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' Ed Begle recently remark‘ed that cumcular et'forts during the 1960’s taugnt us a great deal about how to | *
teach bétter mathematics, but very little about hdw to teach mathematics better. The mathematician will,

. quite likely, agree with both parts of this statement. The layman, the parent, and the elementary school
: teacher, howéver, question the thesis that the “new math” was really better than the “old math.” At best, the
. . fnuts of the mathematics curriculim “revolution” were not sweet. Many judge them to be bitter.

v X
While some viewed the curricular changes of the 1360’ to be “revolutlopary,” other® dnsag;eed. Thomas C
O’Brien of Southem DNlinois University at Edwardsville recently wrote, “We have not,made any- fundamental)’
thange in school mathematics.”1 He gges Allendoerfer*who suggested that 3 curficulum which heeds the wa
in which young children leam mathemams is needed. Such acurriculum would be based on the undetstandlnf
of children’s thinking and l\@mlng It is one th:ng, however to recognize that a conceptual model for mathe-
matics curriculum is sound and necgssary and to ask that the child’s thinking and learmng processes be heeded, .
. it is quite another to translate these.ideas into a curriculum which ¢m be used effectively by the ordinary
- elementary school teacher worklng in the ordinary elementary schoo} classroom. . o
A ] ’ . .
Moreover, to propose that children’ s thxnk]ng processes should sexve as a basis for curriculum development , ’ -
is to presuppose that curriclum makers agree on what these processes are! Thxs is not the case, but evenif it * -
. were, curriculum makers do not agrée on the implications which the understanding of these thinking processes
o would have for cumculum development. = L. 1 .

2 .
t W .
’ . . o

’
£y

In the real world of today” s elementary school classroom, where not muclphope for drastic changes for the
., better can be foreseen, it appgats that in order to build a realistic, yet sound basis for the mathematics curricu- -
lum, children’s mathematical thinking nust be studied intensively in théig; usual school habitat. Given an
opportunity to think freely, children clearly display certain patterns of thought as they deal with ordinary
. mathematical situations encounteré®} daily in their classroom. A videntaped record of the outward manifesta- B
tions of a child’s thinking, unififluenced by any teaching on the part of the interviewer, provides a rich source . v
° " for conjectures as to what this thinking is, what. mental structures the child has developed and how the child
uses these structures when dealing with the ordinayy concepts of arithmetic. In addition, an intensive aralysis .
of this videotape generates some conjectures as to the possible sources of what adults view as children’s o
“misco ceptlons” and about how the school envn'onment' (the teacher and the matenals) “ﬁghts” the child’s )
natura thought processés. . . . : o~ .
L
The Project for the Vlathematlczl Development of Children (PMDC)2 set out to create a more extensive and
) reliable basis on which to build mathematics curriculum. Accordingly, tHe emphésls in the first phase isto try /‘! ,
. ,to understand the children’s intellectual putsuxts specifically their attempts to aCquire some basic mathematx- . O
cal skillg and eoncepts. . - .«
. . / . .~ ' 2 ' ¢ S~ .8/
. The PMDC, in 1ts initial phase, works with children in grades 1 and 2. These grades seem to ‘comprise. the :
crucial years for the development of bases for the future learhing of “‘mathematics, since key mathematical
concepts begin to form at these grade levels. The children’s mathematlcal development is studled by, means of:
5 - 1. One-to-one videotaped interviews%subsequently analyzed by various individuals.” 5 _

-

b3

“2. Teaching experiments in wluch specxf"c vanables are observed in a group teachlng setting mth ﬁve\to . .
fourteen children. . \ . ¢
- ‘ ! . . \. R .0 .
- 3. Intensive observations of children in their regular classroom setting. < L

4. Studies desxgned to investigate 1nten51vely the effect of a particulat vanable or med:um on communlca-
S ting mathematics to young chlldren . - - . g

Py
. - . ‘ . * A .

. . L . N .’

» - D .

- 1“Why Teacn Mathematus"” The Elementary School Journal 73 (Feb- 1973), 258- 68

. o Ut
- ° s 4

2PMDC is supported by the National Science Foundatlon Grant No.,?ES 74 18106 A03. . . S ‘




5. Formal testing, both group and one-tg-one, designed to pronde further insights mto young children’s .
mathematical knowledge ‘ .

" The PMDC staff and the Advisory Board-wish to report the Project’s activities and findings to all who are
interested in mathematical education. One means for accomphshmg this is the PMDC publication program. .

“

Many ihdividuals contributed to the activities of PMDC. Its A'dvisory Board members are: Edward Begle,
Edgar Edwards, Walter Dick, Renee Henry, John LeBlang, Gerald Rising, Charles Smock, Stephen Willoughby
and Lauren Woodby. The principal investigators are: Merlyn Behr, Tom Denmark, Staniey Erlwanger, Janice .
Fl&ke Larry Hatfield, William McKiilip, Eugene D. Nichols, Leonard Pikaart, Leslie Steffe, and the Evaluator, .

Ray Carry, A special recognition for this publication is given to the PMDC Publications Committee, consnstmg
e ot' Merlyn Behr (Chairman), Thomas Cooney and Tom Dénmark. . ! :
L. B ‘ . Eugene D. Nichols
) Director of PMDC @
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PREFACE

‘

This publication is"a summary of PMDC Technical Report No. 9.°

That publication is the‘repoft of rhe regults of a t€aching experiment
conducted durlng the academic year 1974 5 with first. grdde children.
'The_teachlng experlment.was done to 1nvest1gate (1) the role of‘mathe—z
matacal experlences on the Hev\;opment of countlng, addltlon, subtrac—-
tlon mental arithmetic, clasSsificatdon, ang various other toplcs in
arlthmetlcal caryricula -and (2) the role of dhantltatlve comparlsons

. and class inclusion as readiness variables for.learnlng the content,

.1n(l) . .. / e .. .ﬂ:* .

. , The names of the-schools used in this study»are flctltlous. The
study took pldce in a c1ty in the SoutheaSt with a populatlon of”
* 30, 000. ’ - S . -

. -

;o : " /

‘ Tﬁ s are expressed to the pr;ncipéIs'of the two efemeﬁtary‘?J
schools, the teachers, and most lmportantly, the* child’en. Cqooperation
such as that experlenced by, the prlnc1pa1 investigator is critical
1n the\total enterprlse of research .dnd development in mathematics:
"education. . T

Aruitoxt provided by Eic:
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-
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2 . s

R . -~
s ‘ * The potential of Piagetian theory as a readiness theory for learn-

‘ing mathematical conterit seems hardly explored, even though some sgudies

< '. have been directed ‘toward such a purpose. “on the face of it, the psycho-

. .
< - .

Ibgical mechanisms Piagét calls mentdl operations ought to determine, in

« ., anéubstansighcganner, the quhgmaticalAconient‘relateé to cardinal and

‘ \j' ordinal number a-child is ale to-acquire within at least a two or three °
N : . At

‘mdhthséﬁime span. But whether a child who does not display mental ‘opera-

<
tions, in a Piagetain sense, forms mental operations related to ¢ardinal

» ~
-

4

. . . —— ) . J .
and ordinal number during the Coursé of lnstruction is an unanswered
. - ->

- question. The issue is simply this--it is not known how children develop
. -
mathematically through the course of an instructional program except in

the most global of ways: Until*the charts of childrens' progress are
. - L4 .
carefully documented, the best that can be done in the development of
. - . < . -
instructional programs in mathematics is to guess at the answers géithe

. ¢ . * .
most basic of questions. An illustration 4s the introduction of the.

missing addend problem. During the i9603§, progra@ Hevelopers introduced,
~ . - wk

universally; the missing addégd problem if the first grade witﬁ the
. . i :

. ) ‘ hope "that it would connect, for the children, addition and subtraction. )

4 o : of coursé, if it did, then:%;great savingé tranéfer would occur in tgg

- learning of subtraction facts. Just dgfine §Q2;§§ction in terms of .

. addition. But teachers found the missing addénd_P;oblem a source of
great frustfation for ﬁany children. With such feédbaék program,
developers eSsentially abandoned introduction of the missing addend

problem in the first grade. Most decisions made relative to the intro-

duction, then abanéﬁg;;nt of the missing addefid problemwere done in chg,z

-
. -
‘. -~ -
s - A Y
B .

Ty

3 | , 13 oL ' . -
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matical theory, a discussion of some important aspects of cardinal‘and'

-~ _ . L

absence of any data on the way chlldren develop throughout the ‘course
. ¢

of a mathematics program. That such data is desperately needed should

[
1

be clear from. the example given. In fact, this study shows that both

.y R
LY

‘decisions are esSentlally 1ncorrect-—that of unlversal 1ntroduction and

that of universal abandonment. Moreovér, a great ‘deal of ;nformatlon is e

>
-«

' . !
presented onshow one 'may termine . ‘which children are ready for intro-

ductlon of the missing adden 4npblem and which are not--a very useful
] < ° )

piece of information.

- . «

© . :

Before delving into the study;'é few prel}minary ideas are useful

-+
o M , <

in understanding the nature of the viriables.- The readiness varigples
hd . ‘ .

are founded in Piaget's developmental theory, and the\achievement

s

vvariables are fdﬂnded in the mathematical theary of cardinal “and ordi= - .

nal number. Even though‘Piaget offers a developmental theory concerning

cardinal and ordinal number, the mathematlcal theory is distinct from o

°

the psychological theory. In order to be precise concerning the mathe-

- . '
v

ordinal number is given. Likewise, discussion of Piagetian thsory:con—

cerning cardinal and ordnnal number is offered.. For the purpose’ of the

re;diness study, Piaéetian theory concerning number; quantity, cl;ssifica-

tion, éng relations is assunéd to be internally consistent. .The théoré;
e . . -

t1cal "interrelationships of number, class inclusion, relations, one-to-

one corraépondenﬁe, and set partitions’ are diseus3¥d in the_nekt few

. [N
. . . QD .

sections. - ’ ) . -
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l Quantitative Comparisons .

*  Number, in Piagetian theory. oPiaget, in his eiassic work "The Child's )

. > . - . g
. . Conception gé Number attempted to show that cardinal and ordinal number

N * are developmental, ariS1ng in the child as a synthesis of Grouping I, .
Primary Addition of Classes, and Grouping V, Addition of Connected,

. Agymmetrical Relations. While the ‘data presented-in this book are "old,"
the basic theory of;the Genevans concerning the development of number in

the child has not changed substantiallj over the last three decades
n ' . “« ® A 5 N . .
(Piaget, 1970; Beth and Piaget, 1966;‘Sinclair, 1971). Number, for
Piaget (1952), "is at the same time a class and an gsymmetrical relation"
. o . . :

(p 184) ) x

- . o
~ - . . ‘ !

Even though the relevance of the total grouping structure to cogni~

. tion oflrelations has been guestioned (Steffe, 1973), literature of the

Genevans* concerning the development of nunber can be understood‘onlj in the

a
1

context of the grouping structures. Two eSsential'conditions for the

R 3

—_ "transformation" ofnclasses into- numbers exist (Piaget, 1952, pp. 183—

84). Given a class, all of the elements must somehow be regarded as

- ¢
. . -

' equivalent, but at the same/time distinct. To dllustrate these two con-
ditions imagine‘ seme hierarchical system §CC Alc A2C A3C .. 'chi

- ..+ of classes where the following classes contain single elements

PR}
. R . - .
- - -

A
v . . .
.. - . - . \

. ' .

!
':?a
.

11 ) ‘l "‘ )
ERIC® o=
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The first condition given is that all elements must be regarded as, '

could be a bead, A,' a cube, A.' a bean, etc.

For'eXampléngl

o

equivalent (all qualities of the ipdiviqﬁal elements are eliminated).

[N »

But, if condition-ong holds, then, for example, A2 would not be a class

of two elements, but instead only one, for AiLJ Al"=Al ——whiEh is to

. [y - M

. say that the quality of the elements are eliminated.. If the differences

a .

. . \ . ‘
of A1 and 4, ' are taken into.account, then they are no longer equivéient

1

.
a

to One another except'z}th respect to AZ' This brings thefsecond essen-

.
[ v

tial condition into fbcus. In effect, the equivalent terms must remain
. - ]

. \

somehow distinct, but that distinction no longer has recourse to qualita-

tive differences. Given an gbject (the bead), then ‘any other ‘obYject is {_

diétinguished from that bbjept.by introducing order--by being placed

next to, selgcted after, or etc. 'These two conditions are necessary

.
% T -

and sufficient to give rise to number. Number. is at the”same time a

o )

v

class and an asymmetrical relation'. . .(Piaget, 1952, p. 184). -Accordin
. g { g

to Piaget (1952, p.,l§4), in qualitative‘ipgig, objects cannot be,‘at one

and the same time, classified and seriated, since addition of classes .

[
. -

is commutative whereas seriation is not commutative. Howe¥er, if the

. . - - !
qualities of the elements are abstracted, then the two *Eroypings (I and

V).no longer function independently, but necessarily merge into a singI%

k]

system. )
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. -5 . : .
- and either considered from the point of view of their partial equivalences

’

In Piaget's sygtem,wﬁhé

\

L -
. '

L]

‘another of the groupings, but instead is- a

P 3.
of Groupings I and V.

.

B

. y g 4 " - } . . :
Elements, from the lent,Ofﬁblew of their qualities,

\

~

n, number is not to¢ be reduced to oné or

new epnstruction--a synthesis

-

and are classified, or are considered from the point -of view of their

-

3

differences, and are seriated.’

necessary ‘to do both simultaneously. .

-

»

v

S

w

¢

The only,way, then, to QiSCingﬁiEh A

seriate
. o

them: A - é - A,

L 3

.,'whére ~ denotes the suc%essor relation

l’

> e IR LI AT 1. e
unless thé qualities are abstracted (or eliminated), but then it is

-

It is not possible to do both at once

L
EE
;

L

Al A;, A3ﬂ . .is to

-

'

-

LY

and A represents Ai' where all the qualities of the elemeht of Ai' have

-

~ ‘ﬁ\ h < / .
.been eliminated. 'Clearly, Piaget considers each A to be a unit-element,

“at oncé equivalent, to, but dist

. ‘ ° .
,equivalence arises through the elimindtion of qualities and the distinc-.

-

~

-

v

3

‘e

PRI

.

inct from all the thers, where the [

Bl

riveness] arises..through the order of succession.

The notion of a unit is central in Piaget's system and-is not

didﬁible from' the Grouping Structures,'but rather is the result of the

*

synthesis already alluded to. Once reversibility is achieved in seria-

tion -and classificatién, "groupings of operatigné become possiblé, and,

a

-

"define the field of the child's qualitative logic" (Piaget; 1952, p.

)

”

155) . Here operational seriation has ag a necessary condition reversi-

bility at the first level of reciprocity.

.

. A cardinal number. is a class whose
as 'units' that are &quivalent, and yet

"+ can be seriated, ana'thqrefdre'ordqred.

- number is a series whose terms, through

. ' T

elements are conceived
distinct in-that they
Conversely, ZSCh ordinal
following one another

according to the relations of order that determine their

3

PEN



_ .-
— ’ ’
respect1ve .positions, are ‘also units that are equivalent and
can_therefore he grouped in a class Finite numbers are ,
therefore necessarily at the same time cardinal_ and ord1nal
(Piaget, 1952, p. 157).° .

-

The development of classes and relations does not, as it may seem from

2 v .

the above quotations, precede the development of number in Piaget's

.

‘heory, but those de\zelopments are s1multaneous Without knowledge

Y
~

" ofsthe quéntiflers "a,n "none," "some," and "all " which 1mplicitly

‘

1nvolve cardinal numbér,,the ch1ld 1s‘not capable ~of cognitlon of hier-
1 -« .

archical classifications. A genetic circularity consequently exists in

. & ; . .

the developmental theory of classes, relations, and numbers.

v

« Quantity. It is now possible to discuss the notion of quantity

. s . ~ ~ . . .
as elaborated by Piaget (1952, p. 5). Strictly-speaking, Grouping VIII,

Multiplication of Relations, should be discussed prior to the.discussion

. -

‘on quantity. Suffice it to say that Grouping VIII alldbs the child to

s . .
~ ¢ vt

cons1der two gerceptual relations s1multaneously (e.g., taller but
3 R ’ :
narrowex for two’glasses of water)'. .

v R < - ’
- . * ’

.In the subsequent d1scussfbn quant1ty as v1ewed by P1aget is

e

described a replication study by Elkind is discussed;'quant1ty is related

one-to-one correspondence; quantity,as a scientific concept:tscon-
- . ¢ - > -

o - o
trasted‘vith‘quantity in'Piagetian theory; and the relationship of

. quantity and number is pointed out ln\Piaéetian theory. 7
- Qpadtity as vi:wed by Piaget. Whether it be'continuous (;.é:,
.liquid) or déscontinuous (i.e:‘collectldbs dé objects) quantitfes, ;
Piaget’s logical analysis of quantity in children is tbe saue. First,

‘ there is what it termed gross quantity. Piagét (1952): describes gross '

-« S

quantity”as follows



. dimensions.

by -
At the level of the first stage, quantity .is . . . no more
than the asymmetrical relations between qualities, i.e., compari-
sons of the type 'more' or 'less' contained in judgments such as
'it's higher,' 'not so wide,' etc. These relations -depend on
perception, and are not as yet relations in the true sense,
since they cannot be coordinated one with another in additdive
or multiplicative operations. This co-ordination begins at the
second stage and results in the notion of 'intensive' quantity,
i.e., without units, but susceptable of lagical coherence.. As
soon as intemrsive quantification exists, the child can grasp
. . . extensive quantlty. (p 5) ’
<t N . - - , 3o

An illustration of gross quantity was given where two containers

" of beads; one containing green bgagi‘(Az) and one containing red beads

(Al) were placed before a child. * The containers were of identical

4

: - P
The child was asked if there were the same amount of.beads
in the two containers, and if a necklace made from the green'beads and

Ted beads wduld be of the same lenéth. The green beads (or reds) were
[ L 3

then poured into a contalner taller but” narrower than the two origlnals.

Questions were then put to the child concerning the necklaces fChildren

who were. capable only of gross quantity would think’ that the necklace

of green beads would be'either longer than tlie necklace Sf red beads or
PORR ‘ ’ !

shorter, depending on which dimension.he focussed. Such children were

& . » o ’ ’
not able to coordinate the dimensions of the .container. ?

v - N
r

-

Children pgpable of intensive quantity were capable of cooruinating

They could

the, two diﬁéysion of the container (higher but harrower) .
use this compensatingycoordination to explain why the number of beads

doesn't change upon pouring from one container to another, if they knew
7 LY ’ - 1

. . ) ) .

that the numberg of Deads-were equal to begin with. = _ o

3
Pgychologically, intensive quantity wonld not be sufficient for a

B

child to compare, numerically, two circular arrangements of blocks of
. ) - @ .
differing diameters but of)equal number. One arrangement would be less dense bu

’

1 s

9

-0
f




. [ .

of greater diapeter (or circumference) than the other But realizing
3 ’ ’

this compensating relation would not guarantee that the two circular

ariangements contain thé same-number of blocks. According to Piaget,

’
- <

it would be necessary that arithmetical units intervene.

Logical multiplication of relations and the intervention of the

- B
?

. notion of the gnit are the.two conditions for quantity to be extensive

v . v

quantity for .the child. Logical faultiplication of relations is a

I - . 4

. necessary (but not ssufficient) intermediary ‘between gross, one dimen-

sional quantity and extensive quantity. In the case of two amounts of

liquid in two full containers A and B, a child could make a decision
about ‘relative amounts of liquid in A and(glthrough logical multiplji-

cation in the two cases where B is both taller and of greater diameter .
‘ . . . oL [ ,
than A and where A and B have at least one constant dimersion (height

-

or diameter). .In the case where both dimensions vary, ne decision would

be possible. In sdch a case, the notion of units would logically have

to intervene before a comparison could be made. :Piaget's claim is’
3 . o ¢ ) b
that, psychologically, if the child knows' that the quantities are equal

-

in some initial state, realizing that.they are equal in a fimal state,

: {
where both dimensions of the cylindrical containers vary inversely,
demands a conception of ‘units (?iaget, 1952, p. 21). In the case-of the
% . . '
red and green beads above,, the unit is Piaget's arithmetical unit.
. . B o ‘

Elkind's replication.of guadtitx. In His study replicating -Piaget's

experiments on quantity Elkind (1961la) gives the following summary: = ~
highty . .children were  divided 1nto three Age Groups

(4, 5,%6-7) and tested on the three Types of Materjal for

.three Types of Quantity in a systematic replication of Piaget's

investigation of the development of quantitative thinking,

Analysis of variance showed that success in comparing

quantities varied significantly with Age,.Type of Quantity,

- - ‘ 0 .




Type of Matetrial and two of the interactions. R . B

~ ¢
¢ A - .

The resulta.were in close agreement with Piaget’s : :
‘finding that success in comparing quantity developed in . .-
a ‘three, age related, hierarchically ordered stages. o e ‘.
_(pp. 45-46) 1, - o ‘

SN S .

The types of material Elkind used were (1) wooden sticks 1/4" fquare by
11/4", (2) orange. colored water, a tall narrow glass, and two drinking
glassés, one a 16 ounce glass and one an 8 ounce glass,.and (3) large

:wooden beads that would just fit into the tall narroh glass in (2)

‘above. The types-of quantity he compared‘were-(l) gross quantity, (2) .

intensi;e quantity, atd (3) extensive quantity. v, K .-

r . . . 1% .
N

In the study, gross quantities were- easiest to compa#e,'intensive

“~ X

. N ' :
were intérmediate, and extensive -were hardest. For the types of material, -

- L] .
- .8

quantities 1nvolving liquids were hardeSt to compare with no difference

' .

betWeen sticks and beads. There was a s1gni£icant interaction bf age

g

'groups and the duan%ity.compayed. Comparisons inVolving gross‘quanrities_
. was eas; for:aIl‘ihree groups. However, comparison involvi:g intensi;e ;
quantitiés was qnite difficult fo; rhe 4-§ear groGp and became increas;

. ingly easier:for_che two older groups: The same was true for combarisons

invpol¢ing extensive quanfities, but “these comparisons remained more ,
: . S : It

. . »
»

. 4ifficult than.the comparisons involvingwintensive'quantities;
. . h Y
- Since Piaget defines his stages in terms of the c?pe of quantita- y

"o

tive comparisorfis childzen are cao“ble of making,,it is clear from'Elkind' s

~

study tha%xa child may be able to make extensive quantity comparisons .
N - . . .

using materials of a given kind and tkereby be classified at Stage 3,

v

' - - ~ * . B ‘ *
.but changing the type of material could affect the type of Juantitative

comparison the child is capable 6f and thereby alter the stage°

v

\ -

5

-

-
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classiffcatiou. ~ However, there is a definite statistical'relationsﬁip .
v . Y . . Se LT c«) '
\

between age groups and stages as exempliflea by the 1nteract10ntof age

. groups and quantity compared and hlgh and gignifficant cerrelatlons getween -

- -4 Yo
v. . “ -
- . - &

types d! materlal T

~ v 0. -t

° - ‘_‘ N
. ‘Quantltz and one—égfcne co&respondence.‘ Plaget §l96§5 pp.,36 37) ‘
\ - - p‘h ..
has identified. two psychologlcal types of one-to-one correspondence'
’ R ° o
. qualitative one-to-one correspondence~and’numegical one-tg-one corre- °
’ . r\ ‘ ) - : ) ’ “
.spordence. Qualitative correspondence. is based on the qualities of the

- « ‘ ) g . ‘ 2
elements where an elemept of one class is made to correspond to some‘
- ot g
» ” . . - P

element of another’ classeifecause of the qualities associated witH the

v

- . s : ', ¥ .
elements--e.g., color, shapey or size. yumerical correspondence is such < /

N / . ' . .o R ' \

that any element of one class is made to correspond to any elementxof the

. '
3 . . -
3 . - %

.

. _other class regardless of qualities of elements. "Each elemerit counts

3 as one, and its particular qualities have no importance. Each elemént
) -

> N o ' . - ° -

. . become;xsimply a unity, an arithmetic unity." (p. 37) Y - ) e
. - " W

i s
.

Another type of behavior associated with one-to-Que sprréspondence,
. . "0 -

tasks is optical correspondence (Piaget, 1968, p. 34). _Essent{ally, this-

AY

-is where children make globdl evaluations. An &xample is in a task
> 4
where the'adult has, say?‘sii red cneckers aligned in a row and gives a

. FPA Y

child the black checkers and instructs him to put out the game number o

- B
- . ks

: black chec?ers as red checkers. An optical correspéndehce woul/ be Whepe\’

‘e A
-

the child aff@ns’all the black checkers in a row adjacent tp gnd tH& same |

length as the row of red chHeckers. Another optical correspofidence s
. . / v . !q
. . .

- where(a chilq/places one black checker by one red checker bdt cannot™

Q . ) Iy P
cbnserve the correspondence established. If conservation is. pwesent,

.
«
Ed e

l)i ) . ® .
Q 34 - . )

2 \, . £z . -~
B . ¥ :
Pz | . .. ,
.’ . .

.
. L



.\"\

the correspondence is called operatiomal. . S

, / ,

. Qualitative correspondence may be either optical or operational.

child making a cqrrespondence between two collections based opn the

qdalfties of the elements may not be able tp’conserve the correspondence

. ‘a

if the configuratéon'of the elements is altered; in this case, the-quali;

3 -

tative correspondence is optical and notx/perational If the child'is:_

.

u bf / - .-
~~ able to eﬂﬁseave the correspondenc this iﬁ an operationé& eorrespon- !

.dence,(i:e., the elements® altered alnays have the Qossibility of being "

L

placed back in the original position). A numerical correspondence is

essentially Qperational.' Children_pass through three stages regarding
: - s T o w e
one-to-one correspondence. The first“is global evaluation, or essentially
no one-to-one correspondence (up to”ZEB?SEiEEEély five or six years of )
‘-J L S ’
age). The second is.optical qualitative gorrespondence and the third
~ ' I

is operational or numerical correspandence. Piaget (1952) spells, out

- K
v ] ¢

+ the relationships between different types of quantitative comparisons’

~ ’ | S
s

:and the different types of correSpondéﬁces:‘i:e.; ""global evaluation

- . -

. . . .
‘corresponds to 'gross quantity,' qualitative correspondence to 'inten-

sive quantity,' and numerical correspondence to 'extensive quantity'

[p. 9Qj.f) ’ ) S, . ‘

If two sgets of ijects-are placed in rows in front of a child

L 4 . ' .
capable of qualitative correspondence (and henée of intensive quantifi-

cation) and one of two sets is altered, thén a proper judgment couwld
Y . .
I}

arise in the case of: C - -




Qa '; L]

-

~

(2) greater length and greater density of dne of the

"

-

13

Y

(1) equal léngth and equal density of two sets;

“_

" (Piaget, 1952, p. 91).

sets;!

(3) equal length and greater or less debsity, or
24 24
’ greater or less length and equal aensity, of ohe -
of the setS;

but not in thk.case of:

44) greater length and smaller density, or greater
) R . . . . .
density and smaller length, since he must be *

able ‘to deduce the proportionélity of differences
-
. . -\

Quantity as avscientific concept and, 4§ a cognitive-development con-
« gT— - ’ q wn—— —

.~
~

GEEt .

<

% .
,ngfusion exists: concerning what Piaget means by intensive and
H . - .
. A .

extensive quantity and what intensive and extensive quantity means

e

Y

in a scientific sense.

A-quanti£§ can be viewed as a collection of elements for which cri-
A

. ’ s\ .
teria of comgﬁrison have been established (e.g., ordinal numbers). .But
- +

-
Ed

it is well to view quantity in the general context of measurement. Mea-

-
.

-

surement can be interpreted in terms of a function, where the domain of -
o

the function consists.of a Collection 6f objects (called quiés) with .

.

definite structure and the\rdhge (for the putpose of interest here) a

subset of the real numbers. The structdre in therdomain is of particular

.

interest, Through some empirical (or operational) procedJ:?; the bodies

’

of the domain can be ordered 6n,tbé basis of some property (gr dimension).

The property is called intensive whenever there\existé two physical rela- -

tions < (order) and = (equivalence&’éﬁch that.given any two bodies B and
. ] -
. s

.
3 ~

~ ‘< . o \

[) ) v . ' LI
This section is an attempt to clarify that confusion.

13

)




a

‘_impbrﬁaﬁt for tﬁ%s study is the class of collections of physical ;

. . . 14 B ) . ’ X

C, the trichotomy law holds, and the transitive .property holds for'

. ‘ . J < .
>. It is important to realize the onfy way (ane can be sure that the law
» > ‘ M \

of trichotomy and the transitive property hold.is through experiment. A |
prdperty is exten$ive if it is intgnsive,, if there exists a physical .

operation that is dlqsed'with respect to the property, if it is commuta-

“ ., - e

tive and agsociative, égd if it has the follBWing‘properties: (1) if

- . -

A=Band C =D, then A-+'C = B + D for all bodies 4, B, C, and"D, and

(2) if A= B, then A+ C > B for all C. * - . v

So, the domain of the function has definite structure, was

[
»

stated without regard to number, and depends on whether the property

13

. e y ) ' . '
1§°fﬁ§en31ve or extensive as well as®intensive (any extensive propérty

is intensiwve, but not conversely). ‘Once ghis structure has been iden-
tified it is possible, through assignment ‘of some body as a unit body,
' : o
to assign real numbers to -bodies through a process called measurement
. ) . ‘ P

(or applicationof the measurement function). The function thus ¢

-

-
.

" t

.. LR . w
defined must preferve the structure of the domain. For an intensive
» : s

‘ 2 : ‘ }
dimension, qpis means that (1) F(B) = F(C) if and ponly if Bw=C; (2),

v

. F(B) > F(C) if and on}ycff B>C anq, fdr an extensive dimension, F(B.+.'

%

C) = F(B) * F(C). Obviously, F depends on the unit selected so.ﬁhat L

.

F = k'G for ariother measurement functiom G defined on *the same domain,

. 1, .
where k is a positive real number., An example of a domain Of bodies

- L T . 4T

A

[

ohjects, where the comparison between sets is based on one-to-one .

correspondence. If the unit selected is a s{ngle object: the méasure-

-

ment of a set is its count. The measurement function then assigns

- °

. L)oo - .
: j‘“') oo AN *
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- units, and with® regard to, mathematical and cognitive structure. A child

. =

- . ' ~

ordinal numbers to sets and preserves the additive structure (for a -

~

dimension to be extensive, it is sufficient for the bodies’ to be pair- ;

” R
. . f
- ? - .

wise disjbint}.'

¥ Contrast of Piaget's conception of intensive quantify and extensive .
[} R - ¢
quantity with“he definitions given above are made with regard to the

. -

. structure of tMe domain of the measurement function, with regard to

~ -a
v -

. who is capable only of intensive quangit& in a Piagetian sense would not

have.maskéred the notion of uhits. However, units of measurement may
N .
ingérvene in an ingensive quantity (e.g., densiiy)ﬁin the %cientific
defihition,4buévnot ih the Piggeti;n éonception. When‘g child*is éapable
of wh;;/Piaget cails ";Xtéqsive quantity," uﬁits'ingerQene.' Appare;tly, , -
. R . ‘ = :
a child, capable of extensive qué%tity in ‘the Piagetian framework would

! .. - .
be likely to comprehend quantity, intensive and extensive, in the scien-

\

¢
tific sense. It should be noted, that it would be a restricted concep-

[N
Ve - .

tion in the sense .of a farmal contept and in the sense of generality

-(i.e., a' ﬁild would not neceésa iiy be able to conﬁeive of all diffgrent
- 9 Fily ] el

1

quantit%?s such as, real numbers or'density). Surely, it sould seem for

~ x

a child to comprihend an intensive or an extensive quantity in the scien- AN
. . ¢

- -

~

fpific sense qi;ﬁ‘units, he would of ne sity have'to be capable of

B
b4 M -’

tian sfnse due to the intervention of "

extensive quantity, in the Piage -
7 :

units in the scientific definitions. . < .

. . .
The reason a differentiation needs to be made between genetic

. ]
& .

structures .concerning quantity and the scientific structures of quantity’
. 4 ¢ .

cgn be seen by.example. Let B be a collection”of collections of physical

o, ¢ - . Y
. .

- : : - 4
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- . T .. . ~
. correspondence in the usual manner, B together with £he criterii for

¢ L . e :
comparison which have been set up is a quantity. Do we have an exten- .

‘" sive or an intensive quantity? It.depends on whether or mot the elements
. ¢ N = b 3

: o ‘ . . <.
' of § are or are not mutually exclusive, respectively. In either case, a

unit is taken to be a singular object so that the collections are unique-

v
’

ly assigned numbers. ‘A child's conception of‘groés,-intensive, or

<
3

’extensi&e quantity in the Piagetian conception in no way depends on e

whether the collections of B are mutually exclusive. Rather, it depends

i
on the cognitive operations of which the child is capable. 1If the child

M 3

is‘papable of extensive quantity in the Piagetian sense, he ought4to be
capable of comprehending the structure of the nasurement function

under discussion, the unit of measurement, and the necessiﬁy of dis-

joint cellections being used for addition of numbers.

.
- . N .

Extensive quantity 1s identified with nimerical one-to-one corre-

-

spondence, both of which,incorporate. the notion of a unit. As' was

“ J

seen in the section Number in Piagetian Theory, thg‘notion of a unit is
4 ! .

L)

essential to number and is arrived at by a synthesis of Grouping I and
V, as’is cardinal and ordinal number. 'Consequently, éxten§i$é quantity

is paralleied by cardinal and ordinal number in Piagetian theory. Gross-

and intensive quantity correspond to stages in the development of

number, which have not yet been discussed here. -
7 ¢ - .

.
-

Quantity and arithmetic. - Two noteworthy studies have been conducted

-—
4

. - e 4
in which quantitative comparisons addition and subtraction; and manipu-

—

¢ . . ¢

latable objects have been interrelated. In tﬁgﬂétudies‘(Steffe, 1966,

Le Blanc, l968),>childrén for whom eQideﬂce was present that they\we;e

7 ¢
’
3

B

N
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able to make extensive quantitative-comparisons'performed significantly

botter on tests of addifion and subtraction problems than did children

for whom no such evidence-was present.

«

“ducted toward the end of the school, year using first grade children.

Three four item tests were' constructed,

14

»

i

Both of these studies were con—

each of these being designed

-

-

4

to measure the ability of children to make quantitative comparisons.

»

Four geometrical arrangements were used, one for each tﬁft-~cirCular,

rectangular, and linear.

FIGURE 1
* Item| item 2
® ' ® : ' ® .
. ) e ¢ # * e
] - 8 ] ]
L L / ) .
C ¢ 0 ¢ ) 0.. ® ‘
- Henm3 Item%
. : |
.| @ ® . @ o : .
o o : M oo
° . o_o . v . - @
°*.° . . o _ o °g
»

Note: Circular patterns have 4"

.

and 7" diameters.

-

v

In item 1 of one of the test using circular arrangements (see Figﬁre 1), -

if a child made a comparison based on the diameter of ghe two circular

-
8

’
B
"Nf‘

—

4 -~
1 X

arrangements (making a gross comparison), he would no doubt give an
~  incorrect response to the examiner's question, "Are there more Q}ocks

here or are there more blocks here or are there the same number, of

e



' ERIC »

Aruitoxt provided by Eic:

S

blocks here as here ('here'" is identified by pointing)?" A éross
comparison could also be made based on relative density alone, which would

"lead to a "correct". response. - A child could also make an intensive
y .

"

juagment that one cirhle had more blocks because both_ciqbles were of

»

the same diameter but one was more demse; this would also b2 a correct

‘.

judgment. It was, thetefore, possible for aﬂggild‘to respond correctly

»
»

on this item without making an extensive guantitative comparison. .The -
» M - -

»

same can be said for Items 2 and 3. Hopkever, for a child to respond

- . ! ’,

.- cdrrectly on Item 4, an extensive cbmiparison had to be made if one ‘

ascrfbes to the theoretical integfelationships of correspondence,

quantitative'comparisons, and, logical multiplication. Certainly an in-

.
' i

tensive comparison was not possible since there were the same number

’ . ~ L
-~

<

of blocks in each circle, all equ;lly spaced, so that the arc distance

between the blocks was always in the same ratio to the diameter. ‘
u" B

¥
[y

The two remainjing tests were strictly analogous.to the test using

.

circular arrangements. In the two studies under review, there was no

attempt to explicate experimentally the thedretical interrelationships
¢ -

mentioned immediately above nor are such attempts made in the present
. .

\

R . B
study.. The assumption is made that for a child to respond‘correctly

v

to items analogous to the last item of each test of quantitative com- .
v

®

parisons under review, a process of "fotward transformaftion" had to be

initiated and the forward transformation involved'quantitaﬁiye compari-
gons, which in turn iavolved logical multiplication of relationms.

E] . .
o ~ il 4

The concept of forward transformation has been advanced by Beilin
u a 4

(1969) -~ -

t . »

12

ber 0
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Forward transformation is a more significant type of ‘transfor-
mation than reverse transformatipn* since it is the basis of many
kinds of problem solving. It is apparently more difficult to
initiate, however, than backw#®td or reverse transformation.

Carrying out the forward transformation ‘inevitabley means involVing
.a compensation procedure with the dimensions of length and width
and so the transformation is inextricably involved with logical
multiplication. . . . . !

.‘/

Successful résponse in the quasi-conservation** task is much’
more difficult than in the classic comgervation task. The difference,
as we have suggested,  highlights the role of the analytic-set which
triggers an’ nternal transformation process that gives rise to some
kind of copflict’ among inferences. No conflict exists on the sti- |
mulus sigé of the equation per se. Conflict results only from the

/s disposition to analyze the data of his experience in
way as to generate inferences which are in conflict: because
eir logical incompatability (i.e., "the objects cannot be both
ntical and nonidentical at the same time') [p. 435]

Of the 341 first—grade children tested for the "addition" sfudy -

(Steffe, 1966), 128 were incorrect in at least ome item of each test.

Since Item %4 of each test was very difficult for the, 128 children, these

{
children may be viewed as being gross quantitative comparers. They were

-

designated as;Levef\A. Three other levels of -an ability to make qudn-

titative comparisons were identified: Leved I.where all items of all
0 Al h

tests were scored correctly; Level 2 where all ifems on exactly two tests

-

were scored correctly; and Level 3 where all items of exactly one test
¥ I & ) v
weré scored correctly. Analyses of variance indicated that statistical

differences (p. < .0l) existed among the mean performances:of the four

-

Jevelsiior addition and subtraction problems. Alt is impo;tant to note

~
- ~

. J !

*Reverse. transformation is a process initiated by a child, either
physical or mental, wheyre, e.g., a collection of‘obJects*are returned
to their initial positions in a conservation of one-to-one correspondence

problem. " . -

S
.

’ **Quasi—conservation refers to a task where.the objects are not’
moved physically, as in Test I
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that the test of quantitative comparisons was administered starting
3 ’

March 8 and the test of problems was completed gn Aprii‘lg, 1966.

-Sullivan (1967), in his critical analysie of Piaget's theory as

it relates to School Curriculum, has“stated: . . -

- °
.

A substantial correlation between number-readiness (e.g.,
conservation of number) and the achlevement of addition and
subtraction can be 1nterpreted in both directions. Simply, o
it raises the question of "which came first, the chicken or *
the egg;" that is, we do not clearly know whether learning of .
addition or subtraction enhances ,conservation or whether the
opposité obtains (p. 21). .

-

When the significant differences among the four levels of quantitative

comparisons noted earlier are considered, it must be pointed out that

- , t ‘
the children in the studies received very little or no direct instruction

on' extensive quantitative comparisons as medsured, but had received . °
.y <

instruction on processing sums and differences. Children who showed

little ‘aptitude for making extensive quantitative comparisons involving

forward transformation performed- statistically less well on the problems

than children who were succeseful in making extensive quantitative com-

.

parisons., Since the children in Leuel 4 did have a mean solution rate

of approximately two out of every three additionnﬁroblems and one out

of.every two subtraction -problem, it cannot be said that where instruc-

"

tion on processing sums has been given, the ability to make externsive

quantitative compatrisons involviné forward trdansformations is necessary

for the solution of problems. v

But the results of the two studies were as thebry predicted.

5

Further .

" analyses shewed children who did not make an extensive quantitatdive

+ & & b
comparison and, in consequence, did not (probabilistically) initiate or

~




. ' "1

. C - ¥

wmsuccessfully initiated an internal forward transformation, also per-
— ",

formed poorly on the type of problems most demanding a forward trans-

formation. For the problem structure a - b = x; where the problems

T

were verbally presented without manipulatable objects, the mean score,

i

was only Zégﬁércent. For the problem structure a + b = x under the same
X .

conditions, the mean score was 49 percent.

- - [N . -

< A Mater study conducted by Steffe and Johnson (1971) was designed —
© to answér-ﬁuestions_raised in the. first two stu&ies (Steffe, 1966;

Le Blanc 1968). .During November, 1947, 199 first grade children were
:giﬁen a test of quantitative comparisons. These 199 children were in
eight‘classrooms housed in four gifferent schépl bﬁ%ldinéé in a rural

Georgia County. Qgtweeﬁ Januayy 15 and 24, 1968; 192 &f the previously

o

—

tested 199 children were admifiistered the Lorge¥Thornéike Intelligence Tesg,

Level 1, Form A. The test of quantitative comparisons (di%cussed later)
contained 15 items. Evidence was strong that a child could make

. . - ,
extensive quantitative comparisons if he scored at least 10 of the 15

3

3 - ’ 3 ’
items™“correct. If he scored seven or leSs evidence was considered weak

'éor e&tensivé quantitative comparisons: Of the 192 children, 127 with

IQ scores in the range of 80-97 or 103-120 weretuéed in the study. Four

M s

groups of children were, then defined by croésing the two classification
variables. During the month of May, 1969, a 48 item problep solving
test was administeféd to 108 children remaining in the study at that

time. Twelve problems for each of,the;following four problem structural

2

types were presented to each child: a+b =n, a~-b=n, a+n-=

and n + a

v

b. A treatment variable qalied Problem Conditions (presence

“

4

>

K

-

o

b,

L]
)

e
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or absence of manipulatable objects during problem solution) was used

. , . .

