, Webb, 1975) used
the Think Aloud Technique to identify and study the problem-solving
procesges used by mathematical problem solvers. These researchers iden-
tified a fairly long list of processes, as being, frequently used by /

mathematical problem solvers. Reseatch also suggests that certain
subject variables may affect the amount,of succese subjects will ha e

, when using agiven process. For example, junior high students'ten to.,

be more successful at problem solving when using trial-and-grror a
less successful when attempting to use equations (Kilpatrick, 1967),
and high school algebra students,tend to be more successful at pr blem
solving when they use an less successful when using trial-,
and-error (Webb, 1975).

Tyszkowa (1973) obtained results.* which suggest that the processes
students use to solve problgms at one level of diffiCUlty may be .

entirely different from those used to solve problems at another level
.of difficulty. Research (Barnett; 1974; Ingle, 1975; Jerman, 1970,
1972; Suppes, Lciftus S4Jerman, 1967) has shOwn that certain'tructural-
variables are good predictOrs of problem difficulty Thus,-one.cbuld

5
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conclude that structural variables are probably good predictors of
process-use also. If the use of certain processes depends on charac-
teristics of the task, then tM processes which'are most useful on a
given type of problem should be identified.

Piaget.and Inhelder (1969) described four stages of cognitive .

develqpment in children. The last two of these stages are concrete
operations and formal operations. According to Piaget's Theory,
subjects in the lormal operational stage can perform certain reason-
ing processes which cannot be performed by concrete subjects. Thus,
formal-operational individuals should have a larger repertoireof
problem-solving processes than concrete subjects.

9 Grady (1975) found that students classified as formal-operational
used significantly more means-end heuristics (pictures, diagrams, equa-
tions) while solving verbal algebra problems than-those classified as
concrete operational. Thus, learner characteristics such as cognitive
level, age, or mathematical experience may affect the processes sub-

. -

jects use to solve verbal problems. Additionally, there may be an
interaction between subject variables, task variables, and process use.

Procedure

Two eighth grade general mathematics classes were randomly selected
from each of three junior high schools. A, modi version of Longeot'g'
test was administered to each class to clasgify po ential subjects as
concrete operational or formal operational. After students in a given

',school had been classified, ten subjects were randomly selected from
the concrete group and ten frorethe formal group. Each of these 6p
subjects were scheduled for a two-hour interview.

In the interview, students were asked to solve ten world problems
while "thinking aloud." Two of these problems served as practice pro-'
blems an4 eight as experimental problemst. Four of the experimental
problems were defined as having simple structures and four were defined
as having complex structures. 'A mathematical model of a given problem
was used to define it as having a simple or complex structure. The
interviews were audio tape recorded and a written record was kept of
what was being said or done. The protocols obtained in the interviews
were used to determine the processes 'or strategies the students used
to solve the given problems.

Each subject was given two scores for each variable. One score
was bAsed on his performance on the simple structured problems and the
other on his performance on the complex structured problems. Some of
the 'aepefident variables were: range, process, strategy, understanding,
representational,'and evaluation scores. The range score was defined
as the number of different processes used to solve each group:ot pro-
blems. The proCess and strategy scores were defined as the.number of
problems on which the-process or strategy was used. The understanding,:

.representational, and evaluation scores were obtained by summing the
process scores which fell under the given category.

a
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Analysis

A 2(cognitivelevel x 2(problem structure) factorial design with
repeated measures on problem structure=was-the experimental design,
employed in this-study. Analysis of variande and WiIsoh's two-way
analysis of variance based on medians were used 'to analyze the data.

Results

Analysis of the range score revealed that formal subjects used a

larger variety of problem-solving prbcesses than concrete subjects,
and both groups used a larger variety of process on the complex
,structured problems than on the simple structure problems (p < .001).

In general, understanding, representational, deduction, and eval-
uation processes were used more frequently on the complex. structured
problems than on the simple structured problems.

The understanding, representational, and recall scores of concrete
1. and formal subjects did not differ significantly, but formal subjects

had significantly higher deduction (complex) and evaluation (complex)

pli
scores than concrete subjects (p < .01). The use of certain aluation
and deduction.procestes on the complex structured problem y have
required formal operations whereas their use on the simp e structured
problems did not. This would explain why the deduction nd evaluation
scores of the two groups differed on the complex 'structu d problems
but not on the simple structured problems.

As expected, formal subjects used systematic trial-and-error on
more problems than concrete subjects.

Finally, problem structure did not have as much effect on problem
difficulty in-the concrete group as it did in the formal group. Addi-
tional results, conclusions, and implications will be presented.'
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The Interaction of Field- Dependence- Independence and
the Level of Guidance of Mathematics InstrUction

Verna M. Adams
San Diego State University

Douglas B. McLeod
San Diego State University

Purpose

Attempts to individualize instruction have traditionally involved
varying the rate of instruction and relatively little attention has
been given adapting the method of instruction to studeft character-
istics. Cronbach (1957) recommended that researchers try to find
aptitudes which interact with variations in instructional treatments
and to, design instructional treatments to fit particular aptitudes of
groups of students.

The search for ways of adapting instructional treatments to indi-
vidual differences, knoim as Aptitude-treatment-interaction (ATI)
studies, has in general been unsuccessful. For reviews, see Berliner
and-Nahen (1973), Cronbach (19 b5), and Cronbach and Snow (1977). How-
ever, there have been recent successes' in finding ATI's in'mathemAtics
education (Carpenter, McLeon & Skvarcius, 1976; McLeon & AdaM, 1977;
McLeod & Briggs, 1977) that have used cognitive style as air,/aptitude
variable. The present study attempted to design two treatments tailored
to fit the cognitive style of field-dependence-independence se to search
for other interactions.

Field - dependence- independence is a cognitive style thought tp(-have

implications for educational issues (Witkin, Moore, Goodenough & Cox,
1977). Individual ,differetices in field-dependence-independence are
identified on a continuum determined by the extent a person perceives
analytically. Students who are relatively field-dependent find it
diffitult to solve problems which depend on the ability to take a
critical element out of context and restructure the problem in order
to use that element in a different context. Field-independent students
are likely to restructure a situation in order to solve a problem °pr. to
impose structure on material when structure is lacking. Another aspect
of field-dependence-independence which may be important in developigg
insquctional materials is cue sampling behavior. The effect of cue°
salience is greater for field-dependent than field-independent students.
Field-dependent students also favor. more of a spectator approach to
learning than field-independent students.
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A significant disotdinal interaction between field-dependence-
in ependence and the level of guidance in mathematics instruction was
found by Carpenter, MdLeod and Skvarcius (197$) andlatet by McLeod
and Adams (1977). In view of these findings, the purpose of this
study was to investigate further the interactions between levels of
guidance and field-dependence-independence.

Procedure

Two inductive treatments were developed, one being a compensatory
treatment (Salomon, 1971),for field-dependent students and the other,
a preferential treatment for field-independent students. In the com-
pensatory treatment, called the high-guidance group', organization was
provided for the student through the use of partially completed tables
and rules, and underlining of key words. This treatment was typed
using double spacing. In the second treatment, called the low-guidance
group, students were expected to make their own tables and discover
rules on their own. This treatment was typed ,using single spacing.
Both of the treatments presented the same content on networks, used the
same problems, and provided about the same amount of practice._, The low-
guidance materials actively involved the student by including short
questions in the materials. These qaestions were excluded from the
high-guidance materials, where studeSts were given the same information
in an expository fashion.

Subjects were 97 students from four sections of a class for pros-
pective elementary school teachers. .Within each section, students were.
randomly assigned to the two groups. Of the 97 students, 51 were 'in
the low-guidance group and 46 were in the,high-guidance group'. The two
instructors for the f urd----`%ections participated in the study and were
randomly assigned to group so that each lied two low-guidance grpups
and two.high- guidance groups. In each case, the low-guidante group
remained in the'regular classroom and the high-guidance groUp moved to
another room.

On the second day of regular class, a pretest was administered to
determine whether or not studeUts had mastered materials covered in the
first semester of this two-semester course. This was used as an apti-
tude variable along with the measttement for- field -dependence-
independence. Two regular 75-minute class periods were'used by-the
students to complete the treatments and to take an achievement posttest
immediately following comprelion,9f the treatments. The' posttest con-
sisted of three subsections designed to measure achievement at three
levels: comprehension, applications and analysis. The posttest was
administered again five weeks later to measure retention.' The Group
Embedded Figures Test, a measure of field-dependence-independence.
( Witkin, Oltman, Raskin & Karp, 1971), was also administered at that .

time.
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Results

The data were analyzed using multiple regression procedures-
(Karlinger-& pedhazur, 1973). There was a significantinteraction
between the pretest scores and the level of guidance of the treat-.

'ments for the retention test, but no other significant'interactions
were found. On the immediate posttest,tthe high-guidance group
scored significantly better than the low-guidance group.
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Degrees of Teacher Vagueness and Pupil Participation as They
Relate to Student Learning of Mathematical Concepts

and Generalizations

Lyle R. Smith
AugustaCollege

Purpose

Numerous studies have investigated the' relationships between various
teacher behaviors and student achievement. Many of the studies, however,
have peen descriptive rather than experimental in nature. For example,
Aii1ler, Fisher and Kaess (1969) and Smith (1977) found negative correla-
tions between the frequency of teacher vagueness terms and student
achievement. Shuster and Pigge (1965); Scandura and Behr (1966), Zahn
(1966), and Robitaille (1975) reported,that mathematics teachers were
more effective when they allowed their students to participate actively
in developmental activities rather than to engage solely in passive
intake of information.

