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+°  FOREWORD v
The increasing contribution of .hathemdtics to the culture of
thé modern world, as well as its“impqrtance as a vital part of
scientific and humanistic educatibh, -has made it essential that
the mathemat;cs;in our school€ be both Wel; qéiected and well

taught. . . -

With this in mind, the various mathematical organizations.in
the United States cooperated in the formation of the School 2
Mathematics'%tudy Group (SMSG)» SMSG includes college and univer-
sity methematiclans, teachers of mathematics at all levels, experts

. in education, and representatives of :science and technology. The

general objective of SMSG is the improvement of the teaching of ..°
mathématics in .the schools of thls country. The National Science
Foundation has provided substantial funds'for the support of this

endeavor. . ‘ " \\\ .

One of the prerequisities for the improvement of the teaching
of mathematics in’/our schools is an improved gurriculum--one which .
takes account of the increasing use of mathemitics in science and
technology and in other areas of knowledge amd at the same time
one which reflects recent advances in mathematics itself.. One of
the first projects undertaken by .SMSG .was to enlist a.group of. .

"outstanding mathematicians and mathematics teachers to prepare a

series of textbooks which would illustrate such an improved
curriculiun. T -

LIRY
-~

r'y
The professional mathematicians in SMSG believe that the
ma&?ematics presented in this text is valuable for all well-"
edutated citizens in our society to know and that it‘is important
for the precollege student to learn in preparation for advanted
work insfthe field. At the same time, teachers in SMSG believe.

‘that it is presented in such a form that it can be readily grasped :

by ‘students. . -

N - )

In most instances ‘the materigl will have a familiar noté, but
the presentation and ‘the point of view wi be different.. Some

P

_ . material will be entirely. new to the traditional curiiculum. This

is as it should be, for mathematics is a living and an evew-growing
subject, and not a dead and frozen produet -of antiquity. . This '~
healthy fusion of the old,ahd the new should lead students to a
better understanding of the basic concepts and.structure of = *
mathematics and provide a firmer foundation for understanding. and
use of mathematics in a sclentific soclety. " o
L N Lot ey R

. It.1s not intended that. thls book be regarded as the only ,
definitive way of presenting good mathematics to students at this
level. 1Instead, it should be thought of as a sample of the kind -

.of improved curriculum that yWe need and-ag a source of suggestions

for the authors of commercial textbooks. It is ‘sineerely hoped’
that these texts will lead the way toward inspiring a more meaning- ('

~ful teaching of Mathematics, the Q‘ien and Servant oﬁ,the.Scienceq.

. . - - . _;)) . .
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PREFACE . '

/ As' one of its contributions to the improvement of, mathematics in

", the schoods’ of thi@\pounéry, the School Mathematics Study Group

*has prepared a sdries of sample text materials for grades 4
through 6. These are designed to’ illustrate a kind of, mathe-

.matics curriculum that we believe appropriate for .elementary

schools. ° R e T . ;

D
. (]

[,
Tnis volume ‘is™g portion of these materials which were preparkd
oy -a group of 30 individuals, divided almost .equally b&'tween

gdistinguished college and university mathematicians and master

~

elementary teéchers and consultants. A strong effort has been
made on “the .part of all to make the content of this text material
mathematlcally sound appropriate and teachable. Preliminary

versions were used in\numerous classrooms both to strengthen
» ‘s et
and to modify these Judgments.

R
~ . .

The content fs designed to give the pupil a much broader concepc’

¥

than has been traditig\ally given at this level, of what’ matheq .

" .matlics really 1is. Th ,gyis less emphasis on rote learning(and

more emphasis oh the construction of models and symbolic repre-

" gentation, of ideas and relationships from which pupils can draw

. important mathematical generalizatione. K

The basic content is aimed at the development of some of thé |

fundamental concepts of mathematics. These include ideas about:
number% nume€ration; the operations of'arithmetic” and intuitive

geometry The simplest treatment of these ldeas 1is introduced .

*
vearly. They are frequently re-examined at each succeeding -level

1

n o e i
) . ‘ }
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and’ opportupitiés are provided throughout the texts .to explore :
\\ - them more fully.and apply them effectively in solving probIems v oo
These basic mathematical understandings*and'skiils aré con- .
tinually developed and extended throughout the entire mathematics
curriculum, from grades, K th,ough 12 and beyond .

¢
5 > ) !
We firmly believe mathematics can and should be studied thh , ‘1.

4

success and enJoyment It is our hope ‘that these texts may

greatly assist all pupils and teachers who use them to achieve

this goal, and that they may experience something of

@

Joy of
discovzry and accomplishment, that dan be realized through the -

. . °
study ofanathematics e : . H
° ’ . \
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) . . .
- ‘ . Ch;pter 1 '
. . - EXTENDING SYSTEMS OF -NUMERATION S
' PURPOSE OF UNIT K o
+ This ynit is an extension of the work of Chapters 2 and 10
,of Fourth Grade, e ' . ’

(a) The decimal system of numeration, with its principle
of place-value, 1s/extended to 1nvolve numerals for

-

.. > (b) The decimal gystem of numeration, with its principle

of‘place-value, is extended to the right of the ones!
- column to embrace the writing;of numerals in decimal
- form foﬁ tenths, hundredths, and thousandths.‘.aﬂ-

o .{c) .Non-decimal s§stems of nuneration,.witﬁ a pringiple

' of place-value, are extended'to'cover the writing of

. three-place humerals. This 1s introduced primarily as
. N a means to a greater understanding of ‘the decimal
systep particularly and the¢/ ndture of numeration °
] generafly Only when the decimal system is studied
. . ‘in the context of place-value systems do certain of -
v its propertdes emgrge ¢learly. - : ’

.

4 In addition to the mathematical bagkground yhich follows,
you will find it helpful to study Chapter 2 (pages 17- hg) of -
d Number _Systems (,SMSG" Studies Studies in Matnematic . Yolume VI). -

i -
‘e . y . " -
. .

' whole numbers larger than those considered in.Chapter 2.

/

" > * . . .
e . “r . A
.

. 0 . ..
s - °.3 -
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Y

. .\:‘
- 5+2=8.21-" :
we assert that. the symbols "5 + 2" and ‘"8 - 1" are each R
names for the same thing - - the number 7. In general, when we s
‘write ) N \

. the, letters "A" and "B" are synonyms. That is, thé equality. .
’ . .4 A=B . .—-. L ‘ \ .

T . MATHEMATICAL BACKGROUND ’

»Principles of numeration cannot be developed effectively 4if
confusion exists regarding the terms number and numeral. Thege
are'not synonymous.qu number is a concept an abstraction. A
numeral is a’ symbol, a name for a ﬁumber. A numeration system
is-a numeral system (not a number system), a svstem for naming .
nunbers, X TP .

) Admittedly, there are times when making the distinction .
between "umber" and "numeral" becomes somewhat cumbersome,
However,, an attempt has been madg, in this unit to use terms such
as number;, numeral, and numeration with precise mathematical
meaning. o g o
This may be’ an appropriate time to co&ment on Qur use og
the equals sign (=). For example, when we write - 7

I/

A=B . . . "’ . - "
we do not mean. that the letters o symbols A" ang _"B" ‘are
the same, . They very evidently are not! What we do mean is that -

asserts precisely that the thing named by the symbol "A" .is
identical with the thing named by the symbol "B". The equals
sign always should be used only irt this sense. CL °
'The naming of numbers, is a problem %that- has received atten-
tioh over a period of many, many years. ‘Sour:ces such as the one
Tentioned earlier (Studies in Mathematics, Volume VI) give
1nteresting and helpful information in this connection. "For our
immedliate purposes it will suffice to consider onlks. the ander-
lying nature of the scheme for naming numbe"s tat we use "
commonly today. . - -
We are so familiar with our decipal system of numeration _
that we nmay fail td sense clearly ‘that it is only one 1nstance' -

- . -
13 ' :
v . .
. -
.




of *the class .of numeration systems.- These are called place-value

v .

-systems because they use the samé idea of place-value. e
We¢ learn, foy example, that: the.symbol 213 (read "two one
* three") means - . - .. s
; . R . )
L T - 2(ten x ten) +1 ten + 3 ones. o "
It 1is because the\base of our numeration system is by convention 5

ten and not nine thab we give 213 this interpretation and not

Y

. 2(n elx nineé) ¥ l(nine) + 3(ones).

Both interpretations belong to what can'be called place-value ,
numeration.systems In any such system 213 would designate ’

\ - 2(nx n) +1(n) + 3(ones) ,
The different systems. correspond ‘to .the possible choices of the
number n, called the base of the.nmumeration sygtem.. . -
- Because the numeral 213 has different meanings in"different .
’ place-value systems, 1t is necessary to indicate the base of the -
system which 4s Intended We do this by writing\the word name .

for the base as a subscript if the base is not ten. Thus ¢ »

.

. 213 = 2(ten x ten)(hundreds; + 1(ten) + 3(ones),
213 nine = 2(nine x -nine) + 1(nine) + 3(ones),
ight = 2(eight x eight) + 1(eight) + 3(ones).

(The symbol 213 .. 1s read "two one.three, base nine".)

. In any place-vali® system arbitrary symbols are needed as

numerals for whole numbers less: than the base of the system.’

’ These numbers are called the igits of the numeral system, Since
‘there are available conventionsal symbols for the digits of the
decimal system, we can adopt these as the numerals for ‘the * digits

f gther systems Q‘No new symbols will be needed provided we
*restrict consideration to systems with bases no greater than ten. . .
* Thus in the base eight system we name the digits. O, 1, 2, 3, 4, )
5, 6, and T. ‘In the base five system we name the digits 0, i,

.
)
LN ) 5

2, 3, 4. . : °
Since any symbo; ‘such as 3y whenever used as the. numeral .
‘for a digit will name¥the" same number in every system.in which T

v it appears, this conventiop is unamBiguous, ~The numeralsg for - .




digits therefore require no subscript As is often done in th 8 ]
. . chapter the subscript, .may, however, be added as a reminder of the

-

system under c0nsideration. : &
In giving the interpretatiom of a place system numeral lik¥

‘.213nine it ¢an be confusing to use numerals from anotner p1ace\
 system. Thus |, ' ol

L 213, . ={2x8) + (1 x9) +3 ', -

involves the decimal ‘numerals. 9. and 81, .and the 1atter re-
quires for its interpretation the very idea it is assisting to
explain. This difficulty arises because all place systems derive
from the’ same principle of construction and because one of these‘
systems, the decimal system, is our "native" system. - *
In such a situation it seems preferable to restrict the
v explanatory use of" numerals to the single digit numerals common
to all p1ace -systems under consideration. The other numbers
involved are named'by Jords which are not part of any of the

.

systems being discusse . /Thus we prefer ,to write : Sy
4

.’,

. 213nine = 2(gine x nine)-+ 1(nine) + 3(ones)
or 213, e = 2( 1ghty-ones) + 1(nine) + 3(ones).

Thig is of course ust the sort of explanation we are com=
elled to give for dec 1 numerals, and it therefore has the .
radded advantage‘of revedling without bias the common aspects of
‘d11 place systems. . / e, T
A word'about the distinction between symbols and names may
‘be in order. 1In any context where a symbol is used in mort than
one way 1t is important to Jdistinguisn tne symbol as an obJect
* in itself from the symbol as a name of something. .Tnat is why |
, the ymbol 213 is read "two one three" and not "two hundred .
tnirteen . Tne 1dtter is appropriate only when tne symbol is’

V employed as a ﬁécimal numgsal Similarly, to read ”213nine as
"two hundred thirteen, base'\nine" would pe to 'suggest a decimal.
interpretation which is not intended . That is why we read..

213 nine- " "two one three, base nine' It .is important that «
such distinctions be made from the beginning in any diScussion'--
of numeral systems,

l

-
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A chart_such as the following one is heipful iﬁ’sensing
better the numeral sequende for place-value numeration systems

with-different bases . . < .
" Bsge : , ' .
Ten ‘. Nine Eight Seven Six Five Four ‘Three
1 1 1 1 1 1 1 1 )
2 2 2 2 2 2 2 2, |
3 3 3 3 3 . 3. 3 10
4 4 4 . y . % 10 IT.
5 5 5 5 5 10 T . t12
6 6 6 6 10 IT 12 20
7 g 7 10 1T 12 - 13 21
8 10 IT 12 13 | 20 22, P
9 10 T 12 13 14 21 100
- 10 T 12° 13 14 20 22 ToT
T 12" 13 14 15 21 23 102
12 13 14 15 20 22 30 110
13 14 15 16 21 23 31 111
. 14 15 16 . 20 22 . 24 32 112 .
. 15 16 17 21 - 23 30 33 20
I TR I © 20 22 - 2% + 31 100 21
_ 17 18 21 23 25 . 32° 0T « 122
18" 20 .22 24 30 33 102 200
19 21 23" 25 ©31 s .34 -103 201
20 22 24 26 32 4o . 110 202 -,
21 23 25 .y . 30 33 41 111 . 210
22 24 26 31 34 42 112 211 -,
. 23 25 27 ¢ . 32 35 43 113 212 :
~ 2l 26 30 33 40 4y 120 " 220
25 27 . 31 34 41 100 121 221 .

As_seen from' the chart, the base numeral always appears:as o
10 wﬁi} written in that particular base system. Similarly, in
.+ @ particular base system the npmeral 100 always designates the .
base squared l.e., the base times itself. 1In the chart{ all
numerals in the same row name the same number. b,
Extension of a place value system of_numeration to the right
of the ones! column 1s not restricted to.a system whose base is
ten. As before, a numeral such as 13,24 may be interpreted in’
various ways depending upon the base used. '

- . T
J,~ . *ﬁt

-

"
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[ o - .

‘,,;; . 13.24 ‘ i\f (1 X 10) + (I x1)4 (2 x %3) + (u X T%ﬁ) .
. : 15.2'41;3;;1;“ f; (Tx9) + (3x1) ‘; (2 x %) + (4 x gr) - :
s eueight; (1x8) s (3x 1)+ (2 x %;) Th (5 x )
13. euseven &_(1;§ 7) £ (3 X 1) + (2 X -) + (h X H*).
13.24 ) o 1k + @a X 1) + (2 X b s (% gg) /.,

-13°2“r;ve. =(1%5) +(3x1)+ (2 X 3) + (4 X §5)

T Notice fthat, for. symbolic simplicity, we have used decimal
numerals in explaining other place-value numerals In some
respects 1t may be clearer to write St '

-

v : . \ ! -
£ 13.2Unihe=fl(nine)+—§(ones)-+2(one-nipths)ﬂ-h(one-eighty firsts).

and

3

~

13.24 = 1{ten) 4-3(ones) +2(one-tenths)4—4(one-hundredths)
o ) ‘S#ace the decimal system is in“nearly universal use the
. value in introducing any other base may be questioned. The
principle object in doing so is to improve understanding of the
) properties of the decimal system by relating it to a general
‘ scheﬁe This provides a perspective which should promote useful «

insights such as: ‘ “’w

'+ (1) the dlstinction between properties of numbers and
properties of numerals. For example the statement 34+ 7= 7\+ 3
~reflects a number property which 1s independent of the language
(numeral system) in which 1t 1s expressed.

>

(2) the distinction between general properties of all
place-value systems and particular deoimal properties, For
" example, the statemént 3.4+ 7 = 10 is peculiar to the decimal
system, while the procedures for adding, subtracting, muikiplying,
and dividing apre the same in any pIace system, ‘
Such insjghts should help to reinforce the 1earning of both.
number pgpperi}/r and computatiqnal*skills.

4
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TEACHING PROCEDURES | oo

7 -

UNDERSTANDING OUR SYSTEM OF NUMERATION '

RN

’

Mateérials:. Place-value chart *

.Exploration: . : !

) _— The numerals used in the following discussion
: should  be written on the chalkboard and a place-

va'lue chgrt should be .used., ’
. \ In a numeral sueh as 436, there are two

) 'l* things to be stressed in relatiOn to the idea of .
place-value, ' One of these deals only with the

L6 ' place-value associated with each digit. For

L . 1| .example, in- 436 the- 4 is in the hundredsf place; || r

the 3 18 in the tens! place, and the 6 1is in

< the onesg! place. The other: thing to be stressed is

the number represenfed by each digit in relation to

place-value. For example,, in 43 the, 4 repre-
) sents- ¥ hundreds, or d the ' 3 Tepresents

oo 3 tens or 30, and the 6 represents 6 ones

or 6, Both.of these ideas are stressed in the

. following discussion. .

Let us review our decimal system of numeration, Look at ‘the

numeral 936,427. In what position is the. 9 located?

Qhunéred thousand's place) In what position is tife 3 located?

° (ten-thousand!s place) In what position is the 6 located?
(thousand's place) In what position is the U4, located? ,
(hundred's place) In what position is the 2 located? (ten's
place) In what position is the 7 located? (one's place)
What is the vilue of* the place in which the 3 4is written?

.(ten thousand) What is the' value of the place in which ‘the 2
3 ? 1s written? (ten) What is.the value of the place in which the

»

.4 is written?. (One hundred) ,What is the value of the place in

_ which the 9. is written? (One hundred thousand) ‘'What is the
value of the place in which the 6 1s written? XOne thonsand)
t is the value of the place in which the 7 is written?

‘

Write the numeral, 444 Ly on'the chalk-
board; , Poiht to each four and ask: "what number
is represented by this 42" (4;.40;" 400; %,000;

for instance, the U in the~thousands® place ahd .

3

N . pa—g N .
Objective: To reviéw- the struoture of the decimal numeral system

40,000; 400,000) Point to two separated fours, g




4,000 and this

+ tens! place.
is how many time
sented by this,
examples,

the U4 in the tens! place.

in- the thousands'® place and to the

El

This 4 means
4 means. 40. Point to the &
4 * in the

‘The number represented by this U

S as large as ,the number repre-
%2 (100} Follow this with other

]

1

Suppose we write a 1 to the left of the numeral 936,427,
" Can you read this numeral? (One million, nine hundred thirty-

/ six thousand; four hundred twenfy-seven) In what place is the
digit 1? (million) What number is repreSénted by this 12,
(1,000,000) If you had 936,427 and wrote a 1 to the Zight’
of the numeral (9,364,271), or wrote a 1 to the left of ‘the

- numeral (1,936,427), which numeral would represent the larger
number? (9,364,271) wWhy? (When the 1 is written to the left
of the numeral, it is in the milliong!?! place, anq the place-valies
of the rést of the digits remain the same value. When the 1 is ,,
written to the right of thé numeral, all the digits represent, .
numbers that are ten time$ as large -as they wedg _kefore.) . >

[

‘Prévide further practice in analyzing other
‘seven-place numerals, i

’ o >

v C

N .
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o - o < '.f' o Chapter 1. )l /“
e < e EXTENDJ:NG SYSTEMS OF NUMERATI }/ L
. UNDERSTANDING' OUR SYSTEM OF NUMERATION . \
- v . ’d N /y, ’ \‘ 4
T . o ) . - J i ~ 2 s ! ! i
: ; “. . 9 gl . N Y % = -
.- R -  n a \
" e, @ 3 ©Ww T,
<« - |Place Value =45 g g 5 5 | .
. = A A £ 8§ 8 . -
: v o 4 9 3 5 | ®
- Name z '
: £ 2 g P EE |8 .
g g ’g g g 8 0
‘, 88 | 28% |.2&§
R ; .Digit$ ‘ 1’_ : 3 Ll», 6 7
- \,\’ R ./ ¢ .

In our decimal sys—tem eéyh place or position in a' numeral

a9

has a name, This name tells its_value = ones, tens, hundreds,

s etc. For instance, in 214 the 4 means 4 ones., In 1421,

the 4 means 14 hundreds. <
Look at thé chart above: Tell what number 1s represented
. T, %
by each digit in the numeral 1, 2314 567.
(/ooo 000 Qoo, ooa 30,000, #4000, o’oc 690, 7)

If the 5 in the numeral above is changed to 9, how much
" was added to the original number? (4_40'0) ‘ , S
- .. e -~ 3 T . i -
' what happens .to the number, if thé 3 1is replaced i{ith
a 0? @Q 000 MW) ,
. - L I o
4 L. .
. \ . .
. \
9 ) 2
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" To- make reading easler and clearen this numeral is interpreted

READING LARGE NUMBERS
ObJective' ‘To learn the reason for the®use of "periods" in °

marking off groups -of onesand thousards -
Vocabulary: Period: . ! ’

. Ly $ ]

.

Exploration: . ‘ .- o ) ¢

When’we read small numerals as in "one hundred. sixt;zseven" '
we use the Place-value name with each digit, ,

However, this is not convenient withovery large numerals.
To make the reading of large numerals easier, we group the
numerals in sets of three. These groups of three digits are ,
called periods and are separated by commas as shown: - . A

R T 12,406,037.

o1

- - ld ."
. 6.8 - i &
. P ] . - .- . .

12 millfems and 406 thousands and 37 ones, -
In the reading of the numeral this is modified slightly to:

¢

‘"twelve million, four hundred six thousand thirty-seven®.

. )
. R A Write 1834695 - _on the chalkboard without ~ . s
« {——ecommas. Ask a child to read it. Rewrite the o
numeral, using’ commas. ‘Ask a child to read it T
Discuss _which 1is 3_easler to read




9 J, -y 0%
d - = ' e
READING LARGE NUMEERS ‘ Ve . -

’ . - . <« -
. - > M v e _ < o
z . — o .
Period || Million Thousand | * Units ;
& l -~ -, ‘ ; © L. >,
. R . > »
S ) o IR S
i ' Blace . L. ' .,: ’ " ‘
~ v .e ‘ R 3 & M
. @ 2 )
. Name g - 8' 8 .
~ ~ - - N
. g o a g o w g. @ 0 “
. § o _0 g o Q g S' 0 \ -
5 , 2 ‘-L‘E 8 &8 2 & & -
M o, Digits 1, 2.7 &, 3 6 5° T
< L2 r Tl e Lt

»
1

- - “

v
I
2

To make - it easier “to read humerals for large numbers, the
. _ names of the digits, the plece-value name,and the periqg.name

. are, used., To.read the numefal in the table above Bégin with the

A,

period on thehdeft. Read “the digit .or digibs in the first period v

as one numeral, followed by the name of the per&od,'as ‘one ..
W \ . . N ) LY

¢ million". S Y
A}

‘y" -"’ T
’ ’ Then read‘the second group of digits as oné qymeral followed
Ty
by the name of the period, as “two hundred seventy-fOur thousgnd"
. / . .
4 « ° 01 R

' T ~/ .
Now read the third group of digits as One‘numeral without

, the period name, as "three hundred sixty-five". % s —_—

a R

- ., Ao
The complete numeral is read, one million,‘pwgzhundred

i geventy-four shousand, three hundred sikty-five". =~ = . .
, ;- 1. , T
. ’ . ' - ,' 'o’e \,.(.
8 ',4""""."" ( ‘ s o
y | . .

- -
ey




' In what place is each digit it:te he numeral 1 271‘L 3652
/m %mﬁbm A&I; ia?." —UU“MW N

7‘“"“" ‘ﬁo’&mny commas were used in Writing this numeral"(n.)
Why is each period separated by a comma ? é&fv-uuw W'W;)
Explain how to place the commas to help you read a- numeral,
(M%MM&, tﬁw 7‘»‘7&‘&”«4/
ag .
- Read each of the following numerals.
TR e

78620010 . 18,771 5,440,103

275,002 9,030,210 4,564,300

L aencsrs Lrptioct\
7 54245 oreediary, %ﬁmw)
275 00; (zzw firrcred. Mw%uz%w%ﬁ*)
) /8 I [ W WW} »
£ 030,00 {nmgm %W@W&j .

. fwo,/os //&v&mmwﬁ?%‘“m .
oot @Ldl,%m“’%‘”
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. Exercise Set 1

.
. ) .
- . .

below? . o . .. .
. a) . 234,600 (3g000)  4) 413,062 (goea)
{. ° .
b) 98:532 NC &) 6,371,524 (Jao,.baoj
\ M ) . .EQ; *
c) 3,827,129 (3200 000)  £) T 9,317 . (3¢0) )
#2.  Write the decimal numeral for each of these..
a) Six thousand,. nine ‘hundred -thirty-seven Cor o
: : (¢, 937) o
' b) Nine hundred eight thoustand , thirteen
(9680s3) ' .
' e) Four hundréd thirty thousand, nine hundred ninety-nine
- . (%30, 999)

ey Eight million » three hundred five thousand, two hundred

_ fifty-four (8305, .zw/ o v
e) Two milljspn, elght hundred twenty thousand, one
* . ‘ (.? 3ae 00/} “ ¢ - S
3. Write the pame, of each numeral in -Exercise l.. /‘,
d . ',(\ o ' . :
BRATNIVISTERS. . R
7 - p

y, Write the: dec:Lmal numeral for each of tnese .

\

a) Twenty-two millio;l s foﬁr hundred seven thousand, three:

.

.r hundred siity-onef[oz:z o7, jé/J
b)  $even hundréd ‘thirty-six million, five hundred

l' o,
twenty~-five thousand, *two hundred. thirteen
236 326,02/3).
e) 'Ihree hundred million, forﬁy tHousand, six (/

1

" .o [Joo ova, 406/ N

" the digits 3, 4, and 6 Just onc&, and as many zeros.as
\
necessary. o (l,u PPy aoo/
. 3 , ’ N
);‘ ]
; ’ 13 »

1.  Wnat hmnberr is represente{i‘b}r the symbol 3 1in each numeral ’

5' Wrete ;he largest possible nine-pléfle' decimal numeral using .

D

-




B

g numerals.,

EXPKNQ@D NOTATION

4 , ’

ObJeétlvéc " Te introduce the writlné of,-numerals in expanded.

K notation : . "‘“*Z?
Vocabulary: Expanded notation® ° . . g
N o .
Etploration: . _ _ ve

1+ You learngd"in the fourth grade that 63% mefns -.
" 600 +, 30 + 4. Wnat 1s the meaning of 600, 30, 4nq 4 -
{600 means 5 ‘hundreds, 30 means 3 tens, and .4 “means

4 ones.) Six hundred 1s thegproduct of 6 -times wﬂat” (100)

30 - f% the produet of 3’ times what? (10) 4 is thenproduo

of 4 times what? ’(l) C .
?
' ‘Write on the chalkboard each part ‘as 1t 1is
discussed. The complete chart will be as follows.

-m

600°= 6 “hundreds = (6 x '100) . -
30 = 3 tens = (3 x 10)
) * 4 =4 ones = (4 x 1)

When we write 634 = (6 x 200) + (3 x 10) + (U4 X l) we

are writing 634 1in expanded Q_pation. . '
Let us see how we would write a four-place.nume7al Euch

8,172 in expanded notation. - . » oo

8 ,172.= (8 x 1ooo) + (1 X 100) + (7 x 10) & (2 >$&1

We will First write (3 x1,000) + (2 x100). whac will*be
written next? (0 X 10) Is-itwﬁlways necessary to write .
(0 x lO)9 ‘(No) Wny ? (0 X n 0) We' could ‘write ’

3206:(3x,1000)+(2x1oo)+(6$<1) Cm

.- : Pupils- should have practice in-writing other

four~place numerals in this way., Additional .
practice in writing numerals in expanded notation '
should include five-, six-, and seven-place’

) . 25 o , N
) » . .

t

as

=
.

Squose we are wrl&ﬁng the expanded notation for 3, 206,

ot 3206::(3x1000)+(2x100)+(0x10)+(6x1) or

Al




EXPANDED NOTATION

-
<

-

To better understand a number, we
represented by each digit in the numera

example, we~}earned that- 352 can’be t ougnt of as

. ‘e

¢ © 0

Since " 300 means

50 means

can be written as

5.‘tens, which can'be written és

(2 X 1)'

v "L : . .
earned to add the numbers

for that number, For'

300 + 50 + 2.

’ ‘

>

* S

(5 x 10) "2 ones

wWriting 352 as

(3 x 100) + {5 x 1o)’+ (2 x 1) 'is called expanded notation.

[
-3

i .
. '3

Loék at the numerals in the chart-beIow.,rPlace values are

‘

written at the top of the chart.

how theee ﬁﬁmer&lgzare written in éxpanded notation, .
o .
(o} o](o] (o] (o] (a3 ] ' ’ N .
OO0 O | . .
[e}{o} (o} (w] o] . ;
ool l— . . - i
OOH 4 . o
ol . - _
;'d . ' - " i
3 . . " - . £
a 4218{3] = (4 x ;ooo) + (2 x 100) + (8 x 10) + (3 x 1)
. LY ‘2 M . " . i "\
bl |2l 3|5/8]4| = (2 x 10,000) % (3'x 1, ooo) + (g X 1oo) :
[ [ + (8 x10)'+ (4 x1). PR L
il 16218 713{9| = (6 x %oo,ooo) + (2 x 1o,ooo) + (8 x 1}000) )
! + (7 %100) + (3 x 10) + (9 x 1) ., ”
. . M * : W
all 719l 4| 3| 2] 1]5] = (7 x 1,000,000) + (9 x 100,000) .
Y + (4 x 10,000) + (3 x 1,000) + (2 x.100)

Use éhe chart to heib you see

+.(1 x10) + (5 x 1)

3 hundreds, we can wrife it as- (3 x 100).

3

[

¥

XY
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. Exercise Set _2_ {

2

Write the decimal numeral for each of these following in

expanded notation.

a)
b)
x

a)
b)
c)l

)

’le)

Write the décimal humeral for each of these.

'8, 13u(rxm9;é;(°§'é"9(m/ ] )

6
/230) +hyro0)

o don

//xlguojré//m){fx/o:jl/fx’%uj
Write the decimal numeral for each

réx/o.fél J

,,

2,591, 6 (224,046000) H£ 1 /00, 000)+
(9370 ooon-nxmo)oexm»(a m)d and

, roadtg2 \Garmass riexros)asse)oext]

.0

f these,

835,731 .
gj)’ ) oaojSa‘nguyfe‘gmw)féﬂu?@wgr

(4 x 1,000) +.{2 x 100) + (2 x 10) + (3 x,l)'(% 223).

(5 x 1,000) + (8 x 200) + (1 X

10) + (7 X 1-)(0'6’/7/

(2 x 1o 000) + (2 x 1,000) +Q9 X 100) + (6 x 10) S

+(5x1)

L

w-‘{:

- ( -z-z,?w

(9 x 10,000) + (3 x 1,000) + (7 x 10) + (u, X 1)(%, 04)
(8 x 100,000} + (L x 10,000) + (6 X 1 ooo) + (5 X. 1oo)
+(9x10)_+ (2 x 1)

at this exercise.’

a)

b)

. c)

v

S

«

(6 x.10) + (3 X 100) + (5x1)

(6 x 1) + (9x'1, ooo) + (2 xlO)

(uxloooo)+(8x10)+(2x1)+(2 xlOO)

+ (7T x1 ooo)

(8 x 1,000)° +‘(3
"+ (6 x 100y,

b s
Kow f

L2ks

.»

~

(2ie,693)

*Look carefully

" (4 x 100) + (1 x 1,000) + (7 x1) + (3 x 10“3(/,%17/

L4

*10)..+ (b x 100, ooo) + (5 x 1)

tacs)

(7,0-26)

(447 2n)

(yor eda’)

~



BRAINTWISTERS

e - e %
»

‘Fill in fhe bla.nks so these mathematical .

\
I

sentenc’es are true. - \ -

a) (ll«x 1oo) + (5 X 10,000) + (6 X 1 ooo) + (8 X 1) +((7xw))

56 478.

= 19,588,

"¢) (9 x 10).+

+ (2 x 100,

= 420,358,

A

b) . (9 X 1,000) + (8 x 1) +(@w°°)) (1 x 10,000) + (8 X,10)

-

((waw) {8 x 1oo) + (6 X 10 ooo) +<7x/ ))
000) = 263,897. _ e

af (5 x10) +@"“‘°°°))+ (2 x 10,000) '+<(JXW9+ ©x)

M%,b'

-
U . v
N
“a ‘
adw .
¥, ) -
- .
., - * !
< )
4 !
+ L
at -l
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N
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oo
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b4 5 F .
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£
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RENAMING LARGER NUMEERS - ’ L

Objective: -To prowvide practice"in renaming five=, six-, and
seven-place pumerals in & variety of ways

Exploration: .

. N 3 3

v Discuss with the children that in grade four
they legrnéd that a number has many hames. They
should be able to express three- and fgg%eplace

numerals. in a-variety of ways. o

Begin by writing 1,000 on the chalkboard.

"{{ "Ask the pupils to give some of the ways it can be

renamed, / For example, )

. - S . 1,000 = 1,000 ones
_ e 1,000 = '100 tens
L 1,000 = .10 hundreds

J| 10,000,

ten such as 60,
2,700,000, etc,

1,000

, 000,

Continue renaming these powers of ten: .: ,
100,000, L
e Practice renaming mQltiples of the powers of -

000, 490,000, 5,000,000,

Ask the class' to give some of

Now consider‘ the four-place numeral, 8,456.

/ﬁhe'ways it can be

named, For example, .
|| 8,456 = 8 thousands +4 hundreds + 5 tens + 6 cnes
- ‘8,456 = 8% hundreds + 5 tens + 6 ones: |
v 8,456 = 845 tens + 6 ones .
8,456 = 8,456 ones ' :
| 8,456 ="8,000 + 400 + 50 + 6 s
8,456 = 8,400 + 50 + 6, ..

Then.discuss various ways to express five- .
and, slx-place numerals, Although it is important
to explore the numerous ways for renaming a number
it is not necesgsary to exhaust all .possibilities,

’ You might, however, ﬁoint out -that. an interpreta-
e tion Iike 7,000 + 1400 + 40 + 16 1is often used

in subtraction- problems.

¢ . '




P8 . D ' -
RENAMING LARGER NUMBERS S P
- N N - . . g‘ ‘e
) Below are examples showlng some of the ways a number can
be named. ’ ' : - . ' .o -
‘A, [ 25,000 = 2 teén thousands + 5 théusands | .
4. 253000 = 25 thousands s T
] dpe é . -
. 25,000 = 25,000 ones X (
125,000 = 250 hindreds o | S
. . L - % .
. 25,000) = 2,500 tens
!: . N N . s ":
r B. | 426,315 = 4 hundred thousands + 2 ten thousands +
: Y6 thousands + 3 hundreds. + 1. ten 4 5 ones -
} , 426,315 = 42 ten thousands + 6 thousands + 3 hundreds +
. 1 ten +5 ones -
= . : ; .
K 426,315 = 426 thousands + 3 hundreds + 1 ten'+ 5 ones
\ 2}26,315 = 425 thousands + 13 hundreds + 15 ones , 'a
‘ 426,315 = 400,000 + 20,000 + 6;000 + 300+ 10 + 5 -
‘; ‘ ) - ’7\ ® - ° - ® o
A ; :
. v
. ¥ A -
d éf ‘ %‘ ; A )
* . v - . ) . .
s i I ‘ ' : P
S s : = w o, . . /
¢ % . . ) - « d
g‘{ - e . v &
¥ o -3 . ) ° A)‘ Q’}
s ! » # ¢ \ e
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Exercise Set -3 o

.

‘1.' Write four different names for each of these numbers, ]
a) 14,650 T . . . o) ' 230, ooo {
b) 27,7!48 ' . d') 632,110 . &

2. write the decimal numeralgfor each of the followirig.

L

a) Twelve thousands + three hundreds + seventeen ones
12,2/7)
b)  Thirty-eight ten thousands + eight® thousands +
ninety-four tens + two ones
. (588 9%2)
c) Four ten thousands + _twenty-eight hundreds +

fifty-three ones

. (42, nu) . -
3. ‘Write each of the fo,llowing as a decimal numeral \‘_
. a) 365 tens + 7 onesg & )
\3,65‘?] 5,
b). 146 hundreds + 2 tens + 5 _ones
- 4 65) ) )
¢) 16 thousands 4 12 hundreds + 14 tens
(/7 3440

d) 29 ten thousands +3 thousands + 73 tens + 16 ones

A8

4, Write each of tHe answers in Exercise 3 in expanded notation.
3¢57= @xzooojr(éx/oo/r@xmyr(?x// i
¥ oas” ~é///do ajf@X/oojfélX/ojféfY// ’ | o -
/7y 3 %0 ...(///o ooojf(?X/aoojf X/édr@xuyr(ox//
293, 244 -(.;mo,.“)r/qm oao}f(ax,“o),(7,,“),(,,,6],(‘,,)

R

v 7 w ko




' DECIMAL NAMES FOR RATIONAL NUMBERS

-Objective: To develop understg;ding and skill in reading and
' interpreting decimal numerals corresponding to
- fractions with denominatofs‘x;o or 100

Materials: Place-value chart oo 7

Vocabulary: Rational number, fraction, decimal, decimal point
It is 1mportant at the outset for you to {
« understand clearly the way in which certain terms
" are used in this and subsequent chapters.
. There are two methods of naming ratipnal
numbers in common use. The flrst uses fragtlons

(symbols of the form %) and has already- been

“+vintroduced in Chapter 10 Grade Four. The 8écdnd
1s an extension of the place-value conceﬁt in the.
decimal system and uses numerals 1lik T and
31.8 which we will call decimals. ce..we pre-
fer the term "fraction" to "common fraction"-the
term "decimal" is preferable to "decimal frac-
tion", because the latter in our terminology does

not name a fggstion. Thus the numeral §- and ' " | [ )
the numeral 1.5 both name the same“rational .

number. The former 1is a fraction name and the
latter a decimal name for that number. Bothp are
names for numbers and therefore numerals. .

£

- Exploration: L .

let us consider the part of the number 1%59 from 0 to a
¥ 1ittle beyond 1., We caﬁ‘divide the segment of length ‘A by

10 points from O to I into k10 segments of the Same length.
What are thelnames for these polnts? (Tﬁ’ TU? 2 I@’ and so on.)

N ~

L ,

s BOY . / > s
«———t + + +— ——t F—t + t— + ——>
o, o 1 )
¢ P
/
1 A < /
»
¢ L /
-
{ .
)
1
*
-
LA
’ 4 )
- -~
- » §
rd
-

v 3

N \ b -

. ' -

< i ) i ~
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. . .

The length 1 - is how many times the length I%-? (10 times )
We shall therefore say that the number 1 is 10 times'the
1 . :

number To° .
} This amounts to anticipating, in this case, ‘
the way multiplication will later be defined for
rational numbers: 1 i

1 =10 X ==, R
10°
At this stage, however; there ig® no need to intro-
duce this product notation,

With these facts in mind, let us try to think how our place-~
value system of notation might be made to include a digit with
place-value f% If we stil) wish each digit in a numerpd to

_have place-value Just 10 times the place-value of the digit to
-its right, where should,a digit with place-value & appear?

10
(Just to the right of the digit with place-value 1.)_ Why? (1

is the same as 10 times +-.) A digit with place-value i5 1in
a numeral is in the tenths' place. "

Another way to name the number‘ 7o 18 to use the decimal
.1. Both are read®"one tenth". The dot in the decimal is _ -

.

called the decimal point, It is needed so tnat we do not con-

Iz

fuse ® or .01 with .1. ° B

At this point. the teacher might write on e
the chalkboard several decimals involving tenths
(but not yet hundredths or thousandths) and ask
“the childfen to read them aloud.

. In talking about 'decimals keep in mind that’
. We are using this word as an abbreviation of
" "decimal numeral. Any numeral jn the place-
value, base ten, numeration system will be called
a decimal. Thus the nuferals 25, 6, 4.3, and
.17 are all decimals.

How would you write a decimal name for the number three
tenths? (.3) What fraction would name this samenumber? (IU)
The mgmerals .3 -and 15 are Just two ways of naming the same
rationalt number. That is,

- 3 ! 3 = IU a T
Hon would you write .4 as a fraction? (f%) How would. you

 write 'i:% as a decimal" (.7)

s

2




We are now going to talk anut decimals whith have a digit
with place-value 'Tis Let us first draw the®segment of the
number line from O0° to —3~ and divide it by points 1nto 10
se f

2gments of the same 1ength We label”these points —55’ Tﬁﬁ’
-Q;, and so on. .

A B ‘ C
St ' : : : —

o 1- 2" 3 5 & 1 9 o

100 100 100 109 100 100 100 100 100 100 100 J

L - L

1] 10

Tne length of AC 1s how many times tne length of AB? (10

times) We shall therefore say that tne number f%- is 10 " \}\\

1 . N
times the.number 100" \/"‘

Again this amounts to anticipating the way .
multiplication will later be defined:

1 1
o = W™ 156+
q ~
Where should a digit with place-value T%ﬁ appear? * (Just

to the right of a digit with place-value 1.) Wwy? ({5 1is
10 times T%a) A digit with place-wvalue T%E in a numeral is

in the hundredthst place. We write T%ﬁ in decimal form as .0l.

We read the decimal as “one hundredth". - Why must we write one
hundredth as .01 and not as .1?

chalkboard several decimals involving hundredths
and ask the children to read.them aloud.

23

At this time .the beacher might write on the “

. How do you read the fraction 1067 (Twenty-three hun-

dredths) How would you write thé decimal name for this number?
(.23) The numerals .23 and —Uﬁ are two ways of representing
the same number, twenty-three hundredths, 80 i

k BERCES- 2
o In the decimal ~ .23 the 2 is written in the tenths'
piace and the 3 1s writtén in_the hundredths! place.

»

~

-
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l{ ‘ 2
) I il >
E" fACY .
L, . o ., § -~
O P
.. - 8w would you read .47? (Forty-seven hundredtrb?) How
: " would you write .47 as a fractioh? (vwe)¢ , "
“~ al .
M . 3 L
L Continue giving examples of fractions and .
gsk the children to write the decimal name., .
. : Also glve particular attention to the fact
. .that numerals such as 4 and .40 name the
: same rational number. Have pupils explain why >
such numerals name the Same number. .
f. 3 ’ T— .
. . R -~ !
: " v 7 . ) \ e
‘ — : .
—_— g i an
. ’ : . ¢
' d . ©
- I - r
"I ‘ u. .
k]
. ‘ ¥
L4 & - t
” " ' . <
:\ _“ 1Y
4 \ - -va
. - o
. Y .
¢
. 7 14 R
g, ) ’ ’ . . a
L\ R ‘ o - .
N i ) - ,
4 < ' A s" * . ’
-~ — - -
i / R . - . .
I LY .
Y - * 1
. T w . )
- - . s’ E
i ' L? h ‘ ’ l‘\-
N ‘ *-94;,” s v 7 ’f - - N
v 3 e R .
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" DECIMAL NAMES FOR RATIONAL NUMBERS . . o,

. -

~+  We have learned how to name rational nwh"gers( using, sjmbols

. .such as %— and -:1%, called fractionsy When a'fraction has a
denominator 10 or 100, as in -175 or =29 there 18 another - -
. . ‘ 7 : A s
way in which we can write itg name. - s " ’ ‘.
L a . l. ”

The chart belo;v shows how we can extend the

N

_ 53 .. %
. name rational numbers lilke 70 and 100 in a new way.
i l______;__«.__l . ) {
. : 1 —_—_ N N
L4 et B :
- n > 3
A ’c *
© 5
23 ()] 4 -
A o | & U el
g |lnle|P|o - 5 . |
slslelg18 : . T
b2 |8 |8 8| E . .
. . i - o f- ¢ P
. T ) .
) 05 ‘3 ’ s :g v ?
SN a w
. i .. \ o ) i .
The name .7 and the name. :—de are names fé‘r the' same co~
* ol . [ ] | |
rational number. Both names are read in the' same- way: - "seven- . [ i
tenths", R 6 1 z

The name ‘.53 end the name i%% are names for the sarie

_rational number, Both names are read in the same way: "fifty- .

"+ three hundredths". ‘ T T




y .
Names like 1'75 and

.7 'and

100

.

. € °
are celled fractions.

.53 aré new examples of decimal numerals.

usually shorten "decimal numeral® to "decimak,
- - ’, .

-

-

The dot (.)
-

= In

the 5 1s written in the tenths! place and the
in the hundredths! place.

~

‘Names- 1ike
We .will

P

() \ .
in a decimal is called the decimal point.

—~—

.T, the. 7 1is written in the tenths' place.

»

i e =

In .53,

3 is written

1, Are .7 and

. g'% ‘names for the same number') @«4/

a) Which name'is a decimal? ( 7/
b)  which name is a fraction? (J——J

Are -1%3 .and 5& names, for the same nwnberv (?u«/

J/‘a‘f

b)  Which name is a i’raction?( I3

s00 -

Which name is a decipal? (52 .

y f

3. JAre .3 and .03 names for the same number? (s

Check your answer by writing each name as a fraction.

HERS -
(/d /60)

4, Are T .70 na,mes for the same number? 7

N
Check your answer by writing each name as a fraction.

. e =~ 7¢
R z‘ - . }/
s _ /0. se0

and




P12 BT | SR
, ' Exercise _S_gg_!}_
/ . P Zxerozse

o 1. ' Rename each of these a8 a decimal. ;
- é N . .

8 & 2 30 ‘ v

I‘G 160 100 10 .I00 I0 10Q

C1) oag) (X)) (8 ¢o¥) (3) (-s0) ~ -

2. “Rename each, /of these as a fraction.

A5 9 1 .82 .05 .u, .50.
(1/&0) C/o} (/0/ Lfa}o J C/ﬁ) L/oJCz;;')

.* 3. Copy and/finish the following counting chart using  =-. -
decimalf,

-

O | B2 |03 (o) | o) | Cob)| Lo7 L8 | .09 | .10 (1)
| jae (r3) )] C15) ¢2)|(-#)| .18 | .19 |.20 (2

A 2] QAT | L2 | (97| (29 (37| €ag | (2 [ 39| (550
Y A R R U2 (Y
e ooy o | g gl eoa| evo) era o .
, / 1057 bsvles3) |05 | .55 | L5¢) CIBDC 58 ¢ 575 Céatce)
Cer)| (4a)](e3) |Ces)|Ce57|.66 |(47/)| €€ 8 (XA IS,
N Y (796w | 257 |24 | 17| C28)| (2964 | |y
S G| (82| (&g || CesD | ¢ 2p| 88 | 22)| (. 9/
< e L) ¢ ﬁ/. (99 | 95796/ [ (27| - %6 | .99 é’/ 2e)l(). o

1 g N
s, .

' 4, TLook at the dec:lmals in the last colymn of the chart you
Just completed (.10, .20, .30, etc.) Each of these
d“kcimals may he replaced by angther decimal., (For exampfle, ot
.1 1s_gnodher name for .\m/) To the right of the’ chart,

Ce [

; »+ ‘write anobher d,ecimal for eachi decimal in the 1ast column,

. a . 4
<] : pr ¢ . - v 42y
) . ,~ . Pt )' . AR ‘ M Y




~

5

S

Can we rename

decimal?

as a degcimal?

¥ - %
Can we rename

L

. ¢ \z L
P13. -
’ . ’ ow v
,5)., Con}Qlete each of these, - . o
a) .16, .18, .20, (22), .(34) (24). ‘ )
,-b) .eu,,’:27, 30, (33), 'Laéj, (32),
¢) .37, .39, ~."!3:1, (#3), (#59, (7). . .
a) .43, .48, '53,;, Lo8), (.43), (s -
e), .90, .80, .70, (40), (%, L), .
£) .85, .15, .65, Lsw, (#5], £39. '\
gf - .68, .64, .60, (36/ (52) C(rd. . -
.h) .58, %.55, .52, (w7), (+#e, o3/, )
Write T if the mathematical sentenc'e 1s t;r"ue. Write F
if 1t is false. '_ R .
2) 50w s (7 o) g5 < .54 (7) -
D) T <07 (F)- £) .12 >.8 (F)
) BBl 8 65 () )
Q) o F () < h) A 0sT) ®
BRAINTWISTERS .

% as e

We can if first we are able to rename it‘ as a fraction

‘with a’denominator of - 10 or 100, -

We can rename

2

B-as-ﬁ

We can rename

2

=
as- the decimal, .

. _(4). Also, We can rename. 2% as {-3(3%)" So we can z;q{n.%le* %
. Lo

as ‘the decimal,

(.3¢) ,

.

"

*. Now rename each of these as a decimal. ’

2(5)

29-(«9 375(94) . 3«0

ot

- -
E.5,(71) .}1_8_(..26‘) )
\>_~,:
- . v
“ /“ "
P (\ i .
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-BRENAMING DECIMALS

We” ha¥e learned to think about a decimal like

hundredths :

place and the _ 3

We also know that in

<
.

18 in the hundredths!' place.

LS ] .

a.nother way,@ name . 73‘ ‘ vt
‘ai,s' -_— ’
' . .73 = 7 "fenths and -3 hundredths.
. * ¢ -
In the same way, .
- ) Ao = wtenths and ( 2 /nungredths.
9y o and, (2 /g
We dlso can say - T
“ ‘ "8 tenths and 2 hundredths = .82.
» - -
In the same way, - e . o
3 tenths and 6 .hundredths = (3&/,
s ° ) : ’ /
* §: . ) /\.
> .
I3 G’ ‘ >
‘\‘ - rﬂ!’\ ’
] % .
~ P
ot . ’ >
. . o
- -/ ,
- - 5 . .
. ~ . - /a. ~
' . \ e ' ‘
) - < ) - ¢ 29 ) ' .
AR Tk
3 ' i

.73‘> as

73

.73, the 7 "is in the te?ths'

This gives us

e
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g . ' Exercise Set 5.

. - Vg
o - . .

Finish each of these; T

2) .29 = _ () tenths and _( 9/ hundredths.

b) °.58 =7 (5 tentl';,s'and;_‘_(f_j hundredths. e

i ¢ .t M tenths and __ (/) hundredths. . _L
a) .80 = (5 tenths and __ (o) hundredths. ‘ ‘

e) o= __ /(o) tenths and ;_lzz.hundredfhé. )

£) .36 =°_(¢/ hundredhs and (J) tenths. . ]

Write the decimal for each of these. ‘ % ‘ ‘ g h;“’l

a) 5 tenths and 7' hundredthd = L&), ) ’

b) tenths and 3 hundredths = (#3), . - -]
hundredths"= (s/&). - . . ‘

-

hundredths = (29,

hundredths = (2#), . '

tenths and

~

da)’
. e)
f)

= O O

tenthg and
-

5
A
9
c) . 1 tenth “and
:\2
0
5

.hundredths and” 3 tenths = (3%).
! . ‘
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DECIMALS WITH THOUSANDTHS °

g

Objective: To extend the understanding of decimal fractions -

co ] to include thousandths . * ¢ . -
Métenieis: Place-value chart ' ° *“
‘Vocabulary: Thousandths "o A ’ ) o
Exploration: ! v g N

‘What are the names of the places to the right of the ones'x
place? (Tenths' place and hundredths' place) What value does
L have in :elation to - (I— s 10 times’ T——) What do

100 10°
- you think the name of the third place to the right of the ones!

VRS

s
ki

‘place. 1s?

(Thousandths) Is

I%ﬁ ten times

1

S
+1000 -

(Yes) How

do you know?

(In the decimal system of numeration-each digit has

a place-value ten times the placé-value of the digit to its right)
Wle can write the fraction gss as the e decinal .001.
Both are read "one thousandth":-» - .

. Tooo .and .003 are two ways: of naming the same rational
number, What number do they name? (Three thousandthg)
. Read these decimals. . ° o L ’
,.005 (five thousandths) =~ ’ B
o1k, (fourteen thousandths ) -

A

297

(two hundred ninety-seven thousandths)

¥

.Use counting at difficult places so thaﬁ the
pupils will Become more .familiar with three-place
decimals. ~Such sequences as .008, ,009, .010,

.100, .101, efc. are hard and

’ .011; . 099, .-

. 098,

» need careful teaching ) ]

Count by thousandths from 1 thousandth to

10 thousandths.
Write the decimals on”the chalkboard. ‘
t from 35 thousandghs'to

45 " ‘thousandths,” Write the 7

decir 84- - . - ‘e
Count from 138 thousandths to }42 thousandths. Write «
the decimals.
i
4 A ! 3 ;’ )
. ] p
t - ,
v P 4 .
; . 31 . N
- ‘i 42 3
" 6: 3 e | N rﬂ; o 7’, ’ ‘
" e P > »
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*.» ' DECIMALS WITH THOUSANDTHS -

— — v

B *
 t * -
v

We have 1earned how to extend place-value for de,cimals froma
tenths to hundredths. U571ng what we have learned, let us extend - )
the place-value chart another place to the right.: This is called

" the thousandthst place. -

¢ 5 = ===
& = ' i ; .
] | | - i s -
N I et B N ,
- v v v v ¥ \, ’
= : o g
1 [} . ’ S| #
R E: o | B
- . g | @0 |d \
; 4@ | & S lh|a
* I 1- @ [ B BT B o B B |
0. g g lo]g g 0
S g12]8|5|8|5|é
\ ’ -
. A4 02 1 )
: .O A ‘ 4
“ : 421

The name .1421. and the na.me 1000 gre names for the same

8

rational number. ‘Both names are read as "f.;our Hundred twentw':

one thousandths",

k3

o In .421° the 4 1s written in the tenths® place, the 2
is written in the hundredthst place, and the, 14 1s wratten in

-thev'thousandths':place.; ' . ' . . .
1. ‘ Are, 1‘%%15 and ‘421 ga.mes for the samé number? [?“//
a) Which name s a‘decimal"(#.?/j u e
AR . B Y T
? : b) WhicH name is a fraction? /_‘l—“—Lj - , "
. A Ve 2 . /000 . ";/\__/ -
4 ! [y p’
2':- « *5 ‘ i
v b4 g . { B hd
4 .~ (S ¥ o
» +] [
&8 o kS ) Vg
’ : 2 f -
]
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P17 | ~
2. Which is 1arges’c, 2, 02, Sr ".002"\ Check your
' answer by naming each number as a frac’cion s o L(, 7
. 1
,“t &\ 2 .
? (.?u‘e.‘ >/o¢> >/aoo . '( .
‘ 3. Are .2, .20, and 200 2l} names for the same .

ra'cional number‘?@ Check your answer by writing each C

-» w

. as a fraction (“' = 20 _ poc .
., K /4? - B 3V tv
Another way to think about and name .421 is 4 tenths

and 2 hundredths and -1 thousandth. - g ‘
In the same way, : |
- 582 = (5) tenths and _§  hundredths
) and () thouséndths. o)
R <
’ ' ~ |
Finish each .of these. . ‘
a) .138=(7/ /) tenth ana ( 3 )hundredths and (¥)thousandths. l
b) .10 = [/ Jtenth and (# # hundredths and _(a)thdusandths. ‘
. T e) .306 =(2) tenths and (¢ hundredths and (6} thousandths. °
d4) . .37% = (37) hundredths and (#) .thousandths. R
e) .009 = (o) tenths and (@) hundredths and (% thousandths.
. , A
r # 4’5
¢ a’ = - o ) ’ g
) , ) ' w "',f;’.'w e . T
™y - Phi - B ~
. - ,,/'V ) U \ -
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‘ o ' Exercide Set 6

1. Rename each of these as a decimal.

4 8 8
1320 —oo? 12 '1‘%2‘ 17o 10600, - IIUG
(o32) (o0s) (-5 (- 493) (ﬂ/ﬂ L124) (oos) Crv)

2. Rename each of these as a fraction.

: JA475 ,011 .8 .023 62 729 .007

/4076’:/ {7-;5;—) (79 7 S8 0 f (/oa /i‘:i J (/oed)
3. %Write T if the mathematical sentence is true. Write .

F 1if it is false. .

a)” .6=.600 (T) . e) 1oo # 052 (77

B) .9 .009 (T 1) .79 = B3 (F)

23 N F) ~ s ) o8 8

°) 1550 > -23( &) 9% > 1505(F)
Q) S8 (7Y h) o212 (T)

. Y ) 2,
L, Arrange the three numbers in each group in order of size., , )

: > Name the smallest number first in each case.

B} a) 003 - " .3 ) .03 Cacs,' .03.3)
. P . .
. ' b) .37 ) . 037 3 (037, .3, .37) .-
c) 402 D ‘ A2 ’ :042(“'.1 .doa,'.ya)
'] f
; d)l 0560 P 0506 il 0056 (5-’.@ .ﬂé/ ~.a“‘J
s . ¢ ~ ‘
[ 24 ) % ) ’ .
# 4 )
(=4 - - \ § )
A} e 3 %
! ' - - . .‘ . " L4 :q
y 34 K ' s ‘ ,,"::f?%
: “ .
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5. _ Comple‘te ‘each of the.-:‘se,. . .
a) .058 060 .062 (o¢# (cce) (ozy] ~ ; ‘.
© by .007 012 LOIT) (e23) (e27) (o0s33) e
' "¢} .550 - 450 .350° (_1_._5_'32 (:150) (. axe) ’
Tt Q) 755 .T60 W65 (apz0) (250 (280) .

v

« v &) .os2 ke .ok | (3vY) (g (sv2)

.

6. Complete, p .
a) .729 = (% thousandths and (2J hundredths and
__(7)tenths. |
) b) _Lﬁ_Q tenths and (a) hundredths and

Co") thousandths. - o .
¢) .519 = (5, tenths and ) hundredth and
o ! __L_jthousandths. - R
d) .052 (Z/ ‘thousandths and (. a"') hundregths and

) _ (o) tenths, ‘
* : e) .530=_(d)tenths and (3) hundredths and T

! ' (@) thoysandths,

. 7. _Write the déoimal for each of these. ,

a) 5 ‘thousandths and 3 hundredtl)g and 4. tenths ='(1/.137. .o
b)~ O .thousandths and 2 nindredths and 3 te:’nths ?(.320).
‘¢) 6 thousandths and 4 hundredths and 8 tenths =( '/4}.
, d) 5 tenths and O huridredths and 5 thousandths = (s24)
o * * A N .
e) 4 thou\sa?ldths and 2 hundredths and O tenths =éd.)?j
v T . o .
L . '1" & -
3 : |
o, A o ) P
' B . , ; )
. . - .
. " - . ! . !
P - . / .
' 35
' [ ::3
”, - . 4 ]
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OTHER DECIMALS - : ' ) )

-

ObJective: To learn to read,'write, and andlyze decimals ,
| with digits on both sides of the decimal P
poing | - .

Materials: Numbeqh;ine% drawn on the chalkboard, place-value

. . chart . . ; ‘ \\\"4/

3
.

Exploration: . ° ’ : *
\ Draw.the number line on the board and record
the numeral as a ¢hild counts by tenths from zerd

fo 1.3. . ,

0 1 2 3 4'5 6 7 & 9 L0 ll2~13

As soon as'the child counts .ten tenths, ask
for another name for ten tenths. (1) Since we are
to continue counting by tenths, indicate that 1
may be written "1,0" to show there are no tenths

“1In the tenths! place. '"When we tount by tenths,
what 1s the rlext number?” (one and one .tenth)
decimal form this is written -1.1. The 1 to t
left of the decimal point is in the ones?! 'place .
and the 1 to the right of the decimal point is in
the tenths! place: The decimal point 1is read "and .M
(N.B, 1.1 should be read "one and one tenth" and ~
not as "one point one "). Continue counting and
recording to glve practice in readfng similar
decimals with tenths. . :

The same.development may be followed :to intro-
duce the reading of other decimals. Draw other
number lines on the chalkboard. Put the first
numeral on it and ask the chiXd to count by hun-
dredths and record the numeral as he counts. Use

\ these number lines and others if needed, - -

(]

309 20 34 32 343 3/¢ 345 2 3U6 347 3487 349 320 321

—

’ -
375774158 4159 4760 4161 4161 4163 1164 4168 41.66 47.67 478 4741

—

-




~

After counting and recording on’ 'number lines,
write 14.6 on_the chalkbdard. Ask children to
read it and analyze according to place-value. '
(14.6 1is read fourteen and six tenths.

14.6 = 1 ten, 4 ohes, and 6 tenwhs.) If it is

difficult for the ghildren to analyze these deci-

mals, use a place-value chart. Also intro@uce
the mixed form for 114.6(141—65) and ask the chil-

dren for similar translations. Continue reading, '
analyzing, and renaming decimals like the ;‘ql-

4

_lowing: -. : i 3 4 ’ . ‘_
. 72.35 . 64,003 -
« 19.72 182,294
85 .781

) . Pages 20-21 in the pupil .text summarize
this worl®, Read them carefully with the pupils.
Be sure to emphasize by the énd of this section -
that numerals like 35, 6.7, and .72 a:ﬁall‘

decimals. ' '

»

- o . .

- oA
e
|

1‘ .
" 3




. numeral 1 on the left stands for 1 one.

.
. . - . *
P20 . . - 4 u .
‘- 4 .
. .

~

OTHER DECIMALS - ‘ ‘ “

. . ] %
-~ - s 3

We have been learning how to read and interpret decimals

‘such as .7 gn§. .39 .and .561. We alrehdy knew the meaning

of* decimal Qumérals such as 82“‘ 7, or 356 , Many times.we

‘ <
need to use rational numbers which are greater than one but are

not whole numbers, We already hdve fraction names for some of

1..12 21 = 125 ;
thesge numbers, namgs like T0° To° 100 ©F , 106" Since thige

sall have denominators which are

L%

10 of 100 we should be able " .
to find decimal names for them and for numbers 11ke then.. C

N

v

We might begin by thinking of counting by tenths.

f [

The number line below shows'c?unting by tenths with -

dégimais and with fractiops. We need decimal numerals to -

comblete the top Tine.

.
I

decimals * 6°) 23456789 ° . ‘
tractiine S 1 13 s i LT s rerENaEE oS
fractions 5 i % ic 1o ©© © © io 10 10 90 10 1o Y 6 0 0°10 10 10
te 7 - .
> - ’ N

T4 ..:Lg =1 ' N

10 : | .

%% = eleven tenths = one and one tenth. {

-
¢

We express this as’ a decimal numeral by writing 1.1, The

A%

Thg numeral 1
on the right.stands for 1 tenth ' ' T

shown -above, When we are thinking 1n.6enths we ’

usually write 1.0 (one and O tenths) instead of
1 and 2.0 instead of 2, . . )

-

. « ) 3 |
- .38

— 49




Write a decimal for each of the follewlng: -
(11.0)

20
., a)
- c)
We read
read as “one

should help us to read and 1nterpret other decimals.

forty-five thousandths".

5

We read 26. 345 as "twentyu iJ(&nd three hundred

1 ten and 1 one

el
1 tenth and 1 hundredth (.//)

1 one and 1 hundredth .(/.¢/)

2.3 ‘as "two and three tenths", and” 1.25 is

and twenty-five hundredths".

The chart jgbelow

IS

Hundreds

Thousands

-

£l

N | Tens

o |Ones

! | Tenths

>

- |Hundredths -.

o: Thousandths

<

either side of the decima.l point, the decmal/f’oint is read

as

-

13
10

and”.

Sometimes ? gpd of numé?%]*}s used

(fraction).

Ty

a)
b)
c)

2
Read 7 100 ° /
" Wnhat is & decimal name for this number?.

Nhich oémbines
oy

write & mixed form for 7.5.,

& .

Ln reading a decimal with digits on

~
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Exélrc ise Set 7

F

Choose the largest number. in each cdlumn.

A B _c D _EBv
3.4 8.50 . .0 ¥5.405  .209
3.8 . 8.56 , 35.405 229

2.4 . - B

8.05 @2 * .05 /289

| 9 0 (9 5) .0) < (10.5) (10
b) 3j40 3. 30 @3. no (31 0) Qoo)/z(:z 90)

/.00

d) 475 480 g5

Write these a\ decimals ®

0 148 -635

@3 (s o7 (32 c4) (isk037) | (&2, 154) _
. Write a mixed form name Jor each f/these - /

22,3 .' 72,15 . 18.047 . 9.003 _  78.39 .
(Z

(12 © o (naip)  (139%)
Tell the number represented by egch numeral 3.

473—9.;) (’7l 700

'351.59(3‘?) e v) " 421.36 (.3)

7‘20.1513(::—“) L035 (103s) £)  795.309 (.s’.?)'




&

6"5

Write a ;iecimal for 8ach of these.
a)

b)
)

4)

.e)

£)

g)

h)"

1)
J)

k)

LA ¢

~
.

(27.9)
364 and 57 hundredths (364 57) *

27. and 9. tenths

‘70 and 41 thousandths (70. 041)

38 and* 7 hundredths (38.07)

3 and O hundredths - €3.00 o1 3). . v
5 and 29 tr,'xousandths (5.429)
83 ‘and 4 tenths (33.4)

480 and ¢5 hundredths (4380. 05)

' 20~and 64 hundredthe® (20.64)

r k
‘6 and 7 thousandths (6.007) ‘ :
75 and 2 gemths (78.2)N. "
7/
- ? +
- . _
&
« s N e
»
N . . i .
- ) . .
4 o~ s
. Y /
! X i' N /
LA
1y \\ g.,,'
ey ”
‘ J
. Lol
g S
. t e / . -
"! 0 .k n ~
S
- 43 ° -
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4

counted by groups of twénty.
of five.

Some tribes of Eskimos. used groﬁps

Each mumeration system made use of grouping in counging.

Iet us pretend we arg Eskimos and count in groups of five.

What name could we give to our new system of numeration?
- five system) How many symbols would we use in the base five
(5) Wnat symbols could we use?

system?

(0, 1, 2, 3, 4) wny
(In using the

must we always have a symbol to represent zero?.

idea of place~viklue, there must be a numeral to représent the . .

empty set or the set of.no members.)

~

(mase

«~

“

During the discussion the teacher should: make ' p
,a chart showing the numeral, the meaning, and a
picture of each number, Follow this form, ” -
‘P
Pigture| Xv XX XXX XXX
Meaﬁing one one[two ones|three ones|{four ones| one five 7
‘ ] and no ones
» ¥
A ) . s .
Namerall lesve | 2rave | five ' | “rive 1% ve »
¢ o
!ﬁu‘ ‘ &
¢ ’
[} v : -
o s . 4o

£ » .~ ’ A 3 I N
- 3 . -v . ‘ ! . r
BASE FIVE NOTATION ‘ oo ‘
ﬁObJective: To gain-increased” understanding of the ﬁecimal ‘
system by considering systems of notation using
P bases other than ten - . .
Materials: 1. Flannel board and cut-outs L -
2. Packets of twenty to thirty obJects which’ can *
be counted (A demonstration set should be 1arge
4 enough sp 1t may be seen from all parts of the
classroom, The students may have smaller -
’ objects suitable for work at their desks.)
. 3. A place-value chart may be made that will show
! groupings of twentyéfives,lfives, and ones,
loration: ’ . - .
Our decimal system uses groups of ten, However, the decimal
.system 8 not always been in use, Long ago the. Mayans of Yucatan

Y




s [ — . ‘
. Let us use our objects to illustr;te'%he base ,five'system.
Start with a single object and write the symbol "lfiv,"’ (The
subscript "fiveJ on digits is not really necessary. Use i§ for
emphasis as you wish,) Add one object.  What symbol would we
use to’ name the- number of objects we now have° (invé) dd
anotheq object to the set, What symbol would we use? A3
Add another object to the set What symbol would we use?.
(ufive) "Add ancther object to- the set. _How many do we have?: "
(one set of five) We have written lfive’ 2f1ve’ 3five’ i

4oy vet ‘How do we write one five and no ones? (1044 ye) o

2

f1ve)

‘Take time to discuss the idea of "five ones" 3
and "one five" as we.did earlier with "ten ones" X
. and one ten". The final-notation should be 1%

"10five .» (réad "one five and no ones" OR "oneazzgq'

base five"). Continue adding a single object e
: time and writing the name of the number represented
. using base five notation.  We can discover in this
. way that the easiest way 40 count large numbers of
,objects is ‘to group them first, and then _count the
groups.
. NOTE: It might be advisable to 1imit the number
} of objects to twenty-four for this discussion,
(to count twenty-five objects using the base five
notation, we would need to 'kmow about three-digit
. numerals.)
The next step- itLto discuss with the bupils
- ) tﬁé two examples in eir text. Read the examples’
- with the pupils and explain unfaemiliar mathematics

and vocabulary to. them, .o L »

SR . -
‘ A)

Izs

» -

v .

-



~ . Peu . ' ) ";‘0’ ) ? ’ . -
. ’ o _ . . -
- ‘.a‘BA§EFI‘VENUMERALS' o ' R \
. . i . -
‘At the begd.nning of "this chapter, you réviewed arouping 2
and regrouping by 'tens. This 1s the Lidea behind our® decimal ’
. - numeral system. . However R there are manw ways ef g‘rouping : =L
: obJects. One of th=sé ways 1s grouping in sets of five, This
‘ . gives us"the idea of a numeral system based on grouping by ‘
le-/ . fives, T
./,‘ "'“ v [ Seam l‘e _&.. _ Here ;Ls a picture of\a, set of thirfeen 'X!s. 5
o W This set can be grouped :Lnto 2 sets.of T
. o 1 ] * five and 3 ones.\ We shorten this to 23 . a
S : I (read Mowo three") to .name the number- of ‘
< . XXX g
‘ N ,xgs ih the set. The set -can also be grouped
. o ‘'into I set of ten and 3 bnes, We shorten .
; ) . “this to .13 to get -our ordinary decimal , " -
. ) ’ numeral To show that ' 23 comes from .
l l : grouping by fives and not h‘oy"tens’we wili 4
. . .~ “write’the word "five' ‘bo the pight’ and
. * . ".slightly below the numeral., - . '
‘ * ) ,‘23f1v7e means ;2 gets of five and 3 ones.
. .. 13 - means 1 set of ten and 3 .ones.
- ) . »e " We call 23f1ve a base five numera.l and we . ]
" _ m‘\ read 1t "two three, base fiwe" ! .) ., '

. .
B4 7 ' .
7 LY

Look at this plctife, * - ,

Yo, T How man'y sets of five X's /aye thare9(4)
™
7
’

- Howmany X's remain? (2).

S
How would you write the,b{e i‘ive/nwneral‘?(ﬁ;wp

How would you readethis ‘base five’numeral?

