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~Preface . s

»
As mgthemat%gs has become more obviously essential in many of the in-
quiries and mich of the work of the world there have been an increasing number
]

‘of appeals for more attention to "teaching mathematics so as to be useful."”

The following are typical: " \

T Since mathematics has proved indispensable'for the understanding
and the technological control not only of the physical world but also
of the social structure, we can no longer keep silent about teaching
mathematics so as to be useful. In educational philosophies of the
past, mathematics often figures as the paragon of a disinterested -

_science. No doubt it still is, but we can no‘longef afford to stress
this point if it keeps our attention off the widespread use of mathe-
matics and the fact that mathematics is needed not by a few people
but virtually by everybody. ("™hy to Teach Mathematics So As to ve
Useful," H. Freudenthal 1968)*

@

-~

- P

The big unflnlshed business is to collect appropriate examples
of honest applied mathematics for earlier levels of education. I
know it is possible to bring real applications into the secondiry,
and. even the elemenlary, school and to motivate and illustrate much
mathematics by such examples. A major, probably international,
effort is needed to collect a sufficient variety of examples $o fit
all our different schocl situations. {"On Some of the Problems of
Teaching Applications of Mathematics,” H. Pollak, 1968.)

v .

This book is one person's 1ttenpt tQ reépond'to the need reflected by
these appeals. It nad its orlplns %p work with the School Mathematics ﬁtudy .
Group ( MSG, ‘effcrts since 1900 to prudnce a mathematics curriculum fc: about
g&adés'{-lu setting forth principally mathenatics judged to be essential to

"everyman." [The results of that project are now available as SMSu's Secondary

School Mathematics 53! in duc versions, one ‘for average and one’.for "slow"

" learners. ) From its iPC°ptlon, all concerned with the project recognized that

+
s

work on this project began with these three beliefs:

such a curriculum should illuminate tne uses to which mathematics is put. PRut
it soon became clear that it is cne thlng to say this should be doné and qulte
another to find the aﬂnroprlate mafermals to accompllsn it. At some point I

took it as somethlnb’af g, personal challenge to expand the supply of problem

"material that would support such intentions. This volume is the result. My

'\

1. That interesting numerical infprmation and good explanations of
elementary uses of mathematics in the world's work are available ,

in ample supply and from readily accessible sources,
%

.

] . Y
*Al11 books and articles referred to are listed at the end of this book
( elphabetically by title) with‘complete bibliographic informetion given.

Q .
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. . ’ .
2, That from such sources interesting problems can be fabricated that

5 ~ ‘use a variety of mathematicgd models, ihc%udiﬁg many requiring only

; : the mathematics available by the middle school years. N

S . . ‘ - . :
é& ’ 3, That such problems‘, once fabricated, can be effectively worked dnto .

g -~ currlcu%pm materials and made an integral part of the school mathe- B
% i e _Mmatics experlence. . . . .

§g~. ) It seems to me that the first belief is well supported by the variety of

sources referred to by problems in this book, and these By‘no'méans exhaust

the possibilities. As to the second belief, turning %his raw material into

problems has proved to be often*difficult, always time consuming, but possible.

e o e

As to the third proposition, I still believe it, but this volume makes no con-

»

sk

tribution to its proof, Still, I nope that the existence of this and other
such’ collections encourages others to work both on extension of the supply
of problems and on the difficult task of making them an integral part of

;0 school mathematics.

4 -
# I wish to acknowledge here the steady encouragement of E, G. Begle and
his patiénce through a sucee331on of mlssed dead11nes. A draft version was s
very much improved by suggestlons from these graduate students in mathematics

education at\the University of Chicago: Diane Detitta, Raphael Flnkel, Susan

:‘ Friedman, James 3J0ehmann, Raymond Kleiﬂ, David Porter, and Ronald Teeple. The
pauience and help of hy wife and family is acknowledged, as is the fssistance
of Marilyn Brown and Rossllnd Stephens én typlng several versions of the man~
uscript. Finally, my debt to many other wrlters of books. and articles will be

obvious to any reader of these problems,.and is acknowledged.

‘ 7 Max S. Béll
. The University of Chicago s
, * May, 1972 -
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Introduction
5

“t

w ‘

This book is intended as a demonstration that a variety of interesting
veryman can

5

problenms suitable for use in the school mathematics” experience of e

be fabricated from readily available sources. It is intended to be illustra-*

tive father than exhaw. ve; indeed, for every problem that appears here there e

SHEE

are source materials in my files that wbuld support the formulation of several

A PP ot R ALY

more problems.’

* “The organizatlon of the book is somewhat peculiar. It dees not follow

the t0p1cal sequence ‘of any known currlculum‘ nor is it organized in order of

s, A

B

difficulty of provblems; nor around spec1f1c areas of application of mathematics.

it is organlzed around a few bas1c mathematlcel ideas that seem

%f Princ1pally,

o

;' to me useful or essential for everyman yet neglected w1th respect to applica-

;
ve.
} Hence it beglns with a deeper than usual

tions in most sqhool materléls.
he uses made of sirgle numbers, startlng with counting then

d»

consideration of t

e

3

econsidering such uses as‘orderlng, indexing, coding, and 1dent1f1cat10n. The

5 AR e £% B

L%

second chapter considers uses of pairs and triples of numgers, first in co-

-

next with respect to ratios, and finally -
LY

ordinate systems of various sorks,

Py

with some uses involving ordinary calculatlons. The third chapter tries to

d "measure uses of numbers and some

paardaerrmpEag)

——give some picture of the very w1desprea

\,\ A

T2 general dense of what is going on when one méasares somethlng. The fourth

RIS

s formila models, Among other

;» _ chapter takes'up the use of measures in varicu

t s*milar mathematical models

things, this chapter tries to make the point tha

serve in a w;de variety of situations. The Fifth Chapter gives three examples '

The intention is to suggest

,\‘ of themes that can support problem collectlons.

. that many more such themes could be explored to good effect.

in the book that do not so much ask a question

There are many "problems”

as invite the reader to formulate questions.
1nsu*flc:lent or of somewhat doubtful vallﬂ ty3 in most

There are al%o problems where

the information i¥
; cases this is deliberate. "There are ques
this too is usually deliberate. That is, I

tions where there is not a definite

answer called for ar appropr iate;
't see why school problems should invariably be tldy and unal

mblguous, when

don
£ .

the problems presenied by 1life are not.

4 Readers of manuscript versions of this book.have asked about intended

T confess I do not have a precise

audience for and probable use of the book.
The problems themselves are intended to te accessi-

answer to such inquiries.

ble to youggsters by the middle school years, hence requlred matnematlcal N
)

The expository sections may be

knowledge has been kept to a modest level.
e .

b vttt s+ et S 8 pracor o T it e n a2




- ' b
another story, since they are frequéently quite condensed and it may be dif-
ficult for some middle school readers to cope with them. Also, some of the

problems may well require that elusive "mathematical maturity" beyond the

technical knowledge required, It is unlikely that an entire book of ﬁage
after péﬁe of assorted problems would be seen as a suitable textbook for'a

school course (though I think this might be worth trying). The book should,

-

however, serve as a useful supplement over\several years to existing textbooks,

most of which have few genuine applications. Working teachers can use the

- book both to expand their oyn knowledge of a range of applications and as a
" source book from which to assign problems or sections *o their students, I
hope that many youngsters use the book, with' or without the intervention of

I should think it would be useful in the training of prbspec-

tive or in-service teachers, both for elementary and secondary schbols. Most

their teachers,

important, I hope that the sorts of problems represented by this and similar

* +collections will eventually be woven into the fabric of curriculum materials

3
i

i
.
£
;
¢
H
&
b
4
5
3
i
H

that define the school mathematics experience.. . 3

i S " The underlying idea,throughout this collection %s, of course, that of

mathemdtical models. There is a brief introduction to the processes inyolved

in building nathematical models in the first chapter of the book but it is

not possible for a student to acquire a thorough understanding of these proces-
ses with any single experience. Rather the ideas and processes must be en-
countered again and &gain over a long time span, perhaps with rather pointed
reminders periodically about what is going én. Problems such as those in thisf
collection provide a context in which such reminders and discussion can take

place but are not su?fiCienu by themselves, : ‘ oA

. 4

There are many omissions from this collection, for a variety of reasons,

o

©
Probability and statistics apﬁlioations are nfissing largely because they will N
be ‘attended to much better than I ~ould do them by a joint American Statistical
Association ahd Vational CounCil of Teachers of Mathematics project, Two_;ooki
from that project should be available by the time this book appears, one each

1 .

from Holden-Day and the AadisonJWesley Company. I regret not being able tor

prEn

) include {because of printink difficulties) examples of the marvelously infor-
rat-ve graphs and charts of the +"Road Maps for Industry"'series, vhich would
provide good bases for many nice problems, (Teachers can receive these upon
request «to The Conference Board, 845 Third Avenue, New York, N.Y. 10022). Tt
was not possible to inciude problems based on three dimension relief maps

. (land terain, population distributions, pollution distributions, ete,), and

the two dimensional projections of these lntO‘CODtOQF lines, level lines, and

other equal-characteristic curves. Such applications are iliuminating, im- *
E ) e
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portant, and very much negleeted in the s
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and the controversies and decisions that

infleticn,ﬂpg}lption, government budgets,
in the use of ‘ench muterials, but fhey ar
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These omfssions are mentioned not by
of unfinished business.

indicates that headway cah be made in gre

collections give the same positive indica
efforts of many teachers and other mathem
last begin to solve one of the most persi

tioh; that of "teaching mathematics so as
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applications for use at many school levels,

2 -

chool experience, as are several

ree 1nto two dimensions, Time

e pressures prevented 1nclus1on of more problems based on social statistics

face average citizens (armaments,
ete.).
e the stuff of responsible citizen-

There are risks, of course,

\

way of applogy but as an indication

I believe the sampling of problems contained herein

atly expanding the supply of good
Other recent and pending problem
tioQ I hope with these and the
atics educators, pe®haps we can at,
stent problems in mathematics educa-

‘to be useful."
\
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Chapter I

USES OF NUMBERS FOR DESCRIPTION AND INDEXING

X
Ay

«

1.1 Preliminary Remarks About Applications of Mathematics and Mathematical
i Models . . ts

O e PG |

Fa
L

. "The use of applied mathematics in its relation to a physical prob-
lem involves three stages: (1) a dive from the world of réality into s
the world of mathematics; (2) a swim in the world of mathematics; (%) T
a climb from the world of mathematics ‘back into the warld of reality, .
' carryingta prediction in our teeth. fJ. Synge, quoted in the Amerlcan
< Mathematical Monthly, October 1961, page 799).

KIS

v, -

P - -

Starting thousands of years ago, man invented numbers, computation, and

ey
R’

»

'keometry to help understand and keep track of his world. For ihe past few

AlanA T P,
f:; o E
. v

hundreds of years mathembtics has been seen as having 'unreasonsble effective-
A
nesg" in providing equations, formulas, and other mathematical models to help

understand real world events related tc astronomy ond physical sciences. But

5V

p only in the past few tens of years has mathematics been used extensively in

" many fields outside thé Dhys;pal sciences, espec1ally since about 1950, when

TRy ey

the first.practical electronic computers were built. As a result, statements
such as these are now commo?place:

Y

X e
-

.3
For economics:

i §

The applied contribuulons of ‘matnematical economics cover wide \
range of areas, It has helped in the planning and analysis of ... the
‘measures designed to eliminate recessidns and inflations ... . It has |
helped to promote efficiency nnd reduce costs in the selection of port-
folios of stocks and bonds, and 'to the planning of expanded industrial |
A ' Lapac1t1es and public tranaporoation networks. In economic theory, it ,
; .. has helped us to investigate more deeply the process of economic growth
: N and the mechanism of business cycles. In'these and many other areas,

. \ . the use of mathematics has become commonplace and has Helped to extend
: »' " the frontiers.of research. "™fathematics in Economic Analysis")*

[ , ~ $k" °
‘)
For 01o;ogy‘

’

T (S

sy
There no» exists, at least in outline, a systematlc mathematlcal \
biolcgy\‘hic§h in the words of one of ifs pioneers, is "similan in its

(l

structure 2 aims {though not in confevt) to mathematical physics.”
'Moreover,xtn s mathematical biclogy has alreaay greatly enriched the
‘biological:sciences ... _/"On Mathematics and Biology")

L

T WA 8 M YLyl
P KT

PR '._ .

Lo Full informatidn about all articles and books referred to \n this book ) .

is ih the Bibliography, listed alphabetically by title. .
» e . $
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For Business: . ' ; T "\ s
o The use of mathematical language ... is already desirable and will
soon become inevitable. Without its help the further growth of’ busihess
with its attendant complexity of organization will be retardé&.ﬁna Jper-.
haps halted. In the science of management, as in other sciences, wathe- .
matics has bencome a "condition of progress. (Mathematics an Vanagément)

.

The process by which mathematics becomes useful to workers in these

. Pields 4s indicated by the quotation at the teginning of this chapter. %Read °{“ﬁ

it again now.) The "dive into the world of mathematies" typically results in
vwhat is called a "mathematical model" of the real world problem--some bit of
mathematics such as a numerical expression, an equation, or a geometric dia

gram wyich expresses in abstract terms something about the real situation.

- This same process of using abstract "mathematical models" to express
something going on in tne world also characterizes everyday uses of mathemat-
ices. éonsider, for example, the mathematical abstractions used by most people
every day of their lives--the counting numbers 1, 2, 3, ... . These numbers
appear to have teen needed, and hence invented, early in human history and by °
virtually every human sceiety that we know about. By examining the number
words in various languages, anthropologists have’found many number systems

based on ten (probably the fingers on both handd), on five {the fingers on.

one hand), on four . the spaces between the f}ngers), on three (perhaps count- _\
ing of knuckles on fingers), and some fairly SOphisticated mathematical sys-
tems based on twenty (fingers and toes?). This dive into mathematics was
first by way of spoken number words; written ﬁumber systems were a later de-
velopment. After this dive into mathematies, such things as\"addition" and
"multiplication” of counting numbers were invented to describe something about
what happens when two sets of things are combined. That is, wliat man has done
for centuries in applying numbers is not very différent in basic spirit and
‘method from the modern use of mathematical models to solve complicated prob-
lems in business, science, government, or social sciences.
| Problem Set l.la
1. Give several situations where one could sctually count things in the
world of reality, and where the mathematical model would involve only
the set of natural numbers and the operation of addition.
. t
2., Give an example of a situation in the world of reality for which the
mathematical model produced in the world of mathematies involves only
the set of natural numbers and the relations =, <, >,
3, Give a situation ﬁsing addition, where the numbers that represent things
2
L]
, 12
¥
® .
iy - o= - RSN N FOREEIPIE. 3

T N - - - -
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T. Give a- situatinn where the initial description is (r\terms of natural

. T A
8. Give a sit tuation for whiog the appropriate mathematical déseéription in- -
- L) 2 ——
negative 1nt&gers. o

10, Give a situation where the appropriate

situaefons by using mathematicaL models
‘ represented by mathemptical things.

"p1ow chart,” such as computer progra

9. Give a situation from the world of reality for whi

-

in the real wérld are natural numbers, but where actual counting would

probably not 'be possible..

v

Give an example of*a situation in the world of reality for wHich the

mathemapical model would involye fairly small natural numbers and sub-
tr&ction. {For example, I had five pennies and gave away three of them;

how nany-did I have left?)" Now think of a. dlfferent kﬁnd of s1tuation
{ You have

sphestvy o U P tr B,

‘for which the mathematical model could be exactly the ‘same.

five’ pennies and I have threef how many more do you rave then I°)

ion for which Ehe mathematical model would

Give an example of a, situat
Now &ry to think of quite a dif:-\

involve naturab numbers and division.
ferent situation which would have the same mathematical model

‘GiVepavsbvuatio

counting of individual objects probably did not lead to. the numbers.
How many atoms

n which would be described by natural numbers, but where

(For example, how many miles from Chicago to New York°

in .4n ounce ol'Uranium° What is the present world populat10n°) ~

a hemat1cs forc\s one

numbers, but where manipulation in the world of m

-

to consider ‘ractlons._ﬂ. .-
/

" volves
ich the dive inko mathe- °

-matics would involve both geometry and arithmetic.

| .
mathematical mod@I involves an

'
equation. » 3.

L EE xact" mathematics i's applied to solve problems "abdiat "1pal life"'

" in which the real life things are
This prccess can be 1llustrated oyﬁa

mmers use in analyzing probléms.

Problem Set 1.1lb
For the n&xt -wo days make & log of every use you see (outside ycur

mathematics class) of-numbers, calculatlons w1th numbers, or of other
pr

things. 1If some computation w1th pumbers is involved, in-
For about

mathematical
> dicate whether it wag done with the asslstance of a machine.

five of these uses, explain how qaéh 15 a use of mathematical models.

2, Go through a daily newspaper ér'gegkly newsmagazine (Time, Newsweek,
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In simple, everyday, applications one does not, of course, 'go expl\icitlyt
throygh all these steps, :
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U.S. News and World Report, etc.) and record or clip out every instance

you find of sorie use of numbers or other mathematics. \Go over your
2 record (or cgllectlon of clippings) and see if you understand every such .
use; if ng¥, try to do something about that. See if the inf‘ormatlon
presen*eé seems accurate and if the conclusions draw from it are défen-
. si‘ql‘. Are there other interpretations neason.ably possible from the:
dmme informetion® Identify the mathematical models that are used (arith- °
metic, percentage, pro‘bability, graphs, etc.) and try to identify stated
or unstated assumptlons that would need to be made in simplifying the

real situation enough to fit a mathematical model to it.

7 ~"Among y\o&; parents, relatives, parents of frlends, ete., try to flnd
sdmeone (o] uses mathematms as a regular part of his (or her) Job. .
Interview him and write a brief pgragrapn descrlbing the uses of mathe-

maties discussed in the interview, 1r.clud1n5,7 the level of matnematl'cal

Erainipg .needed [arithmetic, high school mathematics, college mathematics),

2 . .

~

~ 1,2 Uses C?Single Numbers for Description

Usually our t‘irst and most fre&uent encounter with mathematical models_ .
is with rr{unb.ers used to describe or quantify scme situation. Often the num- *
bers are whole numbers obtained by some counting process;, frequently they /.

, eXpress meésures of somethidg; sometimes a single number description is op-
tained from combining several other numbers. 4dre is an assortment of infor- . B
mation given in numer1cal form from many sources and problems for you to do ‘ .

J

using the informatior given,

€

Pgoblem Set 1.2

“e

£ .

1. The population of the world in selected years since 1650-is given in the "
. A [ ]

table below:

- ,/Estimatgd Yorld Population - - - ce
S / ¢ . T
: o Tear “orld Total {Millions) ) |
1 \
‘ |
1650 ’ ¥70 . |
1750 . 654 - .,
' 1850 \ 1,091 R
1900 1,571 ‘ X
T, 9% 2,070 ' |
1950 2,295 -
. 1950 2,517
‘ 198 . 3,003 :
‘ 1969 T 3,561

ﬂo

a) The table zs given in millions--write it out so it shows actual
! t

¢
o
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red

<

Q ! ”

3 ERIC -

. rllmrmunnmc L

D e Ao L O



Do mp P RHId o TG
T e S

s number of people, and read each number. ~

Q) Draw a line grapi' of fhis information with years along gle bottom*
* and total population\én the side.

c) Starting with 1650, about how long did it take for world population
to double? Starting at this,inew poml. about how long did it take

; for it to double again? Again" Continue answering that question up
to 1969, Make an "educated 'guess” bout how long it will tecke forJ
. the 1969 population of the world to double. In doing so, what asm

sumptions would lead to a different preliction?

d) The 1918 influenza epidemic is said to rank with the "blacx death"

LR TS

plagues of earlier times as one of the most destructive disasters /

It
clo Sl

ever to. sweep \WLhe eartb. IL is said that influenza took some twenty -
million L§ves in a few months. Assuming that the world population
in 1918, 'was slightly less than .that shown above for 1930, what death

" rate would tb&represent one in a hundred" one in ten? or what"

e) " Werld War I was st111 going on when the influenza- eﬁdemic str{mk.
Accordjng to the 1970 Information Please Almanac (page 795), sixteen
countries had together about 65 million mobilized armed forces for
that war, of which about 8,500,000 were killed of died. Whah is the
deatn rate of, those mobilized? Which was the most destructive for )

A4‘11'1ose directly involved, the war or the 1nf1u_enza epidemic? /‘a{

. . C - et

f) Austria-Hungary had 7,,'300 060' fortes mobilized for World War I; and

. - 1%0 O/O/we’re kllied or died. What death rate does this represent?
Y I \Total casualties fé: Aus..ia«Hungary, including the v;ounded and ot
T prisoners, came to 7,020,000.) The United Statzs came into th.e war

3
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_ near its éady Tt hed about 4,700,000 forces mobilized, with about

L ll? 000 dead. Vf.éat death ra*e does this represent? For the British
Empire the flgufres were about 8, ,900,000 versus 900 000 ‘k’illed‘ for’
France about 8,400,000 with 1,400,000 dead. What were the death

A

rat/es?

g) Informat\lon Please Almanac and other good almanacs have similar cas-

AR Do gy 2 ~ = AT
I AR RS »’y{'@ﬂx AR pe SRS Yol " e n‘)’};’:‘ OB
v .

v .
ualty ures for World War II. Look up this information and make a

. . judgmenit about tﬁe_destmctiveness of WOrldeax{ II as compared to

e ! . Fiad n S . . . .
£ Y, Woxld War 1. ) - - -
5/ ; La - 4
5/ ! - h), Look up in an almanac or other source death and injuries from auto- N
& . : : .
; mobiles in the United States (and, if” you llke, to other forms of !
i;‘ transportation). Compare the "automobile plague with some of those a ;
S 6 ‘ . 3
E ) ] % 1 {i v \\ %
. TC -
2 T ) . . e AR
B : . C o
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g}\\ 2, ?he information thatr a mélqen needs to process in order to make respon- &
;‘ sible’ and intelligent polltlcal/socml decisions is frequently given in
B
{g" ntmerical form. Here, for exaxrple, is a sampling of items from the :
.) .
Lo October 17, 1971 .New York Times, For each item, -suggest a p*oblgor K
P ————
% two suitable forgthis books! . B N
' NP . .
;;:. - ¥ ‘ ~ 4
;%2 a) It is estima,ted “that there are between one and two million illegal )
i : / N
3 .

o

aliens now working' and,‘living in the United States.. They continue

4

&
.

TR

to enter at a rate of at least .2,000 per day. " In the t‘iscaf]: year

1971, 420,125 illegal aliens were "captured" by the Immigration and i
Naturalization Service., The reason for cgming is usually to escape ,
poyerty. For example,: an 18 year o0ld youngster was working in Mexico . “‘
g for '$l.25 a day, came illegally to Chicago and earned $ 1k.75 a day .3
%:« plus 2 meals, sending back $?OQ to his rather in the year before he ) @
%“ was caught. . N 5’?
bt . - . . . :
:& b) Last year 3490 cases of smuggl'ing of Mexicans ‘into the Un'ited States
; * were reported., .TH§ usual fee from the borde_r to Chicago or-San )
k Francisco is‘$2’;Q per person, with groups ranging from 15 to 70-,
i . .people, o ' . . ’ ‘ 7‘ ’
- ¢) One estimate of the amount of money sent out of the Uniﬁgd Statés by, *
illegal aliens is 5 billion dollars per year, P
\ d) 1In Raleigh,.N.C., rats have been found able to survive 2 % to 6 times: ‘
< ‘the normal killirg does of a widely used rat poison. Apparently a
v genetic érai’t is involved. 1In Scotland about half the farms have
” -_rats, and 4% of them are resistent to this poison. '
e) Contrary to the tendency of Canadians to blame the U.S, for: every- ;'
T - thing, wrong, the 3cience Counsel of (‘anada recently reports that ‘
‘ many of Canada's econom,c troubles result because Canada 'lacked the )
s{ spirit of adventure."” For example, they own 9h billion in life in- ’
“ surance while the Americans that outnumber them 10 to 1 have 1959
fg billion. v
-~ ¢ : i
[ N f) A Gellup survey (of a sample population of 8,935 peoplg) showed
,V these results: \ - . .
;* 1 .' . ,
- ‘ -
5 ;
/ : Ti7 - - - \‘z
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4 . Repub- Dem~ Inde~ Repub- Dem- « Inde~
! o lican ocrat pendent lican ocrat pendent | .
. h 7%
4 7 professional and . T e &
. 1 n
" Business’ workers | 3th 3% 39% % 29% 24
ﬁ- S Clerical and ) . ®
= ! Sales workers 25% b 32 :7% b1 . 22% :
gy . Manual workers 19% 18% 336 - || 3% 50% 18% *
EN r]
g - A : -
[ ! T 1971 1960 H.
b / — - *# N
. Blacks o A 72% 19% 3% | suh |© 23% g
L : i E
g; ° g) Three hundred stations carry Sesame Street, and an estlmated two- .-
G- S
5 , thirds of the nation's 12 milllon Lhree and four year olds watrh the
z3
;" ., program, whith has a budget of $13.8 million per year, There is some
{
£ evidence that each year's new class of kini:rgarten kids knows more
g than the previous class, and some of this is attributed to the Sesame :
f\ Street program.
l;'v\; " -“T:'L- ’ L
; . h) A Census” Bureau survey from September 2hth to October 2nd showed that
. R

motives; Amtrak's time is now 18 hours L0 minutes on one route and

" mph on the Jgpan Tokaido line and some lines 1n Germany.

of 2,216 persons asked, only 34% setd President Nixon's pr1¢e freeze -

has stopped-price increases, - »

- R + . §

Trains are fuller under Amtrak, but.lt is thought to be/iargely be-
cause there are fewer trains. Tﬁé\natlonw1de total of about 185%
trains a day is only half the numbex that were operatlng,before <
Amtrak. Amtrak is losing a lot of :éney, and may need $260 mlliipn
operating subsié& over the next 2 Qears\ (In 1969, before Amtrak,

S 2
N

there were direct rail passenger losses of $200 million.)

In 1900, a New York to Chicago train took 18 hours ugihg steam loco-

Es
17 hours on another. The average speed is ‘around 50 mph natibgwide, u,&‘
compared to 7L aph for the New York to Washlngton Metroliner and 125

':« -
R

Failure of engine mounts in 1965.through 1969 Chevrolet Nova, Chebellé R

nd Camaro models (which represent 1 out of every 12 vehicles now ofi-’
the road) have led to 500 complaints received by the Nationa% Highway
Traffic'Safety Administration. General Motors reported to tﬁe s;fety
agency that it has replaced about 100,600 of the mounfg; one report
is that the repiecement job costs about $30. [Note: 6. M. later ¢
! A

*%

’ . 8




.

anpounced it would recall 6.9 million Chevrolet cars and trucks to’

s

replace motor mounts. )

3

£) "Thus far George Meany has been patting 1000 in his efforts to in-
. ducé the administration to tailor the wége part of the control pro-
gram to his design."” (Qhat exactly;éaés "?atting 1.000" meay? Is
its meaning likely to be understood by jmost newspaper readers? Can
you th;nk of other sports statistics téat can be uséd in a populﬁf

quicle and understood by most people?§

m) ~"er Meany did not deldy in letting itébe known that he thought the

; goal %y 2 to 3% in®lation by the end of 1972] was impractical. On
- N
the weft coast...the dock unidn was unwilling even Yo discuss an .

. 0
offet calling for pay increases of 32.6% over 2 years.” ,

ks N -

n) The administration is trying to eliminate 1.5 million needy children
-:perhaps 400,000 in New York alone--from the free and reduced price
component of the échoo} Tunch program for 7.3 millién childr\n. Fhis
summer a cut in the amount of subsidy per child was ordered but an
angry Senate stopped it. The current move would cut down ;n e num4%

ber of children by'permitting subsidized lunches only for’éﬁil ren o

lfrom'"poof" rgmilieg ‘families with less than $§,9h0 incoﬁé). )Buts

John R. gramer claims the cut in cost of the summer propcsal (more

children but less money per oh%}df would total $432 million while the
second ‘approach more money éut fewer children) also cuts costs by
$L32 million.

o) The total Hlack enrollment in all colleges was‘less th§n~806 in lOOb;
‘000 in 1820: about 106.000 in 1950; 260,000 in 1G60- (130,000 or 65%
in Black colleges); 234,000 iny106h (120,000 or 51% in Black colleges);
134,000 in 1«8 196,000 or 3% in Black colleges); /C,000 in 1970

v (180,000 or 34% in Blzck colleées). ’

Fhe Guiness Book of World\Records is packed with rumerical facts ahd

descriptions. For example, here are some items from the 19°'1-'2 edition;
4 e
For each, answer 2ny questions asked and make up,at least one problem
-_— - R

suitable for a book sucn ag this,

1
a) On page T17, we learn that the greatest distance recorded for
: -
:sling-shot is 1,uli7 feet. -Is that more or less than an ordinary

city block (% mile)? <

b) We are told on page 239 that the new Sears Tower in Chicago, which
will be 109 stories and 1li%l feet tall, will become both the tallest

> k3
\

9 .

