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. FOREWORD . - L’

Ed Begle recently remarked that curricular efforts during .the 1960's
taught'us a great deal about how to teach better mathematics, but very
little about how to teach mathematics better. The mathematician will,
quite likely, agree with both parts ‘6f this stateMent. The layman, the
pa“ent, and the elementary school teacher, however, questlon the thesis

that the "new math" was really better than. the "old math." At best, the

‘ ” fruits of the mathematics curricuium “revolutlo@ were not sweets

Many

.

judge them to be bitter.

-

While some viewed the ecurricular changes of the 1960°s to be "revolu-

tionary," others disagreed.

Thomas C. C'Brien of Southern 1llinois Univer-

¢

<

P

o+

N } .
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b4

” teacher and the materials) "fights" the child's natural thought processes.

sity at Edwardsville recently wrote, "We have; not made any fundarental . -
change in school mathematics."l He cites Allendoerfe1 who ‘'siggested that a _° Ry

. curriculum which heeds the ways in which young chltdlen learn mathematics -

is needed. Such a curricuiun woald be based on the understanding of chil- -
dren's thinking ang learning. It is one thlng, however, -to recognize that

a conceptual model for mathematlcs curriculum is sound and necessary and’ to -
ask that the child's tglnklng and learning processes be heeded; it is 5the

another to translate these ideas into a curriculum which can be used effzac-

tively by the ordinary elementary, school teaeher working in the ordinaxy

elementary sc¢hool classroom. - >

Morsover, to propose that children's thinking processes should serve
.as a basis for currlculum dzvelopment is to presuppose that curriculum
makers, agreg on what ‘these pzoresses are. Sugh is not the case, but even if
it were, currlculum makers do | not agree on. the 1np11catlons which the under-
standing of these thinking proc°sses would have for curriculus developmentr

i

In the real world of today's elementary school classroom,~where not !/
much hope for drastic changes for the better can be foreseen, it appears .
that in orcder to build a realistic, yet sound basis for the mathematics

,currlculum, chlldren s mathematical thinking must be studied 1nten51vely ©
in their usudl school habitat. Given an opportunrty to think freely, chil-
dren clearly displcy certain -patterns of thought as they deal with ordinary
mathematical situations encountered daily in their classroom. A videotaped
record of the outward manifestaticns of a child's thinking, uninfluenced by
any teaching on the part of the intarviewer, provides a rich source for con-
jectures as to what this thinking is, what mental structures .the child has
devéloped, apd how the child uses these structures when dealing with the or-
dinary concepts of arithmetic. In addition, dn intensive analysis of -this
videotape generates some conjectures as to the possible sources of what adults_
view as children's "misconceptions" and about how the schodl env;ronment (the

)

The Projec: for th: Mathematical Developmeant of Children (PMDC) 2 set out

-

R

Aruitoxt provided by Eic:
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%"Why Teach Mathematics?" The Elementary School Joﬁrnal"73 (Feb. 1973), 258-68.

N -~

2?MDC is supported by the National 5c1ence Foundation, Grant No. PES 74-
18106~A03.
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to create a more extensive and reliable basis on which to build mzthematics
currlculum. Accoxd;ngly, the emphasls in the first phase is tc try to under-
stand- the -children's lntellectual pwsuits, speczfzcally theix attempts to
acqu;re some - baslc mathemat;cal ,nxlls and concepts.

-
[N

The PMDC, 1n its initial phase, works with ‘children in grades 1 and 2.
These: grades seem to comprise. the crucial years for the development of bases
for the ‘future leaxnlng of mathematics, since key mathematical concepts begin
to. form at these grade levels.

The ch;ldren s mathematlcal development is
studied by means of:

.

~ . Y. -)
. 1. One-to-ore v1deotabed 1nterv1ews aubsequently analyzed by varlous
.individuals. :

s
- T

2+« Teaching, experlments in whlch spec;flc variables are observed in a v
group teachlng settzng with “five to fourteer children.

4 Studies* deslgned to lnvest.gate 1ntenszve1y ‘the effect of a Dartlcular
ariable-or meﬁium on communlcatlng mathematics to young chlldren.

— .

5. Formal *estlng, both group .

one-to-one, deslgned to provmde further
insights lnﬁo young children's math

tical knowledge.
The °MDC*staff and the Advisory Board‘w*sh to repor* the -Project’s activ-
ities and findings to all who are interested in mathematlcal educacion.

One
means for accempllshlng this is the PMDC publlcat;on program.

&

Many 1nd1v1duals contrlbuted to the activities of PMDC.
Board members are:

Its Adv1scry
Eédward 3Begle, Edgar Edwards, Walter Cick, Renee Henry,
John,LeBlanc, Gerald Rising, Charles Smock, Stephen Willoughby and Lauren

wOodby. The przncxpal znvestzgators are: M rlyn Behr, Tom£Denmark Stanley
Eriwanger, Janicé Flake, Larry Hatfield, William-McKillip,” Euge ehe D. Nichols,
‘Leonard Pikaart, Leslie Steffe, and the Evalﬂator, Ray ‘Carzy. A special %
‘recognition for this publicaticn is given to‘the PMDC Publications Commlttee,

cons}stlng of Merlyn Behr (Chairman), Thomas Cooney and Tom Denmark. | .
» " & .

.
| o, Eugene 0. Nichols
¥ Director of PMDC

.\ Y > ﬂ- k) g -

3. Inténslve observatlons or chlld‘en in their regular classroom settlng.
0
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‘. istrative assistant,’ Janelle Hardy, for coordlnatlng the technical aspects

REFACE .  ° .
,l
This publication is 1ntended to share with the reader information
. about a teaching experiment designed to teach the concept of equallty as
an ‘equivalence relation to a selected group of first grade students. The
contents of the publlcatlbn include a ratlondle for conductlng the study,‘
summaries of the students' performances durlng “the instructional proéiém:
analyses of the students' .performances on a series of evaluations designed
to assess their understandlngs of equalmty, and suggested re@ommendatlons
‘for currlculum plannlng.

o
L]

Thanks are due .to Max Gerling for.the videotaping, to the PMDC édmin*

of the preparatloq,of this publication, *to Maria Pitner for edltlng the
.manuscrlpt, and-to Joe Schmerler and Julie Rhodes for the typing.

%

.

. N .
N .

A}

i TN
-
)

| R
. -

RIC




LI

)

R

-

M r ) . Y .
v - : ""-! ”’t -
¢ . by ‘. . — » . \
e . L INTRODUCTIONQUDY T .
. oL i ,

1)

: The long range goal for the Progect for .the Mathematical Development
of Chlldren (PMDC) was to build a more thorough »and reglable basis for the
- desxgn arnd development of a mathematics curriculum. It was the aim of* the
BML > staff to formulate a rationdle for the construction of a mathematlcs
currlculum\based on the ways in whkich children learn mathematics. The i
achlevement of thlS goal necessitates a realistic understanding of chil-
dren's attempts to acquire basic mathematical skill$§ and the understanding
of ba51c mathematical concepts.,Thus, during the initial phase of the
prOJect (1974-76)., the thrust of the various PMDC activities was dlrected
toward obtaining an‘undarstandlng of the mathematical thlnklng of young
chi ldren, ages 5- 8." The original long Yange operational plan for PMDC S
prbvrded for an expanSLOn of the 1nvestlgat1Ve efforts to other age 1evels

T

in .subsequent years. ~— . -

-~
S

~
. The empha51s in PMDC studies was placed on the children's acqu151tlon

-4

_ of. knowledge related to toplcs in the mainstream of the mathematics cugric-

ululm>+<name ly--nifiber concepts, numeration (place value), and operations
such. as addition and subtractlon. The scope- of some - -investigative .studies,
- however, was sufficiently broad to cover concepts. and skills related  to, two

, or more'of the above topics. For example, several *PMDC 1nvestlgators (Behr, .

Denmark, McKillip, and. Nichols) 1nvestlgated~ch11dren s understandlng of
mathematical symbolism. The work of these investigators durlng khe first L.

. year of the project provided: the_lmpetus for this study .
R o . . o ! °
RS - . .- . _ . * v R .
o _ BACKGROUND “FOR STUDY? . . _
- R . . b s A

-

.Preliminary PMDC Investigations - - ' -

~

.
.

Two PMDC investigators, Behf and Nichols, conducted open-ended jinter-
v1éws with children in grades 1-6 to deétermine’what meaning, if any,
syﬁbcllc sentences, have to children..If shgglcular, these investigatdors |
were interestéd in how children view thekcoﬂpept of equallty. Their, £ind~-
LngS—%Behr, nrlwanqer,‘}nd Nichols, 1975) indicated that children 1nterp;et
the equals sign (*) as ‘an operator and not ds a relation symbol. That is,
children view the equals .sign (= ) as a symbol which indicates the ldcation
of 9he.ahswer 0 a problem and not as a symbol which dendtes a relation
between two numbers. , i .
" They found children at each grade level, espec1ally in the lower
grades, who could not adequately explain the meanlng of sentences such as

=& and 1 +3 =2+2 in terms of,a relation. Regarding the first sen~-
tence, a child might explain that 5§ = 5 means (1) that five Rlus zero

<

A

equals five, or (2) that five m1nus_gerg_equals_flue._ln-mostmcases—thcff

ERIC

child would rewrite or change the sentence to show the implied (in their
view) operatlon, for example 5 + 5 =5 or 5 - 0 5. Without 1dentlfy1ng an
operatlon, lmplled or written, most children could not ascribe é&meanlng/to
a sentence ‘like 5 = 5. In only 2 few interviews, and rarely in the lower
grades, did theéy encounter a child who would explaln that S=25 means the

nunbers are the same.

_ . 3 . . e

~




Chrldfen generally tendeo.to f!éw sentences llke I+3=24+2 as the”
statement of to” séparate problems..Frequently, chlldren changed the above
. ' sentences. as follows,fl-+ 3=322 ¥+ 2 =4. In Some 1nterv1eWs, the child
s " - explaineéd-that it was wrong to write 2 + 2 after 1 + 3. Their reason was)
co that the answer should berwritten after the problem. An alternate interpre-

changing: ‘the symbol = to a +,’ either mentally or in writing. Under this - .
L. 1nterpretatlon, the Chlld would. 1nd1cate at the _answer was 8. Inte:est--
ingly, some children explained that the sentence cguld be viewed as both,
one prcéblem and as two problems Only a few children indicated by their <.
flnterv1ew responses that- 1" +'3 =2 + 2 means that 1- + 3.and 2 '+ 2 are names
“for the ‘sarfe numbert’/— ) . LT e . .

R H

. -
-

Denmark foupd that most first and second graders 1n his 1nterv1ews
R felt»th?t a'sentence like 1 ¥ 3 = 4 + 2 was all rlght However, they’
: _explalred that one plus three equals four, ignoring the 2, or they inter- -
Yo pr eted the sentence as either one prchblem or two problems as. in the discus-
* sion above. v oo - . -

[ \ Iy

“The PMDC investigators also observed that most children weke not
. w1111ng to ‘accept written statements of the forma=b + c or da =.b - & as
being eorrect. Their reason for rejecting statements 1n.these forms was
TN ‘that the "answer" comes after the oroblem. Interestingly, some children, who
_rejected the written statements, accepted. oral statements lIike " six equals
two plus four" as being cdrrect, and in some instances used such sentences
. as they discussed mathemdtical problems in interview sessions. These ‘obser- *
) 'vatlons ~f children's behav1ors are another 1nd1catlon that the typxcal
' student apoarently learns to 1nterpret the equals sign (=) as a one~-direc~
" " tional operator (1eft-to~rlght) That”ls, children do not learn from their
experlences 1n a typical mathematlcsllnsLructlonal program to view the
equals :sign (=) as a symbol whlch derjotes a relation between two numbers,
and in particular, they do not seemingly detect the symmetr1Ca1 property of
equals. through their work in solv1ngx§quatlons which are. typlcally pre~"'
{g,,_,\ .sented~in any.one of the following fdrms: a+ b=cor.a - b = c.

- . .
The investigative studies by the} PMDC investigators were conducted in -
three schools in two dlfferent .cities: There were no s1gn1f1cant-d1fferences
in-the matheﬂatlcs currlcdia¢ror the three schools, and these curritula are
representative “of .the mathematmcs 1nstructlon prov1ded for most children in -
Américan schools. There were, however considerable differences among the
studént populations as 1ndlcated by measures of general ability. (IQ),
academic achlavement, and socioeconomic vakriabies. The factors noted above,

—together with the fact the observatlo?s on children's behavior in inter-

. preting the meaning of the equals sig ere the same in all three

__T_____*~sehoo&s—-sugﬁesf"that the tendency of;children to view equality in Written
statements as an operator is perhaps F .universal phenomenon. The PMDC
_1nvest1gator§ were primarily concerned about young children's concepts of
equallty, however, studies conducted by other researchers indicate that the

; . conceptuallzatJOn of ,the equals sign (=) as an—dperator is not restrlcted

f? Yo -£0 young children. Summarles of these research.efforts-are prov1ded in the |

,mw,--,._,,follow1na paragraphs. -

’

.

o

—j;' tation of a sentence like I + 3 = 2 + 2 was to view it as one problem, P T

£
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Cther Research.Findings : - ’ .

&

Con51der1ng the 1mportance of written symbolic sentences to the totdl

. ‘. mathematics curriculup~-~the written symbolic form is the' prxmary mode for

. pxesentlng developmental exerc1ses, drill eterclses, and evaluatlon ques-—
tions==it i$ somewhat surprlslnqlthat the effects of svmbollc structures on

student performance have not been studied more extenslvely. In one such .
studg Beattie and De'ichmann (1972) found that among first angd second" graders

~...the error rate for horlzodtal dtructures is higher: than that for vertidal-

ks

- ’4¢2 —structures. These vesear&hers, howeves, did not r rt d1fferences in edror

. . rates betdeen lefft and right’ fd&napof horizontal s&ntences, a °b=¢ (left)

- . and.a =b S ¢ ( ght) In other studies, for example a’study by Grouws .
f’}. . (1932), the effects of the location of the place holder {variable} on +**- ’\'
a e studentqibhlevement have been invessigated, but the septen&es in these N

[ : studies. were ;estrxcted to one form only a° b = c. An ex ceptlon to this -
“gerieral ruld was a study conducted by Weaver (1973) In this Study -Wedver:

¢ -investigyated the effects of thealocat on of the place hoider on stuudent
. ’ performance (grades 1~3}, but he 1nqéE:ed in the domadn, of test ouestlons s
. _'{ sentepces ‘of the form a b o c. By paring student performanoes on pa1rs

of _symmetrical forms,“for example-3,+ 2 = and J =3 + 2, he Ffound a
greatér error rate fér problegs in the fema = b © G. ‘He also noted that
the differences *in error rates for the two forms decreasea as “the grade

RS level increased. The. results from'ﬁls Study, however, do not suggest a -
plauslble.cause for th~ differences in the error rates,’ except\tnat the/’J

. students participating in the study wexe generally unfamxllar w1 +h sen*
tences of the forma =b ¢ c. . o O

- .- . W "-v"v

A study by Renwlc conducted in 1932 provxoes the most d1rec support
for the validity of observatlons made by tHé’PMDC 1nvest1ga€ors. In thls
. study, Renw1ck work1ng-w1th girls aged '8=14 obserVed that "most studénts
used the equals sign {=) as a symbol of d1st1nctlon-whose functionfis to
o separate a problem from its amswer, rather than “to bridge two ﬁhmeggcally or’
., quantltatlvely equivalent expressions.” Renwlcx attrlbuted the stu ents'_
interpretation of the eguals, sign (=) in th1s manner to their early traln-
* ing in-’arithmetic. She also noted that sﬁudents seemed to prefer the usage

(1976} . Frazer provided a group of college freshmen with instructjon on the
+ "plus" form of the distributive propesty: a x b + a xc-=a x (b + c);
another group with instruction on -the "times" form of: the property .
™ &¢fb.+ c) =axb#axc; and a third group with "instruction on both: ﬁorms.
Her resultslindicated that students who studied only one foym of the proper;
ty were less Tikely to transfer the symmetrical property of the generaliza-
S tion to a new application than were students who studied both forms. Frem
these .results Frazer concluded that the students who sfudied'only one form,

*of the distributive property generally did not demonstrate an awdrénese of
the symmetrical property of the equals relation. .0 S0
- { N - Y e
;. .. The recilts from a 1976 study by Anderson lndlcat:]that second graders
N who rece1v% aoproprlate 1nstructlon on eJquality as a relatlon can learn to
. . < Y
. | Qe : 3
< ) .
- < -
Q *

A 1701 providd by eric [

-

‘r

.. ¢f the thrm$ "same" and "alike" ' to "equais.": ) .
N ] , . S _ . ,
- The observatlzg_that students tend to view the equals sign () as a. .
. one~d1rqctlonal operator was also noted in a study conducted by Frazet i

ve
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S . /
1nterpret the equals sign (=). as a symbol which denotes an equlvalence .
:elatlon “between two nunmbers or expressions. fn particular, Anderson-noted
that students assigned to the experimental. treatment were more likely to
accept sentences of the.forms a-=a, a+b=c +4d, and a+b=c+aas
being,cdrrect. . T ' ' o .

K s . .

The results obtalned om the above studies provide some sﬁpport for
the hypothesxs that most students do not develcp a concept of eduality as an
equivaience relatlon irom their experiences in a traditional mathematlcs
curriculum. -And, further, a probabl: cause: for their farlure to do so is the
inadequacy of: the treatment of equallty in most 1nstructlonal programs.
. z

3 -

- -

Treatment of 2quality in Representative Textbook Serigs -~

4

> Ten of the most pcpular elementary mathematlcs texthook ser1es (3 tudent
Books and’ eacher s manuals) currently«used in. elementary Schools wer
examlned to obtain one indication_of the extent to whlch equallty as a
concept is included in elemeritary mathematics curricula. Based on data
'btalned from thlS survey it would appear unlikely that a student would
encounter a cystematlc ‘instructiocnal program which: ‘presents equallty, in
~part1cular an 1nterpretatron of the equals _Sign. as a relatlcn between two

pre ents “the eéuéls slgn as a symbol which denotes a relation between two
numbe i n foug series there is some attempt to treak equality as a rela-
tlonr but such }n<tructlon is wusually restrlcted to one or two pages at the
beglnnlng of the book ané in some series there is po instruction on equality
at one or\more graoe levels. In only one textbook series is there. eV1dence
that an attempt is’made to systematlcally teach equality as a ‘relation
'throughout the year at each grade level. ="

The fact that the vast majority of elementary mathematics textbcok
series include little, if any, instruction cn equality as a relation sug-
gasts a very plansible explana“lon as to why most children do not 1nterpret
the equals sign (=) as a symbol which denotes a relation between two mum=
bers. That is, to express tHe explanation in more vernacular terms, “If the
children haVen t been taught it, how would we expect them to know it?"

%

Implicit in the acco ptance of this explanation is an assumption that if the -

relational concept of equality is taught to the_ chlldren, then they are

’ capable ot learning it. Since ther. is no reliable evidence which supports

the latter assumptics, one mus search further for an explanation as to why
many chlldren do not learn A% view' ea;allty, especially when expressed in

symbollc notatloh, as an equivalence relation. . . Lt

< s X .

i .
Summarz ’ * J . .

.
-

Observatlons of students' behav;prs in situations which provided an
opportunlty for students,.o express their interpretation of symbolic sen- °
tcnces involving. an equals s1gn suggested to PMDC investigators that the .
typlcal studant in’the prlmary gradés learns to view the equals sign as a

4 . ) .

*

o

3
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one-dlrectlonal (left-to-rlght) operator which connects a problem and its
,anSWer:—ﬂnd~further7 these observations, with support from other stud1es,
_1nd1cate that many students in higher grades, even at the college level,
gdo not. develop a concept of .an equation as an expression of a relation
‘betWeen two numbers. Rather, these older students cling to the notion that
. .an. QQ@&;E:S%QH is a. symbol which separates a problem from its answer. This
. 'viewpdint may be one possible explanation for the difficulty many students
- display~in;a‘varlety:of~situations~such=as:‘ .

- '“"'11, Complete 43 = [0 +(0;
- , X , . 2 ] X 5 i
t,‘:":‘ 2.7 Complete 8' + '_5 =8+0+0; -
3. Interpret 1 + 2 - 2+ 1. - B N

v \ 1Y
These ooservatlons of students' conceptlons of equality ra1sed twn
sxgnz 1cant questlons. (1) Is it -possible to teach young children to view:
eguallty‘as a relatlon'> and (2) If a student learns to accept equality as a
relatlon, w1ll thls enhance the learnlng of othef ¢oncepts and skills?

‘- - .- ,PURPOSE OF siUD?
K , kS L : R & v, %

The study whlch 1s the subject of this report was des1gned to fulfill
the follow1ng three purposes . Co S oa : T

Ny e e
“ -

Tt o aee < — [P - P

L1, To teach first graders the concept of equallty as a relatlon. .

S ’ . , 0
y - P P - ~-‘4 %

) 2“.To study the effect of understandlng ‘and acteptance of the relatlon
_— concept of equallty upon the learning of (a). numeratlon and ex- .
panded notation-and «{b) the tens 1n addition. ~' . . -

N « N ’
o . AN ’

3 To extend the study to 1nvestlgate the effort of understandlng th1s
concept of equality ,pon addition and subtraction of two-dlglt
_numbers. wlth regrouplng. -

~ L) - - ————— o~

2, JPUNEENRS [ e
- .‘,..__-..-.»m‘-.'w -~ ,.a(,-.—.v,-.-a R it

e The decision to eonduct the study at the. flrstmgradewlevel was based on the
i Cew fact that it is at this grade level that a student tyolcally encounters
Fl symbollc sentences whlch express the &oncept of equallty.

B , N .

PRI
H
,

T TIITCTHETSTUDY T T

S . 1

o - DESCRlPTION OF PQPULATION
The study was conducted in an elementary school (K=5) located in Talla-
shassee, Fforzda, Approximately 400 students attend this sclicol. The school
serves a predom1natel9 low soc1oeconom1c communlty, but_ebout one-thlrd of

located wathln one mile of the school. . . -

.

. Approximately 100 students,were enrolled in the first grade at the

v ' -
» . 2

\“

TS

L e,

'
S
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ibeglnnlng "of the school year. Thege students. were assigned. to one of three

'sectlons, buat no-attempt was- madéfto group the children homogeneously. The

B . students participating in the §;udy ‘were selected’ from among those students
g;f- i assigned to. one section. Thlsgsectlon was selected by the prlnc1pal of the

S ,school._ s . RIS )

v Y

. Durlng the second week ,of . $chool three tests were admlnlstered to éach

. student “The Otis-Lenncn Mental‘Ablllty Test -was a group test. The KeyMath
o Dlagnostlc Arlthmetlc Test and the. PMDC Achlevement Test; Grade One ‘were
e 'admlnlstered in individual interview sessions: The data from thesé tests

proV1ded the followlng 1nformatlon about the students (15 malés and 18 fe-

- males) assigned to this section. ‘The mean.IQ.was 89. The IQ measured ranged

; from 58- - to 131. The median IQ score was .84, and the standard deviation was _

16., The “mean n tstal score on the KeyMath test -was. .34 (G E._1.0.). The total o i

. scores on *the KeyMath test ranged from 8 (G.E. less than 0.5) €0 73 {G.E. ¢

‘2 4). Thé:median, score was 35, -and -the standard dev1atlon.was lS The ‘mean®

total . séore,-on the. PMDC test was 19.1 (49% correct)*, The total PMDC .scorés

;; IR range°from 3 (8%) to 37. (95%) The medlan score was 19. 7 (51%); the stan- I

L -dard.deviation was, 9. R " Lo
4r‘ - -~ .

« '.‘, . S § . . ks P . o . - -

B e RN . 7" DESIGN OF STUDY . . '

P S - - . 4
g .

' Overv1ew o . ’ - ' ) ) . =
The.purposes’of -this teaching experiment were (1) Lo teach a group of

oS oz Flrst graders the concept of equality .as a relation and (2) to' §tudy the

: o °effects -of such -instruction on (a) the learnlng of expanded notation, (b)

A gwlth regrouplng.<The-egper1mental treatment ‘was prov1ded for a small group,
e seven -students, in order that intensive observatlons.of students’ behaviors
' .ould: be. made -on a day-td-day baszs A control group was 1dent1f1ed to

. provide a-comparison base. Evaluatlon data were obtained from observatlon
O / notes,,from tests admlnlstered by, thie Pprincipal lnvestlgator, and, from
T e, ;1nterv1ews conducted by external evaluators.

.

3 D4 T o T - T -

S¢léction of Students -

— P e e e

; Seven matched palrs, fourteen students, were selected as subjects for

: the *o:chlng experlment. The matched pa1rs were selected to provide a strat-
———- - - ified sample- of .the..total class populatlon. The procedures for select1ng the

’ stratlfled sample are as’ follows: . ““‘““*“"“T“~~{f

> .
’

- ' .cThe'students weré rank ordered accord1ng to their total scores on
~ ) the—KeyMath test.

-

.
-

; " brldglng ‘tens in addltlon, and- {c) the addltlon and ‘subtraction algorithms - s '

T 2. The scores were partitioned into three groups. (The regular class-
room teachers asslgned to students to one of three groups for math

-

*The mean total score for the PMDC test1ng populatlon (185 students) was
. 22 9 (59% correct).




- . .

- instruction. ).The hlgh scores,correspond to_gﬂp s of 1.5 or above: o ~:J

The middle scores corresponded to G.E.'s between' 0 .8 and 1.4, The oo
low scores represented G.E.'s pf 0.7 or lower. :

. 3. The decision was made %o form two matched pairs from both the high, 'i?
and middle groups and three matched pairs from the low group. This i’

selection reflected the distribution of students in the three L
instructional groups formedey the classroon teacher. .

4. Matched pairs were formed by- selecting students w1th approximately
'the same ‘total KeyMath scores. If three or more students had essen-

tially the same KeyMath scores, the follow1ng varlables were then . :
considered: sex, IQ, age, and total PMDC scores. L2 R

“ 5. After the. matched»palrs here formed the regular~classroom—teaeher
was asked to evalnate the pa1r1ngs. W1th the exceptlon of one pair, Lo
. - middle group, the .pairing conformed to the teacher ‘s evaluations; - 4

. of the students' performances in mathematlcs. Sznce she had placed
one of the-students in- the pa1r in, the 1own group, a sultable
replacement was»found for thlS student.\ v -

Rl

Al

6. & student in each matched pair was randomly ass1gned to the experi- < o
. mental group. The other'student was assigned to the control group..
The asslgnment of students to the experlmental and control groups -
was. completed by mid-October. From, this data until m1d~November,
when the experlmental treatment began,. the: progect staff began
.tolliecting observation -data on- the students and providing spec1al
instruction for those students asslgned to the experlmental group
who had .not attained a specified 'set' of prerequlslte skllls. During
) this interim period, three students as51gned to the control grdup
withdrew from school. Beplacements for these students were selected ) pi
from among those students who.had not been prevzously seléected to
participate in the study. < i e ,
Y > . t
The final set of matched ‘pairs did not prov1de the: precise matchlng of - 'v¥~;
students as had been obtained in the original set, but the differences among <

) the~var1ables used in the matching process were small. Data pertinent to the

matchlng process are reported in Tabl. 1 on the ‘foYlowing page. The data+ T
presentedhln;Table 1 indicate that students in the experlmental group gener-
ally had sllghtly higher scores on the two- ‘mathematics achzevement tests and -~
.were -older than the students in the control group, but the average IQ for

the -control students was slightly higher. Both groups included four glrls

and._three ‘boys. The _parents of the students constituting Pair 2 were foreign

students attendlng one of "the 16¢al Universitiesv —-- - - —
S ~ N Y .

. 4

Al A v e provided by ERic
PR

ERIC

‘Téachihg[bbseryation;Assignments - : - - - =

\ . -, L

-~

.- ' The pr1nc1pal 1nvest1gator for this study had the respons1b111ty for -

i téaching the experimental group. Each day during their regular math perlcd

these students were taken to.a room which was reserved for, this study. The

students in the control group remained in their regular classroom and ’ s
- oo ¥ : ;- . T
° [y

PR , .

i. r - hd 1 g - R . : - ;




el et ] - = Table 1 -
i - -. , Student Data‘NExperlmentalHand Control Groups
“ .