_where children were_randomly assigned to the two conditions. The
following research hypotheses were of interest.

. .
1. Children who are able to make extensive quantitative_ >
comparisons are able to solve arithmetical word problems
. with structural typesra +b=n, a-n=>b, a+n=n>b,
. and n + b = a better than children who are not able to
-make extensive quantitative comparisons.

2. Children who are not able to maki_extensive\Qnantitative
comparisons atre able to solve arithmetical® word problems
with the four structural types in the presence of manipu-
latable objects significantly better than in the absence_
of manipulatable objects. ~ ™ ' -

3. The problem structure a - b = n, is correlated higher with
the problem structures a + n =b and n + a = b than with
"a+b=n. -

In the analysis of the data, it was found that mean performances

of children in the high and low categories of quantitative comparisons

q}ffered substantively on addition problems (a+ b = n) in tﬁe case of

no manipulatable objects present during problem solution (48 vs 75

percent). But mean performances across the two categories did not differ

. - ’

in the case of manipulable objects present for the same problem struc-

-

ture. The analogous mean performancgs for the problem structures a - b

= n, a+n=>b, and n+ b ¥.a'did’not differ within objects present or
- . ~ T .

objects absent. However, mean performamrces on the structufal types

Ky

4

a~-b=n,a+n=>b, and n’+ b = a was between 46 and 54 percent, in-

iciusive. The mean performance for the structural type a + b= n was
approximately 75 percent. So, hypothesis (1) was rejected'for all

N . «

: problem structural types except for a + b ='n.

£ e , ‘v

-t
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objects in two of the eight items involving a forward transforma- .

23 . -

The presénce of manipulatable objects was a st'ong variable for

g

]
all problem types for all categories of children. Hypothe31s (2) was

-

not rejectéd and was extended to include extensive quant1tat1Ve comparers.,

' .

* °  The correlation of the problem structure a + b = n with the three

-t

- v

others was in the interval [.45, .59] while the intertorrelations among

these latter three structural types fell in the interval [.65, .79] with

most greater than .70, These correlations do not contradict hypothesis
. { . /
3). . )

-

) -
Moreover, in view Of the low mean scores for the ‘subtraction problems

.

and in view of the significance of quantitative comparisons in the case of

the structural type a + b = n, instead of considetidé the abildity to

-

;
make forward and revdrse transformations basic to an ability to solve

arithmetical problems of the various struétural types, it is now hypo-
oo

thesized that the ability to make.forward and reverse transformations is

o . P I
basic to the acquisition of an ability to solve arithmetical word problems.

N The test of quantitative comparisons used'in the Steffe and Johnson

(1971) study was developed in ‘an earlier. study (Harper and Steffe, 1§68).

Eight of the test items involved a forward transformation and seven a
oA N .
reverse transformation. Of the eight items involving a forward trans-

’ -

formation, six involved aféomparison of two equal sets, three of six )
° « > .
objects per'set, and three of eight dbjects per set. The geometrical -

configurations varied across these six items with configuratiéns of~éf)_ *

1
=

circles, (2) rectangles, (3) lines, and (4) tfﬁangles, since comparlsons

of two equal sets of objects are easier in a rectangular conflguratlon

~ _— ~ v .
than in a ciréﬁ&ar or a linear configuration (Steffe, 1966). The

4 - . -
.

+ T

2

tion were arranged in lines--one of six objects and one : C -

wr

' b

A ‘e .
. ->‘1 ’
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of eight objects. These items ‘were included to provide some floor in

. N . ’ ~ i . . 7 ‘-
~ - the test, If two rows of objects have equgl length but one has greatar— .
- _ . . . - . *

-~ . density, an intensive quantitative judgmeﬁt would suffi¥e for a correct
;i o e S -
comparison of the.numbers of objects if the two sets.. Ofie Of the two

% C - .
> items was exactly of this nature, In the.ther item, the row of eight

¢

objects was shorter than the row of six objects. -Actually, an intensive

-

. . : . 7 .
comaprison should be necessary for a correct response, but children who .-

N -

were capable only of groés comparngps should have responded correctly
to the item if they focussed on dehsity,’which seems to be the most

‘ . ~ : . ‘s
~ . Jdikely focus. The six items which ‘had the same number of objects in

both sets required the children to make an extensive quantitaéive com- .

' parison if they were to respond correctly. DA

¢ Since it is the extensive quantitative comparison that makes posQ"’

' v Lo

. ) ) .. . ’ .
sible a numerical correspondence, the child who made a correct compari- |
» . L

.
. T .

N son by using one-to-one correspondence was said to have established a

g .
.

o L
numerical relation between the sets of objects. If a child madea , =~ .®

v, correct comparison by counting, then, because the three stages fn-

- v

a~ . - b ‘ .
‘ coordination of cardinal ardd ordinal numbers corresponds to the three’

stages in numerica} correspondence, the child was said to have ’ ) )
c . \
established a numerical relation between the‘two sets of objects.

[
N —

°

The remaining seven items of the tes& invoived objécts which the _ E

» ) '

« child moved. Four of these items involved situations in which the child -

) ' . E - - .‘ a
Fooo- had to compare two sets of ‘objects with the same number in-.each set, °

- h

. ‘ Vd .
These items varied in many ways from the corresponding siglin the f{rst'

. ’ . !

~
3 . Ky 3 « . 2 ° - .
u

eiéht dischssed above. One of the mdét'sfriking differences was that, , . .

s SRR - J oox Lt
D . . . v - - -
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o~

in the items with mBvable objects, trhe one-to-one correspondence was’
t ° B o

established by the children before they were asked te compare the twd

A .-
A principal component analysis supported

*

. sets in their final state.

S ) ‘ , . °
a contention that different abilities were required to distinguish -

to be

between the items containing e€qual numbers of objeg&s’in'éhe sets
' . ¥ Fd

compared and the items contéining unequal numbers of objects in the sets

-

It is important to note that these

to be compared.

transformational types (forward and+reverse). Other fluctuation of
I, B ¢ .
- <

item,difficulty was not a function of the transformational type as

< -

Beilin found (1969), but rather a function of the final geometrical

configuration of the objects. ‘

- M v
‘An interesting study has been reported (Mpiangy and Gentile, 1975) :

-

where an experimental test was made of the hypothésis that conservation

of number is a necessg}y condition fot learning other number cohcepts.
i Al -

[ -
.

. The children used in the study we;é kindergarten students enrolled.in

[
I

v two schools in surburban Buffalo, New. York. § - o
: B & N

An eight item conservation of number test and a fifteen item.
> . . ‘

arithmetic test were administered to the children as pretests.” Any child. ..

~ - 1 , , .

who scored at least' seven on the arithmetic pretest waszdiscarded from
+

the study. The children were then randomly assigned't%ngperimental ’

5
3 e S

15-

~

. ‘ ‘ .
arithmetié training session and the control group was givén the

minute session playing & card game. The arithmetic concepts tested were:

-

rote and rational counting; number recognition; Tglations‘(just before,

t

just after;'pétyéen); number syntﬁésis and analysis. R
;,-,, T ’ n z . ta .
s - ST
. ) N .
i @

.3
.

items varied across _

and control groups. The experimental group was given ten 20-minute ., -

“be

°
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The .experimental group dramatically outperformed the control group
[ - ‘W :
on_thé posttest arithmetic test: When the post achievement test in
- B . L -
arithmetic was regressed on the pretest conservation scores, no differ-

R ’ - -
v encgs could be detected in the slopes of the regression lines. This lack
- - v ‘ & \ . .

of d%fferenﬁf; in the slope qf the regression lines was taken by the

E
3

?

experifientexs As meaning that conservation of number is not a necessary
. -

~, requirement for learning arithmetic.

L N ’ ) 7

There are, of course,, great différences in the studies, reported by
Steffe (1966); Le Blanc (1968);‘Steffe and Johnson 61971)5 and Mpiangu

and Gentile (1975). The first th:ée studies concentrated only on problém
solving performances, wheéeas the latter study included basicall& order

concepts. This difference in criterion variables is very ‘important, as

& .. . . .
Brainerd (1976) has &shown order concepts (transitivity of weight) to pre-

.
-

cede carcdinal number concepts (his test was analogous to the extensiv

‘quantitative comparison test, static items) by as mucg/ag two years$.
= - ¢ . ) - . .
His critical ages where order concepts were present and cardinal number
’

Y ~

<

, concepts not spanned the age interval from 5 to 6 yearé.° Consequently,

ol

'"—’7"1t would not be expected that one would predict learning of one from the

- .

other during this age spanl * The situation is not as clear, ESYever;

* for first grade children. . - ‘

2

One should also consider that in‘essentially two weeks of arithmetic
L ‘ ~ '
instrdction, the experimental children went from a mean of 3.57 to a mean

-

" of 11:17 out -of 15--from approximatel§124 to 74 percent. Whén consider-=

» »

ing the scope of the learning tasks, the mean increase is quite substan-

o .

tial for such a short period of time. The children were reqd&red,to count
3 . a

¢ . . ' ;
.

-
+

A}
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Aruitoxt provided by Eric:

-

in hoth directions from any number between 0 and 11 and count by two's;
LI o * \ ¢ N
find the name of a missing number in a given sequence (1}10); finddhumbers

” . : . :
just before, just after, or between any two in the sequence {1-10); ‘and,

find the correct ansWer and provide a corregt justification to am item

5 v . \ ! . ' P
such as ''three ihd two make how many?" Either the children-were very

. able or else the criterion items were very close-to the content taught,
' ’

.
2

No delayed posttest was given, so it is not possible to gsceftain the
e e -

quality” of the training in the sense of retemtion over .time.
N . “ .

. -

\ The four studies discussed in this section definitely raises a
P . N

. —
fundamental question needing resolution. This questfﬁn is as follows:
- -

Are childrep who are capable of only gross quantitative
comparisons able to acquire arithmetical kﬁbwledge

. .to theé same extent as children capable of extensive

quantitative comparisons’ L . :

The question, as stated, is imprecise. It will, however, be made

. . 2
more precise in other sections of ‘the report.

a

e

Quantity and set partition. In Part III of -The Child's Concept{on/A‘
_of Number, Piaget (1952, p. 115) discusses the additive and multipli ative
compdéition of number. In the disbussion of the additive composﬂt;:i of -

numbers, the goal was to discover whether the child is capable of

® - )
undersZ;‘Bing that a whble.remains constant 1rrespectmve of its parts.

In the-first [ﬁoblem, the child was tdld that he is.to have four sweecg

4 o

- . ,
at one time and four at another. The ‘next day, he is to have the *same
" he will have only one sweet at the first time and all the others-at the

. ) ' ) -
» Second. Beans were used to illustrate each statement, three beans -

-

~ (X} . f
number but, because he will be less hu;Ery at the first then at the second,
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represent the 31tua%§on the second day. The child was asked to conikre
the other .two. [(4 + 4) and (1 + 7)] and to say whether he would eat the
same nnmﬁer pf sweets on.besh days. The second problem consisted of
géving the child two unequal sets of counters and asking him to make

them equal (appafently it was always possible to do so). In the’ third

4 ‘
problem, the child was given some counters and *was asked to divide them

\ ]

. into two equal parts (again, it apparently was always pogsible to do so).

’

& ~ .

Three sEages were identified regarding the three problensj where_
the stages were the same across problems. In the first stage, the *
children grasped neither the\equalizy ef‘the two arrangements (4 + 4)
ané (l'+ 7 nn; the_pennanence‘oﬁ‘the whole in spite of changes in the

. . . .

distribution of the parts, th%’latter‘beigg a characterization of the

%
o

famous class-inclusion problem reporEEd‘in the same volume (Piaget, Chapter

-

7, 1952). The last {and operational) stage was characterized by

-

reversible operations.h The middle stage is a transitional stage where
s v - .u “ c ’ ¢ .
the child can-betled to a realization OEZghe invariance- of the‘whole,

but does not.discover it spontaneéusly. The same type.of phenoména
\r- . t‘. " M
can be observed with regard té the remaining twe problems. ‘
¢ / . - A
Two aspects of the relationship between a set and its partitions

. -
r N ¢

L A '
are esseqtial The first is that a partition exhausts a collecmion,

o

'\ .
and the seefnd'is thatjany two partitions are not equal sets. The ,

N K2 ,. o

firsg ig essential for the child to realize what’ is invariant relative

to the §econd. Plaget s study of addition concentrated on these two
“ oot »

aapeets when he asked a child to recognize, for example, that 4 + 4 =

: ;o . . .
1+ 7. So, it would 'seem that partitioms of a collection, as a concept,

N

> Sy
' \ - -

'bitng taken from one pile of four 'and put 'with the other four to .-

,%'

f
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. 1s developmental and highly related to quantity and number in Piégetian

. -

theory."

. X ) - . - . .
€lass Inclusion’ ~ & ‘ . :

g - . I£]

In the section Number in Piagetian theory, it was pointed out that

¢
Piaget views nested classification as being essential for number,’énd

Y © Pl

reciprocally, number as being essential for nested classifications. .

S

Piaget (1952) has stated that '"class and‘numper are mutually dependent,

in that while number involves class, class in it's turn relies 1mpli—
g
citly on number" (p. 18).7 The difficulty ‘of undérstanding the seridl
inclusion associated with whole number was pointed out by Sinclair (1970
. .

Pp. 150- lgl) In"an experiment designeg//§ A, ‘Morf (Greco and Morf 1962

pp. 71 ff),,a collection of 9 ‘cubes is placed in front of the cnild.' The

experimenter had one block and added td it until a good deal more “than 9 °c/j )

v

,‘were present. The question put to the child was whether there wgs a timé

. 4 -
-, 3

when the experimenter_and child had the same number. The five- ahd some-

. -~ < -
3.

times the six<year olds were not at all sure} ,Class-inclusion, then, is -~
LA P N . e .

A

to Piaget an integral aspect of a childs"numerical reasoning. ., On the

s

-
.

other hand, numerical reasoning is gn integral 3%%: of cla$s inclusion. -

¥

Dodwell and Elkind have performed replications of Piaget S ‘experi-

4 ’, ~0

ments on the ability of children to include partial classes within a total

~,

class, i.e., 1f AUB = @ (Af\B » ¢ ), then ACC gr BCC For his sub-s -

-

jects, Elkind(l961a)selected twenty—five children from each of the

—
o

grades kindergarten to third. The question askedgof each child was,

PAre'there more boys (or girls depending upon the séx of the -child being

< -
~ - -~

. T .
. questioned) or more children in your class?""Other”huestiops were also

'% . ¢ » A ‘ ! P
- . :
Y ¢ .
3
. . : Y .
. - g 1 . ’

¢

W
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asked to gain assurance that.the children understood the above question.

. On the basis of the responses, the children were placed in three étages;

Stage’l if either“CC Aor CL B, (A ='boys, B-= girls, and C =,éhf1dren),-'

L. ¢ 3 |

. ) . ;
Stage 2 if C = A or C = B, and Stage 3 is either CD A or C 3B. Fifty N

percent of the five-year-olds, tﬁirty—two percent of the six-year-olds, {
- ‘ ° ',‘. - *
. 1 : twelve percent of the seven-year-olds, and eight per?ént of the eight- ]
4 [T ¢ “ . ! 1
year-olds were in Stage 1. Correspondingly, 48, 56, 76, and 92 percent

v

respectively were in Stage 3. The four distributions of percents were

% : . : :

*

1
. ‘Etatistically different.
|

Dodwell (1962) was ‘interested in investjigating the regponse to
C & i SR ¢ . , . ) =
class inclusion questions and responses made on'the tests of provoked

- - v

_and unprovoked correspondence discussed earlier. In the discussion of

the results, he stated that the "ability to answer correctly questions -

I

which invglve iimultaneous consideration of the whole class and its ~

o - lctwo)'comﬁnnept subclasses, appedrs to develop to a large extent inde- !
|

. pendéntly of understanding of the concept of ca?din;l numbers (as-
. ' ~ s PV - ’ . ) ~

measured by the tests for provoked and unprovoked correspondence) '

© ‘ (p..158). _ -

»
~

. The above studies are what may be cdlled "one-shot'" studies, that

2
Cal - -

. . is, studies that test an.indivudual at a point or points in time. The .

2

, n - Lo .
question immediately arises, then, if a child is on a given stage at a :

. cular materials, will the same child be on the same stage at a different P

given point in time,with reference to a particular situation and parti- ‘

B2

- - 'point.in time, all other thiﬁgs constant? Dodwell (1961);u§ing thgitests
. ) - .\ - ‘ ‘ ‘ '
‘devised in an earlier study, made a test-retest reliability study with . .

L[] > ~

- " intervals of one week and three months. ' He comments, "The short-term
- R - '

PR . - .

- - . . , 5 : _ .
- . 3
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i reliabilipyxof the test is highly satisfactory, and campaies'well with
the,rq;iabiiiﬁiés of maﬁy cgmpercialiy available cégﬁitive fests. The '
. % . ’
, . 1 13 4 -
long-term reliability indicdtes considerable stability in the development”
B . . I ¥

[ * -

\ LY
of number concepts. : . ." (p. 30).

—~

_4. In this 'same study, Dodwell examined the data from his otiginal

Y

saﬁple of 250 children to detect differentes due to sex’and socio=-

[y

economic status. 'He reports that differénces were extremely sm;ll,lih-
significant, and did not favor e;tﬁer sex. To test for socié—economié
status, the children were.divided into three gr;ups on the basis of their
fathers' pccupati;ns} (1) professional, (2) clericai and_éemi-skilled,h

and.(3) semi-skilled or unskilled trades. No differences were detected

-

among the groups, but the higher socio-economic groups scored more

3

favorably. -t .
N ’ 1 ) -
Class inclusion being unrelated’to one-to-one correspondence does

not prove)coqclusively that it is not an integral part of the child's

. _ oy y
‘conception of number in a serially inclusive sense, nor does it pro

-

< “as !
that it is not an integral part of whole number operations. The latter

ve

- .
_ two-problems :remain to be stud%ed more definitively.

Logically, addition and subtraction of whole numbers and Piaget's

- e - \
4

- class~- inctusion problem are ine;tricably,intertwined, Little data are’

) availgble, however, concerning aequisition of addition and subtraction

and performance on the class‘inclusion problem. Sullivan"Y1967), iﬁ., ¢
Fl ,. ‘ " ¢ - .
~ his critical appraisal of cognitive development theory to school curri-

- . -

culu&,’notgd that "If a rei;tiopship was demonstrated. . .between -the

. .ot \
attainment of addition and subtraction and the wooden bead problem,

>

5 "

J
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el

it might just aa’well be interpreted t&g@iaddition and subtraction is

a necessary condition for class inclusion. . .~ (p. 2)" Sullivan unwit-

A -

tingly may’ be, partially correct as, alreaoy noted, Plaget sees number as
L ' ! a synthesis of Groupings I (Primary Addition of Classes) and V (Addition
of Asympetrical Relations). Operatiooal olassification, however, awaits

the development of number where the elemefits of the classes are considered

as units. Consequentiy, Piaget's formulations lead to a genetic circu-
t ’ -

- larity among classes, relations, and number. Class inclusion is taken

pu——
:

. , as the criterion of presence of Grouping I, so that, from a genetic

@oint of view, there is no reason to attribute necessity to one or the

N

other of class inclusion and addition @and subtraction (as studied by

' Piaget) for the presence -of the other. So, addition and subtraction may

.

be necessary and sufficient for class inclusion.
R ;

Training studies. Beilin (1971) has given an extensive review of

o

the literature pertaining‘to training children to Perform logical .operations.

IS
<

Class inclusipn was included in his review. In fact, he found few data "
regarding the training of classification beyond that pertaining to class

inclusion. The major goal of the training etodies re¥iewed by Beilin was

to determine whether class inclusion@is symptomatic of an underlyﬁng

mental organization pertainin&‘to classification,.Grouping 1: Primary

’ 3

Addition of Classes, or whether it is mainly the result of experience.

— .

The most noteworthy of the’ studies reviewed by Beilin is tire one

. -~ . v Rl )

conducted by Kohnstamm (1968) due to the results and the subsequent

controversy created by the study. Kohnstamm's approach.was_to use a ° -

-

v N - - . L
. total” educational experience to teach children class inclusion. He used

° ~ B
. . . L4 . J
- N » -

o B oy




A\ -
three 'instructional approaches, one a pure verbal method and the others
A\ — ! “ N

a verbal method supplemented by pictures or,by‘Shgsipal objects. In
‘the purely verbal method, he asked questions such as "In the whole

world, are there more dresses or more clothes7" In the case of incorrect

v 7 \
answers the children were told they were incorrect and were given the

*® . D
o . »
correct answer as well as a reason for the answer. s

In the second 1nstruct10nal approach, the purely verbal method,

‘was supplemented with pictures of different classes. The same feed-

back procedures were used. In the third 1nstruétional approach, the

verbal method along with pictures was supplemerited with Lego-blocks.

In the case of the purely verbal instructional approach, six of

°

twenty five-year old children were observed to have learned how-to

solve the class inclusion problem. In the case’ of the second in-

r~

structlonal metho%‘ eight of twenty fiye-year old. children could *

. N

solve the pictorial items as well as the verbal ones. 1In the case of

L

the third-instructional group, sixteen of twenty children could solve

the picture items as well as the block items.

Kohnstamm's (1967) results clearly indicated that experience may

be a primary faCtor in sblving the class inclusion problenh But the °
Piagetians' took exception to his interpretation of the results of his

. experiment, claiming they were "figural structyres' rather than operative
structures. In response to Kohnstamm's work Inhelder and - Slnclair

(1969) undertook a learning experiment in class inclusion Jith eleven

v

¢hildren. When u31ng Kohnstamm's criteria, they observed that nine

of the 11 children succeeded in class inclusion. When more stringent
N ' > . y

]
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[ |

-

. criteria were established, only two of eleven ‘succeeded. The _more
= = s -
stringent criteria involved a valid explanation and correct respopse .

&

to a problem of a different form.

' The response of Inhelder and Sinclaiy to the Kohnstamm experiment
N 2, <

is very important because Grouping*I would imply that a child who is

operational with class inélusion has at his disposal.a potential of
‘ L3 .

4. - ~ —_— e
elaborating a nested hierarchy of classes not restricted to a cldss

8

and one of.its subclasses. The class inclusion problem is merely a

,

-cop@enient way of tapping this potential. Children trained on 2

v
.

narrow front (with only two claéses)\may act as if they have thé
potential of elaborating a nested cléséifipétion but may‘not, in fact,
be capégle of doing so. A similar situation in mathematics teaching
_is where.a-st;deny is trained to prove the triangle inequality (a +

y ot

b 2 c; where a, b, and ¢ are the lengths of the sides of a trianglez

and, given:a trigngle, 'knows' that the sum of the length of two |,
8 n
siaés always exceeds the length of the third, but thinks it is possible
, .
to copstruct a triangle out of & three inch segment,. a four inch seg-"

4§
ment, and an eight inch segment.

. ¢ o
Rather ghan dwell on the complete-set of training studies §urrodnd—

v

ing'class inclusion, Beilin's (1971) summary statements are cited.

These studies of clags inclusion point'to the
- fact tHat training can lead to successful acquisi—
tion of this logical ability .« e

- . LI X
, The question of operative achievement from
instruction and training still appears not fully = = .
v resolved. . . . (p. 105).°

T

o
/ ' * - 4,

&
el
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Et must be-QPinted out that when Beilin states that training cah
. N a € r
. lead to successful acquisition of class inclusion, he considers c¢lass
B P . .
) incdlusion as being .simply one class included in another. The position

. i . N L
being taken herg islthat the structure of the class inclusion relation

~

(a partial ordéring) must be taken into account for any claim of operati-

-

vity to be_mdde.~ It is not enough to train children on a particular prob-
. .

s

lem or sét of class inclusion problems, test them on the same problem or
set of problems, and' claim class inclﬁsion has been internalized as a

flexible;‘functional scheme. *®

Classification.. In order to fully appreciate classification behavior

“of children, it is necessary to discuss classes per ée.v'Generally, when

&

- /
objects are classifieg together, they share common properties. For

- example,’ quite dissimilar objects can be classified together under the
o . ’ ~
. heading, "fruit." What makes these objects "fruit" is what is common.
y 7 ' )
Within the class of fruit, however, important differences exist -- oranges

. ~ and apples are different. Given a universe of objects, three distinct

,
© - -

_kinds of ﬁrope;ties exist (Inhelder and Piaget, 1964).

.

,- 1. Properties spécific to members of a'givén class (e.g., the
" properties which make items fruit) which.distinguishes the class
. ' from other classes (from vegetables, meat, .etc.).” S
2. Properties which are common to mehg:rs of a given class ind
= those of other classes to whigh it beldngs (e.g., that which is

- common to fruit and. vegefables). p
’ ~ | '
. - 3. Properties which differentiate members of a given class one
from another (those which differentiate a pear from an apple, for
exafiple). ‘ —_— ,

W

The intension of a class is the properties common to the elements,
rt < .

and the extension of a class isg just ‘the memb;rS‘of the class.  The coordi-

.

-

4 . -

nation of the intension and the extension of a class is what develops in

- ’ . -

Q .77 - *;, ! * ‘1 (5

. -
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children in stages. -

Young'childreg below about six years of age have been shown to* employ

¢ -

.primitive behavior in attemﬂting to form classifications. The, types of/

collections formed’ by thege children have been called‘gomplekive collec-

tions or graphic collections (Inﬁelder and Piaget, 1964). For example,

children were asked to'claséify a collection of geometric objects to-

o
. '

gether, some triangular shapes, some square shapes, and some half ring

' ’
shapes. At least three varieties of graphic collections were identified.

First, some children constructed a number of subcollections, ignoring the

.rest of the matérial which was never classified. -The,Subcollections had,
] - Y A
no common property-—-the child would change criteria of classification

N

within a subcollection. Sometimes, subcollections were not formed but

[

properties of individual items noted. Second, suécesiiVE,similafitie§ AN
. between one object énd the next were formed. While this is an improve-
: 3

. 2 . % ! |
ment over the type of behavior noted in the first example, it is not true |

‘classification since no over-all criteria for classification were found for

subcollections; subcollections weré‘npt differentiated, and part-whole

., relatiodships were not-idenzified. Third, definite figures are made -out

o

of the objects--a "house'(is made, then windows, etc. That is, the child

> - ] makes no real attempt at classification, but instead'plafs with the objects,

. constructing whatever ‘comes to his fancy.

.
’
t . '

g Theé graphic collections described above have two features differen-
- . . ) ' .
tiating them from true classes. First, some collections are formed on
<
. the basis of the spatial arrangement of the objects. Second, no criteria

—

for classification (no properties whiﬁh tied alﬁ‘the elemerits together)

+
[ -

ERIC T gy
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were isolated by the children. These two aspects-are sihély another way
of sayimg that:intensiye properties were not identified b& the children—

these children are at Stage I (pre-operational) as regards their classi-

.

4

>
ficdtion behavior. » .

-~ Stage 11 (or transitional) “classification behavior is &n advance

.

over Stage I classif&tation behavior, but it is not yet oberational‘classi;

fication behavior. Stage T classif/pation ‘behavior can best Be character—

\ S
ized by a recognition of intensive properties, with no complete coordi-

nation between the 1ntensien of a class and the extension of a class.

Given a class of objects; children are able to separate the class of .

. . \

objects into subclasses. This means that they understand that all elements
\ . « > PRI 3

can be classified, each subclass contains elements of a specific kind or

which possess a specific property, and two or more subclasse§ are con-

’

o, T T ‘

structed . Yet, the subclasses formed are not thought of as forming a

higrarchy of classes. The class-inclusion Ielathp°is not mastered:

-] ®
9 [

‘ The class~inclusion relation being mastered means simply that, K

given a class A which is contained® in a class B, the child understands

»
o,
pe

—all of the A are some' of the B but all of the A do not constitute all of

the B;rzFor example, if A is the class of ,Siamese cats and B is the class

~ .
. e

of. cats, then all Siamese catsg are certainly cats, but they do not exhaust

‘
»

. - -
o A . ‘ 4
the cats. That is, there are cats that, are not Siamese cats:; So,¢all

. . N —_

of the A do pot consittute’all of tké B, but just some of the B. Chil- -

dren at the tran31tional stage of classificatiopn certainly realize that

’ - K

Siamese cats are indeed cats, and in fact are part of the set of cats’, ’

So, one would think they would understand class-inclusion. But they

.

’



-

may not. It is :critical they understand that there are cats other than ¥

Siamese cats or, in other words, that all cats are not Siamese. If &'

© . o~

denotes the set of nonSlamese cats, then AU A''= B and A.= B “A".

e
N -

To understand class—lnclusion the child must be able to engage in
reversible thinking. To do so is to_be able to conceive that the Siamese

cats, together with the nonSiamése cats (ALJA'), make up the cats (B);

. m
and that the cats, minus the nonSiamese cats, make “up the Siamese cats

L * N
. - . .

(A =B -A"). In this reversible reasoning, the child has to be able to

»

conceive of .the tefal class ef cats as_being made up of ‘the two subclasses
at one'and'fhe same time. Stage II ehildren, when focusing on the cats:‘
fgse sigﬁt of .the subclasses, and when focusing on the subclasges, Lose
sight of the total collectioh. Typical responses of tramsltional chilaren
(Stage II;”are given in the follpwing situatrons. K‘biE%ﬁre is_shown

- -

to the children on whiph-there.are, say, four Siamese Cats and, tﬁree

R T AN

cats which are.not;Siamese.. The children are asked to compare the numbet

. -

v
of cats fo the number of Siamese cats. When asked to do so the childreq‘

-

o

will compare the Siamese cats to "the other cats.
‘\

The children at\Stage III ‘(concrete operational) are capagle of

e g 4 L —

solving the class inclusion problem, and are much{more flexible in their

»




classificafion behavior than are Stage’Il children. Stage II children are

able to build hiefErchies of classes. For.example, they qge capable of

. .
conceptualizing such hmizérehies as maltese terriers are part of the

' =
terrlers, terriers are part of the dogs, dogs are part of the mammals,
. t

and etc. Stdge III children "are not only capable of building hierarchies

of classes, but are able to change the criteria of classification and re-

. . . . 4
-classify a set of elements in a new way. The child may consider new-”

dogs in his classification and refine the classification tb include many
[ 1

_more classifications than'thpse given, Two complementary Erocesses
eﬁist that descrlbe the Stage IIT flexibility in cla331fication;’ One,
given a'classification, the child can go back(and conetruct finer'classi—

fications or whole.new‘classgjications and not be tied to %he one con-

14

structed. Two, a child can anticipate a classificatfion before it iéqﬂone.

-

. Jk‘ ) -
In summary, the ﬁob%owing‘three stdges in child;en]s‘glassif%catory

-

Stage ong‘ (PreOpe$ tidnal) Given a gollec§10n$of obJects and told

s e _;'

put everythlng together hat Qges toéﬁther,ﬁ%: child at this stage

forms what is knoyn as graphic collections Bf%ﬁe does any&hing, he
14 .2 R

constructs one or more spatial wholes. - ?his is a eilld'

Est-aftempt'

. 3 ) 1 "‘ : . ~
Stage two. : (Tgansitrional) At this stage, the coitructedycollections
- [ -, ¢ % .
. . < R
are no longer graphic collectiens. Trial and errorg%lays a large role

. .

o R . .
in construction of classifications and no over-all plan is‘presen%&*ﬁ

@ l
Children cannot yet solve the class—inclusion problem but do~3hderstand

. ’ X
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v .
a specific property, ‘and two or more subclasses are constructed. -

t
.

¢

Stage three. (Concrete Operational) Children at this stage a??*@wﬁh;\

. i . -«
able to coordinate the intension and extension of a class, as evidenced

by the solution of the dlass inclusion problem. Children at this stage

are éabable of conceiving of hierarchial arrangements of classes,- anqd are
L)

capable of imposing more than one classificational system on the same

collection of elements, anticipating the new classificational system

-

before cagrying out the classification. . T
SgFYing out, S

éi?és tnclusion 4§:‘arithmeti€. Surp}isingiy, class inclusion has

not been_ﬁsed to any great extent By mathematics educators in studies of

- ~

’

children's acquigit‘on of arithﬁeticai content or in studies designed to

b3 .
D

L) ‘\
asseds effects 0f instruction in logical reasoning . . . especially classi-

fication. A study of the latter type was carried out by Johnson (1975).
.. R ’ ¢ L

This sgudy is'gritical for\:hg utilization of class inclusion as-a readi-

ness variable’ in the present study, so it will be discussed in. some
‘ N

detail. ’ - . ) ///

- - . YA
The purpose of the study was to determine if specific instruction

LN

on classification would 4mprove thé ability of young chtildren to (a) form
, s -7 .

classes, (b) gstablish selected equivalence and order relationd; and, if

so, would tranéfer‘occur to other class-related activities or the tran- °

sitive property. The sample consisted of kindergarten and first-grade
children with chronological ages in months in the intervals (64,’ 76) and '
- . ,

. (77, 89).; respectively. The children were further categorized into I

- . . ~'\ e, . .
"intervals of (80,:100) and (EPS, 125), as méasu?hd‘%}mthe Otis-Lennon

P

L - /. . >
Mental Abilities test. Random assignment was used in forming ég experi-

mental and a control group. 4 -

[N
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PAruntext provided by enic g
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The lgarning material was designed. to provide children with
N 4
1 v . . . .
experiencés ;n’forming classes, intersection and union of classes, the N

complement of a clbss,'and'relations'between classes and class elements.

The intepsive properties of the classés could be-abstracted thrOugh‘\

[
¢ : 7

simple abstraction of physical proberties @e.g. red) or else wédre .

3

functional properties (e.g., things to ride in). 'The first ghree sessions

(I, II, III) were desigﬁed to_ provide exper{ences in forming w«lasses.
r . .

In the next three sessions (IV, V, and VI) work was done on the inter-

t

section and complement~qf the intersection of classes. The children'yere

¢ .

S

e . )
put in a comflictive situation where it wagnpointed ot that an object

could not be placed inside of two nonqverlapping hula hoops simultaneously.

Theﬁtwo following sessions (VII.gad-VIII) incTuded activities concerning -
- ‘b_ .

formation and union of olasses. Sessipns XII - XV contained activities

designed to operationally define the relations "more- than," "fewer- than, Y
/ ! . -~

~

and "as many as." The remaining sessions (IX - XI) involved practice

matexial on formation of classes involving ufiion, intersection; complemen-

 t ¥
tation, and nested classifications. N -

.
v

thould be pointed out that all of the neceesary content was

. u » .
incl 1 the»instructigpal session'to enable the ehild to golve the

.
L]

class - All he had to do was structure the infbrmation.

- sion problem.

ntl
Esse everything through Stage II classification was °

includet . " ~ 1"
ae 1nstruction, as well as the set relatione more than,

“fawer t. " "
'nd "as many as which occpr in’ tge question of the problem.

. ’rhe inst o
; . included recognition of igtensive properties specific to

2

it

a given cl” J)
alizatign that an object can pos,g‘gP more than one in-

- tens %Ve pre - .

N ) interéectfoqﬁgnd union);/recqgnition of properties’
) - ' . . . . )
. e
- . , \' - *
- - Faad
' . A N
L ° ’ .
s - o ’
. e ‘-) 2
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that separate elements of a given class (cémplementation); and ;écog‘

nition of properties common to members of a given class and other classes

-1

. , . .. .
» to which Tt belongs (nested classification, intersection, union, and

-

- .

v gpmplemenga;ion). It was felt that the class_inclusion relation’must » .

L. be structured by the¢ child.. If instruction is to be aésimilated‘regardiﬁg

.

ciassificatioq,-it‘pust be broadly based, including ‘intensibn aﬁézexten-

. L . ERL
esion.of clé%ses. But the child mugt“coordinate the intemsion and the

extension. .Specific training, such as Kohnstamm's only serves, a narrow

. ‘ * function in dcquisition of Stage III claséification behavior. -

- The posttests were separated into achievement tests and transfer

t‘ti The achievement tests were a connectivé test -(and,o?, and -
i A Y
not), a relations test, and an intersecting rings test. The transfer

y = . . -
tests were a multiplication of classes and relations test, a class
&5 A J

inclusion test, and a transitivity of relations test.

The data analysis showed. that .the treatment.-greatly affected
[ '

achievement. Age did not yield significance, whereas a categorization

7

// variable (IQ) did yield %ignifilapce for ail achievement mean-differences.

N - s L )
The means for the cdénnective achievement test were 71 percent for items -

based on content contained in the learniig material, and 72 percent

.- . - .
for items based on content not contained in the learning material in

» “

the case of the ékperimental group. For the control group, the analogous

means were 42 percent and 33 percent. For the relations rachievement test

—

and the intersecting rings test, the means were 78 and 44 percent for

’ .
the experimentals and 52 and 71 percent‘%or the controls. These means
cet . . s -

L

- .
£ -
.

Q . t . . . . ‘)‘; .r\‘ »
ERIC T , . ' o -
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indicate that the ttreatment was highly effective for its designed purpose.

In the case of the transfer .tests, treatment wad effective for the

multiplication of’classes‘?nd transitivity tests, but not for the-class

. ’ < , .‘ . )
— , inclusion test. Againj age was not significant, fot"any test, but intelli-

¢ -

-
%

.

'genceiwas, especially for the class inclusion test, ‘which had a grand

. /.
‘over, direct instruction was giwven

~ +

mean of only 29 percent. The érénd meéan for the transitivity test was
/ . '

68 percent and for the multiplicatign of classes and relations test,l

E}
~

the means were 63 percent (3 x 3 hatriées),and 55 percent (2 x 2 matrices) .

for the experiméntals and 44_p£%cent (3 x 3 matrices) and 39 (2 x 2 matriced)
: t

= > — '

for the controls. . ) . . . .
. . - - A ~
From, the training sessions, ‘it was evident that class inclusion was .

-

resistant to the ihstruction, The intersecting ring items showed improve-

mentt due to the training, but there washgirong evidence that the control

children viewed the intersecting rings as forming three subregions due |,
to the most frequent response choice in a multiple choice format. More-
- . - N "

on intersecting rings.
M -
\ -

"It appears, then, that while one can dramatically improve children's

3

classification capabilities in the sense of recégﬁitionrof intensive pro-.

-

perties of a élass, it is quite difficult to improve the coordination of
) - . . h v i} ’
the intension and extension by instruction on the intension 'and necessary

subgkills. Direct training-is effective, as shown by Kohnstamm, but that

training.is shallow, as shown by Inhelder and Sinclair.

The conclusion drawn here is that class in¢lusioh is resistant to ' .

traiping, if the goal- of that training is to influence the structure of
oo P - N\. - ' - PR

class inclusions as a relation. sWhile this conclusion is stronger than

. . 4 -

2%
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tHe one made by Béilin he did not have the advantage of Johrson's study

A

in his review. Johnscn (1975) § goes on to extrapolate "When.con31dering

N
L

the results of the study . . . a serlous problem is revealed in that

9 -
hd . # Y .

children are being presented with_concepts they are conceptually unable <

-

to‘handle. In a subtragtiont problem sGch as 9-5<=4, if a child thinks ¢ »

+

that the dlfference is larger than the minuend he might.just as well wr;te
. , )
’ - . .- ¥

. something like 5~ 9 = 4" (p. 143).

- 3

.. ¢ o : !
. Very,llttle work has been doneaattempting to show a causal rela- -

-
.

tionship between class inclusion‘and addition and subtraction. Vitale

. (1976), tn a study conductéd to evaluate the Tomprehensive School Mathe-
_matics program at the kindergarten and first-grade level, observed a
: . - ~ - PR o
correlation of. .06 betweefl class inclusion and subtraction computation

a
' . . =

" and a correlation of only .28 between class inclusion and addition

‘. » * s
\ .

computation. These.low correlations cannot be taken as showing no re- g
€ - ~
lation hetyeen class inclusion and Subtraction and addition, hecause
» . v , 7
*the addition and subtraEtion items were computation items presented ) )
using numerals. ‘Howevet;'she als; observed a correlationd of_on}y’:09
- ¥ - . -

L

4

between cdass inclusion and:subtraction problem solviné. As the sub-
T S v $
- traction problems had to be read by the children, possible effects of'

lclass inc1®ion may have been masked due to reading difficulties. More-

over, the study dges not shqw‘ﬁossible effects of.the lack of class .. o

inclusion on,iearning of addition, subtfaction, and especially of the

missing-addend- problems. It does indicate that not as much relationship e

Lt

. exists between class inclusion and whole number opef/tions as Johnson
‘ -

v

implied. : ~ 4 - =

e
.

l‘ D) N ) Te -7 N




Th'e Achievement Variables

. . . e .
" .Quantitative comparisons and class inclusion are personalogical

-variables.of a cognitive nagure. They are based in Fiagét's:groupipg

R ¥ o , -
struetures but have a logical relationship to cardinal and ordinal

I
] @ . =

number. «But the extent to which they are Ye dineds variables: for learning
' . b . . B - ¢

different aspects of cardinal and ordinal number is'yet to,be deté?mined.\

Seven clusters of variables are defined in the subsequent presenta-
. < AT ) . ve “
tion., Each one of- thése clusters is uséd in a multivariate analysis of
. + * . S «? -

2 . *
‘ I3 . 13

variance where Quantity is used as a categorization variable--extensive
P . . [P

+ . »

S

quantitative comparers versus, gross quantitative comparers. Through these
* R - . " f L]

1
.

analyses, a determination of Quantity_as 3 readiness variable for acquisi- ¥,
4 - T ~ . N ‘
N . - ®
tion of conternt of first grade hathematics can be accomplished.  While
. . . p N . )o .
» ’

the mdltiva;iaie analyses canmot. be, used to.grove.deductiveiy Quantity

is a réadiness variable, statistical différences can'‘be used to gain “»r
A - Ey ’

. . v ) L

suppont‘o; rejection of hypotheses arrived at through\logical analyses.