(f/wa» and 2 ones, w/aw«&'w Juo/«»o)




- y R4 4 .
. 7 B
P2 .
5 . {
' . Exercise -S _8_ ' ' S . .
o . - i L )
+ .. Draw the followlng sets of X?%'s. Group in fives and answer
these questions for each set. PG . *
P ) g ) R )
How many sets‘of five are there? A
How many ones remain? , o, .
> * . ’ : ° o . 3
e e Héw would you wrlte' theé .base five numeral? )
« . V - P ,
. . v - %N
.Use this form. " i )
< . ™~ C : #
. S . .
. ManEX's (00 > 1 five and M4 ones Mesve |
.. ' LT ~ R | ‘

a) twelve X'S(Z{“‘“ ) c)éfour X's(b;w‘:““""m)

&‘ I-.
R b) nineteen % _5{3 anel d) twenty-threes Xts (’ 3W" b

L . '.:4;‘..., oo 8 Bfoe " !
\)ﬂ, “&

2, , Draw a picture that will represent X's “for ¥’ ‘

‘ " a) 30 Gxxx . c) 14 - "
- . fi_’\ﬁb Qxx R .- /o fiﬂ? @ XXXX“ . = ‘ <
CTe oY) k2. cm@ED xx 4) 10 ExD >,
ER five x five @Exxx%), . .
~ A ]
3. Name the largest number with a base f{ive numeral ha.ving two .
. digits (44#) . . .0, . : . ° ¥
i L4 ) ) ’ v ¥ ' .
jr 4, «Name, in base five, the numbe,r ‘which: yill come Just before
; N : o o
;’ . eagh of these ‘numbers., . ‘ . < - . -
i. . > 3 2 .f ‘. . \'ll )
) eyve b) . 20py e ) 3y 7 d) ¥ mve N
, () () i) e
4 * /
| ’ . a . . s . . ‘
) rd
"y
”-
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.. . PLACE'VALUE IN BASE FIVE . =~ S
2.' »1‘. mlomtion: N ‘, “. - .‘j L

N Ereviously we have been limiting our discus-

+ 7 1|+ sion of base five to two-place numerali Now we
. |l are readly t® introduce the third placco®in base,  °
: 4 fivé. Use a place-value chart and bundles of =~ -~
cardboard strips to show groupings of twenty-f’i\ies,
fives, and ones; ,

L3 Y

. ‘ "L ) -~ § _ e
‘ ; . Twenty~fives Fives |’ .Ones L
! . B . * » . . N
N ‘ ~ » . - . " N
+ N . .o Write the base ﬁive notation bn the chalk-
4 = Il ; board as the children count the cardboard strips.
. I _For example‘ . .
. : ‘5 ““Hase  Five Countiﬁg Qhart' .
T, .01 2 .aon xo. e
( . .11 12° 43 -14 <20 .
. . ora - 22 , 23 2y - 30, ,ete.
. ) . " Note D When a title is used, “the - word‘ "five” does
- ’ ? “ ) not have to be written beaside each numera.l.
- . N * o 1 -
. €4 .., Count out four cardboard strips, writing the
o ;', base five notation as you count, -and put them in
- GO the" onest: plaee of your place-value chart, "Add .

one more. "How many sets of five are there?"

.- (One) Bundle the set of five ones and put them
“ o in the fivés?!.place. - "What‘notation do we use . -]

Lo to’ show ‘one _group of I‘:Lve”“(_ilbfiv } Continue

. I counting grouping, ‘and rebording until you have
~ e P “put - ‘f‘ives and 4 ones in the chart, '"wWhat |,

: L base'five numeral do.w? have?" (Mfive Add one

R more stripr in-the ones’ place. You now have ‘4
- sets of five and.five ones., "How many sets of five

Q.

: “do we have?" (five) - There are five sets of fivé
» KR | I o 1 get of twenty-five. Bundle the five fives
and- put this .set ol* twenty-frive. in the twenty-fives!
‘. . place. , "What notation do we use to show 1

4 group of twenty-five?" (I00,, ). This is read
o five . ,
T "one twénty-five, no fives,. no ones,". gr Mone: « .-
f . zero zero; base five ". -
s Y, i
¢ ‘ - ' L] * . -
. i - s . . ; ) B S ,
» J - Y ) - 4 . vn‘
- 4 R
{‘ ‘ - > /
‘ “l ”' . . g
: 3 ) o u6 {
. .
s 3, 1 . P f
, 27, ]

5 . 2 o, TR TN

#n
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Continue grouping, reading, and recordihg “

other three~place numerals in the base five sysﬁem.
Note that lllfive' would be read "one twenty-five,

one five, and one one" or "opmg one ome, base five,
In base_five 124 . is read "one wenty-five, two
fives, and four ones" , or "one two four, base five",
Avoid using base ten numefrals like 5 and 25.. in °
discussing grouping by fives,

4

.1 oo
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PLACE'VADUE IN BASE FIVE ’ » , ' :
. Y ~
R ¥ . . P

- In the base ten systém,.the number named 99 is the 1argest

withr & two-place numeral. This is because 9 18 one less than .

) » .
the base. - L . '
A

In thewbase five system, the number named 4k 18 the

five’
]
~ largest with a two-place numeral. This is because 4 13 one

less than the base, as shown 1n the diagram below.

\

o -
Plcture ’ Meaning . Notation

(zg§§§><2§ggi) 4 fives and 'ﬁ; OH;S oy ve

- e '

— N 5

( There 1§.no—twd£place\§ymbol iﬁ‘our base ten system to

P

. mean ten tens. ye give ten tens the name 1 hundred
== ens

4 * L] Ay +
‘wpite this as the ghree-place numeral 100.

PR R ' e s ol

. Wheérwe are thinking in base five we think of five groups Y

of five a8 1 group of five fives. «We can use the name twenty-

-
.

five ﬂor five-fives. , .
LN ¢ ‘ N 4 s

How* wculd thg base five numeral for.five Tives or fwenty-

rive be written? , . oot A
o ’ ~ Q’ ‘ ‘ w. R ) y N o .
: 1] A . . ’ 1& *
Plcture Meanin : Notation
1 twenty-f'i‘fé > ) ‘ * ,ﬁ‘ lo five .
' 0 fives, and N U L
A o , Sodv 4
. g O ones
) . i ’ % ' - !
48 '

So




o . . Exercise Set 9 ™ ‘ s

4 N . » !

P
N

1. Copy the X's below and group .them in fives and five fives.
. Write the number of X's in.base five notation..'

a) XXX ’ b) "X00KK c) . XoOXXXX .
wx J . P 6.090 004 XOOCXXXX )
} (Xxx e - (4':/#,.‘/ c) . X0OUOKK. v
. A?Q.[,ua) . (/oz / 7"/7/6)
2. Copy and complete the following; . - :
e a), 33five means (32 fives and _(3) ones.

o . }) i l.b'af‘ive mie;aﬁs-ﬁ; /;
* and _(2)" ones. ' \ ‘ .
A -"y, w o ‘ .
nf) 104, o means () twenty-fives and _(d). fives
s, w :
]; and (4) _ ones. .. ,

y o N,
. 3. Write the base five numeral for the number “that is one

twenty-fives and = _(4) fives

>
I
-

larger than egch of -these. - . .
. ' ’ N * « . . i .zoo . .
S é) 4five(/0;,,e) c)'f§u3five @‘/ffl‘) .e) llmfive( {',u)
' b), Brave(14 1) a) 1320y, e(19%) ’E) 20%¢1ve [”"’m,&a
4, Write these numbers in base five notation ) ‘
4) The number of this page in this book (/02_{. )

14

b)  The number of cockies in 4 dozen (/9‘3/,“’)

r c) The total nmnb,er of pages in this book (//204;, )
: ) 7
5.. Make a base five cha.rt of the numerals from lfi sy to
s } .
v 200 . ‘ ‘
T five P Ki" J - )
‘ /s 2 /0 i ~
Y] /2 /a ,,/ Ao . ..
C . 41 &d a3 37 3o o
3, ax 233 a{/ 4O e ) ’
v . ,4 . y . .
- (A dr; VS e ]
: ~ Y 0 1.2 13 1 /RO <
- Y /!/ . lAa i /43 g4 J30o '
/37 i 12t 4,33 /34  se0 . . .
;- N.z IS YV Rea PN . L
: ¢ \ ‘ : N
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BASE FIVE AND BASE TEN NUMERALS

S ' ; -

Exploration: - #
‘At first the thild compares base five and »
base ten numbers by grouping objects in base. five
and then grouping these same ohjects’ in base ten,
.|| He repedts the same process with drawings: : {
R | Another way to see that we are using differ- -
ent numerals to represent the same number is to
/ , write in a column the first few counting numbers -
in base ten notation, and then, in a,parallel -
.|| column, the same numerals in base five notation.
- Hge Ten Base Five' KN
’ 1 1 ' Notice that the ~
2 2 numeral written "13" in
- \ 3 3 the base ten gystem is
K i guite different. in mean-
5 10 ing from the numeral
oo wiitten "13" in the base
‘ 6 11 - five system (which is
N T v 12 actually a name for the
. g 13 number “eight")," Let us
E * ) .14 * therefore agree that when-
T 10 - 20- ever we write just "13",
) - base ten will automatical
B - 11 - be understood;_ and when, we
12 . 22 want. base five to be under-
i 13 &% . 23 stood instead, we shall
. SR L P glways write "13., ",
}Ss "30 redd "one five and three
; 16 - 31! "ones or one three, base °
. 1 32 frve", -We then know that
18 . 33 this stands for one five
19 34 and three ones, i.,e,, the
5 .20 4o number "eight",- The decimal
' : \ ) numeral 13 1s of course
21 - 41 ™\, ¢ read "thirteen" although
22 42 "éne three base ten" has
" 23 43 ' certain advantages in
24 uh showing how base ten fits
2 25 100 the general pattern.
26 101 ) ' ] \
¢ 102
° v gg 103 N
29 . 104 !
30 110 . <
N Al .
- \ 5




Aﬁ .
('W"'p#
The pupil can change from base five to base ot
ten if he knows how to read the base five numerals,
He should be-able to think through the transferring
from base  five to base ten in nfich this way. For . -
example, , ' :
. Bpyve = (2 fives + 3 ones) )
=(2x5)+(3x1) . L .
= 10 + - © » ° *
= 13 . . o i
Albgy oo ='(1=twenty-five) + (1 five) .+ (4 énes)
' =(1x25) + (1 x5).+ (& x1) . ' : ’
=25+ 5 + 4 . - ’ Lo
= 37, )
« Some children. may want to show in writing how -
this change is made. If .s0, they may use the above
form. . ) .
N R
- ) : ~ =
- " ‘
- x i t ’ ) A |
’ | ‘ a 4
"' 13
) .
. ° - N
i) 4 ‘_ ' \
- [ 4
5?3 : N ! 1Ad
. 3
62 ’ :
4 g 3 T4 - ’ * ) ¥
2 ) ’ . » -
y . . -
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BASE FIVE AND BASE TEN NUMERALS - Do '
. ' . ‘ ' A
Numeral 1nf—* Picture in Picture in Numera.l‘in N
. [1 N
Base Flve System Base Five System Base Tén System|Base Ten System’
“1<. - . ‘
a) © 22py.0 x — , 12 . |
N » Q0000 (o) | (000000 18 )
: ° five . A
ey | D &, | oo | “
| e | ) o I
. /u s - . 3
e D). N :
\ > - T \\ R A
¥
o ‘lq‘ . ¢ . ' . ¢ -
Stud& the chart above, What does the numeral 22 five tell us?
2lhat does the numeral 12 tell us'{’f“&mé/.wam.zwaﬁb‘
18 mtearie) ) laryand, turs o whkied <o hsad, e Hewre, ‘“‘_)&“‘-j
Ave 17 ana 52;'ive names for the same number? ) - 5

Why are 337y, @nd 18 names ‘forsthe same number"(aaﬁ,w,

MMLbte’ 3 fleidsd bt 3 rtad)r 0:2ey. /8 mtaand) ) oy and fonee “““.M .
) Why are 114fi ve &nd 34 agamesa?or the same number? 2
( ‘//ugmemw / M%ﬁw ﬂwu«éymw%ﬂ@/ww
3 orrearnd 3 Gt ard ymww £¢¢;&4-§«&
! . . J
. a . * Lo 3 .
/ . ' . v
Ri ¥ ¢ 7 )
v >
R 4 » .
NN K ) -
3 ’ d;.‘ ! v ¢ /‘ 5
— y" N ’ td !
. 3 - :}
\ i . 4 ” y
Y. 52 t B
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+

P29 . ! . -
. % » ) p -

' The pz;ocedure_ °below shows how we may think 0
five numeral to a base ten numeral, - '
a) 2?I“ive = (2 "fives + ’2' ones) . N (
= (2 x5) +(2x1) L
| 3 = 10"+ % S
* =12’ - "

b) ,,§3f:!.ve = (3,,'fives + 3 one§)

. : "‘---:?«’(3 X 5) + (3 x1)

=
,

=15+3 - 1, ‘
~=18\~ .t \‘.\ -

" o) 1lh, = (1 twenty-five + 1 five 4k ones) |
a=(1x.25)+(1>'<5)+(1'x1+)
. ' < =25+ 5+ 4- -
g . = 34 S
// - ‘ .

. . .
v
) e .
“ .
v e “
]
o~ ‘
3 .- -
* v
: -
L ¥ g
- —_—
— ~ . . .
- .
o - -
4 .
A R
)
. i3 o
® Y. * i
-
.-,
.
o 4 -
¢ . -
-]
*
. R
<
-
I + v
. ) .

SR
%«

L
v

change 'a. base ° -
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MORE ABOUT BASE FIVE AND BASE TEN NUMERALS - .
'Ei‘loration: . )

~

il

\ In chahging base ten numerals to base five .
numerals, select the largest place-value of base
five (that is; power'of five) contained in the
number, "Divide the number by this power of five -
and find the quotient and remainder., This quo-
tient 1s the first digit in the base |five num-

-eral. Divide the remainder by -the next smaller - *

power of five, The quotient is the s&cond digit. -«
Continue to divide remainders by each succeeding,
amaller power of .five to determine all the re-
maining,.digits in the base five numeral.

For. example, to change 113 \to a base five
numeral, we must first see’ that 3 1is less
than five twenty-fives. Then °we £ind how many
groups of twenty-five are in 113: We can do
this by division or repeated subtraction. In
elther case we find there are 4 twenty-fives.
This U4 becomes “the first digit in the-base
five nimeral. There are 13 ones left to be
grouped. ' N .
¢ Now find how many groups of five there.are
in 13. We find there are R fives and 3°
ones. The two becomes our secqond digit and the
3- our third digit. Therefore, 113 = u23five'

Ly "
25 JII3 113 = (4 x 25) + 13 .
. = (4 x 25) + (2 x*5) + 3
~ ( ‘
100 = U,étwent -fives) +
5713 |2_ 2(fives) + 3
10 ' '

u23five,+ -

L

If a group is not contained in a remaindeb,
‘remember to put a zero in that place in the -
resulting.nimexal. For.example, when changing
104 to- base fﬁ%e we find ‘there are U4 twenty-
fives, no fives, and U4 ones. Therefore,

104 = ”°”f1ve- J RN J

7.




. 3:h,e next place-value will be? (e

P30 - S
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MORE ABOUT BASQE FIVE AND BASE TEN NUME

¢ 2
. $ .

; *| ? | ~Twenty-fives | Fi/ées
o / , -
. , . ] .

So far, when we have writtenh n erals in base five, ye havé
N
used the place-values that are sho

»
.

-g@bove.,. (Can you tell whatﬁ

¢

* For numerals we will be us right now, the only place-

values we will work with are t en -fives, fives, ?nd ones.

[y

rSuppose we - wa.nt to chang 111 to a base five numeral.

How many grbups of twenty-fi e are there in 11127 (4)

1 J“”f“‘f“&’”“%‘“"“# 2 h,ﬁywbuﬁé%wfw%ll
what is the rema:l.nder? ()

¥
¢

»

How many ones remain? (/)
Write the mathemati
(1= (1:5)»1)

Put both mathematidal -8entences together i;),a mathematical
sentence which shows how '111 can be grouped by fives and
tWenty-rives. (jfi = (4228)+(2x6)+1) 9

What is the bage five numeral for 1119 (421;.,,,) SR
Try changing

numerals.

e foIlowing base ten numerals to base five,

each part wrlte the mathematical sentence which
» ’ .

shows why four answer 1s correct, ) _9‘\;_ J
b) °36 c) by ’

"(/z/f“) : (/34/“') ‘ (zosz) .

>

(3¢ = (: x:a')#(axr)o-d (44 =C1x a:)+ ax.r)o-4) (52 =(.!xar)+bnr)+.\)

(ra=@1)+2) |

e TR, ¢ [ ' be N b

sentence for thils division process. i /.

| o

“a

'




.“e - L e - Exerclise Set 10 .
. N N - ‘ X .
‘f’ . 13 Draw a set of 21, . X's. Separate these X's into__
N groupg of ten.- How xfiany X's are there" Write yoﬁr'
answer as a base ten_ numeral /I
ﬁp /'—-
’ 2. Draw a set of lsb'fiv X's. Separate thése X's into
Pl / e
oﬂ groups of ten. How many .X's are there?. write your
‘3“’, P an s ‘. , &. - © .
' . answer as a base tan numez.'Jl. : ’
o CXXXXX  XXXXX) XXXX .
o TERRXK XXX ' s /-
v .’ . . A XXXK XXXXX) (4?) -
o - (xxxxx XXX XX) . - .
- -
3. Change the follows#g base ten numeraIs to base five .
. numerals. ! Ve s ,
.a) lu~(z+ft:0b) c) 23(4%&) RS B Y 2.2 7 )
. bf 51 (10/! . ) d) »60"(""%&) f) f3 (”3%‘00)
4, Change the following base five numerals to base ten / ,
¢ 2
. numerals, . —~ G
- ~ - * - /e ’
) Bpyye (13) b rige (19) T W $raye(22) [
b) Hloive (46) d) 3b'oi‘ive (95) £) 2oufive-(“-;?)'
_ . , ) ) ?
. £ [} o o
: ° 5. VWhich is greater? , /
Y . / . L ]
» - . , ‘ . ) ‘
five c) - five °F @ °o - v
&
~ b) or 42 d) ° 40, r .20, -, ’
: @ O - Brtre T i egunt)

- y e /, -
* ‘
= ’ y
[ e b/ l . °
( » ~ » 3
. ° bq‘ °o . §
-]
3 g »9°
9
L] Bl <
. M ®
R .
. e L3t
. L Py
.
z 6 ¢ - N

5 ; . .
b
° ]

.
67 . Yoo
o ©
- —n\
. »
a 0
. - ¢




USING GROUPING BY FIVES

. Exploration: il " . ‘

i S¥nce our system of money uses groupingst*of ,
*five, some experience in this area will help
~develop this idea more. completely., At first the

teacher may need fo use play money with somé T
children. Proceed from these experiences to _
-7 expressing the groupings in'a table as follows., -
Encourage the children to use the.smallest numbér
of coins in“separating the méney into quarters,
nickels, and cents. Draw tlhe chart en the chalk-
board. Complete the chart filth the children.

How much . [How many |How many|How many] Ease-£{ve
L money ? uhrters?.nickels? pehnies?|notation
7 cengs| (0) (1) (2) . [12pee)
" > 12 cents| .(0) (2) (2) (22 fove).
Y, 34 cents (1) (1) " (4 (114 feve )S
‘ 58 cents| .(2) (1) (3) | (2i3tur)
87 cents 3 .| 2 2 1322 Lose)
122 centsf=~ 4 4" 2 (442 é‘:oe)
' 7 T -
~ a R .
R s bt .
N e : T . .
A e ~ ’ "
. ‘2e ' \ - . A : 3 )
. \_\ . . . o . a R 5
< . , - . ®
. L o 3 " s
, ] ) ‘9,“ N . -, 2
N LAY
* YN ey ¢ A -
Al - }' .~ L4
* - t - 4 g .
~ 3 a__[ ) . ) . o
. S, N l
L“ v i ° ] / s - Rl :
» o0 S , o TeoLo
° ] » N K '%
A . » oo R
< i . ¢
. ) ﬁ&éf' |
. | ’ >¢ . / .
\ N . > s J 0o 0

-




tis'mgl GROUPING BY FIVES

-

B

" We uge some groupings of five 1n¢our evéryday life. . Let

us.look at our system of money’ Suppose we ixave 314 %‘nﬁs.

TIf we use only quarters, nickele”, and pennies and the fewest

goins, ve have one quarter, one nickel; and fourypennies

could we w;‘f',;.te this us;ng base five notatyan? )

R AN

-~

Exercise Set 11
= =2

N

3

- How

‘Sef)ara'.te the fgllowing amounsts of* money into quarters, .
. ., P>

'niékels, and cents.

Use the smallest number of coins. -

-

4

®

S

How ma.xg BEse five

How muech Ho"v many How many
- fnon'é;? quarters? | nickels? pennies? notation
. 1k cents o T 27 ]l s 24
sExamplés; - T
1. 43cents | 1 3 3 133,07
1) 23 cents | . (0) (4). ~(3) (43:fue}
2) 26cents:| (1) .|, (o) ) (101 five)
3) 29 cents 0 (o) T s (4) { (otfse)
4) 33 cents | (/) o (3) 173 five)
5) 42 cents ['- () B3 | A2) {132 feue))
- ’6) * 57 cents (2) [/5 2) (2111;‘,",)
7) 73 cents ) . 4) . (3), . (243 £iye)
8) 97 cents (3) . (4) @) (342 fee)
9) 124 cents (4) = “) (4) (414 £

B

L3 -,




y THINKING ABOUT NUMBERS IN OTHER BASES . . -

ExPloration. co S T ’ ' .
‘ ' ; &A‘;g
We are now, going to discuss number bases ot;her b
than.ten and five. The next experiences invglve ' b(-
fatts that may be deduced from a definite pattern
. . . that you help children to discover. 'The following ot
’ X is one of n1any procedures that may be used, Again,
" the students will need their manipulative materials,
o 'Ihe teacher may wish' to duplicate Exercises Set 12.
1. Ask the students to co&nt out fifteen objects.
2. Separate the set of fifteen objects into groups of nine, .
" "a) How many groups of nine are there? / . (one) ¢ '
B b) How many objects remain? (six)
c) How would you express thig nﬁ_mher using. 4
Fd P 2 ) 4’)‘
base nine notation? , (16‘nine '
3. Separate the §et .of fifteen obJects 1nto groups of eight, .
) . a) How many: groups of eight are tfiere” . (one) N
g b) ~ How many objects remain? (seven)
' i ! c) How wouldﬁ yoii' express 'this number using - { . <
; base eight notation" - '(17eigh’t‘)
L, Sepa1\ate t'r'xe set of fifteen ob,jects into groups of seven. ~
‘a) ‘How many groups of ‘seven are there? - ., (two) B
b) ' 'How many ob.jects remain? ) . (oné) ¢
c) How: woul& you, express this number using
” base & seven notation" " (2lseven)
5. Separate t{e set of fifteen objects intd groups of six.. ° -
v a) HO many groyps of six are there? L (two) ' ,
- b) How many objects remain? ) . (three)
./ ¢} . How would you express this number~ysing :
base six notation?, . T i (2381x)

. s - . P
) . . .
) { R LN s v .
-' !

:
1]

Ta &
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THINKING ABOUT NUMBERS IN OTHER BASES s
- - ' Y- L4 -
’ Exercise Set 12
Copy’aitd complete this chart, S . )
R Arrange in | How many | How many Nétation
groups of groups? remain?
Example : , , ) =
5E 2|
) X © three 2 | 2 22three
. l. b - & " . Ay
B T [0 [ o
12. Xxx [ P
X v four (2) (3) (2 f"‘"‘)
X)X - ' = :
3. X . : 12
. | seven (1) (2) ( "”"‘"’)
'S
4, X X\ X a_// . '
x i ) | ) | ()
5 . X X - . . 9
o/ Xx - . " -
5 X x o five (2) ()} (Hfee)
6. X X , ’ : . ' ;
. X | eignt (b ’5%' :
} X’% \(I) ik ) \( ) '
:,7' " X . three (2) (/) (2/’0, e ) |
8. 5 dx | . o i :
’ b X | eight ° (2) (6) (25,0?41)
X : ) .
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10,

9.. .Draw a set of 20_,

'groups of ten,

. ansWter in base ten notation (/2) ‘r . o
’ ! ’ *

b

#9
obJects. .Separate thqse obJects into

How many obJects ‘are there? Write your ‘

« \

34“ ’ Séparate these objects

bjects:
seven . © Jects

Draw a set of

3
into groups ¢f ten.

"How many obJects are there? Write.
your answer in base en notation. (25) O

rxxxX
! ‘.‘w'

- N
Each mathematical sentence below shows how to change a
decimal numeradl 1nto a numeral in another base write

that,ntmeral in the blank as shown in a)

a) »21 = (1 x‘16) + (1 x;h) +1

21 = Ill%#,uo . * : .

b) 50=(1x36)+'(2x6) +2 , b N
- 50 (22a) , ’ R
c)J 26 = (1 x 16)'+ (1 X'Q’ + (L x2N ¢
" 26 = (U010 bin) . | i : ~
2 - (w8l + 1 sl \
‘k ot ;!.;le. o . -

. ¥ (000)p ree T

-




PLACE VALUE IN OTHER BASES

Exploration: : Co . ) L B
H Base Group Names
' ‘Téq +. Hundreds Tens Ones
‘ Five EWentyAfives- . Fives o~ 6nés‘ -
Thrée, )u ' ! 2 ] .
_ Four ) - .

‘groups of five-pimes five there ar

. ones (or units)

®

‘\ .

We will now develop the idea of a three-digit
humeral in bases other than five or.ten, Place of
the chalkboard the chart shown above., Fill in the
group ‘names of base three and base four as they are,
discussed., During the discussion use a place-value
box labeled with the group names of the base being
studied. e R .

Review with the children that in base tén ‘each.
successive place to the left represents a group ‘ten
times that of the preceding place. The first place
tells us how many grouwps of one there are, - The .
gecond place tells us how many groups. of ten, or -
(10 x ll)).
of ten times ten there are, (10 X 10), or one-
hundred. - ¢ .

Continue with base five; noting tHBat-the firs
place tells u many- groups of one there are,

¢ secong-place.tells, us how many groups of five
Lthede’ . The' third place tells us how many
Each
successive pldce to the left represents a group
five times that of the preceding place,

Using the place-value box and-the bundles of
cardboard strips, develop place.value in base . 7
three, ! i .

'sThe teacher should lead the pupils to discover
that. when numerals‘represent~who}e numbers, th
last digit on.the right indicate$ the number -¢
in base three, .the 'second digit
from the right ind&cates the nuymber of grougs of
three. The third digit from the right inditates
the_number of -groups of nine, ' In writing (numerals
in base three, the value of each place in e I,
-numeral -1s three times the value of the place.fo
itS I‘ight- @ c . B , o

S e :
\' ‘7A3‘;‘ )

The third pldce tells us how many groups -

u
LAY




T - -

) : *
O 0 w - :
N T
- g 9. . )
.8 ¥ 0 .
‘ ! ', . 7 . a
1 2 2 three '

" Continue with. bage four.

o In base four nota-
LS tion, the value of

’ ¢ a each place is four
M . 8w " . times ,the value of
) , Py @ " " the place; ’c* its
- . 5 3 9 right,
n & O .
2 3 3 ' [

+
-

four
.’ The number of basic symbols nec
numerals in a numération system dep 8 upon the
base used. For example, base three/uses three
symbols, base ten uses ten symbols/ base five
uses fivé& symbols; etc,

The base we use will defermine the valueﬁgf
ases

éach place in the numeral, As thle number ine
in size, the number of places,irny its numeral .
increases faster when one uses g small base than

when one uses a larger base, e
i ' Example:. ;?ten = SQ;gye' f By ",
17te@u= 122¢hree o

# The child should be able to compare numeral’

in other bases with base ten numerals, For

| example, 15ei nt is read one eighyf and five ones, * ..

swhich is 13 in the decimal system. Likewise, -~

3seven is rehd four sevens and, three ,ones which

is 31 in ‘the dedimal system.
" When the children count in different ‘basges.,
thé& will diseover many interesting facts,
The ' foll wing chart, Exercise Set 13, may .
be duplicated by the teachér,

e

3sary to write

3

-

i




Exercisé Set 13-

Copy this ‘chart,’ Wpitg the nwmeic'al for'.the first twenty-four

: {
counting numbers.using base eight; base six, base three, and

B

base four, _
Base Ten .| Hase Eight~ W Six -mse,Three .Base Four
1 (2 (1) (1)
o (2. (2) (2) - (2).
3 J(3) C(3)¢ (10) (3)
4 (4) 4) » iy {/0)
5 - (5) . (s) " (12) (1) -
6 &) "o | (0 __(20) (12):
T - (7) (n) e (21) ~(13)
- 8 (10) (12) L (22) " (20)
.9 (11) < (13) (100) (21)
10 (12) - (14) “(101) (22)
u A . (3) __(15) (r07) - | (23),
12 J (19) " (20) (1r0) *+3(30)
13 [ (5) (21) (n). - (31)°
w Sl (e)” (22) (112) (32)
15 /" (17) ¢ *(23) . (120) (33)
16 (20) . (24) | o (1=21) _(100) }
7 (21) (25) | . (122) C(101)
18 ' (22) (30) . (200) (/02)
19 . (23) - (31) (20/) = (703)
20° (24) (32) (202) (110)
21 (25) (33) (2.10) 2D
L 22 (26) (34) (211) <l (12) °
.23 (27) ¢ (35) (212) [T (13)..
v 24 (30) (40> | (220) (72.6)
4‘ 13 ! ! N .
’ E 5,




?3.6 i JJ < 1 ! i'
P lE?tercise Set 1 ®- . ,(r\\ ’
Complete thé.t table.
R < = .
Base Ten Numeral | Sixteens Fours Ones | Base Four Numeral
31 ) () |3 | (3 |. (133 fen)
17 . (1) (o) (1) | (7% for) :
59« (3) (2) (3) | (3234nn)
Base Ten Numeral | Thirty-sixes | Sixes | Ones | Base Six MNumeral
El (0) 5 | (4 | (i)
90 (2) (3) (0) || (2304y)
215 (5) (5) , | (5). | (5554ix)
Fase Ten Numeral | Nines Threes | Ofles | Base Three Numeral
L 26 ’ (2.«)_ (2) 4 () /‘zﬁw
. 9 ) o« () | (@ (100 2hals)
NN () £ | 1) | (W (2! threa )
'Baé Ten Numeral | Forty-nines | Sevens s | lase Seven Numeral
: 60 - () (1) - % (1% peves)
290 - C(5) s | @) | (- ($630eves.) 7
99' _(Z) (0) (/) ' (aolw)
Base Ten Numeral | Twenty-fives | Fives | Ones | Base Five Numeral
w6 ay . @ .. (%1 fie) -
103 . @ (o) | (3) (403 foue)
. 89 . &) 2) | (& (324 fiue)
Base Ten Numeral | Sixty-fours, Eights | Ones | Base Eight Numeral
S ICHEIRNCEED, (37ecqbl)
80 1) ) | (® (*2Heght)
5 (), @) | (6) | -.(66 zght)
- —:-‘-"——‘% .
. ‘ .
K] ’. - ] s ' <>""'
¢ -« - ; . ’ : i/
‘w $ 1 ‘
- - 4
3 o '\/ K] .
» v. - ’
»‘7@ . 'ﬁw
N 4\7" <. mq’;;‘ A 84




. * * ‘ :”.,‘ .'. . .
. ‘ ;! N
’ ' . “Exercise Set 15 T - o :

. » \
1. Fill in blanks as shown in fhe example.‘b Y

u3fivé The numeral 4 stands for 4 fives ..

.stands for 3 Cuﬁ&»~+o

'stands rar 4 ééf:ﬁL;éfg

- a) 30lp.» The numeral 3
4

, c) 63seven" The numeral 6 stands for 6 &uotmaa)
8
3

b) - 423, ?he numersl *
stands for 8 Ch»ntod

:“d) 85 The numergl .

ning
e) * 300 s1x The numeral 3 stands for 3 ééga;:ggg
2. " Change these numerals into base ten numerals as shown \
x in — ° :
N < ' ’ Yy
q)_ 23p34e = (2'x5) +3 e) 18n1ne o, Ce .
A - P ; 3 - . (/y . =(/x9)+8=l7) o
S . L5 U Segang S
) ,='.13. . . )4)4 (34‘4'&&—(31')4'4 J:} ' ":-
e (102,.1.,: (1x9)+(oxa)+1 s.io) ") 122 (4405-‘:(413@44:691-0- /Jo)
c) 106sevgn B /12 47 v @ 3)+2 /’) .
- 3 (IOCMV('}"‘)*@W—“) i) 312( A‘“ gh At e
Ay 210, 0 o four '
T A di0g, =)+ (5440 = 3‘1 . (3"’;4-«» (’“"’ww”'“)
; . fo = TENIC)

b

iy, Copy and cqmplete this cginﬁing chart. ,°.' -7

T W s, (o )
e T (%)(%(’% |
SR mee sseve_fr 5 seven(“w.)(m)( ) ()
e ) ) )
*rour (WX"%:; (‘FIX?W){&FW)

~

: o 1oy, (@)(‘ﬁ}("—)(’ ez

/.
4d¥)(‘né¢ 4@& _;* . Lo
. . .
- ¥




ii‘. In what- base ari:‘ we clounti’ng?
a) 1,.2,'3, 4, 10, 11, 12, 13,m.. (M/ )
b) 14, 15, 16, 20, 21, 22; 23, 24, 25 26, 30, . .(besratoe)
e ) 1, 2,3, 10, 13, 12, 13, 20, 21, 22, ... (beer four)

° . a) 11, 12, 20, 21, 22, 100, 101,/102, 110, ...(MW)

5, Copy the work below. \ Use the "g'Fe&ter than";- "less than",

‘. . ~—
or 'fequals" sign to complete a Prue mathematical sentence/
L. . - ; A
- a) 44 five (——l lozthree . . v

'.'b) .,:L\Ooseven (= ) S nine - .o ;

coe) sy ()
d); 2llee —-——(>) eour .7 ‘;‘ o - !

e) ' TTgygns (=) 2234y '

4 !
m'xat is the base? (Amtndy o 20)

. -« T ~—
Te Count by tens in base five from 20 rive 7O b'oofive ) .
(zof:rlal {(}»&; /{ofdnﬂ /30/400,: 2.00;‘“’220 Z‘faf‘b 3/0/‘& - ‘
v

s ’3.;o;<!l,+ao£")
8. Are the;se'odd or even numbers?
- ’
a) 12¢hree (o—vu—) d)
B) 2lihree ( Ad)

) ‘:.lo:Lthree {W) / 102 nree [M) . .




P

. [ - . .
. La) mpyge t 2f:!,ve = eive (”%»w "f«"*)

P39 .- C )
“BRAINTWISTERS

9. Copy and fill in the blanks., \ -

a) '33f1ve = ﬁ'-i)—seven
. B) lb'eigh.t = (I——fbhree
o) 25y, =D . v
d) 128 = (462) N

nine —=five

»

A} , 3

10, What is n in 'each of these.mathematical sentences?

s+ b) 23 #+ 10

four - four ~ “four ("" 33/'«4,)

. PN -

). Ngyeng = b'eeight 25eight(”2?u, 47%) _ ,
d) 123, +ngy o= 153osix\ ("ex, ,3/,4,,4) ‘

-

11, Suppose a base three system used tHe symbol 4 - for the
number zero/‘,}"B' for one, and C for two.. In this
- ) . Y

K . . B
{\ -numeral sy$tem count from zero through ten.
(A c,pAseec CA, CB, CC: BAA, BAA') ' . .-
) 12.) Change each of the following to decimal numerals..
- & =B (3 ° c¢) cBA (2) v
] . ¥ S :
: 9 ‘ 5 '
b) -caB (19) —~ a) " asc ()
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o PURPosENSF UNIT . : : ’ S
D ~ R o ’

v

. Chapter 2 -
FACTORS AND PRIMES

’ The most fundamental obJective of this unit is to investigate
what might be called the multiplicative structure-of the counting
numbers. We try fo find out something about how nes
"constructed" as products of given numbers and how J given numben
can be "broken up" into products of smaller numbers. Because a
given number does not have every smaller number as a factor, the
situation is not as simple as it is in addition where every

. smaller number is an addend, There are, in fact, simple state-
ments about multiplicative structure which remain unsettled

While the study of multiplicative structure can be approached
as a geme\of intrinsic interest, it should. alse "be of substantial
value in re nforcing the learning of multiplication facts by
emphasizing their interrelations. ) .

'The immediate aim of this unit is (1) to develop the
techniques of expressing a number ag a product of prime numbers .
,and to put this fo use in (a) finding all factors of a number,
and (3) finding the greatest common fadtor of two numbers.

. These-mechniques will be used later as,manipulative tools in
operating 4ith fractions. At that time they can be reviewed

numbers are

-

and-the.necessary proficiency deveioped,

4

3

N

R

Special Note to the Teacher:

If this is the first time that you.

have! taught this unit, you will find 1t most helpful, before you
present the unit, to study first all of the pupil. pages and the
background acoompanying them. Then your study of the Mathematical
‘Summary at the end of the chapter will be much more rewardingn
After you have seen the arrangement of the chapter as a whole,
-your ‘teaching of the material wWill be mbre effective,

-~ e . . -

4

B
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% e ~ . ARRANGEMENT OF CHAPTER o
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- The, materials of this pnit are organized and prggénted

somewhat dlfferently than 1n other units. The basic pattern

. for. each section of the unlt 13 as follows.
?

3) 1. Background material for the teacher including
) comments on ideas and possible 1ine§ of discussion ¢ haad
- ‘ ¥

3 )

w2, An outline of’suggestlons for classwork
[ * . . '

3. Pupil pages containing examples and a summary of the

language, ideas, or techniques which have beé?//\Qi\%\ ,F R

developed in clasayork

-

- 4, Ppupil pages containing exerclses involving the ideag
R of the section K -

&

M the end of the unit the mathematical 1deas which appear
in. it are summarized brlefﬁy An a’'section headgd Mathematical
Summary., In this summary, more attention ‘is paid to deductive.

explanations than ih t&a background material in the body of the
unit, .

4
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o~ TEACHING UNIT- S . .

¢ - e ‘.

FACTORS ANR- PRODUCTS : ~ .

Ob jective: To review some of the basic ideas involving factors
and products . c -

+ s . 9 .
Materials:. Five arrays (1 by 10, 2 by 5, 1 by 20, 2 by 10,
4 by '5) L

P

Vocabulary: Factor, product, multiplicatjEn'sentence,'product ‘ . ~

exbression, commutative propetrty, associlative

property«

- .®

Background: ) A . . ¢

s

’ Special Note: It is imperative that children have .
a strong knowledge of the basic multiplicatign o "
facts through 9 x 9. f they do not, them you t )
spend some timé in review, using both mental.v %*&ﬂ
arithmetic and written work, . ;

. © Tt is important also that the ‘ow the” .
division algorism. ~ In this unit e one developed : .
in Chapter 7, Grade Four; but if the class did not
study SMSG in the fourth grade, then the .algorism _
they know will be sufficient.

For your own information, you will want to L !
réview the basic properties of multiplication and
division as they are presented in CHapter 4, Grade ‘
Four. 'This'does not mean to go back and teach all .
these ideas to the children, buijeach teaoher needs , -
an understanding of :that -unit. - .

) From the outset of this unit it is important ’ T
for you to keep in mind thé distinction between - s .
prime and composite numbers, even though this ’ 0
distinctign is not needed specifically and)Explicit-
ly until the later® section on "Prime Numbers." \

A prime number is a counting number greater

- than 1 that has no factor (among the counting » - .
|| Dulpers) other than itself and 1. (e.g.: 2, 3, -
e 11, 13, 17, and 19 are the prime .
numbexs less than 20.) : X

A\composite number is a counting Humber :
greater than 1 that has factors (among the :
, counting numbers) other.than itself and " 1. .

- - By definition, 1 4s neither a prime numﬁ“

nor a composite number.
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"It 18 well to keep in mind that we are ifiter-
ested in facfors that are counting numbers and not

©

Just any factors. Forsexample; although '5 can ‘.
1 be factored (since

X 2 = 5) it can.not be
‘factored using onl counting numbers.

'« Iet us useThe number ' 24 o illustrate
Sseveral different kinds of things children may be
asked to find in terms of factors associateéd with
a composite’ number. - . ) .
¢ 1., Children may be asked to find a product:
éxpression for a composite number such as 2%,

N\ a. The product may be expressed as two = ~
factors; e.g., ;. N .
' e 24 = 3 x 8
T2k =4 x6
\ 24 =1 x 24 =
. ’ ete. [N

.b.  The product may be expressed as three
. (or more). factors; e.g.,-

b 4
. 24 = 2 x 3 x 4 ~
. 2 =2 x 2 x 6 i
h 2% = 1:x 3 x 8*.
ete. ¥

2. Children may be asked to express a com-
posite number such as 24 as a product of prime
factors (i.e., as a produtt of factors whicE are
prime numberss. Without regard for the order in
which the factors are stated, there is only one )
way in which a particular composite number can be
expressed a8 a produyct of prime factors. 1In the
¢ase of 24% T ’ .

. 2k =2 x2x2x3 : '

3. Children may be asked to find the set of
all factors of a composite number., In the case of
this s {1, 2, 3, 4,-6, 8, 12, 24},

Edch member of this set is a'factor 6f 24, .
«#% Special mention should be made of the use of
1 as.a factor in connection with each of the three

preceding situations. . .
. In connestion with la and 1b, beginning work
permits the use of 1 as a factor. Ultimately it-

is shown  that writing 1 as a factof in many
product expressions gives no additional, information
regarding the factorsnof a nuymber; hence, it:need
not be written. . t AR
In connection with situation 2 (expressing a
¢ompogite number &% a product of priie factors), 1
is never included as a factor since '} is not
a prime number (by definitibn), - . .
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.. 1n connection with situatibn 3 (1listing the ‘ .
set of all factgrs of a number); 1 1is glways .

incIuded, along with the number, itSelf. ~Both '1 > .
- and ¥ n are factors,of n (a composite number)’, S
o but neither Is g prime factor . ) :
. : * Some ‘child$en will need your help at times . -
o o- in: sensing clearly which one of the three preced*ng
‘ i -situations is under consideragtion. - *
4

-,

Every whole number has many names. In this chapter, we will ;
usé this ideg, again. Take the.number_ 20, any names can be
given for 20 (10 + 10, 22 - 2; 2% 10, 1 x20, 4 x5, ete. )
Jf we list ondy Yames which show multiplication for - 20, we include
only product exoressions (i X 20, 2 x10, 4 x5, 5 x 4% 10 X
2, 20 xI.) It will be }éted in the next section that if we
‘ pemember the dommutative property, three of these product enpres-.
gfons for 20 are suffiéient
By Using *the commutative property, we get the last thre‘ from
the first three. .7 ¢ ‘
" 1x20=20x1 . . ’
2 x'10=16x2 DA L)
4 x5 -5 x i S '
Each product expression ior a numbey corresponds to an array An
array may be described by a, number pair like 5, 3. The first
number named gives the number of rows, and the second number named
gives the number of coXumns in he array. An arpay describing

5, 3 1qoks like this: = 3
o ) , .‘ .
~ .. ' -
Lo 51. - i o S
¢ ST ’ ?. . , / .y ) .
’ ok s~
’ Suppose there are lb obdects wﬁth which to construet arrays.
If all- obJects are used how many different arrays,dan be formed?
A 1 Dby 10, 2 by 5,” 5 by 2,«,or a 10 by 1 arra® can be formed.
.Each of ‘the arrays 1s different from the others if they are not
- to be moved about. T ;
- &

.
V.
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i-Again &o;,will notice that we have considered every pair of factors *
* whose oroductqisv 16. (1 x10, 2x5,°5x2, and 10 x1) . |
- Actually, “we have used only two pairs of numbers, but have four
. J,f deferent expressions if we consider order J ¢ 3(. -
: Take 36. 1!x 36 4s" a product expression for 36. Since B!
is & factor of all nwoers, every number has a product expression
Kk _ ‘of‘ this. type OtheMt expre;ssions for 36 are 2 x 18, *
3 x- 12, b x 9,’ X Here there are five different expres-+
. sione By app;ying the commutative property of multipfifation to ’
_“them, we can arrive at four® more- 9.x 4, 12°.x 3, 18 k2, =ahd
36 x 1, Tpere are not five more expresaioné beoéuse _when the

. commutat*ve broperty 13 applied to 6 x6 we arrive at the same
product expression

iy For a small number, knowledge of the multiplicatiog\ff:tzan’_d////
A . enabmes us to find every product expression with two factor

. e number. ' For 4 large number, another method must often e ;used

7
'

o to find factors and product expressions for the number .-
' Suppose the probiem 18 to find whether a number has a f%ffﬁ;eo .
K 3, “and to write a product expression fort if it .has, - This  *,
' ©° . nmight b& done b§ two methods, .
. METHOD A' Co A o
(1) 1; 3 a factor .. = (12 x 3) +1 (a remainder,
* » ) ? Y . '
| 21 3737 of 1) -
. | J30f w0
T % 3 'gg not ‘a faetor of [ 37.
, : ITTI™ : o
7 o Pt ¥
: ' Y . ) )
. ‘ e o LI
» t . n .i
§ (2) 1Iser3 @ factor 57 =19 X 3 (no, remaihder) 1
- , of 579 7___' : « - -
. - ’,)' ' / 3 57 '*" : /”.\I ’ : [N ‘
A.I",‘P_ lo A' . 3
< . 4 3 fﬁotor of: 57
: 271 9 ;
, N 19 \/ . o ,1’
- ! Co A} i
; N 7 M ;o
N - o e . . A
“;. M 0’ t ’ *
i ‘ : . . ’ ,‘2 vy (“q"
v ~ . % * . , .
) s 74 ’ o A 6 { *
A (G 8 40
N P & b .. \J L '
s’ . .. R {/‘ L .
- ' . N -




METHOD B: (Here we must use the multiplication facts and
R mathematical sentences.

~ \

Is 7 a factor of 672 I*know 9XT7T = 639 . : .
F . :
o . O 67 -63=14, ' 5 A
. therefore (9 X 7).+ 4 = 63% 4 = 67. ° g : "}
When we divide 67 oy 7 there is a: remainder of 4.. The'only - ° f\
vay that 7 could be a ﬂactor of 67 would?be if there were no ot
remainder. ,
. . . . .v‘ - [4 o

Suggestions for Exploration ' )

Review many names for the same number
( Review multiplication ianguage and ways o} writing.
Review arrays and their relation to product expressions ’ -
. wa. Find several product expressions for several numbers
Introduce Metholis A and B to find whether a number has
. @ factor, thereby making it possible tp write a product

expression . ] o ’
\ . 2 5
. ¥ Kad
- - / .
° ) .
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, Chapter 2 ' »
e FACTORS AND PRIMES - ‘ ‘ ’
. . 2t ) I3
t ' N Y
* {FACTORS AND PRODUCTS . . Ty . s
) ) R
. : . Y
N Lefts think of two numberé ’ for -oexample L ang 7
* s  Use multiplication to _%et a third number,, 20 . ,
. - |We write this | e R R <; .
) K. uX 5 = 20. . ¢
, - i is called a factor of 20.
5 1is called &factor of 20.~ .
20, 48, called the-préduct of 4 and,-5. |
Y LY '
: © o 4 : > B
If we use the name, 4 x 5, for 20,, we are.yriti
- 2 as a broduc'c of two factors. SOmetimes we call . /
3 B 1
b x5 a. ‘ggct ﬁession for. 20. 2 . '
k. ’ L Y
\ The multiplication sentence . . . - .
' V" R . r‘ . 1] ¢ ‘?
) ) 30'= 2 x <3 x5 v g L ¥
. - ..4. ,~. ’\,.y. b - .
says that . ‘ . L ;
R R ; | . . y 4 \ . - R . - ¢
. ) . . . [N ) @ ' €I : - - o
. P“ - 30 1s the'product of 2 and*.3 . and 5. ) C 4
s DO
It-also says/that - /- o S
et §~( » )'. . Y : s . . . " , ,\“v ' ’ . - f‘(
-7 » ]
2 18 a factor of }0, and k ¥8 ajfactor ‘ ')}0 g s
v, . . ‘. '.5 .0 I
; A - -and ‘5 i a‘factdr of 30,4 N\ "" Y
R < . . ) o .o T s
= “ .. A product ekpres”sion fo 30 is 2 X3 x5, . -
- ; I ;o4 ”
’ N ry . .‘: - . N
N ~ i *':’r - 4 - '
’ v ! oF N N
¢ ) 76 ” S e .
-~ K Q'_ . . - ’ ) “ . . r -
,3‘ ‘a . o N . o " ~ ":jﬁ'
' - ’ :" . ~8’77‘ : 1 !
§ .. ’ql N - . ; N . (XU %




. 1, List three different names for each of the follo‘wing

umbers. (Use promxct expressions ),

- "

) - . - .
. ""(/ox/, /x/o) . . 3x7 243
a. ten R I/ g, twenty-one \2/x/, /X2,

' ’ ¥ . ‘fx-" 3X¥ ° . 2 Y . '
’ b, twelve .zx(,:(x.z » e,. nine (3’(.3, 9x/, /17)
. naxi, 1xR T '
CC. t Lo ) o -
c sixteen Txa, 2 x§ . E
4:{4 /% x1, 1x16 .
2. Copy the following statements and fill in the blanks. .
. a, 5 is a factor of 15 bécause 15. *y Bog 35
. e,
. 15=75x 3 shows that ® (3) - ‘is another' factor.
of 15. , '

-

‘e, 24 1is the product of 6 -and _¢ ({t) . s
a. _. (/) ‘is a factor of every number. ¥ L

. . - Every number greater than -1 has at least {2_) '
. o .

. , different factors. . \ L7
f K v .

-,

3. HOW many  different ‘arrays can be formed with d- D

-

\ a., .10 obJects'> /2:5 Jx: /axl /x/a)

¢

o ‘b‘ 20 obJects° A (415‘ Sxd, ax/o /oxaﬂ/uia 2x1),

R

e ."”3' ', Li§'c the number of rows and columns in each array’
' " (Remember that the number of rows is a'lyays named o
¢ @ N . \ - q . KA )
first ). #; *-?‘ . . % o }\
s ' ; ’ ! § Cyt @ J
~ \ ~ P
’ *® ! M ?&_ ’
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o : Exercise Set'2 !
3 “r - - ! ‘ J . )
N Express the following -Numbers as a product of two factors.,
L . Find“ three different ways for eaoh
. R . .
a. 24 (qu, 4xe., ?"‘?). - S
¢, - . ) ' ‘.
L b. " 30 (.5‘x6 ;AR 3*/") 5
; 'c. 28_ (/,2;(77; /xl&’ @lell) . “‘- | o7
) 2. Write thé decimal numeral ‘for each product - ) 0; ,
L cm 6x92 () erosxglifr) b
4N - -, 3 v N [} .
' b Tx b= @3 & 8x6= (#§)
- 1 c. 9x7 = (43) < h., ‘9 x 8 = ‘[7;?) . ' -
5 - Lt . . . '
oo T a 8x 8= (64) % to 7 x84k .
' Lo Tx 7= (49_) ) 3. 6 x6=6)% '
‘ i N ' ‘\, P )
3V Complete each mathematical sentence below.- to make a true
>, ° ot *
statement w7 - . )
‘ e (’7) = 21 £, (7) xu=28 ce

Al

8 g N N ' \ . A
oot b, ! ( Z ) B =56 5 g. 8:x. (i) ‘= 32, ‘
K ° M | r) .l'rig - to w ’ ‘ ) -
" . . ,.(;:; J#-*'x “2 = 4;,‘ o _‘h.s y x (02’ = 36 " . . ‘,
0 A 9x, =8,1,’:(,/-' X 4 x6=24 LA ‘

LT gl e

y, Express each f the following numbers as a proﬂu.gt of twoﬁ R

.. f-

. factors in eyery gossible J?!ay. C " A

L . "‘S . ,;(xl 6!4 ¢x3 3#4 %6, /XIZ)

g, 12 (F[nere are _ 6 ways. )( , .
f,u, L b, 35 (There are § ways )(6‘17' Jé’*’, ',7*5/ /"",35)

. .. M ‘ N
C,y » l"? re: ar 8 42%' 2/1-'{ /#X3 ) 7!7)
. (There re ways.) oy 1“341 seri ¢a

.7 de 28 ‘(The;-e‘.are 6, wgys )(/xm a»3; 3xe, ms 9x3, )

c T el as (There ;are 6 ways )(/HF, 3niS, 5x9, ”‘" a3 “‘f”,')
v v [N . .
. f. . 2% *(There are &8 ways.) Ix 24, 3513, ‘“i #xi) "”‘
* . *3 , 7222, 3¢
» L s & ot . e .0t o,
g Lt : E ‘ o «
R N L. PR :vs_.-::.: A 78 : o R N
[} N R . . ] . * M .

t
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" see by using division (Method A).

o- ) ,
TESTING NUMBERS AS BACTORS

3 ° d -
. F R

Is 3 a factor of . 5';'? Is 3 a factor of 37?2 "We may * g -
¥ < ..

. . ’ “e
- " ..
5 ' ‘ H
3 )57 . N 3)37T ) - -
: %o - 10 . 10 .
27 9 - 61 2 ,
% 19 . R | 12
N M ! a
: .o, : . ¢
=(19x3) - . ST =T(2x 3) % -
-' 3 1is a fagtor of 57, 3 __j_._§ not a factor of 37.
. . ;_ 2 \’\ ’ N . : - . < ¢ oo
Here is another method we may use to see if one number is a
- factor of another (Method B) 7 a.,factor of 67? . ‘ < co
' v» . , - . N Y . .
v * I know 9 X 7 = 63 _ . .
"1+ gha 67 = 63 + h. S
3 * ’ 57 3. - < L., £
‘Therefore (9x7‘)+4=63+4 67. y e
Si‘hce.f 4 18 less than 7, is the remainder when T |
: ‘)67,’ _13 d%vided by 7. This.shows that '7 is no‘g a. .7
. ! : , . ) . - '
".’. t '6.' . . o ! ‘.'_*.5
Ve ; , : , . . P . ‘l N . , " . . .
¢ . . ' L : . ‘ o #
— e . - - - - .- Y ~ 3
L - v T =1 , ‘
i . J\/— e . ‘
. ) A v - 4 .o~
® ] : N ) 0y : 'l * -
1Y . s v R ) X
. N . , - a A ¥ :’ 'k\,
s . . . - s n{‘. N
e “ N
n ’ .

4
. . . B
;- . ; "¢ g L .
J N ‘YA [
- 1 ¢ —
. — N
- ? -
L .S "
A W -




- 3. ¢ . ¢ . .

- . — A . R .‘
Lo . B _":-' _ Is 8 a factor*df 81'? (7& *.u-: o

Ce " pr Is 4 a factor of 522 (9"‘1
4 e Isf 7 a factor of 599" ;4,,_33",.;,.,# BT

- ,

in ‘a eomplete sentence.

v . .3
[ 4 a Jo

. " a. Is ZA‘ a chtor _o

A © Jb. Is 9 afactbz"bi‘ 7

A . o c. 8 a— factor of 56" .
s . s - . - s LR -
:." * .' . . e 0 ) e : -. ‘.
- g . . N

3 ,1;'9"’ anst‘r' the e ,«Write

- s B - . R - _-r-"“
IS - Y - ...' [P ’ P
R h .- . . > ..
, “. . ’ . ‘ N -~

Al Is~ 3‘ a faotér-

a» fact

Ten e 3—

8‘ )a ifa.ctor ﬁf




DIFFERENT PRODUCT 'EXPREsszons FOR THE SAME'NUMBER , n

' A
[ —

Ogjectivef To help children understand that one number can be

;" name@‘by more than one product expression . L
it of '

- Vocabulary s Product expression, associative property,: . \\
o i commutative property o ,

.
- .

Background-

. - Before beginning this unit, the teacher -
' snould study Chapter 4,  gfade Four, particularly > -
* the materjal on the associative and commutative . -
properties of multiplication.

>
. .

= . In the” review on . P46 and P47, we attempt to show that for
“our purposes, it is unnecessary to distinguish between
(2 X3) x5 and 2 x.(3 X 5) or between 2. X% 3 and 3 2
in wfiting product expressions. PO / -
Oncelwe know R - . Np—
: 2x3x5=30, ‘ , . o

-,

| we also know that‘any rearrangement of 2 C 3, and, 5 gives

. another product expression for 30. "VWe may, .of course; find it

,helpful\to think of the rearrangements, but we wlll .not regard

the S different produet expressions for 30; and- we willjwrit
/oZe as a representative of them. all. The essential podiit

that, by remembe;;nc the commutative and associative properti

< ve can’'get as much, information about factors and product expres

- vy
~ vy

any

. sions of 30 frgm N o e - .1 -
e . B I e
o s 2 x 3 ><5\+= 30 - 1< SO & Ku
as we can rrom all possible groupings and%rearrangementg of the ‘a
faetors sh wnz . T .y wf SR ~Hm<_ K ,
: .- ."'~ ' . - &’;;;5;;}_,
Suggestions “For explorgtion': ‘ : e )
~ N T4
l. Review the associative property of multiplication wit'< o 3
. Lo -the class before introducing pupil page 46. - '

simiIar to the one givenzon that page.

S
¥
o,




Q.
THE /ASSOCIATIVE PROPERTY OF MULTIPLICATION
i , - ' ,
: L . - ¢ : &
A. -Starting from 6'x 5 3_30,, we can gét . Coe
(2% 3) x 5= 30, o ‘
. w' " B, Starting from 2 X 15 = 30, we can get

R j:f}, 2x(3x5) wi? -

The associative property also shows us hoWw to get
M

-~

B from A. T, ) \
N . ]
' Al . *
A 6x5=3 - o
. 8 ) X5 0 . ‘ L ,
j : (8 x 3) x 5= 30 I -
- \ . o .
. 2 X (3 x 5) = 30 (Assodclative Property) -
tos K o " S~ 8
Y e e o= Q' 2 X ].{5 = 30+~ . - g o
. If we shew no grogping and Just write : ’
y ,V/’\ -~ ’, /’2 X 3 x 5 30, EEPE o ‘ °,
R4 r ¢ \ - .‘a . S
., |.we see cléarly that 2,..3, and 5 "are factors of 30.
4 ;fzf By.thinking o 1both~éroupings; we:bee that. .
. ' - : : . *
‘6 and 15 are also factors of 30, because we ,
?4.‘ . N . -
get . T A C
. i I ' hY ‘ -
b ' A J E R
' . 2% 15 and . b
' P o . A e
> N - ‘ W e T W .
! N . :i6 $< 9 0, . ~ .
I T Writing the pnoduat W sion of 3 or more faqtorsL ‘o

A

:..a as much information as " l.
.é We wili use parentheses

'tioular grOupings.‘
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LN g YT . s
° .&;‘chﬁ . : . N . ) sz
. . R 'né .rr e g A\ . :
THE COMMUTATIVE PROPEB!I‘Y OF MULTIPLICATION .
. ., ‘, 41?{’ "};"9:“ N 5‘ .. evn, n v .‘S .
.ot N se' 5 Y -{ ;7 ~y ey
gnl‘ -of «*
= :

~ .\
l ~

. v

)

| If we know .

five ways.

B

If we know that -

are factors of 30.

' 3é\x 24 =" 68.
30 = 2 %"3%'8,

30(
30 5x\2>§8,

Sdsh §§§\2 X5,

n
o
JX L.
U -
®
»

?

product of three factors tell

vy o

fove! also know
LA 4 .

o

us,that \?

H

oy

,.,

When we know one way, we can 1ist

ell six; but‘we will find nothing new from/%he~other :

xpressing 30 as a//”—“

[

ané 5

B From now on 1n,this unit wq wili not aay.two ways
of writing a product expression diffe: : :
unless they show a difrérent set of factors.
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Background ’ hx J"’ -7

N

»:e‘.p Oﬁ gupil page 47 six ways were ,t’ound to use ‘the same f'actor‘/

o
Py -
o’

p V\F‘ tb °expre‘§§°"_the product, 30, They are all considered as one way of
< expréséing -30. as a product. > We will not ‘say that two ways of
. ' wri‘td.«ng a product expression are different wa‘fg unless’ they show
Fm" ' °aifferent factors. (For example: .. o,
. - ‘5“6=1><6 J )
e oL . < 6=2x3. A . 5

Ther’e are two di f""erent ways of expressing 6 as a product be

. , éach product €%pression involves a different’ set of £actors. )
S :'\‘ are flve different ways to express 30 as a product os\t‘,nree_.. ‘
0 ¢ 't .-i,'\_ o S
e f‘ac{:ors , L
¢ "o © A [ a -l I
_E," K ‘Ga @ T “ . l 3@ =2 X 3 X 5 P -3 i:ﬁ;/‘{; o ol
;a.'-.o.:"’ - V, _..,‘, < 3 _ . N , ) ‘7//;:/’:‘“. .. ,‘. e :eE..o
L / . ‘ . 1x2 .X;IS ] :,:;/:,": el ,’é:“e..t:' '
: o .. . =1XxX5x6©6 T i %;ﬁ gl
P o =1x3x10 J7 - 7 3T
: > =1x1x-30 CLeTET
S f -
P i Mo writ € product eXpression f‘or 12° using three factors
"“ “  and beginning with the expression &2 = 4 x 3, we have: .
’,‘ 12 = 4 x\3, : o a
12=2x2x3, and * .
12 =1 x4 x 3 ;s '
- If we begin with, 12 = 2 x 6,7 then: 12 = 2 x,2 x 3, and- .
: ’ 12 =1 x'2 x°6,
~
Each product expression ahows certa n!f‘actors of the nufiber
it ‘names, .Qther factors cé.n be obtaine by multiplying twg factors
or by multiplying three,fa,ctors, ete, ‘
\OQ& : - b \ o
— ; . < .
. - . \
' /) ‘ ' _"'
B %& I. L ’ \ - N
o Ziom L]
| ‘ | K/
‘ ' o 84 ]
. “ L - r. )
< 4']9.“) - .
¥ (-A \\u : ’ . .
[ ¥ “ "; . N ) 4
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3 ¢
C e . 60'=2 x3 %30 " | cf.“ e
' Easily seen s@b of factors of .60: '}A[, 2, 3, 6, 10, 20, 30, 60T.,

qfeﬁmk;gﬁ 12=2%x2x3, . -~ '
weM know "that '1 1s @factor of 12 (1 is 8 ‘fao,tor of eve
‘ . 2 is a factor of "*12., (Shown). ‘nur'nbex
¥ ﬂ | 3 is a,fastor- of .12, .(Shov;vn) AN
. b is a factor of 12, . (2 x 2) . L
e “ 6 1is a fac¥dr of 12, " (2 x 3) . ' “n -
- 12 1s 2 factor lof 12, (2 x2x3)., '

We also know that i2' is a fagto™of 127 because every number
has itself as a factor. So, we know thay? 1, 2, 3, 4, 6
and , 12 #ére factors of 12. "This ha}pp'en.sd'.to be the set of all
_ factors of 12, , ) e '
_ If we had written " h . - .
ol v ‘/12=f%2k6 . L oe .

3

wf

-1, 2, 6, 12 as factors~of 2,

L I

[ ’ ° i - 4
We could have. found out Just 'as much from

-

12=2x65asfrom 12 = 1 ’2x’6’

This 1s a good reason for. not, always specifiea.lly including 1 °
as a factor in a. product expression. o R ;

Expressing a number as 'a product of 2, 3, l&,.5 or even more
factors does not always give all- factors of the number* In this

4

section children are learning that’ different product expressions .

2

for the same number may lead fo, different sets of factors. For
example, these d;fferer‘produ expressions for 60 lead eaaily -
40 redognition of different seYof factors for“ 60. .

., 60 = x2x30' .&,
Easily seen set off factors of 60: v(l, 2,‘.\3('), 607,
., . \,

W-

i - T 6o 2x5x6- - * e
Easily seen’set 'of factors of 60: (1 2, 5, 6 106 12, 30; 601 //

4

Nothing assures us that the union of all these, sets of. facto 8 'of
60 ,1s ‘the set of-all facfors of 60, Z[ndeed§ from the

. ' ; y . R -
| A
- N 9(), 4' . a‘\ "’ . N “f ) ,

.~then; from this expression we would have &uﬁi only o . S
> L4 sor . ~ B . ‘ .




. - - ~,
. . ~

given factorizations it is cléar that not all factors Lof 60
are obbainéd gince Y and 15 are not in the sets of factors
) ‘and clearly theyaare factors of 60. . This réises the follpwing

V9 question: From which product expressions can we find all factors?
) . The answer depends on the idea of prime numbers ‘and is given in
. the section FINDING ALL FACTORS. . >
. Suggested Exploration- * B N . g
Q -.\ . Discuss the different Wways a product expression having two g
’ ' factors may be written as a product expression with three ‘
. factors,.  Emphasize the role of multiplicatién facts®
Discuss the way in’which product expressions &an be used to
. find factors. ' .
- - Show by example that different product expressions for the
‘ ‘ same number lead readily to some factors of'the number. R
Soiné of these faqtors might not be seen-at all if we ‘began,’
5 L . with a didferent product expression. This is guite evident
' : in our example which‘used different product expressions for
: 60. For example: . - -.
) b A 60 .= 2 X3 x 10‘ i N 60 =2 x5x6
Y ca ‘ we get the fgctors: o ) We get the factors:
Ny :V” "2 (given) - - .. 2 (given) “
' s 3 (given) o ) 6 (given)
' . 10 (given) 5 kgiven) .
o 6. (2 x 3) L - 12 (2x6) . ~
Moo T 20 (2 x 10) - 10 (2 x5) N
: . 30 (3x10) - - - 30" (6 x5) ,
. 1”7 1s a’'factor because 1 is a factdr of every number. 60 °
;:\ .- '  Is a raétor because everz numberxhasfitself as a fac%or. :
If 60 =2 x3 x 10, . If 60 =2 x6 x5,
PO - the factors of .60 gre: »  the factors of 60 are:
. 1, 2, 3, 6, 10,, 20, 30, 60 . " 1,42, 5, 6, 10, 12, 30, 60
»

. . Show by example that using 1  as a fa&tor to exténd a pro-
duct expression does not give ‘more information about factors:
Discuss the answers to exercises 1, 2, and 3 in Exercise
Set § in the 1light of these ideas. -,

2 . “ . ¢ \




WAYS TO WRITE DIFFERENT PRODUCT EXPRESSIONS FOR THE SAME NUMBER

e
1 L

There are two different ways to e‘x.press 6
St .

¢ .

as-a prb’duct’oij two factors. MWe can’ use the factors
1 and 6, or 2 and 3. . .

i T 6=1x6 . .

There are five different ways to ¢wr1te 30

. >

as-a, product of three factors. .The factors of o,

o .

” )
30 are 1, 2, 3 5, 6, 10, -15; and 30. - p

" * Using these factors, ’nam_e the 5 different ways.

Y

. L F0 2 /S xx 30
3 v = /_X2 X /\5‘ . i
» T = /’X3x 70
. N . = /;(5)( P4 -
‘. . ' -
A : = A3 xS~
]
» »
<
‘ J= = M
- 87 L




-

‘y

The factors are:
‘ 2 (given)
3 (siver‘.x)?":
10 (givén)‘
- 6 (2 x3)
20 (2 x 10)
30 (3 x 10)

.

“
~ .

The fgctérs we get depend wpon the way we write the

product expnessiod. If we write 6b 2 X 3 x 10, ‘we will

. :
find wne set of factors,

If we write 60 = 2 X 6 X5, we

will get a .different set of factors:- :

\

<

',_ ~ﬁ y .
.60 = 2 X3 x 10

\

60 =2 x 6 x5

The factors afe:

¢

1 is a factor because 1° is a fa tor of every number,

60 is a factor because ‘every number has 1tse1f for a factor, '’

I

)tf €0 = 2x3x10,

-

T the factors are:" ®

1

1, 2: 3: 6, 10, 20, 30: 60

-~

g .
L 4 . .

&5.-
If 60 =2 x6 x5,

the factors are:

1, 2, 5, 6, 10, 12,

¢
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1. Each number below is written as a product of two factors.
Use this to write the numbér as'a product ot tbree ﬁactors.
‘ :é.‘ = 4 x 3 A o .00 .
. Answer: 1231x%x3 on 122 2 x 2 x 3 ) ] ’
b. 8 =14 X 2 e, 18 = 6‘x } .
. cy 18=9x2 - £, 36 =6x6 : .
d.. 16*= 4 x4 g. 36 = U x 9 ‘ l;' .
v . o ¢ ,
2. Write two different product expressions for each of, these 4
. numbers, Use three factors in each product expression, :
Then use each product expression to find as many different
, factors of 'the number as you can.” Part. a. is done, for \
’ you. - "
a. 12 ° ' ' )
Answers: 12 =2 x 2'x 3 . Factors we can find: 2, 3, 4, 6, 12 :
12 =1 %2 x 6 Factors we can find: 1, 2, 6,12
. -~ I3 .
'y ’ ) ‘ - ' [y &
‘b, 18 ‘. ¢ A
- . o /
: P ¢ ™ 2
C-. 36 . . ’ ¢
d' 16 .1 .“ ‘."-o
T . N J -A r*. . i * . 1’
3. .In exercise 2, when we used 12 = 2 x 2 x %, we find thét - ”
) if we put ‘} in our 1ist we have all of tthfactors Q{\ -
Find whether this 1s’ true for each of the product expressions " ;*
in exercise 2, - ST i L '(\Q\f R :f‘;
' - , 0 - J ‘ 4. z
X - . ) t v . Y R L.
- . - X ¢ P ‘o Y
5 - " i;:-i«’ . ’ "‘ . ,:‘4-‘:'. -
X 89 ™ .

~s

i ‘
. d..m 4 mwuwm 7‘(/“,,,, 9 el 92

~ -

. .
- i, . [ -
L . <

Exercise Set “

Ve




How can we express a number as a product of three factors

in all different ways? We might first express the number as'
a product of two- factors in di'fferent ways, s

-

a. 10 B -
10=2x5 so 10=15x2 x.5 B
;d 1x lp,' so 10=1x1x 10 .

I can find two different ways,’
:-12
12° ‘ - 1x 3x 4, and
3x2x 2. .
1 x 2‘x 6, and
2x 2x 3 1(a1ready'found).
so 1x1x 12, and
12 = 1x 2 x 6. (already found)
and 12 = 1 x 3 x 4 (already found).
I can find four different ways. ..
o 1x 3x b ‘ ‘

)2;<2x3.

1x2x%6° .~

1 x 1 X 12 .

- Use the method shown in 2 and b to find as many ways aB
R,

you can to express these numbers as products of three factors.

7 I

c. - 16 . ' £, 11
d.. <18 - . g, by
‘e, 20 . h.