Experimenta;

.o - Control . . :

gfg( ” ':‘?air~ KeyMatm PMDC _ 10 3ex Ade KeyMaths Pﬁbc - }Q Sex Age - o f

S 1 . 73, 35 131 M 68 - . 66 36 124 F 6-8 - R

L - 2 s 27 109 F 6-6 47 . 25 97 ~ M 66 - . N

. 37 as. 27 103, F 6-5. ‘45 25 100 F 62 . ..

év 4 ‘5:3f7 20 83: - M 6-§ . 34 20 97 M 5-8 o ,;

_ 5 "2 . 18 .8 M 68 20 15 ° 74 M 5-11 L

& 29 <11 - 72 -F 841 27 10 - 8- F 61

7 200°% 12 ° 73 F 6-3 122 1B .84 E S-105 - ¢

Mean . 40.7 21.4 931 &5 373 20,6  96.3' . 61

. B 07 - T s T . . : . :

- o reoeiéed'théir mathematics instruction from theidlassroom teacher. '.’ &i?%

: ) . Two graduate as51stants were ass1gned to thls study for the purposg of ,“ "'7°i

: obtalnlng -observational -data. One graduate ass1stant observed the experimen= + . o

. tal group and the Sther observed the contral group. The graduate assistants E -

o T rotated thelr observation: assagnments in ‘two week intervals. —~ - SRR

B r
is . N
¥’ . . * s
- -3 B .
.
~

: s Instructional Materials

v - N S ¥ »

. Students in both the experimental and the control groups recelved their .
mathematics instruction on prellmlnary concepts and sklils in their regular

classroom. This instruction was, based .primarily on the’ cohtent included in i*;b *é
- the flrst forty pages of Holt School Mathemat1cs~ Book One. This content . N ’ '*2%
. ) ;nc}uded the.follow1ng concepts .and skills. . ’ SR
- —1-.-One~to-one-corresporidence. ‘-~~~ - . ’ \ L. e
2. Counting sets, N § 9. o, h - T
3. More, -less, one more, one less. ' ’ E
.a u4.MOrder1nngets‘ o ) . )
- Readlng/wrltlng*numerals, N9, - 7 - T o o :
6. Empty set. |
° . 7. -Ordering numbers. . :
- .. _8.0rdinal numbers‘ first thrcugh nlnth {'
I .Student3~1nwthe—expertmentai—group“did niot contlnue their work in “Holt )
e ] School Mathematics: Book One beyond page 40, since page 41 in this textbook R
‘ marked “the introdiction to addition. Students in the control group continued L
. using Holt School Mathematlcs. Book One throughout the school year. ° ) . T
) . - .

Students in the experimental group Vere provided with speg;al instruc-
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. tlonal mater1als. Thesé materials were designed to delay the introduction of
L most conven\lonal symbolic structures until later in the school yeary
) Spec1f1cally, from the time the exper1mental tréatment began, mid-November,

' Ko me

. <
4

& e

Loz until-thelatrrey part of Aprii the. students worked with symbolic sentences

. K - of the form: 2 =b o c or a O ‘b. During this period the students were :

-" .. " introduced to the following. topics: . :

. . " 1. ‘Concept of equality. e s

" o -2. Basic.addition facts, sum £ 10. R , v

4 ' 3. Missing addends. v \
4. Basic subtraction facts, m1nuend < 10, ] \

0 s=—s . .y §5..Greater than and less than. . K \

’ - ; _ 6. Place value, N £ 19. ' . - - \

o - A

o == = ——Betalled llsts -of specifie concepts "and skills related~ to each of the above -
' topics are reported in Appendix A. . -

3 . . The conventlonal symbolic forms: were 1ntroduced to the experimental

= ! students during ‘the latter part of Aprll Selected: pages from ‘Holt School .
E ‘Mathematics: Book One were used for this 1nstr‘uct;|.onal unit. Also, gections

) from Holt .School Mathematics:..Book One were- used during the latter part of

SN ) the .school vear to provide the primary instruction on money, t1me, geometry,
' s fractlons, and méasurement and to provide Supplemfentary exerc1ses on place

7 . ‘Value, .the hard addition factsipand the addition. and subtractlon algorithms.
R Loa, Spec1al instructional mater1als, reflectlng ‘the exper1menta1 treatment, were
also written. for later topics. See Apperdlx’A for lists of spec1t*c concepts
_dnd skllls related to these top1cs. .

.- .

L . S The»-development of concevots and s’kllls in the experimental treatment
L wds based on the ‘use of a modified versmn of the .Ohaus School Balance
(Flgure 1). e T g : , >

. . - - - ¢

.. ) ’ Figure 1 o

T T

L . ~_Modified. gh_aus_,s,cho',ol_Balanceo

A A e

Modifications of the balances were made by’ Damon Incorporated " Thega modifi=
cations 1ncluded'

- . . 1. The design of a set of pans, without sides, which.werg partitioned.

i by color to show.either one, two, three, or four regions.

. ‘ . ! . ’ ’
IRIC . i .

. ’ N —
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2. The deslgn of a sét of metal weights cons1st1ng dfqnnlts (l x1lxl

L cmL_xe;ghlng_3_gramsl—and—tens—%Araed—ﬂ—lO—cm-—wexéﬁxng—SU*grams). \\l

R L) . \ . :,:
-3, A change in tmethod of attaching the pans to- that the scale would be .\T*
1nsens1t1ve to the location of the weights on the pans. ¢ . i

4, The addltlon of a detachable shelf to the back of the scalesa .

5. An enlargement of the polnter which 1nd1cates when the scale 1s in o
" a balanced position. . . .1 R .

6. The attachment of a wooden block above the fulcrun to hold the .
-—following. signs:.=, <., )L_L-ﬁ, ,,,,, B T

a

——— » Fadi

i

Py e ar——Ty
LT e B

3. A set of drill (pfactice)‘eXercises. “ ‘ ) T N
e ( ) ‘
Selected lessons frpm each of the major un ts are included in Appendix B. R
. i . ‘ .-
N . L & - _ 1 . . KEo 8
‘Evaluation Procedﬁres S L - g ‘\ EEEEE

The instructional materlals wrltfen for eacn Iesson in tBE'expertmentaI—————“———*———
treatment included the follow1ng componentS° PR
l A detalled teacher's gulde which conta1ned (a)sa statement of the K
lesson obJectlves, (b) a list of maferials; andl {(c). a spec1f1c L .

< sequence of. balance demonstratlons—and»related quesxlons. . ’ o 1
. \‘ - > '

» - - ’ . i - . ¢ "

2 A set of developmental exercises. -

. . e - - . - - .2 e
" T AR N

]

Y . g

Data perta1n1ng to the experlmental students' understandlng of equallty
were- obta1ned from three primary sources: observatlon notes, a test adminis= i
tered by the prlnc ipal 1nvestlgator, and test admlnlstereg¢by the_exx* cernal

»”

Jm

-

)1nstrﬁctlonal ‘materials and blank pages for _recording observatlons. This

;____“_.__rhree,students7—notxng—questxonS’and—comments, errors wade, and the strate- '

evaluators. Assessment data for ‘students in the control group were obtained
from two sources: observation notes, and tests administered by the external
evaluators. . o -

. L

K] . _\\w T
X Observatlon procedures. One .grzduate” ass1stant observed each experimen-
tal lesson. The observer was provided a notebook containing’ a copy of the. .

observer recorded the students' responses and/or reactions to each increment
in the developmental component of a lesson. Durlng the practlce (drill) T,
component~ f~a~lesson,—the .observer._closely observed the work ‘of two or

gies ‘used in solv1ng problems. The selection of studeéats for intensive -
observatlon was changed each day. so that each student was observed at least

RO A 1 7ox: Providd by ERIC

. S

“ERIC.

two tlmes each“week——The experrmental—teacher and the observer met after the

lessén to d1scuss ‘the students' performances during the- lesson._Perlodlcally, .
the experlmental class periods ‘wére v1deotaped to obtain additional observa- .
tional.data ang to provide ad evaluation of the observational notes recorded

by the observer. Summaries of the observation notes, by major topics, are
contained in Appéndix A. . -

10 °. ) .

- -



a~

w’

-
«
-

] . : \.
.The graduate assistant assigned to the control group observed each

_—— _ﬁm_“anof _eduality as related to a balance model. This data therefore provided a PR
baj_f_or_s_omgaung_the_s.ty_dsnts_m:mr.etatmns_o f__e_cmallty_m_a_fam;har_____

- ‘\\concept in the context of a symbollc sentence, the prlnciﬁal investigator

sStudent for an extended period at least twice a week. The observer noted the
‘topic being studied, the students' performance on this work, and any in-
struction provided by the classroom teacher on the ﬁeanlng of equality. A ° y
_summary of these notes is provlded in Sectlon III. . ’ ool
Internal Evaluation. To, supplement the data on the experimental stu-
dents' interpretations of equality, and in particular their-view of this

\admrnistered a test (Appendlx D} on symbolism at the’'end of the school year.
Most of the\}tems on this tést requlred the, student to establish a relation- .
ship between a symbollc sentence and a balance. Thus, othe primary purpose'bﬁ ) R
this posttest was to obtain ah, indication of the students' _gonceptualization .

e

‘sétting with their view of equality in more neutral'sltuatlons, that is, the
tests; admlnlstered by/the external evaluators. e

—,

\ )- i :
. ¢ - .

‘The posttest was, administered in individual interviews.by the pr;nc1pal A
1nvestlgator and the,graduate assistants. The test was administered in four r

parts The times foficompletlng the total test. ranged between 45 mlnutes and “". o
one hour.‘oach interyview-was v1deotaped v A T . e Tf\T:Q
. External Evaluatlons Three "assessments of the experlmental and control

students' 1nterpretatlons of equality were made By external evaluators, PMDC

pr1nc1pal 1nvestlgators who were not directly involved in the execution of

the experlmental treatnent. These tests (Appendlces b, E, and F) were admin-

istered in December, March, ‘and June. The external evaluators designed each I

test,‘consultlng with t prlnc1pal investigator to determine whether or not

spécific problems were iisroprlate in terms of the oplcs covered in the

students' instructional program. The external evaluators adm1n1stered each N
o test and evaluated the students” performances. . . -

. . »
+ i 4 N N

[ S

Each test was adm1n1stered in an 1nd1v1dual interview settlng Each

intexview was v1deotaped The average completion times ranged between 15 and

20 m1nutes. Ty ! . , .
3 .

m—— A ; e ‘ - e . ) e fa&
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LOG OF ACTIVITIES - ’ ‘ .o

8 N ;
The precedlng sectlons provided deccrlptlons of the varlous materials

and act1v1t1es related to the deslgn and conduct of this teaching exPerlment._

“This section provides a chronologz lmportant_euents_fxom the—aneept&en—of —_—

_the study.in July 1975 to its compietion in June 1976. Detalled lists of
spe01f1c concents and skills included under each ‘major topic 'are provided in.

~ERI

}
: W 3,

Appendix A. . ‘

July - L ‘ " .

)
¢

o . ' » -
1. Preparation of a prospectus for a teaching, experiment on equality.

-

2. Approval of the prospectus by the PMDC Advisory Board.

oY
-
o
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. August S
PSRN, —— e - e _ 1] _ [ . J _...—..‘
i( R 1. Selection oﬁwgggject'§taff. T
E ) ' 2. specifications for modifying Ohaus balance submitted to Damon T T
L i Incorporated. ‘ - X
D ‘ 3. Arrangements made with a local school for the conduct of the
i o study. X ' . ’ )
e i ;7. [ . v k . . ?
- ; , 1. Preparation of an putline for the instructiohal program. . o
e September - Mid-October: - :
—- ———3—Students—complete—PMBE—test-batterys - —
- . . - - R
N _" .2 Students receive instruction on basic number concepts and skrils . Lo -
) N from qlassroom teacher.- 4 . !
vN . . > LT ’ ' RGN
; -3. Initial:selection of’experimental and'control groups. - . . e
= - _ . . . “ i
- R > N
. “ 4, Instructlonal materlals for.the following toplcs are written: : : -
P N a equallty, addition,’ m1551ng addénds, and subtractlon. . C )
:?f“\\\\\\\A Mid-October ~ Mid-November ' o : -
L Py Q A ‘ R X “ * . ' L. . R . ' ™ v
Ta 2 ‘\\\\l. Experlmental students given prerequlslte skllls test. . : X .
o . N N ey \ . ' . . .y n-u.!‘
. ! 2 Student who have not attained certain prerequlslte sklils - :
- receivi appropriate remedial 1nstructlon. - . R
S ’ 7 ° 4 ) . Yow
- - ¥ . . L] s -
oL 3 Students who have attalned \HE\prerequlalte skills. receive. — USRS
. s instruction which promotes mastery o?\these\skllls and/or
< ’ : . instruction on topics such as non-metrlc geometry, tlmeL\and . ]
T Lo graphs. No student instruction d1rectly related to additiof;—~ _ e
L K subtractlon, or equallty S ] TTT—
L i V - . 3 .
i - 2 . .
: .4, Ba%ances arrive. .
« P .
P L : 2 . . . » ‘~; -
HE B Mld-November - Mld-December . - ol : * o %
= . i ) } t{" . X . . . .. R .
P .. 1, Expexlmental treatment begins. L —_ : . .
; ' ' ’ PR
: . 2. Topics covered.1n thls period 1nclude' concept of equallty and - . 3
N t . . hid kY ,
N -addition, sum £ 6. ° . - = — - =
L © 3. FPirst asseésment by external evaluators. ) . -
, * R . % [ . gy o
Jantiary . / - .
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L. Topics covered durlng this period include: addltlon, missing
addends, and subtractlon, sum/mlnuend < F. addltlon, sum :§ 10. L
March . ' : . ' %

1. Toplcs covered during. :he first part of tﬁls period 1nclude°'
missing addends and subtractlon" sum/mlnuend < 10.
~ .
2. Second assessment bY'external evalﬁators.(\ »
3. Topics covered during the last part of this. period 1nclude' )
. time (textbook); greater than and less thanl N A

N . \ - LT . . -~

Agrll o . C v T
1. Topics covered during this Perlod 1nclude place value, N < 29; Y os s
addition, sum < 14.
. 5 ] . 1. P . » )
2. Students are 1ntroduced to conventlonal symbolic forms (review = 5
‘previous topics by completlng exerclses 1n textbook) ’

3. One student in the experimental.group transfers to another school;

' . - .
* - - . . . . 4 3
¢

May £ o . . ’ - ‘

1. Introductlon to sentences of. the forma + b = ¢ + d. ) o
. ) P ‘s . ) A . . RN
2. Continued drlll on hard addltlon facts, 'place value, greater than :

and less than. . A, i y TR e e
- “ . 3 . -

" N A sermmee > a.

3. Additional topics covered‘in regﬁlar textbook during this éeriod‘
include: tinie, calendar, money, geometry, -and fractions:.,

: i “ %, 4
4. students partlclpate in PMDC Sprlng test1ng program
5. Introductlon to addition and subtractlon w1yh 2~d191t addends and

mlnuends. ‘ ;
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1. Posttest administered By principal i??estigator.
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2.-Third assessnment- by external evaluators. - - e
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Information pertaining to thHe students' concept of cquallty was ob-
bfrom three sources: Observation Notes, a posttest *administered by the

III. EVALUATION RESULTS -~ . .

investigator' (internal evaluation), and a series of three tests .
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- admlnlstered by external evaluators. Data obtalned from tnese assessments____ R

.- i ) ) N o ) L o o o N

OBSERVATION NOTES

éxgerimental Group e

* Detalled summaries of the students' behaviors are reported by major
. ‘topics as Appendlx A. Changes throughout the school year in the students'

"“perceptlons of equality and of symbolic sentences are descrlbed below.

) . .
3z . H > A2
x, L .

. \\ 1. Prior td the beginning of the bxperlmental treatment, all students- -

. ! had acquired the =k111s_of_construeteng—a—set—wrth—the*same*number .
TN - of members as well as with more members than a given set. All but .ot :
e 5 two students were -able to consuruct sets with less, one more, and X
: ;E\ . - sone less members. than a given, set. o

S

2 All students understood the concepts: weighs the same and welghs
N _ more, (heav1er) Also, the studenta behaviors indicated that they i
] . ‘. . “understood conserVatlon of welghtcln the: following context: If an AR
r;_, \ . object is moved -from one side of the oalance to the other SLde, _the ’

 weight'does not change. . . i .

S N\ ’ ., . -
: 3. $he students readlly learned, throagh their experience in worklng . .
P w1th a' balance, the follow1ng gnnerallzatlon' The number of unit ' B -
T . welghts is the same on each s1de of the scaile 1f, and only if, thé
: L pans balance.

« . "

- . ‘ .

;' 4_74;_At thé,beglnnlng“of the experimental-treatment;- four students knew - . ~“—f:
- - the equals sign (=). That is, shown the equals sign they would say, ’ &

- - - - ‘Equals." None .0of the students knew the net equals sign (#)

LS. All students learned to read sentences of the forms a=aanda¥ b, )
e - ———and to démonstrate.the meanlng of such sentences by~ constructlng a
correct balance modil.

I4 ) *y

-*

> 6. Allistudents readlly learned to complete sentences of the form :
W ' a Q b with either an equals sign (=) or a not equals sign (#). o - 4

Three students could complete~these sentences without the aid of a
i balance, after worﬂing five or s1x exerc1ses.

7. All students learned to co_plete_sentences of the forms a =0 + O
and {J=a+ b. After some experience in using a balance, the stu-
: dents' behaviors indicated that they verified the correctness of
ET . their solutions by comparing the number.of units on each side of the i . .
- balance rathér than on the position of the pans--that is, equal if
the pans were level, not equaépif one pan was higher. . ot

8. In one instance as the students were completing nquatlons of the
- form: =0 +0 two students turned the worksheets around so
~  that the equations, were of the ‘form: {J + 0 = Q. These students

a

\" :




et e

— + - duccessfully: completed“thls -exercise set, “but thé‘balance models

+ they constructed were reversed ' to the form of the equation. For
example, they constructed a balance model to show 5 = 3 + 2 but
wrote 3 + 2 = 5. - N

P TR

9. With the exception of one student, the students readlly learned to '
solve missing addend problems: a = b + [J. and a = 0O + b.

10. After some experiente 'in-using a balance to solve addition and
missing addend equations, the studénts- did not always rely on a
strict -one-to-one correspondence between the baldnce-model and the
equation. For example, to solve 5 = 3 + [] they might set up the-
balance to show 5 = 2 + 3. . -

11, THe students, learned, with some, dlfﬁlculty, to use a balance to

solve subtraction senténces: = -. Qand @ = a - b. The d1ff1~

culty did .not appear to be wlth the conceptuallzatlon of subtractlon

(take ‘away),. Rather, the dlfflculty seemed . to be wlth the complexity

of the steps 1nvolved in solving such ﬁroblems on a balance, The

studénts, however, qulckly learned that the difference set (left
side) could be constructed by countlng the unlts*remalnlng on che

~ right side of the balance.

1

12. As-noted above, in tne 1ntroductory lessons on equallty, all stu—,
R dents could detect an equals or not ‘equals relation ‘from a balance
model However, only two students were successful in- extendlng these
skills to the determlnatlon of greater than or less than relatlons.s

»

e = =

13+ The -students’ readlly acceptea'the equlvalence oﬁ lO units .and one

ten (long) However, two students"needed con51derable experlence in
using tens (longs), before they would con51stently use a ten in

constructlng .a. set. to show a number greater than or equal to ten.—*

- - 2
»

IJJ

1 4

U —

14+ The stuc2nts had no difficulty in learning to complete equations .-
l1ike 14 = 0 +J as 14 = 10 + 4. However, only two students could._
~ . solve equations-like O = 10 +.4, without the’aid of <a balance.
15. At the beginning of the experlmenggl‘txeatment,'when addition,
L m1ss1ng addend, and subtraction equatloﬁ§§were flrst introduced: the
, students exhibited.no difficulty in d1st1ngulsh1ng among the three

increased in magnitude in a spiraling curriculum, three students .
~ began to make numerous errors which could be- attributed to the
.. misreading (non—readlng 1n some ca es) of the problem

P

< 16. The students readily accepted the conventlonal forms of writing
* ‘addition and subtractlon problemS' a+b=0,a-b-= a, a a

However, 1n constructlng a balance modél to solve ‘such problemsy
they generally constructed the addend sets and the minyend set on
the rlght side of the balance. Thtee students tended to confuse
equations of the form [+ a =b with O =a + b, and a+ Fa=-b

types of sentences. But during the study, as sums and minuends were

2 - +b, :P: ¢

3




with'a = [J + b; but when asked to read aloud the sentence they '
i te reted, such -senténges correctly. ' s
interprat .s ch e ng T \'4 ‘ s ; . ) | »t.\\<
Except for one student, the students exper1enced conslderable frus- )
tration in learning to interpret and to model sentences of the form . -
a+b=c+d. Their frustration seemed to be due to their, tendency g
‘to Lnterpret.such sentences as a slngle problem to be solve, rather ‘
than as a relatlonshlp between two problems By using 2-region pans - L
.on each side of -a‘balance the, students eventually learned Jta com- ;
plete’ equations_like a + b = ¢ + O-and to determine; whether' equa-
tions of the form a+ b =c+dwvere correct or not correct. Based *
on observations of their work, it was evident that the students were
aware of the fact that the balance Showed an equaIs relation if and
only if the number of units on both pans were the. same: However,

. orly one student exhlblted evidence. of an awarenﬂss of a relation . .
. . . between two problems. . ST S

S h L - . -
hd -~ -

v . 18; The prospectus for thlS tea‘hlng experlment <n equallty 1ncluded a

’ ; study of the students' concepts of equallty n,the context. of learn=
ing the addition sand subtractlon @lgorithms, with regroupJ.ng. This
aspect of the study was not undertaken because the majority of the
students did not progress to the point that they Were ready.to lea¥n
fhese skills in the time allocated. to the experimental, treatment. :
3 However, the students, except two, learned to-add and subtract
R 4 2-digit numbers wlthout regrouplng.
o N : "‘ v ~ ’

The above remarks on the observatlons of the students' behaviors. suggest .
—W*-”“—““'“that the students learned to view the equals sign (= ).as a symbol whlch T e
3 " ‘indicates a sameness of number relation. In partlcular, a balarngce shows an ' i

eggals relation if and only if each side of the balance has the same number )
cf units (a ten was. accepted as being equlvalent to 10 units). However, with
. the exceptlon of one student, their view of equality was in a sense one- -
2 » ~directional, regardless of the written formnofwtbe.equatlon. That is, in
: ) addltlon to denot1ng a sameness of number relatlon between a problem and its e
’ . answer, ‘the equals sign was also a symbol wh1ch 1dent1f1ed (polnted out in~ .
N " a sénse) the location of the answer, either on the left or the right side of’ - )

-

the equation. Unly one student . exh1b1tedﬁev1dence of v1ew1ng the_equals.. sxgnpeﬁme - =
: ‘as a symbol which denotes an equivalence between two expressions, thus ’ ) k
. . +indicating that the twc expressions are-names for th2 same number.

’ : ) Control Group e . _ - s

. Students in the control group were assigned to one of three groups for
- mathematlcs 1nstruct10n. The students were grouped on the basls of achieve- -
N ' ment in matheiatlcs At the beginning of the experimental treatment, mid-

November, two)of the control students were in. the high group; two were in#
" the middle group; and three were in the low group. After the Christmas break,
- oné student was moved from tue middle to ‘the high group, and one student in
the low group was moved to the middle group. Thus, for most of the school
year the dlstrlbutlon of control,students among the three groups was as
. folléws: 3-h1gh, 2-middle, and 2-low. -

- > » e .

e *)4 i
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The primary source of instxuction for all three groups Was Holt 5c5331
Mathematics: Book One. The classyoom teacher provxded supplementary exer-* ">
cises' through boardwork, worksheets, games, and some work with .manipulative .
aids. By the end of the year, the high and m1ddle\groaps had,essentially .ot
‘ e - covered all ot the textbook. ‘This 1n,truct1on included work through additi
. and subtraction with 2~d191t numbers, without regrouping.~The high group
C - . received some supplementary exercxses, boardwork in particular, which was :

‘ \ d1rected toward the develorment ‘of a mastery of the concepts and skills

: taught. ‘The work fcr the students in the iow group was generally. restricted

P to easy addition and subtraction problems, sums/minuends less than or equal .
to 10. ’ < -

Y

‘None of the students in the three groups recexVed expllclt instruction
related to the development of equallty as an equivalence relation. The = ° 2
; students.were told that the symbol = was an’equals sign, but they were ] :
- encouraged to read equations like 3 + 2 = 5 as-"Three plus two i§ the same ] !
as- five - In the process of being intrcduced to the vertical forms,. - -
. . -

. a. a [} . ~ )
and- . - - . ’
> - T b, the students were told that the line under the second number !

P N h

- 4 stood for the eqials sign. Otherwise there was no specific instn uction'on .
the equals sign. ¢ ° : ‘ . <

~ . b b

M I
~

°* The students 1n .the gontrol group worked almost exclus1vely with equa-

tions' of the forma o b = c. An exception to this practice occurred when the

1stﬁdents were studying dlfferent names for a number. In the introduction to,
~thls!lesson to the high .and middle groups, the teacher wrote, for examgle,

} . . 6=z on the board and asked the students to complete the sentence ln as X
C many ways as they could. The»students had no problems in 1nterpret1ng the )
o, . meaning of these questions. @ne student wrote 6 = 6, but when the teacher ., <O
T _-asked- the student to write something else,, the student‘yrote 6 =6+ 0.
R t. \\n\‘ , : H ot F "v . \
. - . N N H = A
-, . ) - A ‘. , ; ] v R ‘
oL o - . - INTERNAL EVALUATION ° -

-

i

The\students in the experlmental group* wére administered a test, . .
developed by the principal invegstigator, during the last week of school.
This test was oesagned to, assess ‘the follow;ng. (1) the students profi-

N -ciency in computing addition and subtrdction facts, (2) the, students ability o
.- in using-a balance to solve probiems, (3) the students' ability in inter-

. preting a balance model, and (5) the students' knowledge of 2-digit numbers. )

This test whs administered in four parts, each in an interview setting which . i

was v1deotaped. A copy of the test 1s presented.in Appendix C. Sy - .

The results from the posttest admlnlstered by the principal investigator

provxded the following Lnformatlon. o _— v N :
‘0 s - ¢ ) - 7
1. All students demonstrated that they could readd 2-digit numerals, .
- . _ n <€ .30 and could use ‘the tens rods and ones cubes in constructing .f’_.

sets on the balances. All bpt two students demonstrated that they
t _— . i,
*One student in *he original exoerlmental group t*ansferred to another school
after.the spring oreak, m*d-Aprll. -

R . , ) .17
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- could count dimes and. pennles up to 30 cents. . - ‘ = .

o 2. Four of the six students deppnstrated ., that they knew the meam,ng of
. ~_ both more axxd‘less. . "'LV N . ~. )

~ . .

' . -0 oo .t

- L 39 .E‘ou?: ofs the cix students demonstrated that they could co"'ple.te L. b v
Caf " 4 sentence,s 6f the form a O.b + cand a +aS> O c by using = or ¥ ir ° b\ .
: ~5P 77 the c;.rci'e. However; .only one of these students exhibited evidence } - LT
;’ e 'that khe pos:.t:.on of the pans (levql or not level) was related’ to

- whether eauals\pr not equals was thé appropriate relatlon. The othex

-8tudents based their answers on- a relationship between numbers. after

they. computed the sum of two numb rs. .

|

. *4. AlT studen;:s demonstrated that ‘they cguld use a balance to solye . . s .. .x“r:|

o " . equations of the following forms: a + b ={J; O =a+b;a-b=0;-. - “‘1
: 2! - U . a - bj} -'lj‘-i- b; a'-ﬂ U‘ a+b—c+l:] Some stidents,. - . -

= e o T however, were not\successful in show:.ng tHe solutions to some sy . C

- prcblems. It was observed that in each .case where an error occurred; . S

: the student had no% placed the pans on the balarice to.establish an A T >
_app{oprlate -One-t -one corre‘spondence ‘between the reglons on the . - )

: . . _.pans and the equ tlon. For example, to.solve 5 + 4= (,, four stu- R .

