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- LN . 0 . !
Multifactor Analysis of Differénces T °
Y ~ .
a “ R .
Between Correlation Coefficients

, , The general pfocedure for analysis of differences Hétween_ ‘ -
correlation coefficients with blocking factors preserit ‘1§ outlined. .
Calls of the design cpnétitute independent groups of subjectsion ’
which two measures have been taKed and correlated. Measures need
not be identical for each group. An example is given:.in whigh the
dependent variable represents the correlation between attitude and
achievement for six secondary school groups, stratified by abi%jty
(Phrqg levels) and grade level (two levels). ) '

A researcher may be intérésted in'comparing\correlétion coefficients !
— \ - K
among several pbpulations which have Been sampled using a factorial design,
Coefficients will normally be calculated for the same %ériables measured

v S . ‘“ . .
within each. population. . The researcher may be interested in the effects .

v

due to inclusion in specific levels of the design faqxérs. Alternatively,

v o -

/ - .t v
the correlations calculated may be based upon different measutgs for each L
. -~ : ’/ . ) v \“
' popu)ation, and the researcher may be interested in trends or differences £

PS

ki
between levelsg / . o

. . Préiégus Research , i ' R ~?;'

.
-

Since’ the fheory of quadrat}b\fbrms is necessary to the derivations_ , i

in the papér% ;ome background is peeded. Box (14953) discusseq\the.quadratic ;
! | . X Lhe e

form ’ ¢ i . . .o
9 = Z'MZ . o (l) ‘ .

' # . . v ~ ' 2

N
—~ LN "

-( where z is a vector of normally dist;ibuted random variables with mean, zero
4 e ' L4 A
Y ” oo ‘<, .,
and variance-covariance,diagonal matrix L. M is a positive semi~definite // .
- o e BN oo }“ .
matrix. Box showed Q is distributed as a linear sum of chi-square random - ¢ .

. .

variables 1 s . et e . .
- ] I - o . RO , / N . e l .
) | J /\/ X = 2 Aixz B , ¢ . B { .

vi‘l 1 . . . . ! . .,

N ’ . ~ ‘ . . (e
.

’
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. ) BN , .
: where Aijis the i-th latent root of-the matrix {
T ’ .
L. . - W= IM /'(3) -,
. ' . . . ( I
for the chgracteristic equation. - o
Lo . ) a )
. jzw—x1|=o./ .(4)
. L~ * e oo, e ( X * - .
- The sta istié .
J ' . I ' ! M 2 A
. L Q= I M, (252 )
v 00 s =1
\" ) » " * ’ * )
is a guadratic form in which the latent roots are Ai = Mioz for diagopal
' ) \ P SN
M and I mat\jces. Bég‘showed that the distribution of Q is given appioxi—
- . ' » N ° - ¢
. ' -
. mately by 2
. Q% gx?(h) where N (6) :
f } .
v ' I \ ¢
g2 D
_ Nyt . . y
: g~ and g (7)
. 1 \ - .
< J T A .
/\ -
/( . 1 i.=1 i
* I ) ’ \¥ \
- (A ) . i
i=l . N
- h"_ T * . -~ (8°)- " < a
, T ‘ -
A - ’
S =17 .-
Among specific references_to correlation/meparisons, Hays (1963) give
{
4
. the statistlcal procedure for, testing the equivalence of J independent ' .
N -
- correlation coefficients. Marascuilo (1966) discussed the x analog of 7
Scheffe's theorem for multiple compari%ons among correlation cqifficients
& - . . * n‘ . W *
‘ r, of K independent bivariate normal populations. The statistit he used is
v, . - . . . ., . . , .,
. v Lo
s , ) .
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' U,-=1 (n —3) (Z - ) s A9 J
k_l k o . . S
. v 2 M it
0 *
g ’ + ’ \
A Z_=1/2 Log 1Tk . , 10y g
A k .:l"" k , ’
. K 'y > -
) * L (n,-3).2« . *
. g t= k=1 % o A (11) - -
T K; \‘ ¢ r " © N
) S
t : k=1 [ ‘ I
. ’ . . L4 ] * , :
where . T S T, : ' . . *

developed, however.

.

}
' - ‘ ¥ ] ~

.nk = sample size for k-th sample,

Fisher - Z trdnsformatidén of the

N v
n

r correlations~coefficient
‘e N k - i . a . @ e . Ve
for the k-th sampldFand - o o ;
. " ) . . . ; ' ) ' l\ ) - Y
zr = common esStimate of tﬁe k trahsformed correlations“
(o] N . ., i

' .l ) C ‘ . . '

The U= statastlc has an approximate x2 distriﬁption with k-1 degrees

%

of freedom, A derivation of this follows direqtly from Box's theorem on

the‘approxidate distribution of the quadratic form for the contrasts of (9).

