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“ k4 Beglo :ecently xema.kad that curricular effor:hs during the ,,960‘

FoREwORS-

: taughtz‘xﬁs a great deal about how to teucb bet:te: nathemti,cs. but '.fm:y 2 “
Llittle about how to teact mathematics better.  The mathematiciaf will,”
gg;}fw. Tikely, agree with both parts of this statement. The, layman, the ¥
parent, and the elemamazy schcol téacher, however, gmation &be thesis .
that the "new math®, was rcally better than the ‘*015 sath.* At best, the ¥
fruits of the mathematics curn,anlum‘*“:evomtion were nét syeet. , Many

judga thcm to be bitter. ) _ P A

. . - . :

WHile some viewed the curficulax clianqas of the 196,6}'5 to be “"evolu-
- tionary," others disagrépd. Thomas C. O'Brien ofsSouthern. Illinois Univez~
ghty at Edwardsville racently ’wrcta, *He have not mads any ﬁmdameptal C
change in school mathematics.®l #d cites Allendoerfar Who sungeste@ that a’
curricfiluw which heeds. the ways in which young chiidren Tearn mathematics .
is needed. Such a cirriculum would be based &n the undezstanding of chils
“éren' s“‘..himdng and learning. It is one thinq, hmver:’ to rqcognize that
a.conceptual medel for mathematice curriculun is sound and necessary and .to
ask that the child's thihking and learning frécessas be heeded; it is.quite
another to translate these ideas into 2 carriculun which can be used effec-
tively by the orﬂinm:}' alement:ary schoci tescher working_in the ordinary
T elemer mentary “8chool " clagsroon. .

Moreover, to propose that children's thinking processes’ should setve
as a basis for curriculum development is to _presuppose that curkiculun
makexrs agree on what these processes axe. Such is not the case, but even if
it were, ci’iriculum makers do not agree on the implications which the undex-
standing of these r.hinking processes would havc for curriculum development.

RIS

e S ce g e e — -

Iy the :eal wor;.a of codny s elemenmrj school classrocm, whem not
much hope fox drastic changas for the better can be foreseen, jt sppears
that in oxder to Build a realistic, yet sound basis for the t.hemat.ics
curriculum, children's mathematical thinking must be studied intensively
in their usual schosl habitat. Given an opportdnity to think freely, chil-
dren clea.zly display certain patterns of thoudht as they deal with ordinary
mathematical situations encountexed daily in their‘classroom. & videotaped
record of tHe outward manifestations of a child's thinking, uninfluenced by
.any teaching on the part of. the interviewer, provides a rich source for con~
"jectyres as to what this thinking is, what meptal structures the child has
developed, and how the child uses these structures when dealing with the or-
dinary concepts of arithmetic. In addition, ap intensive analysis of this
" vigootape generates_some cunjectures as to the possible Sources of what adults
view as children's "misconceptions” and about hog the school environment (the
teacher and the materials) "fights” the child's natural thought processes.

The Project for the P.acf;ﬁemt.ical Development of Childxen. (PHDC) 2 set out

I"why Teach Mathematics?" The Elementary School Journal 73 (Feb. 1973), 258-68.

2pMpc is supparted by the hauonal Science Foundation, Gtanr. No. PES 74~
181C6~A03,
[ . ~ ix
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. +* acquizra some basic mthmcical skills and congepts. S

-

to create a~more extensive and zeLiable basis on which to' build mathematizcs
curriculusm. Accc-rd!mglh the emphasis in the’ firgt phase is to try to undaft~
gtand tae children’s igtellectual pursuits, sgeciizcally their At‘,:en:gts Lo

7

) The PHDC, in-its-initial ohase, works with children in gzades 1 and 2.
Thoga grades seem to comprise the cruaial years for the de'?elopmcnt of bages

for the future learning of mthemar.icq, asince, key mathematical’ concepts, begin

. to form at thaese graas levels. The children's mathematical devalopmena is
studied by @eans of: R _
1. One-Lo-one vxdeocaped in:ewiews subsequently analyzed by vanous ,
1ndivi.duals. R4

. * )

2. Teaching éxpeqmencs in which speciiiv Vaxiables are obaer"ed in a
g*ou;: seaahing setting with f:.ve to fourr.een childrens:

3 tnmnsive obsezvations of children in their regulaz classroon setting.

.

4. at\.dies dasicned to investigate intensimly the effect of a particular
variable oT mtedj.uh on comaunicating matbemcics tc young children.

¥

5. Fomel tasting, both zroup and one-to-one, designed to provide further
. insights into young childrer’s mathematical knowledge. .,

The PMDC scaff and the Advisoxy Board wish to report the Project's activ~
ities and findings to all who are interested ia mathematical education. Zne
means for accomplisning :his i3 the PMLC publicacion grogram, T

Many erwidv..als cont,ributed to the activities of PMDC. Its advisczy
Board nembers are: Edward Begle, Edgar Zdwardy, Walter Dick, Renece Henxy,
John LeBlane, Garald Rising, Charles Smeck, Stephen Willoughby and Lauren
Woodby. The prancipgl investigators are: Merlyn Behr, Tom Denmark, Stanley
Exlwvanger, Janice Flake, Larry Hatfield, William 3 c.kinip, Eugerie D. Nichaols,
Leonard Pikaacs, Lesite Steffe, and the Evaluator, Ray Carry. A speuvial
racognition for thig publicati-n is given to the PMDC Publications Cotrai “tee,
consisting of ¥erlyn Behr (Cha.rman), Thomas Cooney angd Tom Cenmark.

Eugene, P. Nichofs -
Director of PMIC
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T The statement "Use mm.ym

ves to teach mathematics® has heon .,
repeated 80 often and in so mpfy different contexts that there iy danger :
. f that the statement will bhe to he ‘accapted to thé point where the usae '
S of manipulatives {n teachyfy Sathexatics sppears o be & panacea. There ‘ ;
s . are, of course, no-panacels in the reaching of mathematics; yet, it is ° S
apparent that thore are more guostions that need to be ansvered abaut
the why and how of usii:g manipulatives to facilitars the leavaing of
pathenstics Than nost writers iemz;n. , -
- - " s . LA
‘vhile it may seem intuitively obwvious that usipg sranipulative aids g
to build a concrete conceptual base will in the final analysis help .o
chiidren to asgociate concepts and the. symba‘i.ation of concepte in & .
meaningfiil way, it seems apparent that'the "gap” betweep children's .
abil.ty <o perceive mathematics thz.‘ough Ean;pulauves and thaoly abilfity - ;’

s : te associate, Byrkolisn with the concept 15 great. The questiqn of now
‘this gap is narxowed and fimally cloneﬂ is & pxoblem that hag hrd very .
little 4nveszigation, . v

» - - ® 2

. . Ly
'Hhan vhildren Ixzs" st.a:: school, they ¢ome with certain mcuit,.v?
notidns about mathazatics. Whether B¢ not these intuitive cctions are .
tappes and built upon by instructicn 17, our schools ig &n-open gQuestlor.
This &5 truesbecause we know very lizyleabout what those intuitive
sotions of mathematics ave.  Childrad have vaziqps fingexr manipulation
strategies £3r doing addiuon. for example. "‘sachmg practlcos fre- -
- quently 8iscourags children frog using these strategias, and indeed,
seldom are these syprategies extended and a relationship between chil-
dren's intuitive strategies and school strategies developed. . .
r . -
Thie publication 15 intended to share with the reader the 1n£qmation “
obtained fram & teaching exyperiment whill dealt with the Juastion., “What are ,
some ixpgrtant variables which affect “how well children learn fron manipu-
lazive ards:™ Ipnformation about the relative effectiveness of Dignes blocks, -
counting stizks, and an abacus for the teaching of p;.ace value concepts te | “
second grade children was lavesti.uted. Mlsc of interest in the oxperiment :
wvas the question of whoether m‘stwr..ic use cf all three of the manipulatives :
would prove to be s0.@ effpctive for loarning thsss concepts than just one
aznipulative, ’

- N

»
Ve e @«:.(}.

i

. 7 -3
The approach used in this study wag that ~f a teaching experiment. The-

concept of a teaching experiment employed was that of gaining prac.ical and ,
anecdotal data in 8 %eaching-~learn.ng situation. The «caz.hin iovolved a N
teacher wdrking with & small group of childrea, rather. ;ban A normal-sized
class. Because cf the small groups, staristics presonted in this stedy's
statastical date must be interpreted witn caution. Of more interest are

the questions and hypotheses which are suggestesd by the tavestigation. .

The resesrch reported in VYolumes ! and 11 was an SLLEMpPt Lo GALn pmne .
tneights about the question of “hat are signifizant variables related to .
how to use manipula%ives i telching mathematics te childfen. The reader .

. - x4
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7r - effort. The research reported herein is not hypothesis testing of the

’ The contribution made by the PMDC advisory Board, Staff, and -Evaluator, Wno$

- .
. . ~

will soon observe that the research method employed was different from that ;
of traditional education research. Very sma.l groups of children were :
,1nvo}ved in what was considered a teaching.experiment. This concept of a
~teaching experiment represents a first (or second) step in a research

familiar research tradition. - Instead, it is hypothesis generating--more
‘of an’ attempt is made at clarlfylng problems for fuxther lnvestlgatlon

than at answering pre—stated guestions.”
. ¥

£y

The reader of the volumes, i1l find data presented in various forms; k
a great deal more "raw ddta" is presented than is ordinarily done in.a \ /-
Yesearch report. This raw data is presented in such diverse forms as raw

L]

' Scores on tests, both writtensand cIinical interview tests, summaries of N

child responses -extracted from daily logs kept by téachers of the small

groups, and, finally, a number _of case studies of chl’dren idvolved in the i
experiment. .
Volume I contalas sections which describe the rdtionale andtcbnauct L
of the expérirent in detail. In addltlon, Volume I includes 1ﬁfovmat%pn - . S
“about the results of the lnvestzgatlon. Volume II consists entjrely of ’
the fifteen case studies conducted by the group teachers.( As background
£or Volume II, the reader should rezer to Chapte*s T and III of Volume I.

Many 1nc1v1duals contributed to the conceptuallzatlo of this study..

- < . g <
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reactéd tosthé initidl proposal is gratefully acknowledged. Special

thanks are due Cynthia Clarks, Patricia Campbell, Stewart Wood, Judy Voran, - .
and Ella Barco, whc served as group teachers in.the teaching experiment,
and Max Gerllng, who supervised the videotaping of lessons ard interviaws.
Thanks are also due the project administrative assistant, Janelle Hardy,
‘publications editor, Maria Pitner, and tyg}sts, Mary Harrington, Julie

- Rhodes, ‘and Joe Schmerler. - ’
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&

Pxpfessor Behr is on leave of absence from Northern Illinois University.




s

~

g:,‘; 4

s gard to:
R -

‘ 7 ’ 1

1. TINTRODUCTION
RATIONALE

FOR THE STUDY .~ ) ‘ -

.
- - +

Z.P. Dienes_suggests that abstraction of a mathematical concept oc-
curs When a child has observed or digcovered the conmonality among several em-
bodiments (manipulative aids) of the concept. This suggests that more than oue
embodiment may be necessary for children to acquire abstract mathematical con-
cepts. BAnother idea reiated to Dienes'
learnlng a concept should vary according to mathematlcal properties inherent in
the embodiments. For example, the three embodlments—-countlng sticks, Dienes
blocks, and an abacus--vary .in that place value numeration of whole numbers is
embodied by counting sticks based on the numerosity of the sticks, by Dienes
blocks based on the comnaratlve lengths of the blocks, and by the abacus by an
asszgned value acco*alna to color ox oos;tloﬁ.

- -~

a number of writers ard researchers have raised guestions zbout the appro-
Priate use of embodiments in teaching and learning which are rnvestlaated
throuch exoerlmentatlon. iany such questions can be put in the contéxt of

. Dienes' theory. For example, how many empbodiments should be used? Which em—

" bodiment(s) is (are) most effective for a given concept and why? 1Is the oxder
in which embodiments are introduced significantp? Does the complexity of the
skill cor task tc be learned interact with the number or type of embodiment(s)?
Does the number or type of embodlment(s) interact with chaxacteristics of chal-
dren?

Iy ’ o - -
.

<5 < g
TPRPOSE OF THE STUDY A ) .
. - N : _"
? The purpose of this £linical teaching experiment was to gather and record

largely gqualitative anecdotal evidence to aid in hypothesis formation with re-.
s

-

-

i. - The ‘differential effect of three different unl-embodlment learnlng
environments on-second grade children's skr}’ {(ability to Gemon-
strate or sompute) and understanding .(ability to explaln processes)

-

of 2- and 3-digit nume*atlon. . -

-~ .

. .
The differential effect on second grade children's skill and under-
. Standing of Z2 and 3-digit nuneration of uni- vs. multi-embodiment

environments. - ’ - -,

.
- B . . b -

The differential effect of three di*fferent upiZEmbodimeht environ-

ments ol second grade children's learning (abidity to compute) and

. understanding (ability to explairn processes) 'of 2-digit addition
and subtraction. .- o~
The differeéntial effect on second grade children's leariing (abili-
ty to compute) an8 understanding (ability to explain proéesses) of
2-aig«t addition and subtraction of a uni- vs. multi-embodiment

' environment. ) -

o

theory is that embodiments employed for.

S e .




’ » . ]
v . - - - 5
E ' 5. The differential effect of uni~ vs: multi-embodime.t environments : j
: on second grade ch;‘dren s ability to transfer their knowledge of ' :
o . 2- élgit addltlon to 3-digit dd1tlon: E ] T NS
LT 6. . The dffferential effect of uni- vs. multi-embodiment envircmnments o
) =, son second grade childrén tested on the imgg;sive-réfie;iye measure 1
{Kagah, 1965), {(i.e,, investigate whethér an ATI exists between c »
cognitive style and method of imstruction). . . 5
-, . . . 5 LN ‘jl
7. The differential effest of children's learning End understanding of . J
. 2-digit addition when required to ¢transfer theéir manipulative . ) . f
g skill on one embodiment to another within ec different levels - 1
s of the mathematical variability princ%ple.thi\\_\\ ' a
T, 8. The differential effect of three different uni-embodiment learning :
. environments on second graders' ability to transfsr skill and un- k
: derstanding of 2-digit addition and subtraction algorithms with n
5 * regrouping to 3-digit addition and subtraction with regrouping. ' P
r 9. %he differential effect of uni-embodiment and multi-embodiment T
: , learning environments on second graders' ability to transfer - . %
' o skill and urderstanding of 2-digit’ "additiod and subtraction al- i - s
™. gorithms with regrouping to 3-digit additiun and subtractlon w1.h il
regrouging. - {
- " [ - d )
i » ‘ e
I1. RELATED RESEARCHL® _ . s
» R - .
The" rolatea research in the area of the <se of manlpulatlve aids 11 the R
teaching and learring of mathematics falls into ©wo broad categories. Cne cate-
3 gory of the reseaxch on manipulatives is tocic or content oriented. The main -
thtust of these investigations has been tc determine the role of manipulatives
or the relative e¥fectiveness of a manipulative or non=manipulative approach on
the learning of a specific grade level. «
- A\ e . — -
< . In a study gith three- and four-year-olds, Williams (1969) found that .
’ envircnmentally ceorxveo children were able to learn basic concepts in linear
measurement using & manipulative learning aid that he designed. The aid
5 enabled the child to_see in concrete terms the size and space relat:ions used
. in linear measurement concepts of one-half, qpe—fourth, ané one-eighth. .
. -Pan-balances and mathematical balances were used to instruct first grade

pupils in the basic addition facts in a study by DasShiell and Yawkey (1974).
Comparing these two manipulatives, they. fpund the mathematical balance to yield
\ SLgnlflcantly better results on a standardized test on additicen facts.

4 Steffe and Johpson (1979) investigated the ?roblem;solving abilities of
- first graders. They gave a 48-i;em test and compared performances of children e
who were allcwed fr2e use of manipulatives in golving %he problems with children
who had no mamipulatives available. They found that the group with manipulative
aids performed sign:ificantly better than the deprived group on all but sne of .
the’éight problem types in all but one of the four ability groups.

. la study. of related reséarch appears 'in Gerling, Max, and SteWwart Wood
Research cn tfe use of manipulatises in mathematics learning.

| Literature review:
’ PMDC Technigal Report No. 13. Tallahassee, Florida: “lorida State University, 1977.

El{llCZ - - 15 .

-

r - “ . . B
Full Tt Provided by ERIC. | . % . =
. B . .
' '

b -

v N . -




% - LR P P [,

In another study with first graders, Prindevifle (1971) gave 24 sunplemﬂn-
. ) tary leéssons -on place value, order of numbers t&3107, and two-place addition

: and subtractiosi. The two classes using.manipulative materials and language
- tralning significantly outperformed the control group in the posttest ané re-
tention test. : -

.

p N
- DeFlandre {1974} field tested a unit on nlace value numeration wi ith second,
third, and fourth grade classes. He concluded that this unit, us;ng manipulat;ve

) . aids and multiple embodiments, was an effective way to teach place value numer-~

O ation systems and express these abStractions in symbolic form. He also concluded
that c¢hildren who studied this unit could not transfer the concept of place value
= _ humeration systems to ad@ition and subtraction at a symbolic level.

- {

In 3 study involwving the recall of basic multiplication facts, Babb (1975)
compared three treatments given to second graders: a textbook approach, a mani-
pulative materizl approach, and an imagery-mnemonic approach. He found the ad-
justed mean recall score for the manipulative group to be s;gn.flcantly hlgher
) "than that for the imagery group, but no significant differences in final recall =
;*' and comprehension were found between th2 manipulative and textbook anproaches, —_— -
o, . although the manipulative approacb YlelﬂLd a signifjcantly higher attxtude score.
In another study of 1nstructlnc thlrd graders in multlpllcaulon using four .

different treatments, Moody, Abell, and Bausell (1971) found no significant dif-

ferences in any of the four treatments: actxvzty—crlented, rote, rote~word .

. .Problem, and contrpl. The walidi.y of this study was strongly questxonea by
’ Holz (1972) in his critigue of the article renort;ng their’ study.
Nlchols {1971) compared two methods of instruction in multxnlxcatzo1 angd
éivision with third graders. She found significant differences favoring a ma-
nipulanive approach with pupil discoverv over a sem;-concrete, abstract. approach

.

- * in all the 16 hypotheses of the study.
x | ) -
© Several studies 1nvo‘ved variou pproaches to the teaching of fractions.

In a study by Brown {1972}, four -p daches t¢ teaching equivalent frart;oqﬁ to
fourth grade pupils yielded.the results that a textbook approach was inferior
to three other approaches: the textbook with film, textbook with manipulatives,

d textbpoks with £ili and manipulatives. He also found the textbook-film-
Lanipulative approach to yield significantly higher mean scores than the ther
three groups.

Bisio (1970) investigated instruction in addition and subtraction of like
fractions in grade five using three treatments: no ngipulatives, tgachex—
demonstrated manipulatives, and teacher and student us2.0of manipulatives. He
concluded that the demonstration use of manlpulatLVe materials appeared as ef-
fective as use by the student and was beiter than non-~use of the manipulatives.

. -

Al

. Green (1969) compared the effects of :wo instructional approaches and two
instructional materials on the teathing of multiplication of fractions with

fifth graders. She concluded tha:t diagrams and manipulative aids were egually ) .
effective in the learning of multiplication of fractions, and an attitude test
showed that pupils liked the diag: am approach better than the manipulative ap~-
proach.




Purser (1973) investigated the relation of manipulative activities, achieve-
‘ment, and vetention in teaching fractions and decimals to seventh grade puglls.
He found the group using manipulative act;:.v:.tx.e@ had szgmficantly higher scores
on posttasgts and retention tasts than the group using only paper-pencil type
actxvit;&s. Bledsos, Purser, and Frantz (1974) reported similar results in_ the
Journal for Resea*ch Mathemat‘cs Fﬁucatlon the following year. ’

Coltharo {1968) compared the effectiveness bf a concrete and an abstxaet
spproach in teaching integer arithmetic te sixth graders. He found no signifi-
. cant differences and concluded that pupils taught addition and subtraction of

integers by an abstract, algebraic approach achieved as vell as those taught by
a concrete, visual apgroach.’ .

v

Bring (1971) investigated the effects of varying concretes activities en °
the achievement of Zifth and sixth graders in learning topics of geometry; He
found that Lnstruction using conc.ete activities produced higher achievement,
higher inbterest, and lower anxiety than instruction without concrete actlvities.

. 111, DESTGN AND CONDUCT OF THE wemém

seHoor . R Lo -, o ) ,

.’ NN 3
The experiment was conductad in a publzc elemen»ary s gol in a city
of .35, 000 in the Southegst. The .area. servad by the-school inclu&es many
Families of a low socioecouomlc status, About two~th;xﬁs of the scaaent

bolly were Erom these families. Also included in rhe a¥ea servdd by this
school is the married sctudent housing complex for a large univerdity. The

school has a rather bimcdal d;stxxbution of cnildren according to

TEACHING GROUPS. :

. . .

The treatment (teaching; grouns for the study were formed by a rank~ordex
random selection procedure. 2 was acccmplxshed by rdnking the 30 children
w.thin an intact second Frade clhss acgording to tneir total store on the .
Kéyﬁath Diagnostic Arithmetic Test. Six strata of 5 ghildren were formed which
also indicates 6 levels of ability as measured by KeyMath total scores. Each
of the children within each of the six &trata was randomly $elected foxr one of
- the five experinmental teaching groups.. This resulted in 5 teachxné groups
which were comparable in ability as indicated by KeyMa;h totdl sgores. "Each of
the 5 teaching groups ranged in abxl*ty from children with very low XeyHath
scores to children whose sccores were qu;te high. Unfortunately, & number ‘of
children in,scme groups ‘moved from the school during the year; this rediuced
the numbex of children in some grougs and ilso destroyed the :quivalence of the
grcups according to ability. BA,control group was selected within the same
school from among second graders who were assigned tc work within the 3rd grade
class. ~The means, standdrd deviations, and ranges of the KeyMath scores and
Otls-ﬁannon uental Ability (IQ) Test scores are givan in Table 1.

For purposes of analysis only the data from chiidxen who :emalned in the
teaching croups for the -entire year were used.
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Table 1 ? -

Keyﬁath ana Ot:.s-Lennon IQ maan score. stamiard anv:f%tions, and range by .

goups. e w . I \
- —_— KeyMath ' e -7 Otif's%i-l‘..ennon o ) v
. A hd’ oo 7:‘-‘. ~: . Sta)&‘ o 4
Group ¥ Mean Dev. -Range_ Wean - sDev.’ Range i,
T 28 ~ 6% . S \
T Ul T 5 49,40 14.18 (0.7 - 2.2)  83.00. 1084 69 - 102 b
* . * ™ . . Y . B ‘
‘ 25 - 79 L. )
U2 £ 50.60- 20,18 (0.5 - 2.5) 93,40 . 921 88 ~-94
. - 37 - 74 ! : S <
- U3 6 51,00 '14:53 (3.1 - 2.4) 94.50 = 10.27 73 - 131
. . . ;51. - 23 v .
M 4 67.25 18.76 .(1.7--3.0) 929.25 * 21.16 \75.~ 124 .
e o . T35 - 66 o oo
-2 4 4800 1454 (1.0 - 2.2y 85.25 , B.92 715~ 96
- ” .
R ) 67 -7100, % - . . )
© e BT 78.00. 13.30 gg.z 3.2+ o +
X N . . " L:r. . B . > :"x

s X

W‘: — : - <
Grade equivalents of the tcxtai ‘zaw scores. ' '

Otzs-Lennon 19 scores were not avaxlable fox the control group.
It is evident from Table 1 that the groups were not equlvalent in ability
as indicated by KeyMath and O’u.s:-Lennon JIC scores after some children had mnved.

* ’ . \
TEACHING MATERIALS = R '
_— o .
Detailed teachmg materials weve written by.the investigator. These mate-
rials, are described in a_later section of this report. The essential difference
anong the teaching materials for the groups Ul, U2, U3, M, and 2M was the embodi-

ment(s) [manipulative aid(s)] used for teaching and learning in thdt group.

. U .

’”

These were as follows: \ ‘ ; C .
o .I;l--counting stiék\s h . ’ Y
U2~-Dienes hlocks ' .
U3~--abacus ' )
N

R—«countinq sticks, Dienes blocks, and azbacus .

2M~~counting sticks and unifix cubes, Dienes blocks and graph paper. and |
the abacus and colored chips

.
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Appx:opziate mamgulauVes waere purchased so that e2ach child and teacher had ‘ma-

::’erials for his/hex own use. - : \ : ”‘
,.._Pgrz?ose A .PﬂILOSOPHV OF THE TEACHING GROUPS . . ' \ S
. ‘ : 9‘ '.\ ,5\\ P \1
s the embodiments {manipulative a;ds) used im khis ;eachirg experiment can be N

. cons:.dered to represent three categories of manipblatives. These categories can . .
be defined éccording to the way in which %he embodiment représenté the groupx g Lt
oFf ob;ects so that base ten numeration is reflected. Counting stitks represent
a ca?:egovy of erbodiments which can be characterized.in that a gro po of ten (1

‘ ten) is divisibie into ten sticks (10 ones). This distinguishes unting sticks
el f;com Dzenes blocks.” In the Dienes blocks embodiment the long {1l fen) is exactly .

' equal to ten units placed end-to-end. However, in thi?.syStem the long-(l.ten) .
is fixed and cannot be divided ox separated into ten units {1Q ones).. Another
category of embodiments for. base ten numeratlon';s charactefized, by an. abacus.

The idea of 1 ten being equal to 10 ones is exemplified in this embodxmen; only
by a value assignment to the successive rods on the abacus. Thus the abacuse

is quite aifferent in this respect from ezther the counting sticks oy Dienes
bloc?s. . — . o

L T N
. 3 N . N . ' - “

Teaching groups Ul, 02," and U3 were, formed in oxder to'gain information
. about whether second graders learn mathematical concepts more readily by using
« . any one of thesn ,three embodiments over.another onie. Teaching gtoup M wds formed
" in order to gaxn Lnfcrmatlon dbout whether or not second gracers learn mathemati-
; . cal concepts mere readily by using one ‘embodiment from each of the three cate- °
o '« gories rather than one from any of the three. oy s
R & 4 »
L. The teachlng philosopﬁy in groups ul, U2, U3, and M was very sim.lar. It
i . was a demonstratxon—dlscusszon—ora tize mode. The group teacher would demonstrate
: pow the embodiment was to be used %o represent a concépt or perform an operation,
axter which the children practiced th:s>renresent&t1on with guidance from the
teacher. Thus the children's. learning could fe characterized as having been
... acquired through imitative behavior. That is not to say that children were not
. encouraged to ke crgative with the manipulatives, but the general mode of in-
: . struction was basically demonstration and discussion follawed by practice. The
) oxiginal purpose of the 2M group was ¥elated to a learning theory espoused by
. Mexrill Wittrock (1974). According to this theory our second graders' learnirg
. of mathematical concepfs would have been facilitated by requiring the children
to “generate new knowledge"--that is, by applying what Wittrock refers to as gen-
erative processing. I+ was intended that the teachlng philosophv for the 24
group would ‘rcorporage this notlon of generative orocessing This was te have
been done by having the children extend their imltatxve~behavior.Learning about
the represen“‘%_cn by one wan;pulative in a category ¢o anotfer manipulative in
the same category. This was requ;red for a pair of manipulatives in each of the
: . three categories as fcllows: From counting sticks to unifix cubes, from Dienes
b bloecks to graph paper, and frcm the abacus to counting sticks.

#

o
.

¥ In retrospect it appearsthat no real generative procsssing took place, at

‘ least not heyond the first lesson. It appears that once children made the ex-
tension from one manipulative in a category for one corncept, thereafter the ma-
nipulatives within a category ,jbecame interchangeable. In this sense the teaching
group really became a group Jsxng six empodiments, two embodiments in each of
three categorxes.. N .
| ad

.




IR R PR MDA S TR T ey B ) RiesTEreors S E IR
2T A > B - PR ' B S [ I {"4{’,A "‘z?gg

-
od

$ - * N , e fo %ﬂ}
“a ’ “; . . , B 2 - .. 'Q ( ,;;;
’ o e 2 {
. ‘ . : e - s
[ - “ ~ . ‘ - K ) e . .o ;:
TV TRE¢TEAQﬁING MATERTALS AND STUDENT REACTION. "f i " o
' &‘:l." ) . -§ N g: /j
The snstruc.ional materials for each of the groups were deyeloped ] L2 }
to teach the standard number related concepts -= place value, addition, - i
‘.and subtraction =- in grnde 2. The lessons” were qevefbpea in groups . ' i
, eccording to. the following toplcs - : s . o 4
T . < & } & L ;
’ 'v.;.~.2~aigit'numeration -7 1essons BT L - 4
z"° . . < i B - x
e 2. thditiop~w1thout reqrouping - 6 Jlessons L ¢ N 4
: . . g - e = N \ . S
. e ’ ) . a ! ’ o, 3
¢ 3. Subtraction without regrouping - 4 léssons . " S %
) « - - - - : ¢ » {'Q 2 ’ e *
Lo -4. Addition.with regrouping - 3 lessons Y8 Y o\'j
B - ' - . . .. R . » . ] "V . ;;"%
. » 50 Subtyaction without vegrouping -' 2 lessons . L ol
< . . N ‘ . . vt . X ‘ ’ - ‘? 7 . 1;
' 6. 3-digit numerstion ~-2 lessons . i ; ¢ <%
. - . e . -3
. °  No attemnt was-made to have‘a lesson correspond to oné daj of 1nstruc— .i‘
tion, xather each lesson was, designéd to ‘veflect a;small unit@pf instruc- N
tion. Each desson 1in the 22 lessQn sequence was written to. Yegin iyt ;
striction at the enactive  (manipulative) phase and continue it through the "
;conlc (pxcture) and g?mb lic phases.4 ( . AN . . <
' During ‘the enactlve phase. of instruction children.were taught how to ‘- s

perform certain tasks using the manipulative(s) of-the group. All question= . I
answer interaction between the teacher and children was either in the orai~-
manipulative order or the m&nlpulative-oral oxders+ No symbolism or pictures .

were used jin this phase, , . L é
. e .

During the iconlc_phase childsen were to .use manipulatlves to suggest o

a static situation or gequence deplcted by a picture (or pictures) of the ‘é

correspondlng manipulative, and corversely to choose and sequence picture(s) @
to reflect a manipulatxve display. The characterizing feature of the iconic .
phase was that the question-unswer interaction between teacher and children i
was oral—picture, manipulative~picture, picture-manipulatlve, or picture- LI
oral. ’ No symboliam was. employed during the iconlc phase. .

buring the symbolic phase chxldren used manipulative aids to solve
problews presented symbolically and orally, or gaye symbolic and oral answers
or explanations to situations presented orally, with manipulatives or with

e ' pictures. An attempt was made to involve the teacher and children in each

;ﬂ”ﬂ‘, of the following question-answe» orders: sympolic-manipulative, symbolic- ) -
T picture, symbolic-orally, manlpu]ative-oral, manipulative—symbolic, picture- :
o © symbolic, and oral-$ymbolic. -

- ; . ”'_. The lesson materials were organized into units which included very

: ‘ f q7 .

| 20, o
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detailed guidance to the group teacher for demonstratigns and questions to
e presented to the children. The, lesson materials for class imstruction
were wri.i:ten Ain.a two-column format. Ohe column was headed "00" and the |
ot}'ier "By using questions,’ discussion, motions, direct comman or what- -
avex is comfortable to you, DIRECT THE CHILDREN T0." In the ° ?:0" column
were listed in detail situations the teacher would present to the children.
In the gther column, in Getail,, were given activities whiQh tﬂe teacher was

- o direcf; the’ children to do. It was felt that this formag pi'ov:.ded maxi~

m,m guiaiance to assure.unifoxrmity of instruction among the instruttional
gr'gups,,, yet alloned the group tedcher toc adapt the instmctioqk to his/her
bersonality The instructional materials for each treatment group were

K Samples of the lesson materidis arxe pre§ented, in Apgeqc\ii.t A. ! -
: RS ‘ i ey 3
2-B1GIT NUIERATION - * . . I
- AN . ) * l

. ‘The broad objective .of this sequex‘fce of lessons, leseons 1-7, as to
extend the ch:.ldren s nurber _copcept to nu.mbe;rssin the rdnge 105;99, numbexs
named bg 2~digit nume:als. %n the lesson sequience, spec1a1 emphasis was

. giVen to providing actxvxtles which would develop the following con:epts
- associated wi ith 2-digit numeratloq

. , R o N -
1. That 10 unit objerts represent ;the same numbex as one 1l0-object.
. That is, that 10 ones is egual to l%ten.