. P N - -
dents set up the balance as eJ.ther 1 /\' -1 or. . /\ .o

N These ‘students put 5 un:.ts on the left s:.de of the ‘balance and

. units on the rlght side. Three of these four Students added a flfth -

. " Vunit $o the right side and wrote 5 +'4 = 1. The other added 5 and 4

.. on her fingers and\urote 5+ 4=09. i A\l . .

. . . . i
- 0 Altoge’t};er there were 10 problems “for whlch rhe student had -to
o hola pans on the balance before solving the equatlon. Thus there .
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trJ.\( shows the relationship ‘between the way the students placed “the
s oh the balance and their subsequeat demonstrated proflc”iency in o
the balance to solve.an’eguation. \ : 1
/ Approprj.ate placement of pans “

S - . : ) : -+ Yes ~ No . . ’ B I
E \gsuéﬁzssfully «-Yes” | 38 AL 1
. - -, showed solution . ) -~

~ ., to equation : - : .oy
‘- on balance. No o 1. ‘ .

N .

The data in the above matrix suggest that an appropriate placement of .
pans on the balance enabled the student. to demonstrate successfully )
the solution of the equation .on the balance. However, with an. inap- . R
propriate placement of pans, the students demonstrated acceptable )

. solutions in énly 50% of the cases. .. L
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It should be noted that during the “instructional phase of the
..study the students. did not experience situations in which- they had“
to.placevpans on. the- balance before solvfhg an equatlon. :

To. B -£

5. There were four 1tems on the f1nal test 1n wh1ch the pans were
_apptdpxlately placed on the balance by the 1nterv1ewer befqre the
»student was .asked to. sdIve an equatlon. In two. cases‘the equatlons
were of “the form a C] + [:] and in two cases the equat:.ons were of

o the_form [] ="a + b. . - . . 3

(3 - - . . - . * B "

In all four cases each. student Was successful in u51ng the
balance to solve the equation. ~. - . Y

-\

6. There were two opportunities for the -students to construct a balance
ymodel of an equation Jf the form a = b: + ¢.*In each case- the 1nter-

viewer had approprlately placed the pans on the balance.

-
,

All six, students constructed successfully constructed models
- for both equatlons. . ) oo
. %;f

’ .
e A - - —
-5 - { ' . a

describe the model which had béen set up on theé -balance. Only an.
oral response was required in two cases; in the other three cases
- the students -were: asked to-write a- santence to describe the: model.

- ¥

.other students demonstrated success on two of the f1ve items, and‘
the - other two students were unsuccessful on all f1ve 1tem$a

Fa . . .

C - - The..most. frequeht Error (oral desgrlptlon) was the mere ' _
to the équals : relatJ.on For example, the student sa:.di"twelve,;,

.seven, five" when the balance was 'set up to show 12 = .7 + 5. In two
instances, the student reversed- the arder of the operatlon and the
equals relatidn in the oral description. For example, MTwelvey plus

. 'seven equals J.ve. i p ) 1.3 .

In one Igm _the balance was set up to show 5=3+ 2, TWO -
students, who were not ‘successful on all five descr1pt10n 1tems,\
: :wrote the correct equatlon. The other two students wrote 5 + 3 ‘&?

P . e P >

-

et W When the balance was set up to show 4 = 4 or°3 # 5, the’ four
students who were not successful on all f1ve descriptign items
wrote, in each case, an equatlon or an expres51on which involved an
,operatlon. “Typical respenses were of the form 4 + 4, or 4 + 4 = 8,
or 4 = 4 +-E1r InterestlngiV, the two students, who wrote acceptable
equations, wrote an equation which involved an operatlon. For .
example, 1nstead of writlng 4 = 4, one student wrote 4~-0=4, and
rather than‘wrltlng 3%5 or 3 < 5, one student wrotn 3 # 3 + 2

vt
< . .

8. Five of the six students exh1b1ted ev1dence that they could relate a’
Y balance model-whlch had been set up ‘to show a given eauatlon to a o

7- There were five items .n thé test fo¥ which ﬂthe studént wWas asked to-

Only two students successfully completed all f1Ve itéms. Two -

rec1tatlon oﬁ'numbers shown without any reference to an operatlon orA

U

L 2

\Z

< %,

: :

y oz

vk

kS

., .

~ Tox

3

NP

. ‘ =
-~

‘e % .

e &y

—— T

g

‘

3

- $

P

. :

/"




second equatlon. For example, glVen the s;tuaflon where the balance
had been set - ap/to show 12.= 7 5, the student c¢puld’ modlfy the
glven model to show 11 = 6 + 5 by remOV1ng one unit from the set of
12" and one unit from the set_of 7, Or in-another case given the
‘model to-.show ll . 6.+ 5, to show 11 =5+ 6 the student inter- .
ce T cﬁanged the positions of the sets of 6 and 5 or simply observed that )
- "the glven model. also represented the second equatlon.
I ¢ 1 - -
'tAll students demonstrated an ability to read equatlons of abl types-
addltlon, subtractlon, m1ss1ng addend ’

. -
.

.All students demonstrated a hlgh degree of proficiency in computlng
basic addition and subtraction facts, presentéd in e1ther horizontal

or vertlcal form. As part of ‘the- final -evaluation the Students were
. ‘given three computatlon tests: easy addition facts, easy subtractlon_
> facts, hard addltion ‘facts. The students had the- option of using.
'thelr balance to answer problems on each test, ‘but none- “of the

studénts elected to use a balance ‘to ‘compute easy facts. The results’
" .on the~tests of basic facts: are reported 1n Table 2. LR

»
K12

~ Nial

. . Table 2 .
w Data‘From Computation Tests: Flnal Evaluation : -

- o Number:of Coérrect Responses "

1 3
3 - . .

Student . Easy Addition . Easy Subtractlon Hard\Addition 1Total.
I (15) . (lS) “ .A6) .(36)
‘ Rt " -is,, is. ) 6 36
» s v v : B ) Cs
. 3. . .15 15 ™ 6 “36 &
", .. . o . . o
st e - 4 15 - 15 > 6 36
S5 . -7 s ' 13 4 - “32
> A . . ' a :
“”’ - 6. 15 <« 15 5 35
7. 15 -~ 13 . 6 T34
meah 15 14.3 5.5 34.8°
-; *Student 2 dld not take this test. *

e . ‘ ‘ 'y
T Errors on the easy subtractlon test were all related to problems
1nvolv1ng Zero as the subtrahend or 'difference. One student made .
. two errors of the folldWLng,type. n - 0 = 0. This stadent was also
. maklng the same error when demonstrating how to use the balance
. (comment 4. above) to solve .0 = 6 - 0. Another student made two
. :errors by .applying the followlng geperalization: n - n = n. However,
"this student was successful in using ‘the balance (comment 4 above)

q . 4

r «

A s

Set to solve 6 - 6 =

B

The fol ow1ng conclu51on9, pertalnlng to the experimental students’-
un rstandl of. equallty, their understanding of symbolic sentences, their
under andlng of t‘F rela::onshlp between sentences and balance models, and

~ I
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thelr-computatlonal skllls were der1ved from the above data..
l. all students in the experlmental group .demonstrated by their -
performance on the posttest (internal evaluation) that they Hhad
* learned: (a) to compute sums and differences Wlth or wlthout the
ald of a ‘balance, (b) to read Equatlons, (c) to count and construct
sets with more than 10 members, and (d) to read 2-di§it numérals.
N l
2. Most but not all, 'students. had learned- (a) the meaning. of more
) and less; (b) efficient technlques of constructing a new bai:nce,
““ model by modlfylng an existing balance model, thus exhibiting some
evidence of being aware of relationships between two equations; and
. (c) to complete equatlons of the forma Q b + c by writing = or #.
° in the() PE < . - ,

-2 "y
N -

3. Only two students exhibited ev1dence ‘that they understood the s

relatlonshlp between a balance_model and the correspondlng equatlon._'

‘That is, these ‘students seemed to comprehend that the use of the
. . term gguals, whether in’ the context of descrlblng a balance model or
5 in the context of an equation, meant that the‘numbers represented on
both sides-of the balance or equation were the same. However, these-
:students were unable to use equals in & passzve sense;, fqr exampXe,
to state that 4 equals 4, Rather, they 1nterpreted equals only in

the context of an action sxtuatlon, for example, 4 take away O equals .

. 4. The other four students exhibited no evidence ‘of ascnbmg a -
meaning to the term equals. For these students ‘the: equals sign was
merely: a 'symbol which separated afproblem ard the. answer  to the
problem and did not sxgnlfy any other meanlngful relationship

.« between these two entities. It was’ noted,. however, that these four
” students were aware of the fact that when the balance was level or
the answer was. correct, -there- would ‘be ‘the ‘same -AUMbEE OF unlts “on
both sides of the balqnce.

%

-~ ’ EXTERNAL EVALUATIONS

An 6§sessment of the effects which the experlmental treatment had on
the, students' conceptualization of equallty was, made by a team of pMpc
eValuators who were not directly involved in the conduct of this teaching
experiment. The external evaluatlon consisted of a series of three tests.
The first test was admlnlstered toward the beginning of the study (December),
the second test was given approxlmately at the mid-point of the study
(March), and the third assessment was made after the experlmental treatmenty
was termlnated (June) Each test in the serles was an individual interview,
lastlng on-an average between 15 and' 20 minutes.
I L~

A scrlpt was prepared to guide the evaluators in the conduct of each
1nterv1ew, provldlng a degree-of standardization in the administration of
each, test. The evaluators,:; however, exercised some freedom in asking problng
questions in those cases where, in ‘the evaluator s, judgment, the prescr;bed
stimulus did not elicit a response which prov1ded a valid indication of af
student's understanding of the con¢ept or skill being assessed. Each inter-

view was videotaped; thus, variations from the standard script could be taken,
. ;
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o . into consideration in the final analysis of the student's performance. , ) .

: ) The evaluators viewed each v1deotape in the process of scoring the ]
ifh, . ' students performances. A scoring guide wasébrepared for each test to assist
Z the evaluators in waking their assessments. Prior to the scoring of each $
- test the evaluators jointly scored the performances of two or three students !
1n order to reéach-an agreement on the assignment of ;points to particular
behav1ors _Also both evaluators 1ndependently assessed the performances,.of
. several students. These analyses.were compared to assess the rellablllty of
the scoring procedures. . . . v ooy,
- Coples of the three tests are proV1ded in’ Appendices D, E, and F. The . ;
) results obtalned front these evaluations are reported in the paragraphs whlch .
: ¢ follow . . e . . L ;.',' .

' FirSt Evaluation . - - ) s
L. _ -

Lo T The' flrst test con51sted of two parts.. Items -in the flrst part were
' “administered as, follows:» . . ) . y o S ’

- . 5 ~ 7 ~ 2 . . . ‘

- . 1. The studént was shown an equatlon of the form a = &) +-[] ’ . _ . )

A \\\;\~ O=a+b,,aQ b+ c, E].+ O =a a+b=0, and a+b.Q c. L. o

e 7 2. The student was told to write sometHing in the [J 's or Q“ to make -
- it right. . S LTy ‘

3. The student was then asked to read the sentence. ,

A -
- . . ’

O e e =y

4.; The student was asked if the sentence was okay. ' . . ‘. :
. L S ) . '
v* . "0 fThére were ten items in the first part of the test. *.
ve The second part of the test:was composed of four 1tems‘ In each item Col
the student was snown an equatlon of the forma=a, a=b+ ¢, or :
a+ b = c + 4.7 The student ‘was asked to read the equatlon and then was .
- asked to tell whether pr not the equation was okay.’ -

A - \ .

The prlmary purposes of this test were (1) to obtain: an‘lndlcatlon of . ;
the students' skills in completlng open sentences (writing) and (2) to « "

L .obtain an 1nd1catlon of the students' skills in reading mathematical sen-
Y] " tences. One point was awarded for each open sentence correctly completed,
) and one point was awarded for each sentence correctly read. No measure was, . . ok
oo ~ .assigngd.to the question, "Is it okay’" The maximum writing 'score was 10
v angﬁﬁﬁé'maXLmum reading score was l4. The maximum tofal score was 24. Data
. pe taining to the students' writing and read1ng skills from the first ,test R -
- g@ are reported in Table 3 on the following pa qe. ’

te3

1

E As previously noted, the primary purposes of the first, éxternal

L, evaluatlon were to determine the effects of' the experlmental treatment on

’ the acquisition of skllls pertaining to the completion (writing) and reading
; .

»

.22 - . ’ s ’ ) o ’ oo
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L. : Table 3 : - ' .
: *'{7‘ L L. i "Scores on ertlnq/ReadJ.ng/Tbtal Scales~ :.valuatlon I :
; . <. J Wr:l. ting . Reading s R s Total‘
“y P;ir. - - - - - } - * " -
e Experimental Control Experimental.Coatrol 'Experimental Control
1 10, 9 4 8 24 Y
’ . . . - ‘ -
‘ 2 9 9 14 7 . w23 16
. -3 9 & 14 o S23 . 17
' 4 4 4 9 8 13 12
o 5 .4 7 5 o 10 7
- \ 6 - .4 T2 14 0 18.
ST 1 $ 7 s 8 1
;. .mean 5.4 5.7 10.9° 5.7 < 16.3 11.6

~ ‘_o . - . o R , ) N C o
of mathematical sentences. The following three null hypotheses were tested
to determine such® effects. i ) ) ]

i R . i N .
. , le .There is nc significant difference, between the mean writing
scores of the exoerimental and control groups. o~
P ,_.‘\‘ ‘-12 There is no gignificant dlf‘erence between the. mean reading
. ’ scores cf, the exnerrnental and control groups.
s . :3: T‘lere 1s no significant cufference between the mean total
L R °  3cores of the experimental and control groups.
» . Each null hyootbes:.s was tested against an alternate hypothesis which stated

. that 2h experimental.group would have a hlcher mean score.
‘ . The ann-mutney U Test, a nonoarametr*c distribution~free rank test,
‘ was used t6 make the analyses. The. Mann-Whitney U stat:;x.sucs are reported

in Table 4. : : )
b . a ' Table 4 :
T i Mann-Whitney U Statistics: . Evaluatich I'
. ] = . -
Lo v Scale .* + ° . 9] . N P
o .7 . frfting 7 . 402
y Reading 8 ’ ' . .019
) Total ©13 .082
¢ n]:="-7‘, n_=7, o% =.05 ’
o . ‘ 23
, R
. \‘l ’ . N b

: od . " - -
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_The- data 1n Table q 1nd1cate that the effects of the experlmental treatment °
- Were\SLgnlflcant, P £ 05 in the area of reading skills .only. an analysis_
of the students' responses, by categorles of sentence structures, indicated
that»whereas the students in both groups had acquired the same level of pro-
flclency in completlng open sentences, the students in the experimental group v
T . Were moxe skillful in reading sentences which * were not in the form a+ b =
Data from- the item analy515 are reported -in Table S..

. , — e e .

.3 v .
N R . ~ B
<. L N . - 4

S «

- o

Ve Table 5 : . .
Total Number of Correct Responses by'Sentence Structure: Zvaluation I

o R , - N .
2 N B . .

R

’

- P . « . T et

] Senténce ‘ . . Writing A Reading ,
S " $tructure o Exnerlmental . Control E¥perimental Control
: : —— — ot . : ‘ . - . . 2
- . . a=b+c 21 .o.21 37 7
' A+ b="c . " 20 21 - 24 . .22
a=a . , ’ 6 3
. a:‘-{b= cia : . : .+ 10 < g

~ . ~

~ P B B o
¥

The data reported in Tab e 5 reveal several 1nterest1ng patterns in the
studeuts' response. Flrst it should be' noted that-students in the control
group Were ‘considerably more successful in completing sentences of the form
‘a’ =Db + c, than they were rh,xeadlng sentences of this type. Observations of
the control students' tehaviors on reading tasks indicated tHat some of these

¢ studbnts either refused to read the sentence ¢ they reversed. the oxdex of the
: . numbers: Thus, for example, reading 3 =2 4 1 as "one plus two-ig the same as
three." “These behaviors suggest that whereas the students were capable of

'Lnterpretlng an unfamiliar symbolic.Ser.ience ag*a problem to be solved, these
same studénts had also acquired, early in.their school experience, the notion
_that a particular order must be preserved in reading (orally). a sentence°
namely, the problem precedes the answer. ) .

® A) -

”he fact that the experimental studerits were' considerably more successful

in reading sentences of the forms a = b + ¢ and a =-a is not surpris ing. .
These sentences were familiar to the experimental students. It is, however,.'
lnterestlng that the experimental students were slrghtly more successful in
readlng sentence structures of the form a + b = canda+ b =c+ 4, forms
which they.had not encountered in their instructional program. This -suggests
that’ initially the exoerlmental treatment enabled the students to develop
greater flexibility in reading skills. That is, the experimental tréatnent
did 'not promote the acguisition -of a mind set that ‘there-is & prescribed
O f——order'r”"the expression of a relation in symbolic forms. It should be noted,
) lowever, that one student in’ the experimental group, the weakest student in
‘ " ~terms of ability and achlevement, consistently changed each sentence of the
) form a + b = ¢ to the' form a.= b + c. ‘ e .
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The. second test admrnlstered by the external evaluators con51sted of

afourteen items. The. following procedures ‘were used with each item:
/-

The student was shown open sentences of ;ﬁ% forms a b

EJ. =a+b,a-b=00=a-=-b, a\+I]“ =b, a=b+
D*;'D=a,a,='n+u_,anda+b'='u+ﬂ<.

.The student was told to work the problem--the student wrote- the

-responses - 0~

‘ ' '

= D ‘\l-
o,

The student was shown four manlpulatlve aids: sticks, unifix cubes,
beans, blocks. . : ’ )

s« M (\- . ‘ - ¢

The: evaluator pointing to the manlpplatives sald, "Use one of these
. »to show me what' the problem says " .. * . . -

Py

. s e . . .
The' items on this test were scoréd awardlng one point for a correct completlon
of the open sentence. Two points were given for .an, acceptable demonstration
of the problem with a manipulative; one 901nt was awarded for a partial demon-
'stratlon.o For example, to show 4 = 2 + 2'if the student made only two sets,
each with 2’ beans,,and,prov1ded no other evidence of relatlng these sets to
the number 4, the response was scored by awardlng only, one p01nt. >
4 M A

"The scorlng procedures used with -the second ‘test ylelded three scores: .

skill (computatlon), understand;ng, and ‘total. Data on the students' perfor-

mances -by scales are reported in Table 6.

“ ' " Table 6™ "
. Scores on Skill/Understanding/Total Scales: Evaluation 1’
4 . - .

f}
~

x, Skill Understanding ’ .Total
Experimental Control Experimental Control Experimental Control

14 12 28 - 24 42 . 36
10 11 20, 9. . “30 20
12 .16 15 27 - 27
13 - . 10 8 18 - 21
2 ) 14 '
4 4
2 ' 4 6
s.0 = N T 20.1

-
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: The data reported in Tdole 6 were used as a basis for testing the followlng ; ;
: . null hypotheses' . K s . . ¢ ;
- N - P
: . . o, . * . . .o
: . 54: There is no s1gn1f1cant dl‘ference between the mean skill scores of - Lo
P e - T the exoerlmental and control groups. . -3 i ‘ s
A T ~ ‘ — T T
: Hg: There is no 51gn1f1cant dlfference Between the ‘mean understandlng Co
.o o F scores ‘of the experlnental ahd cont¥ol groups. Y4
i, . . . . - ~ . |
U S e . L
7 . H,: There is no 51gn1‘1cant difference between the mean, tptal "$cores of - e
. o . X . ‘e,

s : .o the exoerlnéntal and control groups. . '. & S .

A 3
. -
*

Each null hypothesis was tested against .an alternate hypothesls which stated
that the experrmental group would have a hlgher mean score.

. . L AP N 4 : <

o The Mann~Wh1.ney U Test was uSed to make the analyses. The g_Statistics? ’

- are reported in Table 7 .- e . ) . .

- o I ~ N - .

< M o N

K
>
B

~ " cel * ", - n " B
= - 6 . . - . . . .5 . N
. .o . ‘Table 7 ‘; . , . i b ] f
- ; ' Mann-Whitney U Statistics: Evaluation II ) _
{~ s ‘scale Py g o ? -
, . - ~ . s o
- B ' j R @ [
. . 4 ks "~ ” - . . . , ‘
co ek 7 —— .21 c .355 _ o
~ _ %+ Understanding C. < - 18 o ~ -130 : . -t ,
- -Total -, . ) 21 . 355 . o
e o L ‘ ' e o L
W no=T n2=7, o =.05 A . ) . S

Sk J R
. Since the p—value for eac? scaln was greater than .05, none’ of the null hy-
oo potheses were rejectedL -

L Although thexe were no statistically significant differences between the o
- .. mean'scores on the various scales, an analysis of the responses by cateégories - 1

. of sentences revealed several marked differences in the students’ 1nterpreta-» ..
. . tion of certaln classes of sentences. .Data on tne total number of correct o
regponses for each sentence category are reported-in Table 8 on the ‘ollovlng o
page. The data reported in Table 8 show ‘that students .in the contiol’ Sroup :
were. thore, successfullln solving missing addend problems, forms a = b = 3 and’
a+ [J =b. It was previously noted in the discussion of student benaviors* .
under Observation Notes,, that students in the experimental. group tended to ~ 1
L gonfuse the structure of missing addend sentences with that of an addition N
: sentence. The data obtained from the second external evaluation support this . ;
observation. Students in the experimental group were somewhat more suc cessful )
in complet;ng sentences of the forma+ b =0 + 0. The students!’ abllltleS <

QEMC* . c e L ‘ ;‘
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e e z N 0
- -Sentéfice . Skiil i Understandihg
Caﬁegory Zxparimental Controli Experimental ' .- Control ‘
o e . Partial Complete Partial Cosoiete
l;' i l . i \\’
a=b+.c 7 5 ;J i 1 5 -1 AN
L) — R .
. a+ b=c¢ 6 6 i 0 5 4 -2
L ' i A ‘
as=b-c 5 5 i .0, 5 0 1.
a-b=c 5 "6 00 4 1 3
. ; b )
a=b+[] 5 9 § {0 5 .2 4
. : * . . S
a+ Q=05 3 8 i 1 0 3 4 4
- ? { .
“a= i . 5 - 5 2
ra=0+0 8 9 5! 2 . .
o+ = 7 (AN R | 6 3 4
N 1 x .
~ -¥ ! " .
- a»-b C] 6 3 | \12 4., o. 20
¢
P

i‘

>

i ,
in comoletlng sentences of the other forms were' approx1mately the,same for
'w both groups. An interesting observatlon from these data is that the perfor~

‘mances of the control students Were:seemlngly unaffécted by the structure of
the eouatlon. : il

“
.

i ) . . . *
|
1

Students in the "experimental group were generally more successlul in
.Using a2 manipulative aid to show the, meanlng of an eguation. This observatlon
is, orooably attributable to the fact the students in the experlmental group
had con51derably more experience in u51ng a manipulative ald to model an
' equatlon. In partlcular, they were taught to construct a set for each number
in aa equatlon. Thus, for examole, to show the equation 6 = 4 + 2 they would

full credit for the demonstration, rather than construct only the addnnd setu
and ‘receive oartlal credit. )

. 4
13 .

Third Evaluation . . -
‘ There were fourteen' 1tems on the third test administered by the external
. evaluators. These items were of three basic types. The first eight items Were

admlnlstarad accordlng to the follOW1ng ‘procedures:

1. The evaluator wrote on a piece of oaper an ecuatlon of the form
N . a=b,a=b+c¢c, at+tbs= c, 2+ b=c+ d. -

2. The student was asked to read the equation.

. o

e,
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3. The student was asked .if the equation was ckay.’ ~

»

4. The student was asked to tell why the equatlon was okay or why<1t —
was not okay. ’ L. . i .

‘» - - [N .
i s ‘5. “The student was given a pile of beans and was " asked to show with the
“4_.. . . beans what the equation says. Th%s step was omltted in items 7 and 8..

In the next’%hree items an equatlon ot nhe forma=b + cora + b=c+ d
read to the student and then the ‘student’was asked it it was okay. The  last
<three items were missing addend problems. Two were wrltten, a=b+0 and
a+ E; = b, and one was a-story problem, presented orally.

e In scorlng thls test the evaluators awarded one point for each equatlon
read. correctly, one point for correct response to the ouestlon,‘”Is this
o . okay’", one point—for each correct. explanatlon of, why the equatlon was or
fi, . was:.not okay, two points for an acceptable model for an equation; one point
" for a\partlal model- and. one p01nt for ‘the- correct answer to.a problem. Thls

scorlng procedure ymelded data for tiiree scales: Sklll (readlng), -understand-

et lng, and. total. Data for these scales are’ reporteo in Table 9.
;\ " 7 - ’ ’ © . Table 9 ' S e
;&\\‘ L Scores on 8k1ll/Understandlng/Total Scaless Evaluatiop III
N \' ! - L i s i ;
- . N T Shill . . Understanding_ i ~ Total - )
g;f. 1 . Pair Experimental Control, Experimental Contrgl Experimental Control.
Lo 1 1 . 8 25 10 36 18
5\*. - - - - - : - % .
: . ) i ) . . . N
3 10 o1l 16 31 .26V 42
. S S 7 10 22 17 29 27 |
- 5. 9 o T2 4 29 "4
‘ 6 9 4 15 57 24 11
T f A’ .
) ‘ 7 " 7 .4 6 - 5 T 13 "9
= " mean 8.8 6.2 17:3° 12.3 - ,26.2 . 18.5

*Qne student in Pair 2\transferred to another school.

The data reported in Table\§ were usfd in testing the ‘ollowlng hypotheses.

» - v

H7: There is no significan dlfference between the mean oklll scores
of the experimental and control groups.

3_ *  H_.: There is no significant difﬁ\rence between the mean understanding
’ . * scores of the experiméntal and control _groups. -

)
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———wvstudents'

1]
v

ng There is no sxgn-flcant difference between the mean total scores®of
the experimental .and control groups.

~

Each null hypothe51s was tested agalnst an alternateg hypothesrs which stated
that the experimental group' would have a higher meafi score._

’ N o

s,

The Mann-Whltney UcTest was used in testing each hypothesis. The pertl-
nent U-Statistics are reported in- Table 10.

.

LI I

ST . Table 10 '
f;?,' ’ ’ Mann-Whitney U Statistics: Evaluation III N
Scale ' ¢} . P
— skil ‘11 .155
P ] . ;’.‘ . ~
-Understanding S §-1- 2 '
“Total - 10 .120 e '
e hl = ‘6, n2 = 6, O(‘= .05 - "

The p~value for

°

each hypothesis was greater

null hypotheses was rejected in favor of an

1

¥

than °.05, therefore-none of the
alternate hypothesis.

The data reported in Table 9 show that

the meah scores for the skill and '

understandlng'gcales were higher for the exper1mental group, but not signifi-
.cantly higher, than the means for ‘the control group. An analysis of the
esponses by cateégories of equations reveals several response .
,patterns whlch account for most-of the .differences in .mean. scores. The data

on student responses by sentence categories are reported 1n Table ll. .

e

X

-

-

Table 11

0y

Total Correct Responses By Sentence Categor;es- Evaluation III Yo

3

-Sentence ° T Skil)
— s A

anderstanding

-~

®

.. RS
Cateqory Experimental Control

. Experimental

Control .,

Okay Meaning Model Okay Meaning, Model °

!

casza .6 g 1 1 4 a1 3

[ "ash+c 12 To13 3 12+ 12 2 2 .