" .19

¢ S




't*“-’-gk,;ﬁﬂ'& R N - . =) . . LRIy
e I " + 7ty ﬁ(

[y
S

S

[
i

e . )

s

< -8

_building in the~worlé (né%-pbunting TV antennas), and with k, 400,000
square feet (ldl acres), also will have the most floor area. The L
Merchandise Mart in Chicago was biggest in floor area with a mere
h,OZ},hOO‘équare feet. *

¢) The Merchandise Mart cost $32 million in the early 1930's. How nuch
is this per squagg oot of space,'ahd how goes'that compare with
building costs now? {(As an index of 1970 building costs, the several
buildings of the world trade center in New York will have a total
' area of rentable space of 10,018,000 square feet and will cost $575 ‘
million. 7 Read this problem again and see if you have an accurate
basis on wRich to comparq present building costs with those of U0

‘

Vears .8go.

o)
Vit el al erde gue o7

a) A successful, popular singing artist can make & tremendous amount Qqf

money. Fof example, pageéQOl tells é% Bing Crosby had apld 200 mil-

lion recor&s’by 1900 ( from 2600 gingles an 125 albums) and 300 mil- .f#

. lion by 1908 The Beatles are claimed to have had sales of 330 mil-
1 lion records between February 1963‘and January 1970. (FQr the week
ending Ma;ch 21, 196A; Beatles records were lst, 2nd, 3rd, bth,.and

' “th on the list of best selling U.S. singles,#and lst and, 2nd on 1ist ;

of the bést selling L.P.'s in the U.S.). Make aﬁ.estimate of the @
-togal cost tc buyers of'the 330 million Beatles records sold by Jan-

ot

uary 197C with some reasonable allocation of these among albums and
singles. Try to find qut how something about how the income from

« record sales is distributed and estimate how much of this might go
to the Beatles~ How much might go to the regoréing company? To

record distributors and reteilers? How much of the performers.shére

s LR

might go to managers and the like?

]

PR

h

e) Pagé 169 gives' a chemicalrcompound that has a 1,913-letter name.

4

About how many lines of prinfig this book would that be?

f) This‘is only a sample. One can open such & book to any place and

A

.

. . find interesting numerical data. Check out this book or another

NSy e A 1A (e
s

1 *rord book and make up at least five more problems suipablé for

RS

these problem sets.

&

gy

1.5 HNumbers Used for Indexing, Ordering, Identification, or Coding ny

We generally think of numbers in connection with "counts" or "measures, "

Twmn e e

But numbers are also very widely used in indexing, or identifying people or

"
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" questions to go with them,

=

4things, os controlling sequences of zvints, Here are sme examples and some

]
%

.. " Problem Set 1.3

d) Years ago te&éphone nytbers had just as many digits as were necessary
in a local situation. For examplé, a three aigit number might do . ..
very nicely for a small® town while a 6 or 7 digit number might be -

e nec¢essary for a large city. In large cities telephone numbers were

frequently a combination of letters end numbers,\ior example, 28U
1-2345; with the letters being abbreviations for regional names in
.the city. Recently te%éphone companies throughout the United States
agreed to-make all telephone numbetrs of 7 digits, doing away with
letter-designations and considerations of the size of town where a

_Phone is located. What are some,of the reasohs that might have

prompted such a decision? o '

b) ;ctually telephone numbers are now 1dentifiegsby a lO digit code,

with the first 3, digits being a so-called "Area Code.” TLook at a
map or listing of area codes in a telephore book and make some con-
jectures about the way in which they were assigned, If possxble,
have someone in your class check with a telephone company OfflClal

about the correctness ‘of™ your corgectures. - »

c) Wor the 7 digits follow1ng the area code, what is the largest possi-~
ble number cf telephones that can be .included within an ‘area detérnr

ined b/ one area code, g .
. .

d)  Area codes always have second digit 6f O or 1, but no regular tele-®
phone numbers do., This is so that the machinery can detect when’an '
area~code number is being dialed. What is the laréest’possible‘num-

" ber of. such area codes that telephone companies can assign? In

R theory, can more telephones be accomodated with such a three digit

area code}followed by &4 seven digit number or by simply assigning

anyone who has a telephone a ten digit telephone number?

Get a U. S map that shows the 1nterstate highway sys“ems and the older
national highway sys‘em. Study the numbers of 1nterstate highways and
determine if‘any particular principles in assigning numbers apply. For
example, is there any significance to even and odd numbers? To three
digit versus tyo digit numbers? To the relative size bf the number?
Now study the numbers assigned to the older U:S. highway network and
answer similar questions, When yOu've finished, try to verify ?rom

~
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some source the correctness of your conclusions,

The "Dewey Decimal System" for library cataloguing has whole numbers
(hundreds) for broad categories (e.é., 500 is science and mathematics),
and tens and one for more specific categories, As the cataloguing be-
comes more complex and more categories are needed, -decimals ,are used ,
(e.g., 510.19). The Library of Congress system is basically ‘'similar, but

uses code letters along with numbers and allows for more categories, hence

-

o e L
R L LI, Y

is often used for very large collections.
2) Find out what system of cataloguing ie used by your school library.
Fi{c; out how fine the divisions are, For example, is any book in

your library identified by a.decimal number?

{(Don't forget
" to consider college or university —libraries, which frequently have

How many books are in the largest library near you?

¥
very large collec‘cions.) What cateloguing syjtem is used? 5

The mathematician Philip Dayis télls this story:’, ,
. *

"on a recent .trip to New- York I got off at Pennsylvania
Station. I walked to the taxi platform, but the trdin had been &,
crowded and soon dozens of people poured out of the station for . ~
cabs, Some 0. them waved and yelled; some stepped in fron$ of
the cabs rushing down the incline; some, who hsd porters in their
employ, seemed to be getting preferential treatment, I waited on
the curb, convinced that my gentle ways and the merits of my case
would ultimately attract a driver. However, when they did, he .
was snatched out :from under me, - I gave up, took the subwvay,

. cursing the railroad, the cabbies, and péople in general and hop-
ing they would all get, stuck for hours in the crosstown traffie.

i Several’ weeks latér, on a trip to Philadelphia, I got off

" at the 30th St. Stations, I Walked to*the taxi platform. A ]
sign advised me to také a number. A dispatcher loaded the cabs
in numerical order, and I was soon on my way to the hdtel., It
was rapid, it was pleasant, it was civilized.- And this is a

. fine, though exceedingly simple, way in which mathematics may
dvaffect social affairs. ...The numbers have an order, and can
be used to simuldte a queue [line of people] without the inw
convenience and indignity of actually forming a queue. The
numbers are a catalyst thaf can help turn raving madmen into

, Polite humans." ("The Critergon Makers: Mathematics and ~
Social Policy.") ) N .

a) List some places you have been latelir where the ndtural order of the
whole numbers and the "take a .number" system have been used to simu- .

late a queue to make order of service more fair,

. R . ,
b) Could the set of fractions be conveniently used in this way? Why or

- why not? . L. .

. -
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LS
Try toqtlhiﬁk of some other places where the natural order of whole

numbers play a role, (Games, sequencing work, putting together ) R
médel' kits, ete.) ) .

. . v.'

&,
d) How do such uses of whole numbers differ from counting uses"' .
P IOSS

7é) Can you imagine a sitliation where strict adhereﬁce to numeric‘al order

might not be warranted \i\n dispensing some service°

5. Charge account cards are very common, and. the numbers on the cards en-

able efficient processing of the cards by machine,~ There are so'netimes

annoy:[n errors, however, mostly in clerical recording of the numbers.

- Since m?chines will "read" what\ever number is recorded, there should be

+ some way of removing cards with ipcorrectly copied numbers from machine
- v

control so that a human operator can look at ot\1er in,formation on the

-

\
system has been devised o do this, It depends on adding

’

card to correi the error.

H L
A Wby T

In fact,
afi extra digit called a "check digit", to the end of the regular charge

]

4

“
P 2o F
TR £ A,

o account number, Herg is a system used by a book publisher, All charge
‘account numbers are f*ve digits long plus a check digit which is assigned
by teking the sm of twice the last digit, three times the next to last
digit, etc,, and then finding the remainder after division of this sum by

&
iy

e

elevqn.\ This remainder is the check digit., Fo: example in ‘the case of

K

mmbler 35796 the check d1§it is found as follows: 12 + 27 + 28 + 25 + .

18 ‘--1 110; 110 + 11 £ 10 remainder O; so O is the ckeck digittand the i
. coz,ﬂpl te number is 35796 * 0,

C . ' ’
a)i Veri!Q{ that a transposition error (such as writing 28143 for 21843)
. will b€ etected by this routine. :

b) Verify that leaving out a digit (e.g., 1843 for 21843) or repeating
/= digit (e.g., 218843 for 2181;5) will be’ detetted. (The computer

g”- {,' ‘rprobablv read 1843 as 01843, it might also have another routine :
S . 'p;bogrémned into it to re,Ject invoices with serial numbers of the .
§> it wrong length, such as 1843 or 188043,) ) ‘.
X ' , :
f’: c) Thi.nk of some other errors that might be made ix copying numbers and .

;/’ see if the check digit system would detect them, . .

‘:Ihy might the inventors of this system have used 11 as a.divisor in
". making the check diéit° Why not use, 5; or 9; or 10? Would it make
any difference what number vas uced” - -

s

See if any of the cred_it.cards used by people you know have theck




A

digits. The system usedi is probably different than outlin»d here--try

to figure it out. N . ) o . -

-

6. A very wldespread use of. code numbers these days 13 cn the tgbulating \

cards uged with computers. In ithe first of 'the two pictures of such o *

. 3 tabulating cards, the holes show how the numbers ¢~ through nine-are . .
. %' punched into such cards, and how each jetter of t.. alphabet’'is punched. °

See if you can "read"@the message punched into the card below it, The .

feawra® L

next time you see such a card, see if you can read the information pn it ° "_"f

+  from the punched holes only, &

' : j ) A U

. | : :
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14 Large and Small Muhbers; Order of Magnitude

In today .8 world vwe frequently dea¥ with information that involves very
7 large numbers? Jfor example, the b@lions of dollars in the United States bud-
get aﬂd the millions of dollars in local, city, and state budgets. On the
3 .ga &her hand‘; we are also frequently required to deal with information about

L

A

f‘

e,

e
o

very,,gmu.tl quantitie3° for example B parts-per-million in Vvarious air and water

A
T

K]
(%3

: ,iposl_ti‘xtion iqgex‘es.

st L b E sl W

H

f

Sl . Exercises 1.1 . -
L N _ ‘ ‘

. For many purposes it {s helpful just to realize about how big a number . oy
mist be t&descrdbe a situation adefjuately. Consider the following table and g'zi
yut a check mark in the column that you think gets you "in the right ball . 4
park. " en check with \.lassmates or friends and resolve disagreements in L
your ;judgme ts ,\perhaps by consultmg almanacs or encyclopedias, » :3
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. ot ) g 3
- a \ g gl |3
ol ] O - N
0 nl « ol -1 . -
ol 2 ol b N\ s 1
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i} o (2] L 3Y B = .3} (2] 1 o} X Sl o
nf |~ 3} 9] W vl ol ol 3 gl e~ gl -] @
EEEEEEEHEEEEEEEEE
: S B2 E & & Ol ol Bl e sl = ] |l ol 7 M
Averfige- height of man
. “(mete* s)e (Remember . -
L5y , that a meter is about ‘ . .
“25, b the same as a yard) N
o :
54 * | Average small 1 * )
(S bird (meters) 1 ) - .
3 ‘Insect ¥{meters)
<Bacteria (meters) . .
! .
Virus (meters) ! t B .

Molecule (meters)

Atom (meters)

Annmugl tons of
garbage in U.S.

Motor vehicles pet
UoSc i‘amily

Pounds of food p.er
U.S. person per day
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\ Gallons of water used per
U.S. family per year .

Books sold inhu.s. each
year °*

-, Reader's Digest
circulation

Words pe} min, on

typewriter N

Mords per min, by high
speed printer attached |
to a computer

5 Time (seconds) _for 3

E o’ digit x }-digi milti-
plication by desk . ~
calculator

Time (seconds) for % .
digit x 3% digit rmulti- :
< ¢| plication by cqmputer

Cost of new high schoal .
bldg. for 1,000 otudents
' (dollars)

7

U.S. Govn't annual -
budget (dollars) . .

N - Total annual wageg in
U.S. per year (dollars)

1, 7 i+ 1,

A

,
.

PR

Annual Chicago school
budget (dollars)

. ¥
Annual Atlanta, Ga,
school budget (dollars)

"y 7
Y ﬂ”‘,«
.

e £

P
.

¥ A AT

i-
5, Cost of a new car I N ]
5 g(dollars) . ¢
' R ; )
s ! Cost per month of rurning i
L2 * *a new car, ipcluding in- .
PN ’ .
o surance, deorecxatxon,. i s o
Fd letc {dollars) | i s, -
S - W A—
- . v . A
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hutomobile speed mph)

-

Jet airplane speed (mph)

Y
i

Number of public school

teachers in U.S.

)

han the sun

s
V)

miles

Diameter 3¥ known

universe (

.
7/

to the-moon
. o Miles per galion for

—{~{miles} -

-

7

¢st Canadian

es)
nce

Y

-

rancisco to New York

mil

7
(]

to near

W
»

| border {miles)
Distance to the nearest

Distance to the sun
star other ¢
Walking speed (mpl

Circumference of the
(miles)

earth (miles)
{miles)
automobile

Diste

- Diameter of the earth

£

| Distance from E1 Paso

"Moon rocket speed (mph)
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1., "In some scientific x;rork an instrument cal_lec‘i, a diffraction grating is
used. This. is a slightly concave mirror with 30,000 equally spaced lines
to the inch cut into it by a diamond needle so that when a beam of light k
strikes it, the light is diffracted into over 100,000 distinguishable
colors, Try tc estimate the thicléness of the paper onewhich this pége

»,
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_is-printed, 2nd the number of such lines which could be included in a

space equivalent to the thickness of the page.
B . r
2. A recent {and somewhat controvers’ial) book speculates that the ult}.mate

fan . awry p b et

source of ‘life on earth is the energy supplied to the earth from the sun
over billions of years. Indeeé, the sun does put out an epormous amount
of energy. One book (Maéhematics in Evexryday Thingsj estimates that the
- of 5.2 x 102
1109 - .5x107 =5x10

horsepower of

e kil b

sun continuously generates the equivalént

work, About one two-billionth (——"'—9 =3
2x10

_of this is received by the earth. If this 1s so, about how mmch horse-

g

-lO)

»

.

4+ 340

power is continually being intercepted from the sun by the earth? An
average automobile engine may be rated at about 200 horsepower; “how many

such eng'ines would it take to equal the sun energy intercepted by the

N ¢
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earth? (The book doesn't say heﬁ much ,of this energy is absorbed by the

TANY

:f‘;earth'q'atmqsghere and how much actually reaches the -earth's surface.)

«Js According to 1001 Questions Answered About Trees, the U.S. Christmas tree

market.in 1959 was about 40 million trees, with about 94% coming from
forest lands and the rest from tree plantations. Make -an estimate of the
ave*age cest of a > Christmas tree and assuming thirgs haven't changed very
much since 1359 estlmgﬁe about how much Amerlcans spend on Christmas treps
every‘year. How does this compa¥e with annual spending in the U.S. for v

- something else that you are,interested in?

- ¢

® -
‘L, The article Intellectual Implications 09 the Computer Revolug1on, makes

.the point thet when technology achiezes an order of magnltude (tenfold or
faétor of 10j 1ncreases in efflclency, it usuelly changes the way one

thinks about th ngs, Fror example, £01ng fromythe horse and bvuggy days of ~

) 5 to 10 miles per Hour to an automdbile of about 60 miles per hour (a one

kY

order of magnitude change in speed) has changed the entire facg of the,
. I .

land and how we think about transporsation. Similarly, ‘the one order of

R S ».:Z,:: Loy
¢

magnitudé jump from automobile speed to jet airplane speed has changed

e,

'

many of ourlconce§E§ of the world, The article says that Zomputers have
)

‘ improved in speed by at least six orders of magnitude.gten used as 8

T sney

fector six times, or 127, or a millionfold increase) and remarks: "In
v - . . . . - . '
order to understand the factor of a million, consider-the following two

situations: <£irs$, you have only sne doliar, and second, you havesone

TN Ry 8 e AR

million dgllars, Xou can readily see that in the two different situations
¢ ¢

e

there &re ‘undamental gifferences in the view you adopt 6? yourself and
of the possibilities’shat are open to you.- With the use of such high
speed'electronic corputers the cost per unit of computing has decreased
by some3“ing_more than a thousand ‘hree orders o° magnitude) sver cal-
culating done by hand on desx calculators, and there sre far fevwer mis-
takes, "7t “£s as if suddenly automobiles now cost 2 *a U dollars, houses
20 to 67 dollars.” List some other situations where changes of ore or
several orders of magnitude maies a great difference in the way thipgs

are thought about.

5. The origins of the earth and universe are subject to much speculation and

inquiry. One trecry nolds thal the universe b%gen'as a tremendously con~

centrated "cosmic egg” with an initisl temperature of over 15 billion de-
grees Celsius, ‘1 x O c®) or 18 billion degrees Fahrenheit /1.8 x
’ 10lO o). This cosm.c egg exploded and will expand until it loses ifs

energy, then contract again into another cosmic egg at which point the

‘n Lo . sl
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cycle will be repeated. One estimate that goes with this bit of specula- - . :
tion 1is thgt the period of oscillation is about 80 billion yeaws. How ‘

Qﬁiii;;igg.ﬁ

TR

nany life spans of a'man is that®- Try and find some’ cstimate of the pos=

7
3 35;3
R
¢

sible maximum age of the earth and see where we might be in such an osecil-
G lating peraod ’ Q

s -

6. A ligh\ bulb uses about 100 w?tts of power, The power in\music and other

sounds can also be meas.ced 1n datts. In an ordinary onversatlon a man
produces about one lO-mllllonth of a watt (., OOOOOOl worlx]10 - ) . <

How many people talklng would i‘ take to produce “the power used by 100

=.bulb? o . .

e

oy

o

F,

YR

i

gé The author recnntly {0ctober 1971} went to a rally to hear a sﬁeech'given .
%9 by one of the candidetes for nomlnatlon for Pre31dent;3n 1972. Among - ?
i g
5 other things, 1e said that Illinois pays 1L bllllon dollars per year in -

federal taxes, of whick 9 billion dollars goes througnh the Pentagon (i.e.,
for military and defensc expenditures). Of this 49 billion, about $3 bil-
lion ir a recent year went to southeast Asia., Guess one oé the issues of
this’ candidate., The 1970 census found 11,114,000 people «irn Illinois.
Assuming these figures are correct; about how much per person do'residents
of Illinois pay annuali& in federal taxes? To the Pentegon? Via the
Pentagon to southeast Asia? What are some possible uges you could make

1 ! o& such 'informasion? What assumptions might underlie this candidate's
use of»this 1n¢ormation "Pick something familiar to you and relate it to

- athese figures, For exauple, how many automobiles can be_bought for tne_.
money the Pentagon epenus? How many schools? How many housing units?
Tte., «The point here ic not necessarily that/the morey should be spent
in, some other way, but just to find w:;é\oy/zetting familiar examples. to
make more real just how much money is involved.,) WMuth of the business of
N

G T o SR IN g aveatt P Pkt A ATty N

c.Jormed citizenship these days involves understanding such numbers and,

! putting them in perspegtive. At the time you read this, are there thingq

o in the news involving large expenditures of money?
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Chapter T, - - .. > /
. . - . A
f USES OF PAIRS.AND TRIPLES OF NUMBERS : oy )
= 2 }3
:’?g%ﬁd‘ { E :‘é‘g
In chapter (;ne vwe talked about the use of mathematical models and abo‘ut 3
4

ays of using sitgle numbers for numerical descriptions, for counting or mea- .

”ring, for ordering, for coding, for identification numbe_rs, and in other

"irs. We" discu;sed the "order of magnitude" of numbers and "seientific nota-

tion" for very large and for very small mumbars. In this chapter we will tI)e' 0T .

j l
) dealing primar7'1y with nunbers used in pairs or triples in a variety of ways.
[

Y 2 1 Coordlnaté Syst@ .
’

LR 7 . . ’
“‘,‘ On a loni automobile trip a highway can be idealized as a "number 3ine”
5 "with the mile

)y journey. Generally speaking, however, man wants his location not merely on a

>

ges alqng that number line serving. to locate oneself on the

2

LA 5

ff@:%?%

¥t

ine but on i surface--on the earth, within a country, within a city.» For
ly needs a pair of numbers, Similarly, if he needed to locate

7

this he usua
V
t"Room #306" Rith:n a building, he mlght realize that’ the number 306 probably

B

2,
b }-t:
ik

-does might not rean the three-hundred~s:.xth room but rather third floor, cixth

Y
Y
]

¥
e

room S That/is, a pair~of numbers is concealed in the 306,

f . '
To begin with, let us consider the probSgm of preci%sely describing loca-

tions on the surface of the earth. As in all problems of location we need to

5

SR

»

o R YT R

*

\have standard refer-nce lines. In the case, of the earth, one of these is the

B2

earth's equator. (For tiis discussion and the problem set that goes with it,

K

it will be helpful to have a standard world globe before you. ) Locations north

EERNT

S

and sou“h of‘ the equator are on circles parallel to the equator. Each such

; «gircle 'is assigned a number ‘between O and 90 north or 0 and 90 south. (What

,I s the rad:Lus of the c:.rcles numbered 90S or GON?)  The number assignhed is =~ «

E - - -
S

the mea re of . an angle in a plane perpendlcular to the equator and through
the cen’qer of the earth, with the vertex of the angle at the center of the

. i
earth and rays intercepting the equator and the parallel circle north or south

of the quator. (See the diagram on the following page, showing the 30th

=

paralle’l North,) As with other angle measures, if more precise measurement is

o’ requ:l.r d, t‘h({lrcle is’ assigned a measure in degreeq gnd minutes, or even

oA

" degrees, minltes and seconds. (For problems | th'isvbﬁ'}ﬁe_ hgwever, round off

rogpeon

TN

£
¢, to the nearest g‘egree.) This part of y’Pur' J., a.trifon on the 'gl‘ﬁbe is often
,f;q‘f A ’ .o = 3 . 4“,.,.' ,g* v-s R
&g - | " ‘c" ‘. .“%\l‘._j‘ < ¢
f’ | . = . i a2k EN £ ,t - ; !
o - ~ ] e [Ty ¢ .
t,'— (8, ¢ . AR LS e M ' . H
. ¥ 2" ARRENY - 7 I
SRIC T A8y r
e , s 23, RIA . :
gé&, . o N e ey " A . “x . 3
f_ - > / N 5?.. 3 i’}}' 4 %78 S s b e e ok L




S

;,\'. _ called the latitude. (According to Mapping geographers refér to it as "phlati-
tude," because they label it with the Greek letter Phi (¢). This may help you*
remember. the meaning, siqce the letter P goes with parallel, and latitudes re-
ngi ' fer to "parallels.") . . ’
5 ) : :

n?}J . Problem Set 2.la P

1. Find the city you live in on & world globe and find cat what pArallel it’

lies on. ’ .

.

L2, The Canadlan-United States border runs roughly along what parallel° Ex-
cluding Alaska, what ig the latitude of the northernmost point in the
United States?, Including Alaska, whgt is the latitude .of thé northern-

55 ¥

¢ ' most point? Roﬁgh%y speaking, where does our southern border run, i.e.,
along what parallel? What is the phlatitude of the sputheinmost point in

. .
R A

o oot -
[
2

the United States? Is Hawaii furtﬁer south than most other places in the '

o
59
B
-~
e
o

United.States? Where are such American dependencies as Puerto Rico? 1Is
all of Mexico south of the southernmost point in the United States° Where

R

Y
7

is Havana, Cuba with respect to the southernmost point in the United States?
Q N

“
»
-

VO

,
e

As the world moves, the stars in the'sky seem to move, but there are

~‘
(v

CYCr ey
‘}«‘ 4

TS
Ve «

certain "fixed" stars. The most famous of these is the North Star
(Polaris). It is said to be the chse that the latitude of a location
can be found by measuring the altitude in degrees of the North Star above,

4
h

"5""{‘&,;

¢

the horizon. ‘f;y“tg figure out why this should be so (draw a diagram)

and try to verify it bf-first finding the latitude of your city on the

world globe and then comparing it with the angle in degrees between your
6:- horison and the North Star. ./For very accurate measurements of this sort

Wﬁg}"; Y]
v

navigators use an instrument called a sextant. You may want to see if
one is available and find out how to use it but there are probably

other ways to get a rough measure of the angle in question.)

. oL 22
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1& €After World War IT the "38thi§9,arallel" was defined as the boundary be-

%3
1
%%ﬂ" tween North Korea and ‘South Korea. { This boundary was changed somewhat
i . {
%?g- bgé}he Korean War.) Look at youor world gldbe and make a list Of other
H important boundaries that seem to be defined in terms of parallels of
gl . .
Sl e latitude. . '
I . Y . .
e
;}&
3

. , Knowing only the latitude is not much help in locatiné yourself, because
that only puts you someplace on a very large circle parallel to the equator.

‘(Unless your latitude is \ear'90°; in that case, what would you be wearing?)
To locate yourself in theﬁ¥ast-west direction consider the "great circles"

through poleé of the earthf‘ (A great circle is t 1ntersectlon of the earth'

surface with a plane through the center of the earth,) Miridian or longitude

- lines are semicircles from North Pole to South Pole that lie on great circles’

‘;‘Sﬂv"‘ LT,
B
&

P

L. . 7
through these poles. ,To attach numbers to these meridian lines, one of them

s

ic-arbitrarily designated the "prime meridian" and all others are  assigned

mumbers from O to 180 East or 0 to 180 West of.thié prime meridian, Prime

—i
T

o 8
[N,

e T S e L

meridians has been defined in many ways throughout ﬁistary and you could make

"

it the meridian passing through place you are right now but on most méps it

rd

is taken as the one through the Admirality Cbservatory in Greenwich, England.. .

RSk

Problem Set 2.1b
- = . L

1. Keeping in mind that there are 24 hdurs in a day and that the earth is

R XS ISR

rotating gounterolockwise when looking down on the north polk, why i$ it

Sy
¢

that the meridian lines marked on many meps are spaced 15, .degrees apart
at the equator. These particular meridian lines (called central meridians

or time meridians) run approximately through the middle of "time zones"

T4 Qo Tt

around the world so that when it's high noon at the Sreenwich Prime Mer-

idian, it is 1 o'clock at the 150 meridian east, 2 o'clock at the 500

'y

meridiaﬂ-east and so on around the world. Time zcnes’are about’l5° wide

with irregular boundaries determined for national and regional conven-

ience; for example, it would be a nuisance if a given city were divided
into two time zones. Look at a 'map and see what tlme'zone/vouvare in
and how mgny degrees 1ts:t1me meridian is from Greenwich. Look at the

. boundaries of your time zone and figure out why they run as they do.

2. The internationﬁl dateline is,‘raughly speaking, the meridian numbered
180 east or west, hal.way around the world from the Greenwich Prime Mer-
o idian., From the information just giveﬁ, figure out why this should be
so and why it is.one day later on one side of the dateline than on the
other, . )
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“time at the Prime Meridian. Oné€ then simply had an instrument to de-

. What is the lowest place if you don't go under water; that is, what is

Find out the average meridian (or longitude) of your city. .(Longitude
is designated by geographers with the Greek letter lamda; written X. ) ’ >

. 4
That is, find out how many degrees-around from thé Prime Meridian you

FEEFTIPR
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;o . \ )

are.

Loy s

Latitude can be found by finding the angle of the North Star above the N

horizon, longitude can be found by knowing what time it is over the Prime
Meridian when it is exactly "high noon" by the sun ovél# your location, )
Hence up until a few years ago accurate navigation of ships and airplanes

-

@*
depended on having very accurate timepieces (chronometers) set to the

termine when it was exactly noon (sun exactly overhead), read the chron=

ometer, ahd from that figured out how many degrees eggfs/gresent location
) ¥

wes from the Prime Meridian. Set your watch to "Greenwhich mean t fQ:;

then take a reading at noon tomorrow (by the sun, not the clgck) and see

P

if this works out properly.

. .

