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. o . PREFACE .

This- publicatjon shares with the interested individuals the results
of an exploratory investigation aésiéhed to gain insiqhts into the
children's mathematical formulation of observed actions. upon objects.

It is hoped that the-reader interested in research on young. children's
mathematicad thinking will. find this publication a source of ideas for
further exploration of this area.

special gratitude_is expressed to two doctoral stude:fts in Mathematics

Education at the Florida State University:. Patricia vampbell, for assisting

the author with the managerial aspects of the 1nterv1ews, and.Max Gerllng,

for vxdeotaplng the interviews. °
L3P * ’ ’

Thanks are due to the Pro;ect administrative adsistant, Janelle Hardy,

for coordinating the technical aspects of the preparatlon of the report, and »
to Joe Schmerler for the typing.
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FOREWORD

. -Ed Begle recently remarked that curricular" efforts during the 1960's
1aught us a great deaT about how to teach bettér mathematiics, but very little
about how to teach mathematics better. The mathematician will, guite 1likely,
‘agree with both parts of this statement. The layman, the parent, and the
elémentary school teacher, however, ugedtion the thesis that the "new math"

" was really better than the "old math." At, bestU the fruits of the mathemat-
\ics curriculum "revolution” were not sweet. Many judge them to be bitter:

While some viewed the' cuxricular changes of ‘the 1960's to be "gevolu~-
tionary," others disagreed. Thomas C. O'Brien of Southern Illinois Yniver-

" sity at Edwardsville recently wrote; "We'have not made any fundamental change

in sohool mathematics."”l "He cites Allendoerfer who suggested that a ¢
curriculum which heeds the ways in which young children learn mathematics is
needed. Such a currigulum would be based on the understanding of children's

'thznklng and learning. ‘It is one thing, however, to recognize that a

conceptual model for mathematics curriculum is sound and necéssary and to ask
that the child's thinking and leatning processes be heeded; it is quite
another to translate thgse ideas into a curriculum which can be used effecr
tively by 'the ordinary ementary school teacher working in the ordlnary
elementary school classroom. * -

Moreover, to propose that childrfen's thinking processes should serve as
a basis for curriculum development is to presuppose that curriéulum makers
agree on what these processes are. ‘Such is not thes case, but even if it
were, curriculum makers do not agree on the- implications 'which the under-
standing ‘of these thinking processes would have for curriculum development.

In\:%e real world of today s elementary school classroom, where not much
hope for drastic changes for the better ¢an be foreseen, it appears that in
order to build .a tealistic, yet sound.basis for the mathematics curriculum,
children's mathematical thinking must be studied intensively in their usual

- school habitat. Given ‘an opportunity to think freely’, children clearly

-

display certain- patterns of thought as they deal with ordinary mathematical
situations encountered daily in their classroom. A videotaped record of the
outward manifestations of a child's thinking, uninfluenced by any teaching
on the'part of the interviewer, provides a rich source’ for conjectures as to
what this thinking.is, what mental structures the child has developed, and
how the child uses these structures when dealing w1th the ordinary congepts
of ar1thmet1c.. In addition, an intensive ana1y31s of this videotape .
generates some conjectures 4s to the possible.sources, of what adults view as
ch:leren s "miscenceptions' and ‘about hWow the school environment (the teacher
and the materials) "fights” the child's natugal thought processes.

-~

| . . .
The Project for the Mathematical Development of Children (PMDC)2 set out

-~

l“why Teaeh Mathematiés%& The Elementary School Journal 73 (Feb. 1973),
258-268: -~ - N - ’

e -

2pMpC is supported by the National Science Foundation, Grant NO. PES 74-"

- 18103-p03.




: to ereate a more extensive and reliable basis on which to build mathematics

. curriculum. Accordingly, tle emphasls if the first phase is to try to
understand_ the’child¥en's intellectéal pyrsuits, spec1f1cally theiy attempts
~to acquire some ba51c mathematical skills_and concepts. : .

t
’ -
« - .

The PMDC, in its 1n1t1a1 phase, works wlth chlldren in grades 1l.and 2.
These grades seel to comprlse the’ ‘crucjal years for the development of
bases for the future learning of . mathematics, since key mathematical ¢on-
' cepts begin fo form at these grade leyels. The chlldren s matbematlcal

development is studied by-means of: _ .° , i
1. One to-one v1deotaped 1nterv1ews subsequently agalyzed by various
individuals. - . - - .
2.