. '( ‘ "'- ._' ‘9
. . °
Answers Exercise Set 4 * | . .
b x 2, or 2 X 2 é< 2 '(po.ssibl_y differént order) - -
9x.2h or 3x3x2 | T ‘J L '_'“' o
4 x4 or 2x2x4 A I R
- - O : T ‘A.‘ AU B
6 x3 or 2x3x3 " ’ L S GV
‘ : oy ) * N :‘«‘ N .. : A L
6x6 or 2x3x6 N L "
4 x9 or 2 x 23x'9 ‘of " Y 3.X3 Y- )
v i :f" ‘. \ - |
. . [ - K . ‘
1x9x2 or 3 x3x2 or X 3x6. e \
. . .
1,2, 9,18 1,2 36, ‘9, 1851,.3, 6,..18 o
- ) "“ . " t - 3
1x6x6 or 2x5x6 R ‘lxhxg |
) - |
,,\6, 36 1,72, 3, 6 12, 18 36 1,.n, 9, 36 i
ql, . ) . ~ . ‘ K ‘ '.‘
. _or -others s O :
o oot ‘ .. ¢ > @\ ool
X b xhor 2x2xd or 1x2%8 - .t
l-, 4, 16 1, 2 h 8 16 l, 2, 8, 16 ,: . ~-:‘_*. K
‘ Dok A soe, B
. - . ;v e .
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- . '. "6 N
377b, If your\‘answer was 18 =3 x 3-x 2, then by addj,ng 1-

to your list of factors, you would have the set-of a1’1)

the factors of 18, 1.e. (1,.2, 3, 6, 9,18}, .,. .
c._'- Not truef and g’ o . ..
Ll . » ‘,
d. If your answer was. 16 = 2 x 2 X %, then by adding 1' .

L to.your ligt- of fac'gors, you would have the set of all

3
-

'factors‘cf ’.16 . i.e. (1, 2, 2&, 8, 16]' .
There’ is no way that 36 Y >< 9 could be express«xd as

©a prodnct of - 3 factorS@-thai: would aid you in finding

all the ‘factors of 36, Yokmusﬁ use 36 . 2 X 2 X 3 X3,

3
e, 2x2xl, kxbxiy zx'8x.1\ ' -
td.3x3x2 6&3x1, 9x2x1, 18x1x1. L
‘ . s .- : ) . '
e. 2xXx2x5, Zt._x,5x1~,——10x2xl, 20 x 1'x1_ - ®
£..11x1x1 - - -
- 2x2x1;, 1+>‘<'1.1x,1,~2:2-x_2x1,, by x1.x1
; ; . .
Jh. 2x3x7, 6xT7Tx1,,14 x3x1, 21'x 1I'x 2, "
d2x1x1 L
) h i ~ [y '
v A s L4 A
» * ‘ - - ’
- '.5\ .
- .‘
. . w'}.‘ i(‘ )
- o C A
\1 B . D ‘: A g
, € - =
—— 3
- - - \ o
’ .r A ‘ . ! ¢
.\ i e y -~
g
. v \
\\. . s
\ 1 ' - ‘ .
\\' . . ‘\
v 5.0 92 % . .
» / .
\\ ' v . . .va “ -
‘ 103 ‘
\‘ \ . ! ~ ) be
A , - ‘A ) -
< . ¥ b
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ONE AS A FACTOR .._ . : Cos

L

o~

Using 1 as a factor.in a pnodﬁct"exprqssion‘
~

tellg us nothing.we'don't know about';he fé@fBrs:

bf the number, <For example: o

Because ‘of ‘thig, when we want to know

factors of a number, we logk for fag}érg greater than

L3
< -

a,’ 'We know that 1 and 15 are factors of
15, since every number has as factors,
"itself &nd 1. Writing 15 = 1 x 15 tells

us nothing more about the factors of 15.

v
IS

b. If we write 12 = 4 x 3.x 1, -we know"

PR

no more about the factors of 12“g§hanﬂ _}

Y

Af we write 12 =4 x 3/ ¢
S v .

.. ) /f co.

‘¢, If We write 36 =9 x 4x1 or L

36 =1 x 4.x 1'% 9, we know no more ,

about the fdctors of 36 than if we

PPN

write ‘36 =4 x 9.\ o ’

3 &

St

* oﬁ .
1 -but less than the number itself.

moré‘about the

wwr

o ’

, . T
. v
.
L 4 K t o, -
.
.
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© — PACTOR TREES “— " ™ - L e e
- . ¢ . . i - ; ‘ -
Background: ' . .o ‘ ]
l{g < R N . s P /
) The process used to express a number as a prodict 6f more fhan -

two factors can be pictured in a diagram This diagram-may help
children See how a humber is “built up“ from smaller numbers by
multipliqation.- N 1 . » .

-

"A factor tree is a. way to picture factors. 36 ? 4 x 9 .1s

B

.* Tepresgnted by drawing: - . - o

- L

| C 36 . . , :
- e . s '*: ///‘\\\ c e .:. o

[
. v

We picture (2 X 2) X 9 by exten&ing this drawing to make: -

P, -
S /\ - ,

5 % 2 -, .- ] ..

X \- - [) ‘\‘)‘
~ A0 x g .
{ o /\ .

¢ . ‘.2 :X 2 .‘Xr"-3 X 3

Ir , for example, 'a different pair of. factors had been chosen,A
such as, 36 = 2 x 18, The drawing wbuld havé been started:

A - Y 3

ig/

- ' u, ) 36 . .) . v
. - /'\ . ) -
) S . 8 x'18 , .
36 =2 x (2 x 9) would be added o the diagram: ./
NN ‘ - . 3‘6 . . . ] - .
"/ \ s L .
g 2 x 18 v,
- »” , . - L. / . ?.‘3?» - .
S ‘ 2 X 9 - b A
N « : * ' > -
. N ’ ~ )
‘ ' .0
M - . A ’
. ) ‘.
.- oy - )
N %




Since 2 has only\ 1 and 2 as factorﬁ, it -would not bé written
. - . .. 1 \
as a product. To show this we would draw: . . . e

5 P -
~ .

, I’." . . , ‘36 \ .
- { /\ o
wy 2 X. 18 :
B ANEEEVAN -
. . “ ’ & 2 X 2 %9 .~
The picture would be: _ A 0ty
" ‘ . 36 :
' - . T~
’ * x .18 -, .
N ,

2 X 9 -

JUEEAN
X 3 X

This unit is good readiness for study of prime numbers You

will notice when a factor tree 1is completed, the last row 1s a
product exp}ession showing all the prime factbrs of thé product.

iy

g
I

2 X
Ll
2

Suggested Exploration. . . . .
> » . — . . .
Use the examples shown in the background for an explanation of
. ” factor trees. ¢ . Y !
Follow each®step caréfully. Do not ogit any of the procedure.
, Use Several examples {16, 15, 40) as necessary for the class.
- " . ’if )
‘ Y - ‘,{ ;,‘: R
' e L .
) R k/-: N ) . ' ',’ ) ’ h
. i . e
- [T N -
.7 3 ’ J.!; ,
\ f . - . .
' , e ‘ - -
RN /Tj L . i S ¢ X
2 o )
% N ’
Z E) -t . ' -
. 95
- ‘ - ‘.
S . 106 .
L fl . . 8

—as



RS3 . SR - D
. FACTOR TREES . .. ' '_ ;

) A "fdetor tree™ 1d a diagram which shows factora of a,

given number. Letts look at the number 24 We can give

product eicpréssions,with‘two factors (éach' one greater than 1)

as 'folloy:-s: 2 L S o/
. B, o . .
S ko= 2 x 12 ) o
h T ‘\24=3x8 : ' | .

]

o oh = x 6 : " . /
These product expressions can bé pletured by’ "factﬁ“ees" - .
-

. »

which look 1ike this. '

2

24 = 2 x 12 ° o 24:=3x8'1' »2.4=11x6.
> @ L] oo 3T . K

- " 21{ " N . . ,‘ 21‘ \ '
/N /\ - /\
2 x.12 - SR

We can picture ?l(product expression using 3 factors :

{each > 1) by-uSing. the "factor trees."

J a2yt Ja-axe % Shx6 - ,
~ =é./x (2 x 6)- - =3x (2x¥) | ='(2x2).,x.6

OR max @x A { - T oR. kx (259) '
' 34 24 24 ' . 24 - ‘.

SN AN AN /N /N
CA AN AT A
');N,2x6 2,x 3x.k 3‘x%x4 - :'e2x2xnl6. 4 x 2x‘3 -
oA .- B St T © D 0 E. |
' “ .' . . . . {"\"

.. L . ﬂ} " e




. .

~fr

\

, .We can extend

to 'pi?:tur‘e'how 21¢

the fac’tor trees at the bottom of page

‘can be expressed as a product of ¥ faotors. r

a

e

)

N

96

.

.. - ‘21‘} .
A oy A\ |
JFA R -\, '

‘. _2x2 x 6 7 2x-3‘x l
A S N VAN «
2x‘2x~.2x3 , 2x 3x2x2

. A ) B )

X A -
- > - . i ‘,'1‘ ,’
J . = - -
=L o4 To2h
SN N N
3 x 8. Tk b x 6 e x 6 T
VAN AN N AN
3x2 x A ke x 600 L W x 2x 3 |
AN AN AN A
X‘?XQX? . 2x 2% 2x 3 2.x2x2x3 1 o
SR ; ~ _ PR =
] : T

Is it pdssible to extend 'che factor tree to anéthe;c row
that would sl;xaw 211 é.s 2 product of 5 factors (not using 1

I . . . -
RN Y ‘ . ¢
. . 2 .

L . V

What do you notice ab‘}ut the 1ast row in the factor trees
in A, B, C, D, end E above" (J&Umw- f—u«( m-«/fm—
24 wﬁw‘/e!%«z;%z%md/‘// z}

- ’,' - . " .. s K
- ¢ A0,

as a facto'r) ?

-

R . . 108 . | s - Y e
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. v 4 ‘ ¥ 4 JJ
/ o - u‘i Set 3 , .
[ o ’ : 3 $
. 1. Draw two- factor trees (1 there are two) flor each of the
] . -
* I i‘ollow’ing nu@ers. Extend each tree as far as possible. S
‘ Do not use the factor 1. ¢ k " C .
g - a, 2 ' ' e. 60 I , ’
" B g b. 30 . Cf. 23 SO P T
' LS ’ ' - - ’ ’ \
' - e, 28 . B. -48 (mw{yw WLLLAan« .
s‘ ‘ N - = .' * o ) L 4 4 . ) 9
. tt.d. 35 —_ 7 *h., T2 * .
2. List the smallest number which has fall of these numbers Y
AN as factors. . T ’ .
o e 203, .5 (30/ . - -
o b, 2, 5, 7°(7. ’ S
’ ‘. C. 2, Ll», 8 ’ <8-) \ ‘ ° )
.- ) . 3 : “;\; .
N d. 2, 6, 12 (/3) I . I 3
- ) K . i . :' °
T A A A N -
‘ £.0%, 6, 8 (24).° «
. ' ) " ’80 5, T KJJ-) ‘ ) e B ¢ "' KR
- ‘: . < - . v A ;g'; -4 -
. . h., 2, 5, 7, 10 /70) : ' 4 N
* BRAINTWISTERS . .
. 3. 6 is a factor of 678 This means that 678 . must have .
. g7 /9 A 36, //J aa¢ '
- other fac,tors. What are they" ; .
3 o SN ¥/ AP T
Y ) 14. 12~ is 2 faotar of 2, 81414 What other factors mst )
By 2, 8‘414 have? ( e m al '
2&8‘44 a 9+‘f 7// H74 ¢
‘.;‘ - " . ’ ! 5 1y
, . o e ¥ [ 98
109 - =
3 4 b
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PRIME NUMBERS oL, T
Objective:

. " they play ‘in multiplication

Vocabulary Prime number (prime), composite number, Sieve of

Backgro&nq:

it

smaller factors..

Eratosthenes

.

o

I Note: The ocess illustrated with factor trees
always termihates, ‘perhaps after many steps,

- Perhaps. after one or two. It may happen that it

" dannot sbe begun, as for 5, T, 17, -23, since.
| ‘\numbers like this cannot- be expressed as a product
of "two smaller, factors. In this chapter, factors
shall always’ be whole numbers, Of course, It 1s
Just prime numbers such as these that appear in
‘the last leveél of a factor .treéa. - They are the -
Mpricks" from which all other numbers are "con-
structed" by multiplication. If one 1@ to answer,

we must become familiar with the prioperties of
these numbers, called prime numbers. Our study
‘will also have some. very practical consequences
for the ‘computation of greategt common factors’
- and least common yultiples. Least common
multiples will be reservéd for a later chaptex.
K ; ! . §§ bt

-

0

questions involving factors or product expressions,

\

To help children understand prime numbers and the role

Tk

g8

"It is nof possible for a'number to appear in the 1ast leyel
-of a factor tree if it oan be expressed as a product of two Whole
numbers less than itself. TFor example, 6 oannot appear, because
can be expressed as the product 2 X 3, The numbers in the
last level are those which,cannot be written as & proguct of two .

prime numbers.

4

These numbers in the last level are ca;led

A prime number is a number which is-greater‘phaﬁ 1 but cam-
.hot be written as the.product of two smaller factors that are:
a"whole rumbers greatér than 1. Take the number 3. 3 1B greater
than l but cannot be written as the- product of two smaller
factors. fTherefore, 3 1s a prime number.

on the other hand, the number 4 1is 1arger°than 1 but~can

be written as the prgduct of two smaller factors, 2 x 2.

is

not a prime number. It is a composite number,

So u

T el

.t

v

.t



. ‘” ' There are other ways to derine prime numbers' >

(1) : A prime 1s a rumber whichgs greater than - 1 but which
- cannot be written as a product without using 1 as a
factor. \You may use 2 prime'to meanfa prime number.)

(2) A prime (or, a prime number) is a number with exactly two
factors, itself and one. ~ For, instance, 3 1is primé (or,

= O ‘is “a prime number ) because 1ts only factors ‘are 1 and 3.
% 1is not prime (or, is not a prime ‘number ) because it has
factors:"1, 2, and 4. . : &

. »> 't . .
) A prime numbexﬁis'a.number with no factor which is smaller

‘ ' i is no factor of 37 - that is’ smaller than 37 but greater

—~——

than itself but greater than 1. 37 1s prime because there

" v ‘than 1, 6° 1is not prime because it has the. factor 2. that

is smaller than 56 but greater than 1

e "~/3 )\All these definitions of prime numbers are saying the same
' thiﬂg*» "A prime number' 1s a nymber which is,greater than 1 but
. cannot be written as the product of two smaller factors, each of

’ ~

: which is smaller than the number.™

’ . " A vhole nuﬁber which 18 not prime and is greater than 1 is
‘o . called a composite number. to : At
. A ':}. . : . ’ } = 2 X 2 . “
’ ‘ 6=2x3 ‘ ‘
[ " 3 - '
' . 9= 3 X.3
P q? that Bé 6& and ?9 are oompoai;e numbergf S
H ; 5 % " 7 .
+ N LY 'i- - - '
EI S * .»:_ -
. : ! .
1 &’N . ‘::‘ N
by f )
K4 ’ 3
t:‘\ )
A )
* 100

A
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" Suggested Exploration:

.. .. Write several factoritrees on the hoard, for example:

- 18 : -
’ O ’ ,
2 X 9
| VAN
2 X 3 x3.

Ask when we know we have finished‘a fagtor*tree.

Introduce the idea and terminology of prime ‘and composite
numbers. Use many examples. -

Definé a prime number as a number which is greater than 1
but which cannot be written as' the producét ofltwo numbers ,
each smaller than the number. e \

B a

-

ol
Define a*cohposite number as a nggbeglwhich is not prime and
is greater than 1. It can be written as the product of two
numbers each’'smaller than the number.

‘After discussion;, have children study pupil page 56.

~
.

e
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Ty,
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PRIME NUMBERS'. - = R .
. . . - . . . u" ‘ , ‘ '
- . "< . . ‘. ~ - * 4 [
¢ A prime number is a whole number which is greater
‘than 1 but cannct ﬁb@ expressed as the product of
e W ’ : .
. 1] . i
5 two smaller factors. ~ .
¢ . R .
2, .3, 5 T, 11" are examples of primes, e
- . , . . . . LY _,,: . . [
. \ . ‘The name "prime number" is usually shortened to !
+ N . * ' " 4/ ‘
v "prime®, . ) z
- ... N ; . r) l" B \ * ES
o * A whole, number which is mot. prime, and is greater | -
. g /’] - ’ ' ’ )
than 1, s called.a compos8ite number. !
. N . . ; . ] . . E
L] 3 .
A * = . A composite number is one which can be expressed
. P i ; ) . <
. ~ : ' . : ’
. . | a8 a product of two smallex‘\f\a\gtt?o\rsi.\ p .
'\ oy . - ) — . &
) \ 4, "6, 8, 9, 10° are examples of composite
t ~
, = | ° - nuwbers. - ) - SR .
. A , 4 "factor treé" can piéture prime numbers., This
[ 3 . v . i N - v k) &v‘ N
- W) . g . I*d |
: factor tree tells us that .2, 3, .and" 5 are p;-imeY
o ‘ - ’ | i - 71’ A .‘ . ‘
‘ numbers ., : -/:30\ ) ,
. . ? X /15& S
o b S-SV STV S )
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PAIRS OF FACTORS o . T ‘

.

;Ir This section is included as preparation for

the next section, Testing for Primes.f

IS ~

Background: . . ™

12,

The‘set of all factors of 2% is (1, 2, 3, 4, 6, & .
o4y, - . . : ' s
. o . - i
. m
1 2 3. <4 8 12 oL

The diagram shows that the factors-.of a number belong together

in pairs. 24, can be expressed as a product of pairs of factors’

.in these ;éx\~ . .
LY I3

A% 6 . 6 x 4

3 x 8 - . ] 8 x 3 .
- 2, %X 12 or 12 x 2
"1 x 2% ) 24 x .?i-’?7 ‘
K \ L .

If. one of a pair of factors of 24 1is less
than 5 7 then the other factor of the palr must
be greater than 5. For,_ example, if one factor

‘!ﬂg 4 (the factor less than 5) the other .
factor of the pair mist be greater than 5 since
- x5 =20 and 20 < 24, If both factors in a
-pair were 5, then their product would be 25
and if both factors were greater than 5, then
_their product would be greater than 25. This
may be summarized briefly in the following way.
Select 4ll the whole numbers each of whose
"gquares" ‘(the "square" of a number n - is”
n x n) is less than or equal to 2U4. These
numbers are possible factors of 24, Then test *
.each number ta determine if it 1s a factor. . .
Such of these that are factors will be one factor
of a palr of factor8. The other factor of the
pair can be found easily. In this menner all
~factor pairs can be obtained. ~

<7

"")-v ? 1‘14‘ j | .‘




t

. If one of a pair gf‘ factors of 36 is greater than 6, the ’
other is‘ less than 6. This diagram shows the pairs -of .factons. of

27

36 can be expressed’ as a p‘roduct.'of\pairs'of fgetor's in thes,e‘

ways. The pairs of factors are:

’
1

| e s

* In each case 1f\one of the ‘factors is less than 6, ‘the other )
factor must be greatqr than 6. .In any case, 1f each factor is “¥.
greater than ‘6, the product would be’ at 1east TXT= k9.

. - i ¥ - b
Suggested Exploratio g " _ L :

-

» “Use diagrams a&those shown on Pages 103 and % to illustrate’

pairs of factow.u ~ X
Using P57 for-class discussion, help the cﬁilg}ren make -
observations similar to these: ¢ .. 4&;
1. 1If one of a pair of Tactors of 24 is less than 5,
the other s greater than 5. If it weren't, \the
product would be _no greater éhan 4, x !j »=- 20,

- 2. If both factors in‘a palir are 5 or more, then their
" . product will be at least 5 x5 = 25; and 25 > 2,
N M : %,
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’. Queéti'ons .for‘ €lass Discussion

.
N

Ad. In each classroom in a schbol the seats form an array.

;I‘here are never more than 7_" rows of 5 seats each.
. What ois the largest number of seats there can be in a

. » .
s -*c],assroom? 35 T q o

N . [y
b » -

. . . f .'o ' v \

el

¢ -

2. I am thinlcing of two mumqeps. One is no greater than 8,

and the other is no greater than 7. What do you know

about their product? %Wﬂﬂ S &% ot Saas.

.

3. A number is no greater than 4. If it is multiplied by
itself, how great can the ppoduct be? /'é ‘or Seaws. oo

\

) ll.‘ The product of two‘numbers is 64, One of them is great.

than 8 «What do you know about -the othexe" ZU L, ke s
. B as 2 9

~ ¢ .

5. The product of two‘/numgers is " 100. One is less than 1(3
" Vhat do you t&xow about the other? A 074" ”"I"‘"t )66—\ /0.

6. A certain factor of 144 is greatev .than 12 What do
you know about the unknown factor'> 1& Sy S ,L.ZI s

' oo v 12
BRAINMSTE}? i vy Y ! SN ‘
“T. The numb:ar'~ % is equg.].‘%g to the sui of ita factors, not
‘ bincluding 6 itself. : 6 = 1 + 2 2-?. There 1is a.nother ‘

;g;ﬁ-

_ whole’ number* less than‘ 30 whieh.is equa’l to.the sum\of
1ts fagters, not inc}uding itself; - Find it. sz)
. . - . . s . :

- 3

A
A Y

AN
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. of larger numbers and in finding primes: <

TESTING ‘FOR PRIMES. - C. T

Background ’ —
The idea brought out on page Sf\can be used to make -the Work
easier An finding factors of any number and in 1ocating'primes.
Find the set of the factors of 15, 1 and 15 are both,
factors of 15, 2 1s tested and it is found ‘that’ 2 \i_ not a
factor Of/ 15, 3 18 tested and it 18 'found thaty 3 * is a-factoy
of 15. Since 2 1s not a factor of 15, then U cannot be a
" factor, because 2, .18 a faotor of 14, If 4 were a factor of .u
15, then .2- would also be a facfor of 15. . Miso, if 15 had a
factor greater than 14, the other ‘factor of the pair belonging
together would have to e ‘less than 4, .'because 4 X ¥ =-16 ‘and_
16.> 15. wWithout” testing further than 3, a factdr from each
pair of factors of 15 is found. The remaining ‘factors can be -
found from known multiplicatiOn facts or by division. - - For exampie,
3 X 5. 1s 15, 80 the set of all factors of 15 is (1,3, 5 ,
and §15 ] fhis\method greatly reduces thé womk in finding factors
Take.the.number 23, In every pair of factors, one'would
- have to be .less than 5. Otherwise their product would be at .
least _'5 X 5~ Theonly proposed factors necessary to test will -
be' 2, 3, and 4, - Multiplication ﬂdﬁt; demonstrate that neither
2 nor 3 is a factor of 23, Therefore, 4 is. not a Pactor 1;3"
of 23, " Since none of these is a factor, then the only fabtors
of 23 are 1 and 23 This tells us that 23 is a prime N
number. T o - . P "
"M another” example conqlﬁer 67 we ﬁish to- aetermine if

- 67 is a prime number., Consider the number whose "squares" are:

67 . or less than’“67 ThHese numbers are 2, 3, 4, 5, 6, 7, and
8. If none gf theee is a factor then’ 6]? is a Pprime numbern
The testing of these possible factors’ cani be shortened in this
.way.. Test’ 2 and find that 2 is not a f;kforﬁ then it
follows that neithe®* 4 nor 6 nor 8 1is a~factor because -
each of tqese has 2 as a factor, Then test 3 and find that
3 fg:not a. factor. (We already know that 6 'is hot a factor )




#

.

.‘consider only the prime factors whose squarésg are les

-~ . [

COnsequenth‘ only 5 and 7 remaln to be’ tested and” testing

shows neither 1s a factbr. " Consequently 67 is a—prim%» npmber,

Now observe 'chéit'/f all the possible numbers whose s&ares" are
less than’ 67, namely 2, 3,.415, 6, 7T and 8 1t was )
necessary 'co test ‘only the ones of these that are prime mumbers C iy

1. e., 2, ?,’ 5 'and T. . - . ;- .
N .. , ' AR N

e . < -
Suggested mploratiom - . -

Fron the sgegific problems, help children s.iilsgover the - o
generalization that to test a num,t.)e'r for wprimeness", we-néed |
than the " ;

number. One should not expect a.statement crf this 1dea until
further work is done. _Children can be aware of the notion and n ‘
» - -
use 1it-without being able.to express 1t in words. . .- Lo
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- TESTING FOR PRIMES . .~ . _ .

,The factors of a number are arranged in pairs. , This

'

. diagram shows ‘these pairs of. factors of 2&

If one of a pair of factors of ° 2& is 1&ss than 5,

bhe other is greater than 5, ' Why9
1' If one of a pair of factors of 36 is greater than 6,
the other is less than 6. Why? K .

At least one factor in every pair of factors of 48 1is

less than 7. Why? . v ’ !

L4 -

g . We can use this idea to make the work easiér in finding

factors. It also helps in locating primes, ~

.
.

v . v SupBose we want to find factors of 23 We can test

2, .3, 4 by dividing or by knowing multiplication facts."‘ ,

. None of these '1s.'a factor of 23 We know, then? that 23’

is prime because: if 23 had a factor greater than 4, the

-

s other factor would have to be 4 or smaller. Otherwise, their
product would be aé'leasp 5% 5 =25, .

"To know that, 23 1is prime, Qe,do not need to test any

.

»

other numbers as fag}ors. ‘We do not even need to test, 4.
Do you see WW : ‘ ‘ Y

. . .
. .
v
< .
) ~ [ ’
. «
e . N - E
! 4 - -
- o - - K
¢ - . L4 . -
™ - . . -
. i
' ' _]108
19 Y
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v . SR .
To find whéther 41 is pr
¢ | R .

must we test as possible factors? 2,3, % ..

Us
‘e
[§

4

- Exexcise Set 6

.

,‘ - . .
‘.".’ .v'

[

t
-

or composite, what numbers”

B

i

e'division to find whether .41 is prime. ' .

-

®

A\

Test the following numbers as you did Y41. If the

number is composite, express it as a product of prime

LS

factors. If it is prime, write ."prime.'." " °
o.’ . 3 y ‘
. \ . Example: 19 prime* 3
T e : 21 cdfhp‘osite, 21 = 3:X T
\ N . 4 . - o .
) . !
3, 22 = 2%/ - 9. '55 =&2/l . =
. ’ e , » . . . .
. ‘ - . .
b 27 = gx3+«3 10, 67 pres
<3 . 7 * .
. - . \—f w——_"
5. 31 pivme 11, 69 = 3x23 -,
e 7 . ~ ' -
: ) s 6“0 33. = %x//‘ ..l?.:' 8? f""“‘:‘; 4 4
5 “er . 4 . o .o -
s T 395 3x13 7 13. 87 = 3x279 &
i .} . . 3 b
. .. ) ’ . . '1_ .o \‘ .\
, 8. 53 e . ' - 14, 143 = // x /3 '
.. \ y ' . A .° . j
A :
¢ ‘f " - . .
- T
¢ ['Y
-
»‘ﬂ v 7
% . Y
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THE PRIME FAGTOR CHART
. Background . N -. N N 5

TgThe role -of primes in mpltiplication may be better understood
” with thé aid Qf an analogy. Like all analfgies, it requires
*. Judicious use and .firm resistance to addfetion, Experience

‘indicates. that~this analogy may be best appreciated 1t it is read *
- 8everel times s

« N 2

- The essence of the analogy'is the viewing of a number as a ~— - -
compound structure, say a wall, The wall is built ¥rom several-
different colors of bricks. By a brick, we mean a struc- -
. ture consistings of Just one indeeomposable unit. The analogy > .
,requires that we think of prime numbers as bricks The process of '
%utting bricks together to construct a wall corresponds td multi-
T plying primes to form coliposites. Given a pile of "number bricks"
\ oY & fferent ¢olors; so many '2's, so many 3!s,. and 80 on, many

. different walls can be constructed‘using some or all of each color.

' Sixfce - T .
’ , Qo;; 2 x2x3 xIS, . s ‘ .
» "the wall" (60) 1is made of 2 bricks of one ool¢v (2) and one

each of two other colors, " {3 and 5).
SUpgose, on the other hand, that we are given a finished
nulnber waig, €.8, 12, and wish to determine how it is constructed.

. We can break\the wall apart into ‘smaller parts, which #e must also
‘g‘ think of as wails, in several ways. (In the wall’ analogy& Iractor"”
corresponds to ”ﬁagt of",) The wall 12 breaks up into the wall 6

and the wall 72, It~also breaks into the wall 4 and the wall 3.
. %a . : .

]

o - . er




However for number walls 4s for actual walls,gno'mattér how we'’
break up the wall into smaller walls, if we continue breaking
pieces until each,piece is a sinmgle brick, then we must always
Tinish wlth the same collection of bricks. That is to say,.two
different sets of bricks, say- 2, s 3, 7 and 2, 3, 3, 5
can never form exactly the same wall. This is the meaning of the
uriygueness in the representation of a number as a product of primes.
‘ _Notice that the analogy-. does not provide a counterpart to the_
commutativity~of multiplication For the number wall, it does not
‘matter in what order the brigks are lqid the result_is Ehe same.
In an actual wall, a whité brick oveb a red brick produces a
" different wall tHan the veverse.

Neve/ﬁheless the dnalogy can be eitended to sogg of the proper-
ties of primes. Q?or example, if an- actual/wall contains a red
brick, and if the wall is broken into two parts, then one of the
two parts contains a red brick. 'This is the analogy of aruseful

) property of primes If a prime divides a product then it divides
- .2t least ome of. the £actors: o

- [

Note The wall analogy is suggested as a pos¥ibly
useful way to illustrate the process of factdriza-
tion and the rule of primes. It is strictly option-
al for classroom use, and no reference is made to .it
in the pupils! text. .. ’

Finding the prime fagtors of a number by testing smaller
primes as factors has several disadvantages First of all we must
already know the primes’smailer than a ee;tain number. To test
9,997 we might have to try aii primes less than 100. (lOO X
100 '= 10,000) and so we mudt alreéady know them. - Secondly, the
proéfss is extremely tedious It is particularly poorly~adapted
to the very ‘problem whose prior solution it requires; namely that.
of finding all primgs-smaller than 50 or 100 or. 200. 7

A much better process for systematically discovering primes
derrves from the observation that it is relatively ‘easy to write ‘
* dowp theﬁcomposite numbers less than 100. Each composite numher

M

v t
. [
A \ . 7

o. ;‘ i 113222
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less ‘than

100 has
wé 1list the numbers
which are larger than
bé among those left.

2: 3: }(: 5:- ﬁ,"T: ﬁ: '9: }’O: 1

[y @

. Y

2, 3, 5,
2 ' to 100
2

T ey

or

31,

¢

9,

.a factor, the primes still remain.

~ those with 5

or 7

as a prime fa

must be the primes less than 100.

This idea suggests the physicai analog& of a series of

v
-~

. P
7 as a

33 ...

<

ggctor.

and then stri:

Therefore, if -
out the numbers
and have 2 as a factor, the primes must

Loy, 13, s,
J[é: 17, ]/8:_ 19, ,3.0: 21, 32, 23, a{r: 25, 36:
%, 29, 30,

If we now also stri

‘27,

ke out the numbers greater than 3 with 3- as

Then we can eliminate in order

ctor.

i

The remaining numbq;&w§$§‘

-4

-~

sieves

through which a heterogeneous bunch of particles is.passed.in
successlon. The method we have descr@bed is actually called the
"'S1&Vé of"Eratosthenes, after’a man of 'ancient Greece who used it.

Using the sieve analogy

following terms:

First we put,the numbers 2 ‘through 100, onto a M2 sieve".

we cin describe what we have done in the

" This "2 sieve" holds only Aumbers larger than 2 with 2 as a

factor and allows the rest to paés through.
then fall onto 4he

"3 sieve"

TQese.passing-through
which retains only numbers larger

than 3 with 3 as a factor. The numbers passed by the 3 sieve

fall through onto the

sieve"

ll5

and then the "7_'sieVe".

which pass through the final "7 sieve" are the primes.

.|| Note:* 7Tne actuél\proce§s of finding primes in this
way can Be made to reveal more than the immediate
objective, and is somethin

themselves.

to the
enough

is shown. on pa
childreny

, camt be extended to. 120..usin

3) 5)
7 can
number

7.

section.

be filled in now.

at an appropr

The columns showi

g the children can do

It is suggested that the chart which
ge 60 be duplicated and distributed
Some children may be interested
to extend the chart through 100.
g.only the primes -9
ng prime factors up. to
The -column showing each

as a product of primes should be filled
late point in the work .of thes next

>

-

The chart

in

Those .

L




Suggestions for Exp}oration" ' S .

-

The wall analogy is 1nc1uded primarily for teacher backgroqn@..
If 1t seems appropniate to use with pupils, do so. Explore
the wgysein which a pumber is like a wall, factors are like
parts of a wall, primes’ are like bricks, and finding prime
number expressions 1s like finding the number of each color
brick that makes up the wall. ( ’ .
The Sieve of Eratosthenes offers a systematic process for
discovering’ primes. Discuss with children the meaning of
the word, sleve. ' ’ b -
Use the last paragraph of the teacher background (p.112) as
a gulde. .

l Distribute duplicated copies of the chart shown on P 60.
Either ask the children tq fi11l1 in the prime factor part of /
the chart individually, or do 1t as a class proJect., keep
the charts. The final column should bé completed later.

" Here children use the ehart in thelr discussions in Exercise.,
Set 7. - ' P

1
N




P60 v t ‘
THE PRIME FACTOR CHART ’ “ .
. Prime Factors . / Prime Fa}ctors
« Not 2 8 5 7 " No. 2 3 5 T =
prime - || 26 2 |- 2 x 13
31 . prime 27 3 3x3x3
2.x 2 28 7] 2ex
5 prime " 29 prime
3 2x3 | 30 3|5 2X3x5
7 | primé 31 , | prime
. oxexe || 32 2X2X2x2x2
3 3x3 33 3’ 3x 1
5 |2 x,5 34 : 2 x it
prime 35 51 7]l5x71
3~ ox2x3’ || 36 3 2x2X3%3
prime 37 : prime .
7-{2\x 7| 38 2x19 |,
3[s5] l3aks 39 3 3x13 [
oloxoxe || 4o- 5 23252%5
‘| prime 4y prime ~
3’ b 2x3%3 42 3 7| 2x3x7
prime “fi" 43 . - primé -
5 2x2x5 -« || 44 | owdx11 - .
3 713 x7 45 3]s -3x3x5
: 2 x11 |46 *2 x 23 :
prime 47 X . | prime .
31 " [ 2>exox3 | 48 31 -] ] 2xoxexex3
- 5] 'I5x%x5 .Hs . 717 x 71
: J 507 51 | 2x5%5
. ~ . . . a » ,’ Y ‘ &3
. . 2 :; ‘ )
= ERCETT "SR O .
N . 2 . .
A : te 0125 C
Ve .
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Exercise Set 7~ (ora1)’

- L . D G

Bsipg your prime factor bhart,:answer the questions.ﬂ

*
’
[

1. Look at all the primes in the chart that are greater than .

2. There is always at least ofie number between Z t

gf them. Why? %—M a)"Ma-xu, WW
S an%fﬁ oqi4l‘7uomuﬁ444}
2. Look at the numbera between 7 and 4g with 7 as ?

prime factor. Each number,also has 2, 3, or 5 as

a ‘fpctor, Why must this happen?.Zl,(\ ,n-q4, W
W p M’/M,.‘ aes. 2,3, aned Sare X ov\-éfm
Can\the rumbers from 2 to 50 have prime factors Which

are not shown on the chart? Give example if there
is oné. <?&4 21 f“‘ ;QJZR'Q) )

What riumbers in the chart are prime numbers in addition to
the numbers 1, 3, 5, and 79 { M ¢

» L
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; TESTING 2, 3, AND 5 AsuFA9T03§~OF A NUMBER ;
. M ¥ , . V\/ 2
Background. T on ‘
BeIOW'is a-list from the factor chart of the composite numbeﬁb~—‘
that have 2 as a.facton . £ i
. b 16 28 .40
Sy 6.- 18 30 4o - g )
8 20 32 4y ' =
¢ v v
. 10 . 22 34 46
12 24 36 48 b
S Py !
14, 26 38 50
The unit digit in each numeral shows that a definite pattern exists
- in those numbers having 2 as a factor. 1If is: 4, 6, 8, 0, 2, 4,
6,8, 0,-... . If a numeral ends in 2, 4, 6, 8, or o, the
number will Rave 2 as_a factor. We can draw a conclusion: In the
" et of all counting numbers, [Q; 2, 3, ...}, a number will have 2
_as a factor provided the unit digit in its decimal numeral is 2, 4,

&,8, or O.
There also is a paﬁiern existing among all the composiﬁe
numbers having 3 as g factor.

numbers in the chart having "3 as a factor.

A

Below 1s.a 1ist of all the composite

6 21 36 ) \
e . 9 24 39 - '
o ‘ 12 27 b2 k s
’ 15, 30 " 45 | .
. 18 33 48
. ' There is a pépﬁern in the.unitif digi%s'but the pattefn

gives us no clue as the pattern did for selecting the factér .2.
Al of the ten digits appear as units? digits in the -above. set

of multiples of 3, C(Certainly we cannot conelude that a number
whose unitst digit is one of the ten digits has 3 as, a fadtor.

L

- 4

-

[
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Consequently Qe must look elsewhere for a clue in determining

if 3 is a factor of a certain number. For this purpose

conslder the following numbers and the corresponding numbers

obtained by finding the sum of the digits in the numerals.
\ N

v s

Number Sum of digits - Number' Sum of digits

- T - T+1= 8 86 . 84+ 6=1k
92 ) 9 +.2 =11 304 3+0+ 4= 7

96 . .9+ 6 =15 522 5+2+2= 9

129 l1+24+9=12 675 6 +7+5="18

135 1+3+5 = 3

= 9 - 111 1+1+1

In the table abeve consider the digit sums which have 3 as

a.factor. These sums are the numbers 15, 12, 9, 9, 18, 3.
The numbers with these sums are 96, 129, 135, 522, 675, v
111. These numbers whose "digit sums! hav;\\3 as a factor also

themselves have_ 3 as a factor. Indeed 1t is true in general *

that "If the sum of the digits of a numeral is a number which
has as a factor;&then -the number named by the numeral has
3 as a faétar."

No proof of this general statement is given h're but the
following illustration may be of interest to the teacher.
‘Consider 2439: for example. We may write

2439 = 2(1000) + u(loo) + 3(10) + ¥ -
= 2(999 1) + 4(99 + 1) + 3(9 + 1) + 9o

and then bzwuse of the distributive,” commutative,and associative
‘properties 'we can write this as -

] T 2(999) + ¥(99) + 3(9) (2% a3 9).’
It shouid be clear now from this expandedgform of writing 2439

°

that if. 3 is a factor of (2 + 4 + 3 + 9 or 18), then 3 1is .
! ¢ 4

_a factor of 2439. - ; ,
In summary, among the set of ‘counting numbers, {1, 2, 3,

eesly, 2 number will have a factor of 3 “provided the "sum of its

digits" has 3 as a factér.. 111 has the factor 3 pécause
1+1+1=3 and 3 is a factor of 3. 1,437 has the factor

’
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3, because "1+ 4 +3 + 7.= 15 ‘and 3,:1s a factor of 15,
Also, 3 1is a factor of 765 because 7 + 6 + 5 =-18. b 1is
not a factor of 765’ because the last digit is not 2, 4, 6,
8y or O,

- There is one other observatioh\to be’ made at this time.  How .
can we tell quickly (without \dividing) whether a number has a
factor of 5% Make a 1ist of all the numbers in the chart that
have 5 as a factor 5 1s a factor of 5, so it may be included

in the list.’
' : 5 20 . 35 50 - v
) 10 “25 40 -
- ~ [
15 - 30 45 -

The.unitst digit in she listing is either 5 or 0. This“means o
that if the units' digit is 5 or 0, then*lt must be divisible
by 5 or have a factor or 5. There is no number that ends in 5
or O that does nbt have '5 as a factor. )

. In the set of all counting numbers, {1, 2, 3, ...}, a number
will have 5 asg a factor provided the unitst digit of its decimal
numeral 1is 5 or 0.° 235 has a factor of 5 because its unitst

digﬁi is 5. 630 has a factor of 5§ because its unitst digit.is
0. 630 has a factor of 2, .a factor of 3, and a factor of 5%
Since 2, 3, and 5 are each factors”of 630, then 2 x 3 X 5, .

2'x+3, 3 X5, and 2 X 5 are each factors of 630. Some of the *
factors of 630 are 2, 3, 5, 30, 6, 15, and "10.

Tests for divisibility by 2, 3, or 5 can be applied’ -
quickly to a number. .For example, 3 !

The unitst diglt is h, 80 2 1is a factor of T34,
734 The sum of the digits is 14%; so 3 1s not a fagtor of
T34, ‘
The\pnits"digit is 4; 80 5 'is not a factor of- T34,
The units! diglt is 5; 80 2 1s not, but 5 is a
f factor of 615, . '
The sum of the digits is. 12; so 3 1s a factor of 615,

615"

9

[N,
]

118 ) X

RS 1 -
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. Suggestions for Exploration' » - . .

Develop rules for divisibility by following the baokground
and referring to the prime factor chart pupils have Just
completed. Much of the background for rules of divisibility'
can be drawn from the pupils! observations as they work .
with the chart. ) . .
First, consider numbers divisible by 2.. Proceed to 3's
and 5's. Then give several examples in which gll three

are tested'as factors of the same number, )
“ . |

"~

-
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TESTING 2, 3, AND 5 AS FACTORS OF A NUMBER ' .
. A - -~ < &

P62’ o _

2" factor if the unitst digit of its nume,ral is <0 or 5“.'

-

e J -

. P . . .

From our study of the Prime Factor Chavt we observed:

In the set'of counting numbers, {1, 2, 3, ¥ .,';],’ -

number will have 2 gas a factor if the unitsl digit of

its numeral is 0, 2, "6 or- 8. o o )
. Exgrppies’ of-cOunting numbers which have a ?actor -t
'L of 2 are: o, 182 364, %6, 218, T
In. the set of countiﬁg numbefs, a numbér will have 3 as a ;
factor i{ the sum of the digits in its numeral can be ° . .
divided by 3. - ) '. -y , )‘. g
. Ex ol counting’ numbers which have a factor of ’
3 are: ] . o ‘v‘ ’ i .
951 - (Because 9 + 5+ 1 = 15 andzls' can be divided ,
by 3.) _‘ o ’ : "N .
543 (Because 5 +'4 + 3 =12,) . <. 1 y u

864 . (Because 8-+ 6.+ 4 ='18. 864 also has 2 for o B
- LY
a factor because the units! digit is 4.) T,

3

<
,

. . . 4
Inthe)set of counting numbers, @ number will have 5 as a

Examples of counting nwnbera which have a factor of

5 are: 4,835, 1495,'and “860. T i
495. would also have 3 as & factor because the sum )

of the digits of its numeral can be divided b'y 3.

. !

850 would have-a factor of 2 because the units' A e .
- . S ) .
digit in 1ts numeral is 0. . . . o
T ! ) . . O
v e ) ‘ 1 . .
Sy | » .
. 120 .

131 -




o ’ e T : -~
- . : SROT J P
e, ’ /‘. ‘ CT
- . ! e
Y .’ 1Y
Exercise Set . ] s
7 . — . N ’
‘ 27 : i -
ud "' - . .
Find one prime factor of each o*f the “following numbers. o Lo
y
‘.« . Al ‘ . . k-4 , .~ .
1. 785 5 , - 5. - Ll» 8% J ',‘. ' . 1 -\'.
N - d. 2
2. 7,012 2 6. 14,083 3 L
3. 8,001 .3 . 7. 67,210 2 or & '
’ . 'b/ I & N
)uo 7,136 2 4 8. 60’.105 3: O;‘ J/
. . ok
Find two diki‘ferent prim.e ‘factors of each of the following : - )
numbers, X '_ ) L]
9. 405 Jads  12. 5,055 34—-»1 ; L L
10, 6,780 2els desls, 13. 4 3111» -2 ...,l.a B : ¢
P or 24.-'( *
11. 3,042 2.4 14, 6,060 2 a3, 3..J.r o :wls' -
'Wri{:e 2, 3, and 5 in.the oormct-piaceg in this .chart, .
Exercise 15 is done for you. = o .o o ¢
‘ s ’: 4 PO ]
Number These numbers :| TheBe numbers - | . . *+ I. .
are factors | are not factors, Y .
R R .
. . & - © R
15:.‘ 365 { (" 5 - ): ’ 2’ 03.‘ - . .
16 g2 (2,2). (£)- : i
n ) P ) R
R Y 4 -_’835 (5) '1'11‘3? ;ﬁ N
18 3,681 (3) ks - -7
—— — : N
19 370 (2.5). G): . T .
- 20. 86,910 1 /‘? J i R o g . . Lo
Ty :
. / ’ : v, "3
\ T ! . YL ; s
. f - - PRI
g 121 . 7 - r\ﬁ( TR ' -
": . 1 32 'Af ) o ‘; Q col ’&‘ o
CoL L
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BRAINTWISTE{S: ) -
. P P
‘ For each exercise below, whab- are all  the numbef's less
N than 100 which have these numbers and no others as
©N prime factors?. ’ - ’ .
R : : ' Y
7 21. 3 and 5(/5,45,75) 23. 5 and 7 (3-9

“'22: 3 ana 7(.%/,(,9 24, 2 and 11(,?.2,4‘/:79'

Y N
AR
- &
o
¥
I
- .
x . ‘ ’
- »
o
. S °
’ *
v -
’ -
A
v 4
o -~
——— .
. 122 '
I~ *
0 . "
> ¥
! .
133 :
d .
o R
) % .




COMPLETE FACTORIZATION - * : .o
B{ kground‘/ - ) . . .
. ?_ - when the. facton_tree can be extended no. further, the laat\row ~ _

a.lways contains all the pr.:Lme factors of. the number, If a number -
in th tree is composite- (having a factor smaller than itself

but reater than 1), two more branches can be drawn. T
Example: ° o ' . ’ .
o /54\ " A composite number, 54 '
"9 : . .
. 6 X 9 Both factors are composite, " a
- P /\ l v . N . - . .
T2 X ? X 9 In this row, we have 2 primes
. |Y VN .’ and one composite number. o
27 x 3 x. 3 x 3 All fattors in this row are primes. ‘!

Every composite number 1s the product of smaller factors' Ir
one of these factors is composite, then it is’ the product of smaller

factors If this pro‘bess is continued, a product will emerge in .
\ which no factor is composite, and every factor is a prime ‘For , -
/" ‘example, in the tree above -- - ---- - - .
54 =6x9 : ’\ 6, Bd 9 are Both. compoéite )
: =2}/_3x9 ’ (2 and 3 are prime but 9 1s ©
¢ compostte, ) -
- =2xX3x3x3 (AlI fdctérs are prime. )" .
Another approach eould be taken: ’ P co T
- ) 54 6 x9 . ‘ (6 and \9 are both cmi.te.)
. . . . \! R .
) =6 x3x3 ’ (6 1s cdmposite and 3 is' prime.)
. . A - *

]

2Xx3x3x%x3 . {A11 factors are prime,) , .

°

:‘ -..‘v .
Look. at several other numbers:

£l

- a
® o N 24 =3 x8 < (3 is prime and 8 is composite Y)
. . . “ o,
- =R X2 x4 (3 and 2 are prime and- 4 is . ’
. . A ) \/ conmposite.) . Rk . :
R S =3Xx2x2x%X2 § (A1l factors are prime}), Lo
a A \ ¢ L. A
» . > s o ol ' ',«'
v s € o
/ | N
4 2 » { - N Rt .
r . - s

.
N . ~ . ’ ~
¥ N B R
- . M ' ‘e & = . .
c . N
.
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‘ 4 ' T .
P L\ B6 =4 %9 (%~ and 9 are compos:lfte )
=2 xX2X9 , (9 1is composite ) - .f ‘ )
.= 2x2x3x3 (All factors are ‘prime. ) - -

' T{xi‘s method suggests that every Humber greater than 1 is either :
_prime or_is a product of primes. The expressirqn of a number as a .
product of primes is the ‘source of much inforrﬁatioh. .Since we will
use these product expressions throughout the remainder of this unit,
it is important to devise processes for finding them. Sometimes

1t is-'possible to begin with a known multiplication fact. %r

, example, to afind the prbduct expresslon, 'using only primes,. for
}Sl we may begin by remembering "

. - .
36-=4 x9 or -
i 36 =6 x6. o . ‘
Now we think‘of multiplication facts giving &4, 9, or 6 as
- products:. ‘ ‘ . C -
L. 3 =dxg , 36=6x6. ,
=(2x2).?<9 = (2 x'3) x6 1"
- 3 Ty . R
= (2 x2) ¥ (3 x 3) “=(2x38) x (2 x3)° -~

This way of fectoring ,éan be looked upon as a "splitting process".
Notiée that in the twg' solutions above, the final product expres-
sions are the sa.me e)tcept for order. The splitting process, applied

o, k2 might l.ea;d £o any of the following, depending upon what
facts are used. < s S

- . . <

, ) : . &
rok 42 = ?«“X 21 o 2 3 X 14 42 =6 x 7 oo
Fex(3xT) =3%(2x7) =(2x%3) x7 "

Again the .splitting process was useqd in 3 different ways. Each

time vt:he ‘seme prime factors, apart from order were found,® R
The splitting process requires knowledge of many }multiplica-

‘¥on facts and is difficult to apply to large numbers. °'1‘here 1s

a mo,re systema,tic way of factoring fhat requires 1ess knowledge.

Begin by .examining the units? digit to see 1f 1t has a factor 2..-

I;t it does, b'hen divide the number by 2. If it does not, .then
- T Y

' € . ’ . -, s
B .




: check by division the prime number 3, then 5, then 7, ' then
11, then 13, etc., until *all possibilities Have been examined
It };he rﬁmber does have the factor 2, then find the°®unknown ‘
N factor and proceed to test 2 as a factor of it. Suppose we wish
to write the number 156 as a product.of primes., Since the last _
- pdlgit s 6, then 156 1s divisible by 2. Division gives
. ) . 156 £ 2 x 78, .

! ’i‘ '

Again check to-see if 78 _is-divisible by 2. It is, and
division gives

-

-

156_£2x2x39. ) -

Look af 39. BecauSe the last diglt 1snot aggultiple of 2f 139

.1s not divisible by 2. Check for aiVisibility by 3. 3 + 9 5 12

and 12 can be divided by 3, therefore 39 1is divisible by 3.

Now, ) ' . ' ‘e . .
156 =2 x2 x.3 x 13." S

TR . -

.13 1is not divisible by 2 or 3 " (or any other prime number

other than 13), therefore 13 1is prime. ‘Thisyproceﬁ—mi.ght be

Y

called the peel'ing process. - . . *k”i’:_/
B SIS
The results of this process as a‘ ed to 780 _®an be i
’t’»
‘summarized-as follows: : i ) - -
[V . -t { >

‘ 780 = 2 X 390 - o , . M

= (2) x (2 x 195) -~

= (2) x (2) '><z(3 65) “ T e
. = (2) x (2)x (3)«")‘(%(5 x 13) « (We have all primes,

~ . A : . so the process is

. ¢ complete. ) .

I ;‘/ w.
1t™1s conveniern £ to think of factoring as'a . ||.& | .
"splitting" or peeiing process. Howevér, these
two names for, the two diff erént®ways of factoring .. .
' ¢ || may or may ndt be‘used with children. "It is possi-3ll =+ .
5 }| ‘ble that as childremwork with these two different . [ 3
o || methods, they will develop names of their own to
d suggest the twe ways .of factoring.* . - -
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The next goal to be reached with the pupils
is the expression of a composite number as the
Product expression of all .the prime factors of , °
‘the number. Complete factorization of a number’

" means that the number Is expressed as the pro-

duct expression using its prime factors. For
example, complete factorization of 24 means -
214=2p<2x2x3¢ -

" As well as the cimplete factorization of a
number we shall consider alsc all the factors
of -a number. Finding all the. TBctors of & num-
ber is studied in later sections in this unit -
Dbut 1t may be well to contrast complete factori-

" zation ahd.finding all factors af this time. The

names of these processes seem to sugge&t"they
might have the same_meaning but they are -quite
different and must not be confused. The complete °
factorization of 24 (for example).Is expressing
24k as the product expression using its prime
factors. This can be done by the use of the
‘factoratree; or some other fay. But, finding

all- the factors of 24 reqdires finding all
¥actors (prime and composite, if any) of o4, '~
namely 1’ 2’ 3’ u’ 6"8, 12,” 2‘4'. ‘ -

s )

Examples, . i _‘
36 =2 x2x3x3 This is complete
factorigation.
' 1, .2, 3% 4, 6, 9, 12, 18, 36 is the set

8et of all factors of 36,
50=2X5x5
factorization. .
1, 2, 5, 10,725, 50 1is the set of all i
factors of 50, ‘

14 =2 x2x2%2x3 x.3
: complete factorization.

This- is complete »

This is

L4 b ¥
1 2"3’ u 6’ 8;'9’ 12, 16, 18’ 21{, 36,’
hé, 7E£ 145 is the set of all factors
Of 1 ., - = " ‘

After complete facterizatiqh of 14#,J for
example, the, set of-all factors of 144 -is
obtained in the following manner, = .

~From the product.expression 2 'x 2 x 2 X

.2 X3 x3"(1) selectall the different primes —

which appear in’the product expression. (2) Then
from the product expression select gll the pro- -
ducts of two factors, (3) then of ‘three fadtors,
(4) thenrof four factors, ete, o

. \ "
»

N R

)
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+* These are respectively

%

;

; "We know 1 and 144 are factors of 144, Ffom

1

'(1)7.2:'3 )
(2) 2x2, 2x3, 3x3 ,
(3) 2x2x2, 2x2x3, 2x3X3

(4) 2x2x2%x2, 2x2Xx2x3, .-
2KX2X3x3 .

(5) 2522’;<2x_2x.3, Kx2\'x2x3x3
and finally - ° "
(6) 2x2x2x2x%x3 X3,

the original product expression for 1u¥, (Tﬁis
. last one 18, of gourse, not needed as we knew it
from the complete factorization. )

From: (1) we get the factors 2, 3
) (2) we get the factors 4; 6, 9. o
(3) we get the factors 8, 12, 18
(4) we get the factors- 16, 24, 36. .
(5) we, get the factors 48, 72 -

-

>~

'thé product expression 2 x 2 x X2xXx3 X 3
we have found that_ 1, 2, 3, 4, 6, 9, 8, 12, 18
, 16, 24, 36, 18, 72, and 14% ave factors of 1uh,

It is afébnsequenoe'of a property of primes that
this method yields all factors of 144, Thus the
set

{1, 2iui3+§ 4, 6,.8, 9, 12, 16, 18, “2#,.36, 48, 72,

is the set of allwfactgrs of 144, - . ,




Qutline for Exploration:

‘ © ', Write a factor'tree for 5S4. on the board. . - g

i

«
~ - DAY
’ B >N

/ ©° Analyze the numbers at each level. . )
Children should see that at the last 1eve1, each factor Tn
R 3 ) \
: ‘ the product expression is prime. .
! } Continue with other examples (2%, 36 42, etc.) ’ .

<« ¢ “Be’ sure chlldren see that, regardless of the first multip;i-
cation sentence written, the product expressions at the last level
of the factor tree are the same except for order, i, e. t

y Y

3 x 1% o4 =6x7

([
LI}

W42
T, 2X3x7

2x21 . ke

v

2 X3 XT.

I X2 x7

- Two different approaches to factoring wereNméntioned in the
background. Both of ‘them,* although not necessarily their names,
should be presented to children:’

" METHOD A (Splitting) ._ .
36 =4x9 36 is written as 4 x 9, .
=2 x2X3 K 3 4~ is written as 2 x2 and
B - u—:; 9 18 written as 3 x3. S
"+, In this method, multiplication facts are used.to write the
composlte number.as a product of smaller and smaller factors until
it 1is expressed as a product of primes. st w7
¢ ‘ / -
R . - ’ 4 ‘.
. ~ .' 4 .
~/ r )
. 3 ? o !
- 3 : .
; "
Y ¥ * ¢ L3
. 128 0 T )

(’

of



*.MEFHOD B '(Peeling)

140 2ryf7o . .2 1is a .factor of 140 by divisi-
‘ ; : bility test.

2 x (2 x 35) . 1s a‘factor of 70 by divisi-
‘ , bility test. Nelther 2 nor 3°
. 18 a factor of 35 (by divisi-
bilit&) “

- [
(2.x2) x (5x7T) is a’factor and the other
te factor is T.

-

In this method, we look for prime factors of fhe compdbite
number by testing the primes in order, starting with 2; ite.[
we try 2, 3, '5, Ti €te.- -

Several examples of each method may be needed before under—
standing is realized. ~ - '

.

Example:’

252 = 2 x 126 (Peeling off 2)

2x2:x63 (Peeling off 2)
=2x2x3x2l (Peeling off 3)
2x2x3x3x%x7T (Peeling off 3) ..

. Children. and teacher should ‘rgad and discuss pupil pages 65 .
and 66 . . "
After Exercilse Set 9 has been completed, children are intro-
duced to a property of products of primes. This property, stated
on pupil page 69 is called the Fundamental Theorem of Arithmetic.
This idea should be discussed carefully with pupilg.

31
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COMPLETE FACTORIZATION «

Every composite number is the product of smaller numbers.

Kl

.. If one of these numbers is composite, then it also is the

(]

product of smaller numbeds. *If we continue this, we must

¥

1

come to a produot expression in which no number is composite

and every factor s a prime. Doing this is called o complete

a

factorization of a composite number.

I 4
An example of complete factorization'

’ y . . A picture, using the
4 s .
* factor tree is;
o & ' ' ' ' / 2“"\
o4 =3 x 8 (3 1is orime.) : 3 X 8 .
. (8 1s composite.) 1/ 7/ \\”f
. . =3x2x4 (3 and 2 are prime.) 3 X2 x\&4 -
/}V T (4 is composite.) I - I \\
- =3Xx2x2x2 (Al are prime,) 3 X2x 22x 2

=2X2Xx2x3  (Rearranged for conveﬁ1ence)

i

(o)
N
/

56 =6 x9 - . (6 and 9 are composite.) ‘/6\ 5% ?

. =2X3x9 (2 and 3 are prime ) ’ 2 xX3:x 9

' (9 1s composite. ) . ‘l )/
£2x3x3x3 (A1l are prime.) b L2 X3 x 3 x 3

’
. , - B
. - -

Thls suggests thax every number greater than 1 is either
' prime or is a produot of primes.

s
.

. g *
[ . ‘ . ¢ /
- \ 9 ‘ .
130 ‘ "
. o141 ; o

Kl .’
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. How can we find a way to express any number as a product

$
4

of primes, for' example 367 . . v

. We may kﬂow some way to express the number as a product.

. . 36 =4 x9

a

<k

« Continue. until we have only prime factors,

Py

o

i .
. . Ve \
\ - f 4 x 9
. /\ |
- 36 =2x%xXx2%9 X2x 9
I I -/ \
) 2x2X3X3 . 2X2x3x3

This product expression 2 Xx2x3x3 1is the complete ' -
factorization of 36

Anofher way to express a number as a troduct of prtmeﬁ is
by testing small prime numbers such as 2, 35, 55 T» eteuy
to see, if t?ey.are factors of the numbers.,

. Exampfe: ( ' ’

e 36 =.2 x 18 (starting with 2) -

Then we look for prime factors of . 18 starting with 2

36 = 2 x (2 x,9) ’ '
Then we look for prime factors of 9,  startingwith 2. Since
2 1is not a factor, we noxt test 3. : 4

| 36 = (2 x2) x (3x3) |
=2 X 2 X 3 X 3, , o

L]

Either oft these ways may be cailed factoring, Sometimes.
o

‘3 it is easier to.use one procesB. Sometimes it 1s easler to.use

~

v '

A

. the other process. With practice, you can find shortcuts by,
combining them. ‘ '

Then we can write eacﬁ composite factor as a product expression.'
ok
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Exercise Sét 9

;»m«.. are 7e o ot ‘34'““‘

Express each number below as\a_product of two smaller

factors. If possible, then express one of these factors as

. a product of smaller factors, Continueiuntil you have expressed

the number as a product “of primes. * This 1is oné factoring

process. Show your work by drawing.a "factor tree". . <<;\
: ' ! " ! - ) £ i \
Example: 12 = 4 x 3 . L12
e ' or, //'\\\
| =(2x2)x3 - 3
. 4 ‘“‘ /\ '
* . - . 2x 2 x 3 R .
¥ : . ' ' : : - e
. . 12=2% 2% 3
1. 16 6. 28 - ' .
‘ 3 . . " LD
2. 18 ' . . 2 70 30 d \
. C ,
3. 20 8. 35 BRI
4, 25 . 9." ko ,
) .5, o7 ¢ B o N .
- - : ) , ]
. - 10. Do exéreises 1 through 9 again, but this time

start with a different pair of factors ir there is

¥ o another palr. . N
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11, Folloiwing th_é example showw; express each number as a

~

product of primes. Draw a factor tree for parts b, 4, f.

Example: 24 =6 x 4 , Y] .
=2x I x4 . \, 6/h
, ‘=.2x3x2x‘2 §/><\3x2/><\2 '
. . o 24 =2 x3x 2% 3
| U S
. a. 30 c. 84 e, 128 =8 x 16-
b, 72 4. 9% £, 288.= 12 x 24
\ g. 225 =15 x 15 iy
] 12.' I‘Jse any factoring’ process to write each number as a \,
. p\ro’duét expression of\primes'.‘ ' A} Lo ,'
a. 144  Answer:’ 144 = 2x 72
F =2x 2x 36 .
. v Lowox2xib
) - =2x.2x2x2x9
’ , ©. Sox2xex2x3x 3
b. 225 e.» 385 , ' h. 189 ,
c. 88 1. 127 10188,
d. 363 g s
13: Without,,%multiplying, write each ”Pdmber as & product
egcfmession‘of primes. ' K R
a, 18 x 60 > jd."50x50 ¢ P_(.
b, .2 x84 e, 125x 64 .
c. 21 x'78 © o f. .25 %320
: o~
: ' ' B ¥ R L
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. e Exercige Set 9, Sample Answers '
Tl_ “'j".~ " ‘; e ) v .
- ‘1, 16 "2, 18 ‘ 3. 20 b, 25 B
N '3 x 6 N - 5 x5 . ¢
/\ l /\ - /’\Kﬁé":-:'f,.\' '
. 2x2x2x2 XxXa2x3 - 2xXx2%x8§ =
- - \. N . @ ht %
» b ,
w5 o7 6. 28 —— 7. 30 "w 8. 35
N\ /\ /N VA
'3 X 9 y x 7 - 5 X ‘6 5 X .7
. \ | . R
" 3X3 X3 2 x2xT7 5X2x3
13 . i i N (
- e
: ) ’ 7 /\ ‘ ) "\ ‘
. ' bo% 1o :
A " - \“. =
. N\
, ANWA

e - -
. -~ ro S . :
. . . . N . LR p A

NOTE: We have gd(ven“*orrly one solution to each exercise» There




2 X3 X577

11, a. 30 = ’ o
No§ Factor trees
b. T2 =2 X2X2X3 X3 or b, d,andf
. : S will vhry ' .
B =2 X 2 %3 XTI sl .
- . . R . \ -9
e G0 96 =2X2X2X2x2X3 .‘
' v - ' ‘ [ 4
e. 128 =2 x2xXx2x2x2X2Xx2 . )
f. 288.=2 X2 X3 X2X2X2 X3 : ’
B . . o " FY . .
g. 225 53 X5x3x5 : ) AN
12. b, 225 =3 X3 X5X5 )
! c. 588 =2 x2x3%7TXxT . .
kY “ * ~ .
- d. 363 =3 x 11 x 11 . . ? -
) e. 385 =5x7-x11 . . P
£, 127 is prime. - ( e T s
:. mﬁ‘i ’ = - L3
. . 585 =g X3 Xx5x%x13  ° , . .
’ R - . -
. 189 =3 x3 x3x7 .
~ ST . - ’
.- 1. aff= 1 x 137 0 ORI - .
b PR - 51 h R
13.. 4. 18X %x}x})x(ﬁxQx}xs) ) . Y
"‘,'s 3 ,} 2X3X3yX2X2x%3 X5‘ a" . . . o :
_ b. b2 x8M) = %x; xqﬁ‘kgza%axsx'z A K
; . - - PP o ¢
g c. ‘21'x78=3x7x2k3%ﬁ ( o
t . \
"d. 50 X50 = J .
U - 125 X 64 = Ve
! , %ﬂw
f. 25 X 320 = ° :
- ‘: ~ A
—
: *
’ .
“'./“'
.. .,
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" A PROPERTY OF PRODUCTS OF PRIMES ‘

1
., B - R

.

. R N ~
The results of the last exerecises suggest that’'we have
found a general'property. We might state it as:

¥ o

- . - .‘
N Except for the order inéwhich factors
" afre written, a- composite number can\be T
= Xpressed as a product of primes in ¢
. g - - - -
- ] only oge way. ’ C " '.
You will not find any exceptioﬁs to tﬁis proberty
- 3 .\»ﬁh_
. because there 1\§ a vway to show that it-is always true. We do

» . -

not attempt to show in this onk wﬁyq this is true. Howevér,‘
, N . . . L]

as you use it you shouIci become more ‘sure that it is‘/true.
- . ¢ . : .

/ s . . ‘ . . N .
The statement in the "box" is called The Fundamental Theorem

-

3
L ] .

of Arithmetic, . '+ - ot
-'—'C__—.

- g . -
- - b
\/ < .
.
.
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fWDING ALL FACTORS Tk
. Background: .o .
4 Note- The product expression of a number, using
5 prime factors, is always-the same regardless of -

the method by which it i§ obtained. This fact -
+ can be used to Justify our methods used in |

finding:
a1, All factors of a number v g
2, fThe gréatest common factor of a pair of '
. numbers -
‘ * 3. The least common multiple of a pair of

nurbers (in Chapter 5 .

These methods are discussed with increasing

formality in the pupils! pages (70, T1l, T4, 76) the

" background material (137, 146 ) and in the mathe-

matical summary at the end- of the unit. ’
~It might be helpfur‘how to reread tnk’back- .

ground on page. 126,

. If it is known hoa to express\a number as a product of
prihes, then the set§5 f all factors of the number can be found

Example: 60 =2 x 2 x3 x 5. N

A number can be expressed as a.product of primes in only one way
* (disreghrding order). Some of the things that can be found are:

.. 1, The prime factors of 60 are 2," j, Eﬁd 5. R

2. By multiplying in sets %% two the factors in the
~product .expression (2 X2 X3 X5), 1t is apparent
that 4, 6, 10, and 15 are factors’of 60,3
(2'x 2, *x3. 2 x5 and 3x5)

3.0 By multiplying in’ sets of three the factor the‘ .
product expression, it is apparent that/’;:’rﬂ2g, and

30 are also factors of 607 (2 X 2 X 3, 2x2x ‘5,

. "2 x 3'Xx5). There cannot be any other factors ex&%pt

1 and 60.

R ¢ L ’,. °
4 {1, 2, 3, 4 5, 6, 10, 12, 15, 20, 30, -60}

O *is the set of all factors\o{ 60.
: . NP ’
i - ‘ / °
» ’ / + /
' ~ ' - . =2
. ’ . t - -~ - - *
.. L} N ‘: " v - ’
. ‘ re
B4 . .
148 -~
O - - ~ T

. S ‘ -
) .
. o . - -
B v - .
- . 0 .
PR i Text Provids ic .
- - . . . .
5 . - . -

7




In genefdl, if we can write a number ds a product of primes
~ then we can find all factors of that number in the manner used
in finding allefactors of « 60, - ' \

, - That we get all factors by this method is'a consequence of
* the property of primes stated on pupils! page 69 It.is not
true of 8ther product expressions. For e}ample,”from

36=2x3x6 ’

#e coriclude that 2, 3, 6, (2 x 3)a (2 x6) and (3 X 6)
. are factors of 36. Thus we know that

) . 1, 2, 3, 6, 12, /d36 '

are ractors of 36. Those are not, however, all factors, since |
¥ and 9 are also factors of 36. It is because 6 4is not (:’
prime that the method failed to give all factors.
other way of using the complete factorization of a

f\
product of two numbers First we.find all factors, for example,
of 60 These factors can be arranged in pairs 80 that the
product of the factors in each pair is 60. Thuﬁ




‘product of two factors.

! —

e This shows all the pairs of factors of 60. and gives '
every way of naming 60 as a product of two factors.

As another example,,%dhsider 2, fThe product expression
for 24, using prime factors is 2 X 2x2Xx3. This tells
us that 2 and 3 are both factors of 24k, (2x2), A2 x3),
(2 x,2 x 2), and (2 x 2 X 3) also are factors of . Every
number has itself and 1 .as factors; 1 and 24 ¥ be
included as factors of 24. Now we may list all the factors
of 24 *in order, from Small to large,

» B

.

1, 2, 3, ll», 6: 8: 12, 24, .

This information can be used to get every Way to name 24 as a

. . 1 x 24 =24

A e , .

24

. 2 xa2 _
. .. . 3 x 8 24 ST ,

b x6 =@4

Yet/ ‘another use of eO@Llete factorization i;\its application

*in discovering whether one number is a factor of another. First
each number is expressed ag a prodgct of primes. Then the
question can be answered. For ‘example, is 42 a factor of 7142

‘42:’2X'3X:7 -
- TIh =2 x 3 X 7 X 17 = (2x3x7)x17 .
2. 42 isafactor gf 714, Y '
- - N
Is 28 a factor of 238? Ty 2
28=2x2x7T - R

238=-2x7x17 o
28 1is not a factor of 238 because 2 x 2 does
’ . not appear if the complete fdbtorizationAof 238

L 4 L4 . C -
. | ,
Y '
\ 7 M
’ : 150" - b
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A
. s
"‘
.

, .
e / -‘
, Children will be~ helped in determining if one number is a
! factor of anocther if examples which require rearrangement of the
factors are used Example- .
! " : Is %2 'a factor-of 2529 -
L » Is 210, a factor of 31509

S '3 iy - - e

1) A3 ‘. - {::%; .

Suggestions fop Exploration:

’
v
.
1

Using the previous background recall that a number can .be

<

expressed as a product of primes in only one way,
disregarding, order.
_ of Arithmetic. ).