. - ° ’

2. Thac~numbers in this range (10-99) can bé thought of as tené and )

-7

- ones. “dr example, that 24 15‘2 tens and 4 enes. - .

¥
3. That numbers in this range can be thought of a4s a multlple of” ten
"  and ones. TFor example, that 24 is twenty and 4 moge.

S

L4

"4, fThat numbe*s in this range can be thoqght «f as ones.., For example,
. 24 can be thopght of as 24 ones. .

: Lesson 1 introduced the manipulatives to the children. The lesson
began with . period of free play with the manipulatives followed by struc-
tured actLVltleS leading to th® notion that these objects could be useq_to
represent numbers.

The broad objective‘of lesson 2 was to asscziate 2-digit numexals--oral

and written-~with manipulative and picture-of-manipulative displays for
nurbers and vice-versa. Activities were included which related to the four
concepts listed in the previous section. For exampls, in one activity the
teacher would display a set of unit objects, then arrange them in sets of
ten and one set of fewer than ten. and then replace the 10-sets by a repre-
sentative of 1 ten.  Interaction between the teacher and cnlldren dealt
with questions about whether the number changed; that 12, for examp'e, is
12 ones, 10 and 2 more, l.ten and 2 ones. Chiidren were also given the
obportbnity to manipulate the objects to refléct these different views of
the same aumber. The numbers used in this lesson ranged from 10-32, with

.'8' - i

rt
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most activities concentrated on numbers less than 30: The time taken for
lesson 2 was.about twy, days for the- cingle~manipulative groups and six days
for the mu;ti—mmnlpulhtive groups.

Notes from the logs Eept by arouf, instructors suggest that somechildren
had difficulty counting a display w~ith a representative of ten and scme ones

TQ Point at the ten ind count on=-10, 11, 12 ~pyroved to be difficult for -~

€

séme children; they needed to count the rep: entative of ten and say, "1, 2,-
3, ..., 10,11, 12." It appeared that no chiluxenh had difficulty trading one
representative of 10 tor 10 representatives of ©vne. In.all of the groups _
children had @ifficulty complsting a statement ike ___ tens and __ ones to
correspond to a manipulative or picture, display; however, the children were
~ifje to tell how many tens ard ones when this question war presente%\cral;y..
. Y
The broad objectlve of lesson 3 was to work on tae numb@r concept for
numbers 10-20. Activities.related ‘mostly to counting activities and recox-
. ding"fhe numbers in order. Numbers were identified by the children orally
3 1n response to the teacher's manlpulative dlSpla?S. The codhtxng sequence
was shown in three ways: with manipulJtlves, by: ordqr*ng pictures, and
symbolically. Special emphasis was given tc observation of the pattern that
10 is 1 ten and 0 more, 11 is 1 ten and 1 mdre, etc. As the 21nc1e-manlpula-
" tive groups ‘neared completion of this lesson, i: becama anparent that the
difficulty which children werd having with exercises like the’ complethp of

7/

. n . \ longs and urits’

-

e’

____ tens and ___ ones
- . . [ r

> B ) -

to correspond with a manipuiative displa4 or pictur: was due, in part, tb
their inability to read the words longs, units, tens, and ones. Therefore

a supplement to lesson, 3 was written whlih gave practice on the reading of
vocabulazy approprlate for each group. he.reading and vocabulary activities
were conducted within the context of number activity. The length of time
required@ for the lesson 3 supplement varzed conniderably among the groups.

The vocabulary for the U3 group involve only the words tens and ones; whereas
the 2M group was ¢oncerned with the words bundles, sticks, longs, units, rods,
cubes, strips, squares, as well as tens jand ones.

-~

The activities of lesson 4 were related £o the objective of developing
rational counting by tens from 10 through 90. Children were given activities
which required them to give orally and § elically the numerals as the
teacher displayed successively 1, 2, 3, ..+, 9 representatives of 10, to give
successive representative as the teacher gave tie number names 10, 20, ...,
90 orally and symbolically, and to order pictures of manipulative dlsp;ay
having 1,-2, ..., 9 representatives of %en.

] I '

; In lesson 5 the actual considerat&én of place value and the value of
digits in a 2-digit numeral was begun. The stated objectives for the symbolic
phase of this lesson were:

N

1

Nr xt v epe

5}-4

;
*

3 s s

!a';‘% o )

o -

N e
AN

o




%j"’\b ; ﬁ :“ "?:: ’fq?}".{"’fi : i . -N}?w,?m,;. i'?’f‘ff,' ST e s &_w’ R : B ,: L h"’, - ,\:‘_;,‘ - - :;‘t‘;\' “:_,:‘;: .

LI V4 )' 3 - a::‘:;

1. gGiven a manipulative of a picture-of—manipuiative display of a ' o

* - . number like 64 to: . T

- . a. Write the number 64, . . : « z

. b.” Ring the digit which tells there are & tens, - ’ . .-

© 7  “ e Ring the digit which tells there are 4 ones. c L

o . . ; © g F

2. Given a numexal such as 64 to: VL -

a. Give a manipulative or choose a nicture~of—manipulative v * o

T - display for the number, . o SR

- b. Point to the objects of ting the part of uhe picture ko show_, -

0 that the 6 in 64 means 50, 3 L N\
- .C. Point to the objects or ring the part Qf the uicture to show \ !

.y -
.
LA

that the 4 in 64 means 4 ones. . - , . ‘

approprzate modifications of these statements ¢o ‘reflect only non-

syrmbolic activity-define the objectives for the -anactive and fcofic instruc-

. . tional phaseu. Activxtles were included for numbers of magnitude such as ‘
92, 77, 38, 83, 10. During this lesson it was observed that children had ’
conside:able difficulty dealing with numbers.oﬁ this. magnztude at this time.
Therefore it.was.decided to write a supplementa} lesson--lesson 3S--to ‘give .

= children. more experience with numbers, by decades,. Thus lesson 55 was . A i
written to es sentlally duplicate the activities of lesson 4 for nimbers - v,
20—30, 40-50, and 80-90. During “the symbolic phase of lesson 55 the place ~ °
“value' chart was 1ntroduced as an aid for wziging 2-digit humerals.

The title fo: 1esson 6 was "°lace value, expanded notation, and 2-d¢git
numerals 10-90." The stated objectives for the iconic instructien phase

N
I

-were as follows:. . e , ' . o :
. 1. Given a pictured manxuuiatlve display for a number like 64 to -
T .orally express this number as 6 *tens plns 4- ones, sixty plus
’ four, and szxtg-four -,

L 2. waen any of thres oral expressions~~6 tens plus 4 ones, sggty plus
: four, or sixty-four--for a number like 64 to:’

_— a. Choose the correct gicture-of-manipulative display,

- b. Give the other two oral expressions.

- _ Appropriate modifications define the objectives for the enactive and
symbolic instructional phases. Incladed in the worksheets for the symbolic
phase of lesson 6 were exercdises which required the children to compute
statements:

" tens + ones

. . .
- \ .
+ -0

——— Pa————

P g

for pxcture~bf~man pulative displays for numbers. ‘Some children, particu~’
larly those of lower abillty, would write 40 tens + _3 ones and some would .
.write 403 for the number forty-three. At this poiﬂt in the instruction

10.
.)';

fa @




such written exercises as this continued to cause spme difficulty fcr some
children, probably due to a reading problém. .

iesson 7, the ,1ast lessoh of this £irst lesscn sequence, dealt with
ordering numbers named by 2-digit numerals. The stated objectives for the
three phases of instruction were as follows:

Enactive phase

» . -

Iconic ghase - -

If shown a manipulative disp,lay for mxmbers like 12 and 19, to
a. Tell which display has more (fewer) objects, :
b. Tell which display repxesgnte the greater (lesser) number. ] 2

If read a statement like nineteen is Iess than twelve, to show that
this is true or false using manipulatives and a 1-1 correspondence
idea.

% % -

* A -

’§ymbolic phase

.If given a picture-o,f~mampulat1ve display “for two 2-d:.ga.t numbers, .o
to . . : =
a. Say the numbers shown,

b. Tell which display has more objects, . . S
c. Tell which display has less dbjects, ¢ : '
d. ' Tell which didplay shows the greatéy number, “' Y
‘e. Tell.which ‘display shows the lesser. number & )
£. Say the, appropriate "is less than" sentence, %

]

e

g. Say the appropriate "is greate: than" senten

Given a set of pictu:es-of-manipulatwe displays, to seqnance them
in increazsing (and decreasing) order.

- ~

- -~

vaen 3 Picture-of-manipulative display for two 2-dig.t numbers : s,
x andy (x < y) to
& Write the numerals for the numbers showm,

b. Order the pictures left to right in less to greater order, )
c. Say the sentence x is less than y, '
d. Constrict with word and symbol caxds the sentence X is less
than vy,
e. Construct with symbol cards the sentence x& vy,
f£. Construct withamrd and symbol cards the sentence y is greatexr’
than x, -
g._ Construct with symbol cards the sentence y > x, ~
h. Write x <y, N
i. Write y > x. )

Given two 2-digit numerasls, to .
a. Ring the numeral which "is less,"

b. Box the numeral which "is greater,"
c. Complete the appro.riate { sentence,
d. Complete the appropriate > septence.
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L - The following excez.p..s taken from summariss of the group instructors’

logs are given in an attespt to present children 8 reactions to 5&» of the
. materials, on ?—digit: nu:zaration.

,’% . st * ’
;f N T e Joe Semy. Cubby, %rett, a.nd Phil weye able to count variaus. stick
f displays and a&xickly learned that a bundle mnsisted of ten sticks.,
: 2 ;
Carrie Had d@ifffculty rounting stick displays because she was unable
H ) to do ¥ational counting. . v LA
- ) N ) i
£ , Cutby had diffic;..ty o:de*ing plctures (to corregpond €o a demnstxated
- c sequence of manipulatiois™of the sticks). Carrie_ had difZiculty
- . . Grdering pictums bacause she ii unable to do ra&ional ceunting.
S e . /\ . .

. ‘Carrie . .0, is beqinning to learn rational counti,ng and kncws i:hat
- :here are t:en sticks in a bundle. . :

Ly -
»
« o

" Joe Benny . .. .called ¥ _en, 10 tens.

»

P

~

All students had difficulty gorng from the stﬁp tens and - onas
to and on answer sheet. ’

Brett showed 39 by placing ¢ bundles and rexoving 1 stick from one o' .
the bundles. . .

-
-

— ——— e

Carrig 1s beginning to employ rational counting and has learned to
separate sticks into tens. and-ones.

M v
—— -

Celia, Washinjron, and Duke prefer to shew nurbers like 14 with long
and un:its frather thanp all un:ts.
* Duke has to count the units in 2 lgngs 1n order to answer how many;
everyone elge knows "2C.”

3
In counting pictives showing a loAg and come ..x‘u:s, all children except

: Duke count on frem 10. .

Children cannot observe the entire trading sequence and then put

pictures in order; they can £ind picture for each step of the proces:

as it 1s being done.
Duke and Celia have trouble with the lines " ___tens and anes”; they
usually £111 in 12 tens and _4 ones (for a display for 14}

"For Duke and Celia, tae printed word "ten” doesn't seem to mean a thing.

’ . . $
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'i‘r:\ding {ten baads cn thei ‘ones for a (bead on the) ten waa nasy Zfor . s
evegyone. ' , , N Py
Qrdering pictures (of the nbacus ..o shaw,.a trading seth) vas nasy:
kids.ordexed thanm befov*e I oonld go through the sequénce. 5 . *
They (#wo of tr» children) wrote 12 as 10 tens and 12 osnes. ‘
rd . ’ . —— . P . - - 2
. ) . - ;
Por *___xnd”__ cnos™ Aanie put, ‘for 14, _4 and 10 ones; didn't see | :
the. pattern. . P
Paul, Rate, and innie frequently wrdta 10 tens instead of _1 tan, e
Annie cannot read (give an oral response fox) any .Z-digit mz'qexalts.* T "
but she can s.}ibw it on her uwbacus if she seus it wristen. R
Alex and Kazl have trouble ordering pictures to sbw ranipulations TR
involved in bundling and, txadiag. ) .
thildren have no trouble imitating stick (block) pictures with block o
{stick) zanipulations. : ) _ .
On exawples where the mmber is 'qéuater than 15, a1l \chi.idxem have :
trouble locating sufficient sticks or units without losing thetir 4
"place” inp the counting sequence.. ' . »j
Calvin and Apri) combine use of sticks and blocks to displs: amounts. ¥
< . . oL 3
- Legsons 3 and 35 - < ~ Coom A
T — . d . . ~ ~ :?‘
. LN
When asked to show 2C, Brett counted cut 20 sticks and then ﬁ'ac!e 2 .

bundles of 1Q. . -~

-

¥hen asked to count frem 10 to 27; Joe Bénny started at 1,

Phil was only one who knew what to do tJ order pictures from 10-20: :
he found 10, searched for 1i, 12, erc. Other children put out all .
pictures and started shifting theo back and forth with no noticeable
plan.

Opie had difficulty reading words: bundle(s), sticx{s), ten(s), and
one(s); by the end of the period, however, -2ll but Carrie had learnecd
words and could dasplay correct stick digplay in response to writtsn
stimuly. «
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Claire ‘and Xate wrote, 3 digits on botton line, 203 for 23,

T -

anticipated by‘dlsni”ays wrote 17,

.

«and

Aex and Richard can £ill ih

tens and
S i

7

5

* .

. a%
bundles an
tens and

ones

Dul»:e ncw counting by tens and ones correg:tly.

ones

>

7&,

In Srdering pictures, Celia and Washington counted the units (ignoring
ngs in each Qlcture) while Duke counted the total number in each

-

‘When asked how much 2 longs and 3 units is without a‘ block display, no

In wr:.tlng numerals‘ from 11 to 20, Celia focused on units again,
18, 19, 10..

Girls preferred showing teen numbers on ones rod only, no tens.

Kate and’Paul caucht on tb "sho%t;-cut"-'-']ust add another one to show
pext: larger number Lngfead cff "lear““mg the abacus.

etcs

sticks but-need

verbal cues to fill in .uoneé‘." .
Alex 'had trouble orgering pictures and corxrecting from. 12 to 15. Task
challenging for all. ’
——ien . —~ :
- 3 - .
“Thay bad, difficulty going from 2 longs + 3 units -2 20 = 3. This is
.partly 8ue to a rsdding 9;groolem. Thay seem to. };c"xow that 2 longs is
20, but jusg don't -('mwe’n'here to write it.
& Py . .
Ny / J e
il 'oroblexrs wvth nens ang ones. is obvious that they

" kncw“ more th

t'.hev are able to s3 xgbolize,

@ .2
Totrmy counted a bundle and” 9 sticks by mistake whe s g{g? t& show 17.
Instead of recounting He took 2 aweyf‘ @ " .
’ “) ok : \, ” ’
Lesson 4 - ¢ -

. All children were ablesto tell now wany when 9 bundles were displaved,

and all could display correcr

. Al

given orally in sequence.

what. to do immediately.

number of hundles for mznqers 10-2C when

Phil, Opie, and Joe Benny ordered yrceures 10-30 corxec: ¥ and knew

f

P

-

P
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All students cah count longs, by tens to 90 and answer questions like
"How many tens in 902" with their block displaysin front of ghem.

All children can find picture (of 7 longs) that shows 70 and answer .
the guestions "How many tens in 70?" and "How much is 7 tens?" -

Worksheet with "9 tens = and" tens = 30" cavsed trouble. -

. When asked to tell now many in a display (e.g., 40) Katl and Alex

first count how many tens (1, 2, 3, 4 bundleg or longs) then trans-
e ‘ ~ . late’it (40).

i ' Revvewed reading words [long{s), (bundle(s), unzt(s), stlcx(g), ten(sy,
L one(s)]. Alex literally wilted--slid under the table. But h& was fine,

interested, worklng on.Lesson 4 before the word cards. .

Fa . Y
-k - L}
Nzt Py L

- ——— e e - M

- ) A . -~

E’ * - . - e f - ~

P ; When I read "thlrtv," Mary wrote 30. Later when I wrote 30 and.aéked )
s .. . her to dlsplay -she as&ed “What's- that, number?” . 7
Co mﬁmsawdﬁ . ’ :

e Ty . - ’ ’ . “
: = All children startea the drder’ng of plctnres from 20-30 in the fol- -
e : . léwing order: 21 s 22, ..., 30 and became-puzzled as to where to put .

) ) the 20. \ )
2 Carrie and Cﬁbby still had trounle ordering 20-30 sequence.
- ) )

A1l were able to order 40-30 sequence. However, Phil, Cubby, and
. Carrie had trouble ordering 80-90 sequence.
; A1l seemed to be able to tell how many tens and ores were in a 2-gigit
number but all had difficulty determining how many ones in a particular
"“-dlglt number."

*

- -

* ..., they had difficuvlty determ;nzng the value of a ringed digit (tens
or cnes).

—— b e v a N

< . Pirst experience with numbers greater than 50. .

When counting a block display I have made, Duke and Washington tend to
count both longs arnd unite by 10's; Washington catches himself and
- corrects, but Duke can't. Others do OK.

’
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Duke and Celia gontinue to have trouble counting blocks in my display .
~-they ge: going by 10's (by rote) and don't shift to ones appropriately. .

.

-

In ordering olctures in a decdde they beginnipg and end (e.g., 40 and . ‘ ~'3
50) were troublesome to all children. |

¥

N

3
. <
SO N, . oo g
Y - £

. . ) N
Kids wanted to say, to answer how many tens and how many ones, "20 and e
3 ones,” etc. They couldn't say "2 tens,” but would count and say ,3
" 20. L ~ PR A ~ . - - ) . .aéi
Everyone did well using (place valueschart) and abacus picture, even * o
Annie. ghough she couldn't read what she wrote.

? . . - N <
‘

Sveryone could find picture for a numeral. Everyone had trouble .
converting 3 tens to 30, usually wrote only first digit, ﬁithoug»ze:o..

-

et o . Y .

Hard to break rote habit of 10, 20, 30, 40, ... rather than counting .
10, 29, 21, 22, ... . < .

Children had shown 85 with sticks; then I asked them -to show 81 with

sticks. ¥arl and Alex put the 85 sticks back in their boxes and ..
recounted 81. Karl hesitates and counts over and over again when !
"going” from tens to ones; e.g., {(for 45) *10, 20, 30, 4@, fo. 105

20, 30; 40" over-and over again until he finamlly says, "10, 20, 36,

40, 41, 42, 43, 44, 45."

Alex has extreme difficulty “going from tens to ones" when counting.

Alex seems te £ill in tens I aenés readily enough but has. »roub
writing the numerals if this -ramexcrk i3 not nvqy'”ed . L. -

- s gy S s e

¥

Abel could not count 44 shcwn on Tommy,'s abacus. ée copnéed 16, 20,
36, 40, 21, 22, 23, 24. “she put two red-chips and 19 white chips *o
show 30. When asked she said there are 2 tens in 30, After trading

10 white ghip for ‘one red, she said there are 3 tens in 30--seeing ro
contradiction. )

/
s

All children seem to have understcod hew to telil orally from a stick
, display- the follcwing: - : T

tens + ones

T ’
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Carxie referred to 3 bundles and 2 ones as 10, 20, 30, 40, 50. e

~

-

For a display of 4 bundles and 4 sticks Brett vwrote 4 + 4 instead of :
40 + 4. ’ . ) e L st

C e . . & %
PR B e Y

I o g 2 o . - v M
v * b
= e e

For a display of 6 longs an2 7° units Cella‘and Duke are more able to
Say "6Q + 7 than to say "6 tens % 7"; Washington says "6 tens + 7
‘enes" easier; Susan and'David can handle both.in déscribing blocks.

-

Lo T

. Had difficulty elzcztxng re.ponse of 40 plus 3 for 43, 4 tens pius 3
o came easier.

.

- -

* ADDITION FOR NUMBERS NAMED BY 2-DIGIT NUMERALS--NO REGROUPING

\
- B - v N ]

\ N
A L R A

The broad obgectlve of th:s seguence of lessons--lessons 8-ll--was to i

deyelop the addition algorithm for addition of numbers named by 2-digit . -

‘ numerals. This sequence of lessons was limited to.addition without o o

regrouping. At the enactive level special emohasis was given to' review and ;

extend the concept of addition as.the union of sets. The sequence of ;

lessons were designed to present the development of the concepts assocxatad
with the addlt;on algorxthm in 2 follcwing crdar.

l.. Review basic facts with sums less than 10. .

2. Extend this skill to ‘compute basic %&cts to compute suns of two
numbers both of which zze multiples of ten.
LY

. 3. Compute sums of numbers which are multiples of tén and numbers less
than' 10. ’

4. Computahxon of the sum of two numbers both named by 2-digit
numerals without regrouping. : i

5. Computation of sum of two numbers, one named by a 2-digit numeral .
'  and another named by a 1-digit numeral, without regzouping. ‘ . :

~ i

The "expanded” addition algorithm which was taught is illustrated by
the following problem. .

" 24 | i
+31 - |
p . 5 . .
b 3¢ .
- 'g'g .
nanapulat‘vn support was developed’ for this algorithm st the enactzve lavel ‘\‘7~
by having the .chaldren join ones 2nd tens but kesping them separsted and

17 N
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then having them perform a second Jolning to determine, “how many altogether."
Similariy at the symbolic level, children were required to writ_ the co
Algorithm in this form as well as to show esach ktep with manipula.ives.

Zesson B was titled-"Addition Review facts, teng and tens, tens and .

" ones.” ”he stated objectives forx tuis unit were: # *

1. To give oral additlon sentences whxch correspond to object manipu— .
lations whxch sifygest’ addition for: . . ) L
~  &. basic facts,|suns to nine, ' ’ o
. b. tens and tené sums to 90,
c. tens and one34 sum3z to 99. : v

N

2

'v~'*-. To give obje”t manipulations for Qrally presented addition ”
sentences for: )

a. basic facts, sums to nine, “ )
b. tens and tens) 'suns to 90, - _—
c. tens and onest sums to 99. o A ) ! .

The objectives for the iconic and symbolic phasés ware the same except the
stimulus or the expected rasponse modes were pxctural or symbollc.
Lesson 9§ was titled "Phace value *ev1eu“ and was' nresented at the
symhol ¢ level only* The skated objectives for ﬁhis lesson wera: - !
3. When oresented an jec: or pictuxe-of~ob3ect display for a number
\ 40-99 to write the humber of tens and ones and wri&e the 2-digit

» . - i

uuméral., \ L .
2, When shown a 2~&igi:\humeral to st the appropriate obiject display
or choose an approp ate picture. - .
Lesscn 10 wasg titled “Agdattion: 2~dzgit and 2-digit without regroup~
ing." In this lesson an-"aAd&di ion-~Form-Board” was introduced. The purpose
of the form board was to oxovi a ptructure on which the children would
éisglay objeccs to represena»ea h addend’ and also to union of the sets of
_objects to représent thé' sym.  The Form Bpard was congtructed from light
cardboard. 'During the enactive phase of the lesson teacher demonstrations
showed tne children how to displd, addends on the Form~Board, how tc move
%He objects together and place thém into the space suggested for the
sur-set.” Children were allowed \to be flexible about flrst jainieg tens
Ox oneg. However, irf children werk observed to.rigidly first join tens or
cnes nhej were encouraged to rigidly join the ones first. The stated

objectives for:the three phases of nstruction for this lesson were as'
follows. d

<

E=active phase .

~

To usg objects to £ind ehe sums

.

£ £wo numbers named bf 2~digit numerxils. .

Iccnic - phase

1. Given a pictured cbject display of two 2~-digit addends to.show the
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" same with the cbjects and use the objects to complete the add:.tion.

v, o

»

2. When given an addita.on*pxoblem oral..y to chobse and sequence '
o pictures to show the addition.

’
- A4 - -

-

3.. Given an objecc dz.splay of two 2-d:.gi:: aadends to find the <
pict:ure-of—objects which shows the sum. * »

. - - LN -~
'\-.‘I- ~

4. Given a g:.cture—of—objects aisplay of two, 2—d:.gitaaddend§ ‘tvo - ->.
| a. tell (orally) what- addition’ ‘problem is shcwn , LRt s

v

-

4

A}

Wi By display the a.nswer with objects. ' ~ et T, R
e Syn\bcg'ih.c phasé 2 ; e T
1.~ When shown a 2~digit 2-zddend addition problem in symbolic :orm to

a. read the problem. - ¥
) b. display the ‘addends on the Pom—Boaxd,

RN . c_' ~ ¢ '

-+ | &. perform ‘the add:xtion with objetts, - -~ ° o s

d. give the answer orally, o oL ) .
" ~@. write the answer.- )

~ - o ‘2 .

'2., When .shown a 2-digit z-addend a.da:.mon probiem in iconic or enact:we |

5

~

\ form to . .. .o K

a. symbolize thex-addends, " - ' .
\ b. solve-thé prcble.m with e objects, . - :
S ,write the:answer to the problem. Lo
i

Dum.ng qhe firsﬁ pp.rt of the symbolic phase of J.esson 10 use of a place-

value-chart w: emphasized; later in thxs lesson, J.llustrations and wcrksbeots

were 9resented withoub;the,place-value«chart. o - :

Thex tImst lesson of the. sequonce-‘-lesson ll--was titled "Additicn:
2~-digit exnd i-digit without regrouping."” The stated objectives qf this
lesson wee the same as for lesson 10 with appropriat:e modificatien for the
diifexent ﬁontent.u. - .. .\ “

| ? . . N \

The oyxder 1esson 10 follewcd by lgsson ll--2-digit and Z-chgit addition,
the 2-digit and 1-éiga.t-is not the usyal order followea in wost textbook
serxies. It was conjectured that if children learned the algozithm for two
zmdz.git addbnds that the procedure would transfer to the 2-¢igit and l-digit
type problemss This appeared to be’ tnre few children had difficulty -
learning the algorithm for 2-digit :,gx;td 1~ ~digit zddends after having learned
the more genqral algorithm for two z-diglt aaddends.

: - ‘Losfxcams ST

- »

The following excerpts taken from sumaries of the growp 1nstructor s,

logs are given in an atéempt. to present ch:.ldzen 8 reac:tions to the materials. )

\ 5. R : .
Lesson 8 \ o . L
\ .
for a display \‘?f 2 sticks and 7 sticks (to suggest two addends) , Carrie

.
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saJ.d the answer Was 27. Ali others wéi'e able to show: additx.on of .

number pairs by d:.sblay:.ng appxopriate st.Lcks and verbaliz:.ng what they
had done. o . .- .- o

M o Anderm . « . Ve v
2 A . . . . ,‘.n

s AR

Cuﬁb?‘choge gn.cture's for 3 bundle§ and 2 sti'cks fox 3 pﬂ.us 2 equals 5.

e Carrz.e wx;oce 70 + lO = 80 (fOr pzctx@ﬁof-manipulatzve display) for .
R ] +~~l =373 g .

-
‘_"‘l -

- . . v o
- -';'l'" A 5 - N X N "~ R B N - 4 ST L]

Y . . -
- . » « . N [N “ % . [

BRI e o o .
‘I'here was ccnsidera'ﬁ&e‘ 1ongs/um:ts confusion on th;,s ‘irst day.’ ' L
Example. S+ 4= 90 (David with longs-w-he corrected himself) ¢ 3 longs

. 3
»and 5 longs = 8 (Duke--he says nothing wrong. with this). Celig and e
. ,_,Duke used longs to“illustrate 6 + 2 = 8. Celia used units to show R ;
“#°%'7 and 5aid the total was 27. In general children avoided us:.ng oo
/descriptions "5 longs " "3 tens" in favor of "50," "30 " S . .

‘ Celia and Duke continued to have difficulty WJ,th tens/ones (used -

~

longs for 6 +3, said 50 + 2 for. 5 units gnd %“units) - 3
. . '

|
:

Children really. need the place-—value-chart for the vert:x.cal form. . i
(No"e. noné was used in this lesson.) . !
|

1

|

Writ:t,ng the addends (for a plcture-of-mampulative disglay) as well as . ;
linixig up digits was more than Duke could.copé with. LG

G .o s
The pictures for 10 + 1 and 10+ 2 gave Celia gnd Susan trouble. Teens :
and things with just l ten still are difficult. ‘ !

The chJ.'laren (after writmq a problem to correspond to a mam.pulat:.ve
or picture-of-manipulative display) are definitely not adding symboli-
call'y in these written tasks. = Even though the columns are misaligned,

the sums are correct--ohtained by countlng blocks or counta.rxg in B
pictures: e. gey, .
RS R ~.j:;59 50 . .

. 2 _ , i
SN . R 52 '_etc. : ., .
Children said "40 + 50 = 90" more naturally than "4 tens + 5 tens = 9 :
tens” and therefore didn't relate it to 4 + § = 9 as readily. Showing ;
it on abacu$, Anrie didn't know when to uSe' tens and ones_;; .
General confusion of pictures showing tens with thosé showing ones. . -
Also.they didn't yant to say "3 tens"; said "30." 1I'd say "1l ten plus Do
6 tens equals" and every child would answer 70." . ¥

.
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IThad 5 and 50 on the board, trying to relale them. Suddenly,
T3 #30 ,
’-8 i 80 B 1

Omar got ‘very excited and said, "I see, I sve, there is a 5 and 3 and
thiere is 4 5.and 3. That's the same and the answer is the same."

Later, Kate locked at the board and told me "both of the answers have
8 " and polnted ta’ the B and 80.

- >
. o~

In;ﬁlél tﬂEqble with vertical form--didn't know where to wrlte numbers.
Qmar“thr , and Paul workedrwith s symbols only,’ 1gnored abacus. . Annie
useﬁ'abacus <for each prdblem, got.them correct. For ‘pictures, Annle ‘

7”5‘"counted beads for sum, dldn‘t wcrk with numerals at all. .

. »

o ,ﬁqusheet w;th ngperals only—~-Annie, Clalre, and Paul (3 of the 6

| S

, children) asked for the abacus.

%
- —— - Y T a

.
3 ¥ .
-

Chlldréh,have.no troubie saylng 9 or nes, when giving solut.z.ori2
preferred to say 90 rather than 9 tens. \To answer 4 ones + 5 ones
they'd say 9 ones, but to snswer 4 tens +\2.tens they'd say 60. If

I asked how many tens they could say 6 tens. ) :

At first kids would»show 60 and 50 or 20 and 60 rather than 60 and 5

or 20 angd 6 (u51ng manlpulatlves)--xérl in partlcular-wfor 50 and 5, he
put out .10 longs. By asking him in steps (show me 50; now show me SL
he seemed to get it.

6 and 50 +.10 = €0 on
Working from an abacus seemed to help

Karl, Tommy, and Calvin were confusea by 5+ 1=
the abacus pictures.

% ‘

,Por the problem 30 on the board, Alex wrote”* 30 but he said the
+6 16 ,
306

answer was 36. Had Alex go back and check his (manipulative) dlsplay
for how many‘ tens an&'ones. He wrote 36 and. after- some prodding said
"30 + 6 = 36," - ‘ v

-

Kept Alex after (fox special help) to "wrlte" my displays.

-

On worksheet

(independent work 'in class) he had 40 . 30 -20x 01 30
. _ $20.  +1 5 ¥2 44
- . ‘06 40 52 12 40

“. .‘ i ] . ’ % 1

—dn s s s e

30 = 70, but they have

-They understand the patitern 2 + 5= 7 so 20 -
sGey 6+ 1= 7 g0 6Q+ 10 = 70,

_trouble with one~-ten;

‘ J
Tommy antxcxpated anstr to 30 + 6 would be 9D because he had just seen
. 30 + 60 = 90. He did this cn another occasion too and was rather
surprised when he countedl and found he was wrong. .
[
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They \ave difficulty expressing anSWer in teﬁs, e.g., 20 + 70 = 90, so

.2 «ens' b 7 téns = 90 not 2 tens. s .t .

een have trouble knowing where. to put thlngs-—s;Le lining up™the ones i
;undex. the ones, making it difficult to see .the pattern f(how 2 + 6 =
is related to 20 + 60 = 80). : o .

