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FOREWORD .

Ed Begle recently remarked that curricular efforts during ,the 1960's
taught us a great deal about how to teach better mathematics, but very
little about how to teach mathematics better. The mathematician will,

quite likely, agree with both parts.df this stat*nt. The layman, the
pa?entand the elementary school teacher, however, question the thesis
that the "new math" was really better than, the "old math." At best, the

fruits of the mathematics curriculum "revolutiot" were not sweet: Many

judge them tobe bitter.

While some viewed the curricular changes of the 1960's to be "revolu-
tionary," others disagreed. Thomas C. O'Brien of Southern Illinois Univer-
sity at Edwardsville recently wrote, "We have not made any 4ndamental
change in school mathematics."1 He cites Allendoerfer who suggested that a
curriculum which heeds the ways in which young children learn mathematics

. is needed: Such a curriculum. would be based on the understanding of chil-

dren's thinking an learning. It is one.thing, however, to recognize that
a dohceptual model for mathematics curriculum is sound and necessary and to
ask that the child's thinking and learning processes be heeded; it is quite
another to translate these ideas into a curriculum which can be used effec-
tively by the ordinary elementary, school teacher working in the ordinary'

elementary school classroom.

Moreovei, to proPOse that children's thinking-processes should serve
as a basis for curriculum development is to presuppose that curriculum
makeragreo on what these processes ate. Such is not the case, but even if

it were, curriculdm makers dO-nO'Eagree one the implica'tionswhich the under-

standing of these thinking procesSes would have for durriculum development.

In the real world of today's elementary school classroom,-where not
much hope for,drastic changes for the better can be foreseen, it appears'
that in order to build a realistic, yet sound basis for the mathematics

,curriculum, children's mathematical thinking must be studied intensively
in their usual school habitat. Given an opportunity to think freely, chil-
dren clearly display certain -patterns of thoUght as they deal with Ordinary

mathematical situations encountered daily in their classroom. A videotaped

record of the outward manifestations of a child's thinking, uninfluenced by
any teaching on the part of the interviewer,. provides a rich source for con=

jectures as to what this thinking is, what mental structures the child has
developed, and how the child uses these structures when dealing with the or-
dinary concepts of arithmetic. In addition, an intensive analysis ofthis
videotape generates zone conjectures as to the possible sources of what adults_
view as children's "misconceptions" and about how the school environment (the

teacher and the materials) "fights" the child's natural thought processes.

The Project for th.! Mathefnatical Development of Children (PMDC)2 set out

1

l "Why Teach Mathematics?" The Elementary School Journal"73 (Feb. 1973), 258-68.

2PMDC is supported by the National Science Foundation, Grant No. PES 74-

18106-A03.
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to create a more extensive and reliable basis on which to build mathematics
_

curriculum- ACcordingly, the emphasis in the first phase is to try to under-,-

stand-thd-children's _intellectual pursuits, specifically their attempts to

acquire some-basic mathematical :,Kills and concepts.

The PMDC, in its initial ,phase, wcirks.withchildren in grades 1ane. 2.
These grades seem to comprise. the crucial years for the development of bases
for the future learning-of-mathematic since key matheMatical concepts begin

. to,fOrm at these grade levels. The children's matheMatical development is

Studied by means of:

1."One-to-ore 'v-rdeotaned interviews subsequently analyzed by various

2. Teaching. experiments in which specific variables are observed in a to:

4
group teaching` setting with five to fourteen children.

3. Intensive observations of children in their regular classroom setting.

4. Studies-design0 to investigate intensively-the effect of a particular.

.1-rariable-or me um an communicating mathematics to young children.

-5L. Formal testing, both group a* one-to-one, designed. to provide further

insights into young children's Mathedatical knowledge.

The PMDC'staff and the Advisory Board. wish to report the Project's activ-

ities and findings to all who are interested in:mathematical education. One

means for accomplishing this is the PMDC publication program.

Many individuals contributed to the activities of PMDC. Its-,AdvisOry

_Boardmgmbers are: Edward Begle, Edgar Edwards, Walter Dick, Renee Henry,

John .LeBlanc, Gerald Rising, Charles Stock, ,Stephen Wiliou4hby iind Lauren

Woodby: The principal investigators are: Merlyn Behr, TomADenmark, Stanley
. _

Erlwanger, Janice Flake, Larry Hatfield, WilliaarMtKillip7'Euciene D. Nichols,

-Leonard Pikaart, Leslie Steffe, and the Eyalliator, Ray Carry. A special

recognition for this publication is given tothe PMDC Publications Committee,
consisting of Merlyn Behr, (Chairman), Thomas Cooney and Tom Denmark.'

Vlll

tugene D.gehoLs
Director of PMDC

I 1.
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PREFACE .

1,

I

This publication. is intended to share with the reader information
about a teaching experiment designed to teach the'concept of equalityas
an equivalence relation to a selected group of first grade students. The
contents of the publication include a rationale for conddaing the study,,
the degign of the study, selected samples of the instructional materials,
summaries of the students' performances during the instructional program,
analyses of the Students'.performances on a series of evaluations designed
to assess .heir understandings of equality, and suggested recommendations
'foriarriculum planning.'

Thanks are due to Max Gerling for. the videotapingi to the PMDC
istrative assistant,'Janelle Hardy, for coordinating the technical aspects
of the preparatiori,of this publication,4to Maria Piiner,for editing the

,manuscript, andto Joe Schmerler and Julie Rhodes foi the typing.

e
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I. INTRODUCTION STUDY
. 4

The long range goal for the Project fOrthe Mathematical Development
of Children (PMDC) etas to bUild a more thorough and reliable basis for the

design and development of a' mathematics curriculum. It was the aim of`the
PML2 staff to fOrmulate a rationale for the construction of a mathematics
durricultim based,on the ways in which Children learn mathematics. The
aphievement,ofthis goal necessitates a realistic understanding of chil-
dren's attempts to acquire basic mathematical SkillE and the understanding
of-basic mathematical concepts., Thus, during the initial phase of the
project (1974-76),, the thruit of the various PMDC activities was directed
toward obtaining an understanding of the mathematical thinking of yoang
,children, ages 5-8. The original long range operational plan for.PMDC, 4

._prOlvided for an expansion of the investigative efforts to-other age levels

in.su6sequent years.

.
The emphasis. in PMDCstudies was placed on the children's acquisition

of:knOWledgerelated to topics in the mainstream of the mathematiCs cuxric-
concepts,numeration (place value), and operations

such. as addition and subtraction. The scOpe-oi somednyestigative,studies,
x-

hoWeVery was sufficiently broad to cover concepts.and related'totwo
or more' of the above topics. For example, SeveralPMDC investigators (Behr,

Denmark, McKillip, and..Nichols) investigated-children's understanding of

; mathematical symbolism. The work of these investigators.during.he first
year of the project provided,theimpetus for this study.

BACKGROUND-TOR STUDY?

.Preldminary PMDC Investigations
.

'
. . .

, .
, . . .

Two PMDC investigators, Behr ancd Nichols, conducted open-ended inter' -
views with children in grades 1-6 to determine-what meaning, if any,
siftclic sentences have to children-In :p'aWcular, these investigators
were interestAd in how children view thekh(Apept of equality- Their find-

. ingt-4Behr, Erlwanger, )nd Nichols, 1975)_ indicated that children interpret

- the eqtals sign W as .an operator and not as a relation syMbol, That is,

children view the equals zign (=) as a synbol which indicates the location

. of 'cis aiiswet-to a probleM and not as a sitibol which denotes a relation

between two numbers.
. .

They found children at each grade level, especially in the lower
grades, Who could not adequately explain the meaning of sentences such as
-5 = 5 and 1 + 3 = 2 + 2 in terms of,a relation. Regarding the first sen-
tence, a child might explain that 5 = 5 means (l) that five plus zero
equals five, or (2) that five minnlArga_equals_liva, Tn-rnostreaes-the
child would rewrite or change the sentence to.show the implied (in their
view) operation, for example 5 + 5 = 5 or 5 - 0 = 5. Without identifying an
operatiOn, implied cr written, most children could not ascribe A.Vmeaning/to
a sentence like 5 = 5. In only a few interviews, and rarely in the lower

grades, did they encounter a child who would expAin that 5 = 5 means the

numbers are the same.

if
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CliiieWen generally tended. . to iletw sentences like 1 + 3 = 2
.

+ 2 as the
statement of Vko'sepaiSte problems-. Frequently,. children changed the above
sentences_ as fOilowsv1.+ 3 = %.,k 2 I- 2, = 4. In some intervieiis., the child

.-explained-that it was wrong to write,2 + 2 after 1 + 3. Their reason was
that the answer should bewritten,ifter the problem. An alternate interpre-

i- Cation of assentence like f + 3 = 2 + 2 was-to view it as one problem, , ',...9

-thechanginge symbol to a +neither mentally or in writing. Under this -

inerketatioh, the child would. indicate tpat the _answer was 8. Interest- .
4

ingly, some children explained that the sentence cRuld be viewed As both,
one problem and as two proble4. Only a ,fewf chi,lrep theird indicated by eir .

.

interview responses that-1-+'3 = 2 + 2 mean_s that 1.4: 3 and.2'+ 2 are-names
for the; sage number-r-=' ' -

* .
.- ..-

_
. . .. . - . .

Denmark found that most first and second graders in his interviews
4.- felt%.tha a'sentence like 1 4 3 = 4 + 2 was all right. HoWeyer, they

.exilained that one plus three equals four, ignoring the 2, or they inter- -

Preted the sentence as either one problem or two problems as. in the discus-..

Sion Above.
.

1

.'
-The-MDC investigators also observed that most children weze not

_willing to'accept written statements of the form a = b + c or a =.b - a as
being correct- Their reason for rejecting statements in these forms was
thatthe "answer" comes after the problem. Interestingly, some children, who
:rejected the written statements, accepted oral statements like " six equals 4
two -plus- four" as being correct, and in some instances used such sentences
as they diicussed mathematical problems in interview sessions. These obser-
-VationS-tlf children's behaviors are another indication that the typical

43.

student apparently learns to interprdt the equals sign (=) as a one-direc-
tional oPeratOr (left-to-right). That'is, children do not learnfrom their
experiences in a typical mathematics,linstructional prograil to view the

t

equals sign (=) as a symbol which delotds a relation,between two numbers,
and in particular, they do not seemingly detect the symmetrical property of /
equals. through their work in solving iquations which are. typically pre-'
_sentedAnanY.one of the following f rms: a + b = c or.a - b = c. .,

. .

The investigative studies by the PMDC investigators were conducted in.;
three schools in two different.cities. There were no significant. differences,

.... 1ins -the mathematics curricUlar the three schools,and these curricula are
representatilie-of,the mathematics instruction provided for most children in
American schools. There were, However` considerable differences among the .

student popuretions as indicatekby measures of general ability.(IQ),
.

academic achievement, and socioeconomic variables. The factors noted above,
-together with the fact the observa'tio s on children'sbehavibr in inter-
preting the meaning of the e'u 'g 'were the same in all three

howls; sugges at the tendency of. children to view equality in written
Statements as an operator is perhaps A':universal phenomenon. The PMDC
investigators were primarily concerned about young children's concepts of
equality; however, studies conducted by other researchers indicate that the
conceptualization of.the equals sign (=) as an-6perator is not restricted
to young children. Summaries of these research.efforts-are provided in the,

.

--f011cming paragraphs.

:
.10

LL

,11

,t,



Ctfier Research .Findings

Considering. the importadde pf.written s7mbolic sentences to the tot a
.

, mathematics curriculuT--the written symbolic form is the primary mode for
pkesenting developmental exercises, drill eXergises; and evaluation ques-
tions--it is somewhaf surprisingithat the effects Of symbolic Structures on
student performance have not been-studied more extensively- In one such .

study Beattie and Deichmann (1972) found that, among first and second'graders
__the error rate for horizo4tal Structures is'higherthan'that for vertidal

-structures: These reseakilers, however., did not re rt differences in error

rated between.le-,.. and rightfacma_cf_ horizontal s tences, a 0 b = t (left)

anda=b0dlight)% In other studies, for example a'study byGrouws .

(M7.2), thp efrects of the location of the place holder (variable) on ,'- \* -4
%

el student-41Whievementhave been investigated, but the septen$es in these . ,
I StUdies. were p.stricted to one form only: a 0b,= c. An eNcepti6r, 6 this '

:general rulA was a study condudted by Weaver (1973). In this stud; Weaver'

inveStitated the effects of he location of the place holder on student
.,

_performance (grades 1-A0, but he in 1 ded in the domain, of test questions_performance

the kcarm b 0 c. By paring student performances on pairs
of,symmetrical forms,ofot.example-3.+ 2 = 0 and 0= + 2, he found a

greater error rate for Problelp in the form a = b 0 ,He also noted that

the- differences 'in error- rates\'for the two forms decreased as the grade
level increased. The.results noOlis Study, however,' ao not suggest a
plausible Cause for the differences in the error rates, 'except4tilat_the-t----;

students participating in the study -were generally unfami-liiar witia -sen--

tenceS of the form a = 0 c.
nt. q,

A study by Renwick conducted in 193'2, provideS' the Most direct support
for the validity of observations made by th;e-151.1DC investig'afors. In Vii6
study, Renwick wotking:with'girls aged.a-leobsertred that "most studihts
used the equals sign (=) as a symbol of distinction:whose functionlis to
separAte a problem from its answer, rahZer than ato bridge two AilMerically or'

quantitatively equivalent expressions." Renwick attributed the students'

imtermtation of the-equals.sign.(=). in:this Tanner to their early triin-.
ing in arithmetic:- She also noted that students seemed to prefer the usage
ef the ttrmt "same" and "alike"'to "equals."'

. _
The obseryatio that students tend to view the equals sign (7) as a,

one-directional operator was also noted ip a study condudted by Frazet
(1976). Frazer provided a group of college freshmen with instruction on the
"plus" form .of the distributive property:axb+axc.=ax (b + c);
another group with, instruction on .the "times" form ofthe property:

c) =axb±axc; and a third group with*instruCtion on both.t39rMs.
Her resultsLindicated that students who studied only one form of the proper]
ty were 1,esslikely to transfer the symmetrical property of the generalize-

! tion to a new application than were students who studied both forms. From
these.reshits Frazer concluded that the students who studied' only one form.
of the distributive property generally did not detonstrate an awareness of

.

the symmetrical property of the equals relation.

A The res9lts from a 1976 study by Anderson indicate that second graders
who receivelappropriate instruction on equality as a relation can learn to

.

. I 1ti
I t
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interpret the equals sign (=-). as a symbol which denotes an equiValence
relition'between two numbers or expressions. In particular, Rnderson-lioted
that students assigned to the experimental. treatment were More likely to
accept sentences of the. forms a= a, a + b = c + d, and a + b := c + a as
being,cdrrect. .

. .

-.-;-,- / . .
'.

The results obtained fEm the Above studies provide some suppo rt for

the hypothesis that most students do not develop a concept of eildality.as an
equivalence relation from their experiences in a traditional mathematics
curriculum.:kidfdrther, a probabll cause for their failure to do so is the

-.._ inadequacy of%the treatment of equality in most instructional programs.
. . ,

Treatment of quality in Representative Textbook Serifs
?.

Ten Of the most popular elementary mathematics textbook series( tudent
_hooks and:teacher's manuals) currently.used in, elementary lschools wer 1

examined to obtain one indication.of the extent to which-equality as a
concept -is included in elementary mathematics curricula. Based on datg
dbtained=from this survey it would appear unlikely, that a student would
encounter a Systematic-instructional program which presents equality, it
-particular an interpraation of the equals sign. as a relaticll between two

.rs. For example: In halfof the textbook series examined, including
,so e of the most widely used series, there is no explicit Instruction which

4
pre ents the e4urials sign as a symbol which denotes a relation between two
numbs' n foul series there is some attempt to treat eqUality as a rela-
tiOn, but such j.nitruction is,usuilly restricted to one or two page's at the
beginning,of the book and in some series there is po instruction on, equality
at-one Okmore grade levels. In only one textbook series is there,eviden6e
that an attempt is!made to systematically teach equality as a relation
throughout the yeas at each grade level. .*

The fact that the vast majority of elementary mathematics textbook
series include little, if any, instruction cn equality as a relation sug-
glstsa very plansible explanation as to why most children do not interpret,
the equals sign (=) as a symbol which denotes a relation between two num-,
bers. That is, to express tile explanation in more vernacular terms, "If the
children haven't been taught it, how would we expect them to know it?"
Implicit in .the acc,Iptance of this explanation is an assumption that if the .

relatiopalconcept of equality is taught to the children, then they are
capable of learning it. Since ther.: is no reliable evidence which supports-
the latter assumption, one mus search further for an explanation as to why,
may children do not learn o viewequality, especially when expressed in
symbolic notatioh, as an equivalence relation.

7

Suninarz

ObServations of students' behaviors in situations which provided an
opportunity for 'students,to express their interpretation of symbolic sen-
tences'involving.an'eqUals sign suggested to PMDC investigators that the
typical student in'ele primary grades learns to view the equals sign as a

4

5` =

12,
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one - directional (left -to- right) operator which, connects a problem and its

.answer-.nd:further-i, these observations-, with support from other studies,
ndicate_that_many Studentd in higher grades, even at the college level,
do'notdrevelop a concept of,an equation as an expression of a relation
'between two numbers-. Rather, these older students cling to the notion that
an,egnalssign is a syMbol which separates a problem from -its answer. This
viewpoint may be one possible- explanation for the difficulty many students
display in -a'varietyof-situations-such-as:

CoMPlte 43 = 0 +13 ;

Corilpiete + '5 = O +O;
Interpret 1 + 2 = 2 +. 1.

1

,

_
,

_'These observations of students' conceptions of equality `raised two
.significant questions; (1) ,Is itpossible to teach young children to view

a-relation? and 42) If a-student learns to accept equality as a
relatioU; will thiS enhance the learning of Othef concepts and skills?

-.
.. . .

-.-,

f .,_
4 A i 1

I

,PURPOSE OF STUDY
. - .

6 ,..%.

the study whick,is the subject of this report was designedto-fulfill
, the,,following:three purposes:,:.

"

.1:-. to teach first grader's the concept of ,equality as a relation -

,,

2-Jro_ study the effect of understanding and addeptance of the..relation
concept of equality upon the learning of (a). num" eration and ex7,
Panded notatiOnoand ,(b) the tens in addition.---

,

3: To extend the study to investigate the effort of ,understanding this
concept of equality,upon addition and subtraction of two -digit
numbers-With regrouping.

The dedision to conduct -the study at ths...first_grada jel wevas based on the
fact that it is at this grade leyeI that a student typically encounters
SYMbolic sentences which express the concept of equality.

. II-THE-STUDY

DESCRIPTION OF POPULATION

The study was, conducted in an elementary school (k-5) located_in Tana-
.

hassee, Florida, Approximately 400 students attend,this schobi. The school
serves a predominatelS, low socioeconomic community, but about one-third of
the students are children of students attending one of two universities
Iodated within one mile Of the school,. ,

Approximately 100 students, were enrolled in the first grade at the

1 3



.
lbeginhing,of the school- year. Thessstudents.were_assighedto one of three`

'sections', but_no-attempt was-madOo group the children homogeneously. The
Students particiPating in the ifUdy-were selected-from among those students

aSsignedtbone section. thistLection was selected by the principal -of the
:
school: ."

During the second week,of.4chobl three tests were-administered to each

jiudent.:The OtigLennon.:MeritallA4ilitytest.was_a group test.lthe_keyMath

DiagnosticArithmetiO Test and the.PMDC Achievementteit: Grade:One-were
:administered in individual interview sessions, The data from thesetettS
` provided the following information about the_students (15 males and 18 fe-
liaiet)assigned' to thit section. The mean,IQ.was -89, The' IQ measured ranged
from 58,-to 131. The median IQ -score was S4, and the standard deviation was

16.. the store`-on the -KeyMath test-was-34. (G.E.__1.0,).the total
scores onthe KeyMath test ranged-from 8 (G.E. less than 0.5). to

.2-.4)..the:,Median,;soore-was 35,-and the was 15. The 'mean'

Iotai,sabre-on the.pMDC test was 19.1 (49% cOrrect)*. the total PMDC.scores

range-,Irom (8%) to 37.190). The. median score`was 19.7 (51%Y; the sian-

dard,.deviation-wae 9.

DESIGN OF STUDY
';

-Overview

the:purposevof-this teaching experiment were (1) io teach a group of

first - graders the concept-of equality_as a relation and (2). toot.tudy the

c'41tedtt Of such Instruction on (a) the learning of expanded notation, (b)

bridging tens in addition, and-AcY the additiOn and' subtraction algorithms
,With'ilregrouping.,,-The- werimental treatment, was provided_ for a small group,

sevenstudents,, in order that intensive observations -of- students' behaviors

bould,be.made on a day -to -day basis..A control_group was identified to
.provide a-comparison base. EVaivation data-Were obtained from observation

notes from tests adMinistered by.,,the,principal investigator, and, from

interviews conducted by external evaluators.
.

_

'Selection Of-Students

even matched pairs, fourteen students, were selected as subjects for
the to=chlng experiment. The matched pairi were selected to provide a strat-
ified sample of the_total class population. The procedures for selecting the

Aratified Sample are at'follows:

1.4The-student were rank ordered according to their total scores on
tfle--dyMath test.

2. The scores,were partitioned into three groups. (The regular class-
room teachers assigned to students to one of three groups for math

lathe mean total score for the PMDC testing population (185 students) was

22/9 (595 -correct).
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--instruction.) Theiligh.scores_borrespond to G.E.s of 1.5 or above
The middle scores correspOnded to G.E.',s between-0.8 and 1.4. The
low scores represented G.E.'s of 0.7 or lower.

S. The decision was made to form two matched pairs from both the high,
and middle groups and three matched pairs from the low group. This --'

selection reflected the distribution of students in the three
.

instructional groups formedJby the classrooM teacher.

4. Matched pairs were formed by.selecting students with approximately
the same total KeyMath scores. If three or more students had essen-
tially the same KeyMath scores, the following variables were then
considered: sex, IQ, age, and total PMDC scores.