(This ia,The‘Fundamental Theorem

Indicate that if we know how t¢ express &% number as a proe
ki) '

-

duct of primes, we can find the set, of all facters of
the number by. multiplying the factors shown in the
product expression in two's;” three!s, “etd.

Fol1ow Lthe-
teacher background using similar” examples.
Point out how the set of all factors can be used to find alt.

ways to express the number as a’ product of two ﬂactors.

Also point out how complete factoriz;tion can be-used
to find if one _number is a factor of another.

Read and discuss pupil page 7O, FINDING ALL FACTORS.

. Then pupils ‘can work Exercise Set 10 independentiy.

'
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FINDING ALL' FACTORS - . oo ‘
- Y, . ' ‘ d
. > ' ’ ) '
If we }mow how to express a number as a product of primes,
[, .
‘l;hen we can find fhe set of all faotors of ‘%he number. v oo . ‘
K , PO < w
- Suppose we write - . . .
p T e 0 6o = 2x2x3><5.v -
- - .. t . 8

Heré .are some of the. things Wwe can fi&d

1. The prime i‘actors of- 60 .are -2, 3, and_ 5.

i i ! - L] 1

. - .
2, _Wltiplying in. pairs the factors Bhown in the

* " product expryessio_n -for 60,¢ ve see that 14' (2 % 2) _/\"\‘>
v ¢ e
- 6, (2x3), 10, (2x5) a&d‘ 15, (3%5) é:re -

factors of | 60’ R P T . ;o o
. - l. s .. g » # ) . * . & ‘ '
i3, By nmltiplyn‘fg in threes the factors shown in the VIR
product expression for 60, we see* that 12, ,‘ o o ?
3 (2 x 2 % 3f, 20, (2><2x5) and 30, (2x3x5) -
.. are,also factors of .60. ) "/,‘ . : s
“The factors shown in 2'X 2 X 3 % gware primés.” For, 7 , o
L T . ¢ . ’ - s 2K
U tnis reason, we mus§ have found by our method, every .
R J - : - ‘ T .
factor of 60. , ) e - . e
. ! PR S : ) S
- U4, MWe know then that ° 5 . S X
. . o~ . s . . .
. s T (1, g: '3, 4, 5 6\: 10, 12, 15: 20,,30, 60) ) g ., d
) 1s the set of -all factors of 60.° . * . A | c o/
- b L . \'m hY
, . N ¢
W -
3 ) ' v R
3 . °, » . ¢ .
! } /% . ‘ , v, ! { f
N .‘ ;v’“ 7” < AN ( ~ \
N » \.l ,3,’ “\r-n . ~ ,,i:’rv ’ - ! ‘. N
¥ < o‘.;‘é:' ¢ o
., - , %&1 . = .
' . ' 142 7 . ) :
. CrEA YL . - ° -
: - . ] l 5‘3.2 o , ;o R
' * ? .t 7

BN
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5. From the s;et of all fégtof;; <:;f 60, we can get every
¢ . F way of namiflg 60 as a product of two factors. B

{
-123.u<5—\6<->_12_/ »12 »15 20 "30 60

N
v

VI
X X
A
o ©
n.
N O
o O
I\ -

. . ~ o .
+ S . . .
' 3% 20 = 60 oy
LY d » .
B
.
C © s . 4, x 15 = 60 -
0 ‘.' d
. - . - ‘ W
- & ) 3 . /'5 X 12 = 60 K . e .
ot Y - M 2 Ve . . k) v ,
~ T
¢ g ° . . 6 X 16 = 60 : L *
‘ ." * ‘ N 3 AJ »
- . v ¢
. o ' , . '
- -
. __— AN .
L~ - ~ 3 ~ . .
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Exercise Set 10, Ans;vers .
, 2, 3, 5, 6, 10, 15; 30Y" - P
» 2,3, 4,6, 8, 9,12, 18, 24, 36, 72)
, 2,3, 4,6, 7, 12, 14, 21, 28, 42, 84
, 2, 3, 4, 6, 8,12, 16, 24, 32, 48, 96] g
2,'k, 8, 16, 32, 64, 128)
’ 3{_, 5, 9, 15, 258, 45, 75, 225] o
,2,3,%,6,8,9, 12, 16, 18, 24, 36, 48 72, 144}
, 3 11, 33, 121, 363y
» 5, 7, 11, 35, 55, 77, 385) ’ .
89) : - .
3, 7, 9, 21, 27, 63, 189} .
» 11, 13, 143) , o '
. < |
X3 =2x15=3x10=5x%x6 v Sl
><72=2'x36:=3x24=4x18=6-x12=8x9 .
x84 =2 x42=3%x28 =14 %1 =6 x14 =7 x12
X 96 =2 X 48'= 3°x 32'=4 x 24 = 6 x 16 ='8 x 12
5<128‘=‘2x64=4x32—8x16 N
X225 = 3'XT5 =5 x45 =9 x25,=15 x 15 ’
X 144 = 2 XT2 = 3 x 48 =4 %X 36,=6x24=8%18"
x 16 =12 x {2’ LT )
"x 363 = 3x121—11x33 . - o )
x385=5><77 7 %35 =11 x 35 S0
x 89 . . )
?<189=3xﬁ,63 =9 x21 o
X T43 =

11 x.13 "
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N e Exercise Set 10 T s

;ﬁw are TC. pags 143 .7
Find the set, of all fa.ctors of each number. ‘

a. 2% - . R .
Answer: © 24—-2x2x2x3 v ‘,r“
‘Set of factors of 24 = (1, 24, 2, 3, 1, 6, 8,12} '

v ,, = {1, 2, 3, 4,6,8, 12, o4} -

b. 30 1. 363

. 72 j.. 385 . .

a. 8y . k. '8 °

.. 96 . .1, 189 | ' L .

r.o128 Coom. 183 2 g’ -

‘. 225 : ‘ | -

h. 184 ? . .

- -

Use what you found in exercise 1 to get all of the diffement °
ways’-to@te each numbe.r in that exercise aSQa product

e;épression of two’ factors. A o
' - . - . S
a, 24 ) s
e Q
Ahswer: - -4 v
Set of factors of 24 = {1, 2, 3, 4,76, 8, 12,7214} .
) Ton = 1 x 2 = 2x 32 =3k Ly X 6. © .
) . FL )
,, . . PR a
. b
. . 2
. .
. ..
- v
| < R ) + Loed o Sy . R V ¢ . - . v
\ . ! 4 144 ; o e * ,
S * ‘ .
. A o 155 i
J ) . h >
P ~ : e
.(“ , . ; f M ; L[4
P : ‘- ' L !
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© 3. Find whether each number listed bélow is a faotor of , ‘
\‘ T 2x 2% 3% 7x.11x 11:
\ ‘ : : .. ) ¢ i
l. ‘ - a. 6 . - . B LY . .
. -, ‘ 3 )
Answer: ' .

Yes, becguse 2 X 2x 3 X 7 X.11 x 11 . .
{2x 3) x (2% 7x 11,x 11) < v o
6x (2x7x 11 x 11) ;

NG . ¢
¥ e

| . T
> ' . . Tne factor belonging with 6- is 2 x 7 X 11 x 11.
] i ‘ b -“: -: P S N -

1% ys«/}jw—«o—‘-.— ;ax“) x‘(2¥3x//x//)»:; /4 x szsxllx //) : -

> o0 ‘~, \;:“:ﬁ_ Vi B ~ . :' i
. & ¢ _—_—
. . \ .
. “C_. 28 %’/ M(le,‘é)x(‘g’x”x”) = 28 x (3.)(/[!/‘/)' A s . .
N ) » \ - )

v

i

¢

4 1)

d. 210 70, Fecante 2/0 = 21355 x T anid §drta netaprprans m AX3 X3 X xnx

. . ' P’ L . | .
x e, - 242 %LM (.‘Ix//xll) X (2x3x7) = A4 x (‘7"3"7)-
oL AN . ' ) . - "
} ' ‘ ! ., .
. :% »‘ ’ ° . ¥
7 ) 4 ' A :
] L0 L2 o
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¢ -t
I3
. / =
| . . 4= :
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COMMON FACTORS S

Objective: .To use p?ime product expressions to find a greatest
- common factor o »

Vocabulary: *Ihtersect;on,-common factor, greatest'c@mmon factor
Background: (Common Factors, Pupil pagesT4 and J5.) 00

First review an idea developed in the study of sets, -

Consider Set . K and Set L. t v
M ' K = (11, 12, 13, 14, 15} -
. L = (11, 13, 17, 19) . ‘

The iptersection of these two sets 'is the set of members common to
both sbts. Specifically,” the intersection of Set K and Set L
. is_the set {11, 13) This can be written as\follows using the
: ‘special symbol, f1, to indicate intersection. K N 1L = {1113},
This is read as~"the intersection of Set K and Set L is the )

. - set whose members are 11 and 13 " or more bn;efly,,"the Set 15'
ce intersection L is (11; 13}." - d '
- — = . .
Now consider the set:of all factors of 12 Call Yt Set S.
o o Bince 12'=2 x 2 x 3, ' .% '
3 .. "i%& . .
. . S = [l 2, 3, 4,»6 12}

: v ;
Next consider the set of all faétors of 18. (all it Set R.

"2 x3 x 3,
{1, 2, 3, 6, o, 18)

é? . Since 18
. ' R

., There are some membersoof Set S that are arso members of Set =R,
The members which are contained in both Set S ang Set R are

1, 2, 3, 6. This ingprmation can be recorded as S N R = {1, 2, '
3, 6}). Since the members of Setg S are the factors of ’ 12 and the
members of Set R are the factors of 18 we say that the members
of SN R are 'the common factors of 12 and 18, 'The common

. factors of 12 and- 18 are 1, 2, 3, 6. oY . .




’

"set of factors of 20, what is A Ne - . -

-

°

-~ +

. If Set A 1is the skt of factors of 15, and Set " B 1s the

<

A= [,1: 3, 5 15} )
: B =2 {1, 2, 4%, 5,.10, 20} N
s AN B={(1, 5] These are the commgn factors
s o “of 15 and 20.

qéckground: (Finding the Gréﬁtest CommonaFactor, Pupil pages 76-7&9

‘There are two observations to be made aboyt the character
of the set of, éll the common factors of any two numbers,

'1. If any number is in the set, each, of its fadtors’ must

, + be also, .
For example, look at the et of _commen 9actors we
<o ' found for 12 and 18. '

. / (1, 2; 3, 6}
Each Sf these numbers has its faetors in the set,
The factors of 6 are 1, 2, 3, and 6. Tﬁé
factors of 3 are 1 anll 3 ‘and each of these
- . - is in the set. .The factors, of 2 are alsp in
. theset, Ths (1, 2, 6} camnot be the'set of
all common\factors of any two numbers because.
; ‘every number with as a factor also has > as
. a factor. o o o v
2. A set,of all common factors .of two numbers contains
h_;z “those numbers which are factors of the-largest
her In the ‘sety '
Look again-at the set of common,factors for 12
and 18, P
R (1, 2, 3, 6)
The largest number in the set'is 6; and 1, 2,
N ) .and 3 are factors of 6. We see.then, that

\
.

. factors 6f 6 are the only members in the set,
Thus, because L 18 not a fagtor of 6,
o, . {1, 2, 3, 4, 6f cannot be the set of all common

factors of any two numbers. That this is always
.~ true is not at all obvious. e -t

-
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It 1s a consequence ofgyhe Fundamental Theorem'bf Arithmetic.

For example, the reason that {1, 2, 3, 4, 6} cannot be the A
set of all common factors of two numbers is that each number
* must have both 2 x 2 (4 is a factor) and 2x3 (6 ig2 ®
f , .

‘factor) as Upleces"*in its complete factorization. But this
- cannot occur unless 2 X2x 3" appears in each prime product .
expression. Thus every number with both 4 and 6 as factors
must have 12 also as a factor.' Consequently any set of common*
factors which'includes 3 and 4 nust also include 12,
This last observation about pieces: of prime product expres-
‘slons suggests a way to find the greatest common faétd%'without
’ h first finding all factors and then finding" the greatest among,
them. We first write each number, say 30 and 42 as a
product of primes. «

30=2.x3 x5 '\ A
. fo (42 =2x3x7.

v

Since  all factors of 30 and 42 can be found by using

"pieces" -of these expressions, the greatest common factor must

- be. expressed by the largest piece common’ to both expressions.’

Thus 2 x3 or 6-ik the greatest common factor of 30 . and
42. (By "pieces™ of the expression 2. x 3.x5, we mean 2, 3,
S 2%x3, 3x5 2x5, and 2 x 3 x 5. The 'pieces" of the

expression 2 x 3XT7 are 2, 3, 7, 2x 3, 2x T, 3 X7,
and 2'x3X7.)" : . ) )
" "Consider another example, 90 angd 84

: : - 90 =2X3x3x5 .
N 84=2x2>53x7

L I

—

-

By regrouping the factors: -

=(2x3)x3 x5 . .
// _ 8t = (2 x3)x2xT. '
. Since 3 x5 and 2 x 7 have no common primé factors, 2- x 5 .

. is the largest comhon block shown in both product express&oﬁs
90 and 84, . » .o, . -




%

W
¢
N

o7 ‘o - N o2 » . -'
- “* Mo find the greatest common factor of 90 %and .50, firat - ¢
f write'p . . U . v - e

90 =2x%x3x 3 X 5 . . '
| * 50 =2 x5 x5. e, -
| By regrouping, show the common factors: . o I
i ’ , %=(2x5)x3x3
i B0 = (2 x.5) x 5 ‘ > X
! . . -
| The greatest common factor of 90 and 50 must be 2 X 5 or_ g L.

10 . - et ) N g
| ' .Rerhaps a quicker way to find the largest "piece" that is '
' -common to both expressions would be this. Write each factor )

that 1s common to both expressions the ‘least number of times it

- aﬁbears in both expressions. * s " . - ‘
é 3,050 =2 X3 X3X5X5x%7T .o ?
% : . 360 =2 x 2 x 2x 3% 3x5 ~ , ' o
il: The lanfest "piece" 18 2'% 3 X 3 X 5 because 2 .appears only
once in\ 3,150, (even though.it appears 3 times in° 360), 3 N
“appears twice in both expressions, and .5 appears Just once in . '
* 360 (even though it appears’ twice in 3,150). - Tnerefore,ythe T .

greatest common factor 18 2 X3 x3 X5 or 90.:
A more complicated example is;

* 10,890,936 = 2 x 2 X 2X3X3%x3xX3x%xT XTXT x T%7 )
8,820 =2 X2X3X3X 5 X T % 7 : )

3, . (\',

2

The greatest common factor is 2 x 2 x 3 x 3 x 7 X 7 = 1,764 &

2 .appears at least twice in both expressions.
3 appears at least twlieeiin both’ expressibns.
T appears at least twice in both expressions.~

The 5 appears. only in”’ 8 820 so it is.not included in the
§ ‘"pleget . . R -

.
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Bécause of the properties rioted under 1 and, 2 on page 147
‘once we have, found the greatest common factor we.can readily .
L£ind all common factors. . :

Since 6 13 the greatest common factor of 30 and 42 )
the set of all common factors is the set of all factors of 6
OI' {1, 2, 3, 6}. \

For the same reason {1, 2, 3, 6} 1is also the set of all
common factors of 84 and %, and {1, 2, 5, 10} 1igbs all
the common factors of 50 and 90 5 P

Suggestions ﬂoanxploration- ‘ ' -

-

1. Review the idea of intersectic} of sets. 'Then apply
:this to the intersectiOp of the sets of all factors of .
12 and 18 as is developed in the backgrounds Other
number s such as 15 and 20, 18 apd 28, and 25
and 40 can be used. This will lead to an'understand-
ing of common factors ‘Gf two numbers. R

L3

Pupil page 74 might be quickly noted and pupils can
then work Exercise Set 11. These exercises can be ) -
discussed after pupils have completed ‘them. Exercise 2 '
of this Exercise Set leads to work on Finding the *
Greatest Common Factor. During the discussian of the
sets of common\?actors, the special character of the
set may be noticed. Leading questions such as these
can bg asked:’ -
What do you notice about the 1argest number in
‘ each set of common factors° Are all the other:
members of the set also factors of the 1aréest
number® Are the factors of each member of the
set, also in the set? Are there any members in the
set which arevnot factors of the largest member?
Do*you think {1, 2, 5, 10} ecan be a set of all .
. common factops? Can {1, 2, 6} be a sét of all
common'factoréo’ Can, {1, 2, 3, 4 6} be a set of”
J,/"Eii common factors? y
Disouss these questions in the 1ight of the preceding
background glven for the teacher.

[ ¢
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Find the common factors of 24 and. 32.

(1,2, 4 8.
,,' . L v ' »
.. - | Find the greatest commdn - )
o factor of <24 and 32, e e
" e " 8 . " -

Ask if%can see a way to get from the first step
to the grea:test common factor without going through all’ *

the other steps. Have, children vglosely examine the
product expression‘s for- 24 and "32 given in the first
step. Ask questions such as ) "What factors of 24 are
.also factors 'of 32?7 How mary times does the factor 2 '
appear in the product expréssion for 247 for 327 K
What is the greatest number’of times that 2 appears s
in both product expre_sd\ions? - Are ‘there'any other :fprime .
. factors which appear in both expressloxis?" Try to -get ’ )
Pupils to see that there i?a,i way to find the greatest . :
- common fattor without going through all the steps in

2. NoW'is the time to introduceﬂthe__term greatest common
" factor. Children should have no trouble in $dentifying
the largeat number in the set of commc&’i factors ag the ;
' @eatest commo\ factor. . . _ N
Draw -a diagram on the board to illustrate the way in
which the greatest common factor oY two numbers has
been found, for example 24 and -32,. ' . ' . .
- Diagram L . ' g :
o
s © 2h ' - . 32 "\ - o~
Do complete factorization,] Do complete factorization| -
. oh=2x2x2x3 \ "| 32-2xex2x2xd
= | T
Find' all factors of 24. Find all factors of 32. |*
(1,2,3,4,6,8,12,24} , (1,2,4,8,16,32) )

-
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°tﬁe diagram. Use other examples of finding the greatest

. background to help children find the "piece" that is s

.

common factor such és those given in- the background .for
the teacher, Follow the development given in the—beacher

commonato both product expressions. Children will need
to find .the greatest common factor of two numbers. in
several examples during thig’ exploration period in
order/to sain skill and confidence.,

;e

After the gre teét coﬁmon fsctor for two-numbers has <.
been found, all' common factors of the two numbers can
be determined because these are simply the:factors of
the greatest comﬁon factor. 1In class discussions, have
the children determine the set of aIl common. factors
after they find the greatest comton factor of two aum-
bers. If thiggis done during the exploration -perlod, °
children should be preggred to do Exercise Set 13,

Pages 76, T7, and 78 1in the Pupils! Book provide <
material designed to help. children understa.hd the
meaning and ,application of greatest common fagtor, ¢
Following the exploration you have done with the pupils,
_ you may want to examine these pages with the children
before they begin working independ\ntly on the exercise 4(
set, .o % : .

€ - . -
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COMMON FACTORS o o B . \
‘ ’ Y . . a
L - o o . ° ~ ¥ 3 - 17“‘
Suppose” Set S 1s the set of all factors of 42 ,and .
¢+ - »” . . . . .

©" . Set Rmis the set of all faotors of 18, . -

: - o . ’ '
- | ‘s = (1, gs 3, b4, 6:‘ 12} . . . I
@ , . g

R”?au,e,s,s 18} . o ‘ )

P .3

Then the set of all factors of both 12 and’ 18 1is
—\) g_‘J . ~
SNR., = {1, 2,3, 6} . s e .
« The memgers of this set are called the common fastefs of Toe.,

¥

“el2 and 18, e - st .
s ‘ ' i[ r e N
<8 ) What are tho 'comon factors of 16, “and, 36? S

f e AR ‘w
'K = {1, 2,/;&, 8,“ 16) "13 the set of all rgctqrn of ‘16

- . . 3. * ra = 4
¢ and - D . & ; o o ;f ]
’ Ki - - -

L=1(1, 2,3, 4 &, 9, 12, 18, 136] 1¢ the sét- or )
. \. -4 . all factorl of 36, .w: L )

. K ﬂ L = (1, %. 4) ,i8 ﬁ\e _set of a.ll “coniion factors or TN

« 2 S 16/and 36 ' T

.*.?.’. L N
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» : Exercise Set 11’ . . s
4 B e —— .—.'—- T— . . -

[

2.

For each intérsection in.exercise 1; .
N - w7

)
)
kY

Twe mimbers are given in eacl; exercise helow. Find ali !
factors of each number; then find t:ﬁe common f&gﬁors of. |

the t_wo numbers. ‘The £irst exercise is an éiample of what

you are to do._ . ‘ ¥ - ' . .
\‘,f_a. 12 and 30, T T ‘: ,
Let A = the set of all factdrs of 12, . Coy
eI 2= [1', 2, 3, 4 6, 12} - It
et "B = the set of all facﬁqrs of 30. .
‘ . B=11, 2 3,5, 8 10, 15, 30} .
S oaNB-0, 23,6 BTN
1, 2,3, and 6 are the c;mbn fé'c}:ors\ of) -
12 and- 30. . , . )
"b. 40 eand 30 e. 52 and 72 . .
"c. 36 and 27" ¢ " £..75 and 120 d
&, 60 apd 5o C g. . ’

‘72 and 108« ~. _

-

a,,

¢

b.

Coe

"factor of the largest member?

What is the 1argés°t or greatesp fac_tor in each set of

commorr factors? ‘ ) v O
Is each other metiber of the get of common factors -a

~ ~-—y

- N
Are there any members of the intersection set which

- are not fastors- of the largest member?

-

Y o
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Exercise Set 11, Answers

»
v

. . N
] * N 2 y

Al i
R = the sét of factors of 2 x 2 X 2 X
5

-~

= {1, 2, 4; 5, 8, 10, 20, 40)
the set of factofs of 2 x3 x
{1, 2, 3 5, 6, %0, 15, 39}

ks

o
e Y

.

'

) s= {1, 2, 5, 10 )
C = set ‘of factors of 2 x2 X3 x3 ;
- ={1, 2, 3, 4, 6, 9, 12, 18, 36)
D = set of factors of 3 X3 x3=1{1, 3, 9, 27]
CND= {1 3, 9)
E = the set of factors of 2 X2 x 3 X5
= {1, 2, 3, 4, 5, 6, 10, 12, 15,° 20, 30, 60}
F = the set of factors of 2 x2x2 x5
= (1: 2, u 5: 8) 10, 20, uO]
ENPFP [1 2, s 5, 10, 20]
a = %ge set of factors of 2 X2 X 13
= f1, 2, 4, a3, 26, 52} . q
H = the set of factors of 2 X2 X2X3x3 7
o= ’{1\, 2: —5'3 u’: 6: 8: 9’ 12,: 18: 211, 36; 72]
G n H= {1 ,’,l&] T *. .
"X = the set of factors~of 3X5X%5 ey
= {1 3: 5: 15: 25: 75} :
Y = the set of factors of. 2 x 2X2x3X é
= {1, 2, 3, &, 5, 6, 8, o, 12 15,, 20, 2u 3 ub, 60,120)
XGY-{l},ilﬁ
A= bhe set of factors of 2 x2x2x 3 X 3
=.{1, 2, 3, 4, 6, 8, 9, 12, 18, 24, 36, 72]
B = the set of factors of 2X2x3X3%x3
= {1, 3, b i 9, 12, 18 25 36 54, 108} °
AﬂB—a{ ..2, 3, ’ '6: 9: 25
«-- q o ’ .
of, pThe g.c.fy s 10, .
5'. ‘The g.c.f. 4s 9. , U
'. The g.c.f. is 20, .
e!. The g.c.f. 13.‘!4'.
f'. The g.c.f. is 15. :
g'. The g.c.f. is 36. .
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@ FINDING THE GREATEST comMoff FacToR .
3 , . - -p

. 4 v >

» If we know the set of common faotors of “two numbers, we

, can easily find the greatest common factor of the two numbers.

a

;. , The greatest«gpmber in the set of commdn factors is cglled the
& J }‘ . . . .
‘greatest common factor. . -

" The set of common factors of 12 and 18 is

Y ) o {1, 2, 3, 6}. . ' )
‘The largest among these numbers is 6, It is called the,

. greatest cormon factor’ of 12 and 18,

. "The set of common factors of.. 16 and - 36 is

‘. : " {1, 2, 4]. L7

. . . 1
.

- The greatest common factor of 16 _ and 36 is u.

There is a way to find the greatest common factor’of two -

S

numbers without first.finding the intersection of the sets orf

factors of each number.

First we ‘express the numbers, say 30 and 42, as

) ’ ‘v
S 4 products of primes. . : b

e

: " 30=2x3x5 ~

‘ : - R ' . Tok2 =2 x 3x7. ; . AJ
The factors of 30 can all be found by fgrming pieces" Y
of this expression. Pieces of' 12 X3x5 are 2, 3,5, !
'fj‘,d, 2 x5, 3x5,§ and 2 x 3 x 5, The factors of T

can all be found in ‘the same way. The pieced of 2x3x7T

H 1

.- -~
T

are 2, 3, 7‘: 2X3, 2X\7, 3)(7@; and 2X3X7o, The
) common factors of 30 and: U2 myst be . expressed by those i\e' 2

*

. pieces\which are found in both expressions. The greatest comﬁon

Pl - o

. factor- must be the largest pieeeaf?pnd in both expressions.

N v N . . , T e
, . . .
B N o N .
. P . . . R
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The largest piece in the prime product expressicns for
.,both 30 and 42 is 2 x3 or '6.. . Then 6. must be the

_greatébt common ractor'of *30 and 42,

/

R * .
Here ig“aﬁother\efample. .To find. the greatest common

) factor'of~ 90 and 50 we writeg I
P 90 = 2 x 3'x3;<5

50 =2 x5 % 5.
By rewriting 90 =-(2 X 53 X (3‘, X 3) we see‘:that 2 x 5 is L

B
'
N 0 7’

- the largest plece that cgn,be founq in both expressigns. The
expression 2 X 5 X 3 can'be f&tnd inone and 2 x5 X5 1n
the other. But néither can be found in both.® We know then that
10 1is‘the greatest common factor of 90 and 50. . B
_If we have found the gﬁbafestrlommon factor in this'way we
can quigkly finc'l'alla common factors. Do yoxi see how? The- )

common factors must be those which can be‘expiessed as.ﬁieces;»
¢! . w .

of both prime product,expressioné.' They must then be the
’ .

B _— & R
pleces of the Iargest plece. This means‘tbat the common factors \ .

are 8imply the Factors of the greatest common facbor.

: 3 ' - R ‘
Since 6 1s.the greatest common factor of 30 and 42,
s - : ¢ . .
~  the.set of common factors is: {1; 2} 3, 6}.. FIE

_ Since 'Lo is the g;eatebt common factor of 90 and .50,
‘the set-of common factors 1. (1, 2,’5, 10}. - S

. Now try 24 and '60. , oL . ‘

A4 1

[}
n
&=

[}

2x2x%x2x3 " .
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The  pieces \whioh these expressions have in common are 2, 3',
2x2, 2x 3, and 2.x 2 x.3. This “1?51; 18 the. largest, so
) 12 is the greatest common factor of 24 and 60. The set of
N N
_ all ‘cofmmon factors 1s {1, 2, 3, 4, 6,/1.2}-. L0
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1.

: Exeroise Set 12 . -

L . .
Find the greatest common factor by first finding the
Exercise a. 18
. ;

t

intﬁrsectipn of ‘the sets of factors.

answered’ for you as an €xample,

a. 12 and 40

12=2x2x3-
[ 4

"

- < All factors of 12 A= (1, 2, 3, 4, 6, 12)

L)

40 =2 %2 x 2 X5 o

. All factors of 40 B (1; 2, 4, 5, 8, 10, 20, ké}
- oy
ANB=(x, 2 4 , ¢

The'greatest common factor of 12 and 40 18 k.

b, 16 and 6 ()

c. 90 ‘and 12 (G)

. v A\l 7 'y
Find the greatest common factor by first writing each;

nuﬁbe? as a product of primes. - T e
4, 2 and 6 (@)~ ey 18 'an‘d 30“('6) '
b. 7 and 35() ¢ f. 60 sha 5(/5)
c. 16 ana 8 (%) g. .72 and 60 (/2)
d. 20 and 36 (4 o
h. 2 x2x2x 3 X%x5 and 2 x. 3 XxX5xT .

» S (2ax3xs) (i)

11 a 2 X x 1
, 3 X3X3X3XTXTXx 3 a3 = x 3 3 3

12x2x3x3x3x3X7X7X7X7X7
(Xx2 x3x3 x7),
€

]

1 o Jo
.- © and n=2x2x3x3xT

.. NG EY,

» . . ’ ]




BRAINTWISTER

3. a.' Can a palr of numbers, with 2, 3, and 5 among their

common factors have 20 as a greatest cogmon facto ?(
A0 ways e Go—»mrszm Aol ‘Z':

_Why?(gt;uhu .sz;Séaﬁafif; Grunwnu 4i~znx

4ka_anwttf?%»1ﬁ%

b.” 1.2 and 3 e among the common factors of a pair
’ ' © ‘of numbers, mahother common factor which the
R | pair must have. (6)
' Answer the same Question if the common factors are~
Jr
¢. 3 and 5 (/5) £ 4 and 6 (/&)
‘ ' . Ct ‘ o
: d. .and 5 @5) © g 6 and 1% (‘/'3)
. . . I . . -
i " e, 9° and 39 © h, 12 and 9 (%) -

. ' e ( ’
b, a, The greatest common factor of 728 and 968 1s 8.
Write the set.of common factors of 728 ‘and\ '968.
a [V 8] , :

The greatest common factor of 330 and 294 1s_ 6.

Write the set of common factors of 330 and 968,
{1 2,3, (,} Co

L]

»
o
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_ FACTORING AND FRACTIONS - “ _’,(Q
Vocabulary:' Measu;e, numera"cor, denominator ‘ o -
Suggestions for Exploration:.
. This section 1s an application of,"what has been Yearned
"in this chapter. T
P s 7
The presentatioh on bhe pupil pages car be followed.: ;
The Braintwisters of Exercise Set 13 should 'pe discussed - \ .
in class after pupils have had a‘n/ opportunity to wor@_n ; N
L] , e
them independently. ! ,
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FACTORING AND'FRACTIONS ‘ '
- \ when we studied fractions we learnedjythat .there are_many-
- fractions which name the same -rational number. \\_ For, example ‘
* ' ) o . 4 v 6 - E " coe et ‘: , '.
’ . : - ¢ N —3" 6' ar}?... .g ' ’-»‘\\. . ‘ " ‘ ¢ ‘
are all names for the same number. - .’-_ X . e /A
. " : 2 4 _6 . ’ : )
: —_— L) \:. . 3 .6 g ' »” '~ > - v I
! - ! This number line ma may help to rem.'!md you why ‘tpis"‘is 8o, s
Y ( L, 2.‘ \.
1111 1 al’l. 1 'ltl 1 J:.l 1 }ll l%!ll l.
N i oopiboz bEE o3 gt s P oEEEED e .
v PR il 3 o4 I OTL T ot Tt s
) S A S TN S R N
. S8 il 2.3, & 188 a1l o8 18l o yn i
- e $ ORI EE e el v el W W sl S .
SORCILESNL A S St S S S A BN N N U :,
SRR 2 1.2 3 4.8 67 8 9 01 2 3K N.
R T I R I N T T I T A M T M A ) 5ol
- . - - T R

he diagram shoWs sca.‘les in uhfits, thirds,’ sixths, and ninths.

P ~ 3

- It shows that if: a segment has a measure 3 then it -also has
- ) mea'.sure 5 and -9- o By studying the diagra.rg,you should be ’::.‘i
: ;.*".' able to ans-wer,* following questions: :

. T -
LonEE . ._‘_ Sat

N\
v M : .

- . . . .. .-~4 .—" . )

Vel 1. John has a p‘encil 1 of a foot long. Mary has a
- _?.._;;-"73'-"' prece of chalk -6- -of a foot 1ong. John measures the si»de of B

T {"” . a 1arge boolc with his prencil. Mary measures the same side

- H:Lﬁh her chalk John finds tr—}ft thel‘eéée measures 4 1n pencil

0 e

e lengtﬁs.. ‘What dbes measure 1 éé‘ What numbér should:

T ."

/ Mary find as: fhe meaau;re of the edge in chalk lengths?{l)ﬂow
' f would she_ probably xpress thisfleugtf in feet"éx*w‘/é;f)
B N A RN B Lo
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AN

R . S . "A\ A -
2, " List the two)other names for g- sho on the diagram.
o o ) ~
List two mbre names not show(n'on ‘the diagram.” 'Is there a name
" for % shown on the diagramwn‘ there is; what is it %What >

scales would yod add to the dia

gram to show twe other names for

DR (W)W’) _ o -
ip using I:rac'tiogxs it. 18 often very important. to be able

to answer questions like these: ) .
E 4 . ‘. .
. a, Isigg=23: ° g
‘b, Is g < g-g. ? N .

. o
. B < . .
. N
N f . '
. 3

‘ © We can answer questions like these if we can tell when two

\

fractior®are names for the same fumber. We. know that

.1 = 2 = ? = u ~ B3 % = 6 ::/ 1 X n
N Zz T B’ Iz ZXn
and that ’ .
. M L Y ’ .
‘ 2 = u = 6 = 8 = 10 = 12 = 2 xn .
LI T P A A —
. . @ .
, We can also'use this idea to find smaller numerators and~ .
denofninatg:‘é. - “ ° . -
o 18 _ 2x9 _ 9 _ 3x3 _ 3 A
BT z‘sr%z = xTF =7 ,,
18 _ 3x6 _ 6 _ 2x3 _ ,
-1 S I . F‘x*%' = %' .
) 18 _, 6 _ 3
mus S A LI I R
sl ‘This suggests that we can answer our question about %-g .
..and 12% by factoring. We can start by writing both 30 and
48 as produsts of primes. ) . ‘ : '
. A _ " , '
DR e L
163 : . ' .

17




=r. 5¢x5 ﬂ. T
2 X 5 X (2. X2 X2) - Coe

e
j]
[/
(o]
nN
\n
L}
n
XX
o

a
od

v N

' ) 30 _ 25 _ §
We finc}’ hen that 8 —* T = 8¢

Now ‘fon‘thioﬁ, b) .
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Exercise:Set 13 o Pl

. Find ‘the fraction with the smallest poésiblg denominator,
| for each of the following.

, .+ 60 2xéx5x3 2 x5)x (2%x3)_2x3
m—‘—a—m&e"gﬁ=2x5x5x7=iéx5;xin_"'?;’5x7‘

- [

/ N ” . . . . s .
Since 2x 3 and 5 x 7 have no common factors, except 1, {K

—65- must be the ~fraction we wanted to find.

(

"6 AV 21 (3 : 2x3x5x5x7 /5')/ )
LE5R) .2l e /

R | W 26 (13" 3><5><7/o
- Tg(%) €. ITI(’?]') h. =97 A

.. A2 (3 16" JC _ 9 x4 x5/
o EE) A )

¢ 2. Find each ¢f the measures given below, Exﬁress. each using

12

Y the smallest possible denominator. . ’ , . .

Example: The measure of 5 days in weeks 1s ,57 +, This -

. is-'the expression‘with the smaXlest denominator, .

A a:/° The measure of 36 seconds in minutes. @‘-)
b. The measure of 14 hours in days (/&) )

° ¢. The measure of 30 days j?n zXars 73) .
d. ‘The measure of 6 ounces ih po ds.(%—) o
| e. ) The measuresof 42  1inches 1A zards.(%)

-~
-

I
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3. Supgose that m a.nd n Are counting number;s\ Mark T

(4

for true or F for false for each of the following

>, - ' sentences about g ,

°

a, If m -and . .n are both even then T ca.n always be
) b

expressed using a denominator smal]oer tha.n n 7j

b. If m and n afe both odd then I cannot Nesp&d

using a smaller ddenoxninator F) ) -

; ¢c. If no prime is a factor of both m and n, then the

" te

greatest common factor of- p ‘and n 1s 1, (T)
. L4 :

Tt 4. If no prime 18 a Phctor of both m- and n, then %
cannot be eXpres«Bed using a smer denominator. (T)

“e. If %=g then, 4 1is a factor of m and 6 is a
factor of n(‘/—) > o -

mo_ 1'
I, Ifﬁ—z-thenQisdfacyrofma.ndBZa‘,

\ - factorof n <7) ‘ ,j

v ' S ‘ i
. v /.‘ - C




" SUPPLEMENTARE EXERCISES

g -3

- e

These supplementary e clses are set up bto,
challenge the mobe-able thinkers. They are not
" arranged go' every student should, or would even
be able to work all of them.
., . Below are several suggestions toncerning the

1. Save the complete set of exerg¢ises until 1ater
in the school year.
them as- a review discu551on€ \

2.,‘Allow your more able students to work together
through these exercises.

3. You, as a teacher, can study the exercises.
There are Bome ideas here that may help youw in
. your own understanding of factors and primes.

. L.+ After you have studied these exercises, you
. may wish to use some of them to add 4o your

use of these sets of exercises. 'nu . :

You may want to return to

., ~class discussions.as You sbudy lndividua
. parts of this unit.. R 3
’ CAUTION: If you attempt to us se exdércisés
in total class disec s, you may find
your time to teach the unit will extend.
» , beyond the 3 to 4 week period,
normally needed for this chapter. ™ -~
' . v -
Q ¢ Y .\ N
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9 -
¥ - !
e\/l\ - f ] -}
5 \ - ¢ ‘
I 4
g ’ .
... - Al }“
t o - >
- - [l *
. : . <.
=\ 167 >
B R .
w Dol 178 :
N .4 ( :~

-4

iy




7
F o
S

.o

Addrtiénal Infoﬁmatién for Supplementérj Exef&lse Set A:

H
H .
b I .

u » e \

2., Observe that neither 2 nor 3 is a factor of 7,075 -

3. "Pick two multiples of 9 ‘for which the factors other than
9 have no common prime factor% e.g. 2 x 9 and ,3,x 9,-
or .3 x 9* add 5 x 9. _ . : 1

4\ A composite number less than 13 x 13 "mist have 25 3,5, {
7, "or 11 as a factor. Therefore n has 11 ds & .
factor. fThe other factor must be 11 also because Lo

11'x 13 > 325: )

. ' .
5.. Find the g.c.f. of 6 and. 9. This'is 3., fhen find .
the g.c.£. of 3 and 30. . /

R .
- a 1 .
[} 1
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Supplementary Exercise set A .

Al -~ ¥
- . - p "

. 1. Write as a pro‘d'uct of primeg .
© ar 63 x lao@XJXy (,zxgxzxaxsj @xzxzx}zuux:x) /
b. 65 X 92(5';(/3))( 6&2 x.?.Q E?X?.XfX/J! .z) _ . -
. e, 210 x 180@xax5x7)x (ZX} Xa"'”ﬁ @x:xaxaxaxax-fwn) '
2. a. °*How many times does 2 appéar if o4 x 7075 -ig ‘5,5 . Y
' written as a product of primes? (31;;»&-) o - o \
b. How inany tinie é does 3 appear" (W : . ‘ ; ’

R
- \ -3

3, Find three pairs of numbers with the pumber giver( as

,/ greatest common factor. " ‘ 7 . ‘ i '~— )
, . 9‘@)/,) (c, 27), (/gmxiz o - .
~ b. 10 (/0,), Qa .?Q 2o, 394& . & )
) e. 12 (12, 24)5 (12,30 (;439&&/ - o

} R ' : E < .
. : *
*.- 4, There is a composife number less than 125. It does not

1a1).
haye 2,‘ 3, 5, or .7 as a‘factor. What is the umber"

¥ . - -

° - . A l .

5.' ,Find the greatest common factor of these triples of numbers.

g

e . . ]
. T a.- 6! 9, 30¥ (3) -y ) oL
. . .0 : o - BN 4 4 ‘\\
S ‘ - . . : )
b. 8,.12,.25 (') .
c. 25, 305 50 (5) < ’ . ‘ CLoLe -
. - f’ !
P . . . -
bl v ( " ! /n‘ :} :
Nt - ’ . y ! T
. . -
NN e .
- * ] 1
. - , - R ~
- . |
N ,‘,4 , 4 J ] R ‘
. L J
' : S D o ;
[} ~ -
" /
. ] |
" . . g |
. e \
! ¥ B J\‘.
- ---169 - \




s N IS . VoW ‘ . M .
- "’ v - - - . » . o ;
d . p87 - ! to. \ .
N P /. ¥ . K ) ] ’ ) 4 y .
‘. s N ) - PR g
’ s B l'| 0 -
. 6. T am thinking of an operation on counting numbers, T will
- call the result of operating on m and n, m.n {™m
L . dot n"). Here are some facts abaut the operation "dotf"(
. . . iy .
¢ 6 e b =2 | ash . 3 1 .5.15_=5 ,83'12=u
() . . * % . .
‘ [y ‘ .
PR h"l=} 5‘\:% 18 26 = 2 42., 25 =1
’ ) » - . ‘ ‘)0 * .v‘
‘ at is a rule for Tinding m, C;Vuaﬁd: o g st o
IR g ez,
A 0
) . . b.s Is the operation "dot" commutat,ive° ‘yﬂ—ﬁ) .
. \ J:s it associative? ‘fd) : ’
. ° [ . J.. '
- ., K .
’ ; M ) ‘) n ‘/
, . ’\’ » . . B -
~ . ' A ¢ 2.
s e « . \ . ‘
o . . 4 : " ?\ } o
. .
. , . %’; . » 3":
. . . ) -
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Additional Inf‘ormation For Supplementary Exercisé Set B: 7. !
' . ‘ P

1. 'Ever'y prime except - 2 1is odd. Since n ’1s odd, . n +1

is even. Except for 2 and ‘3 no two primes cah ever 3 o
be” adjacent. ; ' 8 N T

N ) [ s . .
L X . .
" 2; In any base 30 = 3 x 10. 1In base five, 10 15 prime.

In b, note that,in any base 100 = 90" X,10. - ‘ N

] N [ .

+ . In b conversion to base ten is necessary ,
¢

3. Make a list; compar'ing base -‘five and base,ten numerals,
or .se a, list madg previously. The .gven numbers are
2,4, 12 13, 20, 22, 2k, 31, ... ete. _Notice that in
{ any base-, the base is a f‘actor of a number. only if 1’cs e
unit di‘git 1s 0. A ) .

7 : ’
™ - N . . . A
4, These quest;ms can all be answered by converg‘fing to base -

ten. Notice that 3 is prime 1in base ten,but not in A
base 7; that 15 1s composite g;n base 10 but not in

base 8. Of ceurse, 10gwill be pr*ine only if the bvase .
is pf‘i'me, and 100 '1s &ays composite. .

a h ]

U‘L

In’ anm,gven base,r one-half of.the base wilg. have the _same
sort ®f divisibility test as 5 does in the decimal system.

Yuw
v
¢
I
v
'
)
-

e A
. . ’




‘ C find whether 2 1is a factor of a number"'( ‘”Ji
L ¢ e ““;

‘ 17x17 2. '
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3 R .. - -Supplementary ‘Exercise Set B .
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n 1. Suppose you know a large prime number, n. fThen you i
| © s ban be sure that n + 1 1is hot a prite. -9wny;>.@+lnqxﬂe,w)

3 ’ \ ' v
By . . LRI

.- > v
. N N '

: in this exercise write only base five numerals. " Write . !

a product of primes, if possible. - . Z
o, . . _ Xa) ) ' )
2" (30)pyye = (’5" 5X3 5 -

(4.rf/:+/- 41= /J/f.,»(_u /w”'“’ f ¢
‘é" (loo)five (/0;"““ X /ol‘,) S 7 ’ t L

2
3 g \ , v
T v 45 '

" 9.' a. Using hase five numerals,, is there a simple test to

. ’ B, ( 131)’fll

« . .b. Is there a simple test for 3 as a i‘actor'i(w

'8
y : )t
., -, c. Is tre i simple test for (lo)five ( 0‘7‘)"
o h‘\édhich .are- prd.me and which are COmposite" O .
- 2. (10) 5o 047 “ (10)‘, ("/’“/\ ""“f”“t‘) .
‘ * four Te/ selght- - .

i . b. (lO)seven-@ M) e. (ls)eigh!ZM }M—v»u—)

- o . ‘e
K * _5. Find a rule for testing 3 as a factor using base six . ’
' nmemls.@ﬁzmwwﬁoma) NGt

- /a ' v. ’ i

v .
e - RN , jod .~ N 4 ' -4 i
’ . R ‘é : . o -8 P £
s . . o0
S . . ', . .

. . /. N\ g , v ‘.
T o . : "
. A N .. -
e » A v ! };"’ . -~
‘
F e T . . :
Iy - . -
LI ‘ . A . - .
3 - - » ¢ *
v - " . . ] .
~ -, 7 - - . g / \ .' -
N k) ’ 3 ‘
. - . . -
. - . ¢
o v - - 172 T 'S * A
N ' " o -+ 4 ' ros
: - 183 R
i < * .
B ?'. ER e . o *» . s
? \ ;.'_ ? . o s B .
» A : v




: 2, . 2
- . .o . R
, ‘ . . , ; . /5
\ N ~ .
. . ¥+ e A s
\ Additional Information’-for Supplementary Exercise Set C:
! 3 M . ’ . . . ~
¥ [y , - .
< 1. There can be no other triplets because at leasdt one of
successive odd numpers is a multiple of
1Y L]
‘ ’ ’ X
- . . - .
2 » ' , N ’, ¢
* rd
‘ ’ N B Y ‘

N . a b 2 c -4, e . ;

g ‘ 2
R odd even odd even odd , . .
y . ; ‘l\‘ '
* * . . L
¢ If neither a4 nor - ¢ 1is a multiple of 3, then &b -
. must ve. But in that case € is-also. . *
: " 3 ’ R
2. fTest each number in order, ., e )
¢ ‘ . > RAPE ’
‘3. Notice that there is Sometimes more than one way to - ’
. 4
.write an even number as a sum of odd primes, .
' T Y ‘ S S
. . . , -2 i ’
3 N X
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' Supplementary Exercise Set c.
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* Primes with only one nwﬁber‘b&tween them are called twin

primes. 11 and 13 are twins, so are» 17 and ‘19.,

( G and 3
oA What are- the next two pairs of twin primes" 4/ aud 3
The primes 3 5, and 7 ght be called triplet primes,
If 15" .were prime then 11, 1'3, 15 would be triplsts.
b.‘ Do you.lmow ‘any other triplets besides 3 5, &nd 7"
c. In your chart of prime/ factors, find one other triplet
other tha.n 3, 5, and 7, Aif ‘you can.%'f"’"’“)
. . h ‘
‘I‘he number 6 has kinteresting property‘noticed by |
Greek mathematicians over 2, ooo years ago. It is this..

the number 6 13 ’the sum of all of its factprs except 6.

S e 1+2+3 6. '

° . o~
14

The G eks admire.d this rare property a.nd cailed such
e

numbers perfect num\ners.. No one "has. ever been able to,
find a way to. ge:t dl’l perfect numbers. No onq knows ¢ -

whether there are/ Q.ny odd”’ perfect nu br N T : Lo
‘ < i .“\ A . 3
Find the next perfect h;umber greater 'than Lo,




re

o - -‘ i L - I’Q.
P90 i ‘
9 y i .
) Wt . . K .-
° : s . Lo
* 3. All primes except 2 are odd. The sum of any- two odd ...
} primes 1is even. fSt}ppoﬁe we ask whpt even numﬁers'ar/g sums, ’
o_f twé s (perhaps equal) odd primes? The smallest nu.mbef' ' g .
which could be is 6. It is, because 3 + 3 =6, A4lso . )
8=3+5 10=3+7, 12=5+7. ‘ .
Show that every number from 6 through 30 1is a. :
C~ sum of two odd primes. . X . N :

-~

-

No one has ever féund an even number greater than #
which 1s'n_ot the sum of tlwo‘odd primes. Most mathenﬁ:icigns
believe that every such even r{pmgéf,is the sum of two odd
primes. %o one has been‘able to Show that’ there cannot

be- any ‘exceptions. o= 14132 5L THIT

’ =T+T° - ® - '
J‘f ) ‘*(/l‘ . 2= r34i3= T+19 . i
v e~ ‘5—- b " ' @ ® s N
'/é'! . =)+ = S5+ i ) < . '
: s A= : : \
5= 5H13=T7 : Sy ‘
- A= ’7+/3‘:° RS < - X
' JHI = §F1T - .
Z2a<! y - /-
i B . - v e * . . B ") s [
[y . ‘ ) Y !
4 > N ! ’ . . ~ )
.9 - s F 4 < . M . . ."
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Studying Operations

when a-mathematical operation, like ad‘ditien or mtr;!tipliea-
e *bj,on, 1s first studied, attention 18 L}‘sually, di"reate‘d‘ toviard

-

y (1) finding and 1earning basj.c gacts; like
f2+3 =5 or 2x37,=n‘§,. ; 4

(2) knowing, or at least usmg, 'i:he

(. . }.&

.A'
e ..i'

’
f

.’ Tente

3.bn it is of‘ten
o \fin. 1nstancF, .

invert the usual approach by be'i_ ing wibh a- number arrd~ asl{ing
how 1’9 ¢an ‘be obtained by operai‘.azz Qﬁn:sa’cher n er" __jfhig'; '15,_- -

the attitude boward mﬁtiplmation tafce;:i Ti’r‘x t‘h:is Jgpit when neé ’

express 12 as a produot 1n s’evetal-wajr" b;c asie ’for a?:l» of ita '/
. factors, we ar"e taki#xg this Ienvezrhéi‘ iﬁm of multa.pfication‘ The
’ gsamé general questions applied éc add'ition are nat so 1ntere,sting.

v

U San rhfniter%e‘dééﬁ?ﬁ:'e_v{ Q_{ M.iixitiﬁii,é"" ok
PN ) ; -2, Ceemel LT 3 e

R AN oy "I AT
T '_ ) \We %egin our study e:‘.‘ ‘ehe way, nuxﬁbems ~can,b“rl’§mo};en *up"

wt
X
—l " ’ -

r"‘
---{ 4
* ' .
YOSV S .‘..'..U.

LA s 0




0 3 ) ) .
f
Continued appiication of this process 1n several -cases sho gd\? .

N
suggest these observations

(IT' The "breaking up" can continue indefinit ly

.. °
L - Ta if 1t's 4dre uged ;s factors,‘but using - 1's*
" . .. as qgcﬁziz does not contribute additional
" . o inforfa - : . - "\
. T =3 xkxlxl might as well be -
. - ‘ 12 =3x4 . "
‘ Y ’ . . -
’ . (2) If 1 4is not used ‘as a factor, then theé e
- _ . process must end. . LA - _— .
! . ' (2 X3) X2 ) o ’ ’ .
¢ - .. - L . -

’ terminates the "breakup" of 12,

' The process ends when each factor caqnot be written as a productzgg
smarﬂer factors. At this point we have reached/the "bricks" or'
atoms firom which the number is constructed" by multiplication P

These are called prime numbers or simply primes Products of primes

. are called eompqsite numbers PR
. - . ) Nt -

' v °¢j;(3) It appears that, for a given ﬂumbgr, no matter ! .
Q LT how _the "breaking up" process'is undertaken, o
! B _ : _when. the "bricks" (primes) -are reached; ‘thgre:
":; /CZ :v . s are always the same numbers of each typé f ' .
' o - "prick" (each prime).. . o : - L

a . S =6 x 2 = (2 x 3) X 2 ..and .. :t,-"?

Vo e Qe 12=" x4 3><(2><2) )
Lo T . 6o=5><12 5 x (3 x 4 = 5><(3x 2><2))
W 60 ='6'%"1 o—(2><3)*><(2><5) T
: RPN " Another wey to say this is: If we ignore
A distinctions‘in the order andg: groupiﬁﬁ cf S
. ) ‘ 4}actors, there ig only one way to write a ';ﬁ‘ . uif
I " N number as a ‘product of primes. / N ".,‘A
This property, whose cons%quences are manifold 18 called/th;‘\\ﬁ\,\f'

. fundamental theorem of arithmetic.




‘: Primes and Profucts of Primes e

_;’ "'\\ While this property of primes can be proved), we ask the chil- _
dren to assume it as a probable generalization of{their experienCe.
It means that with every number tgere is associated a certaln set ¢
. of prime factors (types of bricks) and a certain number of " repeti- .
tions of each prime (number of each type of Krick). For example,
36 has two prime factors, 2 and 3. E.\)? is, repeated once:

[ ~

N ' “ . N - * .

NP - _ ','36=2><2)<3‘x3
This leads us to a computational problem. (1) Can we find a
method for writing any. ndhber as a product. of primes?’ Less compre-\
—hensive objectives are (2) to find a way to determipe whether or
' 'not a .given number is a prime or (3) to find all primes Smaller
han some given number Any answer to (1) must inelude answers
) \ig_ib (2) and (3).° We begin with these more modest aims because
they lead us to a solution of the original problem (1) N .
There 1s aﬂ'obvious b t tedious way to Tind the factors of &
number, say., 97.. BegInning with ‘2, .we divide 97 in-order by - '
each numb\r ‘to te;t 1ts even’ divisibility. If we already know -
v - the primes less than 8 _we q&n shorten our work in finging all.la
) " ﬁprime factors of 97 \or prove that @7 is prime. If we are
. dnterested only‘hi;ﬁﬁiﬁing whether or not 97 1s’ prime, this - -
o 'method éan be greatly improved. We need to observe that\ factors

come 1n pairs; for example (1, 12), (2 6), (3, 4) are the paired
factors.of 12, It follows that-" ey

4

¥

g,
«—J -

a) for any’ number'less th i‘5 X5, if one factor is greater ,;
L . than 5 the othe,r f e palr ig Tess t\ha,n 5. R T

3 - te

than 7 the other ~i\' e’ss than,: 7. ~

‘ lO x 10, AT one factor 18 7 - ~
;\bther 1s-1ess than 10,

) greater than 10, _t

N This principle impliesf:hat if 97 has no prime factor less
,than 10, " then '97 1s its lf prime, “For 1f 97 has a factor'

greater than '10 then 1t also ﬂas -a factor less than 10. s SN ¥
97 has a factor less t an 11, then it has 2, 3s. 5, 0r. T
, as a fa¥tor. Ve, thereflore. .peed only test ’2,~ 3, 5, and T y

L for even divisibility to proVe that 97 1s prime - -
. ) . - ....,17% . N K

o | L89" . ’v
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.®  listed must be ‘the pri
- _ 4

N -

. . Ve now have the ingredients of yorka;ble m,q‘bhad efor writj_ng . ﬁ;{[,’:i )

‘ti(;: ﬁL

L -
o . o

¥ ‘."0% ‘iﬁ, ;

R 3 %
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Testing 2,3, or 5 lcan be simpiifiee by noting characteristic -‘Z~f
properties of the ideglmai _numera:}s of nu}tbers wit;n one of these ’_ '
primes &s a factor a2 < .x "

The. method oui:l:inedn abo?e is Qi reasonably ei‘rectz:tve proce& ::'r,h " ‘
for' reaching objective " (2)(’ But ir we}Wish~ho ind 813, ﬁrimes,:V;;'s
.up to 1@0\ testing eaﬂ be oulﬂ e-‘cealous, N ﬁ:-is mo:;e : " Sa
. efficient and revealing to’“ind the cén °site‘ﬁumbers g, to~ iooz S

~

' factor, . First we car,i write down in ordere e‘jf_mmbe':rf_e gzgégtef than_ s
. . A4 <t S e, T
2 with 2 as a. factor'..“ A A ‘~_ S

..
t

. ¥, 6, 8,{ 10, .| LY
These are composite. Then ‘we can include the MI@ reater than
~3 with 3 as a factor, getting

: TN )
. .3 <ol ey .

. , ‘&9,§5, 21, R . RS ”,-5_.:,_ \
in-addition to these é\i ead written, Each of these "is composite. h .
_If we add to our st the nifibers with 5 "6.? 7 as' a factor, we T
" will have listed all sQmpo sltes less t 00 i numbers noi: ‘

/ 5'.1 A ‘s;e :
. T ssing° of 2 materiai Tﬁ'w—gfi

» series of ‘selective ilters or ieves. this anaiogy,‘»each T
_ uccessive "sieve retains onJ: the numb-'—\gs with a, certain fac‘coi' o
and passes the ‘rest. The nwﬁbers passed by ‘the ;inai “filtration AR |
will be the primes less than 100. Thi,s the?i/, i.s & way t}o reach - j,ﬂfg

objective (3). - RS ‘n. ‘-;: R : .y ,[‘ﬁ Te

“ r

A
L
Pe,_‘! ¢

reasonably large numbers as procfu ts of primes,, that .is for z:ea.ch— ‘
ing: obJective (1). The method i§\§2~gesc*thé ngperife;féyEﬂefvﬁjjii.; Y
divlsibility by the prirges/i/n order. .FoFex 0
met‘hod to 1092 we note that 2, is a factor and geﬁ_j{_by,liﬁrision. By

R LTI O e
Now we apply the .method to’ 51&6 again beginning with 2; an_d'fv - ,'.L <
getting. ' ° . 1092 = 2 x 2 x 273. et
%§Since 273 1is not divisible’by 2; we test 3, getting ) @
y ’ ' 1092 = 2:x 2:X 3 X 91: ’

'91 1s not divisible by 3, or by 5, so we test “7,. getting
L. L .1092 =2 x2x3xT x13.

P

RN X -
\‘l‘ s . l\.:g .. . )
BRIC 7. e Y . |

e ¢ . .
’ " ‘e




Becsuseee13 is prime, we have achieggd our~goal

0 e v ‘,. . oL .
. -
PEARY -~ L - g
. P -

i A Pr@perty of Primes f 'im .

] - . -
o o w - =

O"

) ?, 0The fact that every number can be written as a product of
primes in just one way has_ many implications. oﬂ% of these is a
particularly sigpificant property of primes which can be used to
Justify many assertions in the subsequent part of the unit. 1It.
is derived,from a~very useful observation 4name1y, to ggite R
‘m x n.as & product of primes, we simply bring together tmé,
‘_(separate expressions for m gnd_ n as products of primegv;’

From 4 " 110 =2 x5 x 11. and
, ) 78 2x°3*e<13, ¥
T, wWe get K 4 8580 = (2 X 5 x 11) x (2,&

. B :/’
2x2x3x5">‘<lix1

factor of ejkher m or n. Y., ’f‘

S easy to show by example that' this property is nat
shared by composite numbers. While 4 is a factor of -
8, 580 110 X. 78, it is a factor of neither 110 nor 78,

‘ The observation made ab0ve has a direct application in .
Justifying the process for finding all factors of a pumber from = #
(its expression as ,a product of primes ‘Suppose, r 1s a factor
of'. 8, 580 ' Then - ’ ; X , -

8580 rXx g, . T

If r and 8 are expressed as produtts of primes, we will have -~
the expression for 8 580 as a pr duct of primes if we bring '
. together these expressions. It follows that r must be a pro-
" duct °f\5ﬂﬂr aof the factors" shown in .
- 2 %2 X3 x5 xsri\x 13. ) ‘ .

We conclude that by makiﬁg?all possible product expressions
using some of: 2, /;& 3,5, 11 13, we get ali factors. G@iven’

s

This me§;s that any prime factor of’n product mw&

time, we can actually write all of éhem'down.!;
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ihtfie most practﬂpal benefits of the work on factoring ‘to tﬁis
po re 1its applications to the determination of the’ greatest
common factor and the legst common multiple of two numbers., The
..calculation of these quantLties is necessary in "reducing" fraéﬁ
z:tions and in adding rational numbers’, : ' .

\ Commoh Factors - i g

o . . To begin, we ‘examine thb set of all common factors of two

numbers. To get he°set of- -equmon factors of 12 and- 20 we

find: °‘ ¢ .. . c
, set of factors of 12 is. {1 25 3, .4, 6, 12]; .
* set of factors of 20\\is II, 2, 4 5, 10, 20). .
’/Amhe s&t of common factors is defingo to be the intersection nfo_ .
these two sets, namely © % oo oo
{1, 2, 4). : C

- N ~ “

Now it 1s ngt a coincidenceothat this 18 the set of all
factors of U The sat of common factors is always the set of”
all factors of some number. It can never "happen that

v e

o 5 - . -y
& {13 2 3) u: 96} ' - .
is the "ot of.common factors of two numbers. if 6 1is the . ‘
greatest common factor, then . , N : coT
- ,- /’(1,2 70 I 5

»

~twill be the.set of common faétors. Why? o < >
To see the answer, suppose that..'m anﬁ n are two numbers

with both "4 and- % as ¢ on factors. mhen. L o T
‘ W =4 x =6 x q & 3 b 2 X q T ) .
'and;‘ =.4x8=06x t~= 3'& 2 X t Lot .-

. This means that 3 is a factor/of i, x p. But for a. prime to be
a factor of 4 x p, it must be 7/factor of eit;
However, 3’:is not a factor, of y hencé it is a factor of p.
For the séne reason, 3 is a factor of s. Thu

[ . . ) P .
T T m=14w3x¥u‘ (p=3 < ”/
‘ o ‘ néhxjxn. (si&xu)
. ] L. . , ‘ e ’ i »
. ,' s -’, . . ..) RN ) i . B .
G . 8 o . A ‘
- ., e ! 1 « S T
“ a \d\«? .

” T ': ' . | -15943 . '\o., ,

[

er 4 or P. L

[
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© But now 12‘ is a commor factor of m and m Thus, whenever 4
‘and - 6 .are common factors, so is 12.° .

' A general argument of this sortvshows that eve}y common
factor of two numbers is'a factor.of the greatest. common factor,
The-préblem then reduces to determining the. greatest aonmon -

" factor without first having ‘to dete re all common factors..
Writing‘each humber as ‘a’ product dfrﬁtimes enables us. to find the
greatest common factor efficiently. : . : ’

top < . ¢

.From . " "+ 150 =2x3x5x5. and 7

- . e

T k20

2XxXx2x3x5X'T

-

we can pick out the largest Gommon "piece" in the "construction"

of 150+ and 420 from primes, ‘ .
' . 150 = (2 X3 x’5) x (5) " N
L . and, ueo = (2:x 3 X-5) x (2 X 7) ’ -

Clearly 2 X3 x-ﬁ\ 30 is a common factor, Any greater common
factor mist be .of the fd?m 30 x-'(common factor of 5 and 2 x ?0

+ pecause the greatest commop~factor of 5 and 14 is 1, 30 is
theogreatest ¢common factor of 150 and 420.

"a ) The' definitidﬁy computatidn, and use of "least common -
multiple", will be treated in Chapter 6 in connection with the )
work on the addition of rational numbers. . )

\ . ‘ -




EXTENDING MULTIP]

PURPOSE OF UNIT (

*

The purpdsé of. this u
greater®skill 1p ‘ /
(1) multiplying wﬁé

-

-"

(2) dividing whol

Based on_an under
associated with each

/ numbers .,

e numbers, and
34 -

-
v

.

fanding of relevant Properties™ -
eration, emphasis is given to the

"use of progressively flore mature ahd more efficient algorisms.

Skills and: techbiques develop at different rates for
different children,/and not all children can be expected to

perform at the s

of perforfnanee as possible--but not at the expense of _-

-understanding.

»
-

level at any given time,

However, each,




‘ MATHEMATICAL BACKGROUND
MGLTIPLICATION AIGORISMS . .

* When multiplying ‘two numbers such as 12 and 26, it.
generaily is not convenient to rerflember all of oneis.thinking-
used to arriye-at the correct product, 312, Rather, it
usually igehelpful to record some of this thinking in a

written ways

. .
Various forms for ﬁultipljiﬁg may be uséd, depending upon

the pattérn of thinkipg used, and the.extent to which a record.
oP parts of this thiﬁﬁiné is made, 1& writing. Congequently,

some forms of recording (or algorisms) are consrdered to be
-shorter or more efficient,than others. In any event, an
algorism mu$t be based upo ,reqoghized opergtiqhal prOpértiés
dnd numeration. ﬁrinciples. Y L

’ Examples of algorisms for.mult}plyihq two numbers sych
as - 12 and 26 follow. . e .

Examples of Algorisms i
LY 3

26 26

¢

P I

——— y——-!-
260 |, 52

52 | 260

’




ARy

: \ . ' ’ N ' 8 * ) ) ) \k " " ’ ¢
O s . . - ’
\ ‘.Th,"e .fundamental basis for each algorism is found in the .

‘distributive property of multiplication over addition, coupled
with the cominutative and associative properties of

¢’=26o+52
= 312-

» \
.
*

Notice that, In effect, Algorism ,B 16" an abbreviated
0 . ’ .
form of Algdrism A, s

~

P
‘Algorism C 1is similar to Algorism B, except that
12 1s expressed as 2 + 10 rather than as 10 + 2.

»

Finally, Algorism D is an abbreviated form of
Algorism C. 1In Algorism D the "place \Zalue"o principle - %

is used explicitly so that by its position the 26 "indicates- .
i 4

o "’ N
26 . tens" ory 260, ' . ~ ~

.
-

) . "o
. “ .

Be

multiplica.tiqn. , Por examp.'lé': . Al _ R
: . : PR T R S ‘.' .
Elplanation. for Alegorism A: o . .
oy U 1o x 2Bz (10+2) x26, . // S
. - . _ "= .(10 ¥ 26) + (2 x 26) .
\J ‘ 2 '. = £i0x(2o+é)] +’12x(20+é)] o0
e =+ [(10%20)+(16x6) 1% [{2x20)+(2x6)]
T = (‘éoo'f 66)’} (b0 + 12) .
“) t = 260 +'§2 . .
‘ ) = 312 . :
.. «Explanation for Arlgorism B ) . . s
‘ 12 x 26.= (10 + 2) x 26 | o
| ‘ : = (10 x 26) '+ (2-x 26) B
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DIVISION ALGORISMS iy , ” o "

We have recognized that,. generally,it is not convenient
for a person to remember all of hik thinking when multiglying

*

larger numbers, It is even less convenient to remember his 3

L

ﬁhinkinq when dividing Targer numbers. Consequently, the need ,

for a written record of at least some of this.thinking is even
greater in division. : i )

*  What is méant by ar expression_such as "69 divided by 4
or. "57 divided by 3"? We may interpret ahy expression. of
this kind in two quite different ways. )

(1) *Expressions like "6§ divided by 4" and "57

. divided by 3" may be interpreted in relation to the operation
‘of divisiog within the set of whole numbers. We.may write;

69 20 = n; so, 4 x n = 69 and n.X 4 =69, Also: 57+ 3 =
so, 3xn=57 and nx 3 = 57 In each inséance\we are agked
to determine the "unknown" factor, if one exisfe, within the

set of whole numbers. ) . 5

There, clearly is no whole number n ‘sucﬁ that % x n = 69
(or n x4 =869). In a sense, then, the e%pression "EQ ‘4
has no meaning as an operational expression within‘the set of
whole numbers. The set of whole numbers is ngg clqsed under

diwision. - ’ . ‘

In rhe other instance/)however, there is a whole'number
n such that 3xn=57 for nx\ = 57) , That number is
19, since 3 X 19 =57 (or 19X 3 = 57) We alsg may write:
57 = 3 = 19. , . o -

o

a4




12) Expressions
"£7 divided “by 3"

such as "69 divided by 4"

may be interpreted in relation

~ described

the partitioning of sets i'nt(o equivadént subsets as L
by mathematical sentenoes of the form. ‘.,

(nxl})- tr o -

LI i

69=(n><n)1~r‘. or - 69‘--'
- - . . oo . i . , T
87 = (3 X.n) +r “tor ‘57’=(nx3)+r vV
] \ - . .
if which n ‘and

+

as possible.

[N

M

e

In ‘the first i'nsté'ncef‘we may-write:

-

"

-~

D"

oy

’ »
. v

r are wholé numbers, \and n is as large

69 = (¥ x 17) + 1 or 69=(17>«1;)+1.
. . . ! _
. In the second instance ‘we 'may writes = - ; A
s . « -
- "(3><19) or~=7—(19><‘3)+o_

?

Note th@.t this second instance ’is analozous ‘to the case in

Wwhich 19 was fourid to:be the unknown. factor in th_e

.

sentence, 3. Xn = 19. . Ve Co .
.7 ’Solutions such as those 1llustrated in (1) atnd h)
above usually cannot be determined easily, by inspectiom .‘ .

when larger numbers ‘are involved

Consequently‘ an- aIgorism,:--

,+a way of pracessing, or of recording one's thinking "--is Jhelpful.

g

. Let us 1llustrate the preqeding discuss'fon wAth an -
. algorism (shown in several alternative forms)’ that could be used

»
in relation to the expression, "862f'divided by 6. "o
. 143 S g . o
'\'l-. ) . 3 ‘. \-'. . ‘, . -. .( LI , ‘ °’
. ‘ i 40 - . - ) ..‘ '.‘ . ~~’ '
.. 100 . T 143 :
N ) K 6)'862' = 6.)862 o 6;862 - ’
X - 600 + 600:{ 100 §00'. .
262 , , 262 ) 262 )
. ‘ 240. '250 | 40 240"
. T e . - s »
. R 22. .22 ' .0 22 5
: 18 a8 3. 18 :
: D S o L] 143 i
. ’ (\} . e v . . . "
- . o » N .. - .
+ . i \w' - 3‘ : i
. N 187 .
~ - . . ’
’ ’ N 4 l 9-8 ‘ " - L4 )
4 . . ' ' ¢




tr oL e ' FoooTE ’ . SN
. N \ ) ﬁ. - : [
. : In each formiwe often use special names to refer to W
N\ specific parts’ of the algorism' - S
S o 862 may be called the dividend L
. : . T 46 may be ,cdlled the-divisor .
. Al ’ oo - )
" ¢ » LI o ' ! '
. ¢ .- 143 may be. called the(guotient» . * -
'l ® . . ) % may be called, the remainder.
r 3
n . (1) First-&et us consider th€ information givén by the,
algopism in relatien to the mathematical sentenqe,(~862 +6=n,
MRS We.have found that there is no wholexnumber n such that - ' )
6 x n*= 862 (or .nx 6= 862). “We therefore kriow that 6
. is not,a factor of 862 b o 4&:?“.r- - - .
' . TR ) )
. (22 Now let’ us’ cgnsider the inﬁ@ﬁmation glven by the '

-alcoriém in relation to the mathematical sentences. -
862 (6 Xn)+ p. or 862 m 6) + r e g

T " We now may write° . ) : . R .o PN
T e [ — N -

.862 (6 % 143)- 4 .or’ 862 - (143 x 6) + 4-,

e

o We may think of this in, relation to: . -
“ == " (a). partitfoning a set of 862 objects into 6”‘ )
// ‘ .. equivalent subsets. There will be 143 members ing .
- " ' .each of the 6 subsets, with a set of 4 members o,
i 1 e T ,. remaining, )
\L:‘ . ’ (b):'partitioning a set of 862 objects into équivalent

. subsetd of 6 _members each. There will be 143
such subSets,'with set oft .4 members remaining.