Tn addition to latitude and longitude it is sometiﬁes important to 'know ’
your altitude.‘ What is the (average),altitude of your city? What'are v
the highest and lowest places in your state? In.the United States? (In
each case try to give approximate latitude, longitude, and altituhé of

high and low‘ﬁlaces ) What is the lowest place on earth,(including the-
deepest place in the ocean? What is the highest place plaee on earth9 5

R TG e N S T T et T gL e e 4R

the lowest dry-land place on earth?

Wifh,latiﬁude, longitude, and altitude, there are three coordinates to

AT G A DN f s

locate a %oixt in our ordinary 3-dimensional space. If you weie direct-
ing two airplanes in such & way as to avoid & collision, you would need
to know in addition to latitude, longitude, and altitude the time each

airplane is at a given place; that is, four coordinates are needed.

(Authors of popular science articles and science fiction stories thus
sometimes characterize time as being "the fourth dimension.t),,eongider-
ed this way, the number of dimensions is simply the number of independent
pieces of information needed to describe a situation. Can you thipk of .
;iﬁuations wfer® other pieces of information would help in locating’yodr- /
self? )
When locaﬁing ourselves in everyday life we frequently(use a number of
separate pieces of information. For ¢xample, if somebody wanted to lo-

cate you in school, they might need to know in additiqy to the city you

are in sdch information as the street address, room number, desk in the

A\ -
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room, and the period or time. How many separate pieces of information
are given in the following set of directions9 A certainsgéhpol in Chi~
cago is,located at 1362 East 59th Street; during second period a student
is in room 306, at the second desk in the first vow i*_the rooﬁ. Could
the location of this student be described precisely with fewer pieces of
information? Could latitude, longitude, altitude, and time exactly 1o- 3
cate this student if it vere possible to precisely deteﬁmine them?
e ¥

3

.

8.. In the case of fgtitude, the standard eference line is the egquator. 1In '
the case of longitude che standard reference is usually the Greenwich

Prime Meridian. What is the reference for expressing altitude and how is

it determined9

»w

To avoia‘serious disputes it is important that veal estate property be
described very precisely; take a moment and think of situatiohs where 4
serious disputes could arise if the boundary lines of a piece of property
‘were unclear. Here is a description of an ectual residential building
; lot in Chicago, Illinois: ;- )
Lot 1k in Rlock 5 in Ashland; a Subdivision:of the North
three quarters gnd the North 33 feet of the South qudrter, ‘both
of the East hallf of the Norti East quarter {except the North
167 feet theredf) in Sectiqn 18, Township 38 North, Range 1k,
East of the Third Principal Meridian in Cook County, Illinois.
Te description mentions "the Third Principle Meridian" as a reference
line and also "Bﬁyge 14" as a reference line. Find out (perhaps from
someone in real estate) what this description means and how you could
locete the property indquestion. If possible, get a-description of the
property on which your own home or school building is located and figure
out what it means. (If you get stuck, the book Mapping, will give you *
informafion on how the United States has been surveyed and boundary lines
established for Sections, ?ownships, and so on. This book is full of
fascinating geographical infqrmation, and will alzp supply some inter-

esting details about nravigation, "earth coordinatps”, and map making.)

i

On the following page there is a map of a part of the south side of Chi-
cago, Illinois. Like many of the "newer" cities in the United States. Chicago

is laid out on a rectangular grid so that two pieces of information (distance

_ north-south, distance east-west) give unambiguous locations and also serve ‘to

show the relation of one locatign to another. Since many of the-streets are
named rgther ihan numbered, one also needs a key to know which location coor-
dinate goes with the name; a list of some &f these is given under the map.

The reference line running east and west is Madison Street; the one running

&
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‘Slbbks south of Madison Street {since in Chicago all the numbered streets are
\" scuth of Madison.) Some of the older cities in the United States have much

Yess tﬂ&y addressing systems; below we'll indicate some of them and also some
. -.cther rather nice systems, _ .

»
oA

R ]

Problem Set 2.1lc

Notice that §outh Chicago Ave. runs diagonally acnoss part of the map.
If (and only if) you have had enotugh algebra to know about slopes of
lines and equations of lines, figure oyt what the slope of SOuth Chicago
Street is if Madison is the X axis, State Street is the Y axis, and north
and eaat respect;vely are regarded as positive directions. (Remember

" that unless indicated otherwise the top of a map is regarded as tqe
northerly direction. )

For each of ten Chicago addresses of your invention (but on the map) give
a pair of numbers that would pinpoint the location in question, You will

Y N N
B LA T R Tt s

. Probably need to use E-W and Ne§ codes along with the numbers., If a
‘coordinate s&stem were set up as in problem 1 above, could all of the

addresses be expressed unambiguously without E-W and NS codes? How?
1) r
Two additional things about the Chicago addressing system .can be noted:

N
<
%
#
s
H

even numbered addresses are all on one side of any street, odd numbered
addresses 6n the other side and every increase of 100 in the numbering
system means gth of a mile. The numbered (East-West) streets on the
south side of Chicago are gth mile apart but for North-South streets
there is no such regularity. (In .me parts of the city there are twelye
North-Sonth streets per mile; in other parts sixteenj in some places

neither of these--as you can see from the map.) Main traffic streets

»

are usually a half-mile apart. Find out how your own city or town (or
the largest city nearest you) is laid out for addressing .purposes and

see if tiue even-odd or eight blocks to a mile conventions are followed.

Addresses 52 New York's Manhattan Island are not as neatly arranged as
in Chicago. Each of the North-South streets must be regardea as a sep- .*
arate number line with its own system of coordinates; hence, "h5 Fifth
Avenue" mnf not be anywhere near "L45 Fourth Avenue," nor is it likely to

. have gnything to do with numbered streets such &s Forty-fifth Street.
Try to get a map and other information about Manhattan addresses and find

out if there is some systematic way of finding varﬁous locations ¥from

27




BOATI
A

m
P SN
Wiy

FEN
. .

fra

37, e

e

WY

e
0 2"

t

i TR R
Tt ety

PR

PP SOy o
‘g RO R i
PO

(¥

A

AU DR L i 3
(U
e
g

<o W
L

S

Y
.

VI

yotrareoTy

"individual mumbers lose their identities.

ihd“-na S SN .

' their addresses, '

~

Detroit has a number of concentric circle main streets around the gentral
ity core--"One Mile Road," “"Pwo Mile Road," "Three Mile Road," and so
on, Other main streets go out. from the center or the city like the
spokes of a wheel. Given such a design for a city, how could one invent
an unambiguous addressing. system° Try to find out.if the sysﬁem you de- ’
vised.does in fact resemble that used by Detroit. (There is a mathcmat-
ica), coordinate system called "polar coordinates“ that resembles the

Detroit map. Pind out something about 1t or ask your teacher about it.)

To get a letter delivered promptly in Washington,
'NW, SW, NE, or SE after the street address. Why do you suppose thuis 187

‘VYeri{y your conjecture, . NN

L3

.C.y You mnst include

60

.

“7. Many of. the older cities of the world have address systéms that are véry

confusing indeed, at least to a straﬁggr. For exaumple, along a street
' in Paris, France, there may be a number cof small segments each of which
"~ has & different name, with each named segment Having an 1ndependent num-
bering system along it. It gets even worse in some places, For example,
it is rapofted that in some towns buildings are numbered according to the
order in which they were built, so that a new building-might have a very_
high number right next to a building with a very low number, Try to find
out’about the address systems in, say, Tokyo, Japan, or any other cicy 7
that interests you. . : ' .

2.2 Ratios and Percents o -
When using pairs and triples of numbers>as “eoordinates" to locate some-

thing, each number retains-its identity as a separate piece of information., *

But frequently two or more numbers are combined into a single number, and the
For example, you have often combin-
ed tuo or more numbers into single numbers using ordinary arithmetic opera-

tions such as addition and multiplication. : . .

in nany cases the most useful way to consolidate two pieces of informa-

rate or a ratiq

tion into & single piece of 1n§ormation is to express a
by comtining the two mumbers Into either a fraction or a quotient. For exam=-

, ple, 1001 Questions About Trees tells us that it 'used to be thought that in

making paper from wood,~only the wood .lbers from soft wood were suitable be-
cause they are much longer than the fibers from hard wood (‘about one tenth of

an inch long.for soft wood and less than one twenty-fifth of an inch long for

y
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_;_'iiii’xi,ard woods). Later it was found that what mattered was not the length
of the fiber, but the ratdo of the length to the dismeter. Since hard wood
fi'bers are both thin and short, a length-to-dismeter comparison by ratio shows

er soft’wood fibers. - . .

In 'F?ie papemaking example given above the ratic is formed using two )
' meamres given in the same units. Frequently ratios are formed using measure
units that are not the same, For example, consider average automobile speeds
g gmndsed in miles per hour, Suppose someone tells you that he ;ade a trip
;at'*a_n average speed of 50 miles per hour. This information might have come

) ‘ tron; a .tx"ip, of 100 miles.mede in two hours er a trip of 25 miles made in a
“‘hiit-liéui" in either case, information using two different units is compared,
’ ‘Alao, the oniginal information given by pairs of numbers ;.s lost when the

average speed is expressed by a single number--50 miles per hour. #

A o ¢
‘ Problem Set 2,2 .

L.

P 1. People are .x‘requently interested in how many miles per gallon (mpg) they
get from their antomobiles, "Fifteen miles per gallon could be gotten
al20.’!.'I:ow:!.n5; measures: 300 miles, Zﬁ.ga;[lons; 420 milesT”
28 gellons; 330 miles, 22 gallons. Find out the "mpg" for your family

\ffzgui any of the

car. What might a!“‘ect the mpg? - ;

oy 2. §§i‘ll other common examples of ratio are found In govemment statistics
. such as ;Sar capita {that is, per person) income or per capita tax reven-
ues. In this connection recall problem number seven in Problem Set 1l.Lb
about U.S. Income Taxes from Illinois and how they are allocated to cer-

_tdin uses; how mich per.citizen, and so on, Find some other such govern-

g

ment statistics and‘make up several problems suitable for this section,

¢ 35 Ve ol‘ten eeress information in terms of a comparison to something ‘lse
Yhat might be regarded as important, For example, in 1001 Questions
Answered About Trees we are told that in 1945 damage to "saw timber"

(:tl'.imber made into lunﬂ)er for constmction) by insects and diseaSes was
_the ipes from fires, By 1959 (when the book was publisked) the insect
and diseasé dgmage was aro{md 7 billicn board feet per year and this was
said to be about 9 times the !‘ire loss, What was the approximate fire
loss in 191:“‘7 ¥hat “was the approximate fire loss arcund 19597 Is the
i‘ﬁ‘e loss decreasing or incredsing? How could you have answered this

last _question without actually figuring the fire losses given for 19545

. 29"

39 - =

’apﬁt they are Just as suitable for making strong paper as are longer and thick-

35 billion board feet per year, and that this loss was more than 3.times

.
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1001 Questions Answered About Trees tells us that a bamboo trg; resem‘éles~
certain grasses in its siructure (the scientific namé of bamboo, dendro-
calalémus, means "tree reed") and that one can almost see a trriving
bamboo tree grow; as much.as 18 in;hes in a single day. What is the
average grovth per hour of a bamboo tree growing at that rate?

Much of the land in the United States is surveyed and divided into mile-
square "sections'; these in turn are divided in.o quarter sections, then

quarter-quarter sections, then in square blocks (see diagram).

‘Secticn
4 i‘- '

Quarter

Section

one mile '<

\
" §quare Block

o .
Hence there'wou;d be eight blocks along'a one mile side of a section,
{See If this is the case for your t¢ity.) If there are 8 blocks per mile,
how many fegt per block are there {5280 feet per mile)? How paﬂy yardé
per block? About how many football field lengths or 100 yard dash track
lengths per block? If you run hard for a block, have you done a 100

yard dash or a 220 yard dash or a LU0 yard dash or what? Notice how _

" ‘many times the word "per" is used in the few sentences above; this word

frequently indicates ratio or rate expressions. '

Athletic fields freouently have a running track around the outside of a
football field; about how long is such a running track likely to be and
how many times around it will make a mile?

Ore common use of ratios is to express "scale" on such things as build- .

ing plans and maps. Fer example, a frequently used ra‘io in architectural
drawings is one eighth inch to one foot, Using this scale, for how large
a building could yoﬁ draw a plan on a page of this book leaving reason-
,able margins and space for title and exp;anations? What sort of scale
would be appropriate if ‘you were going to draw a floor plan of your
mathematics classroom on a page of this book? What scale would be appro-
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priaté to draw one entire floor of your school on this page?

The book Mapning tells us that tﬁe scale of ; map is often expressed as
a "representative fraction" which tells exactly how much the ﬁap is . &
Yshrunk® with rgspect to the actual ground it represents. For eXample,

a representative frection of 1/5,280 would tell us that one foot of the ///
map wbuld'represent 1 mile of actual distance f{a mile is 5,280 feet).

* If, as is fairly common, a map*you are looking at has one inch "equal"

N PO
S Sres b o 2y 843 5y

to g mile, what would the representative fraction Be; that is, How many

inches are‘thefé in a mile? At a scale of one inch per mile how long

82 F AR Adw

> A

would a maﬁ\have to be to represent the Q3ited Staté; excluding Alaska

and Hawaii coast-to-coast (about 3000 miles)? How wide? If your skhool
D

hads & flat roof,”is it large enough to accomodate such a map?

9. Maggihg~tells us ihat the purpose of a map:is often defined by its scale,
For example, maps with representat#ve fractions of 1:1,000,000 and smaller
are usually atlas maps giving general views of the earth's surface, shapes
of continents, boundaries of countries, and so on., Maps between .
.1:1,000,000 and 1:10,000 allow more deéail about a given region., Maps of Ly

*a larger sqale‘than\lgl0,000 are usually used.tgwshow real estate divis-
ions anu surveys. We are told that the nicknaﬁéAfor maps with 1:1,000,000

scale is "a million map." Such a million map may be part of a large.map-
making project, "The International Map of the World," which many nations
thréughout the ~orld are cooperating on. Ih this‘scale about how many
miles are there to an incn? 4 )

Suppose that you are dealing with a world glob; that is one foot in di- &
. ameter; this will make it about 58_inches around the equator (why?). The
‘ _ earth itself is about 8000 miles in diameter, hence about 25,000 miles
arcund the equator. 5o about what distance does one inch on such a globe 4
represen? ow, using the number of inches in a mile, change this to a
representative fractinn. (Since the 12 inch diameter globe would have a
circumference of‘a little less than 38 inches and the equatorial circum- ¥
ference is very ﬁearly 24,502 miles, i+ would be a little bit silly to'

give answets to the above questions in very exact numbers.) , R
We ha&e,the impressions that the égrth is very irregulér with very deep

oceans} and very high mountaiﬁ peaks.~ This is indeed so, yet it has been

said that if the earth were shrunk to the size 6f a billiard ball then it ' o
would be fine to play b!&liards with! That.is, égiaiive to earth’s —
ormous size, the irregularities don't amount to much. " To §ee’why this

would Le so, remember that the earth has about an 8000 mile diameter.
H \ .




a
3
L
7
%5
E
2%
o
i'
I
A3
.
‘
4
e

"

~
S
' 4
ay b ens AR PUET

Figuregut about how many miles high the highest mountain is, then figure
out part of the 8000 mile diameter this|would be., Similarly, find

S P

out how deeﬁ the deepest point in the ocean {é in miles and compare it to
the 8000 mile diameter. .

’

. !
12, The world is not perfectly round; it bulges somewhat around the equator.

Vo
1?
N

x

AN

See if you can find out how much this bulge is relative to its size.

%, o Would irreguldrities of this magnitude seriously affect the "trueness " of .
% - a billiard ball? \
2 ton o o0 X

e

13, BEven a fairly large worla globe or map would no* show the mountains and -

D
EARYS

ocean .depths clearly if the scale used vertically to show depth& and <

heights were the same as that used in the rest of the mnap to §how planar

0 v SPAT iy g st

distances. That is, any contour map has the vertical scaIe grddsly dis~-
torted with respect to the other scales used. If you dan find a’?elief

N YRR,
TR
4,

.

map somewhere (perhaps in a library) verify this by measuring the height

of a mountain on the map, then computing what height would be revresented

CIRESOR ey
o N

.&
- if the vertical scale were the same as that used on the rest of the map,

R

For example, if the highest mountain peak on a relie% "million map" meas-

_ures one inch, what height would this represent iffthe vertical scale

a

were also 1:1,000,0007 2 i

M

e

14. The book Mapping tells ug that ratios are also used in defining standards

PTeV A FRIY

of atcuracy for surveying. "pirst order of accuracy" is one unit error

et

allowed in 25,000 units; "second order of accuracy" is one unit in 10, 000
units; "third order of accuracy” is one unit in 5,000 urdits. What would

wis Wer s oo

1 . be the allowable error in miles for each of these three standards of

accuracy for a direct line survey coast-to-coast for the U.S.?

15. Mapping speaks of a Cape Kennedy satellite tracking job in 1360 that re-
quired placement of cameras on a surve' with ‘an accuracy of one unit in
L00,000; the U.S. Coast and Geological Survey actually delivered one in

one million accuracy. With this latter standard of accuracy, how many

ArTH

e

o

»

feet error might there be in a coast-to-coast survey of the U.S5.?

P oEy

L+ ' "
16. With the use of artificial satellites, it is possible to measure the dis- |

+ance between the Atlantic and Pacific coasts with an error of only 10

/

to 15 feet; what standard of accuracy does this represent?

SO R sy s

17. "Specific gravity" is a measure of how much heavier or lighter something

v

is than an equal volume of water., For example, the specific gravity of

Rergprean:

mercury is 13,596 because a cubic centimeter of mercury has a mass of ~,

13,596 grams, while a cubic centimeter of water has a mass of 1 gram.

Y]

s gram gt e
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"23. A handy reference pcint for >ompar.ng speeds s that cne mile per minute
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The unjts of measure cancel in the ratio, leaving a number with no units 8
dttached to it. Given the fact tha® water weighs 62,45 pounds per cubic
foot and mercury weighs about 848.80 pounds per cubic foot, form the ratic’

ard do the division, showing that in either system of units the specific
gravity of mefcury is still about 13.6.

18, 1If something sinks in water, it has 3rspecific gravity greater than one; ¢
if it floats, less than one. Do you see why this is so, given the defin- .
ition of specific gravity? Figure out the specific gravity of'these com-

“pon American hardwoodé: hifkcry, beach, and black locust may weigh 56 ‘ )

) pounds per cubic foot (of seasoned wood). On the other hand, willow and :

poplar may weigh only 2 pounds per cubic foct, while butternut, basswood

and tulip tree wood weigh about 25 pounds per cubic foof.*

19, Some soft woods weigh nearly as much as the heavier hard wocds, What ‘s
the specific gravity of Wester. Larch weighing 9% pounds per cubic foot
L

of seasoned wood?

. -

20. 1In the West Indiés, Florida, and the fhcatan there is a black ironwcod .
tree which weighs up to 88 pounds per cubic foot. What is its specific

gravity? Does it float?

21. Make a rough calculation > your volume (pernaps by thinking of yourself

as a box dr cylinder), weigh yourself, then figure out what your specific ‘“ﬁg
¢ gravity is. Devise several different ways of estimating your volume and
» _indicate what simplifying assumptions, etc., go into each of these models.

for the estimation.

22. Form the appropria*e ratic and compare the average speeds {(yards per sec-
L]
ond, etc.) for each of the fcllowing records ! for humans) given in

Guinness Book of World Records: 9.1 seconds for 100" yards, 19.5 seconds

for 220 yards, Li,7 seconds for had rards, 1 minute ki,9 seconds for 880
yards, * minutes 1.1 seconds for 1 mile, and L6 minutes 37.8 seccnds for -
10 miles. For wnich distance is the greates:t average speed attained?

Does this surprise you?! . S

(60 miles pgr hour) is the sameJés 88 feet per second. Show that this is
true. Use this information, ratii.s, and appropriate conversions to compare
each of the following animal spe¢eds with man's maximum speeds, as given in

the previous problem. [hese ar¢ from Animal Facts and Fallacies: cheetah

70 mph; antelope %0 mph for two miles aﬁd\j6 mph for 27 miles; deer or

race horse L5 to 50 mph; greyhcurd 3% mph; buffalo 3¢ mph; elephant 25 mpb.

sz #* » ’
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Aéh; ﬂThe record Nigh Jump fo: man is about 7% feet and the record broad jump
about 29 feet, Animals comparable to the size of man, such as a deer,

Empala, or kangaroo can jump 8 to 10 feet high but a jerboa frem Africa

- . F 1

//}$ : whose body is about 5 inches long can SJump 5 to b feet high. How high
}é_ could a man jump if We could do as well relative to his size’ (In Chapter
i V we will discuss why man can't Jump that high.) : RV 28

25, Congidering their size, many animals can do better than man in horizontal
jumping. For example, an impala can jump 30 to 40 feet, a large jack r&b-
. ' . i
. bit about 25 feet, a kangaroo 25 to 30 feet, whilé a jerboa can jump 12
- |

to 15 feet; and a cricket frog only an inch long can jump > feet. Ask and

answer a couple of interestihg questions based on these data.

26, Using the information above, make up and answer a question about ratio &f
° |

horizontal jump distances to vertical jump distances for man and séveraL

PP R R I

@

. other animals, , ¥ !

X N T < |
1

t

!

¥

§( Note: In the following problems, as in many past ones, you should useggood ,ﬁz
f sense and reasonable estlmating procedures rather than trying for fuséy

%; and exact answers., The information about animal sizes is from Animgl’

g‘ ot Facts and Fallacies. ~ //’ j
¥

? é7. Wnat is the ratio of the adult weight "to the birth weight of an aﬁérage

g: .. human belng? Of adult length to birth length° yﬁ

. /
28. The birth of young bear cubs is during the win%i: sleez of bears’ they

o

sometimes weigh no moré than 6 to 8 ounces, while an adnlt B%ar may weigh .

/
abou® 200 pounds. What is the ratio of adult weight to birth weight? '

: 29. For both kahgaroos and oppdssums the young are born only a couple of weeks

' after vonception. Then with strongly developed front legs they climb B

through the fur of the female into a pouch from which they emerée full;

. developed about 7C days later. (Such animals are called marsupials;,the-

§ , . pSﬁch i3 a marsypium.) A newly-born kangaroo is only about an incy long;

- weighs a couple of ounces and bears no resemblence to its parents, What

» . is the approximate ratic in kangaroos of adult weight to birth weight and
adult length to birth length? This_is said to be a greate?r size difference

.than for any other mammal.

3%0. On - the other hand (still speaking of mammals), a newﬁogn whale at birth
: ' is often nearly half as long as his mother. A,female sperm whale only 32
feet Jdong was found containing a calf fk feet 8 incheé long. A Blue Whale
80 feet long had a baby 25 feet long weighing 16,000 pounds. If you can
find out abgut how much an 80 foot blue whale would weigh, figure out the

: C . ~
‘ | o ' ?l l
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ratio of adult weighttfo tirth weight for this animal, The Random Houae-. . , :
Unabridged Dictisnary says that this whale, also called the sulfer- t !
bottomed whaie, is the largest mammal that has ever lived, . v

PR &

It is said that oceafi sun fish weigh more than 1200 pounds and are over .

8 feet long, yet lay eggs that hatch into fish only 3%5 of an inch in '
length. What is the ratio of adult length to birth (hatch) length? It -~
has been said that the young sun fish must increase its weight approxi- e . »
mately 60,000,000 times before it gains maximum size; if this is so, then ,
what is the approximate weight of the newly hatched fish? | ’ ¢ :

. K
\ . H

Musical notes blend toge4her perfectly, if one frequency is exactly twice .

e o

another, If three frequencies are'in gratio of 4 to 5 to 6 this ‘combin-

°

ation of notésh}s called a "major triad." The musical sdiles which are

used in the western world in pianos and the like are precisely formulated

PN
AT A

from certain ratios., Find cut something about the relationship 6f vari-
ous ratios to the construction of musical scales, (One source is Science,

Numbé}sl and I, pages 124 through 135,) : i oo

In the~metric system of measure, water plays a role in several places. .,
For example, a cubic centimeter pf watﬁr weighs one’gram, hence 1000 . A
cubic centimeters weighs a kilogram, and the volume of a liter is defined
to be 1000 cubic centimeters. The Celsius temperature scale has.zero Ks
the freezing point of water and- 100 as the boiling point of water; hence
water is a liquid between 0°C to 100°C. The prefix "mili" means "thous-
Qszh."' Is one mililiter (abbreviated m%.) the same as one cubic centi-
meter? How many grams per mililiter of water? (Note “o teachers: the
smallest unit in a Cuisenaire rod set is one cubic centimeter; it might :
be useful to get a hendful of those to show the students what a cubic l
centimeter or mililiter volume looks like and hence how much water is in ,
a gram. Also, because the weight of water was found to be slightly dif-
ferent than what it was thought to be when metric units were invented, the ’
equivalence cf a cubic tentimeter to a gram is only épﬁroxima%ely correeQ,
\
|
\
|
|
|

though accurate to a fair number of decimal places.) N \
. . ! \ \

A unit of heat in common use in the metric system is a "calorie." This
. is the amount of heat it‘would take to raise the teﬁpefature of one grem|
of water by one degree Celsius (actually from lh.Sop to 15.500.) It L Nl -
turns out that this isn't much heat, so to have a convenient number to
work with mos; éﬁpl}cations use "kilocalories," (§ometimes, but not al- ‘ﬂ
ways, this "calorie" is capitalized: 1 Calorie = 1000 calories,) For
example, when a diet chart says that an ounce cf butter contains say 200 ‘ ,

"calories" it really means 200 kilocalories. Get a calorle chart like

§

< , 35 ’ .
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35, Weather and Health tells us that the most important mechanism for man's

" hour provided this is.

venient way of expressing ratios where the comparison is always to 100 units,
For example, 27 pefcent means exactly what you expect it to mean, namely 27 ) L
units per 100 units.
day life applications. -

36.

37.

39'

v .

those used for dieting. Look at the calories per unit of ;arious foods
and try in your own mind to relate that information to the heat defini~-
tion of caléries, (For example it is ciedr that more heat energy can be
gotten from an ounce of fat than from an ounce of spinach.) 1Incidental-

ly, an ounce is about 30 grams--more precisely, 28.23 grams.
J

.(for water),

pint is a pound" what volume of water is this?

surviving in extreme heat is sweating and evaporation pf the sweat from
the skin. has about 2,000,000 sweat glands.
period of time we can survive with a water loss of about 2 quarts per

Each of us For a short

replaced by drinking an equivalent amount of fluid.
This corresponds to a heat loss of. about 7G0 kilocalories per square yard
of body suyrfece per hour. Over a 24 hour period a loss through sweht at
the rate of about one pint per hour can be tolerated, with adgquate fluid
replacement, Estimate the number of square yards of body surface of the
average human adult. From this, estimate how many xilocaiories of heat

a person releases 5& sweating the two quarts per hour; by sweating the \
one pint per hour. Remembering that "a pint's a pound the world_around"
what percent of the body weight of a person weighiné 150
pounds would the two quarés per hour fluid loss through sweating repre-

sent if not replaced? The pint per hour loss?

.

Comment: As you probably know, a "percent" is just a standard. and con-

.

Percents, of course, are in very, widespread ase in every-

From daily newspapers, advertisements, and other experience over several
~ R d

days, list at least 10 different uses of percents. o .

In Weather and Health we are told that a loss of about 2% of body weight

In your own case how much water
Using "A K

through sweat makes a person thirsty.
Joss would that be (that is, what is 2% of your own weight)?

.

If the water loss in sweat is 5% of the total body weight,
very intense thirst and the body temperature and pulse rate rise rapidly.

there is a

w much water loss by sweat womld that be in your own case?

Sweat water losses ©of over 7% of body weight can lead to circulatory
failure and possible death.’ Compute what sort of water loss that would

near adults;

—
be for you. {These figures apply to those who are adults or l
¢ |
~ v -~

36
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small childrén gnd babies have much less‘tolerance.)