~ afb=c 11 9 12 2. 137 13 4 2
a+b=c¥d 17 10 , 16 . 3 9. 9 - 6
a=b‘+[:!_ 1 3 - - - - - - '

Y a+0d=rp 6 7 - - - - - <

J‘_grbup exhibited more skill in reading sentences of the forms a

1]

"

LS ‘ ~ » ' . . i
The data. reported in Table 11 indicate that students in the experimental

b¥ ¢ and

29
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§,§7> ‘a+b=ck d. .These results are not surprisiﬁb, éinbe students in the
o control group had not encountered such sentences in their instructional
srogram. Otherwise there were only Small differences in the reading skills N .
. 'for ‘the, two groups; ' o o oty
. ; s r

P
L

o it.i§ of espeéiéi interest to note that only one student in the experi-
£, mental group  accepted 5 = 5 as a correct sentence.  All gffthé_other students
== _ 7 insisted.that the sentence. should involve -an.operation. Thusi- they explained * N
: .4 .that'5.+0=5or5=5+ 0'woild be all right. Students ir-the experimental = . -

: group ‘were more willing to ‘accept sentences of the form a,+’jux c + dpand |, :
"© _they were more successful in censtructing a model for an“equation. 3otH of .
these behaviors are a reflection of the content of the experimental treatment. \ 3:);

Ce A Vo pahen
- = . . . ' wau .o

L s * x PR N

- . L3

) “ IV. CONCLUSIONS AND IMPLICATIONS
M i T e . .
_ One of the startling findings of thé PMDC investigation intd the mathe- .

. fatical thinking of young children was the verification of the fact that stu=— T

dents, especially those in the. 3-8 year old age range, tend to interpret the
. eqguals symbol (= not as a symbol which denotes a relationship between two ‘
P ... ‘numbérs, But as .an -operator symbol which connects a problem and its answer. © s .
NES . Furthermore, most students acquize the notion that. the operator is one-direc- i N

5 . : ~

tional, left-to-right. That is, the problém must précede the answer. These - o
- conclusions were derived from observations of students' behaviors in situations- ’

| 2

!

‘e
]

where, -for .example; they rejected 5 = 5 as being dkay and then rephrased the
sentence ‘to include an operation (5+ 0 = 5), and .rejectea 4 =3 + 1 in favor
of the ‘conventjonal form 3 + 1 = 4. : ’

* ‘Oné explanation for the students' rejection of sentences of the>forms '
] a=a, axbocandachb=codis that the $tudents' mathematical training
.-- -+ “had provigded, ‘at most, very limited experiences with sentences of these forms.
; mherefors the students' reluctance to accept thewnfamiliar sentence  forms ,
gould be merely a reflection of the limited scope of their mathematical in- .
struction. » This line of reasoning provides.a reascnable éxplanation for the s
students' behaviors, but it‘does not take into consideration-one significant , =
fact; namely,” that the students had not learned from, their mathematical in-
struction to view the equals sign as a symbol which denotes a relation between
two numbers. Implicit in this 2xplanation is an assumption that if students
S ‘§fe provided suitable .experiences with sentences. of the forms a = b, a = b o ,C,
T mdaohsﬁod,wwﬂlue@unmaynhmeﬁqaéb-p,mmpm- .
o dents-would--view the equals ‘sign as a relation and not as ‘an operator. PMDC

.investigators found no evidente in the existing literature to support this ) .

" * ¢+ . _assumption, In‘fact, the available evidence suggests that many students, -after
- ., several years.of mathematical training, which includes experiences with various
oL . forms of‘equality statements, still cling to_the nQtion ofthe equals sign as
dn operator, and not as'a symbol which relates two hames for the “same number.

1

-

|, "Singe the concept of equality as a relation is essential £6r students' under-’ .
standing of other mathematical concepts, as presented in currsnt textbooks,
. . and since students begin to develop theifr concept of equality in the first : %
:. » grade, the teaching experiment discuseed in ‘this publication was cesigned to .
oo . investiQate'éhe follewing research guestion: , _~ , ;:.

L} . .
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. sentences of the forms.a =a, ao b =

. that the equals sign is-
names for the same pumber. The fivegplusters of behaviors are des scribed below.

«
.
.
"
.
o
.
”n
.

Will students who are provided mathematical instruction encompassing e

cp,a=boec,anda °eb=cod -

in their first yvear of school learn to view the equals sign as a symbol

which denotes a relation between two names for the-same-number? \:
< L

Data obtalneé during ‘the study from o servatlon notes and formal asgess= '

ment$', internal and external, cleariy indifate that all students in the - .

experlmental'treatment acquired considerable flexibility in acceptlng and

... .. .- ~-—interpreting the use of the equals sign in a variety of sentence structures.

It was also obserVed that some students in the control group who,were taught,
to read the equais sign as "the same as" acquired the same flexibility of
‘thought. But the data 1ndicate that only two students (one ‘experimental and .
one -control) v1ewed the equ sign as a relatlonal ‘symbol at the end of the

year. The behav1ors of mostqg; the other students” suggest that they viewed

the equals Slgh as an operator connecting. a problem with its answer or that . - :
they attached llttle, if any, significance to the tse of an equals sign in o
the context of a- symbolic sentence. Prec1se descrlptaons of the students'
views of equallty are providéd below. ~

5y .

VIEWS OF EQUALITY . .o L —

~ . - - T ° ‘<
N IR e - . %

Analyses of tbe data obtalned“from thls study of chlldren s conception

~

equallty among the first grade s*udents, expeximental ‘and conttol group. fd
That is, the students’.behaviors (responses to questlons, oral éxplanations, ) .
and wrltten responses) can ‘be clustered into five categories (0-4), each ) - -
representlng a dlfferent view of equallty. These views of equall*y range ) -
from those cases in which a child's behaviors indicate no discernible inter=- -
pretation of equals, to those cases in which a child's behaviors indicate N
a symbol which denotes that two expre551ons are -

Category.0. The gﬁild's.behaviors suggest that the child does nct have

‘any comprehension of what the equals sign means. he lollow-.
' . 1ng examples are typlcal of the: behav1ors cl red ih this oo

’ category: - - ,J : ; s
l , .
a. The chJ.ld readsD 4 + 2 correctly, writes l 4+ 2,

and says that it is okay because "There is a 4 here .

and a 2 heres" -

b. The child completes 503+ 2as rollows- 5@ 3+ 2. g

‘e The child completes 3-+[] = 3 as
says "3 plus‘S plus 3 is 9."

3 +[3]- 3, and
. : LI
Cateaory 1. The child'’s behay%ors suggest that the child rdcognizes that ! ,f
: . . an’ equals sign 1s,astmbol ‘which -should--be included (usually .
' in a specific location) in a written ‘sentence but ascribes
no specific meaning to the symbol. Behaviors typical of -

A

<

-
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e, : . . : - . »
those assigned to this catégory are as follousy

: - a. The child status, that 2 + 3 = 5¢-is wrong, but 2=3 +5 °, e

‘ . . N is okays— . )

3 * » >
- - “a _ -

Q ‘ \ C ° b. The- chiid ixidi‘cates'that 5 3+-2is not okay, writes. ..
. . : , * an équals sign -between the 5 and the 3, but offers no \ -

. - rationale ‘for writ.mg the equals sign other than, "It's
‘ supposed to be there."? 2

*h

RN - v

L - . ’ c. ‘The chlld says that 6 = 4 + 2 is wrong;.changes It to O Lt
A o N 4 + 2 = 6; explains’,, "You don't-put equals~first" but ~ * - el
’ offers no other explanation for the equals s:.grr follow— : e

. - t ing the addition sign. ° ~ . ° :}«'- P S
- “ P S L. . - -

Y - . IR SO,

.t : :aéegcry 2. The child's behaviors suggest ‘that the child Viéws thé R . R
* ’ v ’ ’equals s:.gn as a one-d:.rect:.onal operator which- separates a _ T s
N -problem and its answer. Behaviors which typa.fy 'thz\ view: of o
¢ . equality axe as: *follotaIs. ‘ : S a
‘ " . . B - o * Y !: : .
a. The ch:.ld indicates that 6 = 4 + 27is wrong,, ,changes Lo .
; : it to 4 + 2 = 6, and explains that the a.nswer comes ":“g‘ I o
. iy after the problem. N o % s - )
;4 o ' v ' A ‘s n’f" "(.'“: o
4 C b. The child rejec{s 4 +12 = o, accepts 6 = 4 + 2 becauSe :
. . . the sum comes first. e T ‘...- . J
. Wt . & ’ ) oo -k
co B . c. The child indicates that 3 + 2 = 2 + 3.is wrong, . e
changes it to 3+ 2=5/ 2+ 3 & 5.-* PR

B '

:A‘.’*.,‘ ., P ., . . . o . . N )
e s . . d. The child rejects 3+ 2 = 2 + 3, Cchanges it to | . . e B

'y © v 3+ 2+2+3=]0 '-‘ O

. .. e. ‘I'he thild reads 6 =2 + 4 as "Two plus four equals 6." T

° e, 3
D . ~ £. The Chlld indicates. that 3 = 3 is wrony, changes it to . j
[ . - either 3.+ 0 = 3 ox{3 =.3 + 0, depending on the chila's . L
oL ‘ placement of the sum on the right or the left side of ,“._ ‘

. | B * the equals sign, o . R RS
R : . g. iThe child says- that 3_ = 3 i5 wrong, changes it to
L e1ther3+3 6or6=3+3

'._ . - ' 0

' . - : h. The child ac¢epts 3+ 2= 5 + 1 because 3 + 2 ertja}s : S
: S, but rejects 1 + 5 & fa-,z because.l + 5 # 3. ¥ '

— i. The child rejects 3+ 2 £ 4, +':L because 3+2 74 4. “u

13

Category 3. The ch:l.ld's behaviors, suggest thac the £hild views the equals ) .
: sign as an. operator senarat:.ng a pra olem ~from the' answer, “
x c— but does not inSwst taat either the pgoolem or the answer :

-

.
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must come first. Typ1cal behavﬂors clustered in thlS cate- .. | o

.+ ¢« ° gory are ds,fcollows: g e
- [ ,2- Thechild accepts both 34 2= 5and 5= 3 + 2as . "
s . - belng correct. ' <o <0 IS
. . ‘)\ :

‘ < . b. The child accepts both 3+ 2 = 5 +land 1+ 5=3+.2 i

Cee . as belng .okay, because in-one case 3+ 2=751is cor= -~ R x:
rect, and,ln the other case 5 =3, + 2 1s correct. ) :

p— ' ¢. The child reject 3+ 2=4+1 because neither ] ‘ _' f
' 3+°2=4'nor 2 = 4~+'1 is correct. . i

Ca. The*%hlld rejects 3 + 2 = 2 + 3 because neither . o _'~’.§

) 3+ 2= 2 nor 2 = 3 + 2'is correct. . , N

’ ] e. The. child lndlcates that 3 = 3 1is not rlght, and SAays R .i;

‘ L that both 3+ 0= 3.and 3.= 3 +-0 would be r;ght. s

. - el
Category 4. The cn11d'° behav10rs suggest that the Chlld lrterprets the
. - . eouais sign as symbols which denote. that two expre551ons are -
names for the same number. Behaviors repre§entat1ve of ‘those

9 ey
[P S . inm thls category are as follows' _ " i A
¥

. -~

»
a
o

1%
N P N

- . . - . ..

) a.,The Chlld _accepts’ 3= 2 + l.and 2 +1=3 explalnlng : '7
o .o that both 2+ 1 and 3 are the same number. . SR

N ~ -

N

. ' ‘ g b. The child cays. 3 3 is okay because both are the same T Twme
) . number. ’ . - .

4 P . .

.~

o ottty v AR e

T ' ) ) c. The Chlld, in acceptlng 3+2=4+1, reasons" ‘ s
. 3+ 2is 5,4+ 1° is 5, both are equal to 5, so, they

b

]
E
IS

vyt

? R . . are -equal. T e o
gt The dlstlnctlons among the five views of equality can best be observed in ) i
:," . . the nature of students' responses to d common stimulus. +For example, consider ;
¥ ?

. the following (Table 12) responses to the question, "Is 2+ 3 =4+ 1 all i
- ) rlght°" Responses cited in Table 12 on the follow1ng page are typical of those S
one would expect from 4 student with' a partlcular conceptlon of equality, as

the first (December) and the final (June) external evaluations. On each test
the children's behaviors were not consistent for each task, but on each test a
child's behavior patterns generally clustered in one of the above categories.
Thus cn each evaluation it was pOSSlble to identify a child's view of equality f
" by one of the five category' descriptors. A summary of these analyses is 'f
reported in Table 13 on page 35. : T ) -

»

s DN‘deflned in Categories 0-4. ] _ . 'f
i o = . R H
;. . Analysis of Data - - . - ‘ . d
L, Y ‘ . t - ]
i; Using the above descrlptlons of children's interpretations of equality as i
i a guide, analyses were made of the students' performances on tasks included in i
v :
i
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L e . ac
- Coa L . . ST Table 12 ' . ¥, : .
e T -:[Typicél Responses to the Question: Is 2+ 3 =4 + 1 all right? .
’ - e » . , . .
Voo T , k : - _ e ‘
AP : Catggory Iilustrative Response LT Explanation of Response-
i v Lo .Leve’l - L . e metan -+ e oo vamame s .
e S bl
~ 2" [ 2 . «
{¢ " It is not right. The one The student's attention,is
. ."’_tu" - should be a five. * . focused 'on, an order relation, B
, - : .o . ignoring' the addition and oA e s
, equals signs. = o P
A - T P
HE © 1 It is not right. Chénges:if In-thié case the student insists ~ ‘j
o +  to2+3+4=1Llor * + that, the equals sign be placed ) :
Y 2.= 3+ 4 + 1, depending on in a specific loqgtion-vitﬁin a . T
S , whether, "in—the student's’ sentence;—but—assigns. no meaning . :
g] a < . 'vieéW, .the equals sign comes Yo the'sign. ) o
s T e immediately after the first . L S . 3
- . ’ number or before the last -t T o T ““%
nunber. . :
4 . . e . A
/ 2 It is not right. Explains The student identifies two num>= _ - T
o ‘that"the sum of 2 and 3 is bers as constituting an addition ' "
. not 4, or that 3 is not the problem, a third number as the P %
sum of 4 and 1, dependintf~ sum, and then makes a. judgment ’ .
~ on whether the direction of as to whether or not the third
. °  the operator-is from left numbéer is ‘the sum of the first ’ .
’ : to right or from right to two. The equals sign helps the - ’ -y
- .. left. ' students decide which numbers 3
- . : ) ~ make the problem and which o
i ’ . g number could oe the sum. ’ Te ¥
¢ 3 It is not right. Explains The student identifies two pos- , B
- *  that neither 2 +.3 = 4 nor sible problems, In one case the ,
%’it4 + 1 are right. ~ sum is on the left of the equals
' sign and in the other case the Tl
N ) sum is on the right. The equals o=
45;7 - sign is only a symbol which - .
~ . . v helps the student identify a
o ) . problem and a sum, but in this
e . case the studeht recognizes the :
’ ' existence of two problems. A
9;.__ﬂ' 4 It is all right. Explains. In this case the student views
[ . thatboth 2+ 3 and 4 +1 the equals sign as a symbol -
. :”;‘ﬂ " are names for 5. which denotes a relation between ¥f j
@ ' T two names for the same number. B R

It can be observed. from the data presented in Table 13 that at the time of -
the first evaluation (Decerniber),.four of the seven experimental students
viewed equality in a manner as described by either Category 3 or 4, and that v

»
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Table 13. «
Students' Views of Equality by Categories

o . ) . . . .

Experimental Control

- Pair )
’ December June - Decémber June - °
1 @ g 2. . 2
LT3 -3 -
3 "3 2 3 4
4 1 3 2’ 3. )
5 3 3. 0 .0
6, 171 - 0 o -
i 7 1 i 1 0
aNumbers correspond to category labels ST L e

described above.

?Students in pair 2 did--not -participate--
in the final.evalutioh.

»

only one student in the control group viewed equality as descrlbed in Cate-
gory 3. At the end of the experimental period (June), three of the six
students in the exper1menta1 group had a concept of equallty corresponding to
Categories 3 or 4, and only one experlmental student had not progressed
beyond. Category 1. Although two students in the control group viewed equallty
* as described by either Category 3 or 4, it can be observed that three of the
six tontrol students had no comprehen51on of the meaning of the equals sign.
Thus, the data in Table 13 indicate that the students in the experimental
group general 1& had a deeper understanding of equality at the time of -the
first evaluation and that they maintained this advantage throughout the year.
It can also be observed that the.growth in the students' conceptualization of
equality was minimal. . ’
4

The data obtained.from this teaching experiment do not support the
conjecture that if students (first graders) are provided with appropriate
instructional experiences in which they encounter the use of the equals sign
in a variety of sentence forms, they will learn to view equals as a relation
between two numbers. In fact the .evidence is quite to the contrary. Name%y,
the development of a first grade student's concept of equality as a relation
is not merely a mattetr of instruction. In particular, the data suggest that a
first grade student's experiences with equality in the context of addition,
subtraction, and missing-addend equations are not in themselves totally
sufficient to develop the student's conceptuallzatlon of equality as a
relation between two names for the samé number. Rather, among first grade
students the development of this concept of equality appears to be dependent
on other factors such as the student"s~dbility or intellectual development.

o L “
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I%PLICATIONS FOR CURRICULUM DnVELOPMENT AND FURTdER RESEARCH
J': /
. The results from this study of. first graders conceptuallzatlons of
..~ equality suggest .that currlculum designers and mathematics- researchers should
give mor= thoughtful consideration to the development of equality as a
concept. This is especially true if the ultimate goal is for. students to view
equality as a relation between two numbers. In particular, attention should
be given tq the developmént nf a sequence of instructional activities appro-
priate. for specific grade Ievels, exp11c1tly directed toward the development
of equallty as a relation and to the appropriate placement 'of these activi-
tles within the mathemdtics curriculum.

épeclfically, there are four problems which should be addressed.

PN T AP TR I

A

T
L

Séntence Structure. In most curricula students primarily encounter
1equatlons of the form ‘a © b= c. The results from thlS study 1nd1cate that
-exﬁbrlences with other sentence structures (a = a, a =b o'c, and

a.o b = ¢ ° d) had no adverse effects.on ‘the students-l attainment of addition,
suntractlon and place value concepts and skills. Furthermore, such experl-
ences contributed to the students' development-of a more flexible view of
equality. However, the data from this study did not indicate that that
experiences. ‘with various sentence structures contributed to the first graders'
_understandlng of equallty as a relation.

"It is conjectured that, if the intensive instruction on equality were
continued in later grades, the effects on the students' learning to view
equallty as a relation may be significant. This is an issue which needs to be
1nvestlgated further.

- A
.

Symbolism. The results from this study and other studies 1nd1cate that
‘first grade students view the equals .sign as an operator. That is, as a
symbol which separates a problem and its answer. Data from other studies
indicate that this view prevails for several years. Thus, if students .are to
eventually learn to view the equals sign as a symﬁol which connects two names
for the same numbex, they must unlearn a point of view which has become
firmly entrenched. - . :

] .
Perhaps curriculum designers should consider the use of a symbol such as
an arrow (—>) to denote the one-way operation until such time as the
students are capable of understarnding equality as a relation.

Placement. Data from this study and other studies clearly indicate that
students do not detect a view of equality as a relation from their work with
equality in the context:of computational problems. The data suggest that
students need instructional activities which explicitly develop the concept
of equality as a relation. Therefore, a careful study should be undertaken to
determine at which grade (age) level most students are capable of understand-
ing equality as a relation and then infestigate the nature of instructional
activities which would be most effective in teaching this concept.

Language. Data from this study indicate that some students (control
group) who were taught to read the equals sign (=) as "the same as" developed

36 . -
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" the same flexlblllty in accept;ng a varlety of sentence structuxes as the
_students who rece;yed the experlmental.tceatment. This suggests that to teach
students to read- the sxmbol (=) as "equals“ may inhibit the students'
development of a more flex;ble notion of éfuwality. This ssuggests that the
effects of using dlfferent verbal names for (=) should be investigated in

studies which are explicitly concerned with this issue. - .
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‘Introdaction of.Equéiitz '

R

10.

1.

s L - . +
¢ T <ot

|

A. - Concepts and skills taugbt in thi$ uhit included: : S

e 0 ' - Lot ) .
Coficept of weight.-

-

Skill in using a balance to weigh an object.

J

Concept of a unit weight.

Conéept of two pbjects having the same weight. . . :
x ¢ . [

Concept of §ymmetry in welghlng objects-—that is, an object’will

welgh the same whether 1t is pla-ed on the right dt'left 51de of |

the ‘balance. .

o . v
-
“

" Skill of recordihé the weigﬁﬁ'of an object on a worksheet.

8 . .
Concept of two sefs'of units being equal in Weight.

..

Skill of constructlng a balance model based on 1nform°*1on prov1ded_
in a wrltten exercise. -

'
I4

Skill.of using equals and not equals sign to show whether two sets
of units do or do not-have the same weighrc.

"

Concept of truth value of a statement.

B. .Observations of students' behaviors included:

All students ‘had an intuitive understdnding of:
weigh the same, and (b) This (object) is heavier. That is, by hold-
ing obje&ts in their hands the students could determine whether two

objects weighed the same or which one was heavier.
£
%

The students knew that a scale is used to weigh objects.

The students had no difficulty in understanding how a balance is
used to weigh objects. That is, the object to be weighed is placed
on side; units are placed on the other side to maké the pans level;
and the weight of the object is determined by countlng the units.

The students had no dlfflculty in accepting that two different ob-
jects could weigh the same. -

The students knew that moving an object from one 51de of the balance
to the other 51de would riot change the weight of the ob]ect. ’

The students understood the procedure of recording the weight of an
object, but most (all but 2) experienced considerable frustration
in relating the left-right sides of the balance to the left--right

. 41
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(a) These (objects)

N . . s i




;meanlng of right and left.

L lish a correct correspondence between the balance and, worksheet.

_than -on whether or not the pans were-level.

10.

12,

Introduction to Addition (Sums % 6) .

'Students accepted -that two sets of units _could have the same welght. - :*};
. In determlnlng whether or not two sets of units had the same weight, oo

‘Students had no difficulty in learning to construct a balance model

.Students learned to read orally sentences llke 5= 35 and 5 # 4 with- - .o

el
[

“
LR S < . ~
.
L9

Basically, these students’ did not know the
Lebeling the sides of the balance and e
the worksheet as L and R made it easier for these children to, estab- . s

sides of a worksheex.

<

the, students usually. relied on the number property of the sets rathér
That is, they knew that
if the number of units in each ‘set ‘was the same, the weights. would
be the same, and conversely. . . .

.

-

"Equals" ‘means ‘Same amount on both s1des--pans are level. Students ° L3
quickly :learned to use an equals sign to show that WnghtS were the
same,,a .not equals sign to show that welgnts were unequal.

based on ;Lnformatn.on provided by written instructions (e. 9., E“) E

and thef usxng or'# to complete a sentence (e.qg., [2] # lﬂ

out a great deal of dlfflculty

After working 2 or 3 exercises, three students (N, M, J) did not R
consistently use a balance in completing sentences like &8 . ;
or r\O @ . The other stuaents continued to use a balance, but ’
their behavior indicated that they did so because {a) they felt that

they were expécted to ‘use, 2 balance or (b) they wanted to verify’

their answer. .
Students had no problems in stating that 5 = 5 was right, but at
first they did not accept the fact that one could write 4 = 6. Later,
however, they learned to indicate by making an X next to the equation,
that statements like this were not correct.

42
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I“ A. Concepts and skills taught in this unit included: ‘ -

Concept of addition--using two distinct sets to weigh an object.
Skill in recording weights by a pair of numbers.

. IS
Skill ‘in solving equations of the form “a = (J + [J

-

Skill in reading addition equations of the form a =b + c.

Skill in constructing balance models
a=>b+ c.

for equations of the form




6.

[N}

L

10.

111,

-B. Observations of students' behaviors inclgged:

w3

-
.

sk:.ll in solving equations of the form qﬂ; a + b.

’
K

skilI in u31ng or # to complete equations of the form a C) b+ c.

Concept of truth value of stdtements of the form a = b + c.

. o

-

Students had no problems in constructing two sets to determine the,
weight of an object.

Except for two students (J, M), the students at first had consider-
able difficulty in recording a weight as a pair of numbers

(Form O 0 ). The students tended to racord the total weight
(sun) in one box. ' ‘ Co

1

students readily accepted zero as an addend.
,

Stpdents accepted the use of the p1us sign (+) to mean "How many

altogether." - . -

" Except for three stuaente kD, J, M), at first students had problems

reading addition equations. Common erroxs were (1) omlttlng equals
and/or plus; £2) reading equals as plus and vice versa.

Given a set of n units con the left 51de, at flrst the students would
put n units in one region on the right side and then write n=n + 0
orn=0+4.n.

Students readily accepted equations of tile fcrm n = 0 + n and

n = n+ 0, because the numbers were tl'e same on both sides. They..
ignored the zero. Consequently the students were reluctant to accept
equations like 2 = 1 + 1, because the numbers were different.

Except for two students (Da, A), the students quickly learned to con-
struct a balance model to show an zddition equation, a = b + c. .
In the process of completing exercises of the form [F] = [J + [J
two students turned the worksheets around so the equations were of
the form* 0+ O = [J . 1In either .case, students first construc-

.ted the addend sets and then the sum set. At first students construc-

ted the sum set by trial and error, but then discovered that tHey
could count the addend sets to determine the sum set. -

Students had no problems in learning to use the halance to solve
problems of the form [J] = a + b. .

Students could tell whether equatlons of the form a = b +¢c or a #
b + ¢ were right, but most based their answers on the number of units
on each side rather than on whether or not the pans were level.
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12, After showing a sentence llke S # 1+ 3 on the balance, students

13. ,Students qulckly observed that a model” show1ng 5 =

could change the balance to make it equal. -

4 + 1 could be

changed o show 5 = 1 + 4 by switching the addend setsY¥

14. Except for two students (D, M), the students were generally unable
* to find all so6lutions for equations of the form a‘= O +9 -.
Except for using the CPA (comment 13 above) all work was by trial

and error. -

R

¥ o Introductlcn to Mlss1ng ‘Addends: (Sum“ 8) ' ’

a:

Concepts and skllls taught@ln this unit included:

1. Concept of a missing addend-—re;atlonshlp betwoen balance models
and. equations of the forms x = b + E] and a=[ + b.

2. Skill in solving missing.addend problems (a = b+ ] and ° = g +
b), grouped by sm families.

[N

3.~ Skill in reading nissing addend equations.

" 4. Concept of relating additicn problems and missing addend problems.
For example, establishinc a r<lationship between 6 = 2 + | and
A= 2+ 4.

5. Skill in solviné addition and'missing addend problems which contained
3addends ( Q =a+b+c,a=0 +0 + 0 ,a=b+c+ O,
etc.). ' ) .

Obuvervations of students' behaviors included:

1. Studenﬁs (except N) had no problems in 1nterpret1ng the meaning of L
missing addend problems, constructing the approprlate balance modeis,
and recording the answer. ;

2. Except for two students (D, students at first solved missing addend

- problems, grouped by sum fam lies, as independent probltms, That is,
they removed all units frcm the balaiice.
(a) that they could leave: the sum set unchanged, (b) that after solv-
ing 5= [J + 3 they could sclve 5 = 2 + ] without constructing 2 new
model, and (c) a model €or 5 = 3 + ] could be obtained by sw1tch1ng

the addend sets from one region to the other region. (R

3. Students did not rely on a strict one~-to-one correspondence between
the balance model and an equation to solve an equation. That is hav-
ing set up the balance to show 4 = 3 + 1, they could solve d=3+1,
O =1+34=3+0 ,4=1+0 andd =10 +3.