*eacnlng experlments in which spec1f1c varlables are observed in
.a group teacha.ng settlng with five to fourteen chiigren.” . * - ‘ 4 ..
- - d"- R A = .
-, 3. Intensive observations of ch;ldren in their regular classroom
setting. , S :

{

o
W

4. Studies designed to investigate intensively-the effect of a
« .particular variable or medium on- communlcatlng~mathemat1cs to young
» - children. l - . ~ P .
. Lo b . . » o . : \
5. Formal testing, both group and one-to-one, designed to prov1de
to fuxther 1nsxghts into .young children's mathematical knowledge. ’

[ 2

The PMDC staff and the q§v1sory Board wisH to report the Eroject s
* activities and; findings ‘to all wid are interested-in mathematical educatlon.
One means for accompllshlng this is the BMDC publlcaﬁ;on program. -

. ‘

Many 1no1v1dualg contrlbuted to the activities of PMDC

Its Advisory

Boa?d members are:
John LeBlanC '

Edward Begle, Edgar tdwards, Walter - chk, Renee Henryuw,

erald Rising, Charles Smock, Stephen wllloughby, and Lauren

Merrgn Behr, Tom Denmark,

' Woodby. The’ pqlnc1pa; investigators are:
.Stanley Erlwanger, Janice Flake, Larry Hatfield, William McKillip, Eugene
D. Nlchols,Le;Lard Pikaart;'Leslie Steffe, and the Evaluator, Ray Carry.

A special recognltlon for this publication is given to ‘the PMDC Publications
Committee consisting of Merlyn Behr (Chairman), Themas Cooney, and Tom

Denmark. ‘ . : .
“ . . . Eugene D.rﬁichols,
" . ) . ) Director of PMDC
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L & THE EXPERIMENT
As part of severai types of research act1v1t1es of the Pro;ect for the

" Mathematical Development of Children, a clinical study of flrst and-secon@ .1

e« 9rade children was carried out at an elementary school of about 1,000 °
children in the'sOutheast. The purpose of the study was to find out how
chlldren interpret, in texms of number sentences, cettain actions performgd.
.on physlcal objects. The objects used weére slngle unifix Gubes. To obtain
uniformity of-stimuli, a sequence of actions on the cubes wds recorded on.a .-
v1deotape. The author performed the actions upon the cubes and subsequently
used‘the tape 1ndiv1dually with ehlldren.

' e
3

The sequence of events in interviewthg each child 1nd1v1dually was as
follows: .

.
‘-
w¥

"Step i. After the child wrote his/her name on a sheet of paper, the .ﬂ: &

experimenter said:' 'S P

-. - How about writ%ng a numberrsentence for me--any number
sentence you like? ) . !

) '
If the child wrote something that whs not considered -a -number .

sentence (examples appear late! in the text), the experlmenter .

said: ; . 3 . '
. - - E

How about w wrltlng.somethlng that has 4 plus or a
_ minus and equals sign? ot

-

Step 2. Next the experimenter said: . i .

-
‘

:Now I am going to talk to you on ™. I'll tell }ou to do
- . something. You watch and do it, OK?

4

L .

rStep 3. The eight action episodes were shown to the child on a 20-inch
screen. After each episode, the tape was stopp#d, the-child v,
wrote a sentence,~ and then the next episode was shown. * - -
Each of the eight eplsodes was presented in the same mode. The first
episede is fully described below along with the instruections in the order ~
in which they were presented. These instructions were also repeated in -

each. eplsode.a. . ) - - N
’ Egisode 1._‘F1ve unifix cubes are placed'on a table“asjfoIIOWs{ AR
. Py - ° [ N ¢ - - ' A
- .. B 4o dd o N

/.. -\

, The experlmenter points to each cube, in silence, giving the

, . ~ child an opportunity to  count the cubes. Then he says,

"Watch carefully.” {wo blocksf ofi-the left (child’ s view)

are pushed off the table (a strip of cardboard is used to
assure that the blocks fall off simultaneously). Then the .

Al
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Episode 31

)
wf '

’ Episode’ 6.

I

v
- ~

expefimenter says, "Write a number sentence that Lells*what
I did." The resulting configufation, after the blocks have
been pushed off, remains :visible on the screen .for from
three to five seconds, then is phased out. The child writes
a sentence and is asked to read it. ‘Then the next episode
is presented in the ‘same, sequence. .

.

N
. .

- *0 o o o Od o

. . L] o - ’ - .
I’ - . . _‘ .