»
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Thomas’and Stanley (L969) were interested in sex and race differences

-

in correlatlons of variables pred1ct1ng college Jfreshman grade point

average.

-compared meam differences within sex an® race.
AT * . .
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A’ Statistical Model

&‘formal statemént_of such a model seems in order.

-t 2 . . ' . X
Two measures aré-madeg on each’ subject and the measures correlated.

N

They transformed the coefficients to Fisher Z-statistics and

No formal model was *

L3

/

-

-
.

fSquects are ranaomiy assigned’to*levels of a mhltifactofiexperiment.

-

The

experimenter is interested in differences in the corrélations‘due to the

4

- .
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factors and in possiblerintef/ction. ‘Each cell in the‘design.containf,one :

observation, the correlati¢h coefficient. Since no within-cell var ance

B ! . .
exists fo:\a single observation id such % layout, no independent error term.

.0 ¢ . -~

can be specified ordinarily. Since variance errors are known, howevir,

. ” .

they will be utilized. . - I T e - ~

For a two-way layout, to be used as the basic example for, the remaindgi

4

-~

) s
of the paper, the Fisher -transformed correlation is decomposed 1nto components:
. /-

R -

+ Bj + “Bij + eij s s (12)-

Y

»
\ .

_where the o, 8 and-dﬁzterms are, factorial effects in the transformed Gorrela—

.

tions: Also, the sta&@ard error is o, =1/ 3 for the ij-th celP

”~

¥
. . ,' . |i , .
observation. £ ) . i . & t .
) R T s ’
Under the usugl constraints En,the treatment parameters, the model

\ N . 4

represented by (12) is similar to ;he fixed effects ANOVA model' Normality

.

. /
4 are aséﬁmed to be 1ndependent and within-cell variances are homogeneo
M / [

* - -
s

and only .f’ njj =1 for all i and j. ~ . ' ;

s

holds, except in "extreme situations {see Norris and Hjelm, 1960) Erthi?\
us 1f< )

{ .
One seeming advantage of working with a metric-free statistic ‘such as

€

the correlation coeﬁficiéng is that coefficients can be compared directly,
» even though the origlnal measures used to calculate_the coefficients were
o : ' . ~ - - -
different. This is the informal procedure used gh construct valddation.
. . . ] . 1 -
For example, correlationé "between attitude and achievement would neceqsafily

.
.

be based on different instruments in(comparing eight-year-old children and

+

1 . ) .
adults. Putting aside questions of unreliability of measurement, differences
’ i ) . . e b

itrjeorrelation miéht provide results of theoretical interest, while direct

]

v I T : ’ -
comparisons of the original variables are difficult.
' . A v . -,
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' L i 'X " . .,
- Coe . *
| g : . * . Equal Cell Sizes L
. " When sample 'sizes used to compute the gell correlations are equal for :

'
* '

all célls (nij=n), mean squares for e fects'may‘be\calculated;ih the usual

P {
. - / , ©
manner. It is then easy to show tha (12) reduces under thg null hypothesis' ~
. ) . : ) ] ; ,
tO - . s - . W' L
> MS a - N R ;
; effect .. 2
’ . U- . = —_— n, X . (13), ' )
. ff » ’
: ertect. ~(n—f3) - e
- In the two-way layout . . ’ r
p N
\ MS’ s : P
.‘ i N. . _ » A,' 2 ‘ / . . ) p:
UA 1 ’\l X1-1 ° r v (14) N .F
. ) . . . .
- n-3 “\
: : O /
C o ey e My \ ~ °
, B + Xj-1 , (15) /
> v ('5:3") > L 4
23 . L 4 - » '
. MS . . .
B ap = 2L X(1-1)@-1) " (16)
= |

' )

7 These statistics may ae shrown to be Marascuilo's U-statistics, as well. -

The tests are iddependenf, since the xz-stat}stics are independent. An.

R . » ‘ /
° additional “test qf‘interest qu\gs/gade(on the grand mean Zf

-

. Z_ .- 2 '
z=F P . R an .
/ -3y ) ”
\
. J ) " L
© . . : & - . & .
which is a normally aistributed statistic. Thus, one tan test the A
overall coxrelation for dg;;fal»populations. A
{ g ,_v‘.""" . R . . . - ‘;‘ i ':.. ]
4 RN 1 ! / . . o ) [N '
T | , . | B
] N - ;
&,' ‘ .. 8 . .
1 s T - * . * .
T LY ‘ N, ‘.'\ B

-y




ual Cell Sizes (Ar Proportional Cell Sizes) - ‘ .-
‘ LIS |

' Analysis of the two-way. crossed design is, based on the. known variance

\

f eath Fisher transformed correlation.<%zox (1953) outlined the analysis for

the nonorthOgonal one—way(HEsign using t ) F-approximation foyr the ratib

of uwo quadratic forms. Sinpe,the variances are not estimated but.known

»

-

for the transformed correlations (and lirear. combinations;of them), >
* * [ . .

the Box theore given in (6) may be appliea ) Searle (1971) and Marks (1974)

. - s ,

" have discussed the maJor ways of approaching the monorthogonal two—factor

- - . .