4. Although stude; :s observed relationships between certain pairs of

-0

Later,. the students observed



4

and 4

missing addend problems (4 =

addition problems { [J -

3+ 0
=4+ land [ =

=[] + 1) and pairs of ‘ o

1 + 4), the students -seem=-

lngly did not relate missing ‘addend and addition problems.
T example, after solv1ng 5S=4+ CJ
from the balance before solv1ng 0O- =14 + 1.

5. Two students (D, M) dlscovered a pattern<in using the .balance to

For

P théy would remove the units

L

*solve missing addend problems in a sum family:.®

For example, after

solving 5 = 3 + O

¢

- 6.

Thntroduction to Subtraction (minuend £ 6)

1. Concept of subtraction (tzke away). N

3. Skill i égins;xdcting'a balance model to . show a subtraction'equation.

2+

A. .-Concepts and skills taught in this unit included: - °

?

. they would move one unit from the set .with 3
units to the set with 2 units to solve 5 =

Students had no difficulty in solving problems with' 3 addends.
. s © - ®

_Skill in writing equations to show a take away situation (a = b - c).

» - . .
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in reading subtraction equations.

5. Skill in solvimg subtractioq problems (

O =a-b).

6. Skill in usiné = and # to complete sentences of the forma Q b - c.

7. Skill in solving problems of the forms a=b - anda=0 -0 .>
8. Concept of the truth value of ‘a subtraction equation.

Observations of the students' behaviors included:

1. Students had no problems in solving the introductory subtraction
\\\ (take away) problems; for example, putting 3 units on left side, S
N units on right side, and then removing 2 units from right side to

\ make the balance level. .

2. Students generally had considerable difficulty in learning to describe
(verbalize) the subtraction process, that is, to write subtraction
equatlons, to read subtraction equations, to construct a balance
model to show a subtractlon equation. Their difficulty seemed to be
attxlbuted to the following facts: (a) There was not a clear corre-
spondgnce between the balance model and the equation, (b) The sub-
traction process was more involved than the addition process;, and
(c) subtraction problems were treated as addition problems. -

3. From the beginning one student (D) did not use a balance to solve.
subtraction problems.

) 7 ' 45
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'Except for two students (D, M) students had difficulty in distinguish-

ing_between [] = a'- 0 and EI =a - a. 2
Students had.no problems in usxng or #-to”comélete sentences of the . Lo
form a O b-c s -

‘Students readily understood equations of the‘form a =b - [J . Their o
only difficulty in solving these problems was that they would place | . T
. ‘the units they took away, one at a time, on the table with -the othes "
- ‘ ‘units; thefbfore, they had no easy way to determine how many they had .
taken c_‘ay. Lo . S -

i & de .Students learned, WLthout dlfflculty, to solve equations of the form . B

3 e Tt . as= Os- D . '

: ‘ - 8. Three students (D, J, M) observed a pattern in sol#wing equations in

s ' exercise sets where each- equation was of the same form (a =[] - O ). B
L The other student< worked such problems by trial and error, often re- . :
peating a specific equation several times. T T <. e

- . . . oo @
. .

i ‘ 9. Two students (D, M) were not consistent i.. reading subtraction problems
from left to right. They would on occasion read an equatlon like 3 =
5 - 2 as "Five take away two’ equals three."

'10. By the tame this unit on subtractlon'was comp}eted, three -students
. ' 4p, J, M) were solving subt;actlon problems withdut tising their bal- !
} -, )/ ance. However, two of thest students (J, ) would fraguently use their -
: * . balance to verify their answers.
11. Students had no problems*in determining whether or not a subtraction .
equation was correct. Also, they could change an equation to make it
< ‘correct, with or without using a balance.

: 12. One student (D) consistently reads = as "the same as." He explained
: to the other students that "equals" and "the same as" mean the same
thing, but the other students continued to read = as "equals."

Introduction to Greater Than and Less Than (N £ 10) .
‘ ' . * 1 4
A. Concepts and skills taught in this unit included:

s 1. Concepts of greaéer than and less than.
* ’

2. Skill in showing greater (less) than relations on a balance.
; ¥
3. Sklll in reading sentences which include the phrases "is greater than"

and "is less than." . "
" .

4. Skill in identifying numbers greater (less) than a given number.
. : )

5. Skill in using > or £ to complete sentences of the form a O b.

°
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Skill in reading sentences Sf the form a > b or a <b. .

Concepts of one more (less) than.
Skill in identifying a number which is one more (less) than a_given
number. ’
i 'S - - ’v . L’
Cbservations of students' behavidrs included:
1. " Prior to the introduction of this unit the students had demonstrated
an understanding of "more. than" and "fewer than." --Except’for-two
'~ students (Da, A), the students related this knowledge to the terms
"greater than" and "less than." .
2. Except for two students (Da, A), the students could verbalize how great-
‘er than ‘and less than relations could be detected frcm.the balance.
.For example, some said, "THe side with more ‘Goes down." Alsoc, sone
' reasoned, "9 Is picking up 7, ‘so 7 is <less." .
3. _Exéept for two students-.{Da, A), the students readily learned to read
sentences sudh as: Ej is greatersthan 7; 6 is less than C] ;9 is
greater than 6. o ’ ‘o

They religd instead-on their knowledge of the ordering of numbers.
R A ;o
5. Students made numérous errors as they completed the written exercises-

" involving the terms "is greater than"-and "is less than." The errors
‘were not due to conceptual difficulties, rather the arrors were attri-
‘buted to the students' failure to read the sentence. For example, in
completing a sentence like "7 is less than D " they focused their az-
tention on 7 and less, and then wrote a number less than 7 in the box.
When asked to read the completed sentence, the students immediately
detected ‘that it was wrong and corrected the error. g ¢

6. 'The students experienced considerable difficulty in learning the signs
..> and < . They could not remember which Sign was greater than and
which was less than. Clues like "The‘arrow points to the pan which is
up" did not help the students in deciding which sign to place on the
balance. '

\\2. The-students (except Da, A) could complete exercises like a C)‘b if
. the following clue was written on the board: less . . . <L i greater

e e > . .
.

- »

8. The students were not successful in learning a:technigue for using a
balance to cbtain an answer for questions like " [] is one more than
7" or " [[] is one less than 9.". Rather, they avoided'the ‘use of a
balance in answering such Guestions and relied entirely on their

knowledge of the ordering of numbers.

-
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4. Students completed mist exercises in this unit withcut using a balance.
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. . » . * N .
The concepts of "i$.dne more than" and 1is one less than" were ve
- . difficult for all but 2 students’ (D, M). The dsSessment is based ‘on
: ~ thé fact that.the students were generally unsuccessZul in cbmplet;ng
: sentences like " [ is one’ more than 8." ..
: 10. The students were given maney exerciSes involving how many more. %qi_
T ‘example, a Student was jiven 5¢; an object rriced at 7¢ Was held «p;
e - the student was asl.ed if he had enough to buy the object; then how
: many more oenn;es did ke need. Students coyld use the balance to
Lo <7 ‘ solve these problems but they were more proficient in using the;*
fingers ‘or mental iomnutat.ons to find ﬁe answer. M &J
. " Introduction .to Place Value' (N 5;19) - -. i ‘
- N - 3
; . . . !
: .- ‘A. Concepts and skille taugﬁt'in this unit included: :
‘ . . ' 'y - . . N
A 1. Skill in rote counting\to 19. | ) * . -
R . . Lo “ . P A
’. v K . K
SN - 2. B38kill in counting/const*ucting sets with up to 19 unizxs. OO
;‘ ) . 3 “. ” - . ‘: \.‘ - & =§ / i‘ "“ k4
7 4 3. Skill in redding/writing-numeral$ 11-19. | v ',
. 4, Concept of a long (ten) being equivalent to ten units: :
« - s, _Coricept of a number greater than 10 & ing so many more than 10--13 is’”
3 more than 10. _ : : . <
: 6. Skill in using longs (tens).and units to represént a number greater
- .than 10. . ) i R :
: ’ : : S . )
: 7, Skill in representi ting a number greater.thap 10 in exoanded fofm.
. H 4 - - R
" * « 8. Concept of truth value.of statements involvirg expanded form.
- i ~ « = < 7. 3 L * .
; / 3. Obser‘ftions of students' behaviors included: e e
-er w L4 o . -~ . v
/ ] hd
/ . . 1. sStudents ‘readily’ learned rote and ratlonal counting skills., - .
2. Students *eadllj learned to read and write numerals 11-13,.
- s
',. e ‘ . . .
: - 3. Students rgé&lly accepted 1 ten as being equivalent t0.10 units
. ! w s s
- -;7 4. Students readily learned to answer questions lil.e""13 is how many
T8 more than 10?" and to use the balance %o answer the'questions.
' - 5. Studernts exnlblted no difficulty in completing expanded ' ferms for
. exercises like: [] d ; =1 ten + 5; [] 10 +-3.
Except for two stuuents (D, M) the students at flrst used only units
FERCEE in constructing sets for numbers greater than or’ equal to 10, except
. that they would use a long to represent 1 ten. After some experience
with exsrcises involving 1 ten and 10, they began to uge longs in
const -'calng sets for numbers greater than or equal “o 10. At first
) . . the students made many errors in completing exercises like
. . .
48
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The eryor became less frequent as the students accepted ‘"] ten" and

‘the .statement’ she corxected he* answer.

Addition,

18 = _+[:]. They wrote: 18 = 1 + 8., This apnarently was not a
conceptual problem, rather they J.ntended for the "1" to mean "1 ter."

"10" as being equivalent. - <o

1 4

\1uxcept for one student (D), !students used thelr balances in determin-

1ng the truth value of statements like: 14 =10 + 4'or 12 =1 ten'#*
2. One student "verified" that 15 = 5 tens + 1 by putting 15 units
on one side and 5 units andll long on the other.  When'asked to read

°

uxcept for one student (D), the students do not seem to apprecxate
the place' value aspect of numerals fgr numbers greater tham 10.
(They had not recélVed explicit,. instruction on this concept.) For ,
example, in using the balance to solve 14 = E]-+ E] -they could
show 14 on the left side as 14 units or 1 long and 4,nn1ts, immedi~
ately put a long on the right side (they know’ that 14> 19); wrlte
10 in first box, add units one at a time to the: rlght side un%ll it
balanced, and then count the units on “the right side before wr-tlng
4 in the second box. . ™~

\‘ 14 * -

7$ Sum/Minuendé_ 10 R

o

Subtraction, Missing Addends:

3 a.t Conceots and’ sk;l‘s faught in this unlt 1nc1uded?ﬁ

1.

9.

B. Observations of the students}

1.

L] ~ » '

’
14

Concept of sum families--finding all solutions to equations of the’
foma-=[]+ [J - o "\
Sxill in solving #ddition problems, [ ] = a + b.
Skill in solving‘addifion problems with 3 addends.

Skill in using = and ¥ “to compiete seritences of the form a C) b+ ¢
or a(:)b + &+ d. '

. Concept of the truth value of an addition equafion.

Skill in solving missing addend problems of éﬁg‘form a = b +
a= +b,a=b+c* E] ’ =b + E] +-cora-= Ej b+ c.

-

Skill in solvxng subtractlon equatlons of the - form E] =a=~-bor

a=b - [:] .
Skill in usidg = or # to complete sentémces of the form a(:Db - c.

Concept of the truth value of a subtraction equation.

‘behaviors included: .
) .

Except for two students 4{Da, A), the students

the addition facts with sums 6 or less. That

had memorized most of the easy a

had not lea

had a ¢ood command of

is, these five students
- facts. The two students who

t‘hé easy facts recei‘vx additional ‘driil on the easy

-

* ‘ . : < . 49
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.t " /. facts while learning the harder facts.

i 2. ‘Students had no difficulty in extending the computation of addition "
FIEa / facts- to sums through 10. Three studénts (D, -J, M) computed the ' T
: / harder facts without the aid of a balance. They used their fingers, B

but ‘they could demonstrate the' computatlon process on the balance ) ;

'/ when asked to do so. . oo +]
Il ’,
, 2. Two students (D, M) could make up addition pcoblems witn sums greater “QQ.

\ -

/- than 10. . o - :
! . L ?‘

. 4. Students had no dlfflculty with 3 addend addition problems.

;‘,, , 5. Students demonstrated that they could use = and # to complete senten- 6 |, o
% . i ces of ehe form a() b + c. Except for 2 students (D, M) the studeénts )
’ used their balances. Interestingly, most students counted the units

on each side of the-balance to determine whether to use = or #, rather:£ -

N - .
\ . =

1/' than relving oa the posittidén of the pans. . s ‘3
'Y . N

. j : 6. Students could determine the truth value of an addition equation. ¢

gj, f R Given 4n- equation and an inappropriate balance model, the students :

N would not say that the model was wrong. Rather they would desczibe -

%"/ ‘ the problem-shown on-the balance then tell how it should be changed i

N . .

: equation. ‘

. to make it show the written equation. e

e 7. Students had a0 dif;ficuIty With_missing ‘addend problems. Except for .
¢ *  two students (D, M), the students used their balancas. ‘
N - 5 . . o '

8. In solving missing addend ‘problems, grouped by sum families, the stu-
dents would leave e sum. set on the balance and construct only the
addend sets- )

-

Students nad’ no diffirulty in solving tHe harder subpra:E?on problems.

Most incorrect responses were due to counting errors rather than nis-
conceptions. . ~ . : e
. - ™ 3 -~
Occasionally a student woul " reverse :the pans on his balance, that is,
put the 2-region ‘pan on the left side. This change, however, did not
cause the students problems in, SOlVlng equatlons.
2 i
‘At the end of the units stvdents weze begmnnlng to discover more ef~’ 2
ficient ways of constructing balance problems by modifying an existing
podel to solve the next problem. For example, haV1ng solved 8 = 5 + 3
on the balance,'the student would remove one unit from the 8 units and
add one unit to the 5 units_to salve 7 = 6 + Ej . ,In other cases
they would modify’ the addend sets on. the balance to solve a different !
addition prcblem. For-example, after solving [:] = 5 + 4 rather than ,
‘removing the addend sets before solving [] 4 + 3, they would simply /
ramove one unit from each addend and then determine the sum. /

\ I

Two students (D, M) when asked to make-up problems occasionally wrote
them in the form a+ b=cor a - b = c. N

7 /

b
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lls -
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1s6.

17.

‘ 19.

R

18.

2

. complete an entire exercise set without using a balance, usually

Introduction to Conventional Forms of Writing Proplems

..
[}

In solving &ddition and subtraction prob
dents use only one side of the balance. For example, they only count
the units remaining aft:: the subtranend had been taken away to de=-
termine the &ifference iu subtraction problems. Similarly, they count
the addend sets- together “without constructlng a separate sum set.

leris on a balance, most stu-

Thie o wan

Students were introduced to buying/selling problems. At first the
students did not relate these problems to addition ancé subtraction.
For- example, when ‘shown an object which cost)2¢wand another object
which cost 3¢, the students would not accept that—the total cost
could be determined by addlng 2 and 3. . ’

Students have no problems with zero as an addeng, but most are ‘con- . \»

fused by zeros in subtraction. Specifically, thev confuse problems TN

of the form[j = a < a with problems of the formD--'a-Owhen ) .
demonstrating the solutions on a balance. The problem seems to Le i

that they first mentally determine the answer then took away the.— ~
answer. To solve =9 = 9, they 'put 9 units—on the r right side,
think 9 take away 9 is . zero;”take away -zero, thus tHe answer is 9 .
__Similarly, thé answer to = 9 «0, . .
13
Except for two students (D, M), the students had considerable diffi-~
culty in making up problems on their own, even when it was suggested
that they first show a problem on their balance. It seemed that they
were hesitant to make a decision as ko whlch numbers to use in stating
the problem. @

©
H
.

\
|
|
|
|
3y the time this unit was completed, all students were attempting t9
work problems'without the aid of a balance? However, when they en-
countered a problem they could not solve mentally or on their fingers,
they returiied to the balance. In other instances, a student would :

correctly,.and then use the -balance to verify the answers. .
at the end of unit, when sums of 9 and 10 were introduced, the stu-
dents were completing the third cycle of being presented addition,
missing addend, «nd subtraction problems This spiraling procedure
seemed to have an adverse affect on.three students (A, Da, N) in that N
these students occasxonally misread problems and/or.constxuct a pal- i
ance model appropriate for another tyne of problem. Prior to-the
third cycle these students had exhibited no evidence of confusing the
three types of problems.

-~

1.

2.

Q

ERIC

Aruitoxt provided by Eic:

Concepts and skills_taﬁght in this unit included:

Skill in solving addition problems expressed in the form a + b

L3

-

or ‘a.
+ o7 - )

* ¢

ction problems

Skill in solving subtra

expressea in the form




~b .

) 3. sk111 in solving missing addend problems expressed in the form
R ’ ‘a+ —bl '+a_bl a . . . M
[ - I O
., . b
‘B. Observations of students behaviors included:
Studénts were not introduced to the conventional forms uptil-mid-
April. Their first encounter with such problems occurred when their
- assignments included pages from a textbook. None of the students
experlenced any difficulty in interpreting the meaning of the pro-
blems or.in. reading the’ problems. . .
. . . -

< Addition Facts (Sum< 13)

A: Concepts and skills taught in this ‘unit included: .
. . K v ) N ‘ - Y

1. sSkill in using a balance tc-find several pairs of addends which have
the same sum~-Find more than one solution for equations of the form:
a0 - . -

. N - -

Skill in computlng addltlon facts, sum greater than 10.

: ; oncept of relatlonshlps which est.blish-the equivalence of two ad-
dition problems--Solve an equatifa of the . forma + b [:]+ ¢ without
. computing sums.

4, skill in uéing =, >, and <:to complete sentences of the forms:
b + ¢ and a + b(:>c + d.

5. Concept of the tfuth value of an addition equation.

. . v
. B.. Observations of thé students' behaviors included:

1. The students had no difficulty in finding at least three pairs of ad-
) dends for each sum: 11, 12, and 13. In completing' the exercises the’
. students consistenﬁly made use of the commutative property. For ex-
.ample, having written 12 = 7 + 5, they immediately wrote 12 = 5 + 7
as the next equation. One student’ (D) used a sequence pattern in com-
. pleting the exercise sets. For example, he wrote 13 = 10 + 3,
. 13=9+ 4, 13 =8+ 5, etc.
2. The students had no difficulty in usihg a balance to solve proklems
“of the form = a + b. Having constructed the addend sets on the
rlght side of the balance, they would put a ten (iong) on the left
side and add units to make it balance:. To determine the sum they
counted on from 10. When the sum was less than 10, the students im-~
mediately removed the -long and replaced it ‘with units. After some
. experience in using a balance, some students abandoned the balance
and began using their fingexrs as the latter method was quicker;

52




v
RERS T PT R
,
>

.

R IR |
o
-

others counLed the adcend sets rather than éonstructing-a sum - ;
set. . 3 : N ‘ -

~ .

v

w =

. -
Modadai

By the time the unit was completed, only cne-student (a) conSLStently

used a balance to determine sums. One student ‘D) used his fingers

or recalled sums from memory, The other students nad developed a new-’ .

strategy:; they used units to construct addend sets but placed them on f

: the tabl® rather than on the balarce. )

4. The students were reviewed each day on basic facts with sums 1U or less.

Some exercises included missing addend problems. Since the studsnts

had not encountered problems of this type for several weeks, they

tended to ‘treat such exercises as addition problems. . ) =
- ‘ ~ .

o 5. Students learned t&'verbal;ée a strategy for modifying a balance model

i .« used to solve one problem to obtain a model for a second probleim. For

: ’ example, the balance model shown 13.= 8 + 5. To solve =7 + 6,

. they say move one unit from the set of 8 units to the set of S unj*s.

e . " They knew the sum was 13 without recounting the sum set. Continuing

g " to solve'| | = 7 + 5, they would say take one unit from the set of 5

units. and take one unit from the left side (sum). They would determine

T the new sum'witnout counting the sum set. The above behaviors were

i observed during group dlscussions. However, when completing written

: : exercises, only two students (D,-J) used these relationships. . The:

’ others would complete such'exercises és an' independent ‘problem.

6. °“Students experienced cons:.derable difficulty with equatlons which had
- addends on each side of the egquals sign. They ‘could not at first
construct appropriate. balance models; they ignored the addend on the
side which contained a box ( ) and wrote the sum'of the addends -

. on the other side in the box, e.g., 8 + 5 = ¢4 + ; or they wrote -

5 "the sum of all these addénds in the box, e.g., 87+ 5 =4 + [17] . |

: Eventually the students learned t- construct balance models and cor- R

rectly complete the equations, but in doing so they did not use a

; relationship between problems, evea problems like S + 4 = + 5.

Except for one student (D), each problem was solved by trial and

error; that is, they found the missing addend by placing units on the

o=

balance one at a time until it balanced,-then they counted the units. . ~
. The one student who did not use the- trla-Land error strate used a
! * computation strategy. For example, to"Selve 5 + 8 = 6 + » ‘he

added S and 8, then asked himself, "What do I add to 6 to get 132"

E ' ' 7. When the children worked with problems of the form similar to a + b =

<t ey “eow o 4o

c + ‘the balances were set up so that there were 2-region pans
on eac Slde of 'the balance. During review exercises the §tudents
were given problems of the form =a+banda=>bh+ . The

students made many errors on problems of this type until one of the
2-region pans was replaced by a l-reqgion pan. Seemingly, the students
did not--perhaps they could not--establish on their own initiative a
relationship between the balance model and the written equation.

In particular,. the seemingly related each pan to a side of the .
equation and did not relate the fulcrum (a wooden block on the bal-

. ' ) 53 ’
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‘on the left side, 6 units on the rignt side, another unit
;SLde, and wrote 1 =
" set’ up the»balance to show 13 =

LRI

shown a balance .model and

ance) to the equals sign in the equation. This was evidenced by the
haphaza¥d manner in which they constructed or interpreted balance
models. For example, for solving .= 7 + 6 one student pué 7 units
on the right

10 + [:f
10 + 3, but wrote 13 = 10 + 13. )
Her reason was that it takes thirteen to make it balancde. As another
example, a student solved 7 = 6 + by putting sets of 7 units and\
6 units on the right side and ertlng 7 =6+ 13. Also, one student
solved 8 + 5 = by putting 8 units on the left Slde, 5 units on the;
right side, and wrote 8 + 5 = 3. -

This. confusion in relating a ba%ance model to an equation is a .
probable cause for the difficulties e students had in solving mis- )
sing addend problems. It should be noted that the students were not /-
explicitly instructed on how to relate a balance model to an equation.
Infererices to the relation°h1p was made in exercises of the following /

types: (a) ‘The students wey€ asked to. read an equation and then /
"what “does the sentehce tell us to do?"

7 + 6. Another student in solving 13 =

asked, 2" (b) The students were /
sequation and-~asked, "Does the eguation
tell us what is shown on™the balance?" A possible xeason for the tr/
confusion about relating a balance model to an equation was the intxo-
duction of conventional writing forms towards' the end of the year with-

out explicdit instruction in how to relate an equatlon like 3 + 4 =/

to.a balance model. _ o ) -
The students could detect more than:and less than relations frcm a
balance model, and they could verbalize a rationale for the relatﬁon,
but they_had considerable dlf‘lculty in completlng sentences of

form a b+ cora-rnp c +"d. The reason for this dlfflculty was
that they.did not learn the signs'<and>> . To.avoid this dif lculty
they would use the # sign, e.g. 3 + 8 ¥ 7 + S rather than writing

3+ 8<{7 + 5. Their rationale for determining the appropriate rela=
tionship was based on the number of units on each side of the balance,
and not on the position of the panst Thus in completing exergﬁses like
9+ 4 6 + 6 they would compute with or withoeut a balance both sums,
reason, '13 is not equal to 12," and write 9 + 4 # 6 + 6.

\

Students had no difficulty in determining the truth value of statements
like 3+ 8=7+40r 3+8=7+ 5. To do sB, they computed each sum
and then compared the sums. However, except for one student (D), the
students generally indicated that all sentences of the form a + b<Lc+ 4,
a+b>c+d, a<b + c, ‘a>h +'c were wrong. Their rationale was that
this was not egual so it must be wrong. Likewise, 3 + ¢ # 10 + 1 was
wrong because it was not equal. It ‘'appeaved that the students associated
equals with being right and not equal with being wrong, except that equa-
tions like 13 = 7 + 3 were wrong bécaJse—the sum of 7 and 3 was not 13.

Place Value (N.S;29)’

A. Concepts and skills taught in this unit inicluded:

1.

54

Skill in rote/rational counting.

“




U 2. Skills in reading/writing numerals.

3. Skill in using tens (longs) to construct sets for the numﬁers 20-29, .
o 4. ’Skiil in detexmining the number of a set contalnlng 2 tens (longs) and
’ : up to 9 units. -

-
. . . . !

© 5. Skill in expressing the numbers 20-29 in ‘expanded form.

B. Observations of students' behaviors included:

+

: 1. Students readily learned rote counting, rational cdunting, reading and
E writing skills. ~

< N ‘ ' ‘.\
: 2. Only two students (A Da) had dlzflculty in learning to count on from

‘

20. N

N )

; " 3. Two students (i, Da) reverted to using only units in construct.ng sets,
¥ . ‘rather than using a comblnatlon of tens and ones.

>

’

%gL' - 4. Only one student (D) is able to complete exercises like 24 = +
; - 20 + 4 or [:] = 2 tens + 4 without constructlng a balance model.

;
. - - —————
. B

L 5. All students readily accepted 20 and 2 tens as being equivalent.

[y ‘ 2. o

; Addition with at Least One 2-digit Addend: No Regrouping .
A. Concepts and skills taught in this unit included:
1. Skill -n adding 2-digit number’and a 1l-digit number.

£2. Skill in adding two 2-digit numbers. i b

B. Observations of students' behaviors included:

1. 3ll students were able to use a balance to find at least 4 solutions

to an eguation like 26 = [:] + . Most students made use of the -
commutative property in determining the solutions. . .
= N

2. Students:readlly learneé to use a balance to solve problems like
= 15+ 4 and 23 . Only two students (A, Da) apparently did not
+ 2 v - ’

detect the addition algorithm--add ones then tens. Two students (A,
.Da) worked very slewly and made many errors because they avoided us-
ing tens (longs) in constructing sets. They have considerable &if-
ficulty in counting on from 10 or 20.

3. Except for two students (A, Da), the students learned to use a balance
to add two 2-éigit numbers. These students first counted the tens and
counted on to find the sum. Only one student (D) detected the addition
algorithm and worked the croblems without constructing a model.

-

ERIC
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Subtractlon with Z-dxglt Winuends

No Regrouﬁing

A..

-

(o)}

anceots and skills taught in thls unit lncluded°

1. Skill in subtracting a 1l-digit number f;om a 2-digit number.

2. Skill in subtracting a 2-digit number from a 2-digit number.

Cbservations of students'

behaviors tncluded%

Only four students (D,'E, J. V) worked on this unit. . Three students (E
-3, N) learned to completé the exercises by constructlng an appropriate

balance model.

They used combinations of tens and ones to construct sets,
and took away the subtrahend set by removing tens and ones.

The other stu-

dent (D) quickly detected the subtraction algorlbhm and solved the problem

without the aid or a balance.

.

~
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APPENDIX B
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SAMPLE OF INSTRUCTIONAL

s
o~

o

MATERIALS: EXPERIMENTAL ‘'frZATMENT




< a
.

'I . e - .

: ' Representative lessons, teacher guides and student worksheets from the
. . ' experimental treatment are included in this appendix. The content of these’
: lessons reflects the deyelopment of the following major topics: equality,

N y addltlon, missing addends, subtraction, place value, and order. This selec-
tion of lessons does not include drill exercises or repetitions within major
" “topicg. Rather, the selection of lessons only highlights the important fea-
c tures of the experimental treatment.