2
- N ,'_ ‘___.—-——————P—-— . f
‘%.‘These three blocks are droppeg‘from the tdble simuyltaneously.
o B A . ' - > . ) : . i“
S, T ) - - -0 ,‘?* ’
Episode 3. | : - .- ~ o
S (o 0)Yyo O 04 =N,
- ] '
& The expeerenter picks up_ the twaq blocks with the rlght hand
. . d removes then from the child's view.
B el .
. Episode4. N T ‘ .
.{er: ) D D D D L—J H . Y
) " The experimenter plts up the one block w:Lth the left hand ’
and removes it frém the view of the child. - .
: [ R . 4
Episode 5. , I ,
- -0 o .0 O .0
N ~———~——— :
t — ( )

The experimenter pushes slmultaneously the tweo and the three
blocks together (two strips, of cardboard are used for this

purpose), so that one pile of blocks is formed. .

v
A ‘ . -

O o O E :
> «— I

The experimenter pushes the three blocks and thé one block
together as in Episode 5.

O oo o

é X .o . ]

a 0O
—

The”experimenﬁer, Gsing two strips of cardboard, simulta-
neously pushes apart the two and the four blocks, so that
two sets of blocks are obtained at the opposite ends of

* the table. ' /

1
L

h X
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. was given first.
examples of what. children wrote. N
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ggiséae 8. . \ '
L D D D' D D‘_ D
. i )
M as in Episode 7. -

THE RESULTS '

‘As previously mentioned, it was necessary to ascertain ehe,children

- v

] . -

- U

The experunenter pushes “the 51x and the one’ blocks apart,

- . N ,

\

. haq some referent,fdr the phrase nymber sentence, thus the directions,

How about wrltlng a number sentence for me--any number sentence you-

. llke‘> ' ‘ ‘ R

-

~
.

™n response to these dlrectxons, the- followlng are some

~
.

Ei;st graders . - :SeCOnd graders " “
1234567891011 12 " I like?2 .. e
11 ) ' % I am nine years old SR

; A . '. A boy is big

I had 5 pieces

’ . - 123456378910 11.12 13

(v
. 5' ‘o

<
It is interesting to note that the respo
request for a pumber sentence fall into-t

< -
} sequence of numbers, or

(2) a 3ingle number, or

. 4
(3) a phrase containing addition and subtractio

’ .

In the examples above it can be seen that sec

|
in interpketing a "number K sentence."” This 1n%grpretatlon embraces English |

woer — 0\

@_

i ’ \ ﬂ\\ ?- L » ..
. P CS + ;lk ;1 N .

- I am 6 years gld

e

es the first graders wrote to the
-categories: : , f—

.

gradeyrs are more flexible

sentences which refer to numbers as well as 512e.

\

Followlng the seﬁond se; of 1nstructlons,

4

\

‘.
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A

all .children wrote number sé’ntehces.

4 .c'

-
Y
-
i
- .

How about now wrltlng somethmg that has. a plus or a nunus and an equal

1The following is a summary of t}xe results for 22 flrst graders (beglnnlng ’
‘of March) and .25 second graders’ (middle of October). %

Egisode 1. Five blocks ‘on the table, two- pushed off .
Sentences written by %hildren ‘?:, Fregquency
- - »" iy : . * B
-0 ¢ e , " Pirst graders - Second graders
L K | . _ :
5-2="3, N 12 (6 horizontal, 14 (12h, 2v)
‘ oo - o 6 vertical)
’ AN . .
@ v o . . * .
5-'3f=2 0 3 (2h, 1v)
W . 6= F=3— | .2 () 1 (h
‘, L '/-/3-/‘ . . \ . . .
' % 3 ' Al ® " + l‘ ¢ N 2 -
“ A\' . . - _ ":f:‘ -
other’ 7 5 {
—_— £ -
, . ' 2 ’x';: “4»" '
Epispde 2. Five blocks op the table, three pushed off - )
' " 3 ‘~' N ' v .
Y 5 e 3=2 0 - " © 12 (6h, 6v) 21 (17h, 4v)
L2 - 1 2
N ' : ":‘ v e
~ S5 =2=3 1 (¥) 1 ¢h)
—-other / '8 1 .
T '? - . . .
EEi”so'ded. Five blocks on the table, two picked up
‘ ' 5 - 2-=3 12 (7h, 5v) 21 *(17h, 4v)
* - . . Y \ 20
3 . 1 . : 2» 5 :
\ . - pr] h
-
othe¥ 9 ) 2, N
. 1 S
Ep_,lsode 4. ive bl°°f‘f on- the table, one picked up , | p y
. 5«1-= ) 11 (6h, 5v) - 19 den, 3v)
4 ‘ R 1 2
- other N 10 . 4 .
4 - . 10}