The present research was designed to extend the results' of these
prior studies by expirimentally investigating the joint effects of
different degiees of teacher vagueness and student participation on
the learning of mathematical concepts.

° Procedure

Subjects for this study were 204 students enrolled in introductory
psychology and sociology courses at Augusta College. Each student was
randomlyassigned to one of six groups (n= 34 each) defined by the possi-
ble combinations of three vagueness conditions (no vagueness, moderate
vagueness, high vagueness) and two student activity conditions (passive
learning, active learning).

Each of the six groups was shown a 20-minute videotaped mathematiES
lesson on sums of consecutive possible integers (SCPI's). The same con-
cepts, generalizations, and processes7aiscussed la.rie1pp'and Kuenzi
(1975) were presented in each lesson. None of the students had prior
knowledge of SCPI's. The lessons were videotaped so that lithe teacher's
presentation was read from a script while the camera focuded on corres2
Vonding definitions, examples, and appliCatiOns that were shown on
transparencies with an overhead projector. For each lesson, the same
perdon read the script and the same-sequence of concepts, generaliza-
tions, and examples was presented. Each of the six lessons represented
a different combination of teacher vagueness and degree of student
participatiom Each lesson was viewed on a television monitor. Student
comprehension of the lesSons wfts-datermined by administering a test
focusing on-the content of the lessons.
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Two. of the lessons contained a high degree of teacher vagueness
terms (144 per lesson), two of the lessons. contained a moderate degree
of teacher vagueness terms (72 per lesson), and twg lessons contained
no teacher vagueness terns 'The vagueness terms were, btained frOt
vagueness categories defined by Hiller, et

.4
al. (1969).

In three of the lessons the students were_first_shownexamples of
how to'identify SCPI's and write numbers as SCPI's and ellen the stu-
dents were required to work similar examples individually. After the
students were giiren'time to work the problems individually, they were
informed on the videotaped lesson concerning the correct way io'work
the/problems. These three lessons were defined as "pupil active .
participation" lessons.

The remainipi three lessons were defined as "pupil passive intake"
lessons. The same procedure was used in these lessons as in. the pupil
active participation lessons, except that students were not given the
opportunity to work problems individually. Instead, a detailed analy-
sis of each problem and its solution was presented.

Results

A 2 (pupil active participation vs. pupil passive intake) x 3 (high
vagueness vs. moderate vagueness vs. no vagueness) analysis of variance
was performed on the student achievement scores. The mean achievement
scores for the six experimental conditions are presented in Table 1.,
Table 2 indicates that neither the Nein effect due to degree of pupil
pary.cipation nor the interaction between vagueness and pupil partici-
pationwas significant. The vagueness main effect was significant,
F(2,198) = 3.66, 114c.05. The Tukey (b) tests revealed a significant
difference (2.4 .05) between the high vagueness' groups and the no vague-
ness groups.

Table 1, Group Mean Scores

High
Vagueness

Moderate
Vagueness

-. No
Vagueness

*dye N = 34 N = 34 N = 34
ParticipatiOn, R = 8.765 i = 9.4Tt R=11.029

,
...

Passive N = 34 N = 34 N = 34
.Intake . R = 8.647 R = 9.559 x = 9.647

= .
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Table 2. Results of the Analysis

Factor df SS<:: MS F

Vagdeness (A)
. 6 2 90.66 45.33 3.466*

Degree of Pupil
Participation (B) 1 10.37 10.37 1

A x B 2 22.71 11.36 1

*

Error 198 2589.24° 13.08. -
i

<.05

Conclusions

The'findings'of,this study fail to support the conclusions made in
prior st/dies that the degree of student participati6nsignificantly
influenced achievement. One'pbssible reason for this result is that
many studies concerning pupil participAion h.A-tre involved elementary-
school or high school studentg.ralher than college students. may lie
that most college' students have becOme accustomed to playing a passive
role during lesson presentations and thus do not improve significantly,
at least at first, if they are allowed to take a more active partfin
learning. .A second possible reason for this finding is that there is
no guarantee that students ar4really "tpassive" learners when they are
not encouraged o work problems during a ltson. Likewise, students
are not necessarily "active" learners when they do try to work problemilii,
during a lesson. Each student may process information in his own way
and tlie format for reinforcement of this process maybe of secondary
importance, particularly for college students. :

he findings of this` study su.pqrt the conclusions of Hiller et al.,
(l96 and Smith (1977) that 'the frequency of vagueness.terms negatiyely
Infl\rces achievement, T4 present study reveals that a high degtee
of f-vagueness per se affects achievement, whereas 'the studies of Hiller,
et al. and'Smith were not able to determine this relatilionship because

4wthey did not control,variables , correlated with vagueness. For example,
Smith (1477) reported a poSitive correlation between'the frequency\of
teacher vaguenOs terms per lesson and tlia, number of irrelevant examples
the teacher Oresent'ed per lesson. Also, Smith reported a negative
correlation between the frequencyof.teacher vagueness terms per lesson
and the degree to whith the teacher met lesson objectives in his presen-
tation. To summarize, when student achVvethegt is based on short-term
learning of specific subject mateer, there appears to be a negative
relationhip between the frequency of teacher vagueness terms and the
degree to which the teacher has prepared and organized his lesson.
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As previously mentioned, in the present study such factors as organi-
zation of the lesson, the substantive content of the lesson, and the
frequency and sequencing of examples were held constant. Thus, it
may be that a high frequency of teacher vagueness terbs.causes pupils
to perceive the teacher as being disorganized regardlesd of the con-
tent and the examples the teacher presents.

Future research on teacher vagueness should focus-on-the relation-,
ship between vagueness and other variables that seem.to be related to
teacher competence. Further, studies of teacher vagueness terms have
focused on students' short-term learning of specific subject matter and.
have involved the teacher's use of direct orvieductive methods of
presentation rather than the use of indirect or inductive teaching
styles. Future research should' investigate the role of teacher vague-
ness terms in settings where long-term learning, pupil inquiry and
discovery or "learning hoc./ to learn" are goals.
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The Effects_of-IbAgctivei;Dgductive Teaching Methods and Field- ,
. I

Dependence-IndeP ndence Cognitive Style Upon Student
Ac ievement in Mathematics

1

1

Purpose

Virginia M. Horak
The University of Iowa

Marilyn J. Zweng
The.University of Iowa,

A recurringhemethrougbout ai-Vast majority of, the literature
written on eAucq0.4 sm tha fast ten years has been the need to indi-
vidualizeigducationAoMeet the 'neieds of the students at all levels of
education',(Cronb,achland%Snow196V Bloom, Hastings and Madaus, 1971i
Glaser, 102; Coko ac Sigel, i97]). In fact, "individualization" has
be46me an ducation4: slogan for manKschdols and numerous curricular
materials.However, few of these programs have*amined carefully

-""the,inter-individual variability of the learners who will be exposed
-to iheir educational stimuli '(Coop and Sigel, 1971, p, 152). Thus,
.research needs to be done on the many consistent individualdifferences
df'students and the interactions, between these differences and instruc-
tional prodedures.

This study was investigation of two instructional treatments,
inductive and deductive teaching methods. In addition to testing the
main effects of'these treatments, ,this study also examined the inter-
taction between these treatments and the cognitive style dimension of ' °

field-dependence-independence. The criterion measures were an overall
*4chievement,test and its subtests made up of the knowledge, applica-

\, tion and analysis items.

Few areas of educationdi research produce as many contradictory
results as do.the studies on inductive versus deductive teaching. This

-lack of consistent results may be due to the,existence of aptitude-
treatment interactions which were not hypothesized or systethatically

: researched. This study was an, investigation of the possible inteRc-
tion of these treatments with one dimension of cognitive style.

The inductive And deductive treatments utilized in this study
were differentiated according to Good4s (1959) definitions of the two
methods. Introductory material and basic definitions necessary to the
Unit were the same in both treatments. The deductive treatment
followed a rule-example paradigm, while the inductive treatment
followed basically an example-rule paradigm. Ih the inductive treat,-
ment oil-owing the examples, the students were encouraged, via (
questions, to formulate a rule or principle of their-own.

1
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The aptitude of c4bitive style has gained the attention of many
researchers in recent years. One dimension 4.1f cognitive style is j
that of field-dependence-independence, first studied by Witkin and
his colleagues in 1954. -People may be placed along a continuum with
field-dependen6e and field-independence at the extremes on the basis
of the ease with which they perceive items as discrete from their
backgrounds, Field-dependent persons are characterized by a more
global, undifferentiated approach in processing information, while,
field-independent persons process information and their surroundings
in a more analytic, differentiated manner (Witkin, et al., 1962).
The Group Embedded Figures Test (GEFT) was the instrument utilized to
place the students along the field-dependent-independent continuum.
This dimension of cognitive style would appear to relate very highly

.to the indubtive and deductive methods considered earlier.

Procedure

The sample for the study was made up of the students in two
sections of a mathematics Content course designed for preservice
elementary education teachers. 'There were 71 students in one sectio
of the course and 47 in the other. All four, class standings from
freshmen to senior wererepresented,in both groups.

Studies designed to investigate the outcomes of two or more-
instructional procedures can be detigned in several ways. Often the
researcher chooses to use individual packets due to the control these
materials afford the_experiment. This researcher, 'however, chose to
teach both classes, in'an effort to make the experimental setting
resemble the classroOm situation as closely as possible. Although
"individualized" materials are being used'in schools today, most
instruction takes place in a classroom setting in which one teacher
controls and manages.the learning activities of a grouppof students.