<
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Bl
’ Introduction: _Concept of Weight '
Purpose(s):  a) To introduce the concepts that some objects weigh the same and that E
, some objects are heavier than others.
- b) To motivate the introduction of the balance.
4 g .
: ' Materials: Ten objects, each with a‘weight of 1,2,3,4,5, or 6 units:
N " V\ocabulary: Which one is heavier?
Which one weighs more? - .
Do they weigh the same?
- o LESSON OUTLINE
;\ S “ACTION : Qm-srums,"mmz("rmxs, IR
1. Hold up two objects.- different sizes; B ' \
\ weights of 2 and 6....... Meseseee et ....1DO THESE WEIGH THE SAME? .
A WHICH ONE IS HEAVIER?
Give objects to a Child. s evveenernnernennns DO THEY WEIGHT THE SAME?.
A . WHICH ONE IS HEAVIER?
e - ’ HOW CAN YOU TELL? .
2. Hold up two objects - different sizes;
same wedgnt (3)eeeerrrecrieeinnininecinnens REPEAT STEP 1.
3. Hold up two objects - same size; weights- ’
OF 2 aNd Sevrererrorernnonroasneeononsonsns REPEAT STEP 1. -~
/4. Hold up two objects - same size; same
/ b weight (4)vevmereninineeenneee P REPEAT STEP 1. :
' 5. Hold Up ONE ODJECT.enverennenaneereseses HOW MUCH DOES IT WEIGH? ‘
. HOW CAN WE FIND OUT?
WHAT DO WE USE TO WEIGH THINGS?
-Contintie-until someone (including the
teacher) states that we use a scale or
balance to weigh objects. ' .
/ ‘ \
. \
N \
\
3

Ind or Cont'd




“Introduction of Balance,

- . —m—-

I‘un\‘n-‘\g(»ﬂ":” a) lo_tcach how a balance can be used to weigh objects.

A=

Materials: Ten objects, each with a weight of 1,2,3,4,5, or 6 units.
- A balance for each student - unmarked pans.
A set of 9 unit weights for each student.

~

Vocabulary: Use your balance to weigh it. .
: How much does it weigh? . /
What does it weigh?

i Itweighs five units.

. 1LESSON OUI:LINIE N
L ACITON ) N QUESTIONS, DIRECLHRS, ETC.
1. Hold up an object - weight 3.......... ....| HOW MUCH DOES- THIS WEIGH?
. HOW CAN WE FIND OUT?
Place a balance on the table.............. THIS IS A BALANCE. WE CAN USE IT TO WEICH
- THINGS. . _ . .
Place object in left pan........eeieenenns FIRST, WE PUT THE OBJECT IN A PAN.
" "HOLd UP @ UMITassenrnonnuznornnoneuoneeess THIS IS A UNIT.
Add. units to right pan, one at a time. . )
Pause after adding each unit. After ‘ J
-the 3fd unit, wait until the balance k) :
COMES O TEOST. eovervsscvasossaonasasiosnns SEE, 3 UNITS MAKE IT BALANCE.

HOW MUCH DOES THE (OBJECT) WEIGH? .
IT WEIGHS 3 UNITS.

.

2.. Hold up an object = weight 2....ecvveenens HOW. MUCH DOES THIS WEIGH?
' , : ‘ HOW CAN WE FIND OUT? ¢
" Let one student demonstrate the weighing , *
PTOCESS . ¢ e vvseeeennnorreonnes e Cevevaen WHAT.DOES THE (OBJECT) WEIGH?

IT WEIGHS 2 UNITS.

3. Hold up an object - weight S.ie....versrn. WHAT DOES THIS WEIGH?
. (STUDENT) SHOW US HCW TO WEIGH IT. /
Let the student demOnStTate.........o.oeees HOW MUCH DOES THE (OBJECT) WEIGH?
IT WEIGHS S UNITS. 61 5
- [ N }; .

: gl or Cont'd /
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(44
1

t “«
* 1]
li-2-2
Lesson Outline Continucd
f - . . -
ACTION !{ QUESTIONS  DIRTCEIGNS L % ;
- -f’ ‘. - - )
3. Cive cach student a balahce, at most ! ' .
‘balances per tablc. !
Place several objects on each table......... NOW YOU CAN USE YOUR BALANCES TO Wil
. . . | THE OBJECTS.
WHEN YOU FIND OUT HOW MUCH SOMLIHING
WEIGHS, RAISE YCUR HAND, .ND TELL Mi
| WHAT IT WEIGHS. o
let the students weigh each object; help . P
individuals, if necessary, find the weight . \
of -.an- object. . .
If necessary, place other objects on- the ) 3 )
table to provide additional practice : .
' - - {
¢ ' 4
J -’ )
2
“ LN ’ 1
- N
. -“} ’
‘
' M ;I.‘).':
62 ‘ co .
Py A
b4 ’a q ] -~‘ * . ,.




. Wei gh_t%‘Ecmivale ce

+ . ‘?
fumpose(s): -a) To teach tuhmquu of using a balanc; ta dutcmmc whether ar e o
: : hso objects ‘have the same weight. . i . ~ A
! K - . . “y Tl
- - ° L " 4
. " . . . <

o

' [t ’ ~

Materials: Ten anects, each w1th a weight s.,p.,..,y« 4,5, or 4 wits. =
-\ ballance for cach student - unmarked pans. ° - L
A'set of 9 unit weights for each student-. '

=

: < ;,:"é
Vocabulary: 2o they welgh the same? et G o RN
LA Do they have the same"weight. . “ . Lo

. ‘b ’ o' .', ' ? ‘ S . f

\ ‘ g . M ~ . ) - . B --:.7

\ : N " ‘ - . : RS

\ LESSON QUTLIN - , B

1 S ToTmemI o

/\(‘.H\)N ’ : “ .QUI'S I'I_Ux\‘S., BIRFCTIONS, LI, : ""?;;f;f‘l

‘-::;AA v - . . i - T S A]

1. Hold up two object\s, same weight, . . . , ',;j
different SizeS...beeeieeroeeriieies nn "..| DO THESE WEIGH THE SAMC? Ty
o HOW CAN WE FIND OUT?’ -

< \ - - ~;

Follow students' suggestions............... SEE THEY HAVE THE SAME WEIGHT. = et

\ HOW DO WE KNOW, THIS? Tt N

NOTE: ¢ is not nececsary at this point . . ‘ R

#$or tl'\e.;‘.icudents to |know the actusl weight . B . - R

L :\ 2 R . - ';

2. Give edch .student hi‘[s balance and weights. ’ . AT N

:‘ Place 8jobjects on the table, 4 pairs "

with obiects in each wair having the - - .

same weight....... Fedieenn Cesierereiiaeas FIND TWO. OBJECTS WHICH WrluGli Tl Sof . ’

Let the pupils work O\i‘ this task ........... SHOW \iF. THE OBJECTS I\MU{ WEL-3 T €08 =0 -
3. Hold up two objects which have the same b B ) R )

weight.... il ieeiiiiienn.n, DO THESE WEIGH THE SAME? .

* Show only one of the ohjects............ ... HOW MUCH [OES THIS WEIGH®
N \ | HOW CAN WE FIND OUT?
> .‘ L - | WHAT DOES' IT WEIGH?
. Hold up the other ooJe\ct.\....‘. e " HOW MUCH DCES THIS mau:u-.f—
S T / ' HOW AN WE FIND OUT?~ ’
¢ \ ;HOW MUCH DOES IT WEIGH? * / g
. Hold \p both.objects. . ooderuurrnarrnrenn 5 DO BOTH OF THESE WEIGH | Aigse
S Q. i , { HOW DO WE KNOW? - R .
ERIC oy S8
| S . o End or Cont'd e




Introduction to Symmetrical 2roperty .

”~

__Pumposet=): a) To verify that in determining tie wnerght of an obiect, the o i
may be placed on either side of the halan:e ,
7 : )

A}

Materials: _ Balance and set of 9 units for each student - unmarked pan.
-10 objects, each with a veight of 1,2,3,4,5,, or 6 units. .
“Vocabulary:  This side of the balance. - > ‘ r
' The right side of the balance.
The left side of the balance. i ’
g LESSON QUTLINI R
. ACTION . - P CQusHms, DIRGCTIONS, FTC.
1. Hold UP an ObJeCte.eevveeerrurenrianennenes HOW MUCH DOES THIS WEIGH? ‘
" let a student find the weight........i..... IT WEIGHTS (___ ) UNITS. ,

Remove unit weights from pan. = SR
¢ Move the obj ect to the other pan.......... .| HOW MUCH DOES THIS WEIGHY '
Q";‘ ' : WILL IT WEIGH THE SAME?

f" Let a student weigh the object............. DOES IT STILL WEIGH THE SAME?
SR TO WEIGH SGMETHING; MAY WE PUT i1 ON-EIliji *
. ’ ' SIDE OF THE BALANCE? 1
Lo _ - : WILL IT.WEIGH THE SAME ON EITHER SIDE?
2. Gl\re each student a balance, a set of ‘
S unit weights and one object................ PUT YOUR OBJECT ON THE LEFT SILE. <
P . : HOW MUCH DOES IT WEIGH?- : :
2 NOW, PUT IT ON THE RIGHT SIDL.
o oo ’ HOW MUCH DOES IT WEIGH?
. ’ 1 DOES IT WEIGH THE SA.\[F”
i , |
3. Have the students take another object...... E PUT IT ON THE RIGHT SIDE.
5 : ~POW MUCH DOES- IT hLIGH”Lm
( 'NOW PU1 IT ON THE LEFT SIUL. - :
L . ' HOW MUCH DOES IT WEIGH? .
; *DOES IT WEIGH THE SAME? ;
E .?
N » . H .é\z
4. Let.the student weigh 2 or 3 other object,s,t %
usifg both sides of the balance. . . _ : -
R . . ] hg-l.ud or Gont'd




Recording Weights . ’ e

~ Parpose(s):  a) To teach how to record_the weight of vbject.
- "’/

A . - -

3
~ [

' : /
Materials: Balance and set of 9 unit weights for cach student ;- unmarked pans.

10 objects each with a weight of 1,2,5,4,5, or 6 units.
Record sheets - Form 1. !

-

Vocabulary: Write the weight in the box. ’ /A
. y:o ‘

- .
/ - . \
| :

*

~LISSON OUTLINY

s k. — - —
——

<

ACTION - COQUISTIONS, DIRECEIONS, bli,

1. Place an object on the left side. : ' -

Have a student weigh the object............ HOW MUCH DOES IT WEIGH?

!
Place a record sheet.in front of the , R
balance. = ! ' ' :

Point to the right hand box on the record ’
1= T R l (NAME) WRITE THE WEIGHT IN THIS BT

9

. Place an object on the right side.
\
Have a student weigh the object.
\

Place a record sheet in front'of the
balance. !

Point to the left hand box on the record : -
ShEEL. . v vrveeeneernnnaanananns Yoo, e + . WRITE THE WEIGHT IN THIS 20:.

F

— ;
3. Repeat step(s) (1) and (2) so that each |
student will have an opportunity 'to l
record a weigh. ) i
; —_
4. Give each student a balance and a set of )
unit weights. \ ;
§
Place 5 objects on the table. Give cach | » 65
student 5 record sheets...ocevverree cuvann 'WEIGH 5 THINGS AND WRITE THE WEIGHT 1IN
| THE BOX. .-
\ P

0 (i or Conttd . —
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Form 1

Left

Right

Left

Right

Left

Right

-

Right




Purpose(s): a) . To use the word equals in oral statements to describe the
relationship between two sets of weights.

Materials:

V-WC:II)I'..IIZII')": The weights are equal.

LESSON QUTLINE

ACTHON o QUESTIONS, DIRECTIONS, ETC.

Ed

. Place 3 unit weights on left side . HOW MANY UNITS? HOW MUCH DO THEY WEIGH?

a

Let a student use the balance to determine |
(verify) the answers.

Point to left side, then r*ght side DO THESE WEIGH THE SAME AS THESE?

WE SAY THE WEIGHT ON THIS SIDE -EQUALS
THE WEIGHT ON THIS SILE.

s -
. Place 4 unit weights on both sides ARE THE WEIGHTS EQUAL?

WHY?

. Place 2 unit weights on left side and ,
3 unit weights on on the right side ARE THE WEIGHTS EQUAL?

WHY?

. Place 1 unit weight on both sides..... ARE THE WEIGHT> EQUAL?

WHY?

End or Cont'd.




Intrdduce Equals Sign C .

Purpose(s): @) To use an equals sign in writing number sentences.

- Materials: Balance for each student - unmarked pans
12 unit weights per student.
Record sheets - Form 1 and Form 2.

Vocabulary:  None.

LESSON OUTLINE

\ ACTTION ) QUESTIONS, DIRECTIONS, ETC.
B
1. Give each student a record sheet - Form 1..| WRITE THE NUMBER OF UNITS ON YOUR
s "WORKSHEET. ’
. Place 4 unit weights on right side......... < HOW MUCH DO THESE WEIGH?

Let alx, student verify answer on the balance ' e
and record weights (Form 1)................ WRITE THE WEIGHT ON-YQUR WORKSHEET.
: ARE THE WEIGHTS EQUAL?

TO SHOW THAT THE WEIGHTS ARE EQUAL WE
PUT THIS SIGN BETWEEN ON. THE BALANCES.

e pilt equals sign on balances................ THIS IS AN EQUALS SIGN.

COPY THE EQUALS SIGN ON YOUR WORKSHEET.
Demonstrate on worksheet.

Point to equals sign............covvvunennn WHAT DOES THIS TELL US? |

" Point to!sentente.........o.iiiiiiiiinin. THIS IS A SENTENCE.
b \ . ) )
Vo WE READ 4 EQUALS 4.
\ ‘ NOW, READ THE SENTENCE FOR ME.

|

[ 3%

Give each \‘student a record sheet - Form 1.. | WRITE HOW MANY UNITS ON YOUR WORKSHEET.

4
i

\ -~
Place 3 unit weights in left pan........... HOW MUCH DO THESE WEIGH?

Have a student demonstrate on the balance
68 and record WeightS......oveevreeernennnnns. SHOW ME<ON THE BALANCE.

EMC . . Fnd or Cont'd e
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5
T

.~
.

E-11-2

ACTION QUESTIONS DIRECTIONS ETC.
| WRITE THE WEIGHTS ON YOUR WORKSHEET.
CAN WE PUT AN EQUALS SIGW ON THE BALANCE?
Put equals sign on balance.................. WHY ? :

Demoq;tréte ................................. WRITE THE EQUALS SIGN ON YOUR PAPER.
READ THE SENTENCE. -\
. Give each studentaa$Balance and record _ ) .
sheets - Form 2...c.cuniieiinnniiiiiiin., MAKE UP SOME PROBLEMS. e

~FOR-EACH PROBLEM FILL OUT"A WORKSHEET.

.

End or

Cont'd
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Matcrials:

Vocabulary :

U
1
'

ngp§pructing~Pr9blems From Worksheets

given on a worksheet.

{ﬁuposo(s): é)> To teach how to construct a balance situation based on information
i

b) To teach when to write an equals 51gn te show that two weights are

the same.

12 unit weights per child.
Worksheets E-11 - E-17.

The weights are .not equal.

LESSON

Balance for each student - unmarked pansfz

Write equais sign between the numbers.

OUTLINI \ )

o
Ls' ,(—"

ACTION

T"i:l ;«,;QUIB[!'IONS, DIRECTTONS, ETC.

. ?how workshe~t E-11 E

Have a student construct the problem on
the balance ................................

Put equals sign on balance.............. .

Have a student write = between the boxes...

N .
cee \ WHAT DOES [HIS WORKSHEET TELL US TO DO?

B“:}SLRE THE WEDGHTS EQUAL?

HOW DO WE SHOW THIS ON THE WORKSHEET?
READ THIS FOR ME.

Vv
}

-9

DO WE PUT EQUALS SIGN ON THE BALANCE?

. Show worksheet E-12

(721
s

Have a student construct the problem on
the balance......ooveiiiiieiiiiieeinoennns

Use not equal in explanation...............

’\

\

ARE THE WEIGHTS \EQUAL?

NUMBERS?
WHY?

WHAT DOES THIS WORKSHEET TELL US TO DO?

~ DO WE PUT AN EQUALS SIGN ON THE BALANCE?
DO WE WRITE AN EQUALS SIGN BETWEEN THE

1

2

3

72

Q .
ERIC |

.‘Give each student copies of worksheets

o O T e

DO WHAT THE hORKSHEETS TELL YOU TO DO.

‘SIGN BETWEEN THE NUMBERS.

‘ .
.« Ind ox, Cont'd ‘3
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IF THE WFIGFT EQUAL,{WRITE AN EQUALS
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E-13-1

" Iritroduce Not Equals Sign

Pumosc(s): a) To teach how to write a not equals sign to show that two weights are
' not the same.

-

.
A} o

Materials: Balance for each student - unmarked pans.
12 unit weights per student. .
Worksheets E-18 - E-29.

Vocabulary: Write a not equals sign. , T
e ¢ ‘ :
] LESSON OUTLJNE C et e —
L — ‘ . ;
. ACETON UESTTONS, DIRECTIONS, ETC.
Y . Q IONS, ETC
1. Give worksheet E-18 to ' . ‘
students......coeveeneens N WHAT DOES THE W_ORKSHE{T TELL US TO DO?
Have a student show on a balance....} ARE THE WEIGHTS EQUAL?
Put equals sign on balance..........d.l.... DO WE PUT AN EQUALS SIGN,ON THE BALANCE?

WHAT DO WE WRITE BETWEEN THE NUMBERS? '

the numbers.
Point tO SENtences...........c..... -eve.bs...| READ THIS. FOR ME.

2. Give worksheet E-19 E] 2] 1.

. STUdENtS. . e onnen s Ve OUTUUURT R o WHAT DOES THE WORKSHEET TELL US TO DO?
" Have a student show Om- ....... ...{ ARE THE WEIGHTS EQUAL?

DO WE PUT AN EQUALS SIGN 'ON THE BALANCE?

DO WE WRITE AN EQUALS SIGN BETWEEN THE
NUMBERS? .

-

Put not equ...s -ign on balance.

74 POINt O SIgN...verrrrreneniraninaes .i THIS IS A NOT EQUAL SIGN.

Point tO SENtENCE. . vv v v rveeenerrassenses

i

.| WRITE THE NOT EQUALS SIGN ON YOUR PAPELR.

I'nd ¢r Cont'd
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QUESTIONS DIRECTIONS ETC. .

2

¢

WE READ 5 IS NOT EQUAL TO 3. NOW, YQOU
! READ THE SENTENCE. .

.

....... .| DO WHAT THE WORKSHEETS TELL YOU TO DO.

IF THE WEIGH’I'S ARE EQUAL, WRITE AN
EQUALS SIGN BETWEEN THE NUMBERS.

WRITE A NOT EQUALS SIGN IF THE WEIGHTS
ARE NOT THE SAME. /

0

“:‘o() - ’ . : 4 * e ' M
" Ehd or Cont'd . ' A
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Practice Writing Mumber Sentences

- e nee

> N

3 d - . -

Pumose(s): ) /‘Po’ teach how to write
. . given situation on a balance.

Materials: [
12 amit weights per student.
‘Record Sheets -‘Form.1.

Vocabulary: ~ None.

." . §

9

2

a number sentence

b TP

which corresponds to a  \.

Balance for each student - unmarked Ig’ans.

+

L LESSON QUTLING

N

ACTION < -

qOISTIONS, DIRGCTIONS, ETC.

-

1. Give each child a record sheet - Fofm 1....
Place 3 unit weights in‘both pans..........

$

Have each child complete a record sheet.

WHAT DO WE WRETE IN THE BOXES.

ARE THE WEIGHTS EQUAL? .

HOW DO 'WE SHOW THIS ON THE BALANCE?
WHAT DO WE WRITE BETWEEN THE NUMBERS?

READ THIS SENTENCE FOR ME.

2. Place 4 unit weights in left pan; 1 unit
weight in right pan..................o0et

Have ecch child complete a record sheet.....

4

WHAT DO WE WRITE IN THE BOXES?
ARE THE WEIGHTS EQUAL?

HOW DO WE SHOW THIS ON THE BAL':\NC{:?
WHAT DO WE, WRITE BETWEEN THE MAMBERS .
READ THE SENTENCE FOR )E.

following pairs:

3); (3, 2);

3. Continue, using the
(2, 5); (4, 4); (2,
(5, 6); (6, <.

—— /

77
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¥ Lad

e Possxble method: write an X beside the

Truth-Value of Statement:s

- e

%

‘false.

Worksheets E 30 - E-36.

-a

i;mtcriqls: For each student: a batance, umnarked pans,~ 12 n;mts.

~E-15-1

Purposei<):  a) To teach techniques for determining whether a statement is true or

. : .
. — . a
.

4
Agree .on some: method for showing that the’
statement is wrue: circle the equation;-
ite @' C or V beside the equations.
Have “s$tudents mark their worksheets.

" Demonstrate on balance................oon.e HOW DOWE KNG
HOW CAN WE S}"OW THAT IT IS (I)RRECT"

W?

) Voc:mdlary: Is the sentence correct? ) .
R e -Is the sentence wrong? %
) - / E'
. . .- - 7 i . . ;E:-»
. : © LESSON OUTLINI LN
A— S ”, z
ACTION - ) ' ‘ QUI&S"!'H)?\‘) I)IRE(TI'_I()NS, TC.
I L , |
1. Show-worksheet E-30.700 chvvenvnnininennnnd READ THIS FOR‘ME
D T Ty T IS THE SENTENCE CORRECT?

X . A

2. Show workshieet E-51.....eereieiiiiiereen .. READ THIS FOF _
IS THE sam_k?a CORRECT?

g

‘

- bd " AY

ME.

Demonstrate on balance... 5.0 eevcrnneeess.dd HOW DO WE KNOW?

o
- B

-3

equation. Have students mark the1r
worksheets.’

HOW CAN WEE SHOW THAT IT IS WRONG?

(s = T
¥

78.
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" 3. Give each student worksheets E-32-36.... ... HERE ARE SOME SENTENCES.
oo e WHICH ONES ARE CORRECT?

H
H
H
¥
=

o

o

TN

«

WHICH ARE WRONG?»



ACTION

QUESTIONS DIRECTIONS ETC.

i YOUR BEALANCE CAN HELP YOU FIND OUT.

i HOW WILL YOU SHOW THAT A SENYENCE IS
CORRECT: THAT IT IS WRONG? .

[N

End or Cont'd
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to Addition

Introduction

Purposce(s): a) To introduce 2-region

b) To introduce the unio

pan.

i {
%
Matcrials:

S

Objects to weigh.

~

Vocabulary: How many units in the blue part?

- . How many units
* How many units

all together?

in the yellow part?

n of two sets.

For each student: balance; udmarked‘pan left, 2-region pan rigﬁt;
6 unit weights.

LESSON QUTLINE

ACTTON

QUISTIONS, DIRECTIONS, KTC.

1. Point to 2-region pan.

.

Have students identify blue and yellow
parts. Observe that there are 2 parts.

. .

THIS IS NEW.
HOW IS IT DIFFERENT?

‘2. 'Place an object r- unmarked pan. .J/.......

Place some units in blue region and some

by

w?

in yellow region to make the scale balance.

_HOW

HOW MUCH DOES IT WEIGH? .

MANY UNITS ARE IN THE BLUE PART’
MANY IN THE YELLOW PART?

MANY UNITS ALTOGETHER?

MUCH DOES IT WEIGH?

-

HOW
HOW
HOW

|

3. Have each student place an object on un-
marked pan.

PR AN I B SR SRR
-

IR A A R R R A A )

* 3
Have each student describe the balance. ...

1}

v

) .
-~

-

HOW MUCH DOES' IT WEIGH?
PUT SOME UNITS IN THE BLUE PART, AND
SOME TN THE YELLOW PART.

. }

HOW MANY UNITS IN THE BLUE. PART?
HOW MANY UNITS IN TH% YELLOW PART?
HOW MANY UNTITS ALTOGERHER?

HOW MUCH DOES IT WEIGH?

L

~-—¢&,-Repeat 3; using another object.

W
i
1
H

«‘;l

!

nd or Cont'd
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A-2-1

) . " . i . ~ N * . .
Purpose(s):  (a) To teach recording of the number of units in each region.
’ (b) T4 introduce zero. .

\
o

4
!
[P

C Materials: For eaéh student: balance; unmarked pan left, 2- reg%on pad'rfght.
=N _—

Form 3 | . - ) £
Objects\to weigh.

Vocabulary: There ard zero units in this part.

\ . - c
\\
., \\ - % LESSON QUTLINE
-— o B _ |
ACTTON QUESTIONS, DIRECTIONS, ETC.
1. Give each student a copy of Foym 3. ' , — S ‘ ’ ®© '

Place an object on unmarked pan.
Place several units in first reginn.

(Left part on 2-region pan), ) _
But not enough tr balance. .............. HOW MANY UNITS IN THIS PART?

Demonstrate recording. .....eeeevoeeeecscece WRITE THE NUMRER ON YOUR WORKSHEET
AN ’ 1IN THIS BOX.- .
. : ) | DOES IT BALANCE?
. . Place units in second region to obtain - " .
' e DALANCE. eeeeervennseeasasnsosseessosss | HOW MANY UNITS IN THIS PART? |}

WRITE THE NUMBER IN THIS BOX.
HOW. MANY UNITS ALTOGETHER?
HOW MUCH DOES IT WEIGH?

DOMONSETALE. <vvevosooaaoncassssosconoaonons

‘ N

2. Repeat (1) using another object.

3. Repeat (1) using another object, except
in the first step use enough units to ob-

-

tain a balance.
State that thexe are Zero units in second ’ {

region.

-

s -

4. Give each student S copies of Form 3.
- = -- -Have them weigh an- object and record tne .
" 82 number of units in each region. e

T - . ;
i WEIGH FIVE THINGS. EACH TIMI

< WRITE THE NUMBER OF UrITS IN EACH PART
’ 04 YOUR WORKSHEET.,

. - fad or Cont'd _ .




(a) To introduce the addition sign.

v Pumpose(s):

&

o

6 units.
Forms 3 and 4.
Objects to weigh. -

vocabulary: ye read this: Three Plus Two.

Matcriéls: For each student: balance, unmarked pan left, 2-region pan right.

LESSON QUTLINE

ACTTON

QUESTIONS, DIRECTIONS, ETC.

1
1. Give each student a copy df Form 3.
c Place object in un-marked pan. ............

Let a student weigh the object.

Write + between the boxes; and have each
student do the Ssame. c.ceevveeeoes

P Y

se 00 0 c0 00000000

Pointing to worksheet, .....

.

WEIGH THIS FOR ME,
REMEMBER, THE UNITS GO IN EITHER
NOT ON THE LINE.

PART,

L a2t

FILL OUT YOUR WORKSHEET.
HOW MANY UNITS IN BLUE PART? ;
HOW MANY UNITS IN YELLOW PART?

HOW MANY UNITS ALTOGETHER?

HOW MUCH DOES IT WEIGH?

TO SHOW THAT WE WANT TO KNOW HOW MANY
ALTOGETHER, WRITE THIS SIGN BETWEEN
THE BOXES.

THIS IS A PLUS SIGN.

s ().
NOW, YOU READ IT FOR ME.

WE READ THIS (_)

r

2

A J
Repeat (1) using another object.

3. Give each student a copy of Form &4.
Have each student weigh an object
and record weight..

P A A A I I I I 1

WEIGH SOMETHING ON YOUR BALANCE.
WRITE THE NUMBER OF UNITS ON YOUR

WORKSHEET. .
. -+ 33

Cont'd




o - A-3-2

ACTION ‘ QUESTIONS DIRECTIONS ETC.

.In furn,| pointing to worksheet, ask each
00 A R ERTEREEY READ THIS FOR ME. )
. \ . | HoW MANY UNITS IN BLUE PART?
o ‘| .HOW. MANY UNITS IN YELLOW PART?
. - HOW MANY UNITS ALTOGETHER?
T ' HOW MUCH DOES IT WEIGH?

: Lo ! ) \\
4. Give each 'student five copies of Form 4. ....| WEIGH FIVE THINGS.
: WRITE THE NUMBER OF UNITS ON YOUR .
WORKSHEET.
TELL ME HOW MUCH EACH THING WEIGHS.

\

84 '

. ' .
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EEREAY S

Addition Equation

t
|

t
i

» confoe) N . , .. | .
Pumose(2): (a) To introduce’ addition equations.
[
!
s i
|

¥

3

¢
!