i




. 4 T e - = . =
g - ._ . - i 9
Episode 5. Two and three blocks, pushed togetHer . ‘.
 2+3=5 ) 3 (2h, lv) 9 (8h, 1lv)
- ~ * - - \ ' .
3+2=5 ¥ . 2 m ., 8 (7h, 1v),
5-0=5 . 4 (3hy ) . 4 1(h) .
5 oo 2 - - T3 : B
.- ; . . ' -~ ?’\' i o2 ¥
5-5=0 2 (1h, v) . X o
L] - i .
other .o 9 4’ h
glsgde 6. Three plocks aP’d on? block pushed togeﬁlher
N . 1
: 3+ 1=4 3 (2h, v)  © °..12 (h)
» . .. ff" ) "a . .
. 4-0=4 .4 (3h, 1v)" - *27(1n, 1v)
4 ’ "2 L2
B . . ? * 4 ) .
1+3=4 - 1 () ) 1 (v) .
sotger 12 - 8 . =
Episode 7. Six blocks, four and two sep'arated ! ‘e .
Y . ’ - ~ - ) f ! '
6 -2 =4 « o 9 (5h, 4v) 6, (h) .
6-6=0 - 2 "(1h, 1v) 4 (h) ) ’
— ¢ .
6-0=6 3_(h) T2 (me ' v
r PN B e - .
6 -4 =2 . 0 2 :
’ - P
6 _~. 0 ! ! 2. -
~ 0 .2 . .0, )
other . ‘6' i 9 : 2
_ + Episode 8. .Seven blocKs, one and six separdted . ' r.
! ‘ . .
7-1=6 . 6.(4h, 20)7 . 11 (h) "
9 . , . . . .
L'7_6=1 1 (v) 4(31:1.,1v)
197 =0 2 (1h, lv))' - 2 (h) -
. f 2 -
?7-0=7 o : 2 - ,
7 2 , -0
. . o
* ! . hd '1 I " - L‘ R
0‘ . ‘i\‘- . l‘-_'—/ . N j
- |
T . ' 1
““*\-: . | ‘ . .
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In selecting the first six episodes tHe PMDC staff postulated "key/

‘_responses. They were as follows:
.o ] .
5-2=3 . 4. 5-1"=4

. -

= 2 ) 5. 2+3=5 or 3+2=5 -

=3 - 6. 3+1=4 or 1+3=4

£y
e

. Accepting these as "correct responses," the percents of "success” are as
folfows: : :

- P

Episode '

Pirst graders~- ’ s Second graders

. 558 S 56%
2 e
55% . " Bas
508 . . : 76%
5 o 23 oy 68%

6 . " 18% ' ) 524
. = . - 4

With the exception bf the first episode, the second graders-have given
the expected responsé much morg frequently than the first graders. It
would probably be safe to ascribé this difference to the effect o the

. longer period of teaching, during which the predominant emphasis was on
addition and subtradtipn. A . N
0 v . o - .

* It is_interestihg to note the differences in preferences for .the
horizontal over the vertical form of writing sentences.  For the expected
regponses, the following are the percents of children who used the

. horizontal form (the "keyed" response is taken o be 100%).

.

>
-

! Episode First graders’ - Sacond graders °
. / - %

M +

© s0s o 48%
50%

58%




The second graders" greater—preference for the horlzontal form (except -
for Eplsode 1) can probably also be attributed to instruction; at that .
partlcular school the horizontal form was used mo:e frequently than the

. vertical form. : L ; .

v,

The construction of Episodes 7 and 8 was motlvated by the 1nvestlga-
tions of children's s concept ef efuality, discussed 1n other PMDC *
publications?. The crucial observatier made in those 1nves¥1gat10ns was a
that flrst and segond graders reject the ity form a = b'Hhc as belng

wrong and "backward.” The authoy s construct’ a dynamic "
51tuatlon-w;th mar 1pu1atives which mi to ¢hildren this sentence
form. . The obvnou ipulation seemed, a motion separating simulta-
neously a set of objects into two subsets. . From the followxng resdl;s, it
is seen that the 1ntended xnterpretation did not take place. It seeqs that
,the sentence form a + b = or.a=~b==%is so strongly imbedéded in -€_ .
children's thinking that they employ these forms to ‘the exolusu‘xof others
in interpreting actions upon objects. . .

. -
[ - .
«

. . » B T
_The following regplts ware obtained for the last two episodes.