‘“

>
-~ 1

They can 't tell me the answer to a problem, (1n symbollc form) like 40
.- +30

wlthout objects.and counting),, but if I say it vexbally, they cafr.

.‘,,1

Kept Mary.after to catch up on ,> and < . When she says 69 and 96
she said "These are the same. See? 2 and 9. 6 and 6 (pointing) ."

I asked her to read them and she realized they weren't the same and
" 9C was more. :

] - N

Lesson 9 © ’ ’ -

Y Ll
No notes. available from one group. . .

P A . Y
el

-

‘David and Susan are at ease with descrlblng blocks as "1 ten, 2 tens,

*oe e
M
»

.. Ceiia and’ Duke persist with "10, 20, ..." preference.

-

Duke made many errors--wrote units digits ln '10's column, vice versa;

wrote —EBTE_ for 22, for 4 unlts said there were "40. ..14...4."\
~a&' . i

.
-t s - ——— .

¢

Paul had great difficulty telling me how many tens were on the abacus

t He said "30" and wrote 30 tens {for a digplay of 3 beads én the 10's

h rod) . After much proddlng and explanation I told him to count the
beads and he said "3X and I told rim to writé 3, but he said it
would look like ones. showed him the ward tens but he really didn't
buy it. * >

- o 2 am
[ ’s v

On one problem Alex and Karl had tens | ones
!

&

- . ’ 4 { 0 40 rather than .,
tens ones . .
¢ 4. _4 {the problem was to wz:te how many tens and ones and

the numeral for a picture).

. Lesson 10 ~

All pupils ex. ot Carrie could find a picture which showed the answer

22.




to an 4dditidn problem (presented in iconic form). Carrie would
focus on matching the tens but did not always match the ones, which
led to mlstakes. \

Most of the children...had difficirlty reading the intermediate step
(in the addition algorithm). Phil wrote 35

+21 '
’ v ) . 7
. . 40 -
47. .
Cubby had a lot of dlfflculty, he wrotc for emample 13
+12
- -t - SN 2
x ! ’ T N zé
' 27 . ’

Carrie has a iot of difficulty working un the abstract level and lacks

confidence in herself when she does not have picturss or sticks to use.

Joe Benny and Brett work extremely well at the abstract level.

.~ . ~
-

- — e oy — N L4

To the question "Should we do tenfWgr cones first?" Susan said
immediately, "It doesn't matter."” Celia and Puke count tens, 10, 20,

:v.. others use 1 ten, 2 tens... Celia and Duke respond to "How many

tens?" “40." >

Form-Boards are not popualar. Susan said YI hate them” and others
echoed; ...for the bright ones it,was a structure they d.dn't mneed.

All but Duke can describe problem in de+zil (40 + 30 is 70, 2 + 6 is
8 for 42 . .
+36 N |
78 : )
Susan, David, 2nd Washington...all began today by combinirg tens
first, but sw1tched on worksheets whlcb have "ones" and "tens and ones"
written beside the partial sums.

Celia used blocks on Woxksheet B (symbolic problems to complete) but
not on Worksheet C (plctures to proulems to answer).

Washington, Susan,, and David all adapted to short form easily
(abbrevigtion of algorithm from 42 to 42y

=423 +23
. . 5 65.
h : @_
) 65

23
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Celia refused to use Bhort forms. Celia has reacted this way before:
S the "teach me what to do and I'll do it; don't go changing it on me"
: ‘kind of attitude. She was ‘comfortable wlth long form and had no
1nterest in changing.

« H
¥ - "

. # LN
i L3

. "' Duke's errors: reversed digits, misplaced ones' sum in tens column,

R sVige-versa, etc.: wrote 15 . Y
: R +33.
- ]
‘< " .:’\\\*.
i MR 4
P s DA - 80" N

- 84 ... I think rather than adding to get
partial sum Duke counts all the units or all the longs, but doesn't

N put the partial sums in the®right column. Whichever he doe® first

- goes in the ones column. Duke's state at this point is that he cannot

cope with both setting up blocks and recordlng, or recording back the.,

problem and the sum from a picture. If he has only one thing to do

(choose a picture, write a sum) he usually can do it ok: okay

»
-

-

- Verballzatlon of 5 tens and 3 tens gives 8 tens (for example) was
-~ - impossible. Kids would say "20 and 10 is 30" but not (2 tens and 1
ten is 3 tens).

- . . ES
. When I read problem for kids to show on abacus, Annie had trooble.
If I read the second number before she had put on the first number, .
- she got totally confused. ) .

When Omar "read" problem from picture, he wouldn't iook at picture of

the answer, but would luok at the abacus with addends, touch tens to
. “"put them together, then touch ones same way. It wasn't counting, but
“d L, . a physical and in a mental process, eyeballing it.

For pictures where I read problem, Paul chose wrcng ones, scmetimes
reversed picture or would count (a picture for 61) as 10, 20, 30, 21
32 .a3 J4 .

-

When I showed addends on my abacus, Annie would put down on rubbey

band to join tens and ones before she could find picture for answer.
:. T ~f + . . 23
t - . ~ ~ 8 L[4

Kids didn't want to write intermediate step —> 30

- . 38. Instead, they'd
.add ones say and write "8" then add tens, say "30" and write 3 in front
of 8.

_ A Y

N

For intermediate step Kate,would write 4 instead d¢f 4
84 80 .

. 24

’




" When addends and the solution are pictured kids don‘t want to show

Annie 'used abacus for each problem putting ones on, writing it,
then putting tens on and writlng it, then count =21l beads again aad
write the answer.

(To get the answer fynm a picture showing addends on an abacus) Paul
would count tens of the first addend correctly, then start counting
by cnes when he got to tens of the second addend.

Chris and Omar said 1t s a.aster to w ite tens first, but they wrote
ones fi¥st because I told them to. Chris added that it would slow
him down, but he'd do it.

" Took forever to get first example 13

+12 on the Form-Board. But they

- seemed tg catch on by the second example.

Kids joined the ones and the tens simultaneously by columns, but kept
tens and ones separated. ' .

L. ‘ : v
Karl and Alex could give me solutions to single digit problems but
only Calvin and April could transfer to 30 + 40 or 40 + 50.

the problem with manipulatives becvause they already know the answer.

Began writing ovals in for Alex to write in...

~

= ‘

-

(]

hopeful.
Kids seem to know how many tens and ohes, but not where to write it.
I had Karl and Alex solve scme problems on the Foard, using sticks, and

pointing to what the numerals went with. Xarl was very proficient;
Alex scmewhat slower.

....... L

They don't see why they must put the sum in the bottom panel of the

addition-form-board, but do it angway. -

Strategies varied for finding the correct picture to go with the problem.
Betty computed answer first, then looke& for pictuve. Mary would count
the ones then find the picture with the correct number of ones, and then
worry about the tens. i
They had difficulty deciding where to put things. They wanted to just
write the answer ané even when adding ones first want to do 24

+13

37

=l
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‘ lesson 1l t

26

“inktead of 24
® 7
@ 30 ‘
37.+ They thought it strange to have only one digit on a .
lice.’ They didn't use line @ and @) to find answer, just the objects. .
When, after they finished, I asked "So what it 24 + 13?" they were :
puzzled. ) - ‘ . T

Nez.tne* Maxy nor Tomy put middle “steps in on {problems like) 3

]

+1 | 4 . -t

-

-

Tommy is lost without objects. -Even wnen “he problem 1s presented with
pictures he must use objet':ts. Por example, he had di‘fi"ulty counting \ '
thesd two (pict:ured) sets together: 3 @ @ g

P

i ' @ ﬁ H . He counted 10, -
20, 30, 31, 32, 33, 20, 30, 32. He ever had difficulty after I .
suggested he count the 10's firdt (i.e., that he count 10, 20, ..., -

50, S, 52, ..., 53).
> . -

* Tommy...does not use flie numerals at all and sees nothing wrong with
12

+23
5
35. He can find the answer .ising objects) but sees no meanin. in the

symbolism. : ‘ : ’

-

.

-

By the end of the lesson {5 days), Tommy seemed to' know what he was
doing. He cbpld add symbolically and also show you with objects.

Adding multiples of ten caus«d Tommy and Mary problems. They can, N
answer these 'p&oblems when given orally, but the two zeros seem to

throw them of¥ at the symbolic level.

e

children did not have difficulty using addition-form-board.

(For socme oral drill problems) All children had trouble telling whether
a sentence is true or false (e.g., 5+ 3 = 8, 26 is less than 32):
«seemingly the words {true and false) have no meaning for them. They
could tell which of two numbers is more or less by determining whether
a particular statement such as "39 1s greater than 53 or "27 :5 less
than 51" is true or false.

All children except Carric were able o select the correct picsures fir
a given addicion problem and pur them :in order to bcw addition.

R ———
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All were sble t© look at a picmre of an ackLa.on preblen m..h sticks

Carrie did surp:‘singly well on worksheets. I finally got her to do
Workshest -F "(the &S withoupt sticks. Seemingly, she did not trust
*herself at the vitholic level. . '

]
L]

T > st
.

RN i
mltm rostly put oNes’ together £irst when m.nipul ting blocxs: s
Susan, david, ‘and Washiagton trisd to group‘ever ng at once-— . . St

PR

Susan and Washington lock at addends and teli answer; David physically .
moves bl cks togat.hex first and Duke needzs Prozprs: "Hm many ' ones,
etn. ™ ¢ ﬁt ’

4

In trlling abouz pz:oblem (zecayztulating axplaimng what they aid .
with blocks, etc.) Susan and Washington are adept; David amd Celia

hes tate angd wmake errpys. Duke’s reaction is "aw, he:e we go agaty® :

--like the whole thing i1s too much for him. . -

Washington is very reluczant to use the form~board. Helll yoe blocks. . ;

but not on the form-buard. PRSI

2

On sy=mbolic wov;.sheets Susan and ieashmgton begin %o quit using the
blocks (zely an the symbols). Washington stects leaving out &he zexo
in the tens partial sum.

&

‘Duke, whenever I'm not right beside him, reverts to assorted errors.
The most common todsy is to add tens apd onzz Jdigits together. For
example 22

:é - N < ) A- .‘;
5 . 4 ' - ; '-’g
4c “ . N
55. ] _ |
Celia stuck %o long form, u. 3 tlocks, occasionally had rande:m errors. ) }
25 4 . ‘!
+1 +55 .
-, 6 9 3 i
: 8o D]
86’ 55 .

Duke. with gquidance, 46 beg.nning to be able to.do entire p ocedure.
He uses blQcks and links them up all over the form board, ignoring our
neatly marxed spaces

: >
Duke and Celia (after others in group have finighed) fimish the
'e'{mbal.\" worksheets, both c1d wvery well. Cxlea uses long form, no
blocks {uses fingers). Ouxe ssez both long and shart fororm, reverses .
columns occasionally. .

<
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Given this task, “I'm goxrg to read you an addition problem, then you

‘fxnd the pictures and put them in order to show the additlon. Annie

- could not choose a picture from a group, she had to be given one ‘

N ', pictu:e at a time), ccunt beads (on abacus picture} and dec/}de,if it
....—a3 the one, then go to ‘the next picture. She also &an't "read"
pzbblem fiom pic»urc-—she has to count (slowly) then forgets ‘what
she just counted before she can say the numbers. . .

o . , 5 :
* Anriie read writtan>prohlems slowly, heditantly, but must bette‘ than :

e telllng the problens from abacus Jr picture. . _ -
QOn _symbolic worksheets) Paul h;d most tZOuble writing numerals from

i -plctuxes. He did much better .6n completely symbolic worksheets, no. )

L pictures. Annie used abacus falthfully on every problem until I took ¢

3 ‘it away on Worksheet F (the. last one). She then used fingeérs rand -

' tapped cn table, even ior ohvlous combinatiens (800, étc.). Chris

and Claire asked for -abacus; didn't use lt for any worksheets.

.
prs - -
T . \
. By -

=l T 0 . : - A
{

3

AL
.

= . 4 2
Karl joins the tens, then the ones; Freddy joins the ones, then the

. tens; €alvin varies; Susan and Alex jcin both together.. . " .

5

*
-

S All abacus nxc*u.cs are harder (than block or stick :1Cfuros), no
. trouble readlng a number from a real abacus but there is frem a LTz
) " picture. -

R

April £ills in the detail to ple2se me: She £irst had 72 then 72

. ) ¥S ., +5 - .
. .3 )
7 : -, 10
T 7. a

- A s e v o

Tommy and Ma*y did very well with ob;ects andé okay with prctuzes, but
the symbolit is like pulling teeth. Especially when the “middle step”
'is required. Both made errors like 25
. 4.
C ) he :
. 29 . . .“"
28.

Ly hd .

.~ Mary doesn't understand why she is writing the middle step, but seems . o
. to understand the answer. She never looks back at .the middle step, |
-but she uses the pictures. They don't seem to connect the short form
with the.long form. ’

oty R
w re o n

28 . .

e R
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Tary on 6L ’
3 47 added all the numbers togethex (i.e., gave 3,4 “for answer).
- She told me.that in problem 4

+55 the fives were the gnes. She's okay
using objects. “ * B

-
~

2

SUBTRACTION FOR NUMBERS NAMED BY 2-DIGIT NUMERALS--NO REGROUPING

The broad objective of this sefuence of lessons—lessons 12-15-~was
to deveiop the subtraction algorzthm for subtraction of mimbers named by
v \ Z-digit numerals. This sequence of lessons was limited to subtraction
§ , 7 without regrouping. As in the addition lessons the first work in the
«subtraction lessons, especially at the enac tive level, gave special
: enphasis to review and exteuding the concept of subtraction as being a

take—away operation; that is, the removal of z subse: from a given set. L
The sequence of lessons was designed to present the ideas associated wim
the subtraction a‘tgoritnm in the following order.

» ' K
LA 2t ayandie date n B Lett

.

N ."
Sl ond rni'ae

1. Review basic facts, minuend and subtrahend both less than 19.

“

-

2. Extend the skill with basic facts %o compute differences of two
- numbers, both multiples of ten. ’

«SSat s W 2.

B . *3. Computation of the difference of two numbers, both named by
2-digit numerals

9;,"“"; v 4. %omputation of the difference of two numbers, one hamed by a 1
) - ) 2-digit numeral, the other by a l-digit numeral. %
- - Lesson 12 was titled "Subtrac..:.on' Review facts, tens take away tens.

) The stated object.lves for the enact:zvn level were: , :

. 1. To give oral subtraction sentences which co'resoo-xd to object
" manipulations to suggest Subtraction:

a. basic subtraction facts, sums tc ¥9,.

M . b. tens and tens, sums to 90.

¢ ;
. <

Seew N rav o A s

iy ade e~

2. To give object ,xna.m.pulations for subtraction problens presen*-ed
- rally: - .

Lesson 13 was titled "Subtraction: 2—dlgiut and 2-3digit without
regv'oupxng-" In this lesson a Subtraction-Porm-Board was introduced. The
purpose of the fom—board, as for addition, was to provide a structure on

Lot : &, basic facts, sums to 9, )
b. tens and tens, sums to 90. . |
L : : .. : :
L Appropriate modifications of these statemenis té xeflect iconic and symbolic :
: activity define the objectives for the diconic and symbolic phases. In this :
. i lesson numerous problems were given together, for example 5 - 4, 5 tens take o
A . . away 4 tens. 50 - 4C ware presented in close succession, to help the children N

- observe the similarity between computini,: 5 -~ 4 and 50 - 40. :

e ’ * . 29

i
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which -the childxen would display*obiects for the “heglnning set,” then
remove a subset and keep it displayed in a designated spot, and finally
move the remainder set to a designated spot. The subtraction-form-boards .
‘were constzucted fron light cardboard about the size of an open file foldex.

&

ENCY AV

PR WA
» s e ,

1

s

e H

- v

-~ At tbe iconic level of insMruction a subtxaction problem was suggested ) .
in a picture by ringing the “removed-set®™ and extending the ring to an arrow
to suggest removal. The stated obgectzves for the three phases uf instruc-
“ticn for -lesson 13 were as follows. ) .
Enactive level . ’ ) T
1. Tg,#ind the answer to 2~a git and 2~dzgit suhtraction problems,
without regrouping, using the objects.

Iconic: lavel ‘ ' ' ' ~
.. 7 l. Given a picture-of-objects display of subtraction with £w0 2-d1g1t
numbers, tc show the same with blocks and find-the answer.

Y]

N T THEL L
o oo bk < S0y b e

2. ‘tWhen given a subtraction problem with two 2-digit numbers orally
to choose the picture which shows the subtraction and give the
answer orally.

3
v

“o vl

3. Given a block display of a subtraction problen with two 2-digit i
L, ~ numbeys, zo find the picture which shows the subtraction and give .
- the answer crally.

2o et Aoat e aT

4y

. 4. Given a *ictuze-oﬁ-cnjec display of a subtraction ovoblem with : '“ T

_ tWwo 2-digit nunbers to. . . .
s . a. tell what subtraction problem is sho - E
b b. display the angwer with obiects. . P
~ Symbolic level . ' T

1. When shown a subtracticn preblem wiin two 2-di1g.t numbers in
symbolic form ro. .

, a. read the problem, L .
) b. show and solve the probiem using c;;ec ts, and give the answer
orally, . e

“¢.  solve the problem with cbjects and write the anﬁwer.
d. solve the prchlem by thinking about subtracting in the anes and
tens piace and write the answer,
e. after having completed a problem §hd solution with blocks ke
able to point out corresponding numerals and objects; 2.9., in
, 32, 2 goes wath 2 units, etc. | -

2. @hen given a subtraction problem with tws 2-digat numbers in oral, .
icenic, or enactive mode, to , }

~a&. 3ymbolize the problenm, . i
b. solye the prcblem with objecys, g

¢. solve the problem from the picture by counting, !

d. write the answer. . '

During the first part of the symbolic level of lesson 13, use of a plage-

30 . Y

P : , . J C '
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value-chart was emphasized. I.extex in this lesson, illust:zations and
wo:ksheaﬁs wexe presented without the pluce~value-thart. The place-value-
chm:t: was used initially to pxcv’i"‘ d2 a structure for tha.algorithm woxk and

S . was gxadually remcve& ‘ ‘ o R 4
The form of the subtxacticm algoxithm which wa.s taught is iuusmtea T
balaw. : . ;
B ) 39 39 .
o . -8 718 > aim o
R .- & 24 -
P Lt , & . e . R
‘ - It vas &ec;ded not t.o use I8 emandaﬁ algorithm for mxbtractian, sur:.h as
¢ : : . 39 39 -39 38 - )
. 415 P - -15 P 157 .15
. o £ " 4 . 4 4
e , 2 20
b - . 24 . *

However, it wgs observed that some chiléren developed such an algorithm on
their own. This cbviously was a transfer Erom i:ha form used for the addition.

algorithm, Sucb,;;.n expanded algo::.‘.:hm for subtzaction appears to be
feasible.

Lesson 14 was titled “Subtraciion: 2-digit and l-digit and 2-digit.
and tens without regrouing.™ The stated objectives of lesson 14 for the
enactive, iconic, and symbolic lersls vere. as follcws . )

Enactive lavel : ’ . )
1. To give oral nubtraction eam:ences which correspond to object
¢ manipulatianstto Buggest subtraction--2-digit 1~-digit
-numhexs and 2 &iqit »inus tens. .

2. To give l@lo.k mpulat..ons for subtraction sentences which are
. givén orxally. . . :

Iconic level
1. Given a picturaw-of-objecu display of: subtracticn of 2-digit minus
l~digit or 2~digit minus tens to show the same with blocks, £ind the

. ~angwer, and c:ally state the subt:action problem as a‘conplete
- sentence.

4

<

R . (Y R R
B A S

S

2, VWhen given "such a subtraction problem orally, to choose the pict:ure
to show the subtraction, give the answer orally, and state orally
y ’ the problem and answer as a complete sentencs,

N
e

ST

R LI
;o

3. Given a picture-of-gbiectr display of such a subtmct:ion pxoblam to
a. tell orally the subtrzction problem shown, - °

- b. display “he problems with objects, : -
: ¢., state orally the subtraction problezm and answer &s a complete
‘ sentence.

lgsson 15, the final lesson for the seguences of 1esson§s ‘on addition
and subtraction without regrouping, was titled "Addition/Subtraction Review."
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It: wag pmsganbea at the symbolic level only. It was the only lesson in the
‘gequente in which addition and stbtraction probl were presented to
chil&ren ih the sahs ‘teaching session and on the s}m wozkshaets. Thus it
wag the ﬁ.rst lesson in which children had to, of aach problem determine
whethax t.ha problem was addition or subtraction; this was a pontri,vial

/-
hask for some child.r&n. The stated objectives for this lesson waere as -
Fﬁllﬁws' N i ~'” ) R - ’ L ) 7 . j

1. Given addition and subtraction sentences, in. oral mode to write the ,
‘ santence in vertical form. P . . . . .
2. Given addition md sx.bt:ac..ion p):oblem in o;al rode, to
+ a. write the pxoblem, T )
1 b. sqlvé the problem,, ’ a L -
- N read t:he sroblem and answer Aas a ccmplef:e sentence. ‘
. o % . ¥ ; .
3. cﬁ.,ven add..cion and suht:act::r.on problems withont. regrcuging, in tﬁe
iconic mode, to . .
" a. , write the problem and the angyex,— : o - .
b. - read tha prablem 4nd answer as a comgle!:e sentence. T
4. Given addition ami subtraction gxoblams in symbol,ic form, to .
' £ind the answer, b
b. *ead ‘the pmblem and the answer a.s ‘a complete sentence.
. . ) o ) ' * . ) t )

: , .© LOG EXCERPTS ‘ '

‘. fesson 12 ' . s L

S . - x Py

“

.On the iconic level, Brehiz, cﬁbby, Opie, and Carrie found the ol Eture
for 5 tens take away 2 t:ens when they should have found the gicmre )
:ccr 5 ones take aday 2 o,nes. - . . o

?

Oon- a. worksheet (with m.ctums for both addition and subtraction)}, for | 7 ’
the’ picture of 2 nundlﬁs and 4 sticks plus 2 sticks, Carrie wrote 204
- ; *11.

-

AP R S T

-

Carrie has %o be taught how t:a xeco:d $0 ones hxll be undez ones, teny
undey t.,ns, ete. Example (she wrote) 60 -
~40 ,
- N - "'"':,‘:'6'. ‘

Children confused ;!:tures depicting addition and those depicting
subtracecion. . ' <
. . N

A et Wt 58 . [} »

This ig a particularly effective and gmeoth txansimon aO s!mbolic
work. All the children weve compecent at showing with blocks the
problems which I wrote gn the Bdard. All but Du};e wrote «9 for 9
L N : "8 "1
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126% sor 70

- -50 =20 -\ [
'. . . 50. » . ' . - ) N

o o * Tt ;
- ' . . , -

“In group work, Duke does procedures with blo s okay and xecords well
. except for column alignment. ‘Susan and Celia.have.gone through this
sane stage--vhen they were recording 2 problem that they've gotten.from
‘A picture, they didn't at first focus on the columns, just on three
umbers. Duke is now writing &0 . - - ‘
o ‘ v T - 40 . ’ . . !

20. ’
H

[

! o ..
v N 1
-

« . .
- - 3

Annie and Kate would sometimes say 5 - 3 instead of 8 - .3, lotking at
beads at the bottom. Az winbiend instoad of answer.. Kate, when trying
to tell me statement in “tens”, would sdy "5 tens take away 30 tens
eqms 20." N . o ' ’ - - v\{

W Sy . v

- [ ——

S e :
I think all‘see the relationship between 8 ~ 3 and 8 teps - 3 tens in
oxal drill but only Calvin and April carxy it over to 80 - 30, but all
seem to knoy the same display works for 80 - 30 as 8 tens -~ .3 tens.

- ~

v

Had 90 for Calvin to’'show. RAlex said it was easy because 9 -

=20 . ’ . =2 was still
on the boaxd. . o i . o
On Woxksheet A (coxrespondiné to picture depic\king 50 - 30), Alex wrote
30 for 50 - SN
-20 - =30 SN
20 20. N\
. ) < » L7 'i' \\
Alex talks to himself as he works: 80 , N
. . =50 “Zero take awa Zero. ..zexo;
8 take away 5...3.7 Karl says “80 take oway 50.% d‘\\
) . ‘ ' N
Alex writes for (a display of 24) 204 , N
‘ +2) 2
206.

[
T b 2 o ‘

’l‘a&m‘y an¢ Mary interpretved a y.i:ctura like ..(3;_; as 6 =~ 2= 6,
+ "They ‘don't know their f£acts so this presents no contradiction.

', When I ghowed a {subtzaction) problem with objects and they wrote the
problem, I was surprised. Tommy did well right off, althbugh a similar
task with addition caused him a great deal of difficulty. abel, who ,
breezed through addition couldn't do it. Por a display for 6 - 2 = 4, \ -

33

ow
.
%
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_he wrote 624. After I showed him on the hom:d he still couldn't put
"the Aumbérs in the right plaoes. For 60 - 20 = 40, hé wrote _=602040.

. The ‘irst problem 60 - oo, which I showed on the abacts confused them
'all, even Betty. Tommy wrote 60

-

-0 ' s

%-, ' C #7  80. Abel and Mary were lost.
. On the first problem of the wox:ksheat whi.ch had pictures aapict:ing
. 7 adaition and subtraction, Betty did this. @ . “” 24
(A . 2
. o ) ' ‘ 80.
stson 13 e .

?

ﬁo problens were observed in lea.:ring to use Jthe subtraction—fom«board.

s

Carrie often records a ones digit in the teps glace when writ:ing a

proklem that I read or one that she wrotes on her cwn based on pictures.

'Example:" @ 1U®_7 *  Cajirie wrote: 17 -

[} ¥ “ . “‘ ) -4

L ‘ ' 13 &

+

Recording prohlems seemed to be the main difficulty of this lesson
(iconic Tevel).

Ml students {(during the symbouc‘level) seemed to tire of using the
subtraction~form-board. All seemed to work correctly withéut: the

form-board except Carrie. . ) .

- iy o - -

Once again, all five children function well at the ‘enactive level.
They ¥ere able to recapitulate the problem.

At diconic level, everyone had to count pictures carefully, to get
di ffevences as well as subcrahend and minuend. Some of the fluency
in telling the problem seems lost when working from pictures.

All five children had trouble with the last item (I show .picture for
gubtraction, they show answer with blocks). Susan and David caught on
to just getting out blocks for the part not cirtled.

Worksheats which had oiccu:es depicting subtraction., Children wrote
corresponding problem and found answer: Susan and waSMngton get
answexs by counting blocks in picture. PDavid seems to rely more on
mental arithmetic. At first Washington 4id some funny things:

) 47

| 236
Bleggmoe /) - 2

A B




.. to make a transition away fram- the place—value—chart Duke did these

. a pictured problem on a real abacus, everyone did well. -

3 -

Duke has discovered that he can éo. subtxagtion .problems column by
column on his fingers. He does worKsheets today mostly without
blOCkS - \ ’ Y

On one worksheet (3) problems were presented in pairs as 3 8 38 :

=24 -3

-2 4§ . s

Ehree problgms hy columns (tens first, of cqurse). He Cidn't even
recognize that he was doing the same problem twice.

1 s
o deem g

Y

Annie has difflculty showing a number on abacus when she hears it, but .
doesn't see it written. 1I'd sometimes have to touch the tens rod and -
say "30,* then touch the ones rod and say "7" for 37.

At the iconic level: &Annie couldn’'t teil how many were ‘taken away.
Paul did better, but he would reverse the take-away number. He found
47 -~ 13 instéad of 47 - 31. Claire and Kate reversed digits on the
minuesd (found 45 ~ 14 instead of 54 - '14). However, when I displayed

.

On symbolic wolksheets, Paul counted beads in picture for each number;
he ignored symbols. Annie sometimes forgot which beads to count for
answer. Kate -had troukle with pictures too, but did better with each
worksheet. .

Chris has realized it isn't necessary to put zero in tens column, wrote
G2, then erased 0.

.

. ey

Alex waits to see what to write (the teacher wrote answer on chalk
board after children were to write) from the board, even though he .
uses the manipulative correctly. april and Calvin Ffirst write the :
solution to a problem, then 'show the display.

Kids conid relate numbers (on a worksheet that depicted.a subtraction

situvation with pictures) with the pictures. .

-

Karl's counting backwards for subtraction and is usually off by one.

~
v e g -

Topmuy nad trouble reading 47 -~ 31 or an abacus picture. He said

“40 - 1, 47 - 30, 7-1, 47 - 1 ...," but did well on the other pictures.
It is amazing how his speed and accuracy decrease as we progress through
the three levels.

On a worksheet that has pictures to depict subtracgion and the associated .
symbolic problem, Betty does them without using the pictures; othe:s,
especially Tommy, are dependent on them. |

35
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14

e » M s e . . ' -
On a worksheet children were given oral d/rections as follows: Were
read a nnmber, told to show the number with objects, told,what .number
- to take away, told tu take away objects, told to write th number taken
. &way, ... Having them take away before they write how many they are
taking away hay dot be tuo good or natural. They prefer to write, take

. away, then write‘ the answer.

L 4

,With symbolic exercises, Tommy had difficulty when there weren't any _
pictures. He started adding  subtrahend and minuend together, aubtrac-
. ting the minuend; and getting the subtrahend. ' '

ZLeséon 14
l Carrie and Cubby iade numerous mistakes; nstead of subtracting to get

! answer they simply brought down the mlnuerd or subtrahend. Example:

24 24
. = 20 | z2 .
. ’ 20 24 :

oy N
David had a lot of trouble with the worksheet on which he had to ring
the subtrahend blocks--he circled the difference, or one digit of the
difference, or part diffarence and part subtrahend (for 56 - 44, he
cfrg;ed 1 long and 4 units, the exercise présented a picture of 5 longs
4nd"6 units and the problem. 56

-44, children were asked to indicate 'the
problem on the picture). . . -
> .
Celia seems to work from sywbolic form, .even with pictores. She wory s
.in cclumn, writes unneeded 9O 'sx, doesn't like worksleets whera she
doesn't get to write the problem down, sometimes ignores pictures.and
adds the two numbers when the comflete symbolic problem (and answer)

-This is perhaps the first time the pictures have meant enough to hirmr
- to want te use blocks after when the pictures stop.

- —

No comments from one group.

LT P R

On d task where teacher read a subtraction problem and children were to
show the problem with objects: Alex wanted me to write the problem on
the board before he made his display. He may be vexy proficient at
reading how many tens and ones, but not at reading the whole number.

Kar) had errors such as 87 32 : -
=5 or =12 - '
52 22

] [y

w7

is already given. \\v//)
Duke worked happiiy with blocks on first worksheots without pictures. :




o —— - - .

On a worksheet v.here children were to comolete a p:.ctuxe (i.e., ring ’
the subtrahend) to show subtraction: ty would draw a ring to shw
subtract:.on of ones, mte the result, the'x do.the tens. - :

'rqnnny t+ied hard to convince me that 8 - 6 = 7 when, in fact, he had
forgotten ‘to take away the other 6 fingexs to make 6. His number sense
'is poor. He needs objects but won't use them with the worksheets.

Most frequent error (when writigqg a problem to go with a plcture

depicting subtraction is .38 38
2_, for 20
) v 18 18. Vhen asked to read the problem

they isually not:x.ce t& exror.

Tommy relies completely on pictures when they exist, as does Mary.

S -

e

Lesson 15 - ’ e

R T L A R L VA

RN R PPN

.

No tomments from one group.

1

Susan, David, and Washing:on ‘have good command of both addition and
subtraction algorithms. They can demorstrate and explain problems. \

Paul and Annie had a hard time writing teen numbers.

—— o . S e -

t ’

Alex. .wrote 15 for 51 ané 50 for 15. He seems to have the most
. trouhle with 3('s a.nd 50's.
" All chiidren had trouble with p'cture-o. ~abacus addition problem. They
did ckay on a plcture~01‘~abaf~us cubtya. tioy vroblem.