40, The ﬁgdy is much less tolerant of certain other yinds of losses from the

+ body. For example, ;weating also removes salt from the body. A loss:of
one gram of salt for every 4 pounds of body weight normally results in
fatigue while the loss of 1.5 grams per 4 pounds of body weight may re-

sult in a drop of (systolic) blood pressure and possible shock. In your,
own case, how many grams of salt loss through sweating sould result in

fatigue and.how much in the more serious effects? (There are gbout 30 ™
-

«

grams in oner?unce.) .

k1., With ;ome estimate for the percentage of salt in perspiration, try to
o estimate how much loss of fluid through sweating would lead to & danger-
ous loss of salt. Use either your own weighi or that of an average male
{about 156 pounds) as a reference. (Maybe cne of your science teachers
¥ can help you find out how much salt there is in perspiration,)
k2  On tge TV show Emergency, the paramedics handling an injury or heart

" (I.V. means "intra-

attack are nearly always told to "Start I.V. ... .
venous.") An I.V. puts fluid (usuaily saline--salty) directly into the
blood stream. What might this have to do with the above discussion of °

P

- dangerous fluid and salt losses? fs

» ~

L3, ieather and Health tells us that 78% of-our air at the earth's surface

(by volume) is nitrogen (N2) and that 21% is’oxygen (0 ). Most animal
life processes depend on oxygen. It is thought that very early in the
life of the earth there may have been little pr no axygen in the air and
that the presence of plants on the earth brought oxygen into the atmos-
phere. (As you may know, plants use carbon dioxide and give off oxygen
as a waste product, while animals use oxygen and throw off carbon dioxide
as a waste product.) Ozone has its highest concentration at an altitude

of about 19 miles and is very important to life but when it forms near

e

A . -
the earth's surface in smog it's hignly irritating to our mucoys membranes.

e

Atomic weights are defined as very small units by which a hydrogen-.atom
weighs about 1 and a carbon atom weighs 12. With this unit an atom of

oyl
£ gl

%iﬁ oxygén weighs about 16 (hence an O, molec..le‘weighs about 32) and an

f’ atom ¢f nitrogen weighs about 1k (so an N, molecule weighs about 28).

. ’ With tﬂzT‘}n?onnation figure ov* the p*ovortions of nitrogen and oxygen
3

; in air by weight instead of bty volume, ignoring the 1% of other consti-
5. I

oy tuents of air.

% L4, What would be the atomic weight of an atom of H20 (%ater)?

N 31 )
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Oxygen and nitrqgen are valuable gasses that ;re frequently packaged in
tanks and sold for various uses. It is clear from their abundance in air
that it might very well be economically profitable to separate ordinary
air into its components and thus\fxtract the nitrogen and oxygen for
bottling and sale, Indeed this is the case, Is it likely that this
would be an economical way to geE'a supply of carbon dioxide? Carbon
diofide is used in making soft drinks (it gives such drinks the fizz)

"

Try to find out how carbon dioxide is °

. <~
manmufactured for commercial use. It is possible 'to make fruit juice or

and in manufacturing "dry ice.

flavored water into carbonated soft drinks by dropping in a piece of dry
ice and letting it "melt" into carbon dioxide gas, af the same time cool~ .,
ing the drink. Find out at what temperatufe the' changé from solid "dry
ice" to carbon dioxide gas takes place. (In using dry ice in this or any
other way, certain cautions about its handling are in o;der--find'out

what they are before you do anything with dry ice.): . )

<

" Maple sugar is made mostly from mature maple trees perhaps 100 years old,
*perhaps 70 feet tall with dicmeters at the base of 2 to 4 feet. The sap
collected from the trees is about 97% water and 3% maple sugar (mostly

éhccrose). AccorQing to 1001 Questions Qnshered About Trees, the average
yield of maple sug;r per tree is.about 2 or 3 pounds per season, with
very fine trees in an exceptional year ylelding perhaps 5 or 6 pounds of
sugar. About how many gallons of sap must be collected from a tree for
aj ponnd yield of sugar? (Hint: First get the answer ;n pounds of sap
apd then using "a pint a pound! convert if to gallons of sap.)

.

A newspaper report on svgarin' says that it takes a barrel of sap to
produce‘a gallon of maple syrup. Is this consistent with the above

information?
A -

Maple syrup is produced when most of the water is boiled out of the sap.
Further cooking then ylelds the sugar. The yield of syrup ig just slight-
ly higher than the yield of jugar because there is very little water in
the syrup form of the suga’. Supposing a tree could yield b pints
(poﬁnds) of syrup in a sea Pn, how many trees wouid you need to"pnnduce
one ~al”>n of syrup per seaFon? At one Indiana maple grove, genuine
maple syrup sells for $10.50 per gallon. At this rate, how many trees

wouid~you need for a reasondble income?

In a grove of sugar maples visited by the author the average distance
from tree to tree is about 25 feet. For such a grove, find out about

. t
how many acres of ground it would take to accomodate the number of mature

38
43
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'tree8£y0u got hs your answer to the previous problem. : .

50. The sour:e cited talks only about maple sugar and is not very clear about' P
vhat percent of the sap can be turned into syrup. See if you can get . Lo
scme mare accurate infonn;tion on this point. One indication'might be ’

_that the same farm that sold pure maple syrup at $10 50 per gallon and
$2 25 per, pint, sold maple_sugar at $l 25 per half—pound. From tﬁds,

wvhat woul? you suppose about the relative yiglds of syrup and sugar? ) ~

51, Here is some information from 1001 Questions g§wered About Trees about
the commercial uses of, timber from our fore§tg agh\irom "tree farms":
saw logs, primarily for‘yérious kinds of construction, use up 68%; pulp-
ybodéhnd pitprops (the laiter used in mining) about 23%; other industrial
“uses.about 8%. Of the pulpwood, 95% goes into paper and paperboard, the
rest into plastics, cellophane, and rayon. Of éhe 95% that goes to paper
‘and paperboard 51% is paperboard ald U9% paper. Half the paperboard is
used for corrugated cardéoard‘ about 30% for boxes of cardboard other .

i
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- than of corrugated cardboard; 10% for building board of various sorts;
and 10% r all other uses. The 8% that goes into “"other industrial

4
’
/

uses! mostly\goes into poles, piliné,'and posts. For example, three

N .

3

N\
) million telephone poles are used each year, end pilings for docks, piers,

f highway and railway bridges takes un immense number of trees. Masts of ?

Ay T I, P s AT M e JRA DS Bl
. A -

boats take hany trees but many fewer than they used to. Using this in-
formation along with whatever cther information that you can dig up, ask
at least S interesting questions. For exampl%, ;hat percent of the total
;f + use of wood goes to paper, assuming that most of that listed as "pulp-

w~ . wood and pitprops" is in fact pulpwood?

.52. The same ssurce e-timates that fences in the United Jtates use 600,000,000
posts a year along 15,000.000 miles of fencing. .Consider the Upited
I'R States as rou Yy a recténgle about 2500 miles long and 1000 miles'wide
s and see if 15,040,000 miles of fencing seems reasonable, (For example,
’ if all over the whole courtry every sqﬁare mile was fenced how many miles
of fencing would this amount to?) If the edtimates given are more or

less correct, about how many posts per mile of. fencing are used each

year? , "

55, P, T. Barnum (1810-1891) is supposed to have said that "There is a sucker :

e i g Dk T 4y

born every minute. How many per year i% this? Assuming that he is
talking about- the United States and assuming that the rate has not changed,
what percent of the 3,718,000 live births in the United States in 1970

(census bureau statistics) were born suckers® Do you think Barnum made

“ 9« 48
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a reasonable estimate? : What percent of the people that you know would
you consider gullible enough to fall tor a not too obvious fraud or
deception? " (Who was P. T. Barninnéaryway? Do you suppose the remarlc\\~<fas
made in his professional caPacity?) \ \

The 1902 Sears Roebuck catalog has recently b$en reprinted, If you can \
find it (perhaps in your library), make some price comparisons’ with-a A
recent catalog., What proportion of items in 1902 Sears Roebuck Catalogue\
would still be ordered if listed in the most recent catalog (for actual \
use, not as an antique or curizbsity)? {You will probably want to formu- \
late some way of samplin’g the catalog rather thz;ln doing every puge, or
else share the work with others.) :

‘ . -

2.3 DNumerical Information Combined by Calculation into New Information . .

We have seen that pairs or triples of numbers play a role in various ) ]

coordinate systems, in a number of ratio situations and in tables and graphs.

It is also very common for two; three, or xore numbers to be combined tcgether
by ordinary a;‘ithmetic operations to solve everyday life problems, This sec=-
v tion will contain a variety of these. You should be on the lookout for aif-
ferent categories of uses; e.g., use in occupations, in one's daily lives, in
information acquisition for particular interests, in making social and political
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1 . decisions, and so on.

- Problem Set 2.3

SR T

1, The Boeing 747 is the largest commercial airliner flying as of 1971.
According to the information'given by the pilot of a recent trip between
Chicago and Los Angeles, the plane carries a maximum of L50 passengers;

ELy e e

m

it has a four-person flight crew and a fourteen-person passenger service
crew {inclading two securxig;y people to prevent highjacking and other in-
cidents)y it costs about 1000 doilars for fuel for the trip from Chicago

oahy et

3 to Los Angeles, with 300 gallons ci tuel used just for the take-of’. The
: fare one way frem Chicago to Los Angelus is about $110. Cémsidering Just
; i the wages of ‘the ¢. ew and other on-boarl employees plus the cost for

& fuel, make an estimate of the cost of flying the plane from Chicago to

; . .Los Angeles. How many passengers woul . it have to c'arry 1r’{ order to

‘§ "break even?" (I'm not sure whetler the Chicago-Los Angeles trip coui%s
g‘, as a full day or a half day of work for- crew members; y'u will need to
§e,

' get informaticn on this and on pay rates for such employees. )

i 2. Try to list other services directly chargeahle to a flight such ag the

s ’ ] . .
: . %0 . '
2 \ ‘
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747 flight from Chicago to Los Angeles; for example, ticket agents, bag-
éage handlers, food service getting the meals ready and intu the airplane,

refuefing and other servicing of the airplane, and so on. It is reason-
able to suppose that each person so involved dosis the airline from $5 to
$10,per hour for his services, inclué‘&g fringe benefits and use of the
various kinds of equipment. Add this to the cost of the flight and find

a new "break even" passenger load level.

A Boeing 747 costs about twenty-three miliion dollars, which is often
bérrowed by the‘airline at about a 6% annual interest rate. How much
interest is this per year? How much per day? If the 747 makes 3 such
trips per day, allocate the daily interest costs and see hoq many passen-:

gers are necessary per Chicago-Los Angeles flight to pay this cost.

A 747 has a wing span of about 196 feet and a length of about 231 feet.
Compare these figures to the length of the airplane first flown by the
Wright brothers and how far it flew on the first manned, power flight.

The T47's cruising speed is about €99 miles per hour. The still experi-
mental supersonic transports TU 1blh (Soviet) and Concorde (French-English)
are’schedgled to cruise at about 1500 miles per hour and carry atout 120
passengers. Strictly on the tasis of flight time and passengers carried
(not including ground time and assuming full loads in all cases) which
would be the most efficient passenger carriers, a 747 or one of the super-
§onic jets? What mtgﬂ; "most efficient” mean in this case?

"Since a high proportion of automobile drivers in fatal crashes (4b% to
60%) have been found to have enough «lcohol in their blood to significant-

Ty impair tuneir driving ability...it seems that if a significant pro-

portion of motorists could be prevented from'driving while intoxicated
the rate of fatal auto accidents might be reducded considerably. In Great
Britain,...[with] an enfcrcement program utilizing the breath analyzer...
fatalities in gutc accidents:during the following year decreased by 15%,
serious injuries decreased by 11%, and fotal auto accidents decugased by
10%." (From "Technological 'Shortcuts' to Social Change.")

Consider th%s statement and the table given<éust below and answer

the questions following the teable.

CGre
[T

o




| MOTOR VEHICLE ACCIDENTS
o 'NUMBER AND DEATHS BY TYPE OF

ITEM . . 1950 1960 1970

L ) Y > * (Preliminary) ~ i

Motor vehicle accidents 8,}’({0-{009 !.:-10,1&00,000 16, k00, 000

! Accidenta per 10,000 vehicles 1,288 ; 1,397 1,471

Traffic deaths total 34,763 ) 28,137 A 55,300 b

From noncollision accidents 10,600 11,90 *  15,700%

e From collision accidents: . ;

' - With other motor Vehicles : 11,650 " 14,800 23,200

® With pedestrians 9,000 77,850 - _9,900‘- ;‘

- With other vehicles or objects 3,490 3,610 6, 500% g

" Traffic death rates: ’ %

Per 100,000 population 23.0 212 27.1 ‘

’ Per 10,000 mdtor vehicles . 7.1 5.1 50 ¢
Per 100 million vehicle miles . 7.6 5.3 5.0

‘e

Not comparable with earliér years. t
(Adapted from The American Almanac (for 1972), page 540; original data from ;
the National Safety Council.) ;

. 3

a. How, iniEb’z‘ one account for the wide range of estimates (44% to 60%)
aboxit percent of intoxicated drivers 1n' fat_al crashes? Using the
low and the high figures give the range of number of auto accident .
deaths for 1970, that might be blamed on intoxicated drivers. ("Fatal :
crashes probably means <;1\Iisions with vehicles or fixed objects so .

you may need to exclude "collisions” with pedestrians. What propor- '

tion of the tot;.él auto deaths come from "crashes" rather than pedes-

‘trian or non-collision accidents?)

“t

S b, The first year experience of Great Britain as reported above didn't
quite hold up; in the second year there was a 10% reduction in fatal- ¥
ities, 9% in injuries, 10% in total accidents, If it were possible
by controlling drunk drivers to reduce the death, injury, and accident
rate by 10% in automobile "crashes" how many lives might be saved

— annually in the United States? g

c. A U.S. Depax:m?nt of Transportation study indicates that the average
"economic loss per fatality" in automobile accidents (including loss
of future earnings of those killed) is about $90,000 now and will
probably rise to absut $110,000, Taking $10,000 as the estimated

average loss, make an estimate of the total dollar loss from automo-

e
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“. . o
bile fatalities in 1970. &ow make an estimate of the totdl dollar
.. loss from those deaths in which intoxicated drivers are gresumably

involyved. ! ° N
@«

d. 1In Chapter l we askéd some questions about death rates in various
"plagues’ --inf luenza, "black death,” and wars, for example. Look at
R the Qraffic death rates given in the table; convert these to whatever
R stanéard you were using in the earlier problems; and ccmment on the

seriousness of the "plague" of automobile deaths.

e, Notice from the table that while the traffic death rate per 100,000
population has increased from 195C to 1970, the rate per l0,00b motor
vehicles and per 100,000, 000 vehicle miles has actually decreased., | '~

4
Whht inferences could you draw from that?

!

f. Note that the rates per 1C,J00 motor vehicles and per 100 000,000

AL
£

vehicle miles are almost the same all of the way across the table,

Can you make any inferences from that fact? . v

S WG e ik 1 Mg

g. Look in the table at the "accidents per 1G,000 vehicles™ in 1970 and

estimate the chance that “a given vehicle in a given year would have

L

an accident. Ask one of your parents how much the "collision" pro-
vision in their automcbile’insurance costs them and how much it might

cost to repair the sutomobile i it were involved in an accident.

Keeping in mind that insurance rates are based on just such informa-
tion about tutal ;opulaéion and not merely about your parents {who
may be safer drivers than most) comment on whether the insurance

« premium ycur parefts pay is "fair."” . Remember that insuraice Fates
are ofteﬁ relativeiy righer in some places with high accident risks--

large cities, for exampléd.)

h. In some of the prqoblems abcve you may have :.und i% ~onvenient to use
"powers of ten notaticn™ in decing your ~alculation., ‘for example, in <
problem ¢, above you could have expressed the average losa as
41 « lO5 (3100,000), the number ~¢ deaths as 4.5 X 10" 7441000) and
hence the annual loss as $5.9 x 167 3. villion or §%,500,000,000).

This is especially useful when you need tc make reasonable estimates
’

using very large or very small figures. lsing the table belo¥ about
the U.B. budget and statistics such as the number of people in the
United States or in' your city, esk and answer s<2me interesting ques-
tions about the relative allocation of funds by the Fed<ral govern-

ment, increases in_the budget {rom 145 to 1971, costs per citiz@*

C I | >3 :
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of various budget items, and sq on., (The table is adapted from The

n
o

Provided by ERIC.

American Almanac, 1972.) - .
FEDERAL BUDGET :
_ [2EEIPTS AND{OUTLAYS FOR 1960, 1965, 1371 W
In millions of dollars for years ending June %0, ‘
1960 1965 T - RS
' (est.)
Total Receipts 92,492 116,833 194,193 . "3
" Source of Receiptd - g
Individual income taxes 10,741 18,792 86,300 _,'t
Corporation income taxes . 21,04 25,461 . 30;100° t
Social insurance trust funds T .1k,663 ~ 18,973
o Excise taxes ' . 11,676 14,570 16,800 A
% Estate and gift taxes 1,606 2,716 3,730 :
tom duties . . 1,105 . 1,hk2 2,096 -
Miscellaneous receipts 1,187 1,594 3,800 :
------ SRS SRR IP ST SRR SRR SHEESS SRS :
Total Qut _s 52,223 118,430 212,755 ;
Funétion of Outlays . \
Naticral defense 15,908 =~ 49,578 76,443
Inter_nati.onal affeirs and finance 3,054 L,3k0 3,586
Space research and \tcphnology ’ Lol 5,001 3,308
. Agriculture and agricultural resources 3,322 4,807 5,262
) Natural resources 1,019 . 2,003 2,636 -
Commerce and transportation ‘4,774 7,36h 11,542
Community development and hoysirg 971 268 3,858
= Education and manpower . 1,286 2,533 8,300
o Health  ° 56 - 1,730 14,923 -+
i Income security ‘ 17,977 25,453 55,546 .
’5 Veterans benefits and services - 5,426 5,722 | 9,969 ‘;;;':-
: Interest 8,299° 10,357 19,433
General goverament 1,327 2,210 4,281
Pay increase and:contingencies {x) (x) 800
“ ul -
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7. Sometimes calculations with exponents are useful directly. For example,

%%f a‘power raised to a power such as (102)3 means 102‘x 102 X lO2 or 106; -
i ‘in general, in such cases one multiplies exponents. Here are som2 ex-

g‘ amples -based on information from Mathematics in Everyday Things about a
?{ ’ transatlantic communicaticﬁs cable that stretches about 2,250 miles from.
?ﬁri' Newfoundland to Scotland.

™~ .
;; a, Dié;ributed approximately evenly along the cable's length.arc 5%

3‘ _electronic amplifiers which keep the messages at a level high enough
; to be detected at tie_ other end. About how far apart are the ampli-
5o - fiers? . ) L

Sy + > -

g . b. Each amplifier increases-the signals by a factor of about 2 mi¥don
gﬁ {10 ). Hence the total amplifiéation to compensate for losses would
?ﬁ S be a ~illion multipiied by i*self 51 times, which would mean (106)51.
;w W}at would be the total ampiification be, as ten to some power?

T %

[ this is, of course, an enormous number. It has been said that the

nurber of atoms in the entire cbservable universe probably does not

3¢ ,
exceed 1077,)
.
<

Al
€. Try %o find other instances where very large numbers are involved jn
\ . . . 3 B
g a mathemati-al model, a description of a situation, or as the result

A ‘ 2 3 -
of calculations. Similarly, ©ind some very small numbers that result

. from calculations ~r descriptions, or starters you.might try the

. N
¢ aJuiness hocx of World re-~ords or The lcre of Large<EQMDers, both of .

which are probably in your s~»~~1 library.)

s

' 8. The .dd %gok of Lata mctes ‘nat small amounts of wear from fricticn can

. * have large effe~~s; {or example, ,us% a pound or twd of material removed

from a large *ruck by wear can -~onsign “ne truck to the scrap heap. .

. 8., 3uppnse a Sruck weighing five *ons is made unusable by loss of one

[

pound - < mekal by wesr on i%s meeing parts. What percent of the

weight 1s *nis cne pound less:,

-

Suppose the truck has eight cylinders in its engine, each with a
\

~

* . .
diameter »! four inches and a length of - inches. What is the total
surfare area +f “he ~ylinders. Suppose the surfaee of each cylinder

has ,.2. inches remsved rom it by wear “about as much as the thick-

e

ness ¢f *ive pages of “his bpok), About what volume of mekal is
lost? 1 %ne engine block is made of cast steel weighing abou* %0
pounds per ~ubi~ fout ',28 pounds per cubic ingch), what is the weight

of the metal los%! . & incres »f cvlinder wear would be more than

[y




g

g

endugh to make an engire neéd overhaul, and in some cases would make

an engine unusable,):. One way to get a picture of wh+t is going on

e x

. here is to cons§dég}§h§b.a number 2% can of food (pumpkin, tomatoes)

Just about rep;qsenté the wearing surface of a cylinder in a fairly

L AR e b

*

) large engine. 'That being sc, you can estimate about how many can

o

thicknesses are equivalent to the wear in this problem and get an

SRR A Jer A

estimate of metal loss in that way.
- . -
¢ c. Bearing surfaces and gears are particularly important to the function-

ing of cars, trucks, and other machinery. Pick some piece of machin-
ery or equipment (perhaps a motor in a household appliance) and try
to identify the places where a small loss of material~by friction

would make a large difference in how well things function.

' d. Suppose in draining the oil from the enging crankcase or from thg
transmission or differential of his car your fathef found that a
gmall nandful of metal chips or a smalllquantity of metal dust had
accouwrulated., Even if it were just a feW\ounceé, do you suppoée he
would ve worried? Suppose the accumulatioﬂ were 2 cunces; what part 1
of thne weight of your father's car would that be? What percent? Do
4 you subpose re would takg comfort from the facts you would present

nim showing *“hat the lost éetal was only a very small part of the

-

car.

9. On page "2 of the American Almanac we learn that of U.S. residents 1L

i
years of age or older about 4% of the men and 30% of the women presently

smoke cigarettes; about 33% of the men and 60% of the women have never

Y

smoked; about 25% of the men and 8% of the women havé quit smoking. (For
about 2% their status is ".nknown."”) The total popilation covered is
about ©C million men and about 8.5 million women. Find out from this
informaticn how many smokers, former smokers, and nonsmokers there are

in these populations.

10. ©n page %8 of the American Almanac we learn that in 1968 about 9.8
billicn dollars were spent on tobacco; about how much is this per smoker

per year?

- .

11. It is variously estimated that -él? to T% of those who drink alcoholic
'

-4

~—

beverages in “he United States are "alcoholics” or "problem drinkers.”
Why is there such a range in the estimates? What would be the problems
in making surh estimates. See if Jou ~an find in some source‘énough

information %~ make an estimate yourself. N

’ )

< . .
]

O .t




A Chicago newspaﬁer reports as foilows- *"Of the nearly three miilion
industrially employed persons in the Chicago metropolitan area, we es-
timate that more than 171 000 are alcoholics, said the president of. the.
Kemper insurance group.,"” ~ What percentage does that represent? The same

article says that the national average is about 5.3% of the industria)

K ‘\\ force and urges that management help rather then fire such employees, if
P 1 \\ only because "it costs more than $l,000 to get an employee processed and .,

\pn the payroll.” Make up and answer ‘some questions based on this infor-
ﬁption. )
3
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13, The speed of light in 2 vacﬁuQ is said-to be, by the most accurate current
- hY

availablie measurement; about 186,272 miles per se:ond. How many miles’

kY

a per hour is this, aprroximately® Iistances to s*%ars are measured in light

SRR

Py
B
3

e

. years,\ﬁhere one light year is the distance light can travel in one_year.,

About how far would this be? [Here's a place where rcunding off and

P "ﬂm’ “:g;; TR

i using powers of ten notation would probably be very helpful im getting a
good estimate.) .

e

14, |Traveling at the speed of light, about how many times could one go ardmd

the world {say at the equator?) in one second?

o IAE Wiy et e

15. The speed of sound uhrougr air is said to be about 1,10C feel per second.
What paf% of a mile eccrox‘mquely, is 1,100 fz2et and hénce, what je che
speed of sound in miles per second? 1In miles per hour? Traveling at
the speed cof sound, how long would it take to go around the world a% the

' equator?

16, One of the Tastes*: experimen%al aircrafts g-es a* a speed «f about 2,50

miles per nour. A* that speed about how long would it take to go around

the world at tre equatory “

17. Manned space ~apsules can Sravel at abou* 18,20 miles ver hour, How
long weculd 1% take 2% “hat speed %o go around the world, assuming you

were traveling at ihe ear*h’s surface and at ‘he equator.

18. Since the rad‘us cf ‘*h

Ty
[14
D
»
a4
ct
Iy
w
joad
o

Lut ., 200 éiles ‘diameter, then is
about 8,2.C miles, the ~irsumference at *he equator is about 25,000 miles.
Suppose you were in a8 manned satellite in an orbit 170 miles above the
earth's surface, 7w 'muen would *hat increase the distance vou would
travel in gning "around +he world™: ‘sing your new figure, lLow long

would it take ‘he sateilite *- go arcund the world?
R .

19, It dis astenishing %¢ reflect “hat until *he invention ¢ the automcbile

late in the last century man's maxzirum “raceling speed was probably under

Q
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21.

30 miles per hour, aw@ his usual speed, say by horse anp buggy, was prob-

ably 9 to 10 miles per hour. What cvonsequences might that have had in
the early history of this country in the living patterns end tastes of
people, the placement of towns and citles, and so bnf Each subsequent
invention {automobile, jet airplane, rockeg) rep;esents about an order

of magaitude (tenfold) change in the speed that one could 80., Whgt were
the consequences of each such advance in changing our world? Do order.. of
magnitude changes such as these merely change'how fast one can get from

one place to anotrer or are the changes more far-reaching?

Here is a protlem formulat~d whilg_helping with a tedious task last

summer: seneral Foods sells 2 brands of pectin for use in making jams

and jéiiies from fresh fruit the pectin makes the jam or gelly "jell.")

Suppose Terto sells for 7.4 per bottle; Sure Jell for $.20 per box.

fere aré their respective recipes for Blueberry Jam: L
“er%o Recipe ‘ ‘

'

a

s
Crush fruit. Add 2 tablespoons lemon juice to L% cups crushed
fruit., Add 7 cups % pounds, sugar and 1 hottle Certo. Cook, etc.

vield: 12 medium jelly glasses.
Sure .Jell Recipe

~rush “ully ripe fruit. Add 2 tablespoons lemon juice to four

sups 2 poundc) of crushed fruit, add 1 box Sure .'ell, and bring

IS4

X
5 nard boil, A4d four cups ' 1+~ pounds’ sugar. Cook, etc.

LT
eld: 3 medium ~elly glasses)

-
[

ronsidering Sne higher cos® and higher yield of tie Certo recipe, decide
which product a housewife should use if the Blueberries cost her $.20 per
pound and suga: is $l:?f ¢:r 1. pounds. Should a difference in the cost
of fruit change her decision. If £o, what is the break even point i.e.,
the price of fruit at which it would make ne difference which recipe 1is
used* 'in cos* per uni%t of Jjam,. What about the price of sqgar? If fruit
were scar?éy whish recipe would you prefen? /We assume liere that the
taste ang qualisy ¢ “he end products are equivalent but this mgy not bg
Ve

\
STt

A ‘ravel tyc-mure tells me *hat ‘aracas, venezucla, is about 5,000 feet
above sea level -n tne slope -f a mourtain that rises abruptly from the

waterline tc 5. L. “eet, As the croy’ flies,” trhe distance from Caracas

to the wa*erline is 1 miles., TIf thére were a road of akcut conSfant )

*

slope from the ~aterline up *o *he city in a straight line, what would

LW

53 :




the slope of the road be? Express the alope in number of feet rise per
100 feet, which is easily.converted to percent slope, As 8 matter of
fact, the actual distance by road is about 50 miles; it the road has a
constant slope (which it’ probably does not) how steep a road is this?
{You qay be inkerested to know, that the maximum grade for a railroad is
about a 2% slope; &utomobile roads are frequently steeper than this, but
seldom(es mch as 10%. For a grade as steep as 10% an_automobile would
have to shift out of high gear into a lower gear.)

Death from Heroin ) .

Early this spring, Joseph W, Spelman, chief medical examiner of the city
of Philadelphia, addressed medical colleagues on the topic of sudden death frém

ST
i

NS

5

i

heroin, To a shocked audience he showed photograph after photograph of victims
with needles remaining in their veins who had died after self-administration
of drugs. : ’ .

R .