-Thus, due to the more realistic setting a. teaching situation furnishes,
'this researcher taught a transformational geometry unit to the two,
intact university classes.

The criterion measure fOr this teaching unit was an overall
, achievement test. The researcher developed f= instrumeet by consult?.

ing the Taxonomy of Educational Objectives Oi .m, et al., 1956)
to write items repreSenting the levels of oo 's taxonomy. This
compilation of ?ossible questions was the 'given to people knowledge-

-able in malematics and education who we e asked to, furnish ...suggestions.
The final instrument consisted of 22 objective items. For purposes of
analyzing the data, these items were classified by this researcher,

. in agreement with those consulted, into aikowledge,. aPplication and
analysis items based upon Bloom's '(3_956:N1971) criteria. The applica-
tion.and analysis items,were grouped together for the data analysis
and referred to as ths transfer subtest.
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An analysis of variance was' employed to test for the main effects
of the inductive and deductive teaching methods. A one-way ANOVA was
done peach of the five criterion measures (overall achievement, know-
ledge subtest, application subteet, analysis subtest and transfer sub-
test). Differences, significant beyond the .05 level, were found
between the grOup means on the transfer and analysis subtests. Both
differences were in the diredtion favoring the inductive treatment.
It should be noted, however, that these results are not independent
since the transfer subtest was'Imade up of the application and analysis,
items of the overall achievement instrument. 'These findings indicate
that the inductive teaching method was more effective than the deduc-
tive 'method in producing transfer of the student's knowledge to new
situations where the student is relquired to discover a new relatiot-
ship.

. Linear regression analysis was utilized it testing for e exis-
tence of possible aptitude-treatmet interactions between;field-
dependence-independence and the instructional procedures. For the
criterion measures of overall achievement and transfer, the data-
indicated strong support (.05<p < .1 for such ATI's. For both
criterion measures, the lines inter cted within the range of scores
for the GEFT. In each case, the point along the X-scale was computed
below which the treatments were significantly different) When overall
achievement was the criterion measure, it map found that all indivi-
duals having GEFT scores of five or below out of a possible 18 performed
better if they were taught by the inductive method. For other indivi-

. .duals, the choice of method (inductive or deductive) did not result
in a difference in achievement. When the transfer subtest was the
criterion_measurep further analysis of the data indicated that all
individuals, having a GEFT score of nine or below performed better if /
they, were taught by the inductive method. For other individuals, the
choice of method did not result in a difference in achievement.

Conclusions

A number of conclusions can be drawn from the results of this
study. The inductive teaching method appeared to -be more effective
than the deductive method in producing transfer. This result is
especially important,, due to the lack o£ experimental evidente
supporting either instructional method (Hermann, 1969). In the
inductive treatment used in this stud, the students spent most of
the class time working problems and discussing the results. The
statement of rules and principles was absent and knowledge level
understanding wastot stressed. .The activity in class (i.e., working
unusual problems) was.very similar to solving transfer;-type problems.
Students in the inductive class had experience solving problems. in an
unfamiliar setting, while the students in the deductive class did not
have this experience. The students in the deduCtive treatment were
accustomed to being given all the necessary stepf anexelationships
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prior to working the problems,. Having to'solve unusual problems in
unfamiliar settings was a hewexperience for thew and may.have
affected their achievement on the transfer SUbtest.

In this Ady, when a student's GEFT score was utilized it was
possible to provide,the optimum learning situation fqr him.. The
field-dependent students achieved optimally on the overall achieve-
ment,test when taught by the inductive method. Also, the data
'analysis indicated that the field-dependent students achieved
optimally on items dealing with transfer of learning to new situa-
tions if taught inductively:

These findingsare important due to the lack of experimental
results indicating the existence of ATI's in education (Brecht, 1970).
These interactions support the conjecture that how a person perceives
his'surroundingsdpes affect how he learns under inductive .and
deduttive teaching methods. It Must be 'remembered that this is
true only when the measures,of success were overall achievement
and the transfer of learning to new situations.
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An Assesdment of the Processes Used By Community College
Students in Mathematical Problem Solving

Beverly Gimmestad
Metropolitan State College

Purpose

Classroom efforts to develop the problem-solving ability of Commun-
ity College students have focused primarily on increasing the number of
mathematical concepts students know. There is mounting evidence, how-
'ever, that another factor the ability to use problem-solving procegses
--is related to success in mathematical problem solving: Having taught
mathematics at the Community College level for four years, I was per-
sonally distressed when a review of the literature itt..,1975 yielded no
information on the problem-solving processes of Community ,College
students. With no such information available, it was impossible for me
to degign an effective instructional unit on problem-solving processes
for these students.

In 1976 I-conducted an exploiatory study of the processes, Used by
Comiunity College students in mathematical problem solving.' The primary
purpose was .to reveal the processes used by these students in mathemati-
cal problem solving and to discover ways in Which the processes might be
improved and extended in the classroom. After comparing the student.
characteristics (age, r *e,.sex, IQ, etc.) of my sample to the characttr-
isticsof Community College students nationwide, I am convinced that the
findingsof this research study should generalize well to other urban
Community Colleges.

Procedure

Sixty students from the the campuses of the Community College of
Denver and from Arapahoe Community College were randomly selected from
the Mathematics rosters to participate in one and one-half hour inter-
vieNs with the researcher. During'each interview measures for
mathematics achievement, conceptual tempo and mathematical problem-

" solving ability were administered. Information regarding age and sex
wag also collected. Students were asked to think aloud while solving
the eight items of a mathematical problem=bolving inventory developed
by the researcher. OThese sessions were taped and coded for

pro/

cesses.
ti

Results

J

The most popUlar proceobes with Community College students were
found to be deduction, trial-and-error, and equations. Significant
correlations (p = .05) were found between togal score-on the mathematical
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problem-solving inventory and use of the processes of exploratory mani-
pulations_(r = -.34), successive approximation (r = .37) and deduction'
(r = .30). Conceptual tempo, age, sex and IQ were not significantly
related to mathematical problem-solving ability, but a significant-
correlation (p = .05) of .35 was found between mathematics achieve-
ment and mathAatical problem-lsolving

Conclusions

The following recommendations were made for the improvement of
process use: (1) more time and greater emphasis, should be placed on
teaching Community College students to translate word problems into
appropriate sets of equations, and (2) in lieu.oUtrial-and-error,
Community College students should be taught to use successive approxi-
mation. It was fou d that the number of processes used by Community
College student ould be extended by instruction in the use of
successive a oration, checking, analogy.; specialization,, general-
ization, algo hm, reduction-combination, and working backwards.
Future research studies investigating the relationship between the
mathematical problem-solving ability of Community College students and
IQ or mathematics achievement should include a measure of reading com-
prehension of mathematical Englfgh.



A Description of the Difficulties Encountered by Selected Six Year
Olds in the Process of Learning Numeration with Base Ten Blocks

Robert Madell
Village Community School

Linnea Weiland
Kean College of New Jersey

Purpbse

It was the put-Pose of-this study to begin to describe how
selected six year old children develop numeration concepts with base
ten blocks: In particu/ar, the concern focused on the difficulties
encountered by theSe children during discovery-oriented instruction.

The research was based on an approach to learning arithMetic
which allows children'maximum opportunity to count to solve story
problems and then to discover short cuts to counting in the form of
arguments expresged with base tenblocks: Later,-children are
encouraged to use pictorial symbols for the blocks to support theirs
arguments. Standard algorithms are taught only after extensive
'experience,with original arguments.

0

Especially in- such a program, numeration concepts are prerequi -'
sites f learning arithmetic algorithms. Thus, a knowledge of
difficulties children have) the process of learning these concepts
is necessary for teachers of young children. ,Clinical interviews
with individual children were used to probe children's thinking. during
instruction in numeration. It is believed that examination of chil-
dren's processes during instruction will in the long run,yield more
information than an examination of the products' of that instruction.

Procedure

In this study 14 sik year old children at an independent elementary
school in Greenwich Village, New York, were interviewed' six times
over a period of five months. In the interviews the children were
asked to give number names to various collections of blocks and
conversely to represent with the blocks numbers-that were named by
the interviewer. Also, they were asked to solve:orally-presented
story problems, most of which involved addition. Running records
o the actions-and speech of the children were kept. The researchers
assisted children in prescribed ways. On the basis of these records,
descriptions of the difficulties encountered were made.
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Results

.
Thirteen categories were generated to describe the numeration

difficulties encountered by the children in the instructional inter-
views. Each difficulty category describes errors made by more than
one subject. 0ne hundred sixty-nine difficulties with numeration
were identified across all the data, and 162 of these could be placed
in the 13 categories. There were other difficulties encountered
by the children which related to their solution of the story problems,
but- did not directly relate to numeration concepts. Some of the
numeration difficulties have been arranged in four grourisofor discus-

, sion here.

One group of diff;culties,- accounting for 26 percent of the total,
includes three catego*es which all ieemto reflect the problem
young childra have in keeping track of various aspects of a given
situation at once. There were 27 times when children switched the

'digis in a number. For example, one child who had successfully
used the blocks to sum 35 cookies and 22 cookies reported orally 75

,

rather than 57 as her answer.. An interesting error which occurred
11 times involved summing digits to create a new number. For
example, one child who had 2 hundreds and 1 unit (201 out in front
of him; he reported his answer as 203. In this case the child
seemed to be summing the 2 (hundreds) and the 1 (unit) to get 3
in the onesrplace. Six errors were made by children when they -

neglected to report one place in their answers, for example, reporting
107 instead of -117 for'l hundred, 1 ten, and 7 ones.