.
* PRI ~

. Now—}et—us examine the mathematical bages for our
“f commonly used divisiOn algorism. -
o. . - .. , . k/
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. beimng in the form ‘b + ¢, where b

~ . . - M

In the preceding volume of Mathematics for -the Elementary

School, the distributive property of division over addition
2R,

. . Y(a + b) = (a + o) + (b + c)

- .

was used te explain the basis for the division process.

HoweVer, the bagis for a division algorism ‘san be sé%n,ﬁore o
clearly at .times in terms of the distributive property of )
multiplication over “additiony,

L)

B
L =)
[X

P ax (b¥e¢) (a X b) + (a X e). :

-~ R .

' Think of dividing 760 by 20° using one or the other

.of these*forms: BN © T
. °’§—§- T B,
i
e T 2230 . x « By g st ey Yt Bgoes . .
. - 20 760 , . 20 } 760 & . ,
600 - . w600 | 30
k 160 L L ’1)60 ° -
) 60 . .. 160 | 8
- .. o W . 038 :

.
¢

This division_cphld’have been 1ndicated by the sentence d

760 %+ 20 = - ny; which may'oe re-expreséed as 20 X n = 760, -

We know that h must be greater than 10 butless than
100, since ;20 X 10 = 200 and 20 x.100°% 2000, #nd 760
is between * 200 and . 1000, We “then may think of n as

‘ 1s the largest possible. ’
multiple of 10, So 20 x n = 20 x (b + ¢). )

Usiﬁg rthe distributive property of multiplicatfon over
addition, e may write: oA ’ 5
. - i
e ¢ L 20x(bte)zT6p

'_(2'0,'x_b) ¢ (20 x ¢) = 760
(20" 30) + (20 -x 8) = 760

ra



Each fory of the algorism shows that we have determined
b to be 30 and * to be. 8. ‘So, the "unknown" ' factor
n is 30 + 8, or 38 . '

~ But how’ éan we determine, for example, that.'d is 309 -
' We could think' 20 x 10 = 200 . cT

20 X,20~= 400
20 x 30 600
..' 20 x 40 = - 800

. .

We see that- 800 > 760 and 600 < 760. Sin¢é 20 x 30 =
b'e 30; . oo

In a shorter way, we ean use our knowledge of the’
multiplication "racts" 2:x'3 =5 and 2 X b= 8 to help
*us infer that 30" will be the Margest multiple of 10 “to’

use as a factor with 20 so that the’ product will not exceed
760. ", “ . o ‘

. ’, B v

* By a similar inference we can determine .that c¢ 1is 8.
Knowing that 2 x 8-="16 . helps us determine that 20 x 8 =

! Finally, mention shpuld be made.of the fact that 1t fs

through a more explicit applicatiﬁn of the principle of
place value" that we may condense either of the preceding

fOrms to ones ‘such as these:" . . ,

- [

38 . 38
oJ760 " . 20 ) 760’

600
160
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TEACHING THE UNIT- - . “
This chapter is organized in the followipg L -

., 1, There are teaching suggestions and
exploratioh WHich appear only in

.. the teacher's commentary- ) ) .
2, There are exp orations and, summaries , R | .
* which appear in the pupil text. o . - <
3. There are pupil exercises to be dQne * "- ‘
indepéndently. A -

. It is~recommended that the teacher Pol
the &xploration in the teacher's commentary J
préceding the wdork with pupils in the pupil text. |{
The pupil text- materials are designed to be read 1
and «discussed together, These .offer pupils a |, ’ -
record of. review and extension of itechniques of - M
»multiplication, and- division.. It is not intended -

that all children do all exerclses. " Yet, you - P
also may find it necessary-to° supplement'some AN
exercises with additional work. oo ot

As background for this unit,’ pupils should IS
know the multiplication facts through 10 X 10,
Since the properties of multiplication are used.’ i ‘
extensively in - this chapter, teacher familiarity’ Cot o
with Chapfers 4 and T “of fourth grade 1is N |

- '

recommended. . )

in the’previous .chapter it was emﬁhasized

that product expressions,such as

(3 x 2).x 2,

and 2 X 6

are different names ° , . N

for the number twelve,

émany problems a .

desired.response to a mathématical péntence . . )
such a8 3 X 4 =n"1is n=2 %6, Since, in .-
this chapter, we are concerned with multiplying i
and dividing, -we try to be explicit by asking . -t
. for the decimal numeral. - (Decimal numerals are .
‘numerals using the base ten numeration system. -
Actually here we will need.such_symbols ‘only for A+ - . -
representing-whole‘numbers. The numerals usually L.
used to.nanfe the whole numbers are o, I, 2, R
..., 10, 11, 12, 13, ..., 85,. 86, v :
8§, ). In the'later exercises we shorten S C
the instructions,to something ldike, find n,
compute n, ete:. Such instructions are to be
interpreted as asking for the decimal numeral
fornr for n ., . . ..
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" the vocabulary of multiplication.

©o

-~

,:‘REVIEWINQ IDEAS OF MULTIPLICATION -
Objective: .To review the languagé of multipl;catfon

" Materials: - Duplicated blank table as suggested in..

Exercige Set 1 ﬂin pupil text
. ‘ L= R
Teaching Suggestions: ) . )
Before children begin this chapter,.elfcit *
from them what multiplication means and review-

‘ Note that
the product of two:nupbers, such as .3 and &
may be-named as a product expression, 3 X "
or as a dgecimal numeral' 12, Determine pupiY. - =
understanding of the matheématical sentence.

'As onme way of reviewing mu;t%pliéétion°
facts through ".10 X 10; charts 'similar to

the one given in Exercise Set 1 may be
sconstructed. Forms may be duplicated so that
pupils can fill 1n/ﬁ§$bers.as needed. Changes
in sequence may be made to provide practice
material, - - Lo
After rgading with the children the first,
page of -this chapter in the pupll text, have !l

them dJ ‘Bxercise.Set 1  independently, s

— 1
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REVIEWING mms "OF MULTIPLICATION I

-
»
-

1 M -

To express the product of two numbens»using a

4

*
<

mathematica} sentance, .Wé , can Write. ) '- .
Q~ . - 7/
. M y - ) . .. 5_ X _u: = 20-
We read this either as: . S Sy
.o ¢ J - . . .
. \5\\\\\ ' 5 times 4 1s equal to 20.. .
i ~ 48 v . :,‘ ‘ ' ¥ v ;3 n‘ . ‘
° ) % \. ‘b . O’r‘. :l. . ) - - -
. A \\\>\ 5 times ‘4 equals -20. . ' .
20 is the.prbduct of . the numbers 5 and 4. 5 and 4,
are factors of 20, -, . - N
A N * T,
T Seoox Tk =t 20 ‘ L
. * ‘ ! R ’ \\\ * . * N . . . ©
ol rantdr factor, product- T

A B \ : .
We ‘have foungd: that any number has many ngﬁes. THe ‘Vr”

»

. expreasion, 5 X Q, is anoﬁheg name for 20, ﬂben we’use

-a name showing multiplication like 5% y for 2ox we oall

T it a produc exgresgion. Both 20 and 5 X b name he ‘w_
product of 5. and 4. .Ip this chapter we will learn ways

,of rinding the decxmal name .for- the products of large numbers, -
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Exercise Set, 1

&

e 4

-

- . . ' 4 .
Copy the following table and fill in the blanks with

" the products: (Use decimal numerals.)

. ke

y

A
.

»'t’

‘\
-1
pA
Tl#2| 56|25 |70 |25 | o |63 |4 | 92| 7
1lelglsdmolalolele |73
gl syl 72| 45190 |36 |0 (21|12 |é2|27] 2
a3 fisgfe4lis o020 |e7| 6 et |9 |7
61136 |#7] 30 | 60 |24 0 [5#|s2 |42 |/9|¢&
10 160 |80 |50 |/oo |40 | 0 | 90| 20| 70 |30 Vr0 ]
5 {70 |40)es |50 120 | 0 |l io |35 | 15|
'ty olfo]o 0‘ 2, \o' & |o oo o‘.“;ko'
8 H#s8lc#| #p |goml 72 |0 |72 /8 | 5% |24#] 8.
a flze |7 | 70 go g (o |/s|# | |62 |
. T Wa
L] . JW < _ -
- 3‘ L]
A .
L}
4 . LI 6' ] ’
‘t . -
194

4
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hEVIEWING THE PROPERTIES OF MULTIELICATION ' N

A ‘.

N Objective: To review the properties of multiplication . .

Materials: Two 4 by 6 array%, two 3 by 8 arrays and . ‘.
. ¥ .« several other sets of‘arpays containing the fame
= 3 numbdz_of .elements for class discussion of the
) commutative property of mult;plication‘
. ~ ( One 7 by 18 array and similar arrays for class
’ ' discussibn of the distributive property

-

In reviewing the commufative property of .
multiplication, usé ‘two T by 6 arrays.
Pupils should reviewthat a % by 6 array and |j

6 by 4 array are different only in the.way
they are formed. Each has the same n‘mber of”
elements. It might be well to review'that by ) .

- turning a 3 by array, we can place it over .

n -8 by 3 array; but & -4 by 6 array cannot ' .

be placed over a 3 by 8 array, no matter how [ .
s much tuPning is-done. - o EY

It 1s important that pupils ‘understand
the use of the associative praperty of multi- \
prication.” It is desirable that pupils® be ) -
able to verbalize their understanding of the
. . property, but it is most important that pupils
be able to make use of associativity. They
should recognizé that the way 3 factors are . .

- A

grouped &oes not affect the product. : . : o

. After reviewing the associative property, .
‘ have pupils do Exercise Set 2. S o

R From their work in Chapter 7 of fourth .
. grade;, children should know how to gultiply\ ) \
using multiples of .10 and 100, n that
. chapter, pupils found the assoclative® property :
Lo very useful in multiplying by multiples, of .
.o 10 and were able to show their work using
e ' the mathdhati®al sentence form. PupMs should . ;
' “be able to write products of multiples of 10 .
without having to use the-longer form. .

The teacher may need to g pupils : S
additional oral and writtefi™practice.’ °
“Children shguld be able to- explain their
way,of arriving at the product to .insure ' .

' that their werk with multiplication is _—_ se
» not merely mechanical.’ 7 . "

t L1 A
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- this note we will inclide #11 of the sbeps as

. - »
In Examples” 4 and 5 1in,the pupil text, ..
you will notice that several steps have been . - 1
combined in order to reach a shorter form.,  ‘In C U ha

they shouid be‘'in ordéer #r you, and possibly
somé of the better pupils, to see the complete

form.

. . v N ’ . ‘ . .
Exam;ggie a: . * . «.;,.- '
F ) ) o : .
60 x 70 = (6 x 10) x (7 X 10)° (Rename 60 ‘and 70.) ¥
= [(6 x-10) x 7]5x-10 (Use associative property )
. L
= {6 x (10, 7)] X 10 (use associative property.)
= E6 x (7 x 30)] x 10 %Cﬁ%% commutative property,)
v = (6x7) x (10,x 10) (Use associative’ property. )
= k42 x 100 (Product of 6 and 7 is 42;
. - product of 10 and 210.is 100, )
= 4200 ) (Product of 42 and 100. .
. is 4200.) .
Examgle . 2 ) ., ' : % “z o
~ N ‘ ¥
700 % 30 = (7 X 100) 'x (3 x 10)(Rename 700 and 30.)

oo ] Il

T (7%x100) 2@3] X 10 (Use associative property. )

propenty.}

property. )

(

(

{7 x (100 x 3)]x 10=(Use associative

(7 x (3 % 100)] x 10(Use.cormutative
(

(7 x 3) x (100 x 10)(Use agsociative proberty.ji

21 x 1000 - (Product of 7.x 3 is 21;
. product ofelOO ‘and 10 oz
is 1000, ) 5 N
21,000 (Product of 21 ama
. 1000. 4s 21;000,) .,
rd
' ) .
196 .
' 207 o
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3 - :
COMMUTATIVE PROPERTY OF MULTIPLICATION =~ - ..

- A 4 by 6 array can be turned to form.a 6. by- 4

array. P
4 by 6 array 6 by 4 array
4 x 6= 2k o 6 x4 =24 -

This shows that ‘#x6= 6 x4 .

A)

A 24 by 35 §rray can be turned to form a 35 by 24
array. fThis shows 24 x 35 = 35 x 24, When we write
24 x 35 1n‘pi\ace of %( x 24, ,we are using thp commutative

.
2

property of multiplications - c
By using the commutatiye property, we have fewer

muitiplication facts go learn, )
" If we know 5 X 9 = 45, then we know 9 X 5= 5,
%Ifweknow 7x8-56 then we know .8 x 7 = 56,

If this property 1s used, how many multiplication facts are -

( 3 N (7/‘1— Mﬁ
to be learned? How do you know? b cheid. I ok find Mwl

fW‘MMMM, 75 o A w0, T Lo, .Ab.‘-.,(.&,a 4-5-)
What are the properties of 0 and 1 for multiplication°

(Y 2 mxo= o 1R s ot » o
How -can we use these properties so we have even fewer

multiplication facts to reﬁxém‘ber" ( f-«f Mw7 O n /
ad & M Aot nel Save Ao Ao W

f‘“’”‘éf’%wf om.&v?")
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ASSOCIATIVE.PROPERTY GF MULTIPLICATION

“e .t

L
. \

. . We know that we can muItiply three numbers, P

such as, 4 ‘'and "2 and 3, 4n that order, in either"
of two ways:: A' L. S ™~
¥ | ) '(hx‘a);<3\=8hx3=éu
box (2 X3)=4x6=

’

\ * Each way' of érouping the numbers gives the same product,
Y

- - -

So, we méy‘ write:
(4 22) x 3=0x (2 x3).

~.When we replace one way of grouping the numbers

® b'y]the. pther way, we are using the associative property
‘of multiplication. '
: -
> ;.Beéause of the associative property of multiplication,
. " we can write )
. : R A}
N . - b x2x3 =24 -
4 S -
without using any parentheses. We know that either
’ _“ ) grouping of the factors will, give the same product.
. i : Y
4 N ' .
. A Y ‘ 198 «

o . . ’ 209
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We have 'learne‘d how to mualtiply using 10, or .-

.100, or 1000 as a. factor in examples like.these:
3 Xx10 =30 - 7 x 100 = 700 9x1000 9000-
23 x 10'= 230 57 x 100 = 5700 ~ 39 x 1000 = 39,000
We also know our "multiplication facts,” such as: 2.
4 x3 =12, 7 %X 5 = 35, 6 x 8 = 48, i
Now let \us review how we can use these two things along
- with the associative pmperty of multiplication to find
products of numbers such as 4% and 20, or 6 and 700,
or .5 and 3000 ‘ '
Example 1 .
4 x 20 = 4 x (2 x 10) (Think of 20 as "2 x 10.).
. m (4 x 2) x° 10 (Use' associative property.)
= 8 x 10 (Product of' % and 2 1s 8.)
= 80 «. (Product of 8 and 10 is 80.),
o : | ~
Example 2 : ' ~ .
6 X 700 = 6 X (7 x 100)  (Think of 700 as 7 X 100.)
= (6 x7) x ‘100 (Use associative property.)
= 42 x 100 (Product of .6 and 7 1s h2.)
=400  °  (froduct of 42 and 100 1s 4200.)

+

sxz,aooo-sx(sxlooo) (Thinkor3000as3x1000)
et (5 x 3) x 1000 (Use associative propérty.)

15 x 1000 (Product of 5 and 3 1s 15.)
15,000 . (Product of 15 and 1000 is .
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Producta of numbers such as 60 and 70, or 700

and 30 can be found using the associative ,property of

»"

multiplication along with the commutative property of
(

6

multiplication, -

Example 4 . o :
" 60 x 70 = (6 x 10) x (7 x 10) (Rename 60 _and. 70.) ., -

@

(6 x 7) x (10 x 10) (Use the associative and
- commutative properties,) -

42 x 100 (The produict of 6 and 7
: - . % 18 42; the product of-
10 and 10 is 100,)
(The product of 42  and
100 1is u200 ) .

v

EEEER._<§ R . ’
700 X 30 = (7 X 100) x (3 x 10) (Rename 700 and 30 )

& N

- (7 X 3) x (100 x 10) (use the associative and
commutative properties.)

= 21 x 1000 . (The product of 7 and 3 is
: -21; the rdduct of 100 x 10
o - is 1000, 3
= 21,000 ~ . * (The product of 21 and
' . 1000 is 21,000.) —

3

1Y
¢

1 ) [}
Do you -know a way in which you can rind the ppoduct of numbers
like 60 and 70, or. 700 and 30 more qpickly? If not.
sée 1f you can find one,

LA ¥




’ .0 L ‘:.“ R Exeréige Set 2
] : “ ' ) ’ l :
1. sWrite each of the following products as decimal numerals, -

‘ " a. ‘5'>=<°12,  (#9) . n. 33 x 100 .. (3700)
ﬂ b. "4 x 100 (4;05) 1, 4 x 600 (2, 4vo)
e ;,oooox 7 ..(7)/500) J. 800 x3 (2, 42°) ) '
d. 100 x 12°  (,200) Kk, 8°'x 2,000 | (/6,000 ) '
.-_.e.( 3? x 1,000 (3‘;} 0o0) 1, 500 x 6 (?/ 000)
. 10 % 5_6;%- (£60) @ 300 x 2 - (boe) ’
g.. 200. X 4, (#00)  n. T x80 (ﬂo)\ /t )
h N
2.“ Pind thgg!prodﬁc-t of each of the; pairs of n{lmb;;\s byﬁ A

using the comm\(a,tg,'ﬁive and assqcigtive properties of
miltiplication. o .
Example: 50 and™ 40 . ‘
50 x 40 = (5 x 10) x (4 x 10)\
= (5x4) x (10 x ‘10)

' = 20 x 100
‘ . = 2,000 ‘ =
®a, 30 and ‘70 - . ‘e, 300 and 40 .
b. 80 and 60 - £. 50 and 700 o g ‘
.¢, 200 and 300 " g. 600 and 80 _ o .

¥ 4. 9 and 700 h, 300 and 9,000 .

- .




* Answers to Exercise Set 2 =

'(3x10)><(7x}0)
(3 x 7) x (10 x 10)
21 x 100 )
2,100 _
. (8><10)x, C1e) . - o
_ O, = @xErx(oxwe) T T Pt
48" x 100" -
‘= 4,800 , . :
c. 200 X 300.= (2 x 100) x (3 x 100) o ,
: ,Fi o = (2 x 3) x (100 x 100) T -
S . T £ 6x10;006— -
. | = 60,000
. . d. 90 x 700 = (9 x-10) x (7 x.108)
S . s = (9 %'7) x (10 x.100) < . .
‘ " 263 .x 1,500 . )
63,000 .
(3 x 100) x (4 x 10) -, L R
(3 x &) x (100 X'10) . } .
RN 12,x- 1,000 . ’ .

"
o
“
o
*
\]
(@]
1l lI 1}

o
o
S
x
3
n

(4% ¥%

r
.
‘_‘_{4 .

oo ]

. e g, -300 x 40

]

. ="12,000 . e
. £, 50 x 7o&= (5 x 10) x (7-x 100) = g ? -
- =.(5 % 7). x {16 X 100)

35 x.1,000 -
< 35,000 - ; )
(6x1ao$x(8xlo) i §
(6 8) x (100 x 1o) P e
: : .= 48 x 1,000 e
. = 48000 ' -, i P o

.7 h. 300°x 9,000 = (3% 100) x'(9 x i, )
K ; — (3 % 9) x(100 x 1,000) - .- % .
¢ .. " =27 x 100,000 | '
. -, T 2,700,000 -

"
. . .
- . B .
- [ ) . L N d
! R - S,
’ . . . - *
~ - bl * . -
. - . - v ' - hd .
- ’
.

1]

@ - T

®
[

2. 600 x 80

PR PR

L
fi
nou
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' <o -+ < Exercise Set g_’ I :
e it TR
~ . . ’Q . i . 3 N ;,Q . o -
i « f v > ,‘ : e @ e °,
Find n 1n each sentence. (Use a decimal humeral, ). ’
x " - ~ . ’ ; I . - .
*, 1. *0x30=n " (4200) 1N\ 200 x°300 = n” "(bg;000)  ° Tec .
.2. B0x.T0O=n - (3 580)% 12. 500 x 700 =.n" {359,007 |
3. 60 x 80'=n~ [(#900) 13, 300800 =Tn /(2 4o, 000) =
b, 30x50=n (%.500) - 14, 700 x 40'=n (&9, coo) <.
- - 3 ¢ € . N ~ . ‘
5.~ 60x 40 =n  *(& #00) *15. 3Qx 600 =.n - (/f,‘boo) T s
. , [ "\ . - . " ) . N . ‘
6. 20x600=n (/2,000) 16, T0x90=h _ (¢ 3a0), .
3 , - - > o
7. 500 x 30 =.n  (4%,000) 17. 80 x700=n | (i‘éa)ao);, -
. N R N 4, ’.'. . B N . ¢ ,
8. 400x7=n_ ., (2200 18. 90x 30%=n’ (3 7000 -
> - . . . I T ,«in
v . - . . » : : , . . ) R v B o
9. TOx80@=n (5¢000) 19. 80x50=n'. (% 0o0)
v s o ¢ -
10. 83x.900 =n (72,000) .20, 20 xY2,800 = n .(240,0600) .
. ‘ " / g " ‘
‘ ' R °s ,
A - \/’ . \‘/
. ‘ R .
s . N ~ . 3 ’\‘ 4
. N , v {’ «’
.‘° h T ‘ ) ,"" ; ‘\
- i . rd 4 /‘ . ‘ - .
N g" . \‘7 . LI bc.’v -‘\ . ~
‘ ’ ’ : N . . . - ‘, - . ’ oA
S ' AP S :
. v [ . )1\ 1\ - v * . . oA ' .
g ~ ‘e e
. —
> -
i 2 - oA, e -
N ’ . ? - "
- 203 : "
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REVIEW OF PROPERTIES (CONTINUED)

DISTRIBUTIVE PROPERTY OF MULTIPLICATION OVER ' ADDITION

’.

7 ‘e ” nd

“

o When a -7 by 18 array is used, it can be

seen that 18
making various folds)
18 1is named 10 + 8.

.

x (10 + 8

.70+
) ©126 ,
Using the commutative .property,

‘we %an see that -
. 7TX18 =18x%x7, "

nunn

: 7 x10) + (7 x8)
56

nay be renamed in many ways (by
but most convenientIy

s " From tnis,ﬁgupils should be able to w:ite
- T X1 '

<

7

~

>

AN A 7 by 18 array may be used to’picture the
distributive property of multiplication gver addition.
» o 8 -
#

This coudd be demonstrated by
turning the 7 by 18 ‘array 90° |
and using 'the same sepatations.

It becomes apparent that the -
number of rows .are renamed and

the number of columns distributed
over the rows. . :

Thus we recognize thaf:

<

. 18x 7 = (10 + 8 x-z
ol & = (10 x 7Y+ (8 x 7)
- . = 70 + 56 -
. = 126 , L
Although s of 18

~

are possible,
chooSe

[

*r

¥%ny renfming
is important to -
e most convenient. one;

in thes® examplas it is 10 + éz &




LR, - L e

- L] ’ ,-

" - DISTRIBUTIVE PROPERTY 'OF MULT'IPLICATfON OVER ADDITI ] "
. 'ro.fr‘u the product ot/ 1 jand 18, think of a 7 by 18°% )
. array. X - . / .
. 18 / -
! - :
/l 1. .
N \
. /‘ - ‘ ' !
) 7 v ’) -
' e / 14
' J* / . -
- . - , . o .
. Separate it into two aryrays show\’ing products you alrea;iy . .
F }mow.. For example: A, ) -,
' 10 8 -
Al 4 ' " A~
A 8 P [ 3
_ N
.7 , : ,
. L i yd
. \
¢« " " »
- . 7 by A0 array - 7 by 8 array '
S  7x/10=70 7><83=55 '
"These arrays/help us see that* .
. 7.‘x~18_= 7 x (10 + 8) ' ) L
= (7 x 10) + (7 x 8) - .
/ . . . o . .
. = 70 + 56
" ' - i = ,125 ' .
2 w'hen we write (7 x 1‘0) + (7% 8) .4n place of 7 x. (10 + 8), .

\
we are using the distributive aroperty of multiglication over

. v .
addition. . - 4
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’

Now) suppcsé we find the product of 18 and " 7.

T
T.
, & o
( N, | Can we 1 ] (10 by 7
. 1 separate .10 4L p 1 array)
) : ( " the array R
N 11ké thig? ] .
. A ) 3
'8 *~
L . = - ‘ 7
, - _ :
o)k ] ° 1+ (8 by
. . . : i . _ array
; (18 by 7 array) .
Find t':h_elproducts separately and add them to get the /-'Eotalr '
‘“‘number of élements in the 18 by 7. array. /2
) 18 x 7 = (10 + 8) x 7
.. . - i
< c ' = (10 x 7).+ (8 x 7)
. , . . < . . -, = 70 + 56 . i . ,
L] ‘ ’ ’ . ”)3 126

Ty The commut:a'cive property of mul'ciplicat:ion tells us that a
7 by 18 array has the same number of &Ements as an 18 -,by 7

array, thus: - 7 %18 = 18 X7
R Since ., o 7‘x 18 -’7 x, (10 +-8)
VT L e (Tx10) s (Tx8), A
" and ) 18x7-(10+8)x7 ' |
. - ' -(10x7) (8x7), . S

. then (7 X lo) (7 X 8) = (lo X7) %+ (8 x 7) = 126 elements.

206 ~
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Here are other illustrations of how.we may use the

I3

distributive propgrty of multiplication over additon.'

1. 20 x‘37 = 2o,x (30 + 7)

)

+4(20°x 30) + (20 % 7)

(Rename 37 as* 30 + ?.)'

s

P

.
.

(Distribute 20 oVer 30

Ky

-

®

o

. 'A}'\

.« and 7.).
A = 600-+ 14D . (Use multiplication facts:
T and place value, '
= 740 . s ~(Use addition facts and
, place value,)
2. 42 x-30 = (40 + 2) x 30 (Rename 42 as 40 4 2.)
1 - ) / >.
= (46 x 30) + (2 x 30) (Distribute 30 over -40
. and 2.)
= igoof+ 60 (Use multiplication facts
. - and place value.)
~ = 1260 ' (Use additfon facts and
‘ N place valué.) ¢
3. 4 x285=14 x-(200+ 80 + 5)  (Rename _ 285 as’ 200 +
, . 80+ 5,) -
= (4'x 200) + (4 x 80) + (% x 5) (Distribute 4
R . , over .200, ;
. . and 5.) :
. = 800 + 320 + 20 " (Use multiplication facts
’ o0 3 and golace value.) .
= 1140 .- (Use additipn facts,
- . N asgoclative prOpegty, ..
./(‘ \,M and_place value )
A -
. . o P '
¥
- N . ’
.» . : .
Vs < ', * o .
R \ I
ol ) . .
. 207 .
. \ ¢
P’ 221.63 ’ '
- i L . = 7 . s
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' ' Exercise Set 4

1. Using sthe properties of multiplication, express the
following products as decimal numerals. (le, mwbw,[)"?"

; @10)
. o Example: 6 x 21 =6 x (20 + 1) ’
= (6 x.20) + (6 x 1) . ~ 7
’ ) =120 + 6
; \ = 126 . o
~a. 3 x 27 » 1, 20 x 62
b. 42 x‘ 6 J. T¥x 30
<?. 2=x 128 - k. 40 x 57 )
o d. 7 x 341 1. 60.x 23
e, 21Tx 8 . v ‘m 78x100 ST,
] < f. b x 285 ’ n. 20 x.91 - )
" g. 22 x}0 . 0. 86 x 30
h. 47 x 30 S p. 39 x50
" 2. Name the p?;)perty of miltiplication 1llustrated by
each mathematical sentence. - LT e -
’ a. 8 x 18 ,= 18'x8 Cormomadiire |
. v b, 2 x (9 x6) = (2x9)x6 ' Rusorcatice ’
c. 10 x 32 = (10 x 30) + (10 x 2) AW
\.. ~»

3. Find n in each mathemaﬁical sentence.’ Use what you know

about the properties of multiplication to help you.

a. 15 x 30°= (10 x 30) + (n _x‘eo) LI
| b. 18 x5=5xn : L s/ :
<e. 36 x (10 x 2) = 10 x (2.x n) s = 76
v ) . . R .
- - 208 - . o K

219. .
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4, On yourpaper, write tirue if the mathematical sentenée

“is tpue, Write false if the mathematical sentence 18

_"fawlse. . . ‘
a. 8x{7+5)=(8x7)+ (8+5) /4,4» .
b. ’12_>210=1o>,<12' , 277

T e, 33x 48 = (30 + 3) x (40'+ 2) o

10 x (4 x 3) e

10x(5+7) f«é’/

’

* &, . Each of the expressions below is equal to (40 x 60).

d. (10 x 3) x &
e. (10 x 5) x 7

‘Wnich does not 1llustrate the distributive property?
Write 1ts letter. - '(¢) _
a. {20 x 60‘)“_+ (20 x 60) ‘ -
b.* (40 x 30) + (40 x 30) __— '

c. (4 x10) x (6 x 10) ~
d. (25 x-60) + (15 x €0) - :




- ¢

’ N .

Typical answers to Exercise 1, Exercise Set 4:

.

a." 3x27=3x (20+ 7) " o
(3 x20) + (3x7) )
60 + 21
81
(40 + 2) x 6
(40 x 6) + (2 x 6)
240 + 12
252
= 2 x (100 + 20 + 8)
(2 x 100) + (2 x BO) + (2 x 8).
200 + 40 + 16 ‘
256 o o
7 x (300 + 40 + 1)
(7 x 300) + (7 x 40) + (7 x 1)
.2100 + 280 + - - C o
] = 2387 )
e. 217 %8 = 1200 + 10 + 7) x &
(200 x,8) + (10 x 8) + (7 x 8)
= 1600 + 80.+ 56 .
= 1736 L
4 % (200 + 80 + 5)
(% x 200) + (4% x 80) + (4 x 5)
= 800 + 320 + 20 .
, 1140 ' o
(0+2) x100 -,
(20 x 10) + (2 x 10)"
200 + 20,
= 220
= (40 + 7) x 30
(%0 x 30) + (7 x 30)
: 1200 +'210
1410 '

E




2

oo

~O.

) 20 x 62

"71 x 30

4o x 57

78 x 10

20 x 91

86 x 30

39 x 50_

20 x (60 + 2) -
(20 x 60) + (20 x 2)
1200 + 40 '

1240 .

(70 + 1) X 30 .
(70 x 30) + (1 x-30)
2100 '+ 30 ’

2130 -
40 x (50 + 7)

(40 x 50) + (40 x 7)

2000 + 280 ¢

2280

60 x (20 + 3)

(60 x 20) + (60 X 3)

1200 '!' 180 Ky
1380 . . - >

(70 + 8) 'x 10

(70 x 10) + (8 x 10)
700 + 80

780

20 x {90 + 1)

(20 x 90) + (20 x 1)
1800 +,2Q -

1820 >
(80 + 6) x 30

(80 x 30) + (6 x 30)
2400 + 180°
2580

(30 +# 9) x 50 .
(30 x 50) + (9 x_50)
1500 + 450

195 ©
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3 - BECOMING SKILLFUL IN MULTIPLYING . -

Objedtive}_ To develop greater skill .in multipl&ing whole numbers

Vobapulary:'Partial product, vertigal form of multiplication
. - . <

ol .
. ) In this.chaptér an algorism for multiplicabion
1s developed. By using place value, we are able to .
find a shgrper‘way of recording the process.

Begin class dibcussion of mqi%iplication by
showing the use of the distributive property to
‘| « find products. Use the mathematical sentence form.
g For example, - .
8 X 476 = 8 x (400 + 70 + 6) Renamg 476 as
; \ * 400 + 70 + 6,
(8 x 400) + (8 x 70) + (8 x 6) Distribute
8 over 400, 70,
.and 6., .
3200 + 560 + .48 Use multiplication
. facts and place’
. : value,’ a
. : 3808 ° Use addition facts, -
. . ) associative prop-
. \ R . . 4 . erty, and place
¢ * value.

Relate the mathematical sentence form with
the. vertical form below. Children should be
ahle to see that the partial products of the
vertical form are the same as 5hose in the
N © mathematical sentence form. .

- Class discussion could include various
X orders in which the partial products may be

} Teaching Suggestions:

. written. (Review from Chapter 7, Grade 4.) >
. ‘ . For example, . . -
) D 8 X 476 = n
" 476 co 476 :
X 8 - X 8 ° . -
s 3200 _ ‘ R f
C 560 560 ‘
“ © 48 . « 3200 *
’ —3808" 3

bt

. Have pupils explain the Steps in multiplying ‘
when they write only the final product.. For - -
example, tg multiply "6 and 273, the steps are:

X 3 =18. Record the 8 ones, re-

. . 273 .  member 1 ten.
X % € 6 X.7 tens = 42 tens. -42 tens + 1 ten =
: - _— .43 tens. Record:the 3 tens, remember
1638 the 4 hundreds.. -t

6 X 2 hundreds = 12 hundreds.
~12 hundreds + ¥ Hundreds = 16 hundreds.
Record the 16 hundreds. -

T ) , 212 ' N\

293
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Certainly, as the process is shortened,
place value for each digit of the numeral is
emphasized

The writing of additional numerals to
show the regrouping may be used in approaching
the level of writing only the final product.
For example, -

“1638 .

However,it 4s expected .that when children are
—ready for this level} 'they will not find the
need for this crutch for .any length of time.

’

The term "carrying" is not used with children.

It is assumed by fifth grade most children
are using the conventional algorism and _
should be encouraged to continue with it. At

"the same time it must be recognizéd\hat all

children are not at the same level of‘de-
velopTent and may need to use the. long form.

You may wilsh to use such examples as the
following for _explpration with the class and
class discuss¥on béfore children_ work
1ndependently.

.72 X 3 =n- (.;ub)’ ’
) 7x18=n  (/ab) D
3x78=n- (237
k 6 x 55.; n 7 3) .

1 ¥

It 1s desirffole that all development be',
dong independently of' the materiail-in the
pup¥l text. The record in the text then will
serve as reference when ,the child works the
exercises and for-further study:-of these ideas.
A teacher should develop the explogatory
material for his class in light of the needs of
his particular group. .

b_\ .

@
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BECOMING’SKILLFUL IQ MULEIPLYING‘ B
1 . We have learned that we can use mathematieal\,sentences
to shaw our thini'(ing when we multiply. .For example,
. : 4 x 255 = n.

We can’ find the number which n represents in this way.
‘ 4 x 285 = 4 x (200 + 80 + 5)

(4 x 200) + (4 x 80) + (4 x &)

) 800 + 320 + 20 -

~ v
"= 1140 - <

! Then, U4 x 285 = 1140,
The numbers ~ 800, 320, .and 20, are called partial products.

Here 1s a sﬁortér way to-find the product ?of 285
and .4. We can write the partial products,ﬁr;der each:
- other as we muatiply. Then, we ¢an add them. For examplé,
if@h4 x 285 = n, we find the number which n,. represents

in this way.

-

285

X 4 : y

20— (4 x 5) \

320;—-— (4 x 80)
o 800 «——— (4 x 200)

1140

- A

Many of us should be able to write the product in an ‘even

\

shofter way. ' . 285 ' e
x 4
1140

Then, 4 x 285 = 11140/

. 49
What must we remember in order to do this?

214
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Now let us consider this matheffatical sentence.

. 3x’408=n ’ .~

.. .t N

We may write: ( Y g
- ' N © ]
’ 3 x 408 = 3 x (400 + 8)
(3 x 400) + 3 x 8) N

1200 + 2k o .

' g | 1224 ; )
. So, n=1224, and 3 x 408.= 1224,

If we used shorter ways to find the product, we could write: f
1

. . ko8 .
- . L 4 ' 4
. X 3 . - 08 .

24 «—— (3 x 8) or x3 oo
: T T \
, C 1200 «— (3 x 400) 12 e .
1224 ’

In the shorter wafl at the deft, above, why are there just

M
- two partia’.l products? (%: oreerl - WW

In each of the shorter ways shovm above, 1s ‘there any

time” when you did or could use the zero property for
. multiplication" (?“’ 7 X (““’) = FXo=0 )




Exercise .Set 5 {

Find n. 1r you need to, show the partiaiﬂproduc%s.
5% 63 =n 3'/:r : ', 6, .8x209=n' './, E72
4x5’6=n 224 -’7. 9x3U47=n 3,23
6%x9=n sr7 8. 6x986 -n 3,976
.3 x256 = n" 76¢ 9.' 7 x 837 - n- },ff7 o
"6 307 = n 4842

h

L

10, 8 x2,609.=n 20,872

Use mathematical eehtenqes to help solve the following

¢ M . -

problems. Express each answer in a complete sentence.
L3 \ . -

A building-has 72 windows. If-it takes 3 minutes

Lo, {
to wash one wipdow, how many minutes will it take to

wash all of them? (3){ 7e .,...4(4 :4{/‘./ ‘
p-4 = Mﬁ
/6 = g/

A traffic light changes its color every 18 seconds.

How many seconds will it take for the- lgght tor make 7
7X /8= ¢ L8 il Lakke the ° e

changes" ( /zé‘ e : 1246 atconils ”

A phonograph record revolves 33 times a minute. How

é

many revolutions will the record make if it plays for:

3X33= 1 I seendl
9
3 m’in“es‘ ( 2= A omeke 97 W)

John and his father went on a fishing trip. "It took *
them.- 6 hours to _get .to the lake. John's father was"
dr¥iving 55 miles per hod’r. How far did they have

to drive before fhey could‘ fish?

GJX.S'J" &
330 w ol
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MULTIPLYING LARGER NUMBERS
Objedtive:

Vbcabulary:[ Vertical form ,

B

A

To develop skill in multiplyingfiargef'whq}e numbers

-

. Mater1§1s: One large 17 by 2k a}ray’ﬁéde on material that
may be folded while the teacher demonstrates to

¢ the class “

Exploration:
)

*We have learned to find

the product of two numbers,

R}

When .the ‘'numeral of one number has one placé #nd the numeral

QS the other has no more than three places,

Now .

we are ready to .consider finding the product of two numbers
when both their numerals have two places. -

First, let's review the
multiplication over addition
which is on the chalkboard,

N -

5 x21

Now look at this array. How

[

distributive property af
5° X cky

>

in the example,

TN .

]

5 x (20 +-1) -
(5 x‘20) + (5-x1) °

=100+ 5 B
‘I’ A =
= 10 "
5 . &

many rows are there? How,

many columng are there? When we, multiply 17 and 24‘
we will find how mapy elerients there are in this array.

217

228

(X4




/

.. 17. by 24 array ‘ .-

How can we rename

24 +4n a convenient way? (We can rename .
’ 4 as 20 + 4.) Can-we show this renaming by folding the array?

‘ ' JiYEgj—;;_gan fold it so there are two arrays.  One has 20

' co%ymns, and one has 4

columns.) Can you writ?/on the board
a mathematical sentence/to show what we have done?

"N\

3

17 >§2bf = 17 x (20 + &) ’ .
) .= (17 x 20) + (17 x &)

S
Now what .can we do to help us find a decimal numeral for
17 x 242 (W§'can rename 17.) How shall we rename it? (We *
may think of 17 as 10 + 7.) - Let's fold-the array to show
this. How many smaller arrays have we now? (uxl_ﬁhat are e
they? (10 by "20, 10.by 4 7 by 20,7 by 4)
j ..

PR
.

b

at

¢ h\
o¥ .
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will record tpis on the board,

k4

'es

. Can we ube what we know about multiplication to find
the number of elements im each of the smaller- arrays? We

>

C4

10 x 20

4

"

. = 200
‘ 7x20= 180" .
10 x 4'= 4o’
- ) 7'x.4 = 28 *‘
.. [
17 X 24 = 200 + 140 + 40 + 28
© = b8 ,
There is a shorter way to find decimal numerals for such
expressions as 17 X 24, We could use the vertical form to)show .
what we just did with arrays, Ilet's look at it, - '
2 .
- 24 Can you see how theipartial
- ~ r
N - * X 17 . products were obtained? (Yes, the -
. 28 28 = 7 x4, the *140 = 7 x 20, the
140 40 = 10 x 4, and the- 200 = 10 x 20,)
; ' N - . & B
. 200 - .

108. - ' . \ *
¢ ". T ‘ .

ﬁoceed in a similar manner with
MultipY ying Larger Numbqrs Ln the pupil:

' text. .
, . - B
; . L,
e
OK 7 Y ‘u v .O,q- <
~ . 4
) -~ e
-01 4 ) &
— . ° -
. py .
L] * glu
N */”- P
~
.ot - . ¢
R .
- r . I 219 M
H . 8} f ™
. L 230 ,
- - 4 o




‘ 4 oY
ALMULTlgéYING LARGER NUMHERS

‘Working Together _ ' (

‘ 60 ' + 7

g

23 by 67 array
’ ) : ‘ ‘.

We san show, by using the distributive property, hdw to
P 1}

“multiply tWo numbers greater than 10 but less than’ 100.
. / o .

)

= 23 x'67 .

= 23 x (60 + 7} (Think of " 67 as 60 + 7)

= (23.x 60)" + (23\x\13 (Distribute 23 over 67. The
: heavy vertical line shows how

. ’ . the array is separated into

v B ‘ ' smallen,arraya.) é .

A

H

\\§\{§g + 3)’x‘éo +(20 +3) x7 (Think of 23 as 20 + 3, )
"= (20 x 60) ¥ (3 x 60) + (20 x 7) + (3 x 7) *>(he heavy
_ " horizontal 1ine then’ shows how
‘ R ) the array is separated into 4
7 e smallgn arrays. The heavy‘lines
‘ ‘drawn on the array above
. N ‘ illustrate these four arrays.)
= 1200 + 180’ +.140 + 21 - (These show the number of elements
. . ' * in each of, the four arrays. ).
= 1541 -, (The total number of elements in 8
- - . . ’ 23 by 67 array is 5{1 ) ‘

—_ t4

- .

. - .
.

‘ . 220 . v
. - ' 2 31. - < . -

. 13
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The vertical form also can be used with 4arger

nymbergy Look at this example.

‘ .

% 23 x 67 =n ‘ 67 _ )
. ° xX23 .

. ’ © L 2le——(3x7) ",

~—180 «—— (3 x 60)

140 «——— (20 x 7)
. _1200e—— (20 x 60)
4
. 1541 «——(23 x 67
23 x 67 = 1541 )
. e, ’ T

.
_ See 1if you can identify each of the partial broducts shown
above with parts of the array. ) -

Using the vertical form, compute the followinga

3 : 5“

1)

.

- ., ~ 25 3%
) X 32 X 18 xh2 .
4 4 g0 I#

100 s ) éo

\ . /2o 4 287

L .

| 500 200 % « ] 200

ST . 43570 1,85 #

. N

. \* .
. ' ﬁ ;
3 : L » »
-
i/ - ' -
h -
b* - <" .
! . -~
. . ' \
N, , =
- 221
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Exercise Set [ L.

A, Comp\tte using the vertical ,form Show the partial, prdducts.
. i ' -
e - Example: 32 x 54 54

. . X 32
Q - J ] . - . loo
. - 120 -
’ - o -1500 .
. 17
‘./‘

1, 45 x 23 - 9. 37 x 86

2. 6% x25 . 10, 49 x~Bt’ .

3. .37 x26° S 1. 57T x 7T

4, 61 x 59 1l2. 66 x 88 ,

5. .28 x92-« . 13{ Wk x 95 ot .

6. 37x 12 “ ‘ 14, 82x28 '

7. o4 x 37 - 15. 37 x.75 .

8. '26x97 -+ - 16. 91 x 67 .

‘B, Use mathematical sentences to help solve the following

"«

-
problems. Express each answer:in a complete ‘'sentence,

17. - A set “of books weighs 12 pounds. If a school ordered 38

sets, what would be the total weight of the books rdered ?
(m,— /238 o e gsy Lle tital vl Al #56 M)
18. Mr, Jones, a farmer, sent 27 crates of eggs to the market.

There were - 24 dozen eggs in each crate. How many dozen

=27xg R asrnt 647
eggs did he send to market (m’ 34,,4 4

419. During our vacation last summer, we .traveled for 28, hours. A

We drove at A 59 milesa per hour. How far did we travel:

! Az 29)‘)’7 o Havelo Y
- iduring the 28 hours'? /652 fise 9

20.  The candy store packed 86 boxes of candy. EHach box
' contained 64 pleces of candy. How many pieces of candy

: nz= exbt, Hw aere
were needed to’'pack all the boxes? &
’ v

i o = SS0% 8 SOH piects)
\ 7 wﬁ? /'IW .

()

- - 233 ., .
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Answers to Exercise Set 6 .

4,

~a

.-, 59
S 5—6_];
9
~.50
540

‘' 3000

. 3599

9.

14,

86

37

42

-

. 560,

180
2400
3182

x 82
16
140

640
1600

2296

ke 5
Jm. wd

. 23 2, - 25 3, 26
I oss T o x6h x37
/15 © 20 Y
100 .. 80— . 140
120 300 T 180
800 1200 600
1,035 1600 962
»
12 7. . 37. 8, 97
3 x24 x26
., , .28 42
0 120 540
60 140 14q,
- 300 600 1800
iy 888 2522
77 12, 88 .13. 95,
49 48 20
.- hoo . 480 360
350 »480 260
" 3500 4800 . 3600
4389 5808 . 4180
67 : °
X091
7
6 .
630
5400 )
. 6097 !
o 223

- 720

28

50 * 9é
- xe8
16

.4
‘01800
2576

81
x49

10.

720
40
3200
3969

15.

35
g0

150 -

75
‘X 37 .,

2775




A SHORTER FORM FOR MULTIPLYING .

'Objéctive: To'lead pupils ﬁo use a shorter algorism
.ot R b - v

3

As soon az children are ready,vaevelop a
shorter algorism. The following is a suggested
procedure. A '

We know that we can think of '23 X 67 as
(20 x 67) + (3 x 67). We can use this idea to
learn a shorter way of finding the' product of.
23 X 67. Use the chalkboard to remind children .
that they know
67 67 .
X 3 X 20
201 1340

Then the same information may be written
in this form. B S

and

N

Ask such qﬁestions as:
1) How did we get 201 * .
2) . How did we get 1340 ?

Continue with\ﬁany other exahples to show
the relationship between the longer and. the
shorter vertical forms.

When it séems appropriate, use the pupil
material entitled A Shdrter Form for Multiplying.

Children can gain greater insight into
multiplication by being reminded of the
commutative property. Because of this property,,
the order in which partial products are writteniy
does not change the product. P

It may be of value for your more capable'
‘children to recognize that the ﬂéglowing are
other ways of recording partial p oducts,

¥

67 2 .. e 67"
x 23 ~ X i - x i x 23 4
1200 (20x60) ~ 21 (7x3) 1200 60x20) 1200
140 2o><73 1%0 (7x20 180 60x33 21
180 3>'<6c)> 180 20x3 ) 140 7x2()) 138

21 (3x7) . 1200 (60x20 21 (7x3 180,
1541 .~ 1841 T5LT 1.'5Ii-1

€hildren should be able to exptain what was
"done in each example, ’

L

a

K

224




" Here are two forms for finding the decimal numeral for n:

P110 . . .

A SHORTER FORM PFOR ‘MULTIPLYING

Look at this example.

25 X 72 = n

IBnger;Form'

Shorter Fo

72 . T2
. X 25 x_25

10 5x2)7360 (5 x 72)
350 (5 x 70)

40 (20 x 2)

1400 (20 x 7o)¥ 1440 (20 x 72)

- 1800

n = 1800

25 x 72 = 1800

Explain how the partial products in

shorter. forms are related to each other.

.
.
. : 225
5‘ 7
.

236

1800

the longer and

©
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Exercise Set 7

Compute using a vertical fc.)rm. ‘Use the shorter form if

L4

you can, .
/,‘ Example: 37 x 54
: "
4 . x 31
r . M
378
1620 &
1998 ..
© 1. 12x3% - (#08) 11 3w x6 (2,/08)
2. 21x43  (#03) i2. 84 x53 (4 #52)
3. 4 x25 (1 025) 13, 76x38 (2,98¢)
ko 15x37T  (s5r55) 14 83 x95 (7,875)
5. 37 x18  (5é¢) 15, wex73  (7,758)
6. 24 x 37 (9£38) - 16, 66 x37 _(2,4%2)
7. 32x48  (,536) 17, 53 x k6 (2, 47%) :
8.0.12x98 (4/76)- 18, 72 x33 ' (2,576)
9. 35'X.56 (4, 9 60) 19. 38 x 25 (950)
. L ¢
16, 86x72 (4/%2) 20, 36x49 (, 76#)+
! » ’ £
» X
- 226
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USING-A SHORTER FORM o MULTIPLY*LARGER NUMBERS

Objective:

" in the pupil book. Some teachers, however, may want

EXample 1: . ‘o
43 x 937 = (40 + 3) "X 237

Example 2: - ' .

* To extend the skills of multiplication to find
/products of still gre@ter numbers .

Teaching Suggestions

This portion of the chapter should give pupils
additional skill with yertical form for multiplying
using two- place and” three- and foupr-place numerals.

In examples 1 and 2 on the next pupil page,
all of the partial products with the.alternative
shortened form are shown. It is hoped that children
may- extend their skills readily so that they may use
a shorter form for computing.

~

Only the vertical form is given for the examples

to consider the mathematical sentence form which
follows in the teacher's commentary. The mathematical
sentence form should help pupils understand the multi-
plication algorism It should be kept” in mind, however,
that'the teacher's goal is to develop facility with a.
shorter algorism. .

LR

(%0 x 237) + (3 x 237) ’
"40 X (200 + 30 + 7) + 3 X (200 + 30 + 7) .
(40 x 200) + (40 x 30) + (40 x 7)
+ (3'x 200) + (3-x 30) + (3% 79
8000 + 1200 + 280 + 600 + 90 + 21
= 10,191

-

34 x 5432 = (30 + 4) x 5432 . ,

" (30 x '5432) + (4% x 5432} .

30 x (5000 +- 400 +°30 + 2) + 4 x {5000
+ 400 + 30 + 2),

(30 x 5000) + (30 x.400) + (30 x 30)
+ (30 x 2) + (4 % 5000) + (%4 X 400)

+ Qh X 30) + (& x 2) .

150,000 + 12,000 + 900 + 60 + 20,000

+ 1,600 + 120 + 8 .
184,688 . 7

(7
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USING A SHORTER FORM TO MUL’I‘IPLY LARGER NUHBERS
These examples ‘Will help you to learn how to find

o'y

» products of larger numbers. . — . ._
Example 13 H', o n'= 43 x 23T .
" 237 T, 237
to. ©ox 43 OR x 43
21 (3x7) , 711 (3 x 237)
90 (3 x 30) __9480 (40 x 237)
. 600 (3 x 200) 10191 (43 x 237)
' 280 (40 x 7) . -
' " 1200 (40 x 30) . 7 n= 10,291,
8000 (40 x 200) L .
10191 (43 x 237) . »‘ S
Bxample 2¢ n = 34 x 5032 (
_ 5032 ‘ 5032 -
R R x
8 (4 x2) 20128 (4 x 5032)
120 (4 x 30) 150960 (30 x 5032)
20000 }(lt‘ X 5000) - 171088 (34 x 50323
.. & (o x2) "
900 (30 x 30)
! . n = 171,088
150000 (30 x m) - e
171088 (3% x 5032)

P

o239
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Exercise Set 8. o - .

) A. 'Use a vertical form to compute the following. . | v |
o 1. 26 x.201 (5326) A 8. 1&5 x 378 (/7; 0’0)' B "
2. B1'x 607 (24 927) 9. 37 x 856 (9/ é7e)
: , - |
3. 42x121 (5092) 10,54 x 2805 (lf/, 470) |

.64 x 328 (20, 97%) 11, 317 X 47 - (/4, r775) /

5. 210x37 (%77) .12, 598 x 36 (21, 529)
Hint: By using the )
. commutative property - fzx
of multiplication we 13. 58 x 4565 (2 ‘ #y-
‘ °  ¥now that

5

. N
270 x 37 = 37°'x 270. 14, ' 638 x 21 (13, 3]”
. v, «
6. 8eIx 2T (za, 50/) 15 956 x 51  (5¥, ¥72)
P . . .. ’\-
7. x 801 (770 0/6) ,
< t” ( ! ' . .
B. Use mathematical sentences to solve the following . 3 .‘&
“9 problems, Express each.answer, in a complete sentence. .
¢ ¢ ' /
16. If your father earns 9840 a. month, how much does - : N
he earn-in' a year? (m: saviie R adimaF ooy oRe T .
- = /o, 0%0 o & %W

%

17. An automobile averages 16, miles per gallon of

gasoliﬁe. ‘The gasoline tank holds 17 gallons. "

&

~"How fiany miles will the autorobile go.on 17 ' \
gallons? /7= 6X'7 7 mMM,/>
-~ =veT7e: 272/»‘4/44(07-//7/4,&”‘/-{

. ® ¢

? b . i




During the timi;jg Columbus, a different

maltiplication form was used in Europe.
et
This was called the Gelpsia.or Lattite

method. . "iglun‘ﬂ‘
El _ ——

The solution of n = 25% x 36 is<shown by the diagram.
» » 4 -

R

5

1
3

5
0

n

* Can you find the value of n from the diagram? feost c

L

. R \ 1 .
your kno¥ledge of thg Gelosia method by showing that:.
56 x 672 = 37,632 ,. ~°

’

c - <

The Gelosia multiplication pr%cess is a
schematic device usifig the ideas of posttional
notation. 1In each square, the ones' digit of
the product is writteq_beiow'the diagonal; the
tens' digit of the product is written above the
diagonal. (See the diagram below.) The pro-
duct is found by adding the numbers whose!
numerals are between that diagonal. .We begin
in the dower right hand corner.; If .the sum_is
10 or‘greater, we place the tens' digit in the
rext diagonal and cont;ggg“with.ou;—addition.

FESES
S

1
™ Product is o914y -

230
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PROBLEM SOLVING

1

Objective: ?//ﬁevelop ghe ability to solve o step problems

4 e
Teaching Suggestions:

The purpose of this lesson is to help
children learh to use several mathematical

sentences to solve one problem, and to combine
sevesal sentences into one sentence

Before using the exploration and.develpp— ) y
ment in the pupil text, it is’ desirable to dis- . :
cuss selected problems. Here are some
suggestions.

Example 1:

d

”

-

An auditorium has

the balcony there are
seats in each row.

seats in each row on the main floor.

48 rows wfth .26
Iy
16 rows with 23

What 1s the largest

number of people this. audi

You might proceed by
as:

Zorium can seat?

48

-

sking questidns
* What do, we know about ‘the number of

-

.seats in the auditorium? , (There are
' rows of Seats on the main floor.  TheTFe are
26 ‘seats in each row on the main "$1oor.)
You may wish to stop here and write a

seats bn the main floor.

48 X 26 =
at 3lsewdo ‘We know

mathematical sentences about the number of

L)

A. ? . .
Ce s

Fout - the nunber

of se

) Hhe ‘auditorium?

{In tpe

baXcony .

theré. 4
16, rows.
this 1idea.

ARk
-Ygu

%;ﬁe‘p

o&‘gg

16 X,23 =

] éabs-Ih,éachérow. “There are ,,
in whaly Waiy w can ‘express
i1l hope.&hegﬁy%;l,Suggest

LY

\,

’

TF

‘ this sentence.

« Then. ask for suggestions a; to ]
they should do next to find the rumpe
seats in the auditorium. (They mayikedg
finding m and b and if bhey dO/
in that way.)

Then ‘suggest that they can;ﬁ?ite stilf
anqgther mathematical sentence

ir they don't, ﬁ?y to‘%;lp them arfive&at"

number of seats.

g

‘(m + b

-

n

.
3

[EN

for the total

G e ra e




. -

. . ! . - »
- ~ Also ask if they can write only one .
sentence for the problem, directing dis- N ~

. . cussion to their suggesting the sentence: . . .

- ‘ (48 x 26) + (16 x 23) =n ,

Upon completing the computation, ask
how they can ex 8 the answer to the
.. question of th roblem, using a complete
sentence, auditorium can seat 1616
. people. ) . 3

Here i1s a second example you may wish
0 .use, R '

mple 2: ) i d

A parking lot has 25 rows with <18
spaces- for cars in each row,’ If 3 rows “
are removed for a driveway, what 1s the . -
greategt number of cars which can be . ’
parked on the lot? )

Suggest. they try to think of two ways
in which they could solve this problem and
, tell what mathematical sentences would-be ‘ !
. + wrltten for each way.: '

- .What mathematical sehténce can we write
to express the number&of cars that .can be gﬁ//
c
e

A%) "One way might be: ° R .

parked in the lot? Then what is-the sentén
for the number ‘ofgspaces to,bekremoved for
. driveway.? t ..

After the decimal numeral is found for
each of these humbers,,a sentence can be
“written for the greatest number of cars thit P
¢ can,be parked on the& lot,

_ P . ' X 18 =D ; (Before’driveway) ‘
N -] ' BX18=4d (For driveway) _ .
’ n

p-d= T )
- . or (After driveway) .
450 - 54 = n ) ..

’

-

Q ] . '7 ,’ : ° . 24:3 Lo ’ " (' ‘3




. (v) Another way might be:

Use (25 %418) as fhe number of spaces
before making the driveway and (3 X 18) as
the number of spaces removed for the driveway.
Then the 'mathematical senténce for the
nhumber of cars that can be parked' after
making a driveway is: - ¢ --

(25 x 18) - (3 X 18) =

" Ask what computations are necessary,.
After finding that 25 X 18 = 450 and
ESX 18 = 54, eou must subtract 54 from
: 0” .

3

- N , ‘ ’ \
~(c) With either wa#, you can then a\g:]wer
the question of the problem: There is ro

for 396 cars on the, parking lot.

You may wish to use otker examples before.
going to the ﬁterials in the p1‘i1 text




r~ .
v 'PROBLEM SOLVING. )
¢ . . ’ P
s A coin book has 35 slots for coing on each page.
If the book has 12 pages and 287 coins have been placed in
) the slots, how many more are needed to complete the book? "4
4 Here 13 a way to solve this pprlem using two ‘
mathematical sentences. J ' . ~
| S 12 x 35 =p 420"~ 287 =
' 35 . 420
_ x12 . - =287
£ - 70 . l . 133 ~
(- : 20 .
-~ 420 I‘ ' '
There are 133 coins needed to complete this bool‘c\.!
Here 18 a way to solve this problem using one. N
"mathematical sentence, N
. v (12’x35)-287=n.
- ~>
A o 35 | w0 -
. ’ : ' e’
. wo X12 -287
. - v .
LIS 133
- 350
" 3% | o :
. 420 ’ ’ )
. T e i
[3 - . . w R .
There are. 133 . coins néeded to(complete the Yook,
- h :
] ' '
- v v - - b
) . » : 234
245 3
' ™ o




following problems.

1.

there are

[

Y

Exercise Set 9 °

f:

Use mathématical sentences to help you solve the

Express each answer in a complete sentence.
P -

88 a page.
How many symbols can be printed on a sheet of papet 8

A typewriter prints 12 symbols to an inch ac

inches wide without using spaces between the symbols if
65 rows of symbols possible?

John bought a notebook for 25¢, - a pencil for 7¢, and

an arithmetic book fof $2.50. He gave the clerk $5.00,"

>

—

How much change did he receivé?

~

Jane takes the bus to and from school 5 da;//per yeek.
25;1

.

How much 1s her fare for the

— .,

The fare eaen way 1is

Week? . «f

Q- . )
The Brown family of six planned to fly to Washington on

their-vacation. Each persow was allowed 40 poundé of
frée baggage. The Brgwps had 263 poundslbf baggage. -

What was the number of pounds of extra baggage?

There are 24k pages in Mary's stamp aIU!m On each page
18
. r

many stamps does she need to fill her a,lbum‘7 . -

-

there 1s room for stamps. Mary has 279 stamps.

<

/
A parking lot had 25 rows with 16 g&paces 1n each row,
The size of the lot was 1ncreased with spaces for 225
cars. Since the addition, hdw many ‘cars can be parked

on this 1ot? « . '

~ \I

~

How.

©

.o ~




Answers to Exercise Set 9

ﬁ.. 8 x12 =p :' or °65x(8x1®

65 x 96 = ' n = 6,240
' 6, 24@ symbols can be printed on the sheet of paper. ,

—

2. ., 25+ 7+20=p - _ 500 - (25x+ 7+ 250) =n
' 500 -'282 = n .. n =218
John received $2 18 change. o
2x25=p™ or (2 x 25) x 5

5 %X 50 = n° ‘ ] n =.250
. Jang's fare is $2.50 each week.

6 X 40 = T o S ’263 -4(6 x 40)

263 < 240 = 23
They had 23 pounds of extra baggage

18x 2k =p. (18><24) - 279 =

432)- 279 = n . nh=153-
Mary needs- 153 stamps to £111 her album. -

i
'

.

6, 35x16=p - " (25x16)+ 225 n'
400 + 225 = n - My n=625 . -

625 cars can be parked on the lot.
i 2 A ¢ ,




Objectives: 1.

REVIEWING IDEAS. OF DIVISION

¥ of multiplication ’ <t e

]

To review the ideas of division by relating '
the operation of division to the operation

2. To place parti@ular emphésie on the divasion

4

. brocess ./ !

A .
3. To distinguish’ between 1deas assoclated with .

the operation’of division and. the diyision

~process°

-«
[}

Teaching Suggestions e

~ "~ The major emphasis in" this chagter is upon
an understanding of algorisms and developing
increasing 8kill in theinr use.ﬂ'

, Throughout the chapterj two forms of the
division algorism will be p esented in the pgp{i_
text. . ,

Form I: ‘g .. FQrm II: -
L 2 . ., - : . " 4
5 )—gé s P )_? 90.
25 A 25 s
R e A
IMPORTANT: This does not mean hhat,nupils "

should become,skillful in using both forms.|
. Pupils 'should determine which form they
prefér Ynd- gain. skill in just one, -While
it is not to be ,expected that "all children
achieve the same degree of ‘skill or work at
the same level,‘they should be eficouraged ,
to move to a more mature foym,as they are

_ready. Of courSe,—a,more mature~form.is:
5 ) ’135 5% 5 J.575 -
‘ -~ 5.5._ N
25 . R
-23 _25 *

Before having children read Reviewing Idéas
of Division, eIicit from them their. ideas’ of the
relationship of multiplication and division., Be
B&*b that pupils know the language “of division
ahd how fo read and write the sentences showing
divigidn as an Operation, .85 illustrated in the
pupil text. - = . gg .

,‘2;_ « . ) .

2%478? e i

‘)
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* 4+~ REVIEWING IDEAS OF DIVISION

Divisiop is the- operation we use to rgd an unknown

K

ta factor when the product and one ractor are -known,
\”' . | The following sentences - |. Thia 15 how' we can read ¥
: . . suggest division. . . _them, .~ . s .
l n x4 =20 : ~ “Wnat number ’cms Y
PN I o 0T L 18 equalto 20? '
1 - . ‘ )
' / . & xnm=20 4 times what mmbér
: N o 0:' Y o . 1s equal to. 20?
e 20+ %=n " 20 .41vided by 4 - 18" B
e o e co : etmaltovthat mmber? | .
. w - ] 20sma=4 C “ 'Weo_ -divided by qhat
) ’ ‘ 'r’mn;lzer 18 equal to 47 ot
¢ ) ) 4 . - :" .' Lo : : '
[ b § : 3 ‘o ’ [
. . In each caae we are to find the unknown factor. We may
7 use ‘the same proceaa. R r\ A form for conputinga
\ )‘ * , ) 5 . . 209‘ + hd 4 ) ’. n - n %‘
' .t R T . A 20
J % Product .  Known- Unknown | -
IR ~ Pactor Factor ;7 n=5§
. . - ."’ ! . R ,
’ _' ~ We have learned to bocome skillrul with mltiplieation. coe
, N \ ..
VI .Now we want to learn nya of mald.ng the proceu of diviaion
: : easier, o ) ' ‘ .
{ . e - §
B . ‘.. o, . LY
i M . "y M
" - ' ‘ ¥
‘;ﬁ J o« “ N .
L, . . . . . -
P e : ; o o
" z » . . 238 f, )‘ -

) ‘. . ' . .‘T" 249’"
CERIC Bt Res




.. - . L, . . 1« - s

" "WORKING WITH MUETIPLES OF 10 AND 100 .

Objectives: 1. To develop’skill in multiplying with multiples
o *  Jf 10 and 100 ‘ '

” ..

2. To develop skill in finding an unknown - factor
- " that is a multiple of ,10 or, 100

_'&

+ Materials: Duplicate tables as' in the next section of the
pupil.text 4 . - ;

¢ v

Teaching Suggestions. . \ !

v »

. Children need to be able to recognize and
T find multiples of - numbers--particularly those

) of 10's,™ 100!s,- and 1000's in order to .
make ‘their work in division easier. The follow-
ing exploration using the dittoed tablgs is
‘|| designed to increase pupils'’ familiarity with
Jmultiples., The.:chart also.sepves as a means of
- demonstrating to children the rapidly inéreasing
size ‘of products of -2 number and a multiple of 10, «

7 i
Exploration (Referring to the table on the page entitled
. . Working with Multiples of 10 and 100 in
the pupil text) o ,

'«_ What kind ‘of 2, table is this? " (Multiplication)
How do you know?‘ "(There is a multiplication sign in the
upper lef't corner.?) r ’ . L
Consider the numbers actoss the»top of, the table, What - |
do those numbers have in common? (They are multiples of .10, )
We know that this is a multiplication fable and that the

,  numbers at the. tép of the.table are muitiples of 10, AT

' -

Y

-

See that "40" 1is Wrjtten it the square which is the . .

intérsection of the, "olrow"*-and the "20-column", What, can _
we call the ""40". (Product) ' s g
, W is the product of what two numbers?- (2ﬂ'and 120)
. 40 is the produdt of 2 ‘and what.multiple of 102 (26)

Find: 420 -in- tHe “tablé, !420 i¥ the. product of what two

numbers (6 and 70) \ ~.‘ ‘- . . e
i Let's s £111 out the "4~ row together, - T - .
" Now complete the table. You can do this, easily if you ",
know how. to multiply a number-and a multiple of 10, . .‘~;
‘ &l - : : ' .
’ - . T ' oS
nel T Y . . .~. .'l~. ’ - f
L v _239




R

.

i . After the table is completed, discuss y
it with the pupils as suggested in the pupil .
‘text. After pupils have finished Exercise -
Set 10, have the second duplicated table ,
SR completed and have a -similar discussion, .
¢ , During this, you may want to emphasize the
relations between multiplying by 10 and )
., .o multiplying by 100, ~ '
ty T iy ’
- s !
I Vo
. ! 4 » [ a
T, Tt ’ g
£y ¢ - A . >
P - ; #
. ’ ) » * ' P
. . o, L | . )
\, 4 ° < ,. B . N
e . ' ¢ .
» ~ ! . o A
T N ‘. - - 5 s .
- —-’ . . Y
7 B . , e, -
\\ . : N ] - ° - .
~t o - ..
. ) P
. N \ . .
|8 , '_ \ /-
, PSRN ( .o ° R
- . .
- 9‘ . 5 7”, =~ 4
\.f e B s . . .. H ]
. L A :
.o , S
‘ 7 P ' . N .ifi‘-f{é y
L4 : ’ . = - "E‘HQ;-
* N ’;‘ ) < 240
P ’ ] .
’ \)‘ . * 251 T - ’ .
PN ‘ v < o 7 i
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o

kmow to write 1000 in the lower right hand box?

o "

/ WORKING WITH MULTIPLES OF 10 AND 100" - ., R
Copy the table and complete 1t. ‘.
x | 10| 20| 30| 4 [.5 | 60| 70| 8 | 9 [ 100.
1 (/o | 2o | 30| #0| 50 | 60 | 70 | 50| 90 | /00"
2 | 20 40 | ¢o | S0 |/ow | 120 {*1%0 | s40 | /80 | 200
. 120 .
3 1 30 6o | 9o .| /T0 | /8d | 2ro | 240|270 | 300
‘ ’V’ “a g0- |/20 ;| /60 |200 | 240 280 |320 | 760 | Hoo
. - R ;‘ e e N
51 350 oy | /50 I aos- 2}*0 300 | 3 570 Yoo | 450 | 00
6 | 6o | /20 | 180 | 240| 300 | 260 | 420 | #20| 5y0| 600
7 T0 | 740 270 | 290 | 350 | #20] # 90| 560 | &30 | TOO
8 | g0 159 240 | 300 | 400 | 420 | 50 640|720 | Foo
X '- . ) A «
9 | 90 /%90 |Z70 34.%- 450 | s4t0|. 630 | T20 | 270 | 900
10 | /oo | 2s0-|300 | 420 | 500 | 600|200 | 900 | 800 | /000
0 F ~ .
\ N *
Study the table you have just compléféd. How did you
\ -

How can this table be used to find ‘the unknov.n; factor

A

in a division example?

N

1

~




] ¢ J
Look at -this example. . ’ .
150 + 3 = n

.
L4

We think: 3 x n = 150. 1In the table, find thé’

Ve

. "3_row" and follow it until you see 150. Then

look up the column and find the other factor, .
50. Thus, 3 x 50 = 150, 8o, 150 + 3 = 50.

4
-

-\

S 253

ll
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Exercise Set 10

,Hrid n 1in each of these. g

1. | 540 + 9= n  (40) 9. 640+ 8an _ (70) ) L

2} 270 + 3 = n ‘(s0) | 10, 400+ 5=n | '(io) ) )
3 600:+10'=n  (40) 1..120+ 2 =5 (60) ’ =
’u. '720 +8=n - (90) 12, 810+ 9.=n (?2) = |
5. 490 + 7 = n (70) +13. 360 *9=n (4o} v

6." 350 + 5 = n ‘ (70) 14, 540 + 6=n (90)

) .7. 180 + 6 = n (30) 15. 240+ b an. (40) .
8, 210 +3 =n '(702‘ 16, 400 3 5 = 1;1 (909 : ﬁ‘i&%




s .