.o . <.
and intetpretation herq . A > \\

unequal sample-size in the cells under the null hypotﬁtsis

‘e ¢ v

< -

1 - ! . .
N 2 . R
a =Im, (Z ' -2 , , Co(21
& QN .i=1m1 ( ri . r,.S /. Ny . ( )
-3 I A T @2)
QB —jelpj r."_ r..) ‘., . . . .
N 3 ’}\ :
where Z = 2 (n ‘3) Zr /N , - ' . (23f
\ ij. "1 : :
1. j=1 , . ’ oo . ‘.
- - * ,‘ ‘ pa—
I ‘ Co oL
= I -3) zr,. /N, o . (24). r
r.. —1({1 j ) iJ j ’ . .(70\.1 ) . . 1 .
'3 o I -
e, =2 (n,, -3) zZ /N . ’ (25) .
* ij ¢ ij rij y . \
~dJ ‘ . \
{ = z (ni‘ -3) , (26) -
=1 ™ , '
& 4 ( .
. =z -3 . and g 27) !
- 7=1(ni3 ) ,, _ . .
. ‘ 4
= 3% (n,.-3) ( (28)
ij.: ('i ) ) * o '
‘ ’
- L3 > ’ . R \
R , g N .
.(— ) » \ “

analy31s of” variance.t The main,effects m:gek/seems most amenable to sojution - 4—

The quadratic forms for.the treatment affects in the two-way layout with
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4

atrix W is vl N

',' ) ) . ‘ .. »
’ ’ 4 : 2 .
$ o . .
1y 93 mN- 0y mym (3°)|
{ . g ) ' §
A‘ g
L) Q&?
-z ) (31) ‘
i.. (
. 2 s . .
13 . id ‘.
¥, Pl
{ . 2 ’ )

. 0
- LI

- - L N ‘
AT statistic for the effect Qg may be calculated. Since h will ~

y not be inﬁegér:valued, the simpfést proéééure will be to interpolate

K3
’

gn the nearest integers to find critical values. L S

| The test of hypothe'sis is over the whole set of contrasts about the grandb

§ " . e

meag. bonfidence'intérvals and contrasts based on’thé x2 analog to Scheffe's -

“
. R s y

The tesf‘foffoverall correlation is given by ° . : )

Y -

A . . - . -
* . v - r:- ‘D . . (32)' o ' “ i
s, . ! E 2{ . Y . ) . .
' 137
. I .
. b, N
- 2 1 - ' =
where _ I & 1 / 13
ij r I 3 “ .
) i=1 j=1 "4j
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- 0
.

.and z is’‘a normally-distributed variable with mean zero and variance;unity. i

b . 2
- Since variances are unéqual in the proportional design,. the approach .

outlined here seems to be appropriate. Afternatively, one might use,a

procedure such as unweighted- means analysis, if proportions are close to one. .
* 4 Al .

. 2
- i .
» . . - . d
. : , P4
- N
’ o~ . .

F L Illustrative Example .,

\ + . ‘
As part of a National Science Foundation gfant, Welch and Gullickson
(1973) déscribed a testing program'in"ﬁﬁich randomly selected junior and
senior high school classes-in fifteen states were'given a series of attitude

and achievement measures in scierce ‘and mathematies,: Each science class was

. “ At
randomly*divided into thirds each third taking the, Learning Attitude Inven-

story or LEI (Anderson,,l97l), the Science Process Inventory oqvSPI (Welch -~

3

L%

and Pella, 1967), and the Test of Achievement in Science or TAS (Lawrenz

~

1971). Two, forms of the TAS, were developed——Form I for the eighth grade

‘level and Form II for the eleyenth grade level. Ttems were.drawn from the
. ? o ‘ ‘ 3 .

released itéms of the National Assgssment of Educational Progress (1970l.