Another group of difficulties, one which accounted for almost 21
cent of the total number of errors, reflects a counting'problem very

'common to children of this age. They often count hundreds as tens
or'ones, tens as ones or hundreds, and ones as tens or hundreds. For
example, a child who had 5 tens and 1 one in front of her counted,
"10, 20, 30, 40, 50, 60." ,Another child counting 2 hundreds and 1
ten said "100, 200, 300." Here the children seemed just carried
away by the pattern of the counting. In one case a .child verbalized'
a rather strange reason for making a somewhat different error. She

__was counting 1 flat, 9 longs, 10 units. She got tp 199, and-then with
the-last unit, said, "299." When asked how she got that, she replied,
"'cause this block (the last unit) makes another-100. It's the 100th
one." Here the last unit was counted as another 100.

There were still other language-based difficulties. This grouping
accounted for about 17peroent of the total. ,There were 18 times when
children made errors such as these:

Two flats, 6 1on6 axd 37units were named "one hundred sixty
threT one hundred." ,

One flat and ten longs were counted "one hunde'd, one hundred
ten... one hundred ninety, one hundred ninety ten."

741.74 .
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Six errors occurred when children represented a spoken "one hundred"
as 1 unit and 1 flat, that is as 1 and 100. Similar:1y, in four instances
a child named 2 flats as "one hundred and 2" or 4 flats as "one
hundred and four." ,

.

One category accounting for 18 percent of difficulties involved
the child making non-standard representations of numbers or counting
smaller units than necessary. Often these difficulties occurred when
the'numbers were in the teens; the vocabulary for naming numbers in
the teens is inconsistent with the usual procedure. For example,
17 was represented in blocks as 17 units instead of 1 ten and 7
units, and 1 ten and 8 units were counted by ones on the long. This
difficulty is interesting since it can be interpreted as evidence of
immature thinking about numeration, and yet, in other contexts, as
an indication of flexibility. Thus, a child who is to share 24
cars among 8 children needs to think of the ,24 as 24 units. rather
than as 2 tens and 4 ones to solve the problem. In this case, a
non-standard representation of the 24 as 24 units anticipates a,
necessary exchange.

Conclusion .

When children encounter difficulties in learning; they reveal
their knowledge and misconceptions. By analyzing this information,
teachers can scientifically modify their instructional methods to
make for more effective intervention.

Q
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-The Relationship Among Piagetian Area Task Scores, Teacher
Grades, and Standardized Test Scores for Grade Two

Purpose

There were three
first.was to invest
teacher-determined gr
ment test shores to

Thalia Taloumis
Br9oklyn College of the

City University of New York

major objectives for this research study. The
ate relationships of Piagetian area scores to
des, IQ test scores,. and standardized achieve-

etermine-whether second, graders' performance,on
Piagetian area task's (Piaget et al., 1960) correlated with or pre-
dicted their performance in mathematics. The second objective was
td replicate the doctoral study of the investigator (Taloumis,"1973)
to determLe whether the conclusions repotted could be substantiated
again for a different sample group selected from a wider range of
population in grade two. The two main questions considered in the/ replication were (a) did sequencing of the presentation of three area
conservation tasks and two area measurement tasks significantly affect
the scores of either set of area tasks, conservation or measurement
(the sequences. being conservation- measurement and measurement-
conservation)? and (b) did second graders assessed-in 1976 perform
similarly tothe second graders assessed in 101? The third objec-
tive of the study was to compare scores of subgroUps,to see if
environmental factors (socio-economic or geographical) influenced
scores significantly.

Conceptual Framework

Since the study was a repliCation and extension of_the investi-
gator's reported doctoral study (Taloumis, 1975), the dame five
Piagetian area tasks, administered to 168 children classified as
lower middle class (as defined by HavighurST and Neugarten, 1966) in
grades one, two-q,nd threein the spring of 1971 (56 children per grade
level), were administered to the 169 children in grade two from
wider range of schools in the spring of 1976. The seven schools
involved in the 1976 study included the original three school6 used
tn 1971; the three remaining elementary schools in the same community,
and a New York City public elemed exy school.

Research on the prediction of achievement in mathematics from
performance on Piagetian tasks has been conducted in primary grades
within a span of one year-of that grade (Steffe, 1966; Stommel, 1966;
LeBlanc, 1968; Nelson, 1969; Kaminsky, 1971; Kaufman and Kaufman,
1972; Siliphant and Cox, 1972;' Rohr, 1973; Smith, 1973; and Backus,
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1974). The present study. investigated whether the performance of
children on Piagetian area tasks predicted their teacher grades in
mathematics and Stanford Achievement Test (SAT) scores in mathematics
over a two-year'period. Moreover, the study examined whether
Piagetian _area task scores, contributed significantly to the predict-
ability of mathematics achievement after the prediction of
mathematics achievement was known from the Otis-Lennon Mental Ability:
Test.

The children in the present study had at least three socio-
economic backgrounds that could be identified. The study examined
whether these. differences in background paralleled differences in
performance on Piagetian area tasks. There are several Piagetian
studies that compared performance levels of young children from
middle-class and lower-q,lAss and found thgt children from middle-
class performed higher (Berlin, 1964; Almy, 1966; Rothenberg, 1969;
Blot, 1970).

Procedure

The sample consisted of 114 white children and_55_black children,
ranging in Age from seven years five months to eight years four months,
selected from the seven schools. A random number table and an alpha-
betical listing of children were used to select children from each gf
the 21 classrooms involved in the study.

, The suburban community had two slightly different socio-economic
'r --papulations. Three of the six schools enrolled more children of parents

on welfare and twowere geographically located nearer the main shopping
area located in the older part of the community. Two of those three
schools also had a higher enrollment of-the black population. These,
three schools'will, flenceforth, be designated as Set B Schools. The
other three suburban schools were the same ones as used in the 19,71
study and will be. denoted as Set A Schools. The inner city school
population was designated as being 85 percent black, 1 percent white;

- and 14 percent other.

The following three substudies were constructed:
ab.

1. The scores Of 60 children in Set A Schools assessed in 1976
were compared to the. scores of 56 second graders assessed
in the same Set A Schools 'in 1971.

2. The scores of 60 children in Set A Schools were compared to
the scores of 63 .children in Set B Schools.

3. The scores of 27 children in Set B Schools (in two of the
three schools) were compared to the scores of 26 children
in the inner-city school,

r
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The five area tasks were given in two dif4prent sequences: the
sequence (conservation-measurement) was.given to 84 children, and the
sequence (measurement-conservation) was given to 85 children. There
were 84 boys and 85 girls randomly selected. The area tasks were
administered individually to .each child in a room apart from the
classroom. Each of the area tasks contained from 5 to 15 parts.
A scoresheet was used to record the responses of each child. A score
of one or two was given for each subtask within each of the area tasks.

Statistical analysis inclugOd use45f a Pearson product-momTt
coefficient of correlation and ,a-multiple-regression for IQ scores,
teacher grades, Stanford Achievement Test subscpres (for computation, i
concepts, and applications), area conservation scores, area measure-

-ment scores, and sex differences. The level of significance accepted
was p <.05 (unless indicated otherwise).

Results

1. Piagetian area task scores were positively related to teacher
grades, SAT scores, and Otis-Lennon IQ scores and the corre-
lations were statistically significant, but not for sex
differences (p <.01).

2. Conservation and measurement scores were affected by sequence
of presentation; the second group of area tasks presented in
either sequence resulted ihigher 'scores.

3. In comparing 60 second graders' area task scores (1976) to
56 second graders' area task scores (1971), where all

' children were selected from Set A Schools, there was no
significant difference.

In comparing 60'second graders' area task scores in Set
Schools to 63 second graders' area task scores.in the remain-
ng Set B Schools, there was no significant difference.

5. In omparing 27 black second graders in two 'Set B Schools
to 6 black second graders in the inner-city school, the
sub rban children performed.significantay higher on two
con ervation'tasks, but not on the third conservation task
nor on the two measurement tasks.

4

Conclusions

11

Conclusions will be more appro iately and accurately drawn when'
additional data analyses have been mpleted and related to classroom
practices. These will be presented with the paper. ,

8
79

V ,



References

Almy, M.; Chitte den, E.; and Miller, P. Young Children's Thinking."
New York: T chers College Press, 1966.

Backus, M. G. "Con ervation ana Reading Comprehension." New
Brunswick, New ersey:_, The State University of Rutgers, 1974.
(ERIC Document eproducticin Service No. ED-094-365.)

Beilin, H. "Perceptual-Cognifive Conflict in the Development of. An
Invariant Area Concept."' Journal of Experimental Child Psycho-
logy, 1964, 1.208-226.

Biot, J. J. "A Study of the Relationship Between Children's Ability
to Conserve Area and Their Performance with Common Fractions at
Age Six and Seven." Doctoral dissertation, New York University,
1970. Dissertation Abstracts International,.1970, 31, 2810B.
(University Microfilms No. 70-21,160.)

Havighurst,R. J. and Neugarten, B. L. Society and Education.
Boston: Allyn and Bacon, 1966.

° Kaminsky, M. "A Study of the Status of Conservation Ability in
Relationship to Arithmetic Achievement.' Doctoral dissertation,
Wayne State University, 1970. Dissertation Abstracts Inter-
national, 1971, 31, 3341A. (University Microfilms No. 71-00-425.)