5. After the_matChed_pairs;Wekeiformed, the-regular-classroom-teaCher
was asked to-evalnate the peirings. With the excePtiOn of one pair,

middle group, the,pairing-Conformed to the teacher' -s evaluations,
of the students' performances, in mathematidsSince she had placed

one of the :students in-the p4ir'.in,,,the.iow,,,group, a suitable

replacement Waswfound for this'Student.\

6. A Student in each matched pair was randomlyessigned to the experi-
mental group. The other.Student was 'assigned to the control group,
The assignment,of Students-to the experimental and control groups

was. completed by mid-;OCtober. From,this data until mid7November,
when the experimental treatment began,the'projeot staff began
.collecting observation -data on-the students and prokriding special
instruction for those students assigned to the experiMental group
who had -not attained a specified'setofprere4uisite skills. During
this interim period, three students assigned to the contrdl grbup
Withdrew from School. Replacements for these students were selected
from among those students who,had not been previously selected to

participate in the study. ' '.

The final set of matchedpairs did not provide the pA.cise matching` of
students as had been obtained in the original set, but -the differences among
he-variables .used inthe matching process_were small. Data pertinent to the
matching process arereported in Tab:. 1 on the -fd4oWing page. The data -''

.-presented-in_Tahle_l indicate that students in the experimental group gener-
ally had slightly higher scores on the t.wo-MatheMatits achieyement tests and
.were-older than, the students in the control group, but the average IQ for
the-control students was slightly higher. Both groups included four girls
and_three:boys. The parents of the students constituting Pair 2 were foreign,
students attending one of the' EEarlin-iversities-.-

Teaching/Observatiom.Assignments

- .- The principal investigator for this study had the resi5onsibility for

teaching the experimental group. Each day durin4 theirregular math.pericd
these students were taken to,a room which was reserved for this stud.-The
students in the control group remained in their regular classroom and '

15
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Table 1
, Student Data:--Experimental-and Control Groups

Experimental Control.

Pair KeyMath PMDC IQ Sex Age KeyMathn PMDC IQ Sex Age
, .

1 73 , 35 .131 M 6-8 66 46 124 F 6-8

2 55' 27 109 S 6-6 47 25 97 M 61-6

3 45 . 27 109', F 6-5 . 45 25 - 100 F 6-.2
%,,

4 37 20 83' M 6-8 34 20 97 M 5 -8

-5- 26 18 . 80 M 6-8 20 15 74 M 5-11
... .

29 11 72 F 5 =11 27 10 78 F 6-1'

7 26 ` 12 73 F 6-3 :22 13- .84 F 5-10-

Mean 40.7 21.4 93.1 6-5 37.3 20.6 96.3 . 6-1

' received-their mathematics instruction from theClaSsroomteacher.

i
. .

Two graduate assistants were assigned to this study for the purpose of
,

,

obtainingobservational:data. One graduate assistant observed the experimen-7
tai group and the other observ'ed the control group. The graduate assistants
rotated_ their- observationassignmentsin two- week intervals---

,

Instructional Materials

Students in both the experimental and the control groups received their.,
mathematics instruction on preliminary concepts and skills in their regular
classroom. This instruction was.based,primarily on the'content included in
the first forty pages of Holt School Mathematics: Book One. This content

,

inclnded the following concepts and skills.

1. One-to=one-corresporidence.

2..'Cbunting sets, g S 9.
3. More, less, one more, one less.'
4. Ordering:_sets.

5.'Reading/writing'numerals, N g 9.
6. kiapty set.

. 7: .Ordering numbers.

_-$.-Ordinal numbers: first through ninth.

0

_Students in-the-;experimental-group--dicrirotinue their work in Holt
School Mathematics: Book One beyond page 40, since page 41 in this textbook
marked=the introduction. to addition. Students in the control group continued
using Holt School Mathematics: Book One throughout the school year.

Students in the experimental group were provided with special instruc-
.
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tional,materials. These:materials were designed to,delay the introduction of
4

,-,:mOS't-conventional symbolic structures until later in the schOol year(

Specifically, from the time the experimental treatment began, mid-November,

---unti-1 ter 5Tft of April the stuents worked with symbolic sentences

of the form:a=bacora() b. During this period the students were

introduced to the following - topics:

1. Concept of equality.
Basidaddition facts, sum 4 10,

3. Missing addends.
4. Basic' subtraction facts, minuend 4 10.

5..Greaterthan and less than.
'6. Place Valde, N C 19.

4

_ .

Detailed lists -ofepecifie concepts and skills related-to each of the above -'

topics are kedorte in Appendix A.

The donventional'symbolic forms were introduced to the experimental
-students during the latter partof April. Selected:pages froth Holt School

Mathematics: Book One were used for this instructional unit. Also; sections
frOm)Holt,,School_Mathematics:_Book One were- used during-the latter part of

theschOol year to provide theprimary instruction on' money,"time! geometry,'
fradtions, and measurement and to Provide SuppleffentarTexerciSes on pfeCe

VAlueu.the hard addition factsveAnd the additionand subtraction algorithMs.

..pecial instructional materials, reflecting the experimental treatment, were
also-written.for later topics. See Appendiat A for lists of specific"cOncepta

and skill's related to these topics. 1

ThezdeVelopment of concepts and kills in the experimental treatment
was based on the.use Of a modified:version of the.Ohaus School Balance

,(FigUre
ittt.;

Figure 1
Modified Ohaus SchOol_BalanceQ

Modifications of the balances were made byf Damon Incorporated. Tliee'

cations included:

1. The design of a set of pans, without sides, whiciv,swere partitioned.
by color to show. either one, two, three, or four regions.

. 9



-____,

_. t. -

mnits Cl x 1
_

J*. the design of a set of metal weights consisting or,.x.1
cmReighing_l_grams) and tens (4-1-4-x-10 cm. welgrying-30-graWit"-----___.

,___
=3. A change in Method of attaching the pans to that the scale would be ---->:

insensitive to the ideation of the weights on the pans. f
.

e .. ,

4. The addition of a detachable shelf to the back of the scales.

5: An enlargem ent of the pointer which indicates when the. scate is in
:-. a balanced position.

. ..
..-

'?. Ek. The attachment of a wooden block above the,fulcriur to hold the
----tollowing,signs:.=, <. , >.....a.J.______

;,f:
,

. .

",

The instructional materials written for each lesson in thprixnenta
treatMent included the following coMponents: .,

. 4
1. A detailed teacher's guide which contained (a),.a statement of the

lesson objectives; (b) a list-of maferialS% and\CO, d-specifiC
sequence of-balance-demonstrations-and,relgied.quesions. ,

set-of developmental exercises. :
A0 -

. .

. ..

..% t. -
3. A set'o,f drill (practice) exercises.

Selected lessons frpm each of the major units are included in Appendix B.

Evaluation Procedures c

Data pertaining to the experimental students' undersanding of equality
were-obtained from three primary sources: observation notes, a test adminis-
tered-by the principal investigator; and_test_administered,by the_external____
--eiTiliiitors7Asseesment data for students in:the control group were obtained
from two sources: observation notes and tests administered by the external
evaluators.

Observation procedures. One.graluate'assistant observed each experimen-
tal lesson. The observer was provided.a notebook Containing'.a copy of the,
instrdetional.materials and blank pages for recording observations. This
pbSetlw recorded the students' responses and/or reactions to each increment
in the developmental component of a lesson. During the practice (drill)
ComPonent-of-a-lesson,-the-observer_closely observed the work of two or
-thre0.4.udentsr-noting7questions-and-cumments, errors made, and the strate-
gies'Usedin solving problems. The selection of students for intensive
observation was changed,each day.so that each student-was observed at least
tWrif4mes each -week7...The-experimental-teacher and the observer met after the
lesson to discus the students 15erformances during the'lesson...Periodically,
the experimental class periods were videotaped to obtain additional observe-
tional.data an to provide an evaluation of the observational notes recorded
by the observer. Summaries of the observation notes, by major topics, are
contained in Appendix A. .
10
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The graduate assistant assigned to the control group observed each
student for an extended period at least twice a week. The-observer noted the
tdoPic being studied, the students' performance on this work, and any in-
struction provided by the claSsroom teacher on the Aeaning of equality. A,
summary of thesenotes is provided in Section III.

.k.

Internal Evaluation. To.supplement the data on the experimental stu-
dents' interpretations of equality, and in particular their-iew of this
concept in the context of a symbolic sentence, the principal investigator .

--Admi=nistered a test (Appendix D) on symbolism at the end of the school year.
Most of the items on this tESt required the, student to establish a relation-

between a eymbolicsentenCe and a balance. Thus,, the, primary purpose st4
this posttest was to obtain ah.indication of the students'conceptualizationN
of equality as related to a balance model. This data therefore provided a
base for'comparinge41101e=s' ifiterpretatiQns of_equality in a
setting with their view of equality in more neutrafsituations, that is, the
teete'administered by/the external evaluators.

l The posttest was, administered in individual interviews.by the principal .

investigator and the graduate assistants. The test was administered in four.
pants. The times fc4 completing the total test, ranged between 45 minutes and

4
one-hout' Each interyiew,iwas videotaped. 1 ;'

External'Evaluationt. Three*assessments of the
,
experimental and control

students' interpretations of equality were made by external evaluator, PMDC
principal investigators who were not directly involved in the execution of
the-experimental treatment. These tests (Appendices D, E, and F) were admin-
istered in December, Marc:1,.and June. The external evaluators designed each
test,- consulting with t prihcipal:investigator to determine whether or.not

Orspecific, problems were propriate in terms of the,ropiescoyered in the
studentS' instructional program. The external evaluators administered each
test and evaluated the students"- performances.

1, --------
Each test was administered in an individual interview setting. Each

interview was videotaped. The average completion times ranged between 15 and
'20 minutes.

s

LOG OF ACTIVITIES

The preceding sections provided descriptions of the various materials
and activities related to the design and conduct of this teaching eiiperiment.
',This section provides a chronology of important events 1Z4om-the-inceptien-of-
the study.in July 1975 to its complption in June 1976. Detailed lists of
specific concepts and skills included-under each- -major topic are provided in
Appendix A.

July ,

g

1. Preparation of a prospectus for a teaching, experiment on equality. .

2. Approval of the prospectus by the PMDC'Advisory Board.

/.
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August

o
1. Selection ofproject_staff.

I

. Specifications for modifying Ohaus balance submitted to Dathon

Incorporated.

3. Arrangements made with a local school for the conduct of the
study.

1. Preparation of'anputline for the instructional program.

A.0

September - Mid-October:

.1. S tuderrts-compl-ete-ifee-test-batte--

24 Students receive instruction on basicnUmber concepts and skills
from ClaSsrooth teacher,

-3. Initial;selection of'experimental and control groups.
fiti , .

°

4. Instructional materials for. the following topics are written:
equality, addition,' missing adandsy and, subtraction.

Mid-October - Mid-November

1. Experimental students given prerequisite' skills test.

2. Students who have not attained certain prerkluisite skills
receive appropriate remedial instruction.

° . '

3. Students who have attained -t-he-prerequizite_skille.recetvial_______
instruction which promotes mastery oit-these -skills and/or
instruction on topics such as non-metric geome-itimet_and
graphs. No student instruction-directly related to .addition;
subtraction; or equality.

4

_4. Balances arrive.

Mid-November - Mid-December

2

1. Experimental, treatment begins.

6

2. Topics covered An this period include: concept of equality and
. ,

-addition, sum 4 6.

3. FirSt assessment by external evaluators.

January

1: Topics covered during this period include:jmissing addends;
subtraction, minuend < 6.

$.
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February' .

\
1. Topics covered during this period include: addition, missing

addends, and subtraction, sum /minuend < 8; eddition, sum S., 10.

\

. .

March

1. Topics covered during, he first part of this period include:-

missing addends and subtraction; sum/minuend < 10.
. 1

'2. Second assessment by.externai evalnators.1

3. Topics covered during the last part of this period include:

- time (textbook); !greater than and less thanl,

O

.!

April

1. Topics cove're'd during this period include: Place value, N < 29;
addition, Sum < 14.

May

2. Students are introduced, to conventional .symboliC forms (review,'
'preV.tons topics by completing exercises in `textbook).

3. One student in the experimental,grouP transfers to another school..

1. Introduction td sentences of.the form a + b = c + d.
-

, -

2. Continued drill on hard addition facts, place value, ,greater than
and letS than. A,

3, Additional topics covered in regular textbook during this period-
)

include: tide, calendar, money, geometry, end fractions:-

4. Students participate in PMDCSpring testing pyograd.
. r

5. Introduction to addition and subtraction with 2-digit addends and

minuends.

June

1. Posttest Administered by principal investigator.
1_

2.Third assessmentby external evaluators.

-

III., EVALUATION RESULTS

Information pertaining to the students' Cdncept of cquality was ob-
from three sources: Observation Notes, a posttest4administered by the

investigator. (internal evaluationl, and a series of three tests

13
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, administered by external evaluators. Data obtained from these assessments

are reported below.

OBSERVATION NOTES

Experimental Group a

. Detailed summaries of the students' behaviors are reported. by major
rtopiOs as Appendix A. Changes throughout the school year in the students'
perbeptiOns of equality and of symbolic sentences are described below.

1. Prior to' the beginning of the 'experimental treatment, all students
had acquired the skills_af-construe,ting-a-set-with-the sdme-nUmber
of members as well as' with.more members than a given set. All but
two students were-able to construct sets with less, one more, and
sohe less members, than a givenset.

2. All students understood the concepts: weighs the same and weighs
more,(heavier). also, the student5' behaviors indicated that they
'understood conservation of weight%in-the:following context: If .an
object is Moved:from one side of the balance-tothe other side,the

' weight does not change.

\

3. Me students readily learned, through their experience in working
With wbalance, the following generalization: The number of unit
weights is the same on each side of the scale if, and 'only if, the
pans'balance.

. "
4. At th4(beginning_oftheexperimental-tretmenti-fdur-StudentSkneW

the equals sign (=). That is, shown the equals sign they would say,
Equals." None.of the students knew the not equals sign (s).

5. All students learned to read sentences of the forms a = aand a # b,
T and to demonstrate,the-meaning,of such sentences 6k-constructing a

correct balance model.

6. A114students readily learned to complete sentences of the" form
a 0 b with either an equals sign (_) or a not equals sign (S).
Three students could complete-these sentences without the aid of a
balance, after worging five or six exercises.

7, All students learned to complete_sentences of the forms a = +
and C3= a + b. After some experience in using a balance, the stu-
dents' behaviors indicated that they verified the correctness of
their solutions by comparing the numberoof units on each side of the
balance rather than on the position of the pans- -that is, equal if
the pans were level,* not equg.if one pan was higher.

8. Ih one instance as the students were completing equations of the
form: = + two students-turned the worksheets around so
that the equations,weie of the form: + = . These students

14
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r
r

:

Luccessfully:completed-this-exercise-dEET bUi thebalance models

,
they cons,tructed were reversed'to the form of the equation. For
example, they constructed a balance model to show 5 = 3 +.2, but

wrote 3 + 2 = 5:
"'

9. With the excep tion of one student, the students readily learned to
solve missing addend problems: a = b.+ CI and a = C1 t b.

10. After some'experience- in-using a balance to solve addition and
missing addend equations, the studihts-did not always rely on a
strict-One-to-one correspondence between the balance-model and the
equation. For example, to solve 5 = 3 +C) they might set uP the
balance to show S = 2 + 3.

-mt._ 11. The students,learned, with some:difacuIty, to use a balance.to

solve subtraction sentences: a = CI -. Eland CI = a - b. The diai-
culty did,not appear to be Kith the. conceptualilation of subtrattion
(take%away), Rather, the difficulty seemed.to be with the complexity
Of the'steps inliolved in solving such ixohlemson a balance: The
students, however, quickly learned that the- difLerence-dEt (left
side) could be constructed-by counting the units'remaining on the

right.side of the balance.

12. As.noted above, in the introductorY,lessons oh equalitx,. all stu-
dents could detect an' equals or not equals relation a balance

model. Howeverionly two students Were successful inextending these

skills to the determination of greater than or less than relations.. ,

, _______

-4-13. The students readily acceptedithi:dquiiialence-ot-10 units and one
;

ten (long). However, two students needed consideTable experience in
- using.tenS (longs), before they would consistently use a ten in

constructing-,,a set to show a number geater than-or equal to ten.- '

. .
. ..

,
- ____

, .

, 14: The stuolnts had no difficulty in learning to complete equations .,. 'e

14 = 1.3 +0 as 14 = 10 + 4. However, only two students could__

_ solve equations*like 10 = 10 -1-...4, without the'aid of ,a. balance.

,

, -
. '

,

,

. . Aval..._ . .

15. At the beginning-of the experimentaratmept, when addition,
missing addend, ~and subtraction equations%were first introduced, the

-,,,q4040,:-,
,

students exhibited.no difficulty in distinguishing among the three

--

types of sentendes- BUt during the study, as sums and minuends were t'

increased in magnitude in a spiraling curriculuin, three students
began to make numerous errors which:could be. attributed to the
misreading (non-reading in Some cases) of the problem.Ie 0.1

e.
.16. Th e students readily accepted the conntional forms of writing

*addition and subtractiomprdi-leins:.a + b = 0, a - b = 0, a a
4. +b, -b. <.

. However, in constructing a balance mOdel to solve 'such problemg
they generally constructed the addend-setS and the minuend set on
the right side of the balance. Three students tendedto cdhflige

equations of the form [] + a = b with 0 a + b, and a +

-
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with'a = Q + b; but when asked to read aloud the sentence they
interpreted,suchsentences correctly.

17°. Except for one student, the students experienced considerable frus-
tration in learning to interpret and to model sentences of the form
a + b = c + d. Their frustration seemed to be due to their.tendency
to interpret, such sentences as a single problem to be solve, rather
than as a rerationship between two problems. By using 2-region pans
.on each side of:abalance the, students eventually learned toLcom-

t
plete'equationslike a + b = c + Dana to deteimine;wbetilerequa-
tions of the form a + b-= c-+ d were correct or not correct. Based '
on observations of their work, it was evident that thestudents'were
aware of the fact that the balance showed an equals relation if and
only if the number of units on both pans werethe.same However,
only one student exhibited evidence, of an awareness of a relation
'between two problems.

18: The_prospectus for this, teaching experiment on equality included a
study of the students! concepts of "equality larthe oontektof learn-
ing subtfactionfalgorithMS, with regrouping. This
aspect of the study was not undertaken because the majority of the
students did not progress to the point that they were ready. to learn
these skills in the time allocated. to the experimental; treatment.
However, the students, except, two, learned to-add and subtract
2-digit numbers without regrouping.

The above remarks on the observati:ons_a_thestudents!_behamiors sUgsest___
11E-Students learned to view the equals sign (_),as a symbol which

indidateS" a sameness of number relation. In particular,a balance shows an
,fi10.1§ relation if and only if each side ,of the balance has the same number
of units (a ten was. accepted as being equivalent to 10 units). However, with
the exception of one student, their view of equality was in a sense- one

..directional, regardless-of-the writtenform-ohe_equation. That is, in
addition to denoting a sameness of number relation betWeena-problem_and its
anSWer, the equali Sign was also a symbol which identified (pdinted out lir

A.

asenSe) the location of the answer, either on the left -or the right side of,
the equation. Only one"Student,exhibited 'evidence of vieing_the_equals_sign:
as a symbol which denotes an eqUiVilence between two expressions., thus
indicating that the two expressions are -names for the same number:

Control Group

Students in the control group were assigned to one of three groups for
mathematics4instruction. The students were grouped on the basis of achieve-
mient in mat. matics. At the beginning of the experimental treatment, mid-
November, two Oehe control students were in. the high group; two were in 0'

',the middle gr up; and three were in the low group. After the Christmas break,
one student was moved from tue middle to the high group, and one student in
the low group was moved to the middle group. Thus, for most of the school
year the distribution of controlestudents among the three groups was as
follows: 3-high, 2-middle, and 2-low,

,16
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The primary source of instruction for-all three groups was Holt SchOa
Mathematics: Book One. The classroom teacher provided supplementary exer-*
cisesthrough-boardwork, worksheets, games, and some work With manipulative
aids. By the end of the year, the high and middlegroaps,had,essentially
covered all of the textbook. This instruction included work through additi

4
and subtraction with 2-digit numbers, without regrouoing...The high group
received some supplementary exercises, boardwork in particular, which was
directed toward the development of a mastery of the concepts and skills
taught. The work for the students in the low group was generally. restricted
to easy addition and subtraction problems. sums/minuends less than or equal
to 10.

None of the students in the three groups received explic.4.t instruction
related to the development of equality as an equivalence relation. The
students were told that the symbol = was. anrequals sign, but they were
encouraged to read equations like 3 + 2 = 5 as-"Three plus two is the same

. as five:"-In thp process of being introduced to the vertical'
a. a

and,
-b the students were, told that the line under the second number

'stood for the equals sign. Otherwise there Was no specific instruction'on _

the equals sign. ' . ' .

: .

.
The students in .the control group worked almost exclusively with equa-

tions'of the form a o b = c. An exception to this practice occurred when the

1

stndents were studying differerit names for a number. In the introduction to
this /lesson to the high.and middle groups, the teacher wrote, for example,
.6 t on the board and asked the students to complete the sentence in as
many ways as they could. The%students had no problems in interpreting * the
meaning of these questions.,One student wrote 6 !..1 6, but when the teacher.,

--------,,..._zasked-the student to write something else,, the student wrote 6 = 6 + O.
,

.--",

'
: ..,"

,
. .,.

;

INTERNAL EVALUATION ' -

The,students in the experimental group* were administered a test,
developed by the principal investigator, during the last week ofeschool.
This test was designed tb,assess.thefollowing: (1) the students' profi-
=ciency in computing addition and subti:tction facts, (2) the, students ability
in usinga balance to solve problems, 3) the students' ability in inter-
preting a. balance model, and (5) the students' knowledge of 2-digit numbers.
This test weS administered in four parts, each in an interview setting which
was videotaped. A copy of the test is presented.in Appendix C.

The results from the posttest administered by the principal investigator
provided the following information. u

1. All students demonstrated that they could read 2-digit numerals,
n <,30 and. could use the tens rods and ones cubes in constructing
sets on the balances. All bpt two students demonstrated that they

*One student in the original experibental group transferred to another school
after.the spring break, mid-April.

17
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e

could count dimes and. pennies up to 30 cents.
.-

2. Four of, the six students depionstrated.that they knew the neanirng of
both More ands less.

-.
of

',.9 %
3. Four ot the nix'student's-demOnstrgteil thatt theiCould.comPiete .

i

i sentences of the form a ()13 + c and a +.10 C) c by using = or ¢ in '

.. y
the c4:rct. However; only one of these students exhibited evidence
i:that-he7positionlof the oarii (leverip. or not level) wasrelatedto
whether equalpr not equals was the apprOpriate relation. The other
students based their answers -oa relationship between numbers. after
thm computed the sum of two numbys. .

.