- X | 100 : 200 380 400 [ 500 | 600 | 700 | 800| 900 1000'
K | 1 /00 | 200 3o0 ¢oo‘ so0 | 600 700’ Soo 4 900 | /oo0 .

2- | 200 4.’”'0 609 i foo /.ooz; ‘1200 1400 |/é00 | /800 |2 000

3 | 300 | 600 | 900 | 1200 | 1500 {1800 | 2100 | 2400 { 370 | 3000

4 400 | %00 ‘/Eolo /¢00 .205()0‘ 2400 Z\}oo Feoo ‘34.00 Y oo0

5 ' .foo' 1000 | 1800|2000 | 2 570 3000 | 2500 | yooo| 4/500| 5000

6_l 400 |7200 |/900]| 2400 3’0)30 3609 "4;’200 #soo 5’}00 6000

‘7 700 |1400 12,5, 2800 3500 | 4200 | #920 | 5600 | 4 3 00 7000

,:‘ 8.*'- go0 /‘.00,’ 25‘/00 3500 Y000 ‘4890 | Séo0| b400| 7200 F000
9 | 900 | /%00 2‘70’) 3600 | ¢/500| 5400 | 6300 7‘200 ?/o'q' 9000 |

10 /000 |2000 |7000 | #000 |5 000 5000‘ 7000 | #000 | #000 /0000

After y%\éompl‘ete this table, your teacher will discuss

it with you.

* .

-~

.

Find n in the following examples. Use the table you"

¥
have just completed. -— | '
1. 1500 + 5= n (200) ‘\‘\6. 900 + 3= % - ‘L(.?z_zo), .
» Y, 2.7 4900 # 7 =n  (700) 'T. 2700 + 9= n  (300)
- 3. 6000+ 6=n (/,000) 8. 10,000+ 10 = n (%, 000)
b, 3200+ b =n  (800) 9, 5600 + 7 =n (950);
+8 =n 10, 2‘400+.8=n"__(905:)"

. D

7200 (900).
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Exercise Set 12

Usinz the tablu you Just complotod, find tne unlmoin
fuctor in each of these ut!uutical untencel.

. o

1. 80+2=n." (g - 6300 + 7-n \%mo)
2, 280'+.7=n (#0) | 12. uaoo + 6= 8 (700)
3. shoo+_9-p"(’/‘oo) 13. 640+8-n (20)
4, 6400 + 8 = 8 '(g;o')‘ .14, 270 + Q= m (30)
5. ° 9560 +5=m (7:00) "15. 6300 ¥ 9 = r —(70,0%.
§: 590 + 7= r (79): 1,6, #'006-1- 8=m . }f?(l)'
7. B1Q+9=n (90): -~ 17. 450 + 5=n ‘(7"?)“
8.( 320 +4 = p (80) 18, 420 + 7 = 8 . (60)
270 +3 =8 - (70)  19. 1200 + & = t _ (300) ,x’
10, .\ 1400 + 2 = r, (%oa) 20. 5000 + 10 = p (500) "
> .
. " .. 4
N




“x

-Exploration: -
- Look at the examples.

. I. 3x(3) =09 3 x (30) =.90 3.x (300) = 900

2, 7x(8) =5 - 7x(80) = 560 7 x*(800) = 5600
4 . H
-3, 8x(9)r =72 8 x (90)-= 720 - “8 x (900) = 7200
, : e
As you work the examples in “row‘ 1

above, ask the following questions. -\
s © 3 “tfmes what number equals 9? 14
3 times what multiple of 104 equals 98°? .

3 .times wha't multiple of 10 equals 900?

As the children give the answer, write it on the
chalkboard. Ask the same kind of questions for

rows 2 and 3. N .
When the examples have been worked discuss .

them in this manner. 7 .

< .

Look at the first example in each row.

Now -look at-the second example in each row.

Do you see any relationship between the two? (The answer
to the second example is 10 times the first.) f T
" "How are the products related? (The second product is:
10- times the first proddEt.)

In the first example, you used your multiplication facts.
How can the firgt example help you with the second one? (I can
think of 3 and" 9 to help me with- 3 and 90, etc.)
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s Exercise Set 13 -

/
Copy each row of 'exercises below,

*s80 that .each mathematical sentence is true.

Use the .largest

Use the largest .
whole number, maltiple of 10,
1., (a) 4#x_3 =12 (b). uix__:g*_g-léo
2. (a) 6x_0& =36 (b) 6 x 60 = 360
3. (a) -8‘x_j_='21&' .(v) 8:x 30 = 240
4, (a) 9x_£_=.1&5 (b) 9 x S0 = 450
5. (a) 5x % =30 (b) 5x40 =300
6. (&) 3x_9 =27 (b) 3xJo_ =270
7. (a) 7x_§ =5 " (b) 7><_8_Q=.580i
8. (a) 4x_§ =32 (b) 4 x80 = 320
- ¢ > ) 3
[} , / 'i
h 3
\ .
¢ N _ 7’) N ,.\§
| "

R .
.Complete the blanks

- ~
N f

L4

S

NN
Use the largest
multiple of 100 -

~fc) 4 x 300 = 12%

i
(c)

(c) 8‘x

- \

6 x L00 = 3600
390 = 2400

(c) .9 x 00 = 4500 -

(¢) 5 x 600 '= 3000
(c) haxiog?zwo .
(¢) 7 x 300 = 5600
(c) ¥ x 800 = 3200,
13 “
\




Exercise Set 14

%
3

Copy *and complete with the correct multiple of 10.

Example: _70 X 5 =350

a, 1Q_k‘/§'- 420 £f. 40 x9 =810
&8&&-1480\”0 '-g. &x.e:.uoo_
. 30 x9=270" h. 30 x 6 =180
TNaA g0 x3=200 0 . 1. 7x 39 =210
e..2 x _J0 =180 J. 40 x 6-'_240

-

2.." Copy and comple'ceg‘ith the correct maltiple of 100.'

v

Example: 400 X 4 = 1600 . =
&, £00.x3 = 1500 - £. 900 x 5 = 4500
bl 40 x 6= 2400 .g."9x§;29_,-72p00
c. 4 x 800 = 3500 ‘h. 800 x 6 = 4800
d.“_@o_x7,=u§oo 1. 900 x 7 ='6300
e. ig?TngB-- 1600 3. 5x_égg:v;,§oo'

o

A,

°

<¢

S

. ] . .
Copy and complete with the correct multiple of. 10 or

" 100.
.Example: °“,8_9_.3( 6= 480 o
&, T x 00 = 6300 £f. f00 X 2 = 1600

. D, zgggi- 2800 . g. _zo_gxg'-ssoo
e.. fo = ;4500 ° h. £090 x 8 = 6400
, N VA o < o~
d, _90 x 3 =270

-2

e: 10 x 400 =-6000 ° 3. 500 x 5= 2500
- Y N

1. 7 x 800 = 5600 .




» * ¢ Explaration: A ’ < 3 ] .
3 x6<19 * 30 x 6 < 197 gdohx6<;_§7l+'
4 x 5% 22 40 x 5 £ 225 koo x 5°¢ ges6 .
st Bax T390 N §o>f‘7<§22‘ 500 X 7¢< 3928 ,«
1501(, at the ei?‘mpq.és,oﬁ the ch "l,k.‘c'.-oa'rd.' ' ". -

‘What 18 the largest whole numyer times 6 that is not
greater thar 19? (3 because: 3Ix 6 = I'Bw h x_jj: o4, -

and 24 is greate\r than® 19 g 4 g e
- What 1is '023 largest multiple of ten 'cimes 6. t}ia'c\F )

As not greater than, 1972 (30 because: 30 x 6 = 180,

uo X 6 = 240, and 240 is greater than 197.) @ .
¢ What 1is the largest maltiple of one hundred times 6 Y
\that 1is not greater than 197&9 (300 because: 300 x 6 = 1800, ~ ™
400 x 6 = 2k00; ;and’ }400 1s greater than 1974, ) : o

. . -

) Ask the same kind' of questions for rows
2, and 3. .

When the examples lgave been worked, discuss 4
them in thls manner, . -1 ,
"In row l, do "you fe any relationship amgng the

}

’ unw_‘factors 2¢ .

How can the ,reé’“lt of the first example, help you with ‘

+he second and third? “ o "

av“ . P

A

4

v

' Discuss rows 2 and 3 simi,larly. It wouid‘
be vhluable for the teacher to have pupils- -
rell how'they find the largest multiple of d )

- ‘ ten and pne hundred .- .

4
o~

R
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- T ‘ _ . Exercise Sew 25 o .
' ~ . : .J &» t-
- s ) 2 " . ‘
. Copy ‘each row of £xercises below. ‘Complefe Sthe blanks
;0 that each mathematical sentence is true. § .~ | N
) . < , .
’ . ci B . L [ 20 *
o Use the largest Use the-largest « Use the largest
whole number. ., multiple of 10. ™ muitiple of 100,
a’ U 3 P2
I'd . ) - .
1. " (a) - 4 x 6 <25 (b) 20 x 6 252 (c) 49px 6 < 2526
2, k(a)’_’]_x‘#(Bl - (v) Zo_x‘#'<315 (c) Z_ax‘#'<3158‘
, (‘3. (a) 3x9 < 28 (b)’ 30x 9¢ 283 (c) _Qox 9 g283u .
v '// TN *

o (a) & x 8 (b (b)‘&xaguas,(c)%@xsfuuss )

5. (a‘) g x3 26 (13)' 80'x 3 263 " (c) - goox 3 2639 .

6. (a) 9 x8C76 (b) f0x8.C765 (o) Uax8< 7657 ¥

7 f'(a) I x8¢ 60 (b) ZQX‘Q<‘.5°0\- (c) 200x 8« 000"
S8 (@) e xT.CH5 (b) 60 x T <456 (c) 4y xT € 4568
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'\ Exercise Set 16

"bopy each row 6!: exercises. beléw. Complete ,the blanks

| 80 that each mathematical sentence is.trué.

Use the largest
whole number,

<

Use ‘the largest
multiple of 10.

Use the largest

multiple of 100,

1. (a) 3 x7¢23

(b) 30 x 7 € 238

(c) 3gpx 7 < 2385
(c) 6 x 9= 54p0
(c)  #0px 5 < 2197

(c)
(c)
(c)
(c)
(c)

5x@<3m.

Zo_ox?:‘fgba

8 x 09 < 7828 -

900 X7 < 6547
8 x 600 ¢ 5000

2. (a) 6.x’_i_=-514 (b) 6 x 30 = sho.
3. (a) _ﬁx5<21/(b) 40 x 5 < 219
b (a) 5x_Z2<8T (b) 5x fp <35
5. (a) ZXxT=19 (b) 22 %7 =40
6. (a) 8xi<7éu/(;z_)) 8 x 9 < 782
T (&) LxT< 6 (o) 0 x7 < 65
8. ° () 8x 4 <50 (b) 8x40.50. .
. ~
- ' »
¢
! & .
X ’
™~ ~
A |
) . 251
° B 262

[
W
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Exercise Set _1
) .
1. Complete with the largest multiple of 10 that may. be

s

uaed to make the sentence true

x5 ¢ 103 8><_@_<5oo

U x 6< 191 g. _za_x9<6'so
. & 30 x 7220 . n, 40 x 7< 583

d. uii&(i?s'“ 1. 9 x 80 < 750
o’ » .

: ' e. 5><ZQ<311 J._?_LX6<549

J
E

. ' 2. 'Complete with °the largest multiple of 100 - that may

\ be used to make the sentence true, - . '

a.. #gg x 6 < 2500 f. l&x_@<3000 ’

£ b. /9o % 5.< 600 g. 500 x 9 < 4852
. .. 200 x & 1000 h. 300 x 3 < 1000 ’

o “.-d.‘6x‘_‘w_<2000 1. b ox 400 < 1846 o
e, Tx 500 ¢ 000" i. \z@_<1946

3. Complete with. the largest multiple of 100 that may

E 2
’ - i be used to make the sentence true . If this is ncd;

possible then-use the largest muléiple of 10 A

a. 8 x 440 < 5000 £ ux_Q_<3ou
' g b. mxu<2196 - e 6x_7_o_g_<uso7 y

e Tx 40 {568 e 208 < b2
| a.- 6x 90.< 596 ° . 800 x 4 < 3597 ’
e

\ ' . 300 x 8 < 2502 U x%ig_o_ < 8200°

& . . e

3

252" ) S




) .
BECOMING SKILLFUL IN DIVIDING . . "

Objective: To help children use g division algorisﬁ'more
skillfully ) : s

e
&

4 »
’ X R
Vocabulary: Partial quotient

4

Teacﬁing Suggestions:

Review ways of finding an unknown factor starting :
. with such an example as n X 5 = 365, Note that we ,
; : also can write this: 365+ 5 = n. Ask questions
. which will suggest-that pupfls’ think about multiples )
‘ of 10 and 100, For example: .

4 Is 5 x 10 < 365 ?
R - Is 5 x 100 <’36§ 3/
. Is 5 x 100 > 36572 ‘ ;

/ o, :
Then ask what does this tell us about the guotient?
(We need to think of the largest multiple of 10 so °
+ that when it 1is multiplied by 5, the product is no
. greater than, 365.) : .

) Help children decide what this multiple of 10 1is
to be. For example: . . '

7x5=35 so 70x5 =35 . ST b
8x 5=4 so 8 x5=5400, S +
A AJ . . & ,
Then help them with whichever form Form I:

. (as completed at the rigpt) is being ,

, used by your class to record their €hink-

ing. After recording the partial qudtient,

70, and subtracting 350 from 365, ask- ,

E

"if the work is- compléted. If it isn't, 350
! what must'be done? Continue by thinking: 1T
, What is the largést multiple of 5 -which 1
. : , 1s equal tq or less than 15, : Record as ° ——8
: before, Discuss the result and how 1t . .
ﬁan hdflp us to rewrite our’first sentence, Form II:
Y, Write the sentences: . Yy 365 ]
- . 73 x5 =365 (or® 365+ 5 = 73) 2 353 70
.Recall with them how we check our'compu- ~ .15
. tation by multip¥ying /73 by 5. co 1574 341°
. »  Choose dther examples (be gure the re- 073,
S mainder is O) and ‘discuss them with the V.

children, Then p

eed to material in the ~ |
. pupil text.

write Q for the' -

. -NOTE;: ;| We want chi

e . remainder in suth exagpl®® ese, This 1is in . .
preparatlon fop work to fo when we. express the |
result of dividing using'thé form .a = (b X™n) + p .

| 1in the section '"Finding Quotients and ‘Remainders”. . /"

.
2 .
.

v

253 - ”

264 = -«

4

- N 4
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_BECOMING SKILLFUL IN DIVIDING - '

R} . v
-

We shall use what we know about multiples of numbers
to Zearn more about dividing one number by another.

SuprSe we arec to find n in either of‘zpese

. 7
, i ) S
sentences., - . ’ A ol
‘ . JE
n X 1 = 332 or 332+ h4=n
Unknown _ Xnown Product .
Factor Factor

.4 v
To find n in either sentenceé we divide 332 by 4. We

can use one of the forms .below. You may select the-one you .’

would ‘1lke to use, Use either Form I or Foqp 11,

.
' .
'

FOI’mB_ ’§-§. s -, _F_o-_—-_\l_: B ‘V .,
3 e - : ’
. ? v
! 80

\/L‘)’:—/;(BOX 4)——> 320" | 80

. 2, . 12
. Re——(3xh)— 512 | 3 °
. . - ' ‘
oL : o : o | 83
' % MatHematical Sentencer 83 x 4 = 332 or 332 ¢ 4 = 83,
. P . ’ ' [ Y '
R Kl : . , , 1 . " ;’\J
We can check our answer: - 83 . ' e '
X &
) ‘ -y . X 4 ' 4
' 332 T e .
. -
»w - "
- m -
- ' . P) T
L] ( r \
. 25%
: ) 265 "
, 4
b T
R < ! -
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i Exercise S‘et‘;:_L_’Q_" . v, ~ .
s . -~ Y
’ | g 4 )
v Find n. Use either Form I or Form II. -ChecK yqur answers.
1. nxb=5" (w:3) Il. nx¥=28 (m:52)
/ 2. nx6=28+ (w:14) 12, 7 xn =217 . (= 31) .
. <. . ‘ .S |
3. nx9F17 (w=/3) 138, 3xn=158  (w:35l)
b, 5xn=75 (w=15) ‘14, nx9'=88 .. (n:92)
. * ) - " . _+
! 5. 7xn='98 (m:{t) 15. n'x 7 = 574 (s 83)
vl
6. a'X L =84 (”“ 21) 16, 7 % n = 231 (,,},133) . U
NET ! . : . ’ o e, "
7. nx8=560"' (w:70) 17, 8xn=isg (w=36) $
’ ‘8. 5xns=2390 (mw:78) 18. 4Xn=192,_((m,3:/8)
. 9. nx9=87 (m=73) 19. nx.T=5%5 (n:85)
..A' - L N . . “‘
10 -9 xn'=135" (m:=J5), 20. rifx 3=279 “Bn-93)
’ P - .
> PR T
. h 1 , °
' T Yo ﬁ\(, |
¢ , ° ‘ ‘*K ’
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FINDING QUOTTENTS AND REMAINDERS

. Objective: To hélp children understand the technigue of

) division with remainder and the mathema(ical
sentence which describes this division process
a=(®Xn)+r or a=(nXb)+r where a

¢ 1s the dividend, 'b/ i1s the divisor, n 1is

the quotient,{"8%d r 1s the remainder’
‘ ‘

Teaching .Suggestions :

The pupils should be glven practice similar
to theé following{examplesjpo stress understanding
. of mathematical sentences“of the form
- a=(bxXn)+ r. ° )

s 37T =(7xn)+r
o "57 = (8 x n) + 0
) 89 =(n'x 9) + p

"For each, pupils are to find n and r so
that n | will be th& greatest whdle number
possdble. In each instance, r then should
be/less than the "known" factor in the product
exXpregsion. ) ’ AN

v - N

-~ - R-3 -~

a

. Mr. Smith has 372 oranges which
he wants to pack into § ébgtes.
) How many cdn he pat in each crate? NP

How many will he have left over?

As you guide children in solving thigk

o problem, lead them first to write the .
. sentence: « .
% ) 372 = (5 X n)et 1 ,
Use one of fhe forms shown t6 find n and .

, r. - Rewrite the sentence as:
372 = (5 x 7h) + 2,

Have the children interpret the 74 and .
the 2 in relation to the problem, and
~ check their works .

- ) A
.

256 . e

2(3}1 :




This means that Mr, Smith would have
- in‘each crate with 2

7% oranges
remain ing . . o ®

Using the results of either method we can write a

mathematical sentence like this: P
372 = (5% Th) + 2.
: . In our wonk, we call 5 the digisor, T4 the quotient,

372 the dividend and 2 the remainder. The remainder is

ES

To check our work, we can multiplyé%g, and ‘74, Their

product is 370 To this we~ add' the remainder 2. This - X
check may'be shown like this' 3
74
. x 5 "
' 370 s
. /
PR + 2 - ]
. - R 372
o, i
' " ¥ou may wish to use other problems such ||- §
asg:this one before the pupils study the
l text material, Be sure to select ; .
. problems with remainder not O.
. - ’ y,
» ¢ '
N o~ .
. - >
» ' ¥
« o “ . . ’ ) “
} -
&
. et
'h' - ’
- It 257 v -
4 l.‘;-"w

1e’§ than the divisor. : y T
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FINDING QUOTIENTS AND REMAINDERS .

We have used sentences like this

-

in working with story problems, -

We have seen how we‘ can*find the largest possible n’s

and the smallest r 1in ways like these,.
w Y .

. 94—;QUOt1ent *
divisor —» 5 J 47 «—dividend divisor —» 5 J §7 ledividend
45 . 4519

2 e-remainder ' remainder —» 2| 9equotient

-

" ‘We have found tHat 47 = (5 x 9) + 2.

We can see ‘that this sentence is—true by thinking

' U7 = 45+ 2. L K g \‘:'
' We can use these same ways to find quotieats and remaindera
- when v}e work withiarger dividends;- '
Now look at this mathematical sentence.’

437 = nx9)+r,<

8

'.--A-_.

—
P
'

o 9J837
5o = (40 x 9)— - 3 360 .
- Co LT
(8. x 9)——‘0——> 12
' : 5
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which number is the quotient? (#¢)

- ‘e

¢ Wnich rumber is the dividend? (#37) ,
) ) .
. Which number is.the divisor? (1) B
Which ni.\mber is the ren<a1nder?‘ (\5_) . -

Is the rémainder less than the divisor? ( 2\‘”) :

* We have found that o o ‘- .
. . 437 = (48 x9) "+ 5. - N f
: « .We can check to see if the sentence is true by . SR

multiplyirg® 48 and 9, .and adding 5. Our answer should

be 437, . : ' , ,
L “ ! |
. 48 i
) .X: 2 B ‘
432 .« - ‘
[ + 5‘ . ) .
Y ., Ll.37 ] ]
R .
N - * \.
- s , ! e" k]
. \ .
L) . ,
. ~ .
N . b} M i
Y ! .
- e , .
R A e ’ !
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Exercise Set 19~ - .

A. Use either Form I or Form II to find n- and r. Then
rewrite the sentence using the numbers you found.

(nxT7)+r . 400=(85x7)+5

1. 600

2. 138 = (nx 9) + - /38 - (/3X1) + 3

»

3. 213=(7xn)+r 213 - (7x30) + 3 N\

A

¥, 450 = (nx 8) +r ' 4350 : G6%8) + 2

5. 271 =(nx3)+r R27/= (0% 3) + |
,_6' 107: (3xn)+r \(O7=/<3X35)+°2 .
7. 230=(nx7).+r 30 = (32X7) +6 .
8. 162 = (~nx6)+r . /(;2 : (Q7X6) +0
"o 7357 (9xn) +r 738 = (9x82) +o
§ 10. 200 = (n x6) + r 00 : (33%6) +2
- -, ~ ,
* 11. 372 =(nx9)+r F12: (41X9) +3
12. 725 = (8 x.n) + r L 725 = (8X90) + £
13. 373 =(nx9) +r 373 = ($1x9) +4
14, 288 = (nx8) 4 1 285 = ($X 72) v o
15. 41 = (nx8)+r 45/ = (56 x8)+3’
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Bo

AN

\

16.

17.

) Museum.

~

Use mathematical sengences to solve these problems.‘

Express each answer in a complete sentence,
—/

.

At camp, John made a collection of 176 smali.stones.

He pqy the éame nhmper of ‘stones_in each™of y small

boxes, How many did he put in each box? How many were
' 176 = (rnxZ)+n s 44 ‘
left over?
- %v/bat 4‘1‘,@&1&“) .q,agﬂu,?,pﬁ
Gome et viren

There were 256
Nine guides showed children around the museum,

How many groups containing the same number of childrer

/,..gg:ld be formed? Are there any children left over?

7354 - (ﬂvx7)+/v e Q8 ne 4

dhere wwocdd Lo ¥ Ao by
¥ chibdnare ,&}t oven .
‘. -~ / 2
./ ' ,
\ -

272 + %;

-

children visiting the Natural Histcry -




questivns :
b x°10 = n (read "what number")
b x100 =n ,
: 4 x 1000 = n
241 Then ask 1f we should use the largest ¢
’ 1 myltiple of 10, '~ of 100, or of 1000V
- 4o and how we can decide. Tell what .
200 multiple of 100 should be used., Guide
4y 865 their thinking by asking for products
00 of 4 and 108 4 and 200, etc., . J
165 seeing that 800 1is the largest m le.
160 After yecording 200 and subtracting
g + 800, continué by determining 4 times
— what multiple of ° 10 13 not greater .
1 than 165, Ask for products of
and 10, and 2Q, . and 40, etc.
or Decide what to use. ’
4 Yo6 Record the 40 as a partial quotient
. gog. 200 and subtract 160, Now ask if they
155 have completed the cbmputation and ask '
160 | 40. WwWhy they should continue., Complete the

Teaching Suggestions: : s fr
How can we find the answer in this’ example?

i 965 First ask children the series of\_

ﬁkoblem.

5 .
5% 1  Ask how we can find the quotient, ‘
1 1241 helping them see that the quotient is
the sum of the partial quotients. ¢
When work is completed, ask children
to name th& quotlient and the remainder.
Also, write the‘mathsmatical sentence
in the form: {
965 = (241 x 4) + 1 X
. Ask how we can be certain this is true.
Suggest that if we find ‘the product
of 241 and 4 and then add 1, the

result should be 965, . _— YR
Use other examples. « S
. o Select one such as 37 (n x4) +r. 24|~
Continue with comput toguas\gefore. L
+ Observe that th Eegggpd v is 0O, L
-That is "~ 376 = ?9 ;0 =
. . Ve can shorten th%¥% to 376 = o4 x 4
v Bring out the idea thgt 94 and ¢4 are
. : factors of and how we know _ <«
. Whis 1s true. &’
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1,
for each of the following.,
: a. ,?gotu/v\t —»_3_2_ b, - ) /6 ; 7321 °
) . 30 132
duropu — 8 1258 « f 120 | 20
MM’JJ 22;0 12 ]
. . I8 o 12 2
. : nemanmdw -0 | 122
_16 g
R A /WJIIU 2 ' *
4 -
r\ A 2. . Use a number to complete the following so they are true
LN
. sta;t,ements. ]
v a. If the remainder i8 _QO , then the divfsﬁ
' factor of the dividend.
b. If the remainder 1s not Q then tbe divisor is '
not a factor of the d*vidend - - e :
. If 1026 = (7-x 146) + 4, then the remainder 1s ¥ ..
. -4, -If 842 = (6 xn) + r with r < 6, then 'n= /40, and-

fo= 2.

3. Divide the first number by th® second: ”?’hen-write the

mathematical sentence. For example, 258 divided by

8 gives a quotient 32 and a remaindermx?2. The )

mathematical sentence is. 258 = (32 x 8) + 2. Check >

,the gast 5 sentences. . ’ .

‘ L4

a. 2 .by 8 £, 756 by: 7_ k. '859 by 3
:f/z T 64X8 I56 = 108XT #59: (236 x3)+1|

b, 382 by 7 ' g. 57 bpy 3 1. 604

. 382 = (FHXT)+4 27 : (175 x 3)+2 604 : (100xb) +4

¢, 251 by & ‘n./805 by 4 m. 2597 by 7
25]= (6ax4) +3 go5= (201x4)+ 1 2597= 37/x7

a4, 456 by 6 1. 927 by 9 n, 2001 by 5

. 456 = 76 Xb 927:" 103x9 * Aol (#0ox5)+t]

e, 812 by 9 j. 625 bvy 5°* o. 7024 by

P

812 = (gox9)+

o5 /25 X5

SR
&

7024 878%x3
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FINDING MULTIPLES OF LARGER NUMBERS :

-

ObJectives To help children acquife skill in finding
: multiples of larger numbers

<

Materials: Duplicated table as on the next pupil page

-

AN Teaching Suggestions:

Have pupils.fill in this table as ‘they
did earlier ones. Then discuss wifth them
how the table can be used to find quotients.,
The completion of the table will serve as a
review of the facts pupils learned in
previcus units,

". In this section we are concerned with
such prodqu expressions as

' . 20 x 30 ,
50 x 70 ,
200 X 30, ete.

: . 'fter children have completed Exercise
’ Set 21, use the following mathematical

.. sentence to introduce further work with .
these multipl%s. -

| ; | 40 x-n< 983

R Guide children to sense hgw-they can
“ use 4 and % a8 "helpers" to determine
the largest multiple of 10 to use with
%0 so-that the product of - 40 and n -
will be less fthan 983, In this conpection,
« have them recgll how they already have
. .learned -how to use %4 and 9 as "helpers"
.. || - 'when ﬁividind 98 by, 40, for example.

* Use furthgr examples as needed. . Be
Ysure to inclule some 1ike :

30 X,n <131k - ,

in which one bf the "helpers”, . 13, 1is
-4 named by a twb—glace wheral. :

Then have children work independently

"on Exercise Skt 22,
’ : ~

! * - '!\ ; : . )
' | L.‘ "

-+

‘

i
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FINDING MULTIPLES OF LARGER NUMBERS
Copy and complete th’e fol}owi.n'g }:a,.b.le.
- x | 10 | 20 3o€ .4 | 50~ 60| 70 |8 | 90 | 100
?'? 10 1100 | 300 | 00 | #00 5% | 400, V ;00 800 | 900 /000
20 1 200 *| 400 | 400 809 | 1000 | 7260 |00 | s600 | 1800 2000 |
30 1300 | 400 | 990 1200 | 7300 | 7800 | 2100 2400| 2700 | 3000
40 § 400 | 860 |200 | 1600 | 2000 | 2460 | 2300 | 3200 | 3600 4000
2150 § 500 | 1000 | 1500 | 2000|2500 | 3000 | 3500 | 4000 | #500°| 5000
¢+« | 60 | 600 | /200 | 1800 -,2/2*00 3000 | 3600 | 4200|4800 5400 | 000
70 ¥ 700 | yr00 | 2190 4800 | 35057 H20 | #4900 |3600 430 | 7000
80 /800 '/60/1; dboe 3200 ‘/000‘\ 4800 5600 él/oo‘ 7200 000 |
90 1 900 /Mo, | 2190 | 3600 | 4500 | 54s0. |4 300 7200 | 8700 |9000
100 | 1000 iotoa\ 8000 | Hooe | 5o0a | ¢cooe 7000 | $000 | 9000 /Q‘o
. . Exercis_e Set 21 v o
f‘ N Use your table to find n.* .
1. 800+ 20 = n j”" 40) 11.¥nx 50 = 1500, (v=30) -,
. 2..72800F 40 =n (m=70) ‘12, B0 x 80 =n = (m:6400)" .,
" 3. 2800 270 = n (ous4o) 13. 4900 £ 70 = (m:70)",
e ¥.. 20 xin = 1800 (me90)  1h. 50 X n = 20000 (meger)-, ¢
5. n x 70 = 5600 '(m/;: s0) ' 15." 80X n ="7200 (m:90)
6. 70 x90=n - (m:éaoq). 16. 6000 + 60 ='n (/ru.‘/ao.) h
7. 4500 + 50 = n (/;v.: ‘ia). 174 3.600 + 4-=n (= 90)
8. n x100 = 8000 (m:-g0) 18, 30 x n = 1800 ., (m:a0) - .
‘9. 60 X'f;?=’5‘490 ,(,n,j:f: 90:5 19. 0 x 90 = 6300 (=79

10. 2700“\1'- 90 = n ) (fm.so,

20. n X 100 = 710,000 (m:7/00)
- = B

i !

¢

-




) 1.
in
. 9
i
2.
‘ ~
-~
L
v 3.
%
L}
!

Complete with the largest multiple of 10 which makes the

* sentence. true.

a: 4 x 26 720

_&szlo(836
c. _Lo_x30<506‘
d. _Lx50(918
e:. . 20, X _@_.< 432

-\

" r. 50 %60 <3290

the sentence frue,
a. 40 x doo (,841{2”
b’ 20 x" 290' < 5591
e 10ix Jgo’ < 2146
d. Q00 x 30 ¢ 6723
)e. 500 x & < 3290

. 00 x 3 € 2872

s

g.

b
J.
k.
1.

g.

h.
© g,

J
k.
1

. 70 x 300 < 26,500

« Exercise Set 2

'
b .

40”x.70¢ 3040
iL X 60+ 5500 .
60, x 80 ¢5000

9ox1_<6soo/

80 x 50 £ 4700°
50 x 60 <.3500

{ L
¥

. Compléte with the'largest multiple of 100 which makes

*
S

50 x 200 36,012« .

Mx 70<%5,
20x :(oo( 5640

80 x 700 < 60,000
90 x 200 < 75,000

Find the largest mu1t1pie of 100 which makes ﬁhe

sentence trhe,

-

a. 20 x 30 < 78

b, oo x/46 < 4830

c. 40 x 30 < T4z
d. 30 x 400¢< 12,200
e. 50 x 500 < 26,200

find theﬁargest multiple of 10;

L.

266

2‘71“".. . - )

-If there 48 no multiple of 100, then

{‘q
‘,»"‘":

40 x 6o ¢ auug \ /,
60 x _ZQQ () 435,000'
70 x 400 < 30,000
49,%.90 < 7500

90 x ‘800 < 75,460
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UéING DIVISORS- THAT ARE MULTIPLES OF 10 o
“ObJective: To ‘extend techniques in computation to %pclude
- - dividing by multipigs of 10 which are less,
¢ than 100

Follow pupil exploration carfully. If
" you encounter difficulty in terminology,
refer to earlier parts of the unit.

¢
¢ w
~ . .
. . N
\ .
N
‘4 T EN
L3 v 1
.
*
/
.
v
B
.
¢ L
o
a kY
&
- '
A * 7N
" a
.
[} R « ‘
. ,
. P
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_ USING DIVISDORS THAT ARE MULTIPIES OF 10 . .

. Exploration . .

A

'We are going to learn to divide wheh the divisors dre

' multiples of 10 Look at each of the examples below. Can

you tell what was -done fn each gxample? ’ o 7
’ - Example 1: ° . ' , R . .
- “Divide 480 by 20. ol .
v _?_Ii‘ : , '
4 ) , ‘ P
20 . R
- ? o~ '
20580 . 20 JEB0]| . .
' 400<—!—(20 x 20) ———» 400" 20,
. ) .
- .80 “ s 80
, : . 80 «—— (b x 20)—» 8o | 4
* 2 . : ) e. O , ’ 8“24
v : 480 = 20 x. 24 . T

" We think of. n as the largest multiple of ~ 10, 86 that *

(n X,20) . 18 not greater than, 480, - Qru £ 0. ) .
We then trink of n_ as the largest number so thgt L
. e -
.. (n x20) is not great‘er than ‘80, (o #. ! £ -
oo
* e describe the results of the process by the mathematical
T sentence. S ot IS SR
:‘I ' ' : ’ ‘ . N ' ’ )
v 480 = (24 x20) + 0 or |g480 = 24'x"20, , ' ,
- * . : . .
y . We can check the “w)rk by multiplication: \ -
N - I F - 3 .
ro S P ‘ : N : ”
. , . 24 . . “ .
A .:‘ ¥ Ca . . ‘. /15 . . “ .
.’ I‘. . . Ve ‘x20 oy ' f . . .
.. 480 oo
4 e * .Y .. .
’
\ » -
Iz - - . 268 - - . . .
N J - 4 -,

i ."279' . . ‘




< * .
Divide 9,285 by 40. : S
. ‘ ‘% - .
A\_ ., 2% ,
\..." . _\ ~2 ) P - . -
5 ﬂ\ 4 ¢
30
- ‘200 - |
* 40 J9285 40J9285 | N .
22 : 8000 % 8000 |200
\ 1285 1285 |
. 1200 “ o100 |30, )
5 .85 85. ' )
L 80 TS go] 2 . ’
- . - . 5 |a32 R
, ".fe think of n as the largest mulfiple.of 100 so that
(n x 40) -4s.not greater than’ 9,285, (/m,w Q00.)
"Next, we think of n .as the largest multiple of 10 ‘so-
Do
that (n x 40) 1is not'greater than 1, 285 (,,U <o ~30’ )
.. Finally, ‘we think of 1n “as the 1argest mﬁber 8o that
“In x 40) 1s not greater than 85. - (m « a. )
' Ne deécr:Lbe the results of the. proaess by .the mathematical
- o . &
\uus.entenqe'\ PRSI ‘. .4 , o L )
e o w9,é85 = (%0. x 232) + 5. _
v . “ . \ . ' ” A '
‘ P ~
f} ! We can chegk olu .work by multipaication and addﬁbion. P -
. B \ 232 e ) ‘.
L LA P[ '3 B - LN
Ji" r : .: . ¢ . .
. ‘.. 9280 ‘," 4' \1
- .o - PN A T
, /\ . Yy + 1‘5 o Y. s o v - ' < T
. \ c e .ot . ‘ ". !\ " . L .
' v, {j“» :" 9285 - N’ r" . -\“
e e 0 R
N T TR SO Co VD
s\ ‘ -, 269 , ' . .




¢ X Exercige Se't; 23

"« A, For each of the following exercises, divide the first

number by the second.. Then wrige a mathematical

G/ ’ - sentence which describes how We can express the .pesults,
., 1., %20 by 30 . 11. 783 by 10 .
- . 730 Q4% 30 788 - (7ax/o)+3 .
2. X840 by 20 . 14 1600 by 30,
§40: 42 x20 LY 600 = (F3Xx30¥+ 10
3. < 680 vy 40 e 13. 1956 by 20 . *
T 680: /7x40 1956 = (97X30)+'16 *
4. 570 by 10 . 140 1897 by 4o
T 570 57X10 e 1897 (#7x40) +17
5. . 1160 by ko 15, 3162 by 50
6ot 29x40 ) L 3i6a = (¢3x50)+I
6. 990 ,by .90 : : lo, "5599 by 70 \ :
v 990 11X 90 B - 5599 = (7<ix7o)+69' ' 3
R 7. . 780 by 60 17. 2600 .py~ 60
' 780 = /3 X60 . d6oo r (#3 X6@) + 0 N
.8, 38% vy 50 ° ’ 18, 8746 by 90.
. 3850 = 77 X 5¢ . ‘ 8746 = (97x90) +16 v
.9, 5810 by T0 19, 7543 by 80 .
, 5810: 83X70 . “ .y5us = (94 Kso)t a3 .
. 10, 5360 by 80 .- 20, 5757 by . 70
g 5360 = £7x30 - 5757 = (§aXx70)+17
B. Solve the following proc»lems. . . e

- 21, A shipping carton'holds 20 books. How many cartons will

o be' needed to ship an order of 900 books? - .
“ . 900 = (wxac)+~ Py

2 . s o
Tee. |, An aucfritorium ‘can seat 8@0 persong If each row seats ,

)

W, ' 40 \persons .how many rows are 1n this auditorium‘>
. /4803 bn ) ” L7 D
23, How many trips must an ele’gator (eapacity 20 perswnsﬂ
make to carry 254 peoﬂ!e" (mnt One: trip may not
o fa 254: s(mxao) 4o’ Bz onesd,
‘earry a full load. ) . g_a».zwwt.,_, Mm)w a2 Dact
3 pe.
' 24,  The \r/oom mothers are boxing candy ‘to sellﬁt the" ﬂnm. 1 - <
carnival They bought. 2, 880 pieces of candy and e7ch £
{
box will hold 30 pleces. How many boxes of candy Qo

‘ the room mothers have to’sellf’ - s
R8%0 = (aox”u) o v

+ - (ahmmc‘ ,&&96.3%4;’%)

. , ' - i L4 270 o . ] R . .

- . . " o
L . N [0 p . . .
- - K f L . b s ;
. . . N\, . . R .. - -
.
: o’ Lo -, N
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A SHORTER FORM FOR DIVIDING

Oojective:

ag

P - A
To develop a shorter divisionJalgoriSm

\
v <

Teaching Suggestions

Have the following example worked on the
chalkboard, using either Formt I or Form II
of the algorism: ,

r~ 7 V7 593% . % -

Give pupils whatever guidance is necessary

“to determine appropriate multiples of 100 and,

v

10 to use in finding the ‘partial quotients

The example should ‘be completed and the
results intefpreted in terms oﬁ.an appropriate
mathematical sentenceﬂ ] .

5 5934 = (B4, x7)+5 ., o«

Then .ask the childrén_to think how they might
develop a shorter form for computing. In -
particular, ask: them if thdy can see how

they might use place valide as a way .to make
it easier to record the partial quotdents

and theyquotient, C

Diagrams such as the ones illustrated
below may be used to help the children see

the ki d of shorter form that 1s1t0 be -
devel Y ) Y
. . b
. . . ‘ ¢
» 7 /, -
40 - ;l . T
” 800 - r > 847+ R [
. 7 ) 5934 / v T)533% - - .
. 5600 - , 5600¢° - $U_"
. 334 X T.o 33 '
280 , | 280 N N
| — Yo I 4
54 - \os¥ .
L 5 , “ 5
v . ~ - “ ;’
’ ' N ' ( . 4 < - 4 !
. ¢ o271 - » - ’

..
.




f In your discus&ion
the sharter -form, €heé
-the: 4-'indfcates 405
principle of place val

Continue this® engor'a on using other
examples as needed, 1p children seé .o,
. that they can'detg e fxom/the stany-the
" numbgp of placés: tHere mﬁst*’bé “intthe” . < o

in the pupil text m,tnfthe cl&%s. .f,’ ot »':;.-'

,,-_

. _’, Af.‘ter the . pggﬁs have«cgmp}eted .

‘Exercise Sév..,a{\, develop with them
a similar shorter algorism for- divisors,, oy
such as” 20;: 30, -60, ~&tc.~ Take Toto e
account fﬁbe"shorter 'fqrm‘the chi lt;rsrr :
have. beerr usi’ng;rwfit diviso;'s lps’s ﬁhan
lQO - .' ) . . - 7

A Wobd | of. Cauuiﬁn' REREE ‘ -
Chlldren. will éﬁ‘fez:,m he ‘cfln}g %:_E_xe;z

areA—J:eady -£0- “move frem-Form lor _Forirr I3
stor s -$horfer algorism as  dex lo ed-here..-. -4,

T Gorisequently, ~this,. materisl o ¢ \A S'fibl‘\*’r‘EBf:
' “FORM FOR- PIVIDING w1Il-bé- ap Tidté tor
1 Some: cniidven at One-tiie 4  Jothep

. ehildren -at anob‘her ’time AP

quotient’ numersi, ‘Phen ‘discuss. page - 1*0 e 4




pl4o ' . . T :
. . g\ . ! .
A SHORTER FORM F(‘)’}'fDIVII_)INGT o : ' t
; Ther:e is a‘ghorter way ta write your quotient 1ﬁ division,
It will \.al,l'ow you to dq your work more quickly. )
- S'cudyzfthe :examples. below. \
a, .Long-er Form e b. Shorter Form
[ e | . :
' 9 e . :
~ 30 { -
) 106 * 139 -
~ ele 61836 -
‘ g0 e )
: U236 236 T -
180 : - 180
S ‘56.' : s, .
In b, to show the partial quotient 100, we can
write 1 th:hundred's.place. Instead of writing 30, -
we' can write 'B in the tent} pla.cé. Then wé can v;f'i'ce
9 1in ;':/e/voné".s plafc\e. ‘ L ) , B ' -
) Me des;:'z:'ibe-the results of elther pmqe;s by the .| e
m&_’cﬁen}étiéél senterzcte‘_' o g .
. '836 = (139 x 6) + 2. ) - g
: ) | : NP 4
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¢ e
- PY4] ' L . :
: . \
- . !  r )
. ;\ . ! . ’ '
i N ) -
' c. . Longer Form 7 *d. Shorter Fomm .
. N .
:. . . 13 ( Vs '
- L 6836 6/ 836 ’
©o. .8 18- - g0
‘ 236 ST 236
. T N -
, 180 230. 180
- , 56 ) 56 v, A =
S 4 , ' - ' )
s | 9 o4 .
- C 2| 139 - 2 )
L < k .
e Q . - _ —_ . \ ; [
. In d, to show the partial quotient 100, we can .
write 1 ]}n 'phe hungdred "s pla.ce. Instéad of writing ;30, y
/7 .
i “we can wrrte .3 1in the ten s place Then we can write 9 L
. ‘ = ’
*in the one '8 place. y 5 : >
L L4
g D7 We describe the ‘results of either process by the \ ,
mathematical sentence - )
836 = (169 X 6) + 2.
What do you notine about _,_gnd ,d‘.;' 5t -
(J\/z-bv( YY) M % ’E ‘rl: . "") v i *
: N,
Y f » \.
- s . ‘l‘ £ .
- *, ‘
’ - ¥ A2 Y . ; i\i““‘ . ' ’
- '1‘ } . .
‘ . N Y 'A:’ \ -
- { : .274‘\’ ’ \ .
: ¥ » - \
. o & .
i ﬁ.«8\), : .
- K 1 - -'




3 ; ‘((5;
“ AwR
R £y
1 < .
2 o &
1“2 ‘:g ’i,o :
o <o N
o <,
: . $T. o
. . e
\\ .
°
. '
7 ™ LITSIPY .

. . g e
w%.' + . < )
. CN A e

- * - R .
¢ 3 Toen
LY .
{

N .

3
L, N

E;Eé&-é‘iée fsec o). R

. h h e prpdy Tl el T
"For eag of the folmy\u}g dyde he f:;ox;git R AT
_humber by the gecond. Write\a mathemat cal s’bntence B T
to describe the result: B - E e T
t ) : - (N . ( « - '
- s ¢ R . i -
- + 1. 963. by 3. 9463: FafX3 - L
2. 84S by. W 9HETr U2 MG v) ° L
4

3. by 3

49
1 8

8

4

. S
S
. M * 3 ©
. .
— - . . R
.o ~ . \( -~
C'a M I =T e .

#99: (166 ‘x3j+, i
SEE I ey .

«

G495, 142 A

8

- . -
6896

soa xi ¢

¢ } ;ﬁf{‘?a?a_:;(g’;i}'x.é)‘~‘+°.q,:4- SRR
‘.’:" N / R \‘., .*

4%;27‘ (7oz+x 7)

17'

gm‘;._al,a()_rds)%f' S

.
o St

’ Kﬁv (77/ X?) 'f‘# ”ffj-' a)‘ (
IE5t pemier L_!'i RS




We can describe the result

mathemaﬁiﬁﬁg sentence

7833

3 :Le‘ :‘? o.e?‘ “: > f' o .{ ) - / 3 "
. ‘:egg. :‘_e ot =~ ] L 3 = -
s, P1U3 o - - .
R P . {
. A SHORTER FQB_M FOR DIVIDING BY LARGER DIVISORS S
? 0 "::v. L ‘ %, _‘ . , . .
R Study the examples below. - - N
el = A
S " a, .quger Fdrm b. Shortér Form
.. PN \
g N 261 ' ) .
.o .e‘o I 1“ Y < -+ / Ay
] i 1 ‘ ' KSA -
i 60 _ B IR
Lo L e < ’ . ’ QQO‘.
e R 200 . 261 N Tow e
L 30 )7?}3 va0kss L e
e 6000 _ © L6000 L T ke
4 ———— - - ;—7—1‘7;/; ’ e :Q‘”,( *
3833 \ . 1833 T
, . . . " A
. > 1800 (f? - 180 i
N 33 - 33"
« 30 Lo 30 . .
3 s,
In b, to show the partial quotient; 200 wé can write
2 1n the hundred's place. 7 Instead of‘Writing 60 can
v, write 6 1in the ten's place. Then we gap write 1 1in the
. : . VI T R T
one'g plgce ‘- 8 -, ‘ 41{, r - ‘

8 of either process by the

(261}};'_30) + 3. i




net PO
e

/

.
P2
£

Pl44 A

¥

\ /J Longer Forxy

YR, /A 3
. In "4,
2 1in the hundrégfé'place.

- write 6 in tHE ten's place.

one's place. ¢

- .

mathematical sentence

’ 7833

° 2
s

AN

* , Find the quot‘:@; and
’ boéh\a“Tongar form and the

)

>, 40 ’8153;

For each example, did

to' show the partial quotient 200,

» d. ShortEr‘?orm -

Y -+ R

A

K 261

- ,3 30) 7833

6000 -

1. . 1833

1800

-

Ipstead of writing 60, we can

Then we can write

b

p e

We can describe the results of .either process’by the ’

=
*
- »

= (261 x-30) + 3. .

7
What do you notice about examples b and K (ber

4/)‘

mainder in each or these, ushng

o

1" in the )

‘?‘ ™
we can writé

4

orter ﬂprm. . A

10517
T

you ge} Ehe same quoiient .

=  and remainder using both forms? You*shou;d have' .
:\d * Y
. R \ .
5
! § ¢ .
<o , .
. ..
m‘ = k] -
. * et 8

-

2"
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Exercise Set 25

For each of the following, di’irid,e the first number by

the second. Write a mathematical sentence to deécribe the

result of the process.

?
L

-

~

B

Y e

* -

1. 5820 by 10 . S820- SI2:X0

2. ',9240 by 40

3. 13,440

b, 17,550

5. 23,350
6. 58,980
‘7. 87,840
o i
9. 27,760
10. 21,000
11. 3,462

12, 18,464
13." 19,056
14, 27,291

15. 29,083

16. -32,240°

17. "15,989

"18. 42,750

19. 40,876
20. 31,452

by 20
t;y 30
by 50
by\ ('60 \
by -80
by. 90
t;y - 80
iiy 50°
by 10
py. 20
by - 40
by ,70
by 30 .
by 60,
by %0
by 80
by . 50
by 70

9240 431 X40 ‘ ,
/3,440 672 X20, b
17,550 = 583 X30

23 350: 467 X350

58,980 = 783 X60

‘57, 340 - 723 X80
40, 680 = 432 X 90
27,760 = 347X 80
21,000 = 420 x 50
5,462 - (32/4-X/;)7c.z.
18,464 < (923 x90) +.4
19,036 "= (476 X¥40) + /6
47,291 @87rﬁ)+é/

\',077,'033,.- (969 x30) +13

32,2405 (557 x60) + 40
12989 (117 X 90) +59,.’
42, 750 - (534 X*JO) + 3;'
4‘0, 87¢ :{' (3’7;'*;50) + 26

. 31,452 = (‘/'ﬁ/z'na) taa

278" - -

298
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Practice Exercises

F\;. Write each of the followihg as tﬁe pfoduct of two factors.

© " Write 3 different Prqduét expré%s%oni.fop‘each number,

Example: 30 = 1 x 30 , 2 x 15 , 5 X 6

' a) 52‘;'1 xfsé‘, 2 x 26 , 4 x"13

b) 116=1 x 116 ,°2 X 58, h.x 29 .
.¢c) 128 =2 x 64 , 4 x 32, 8 x 16 e .
\d) 88 = 2 x 44 ,-4.x.22‘,_8 X ii . -

e) 176 =2 x88, 4 x 44 , 8 x 22

£) 90'=3x30,°5x18, 9 x 10
g) 81 =1x81,3x27, 9x9
-, h) 126=2x63 ,.3 x 42, 6 x 21

1) 110=2x5,5%x22, 0x11 -
& . -

2. Solve the-ﬁollowing.

3 : 1

a) 8 x (9000 + 6) (72,048)
. D) (32.+78) - 41 (69) . .
. " ) ’
. e) 9 x 847 \ - +(7,623) ) ’
d) %6+ .45 + 1.7 + 8 (10.75) : o
e) (7% x 600) + (74 x 95) (51,430)
£) 835 - 585 * (250)
g) 301 +7 S (43) ' -
< Yh) 7 xTx912 . . (44,688) L
1) .61 + .09 +-8.5 + .48 (9,68j C
' J) 976 + 8 (122) SR
g »aay . 3
” . e
- ) . - ’ }
<'( o \
- 21? hd
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t

)

3.

L

4,

P

¢ L d

Write the numbép:thqt n repnesents.

a{

b)

c).

d)

e)’

£)
&)
)
1)
J)

90 x 370 =

49,003 = n =,39,936
neEx g =‘9é6 .

887 + B75 + 699 - n = é
n = 9‘=°98 |

-

7 xn 637, ..

B )

835 - 257 =

(104 % 9).+ n = 350

GBI =n .

2275 = (nx 35) + 0

¢

"Solve the following;.

)
.b)
2e)

£y
g)
h),
Ly
)

4)’

e)ﬁ

n + 8= 5632

52 (6000 + 40) =

6408 = (8xn)+0

-%O X 490;= n- . .
Txh=62. .
3g .+ 1+ 4 = 162 .

n_+ 184 = 986

503 (6 X m) + 5
764 = (34 x 22) + n

3 x 3 X 465 ='n

. 294

280

(

33,300)
9,067)
(10%)

(-4




P148 : - ' Y ¢
e * ‘ . * ‘ ‘ Y ' . ' N .
5) Sblve! _ \ \
a) 997 = (33 x n)+ 7 . ' (30) - ’ : ) e
) 9076 x 6x 6=n . T\ (326,736) / o
c) 5472:= (8 x n).+.,0 oo(e84) 1 .
. a), 161+'=“(410;< 4)e+ n, > (0) y
e) 5838 = (6xn)+0 - (973) . \
. ' / )
‘1;) n=(7x906) + 3 . (6,345) s
g) 6:x45x3=n . . (8,370) ST
h) 48 x 7080 = n - St (-339,849)' ;
1) 97 x 8697,=n (848,609)
j)i2275 = (n x 35) + O . (65) n
. ) ’ - /’ Y g
6. Add 1) 578 2) 6,324 /3) 304 4) - i
4,549 . 796 76,451 80)72320 ' .
‘ . 496 ° 39,137 3,517 5)' ; ' '
C . - ‘ . 13 -
. 27 ,083 ,_4,034 . 25, 0‘64 50)—653
32,706 . 50,291 105,336 ’ . _ S
Subtract: . C ) . . -5
‘ 6) 58,931 7) 6,719 8) 5,833 9) - P
* 6,336 2,480. *3,097 60)77260 ' ‘s .
52,595 4,239 2,736 ¢ ' AR
Multiply: . . R . a a
10) 354 11) 836 -12) 8235 13) 709 14) 126 . ¢ ,
26 s4 - .. 35 Ll61. 16
9,204 45,144, 288,225 43,249 %- 2,016 = .
15) 789 Subtract: 16) 5837  17) 25,813 . '
:26 ' . ' 2228 ‘ - 51804 . \.0 e . o
44, 1‘84 N 3309 ' 020,009 . v
18) . - 19) - /l . ‘ - "
302 408 20) 0 ’ -
‘ 8) ) 20) BIE L v 60)-_52& ), ta.s ’
. ,‘:":, to R
» { ! LN
2 l;;‘ i “*
2.
. 81t/ / - )
292 /. "~
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& A
- Review
SET I .
Part A - i BN
_Write each of these as a decimal. s Example a6 is dong
for you. ‘
) "N 1ls 102
VI a) 25qgp - (25.13). 8) 1o5 - (L.02)
D) S (3) o) Wy n) 5137602 (5.016)
1 Y 4 I{L -
¢) 165 - (16,9) £) 2 -@.5) 1) 2—}%? @.10)
/ T > &
2. Write the decimal numeral for each of these: ‘i
a) (9x100) +.(8x10) +.‘(6x1)‘= (986) N ",
b) (3x1,000) + (4x100) + .(2x10) + (5x1)= (3,425)
+7e) (#x1,000) + (2x100) + (2x10) + (3x 1’)= (4,223)
d) {9x10,000) + (3 x1,000) + (1 x100)+ (7 x10) + (4x 1)_
e (6 x100, ooo)+ (3 x10,000) + (4x1, ooo) +(7%x10)+ (quxl u)
07
£) ., (5x100,000)+ (8x10,000)+ (9x 1, 000) + (6:x 10) = (589,060)
g) .(1x10,ooo)+§5x ,ooo)+(8x_1o)+(7x.1)_= (15,087)" .
h) (8x10,000) + (9x10)+ (4 x\l‘) =+ (:80,094)
3. Which of these numbers are divisible by 10 ?®

»b) 637 - h) 16 ,

c)’ 21 . ) ¥2 1) 462 . 1) 382

Which of these numbers\are divisgible by 5 ?-

2 B Tle)

- - k) 23 ° ¢
.w f).77 .1) s B

282

W




®

f>15p . .. K . \ | N -

Wh.LCh of these numbers are divisible by 2 .

b,

L

4

g 201" 7 y) a7t
@ @ 1,00 (] . (0 _L8) .
c)-f;zs f) 633 -:' T1F 729

L3

Complete the followaing to make them true. Bentences.

a) 68 x 11 =680+ (68) - ' - .
b). 28 x 64 = 512 + (1280) Lo T

c) T4 x TH= (T4 x7) 4 (Z4_>'<‘Z)’ LT T :
@) 571 x 318 = (500x 318) + (7T0x 318) + _(1x318)~ -

. f . s t e »
e), T4 x386=217000+ 5,6oo+lggo+ 1200 .+ 320+ - 34

A -

., o T . - . W N ’
Usev 2 as . many times as you can as a repeated factor of

-

What do you notice about alf of the factors above" (They are
prime factors.) .

.

<

.,

In each of the following explain vmat the

A sample problem 1s done for- you.

a) In 242f1ve

l+ represents .

4 gets of five . -

4 represents

each of m’\xese ngmbers. 'Examp_lé \a ) 1s done for ybul. .

a) 28,=2x2x,7ﬂ i ‘f)~ (2x3x7} . 1 ."
13‘)‘16'=(2x2x2x2) &) (2x11) oa® .:"‘.'
c). 2k = (2x2x2x3) f_h) 6= (2,.x 3) v _ .

d.), 14 =f('2 % 7). 1) 12 a“:(2->§>2,x‘_3)j - >
e) 20=(2x2x5) ‘*tj) (2x2->‘<2’x'2x2)}

v

oy

‘b) In‘uoeig'ht (% mga‘,}d) e) ‘In 1oeuseven(1+m

O’Ll{"anu\-

) ,

o e) In 1ouf1veA(Lkwo{M9f) In 542, six .(4@44#)
. A) I AT (4m%mw> ") ‘*32e1gm(‘¢~m4%fm)

‘" ' I 4

‘ - . ’
s ! .t ',;..‘ : "'2-83‘. - .

299 - .
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7. Write each of the following as decimal numerals., , o

: a) Twenty-six thousand eight hundred twelve (26;813)" -

/

e g

b) Fdrty thousand three hundred sixty (40 360) -,
. c) Eight hundred fifty-seven thousand', ninety one (857 091)

o d) Four millfb seve hundred sixty-three “thousand
: - (4,763, ooo)
e) One'million, one.t ousand one (1,001,001). .
. N 4 —, . i , ’ »
_Part B . . W .- ot
‘. * ) . \ . R ~

. - Write a mathematical sentence (or"two sentences 1f necessary)

s ! and solve. Write an answer sentence. ' .

1. Thé,Jackson School bought 7 new wall maps ' Each-map cost
AR . $9 95 What was the total cost of the map$° (7 x .95 =
. \) 69.65 The tcdtad cost of ‘the maps was

2,. Jim had '$3. 25. ‘,Tom had 75 cents more than Jim How much - &

‘ money did the two boys have together? (3.25 + .75 =
’ "t = 4;00 4.00 + 3.75.%n. n =-7.25% or(325+ 75)+325n
- ,=,7.25 Toggther the boys had $7.2 .

3. Joanne went to a. party dressed as a witch- She paid 85 -

L . .

; N cents for black cloth for a dress, '72 cents for a broom,
:and, 29 cents for.a mask, - How much did she pay for the
o .entire 'costumg9 She gave the clerk five dollars "How much
' ¢ change did she get? * (5.00 - (.85 + .72 + .29) = n n-; 3.14
- ., .or .85 +,72+.29=t t=1.86 5,00 - &. 86 2n n- =3 14

Joanne paid $1.86 for her costume. She shouia get $3:14
-change from the clerk.) .

'4._ The pupils in Peggy's class are making bookcovers There - °
were 26. boohs to cover They had a dozen and a halfjgheets

. of COlored paper. How many more sheets of paper will they
need in order to have a sheet for each,bookg ‘(26 = (l2+—6).-n

.- or n+ (12 + 6) =26 n =.8 Peggy's class needed ‘8 more .
. .sheets of paper.)




SPIS2 L = S
- ! N\ ) . .
.- s A . )
5. The Hoover School was built in 1934.” The Lincoln School

s

. wds built in 1960.. The Hoover School is how many years

dlder than the Lincdln School? (1960 - 1934 = n n = 26
The Hopver School is -26 years oider than the Lincoln SchooL)

. Y .
'

6.. There are 32 children in Mr Langts class, For a party K .

: “«
» ¢

each child received 4 cook;gs. How. many cookies did the

: . class have? (4 x 32 = ¢’ c = 128 The class had 128 coqkies.)

- . . . ’ ,
. - : L. . -

s ‘ . Suggested Aqtiviﬁies

. . -

- Group Activity : -

3

Relays - Working with Multiples : . . ‘:
The obJect of the game is to locate points named by muItiples
k,f of the number on the number linéﬂ mhe Trst member of each
) team draws the line and locates the first point for example
using multiples of 7 he would locate and name 7. The next
glayer_in each team would go)uphfo locate i4, the third
s player names’ 21, an&)so on: The. team that éan correctly
name the most points in a.dépermiﬁed.time period w;ns: Th"is1

may also be used for counting in other bases.

{

r o . . .. .
Individual Project . . .

. Prepére and show your class a magié trick with numbers. Triﬁks
" with numbers fall into three'main groufbs--lightqir}g galeula- - .
‘tions, pred;étions, or mind rgadingheffects. You will find

‘ iﬁformation about’pumber tricks in méhy_books about.

'mathematics. One clue--try. looking up some of the 'mysteries

k]
.

.
I I P G R R AT el - f €L LI L L T AT o £ K L LKL KL

(-1(11(1&11(4-4Q (,{44:4...




. Part A

I{e'v’i ew
SET II~

F} '
| Y . -~

Using the symbols >, {, or = make the following true

.
sentences. -, '

a) 0 " - 4 £) 64 g LT

"b) .6 -2 {06 e ) D .65

2.

3.

c) 1oo A h) Tg'o‘—— -05

d)~ 100 < .5 : | i). .4 2 .36 -
e) 100_2____ 45 5 3L ko

*

wf'itq these nu;:-:‘zja'ls in. expan'ded ncZ)t:'atiqn.
a) 11% = (1x100) + (1x1Q)+ (¥x1)
b) 2;236 (2 x1,000) + (2x100) + (3 x10)+ (6x1)
; c)‘ -7,.330 (7x1,000) +(3x100) + (3 x10) n (Ox 1)
' "a) '5,050 =« (5x1,000) + (0% 100) + (5 x10) + (0 x1) '
e) 6,803 = (6x1,000) +{&x100) +(0 x10)+ (3 x1)
. £} .49,527 (4 x10, ogo) +(9 x1, 000) + (5%100) + (2x 10) + ~

g) 827,666 = (8x100,000) + (2 x10,000) + (7~x1 ooo)+;6xloo)+
: 6x 10)+ (6x1)

0
B

. h) 412,305'= (4 x100,000) + (1 x10,000) + (2.x1,ooo) + (3 xlOO) +

(0x10) + (5x 1
OQ the number, line below, the points for 0 and.'Il aré

labeled. Label the other.points with base fivinumerals.

’

- - -
» . . ¥ A

| B ‘llL

| I )] 1
4 o 0 1’13, l4202l 22 23 24 30

. -
. N °
4/ , -
. <
L] . .

-8
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; _ . . .
. (:: Fill in the blanks with the numgrals 20five and 24@1ve‘
- to make each of the following true ‘sentences. . -
5 . . ° { . Pg
B 29f1ve is less than 624f1ve ; 24f1ve is greater than.
- 2004 ve » 20five is o the }?ft of Qufive ; 24f1ve | ]
is to the rightoof Qofive’ . i © "
) ’
- . ",- . .o P
., A= (1, 3, 5, 7: 9, 11, 13}. . : : . o
- Sets T; S, E,.and P are su?sets,of A.
. e :
. "a) The members of Set T are divisible by 3. 1
* T = [3, 9] "° . ’

b) The members of~Set S are divisible by 1.
‘ = {1, 3, 5,.7,.9, 11, 13)
¢) The members of Set E are divisible by 2.
. = ).
. d) The members of Set P are prime numbers.’ ‘
T P = (3,5, 75 11;°13) , :
e) Rewrite-Set A and pename its members as product. . - :

e
H
. . . . R ]

n expressions. ,Call it set M.
M= uxl 1x3 1x5,1x7,1x9or3x3 llelxlﬂ ‘ .

t‘l
|

= {0, 2, 4 6,, 8, 1o 12, 14, 16).
- Sets F, R, Q and H are subsets of B. .

‘a) 7THe members of Set F are divisible by 2, .Y
o F=(2 4 6, 8, 10, 12, 14, 16}. -
- b) The members of .Set R are diviqible by 3. . )
K » R = (6, 12)~ ’ v ) N
¢) "The members of Set Q are divisible-by 1. R
: Q= (2, 4 6, 8, 10, 12, 14; 16) " .
~d) The members of Set(H]are prime numbers. . ., J
. v = H = . ' ’ ’
. e) . Write the members of the Set A()B a
v - AUB =-{1, 2, 3, 4, 5, 6, 7, 8 r? -10, ll 12 13, 14 16} ..
‘ f) Write the members of the Set AfB.
ANB=( -}. " - .

5. Rename each of these decimals. The fipst one is done for you.

a) 6.84=_6 ones+ _8 tenths + _4 hundredths.

—_—
af -~
)

=

b). 12.62 = _12_ ones + tenths + _2 _ hundredths.-

-

,e

~

¢) .07 =_0 ones'+ _0 tenths + 7 hundredths’.

¥

Z d)s 1.01 = _1. ones + _0 tenths + _1__ hundredths,

287
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. "and solve. Write an answer
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6} This 1s one way of changing a base five numeral to g base

<
* -

- ten numeral. !

1l4aie = (1 twenty five) + (1 five) +- (4 ones): .
1145, o = (1 X 25) f-(l X 5) + (4 x'1)
ll4f1‘Ve=2?+5+4. . | . ¢ ‘
114p4ye = 3% - ( \ / : ' '

"~ .

Using the same procedure change the followingkbase five

numerals to base ten ‘numerals. . .

I I TR

b) 1 ve _ {24) . d) 123p5ve (38)

> ° ' - ‘ , : .
?art B °*

- ¥

- - - - 4

Write a mathematical sentence (or two sentenées if necessary)

.|

sentence . \\

>

17 Roy bought four fish for his aquarium. He paié '60'tcents

for one, 28 cents for ahpther, 85 cents for another, and
45 cents for the fourth one. How much money‘did he spEnd

for all the fish? (60 +'28 + 3% & h5 n = 168
Roy spent ‘$1.68, ‘for the fish, . :

2.* The smfth family went ‘on a vacation. The first day they

e
drove ‘an average of 41 miles an hour. They traveled g
Sr_' -
* hours. . How many miles did they drive - the first day° .
- (9,% d = 369 They Had gone 369 miles.)
. AN
3. Janis and her sister made ?5 ‘pieces of fudge for a party.

After»the party only 19 .pieces of fudge were 1eft " How
many pieces of fud%é were eaten at the. party° (19d-n = 75,

75 - 19 =
at the party )

+ e "

¥ . R i

» 288, ’

299Y.

There were 56 pieces of fudge eaten ‘

-

)

-
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Gray has the milkman deliver 3 quarts of milk each

@

. Mrs.

26

(3 x7 =2 21 x26-=
546 The milk bill is

What is the total

546
$5 46 for a

day. The milk costs cents a quart.

$

milk billﬂfor_a week°
or (g x 7) x°26 =
week )
Shirley has been saving quarters She now has 10 quarters.
If she changes them to nickels, how.many will she get?
(5 x 10 = = 50 Shirley will have 50 nickels.)

A

.

Mr. Norman.pays 16 . dollars a month fobt garage rent.: How X

much rent does he ‘pay in one year? (l6.x 12 =

n n = 192
Mr. Norman pays $192. rent in one’year.) <

’
N -

_Braintwisters

1.

A frog is climbing out of a well twenty feet deep.. He

‘ climbs four feet every day and slips down three feet every
How long . ddes it take the frog to get to the top°
17 A7 days.),,

night.

(2 - 3 =
2

You have° 8

o

The cost of cutting open a link 1s

25¢ .

have the eight pieces ‘Joined together in a single chain°
(6 x 25) + (6 x 10) = 210 $2 10 .

Sally had a piece\of ribbon 4
4 anBlmm.

What number base was Sally using°
6'; lsfive)‘

Two boys were comparing sticks.

sections of silver chain, each of four links.
10¢ and of welding it

together again 1s What 1s tie least you ean pay to

inches long. She found

-

another piece ' Now she has Ainches

of ribbon.
4 4+ 4 =

13,

(Base five
y

One boy had a stiqk 6

. The other-boy's stick was 39 inches longer

t number base.were th

)

inches long.
or l2, inches long.

Sy using? -
(Base seven 6 + 3 =

x4

9

9

= 1246 ven

’

POl

”
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Review
. SET IIT -
Part A - : L T
. : &-
cl. Write each of the following expressions using symbols
Example: The number n increased by ~ 6 n + 6,
a). The number n increased by 8- n'+ 8
b) The number_ % multiplieq by n n x 7
¢) The sum of -n and 9 n+ 9
d) The number n decreased by 4 n - 4
‘ e} The product of 6 and n 6 x n
. . AN
f) The number n divided by 3 n = 3"
g) The number which is the regﬁlt of
- 10 subtracted -from n ' : n-10 .
2. What number is represented by each’ of the expressions in
Problem 1 if n = 127 a1’ - o
a) 20 b) -84 c) 21 d) "8 e) 72
£) 4 g) ' ) °
" % SN
3. Answer each of tﬁe Tollowing with‘ahcomplete sentence,
a) How many 4's -are there-in six 81g?
There are twelve 4's in gix 8ts. .
-{ b) How many 7%s are there in three 141s?
' There are six 7%'s in three 1lits,
) c) How many 6's are there in fifteen 4%a?
There are ten 6's in fifteen 4!s.
d) How many 3!'s -are there ih four 12%s?
There are gixteen 3!8° in four 121!s.
. e) How many 8%s are.there in fourteen 4ts?
There are geven. 8's in fourteen 4ts, .
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..  PFind what numbey y .represents in each of these. Tell

Ley

what operation is needed to find . Example a is done

-

" for you. -

a) 108 +y = 144° i =.36 ' subtraction

b)- 87 + 11 o y = 203 addition

c) 30 x Tk T . y=2,220 multiplication

R -
~ N\

= B4 x ' y = 972 multiplication

2563 + y = 8,010 = y = 5,447 : suptractioh

58 x 867 = ¥y - ¥y = 503286 multiplication

RN

y, - 2649 = 6763 -y = 9,412 addition
3Q,600 - y = 408 ¥y = 30,192 Subtraction

14

Ld

Name the first ten members bf each of the following sets:

(The set of multiples of.100} .