. i .
Karl's errors seemed tc be adding or subtracting when he should have
subtracted or added, ar basic fact r~rors due tc counting back ) -

, (. 80 4y ), .
4 N v:é-q :—2-2 - .

e .+ 40 24 s
Tommy does iconic and symbolic wurksheets differently. He relies
coxgpleﬁely orr pictures, when they are present, icnoring the numbers.
On symbglmc worksheets he relies on his fingers (he doesn’t use’
mmpulative objects). .

x
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ADDITION OF NUMBERS NAMED BY 2-DIGIT NUMERALS--WITH REGROUPING o

The broad objective of this sequence of lessons--lessons 16-18--was to
extend the children's concept of addition to addition of numbers na.2d by . !
. 2Z%digit numerals in which regrouping from the units to the tens was lﬂVOlVéd. .
The sequence pf lessons began with a rather long lesson on the "regrouping” -
process; that is, changing a manipulative .id or symbol%c representatlon of ) t
a given humber to have more or fewer tens or ones.. The ;egrouplng activity
was then incorporated into the lessons on addition. . o t

Lesson 16 was titled “"Regrouping and Renaming." The stated objectives
for the enactive level of the lesson were: ' .

1." when shown an object demonstratlon for 1 ten and 10 ones, to .
4. say that they repre;ent 1 ten and 10 ones, repectively,

b. tell that each xeprésents the same number, ' . i - ?
c. _ tell that esach may .be replaced'by the -other. i {
: . o
2. shown a block demonstratlon such as 2 tens and 3 ones and 1 ten and >
13 ones, to . 4

a. say each in words, ' )
bh. tell the number of each,
c. tell that each has the same number.

3. When presented a phrase like "3 tens and 4 omes" orally, to
— a. show it with cbjects, : ' N
.b. regroup it to fepresent 2 tens and 14 ones.

4. When'presented‘a phrase like "2 tens and 15 ones" orally, to
a. show it with objects, -
b. trade 10 ones for 1 ten,
c. tell how many there are in all. . k

The objectives for the i1conic level were as follows:

l. Given a picture of objdcts which displays a regrouping, to
a. orally explain the steps in the regrouping, .
Y. show the regrouping with objects.

2. Given a number such as 16 ones or 2 %tens and 7 ones, to !

a. orally explain how to trade tens and ones to make more or fewer
ones, !

b. find the picture which corresponds to the result of the trading. )

The objectives for the-symbolic level were as follows:

~

1. When glqen a number such as 43 in symbo-zc mode as "43" or "4 tens )

and 3 ones" or TT—‘T to

a. read the number,
b. show the mriuber with objects,

. e e e e oA - -




*a

trade tc make more or fewer ones, ,

c- .
d. use symbolism as in the subtraction algorithm to record the
trading. —_ -

2. When shown a step-by-step writgén recording of a regrouping to make
more ones, to . ‘¢

. a. show this with abjects, .
b. orally explain the regrouping--from the symbols and from the . -
' blocks. .

3. When shown a trading with objectL or with a picture of objects, to

a. orally explain the regrouping,
b. use symbols to record the regrouping.

An example of a task which children were reguired to perform at the
symbolic level was to show with objects the regrouping suggested by —T~T_I§—
- 4 g .
Similarly, children were shown a regrouping with objests and asked to record
the regrouping symbolically.

Lesson™ 17 was titled "addition: 2-Digit Addends Witﬁ Regrouping."” The

-objectives for the three phases of instruction were as follows:
IR PRAses of nswrmenon )

Enactive phase oY
Given an addition problem orallyr;io

1.
a. exhibit the addends with objects,
b. perform the addition--join ones and join *ens, s
c. do the recessary trading, .
d. tell the problem which was worked~-i.e., read the problem in the

form "addend plus addend equals sum.”
2. Wwhen shown an addition problem with blocks, to '
-, a. tell the addends and the sum,

b.

verbalize the .steps in the addition--j.e., join the ones, trade
to make tens and ohes, etc.

Iconic phase
1.

regrquging, to

.

Given a picture-nf-objects display of an addition problem with

o~

orally give the addends and answer of the progiem,

a. show the problem with objects,
b.
. c. orally explain the regrouping.

2. Given an oral statement of an addition problem with regrouping, to

a.
. b.
c.

£find the picture which shows the problen,
orally give the addends and the answer of the problem,
orally explain the regrouping.

Symbolic phase
1. 'When shown an object or a picture-of-objects display of an additi

. problem with two 2-digit addends with regrouping, to

N

a.

show the prohlem with objects,

39
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b. solve the problem using objects,

c. solve the problem mentally,

d. record the steps in symboMc form to show joining ones, trading, .
and joining tens, . R

e. read the problem and the answer. .

The algorithm that waS-taught to the children and on which gupport was
provided during the enactive phase of instruction was as illustrated in the
problem _ 35

+27 ‘
- 12
. 50 - T
62 . B
. A modified Addition-FPorm-Board was used in the lessors. Many of the
worksheets which involved symbolic work had a form for children to use in
the algorithm work as illustrated below: ' ‘
‘ ’ 29
237 ° '

ones in aIll
tens in all "~

— - altogether
—_— oseme

—

This symbolic format coincided with the format of the Acdition-Form-Boardt:— ———— )
It was hoped that this correspondence in style would facilitate children’s ’
symbolic recording of the algorithmic process.

Lesson 18 was entitled "Addition: 2-~digit and l-digit with regrouping.” -
Because of our observations with the comparable sequence with addition without : -
regrouping we decided that this lesson could be considerably shortened. OQur
observation was the 2-digit and l-digit addition came very easily to children
after having had 2-digit and 2~digit addition. Therefore, lesson )3 was
presented at the symbolic level only. The stated objectives for lesson 18
were essentially the same as for lesson 17. .

) Before starting lesson 16 :t was discovered that many of the children
were not profic.ent with osasic additicn and subtraciion facts which involved
sums greater than nine. Therefore, a number of days were spent glving
instruction and practice on basigu;acts. The children were taught a count-on
strategy for addition and both cdunt-on and count-back strategies for
subtraction. )

LOG EXCERPTS

Lesson 16 S ) .
Cubby and Carrie had difficulty understanding that the same number could
be expressed in twc different ways. If ycu asked them if 12 ones were
the same as 1 tundle and 2 sticks they would say "no" or act unsure apout
their answer.




" All children had trouble with the question,. “h:e there less than 10 T -
enes?" So I rephrased the guestion and asked, *Do you have encugh so . .
make s bundle?” 51} children except Carrie caught on to fhe trading R
.concept for more or fewer opes. Howaver, Cubhy id not always sure that =
the nuxber of sticks in all wexxins tha sama. . R

N N ¥

Children are beginning to verbal .ze more freely about what happens when 't
they trade fox more or fawer ~.es5 and seem €0 unesvztand thoe \eri*w;x T

form for rmpresgeu dng the ading process. - . . ‘j
Cubby finally udnerstands that the total numbar of sticks rooaine the e
same after trading. :
. B

All children except Joe Benny made Gome errors cn Worksheet D (2 woxk- :
sheet that required symbolic recording of regrowping). Some sarple -
eITOT3: phil: 5 110 1 113 Opje: 7 |18 N . P
gls, 218 Bl 2, ‘ T

T e o

. Carxrie: ~§—‘-'—.§' — ‘
— | o
After the first example of counting after a trade, Susan and David md 1
longer count to determine how many altogether, they conserve and ) ‘;.'51
remember how many there Were befors the trade. Celia counts the "new
blocks,” if she maked an error in trading -o:_.counting she trusts the T
—new number and assumes that the amount has cﬁanged .

.
~

Celia had trouble with the guestien, "Are there more/less than 10 ones?™ .

— : SR
1

Question “Are there less than 10 ones?® was not cons!stem;ly ansvered .
correctly by anyone except Chris. ) -

Trading a ten for more ones seexaad sasiez than trading onas foz a tea.
Omar would pick up 10 cnes and turn them over (from the back co:he front
of the abacus), rot bringing over the ten as exchange. < '

1 changed the question to "o we have erough onps to trade?" "
An exerxcise with pictures showaed, for exasple, 4 tens and 11 ones on o
abacus. Kids were told that I had a pictafe vhich showed the sticks - - 3
after a txade. They were to guess the trade and show the Tesults with . E
their abacus. This was very difficult for the kids, irpessible for_ -

Annie and Kate. Kids couldn't construct in their minds what tncy )
couldn't see. ) '

- _ In.response to a symbolically :ewrdéa trading: Clairs and Chris gave
. ’ fluent verbal description, Omar and Paul &4 okem, Kate was hesitant, oo
- Annie couldn't verbalize at ail.

§1 -

1

]
3
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" Kids readily accepted that 12 ones or 1 ten and 2 ones were the same

. . . value byt on amounts such as 35, 87, or 77, where it ended up with 7
tens and 17 ones, children would have to count again to say 87. That
is, 8 tens and 7 ones: kids say this is eighty-seven; trade 1 ten for
10 ones, 7 tens and 17 ones, all agree that the same value but must
count to find 87; but not the case for 12 where not so numerous oaes.

; .. .kids just seem to see it as a trading game without amy purpose.

é;“ On sowething like 8 | 15 ) ‘ '
Y i . g | 2 . kids are explaining by using words " take

away," rather thah "trading." For example, Alex suggested you were
"taking away a long for 10 units." . :

. *
. . '

Karl and I worked on symbolic-problems like 6 | 18

. 7 g at the board with
displays. Xarl caught on and redid his worksheet. Aalex i5 ockay with
. trading on the display and talking ‘about it but rnot with written T
’ symbols.,

Trading came easy, but they weren't always sureé, at first, that they
had the same number. :

They are (now) convinced that the tocal number does not change with
trading. Have difficulty deciding whether to exchange 1 ten for 10
qQnes or vice versa. )

Showing what %“he .picture would look like after trading 10 ones for 1l
ten was not-too difficult. Going the other way didn't make much sense
...they see no need as vet. >

. No difficulty with trading but recording is a problem. Betty started
: doing S8} 4 .
g i 8 --corrected herself eventually.

. Mary still recounts everything after trading, the others knew the
number had been preserved.

Lesson 17

Additien-form-board was introduced today but all children had difficulrty
displaying the correct number of sticks in the "tens in"all" line. They
wanted to include the ten they Got as a rezult of rrading the ones :o

. tens and ones.

Phil made mistakes because he counted the ten he traded twice. Example:

“,



38 ., »
+57 . 2

IS onez in.all :

*90 tens in all

. . 4 : 95 altogether -—-coxxsct answer, but he
! - c'x;ppar.em'.].jr got it by- counting ‘the picture correctlyu

kS Cubby méde errors%on the “tens in al1® lines. Examples:

N\ 48 84 69 .
. A z < ::.3.2. .té i_.z.?, ’ - -
L ' i 15 19 16 ) .
‘ % 80 30. :

- 13
e e s 9.
-

Celia and Duke combine the ten f£ropm trading o}xes with the te.s from the
adéends in the "tens in 2ll" space quite frequently.
N

Duke is unavle to work along. With pictures he must match with blocks
- and combine, trade, etc. ’ ‘

i ¢

‘Celia needs guidancé only to remind her of the next step.

Susan counted the.ones in all for first severazl problems, then added
cnes in symbolic form, without checking against pict:ure. Washington .
/ went t"xx:ough the sar»s bprogreision. . )

~F -

Susan anéﬁashmgton work without blocks, sccurstely in symbolic form.

Free fom (i.e., &s cppbsed to structured) place-value-chart was messy |
for all children, . . 1
|
!

* Duke jinished {last symbolirc worksheet) needing blocks &nd my help
until last six problems. Got five out of last six right using blocks.
(3 P . AA’”‘
They forgot to trade for a ten, w\,u.ld just throw tver the 10 ones, ended
up ten short. .

‘a

When writing "ones in all" after trading for & ten on akacus, kids
didn't want to gemut in the ten Lead as part of "ohes in all. |
-4 . ’ , '):
# Chris' and Orax ignored piccures, worked only symbolically

1
!
|
|
|
|
|
L
|
}
—uw .
|
|
|
|
|
1

’
O -

- )

With t&e abacus {(addition with regrouping}, T th¥nk Calvin and April i

follow what's going on. Karl can dc it but _I'm not sure he knows what . ° -

he's doing. Alex is fcollowing each directaon with no idea of a total  — ~ 5

’ product. “ ;‘ s Z j
- © 43 -

s é . v ‘;

% ' - T ’ ;‘14‘

, o 3
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. Alex, is getting rrustrated with the abacus. dHe aaﬁily placgs the
initial display, adds the cnes, then hesitates and watches the othens,
hefore he considers the need to trade. .

Alex had six gt:ors»»fduz of them due . wrinirg packwards; ‘for axample
' 1 N -
: i +67 -~

TR 12
91 % '
19. .

Alex told me iz was hard to write numbere.

- o -t S ) g

They prefer to trade and put everything together in one big step-~
getting the right answer is all that is impertant.:

.

Lesson 18 - (j,_/\\___ -
Mgs: of the children dié well. ) |

o -

Paul and Claire 4:3 subtractien in "long" ‘orr like &dditi~n.
Karl and Alex nc~ real sonfidenz. Rarl mixing addizion and subtraction,
such as: 82 ’

.

SUBTRACTION OF NULMBERS \’AME” 8y 2

&

~DIGIT NUMERA LS- ~‘JiTTH REGROUPTING

ERIC

» The broad <hjeantve of trus se"ueace of lessons--lasscns 19 and 20~
wast' to axtend tne ¢hi! .ren's geacept thof subfraction to subtraction of aumbnfs
named ky 2-digit numerals in ~hich regrouping was rgsuired. Lesson 16 h
ineroduced tne :n“’dre’o*o the FEJrOUpLRg CIOCESSES needed Jor s&bt*ac;&cn.
¥oreover, this Sxfll was revieweld as £args of 8rill activitdes in the additinon

3’
lessons. The a‘gor thm that was "aughga.“ theae lessons is :llustrated with
the problem 3 ‘3 . <
- AR -
A3 . , .
-19 - . - '
q - . ’
248 .
AL Y ».‘ «

foundatign @33 1218 for wnos

During the enactive zhase of sach ies%on
synbolic algorithn. ) .
44 . 5
- s . . « hd
. ! l * -
i s L3

!

»




\ Mscn 19 was titled ’*vatraction. 2-digit mixxus 2~digit with
mqmuping‘ '.me stated cbjectives for the anac'i:ive ph,ase are aa follows:

1, Given a pmblem live 5~ 9, to use blocks, countw-back stmtegy,
and. count=con strategy o explain thast thig is not possible in the
nuzbers we know,

».
'

2. &iven a problem uke k}A
R =19, to exhibit the minuend with objects emd
to a:@lain with the ﬁjects that we can‘t take 9 cnes awa,; from
5 ones. -

3.7 Given a subtracﬁian'llke 35 - 19 in oral form, to
a, erhibit the minuend with objects,
b. do the nztessary tradine,: -
¢. “take away" the appropriate number of ones an& tens,
d. tell the-answer of the subtraction, o
’ . @. say &he problem in the foz;n; "35 ta.ke away 19 equals 16 "

4. Vhen shown & subtraction.problem yith objects, to - .
a. tell the minuend, Subtrahend, and remainder.,
5. wverbalize the steps in the subtractién; e.q., trade 3. ten for
10 ones, 284 the 10 ones t¢ the ones., remove ones, remove tens.

Appropr riate modifications of these stateménts to represent iconic and
symbolic activity defines the anjectives for the iconic and symbcl,ic instx:uc-
tional yhases, . \

-

A

Lesson 20 ~as titled ”Subt:racm.am 2-digi’. and 1-&igit with yegrouping.”
This lesson vas p*r:sentnd at the symbolic level only. The stated cbjectives
for this lessor are very similar to those for lesson 19. 1In lesson 20 quite
a number of worksheets were given to the children which involved all the
different kinds of addition and subtraction problems they had learne@~~that
is, subtracuon and addition or the same page so that decicions acout whether
to add of subtract had to be made; subtraction and addition problems with
regrouping and without :egrcu;ing sc¢ decisions about whether or not to regroup
were xxecassarv .

4

D L0G EXCERPTS - , . :
,  legsson 19 -

Cubby and Carrie have trouble decid:.ng which of two mnnbers is ‘Gteater-
vhen it is necessary to trade.

~ . A‘-‘
.

Phil knows how to trade '1 ten for 10 onés but sometimes forgets to
rpmove his ten. Others understand when and-how to trade and had no
“- difficulties. ) , ‘ .

.o g *  is greater and when it is necessary to trade.

4

-

! . ~
[‘ Cubby and Carrie continue to have trouble deciding which of two numbers
!

-
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’Sﬁbt:;a:cting smaller pumbefs' from larger numbers instead of trading
occurs from timMe to time on subtraction lasscns. Some errors noted:

8 69 - 17 was recoxded as:. 57 2 . ' .

.- #8 . ) . &3}¢9 N s 13 , - ;
L= : ITT LR %
) B ) B ' t. v:;
. T3 213 217 48 : . ,g
=3 Ag . 3O 38 . - .
3110 -2 3 -1 7 -39 ° ‘ 5
TR RP' o =/ :
o0 / 10 11 . . . 4
- 00 / ~ . :

e od - -

.
I

$ Y ko

C!.lbhy had difficulties txading and shm:ing what's left symbolica}.ly,
trades when unnecessaxy, doesn't seem to know how to determine when he
doesn't have enough onss. .

oo

208 o2t g &

"-Susan suggested trading in order to subt:ract t 137 frem 45, All the
children tried-it--Susan d&id it perxecr.}.y, Celia traded and wound up
with 14 units, Duke traded and would .p witd 10 units. David and
Hashington made corxect trades bu't: subt;rgcte& wxphg. )

- -

Buke at one noint had 2 longs and 4 lcmgs out @nd said exci.t:edly, "Look, .
.Stewart, 2 + 4...I know how to show 2 + &4 = BI". s . . ~
5% & . R
Exphasized that total after trhde should be same as total before—-
Celia's trading imprdved. : - . ’ !

Lots of resistance to blocks today. At first, the children felt they

"already knew how to do it.”  The step-for-ste,. matching of blocks to

symbolism became a game for, them. . - . .
F - .

After finishing proplem, whrn I asked "ywhat' dces this (50) meanz” .
{in 30 . . . R » % 2
..27 > @

22 ) pavid put all his blocks back together and said, “it’s B11 the )
- blocks.” EZven in subtraction he thinks total rather than parts. %
\ %

At "irst Susan misjudged wh‘ehﬁ trade was needed. When,told she made an

error she corrected it. She did tens first and "subtractad wp."” BY
second workgheet, she went from picture to writing problem, Worked o
problem symbolically _She said she knew when to trade " from the ones” ©
and workeu accurate;.y -

’

Duke st:ill has to count ones after trading--doesn't see "ten-mcre" pattern.
hl

Susan traded all the time, worked symbolically, wrote: "6 10 . 4
.o P A 43;
-4 0 - >
Y : 3 0. Like-David .
L) i 3
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“(

the othex day she ignores 1 tpade she has written when.she dgcidaq.
she doesn't need it. She has ‘gst her command of which ones digit is

greater as a ‘cue. ‘ o . ' . ‘ .

“ . g.- ’

Duké usad hlocks and worked thxough the procedure accuxately. Would

say” confideptly (after d;splajinq minuend), "gotta trade" or "I can Qo
it' . ..

. -

Celia used blocks, explained well, koxked slowly.

3 %
navia, Susan, and Washington quite comnetent. By end of day, Celia was
working nroblems accura.ely without blocks. Duke still needs them.

D G i A i
-

-

xXfas immediately reject ted "4 take away 8" types~-said "you don't have

enough.” When 45 - 17 was presented, Paul said, "It's. Just impossiblel!
¥You need more ones.” Chris immediately -suggested trading.

%

Claire bﬂgan trading a ten for the number of ones she needed to subczact
insteaa of ten ones. &

Kids were very excited to (re-)discover that tracding dia not change

.the value. ‘

Kids‘couldn'i work on abacus and write step-by-step. They either worked
problem through on abacus and then wrote, or else worked problem through
on paper, then showed with abacus.

A R T . L

Por 45 - 17, Aap.°'l immediately thought to trade; Calvin and Karl
evefitually tr?ded, Alex didn't until I suggested it and we did it
together.

Calvin and Karl sometimes gst _the wrong answer due to not returning the
ten aftex trading. .

-

‘Alex seems to be counting the pictures %nd writ;ng but has no feel for

what he's doing and doesn't get a feel for a problem and a solution.

-
v

Alex has much dlfflculcy with symbolic work. In recording trading he
got: 15 ’ T
4% ’ -

-19
& --okay, but I'd have to remind him to show how he traded away
one ten. He sees no relaticnship between these problems and some drill

activities which deal with regrouping only: “5—[T7—
) 27 .

————— o -

“ 650




Z'h'gy realized yéu..couldn't do 4 - 9, but also thought, at first, that
45 - 17 couldn't be done either. Betty and Abel saw that trading was
necessary. It took Tommy a long time...he is:x t ¢lear about what txading
means.

&  Most common errors are: putting 10 ones instead of cor::ect numbex after
t:rading; trading when it isn't necessary.

Mary needs objects for everything. Abel uses them occas?.onally , usually
+to correct an error. .

Neit.her Tommy nor Abel was good at telling me why they do what they do.

PR}

J;esson 20

Joe Benny, Opie, and Carxrie had difficulties deciding on which operation

" . to do (addition or subtraction}. At times they had difficulty trans~
lating pictures intc symbols. Phil had & good grasp of what he was
doing and did a, beautiful job.

Phil had d:.fflculty with problems that had 0 ones in minuena and would
. subtract O ones in minuend from ones in subtrahend. Example: 30
. . =15

_ ~ ' . 25.

Most children had no difficulty.

Duke used blocxs all period.\iﬁqnntea blocks (2 longs and 6 ﬁnits) as
10, 20, 30, ..., 80.

g o - v

Xids did well with mix (addition and subtiaction) of problems, could
tell when xe\grouping was necessary.

. Payl showed subtraction in two steps like addition: 64

. ) ' =24
2 - 0
L - ' - 4
40C.

’
3

When Annie saw that trading was needed, she'd hold uwp all ten fingers,

look at them a few seconds, then take away ones in subtrahend and write

that as answer. T told her to trade and write number of ones inclufing-

those in minuend. She still help up ten fingers, each time before she

: could: write the trading numerals; it's like a visual asscciation with
abacus trading. ’

- — - - - o~

48 : -
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On symbolic problems, kids seem to know if they must txada, but Karl
‘and Alex don't always return the ten.

Woxksheet with mixed + and - problems haxd for all kids. Kiné~of a
mind set.. ) - .

~ -1essons .21 and 22--£or the teaLhing experlment were
dzrecteﬁ toward th bfoﬁa objective of extending children's place value,
number concepts to numbers named by 3-digit pumerals. Special emphasis was
given counting activities, dzsp%aying "large .numbers"” with objeots, and
when given a rep:esentative of an r either in enactive, iconiec, or
symbolic mode to tell the number and tc display and tell numbers which were
*1, 2, 10, and 20 more (and less).

L L g
el

o T e “
i dodn B st e

’ . ¢ .

Lééson"z; was titled "3-digit numerals: . counting to one hundred by
‘ones, counting 100-125 by ones, counting 100~200 by tens." The stated
objectives for the three phases of instruction wvere as follows:

Enactxve phase R 2 »
-1 Children will investigate the concept ‘of 100 and will be able to
, a. display 100 ones and trade for 1 hundred,
b. display 10 tens and trade for % hundred, U
c. display 1 hundred and trade for,100 ones, )
d., display 1 hundred and trade fof 10 tens.

2. .When read a number like 53, to
A. display the number with objects,
b. display and tell the numbers which are 1, 2, 10, and 20 more,
. display’ard tell thejhumbbrs which are 1, 2, 10, and 20 less.

3. . Display objects to show counting from 100 to 125.

>

4. Display objects to show counting from 100«200 by tens.

5. Count object displays for numbers like 130 as 10, 20, 30, ..., 1390,
and as 100, 110, 120, 130. .

6. Group ters to hundreds and tens.

7. When given ¥ tens (11:= x < 20) to display these as 1 hundred and
% (x - 10) tens and tell that x tens egqual 1 hundred (x ~ 10) tens. -

8. When read a.number’like 150, to
a. display the number,
b. displdy and tell the numbers which are 1, 2, 10, and 20 more,
c. display and tell the numbers which are 1, 2, 10, and 20 less.
Iconic phase
1. <Children will investigate the concept of 100 and will be able ‘to

B
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6.

9.

Symbolic

" a. recognize a nictnre With ted sets 0f'10 ones asa 100,

b. tell that 100 onds is equal to 10 tens.

When shcﬂn an ob Qctﬂdisplay‘for numbers like 53, to
“a.’.ted% Ehe. mumbdl iqp.%s shownifie =

‘ht £ind thé, picE 'e*ﬁh%gﬁ.shows numbers which are 1, 2, 10, and
+ 20 more T{and less)

) . > -
Investigate counting from 1ob£2§?125. /?' T
Arrange picture sets to show counting from 100 to 200 by tens.

Count picturés of block displays for numbers like 150 as 10 20,
"~+%., 150 ane as 100, 119, 120, ..., i50.

when read a number such as 160, to find pictures of block displays
which shéw this as 16 fens ‘and as 1 hundred and 6 ters.

When shown a picﬁure-of-oﬁjects £for 1 nundred and 5 tens, to
display this with tens objects and tell that 15) is 15 tens.

>

en shown a picture-of-cbjects for 15 tens, io display the tens
objects as 1 hundred and 5 tens and tell that 25 tens equal

!’
To exte the concepts of more and\less to numbers less than 1000.

phase

1.

When given 2-number like 53 in symbolic £orm, to

ar display the number with objects,

b. display and write the numbers which are 1 2, 10, and 20 more
(and less).

When shown an object or picture-of-objects display, which shows
counting from 100 to 125,.to write the corresponding numerals.

To write the numerals in sequence from 100 to 125 without enactive
or iconic displays.

When given an object or picture-of-objects display which shows
counting from 100 to 200 by tens, to wrxte the co*respondlﬁg
numbers.

- L)

When given an cobject or picture-of-cbjects display for numbers
like 130, to write the number.

When given a number like 130 in symbolic form, to show the number

with tens objects and with hundreds and tens obijects.

When read numbers like 130, to write the numker and say it is 1
hundreé and ‘3 tens. . ’

’
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8. When read numbers like 130, to write the number as 13 tens.

9. When given any of the three symbolic forms:
130 -

hundrels, tens
i tene . to
a. tell the other forms orally,
b. complete the other symbolic forms.

Lesson 22 was titled "3-digit nuwnerals.”" The broad objective of this .

. lesson was %o provide similar activities as those in lesson 21, but to extend

these activities to larger numbers. Lesson 42 extended the number activities
mostly to numbers from 100 to.200. The state\l objectives for the enactive
level of instruction were as follows:
1. Given mumbers like 123, 169, etc., t6 .
a. show the number with tens objects and ones objects and with
hundreds, tens, and ones objects, ‘
b. tell that 123, for example, is equal to
i) 1 hundred, 2 tens, and 3 ones;
ii) 12 tens and 3 ones; and
iii) 123 cnes.

I

- 2. _Given numbers 100, 200, ..., 900 displayed with hundreds objects, to

a. count, for example, to 300 by hundreds, by tens;
b. tell, for example, that 300 equals 30 tens;
c. tell that 390 tens, for example, is egual to 300 ones.

3. Do rational counting from 190 to 215 by ones.

4. Given numbers which are multiples of 100, to count from cne multiple
of 100 to the successive multiple of 100 by tens.

5. Given numbers like 210, 250, 260, to
a. display the numbers with tens objects,
b. count to the number by tens,
c. count to the number by hundreds and tens,
d. trade 10 tens for one hundred.

6. Given numbers like 220, 250, 270, to )
a. show the number with hundreds cbjects and tens objects,
b. show the number with objects which are 1, 2, 10, and 20 more
(and less).

~

7. Given numbers like 215,‘269, ceey tO
a. . show the number with hundreds, tens, and ones objects;
b. show the numbers which are 1, 2, 10, and 20 more (and less).

Approprlate modifications of the statements to reflect iconic and symbolic

activity define the objestives for the iconic and symbolic phases of instruction. -

¢
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Lesson 21

R R L e

L0G EXCERPTS

hll séemed excited about the new group of 100 sticks (bundle of
hundles) .

... Carrie and Cubby had trouble with "more" and "less" concepts and did
not- always know whether to add sticks or take away sticks. Carrie
would sometimes add a bundle to show one more instead of a stick. All
seemed to understand that when 10 bundles are traded for a bundle of
bundles, the number _remains the same.

All children were able to count 13 bundles and say that there were 130
-  sticks in all.

A)1l could show 170 with bundles, trade for 1 bundle of bundles and have
7’bundles left over.

Joe Benny was the only one who inew immediately that there were 17 tens
in all. Others had to peint and count to obtain answer.

— When Curbby saw the picture of 10 sets of 10 sticks he said, "That looks
like 100 sticks."” Then Phil said, "That's the same as a bundle of
bundles." .

;>Chlldren (except Carrie) did well ulth concepts of 10 more, 10 less, 1
more, 1 less, 2 more, 2 less.

»

-

To order pictures from 110-200, Opie was the first one to understand

what to do. He appeared to zero in on the fact that he needed to count
only the bundles after the first group of ten bundl 5. Phil, Joe Benny,
and Cubby seemeé to count the total sticks shown on each picture. .

Cdrrie is not sure about increasing a number by a specific number. She
- knows that she must add some st:icks ;o increase a number but does not
always know what to add.

- ) o
Children were given written exercises iike:

170 = hundred, tens, and .

190 = tens. , -
Some errors noted were: )
170 = 1 hundred, 17 tens
200 = 1 hundred/, 2 tens
200 = _2 tens )
]
200 = ! hundred, 1l ten
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Washington and David answer all questions easily; cue in on 20

. more/less as 2 tens more/less.

; <
Duke seemed to parrot the phrase "10 tens" without grasp of meaning.

After adding/subtracting blocks on ..>re/less, Duke always counted his
blocks from zero to new total, even if he added 1 unit, he recounted
the tens. In reply to "count the tens" and "count the longs," Duke
counted 10, 20, 30, ceer -

David and Washington car go from counting ‘13 tens" to saying "130"
lmmedzately

Susany David, and Washlngton can go from 170 to 17 tens and vice versa
wichout recounting. .

leen choice, most prefer to use flat and longs to show number (e.qg.,
170) rather than all longs.

Susan and David can make "inventive" trades’; e.g., 1 flat 2 longs
traded to 1 flat, 20 uwnits; ‘'l flat, 5 longs traded to 1 f£lat, 4 longs,
10 unlts.

Duke and Celia confuse 2 more/less with 20 more/less.

For plcture of 100 unxts, Duke said there were 10 in each group (without
counting), and after we counted 1, 2, ..., 10 groups said that was 100
altogether. Good quesses or maybe "10 tens" has some meaning for bhim
finally. o ;

.~ -
~

More/less tasks are faster with picture of original number for children
to refer to. Interesting responses: 20 more than 87--Washington
thought a second and said "107"{ Susan, David, and Celia showed 2 more
longs but only Celia needed to count to know 107; Susan traded for flat.
2 less. than 7)l--Susan traded first, then others; Luke took away 2 longs.

In writing numerals frém 100 tQ 125, for 110 Susan wrote 101; Cclia 1010.

All but. Duke can go from statement like 12 tens and tell how many in
all. - all but Duke and Celia can go from total to tens. .

~

+

. I used an open-end abacus t¢ show 100; kids were excited about the
height. Paul began counting ones by tens and everyone jcined in naturally.

More and less were difficulc. When I asked them to show the number that
is 10 more, everyone staved and finally Chris said, "10 more what?" Omar
eveantually put on 10 ones, counted beads and got answer; cthers followed
suit. We went to multiples of ten only and practiced. Annie was
completely lost, didn't know whether to put on or take oif beads. Kate
was about the same.

53
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Question ab~ut "How many tens in 120?" for example,.was very difficult.
L) -

A

4

5z

~

Vel

Everyone had troubis counting by tehs after 100, said, "100, 101, 102."

“

-

No one could write the numeral for one hundred nine, vet, they could
count beads on abacus and say one hundred ninec.

glds had.lets cf trouble wrltlng numerals. Chris wrote - (correctly)
- 101 for abacus display, Others wrote 1001, 1002. I tried to relate
digits to abacus rods, which worked fine until we showed l‘hundxnd, 10

~ones, and everyone'wtote 1010.

.on writing numbers by tens, 100-200, Chris was the only one who did it

#ight; Annie: 100, 110, 120, 1‘0,.;]4 115, ...; Omar: 100, 1l0Q, 112,
113, -~...; Chris:’ 100, 101, 102, ...; Kate wrote 100-190 gorrect, then
102 for 200; Paal: 100, 1010, 11102, etc., then wrote 1200 for 200.