4. .
4

44. All students. demonstrated that they could use a balance to -solye
equations of the" following forms: a + b = 0 :' = a + b; a - b. = 4 .

C3=. a - bF a = CI "1- b; a -= t ,C1; a + b. = o. + tl . Some- siUdentS" ,

however, were not'successful in showing file solutions to some . ,.

problems. It was observed that in each -case where an error occurred4 .
the student had no placed the-pano, an the balance to,ettabliskan
apprOpriate.one-t ,one correspondence. =between the.. regions-on the

,pant and the eqb Lion. For examp10; to,solve 5 + 4-.=t1,, four stu-
..

dentt.set up the balance as either pi An ' or - 0 At
either

.
....

These 'Students:plit.5 units on.hs,left side of, balance a01;
, ,,

units on the right'side. Three of thets fouritudents added a fifth.-
1 unit to the right side and wrote 5 + 4= 1. The other added 5 and 4

.. ,.,

on her fingers ands.wrote 5 + 4 = 9. .% t
V

I
Altogetiler there were 10 problems tor which the student had to
.-,

.,platy pens on the balance before solving the equation. Thus there
.w s a tdtaIof 60 responses (six-,students/10 problems). The following

trix.shows the relationship between the way the studenit'piaced, the
p s oh the balance and their subsequent demonstrated profic.er'cy in
usi tile baliece to solvean'

.

equation.

_

18-

Appropriate placement of pans

essfully Yes'

sho d solution
to equation
on balance.

Yes NO

38- 11

0

The data in the above matrix suggest that an appropriate placement of .

pans on the balance enabled the student to demonstrate successfully
the solution of the equation on the balance. However, with an%inap-j
propriate placement of pans, the students demonstrated acceptable
solutions in enly 50% of the cases.

.
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It shOuld be noted that during the'instructional -phase of the
.,t7.11%, the Students- did not experience- situations in which- thei had--

to place, pans on. the- balance before Staving an equation.
-

..
5. here were four items on -the final test in which the pans Were

_ apP,rdpriately placed on the balance -by the interviewer before the
. . -Student was _asked to saive an equationc In .two, - cases. the-equations

Were of 'the form a =,_1:1 + thian 4. in two cases _the equations "were of,
the form Q = + b.

In all four cases each- student was suocessftil in using' the
balance to Solve the equation.

6., There were two ,opportunities for the--studentth to 'construct a balanCe
model of an eqUatitin Of the form a = b: + each Case- the inter-
viewer had appropriately placed the pans on- ,trio bal.ahco.

.
. All six,students constructed ,suedesSfuly constructed modelS

- for 'both equations.

There were five items in the test for .whiCh the Student' ins asked to-
describe the model which had been _set up on the balance-. Only- an
oral responSe was required in two cases; in the other three cases

. the students-were-asked -to- write a- sentence- to describe the model.
_

Only two students successfully-completed all fiVe items. Two
-other students demonstrated success on two,of the five items, and
the -other two students were unsuccessful on all five ittem.5..s.

_ The- -most. frequeht error (oral deS4iption) .waS the mere
recitation" onumbers, Shown without any reference to an operation.or
-to the equals relation. For example, the student _Saidg "twelve,. _

.seven,- five" when the balance was 'set up to show 12 =.7 + 5. Ih two
instances, th' student:, reversed- the order of the operation and eje
equals relati n in the oral description. FOr example, ,"Twelv pluS
seven equals ive."

In one it in the ,balance was set up, to show 5 = 3 + 2. Two
students, who were not 'successful on all five description items, -,

--wrote the correct eque.tion. The other two students wrote 5 + 3 =42.
to"'

. When the balance was set up to show '4 = 4 Or .3 # 5, the'four.
. students who were not successful on all five description items

wrote, in each case, an equation or an expression which involved an
operation. Typical responses were of the form 4 + 4, or 4_ + 4 = 8,.
or 4 = 4 +- O., Interestingfy, the two students, Who-wrote acceptable
equations, wrote an equation which involved an operation. For ..
example, instead of writing 4 = 4, one student wrote 4 - 0 = 4,1 and
rather thanlwriting 3 .#-5 or 3 < 5 , one student wrote 3 # 3 -+ 2.-, -

,, . , .,'
C. . z.

' 8. Five of the six, students exhibited evidence that they could relate a'
Balance niodel -which, had been set up' to show a given ecluation to a '

y. A

S. I
o



. . ,
..

second-equationFor example, given the situation where the balance ,
_ . ..

.

tadibeemSet-up/to show 12_= 7 + 5, the student could' modify the
_.given,moddl toiShow 11 = 6 + ,- by removing one unit -from the set of

12:and one unit from the set of 7. Or in_another case _given the
model- to-show lf * 6-+ 5 to show. 11 *5 + 6 the student inter=
41406 thepositions of the sets of 6 and 5 or simply observed that

;
.

.the given model, also represented the-second-equation.,

9:. 'All' students demonstrated_ an abilitY.to read equations-of all- types:

Addition, subtraction, missing- addend. '4

10.2'11 students deMonstrated a high degree of proficiency in computing
basic addition and subtraction facts,- presented in either` horizontal
or "vertical form. As partofthe-finalevaluation the Students were

, :given three computation_tests:- easy,additiOn facts, easy subtractiOn.,
1 facts, hard addition pets.'The students had the - option of using. . )

their;belance to answer'- rOblems on each teSt;''but none- of the
,

-students elected to use a balance 'to-compute easy factS: The results
.,on he.;testi of basic fiots are,,rePorted-in Table 2.

Table 2
Data 'From Computation Tests: Final EValuation
4... Numbe;of Correct Responses if

Student
_Easy Addition Easy Subtraction?

(15). (15)

3

4.

'5

- 6.

"7

r6eah

--i5
1),

,15
o

15

,15

15

15

15

15-

-15

15-

15

-13

14.3

Herd,Addition
. .(8.)

'Total

,-(38)

8

6
.

'38

6 36

4 32

5 35

6 34

5.5 34.8

*Studeht 2 aid not take this test.
, '.

-' c

, .

s

.,

,_

ti

. , -, Errors on the easy subtraction 'test:were all related to problems
involving zero as the subtrahend or'difference. One student made

. two errors of the folldkingtype:'n - 0 = O. This student was also
making the Same error when demonstrating hoii to use the balance

. ,(coh-MientikaboVe) to solve *6 - O. Another. student made two

. /errors by,,applying the following generalization: n - n * n. However,
this student was successful in using the balance (comment 4 above)

/
to solve 6 - 6

. .

he following conclusions', pertaining to the experimental students'-

un rstandillg of.equality, their understanding of 'symbolic sentences, their

under ending of
'w

relationship between sentences andbalance models, and
4 A
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u ,1

-thei computational' were derived frarii the above data.r
4

. )

I. All students in the experimental group demonstrated by their
performance on the posttest (internal evaluation) that -they had
learned:, (a) to compute sums and differences with or without the
#a of abalancev: (b) to read equations, (c) to count and construct
sets with more than 10 members, and (d) to read 2-digit numerals.,

!
2. Moat, but not all, students_ had- learned:.(a)) the meaning of Mord

and less; (b) efficient techniques Of constructing a, new balance,
model by modifying an existing balance model, thus exhibiting some
evidence of being aware of relationships between two equations; .and..
(c) to complete equations of the form a () b + c by writing = or #.
in the() 4

3. Only two students exhibited evidence 'that they understood the
relationship between a balance,model and the corresponding equation.
That is, these-studentsseemed to comprehendthat the use'of-the
term equals, whether in the context of describing_aibalance model or
in the context of an equation, meant that the numbers_ representedvon
both sides-of the balande or equation were the same. "However, thgse-
:students were unable to use equals in a-Passive sense:, for example-,
to state'that 4 equals 4. Rather, they, interpreted equals only in
the context of an action sittiation; for example, 4 take away 0 equals
4. The other four students exhibited no evidence-of ascribing a
meaning to the term equals.-For these,students-theequals sign was
merely, a "symbol which separated as problem and the.answerto the
problem, and did not signify any other meaningful relationship
between these,two entities.-It was'noted, however, that these four
students were aware of the fact that when the balance was level or
the _answer waScorrectthere-wouldbe the same ehUtbek of units Oh
both sides of the balance.

EXTERNAL EVALUATIONS

4

An 1g;;Ssment of the effects which the experimental treatment had on
the,students' conceptualization of equality was, made by a team of PMDC
evaluators whO were not directly involved in the conduct of this teaching
experiment. The external evaluation consisted of a series of three tests.
the firsttest was administered toward the beginning of the study ,(December),
the second 'test was given approximately at the mid-point of the study
(March), and the third assessment was made after the experimental treatment;
was terminated (June). Each test in the series was an individual interview,
lastinT'on.anayerage between 15 and20 minutes.

e-

- A script. was prepared to guide the evaluators in the conduct of each
interview,. providing a degree-of standardization in the administration of
each, test. The evaluators,,, however, exercised some freedom in asking probing

questions in those cases where, in-the evaluator' s, the preicribed
stimulus did not elicit a response which provided a valid indication of a
student's understanding o the concept or skill being assessed. Each inter-
view was videotaped; thus, variations from the standard script could be taken.

: ) 9
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.into consideration in the final analysis of the student's performance.

The evaluators viewed each videotape in the Process of scoring the
students' performances. A scoring guide was45repared for each test to assist
the'evaluators in Making theirssesSments. Prior to the scoring of each
test the evaluators jointly scored the performances of two or three students
in order to reach-an agreement on the assignment of:points to particular
:behaviars.Also both evaluators independently assessed the performances,,of
several Students. These analyses.were compared to assess the reliability of
the scoring procedures. -

. .

Copies of the three tests are provided in Appendices D, E, and F. The
results obtained front these evaluations are reported in the paragraphs which
follow

.

First 'Evaluation

Tkte:first test consisted of two parts, Items-in the first:part were'?
".administered as.follows:,

, -,,4 .

1. The student was shown anequation of the form a = Q + ,

Q = a + b, .a 0 b + c, -1: = a, a -17 b.= 0, and a + b .0 c.
. .

. . . . , .

2. The student was told to write somediing in the 's or 0- to make
it right, .

3. The student was then asked to read the sentence. ,

4 The Student was asked if"the sentence was okay.
.0

t

There were ten items in the first part of the test.

., The second 'part of the test was composed of four iten0-1 Ieach item
the student was,shown an equatiOn of the form a = a, a = b + c, or

.
a + b =.c + d. -The studentas asked to read the equation and then was ,

asked to tell whether or not the equation was okay; .

. ... f
1

.

The primary purposes of this test were (1) to obtain'arr indication of
the studenti' skills in completing open sentences (writing) and (2) to
_obtain an indication of the students' skills in reading mathematical sen-

' tences. One point was awarded for each open sentence correctly completed,
and one -point was awarded for each sentence Correctly read.' No measure was .

a0sSig d,to the question, "Is it okay? The maximum writingscore was 10

et0and maximum reading score was 14. The maximum total score was 24. Data
pe taining to the students' writing and reading skills from the first,test
are reported in Table 3 on the following page.'

As previously noted, the primary purposes of the first.external
evalua,ion were to determine the effects orthe experiMental treatment on

,

the acquisition of skills pertaining to the completion `(writing) and reading



Table 3
Scores on Writing/Reading/Tbtal Scales: Evaluation I

.

Pair
.

,.

' Writing Reading :,Total

Experimental Control
. . .

ExperimentaControl 'Experimental ControlL

1 10 9 1-4 $ 24 17

2 9 9

.

14 7

At
,23 16

3 9 6 14 11 23 , 17

4 4 4 9 8 13 12

5 s 4 7 6 - 0' 10 7

6 4 - 2 14 0 18. 2

7 1 45 7 6 8 11

mean 5,4 ,'5.7 10.9' 5.7 16.3 11.6

of mathematica'l sentences: The following three null hypotheses were tested

to deterriine suth°effects.

H1'1

2'

There is no significant difference. between the mean writing

scores of the experimental and control groupi.
.

There is no significant difference between the, mean reading
scores of,the experimental and control groups.

There is no significant difference between, the mean totalH3. -

scores of the experimental and control groups.

Each null hypothesis.wai tested against an alternate hypothesis which stated

that the exnerimentalgroup would ha;ie a higher.Meen score:

The Mann-Whitney U Test, a nonparametric distribution-free rank test,
was used to make the analytes. The. Mann-Whitney U statistics are reported

in Table 4..
.

.

Table 4

Mann-Whitney U Statistics:. Evaluatioh I' .

Scale

:

:writing _

Reading

Total

27

8

13
....

.402

. .019

.082

-11

n
1

=7, 04 =.05

1
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-The-dati_in Table 4 indicate that the effects of the experimental treatment
- were significant, P 4 .05, in the area of reading skilla.only. An analysis,

of the students''responses,_by categories of sentence structures, indicated
.whereas the students in both groups had acquired the-same level of pro-

in completing open sentences, the students in the experimental group =

Were more, skillful inreading sentences whidi-Cwere not in the form a + b = c.
patá-froi-the item analysis are reported in Table 5.

e

Table 5

Total Number Of Correct Responses by Sentence StructuXe: Evaluation I

. ,
,

Sentence "Writing Reading
' structure

' Experiiental . Control
krPxperimental Control

.
.

c

a:= b + c 21 .21' .37 7

-b = c '20 2/ 24'

a = -a 6
a+ .b= C 4: d = 10 8

The data reported in Table 5 reveal several interesting patterns in the
students' response. First, it-should benoted that-students in the control
group Were!considerablY more successful in completing sentences of the form

+-c, than they were reading sentences of this type. Observations of
the control students' oil reading tasks indicated,that some of these
studhts either refused to read the sentence c they reversed. the order of the
numbers; Thus, for example, reading 3 = 2 + 1 as "one plus two-'is the same as
three.'" 'These behaviorth suggest that whereas the students were capable of
'interpreting an unfamiliar sVmbolicSer:i:ence aea problem.,:to be solved, these'
Same students had also 'acquired, early in,their schobl experience, the notion
,that a particular order mustOae preserved in reading (orally), a sentence;
namely, the problem prededes the answer.'

The fact that the experimental students were' considerably more successful
in reading sentences of the forms a = c and a =a. is nqt surprising.
These sentences were-familiar to the experimental students. It is, however
interesting that the experimental students were slightly more successful in
reading sentence structures of the form a +'b = cand'a + b = c d, forms . .

which they..had not'encountered in their instructional program. This suggests
,lbat'initially the experZmental treatment enabled the students to develop
greater flexibility in reading skills. That is, the experimental treatment
did'hatpromote the acquisition-of a mind set that 'ihere. is A prescribed

---order-th-Iiii expression of a relation in symbolic forms. It should be noted,
however, that one student in the ekperimental group,- the weakest student in

^,,teims of ability and achievement, consistently changed, each sentence of the
form a + b = c to the'form a.= b + c. .1

24



"Second' Evaluation
e

The_second test administered by the external evaluators' consisted of
Aourteen items. The.following procedures' were used with each item:

6/
1. The student was shown open sentences of the forms a' t b =

= a + a'- b.= 0,E3 = a b, a = b, a= b + ,

O +:0 = a, a =.13 + 0., and a t 13 .= + a .

The student was.told to work the problem--thestudent wrote-the
response. -

3. The student vas shoWn four manipulative aids: sticks, unifix cubes,
beans,blocks.

t,t

. The evaluator pointing to the manipulatives said,r"Use'one of these
. ,tó snow me what'the problem sayS."? ,

..... .
,., :

. .
. .

.

- ,

Theiitems on this test were scored awarding one point for a correct completion
of the open sentence. Two points Were given for_an,acceptdble demonstration
Of the problem with a manipulative; onepoint was awarded for a partial demon-:
stration.. For example, to show 4 = 2 +.2'if the student made only two sets,.
each. with 2.beansand,Provide4 no other evidence of,relating these sets to
the number 4, the response was scored by awarding only,one point.

.

The scoring procedures used with the second test yielded three scores: .

skill (computation), understand#4, and 'total. Data on the students' perfor-
mance( by scales are reported in Table 6.

. ' Table
_

Scores on Skill/Understanding/Total Scales: 'Evaluation II

Pair

.

Skill Understanding t ,Total
Experimental Control Experimental Control Experimental Control

1 14 12 28 24

2 10 11 20 9

3 : 11 12 16 15

' 4' --8 13 10 8

--5 5 ? 6 P,

6' 2 4 2 2-

7 2 2 4' 4

mean 7.4 8.0 12.7 8.4

42 36

30 20

27 27

18 21

14 2

"4 6

6 6

20.1 16.9'

It
O
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4.4

f
The.daia repotted in Tanle 6 were used as a basis for testing the. following

. -null_ hypotheses: 6 .

"Ac

'

H
-4

: There is no difference between the mean 'Skill scores of

the e-experiMentai and control groUPs. 9
-..--

H5: There is no significant difference kletween the-mean understanding
scores'of the experimental and control groups.

.....Is --':----
, . .

. H,: There is no significant difference between the mean,tptallgcores of -

0 .

the experimental and control groups. f
c.

Eachmull hypothesis was tested against-an alternate hypothesis which stated
that the experimental group would have a 4gher mean score.

The Mann-Whitney U Test was used,to,make the analyseS. The U Statistics!

are reported in Table 7,

Table7
Mann-WhitneyU Statistics; Evaluation II

^1.

Scale

4.

Skill

.Understanding

21

15

21

,

a -

'.355

p .130

.355

n2 =7, 44 ,..Os

Since the p-value for each scale was greater than .05, none of the null hy-

potheses were rejectedL

I,

Although there were no statistically significant differences between the
mean-scctreson theyarious scales, an analysis of the responses by categories
of sentences revealed several marked differences in the students' interpreta-

stion of certain classes of sentences..Data on tne total number of correct
responses for each sentence category area reported'in Table 8 on the following

page. The data reported in Table 8 show that students:in the control group
;were. itore,successfql,in solving missing addend problems, forms a = b = and

a + . b. It was previously noted in the discussion of student behaviors'
under Observation Notes,,that students in the experimental group tended to
confuse the structure of missing addend sentences with that of an addition

sentence. The data obtained frem the second external evaluation support this
observation. Students in the experimental group were somewhat more successful
in completing sentences of the form a + b = + CI. The students' abilities

26
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Table 8

Total COrrect Responses by. Sentence Categories: EvaiUation II

Sentence
Category

Skill Understanding
Exppritental Control Experimental COntrol

Partial Complete Partial 'Co7leie'

.a = b +.c 7

6

4 = b - c
5

a - b = c. 5

a = b-4 5

a-4.0 = b 3

a = +Ai 8

= 1
-!,

a-4 b. -40 + 0 6

.a,4 b = c

5

6

5

.6-

9

8

7

3

I

1 5 1

0 5 4- ?

0, 5 0 1

O 4. 1 3

O 5 2 4

! 0 3' 4- 4

2. .5 5 2

It.

1 6 3 4

2 4, 0 -

in completing sentences Of the other forms were;approxiMately the.same for
'v. both groups. An interesting observation from these data is that the perforr

'manses of the control students wereseepingly unaffected by the structure of
. "he equation. 1 i

Students in the - experimental group, were generally more successful in

.Using a manipulative aid to show the; meaning of an equation. This.observation
is,orobably attributable to the fact the students in the.experimental group
had,considerabiy more experience in Using a manipulative'ai&to model an
equation. In particular, they !dere taught to construct a set for each number
in as equation. Thus; for example; to show the equation 6 = 4 4 2 they would__-_
most_likely-constrlict-bOtb-iddLnd sets and the sum set, thereby, receiving
full credit for the demonstration, rather than construct only the addend sets
an receive partial credit.

Third Evaluation

'there were fourteen'items on the third test administered by the external
;-evaluators. These items were of three basic types. The first eight items were

administered according to.the following-procedures:

1. The evaluator wrote on a piece of paper an equation of the form
. a = b, a = b + a + b = c, A + b = c d.

2. The student was asked to read the eauation.

27
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3. The student was askedif the equation was okay.'

4. The student was asked to tell why the equation was okay or why, ,it
' Was not okay. ,

..0 c.-

-5..The student was given a pile of beans and was'asked -to show with the
items,.'' beans what the equation says,. This step was omitted in itemS 7 and 8,

.
. .

. .

I
.

.
.

. .

n the nextwthree items an equation of the form a = b + c or a + b = c + 4
read- to'the student arid then- asked if it was okay. The- last

_ . --.
three-items were missing addend problems:, Two were written, a= b + 0 and
-.3--1-0 ,= b, and one was a-story problem, presented orally.

.4.4

-In scoring this test the evaluators_awardeckone paint for each equation,, .

readcorrectly; one point for correct response to the question, -sIs,this
okay? "; one point for- each dorrectexpiariation of-why the:equation was or
waS,!41oi_Okay: two points for an acceptable model, for an eqUitiOn; one paint
for.a_Tartial ittodel: and. one point -for the correct answer to.a.prableM. This

adoring, procedureyieIded-data,foi three scales-: skill -(reading)-,-undersiand-

.:.
ing, and total. Data for these scales are'reportedainTable 9:

. Table 9 .,
.t.

SCores on Skill/Understanding/Total SbalesrEvuluatiop III

-c..`,\ .

Pair
Skill Understanding Total

Experimental Control; Experimental Contrail ExperiMental Control.

1 11 , 8 25 10 36 18

2* - - ....
,,,.

3 10 11 16 31 260 42

4 7 10 22 17 29 27

'5 9 0 20 4 29 4 .

6 '9 4 15 47 24 , 11

7- il 4 6 5 13 9

mean 8.8 6.2 17.3 "12.3 ,26..2 18.5

*One student in Pair 2\ransferred to another` school.

The data reported in Table\ were us.1 in testing the following hypotheses:

28

H7: There is no significant,difference between the mead skill scores
of the experimental and `control groups.

There is no significant difference between the mean understandingH8:

scores of the experimental add\control groups.

3 6



H9. There is no signifipaht difference between the mean total scores'of
the experimental. and control groups.

itaPh null hypothesid was tested against an alternate hypothesis whiph stated

thatthe experimental group' would have a higher meal score.

Vie Mann- Whitney U.Test was used in testing each hypothesis. The.perti-
,-

nent U-Statistics are reported in-Table 10.

-c

Table' 10

Man;- Whitney U Statidtics: Evaluation III

Scale U .P

Skill 11 .155

.Understanding 11 ..155

'Total 10 .120

ni = 6, n2 6, oe.= .05,

*The pi-value for each hY'pothedis was greater than',05, therefore-none of the
null hypotheses was rejected in favor of an alternate hypothesis.