{100, 200, 300, 400, 500, 600, 700, 800, 900, 1000} ¢
{The set of multiples of 1,000}

{1,000, 2,000, 3,000, ,000 5,000, 6,000, 7 000
8,000, 9,0005 10 000)

Complete these sentences with a multiple of 100 or - 1000

| PO I 1

‘needed to make them true sentences; Here-are some L
possibilities. Example: 2,000 x 5 < 12,100

a)‘ 1000 x 6 » 932 f) _100_ x 33 = 3,300

b)” 9% _400 < 40,121 g) 25 x _100_ > 2,312’

c) 1,000 x 4 < 5, 210 h) 2,000 % 140 < 293,000

d) 70 x _2gp < 15,316 1) 30 x _200 = 6,000
e)” 6 x 5,000 » 27,880 - J) 200 x 25 = 5,000




U P159 ". < . RN

P . .
o , _
.

7. Complete each of these. Example a is dg;e for you:

.© + . a) .58x= 58 hundredths or"i tenths plus- '8 hundredths
.. & N
b) .33 = _33 Jhundredths or _3 tenths plus _3 hundredths

© Te) .07 = 7__ hundredths or - 0 ‘tenths plus” { hundredths
d) .70

70 ‘hindredths or _J tenths plus _0 hundredths
) ! . . .

e) .09 = 9 hundredths or _©0 tenthrs plus _9 hundredths

£) .99

‘ -

99  hundredths or _9 tenths plus _9 hundredths
( :

8. How many dots are there in this diagrami ‘Write the answer

in each of the following ndmber bases. -
e o o o o o ’

- o 's e o o o a) Base ten _33 e) Base nine 36

* o o o o o b) Base.five _113 f) Base seven _45

\
e & o o o o

A c) Base six 53 g) Base eight 41
d) Base four 201 o

4 [ ] o o

Part ﬁ

- ‘ -

. Write & mathematical sentence (or two sentences if necessary) :

K

* . . °

1. .Mark said, "Tonight I am going to sleep 9 hours and 30

) and sclve, Write an answer sentence,.
R ’ . e

minutes. How many minutes will Mark sleep? (9x60)+30 = n
n=570; (9x60)=t t=7540 540+ 30=n n = 570 :
Mark will sleep 570- minutes. . .

2, An army divisioﬁ has 345 platoons. There are 38 soldiers

3

in' each platoon. How many soldieirs are there in the di&ision?
. 345 x 38 =-d d = 13,110 There are 13,110 soldiers in
the divislon. > . : '

3. Mr, Jones‘bought' 12 gallons ‘of gasoline. He paid 33 cents

a gallon. How much money did he spent for gasoline?
33 xXx12=n n="3,96 Mr. Jones spent $3.96 for gasoline.

&

el
H

(]
> -
C'; .
s
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Mafy qndsMartha/were selling greet%pg drds at 50 ceﬁts L

a box. The first day Mary sold 16 poxes and Martha sold
10 boxes. How much money did they/make altogether that

day? (50 x 16) + (50 x 10) =n or (16 + 10) X 50 = n
n =31300 Mapy and Martha made $313.00 altogether.)

There were two fifth grade clasges in thé' Marshall School.

’
/

There were ” 57 fifth grade Dpypils <in the two classes. 23

of these were girls. How many boys“were.there? 23 + n = 57
or 57 - 23 = = 34 There were ,34 Boys in the two
5th grade classes. .

Dick rides his bicycle to and from school in 10 minutes. He
s .

walks to and from schooi in 26 minutes. How much time
will he save riding his bicycle to school all week?

(26 -~ 10) x 5 = or 26-10=16, 16 x5=y, y =80
Dick will save CO minutes each week. )

T s

Suggested Activities

Group ProJect j ’ .\

Column Relays - Have the class choose ;eams and form team
_columns facing the‘board. A dittoed sheet of problems is
handed to the first person in Iine.” He moves to the board,

‘ead,s'apd works the first proble; then returns the problem

ﬁﬁheet to the second person in line as he moves to the rear
of the liqe. Each person moves up, works his problem, and
returns to line until all members have had a turn. One point
is scored for each correct answer..‘ . _
Example: 16 x n_= 212 or 325 30 = _10 + 25
Other questions may be given'on: -

.4) writing expanded nogations

b) changing to other bases .

c) writing decimals as fractions and vide versa.
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> :CONGEﬁENCE OF COMMON GEOMETRIC FIGURES

PURPOSE OF UNIT - = -- ' - o
rv AR ‘. ) ’ L' v
The purpose of $#his unit is: : . .

° ' >

\

) 1. To review geometric -concepts and terms introduced
\\ earlief in the fourth grade chapter,‘Rgcognition of Common

Geometric Flgures.- ' . -,
*

-

2. To achleve familiarity w;th$the intuitive concebt
, of congruence of“gédhetric figures, particlilarly as applied

triangles, and angles.

v 5

. fo lipe) ségments,

@ } N
3. To gain facility in using compass and straightedge’

) : N
in copying and comparing such simple figures as line segments,

triangles, and angles.

LY

.. s
\ PN - ‘

X
-
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’ 6he figure on a sheet of thin paper and determining whether this

’straightedge. Congruent angles will be discussed, using first

‘development of some of the basic understandings and skills of

-

! "MATHEMATICAL BACKGROUND | .
/ . /ﬂ o ' . f P

The fa that every‘object which we see has sige apd shape
suggests tHat the udy of geometry be begun as early as possible
in the ch ld's .school 1life, In previous units the child 1s made

nape them. .
We belieye’ that the -child can now come to greater under-
standing and/greater enjoyment of his environment through more
discriminat ng -observation. He will be provided with guidelines
for producfive thinking about the figures with which he is now
familiar means of exploratory discussions and’ developmental
exercise Z Another major obje¢tive is to develop ability to
read mathematical material independently. In the preparation of
this maferial, cdre has been taken to foster achievement of
thls g al, . < A *
J& basic geometriq goncept developed in this unit is the
concept of congruencd. Pupils will learn to recognize congruent
geometric ‘figures (figures of the same size and shape) by tracing

tracing will fit exactly on another geometric figure. They will
learn that two triangles are congruent to each other when three
sides of one triangle are congruent to three sides of the other"
triangle. This is used in copying a triangle with compass and

the’ method of tracing and then copying an angle using the straight-
edge and compass. The same two methods will be used to explore
inequalities in size of angles. _

Even if your last exposure to mathematics was in your
early high school'years, we think you will enjoy the” teaching ) i
of informal geometry. It is an intuitive approach and an inductive )

rd

geometry.. We do not propose that pupils at this level study a -
set of formal proofs to reach generalizations about common geometric

N ¢
™
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figures. This maﬁerial 1s planned to provide opportunity for
observation of &ommon figures and fer reaching gengralizations
about them as a result of this observation. .

A geometric iigure 1s a set of polints. We know that we can-
not make a point on a plece of paper since a mathematical point
has no slze at all. What we can gake is a mod§1 or a plcture of
the point. When we graw a silde of a tgiangle we are drawjng a
model of this set of points. In this text when we say, "Look

at the triangle," we really mean, "Look at this model of the .

triangle." ‘ i
A lire (the term "line" means "straight 1ine") 1s a particular
'setxaf points in space with certain properties. One important
« property 1s.that through any two different points in spacé there
is exactly one line. -A second important property 1s that a line
has no_end gpintg. We represent a llne by a draﬁing such aé -

-

t_:hi"'s: Y ) . ' - . .

L3
y

If we wish to glve it a name we label two points on the line,
for example,

o>
p (0

and call it the line AB, written 75? or the line BA, written
BR. Observe that the order of the letters A and B is immate-
rigl whén -we are talking about a line.

‘\\\ A segment 1s the set of polnts on a line consisting of two
points called gnd-points, and all the polnts between. We

»

represent a segment by a drawlng such as this:

' ‘ o A ! B8 ..
y < N % ) oo =,
¢ - - R o ; ° L 4
) : ) " " " n o '
and we name it "segment AB" or segment BA", written iB, or
BA. Observe that the order of the letters A and B is immate-

rial when we are talking about a liné segment.

-

-
o
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* ° ' A point’on a.lin€, such-as point P,
. N R . . = . ° ' - p . ) \
- .. L_ﬁf =~ : L —> - * Al

[ ) ‘ -
séparites the line into three sets of points: the set consisting
of the‘point P and two . other sets of points called if lines.

L=l 22058
~ The point ™ 1s not in either half line. We call a set of ‘
- points consisting of a half line together with point P a ray. ~.-
We indicate a ray with endpoint A 1like this, ~\, L

! s \ ’
. .e ' __) M ‘ o -
. and‘wehname‘it ray AB, written AB, writing first the letter
which names the'endpoint It is clear that a ray has only one
endpoint and that.ray AB i1d.different from ray BA. A model
of ray BA 1looks like this: '

7

B »
. v hd
-

- oP

- N,

Observe that the order o} the letters A and B is very. ’
important when we are talking about a ray. We need to use the
words line; gegment, and ray carefully ‘ . i
Any flat surface such as the top ‘of a desk or the wall.of " a
raom suggests the idea of a plane. Like a line, a plane is
thought of as being unlimited in extent 'We think of a plane
as containing many points and many 1lines. Just as a line is
a.set of points that has certain properties, 80 a plane is a set
of points that has certain properties. One important property
of a plane’is~that ,any three points not on the same line are in
. o' and only one plane We have seen that a point separates a
" line into three sets of points, and in the same manner a line
separates a plane into \WHee sets of point8° the set- consisting
of-'the point; of the line itself and two other sets of points
¥ called haif planes. The line of separation 1s not in either

half plane. : - - ) .

298
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An angle is a set of points consisting of two rays not “on’
the same line but with a common endpoint
by a drawing such as this,

-

< ‘ [y ..

A

- > <
We name this angle: . /RST or /TSR -or /S. .(Many students
have suggestdd the symbol RST, but /RST or one of’the other _

variations is quite standard.) It is,
that the endpoint, S, of the rays is
and in LTSR On the other hand, the
immaterial. ”

very 1mportant to observe
order of 'R .and T ii

This abbreviation could not be used for a drawing

. -

such as

A\ 4

" b

An angle separates-a plane into three sets of points: ‘the set.
congisting of the *set of points of the angle 1tself and two,
- other sets of points called the exterior of the angle and the

] We" represent an angle

L

named second in both /RST

If there is no chance for misunderstanding, we Jjust

interior‘?f the angle.
"exploted" model:

These sgﬁs are suggested' by the following

. t




< > A ‘ N
. .- - 3‘2;
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The set of points represented by the cross hatched piece in_the
sketch on the right is called the interior of the angl® and: the
cross hatched piece in the sketch on the left represents the
’ exterior. The angle itself is not included in either the T .
interior or exterior In order that such concepts as these will °
have exactly one meaning, we restrict our concept of anng so
that the rays will not be“ori the same line. Thus, situations
like these will not be considered (although the rays repreSented

£

by each drawin*g do have the same endpoint). < .
TR S B AR
- — —> < ¢ - —p
A B B A : .
. —> — I
Coinciding rays, AB and RS . Rays extending in opposite
. T directions AB and ‘R3

.A triangle is a set of points. It consists oF three points®
not all on.the sgme lire and the points on the three segments
Joining them. Each of the three points (endpoints of gghe three
segments) 1s called a vertex of the triangle. We label the
vertices of a model of” a triangle with capital letters ,such as -« -

A, B; and- C, 1ike thfs: " K : _ o
A - _ "“We indicate the segment: ‘
Joining the ppino_tsg and B.
) " as iB and“call this segment
) /‘ , 2 8lde of.the triangle. The

\ . triangle will‘t/e named A ABC
or ABAC or ABCA or with R
, . any other arrangement) of the® ° -,
+ letters naming the vertices. A triagaligl_egggm%ngé_thm’géngiee'__..
’ Mcalled the angles of the triangle. Although+ A ABC determines -
?three angles (/ABC, for example), not all-the’ p&ints of féABC
, are points of the triangle, as can be illustrdted’ by .the- following
.ﬁghre Y, ﬁ Y D
‘. <The side . BA is Just 8 part-of the
ray BA and the side BC 1s’ just ;.
s a part of the ray ° Bq Remember
that BA and BC. .extena.inderi-
s—nitely from B, ’ L

i -
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! Suppose we have another triangle, ADE’{F which is an exact
copy of A ABRC. We cannot say that AABC is egual to ADEF,
for this wo::?} mean that A ABC i_s“another name for ADEF, and’ -
'yet the set ‘of points constituting oA ABC '1s not tne s&me as the
set of pointé forming A DEF. But we would like to show that )
a tracing of A ABC ';‘its ~exact1¥ on ADEF when we plaoe
r vertex A on vertex D,.

.

‘ : T vertex B on vert.ex E, ~and o .
| ¢vertex C on vertex °F.

- e n .

We introdu'ce a new word for this retation and we say that A ABC
" (with 1its vertices named in the order A, B, C) is congruent,
__._to ADEF (with its vertices named in the order D, E, F) and’
write .. A ABC ¥ A DEF. _We call the vertices that must be placed
together so that AABC will fit exactly on ADEF, corresponding
vertices. Note that thls correspondence sa¥ shownl’when we write
A ABC = ADEF,"since the first vertex; A, named in AABC
/co}‘rresponds to the first vertex, ‘D, named in. ADEF. The second -,
named vertex, B, of AABC - corresponds to theasecond vertex,
- E, named in A DEF, and similarly I‘or the third vertex of each

triangle. - C : . .
After the7pupils have studied congruent figures by using
1”tracings (which can be "turned ovér", 1If needed) for comparison,
they will be introduced to reproducing a geometric filgure u§ing
thHe straightedge an compass. The pupils should use a straight-
edge and not & ruler in this portion of the chapter. The diffi-
culty. with a ruler 18 that it encourages.measuring when such 1is
not desired for the construction_ involved. The straightedge,

A4

- . .
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can be dsed only® for Yrawing a line segment: (It onfy rulers
are available then it should be stressed that th@y are to Re
ufed only as a straightéd%F and not as a measuring dev;ce )
‘fge compass 1s used only for drawing a circle or an arc ( that
is, a connected piece of a circie) Using these instruments
and their knowledge of congruent figures, fhe pupils will learn

how to make congruent segments, congruent triangles oand congruent

-

angles. -
v - Al

[

' Materials Needed: Co

Teacher: Box of colored chalk, model of a pyramid,
model of a gylinder, chalkbox, or other
ﬂ%ctanéular oqx, chalkboard compass or .,
string compass, long straightedge (a 36"

s - ruler will do), some type of transparent

shegt for gracing triangles at the chalk-
board, paper fasteners, cardboard strips

scissors . - o L

t .\

Pupil Straightedge,, compass, tracing paper (ordinary

paper might do), protractor, scissors, paper

fasteners,_cardboard strips, paper amd-pencil

f




TEACHING THE UNIT . . »

The léssons in this unit véry in tﬁeir composition. Some

have three parts which are: first,”Suggested 'I‘eacping Procedure,
 seconds Explpration, and thirdy; Exercises which the children -
should do independently. In some ,lessons the Exploration and
'Exercises are suffitient to develop the less0n. Some lessons -

need only ‘the Explpration to clarify the concepts for the- , ‘
ehildreg . e .

The first part Suggested Teaching Procedure proVides an
overview of the lesson, It is here that the teacher will find
suggesfions for providing the packground the children will need
for the understandings and skills to-be developed.

S ~

~

. Some, teachers may prefer to have the children‘s books closed
\during .this”introduction of the concepts. During the second. part
of the 1esson, the Exploration in the pupil's book, the pupils
and-teacher will read and answer the questions together. She
may say, for example "Now turn to page and look at the
Exploration Is this what we did‘7 Is this what we found to.

) be true?!. A resourceful teacher will be, sensitive to theimood
of her cldss and will not extend this part of the 1esson bey0nd
the point of interest.

Other'éeachers may go immediatelylinto the-Explorationsl
The Exploration then serves as a gulde for tne 1esson.r Stila
others may wish to have fthe pupil!s book closed during. the
presentation and then have the pupzis read the Exploration
independently for review,’ .

The third’ part of the lesson 1s the Independent Exercises.
Theée are designed for the pupil to _work indepenggryéy. They )
are provided for maintenance and establishment of skill but
they' are also developmental in nature and help pupils gain
‘additional understandings andt'skills. ]

4 . Each teacher should feel free to adapt these ‘ideas in a way -
that will suit ner method of teaching and in a way that meets

the particular needs of her class. ‘

-

+303 . . -

313 ~ . :
, : - ~ ..
S o




-~ N . ‘ B '
. &
.

. ,
-

Tife :igﬁ% section of +his unit 'is a review of.material ﬁ
covered dn, the SMSG text for the fourth grade. If the éupilé
have not studied this material, you will needf%o,spénd mofe
time on this seetion. In either case, you should‘have a

3 ' @ ©ODY of the SMSG text for grade four.
L . ! i ; .
Rcferentes:%_ 1. chpol Mathematics Study Group Text' for
’ . Grade Four. ]
. \*;A.\‘ ! - « ' ‘ P

/ Zéé Mathematics for Junior High School, Volume I, ¥
\ Chapter IV, Sghool Mathematics Study -Group.

T 3. Freeman, Mae and f;a, Fun. with.Figures,
v 4 New York: Random Holse, 1946, . )

\ ) T, Ravielli, A., An Adventure in Geometry,
' . ® . New York: Viking Press. @ *

P ' 4 . - ~° -
5. Bassetti, F., Solid Shapes Imb, New York

' Science Material Center.
/
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REVIEW OF GEOMETRIC FIGURES

L
b

Objective: To develop the follobing ugderstandings and skills.

(1) The primary purpose of this section is to
recall those understandings previously
’ -developed which will be used in this unit.

(2) The idea that ‘plane geometric figures are

parts of the solid figures is emphasized.

-

. /

(3) A review of some of the mathematical vocabulary
occurs in a natural setting in,which solid
figures are manipulated and discussed.

Materials Needed: B '

Teaéher:

«
'

=

Pupil:

. | .
Any rectangular space figure such as a chalkbox,
or a shoe box, or a piece of lumber such

as a "two by four;" a pyramid, made of

paper (or of wood); a cylinder, such as an:

'unopened soup can; a Btraightedge for use

at the .chalkboard; chalkboard and colored
chalk; chalkboard compass or string compass

Paper énd’péhcii; if practical, examples
or models of rectangular solids, pyramids,
and cylinders for each pupil

¢
~




Vocabulary: %

Mathematical .vocabulary used which has been taught
previously includes:,

-~

face endpoint " interior
edge rectangle triangular -
vertex square c&lindem ’
vertices intersection rey.
segment union half plene
plane pyramid compass
_ point base measure
y square region circular reéion length

2

- Suggested Teaching Protedures: » |
- » \

You may wish to begin by saying to the class something ef
this nature: "For the next few weeks we are going to be doing
tiings in mathematics that are a little different from what we
have been doing." What is meant when we use the term geometric
figure? L06k around the room, What are some of the geometric
figures you see? Can you see any t%iangles, squares, or rectangles?
What*shape are the windows? What shape is the door? What figures
do you see on your desk? On my desk? There are éxamples_of
geometric figures all about us. Can you look anzyhere and NOT

see examples of them?,, We will be studying many of them in our
\ = -

new work," , )
| #yave you ever.used a compass°“?or what'cag it be used?
This is just one of the tools we will be uéing. Each of you
will have one." : S

" ' ’ . ) 306
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Sho& a compass.
explain its use.
pyramid, and cylinder.

Do not take time now to

Show the rectangular solid,

Ask whether anyone can

*. tell the names of these figures,

Any other

»

2

type of introduction which gets children thinking
about the idea of the unit and provides motivation
could, of course, be used. The presentation above
gives Just one way and .the resourceful teacher will
no doubt think of many superior introductions. ,
Use the rectangular solids and have pupils

do the activities called for An Exercise 1, page 161.
If possible, each pupil should have a regctangular
solid. . .

. The meahing of- face, edge, vertex, segment,
plane, vertices, point, and endpoint are reviewed.

Draw a model of Whe rectangular solid on the ,
board and label it as ‘in the sKetch on’‘page 161. ‘ '
Review thg way_of writing names of line segments

.such as ‘AB, DE, and AH., The pupils could, for
example, write the symbols for segments DC, :BG,
and PG. ‘They could also trace on the diagram
on the board the gegments _for which you write the
sylibols such as -G or CF.

Iy
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Chapter & “
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- CONGRUENCE OF COMMON GEOMETRIC FIGURES )

EW OF GEOMETRIC FIGURES .

Rectangular Prism . L

Look

[

1. a) Place your‘\finger on the top face.

-

PR

Exploration

at a chalkbox. -~ . (

x

Place your finger on the bottom-face.

How many faces has a chalkbox? («acl ) "

{

'b) Trace any edge of the box with your finger tip.

How many edges has the box? ( ,t‘,d-n.)

¢

"e) Point to a vertex of the box. .

How many vertices has the box? ( ,u,/f )

Suppose we namé each corner (vertex) of the box with the

‘letter givep in the above ‘sketch,

2), Na:ne edges .of this rectangular prism. (ﬁ,«z.a
# M, HE, D,E—ﬁBﬁ_EF BGGF,-C )

b) Na.er 4 faces of this rectangulap prism, .
a4 ADEH, DEFC, BGFC, BGHA, HEFG, o nuca.)

: ‘ 308
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Emphasize in Exercise 3, page R 162, that plane
geometric figures are observed in sol figures
in the physical wonld--that solid figures can be
used as a source of plage figures. To help the
puplils see that the edges form rectangles, the
edges may be traced with the fingertips, If the
solid is held so that only one face is visible
at a time, the 'outline 1s a rectangle.

The intersection of two faces 1s a ling
segment as illustrated in Example 4,.page 162.
This can be shown by having the pupils again
trace the intersection on the solids with their
fingers. The "“intersection of the set of points.
of the bottom face and the set of points of the
front face" is the line segment BC (We are call-
ing face ABCD the "front" face. If face DEFC
is cg;%ed the "front" face then the intersection
is CF).

In Exercise 5, page P 163 children can best
_ get the idea of 1ntersectiqc by again tracing the
edges on the solid figures with their fingers.
?hb didea of point and vertex will be reviewed here.

There are at least two different types of
answers to "Name the three sets' whose intersection
is the point H." ~One would be the intersection
of the line segments AH, EH, and GH. Another
would be the intebtsection of the three faces which
are parts of planes. Help the pupils find both
of these answers. There are, of course, other
answers.,: . )

There are other illustrations of the_empty -
set in addition to the intersection of AD and
BC. They would include the intersection of %%f

of the segments -which are parallel such'as
and AD, BG and CF, and AH and DE.
Another illustration is the intersection of
and CTF. . .

_ In Exercise. 6,. other unions of sets which
result in rectangles_include the union of, L

HA
¥G, BG, Children should name all six of tne
rectangles.

m: s T\ﬁ, ﬁ(-:..! EE, - BA; EE: ﬁ: N

‘4
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b4,

“

>

c) You can see that a vertex represents a point; ah edge

-represents a line segment, ané a face represents a
part:.of a plane. :

.
14

Every line segment has two endpoints.  We label the
endpoints with capital letters.

.

Then we may name a line segment by using the letters

at its endpoints with a bar over tHem. 'Thus: AD or GF.

What geometric figurés can you find that are formed by
the edges of the box? (M—v&l,ﬂ« M mw)

How many rectangles did you fipd” How many squares did

}ou find?2 (444(- ,«,t,@«,m #wu,m/-.né.%w)

ha)

Name the intersection of the top face and the front face.
(r‘/MﬂDCBACJ‘JﬂAMAa.EEyALDEFCuW MM)
What is the intersection of the set of.poimts on the .

Ll -
bottom face and’ the set of points on th ront face? = .
(8¢ ‘/f..z»oca,.e.ze..lu,c..:k,éa CF o/ face DEFC Lu eadl] 2L

.

.
4
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sets DC, DE, EF, and JF. (»«Z—g& COEF) -

;

‘What is the intersection of CF and GF? {Ff A

tht is ther intersection of AB and the top face? {”}
Name thi-ee sets whose «intersection 8 the oint H.
AL EH, awd GH & BGHa, AHED, ‘..il EFEH) ‘
What is the intersection of AD and Eﬁv {¢

Name some other pairs of sets whose inteﬁsection is

the empty set. (ﬂ// o-v[EF 3 W%«CDEF ',,0124‘_‘ BGHA ,
- o fa—oﬂ- HEFG n.-J A8 ) :

Name the geometric figure which is the union of the

/|
Name the geometric figure which is the union of the

sets TG, EF FE. WE. (M”MWHGFE)

S
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Pyggmid

. J

In' gulding the children to recall what they
learned about the pyramid, ask them if théy have
ever seen anything shaped 1like this as you show
a model of a pyramid. Write the word ramid on
the board, and encourage pupils.to respond.
(They may mention the Pyramids-of Egypt and
this would be an excellent response. Perhaps
a child could show pictures of these Pyramids .
or maeke a report about one of" them,) . .

You might use Just one pyramid for demonstira-
tion and as you show a model of a pyramid have
the children handle the model to find the answers
to leading questions. Or you can duplicate the
pattern for a pyramid, given on the next page, .
and let eagh child made a model. of it (possibly-as
a home ass¥gnment). ) :

In elither case, the pupils can find the:
answers by handling the pyramid. Ask them to
close their éges and tell what they ean “"feel"
about the pyramid. Have a child describe the
pyramid as he handles it with his eyes closed. (
The base of a pyramid is also called a:face.’ ‘

}

BN
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{ " Pattern for a Pyramid ° S ¢
Directiohs: = <

1. Cut along the outér 1ine
segments of the figure.

~

2. ‘Fold along the ;e
dashed 1line |
segments. BN

¥,
3. Tape or paste >
tab 1 under ‘.
¢ face OAB so
Ok “l1les along
[0 .

4, -Tape or paste
tabs’2, 3, and
4 to the inside
of the_ faces so R,
that BC 1lies oS
along BR, CD }
-* along GF, and -
ED along EF. -

If-you use tape you may
want to trim the tdbs
some,

».




- a line segment. All faces except the b

Pyramid ’ -

Draw on the chalkboard the pyramifi pictured
in the pupil ., text. Use this drawing to answer
the questions in Exercise 1, of the Exploration
on the pyramid after you have introduced the '
pyramid. Pyramids must have triangular sides. .
However they may have bases which are triangular
or which have four or more sides.

Look at Exercise 1, and 2 of the
to see what you might conclude at this boint.
Any two of the faces of a pyramid iptersect in

ploration

intersect at O..

* The main idea of Exercise 3, is that the

-edges of each face--other than the base--of

a pyramid form a triangle. 1In other words, .
you can see an lllustration of a triangle on™
a pyramid, l . o 5
The intersection of the-edges of the foun
triangular faces is the set whose nly member
is the point’ 0. Children can, see his by - -
running their fingers along the edges of ‘the-. . °
pyramid up to the vertex at O. .
You may want to pefer to the chapter on °
Recognition of Common Geome&g}q Figures in
the text for Grade Four for reviewiiig the
definition and idea about pyramids.’

- g

Sp .

<
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Pyramid -

1.

. . . .

Exploration -

’

a) How.many faces has this pyramid? (f»:)

b) How many edges does the pyramid

~NG P v

‘ ‘have? (—Mgd oA, 08,08, 0D ,AB,BC,CD, OR
-

¢) How many vertices nas the figure? N
( - VM 7 ) 2 J.D) -
d) Which edges outline tne“bottom “
race? (4B, B¢, CD, BA) )
e) Name the figure‘farmed by tne
edges of the bottom f‘a(;e (J‘«—t-y& A8cD T
ot M%AM ﬂB(’.D)
{ K
a) Whicn faces intersect on 0D? /“-’- 040 Y 00C)
b) Which faces intersect on 00? On OB? On AB? ~
2l fase OOC, fore OAB a-dl /.,._oac,‘.Jﬁ‘..ms..J,(../)scoa,.,q) ‘
Do faces 0AD, OBC, 0AB, O0ODC, and ABCD represent
planes? (vy—v)
o -
. .
d) Wwhich of‘ these planes intersect at 0? (,.L-w OﬁB leC
‘ o taco, 060)
a) Name the weometric figure outlined by tne edges oD, ’
&, B (i)
b) Trace tnese ddges with your f‘ihger tip Name t__Qem,__
(dp, o€, DC)
¢) Place your finger tip in tne- interior of AOAD ) R
Name tne 1ntersec‘:,_t'lon of the edges of the. four triangular
< / A
races. ( Poit 0_)--" .
a) Could a pyramid nave just 3 face9? Remember tnat )
the baSe is called-a face, too. C%)
b) Could a pyramid nave just "4 faces? (?30'4—)
¢) Could a pyfamid have Just 999 races? - 3"")
t N . + v
.315 o ,
. . . i~ +
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Cylinder ) :

Show the cylinder next, writi

Td 1

" cylinder on the board. (Remember that a
cylin er includes the two bases as well as, the
"lateral surface", but doed not include the

interior. That is a cylinder is hollow. ) Ask
the children what the object is and relate it

~2

to its mathematical-name on the board.
examples of cyflinders. Encourage child
bring examples of cylinders to school,
the examples have a "top"’and a "bottom"

Ask for

ren to

Be sure
.) A

committée might make a diSplay of these and of .
-other geometric figures, “

Show one of .the faces ("top" “or *bottom") aof
the cylinder as  you ask for the name of the figure
which outlines a base. Give children opportunities
to handle the cylinder. . Lo

. You may want to refler 'to“the chapter on
Recognition of Common Geometric Figures in the
text for Grade Four for reviewing.the definition
and 1deas about cylinders. }///;

*t

[
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Cylinder > N
o ; {
, ‘Exploration ,
P ~ ‘
4
( ©
ﬁ ‘
‘ ’
a2
/‘
P _T—ir" i .
. 4 u -~
L] 3
/
————— e ’
e n
. 14 R S
. 4 \
v, \ % t
- \\ //
L B N | LU .
. 4
A Y .

1: Nearly every time you select a .can of’fooa at the )
store, you are handling an object ilke a'geomecric
figuré éailed a ,cylinder.

v a) What are the."tOp" and "bottom" of & cylinder s

called? (dawe)

b) What 1s the name of the geometric figure whidh

.

outlines a base of this kind of cylinder?’ (a ¢494.).

« <

2. How'many such figures are outlined on,this cylinder? (iﬁn)

‘ Trace them witg your finger tip.

-

s. Do the bases of a cylinder have to be clrcular regions? (7&)

4. Cdgld the Easgs of a cylinder be sqguare régions? /yxs)
) “

~ *

. AY -
3. Could eaph base of a cylinder have 1001 sides? (Epu) ~

PN
.
-

317

327-' - 7 ‘

Vid



« Triangle

Draw a triangle on the board as shown in

the Expleration on the Triangle. gRmphaSize that |
an angle 1s the unign of fwo-raysWith the same
endpoint but not on the same Tine. Rays of an P
angle are sometimes called® the sides of the angle,
Any particulan drawihg can show only a portion

of the rays of‘an angle. Show more of the rays

of the /ODC, as~In Exercise 2, te illustrate -
this, Show a line segment that (except for its

"endpoints) is in the interior of each angle of

the triangle ODC. (It will be OC for 4ooc,

DC for . /DOC, and 0D for /DCO.) . ‘
This is a good time to distinguish between

a triangle and its interior. Some childréh may

still think the term triangle inciudes the interior

of the triangle. Having them trace with their

z

fingers just the sides of the triangle and then

place thelr finger tip in the interior of the :
triangle, may help them understand which set of
points 1s the triangle’and which set of points

is the interior of the triangle.

-

" You may want tEe}efq; to the chapter on

Sets of Points in the text for Grade Four for
rewlewling the definition and ideas about
triangles. N

A ‘{‘U -V

318 oLt
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Triangle ‘\ .o : ‘ C ]
Tt . . ’

ee ' . g Explorationj

I

~u ® .
. r
A *
"+ 1. a) Copy figure ODC on a sheet of paper.
o What set of points form Aonc Zbﬁ/’-'u“ 2l atrim ?4

of pod of 55 5E, sl IC

,b) Trace Aonq with your finger tip.

. ~ Place.your finger in the interior of the trianglé,
. ' c) ‘Namé the angle .whose vertex is at D. (Looe or é"—"")

d) Name the angle whose vertex is at O. (£ DoC o L COD)

kS

e) How many names were glven for the angle whose

_vertex is'at D? (iin) .

- DY . N

L f) How ma ny names were given for the angle whose
‘ vertex ia ath 07 (tok ) . o
N - .
- L
, 319, »
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2, a) Recall that an angle+is the set of points on two rays

] which have a common endpoint and wh*cn are not on the
1

~same line,

D

Trace the rays (that is, part of them) with your finger tip.
b) Name the rays that form Jooc. ( 0o and DC) “ !

4

Name the common endpoint’. (CD

’ c)
d) Does DG end.at _c? (7, JW%)
e): How many endpoints does DG have? (oe)
f) Why was the letter D plabed in the middle (between O

4 " and C)in the name, Aoncv (K-«-«mb«y«iltu' PRV

At ey vt B A 2 o, e ?

- 3 a) ke another drawing to show the rays which form" épCD R

,' Why 1is the letter p placed between ,
the letters O and D in the namé /OCD? é--Ac
) 22 5

’ (Becian €20Vl Connom odpslt of. oy yf "“1‘&) o
- b) Make another drawing tq show the rays which

form /DOC. Why is the letter O ~-placed

between ‘the letters D and ¢ 1in the o, ' C

. _ . . ’ . \ '
name DOCM“.‘ Oudmw ’ \

’ A y“ ‘/u !) % ~l

4, In the drawing for Exercise 2 which line segment (except for LT
“2ts end points) 1s in the 1ntenior of /ODC? (’0C> ) ; s

5. Draw an angle on your paper. Color the interior of the
angle red., If only the interior ,of the angle 18 to be
red, should the rays of- the angle be made red? 6G7°.L~£IA~J‘,

sl .)

- 4 4 P}
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Half plane 5

The concept of a half plane may need to be
developed here. By first discussing a plane you
may make half plane more understandable to the
pupil. Show lines of a plane in various positions.
Observe that a line separates a plane into three
sets of points: the set consisting of the points
of the line itself and two other sets of points.
Each of these other sets is called a half plane.

The exploration is written for the children
to do the indicated steps. You may not want each
pupil to do the coloring or make his own models.
Instead, you may -prefer to imagine that the ~
coloring has been done and then ask the children
to point out the sets involved. Alternately,
you could do:tne exploration as a class
demonstration and discussion.

-~

L4

24
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Half Plane ' ' S N

a)

b)
c)

d)

‘Color-the line EB red.

. .‘ @
Exploration

Copy the figure below. . .- ‘ x

]
|
|

(*lor the portion of the plane below 3 (the part
which contains C) blue. Dofpot get any blue on the

.

line EB, )
What would be a good. name for t:.he part of your figure
which 18 colored blue? (a- ) ot

What is the name for the part your figure which is
colored red? (té’) - |

P } #
What would be a good name for the part of your figure

which 18 not colored? (d-"(‘?/'/““- ) .

Color the half plane above DC (the part which coritains
E) yellow. Do not get any yf.-llow on line CD.

t color is the terior of AC?
ha in /B [74*“\.)/__,7

= "” /”/5/
Hl lii:
SRS
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CONGRUENT FIGURES )

:Objective: To develop the following pnderstandings and skills.

(1) Two geometric figures are called congruent when a
tracing (which may be'"turned over") of one figure
will fit exactly on the other.

.

(2) Two triangles are congruent only Wwhen, certain -
vertices are placed together.

3

(3) when two triangles are congruent the correspondng
-angles are congruent and the corresponding sides .
.are congruent.
Materials Needed: . . ’ >

Teacher: Straightedge, sheet ¢f transparent plastic
Pupil: Straightedge, paper suitable for tracing

’

Vocabulary: Congruent,:corresponding

Suggested Teaching Procedure:

The first paragraph of the pupil text should be read _ )
with the class and the distinction between the concept and
iqﬁ representations noted. However, when you draw a triangle
o the board say, "Here is 2 picturé of a triangle," and
emphasize the fact that you ‘have actually drawn only a model
or picture of a triangle. When you draw triangles .or other
geometric figures on the board, comment frequently that you
are really drawing only a picture of a triangle or a model
of a geometric figure, ‘

« o
.

A
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CONGRUENT FIGURES ‘

Congruence ! *

Exploration

1, .Can you find pairs'of* figures which look as if one

of them éould fit exactly on the other? (’Li“j I’j )5‘"‘}’

¢
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2. Wnich figure will fit exactly on  _°

Triangle A ([) Rectangle ( Hone)

Segment'l(B (J) " priangle G (Wose) | .

quiare c /(No'ne) . "Figure L (None) A
» Clircie,D (H) Figure N. (/'/ohe)

Figure M 'Zg)h*m-)
[ b , N

~

3. How can you use 'tracing paper to. see whether your

answers are correct? (Lres aﬂ/-ru o 17-«—; P
/.,L«d.za..-;r.r,,—,w)a.z&,hm 77"“"%‘“‘37“7"’7)‘94*

¢ Summary ' ‘

A geometric figure is a set of points.  We know that we

* cannot make a poini: on a plece of pap'ér but only a model or

a picture of a point. 'When we draw a 1U or a triangle we

are drawing a model, In this text wpen we say, "Look at the

triangle," we really mean, "look 4t this model of the triangle."
Two geometric figures are gqp_g_ rvent to each other if

. they have exactly thé same sfze and shape. This means that
if we make~ a tracing of one flgure and place it on top.of the
other f igure and if 1t fits exactly, then we say th;t the two

figures are congruent.

325 : . .

335 /
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COng:g‘uent' Line Seéznents . e
Exploratibn '
. T ; - ' D’ ‘o
’//‘\ . )
) c o
‘ ' .

Ao i = :) \ .

' Trace AB on a thin sheet of paper. Can you pklace thils
tracing of AB so that 1t fits ex’actly\ on cm Did you place
thé':racing of the point A on the po:mt C or the point D?
Does it ‘matter? (7o) Q ) ‘

’
=~ »
e J " -

s . .
B ® .

Recall that A=B means.A and B are names for “the
same thing. We cannot write AB = CD because the points
of AB are not- points pf eD. For example, there 1s no point
on CD that is the same point as the point A on AB. But
- ve would like to write briefly that.a tracing of one segment

fits. exactly on the other, We will write AB ¥ ;CD to say
. (

< *

" that the tvm segments are congruent

o
¥

- ~ :




Exercise Set 1’

3

’ Can you find 'two congruent segments in .each figure?

Can you find ‘more than .two? Trace fs'egments on a thin sheet
r 11 .

of paper to help you decide. Write your ggsyeﬁs' 1i‘ke this:

t ¢

WN = 5q
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Congruent Tfiangles . ‘

By.use of the exploration on Congruent
Triangles draw congruent triangles A4ABC, DFE,
on the.board. You may use straighfedge and
compass and the method shown in the Exnloration -
on Copying a Triangle (pupil text page 182) to con-
Struct the congruent triangles. (Pupils $hould not
see the construction at this time. They wiil
learn it at a later-'time.) Tracé AABC that
you constructed on the boardxgg the sheet of
transparent plastic. Yo ’ﬁighﬁ‘pmphasize the
‘corresponding vertices o the* congrient triangles
by wgfting the names «on the board as follows:

'-4,\,:'
QA-BC &= A?fo‘ .
o =,

* . v
?’ ¢ N J D
1 Al .
.

< v

o;hxbonrﬁxerci§e38, Heilps. o emphasize’ that .
Igs are congrueht onlywhen certain

ziplaced%togetﬁégy_thgt ts,’
L ADFE, "but--AAHRY is not X ADEF. .
This means, of course, ths Jou 'Will ‘niye to bl
very careful about the order of, naming yertices
when talking’about &_orfgruence; -4 ¢

. 35 =

/’}’6'
.oe

fa
- .
.,w_

‘#: LX)
0

=
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Congruent Triangles . . L - .

- Exploration . K

. S e

You have learned that we eall two figures congruent™if a
trac‘.lng of one figure‘ can-be placed to fit exactly on the
other. (The tracing may be "turned over.") Let us see whether

the .following two tr'iangles a‘zle congruent?

4

Trace AABC on a 8 of thin\\%ap_er and see whether
1t will fit exactly on A DFE. -/ -~

Notice that thé\triangles will fit exactly if

) ‘1. Vertex A 18 placed on vertex: D  of “A DFE. -
r ¥ . 1 (} «\

2. Vertex B 1s placed on vertex _F _ of" ADFE:
' . 4
3. Vertex C 1a placed on vertex _E of ADFE.

We: notice then that when tﬁ;uzg}tices are matched the
. gides aiso\mzltch Complete the ffollowing: &
" 'AE is congruerit to side _DF_ of ADFE
5. ®C 1s congruent to -side Dr: of ADFE.
- 6. BT 1s gongruent-to side _FE_ of ADFE ) v
. We- call the vertices A and D, B and F, C and E

4 v
corresponding vertices since when A 1s placed or D, B on F,

~ . . .

~.ané C on..-E, one triangle fits exactly on the other, We cdll
~ [

sides AB and DF correSporicfing sides since they Jjoin X’

corresponding (matching) vertices, -

ot 329
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Néme the other pairs of corresponding sides.
(AC awst BE ; BC ad 72 )- ,

W€ can use the same symbol ™" that we used for congruent

°

iine segments to show that one triangle is congruent to another

o

It the triangles fit when LV

[ 9

point A 1s placed on point D, . .
point B is placed on point F,
point C 1is plqced on point E,

we shall show this by writing’ L -
AABC = ADFE.,
8. 1Is AABC = ADEF? {This means: Can you place the

triangles 80 that Adson D, B 1s on E, and C is

on P?). ()@) '

» hs

Use your tracing of AABC
to see whether the following
triangle is congruent tq A ABC.

Are the tr).angles congruént?
{((A7sR = A 4Bc) . ) R

List the corres‘b‘?nding\yertices. ’ ’

\ -«

Aand T _, B ar:c(i 5 A Cand _;k'
- _ 7y
. Y .
O - 0
.‘ * P ‘ /‘

]




Exercige Set 2 . '

1 4

R By tr;lcing one triangle on a sheet of thin paper find -°
the triangles which are.congruent to each other. Bhe sure

to name corresponding vertices in order. In_ Exercise I,

state you;' answer like this: A BAD = ADGB. In Exercises Ty

3, 5, and 6 you may have to trace more bhan one-triangle.

v c ] , b ~_ 7
) .
N .8 c : A N
‘ ‘ B . B D [y -
s G p
4 A\ 3 o ° B
(5 BAR. ‘ N
. A E
( B - F
3) _  (asec = a D’GC)
£
A c - - '
4 ‘B c
F D. ’ ..
Y . -
P ,A - D ° [
] E ' ' ‘ )
BAD.=2 ADCB
‘(A ABC x AFED (a8n0:2 ace)
8 APC 2 A DE . .
. . i )
, B
N ) B /
A- » [ C v
o J N |
A | f )
b ]
) [BABE X AcBe = AAPE = AcpE ; )
a man L AABC x ACDA; ARBD= A CDS -
ADcB = ES ‘ o
( DCB._@‘””/—'A“G"—A’ED)_». AASC = AROC; AABD = A Csp
‘ ; , -, 331 i -
. . .
- /- ’
o 341 - *
r ) ’ .




Congruent Angles
The exploration on Congrueht Angles develops
the idea that angles may 'be congruent although L}
" the segments shown which are parts of the rays %
are not congruent., In the previous work the =
congruent angles have been parts of congruent
triangles and consequently halie had congruent
gegments as representatives of the rays. The
student should realize that an angle actually
.consists of two rays and that the segments ‘are
parts of the rays. You ' may wish to discuss the
Exploration on Congruerice with the children to .
be sure that they will understand that angles
can be' congruerit’ although the parts of the rays
shown are not congruent. The hands of a large,
{tower) clock compared with the hands of a,
small wrist watch (3f.3:00 p.m., for example)
would providejan il1Xustration of tnis idea, °
. <

.

L3

0
2

K3

332
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P176 . : °

: - .
Congruent‘Angles ‘
l . X <L s
" © Exploration
. \J . 4

We saj two angles are congruent to each other if we can .
plaée the vertex of a tracing of one' angle on the vertex of
the other angle and the rays of the tracing can be placed to
lie eiactly along the rays of the second angle,

, Exercise Set 3 -
. By tracing Z}BC on a gheet of thin paper, determine
which of the following angles are congruent to /ABC.
- f R, //’\

2 o L

 — b

¢ e
. .
* \
(éo =y
- . - o
Lt 333 .
’ N «
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Corresponding Angles

Exploration -

i
Ly
M . .

Tr:;angfes JKI. and MNP are congruent.’

» > )
" Trace AMNP and place this tracing so it ﬁts

exactlyon AJ’KL y o . PR

. . Were does /N fall? (A/V/Jl«» om /-’<)
. AN and K are correspond:l.ng ahgles. TR
Where goes. o ga117 (Lo fllos L £) N - ‘
[L and /P ' are corresponding angles. .
. Where Boes AJ fall? (LJ,L/LM L /")

ZJ and AM are" corresponding a.ngles.

o

’

Corresponding angles of congruent-*triapgles are those NN

which fit together when a tracing of one triangle 18~ -
placed 's0 1t fits exactly on the other. . ;
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. o - . .
- - . Summa;y )

In this section we learned some facts about congruent
line segnients, congruent angles, and congruent trigngles.
. 4 N “ -
We learned .that: ' . ; ’ .

\ ] . 1. Line segments are cangruent if a @racing -
of one tan be placed to fit exactly along
l‘ . - . . i Ka

. ., thejother. o -

N

. 2.. Triangles are congruent if a traging of one.

can. be placed to it exactly along ‘the other.
Y

¢

o The tracing may be "turned over.

In namingacongruent triangles, vertices mist

_be~named in the’ proper order.. ~ -~

. .
- “

,Two angles are congruenb if we can place the

_vgrtex of a tracing of one angle on the. vertex )
of the other angle, and the rays of the tracihg
» " can be made to lie exactly along the rays of ‘-

- -

/2> - . the second angle. (’_T |
. . Y - v -
d : ' ’r -
- 5. -yﬁen»two triangles are congruent the corresponding
. f — - h ! . -
dngles are congruent and the corresponding sides
N arg congguent. ‘

.

.
o

Do 'you agree that’ this summary tells what we found? Can °
you- think of anything that should be added? = - . '

-




COPYING A LINE SEGMENT 3,

‘ )
‘e <

Objective: To develop° the following understandings and skills.

: (1) Lengths of line segments: may be.compared with . . ®
the aid of a compass. o
- . ‘ 3
R (2) Every point on an arc of a circle is the same i

\

’ distance from its center. The center of an -~

arc is the center of the circle of which the

arc is a part. 3

g

_ = . (3) Line segments may be Copled with the aid of '

a stralghtedge and compass.
o« N N

. . ' \ »
" Materials Needed: . ; .
o Ps . o
3 * Teacher: Board compass or string’ compass, . .
- . zyard‘stick .- . , . Lo L7
. \ .
. “ L , » A
SRR C -
Pupil: Straightedge, compass, cardboard strips, . -
paper fasteners (Unlined paper for V3

! const;ruction. ‘work &s preferable.’)

i vt Lt . .
Vocabulary:* " Are . . . : ; \
M ' L] . Al L d “ *
’e ’ S / v ‘
~ ./‘ * ° ro
» ) N 1
. L 4 N
. [ ~ e
Y 5' )
+ 1 / ) '
< . .. ‘

- . . 336 , \
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Suggested Teaching Procedures; -

If in the exploration of Lomparing.lengths
of Line Segments with a Compass, the pupils-do
not recall from their fourth grade experiences
the use of the compass for comparison of line N '
segments, review this here. Actually whén a )
compass is to be used merely for comparing the
lengths of 'line segments, a palr of dividers

3 (which have ,two points at the ends, and no
pencil) is'sufficient substitute. The c¢hildren
can make their own dividers by using two cardboard
strips,g —~~ and a paper fastener:

v

~

“’3

¥,

In' cohparing lengths.df line segments, demonstrate on the board: °

(1)  We place the endpoints of the dividers on the

\ . -

endpoints of one of the line segments.

S s,

(2)

«

Without changing the setting, move the dividers
to the other line segment.’

K}
Place one endpoint of the dividers on one
endpoint of the second lige segment

ey

-

>

-




7

?5) If the sdcond endpoin% of the dividers falls -

¢, - s

(%) -If the second endpoint of the dividers falls
between the endpoints of the second segment,
then the first segment is shorter “than the
"second segment

h
]

.

—

8 . -
. .

C > . . D

. beyond the second endpoint of the line_segment,
.then the t segment is longer than the second

4 ‘ - .
@segment.' - s N <
. K - ) . - M N - .

A

-

c- .. . » ‘D

.
- -

After yoy have given the above demonstration on
the board, have the children do Exercise Set &4,
1ndependent1y .

}.

-

‘.-.'.- KA
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COPYINQ A LINE SEGMENT
Comparing Lengths of Line Segments S

e Exploration '

1. Do you remember how to use

O

your compass to compare the g
. - $
léngths of two line segments?
Look at AB and UD.
Whicﬂ\appears to be longer, AB ‘
‘ A

or B2 (dwwuuea¢/¢u¢l?’Vafg)

2. Use your compass to compare the
length of KE"with\that of TD.
‘ What do you observe now? (P « ﬁk‘?‘t)

.
P . - [P e

by just looking at the line segment?
R (ﬁ‘ffuna,&n?r;bl‘aCD ”CB“W.)

3. ?oea'your obg;fvétioﬁ agree with the guess you made

& Exercise Set 4

Use your compass ‘to find answers to the following
. ~ . -
questions. ? ) ‘

1. Hoyydoéa the length of

S .
™ compare with that of
. R3? Which is longer? ‘
How do you know? ’
. 4 .

(TW.- i Lispr Hham RS, Sy Zo oot

\
W
i

-



P180 , <
. 2. Is the length of MN greater than, equai to, .
or less than the length of KL?

°
[ 4 -
M N . ,
.
- - ~ o .
.__._%’ .
«

. N . L
(PR A gt fogtl B KLY

3. Which side of AABC 1s the longest? (52) '

..

4,  Compare the length of

AC with that of ED. '
. . ﬁéﬁ?.“'l B-D-A(‘ol .> - A - = D - [
\ r ‘

\

’,

’ ) * : t )
- . - v’ 8 - - — C

5. a)* Compare the Jlengths of <

‘ * KE’ m) M m.

' .. ] Compare the lengths of

Co . oK, OB, OC, OF, OW.

b) Since O names the
~ .

H
center of the circle, do V
. ) 6

your results -agree with

-

Y } what you alre"ady kne;l .
" about circles? (’jﬂq“ﬂ . ..

dM‘I‘ﬁlM
il e ligae

_— 340 ,
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- . Copying a Line Segment Using the Compass '
Exercise 5, in the Exploration on Copying <

a Line Segment provided an opportunity to
review. with the pupils the fact that every
‘point on a ciprcle is equidistant from the center.

Follow the exploration in the text to make clear ~
.- . that an arc is part of a circle, and hence every,
. poiht of an arc is equidistant from the center of *
. the circle. Dividers are no longér satisfactory.

We need 2 pentil point on the tompass in order to
draw an arc. In'the demonstration the teacher
. may use a string and a piece of chalk instead of >
~the board compass. Discuss with the pupils why
this 'is a satisfactory substitute. - In this section¢
“A-line is named by a small letter, for the first )
s time. The letters k, and '1, are most frequently
used, but this does not mean‘that other -letters are
not acceptable. - It i1s suggested that for this
.exploration, the teacher work at the board, discus-
sing, and demonstrating.

After the .development_of the procedure for
copying a lipe segment a re on another line,
have each child do this at hi¥\ seat. Then
illustrate, at the board, copyXig a line segment
when one endpoint of the copy 1% indicated. -«
Follow this with provision for each child to
practice this skill at his seat, under close /.

® supervision. Make clear that thg intersection .
of. the set of points on the arc mgde with the : ‘
compass, and the set of points of the line on ‘

2 which we make the cory, is a set whose only .

3 N member is a single point. This is an endpoint

of the copy. In the exercises which give

opportunity to fix the understandings and skills

of this subsection, it 18 assumed that the pupils

will make reasonable facsimilies of the figures . . |} -
--=on their papers and do the ‘construction work ’
// there.

3 . L -
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Copying a line Segment Using the Compass, e

t

’ Exploration -
N 4 “

Recall that every point on a circle 1s't_h,e same distance’
from the center of the circle. We call a cbnnefged partocrofva

o . <
circle an arc of-a cirele, and we call the center of the circle
Fati

~

the center of the arc.

-

In this pifture the }aart of the circle from A to E

. »
which does not- include C represents .
—1. A

~ -

arc AE. The'poi\nts A and E

Aare the endpoints of tt{e arc.

The arc may be named drc AE or

arc EA. .(If there 1a a possibility o
of confusiop we name this arc, . - E
arc ADE.) . " A o :

You do not have to draw a complete
circle to make an arc of a sircle. You -
could draw arc AE with your compass

like this: . C

1

Every point on an arc of a circle is the o
same distance from its center. The < '

‘tengths of OA, OD, and OF are the

13

same, since O names the center.
’ +

v

Ear)
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°

You may use:an arc to help make a copy of a line segment. s
Suppbse you are given a line segment TS which you wish to N

.copy on line k. (Sometimes we name a line with a small letter.)'

7
S

How is the co pass ;)laced on T3§?
(0me Zp j T AL, Ly ot 5.)
Since yeu haventt been told where

on line k to copy TS you may

place it anywhere on the line.

-

. i N
The sharp metal point of the compass was placed at M. -

The penqil point of the compass made an"a‘rc intersecting the

line k at a point We name N. Is MN & T3? why?
(R 2 75 doomass el of 2 o Jo T e B v ot oy for 75.)
- * ' ’ 0 -

v

T
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Sometimes yaou are asked to copy 4 line ségment™at a

specia'l place. If you are given GH, 'andf\‘told to co;q it

“~

on line k so thab@e éndpoint of the new segment is_at

€

point P, then the pigture would 1ook‘1ike this:

L]

rd

o~
.

. . h . - \ %
§ A RN
. >
{
\k Ca
. . ) . Py . *
.- If PQ 1s a copy of GH, then FQ ¥ §H. )
Exercise Set 5 s
& & 0t L, ”
> ¥
Trace AB and K ' on a sheet of pa;)ez". T
r 4
.o . . . . R
o : " 1. Copy AB on line k so that one endpoint of the .

N
. ' line segment is at ( >




PIBF  F .- ~ . .
‘ 2’ P §'. . @ .
. 2, Copy each segment so that one endpoint is at the .

point named on the line, i —

. z
° . K ! L4
-~ . °

How many segments carl you make on line° m °with one
: endpoint at J and with; the length the same as the

' length of HI?(J--“?-‘:L N%"‘ﬁﬂwﬂy"‘f“{ L
. i Jm}ﬂu&#'/ ) . .
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e« ' - .
3. a) Co*‘py this figure on a, plece of":paper. .
o
«w»g 3
$
.
- 0 ‘ »
Ce *b) 'Copy AB on Ac of your drawing @so that one .
! endpoint of the new segment Is at A, Namvhe '
e
other’ endpoint D J -
\ . ¢
. c) c;;gy AB on AC ,Of your drawing 80 that one
~ . .
. .~ endpolnt of the riew segment is at C Name the . |
. ‘ other ehdpoint E
. ™ & w
, ‘ d) Copy ﬂ on AC of your drawing 80 that one
Il ‘ .
PR endpoint of\the new segment is at A. Name the
¢ T : /otkrer endpoint P. - R
. . L) 3 f .°
ot LT e ) Copy EBC b?n A6 of your drawing 80 that one
' N0y .endpoint of the hew segment is.at C. Nme
a N ‘ ? .
’ ~ the other‘\yndpoint 4. . . ',
/ : o
i ‘ &‘ 3 = ‘
X % * ’ ‘
- \ ‘
2 ' T 346 / )
. . . )
° . o Y -a ’i
<
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. oo
. «
¥ 7 N
%
PO
) ) ,.‘ . oa ]
b) Copy CTF on @D. of your figure using’ C as.
I's
an’‘endpoint. Label the other endpoint H.
+¢) Copy FD on ET of your figure using C as .
v > ﬁ ‘ ! /
an endpoint. Label the other endpoint I.
. d) Copy F¥ on T¥ of your figure using G -as an
» . ' ’
) endpoint. Label the endpoint J. _ ﬁ -
e) ;Can you copy CE on D of your figure using-
P as an endpoint? ()" - N
\ Why? (CE~1~rﬂ“F”) : T

N

.
A S

A ’

4, ~a) Copy this figure' on a plece-of paper.

Can_you do it using D' as an endpoint? (%)

Can you do it using a.ny;point on. ¥ as the

endpoint? (%) v v :

B

T

-

Y
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‘Vocab%laf'y: ‘determine

v}/,

“a

TRIANGLES. . ’ '
- . ' ' ‘ ’Q?o
w

. ' * N . ’
e \ . k
. !
~ 04 N N '

] ' , <
Objective: To develop the following understandings and skilils;

(1) A triangle is determined.if the length of 1its
three sides are given.

(2) We can make a copy of a triangle by copying -
1ts three sides. - !

(3) "We can make a triangle if we are given the three

line segments whose lengths are the lengths of
its sides. . )

-

"

(4) we cannot always make a triangle with sides
.Whose™lengths will be those of Just any three
line segments., ' . )

Materials %géded? , ~

v Teaéhep{ Board compass or string compass, colored chalf, ~ o
‘ _ yardstick .

Pupi%: Straightedge, compass, paper fasteners, cardboard
- rips ’

]

¢ ' ; : -

\
’

7

Suggested TeachinggProcedurqﬁL 4

The brief section on Seeing Triangles 1n the
pupil text will help children "see' triangles in
geometric figures. Do this work orally with them
as they.loqk at the pictures of the barn, rdapkin, ~
and star in their texts. )

O . ) N . .

348




TRIANGLES
. _ W
. Seeing Triq.ngl‘es .

,
~ g L0 4

“
4 ow

Exploration

-
%
w
S

Here are sléetches of a barn, a folded paper napkin, s

and e six pointed star..

B ., % . s . .
. . _ N N
Trace the triangles in, each‘ picture with the tip of your

(- finger; How many triangles did you f£ind in the picture of
the six pointed star? Did you £114d as many as eight?

. . ) (%ﬂ“‘&“zﬂ‘t""f&“)\ -

- N . R

, 3‘}9 ‘ ‘ . o .,, . ¢
¢ . 3 5 9 N ‘ ’ . ‘




p . *  Exercise Set 6 ) . .
. ~ : ) - ;\;;z
‘ Trace, with your finger the triangles in the following )
figures, Tell how many y?‘u/ found :Ln each case, -
.N . ] A R
1. 2.
[] F '
. ’ 8
a p ) LY “
. « £
‘M Q . X )
(JL«. 4 MQ/,J dorn, 4 M;yp)
3. ° b,

(59.0* AAEB, aBEC, ACED, 4 Ave,
\ i ACBA Aofn 4104 Aaac)

S T
Ly, 27

;ARST, A Rsw, .
ARrw, ARTx, ) Ry

? . N

(ﬁl,,(f LYxT, Avxv, A
oo

AwxT, durr, Awxz,
4
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Making a Triangle with Strips

- ‘ , At this time there is value in a teacher
demonstration“lesson showing the Construction
" of a Triangle with Strips. . .

Materials Needed:

' 5
-~ - ~ ‘

The teacher should have'a kit of plastic op -cardboard.

stripa and paper fasteners. A kit should have a dozen paper

N

12 inéﬁgs long ' -

}

fasteners and at least

stfips

-

strips - 1ll-inches long ¢
- . . .-
. - -9 inchés;ﬁbng . . o
# - strips- - 8’ inches long o
o - - 7

strip - 7 inches 1ong I

P

2
2
1 strip
2
1
1

ol . strip - 10 inches long - .
. <, . N
. The strips may be.an inch' wide with holés made '
a\half ingh- each end. A compass polint makes ;!
qb sudkab oles. It should be brought out that .
. - when two strips are fastened together and one .
- - strip is rotated around the fastener, then the
B endpoint of that strip traces a circl¥., Be sure
that when the third strip is Selected to attach
* .at ‘N, the sum of:the lengths of strip PZ and
strip.-'WN 1is greater than the 'length of *strip ~
’ PN.1, To' assure this, cHoose one 12 inch strip,
. Yone "0 inch strip and one 9 inch strip,
K S y [ ’ '
4
‘ ‘h - A .
’ tO& a
- -4 - ) : .
y v .
-
. . - |
4 4
o ! hd v
+

- -




2.

3'

N

1.

. w4

. - v
Teacher Demonstration~ Making a Trianél_e with Strips

“ Choose -a 12 inch strip Name one hole P,
angd the other hole N. Attach a 10 inch strip
‘at P and a 9 inch strip at N, as shovn in th%
figure. ¢

,,: = ™,

~

-
ol

<
.

Z\J

Yau may wish to ask .the -following questions as
you proceed with the demonstration lesson,

)

-]

Can.I swing strip PZ around P"(p}What kind of geometric
figure does point 2Z trace 'if I swing the strip algethe

way around? (« M} T E -,

v

How can I make point K" trace the, ‘same kind of’ geometric

! figure" (,\/ww?, wH atgeertd ’Vj .

Watch as I swing both strips around at the same time.

When are the points 2 and W farthest apart?
2 BNV and & are o a Line

When aﬁ they clzsjest"mﬁ& ¢ t

Can z ‘4nd- W fall on the same point?

-

Now I put a =

sihgle fastener through W and 2Z.. What ge@metric

figure is formea by the three strips’(g‘j:an I swing either

’ strip around now? (oz,o//

.




5. Now I'choose three other strips whose lengths are the

¢

same as PZ, PN, and NW, and attach them to rofm a '

-

*

6. I plazp these two models’ of triangles so that one '
© fits exactly on the otder.\ What can you tell me
. about the two.mddels of triangles?(ﬁe7amu—¢oguam«zg)

iy .

If three sides of one triangle have the same lengths

triangle.

as three sides of anotner triangle, then the triangles are

congruent. . g ’ .

<
.

- - . . :
Make two triarigles of different .shapes using .
paper strips, Make a third triangle congruent '
to one of these trianglkes., Letter the vertices

the triangles which are congruent to each .
other. ’ - °

A,)\

s third triangle cqngruent to both of the other

: triafigles you wabtched me construct';g ﬁ.«m?&. *
- Zﬂi ;7uuanzrzﬁ ¢v=€§u 4 Z§t¢¢tv12u¢cziap1?zigj

List the correSponding vertices of the congruent

triangles. ' ‘ . e ..

. List the corresponding sides of -the congruént triangles.,

’
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"before’ the, pupils attempt the exercises, the

Copying a Triangle
- Thes explQratioh in Copying.a Triangle is

in sufficient detail in the pupil text to providé‘

a sultable development for the teacher to follow.

The teacher might carry through the entire
construction for copying a triangle at the board
with pupil participation whenever indicated. Use
oné color of chalk to make the &rc whose radius

.1s the length of AB. Use a conQrasting color

to- make the.grc whose radius is the length of BEC.

This refers %o Exploration on Copying a Triangle.

Repeat the construction, this time having pupils

work at their seats. Have each pupil start with a

tyiangle of the same general, shape and size of
AABC in the text.

constructing a.triangle in $ghe Pupilt's Text in .
Constructing a Triangle Gi +Three Segments and

S

After working through&e exploi'ation for

teacher should emphasize that it is not always
possible to make a triangle with sides whose
lengths wiil be those of just any.three line
segments .- .- . :

A . . <

$
) .
¥ . -
- 14
. . ,
]
®- . -
k4 . - ‘e "
»
- ' -
«
bl
g 4
14
‘
-
., he b
’ 354 ' . -
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Teaching Procedure ’
»
Do you think we can always construct a triangle when
we are glven three line segments to use for tﬁ! sides? -~

Choose.three line segments whose measures, in inches, e e \‘
» are 2, 3, and T7.. Can we construct.a triangle using ‘. '
line segments with these measures? (%o) : o _— L

Let the chilldren experiment to see the ) .
difficulby which arises. _ L

Demonstrate at the board, how you would
try to draw a triangle using sides whose lengths ‘. KW
are 2, 3, and 7 1inches. The children will \
be doing the same work at their seats. For your
drawing at the board, ule sides four times as
. great as the 2, 3, and 7. This would,give you
. .||. dengths ‘of 8, 12 and 28 inches with which to
& . *.wdrk ‘and w111 be a scale drawing of the shorter ) . s
’ segments. ,Children can see your work better if . A
<t .you use these longer segments. e

: e
o . N s ‘ T .




-

Why .cants. we‘.make a trianzle with the sies wbo&e f
- P ) £V Y

é

: o ullig o Biangl mush £
mea?ures, in inches are 2, 3 .and 7° (Iﬁu_df" it oL
- Now let'!s try this: Make a tria gle with sidés T
whose measures, 1;: inches, are -3, 2, and 6.

3 .
, ) Again do your demonstration at the board
while the children do it at their seats., You
. might use lengths of 12, )2, and 34 inches

at the board.

. . i v

-

- 3 inchkes /oxyy - .3 /ncZes /on7'

c® Y & / o )
. < = 6 /nches /onj' —_—

. .

. - ) w» S -

» ) - - -
- " Have'we made a triangle? Why not?(%-d."“”"z" .
’ < (7“9 . mw“! i le :‘1—
\ - Bring out that the sum of the measures of dlﬁ“‘f Le/

two sides of a triangle must de greater than the
- measures of the third side, otherwise a triangle
‘Wwill not bPe formed. ] - .

‘ s The exploration in "How many Sides,Determine
Exactly One Triangle" is in sufficient detail in
the pupil text to provide a suitable development
for the teacher to follow.




‘Bring out that: -

" (1) two triangles are not corgruent if
» only one pailr of corresponding sides
are congruent; AN

nkz) wo triangles are not congruent if
only two pairs of corresponding sides
are congruent; -

.(3) two triangles are congruent if all -
/ three pairs of correSponding sides
of the triangles are congruent,

Since all triangles with sides congruent to three"
given line segments are congruent, we say that
these three.ziven line segments determine a
triangle, ) ) N




. Copying a Triangle - .

. . .

\( . . Exploraticn E -
( .
\

When you saw a triangle made with ‘the strips, do you ]

remembgr that two of the attached ‘strips could be moved *
around? ?

4

-

Here are three strips 1like the ones I used before. I will .

PUS the model on the chalkboard, holding strip PQ firmly in
Place. With the chalkpoint through’the hole at R, ‘T will
swing PR around. what figure does the chalk point trace‘>[4muc)
- Let's do the sdme thing with the other strip. Do the two arcs

*I madg cross each other" J& ydomu &‘wu—wx,&udc_
/ o Hav the dum qﬁd‘»&%

Does this suggest how you might use(ﬂ compass to copy a QX

“triangle? é%&_) \ .

-~
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1 . . ~
) . ’ , . ’ 7’ P
N Copying a Triangle - . >
) * AN o ~ ’ ‘ 0
‘ Exploratign . ’\
,~ - .
. ~ :
1. Trace ‘AABC on another sheet of paper. B
}.P > R ’ . 7 ’
frace K on this same she2t of paper.
We may,stabt by copying .AC on liane / o \ c { -
K. Call the ends of the segment T o . . . ' A

and S. Your copy should look like

‘ this. ’ T /\s K/I.
3 .

A
S

- - . A
2, Then place the:points of your campass.

at _A and B. Move your compass 80
. " 8

.that the sharp point is on point T, 4

Swing the pencil point to make an arc. <—VY g —
’ . 4 N . !

3. Copy BC. This time put the sharp : «
point of your compass at S- and /
swing the pencil point to make an
arc. Label the intersection of |

the two arca Q. !
. ; . :

? s
Draw TQ and QS. Your copy of

AABC wil)l-be named ATQ,S E[s
A TQS = AABC';‘?“HOW can you be 7%’
sure? fﬁ~~ﬁ5 7’35'5 53 =8 /

) %
- 4
) ‘é -
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- -«

N ) Exercise Set 7 ) *

¢
- @

N '

In each of the following exercises draw your own line

k and choose some point on it to be an endpoint of the line
<> -
segment you copy on k, ér

I. Copy each of the following triangles using a compass r}
” and—st;'aightedge.

L}

L
. >
Y4
\
. R ) Copy the triangle whose
4 "interior 1s shaded.
\ ‘\
i L] i L4 2
... ) "_7“” o'oolzn’ ) ] / . AR
. oy e , _
- " . A ~
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BRAINTWISTER

. * €
’

2. a) How does the length of T compare with
(¢ that of AD in the figure below? . .
N\ (A e AT M B tie Sy S
b) How does the length of
\ [%:) _comparé with that

of . DB?
(csa,.,lrj.“ﬂ.wﬂa.at(

-c) What can you predict
about AABC and A ABD?

DABCZ A ADB Leaiia AT =

Y VBE'Z BD aud 4B = AB.
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- . ‘ - -
Constructing a Triangle, Given Three Segments

1 f [y

.
11 Exploration , -

-~ .

You have been copy"ing triangles. However, you might be~
_*given these line segments and be agked to'construct a triangle
. ’ N

[

N L9
whose sides’have the lengths of these segments. Of course,

you wouﬂ need ‘to choose your own line k and point P 8}
it. Does i1t matter which of Tthe three given segments you

_—

copy 6n line k? (070’) If you copy RS on line k, which
two segments will yOu use for finding the intersection of. the

arcs? TMM4/vQ)Could you copy TM on line k?, Q?u/) Y

Qould you ‘copy NQ on line . k? (y@)) ' . .. °

\ -
T ‘:

]

If each child in the class constructs a- triangle uSing

RS ™ NQ as lerigths of sides, what can you ,bredict about
all the resulting triangles? - ' -

[ﬂ/,«,l/ o, J/AJ, M,L co..’/n«..:l )

A . s

o i -

4




Exerclse Set 8

PN

) - If possible, in each exercise construot a triaghgle

using the lengths of t?e given line segments for“the lengths

8¢ the sldes of ghe triangle. If 1t 1s not possible, tell why.
B ‘)a‘ .‘_____’——“‘
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How Many Sides Determine [Exactly One Triahgle ?

Exploration
P ) 5

Be sure to read all théiinstructions for each pricblem

before yqu start. This will help you An arranging your
: L4

_drawings on your‘paper.

¢ ¢

« oy . w
l1.~a) Draw five congruent line segments, edch about four

’1nches long. Ca11 them AB,- CD, EF, GH, and KE
1! "

b) Draw, a triangle using AB ' for one side.