. N . ' \
The statistical differences would be especially compelling if the mathe- -
< , 4 ot

-

matical learmning tasks of the children are controlled to include what are
. ‘ « - 2. -, ‘ ) . . o

considered as mathematical learning, tasks c¢ritical to aqquigitipn of the
‘Y' . — g o . )

content in question. | ' ., ! EXY b2
. - “‘

In the next section, those aspects of cardinal and ordinal nolbet .
. - P o

-
_important for instruction of the children, for the definition of the .

’

L os . ‘ ' . . /
achievement variables, and for ascertainment of a logical connection between

. . A T , . E ! .
. the two readlnéés variables and the achjevement variables, are -presented.

Fd
-
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Theoretical and Em irical Background of Cardinal and Ordinal Number

= In his classic work, Set Theory, Hausdorff (1962, p. 29) leaves car-.

. E Qb
dinal and otdinal number conpietely undefined and asserts. that relations
between cardinal,and ordinal number are merely convenienf'ways to’exptess

.
s ¥ ] 4 -~

. relations betweerd sets. Hausdorff (1962) commented that "this formal ex-

planation says what the cardinal numbers are supposed to do,. not what

/ » * N
they are...we must leave’ the determination of the essence of cardinal

number to“philosophy" (pp. 28-29). Although Hausdorff's point of view is
consistent with,modern postulational developments in mathematics, it does
not, lessen the importahce of his. work on cardinal (and ordinal) number

for research on acquisitiOn of, mathematical knowledge. For the structures
/1

whith characterize the\mathematical knowledge the childfis asked to acquire
seldom, if ever, - correspond_exactly in form tto structural aspects of the,

@ E] PXI -

child? s natural thought. ;It,is truely the.case that Hausdorff is not con-.

ﬂ ' -

cerned with the nature of cardinal (and ordinal) number and leaves the

udetermination of their 'essence" to philosophy, and ultimately to psycho

logy as well: Not only ig'there a difference in the way in which the ob-
—
jects called tardinal and otdinal numbets hre viewed in mathematical struc-

]

tures as discussed by Hausdorff and in genetic structures as discussed by

13 ° hd
.

?iaget, but there are. formalsdifferences in the structures and these dif-
d - .' ‘ C > - ‘.

,ferences are profound. - L L coa
. ' * . ) . [ ]
In the following exposition, only naive set theory is dealt with.-

In this theory, .such constructions as "the set«of all' cardinal numbers™.

lead to adtinomies. For a ﬁheorem is provable which leads to-an unbounded

sequence »of cardinal numbers--which means that for any set of cardinal

’

numbers, there.is ‘sgill a greater one.,, Consequently, "the set of all
N - v . |

/

y
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cardinal numbers" Ts not conceivabke even though it would appear to be so.

Tn the axiomatic treatment of set theory, these obvious cortradictions have

- [

been’remo‘ed (Kelly, 1955, pp. 250-8l). Since the theory does not allow for-

n ’&[

unlimited construction of sets, the objectsaﬁg: X is a cardinal number}x
and {x: x is. an ordinal number} do,not.represent sets. A distinction is\ ¢
4 < 3 -

made betweén a class and.a set, in that a class is undeflned, whereas a set

1/

is-a clnss which is a member of another class. That is, a class x is a

*
- .

set if-and only if there is a class_y so that x is a member of y. Using

this special restriction, cardinal and ordinal Yumbers are defined tobe
. <% - ' Y AN
sets of a speZial kind. Rather than follow this axiomatic treatment of

the development of cardinal and ordinal number, the treatment by Hausdorff

»

is adhered to because-1t is felt to be closer to modeling child thought v

.t

'/
- Ordereg systems.' During subsequent discussion, occasion ariseg to '

emoloy general ordered systems “The basic concept of ordered systems is

that of a partially ordered set 'A,ready eXample of a‘partially ordered T w

. set is the Set of. subSets P(X) of a given seg X ordered by the set*inclusion JL

\
g

rdadpn"c:f'_ e o - L. -
If P is a partially ordered setyand E a subset of12, then an element
xof P is called an upﬁer:bound for. E if for every € € E, e < x. An eleiient

- . . P
- e ¢ - .

x is the least uppen bound for‘E if, fornany other upper bound y € P, x;<”§.
Analogous definitions can- be 'given fof'lower bounds’ and {he greatest lower I

bound of E.- A lattice is a partially ordefed set for whlch eVery‘Ewo

* ! .
.

L4

element subset {x,y} has a least .upper bound 35d a “greatest lower bound

' Examples of lattices are P(X) ordered . by set inclusion and the poﬁitive

"least upper bound of any two positive integers'grdered by "dividgs" is

integers ordered by "a divides b " The least upper bound of any two Sets :

A and: B of P(X) is A\U B and 'the greatest lower bound is Ar\B and the

'y .

. * /

~
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their least. common multiple and the greatest lower bound \s ‘thEII' great-'

: 3 | i s
est common divisor. ) 3 . e
. —~~ R 5 ¢

A chain in a_ partially ordered set P is a subset C of P in which <
is connected (that is, a subset C where if x,.y £.C,. x < y or y < x).
Any such subset C of P is partially ordered by < and is a lattice as well

" as+a chain. The set 7of natural numbers’ ordered by < is an example of a.

- chain. M - ” - & ‘ *\«‘
d - . .
+ Cardinal. Number. Hausdorff (1962) assigns’ objects called. cardinal
- . L]
numbers, to sets fn such a way that if object a corrésponds to set'A and
he a

object b corresponds to set B, a = b if and only if A is equivalent to B.

. It is important to note that the set A to which $he cardinal number a is

.

.

asslgned may or may not be an ordered set. Two cardinal numbers may be

compared by comparing the seis to which they are’ assigned a < b means °

v‘

that A B where' BIC B. It may be that A = Bl in which case AQ B
[ s
o The sum and\product of cardinal number’s determine their arithmetic. .

, "The\sum af-!- b of two cardinal numbers is the. cardinality of r.he set-
3@\
theoretic sqm AU‘B** where A aid B are any two disjoint gets hav1ng the '

. cardinalities aand b respectively (Hausdonff p. 33) " ‘This .deffnition is

4

Subleties exist con&e?:ning comparison of any two cardinal numbers in
that it,; is, in facy, true  that the comparability of any two cardinal
numbers relies on Zermelo's well-ordering theorem, which states’ that any d
set can be well-ordered. This theorem is necessary (in Hadsdorf's de-

" velopment) to’ show that there do not exist- two "incomparable sets, 1i.e.,

that it is never the;ase ‘that there exist no Al and no Bl so that A1~ B
andBl'\.A. \ e - T,

s * .
A _"\«J'-' hag been substituted for "+".. l

4 - .

- ) . .- ] e




49

~ Jjustified because {f A~ C and B~ D where D and C are disjoint.,.t:hen ¢V

~ Afu B, so t:hat: the cardinality of CUD is equal’to that of AUsB. . 1

The product: of two cardinal numbers a and b is defined as 'follows. /

"The product: ab bf twyo cardinal numbers is the cardinalit:y of the set

LN N

theoretic product A x B, where A and B agre two sets with cardinalities

3

a and b respectively (Hausdorff, P, 35)." The product of ‘a and b, is in-

. vari(a_nt: of t:he particular choice of the sets A and'B just as was the

S \sumt except t:hat: in the sum, A and B.had to be disjoint. That is, if
" NP

A~ G, ‘and:. %D\,.,then AXx B‘\'C x D, so that the cardinality of C X D is

' e N ‘ .
equal to that: of A x By The ~cnnnnutat°% e, associative,\and distributive

. laws hold for the’ processes just defined, and depend directly.on the
-] ) . [ 4 N . ¢
commutative, associative, and distributive laws for set operatioms.
4
Barnes (1963, p.'194) defines a cdrdinal number 4s an equivalence

-
E ¥ - - - . - " . . e . s

class of sets without regard“to order. With regard to thig definition, .

.

o% o, -
v there are t:wo uses of cardinal number —- a class usage and a m,ember—of;h
a-class usage. The member-of-a-class usage refers to the practice of m

.using a represent:at:lve set (a standard set, but not necessarily so) from

a particular eqwivalence class. For example, one might look at a-horse
. ‘-
~and sgyr"that horse has four legs." "Four" in this case is used in the
er-of

memb, -a-class sense. The class qsage of "four is implicit in the

Lf&llowing sta&emen}:: "Horses normally have four legs." 1In the first

@

w case, a particular eollecﬁion was referred to, and in t:he second, a class

]
-~ . - .

of collections was.referzed to% Logically, set: equiValence is a critical

-

concept for.the class usage of number. Set: equlvalence, of course, is

wa

A

based on.one-to-one correspondence. N

» E3
A contrast of cardinal number in mathematics and number as defined p_y_

12
» e

Piaget., It would seem that the class usage of cardinal number would not

u‘ N ’ ». . (.’{) . “
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develop until numerical one-td-one corresponderice is available. But

here a fundamental difference-eiists between the mathematical development

’

of cardinal number and Piaget's notion. That difference can be character-

L,

4

ized by the notion of a-unit. In the mathematical development, no analogue
= . [

"of Piaget's "arithmetical unity' exists excepi.for elements'of sets. ['Set”

id -

" is taken as an undefined object and relations and cardinal number are
defined in tergs-of sets. Such a procedure is acceptaﬁle aithough Piaget

(1971, p. 37) is of the opinion that to define cardinal nunber in such a N
14 “ Ve . ‘.- i
way 1is to introduog "number" into the definition of number. His opinion-~

>

is based on the different psychological types of one-to-one~ correspondence -- .

-

operational one~-to~one correspondence assumes number.

o

Whether Piaget's psychological anale1s is correct should be discussed.

e »Van.Engen (1970, /g, 40) commented hat Piaget does not distinguish be~

. 1 Y
o . LI o Ao L] - S I 3 o
tween a relation that may exist etween two or more elements of a set .
% L ‘
and the elements of a set;, Van n's claim is ¢ tainly true, because .

/’

Piaget's arithmetical unity depends on order‘relations for its construction—— ’
order of s%%e type is essential for tne oojects to be considered as
distinct,'bnt yet equivalent. . . ‘

The question of whether order‘i; essential for.the developnent of

cardinal'number needs an answer. Logical identity is involved. Tarski

- l v N
(1954) has defined’logical identity as. follows: "x =y if, and only if, P
x and y have every property in common (p. 55)." Examples and nonexamples - "
g - —" .

' may clarify the concept. éet equality is an example'of logical identity

and set equalivance is a nonexample of logical identity. From the definition,

one can conclude that (1) every thing is identical éo itself‘ 2) if

-vx.=—y,then y'= x; and (3) if x =y and y = z then x ‘= 2, Logical identity

.1s therefore an equivalence rélation and has an accompanying symmetrical

-
<




"

, difference: relation :not identical ro." This symmetrical difference re-

i

lation seems to-be quite important insclassification because if objects

»
>

are clagsified together, they share common properties, but they also are °

different one from the other even if this difference is no more than' the

+

fact that the objects are distinct. Suppose we have two physical objects -~

' e

with every physical property in common. Would they be indistinguishable?

(X4 o

Cerfainly not for-two distinct- physical objects are always nonidentical

‘
.

because they, can never have every property in common -- spatial position
A 4 " - . » . * ’
is an example they tan never have in common. In case of numPer, however,

.o ’ . 2, ‘
» It is clear ‘that Piaget is considering mental constructions and not physical
. * ) ! 4 .
objectsf' But the arivhmetical units Piaget speaks of need not be arrang~-

ed mentally in a linear order to be held distinct. Rather, they can be .

arranged mentally most any way oy virtue of the fact they are Histinguisn;
) 3 . .
able as‘objects“(albeit?aental constructions). They are not logically

} LY

4 \ ¢ .
identical to one another because they are different objects --‘they may

*  have independent ekistence in the mind much the same way objects’which look

F 2N
-
-

alike physically have independent existence.

L

‘ The beginning of number for a child may be set equality, Whlch is a
‘Logicalgidentity. A collection of objects in one beaker is the same col-
lection no matter whether it is'thrown out the window of‘an airplane or

,

~ poured into another beaker. A child may think there are more objects 1n

one beaker than the other, but also know they are the Ssame .objects. Here

[ -

v "more" denotes a global evaluation having‘little to do with the objects
'themselyes. It is in this sense that the member of a class-~geaning of °

cardinal number may arise before ‘the class meaning.

-
>

The abqve ‘argument was advanced to illustnate the possibility that

r

cardinal number and ordinal number may be distinguishaole in ;heir developnent)




-

R  .That does not mean logical identity Is to. be considered a necessary and ’
' : . -

) sufficient condition for the psychological existence of cardinal number,

. Lo Nothing may be farthesrfrom the actual case. It-would be rather sur-

ke d

prising, though, if a child had a concept of cardinal number but mot lq‘ical

identity. . ‘ o . -
: ) If one does not consider "number", to be necessary for operatory one-
T to~one correspondence, how is one to account for the development of opera-

4 :‘l S ’ 4 -
,ﬂional one-to-one correspondence? . If a child sets up a qualitativpg one-to-
. e 1 4

» . .
‘“/A' one correspondence between two classés and one or both of the classes were

\

, rearranged, there would be no hope that without logicai identity_the

< correspondencF would be maintained. - Following Van Engen (1970, pp. ‘34-
52); if a number (e.g., four) is regarded as a particular set in' the mem-
, ' ber-of-a-class meaning, then.logical‘identity.is surely a logical prere-

quisité to number while one—to—OTe correspondence,is not. It is quite ,
J . - ‘ .

feasible that a child learns member-of-a-cldss meaning of cardinal number

. b&fore the class. After (or when) the member-of-a class meafiings are .

established, (at least for small numbers) the child may then construct

. L8
- one-=to-one correspondence ‘concepts,

e 4 . ‘
* e Ordinal number. Just as set equivalence is a basic notion for car-

- - e "

' ) dinal number, set similarity is a basic concept for ordinal nnmbers. For

e

clarity:/the order relations discussed below are asymmetric and transitive
- N ] ’ [ »
(strict'partial orderings) as well as being connected. Two ordered sets - -

are called similar if there exists a one~to-one correspondence between
4

v . their elements that preserves the, order in the two sets. In.symbols, "A v
is similar to B" is'denoted by "A'F B." Set Similarity is:an eouivalence s
- ! R o N < . .P‘

" relation just as is setaequivalence. Hausdorff (1962, p. 51) assigns -~

s order types fo ordered gsets in such a way that similar sets; and only )

s -

. E v 13 N
3 " . . N : .
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, T T .
similar sets, have the same order type assigned. In symbols, r = s means -

.- R ;.S, If a2 set is well-ordered, then its order-type ig-cdlled an quinal.
number. . ' . T

“

*

. In general, the arithmetic of order types is not isomorphic td the °
% ~ -

arithmetic of cardinal numbers. For if A and B ereldis3oint'ordered .
s/ N - ™, 1Y
_sets, then the set theoretic sym of A and B (A + B) is a new order@d set

rd .

* such that the order of the elements of A is retained, the order -of the -

[ 3 ! * !
. < elements of B is retained, and-evety a ¢ A precedes every b ¢ B. If al, o
. is the order type of A, b.the order.type of BZ'then a + b is the order

» tyge of & + B. That a.+ b #b + a in geheral can be seen-by the follawing

\ N .
example. Let A = {1,2,3.,...,n},and B ={n+ 1, n + 2,...}. The order
: |

. type of A is n, the/order type of B is w ,'and the order type of\A + B is
» 1 tw, where u is the order-type of the‘natoral numfers. But the otder type .
& £E B +Ais v + n which is not o becéuse B+A= {n+1 n+2 ees 1 2,...,n}

! " contains a last element (A + B does not), So w +n #n + @ . Because

% -2
./ . . .
-
) . . -

n™ad u are .ordinal numbers and, in general, since the above example shows
that the sum of two ordinal numbers is not commutative,,the arithmetic
or ordinal numbers is not isomorphic to the arithmetic'gf cardlnél numbers.,

Neve heless, two sets with the same ordiqg;igumber necessarily possess the’

v

/ same cardinal number. If A is a well-ordered set, A is a chain. An o
® . . a s ‘ . .
intuitive examole of a chain important to subsqueﬁt-disdquion is as
- [ * - ‘ * )‘ o ) , *
* " follows: Let A be a well-ordered set., Then A has a first element, say.

i

. ; 0, {a } has,a first element, say al,. - {ao, al} hasla first element, . ,
o say a,; etc., so that A = {ao, 215 85, ag, R The notation used here o
is that ‘the index of every element is the ordinal number of the set of
_tc' elem nts preceding it. For aq, "y ig the‘ordina1~ndmber of {ao, 2, az},
< ) _ L, | (
which is called a segment of A determined by "a3." In more general terms, f
- Q e o - - »z‘t.@ﬁ - IR SLP g B . NN L e wa A g e «{.t&f

e L .




, each element a of A determines some segment § where S={x eA: x-< a}.

“

~, If Q = {x e Ar x £ P} then A =S+ Q. Note that a ¢ S because < is

irreflexive, so a is the first element of Q. A result of this definition,

’ e

is that a well-ordered set is never similar to one of its segments, which
L 2
leads.to the fact that for any two{B’?inal numbers a and b, ~either a’< b
P < a, or else a=b>b, JIn particular, a < b means that A is similar to e
e D Y

segment of B, Of course, if it were possible for B to” be similar to one
of its segmenns, "then it would be true that a=b as well as a < b.
As indicated above, the elements of 4_:2 A whiJ is well ordered
___ " can be 1ndexed by successive ordinal numbers. If A is a finite set, then

{ao, 815 85y everd } and n is the/ordinality of A where 0 is the‘

»

ordinality of the empty set, -Because any ordering of a finite set is a

-, —well-ordering, it is impossible to distinguish the orderings with referﬁﬂte

p6§the ordinal number of the set i.e., all orderings give the same ordinal ‘

L

nymber. Thereby, the ordinal and cardinal numbers of ﬁinite sets cor- *
~ .

respond, and it is possible to find the cardinal number of a set by a

~

prdcess of counting, that is by indexing the elements of the set A b\5the

ordinal numbers {0,1,2,---, n-l} by v1rtue of'success1ve se1ection of single
_ A}
elements. ~ (Select some ays then some a,, etc,, until the last one a is

. . , o . g :
selected.) Then n is called the cardinal number of the set. This pro-

cess is often referred to as'counting. it is important to recdgnize that

® counting has its basis in ordinal number. . ‘Fgg

The notion of equvalence classes-of finite- sets is implicit in the

-

above discussion because ® is an equivalence relation. This observation

» .

-

has led to the definitioh of an ordinal number as/an»eauivalence class

of WEll;ordered sets (Barnes, 1963, p..194). The set {0,1 2,...,n-1}

—of cardinality (and ordinality) n can be considered as the standard set of

.w»lséwawawead( g T

[c

b.‘)
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Ean equivalence class of sets each of'cardinality-n. It must be explicitly

R | pointed out that the arfthmetics of cardinal numbers and ordinal numbers

- of finite sets are, in fact, isomorlec. . L %
[ ]
. - To view a cardinal number as a class of sets should be no more ‘ N
. € - . ’ “ .

foreign than to view the objects of a.finite fie{d formed by the‘integers

a

- -+ modulo a prime as classes of sets. Of course, to tell-a five fear old ) -

child that a number is an equivalenee.class of sets-is absurd. The "W

o N .
- ’ v On . ~ . \

identification of a number as a set of objects, how%ger, is a natural way

s

o s to think about cardinal afd ordinal number. In the well- known 'empty hat",Q"

- (Van Engen, 1970,pp. 38- 39) approach to cardinal number, "OJ is defined
vmno 7 ,‘_
to the empty set, "1™ ig defined to be the set containing O as an element,

a . N - 4 . . -

etew More formally, 0 = §7 1 = {0};-2 = {0,1}; 3 = {0,1,2}; 4 = {0,1,2,3};
o3 n={0,1,2,...,n-1}. _Thus, "4" is the ordinal number of the-segment

> {0,1,2,3} and is identified with the segment itself. Because cardinal

and ordinal numbers are indistinguishable in this cont@Xt, it is also

[}

the cardinal humber of the set. - oo 5

LA 4

-

Concretely, if A is a finite sefl to be counted, then b& successive
. A . : \r—
selection of elements? successive s ents of set A are determined and a

/ X .
chain of ordered sets is formed. 'One," in tpe selection of the first,

<

'Y

-

element Has both cardinal and ordinal characveristics in that 'one" tells

hl

how many elements have been selected and aleo that the first one has

been selected. A subset of the collection A of one element has also
' N
- been determinéd. "Two" in the selection of the next element also has

I3 . . . ~
' . P

both cardinal and ordinal characteristics in that "two" tells how many -

elements have been seiected and also that the second one has been- selected.

>

0 The segment corresponding to "two' is an ordered set, ig a subset of the
' . } Lo~ 8
collection A, and" contains the set consisting of the firgt element. It

" . . o

o T
\

) . | CC B ‘ ' ’
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Set similarity as a developmental COncept. The concept of set similarity

" sticks, one seriation of cards, and one seriation*of hurdles and mats. In

e T,

- N — ) | ‘ - PR i 3 o
° -~ - ¢ /‘S' ’ . :
56 - R T . .
. a R - e’
R ¢ g’:\g a. 3 . N . ‘-
is ord.ered hy the reﬁoion precedes,"*which is transitive and -asymmetrical

—
(and* is thei"eby ?strict partial ordering) If this counting process is

. contﬁnu#util A is exhausted then A = {al,a seaa ,a } has= been well-

' ordered by the relation "precedes. A chain of sets has been established .

in that if 4.1
A
! ,- one' can say that ode is included in two, two is included in three,
N ~ A +
Jleta counted in a different wap, A= {a *;.a ,a ,....a ¥}, It
a.b”%‘ S 23 oa
t ,be noted -that while ai* may not be the same element as a,, neverthe— o

= {a }, A, {al,a 1, etc., then A C AZC...CA . In this

ms
6§.ess gi* 1s the ith élément and also the cardinal number of Ai* = {a N

b} y ¢

a, ,...,a *} where i < n. While A, and Ai* are similar (and -therefore
k-

. . . o
‘ q

eguivalent) they are not necessarily equal sets. L . .
- ¢ . ’ y °

i.

1

’ o °

has been shown to “be, developmental by- Piaget (1952, p. 97). He differentiates

N o

haN between qualitative correspondence 'between two ser1ations and numetidal ¢

/ correspondence ‘between two series.. The construction of a single series and
‘ . . -
that of finding a one-to-one correspondence between two series amounts to

N t . ’

the same thing insofar as his behavioral analyses show. Children g0
%{through three stages with regard to set similarity--no conception of. thq

possibility "of seriation, or similarity; seriation or similarity based on 7
y . ’ Y ¢ o _

perceptual processeS° and then numerical correspondence between two seri&s.
Cardinal and ordinal number as deveolopmental concepts. Piaget s (1952
© e o ) f'\
p 157) definition of number is close to the toncept of a well-eordered .

[}

finite set. J[In his study of ordination and cardinatiBn PiageE" (1952, Cha.

" - ¥
' VI) employed three experimental situations, one involsvingiseriation of

,‘,po

o %

-

the seriation of sticks experiment, the child was asked to Seriate ten

stic'ks from shortest to longest and then was “given nine morg sticks anc_l,

P
-

- . . .
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was asked to insert these into the series already formed (the material,
* o . T N
. was constructed in such a way that no two sticks were of the same length).
o . ) ¢

He was*theh asked to count the sticks of the series ‘after which sticks

" : «
not counted (or sticks the child had trouble counting) were removed ‘ap-
) g

' ,

-

aren\ly along with one or two he did not have~trouble counting The

experimenter then pointed to some stick remaining and asked how mamry
N
N~

stegﬁ a'goll would climb when it reaches;that point, how many steps would

~—

be behind .the doll and how many it would have to' climb jn oxder to reach
¢« ! - oe )
the, top of the stairs formed by the sticks

o~

.o . - .
. °<«The ‘sefies was then disafé

ranged and the same questions as before were put to the child who would

have to recomstruct the series in order to answer the questions, @

There is no question that aspects of ordinal number and cardinal

L 4

number were involved in the %ovy experiment. Any conclusion drawn with

: \
= E . . . S |
» regard to,number, however, by necessity is a function of a capability to

-

-+
construct a series of sticks based on the connetted asvmmetrical relation
&

,"longer than" having little to do wi;h.ordinal number. To demonstrate the

a

-

point more.concretely, an eight;year old child was asked which of a collection

4

" «
He answered” "What.do you

of books on 3 table would be the third_ong.

/ .

ga

meap, afy one could pe third!!, Ptaget's Experiment with the staircise,

° £
-

.
-

then, was more an.experiment_concerning.similarity.between aset.of n

sticks ordered by "shorter than" and the. standard counting set {1,2,...,n}
than.it was an experiment concerning ordination and card1nation. 'A'

similar anatysis holds for the seriation of the cards experiment. While

»

no analysis of the hurdles gnd‘mats experiment 1s given, suffice it to
¢

L

~
. y

say that it too 4involves .specific relations.

1

«

]

Piaget's (1952, Cha. 5)'experiment§ with set similarity were alst

-

As sdch, 1t may be that the particular

-

Q

dependent-upon particular relations;

dy

~ é
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IR .. . relations influenced the‘o‘uﬁjcomes of the e:fperiments. In the mathematical .
‘ . . e

4
development the connected asymmetrical, tiansitive relation ' precedes"

, is whas- is important--not "shorter than" for. dolls, or "smaller than” for

v

T . hats. While particular -order relations determine or!gr of preceaepce -~

precedence is only incidental and not primary in the ordering

- e
d L

It should be clear that Piaget views a child s conception 6f number
-~ B <

4 as both cardinal and jordinal. A child can make cardinal judgements and

. 7
ordinal Judgements, but when one is present the othe «is always possible. SN

Addj.tion and. subtraction of ordinal number. B a1nerd s 1976) data .

P

" not withstanding, there is not enouéh evidence avallable to make a decision

’ whether cardi_nal and .ordinal fAumber develop as a‘unified construct or Lt

’
-

whether they develop somewhat independently. . Piaget.'s data, of_’cou,rse,“ - !

-

lead to tk)e conclusion that they develop as a unified constﬂ)\t. If a

- -

ch11d s number concept is as Piaget views it, addition for a .child would

s
.

be best modeled by addition of ordinal numbers. An example of ordinal

-7

number addition follows. If o =, and B = 3, t'.henS + 3 is the ordinal =
bnumber of ‘the set {a,, a,, a,, a,, a_, b b }‘ where A= {a,, a,, a. '

1’ 2’ 3, 4, 5’ 1 2’ } . 1’ 2" 3
b3}. To rename 5 + 3, the child could count

L

a4‘, as} and.B = {bl, b?_’
. "one!, "two", "three", "four" "five" Mgix", "seven", "eight", ov could o
- - . '} / ‘ ‘_
' . count "six", "seven" B "eight", which represents a counting-on of B to_ 4 '

In both cases, 5 + 3 .s renamed as, 8.

P -

Subtraction of ordinal numbers fs possible in special‘eases. If o - g

@
~

and B are ordinal numbers and a < g,x a and B determine a unique ordinal

number £ sabisfying the equation a +E =8 (Hausdorff,' 1962, . 74). £ is

of type W (B) - W (a)- where W (8) = {ordinal number < B}. Cleax.'by, if a<g, ICY o

W (B). An example is if o is 7 a_nd g is 9. then W (@)= {0,1,2,3,4,5,6};: W (B)=
. . ° N

{."’{0’2’3’4’5’6’7’8} and W (B) - W (a) = {7,8}. & is a remainder in the following

- -

- . v - . . E




s -

sense. If a is'an element of a well ordered éét P,’S =*{x € A: x < 3} and ;

-~
-

. _Q { ye A. y > a},‘then P=S+Qand S is the segment and Q‘is the

. remainder determined by a Essentially, then, £ is the ordinal number

. associated with the remainder of W (B) determined by @. The solution § of;§
. . ; X R
“a + & =8 is denoted by 8 - & for finite a and B. -

<
] . ¢

In the case of the equation n + o= = B where a, < 8, the solution is

-’alsocrepresénted by B - a.for finite o and B8.. However, the solution is

. ) arrived at by the following process. n + (¢ - 1) is the predecessor of. 8; 2

.
— e A

.. n + (a - 2) the predecessor of n + (o - l), "and so forth, until n is ‘:
- / <. ‘\
reached. Concretely, if x + 5 = 11 is the equation, one counts back frpm -

Tl to reach 6 (the solution) in the following way: 'ten", "nime", "eight",

B L W
"seven', "six"; so since ‘six is the predecessor of x + 1, x must be sik.

- -

In the case of the equation 5 + x = 11, 'the solution is found by

.

counting the remainder, starting with the first element of the remainder = °

N = ‘

. . a .
.- arid proceeding, to \the ldst. ‘' It should be clear that one could also start

- .

-

e a - - - a

., - With the last element of the remainder and count backward to the first.
In either case, a double céuntigg process is necessary: Ten is one; *hine
S e - - "": : ot . .
. © is-twos; eight is three;éseven is four; six is five; 0 the answer is six.
Or;.six is one: sev is twoy eight is three nine is four; ten is five~

-~ i ™

S

. eleven 1sv)}x so the answer is six. In the case of counting-back rather

. . . . . -

than counting predecessors of elements 1n the remainder, one c¢an count

A - .

) the elements themselves: eleven is one; ten is two; nine is three; elight’
o . ]

. .
e N\ . 3 . N

fﬁ\; is four; seven is. five; so the Fnswer is six. : -0

- - s . ' . a ! .

-~ . . . : . . ) ) . .
' ThHe #bove counting processes asgociated with addition and subtraction

.7 of ardinal numbers are hereafter referred to as '"counting on" and "counting -
9! . ) \

‘ . - .

PR

. Jback" Strategies. Op the assimption that the child's concept of number’ .
: ~  is basi®ally modelled.by ordered finite 'sef’s, they are viewed as being ]
' ‘ < t. * . - ¢ .-
Q - . . _— . : .
) ) y (') s . 7 -
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‘central processes when children find sums .or diffetences. Counting-on and
C ) . . . ) ’
counting-back dd not necessarily involve tallying as in the above strategies ,

. - . . £
for solving equations. 1Imagine a situation such as six blocks being in full .
\ - 7
’ ¢ ,

view of a child> and three not visible. If the child knows there are. three
- " not in view, he‘could start with gh;ee and count the remaining six on wiéhout &
) ‘tallying. Likewise, a.taék could, he designed to'tapacounting back'without‘it
involving talling. ’ B ‘
- ¢ ‘Additioh and subtraction problems and counting. Countihg is not only

invoived in addition and subtiactio& in the sense of codnting-on and counting-
e S N g . . ‘ .
' s back, bur is involved in othersways for the child. . ?here\are thiee types ofy
. ~ counting easily identifiable. The types are rote counting, point counting
- . . ¢ N . *
' (or one-to-one cdrrespondence c;ﬁnting),rand rational (or mental) counting.
\ 4 - -

- -

The basis in mathematics for rote counting is the set of ordinal numbers

\ ‘

.

= {0, 1,2,3,...n - 1}, Behaviorally, rote counting is the recitation of

\\ B = .
11 11 o

the symbol chain "one," "two,'" "three," . . . . The basis in mathematics

e * ! ‘ i

’ for point counting is the one-to-one correspondence between a collection of
’ ) R

P 4 . ¢ ~ .
n elements and the set of ordinal numbers {0, 1, 2, 3 . .", n - 1} represented

- [—

by dndexing elements:® A = \{al, 355 845 -« - .an}. Behaviorally, successive

elements of A are selected until they are exhausted. The bgsis in mathematicg

. for'rational counting is counting-on.and counting-back. But it musf be under-

[ ., .-

stood that c0unting;on and counting-back must be associated with mental

répresentations of collections such as-A immediately above. Behavioral aspects
. L) 1} ;_ ’ )
. P . . 213 .
y of rational counting are given'below. The child who is a rote counter can
3 . ¢ . '

- recite an ordinal number sequence while pointing to a set of -ebjects, byt

- - .

. fails to index the. elements correctly. Thag\if:’é'rote Eountgr miscounts a
[ v -
set.of objects because of failure, to tally ¥or,.each object of the set once .

. * - and only once. . - .
1

. - » .

. w .
Q -, i . .
.
« .
- ° * . ~ . ey o -
- . . . N . = . | * .
L . L} v ” .
. . - .

3 . . '
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The rote-counter would.not be expected to Solve addition and subtrac-
-,
tion problems. Consider this general problem: '"Here is a set with s things

in it. Here is a set with q things in it. How many things do you have

al'together?" When the items of sets S and Q'arerplaced together. (assuming

~

5N Q= 9) the child must determine the count correctlypfor S\J Q,“regardless ;o
- 7 (\ . . . N

*
of the configuration offthe items: if # (S'WQ) 18 to be correctly determined.

Tha rote counter, will “have d1ff1culty f1nd1ng # (s\JQ) for many configura-

2

" tion of the elements of S and Q. The rote counper<has analogous problems

C# (P-S) = #Q = p-s. At, .this level‘

.

i
By

with subtraction. o ) .

_For a peint countér, each itﬁ? in a colleqtion. is perceived as an unique

element, and is tallied once and only once when determining tMe cardinality -

of the'set. The child ‘at thié_Iebel of counting is heédful of objects in the’

set that are likely to be counted -more than once. But the successive selec-

tion of elements of a collection does not, “in the countér's miqo, determine "y
a_ chain of inglqsive sets: one is included in two, etc. The counti;is a ‘» . w
- . r R G PN " .

: v . ' > 4

‘labeling process.. : . L ] :
! N . .
. ) X
When presentéd an addition problem, the point counter solves it using s

a—counting all scrategy. Given two 'collections of things defined in the . ——

R N . “ ‘ ’

probLem (S and Q), the child counts S, counts Q, then countg<P =sV{ Q.'

Thls 1nvolves countlnglﬂj.of the obJects to’ count P. whenhsubtracting‘the'
- N [

obJects of the set 'S from the set P, the child counts out elements of P, -, = -

- . -
- * e

counts out elements of S, then counts all of the elementé % ,yﬁ_zo dehenmlneffo - -

- .

“he basic additlon ang sub--

.

traction. facts would not be avallable to t unless exp11c1t.yeach1ng TN
AP P s L
' - | ] ¢ . P
had taken place. -, . . . ; }
s = ' , - ) ) - o .
# (51U Q) means the.number of SUJ Q. . N
v - -y . \ . N
. ' 7 - . c .
- . t;:_) e ‘ . '
toL . . \ " )
- : - J . \
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‘Rational counting is stratified into several levels according to

the complexity and scope of the problem solving behaviorﬁexhibited hy‘the'
- k)

" - child. The levels, labeled as R-1, R-2, R-3 arid R-4, are delineated below.

, - The first level of rationah counting, R-1, is counting-on. The .child

point—counts corfectly, but also can determihe correctg; the cardinality

. of the sét P=§ U Q when S is covered or otherwise not subject to a oint-count.
. _ ie P :

T

@ms Covm
-

LY
:

A collection of p objects with s objects covered,
N " - , P ] -

f ’ »

s The chlld holds s as both the cardinality of the covered$subset S, and

’

at the Same time, mentally recovers the qrdinal property of~the 5 such 7,

e n
-

3

. that through mental awareness of s, he recalls the exisfence of the suc- -

cessors of s;"s #+ L, s + 2,'. . +y S+t q=p. The child 4t .the (R-1) ‘

1eve1 can extract the ordinal sequence g+1,q+2, .. .,n from his Lt

- . ,
. . - . . . . “ N '
- .

’ " o * #P 4s known: say 9 . ™ K
T ' ‘ #S is known: 5. - ) Soe .
. T . ’ Problem:- find Q. ) - <
. ° ‘ , .
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-sequence 'four,

N ’ 63 . . -

»
AN

SLJ(Q = P, count on from five:* "six," "seven," "eight " "n1ne while at -
thé same time tallying the count of Q:

2 . . - - ." - " . bnd .
The next two levels of rational counting are -détexmined by counting .

back. It ds 00551ble to conceive of point counting back as.well as point

- counting forward from 'orie" as deecribed above. - A child may start at

say, "ten,' .and count back’to "one"jverbally or by labeling a collection

"ten," . . .} "one," the latter being point counting back. As a pre-

cursor to rational counting back, the child can use a sophisticated point

count back to solve a mi§sing addend problem. Let # P 9, Q visible,

#Q = 5, and S covered. The child can count back assigning the numbers

"non won_ . e 1

"aine; e1ght seven, '™ "six," and "five," by a point-¢ount, to the

five ‘'visible objects in Q. The child can then construct symbozieally

‘tHe set § with tallies assignéd by a continued count backward of the

" ll ll " 1"

three two," and "ope." He thed counts thé“tallies

and detern?nes #s. ' T . . o
’ ‘ f . R
The student at level R~3 can extract mentally, from the ordinal .

<
N

sequence p-l, p-2, . . ., c; . « o5 1, the fact that ¢ in the sequence

-

conveys the cardinality of the set: of units available_for“the continued .; ,

count-back. #he fact is used to solve’ the mi551ng addend problem by .
eliminating the need for,a tally of the unknown number of objects when .
count1ng-back and inherently, the point-count of the tallv When given

a set P and a set QC: P, the student cia\flnd #S when the set is covered

-

using only a counting-back procedure,
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-In the problem diagrammed -above, .let p ='9 and q = 5. The child at

level R—3 p01nt—counts the five items of the uncovered set Q using the

"backward verbal chaln" "9, 8, 7, 6, 5". At this point;, the 'student
understands\that to continue the cognt "4,°3, 2,°1" is the reverse of _' ,.

‘the count "1, 2, 3, 4".+ Hence the #S is determined without addi?,onal L

counting. ) ' o

The level R-4 camebe used to-solve problems wher,e'é = s Q, #P is

kpewn, #Q §s known, but S and Q are bgg}vred. ' S

’ L . “p known, q known, ¢ unknown.
. g .

Al * N
. , . . «

A:gain, for concreteness, detip’'=9,q = 4 in the above dlagram. The child

- o

"at level ;{—4 can deteymine a tally-of g = 4 whilé counting-back the -
<« . $
Qredetermined number. f tallies. R ' ;L
. A . 1 2 3 4 ° o BN ..
Thet_allyis tog=4: 1 171 1 \ ' J o
> .'ihe count~back 'is . .’"9,. 8, 7, 6" and is corresponded to the tally. o
The #S‘=. s'is then determined by the student s a\wareness tl;:at the end ) .
of the count—'t‘)ecknproduces s = 5,. ‘ ’ o (
.~ The types'of countisg are%arized below. o - *
' Rote co!mting - rec'i:tation 9f a simple ”verbal c d.n bu‘t{%’ith*in-
correctqpoint counting‘ ¢ . T - o )
| '. _ Point—counting -- torrect, dse of lor;e—tcvn-one corre Jpndence countir}‘g._, .
Ra,tional counting—'- + ' 1’ ' - K ﬁ
gl - rational ceuntiné-o:p
. _ R2 - rational counting-on with tally o . ) j %
’ o - Y .
é A ‘:R_i,- rational countinglback o 25 N
R4 - ratior;al counting-back wi:th tally. o »

!— . - 4 4 L
: T A2
~J - . .

- 3 X \ ’
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The counting all strategy can be used to solve addition and subtraction

<

problems ‘as well as exercises such as 3 + 2or 5 - 2. Q‘hild'ren also use’

.

. . ‘
the counting-on strategy to solve the problem modeled by s + £\= D Voo
. v : . '
Rational counting-on, R~1, is used, since the child considers either one
. . .
v .
of the numbers, ds a starting point and the other number to represent .
R .

a set of units in the 'verbal‘*chaip.' For.exagple, to solve 9 + 3 = D ,

»
» .

the student might select nine as his starting point in“his verbal chain

and count on three units more in the chain: “ten,"” "elevek," "twelve."
‘ Alw t

‘There is no need to count through the forward verbal sequence to the -

. number nine since the child mentally’ extracts the cardinal property of
"ninenegs."”, At <he same time the child initiates a three unit count

3 ! R .
from.the number nine in tt{e verbal (mental) chain. The child does not

I

need to keep_a-tally in the problem if ‘he makes marks_over "3 o begin -

with. Otherwise, a ‘tally is needed. e

-

The missing dddend problem is solved with a rational cqun'tj:ng-on

-

strategy, that utilizes a tally. The level.of rational cou'nting used is .
. ' . . ! . A . < ‘
.R=2. When given the missing addend problem, the missing-adder((cQ'is perr

>,

ceived®as paft of the total sum. Given the problem 3 +D= 11{ the

RJ!:‘ v ‘ <o * .2
o .0 ' lt‘b S 2. v,

L

\

-~ student counts;on fro&& t.imee to ei.Leven and symbolizes the units ’of the
miésing addepd with a'tally as hé counts. ‘ )
The child ne:olv"es a problem like 9 - 5 =D ’ by'sta'i:ting at nine. t':o -
;ount the uniti in the bag}gwa“r.d 'ordiqal.sequtéence". He c'our:ts back five -
uni_.té t;o the n;u;b'er five and mentall'y extracts the next.number in the:
backwar.:'c.l—orcfi,nalwsequende and names’ it‘;s th'e' solution to the problem. °
In ‘this pr-o_blem gituation, th‘e ,stud“ent is asked to solve.' the problem ty
~ ) 'cou’nt‘ing back. . . . o . - L
N . ) ' * V-
. "F‘ﬂe' Achieverpe.nt Tasks L ~ ‘*‘\ : Q@#“M
Q . Ordfc'nality ind cardinality tasks. In Piaget's study of cardinal a{nd




. ordin4dl nuinber, he was concerned with two basic Rroblems. First, the child o
had te determine a car‘dinal number given an. ordinal number and, second, . ]
. (\ " - the child had to determine?an ordinal. number given a cardinal number (Piaget,

- ' 1952, p. 149). These experiments have been discussed‘earlier in the 3eection g

w ’ on Cardinal and Ordinal Number as Developmental Concepts. It was pOint,ed.