The data reported in Table 2 show that the mean scores for the skill and
scalesscales were higher for the experimental group', but not signifi-

..__

7---:cantly higher, than the means for the control group. An analysis of the
--tr,S:tudentit responsei by categories of equations reveals several xesponse

_patterns which account for most-of the -differences in.mean_scores. The data
On student responses by sentence categories are reported in 'Table '11.

Table 11
Total Correct Responses By. Sentence Categories: Evaluation III

-Sentence'
Understanding--7 Skill's

, ..., ,

s'
Experimental Control .

.

Cateory Experiniental Control ,
.

r; Okay Meaning Model Okay Meaning_Model
. c .

= a , 6 4

,._ a r--: 0 + c 12 7

a+b=c .11 9

a +b =. c + d 17 10 ,

1 ' 1 -4 ' 4. 1 3
4

13 3 12 ' 12 2 2

12 2 13' 13 4 2
.

16 . 3 9 9 3` 6

a = b' + 0. 1 3 - - -
.

5

_
a +0 = b.. 6 7 - - - -

t_

't

The data. reported, in Table 11 indicate that students in the experimental
....grOup exhibited more skill in reading sentences of the forms a = b°4- c and
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= o+
r
d. ,These results are not surprising, since students in the

I -

control group had not encountered such sentences in their instructional
?rOgram.Otherwise there were only Small differences in the reading skills

.-for the, two groupsr
,

c

itis of espeCiii interest to note that only one student in the experi-

rientaigrOup- accepted 5 = 5 as a correct sentence. All oftheother students

insisted.that the sentenOe- should involve enoperation. Thu4they explained

-that-5-4-'0 = 5 or _5 = 0-yould be all.i-Aght., Studenis'inthe experimental

grOup'were more willing to accept 'sentences of the form + diryjand

-they 4eremore successful in constructing-a model fOr an'equatron. Both of

these-behaviors are areflection of the content of the experrmental treatment.

CONCL IONS AND IMPLICATIONS

One of the startling findings of the PMDC investigation into the mathe-

-Matical thinking of young children was the-verificatibn of the fact that stu

dents, especially those in the:5-.-8 year old-age range, tend to interpret the

equals symbol (=: not as a sytbol which denotes a-relatiOnship between two

'numbers, bdt as.anoPerator symbol whicli connects a pkobleM and its answer::

_Fdrthermore, most students acquire the notion that, the operator is one- direc-

tional, left-to-right. Thit is, the problem must precede the-answer:. These.-

.. conclusions were derived from observations of Students' behaviors in,situations-

iihere, lor.examplei tnii9 rejected =.5 as being-Okay and then rephrased the

sentence to include an 'operation (5 + 0 = 5), and.rejected 4 =-3 + 1 in favor

of the'conVent.i.onal form ,3 + 1 = 4.

'One explanation for the studints' rejection of sentences of the forms

a =_A, a, = h_ecanda0b=c0dis that the students' mathematical training-

-had provided, at most, very limited experiences with sentences of theie forms.

Therefore the students' reluctance to accept theminfamiliar sentence forms

Could be merely a reflection of the limited scope of, their mathematical in-

struction.'-Thid line of reasoning provides,a reasonable explanation for the

students' behaviors, but it-`does not take into consideration-one significant

fact; namely,".that the students had not learned from, their mathematical in-

struction to view the equals sic as a symbol which denotes a relation between

two numbers. Implicit in this-explanation is an assumption that if students

. are provided suitable,experiences with sentences. of the forms a = b, a =b4 01c,

and a 0 h = c'o d, as well as experiences .with the form a as.c, then stu-

dents would- -view thd'equalsSign as a relation and not as an operator. PMDC

investigators found no evident-e'in the existing literatufe to support this

-assumption, Infact, the available evidence suggests that many students, ;after

u several years,of mathematical training, which includes experiences with various

foetid of'equality statements, still cling to the notion ofthe equild sign as

an operator, and not as a symbol which relates two names for the-Same numbei.

.-Since the concept of equality as a relation is essential for students' under-'

standing Of other matheMatical concepts, as presented in-current textbooks,

and since students begin to develop. their concept of equality in the first

grade, the teaching experiment discussed in this publication was designed to

investigate' the following research question: . -
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Will students who are provided mathematical instruction encompassing
sentences of the formsa = a, a o b 7- c,. a = b o c, and a 0 b =-c,0 d
in their first year of school learn to view the equals sign as a symbol
which denotes a relation between two names for thesame-number2

,
.

Data obtainer Suring 'the study from o serVation notes and formal asgess- .

mente, internal and external, clearly in ate that all students in the
..

. experimental .treatment acquired considerable flexibility in accepting and
interpreting the use of the equals sign in a variety of sentence structures.

. .
It Was also oSserVed that some students in the control group who,were taught
to read the equals sign as "the same as" acquired the same flexibility of
'thought. But the data indicate tit only two students (one experimental and

.., one-control) viewed the equal sign as a relational-symbol at the end of the
year. The behaviors .of most the other students'suggest,that they viewed
the equals sigmas an operator mnnecting:a problem with its answer or that
they attached' little,'if any, significance to the t.se of an equals sign in
the context of a-Symbolic.sentence. Precise descriptions of the students'
views of equality are provided below.

, . VIEWS OF EQUALITY ,

.. .

.,.4 .

. -Analyses of the _data obtained-fi6M this study of children's conception
of equality-sug*St the existence of five interpretations of
equality among the first grade' students, experimental and control group.
That is, the.students'.behaviors (responses to questions', oral explanations,
and Written responses) can-be clustered into five categories (0-4), each .,

representing a different view of equality. These views of equalisti range ..-;-7-

from those cases in which a child's behaviors indicate no discernible inter-
. pretation of' equals, to those cases in which a child's behaviors indicate

---:
:that the equals sign is symbol which denotes that two expressions are
names for the same number. The fiveiplusters of behaviors are described below.

_
1

Category,O. The child's.hehaviors suggest that the child does not have
'any comprehension of what the equals sign means. he follow-.
ing examples are typical of the behaviors ClassA.Red in this
Category: 3

i

.

r
I

a. The child reads° = 4+ 2 carrectly, writes .k= 4 + 2,
and says that it is okay because "There is a 4 here .

and a 2 here4-"

b. The child completes 3 + 2 as follows: 503 + 2.. '

c. The child completes 3 +El = 3 as 3 it, CO = 3, and _

says "3 plus '3 plus 3 As 9."

'Category 1. The chilCS behalors suggest that the child recognizes that
an equals sign is,Adymbol-which-should-be included (usually ,

in a specific location) in a written -sentence but ascribes
no specific meaning to the symbol. Behaviors typical of

a

)
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those assigned" to this category are

a. The child status, that 2 + 3

is okays--

Zategory 2.

'y.

0

f

,
Category

b.

11,

as follows:'

9:it wrong, but 2 = 3 + 5

The. child indicates that 5 3 +2 is not okay, writes
an equals sign between the 5 and the 3, but offers' no
rationale 'for writing_ the equals sign other than,. "It's
tupposed to be there." ;

^
c. `The child ,sayt that 6 = 4 + 2 is wrong; ,changes tit to

4 + 2 = 6;- "You -don' t7put equals--'first"

offers no other explanation_ for the equals Agri
ing the addition sign.

The child's behaviors suggest that the child views- -the

equals.isign,_as a one-direOtional operator _which- separate*: a
-Problem and its answer: Behayiors which typify :hid:vieur-bi
equality are--asTfoltoCIS:

a. The child indicates that 6 = 4 + 2-is wrong.,,94an'S, Ps.
it to 4 + 2 = 6, and explains that the anst.ier..corte*,-...

- 7 -'"after the problem. -

The child rejects- 4- + .2" = 6, accepts 6t + 2becatite=
the suni comes first.

b.

c. The child indicate& that 3 + 2 =
c.hariges it to 3 + = 5 / 2 + 3

d. The chin rejects 3 + 2 = 2 + 3,

2 .1- 3 .is wrong, .

.= 5.- .

changes it tot
3 + 2 + 2 + 3 =

e. The child reads 2 + 4 as "Two plus four ecrials 6."

f. The child indicate's. that 3 = 3 is wrong, changes4 .to ,

either 30+ 0 = 3 or:3 =,,3 + 0, depending on the child!*
placement of the sum on the right or the left side of t.
the equals sign,

g. ;The child says that 3= 3 it wrong, changes it to
either 3 + 3 = 6 Or 6 = 3,+, 3.

h. The child "accepts 3 + 2 = 5 + 1 becabse 3 + 2 equals
5, but rejects 1 + 5 4- 34-.2 .because,1 + 5

. ,

i. The child rejects 3 + 2 = 4,-,+`1, because 3 + 2 ¢ 4.

3. The child's behavAors.ltuggest that themhilo views the equals_
sign as an.operatbr separating a prolTlerp erom. the' answer,

but does not inslitt that either the prObiem or the answer

.10
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must come first. Typical behavilors clustered in this cate-
.

gory are ds,f011owp:

a. The child accepts both 3. + 2 := 5 Nuad 5 3 +. 2.as
beifig correct.

b. The child accepts both 3* 2 = 5 + 1 and 1 + 5 = 3 +.2
; as being okay, because_ in-one ease 3 +2 = 5 is cor-'.

rect, and,in the other case 5 0'3.t 2 is correct.
0

,..,

. .-
4 '

r.... The, child rejects 3 1-.Z =.4 + 1 because neither
3 +-2 = 4.noi 2 =.4-+ 1 is correct.

. . .

. , . .

. d. Theichild'rejects 3 + 2 =,2 + 3 bedaUse neither
3.1- 2 = 2 nor 2 = 3 +.2'ikcorrect.

.
.

.

e. The.chil4 indicates that 3 =,3 is not right, andsdys

, that both 3'+ 0 -=.3 end 3- =.3 +-0- would be right..
_ _._ , .

' e
_

.

Category 4. The child's behaviors suggest that the child interprets the.

.
. . eqUals °sign as symbols which denote.th4two expressions are'

names for the same number. Behaviors reprepenative of'thoSe ,-

in this -Category are as foirows: , .

- ..
.

-
r

a. .The childaccepte.3 = 2 + 1...and 2 + 1 = 3 explaining
that both 2 + 1 and 3 are the same number.

b. The child ,:ays.3 = 3 is okay because both are the same
number.

, .

c. The child, 'in' accepting 3 + 2= 4 + 1, reasons::
3 + 2 is 5, 4 + l'is5, both are equal to-5; sosthey
are equal.

The distinctions among the five views of equality can best be observed in
the nature of students' responses to a common stimulus.tFor example,, consider
the folloWing (Table 12) responses to the question, "Is Z+ 3 = 4 + 1 all
right ?" Responses cited in Table 12 on the following page are typical of those
one Would expect from d student with'a pariiculdr conception of equality, as..

i- defined in Categories 0-4.

analysis of Data

.

Using the above descriptions of children's interpretations of equality as
a guide, analyses were made of the students' performances on tasks included in
the first (December) and the final (June) external evaluations. On each test
the children's behaviors were not consistent for each task, but on each test a
child's behavior patterns generally clustered in oneof the above categories.
Thus cn each evaluation it was possible to identify a child's view of equality
by one of the five category' deteriptors. A summary of these analyses is
reportedin Table 13 on page 35.

'11
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bTale 12 -

Typical Responses to the Question.: Is 2 + 3 = 4 i: 1 all right?

,-- .
,..

/- ;

Category Illustrative Response
1,eVel -

Explanation of Response

,

'0 It is not right. The one
shOuldebe a five. ,-

3

'1 It is not right. Changes -it

;to-2 + 3 + 4 = 1-or
2.= 3 + 4 + 1, depending on
whether,-in-the student's'
vid.the equals sign Comes
immediately after the _first
number or before the last

number.

2 It is not right. Explains.
that'the sum of 2 and 3 is
not 4, or that 3 is not the
sum of 4 and 1, depending`

on whether the direction of
the operator-is from left
to right or from right to

left.

4 3 It is not right. Explains
that neither 2 +.3 = 4 nor
= 4 + I are right.-:

4 It is all right. Explains.
that both 2 + 3 and 4 +

are names for 5.

The student's attention,is
focusedon,an order relation,
ignoring-the addition and

equals signs.

In-thiS case the student insists
that the equals sign-be placed

in specific location - within a

sentence; but
to the' sign.

tS,

The student identifies two num:-

bers as constituting an addition
pmblem, a third number as the
sum, and then makes a judgment
as to whether or not the third

number is the sum of the first
two. The equals sign helps the
students decide which nuragers
make the,problem and which
number could be the sum.

The student identifies two pos-
sible problems, In one case the
sum is on the left of the equals
,sign and in the other case the

sum is on the right. The equals

sign is only a symbol which
helps the student identify a
problem and a sum, but in this
case the student recognizes the

existence of two problems.

In this case the student views
the equals sign as a symbol
which denotes a relation between
two names for the same number.

It can be observe& from the data presented in Table 13 that at the time of

the first evaluation (December),. four of the seven experimental students

viewed equality in a manner as described by either Category 3 or 4, and that

.34
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Table 13.
Students' Views of Equality by Categories

Experimental Control

DeceMper June December June

2
b

3 .3

3 "3 2 3 4

4 . 1 3 2 3.

5 3 3 . 0 ' .0
. .

6. 1 1 0 0

7 1 . 2 1 0

aNuMberd COrieiPond: to category labels
,. described above.

-Students in pair 2 did-not-participate-
in the final_evalutioh.

only one student in the control group viewed equality as described in Cate-
gory-3. At the end of the, experimental period (June); three of the six
students in the experimental group had a concepeOfequafity corresponding to
Categories 3 or 4, and only one experimental student had not progressed
beyond. Category 1. Although two students .in the control group viewed equality
as described by either Category 3 or 4, it can be observed that three of the
six Control students had no comprehension of the meaning of the equals sign.
Thus, the data in Table 13 indicate that the students in the experimental
group generalli, had a deeper understanding of equality at the time of -the
first evaluation and that, they maintained this advantage throughout the year.
It can also be observed that the.growth in the students' conceptualization of
equality was minimal.

The data obtained_from this teaching experiment do not support the
conjecture that if students (first graders) are provided with appropriate
instructional experiences in which they encounter the use of the equals sign
in a variety of sentence forms, they will learn to view equals as a relation
between two nunbers. In fact the evidence is quite to the contrary. Namell,
the development of a first grade student's concept of equality as a relation
is not merely a mattei of instruction. In particular, the data suggest that a
first grade sfudent's experiences with equality in the context ofaddition,
subtraction, and missing-addend equations axe not in themselves totally
sufficient to develop the student's conceptualization of equality as a
relation between two names for the same number.. Rather, among first grade
students the development of this concept, of equality appears to be dependent
on other factors such as the student"s.ability or intellectual development.

0
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IMPLICATIONS' FOR CURRICULUM DEVELOPMENT AND FURTHER RESEARCH
,/

The results from this study of.irst graders' conceptualizationS.of
equality.suggest that curriculum designers and mathematics. researchers should

givemora thoughtful consideration to the developthent of equality as
concept: This is especially true if the ultimate goal is for. students to view
equality as a relation between two numbers. In particular, attention should
be given to the developthent of a sequence of instructional activities appro-
priate_for specific grade levels, explicitly directed toward the development

of equality as a relation and to the appropriate placement 'of these activi-

ties within the mathemgtics curriculum.

Specifically, there are four problems which should be addressed.

Sentence Structure.. In most curricula students primarily encounter
equations of the form.a o b 7 c. The results from thi--StdaY indicate that'.
-exbbriences with other sentence structures (a = a, a = b od, and
aLoly='d-0 d) had-no adverse effects, on the studenta-t, attairlmentbf addition,

subtraction and place value concepts and skills. Furthermore, such experi-,
endeS contributed to the students' development-of a more flexible view of

--equality. However, the data from this study did not indicate that that
experiences_ with various sentence structures contributed to the first graders'

understanding of equality as a relation.

It is conjectured that, if the intensive instruction on equality were
continued in later grades, the effects on the students' learning to view
equality as a relation may be signifidant. This is an issue which needs to be

investigated further.

Symbolism. The results from this .study And other studies indicate that

first grade students view the equals sign as-an operator. That is, as a

symbol which separates a problem and .its answer. Data from other studies
indicate that this view prevails for several years. Thus, if students_are to
eventually, learn to view the equals sign as a symbol which connects two names
for the same number, they must unlearn a point of view which has become

firthly entrenched.

Perhaps curriculum designers should consider the use of a symbol such as

an arrow ( -==->) to denote the one-way operation until such time as the

students are capable of understaiding equality as a relation.

Placement. Data from this study and other studies clearly indicate that
students do not detect a view of equality as a relation from their work with
equality in the context of computatibnal problems. The data suggest that
students need instructional activities which explicitly develop the concept
of equality as a relation. Therefore, a careful study should be undertaken to
determine at which grade (age) level most students are capable of understand-
ing equality as a relation and then in/estigate the nature of instructional
activities which would be most effective in teaching this concept.

Language. Data from this study indicate that some students (control
group) who were taught to read the equals sign (=) as "the same as" developed

36
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4 the same flexibility in accepttng a variety of sentence structures as the_--
_ students who receixed the experimental.tteatment. This suggests that to teach 1

.

students read'the smpbol (=). as "equals" may inhibit the students'
develoPM!int of a more flexible notion, of eiquality. This .suggests that the

effects of using different.verbal names fT (=) should be investigated in
studies which are explicitly concerned with this issue.

t
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V-*
,Introduction of.Equality

IA; Concepts and skills taught in thiS unit included:

1: COhcept of weight. r
.

2. Skill in using a balance to weigh an object.

3. Concept of a unit weight.

4. Concept of two objects

5, Concept of symmetry in
weigh the same whether
the balance.

Y.

having the same weight.
%

weighing objects--that is, an object'will
it is placed on the right bi-' left side of

'

(6. Skill of recording the weigiitof an object on a worksheet.

7. Concept of two sets Of units being equal in Weight.

8. Skill of constructing a balance model based on information prOvided,
in a written exercise.

9. Skill.of using equals and not equals sign to show whether two sets
of units do or do not-have the same weight.

10. Concept of truth value of a statement.

observations of students' behaviors included:

1. All students'had an intuitive understanding of: (a) These (Objects)
weigh the same, and (b) This (object) is heavier. That is, by hold-
ing objeCts in their hands the students could determine whether two
objects weighed the same or which one was heavier.

4

2. 'The students' knew that a scale is used to weigh objects.

3. The students had no difficulty in understanding how a balance is
used to weigh objects. That is, the object to be weighed is placed
on side; units are placed on the other side to make the pans level;
and the weight of the object is determined by counting the units.

4. The students had no difficulty in accepting that two different ob-
jects could weigh the same.

-5. The students knew that moving an object from one side of the balance
to the other side would not change the weight of the object.

6. The students understood the procedure of recording the weight of an
object, but most (all but 2) experienced considerable frustration
in relating the left-right sides of the balance to the left-right

II
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sides of a worksheet. Basically, these students' did not know the,asides
of right and left. Labeling the sides of the balance and

the worksheet as L and R made it easier for these children to estab-
lish a correct correspondence betWeen the balance and worksheet..

. Students accepted that two sets of units could have the same weight.
. In determining whether or not two sets of units had the same weight,
the, students usually. relied on the number property of the sets rather

.thanon whether or not the,pans. were-level: That is, they knew that
if the number of units in each 'set.was the.same, the weights-would
be the,sathe, and conversely. ,

- _

E:- "Equals" means.same.amount on both sidesTpans Are lev el. Students
1 2-

quickly ;learned to use an. equals sign to show that weights were the
samei.a_not equals sign to Show that weights were unequal.

. . .

.9. -Students had nosdifficulty in learning to construct a balance model

baSed on information provided by written:instructions (e.g.,
and theA using = orP# to complete a sentence (e.g., 2] #

10. .StudentS learned to read orally sentences like 5 = 5 and 5 # 4 with-

Out a great deal:of difficulty.

:11. After working 2 or 3 exercises, three students M, J) did not

consistently use a balance in completing sentences like al 0 El
or El Q gl The other stuaents continued to use a balance, but
their behavior indicated that they did so becauSe (a) they felt that
they were expected to ,use,a balance or (b) they wanted to verify.

their answer.. .

A,

i12. Students had no problems in stating that 5 = 5 was right, but at
first they did not accept the fact that one could write 4 = 6. Later,

however, they learned to indicate by making an X next to the equation,
that statements like this were not correct.

Introduction to Addition (Sums 5 6),

A. Concepts and skills taught in this unit included:

I. Concept of addition--using two distinct sets to weigh an object.

2. Skill in recording weights by a pair of numbers.

42

3. Skill 'in solving equation of the form 'a = +

4. Skill in reading addition equations of the form a = b c.

5. Skill in constructing balance models for equations of the form
a = b c.



6. Skill in solving equations of the form [1 rtlia + b.

i

7. Skill in using = or to complete equations of the fOrm a Q b + c.

'8. Concept of truth value of statements of the form a =b + c.

11. Observations of students' behaviors included:
Av.

1. Students had no problems in constructing two sets to determine the
weight of an object.

2. Except for two students (J, M), the students at first had consider-
able difficulty in recording a weight as a pair of numbers
(Form ). The students tended to record the total weight
(surd in one box.

Students readily accepted zero as an addend.

4. Stpdents,accepted the use of the plus sign (4-) to mean "How many
,

altogether."
'

5. EXcept for three students (D, J, M), at first students had problems
reading addition equations. Common errors were (1) omitting equals
and/or plus; (2) reading equals as plus and vice versa.

6. Given a set of n units on the left side,,at first the students would
put n units in one region on the right side and then write n = n + 0
or n = 04.n.

Students readily Accepted equations of form n = 0 + n and
n = n.+ 0, because the, numbers were tie same on both sides. They..

ignored the zero. Consequently the students. were reluctant to accept
equations like 2 = 1 + 1, because the numbers were different.

8. Except for two students (Da, A), the students quickly learned to con-
struct a balance model to show an addition equation, a = b + c.

9. Ih the process of completing exercises of the form
. = +

two students turned the worksheets around so the equations were of
the form' + = . In either.case, students first'construc-
ted the addend sets and then the sum set. At first students construc-
ted the sum set by trial and error, but then discovered that tgey
could count the addend sets to determine the suin set.

10. Students had no. problems in learning to use the balance to solve
problems of the form = a + b.

Students could tell whether equation; of the form a = b + c or a
b + c were right, but most based their answers on the number of units
on each side rather than on whether or not the pans were level.

4 9
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-4) 12. After showing a sentence like 5 # 1 + 3 on the balance, students
could change the balance to make it equal.