Kaufman, A. S. and Kaufman, N. L. "Tesi; Built from Piaget's and
Gesell's Tasks as Predictors of First-Grade Achievement."
Child Development, 1972, 43, 521-535.

LeBlanc, 1.1F. "The Performance of First Grade Children in Four Levels
of Conservation of Numerousness and Three I.Q. Groups when Solving
Arithmetic Subtraction Problems.") Doctoral dissertation, Univer-

1, sity of Wisconsin,-1968. Dissertation Abstracts International,
1968, 29, 67A-68A. (University Microfilms No. 68-7, 111.)

Nelson, R. J. "An Investigation of A Group Teat Based on Piageesc,
Concept of Number and Length Conservation, and Its Ability to
Predict First Grade Arithmetic Achievement. poctoral disserta-
tion, Purdue versity, 1969. Dissertation Abstracts Inter-
national, 19 30, 3644A. (University Microfilms No. 70-3,948.)

Piaget, J.; Inbel .; and Szemiitska, A. The Child's Conception
of Geometry. ansIated by E. A. Lunzer., London: Routledge and
Kegan'Paul, 1960.

Rohr, J. A. G. "The Relationship of the Ability to Conserve on
Piagetian4Tasks te_Achievement in Mathematics:" Doctoral
dissertation, The University of Tennessee, 1973. Dissertation
Abstracts International, 1973, 34, 2398A. (University Micro-
films No. 73-27,743.)

79

A .16



Rothenberg, B. B. ,"Conservation of Number/Among Four- and Five-Year-
Old Children: Some Methodological Considerations." Child
Developmerit,-1969, 40, 383-406.

Silliphant,°V. M. and Cox, D. L. Conservation and Achievement Test
Performance Among Fifth-Graders. New Brunswick, New Jersey:
The State University of Rutgers, 1 72. (ERIC Document Repro-',
duction SerVice No. MF-ED-064-345.)

SmithA G. J. "The Development of A Sdry Instrument for First Grade
Mathematics Based, on Selected Piaget n Tasks." Dotoral
dissertation, University of Montan 1973. Dissertation
Abstracts International, 1974, 34, 7056A. (University Micro-
films No. 74-11,637.).

Steffe, L. P. The Performance of-First Grade Children in Fairevels
of Conservation of Numerousness and Three I.Q. Groups li#6i
Solving Arithmetic Addition Problems. Madison, Wisconsin: The
University of Wisconsin, 1966. (ERIC Document Reproduction
Service No. MF-ED-016-535.)

Stommel, L. J. "The Prediction of First Grade Achievement in Arith-
metic by An Instrument Based on Piaget's Theory'of the Formation
of Number Concept." Doctoral dissertation, The University of
California, Berkeley, 1966. Dissertation AbstraCts International,
1966. (University Microfilms No. 66-15,320.).

V.
Taloumis, T. "The Relat'ionship of Areit Alan to Area Measure-

ment As Affected by ' Sequence ofPresis 'atiork of Piagetian Area
Tasks to Boys and Girls,in Gradet.,One.t rots h;. Doctoral
dissertation, New York University:197i., Dissertation Abstracts
International, 1973, 34, 775B-7)6B. (UnlverSity Microfilms No.

, 73-19,450.) .

Taloumis, T. "The Relationship of Area Conservation to Area Measure-
ment As Affected By Sequence of Presentation of Piagetian Area
Tasks to Boys and Girls in Grades One throUgh Three. Journal
for Research in Mathematics Education, 1975; 6, 232-242.

a

4

,81

80

0

0



AV

40

184

The Influence of Selected Artistic Variables on
Childrerrts Perception of Mathematical Pictures

Patricia F. Campbell
Purdue University

Purpose;

Current first grade mathematics textbooks use dynamic pictures,
in conjunction with written numeral-.statements, as one,method of Commun-
icating mathematical concepts to children. Portraying,motion,,, these
pictures may serve as a reference to aid the Children When solving a
related problem, or they may-provide,a setting in which a concept may
be interpreted. However, it is, initially necessary for thg Children
to relate the characters depicted in the piCture and to perceive the
actip,portrayed before they can associate the pictures with the addi-
tion or subtraction of whole ntimbers.

. ,

An examination of dynamic illustrations ,in current.primary mathe-
matics textbooks revealed that both single pictures and-sequences of
three pictures are presented in textbooks with motion portrayed b use
of either postural cues (i.e., picturing legs of the characters in a
state of non-equilibrium) or-conventional cues (i.e., using lines,
vibration marks, or clouds of dust about the characters)., The purpose
of this study was to investigate the effects of the artistic Cue
(posturaltm conventional) used to portray motion and the number of
pictures (single or sequence of three pictures) used to depict 'an
event on first grade children's perceptionlof the mathematical rela-
tionships (either addition, or subtraction) portrayed by a dynamic
textbook-type illustration.- Further, the study investigated the
pOssible correlation between first grade children's level of conserva-
tion, theft-interpretation of the Illustrations, and their ability to
characterize-the depicted-mathematical relationships by number sen-
tences. The procedure used assessed the children'S interpretation of
the'illustrations within two,levels of description, either verbal or

°spatial.

ConceptUl Framework

-=,- Research concerning children's perception.of pictures Indicates
that children initially perceive only discrete items in a picture
and gradually develop the ability" to describe a picture in terms of
overt actioi and to-, erceive relationships between the illUstrated"
characters (Amen, 19'41 erg, .1969). M6tibn is one ,of the more
difficult represen ons for c xen-to perceive in dtatic, two- ..,

dimensional pict es (Friedman & Stevenson, 1975; Schnill, 1968;
Travers, 1969). °Weyer, for a.child,t'o der from a textbook

7-i
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illustration all the information which the artist has attempted to
transmit, the child must convert the still picture into a dynamic
scene. This requires interpretation Of features within the illus-
tration by an artistic code which deviates fro& the real optical
code. 4

Friedman and Stevenson (1975) stated that preschool and first
grade children do not readily classify pictures with conventional
motion cues as "moving." However, one may interpretkheir study to
ihdicate that, if,faced with an apparent contradiction between con-
ventional and postural cues, young children rely on the postural
cues. Campbell (1976) noted that first grade children were more
ikel,y to Observe motion in textbook-type'pictures which were charac-
terized by use of both postural and conventional ctes than in pictures
which utilized bnly' postural cues.

Given a sequence, first grade subjects seem to be able t nter-
pret each group of characters within the pictures as being Ingle
group undergoing a change, with the sequence serving to display the
groUp's charactAs over time. Results of a study by Campbell (1970,
revealed that thenumber of pictures presented (single,.sequence or
combination of single and'sequence pictures) had no signi icant effect
on first grade children's perception Of the mathematical 'relationships
depicted by.the pictures. 'However, initially viewing and describing
sequences rovide.a learniAg. experience which significantly
affected the i terpretat±bn of single pictures.

Procedure

I

e.

Ten textbook illusntions Were chosen as models: Ave of the
illustrationsc'depisted addition vents and five of the illustrations
depicted subtractioft.events. T81 each model, two similar sequences
each consisting of three pictures were drafted. One sequence depicted
characters with legs (e.g.,./frogs, pelicans, petsonified apples) using 4

postural -cues to.portray motion._ The other sequence depicted dharac-
.

terSwithodt legs (e.g., fish, snails, personified bases) using
conventional cues to porray motion. N:sequence portrayed mare than
seven characters. A set of singleTictures was obtained by using the

,

middlekpicture of each,seqb,pice.

'\ Ninety-six children were randomly selected from six first grade
classes withia_thiee:eiementary'schools in.suburban-rurai Indlana.
InitiallY'eaa child was administerecrthej,urdue COnbePt.Formation'
Test. This test,congists of :23 Piagetlan'consevationztype items.

t,
-.As,determined VY random assigament4 the.subjects were shown either

, \

sidgle pictules or sequen&s of pictures; these pictures depicted motion
-by either-postural cues or conventional cues. Upon presentation of a
leingle,spictUre or a AqUence of three pictures, thestudentS ip the,
verbal description condition were.told tliat the pieture(s) told a story,

,
r..
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and-they re then asked to tell a story that went with the picturdN.
Students irr the spatial description 'condition were also told that the
picture(s) told a story. The toys corresponding to the characters
in the picture(s) were placed in a pile before these students.
After telling or showing the story,. each child wa,asked to choose a.
number sentence card, from a set oefive cards, to go with the pic-

. ture(s). This procedure was repeated for each of the ten items .

presented to each child', Each'subject was tested individually.

Oo

Analysis.

A procethfre was defined to,assignIk'score for-each story descrip-
tion and number sentence response (0,1,2,3 or 4). Each subject's
description was also coded as to whether it reveale0 perception of
motion (0 or 1). Summing these scares over the 10items, each student '

had three total scores: a characterization of his dscriptions.(0-40),
his overall perception of potion (0-40), and hi'number sentence
'responses (0-40).

A 2(number of pictures) x 2(description) x 2(motion cues) design
was used to examine the main effectS and interactions using analysis
of variance techniques on each of the thtee sets of data (description-
scores, motion percFption score and number sentence scores ).'' Chi-
square analysis.was used to assess Cher there was.a relationship
between the type.of number sentence re onse which the students con-
sistently otiose and the number of pietur or motio'rt cue which they
viewed. Pearsolf correlation coefficients we ,al.sb computed to assess
the possible relationship between the -cognitiye -level of the'subjects
as measured by the Concept Formation Test and their 'responses to the
pictures, as,well as'the possible .relationship between description and. ;-

number sentence responses.