N Q K ‘

On several wo.ksheets which showed a pic*uré_of an ahacus diéplay,

“children had a great deal of trouble writing the corresponding 3-digit

numeral, gspecially for exercisds with 17 tens on the abacus and
children were to write the number 170. .

~
- s s s

Kids excited about gettinc new materials (bundies-of-bundles, flats).
Alex iz very hesitant as to how many ones in one hundred.

Xlds getting used to 10 tens being 100 but that 18 tens is 180 :s stall
difficulce,

Xarl will guess that 12 tens cre 120 but wants to check it with a,
display. Calvin has no trouble with 12 tens ov 13 tens but hesitates
about 18 tens.

All seem to be able to give manipulative displays for multiples of 1J;
0-200. with the display present all can tell hew many ters. Without
the display April and Calvin, but not Xarl and Alex, can do 1t 1f they
stop and think--not automatic.

All agree that different-lcoking displays (e.g., 1 hundzed, 5 tens: or
3

15 tens; or 1 hundred, 4 tens, 10 ones) using the came -wpanipulative can

show the same number. — .

An exeircise requiring children to order picture te "show sounting by
tens" was very iastructive, seemed tc crystallize things for ¥arl,
Calvin, and April.

1

Calvin and April quiskly caugnt oa to wrican i-digrt nunmbers Xarl
and Alex transiate a number 1n*c hcw many hundreds,- tens and ones; then
write. a

»

.

Karl wrote 101 for 1190; Alex wrote 12C13J for 11l.

-




, To complets _15 tens ‘, %
E ]

’ e S

___uﬁumdredé:‘____;ens,
— , Rarl cénsistently wanted to write /|
1S tens
100 huidreds, _ 5 tens . o
_1_5__0_- * . N

- a——
-

L.

"Ten more” went fairly well, bdc “ten less® was like pulling tocth. R

Mary and Tomxny had trouble realising that wa would 232 blocks to ke
more and take away blocks to make less. They also nad trouble with

whether to add one long or one unit for 2 more/l0 more, and similarly
for less. ' . e

3 I had 13 longs to display 130; we counted longs by onos to find cut how
. many tens in 130. When asked how many longs or tens, they said 130 ox
-t 113~~very hard for them to see this relationrzhip.

Exercise 4, where they ordered pictures to show counting by tens from
100 to 200 was significant-—helped them see the paztern.
After 119, tundency to write 1120—using a mantpulative helped.

On 2 worksheet--a picture is given, children are asked.to use the picture.
- and complete the following: ’ :

Sy

: hundreds, 28,8
K . tens. ’
* The second line caused lots of problems. Majority of zrxrors look Like
: ! this:
130 130

} hundred, 13 tens hundred, 30 tens ‘ .
3G tans 30 tens

1 130

1 hundred, 13 tenus

————

. ) 0 tens

e

" Then came Worksheet 14 (with symbolic sentencen like 17 teng = hundred,
- . tens; .Y tens = tens, hundreds: nc piceures rresent ~--disaster.

[74]
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Abel convinced me he understands the three relationships bu: just can't
handle all the symbols. ‘

)

”‘;.. l Lessun 2% . -

<

From a Stlck dlsplay Joe Benny and Sh:l could tell how many (hundreds,
tens, and ones), (hundreds, ones), (tens, Jnes) were in the number
represented. ; , .

<

Countlng bundles of bundlés by tens (i.e., as 10 tens, 20 tens, ...) -« «
seemed difficult at first but eventLa-lv children caught on. Children
wanted to say 10,'20, 30, etc. without using the word tens:

bl » -
have to be prompted to trade either 10 ones for.l:
Trading does hot occur

as automatically as it once d&id. ,
4 - )
Children confuse the qguestions "Eow many tens?" and "How many in aLlM"

Wh»n asked tb show 219 Phil firs= snowed 2 bundles of bundles,

=4

dles, *hen corracted hlmself
Carrie roulc not, determine the number represented by the pi~ture of
19 Dundles,<3 st-cks arranged as ohe set of 19 bundles, 9 bundles, ‘and
3 sticks. : - . :

All exercises Which called for.me showin@ a picture and having the
children find the pictuxe to show 100 more, 10 more, 1 less, 10 less, °
1 more, 100 less were extrernely c1ff1cult. .Strgncely enouch the
comparable exercises at the enactl ive level went very well. Ancarentlv
children were not ready for these kinds of activities at the iconigc~"

.level. . :

.

P
. . ~
.

Counting flats by tens (10 tens, 20 tens, ...) less meaningful for
children (especi ally Duke) than counting either by ones or hundreds.

On counting tasks, all have trouble-at places lixe 189-200, 230-300C.

~a

Susan, David, and Washington can say next ‘number without seeing trade

but others must see the trade Zfirst. ) -
Today Duke made errors in 1l/10 more/less but after he got. the display
correct, ne didn't count frdm ", he counted-up or down from the original
P

numbex! v .- . .
- n / - -

Counting.on by ones, tens, ©r hundreds from number (e.g., 243) 1in
picture display--all children had most troubile counting by cens.
Washington, and Susan could but correcting errors. Duke and Celia
needed block displays and trades in order to bridge hundreds in ccunting

by tens. .

Dav.d,

-
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Moxe and less went well, except that Annlo is stil) unce rtuin whethex

tO»add or take away a bead.

Q

“

-Counting 190-215 by ones: kids counted 1 hundred and 9 -tensg, had

trouble- countang 191, 19-, then okay til 199.

¢ .\ '\ -~

. Ho ohe knew what . to call 1 hundred, S‘cens, 10 ones. ”znally Chxlsksaw

tvat 9 teng = 90, 10, Shes = 10, 90 + 10 = 100, so it was _200. No. ong
~ald go on to 201, then okay until 3D9. Chris said 2103 was heXt. . Omar

argued hotly ;hgl it was 300. We counted again”but Omar coutdn't say .-

209-210." He kept saying, "I don't see it, I don’t see igg” Finally

1 put my hand between the two sets of 10.ones so that 20C was below angd

© 10 aboye my hand.. Omar counted and agreed that 200 was below, then he

gounted -10 above. I asked him what 200 and 10 more was and he said,

"0kay, now I~see ie." -

.

More/less- Qmar haa 506, I asked him far 10 less and he hesitated.

Paul and Clalre both picked up their abaci, shovea 506, traded

co*rectly xo sho& ne; mhat Omaxr shouid do.,

& S

When I showed 90 teﬁé,.Chris remarked if we had "ten hundreds' it would
be "one hundred tens.” He\and Omar liked thé play on words, reversihg
them. I told them 1t would-be 1000. They got excited.

-

This lesscu has veally“broughtzout great interest in using abatus. Not

since <fading was first Lnyroduced have kids enjoyed using abacus so much.

. The place-value-chart was very effective in Helnlng klds learn to circle

thre%—c;glt numarals.

— .

After getting 12 bundles)and 3 ongs, rather that sepaxsating as iOO, 20,
3, 1 broke all bundles apart (123 ones) and told kids to arrange these

so I could tell how many easily. Good exercise.
it. Fipally had 10 bundles, 2 bundles, 3 sticks.

Alex really got into.

On more/less items, April and Calvin say how many it"1l be, then adjust
their display. BAlex adjusts his display, then counts to see hcw many.
Calvin and April good at interchanging n tens or {n x X0) ones. Karl
okay on 40 tens (said 400) but kept saylng 90 ‘tens was 109 or 119—tay

be & verbal problem.

None of the children knew what a number between 500 and 600 would sound

like. Karl said "287 + 369," Calvin saig, "730."

Alex easily deals with Dienes blocks but has trouble seeing a bundle

of bundles as 10 bund_es

Finding 10 less than 309 from a picture was hard.
brought to illustrate, Calvin knew what %o do.

v

When blocks were




All doing very well aé‘writing. Even Alex likes wn..:.z;g. Kept saying' .
he coul_dn't be tricked by mixed up erder le.g., 4" tens, _S ones, 3 .
¢ + ' hundreds = R =z v

$ hd Ed

Writing numerals to show counting by tens starmng at, for example, 107,

. . going slewly but smoothly. Even Alex getting this. W®hen a cb.splay 5 ) -
v used ar first to see the patterh, Karl and nl&*& DXAY ¢ Calv:.n‘and April ,
- ~ -« ‘can do it without- the displag. . ) T '
. & i
FT o, -

L.read L hundred, 9 ones, 3 tens and asked the kids to-show with colored
chips (hundréd = blue, cne = white, ten = red). Aabel and Tommy put
objects out in”order they were called; e.g., 1 blue, 9 white, and 3 red: .

t-. “but they xead it correctly. R T .
Lo e o '

. A fask wdb to show 22 tens with blocks--no one could do it. When I . e ‘
SUEEE. he,.d ug zx,loxfg and askec, "How much?" they said, "1 ten"--—I said, "Show
poes LT me 22 ;ens, . oniy Becrzy did it. * Finally everycne éid it and we counted
e te! get 220. Then, when I asked "How hany tens in 220?" ,ne one could .
A \ remembe Berty figured it out--the-others had to count.
‘,* S ?'fx'ey’ all had difficulty starting at a number and counting by *hundreds,

- tens, and ones. Dutt;ng cbjects out helped, but even thepn, only Betty
and Torzny sesemed sure of themselves ahd ~ou’d eventually do it without
- objects.

‘ B*:Ldg.ng the nundreds is difficult for them all.
2N Worksheet with exercises like: tens .

ones 635 .-

+ ) hundreds

went better tnan expected--they actually read the words. Mary noticed

. that ¢ - tens .

- . U : ones 333 |

k 3 3 '

L hundreds |
. _she d‘d. " have to read the words because they are all threes., .

- ’
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\ ' V. REPORT OM EVALUATIONS. '

EVALUATION INTERVIEW 1--2-DIGIT NUMERATION c '

The first evaluation interview was conceined with an evalvation of the ) -
"children%s concept of numbe# for numbers named by 2-digit numerals. In the ®
interview children were presented with situations which gave them an opppr~ |
tunity to show their knowledge of place value. QuestionS were ‘presented in 4
symbolic, oral, and manipulative modes an® children were asked to respond to .. |
guestiocns in these modes as well. The children were asked to read 2-digit w
numerals, to exglain the mnanlng of each of the digits in a"2-digit numeral,

to, use manipulatives to show a -diglt number and to glve numbers which were

10, 1, .and l~ten more than glven numbers. .- s- >
. 3 . . » .
The interview questlons were prerecordod for v1deo presentatlon to the ;

chi.dren. During the interview the interviewer ‘would start and éiop the
videotape and proceed with further questlonzng when appropriate. The
detailed outline of the interview is given in Appendix B. A video recording
was made of each individual interview. Following the interview, the o
recerdings vere viewed and each child's performance scored by the evaluators
acco*dlng to a scoring procedure which they &esigned. The. scoring procedure
assigned to each child two scores, one was a score which reflected the ]
child's ability to explain why he gave the response. The™ latter was called ~
an understanding score. A

-
~

. . . N
Shown in Table 2'is the profile sheet used to record the information 2

about a child's perfoimancé and also the number and percent of the children ™

in each group who were judged to have performed satisfactorily on that item. «

[)
-~

2 . * « Table 2

Student Profile Sheet for Interview 1 with the nurber and percent‘
of students who responded correctly to. each item by groups

-

ltem ) Group
. — I

=1 (5) Ju2 (5) | U3 (6)iv 4) | om-th) |c (5)
Read 35 as : ~3.(60) |3 (60) | 5 (83) {3 (75), 3 (75) |5 (1¢0)
Read 53 as | 3 (60) 13 (60) | 5 (83) |3 (75)1 3 (75) |5 (100)
Why 53 (__) 3 (60) 11 (20) | b (67) ]2 (50) "4 (100) | & (80)
5 means ' L 4 (80) [3 (60) | 4 (67) !k (00) 4 (100) |37(67)
3 means , . 5 (100) 3 (50) | 5 (83) | & (100} 4 (100) J2 (%o0)
Thinks of 24 as 13 (60) H (20) | 2 (33) ' 2 (50) -3.(75) |1 (20)
After 20 + 4, thirks o L ! A —t

{continued next page) -.

co
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; Table 2 (confinued) g
. __ tens and ___ ones 4 (60) |3 (60) | 6 000) & Qa0)l & 000) PRI
) 5 (100) |'3- (60) | 6 (1G0)] & (loo?; b (100)4= =0 o 2
e __(b) and" ~» (c) 5 {too) |'3 (60) | 6 (10C)i4 (100)| 4 (100) PR
_ @), - wny (a)__ |2 (s0)-T1 (200 |2 (33) 1 (500 0 (0) |1 (20) '
_ Why- (b) 2 (40) '1 (20) | & (67) 2 (50y 1 (25 |1 (200 .
: § K i ‘.
why (|1 (200 |2 30) |5 (83) |1 (25) 1 (23) |2 (o)
# ten more than 20: wrote_ Why | 0 (0} 11 (20) |1 (67) 12 (50) o (0} |3 (60)
‘ . ‘ 1 (20) .1 (20) |1 (67) 12 (50) o (0) |3 (60)
. (4)  one more than 32: wrote__ Mhy___ {1 (20) .1 (20) |2 (33) 2 (50) 0 (0) |3 (60)
o . . 1 (20) -1 {20) {2 (33) 2 (50) .0 (0} |3 (60) &
one ten more than : , =1 F e I .,;é
30: wrote. _Why__. i 1 (20) *1 (20) {1 (67) -2 (50) o (0) i3 (60) - I
1 (20), 01 (20) {1 (67) 2 (50) o0 (3) |4 (80) :
How many pieces of candy? wrote 3 (éb) 2 (50) 12 (33) 3 (75) 3 QOO) £ (100)
Gy . osaid, 13(60) 2 (ko) |3 (33) 2 (50) % (00)}5 @oo)
How knows ~ L 3(60) 2 (40) 13 (33),2 (50) 2.(50) |5 Q00) 7]
— — —T - - - ’ - :
Configuration L L (80) 3 (60) |4 (67) 4 o0} & {100) |4 (80)
(6) . .1 (80) |3 (60) {2 (33) |4 o0y 4 (100) {5 (100)
PR ; 7 -
Why 23 o
Configuration ‘ o : 5 (100) 2 (40) 3 (50) &, (1oo) & (00) 5 (100)
(7) " |5 000072 oy 2 (33) & (00) & (00} 5 (o0) -
Number read . 4 (80) 7 ﬂ%O):_?_(33) 3 (75) & (199) 4 (gglﬁ-‘_
. Why ( )
Showed 27 ~ Yes No 3,(60) 2 (40) & (67) 3 (75) 3 (75) 5 (100)
Showed 28 - Yes No ) 3 (60) 2 (ko) 3 (50) & Q100) 2 (50) .5 (100)
(@) Read 28 - Yes Mo . |4 (80) 3 (60) 3 (50) 3 (75) 3 (75) 4 (80)
Showed 38 - Yes Mo 2 (40) 3 (60) 3 (50) 3 (75) 3 (75) & (80)
Read 38 - Yes WMo ‘ 2 (46) 3 (60) 2 (33) & (00) & (100; 4 (80) )

*The number in parentheses indicated the numﬁer in the group. . \
60 ' i
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In Table B‘Qre presented adjuséed and unadgusted means for the five
eyperlmental groups. The means are adjusted to reflect differences among
the groups on the KeyMath Dlagnostlc Test and the Otls—Lennon Mental Ability
Test, _Elementazy 1 Level, Form J.. In an intuitive sense the adjusted means -
equallze the ,groups ‘for KeyMath scores and IQ scores. The adjusted Means
for the understanding scores order the groups. from hlghest to lowest perfor-
‘mance in the ¢¥der 2M, Ul, U2, U3, and M. For the skill socres, the
_.,adjusted means order the groups as 2M, U2, M, UZ, and us. Group, 2M was
highest on both skill and understanding while Group U3 (the abacus group)
‘was among the lower two.for both skill and uhderstanding»scores.‘

Also presented in Table 3 is the F and’ the 51gn1f1cance level of the F
from the .analysis of covariance which was done to determlne whether there-
are statlst;cally significant differences between éﬁy of the adjusted grotp
" “means.__The analysms was .conducted using KeyMath/ est scores and IQ test
scores as covarlates. The'lnformatlon suggests ;that the data trend for
skill ‘scores has ‘associated with it a vrobability of .912, that the .
obseryed_drfferences are due to treatment effects and are not due_to_a chance___.
occurrernce. .The data _trend obsérved for the understanding scores has a very
*low probability (.60} “that the observed differences are due to treatment. - - - -
(1nstructlona1 differences) effects rather than to a chance occurrence. This
J investigator urges that extreme caution must be exerc1sed in-intexpreting
these statistits. The number of subjects in each treatment ,group was so
small as to raise the guestion about whether the statistics’ given in Table 3
arxe meaningful. There is no agreement among statlst1c1ans about the effect
..of small samples of the F statistic. Computed R2's of .67,..70, and .73
suggest that.the combination of KeyMath Test scores and IQ scores account for
67, 70, and 73 percent of the variatior in the skili, understanding, and
total scores. - ) ’

" .

Table 3

Means (X) ahd adjusted means (AX) for Intérvies 1 skill and understanding
scoras by groups and the 51gn1£1canﬁe level”of the FP-statistic for the
1 x5 analyv = of covarianc€ with KeyMath and IQ scores

L
. v

o

) Skill - Unde?gzghding _
‘Growp |y COX Foop X . . A F B s
- - ’ " J "
4 - Ul 12.20 13.37 . 7.20  8.48
u2 15.20- 15.35 ‘ ‘ 7.80 7.85
u3 L1133 1134 6.:33 6.22 ‘
L M . 17.75 h.89 7 8.75 6.06
T 2M 16.59 17.90 7.50 8.:72
. 2.42 .088 o 1.08 .40
' o . 61
U“ o 7”1
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Another word of caution is in order at this poxnt about drawing a
cqncluSion that the 2M instructional method is superior and that the gs—~
1nstructiona1 method is inferior. The possibility exists that the 2M group .
contamns a child whose expected performance based on pre-tegst scores was )
less an his actual performance. This could, in a small group, substantlally
A . affect the mean of the entire group. Similarly if‘a child in the U3 grouwp

@;1 * had scored high on the pre-tests, but perfoxmed below expectation on the

Y interview, thea this could substantially depress the mean for that group.

.

— e .

) In Table 4 are presented adjusted and unadjusted mears for five

& experimental groups and the control group. The means are adjusted to

§ Yeflect difference among the groups-on the KeyMath-Diagnostic Test. The

adjusted means for the skill and understanding ‘scores order the groups from .
highest to lowest performance in the order 2M, U2, M, Ul, U3, C and 2M, U2, .
Ul, U3, M, C. For both the skili nd understanding scores each of the
experimental groups performed a:. we.l or better than the control group.

B4

- il e =~ ——Table—4 ——

e, iR S e O at e AR ey 4
[ .

“Means (X) and adjusted means (AX) Eor Intervisw 1 skill and understanding -
scores by groups and the significance level of the F-statistic for the

"1 x 6 analysis of covariance with KeyMath and IQ scores
¢

Skill Understanding
SROUP X AX F P X AX F P
) . 3
Ul 12.20 o 13.72 7.2C 8.77
U2 15.20 16.49 7.80 9.13 o
u3 " 11.33 12.54 ' 6233 7.58 Lo
M 17.75 15.83 8.75 = 6.78
“”
-2M 16.50 18.29 7.50 - 9.34 )
. ‘¢ 16.80 12.657 8.40  4.13 — ]
2 » - Ao
N . ‘\‘-223g0 .07 ] , 1.73‘ .17
t A ’ ) K ' ’ . )
'?’\ ~ z‘ + -v N
> . '«\'SN ; rLL- Py -
“Sone concluding remarks whzch ceflect the investigator s 1nterpreta— '
tlon of these data are: . . g
I 1. The abacus taken by itself doeg not serve as an aaequate manipulative
aid for developing number concepts in children for numbers nawed by .
2-digit numerals.-
2. The superior performance of the 2M instructIdnal group suggests the -
possibility that a multi-embodiment approach is superior to a uni-
‘ msodiment approach. ~QOwever, this remark must be greatly tempersd
by the fact that the M group's performance, as indicated by the .
adjusted means, was lowest for the understanding scores ard in the
middle for skill scores. -
¥ s




We turn our attention next to another type of data which reflects
performance of the children in the several instructional groups. Aan
analysis of the children's responses o the questions presented in

P« Interview 1 suggest that children's responses to questions about numbers
. can be categorized as“reflecting one of the following 1nterpretatlo s
. of a number named by 2-~digit (or 3-digit) numcrals:

. ™. __ 1. BAs tens and ones, for example 24 as 2 tens and 4 ones.
h T\\\\\ Similarly for 3-digit numerals: as hundr€ds, tens and ones.

. 2. \;;\}\multip*e of ten and ones, fo&,éxample 24 as 20 and 4 ’
; . ones. mllarly for 3-digit numerals: ,Las multiples of oné

hundred and(teQ_and ones.

4 3

\ N
As cnes, for example\gé\if\f:mones.
As separate entities, for ex plgi\ié as a 2 and a 4. . -

PN

K - 3.
: | .4

- e e e e

PYMRF IR 1

number of tens or .ones greater than nipne. \\\\\\ T
v \

6. Other, that is, responses that are not classifiable inté “~

any one ofgthe other five categories.

The fact that the children's r:sponses were observed to fall®into
these categories was not & suxprisc since it was an instructional
objective to tgach.children to view "2-digit numbeys" in each of the
first three categories.

‘ A ‘coding scheme was developed by the investigator to cod< chil-

" dren's responses into the identified categories. After the responses
were coded, including an indication of whether the response was considered
correct within the category, the number of attempts and number of correct
responses for each subject in each category were recorded. Within cate-
) gory 4 a response was labeled as "correct" provided.that the child kspt
. the two.digits separated in ‘his thinking as opposed to "Jjoining them" and

" thinking of 24, for example, as "2 and 4 and that's 6." Theh a number
concept index indicating the number of correct vesponses as a percent of
the total number of attempts was computed for each child and for each,
group. A summary of this ipformation is given in Table 5 (on the follow-

. ing page.) ' :

It is apparent that this number concept index for Group M - 44.7,

group U3 - 18.3, 16.9, 9.1, 2.6, for example. Although the investigator
has no deflnltlve way to determine whith of two such indices represent
- A statlstlcally significant superior performance, it does appear that the

a " 5. As tens and ones, with ones greater than nine, similarly a '
for 3-digit numerals: as hundreds, tens and.ones with the

instructional treatment U3 was

*2finitely inferior for developing an

s adequate number concept for children.
the exoer;mental grouwp (Exp. HY U H™

LRIC

The higher ability children 1in

, Table 5) and in the control groups
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' ) 10. % 12.8, 4.3 - represen's a tuperior number concept than the index for
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Aruitoxt provided by Eric:
. 1
-

ERIC

\

are comparable on pre-test scores, but the number concept index for the

Exp KF U H -

appea&s to be considerably higher than that for the control

group. .
.Tablq 5
Summary of coded responses indicating the number .of cofrect responses -
.in categories 1, 2, 3, and 4 as a percent of the total number of
responses coded. *
Category
Group 1 2 s 3 4
ut. . 30.4 7.3 10.1 2.9
N 7] 40.8 16.3 4.1 6.1
u3 18.3 16.9" — 9.1 2.6
M ba. 7 10.6. 12.8 3 - e
2M 39.6 3.8 1.9 0
¢ 27.1 11..9 18.6 10.1
* + - :
Exp H UH 50.5 19. 4 9.7 1.01 N

*The group of students in 'the experimental groups classified as hicgh
according to their scores o.. the pre-tests.

-~y

-

A particular observation made by the investigator and group instructors,
during the day~-to-day conduct of the.experiment concerned chiidren's ability
ses using a manipulative as compared with their ability

to give correct resr

to give symbolic respunses to similar questions.

During information dis-

cussions, it was frequently scated by the group teachers and the investigator
that when the response mode was manipulative the lower ability children ber-

formed as well as the high abii{gg children.

In Table 6 (found on the following page)

the total number of correct

responses for the high, middle, and low groups of experimental group children
is given as a percent of the total number of responses attempted in these

categories.

.

While these dath suggested that the observation made
true statement, there is indication that the lower ability
the, manlpulatlve level than act the
differences between the percent correct for the Exp H* UH
groups for the manipulative and written response categories
when the raesponse made was symbolicz,
"high" students gave 60% more corract responses than the "low"

comparatively better at
The
Exp
was
the
when the response maie
nearly 1/2 ==

L¥YuL -~
34% and &0%,

54

respectively.

!

That is,

was manipulative,’

-

—

above is nct a
children do gerform
symbo}ic level.
and the

students;

this difference was reduced by
34% mcre correct responses for “high" than "lcw”

students.
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The implication of these data for teacher who wislf to give thelr children
a greater feellng of success is clear.

Table 6 A

Correct cral, manipulative, and written responses as a percent

of total responses attempted.
1 e -

Response Category

. |
Group oral™ manipulative written |

+ - .
Exp H UH S 93% 833 .
- ‘ r |
Exp M U M L9% N 22% |
. J
Exp Y u L . '59% 20% i
' T i o o N 3 '

° . *The total number of oral responses regquested of subjects in ”

the interview was so small as to make any comparisons meaningless.

N -

EVALUATION INTERVIEW 2-—ADDITION AND SUBTRACTTON FOR NUMBERS NAMED BY
2-DIGIT NUMERALS, NO REGROUPING.

The second evaluation interview was concerned with an evaluation
of the children's concepts of addition, subtraction, and order for numbers
named by 2-digit numerals. In the interview children were presented,/""\\
problems dealing with addition, subtraction, and order. Addition and
subtraction problems were presented symbolically, iconically, and orally.
The order problems were presented symbQlically. Foxr addition and subtrac-
tion problems presented symbolically ox orally, the children were asked
tc solve the problem and explain their prdcedure in arriving at the
answer. For addition and subtractlon problems presented iconically,
children were directed to write the. problem for thé picture, find the
arswer to the- prohlentp a“ explain how the problem and picture "go
together.”" One addlt;on problem and one subtraction problem involved
regrouping. These items were included to investigate children's ability
to transfer knowledge to this type of problem. The order questions -
required the children to indicate which of two numbers was more or l_ss. ‘
And also to complete,a sentanr~e by inserting < or >, to make a true :
sentence, and to explain why one of the two numbers is more or less.

.

The evaluation questions were determined in advance by the evalua-
tors, according to the objectives ®f the written teaching materials. The
questions and test materials were presented to the children according to
prewritten script. Packets of problems were organized and presented to,
the children; for example, the firs% six items of the evaluation were
concerned with addition. The children were presented with.this packet\’
of six problems and the directiong and questions for each item were

‘
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essentially the same, except that the last two items in che packet required
‘the c¢hildren to use manipulative objects to aid in their explanation of how \
the problem was worked. ’

_ The complete script for the structured interview evaluation is contained
in Appendix C. :
Shown 1n Table 7 (the next 4 pages) is the profile sheet used to record
the information about each child's performance and also the number and percent -
of the children in each group who were judged, by the evaluators, to have
performed satisfactorily on each item. : .
In Table 8 are presented adj.sted and unadjusted means for the five
experimental groups for skill and wnderstanding scores derived from Intervie.
2. The means were adjusted as described for Interview 1l scores.
Table 8 - ) - .
Means (X) and adjusted means (AX) for Interview 2 skill and under- ‘ AN
standing scores by groups and the significance level of the'F-statistic , ’
for the 1 x 5 analvsis of covariance with KeyMath and IQ scores. - '
\
Skill - ' Understanding * -
Group _ _ . _ —-
X AX F p ’ X AX F p
U1 31.20 33.94 °o " 21.00 24.04
U2 31.20 30.82 25.80 25.99
U3 . 28383 28.09 22.50 22.30 :
M 26,75 22.64 24.00 17.30 .
T oM 26.25  28.42 ‘ 1850  21.47 ‘
156 229 ' 61 599
‘ {
-
1
|
66 o .
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Table 7 -

Student Profile Sheet for Interview 2 with the number and
percent of students who responded correctly to each item by

groups.

ITEM Ul(5) | u2(5) | u3(e: |, M(4) |2m(4) ;fc(s)
\ -
Read problem 0 1| 4(80) | 2(40) | 5(100)| 2(50) 30757 5 (200)
(1) 5 5(100) | 5(100j | 5(100)} 4(i00)[3(75) |5(100)

+ 23 0 1

- . ’5(100) | 5(200) | 3(50) | 2(50) |3(75) |[4(80)
Explanation O 1
Read problem 0 1| 5(100) | 5(200) | 5(67) | 3(75) [3(75) |a(80)

() " 30 4(80) | 5(100) | 6(100)| 3(75) 14(100) |5(100)
+ 40 0 1]
Sxpldnation 0. 1| 4(80) |4(80) | 4(67) | 2(5Q) |3(75) |4(80).
\
Read prcblefh 0 1 | 5(¥00) ! 5(300) | 5(93) | 2(50) \{3(75) |4(80)
A
(3) 40 :

+ 23 o 1/ 5100 | 5(200) ) 6(200){ 3(75) "13(75) 15(100) "
Explanation 0 1| 5(100) | 4(80) | 4(67) | 2(50) |3(75) |4(75)
Read problem ¢ 1| 5(100) | 4(80) | 6(100) | 3(75) {3(75) [3(60)

(4) 42 5(100) | 4(8@) | 5(93) .| 4(100){3(75) |4(80)

+ 7 0 1 .

Explanation 0 1 |.3(60) | 3(60) | 3(50) | 3(75) {3(75) | 3(60)

\.‘ ! i .

Read problem 0 1 | 5(100) ! 5(100) { 5(93) | 2(505 13(75) |4(80)

(5) 46 5(100) | 5(100) | 6(100) | 4(100) ,3(75) ;5(100)
+ 23 0 1 A ‘
Explanation 0 11 4(80) . 4(80) | 4(s7) | 3(75) |41200) |4(80)
[ ] 1 ~ - :
Show with aid 0 1 2! ols ‘ols |ols fola Jola 1ol
* KIO)RIOO)%O){IOO)(O)(100)(0)(100%(0)(1000(0)(80)
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“Table 7 (paPt 2)

~ ITEM Ur(s). u2(5) ud(6) | M(4) | 2M(4) | C(5) ‘
r FRead problem O 1 | 5(100) 5(100) | 4(67) 3(755 | 3(75) | 4(580) oL
(6 27
+ 35 o 1] 360} 3(69) 2(33) 1(25) | 0(30) | 4(80)
Explanation 0 1| 3(60)" 3(60) 3(50) 1(25) | 2(50) | 3{60)
Aware of .
" regrouping 0 1| 2(40) 3(60) 3(50) 2{50) | 1{25) ; 3(60)
She's with aid 01 2 | 2 2 2 12 5 |0 1 (113 fe |2 lo
- (40).(4Q) (404(40) {93)(0) (25)r251(75)(0) (40)ro)
Read problem 0 1 | 3(100) 5((100) 6(100) | 2750y | 3(75) 4@ - ¢
(7) 37 l
\ -~ 4 0 11 3600 | saoo | 600y | 3(75) ¢ 4(100) | 5(100)
: - b .
Explanation 0 1 | 3(60) | 5(100) | 3:100)‘ 2(50) | 3(73) | 4(80) ‘.
| g . :
L I R T
Read problem 0 1 | 5{100) : 5(100) 5(93) 2(507 ' 3:75) : 4(80) .
S T
(8) 56 i ,
-6 0 1 . 4(80) 5(100) ! 6¢100) | 4(75) | 4(100) ' 5(100)
== %

¥ i
i
5(100) @ 3(50) 2(50) 3(75) .+ 4(80)
i
H

]
l
|
3
| t
; z
i

Explanation 0 1 "3(60)

5(100)  4(€7) ! 3(75) ! 3(75)  4(80)
i

Read problem 0 1 5(100!