Materials: For each student: balance, unmarked pan left, Z-Fegion pan right,
12 unit weights. o "
Form '5.

v

Vooc:ll)ulal'yi 5 equals 2 plus 3.

-

. . LESSON OUTLINE

ACTION QUESTIONS, DIRECTTONS, ETC.

M

1. Give each student a copy of Fomm 5.
Put 5 unit weights on unmarked pan. ....... |HOW MANY UNITS2?

Point to box on left side of equal sign. .. | WRITE THE NUMBER ON YOUR WORKSHEET.

Put 2 units on blue part. .........e...eo.. |HOW MANY UNITS?

Poi“u‘t to first box, right side of equation. |WRITE THE JUMBER ON YOUR WORKSHEET,

. IS IT EQUAL? ,"

fut 3 units on yellow part. ........ov.0... | HOW MANY UNITS? )

Point to second box, right side of equation.|WRITE THE NUMBER ON YOUR WORKSHEETL.
‘ NOW IS IT EQUAL?

\'
Point to 2-region Pan. .....eeeessees.vsesq {WE CAN PUT THE EQUAL SIGN-ON THE BARAw
? HOW MANY UNITS ON THIS SIDE?
DOES 5 EQUAL 2 PLUS 37?

L

Point to equation 5=2+3. .................. |WE READ THIS...
FIVE BQUALS TWO PLUS THREE.

NOW YOU READ iT.

2. Repeat (1) to show 3=2+1.

[

3. Give each student a copy of Form 5. ....... ,PUT 6 UNILS ON LEFT SIDE.
WRI’I‘E THE NUMBER ON YOUR LOLISAEE™
PUT 4 UNITS ON BLUE PART. 85

WRITE HE NIMBER ON OUR WORK.

"1 1

i
End or Cont'd




ACTION

QUESTIONS DIRECTIONS ETC.

IS IT EQUAL? )
PUT 2 UNITS ON YELLOW PART,

IS IT EQUAL?
PUT THE EQUAL SIGN ON YOUR BALANCE

DOES 6 EQUAL & PLUS 27  .»,

READ THE SENTENCE FOR ME,

WRITE THE NUMBER ON YOUR WORKSHEET.

. Repeat (3) to show é=é+2.

. Give each studegg a copy of Form 5.

b
P

PUT 3 UNITS ON LEFT SIDE,
WRITE THE NUMBER,

PUT 3 UNITS ON BLUE PART,
WRITE THE NUMBER.,

IS IT BEQUAL?

HOW MANY UNITS DO WE PUT ON THE
YELLOW PART?
WHAT DO WE WRITE?

READ THE SENTENCE FOR ME,

PUT THE EQUAL 'SIGN ON YOUR BALANCE,

DOES 3=3+0? L

. Let students make up 5 problems and record
answers on Form 5.
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Finding Combinativns of Weights

Purposc{s}:
one pair of numbers.

Matcerials:, For each student:

12 unit weighus.

-

Form 5.

v

Vocabulary:

LESSON

(a) To teacn that a number may be expressed as the sum of more than

balance, unmarked pan i1oft,

/

°

2-region pan right,

QUTLINE

ACTTON

-

QUISTIONS, DIRECTIONS, ETC.

1. Give each child 3 copies of Form 3.
Place 5 unit weights on”un-marked_gan;:}&u.
Y-S

-

Pq.ace 4 units on blue parc. ...eceeiilenee.

Place 1 urit on yellow part.

e e s 00000 e v

b

I3

1

- lj
Remove units from .righz

‘

.1
3ide. tiiiieieenann

Place 3 units on blue part. .

PRI B A A R R A R

) .
Place 2 ?pits on yellow gart. .ceceveeevenen

.

88
Remove units Zrom right side,

r -
Remove ~quals Sigh. .e.ccvececencesceooeaans

.

i
{
i
y

1+

' READ THE SENTENCE,

. 1}

HO}'J MANY UNITS?
V{RTI’E THE NUMBER ON YOUR WORKSHEET.

<

HOW-MANY UNITS ON BLUE PART?
WRITE THE NU#BER.
IS IT EQUAL?

3
HOW MANY UNITS ON YELLOW PART?
WRITE“THE NUMBER.
IS IT EQUAL? :
WE NOW PUT TWE EQUAL SIGN ON THE BALANCE.
DOES 5 EQUAL &4 PLUS 1?
_READ THE SENTENCE FOR ME,

. " /:\
LET'S FIND ANOTHER WAY TO MAK“' IT EQUAL.
HOW MANY UNITS ON LEFT SIDE?

WRITE THE NUMBER.

HOW MANY UNITS ON BLUE PART"
WRITE THE NUMTFR,

IS IT BQUAL?

HOW MANY UNITS ON VELLOW PART?
WRITE THE NUMBER. -
IS IT BQUAL?

WE CAN PUT THE EQUAL SIG\I ON TdE ::ALA\YCE
DOES 5 EQUAL 3 PLUS 2?

.
T

PUT 5 UNITS ON THE LEFT SIDE OF YOUR
BALANCE,

-

“J“8nd or Cont'd




i
‘. M

A-5-2

s
“*
>

[

balance,

.

H?ve students leave ;peir solutions on
Ask students td show their

equation and vead it. .

3
~

- ACTION QUESTIONS :DIRECTIONS ETQ.
WRITE 5 ON YOUR WORKSHEET.
9 .
Show‘completed fOrmS. cvveveenreneccenesacnen WE HAVE TWO WAYS TO MAKE THE SIDES

[} EHUAL . . «
WHAT ARE THEY?
NOW FIND ANOTHER WAY TO MAKE IT ~EQUAL.

WRITE THE NUMBERS ON YOUR WQRKSHEET,

2. Repeat (1)

hY

using 4 units on left “pan.
Include in demonstration that 4=0+4.

3. Repeat (1)

using 1 unit in left pan.

>

. Repeht (15

/

using 2 units. in left pan.

-/

£

'5. Repeat

[}
¥

(1) using 3 units in left pan.

-l

Repeat . (1) using 6 units in left pan.

Dwd me Caweset d




_A6-a
_Constructing Balance Problems. ' . SR
\ .
Purmpoge(s): a) To teach techniques for constructing a2 model on a balance
to correspond to a given equation.
Materials: For each student: balance, unmarked pan left, 2-region pan ) T e
) right, 12 unit weights.
Worksheets Al - A7
. P ° ° o
Vocahulary: . . . ‘ - .
LESSON OUTLINE .. o
— . ‘ . ) —— :
i ACTION ‘ _ © QUESTIONS, DIRECTIONS, ETC. _ *
j | :
1. Give worksheet Al to eachﬁ;tudent. .. READ THIS' SENTENCE FOR ME.

A
Place %l in front of balance :
roint ?o unmarked DAN. o« + o o o o o . . HOW MANY UNITS DO WE FUT ON THIS SID.*°

.
.

Put § unlts on unmarked van.

Point mo blue region. . « « « + o o % HOW MANY UNITS DO WE PUT ON THE BLUE PART?
! . .
Put 1 lunit in blue region. - _\ e
Point%to yellow region. . . « « « + - . HOW MANY UNITS DO WE FUT ON THE YELLW
! , PART?  ° ‘
1 ;
|
.o Put 4 units in the yellow region. . ¢ . DOES IT BALANCE?
! PUT AN EQUAL SIGN ON THE BALAKCE.
DID WE MAKE THE BALANCE LOOK LIKE THE
SENTENCE? W
4

£

2. Give Worksheet A2 to each student. . . . READ THIS SEZNTENCE FOK ME.

NOW MA&: YOUR BAIANCE LOOK LIKE THE

SENTENCE.
Check |each pupilé work. . B e ‘
i
Give virksheets A3-7 to students. . . . | HERE ARE SOME SENTENCES. :
| WHAT DO THE PROBLEMS TELL US TC DO? =~ =~
o USE YOUR BALANCE TO SHOW EACE SENTEZICE.
| ,
\)‘ ! ke —
rRIC - & : ’
"m84!; ! 1y ﬂ;ﬁlor Cont'd
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v T
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i
4

> £ 14 s

% Completing.Zquationsy Missing Addends

-

Demonstrate. « . .

POint to equationo o oo o e o o 4 o

(Y

- & e g
& f ;
4 J’uiﬁosg&@s) a). To. nrev:Lde pract ce an finding two numbers whose sum is ‘_ ,
LT a given number. - / ) ]
/. . . f[ i K :
k !,»v . i . . ! B ‘ S
Sks  cm s 4 . . - s
ﬁ' Lt M =, " M ![ . . - ;’7
. Matcnals For "each student: balance; unmarked pan left, 2-region pan rlght, - ;
IR o S 12 unit welghts. . :
e .‘ - Worksheets A8-Alé4 . ; _ :
+* WVprabulary: , LN
- st "' ’ % 4 S
. LISSON OUTLINE i L
:“ ‘ —' I i 2 ) Y - A o :
ACTTON, ., . QUI:b"l'lONS, l)IRF.CTl()NS, F,TC.
1. Give a copy of A8 to each student. . WHAT DOES THIS WORKSHEET TELL us 'ro -
s DO FIRST"
! -
' Put 6 units on unmarked DAN. .+ . . . NOW, HOW MANY UNITS DO WE PUT OF Th::.
' : ] °  BLUE REGION"
" Follow studentsuggestion. , ,
. Demdnstrateo e o o o o o o o Lo e e WRITE T}?I.S NUMBER ON YOUR WORKSFEETO-
HOW MANY UNITS ON THE YELLOW PART TO
MAKE ‘IT BALANCE. -
Follow student suggestion. . ’
DOES IT.BAIANCE?

H
I S
o

WRITE THE -NUMBERS. o
CAN WE PUT THE' EQUAL SIGN ON THE«BALANCE?:

NOW, READ THIS FOR ME.

° s

2. Give a copy of A9 to each student. .

o R

WHAT DOES THIS WORKSHEET TELL US ~0
DO FIRST?-

__£HOW ME ON YOUR BALANCE.
[ .

. ) . L
. NOW FUT SOME UNITS OX THE .LUE }%‘s?“.

WRITE THE W%.

ind or Cont'd R




QUESTIONS _DIRliL'I‘lONS EIC.

-

Ask each-student to read his sentence.

> g
- Py Yy T
o Y - s -

-
9

S

35

DOES IT BALANCE?

2

IF NOT, FUT SOME -UNITS ON THE YELLOW
PARTt " N ° :

DOES IT BAIANCE? -
WRITE THE NUMEER. - s
PUT THE EQUAL SIGN ON THE BAIANCE.
. . t - B

" 2
2

T

. 3. Give coples of A10-14 to students. . . . .

>

~-+~" DO WHAT THE.'WORKSHEETS TELL YOU TO' DO:

¥
A
=t

?

. HERE ARE SOME WORKSHEETS. L

— i &
« - -

’
-~
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“Completing Equations:

" Puiposely):

drm. ) .
- Materialy:

°.
-

Findinig-Sums

. . )
2 . auk
. N

3
H

" For each student:
right; 12 units.

a). To provide practice on finding the sum of two numbers.

. ’

“balance, unmarked pans on left; 2-region pan-on .

\

a ) = ’ N

‘Workshéets Al15-A21. .
-"°Vo‘g‘:1liu1;1fry‘; 'Néne.‘ - )
- LESSON OUTLINE
e hCTioy . | Qmas"'rmNS, J)I,Rﬁérins,. ETC.

; _ T
S G1ve a copy of A-lS to eﬁch student ..... el
. Construct model on balance ............... s
& fFolldw:student ' suggestions .

Point to box on left side .o'f equation...-..
? Demonstrate. RN
j Point to sentence......... e

o N _.//

WHAT IDES THE WORKSHEET TELL US T0 DO B
FIRST‘? .

NOW;. WHATIX)WEDO"

¢

'DOES IT BALANCE"
CAN WE PUT THE EQUAL STuN ON-THE BALANCE"'
WHAT Ix) WE WRITE IN THIS BOX? '

READ THIS FOR ME. g .

2. -éive’ a Copy of A-16 to each student........

. DOES IT BALANCE?
- PUT THE EQUAL SIGN ON THE BALANCE..-
_ READ THE SENTENCE FOR ME, -

WHATIX)ESTHEWORKSHEETTELLI{STODO
FIRST‘?

SHOW ME ON YOUR BALANCE

o \\ (i)

Iind or

\ -

HERE ARE SOME WORKSHEETS.
COMPLETE THE SENTENCES.

95
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)2

o

. ’ A-9-1 :
_ Usmg and # In Addltlon Sentences ’ - . - ,
‘ ) l’lujmso(r.\').: a) To provide practice on using either the relatxon equals or no\ 5
IR X equals to complete an addition sentwnce. :
e, T - Y v cT .
Materials: . For each student: balance, unmarked pan on left; 2-region pan on right; i
12 unjts. ~ - 9
Worksheets A-22-A-30.. . :
Vou xbulary *None ] ’
Lo ~\ ] ’ . | ' R ) . /
. -‘ ’ . 0 * ' .
e LESSON OUTLINI:
- . i . | R -
"A(.'I'I()N QUI"S"l".lONS', DIRECTTONS, F.TC.
—I.7Give a G3PY of A-22 to each student........ WIAT DOES THTS WORKSHEET TELL US' 0 Bo?
.. \! Dénonstrate on balancd......i..............| DOES 1T BALANCE?
! . s © WHAT SIGN no’ WE PUT UN TIE BALANCE? ‘
: WHAT DO WE WRITE IN THE CIRCLE BETWEEN -
2 - THENUMBERS? -
P". DefonStrate...:................. SO READ THIS ‘SENTENCE FOR ME. e
| 2. Repéat (1), using A-23. ’ ST g
L 3. Repeat’ (1),. using A-24. v
4, Repeafc (1‘), using A-25. ) o
-5. lee worksheet:s A-26-A-30 to students...... DO WHAT THE WORKSHEETS TELL YOU TO DO. ‘
_ ) ' COMPLETE THE SENTENCES.,
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\.\

a) To teach the-meaning of mi
for\§olving such problems.

- - a ° Gf
. MA-1-1 ‘
- ." .
< ~
\ .. . -
NN - : "
sssing addend sentences and techniques i

ACTION |

.
L

QUESTIONS; ‘DIRECTIONS, EC.

n

Q -

-

Demonstrate.

¢

oo ) ‘ . . . L S .
. 1.. S;t',\up balance so that there are 6 un}i ~ :
- on, left and 2 units on the blue region.), | ARE THE WEIGHTS EQUAL? .
N : . \| HOW DO WE KnOi? Lo
‘ , CAN WE MAKE THEM EQUAL? =
"Foldow student suggestion, but show . ‘ o
adding 4 units to yellow region. " . _ _ N
2. Show worksheet MA-la..%...5..............| WHAT DOBS THIS WORKSHEET, TELL US T0 [0? *° -
L . : SET UP YOUR BALANCES.

NOW MAKE IT EQUAL.

HOW MANY -DID YOU ADD\TO MAKE IT. EQUAL?

+ | NHAT D0 WE WRITE IN THIS BOX? < = - .
READ THE SENTENCE.

3. Repeat (2) using worksheet MA-1b. .
4. Give worksheets MA 2 to-stuasnts..... ...| COMPLETE THE WORKSHEETS USI?\;G YOUR BALANCE -
: " ' TO MAKE SURE YOU ARE RIGHT. .
] 4 99 '

End or Cont'd
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. .
T Materials:

"/'

- - : : s,

Introduce 3-Region~Pan

i

" Purpose(s) ;
: ' '« . problems.

4

- -

A
]

-
e
-

For each student
£ 12 units.
. Worksheet \1A6 7

MA-3-1

T

_(a) To introduce the’ 3-‘regio'n pan m context of solving missing addend

< LY
\.
. e

. Balance, unmarked pan on. left; 3-region pan right,;

Give each student a 3-region pan...-

% . A

Vocabulary: : : .
-:._rf;,x‘
- \ES . R
' - - 4
T LESSON.OUTLINE . e E
5 B - . N ) . /
+ e ACTION QUESTIO‘IS DIRECIIOI\S ETC, '
, "1.-Give-each stfluent a copy of MAG...:........| READ THE SENTENCE FOR Mt S

WHAT DOES THIS PROBLEM TELL US 'IO DO?-
WHAT DO WE NEED? -

NOW SHOW ME ON THE BALANCE THE PROBLEM.
Hmnmm&mmnmmmmam 4
IT EQUAL? -

| WHAT DO WE WRITE IN THE BOX?

READ THE SENTENCE. ;
IDESSBQUALZPLUS 1 PLUS 22
WHY? ,

2. Repeat (1) -using second problem on MA6. )

0 . . . = r -
3. Repeat (1) using third problem on MA6, © \ E
- A . - =M U L YL
4. Give each student ;ﬂ_eo'py of MA7............ CQIIPLETE THE PROBLEM USING YOUR BAIA\CE
- R e 'IOMAKETHEMRIGHI‘ i ,
3 e s / . ) -
' < . . . g ’; s
_ ‘2 | :
] X End or Cont'd cl. 1ol
‘1— “} {; ? * .
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v 72 o z . ! .
O /. : \
E - - -« M .
=T . oo, ’ ’ . T
e . A N A

~ . ® - . .
f- )

Introduction to Subtraction .
N ' V

+™
- . P}
. - \

_5, “. Puroscls): (2) To intreduce the cogcgof take away.

' ' 'S-1-1
g

T

mVéthb l.n{its to tray‘. o‘ooooooo‘o o,oooooo
A

> P . ¢

1}
..Demonstrate.

1

' M;z,t;x-'jifls: }r ’egch student: balance, urmarked pans; subtraction tray; 12 uni
-« . i . .o S
. o ‘:. ) . . .
T T RS
2 Vocabulary: Take away, .
e % ‘ = : :
. ' . - »° ) \ . .
<t LESSON OUTLIME
- . . : N _ ‘ . . » '( __
. o ;\1'\110»' . QUESTIONS, DIRECTIONS, ETC..
T M : — :
71. ‘p‘lt"s m“its‘m’:R\sideoooooooovooooooooooo'oo'.mw‘mNY UNITS i ;

IF I TAKE AWAY 27

}mmmrpuronmsmsmM‘
IT EQUAL?
Ny

_SEE, 3 EQUALS 5 ‘TAKE AWAY 2. .

N . &Y - - ’

2. R'epeat (1) tq show 1,=4 - 3.

3 Have ‘each student out 445 on nght 15 S

i Side............,.........‘-................. IF YOU TAKE AWAY 1, HOW MANY WILL YoJ™
. PUT ON THE LEFT SIDE TO MAKE IT -EQUAL?
> - - Let.’students perfom‘taql;.- ‘ s . -

' N " . * |'SEE 1 EQUALS 4 -TAKE AWAY 3. © & °

“, \ ./’ . ? )
_— 4 Repeat{S) to show 5-3, 6-3, 4-2, 3-3,
T - '
'+ —— Py .
<~, ﬁ/. '.. o, tr
: . ‘ -,
; . . . . .t . . . . . ‘ ——
~e \ : ' . 1.03 .?::.

-~

L . : : P
. A S

S —_— . End or Cont'd . ‘
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For each student
Form.-8.

Bjcilance; unmarked pans, subtraction tray;

f(a") Igf«t"ééc}g how to write subtract,lgquations. .

L

12

S e LEssoN UL
T ACEIO) JR QUESTIONS; DIRECTIONS, ETC.
- -, = 1‘. = N - " - .a 6; 3
% ’ N . :
Ve each student of copy of Form.8. . o ‘
Put4umts\on rlght s:de.pﬁmMANY? Lo T

‘Demnstrate................................‘

N >
v —

DemONStTate. ..oueeeceeeenss
- "- - N

eeeeeeceecec oo
e

. Il

X1

S

mmnsnowawmmnmmmm? e
NOW TAKE AWAY 1.

M{ERBIDWES}DWTHIS" .

Y

mwmmnowswronm LEFT SIDE
. TO MAKE’IT EQUAL.-. - .

Y

wrmmwawmmﬁﬂsmmw “'

READTHE SENTENCE.; . 4 Y

e >
. e . ¢ vy -
-
5 3 6 - 1 2 <1, -
’ 4 . ks B
‘2 B ., g
) .
‘ -
' . :
3 - * ) < ..
* . i~
. 5 ,
> . . Y .
- " Cvl .
- ; ‘;
. .
=
N .
. R > . - .
‘
& “ . . .
C ~End or Cont'd S
i e e e ‘.'; . e e Py ‘ .
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. ;C()n‘sti'ucting‘ ‘Balance Models . . . Sy
. Pumore (s): (a).To drill on the meaning. of subtractlon sentences, by demonstratlng o
1o take away situations on the balance. . >
X . A i
: M'ite‘f,ial‘_s,:' For each student' ‘Balance, wnmarked pans, subtraction tray, 12 units.
' Worksheet Si. . : e :;{
* o Vocdbulary: Show me this take away sentence on the balance. . ) -
" ’ R . . E ' - T “ v *~ %
T LESSOMN: OUTLING - A
S & e : = PR
D4 TS T e : g L i
€& ACTION * QUESTIONS, DIRECTIONS, ETC. ‘
o B — , AN . - —
i‘. - ic :ShOW, f_ii.st eqmtion On Sl‘occc;ccoincccccccc READ mIS ' : * ! ‘;’;,":
; . o . SHOW ME 'IHIS ’I’AKE AWAY SENI'EI‘IGE ON YOUR o
2. Repéat (1) using other equations on S1. - d
: 5 / 5 , ' — ‘ =
‘;. " — . h “ L] - r'd > ? ) - é
? i ~ v . Pan oo T v
4 - - :
- S *
P 206 o Foo » ST
: End or Cont'd
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" S-4-1
F Solvirig Sub__fraction Problems
" Purposcts): (a) To-teach a™technique for finding the difference. <
' (b) To provide drill on solving subtraction problems. :
’ ' . b . S . } ;
Materials:  For each student: Balance; unmarked pans; subtraction tray; 12 umits.
N _Worksheets S2-4. . ) 7 .
Vocabul ary:: - T
.'{' \: v - _— ' ' . .
LESSON OUTLINE e
e : : : —" R i .,
A 'Acrm,}' o " |7 CQUESTIONS, DIRECTIONS, ETC.
\ - --:’ - .\»’ :',\' . ‘( _ - - . H « R N - : . j
‘ 1. Give each student a copy of S2. ' oL ‘ , ~ . )
* . "Show first equation on S2.,....4.....t.....| WHAT DOES THIS PROBLEM TELL US TO DO? :
] N . . . :

Have éach student demonstrate on scale.....| WHAT DO WE WRITE IN THIS BOX?

N . 3 i s
Write: difference in box. o '
- ) £ ) 0 ’
| READ THIS SENTENCE. . -
2. Repeat (1).using second equation on S2.
S ' N
" . 3. ‘Have- students complete S3. .
i .
4. Have Students complete S4. ’ b
"% Y] B
108 -~ »
: ' End- or Cont'd ,
\‘1 5 v * . ;
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. Equal Sign in Subtraction Equations’

Purpiosels)r (g)dTo provide drill on using equals or not eqCals to cgmbiggé
’ . subtraction equations. T ) '

.

\:>. . L .
Materials: < For each student: Balance; unmatked pans; subtraction tray;
N N 12 units. »

R - “~._  Worksheets S5 and 6.

- ' -

Vocabularys

X

LESSON QUTLINE

S

Y

ACTION -

LS

. QUESTIONS, ‘DIRECTIONS, ‘ETC.”

1. Show Eirst problem 0ff S5. v.uuororenconins WHAT DOES THIS PROBLEM TELL US TO DO?

~

:q'l A
. s %!
PN

L e . X ; - ‘ ) . TN,
.7+« “™Demonstrate on balance. \ ) _

. Hold up = and ¥ SIENS: eeuvetirevrrvosaees DOifE PUT THE = QR # ON THE BALANCE? *

“ : - WHAT DO WE WRITE IN THE CIRCLE?

READ.THE SENTENCE, ‘

-

ot T '
6

2. Repeat (1) using the 'second problem -
‘¢ om S5, - '

3, Have students complete S6.

- g o
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i _ : T+ Rre2elm v
* i 3 € ' .
_«Checking Subtraction )

l’umpxc(é—): (a) To provide an opportunity f.or the students to reflect on the

- T meaning of subtraction sentences, . .. o

Y .

;; - hd - ’ b -

9 ‘ Materials: For eaach student: Balance; umnarked pans; subtraction tray, 12 units. — i

N - e Worksheets m— ) .

' RT 7+
. . Vocubulary: - Is this subtraction sentence correct?

£ : - - |

] ° ‘{} . > . <

N ”.J‘é _\; 3

' ) LESSON GUTLINE ‘

3 . ACTION | QUESTIONS, DiRECTIONS, ETC. | . * -

. DU o nRr7 P = .

- 1. Show:the first problem on FEH. ........... READ THIS SENTENCE.. ‘

a N ' '
-\' . IS THIS SENTENCE CORRECT? o

. ; A L S HOW 50" WE KNOW? : g

- A H

AR : o .| SHOW ME ON YOUR BALANCE. 1 :

: Agree on some marking system - - . ‘ C

. N .cheék .or st.rl e o0 ‘A‘ [ R RN EX] ; o o0 0 » 3 s }Iow ‘DO' WE SHOW ON THE‘ PA ER TmT

- IT IS CORRECT? N o

LT 2T 7 . { - :

«? "2, 3how *he second problem on §F%., .......... READ THIS SENI‘ENCE.EE; .
- - . . . ’ [

. : IS IT CORRECT? \\ e

\ HOW DO YOU KNOW?  ° ‘\_\

N ) SHOW ME ON YOUR BALANCE, C -
x Agree on some marking system - - , i . ]

. c ro s s @ 00 0 0 08 0 0 00 00 000 00 0 00000yl ste e How DO IJE smcw ON m E PA m:R T}{AT :

L \ IT IS NOT CORRECT?, .

-~ . Y N * . -

- . nraP . : ' ' C

3 3. Have dfu ents complet:e B teerecoreraane CHECK "EACH SENTEXNCE,

. ON'YOUR PAPER, SHOW THAT IT IS .

. CORRECT OR NOT CORRECT,
1T : End BIXKHEXE -

ERIC - - P . .
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Purpo.cis):

(a) 'I‘o provxde an

or- not an equation and a’balance modol are appropriately related.

. ' \
' ' " RT-3-1
t 4 -
s - ° ‘ ¢ , . .o . -~ . <,
Relating _Subtrac_tion fquations to Models )

oppqrtumty for the students to reflect on whether

.\Ett.orji:;xvl;': For ea‘c}‘: student: .'Baiance; unmarked pans; 12 units. i . - .
= Worksheets RT9-10. ~ 3
; Voyuhulary’ - S :
)". 3 4 -~ ) ’ 'vé\ﬂ_ *
g , LESSON OUTLINE _ S
E \ ACTION . QUESTIONS, DIRECTIONS, EIC. N
1. Gi,i'}e-weach sx-l\.\dent a copy of RIS ) o
. Set up balance t0 ShOW 3 = 5 = 2.,vuen... READ THE SENTENCE. ‘ L
: : - | DOES THE SENTENCE SHOW WHAT I DID ON
I N . | THE BALANCE? . .
WHY?  C .. C
2. Set up balance tq show 1 =4 - 3.......... READ THE SENTENCE.”
g - : DOES THE\SENTE\'CE SHOW WHAT I DID ON
Lo : o THE BALANGE?,pem . .
g - - WHY? SIS
) . WHAT D0 WE CHANGE TO MAKE IT CORRECT? -'
, . [3 , —= T - \r -
: 3. Set-up balance to show 2 = 5= 3........1, READIHESENI’E\'CE \
i~ : . . DOES THE SENTENCE SHOW WHAT I DID ON
Ty ) THE BALANCE? - - A
s i h WHY? . - B
‘ : ) WHAT DO WE CHANGE' TQ MAKE IT CORRECT? .  _
. 4. Set up balance to'show 1 =6 - d......... w | READ THE SENTENCE.
. ' DOES THE SENTENCE SHOW-WHAT T DID ON
e THE BALANCE?
hd . v\'HY'? - —
— y — - | WHAT DO W= (HANGE 0 \qu IT CORKECT? °
': - . A l H - - J—
o 114 . -
SR ‘ B Endyax Cont'd
ERIC ST




- . . . . = RT-3-2 Y
T CAcTIOv QUESTIONS, DIRECTIONS, ETC. .