.13. Studentsquickly observed that a modeT'showing 5.= 4+ 1 could be
changedgko show 5 = 1 + 4 by switching the addend sets'

14. ExOpt for two students (D, M), the students were generally unable
'"to find all solutions for equations of the form .aLT, + 0

Except for using the CPA (comment 13 above) all work was by trial
and

ntroduction to Missing Addends: (Sum "!5 6)

A. 'concepts and'skills taught2in this unit included:

1: Concept of a missing addend -- relationship between balance models
and.equations of the forms a = b + and a = + b.

.

2. Skill in solving missing_addend problems (a =.1) + and = C3 +

b), grouped by s.)M families.

3.. Skill in reading missing addend equations.

4. Concept of relating addition problems and missing addend problems.
For example, establishing a relationship between 6 = 2 + 0 and

-0 + 4.

5. Skill in solving addition and missing addend problems which contained
3 addends ( =a+b+ c, a= + 0 + , a=b+c+ 0 ,
etc.).

B. Observations of students' behaviors included:

1. Students (except N) had no problems in interpreting the meaning of
missing addend problems, constructing the appropriate balance models,
and recording the answer:

2. Except for two students (D.M) students at first solved missing addend
problems, grouped by sum fam"lies, as independent probltms, That is,

they removed all units fron tne balance. Later the students obserVed
(a) that they could leave the sum set unchanged, (b) that after- solv-
ing 5 = + 3 they could solve 5 = 2 +. without constructing 1 new
model, and (c) a model for 5 = 3 + J could be obtained by switching
the addend sets from one region to the other region.

3. Students did not rely on a strict one-to-one correspondence between
the balance model and an equation to solve an equation. That is hav-
ing set up the balance to show 4 = 3 + 1, they could solve = 3 + 1,

a . 1 + 3, 4 = 3 + , 4 = 1 + and 4 = . + 3.

44

4. Although studeits observed relatioriehips between certain pairs of



missing addend problems (4 = 3 + and 4 = + 1) and pairs of
addition problems '= 4 + 1 and = 1 + 4), the students seem-
ingly did not relate missing addend and addition problems. For
example, after solving 5 = + , thdy would remove the units
from the balance before solving 0. = 4 + 1.

5. Two students (D, Mr discovered a
solve missing addend problems in
solving 5 = 3 + , they would
units to the set with 2 units to

pattern .in using the .balance to

a sum family:. For example, after
move one unit from the set,with 3
solve 5 = 2 + Q

6. Students had no difficulty in solving problems with 3 addends.
6

-Introduction to Subtraction (minuend 46)

-A. .Concepts and skills taught in this unit included::-

1. Concept of subtraction (take away).

,2. Skill in writing equations to show a take, away situation (a = b - c).

3. Skill ikonstructing a balance model to.show a subtraction equation.

4: Skill in reading subtraction equations.

5. Skill in solving subtraction problems ( Q = a - b).

6. Skill in using = and # to complete sentences of the form a Q b - c.

7. Skill in solving problems of the forms a = b - and a = 0 - 0

8. Concept of the truth value of a subtraction equation.

. Observations of the students' behaviors included:

1. Students had no problems in solving the introductory subtraction
(take away), problems; for example, putting 3 units on left side, 5
units on right side, and then removing 2 units from right side to

\ make the balance level.

2. Students generally had considerable difficulty in learning to describe
4iterbalize) the subtraction process, that is, to write subtraction
equations , to read subtraction equations, to construct a balance
model to show a subtraction equation. Their difficulty seemed to be
attributed to the following facts: (a) There was not a clear corre-
spondence between the balance model and the equation, (b) The sub-
traction prOcess was more involved than the addition process; and
(c) Subtraction problems were treated as addition problems.

3. From theeginning'one student (D) did not use a balance to solve,
subtraction problems.

1
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4. Except for two students (D, M) students had difficulty in distinguish-
ing. between = a-- 0 and = a - a.

5. Students had. no problems in using = or -tecomplete sentences of the
form a Q b - c.

6: Studehts readily understood equations of the,form a = b - . Their
only difficulty in sofving these problems was that they would place
the units they took away, one at a time, on the table with.the othe
units; theeefore, they had no easy way to determine how many they had
taken *.

1
4 :

7. .Students learpeS,rWithout difficulty, to solve equations of the form
. 4= .$: 0 ,

8. Three students (D, M) observed a pattern in sol'tng equations in
exercise sets where each-equationwas of thesame form (a = -- ).

The other studentq worked such problems by trial and error, often re-
peating a specific equation several times.

.,

9. Two students (D, M) were not consistent L. reading subtraction problems
from left to right. They.would on occasion read an equation like 3 =
S - 2 as "Five take away two'equals three."

10. By the time this unit on'subtractionwas completed, three-Students
M) were solVing subtraction problemS withbut bsing their hal-

ance. However, two of these students M) would frequently use their
balance to verify their answers.

11. Students had no problemeSin determining whether or not a subtraction
equation was correct. Also, they could change an equation to make it
*correct, with or without using a balance.

12. One student (D) consistently reads = as "the same as." 4e explained
7 to the other students that "equals" and "the same as" mean the same

thing, but the other students continued to read'= as "equals."

Introduction to Greater Than and Less Than (N 5. 10)

r

A. Concepts and skills taught in this unit included:

46'

1. Concepts of greater than and less than.

2; Skill in showing greater (less) than relations on a balance.

3. Skill in reading sentences which include the phrases "is greater than"
and "is less than."

4. Skill in identifying numbers greater (less) than a given number.
0

5. Skill in using > or < to complete sentences of the form a 0 b.

ti



6.. Skill in reading sentences Of the form a >b or a <b.

7. Concepts of one more (less) than.

8: Skill in identifying a number which is one more (less) than a given
number.

. 'Observations of students' behaviors included:

1. 'Prior to the introduction of this unit the students had demonstrated
an understanding of 'more than" and "fewer than." -Except'for-two
students (Da, A), the students related_ this knowledge to the terms'
"greater than" and "less than:"

. 2. Except for two students (Da A .), the students could verbalize how great-
er than'and less than relations could be detected frcm_the balance.
:For example, some said, "The side with more goes down." Also, some
reasoned, "9 Is picking up 7, 'so 7 is -less."

3. Except for two students -(Da, A), the students readily learned to read
sentences suth as: 0 is greater.chan 7;6 is less than 0 ; 9 is
greater than 6.

4. Students completed most exercises in this unit without using a balance.
They relied instead'on their knowledge of the ordering of numbers.

I

5'. Students made numerous errors as they completed the written exercises -
involving the terms "is greater than"and "is less than." The errors
were not due to conceptual difficulties, rather the errors were attri-
buted to the students' failure to read the sentence. For example, in
completing a sentence like "7 is less than0" they focused their at-
tention on 7 and less, and then wrote a number less than 7 in the box.
When asked to read the completed sentence, the students immediately
detected 'that it was wrong and corrected the error. 4

6. The students experienced considerable difficulty in learning the signs
and < . 'They could not remember which sign was greater than and

which was less than. Clues like "Thelarrow points to the pan which is
up" did not help the students in deciding which sign to place on the
balance.

\a 7. The students (except pa, A) could complete exercises like a 0 b if
the following clue was written on the board: less . . ; greater

8. The students, were not successful in learning a
balance to 'obtain an answer for questions like
7" or " 0 is one less than 9.". Rather, they
balance in answering such questions and relied
knowledge of the ordering of numbers.

technique for using a
- 0 is one more than
avoided'theuse of a
entirely on their
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9. The concepts of "id.one more than" and Yis one less than" were very .

difficult for all but 2, students.(D, M). The assessment is-based on
the fact thatjthe students were generally unsuccessful in completing
sentences like " is one more than 8."

- .1.

10. The students were given w.)ney exercises involving how many more. Fair

example-, a student was 4iven 5j an object priced at 'n *4es'heldup; '- t.

the student was aP%ed if he had enough to buy the object; then haw
'many more pennies did he need. Students cogld use the balance to
solve these problems, but they were more proficient in using-their
fingers 'or mental computations to find the answert '

- ,.

..:

-* _

Introduction to Place Value',(N S 19)

\
A. Concepts and skills taught *in this unit included:

12 Skill in rote counting\to 19.

- 2. Skill in counting/const\. ucting sets with up to 19 unis.
\.
\,

Skill in reAding/writingAnudierali 11-19. i

--
4, Concept of a long (ten) being equivalent to ten units:

,
5._ Concept of a nudger greater than 10 beinj so many more than 10--13 i

3 more than 10.

. .

6. Skill in using longs (tens).and units.to represent a number greatei
'''

.than 10.

7, Skill in representing a number greater, than 10 in expand ed for-m.
. 7

8. Concept of truth value.of statements involving expanded form.

B. Obserytions of students' behaviors included:

Students' readily' learned rote and rational counting skills,

3

2. Students readily learned to read and write numerals 11-0e

3. Students reiailit accepted 1 ten as being equivalent to.10 units..
,sr

4., Students readily learned to answer questions liLe-"13 is how many
more than 10?" and to use the balance to answer the'questions.

- 5. Students exhibited no difficulty in completing expanded forms for
exercises like: 18 = + ; = 1 ten + .5; 10 l -3. .

Except for two students (D, M) the students at first used o4ly units
in constructing sets for numbers greater than orequal to 10, except
that they would use a long to represent 1 ten. After some experience
with exercises involving I ten and 10, they began to use longs in
constructing sets for numbers greater than or equal 'a .1.0. At first'
the students made many errors in completing exercises like

48
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18 = El+0. They wrote: '18 = 1 +B. This apparently was not a
.conceptual problem, rather they intended for the "16 to mean "1 ten."
The error became less frequent as the studentS accepted "1 '.-_en" and
m10"as being equivalent. .0

6. Except for_one student (D),,students Used their balances in determin-
ing the truth value of statements like: 14 = 10 + 4'or 12 =1 ten-+

2. One student "verified" that 15 = 5 tens + 1 by putting 15 units
on one side and 5 units andil long on the other. ,When'asked to read

thestatement she corrected her answer.

7., Except for one student (D), the students do not seem to appreciate
the place'value aspeCt of numerals for numbers greeter than 10.
(They had not recdived explicit.instructionon this concept.) For

.r example, in using the'balance to solve 14 =0+ 0., 'they could
show 14 on the left side as 14 units or 1 long and 4 units, immedi-
ately put a long on the right side (they know-that 14> 10); write
10 in first box, add units-one at a tike to theright side until it

balanceT, and then count the units on-the right side before writing
4 in the second box.

/''
Addition, Subtraction, Missing Addends: Sum/Minuend-< 10

A.' COnceipts and-skills taught in this unit includeCr

1. Concept of sum families--finding all solutions to equations of the

form a.= +

2. Skill in solving addition problems, 0 = a + b.

3: Skill in solving addition probleMs with 3 addends.

4. Skill in using = and # 'to complete sentences of the form a 0 b + c
or a(2)b + d-+ d.

5. Concept of the truth value of an addition equation.
. ,

6.* Skill in solving missing addend problems of the form a = b +
a=0+ b,a=b+c+ D, a"=b+ 0 +c okra= 0b+ c.

7. Skill in solving subtraction equations of the'fOrm = a - b or
a = b - .

B. Skill in using = or # to complete sentences of the form a(:)b - c.

9. Concept of the truth value of a subtraction equation.

B. Observations of the students' behaviors included:

1. Except for two students (Da, A), the students had a good command of
the addition facts with 44ms 6 or less. That is, these five students
had memorized Most of the easy aidit,& n fact's'. The two students who
he'd not lea the easy facts receive additional drill on the:easy

S
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f. facts while 1earning the harder facts;

. ;Students had no diffidulty in extending the computation of addition
facts- to sums through 10.. Three students (D, M) computed the '

harder facts without the aid of a balahce. They used their fingers,
but -they could demonstrate the'computation process on the balance .

when asked to do so.

3. Two students (D, M) could make up addition problems with sums greater
than .10.

4. Students had no difficulty with 3 addend addition probleMs.

5. Students demonstrated that they could use = and # to complete senten-...
ces of the form a(2)b + c. Except for 2 students (D, M) the students
used their balances. Interestingly, most students counted the units
on each side of thebalance to determine whether to use = or #, rathei4
than relying on the position of the pans.

6. Students dould determine the truth value of an addition equation.
Given anequation and an inappropriate bilancemodel, the stliaents
would not say that the model was wrong. Rather they would describe
the problemshown on -the balance then tell how i,t should be changed
to make it 'shag the written equation.

,

7.- Students had no difficurty)rith_missing 'addend problems. Except for
,

otwo students (D, M), the students used their balances.

8. In solving missng_addend-probleis, grouped by sum families, the 3tu-
dentiwould leave thersumspt on the balance and construct only the

' 0 addend sets:
7 s N

, 9. Students had'no'difficulty in solving the harder sub)=Na.on problems.'

10. Most incorrect responses were,due to counting errors rather than mis-
conceptions.

11. Occasionally a student woul' reversethe pans on his balance, that is,
put the 2-region'pan on the left side. This change, however, did not
cause the students problems in,solving equations.

,

12. At the end of the units students were beginning to discover more of -'

ficient ways'of constructing balance problems by modifying am existing
model to solve the,next probleni. For example, having solved 8 = 5 + 3
on the balance,,the student would remove one unitfrom the 8 units and
add one unit to the 5 units_ to stave 7 = 6 + . , In other cases
they would modify-the addend sets on,thebalance to sol;.re a different
addition problem. Forexample, after solving El = 5 + 4 rather than
'removing the addend sets before solving E] = 4 + 3, they would simply'
remove one unit from each addend and then determine the sum.

13. Two students (D, M) when asked to make-up problems occasionally wrote
them in the form a + b = c or a - b = c.



14. In solving addition and subtraction probleMs on a balance, most stu-
dents use only one side of the balance: For eXample, they only count
the units remaining afti:- the subtrahend had been taken away to de-
termine the difference 'in subtraction problems. Similarly, they count
the addend sets-together without constructing a separate sum set.

15. Students were introduced to buying/selling-problems. At first, the

I

students did not relate these problems to addition an
, For-eXample, when-sown an object which costgand another object

d subtracwhen

-shown

which cost 3, the students would not accept that -the total cost
. - - could be determined by adding 2 and 3.

16. Students have no problems with zero as'an addend, but most are con- . .\,
fused by zeros in subtraction. Specifically, they confuse probfems
of the form = a -; a with piablems of the form = a - 0 when
demonstrating the solutions on a balance. The problem seems to be
that they first mentally determine the answer then took away the-- ---
answer. To solve = 9 - 9, they 'put 9_units-on-th-e'right side,
think 9 take away 9is_zero-r-take-aWay -zero, this the answer is 9.
Similarly, -she`- answer to E] = 9

17. Except for two students (D, M), the students had considerable diffi-
culty in making up problems on ti ei.r own, even when it was suggested
that they first show a problem on their balance. It seemed that they

, were hesitant to make a decision as to which numbers to use in stating
the problem. 9

18. By the time this unit was completed, all students were attempting tp _

work problems' without the aid of a balance?, However, when they en-
countered a problem th9y could not solve,mentally or on their fingers,
they retur.hed to the balance. In other instances, a student would

. complete an entire exercise set without using a balance, usually
correctly,. and then use the balance to verify the answers.

19. At the end of unit, when sums ofs9 and 10 were introduced; the stu-
dents were completing the third cycle of being presented addition,
missing addend, and subtraction problems. This spiraling procedure
seemed to have an adverse affect on-three students (A, Da, N) in that
these students occasionally misread problems and/or.construct a al-
ance model appropriate for'another type of problem. Prior tothe
third cycle these students hal eXhibited no evidence of confusing the
three types of problems.

Introduction to Conventional Forms of Writing Problems

A. Concepts and skills taught in this unit included:,

1. Skill in solving addition problems expressed in the form a + b =
or 'a .

+ b'

2. Skill in solving subtraction problems expresses in the form
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3. Skill in solving missing addend problems expressed in the form

a+ = b, .4. a = b, a .,

...

-+CI A
.

A

b

.B. Observations of students"behaviors included:

Students were not introduced to the conventional forms until-mid-

April. Their first encounter with such problems occurred when their
assignments included pages from a textbook: None of the students

eXperienced any difficulty in interpreting the meaning of the pro-

blems orAn,reading the'probiems.

Addition Facts (Sum. 13)

A: Concepts and skills taught in this 'wit included:
I

pz.

1. Skill in using a balance to find several pairs of.addends which haVe,
the same sumpFind more than one solution for equations of the form:

Skill in computing addition facts, sum greater than 10.

oncept of relationships which estAblish2the equivalence of two ad-
dition problems--Solve an equation of the.form a + b =0+ c without
computing sums.

4, Skill in using =, , and <to complete sentences of the forms:

a0b c and a + b(pc + d.

5. Concept of the truth value of an addition equation.

B.. Observations of the'students' behaviors included:.

1. The students had no difficulty in finding at least three pairs. of ad-

dends for each sum: 11, 12, and 13. In completingthe exercises the
students consistently made use of the commutative property. For ex-

ample, having written 12 = + 5, they immediately wrote 12 = 5 + 7

as the next equation. One student'ID) used a sequence pattern in com-

pleting the exercise sets. For example, he wrote 13'= 10 + 3,

13 = 9 + 4, 13 = 8 + 5, etc.

2. The students had no difficulty in using a ,balince to solve problems

"of the formE= a + b. Having constructed the addend sets on the
right side of the balance,_ they gould put a ten (long) on the left

side and add units to make it balanm. To determine the sum they

counted on from 10. When the sum was less than 10, the students im-

mediately removed the ong and replaced-it'with units. After some

experience in using a balance, some students abandoned the balance
and began using their fingers as the latter method was quicker;
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others counted the addend sets 'rather than constructing-a sum
set.

3. By the time the unit was completed, only cnestudent (A) consistently.
used a balance to determine sums. One studeht (D) used his fingers
or recalled sums from memory; The other students had developed a new-,
strategy; they used units to construct addend sets but placed them on
the tiblt rather than on the balance.

4. The-students were reviewed each day on basic facts with sums 10 or. less.
Some exercises included missing addend problems. Since the students
had not encountered.problems of this type for several weeks,' they
tended' to 'treat such exercises as addition problems.

5 Students learned td--verbalize a strategy for modifying a balance model
used to solve one problem to 'obtain a model for a second probleM. For
example, the balance model shown 13.= 8 + 5. ,ro solve 0 = 7,+ 6,
they say move one unit from the set of 8 units to the set of 5 units.
They knew the sum was 13 without recounting the sum set. Continuing
to solve-C:1 = 7 5, they would say take one.unit from the set of 5
units and take one unit from the left side (sum). They would determine
the new sumwithout counting the sum set. The above behaviors were
observed during group df.acussions. However, when completing written
exercises, only two students (D,.J) used these relationships. .The-
others would complete such'exercises as an,independent problem.

6. 'Students experienced considerable difficulty with equations which had
t'ws addends on each side of the equals sign. They'could not at first
construct approoriate,balance models; they ignored the addend on the
side which contained a box (C:]) and wrote the sum-of the addends
on the other side in the box, e.g., 8+ 5 4 + an ; or the wrote
the sum of all these addends in the box, e.g., 8 + 5 = 4 +
Eventually the students learned t, construct balance models and cor-
rectly complete the equations, but in doing so they did not use a
relationship between problems, even problems like 5 + 4 = Er] + 5.
Except for one student (D), each problem was solved by triel. and
error; that is, they found the missing addend by placing units on the
balance one at a time until it balanced, then they codhted the units. .

The one student who did not use the-tiak,and error strate used a
computation strategy. For example, to'iolve 5 + 8 = 6 + , he
added 5 and 8, then asked himself, "What do -I' add to 6 to get 13?"

7. When the children worked with problems of the form similar to a,+, b =
c + ,the balances were set up so that there were 2 - region pans
on each side of'the balance. During review exercises the students
were given problemi of the form = a + b and.a = b + 0 . The
students made many errors on prob ems of this type until one of the
2-region pans was replaced by a 1-region pan. Seemingly, the students
did not--perhaps they could not -- establish on their own initiative a
relationship between the balance model and the written eauation.

In particular, the seemingly related each pan to a side of the
equation and did not relate the fulcrum (a wooden block on the bal-

7 9
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wide) to the equals sign in the equation. This was evidenced by the
haphazard manner in which they constructed or interpreted balance
models. For example, for solving El = 7 + 6 one student put'. 7 Units
on the left side, 6 units on the rignt side, another unit on the ri ht
*side, and wrote 1 = 7 + 6. Another student in solving = 10 +
set up the' balance to show 13 = 10 + 3, but wrote 13 = 10 + 13.
Her reason was that it takes thirteen to make it balande. As another
example, a student solved 7 = 6 + 0 by putting sets of 7 units and\
6 units on the ri ht side and writing 7 = 6 + 13. Also-, one student \

solved 8 + 5 = by putting 8 units on the left.side, 5 units on the
right side, and wrote 8 + 5 = 3.

This. confusion in relating a balance model to an equation is a
probable cause for the difficulties 4he students had in solvihg mis-
sing addend problems. It should be noted that the students were not
explicitly instructed on how to relate a balance model to an equation.
Inferences to the relationship was made in exercises of the following
types: (a) 1.11e students we asked to; read an equation and then
asked, "What does the sent ce tell us to do?" (b) The students were /
shown a balanCemodel and +equation and-asked, "Does the equation
tell us what is shown on e balance?" A possible reason for the
confusion about relating a ba -mace model to an equation was the in o-
duction of conventional writing forms towards- the end of the year with-
out expliCit instruction in how to relate an equation like 3 + 4 =1:]
to,a balance model.

8. The students could detect more thamand less than relations from a
balance model, and they could Verbalize a rationale for the relation,
but they had considerable difficulty in completing sentences of .he

form a O b+ c or a + b 0
c

+.d. The reason for this difficulty was
that they.did not learn the Signs'<and>. . To avoid this dif iculty
they would use the # sign, e.g. 3 + 8 # 7 + 5 rather than writing
3 + 8<7 + 5. Their rationale for determining the appropriate/ rela-
tionship wai based on the number of units on each side of the balance,
and not on the position of the pans.. Thus in completing exercises like
9 40' 6 they would compute with or without a balance both sums,
reason, "13 is not equal to 12," and write 9 + 4 # 6 + 6.

9. Students had no difficulty in determining the truth value of statements
like 3 + 8 = 7 + 4 or 3 + 8 = 7 + 5. To do b, they computed each sum
and then compared the sums. HoWever, except for one student (D), the
students generally indicated that all sentences of the form a + b C c + d,
a + b ) c + d, a< b c, >b, +°c were wrong. -Their rationale was that
this was not equal so it must be wrong-: Likewise, + 9 # 10 + 1 was
wrong because it was not equal. It 'ap'Pea..:ed that the students associated
equals with being right and not equal with being wrong, except that equal
tions like 13 = 7 + 3 were wrong becatise-the sum of 7 eand 3 was not 13.