. e

.Kuder-Richardson reliabilities reported are .87 for both éornﬁrj?\and IT

. ~ . |
(Garibaldi, 1974).- Since students generally did not. take all tests, class.
b -

f , p

‘means were wused as the units of analysis. < ) g K
- Classes were divided into low, middle, and hig% thirds on the Basis of
TAS achieVement scores,'division’performed separately for each Form., This L

} A

produced a 2x3 <Hgctorial design with grade level and abilityxgrouﬁ as factors.
. . . * »

Correlation coeffidients'were computed within-cell-between the TAS and- SAT °® :
- ) ’p s ' -

> . with class means as unit of analysis.~ Thig correlation gives a measure of

»

association between the class's attitude toward science and knowledge of
( * .

science. Coefficient values and sample sizes are given in Tablel.

e -

The analysis procedure for equal cell sizes was performed on the corre-

. lation coefficients. 'The U~statistics for effects are given in Table 2. «

w . . * N . . .
f P4 é v
11 ‘
R . .
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. TABLE 1 "
' . _ Correlatfons Between SAI ahd TAS ’

.
-

. ¢

¢ . ) [

]

. -

Gradengyél\

for ?Qo Factors, Achievement and Grade Level

4

. " <

+ Achievement Level

N '~.F/ \ . ) Yy
' ‘ . Low, Middle High Marginals -
Junior High r = .006 2470 .218 e
(Bth grade) (n = 35) (35) (35) D P
. . . . \ . '
. Z_= .006 1252 .222 7, = 160
-9 ) E N \ 1‘.
/. . ) . + X = - '§
Senior High .401 Las . L3 -
. ) . .
v N s 4
(11th grade) (35) (35) (35) “ N
z_=".425" 445 . T 412 ) 7. = 427
r . - : . 2
¢ . “ L 2 < .
C . .
_ - IR . _
. Marginals . Zf = ,216 Zr .349 Zr L,:314, . Zr :294
* .1 " .2, “3 .
1 ® . *
. b [ -~
] , ' . .\' '. . .. ‘u
. . / .
Zr = Fisher-transfdrmed value ' ; . o .
’ . - 4 ~ » .
- . i ’ - ' * - * )
"+ n = sample size in parentheses, o .-
. P R . . -« . -
\ k- ;s ~ .
A\ ) » - ) * "
“ a . . 7 L
-~ - - g
i ’ , N o \ €, * r
. a ’ I ’
‘ SO - = ’




_TABLE*2 - -, S ‘

' Statistics for Effects ont Correlation - - "o
P P -~ + 4 .
> " N
. . . Between AcHievement .and Attitude - ;
»., o T ‘ o e
. - > t .
\j/ 0 ‘ , )
h“v . : - .
' ‘) Statistic * . Statistic Probability Under
, Effect * Distribution d.f. S.S. Value Null Hypothesis T
. T ) ;T .
' Grand Mean . Normal . 1 = . 56,45 < .01
2 ) ’ - ' - _— ’
™ Achievemenmt - X 2 .019 304 > . 80" :
. - 2 , . ' i
Grade X 1 -.107 3.45 _— <.07 7.
: k B . : ’ : . ) . . ’
Achievement 2 . ~ ) .
. x Grade j\ 2 .0178° .570 > .7 (
» - : _‘. , R . / .,
i Total v < 6 .1438 ) .
[ . . ~ , N
gt & i ’ (
e T K , . o~
. ’ ’ 7 / N
- - , - ; .
) ! ) ; oA q
. L] . ' ’
~ ‘ = “'%;‘\‘*‘3‘3. - . ¢ .
e s, + . , . -
- R ' T . i ’J‘:' ol Yy o
’ » . “ ¥ L v S, " s r N )
J‘/ “ A‘ (A0 » 11} . ’
. . x
N 1
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» »

The grand mean of Fisher-transformed coefficients was significantly greater

[
-

than zero (p < .0l), indicating ;% overall relationghip-between‘science

' attitude and knowledge of science for junié:‘ahd senior high school students

.of science. No difference due to aghievement level was found, but the

~

graae difference was significant (p < .07). Senior high school correlations

wa!e'significantly higher than junior high correlatjons. .No achievement by
- s

grade interaction was found.

-

The higher correlations for senior high level students is probably due
to the selection which takes place byzgleventh gfﬁhe. Only those students

b4

wi;h some interest in science eleét biology, physics, or chemistry, those

“~ -

1

. -
subjects the.high s¢hool sample had elected.

: Conclusion

©

The derivation and analysis presented here allow the exﬁerimenter ta

‘perform multifactor contrasts on correlatiofl coefffcients for several
h N : Ny -
t
populations in an experimental design.

'

dqmpnsé%%ted forlcross:grade level comparisons where the individual measures,
{ . ! ., N v

such as achievement tests from which the corxelations are computed, are

A

~

non-comparable by éhemselves. : N

LI

Xy

The'utility of the technique is =~

wo
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