.
. -

s ~Give.e§ch student 2 probler}l from RT10.....| WHO HAS TIE SENTENCE WHICH SHOWS THIS o

PROBLEM?
- SetUpS5-3,5-1,6-26-4, _ | ] _ oo . .
- S 4-3,4-1,6-3, ‘ _ . ‘

: ) — e

2 . |
) - v
. s » »
~3 ‘ﬂ $ ]
. . - ‘ L4 K -
s )
< - P
- 1
v R
- . - et d
[ . * -
> - - B
A . - .
v . - A 13 A
M - - -
- >
7
Y * .
[} (% L » .
- .
. -
o, - - ‘ -
S .
o
- . - -
» N " >
4 . .
N » . e he -,
b, - . . P -
o~ . - .
N s
v . . ) , .
N . . PEEA
- .
. .« 5 - N -~ - - - |
— " M - * -
. . N
. «
? b - . .
= * -~ » »*
) - -
» - - .
.
. x \ S .
> PN ® b
» . .
. > ~ R ~ -
- . v
¥ -
- w &
”»
I . { s - .
1y . ¥ = . ~ »
A A

- =
- r
. . . i ‘
.’ N < . - -
N o
B b M
e o o i T— L I ~ gt e e e e o __
I , - » A
A} - . '
- . L
» >‘ )
= »
L4 . . e
- ‘ .
* - . ) .n;‘
- v . i ;
) - e . H . . . N
t . 3 ’ > . . - v
- “
. . . 115 .
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Suns Families: Seven and Eight o o . .
. . . ’ - P - - -
. ) 8 4 » ’ ) . ) ) ‘. ’ «. 7
Pumpg 156 r) (a) To introduce sums of Seven and eight. e = -
= {(b):-To provide drill on finding numbcr palrs wiich have a sum of seven ..
’ or éight. . R
J (c) To q;?)\ude add1*1onal «drill w1th sums six or less. . - ) -
saterials:  For each student: Balance; unmarked pan left; 2 or 3-region pan right; PR
. 16 units. . . o el e
Worksheets: AlZl-'126. . . ST a2t
. . - - SRV i
vocahulary: : ' " .. ' T , .
Ayt : ’ LT o b
2 e .. ) ';., ' IS
v . ;,1'. .-.'\ ‘ ’ * . l v 3 -'77::
T e w . i - 4 ot T
. . LESSON"OUTLINE - /. Core L L
«ActIoN - ' : éUF.STIONS DIRECTIONS, LTCW SR
: } ! - R ) " ’ - '._:. ) i . x,i
1. \Shop the first problem on A12l.....:.....| READ ™ SENTENCE. ’ i
= - ' _ WHAT ‘DeES 'IHE “WORKSHEET TELL US TO Do?” .
‘Dempnstrate on balance. .o o o '.;\ R - ey ’ :
o ' * | HOW D0 WE COPLETE THE. SENI'EI\GE"' : ’
N : . READ THE SENTENCE. . we
-2.- Repeat (1) using the other problems on .| . . o
MZI._ . B . . '- . - ., "
3. Have students complete worl\sheets A122- - -
» 176 N > . ) . ’k :' )
- - b . --r'
’
v v . < . "".
. T 117 PN
— - *. End qr.Cant'd : L
). ] . : . :qlg “F- . - b A
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3» " - A : d S r h )
s Intrqd’;fction to Greater and Less. . X . *

?‘; 7‘Puj‘pbsc'(s'): (@) To provide practice on constructmg sets with more o

- -7 . (fewer) members than a g1ven set.

. . faterials: For each pupil: Balance; unmarked pans; 20 units. "

Vocabulary: Put more-(fewer) units on the other sidé. . . o

[ How do you khow. that there are more (fewer) units? .

A 5-is greater than 4. :

oo -3 is less than 5.
< L3

_ LESSON QUTLINE- Lo
\., "-r e - " — - . .
3 T ACTION ’ QUESTIONS, DIRECTIONS, ETC.

.: o - N 3 X

: 1. ‘ PUT 3 UNITS ON THE L-SIDE. . ¢

- - : PUT MORE UNITS ON THE R-SIDE..

: Continue discussior until students ,

d verbalize 2 reasons: One based on the. | HOW DO You Kvow 'I‘HAT THERE ARE M)RE

: ) . position of the balance and the other UNITS ON THE R-SIDE?

‘ based .on‘number. ‘ . )
_ : HOW MANY ON [-SIDE? "~ « :
- T HOW MANY ON R-SIDE? :

( ) IS:GREATER THAN 3.

2. Repeat (1) using 12 units on R-side. - _ " \ -

- - . . T >

j 3. | | .. | PUT 5 UNITS ON THE L-SIIE. . ‘

P PUT. FEWER UNITS ON THE R-SIDE.

) . . HOW DO YOU KNOW' THAT THERE ARE -

: Twe reasons: positive of balance and FEWER UNITS ON THE R-SIDE?

: nmber. . . ... L. .. ... . . . } HOW MANY ON L-SIDE?

' : ‘ HOW MANY ON R-SIDE? .- -

( ) IS LESS-THAN 5. - - -

6 4, Repeau (3) us? ing 14 wnits on R- 51de o

122 ‘ 1
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Introduction of Gieatér Than Sign e m L ’
- “Purpgsc(s):  (a) To 1ntroduqe the greater\than symbol ;
i (). To provide practice on using the balance to show the . :
= e greater than relatlon v : .
Mat‘ér;::ials' For each student: ° Balance; un- marked pans‘, ?greater than sign; 35 uizi‘t;s. .
e * *  Worksheets GL-4,.5. - T -
- \”: i f: v ; e, * ). ‘
Vocabin] sy a s
S - LESSON. OUTLINE —
ACTION QUESTIONS, DIRECTIONS, ETC.

‘1. Show f1rst problemon GL-4. . . . : . . |READ THIS SENTENCE. :
T B SHCM'IHISONYOURBALANCE N
Lt /'- . ARETHPoIDESEQUAL" .

SR ' . ‘ IX)WEPUTANEQUALSIGI\IGN'IHEBALANCE’ WHY"
. lee each (.hlld — R
- 'THIS: IS’ A GREATER THAN SIGN: -
‘ Holdtup 7 , » | PUT"THIS SIGN ON YOUR BALANCE. ,
. : | WE READ: FIVE. IS GREATER THAN THREE, .- o
Lo Point to second problem on GL-4. =
-t o L WIiATDQ~lVEWRITEIN1}1ECIRCIEIOSHW
'IHATSISGREA'I‘ER'IHAN’I}REE"- :
| - " -.| READ THE SENTENCE. ) .
‘2. Show third problem-on GL-4. . . . . . . | READ THfS SENTENCE, ¥
: P . SHOW ON YOUR BALANCE.
. R e 'WHAT-SIGN DO WE PUT ON THE BAEANCE? .
. Point”to fourth problem on GL-4. ... . .| WHAT DO WE WRITE IN 'I‘HE CIRCLE"
B . -READ THE SENTENGE. - L ,
. [
3. Have students complete GL-5:, a ‘ ﬁ
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- T . vGL-6-1
. fccsnm{in'g‘srmbéi-s ‘ - .
. Purposc(s):’ (a) To prov1de practice on completing sentences us1ng < 7 .
' £ - | ton ~3 “ ¢ .
-~ 5 < ’
:i(date'rials: 'For each student: Balance, un-marked pans; equals, greater than .
: - and léss than signs; 35 units. o %
X Worksheets*GL-8, 9. : L
’ ",‘chubﬁlar:y: . ~ /
; @ ". - ] ; , o :
— . LESSON OUTLINE
S hemon © msow, oo, B, -
£} . v I'd N :
" 1. Show first problem on GL-8. . . . . . . SHOW THIS ON YOUR BALANCE o
- WHAT SIGN DO WE PUT ON. THE BALANCE?
. ; « WHAT DO WE WRI TEIN'IHECIRCLE7 T
‘2. Repeat (1) using other problems on . \ ) -
‘ GL- o ’ : v ¢ I
% ‘ ) =
3. Have sgudents complete GL-9. L
L , : ’ 8 S
[-X - g
RN ) -
: Y
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: _ Introduction of longs .
N 1 - * -

- - ) A . ‘ \\, » N ) ’
‘# " Purposg(s):  (a) To,establish that one ten is equivalent t¢ ten oned. . - ¢
. " (b) To establish that any two longs are .equivalent.. - . :
N Materials:  For each student: \Balax;lcé; unmarked pans; 35 wnits, 3 tens.‘.',.:‘»
. 'Vocabulary:  One ten equais ten ones. . < 0 T
. b K3 . ' ’ N st .
: \\\ ] . . ‘
- :\y\ O L ) . *LESSON "OUTLINE
N . i . t
e - - ACTION o ‘QUESTIONS, DIRECTIONS, ETC.. .
1. Hold 'up a long...c...nnn..... seviveeseens..|PUT ONE OF THESE ON THE, LEFT SIDE.
" Demonstrate. . ‘ ’ ' . -
. ‘ " . . ) .
) N IT FQUALS HOW MANY UNJTS? -
- Point to long............ e THIS IS A’ TEN.
- o ~=y . -
T - ShOW 1 Eell wuuiieiiiineniriniiiirenann.s. READ THIS. , :
o2 : ‘ o |PUT 9 UNITS ON LEFT SIDE.
S > . |PUT 1 TEN ON RIGHT SIDE. ,
Demonstrate. - \ L . ;
R ) an N ARE THEY-EQUAL?, = . T
“ HOW DO YE MAKE THEM FQUAL? = . .
Y SEE 1 .TEN IS ONE MORE THAN 9.
9 IS ONE LESS THAN 1 TEN.
3. , ' . |PUT 11 UNITS ON LEFT SIDE.
’ ! . . : ’ PUT_1 TEN, ON RIGHT SIDE. _
o : ARE THEY EQUAL? : o
. = Follow student suggestions, but show . '
- taking one from eleven........vvvvivnnennn. HOW. DO WE\MAKE. THEM EQUAL? .
. o SEE 1 TEN IS ONE LESS THAN 11,
B 11 IS ONE MORE THAN A TEN.

End or Cont'd -
l t32 ' ¢ ¥
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H b M - ) :
- ACTION QUESTIONS, DIRECTIONS, ETC. __° ]
Y . K} . ! 3 X >
: A ’ ) ‘ - . e
5 4. .o . {PUT-ONE “TEN ON THE LEFT SIDE. o
S - ) JPUT ONE TEN ON THE RIGHT SIDE. - :
EPE " Demohstrate on balance. " : '
Y . - . F-3
3 e . , ; ,
= - ARE THEY EQUAL? '
N - . . HOW DO WE KNOW?
- , . }- :
I ) ° z "‘,
4 . b . ) - I3 t ’:
Z‘@ - ~ 2 "
o . _ v . -3
; - P
: v ’ - " gt 4
s 1 . ’ N
| S
1 ) — ¢ ¢
e N A
: s .
: . W
7 Y
4. ' '
> }"
. T P *
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Introduce Expanded Form

f s B
- ¥
7

,,.tl’urpo.sc(‘s’) :

(a) To prov1de drill on. expressmg a number 10- 19, as the sum of 1 ten

o

. and-d number "less than 10 5 ’
<, .- ) & . ' !
o ’ f ’ -
x{ 1%
Materials: For each student: Balance, unmarked pan left; 2- reglon pan rlght,

3a wits, 3 tens.

S Worksheets PV-4,5. - - - ,. : . &3
Vocabulary: - 4 i .
Y
_ ) -t . .o i A
Ty : . LESSON OUTLINE ,
| I * - . ] . L4 . :
- ACTION _ ’ QESTIONS, DiRECI‘IONS, ETC.
1.. Show First problem on PV-4...... e READ, THIS SENTENCE. . )
: ® - WHATIDESITTELLUSTOD)ON'IHEBALAI{CE’
Follow student suggestions and complete . T )
first sentence x
’ | ’ IS THERE ANOTHER ¥AY T0 MAKE IT EQUAL?
S Foxlow student suggestlons and complete L i
i second’ sentence R v
: r IS THERE ANOTHER WAY TO MAKE IT EQUAL?
~Follow student suggestlon and complete ’ -8 - 7 '
third sentence. ) . \
T Stop,1f13=10+3=md13=1ten+3 '
are shown. .
N
w2, Repeat (1) using remaining problems on . ‘

LA

»
Ly
F

*. 3..Have stndents complete PV-5.

4

. End or Contid

174
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Relationships among addition facts ..-

= Lo~ . e

" Durposcisys

1

!
(a) To teach relatlonshlps among addition problens whlch provide a bas1s

_ for deriving a sum from a known -fact. .
Y ) x . . N i /“ .
., .- Materials:-" Same-as A-31. v - T
4 - - - Worksheets A°145-148 S i _
. Vocabuliry: - - . . ¢ . N
? ) . ) - o e - [N
; . N . - ’ ) — 6.
LESSON OUTLINE
.. T 0
ACTION. - QUESTIONS, DIRECTIONS, CETC.
= = —“\\35‘ ~ — ‘. Chas B R pam—— T
'l. Show problem in left column on A 145 READ THIS FOR ME. ’ ..
. . L N I :
: o WHAT DOES IT TELL US TO DO? °
_ Demnstrateox}‘_b\aiance.' 'WHAT *u‘-n_m ANSWER? . ‘ .
: ' © < WHAT DO WE WRITE IN THE BOX? ‘.
. READ THE SENTENCE FOP. ME. -
: . - DON'T TAIG UNITS OFF OF THE, BALANCE
T e . ¢
: .2; ' Point to second problem-left colum - k ., READ THIS FOR ME. R
A 145, PDWCANWEQ{ANGE'IHEBAIANCETO
. ; ~ SHOW TH"S PROBLEM?
o 3 . .o
) " Demonstrate, take one wnit from yellow. | . WHAT IS THE ANSWER?
wF AN WRITE IT IN THE BOX?
) READ THE SENTENCE FOR ME.
. ' Tt X DON'T TAKE UNITS OFF OF 'IHE BALN\CE
ST - ’ o
- s, Contmue (2) with Temaining' problems . -
. © .. in left column A 145. .~ : . .
~ 7. 4. 'Have students complete A 145-148: " - LOOK FOR WAYS-OF CGHANGING THE
‘ o ’ BALANCE TO’ \ﬂ\KE NEW PROBLEMS. X
\ . : ,
End or Cont'd 131 '
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_Introduce a +b=c+d __ .

v

.. Purposc(s) : (@) To teach relationship$ among addition facts. 5
Miterials! For each student: Balanpe, 2- reglon pans on both sides, 35 units; 2 tems. - .
5 . - Worksheets A-149-152. :
'_"Vocaipu_lar'y: - .

. i i - *““
= . , " CLESSON OUTLINE' | s . S
~ ACTION QUESTIONS, DIRECTIONS, ETC. ~~ -
#* . 1. Show first problém on A 149. . READ THIS SENTENCE FOR ME.
e ) _‘a.z < . WHAT DOES IT TELL US TO.DO?
Demonstrate on balance.’ HOW MANY UNITS DO WE PUT ON THE
‘ . . R-SIDE TO MAKE IT EQUAL
) ‘CAN YOU THINK OF AN EASY WAY TO .
- L ~ _ FIND OUT? .
» Denonstrate on balance. - WRITE THE ANSWER IN THE BOX.
L - READ THIS FOR ME.
2. Use procedures in (1) to do second .
. ‘problem in A 149.
-3. Have students complete A 149. o ‘ .
4. Have students complete A 150-152.
i I . 3
9: ' ;
133
End or Cont'd
' L3 '
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- . __Comparing sums.

©

o ® s .
S 'Pumos_c(s;)': (@) To provide practice on completing sentences using =, ¢, ) .

£
-

< . * . .«

RS e R RT

T e oo ! : )
:Matérials: Same as A-35. _ o c
L " Worksheets GL 14-15 ' -

Vocabulary:
4 3 - : -
. LESSON OUTLINE =~ - ‘ ) T

o~ ACTION QUESTIONS, DIRECTIONS, ETC.

. . : .
.~ 1. Show first problem on GL-14 - | WHAT DOES THIS PROBLEM TELL US TO
T ‘ S 0? -
- Demonstrate. WHAT SIGN DO WE PUT ON THE BALANCE
> o ~|  WHAT DO WE WRITE IN THE CIRCLE?
, - READ THE SENTENCE FOR ME. -

2, Use-procedures in (1) above to T\ to
complete GL-14. '

Pey

3. 'Have students complete GL 15.

135




P T N [P et st RS T P Ty e . e FYETERE P T
.x«? B Y X : " K " < P R S L e I S U e i B o > - T r— . . T e
s 1 . T . . L., . vy - . \ N -, .. - . -
\ . - . . R L N 4 + i N P . ) .
RN B R . L e - . . ,d ‘ Q ’ . . '
s PRI . '
,,L, . [ . . N i . * > -
- » .
ot )
‘.
[
|
t
. .
[
N .
" .
’ .
; .
3
t©
. I
W > .
| . .
.
N . .
“ . '
I : [ ‘
1
|
3 »
i
1
H . P
; .
'
H .
i
+ “ '
\ =
. =z c
Y e . e
. .
. -
: N
.,vT‘w. )
*r ,
~
|
..
« ) :
k3 N . ,
> ) ol
b
) . g
[
L0¢
Pt
e .
e )
BT 1 g
. - Of
S—JH -
. . . . H
B . ¢ . L » .
. e . .t ‘e,\ . ° - . ' ‘ £
- + bl " * . . M , . - -, H. -
S > - . X L ) ! T, . . . == o
on . e - “ ! oy
AR R L A 1]

T L D TP Sy S e



.-

CERIC ., R

. _Mimbei$20-29,

12

Pgr;i_os:c (s):

—

- Materials: 'For each child:
- , units; 3 tens.
Worksheets PV 9-11.

'Vogabu'f ary:

[A

- ' : LESSON OUTLINE

- . PV

(@) To teach the 'e_J'cpanded form of thé mnnbén;'ZO‘-[Q. : , .

. . .. v
of > . ot
* T e - -
B . * . .
’

<
©

~

Balance; unmarked par Left, 2 regions pan right; 35

k]

°

£y
t

.-

QUESTIONS, DIRECTICNS, ETC.

1. ~
Demonstrate by putting 2 tens.

PUT 20 UNITS ON “THE. L-SIDE.

~ PUT SOMETHING ON THE R-SIDE 'K)

MAKE IT EQUAL.
HOW MANY ON EACH SIDE.

-

Demonstrate.

PUT ONE MORE UNIT ON THE L-SITE.

* HOW MANY UNITS ON L-SIDE.

PUT "SOMETHING ON THE R-SIDE T MAKE
IT EQUAL.
HOW-MANY ON EACH SIDE.

B 3. Continue (2) with numbers through 29.
4. Show first prublem on PV-9. - READ THIS FOR ME.
T WHAT DOES IT TELL US TO DO?
Demonstrate. ‘
‘ ' NHAT DO WE WRITE IN THE BOXES.
READ- THE SENTENCE FOR ME.
5. Continue (4) with second problem on
/ PV . -

137

End or Cont'd
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ACTION

L)

>

2

1

r

,

Have students Complete PV'9 and pv 1p-
11.. . Lo -
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“Part 1. | ' _ y

A, Balance: No pans on balance, but two 1l-vegion and two 2- reglor pans
beside the balance.

- Place the following card ih front of ;hg,stqdent: .5' +4 = D

‘Say:  READ THIS FORE.
. . SHOWIT ON THE BALWNCE. | - s

T WHAT DO WE WRITE IN THE BOX? (Allow student to write answer. )

»

READ IT FOR ME. . I ST

‘. . . . . ,

Remove- pans from balance. . - . ,
_ Répeat above with the followmg cards: _
0-9+-3 - 8 =[J+'3 6-6=0 T+es=5+0 -

Balgnce: 1l-region pans on both sides

Place the following card in front of the student: |24

y: PUT THIS MANY ON THEL-SIIE. - ) :

- N\ How e

: \
HOW, MANY?

’ 7 A\ ‘ o
C. Set up balance to show 5 =3 + 2, 7

P{JT MORE ON THE R-SIDE.

Say: WRITE A SENTENCE TO SHOW WHAT,IS ON THE BALANGE. -
READ YOUR\S}\ENI'ENCE. f
WHY IS IT EQUAL (NOT EQUAL, MORE, LESS)?

Repeat above using tﬁe following problems:

4 = 4 ‘ . 3#5

144
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v+ PartIII. -

( : A, Balance: No pans on balance, but two l-region pans and two 2- reglon
. . pans besme the balance

~ _ " Place the followmg card in front of the student: BOS +3.
Say: WRITE q()\‘IE'I'HING IN THE. CIRCLE TO MAKE IT RIGHT.
hOWDOY’)UKNOWTHATI’I‘ISRIGiT"

P i

Remove pans from balance. . -

v

et o Repeat, using the following cards:

7+209  1sks s+sQr7 0 o
‘B.  Balance: ]_.'""-r'egion pan left; 2-region pan right, ' ‘
P Place the following card in front of the student: [ ] = 2 tens + 8

—Say: SEOW THIS ON THE BALWCE..™ . =~ . .

N

WHAT DO WE WRITE IN THE BOX? (Allow-student to write answer.)

‘ READ IT FOR ME.
- . Leave 'balance set up A
‘ : - Place the follcwmg card in front of the student: [].= 20 + 8
‘ 'Say{ SHOW THIS ON THE BALANCE. > _
s WHAT DO WE°WRITE IN THE BOX? (Allow student to write answer.)

READ IT FOR E. .
- e 3 » '

?' ' C. *~ Set up bdlance to show 12'= 7,4 5.° )

' Say: WHAT DOES THE BALANCE, SHCW? - .

Leave balance set up.

[
)

+-

(%) ]

Place the fcllowing card in front of student: 11

-

Say: SHOW THIS ON THE BALANCE. ~ .

Leave balance set up.

- ”

1}
w

4
[¢))

" Place the following card in front of student: 11

’

‘ Say: SI_—}QW THIS ON THE BALANCE.. 145
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.

< A S o i
S R T | oW 2 .
-A.  Balance: \Io pans on balance, but two 1- reglon and two 2-region pans
. M:‘ . -besidé the balance. .
- Place thejfouowmg card in front of the student: D 3I+7 . S )
3 e » Say: READ THIS EOR ME., SN LT ,
‘.eo s - SHOWIT ON THE BALANGE, . e . Lo
ST T AT DO WE WRITE Iy THE BOX (Allow student to write-ansver.) % -
S READ IT FORME. © . ‘ '
' t- ‘Remove pans from ballance ‘ o * _ ' £
L - " . Repeat a.bove with the followmg cards y o ' _' -
5‘4_ 8-5-D. ._\‘ 9 D D D":.4*7 ‘,-D‘_"()'-’O- ‘:a,-- ’
- - B. Balénce:' l-region pans on botfl sides. .o
T Pla\ce the: followmg card in ‘froitt 'of ‘the student: | 18 ) ., "
Sy""PUI"IHISMANYQ\J'IHELSIDE | ' .
e HOWaAW?. - L Lo i ' L
© . PUT LESS ONTHE R-SIE. - o -
HOW MANY? | ' - g
N | |
C.  Set up balance ‘tg show 10 =6 + 4 _ ° ‘ S e
| Say: WHAT DOES THE BALANCE SHOW? '
Leave balance set up. . '
Place the fgllowing card. in front of student: 11 =.D + E]
' Say: sxcfy_ THIS ON THE BALANCE. S
. FILL IN THE BOXES.  ° ©
D. Place'Z dimes and 3 pennies in i;r;nt of student.
T Say: HOW MUCH MONEY?
Leave money on table. * - 7
, - 146 Pl‘ace‘I dime and 7 pennies in front of student.
/ y L . ’ 19 o
ERIC .. 149
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Part IV. “(continued) ‘ ) ’ N : .,
N 1 S {0 ‘ T
~ * D. (continued) . = . T o _ ’ :
\ ] <% R 4 \\ . . < ¢ o L :
Say: HOW MUGH MONEY? "~ .. s - e

- \ . . . -
.+ Leave money 8q table. : . ' .

. Point to both piles of money\. ) . cL
- . - ‘\ - * - LT = N
_ Say: VHICH PILE HAS MORE MNEY? .- ' : P

-

EE HOW DO YOU KNOW? ' \ L -
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- .(g.). Shpw card:

s-0+0

— Shy: 'READ THIS FOR IE.

/' WRITE SOMETHING TO MAKE IT' OKAY.

READ THIS FOR ME.
IS IT OKAY?

3

OR Re‘?gat_ (a) three more times, saying:

-y -- K
4 v

.. Show card B 4 + 2

Say WRITE SO\IEIHIING 0. MAKE T OKAY
“READ IT FOR ME. '

~ —__ 3. Repeat 2,

—_— e e ——

IS IT OKAY?

showing card:

. 4. Repeat 2, showinig. card: 301 + 1
] - L 4
S. Repeat 2, showing card: 403 +2 :
6., Repeat 1, showing card: D 3
7. Repeat 2,"‘shcwing card: 2+ 3 =[]
. A . ’ -~ i
? 8. Repeat 2, showing card: 1 + SO6
9. Repeat 2, showing card: 3 + IOS
10. Repeat 2, showing card: 2+ 304
i 11. Show card: 3 =3
Say: IS IT OKAY?
12. Repeat 11, showing card: 6 =2 +4 |

.3

WRITE SOMETHING DIFFERENT TO

MAKE IT OKAY.

151
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%

Repeat 11,

Repeat 11,

.
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' Plaée'the following aids on table: beans, sticks;\pnifix c bes, and blocks.

Show card: 5+ 3= []

.,Say: WORK THIS PROBLEM FOR ME. (Student writes answer in box.)

o

. USE ANY ONE OF THESE (pointing to aids) TO SHOW ME WHAT THIS PROBLEM SAYS.

Repeat

Repeat

_Repéat"

. Repeat
Repégg
. Repeat
Repeat
Repeat
Repeat
Repeaf

Repeat

Repeat

1,

1,

1,

1,

showing card:

showing card

showing card:
showing card:
showing card:
showing card:
showing card:
; shoying card:
showing card:
showing card:
sﬁhwing card:

showing card:

Repeat 1, show card:

.g-'4=D
=4 +2

') D - w
+ + n ]
O & = O
" i <
(@) $ D (39}

3+4=D+
3+4=D+D

Say: DO THIS ONE IN A DIFFERENT WAY.

155
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APPENDIX F  °

EXTERNAL EVALUATION: TEST III
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Ty _ Final Interview | June 1976

- jStatements (1 - (Gfg Interviewer writes in front of the child. Each
e ) _ Statement’is followed by the same 4 inquiries.
(1) 3 =3 - (a) Read this.
(b) - Is this okay?
(c) What does it mean?

(d) Show me this with the beans. '

reverse the order for the control group

() 3+4=7<—
(4). 1 +2=2+1
) 3r2=4+1
ts) 1+ 3=4+2

Statements (7) and (8) are presented on cards, followed by the same 3 inquiries

w

(M 13 =10 + (a) Read this.

' (b) Is this okay?

(c) What does it mean?

(8) 10 + 5 = 15

Statements (9) - (11) are given orally. Say:‘ 1711 tell you something and

you tell me whether it's okay. '

(9) 5 =4 + le—

. reverse tﬁe order for the control group
(10) 2 + 4 = 6 ) : .

- A 3+ 2=4+1 ' :

(12) Show a card: 3+ =5
Say: What goes in the box to make it okay?

(13) Show a card: 6 = 4 + [} - \
Say: What goes in the box to make it okay? 1

(14) Oral: I have three pencils. You have some pencils. ' ' :
Together we have five pencils. How many pencils do you have?

159
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