H ]
(9) 89 5 % ;o
‘ - 53 0 1 4(80: { 5(100) | 6(100) | 4{(100)i-4(100) 5ilC0)

! P | ‘

Explanation 0 1 4(80) » 4'80) v 5(93) 3.75) 1 4(10C) ' 4{890)
i 1 1 z i
Show with aid 0 1 2 : 0| 3 ! 14 o‘ 3 ol 310 | 4. 2 N
(0){(60) :(20)(80) ;(0)“93) (O (7S (0)%1opu (40){(20)
1 1 ! 'Y
!
i

Read problem 0 1 ' 5(100 5(1C0) 4(67) ' 2(50)  3(75)  4{80)
[ . /-

-

(10) 53 ; : 4 ’
~ 24 0 1 - 0(O 0(0) 0(0) I 0(0) 01O 3(860) . -
f ) g ‘ e
Explanacion J 1+ 0{0) ©2(40) 3(50) ‘ 0(0) i 1:25) 2140}
" Aware of : f‘
regrouping 0 1 0(0) 1(20) 3(30) ¢ 3¢(J5) © 1(2%} 2(40) -~
Show with aid 01 2 - 00 0

1 2 \ 0o 0ol 0 0 ¢ oi 1
) ooy lzo) anlior il (0 @] @ @eo ¢
68 _ i
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Table 7 (part 3) _ ‘ .
[ , % "
24 + 22 0 2140 l 3(60) 2033) ;21501 L 2(30) | 3te0y v
_ (11) i L .
oL Explanation O 1) 1t20; s(8c) 233 | 2632 toam | oo :
S ) * | ! “ - i - ~ -‘j
: S { ,‘
[ ! . ‘::
‘ 234 5 e 11 3(80: 2440 5 46T | 309 2(50) | 4(80 ?
» 0 v |
\ P , o
- (12) ; - : )
Exglanation O 1' 1(20} 3(60) | 3(5Q) 40100} 133 | 3(60)
f - L
. 2+ 6 0 1;_3{60) 2040) - 2(33) 3751 11(33) +acso i
. i ; ' ! ’ 'f
A (i3) ! t T
Explanation 0 1, 1¢20) i 2(60) : 3150) 2(50) | 2(50) §-4(8Q)' :
= | : | | Do |
45 - 32 0 1T 1020 20400 ° 20337 ¢ 1433 1131 Lizon |
: i . "
(14; ? ! ; ,
Explanation 0O 1 Cul0r . 2040 2633 1033 000 1 8, 1
: : |
- ] - i ‘ J ) .!
27 - 4 ¢ 11020 3 en 350 30757 i2(80) ¢ 4B |
R « J
|
. (1% . . ; |
) Explanatfon __ 1 1(20: 31600 3(50 30755 1150 2Ty .
N . . é
Wrote rroblem? 1 51127 {150 4ipT £11003 47103 P20y §
. s \ *
(16 ; § 1
Explanatisn O 1480 4180 30500 T 307%  &{100%  2(30) |
w . ’I 3 ‘
‘ Wrote problems. 8 saoc stom e 3(7%) 4 (100) 120140 i
(:;’ - «0' -’
JExplanation T 1 4160 5B 4187 30Ty 3T5, 2040 :
hY
: - T s
Read protlem 17 3e 5{1001 €7 24501 4(10D) 1 4BD:
? 4? .
(B . e - 1 500 30 52 1475 40100 4{RQ: -
’ . Show with a:xd 0 . I o 2 Pz o3 t tr o2 e iz
- i i
‘ 40 s SO0 N TAT L3 BN eSn HEN e wp
- ")J J




Table 7 (part 4)

Read problem O 1] . 5(1C0) ! 5(100) | 5{93) ' 2(50) | 3(75) | 4(80)
- - {v ? -
4430) 4(67) 1 2(50) | 41003} 5(100)
N ;
2 21« 3' 1 212 z2lo0 4
{40) (403 (0) (50)  (33) (503{(50) (S0{ (0) (80)

4

,\
e
e
ot

|
fo

[\
o

=

3{60)

show with aid Q1 2] "1. 2
' (20) (40)

B e B B

-

Read problem 0 11  4(30) 5(100) | 4(67) 3(75) | 3(75) | 4¢80)

20} :;ielate‘s to
picture 0

4(80) | (1000 3¢75) | 2:50) | 3(60)
4(80) | 3.50) | 2(50) | 1(25).2¢40) °

3(60)
3(40)

[

Hov}/changes .0 1

/

‘Read problem O 11 .4/80) 5(100) | 4(67).: 3775 | 375 la(30)
s ‘ i .
{2k) Relates to . ' |
" picture 0" 1 1(20) 3(60% 3¢50 ¢ 3(75) . 1(73) |{1(20)

= T .
. . b oA - —_-—e
How,/changes 2 1 1020F 3(60) 2(33) | 3(7s; 00} {00
s ! ¢
- , : 2
oy e e ; fry b e 1 (me e b
(22) Why hasder 2 1 SERESH 1(203- 1 3(30) | 2(735) 2(50) ; 3(50}
’ : ! ¥ - ’
23) [uhy marder 31 940 014200 . 1(17)  1(2%) © 2(23) ! 1{20)
‘ —_— ‘ j .
/ . ‘ . - [ L - e ’ '
7 Read numzers O i 487 ' 3{120) 5(100) 3(79) 3475) 4130,
243 Zirclad more G 1 "R S1Cey % {1090) 4100y 3175 3¢100°
Exclanaticn -2 1 2% 4'3C) &5{(100) . 4{10C) 1{25., S{1£0:
Wrhte P 1 (23, 112 5(32) 3(75; JaC. - 3160
T )
Read nurpers O - el e300 5:.00) KRV 3 75, 3ILTC,
Zirmiad lass ) 1 3760, 2.42 SE23; 3(75, S35 DR IVE
28 Sxglanazier o L 1720 T 593; 3775 1625 3,127,
Wrose ) Z i (22 =22, 250 253G, 31795y 2.8%:
Show wiwn ozit o - el 3055, 3037 377538 1125 2tal
re
b3
-
R
‘l
-
¥
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The adjusted means for the skill Scores order “he groups from
highest to lowest performance in the order Ul, u2; &M, U3, M. For the
understanding scores the adjusted means order the groups as U2, U*, U3,
.2M, M. Also presented in Table 8, 2 is the F-statistic and the si igni-
ficance level of the.F from the analysis of covariance which was done
to determine whether there are statistically s:ignifizcant differences
between any of the adjusted group means. The analysis was conducted
using KeyMath and IQ test scores as covariates. This'information
“suggests that the data trend apparent for skill scores has associated
with it a probabilaty of .771 that the observed cifferences are due to
instruction and are not a chance dbccurrence. The data trend for the
understanding scores has a very low probability (at most .001} that the
observed differences are due to instruction rather than being a chance
occurrence. . ‘

. , .

Simila? information concerning the analysis of data 1nc1ud1ng the
control group is given in Table 9 below.

r .
Table 9

Means (X) and adjusted means (AX) for Interview 2 skill and

understanding scores by groups and the significance level

of the F-stztistic for the 1 x 6 amalysis of ~ovariance with

KeyMath scores,

*
)

’ Skill v Understanding

Group _ — =

- < AR F P S AX F P

Ul 31.20°  33.62 - 2100 2363 '
vz 3120 3335 , 25.80  28.03
us 2883  30.76 - * 2250 2460
M 26.75 2368 24.00.  20.65
oM 2625 2010 - 185C  21.60
c 31.60 2487 . 2180 1459

120 .340 ' . 69 .99

- N .
.

In additionVto the ihterview evaluation conducted by, the evalua-
tors, the invest.gator, in conjunction with the group teg%hers, prepared
paper and pencil tests to measure children's computetional skill. Sepa-
rate tests were written for addition ané subtraction. fre addit:ion-
without-Tregrovring test was 17 tWo paris. ?he first part had 20 problems

.
)

i 4 ‘e
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given under pcwer conditiof*.s,-the second part had 10 problems given under
speed conditions. This test was scored on the basis of 30 points. In Lt

Table 10 (given below) are preserted means and adjusted means for the
addition-without-regrouping total test s.ores. . ,

. , ) )

4 -
) Table 190 . >
- - - - i 3
- Means (X} and adjusted means (AX) for addition without regrouping
- \ total scores by oroups and the significance level of the f-statistic
for the 1 x 3 analysis of covariance with KeyMath and IQ scores
. and the 1 x 6 analysis with KeyMath scores. -
N " - _7- ‘
1%5 , 16 -
Group . .
X AX F.P AX. . F P
) A ) ; ) ’
o ul 27.40 27.88 - 2837 T,

U2 25.20 25.51 26.02 : . .

U3 : 25.59 25.75 26.27 . ..

M +28.50 2647 27.28 ’ ;
3 :

M 26.50 2717 27:04 . ]

C 25.20 26.57 ' , o

’ o - - -
. . .04 . 399 36 998

I~

&

-
- .
3 - -~ - »
spedd 3 Sl 13:4 & -
r -~y " v - - - », - - “ - - . . 3 - . z
In Table LI 3:iven in Yne "Wl LA4T 15 pregented means and adroonel
Vou® 4 1
-~ - « - i H . 5 . -
MeAns 70 Lne L WITC0ATT.LnmWINn Lgefe T Ll Tital twest i .pwa. j
/
. -
»
€ ., ! ‘
i .
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4
3
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i
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: Table 11 Y
” o ]

Means (X) and adjusted, méans (AX) for subtractlon without
regrbuping total scores by jroups and the slgnlflcance

b leve;,of the F-statistic £6r the 1 x 5 and 1 x 6 analyses of
_ ¢ovariance with KeyMath scores and with KeyMath and IQ
scores, respectively.
1x5 1x6
Group 4 - — — -
X AX F P AX F P
U1 28.20  28.52 ' 28.81 )
. . N < - ’
U2 2860  28.78 , 29.12 ,.
o - 29.09  29.14 .- 2979
. M . 3650 2526 2512
e .
2M . 2650 2693 27:22
C 29.80 . ) 28.12
.92 999 : 943 999
— <
These adjusted means order the groups as U3, U2, Ul (c“"*‘,;)f
« 2M, M. The associated probability that the observed differences are
due to instructio~ .35 at fnost .0O0l.
Again the writer suggests caution about the interpret tation of ’
these date, trepds because ¢f the very small sample size. .
Scme summary remarks whlcb reflect the 1nVést1gatox § interpre-
tation of these data follow:
1. For developing in secbpd iders skill and understanding for
addition and subtraction of numbers named »y 2-digit mumerals
the abacus, counting sticks, ané Dienes blccks are equally
, ,effect;ve as single manipulative aids. ’
’ 2. There 1s 1n this date nc evidence to suggest that the mul-
. ripiicity of manipulative aids 1s an 1mportant vatr.able for
b 0N developing in seccnd graders skill and understanding of addi-

(rion and subtraction of numbers ramed by 2-digit erals.

i\.
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. . b
g The children's responses in Inte¥view 2 were coded into the six °

categories discussed on page 63 .

this coding (see page 63) is presented in Table 12;

“

.,

{he number ~ohcept index derived from
each index (4-tuple

of numbers) indicates the number of correct responseS_in each of the 4

categories {see page 63 ) as a percent of the total ndmber'o§ at
- groups. ’

)

wumpis by

,

Table 12

’

Summary of coded responses indicating the number of correct .
responses in Categories 1, 2, 3, and 4 as a ‘percent of the

: total number of responses coded. _ s
- * - .
: A - .
. . Category - o
] Group - — - . =
i ': 1 2“ ~ 3 . 4‘ ~
b e . A N I3
e U1 : 3.2 14.9 3.2 26.6
. U2 0 46.8 0 18.1
= ¢
‘ U3 0 40.4. 4.3 319
, . M 0 19.2 . 5.1 449
2M 0 243 4.3 10.0
C 0 . 14.7 2.9 . . 39.2
. Exp H*UH 0 50.8 3.4 15.8
. - _ )
) It 2s of interest to compare the numbe. concept rindices presented in .
i Table 12 with those presented in Table 7. The indices ir Tawle 7 code the
benhaviors .f children when they were working on tasks that dealt spe~ifica.ly
with place value number siptuations. The indices in Table 12 pkesent indices
_which reflect .childven's behavior when they wers working on 2-digit addition
and subrtractizn. Addirion and subtraction of 2-digit pumbers invol reg ar apgii-
cation o: place value concepts but the application is facilitated by 2 learned
alaorithm. 1It-is of particular interest that a much r'gher percént of the 7 .
-hi 1dren’s responses suggested behavior which was ceded in categbries which |
' suggest <hat the ch:ildren interpreted 2-4igit nunbers as =Tws Separatd entitiss
A description of penyvicr whirn the investigétor coded in Tategopy 4
15 as follows. Given twne prablem .
$ e -
- 23
“eor i
LN
LI .
o ' '

ERI!

Aruitoxt provided by Eic:




to work, the child might be heard td”say "6 plus 3, 9; 4 plus 2, 6;
sixty-nine." When asked to explain lLow the answer was.gotten the explana-
tion would be like "well, 6 and 3 is 2, 4 and 2 is &." Additional
queries from the interviewer would not bring the child to =u~g°st that

T the 4 and 2 represent 40 and 20, respectively. The child's interpre-
tatlon seemed to center on these as a 4 and a 2.

- -
-

- It.is alsq interesting that almost no behaviors in Interview 2
were coded. in Category 1l: Fof -example, for the problem '
46 - .
+ 26

almost no children were observed to say in explaining th®ir process:
"4 tens and Z tens is 6 tens." A reading of the group teacher's ldgs ¢

gives some explanation- for this. It is apparent from these logs that

children find the thinking represented by 4 tens and 2 tens is 6 tens

much more difficult than the thinking represented by 40 plus 20 is 60.

Quite a high percent of children's responses were coded in’Cate-
gory 2. This suggests that the investigator interpreted tuese behaviors
té,.mean that the children were thinking of 2-digit numbers as-a multlple

* " of tens and ones. A description of behavior which th® 1nv¢:¥1gator
coded in this category is as follows. Giver the problem -

> 46 -
. N + 23 .

~to work the child might be observed to say 6 pius 3, 9; forty plus twenty,
sixty; sixty-nine. Or when asked to explain his process, the child would
say "6 and 3 makes 9 (p-inting) and forty and fwenty is sixty (pointing
at 4. 2 and §)."

oo S .

More than 40% of th: observed behavicrs for children in groups U2

and U3 were coded in Category 2, while all other groups had fewexr than
25% coded in this category. The range of tiie percents of behaviors
coded in Category 4 (2-digit numbers internreted as 2 separate entities)
ranged from a high.of 44.9% in Group M to a low of 10% in Group 2M.

An interpretation of this data is that both children in the experi-
mental groups and ‘the control group exhibited a lower level of thinking
concerning the concept of 2-digit numbers while doing addition and
subtraction than when dealing with place value concepts per se. Maybke
this is not surprising. Indeed, this may be exactly the number conce€pt
which the algorithm process for addition ané subtraction encou*ages.
Mo:.eover, it may be the numb2r interpvetation wiich facilitates efficient
algorithmic prcoessing. On the other hand the Bt U - group exhibited
behavior akhout 51% of which was coded in Category 2. The performance
srores on udition and subtraction of this group is also higher, These
are possibly coincidental happenings, not cause and effec*. 1Indeed U2 and

, U3 ekperimental groups exhi:ited a higher percent of behaviors in
Catencry 2 than did other experimental groups but their performance
scores are not coasistently higher than the other groups' scores. <

75
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N The implication of this informaticn to teaching is not clear. Some
clarification might be obtained if systematic comparison was made of skill
and. understanding of 2-digit addition and subtxaction of two groups oZf
. * children after receiving instruction in one of two modes. _One mode would
emphasize the language 4 'tens and 2 tens is 6 tens (or 40 plus 20 is 60),
while the other concent1§tes on the least amount of information necessary
. to process the algorithm;. that is, empha51zes addition through symbol
. manipulation. v N - . .

-
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EVALUATTON TNTERVIEW 3 - ADDITION AND SUBTRACTION FOR NUMBERS NAMED i )
, BY 2-DI1GIT NUMERALS WITH REGROUPING. -

The third evaluation interview was concerned with an evaluation of the
children's concepts of addition and subtraction for numbers named by 2-digit s
numerals in which the algoxithm process requlred regrouping. Children were :
presented with situations which required them to display numbers with objects
and to trade to display the same number.but with more or fewer tens. Addi-
tion and subtraction problems involving 2-digit numerals were presented
which required regrouping. Two of the itgems requﬂred the children to perform
an addition problem and.subtraction problem using & manipulative aid wh.ch
was new to them. Two of the items presented children &1th a situation 1n
which they were asked; to judge whether or not a problem was worked correctly
and if not, to explain why rot. . - :

|

1 . -

- - -
The etwvaluation guestions were determined in advance by the evaluators,
. according to the objectives of the written teaching materials. The questicns
and test materials were presented to the children.according to a prewritten
script. The complete script Lor the structured interview is contained in

Appendix D. . N - "

hown in Table 13 (given on the [ollowing 2 pages) is the profile sheet
used to record the infeormation about each child's performance and also the
- number and percent of the children in eacn group who were judged by the evaluz-
tors t6 have performed satisfactorily on each item. -

)‘ I
‘ . . -
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Stydent Profile Sheet for Interview 3 with number and percent
of students who responded correctly to each item by groups

Table 13

f

i Skill Understanding 2
Item Ul (5% U2 (5) U3 (6) M (&F 2M (4) C (5)
Score Score 5 % ¥ 3°F 8 F % ¥ 3.% s
1  Read: 1 4 805 1005 83.34 1004 1004 0
Show: 01 4 804 805 83.34 1004 1005 100
What no.: 01 4 804 802 33.34 1002 504 - 80
, * 800 01 1670 01 251 20
Regrowp: 012 , 803 604 6673 753 751 20
. - " Whatno.: 00 4 804 805 8.33 753 752 40
2 Read 1 3 605 1006 1004 1004 1005 100
Show: 01 5 1005 100 1004 1004 1005 100
. What no.: 01 5 1005 1005 83.34 1004 1004. 80
: 0 01 201 16.70 01 1 20
Regrow: 012 5 1904 g5 83.34 12003 02 4.
’ . ‘What no.: C1 4 804 805 83.33 752 503 60
LA 0 00 02 33.30 01 253 60
3 Show addends: 01 . ‘4 805 1004 66.73 52 501 20
o 1 - 202 33,30 01 253 60
Answer: 012 5 494 804 6674 1002 505 100
4 Show minuénd: 0 1 3 603 604 66.73 752 503 60 ,
' ) 2 402 40 5 83.3 2 50 1 25 4 80
Answer:  01.2 5 400 401 1672 502 500 o 0
L Read . 5 1005 1006 1004 1064 1D04 80
: = 1 200 00 . 02 50 00 0
Answer: 1 3 603 606 1002 504 1004 80
_Read answer: 1 5 1005 1006 100 4- 100 4 1005 100
: . 1 200 00 02 52 200 0
Explain: 012 5 403 606 1002 502 504 80
6 Read 1 5 1005 1006 1004 1003 754 80
A . : 1 200 . 00 02 50 00 0.
nswer: 3 602 T4 4 66.72 503 755 100
Read answer: © 1 5, 1005 1005 8.34 1003 755 -100
‘ ‘ o 512 ¢ %0 0l 1572 501 .251 20
L¥;pain : 2 432 43 502 502 503 60
o / {(CONTH NUED} .

s]}




' VA ' Table 137
N ) . (continued)
: SKkill Understanding a '
Item Ul (57 U2 (5]* U3 (6) M (4) 24 (&) ¢ (5)
g Score | Score % 4 % B % %% .F v & % -
5 W v * Show addends: 0 01 " 200, 01l 250 00 - GO
- .. - 012 3 604 805 8.32 5003 .. 755 100
‘ C 6 00 023330 00 01 20
Answer: 012 4 993 402 33.33. 762 503 60
3 Show minuend:0 1 4 80 4 ~ 80 751 255 100
0. 0 20 1 00 @1 20
Answer: 012 4 " g0p 401 i6.72 501 252 40
, 3 604 802 33.31 252 501 - 29
9 Read: 012 2- 401 203 -502~ 51 253- 60
. _ 0 00 00 01 250 00- O
Explain: 012 4 g9 20«5\\8§ 32 502 502 40
. 0 00 50 00 00 00 0 -
10 Read: 012 5 1005 1005 ©3.33 751 .25.4 80
Answer rignt: 0 1 < 3 7602 401 16.72 501 253 68
- 0- " 01 201 16.70 00- 02 40
Explain: 012 5 402 402 3333 751 252, 40
*The upper number indicates the jnuwber of chﬂdren who received a 1, the lower number
~  who received 2. o« . ' :
aThe nupber in parentheses indicates the number in ‘the group. . Lo
) \ t
i
i .
¢
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In Table 14 are presented adjusted and unadjusted means for the
five experimental groups for skill and undexstanding scores derived
. from Interview 3. The means were adjusted. as described for Inter-
- ) view'l scores. ’ 0
. ’ . : Table 14 !

¢

Means (X) and adjusted means (AX) for Interview 3 skill
. and understandi.g scores by groups and the significance .
L= level of the F-statistic #or the 1.x 5 analysis of co- ’*\\
T variance ‘7ith KeyMath and IQ scores

-

. Skill ) Understanding
Group - ~ — :
X A% Fo- P % AR F p
Y ; .
Ul 11.80 12.98 _ 21.20  23.75
T 11.50  14.10 21.60 22.48
o U3 . - 12.17  13.29 2600 24.57 . -
M 11.75  11.04 25.25 17.08 >
2M 10.50 11.68 | 17.25  20.28
506 .999 817 .999
S The adjusted means for the ékill s.ores order the groups from

highest to lowest performance in the order U2, U3, Ul, 2M, M. For the
- understanding scores the adjusted means order the groups as U3, Ul,

U2, 2M, M. Also presented in Table 14 is the F-statistic and the

significance level of the F from the analysis of covariance which was
{ cenducted to\dete;mipe whether there »re statistically significant
differences between any of the adjusted group means. The analysis was
conducted using KeyMath and IQ test scores as covariates. This ipfor-.
mation suggests that the data tre. ' apparent for the skill scores has
associated with it a probability of at most .00l that any observed
differences aresdue to instructional effects rather than being a chance
occurrence. The date trend for the understanding scores has a similarly
low probability.

", similar information concerning the analysis of data including the
control group is given in Table 15 (shown on the following page). The
adjusted mean skill and understanding scores respectively order the

* graups as U2, U3, U, 2M, M, Control and as U3, Ul, U2, 2M, M, Control.




S

For the understdnding scores there is an associated probability of .95 that
observed differences are due to instruction. It is apparent that the control
group dia significantly poorer on the understanding of addition and sub-
traction involving regrouping although their skill scores cid not &iffer
significantly, based on adjusted mean scores.

Table 15-
. Means (X) and Adjusted Means (AX) for Interview 3 Skill and
Understanding Scores by Groups and the Significance Level of
the F-Statistic for the 1 x & analysis of Variance with XeyMath

Aruitoxt provided by Eic:

ERIC

Scores
- Skili Understanding -
Group — ( - ' .
X A% F p % AL F P

Ul 11.80 13.23 ' 21:20 25.37

U2 14.00 15.21 21.60 25.14

U3 13,33 14.47 . 24.00 27.33

M 12,75 1194 - 25.25 19.96 ’

2M 10.50 12.18 : 17.29Y  22.17

c O 15.20  11.29 o 19.80  8.39

\ 833 .999 . 2.650 .05

In addi+zion to the intsrview fvaluation conducted by the evaluators, the
investigator, in conjunctien witl toe group teachers, prepared paper and
pencil tests o measure children's coamputational skill., Separate tests were
written for addition and subtracriin. The additior-with-regrouping test wad)
in three parts. .he first pa.c¢ hed rwenty addition item+ and was given under
powar conditions. Rart II had 197 zd&drtion i1vems and was gilven as a tited
test. Part IZI had IZour add:iticn itize=as; the children were given the oppor-
tunity to use manipdlatlves on this part which was given under power conditicons.

Thus the total test was scored on a zasis o2 34 goints. In Table 16 ‘shown on
“he following zage: are gpresented mea.s  and adjusteg means £ok tne additwon-
WLThOUT-Yedrouring tofal tus<T s:ores .
v
o .
3
v .




N Table 16

- N »” - .
ot . Means (X) and adjusted means (AX) for addition-with-
. regrouping total test scores by groups and the sig-
nificance level Qf the F-statistic for the 1l x 5
analysis of covariance witiy KeyMath and I1IQ scoéres

-
1

Group S S F p

-

’ yr © 27.80 27.68

~
x

U2 . °24.00 25.30

U3 31.33 32.67 :

M 27.75 * 23.41

2M 33.25 13400 N - ;;
' 4.06 .017 °

- [

Adjusted means for the 1 x 5 anglysié order the groups from highest
) to lowest performance in the crder 2M, U3, Ul, U2, M. The associated
probability that this trend i3 other than a chance occurrence is .98.
Moreover, the data ‘suggest that this is due, at least in part, to the
fact that the’ adjusted mean for group 2M is very much ygreater than the
adjusted mean for M, for example. However, due to the fact that the mean
time for group 2M was also very great in comparisomto the other groups,
it is mote likely that this difference in mean acgievement scores is
due to the time used rather than because of achievement‘&ifferepces due
necessarily to instruction. Thus, caution ahout interpretation of the -
data due to the very small sample size if again suggested. )

The subtraction-gith-regrogping was similar in all respects to the
' addition-with-regrouring. In Table 17 (shown on the following page) are
. o« presented means and adjusted means for the subtraction-without-regrouping .
test.

adjusted means for this 1 x 5 analysis order the groups from

- highest to lowest performance in the order 2M, U3, U2, Ul, M. \The
associated probability that this trend is not a chance occurrence is at
most .001. Thus, tnere is little reason tc believe that observed

\ performance differences on this subtraction test were due to differences
1n achievement caused by inctructional variation. While the adjusted
mean for the group 2M 1s the greatest, the mean time for the 2M grow
was alsc higher than the mean time for the other groups.

&1
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Table 17

Means (X) and adjusted means-(AE) for subtraction-with-
regrouping total test scores by groups and the
significance level of the F-statistic for the 1 x 5
analysis of covariance with KeyMath and IQ scores

.

1

.Group X é AX F P -
u1 23.40  ° 24.47 _
V2 23.80 24.49
: u3 28.00 28.56 .
’ B 27.50 22.93 ~
, 2M 33.75  35.26 o
: 739

. 999/

The following summary remarks concerning the data for evaluatiorn of
children's performances on addition and subtraction of numbers named by
numerals is offered by the investigator.

-~
<
.

1. For developing in secona uraders skill 3and understanding for
addition and subtraction of numbers named by 2-digit numerals the
abacus, counting sticks, and Dienes blocks are equally effective
.as single manipulative aids. )

2. There is in this data no evidence to suggest that the multipli-
city of.¢ypec of manipulative aids is ac~ important variable.for
developihg in second graders skill and understanding of addizicn
and subtiraction of'numbers nameéd by 2-dijit numerals for which the
algorithm requires regrouping. .

". There is evidence in these data tQ suggest that (See Tabl 13}
second grade children who use
of addition and subtraction of numbers -amed by 2-3iglit numerals
are better akle to display understanding >f these concepts.
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Aruitoxt provided by Eic:
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.to do so, the gquestions posed in “\S interview were unfortunately not -
of the type to evoke catedorizable responses. (Flabocsation uvpon this

is given in the Discussion Section of this report.:

P

EVALUATTION INTERVIEW 4, 3-DIGIT NUMERATION

The fourth and final iuterview was corcerned «jth an evaluation
of the thildren's concepts of 3~digit pumeratitn. Also, it was concernad
with further evaluation of their widerstanding of place value numeration,
addition, and subtraction, and the regrouping process as exhibited by
their ability to trensfer and extend the algorathin for addition ¥nd

‘subtraction with regrouping for 2-digit numerals to 3-digit numersls.

Children were presented with situatrons which reguired them to dzspfhy
3-digit numbers with objects and to regroup the chjects to mare or fewer
hundreds or tens, ubzle keepiag the total mumber the same. Addition

and subtraction proklets lnvolvxng 3-digit numerals which required re~
grouping were presented, and children were asked to sclve these with
famitiar and unfamiliar man:pulations and also symbolically without <he
aij of nwginulatives. Also, twe problems involving the concepts of more
and less Were given in the context of 3-digit numerals

.

The evaluation guestions were deae*m.ned ir. advince by the evalua-
tors, according tc the objectives of the ‘writter teaching materiald sid
the objective of evaluating for transfer of learniny. The guesticua and
test materials were presented to the children according tq & pre. rivten
script. The complete script for thi§ structured .nterview 18 containems
1n Appendix E. ' :

Shown in Table 18 (shown on the following  pages:! 15 the profile
sheet used to record e information about each chi.dvs performanct and
alsc the number and percent af the children 13 ealh grour who werw uagsd
by the evaluators to have performed satisfactor:ly Qrn sach iterm.




Student Prcfxle Sheet for Intervizw 4 with the number and percent ¢f studonts

Table 18

who responded correctly te sach item by groups

_Itenm Skill Score Understand ing Group
Score - - ——
) g1 U2 U3 M. 2% C
.1  Read . 01 S V'O - O PO T
i Show 01 |5 {5 {6 & |3 |5
-~ s f
Wwhat no. c1 2 2 12 43 2 N
B :
_ Regroup 0 1 2|ofs jo]3 06 le]3 |afulo I3
[} M f
. What no. 01 |& 6 \3 B2
2 Read G 1 5 5, 6 it L s
N ) |
Show 01 ¥ ': S é 4 & i3
t ’ . '
what no. 01 5 5 (&) b L 5
| .
Regroup 0 1.2(07% ro|3 qfs 113 ofs 2l
B . ; T
) what no. _O-1 {4 2 6 & 3 b
| i 4 -
3 Show addends 0 1 ¢ 31 u tals c2i4 i3 ‘; 21 <
) Ansgwer 012%1‘2 013 '2|& ;12 -lef2
-7 1 : !
i . ; !
4  Show addends 0 12 e jale iufe e {3
Answer 0123~ 12%13 13 1 91212
5  Show minuend O 1 s e s 2z |3
i
: Answer 012;21= Ojtlb«’-iz ’«21i1
6  Show minuend O 1 . 4 5 3 2> lz ju
- - i
Answer 012201 1;2 .lz 1}: 1|s;2|1
84 )




* Tablé 18 el
h {continued)
Iten Skill Score t L‘nderstaﬁdmg 4
1 ! Score -
! Ul - w2
H
T 7" IRead 01 } S s, | 5 “
1 Answer 012 | o 1|2
Read answer, 0 1 g 3 5
‘Pxplain . C 1 222 11
: & Iread o1 b 15
Answer 012 gz}c 5 ¢
iResd enswer 0 1 % B 5 |
.o 'Explain 012533-;21 2{¢ 21 cjz1f /J]
N 1 . i . -
Q (!;Show . ‘ P ! ‘ ’ ) .
addends o124eirjs i3l gle slzio s
" s '.
H i
. ; : .Answer 012-~1{3;12(Cl2 112-12]1 13
1¢ .; éShOW ’ 5 ;
~ o ‘minuend 61 4 '3 3 §2 2 i
i . : , .
| Answer 012 31 53«43 3]2 ‘1i1 o*z 2h
11 zazém 01 | , 101 {3 & 2 2
! ‘Explain o122‘cf1!o 152}1'2 oo ot
T 12 (Right o1 .0 i3 2 20 1 &
. ¢
' Explain 01 2f1,o hlz 1‘2 c{z :,33.2 2
- | t ,
N ; , 1 1
13 | Answer 01 | v 2 5 3 3 i
{ . H ¥
|Explain 0121[3 1|2 1!3 :‘3 Hl!i 1
- 1 ‘ \ -
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Table 18
. {continued)
Item | Skill Score Understand ing Group
. Score .
N - ) 43 1 uz2 65 TR e,
N . . - ) R i
14 lAnswer .01 3 .42 & 13 -1
- - i N %
T Explain ¢l 2i0i3 511 iO 3 R 3 Gj1
]
15 |Answer - 012 1{% 11{3 |3}3 il 3 !2 o
e o .
// ) . ’ ‘.
. In Table 1% (éﬁcwq,belcw) are presented adjusted and unadjusted mesans

for the five axperirental sroups for skill and understanding Scores devived
from Interview 4. The means were adjugted as degcribed for Interview . gcores.

Table 19

-
., N

Means (¥) &nd adjusted means {AX) for Interview 4 skill and
understanding scores by groups and the significance level
of the P-statistic for the ! x 5 analysis of covariance with
XeyMath and 1.y, Scores.