3

%

in New York City, among the’estimated 100,000 heroin addicts, more than
900 fatalities due to drugs occurred in 1969, In that city, for the age group
15 to 35, drug abuse is now the leading cause of death, According to Michael
M. Baden,:deputy chieﬁxnedical examiner, the majority of fatalities are due

I A S T

to an acute reaction to the intravenous injection of a mixture containing
: heroin. The mechan.sms involved in the deaths are not clearly established:

8 overdosage has been sﬁggested by some Envest;gators; others speak of an aller-

Pt

gic reaction, A survey of practices attending the production, distribution,
and usage ogvhercLu'§eaveé.She amazed that the death rate is not higher. The
method of illlcitlg<exuract1ng morohlne from opium is crude. The impure mor-
phine is subsequently acetylated to heroin. in setre* laboratories, mainly in
France. ‘“urity cf.the product ig »f *ne~opder of 90 percent, Subseqﬁ.htly,
the hercin passes through a complex distribution system and is adulterated
repeatedly in unsterile conditions witk a vériety of additives, including

quinine, mannitol, and o‘her white pouders,

The Office of the Chief Medical FExaminer of New York City analyzed 132
street §aﬁp1es ' lrugs, all cf which suppcsedly contained heroin. * They found
that 12 samples contained n> hercin at all, and among the remainder the con-
o centration of the drug ranged from less than 1 to 77 percent. Variaéilit&riﬁ

‘ the amount of the drug could be responsible fcr many fatalitiesd A user ac-

. customed to'a low concentration is likely tc dle from an infection of almost

pure heroin,

« "Hard core addicts subject themselves to more than 1000 intravenous

Q ~
'+ ERIC

»
Y. - -t s

.

e

Tl

2R

3




il

o
4

13
b
#
‘.
M

Ty

T an

ERIC

Aruitoxt provided by Eic:

<

-

-

& m/rrgﬁjaxr‘,. e P ST A . e " -

injections each year, and they are thus exposed repeatedly to possible
antigens in the crude heroin or in its adulterants. In addition, the
repeated use of unsterile drugs, unsterile equipment, and unsterile technique
leads inevitably to human wreckage. In a description of the major medical
complications of heroin addiction,* Donald B. Louria and his colleagues have
jdentified the most common medical problem as live}'damage arising from hep-
atitis., Osher orggns that are particularly subject to attack include the
heart and lungs. Infection of the heart, though not sc frequent as hepatitis,

fs more offen fatal.

&

Drug abuse, ~hich was once predom;nantly a'disease of Harlem, is now a
plague that is spreading to the suburbs. Drug use has been glamorized, while
descriptions of the dreadful consequences have been muted. ‘Parents and educa-
éors must inform the young of the corpses and of the physical wreckage. Des~
plte warnings, adventurous youth will sample the illicit--and qaay will be
hooked. The number of addicts is. already estimated at 20C; OOO ;and thesdannual
cost of their drugs at $) bil;lon. With so much at §§§ke in Tives and in

.mohey,\the nation should increase its efforts to curtail drug gpﬁse and to

find better ways to rehabilitate addicts. Two relatively new methads seem
gromising. Cne is the use of méthadahe.“ A second approach 4s a psychiatric
one, which emphasizes attitudinal changes and utilizes ex-addicts to give
emotional suppor: to addicis who wish %o stop. Determined and imaginative
effort might well disclose even better methods. %his nation should provide

%he necessary Funds.to move vigorously against a spreading plague.
N I \
22, Tor this and the next problem refer to the accompanying editorial re-

printed from Science. ! "Death from Heroin," Abelson, P. H., Science,
Jotume 168 12 June 137u) 1298, Copyright 1970 by b@F American Associa-

tion for the Advancement cf Science; reprinted by permission.)

if the figures given in the editorial are correct, what is the an-
nual average cost per addict for drugs? What is the death rate among

addicts in lew :ork’ City? Ask some .ther questions based on the infor-

mation given in e editorial,

» ~

N
23, According to the American Almanac the number of active drug addicts at

the end of 1lyo9 that had been reported to the U.S. Bureauof Narcotics
and Dange ous Irugs by police or hospitals was 64,919, 1ncludf§g 15,000
newly rep frued within the pre'lous vear. How do you account for the

@ifference in these szt*sfiwe and *%ose given 4n the Science editorial?
EAL A0S

*D, B, Louria, 7. Hensle, .. Rese, Ann. Interrn. Med. 57, 1 (1967).
w*J, Walsh, "o‘*adone angd %err n addiction: rehabilitation without a 'cure","
Science 168, »8. 1977 ).

[
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Chapter III

THE ROLE OF "MEASURE" IN APPLICATIONS _—

3,1 Measures Everywhere Y ot
. ~ P

\
"Measure” (verb) is a very general concept and "measures” {noun) play a

role in many different situations, To measure som éhingffg to assign a number

jg 2 (its measure) to dt. An example is when we assign a we ght to each head of

*

lettuce in a store, We are measuring the lettuce; ij;jmé&iure is its %eig#t.

Usually we make certain standard requirements of measyres; Xor example, they

are gsually non-negative numbers (weight is usually not negat ve) ané we usual-
ly want the measure of tyo objects together te¢ be the sum of I measures of
each one alone (two heads of lettuce weighing 2.1 and 1.7 pounds
éether weigh 3,8 pounds). Freguently we get measures dire?tly with\
of instrument, such as a weighipg scale for the lettuce or a tape me
‘assign a length and width to a iéam. Some measures are derived from other
measures, as when we find the area of,a room by multiplying together its length
and width measlres. Cften we use Funciions and formulas to produce measureg
ind rectly from other measures that can be easily or directly obtained; for

example, the fermula S = 16t2 tells us how far something has fallen by measur-

~

There are . m-re uses of measure than we usually thifk of, For example,
while sittirw in a recept conference I began a list of mea§urements that may
have been c- ,sidered in making the hotel conference room available, A wise

_anner would have begun by getting a measure cf how necessary and how prof-

.itable that type of fgcility would be be: re beginning tolﬁuild it. The
measuremer.*A that then went into architectural planning, construction bids,
and the actual construr*.un were very nwnerous, ‘The room was air cogditioned;

extra comfoit available. Furn-

many measures would te _quired to make t

ishing the room inv lves measures of ious profitable uses of the room, ec-
onomical maintenance, ard, .f  .rse, measures involved in manufacturing and
installing the furnishings *uemselves. VAZe the room is completed and furnish-
ed, there are several ways tc exrress its measures: floor ares, volume, seat-

ing capacity for people listening to & spe-.er, seating capacity for, banquet

use, seating capacity for a group ..ing =

for various uses during various Se.usins of

51
N
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onference table, rates to be charged

tre
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‘ear,

and so on.

Close examin-

’
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ation of $1imost any situation will yield a‘éi@{lhrly varied list of measure
considerations. - . | .

Problem Set 3.1

1. Consider yourself and your present school situation and list as many

applicable measures as you/can. Start with direct measures that apply

‘:té you (e.g., height, weight, olothing sizes, etc.). Next, what measures
are in your counseling file gt school? Noéw move out to measures applic-

‘ able to the people in your class ana to the whole student body. Next,
think about the initial planning of the school buildings you meet in,
their ccenstruction, and their maintenance. Next consider the measures
that apply to the financinézg;‘}pur eqycatipn, and'to possible ways of

measuring the "yield" on this investment in your education.

2, Once you have such a\¥§st, look it over and note the items in the 1list
for which it is useful to think in terms of "maximizing" or "minimizing"~

something.

3, look at a box of dry breakfast cereal and do some "cereal box arithmetic,"

For example, these boxes usually have statements of the'nutritional con-
tent of the cereal--a certain amount of minerals and vitamins or a cer-
tain percentage of the "minimm daily requirement" (MDR) in each serving.
Try to find out how MDR's are defined. Detérmine how "a serving" is
definéd; measure it vut and see.if this is a normal serving i; your
household. See if the nutritional content is given for the cereal itself
or the cereal with milk, sugar,’ and fruit--obviously it would meke a dif-
ference. ’Iﬁhave the émpression that such things used to be stated for
cereal with milk, but that-reg:lations now require nutritiohal content of
the cereal alone.i Current government regulations now require that when
the contents of foods are listed, the ingredient that forms the highest
proportion must be listed first; if the ingredients in this cereal ;re
listed, check out what it'is-composed'of most, second most, and so on.

If you have severgl kinds of cereals, do some price-per-unit comparisons
among ?hem, such as cost per ounce of cereal, or cost per mg (milligram)
of vitamin 86. If there are premium Sfférs on the box {for example, toys
for-boxtops or for boxtops and money), see if accurate information ebout
the size of the things offered,is given. I recall one offer ﬁhig@_showed
plastic basketballs and footballs which locked large in the pictu;e, but
the small print revealed they were only a couplé of inches in diameter,

hence probably not of much use as toys.

ﬁ%z_




- L4, It is frequently the oase that measures are defined in such a way that

ﬁhey can be added; that is, when two things are combined the total meas- 5

ure is the sum of the measures of the things that are combined, A way 3

3 of expressing that is to say that m1 + m = total‘ ;List some everyday -5
. measure situations where things are combined'or put fogether and see in e
wh}ch ones this "additive" property is true and in which:ones_it is not, y

, ) -

5. Here is a situation where motmy, =m does not seem to hold: To1 i
convert Star braud instant powdered milk into one quart of milk, add LS :
.cups of dry milk to one quart of water," IList some other everyday sit- - %

] uations where measures "don't add up." M

4 A

i R
G.Liigis same package of powdéred milk gives us alternate instructions: "By K
) v . - - Ng
o welght, use 3,2 ounces of powder to one quart of water." Weights such R,

as this really should "add up," hence 1f a quart of water weighs 32 ounces ~
(a pint weighs about a pound) what should this," quart" of milk weigh? i
Does that mean that we will really have more than a quart or does a

« quart of milk weigh that much more than a quart of water? ’

-

b2

7. 1In order to assign numbers to objects or to situations, one must settle 3

“u

on some sort of unit in whxcn to express the measure, For example, what

l’I-

units might be used in measuring the thicknes of a page in your book or

B R N e 3T
A ; e

the size of a small object on your,desk? In what units would you measure
:, your desk? *The length or wzdth of your classroom? The distance you
g

" walked to school this merni The distance traveled in an automobile

RS T I 2o e

-trip? Distance to the moon? Distance to.a star?, Diameter of the uni-
verse? Make up a similar problem that starts with measure in very small

units and ends up with quite large units,

: . 8.. Once a uQit is decided op, anything st a given moment should have an ‘

exach measure; fcr example, a pencil can't be both six inches long and

L seven inches long at the same time., 1In practice, however, it is not

! possible to say exactly what the measure Is; for example, two peopie

; might give 6.1k inches and 6.15 inches as measures of the $Mhe pencil,

3 Think about and discuss with others in the class or with friends or family
what some of the practical b§;;1ers are to the "unique" assignment of
numbers to thlngs Whim‘ ot tnesa«are due to human errors? r“or which

f does accuracy depend aw the instriment used for measurement? Are there

E ’ any theoretical’ reasong why it wotld be impossible to assign a "unique

: number" tq each object? (If you are familiar with the distinction be-

. tween "real" and "rational” numbers, what would be the problem in assigﬁ-

ing a number if the "actuel" measure were an irrational number? Can you

AR 5% ;
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Eﬁink of situapions where the meas. fe would be &n irrational number?

/ T
Igrore this parenthetical question if you haven't yet covered such mate=

rial in your méthematical experience,)

_ the measure? (If you are interested in science or philosop. v, you might
£ind Heisenberg's "uncertainty principle” interesting in this ¢onnection.)

—~

3.2 Measures and Conversiq:s for Length ) ~

. S~
Measure of length probably appeared fairly early in human history and was

probably based on things familiar to the pecple involved. Just as many early
numeral systems are based on 10, probably because man has ten fingers, many _
early measure systems were based on Body parts. This i; the origin of such'_
words ds "foot," "digit," "span,” and "hand," each of which names measuring ’
units, Eventually, of course, thesé measures had to be standardized in some
way &snd conversions within a given coﬁntry's measure system established{’ﬁence,
for €xemple, in the English_system a foot was defined as 12 inches and a yard
defined as 3 fe;t. In days wheq communications between groups of péople wag
not nearly s5 gocd as it is now, évery group of Feople isolated by distance or
mountains or other barriers from other groups might very well have a different
measure system. Alsc, in.jpodern times, new and more convenient systems have
been invented and are used side by side with the traditi a% systems. Hence,
in addition to conversions within a given system, it is necesgary to establish
standard cunversions between different systems. It is convenient to think of
thege conversions as "conversion functions”; with one measure as :jnpﬂt" and
anuther es 'output." For example, f = 3Y defines the conversion from yards to
feet. !

Problem Set 3.2

(Much of the information in this set ‘comes from Realm of Measure.) ~

1. The origin of some of our common measures gives us & good way to apprpx-.
imate various things. Fori%xample, the picture on the following page
shows some com;on measures based on dimensions of the human body. The
sard as the distance from the tip of the nose to the tips of the fingers
was often used irf'tores ror measucing cloth. With a string or towel or
length of cloth < '
people, toth classmates jour own age, children younger than you, and
adyrts. Lraw some conclusions about how often suc'/a wayof measuring

9/éhyard among peoPle who

éomething, see how long this is with a number of

c¢lo*h could come pretty close to giving a standa?

§: Can you list any situations where the #ery act of measuring might change i

!

N
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»hild? Atk some other interesting questions along this line and try to

2)

anmr them, )
v ~ Fathom . o,
-

[

|
| pe—|
Foot

The span from the end of €he thuﬁb to the end of the little fihger in an
Standardize
Your own span oy finding out about how long it is, then use it in meas-

outstretched hand is a very useful way to measure phings.

Y

uring some things.

Do some comparisons of your span with that of other

éeople.

{According to the Random House Dictionary, a span is usually

«

taken to be 9 inches.)

Al
2
%
3
5
R
3
ny
e
3
.
E
i
L

L]

references to

your own "cubit" is,

55

. 8ays it has been vardously standardized from 17 to 21 inches.

vert the cubit reference into terms more familiar to you.

is said to be derived from an Anglo-Saxon word meaning "embrace,

3, The cubit (from elbow to finger tips) is about % yard-~the dictionary

Find some

"cubit" in the Bible or other works of literature and con-

Find out what

k, A fathom is from finger tip to finger tip of ti.e outstretched arms and

Are

P
by st

.
\
g e v e

-

A
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there outher uses. of' the word "fathom" that are independent of measure,
but de suggest "embrace"T The depth f water is cften measdged in fath-
oms, pernaps tecause a "leadsmen” on a boat or ship in the days before
elect:onic¢ depth finders woulﬁ'drsp a weight oh. tle end of a rope until
it hit bottomrand tien couni the number cof finger tip to fiqger tip meas-
ures as he gathered in the lire. A whole vocabulary was built up around
tuiting depths f.r navigational gurposes in shallow waters ("by the deep,
six"; "mark tlree"”; “merk twain"), Try to find a reference that tells
you scmething aboul this vecabulary and what it meant to the sailors in

the days before medern instruments,

A fathcm has veen standardized et © feet (. yards); why would you expect
this, given thte diagram .f body measurements above. Look on a map that
shows water depti (say for a coastal region)., Find out if the depths’
are given in fathims or some cther measure, and if they are given in
fathoms, ind the maximum depth in feet, first having formulated a “con-

version function” to make the conversion from fathoms to feet,

Nowadays the dept. cf water is measured by a "fathiffter" which sends

cut e pulse cf energy, then.records how long it takes an echo from this

pulse o> return from the sea {lsor and be received by this instrument.

What are tte essential parts that such an inétrument must have? What
tnings must be kncwr. to convert this ech.o-time measurement into a depth
lengthr. measurement. “'ight *re irstrument require a different "calibra-
tion” in sal* weter tharn in fresh water. Might the temperature of the

water make 1 difference.

imits 1 lengin to long - ve measured conveniently with the body tend
ty vary widely from rulntiry oo country, et least as far as traditienal
units go. or example, where we use 8 mile 5280 feet), the Russians

use & ‘verat" whichn is abcut %,5{0 feet’, Verify that a verst is about

N

~

of « mile and that a mile 's aocut l% versts., 1ry to find some other

] ry

mea~rez f lenger listances and their origin, Find out what other
Tissian wnits of length. go with the verst. what is the origin and use

of 2 ‘jeumue” ac iv-Tventy Thousand Leagues inder the Sea)?

3ome spe.ial uses Jd.ctate speclsl measures; for example, horses are said

ts be 35 manv "nands” nigr the hand is standardized ncw as b inches).
Estimate 1t ..* b . many hands Ligr you th:ink an average horse is at its
shoulder, ‘rer ek ;.our estimate ayainst some intcrmation about horses.

; . . . : ; 1
e said earleer trat in meny city surveying systems, a block is g of a

.

%
H

4 o



mile, (Horse rac®hg uses the "furlong, "‘vhich is also é of & mile,)
Surveyors use a somevhat decimalized system by defining a "chain" as
T; of & block, Then what part-of a mile is a chain? About how many

feet in a chain? The system is further decimalized by
defining a "link" so that there are 100 links in a chain., So about how

long is a link?

How many yards?

.
10, An arc in a circle is sometimes spogen of as having a dégree measure,
As §hown in the diagram, a number of
different actual arc lengths could all
have the same degree measure. A more

accurate subdivision is made with "min-

*

| latitude of a location on the earth's surface.

utes of arc," with 60 minutes in each

-

degree, How many minutes of arc are
there 'in a "quadrant” of a circle; that

is, in gn arc defined by & 9Q\ degree angle?
AN
bock there are a number cf problems having to do with the

This was defined as the
. degree measure of the angle from the qbnter of the .earth between the lo-
cation and a point on the equator directly north or south o
aJ{?of the world
ifself, is to define a "nautical mile".as the arc length equivalent to

F

Eg:}ier in this

3

the loca=-
tion, One attezpt o standardize a length, by using a f

one mirute of arc; which \ps you Jjust computgd) is Ei%b of a quadrant of

the earth's surface. The length ¢f such a jquadrant arc varies in lengtn,

though not by ‘very much, depending un where on éﬁrt@ it is located. The
cne going through Paris, France,

N
Along that line, according to the kealm of Measure, a minute'cf

standard reference usually used is the

arc is

i

equivalent’ to about &07G,797 feet and this length has been defi:ed as

L‘Intemational Nautical Mile, )

33 The measure given above is given to thousandths of a footf why do we
still say "about” in the sentence giving the measurement/.

According tc the wnabridged Randum House I'ictionary, the Internation-

al Nautical ¥ile is defined to be 6076,1033 feet.

the reason for the discrepancy with Realm of Measure; consult some

What is the

I'm not sure of

other standard reference and see if you can resclve it.

difference (in inches) between the two values?

c. Assume for the moment that the dictionary is "correct”; what is the

percent error in that case Un the figure given by the Realmr of Meas-

~
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ure? - thal is, ‘cmpsr tne ilscrerancy of 0,03 feet to the “true
ure ¥ M :

vatue" of &L '6.1 ** and express the resulting ratio as a percent.)

d. The 3ritisk cb cse,'s round off v '6.1.3% and defile the "Admiralty
Mile" as »8BC feot. Wia* {3 wne percent "error” for that figure
caompared to the "true valae" for a nadti~al mile given by the dic-

tionary? , : .

Both ship and air n=vigati n are 4 ne using r.autieal . Why de you
suppose ..e ~onnection ret.cen minrutes Ut urr und leng h i.\Puutical

miles would oe uset™m:l 1w navigs*iown. . N
: N

Tage the latitude ~* a ck\;yql . a*ton in *he vy you live iné then

for some ~otap location Yhar yon might Jlke to /isit and find gut what |

1tslasisude i3, % 4, u2slng ilffererces hetween coordinates, §ind out

row far iw ranci-al miles ¥ u~arsn-reh or sou'' of +the other place in

[%]

question, L he similar protler for o orgltudes ani distance is more com-
piiented; a9y U see W Is * e-e an eagy wny of getting an arc .
lens*h measu-~ U ocre 1oert - omne *1ow aling 1 great circle between you
and *ne crer ponte 47 questd n.‘tﬁi nence she shortest distance fn
naut i cal wiles,  Jorme o el race imstruments for this included with
Them; 10 *he gl ve you are au.cye es no*, you cculd make a sort of pro-.

spact rovras oo uld  ust Lo cre glote nd give you the measurement you

w950, “ ’

P€ tre plnces o o f senoare oot cos fnroaway rom each other on the

D)

surface ~¢ oo 2l be, v ou Couwdd w0t pretey ‘!;sg/esﬁimate of the direct
line digenace from the » owtr-c ot 1f§‘ﬁn*e snd ~ast-west distance and
by ustng tte §oMhAr regr Steorem, "ry o ttig o#ith problem 17 ﬁustqabove
wnd 5o s cloge 1% et * st o runl Jdiszsance, lName two cities of
bre w rld o4 ere 16 4001 ¢ 2% a3l tnnapiropriate to use the Pytha-
grorenn the yer e rheomaate ar i oeagt-wer® distances to find the dis-
san~e et anen e cToien, FR S B :;se. that the Fythegorean
trarrer 159 She rem £ oplote ge omet =y, ard Lence doesn't really apply

cn o the gusface 0o gphene, e daes glve Y-l-se ennugh” results in mdst

L
What floer tre rery o 0 lune geored sy o 113 r~é gpply con & surface of n

sphere  For eyisple, ure tw wlcte surface “linec” that are ‘Zerpendic- .

ular & %' groe Yine Tpaeaglel” tee 20 T m s 1ines Ferpgn fcular to

the ~qua* r, \ |

A ccuntrgta mamrer Syrtes o0 ten o0 nel geasue g@sten 13 overy persig- s~
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tent over timé and is only changed with great difficulty. Fdriexample,
the United States is. nearly dlope among major countries in the world in

\ o .
not using the metric system imbusiness, although it «is universally used

in-science. The metric system itself was imposed only in a time of great

uﬁ%eaval and with considerable difficulty during and after the French
Revolutio;. The committee appointed by the French Revolution intended
to make the meter a ten-millionth of a quadrant, measured from the equa-
%or to the North Pole through Paris, hence this distance would be
10,000,000 meters. Unfortunately,‘witg more sophisticated measuring

“techniques, this quadrant was later found to be 10,002,288,3 mevers. By
?Fhe time this was found out, too much had been done with the meter to

change .ts length and so the earth was no longer used as the standard

of mesasure.

a.' Rounding off the above figures to a'discrepancy of about 200Q parts
in 10 million parts, what percent discrepancy is there between the

intended and true megsure?

b, Why in thg next tc last senpence of the paragraph above should we
have said "about 10,002,288.% meters"? -

-

e, in 184% tﬁe Irternational Bureau of Weights and Measures prepared a

: g&& standard meter bar out of platinum-iridium allcy, which is kept at

e .

Severs, France, under the most exact and careful conditions possible.
wpb would such a standard be important? What would be the difficult-

r .
ies in maintaeining such a standard: -

é. The British have a standard yvard mapufactured of bronze in 18LL,
This was intended tc be exeactly %‘%%% of a standard meter. What ‘is
the connection between that ratip and the "conversion factor” Yhich
tells us that a meter is 39.3%7 inches? From a shrinkage of the
bronze or some other reason, a recent measure Qakeé the British

‘Imperial Yard equal ‘o 2?%%%‘%%% meters. The Realm of Measure says

1
‘hat this amounts toc a difference of abou* £l of an inch in a mile;

’

checg th

-~

e, The International Inch is said to be equal tc exactly 2,5400 centi-

meters, What is the purpose of the extra zercs? According to the

Realm of Measure this makes the standard yard equal to 2;§994999
- ‘ 5,937,008

mevers., fan you figure ocut from the information given here how the

b

denMainator was obtained?

£. There have been some moves recently to return to a Atandard of length
» .

s
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: - that Jepends on some inverient %orld fact. Several suggestions have

S been based on the fact that each cclor cof light has a certain wave

e ‘f‘.‘;}.;.«_,-& P

e

length and chemical elements glve <ff characteristic colors when
+ heatedy'- Can ycu see any advan<ages in defining length by such a

\ .
\

Standard” . L.

Y
-

. .

iated_ with ~olers are very short; the wave

4

, g. The wave leng-hs nasg,

dan

lengti cf cadmium ed lizh* nas been rfeasured as equal to

O.ooCh i nn3Bunds me~ers,  4Aboub how many such wave lengths are in a
standard meter. U yru ave .r-eres*ed. ~heck with your science

teacnhar r ir some reference bk and see anat the most recent think-

' ing -n “nis juwes*ticon ras teen ~u migr+ also want to look into what

) SH

' sorTs oI megIurement irc-rumer-s are used Lo ge* such erxact measures
2% length as shas ‘ust girten “ar <bte lengsh ~f &' single wave length

cf cedzium red Ligh*, " . -

. st .
— Y. o1 Lne entirp earin inSLudz:g t-e .m*eryaricnal ltandard Meter 3ar, Were
- . R
SR sheTwe er Eeriika “he same a2v. ~-uld snere by any way for us to de-
te~t trab *his was happening: P .
2 .

13, We .ave already memvl.rel a3t a fatn meter measdres distance by timing
Ly

echns. aar .or¥s in mu~. “ne same way, tut nof with actual sound waves

19, , In 4ne 1% ias3 ":%E; nailgation, navigat:rs relied cn very accurate
~lg %3 and torr neourate ceadings. from osuch instruments as e sextant to

v 1 omartion Wi rosb&"f Lo the sun ar certain stars at a given

- time. snev sren asel ool D taples ‘2 nelp them turn these measurements

¢ ¢+ in%e exatt lrasiong 21 =isrt be interested in getting such a book in

- the library i+% .3 '»lled at epnemeris. and seeing how this sort of nav-

Lites e Yrne 13.'s similar techninues were applied

,d.
(8.1
2
AT
-
o
3
e
&
2
01
>
.
©
13
N
:
"9
&

! o by airylane nasizas »o, Y aculd thoge methods probably be unsuitable
now for msrmer~inl alr tvansi--taiicon, superaonic flights, military aire

crate, and syace fravel, s omighe srv 49 find ~u% something about uhe

b
netw~rx =7 ele~trouis e izatisnal alds tra* characterize air and sea
transy vratin v aadass, ard sc e cystem © 7 tracking statlons csed in our

spa~e fl.grt e fore,

//-
7,5 Mealdliremer' U aclucc oamd 7 lure
T oaumar .5t r readres  f esgts oaepe rr o bad’yv Tvrvented first based
an familiar *Fli, 3 =10 A wer e D0 40 lenscth Do, aviooe o on. 1h s
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~likely that the next measures developed by mankind were measures of weight,
and perhaps sgon after thet, related measures of volume. In both cases, many
different systems based cn locally familiar things déveloped; for example,

- India's traditiépal system of weight and volume measureés i3 based on very

97 N5,
L R

different standards-from that of the United Statks, and there are differences

even between Great Britain and the United States. The only truly internation-

R

‘a1 standard of weight and voiume is the meiri~ syctem. This systeﬁ dominates

science and much of, the commerce throughout the world. “

R

! . . " s
There is often iconfusion between "mass” and "weight." The distinction

b e ahs e g D O M e r A

\ .
may becomeclearer if yru conSider an astrcnaut whe weighs in with his eaquip-

”

1

at some point in his

Ny
RNRCS

ment on earth at a cerisin amcunt; becomes "weightless’

trip to the moon, so that he and anything not ti?d down can easily*float in

the air of the space capsule; then upon landing on the moon he has weight

RPN

again,‘but mach less weight than he had on eart.. Clearly, even though

¥

"weights" change, scmething about “he astronaut and his equipment remains con-
stant through all this, ané trat something we call the "mass.” In everyday

'

L]
affairs we deal only with the "aeight"” which results when a given mass is

acted upon by the gravitaticnal attraction beitween it and the earth we live

on. The yravitational atiractisn - the moon *o a given mass ic much less

because the moon is ruch smeller.

et hm GSIF N AR ARt g ey Sfe af nivh
OAN f 4y

7 Throughout this secticn, ~e »ill usually be speaking of t»e weight that
you would read on a scale on the ear*r. [nat is, even though, sirictly speak~

- ing, "grams" and “kilograms" are me‘r.. system measures cf masses--and hence

- £, J

\ are constant no metter where tner are -easured--in practice we treat them as

measures of weiglt and find what they are by using scales on earwh. In a
later section whern we are dealirg with some s-ientific formulas, we'll have
to take up *he distin-*ion betaeen mass 2nd weight again, but for the mcment.

we'll stick tc everyday usage.

1. The use to which measures are put cften determine *heir character. For
example, in tne Zurcre of “he “iddle Ages there were many “raditional
‘ systems, rcne compatidle with the others, but «ith the rize of trading
among countries it be~ame necessary &0 standardize and sgree on ceriain

weights. The Realm >¢ “easure discusses this in some detail and the

next few problems are based on informa‘ion frum that bock.: (he firct
"pound to be widely accepted was the Troy pound: perhiaps 1%s rame comes

from the name cf the ci%y Troyes, France. Tne ros pourd is divided

into 12 Troy ounces; each Trocy -unre equivalen® %o & pennvweights, and
t

- o #
Y ol R

Qe » 7 '
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each pennyweight v, Ju g

objects where a small err.r mig

penny in trne Vidule Ages

ﬁound had Tiéo penmies. st wh cre time the Frglish unit of mcney, the
pound, was litérall, a "r.; pruad ~f silver, Look up the present day
price ~f silver a-i% letermirge & w much a .rry veund of silver would be
WOLTH Mm. T . Coan kg compare w17t tre present valve of the English
-]

o

pound R - R

Arcther 1Liny neraeer e

rains,

r*ained £+ grains of silver and the English

R
These measures were used for precious

=+ have an impcrtanf effect, A Br;tikh

in dealing with precious metals?