Resin is

Analysis ocvariance Proceduretevealed significant raisin effects
'due to the number of pictures $Ingle or sequence) (2 = .002) and the
type of .artistic motion cue (2. = ,004) on the description respontes.
The form of the description (verbal or spatial) had no/significant
effect on the description responses (a= .05); no interactions were
significant. Qn the motion perception scores, the type of artistic
motion cue had "a significant effect; however, neither the form of the -

description nor the number .of pictureshad-.a significant effect on the
motion perception scores. no.significantinter4cti,on effects were.-
noted'with'respect to the motion pei.Ceptian scores. Analydis of the'
number sentence responses revealed a sigi4dIcani effect due to the
number of pictures (2 = .001), 14,nOLstAngidant effect due to the

'
type of artistic emotion cues.

4

§5:.

Oa,



l'

. thi-square analysis revealed a significant relationship (2.=.0037)//,
between the number of pictures ,(single or sequence) used to depict a-
mathematical event and the type of number sentence response chosen to
abstractly desCribe the event. A.significant association (.2= .0326)
as also noted between the type of number sentence response and the
ttistic motion Cue.

No evidence of a strong linear cor elation between cognitive level '1,-,
. ,

and responses to the*pictures Orbetween escriptions and imbet sen-
tence responses was noted. ,,

A

. Conclusions IL..., (.1

. Based uporr the results of this study, some conclusions are
- (%suggested.

''

Signifant effects due to single or sequence pictures were noted
in both the subjects' descriptions of the pictures and their character-
ization of the ,pictures by a number sentence. It is recommended that
illustrated sequences be presented within the primary mathematics.
.curriculum, and that they should be presented prior to singlepictures.

The form of the artistic motion cue (postural or conventional) had
. a significant effect on both motion pergeption and descriptiod scores. ,

Examination of the mean scores and the Chi - 'square analysis suggest that
first gradeis are able to interpret both types of artistic cues but-are
more likely,to perceive motion and correctly identify number sentences
in pictures utilizing postural cues, rather thari-Conventional cues,
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Linearlieasurement Processes in Young Children

Purpose

David A. Bradbard
University-of Georgia

.

The present study is cncerned with exploring the development of
children's concept of linear measurement. The exploration of such a
concept implies that both the mathematical aspects of the concept and

.

, the psychological processes of concept development-muse be considered.

Interest in the psychological processes-`for the development of
the measurement concept has, f the most part, been inspiredby the
research of Piaget (Piaget, Inh(lderlder & Szeminska, 1964). This research
indicates that the psyhological processes for measurement develop in
several stages over a period of 3-4 years. As children pass through
these stages,-there is a gradua development of a cognitive structure
ending injthe synthesis of cer ain mental operations that eventually
enables children to measure.

The Piagetian researchseems to-indijate that the developing cog-
nitive structures are paralleled by increasing knowledge of the
mathematical-nature of measurement. A_ criticaliroblemn mathematics
education is to determine the state of a child's knowlbdge with respect
to the matheintical aspects of the measurement concept at a given
developmental stage: .

Thepurposeof the present study was twofold. The first purpose , 4

was to analyze theoretically the possible integration of the psycholo-
gical praces.ses concerning the,development of the linear measurement
concept and certain features of the mathematical aspects of the con=
cept. The consequence of this analysis was a set of research questions_

-

(stated in the next section). The second purpose was to explore,empir-
'ically the research questions through the administration of madeurement
tasks to young children. Ibe data generated from the responses of the
childrentwere used to suggest answers to the research questions.

.
,

Conceptual' Framework
,
0

,...
,

. 4 .

The mathematipalMramei.rork for the linear measurement process was,
drawn from the Mathematical Concepts of Elementary Measurement-by

,

Blakers(1967). The measurement of length can be conceived as a funs .--
tion fiom a domain space D of objects (say "eticks', all having the
attribute of length) into the positive reels R. The-domain space has
the following structure: Thereris an equiValence relatiod "the same
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length as" and an order relation "is longer (shorter) than"enoted ,

by"' and >(<), respectively. These relations allow one to partitiori
and order the 'domain space.

There is also a binary operation * for "joining"frobjects in D.
This operation has the following properties for any a, b, c, and d E
D:, (1) if a-b and cNd, then a*c.-b*d; (2) if a...b and c<d, then a*c<

,b*4 and (3) if a<b and c<d, then a*c<b*I.

'A fundtion Z can be defined on D by selecting an arbitrary
element d

o
E' D and designating Z(d ) =/1; d is called the unit for

L. The function Z assigns measures
o
to other

o
members of the domain

spaceby (1) direct comparison with the unit or a mu,ltiple of the
unit Or (2).by *iteration Of thAnit or a multiple of the unit. Of

particular importance is,the fact that 2. is additive (i.e., for any
dl, D 2(di*d2) = 2 (d1) +Z (d2) ):

The psychological framewo s drawn from tie.coiiiye develop7
ment theory of Piaget as presented in The Child's Conception of Geometry
by Piaget, et al. Piaget's studies' indicate that childreyt-ability to
measure emerges during the period of concrete operations. Children's
thinking in this period is characterized by eight groupings (i.e., types
of mental operations). Piaget has characterized the mental operations
.required for measurement 4s follows:

To measure is to take out of a whole one element, taken as
a unit, and to transpose this unit -on the reMaindet'of the,

't4hole: measurement is therefore .a synthesis of subdivision
and change of position. (Piaget Net al., 1964 p. 3.)

The mental operation of "subdivision of a whole" is an operation
from Piaget's Grouping I,(i.e.,'the additive composition of classes),
whereas the operation of "change of position" is an,operation.from/
Grouping V (i.e., the addition of asymmetrical relations). 'Sub-divi-

sion requires that,a child be able to:imaging a ainesegment as a
series of contiguous parts composing a whole..,Chafige of position
'requires that a child be,able to mentally establish length relations
between segments when the:positions of the segment htve been changed.
When these two operations*have been syrithesized...the child is capable
of iterating-a unit (i.e., the child can measure),

Given this conceptual framework, the following four exploratory
research questions were posed concerning the possible integration of
the'psychological processed and the mathematical nature of linear
measurement:.

1. ."What does acquisition of selec 4papects of the mathe-
4

matical aspects of measurement imply about the chiles
state of development' with reap t to the mental. opera- .

tionS of change of position and o subdivisiOn (e. o, if
. the.child believes the length function is additive does

this mean he'has acquired subdivision)?

88.88
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2. If a child possesses change of position and/or subdivi-
sion, what, does he know about the mathematical aspects .

of linear measurement (e.g., has the child mastered the
domain structure of the measurement fupction)?

3. Is there spedific order in which children acquire an
understanding of the various mathematical aspects_of
- measurement e.g.,P must the child, master thestrtidture
of the:domain space.before he can bse the length func-.
tion)?

4. Is it required that children possess both of the mental
operations of change of position and subdivision befOre
they can iterate a unit (e.g., must a child conserve
length before he; can iterate)?

..'

Procedures
---) ..

Subjects were 60 children,.20 each from grades 1,-2 and 3 of
the Monroe. Primry School in Monroe, Georgia. Ages of the children
ranged from 6 years and 5,months to 10 years and.,4 months.

...r

.. ., Each child was interviewed individually by the author in two
separate sessions. During the course of the interviews, each child
was given various collections of sticks and asked to perform tasks
tiat required hi to.do such things as compare sticks directly and
indirectly; comp re cOmbinabions of sticks indirectly, measure sticks
via-Unit iteration, measure sticks with a ruler. As the child
attempted each task, Ilis verbal responses and physical behaviors
were recorded. v

.
. .

The tasks were designed to measure the%development of the, child's
concept of the mathematical aspects of measurement as well as the
development of til re uisite mental operations': Tasks, related to the
-former measured the c ild's.ability (1) to infer a length ,relatiion
between sticks via transitive reasoning, .(2) to infer a length rela-, ,

tion between two polygonal parES by Aploying properties of the join
operation, (3) to measure a stick by unit iteration,(4)to measure 4

a stick with a multiple (a ruler). of:a designated unit, (5) to employ
the additive property of theolength function.

/ .

Tasks to measure the development of the mental operations were
adapted-from The Child's Concept of Geometry by Piaget, et al. (1964).
Change of position was measured by consetvation of length tasks similar
to ones described in Chapter 3, while subdivision was measured by the
tram tasks aescribed'in Chapter 6. .

--;.
. '
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Analysis

The analysis proceeded in two steps. First, the responses and
commonbehaviors for each task were classified across grades. The
intent of this classification was to enable the author to discuss
the integration of the mathematical concepts and the mental opera-
tions: Second, response patterns between selected tasks were analyzed.
The intent of this analysis was to search for (1) possible hierarchi-
cal orderings among the six mathematical abilities mentioned, (2)
possible ordering of acquisition of the two mental operations, and
(3)trelations between the mathematical abilities and the mental

, .operations.

Results

Following are some tentative findings that are
four exploratory questions posed earlier:

1. The mathematical abilities show consistent
trends (i.e., for most of these tasks pore
the third graders succeeded while only 25%
graders did).