-+

L C o skill . " Understanding
Group “
— X A% P P X AX F P

.Ul 14.80 15.08 ' 22,50 23.17

U2 14,00 1%.14 19.00 20.17 ‘ |

U3 15.33 1580 - 19.83 20.93 .

M 15.25 13,19 ' 22.00 16.35

24 14,00 1&.41 17.75 19.34

1.157 . "6k ) .958 . 999

SO )
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The adjusted means for the s}.ill scs*as ordex the gxc.n;s %m
_highest to lowest perforsance in the order 03,'Ul, 2M, U2, M. For
the understanding scores the adjusted means oxder the groups as UL,
U3, 02, 24, M. Also presented i Table 19 is the F~statistic and the
significance of the F from the analysis of covariance whick was <on- _ c
ducted to detvermine whether there are statistically significant ;04
differences betwsen any of the. adjustad group means. she anslysis was
conducted vsing xeyz#.ath and IQ scores as covariates. This information
suggests that the data trend for the skill scores has asspciated with
it a probability of bnly .64 than cbserved ditferences are other than
a chance OCCUXTONCE .o The data trend for the undcr"tanding scores has,
a p;obabi..ity af ‘at most .001 that the differences are other than a
cha.nce OCCUrrence.

’
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) Similay data conceming the anelysis of gdata inclading the cgnuol ‘
Y ’ gkoup is given in Teble 20 (below). The data indicate that the' contxol
group pa: formed lower than apy of the experimental groups. Moredver,

these data’ trends hdve associated probabilities. of .68 and .96 for skill "‘r;.?
: and understanding, respectively, that the obsexveﬂ differences are nat b
o due tc chance. /. . L
S ' Table 20

Heans (¥) ard adjusted means (AX) for Interview 4 skill | ;
and understanding scores by groups and the significance ?’ 3

- ‘ ) level of thc F~siatistit and the 1 x 6 analysis of variaace, k
with \eyMath scores.

&

-

-7 -t
- Skill - . . Understanding ' :
» Group
- | X % X X - T i
_ X4 AX F P X AX ¥ %
vl 14.60 15.63 22,40 2511 .. i
- © vz 14,00 14.87 19.00 . 21.30 ‘ é
- U3 -0 15.33 16.16  19.83 21.99 T ~
= K 15.25 13.9% 22.00 “18.56 . ;
.t \ {
2% 14.00 15.21 . 17.75 20.9%4 :
c 14,80 11.98 18.60 11.19 §

C1,2484% 0 L322 2,889 .038

!

.87

log
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. In addition to thae interview evaluation conducted by the evaluavors,
the investigator, in conjunction with the group teachers, preparec a paper

. and pencil test to measure the children's ability te perform various place
value taskg. The place value test was written and administered in seven
DArts. Part I of the test presented children with 12 pictures-of-manipula-
tives displays for numbars namad by 2- and 3~digit numerals, and the chzldren
wera required o write the corresponding anumeral. Pare IXI of the test pre~
sented the children with 4 picture-of-manipulative displays. The teacher
wrote the corresponding numeral on the chalkboard, circled the hundreds,
teng, or units digit, and the children wers required to circle the corres-
ponding part of the picturs. Part III pregsented the children with & picture-
of-manipulative displays for 3-digit numbers. The.children were required to
circle one of our numegals to indicate the number shown. Part IV of che test.
presented the children with 4 picture-of-manipulative displays showing 4
hundreds, 7 tens, and 7 ones. A aumber less than 477 was then written by
the zeacher on a chalkkoard. The children Were reguired to color the pic-
tures of shjects to indicate the number. In Part V of the test children wers
presented with € numerals written in a plage value chart and were requirdd

with & written statements like

c e

t

hundreds -
~ ones ¢ >
cens ’ . ‘aéz h

and the children. were required to write the corresponding numeraliy In

Part VIl the children were presented with six 3-digit numerals ang were =~ =~ -
required to write the number yhiéh is 1 or 10 more or less than the given
numberx, , ' . .

In Table 21 (shown on the folloving page) are oresented medns and

adjusted méans for the place vaiue rest. Adjusted means for the 1 x §
. and 1 % & analyses order the groups from highest to lowest pa2rformance
in the order M, U3, Ul, U2, ¥ (contxol}. The data trend for the 1 x g
analysis has associated with it a probability of at most .00! that any
differcnce hetween the experiméntal groups are other than a chance .,
cccurrance. However, the Zata trend for the 1 x 6 analysis has an asso-
%iated probability of about .99 that cthe differences are other than a
chance occucrence, i.e., possibly an instructional difference. It is
apparent that the difference 13 betwzen the contrcl group and each of tha
experimental groups. C

»
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_to write the numeral without the chart. Part VI oresented fhe c¢hildren .
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e Pable 21 - '

Means (X) and adjusted means (AX) for placs vaiue tost
total st o:gax&y groups and the significance lavel of the—
?-stﬁgis**c for the 1 x 5 and 1 x 6 analyses of covariance
with KeyMath scores and with KeyMath and IQ scozea and

. KeyM¥ath scozes. respectively.

~

N

- Y x5 1x 6
% [ °

Group ¥ A%~ - F____P ¥ . M% _~ P __ P

1 40,40 u1.64 - ho.Bo b2.u6

v2 41.60 41,67 | L1.60 43.3%, |

03 4133 b1.25 . 41,33 k2,97 ‘
H 41.50 38.81 k1,50 38:96 :

2M  42.25 54546 uz.25 Wb 67

c | 33.20 27.59

. 687 . 999 3.807 _.012

Some summary remarks which reflect

the .nvestigator's. inter~

.

pretation of these data follow:

1. Por extending second grader’s skill,ané understanding
of numeration to 3-digit pumerals, the abacus, counting

- sticks and Dienes blecks aFe equally effective as single
manipulative aids.

> $

2. There is no.evidence to suggest that the multiplicity of
manipulative aide is an ‘umportant variable for extending
second grader's skill and understanding of ﬂumerat101 to
J~digit numeration.

3. For developing in secorf graders skill and understanding
to transfer knowledye of addition and subtraction algorithmic

processes from 2-digit to 3-digit mumerazls, the abacus, counting |

sticks, and Dienes blocks are eaually effective as single -
manipulative aids. ) ;
@‘*)
4. Thegg is nn evidence'to sugges“ that the multiplicity of
adripulative aids is en important variable for developing
1n second graders the gkill and understanding to transfer
’
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knowledge of addition &nd subtraction algorithmic processes

. from 2~ to 3-digit numerals, - -

There is evidence to suggest that the systematic .use of one or

morve manipulative aids incrmases second graders' skill and
understanding of numeration and of adgition and subtraction -
algorithms beyond children who are taught in a wode im which :

S.

nanipulatives are not a systematic pavt of the instructional o

process; i.g., a traditional approach iy which the instruc-
cional process is more dependent op a contemporary printed
v taxthook,

The children's responsaz i1n Interview 4 were coded into six catsgories
discussed on page 63. The numbar concept indices derived f£recm this coding
{see page §3) 15 presented in Table 22 {yiven below}. The mumber concept
index derived from this coding (see pages 63) :ndicates the number of corre:st
responses in each of 5 catggories !see page 63) as a percent of the total

number of atrmempts by gvouss. » A . . e
Table 22 . .
. - j“
Summacy of coded responses indiz t ng the number of cgvrac* “ 3
rasponses in categories 1, 2, 3, 4, and 5 as a percent cf the -
. rotal aumber of responsas coded. ‘ . .
« Category -7 "
: . . . b ‘ s
Group & 1 2 3 ) 5
0 8.5 26.8 - 4,2 5.6 7.0
!}2 ?00 o 32.“ & ?;0 f&lz : N ) 48‘06
03 . 6.8 ¢ 26.2 3.9 8.7 4 10.7 ¢
H 9.7 3.3+ 0. -0 242,
' 2% G 34,5 2 ’ 8.6 - 1.7
. : g " :
C .o ) 0 - ,.28.3 2. 13,5; : 2.1
v ¥Xp HY U H  10.9 43.7 4,6 547 15,5
It is of interest to compare ti.e number cénceflt .nd.zes preésented in |

Tables 5, 12, and 22. %vhilg the parcens of responses, for all groups
catagory 4 sifwed 2 marked incCroaase v Interview 2 over Interview 1,
cant in this category sgain dropped in .nterview 1. Thys iz

soded oo
the per-
propably due 1o
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.arsrdore likely t¢ have internalized the concep: of

‘of plece value concey

“ 4 b

the tyre of tagks in thé various interviews. 'the first intérview dealt
alrost axclusiva&y with.place value tasks, Interview 2 with addition and
subrraction without regrayping, and Interview 4 was a combination of
place valde tasks and the applicarion of place value concepts to addi-,
rion and subtractioh in which regrouping was required. One might conv‘
jocture that the regrouping activity elicits a behavior which suggests

a "higher" number concept level than addition and subtraction without
xegrcuping. .Tor problems that require no regrouping. it mxgh* bs possible
10 function guite adequately by thinking about the digits of & multi-
dig%; nurbral, as separate entities. However, the :egronping forces the
thinking to extend to 2 relationﬁhip between the &igits of the mumeral,
oz at least a more accurate meaning of each digi+ in the context of a
multi»digit nuzeral. It is not clear from the data whether or not

~

- there is a cause and effect relationship between level of nwrber concept

‘and ability to perform addition and subtraction praoblems. That is, we
cannot, . frem these. data, nenessaxily conclude that success with the addi-
cion-with=regrouping algorithi is facilitated by a a "higher" number
consept index. It does, howaver, seenm yéasonable to conjecture that
children who exhiblt behaviorggugges.xve of a-"higher nurbex concept

T ten~is~a~unit”
idea.’ That is, that 10 ones becomes a unit of 1 ten, that 10 tens
becomes a. uni* of 1 hundred, etc. . This "ten-is-a-unit" idpa seems
essentinl.®or ‘an adequate undarstandin g of place value numeration, the
regrouping .process andtthe #pplication of these concepts to addition and
subt{hct*on Thus, to argue that a "higher” pumber concept wilil facili~
tate performance on ad&zt*on,gnd subtraction with regrouping’ appears
plausible, . >

*

Another nbse:vation from Table 2‘, 18 that the percent (about 70%)
of tgaponses for the group Exp H* U H™ categorized in Categoxies 1, 2,
and 5, was almogt twiee the percent (about 36%) for the conxrol group,
Recalling that the Exp HY U H™ and control groups were c le on
pretest scores of the KeyMatli one seems 3usc¢fied con (ox at
least conjecture} that the systematic use of manip latiyé da causes
second grade ch;lg}en to eg;ibit pehaviors on place value :asks and on
addition and aubtxaction wi'th regrouping tesks which are suggestive
of & ”h;ghe:" Lavel of place value concept formation. This, together
with the fact, that the experxmental groups overall ?including nany very s
less capable children than the control group) performed better on

. Interview 4 tasks.and on the investigator-written nymeration test

than did the control group, suggests that this "higher" level number
concept has a fac;lita:ing effect on problems involving the application
One must, however, be cauticus about this
conclusion because the daba dativeq to indidate the numbey congept leve]
.qome s, from the same source as the Sata derived to 1ndicate success of
numbeYy copcapt appiicanxcn »

‘e
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AUDITIONAL EVALUATTONS
To determine whether thare were differusnces among the groups on ths

ratenktion of skills learned earlier tn the year, an investigator-writien

- ratention test wag- administerad.. Zach of the thyrse parts consisted of

twolve Ltems 2'd was administerad as ‘a power test. Each part of the test )

included basic fact problems, problems without gegrouping and problems with

regrouning., Pare I, [, and IIX had only addition, only* subtraction, and R

both addition and subtrazticn items, respectively. This test was admin-

isterad to the experimental groups and the coneroti g:?up.

\

. In Table 23 (3iven below! are presented means and adjusted means for
:  the Setention Test for the 1 x § ant 1 x 6 analyses, -

[ ] . R

" Table 22

Means 1) and adiusved maans tAX) {or Retention Test total
scores by groups and the signiflcance level of the F-statistis S
' for e 1l x S and 1 x 5 analysis of covar: .ce with KeyMath
. and 10 and with KeyMath scores, respectively. :

1xs : 1 x 6 .
Group -
. : ¥ A% £ ? f X E S 4 P .
4 *
yl . 28.40  29.84 29.77 _ ‘
» v ,
. * -, b
& g 200 2.3 29.16
> \% 1 -
. opY 3Les 3153 32.76
‘ﬁ% *
# 29.75 2712 om0l 1
: <
me 32.25  26.33 33,87 %
c - 30,00 26.25 !
‘ .7a3 .99 - \des, .90 .

. e . | ' S N,

i
Thesa adiusted meani arder the Trogps from nighest *o lowsst Un oper- ;
formance as 2M, U3, UL, Ui, M, rcontyol.. The Jata trends for neth tde ey
1 x5 and 1 x % analyses nave aszcciated protapilinies of ar magt . .01 wnal C
sbgarved 3iffarences sre doe no twher than 1 Jhange fiurYence, =N
P4 .
32 ' . . .
. Q N 3 ¢ . %
-ERIC : : .
. ! . -~ » ¢ B N
_ ' ’
~—— N
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an "End of the Yeax' Hath Test" was written and administered by the
requlax teacher of the class in which children of the experimontal groups
were enrolled. This test included items on counting sets of dots, basic
addition and subtraction facts, adg@ision and subtraction with and without
regrouping for 2- and 3-digit numerals, and comnting by I's, 2's, 5's,
10's and 100's. The test vas ‘scored on & basis of 100 points by the
regular tdacher. The adjusted and unadjusted means of these scores are
prefented in Table 24 (given below). These adjusted means order the groups
£rom highest to lowest performance as U3, 2M, UL, U2, M.

/ , .
Table 24~

Heans (¥) and adjusted means (AX) for the regulas teacher's
End-of~-Year Math Test total scores by groups and the -
significance level of the F-statistNc for the 1 x 5 analysis
of covariance wg th Keyaat.h and 1) scores. )

Group e T AX P P
m o 72.20 77.99 ‘
n2 © 6k.u0 65.29
U3 79.60 80. 31 .
W o 72,500 57. 09 ‘ ,
28 72.25 78. 39 ‘ ‘
| . ‘ 1060 ¢ .s07

v

This data trend his an associated prcbabzlity of ogly«:59 %that the
observed dszexences are other than a chance occurrence. ‘

The Comprehensive Test of Basic S):ills test was adminisx:éred to the
children in the experimental groups as part of the school district's -
reqular testing program. The scores obtained by the experimental” group
children were made available by grovps to the investigator. In Tables
25, 26, and 27 (given on the following two pages) are presented adiusted
and unadjusted means for CTBE comprehension, application and total

' scores, respectively. The adjusted means for the CTBS comprehension

scores order the groups from highest to lowest performance as U3, U2, M,
2M, Ul. These adjusted means are very close and have a~probabilitw of
at gost .001 that the differences are other than a zhance occtrrence.
The adjusted mean application scores order the groups as U1, U3, U2,
2M, M with an asgociated probabrlity of .22 that the differences.are k
other than a chance occurrence. The adjusted means for the CTBS total

23
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scoras ordoer the groupa as U3, Ul, U, 24, 4, and this dara trend has an
associated probability of ax most. . 001 that the differencds™axe other than
shance oocurreacey !

\ ) Table 2% ‘

\ .
Meang X\ and adjusted means {xX) tor the CTBS cooprehension
tast scores by groups and the siqnx*iﬂance level of the F-
statastic for the.l x 5 analysis of zovariancg with KeyMath

and IQ scgre.

.

X

Group X P P’
Ul 14.80 15. 62 ' ,
w2 16. 00 16.69 ’

.3 15.06 17.86
“ 20.75 16.53 .

M 15.0C © 16,30

. . i .a2uc . 3939
Table 25 . ‘ )
Means (X. and adiasted means (AN) for the CTBS application

~egt scores

by groups and the 'signifitance

leval of £ne

o

F-statistic Sor tht i x 0 analys3i3 of- covaziance with Ney¥ain
and I scoresg
Group k4 AX = B3
. e P
1 17RO tv.27 -
e _ k20 15, <8 '
. L 4
u3 ! R - 15,33 .
¥ * 17,45 13.12 i
. 13,00 1+~ 7
2)! bl ‘ P -
1, AT .eul
—
24 :
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Aruitoxt provided by Eic:

1A

dnce leval of .tho ke
of covariance with

statistic for the 1 x 5 analys;
KeyMath snd IQ coores.

. .

X /% P @

Group

> l ’ v ‘ . _
u 32.60 36,87 .
v 32.20 33. 30 SN
vz 36,67  35.49 L -
¥ 38.00 29.60 Ty - .
2M 29.00 31.93 o ‘ N

| e Y 1Y " .999
) ~ . S .
Y Y - ‘ ’
&

~ Each of the 4 interviews had items which required the children

to display their skill and u.r.d}:zsmnd&ng of concepts by using a
manipulative aid wiich was new to them--that is, one which had not been
used Fn any of'the teaching gYroups. Although it was belicved that these
"new manipulatives” would not give ‘s testing advantage to any of the
roups, they were ciassifiable into the samc category of erbodiment as
Dienez blocks; that 13, ! hundred and 1‘ten were not deccmposabls into
X0 tens and U ones, respectively. .

Means 3nd adiustad mesns derived frox the i » 6 analysis of cova-
riance with KeyMath to.al scores are given in Table 28 {(given on the
following page). These adiusted neans order the 7roups {rom highest to
lowest performance as U2, U1, U3, 28, ¥. This data trend has an agsso~
ciated probabilify of 0.84 that sove oiserved difference(s) arp due to
an instructional drffereance. d .

-

-

A
It 15 interceting uo cbserve that atcbrding to the adjueted raeans,

each of the

on a singie

enbodirents .

demonstrate

extent to which the childrern have abstracted che concept(s).-

sontrery to

three teachuing groups in whach 2hildrer o learning depended
exbhodinent outperformed thdse groups whiech u several

In some sense one might believe that the ability to
skill and understanding with a new embedifent veflects the
This t8
to the extent that we ceh have-faith

expectation; howover,

in the statistics due to the small sacple size, 1t ooes appear doubtful
that children naviug had experience with learming I-on saveral embodi-

IeF 14
e

monts

deponcrratstabzeraction of the chnrep? fore readily thor

.




o . children learning from a single embodiment. It is emphasized that this
’ observation is very tenuous and requires furtier investigation.

-
-
T

Table 28 - -

o Nyt

; Means (X) and adjusted means (AX) for items involving

st . a new manipulative from Lnterviews 1, 2, 3, and 4, by )
- groups with KeyMath scores. .
i“ : Group X AX F F :
' ) Ul 17.80 21.68 ] ;
- , ' u2 19.00 22.29 - ‘ )
o ﬁ u3 14.81 . - 17.92 - - .
. ' M 19.25 14.35 L
~ | 2M 11.75 16.31 . %
Lo c, 23.00  12.42 : )
( ' : 1.78C In 0.158 T

. - . t
- . Shown in Table 29 (given on thes following page) are the results of
a 1 x 6 analysis of covariance to determine which achievement differences
exist Eetween the Exp H U H grour and the control group on the several :
evaluations. .

The split-half reliability Sor selected investigator written tests
, Jare given in Table 30 (given below). g

%

Table 30

&

Split-half reliability cdefficitatg for selected
investigator. written tests.

. i TEST RELIABICITY

. Addltioq without regrouping G.80 s
Subtraction without regrouping 2.84
Addition with regrouping 3.22 .
) : Subtraction with regrouping G.928
* Retention test - 0.91 '
1 4 ’ + . .
Q 96 ¢ ~

- ERIC ‘ J 1t

Aruitoxt provided by Eic: -
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Table 29 \

Means (X), adjusted means (AX) and F.and P Values
for Exp HY U H ~_and Control for each evaluation.

-

c. Evaluation Group .
HT U B” C
? — - — - T |
X A . X ax F P 1
N Interview I S 18.50 -18.99 - 16.80  16.03 7.925 0.009 }
— N - .¢~ . ’]
U 11.25  11.78 8.30 ©  7.55 7.215 9.012

Interview II S  35.37  35.80 31.60  30.90 1.643 0.241 :
. U 32.38  31.36 21.80  23.43 4.196 - 0.047 ) !
add WO . . _ . |
- regrouping 28.37  28.41 .  29.20  28.24 _  1.087 0.376 N
N EY ‘ . ]‘
Subt. W/C . _ |
‘regrou- ing 29.75  25.80 29.80 - 29.72 1.263 - 0.325 e
’ Interv%%w IIi 8§ 17.25 17.43 15.20 14.41 i.811 < 0.212 |
- B . ° x

U 33.13  33.55 19.80  19.12 6.885 0.013

Interview III S 17.12  14.80 17.37  14.30 2.827 " 0.105
‘U 26.37 26.66 18.50- 18.13 . 6.384 0.016 d

Numeration 4.7 33.20 - 45.88  31.58 5.978 0.007

Retention 32.88 +32.98 30.00  29.74 0.749 0.999

; ’ =
1 -1 -~

N=8 and 5, respectively for Exp H' U H- and Control.

.
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SUMMARY, CONCLUSTONS, DISCUSSTON AND RECOMMENDATTONS

SUMMARY AND CONCBUSTONS ,

N

The teaching experiment reported herein had as its major purpose the T .
collection and interpretation of essentially gualitative data. The .
objectives were t> identify 1mportant wariables concerning teaching and
learning through the uge of manipulative aids, and to state certain hypo-
theses concerning these wvariables. ’
,
The experiment was conducted in a public elementary scnool in a south- .
eastern city of 86,000. The area served by the school includes many fauilies
of low socioeconomic staius and, alsd, the married student housing complex .
’ of a large university. The durarion of the experiment was most of a school
- ygar--mid—Octgber'to the end of the school year. ° ) //
. M L 7

: - 9 Initially, %he 30 children in an intact second grade class were

assitned to one of five teaching 3Sroups according to a s;ratl&led random ;
procedure. This resulted in 5 groups of & children whxch wdre comogxanle )
“ .  in mathematica?® ability as measured by the XeyMath Ciagncstic Test. AL
~ attrition, the experimental groups had 5,.5, 6, 4 and 4 children. The .
: experimental grolps were ident:fied according to the embodiment which ‘ s
served as the learnlng aid for the group: Ul-~counting sticks, U2--Dienes’
b hlocks, U3--abacus, M--counting sticks, Dienes blocks, and ebacus, 2M-- courz-
ing sticks and I ifix cobes, Dienes blocks and grid paper, abacus and .
counting <hips. ¢ .
, each'rg materials were developed for the experiment so that teaching . .
was comparable across :he five experimental croups except for the emhodi- -
ment vsed for the group. The develcpment of the materials represented a
standard sequence for tosizs related to place value, additien, and subtrac-
tion and order concepts. The lessons were developed in groups according to
+che follewing topaics:

1. 2~digit numeration. T

. 4. Addition wiin regrsuping. f//
£ - ,

5. Subrragtion with resraup:ing. /
- .' . - /,

6, I-Ziu1t numeraticn. .

3%
M L
(€] . . ) .
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P iz

,
.
e
.
..

h 3




RN LR MR S

N
¥
3 7
<

.

CPINCEORETR Rt AT TR
Y e T -

AN

Evalugtion of student progress was accomplished in two ways:
={1) Two Pgﬁc principal investigaters, other than the investigator for
this expefiment, conducted evaluation interviews with the children:
(2) Paper and pencil tests written by the investigator or the regular . :
class 9 acher and also standardized tests were acministered. .

/ .- > g

y A;though a number of covariance apalyses of the data using SPSS . Lo :

Program ANOVA were conducted, the emphasis of the data analysxs was on . ;

cﬁgervatlon of data trends and “"data, snoésleg/‘ . J
\

{
+
’

v In Table 31 (given on the £ollpwing page) are presented the
‘orderings, by adjusted means, of the" experimental and control groups .
from highest to lowest performance on each of the evaluations. Aalse
repprted is a probability which gives an indication about whether or N
not there is a difference between two or more &roup .means attributable
to teaching effects than to -a chHance 9ccurrence\w_ - .

-

4 - \

Due to the small sample sizes in the breatﬁégt groups considerable
caution must be exercised in the interpretation of the trends. The -
following statements are offered by the. 1nvest1gator as plausihle ton—
jectures basec on the data. . . : e’

° . ” \\‘ .
.

When used as single embodiments, countirfg sticks Dienes blocks,
ané an abacus are, for second gradexs:. *

1. WNot equally eXfective for developing. the concept of 2-digit
numerations, the abacus is less effective.

2. Egqually effective for dsveloping skill and understanding for
adéition and subtraction of numbers named by 2-digit numerals
for which no regrouping is reguired.

3. Equally effective for develgping skill and understanding for
addition and subtraction of numbers named by 2-¢igit nymerals for
which regrouping is reguired. - .

4. Egually effective for extending the concept of numeration to
3-digit numerals.

Multiplicity of embcd;ments, in and of itself, provxdes 2 learning
environment which when compared to learning environments defined by a
single embodiment is, for second graders: -

1. Superior for the"purpoée of dewveloping the concept of 2-3igit )
Inumeration. ) .

2. Not superior for developing skill and understanding'of addi- -

tion and subtraction of mumbers named by 2~digit numerals for
which no regrouping s reguired. ° . ~

99
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Table 31

~

®3 o

Ordering of experimental and control groups from ‘ . s
highest to-lowest performance by adjusted group.means s
aad the prokability (P) that there exists a difference . .l
between two adjusted means which is not a chance — e
occurrence. '

o VRTINS e
RS EA S G - 3
il s

Evaluation Ordering of groups

Interview I .o . :
- - Skill » M, U2, M, 01, U3 () : .81 (.93) :

Understanding . M, 6L, U2, U3, ¥ (C) 60 (783}
; © Interview 2 . -0 ) ’ \ S
- ) | Skill , ul, U2, 2m, U3, (C), M . .77 (.86) y
P Understandine U2, UL, U3, M, M,(Q) © =001 (.001) o
' Addition W/9 regrosping UL, 24, M (O), U3, U2 ~ . .601 (.001) .
Subcraction W/C regrouping U3, U2, Ul; &), 2™, M 8 . .001 (.001;
Interview 3 s Y B .
. Skiil ¢ U2, U3, UL, 2, (C), M . .001 (,001) S .
. * Understanding . U3, UL,-U2, 2M, M, (CO) .001 (.95} ) '
N . -~ « . T - . . A .
Addition W/O regrouping . 24, U3, Ul, U2, M . © .98 S
v Subtraction W regroUping 2M, U3, U2, U1, M i .0Ql <
: ~Intervi:ew 4 ;
: N Skill | U3, ul, 2M, 02, o, (C) d .64 (,68)
: . . Understanding Gl, U3, U2, 24, M, (C) - . .00 (.96}
Place Value - 24, U2, U1, U3, M, (C) .001 {.98)
Retention . U3, Ul, y2, M, 24, (@ ~.001 (.001)
Teacher Test ‘ U3, 2, UL, U2, ¥ .59 ’
CTBS Comp. U3, u2, M, 24, Ul .001
* The ordering of the experimental groups is based on a 1 ¥ 5 analysis, the ’
- ordering of the control sroup 1s based on the 1 x 6 analysis, probabilities
in parentheses correspond to the 1 x 6 analysls.
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3. Not superior for developing skidl and understanding of
addition and subtraction of numbers named by 2-digit numerals
for which regrouping is reguired. ) .
4. Not superior for developing skill and understanding of
addition and subtraction algorithmic processes from 2~ ~
to 3-digit numerals. . .

A learning environment defined by a sfstematic use of one or more

manipulative aids compared to a learning environment in which this is
absent is for second grade children:

»

1. More effective for developing é—digit nuneration.

2. More effective for develéping the skill. and understanding

of addition and subtraction of -2-digit nrumbers when no regrouping
is reguixed. B ’ . h
3. More effective for develcpihg the skill and understanding of
addition and subtract&on of 2-digit numbers when _regrouping is
required. .

4. Mdre effective for extending Sklll and underatanding conce*nina
2-diqgit numera xion to 3-digit numerals. °

In three of the. four interviews. the chlldren 5 Yesponses were codea

by the 1nvest19ator into response catsgorles reprasenting a "level of
numbers concept” suggested by that bghavior. There were six leve‘s of
behavxor 1dentified which suggested one of the following lnterpretAtLOns

e P

i
§

|
|
\

1

'ofié-dlglt (and 3-digit) numerals. . .

.

1. As tens and ones; for examnle, 24 as 2 tens and 4 ones.
Similarly for 3-digit numerals as hundxeds, tens, and ones.
2. As a multiple 'of ten and ones; for example, 24 as 20 and 4 ones.
Sfimilarly for 3-digit numerals: as the sum of multiples of one

hundred and of ten q?d ones. :

[y

> N

2. As ones; for example, 24 as 24 ones.

\ 4. As separate entities; for example, 24 as a 2 and a 4.

5. As tens and ones, «ith ones greateér than 9; 31mglarly for

3-digit numerals-~-as hundreds. tens and ones with the number of
tens and ones greater than nine.

6. Other; that is, responses that were not classifiable into
any one of the other categories.
3
s
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A _summary of this coded data giving a numhe* concept 1ndex for the
. - groups is given in TabBle 32 (given on the following page). The numbers
.  indicate the mean number of correct reszcnses ag a percent of the total’
‘~%"- | number &F attempts for 2ach group. : 4 A

R X
~ N . -

ScEe observations about the collectlon and interpretatlon of these
data fo low. The coding of these responses was a post hoc ﬁype of investi-
gation,, That is, neither the experiment nor the evaluations were parti-
: cularly designed to generate this data. The coding of this data occurred
5 as a result of observing the responses of children to place value and .
N adﬁltio and subtraction tasks. It does appear that this might prove to be .
a useful criterion concerning the evaluation of children's development of )
: arithmetic concepts. The design of experiments was especially concerned - i
{ with: . {1) careful design of tasks so that children clearly exhibit beha- ;
; vior tc suggest a number concept index; (2) iavestigation of whether certain
‘:R 4 methods of instruction are more effective in developihg a "kigh" numbér . ..
concept index; {3) theoretical work to develop a means tc indicate a number
concept index,with appropriate Dsychometrqubropertles so 'that reliable
. . compariison can be made between nurmber concept indices; and (4) the relation"
ship between number concept index and skill and understanding on other
arithmetical tasks and_concepts. .In short, while the notion of identifying ~
such a number goncept xnaeﬂ\for children. appears to have potentrial as a
indicator of magbemacica’ achievement,. considerable refinement of.the idea -

LT beyond the naive notion gresented herein is necessary. - . .

e P

il

. Another post hoc analysis conducted on the.data derived from Inter-

2 view 1, related %o éhe questions of the relative succegs for high, middle

and low abiliry hnl?d;en whei responsa modes were oval, manipulative, il

or wWritten. Again this analysis was not part of the expermmental design ‘

but was suggested instead from an information observation that low abﬁlxty

;. students, seemed to perform nearly as well during the enactivé I(manipulative)

- phase of] instruction as did the high ability children. While an dnalysis

: of.-data did not support a statement as strong as this, it is apparent that,

: relative to high ability students, low ability students enjoy a much. .

higher-dggree of success when the response made is manipulative than when >

the response made 1s symbolic. 'This inf tion bears upon teaching prac- i

i tices in elementary schools. However nL Tormation available herein is,

4o of course, tenucus and needs further nxperlmental support. . In particular,

: it is suggested that research be conducted to give indications about the

relative success of high, middle, and low ability students when stimulus

and response modes are presented to children within all sixteen cells cf a :

4 x 4 matrix having cral manipulative, plctorjal, and symbolic modes of - ' .

stimuli and responses, respectiwvely, cn sach 6f the two dimensions of the )

matrix. Alss, research should be addressed to identificaticn of factors, .