‘
selrehos during &h

niddle ages and |

the m e das aostedio®hle deg grati o U ecld oy being "1« carat,”

. .
"12 caras.” et:. o mi'ng +o Realm £ teasure, ‘nere is an old coin

; —
ralled 3 man” shas oAl N ma53 £ D« carats, with pocarat equel to half
a penaymelig s, r 1. »srains,  _uT with-cus strict s*andards it would be .
ee§v te et o1y, fiv cr{;zle. ~3xirg 2 (» ~arat ccin half gold and half ;,éi
~~rper: 2t s, “raivy ol 17 savats o7 grid, Hence, it became {
+ne muztomot Lot oot roar o tmady L ust des-ridbed a 12 carat coin
arnd svricr e b en o afre oxe ter 1or o mlabing standardg. siowadays,
Aty "% e resnr ilers *s =:2*1l seipnt, is marked 1k cara’t if it is

- rregert rie I gold Iis on the world market

and tree L owrnte .cet o e -T 1. carnt g:14 nnd of 18 carat gold

aTuld o« e, e s v renroc ¢ POV gunce or our ordinary,
h v .

P -1l n cemewss 507 w13 roe ~alled an “apothecary.”
fepr fernoovoele Aenls st cers ogmall raitlties of materials, so

1% enp tradictiomall wacioa soitenm -0 aelgnts based an the {roy pound,

LA RN P A PO e R L . s2lz.ng *- & pharmaci.t or using

ar oer 0l el - - vnury, exyl re tnig system of measure and find

Sah e oot Tonp o tre avv uvcer dramy scerurle; grain, Do

rarma om0 SouLr vris sasTem rorme *ney switched cver bo

LY n—l‘ »,-A N A i

e g, e e - . T3 L e "";d “+ates and some vther

SANIITT mpersme et wr 5 oraned cw fee gy srdupois peand C from the

med e 1 e mamers e pords o Jesiht",. Fach suzh pound ig

Alvided To0 SRTITEPES woe et - }rumc; ea~h dram into ?7%%

ZraLTo, hidhe aisz oave '“v}'xg nyne canee’ Moy many drams in

A p ot . ) - .

R R g R T i_ ,; ¢ ols, ar frefary, and Troy

measurs - o s ey criee w1t dne Ueanversion




factors" that allow you to chénge from Troy to avoirdupois pounds and

31 ‘yiée-iersa. . a
%%‘4 6 7 As suggested by the derivaticn from "gocds of weight,” the avoirdupois

%%i' //// units were originally us?d when large quantities needed measuring. In

g; American usage the hundredweight is (as you would expect) one hundred lg
i‘q‘ pounds end 20 hundredweiéhts "20LC pounds) is a ton. In Great Britain

{5 angther traditional unit is mixed in-~-the stone, which has an obvious .

gi derivation and which is standardized in modern times as 1k pounds. If

é‘ you weigh yourself nn a liritish weighing machine, your welgnt may be

g\t given in stones. What ‘is your premeight in stoﬁef? Curiously

%; 'éb . enough, the British define a "quarter as two Stones and a "hundredweight"
gﬁ as four quarters, sc hcw many pounds are there actually in a "hundred-

B weight" in the Aritish system? A Britisk ton is still 2C Britisn

z’ "hundredweignts”: sc how many pounds in a British ton? American tons

% . ‘ere often valled short tons; British tons, loﬁg toens, Try te find some

g : information in a reference book or newspaper story or someplace w@ere

% quantity is'given in long o, ghort tons. "Net ton" is another way of

4 referring to the snori 'tcn; what dc you suhpose the corresponding term

f fer the long *on ist Try % find some information which specifies

'y "net ton." ) - .
: - .

e

-
7. %7 a rather curitus way scme uniis of weight have come to mean something
quite differeAt from wWelight in our nuclear age. For example, whdt is

" 3

meant by a "20 kil~tcn” nuclear explosion. Whai is meant by a "megaton"

bomb? How 4id such units of weigh* hecome atiached as measures of explc-

e

Is &

siv

[14

powe

a1

.ere some Sther measure of explosive power and If so,

'
N

what is its relationship to the “kiloton”? Though depressing, such
measures seem t. be 2 standard,fea*ure ¢f oum present, uncertain world,

a
"Here are some protlems having 4o de with such a world:
N

. a., Is it

'3

sssitle *, - nvert ei‘her kilctens or some other measure of

explosive frrce’ in%- destructive power? Try to find some printed
discussisn whi~k dves c:, and make up = few problems based on this

infermaticon,

b, Many questicnz € publiic policv cver the past couple ~f detades

{how lang iz a de~adel’ have been conecerned with the nurlear bemb

[$]

balance 7f p-wer betweer “he twe major nuciear posers--hc USSR and
the USA, Cfee if y~u r~an Cind reliable estimates of the current
nmiclear s4cok 1iles in *hese *wo ~runtries in such terms 2s "mega-

tons,"

.x. M 0L 7 ) /
)
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c. It has been clai med.@hat both the USA and the USSR have stockpiled
enough nuclear weapons to destroy éach other. Find some discussion
of this and analyse it, paying particular attention to the "measures"

that are used in whatever arguments are put forth. .

d. Along with the des*ructive potential of nuclear power, there have
been, of course, many peaceful uses, especlally in the production of
électrical power. Find some discusséon of this and compare tie méaé;;
urement words used when discussion use of atomic energy for gengrat- -
ing electrical power or providing power plants for ships) with the

’ .

units ‘used when discussicon nuclear bombs. b4

[o return o happier and smaller measures, diamonds and other precious
stones are measured by unit of weight called the "carat" but this is a
different carat from that used in the measure c¢f pre01oas metals.

LY
1 s . . . . .
"Juestions for ZJems” National Jeogragphic, becember 1971) is an interest-

",

ing discussion of precious gems, with pictures cf some fine stones in the
Smithsonian Institu%e collection in Washington. The following problems

are bzsed on the informatioﬁ‘contained in that article:
. ol iad

a, Tarat” hag h@an: 2 nuaber * »; different things throughout history,
but currently is S aﬂﬁarﬁ‘"ew.1q such a way that there are 142 carats
¥

il %

in ne Lavoirdupss’ runce, L«wﬁ, i% the cunversxon facuor to con-
7 “,
er* cargts uset for the nepsufD QA,d=a; ands into the carats used in

<

¢t e megaure “¥.g-1ld and :‘*en “rpﬁd“ns met als?
t 0 - - s

% ”

w

Co

L
Y *lwzs range from = carat to 1 carat for

xaqd~1ar§er for veny nxnahsxve rings. “He quality of the
'fé“~§%§g “used in cutting it has a lot
PooA4n e 5'1:'{;106. Ry spcr. 7}; 8 rew minutes in your lccal jewel-
rv st~re’'sr a{;"”, m:1' ~rder ~azalogue, gel scme idea of ,the retail
;rfke - diam nds as they appearkln engagement rings. {ry to make
s~me estimate ¢f T~w muan o the ccst of a ring is in the setting
and how ruen 18 in the diamord itself and ther make an estimate of
, e range ¢ re*ail prire pér ~arat for diamonds in engagement rings.
" .larger diasmends cnd” more .r less per carat “han small diamonds?
c. e Atamsnd mines near Pretoaria, J-u*h Afrlca, nave been the source

amous large diam-nds in history. In 1905 a

rouch diamond of 4,1 » carnts was mined there, what is the weight

~# +nig in prunds and cunces.  (his stone was purchased by Transvsal
Tor § , and piven *o Jing Tdward JIT ¢ Fngland, What was the
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digmond is weorth

*ciently into engayement rings<

price per carat of the ro@%?zstonez

That $750,000 would be worth mucr more today in terms of purchasing
power. Try to get some 1ﬁTo;mation on what it would be worth now, v

The rough stone mentioned above was cut into twc very large stones,

the - 530.2 c Star of 1lndia whiéh heads the British Royal Septre and
a 317.4 carat stone which appears in the British

fmperial State

in the senﬁe khat they wpuld
not be sold no ma“ter -ow muéh was offereg, bﬁt, using the figures
you derived for retail

Crown. These stones are "priceless”

irice per carat of diamonds and engagément
rings, what woiild each of these stanes be worth if converted effi-
How much was left of the original
rough stone to be cut into other stones and as waste thad couldrn't

te made into usable stones?

The Star of India just mentioned is, roughly speaking,

in the shape
of an egg about l% inch wide and 2 inches long.

Estimate its volume
the weight peérounit of volume,
less than fay waterl

and then estimate s this more or
~ .

Can you make an estimate of the "specific

gravity" of diamonds? If so, try to check out your estimate with . .

some figures from some other source.

Diamonds of South Africe are mined from tubular { roughly cylindricsl)

veins of a naterial cazlled himberlite which range from a few feet in

diameter to hundreds ¢ feet in diameter and in many different iengths

and depths. In meodern mining

far dlamonds the Kimberlite is scoopéd

up and rvn through a rock crusier which crushes it bo pieces roughly

1 . . <
15 inches in diameter Then these rieces are examined for their

diamond content. The ratio of actual dismond to waste material is

about 1 to lL,OOC,qOC.

How many pounds of Himberlite are scoppes up
in order to mine a l carat diamend? 'Rememp;% that there are 142
How ma~v tanst

/

sunce, . "From now on wnless

e Ea"“cherﬂise, tcrs means american, net, short touns and 21l of

our measures <f weight refar to the avoirdupois pourd..
4

In spite of the efficiency 2f the rock crushers, in 13-4 a L26.5 ¢

rough diamcnd, larger than l% incnes in one dimensicn sl.pped throug!

the crushers, Ffrom this the 128,25 c Niarchos diamend was cut; this
sbout $2,000,000.
Hew «does this compare with your earlier estimates for diamonds in

engagement rings?

Estimate the price per carft,
if the pri:e per

carat here is quite different

65
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from that for diamonds in retail trade in enga ement rings, how ,
’

would vou accoun’. fur tue difference? If it were possible to assume
that the Star of Irdia ~ould have a value set on it that is propor-
tionate Lo its weight compared to the liarchcs diamond, what would
be the value of “he Star ~f “ndia. What are some of the hazards of

mekirg suth comparis ns.

.

The marke*ing ~f alam-nds is rigidly controlled since their value
depends 3“ rart upyn “ne.r scarcity, but smuggling of diamonds dces
taxe placve, 1s Estimated thas « L. . ¢ of Sierra Leone diamonds
are smazgled ou* by wav U civeria eal:. sear, Make some‘eétimate’
valie of o, «. o of § wmonds in the smuggling trage. What

are seme .t -ne hasarde - chis «ind of estimation and what addition-

ey

al informatisn » uld you want in order o make a8 more accurhte—esti- o

“ere are n omumoer .. & syr  otic imitetices of diamonds on the market,
from gym*r e ic white saphir worth about $- per carat to a

recent ~runcerrert -alled Yai  ytrrium alumi garnet) at $50 per \\\\\ ST

b}
oo}
3
2
e
IY‘
X

carat, How U5 ‘ue rrice of {4 per carat compare with your earlier

pct.mate T price per oarar or dlwmend fer engagement rings? YAG is
L4
sai} *-~ Pe £. -l-ze in arperrance

ot

enuine dismonds that it is wery

diofianle +o *ell vne Aifverente; it can ve distinguished from dia-

monds o fmmersizn in rineral il tre diamond retains its luster,

but A3 e es not, - ou s~uld ce warned frat it is hazerdous to buy
"pargair  geme r ary zind Luside 1e .“imate and ethical trading
crarsels, es.les tne 1 asitility © akes, what are some of the
er racards in cais

Gawifaecape and sele (¢ T sancerfein” gems Is of course a legitimate
cuginess s ne ng tres nre olearly identified. Assuming the price .
pives U r i smeerlerts inelude *ne cutiing and faceting, how

Lonoweull o -8t owou otu o get om ceunterfeit duplicate of the Star of

-
™ ullos S R .
rile wow 17 e gl 2 £ oa cxinterfeit Hiarchos diamond compare

.t *ne real arti-le

enl dlam nds have teen produced artificially by eneral Electric.

»
'11

Tne small d*q" nd ~uirs used frr ~utting tools and other commercial

uze s rr. iuxeﬂ are e~cr-micalls ecmpetitive with industrial dia-

menAds tron natursl s oires, out diqylnds as large as % carat of gem
5

gh-re -.alitv oare o o g+iv + rmauifacture, and very 'large stones

“qre 5= V1 inp sclle s g lice artifi-~{ally as ~f late 1971). It

e
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11,

12,

foot of water weighs abcut 62.% pounds, .

. "salent" was*supposed to have been roughly equivalent to the weigh? of

‘
is sﬁid to be the case that over a million pounds pressure and 2500o
Fahrenheit are needed in the artificial manufacture of diampnds. s
This is said to correspond to thz pressures in the earth 150 miles
deep, Ver{fy this if you can. -Using this information and whatever
else you can, f£ind out about manufactured diamonds and make up some .
problems that could be added to this book, \ ’

|
|
|
- |
|
|

m, Diamonds are useful in industry becagse they are just about the hard- |
est think known, which means that they can be used”fo scratch or cut i
nearly anything else. The statepent that they are the hardest thing |
known {(or neariy SO) suggests that some measure of "hardness" exists, |

Find out what system of measure applies to that. Compare the hard-

ness of diamends to such thihgs as glass, steel, gold, and so on,

4 .
The Realm of Measure speculates that units of length probably appeared

first in history, then units of weight {or mass), then units of volume.

M

A
+
be
2

As with the other measures, there are many traditional systems for meas- v

rod

uring volume, each based on some container that was in common use in a .
given culture. Why would it eventually become(necessary to standardize
units of vélume? . . ‘ -

The standardization of unifs of volume seems initially to have been

based on units of weight; hencé, the British Imperial Gallon holds 10

pounds of water. An American gallon is about 2 of the Imperial Gallon

and holds 8,337 pounds of water, Hcw many pints are in a gallon? How .
much does an American pint of wa*er weigh? What is the percent error

(for wgter) in the old saying "a pint's a pound"? A liquid pint con-

tains 16 fluid ounces, Loes a "fluid ounce" measure more or less fluid

than ah "avoirdupois cunce"? Figure cut the conversion factor between

kS

fluid ounces and avoirdupois ounces.

It ».ald be more consistént mathematically t. standardize our units of

volume on the hasis of linear units such as inches and feet rather than

, on the basis cf weights. Picture for yourself or construct a volume of

. . ~
1 cubic foot and make a guess or scme .er estimate of now many gallons

it would congain, Now, check that gueds against the fact tuat a cubic

A

Aecording to the Realm of Measure a Biblical unit of.weight called a T

" water contained in whual e would call a cubic foot. Actually the Greek

talent weighéh only 57 pounds, a little leas than our cubic foot Jf

¢

61
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vater, while the Hebrew talent of the Bible was about 94 pounds; can you
[ 0
relate it to anything that might give a plausible reason? -

A talent of silver came to be a unit of xﬂoney, nemely that amount of
silver. Given the current price of silver, what would a Hebrew *alent
be worth in U.S. dollars? The Hebr:.:w shekel (still a slang term for

monéy) was about 30160 of a Hebrew talent; what would this be equivalent
to in U.S, dollars? ~

1]

Below ( from the Realm of Measure) 1.~ a table of liquid volumes that were

once in very common use. In what @ndustries m.ight some of theseﬁmeasures
still play an important part? Try to find some references in literature
or history which use some of these terms. Make up scme pr;blems suitable
\er-thls book which use conversiocps from the table. "MNnus" were likg]:y
to have been psed onlyfi by apothecaries; a ainim is about equal to 1 drdp
of liquid, Is “a.drop” a fairly standardized measure of volume, or
would it depend a lot ‘on the material being measured and the dropper.
used?  How many gallons in a tun and, if these are American gallons,
about what would be the weight of a tun .of water? Does this last suggeét

anything o you about the possible derivation of the word "ton"?

1 tun = 2 pipes
1 pipe = 2 hogsheads <
1 hogshead = 2 barrels
y 1 barrel = ’»-]2; firkins

1 firkin <+ 9 gallons
1 gallon = 4 1:1duid quarts

v 1 liquid muart = 2 liquid pints ' “
1 iiquid print = L gills Y
1 gil . * = b fluid cunces

* 1 fluid ocunce = 8 fluid dx/‘ams" .

1 fluid dram = &0 minims

What volume or weight is represented by "a shot" of liquor? (Thig is a
commdn quantity used in n.rlxed drinks.) Referring to our earlier discus-
'sion of t‘hg.‘prgbe‘.ﬁﬂ); role of drunk drivers in fatal accidents, or scme
&?t':g;;; "i;l..fr.\f‘:’.:a}!{“it,fi}éa jou make some estimate of how many drinks, each
containing-3, Né"'.;-*,f,‘ 'v%}iskey, might lead to a blood alcohol level that
would consbititeLtiin legal definition of "drunk"? (This level is often
set at O.lo%.}“ Iji's-:)g some of @ variables that make such an estimate ’
somewhat difficult. <ne of these might be how ]:ong since the drink was

consumed. The £dd Bcok of Data says a healthy adult can "burn” about

fo s

6
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Q335vfigid»ounces“of alcohol per hour.) Another might be how potent the

~

ﬁﬁlskey is,, In this. connection, what sort of a measure is "proof"lae

. applied to-ulecholic beverages?

16 T1t is iﬁteresting ta observe how frequently the number 12 figures in

- various traditional measures, List the places in the measures discussed
. don factor or in scme other form. Why would 12 arise so frequently° It

appear. Why do you suppose this would bq

_‘Hﬂm ~Er&dit10nal measurea ¢f volume and weight tended to depend on the use to
y which they were put, and there i a good deal of confusion among them,
For example, nearly all of the tradltional measures used in America dif-

1y difgerent from the ligquid measure system given above, The tonversion
unit is this: 1 dry pint is equal to 1,164 liquid pints. Why would the
same conversion factor be used in converting from liquid quarts into dry

~ quaris?

most %Qiﬁgigneasured by bushels (wheat3 ﬁomatoes, otrer fruits and vege-
tables) weigh about the same for the same volume as waier does, about

S what woﬁid you expect a bushel of tomatoes to weigh? A bushel of wheat?
‘ Is this assumption valid "for pra~tical purposes"”? Check on this with _
* some reference giving actual weigh® of a bushel of wheat and bushels of

other thlngs.

<« 19, There is a popular song from your parents’' high school days ﬁhau bEgins

"I Love You a Bushel and a Peck... ." How is that for finding a measure
of the unmeasureable? Do you know of other song lyrics or poems where

measures--or at least measure words--appear?

.

Another traditional volume measure with a special purpose that you may

not be familiar with is the "cord" of wood, which is a pile 8 feet long
. by L4 feet wide by 4 feet bigh According to 1001 Quesﬁions Answered

sAbout Trees, seasoned wood can weigh {rom 20 pounds per cubic foot of

willow or poplar to 50 pounds for many other hardwoods, \ﬂlth these flg-

ures, what is the range of welght of a cord of wood? If you were offer-
ed some wood, such as oak for your fireplace, at a cost either $2O for a

cord or $15 for a ton, vwhich #iould be the better buy?

69

so far where 12 (or some multiple such as ‘24 or 60) appears as a convers-~

is also interesting tg observe how cften pnwers of two (2, 4, 8, 16, etc.)

fer softewhat from those used in Jrest érltain. In America there is still
anotherfsystem of quarts and pints used for "dry measure! that is slighte«

18, One peck is eight dry quarts and one bushel is four pecks., Assuming that
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_ long, end there is also a tidy link to the weight of water,
}
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3.4 More About * e Metric System of Measures . . . .

The metric system of measures is more ratlonal and easier to use than our
traditional systems in nearly every way., We have already talked about the
original definition of a meter as :ne ten-millionth of the distance from the
equator to the Ncrth F.le along the e?rth's surface [and the subsequent dis-
covery that this was slightly in errur) and the fact that a meter is a little
longér qgan & yard, 1Ir b:th the metri: and tracitional rneasures, area is
ineasur‘g:} %n such units as square feet, sjuare yards, sguare inches, square A 4
meters, centimeters sjuared, and s: .xn. Again, there are in both traditional
and metric vclume measures such as cubic inches, cubic yards, cubic centi-
ﬁeters, and so on. Xut most cf the traditiznal measures of-volume have little
relationship tc this rrogressiin from linear to squared to cubi¢ units;: for
example, there are no easy links between cubie inches or cubic feet and such
things &s quarts, bushels, cr gall ‘ns. Likewise, except for the rough rulg

"a pint's a pcurnd” there are few dinks between volumes and weights. In the
metric system there are such links. The basic unit of volume, the liter, is w

the volume of a cute with edges ten centimeters (also calleﬂione decimeter)

.

Problem Set 3,4
~ Ty

1. How many cutic centimeters will there ve in a cube with 10 centimeters

on each side: 1i.e., in a liter? .

2. As a convenient basic unit of weight, the inventors of the metric system
teok the weiglht of one cubic centimeter volume of water as the basic unit
of weight. This unit was called a "gram."‘;ience,.how mch would you €x-

. pect a liter uf water to welgh? (VMore exact determination of the mass
of watey after tnis nea' system was invented revealed mingte errors,

Since these errors are only on the order of .005%, they are not of con-

‘cern except in the most delicate scientifie measurementﬁf?'

3. A liter is very :lose in volume Lo an American liquid quart. The cone-
versicn functizn is trat 1 liter is sbout the same as 1, 06 American liquid
quarts. Vcu wouléd expect, then, that a kilogram would weigh a little

. more than I pounds: grtudlly the rénversion function is thét a kilogram
is about 2.7 pcunds. !lake an estimate of how many grams there are in an

ounce and check your estimate in some reference source,

L, There seems little juesticn that the metric system will become the world

stardard :f measure in business and industry, sust as it is already the

workd standard :f measure in science, Indeed, the United States Secretary,

° .
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c greatest errors occur? Would these bé serious in everyday affairs?
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or.Commerce )ecently proposed that the United States convert ;;om tradi-
tional measures to metric measureé over about a 10 %ear period, Eecause
‘of the world-wide flow of -goods, this.will certain t the United
St@{‘f in a better competitive position in world rade, but the change-
over of}ﬁanufacturing machinery will be enonmou y expensive, Moreover,
it will present magy difficulties to the average citizen accustomed to

thinking in térms of our'traditional measures, Here are some exercises
which may show that it is not as hard as you may think to make the con-
versions, at least for everyday estimates of quantities,

a, Ina letter to the magazine Scienoe some time ago, it was suggested
that transition to the metric system could be eased for "everyman"
bJ temporarily renaming the metric units with the English system
units that they are closest’to, For example, liter ‘would becoie

méters would be called a "metric inch." Other possibilities are to

+ call % kilogram (or 500 grams) a "metric pound” and 1.5 kilaneters a
" Do you'agree that each of these would be a pretty
good rule of thumb for shifting to the Metric Sys:em? About whet

"metric mile,

percent error is there in considering u liter to be a "quart"? About

. what is the % error in the other approximations? Where would the

» -

©. An easy rule of-thumb conversion between kilometers ard miles is that

a kilpmeter is sbout .6 miles. fould we use the same conversion
factor to convert to miles per hour from kilometers per hdup? .If you
are traveling in Mexico-{which uses the metric system) and see a sign

‘ B which means "speed limit 10C" what should be.thé maxirum speed show-
ing on the speedometer of your American car” (Here and elsewhere in
~this set of problems, u;e your common sense in deciding on how pre-
cise to make your answers; in most cases a_ good approximation will do
and it would seldom te apprupriate to have your answers expressed to

o

several decimal pfgces.)

¢, Many American car speedometers read from.zero to 320; .what would be
the correspcnding range on s speedometer calibrated in kilometers per
hour? Ié you were driving a foreign car with a speedometer marked
in kilometers per hour, what is, the maximum reading on that speed-
ometer that wou1d keep you n-t%in a &0 mile per hour speed limit on

an American road'

’

g

.

a metric quart"; a meter would be called a "metric.yard"; 2,5 centi-

.
LR
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_car's performance and costs on your

vou have rr-taply seen birth anncuntements

; much the taby weighed when it

"or very lar - measures

millign grams . °

- standard

. The commin uein

according *<

Tt is easy tv imagine an automobile trip thal begins ir Canadé, goes‘.

through ihe tUnited States; and ends up in Mexica. Canada has miles

Fmust like ours, a dollar that is roughly .he rame as ours, but uses

the British Imperial sallg, whidr is about 1.2

In Mexico, a peso is 3,08 .8,

American gallons.
‘or 12.7 pescs per American dollar),

distance is measured .n kilcmeters, and gesoline is sold by the liter.
Suppose th nt you are an American ﬂékinz such a trip and you have a .
car thet hShall, gets 1, miles ‘per gallog on regulnr gasoline costing
about ‘o cents per gallon, ‘‘eke the appropriate conversions ts miles
per Imperial jallcn and cCst per Imgerial ;allon and kilometers per .
liter and expecteg ~ost per liter to

jcurney 1 "anada and Mexico.

The “exican government has a menopely on the sale of gascline, and
. .

all over “exicoc cne can get Supermex, which is 8L octane, Gasolmex,

"regular"

~rvade, and Femex 1.(, which is l.. cctane and about equal to an

which is 9 .ctane and abcut equivalent to an American

American premium grnde gascline. rlhe respective prices are usually

about ..3C pesc vper liter) {cr Supermex, 1.0C peso for Gasolmex, and

J. As in the United States, prices vary f{rom
b

-1,%X pesc for Femex 10

pla~e tc*plice.’ low would these prices ccmpave with prices for

gazscline i gas.line s*aticns near yu. uy the way, what does

P4

~~tane” mei; 2s 2 measure oV gasoline:)
.

/ .

¥axe up s-me mcre problems similar t b, threugh e, above that would

be siidarle ~r this @ o%,

~hich make s-me fuss about

or

»as born and hos long it was. Suppose

ocusin

-’)

cement from g in rance which announces that

and i%s length was 0, what units are

ong and heavy‘*the baby is in our

cf

weight, <te mesric unit is a "megagram” {1

]
veasure -ells us that in most languages

e gealm o7

anis ¢ ~alled 2 "tunne” and in nglish called a "metric ton," How

many pounds are nnere in e metrio *on and Low does tha* compare with our

-

"giop~ ten” and the -ri‘is: ten™e

.

"L3ne

£ land aren i= *re " nited Nrates is the acre, which

several scur~es was originally equal ‘o ‘e amount ~f land

TN

use as standards in judging your
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. that A man could p‘low ‘i.r,tth a yoke of oxen in about ha]_i a day. It was
°eventually necessaryfto shandardize this and, according to the Realm of
‘Heasure, it w§§\\;andardiged b"tEnglish kings as a rectangle Qf land 40
———
rods long % rods wide {(a "rod" is 5— yards Yong). If you figure oui
hovw many s there are in a mile, you see that ¥he definition of agre
é;?ﬁakes it possible to fit an even number ofs acre in a square mile, which
8 Jucky for land surveyers who use, traditiona measures.‘ -

a, iHow many acges are there in a §quare mile?

s

; Aowogt o
§ EWb . ath AV e RS R

"
P
IR

. et ek e oo

«
PR

,
o

R .1 .
Ll wi A3 Rt denr S o

b, How many square yards are there in an acre? ,

* h
. B . K .

What conversion factors would be used in a function changing'squaie

ot

¥

\d .

e . K
neters to square&yards? Sy
. ’

e e v Lot

In the metric system, land is meaSured by a square 100 metere on each
side‘ this unit of area ié called a "hectare." How many Square meters

o

in a hectgre? This is equivalent to how many squaxe. yards? How many

7.

27 L L Ly e

=73 s

acres d?es it take to make a hectare? Devise a convenient rule«of

o ithumb for conver*inglfrym acres to hectares and from heétares t

. O ) e

. acres.

uyw
S
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e .

5

B, Have you ever wondered how much lava is produged by an erupting volcgpo?

s

§
i

et

¥
&
%
£
L
-

Writing in Science, January 1k, 1372, D. A. Swanson concluded that active -

TN
S

volcanos on the island of Hawaii over the past 20 yearglprqduced lava at

%

an average'*ate of about 9 mllllyr cubic meters per menEh (9 x lO6 cubic

"\.— - !

.