\

-out in that section that Piaget s experiments Wwere mor‘e an éxperiment con-'-'

v . . - ) <y ,' . . /
.cerning similarity betweena se't?' of n sticks ordered by' "Shorter than and i
" V . .’\ 1 . . L N
- : ,the counting set {l 2, 3. .+, n} than they were ev:periments concerning «
e o - - - T T e e - L e ——— e
. - the two problems posed. ' Different tests for the coordination of cardination

- \ "

. and ordination need teo be constructed to eliminate that criticism, of Piaget'\

oo . . . e ]
t.-..n . work, while emphasizing the relation “precedes." . o
o e .. . . - i :

st ' The following terminology is adopted for description of the testing =

‘ _ formats "P" denotes : a finite well ordered ° set ordered by the relation e
T precedes : "S" is a segment of- P determined by any element p of P and

ot . . to

e Ve

o " Q is the remainder. The minlmum element of Q is denoted by: q. .

e Two tasks were designecelifwsee ‘Appendix ﬂ) In the 'first.‘task\(A)w a

o row of 12 counters _was presented to the chil!l The first two questions .

S .“'..-_._, L, . ) . -

’ “,’ of the task determihe whether chitﬂsen can start with. any ;.:o(_{nter, given

« - —_”- an o;ientatiop of first and second .and determine alsuces.sor and__a predeces,sor.

*:'; ‘~~ Tﬁe third ques&ioh determines whethe;: a .child can %:art w1th an element 5 7 \
o e I .. - . - -

:w-«,,- q’ +2 of Q and d.etermine the cardinalit:y of S, .the segment determined

' ..5 _:_'.— : by qg«'tﬁe minimum element..of Q "H]ie third question«also determines whether .

“the child carrﬁeter:mine the cardinality of P given thercardinaliéy of S.

4 ) 4 e . . -
- - However, ~var'ious reSponse sequentes are pOSSlble.p For example,. if a child

g w - \ .o -

.- .
- . Lo .

.~ o .was not able”to determine the cardinality of 'S given the ordinal number

- [ “r

. . -
S
Ve
. - -

q + 2, he was, asked to d’etermine the cardinality of P given q+ 2. If :

. o e . . Lele
,....«' successful in’ finding the * cardinality of P, he was then asked again to find :
L \ . S - i .- Co e L
e : ., . A . 3 . * ..--' . = . . . - \ . . .
R E TC_ . - Loe v :. ‘:“...—: . .. . Pl « B . .
- e T T A -~ .. “ . :t.’.‘.; T . . .

- R ., - A L P . .
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'the‘cardinality of §. 7 K ’ b .

The second task (B) was presented with S determined by the three ob-
[ ) ]

jedts covered. The basic intent of the task was to determine the cardinality

-

*

of P %iven an element of Q (in this case q + 1). The first question was
dssiéned to orient the child to the direction of the relation "precedes".
" Again, different response sequences, vere possible. But whether the child

found the cardinality of P or not, he was asked ‘to \find the cardinality of Q.

< Logically, class 1nc1us1on and quantitative comparisons should be

by - —— ——— —— y e —_—

\

v

readiness variables for a child's acquisition of the ability to erform
. . ’ , x

v -

. the two tasks abov%. Class inclusion is loéically involved because in

.order to find‘the cardinal number of P given that S is covered and Q visible,

- . ' t s

é

the child need!.to know that the objects of §;ieven‘though they are covered,
.make'up part of‘the objects of P (05‘211 of the objects toggther),.and '
that tnere are more in-P,than in either S or Q. ‘If S and Q are not united
in the nind of the child, but remaﬁ; scparated, the most 1ikely answer
for the total numbeg of ijégts is the nnmber of visible objects, -or the
number in Q because tnére would be no conception of P. Class incidsion
is also logically involved in finding the number in S given q+ 2. The
child ‘seemingly would hanc to realize that the objects of S, even though )

v
they are covered, are part of the objects of P.

[

. . » ‘ .
¢ -~

Quantitative comparisons should be a readiness variable for the two
¢ tasks because ordinal numbers and cardinal numbers satisfy ‘the conditigns
' for a quantity from the scientific point of view. As noted in the contrast

of bhe Piagetlan s notion of quantity and the scientific notion of quantity,

o

\,' it would seem that % <hild capable of extensive quantity in the Piagetian

’
-«

. ‘ol . v .
sense should be capable of comprehending extensive and intensive
‘ . A

-;quant;ty in some cases in the scientific sense. Cardinal and ordinal number

. L, . . . \

d - - I . . . : "
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should fit those cases, because a singular object can be considéred as a 1

3

unit. . ~
*

From the two tasks on cardinal and cardinal number, the following
\ . i

*
variables were identified. I~ N
. \ =2
. . \ . )
e ) . 1. Successor'of an element (task A, question la or c¢; task B, question

la or b). Range: {0,1,2}

©

2. Predecessor of an element (task A, question 2a), LRange: {Q®1}
—— - .

¥ 3. Number in S (#S) (task A, question 3a; tasks, question 3a). Range: 10,1, ]

4. Number in P'(#P) (task A, 'question 3b; task B, question”éa).
. Ranget {0,1,2} e e
5. Number in S + Number in'P:Ytask A, questions 3a or d or £ or h;
N - task B, questions 3a or b; task A, questions 3b or ¢ or g;
task B, questions 2a or b or c¢). Range: {0;1,2,3,4 }
. Y
= The sucessor and pne?ecessor variables should be clear. However, ; T
‘the others need discussed. . ) - -
l. Number in S. In task A, question 3a was.the first time the child
was asked to find.the pumber in S: Likewise, in task B, question
| y 3a was the first time Yhe child was asked to find the number in §.
. In tgsk B, there was 3 distinct possibility the child would‘wuse the
oo * o. information that there were eight in set P gnd five showing, and do °
_ ' ‘a subtraction prablem. " Nevertheless, he would obtain the number in
il S from ordinal infoiﬁation, but not necessarily by counting back..
‘He could count on to find the number in P, then use a subtraction fact. J
2. Number in P. In sask A, question 3b, the child could possibly "‘#r

use the information that there were seven in set S (question 3a) and - -
then use addition. Again, however, he would use ordinal information
to find the number in P. Task B,question 2a, was the first time the °
child was asked for the number in P in that task.
3. Numbet”in S + Number in P. This variable was identified becagée
it was felt that some indication had to be given for cases where .
the children found the number in S or the number in P after prompting. -
Given that the.child missed one or more questions of the .Number in S
or of the Number in P questions, the experimenter attempted to give *
the children additional ifsmation which could help them find the

- Number in S or.P. If a ¢ was successful after-prompting, it
could be said that’ he ha no'tion of the interrelationship .between
ordinal and cardinal nupbery but did not initiate the counting process
on his own. There is:the poséibflity that the child appeared. to
find the number in S or the number in P after prompting, but "Bid so

-as a result.of rote counting. This possibility dictated that the . $
« #S + #P varinble be differentiated from either 5f the

*

*Domain of edch variable is contained in parentheses and the ramge is
2 d ge
stated in set notation. e - — _

} : e
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#S or #P variable. The range of #S + #P is {0, 1, 2, 3, 4} due to

the questioning sequences, but was not merely the sum oﬁ #S and #P
variables. A child could score O on either of the latter two variables,
but 4 on #S + #P variable.

Counting back, just hefore, just after, and between tasks, Countiné

.

has been described mathematically in the section on ordinal number. Be-

cause the cardinal and ordinal numbers of-a finite set‘cdrrespend, it is

[N
b -

~possible mathematically to index the-elements of 4 set A by the ordinal

numbers {0,1,2, ..., n - I} by virturé of successive selection of single eleménts .

(select some aO,-then some a,, etc., until. the last one an_1

Then n is the ordinal (and cardinal) number of the set. Of—eourse, count-

is selected).
ing begins with 1, so the above set is replaced hy {1,2,3;:..,n},_where n
ie associated with the laet element seleeted and, with the entire set.rather .

than being associated with only the set A.

The tasks for Counting Back, Just Before, Just After, and Between

are presented in Appendix A.2. From the tasﬁe, the following variables ~
¢ M .

Ay
~

were identified. ' 0
1. 'Countfng Balk, 'If a child could not count three discs and eount
back from 3, né furthér questions were asked. If a’child successfully
completed the ‘task with discs, he was asked to do it with 8. If
successful, he was asked to do it with 12. If\successful he was .
asked to count back frem 15 without obJects and without counting-up
to 15. If a child made errors with 8 discs, he was asked to do it
"with 4, but the variable was scored 0. If he made an error with
12, the variable was scored 1 and the task was terminated. If he
made an error with 15, the variable was scored 2 and the task
terminated. If he did each task correctly, the task was scored 3.
Range: 10,1,2,3}

-

2. Just Befhre In task B“the child had two chances to score 1 on
the task. If not correct on the prellminary task, he was told
the correct answer. Range {0,13, - :

»
3. Just After. In task U, the child had two chances to score 1 on .
the gasx. ~If not correct op the preliminary task, he was told the

-

scorrect answer. Range: {0, 1}, ’ g’”%
PSS

72

4. Between. “The child\?eceived 1 point for eachbaumberﬂhe,fbund )
between two others. In case he could not find a ngmber between 1’
-and 3, he was tgld the correct answer. Range {QJl 2°3 4}..-

NG
- . " ’

Se., -




]

-

© A e

[

-

,,to class inclusion nor to quantitative comparisomns.
»

expectation was that one~to-one correspondence counting or rote:counting

&
-

. . . )
It was expected that the variable Coupting Back,would not be related
n p

r
.

The reason for,this PR

®

, It . .
would be sufficient for completion of the tasks. The variables,Just Before

. 'S

quantitative comparisons as a readiness. variable. '

.- for correct sdlution.
. 4

-

The reason for the

and Just After are in the same tategory--rote.counting would be sufficient

' . v
The variable Between, however, was expected to have

{f

>

s . expectation is_that for a child to realize that 10 is between 8 andl12, he

had to realize that 10 is a successor of 8 as well as a predecessorgf 12. ,ﬁ

beinvolved.

~ manifestations of the same géneral scheme.

« . _Between,
variabie

T in turn,
Li%ewise

variable

9 is, after 8 and before 12, so it is between 8 and 12,

-

o

iy

. . ' - M 4. . FoamN '
iness variable because reversibility and quantitative comparisons are

Consequently, reversibility at Piaget's first level (R") would seem to

This being the case, quantitative comparisons would be a read-

a
»

4

It is not as clear that clas§ inclusion is a readiness variable for

One could make the argument that class inclusion is a“readiness

-

because, in a nested set sense, 8 is included in 10, which is‘

N

included in 12.

for 9 and 11,

because ordering processes may be sufficient tiians

_solve*verbally presented additi

¢ ERIC" : S

L@l A v Providea by R

5 .
.dence counting and a

the sentences a + b = nhand a’-b

“

k.:";“ﬁﬁ;ébiEm.?Mary has five marbles

So, 8 is less thanm '10 and fg is less than 12 ( ’

both girls have’" is presented\to a six
: oy .

Verbal problems. Ration lfcounting 'is not necéssgiy to be able to
= n where b < a.

counting all" strategies aré suf@icient.

W o -; /qut°five marbles\from a marble sotirce, two more, then count the_selected

'V‘

e

S

wer the quest ion-:'"

fnd subtraction problems modeled by

O,ne- o-one cvgespron.- .
%, . Y 7

If the -

P .

ﬁ Nancy has twq. How many mhrb;es'dﬁ

-:’ar old, ‘the ckild could count

o

Again,’ however, class inclusion may fot be a readiness e
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. . ) ) - - % .
., marbles, starting from one and proceeding through seven, Of course, such ’
| . S , - \
q‘strategy does not incorporate all of the information availgble to the .
H K e SN
> ) child, as both subcadlections were counted twice. .- A countimg-on strategy

. - . s

. would be more efficient, but not necessary, in the solution. ‘"
: . ]

o

vIn $hé case of a subtraction problem, say, "John has seven pepber—

4

mint sticks. He eats three. How many does he_have left?" & child could .

count seven objects from an object source, count t‘%ee of the sevén, and-»\\\\i Ar\}

-
’

. .
then count the ones remaiaing. This solution process is merely the re-

versqfof the “count all" process described above. Consequently, 2t is

. °

. referred to as a 'count all" process for subtraction. The more sophisti- =
‘ . 2 . .
. cated process.of counting back modeled by subtraction of ordjnajumber$g,
4 - ’.‘ g\“‘

1 . N 4 . .
. “ would entail. the child starting at seven and count‘ck three in either

-~ i -~

one. of the two ways identified in the section Addition and Subtraction of

- - =

-

/ " Ordinal Nymbers. ' . . - ! :
N ‘ 4 -

" - The missiné)addend éroplem is modelled by the sentence a + n = b,

An example is "Joe has five pennies, ﬁiﬁ_fathir gives him\ some more.
Now he has nine. How many did Joe's father give him?" Of cgurse, two
< .- ' ‘, = . . A
™y solution strategies are possible, gne involving rational EBhnting and

., [t - i +

P one'involying a counting ~all strategy for subtractiom. s R

:?: - It would seem to, be the case that gross quantitative comparers -

~ a .

-

. would not be capable of soiﬁing the missing addend problem’ through rational

P A?t, . counting procedures., Howeyer, extensive quantitative compéreéé would have

<

o o a greater incidence of solution through countingwon than gross quantitative
. *

. i

S . comparers, but would not alﬁayé ‘be capable of initiatiﬁg such solution .-

" .. procedures because rational® counting level R-1 and  strategies used to sclve
. +.% the missing addend problem are not iSomorphic. The statement of the missing

'3 ’

w6ﬁid~und6§5€édly milita;e against a counting—aii subtractive ‘7
..t Q. L"-":-‘ . £Y)

__ - L R . s . _ I o . _

-




- solution, - . : : .

. . ' T .

) ‘ .

. Many children who are capable of only“gross quatititative comparisons
. P < -

) f N -

may have mastered counting-akl procedures for‘addition and.Sﬁbt%action.=

. ~ < .
~ - - -~ ¢

Consequently, qudntitative comparisons would not .be as strong a readiness -

.

variable for addition and subtraction problems as for missing addend

e} \ ‘5,

-problems. Quantitative comparison should be, however, a>strong‘readiness .
P 4 . . . ’

variable -for ra¥ional, cotinting solutions to addition problems andygonﬁting.

. .
-

back solutions to subtraction preblems, That is not.to say, ho%ever;

'
- ' A $

that quantitative comparison is not a readiness variable for learning to

° .~ .“’ . >
. solve addition and subtraction<3roolems. In the section Quantitative
. Conparisons and Arithmetic, statistical differences were observed between t
/’ - . . i . .-

" performance on additior and subtraction problems between the group of, gross !

- .. - A
- . . -

and the group of extensive quantitative comparers. - 0
< : ’ . " N

Presence or. absence . of manipulatable obJects during‘problem solution .
.- \
s ¢ has been convincingly shown to be a significant variable (Steffe,.i966;

: v, LeBlanc, 1968 Steffe énd Johnson, 1971) The reason’ the variable is- -

A\

. ‘ significant may be because obJects facilitate ong-to-one correspondence Y

counting. “Two different sets oﬁ six problems per set were constructéd.,

ln‘the case of verbal prbblens with objects, the objects.were always present

o . . |
N . nhere the objects.used‘wereﬁobj{ots‘naned in the problem statement. Eadh )
.7 " problem vas read to the child in tatal before he started to solve Lr. If
‘ ; necessary, the problem was reread totthe child, The child was told he codld
. :- ! ' use the objects to help him find she answer and, was' urged to use them if \
. . ’ ] . .
/' . he nade'mistakes. ng problems are presented .in Appendix A3, T " o |
. ' * - .
] T . « In the verbal problems with no obiects present during solution, tbe -
' ,t enild‘bas-asked.to write the number.sentence for thggproblem. ' Records ' |
‘ . . d : N ) . » . |

+ « weré made of whetfher the child considereéd the sentefce- as gopen or closed

. - o -~ -

. rd .
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D
. »

—

. .

' .

and whether he processed the information before or after .he wrote the

sentence.,

A \ -

- espec1ally for the missing addend problems and tha~subtract10n problems.

«

'

.

The problems are presented in Appendix A.4.

3

.

It woul d seem-thac class inclusion would.be- a readinéss varlable

>

N

In cases where children solve the problems by a counting-all procedure, no

4

relationship would be expected.

*
.

.

with class inclusion and processes used on those problems,

@ 4

‘were urged to read each problem if they could.

‘read the,problems to the children.

H

.

>

¢

~

But where children ‘are faced with the

The children

necessity of counting on to solve a pfobiem, one wquld expect relationships

)

If not,

.

the experimenter

.&he sentence for the firet problem, if

not wricten by the child upon request, was writtefi by the experimen&erTQ

. -
» -

sentence.

«

However, every means possible was used to urge the child t6 write the“

{

The variables are identified as follows. . ' ‘
- ' - o L) . . e
A Problems with obj%cts present. . . o
.. ) ' - . . e
o 1. additiod” Range: ,[0,1,2} N SR
2.. Subtraction. Range: %0,1,2° ' . .
3 Missing Addend. Range: 0,1,2: .o . St
. L - ! [ Yo \/
. Problems witl# objects absent. ' . ,
4 ® N . - E)
1. Addition. Range: {0,1,2: . .o ;
2. Subtreccion., Range: {0,1,2° !
3. Missing aAddend. Rghge: 10,1,2 o ‘ ' .
L. ~a . . > . . -

Set partition tasks.

2

argumefits were advanced that quantitative'compérisons and clags inelusion

.

-

Ia the seEtioﬁ, Quantity apnd set partitioms,

N . A

.#.

4

-

N

would be readiness variables for set partitioms.

Four tasks were constructed

RIC

PAruntext provided by eric [

to test the ability of a child td form

- ¢ \)

structed to test the iﬁvariance of the

regardless of how théy are partitioned.

pdrtitions.

y
.

numb

]
N
.

R
The tasks were con-~

~ L% a

-of objetts in a collection

They are presented ig~Abﬁendix

-

'y




~ . ' . ~

In the first two tasks, the .child-counted to establish equivalence and’

4 . -
+

‘ * . & -
g N in the-last ’two ?sks he was.tdld they were equival?nt—-in the third a par- .
- i R . L . - ° .

+ '-  ticular number®wes involved (100) and in.the foyrth only 'a relation. The '

- 0 ) ¢ ) - . T Y

intent of the tasks was to establish that the two collections had the

. . *

. ‘ ' same number in each, and then partition them_into ?'different number of . . L

e 4

S ' subcollectiofs. _If the, chi%d&‘,focusedf on the number of subcollections he
4 ; o ‘a ) . ° e ’ - .
: . . would'r,e'épond to the it:;om incorréctly. He had to disregard the number of
. . e i .« 7 ‘ \a. . .
subco’]\lecgio’ns and judge them on the basis of the information before the .

. . PO . s

- A - - €
partitioning. Two'.variables were ideptified, o l .
- 3 ' )
- ) 1. Set,Pa"rti‘ci'bps: with counting. Range: ‘0,1,3;
2. Set Partitions without counting: .Range: {051,2,
. . - ) . * P , . < t .

.
13
- . - r

¢ ! - .
. - Adii:‘tib\n and subtraction of opdinal.number tasks. It has been argued

- %
N

o o . that t:he obJect:s Pi aget: calls finité numbers (cardinal ‘and ordmal) develop
I3

.

in t;'ne child as a synthesis of Groupmg I and V., After present:at::.or@‘o .
- : . S . A »
. .~ ‘'cardinal and otrdinal ntmber in mathematics, it became clear that Piaget's
Lo " v s, . .. . ! :
.7 7 77 gpotion of number is quite well modeled.by a well—ordere.d finite sef. But
. . \ . . M
. - M N . -
e Piaget never, extended his developmental theory beyond the objects he called

3 . 4 . L]
. .

‘finitg numbers. Consequently, one camnot know the extent &° which.opera—','
. ’ cioﬁs on cérciinal and ordinal numbers are developmentdl. bbviov.;sly, with-

ou:t: a .c.‘;ncepf:ion of numb‘r,. it x;n-)gld not: be poss‘ible f;r -o\péz?écion$ to -be" ) s
- (t ‘there. 3But if the concept or number is present in the Chlld‘S m"rd d’oes .

I . . R R < ’
- - ; .
. ¥ — K

that also [Amply t:he Qpera/:ion" Or, qe the operat:"ons a lat:er acqu:Lsz.t:lon,

»- .
. ‘perhaps dependent upon school 1nstruct10n? ! - . ; :

B . . o Coy - i

. °, Addition and subtraction of ordinal numbergould seem°to haye

- o . ...\' N - o = ‘o A I v
a " ”

. . N s ® Cis . S, . . ,
- quant::.:;at:lve compdrisons as & readiness variablé as well as class m,c&lsn.oni B
N ) . el
What is meaby add1t:1on and su'bt:ractlon of- .ordinal numbers is the count—g‘ N
. X} *
’ A d -
e ) 1ng—on strategies and countmg back St:rat:eg;es w1t:h t:allying dl@cussed A, .

- ——— *

‘.L'." % 5;« . ” . .

l in thé section on the mat:hemat:lcs of addit:...on arij;#ractlon or ordinal ~ .
. ° P
f \ -
Q . e 'rtumbers. +The tasks are presented .in’Appendix A.6,

. \ . N
ERIC - - - -

K - Sl . ' ,
oo oo B N s " : Y . G e , A

- ‘
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3

) Me tasks in the addition of ordinal number test are graduated in

.
v '

complexiry. The first three tasks are warm up tasks and are presented o

' . - N a \

verbally. Errors are Ereely corrected: Tasks &4 and 5 are counting—on -
. p—, - : . o =
e tasks and are a test of ordinal number addition items—modeled by .the
-" . e '
. . equation 4 + 3 = £, where g is unknown. Tasks 6 and 7 are ordinal number -
K o . % N ;

addition tasks modeled by the equation o + 3 = 2, where { is unknown. ’ L.

The first three tasks of the subtraction'of ordinal number test are o O
» . ) ' .-

fwarm—uo tasks presented verbally to the children Where corrections of the-
¢

) -
children's errors were made freely. Tasks 4 and 6 are counting -back w1thout

9

aall&ing. Tasks 5 and 7 are connting*back tasks with tallying. All tasks

“ i .

'S

. _are modeleé by the equation ; + 2 = > , where ; is unknown (or equivalently, - >
* _ _ . ) L . o by .

//’ by 3 Jpes 2 ) - Four variables were identi?ied.
- Y . . _

.

. ' 1. Rational Counting-on (Tasks 4 and 5, Addition ot Ordinal
Numbers): Range 0,1,2: - ™~ ’
' . 2. Addition of Orainal Numbers (Tasks 6 and 7, Aadition of Ordinat
° ) . Numbers) : Range 1051,2;
3. TRational Countlng-oack (Taskd’z and 6, Subtraction of Ordinal ~ -
Numbers) :» Range , <0, 1,2} ' ’ - ®
. Subtraction ¢f OrdinalsNumbers (Tasks 5 and 7, Subtraction of gﬂaﬂa&»
: Ordinal Nugbers): Bagée {0, 1, 2}.. ’ .

i~ .

. i Mental arithmetic. problems. Tasks have been pyesemted which could be

b a

’ 1 )
%‘ legitimately called mental arithmetic. But none of the tasks were such

.

N

I : " ' } J . .
that the problem was ﬁresented in a written nhmerals‘kormat_where-the child v

§ N a
. . . - oo -

was discouraged from us1ng his tingers or tally marks s-aids. For a tasﬁ

»
— - 1 ' v
\]

¢ to be a test:of mentalvarithmetic, the child myst not use-physical, pictorial,

» N . - -
, or bodily ‘aids in solving the problem. The task could be presented in mb{e ' .
1 3 . et . T \
Pne,stimulus mode, The one selected here i$ written numbers. Whethér )

. - N P - . ‘- R
quantitative comparisons or class inclusion are réadiness variables for mental v
. . . - . - - » -

arithmetic is uncertain. The mental arithmetic'testvis presented in Appendix A.7.

1 P . ) -

]
- Two scores were ootained for each problem, a product scpre. (answer
. ! - < e - < e

score) and a time score (the numbEr of seconds it took to start one problem

Q and then r&nish by wrifing tHe sum or di rerenée’cbtained). The variabiles i

~ s

i o were simp}&}ad ition anaksnbtraction time and product sco(es. ﬂtkf ( . .

=

.
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. . . .
R .

. — . . \ .

. ‘o Nested classification tasks. In the section Glassification; a distinc-

: .

,(f)f ‘tion was made between the intension of a class and the extension of #% class- .,

. ¥ '
v . ' "

N "". I3 I3 .‘ .- - . "‘
The intension of .4 claée}@as'ldentlfled‘as the*properties which are coai !
\ . - S CT-
» . ” L . .
- ;mon to the elements of a class ahd the extension the members of the class.
- \ 2 L4 .

LY
¢

Coordination of tHe intension and extension was identified as yhat develops

- .
- -

. in.stages in . hlldren. In addition to'a'claSs inclusion test, it was

, ’ decided that it was neécessary to include a tESt whlgh would glve the chl d

. .
r — = ‘ .

an oﬁportunié? to demonstrate, ﬁitnin a partichlar hieraichy df classes, ,

s B . - -

ae D

) . . a2 ™ oo e

the ability to: . : -\ ' - , - R
. 4 B . . 4

A . ' N 4

T ’ 1. Identify properties specific to members of'a particular class

which distinguishés, the class from qther classes;

. . 2. [Identify properties specific .to members of a glven class and to

- .+ other classes to whlch it belongs- ? .

e

s . N

’ 3. 1dentify properties which may be specific to ome or more members
. . © of a given class whieh distinguish them from other memdews.

Tne/ nesged'classifi‘ation t:asks were designed to tap Stage II clas-

+ . - - 2 o

. . 51r}catlon behavxor 1dent1f1ed by Inhelder and Plaget (1969? as a mlnlmal .
. A - - .

’ . v .

g ,capabflity. An indirect technique was used. The two tasks were des;gned N

- - a
. - . . . -

. using the same.material set, the first task including ome i tance of the,

Pt - . . .
.z - .
- - - . L .

* . + . . X . .
- . inclusion relatlon and the second two Anstances. ° . -; gL
e . ’ - rx . -
- R ) ‘The materlaalset ‘consisted of seven pleces of polygonal shapedﬂobjegtin -

*

Al 4 . .

three round obgecta that were not buttons, four round nonwhlte buttohs, .-
/ s P .
. ., and.l§ round qbite buttens. The polygonal shaped obgects 1ncluded three o

a .

. “4triangular shapes, two Square'shapes, and tw parallelogram‘ﬂlapes.-.The~' ”

PR

round objecésvfnpluded an orange felt, a—black checker and a red disc. . t-:

A. . - [ .

. ., The nznwhlte butSOns included twa blue a yellow and an orange.lhin each’
v .. ) [ . . - - -
s task, the child was asked‘to sort the iteds in particular w%ys. In‘qrder

)

% : - to ensure theochild recéénized'the properties of the ciassesp speeific e o

%
r

; t o - c ) - T e s o . . e RN
% ~ . . L . oL S &
Q . . . . -
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»

items were given to the'child_to ciassify.

-

'After the ohild tlassified -
these 1tems (w1th help, 1f necessary), the Chlld 'was shown a box which

-

The'child Mad to agree that something was in the box.
1 . ' -

contained an‘object.
- . v . h )
The experjmenter then placed it into its respective place,

L]

rg presented in Appendix A.8. . - *
‘ Al

Two Ba*,

’ . ° - ’ . e - . .
one a question of fact. In task A, the first question was asked to de-

. - ~ , . «
v
. e oo

termine if a child could differentiate properties specific to members of
. r . & ‘ . .
‘a given class from properties specific to members of another specific

The two tasks

. class.

3 ’

- L 4 . .- :
properties listed in this section. Type 2 an nd ti¥pe 3 propgrtles aye those

—

The ﬁirgt three questions

-y

‘ ¢ ‘y ‘.
properties in (2) and (3) of that same liste

.were to.test 1qent1f cation of type*l properties-—or relevant attributes.
— Ny

¥
Questions 5a, b, and e

]

he £ifth and sixth auestlons were of type 3.

were of type l. ¢ ‘ ’ ”~

. = .
the firde three and the sixth questions asked about)tjpea

- . In task B,

.

S . : - . v, . .
L | properties. Questions la, b; 2a3 3a; 4a; and 3a were also of type 1

. -

Drbpertfes.‘ Qome of these guestions contained aspects of type 2 proper—

. -
¢

.. ties (for exaqpbe qugstmon 2 Lested a type 2 prope*ty)

»

Questﬂon 6 was
¥y

a‘type l‘&hestvon Questxvns 4 ard S :2sted tyoe 3 propertles. ot

e - .« . " <

, ' ) ‘\' .op
. o the, class lne u51on uroblé&. ?Chlld coula conce ivably ansyer ezery

] . \," \,\a P

j'kztxest.ionl’éorsrecﬁl.}//'ﬁa"st:.ég péf reallze thaf thg classes of objéﬁxs were

‘Y "‘ '." 'n.f v, 7
. - nes{edﬁ Thls w!E by des1gn.'-It would seem “that nelther class 1nclus1on .3
s » [} - . s - .
:2':' e L, 1/ ' ° /\ e Yy [ R no g '
"7 i nor quantltat ve com5§;1son woulp\oe readiness variabLes Eor the nested
. M XV ad LN - v _ ' - '1 .ta - o~
N L R O Y o U U SN « .
4‘ <. fe o+ 0 - . ¢ . A w. . ‘f .
: ficatidn rasks., ). - . R RN e e
. -\"( .1: - - ’ - R ' \“' v . . . . N -
- S 4 . e’ b ¥ - A . .
. . N A o ’
L4 . T S T I ; .
‘\ . P - R k\ - N -~ .

\
¥
.l )
R
—_
5
.
|

0 M .
. . . * - o -
"o " . p. * N .
EMC R R < 7y : -
B -1 R .~ ! o - w
N » St . . ' 4 . 4 ’
ot Y 7! B . - - o - \i‘" L 4 ) . ' 3

Hereafter, such properties are called type l--the first type_pf »

- \31ther of tasx A nor taska etpllc1tely asked thﬁ child to solve 7

v
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] - ~ o
A supplement to the nested classificatipo\tasks was included after .
\ . . _ .

v » . :
the pfesentatlon of task B.

o S

This supplement wag designed to test class

. v,
- LR - - *

inclusion within the context 6f the nested classes.’ . ) -
) s v - i R
» Twa variables were identified based on the number df collections. ,
) ;‘ . ‘ - ' ” v .
Nested classification A.

Nested classification B.

>
-

6} ¢ . - i -

1z
2

"Range:
Range:

929

.‘10,
{0,1,7%,

1,2,3,4,5,
1 3,4,5}

. Lﬂbp_inclusion;tasks.

The loop inclusion' tasks were desiéned to test

the capability of a child to view regions‘as being nested or inte}secting. )
- : : ’ «

Johnson (1975) found that one reason’chlldienglailed to -solve the class

- p_d

" inclusion problem was that they viewed nested regions defined by two'

-

boundaries as separating the regions into two separate.regions. Moreover,

.

as Piaget and Inhelder'61963) clalm that the concept "inside" develops.
s . R ‘

early dn in childhood.(as earl&-as foué;&ears of age), llttl% d fficulty

. should be present for a child to comprehend the concept 1n51de as it N '
: . L v

pertdins 2o a single loop. Difficulties'are introduced- when twa or more

. ~ - ’.‘ e , P

loops inte¥sect or when they are ‘nested. "Inside" was defined operationally

in the present, study by d@aclng a 9t1c§kvert1cally in a loop and show1ng that 4
\ »

g

P

the loop could not be pulled Lthrough the Stlckh Quanslcy was not expected ,
./' . : . .

N 4
to he a read1ness varlable for loop 1nclusion tasks. These tasks are pre-

» "».
sente 1n~Append1x Arb ) - . oo
¢ s . L s - 3
’ . ot v ) ¢ . .)o Y
. o> . v . P hd ] . .
" a . 1, LA . 4 ’ w
_ The Variables - R Tl r . S ‘& . |
The achievement ¢4riables used in the presdent study twere partitioned for + ‘
L S ‘ : -
» i . .
the purpose. of «data aﬁ/lys1s, The_partitiﬁning ‘is based_oﬁ logical'gro ‘ N
- o NN ) 6 \ ’
Investlgation of the,achlevement varlables pet‘se is conta&ned 1n the ':;j\t‘
. .-‘ - , A - — ;
correlational study followl&g the teadimess study. S . e ’ >,
v ‘o - % et ” . .
(luster 1. The first cluster'gf variables was conposed of some of the |
N ) * . ! L. . ) e . » ) A 2
variables identified in the de;Lription of the ordinality and cardimality ¢ |
. . . 3 L , ,‘.’ . ! . .
: N , »
tasks, - . « T . L2 k-
. .- Mo - . ’
, - - s > . '
~ . My _ R -
o L T T
. U B - r



Number in S ¢#S7. HNange:

- 1 {0,1,2} .
2. Numbér in P (#P) ® Range: 0,1, 2} ) .
3. Number in S + Number in P (r‘S + #P). Range: th,l,Z,?‘,a}Q'
1] ) ) “ '
Cluster 2. ‘The second cluster of variaples was formeci by‘the re-

-

. © 1
mamlng varlables identified in the orclnalltv and cardlnalltv tasks and®

in the counting back; just before, #ust after, anc bes,ween tasks.

Y

. . «: 4. Counting Back. Range: {0,1,2,3} .
I v .2, Just Before. Ranga: {o0,1} ¢
. 3; Just After. Range: {0, 17
7 4, Between. Range: {0,1, 2 3,4} ) :
. 5. Successor. Range: {0,1, 2} o
- 6, Predecessot Range: {0, l} , &
. ! =4
Mr_}_. The third,cluster of varlables was foExed from the ver-
'bal problems, to” be solved using no object;s. -'
. ) s
. 1 Addicion. Range: {0,127 {
2. Subtractibn. Range: 10 1,2} o ’
3 ‘hssmg Addend. Rgnge: 40 1,2} .

The, fourth cluster of . varl

<

R 4

Cluster 4.

anes was formed from the ver=
\

B

. ¥

-

. . ) ) . ) .
bal problems to be solved with obJects and the set partitions test. . -
C. ) . ¢
¥ . 1. 7addicion. Range: 5 {0,1,2} . T |
.. 2., Subtraction. Range: {O 1,2} T < -
- ] 3. ¢ Missing Addend. Range: {O 1,2} . . !
4, Set partitions I{gth Counting, Range: {0,1,2y ¢° . ]
5. Set partitions Without Counémg. Rdnge: {0,1,2}, . v -
v N ot 3 - : = Ed
. . —
v 'Cluster. 3. Thls cluster of varlables was formed from the addition/ . -
3 ‘ ) » ’ N _IY
* and suotractlon of' ordinal numbers tasks. ’ o % .
& ’J. . " ° " . - )
1. 'Ratlonal Countlng On, Range {0,1, ._} . . , ‘
©2.,' Addition of Ordinal Numbers. IRange° £0,L,% o N I
3. Ratlonal -Counting Back. Range: {0,},2} KR ’
' ¢, Suotractlon ci\:Ord:.nal Numbers. ’S and Q covered: <Range: {.‘,1 ?.}
Gluster 6. "‘hls cluster of variables was formed from the mental :
' a'r'ithmeticw problems's g . ) Lo , ' v
) - -
'\ Tl Addztlon Produgt Score. Rangé‘ - O,l.,Z}'
2. Subtragtion Product Score. - Range: ,4{Q,1, 2} . A
” 3. Addition Time Score.' Range: {0, 1, ...,n} - ) \ .
. 4, Subgraction "Time Score. Range: 1,2,..4,0} ’ ~
N ~.Cluster 7._ Thls cluster of variables was formed from the ‘gested -, . .
! . class:.ficatlon ta-sks, the loop incluslon tasks, and a post administrat;ién
A . o . . s '
—10£ the class j.ncluslon tesq N e v . .
— * - . o NP
. Y 1, Class Inclusion. Range' {0,1,253,4,5} _ L, L o)
2% p Inclusion. Rarge: {0,1,2,3} . . . *_q.,;__ o
;. N %S Clasgification A. Range: {0,1,2,3,4,3,6} - /" . Ve i
4, N‘Z&: Clasgification B. Range:f {{0,1,2,‘3',3,5,}_ / < ;
_ - : “ ,‘ ) ‘ ¢ N ‘\1 b - p £~
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- N - . ? » -
“u o - The Design qf the Readiness Study . e b .
;-, . ‘ ,) - 3 o ”
a .,v J e ”,.' LT o *v :"
. Sampl ' v . . T .

The flgst grade c‘uldren in Huntington Street Elementary School and
Roberston Lane Elemen.tary school le:y, Southeast, were used as the initial
: ‘population. All of,_these ‘children’ weére administered the SMSG fil__‘st grade

. . - . .. e .
3 b . LI . -

. test selected- by PMDC staff in September of 1974. The two scales used in the

£

4

z*ﬂ -
' sele;.tmn were SMSG Scale'\ZOA Counting 1} \4embers of ‘a ' Given Set, and SMSG  _.-

‘.Sca‘ 205, Equivalent Sets. Only those chz_'.l'dren For whom evidence w_as“present.

~

v ~ _.that they could count to at le'a‘s't)even were included in' the population.

- . . N S oea . .
. N . < s. - R , n s
- . . A
. o . . P us - . ' . .

Two readiness tests, quantitatiye comparisops and class inclusion,
were. administexred irtdividually,‘to all of the children in the populationm. ’
- s ® ' . - -~ t}_' .\‘.' : - ) '
Children were judgéd to be e_ither gross quantit'ati’ve comparers,,}extensive
. f . NC PR - '
quantitative comparers, Or, 1ndetermmate " Children for whom-evidénce was
- present that they Qould- not solve\the classj inclusion problem were then

-~

. . . A { Lo . RO )
, ’ selected. The children were then randomly ordered within each group of gfoss
a«nd‘extensi\ie quantitative ssomparers within eath school. Th_e\firs‘t six \*?

of each of the two quant1tat1ve comparlson groups were a551gned to the

. -
. T

experlmental group and the second six to the centrol group, as diagrammed.

- oo~ - 2 . ’ » 4 . - & : -: . ' - xw )
. . . . i P T
M . . . RETI < "Ss‘ ' . B i ._" “"
-, DR 28 ‘.
- - * A C - .
: 3 . . - ' . . EEN ‘L\'_.' -
;) 5 2 \ ) r 57 o "_5.'
’; R R Lt N . f - ,7\_”'/‘\_%
AT T g . 2 .
Schodl - Huntington s Roberston -~/
x v . N ’ - s . , v '-
<. eatment ; ) ) . >
< -, . - 4 B . .
_— Quantity Experimental Control Experimental- Control | -
) - - 4 L4 ' » . - . ' v
NN : ’ -
SR Extensive 6 6 6. 6
ey . : ‘ - . ‘ AY ' -
. B R - ~~
* Gross - 6 & - . 6 . ' 6
- ' ¢ d ) -~
i ) \ .,
s & y .
” o ¥ )_‘ % "". -

:' EN{C‘--‘ d - t L] :'” :(‘" :‘ - 4 )( ‘ s ’ . \: : :.))’ ‘:' o ‘

R L. . . vy 1.0 &k,
v R
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During the course of the experiment two control children (one extensive and
. . ] ¢ o= ¢

. gy -one gross\comparet) moved from the district and were subsequentiy replaced

v 4 : . ’ = .
+ by two extensive quantitativé comparers. ’ ’ >
. . N N

Il

In summary, the characteristics of the 48 children in the sample were

: ' ' - {
as follows: . . ) .
. . . a \
1. Each child could one-to-one correspondence count N at ieast seven
. - . 4
“
s 2. No child tould solve the class 1nc1usion problem.
N : . Critan - N '
- 3 ‘ 2 . . v N
) 3. \Qwenty four of the chiidren were extensive quantitative comparers
) and 24 were gross quantitative comparers. o S )
* . : ™S a - )
Tests” a > = . ' «

\

Description ojtcriteria on the readiness tests. In theé case of qdanti-

-

v e —— o ® Q - e

tative comparisons, evidence was eons1de]pd strong. if a child answefed
correctly at least five of eight questions w1th Justification.

A child

“was Judged to be a gross\quanti;étive comparer lf judgements were ‘made

H

'onathe bas1s of perceptuéi cues and’ a major?ty of the answers were not

correct. An Tintonclusive" categéz;‘;a; also present when clear .
. . o , . - . - . ) . \
judgements could not. be made.” . o _ . \
v s - R 3
i _¢ % ‘ . !

. - N

A criterion for the class 1ncihs1on testswas not at issue because

]
!

4

/
88 of the 107 children scored the pos;ib;

v S
"-children} seven scored one.

test were administened.

- )
. of no more than 30 minutes per sitting.