Place Value (N . 29) '

A. Concepts and skills taught in this unit included:

1. Skill in rote/rational counting.
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2. Skills in teading/writing numerals.

3. Skill in using tens (longs) to construct sets for the numbers 20-29.

4. 1§kill in determining the number of a set containing 2 tens (longs) and
. up to 9 units.

5. Skill in expressing the numbers 20-29 in'expanded form.

. Observations of students' behaviors included:

1. Students readily learned rote counting, rational counting, reading and
writing skills.

2. Only two students (A, Da), had difficulty in learning to count on from
20.

3. Two students (A, Da) reverted to using only units in constructing sets,
rather than using a combination of tens 'and ones.

4. Only one student (D) is able to complete exercises like, 24 =
E] =20 + 4 or = 2 tens + 4 without constructing a balance model.

-
5. All students readily accepted 20 and 2.tens as being equivalent.

Addition with at Least One 2-digit Addend: No Regrouping

A. Concepts and skills taught
.
in this unit included:

1. Skill adding 2-digit number'and a 1 -digit number.

Skill in adding two 2-digit numbers.

B.' Observations of students' behaviors included:

1. All students were able to use a balance to find at least4 solutions
to an equation like 26 = + 0 . Most students made use Of the
commutative property in determining the solutions.

2. Students readily learned to use a balance to solve problems like
= 15'4. 4 and 23 . Only two students (A, Da) apparently did not

+ 2

detect the addition algorithm--add ones then tens. Two students (A,
.Da) worked very slcwly and made many errors because they avoided us-
ing tens (longs) in constructing sets. They have considerable dif-
ficulty in counting on from 10 or 20.

3. Except for two students (A, Da), the students learned to use a balance
to add two 2-digit numbers. These students first counted the tens and
counted on to find the sum. Only one student (D) detected the addition
algorithm and worked the problems without constructing a model.
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.Subtraction with 2-digit Minuends:, No Regrouping

A. Concepts and skills taught in this unit included:.4 4'

1. Skill in subtracting a 1-digit number from a 2-digit number.

2. Skill in subtracting a 2-digit number from a 2-digit number.

B. Observations of students' behaviors included:

Only four students (D,,E, 3. N) worked on this unit. Three students (E,

3,. N) learned to complete the exercises by constructing an appropriate

balance model. They used combinations of tens and ones to construct sets,

and took away the subtrahend set by removing tens and ones. The other stu-

dent (D) quickly detected the subtraction algorithm and solved the problem

without the aid of a balance.
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Representative lessons, teacher guides and student worksheets from the
'experimental treatment are included in this appendix. The content of these'

lessons reflects the development of the following major topics: equality,

addition, missing addends, subtraction, place value, and order. This selec-

tion of lessOns does not include drill exercises or repetitions within major

topici. Rather, the selection of lessons only highlights the iMpotlant fea-

tures of the experimental treatment.
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Introduction: Concept of'Weight

Purp(Keic): a) To introduce the concepts that some objects weigh the same and that

some objects are heavier than otherS.

!Jaterials:

b) To motivate the introduction of the balance.

Ten objects, each with a'weight of 1,2,3,4,5, or 6 units.

locabulaty: Which one is heavier?
Which one weighs more?
Do they weigh the same?

LESSON OUTE.1 NI'

.
.

.
.

AcrioN QUESTIONS, DIRECTIONS, ETC.

1. Hold up two objects.- different sizes;

weights of 2 and 6 .

Lye objects to a child'

_

DO THESE WEIGH THE SAW? .

WHICH ONE IS HEAVIER?

DO THEY WEIGHT THE SAME?,
WHICH ONE IS HEAVIER?
HOW CAN YOU TELL? .

2. Hold up two objects - different sizes;

same weight (3)
REPEAT STEP 1.

3. Hold up two objects same size; weights.

Of 2 and 5 REPEAT STEP l./

4. Hold up two objects same size; same

.._ weight (4) .

---

REPEAT STEP 1.

5. Holdup one object
HOW MUCH DOES IT WEIGH?

-Contintie -until someone (including the

teacher) states that we use a scale or

balance to weigh objects.

60

HOW CAN WE FIND OUT?
MAT DO WE USE TO WEIGH THINGS?
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:Introduction of Balance.

. ,
: a) ro.teach how a balance can be used to weigh objects.

Material's:

Vocabulary:

Ten objects, each with a weight of 1,2,3,4,5, or 6 units.

A balance for each student - unmarked pans.'

A set of 9 unit weights for each student.

Use your balance to weigh it.
How much does it weigh?
What does it weigh?
It weighs five units.

ACTION

USSON OUTLINE 7"

E -? -1

QURSTIONS, Hc.

1. Hold up an object weight 3

Place a balance on the table

Place object in left pan

-Hold up a unit

Add. units to right pan, one at a time.

Pause after adding each unit. After

'the 3td unit, wait until the balance

comes to rest.

HOW MUCH DOES. THIS WEIGH?
HOW CAN WE FIND OUT?

THIS IS A BALANCE. WE CAN USE IT TO WEIGH

THINGS.

FIRST, WE PUT THE OBJECT IN A PAN.

THIS IS A UNIT.

SEE, 3 UNITS MAKE IT BALANCE.
HOW MUCH DOES THE (OBJECT) WEIGH?
IT WEIGHS 3 UNITS.

2. Hold up an object - weight 2

Let one student demonstrate the weighing

process

HOW. MUCI-1 DOES THIS WEIGH?

HOW CAN WE FIND 00T?

WHAT. DOES THE (OBJECT) WEIGH?
IT WEIGHS 2 UNITS.

3. Hold up an object - weight 5.
4

Let the student demonstrate

;

WHAT DOES THIS WEIGH?
(STUDENT) SHOW US HOW TO WEIGH IT.

HOW MUCH DOES THE (OBJECT) WEIGH?
IT WEIGHS 5 UNITS. 61
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Lesson Outline Continued

ACTION

4. Giv' each student a balance, at mos41.-

balances per table.
Place several objects on each table

Let .the students weigh each object; help

individual's, if necessary., find the weight

of.._airobject.

If necessary, place other objects on the

table to provide additional practice

QUES1ION.S DIWCAIONY

NOW YOU CAN USE YOUR BALANCES TO IQ ICH

THE OBJECTS.

WHEN YOU FIND OUT HOW MUCH SCUABING
WEIGHS, RAISE-YOUR !MD, AND TELL \IE

WAAT IT WEIGHS.

62
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IleigI ,. uivale ce

.
. . , .

Purposetl: a) o teach techniques'of using a balance to dLterclinc t%bether Jr 1,c:

-'1.-c objects 'have the same weight.
. ,.

E-4-

41.

Materials: Ten objects, each with a weight ,.,f...:1,2,3,;,5, or -6 units.

A balance for each student - unmarked pans.
A'set \ of 9 unit weights for each student%

Vocabulary: Do they weigh the same?
Do they have the sameweight.

It

it

1.1SSON OUTI.INI

ts,

QuhsrioNs, n1R1111ONS,

1. Hold Up two objects, same weight,

different sues

Follow students' suggestions

WTE: It is not necessary at this point
::for theitudents.tolcnbw the actual weight

DO THESE WEIGH 1141 SAME?
HOW CAN WE FIND OUT?

SEE THEY HAVE THE SAME WEICET.
HOW DO WE KNOW.IEIS?

2. Give e ch.stutlent his balance and weights.

Place 8i.objects on the table, 4 pairs
with obiects in each ryair having the

same weight FIND IVO, OBJECTS WHIG-1 WT I cl I Ii
. ,

Let the pupils work .1 this task SHOW NE THE OBJECTS Wilt)! WTI 11{

.3. Hold up two objects w.iich have the same

weight. DO 'THESE WEIGH THE SA.NfE?

Show only one of the ()Teas
HOW 'CAN WE FIND' OUT? :HOW MUCH DOES THIS WEICJI"

k WHAT DOES IT WEIGH?
,

. i''
Hold up the other ohjE0 HOW MUCH DOES "MIS hEiar .

t %f HOW AN WE FIND OUT?-.

\ HOW 'UCHDOES IT WEIGH?

Holdup both objects \ DO BOTH OF THESE WEICI-I i 'Ni;;._

HOW DO WE KNOW?

tti)
. .

hnd or Lont'd
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.
Introduction to Symmetrical ?roperty

y01110.,c1,):

64

a) To verify that in determining the t.elght ,)I" an 012iect, th(,

may be placed on either side of the 6alame.

Mat cria Balance and set of 9 units for each student unmarked pan.

-10 objects, each with a weight of 1,2,3,4,5 or 6 units.

'Vocabulary: This side of the balance.
The right side of the balance-.

The left side of the balance.

LI:SSON pUTIANI
O

ACTION . QUI SI IONS, I)IRIrlio\S, Tc.

1. Hold up an object

Let a student find the weight

Remove unit weights from pan.

Move the object to the other pan

Let a student weigh the object

HOW MUCH DOES TT-II S WEIGH?

IT WEIGHT'S ( ) UNITS.

HOW MUCH DOES THIS WEIGIP
WILL IT WEIGH THE SANE?

DOES IT STILL WEIGH THE SAME?

TO WEIGH SaviETHING,-- MAY 1,'E PUT ON-

SIDE OF THE BALANCE?

WILL IT. WEIGH THE SAME ON EITHER SIDE?

2. Give each student a balance, a set of

unit weights and one object PUT YOUR OBJECT ON THE LEFT SIDE.

HOW MUCH DOES IT WEICir-

NOW, PUT, IT ON THE RIGHT SIDE.
HOW MUCH' DOES IT IVEICil?

DOES IT WEIGH THE SAME?

3. Have the students take another object PUT IT ON THE
HOW MUCH DOES.
NOW PUT IT ON
HOW MUCH !MS
DOES IT 'WEIGH

RIafr
IT WEIGr L
THE LEFT SIR.
IT WEIC11?

THE SAME?

4. Let. the student weigh 2 or 3 other objects,

usifig both sides of the balance. t9.1:1)(1 or cnt)d



Recording Weights

- Purpose(l: a) To teach how to record the weight of an object.

Materials: Balance and set of 9 unit weights for each student ;- unmarked pans.

10 objects each with a weight of 1,2,3,4,5, or 6 units.

Record sheets-- Form 1.

Vocabulary: Write the weight in the box. //'

.i'ssoN arrt.INI

.AcrioN (m.:rioNs, micTIONS, 1:h .

1. Place an object on the left,side.

Have a student weigh the object HOW MUCH DOES IT WEIGH?

Place a record sheetin front of the

balance.

Point to the right hand boX on the record

sheet
(NAME.) WRITE THE WEIGHT IN THIS FC'.

2. Place an object on the right side,

Have a student weigh the object.

Place a record sheet in frontof the

balance.

Point to the left hand box on the record

sheet
......I WRITE THE WEIGHT IN THIS

3. Repeat step(s) (1) and (2) so that each

student will have an opportunityto

record a weigh.

4. Give each student a balance and a set of

unit weights.
465

Place 5 objects on the table. Give each

student 5 record sheets
1WEIGH 5 THINGS AND WRITE THE ICEICHT IN.

THE BOX.

\.
:114.1 or Cont'd_____
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Form 1

Right

'Right

Right

4

Right

. vt
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I

Right



Introduce Word Equals

E- 9- 1

Purpose(s): a) .To use the word equals in oral statements to describe the
relationship between two sets of weights.

Materials: None

The'weights are equal.

ACT I ON

LESSON OUTLINE

QUESTIONS, DIRECT I ONS , ETC.

1. Place 3 unit weights on left side

Let a student use the balance to determine
(verify) the answers.

Point to left side, then right side

HOW MANY UNITS? HOW MUCH DO THEY WEIGH?

DO THESE WEIGH THE SAME AS THESE?

WE SAY THE WEIGiIT ON THIS SIDE EQUALS
THE WEIGHT ON THIS SIDE.

2. Place 4 unit weights on both sides ARE THE WEIGHTS EQUAL?

WHY?

3. Place 2 unit weights on left side and
3 unit weights on on the right side ARE '[HE WEIGHTS EQUAL?

WHY?

4. Place 1 unit weight on both sides ARE THE WEIGHTS EQUAL?

WHY?

67

End or Cont' (I.



Introduce 'Equals Sign

7

E-11-1

Purposc(s): a) To use an equals sign in writing number sentences.

Materials:

Vocabulary:

Balance for each student unmarked pans.
12 unit weights per student.
Record sheets - Form 1 and Form 2.

None.

LESSON °nun

AM ON

t

1. Give each student a record sheet Form 1

Plac 4 unit weights on right side

Let wstudent verify answer on the balance
and record weights (Form 1)

1
eqUals sign on balances

Demonstrate on worksheet.
e

Point to equals sign

Point tosentene

DIRECTI(?NS, ETC.

WRITE THE NUMBER OF UNITS ON YOUR
'WORKSHEET.

HOW MUCH IX) THESE WEIGH?

WRITE THE WEIGHT ON- YOU1 WORKSHEET.
ARE HE WEIGHTS EQUAL?

TO SHOW THAT THE iVEIGHTS ARE EQUAL WE
PUT THIS SIGN BETWEEN ON.THE BALANCES.

THIS IS AN EQUALS SIGN.

COPY THE EQUALS SIGN ON YOUR WORKSHEET.

WHAT DOES THIS TELL US?

THIS IS A SENTENCE.

WE READ 4 EQUALS 4.

NOW, READ THE SENTENCE FOR ME.

2. Give each ,student a record sheet Form 1

Place 3 It weights in left pan

Have a student demonstrate on the balance
68 and recordlweights

WRITE HOW MANY UNITS ON YOUR WORKSHEET.

HOW MUCH DO THESE WEIGH?

SHOW ME,, ON THE BALANCE.

End or C.onWd



E-11-2

ACTION QUESTIONS DIRECTIONS ETC.

Put equals sign on balance

Demonstrate

WRITE THE WEIGHTS ON YOUR WORKSHEET.

CAN WE PUT AN EQUALS SIGN ON THE BALANCE?

WHY?

WRITE THE EQUALS SIGN ON YOUR PAPER.

READ THE SENTENCE.

3. Give each student a balance and record
sheets Form 2 MAKE UP SOME PROBLEMS.

_0*
FOR-EAQL.P_ROBLIJILL OUT'A WORKSHEET.

End or Cont'd

69



Form 1

Left Right

0

Left Right

Left Right

Left Right

70



Form 2 Name

.

4111111011110

AIIIMINOND

.

.

.40.111/00*
o

qIIIIIIIIIINI

--IIMIIIIM

0

,.

1

isimara. ,.

,
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,Constructing Problems From Worksheets

E -12 -1

Pprpose(s): a) To teach how to construct a balance situation based on information

given on a worksheet.

b) To teach when to write an equals sign
the same.

Mhtcrials: Balance for each student unmarked pans
12 unit weights per child.
Worksheets E-11 - E-17.

Vocabulary: Write equals sign between the numbers.
The weights are not equal.

AC'I' I ON

1. Show workshe-t E-11

I I i5SON OUTLI NI'

ti

6 show that two weights. are

LEI

1-y.9(11'S IONS, I) I REC.1' I ONS , ETC.

WHAT DOES

Have a student construct the problem on
the balance

Put equals sign on balance

Have a student write = between the boxes...

'\ ARE THE WE

DO WE PUT

IS WORKSHEET TELL US TO DO?

9

GHTS EQUAL?

EQUALS SIGN ON THE BALANCE?

HOW DO WE SHOW THIS ON THE WORKSHEET?

READ THIS FOR ME.

2. Show worksheet E-12

Have a student construct the problem on
the balance

Use not equal in explanation

WHAT DOES THIS WORKSHEET TELL US TO DO?

ARE THE WEI GHTS EQUAL?

DO WE PUT AN EQUALS SIGN ON THE BALANCE?

DO WE WRITE AN EQUALS SIGN BETWEEN THE
NUMBERS?

WHY? .

3.*Give each student copies of worksheets
E-13 - E-17 DO WHAT THE WORKSHEETS TELL YOU TO DO.

72 IF THE WEIGHTS EQUAL,VRITE AN EQUALS
/SIGN BETWEEN NUMBERS.

F.nd o Cont ' d
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Name

Left

2
Right

3
Left Right
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IfitrOduce Not Equals Sign

E-13-1

Purpose(s): a) To teach how to write a not equals sign to show that two weights are

not .the same.

Materials: Balance for each student unmarked pans.

12 unit weights per student.
Worksheets E-18 E-29.

Vocabulary: Write a not equals sign.

ACTION

LESSON mum:

QUESTIONS, DIRECTIONS, ETC.

1. Give worksheet E-18

students

Have a student show on

CE
a balance...

to

... ...

Put equals sign on balance

Have students write an equals sign be een

the numbers.

Point to sentences

2. Give worksheet E-19

students.

S1 2

Have a student show on a bal

Put not equs A.gn on balance.

'74 Point to sign

Point sentence

End

to

WHAT DOES THE WORKSHEET TELL. US TO DO?

ARE THE WEIGHTS EQUAL?

DO WE PUT AN EQUALS SIGN,ON THE BALANCE?

WHAT DO WE WRITE BETWEEN THE NUMBERS? '

READ IBIS FOR ME.

WHAT DOES THE WORKSHEET TELL US TO DO?

ARE THE WEIGHTS EQUAL?

DO WE PUT AN EQUALS SIGN ON THE BALANCE?

DO WE WRITE AN EQUALS SIGN BETWEEN THE

NUMBERS?.

THIS IS A NOT EQUAL SIGN.

WRITE THE NOT EQUALS SIGN ON YOUR PAPER.

r Cont'd



E-13-2

ACTION QUESTIONS DIRECTIONS ETC.

WE READ S IS NOT EQUAL TO 3. NOW, YOU
READ THE SENTENCE.

3. Give,students worksheet4s E-20 E-29

O

DO WHAT THE WORKSHEETS TELL YOU TO DO.

IF THE WEIGHTS ARE EQUAL, WRITE AN
EQUALS SIGN BETWEEN THE NUMBERS.

WRITE A NOT EQUALS SIGN IF THE WEIGHTS
ARE NOT THE SAME.

Ehd or Cont'd .
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."

Practice Writing Number Sentenees

,

e

e.

E- 14 - 1

Purpose(:,): a) teach how to write a:number sentence which:Corresponds to a N.
given situation on a balance.

Materials: Balance for each student unnarked pans.

12 unit weights per student.
"Record Sheets -.Form.l.

Vocabulary: None.

.0

.1

ISESSON ouTLINI:

0

. :
ACHON 061:STIONS, DIRECTIONS, ETC.'

1. Give each child a record sheet Fofm 1

Place unit weights in` both pans

Have each child complete a record sheet.

WHAT DO WE WRITE IN THE BOXES.

ARE THE WEIG-ITS EQUAL?

HOW DO WE SHOW THIS ON THE BALANCE?

WHAT DO WE WRITE BETWEEN lIEENUMBERS?

READ THIS SENTENCE FOR ME.

2. Place `4 unit weights in left pan; 1 unit

weight in right pan

Have each child complete a record sheet....

WHAT DO WE WRITE IN THE BOXES?

ARE THE WE EQUAL?

HOW DO WE SHOW THIS ON THE BALANCE?

WHAT DO WE. WRITE BETWEEN THE NIVBEiS?

READ THE SENTENCE FOR ME.

3. Continue, using the following pairs:

(2, 5); (4, 4); (2, 3); (3, 2);

(5, 6); (6, 41.

I nt1 m Com Id

77



Truth-Value of Statements

E -1S -1

PurpinA,tl: a) To teach techniques for determinin& whether a statement is true or

false.

For each student: a balance, unmarked pans,-12ritonits.

Worksheets E-30 - E-36.

'Vocabulary: -Is the sentence correct?
.1s the sentence wrong?

LESSON OUTLINE

ACTION Q111.STIONS, DIRECTIONS, 71:C.

READ THIS FORNE.

IS THE SENTENCE CORRECT?

Demonstrate on balance HOW Dg WE W?

I. Showworksheet E-36--=-,

'Agree .on some.method for showing that the
statement is 'true:. circle the equation;

'te C or 1,/ beside the equations.

Have Students mark their worksheets.

2. Show worksheet E-

A

Demonstrate on balance...;

' Possible method: write an X beside the

equation. Have students mark their
worksheets.'

HOW CAN WE SIN THAT IT IS CORRECT?

READ THIS E011

)

IS THE SENTEIE CORRECT?

HOW DO WE KNOW?

HOW CAN WE SHOW THAT IT IS WRONG?

'5. Give each student worksheets E-32-36....

78_

.. HERE ARE SptE SENTENCES.

WHICH ONES ARE CORRECT? WHICH ARE WRONG? T.
'f

End or Ccint'd



E-1S-2

ACTION QUESTIONS DIRECTIONS ETC.

YOUR BALANCE CAN HELP YOU FIND OUT.

HOW WILL YOU SHOW THAT A SENTENCE IS
CORRECT: THAT IT IS WRONG?

End or Cont'd
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E-30-31 Name 2
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Introduction to Addition

i

NuTose(s): a) To introduce 2-region pan.
b) To introduce the union of two sets.

r--

Materials: For each student: balance; unmarked pan left, 2-region pan right;

6 unit weights.

Objects to weigh.

Vocabulary: How many units in the blue part?
How'many units in the yellow part?
How many units all together?

I.USSON OUTLINE

QUESI1ONS, DIRECTIONS, ETC.

1. Point to 2-region pan.

Have students identify blue and yellow

parts. Observe that there are 2 parts.

THIS IS NEW.
HOW IS IT DIFFERENT?

'2.'Place an object r- ..narked pan.

Place some unity in blue region and some
in yellow region to make the scale balance.

HOW MUCH DOES IT WEIGH?

HOW MANY UNITS ARE IN THE BLUE PART'
HOW MANY IN THE YELLOW PART?
HOW MANY UNITS ALTOGETHER?
HOW MUCH DOES IT WEIGH?

3. Have each student place an object on un-
marked pan. HOW MUCH DOES* IT WEIGH?

PUT SOME UNITS IN THE BLUE PART, AND
SOME IN THE YELLOW PART.