J
JMeters) {"Magma Supply Rate at Kilauea VOlcano

-

a. Try to get some idea of how much material that g xle .cubic metérs,

o 22

is., {For example, ycu might think of a meter as ab9u£ 8 yard and

. see how many squane ulocks or square miles would be covered, say to

e f;f.;%@, R SRSy, e I S

>
-
-

the depth of 1 fcoi, by one morfth's lava flow or how many buildings
'_of a ce;xain size would be filled every day or every week or every

month, ) . e

Swanshn drew hig rcncjusions fronm uhe followmﬂg data. The 1952

Hal umau erupticn rpjroduced L9 /“lu cutic meters (m ) of lava in
b5 -nths; the 1967-58 Halemaumau, eyuption Produced 84 "« L06 >
lava in .29 months., Owanson averages each lof these to find a fairly ‘
constant rate, then reduces the total volume by 15% to compensate for

¢« vhe facy that hct gasses in' lava make it full of holed and channels
and he is {nterested in the amount of solid lava, Using these fig-

=" ) . 6
 ures, check %o see if the final estimate of 9 ¥ 10 m>

per month is

approximately valid,

Bt st Lo i)
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e e



,
:
A
i
5
i

B £ O

E

%
.3 5 SOme Mlscellaneous Aeasures( Includlng Energy, Temperature, and Time
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c. Swanson suggests that this same amount of."magma* flows constantly
into theilawaiian volcanic_system and is stored underground, This
conSIusion is based on the fact that when a volcano is actively
erupting ‘at the rates given above, the surface of the island is not ;

, deformed, while, when there is no eruption in progress, the land
surfaces are deformed as if something were being stored underground.

Make a mathematical-modeL of the big island of Hawaii as a cone hav-

A g b de ot

)
ing the height of one of the higher mountains (say Maunaloa) and a

and, v s

suitable base {work from a map of tHE'fsland Estimate the volume

s
.

it ruresin L vs

of the cone and estimate how long it sould take to build such a land
mass hzth lava flowing at the coéstant r&&e suggested by Swanson. \
(It is Vpry likely that Haweii™ and many of the other Pacific islands

were bgdlt fromsyoicanﬂe act1vity’§tart1ng at the ocean floor. ) .f
\ Yo \ e ) ‘4‘
0 Wt R ~

At L1

.

In a modern c1v1112at on tﬁe,;ources df and theauseg of "energy" are

L.

2y

necessarlly of great concernn wﬁé}need electrical enezgy t0~run light bulbs

-

3

and app11ances, we need fuel for autqmobiles and factbries and many other
things; and so on. To have a standard reference measure fqr energy we often
convert dlscu331ons about any kind of energy into heat energy measured in , .
calories. As we discussed in an earlier pyoblem set, oné calorie is defined
to be that amount of heat needed to raise the temperature of one gram (or onk
cubic centimeter) of water by one degree Ce131us (more pre01°ely from 1k, 5 ¢,
to 15.50 C).' As we also discussed earlier, the calorie used in discussions of
diet and in most eteryday @discussions is in reality the kilocalorie -{1000
calories), which clearly is the amount of heat;needed to raise the temperature
of 1000 grams (or one liter) of water by one degree Celsius. In countries
where the Fahrenheit scale is used, another unit of energy.is often used,
namely, the amount of heat required to raise onz pound of water by one degree
Fahrenheit (to be more precise, from 59.50 F to 60.5o F); this is called the
British Thermal Unit (BTU). On the other hand, when oune is speaking of the
expenditure of energy, ore often uses somethlng called the "foot-pound :ich

gravity. Here arF some cdnvprsion units from the Realm of Measure to use in

the problems that folloy: ’ ) R .

is the energy used in rai inﬁ a one-pound weight one foot up against Earth's

1 BTU = 252,00 calories = 0.252 kilocalori=z
3.97 BTU
3,082 foot-pounds

1 kilocalorie

)

1l calor:}e~




1 kilocalorie = 3,08% foot-pounds .
1 BTU 718 foot-pounds . : Y

{3

Problem Set 3.5a .

. 1, , The food we eat supplies botn the building materials for our body and the
) ener@y that is burned in our dgily activity. lenerally speaking, that
part of food thaé goes to energy is measured in kilocalories (remember
that in diet books and most everyday discussions the kilocalorie is
called a calorie), and generallw speaking the excess over what we actual- .
ly burn up in our activity is stcred in the body as fae. There are hund- -f
" reds af diet.booys on the market; oneJQf these tells us that a 130 pound
man needs about 2700 kilocalories pér ‘@ay, and the needs go up by about
80 kilocalories for every 5 pounds increase in weight beyond that. For
women the chart begins at about 2000 kilsbalories for.,a 110 pound woman,
gozng up at the rate of sbout 90 kilocalories' for every 5 pound increase

in weight above that. A note accompanying this information suggests that '

R R LR

this is for a feirly active man or woman, For someone doing extra-heavy

phy'sical labor, the figures should be increased by abcut 15% and for &

‘t.
3
g
3%
3
%
T
<

very calm and inactive life, decreased by about 8%. . On a piece of graph

paper construct a line showing the function thus defined for an average,

+
. b

fairiy active man, assuming that this information is apprgximately cor-
rect and tha® it can be extended over & range from §0 pounds to 130

pounds. Then add with dotted lines or different colors the appropriate

S W RE AR W RS Sk 3
A % +

‘o

graphs for a‘uerson doing extra-heavy physical labor and for an inactive ¢

SRS e g A

person. “on another sheet of gr\bn raper make a similar graph for women.

Locate yo self on the appropriate graph.
ugse]

: 4' 2., From a diet book or elsewhere, find a\table of the calorie (actually
kilocalorie} content of a numbér o% coxmon foods. For a couple of days

. ‘keep track:uf what you eat and then, compite your calorie intake. Compare

: this calorie intake with your ﬁlace on the graph from the problem above.

If there are very ~ide discrepancies, consider why this may be fincluding

the possibility that the infokmation given in “he proble? above may be

fwrong or it may not apply to your particular Situatfon).

At "

f‘ 3, It is said that each nation seems to have its own peculiar preobcupat{ons;
; from pobuiar literature and everyday conversation one might cgnclude that .
one of the American hobbiés is concern about diets and weight. Books on

kY a "dew" methcd of dieting or magazine articles on someone's new theory

. are being widely discussed almost all the time. Are you avare whether
: ] or noct this is true fdght now or fairly recehtly?_'Basically{ it would )
i Y .
e P TN
: O . ) E;f' . . ‘1
L ERIC o ? 2l
B . ' ~_ . 1)




- seem that changes in body weight would depend only on these two factors:
the amount of energy used by the body and the amount of energy supplied
to it by food or drink. Using the figures givén in the table at the beg-
inning of this problem set, verify that a kilucalorie of energy is equiv-
alent to lifting about a ton and one half, one fdot or three hundred
pounds about 10 feet or 150 pounds about 20 feet. Consider an exXercise
where you jump up and down about~gne foot off the ground. About how’
many jump-ups\:ould it take you :I

_ sidering that

expend a kilocalorie of energy? ‘Con-
ost flights of stairs rise about 10 feet from bottom to
top, how many fllghts of stairs would you have to go up to expend 2
xllocalorle of energy?

A pound of fat is said to have about 3%0C kilocalories of reserve energy.
How many flights of stairs'would you have tc climb in order tc burn up &

pound of fat stored in your bady. [Of course exercise has many functions

A .
vy : L e, "
so s gk rdatadescdir fo TN Ay

cther than using up energy or fat, so don't let the results of this prob-
" lem discourage you from exercising.) . : )

. .-
Accprding to one diet bosk, a one-ocunce chocolate candy bar might have
about 1CO to 125 kilpcalories. Find the net weight of some'candy bagr

that you like tc eaf and figure'cut gbout how many calories it has. Then

do two things: (firs$, figure ocu* .ow many junp-ups o; flights of stairs

it would take tc use up this mu.h energy; second, figure out how many
2 = 2 ?

suck candy bars would ve equal tc the energy stored in a pound of fat.

With a diet book ar other 1nformatlon on calorie content or exercise,

meke up some interesting problems that would be suitable for thi;?bock.
N Problem Set 3.5b

Time is a very impertart éhing tc human beings, and probably always has
been. Vie measure cur days by the rising and setting of the sun. 1In
times past, mentns were measured by the lunar (moqn) cycle, from new
moon TO newfmoon, and years by the sun, from spring to springﬂ " Such
archeological sites as wtonehenge, in England, are thoughh to have been

used to [de¢termine the ekact first day of snring each YEETLT Even so, it

e e e ,

has bee Jery difficudt over the ages to. "devise an accurate calendsr, to N
keep trac of the passage of years. Do some reading on this subject| and
say something about at least three other calendars used in modern cqun-
§ries and how they compare with cur standard calendar. (Fop example,
seé ap encyclopedia or The Ex.:t Sciences in Antiquity by Otto
L -3
Neugebapes. ) '

-
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and watches, with standard times availa})le to us to "sef'" them b What,f 3

" According \LO Realm of Measure, using the rofation of the earth as a time

E‘ind ocut hew our own calendar evolved

~ l
[P . :.. N

necessary in it during -the "Chz;/ stian® Er

» /

Investigate some other qunstion abou" caldndars that is of interest to

' .

-
N

-

N . s A . D .
The measure of moment-to-moment .time, is aczcmplished nOWadéys byckocks |

M

are some of the mechanisms, *hat ¥ave been used to keep trqck o‘\ timg’ by '%:

mimutes, hours, secpnds? Ho‘w Z;n.cqr:}i‘ dre the most precise timﬁpi,eces
th

now available to us and in cr.ﬁ::n&,ﬁ use?  How accurate and how e ,nsive o
. : N >
are the timepieces used ic meet requireﬁbnts for extremely preci,se meas~ ° ;.

B

urements of "time? What timing mechanisms are used nowada,,rs by "t"he

National Bureau of Standards, the government agency wi‘\:h responsibility

for providing 'absolute” .time standards?

-

standard is‘.\ inadequate because the earth is slowing down slightly, and

so the leng}:h of the day is very slowly incregsing; by about one second
every 100,CCQ years., By how miach has the }eng\of the day increased

today as comp‘ared to ten years ago? ) 5
How could one detect that the earth is slowing down? . A ,
. ) vl

Mathematics in Everyday Things says that the length of i1he day is gatting

bigger by about £.0016 seconds each century. Just to show that you can'\t

believe eveﬁ hing you read, this source.goes on to say "that the solar
clock has run slow about 5%'— hours .aring the past 2,000 years.” Can you :
see that this is obviously way out of line? How long wou.}d it take at

the rate of .001l6 seconds per century tc accumulate %l hours? At that

rate how much slcwing down would actually take tlace in .2 00C years? How '
]:ong would it take to accumulate 3-2]:- seconds. Is the figure. of . 066 -
seconds per century, ap Erox~imately~ the same figure y.. are given )ir:."t’he
previous ,problem: 1 second every lOC',OOC years: Why do you think this
book made this error? Can you figare[out what they meant to say or

3

should have said? ‘ |

The measure of tile on your waten is [real].y found bty defining the posi{'tion
of the ‘.ZV;’O hands on the clozk face. llame some cther ;«:ays by which time
has been measured by an 1nd1rect reading iepending an angle measure, ‘ !
‘length of something, volume of‘ something, or .,OT other meesure. Is Lt

possible tc get a "direct™ meesure of the time r the passage of time?

s
[ 2 ' .

In,hat ways is measuring "time" different I‘mm!mf;asuz;ing such thingd as

"o |
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“size, pend ar L-our . a9 grocers store doing price comparisons on a cost

Mength," "volume," "area"? <

Srublem et %.%5¢

Some cf the oti.er measures ~¢'ve mentirned avgve depend nct of direct
measurg of the thing in questicn. but the measure cf scmething else
tor example, energy measured in slcries has something to do

with temperature and s-lume :f .ater: ‘emperature itself is measured by

gfh of v column on o tne thermpmeter or n§ a rotation on another o
sort of thermometer, Naxe a lis* of h"vae ﬁeasuree that seem to be

directly acressible dy scme meens and anctuer list of those that use

direct measures in order 4 derive anypther measure,

The traditionnl measure .f temperature ‘n 4he DA is in "Fahrenheit”.
K . m D : -

degrees, Water frejyes at 377 ¥ and trils sft £12° F, In ell science and

in many ~.untries alcentigrade - r ‘elsius measure is used, The freezing

NN . . o . *
peint of water lis and the teiling point L4877, Figure cuu a con-

version fuanc*i-n fir taking grade degrees' Jle cru—li

»2
"3
D
7
®
fos
=

IS

H
sl
e}
'11
,.a.

-cal points will ve JL7 - 1 D oard A0t ., ter reference moints, figure:

R . ) +
S ue wlilus ennivalerts Coecpman bod. femperature - about 33.%° *) and
-~ e
room tempeva‘ure . ¢ .
J )

Hotice that ooih these s,s‘.ms alllw negative value§. Altrough most

neasures like diszance and weight. onlv have positive valies, & few,
: —

‘like temzera*ure snd *ime , s.me*imes Live negative values, It happsus,

g s :

however, ‘hat there {s a | west possible” temperature, It is at

-”’3.L4 . ﬁ&mﬁ i3 e lrowect “ahrenhel® ‘temperature! There is a third

scale of femyperature Liich sk s this ints acoount., Tt is called the
~

. R . . L o .
Kelvin «r ats-lvle scale, Jaye ~ % =IPALD y 7. lo X - C7C,

Figure 4 ‘ae felsin egisalents -f thqr bady temperature and room
]
|

temperature. .

- : *

j . s
Measuﬁes are fur-iepr complloated by the fa~t tiat In many cases one uses
: ¢

not a bl:gle mezsure, Lit s me ~Tmbinastiun ofimeasure; for erample, speed
is meagured 1

s per Juur, and vattfng avernges are measured n the

"
Yotimes a4 bhkt, ‘‘ake n list of ab leagt 10
1 meagures’” )i+ Adixary use, - ' .

number £ b 'Q per numbe
i
i

such ' whﬂp"nn

A shopper 10 ot cvcers (p're Jonfrorts e bewildering variety of brands,

qualitics, zires, wn@ pofi~es; 1* 153 it sroommon for the “glent economy

size” ot u glven vwand f a produet '~ o-gt,more per unit  than the "large”

per uni* tasis, [irs® amcuy .ariss treands, and rhen apong sizeg within

' «

2R asharine,

A

e Ny 4 S




brands. Some consumer organizations have advocated requiring stc;res to
" post their prices on a price per unit basis for easy comparison, do you .
think this is a good idea? Why or why no};? How mmch of an ‘extra burden :

would-it put on a_store manager and his employees? {For your exercise in .

4

o A g s

price ‘comparisc;ns, you might want t> use a slide rule, In many cases an

approximetion by rounding off quantities and prices involved is good . :
enough information. While you're at it, notice that most canned goods ‘
have Weights given brth in cunces and in grams} u;e this to solidity your F
feelings about the relatiﬂns}‘ip between ounces and grams in some cases.

it vi\s easier to get the price per gram rather than price per ounce. )
¢

In Americ;a speed is usuelly measured either in miles per hour o:c'in feet . T
per second. "It is nice to have a rule-of-thumb conversion ‘oetweeg *he, . %
two fonias. Convert 6 m.p.h. to feet per second., Use this to covéi’

/ - - -.r v 'Y co %
. the speed of a 10C yard dash in 9 seconds or of a four-mimxt/mﬂp; ;gawh .
. - _;%.‘ e e

mileg per hour, . - - 4R
\ - @_ .

-~ R -~

__2(1 Science Experiments step-tv-_gg'gives instructions for mngtg}c’cin&‘ -y
an anemomezer fcr measuring wind speed by pushing tne e}\&» of Mg 1" ‘\' d
inch long pieces f cardbcard, cragsed at right angles, t’t.rough s;.;‘k,s in
four paper cups., This is then placed - A.},‘ ¢ co.
to rotate i‘reely on & rall cn top of .
a stick. Faint cne c-u;: a different
color so rotations can be ccounted,
The rule of thumb is that cne® should
count ?e nunber of revolutions in
30 seconds, then divide by,5 Lo get
thé #ind speed in milcs per hour,

Can you figure cut why th s snould

2,

g"ve 3 reasonably correct resulht o
’ -
Should varia"rns within reascnable limits cf the length of the amms to

which the cups are attach q'd mike ar_, difference in this? Why or why not?

8. . 150 Sciende Experimerts ‘e* -ty-.ter says thatf weatner is Vften itemin-

ed by the movement of a.i.r in The upper sky aslwell as by the diredtion of

\J
the wind at ground level. ' suggests that in order %o find put what s
this diregtidn 1s or.é can mark ~f! = cirrulsr mirror with i;he various

[y

v, etc, 7 mark a dot in the center of the circular ' X

(o]

airect,i’o:is i, W, F,
- —- mirror, twen watnl, ir /')'e mirrcr 8 rIoud passing over the cenSer spot

until/ it gces (ver the edge cf the mirrcr. by marking the point at which
it?:iéﬁfave;_ the rmi-rir and looking st *he peint diametricelly opposite .

. v - “ . \.\.
. * ’ 3 . -
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' Meggures *that Lake inh- acoount the rate at which energy 1suused are called
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from iﬁ,h)ne ©an then find\bgg the direction from which the wind pushing
the cloud comes, Try this if you are interested.

.
. !

a i
9. 1In your text books you have prcbably dorie problems of "indirect measure"

.

which somewhere alonsitpe line involved memsuring angles. Farlier in
this book we talked about the role of:angles in determining "latitude"
and "longitude"” ccordinates on the face of the earth, Try to make a list

. ot 5 or so other kinds of situaticns shere angle measure plays some role, -

<

lu, narometrlu pressure is a measure that is imporuant in forecasting changes

i} weather. #ind out what this means and how it is measured and wnat its

»

uses- ar€ in weather forecasting.

11, A "méesure” connected with weather is often given in the redio weather

e o
wi%, e

3

reports when they say that there is a 13% chance of rain or & 7% chance

ss 3R

of snow, Hgw does this "measuref differ from the other measures we've

veen talking about above' What do such statements mean?

1<. Ihere are ohther measures , lvén ir weathier reports such as rela ive hume
jdity and in some ~ases a ~-omfort index." ¥ind out how such” -hings as -
} relutive hmumidiny are measured and what they mean in terms of human com-

e "relitive" ir relative Yaumidity. .

i . £~
li, An au*om bile is « very complicated pxeue of macxlne“y requiring very
* -4
precise specificaticns and mea surements for many cf its perts., For your

family car, -~r any sther car v -doose, losk up the specificaticns and
-~ find ~u* what they mean and how they are measured. In rarticular, note -

. the pla~es where angles ure measured. AlsTjynote the precision &it

”~
which *!e measur ? are given, T / .
\ . C
. & /
2.4 Meansures  !ower . ! .
A -
fn earller proplem *alked ab-ur calories as a measure ¢f energy, and in .

particular y u n ted stat e le_—pcnnd man would have to go up about 2 flights -
lof’stai sf to use 1 nild:alsrie of ereygy. Jut 4 the same amojint of energy Q&\
e

te usedg %hetyer the man walked sls'ly or rvan, alihough we know that there

is consideracle djifference in row you Poel after a slaw walk and after running.

measures 2f power: in everyday usage the most common examples are horsepower

-5 applied ¢ automobile emgines or eleacsric motors; and watts or ki.owatts

as applféd tz electricity, “he key issue 1s not merely how much energy is ,
supplied or used. put how muet energy is used in a given unit 3£ time, for

example, pe} second, wer minute, 1 YEr nour, When we speak of a man whe ases

- : l o . . ! ,




N

in his normal activities 2,‘00 kilocalories per 24 hour day, we are clearly
) ‘%speaking of energy over a oertain period of time and it is appropria.e to
think of this as pQ\\r. -

. ° Problem Set 3.6

1. The Realm of Measure tells us that a man using 2,500 calories in a 24
. hour day supplies about as much heat to his surroundirgs gs does a 125
“watt light bulb burning continuously. Assuming that informatioh is

. correct, answer these questions:

a, Most electrical appliances are rated in watts. About how many average
A _'sizéh people does it take to equal the heat equivalent to 1,000 watt
iron, waffle iron, or toaster? Check several appliances such as
these at home and see how many hatts of power they consume in produc=-
*ing heat. . -

‘b, A.12%0 watt electric heater hﬁﬁh & fan will keep an average size well A

* insulated room comfortably warm at temperatures down to freezing out-
side the room, Do you suppose that thirteen people contimuously in
the room would keep it as warm &s such a heate: * 1If not, why do you

[} 4 5

suppose not?

¢, A large crowd of people crowded into a room dges produce a consider- :

able amount of heat. An auditorium warm'enough to be comfortable :

when a crewd enters may actually need air conditioning even in winte-
to keep it from becoming uncomfortably warm when it is filled with

people., This is also true for a crowded room at a party, Ask some

interesting questions suitatle fcr this book related to such issues,

2. The whole juesticn of heating bpildings is interesting and involwes a

e ®0 NI4T SR ok T L AR Y g g A A S )
5 A PR R T

goud many numerical and mathematical calculations, Indﬁire of your local

\
power are nugsfd to he.t: a yoom or a house and hat the equivalent meas-

ures are when %eat is supplied by gas fired furnaces heating either nir

M . ’

elect}ic company and gas : Cmpany and sep Row many watts of electrlcal 3

oﬁ water to be\ﬁistributed through bhe house, Y

} ‘Heat “gsm electéip ty and from "fossil pa s\t as coal, oil, and nat-

ural gas, gre in coépetitlan in nost caties for the heating market, By

§' ) talking o representatives of utility, companies in Zsur city or town,

~ find out what th» claims are f.r each and how much they claim each costs.

¢

5, Ta?e a survey cf *he arpliances and mctors and cther electricaL equipment

in your’hnme and try to find out how much power each uses w.m it is in.
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operation. Then, for several times during the day, make an estimate of

v ous, whe  gerbs baes €30

* how’guch‘total electripal power i% being used ip,your house at that time;——
Are«there periods in the day vhen a lot more power is being used than at
othe? ;ime . : -

.

AR

5. Fower ‘is sold by utility ccmpanies in terms of kilowatt hours; wher- kilo=-

"\

wattsmeans 100? watts and kilowatt hour means, for example, 1000 watts
——— _iJisedifor 1 hour or 100 watis used forhlo hours, . Using the estimates in
” A\\ the preVious problem, try to estimaté hpw‘many kilowatt hours are used
in your home everyday. Then try to estimate hovw much is used each month,
Check your estimate with a recent electric bill, and if you are way off,
try to figﬁre out why there is disagreement between your estimate and
what is ectudlly recorded by the electric company, - . . -

ae, s

N L T P IRy

6. Power is measﬁred as it comes into your home by the electric meter, which
. consists of a smallznotor which turns fester or slower, depending on how
much power is being used in your home, This motor, in turn, operatds
dials recording the actual amount of power used. Have a look at yoﬁr

electric meter, and if it has a glass cover on it, watch }he motor oper=

.
PR YN

B

ating to turn the diels. Try to find out how to read the meter.

o e
RSV

-k

)‘\L‘s"‘ll;(
-
.

\ .
Do you suppose in a .city such as yours that more electrical power is used

by houses and apartments and ocher places people live or by business and -

&

2N
3
H
i
i

industries’, Given the'information you just developed on how much pover
your owr home uses, “try to make some rough estimate of how much power
your entire City uses and check this out with somebody at your local

utility company. .

8. According to The . hysics of Music, "horsepower" as a unit of powef was

defined when mine operators began to replace horses with steam engines;

b o ' . it was the rate at which an average horse couid do work over an average

GV
.

L

working day. It is now defined as the power required to 1ift 550 nounds

.,r

e
b

O

; f. one foot per second. A watt is about 7%3 of a horsepower; or in other
AN .

,‘ 1 words, YhE watt% ate about one horsepoGer. So how far will a watt rfise 1
I a weight

how many watts of "power Tre you using?

" e
st

f on {peund in a second? If you

{ ot T 4%
Lan Y

yump up one foot each secend,,

9. Conversion of energy, and hence power, froﬁ one form to another is done -
many ways. The gasoline in our automobile tank ultimately'becomeé power | ‘
applied to the rear wheels of the sutomobile;\ electricity becomes heat f .

in a toaster or, through motor’s\ht\he operatingy force for many %inds of .

machinery. List.some more ways which energy in some form is converte o

DA IO (WL v
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13.

v

w,

-

(A

T
O

_into anothér C)rm. ‘ . .

-

The eonversion process of power (or energy) from one Sform to anothec is
usually notoriously inefficient., For example, I have in my shop- an elec~
tric motor whith uses about 300 watts to p?bduee % horsepower. By'comput-
ing the ratio of power out of the motor to ‘the power that goes into the
motor, axtach a pe{pent efficiency measure to this motor, (If the
motor runs f%z a while it Feels warm; this heat aocounts for much of the
lost power,) . N

- ¥
Look into the relative efficiency of various kinds of motors; automobiie
engines, steam eng’ es, aﬁd turbines, for example /S ‘Can you see why the
seaer still goes on for mdre efficient eleepric or steam powered auto-
mobiles? . Most automobiles have water circulating around the engine and

being copled in the radiator; what does this have tc do with the "effic-

iency"” of a gasoline powered engine? . T

The Physics of Music notes .that sound is usually produced by some sert of

_mechardsm that causes the air to vibrate; this vibration is. sensed.by the
ears, Power considerations come into this in‘two ways: first in the

power needed to make the scund-producing mechanism vibrate and second in

* the power actually radiated as sound, For example, a large organ may

require a ten kilowatt engine ‘to supply air to its pipes, but the actual
sound radiated would probébly be less than 15 waéts. What is the effic-.
fency of sucn an ovgan A pianist playing furiously may use power at a
rate of 200 fat+s with only about 0.l watts radlated as sound from the

piano, What is the efficiency in this case? X .
This same sourze notes that the human voice is about 1% efficient éhd
that a bass singing vcice radiates about (.03 watts, how nucn energy does
a singer put ints such a sdund”® Average speech radiates aboa* 0,00002

watts of radiated power; how much .energy is put into ordinary speech (if
the 1% efficiency figure is valid? \//

i

The Phy51cs of Music 'on page )4) gives the measured pove radia*ed by

|
various musical-instruments, Herd is part of that information:

P | .
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" orchestra of 75 performers (maximum) 70 T T‘ Y
bass'dgum (maximum)} - 25 | i
snare drum {maximum) 12 » )
trombone (maximum) 6 . v E
piano (maximum) LI s . ;Zié
bass saxcphone { maximum) © 0.3 ¢ %
ba;s tuba (maximum) " - 0.2 - ﬁ
orchestra of“T5 performers {average) 0.09 :f
pr%é (maximum) % 0.06 g_%
basé‘voice‘(maximum) ) . 0.03 %E
alto voice (maximum) . 0.001 ;g
average speech 0.000024 ‘;Tg
violin at its softest passage S 0.0000036 . jg
a. What is the ratio of the power of the full orchestra at its maximum '.g

loudness to the power radiated by a‘violi; at its softeét passage? S . é

b. How ma‘1y people would if take in an avei:age conversational speech to f
« radiate the power of a 100 watt light bulb? v ' =
c. Allhough there are enormous differences in the sound power radiations .?
given in the table above, we dd not perceive, for example, the bass %

: saxophone as being 10 times as loud as the bass voice; and the bass f
drum as being gearly 10 tlmes as loud as the bass saxoﬁﬁone and 100 ‘E

" times as loud S%'the bass vo%ce. Instead, every time the sound rgdi- 'i

« ation is multiplied by a factor of ten, our perception of the sound ;
- goes up by aboul a single step. Hence, we perceive the basggsaso- . {
p‘no\ne as being about twice as loud as the bz’as:s voice; the g drum ;

/|

as being about 5 times as loud. This is an example where perception
of the intensity of a stimulus is proportional not to the stimulus
This is also

more or less true for such other gensations as pressure and sight,

itself but to a so-called logarithm of the stimulus.

This is very nicely exg;ained in The Physigs of Music on pages 3&-&;,

which also explains meastires such as "decibels" used by sound engine-

ers. Thus the sensation one .gets from various spurces depends upon

the "order o 'magnitude" of power; on€ way to make the comparjsdns is
ent

to convert t¢ "scientific notation" and then look at the expo

that goes with the ten, Use scientific notation to make comparisons~
/ among the ways we may perceive various sound listed in the table

above. .

N . f., AL [‘ 8h '
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Here are some tidbits of information from th§\¢hapter on energy in the
0dd Book of Data: :

. !

: ‘ a. 'Man"s present average daily ‘energy consumptiqn per CJREEF is equiva~
lent to about 5.2 kilograms (1l.h pounds) of coal.’ “This includes the
§T¥ equivalent.of 0.46 kilogzams of coal (2500 kilocalories) as food ‘and
o ‘ 4,80 kilograms of coal (33000 kilocalories) for power,

. - v
b. 0.2 kilograms (0.45 pounds) of coal (about a handful) is equivalent
Ty to ebout 0,16 liters (0,0 gallons) of oil (about a glassful).

c. Sugar §ag about Qalf as many calories as coal,

d. - An electric power station serving a city of about a half million
people would need a capacity of about 250 megawatts (million watts)

e, At 33% efficiency this 2*0 Megawatt generating plant can.be run by

10 kilograms of coalafq; 3 seconds; 10 k1lograms of Uranium 235

(frission) for 13 days; 10 kilograms of hydrogen (fusion) for three

AT SR

R

z;:' months; 10 kilograms of matter via direct conversion ‘to energy for )
?{f 50 &egrs.