The mathematical abilities mentIoned in (1)
to be totally Ordered. Rather,ieveral,of
emerge simultaneously.

reIated to the

developmental
than 75% of
of the first

Ho not seem
them appear io

3. Children that can me sure n the Piagetian sense appear
to have mastered all e mathematical abilities,
measured.

4. Change of position (conservation of length) does not seem
to be as important for measurement as claimed by Piaget.
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Purpose

The Development of Length Conservation
Through Measurement Training

Thomas P. Carpenter
,-)Universityaf-Wisconsiti--

46.4".

James Hiebgrt
University of Wisconsin

The purpose of this study was to investigate how young children
learn to conserve length. The study is a replication of a tiaining
study repored by Infielder, Sinclair and Bovet (1974) which attempts

1:

analyze the specific effects of-training on .children at different
vels of cognitive development., This training procedure facilitates

the identifidation of specific mechanisms that lead to the develop -
meet of conservation of length,

Conceptual Framework

For Piaget,conservation is the central- concept which underlies
all measurement; Recent evidenc'e, however, suggests that the appli-
cation of measurement operations may contribute to, rather than
depend upon, the development of conservation (Carpenter, 1976). A.
key study in this area, that has teen widely cited in the 11,terature,
is the study reported by Inhelder, Sinclair and Bovet. (1974). In -

addition'to the significance of this study forundexstanding the
development of measurement concepts, it is also cited by the Genevans
to support their theory that cognitive development proceedA through

a the resolution f cognitive conflict. This critical study involved,
only 16 subject from a very select 'population'and suffers from the
general la6k f tandardization inherent in Genevan research. Clearly
this study arr nts replication;

Pr ocedure

Subjects were 29 kindergarten children attending public school in
a rural Wisconsin community. All children were.pretested on number

-' conservation, lengthsdhservation, and length transitivity. Several
days later they received the instructional treatment which was followed

the posttest, consisting of the same items as the pretest. The
'tasks in the instructional treatment:required subjects to' construct
roads using duisenaire rods that were the same length aa.roads construc- .

ted by phe experimenter. The-difficulty of the tasks resulted from
several constraints. In.some instances the subjectsPere asked to
build their road* in a'different direction than the experiffienter's
roads. In otherS their roads were to be parallel to but 'beginning



at a different point than the experimenter's roads. In still other
cases the subjects Were required to build straight roads correspond-
ing to the experimenter's cro4ed roads, but were givenrods which
were shorter than the experimenter's. Each subject was presented
with syveral situations, all of which remained in front of the sub-,
lect Oroyghout the straining. After completing the problems, the
subjects were asked to explain their gtiutions, and to reconsider
earlier solutions in order to resolve the conflict potdntially
existent in their initial solutions.

The instructional treatments were explicitly designed to create
conflict. .Children fail to conserve length b cause they center on a
sinte dominant dimendion and fail to.recdgniz the inconsistency of.
the' responses. Certain tasks were designed o that children would
naturally center on endpoints, while-in others hey would focus on
thnumber of cuisenaire rods. It washypothes ed that by attempt-
ing to resolve the-conflict between these-two t es of responses,
children would learn to conserve.

Results

Thc results. of the study are summarized in Table 1. Tedof the
children whd failed to conserve length on the pretest improved their"
performance. -Four went from.no evidence of conservation to the
intermediate stage, four went from the intermediate stage to fu11_
conservation, and two went from no conservation to comple e conserva-
tion. Six of the ten children who showed improvement d not conserve
number, one was intermediate, and.three conserved numb r.

TABLE 1

Comparison of Pretest andPosttest-Performance

Numbe?
Conserved

-Length
Conserved

Length
,...Zansifivity

.17
-,

(/

- 12
,

17

.

!.

.

12

. ,

Pretest

.b... .

PI %

Posttest

.._

. .

Unsuccessful
.

Intermediate

Successful -

nsucces'sful?
---,-'S

Intermediate

,
Successful- .

..

.

.

19

1

9

19

0

10

.
_

>

-

16

'9

4 -
, -..

10

9

10(

.
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Conclusions _

Although 4p pe?tent of° the subjects showed gains in conservation
of length as a 'result of the training session, the results ofthis
study are not entirely consistent with the Genevans' theory. They
maintain that learning is only possible within the limits imposed by
development. Specifically they Oropose that conservation of number
is a prerequisite for the learningpf length conservation or other.
more advanced operational structures. In fact they only included in
their study subjects who conserved number but failed -to conserve
length. The current study,included both number conservers and no-n:-
conservers. Subjects who did not 'Conserve number were as successful
in the training seisidh as the number conservers.' Approximately the
same proportion of each group showed improvement on the posttest.

The current study also failed to,find the same levels of perfor.-.
mance during the training sessions identified by the Genevans.
Although most subjects recognized the conflict in their responses,
few of them were able to resolve this conflict. It is interesting
that although'few children showed much success on the instructional
tasks, -such a signific§nt number showed gains on the posttest. Since
there were not similafgains in number conservation or transitivity,
it is unlikely that these gains can.be attributed solely to retesting
factors.

In general these results tend to support Carpenter's (r9 6)
hypothesis that children seem to benefit from instruction that would
appear to be beyond their level-of cognitive development. In other
words, al ough the children did not reall recognize the signifi--
canoe using different units of MeasTre different size cuisenaire-
rod , they did benefit from instruction using different units. This
is consistent with the results of several othtr studies reviewed by
Carperltifir (1976). Perhaps the best explanation for children's success

(1969) hypothesis that tralnin freers children's atten-
tiin to the relevant attribute.

vd,

\ . .

Carpenter,'T. P. ."Analysis and Synthesis of Existing Research on
_ Measurement."... Ir1 R. Lesh (Ed.). Wimber 4nd Measurement.

Columbus, Ohio: ERIC; 1976.
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The Relationship of Field-Independent-Dependent Cognitive
Style and Two Methods of Instruction in Mathematical Learning

Judith Threadgill
University of Calgary

. '
Purpose

The purpose of the study was to investigate the relationship between-
'

field-independence-dependence and-two instructional methods in terms of
mathematical concept attainment. It was hypothesized that fiptd-
independent students would benefit more from a "guided disco4ery" treat-
ment and field-dependent students more from a "meaningful didactic".
treatment,'

Conceptual-Framework

Recent reviews of aptitude-treatment interaction. (ATI) studies ,

(Berliner and Cahen, 1973; Cronbach, 1975) indicate that ATr research
results have generally been inconsistent and inconclusive. Glaser
(1972) has suggested that the lack of solidly demonstrated ATI effects
is in'part due to the aptitude constructs employed,'and that process
variables such as cognitive styles might prove to be more promising
aptitudes to consider in interaction studies. Yet theyalue,of cogni-

.tive style as an aptitude variable for assigning students to
differential instructional treatments has received only minor consi-
deration (Kogan, 1971; Satterly, 1976).

Witkin's field-independenceLdependence"diMension is perhaps the
most widely known and,thoroughly investigated of cognitive styles.
(For a ieview of investigations, see Witkin, Morre, Goodenough -44M
Cox, 1977.) This'dimensionswas,originally identified as a difference
in perceptual styles.. Howeve,'subsequent research revealed a more
generalized analytic orientatigkassociated with a learner's percep-
nal ability to overcome or restructure the organization of a field.
Within this context-, field-independent individuals can be character-,
ized by their ability to perceive, differentiate, and analyze relevant
components of a stimulus. On the other hand, field-dependent indi-
viduals ar'e more passive and less analytic in their processing of a
stimulus, and tend to preserve the holistiinature of an encountered

.

r

the stabfilty and consistency of field-independence-dependence
would seem to make this vpriable-i4eally suited for ANTI research..
Yet the muestion,pf approtriate treatments for students at either
end of this continuum is currently a mattersof speculation. Kogan
(1971) has suggested that a discovery method of instruction might
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prove beneficial to field- independent children, while field-dependent
,children might learn more from a didactic mode of teaching. The
present investigation hag attempted".to determine whether such an
interactidh might exist.

Procedure

Sixty seventh grade students participated in this study. These
participants were originally selected from a-pool of 198 students on
the basis of scores obtained on the NLSMA simplified version of the
Hidden Figures Test (Wilson, Cahen and Begle, 1968). Half of the
participants scored higher than one standard deviation above the mean
and were categorized as field-independent. Theiremaining participants
scored lower than one standard deviation below the mean were designated
field-dependent. Students from each half wereirandomly assigned to one

4 of the two treatments, resulting in a 2 x 2 factorial design with 15
--subjects in each cell. IQ scores of-the participants were obtained

from school records and used as the covariate measure.

Two, treatment presentations were developed for this study. The
meaningful didactic presentation was characterized by,Ndeductive methods
with stated rules 'followed by-examples, the exclusion of irrelevant
information, and immediate feedback on the correctness of responses.
The guided discovery presentation was basically inductive, requiring
studenti to derive rules from examples and to sort relevant from irre-
levant information with no substantive feedback pibvided. A script
was. prepared for each treatment to insure.consistency of presentations.
The students were taught in-groups of ten, with each of the six groups
including field-independent and field-dependent participants. .These
six groups were independently taught thedtreatment material during two
class periods lasting 45 and 30 minutes, respectively. Immediately
subsequent to the second instructional period, each group was indepen-
dently administered the pogttest.

The topic chosen for instruction was the traversability of graphs,
'presented as a highway network problem. This choice was guided by
the4desire to minimize the effects of prior learning while providing
a topic accessible to seventh graders. The 20-item posttest required
students to identify new complex traversable networkg, and apply
traversabilitwules,to new' situations.