\

c) Draw a differently shapad triangle on each of the
other segments, A
¢ .
d) 1If you had fifty congruent segments, could you draw a
.. triangle on eﬁaﬂ'oq them, each one different in shape.

and size from the other 49 triangles? fybu)
\/ ; ) ‘ ’.'
2. 3) Draw five new congruent ‘segments.

b)- Draw a speclal sixth segment different in

[

 length,

Z c) . On each of the first f&ve,seéggnts draw.a triangle.
This time, make thelséqqnd 818 r edch triangle

congruent to your sixth segment.-
v . - :

)

Try to make each triangle different in size.and U
shape from all otherg. Can you do this? ({yyuj




" Did

' Did

‘« e

Dpaw a folrth segment not congruent to any one of
4 ]

the first three. .
. </ C
Draw a fifth s

R ad

four segments.g Choose the length,

Draw three new congruent segments. -

*

N
i, .

]

egment not congruent to any one-of these

of this fifth

%

segment carefully. We want to construct a triangle

\ 3

on each of your first three segments with sides

congritent to the fourth and fifth

Draw three triangles on the first
In each triangle, make the segond
the fourth segment'a’nd the third

4

the fiftqfsegment.’

’

Lo

segments.

”

three segments, -
side congruent(ko

side congruent ‘to

[y

» L.

3

‘ X e
Can you 1‘¥e each gpiangle different in size and

shape from'ady of the others? .(7L> s,
: R ,

e

What is true about alf’your triangles?

P

k,a?;uécngrdafz.

Because all of thg trianglgs are congruent‘rwe°sa§

-

oﬂé'side}dggermine~exacu1y one triangle? ‘(Wu)
» . .. . .

%
*

that three sides determine exactly one'triangle.
R
two sides determine\exaoﬁly'one‘triqngle? (7u)
A 5

&

L}
$

»

" -
* f.l N\
» .

»

8,
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COPYING AN ANGLE USING STRAIGHTEDGE AND COMPASS

-

ObJective: To develop the following understandings and skills,

(L} An angle may be copied by making it an angle of a
triangle, and then copying. that triangle.

(2 /EE is more conVenient to make it an angle of an”
isosceles triangle,»and ‘then copy frat triangle

d) Skill in uSlng a compass should be increased.

Materials Needed: -

-3 * *

Teacner: Yardstick or meter stick, string and chalk or
) blackboard compass, colored chalk plastic sheet.
Tor tracing ‘" . ' .

r
K

Pupil: Compass, straightedge“ paper transparent enough
> 4
. to be used as tracing paper

[

Vocabulary: .No new words are included. %

Suggested Teaching Procedure:

& R
Effective use of tnis section depends upon certain concepts’

developed previously. Some of” the’se have been mentioned‘above.
Review what is meant by . ; . v .
(l) An angle (set of points of two ggys with same endpoint
but not on same line), ]
v (2) a rax (the union of one point (the endpoint‘of the ray) '
‘ -of a Iine and the set of all points of the,line in one
direction from this ‘endpoint); - , o0 :
. (3), angle of-a’triangle, ~

.o

The sides of ‘a triangle are segments wbile tbe sides of an ngle

are rays. ,In “ANBC, angIe BAE is the angle d@terminéﬁ by. AB
..and —5 but, .and ¢AC include«points not on’ AB and AC

L - qgr§&an anggﬁfof a’ triangle % dgtermined by -

the trianﬁle, but the angIe‘is'not a subset
3f the triangle. . . ‘, W b




.

-

_to copy #n angle using the straightec?e and compass.

S - 4
P196
COPYING AN ANGLE-USING STRAIGHTEDGE'AND COMPASS '
Exploration:
. &
Toe
¢ You have learned how to copy line segments and triangles )

using the straightedge and compass. Now-you will learn how

’ ) -
1. Do yod remember 'how to copy a triangle using the »
‘ o
straightedge and compass? ,Draw a triapgle and -
' copv it.
- : . . . A
2. When’ you'copied the triangle, did you also copy
. * ) * / . \
}ts angles? (7'3*“) % , C
. 3. Suppose yo;x wish to copy /C.- w
> (\’rlheﬁ we name an‘angle “by a )
single Jdetter we mean the
angle zo'se vertex is the
) Qgint med by ;hat letter ) C > h
“J . N
“How could you make. part of ZC D : BN
“ 'two sides of a triangle° Draw a dashed line £o complete
. A
A4 N a tY'iangle, "‘I‘he das'hed lime will help to keep in mind t
. the. arggle you are copyfng “ . B
’ . ] .
! ; * v g M IS
4., s#ake a-copy of the ttiangle you made dn lcercise 3. ,"
. ~N
. 5. Which angle of the triangle that your mad@in Exercis% 4 ,a:
do you think is congment to AC" Trace this angle and
e /1 O !
place it on AC tQ.see whether it 1is a ’copy o 6 . -,
N ‘ . - . . .
v . . - X : ’ * - 4 \ . A o
. SR . T [ : . g
- . . ’ .
o r & [ . . !
: S+ 367 ) ¢
N\ » r),‘, ! ) ‘
\Ll . S - . Lo
* ’ N ~ ’ . : '

~ .

~ A e .
MvansTle ) ~aa T

»




k<]
°

>

<7
© If nd pupil thinks, of anXanswer for Exercise. 6,
ask, "How'could you iave chosep point R and
point S?° Which segments could have been made
the same length? Bring out that choosing an -
isosceles triangle-would make the constructioﬁ?
simpler, .

v

v

g - . .o
In discussing the,Summary it might be wise to
carry out the steps on the board a$ the pupils do =
the construction at their seats, Be sure to discuss
*the questlons,follow;ng Step 5, so that reasons '
for the vglidi’y'of the procgdure ‘are ukrstood..

4 °

v
St
»

o
L 4
¢




A

..be useq: . ‘

- . wish tg;'cepy- is- point C -

_WOuld ‘some_ Qecial triangle, have made_the consbmction

. eas-fer" Can you think of -a special triang‘.le which

- -~

L. .,'wouId have required fewer changes i the distance

between the points of your c_ompasa (
‘ R . -

-

T List the things you do 1n copying an angle, And then -
see how your list compapes with the 1ist inf the -
A
N .t rollowing° swnmary .
4
. ﬁ o s
& ‘ . -~y

To copy an angle sueh as AC
1'make 1t an angle of a triangle. Next,
copy the triangle by making the* three/)
sides ’c,he same 1engt‘.hs as the th‘ree T e

Sides °f the- first triangle C

. L &

’ . ~ . e

- The’ followin%. procedure can LT

e'm' -

RO §

IR VA The verSex oi‘ ‘the anglerwe

;' M P ?v

REI wun C _as, a,center, const;mct :

an arc 'cutt:tng the sides at

4 . . i
IS . ". point‘fﬁ,we Wiil eaﬁfi A and ':B .o "_ .,:‘, V‘.’: '-_”., ,; -, é . - . :
. . R - 5 P

”"r‘k,- - . i - -




‘ . ‘! : 9’

o

3. Draw a ray (leave enough
. room so you can construct . .
b .. B -N . ) / -— hd }
: the triangle using part of D -

, - ‘this ray) and call the endpoint, D. . \\

- 4., With point [ as the center
b .. and with ‘the same setting OF
. your compass as in Step 1, . ] . .

construct an arc. Call the

point where this arc intersects

the ray, pointn E. T

| - ., D G

'5, Change thé setting of your / .

' .. l‘ s '_. ) B F ‘_,_______{4_,
.~ + compass so that its point are

-

-~ ‘at points A and B of‘ZBCAJ

+ . Keep this setting and placé S,

<" * the point of the.compass at

/ﬁ . E -ahd>draw an arc which ~
ftersects the first arc.

T .. Call the point of intersection.
S - 7 . ' '

of the two arcs F. o ., N

»

' ™ “‘”k“ . R
- .. 6. Draw DF. . . -

e

. Have you made /FDE = /BCA? Let us see.
\ .. b ’ i

Draw BA and FE. \ -
. " Is AFDEY ABCA Wny?

‘/'&ga’«&; Zheee MMMW}D




Is /FDE = /BCA?  Why? M
) ‘ : ( .
. ‘§. ¥ We know A- FDE = ABCA ‘because we have made thrée sides ‘
of one triang.le congruent to three sides of-the other triangle. .
' We have. chosen two sides the same length for convenience. Now, <,
_ since we know thatmorrespondi(ng angies of cbng_ruent triangles -
‘are congruent we know -that [FDE = [BCA. : '
2 ‘N
.o - . -
-~ ' . ’ C /‘ 4 . ’ !
Vo - .
,::M ' ,l ‘ . F
- P ) /JT Tt .
. T g \
. .
) ) , i, E AR .
% e s
. . ' A 5,
, ¢ (Y : ':“«-.
» w? ."":- N ’ 3 ’I
, ’. ‘ N
. ‘e
5 o ’ T )
) D
El{\l‘/C | , 381 . ; . [ ‘ .
- N . »
- S ; » i M > M 1
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L . PR Exerciae Set 9 |, . c :

° \- 4 N
1. Make an angle gbout 11kes @ on your papen. Copy 1 -~ : ¢

- b\y using the s_t.gg we havg ouﬁlined:. fI'herf do the same -




.:. - . o ° ~
?s?-ﬁ« ’ .5 [
t ‘ ‘ 'o ° . T - l/
. COMPARING Si?ES‘ QF ANGLES- LT p
o “‘ﬂ,‘b‘ .o e A . ‘ - . . . ,/

>

'/ ObJective.Q To develop the following understandlngs and skills'

(l) mne sizes of angles: can be compared</p/ ,
(2) The sizes of angles may be compared by\use og tracings
..or compass dhdnetraightedge construction.
il = ) ’
S Materiais Needed? » R . .
Teacher: chalkboard compass or string compass, meterstick

AR or yardstick,.colored chalk, tracing plastic
A 13 . .
o P ‘u-;w Pupil: compass, stralghtedge, tracing paper \\ " e

.

S T e e e
o” @ * ,—\ ., .7 B
S §g§gE§Qed.Teaching B‘%cedures: L e T
& o o < . .

- -~ 2T ."‘ o2
~ A - ," -, eb’

, + The definition of an angle as,a, set of points=;*
of two rays suggests that, since § ray has onlx one‘
. endpo\{nt and therefore has no definite length,’the
idea gf £he "size" of an angle has no meaning.
. -~ Howe s 1ntu1tion tells us that some angles are
S "larger in-size" than others’. In this section we )
. v define what is meant by thig term, that is, how -
\\& sizes of angles are compared, '

We examine first, the case in which the angles
have one ray in common with the second ray of one
angle lying in .the interior of the other angle, -°
The sketch of the three roads represents such a
situation., It will probably ‘be necessary to review ,
Y . thé meaning of "intérior of an angle" and."exterior
of an angle." You may wish to have the pupils °
observe that all points in.a planegare in one of-
three sets: the set-of points ~ihe interior, the
set of points In the exterior, d the set of points
on the angle itself; "and that no point is in more

than one of these 'sets. RN .
. . * - . \

We next examine the casedq which both rays . ||.
of one’ angle lie in the interior of the other angle,
The questions in Exerciges 11-15, provide practice A -

*in identifying aggles.larger in size and smaller

' 4f . in size than given angles, using'xhe definitions
\ which have been eveloped ¥
g

.
o

X e ’ PO * .

- . ;°
L : ~ K

L
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) .

{ E‘ercise IQ shows a case ‘of congruent angles.,
The pupils should,note that the tracing of one
angle can be placed to* fit exactly on the other;
therefore, .8ihce a ray of one angle does, not fall -
in the in@érior of the dther, they have the same °.

‘size. A . \ '

,“?--' .. n'\ .
In,Exe?éi§e Set 10, Exercise 8, tne pupfls
may -fail to recognize that F 1s in the interior
ol. YABC, since_the sides are the rays -CA and
.-CB, not the segﬁénts CA and CB. v

+

The exploration, -"Angles Without a Common *
Ray," deals with comparing sizes of angles which
have no povint in qommori. Most pupils will use
thé tracing method™without difficulty, but some'

. may place pqrfectly ne vertices and one pair of
rays of the tyo angles, but place thé second pair
of #Ays 1in opposite half* planes. Note that in
Exercise_2, eithey ED or EF may beesplaced on
either B€ or BA. The second pair of rays must -
thery.be placed on tle same side of the first ray.

» ‘This exploratfch suggests placing a tracing of -

one anglé.on the otner. Exercise Set 42 provides

practice for this. '

o Using the "angruent Angle Construction," the
néxt explofation, suggests use of the, compass con-

“struétioq for congruent angles to make a copy of
one of the angles in-such a position as to compare

their sizes. .t .

3 [l ‘ i S
¢ In using the compass constructior for copying
. an angle, work through the congstruction on the °

" board as the .pupils work on their papers. Consider-
atiefi of Exercise 3 and. % in-this explgmation, is
importy@t for dephasizing the basic idea devgloped
i?,thi sectidil- ;T T

' . 4 N
- * ." Ll '.' 1
3 The Expld@tions &hd Exertises should make it
possible in malfly cases for the pupils to decidg:, , .~
which of two angles has'the larger size without ™’
using either the tfacing or.the co structiop proce-
dure. 1In Exercise Set 13, Exeréi?ga 1-5; they ,
should be able, in géﬁy exerciges,/to make the ,
s-comparison Intuitively. . This will be more difficult
in Exerciges 6-11. Furthermere, since the angles
Lo be compared are angles of trian

polygons, sgme*pupils may need he

* trating or conStrthiQn procedure.

- - N
8{" N 4 . ¢

i

‘o

o

~ 9
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COMPARING SIZES OF ANGLES

Three roads run from a point in the town of Ashton--one
‘to Bayshbre; one to Camden and one to Devon., The man in the
sketch 1is wélking~ﬁowavd Ashton. When he cames to the .

¢ intersection in Ashton, he will choose

L4 »

whether he ‘will follow

.

the.road to Camden or the road to Devon. - We sometimes Bay,
"Thg Camden road angﬁes off from thg Bayshore road." If he
'goes.to Camden he turns off ";t an angle" of one size. Ef
, he goes to Devon, he turns offl"atAan angle" of a different

size. Let us'see what we‘mean by thé "size" of an angle.

N -
[ d . - M
W‘_

-
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¥

Angles Wibh a Common Ray N .

Exploration ‘' . -

The f;.rst sketch below snows the Bayahore and Camden roaQs.

.The‘ second shows ’the Bayshore and Devon roads. Think of the i

A

roads as repreaenting rays with endpoint A. Which angle do

you think has the larger aize? (11:. u;«llm.'(/?i(.mo( Z -. .

v

. . 21, Recall what we mean by the w0rd angle. - How have

JWe defined 1t? /{ij/w—la fzw ,uﬂae...m@o;u-.f

2. Name the sides of /BAC and LBAD.\ Are. the sides
. eegmenté_i\\ rays, or lines? (43 , A A8 4B, /‘-7‘“)

3. Do the sides of an angle have a definite length?(74)

"4, Do you think the size of ,an angle depends on the lengths
, Y
" of the sides\yqu actually draw? .

It is clear that {:k}e slze of an angle cannot depend on |

oo\
the length of its sides, since rays have no definite

”

length, o
. - To see what is meant by "One angle 18 larger in size thani
™ " another angle," 1look 'at the sketch'af the roads to Bayshore, 1
v T [ '

|
Camden, and Devon. £ . i
1
|
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i
3
’

6.

l

El

7: )Is "'E

v

»

, ‘s

(exeept for point A)

5. Name the sides of [BAC (,95 /IC) )

) Name the sides of /BAD. (7 . Ab)
. What ray is a side of both angles%{/fﬂ)

’

: \

‘e

)

2

Is point, C 1in the’ 1nterior, or in the exterior

of [BAD? (Azi)

¥
in the, intertop,

s orin the exterior of, /ByD? (‘L’t‘")

t

Because a) LBAD and @AC bo’ch have si‘de ﬁa and
{‘) point ¢ 1s fn the interior of /BAD,

we say that the size of [BAD is larger than the size
(Or we can say that the size of [BAC is

. of /BAC.

smaller than theasize of /BAD.)

A
e
v ; «
. - : )
1 ‘: .
' ‘x. 4(. B
‘.\"
%, DY
- R
H
. 377
. R
v .0 387
/‘ ' d :.“ '
R

K

<3

N

g

\

T#



8.

9.

. 10.

-

11,

12‘

13‘

1%,

15;

e

r‘%sj%#ﬂ““:u“y&.' . ' " st

. / ) .
Name all the angles in the sketch. (Tl';ere are 8six.)
(£8AC, £8hE, LBAD, LEAE, LCAD, LEAD )

 (may
Look at /CAE. What PFays are its sidés? {AC,AE) .

. <

Are E and C in the inte;rior of ﬁBAD’.(}?‘gecause g
and “C are in the interiop-of /BAD we say, "The -
size of /BAD 1is larger than the size of /CAE."

(Or, "The size of /CAE is smaller than,the size

_of /BAD.") ‘

' -~

‘Name an”angle whose size 48 smaller than the size of

y DRE) , . ) .
* [DAC.(L Name another one that appears to, be smaller.QE{’C) R

How ‘can you be sure your answer is: right? fE . 2 ww v

Glio LDAE and L DA DA - J(En i o uTonued
é%ﬁ‘c:a“ % DA add ¢ Enc Aol ph A S0 % _ ,{s
Nameé an angle of larger size tfhan 2 AD. (Z cAp . -t

) L8 . 2 - /
Name another one( M:é-low can you be sure?@««‘#‘%}{ a
ﬁna, LCAD oo z;.«:i..._ - M,t.;‘.;u,.lz.r.zlzw;zcw Lo N
D Aes o, . £ b0t o iTloces of LEAD 800 and L2bD B Lt ) .
Name three angles,- each-of larger size than [EAQ. .
L0ac , LEps, L-0A8, ol LDME ) -

. LY ' ]
Suppose another’ town, Farley, is on the Ashton-Camden ' -

.

Road. Copy the sketch and represent Farley by \pbint- F.

(R4 »

Wpat can you say about the sizes 6f /CAE and [FAE?
About /DAF and /DAC? /BAC and /PAB? € Zhaigeace’

.

-

>

B8

- D AR
388 - /. S




16.. In this sketch, /ABC™ 1is congruent to /RST.

a) Trace /ABC on tracing paper. Place B bon .

Y. = -, -
+ § and BC on Sr. Put BA on the R-slde -
. of . ‘Must BA e on SR? (%)

/

// b) Is either of these angles larger than the other°(lQ) '

’/ c) Ir two angles are congruent, can the size of” one

L

./ be.larger than the size of the other? (%) .

“f ¥4 .

/ ? Summary

/O » -
The examples above show: '

. o . N H
1. The size of orie angle is smaller than the size of . :
a second angle: ) \ l:” N o ' '
: N . ‘ '
a) If the angles have one ray in common, and
|
a point on the other-ray of the first angle .

) ’ T
lies in the intefior of the second angle., . N

. b) If a point on each ray of the first angle

lies in the interior of the second angle. ) h

. 2.. Congruent anglés have.theQBdme gize. » ° - s

.




Exercise Set 1C

Trace ARS'J{ . Choose -a _p.oint

in the ihterioz:.'pf /RSt

Call this point, W. Draw .
N . - ) - 1]

4

.

Y 3 ”

e of ,_!_RST i
0 ) s . .
with the size of '/RsW.

(Jbugyznsmwm\uw?/msa)
Compare the size of.. /RST

4
Compare the 8iz

with the sfze of * 7WsT. = .
- (s of LRST i ooy B, 2L asfap LNTS) -
, /2. a) Trace /XY¥2 and point J{,.{I: ~
Point K 1is'inm the (a‘l‘&«‘) '
’ ‘/\' of /XYZ. .szawl ?K) .

‘d) Qompare the siges of o v

‘and £ XYK: (Hasy, 407
larye a8, aiys of LHIK.)
¢)” Compare the sizes of /KYZ,

z‘bk_,-a. a,;...fi?{(.) e - .y -
3. @) Cut along YX and YZ and tear along the Jagged

' - - ' > - —> 0&)

curve. Fold alépg ‘YK. .Does Y¥Z rall along YX?

.
-

b) Is Sfxvk Spxvze (&) - . . - ..

Y : .

- -
.
AT -

%. In the interior of AZ}[X’ place a point N near 2
“.,and ‘draw YN ° Fold along* ¥YN. Which has the larger

» size, /JXYN or ANYZ?’?‘._(Q’{"") LI

-‘ ¢

. cy T » - , ,
5. Draw an-‘gngle. ‘Name it /MPR. Chogse.a point (¢all 1t
S) so that you,can :b;e sire the size 6:1’ /SPM is .smaller

thai the size \Sf "/MPR,. Where did you place S§?
(s Lttt placad £ U LT 7/[»0«,) 3
' . ‘ .” . e -

380
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- - -7 - ." o N
“P20T : .
] . ~
A v“@ i ¢
> 6 Using the angle of exércise 5, choose a point (call it

C . N
T) .80 you.an be sure' that the size of /TPM' is ‘larger -

S\ , . : ® .
than the size of MPR. Where did you blace o\ (7 plasnd
i, A /LHPR 14 M A f MU e tam bo anrntd
. - :u.a,. 447”).‘4122% agpof LmrR, ,u&.,.._,u,,.!,.t,u—. FT-JJZC,
7. ')& 18 pofﬂfz\ he interior of
- ZBAC shown in this figure? (-?r")
7
; " b) Is 1t 'in- the intdrior of 4ABC°(‘3~)
g of LACB" (5;») \ C e

AN

8. a) Is E 1in the 1ntezjior of /ACB
shown in the figure? (%)
B) 1Is it'in the interior of /BAC? (%)

of /CBA? (%) ] ' L o
9. a) Draw AABC ,and-label a point D as in the '
N T previous sketc‘h Then draw AD.

3

' b) What twmangles are smaller in size than LCAB?
" (< thp ad zms) .

. 10. 'a)v Draw.a AABC and labgl a point E as 1n the

o

sketch above. Draw Eg

:3 . . . ) . . -
T . - b) 'Whﬁt'ansle of 'AABC 1is smaller in size than -
. 4 A
, 'LEBC?.(4'”5C> ' X
‘ oo , " ! R
3 l. ‘
N g .
' ) 33
. ~ S
° ¢ ) - \ N ° e
* . A ' ) -
1 c 1'\ 3&1 . - $ 2

“
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Angles Without a Common Ray . <

*

. ' . Exploration '

9

- You know how the sizes of two angles are compared when

the two angles have one ray in.common, or when the rays (exeept

' ‘for the vertex) of one are in the interior of the other. How

. P °

shall we compare the sizes of two angles which are not placed

in either bf these ways°

¥

e

1. .Copy /DER, by .tracing 1t ‘on” thin paper. Copy the

letters, too.

2. a) How should the rays of @EF be placed on /ABC

£ to compa‘re ‘the sizes of the angles° You may wantﬁ .

! .o fomaa../&muc»’*g’ N

to tum your tracing over. £ ‘.JEB,..uc...lr:/
L2 by ) Ryl
b) 1Is there more than one way to place EF in order

to compare its size with that of, C° (‘,,._‘wz&
4 Y aklalA,

- RO
“

3. How do the sizes of /ABC and /DEF compare? .
. (.zl-«y-/gncal‘q.eﬂ.,ﬂ.ﬁ,.a;zo.sﬁ) ~ .

382 - .
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¥ ‘Exercisé Set 11 ~

- ~ ’ ’ e‘ - g .
— 1, Trace [dA.‘Bl on thin paper. . Then °

cofpare the size of. /CAB  with

the size of eadh angle below.

-, E > .
. (uw%gcw,‘.k,ﬂ L.
PR gy 7 L E)

Clomsyy ) £CAB i aunalle
thonH sy i f £F.) p

a ‘
"(,5”;“3,. .A‘C/n;.a'.,luyr ) \
»L.un,-./za.) -
A’ B - —
y— > : K ‘2
- -(#Wf_[cxm.,;“_‘u, - '(.zl..;,;flcoah' |
t.' #“&‘/‘?/{_J-) : Ao e Hoagy LK) 2
* . N ‘ . b . .
383_;. . )
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A

Using the Congruent Aﬁgle-Construbtion

~
0 0 A

.
° {
-
4

> » Exploration
N I .o

1Y T .
You know how to construct an angle congruent to.a given

angle, and you know that congruent angles have the same size.

Can’ you uae what you xnow to compare the sizes of two angles,

no matter what, their positiogs? -

\ A

1.

4

" b) What ray should you use as one side\of the copy°

1 . . ~ .

a) Look at /ABC and /DEF. Where should ZPEF be

copied,so as b0 compare the sizes? Whlt point should

you use.as ver%ex? ]

(53 o« BC

[ S—

o 38y -

394




b

to @EF 50 they have the same size. What angles

a)’ .In the figu?'es, LABG was constructed congruent

can we compare now? (4/966 radd £ /’“—)

-

b) What does this tell us about the sizes"bf LABG

a) In what other posi\gion could be copy (DEF to
ompare 1ts size with/the size of /ABC? Could
Wwe use some point other‘ than- B as Vertex"()?o)

b) Could we use a ray different from EX s“

‘side? (z?“"l 8¢ "“'UL'“J)

,

¢) Could the \comparison be the same? (‘r‘*)

a) Could we copy LABC' instead of /DEF? (‘3*0)
b) If so, what.point should be the ,vertex? (E),

. . — ~ -
c) What ray should ge a side? (£0 ~ EF ) /

‘Exercisg Set 12 ,

Copy* /ABC and /DEF by tracing them on thin paper.
Use you’r compass and’ straighi:edge to. construct an

angle congruent: to - [DEF 80 "you can compé.re the

sizes of. the angles. ; S j
~ - 7/
D" /
L >‘ ‘ / ~
. %
.
¢
- al A’ v

s

.-

-



.{ . v
P12 =~ E ‘ : .
‘\
“ » -
< . . ‘. . \ . ; R
‘2, Compare the sizes of /RST and /PRR,
. ) ' .,
. P
. - € - .
- 'Y <
o R _ .
A y ‘ - _
(l&%mﬂw‘ .ZLj‘., LRsT =~ « RQP.) )
. ‘ .’ n ‘ A .\ ’
@ - . 3 e - s
3. Compare she sizes of ZABC ‘and /MTS, N
te o (“w{lﬂsckwﬂ.ﬂ%;/lﬂTs)
. » A
b Whenyou understand what “1s -meant by "The size of /A .
B

is larger than the size of - /B, n and what is meany by -"/A = [B,
.you ca.n often tell by logking at two angles which has the 1arger o

size, You can also.tell whether they may be congruent . &

N . . ] ) ' ‘ N 'v>\(
‘h" . s " \
._.\ - . ] 7 -
v 386 '
w396 LT




ve

Ik

f

H

Compare the slzed.gf /A ‘and /B 1in each pair below.

Y

-

4

Exercise Sef 13

-

4

| If you, can't decilde which'is larger, &race one angle on thin

/

»f

pape? and place the tracing'on°the other angle, or,buse your
. . s \

compass énd‘straightedge to construct congruent angléesas

-

‘I
, _ :
1. B
B8
i A
(ke oy, AA,.L,.,:eL. .
) 2 ?43)
< 3. A
R
< A ) .
r B - \’
v ; A . > L7
Lr=2r8)’ '(ﬂu&.jl»ﬁ ,;a:..ﬂt-,::l.kwl...,‘,z‘z@
) . x , s
Y 5.
whe g 40 et ; |
7&..;54 £8.) , 2
o .
, 387
.\) ‘ :}
RIC 97 . &
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&

>

.

In the f;igures bélow, /A and [B are angles of triangles

or angles of other polygons In each figure, compare the sizes

of [A and /B as you did in Exercises 1 to 5.
‘ A

-

\




*

.
\ . "

SUGGESTED TEST ITEMS »
<3

‘" These sample test questions age meant to serve as

suggestions.for types of items which the teacher may want
. - N a

to include in a unit ‘tes.t.

A)

* 1. Choose the item from Column 2 that matchies each item-

in Column 1. Write the word in the space provided.

AN . -

‘' A. Matching Symbols

- ¢ Column 1 ' Column 2
' (.M‘f@) . a. ray
(&z?auaﬂ v. line

. fal
{ ) 9
- Af_\:
" 4 2
) - Aa‘f“ .V AB . ¢c. segment

° é .. 4. angle
. ‘('M’%L < )

e. triangle

i |
. <wa_’m_#)‘a > Db f. a 1is greater than b.
{Z‘ﬂug‘:‘} (ﬁ? g. a 1is less than b -

(a/.,u,&u du‘ﬁ)a <b . h. cong.ruent

389

398




v

/P‘ M%Fchihg the word with the sentence

f that describes it.

N . - .
RS ' 3 ~

\éuuﬂdyg&4>A triangle with bnly two . i. angle’

sides,that dre congruent - J. segment

. (a4422 ,A conngcted part of a circle . K. isosceles

1. vertex

A set of points of two rays . o
Lot : m. equilaferal:
’ which have a common endpoin ’
and which do not 1lie in the ’ 1
_— : o. -cipgle
I, same straight line ' -

. - éggtggzﬁgg A triangle which has at least /' -

two sides which are congruent i . ’ 4

. 7 to each other : ‘ N

s . .
A part of a line which ‘ b //
includes two endpoints and . , c .
all points of the line o _ :
- between them T ) o/
The intersection of two sides/

s of a triangle / o .
WA triangle which has three angles ‘
each congruent to the other two oo
(&44" Zg) The set of points in a plane }

all of which are equidistant

o a .

from a given point. . - s

30 . - R

LY B

Q o \ . 400 .




2.

L3, Suppose we know that A PR A ST

w
\
] ~ ]
AN e
[T . ya
' LS R
] . i
g ° * ¥
PR - N
4
4 \ .
Al

.« o . .
° [

{a)

(h)

L. .t
¥
. ()
13
o
'
(i o
Y
]
Y
{m) {(n) (o)t N

.o

5

< a) List the corresponding "vertices.

. .

p). -

(m«m/ (xf).a(,) (endly). (7)@@) “ ui«nt) nfmt(f) ff)wt(@

Y

@é’) (Qeua ) (lesttr)

04‘—45

7\
. de .
b) “List the corresporiding s?. s. {QR 3 ) |

RPgud W3
I
AN ‘ Wy
Ly o ‘.'
Y . "" ’
' . 401‘ .t
4 .'0‘*'“

-
Tl sms e




’

5.

angles. ‘ ’ // .

b)

4, - Suppose we know that ACDE = AFGH. DList the congruent .

/ . . P 4 \
' . . » 13

-r

;

-

/
'

4

« e
4 E
¢ ) /
< DCE 2z GEH '/
< CED = /.F//-&) J
£ EDC & L HGF
a) Suppose you haye two triangles, AABC and ADEF. All y
N & > . <
you know about them is that AB = EF.. Can you be _ )
certain that the two triangles are congruen'c?(’)(,a) A
Suppose you have two triangles, ARST and AXZY. A1l ;
you know about them is that
5T ¥ Z¥, and : ‘ ‘ >

_you, know about them is that

. RT & X¥. ( )
Can you. be certain that the two triangle are congrueZ'c?

Suppose you have two triangles AGHI and A JKL. All

RN
]

<

HT ¥ kG and o <

. 6T = I , o ‘
‘ . ' ( no)
Can you be cfestain that the two triangles are congruent?’

LY




N

‘ d) Suppose you have twg tri‘angles, AMNO and A PQR. ALl
you know ahout them?is that ' )
‘ /M /P, ,
.ZN '/Qn and R
/0% /R.

- L (et
* Can you be cer‘qain"qhat the two triangles are congruént?

GJe

we

ne

e) Suppo§e you havge' two triangleés, AS';‘U ax.'xd AvWX. .All
you know about trhem 1s that
S c;rresponds to V,
T cbrrespon@s to W, and

U carrespodds to X. (1‘[&)
4 p . ~ -

3 ~
Can you be certain that the two triangles are congruent?

. 6. Choose the situations which you think best illustrate

;; ] .
the use of the idea o{‘ congruence. p

. 4 % »
a) - Lining shelves"’of a dish closet with paper.

b) Covering l‘iving réom floor with wall-to-wall carpeting.

c) Enlarging a photog:raph.‘ - ) ,

d) Fitting a coffee tdble with a glass top.
\ 7. Use your compass.and. straightedge ‘
to copy AB on AC 80 - that, B -

A 1s one endpoint of* the copy .

v

P I

\




«
\ .

. oy * . . .
8.. Point ‘0 1s the-center. of the

* chrcle bf which MP 1is an arc:
Usé only your straightedge to
' draw three' line segments of the

same 1éhgth in this figure,

" 'Use your compass to find four
different pairs jof congruent

Segments in the figure. List

) ADaxd B¢
your answers, AE and BE -
- . DEand ¢ £ - .

Complete the following ii?tences to compare the sizes of

angled: Use "lerger than," “smaller than," or "sbout -

the same as." , :
- ~
a
: !
. . C
. B o :

-

The size - size og'lpj
Th; s;;e : fhe size of /E.
The size the size of [F.
The size he size of /C.
The size size of [F
The size size of;[B.
The size sizé,aﬁ[A. s
The size size of /C.
]




» R T a

. . .
0 ‘ ’
’

11. Bob 18 at the 'top of a lighthouse. %f sees two ships

C and D —ds shown below. A, C, and D <are on the

.,

same line.

v

- -

Is the size of<\}9Bb< greater than, less than, or the -

same as the.size of /ABC? .
QquAije. aB B < 7uud®vt£u~56 o

e o 2 ase ) , L

12.7 a)* Usé compass and straightedge :

n N

.’ to show that the size of ~/AOB

[N

is smaller than the size of

/BOC.  + ‘

N

% . .~

p5 The compass and straigqﬁjdge
“to show that the size of /BOC

'is larger than the size af

-

/Doc.

-




13,

14,

15,

»

17.

‘/:2, L, and 8, if\possible(zbf'

16, Use your compass and

! straightedge to copy /T

& \ i .
D as its vertex; one side

\ - e
.
.

Use your compa¥®s ‘and -

’

straightedge to ake a copy
of AABC -O1L_your. paper,

‘Use your compass and
- Kia

Straightedgé to-make a b

e

-~

triangle whose sddes . 4 T L.
have, K the lengths of the

-
\.‘;‘
°

three given line seghments. )

Make a triangle .whose sides have measufés, in inches’ éf .
Zin 4idon %i ma4f11
Lo

Y
’

»0Il yowr paper,

Use your' compass and
straightedge to copy - /A
so that the copy Hés po;nt

-
shall be DE and the

interior of the ahgle Vel s
«>» 0 e .
shall be below.. EF. . \ Yoo
“— >
) - E D i. .9 F )
_ .
396 .

“,r ,‘.'406\.} ey ‘:.~,'




____.MATHEMATICAL BACKGROUND °

A r \ *
; -
Chapter 5
N\ / .
EXTENDING MULTIPLICATION'AND‘DIVISION II .
. L]
PURPOSE OF UNI® .
I
/ _ . ’ ) * _' ’
T The‘purgose of this unit is to_help, pupils

become more proficient in multiplying and aividing

using large nuimbers. \

. . ' \\°

.
S

The mathematical background for thij§ unit is

¢ °

-

presehted-in Chapter- 3.

l— — — . ";"\v ey
[ (s / ! ‘?
" ‘ -
L /
' 3
Ve A
. e -
P 3 - T
oo T L
v
. ~ v
\ -
[, - 1
.
. . § . . ’
, . . .
Eg N .
~ !
. I
—g— ’4
/
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s - . h ‘° . e
i N ‘ . +  TEACHING' THE UNIT ] ‘ )
N : ¢ r-a} " ( /j: . ~ . .
. z _This chapter is organized in the ‘following Ways ™

) 1. There are’ teaching suggestiOns and explorations
: which appear only in the teacher's oommentary

—— . B i v k
. 2. Theré are summaries and explorations whicn
appear only in the pupil text. h

. 3. There are pupil exercises to be done
3
independentlye-

It is'recommended that whenever exploration Sections ~
, appear in the commentary, these should bhe followed befofr‘
L A worf/}s done with pupils on the material in the pupil

2

text 4 v o~

1 \ .
The explorations in the pupil text are designed 1 ..
to serVe as guides to pupil discovery. They are to be
" read” and discussed by teacher and pupils. It is o
essential that teachers .be thoroughly familiar with‘the*
teaehing suggestions, which usually precede the explo-
'rations, as well as the explorations thtmselves before
- ~lessons are. undertaken

»

y In those few instances where additional teaching
—// o suggestions are not glven, it is recommended that’ thes
teacher take time to qonsider what possible questions
or difficulties might arise in his particular class.

. .
The development and utilization of shortened forms

in thF ‘division process is probably more individual
than many other ski11s which pupils acquire., Therefore,

4 - the teacher must be particulanly alert to the thinking
: . \ \
’ \» . .
J

. ) . /

o 398 '

4 ”
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of nis pupils, ' He must he ready to offer leading

o questions especially in relation to multiplés,
{ *place value, and "helpers" to aid children .in

their own discoveries. . :

..It should be emphasized that pupfls shorten
their work only to their level of understanding. |

. Pupils should not be encouraged to adopt shorter »
procedures they are not able to comprehend. On ‘
the other hand,s when a pupil evidences that he 1s
Bble to shorten his.work with understanding, he’
shouid be encouraged to do sb.

-

_~

- 3

\ L "It must be recognide tnat some pupils may

~ , not be ready to shorten their work as-:-quickly as
rothers during the course of this chapter. Such
pupils should not be forced to do so at this time:
Rather, they are’ to be encouraged throughout the
rest of the year to shorten their work as .they &
become able,

S

Maintenance and inprovement of techniques of

divi®ion must not be neglected after the con-
/ clisior of this unit; rather, they must be .
dontinued throughout .the fifgh and sixth grades.

.




<

MULTIPLYING
Objéctive: -

a

. "
Teaching Suggesf{ions:

,\~y /.

cation.

review.

- be more' desirable for individual pupils.
' ' 346 346 .
. ;" Xus( X 4
. g X 4»6 3 .o
X 0 T 0
5 x 300 Té576
hox 6
4o x 40). .
4o x 300) -

- children.

‘LARGE NUMBERS/

-
»

To help
maltiplying using 1
e

-

. In this chapter pupils learn that a
knowledge of place value
- and more efficient alg 1sm/for multipli-

* As an introduction to this chapter,
review multiplication as follows.
.the two forms only if pupils need the
Pupils who are not using a short
<form Bhould be encouraged to do so.
the longer form or modification of it may

I

o 4 . o
Examples like the ones below somi-
times offer unexpected problems te
For this reason, some like #
these should be included ‘during an" . ,
exploration lessornr, -
v s - 7

- 4o x 346, .
43 x 370,
82 x 409, etec.

arge whole numbers

o @ -

ffords a shorter

Compare

Yet,

-

pupils become more proficient in




;\1

-~

v

These examples may be worked in different
ways according to the 1eve1 of achievement of
the pupils.

346 . ' 346
x 40 x 40
“mo (40X 348) T3ET0
160@} -
12000
380 '
370 370 .

X 43 ‘

—zrz ___g;i_t‘»_?_m__—nrd

2388} (40%31?‘ 14800
2800 )y
15910+ .

2 2
%5 2%409) 552
g0 %
720 %3538
32000 § “182% 409 _
33538

Aftelr review, extend the scope of
multiplication examples to include larger
numbers. Such exercises-as

542 x 836 and’
56 x 9578 .

should be worked together by pupils and
teacher. ’

-~

Attention should be given'to the way
in which partial products are -obtained.

Before assigning Exercise Setf 1, read
and discuss with pupils the section en-
titled Multiplying Large*Numbers in the
pupil text, .

<« After Exercise-Set 1 has been completed,
read with the pupils the section entitled

Multiplying Larger Numbers. Children then
sEong %e able %o complete Exercise Set 2
independently. .

L4
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Chapter 5 ~ !

EXTENDING MULTIPLICATION AND DIVISION II
MULTIPLYING LARGE NUMBERS
"In Chapter 3 you learned how to find the product of two

numbers. Now we want to find shorter ways to find these

products.  Let's look at these multfplication examples.

. Example 1: Multiply '437 and  39.
. 437 ' 437
 x39 | X 39
63
270
3600
210
900 -
. 12000 )
17043 .
Example 2 Multiply 456 and 805
X 805 - 805
3456 . " % 456
30 __1Eij£_§jlél————-4830
4800} 865 - 10250
@ 250 ’L§SLJ£,,—f’%;f”";ggggg >
uoooo} " 80> 3§£1080

ok
A 2000 (&2
320000. o

367080 | . ' o

.

Explain how to°get each of the partial products in the

shorter form of these examples. .

o

402

L 412 o e
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Exerclse Set l

4

Use a vertical form to compute the following.

« 1.- 86 x 923 (79,373) 11. 625 x 834 (52/, 250)
e ) B
2. 48 x 654 (3/,372) 12, 658 x 762 (50/,396)
3. 57 x 874 (49, 7/“’)\ 5. 846 x 648 (542,209) .
b 473 x 52 (24,5796 14, 607 x 546 (33, #22)
. R . |
5. 36 x 504 (/2,/4%) 15. 971 x 356 (345, 67¢)
SO0 X ,
6. 56 x 780 (‘/3,_24’0) 16. ~656 x 750 (4 92,000)
768 % 5346 (363,528) 17— 720 %856 L4 r320)
< - ‘\
© 8. 76 x 3498 (245,349) 18, 384 x 507 (/94 693)
9. %038 x 79 (319,002) 19. 834 x 720 (400, 440)
. T~ . wo s
, 10. 57 x 7239 (412, ¢23) x 637 (2(7, 745)

-
-

L4

v
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Use mathematical sentences to help solve the following

.broblems. Express each answer in a complete sentence. .

»

-~

o

P

-

22.
)

N

23.

24,

There are 64 rows of seats-in the auditorium.

There are U5 seats in each -row. 'HQw many people
b4 X 4&'5 !

= 2,8%0 '
A

Z'PW“"
_‘;‘ M‘L}t«‘.an.\.

can be seated in the auditorium?”

-John kept a record of how ,much gasoline his family

Ay

car used on their vacation last summer. They used

167 gallons. If they can travel 18 miles on each
e )

gallon of gas, how‘many mliles did they travel during

their vacation? (/f x /67=mn , Nn=300¢
Doawlid 360 tihe duny v melom - )

A brick wall is 126 bricks long and 42 bricks

high,.

How many bricks are there in the wall? .
( #ax7ae=n

n= §,292 art &292 ol ;.11.-...2?.)

If 176 nails are used in making a shoe, how many

.
o

nails are needed to make--23 ~pairs of.these shoes? = -

-~

@:as‘sf 33X =N g0 pall Mm.u,z;..;.t.)
$ex6zn =3 1 .

A hélig%pter makes a round trip of 102 mlles three
times daily to collect and deliver maik in the San
Francisco Bay area., How many mlles-does it travel

in a year?
3)([01 =

(Note: Use 365 days.) = . |

3xﬁ21.ﬂ(=h
304 23¢5= 1 ! ( - )

e ,ﬁéhﬁriﬂi Trocide 11,690 siible L a s,
. - ’

£

4oy .

~

- 4k L,

- T
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MULTIPLYING LARGER NUMBERS S L

Example 1¢ ' Multipiy 4365 and “.7439.

) _ .T439 )\ ) -

» . . X 4365 _ N

| © 37198 W )
hy6340 7
2231700 o

29756000 - {

32471235 o

-

How many partial products are there in this example? (¥) .

e

- . Example 2: Miltiply 5063 and 8309. - .

, < ‘
’ ¥ ‘/\8x9/ . .
o X 5063 ‘ A

24927 '

498540

41545000

42068467 '

Notice that there are only 3 partial pro&ucts in thiﬁi‘
example. -Expiain Irow each of these partial products was ]

\ ﬁ ) ; A

., obtained. . ‘ ’ v

R,

v

Multiply the numbers in the following example and
compare the product with the product in example 2.
4 . A . 5063 , o
. , L—- . I

Are the products the. sameO\yrA Vhy? G&“M~L

Are the partial products the same‘z( x! Whyv(gm /_f

. 405 - ,
‘ | ; .
(' \._..// 41 ’ . R . .

&




Exercise Set 2

*
Y

/ Use a vertical form to find the product of each of these

pairs of numbers.

-~
v | | ’
- 1. 537 and 4372 (2,347,74*/) 11. 3542 and 4673 [14,&51,94&)
2. 200 and 317 (43,420) 12, 234 and 3112 (724,308)
3. 95 and 897 (#(,02) - 13\ 909 and 673 (¢n,257)
y . _ . . V
" 4. 4569 and' 5007 {22,974,9¢3) 14, 231 ana 706 (/43,_094)
wﬁ - »
. ‘ . )
5. 957 and 8060 (7,7/3.42") 15. 3570 ,2nd 4987 (17,903,572)
. T . B
6. 357 and 892 (3/4,4#%) 16, 8971 and 6175 (5377, 93)
LA
Tl
7. 5430 and 9 (4,012,770 17. 2005 and 2131 (4, 242,393)
K} . ¢ ]
' N

, 8. 709 and 5080 (3,6'0/,7—“’) 18. 3672n-and 4819 (17, 695, 36¢)

-t

9. 101 Qnd 529% (52,,923,) 19. 8080)B and 5599 (%237/ 920)

?

'10. 3586 and 367 (1,316,061) 20, 2712 and 3486 (7,45%033

LA
’/ ’
. - R -~

Ce 406 "L

416 -

%v
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Use mathematical sentenpes to help solve the following

problems. Express each "answer in a complete ‘sentence.

4 LY

-

21, . A cab driver makes many trips to and from a large city

a

3.

»

airport. He drives about 315 miles a“day. About
how many miles does he drive in 28 days? -

(zfxm-_—n N ,92040«/4«%1?4?,)

n= 28 920

A grapefruit orchard has 32 »rows of grapefru;tt t‘fees

with 45 trees in each row. How many trees, are, there

in the orchard? (3.‘7”’_455 N e am 1940 T ﬂoe-‘«*[>

= J44o.

A jet plane travels 485 miles per hour on the a'vera'ge.

¢ .
v One month it is flown 114 hours! If that is an.

2y,

25.

Zverage month, how many miles is it flown in a year‘k\

14 X 4885 x J2=n - nidx dgsa b 24 o ca3, uz0
h= 63,490 55,390 x1a=n 4 /L“”‘ 4
’ n= 663,480 ade 2 a Fandd

The Lincoln family spent $224% for an 8-day trip. = -
If they'spent the same amount each daer how much )

should they plan to save for next ;year's 2l- day
Aasf + 8= p

- (adu22) 2 212n
Ap=p o -«.,.-. 5‘5’5’
29 x3l=n n= 58 .

n=5P ",

trip?

There vWere 103 ~passengers on a Jet-plane going Ironi

New Yorka to Toronto. Each passenger was allowed to '

take 66 pounds of luggage without charge. If each .
passénger took the full amount, how many pounds of

free luggage were carried? -
b6 x 103 :=n . (
(- n= 6792, ‘7"76“"“#2?‘“‘ ?’7""" )

lJr07 , ‘

R ;,41‘7

P



K A SHORTER FORM FOR MULTTPLYING

Objective: ~To develop a shorter form for multiplying

-

- . v

Teaching Suggestions:

~

At this time it might be well to call
attention to a way of shortening the form
of recording partial products. |

]

Put several examples on the chalkboard
and ask pupils to discover a shorter way .
which has been used to record the partial
products. As in the earlier development,
pupils should not be given a rule but should
be led through examples to discover one for
themselves, although they-may not be able to.
verbalize it precisely. Neither should all
puplls be expected to arrive at the same ; °
level of. achievement at the same time. d(_\ '
course, pupils should be encouraged to use
shorter forms as soon as.they appear ready
for them. s

You may wish to use such examples as
the fol lqing: -

562 562
‘ R Zifﬁg X A7
3934 T 3934
22180 . 2248 .
26414 26414 ] ]
362 | 362 ‘
x 475 X 475
) 1810 1810
25340 g 2534
144800 1448 ¥ '>

171950 171950 )
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A SHORTER FORM FOR MULTIPLYING .

done to shoftefn the way we record the partial products.

Why tan we do- this?

! . 5476
Ve X 3528

109520
2738000
.16428000
19319328
¥

Examgle _2_

439
x 605
2195

A 2631400
265595 .

-
W

43808 = ~

4

kog

419

. énBo (
16428 .

¢

Study the following e;gamples. See what has joeeh ¢

| 5HT6
x 3528

43808" .
10952

19319328 e .

i

A£

' x 605 ,
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4+ ‘ Exercise s_etzz Lo ' . C fes
° ’ ) -
L . L. - ! .
- ' Use a verticaEL form to find t,he) pro&uct of each- of“' N .
these Pairs of humbers. ' ' ’
¢ " P - ~ -
v 1. 47 and 63 (2.%/) 11. 25 and 2359 (69,995)
- . . - . gi -
2. 92 and 78 (7,17¢) 12. 465 and 750 (344,7650)
3. 478 and 356 (170,/44) 13. 3049 (and 4340 (13,332,440
' : Cy R
s . ‘r . . . L v - , K
b, ‘4234 and 6209 (26299 %4)1%. 89 .and 7& (6,744) °
& o " ‘
‘ 13
5. 465 and 688 (3/9,940) 15. 729% and 325 (1,3%,550)
“ ’ . 4 o Co .-
6. 407 and 629 (25¢,003) 16, 8 ana 1289 (74,7%32)
7. 63% and 6070 (3,9453%) 17. T3 ami 496 ( 344243)
&
. X . o N /\
o .8 o7 ana to1 (34997) 18 267 ana 639 (/32,273)
’ ’ e ,' .
3 9. 392 and 8u47 (332, 02*‘) 19 36 and T4 (l’?., ““Ol'
lo. 5t ana 286 (/5##) 20. 66 ana, auy’ (16,392)
1 .
i
IR 410 .
_‘,:;v/. kX . i
,"‘“ \-‘/ % ’
/ ‘ 420 ‘5

ve
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EXPRESSING NUyBERS TO THE NEAREST MULTIPLE OF TEN

7 .

Objective: To aevelop skill in expressing numbers to the --
« nearest multiple of 10 . -

i ' i A
Teaching Suggestions:

~
S~

. Expressing numbérs as multiples of 10 and
K =1l 100 1is useful in dividing by larger numbers.
| Although there are several techniques for ex-
. pressing numbers as multiples, only one technique
is used throughout the unit..

~
»

The number line is a helpful visual aid,
therefore 1t is used throughout the exploration.
You should have .2 number line with points
label'ed from 20 \though 50 on the chalk-
board befdre the lesson begins.

It i'$ important that children be led to
discover a way to détermine the nearer multiple
off 10 to any number. The' development of
formal rules should be avoided because it~

"%;ggngntly leads to rote learning rather than
;, nderstanding.

Exploration: Look at the number line on the chalkboard.

P S S Sl P G G G\ oD & & 6 Ol —O—O P S .
->—o - o L 4 g 4 - 00— —0—0—0—0—0—F—y

20 22 24 26 28 30 32 34 36 3B 40 42 44 46 48 50

~
[4

1

Find 28 on Ehe number line. Is it closer to 20 or

30? (30) If yéu were asked to express 28 to the nearer
multiple of .10, would you choose 20 or 302 (30)

Wny? (28 1is nearer to 30 than 20 on the number line.)

/
Find 37 on.thé number line. Is.it closer to 30 or
40 (¥0) If you ,were to express 37 to the nearer multiple .
of 10, would you chooses 30 or 40%? [40) t :

. Is 24  closer to 20 or to 30? (20) How should 24
be expressed to the nearer multiple of 10? (20)

»

411

. 421 "~

PLEEEN ot
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Cs

(‘

~

-ﬁ‘_ ]| lead chlldren to see that to find the nearest .

_Consider the points shown from 20 through 30. If we
were to choose the nearer multiple of 10 to e1, 22, 23,
or 24, what number should we choose? (20) If we were to
choose the nearer multiple of 10 to 26, 27, 28, or 29,
what number should we\choose9 (30) e -

What about 259 Is 1t closer to 20 or ,30? (25 1is
the same distance from~20_as from 30.) )

How can we choose the nearer multiple of 10, to 257 -
Should we choose 20 or 30? (We don't know.}

Except when we Have 5 1in the ones! place, it.is:easy
to see the nearést multiple of 10 to a number on the number
line. How can we know the nearest multiple of ten to a number
when we have no number line? 1Is there a way to discover
quickly the nearest multiple of 10 to any number”

2

~ . - . -~

4 * 1 gl

. Some child will suggest that if the ones!t
digit 1s less than 5, think of the next 1ower
multiple of 10. 1If the ones! digit 1is gr
than 5, ' think of the _next greater multigle of
10. You should not expect the child to state .
this idea 1in such'precise language, nor is it
desirable that he do so.~. It is important for -
children fo be able to understand and use this
Jmowledge. . -

When we havé a 5 in the ones! place, N

multiple of 10 we will have to make an
Sgreement that eteryone will do the same thing.
Lead children to &gree to use the next higher
multiple of 10. J - o

“« e
. . -




Let's find how well we can use'our new way to find the
nearest multiple of lQ‘,to a.number. What is the nearest
multiple of 10 to 422 (%40) to ‘562 (60)"
to 752 (80) to 492 (50) to 152 (20)

Consider 144. What number would we use as the nearest
miltiple of 10 to 1443 Should it be 140 or 1507 (1%0)
Why? (If we had a number line, {44 “is nearer to 140 ~
than 150.) Do you think the way we.found the nearest .
maltiple of 10 earlier will help us with numbers like 1442

. (Yes) ' ‘ -

[ 4

_ What is the nearest’ miltiple of 10 to 2797 (280)
to 3452 (350)  to 5722 (570) . ‘ .

L3
Read and discuss with the puplils the
section in the pupil text entitled .
ressing Numbers to the Nearer Multiple
of Ten., If you feel that additional
practice is necessary, provide other oral
Qr written exercises,

4

2

P
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EXPRESSING NUMBERS TO THE NEAREST MULTIPLE OF TEN S 2
P .

-
o
-

40 42 44 46 48 50 52 54 56 58, 60 62 G4

*

»
. -

' 1
Ve have usgd a-number line to help us see tﬁat:

53 1s nearer to 50 than 60.,

. = 58 1is nearer to 60 ‘ban 50. {
5\ -

We have discovered a way to find the hearest multiple

’

-

of 10 to a numi)er without using a numbér line,
v
/—: , . -

.

What is the nearest }nult;ple of 10 to/e@ch of these

numbers? ’ ’ , J
‘ e ~ o

A

92\/(90) . 61" (‘0) 383 (3?0) : 134 (l 30)
49 (52) , 31, (30 285 (2%9) - 288 (299
' L\ 2 ‘
75 {°) . 46 (50) 567 (£70) 476 (#8)
\ . I . . O~ :
g5 (m -+ sg (e0) 68 (k80 . . sy ()
) }@ - !
b ] . - > -
17 (29 © 25 (39 139 (149 675 ﬁmy
| o Ty
- . |
. . 4y k . .
.. : \ |
s 424 - ' |

L4
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" EXPRESSING NUMBERS TO'THE NEAREST MULTIPLE OF ONE HUNDRED

CE L N
N Objectigg: To develop skill in expressing numbers to the’.
’ . nearest multiple of 100 ,
Materials: _ A number lihe numbered 100 through 200

4
Exploration: ’ s

-

Look at the number line on the chalkboard.

—d

-

Find 160 on the number line. .Is it nearer to- 100
or 200?° (200) What number would we use as the nearer
multiple®’ of 100 to 160? (2007

., Find 125 or»the number line. Is{ it nearer to ﬁloo or
éOO? (100) A What number should we choose as the nearer
qultiple of 100 to 1252 (100) How could we find these-
multiples if we did not have the number line? (Ve could
work with-multiples of 100 Just as we did with multiples
of 10 only now we look at the tens! place of our numeral. )

; ', -
’ Is 150 nearer to 100 or 2007 .(It is half-way _
between them. )

When we were finding the nearest multiple of 10 to
numbérs 1like 45, 65,.125, etc., what did we do? (Ve agregﬂ
to choose the higher multiple yhen the number was half-way

_ between.the two multiples.) '

. BWhat shall we do here? '(Lét us again agree to choose the
pext higher multiple of 100.) !

*  Vhat shall\we choose for 150? (200) 3507 (4%00)
n

300 110 120 130 140 150 160 170 180 190 200

v .\\ -
- What is the nearest multiple of 100 to each of these
numbers?
. " 170 (200) 195  (200)
212 * (200) - 486 (500) 7
k29 (h00) 130 (100) .
128 (100) ' 253 . (300)

250  (300) ) S 750 (800)
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it EXPRESSING NUMBERS TO THE NEAREST MULTIPLE OF ONE HUNDRED
’ . - N . i “ : ; »

I B g o ST S UDUDUD S o’
"100 #10°* 120 130 140 150 160 170 180 190 200 210

B

AN

w

-
\\ We have used a number line to help us see that:
142 1is nearer to 100 than 200!
‘§
167 is nearer to 200 than 100. 4
VWie have discovered a way to find the nearest multiple
of 100 to a numBer without using a number 1line,
! What'is the negrest multiple of 100 to each of these
numbers?
il rd
145 (7e0) " 253 _(300) 150 (Sa0) 666 (720)
155 (200) " 203 (200) 230 (100} 623 (1o0)
, 186 (a0 - \_s8s50 (j00) 346 (300) 650 (700)
174, (200) 290 (320) 304 (700) 857 (20)

v,

156 (220) 224 (200) . 572 (_100)‘ “749 (720)

» +




DIVISION - (
) - o
Objective: To help pupils be,comeﬁ more proficient'in dividing

using large numbers

2

. Peadhing Suggestions:

The exploration in the pupil text reviews
the language and techniques of division.
Increased emphasis 1s placed on the lmportance ; g
of place value in using shorter forms. At the
end of the review, it is suggested that pupils
try to find a still shorter way of dividing
whiting only the quotient and remainder. En-
courage children to- shorten their work. Do - -

- . not tell them at this time. With under- —
N standing, children can develop short cuts on
their own. : :
1 ’ =
Read and discuss Review of Divigion in '
» the pupil text. If some pupils cannot shorten ||
their work readily, reassure th that they
will receive help later in the chapter. Do ~ L
not dwell ori & shorter fo t this time; . '
rather, be supportive. :
2 t‘
) .
< g
- A
. . ’
N -
- L 4
.‘ v o I »
b .
. . K R .
L] / « -
117 -
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“REVIEW OF DIVISION .
Exploration
In Chapter 3 we 1e5rned abeut 'a shovter form for dividing.

3 ! .
* The boxes below show several forméufor dividing 836 by 6.

Longer Forms

139 . e
] o - A Shorter Form
30 :
100 ' 139
6 I 556 6 7B 6 1558
600 ' 600 | 100 600 *
~ 236 236 ) 236
180 180 30 | 180
) 56 561+ . Y 86
o .2*_ g o
2 2 139 | 2

-

When 836 1is divided by 6, what is the quotient? What
is the remainder?. - Coe

Find a mathematical sentence that tells us that when we
divide 836 by 6, the quotient 1s 139 and the remainder is 2.

.

We may say that 100 and 30 and 9 are parts of the
quotient. Using plade value, explain how the shorter form
“tells us this,

’




R84

]

¢ ¢

In this chapter we are going to learn about dividing

ers. We élsb will learn things that can | '

v ~ 3 .~ . . . [

~

/Can you find a short way to divide 928 by 6 so <

that you need to write only the quotient and remair@er?

I§ you cannotﬁgiscover‘this short hay of dividing,
this chapter will help you with it later,

@ ‘ .

ERIC .7 ”
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Exercise Set 4

! x

- For each of the following, divide the.first

numbeg by the secopd.\-Wriﬁe a mathematical.sentEnce

to describe the result.

1. 579 by 8 7.
&E79= (72x8)+3

2. 6847 by 9 8.
‘ L947= (2605 9)+7

< ' "

'3, lWig6 by 8° 9.

‘ Y9 = 5“2);9

\

g b, 4701 by 8 10.
#0) = (527x8) +& .
5. 1728 by 9 11.
)78 =792 X 9

~

4758 by 9
K958z (529x9) +6

1690 by 5
'/490; (339x5ﬁ+-0

’ ~
5670 by 6 .
SEI0= 945X

-1

3549 by 5
3549 ="(709x5) + 4

5535 bf T
5535 = (790 7)) #&

. .. N ) .
"6: 2505 by 5 ‘ " 12.. 6572 by 8

AFa5 = S0fxET

£592 = (2% 8)#4




DIVIDING BY NUMBERS GREATER THAN 10

»

®

AND LESS THAN 100

Teaching Suggestions:

- " Throughout’ the remainder ‘of this unit, )
| considerable exploratory material has been

included in the pupil book. It is im-

portant to follow the development carefully.
N Note that much of it is done by raising

. questions. These are not necessarily all of

the questlons that need to be dsked about .

the examples. Indeed, you may need. to ask 4 .

many additional questions, It is hoped that . .

pupils by thinking, -discussing, and com-

puting yill develop insight into the process.

Essentially, the intent of -this unit 'is fb
to.guide through inquiry, rather than to
achieve rote learning. ! ‘

-

N e ey
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DIVIDING BY NUMBERS GREATER THAN 10 ' AND LESS THAN 100 ° .
: Exploration -

Let us divide 859 by 23. First, we will use one of the

long forms. After we do this, maybe you cah sSee how we canp'use
A . . .
a shorter form. ' '

. : T ] < - 3
‘ 23 ) 859 | 23 789
\ 6% | | g 6% | 30
f‘ _ 169 I 169 | A

A. - W11l the quotient be at least 107 (Yo, buwmes 231/02 230 el 230 <200)
Will the quoti®nt be as great as 100‘7()&,&«-..:.21x1w::;w¢~l2!“7ﬁ¥)‘

g~ hat does this information tell uso(Jl»,.w,..uL,,..z, 2. /0
Uioo M., Jac.

*

B. We can use multiples of '10 to help us find part of the¢ .
. . quotient.® . T :

t

What are the multiples of 10 that are less tham. 1007
10,20,30, .,4,90)

We try to find the largest multiple of 10 that will De

L4

part of the quotient.

-

. What 1s 10 x 237 (230)  Vnat, is 30°x.232 (490)
. What is 20 x 237 (#4)  What 1s 40 x 232 (920)

. Have we found the largest multiple of lg that will gp
part of the quotient?(}y*) What 1s 1t C?Q)

©

How do wé know ‘that 30 1is the largest multiple of 10

that will be part of the quotient? (3'ax 3=490; 40X23=920,
: . 516>889.) . .

Now explain the work shown in the boxes near the top.of the

" page>
422

432




<
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4

C.

’

- ]

Now we will find the remaining parﬁ of the quotient.
How do we know that the remaining part of the quotient
_will be less than 107 (/0723 5230, a~d 73D>/4’7)

$

We try“to find the largest number so that Lhat number times
2% will be' no greater than 169 What®is 1t9 (7)

How did you find that 7 15 the largest ?umber t;}je

+ Now explain how the work in the boxes belog: was completed.

37
7 ' ‘
30 _ |
|esm | A= |
. _6% | 6% | 30 _
© 169 169 ‘ (
T sl ae| 7 ™
8, gl '3z -
S ~

‘We divided 859. by 23;

<

Wnat is the quo'tient‘? (37 )

What is the remainder’? (Q)

write a thematical sentence that tells us these things. A

#59=(37x23 )+2 |

Show how. to cheak youriwork.

~»

a3 - .
x37 b
A

T
-

S
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Now let us divide 172% by 67. ‘I‘woéfoi"ms for doing this

are shown-in the boxes below.

- L]

5 ’ - . ° 3 \
) 20 ' ) ) } ‘. M 1 Pd
’ 67 T 17ek : 67 J 172F ] T
1340 - "asko| 20’
384 \ . - 384 ‘ .
49 y . ol 25 °

Answer these questions, about tr;e divi"?sion. . .
L 4 « . .
How do ve know that the quotient must “be greater than 10

o (JORET=070 |, o0 x (7= 700, Bia 470< 1724
but lﬁss}lthap 100 (4—-.( 4700)/'71}4 }‘.;ZJMLMM-.@‘.JL&’?)

~Multi omlo help us fi e’ first. part of the
% Bt [
quotient ;can we find the largesgt‘, mul'siple of '10 to use

Ly
as the first pa “%f the gudbiemt;? What 1 11;9( Jo) .

e R F J

How do we know that the rema.ining part of ‘the qﬂotient {
. Will be less than 109 %—( onck- '_‘ ’470«?39‘/ )_

YopnE® 7., ". T~ .o
the' qu?é’ﬁent? What = =
Yo : .

How can we find the remaininé}par

1s 1t3 (5) S . ;
M ﬁ a'\
We divided 1724 by 67. « .
) What is the quotient?, ( 257) oL e
v : -~ 9" O

What is the remainder?. (4%)
Write a mathemafical sentence_that ,tells us these things.

1724 a;xn +49 .
. * - e . ( _ i
S ) . hay , ' IR
‘ . - ' . L3
: 43+ .




Exercise Set 5 | ; ,
Divide the first number by the second number. Write -

a‘nathematical sentﬂence to describe the result.

. e
1. 6ot fby 82 ‘ , 6. 1%090. by - 73
(£2 x’7}+3{] . lz/oyo = (73»54)-} lJ
! ’

3k by 41 . 7. 5136 by 66 ‘ . -

. Yo _Q/xy)wl_] ZJ/.BL (44:77)+.s‘4]
3, 2681 by 39 . 8. 184 by 27 -
243/:(3‘7}@9)4;9 [/yl/:(z?x(a)fz:l]
[ - , - % , " | ’ ,
4, 2464 vy 57 9. 6434 by 75 - / ‘
, ’ [2‘/44 657’“‘3)4"3] [443}‘: (7.5‘;(95)-)‘57_]
' 5. 695 by 94 S 10. 5103° by 88 )
! [495' (7‘/*7>TSZ] , [5/03 (22 xs'p+ 5’7] ' l
R . R . 3 o - h
“ ~ ) ~ - /.
. T N .




Use mathematical sentences to help solve the following ,

£

problems Express each answer in a‘complete sentence.

11.

T2,

13. |

15.

>

-]
. ¢
‘

It cost %128 for a bus to take 32° fifth—graders

to the state capitol How much does &ach pupil have

tO pay‘)[/i? (31 XLH)+ Y. MMJ/(A@X/&A} 4. OOJ

© ) [
A box holds 24 books. How many boxes will be needed

“to hold 984 books? (9?'/ (a¢xn)+v
d/=n

| 9

-

~

N -
A store Nad a sale on one model of a bicycle. 68
bi®ycles of this model were sold Tor a total amount

of $2,856. What was the sale price of a bicycle? -

e e T

42z h
Jane has stamps that she wants to put into
45 gtamps in each envelope,

W man envelopes will she _negd?
[230 &hrxn)+v~

4=n 9“'*'”'“47””"'//4 ‘“”“%“‘ﬂ]

An _automobile is moving at a sPeed of 28 feet
‘ - »

630 -

en&qlopes. If she puts

How many seconds will it také it-to.move

[7?0=(27xh) el ke Xl

» per second,

980 feet?

\ 5 3s5=n wazm 930
) [}
-
I" ‘\ -
\ . ﬁ 3
A
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FINDING SHORTER WAYS OF DIVIDING

Teaching Suggestioné: R

|

. need to be delayed until later.

-

*

. 'This pupll exploration contains several
shortened forms. Depending upon yow class,
you'may wish to emphasize only ‘part of it at
this time. There is some advantage, howeveér,

for puplls to have several shortened forms

before them, Because developing a shorter
form varies with the individual, the display.
of several forms suggests various possi-
bilities to children. ) .

Throughout the work try to encourage
pupils to select the one form that they
understand best and then concentrate on it.
Children should not be expected to have
equal mastery of-all shortened forms. 'They
should shorten their work only in-so-far as
they understand it. X

In this-lesson, it will be profitable

to write on the chalkboard examples similar .

to those in the pupil exploration. You may
wish to begin by showing elther Form I or
Form II (whichever your class has uSed),§
and comparing it with Form A. When this =
comparison 1s made, the work should be .put
on theyboard &8 the discussion unfolds.
This calises pupils to focus more directl

on the topic under discussion, , - =

As seems—fdvisable, continue comparing
the’other forms. Remember, it is not ex-
pected that all children will attain the
level of skiIl needed for Form C. For some
children, the introduction of Form C may
In any
event, this'exploration 18 one to which you
may want to return freguently.

. b ¢
When children are asked to exﬁiﬁin‘the
work 1n examples, the#«may need-to be guided
by leading questions provigied by the teadher.
Such questions shoudd gerve to emphasize the
importance of place value. )

-

. gy | i
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« * FINDING SHORTER WAYS -OF -DIVIDING .

@

/ Exploration

Let us think about dividing 836 by 6.
We have 1earned how to, shorten our worf/;réé elther one

of the two forms at the left to the one at the risght.

139 '
. ’ 9 .
30 ,
100 - 139 *
' 6 786 ° 6 TBE6] o 6.7 556
’ ~600 600 | 100 600
) . 236 . - 236 C 236
180 -+ 18| 30 - 180- -
. o
o, 56 . 56 56
: 51 -3 - 54"
2 : 2| a39 e 2
, ) .2 SEO
’ . We divided 836 by 6.? : ’
- What is the quotient? (139). )
. . ) o
What is the remainder? (2) 3
i N . ~— = .
2
What mathematical sentence tells us the e th ngs°
< [954- (oX/39
. ) Explain how we used place value to shorten the writing

of - the quotient numeral in the form at the right.




S o .
. . .
v : ‘ - ” ‘ ) ' -
Now let us see hé:w we can shorten our work® even more.
. . . .
R i}g : ' A 139
T . 67B% 6 7856 - -
‘ ( 600 ———— > 6 ( 6hundreds)
236 ' ' 236
_180 * > 18 (18 tens)
s 56 .. s
. ‘ ._)5.11 : >.____5_4_‘(54 ones)
- S R

. - i
of the quotient numeral. In the form at the right we also
use place value to help izs_shorten other parts of our '

work. ‘ ' R

- "

. .4
.How did we use place value to shor'cen the writing
w

" of 600'7’(7‘1¢ JM‘J‘““*"J A ¢ = ’
} AL Brr® éoo. ) * -
» [ . ' N v ,
; . . ( L .

How did we use place value to shorten the writing

of 180‘7 ('LJ:.MA"‘—&'JW /97‘1'«4.‘21.%_.. w/fd)

PY e —

[ | } N ' N ’
. *

N Covot et Mt

.
. -~
. . )
- * N . i N

‘. Why s 54 wrdtfen th