. ' :%uring February, each child was interviewed in three different sittings

..3“ 2 ) .
g NP R
ore ofzero@ Of the remaining
Shge ] ' I
Saly _ i
RENEN 1Y A & - s
t&s‘ 'The’test.inyolved in Cluster
Octoberrl974 "During February
;j v ¢
. 2N e
Eaéw 1nterview was audio—v1deo
\ .4 . ' q M
During the irst .
1 . ‘ E

et vaL
« . $

recorded as well as hand recorded by the intervieyer,

.
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EMC

e e

.\subtractlon test; and a ‘test called th formallzation test (whlcﬁ has
‘?

o . ! oaoo“
sitting, ‘the clags 1nclu31on test, the Ioop 1nclusion test, and the nested
-4

- . .- st - A <

c&asslflcatlon test were adm1n1stered,.iﬁ"fﬁat onder Dur1ng the second
'05 f o

. [N . *4:;\ ;:—: ‘ §
_¢itting, counting back, JUSt before, Jdét after, and between*taéks,

» ~'s

o AY %
' test; q”?ntltatlve comparisons test' verpal probiems with oBJeets,

the set partltlon test were 1nd1vidua1ly adm1n1stered "ip}that‘ d:

. During thé third s1tt1ng, the ment%l a;;thmetic test Ehe.verbal ; ob""

e
. R ‘5 a

without objedlts; tHe ordinal number addrtioq test, the orﬁ;nal numh_;/

. u\
’ . . y f. .

e - sy

- W ]

not beem described) were adminisﬁered, inethat order. The,testers for . i?p

., . ~ . - . K -
the experimental group were Mr. Chdrles Lamb and Mr.“ﬁamegpﬂirs ein.
.. . ‘ T W . ‘. .

The testers for the control group were Mr. Curtis Spikes aﬁd;MrﬁiﬁeE}ie
- ¢ R < T vd.

- « . PR L. © oy

LA 7 4

. Ja : .
N . b P oo e
- . . N .
.0 o' . " M

, e . :

. - M < . v e .

(W * et

( S

. S
Da¥» sources. Each audlo—v1deq tape was v1ewed and alL data wefe

1

Steffe. (ﬁ 4

bl
: ) ‘c.w

extracted from the tapes. The dgta wene coded on record sheets whlch ;

are presented id Appendix B. The record sheets are pxesented 1n the order

" ’.

that the tasks were administered to&. the chil Eenr

The first record sheet presented Appendix B

The columm on the left provides opportunity to

»

x - N N \ v -
pointed out each %ubset—and the containing set. The two possible answerg‘,h

are presented in the mlddle column for each task with the correct ch01ce

in all capital letters: The last column provides the opportunity to code

the child's gﬁsponse to the "Why?" question. For an item to be —

correct, the child had to respond correctly to each-of the two questions
» , .

asked. .The rationale was included as supporting evidence for the

presence of class inc%usion when available. 6erbal justification

¢

1 L \m.'.’““

s o -en

2
i
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4 e ."’s E
S ) )
Each ;tem-scored correctly
,on the second admiﬁ tion ,was given a score Qfgl /A score of 0 was as-—

o
s B o o “,

SLgned any othen response pattern for an item. In caSe'of the readiness

S . . .- .

X ° s

test, strong evidenc% Would be available for the preSence of class 1nclu51on

L.
B

< -

if fouf éut oﬁ five items were’ answered correctly with Justification on
S . . .
at-leastionévoﬁfthqse'fou iems. - Strong evidence would be available

. .
@8 [t :..f- -

. rEsbe e T L~ '.
_ror.thg?absence'of‘class inclusion if a score of 0 .or 1 'was gbtained.

v °..~' o .

Anythlng elsé woplﬂ be 1ndeterm1nate. - : .
\, :'a'.‘ ‘:/ ~ -7 b ﬁ?’
) c‘cTh second report sheet p}gsented is for loop inclusion. Task\A
20p
’9 ¢»'included three directions to the chxid In order to be given credit fpr
o0 e

e e, > - L

g tésk A correctly, a Chlld had to place the stick coﬁ;ectEY»for all?°’:

P - .

three d1rec§ions. In sych case, a 1l was assigned. In any other cﬁ%egf

e LT "'r//., /x—

l aEO'waé,assigned _The third difection was critical as the chi®d had to

:a‘ s( .

realize that it is not possible to place:f stick inside the green but not

v

1nside the red. Likewise, the child had to.place the stick correctly for

-

" each of.the three directions in task B to be awarded a score of 1. If

.hot, a score of 0 was awarded. In tdsk b, the child had to place the
. H “

.
- - . »

stick correctly for each of the two directions to be-.awarded a score of

1. , Otherwise a score of 0 was awarded.’ - : * ™.
¢ ! . ’

- -

4

‘The third record sheet is a fiow chart depicting the-possible response
) + : .

paths a Chlld could follow through the questions for nested cla551ficationf,

T

‘ﬁask A. There are, five rows (corresponding to the boxes), one for each
- . &
/

item.h,The,insert in the upper right indicates whetﬁ%r the child classified

3

-

the itemswin the warm—-up task. independently or whether help was neededa”

- »

. ‘ a t
The solid lines represent the correct response path. On any item, (each

¢ -

’ ;‘ > ’ .
box ihi'the left column represents an item) a score of 1 was awarded if a
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3 . . “ .
.

* '

':“ m:”{r d - - . * T
;ﬁ% //{’ child's response followed the solid line response path. ‘A 0 was awarded *
A . - - ‘ e .owt :

_ otherwisé. | .. . ‘ X " ‘ -

- ¢ ——— . - ‘e
“ - . - - - . ( ‘— K > N . N t
RS The fourth record sheet is a flow chart depicting theopossible’” : !

et P ot vy . ) .
o response paths a child could follow through the-questioné for nested,

P .A"Q"’,,'... ‘ . + .
S e é;gsﬁification;task B. There are six fpws (corresponding to the boxes), ¢
. ;(,:-f % R :.:}:‘ . AR . -

L _,. 8_ - —v-. . ’ . . . -’ ‘. . 0’
~...oné for each -itefn. The insert-in the uppér right hand gorner indicates
& . o e T » - .
e \ L \

L

el hether the child classified the items ih the warm-up tasks independently .

a

or whether help wag\ngeded. The insert in‘th%:l§wgf right hand corner ’

L < -

~

J indicate’s the yesponses on the nested classification supplement. Again, *°

’ a— » . . N ‘. -
.

'the“solid lines represent the correct response .path. On any item,,%,OQQ%e

of 1 was awarded if 'the child's respense followed the solid line? A0 K . .
) = - o .
- . «f : .- d .
' was awarded otherwises, ‘ e, r L
R € - R . : v a - ! ‘ -
y . The fifth record sheet presented ponsigts of flow charts.depicting. .. .

the possible response paths for rhe Zounting baek’test and just before

. IS

) e,
98; PA; and Pl2 indicate action sequences where

, “N  the child counts back frém 8, A,WQnd 12. A sCore,ofql'Qas»awérHed if a

3 -

~ child correctly performed Pé(éut not P& ¥ A score of 2 wasTawarded if . .
s . % - £l . 7—’ L4 hd R . -

\ - a child correztly perfdérmed Psfand Pl2 . could not

[
-
4 N 4

Y A score of three was awafded if all thr{lfwere dene. "4 0f+<0 was .-

° : }) . .7 N ‘e o
v .8 - g - ~ ¢ 4 4
awardéd in any other case.:>.B_,; B .; A_,; and. A .indicate the responses v
it y ' 14° P11 140 BPE I A0 . o pepses’
ool . . R S T VN
given to questions concerning what number comes sjust before (or just ??=

i K ' o
1 ]

coe and just after tests.

®
‘ - 4 13

Th

"
£

. . _—
- after) 14 or 11. & score of 1 was awarded to the,"just before' problem
i . . .

' H

- if either B,, or Bll were correct. A sgore or O was awarded-'in caseteach
was incorrect. Likewise, a score of 1 or O was awardéd to the "just jﬁj;n#“
. . H . R f&,‘? - . 3
- . € S N PE ' .
. ‘ . "C. ‘
question. - i ! - - e C B
’ ' ~ . —~ 4 . . , . . oo . Iy s -,

The six;hnsecord-sﬁeet presented consists.of a . flow chart depicting -
, . . e . - L S -« : . -

A P : Loy .
w . PA - .
‘ * - - ] \ » . A . ~
AR > ) , )
O - .. . . o L .
« ; P
- '™ A/ . f » . < N ) L
]: N/C s . ;gf s ) ! J y . o, 3 »
o v ‘e b4 . o, . N ' . .. . .
R - R S % ! c Lt . )
A - — - - 4 ama— P - iy - - e . ad e O Y T —




. M 7 -
. possible response paths for.the between tasks. A score of 1 was awarded

‘ .

{{ ¢ - "~ for,each corre‘ct response. - [
- . 1

’fhe-seventh récord sheet presented consists of a flow chart depicting

- . ' -

c. @
possible response paths a ch11d could follow through the questions for

. -
-

o the cardinal and ordinal numbelr Task A, 'The first box (pp + 1) rep'resents

.

- -~ the childis response to questionvl'asking for the successor‘of 9. If

. 1mmed1ate’}:*y correct, a scorg of 1 was awarded for Suecessor.“ If 'the child
* sl . ’ v
“counted from the beginning or didn't know, a response was ascertained

.

7,,‘ (box 1c) ‘for the successor of 10 (pAp +1 -;; p+2). In the case a child

was immediately corregct, answering "10" a score of 1l.was awarded for

, A
\ . Successor. In any oJther case, a score of Q was aw\arded Successor. ' Box
o ¢ ¢ d *

. 2 b@ pi_— 2) repregents the *child's response to question 2 asking the .
o ’chiild .to name" the seventh count,er“ giver‘r;the ‘position of the ninth. If.'

' iminediately lcorrec’t a score of 1 -was awarded to Predecessor. In any

other case, a Score éf 0’was awarded to Predecessor. Box 3 (q + 2 ﬁ ;fS)

3 ’ repres(ents ‘the child's -response to. questlon 3 asking the chlld to f1nd

- ’ the cardinality of S given the posn;mn of q + 2 = 10. * If correct a
. L ’
7 justification was asked for (How do you, know") Box 3b (q + 2 ##P) 1
" - N

L " represents the child's response to questlon 3b in Task A asking the ild

. s

) " th find the cardlnallty of P. Regard],ess of- t-:he response (q + 2. @ #Py,

the task was terminated.. 'If the response (q + 2;:?#8) for "question 3 ‘
< L - LA . 3 ! . ) . i ° .

g was incorrect, varidus other question sequences-wege possible. Box 3¢
L ! . ’ " N - . ' . - - L]

‘ (q+2 =b //P) represents the child's response to qJestion 3c of Task A
. askd.ng for the cardinality of 13‘ giverq + 2, 1If correct, -question 3
L - % |

- . wﬁ’s, ‘répeated {BQX‘3d (q ¥ 2 =>#s)]. In case'of any respénse: to |

‘question 3d, Task A was, terminated. If the response in box 3c (q + 2

[ “ S ¢ .. - .




—~
—
7
.

’ ' ) . - 87 . “. : ' :

. -
- -

i f:;>#P) is incoyrect, various response paths were possible and should, be . )

- -

. . self-evident. The #S variable*was scored from the rzﬁponse in béxﬂ3. The

#P Yariable was scored fro; the regyonsé in’either box§3b or 3c. The

#S~+ 4P variable was scogeg fraq th; response in either of béx 3, box 3d,
or bax (3f 65 3h);.andxfrom'fhé respoqse:in éithe; of box Bb, box 3¢, or‘ .
. box 3g. It shoula'be clear that responses froa box 3d, or box 3%‘9r 3h;; -

’
.

and bgx 3g were facilitated by the experimentér. ~ S
. . .

The eighth recozrd sheet presented is a flow chart depicting possible
C e . . e )
response paths a child could follow through the questions for the cardinal

and ordinal number task B. The first b9x (g +1 = q + 2) represents the

child's response:to question 1 asking for the sucgessor of 5. If the
response was correct, a l-was awarded for Saccessor. If incorreg}r qdéétion

. . °o  f - .
1b was asked.- If the response was correct a 1 was awarded for Successor.

In any other case, a 0 was awarded for’ Successor. Box 2 (q + 13 4#p)
R - .

represents the child's response tofquéstion 2 asking the child" for the

. >
> L

cardgnality of P ( the total number of objects)* given the position of

S

. q+ 1. TIf the child's response was correct, he was sequenced through .
L4 ! ¢ -

box 2a.- If the child's résponse was incorrect,-he was sequenced through
the appropriate sequences; box 2b or-box 2c. The #S variable was’ scored

- from the responsé in BJQ 3, The #P vdriable was scored from'the response

‘in hpx 2. #S + #P variable was scored from the responses in Box 2, Box éh,v¢

s, A

-

Box:2c, Box 3, or Boxes 3b. ,
! .
o - ' . o~ y
N .. The ninth record sheet presented is for the quantitative comparison >
/o . ‘ -
YO - -
-“test and the verbal problems with objects test. In order to be given -

credit for an item on the quantitative combarisoﬁ test, a child had to

ERIC. - | | \ | 2

T ~ e
.




O
.

. for one or more of the eight items. One point was given for

. .
L] ’ i ’ .. -

. ~ — < . -~
> ‘e

answer the relativnal question correctly and have a response basis which
I8 I 4 . ’ . . K

[} ]

; * . , : - .
indicated something other than_a selutioh based on perceptual features

7 .
~ R N .

- ¢
each correct
1]

0 N .
.

item.* The verbal problems were sgored on a right-wrong basis for the

o ¥
. <

.

"product score. Whether the child used objects and any observable processes

- ) v . .
' were recorded. - - : . ,

[N

S .
.

The tenth record sheet is_for the partifions -test. An item was ’
- ';‘_-,.e .

‘'scoref as correct’ if a corréct reéponse was given to -the ;elational‘guestion

- ‘ . ‘ R Y i . ‘. a‘ W .

and a justificatiosn. .

-

. . 5 - .
- The éleventh record- sheet is for recording responses to the mental

v w

’ ’ - ) . ’ Y
arithmetic test and the verbal.problems without objects test.. Of the
> ' \ - . . M ~

data recorded on. the verbal problems wi%hout objecys record sheet, only t,
. . N ‘ .

the célumn "answer' was usgéd in the readiness;analysfsf _The columns =
. B . .. . .o

) ) Lo 4

‘) » N . - .« < .
- headed by E, -§, E*+.S denote when the problem was'rgad by the: experimenter, .

>
N . [}

the child or bhoth., Othér columns are self-explanatory. THe items on.

. . B '
-

‘ .3 ‘s . . .
* both tests were scored on a 0-1 basis, O imcorrect; 1 correct, in the \

.
' . e ‘. !

case of the answer. ) . ‘ .
N 4 ° ~ . . .y

’

A,The twelfth record sheet is for recording the children's responses

s r .

to the tests of addition and subtraction

. 1

of cardinal and ordinal nhmbéq. A

* Of the data recorded, only the columns "answers" were considered for analysis

» . . -
, o cale ] ! .
,in the readiness study: Some Tomments are necessary to interptet the

R ~ ‘ 3 .

.0n the addition test,'racords were made of (1) "

’ . ®

other coding schemes.

. . s N

. : . ~ P \. . . - ., . - Y Ay
dﬁether the basis of the resporse was an immediately given fact, whether
A . . 2, -, - .
i * =~ ' T Ay, ‘

P the child counted on, or counted all; (2) whegé thé observed proc®ss were

.
.. —

. cprrect}y‘employed (a child could make an exegqutive error and still have

L
. .
v . \ ”
- ~
L IS - ‘




- . . - ) 89 ‘ . o F . - . B
- . o . i 4
-, . " . . .

‘the correct‘procesé); and (3) what answer_thé child produceﬂ tased on a

-
v

giVe§ process. A section was’ prov1ded for: tomments Qn the subtraction ~

+

test,'épace was prqvided to record wirether the child found the mfnimum

- . - -

element of Q, Whether the correct pro¥ess was employed f&ﬁvw given - -
- : x / .- C oy : S e .
. k3 - -\ ) ° ~ -)/ - g -
process, the answer, and the sourcg of cardinality of S. The latter
N . LN - . h o °. N
. [ ) N -
could be obtained in varidus ways. S L

1\
.

A ‘ . A.
. Treatments . . N ) s .
< len . ’ s - 1‘ / i~

~- .

. - s, v @ -

Ee3cription of the'treatments. The children in the‘antrol\Group 't

- R v ‘ \

part1c1pated in their regular mathematics program, Elementary Sehooﬁh

°

Mathematics for Kindergarten through Grade 6 (Eiéholz and.Martin, 1971) )
s N . s , . ; IL < ,(v . | 3

The children in the'experimental group particidated in mathematics classes\ :
© + .conducted by Leslie P. Steffe and . Curtis Spikes. The 12 experimental )

children in Oglethorpe échool were taught from 10:00AM to llEOOAM'Monday,

Tuesday, Thursday,,and Friday and the 12 etperimental children at Whitehead e,
,*- °, *
Road School were tauyght from 12 OOPM to 1:00Pm on quday, Tuesday,‘ R
@ . B . » .t
Wednesday, and Friday. Instruction began October 1& 1974 and ended January-/"
. . ’ H

17, 19/5 for the experimental chi?dren T e PR © S
. . . ] » N
. . . R -

The instruction in the etperlmentar groups was highly, indiVidualized

. - S ) o3
. for, ‘each child in that very few seSSions were held where group inter;\}ion ters
or group demonstration was used. Because'the instructibdn was individualized ?
. . N « . B LA goe L L

. s, L]
“the children frop the &xperimental group were pooled for data ~ :

-
. ¢

. - analysis. o v L -
T, e . .o ‘ > ) o ..~‘;' :’
- o v The first instructional week was spent on ciaseﬁfication where thé (*

. '
T -

\ N ' W . BN . .
" terminology "and,", "or,"” '"not," ”some," and "all"™ was introduced. The % *°

coptent of the classificationd were dog, sqyirrel and bird cutouts‘apd : . 3 ]

. .
) . . .y * -~

balloons, tov soldiers, toy horses, and toy cowboys A sample:instructiqnal

3 3 : ‘ .‘ ’ * ° * (
-segsion is given below.. o S, v o R
Q . sty D ' . ‘ . , &
ERIC - o CooE e
e i o ' . Ce .

- - . . : = . . s .
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_Objectives™ Givena collection of five dog cutouts, two squirrel cutouts,

" [
I3 ‘3‘
K
!'n v LN
R
’ |
.
s
s
3
-
” 1

Aétivities:

o Y
F B

- ’ . LR

-

N

. and-three bird cutouts, the chiLdren Fhouldxbe able to:

‘1. Select alls of the dogs, squirrels, or blfﬂs; ,
. . .
. o o , |
2 Select all of the animals that are not birds, squirrels, .
or dogs; . e
3.0 Select:all of the animais that are not birds and nag .
-~ N ) ' ,
squirrels, etc; ' - ' .
> P d '
4, Seleckrsome of the animals; and T -
‘5. State thaE—the\dogs are some of the animals, “but -not
\ . M -
- ~ : ‘.‘ ‘ -
J »aly of the animals, etc. ,
N * N
a. Give the children the animal cutbuts and have. them select
» * V’_;’_ A .
) the dogs, the squ1rrels nd then birdsﬂ A *
0 3 )
. b. Have the children select the dogs. ' Then ask, '"Do you
) T ’ . - e
-* hdve some of the animals?"™ .
" . B ’ T
e e ¢ .
'c. Repeat (b) using the squirrels and birds. . .
] o .
, d- Repeats(b) using combination of two of the ‘obvious ‘ .
' :subsets., ’ ..o ..
e.  Have the -children select all animals that are mot N
‘- " a el -3
_-squirrels, birds, or dogs. - . e . ‘
.o ..' . Y . X g ‘- —
: ,f.'uRepeat'(e) using combinations of two subsetsf ‘
g. Ask the childrﬁs to compare the number of squirrels
. R i . -
and birds, squirrels and dogs, and birds and dogs.
1 .
¥t .
e Then have them cbmpare the "animals agd dogs, the. <
. - . § '/ N
. ‘ 5 ‘ R 4 :
+  ahimals\and squirrels, and the animals and, birds. .
4 M . 'r .
. 3. '/'_ ) 4 * »
® . ) > 0
~ . /‘_l > . * . ‘w\
- vy . . « ° ' '“ -
R . ‘ . A
. —.1 ‘_—\’ . »
. 1. . ' L
: ! N oL
J) " ‘ B ' ‘ ¢ b f ,.
. .,




The secdnd instructional W%eek was spent on, partitioning celléctions .
~ —— -~
. M . Q'"‘ , .
of objects.® Three-basic activities were designed. The' first was designed

- ’
N - . E3 )

using two, subcollections with counging; the 'second three subcbiléctions
4

-

with eounting, and the third more than. three dithout‘cgunting. Samples
" LN . M . , - . Tos
. .

. '

9f-€hree activities are giZiE.beLow: o . ] C
. ° ~. . - _ v " .

- . . -

. . N . L S
Objectives: Given a collection of objects, the child §houIa be able to

. s . i ) . e L .
* partitioﬁktﬁq collection intd subcollettions and realize that:

.
- 2 -

1. * There are as many objects in‘the subcolléctigns as in .
- . 'y . . . [
4 . . P . s . \

-
"the original collections, and . .

. 4
.
-

. - N s . . ./ . .
/2. The number of subcollections are compgnsated bysthe"

! ' " . . \i . L]
-number in each subcollection.. ' - "
LA . s o ‘o .
Materials: , Construction paper with two nonovexlapping rings drawn
. . ‘e T

1] ©
inside of’ another ring.. .
P e : R 5

- . '

. o -t « « ~
J

. r .
.and gtress. .
1,

. :Act{vitigéz‘ a. Instrdet each -child to coumf out asn objects
’ - oy 'bw- . s .
that gach has ten.. -, . . - .. ¢ ..

Have the ehildren place five.o?jects'in each of the two
) ) T 'Y .

< . . : . ‘*P

rings, and ask, “How many hate (pointing to the othér)?"

‘ ) . . . .
and "How many altogether?" ' °*, , -- = - |
. v - ‘. Ty ., -

L » Coa ’, - . i
Have .each child'take ome objedt from one of the rings”

. ’ IS
. .. - . RIS 2

azid'place it .in the’other and repeat questionsg in (b).
¢z - . .

o N e o - . .

° L TUERY ,'
d. Continue additions and sybtractions of one object between

L et ‘o . . .
. thé‘rings unril allcéﬁbiﬂatiQnsshmmipg,to 10 are covered. ™
- F > ’ ) -
ot L . .. A ’ H

Repeat the above activities using nine bbjects}keight
. S . . ot .. . . .
. e . .

‘objects;'seven objects.:-

L}

-
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.
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The experimenter and children.each take five objectls. °
. - ' $

- -

. + The exﬁefiﬁfnter puts two in Gie ring and- three“in.the "

~

vy

..

®

e

h. Instruct each child to pour his popco?ﬁ in;o'a glﬁb .

e

j. Repeat actiyity (b) changiﬁg ‘the number‘of glasses . .

)

e
[J
o

N

L . . ’ .
other #ith the three covered so that the children.channot
¢ . Lo "—) N . ~

-
N +

see the'obiects. The éhildren are then asked to find .

.. - ¢
.
“

out how;pany the experimenter has' covered by using their
. .- : 5 . -

objects. Repeat with other combinations.

% 1 t
- i 1

Reﬁéét'(f)_gsing other total ndmber of objects.

@

.

. . -
~

Ask the children to-estimate the number -of-kernels ¢f

, - e ¢

/?obcorn in their glass. Check the estimation less than

20 through counting: After a few eétimations,.éell the

-
‘ s

children that thgre are 100 kernels of popcorn in edeh -
glass because they were counted. RO

Form pairs of childggg and have one child of each paiw

pour his pdpcorh inta five'glasses and the other-into’

s ——
1 . -

twenfy glasses. Then ask each.pair who has. more popEorn

or.iﬁ.they both have the §ame¢nﬁmber of kernels." ‘

- L4

P2

- .

- *
around in each pair. TN . SN
. ’ » - * N ——— kS

d k%: Have each child pour his popcorn into ten glasses. .

‘ 2 ’

. Ask the child if he has the same numbér of kerrels ™

'

L A 1

AN ' . -
of .popcorn, before pouring as“after pouring. 3
. . . s, .o ” ° .- ':~.
. ° . . o. l’.
> [} ' .‘a
¢ N = -~
. .
A\ y -
. . o P ,
- A + / - ‘;'
N ? . . 4 :
> .
v t < 14
IR - : |
V) N H
1 "<'J te A ] R g [
—_— - , 7 L - . R
[ .' , [ . L -

.

Iy

.

L
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' ‘Materials: Three closed Strings of differént colors where the strings

. " 1. Line-50 glasses in a row and have each child pour his

. . ~
; 'pd;éorn into the glasses, some in each glass. 4sk each
o X . B . . -
i child Eo comba;e the number of kernels before pouring ’
S " to the,humb;r of kerngls'agggr pouring.
'The Ehird %nstqyctional week was spent on 1oop‘inclh§£6;s aﬁd ] s

- -~
- - < .

intefsections. Sample activities are given below.,

~ ~ ‘. & . .

- A
f . . . >
.

. Loop Inclusions .

» .

, the child should be

-
\

Objectives: Given a chain of srings,

i

. able to: . N ' . . _

. N

1. Place an object inside of exactly oné ring, exactly

-

+ - two rings, etce, ‘ .

N ~ . ~

t any ‘object inside of a given ring'is,

. 2. Ascertain tha

.

also -inside of its-containing rings,.and

.
4

. 3. After objects are placed inside of each riné, find how
. ERE . T - L -
o .. . o
- many are inside of,a given ring. . ” ;

.
o

-

can be used to form concentric circles, and a pile of tile.
- . . "

» 4

Activities: a. Givé?each child one ring. Have the children put dne of

: , their hanQSa;nside of it. Take the ring and‘Fhow ;;e
.- : 4 . ~ N
A ' \ children*ggit it w?il %ot‘come off% so their hand‘is N R
'. .o " inside ;f'ic. | :
- ° 4 4 .
v ‘ b. G{ve the children éwo concentric rings. Have ,them put _

¢

one of their hands inside.of exactly one ring. - Show the .

.
v . > x

N childrén that thgif'hand is not inside of.tﬁe'innermost

.

- ring because it can be,/picked up and .their'arm is not
N N t

e

=N " v ofn

- 104 L B



.
-
“s

. ' ./ © 94 . -
. S

‘ ° v ‘./ . i ' ’ ,
| o . . ) " inside of it. However,:for the outermost ring, their °
o " - . . . i Lo« . T ’
| — ‘ . .‘,j' ¢ lrtand iS'"caught." . S . .o : L
: . . I , - ? Y »

et . ,C. Using two concentric rings, have the «children place pne

ot ) . of their hands inside of e%actl? two rings. Assist oo '

. ) S . -
: : = children who have difficulty by showing them that neither
ring will come off their hand.

S ..

S

. . . d. Give the children three tings and.have them place tile '

.~ .inside of exactly.one ring, exactly two rings;. and exactly

~ - I

three rings. )

> - b 4 4
—_— . - .

R ' e.. Place the flve rlngs o the ff%or 1né£he aDproprlate
way. Instruct ‘a8 child ‘to 3tep 1n51de of exactly one ring. ‘ .
Discuss whysthe child ie‘inside of eaactly one ring -

’ - a . uéing the dperational definition given eaiLiet. .

' . . . 1 .

-

- - Y N . & . - "‘Nf* ‘.
. . A " Loop Intersections P .

% ‘ Objectivei Given two or three overlapping'ringé. a child sﬁ?uld be able .
i . noo * . . ~ ‘ R

| . - ° ’ . N
\,\\‘ YoM to identify-the interior of exactly one ox more rings. -

,r ) '\/' - ' ~ ° N \ )

) - Materigls: A collection of rings made of differént coloréd yarn.-

Activities: a. . Place 'two overlapping rings on the floor and have each

child stand in different parts of the 1nter10r-—1n31de

Vo ..

lh

of oney of the other and both- \q%scuss why the children

) ”.

. . stand where" they. do each time. - RN
—_ A SRR EEEE R I /
- ,‘ T b. Give each child a.Ehécker, and have them place the

: . . - checkers 1n31de of exactly one‘rlﬂg (e.g., the blue ring )
; . S ‘ 4 . . . ;

only), and inside of exactly two rings (e.g., the blue )

¥’ . - N - .

" . ' ‘ring and the red rﬁnf?. . -
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o ‘ c. :ﬁlace three overlapping rings on*the f10odY, a blue,

- . .

v . a red, and‘a green ring. Repeat (a) and, (b) with .

L3 : - »r v ’ N
N e . .o B

. ‘ ' appropriate modificatiom. ’ ' *

k4 ) . 4 ‘ ’ s

: The remaining.instrﬁcbional time was. spent on addition and subtractiog.\ .

. . .
.

The instruction was sequenceg according to the learning instructional

- . v - . . s .

S
’ ophases for addition and subtraction. It is here that the instruction N

0 ., ,

N

s . was highly individialized. Cons$equently, it is very difficult teo describe

any one uniform instructional sequence. However, the learning-instructional s

- . - -
" phases for addition and subtraction are presented, after which activities
- ¢ .

. [ . “ 'y
.. @ i .

are'elaborated. ) . \ .

In the exploratorv phase, for the children with rote-counting '

abilities,, add1t10n and subtraémion -problems were "not attempted until Jhey

. acqu1red p01nt—count1ng abilities. This means that ch11dren who were . ‘
- N @

.

rote—counters were glven many concrete examples of poift” counti\g to -
bring their level of counting Upfto the level of point—counting., This , )

was done in the’ context of counting all strategies for addition and

o suhtraction,. The counting—all strategy was used to solve addition and . i
a. ‘ v
subtraction exercises at thezexploratory phase. The children at thls R

T phase were given the problem of determlning hog,many elemefits there

were in two sets, S and Q, when all the eIements of. both were put together.

A4

The elements of S were countéd out, the‘elenents of Q were counted out .
- ' and placed .w,ith th‘e ele.me%ts,,of :87 The chi;ld.:ren then ‘counted out a'ld of '
, - - the elements of S\JQ = P. The studgnts tpntrnued.these.tyhes of';ctivities : -
’ with obj&cts andtwith their fingers; and worked sﬁontanebusiy from
.. : . . .-
~ " bath verbal and\writtenwinstructfoas for basic addition facts. fhis
\ means that-geinggtold: "solbelthis prdblen: How much is sig andjfour?" o .

I4 . 2«

O

FRIC -~ . ' Leg ‘-

az

%

2

oo g . -~




, ~
‘ . .

"4

r‘—.\\\‘;«md being given the symbolized statement--"6 + 4 = " eliciéed-tbe

same problem-solving behavior. In the case of using their fingers, |

-
. -

the students counted .out six fingers, counted out four fingers, and then

. * . B

counted each finger and determined that the answer was "ten." Concrete

A
o . .

objects were abandoned by all of the children after about two weeks of ,

[4 . . -

instrugtion o addition and sdbtraotign. Finger dexterity increased-

~ 1if the sums_ were ten or less. ’
. - . v

. > -

All of the children in the exper}mental groups were“introduced to the - . o

A M . v

explpratory ?hase of addition and.subtraction. The ‘reason foa,"is decisicdn was

. . »
. » -

that an attempt was made to let the children differentiate themselves in
instruction to th% abstractaon-representatlon phase ‘for addition and' subtrattion.

v ' .
/) It was expected that the child}en who were extensive quantltative comparers ‘
3 .
would enter the abstraction-representation phase more quickly than would'

»
. ¢

‘ . a! N ., ‘
the- gross quantitative comparers. The abstraction and tepresentation
phase 'is' described below. . e T ,

1 » ~ . ~ “ . @ B
. LI . K
In the abstraction-representation learning phase for addition, the

bhi}dren can yse the.counting-on strategy to solye .the problem s + ¢ =

.- s . . s

[:] ., Rational counting-on, R-1, is used, since the child ¢énsiders

1
v

either one of the numbers as a starting point and the other numbers to
Vet ] * ’

’

tepresent avset of units in the verbal Ehain.. For example, to sdive

: - . o N -

9 + 3=m[:} theastudent mlght select'nine as his sta;tlng poiyt in
r‘ ‘ « s -
#Q
hlS verbal cha1n and count on tnree uﬁits more 1n the chain:

. . ., " »
1" P y . -

twelvel". There is no peéd to count "throggh the forward
. - . C

'"ten,

"eleven," "

verbal sequence to' the eumber nine trom one sinhe the child extracts,

ﬁentally, the cardinal property of "nigeness." At, the same time the
- ) . .

child ipitiates a .three unit cgantigzgg the numbe; nine in the verbal

« rd

i
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leis needed here. When'givenfthe_missing_addend problem, .the missing addend . .

¥ child is asked to solve.the problem.byjcohhting back. s ’ ' - .
RS card with«three rings on it ¢ q

* " placed into the other ripg. The childiin zere “then asked to find how

. . -

- (mental) chain. Thé child does not need to count each unitfiﬁ the ‘problem .

N

but does need to, keep a tally of three Units. The missing addend is . .

o - N * ' A s 14
solved with a-rational counting-on strategy that also utilizes a tally, .

. . . .. _ _ .
But in a different way., The leéel of rational counting labeled“R-2

. - . . B - + .

- . ‘:‘ * :1‘ ¢ ' Yk . .
is perceived as part of the sum;total. Given the problem to solvey

. .
. M . 4

3 + E:]— 11, the studentvcounts-on from three to, eleven and sym?glizes the

v .

[
.units of the missihg‘addenalw1th a tally as he counts. In finalizing

the solution% the‘thild péint-cdunts the tally either simultanebusly N
= .
wnile counting on. or after. The subtractidn prgblem is solved with R-3 , i

4 L3

level countin -—counting back 1thout tally The child sblves a proBiem
g

. like 9 - 5 a[:] ) by starting ¥t nine to cQ#nt the units 1n the backward

- (%3 . N .

ordinal sequence. ‘He cqqnts‘back,five units to the gumber five and -t
RN y :

L . ¢

. < e . )
mentally extracts the q%xt number in the_ backward-ordinal sequence and N
* . - ' o~

' « . R - . .

r
names it as the solution to the prablem. In this problem,situation, the <

<
]

.
? . -~ -

. . - . . v T oo
L] . [ .- b - -

Instruttions ‘on counting‘dn and counting back activities were given .

- e .
s - I'd ¢

" to each child.- The first R-1 level counting aCt1V1tleS were as follows. -

P ~

..was used, Objects -werg ) .

L Y

of thesringsl These Shjects

counted_ out while being placed into Qn
. ., o

uwere‘screerfed from view. bbJects were - counted out while being

. R Y K ) - .

.- ’ r - ' . )
. ] . . . . \
many were in the big ring. Couqting—all,strategies could be §sed to - . .

soﬁve the prbblEm .as wéll as R-1 counting. The goal of such ac@ivit%es .1

’

was- to have the children abstradt,“through counting activities, that the
. . Tl .
" - . - -

objects covered did not.have.to be recdunted, but one-codld start’with

- . ‘
. \ - . . . -~ — <j
\

. . f . : : . . i

v N N
.




- .

) B
B ' A .

, L “the number of objects covered and count—on as descrlbed above in the

¢

. . L.
- LAY Ly
N, abstraction—representation phase. P
. & » . " . ‘ -
. . .
; s From the active-gnvolvehent‘in counting physical objects, ‘children' |
s . - —
- , * ° < .
NP werg presented with exercise sheets with sums, They were encouraged
» . e ’ .
1 . N ) . .o .

. . & .
v o use tally marks with gsncils in either counting all or R-1 counting

' § - . . s 3
‘e .
LT . P

H" oy ts o 7 las’ they'weréable, 7 T F P Teo o o % - Y 9.
* .

~%

.
. . 4

X The missing addend problem was first presented using a variation
b ] ‘ ]

.

‘ "
- N - - «

-~

’

—— told there were:a certain number in the big ring, .sope un8er the cover,

. .
- . . -
.

. v -, -« - oD . = .

so how many were altogether.' R-2 countihg behavior was modeled by the
A

teachers and by able chlidren for those not able to display it.

SN Because some of the children had a great deal of difficul;y with .
. k ..

R-1 and R-2 countlng, the solutlon to the misslng addend problem presented

R i,

. in symbols (5 +-C]= 7) was modeled us*ng*partltlonlng as a base. In the.

case of the,example, seveg objects were coqpted out, five of the seven

.

were counted out, and then the two were cotnted out to go into the box.

. _ RN s . R 3
.o . in that'way. Efforts were then made to take the children that were able
t ~ - . 1 >

into solution by R-2 level counting. ~ ~

. v . A .. ‘. “;
\ Counting-back activities were also presented, first point counting-

! . = . - ot

s N

" alk an&~thgn rational counting back without takléingi Then Eountipg—

.
e - I3 4

. back activites were then incorporated into subtraction exerc1ses such

= as 5 - 34 D//The children were give\ng a counting—m\ek board as .

~ . -
- B W . . e

- .

Qe " - =1 ’«l Qf(\ . e
) EMC A © - - ‘ . .
P oo nc SR : .

g R—l éountlng behavior, 5;ansform1ng_1t to R-2 countlng behavior. .

'Instead of_counting each golLectiun and covering one, the children wére °

A child with couhting—all strategies co?;d éxecute;the solution presénted

4 ) follows. They were' shown that to process 5 - 3 on the board, they ‘would

-

-




&

-
-

s
-3

B

‘.

a

start-at.fiﬁé-gnﬁ count off three, to find the answer "two." An attempt

was-made to émphasize that even though, say "6" appeared under‘a particular

tile, it told how many tiles there were up to and including that tile.
R \ ¢ -, \ ) .
Structured materials were used due to the great dif%&culty child experienced

) . .
’ ¢

*in rationil counting back. : . . .. . .
4 * ’m » . . ~ ’

\ -

. ‘ .
All of the children were presented with counting-on and.counting -

, T back strategies associated with the three equations & +8=§; a + § =-8;,

and*8 - @ = §, and @ and 8 known and ¢ unknown. The, third learning-

- instructional phase was also dealt with in instruction. This learning-

1 L

instructional phase is called the formalization-interpretation phase.
a ] :

The formalization-interpretation léarning'Bhase for addition and

-

‘subtzaction is, characterized by. the interrelationships of addition and
% . subtraction. The student fh this final 1éa§ning phase for additfon

o 7 and sMWtfaction can relate problems of the type 9 - 5 = [:]and 9 ==[:]+ 5.,

\\_~ To beéomg aware of the latter equation from the first one, the R-4

4 L

comting--counting-back with tally--must be employed an@ utilized in a

special way." ,The’student’counts back five units

, :
3o ‘
’

nine to the number five~
| F

nine and he preserves the five unité counted-back, as part of the nine.

* The numbers five and four are parts of the number nine, The numbers four

P! - - L . y
o LS . e >
2 . s . . Ly . _ M
. K

c ’ - Lig

" with a tally (mental). He preserves the solution as four units df the -




Te o _* 9 and 4. ~ R e Ty T

"O . ' " v . 4 }” s
. ) . . .
ang five are considered as units. l

-

LI

7 So, the child "realizes (wij? reconstructing the 5 units he counted .
back) that 5 units counted back bn to four units results in the original T
. .9 units. In this way, addition and subtraction are interelated. So,

' when a child finds the sum of 5 and 4, he also knows the difference of .
*

. The opportunity was given each child in the treatment to enter this,

leérning—instructiodallphase through written work. Eamilies of equations

S

’

»
’ .

. were presented to the children for solution, such as 4‘+,S'==[:]}'

* i+ =9 [(+s5=959-4 - []; anda 9 - 5°= [[]. e children

‘-

were never told the interrelationships but were left to make the observations.
> s * ', - M *

'Tbe written work for each child was retained as children differed greatly in

- . , ~

’ . -

the amount of'hritten work they could do. .4 ,

t @ ' - .

®

. Addition, subtraction, and missing addend problems were given. to the

.
- N

. children to sdlve during instruction on addition and subtraction. The
. -

\f‘ * " problems were presented in written format. Children who could read the

.« -

»
. - 2 N .

- problems were encouraged to work independentlyﬁ- They~wer5'enéouragéd also .

- "

to write a mathematical sentence for each préblem they.solved. The ¢
L . \

w“

probiems were read to the children whd could not read. These clildren

N . “

o ‘ were also encpuraged,téswrite mathematical sentences for the problems )
they solved. o .
. i h
s - . . * : ‘
' o The children were allowed to use-the hand-held calculator during the

~

. - v . . °
© 2 188t four weeks of jnstruction.. The role of the calculator‘was to check

.,
-
L U

sums or differences. » < e ¢ , ;
. CoeR ‘ . .

S . e ’ . ' T L ’ '

. . . * A (N

ERIC ST S
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The’ Research Hypotheses . ' - _ .

. . The research h&potheses for the readinéss study are stated. for each

: cluster of variables. Rationale for the ﬁypotheses.are contained in the

previous sections and are summarized whenever appropriate.

N -

Cluster 1. The research hypotheses advanced for Cluster 1 variables .

-

. : X . o -
are as follaws:
4.

- 1. Extensive quantitative comparers obtain cardinal infor-
. ) G . :

mation from ordinal information to a greater extent than gross

PR \ .. quantitative comparers. . <t S

2, Ekten%ive quantitative compérérs who aie taught counting

\ » ‘

strategies will be able to obtain cardinal. information from
N ordinal information to a greater extent than extensive quantitative , .

-
. . e - °
. - » - « ¢

N - N . —
o . comparers who, are not taught counting strategies.
.\ ” hd . ) . .
L - 3. Gross quantitative comparers are not able to obggin
{- ° , Y ! EY L N -
) cardimal imformation frow ordinal information regardléss ,

. . of being taught counting strategies.
B . N : L .