¢ . ' R
Episode 7. Six blocks, four and two separated
0

R . . - -
¥

First gradefs ' '* Second graders

N S 24n

16%

7%

other . 36%
T ~

Episode 8. Seveh blocks, one and six separated
N . . ) ";

4 - . e
§ -

1 27y,
7 9%

0 : : _ 0%
’ b :
6 ¥, 5% ' 164

*.other 458 } 32%

. N .
>

3Bahf, M., S.wErlwanqer, and E. Nichols.: Htw Children View-Equality

. ‘Sentencés (?Méé Technical Report No. 3); and T. Denmark, E. Barco, and
Cog. Voran., Final Report--A Teaching Experlment op Equality. Tallahas-
see, Florlda* Florlda\State .University, '1976.

.
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;.w1th the two symmetrac forms. ww. Ty By “'-%ﬂ>__«

\

- N .
N R A
* N . ‘ M . v
K \ . R L . ‘

the’ complete abstlneﬂgi from wrltlng the form a =b %c should be
investigated furthex’. Althoﬁgh chi'ldren reJect it as "wrong" and “bac§§*?d "
one might construct‘'an Exper ent in 4hich children. could be gntloea 1ntg
’pretendlng thét a sentenée lige 6= 4 r 2 1is alrlght and then asked to tell
tory aboat rdal object$ whilh would fit this sentence. It would be
rtant to séarch: Eor models which seem sen51ble tqQ children and ‘which
'promote the concept of equallty as an equivalence relation, rather than as
rator. A study carried out by Coleen Frazer4 points out.that even
Bge students do not possess an operational concept of the symmetric

ease, the ‘symmetric afiq possibly other propertles of equality, does not
necessarlly mean’ that this 1nd1v1dual is able to work with equal success

1

ot L4 & » .

‘ Thls exploratory experiment suggested that chlldreﬁ begln very early in
theif school days to formulate mental constructs about the very crucial
oonCept of eguallty and this particular construyct, possibly extremely
Lnadequate".mlght ger51st throughout the kater years.

.’

Our informal observatlon of second g‘“ders whose teacher taught,the
children to use the phrase *'is the same, for the symbol "=" suggested
that this phrase, rather than "is .equal to” might ke more- conducive to

* children's mental _construct of equality asla'relation.

- » -

. A

If one accepts the thesis that - .young children should indeed percelve

. . mathematics as an "action" subject and that- thé primary goal should be to

¥ e

teach these children how to do mathematics and, furthermore, if one would
- want the symbollsm td be 1somorph1c to students th1nk1ng about the actions
suggested by thé symbols, then the cdénventional use of the. equallty symbol
is inadequa%ﬁ
tions. ,The symbol,s which ‘would be consistent with children's perception of
mathematlcat opayations would have to be a non-symmetric, &ne-way symbol.
For example, the symbol —3> in 14 + 3) —>°7 would more clbsely correspond
toghow first and second graders think about addition. It ‘would suggest that
addlng 4 and 3 results ip 7. The same symbols in 7 —> (4 + 3) should thep ~
possibly suggest separating 7 into 4 and 3. The latt er s;tuatlon, however;'
raises the question about the use of the addition symbol:. is it reaily
analogous to the opergation, expregsed in (4 + 3) —> 7, as the child
. perceives it? Perhaps separation of 7 into 4.and 3 would be more adequately
axpressed by 7 —> (4, 3) and corresponding actiong’on objects performed in
such a' way that 7 ——s (4, 3) would be different from ¥ —= (3, 4).
% ) o N ' .
This investigation‘sdggests that the sentences (3 + 4) —> 7 and
7 —> (3 + 4) portray non-symmétric- situations, as children perceive thenm,
thus suggésting that the equality symbol, intended ‘t6 have "the symmetric
property, 'is not the most appro riate one to use.
9 e matter of equallty and the bas1c operations is central to the
eiementary school-mathematlcs curriculum and keyond. ?he investigation
. . R R H ’ ﬁ i.r ?
. 4Frazer,:é.'D.‘ "Abilities of College Students to Involve Symmetry of Equality
With Applicanions ofAMathematjcal Generalizations," Florida State University,
Tallahassee, Plorida, 1976. g ‘ < ,
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rty of equality. - ;he ability of an individual to atcept, with great .

, More than that, this use i's contrary to. ¢hildren’'s percep- b
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described.in "this paper is-only a begmnlng of the kind of research that -
should continue. The main goal of the rksearch should be to understand

" how childreh,-as a result of their early experiences with mathematics, come
to formulate mental constructs whlch p0551b1y dominate their th.n.nk;ng for

& long time. ) .
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