Analysis

Two -way analysis of.covariance was applied to the data, using IQ
scores as the covariate and posttest scores as the criterion measure.
Homogeneity of variance and homogeneity of regression were both tested
prior to the, analysis and found to be tenable.

O
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Results

Field-independent students achieved significantly higher (p <.05)
posttest scores than did field - dependent students. thiS finding is
constent with previous research demonstrating the superiority of
field-independent individuals in terms of concept learning tasks
(e.g., OhnMacht, 1966) and maihdmatical ability Measures
$atterly, 1976). The concept learning tasks in this'study required
students to perceptually organize and conceptually categdtize net-
works and traversability rules. Field-dependent behavior apparently
Inhibited recognition of those components critical to the identifica-
tion of traversable networks. On the other hand, field-independent
students demonstrated an ability to recognize and evaluate relevant
attributes of network stimuli. These behaviors were consistent within
each cognitive style group, irrespective of instructional treatment..

-?

The main effect of struction ethad-was-not statistically--
significant. The high interest leve demonstrated by thestudents
in the content of the units, with its i ff ct on Motivation,
may have influenced learning the extent that i outweished the

although speculative, suggests one possible explanatiob fo* Tie lack.

effects of differences in inst onal formats. This

of significant difference.

Instructional treatments were not found to interact with field-.

independence-dependence in this study. However, the possibility of
such a relationship continue& to exist, with the concommitant possi-
bility oradaptation of instruction to individuals in classroom
settings. Level of guidance has been found to interact with this
cognitive style, in a collegesetting (Carpenter, McLeod-And Skvarcius,
1976), and it is possible that this variable might interact with
field-independence=dependence with younger children. It is recommended
that additional research be conducted in this area, with consideration
of alternative instructional variables and criterion measures.
Furthermore, it is also recommende& that research commence in the
area of compensatory treatments for field-dependent students.
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Purpose-,

. . Little research evidence of a developmentalqiaure ex s concern- t.

sing the child's conception of area' measure.'
,

Piaget and colleagues (1960) .

did initpal work in this doniain. Foliot4-up work was done by Beilin and
Franklin (1961). Wagman (1975) studied the child's conception 'of area.
measure with a primary emphasis on the conception,of unit. With the
exception of Wagman (1975.), there is no reported evidence of' how children
incorpqrate number into their concept of area measure. The present study
was designed,to look at children's area measurement-behavior with empha-
sis on which cues, wit covering or multiplicative, children attento
as they,consider,the frea of certain regions.

The task design was similar to that used by Piaget (1960) in his
subdi4iding a straight line task, but *JO ,appropriate changes for area
instead of length. Children of,elementary scbbolage Were interviewed.
using six'sets of three area comparison tasks. Analysis of the child:-
ren's behavior provides valuable informatio:concerning measure behaviOr
in general and area -in'particular. This information Should give direc-
tioh fOr instructional tesearch concerning area concepts'and related
studies of thd'iphysical.nicidels used for teaching the operations for
rational numbers.

A 44

'
r

A`Study/of the Child's Use Of Perceptual and: Numerical
Cues 'with Respect to Area Measurement

Charles F.' Lamb

The University of Texas at Austin

James J. Hirstein
University of Illinois at Urbana-Champaign

4,4
A4. 1F4

\

- r

A

_Q.

'Procedure

.-

A sample off 106 students from grades t4ee, four, five and six were
interviewed using sets of area items (initial Ptactice items were
employed). The stueents interviewed came from schools in Austin, Texas
and Columbus, Ohio., (Thanks are extended to Alan R.'Osborneo'f The Ohio
State University foi his assistance in the colleition and analysis of
data..) A Sample m

ro-

fs presented below:'

Display. Region

Answer Region-

N
\

4

(4S

'Figure 1; 'Sample Itenik
JJ\
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After being shown the Display°Region4the child waf.asked to draw a
line on the Answer Region'to construct 'a rectangular region of equal
area (see Figure l).- Analogous items were based upon a grid network
and an indicated grid in order to provide differing perceptual bases
for cuing children about area-judgments (see Figure 2).

'Indicated Grid 4

Figulre 2. Display Regions.

Grid

Any unusual problem-solving behavior or comments by the child were
recorde4. Particular attention was given to reporting the nature of
children's errors.

Analysis.

Anhlysis mas.done in a'clinical manner because'of the'nature of
the interview items. Therefore, the results and conclusions are anec-'
dotal rather than statistical. -This method was chosen so as to provide
more direct suggestions to teachers of young children. In the presen-
tation it will be possible ta report informative statistics such as
percentages of errdrs and frequencies of types of errors.

Conclusions

Results and conclusions Can best be summarized by looking at
general item performance and lifting some common misconceptions about .

area.

o

General Performance. As expected, all children had some compe-
tence in area, with older children outperforming the less experienced
ones. The three item types were, from easiest to hardest grid, no-'
grid, and identical grid. Children who appeared to understand area
Gould operate interchangeably with unit, covering and multiplicative
approaches to area." Younger children appeared ro rely more heavily
on the unit covering' approach.

4
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Common Misconceptions. Five types, of area misconception seemed
common in the sample:

1. Judgment of area based upon length of one dimension;

Z Compensation using primitive perceptual methods;

3. Area determined by point counting;

4. Counting around the corner; and .

5. Point counting using only linear units (Hirstein, Lamb
and Osborne, 1978).

These results are to be used to design .remedial activities in the class-
room as well as to generate further instructional research. During the
presentation, it will be 'possible Co suggest teacher activities gener-
ated by ,children's errors:'.

4,
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A Clinical Study of the Heuria is Strategied"
Utilized by High School ttudents .

Lionel Pereira-Mendoza

Memorial.University

'Purpose
)

,''the study of hatIrlitic strategies has been a continuing
concern among mathematics educators (e.g. Kilpatrick (1967),
Lucas (1972); Vos (1976), Blake (1976). While the studies tend
to emp1.oy distinct, but not disjoint sets of heuristic strategies,
it seems reasonable to.conclude,thae most researchers utilized
Polya's heuristic procesi.(1957) as the initial framework for4the
heUristic strategies. One overall implicatiOn of such research seems
to be ,clear, namely that students do utilize,. and can be taught to
utilize various heuristit strategies (e.g. drawing diagrams, making
a table and looking for a pattern) in solving novel mathematical
,problems. With this support for the significance of heuristics,in

* the problem solving process this researcher wanted to investigate
the following questions:

1. Without any specific training in heuristics, what are the
heuristic strategieswitilized by students in solving novel
,mathematical problems?

/

2. What are th ebmost commonly utilized heuristic strategies? -'

The works of Polya.(1957, 1954 (a), 1954 (b) ) and MacPherson (1973) ,

provided the major frameworks for identifying those heuristics that .

. might be utilized by students.

Procedure

Twenty high school students (grades 9,, 11) were selected from
-local schools. These students were all in thehonors mathematics
.prograi and were students who the teachers identified as the 'better'
oproblaillsolvers.

EaCh student had four problems to solve% oThe problems were
presented one at a time ind,the studeqyas, allowed 15 minutes to
solve'saph-problem.. If at the end of tfiit-Nperiod'he had failed to
find ;ht //option tle continued with another problem. If he completed
the. problem within the 15 minutes he was illOwed to continue with the
next problem.' Two of the probleMs used were:

ss
103



1'. The. Chinese Tangiam_puzzle. The student had to arrange
the seven pieces to form a square (see figure 1). .The

seven pieces were placed in an envelope in front'of him.

Solution:

2. Given 1000 squares (1 cm x 1 cm) how 'can they be arranged
In a plane so that the total perimeter of,the figure formed
1.s a minimum? Find the perimeter.' In front of the studeRt
there was a box containingra large number of,1 cm x 1 cm
squares.

\

Solution: .gerimeter is 128 cm.

\
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There were three key components to the eicperimental.procedute.

a

1. The students were videotaped while solving the problem's:

2,. The students were thinking aloud while.solving the problems.

3. The students were given physical materials to work with
while solving the/problems.

The use of physical materials and videotaping added a dimension to
the datanot present in most studies. It'enabled the judges (see
analysis) to determine whether the students were physically modeling
heuristics such as symmetty.

Analysis

Using videotapes retained\from the pilot stage of the study,
the judges werejtrained.inthe'use of the coding procedure. Primarily

. the coding procedure consisted-of recording the heutistics used and
the order in which they were used. At the end of the training sessions
the analysis of the'actual data tape9 was undertaken. Each judge
coded each tape separately, and then they met to discuss.the results.
The discussiomo entered around segments of the various tapes on which
there were disagreements. Only results on which all the judges *could .

agree were included in the interpretative stage of the analysis.

1/4

Results

The most commonly employed heuristic was examination of cases-
(enumeration of cases): ;.Students tended to use both random cases
and systematic cases. For example, the perimeter prbblem some stu-
dents would try to build up from a'small number of.dquares,while-
'others,would just try random ndmbers,ofsquires.

Symmetry waaalsp used by many students. This was particularly
obvious in the tangram puzzle. For example; the students Would try
to arrange'the pieces in a symmetric Manner (see figure 3).:'

Figure 3
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'

,

Other heuristics, such as preservation of rules and analogy'only
appeared very rarely. -

, .
Note. The use'of videotapes proved to be-extremely valuable.

The video poi ion of the tape provided evidence of heuristics that
was not present in the audio potiod. Furthermore, the researcher
feels that itwould haire been impossible to record.ail the nuances
involved in the' problem solving process without the tape.
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