-~

o 2

- Qldster 2. ' The research hypotheses advanced for Cluster 2

J .
variables are as ‘follows: R

~ . .

: o~ *
L. Extensive quantitative comparers and gross quantitative

Ebmparersido not perform differently on the vafiablég .
- : - : : ~ '
Counting back, Just Before, Just After, Successor, and’ N
Predecessor. N '

2. Extensive quantitative comparers will outperform the
. P o~

e
Y

: ’ gross quantitative comparers on the variable“Between. <
} . -

: ) 3. The childrén in the experimental and control groups

J . 7
. do not perform differently on all variables in Cluster 2. . .
+ o - '. - . " w | : R _
- ' ' > ' ’ ’
. , . . ’
. \)4 - . . “ l J a - . . 4
ERIC X v . ' |




"
J"’\:ﬂ‘
EN

‘.
I

-

2

O

ERIC

Aruitoxt provided by Eic:

.
-

§ -

. ‘
[N

' Clh§tér 3.. The regeatch hypatheses adéancgd for Cluster é variables
) LT .

- Y " N " . . > 2] -

[ - - . R X .
are as follows: .. N ; " ’
’-’." - ° . - . - . - - N

‘ >

!
-t

-~ ' “‘1\ PRI

1. Ektensive*huantibative‘compaiers will solve verball?'pfesented

* v missing addemd problems better than gross quantitative comparers,

4 - - - - . )

leferenQES w11l also exist on additlon and subtractlon BN

¢ . -

. problems but not” a§ acute as” for the missing addend problems.

Moreover,- Subttactlon is more dlfflcult for the gross

14

: . ’
P : 2. The experimental group will out-perform the control

. grdup on all three problem ﬁybes. ) N

. . ,
. . . - . N L

Cluster 4. The following reséa}ch hypotheses are advanced for the
_*‘— . .

< L

. ' 2
pretest.- : -, .
. .. B

. 1. Gross, quantitative comparers are not able’'to solve the
. N X >
L

> missing addend problems nor the subtraction probl

. 2. Extensive quantitative comparers can solve addition:
SN g T - . . i
LN and subtraction problems and can, with moderate success,
h . h 5 © - ;

- . .

' -~

. solve missing addend problems.

N s 3. Gross.guantitative comparers are not able to solve

- . v

. 3' "are able to solve these ‘problens. ,

‘?S . 4. Extensive quantitative comparers will outperform gross
- . T . . M ! '
— . » - -- N B . ]
‘ o quantitativé comparers omw all variables of the cluster.
- * . ) ]. . U . Y ———

In the case of the posttest, the following‘hypotheses were advancéd.
1. The children in”tﬁe experimental group will outperform the

-, . . — '

childéen in the control group 6n all variablégﬁexcept addition,

o+

where there wild be no differeace in performance. This

. hypotheéis should be es%ecially,true for the grqss\auantitative

P

comparers. -

S 113 : o, .

quantitatiyecompare%s than addition,” *° . =

set partition problems but extensive quantitative comparers -

..
T
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L

o : .
. e . . « . ., ]
are as follows: CT .o - » ’ ’ ‘

Cluster 6. No ;eseéich ﬁypotheses are édyanced for Cluster 6 vériable.

Ciuster 5. The following research

ot

. 103 7 .
R > ‘ B < .

. - s v ' N 5 .
2. The extensive quantitative comparers will optpé%form the T

- €

[ . . . : . ‘ N
. 8ross quantitative -comparers id the control group on the .

R M - " Y »
.variables missing addend, subtraction, 'set partitions with '~ N
counting, and set partitions without counting. '

. B . . . o WY
. ° © . a
hypotheses are advanced for.Cluster ;
. . B LN
- ! .
1. Extensive quantitative comparers are able to (a) ratiéaar

«

countion, (b) rational coult back;J(c) solve Brdinal%numb?é
[ ' ) - h

/ - 1) PN M
dddition problems, ande(d) solve o%dinql number subtraction

o N »

probless .to a greater exténg}ghan gross qﬁgntitative4compare;s.
, i -y o) . .
P . . e .
2. The experimental gross'quangﬁmatlve comparers will outperfotm .

’

the control gross quantitative comparers. on the rational coqgﬁing

* on and.tﬁe ordinal numbet addition problems. o ' 5 .-
1 co -

, , SR . ‘ )
3. R4tional counting on and addition of ordinal number problems
B I . . . 2l

.

('S (' AN . o .
* . v . < 1
,, 3 [ °

are higﬁly related. . . . - .
4, Rational counting back and otdinal number subtraction
» ( . . L

problems are highly related. ., . % v~

bl .
7, .
1 7

- . b -

Clusteg 7,~.The research hypotheses advanced for Cluster 7%variab les

s 3

¢ - T S

' D]
'=l. Quantity.-is not a readineSs variable for'any of%the’
. JE [ -
. - ‘ ~

classification tasks.
‘. i3 ' B

2. The experiméntal group will outpetrform the -¢ontrol group
I's - - s

LT

¢+ on nested classification tasks and on the loop inclusion tasks.
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; (Statistical‘Analyses * . N .
o S
? e " ’ " Item analyses. #An item analysis was conducted for each test whenever . -
¢ ' W ’ , . . . N 'S - b
i appropriate. Program ANLITH, an item analysis computer program made o PR

available py the EduQational Research Laboratory of tﬁg Univérsity 9f Georgia L

‘ . P 2 IR L - X 3
id . .2s4,%as psed to conduct the item analysis. The prpgram was IHUEELE¥EE ‘fot. oo i
3 % e T : Y N

T
s

use at the Educational Research Labﬁfhtory by4Yi-Ming Hsu and was developéd
%_ . , .
" by Thomas Gropeck and Thomas A. Tyler.

¢

Item difficdlty.(b-values) are'reported’ for each item. " A p-value

.is a ratio of the number of correct responsé€s to the total number of

L] 4 » -
- . [ . v

, responses for an item. Test means, standard deviations, and Cronbach's
~ b}

Albha‘reliabifity coefficient are reported for each test as well as . o

1 . [ -
s * the frequency distribution of total scores. - ' ’ :

N LY

Analyses of variance. Multivariate analyses of"yariahce were conducted

-

* for each cluster of variahles and were used to test the research hypotheses.
. § .

u

- v 7 . -

Program MUDAID, Multivariate, Univariasq, and Discriminant‘dnalysis of ~ -
- Irregular Datay was used for the analyses of research (Applebaum & S .

’ { * Bargman, 1967). :This program is available through the Educatlonal -

<7

- Research Laboratory at the Univérsity of‘Georgia.;

-

4

- Quantity was used as a classification variable (Extensive™ vs. Gross) .

o C z

- and treatment as an independent variable in‘éll.analyses of variance.

. e
v . Ve o < -

Each éﬁalysis'of.yariancéythgn,‘was.Z,x 2. A univariate analysis of *
s . ' 7 . ‘ﬁ _,c"*f’ (]
. (o] y . - e e . . . _
- variance and one or more discriminant functioR§ (corresponding to the

- * v N >

. . : L~
significant effects) are reported in cases of gignificant interactions

.

. © . -or main effects in the 2 x-2 yultivariate anaf&ses. Correlatipn matrices'
‘, LR . . ] .

W'Y -

ﬁ./(?;'  of the dependent variables are’also presgnted. - ‘

l
. [l

4 ' : - il : . - 'f
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Aruitoxt provided by Eic:

B - N
I

Etis " 4 \ @ I 5
. t ) ) v * ? .
- - , ° Vi . % .
. e . -
s f ~ b, s
a . 106 ‘ ‘ KN '
. . |
* . & L2 {
: - O
i Results of the Readiness Study - ., ~ : . \ '
e ) . ' ’ -¥ . \» ) |
» . 5 o |
) Item analysés . — ) - ) : s, s
> - » . ] . , N - ‘x‘
~ Item analyses are presented for fests of ghe readiness variables and .
R . . N . ‘ ) B
for tests of some of the achievement variables. “These analyses include a
- - - . o S
. - . . |
difficulty index for each item, a frequency distribution for each test, ah
{ . ) . Y .
i » o o _ — . Vs .

mt\efn‘él_‘ consistency 'reliablilj.tyv coefficient fior each i:‘es}:;' 'test meahs, ahd -

b

test standard dewviations. o . .o . b,
Quantitative comparisons. The test of quantitative comparifons ~.
. = i . ‘\' . l’/ .‘/— ‘ - ¢

. < - PR ‘ : -
(A’ppengix A.11) was administered to 107 children as a pretest, “Table 1 .

¢ - ‘ < <
Ld i A . : > > ‘l : ) 1 e y . ‘ : *
tontains the difficulty indices for each item, and item characteristics.: D

I‘tems 1,2, 3,°and 6 were of comparable difficulty. Ttkese items either ﬁadA .
o . | I P R . : R N
. . ' ’ ' . ‘ ’ ;;\Q‘;zn\ .
( L. . Table 1 N e g — )
) Difficulty Indices and Item Characteristics v ) I
: " ffor Quantitative Comparisons Pretest L’ st l
P o ' . LT . o . _ R N
' — - = - - =
Item Difficulty ‘ Item \Charaetérist;:ic ; )
P . " 9_’ : 4 .« : AN g' . = ) . l
SINE .70 Triangular arranggment,_six red, six green - {1
2 - .74 ] 'Réctangular arrangemen v,‘u‘six red, Jeight, green . . f
iy - . . s 9 .. L - '
/ .3 r73 " Random arrange;nlt; six-réed, six green o
. . [} M ' » ‘ b N - R . ")’ ’
4 “\ -V A - e Linear arrangement; Six.red, six green . .
’ . . o0 " ] L
5 .49 Linear arrangement; eight red, eight green .
. ' " < e ’ .
6 . L7200 i Random arrangement; eight’ gr:eeg,.si}': negi 2
7 ) .59 ) Circular arrangement; eight red, eight green ~
8 .54 . , Random arrangement; —eight red, eight greeﬁ '
. - . N X4 £y . .
. . 4,:' »‘ , . o
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Aruitoxt provided by Eic:

it

-
3
2

; . <tm 'lOl L Co . ,

a configuration conducive to solution by visual inspection (triangnlar or

. \ \o ’ , s - N

rectangular), had two\collections of 31x objects with a random artangeﬂbnt

Qe

] o - o

(item%3), or contained a collectiqn which apparently hadamore than the 7 .

- s Vo
.

'These 'items ail demandeﬂ an extensive gdantitative comparison

~ . RS 4

other (item 6).
a, .
for correct solution due to difficult geOmetrical configu}acions or eight 2

- % E) v ;

They were the critica? items to

objectg in each cpllection to be compared
e . soe ey N

Y .ot i . . . . -t ° o ”
separate th ‘extensive quantitative-cdmparers Prom the gross quantitative &~ -

- . - -I . ' o .
comparers. - \ szff ; . , L .
. o a \

- M . <

L4 -g‘ 5 * \
The test mean was’ 5.01, standard deviation 2.58, and internal con- ‘. . .

. . -
@ -

sistency reliability .84, The reliability of 84 supports the claSsification

-

- into extensive and gross categoftes.. Further justificatibn of the validi<z

~ ’.\. s,

of the twe quantitative categories is that if a child scored at least 5

- ~ .
. » - - -

out of 8 cqQrrectly with justification for his answers,;evidence“was strong <,
.Q, ‘ . v . . . ,_5 .: _ .
he would have made an extensive &uantitative comparison. Evidence,%as‘
4 '» » ) - L
strohg because at least one of items 4j ?, 7, or 8 would by necessity
LI ¥ . &, «

‘e : R

*

L
"~

LY

have to be adswered correctly with justification. B -
. g
The distribution of -tggal scores for ‘the éight item €est was as follows.

}

Eleven children scored zeyo, five scored one, five scored two, ‘seven scored

,

“three eight ,scored four, ten scored five, twen%y—one scored seven, and

nineteen scored eight. . The rathet large ffequencies for the’scores*ﬁive,
- & « - \

si%, seven, and eight can be attributed to items-1, 2 3, and 6 e In retrospect

- -u‘,

those iteths dig not negessarily measure extensive quantitv. N .

>t -
~, » .. r
.

The test of class inclusion (Appendix A.10) given ( e total first- ' .

- . ~

. J , . R .
gride population was extremely difficult (88 out of 107 scored zero), b’ Coe
no psychometric analysis was needed. Evidence was available that only nine .

. ‘ ’ el . e :

children had class, inclusion. ; .2 ' :

’

s

(1%

" T .

-~
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‘ L 1 Table 3 - . ; -
‘ $ « 4 L] )
ropooooas . Difficulty indices fqr #S and #P Tests ) , .
4 » ‘,’a f, R . R ' . #Q’
- - " * o T .
’ ‘ -3 R ’ . . . . " . - B
\‘ - P ‘ X .' ; ‘a
e, -, v Test . . ) ’ 4 > . " ;
.“ L N . - - s .
' Item : Number in S . Number in P.
1 T 3 246
‘~ 2 56 44, :
. " - & ! .
U T . WY ’ . <o
fact that the second item was from the second ordinality task and the child
had processed a considerable amount of information about the task before _ ! 'e‘J
: asked to find the number in S. ’ ) - . ) V.
- - - {.~./ . . ) - > ) . - ” .
* . ’ Table 3 | - ‘ o
Frequency Distribdtions,vMegns, Standard Deviations, .
and Reliabilities of the #S and #P Tests a
- | . o o . i e,
. . ] : - T \
- -Frequency* - - L . :
. o Distribution . , . '
R r” e P \
2 : . L4 :(
. 'Totgz Score . ' 4 . ..
i .y ’ ! e /% ’
' - ~ . co -Mean, | Standard, 7 .
Test - 0 1 2 _(Percent) . Deviation _Reliability
S, - - - . — ‘
- Js 16 23 9 .85 (42) - - .71 . W15
I . , * ) . U » .
e P N 17 719 12, .90 (45) CLT7T . =33
-~ AN u . . . :

- € . ‘
- - \ * ,
- 108 el
Number in S and number in P. Table 2 ontains the difficulty -indi ' ‘
er in S and number in_ afl§~’,¢on ain e culty <indices _ .

for the Number in S and Number in P tests (Appendix A.1). The'firsp item -~

. 3
o Number in § test was more difficult than the second. The first is

R B & ] J
probably more indicative of the difficulty of thebﬁs items due to the
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The frequency distributions, means, standard deviation

[~

g, and relia-
?

" d e_ N
bilities for‘#S and #P.tests are given in Table 3. None of the distri-

2

‘ butions appéﬁr'fo rebresent normally distributed variables.
: \

.

The relia-_

bilities are extremely low and are a reffection of the rather large number

of children scorimg one out of’ the two items correctly. .The items were not
: ! et y ,

homogenoué. This heterogenddty may be a result of.the items ‘being on

A SR L I B
‘different tasks and in different sequendes in

3

’ @ . g -

3

-

, . S [ [ ]
each task.

£y

» * While.the law reliabilities may be attributed to, the fagf that.the tests

~ [

. . < * - 4 ‘:
contained only two items, the tests were administered individually by - '
L "‘oﬁ - ' . -‘ . [
competent testers. Such individual-administration.should minimize errors
N . - . ' i
of measurement. This argument strengthens-the necessity for better task
. r

4, '

. design for tests

~ .

v

of #S and #P variables. -

¢ i, .

In the event differences for main effects are detected in the amalyses
5- - ~

variables,

«

-~

-

of variance‘for #S or #P .Qhey ¢an be interpreted. The reason

-
~

such inE%rpretation is possible is that, given\éignificant differences (Béx,

h| ' . ' .
for quantidy) a preponderanee of the children scoring zero would “have to’
be in one category and a preponderence of the childfén scoring 1 or 2

. )

-

* \ et
would have to be in another category. For children scoring either zero

- . )

or two, ‘it is reasonable to}conclude tbat they did not or did have the

T\

P

ability to obtain cardinal information from ordinal information

. respectively. For chil
. . )

-
v

» -

. pretation are present.
. \ - _

. i

£6r {#S or #P variables, ﬁo:iﬁterpretation should biﬂpade.i
- , ‘ o 7 e

A ]

........

<

.
k]

(4

dren scoring‘one, however, diffiqu1t¢es'of inteér-

In the event differences are not detected in the analyses of variance




» - -
- . A - i3

e L. S
- Problem solving without objects. Table 4 contains the diffidulty

indices for probled solxfng test without obJeots (Appendix A 4)., _The
A
. T1jydices are-surprisingly high for-a problem solving test With no objects
- L A - t : )
§ esent.

El

R \' . 28° R4 ’ ‘ .
-

. - 2 Table & , U e

‘.

£y M ot . " ) ~
1/{ *:Difﬁiculty Indices fBr,?roblem'Solving Test”Without Objects ..'9

| T
~

. . ; . « . ’ . <

¥
¢ - /
. ’ - - ,

& Ttem. ' Difficulty” . ftem Type

a

1 757 . P Addf®jon”
. ~'H\¥ s v '.‘ .81 ' g Addition
3 . ’ s . C. .73 - jy,a . Subtraction~

4 ; , : .69, - . : Subtraction .

- - . . 4 >

Rand S .54+ ' ' Missing Addend >

) . , .. . . Q .
\\. ~ 6 . N 42 . - Mirssind Addend

< - : —
. : . /
The missing addend problems are more difficult than the four addition and
J
subtraction items; as expected The fndices for the addition and subtraction

items are quite comparable but greater than indices for the missing addend
~ T e

“items, indicating that counting—all strategies’were hsed during solueion

. b
. ., Table 5 contains the frequency distribution, mean, standard deviation,
* - v ‘ - - . ' .

. °

"and réliability information for. the tliree problem types. None of-the -
g * . - PR

-distributions appear to represent normally distributed\variahles: The

-
- *

iriternal consistency reliabilities are quite substantial for'ngtraction
N : e - ) <. . ’ ) ‘ . '

~+~  and Missing Addend but rather modest for Addition. Insbectfgn of the "

.
~ . . P L} .

frequéncy distributions show that the missing addend problens were

1,




Table 5

Frequency'Distributions, Means, Standard Deviatichs, aitd .

Reliahilities of the Additioq, Subtraction and Missing

Addend Tests*WithE‘rut 0b3 ects

1

~e

.

Frequenéy Distributions - 4

T , -
Total Score . -

- .. . Standard’ - © - .
0 T © - Mean: ‘Deviation Reliability
' (Percent) - - - REE

-

Addition ‘ : ‘ ’ 1.56.(7§?’
Subtraction *- ) 1.42 (71)

-«

Missing . h . , X -
. Addend . . B ; .96 °(48)

<, 3 -
¢

)

almost an all—or-nothing phenomenon. Thevsubtraction prdblems were easier

than the missing addend problems; but yet only-8 children scoﬂ?d one of
N - \ »
.the two correc;ly The additioﬁ problems were: quite easy for the children

and alllbut -four, scored at least ope‘of the two4correctly. The analyses of

variapce should. be interpreted wlth caytion in the‘case of the addition

’ . -

problems if no significant differences exist. If differences do exist, a

t preponderano/J\i\children who scored 0 or l would have tS\Qg/in a category

' together. So, here again, interpretation would have‘ to be made. wi%h cadtion. ’

v

-+ There is nd difficulty interpreting results in the analyses of variance
~ ) e ’ . Iy
for the.two othér problem types. ’ e

-
-

. \ ' - £ :—'
Problem solvi;g,w?th ob]ects and_gartit!ons Eests. The problem solving

s 3 z

test with objects_(Appendix A. 3) and the partitions test (Appendix A. 5)

<

were administered as pretests. The ﬁfoblem solving test consisted of

(28
.

Ll o
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Sy

-~

13

two addition items, two subtraction items, and twe missing addend items,

12

.

o

\

. ‘These three item-types were considered to be subtests. The partition test

was made up of two items @here the child couﬁted and Eﬁo'

»

items where' hie
-

.did not count. These item types were considetred as subtests, Table 6

v

contains the diff{culty indiées.for

°

’

¢

%,

each item of each test. .

4 ~

Table 6

6

< "

Difficulty Indices for Problem SoIbiné.and'Partition Pretests
* ' . .

«

A 3

Problem Solving -

1

Eartﬁtions
Difficulty  Item Typ@  Difficulty, Item Type
A N - : <
1 ‘ .48 Addition .52 ' With
) : Count
2 487 Subtraction .60 With
. « : ’ ' _Count
. . )
37 .19, Missing A Without
- Addend B . Count
4 .46 Subtraction .29 Without*
E t ” Count _
5 - 56, Addition
6; R - » 015 ».Missing T
v Addend . ’

o

It is apparené,from Table 6 ‘that the indices for addition and sub-

< R
traction are approximately the same, but the missing addend problems

k2

. yere more difficult.

Moreover, the indices for the two items with

1Y

-

v
-

counting in the partition test are.each considerably greater than the two

items without counting, which did not include-a particular number--

only the relgtion

s

.

L2

¢ . .
" .
"the same' number." *

123

¥
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Table 7 contains the frequency distributions for Fhe two total tests L
and their subteSts. Nonerof the distributions appear :to represert
nordéfly distributed variables. For items with' counting and without
. counting, responses ior the variable Partition nearly reflected ‘an all-or- a
¥t > <
nothing phenomenon, since scores of one were relatively few in numbér. ©
: L Table 7 _
' e e ‘¢ .
Frequency Distributions for Problem Solving and Partition Pretests
- T f
.Score ° oL B -~
TTest ., O\ o 1 2 3 4 5 6 '
Problem o . . T ) . *
Solving Total 16 4 3 9 9 4 3 e
. - . # . W .
Addition : 17 12 19 - - - - . -
. 4 , o .
Subtraction 20 11017 - <= = =
Missing ) . T ® .
Addend - 36 8 4 - - - - - ,
*  Partition ‘ : . . . ] . - ¢
Total : v 15 .4 14 -3 12 - - - -
" With Count 17 8 23 - - - 4~
R @2 - . P } » ' ’
Without o ‘ s, !
Count - v 2 B A - = X .
Because ‘36 children scored 0 on the missing addend items, that subtest .

_did not contribute a great deal to-the middle three scores in the total ~

T -

pqpblem solving test distribution. As the difficulty indiqesvfor addition !

and suybtraction were arourdd .50, those *items should have contributéd heavily

to the middle three and possibly upper three scores in the toté})tesfz

s hd P [l

A . - . . -
,%“”distribution. Consequently, one would expect the a distgé?ution of nonezero

.
f=

L5 i . lt) o
&4 .




’ HN S N
. -
N -
)
. 2y
5 .

b

b&11-shaped. The actual distribution of the total

g 5

scores to be nearl

- e
-

test met this ‘expectation. S .

Table 8 centains the internal consistency reliability coefficients,

means, and standard deviations. The reliabilities of,the tests are
§u§gtadfial except for thé variable Missing Addend,‘%hich was a very

difficult test. The reliabilities 'support further analysés of the data

Lo 3
1 4

) - : Table 8
2 5 Reliabilitfes, Means, and Standard Deviations of Problem*

]

' Solving and Partitions Pretest

Statistic L < oot
J . Mean Stangard
Test i - Reliability (Percent) , .[Deviation
., . b -
.Problem < - gt ot ’ <
Solving. _ .82 2.31 (38) © - 2.00
-Addition °* . .68 v 1.02 (52) : 86
Subtraction & .70 .94 (47) .88
~ ~
Missing Addend. .58°° Ty .33 (16) - .62 R
-. ‘ ‘ ° * v ) '
- ‘Pdrtitions . .80 1.85 (46). , " 1.54
With' Counting .. ..80 T1.12 (56) 90, - v
Without Counting S84 h .73 (36) ".88
- . L 2 ) a

'a - -
" tLe
- P ~.

amd alrﬁw those analyses to bé_interpreted with the confidencéﬁthat the . |

3

o ) L[4

criterion measures are internally consistent. In fact, the reliabilities -

. associated with the twg-item subtests support analyses conducted using, those

]

-

subtests as dependent variables. T ‘

'f

A -
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The problem solving with objects and partiﬁion tests were administered

as posttests as well as pretests. Table 9 contains aiffibulty indices of

the items of each test. Very substantial gains: from pre-to-posttest were

- ‘
- © . =t

. H

Table 9 ) N < ©

A

Difficulty Indices for Problem Solving and-?artition Posttests

-
- . . P
.
A3

. but not consistent with those observed in Table 4 for the subtraction

'Problem Solving . Partitions S
; . L e
Difficulty Item Type - Difficulty Item Type
1, N Addition - .77 & Vith
¢ ’ ’ : Count
2 ;52 | Subtraction * .73 -~ - With .
. . Count
~ 3L . - .58 " Missing ! Without -
S : ‘ Addend ..o Count
s, Ns2 Subtraction . .60 -  Without
' Count
5 : .75 - Additfon . - . - ’
6, . .50 ) Missing - . -
' . P + Addend ,

e

made in scores on the addition and missing addeénd items and in all of the
. \ z )

- - & N

itemSiof the partitions test. The diffiqulty indices #or the subtraction

.-

and missing addend problems are’ now comparable and all are less than the

- f -

indices for the.addifion items. The problem sleinéritem difficulties

L d

\

— -

in Table 9 are consistent with those observed by Steffe and Johnson (1971) v
° R

. problems, a result to be explained in the secfion Analyses of Variance.

3 -
-
-
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Table 10 contains the frequency distriButions for the two tetal :

tests and their subtests. All freqﬁencyfdie%@ibution§~changed from
. Y x‘ »

pre;to-postﬁésﬁ from the lesser to thé,gréater scdres (See Table 7). = ¥

v - . :
. C - A

As subtraction was worked on in the experimental group,. it is surprising

3 . -

that the frequency distribution was not altered in the same gﬁgnitudé as
IS .. N g . * -
the other distributions. Interpretation of the changes in, thé distribu- . - ' .

tions 4s delayed until the section Analyses of Variance. ‘ ' j "

W
»

. ’ Table 10

-
t .
~ v

. r~ .
Frequency Distributions for Problem Solving and Partition Posttests

Score , o . .
Test, ¢ [ Q = 1 2 3 4 5, 6
¥, * . , 86 R . -
Problem . . T -
Solving : -~ 6 5 7 4 6 37 17
Addition . L7 12 29 - - - - - _
SuBﬁfaction S 21 4 .23 - - - f
. 3 R &
Missing Addend 17 10 o2 S - -
) - . - v . 3 \‘.\
Partitions’ 8 3 6 4 4 27 - =
Total ' * . . ' »
With - ‘ . 8 8 32 - - ¢ - .=
Count ) . . . e
* . ¢ . R h'a -
Without T 13 7 28 - - - -
- Cbunt , . 1 . -
" Table 11 contains the internal consistenc& reliability coefficients,
. s (( . i \ . PR

means, ,and standard deviations. All of the reliability coefficients, except

~ . — a
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117 ~
_i;é: \\'for the addit;on subtest, are substantial arnd again support analyses of
P ,l ' . A
| "variance using the subtests as criterion tests. The rather low relia-
/" * . . * .
bility of the addition tests is to be éxpected because the test was
N Table I1
> - rd , . w o . ' ‘
Reliabilities, Means, and Standard Deviations of Problem
ES _~ o - ’ :
: Solving and Partition‘?osttests
o ’ i
Statistic “ ’
Test Reliability Mean ~ Standard
<~ (Percent) Deviation’
. A [
. LN \
Probldm .86 3.58 (60) ‘ 2.22
Solving * | M ‘
-~ Addition * ~F 54 1.46 (73) . T3
Subtraction ’ - .91 (1.04 (52) ‘ .96 .
. ) . 8
Missing ' " ' N e
Addend ’ .74 - 1.08 (54) , .89
. . - ! | ¢ #/ .
. Partition .87 2.81 (70) . 1.55
< With Count .72 1.50°(75) - .76
_Without Count .82 * 1.31 (65) . . .87

relatively easy (mean score 73 percent). :The standard deviatiohs'remaiﬂ

-
“
\ A
<

. substantial and reflect the fact that children scored at each possible .

-

score on the criterion scale, with heavy loading at the extremes.
. ; . " ;
’

”~

. . . R .. R —
Addition and subtraction of ordinal numbers. Tahle 12 contains the

-

diffioulty indices for the addition and subtraction .of ordinal number
7 -9 1 ‘ .
tests (Appendix A.6). The rational counting on-items, modeled by._
. X Py

- * .
N

- ¢ * —

b3

“

~ CIzg T

u
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)

v a+B=¢, & annown, were each fairly eésy items. ' The missing addend

problems, or ordinal number éddition items modeled by o+ E=B8p ¢ uninown

t eég‘ \?

were also surprisingly eaéy; However, the ordinal number subtractipﬁ

were diffiedlt;, as were the counting-back items. Item difficulty;is

—
.

somewhat a function of the particular numbers involved. T

A -~

R4

Table 12

Difficulty Indices for Additio# and Subtraction

.

' : of Ordinal Number Tests: ' ‘ oo
3 ) - \\ f’ ° /
Test Ordinal Number Test. Ordimal Subtraction Test
’ /
Irem Difficulty Type - : Difficulty Type
' - - - $ ’
1 . .77 Counting-On »54 -Counting-Back
. a+B=£ . , i ta=g
) + > No tallying
_ . ..
< 2 .73 Counting-0On . .31 Ordinal Subtraction
%+ B=E : - . tta=8
Tallying
] 3 . .71 Ordimal Addition - .56 Coudting-Back ;
4 C a+&=8 C E+a =8 . -,
v . ' No tallying
.:‘(‘ i i R ./.“
) - . .56 Ordinal Addition .19 Ordindl Subtraction
s, a+ g =8 x - E+a=8 o

Tallying

.

Table 13 contains the frequency distributions, means, standard
Yoo =

deviations and_reliabilities for the total tests of addition and sub-

? .
. traction of ordinal numbers. The reliabilifies associated with the two
< ' S

tesgg with equation forms'a + B8 =and £ +a =8 W%th tallying are rather

A

low. The former is easy and the latter difficult, each of which cohﬁrg—'

butes to low relidbilities. The analyses of variance for these two tests should

LI -

Q - ' N L:f’




. R o' ‘
Table 13 -
AN
. ' | . .
Frequency Distributions, Means, Standard Deviations and Reliabilities
. . l ‘ i
of Ordinal Number Addition and Subtraction Tests !
- . Frequency : . - ¥ , -
. " Distribution* .-t
. * Total Score - .. - o
Test ., Y- 0T 1 2 Mean Deviation A Reliability
o . ’ (Percent) \ Lo '
- ]
Counting-On 6 12 30. 1.50 (73 .71 .50
‘ ' )
Ordinal . ‘ 14 7 27  1.27 (64) .88 © .84
Addition . . -
Counting . . 20 15 13 . .85 (42) ¢ ) .82 © .61
Back - \‘ - ' .
. \ . ’ : : ) -
Ordinal 20 20 8 .75 (38) 72 Y 47
. Subtractibn . . .
" ¢ X
be égfiﬁitely intérpreteﬂ, but with some caution if no differences are
detected in the analyses. i
Mental arithmetic. Table 14 contains the difficulty indices for the
mental arithmetic test (Appendix A.7). The difficulty indices for the
time score represent an average time ‘for each item. The subtraction
exercises took, longer, on an average, than did the addition exercises.
Not-only did they take longer, but tﬁey were more difficult. - .
Table 15 contains frequency dist:ibuti%gs for the mental arithmetic st

test, product score., Table 16 contains .the same data for the time score.

]

R - . .
— ~ *
.




T Table 14 °
»

Difficulty Iﬁqidés for Mental Arithmetic Product éﬁﬁ Time Scores..
. o _ A * ’ Ca P
—— ) ‘ ﬂ " 2 ¢

'"ﬁ Product + - Time ’ Item .
Score - . Score . »  Type.

b
L4

.86. 1, . 14.62, | Additiop
-» o .
75 Tt 14002 © Addition

' 21.34' " Subtraction

24.00 . Subtraction

Table 15

Frequency Distributions for Mental Arithmetick

>
v -~

Product Scote

Total -

Addition

* Subtraction




_easy certainly contributes to this low reiiahility. No:interpregation should

-

- Table 16

Frequency Distribution for Mental Arithmetic Test: ‘TimetScore"

[} <

Interval,

Total ‘ 16-115% (36)%% 115-214 (9)  214-313 (1)  313-412

Addition T L 0-%8€0) . 18-117 (44) i117-216 (3). *

.

Subtraction 0-99 (45) - . 99-198 (1) 198-297 (1)°

PR . *

*time range in seconds <

s

**Number of students that completed the tedt within the time interval

given. ,

.
“
- ¢ . 9 -
2, . ° 2

" Most of the students tompleted the total”test within the ihterval of 16 to

. - C
115 seconds ~- withinh approximately, two minutes.
b c ., o -

Table 17 contains the reliabilities, means, and standard deviations
. N 3

[ .
Il

. q . - ® M v
associated with each of the product scqre and the time gcore.” In' some_
, ~ o N L A2
casas; the reliabilities are extremely low. For the add@tionﬂiteﬁs pro- R
w, . . " o o
duct score, the reliability is only .15. The.fact that -the tést was e

~ ’

be given to the analysis of variance on -that measure. The reliabilities
" - ik 3

assoclated with the‘time score shnuld be interpreted as a measure of. the“

consistencykof the time it took to do each problem. Iff for example, it
by

took consistently much longer to do omne subtractlon item than the other,.

o

a low rellabillty would be the fesult. But if it always took about the

same tlme,pe 7hbstantia1 rellabillty would show. Just because the addltion.

ot g -’ ~ s

items ate»much closer in difficulty than the subtractloﬁ items, ome cannot. )

1 4




1l

.{ ’ for the reliability is less for the addition time scores thdn for the '

- - - b
subtraction time scores<

[ ’ “ -  Arithmetic Test:

. 122.
vsay they took closet to the same time than did ‘the subttactionhitems,

[Fed

N

Product and Time Sco?és

’ . . ' Table 17

“

L3

%iliabilities, Means, and'atandafd Deviations of the Mental ,

Ny
T

\ ‘ N ' ) . \
\ - . .t 4 . R
= Statistic ) : ).
- Mean Standard
Test ° Reliability (Percent) Deviation
- \\ .
Total: .19 2.65 (66) 1.50 Cf 2
-- Product
? ‘Addition: 15 1.60 (80), ~  1.16 -
Product ’ . N
Subtraction: .65 1.06 (53) ".g2 -
Product ’ T ) et .
o Total: ° ’ .77 ; 73.98 o~ 55.29 .
"x:> > Time o %
© 7 Taddition: .49 . 28.64 To29.12.
Time
Ry Subtraction: T 61 45.34 31.83
Eime - . \
- ’ 7/ <
) :\_—

0

. nésted classification task B

° . items are quite close.
total test corrected for.overlap are .58,

<2, 3, 4, and 5, respectively.

the items of each test.

BN

.

H

e

-

77, .70,

1ndicate each item functioned well as a, discrimifator

N

i

. e

*See Appendices A.10, A.9, and A.8.
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.87,

Class 1nclusion, loop lnclusion, nested»classification task A, and

The difficulty indices for the class inclusion

Table 18 contains difficulty indices for

‘Moreover, “the cbrrelations of each itém with the

d .82, for item 1,

B

These yery substéntial 1tem est correlations

Q_w

§
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x

: Table 18 T,

3

.

) Difficultp Indices for Class Inclpsidﬁ, Loop Inclusion and :

.. a great deal.

. context (intersecting rings), it appears to be measuring Something quite -
different than the two others..

, A '
4 . correlation (conneéted for overlap) of .35 between the ‘third item and the

was relatlvely easy compared to the first two.

total test.

b

regionsxk

rkh *

. a sequence of four questions involving attributes dirrelevant in the nested

classification.

In retrospect

“~—
In the casevof items 1 ang 2,

L3 b 1

2

»m

5"

.
o -

e . . * -
Whether the number o

5 ki

In the case of the loop inclusion "test,:the third item

LY

When considering the item
I3

his claim is supported by the 1ow

— though a cAild looked at,two intersecting,rings *as forming three separate

“,

the probability was great that a’
child had to view the nested rings as being nested in an inclusive sense.

In ‘the nested classification task A, the most difficult item involved

f questions, the irrelevant attribﬂ%es,

” - Nested Classification Tests
» \ . ’
Test Class Loop Nested Class Nested Class
s Item i Incf@sion InLlusion Task A f’ " Task B
k\— : o . * ’
. 1 .38 S Y - 81
-2 .26 T % 53 - B
3 .26 . .66 . .55 .79
r 6 . 32 o s .30 < .64
5 .36 eose T .43
6™ . \ - .81
e a --: s —
1] r‘ ry ) A '
. The dlfficulty igdices of the items in the>Fhree other ﬁests fluctuated

the third item could be answered:correctly éven

3

x
N
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. N -

-~y * L] - . o -

or both contributed to the difficulty is not clear. The two most difficults "

" items of task B

-
.

7\@ not involve irrelevant attri.butes, but :athegclassi—l-_ M

fication of the buttons. ‘Apparently, chilgren in some cases thoughti .

e R .

that the object;/ in the box ¢ould be :a white ‘button.

-

[N

- - . .
' Table 19 contains the frequency distributions and Table 20 the reliabi-
¢ . .

. .

-~

;'Tge class inclusion test is highl‘yV.nternally“ponsiétent, but‘the'

repaining three‘ are 1onl‘y moderately”x;éliable given that they were con- I

+

’

4 = % . LW P ° w
structed to measure ‘a- single capability. As the last:item of the loop .
. * h ‘ i& H N - .
, inclusion test is faulty, it undoubtedly contributed to the low rglia\bi}ity. ’
’ . ., ® - et : . A
N k3 * ' ‘- < . 4
- . oo » . - , ¢ -
s P S ®

by

lities, means, and standard deviations of the tests. It is apparent that -
the class incluéion test is quite difficult: yith approximately one half . ’
of the children, scoring zero. Fifteen of the Thildren. displayed scores of .
at least three, which iadicated that these children learned how to S01vE ™.}
r ' . '
the class inclusion problem during the’time from Sept”embef/tb F7ebruary. v
- [
1 R M P e . . -
: . Table 19 con X
* . Frequency Distributions of the Class Inclusion, Loop Inclusion, ”
U . / N ,
oo and Nested Classification Testg. ’
" .N ! hd - ' - kX i
© Test 0 1 2 3 -4 5 6
. ) . - . R . A
. ClassvInclusion, 23 ‘8 1 .3 J LP -
-~ v K ’ . - e -
Loop Imclusion 12 - 16 "8 11 2L o .
Nested Class: & 2 7 13 11 5 9. .
. ! ) a . .
—’ﬁ«zst\ed Class: B! 4 1 5 8 + 10 8 11 -,
% Y — .



Reliabilities Means, and Standard Deviations of the Class Inclusions,

. >

v -
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“Table 20

-

~

Loop Inclusion, an? Nested Cl&ssification Tests ’ .o

4

. 8 - . > T. <A
JeStatistic . T 2 .
R . oo Mean Standard .
Test ° : Reliability« » (Pércent) Devigtion
)
. Class Inclusion : .90 . 1.57 (31D 1.94 ' ° )
s T, * a s ) - . 4
Loop Inclusion . +65 +1.38 (46) ©1.10 s
. - N g
Nested Class: A, .55 ) 2?79 {56) . 1.44 5 ° :
. . . -t *
4\ R
Nested Class: B .76 - 3.85 (64)

1.80

Whethe® the nested classification ‘tests -are good measures {s, at this

L .

spoint, an'oben question., They do not possess'particularly good psycho§~JZ

-

5
metric properties given the way they werg constructed.

&)

.

Analyses of Variance

e 2

-«
~-

Cluster 1.

(#s), ﬁumber in. P (#P), and Number in S + ﬁﬁﬁberuin P‘(#S + #P).;

. .

-

;o

»

.

-~

[y

e

A
A ]

The variablés included in Cluster 1 were Nymber in §

variables are defined in the section The Achievement Tasks.

P

'comparers obtain cardinal mformation from qrdinal information fosa greater

-

-

+

w

3 .

-

-”

-

b3 T e

-

~

These
The researeh:

~

‘ hypotheses to be tested in this section “are that (l) extensive quanuitative

.

bl
-

extent than gross quantitative comparers, (2) extensive quantitative =

comparers who are taught counting strategies obtain cardinal informatiog

A

~—-

wtco

-,

~

.

from ordinal 1nformation to a greater extent than‘the extensive quantitative

- N

- ‘.

-«

1

comparers who are not taught counting strategf”§, and (3) gross quantitative
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v
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. - o .

-

comparers are not able to obtain cardinal information from ordinal infor-

-~ .
-

- - mation regardless of being taught counting strategies.
The multiwariate F for interaction of Quantity and Treatmemt (F3 42 = ,62)
7 Y E M . . - ! -7 >

1 3 . .
Lwaslnot significant. The multivariate F for Quantity was significant

s
’ ‘

= - (Fau 4o = 314, p < .JOS) . The multivariate F for Treatment was not significant

v o

(F'3 42'= .39). Table2l contair;s the.'. raw weights of the discriminant function
, -

.
« . M . 4 b .
-

. . ‘ » S .
for Quantity and the total group correlations of the original variables

with the discriminant function. Because Quantity was significant (p < .05)
» i - N »

o -

* the univariate F-ratios are presented in Table 22. The variables showir.}g {

significance were #P and #S + #P for Quantity. The fact that #P and #S + P |

. <h“. '3 ¢ s
yere"‘significint for Quantity in the univ(qria“te tests corresponds quite,—

[

_well to the.facr. they contributed fp‘os_t. (correlations, Table 2I) to .the ’

{ . . > . ) . ¢
* separation of the extensive and grosg quantity groups. The cell means Q.
o~ for the #S variables are presented in Table 23, for the #P variable in
* ° .
L 2% . . ' v
‘ N . . Table 21 ‘
., . e ) . o . . |
1. ) ~Weights of the Discriminant Function and Correlation of Original Variable%
‘ N . ’* . )
R ' with the Discriminamt Function for Quantity: Cluster 1. A
4 - . \" - _ ..,, l
. * Variables | |
' Statistic S #s # - #S+ fp S o
. N - ‘:" ~ - .. } . N . Ve 4
7 p A - hd —
. Weights’ , -.045 .03 ' .055 -
. Correlation . W34 . .71 . ‘ . .92 . ’
. e ) = - . g . ’:
; ) . h ) i ! .
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Table 22 - -

. Quantity Versus Treatment Univariate Analysis of Variance: Cluster 1.