Have each student describe the balance. HOW MANY UNITS IN THE BLUE, PART?
HOW MANY UNITS TN THE) YELLOW PART?
HOW MANY UNITS
HOW MUCH DOES IT WEIG ?

ti

Repeat 1, using another object.

knd or CoAt'd



Recarding_Unitsin2=Begian1111._____

1

(a) To teach recording of the number of units in each region.

(b) Tcl introduce zero.

Purpose(s1:

Materials:

Vocabulary:

For each student: balance;

Fbrm 3

Objects \to

There ar4 zero units in this part.

A-2:1

unmarked pan left, 2-region pan -rtght.

ACTION

1.1:SSON ouruNI:

QULSTIONS, D1121:111ONS, ETC.

1. Give each student a copy of Form 3.

Place an object on unmarked pan.
Place several units in first region.

(Left part on 2-region pan),
But not enough tr balance.

Demonstrate recording.

Place units in second region to obtain

a balance.
Demonstrate.

HOW MANY UNITS IN THIS PART?
WRITE THE NUMBER ON YOUR WORKSHEET

IN THIS BOX.
DOES IT BALANCE? .

HOW MANY UNITS LN THIS PART? )

WRITE THE NUMBER IN THIS BOX.
HOW. MANY UNITS ALTOGETHER?
HOW MUCH' DOES IT WEIGH?

2. Repeat (1) using another object.

3. Repeat (1) using another object, except
in the first step Use enough units to ob-

tain a balance. r

State that there are zero units in

region.

second

4. Give each student 5 copies of Form 3.

:Have them weigh an-object and record the

number of units it each region.
82

WEIGH FIVE THLNGS. EACH TIME

WRITE THE uumseR OF (TITS Ei EACH PART
0i4 YOUR WORKSHEET.

Lnd 01 Cunt'd



.Th Acirtitim, Sim

Purpose(,) : (a) To introduce the addition sign.

krterCals: For each student:

f

A-3-1

balance, unmarked pan left, 2-region pan right.

6 units.

Forms 3 and 4.
Objects to weigh.

Vocabulary: We read this: Three Plus Two.

ACTION

LESSON OUTLINE

QUINTIONS, DIRECTIONS, ETC,

1. Give each student a copy
i

19f Form 3.

Place object in un-marked pan.

Let a student weigh the object.

Write f between the boxes; and have each
student do the same.

Pointing to worksheet,

WEIGH THIS FOR ME.
REMEMBER, THE UNITS GO IN EITHER PART,
NOT ON THE LINE.

FILL OUT YOUR WORKSHEET.
HOW MANY UNITS IN BLUE PART?
HOW MANY UNITS IN YELLOW PART?
HOW MANY UNITS ALTOGETHER?
HOW MUCH DOES IT WEIGH?

ED SHOW THAT WE WANT TO KNOW HOW MANY
ALTOGETHER, WRITE THIS SIGN BETWEEN
THE BOXES.

THIS IS A PLUS SIGN. WE READ THIS ( )

FLUS (__) .

NOW, YOU READ IT FOR ME.

2. Repeat (1) using another object.

3. Give each student a copy of worm 4.

Have each studeht weigh an object
and record weight WEIGH SOMETHING ON YOUR BALANCE.

WRITE THE NUMBER OF UNITS ON YOUR
WORKSHEET.

or Cont'd

83



a
A-3-2

ACTION QUESTIONS DIRECTIONS ETC.

In turn,\ pointing to worksheet, ask each

child:,
;

'READ THIS FOR ME,
HOW MANY UNITS IN BLUE PART?
:HOW, MANY UNITS IN YELLOW PART?

HOW MANY UNITS ALTOGETHER?
HOW MUCH DOES IT WEIGH?

4. Give each student five copies of Form 4. .... WEIGH FIVE THINGS.
WRITE THE NUMBER OF UNITS ON YOUR,

WORKSHEET. \\.

TELL ME HOW MUCH,EACH THING WEIGHS.
\.

84
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A-4-1

Addition Equation

PtirP°s°(''): (a) To introduce'additiolt equations.

Materials* For each student: balarice, unmarked pan left, 2-region pan right,

12 unit weights. .

Form '5.

Vocabulary: 5 equals 2 plus 3.

ACTION

LESSON OUTLINE

QUESTIONS, DIRECTIONS, ETC.

1. Give each student a copy of Form 5.

Put 5 unit weights On unmarked pan.

Point to box on left side of equal sign. ..

;Put 2 units on blue part.

Point to first box, right side of equation.

'.ut 3 units on yellow part.

Point to second box, right side of equation.

Point to 2-region pan

Point to equation 5=2+3

HOW MANY UNITS:

WRITE THE NUMBER ON YOUR WORKSHEET.

HOW MANY UNITS:

WRITE THE DUMBER ON YOUR WORKSHEET,
IS IT EQUAL?

HOW MANY UNITS?

WRITE THE NUMBER ON YOUR,WORKSHEET.
NOW IS IT EQUAL?

WE CAN PUT THE EQUAL -SIGN.ON THE BALAA.
HOW MANY UNITS ON THIS SIDE?
DOES 5 EQUAL 2 PLUS 3?

WE READ THIS...
FIVE EQUALS TWO PLUS THREE.

NOW YOU READ IT.

2. Repeat (1) to show 3=2+1.

3. Give each student d copy of Form 5. PUT 6 UNITS ON LEFT SIDE.
OITE THE NUMBER ON YOUR LOISITEE".
PUT 4 UNITS ON BLUE PART. 85

WRTTE NUMBER ON YOUR WIORK.

')(11

:nd or Cont'd



A-4-2

t

ACTION QUESTIONS DIRECTIONS ETC.

IS IT EQUAL?
PUT 2 UNITS ON YELLOW PART.
WRITE THE NUMBER ON YOUR WORKSHEET.
IS IT EQUAL?
PUT THE EQUAL SIGN ON YOUR, BALANCE.
,DOES 6 EQUAL 4 PLUS 2?
READ THE SENTENCE FOR ME.

4. Repeat (3) to show 4=24-2.

5. Give each student a copy of Form 5. PUT 3 UNITS ON LEFT SIDE.
WRITE THE NUMBER.
PUT 3 UNITS ON BLUE PART.
WRITE THE NUMBER.
IS IT EQUAL?
PUT THE EQUAL SIGN ON YOUR BALANCE.
HOW MANY UNITS DO WE PUT ON THE

YELLOW PART?
WHAT DO WE WRITE?
DOES 3=340?
READ THE SENTENCE FOR ME.

6. Let students make up 5 problems and record
answers on Form 5.

86
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Finding Combinations of Weights

A-5-1

l'un)0,e(:.): (a) To teach that a number may be expressed as the sum of more than

one pair of numbers.

Material:),.:. For each student: balance, unmarked pan lift, 2-region pan right,
12 unit weights.
Form 5.

Vocabulary:

ACT ION

4.

1SSON O'JI'L I NI:

Qlil :SCIONS, DIRECT IONS ETC.

1. Give each child 3 copies of Form $.
Place 5 unit weights on._un-marked] ?an,,',.1,;.-..

Place
4 units on blue pat..:

Place 1 unit on yellow part.

Remove units frcm..tignr. ;1de

Place 3 units on blue part

Place 2 fits on yellow part

HO /MANY UNITS?
FeRTrE THE NUMBER ON YOUR. WORKSHEET.

ti

HOI'MANY UNITS ON BLUE PART?
WRITE THE NUMBER.
IS IT EQUAL?

HOW ?ANY UNITS ON YELLOW PART?

WRITE`THE NUMBER.
IS IT EQUAL?
WE NOW PUT LIE EQUAL SIGN ON THE BALANCE.
DOES 5 EQUAL 4 PLUS 1?
,READ THE SENTENL;E FOR ME. ..,,

-

LET'S FIND ANOTHER WAY TO MgKE IT EQUAL.
HOW MANY UNITS ON LEFT SIDE?
WRITE, THE NUMBER.

HOW MANY UNITS ON BLUE PART?
WRITE THE NUI4-FR.
IS IT EQUAL?

HOW MANY UNITS ON YELLOW PART?

WRITE THE NUMBER.
IS IT EQUAL?
WE CAN FUT.:THE EQUAL SIGN ON TVE,BALANCE.
DOES 5 EQUAL 3 PLUS 2?"
READ THE SENTENCE.

88
Remove units from right side.

'Remove ,quals sign. PUT 5 UNITS ON THE LEFT SIDE OF FOUR

BALANCE.

1.11ind or Cont'd



A-5-2

O

ACTION QUESTIONS ;DIRECTIONS ETC.

Show completed forms.

H#ve students leave their solutions
balance, Ask students to show their

equation and read it.
IN

WRITE 5 ON YOUR WORKSHEET.

WE HAVE TWO WAYS TO MAKE THE SIDES
EQUAL.

WHAT ARE THEY?
NOW FIND ANOTHER WAY TO MAKE IT EQUAL.
WRITE THE NUMBERS ON YOUR WORKSHEET.

2. Repeat (1) using 4 units on left45an.
Include in demonstration that 4=044.

- 3. Repeat (1) using 1 unit in left pan.
)

.4. Repeat (1) using units in left pan.

rQ

5. Repeat .(1) using 3 units in left pan.

4

2

6. Repeat.(1) using 6 units in left pan.
O

4

.
89
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Constructing Balance Problems.

Purpoe(5): a) To teach techniques for constructing a model on a balance

to correspond to a given equation.

Materials: For each student: balance, unmarked pan left, 2-region pan

right, 12 unit weights.

Worksheets Al - A?

Vocabulary:

ACTION

LESSON OUTLINE

A -6-

QUESTIONS, DIRECTIONS, ETC.,,

1. Give worksheet Al to each student.

Place Al in front of balance
Point to unmarked pan

Put 5 junits on unmarked pan
Point to blue region

Put 1;unit in blue region.
PointIto yellow region

READ THIS SENTENCE FOR ME.

Put 4 units in the yellow region.

HOW MANY UNITS DO WE PUT ON THIS

HOW MANY UNITS DO WE PUT ON THE BLUE PART?

HOW MANY UNITS DO WE FUT ON THE YELLCW

PART? '

DOES IT BALANCE?
PUT AN EQUAL SIGN ON TIE BALAC(:E.
DID WE MAKE THE BALANCE LOOK LIKE THE

SENTENCE?

2. Give v,

Check

orksheet A2'to each student. . . .

each pupils work.

READ THIS SENTENCE FOR ME.

NOW MAKE YOUR BALANCE LOOK LIKE THE

SENTENCE.

3: Give 6rksheets A3-7 to students. . . .

90

JERE ARE SOME SENTENCES.
WHAT DO THE PROBLEMS TELL US TO DO?
USE YOUR BALANCE TO SHOW EACH SENTENCE.

or Cunt'd
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1.

7dotiaeting,ilquationsl' Missing Addends

,Tiniiosoy): a). To2provide practice an finding two numbers whose sum is
, a giNien number. .

NatcrIalf

:;v9eabulaly:

A-7-1.

For "each student: balance; unmarked pan left, 2- region pan right,
12 unit weights-.

Worksheets A8-A14

I.USSON OUTLINE

4
QUESTIONS, DIRECTIONS, ETC.

Follow student suggestion.

DemOnstrate

WHAT DOES THIS WORKSHEET TELL US TO
'DO FIRST ?;

NOW, HOW'MANI UNITS DO WE PUT ON THE
BLUE REGION?

WRITE THIS NUMBER ON YOUR WORKSHEET...

HOW MANY UNITS ON THE YELLOW PART TO .

MAKE'Tr.BALANCE.

TollOw student suggeStion.

Demonstrate

Point to equation. . .

DOES IT.BALANCE?

WRITE THE NUMBERS.
CAN WE FUT THE EQUAL SIGN ON TrexBALANCET-

NOW, READ THIS FOR ME.

2. Give a copy of A9 to each student. . . . WHAT DOES THIS WORKSHEET TELL US -0
DO FIRST?-

OW ME ON YOUR BALANCE.

ta.

NOW FU_ T SOME UNITS ON TIE .SLUE FA 7".
WRITE THE NUMBERS.

.92

End or Cont' d,



A77-2

1

ACTION QUEST IONS DIRarrioNs

1,

Ask each`- student to read his sentence.

3. Give copies of A10-14 to students. . . . ti

bots IT BALANCE?

,IF NOT, PUT SCME7UNITS ON TEE YELLOW
PART.

DOES IT EALANCEI-

WRITE THE 4U1,14R.-

PUT THE 'EQUAL SIGN'ON"TEE BALANCE-.
f

HERE ARE SOME WORKSHEETS.

DO WHAT THE'WORKSHEETS TELL .YOU TO bo:

O
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.Cdupleti g

Purpose t.):

Matpr ia 1.

O

A-8-1

cations: Finding-Sums.

1 To provide practice on finding the sum of two numbers.
,

k

For each student: balance, unmarked pans on left; 2-region pan on
right; 12 units.
Worksheets A15-A21.

r ACTION

,$

LESSON OUTLINE.

QUFgTIONS, -DIRECTIONS,. ETC,

1. Give .a copy of A-15 to each student

Construct model on balance-

TollOw,student'suggestions.

:Point to,box'on left side of equation

pemoinStrate.

-Point to sentence ,

N.,

WHAT DOES THE WORKSHEET TELL us-Taba
FIRST?

NOW-, WHAT DO WE DO?.

"DOES IT BALANCE?
CAN WE PUT THE EQUAL SIGN 014.11E BALANCE?
WHAT D0 WE WRITE IN THIS BOX?

READ THIS FOR ME.

2. dive a-COpy Of A-16 to each student

a

WHAT DOES THE WORKSHEET TELL tis TO DO
FIRST?

'wig ME ON YOUR BALANCE..
DOES IT BALANCE?
POT THE .EQUAL SIGN ON THE BALANCE.'
READ THE SENTENCE FOR NE:

3: Give copies of A-17-A-21 to students HERE ARE SOME WORKSHEETS.
COMPLETE THE SENTENCES.

End or Cont'd
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Using and +,In Addition ,Sentences

l'uttose (-S)

A-9-1.

To provide practice on using either the relation equals or not
equals to,complete an addition sentIcce.

Materials: . For each student: balance, unmarked pan on left; 2-iegion pan on right;
.12 units.

Worksheets A-22-A-30.

Nocalialrn: -None.

A(71'10N

0
LESSON OUTLINE

copy of-A=22to each student

l*:onstrate on balanci

4 .

teionstrate

QUNTIONS, DIRECTIONS, ETC.

WHAT DOES THIS WORKSHEET TELL US TO Doi .

DOES IT BALANCE?
WHAT' SIGN DD WE PUT UN T.1E BALANCE?
WHAT DCiWE WRITE IN THE CIRCLE BETWEEN.
HRquterrcs?

READ THIS SENTENCE FOR.ME:
**7

-2. Repeat' l), using A-23.

.3. Repeat' (1) ,. using A-24..

4. Repeat (1), ...zing A-25.

'-5. Giveworksheets,A-26-A-30 to students DO WHAT THE WORKSHEETS TELL YOU TO DO.

COMPLETE THE SENTENCES.

)

End or Cont'd
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O o

tion to Missing' Addends

0

MA-1-1

Purpose ( s ) i al. To' teach the-meaning of missAng addend sentences and techniques
for\solving such problems.4

\.

\ X

-Materfalsr; each tudent:. balance, unmarked' pan' eft,
\

\

12 units.

WorkSheets: MA1-7
. \

Vocaoulary: Ho* many did \.; add, to make it equal?
,

gion pan right;

O

.1

LESSON OUTLINE \

ACTION

O .

1. Setup balance so that there, are 6 um.
on, left and 2 units on the blue region.

\

bFollow student suggestion, but shCw
adding 4 units to yellow region.

ShoW worksheet MA-la

ARE THE WEIGHTS EQUAL?
HOW DO WE KNOW?

CAN WE MAKE THEM EQUAL?

Demonstrate.

NOW MAKE IT EQUAL.
HOW MANY DID YOU ADD, MAKE EQUAL?
WHAT DO WE INTRITE IN TES BOX? (
READ THE SENTENCE.

3. Repeat (2) using worksheet MA-lb.

4. Give worksheets MA 2 to- stua.ents
k

COMPLETE THE WORKSdEETS USING YOUR BALANCE
TO MAKE SURE YOU ARE RIGHT.

a

End or Cont.' d
99





O

.Inti.oduce 3-Region,Pan

MA

Purposc(): (a) To introduce the.3-regiOn pan in context of solving missing addend
. problems.

-teri4s: For each-student:, Balance, unmarked pan.on.left; 3:region pan right;
12 unith.

Worksheet MA6-7

Voaibul ary.:

1

LESSONLOUTtINE.

ACTION
. QUESTIONS, DIRECTIONS- 'ETC.

1..Give-each stauent a copy of MA6

Give each student a 3-region pan

READ THE SENTENCE FOR ME;"
WHAT ,DOES THIS PROBLEM TELL US' TO Db?,
WHAT DO WE NEEDS

. -

NOW SHOW ME ON THE BALANCE THE PROBLZM.'
HOW MANY.DaWE ADD TO THE RED. TO NAKE

IT EQUAL?.
WHAT DO WE warm IN THE BOX?
READ THE SENTENCE. .

.

DOES S EQUAL 2 PLUS 1 PLUS 2? .

WHY?

2. Repeat (1) .using second problem on MA6.

3. Repeat (1) using third problem on MA61 0

#

4. Give each student .ROpy of)AA7
.

;

COMPLETE THE PROBLEM USING YOUR BALANCE
-to-mu THIN RIGHT.

I
4

End or Cont'd

I 0 6 9
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Introduction xo Subtraction

Purpos0s) .(2.) To introduce the concept take away.

each student:

s

Vocpbul Sty: Take away.

41.

0.

balance, unmarked pans; subtraction 'tray; 12 uni

LESSON OUTLINE

a.

A T.ION-

.
QUESTIONS, DIRECTIONS', ETC..

1. Put .5 units. on--Rside

,
Move two units to tray.

,Demonstrate..

I

HOW'MANY UNITS,

IF I TAKE AWAY 2?

HOW Miff DO I PUT ON -LEFT SIDE TO MAKE
IT EQUAL?

SEES 3 EQUALS STAKE AWAY 2.

2. repeat (1) to show 1.= 4 - 3.

3. Have each student ,put 4 its on right
side

.
Let. students perform`task. -

r SEE 1 EQUALS 4 -TAKE AWAY 3.

IF YOU TAKE AWAY 1, HOW MANY WILL YOU=
PUT ON THE LEFT SIDE TO-MAKE IT EQUAL?

. .

.
4. Repeat. {3). to show 5-3,, 6-3, 4-2, 3-3.

End-or COnt'd

1108

103



Ubtaction!Eouations

-;,

)sec.")-: °(a) T9.. teach how to write subtract, eqUations.

tfei Fiir each student: Balance; unmarked pans, subtraction tray; 12.-unitS..
POT711:8.

°sat-01'0'4s::

LESSON opTuNE

QUESTIONS; DIRECTIONS, ETc.

Delipri'stite ,

ilOBf' MANY?

DO, -WE -WRITE THE /srUMBER?

.NOW TAKE Al.or.4.

WHERE Do WE SHOW THIS?

HOW MANY DO-WE PUTON THE SIDE
- TO -MAKE' IT EQUAL

'WHERE DO WE WRITE :THIS NUMBER?

:READ THE SENTENCE.

Repeat'-:(I) to sh

4. .

- 3, 6

C

'164

-End or Cont d
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Constructing Balance Models

,purp041s); (a). To drill on the meaning, of subtraction sentences, by demonstrating
take away, situations on the balanCe.

Materials: For each student: Balance, unmarked pans, subtraction tray, 12 units.
Worksheet Si. .

,)

Vocabulary: Show me this take away sentence on the balance.

LESSGN, OUTLINE

ACTION QUESTIONS, DIRECTIONS, ETC.

1. Show first equation on S1 READ THIS.
SHOW ME THIS TAKE AWAY SENTENCE ON: YOUR
BALANCE:

Repeat (1) using other equations on Sl.

d

106

0

End or Cont'd
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Solvirig Subtraction PrOblems

PUrposcts): (a) To a-technique for finding the difference.
(b) To Provide-drill on solving subtraction-problems.

Materials: For each student: Bilance; unmar ked pans; subtraction tray; 12 units.
-,Worksheets S2-4.

Vocabulary:,

LESSON OUTLINE

K-:

,
ACTION

f

'QUESTIONS, DIRECTIONS, ETC.

.,.. .

`1. Give each student a copy of'S2. .

. .

Show first equation on S2 .

. %

Have each student demonstrate on scale,

Write,difference in .box.

-

WHAT DOES THIS PROBLEM TELL US TO DO?

WHAT DO WE WRITE IN 11-11S BOX?
. . ...

As;

READ THIS SENTENCE. . . -.

2. Repeat (1),using second equation on S2.
').

3-.iive-students complete S3.
a . la ,

. ,

' _ _
i

4. Have students complete S4.
.

.

.
.

.

.
.

.

.

.

. -

.

End or Cont'd

113





Equal Sign in Subtraction Equations

Mat oda

0
S-5-1

) To proyide drill on using equals or not eqUals to complete

subtraction equations.

For each student: Balance; unmarked pans; subtraction tray;

\ 12. units.

Worksheets S5 and 6.

Voaho 1 a ry.!-

LESSON OUTLINE

ACTION.

1. Show first problem on S5.

:Demonstrate on balance.

,Hold up - and 0 signs;

, QUESTIONS , "DIRECTIONS, 'Etc .

2. Repeat (1) using the 'second problem .

on S5.

ag 011.00

-
1. Have students complete S6.

116

sr.

WliAT DOES THIS PROBLEM TELL US. TO DO?'..-
DO14E PUT THE = OR # ON THE BALANCE?'

WHAT DO WE .WRITE IN THE CIRCLE?

READ.THE SENTENCE..

Ind INMEIMEal

1 I :I) .
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Checking Subtraction

Purpsc(s): (a) To provide an opportunity fo r the students to reflect on the
meaning of subtraction'sentences;

Materials:
0

For each student: Balance; unmarked pans; subtraction tray; 12 units.
Worksheets

'. Vocabulary: Is this subtraction sentence-correct?

, t...
I) .

11,1 .
LESSON OUTLINE .

ACTION QUESTIONS, DIRECTIONS, ETC.

AT 7
1. ShoW.the first problem on 4:14. READ THIS SENITENICE,

P
IS THIS SENTENCE CORRECT?

HOW DO' WE KNOW?

SHOW .ME ON YOUR BALANCE.
Agree on some marking system.- -
check or star. HOW DO WE SHOW ON THE,PAPER THAT

IT IS CORRECT? ra

47 7
2. Show the second problem on ffg. READ THIS SENTENCE.