;- in addition to mathematcal achievement, which concern the questions of

which of the sixteen stimulus-response modes best enabler a particular l

child to communicate his understandrng of a matnemahxcal concept. We need ' 1
|
J
i
1

to keep in mind that some cnildren’s agparent nonsuccess at a given mathe-

matical task might be related =c a lack of understanding 2f the task or

- . an inability to commun:icate; the appropriate strmulus-response mode migh
facilitate botn. ' ' ’
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Table %2

N

Summaxy of number congept indices for Interviews 1,

-2, and 4, as a pexcent of xiumher of responses coded

&

’ {
"' Group Interview ; Category "
1 2 3 4 5
1T 304 7.3 10.1 2.9 J
v 2 3.2 \14.9 3.2 . 26.6 :
4 8.5 . 26.8 4.2 5.6- - 7.0
1 40.8 ,16.3 4.1 6.1
© 62 2 0 . 46.8 "o 18.1
a 3 7.0 32.4 7.0 4.2 . 8.8
- ~ ID I
1 18.3 16.9 9.1 2.6 )
u3 o2 0 »40.4 a.3 31.9
4 6.8 26.2 © 3.9 8.7, ~ 10.7
1 44.7 10.6 12.8 4.3 ,
" 2 0 19.2 5.1 14.9
a 9.7 37.1 0 0 24.2
. 1 39.6 3.8 1.9 0 -
: %m oz 0 24,3 4.3 10.0
; 4 0 34.5 0 8.6- L1.7
; j R
r 1 27.1 11.9 . 18.6 10.1 -
c "2 0 14.7 2.9 39.2
3 0 28.3 2.1 13.3 8.1
1 50.5 19.4 9.7 1.01
Exp HTUH™ 2 0 50.8 3.4 15.8
4 10.9 43,7 -4.8, 5.7 . 15.5°

A1
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Aruitoxt provided by Eic:

DISCUSSTON AND 'RECOMMENDATTONS.

f#8 indicated by the brief feview c‘;rexated research as well as the
results of this study, questions about how the use of manipulative aids
affect the teaching and learning of mathematics have not received definative
answers. As a result of investigation of the data produced in this tedthing
experiment together witkh information cbtained Zcom many hours of observation
of children and teachers working systematically with manipulative Aids, at
least the following ;s clear:

A Whereas, .1t is apparent that the use of manipulative aids does -

facilitate children's learning of mathematics, their use does not by any
means consti.tute a panacea far overcoming difficulties zn the learning of .
mathematics, nor are procedures for the gffective use of manipulatives well
*defined. Moreover, the question of whether or not teachers and children use
manznu;atlve aids in the teaching and learning of math :wmatics is not to be
ponfuyed with the question of whether the learning taking place is rote or
meaningful. ‘It is apparent that children can and do engage in rote rardipu-
lation of objects .as well as rote "manipulation” of symbols. Tha chancas
for meaningful learning a*e}xncreased +hrough the systematic use of manipu-
latives, but manipulatives do not inherently provide for non-rote learr.-g.
Many will immediately argue that this is a restatement of the cbvious. This
is not really the case, since the many juestions of how manipulative aids are
used by teachers and children to facilitate learning are complex, and the
lack of precision in answﬁrs suggested by writers to date iz greafer than
imaginéd , )

Althougﬁ an adult whe —7onsiders the guestions of how the manxpulatlvu
of objects and symbolism used to record these manipulaticns are related may
observe clearly the relationship, the same is far less clear for young
childpen. The bridge between manipulation of objects to demonstrate
mathematical ‘concepts and the corresponding use of symbolism to record
that manipulation is difficult to make. Moreover, thern exists in tphe
literature, %o the writer's knowledge, nc definitive means for accomplishing
for children a meaningful relationship between the two modes of mathematical
representation. ¥hile 1t 1s true that many capable hildren apparently are
able to make th s connectisn, the ability of average and below average
children to do s¢ 1s impressively weak. -

o

For the purpose of comrunicating about mathematital ideas at least

‘four modes of communigatica can be ldentified: oral. pictorial, manipu-

lative, and symtolic. Zuestions about how dne or moxe of the medes cof
learning teaching and :zomnunicating can ke used to facilitate others have
not beedn addressed. Some writers conjecture that thers are r2adiness
factors related to the ability to meaningfilly employ symbolization. If so,
are the readiress fazwhrs a matter of maturation or of education? Are
some children's tnabifities ¢o deal with mathematical symbolisnm due %o

a depr1v1§ gnvivonment” Would one observe, through systematic zbservat .n
sr dxperlimentatioua, that chlldren whose earl v chilihecd was deprivel €
"nermal® e.posure te whe symboaism sommuniiaticn represented by traffll
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Signs or cartoon stripsc are the ﬁnes who exnerjknce the greatest
“ tﬂifff}u Ty ﬁich meaningful use of mathematical symbolization?

anguists have identified distinct staqes in children's underntanding
of* sentence stxpcture, bot! fr@m the syntax and semantic structure of
sentences. Eve Clark has reported i. ~erestifig results about children's
understanding of words by quantity--more »nd less in particular. Our
. observations within the second grade class in wh' % we worked was that as
late as second grade mary children of average an. below average intelli-
.. ° gence make unusual responses to directions £or changing a particular mani-
Pulative representative of a 2- or 3-digit nimber to be 1, 10, or 100 more
or less. Many children exhibit difficulty about the xalationship‘batueen

—— . "Zore" and "add to" and between "less" and "take away.' That is, when

aak&d to chande a displey to show "10 more,” some children se.m confused
‘about whéther to increase or decrease the display and also zbout whether
" to use a representative of 10 or 1. The questions of what and how
extensive prennumber experience is necessary tc develop facility with con-
cepts of more, less, and one and ten more and less is a area for fruitful
research in early clrildhood mathamatics educatiorn. One wonders whether
- extensive experience with manipylative ai?s in the context ,of making sets
*of more, less, one more, and one less, etc. would be cf hélp.
Also linguists have identified very orderly stages in children's
linguistic development. To this wrxiter's knowledge the question of
whether teachers of mathematics regularly use llnguiséic structures which
are comprehended by the age group has not been cgerefully investigated.
For example, which of the question forms: "2 plus 4 is . . .", "2 plus 4
is what number?” Or "2 and 4 more is . . .," is best understocd by first
and second grade children? Such language usage should be investigated in
the -ontext of’abstract mathematics and also in the context of manipulative
activity. Teachers .are observed to say, "Take five of the blocks away
£rom the 7 units." Does the child hearing this pick cat the words
“§ ., . .away . . .7" and become confused about whether to take away -
5 or take away 7? Would a more appropriate sentence structure be, "from
your 7 blocks take away S5 blocks"?
. Again thinking of the stages of linguistic development in-children
it seems rhat a comparable development of symbolic language might be
obgervable. It might be the case .that many children are expected to h
engage in uses of symbolic language representative of a "linguwistic
stage of development™ well beyond where they are developmentally.
.Identification and characterization of such stages could prove bene-
ficial to mahhemgizcs education,

Some children are observed to continue to have counting difficulties
on into and;bprnd second gr&de. For example, when asked to count to
determine the number represented by a Dienes blocks display of 3 longs .
and 4 units, some child*en are observed to count 10, 20, 30, 40, 50, 60,
70, or 1, 2, 3, . . ., 7 while-touching each object in turn. It is
possible via observation and experimentation, to determin, whether such
behavior is a result of inadequate counting skills, cor perceptual problems
or other learning handicaps? What are appiropriate learning activities for
children who exhibit these difficulties?
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Some children have ﬂcnsxderable.dxfficulty acquiring mathematical
concepts from pictures. For egample, when shown a picture display of a
Dianes blocks representaticn of the tyo ‘addefids 34 angd 23, some childten
were opserved to do the following in countlnq to detexmine the number

represented altogether by the blgcks: .

10, 20, 30 (stopping and exhibiting behavior to sugcest'

that he knew he should move to the next set of longs ané

count »hese, but continued counting instead)

10, 20, 30, 31, 32, . . . (stbpping again and exhibiting
- similar behavior.) '

. \
What perceptural. jnaturational or sther psychological phenomena explai: sush
difficulty? Is it oerhaps due to inahility to perform multiple classifica-
tions? That is: TIoes the child once having the 3 longs for 34 classified
.as part of this set experience difficulty in reclassi‘ying these ldng% into
a class containing these 3-longs and the 2 longs' for 23? Ptesumably, L a.
chil had made this reclassification, he would be able to count 10, 20, 30
40, 50, 5%, . . .,-57. N
An artempt was made in this teaching experiment to. incorporate iato

the enactive phase of instruction in the 2M group the learning acti ivity
referred to by Wittrock as generative processing. As 1ng1cated herein,
the proposed procedu*g apparently faileéd tosaccomplish this. It is,
howevay, still a viable conjecture that such generative_processing which
rojurres the learner to go beyond imitative behavior with the manipulative
aids may, in fact, be the significant variable associated with effective
use of manioulative alds. This may be an essential activity with manipula-
tive airds to force the child beyond imitative behavibx7 avoid rote activity
with the manipulative, and enhance the abstraction whith takes placd. frxom
the manipulative embotirment. To test this conjecture it is suggested that
investigation te conducted so th-t the enactive phase of instrucgion require
children to: (1) Extend their ability tc represent certain mathemazical
coficepts from the manipulative aid first used in demonstration and
practice to a "new" manipulative, and {2) Observe and e.plain the way(s;
in which the new manipulative ambodies the concepts, and whether or not
and hew tne embodiment features are alike or-different.’ ﬁor example, 1f
a child learns via demonstration and practice (imitative behavior} to
represent 34 as 3 longs and 4 units (Dienes blocks); then he would be
required via generative processing "to figure out hew to represent 34 wirh
another manipulative .aid. Sbvious variables are squesteﬂ ar this goint,
the child can be expected to use jenerative processing to apply to a
manipulative in the same Tategory or tc a manipulation in another category.
New manipulative ards .and thus subsequent generative processing) would
e idtro@uced tnto the learping environment 5n a2 regul&r bas:is. 2Such gene-
rative processing couly be considered within a uni- or mult: - embodiment
envigcnman:'and the relative sffective: -3 compared.
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The teaching groups for this teaching experimént'weze chosen 80 -
that within each group there existed an extreme range of ability, from ) o
A very low to very high. The design of the experiment does not give . .
indication about whether there are ability by @pe-6f 1id interacticns,

- ¢ " or ability by multiplicicy-of—aid interac.ions, etc.

|
|
T The content of this teachxng experiment dealt with the concept of J
: place value numeration and the use of this concept in addition and s - ’
i subtraction. Basit to the concept of place value numeration is the ‘ 3
; systematic grouping of objects. In addition, the ability to use a group . ’1
5 (ten objects for base ten numeration) as an entity of one is essential.
Soe Related to this is the ability 'to observe that 10 object representatives |
p— of a unit equals 1 object representative of ten (i.e., that |
o 2-teh = 10 cnes}). There are numerous investigable . questicns related - |
‘i ) to childfen's acquisition and understnnding of this nocion. For example, |
: do children more readily aszcspt 1 ten as equal to 10 oned when the
. representative for ten is decomposable into the 10 ones than‘when the |
2. representative for ten is not decomposable but is in linear measure J
v equal to 10 ones or when it is. neither deccmposablie nor equal in lineax . 2
measure to 10 ones?' What age and socloeconomic diffexences are observ- |
l
|
|
|
I

i 4
; able concerning the previous questions? What experience dilferences ‘.

; ! are observable? Can children be taught so they internalize the concept 3”
) of 1 ten as equal to 10 ones, or is it related to maturation? If it C

? ) is related to matuxaticn, what are some readiness experiences ox N
’ . indicators related to the acguisition of this motion?' - R

- ) -z - - -';:
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U2 - lesson 2 - Twe-Digit NumeTals -

IVITIES, . )

Enactive Level ( 4

Objective:, Learn block displays for two-difit numerals.
: * Children w11y gave orai responses to teacher's manipulat:e Jispian,
and will giva maripulative responsc~ to meibers read orall. M the
teacher. N :
Materials: 40 iongs and 40 wmts for each child. :
. 40 longs and 47 umits for the teacher. . /
Précedurc. Follow the procedure suggested in CLASS ACTIVITIES. S

By using question$, discussion, =o-
tions, direct comsmand, or whatever

. -# - }s comfortable to you, DIRECT THE
: CHILDREN T0: .
0o (
—— — ‘ .
1. Display 9 units....... e cerlpeasa. o { JOUNT THE BLOCKS. ’ \
‘Msplay 10 ums, .. .. .e.e.eeien. Ceeecae COUNT THE BLOCKS.
Do 1-1 matching of 4-set with subset ‘ B
of 10-set. i
POINt T0 10 WIS ..o ivnirnnnanscncoarans TELL HOW MANY MORE HERE
Point to 9 unmits. e s eiesaaes THAN HERE.
TELL THAT TEN IS CNE MORE THAN NINE.
2. Display 10 units.. .. ... ... b e 4 COUNT ThE BLICKS.
Display one Jong. ... ..ccecies oeans as CALL THIS A LONG.
Line up the units along the long. ......... i TELL HOx NSNY IN A LONG.
Point tothe long.... . ... ariiennns TELL THAT THE MABER IN A LONG
Point at the 10 UMITS. . .vovce-nvnn.coca-.oa 1S THE 3AME AS TEN BLOCES.
3. Dasplay 12 units 1n one Eroup........... ... 4 ONINT THE BLOCKS AS YOU POINT.
Change the 1. units to one 10-set )
(counting as yrou dc) and one Z-set.
Por.t at the fhset... .. .. ... R § TELL HOW MANY BLOCKS ARE HERE. -
POINt BT The 2-56%. .. . iieinirenee trac on AND} HERE.
Replace the 10-<wt »ith a long........... - TELL THAT TWELVE IS A SET &F TEN RO
m m- N . 1_11 ’




SR -2 - (12-U2-E-2
g , *
POint to the 1ONg. . ... .ovueeesonenneen.. .. TELL THAT TWELVE 1S ONE [ONG
Point to the lzqer__“_____ FERRY ~_ ...... A ™0 ONE_ES. ' ,
‘ TELL THAT TWE L\'} IS CNE TiN AND WO
: ONIS.
L : : )
4. Display 14 bloc¢ks as one 10- set and a .
o S COUNT ALL THE BLCCKS. , .
Display as one long and ;’4 ;et ............. TELL WHETHER THEPE IS THE SAMG. NUMBER
;. . ] IN EACH DISPLAY.
Point at the long and 4-cnes............. TELL HOW MANY ARE HERE.
;n 5. Repeat 3 with“%i'xteen, fou,rteen, eleven.and twenty-ti\ree
6. Repeat 4 with sixteen, fifneen, and twenty- four .
’ 7. Give each child 40. longs and+40 units.
Display one longq and 4 ones.......hiiinnen. SHOW THIS MANY WITH SINGLE BLOC’(S
Point to the long and the 4 ones.......... .| TELL THAT ONE TEN AND 4 ONES IS
FCURTEEN.
. Display one lonﬁ and 7 ones......... e SHOW THIS WITH SINGLE BLOCKS.
‘ *| TELL HOW MANY BLOCKS.
Point to the long...... et e TELL HOW MANY IN THIS LOAG.
Point to the 100g. .cveruriunineeeennnnnn. TELL THAT THAT THERE IS OME TEM
POINT TO tHE T OMES..vuvneneneneeneenennn, AND SEVEN C‘A\‘ES
Put out 2 longs and 3 ONeS..........oevvr... PUT DOWN 2 LONGS AN 3 CNES.
Point toone loag......ovvevieniiinnnnnnnnn TELL HOW MANY THIS IS.
Pcint to next long......... e .|AND THIS. '
Point to both lomgs.............. ..... »<+.+|TEL. HOW MANY TEN AND TEN IS.
POiNt o the ONES...oevvvn.n. ... [T TELL HOW MANY MORE ONES.
| 'TELL THAT ALTOGETHER THERE ARE
TWENTY-SEVEN.
112
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Put out 2

longs and

Point to onc long

Point ,te the next long

. 3
Point to both longs

T ones....... e rereeens

------------------------
......................

.........................

[ asn THIS.

" .

<

PUT QUT 2 LONGS AND 7 BLIXIRS.

TFIL HOW MANY RIS I~

-

\TI:U. THVE TEN AND TEN 1€ PN,

e T e
REXTN
N

Point. to the longs and 7 ones

...............

AY

TELL HOw MANY ALTOGETHER.

Repeat’ this sequence with 3 longs and 2 ones.
2 longs and 0 ones.
1 long and O ones.

: ¥

Demonstrate.

Point to one child's 10-set

ooooooooooooooooo

Demonstrate".

...............................................

. <
Demonstrate.
Demonstrate. .
Demonstrate.
Point to one 10-set..... . .
Point to 2nd 10-8et .. ittt iienrrenns
f T
I |

MAKE ANOTHER SET OF 10 BLOCKS.

PUT GUT 1& BLOCKS.

MAXE THEM INTO A'SET OF TEN AND
4 MORE.

“

TELL THAT 10 BLOCKS IS THE SAME AS
ONE LONG ’

”

REPLACE TEN BLOCKS BY ONE LONG.

-

TELL THAT EOURTEEN IS ONE TEN AMD
FGUR ONES.

TELL HOW MANY ALTOGETHER.

N e i I I T P I

MAKE A SET OF 10 BLOCKS.

.| TELL THAT THiOSE 10 ONES ARE THE SAME

AS ONE LONG.

TELL THAT THOSE ARE THE SAME AS ONE
LONG.
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L2121
| TELL THAT TWENTY-THRTH 1S TWO TINS

AND THRET. ONES,
. ; TEEL HOW MANY ALTOGETHER.
i, .

~ -

.

Repeat this sequence for 17.

v e P

s
&

A3

.

Repeat this sequente for 27.
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' Write 35 on chart. * . -
. L Read this for me. el) -
Turn page. . . -
« MWrite 53 on chart. .. ‘
’ Read this for me. 2) .
i Interview s
B T \‘Jfr%te 53 .on paper. _ You said this (point) is (), h
el e . Why ¥s i () -
N Pointing to the 5 - ’ What does the 5 mean?
. Pointing to the 3 - i What does the 3 mean? 13)
¢ b
- ry S W W :
Write 24 on chart, . ) A
“ i think of 24 like this - , :
. twenty and four.
‘How, you think of twenty-four 0 -
;; oL ‘sorg«e other way.
. < Héw are you thinking of twenty~foyr?
; T . ----a—a-n-—--ﬂn-n‘b’:uaanuu-u,qnonn-—-‘--»--o-nhdr0--—01---'0-’)-&. .
; “ L. g C - ' g
;:,, ) Interview
Hold up ¢ard 20+ 4L - I can think of twenty-four like thiS\
5 ’ N - ..

. ERI

_ (point to card), twenty.plysg four ’
‘ , ' '

"

How, you think of twenty~four jn

some’ other way.

.
~ "

- % * ) ‘ . *.;. ) ' | 3‘17 3
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Have problem written on chart.

Give student a worksheet.

1

tens and ones Watch me, | will fill in the cdp fine.‘
r . 2

(Write 4 tens and.6 ones)-

. ~
- *
~ -

\.\'?

‘. - . » Ll

S S AP e SR AW A Vet SR A R s S i Sk DD e W M 49 N WD s W T WD e S S W L3

- Y

- . lnterview :

T

_Polint to third line. why did you write { ) here.

Point to Ist blank second . . T

«
~

line. ).

““Why did.you write (

. B

Point to 2nd blank second -

<

line. Why 4id you write ( Y. ¢

e}

1is.

Write 20 ¢n chare. . N

- ~
Iy

Now, | want /Jou to write rhe number

.

- which is ten more.

"
Turn sage, ' . :
’ ~
Write 32 on crare, )
Hrkfé‘thq number which is one more.
‘ e ,. -~ T @
Turn paqe ; R
“arite 13 _on chart : .

Write the number which is-cre ten more.
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Interview ?

. - - -

Hold ug ca'd ¢

Point to first stugent

raspbnse. Why i5 thi. ten more than this

{point to card)?

-

*
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A Fuimex: providea by enic:
. .y

Hold'wp card 32, .

Point to second response.

-

»  Why

is this or more than this

* . {point to.card)? .
. . Hold up.card 30 o ’ . .
1 >
Point to last response. wh ¢é§ this one ten more than this
o . oint o catdl? ., ;
_ E . T c
. . - LN v . ' " " - " ~
. Have.3 boxes with-10 pieces
- “un ar §
~“+&f.candy in each box on
table. ' - . )
Open each box and sth to
student.: See, there are 10 pieces of candy iIn
- this box. :
Put 3 boxes in a bag. ) | put 3 boxes of 10 candies in the '
B bag. |
> 1
‘Write on your paper, how mauny pleces ;
of candy are in the .bag. i
& “
L -
-Il"’---ﬂﬂﬂﬂﬁ‘ﬁﬂ-“"‘ﬂﬂ‘.‘ﬂ-f"--‘ﬁ-ﬂ“.r-l‘-Uﬁ-ﬂODUIP-Dﬂﬂ‘.’---Q--'-OQ--“’ ‘:]‘
-~ Interview ' ' )
. |
. Tell me, how many pieces of candy '
- - - v
iy
are in the bag?
How do you know?
M L4
LY *
' TV

Display all aids

Point to the atds.

number  twenty~three. 118 )
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o Choose one of these to show the 1
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!
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Incterviaw. ‘
; . Let student select aid. - ¥ 4
AN When student finishes, say “ o
i what numbér did she say? ;
. " ’ \ . ;
: . Point to the student's work. Why does this show { 37 .
:: . . 'S v - . M " -‘
- - :-'s : s
P L3 - e P - *
° Y - K PR ¢
- L, - ‘X" - ‘_M'_‘
K v i
L @isplayfalt_aids. ' :
"Write 32 on hoard.: » 3
o . . .
Point to aids. . : 3 - 3
| want you to use one of these to g
shaw this number. ;
[} i
’
. interview
Let student select aid. ‘ N
. . )
: When student finishes, i
- - h 1
hold up card with j32. ,What number is this? . |
- ‘ \
Point 1o student's work. Why does this show { )? .
Interview
Place 5. cups with 10 pieces of
candy in each and 10 single
sieces of candy on the table.
ta) Pointing with sweeping .
motion 1o aid Show me with these 27, . .-
successful, g0 to guestion
{n)
unsuccessful, show 27.
(b} Rointing with sweeping
. ‘ motion to a:id Shdw me the number which is one more.
1 120 : :
Q .
" ERIC 1.0 .
: _ . -




successful, go to {c)-

unsuccessful, show 28.

{c)

- -

id) Pointing to aid

- successful, go to (e)

unsuccessful, show 38.

- (e) - t

hae)

ERIC

Aruitoxt provided by Eic:

‘What is the number? _»i

' Show me the numbgr which 's ib more. :
. 4

. ¢

What is the number?




Evaluation: T-1° 'PHDC 1975-6 .
: Humeration (2-digit) e —  Video i
. " RS
+  Studént School Interviewer Group ! 83
& e 3
N - ’ oo
< N PR o
¥ e? ¥ ‘\;
. Read 35 as .
L2 N
Read 53 as . -
S -~ * t
- (1) Mhy 53 () N 1 S
© 5ipeans . . 4
3 means - ; . . M C
. * 3*
. Thinks of 24 as ] - R
(2) -After 20 + 4, thinks . ‘
fens and ‘ones h
(3) — {b) and __ {c) * why (a) )
. (a) why (b) . )
vhy (c) R
ten more than 20: wrote Why ’ T ' '
(k) one more than 32: wrote Why
one ten more than 30:  wrote | Why .
. R
[ 1443
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Numeration (2-digit)
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How many pleces wrote
of candy? sald__

How knows .
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Aid chosen S U B ¢ A C
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Configuration

Why 23 '

Aid chosen S U B G A C
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Confliguration

Number read

Why )
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Showed 27 - Yes
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No

Showed 28 - Yes
Read 28 - Yes
Showed 38 - Yes

Read 38 - Yes Mo
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ation 11 Addition, Subtroziser, Ordor sith 2:digit nur'ove. k
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* ’ . o W vy .
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Y * , - -y ¢ . -~ -
i Prevdeme 100 1) 0§ 2% 3 "%y 400 4 20 8)Y 6 4y 27 .
R 23 +4( 23 +7 .23 +35 ° O
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¥
RY
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Cive rhe stient the wajition ket Follo Jarectinn’s 1-% beleow, ik adminis-
< tering the first problom, Mhen Tie etidont har topplesa problesm gne, turn the
page and procac. v ith v oLl ’ : is used only with .

. opreniens S5.ond . _ : .
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3
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-
» M . .
. s . 3
. o . 1. Reso his pnbies, . " .
~ . ay s » N
i -
Lo, >
LA
o
P -5 © e rvwes 37
G 2. Do ing mrihien, . .
::i‘ e i An S N Mo M
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[ t
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A gAY Yo v S .
S \ ce - v
*% .
; ; : Fs »
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. Rrobless 11 15, . . . ]
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v Divectinas Lo these aroblems are given orally, NC wricten symbelism is used. 5
; ‘ ¢ i
» P-4
- a . . 4
. % 9 H Y A - ¥
, 1.4, Do this problam in veur head: 24 plus 32,
LI - . e e ‘ e
= N . PN . . - TOVE
', . Y - 2%
. 33
§ - b e o 5 M -3 B )
: . Dy Tell o2 how sgu 20t the msadT. . . .
Bxd - . . 3
ey, - . - b
b - o DN
PRE \ , X
s . . ¥ (e N% o : Py ymye s < ‘ “i
il . 12.8. Gives the srudenr a bag with 23 pencils. You have 23 poncils 3
7 : - . >
&5 s . in “ho b s . ‘ R
s . 1n Tho h3g. - . =
M . hy ~ - . 3
34 ¥ e - - . oy
- \ . o %
2 N . . oW
N ~ . ' ¥ 3. ° -~ B sy = - . . - . N <z
D, Shes tw bag wic 5 peadls. Ithave S nepcils iy o0 bac,
) . T ;: . - , “;Qi
. 31 " . =
: c. Jow rany pencils do we hive torether? ) 5
. A
< . e
. “t
. 5
b7 3 - N . * R . -9
¢. Tell = how vy not “he gnswer.
s
57 v
%, . ~, L - - . . o - o " ~ . ‘E‘
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m&:«m a worinh
Ltk ‘;‘ T gredus M oand i use an.abacus and “mncs
1‘1?"%{‘,;13..* ﬂn\cmms hnlcw ' ¢ S s

3

i

¥

Ye2
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¥
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2
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oot s of:m*,;a p:cv.u'r:, of on

L 1. ¥rite a prodlco: t}mt poeq mth this mctn. 3o

v . - . PR e

.

c.id ube& th.h hla/hc‘r
b]ocks wi ith bot.h m-cb:.ems.

(L

A y’.’r

X
RN

e
4.
g

i

”T*x hlcms 19’3 9,

2, How con_von tcl] that the p*oblem foes wn.h the vxctu
LTy - . .

N

mx 'ﬁ, g:g,., mug\ 10 nc..mq in eath cu;';,, 10 loose beans and the

P s e e

[ . . . - Yo - .
. . “. . . P - . 7
N . v e
- . - L N
- 3 e LU e A :
1. Reod the problém. - R N &
. —— . - re .Q
M -t v P \‘- - .. < ’ .

2."Show 7o with-these how yeu viork the p*ob.z.cm.
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3oand I pioups use d abacas for problem 20; sticks [or
1. n{"l“.d ‘LH 7’:5)1/ ' . : B : ’

Doze oo pratlen o with the picture?
Toa. 75 ves) ao1i e how it goes with the pictur

L. If nd; cuauee -sexmathing to make & righ




AT S L I TPy
E Qﬁs&%‘{;,\\gag@

. e . e - . - s v
-

IR B : AR T o ST .
y workshieet. packet o the studant: Point to Loltém problem.

1. this problem is harder for me to work. ‘ : R
2. Can you tell me why I think it is haxrder? . T
e > G > 5 g " — . 1 . - .~ .

5
. 13

g T o " ER T LA T & et
' . o o ot

. DR

* Follow directions piven below.

4585

st

s . x . .

. 1.  Read the nuabers. C e T T e T .

e,

O . L O N . .o Sur® et
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e

- 2.4, (243 Box the mumber which is more.-

R . t - < %
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. oy

. ’

_less, |
S

S
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b.(25) Circle .the aumber wiich is

-

. v
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. ]

. 3. Tell rme, how <id you Imow that

) . . . . :‘ . s——— \\ .
N B ¥ b .c - ° P ) T
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v ” . .

. . 3 )
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fIﬁdiVidual Testing

A%

AAtem 1. (1) -Read this.

i

R . R <
e e s P wromniter e 2olbessieem ral Lo o, ::'«w S 130 A1

..(2) Use these (or one of these) to show’ thls.

. If no response. a. Show this (poznt to 3 tené)
’ b. Show this:(pqint‘td 15 ones)

e (3) Altoge ther these show what number?

, (4 Can you make it so there are more tens?

’

(5) Explain it to me. . - ¢ 2
(6) What number is this now? . :
PR ‘ . (Look fo? evidénce of trade cf ten opeslfof 1 ten) ;g
. - ) R . 4 - 'ﬁ
IfemIZ. (1) Read this. grgjf%ﬁﬁ . 3
. (2) Use these (or o;e of these) to show this. ?
(3) The (aids) showﬁﬁﬁif_ﬁhmbe1* . :

(4) Can you use tnese to show (number) in another way? ..” h

1f qo response: can you,make more ones?

. . .

AT YRR R
W

§$~ ) (5) The (aids) show what number?-
; iﬁem 3. (1) Uce these (or one of these) and show wme how to work ) R
: this problem.( Si) ? : . 0
. 33 . :
(2)—What is tHe answer? , / \\//) i
Item 4. Same as Item 3. 57) ’ ' C
——— . =37 o

Item 5. (1) Read this problem. [ %7 )
9

(2) Do it. , )

" (3) Read the answer. - \

(4) Tell me how you did it. : \
Item 6.. Same as Item 5. [ 75 "
. 133
©

ERIC | 144 :



%

L

g

v - Item 8.
£ Item 9.
i ‘

: Item 10.

L

“April 1976 - ¢

s

% a ae s ¢ otli LYl o

Materials: 6 non-transparent cups with covers,
10 beans in each cup, 20 loosec beans,’

+

. and one empty cup-. . ;
(1). There are tén beans in this cup, ten beans in this cup, etc.’
(2) Here are some loose beans. ‘ SR S
(3) Use the beans to work the problem. ‘. ;

. vr 2 f f
(4) What is the answer? Ay . §
Same as Item 7. 37) .
-? q\ . N
(1) Read this problem -; ; . -
vt 2
. . b ] -3
(2) Is the answer right? | =,: / e
(3) Explain. ;
Same as Item 9. 13
L -2/ ‘
' If items 5 and 6 were done wrong,
ask to use aids. T ,
Item 5. Show each number with aids,
then :the sum
Item 6. (1! Show the f:1cst number
(2) Finish the protiem with the aids
L
- &
134 .
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'UQEST No.

: Individual Testing

- -

Item 1.

Item 2.

Item 3.

Item 4,

Item S.
Item 6.

Item 7.

Itém 8.

L2 A - f " Jime 1976

(1) Read this. 4

——

ot e

(2) Use these (or one of these) to show this.

If no response: a. Show this (point te 2
i ) : hundreds) -

) b. Show this (point to 13 tens)
‘ ' C. Show this (point to h onos)
(3) Altoge.aer these show what number?
(b{'Can you make it so there are more hundred s?
(5) Explain it.to me. ‘ ‘
(6) what number is this now?

(Look for evidence of trade of ten tens\for one
hundred)

(1) Read this. ’
(2) Use these (or one of these) to show this.

(3) These (point to aids) show what Qumber?

(4) Can you make it so there are more tens?

(5) These show what number?

(1) Use these {or one of these) and shov me how to -
work this problem.

(2) what {s the answer?

Same as Item 3.

Same,aé Item 3.

Same as Item 3. ' ) . .
(1) Read this prublen.

(2) Do it.

(3) Read the answer.

(4) Tell me how you did it.

Same as Item 7.
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Materials: 16 large 100-Yean tags

Ttem 10,
Item 11.

Ttem 212,

Item 13,

Item 14,

Item 15.

133

,26 small 10-tean bags
32 sinéle beans

-

(1) There are 10G beans in eabh of these large bags
10 beans in each of, these small tags and here
are loose beans. )

* \

(2) Use the beans to work the problém.

Same as Item 9. .
(1) Is this rizht?
(2) Explain th*s to me.

(1) Do these (point fo Card 12a) show this number
(polnt to 156 on. Card 12b)° :

(2) Explain this to me. '
(1) What.is ten more than 1377

(2) =xplain. ﬂ

(1) Qhac‘is ten less éhan ésj?

(2) Explain. i

(1) This is 150 (point to 150 on Card 15).

(2) How many tens?

If no enswer: Use the 10-~bean tags %o show me this.
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