—— -

L v -Number in S . Number in P Number. in § +
v Number in P

" Source of Mean F an- + F . Mean ~ .F
Variation ., * Square quare Square .
Quantity (Q) .59 1.14  2.16  5.01%* = 13.42  8.33%¥

e o T . v '

_ Treatment (T) - .03 <1 .01 <1 1.04 <1
QXT 1 .45 <1 .96 . 1.85 290 <1
‘Error .52 .52- 1.61

-
#*%(p<.0L) ,

Table 24 and for the #S + #P in Table 25.  The first_ hypothesis tested
was supported in the multivariate analyses and was supported for the #P

and the #S + #P variables in the univariate analyses. Apparently, tHe

*
extensive quantitative cpmpaf’érs were able to udtilize the hints in the

. Table 23 ‘ . (
Cell Means for #S
< Treatment ’ ’ ' s

. ‘ . ] .
Quantity Control y Experimedtal

Extensive 1 42% ) 54%
— - . \

Gross 417 33% -

“
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- . " *a wTable 24 ' - ?
. 13 ld ] i’ ' - ST -
) . Cell Means for #P
1 "I‘r_eatmen't > y - .
4 . Quantity Cg{ltrol Experimental R
.. - (Percent) .(Percent)
e . Extensive 50% 63%
- Gross - 417 T 25y L
Table 25' ‘
L = -
.Cell Means for #S + {P
, ,
. i ‘ .
~_ Iredtment .
s Quantity . Y Control . Experimental”
: (Percent) (Percent)
i B ! R
Extensive 67% . 817%
- ' - N :
" Gross 48% S {’48‘7,
< , .
< « cardinal-ordinal tasks to a greater extent than were the gross qhuanti— g
: * +, tative comparers. This finding.is" quite significant. The extensive -
‘quantitative comparers, espe’cially those in the’ experimentalvgroup,’ ’
. seemed quite capable of solving problems of the nature presented. ;
« . ~‘ ’ o ‘y )
~ - Solution strategies necessary for-the tasks were apparently available .
ﬂ to the extensive quantitative comparers and were easily activated.:
Apparently, the .task design for #S produced tqo fwch conflict for
* extensive qﬁantii:ative somparerse to activate relevant strategies to the
! same extent as iE the two other variables. This opiﬁiﬁgn is based on
P : ) v T L
NEN , - » Ry i
. N B




» -

thé results of the #P,and #S + #P variables. Conseqqggtly,‘tge results

.

for the #S variable are viewed as inconclusive, neither supporting nor.

’ ~ | N i .
refuting the first hypothesis of this section. A test of the hypothesis

for #S awaits better and more reliable task design.

Al

In case of the #P variable, the extena&ve quantitatlve comparers out-

- s

performed the gross quantitatlve comparers, especially in the experimental

group.’ An interaction betweeq'quantity and treatment is suggested by the

»

means in Table 24, but was not significant statistically. ‘One can‘say

that children who are extensive quantitative comparers gan obtain cardinal

» o4

information from ordinal information better thar gross quantitative compargrs

° * 5 .
as long as that information cad be obtained from counting forward rather «

L4

than backward. The effect of Quantity was not as strong for #P as it <
should have been theoretically. But it must befrememberad that the
reliability for #P variableywas‘low. The first hypothesis was supported

by the Qata from the #P variable, but 83ne should nat place strong confi-

- ‘ [}

- . Al
dence in the results. A more conclusive test awaits better task_design.

B

* Even though the interaction of Quantity and Treatment was not significant .
o
for any of the three variables, the second Pypothesis seemed supported

by the results in Tables 23, 24, and 25. The résult;-are suggestive enough

el

that the hypothesis should be tested again. 'The third hypothesis appears,

to be supported, although not strongly.

The correlations of the variables are presented in Table 26. The
B - (

a

% ~
correlation of .54 between #S and #P is significnat at p < ufl. This

modest correlation hetween #S and #P is furtherﬂavidgnce that improved
) . ’

task design is necessary for the two varigbles. The two rémaining \

correlations are sputious due to definition of the variab{i\fi/F{#P.

150
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< - o ) .-+ Table 26 - -
A e . Correlatioﬁs\Among Variables in Cluster 1 )
- T , #s . i#p .
. ;- #s — |
- e o Tse - '
N ) . . > \
_#s+ P L61%% . L
- . ! ~
¥*(p <-.01) °_ . . - v

Cluster 2. The variables included in Cluster 2 were Coffiting Back,

-

Just Before, Just After, Befween, Successor, and Predecessor. These

’
-~ ¥ N B *

A
o variables are ‘defined in the section The Achievement Tasks. ‘ The research

3
hypotheses to be tested in this section are that (1) extensive quantita-

& o

tive comparers and gross quantitative compargrs do not perform differently

on the variables Countlng Back, Just Before, st After, Successor, and

o, . ‘
Predecessor, (2) that the extensive quantitative comparers outperform the -

gross quantitative comparers on the\?ariable Between; and that (3) the

. - o .

) o+
children in the experimental and control groups do not perform differently

on all the variables in Cluster 2. . . - .

. , . The multivariate F fér interaction of Quantity and Treatment’(F6 39.% 1.46)
. Iy ) - > ‘ .

was not significant. The multivariate F for Quantity'was‘significant, \<
(F 6, 39 = 2.57, p < ,05). The multivariate F for Treatment (F6 3;*= .94) was not

significant. The raw weights of discriminant functlon for Quantity and -

.

N the total group correlatloqf of- the original varlables with the discriminant
- | function are presented in Tab1e27. The variables Counting Back and Between
Eontri?ute most to the separatio; of+ the extensive and gross quaggify
groups. These two variables arexalso significant in the univariage analyses o

presented ianabie728. e

n’
. . | , | ) ﬁ
’ . N > - ;’.’,

o « 141 S -
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" ‘ ) , : Table 27 L .
L o N ! - ’ : ' ‘
Weights of the Discriminant Function and Correlation
‘ of Original Variables with the Discriminant - >
' Function for Quantityi Cluster 2
. 4 -
\_ Variables ) PR )
R LN Counting  Just - Just‘\)B ) ;
s Statistic S Back Before After etween Predecessor Successor
¢ \ j‘ " e ‘
Weights ] .052 ' -.113 .020 s .948 -.039 - .043
‘. x
Correlation .69 -.05 .38 .63 121 .37
s
r ) o '
Table 28
Quantity Versus/Treatment Univariate Analyses of Variance: Cluster 2
. .
, ~
Variable Counting " Jyst Just . :
. Back Before After - Between Successor Predecessor °
. ' !
, Source of Mean ’ Mean - Mean , Mean = " Mean " Mean
Variation Square F . Square F Square F Square F Square F Square F

)
.

Quantity (Q) 10.51 8.31**.01, < .23 ‘2.54-15.35 6.96%* .88 '2.43 .20 <1

\

Treatment (T) 1.35 1.07 .02 <1 .21 2.54 .17 <L  ..00%1 * .00 <1
. Y /-
QX T " .63 <1 . .244 1.52 .00 <1 4.59 2.08 .13 <1 .00 <1
- ‘ y < _
Error 1.36 .160 « .09 ° <2.20 .36 0 . .26
! o v
y M ¢ ) ) Ed A
**(p, < .013? ' . , . . o . . - - 7 -
. .. . . N . ~ , ¥ ,
SR 7 , S
b - -~ . - - h 7 . * ’.’
- 4 oy & -
) . ‘
- -7 ' ) *’1‘423 . &
3 . . — . i L] . b
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. n . Table 29 -

. ‘O 7
Céll Means for Counting Back and Between

hat]

L2

. . S . ‘_ \
- - . . g Tt ¢
.. . Variable ] Counting Back’ ! Betwéen
P — _ * - _~ -
- i Treatment ‘ : o
Quantity Con . Exp ! Con Exp
Exténsive - - 722 83% : 672~ 792 ‘
Y ' @
" Grossr’ o T 64% 44% ) 547 » 35%
. Table 29 contains the cell means for the two variables for which &‘*
> Quantity was significan; in the univariate analyses. In cade 6f the

variable Counting Back, the gross quantitative comparers had a mean

’

. . ) ‘
séore of only about 54%, which indicates some difficulty with .point
N ) “ DN
) counting back for these children. 1In that the treatment had mo posi-
) . - R . - / '
e 10N '

- tive effects, one.can gxﬁebt teaching gross quantitative comparers to

r i L4

count back to be somewhat ineffective if the teaching is not sustained
, ' . T ~ 7
and repeated over time. Gross gquantitative comparers have a difficult!

M

time 9etermining the numbers between two given numbers, as shown in

.
N

Table 29. - Again, the'concept was resistant to instruction on counting-on
. - Q ‘l - — -
R ,

strategies given for these children.

- . £l
.

The *first hypothesis tested in this section is not supported in a

- < - .

" B . : 7 .
_ multivariate sense. To locate precise differences, the univariate analyses

. v LI

¥ . Were run. It was found that hypothesis was aet supported for Counting

I

® - | Back, but is supported in the case of the remaining Gariables. The

second hypothesis was supported. écquisition*of the concept Between
‘ < . ‘“a’._’_ -~
Qe ‘. - Y

~

. . .
. - . .
. It ., . » . . <
= Y, -
. N - hd . > .
O oo enc . . . ' e -
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\ appears related to quantitative comparisons as hypothesiaed. The third

~

hypothesis was supperted. . ’ .

N\

-

"The correlations among the variables are presented in Table 30. The o

critical'correlation is r = .30 to be significant for p < .05, and r"-= .35
m

-ﬁ;o be significant for p < .01, The correlations are modest at best

1/ [
given that the variables.are conceptually related. )l

: " ‘ v L, . )
Tabiz: 30 " \”,/{' \)
Corrlation Among Variables in Cluster 2

. . .

. .
. - .

*

\

. Counting ﬁick

Just Bofor
Just After
Between ,

Successor

Predecessor

‘o,
%

-

#(p < .05). ' **(p < .01)

&

- Cluster 3. The variables included in Cluster 3 were Addition, Sub~

traction, and MissingoAddend problems to be solved in the absencle ‘of

©

physical objects. The research hypotheses tasted in tbis section are that

= -

[

(1) extensive- quantitative comparers will solve verball§ presented missing

. d .- — ",
addend problems better than gross quantitative-comparers. Differences: .

; will also exist on addition and subtraction problems,*but not as acute

LY

-




g

~-
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as for th‘e"mi‘ssing addend problems. MoTeover,

A
- f

subtfaction will be morwe

difficult for the éfoss quantitative comparers than addition, and (2)

- »

¥ ]

the exXperimental group wi}l_gut-perform the éontrdl-group on all three

, problem types..

. .

(F3,42'=_1'23) was not'signlficant. The multivariat

-

was significant (F3’42

* The mbltivariate F for interaction &f Quantity

.

and Treatment
v f\ .

e, F for Quantity’
b BN

L,

= 6.89, p< .0l). The multivariate F for treatment
'ﬁ.‘. . . N

. ) ’
(F3 4o = 1.03) was not significant. Table 31 contains the raw weights
sFe, . o )

~

" Qf the disériminant function for Quantity, and the total group cdrrelations

of- the original wvariables with the'discriminant ‘function.

4

Table 31

s

a

-

~ i

Waights of the Discriminant Function and Correlation of =

'briginal Variables with the Discriminant Function

’

?

. o
o . for Quantity:‘ Cluster 3 . .
~ © . » ‘(' '\‘\ ‘
o g' * v
Variable ) . . . T
- Statistic® ™ Addition Subtraction Missing Addend
\ - — -
Weights M 013 -.003 - .131
)
~ Correlations 40 7 :zkqu:_ . ~ 99

The misging

*

p3

o
o le trar
Weses o

p—

Po wime

:ﬁi&éﬁ&fﬁfobiems contribute a great deal tqm;ﬁe sgﬁération‘
AT A . N -

, of 'the exteﬁsiéé'and gross quantity groups. The subtraction problems are »

-~

next, and then the addition problems, which contribute relatively liﬁgie:

To -further understand t;h? varia?es,

v

°

'univariate F-ratios and cell means

0 » \ N

are presented és°Table 32, and Table 33, reSpectfgzly..
. FERS

' i
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o Table 32 ~ o L e
Quantity versus"r'reatn{eﬁt Un:‘Lva‘r:‘Laf;‘f%i \Ana\lysis of Variance: Cluster 3
\. .y ) ! . k4 )t '\/- 5
3 e
Variabie Addition Subtraction < Missing Addend
5 LA * R ] R . s
- . . ) N )
Source of Mean ~ Mean * Mean
Variation Square: F . Square F * Square F
Quantity. (Q)- T 1.76 3.49/;‘ 3.26 5.54% . 13.33 21.51%%
« Treatment (T) © .40 <1 1.89 3.20%° 36 <1
QX Q| 1.78 - 3.52/ .90  1.52. . .04 <1
° / - . - . 3
Error , : .50 .60 * .62
- > . / . . ? N

*(p < .05) #(p< .0 Ap < .0 Pp .09 &

+

. - & o .
. Tahle 33 7 :
. %
Cel Means for. Cluster 3 Variables N -
Variables ¥ ,f Su‘bt;:é%tion 4 Mis;ing Addgnh -
] 'ﬁ‘;‘% ("5, '-‘.‘ - 5 B
— ﬁ" 2 "7" 1 - -
Treatment v ' g )
. MR

‘Quantity Con . Exp
Extensiwxe 887 79%
[ : ‘
Gross . 50% 719%

“The F-ratio for. Quantity is significént for Missing%‘gidend‘. In '

-t

-

the case 6f Missing Addend the méan for the extensive ;Eantity', . o
’ - 2 e .
v, ° *
/ . . . . - ' "-~ . L,
. " ~ ? ) S
2y o s} )

' .
; . s ¥
. ' (= .
.
A e
. . o N
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‘== a striking difference. .
It appears as if Quantity and Treatment should have. interacted for

Adaition and Subtragticn.' In the case of the control group, the differences

- .

-

*}in the means for the extensive and'grnss'qnantity groups were 38 and 40

. .
percent for Addition and Subtraction, respectively. The same differences

3

were 0, “and 13 percent for the experimental group. These interacti;ns are

-
¥

not significant statispically.

.
L]

strong betwee:ifrg P differences had to exist before they were statis—

-

ticaily significant. Consequeﬁtl;P if 3 interaction effect

was -significant statistically it was certain to be sign%ﬁic Educationaily.
- ¢ e ’ ’
Moreover, some between gtoup differehces could be concluded as -educationally

’ >

significant’when not statisticallxwsiéﬁific;ntu The interaction effegts

»

in the anaiyses.of variance for -the addition and subtraction't;;fs fall in \\\\-
this categnry. iﬂe differénces in t;e means for the control éroun are
oL
of a magnitude that they would be significant if differences in- experimental )
.groups wer%’of the same magnitude. In fact Quantit;-was significant for .

Subtraction. :At‘any rate,.tde interactions of Quantity and Treatment dre

E considered as educationally significant for Addition and Subtraction, and

. ’

* are explanable in terms of the treatment. . % -
- T : . ' :
The experimental ichildren were encouraged to use their}fingers in

: - ) . * N
doing addition and subtraction problems using & counting-all strategy. The
. . ~ . .

PREEY
[ »

, - - N\~ . .
-  gross quantitative comparers apparently learned to: execute the strategy

about as well as extensive quantitativ!*!bmparers in case of t le experi-

. -

» mental group. - However, due to thé counting—on}necessarybfor the migsing




addend problems, counting—all procedures were not appropriate The ..

I
a

gross quaﬁ!ity children apparently had a great deal of difficulty learn~

ing counting-on precedures even though such procedures were taught.
The correlations among the:ﬁariables in Cluster 3 are presented as\

8
s TTable 34. The correlati between Addition and Missing Addend is modest

N \

A more extensive disgussion of ‘the correlations is offered in the next
- . - ' s ¢ .

"sectionswhen' the analysis for the variables in Cluster 4 is presented.

t

. «Table §4 -}—-_
- [y / ~ .‘
Correlations Among Variables in Cluster 3
Y B
) ~— Ny ) 2
* 1. Addition ., _ ‘ -
2. Subtraction, , “ 55%% ..\ - - :

3. Missing Addend : ’ . J33*% . J49%%

r'a ~ ’ e
- P

*(p < .05) **(p < .01)

. \ M ) . 0
The first hypothesis ié suppported 1n a multivariate sense.as well

as a univariate sense. "The predicted differences were observed for
" addition, subtraction, and missing addend problems The second hypothesis
wasinot supported. Howeveré‘th% gross quantitative comparers who were in

/ ) .
the experimental group outperformed the gross quantitative comparers in °

the- control group in “the case of addition and\subtraction

. L A\
- o f s .

Cluster 4. elvariables ificluded in'ClusEE?’{ were Ad rion, Sub-
e B * . - .
. traction, and Missing Addend Problems to be solved in the presence of
- -t . .

objects and Partitions With 9ounting and Partitigis Without, Counting.




' This cluster of variables was administered to ‘the_ -children befo;e the

treatments began and after the treatments were over. Two sets of data

are then presented--pretest data and posttest data. The pretest data

aye presented first.” . : . :
:# P - . »
L3 k)

. The research hypotheses for the pretest data for Cluster 4 are that

-

. 1) t_::t}e gross quantitative comparérs are not ablg to solve ‘the missing

. addend prbblemskngrr the subt;rabtion problems,; 2) 'the- extem:',ive quafxtii
t‘étivé ciomparers c;rt solve quition and subtre}ction problems an:i &an, -
with mo&grate' succes:s, solve ;nissing addend \)roblegns, (3) ’t;{e grosgk

. - '
,quanf:iéat'ivé comparers are not able.to solve set partJitJ':ons Prob’lems '

’ but exten,siver"quantitative comparers are able to ‘solve these problems,

[ 4

and (4) .extensive quantitative comparers w}'ll out perform gross quanti- .
3 ,

r

thtive comperers ot all operation i'a_riab'les. .

o ‘ The interaction of Quantity and Treatment was not¥significant. The
i -

multivariate F for Quantity was siénificant (FS 36
9

=9.84, p < .01).°
~PHe” multivariate F for treatment was not significant.

-

~

/ © Table 35 contains the raw weights of -the discriminant function for
: .' . %Quantity and thq total group ,corfele;tions of the uori'ginal variab'les with ,

A

. . . P . .. .
‘the discriminant function.  Partition problems do not contribute a great

deal to the separatiori'b; the two groups involved as shown by the correla- . |

tions. ,All other variables do contribute, with subtraction and ,mis.iirfg

. \
' »

.

" addend problems contributing quite heavily.. . . e -
- . ’ ' .

" Table 36 contains the univariéte analyses for all of the vazjiables:

R Quantity was highiy sign:[.'f&,cant for Qddiéi'on', Subtraction, and Missing

o Addend; but was ‘not signigicant f8r either Partitions With Counting or

.

Co- Partgi.tion; Without .Counting. In order to inspect the cell means Table

- ~37 is presented. ‘Any differences-due to }:_reatment groups wa{s strictly .
}h' - . ' , " ) q N 2‘ o

RN
eme -

* ’ . ] .'u ro « ) ((l . r;r\>c v
RIC: tyg . - o™ |
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i , _
N, , Table 35
- \\'~- - ‘ a »

. . " Weights of the Discriminant Function and Correlation of Original

Q -

‘o Variables with Discriminant Function for Quantity: Cluster % :
LI . /‘ N ‘ . ¢
: Pretest

< .

. <
°
B . / >

_ Variable oL i L / N B
- . i " - Missing Partition Partition
' Statistic | Addition ,Sybtrdction Addend Count ‘- .No' Count
- ‘? J — "
L ¢ %/ - co- -
Weight 051 ., .134. ~W174 - .019 - -.054 A
[eAl - a
-~ S : . , 1
, Correlation .53 84 .70 .27 ¢ .009+ T
’ -° i +H . N
y - ‘ B ) .
. Table 36 . -, ’
Quantity versus Treatment Univariate analysis’ of _ -
~  Variance: ‘Cluste‘k' 4 Pretest ' °'..
[ . - B
riable, . Addition ¢ Subtraction . 'Misjing « Partitions .( . Partitions
' . / ' " Addeénd - ~ With Count . XNo *Count
. . B . R \ S - o ?
rce of Mean F Mean’ _F  Mean* F * Mean F. Mean F
riation Square 8quare . <" Square Square, - ) quare
, ’ ' ) ':"5’: 'Q ’
antity (Q "-7.50 12.46%% 12.89 80.56%* 6.38" 21.19%* 2,41 “3,27 . .00 <1
v . . . . . * - . ‘ *&?:‘ . . . .
eatment (T) .68 1.12 1.96 . 4.64% . ,112 <1 .83 T1.13 - 1,07 , 1225 R
B . ~ ’ : . '
T- - .00 <1 / Le12 <1- 2.00 <1 .67 <1 ) <L
ror 60 )N .42 130 . .74 i © .85
. ..; &:é T . - . L. ¢
i . et ~_»“ N . N ’ .
*@p < :05) **(ﬁ < .01) - hv”¢iﬂ RIS _‘ s ! LAl
‘ . o - s "’. < - - )
. s ’ ° v o8
! EY L by , - . / . -
- ; ‘ i ) - . « \
. . , \ 7] . .
' T} v B » o . e » ’
_' ﬁ(" ; ‘ . “ - M 14 ~
. - , . - ,.’/_-:/’ G e .
L] /V\_) O . &5 6 . N




o’

. i oo . 140 - ) .
SoTs ’ . " Table 37 .
, Lo . * Cell Means for Cluster 4 Variables: Pretest
\ ~ . - ) .
{“ G v
» R . . . - . o ~”
. °’Variable Addition Subtractiom ° Missing Partitions CPartftions
°/ ’ e Addend With Count No Count-
/ _ - o > R . o R . . , . -
// - . . y o ‘__‘" ' . . . ) . B
4 . reatment M - T . . , S
, f. jQuality a Gon-.- Exp .‘Con.\\’fi;p "] “Con Exp | Con Exp ,| Con Exp
v . ‘ oy T s - C
Extensive -88% 75% 94% '66% 447~ 387 | 75% - 75% 387% 42%
¢ y . . Nt S ~ . =~ N
., Gross = 46% - 33% 33% 17% 'T‘w 47 0% | '38% 637% 25% +  50%
o 0 0 =

.
v . . ‘.

. due tq chance fluctuétions in- 3ample selection.

.

The subtraction problems
i,

s Wt

appeared tbﬁﬁe easier for tne control children than for the experimental

, " . ’ , 7 .
. . 4 B ¢ - -

' children. ' . - . . e,

. . - . - - M . [ 4 5 SN - .
SR */// . The flrst hypothes1s was strongly supported f%f the missing addend

"

-éA. o problems.but only weakly Supported for the‘subtraction,prob;ems, as.a -
N . . . ., ..-' 4 oi R Va . P
. mean'score'of 25 percent was obtained by the 24 children\who.Wefe'gross

The extensive quanti-

.

.

quantitative comparers, ?n the subtraction problems.

< tative comparers, however, had a mean scorepof 80 percent on the

" . - . .

~, subtraction problems apd a mean score of 82 percent.on the addition problems,

N L 5ut only a. mean score of 41 percent on the missing addend problems. Con- ’
< o ) sequently, hypothesis (2)-is strongly Supported. ) i Ni
A PRI Hypothesis 3, Surprisingiy, was not Supported by the data. No ) \3
A . .

differences were found between the‘extensive.and gross groups on either

of PaTtitionspWith Counting or Partitions Withouf/éountingr Moreover, o
-

. . ‘4 ° Y -

e " the correlatlons between the partitiom tésts .and the other three vari-.
v o . * "o * ‘\ s
* ables are low as shown, in Table 38. Partitions. with and without count1ng ,
g < < - * ) . ‘.7
@ ’ - * o - N t - ‘ "
A - £ .
- = .\»r =, ; . . . ; " ‘
» 7 < P ~ N
- Q - ) L. . , ] R < _:al . O~ . ;
L R . ) C ] » ~
. G o PR S, . . N L P




do not correlate with subtraction or missing addend problems. The -
: “ -
partitipn tests do correlate significantly with additjon problems, but

. 4 . . - °
- -

. v .~ Table 38

9

Correlations Ag?ng Variables in Cluster 4: ‘Pretegt

]

»

Adgition

‘ Subtrggt&on

—~

Missing Addend

Partitions
With Count

Partitions .
No Count

°

*(p < .05) | **(p < .01)
o . - 3

the correlations are. barely signlflcant. The additlon problems correlate
¢ ¥
substantially with subtraction and missing addend problems, which, in‘:

-
L. . s

turn, do not significantly correlate. L . . , .
Hypothesls 4 was supported inkELgmltivarl@te‘genses The univariate

analyses showed that the‘hypo:hesis’was_suppbrted: ‘ X . JRP

- The research hypétheses tor the posttest data ;;e (l)'tEE7Ehildreh-: N

’

1n the experlmental group will outperform the children in the control-
- 4 .. v i
group on all-yf:;?bles except addltlon, where there will be no dlfferences
in performance. This hypothesis should be true espec1ally\for the gross ,
. . ~5 .-

7

. A [ "~ @‘e .' ‘ : .
quantitative comparers. (2) the exteﬂb%ye quantitative comparers w{il .
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4

outperform the gross quantitative comparers in the control group on the ,

. ’

variables.Missing Addgnd Subtraction, Set Paréﬁilon With Counting, and™

- <
- +

: . Set Partitions Without Counting. .

.
1 o
~

. . The multivariate F for thg in;eraction of Quaatity "and Treatment
- o" L * f
: : was'not significant. The multivariate F for Quantity was significant

y ‘r - (F,; = 8.24, p < ,01). The multivariate F for Ireatment was not signifi-
5 40 . v ) [ .

[N [ T

) .., caut (F5 40 = 2.37) for p < .05, but was significantﬂfor P < .06.,
v, . < < . *
. ’Table 39 contains the weights of the discriminant function for Quantity
+ . . e

and the correlations of the oniginal varlables with the discriminant
- ..\ ’ ¢ \:}‘ LT e " - . N
. function. : . . - -

. 6 - . ) - .o '

. ¢ - . N : .. - » : S '

Ta-ble 9. o a

J Weights of the\piscriminant Fundtion and Correlation of- the

‘Discriminant ‘Function for Quantlty., Cluster 4 Posttest :

‘Variable . : ) L
. N A Missing .+ Partitions Partitions
Statistic " 'Add- Sub Addend " With Count No Count ;| .~

¢ a
&

o

[ . s l

. Quantity ,- |1 10277 L0264 £2190 . -7033 7 .004
Ly - ” -

- . \E
N Ed

LIRS Correlatiqn .. .60 - - 51 -.98 b .32 .38

. N
. o . . . . .
* 3

pe.

! . v 2 - .", ‘. .- -
., Table 40 contains the result¥ of the univariate analyses. Every
. I . . . -t , :'4
variable was significant for Quantity. -These significant F-ratiosg ate a

.« reflection of the correlations in Table 39 in that each variable con- ,

) o) 1 - v
v . o -~ . N A . ' N LR
P N .

e 2 _ ﬁ'ribute¢§ to ‘t,he seoaration‘ of the extensive quantity and gross quantity

. groups with the operations vgriables contributing more' than the partition

L] V. . .

. yariables;' Tahle 41 is a tahlevoﬁ cell means for the two'factdrsvacross 7?

v

.

<
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Table 40
Quantity versus Treatment Univariate Analyses of Vardance:

)
.

1 _;f Cluster 4 Posttest Variables 3 *
, ' 3 "
rigble =~ Addition Subtraction Missiig Partition Partition.

e P - . Addend With Count No Count

5 AY : — © ‘
ource of ' Mea, Mean - Mean . . Mean . Mean - .
riation Square F Square F Square F Square F Square F
. . 3 . . . \
\' . . Py - e . - . - .

tity (Q) 6.46 6. 06** 8.79  12.00%*%-18.29 43.24%% 2,49 4.78% 4.35 6.45%

. ‘ - - t N
reatment (T) 3. 12 7077**' l.38 1.88 .47“-11.13<; .00 <1 .05 -.<1 -
XT 11~ a e o« .00 <1 - 51 <1 2.29 .40

. . ¢ . - . v . 2, -‘
rror 40, S732 .42 52 - . .67
T e T 4 . = ‘ .' ‘
- #{p.s .05)  #*(pr< .01)". . :
. \ \'_ T 4"ar .y .
7 yos, . R . . . . . . - v . ’
the. variables, and Table 42 ig a, correlation.table for. the -variables. . Hypo*
. . . .« . \ : . A
thesis 1 was not supported for any of the variables. - ia fact, in the' ) J\ N
! case of addition, the control children outperfdrmea the experimental . .
children. Hypothesis 2 was supporfed and can be extended to include ) »
. . = »
N i X :
‘addition. . . Lo
- It is now possible to-make statements from the perspective of the : )
Y " ‘ & c.
o pretest and posttest cluster 4 variables. On the pretest the control Ny -
— e ' . -t Vo
‘ - children uniformly outperformed the experimental children on the. sub—
traction problems (significantly) and the addition problems (nonsignifi- \, v
, cantly). On the posttestﬁ the control children uniformly outpe!formed o
the expefimental children on the addition problems (significantly) and N ';“;1

-~
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- v . . oo Vs, Jan ) T ,
Table 41 ' oo e s
. . ,‘_J 7‘.‘
Interaction Table for Cluster 4 Variables.a Posttest P
. o " > .: \ ' - .)}..
~ - g —. .
Addition. Subtraction Missing -. Partition Partition.
: . . ) Addend With Count No Count B
": l w.a . £) A ’
fon Treatment | ’ R N
. ; Quag Aty “{Con Exp |. Con Exp “Con’ Exp -] Con Exp | Con Exp
- s ) - ) / , ! *
. . Extens\ive 10072 79% 847 627 88% 79% 92% 83% 1887 71%
Gros’s. 687 387 367 257 27% 17% 59% 717 | 36% 62%
v‘ , . . » | e. . R > ‘ -
' e ) Table 42 ‘ v
& S . ' Correlation AmoQg Cluster 4 Variables:. Posttest - §
4 k4 " = o ‘ -
M aan N RN — - -
L] - - 1 \} e . .t
. R i - . ‘ \ l. . ] , z: ‘3 . c 4 ‘
o . 3 r ‘ N : :/ \
. 1..gAddizion ‘& o= T
' ‘ ! i ' ; o !
_-27‘ Subtraction .37% -4 )/' B
N . . . - . . . ] o - R . //’
. 3. fﬁgsing Addend .. L48%% 4lk*. . = .
- 3 : .. ) *
T 4. Partition S .31% L bhxk - k
With Count © - 7% ,‘ S . ’
» . RP) e ¢ ’
t. 5. Partition 43k 47H% .38% 716 )
; No Count N . <" Sl .
, L *(p <§,05) *%(p < 01) .t ) . . »
S o tﬁe subtraction (nonsi‘gnifi‘can'tly). By inspeétion of the means, ‘one' can, *~ =
% - e
o - say that the experimental chi'ldren did not improve a greé’f deal from hs
i L ) 4 -
.% pre-to-post test on. the addition and subtraction problems for Cluster 4 B
A . ¢ 4 ’ .’
R SR SV I < e . . o '“ ..
» T l'a ‘.') i : - « - ke -
: Y - (‘. ; - )i ) .
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variables Oneamust remember, however, that objects were present during A
(ﬁolution For the addition and subtraction problems with no obJects : e
- » A

present, the‘experimental children uniformly performed quite well (see

=

Tablé'é3) The control children performed no better on.the addition and ¢

.

subtraction problems without obJects than with obJects The fact that

*

the experimental children performed better (the gross quantitative com- ' 0.
e =~ W ) S
parers) on addition and subtraction problems without objects than with

Objects is not consistent with research reviewed (Steffe, lé6é"LeBlanc, 4

2 v - . .

Doy
1968 Steffe and Johnson, 1971), nor is it consistent§w1th the results for —
¢ \_ =
the contfoﬂi?;1ldren The resultig;explanable in terms of the treat-

Vo \\ -
>

'«ment. The experimental children were encouraged_to use their fingers

id computational work utilizing countingiall strategies for additfon and
. . (“ * . . ’

-

. y . ) :
subtraction. For these children, the countingrall strategies were personal

8

and easily activated. Cogmparing the reésults of Tables 32 and 41 for the = *

_gross quantitative comparers, it'®s easy to see’.that the presence of

. 4 . >

’ -manipulatable objects interfered with the solution strategies they Rad
Lot

been taught. In the treatment, those children resisted using manipulatable
» * & .
objects, much prefering to use their fingers»as aid to solution.

The experimental children also used the hand calculator to perform
\’ .

cd putations. But the results presented'for the- mental arithmetic test

refute the3possible interpretation that the experimental children had

Aearned their facts and used them in solving problems without objects.

4

The missing addend problem remained quite difficult for the grOss

quantitative comparers for problems with objects present and was difficult

for problems with no obJeets present. This difficulty is attributablé
’ . ~
» : A f . a
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predict. S e

.
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to the solution strategies necessary for solution of the problem. Further

discussion of the results for the missing.addend problem is delayed until

results of Cluster 5 variables arE presented.

P

The results for the set partition problems are a curiosity. On the ,~

."A

pretest, they were not correlated with subtraction or missing addend problems

A}

"and were correlated,only modetrately with addition probleﬁé. Thesge Tesnlts_

cannot.be attributed to test difficulty - that some tests were too easy
or too difficult for the sample. Mbre?ver, as shown in Table 8 in the o -
section Item Analyses, the internal consistency reliabiliti’of Cluster 4 .-

-1 .
variables were substantial on the pretests, except for the difficult

. missing addend problems. One can only conclude'that, on the pretest, the
v \]

. . . . )

1 ’ * . °
two set partition tests® functioned relatiyely independently of the other °

R

tests. Ihis’;esulé;nas entirely unexpected and was not as theory might
. R . , ; -

n - 13 . .

* L e Wk 3 ok ¢ e
[3
H

On the posttest,%the extensive quantitative-comparers had acquired
. ] ‘ S ' -
the facility to sol%e the set partition problems to a greater extent:than

e . ’ . . ' K 4- ' A .
had the gross quantitative comparers.:'ansequently, one may.say that T
Quantity was 3 readiness variable fdr learning to solve the set partition e

problems. Moreover, theitest Tetained its substantialyreliabilitﬁ on the

!’
i -
posttest as shown in Table 11 in the se{:_tion Item Analyses, so tha‘:he .

. results can belaccepted with confidence’ that the test functioned quite well.

. . - . )
bn thé posttest, there was a convergence of performance on Cluster
4 variables in that all were significantly correlated (Table 42) except

Andition and Partitions With Counting. Partitions Without Counting

correlated fairly well with addition, subtracti?n, and%&fssing addend :

ige
problems. This result is considered as reflection of beginning emer-'

“ 1]
- .

gence of number facility on the part.of the gross quantit ive comparers. S,

. - , N - n

-~ -

N , PR
. . . . A - 3
, . . S .
- re ey . . PRI T ‘.,
. g L . .
4 ) . AR ll)/ ' .
LI . i ’ . *
+ * kY
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It shguld be clear, however, that sef partitions is not a précursor to

addition or subtraction nor, is it

. @

~ - . .
is a’ precursor to set partitioms.

- -

&

“»

¢

true
»

The

that addition or subtraction_

° -

capabilities emerge in the same*

. age range, but as-unrelated phenomena.

|

The relative magnitude of the correlations between Addition-and

‘ot - N

Subtractlon depends on the test conditions’and also ‘depends -on the time . -

o
- - N r" o

of the year that tests are administered On the pretest for . problem

'/’, -

¢ .‘if "‘»

solving with objects présent, Addition correlated substantially with
< e % - .
Subtraction and ‘Missing Addend (Table 38), but Addition was not as

strpngly'correlated with.Subtraction and Misslng Addend‘on the posttest -~ -
On the test for problem

»

solvidg without obJects Addition and Subtractlon were correlated to a,

(but correlated'significantly) as on the pretest.

This result

At
- s @ .

was the opposite of the results obtained from the objects present pre-or-

greater extent than Addltion and yissing ‘Addend (Table 34)

-

posttest.° Moreover Subtraction w substantlally correlated with Missing

. -~

.

Addend for the test pf problem solving without objects.,

.
P

- The above mixture of results of cerrelations among Addition Sub2

traction, and Missing Addend variables indicates that underlying solution

v . » .

One would think .

processes are fot necessarily reflected in product scores.
\

@

°

that in a "natufal state," children's success' in solving subtraction .and
lmissing addend problems would b; highly relaced due to eounting strategies.
But after ' countlng—all" strategies had been taught, sodution of addition and
Subtraction problems shouldlxahighly reIated but Solution of missing addend

problems would not be related to solution of additien or subtraction’

problems because of the almost certain necessity of counting “on" to

solve the missing addend problem.

" The correlations in Table 34 and Table ™

- [}

- P

N [y

\

. ,_‘»‘..._u-_n - e -

[y
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: a2 do‘not support this ¥easoning. o7 -
' L J + - o ", ‘j . . N
.-, _ Cluster 5. The variables included in Cluster 5 were Rational Counting *

- h’

O, Addition of Ordinal Numbers, Rational Counting Back and Subtraction

of Ordinal Numbers.’ The research hypotheses to be tested in this sgction

RN S ) ._yﬁ“"’“

ok ,mane that (1) extensive quantitatﬁye comparers are able to. (a). rational . l

po S count-on, (b) rational count-back (c) solve ordinal number addition .

. ; ‘ .
. ; .

) }, L probleﬁgtzand (d)'solve ordinal number subtraction'problems to a greater

ext;nt than gross-quantitative comparers; (2) the experimentalpgross

quantitative comparefs will outperform the control gross quantitative -
)comparers on the rational counting-on and the ordinal number.addition ‘
o p

problems A(3) rational counting-on and addition of ordinal number problems
are highly related; and (4) rational counting-back and ordinal number sub-

traction problems ‘are highly relatedi v ‘ . .

- \ }“ o ‘ ) .’u; Ve . ' '
. . T The multivariate F for. ifiteraction of Quantity and Treatment-"was not,

. . . “’ \
.'sigqificant, (F 4, 41 = 93) The multivariate F for Quantity was significant

_ oy
(F4 41 = 3.50, P < 05) The multivariate F for Treatment (F4 41 = l.OQL was not

significant. Table 43 contains the weights of the discrimlnant function and
.-
igrrelations of the original variables with the discriminant function for Quantit
N : . " ' Table 43 C
. v . A
Coa ' ‘ . Ed - .
Lt Weights of the Discriminant Function and Correlational of Original - .

//Variables With Discriminant Function for'Quantity;;Cluster 5

e

. . . LIRY "‘t
Variable - ) L "
Rational _ -Ordinal Rational’ | Ordinal - =~ °
Count=0n  Addition - Count-BacK: Subtraction

-

- ) . Statistic

v ”

Weights - f .119 -.078_  .018 -  ..105 "

Correlation .74 47 .62 : .811:{:‘ X




Sy L d
. . " v . g 3 ¢
3: v? ,;3 ¢ N - *
\ ° ' L4
- g 7 149 ~ 5 ..
el . Table 44 contains the univariate analyses and Table %5 contains . et
. the-cell means for all the variables in Cluster 5. The _‘un.ivariate a':ia],}‘;ses
. 2 2, . .
* are consistent with the results in Tables 43. The significaqt; F-ratios ° '
! . N - « . RS h .
are consistent with the substantial correlapions;of the Qriginal Jvariables .
. . ™ .
with the discriminant function. . LR .
< 7 ’ . o ' / - -, >
) o ' * -
3 ~ " 'Table 44 « .
Quat,n:ity versus Treatment Univariate Analyses'of Variance: -
a ”. N . * 4 ~
< . , ) Cluster 5 - - . S
“fariable Ratiopal Ordinal Rational ! Ordinal. .
Count-0On Addition Count-Back . Subtraction -
A -2 » “ « .
; .
. Source of Mean F  Mean, F Mean ‘F. ) z F .
. Variatiop s _Square Square Square ; /_:21'?] ,
Quantity (Q) 3.62 ° 8.19%% 2.42  3.36Y 3.62°, S.71% ..7.22 9.77k*
Treatment (T) 43 <1 115 1.6l .12 <l 14 <1 -
& . - l , PR .t . . . .
.57 1.28- 2,43 3.39/ .22 <1 .45 <1 -
Error . L4b 72 .64 46 '
*%(p < ,01) x(p < .05)  V(p,'5..08) e ‘
/ . . 5
* Table 45 : B
T : . Interaction Table for gluster S'fVa'zi'iab_les" . 4
o ° ' - ° ? . * - ' L]
’ ‘ Variable Rational . Ordinal -Rational ~ Opdinal \ ¢
: . Count-On Addition’ Count-Back .. ©°  Subtraction -
) . * . - z,
a - 4 !
! Treatment 7
Quality ; Con Exp. Con Exp' 'Cor};_ Exp Con  Exp. e e
' » - . .
"0 77 Extepsive  *7 - PBgg 870 TTITE LTI A 65%  58%-+ | = eB8%emS4% - -
RS - - W iz | an | e Nesm
".Gross 50%2 71% . 112?;)0 71% .. 23: A | .o A .
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; oL T The interaction effect of'Quantity and. Treatment was significant -

- K s o «
X . 5 ™at p < .08 for the variable Ordinal Addition. Inspection of Table 45

'

« eg
”-

\ “uy . -~ o’
_ 'shows that the experimental gross quantitative group outperformed the - -
b a e ra

. . " -
. analogous controk group 71 to 32 per cent. An analogous result appeared

- .'*gof Rational Countingtgn,'but was not ag strong as for. Ordinal Addition,
e - mT?gsé ;esulté areié&ugationélly significant as counting-on strategiesh
4 /‘,: 5 ) [N . i ¥ . o

3 were empﬁééized in the experjimental group. Apparently, the ‘instruction

~

was effective for the gross quantitdtive'group. In fact, the gross .
o - -

e, ’ L

quantitative comparers in the experimeﬁfal grouﬂ)polved exercises like
, L v 7 R4 ) . ¢
., - 6+ 3 =[:] by counting-on three 'from six during the last week of

instruction. ﬁo appreciable differences existed in the mean of the

cSn;rpl and experimental groups for the two other variables.. In the

- < ‘ . ,
s v o °

- case of Rational Countiné—Back,;hd Ordinal Subtraction, the experimental

. . '

f’$: treatment was not effective, suggesting more resistance to instruction

-

.
-

- for Ragionai Counting—Baék than Rational Counting-~On. T C S

) 4

P ) ‘- - Table 46 contains the ‘correlations among the variabléS of Cluster

. - I'd
-. 5. Rational Counting-On is highly correlated with Ordinal Addition and

N L i . ! v ~

. T .. , ) ©  Table 46" - : ? .