\IS IT CORRECT? \

HOW DO YOU KNOW?

SHOW ME ON YOUR BALANCE. )

Agree on some marking systeM - - . .

cross. HOW DO WE SHOW ON THE PAPER THAT
IT IS NOT C4RECT?, -

rao .

3. Have citu ehts complete =Of CHECK-EACH SENTENCE.

ON'YOUR PAPER, SHOW THAT IT IS
CORRECT OR NOT CORRECT.

112

:0

End aNtiiiKX5
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t

Relating Subtraction fiiilations to Models

RT-3-1

.
. ...

,

hirpb,4s): (a) To provide an opportunity for the students to reflect on whether
ornot an equation and a"barance model are appropriateir related.

..,

Materials:

o -ahu I

For each student: _Balance; unmarked pans; 12 units.
Worksheets RT9-10.

LESSON OUTLINE

1.

1.

\ ACTION a

Give -each udent a copy of .p9.

Set_up*balance to show 3 = 5 - 2

2. Set up balance to show 1 = 4 - 3.

O

. Set -up balance to show 2 = 5 "- 3

4. Set up balance toshow 1 = 6 4

114

QUFSTIONS, DIRECTIONS, ETC:

READ THE SENTENCE.
DOES THE SENTENCE slim WHAT I"DID ON
THE BALANCE?

WHY?
°

READ THE SENTENCE.
DOES THENSENTENCE SHOW WHAT I DID ON

THE BAIA,' cE,t,

WHY?
WHAT DO WE CHANGE TO MAKE IT CORRECT?

-------,
READ THE SENTENCE. ---------

ONDOES THE SENTENCE SHOW WHAT I DID -----
THE BALANCE? . .

WHY?.
WHAT DO WE CHANGE TO MAKE IT CORRECT?

tt READ THE SENTENCE. .

DOES THE SENTENCE SHOW-WHAT I DID ON -

THE BALANCE?WHY? -

. WHAT DO WE CHANGE TO MAKE IT CORRECT?*

EldinCont'd



RT-3-2

ACTION. QUISTIONS, DIRECTIONS, ETC.

S. 'Give each student a problem from RT10

Set Up S - 3, 5: 1, 6 2, 6 - 4;

4 7 3,, 4 - 1, 6 - 3.

p

J

t o

WHO HAS THE SENTENCE WHICH SHOWS THIS 4

PROBLEM?

-End:. or Cont 'd

-`

115



`*

O

0

0

116

. - -

.

de

O

41:

clt

3

AP

I

s P



7.

1

A-27-1

,

,Sums Families: Seven and Eight
Is

---- .

.--

I

. ,

001W
pui-N(.,,JR): (a) To introduce sums of

C
seven and eight. . ._:

.... .

(b)° To drill ,on finding number pairs which have a sun of seven
.

,

or eight. .

(c) To provide additional'drillyith sums six -or lesS.

.

...

Materials: For each student: Balance;xnmarked pan left; 2 or 3-region pan right;
. ?,

16 units. -

.

. .,
Worksheets: A121-126. i k.-..

,- ,.

Vocabulary: .

h-

.

LESSONO(TTIINE,

1I

ACTION_ -

,

6UESTIONS, DIRECTIONS,, tITC',,

,

1. .Sh the first problem on A121

.

nstrate on balance.

,.
rt 19

READ SBITENCE.
WHAT DOES THE WORKSHEET TELL US TO'DO?

.

HOW DO WE cafeLETE THE, SENTENCE?:
READ THE §ENIENCE.

2.- Repeat (1) using the other problems On .

A121,

3. Have students complete worksheet,A122-
i26.

- End r Cont'd
A.
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Introduction to Greater and Less.

PurpOse(sj:

4

9'

(a) To provide practice on constructing sets with more
(fewer) members than a given set.

Materials: For each Pupil: Balance; unmarked pans; 20 units.
W

Vocabulary: Put more-(fewer) units on the other side..
. How do you know that there are more (fewer) units?

5.is greater than 4. .

..

3 is less than 5.

1

' LESSON.OUTLINE-

0

GL-1-1.

7,

ACTION 'QUESTIONS, DIRECTIONS, ETC.

1.

Continue discussiori until students
'verbalize 2 reasons: One based on the.
,position of the balance and the other
based_ontnumber.

PUT 3 UNITS ON THE L-SIDE.
PUT MORE UNITS ON THE

HOW DO'YOU KNUW THAT THERE ARE MORE
UNITS ON THE R-SIDE?

HOW MANY ON E-:SIDE?

HOW MANY ON R--SIDE?
( ) IS GREATER THAN 3.

2. Repeat (1) using 12 units on R-side.
51.

'3..

Two reasons: positive of balance and
number

PUT S UNITS ON THE L-SIDE. 9

PUT. FEWER UNtT5 ON THE R-SIDE.
HOW DO YOU KNOW THAT THERE *ARE
FEWER UNITS ON THE R-SIDE?
HOW MANY ON L-SIDE?
HOW MANY ON R-SIDE?
( ) IS LFSS-THAN 5.

4. Repeat (3) using 14 units on R-.side.

122

End or Cont'd



.4

Introduction of Greater Than .Sign

I ptirpcisc (s') : .(a)- To introdu4e the greater than symbol.
,-(b). To provide practice on using the balance. to Plow the

greater.,than relation.

it

Materials.:7

--VotzAhi)10.ty:

For each student:: Balance; un-marked pans:greater than sign; 3S units.
Worksheets

reV

_,LESSON. OUTLINE

'44

ACTION
QUESTIONS, DIRECTIONS, ETC.

4.

Show first problemton GL-4 READ THIS

SHOW THIS ON kUR BAIANCE.

ARE IHP SIDES EQUAL?' ;

,

Giie each child

Point to second problem on fGL-4.

,

D6 WE PUT'AN EQUAL SIGN ON THE tALANCE? WHy?r.

THIS:IS'A GREATER THAN SIGN:
PUT" THIS SIGN ON YOUR BALANCE.

WE READ: FIVE .IS 'GREATER THAN THREE.

WHAT DQ,...WE WRITE IN THE CIRCLE TO SHOW
THAT'S ISGREATERTHAN THREE?1

READ THE SENTENCE.

2. Show third problemon GL-4

Poineto fourth problem on GL-4.

READ THIS StNTINCE.

SHOW ON YOUR BALANCE.

WHAT:SIGN DO WE PUT ON THE BALANCE?
WHAT DO WE WRITE IN THE CIRCLE?
READ THE SENTENCE.

. Have students complete GL-52

End or Cont'd

-128..
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Comparing Numbers

O
GL-6-1

Purposb(s)':' (a) To provide practice on completing sentences using =,4:,:,.

:Materials:

,yocabillarj,:
A

4-.

'For each student: Balance, um- marked pans; ecOals, greater than,
and less than signs; 35 units.
Worksheets".GL-8,9.

43

LESSON OUTLINE

ACTION
QUESTIONS, DIRtCTIONS, ETC.

. Show first problem on GL-8 SHO1 THIS ON YOUR BALANCE.
WHAT SIGN DO WE PUT ON.THE BALANCE?
WHAT DO WE WRITE IN THE'CIRCLE?
READ THE SENTENCE.

2. Repeat (1) using other problems on, 4..

3. Have studehts complete GL-9.

a

a

A

En0 of,:iCrt'd

4.

125
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Rt. x

Purpos*5(s):

Materials:

(a) To,establish that one ten is equivalent to ten ones.
(b) To establish that any two longs are.equiValent..

for each student: Balance; unmarked pans; 35 units, 3 tens,:

'Vocabulary: One ten equals ten ones.

`LESSON 'OUTLINE

ACTION 'QUESTIONS, DIRECTIONS, ETC..,

1. Holdup a long

Demonstrate.

Point to long

Show 1 ten

PUT ONE OF THESE ON THE, LEFT SIDE.
.

0.

IT EQUALS HOW MANY UNITS?

THIS IS A' TEN.

READ THIS.

. '

2.

5%

p,gmon.s trate .

N

PUT 9 UNITS ON LEFT SIDE.
PUT 1 TEN ON RIGHT SIDE.

%RE THEY'EQUAL?
HOW DO WE MAKE EQUAL?
SEE 1.TEN IS ONE MORE THAN 9.
9 IS ONE LESS THAN 1 TEN.

3. \PITI. 11 UNITS ON LEFT SIDE.

PUT 1 TEN ON RIGHT SIDE.
ARE EQUAL?

Follow student suggestions, but show
taking one from eleven HOW DO IVE\MAKE, MIN EQUAL? ,

SEE 1 TEN IS ONE LESS THAN 11.
11 IS ONE ;MAN A TEN.

127
End or Contid

2



4.

PV-I-2,

QUESTIONS, DIRECTIONS, ETC.

Drnonstrate on balance.

, -

128

PUT-ONE "TEN ON IHE LEFT SIDE.
"UT ONE TEN ON THE RIGHT SIDE.

ARE THEY EQUAL?
HOW DO WE KNOW?

End or Cont' d
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Introduce Expanded Form

*:-

PV-6-11

YPurj ) : (a) To provide drill on expressing a number 10-19, as the stun of 1 -ten.

_ .
and a. number "less than 10:

Materials: For each student: Balance; unmarked pan left; .2-region pan right;
35 units, 3 tens.
Worksheets PV-4,5.

Vocabulary:

LESSON 'OUTLINE

ACTION QUESTIONS, DIRECTIONS, ETC.

1.. Show first ,problem on PV -4

Follow ,student suggestions and complete
first sentence.

Follow- student suggestions and complete
second sentence. ,,

_Follow. student suggestion and complete
third sentence.

Stop, if 13 = 10 + 3 arid 13 = 1 ten + 3
are shown.

READ:THIS SENTENCE. .

.

WHAT,DOES IT TELL US TO 'DO ON THE: BALAIICE?

ti

IS THERE ANOTHER V Y TO MAE% IT EQUAL?

**

IS THERE ANOTHER WAY TO MAKE IT EQUAL?
.

2._ Repeat (1) using remaining problems on
PV-4.'

, ;
3.-Have students complete PV-5.

End or Cont'd

1'A
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Relationships amonz addition facts

Purpbsctsj; (a) To teach relationships among addition problems which provide a basis
. for deriving a sum ftom a known -fact.

. 'Materials: ----Sam as A-31.

Worksheets A*145-148

Vocaliulary:

,11;47 r

L

LESSON OUTLINE

Q.

ACTION. QUESTIONS, DIRECTIONS, ETC.

1. Show prOblems in left coluain on A 145.

Demonstrate on balance.

=1,.

READ THIS FOR ME.

WHAT DOES IT TELL US TO DO?

WHAT IS THE ANSWER?
WHAT DO WE' WRITE IN, THE BOX? ,

R EAD THE SENTENCE FOP. ME.
DON'T TAKE UNITS :OFF OF THE,ILALANCE-.

sl

2: Point to second problem-left coluMn.
A 145.

Demonstrate, take one unit from yellow.

READ THIS FOR ME. ,
HOW. CAN WE CHANGE THE BALANCE to

SHOW THIS PROBLB..1?/
WHAT IS THE ANSWER?
WRITE IT IN THE BOX?
READ THE SENTENCE FOR ME.
DON'T 'TAKE UNITS OFF OF THE ,BALANCE.

3. Continue. (2) with -remaining' ptoblems
in left column A 145. 1.

4. Have students complete A 145-148; LOOK FOR WAys -OF CHANGING THE
BALANCE 'PO `MAKE NEW PROBLBS.

End or Contld 131
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A-35-1

ntroduce a + b=c + d

4N-Oose(s): (a) To teach relationshil4 among addition facts.

Materials: For each student: Balance; 2-region pans on bdth sides, 35 units;.2 tens:
Worksheets A.149-152.

C

Vocabulary:

:f.SSON OUTLINE
.

ACTION. QUESTIONS, DIRECTIONS, E C.

1. Show first problem on A 149. - READ THIS SENTENCE FOR ME.

. ,
.

, . , % WHAT DOES IT TELL US TO. DO?

. remonstrate on balance. HOW MANY UNITS DO WE PUT ON THE
R-. SIDE TO MAKE IT EQUAL.
q -..

. CAN YOU THINK OF AN EASY WAY TO
OUT?FIND

;.. -,Demonstrate
,on balance.

,

14TITE THE ANSWER IN THE BOX.
READ THIS FOR ME.

2. Use procedui.es in (1) to do second
'problem in A 149.

.3. Have students complete A 149.

4. Have students complete A 150-152.

133

. End or Cont'd
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Cmparing sums.

'Purposc(s): (a) To provide practice on completing sentences using x,<,)
ti

..;Materials: Same as A-35.

Vocabulary :

Worksheets GL 14-15

..LESSON OUTLINE

ACTION ,QUESTIONS, DIRECTIONS, ,E'T

fo

°

'1. Show first problem on GL-14

Demonstrate.

WHAT DOES THIS PROEM TELL' US TO
DO?

WHAT SIGN DO WE PUT ON THE BALANCE
WHAT DO WE WRITE IN THE CIRCLE?
READ THE. SENTENCE FOR ME.

2. Use. procedures in (1) above to
complete GL-14. 4:4

3. Hhve students complete GL 15.

End orfept'd 135
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PFP(x4c(S): (a) To teach the expanded form of the numbeu'20-2(9.

Materials:

Vocabulary:

.PV-5-1.

For each child: Balance; unmarked pan Left, 2 regions pan right; 3S
units; 3 tens.
Worksheets PV 9-11.

LESSON OUTLINE

-f-z. ACTION QUESTIONS, DIRECTIONS, ETC...

Demonstrate by putting 2 tens.
PUT 20 UNITS ONIEB. L-SIDE.
PUT SOMETHING ON THE R-SIDE TO

MAKE IT EQUAL.
HOW MANY ON EACH SIDE.

2.

DemonStrate.

PUT ONE MORE UNIT ON THE L-SIDE.
HOW MANY UNITS ON L-SIDE.
PUT 'SOMETHING ON THE R-SIDE TO MAKE

IT EQUAL.
HOW-MANY ON EACH SIDE.

3. Continue (2) with numbers through 29.

4. Show first problem on PV-9.

Demonstrate.

READ THIS FOR ME.

WHAT DOES IT TELL US 'ID DO?

WHAT DO WE WRITE IN THE BOXES.
READ THE SENTENCE FOR ME.

S. Continue (4) with second problem on
PV 9.

137
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ACTION

II

QUESTIONS, DIRECTIONS, ETC.

Have students
complete PV.9_and PV 10-

y..
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' APPENDIX C

1" .

INTERNAL EVALUATION POSTTEST



Pvt. I.

g Directions: WORK THESE PROBL55.,
I-

3 + 1 =
+5

5 .4. 2 =
+2
amxMIN.

2+

6
+1.

1 .,7 + 0 =
+7

.-

7 + =

1 .6 = 7

+1

B. 4 - 2 = 8
-7

8 7 - 5 =
-1

1 =3 . 7 8 4 =

5 .

+4

4 + .3 =

5 - 2 =

6
-6

6
-o

3 - 0 =

2 ; 2=

6
-3 -2

6
-2

7

C. 9 + = c3 7
+6

+3
7 + 7 =

116

6
+6



Part II.

. 4

A. Balance:, No pans on balance, but two 1- region and two 2-region pans
beside the balance.

*

Plce the following card,ih front of the,student: 5 + 4 = .0
Say: READ THITS FOR E.

SHOW IT ON THE BALANCE.

WHAT DO WE WRITE EqITIEBOX? (Allow student to write answer.)

READ IT POR ME

Remove'pans from balance.

Repeat above with the following cardS:

8 =U+ 3

Balance: 1-region pans on both sides

Place the following card in front of the student:

7 + 5 = 5 +6 6 = rl

y: PUT THIS MANY ON THE'L-SIDE.

\\ HOW MANY?

\PUT MORE ON THE R-SIDE.

HOW MANY?

C. Set up balande, to show 5 = 3 + 2.

/10

Say: WRITE A SENTENCE TO SHOW SvHAT -IS ON THE BALANCE.-

READ YOUR SENTENCE.

WHY IS IT EQUAL (NOT EQUAL, MORE, LESS)?

Repeat above using the following problems :

4 = 4 3 #S

144
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'Part-III.
C-

s;

A. Balance: No pans on balance, but two 1-region pans and two 2'- region
. -. pans beside the ba1,ance.

Place the following card in front of the student: 803 413
:-.

Say: WRITE SO THIN( IN THE.CIRCLE.TO MAKE IT RIGHT.

HOW DO YOU KNOW THAT- IT IS Rickrr?

Remove pans from balance.

a Repeat, using the following cards :

7
+ 20' 1:05 "..5 3 + 5

. .

B. Balance: 1=region pan left; 2-region pan right,

Place the following card in front of the student: 2 tens + 8

Say: SHOW THIS ON THE BALANCE..°

WHAT DO WE WRITE IN THE BOX? (Allow student to write answer.)

READ IT FOR ME.

Leave.balance set' up.
ti

.

Place the follOwing card in front of the student: , = 20 + 8

'Say SHOW THIS ON THE BALANCE.

WHAT DO WEIVRITE IN THE BOX? (Allow student to. write answer.)

READ IT FOR ME. I

C. Set up balance to show 12 = 7,+ 5.'

Say: WHAT DOES THE BALANCE. sicw?

Leave balance set up.

Place the following card in front of student: )0 = 6 + 5
o

Say: SHOW THIS ON THE BALANCE.

Leave balance set up.

PlaCe the following card in front of student: 11 = 5 + 6

Say: STW THIS ON THE BArANCE.

,1 IS
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Part -'W.

talanCe: No pigs on balance, but two 1-region and two 2-region pans
.bpsi,06 the balance

Place the following card in front of the student: = 3 + 7

'Say: READ 'PHIS .FOR

- SHOW IT ON THE BALANCE:

jHAT DO iSIE' WRITE IN THE ,BOX. (Allow student to writeanswer.)

4
READ IT FOR ME.

-

-Remove pans. from balance.
. -

Repeat above with the following cards:

8 S = 0 .-' '9' 0 + 0
.' .

. Balance:* 1- region. pans on both sides.

-

P14ce the following .card froht'ofthe student:

, A
Say:- PUP 11115 MANY 61 11-11

HOW Mi\IY?

PUT LESS ON THE R -SIDE.

HOW MANY?

C. Set up balance to show 10 = 6 + 4.

Say: WHAT DOES THE BALANCE ShOW?

Leave balance set up.

Place the following card, in front of student:. 11 =7-0 +

Say: SNOW THIS ON THE BALANCE.

-.,FILL IN THE BONS'.

D. Place2 dimes and 3 pennies in front of student.

Say: HOW MUCH MONEY?

Leave money on table.

Place 1 dime and 7 pennies in front of student.146
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Part IV: ( continued)

(continiied)

Say: HOP NIUG-1 MONEY? \*

Leaire money_ table. T.

point to both piles of maney.\.

Say: WHICH PILE HAS MDRE MONEY?

HOW DO YOU KNOW?

5..
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1.. (a). Show card: 3 = +

S'ay: 'READ THIS FOR ME.

WRITE SOMETHING TO MAKE IT' OKAY.

READ THIS FOR ME.

IS IT OKAY?

(b). itepeat (a) three more times, saying:, WRITE SOMETHING DIFithRENTTO

MAKE IT OKAY.

.. Show card: G = 4 + 2

Say: WRITE SOMETHLNGTO_NIAKE IT OKAY.

REM IT FOR
.

IS IT OKAY?

4.

5.

2, showing card: 503 +, 2

Repeat 2, shorilig..card: 301 + 1

4,

Repeat 2, showing card.: 403 + 2

6., Repeat 1, showing card: +0= 3

7. Repeat 2,'showing card: 2 + 3 =

8. Repeat 2, showing card:. 1 + 506

9. Repeat 2, showing card: 3 + 105

10. Repeat 2, showing card: 2 + 304

11. Show card: 3 = 3

Say: IS IT OKAY?

12. Repeat 11, showing card: 6 =2 + 4

1 52
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13.

14.

Repeat 11, showing card: 3 + 4 = 5 ,71. 2

Rbpeat 11, showing card: 2 + 3 = 5 + 1

152
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APPENDIX E

EXTERNAL EVALUATION: TEST II
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1. Place the following aids on table: bean's, sticks,,,unifix c ibes, and blocks.

Show card: .5 + 3 =

Say: WORK THIS PROBLEM FOR ME. (Student writes answer in box.)

USE ANY ONE OF THESE (pointing to aids) TO SHOW ME WHAT THIS PROBLEM SAYS.

2. Repeat 1, showing card: .9 4 =

3. Repeat 1, showing card: 0 = 4 + 2

4. Repeat'l, showing card: El = 6 - 1

5., Repeat 1, showing card: 5 = i 2

6. Repeat 1, showing card: ,7 = 1*+ 0

7.. Repeat 1, showing card: + 3 = 4

B. Repeat 1, showing card: 2 + = 6

9. Repeat 1, showing card: 7 = +

10. Repeat 1, showing card: 4 =

, 11. Repeat 1, showing card: .E] + 0 = 7

12. Repeat 1, showing card: 0- 0 = 4

'.13. Repeat 1, showing card: 3 + 4 =0 0
14. Repeat 1, shoe card: 3 + 4 = 0

Say: DO THIS ONE IN A DIFFERENT WAY.

)
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APPENDIX F.

EXTERNAL EVALUATION: TEST III
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Final Intervjew

Statements (1) - (6): Interviewer writes in front of the child. Ea
statement is followed by the same 4 inquiries.

(1) 3 = 3 (a) Read this.

(b) Is this okay?

(c) What does it mean?

(d) Show me this with the beans.

(2) 7 = 5

(3) 3 + 4 =

(4)., 1 + 2 =

(5) 3 + =

(6) 1 + 3 .=

+ 2<

7.<

reverse the order for the control group

2 + 1

4 + 1

4 + 2

Statements (7) and (8) are presented on cards, followed by the same 3 inquiries

(7) 13 = 10 + 3 (a) Read this.

(b) Is this okay?

(c) What does it mean?

(8) 10 + S = 15

Statements (9) - (11) are given orally. Say: 1'11 tell you something and
you tell me whether it's okay.

( -9) 5 = 4 + 1a(
reverse the order for the control' group

(10) 2 + 4 6 r .

(11) 3,+ 2 = 4 + 1

(12) Show a card: 3 + 0 = 5
Say: What goes in the box to make it okay?

(13) Show a card: 6 = 4 +0
Say: What goes in the. box to, make it okay?

(14) Oral: I have three pencils. You have some pencils.
Together we, have five pencil-s. How many pencils do you have?

159
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