Correlations Among Variables.of Cluster\S . ;

. ! ~3
v / '

.

o 1:' 2 ,3

S

' ! . [ . L

1: Rational Count On ' T - . ‘.

L. 2. Ordinal Addition ° : © L 72%% . -
s

Rational Count-Back — ~ , .46%k 7 . G3* -

s .

4. Ordinal Subtraction 47 BT N

~ . - . -

**(p < .01) .

-

y . ~ —— . .

e el el LN oo "
K .
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Rational Counting-Back is highly correlated with Ordinal Subtraction.’

R e

These res(}ts are asﬁwheory predicts. . ' : ' '

4

. Hypothesis (1)- is supported in a multivariate,and gnivariate sifse.‘

- The variable Quantity appears to be a readiness variable for all variables Y
€ - _ &

of Cluster 5. Hypothesisa(Z) is copsidered as being supported for ordinal e

-

LY

 number addition problems éven though statistically nonsignificant resuIts
. . 5
wére obtained for the interaction of Quantity and Treatment for Ordin;ib ‘ b)
Number Addition: The.results are strong erough to be considered ‘es N
2 <y

educatiomally significant. Hypothesis }Y) and (4) are also supported g

o

by the'correlations in Table 46. {

-

. -~ . . / . )
Apparently, there was a training effect for rational counting-on }
- _‘ 3 . ' a ¢ * ) . [
strategies with tallying (ordinal-number addition). The training effect

" did not ,transfer to the missing addend problems with no objects or with
s -~ - L

objects (Table 33 an¥ Table 41).‘ The'latter two problem types were different

than the ordinal number addition problems. The oé&iﬂél number addition .

LIRS

problems had-the objects of the segment visible and the remainder coyered,

so the child could use the visible objects to .count initially. "The miss#ng

. addend problem with obJects present during solution had 10 objects present * .-

P
but the'sum was less than 10. Extra objec’§ were then available for use.

1]

. The mtssing addend pro%lem with no objects did not have objects present;

but rather referred té objects familiar to the'children.: Apparently, the

. N ’
< - -

visible objects in the ordinal number addition test activated available

S 4

solution strategies. It must be pointed out, however, that the ordinal

. number addition test was just like the instructional tasks. Ihe experimental

— DI

grOss quantity children s Counting-On behavior was apparently specific to

the tasks given in instruction, but it is encouraging to not% the improvement

.

yi . N . . - - M ° P 2
= \.!v%"“ivnéﬂm@ﬂlduﬁﬂ'/unﬁr&‘r_t¢nny&ua?&d‘%»i:ﬁv
- ° -
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O, Treatment we;: not significant (Q:- F4 6 = 2 07; T: F4 41

%.

3 <

# ]
2y traction Time Score.

%g‘ )
obtained. -The fac; it was not generalized across tasks is suggestive

v
~

xof a "prbcess'in the™ making

-‘~
’ .
'

s : . C
:’ -!giiustér 6. The variables included in Cluster 6 were Addition Pro-

- - duct Score, Subtrac®ion Product Score, Addition Time Score, and Sub-~

No hypotheses were advanced because there was no

LI

ate interactionband main effécts fdt'Quantity and
). Even

Chough Quantity was not significant in the multivariate analysis for

-
-

Table 47 ' . - y -

Quantity versus Treatment Univariate Analysis- of Variance: Clustet 6

-

2

A

°

°

°

Variable

o

N\ Addition
Product

4

e

L

Subtraction

Product

1N
o

Addition

‘Time

}ubtrag

ime

tion

Source of
Variation

e

Mean

Square -

F

Mean
Square

F

Mea&;
Square °

F

1 .

Quantity (Q)
Treatment (T

QXT ‘

Error .

2,57

.13

5.30*’ 2.84
s )
s <]’

.26
.29

.64

4.44%
<1

S|

°

1494

" 494

756

1322

4,45

1.28 |

1.66

* 958

696

. ¢
6240

B}

349

2.74

1.99

+.79

L *(p < .05)

’p(

-~

.05, it was significant-fot p’<
, - g

.10.

LY
L)

As three univafiate analyses’

PR e Y .
showed Qnantity significant (p'<

s ®

the multivariate anaiysis'(p <

o i . “
.05) and Quantity was significant in
. ' ‘g -

o
*® 11

.
®

L]

.10), the univariate analysés are gresented

¢

in Table 47.

Ve

R P

~

-
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°

.

. <yl N
Quantity was significant;for additien product and time scores °.

2
o

l-
N

-
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Table 48 .
. A ¢
Interaction Table for Ciuster 6 Vdriables
’ 4 12 ) .

4

’
- N ~

Variable Addition ~  Subtraction  Addition  Sabtraction
e Product R Products - . Time . Time . ~

.

.

A L

>
- ‘»

p f
S~ Treatment ' - . N .
. . Exp Con E _ Exp
Quantity ' ~/ ’—»j? }
. . . ./ ‘ Dl < ° 5 "v ..g »
) - ° * ‘\F ¢
?xtenSive : 852 % 87% . -73% 58% 10.4 I1.6 19.6 18.9

~e

Gross - 597 - 67% | 417 - 42% | 29.6 14,8T,"335.8 20.7

-

» »

There was a tendency for the subtraction exercises toLbe more diffidult
. .. .y B L,
. N, o -
than the ‘addition exercises zﬁd take longer to process. Because Subtraction
= ;7\ e e YD
was presented in the experimental group, they could have outperformed

L. - .o
‘the control group on the two subtraction variables. No such differences

» . . L, 1

: L. .
. were observed in the analyses. s’ %{l o

Quantity apparently issa fairly weak readiness variable for learning

‘ - .

to mentally process addition ;and subtfaction exercises and the time it <

- Y -:t . ., & . .
takes ‘to do them, A most plausible reason ngagjiy is not a strong’readi—

>

. g K - -

- ness variable for Cluster 6 variables is that addition and ‘subtraction

L -&[

exercises can be’sglved uSing counting—all strategies.' R
$ - ' » )

3
&
. ,

BN Table 4° contains the correlations of Cluster 6 variables._ Low,
d o ‘ ‘ » ‘.‘_ - .
and sometimes s%&nificant, negative'correiations exist among the time

- ’

and product variables.'grhis result weakly supports,pdpularly held Peliefs :
S : . . N ’ 3 . %y oo~ .
that children who scote addition and subtraction exer&ises{correctly will €

-




Aﬂdition prgdngt U

v —
-~

Subtraction product

i

7 “Addition Time

Suptraction, Time - : f :{/ - . 75%%

- el

“take less time,\on the whole, than.children who score them incorrectly.

- ¥ R

The correlation of .75 between Addit/pn\Time and Subtraction Time is’
Wsubstantial o . . - 4 o T
. .

’ e B P ',ﬁ%\ - ‘ '

W

-Gluster 7.- The variabie§ fticluded in Cluster 7 are Class Ificlusion,

ES

Lodp,inclusion, Nested Classification fask'A, and Nested Classification(

v . »

Task B.. The research hypotheses to be.tested are as follows.}.(l)

- ’

~

Quantity is not a readiness variable for any ‘Qf the classification tasks,

,and (2)‘the experimental group will outperform tﬂe control group on the.

Lo
.

. nested classification tasks and on the 1oop inclusion tasks. ~
1 -

- ’
.

The multivariate main and interaction effec€s for Quantity and Treat--i“g

.’ment were not significant (Q: F4 41 = = 2. 29 T 4'41 &;9 QXT 4 4%.

However, F4 41 = 2, 29 is significant, p < lO. Consequently, univariéve
. , )

.819).

~

ﬁanalyses dre presented. Table 50 contains the univariate analyses fon

(Y
)

the variables and'TabieASI contains the cell means for the variables.

N

L] N + ’ ’
No differences were attributable to Treatment or to tpe interacti
NG - @ N

of Treatment and Quantity. THis result is somewhat-surprising due

o
o




-

4

to the rather substantial amount of instruction given on loop ing¢lusion

‘and élassificati’on in general in *the experimental group. Ap;;a;:ensiy, the

L

oF

'

~

' R ™

e T . SRV

-

EA
R

I o 4 i
: ¢ '{ ;,‘ - . * a
".\ ( ’ B ]'-55, ‘t ) w.
. ! . ey e _,‘.! » Y, L
. . _ 3 . "
. ; ‘ - Table 50 ot T
) ' Quantity versus Treatment Univariate Analys'es:‘ Cluster 7. .
. . . . . . , :
% o . _szo
Variable Class ' - Loop N Nested Nestel .
. ] Inglusion . Inclusion Class A? * Class®B
‘ - Source of Mean. = F Mean F Mean . T Mean .E
. .\Yax"iat'ién Square Square **  Square Square
s e ' - 4 ) “
. Quantity (Q) ( 5.9 1.33 ~ 7.09 6.39*% 6.02 2.74 15.18 3.60
,  Treatment (T)  1.45 <1 1.25  1.13 .82 <1 ‘.52 <«
. OXT . 2.91- <1 .88 <1  2.38 1.05 .02 <1
5o ‘ w ) .
. . Error 3.91 1.11 2.27 3.96
\‘_ ' -~ ‘: A .
. *(p < .05) . ) :
¢"‘ - ° ‘5
_ . a Table 51 ' ;
i \¥ oL R .o ~
- Cell Means for Clustex 7 Variables - ’
N - s 3 - , .
. . .3 "
e -Variable Tlass Loop Nested .* Nested
: In'céusion Inclusion Class A . Class B ,
' ) - LT B
Treatment o ! ;,..
. ' r . . .
| /Quality, Con _Exp Con  Exp Com Exp . Con  Exp
-' Ay ‘ - ‘ ’ ) . ‘ ’? A
: \/////;/‘ Extensive, 437 27% 59%> 61% .| 60% 637 | 65%  69%
S Gross . ' 20%  23% ¢ 267 442 55% . 40% - 47% . S51%

LN P
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. _children did.not profigﬁfrom the instruction. These results aré, not

" . - . . . - i . N
completely consistent with those of Johnson (1975), even though his tests

[y

. . - .- P Ag ————_— 2. 2 -
. were quite.different than the four in Cluster?7 . In that no differencea 4

existed between the experimentals'and controls ‘on Class Inclusion is

g{‘
. L
. 3
c .8 o

consistent with the results of Johnson (1975) Mqreover, the fact that

Treatment is not significant for Loop Inclusion is consistent with the
. ’ ‘ - ‘&r

« - results~of Joéhnson (1975), because to do items 1 and 2 on that tést, the

«

‘child had to go beyond the physical knowledge of the- operational defi- - ~o
- . nitiom and reason logically. The third item could*be done using the phy-

sical knowledge of the operational definition and the separation of the

-~

¢

‘suhregions‘formed‘by the intersecting loops. Even so, the first two

items on the test did demand more than physical knowlédge for solution

and were a test of whether the compréhension of loop inclusion could be
i = . R TV
1mproved through the operational definitions given. The results are negative.

g . The results of the nested classificatlon tasks .are not completely
. . -
. y * -
. cznsistent with the results of Johnson (1975). A child could score high

<

.--on either of%the'nested classification tasks and do so through using
the results of physical kngowledge. The properties‘ofgége classes were
 all physical\properties, so they should have been easily recogmized by !

the children (round, polygonal”shaped, white, button, nonwhite). The'

. * . conclusion from' the Johnson study. was that physical knowledge pertaining

-

to classification should be easily acquired by first grade children

{

= While the.pgsg}ts of the nested classification tasks do not contraFict

Tt

Johnson's results due’ to .task differe e, it is true'that the children..*;

had a great, deal of difficulty applying their physical knowledge in a

problem setting (finding out what was in the box)” which demanded the
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chi’idrer} use their physical knowled'ge. _'i'he problem was a discrimination

. . problem that did not,demand the use of class inclusion. .
Table 52 contains the correlations of the variables in Cluster 6.

hl of the correlations are low except for the..c‘or'rel:tion of 50 between
Task A and Task B, ne'st‘ed’ classi\fic°ation.‘ E?Yen this correlation, 'hoiweveg,
is lower than expecteti due to the nature.of the‘ tests. It' was expected
. L ) « .
: that class inclusion and ~‘l.oop inclusion would correlate rattler subst—antially.‘

’ -
- - . »

3 . e -

- “tTable 52 . . . ~ -

1%

Ml

—— e

3
~

PREEY

' . { .
Correlation Among Cluster 7 “ariables

-

- 1 L2 . 3 .

1. Class Inclusion . - d N N

. 2. Loop Inclusion - 'y - .28 - ; W

. . j P - ) @ .
.+ 3. Nested Classification &  -' = 9 '-19 .29 -
‘ - \‘ & . -

4. _Nested Classification B .14 S TS . 50%%
T*(p 0 \

:JOl)

In that they d:Ld not, " one- should ‘not use one to test tranéer effects of~

. .

! . ipstruction of the ot‘ler in- future gtudies: . ’ ' C -

1 - . . /‘ . .-
Hypothesis 1’ was not strongly supported in a multivariate sense.

-
- B .

Quantity was’ significant for Loop Inclusion, so..t;,ypothesis 1 was not: o

. .

. " supported for thlS vegi.}able. Hypothesis 2 yad not supported fgr-eiﬁer the

. multivariate or univ_a'riate, analysis of v

. - LAY
- . 4

L Correlations Among the Variahfes : B N . e
'y . - . . ‘ .
The variable clusters were formed through logical analysis ¢of tas

- v
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substantial. But because it was not of major intérest to do a structural .

. . N
a -

' analysis of children's thought processes, factor analyses were not ﬁérfo:med.'
14

’ . ’ .
.

a0 Consequently, the presentation in this section is limited to correlations . 2
of the most interest. In order to obtain the cor557ations reported below, ° |
the 29 depenéenf variables were considered as a 29 element vector in a two- '
A . s . . . o .

' by-two multivariate.analysis of variance. This procedUre was used so
"fhat effects due to Quantity and Treatment would be eliminated statistically
o - . ' ' sy
from the correlations. s ; L .
-.\ - * ) ’ - .f'
. . M "" T

Variables' apparently requiring rational counting in solution. y\ Some

. - _
‘variables apparently requiring rational counting in solution may have been
solved by processes other than ratiofal counting. However, in all but a
R . . . . . » .

>
few .cases, as shown in Table{&% significant correlatioﬁ? exist among

.

>,

. 3 ‘e .
. ) . :
variables apparently demanding rational counting for solution. - The exceptions
S , . ® . . .

- ﬂ" :
4 that exist are due, to. the across cluster correlationd involving Cluster
. ‘ .
1 variables ¢#S) #P, and #S + #P). ‘The correlationms within Cluster ¥
» * .

. M
“ LS

: : : .“ ' . . 1~ : . .
. variables were signiffcant, the most important one being the correlation -
¢ o sy '

of .54 between #S and #P.‘

two oggers are_spurf%us due to the definition - .

o

v

of #S + #P. It is somewhft surprising that the correlation between #S

. * . .

- . ‘ + ¢

. measure the variables. Of the remaining 21 cor

-

. ) . ® », oo . - 4 : .
. variables, nine were not significant, seven were in the rangé .30 to .39
N : S R . 2>

-~ . ot ) o % , . : |
e and the remaining five were in the range .43 to .50. All of- the remaining -
~ . ’ . L S °
: " correlations in Table 53-were significant. ' . - . AR
LI £, F ) .. JEEENN K ) -

v - . - . . *
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- . Table 53

Correlations Among Variables Appareritly Requiring Rational

"‘ , Counting in Solution* _ : # A
. . ! . ' £
~ -1 2 3 4 s 6 7 8 9
1. #s. - ' .
" - T ' ' .
2. ifP R
. . . -~ . 4 K
T3, #s+ de .61 .61 - g
4. ..Missing Addend _;( ’ - - ’
With Objects .50 .39 . .39 - : A
5. Missing Afdend - » a ) .
Yithout Objedts ° .43 .16 .31 .44  -- y 4
6~ Betveen £45 .48 46 .53 .43 ——
7. Rational -~ ) ' - .
Counting-On .16 .15 730 .39 .35 32—
v ) . )
8. Ordinal ) o ' . »
f -Addition” Gy 1327 .21 .21 .46 .56 .38 (72 -
9. yRational ' o N / \ ) o ,
Counting-Back . «23 .30 .27 .49 .30 .42 46 .63 G
. ’Q . . . . N 2 . . N
: . . , Lot '
10.: drdinal- . - . . :
Subtrdftion .33 .10 .16 .32 A4 .32 47, .66 .68
* i r{>.30 Sdignificant p <.05 . - - T ’
. Variables requiring at most point‘counting in solution. Table 54 éog;giné
Ehe'correiét?éns among variaBLes requiring at ﬁost point counting. Sixty of\‘
\ - : " ! . ‘ i

[ ] [ v
» N L. e . »
105 correlations 54 were not significant.

reported in Table
i - P .

.- ! - . .
26 correlations involving the two time variables were significant,

only marginally——significdnE correlations were

\ . '
. .

Addition'wo Objects, Subtraction Objects; and Subtraction Product

Score. The results wgakl#‘support the popularly held bel#ef thét

children who scorer addition and subtraction facts correctly will t%Re less

S Fo0

3

= -

A

-

Eight of the,

L& . .
but
i

observed for Just Before,




Q T ;?]:;i“i'-3g°significant p < .05 ;

A

160

¢ 3 . B e .

time 1n computation and children who do addition and subtraction problems correetly
- 'i’ w* .

But speed in~computation is” not negatively

<

will take less time in computation.

* correlated universally with tasks requiring at most point counting.

v

Of ‘the 26 correlations involving the two Partitjons variables, 18 were

-
-

agt signiflcant. of the eight that were 81gnificant, four of ther Were with

- -

addition or subtraction problems.

47,

Al . M E3 . U
,the correlations involving Just After

5

*

Before) were not éignificant.,

— s

However, none of these four were greater than *
i

"All of the correlations’involving.Suctessor were nob significant and all of

= -

ceWt two (Counting Back and Just

!

°

R

-

. . s e .
) . . Table 2 T . V
Correlations Among Yariaoles Requiring at Most Point Counting in Solutiorn* )
- “ ‘L2 3 o4 5 6 .7.8 9 10 1. 12 13" Y
- : N - . ”~
1. Counting Back ¥ ) g . . co :
2.7 Just Before .19 —- . - "(\f -
: . b T 3 - -
37y Just After 231 %37 — ) _ . o a 1 '
4., épccessor' .18 -.03 .03 - K . ’ &
. . ) LB - .
S. Predecessor SR 15 0 - .y . i
6+ Addition No . ) Lo ) © . .
-Objects 4B 131 .25 .07 .32 -- T 3 -
7. Subtraction No A :
° 'Objkcts 239 .48 .25 .10. .43, .55 ---. ,
'8. Additiom i < - ' . .
Object§ .38 .14 -.02 0 .30, .39...42 -- * "
‘9.: Subtractiop . ‘ V T, _ } - |
‘ Objects 739 .32 .20 0 .53 .37 .33 ,37 - &
,'lQ.- Partitions Wich - s ‘- -
Objects 41 %21 .08 .04 U327 .22 .21 .14 L 3T&Geo
—_. ¢ , - "‘ -
‘11, Partitio v e 2 , no &
Without Count .32 .15 -.0% .01 .48 722 .33 ,43 .47 .71 -- ° :
17. addition . ‘ S ' o .
. Product Score .19 -.20" .06' -.03- .03~ .44 .30 .25 .31 =2 .07 --
13.  Subtraction .‘. ' . ; . T ‘ ) o . -
. Product Score %19 .19 .07 .01 .2% .57 446 .32 .26 .03 .12 .38 -
9, i - e . - ’ ’
14, Addition Time .0 N Coe
' ~pcore -.23 -.33 -.03 -.05 —.03 -.42 .29 - 08 -.39 $.28°- .34 —.28 - 30 -
S E Ve
15, Subtraction . ‘e oL :
F >Titﬁ"e Score, _ -.17 -.30-.07 .26 - 28 - 38 -.257-.02 -.24 -,08"-,12"~,33 -.26 .

f

A

1Vl



H
'
e
*+

*

S N 6L . s T

b . .
< N \ f

i _ .
Variables apparently requiring rational counting vs. variables requirgng

at most point counting. Table 55 contains ,150 correlatioms, 67 of which were

.
¢ o

not significant. The correlations give some indication of th' relationship

.

‘between rote and point counting and rational counting. The relationship is
. Y
stronger than one might expect due to the different mumbers of children who

)
. “ B

could point count but not rationa) count. However, there is a nesting charaqteristic'

N s
.

- . - )
between point counters and/rational counters and likewise between point counteké

-
FA . % )

and rote counters by def1n1t10n. Consequently, the correlations which are '

o il —~— ' .
significant are a reflection of the nested character of tite three major types

v -

:MSf counting 1dent1f1ed "In- fact, the correlations in Table 55 appear to be more -

-

substantial .than Whose of Table 54. ) © -
Y .
1 I . . '
. - s . . 4  3ad
e ‘ I ) I IS
. . Correlatiqgns between tlassification’ and numerical var1ables. Table 54 e

.,:» ~ o - )" w . . s s
contains the correlations between the cla551f1catloq§gnd numerical var1ables.-

The varlables Between Just Before, and Number in S were the mést con51stently E
. ' . ' v R
correlated with the classification variables. C(Class Inclqsion, however, was

. .o ) ’

. . i L
significdntly correlated with Just Before and Ordinal Subtractio M Alf‘of
the signiffqagt correlatjons, however, were only marginall& significant except - P
s " oneé, whichwas .46. k - A4 L - - ) y

b} e * - A

-

As the tests given in this study were given in January and gebruarx of

. ’, ~
%

. ’ 4 ' L . . .
1975, the question arises concerning the correlations between classification

t . LR -
. 2]

varlables and numerical var1ables at the beginning of instruction in mathematlcs
.. . {& - -

>

-

"in the first and second grades.. The'low'correlations repbtted here may be a -’
result of ingtruction in schooi mathematics ih the first grade. Moreover, it

.

is p0551ble that as chlldren progress into second{frade, the correlaglons
. P

- -
peﬂneen classifrcation variables and numerical variables would increase P oL
5 . >@ . e - . - . R . .
due to the fact that c¥ass inclusion is easier for older children.. - -

. .« . —
. . . N -
PN .
. W
it . ¢ . ,
~ . '

l . . v . - - ’ ' ’ .
ERIC - R SRRy

) , ore
. , e .
Fr 4 \ o - ' e

.~ . . . 1K " .
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' vs. Variables Requ:.rlng at most Point Countlng* L -g" T

. ! : - / B . .t e ~
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: \ : . Rational ™ :gé o . 32 ‘ & | § ,
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"In the fall of 1975, tests constructed by PMDC staff. (see Apendix A. 12

and A.13) were adm1n1stered to 132 entering first' grade children and 97 enterlng

D

second grade children in City, Southeast. Each of the first and, second grade
e’ ’
9tests contazied t&paktems constructed to measure class inclusigp. The first

grade test also contained five other subscales: —ﬁdementary Count1ng (9 items);

[N

Advanced Counting {4 items); Prohlem Solv1ng (6 1tems), Set Equlvalence (8 1tems),

. ' > - -

and Before-After-Between (10 items) The Cronback Alpha reliabilities were
E4

as follows: .Class Inclusion (.61); Simple dounting (.79); Advanced Counting

«

~

(.59); Problem Solving (.67); Set Relations (.79); and Ordering Numbers

. (.86). Table,57 contains test-test correlations for the first grade test.

(2

It is apparent that the coprelations of Class Inclusion with the five other

subscales ge\négligj:ble . . -

-~

Table 57 - C -

Test-Test Correlations: PMDC First Grade Test¥

~

WA 1 2 3 4. s

; : Ny

" 1l. Elementary Counting -

2. Advanced Counting 47 . T
3. Problem Solving .57 46 7 ..

.= . + &4, Set«Equivalence ' .65~ .39 . ,58 . - ‘ ,
7 o — - — ) . - Y I

¢5. Ordering Numbers . .72 .53 .65 .74 . :;.f y ‘y‘j
.’ LS — % B e ’ L, e ’ -

¥ 6. Class Inclusion =~ . .11. .07 .07 = .19.3 .26 . if &,
. % r >.23 signifcant p<.0l; r2 19 signrf1caﬁt~¢f€;05 B ‘

. . 2 2 k] . !
. - N . e s i s & N
- £ ", R R \ .
. . RIS .: . ) h
o - R R e ;, ) - S :
" - e o . o .. Y M > -
? . an (IR 9 >N R . P . [ A
[A . - . » O ’ . i
Full r1 ic .. -y e oe b-’,»‘ ,’ AP A
. \ g o ete, s PR ‘ :
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The second grdde test contained eight subs'cales°other than class inclusion.

2

.

f

The subscalgs, the number of 1t:ems in each subscale, and "the rellabillty of each

-

subscale are as

(5 items, .78);

3

Name (6 items,
*

(4 items, .58);

<

tests.

low, the greate

tOllO}éS‘« Elementary Counting (7~1tems, A7) Advar?c%d Countlng

Patterns (2 items,..70);

.
P

.8%)'; Ordering Numbérs (

&

N

; Place Value (8 items,

thems, .55); Addition-Subtraction

95) ; Eq uivalent

M;Lssing”Ad'dend (4 items, ,59); Class Inclusion (2 jtems, .67.

-

Table 58 contaius test-test correlations for the subtests of the second ‘grade

-

The correlation of class inclusion with the eight other subscales were ,j'

st being .37. -
-~ ‘ .4
- Table 58 S " ’
Test-Test Correlations: PMDC éecond Grade Test*
. | . ) ‘
N
1 2 3 4 5 6 7 8

Elementary Counting = 7& » o (
2: Advanced Counting .'34. ‘
3. Patterns 16 .37 N
4. Place Value 33 .80, .41 ( a

5. Equivalent Names -257 49 .14 L34 & / S
6. Ordering Numbers - .58 .40+ .57 31 a .
- .. : o
7. Add-Sub | 39 .31 T.27 .29 - .21 s%
’ /.E.‘ ‘- — ' ", “ : . ;’('4'%.‘:" - .
. +8. Missing Addend -’ 24 .48 .50 ..6_1:, 19 =747 0 45 ') ’
»:.“f'-:‘:""'(_.-Q,..,Cla.ss Inclusion Sooa13 .7 B st .21 32 023737 3L ¢
.20 ’gnificant:‘p < 405 a '
- L ] L
¢ - ..R -
‘: r‘ { & L ) * .,r
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The fact that.class inclusion was not significant for the vatiable'aﬁantity,
f '
o did not correlate Significantly with any varihble of clusters 1 3, 4, and 5 @&xcept

~

. <@

for Ordifal Subtraction (this correlation was only marginally si nificant), and,
oh‘the‘PMDC Fall 1975 tests, Had'negligible or significant but Jow correlations
with all other-subscales, indicates that class inclusion is not Telated to .

- - ‘ .

n#merical'variables in a product sense. It apEears reasonable' based on the df?f .

.

. .in Tables 56-58 to strongly conjecture that claSSification variables’ are only

wgakly relatéd to ndmerical variables. It could be argued, hqyever,’that‘in ordér

. PR “ ~ -
to solve~ misSing addend problems or solve the ordinal addition and subtractlon

3 .

.problems, class inclusion would of nécessity intervene in numer{gal reasoning
» . -
¥ + This observation does not weaken the conjecture causenzl oﬁﬁecbure was .
- 3 . . ~ -~ R . . . 2 -
. . made with. regard to product socres rather than process scores and~(2) it is .

cenceivable that processes other than those involved in class‘inclusion
. E

produced the,humerical.product score in Clusters-l," 3, 4, and 5. .
~ M . &

- e
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» 3s a-readiness variable for learning first grade arithmetical content:

‘ - 168 SRR ® -

- - ' a

-

Quantitative Comparisons as a Réadiness Variabre )
. . C . .
for Learning Kirst Grade Arithmetical Content - '

In the past,counting was not «xplicitly cdnéi@ered in studies (Steffe, 1966;

. v

. . ] , N
LeBlan¢, 1968; Steffe & Johnson, 1971; Mpiangy &‘GEHtile, 19733 of Quantity -

»
[

—-—
P .

. .

' Moreover, only a restricted collection of variables were consideted in

.

any- one study, so that conflicting resulta are present across,studies.' In %

the current study, 2rw1de var1ety of variables were 1ncluded so that

._\‘ N <

1nformat10n on Quantlty as a readlness variable” could be obtaine for * .
the varlables on a constant sample. -7 ’ ‘i~'

. T o .- -
, [

-~

o/ ’ .

Variables Apparently Requiring Ratlonal Cpuntlng in Solutlon

- \

. .3 -0,

- Theoretically, Quantltz as a, cla551f1catlon variable should be 51gn1F1cant

A

- > [

‘for any achievement.variable_apparently requiring rational countigng (tational
- & “ - . ’ . [ N '

>

countfné—en qith or without tally and rational counting-back with or without

L
v . ¢

tally) in Soluticn. These achievement variables and their level of s%gnificance'
. . L] .

4

. ~ . ' ' (3 N .
.for Quantity are presented in Table !1. The variables are consistently v

]

-

. . . ‘ L .

A ]

—_

ERIC

Aruitoxt provided by Eic:

respectively for extensive vs. gross quantitative groups).

.high scores of the exfensive quantitative comparlson groups acro%s the

statistically significant for Quantity except for #S, which had=an associated .

/

internal coneistency reliability of only/.15. *I:LSSlng Addend 1th an<?".\1‘ithout-

. , . ", . v . .

- -~

Objects was stropgly significant (mean scores 84 vs. 20 and 72 vs. 20 percent,‘

e . . .- -

P . K .
" -

. -

Further empirical confirmation that- Quantity is a readiness variable for

3

) ) . . ) C . .
aspects of arithmetic apparently requiring rational counging arethe consigtently

oo B '

i e -
variablesiin Table 2% It made-little difference whether an extensive quantitative
) e 1’,‘.‘7 g ' ' . - B ’ . v
,",Ja—-‘ ‘ . . . .
. ..'. . ) ) ¢ ’ N .. ' o
e ) 1. ~ r) ‘1’
® . 'd

(8]
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Y , x . - . =
- ! S + ¢ e
- ' &69 BN N .- N
. ) . ‘I‘able‘ hy - ., -
- . ’ . WY . l ,
Achievement {riables Necessitating Rational Countlng ° ..
. Level of Significance for Quantity o .
- ) ‘\Iumber in Number in Missing Addend ‘Missing Addend
Variable S (#s) P (#P) #S + #P With Qbjects  Without Objects . .
f P - ¥ ) 18 . R
" Level of’ - 7. , o .
. _Significance n.s. . ..O,].. .01 01 ¢ L.01 :
. (X . R ¢ —
Lt o Dt . i} ) . SN
' . o Rational \ “Ordinal Rational dqunting Ordinal i ’
Variable ‘' * Between YCounting-On Addition « Back - . . Subtraction «
Level of°Z ' - ; -~ T . . . I '
- Slgnlf,lcance .01 . . 0k Y .05 - .ol
/ Interaction of Quantity »and Treatment: significant ‘ . . .
) comparlson groupmas the experlmental or control g,roup 'l'hls fact 1s displayed
. ‘ " in Table 2. 1t must be remembered t—:hat the control group recel_gd 11ttle or "
. . @ N ’ N “ ) s
no 1nstruct10n on counting strategies, whereas the experlmental group rec;}i},% .
, . = » =
. e}fplicit instruction on counting Strategiély, The fact that the extensive contrpl
- Y . ‘ e, "\ ‘ :
, ‘ © ' . Table 2 . - .
- ‘ K ’Me%.n Scores on Achievement Variables ’ s )
. ° Necessitating Rational Counting: Percents )
¥ = - — - —a .
Variable ! ] »
) ot e . ‘ ) Missing Addend "I:Lssi‘ng- -Addend .
- " Group JH#s. -#P "S + #pP - With Objects Wlthout Objects. :
- ; ¢ tT . . -
A A . 1546 63 8L E 79 < N 75, L .
. Extensive iTe g e . ) AT
] C- 42" 50 - 67 88 69 . . ‘
. L / R : . 4
. - ! v 0 " P - - -
v < E 33 25 48 g - 17, -~ 25 ) e
- ¥Gross 1 ) _ . . ' -
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a

children used counEing strategiges across variables strongly s\ggests those
- . -~ ) * 2 \\

chlldren possessed a countlng scheme in the semse  of Plaget s schemes.

-~ .

e The instruction onwcounting strategies given to the_experiﬁental gross
|1/~ L} -~

5 .
- . . e \

-~ . . .
quantitative c0mparison group resulted in improved group mean scores in the °

case of only two varlables--Ratlonal Coungin —On and Ordinal Addltlon. The 3
i g

P
.

tasks used to measure thésSe .two variables were contained in the experlmental
- 3 e
‘treatment.. Slnce Missing Addend was analogous to Ordlnal Addltlon in logical
' - . ‘l

s (R

. . : > . (2 '
structure, 1tnoffered.an excellent test of transfer of the learned processgs

= - . ~ A2 M .
- ~ . i ' Vo N

present for Rational, CouhtingsOn and Ordinal Addition especially since‘all
. - ) , ) R
children were given opportunity to solve missing addend problems (orally

presentéd) im the €xperimental treathent. No such transfer took place as was

ks ?" V4 N ,'/_ L
revealed by the mean scofes for Missing Addend With =and WithouF Objects in

A

Table 2.* The 1mprovement in rational- counting for the gross quantltat;ve
<

I
. r ) N . —e

comoarers was spec1f1c then, to. tn"!asks on whlch the chlldre& received exp11c1t
N

ot

* training.” They:did not. initiate- learned éountlniistrategles lT novel tasks, ™™

' Y

whereas the extégsive quantitative comparers performed uniforml& well across
all tasks inyolving rational coynting.*
< )

Beilin's (19%69) concept of forward transformation is very useful in

v . » <
©

7 ." N . . AR * A ¢ .
%‘ - exploration of 'the lack of'tﬁrans'fer of learned eo‘ting, strategies on the parf | °

o . & - ¢ - v -
" - of the gross quahtitative comparers. Apparently raiponal counting-on with
' 4 . . > ‘

” <t . . M R
- . ' : (e h *

« . N N * . . . h > . . v
and without' tally was passible for the experimental gross quantitativé comparersy
' . » k3 N ' * ‘.n

‘- L o e / N
but the lack of initiation’ in novel but closely retated tasks suggestesgthat

the counting ﬁtrategies were processes "in the ‘{naking."r They«had not a:talned N

Fo . ‘
’
'( A -, - M {

!
"% the status of mental operatlons but rather were learned algorlthms or procedures

2 . L]

solving certain tasks; 'It is in this sense shat Quantity is a'readiness

.
-
" .

' < . R

’

L]
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. % ‘\‘ -
. Counting-Bac&, Ordinal Subtraction and #3S werermore difflcult titan °
others.




/ variables for learpin ional counting.* . - ] ) -

The above rebults di feg‘i;ro m «hose observed in the st'udy by Steffe & %

Johns on (l9o7l)k In that study, ‘Quantity’ was not significant for the missing

-

-addend problems-in the 'presence‘ or absence of oquects. .The‘ fact that Q:iantity‘
. . > ' <o 4
was signifi(oant for Missing Addend in Table 1 strongl& suggests the nlathematical
. . oy - : Lo . ) .
~experiences the children engage in are instru'mental An acqufsition of mental 7
’ :ooerati'ons'.associ;amted.with ratio'nal gotuiting. ‘Because"teaéhe‘rs do QOQ ’explicit]_-y

- . . . . . L

*, 4 1 4 a3 .\ . [y Z .
téach ration2l.counting, it is apparent\ly enough, that, extensive quanti<tat1ve comparers

'
.

N * . . ! : .. -. N 3 (
be exposed to problems whith stimulate rational counting. The textbook series used
. jatng) . B + . ¢

by the teachers in the Steffe-& Johnson (1971)-'study (Morton, Grey, & Rosskopf, 1963)

v
—~—
- * -

. did not_en:phasize missing addend problems whereas th’e textbook 'used im this study did.
. . . ~ . N " . ‘° .

¢ The abilit;y to make extensive quantit"ative*comparispns signals the presence *

- - Gl
- i

- or a synthesis af Groupings I,and v if P,iaget s theory is to be b\.t'ieved

v ./’ v

But as"’iaget s' theory does n‘ account for rational counting, e;:as:t relation— o
. S R . . L -
hips are not to be \expected between Quantity and ‘~hss1ng Addend. This ) .
@ . LT - . .
. ’
expectation 1.\s empiéicallv verified by Cluster 4 pret—est variablesras the . ° -

v, z - N
1 e

mean,qstore for the total extensive quantitative comparlson gfaup’Nas Al percent

for the missing addend problems.  This rather modest me’an score is comparable g.,

B o, ] : o - ‘ . N f, SO g ’
“» to the means ofsérved Ey Steffe & Johnson (1971) for extensive quantitat‘-i’ve‘ S ﬁ

. . . - . 3 « e e K3 . R

- . - . — [] -

- comparers. That the gross'quan/tita.tive comgarison group in this study .

.o P ! . ‘ . .
¢ 4. LI r -

+ . performeds at about/the sa‘me l?avel as the extensive quantleative comparison 4 o

-, - -

) \

gz;outv‘in the Steffe & Johnson (1971y study can be explained by th&ifferent T
-" ) DR

. times of test administ‘rag..'ion——OCtobe,r vs. May of the'fi.rst grade.‘ 0 . o
. v The dgfra stro‘ng.l}’;suggest 't‘ﬁ'at"cotm,ting is not developmental in the- sense\ ,f;
s \ ‘OL the grduping strhctures but rather the emergence of the grOupJ;rg.struct.ures 7 '.!.
£ allows children ] g.lltur'ally induced rote and point ‘counting capabilitzies*to “ ', ;_ﬁ—f
e . . *
’ ,‘-take on numerical ',me‘aning not possible prior to ‘tnetemergenoe of thit . T, k‘ ;;0
- > ' ’ o T,

Q gr0upi_'n'g struct.ures. Wathematical instruct‘ion app'arently serves to solidif.y '
- [
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. the couynting schemes and to raise them,tb the level of rational counting-on f
\. '. . : e D ) L] o
R . . ,." - . . . ‘_} . {
and ratfonal counting-back for the-extensive quantitative comparers. For the

. gross quantitative comparers, mathenfattcal instruction alone apparently lg nqQt
N\ s N ' - - ] v
. . . L) : ' . ! . . ]
sufficient for acquisition of rattonal tounting-on or ratlbnal count:lng-back.at the;
] “ Ll . . *
level of mental.operations. For the latter group, the role of mathematlcal

still not ‘understood for the acqulslt:lon of rational. count:lnc-on

‘ N A
-bac}. - - .
® N ‘ . . ' ( P * M ) . -

. . 4
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and ratiomal, countin
N .

.
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. Cardinal information from ordinal information. .The extensive quantitative
0 1
v\) ) 4 “w v . °

! comparers could obtain cardlnal 1nforma.t:10n from ordlnal 1nformat:10n better.

-~

than the gross quantitative comparers in the case of counting forward ({fi’) .

.
R . , . - PO S

but not .in the case of counting Bhéckward“'(#s'). Moreovgr, ‘the extensive )

hd 3 . Q ) N . ‘. N > ' . e . . !
quantitative comparers could.utlllz‘e t:hq,hlnt:s in "the cardlnal— rdinal, number

' i

»
t

tasks (#S + wP) ‘to a greater ?xtent/.’fﬁan the gross quantitative comparers.

~
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In symbolic'notation, if P is a finite set ordered by precedes,' S-a segment

B A ) ., 0 ’

of P and Q t:he rensalnder, and r‘'some element: of Q, but: not t:he*’mlnlmal element:‘

. .
then eXtensive cuantp.t:at:lve children when t:o1d,,)t:he vosition of r)could cdur<

-
.. .

-

o forward to determine the number in P better than the gros‘s quantitative
, . . o ' ’ o d - N T .
; childrent. - In the’tasks,,S was screened from view -and Q was visible. Moreover, &

upon'p.routlpgi‘ag by \giv:'_.ng one {(or more) adjacent (or su,cc,essiv