- . .
i With such information, the 0dd Book of Data does a number of very inter-
;h_ ) esting comparisons and produces a number of interesting facts. Try your
¥ hand at inventing some such exergise, resulting in either "odd data” or

; 'problems sch as woyld be suitable for this book,- -

R 3.7 Approximations and Rules of Thrmb ’

S' "It fraquently happens in everyday life that you want te find cut the.

?- approximate measure cf sumething without hiaving measuring instruments at hand.,
% Here are some suggestions to get you started on finding ways to do such t ingg
E' without instruments: In each case you are to try to ertend the ways of find- _

g: ing approximate measures and check out «..” ones you are given and the one$§ you
s invent to see how accurate they are and how well you are able to use them‘in

% ’ practic1l situations. .; ,

f ’ i “/ droblen set 3.7 ‘ -

¥

l, A handy’way to measure rooms and buildings and plots of land is b‘ a

Most people can calibrate ‘hemselves so they can step f; about

l yard yith each pace, If less or more than this is more ccmfortable to v .

"pace

T you, okay, but pract}eg until you Knod what your pace is and can use it,

P
.

The bod measures given in uhe diagrem in an earlier section are also

very us-fu.° from the tip of the nose to the end of the finger tip, about

| !’ ’CS'ZL .
. 5 ‘

Q ) C N ’-5 . ‘ ,
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a yard; between two knuckles, about an in.nj; the span of your hand, what-
ever it is; and so on. Lines in sidewalks are frequently spaced 5 feet
apart. The height of the ceiling in mnst houses is about 8 feet, A
brick is about 8 inches long; concrete blocks are often 1 foot long,
floor tiles are usua.\.lv tither 9 inches or 1 foot on each side; ceiling

eyt Ve

tiles are uaually l foot on a side, {Ceiling and floor tiles, of nourse,
give you the means to get both linear and aren meas,ures.) The standard 4
do:r height in residential constmc;ion is usually 6 feet 8 inches, and ~

in commercial constructicn, often 7 feet, A compact car is abou€~ 15 i‘eet'
long, larger cars range up to a maximmum of about 20 feet long. Most cars . '
are about 6 feet wide. A city blou.. is often B- mile. 1In most houses the
wooden "studs" 03’ which the walls are nailedqare spaced 16 inckes apart,

so if you can f:.nd one stud by some means or other, you can usually find

the others by measurin'g from that dne, Fi_nd some other everyday instances

« of standard measures and figure out some uses for them,

2, I‘ne can frequently find an otherwise 1naccessible length by measpd‘mg N

angles and some length easy .o get at, then ma}uhg a snale dﬂaw1ng, “or

=

kY

applying similar triangles or tv'igonometry. DQ aexeral sdch indireet .
measure proble'ns, Tor exasmple, the helghb of y.)yr suxpol or its flagpole. -

.5.. e\cnordlng +o Mathematics in r.vervdav Thin’g", 'Lf ﬁu*g'lose one eye, hold
3 your o.m 02 straight from you and parallef‘L }.q che groeund, and tilt your
hand up s¢ the pralm is avuy from you, you/r, pye vill subtend an angle of
néout B3 in sighting first on one side, st your hand at the second knuckle,
sl, ’then on the other side. Calibrate yoarsel}: and see if it really is about
8°J oy s..and-ng in the corner of a room and seeing how many "hand width

" n

angles it taxes to measure the right angle, Use this tb estimate angles

. ' ,ir!hdcﬁng Jsevera" ingdirect measure problems as in\the _problem just above,
SR SR .

3
.. S-Q ; g ginee\}; «md artillary mev'; define a "ail" as,an angle which subtends
: /-Q!L?d at a distance of 1CC0 yards (or one of any unit at a distance

7
/

- h’j cf 106G "‘“s) Acr'c»rding to Mathematics in-Lverydey Things if you

/‘ f sgretch ol o.Jdur arm and slint acrl)ss Terst onelsid'e of a finger,

then the[other side,“an indéx finger usually measures gdout L0 mil; sec-
ond ‘f‘inger, by mil; third finger, 35 mil; and the little finger 30 mil;
with all four fingers, pbout 1i< mil, Henge to measure the height of,
\say, your scu-ol buildfg, you could ‘walk ) yards away fron it, see !
how many nils from tor to bottom oi‘ the ra. .ing are measured off 3}y
your fingers at the end of your outstretche . arm, and du the appropriste

calculat}cns lin this -ase 13 of a vard t‘or e.'érj nil--why?). Try this.
% .

L4 N .~
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W‘hen the Lilliputians megsure Gulliver for clothes in Cg,llllver S Travels, .

\

tbey measure his thumb and then apply a rule that "twice around the th‘?(
.sg
Jis once around the: wrist, and so or to the neck and waist, ., .

th*s irule on yourself and on ‘sdme-friends. .

If you are laying out a building or making a picture frame or any other -«
\
appllcatfon where-you need a right angle, you can get one by measurlng %

units. (1nches or feet or yards cr whatever) .on one side of what yoa, ‘are

Check™ \

.
IR .

.bulldlng, 3 units down, another side, apd then adjusting the 2 sides until

1t is 5 units from the b unit mark diagonally across to the 3 unit mark.

(You can also use 6, 8, 10 or any

‘other multiple of 3, 4, 5.) Since ) V\\ ‘ .o iﬁ
~1t Jslery common to need angles in i \5\\ 3. o
constricting buildings this tech- = BN . . ',j
nique is used quite often in the ! ‘ . ) N ? SJ
building trades. Why does it \ork? ) o <i

:(.\ The volume of an cbjecé'can verwaftﬂoe caloulated bty making an approx-

/Tm"a'i}e matpematical medel of its shape, and _using st$ddard formula¥ on the
rmodel to compute the volure, The volume of very 1rregular objects ~an be -
fgun'd (ifﬁ they are small enougn) oy dunking them in water and measuring .
the amount of water displaced, For example, one could put a contalner, ¢ °
filled to.the brim with water inside a larger conta‘iner, then co'npletely
1x;znerse the ob‘]ec.?, then measure the amount gf water that sPllled Quit
of the small container into the large container, .[n this case one might

very wel'.[_ want to have some way of comertlng plnts, quarts, or cups of

" water into more

a rule of thumb

from gallons to

Even the volume
di ':g.l.acerr.ent Aif
however, ydu nmus
the ratio of 1lin
scale w111 be on
this be? cﬁsck

*

standard volw-'e measures, such as cubic 1nche.>. \Qeuse
Folie
which help$ "ou convert from plnts into cublc 1nches and

cubic feet. . -

- ’

7

?f very large irregular objects can be faund by water “
you have an accurate scale model of it. Tn this case,
t remember that the ratic of volumes is as the cube of . .
ear dmensmn, so that tHe volume of a mo<iel bullt to % :
ly 3— of the volume of the origlnal object,, Why sh\l@

it out by immersing a medium sized doll proportioned e

about llke the human dody in water,tmeasurlng the "afount of water dis-

placed; and then

the doll compared T& your reight, ‘You migh
step further by checlurg to .See if this estimated volame 'nore or less

checks out with your weight. (Since you float in water, your weight is

doing the appropriate :alculatiz\ using the height of

vant to carry ths one

L4
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less than "a pint a pound," bui this approximation is still rather close. )

. o

. 9. On a typewriter, "elite" type has 12\lette’s to the inch; "pica’ fype :
has ten letters to thé <nch; and typed copy usually has about six lines

, to the inch. Average word length is usually about five letters; or six ,

LT Cre Ty Ly

spaces including the space Eetween words, (@heck that out by cotnting

WoT: *m}eskem8>oaré=ﬁ99608viﬁ>%hé*%hree lines of print above. ) Allowrng :

L3
I
7
7

LN

one inch margins all around on standard typlng vaper, estlmate aboqf how

many double spaced types pages will te required for a lOOO word theme.

'

LEN

10. The sﬁeed that sound travels through air is affected by several fact§rs,
including temperature, but, roughly speékingk it is about 1000 feet\per

second. The speed of light, cn the other hanqL‘is abcut 186,000 miles '

By A NI T
Nt
e i

o

s
per second, With this in ormationd, devise a rule of thumb for telllng~'

I R TR S S L AN

about how far away a llghtnlné flash is by estimating the time bet@een

ﬁpen you see it and when you hear the thunder it produces.

.

P salfagm g B WA St

Ty .

B 11. Frequently, a close enougn approximation "for practical purposes™ can be ‘s
p

PURTEARrorTYy

— -
found just by estimating upe power of ten orr order of nagnltude involved;

or example, expenditures cf billicus of dollars on behalf of millions of E

Ve
.

YT

Y - . . . .
> people.. The udd Zook cf lata has some very nice approximations of this
-~ -~ — Sr—— —— —— Al ’

-

Hy kind 21l through it; here is one: ‘The human eardrunm has a surface area
N o approximately 1 square centimeter so thgt only a very tlny fractioy of
of

: power coming from 3 sourceyo sound strikes cur earurum.. (For a mathe-

74

‘\\\\\matical model, *nink of the sound source as the center of a series of N
o ' “expanding ﬂ;ncentric snheres, with a one centimeter square on(&he surfacé
. 5t these spieres. nie surface of the sphere represents the way tbe sound
povwer is distributed-=z2t ious distances fom its source and the centi-

. - meter square trat part 5f the sound power that arfeets our ear.) Our

/

I EEIEDS

ears are incredibly semsitive, being able to perceive sound waves with a
@

powér ol only 1.7 watis ¢ f power acfually impinging on the eardrum.

DT

. - «tpe -dd pook of Data savs that if our ears were only slightly more sen-

(2]

itive we ~ould near -he background noise of collisions of molecules in

£,

.
. the air.., .s noted earlier, about a ten-fold increase in the power of

Pz e

— tne sound .ource increases b% cne steQ‘Fur perception of loudness. Start-

. e e
. . 1ng-a‘ %..e tnteshhiold of hearlng e watts) and v131t1nq 10 locations,
wh

o

L
each of whicr would represen’ about a ten-fold increase in the power of

the sound, you mightygo ¢ the following places:

nss faintly rustled in a gentle breeze

a, deserted city park

. 2

L7 8 ’
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c. a street cloSe to traffic ‘ . - *
d. a large city square with background traff1c hum
e, about 50 yards from a busy h1ghway ’ . - iy w*——

f. inside a large department stere . ' i T

g. a sidewalk outside the store right next to a Street in the midst of -
rush hour traffic N

h. right next to a railroad viaduct ' :

i. mear a powerful motorcycle : -

&

i J. across- the street-from a pnewmatic drill :

, “This last level of noise could damage the eardrum if we were exposed to

it for a long period of time or regularly everyday, but one would need

.
i

to make fou:r more such ten-fold jumps before we would reach the "thresh-

* . .hold of pain," that is, the level at which we would experience real pain

ety P 33 JNNER AT E P v 7 g A G g 2y
v

and likely damage. This is about, the level of sound next to a modern® t E s
‘;('. Jjet alrplane, vwhich is why ground personnel at a1r_ports wear sound-proof
= N : earmuffs., Investigate what the relative noise level is at various places v
%‘ - you might visit or work in. Find out what is meant by the "damage-r;!sk ' -'_ :
f 1im1t", that is, the noise level which leads. to damage to ears exgoged to ) ,
’ it cont1nuously. Compare var1ous noisy- places in the everyday living or :
; \ working epwironment that’ may excede this level., For exa.mple, find out if
recent s(zatements that the noise level at a rock concert excedes the '
"damage-r*sk limit" have some ‘validity or not. e : <
; 12, A brand new nickel Weighs 5.0 grams; a brand new penny weighs 3.1 graq;s. .
\ As you have' already computed, an avoirdupqis ounce is about the same as :
}’ ‘ . 28.55 grams"".)/ Suppose you wanted to use new nickels and pennies in some '
a combination to "calibrate" a weighing scale. What combination of nickels
g* . and pennies would weigh® close to one-half ounce? One ounce? Two o@ces‘? ,
‘ About how many’nicke. to weigh one pound? How many pennies would weigh RS
1 ’ about one pound? . “
5 3.8 Measures in Building and Printing Trades 7
i ’ s Arithmetic, rudimentary geometry, trigonomztry, and sometimes even fancier .
mathematical tools are in .common use in the work of the v:'orld Here ig som®
" information s&bout various traJes and the computations that apply to them. The )
sizes used are pretty standard and don't change much, but the prices. may be_ . ,( .
: S
fi: “ 89 / ‘ ) * z s
A T 1) N S
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wrong for the area you are.in, or “they may be out of date. What you are to
% is to study the informatlop gWen in each of the numbered items below and
then to ask some questions that ,_a worker in that field might want answered or
a home owner might want to answer. You may then want to go on and answer the
questions yourself Approﬁriaote questions migﬁt revolve around the amount of "
material needed (allow something for waste--perhaps 10%), or the estima’bed
cost of doing a certain job. In some cases the welght of materials and tlhe
amount that can be lifted& by workmen is important. Much of the informatlou

. given here is’ from Applied Mathematics.

»

)

a5 ' . ) Problem Set 3.8

1. The walls of the room that you are in probably consist of either "lath"
covered by plast_er,/.or sheets of mate!\'ial which emount to plaster sand-
wiches covered by paper. There are two kinds of 1ath in common use,

. gypsum lath and metal ‘lath. Gypsum lath is usuvally 8- inches thick in

pieces 16" x U8", with 6 pleces .per bundle. Cost per bundle is about

$1.60. One uses about 16 nails per 4)1ece in nailing it on.

. 2. ~Standard metgl lath is usually o X 96" and comes in a’2.5 pound per
£ square yard weight for: walls and 3. 14 pounds per square yard weight for

T

ceilings. It comes in bundles of 10 pleces coverlng a 180 square feet
at.prices of $40.00 to $67.50 per bundle. It is attached w1th fourpenny

.nails about ‘every six inches on each stud and a skilled woykman can cover

W

ESCRET TP ERCEE

about 164 square Yards (with no ccaplications) in an 8 hour day at wages
(1972 of $5™to~$8 per hour.

3. Plasterlng is done in 3 coats on metal lath to a thlckness of %" to 1"

1< pain g KAWL A 2T

1
and often in 2 coats.on gypsum lath with a.usual thickness of g-"
~
4, Common brick is 32" x 25" x 8", The amount of wall space that can be

covered by bricks depengs on how thick the mortar bond is beuween the
rows of bricks and at the ends\of the bricks; obv1ously, with a -]2;" thick
mortar bond you will need fewer bricks than with a %" mortar bond.” (A
%" mortar bond means %" all around each brick; hence, the joint between
« -~ bricks is %" thick.) This makes qulr,e a difference; for example, with
a mortar joint of -]ﬁ" all around each brick, one needs about 698 bricks
to cover 10) sq. ft., but with a morter 'Jolpt of -]2;" one only needs about
616 bricks; in both cases for a wall one brick thick. (You might try to

; ) figure out how the numbers 698 and 616 were.arrived at and if chey are
S A

correct.) . . ‘
\ . 5. Roofing is frequently done with "three tab" strip shingles that are each
e M » .
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36" x.12", but they overlap on the roof, and only .!Lof t;h'a 12* inéhes are
actually exposed to the’ weaﬁ',her. With that overlap, how m’any layers of
shingle are there 81: any po:Lnt on a f1n1shed~froof" Each such sh1ngle 1s
secured by 6 nail's. " The u;nt used in rpofing is the square" which means
'lOO square feet of fznished roof. :—fn selling strip shi .es d square of
shingles means enough shingfles {Qo,'finish a square of rom\ The roofing

felt often used undgm t.h&,’ghe s’tfingles cofnes in rolls that are 3 feet o L
. wide by 1hb feet long, ,gee.’(; fz"g»’about $11 per roll and secured with about

~ b
e

2 poun s of nails per )s,quaz;gg A square of felt weighs 15 pounds. flails
cost ‘about $20 OO pe/{/‘lso)b{*po ds, The cost of "three tab" strip shingles . ks
made of asphal? a&gabowt;, $8‘jo‘e§~‘,squs}re(, a.§ quare wedghs about 210 pounds. T
A carpenter or<roofer e instal'llar square of rooflng in about 2 hours on
. an ordinary roof. Carpg’nters' wages are s1milar to lather wages given in

item 2. / : ot -

pated s

5t
DA,

6, Wall paper comes in s1ngle rolls %hat are 18" wide and 2’; feet long and

Y,
i T n I MRS KTy FE et

in double rolls that are 18" wide 48 feet long. The cost ranges from
$ .75 to $20.00 per smgle roll.

,.,
3"“ .
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Pow Te In f‘iguring the cost of a painting job, one must of course consider the T

ey

-0 area to be paintgd, the coverage of paint, the cost of paint, and the
‘painter's wages. For figuring area, you'Ye on your own. The coverage
#e of paint :'.Iyrequently given on the label; on wood some common coverages .

s, \are 450 are feetl _per gallon for the first coat and 500 to 600.square - E

.

~fe;et pe gallon for second and third coats. Genérally speaking, one can .
prete that there are no winzows and doors ,(in order to compensate for

waste) unless a large proportlon of the- arka to be covered consists of ¢

e 2 .
PR AR

windows,  doors, and other things that are not to"be painted. .

8. The paper you are working on' is proba‘ol& 8—;:-" X 11" and you may have
- - LY —“ »

vorked on 3 X 5 or b x 6 or 5 x 8 cards taking notes for an assignment,

Books tend to come im several standard sizes. The reason that the sSame

2 ¥

= . paper sizes come up 13 so many places is that they are cut from standard

size. larger sheets. A common problem for a printer, paper retailer, or

vt 3 4o

wholesaler is to figure out the most efficient way to print and cut

papers-with the least waste, See if you can recognize in the 1nformation

I

that follows how some common sizes of paper may have been cut.

a. Although there are many kinds of paper, the following cover the

majority of basic sizes: Newsprint 25" x 28"s book paper 25" x 38";
‘ <
cargboard 25—" X 30% i blott:Lng peper 19" x 214" bond 17" x 22" and

paper for covers 20" X 26" Paper has a grain running in one direc-

A
.

v ‘ ; 91 ) {
e 10 s
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tion .and it is easier to fold or tear the paper v‘ith the grain than
>against ’hhe grain,: (Verlfy this,) s .

- - °
Zz ‘\“" _’\
b _Btmdard specificatlons are given in b/asm 31zes with availdble
© weights per ream. (A ream is 500 sheets ) For example, this might

be the l/iéting: ) ' e b

R i .
so o o bl e A

P

a

- 7 Basis 17 x.22 -+ 16 20 2k | - .3

- - 5 . ~ {

i
g
%
I
4
2

.

This, means the basic size for that paper is 17" X 22" and it coes 2 ®
" at. 16" L20, or 2k pounds per ream of I7" x 22" sheets 1 What fv'ould be
the actual welght per ream of 8— X 11 paper cut out from 20 pound

ok, Ty o e S Kb 1, T

W
B

1 -,

/&’/‘:é'ﬁ “3
) """‘ / s I,C? % 22 stock" The underllning g:Lves the dimens1on along Wthh the
L 2.3/7,;, grain ;'uns. . o

-
A

&y’

For composing and lay'ng out ty'pe We use a system approved if the

) ‘ . year 1886, A Point is very nearly 12 of an {nc'n:"(exactly 0.13837 i
inches), Twelve points 1s ‘one pica; six points, is é pica, or one .;

o nonpareil The common type sizes in terms of points are 6, 8 10, §
,_ﬁlQ, 1%, 18, 24, 30, 36, 42,° 48, 60, and T2. Flgune out .how.high ) i—:

(in 1nches) each of the common type faces is. Which oneé/s,neares% - 9«:»

to the size of type used in thls book? What about newspaper print? |

Ao
e

v . What about newepaper headlines of various sizes? b
§ - - ~ "
; v R B "‘f .you vere lay:mg out a page to be set‘up 1n type, you would need 5 2
2&; L. *know the dimensions of the space you wanted covered and of the type i
i , you were going t0 yse. in orde%; to estimate cegtain things about the i
; AN
b layout, For spacmg between words and between lines, the printer ;

uses spacers called "leads" which are defined by how thick they are, i
measured in points. The unit of area in printing is the rem, " vhich,

o 2 is the area taken up by the capitfal letter "M" in whatevep_type size,

.»{
.

N is being used; this is because the M is very neaifly a square, The

T Daen

area actually covered by print depends on whether it is "type set

sol'id!\'_aor with leads between linesT— .
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Yo : Chapter IV

FORMULAS AS MATHEMATICAL MODELS

v

N . . -
£

As a preface to the first sectlon of this book e talked about how one
uses.mathematlcs in everyday affalrs by formulatlng mathehatical models. Just

as a reminder of what is involved here, consider carefully the following gquo-

" gation? %

What is.a Mathema‘tical Model? The scientist makes observations -~
and experiments and then’tries to construct a theory to fit his resultss
This ‘theory often takes tiie form of a mathematical model, say an equa-
tJ.on, which enables the sciehtist to summarize-his results and to pre~
o .dict the outcome of new observations and experiments. Such a model is
a substitute for reality and is simple to work with. Usually it rep-
resents an idealization in the sense that the model does not fit the
facts with absolute precision. The fit should be close enough...that
descrlptlon and predlctlon;aredccurate enough for practlcal purposes.
. ) ("Mathematlcal h’&dels of Growth and Decay") . .
./ i
/ You will remember frcm our earlier dlSC‘llSSlon tbat in using a mathe‘matmal

~

model you mst also be aware of what "s1mpl1fy1ng assumptions were made in

setting it up and that any results that you get £roit uswh a model must

7%, be tested back. in the world of reality.
a [

> ~

H
4,1 Area and Volume Formulas
v\ N ‘ d

4
Most of the models we have dealt with so far in this book have 1nvolved

»

more or less direct use of numbers in arlthmetz.c calculations, or with meas-

ures, or with coordinates, ‘We have already s en the many ways g.n which

"neasure” enters into our everyday *lives and lalps us 1nvestigate sand describe

the world we live in. In using mathematical models to invest.gate our world,

a frequent result is a "formula" using several variables to express the re- =

Jationships among measured quantities. For example, we seldom measure area
rec‘bly by counting a certain number of square um_ts, usually we measure

certain linear dimensions and then use multiplication to get the area, as

when we measure the length and the width of a réctangular room and then use

the formula A = 1w to find its area, The usefulness of using formulas is even !

4mo'r'e apparent in the case of the areas of circles, wﬁm if one wanted to

g6 to the trouble‘ of marking off square units and counting them, it would be

difficult to accurately épproxima'te the area bei?se of the circular boundar-

*

-
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nr2 to find the area.

. _Problem Set 4,1 ) 3

4
Here are some formulas for area:

3 - ¢ -

1

ey
—

B

.
™

.
wry

easy, however, to measure the radius (r) of a circle and use the
formula’A = Even more difficult to find "directly,"
bg/t' e_géy‘g to calculate using a formula modei,, is the surface' area of a sphere;

oﬁe measures the radius of the sphere and then uses the formula A = lmr2 !

. ©

s,

*
-
e oy s %)

kN

S b st

< .an

¥

a eedy e n o

Rec;tangle: ) A

"
g

N
e RN T

Parallelogram: A =bh .

~

.
S

e

Triangle: A= !2'- bh ' .

Trapezoid: . f A

1]
ol
—
o
+
2
el
=

Circle: .o -A n‘r2 i

Surface of Spheré: A= lmr2 . ,

. LY

»

R,

Surface of Right Circular Cone

(not including bese): A = nrl

T
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Starting with a rec%angle as beihé the basic kind of area figure,
~ make sketchés and see if you can figure out how the other common
area formulas are derived, for example, by cuttlng up a parallelogram
to make it into # rectangle and.observing that any triangle is just
half of some parallelogram (or'half of a rectangle if it i§ a right
triangle). Can you somehow oAt up and reassemble a trepezéid and try
- .to.fit it into the scheme? Can you see from the diagraﬂ below how it
. would be pos¥ible to cut up a circle into very many yie-shaped pieces
that could be fitted together to be approximately a rectangle with
half the circumference (— of 2nr) for the base and the radius for the

height and hence have area of about nr X r or ﬂrz?

/’ P -
< * 2
) 4 *q
» v .
- | ——
3
‘

N

Can you_ see how hy unrolling a cylinder into a rectangle it womld
have the c1rcumference<of the 01rcular base as one dimension and the
helgnt of the ¢ylinder as the other‘P Try this last by rolling up a:*
piéce of paoer into a cylinder andﬂﬁhen unrolling it.

b. Use the area formulas that are given to approximate the surfgce area
\modeling your head as a sphere; arms gnd legs
‘and body as cylindeﬂ . i\ {

. -~ .

c. Use the area formulag given to find the area of a number of things

of your own body by

around you; try to fihd Some fairly irregular shaped things that can
be approximated by diyiding them up into a series of shapes that you

2

can find the aYrea of.’

d. The;féct that "A," "b,{ "h," and other letters appear in a number
of different formulas gbove illustretes one of the hazards of using
) formulas. There are only a' limited humber of letters in the English
// alphaqpt available to } (twenty-six capital and twenty-six lower
- _case symbols), so they get heed over and over again in formula models,

and they don't always %ean the same thing. Try %to find some other

formulas in common use;which use the letters "A," "," "h," "r," "l v
"w" in wdys that are not closely related to their uge in the fonmulqs
above. ' . . .

e, I find 1t surprising that the surface of & sphere is e;actly 4 times

the area of a circle w1th the same radius. Do you? Can you think of
t

. ~ 95 |
\‘ \ , ) P . ""\
IC - | . 105 | . 5




. - any reason why this should be? . ' . {
N . , o
f, Start with a circular disk of paper and make a right circylar cone, ) ;1-/
then unroll it®and’ see if you can figure out from the flat shape why :’
o it should have the area formula that it doés. . :
Comment: Notice that in all of the areas above, you end up either -
iplying two linear dimensions together (j.n the case of the trapazoid you first
have to find the average length of twoc b_ases) or by squaring one of the dim-
ensions, As a matter of fact, area’'cdlculations nearly always come down to
4 :
maltiplication of two linear'dimensions or squaring of a single dimension, ;
o7 (It may happen that to get a surface area several such products are added .
\ \Store this bit of information away for use in a later section of this book ) 'é
‘ " . [ 3
2, "Here are some formmlas for volume: Z :
. .
{; ‘, R [y .. , 0 N - N
N . ) RS “ . Rectangular "Box":-.¥V = lwh
:i' .‘;“ 1 - . ¥ ) - ' ’
?‘. ~ ° s . ) ‘ ¢ " ) 3 \
: . - h! l Cylinder: V= xtrzh
}L - . '- . . . "
~ BN :
i - ) Circular Cone: V= %n rh .
% ’ ‘ . ' - . ) .
3
i .
; - Sphere; V= %n r3
. 4
My . ’ N
Elli id ) Y hab/ (
: E soid: = —abe
b P > :
(a, b, c the semiaxes) . -
o) - Y } . ‘\ ) > .
;"l‘ ’ ~
g a, Model your owm' volume as you d1d your own surface area abdbove by con-
sidering your head as a sphere and your variocus body parts as a ~
series of connec}:ed cylmders. With this figure for your volume &nd
! - 96 - 3 s‘ ?t
- : -« N —
Ly () ‘ . ‘
- . v s
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the figure for your weight, figure out your density. Compare this_

with the density of water. [Water weighs about 62.%4 pounds per cubic

foot-) Except for the air spaces in your lungs, your body is fairly
solidly ‘filled up; do you suppose your density would still be such
that you would float in water if 1thwere not for the air spaces pro-
vided by your lungs? Find the approximate volume of your lungs, and
re-comgute your density with this space deleted. B

b. dbserve again that letters are used here in a variety of ways. Again,

find the places where the letters in the formulas above are used in

<other formulas which have little or nothing to do with volume or area.

Cpnunent: Observe that in the fomlas for volume we always seem to be
mltipl&iné together three linear dimensions; squaring one lineat dimension,
then multiplying it by another linear dimension; or cubing one lineai' dimés-
ion, In fact, volume is characterized by being the product of three linear

N o -
dimensions. Store this information away for use in later sections.,

3. Here are 2 ynore formulas by which you can get the area of a triangle in-
‘.dizfec_tly: the first by merely measuring the lengths of the sides of the
triangie' 'the second {and less practical) by knowing the lengths of the
sides of a ;:riangle and the radius of .a circle through the 3 vertices of
the triangle (‘is there always such a circle?),
\

’ - n
- b Heron's Formulas

i
abe

« A =/8 (5-a)(8-b)(8-c) A= 3R

wheres=é-(a4;b+c) and

" where R is the radius c. -
ti,, b, and ¢ are lengths of thes circumscribed circle.
the sides.

/ / Y

- / 4 .

f)raw some triangles, preferably on graph paper, and verify that the
formulas work by finding the area with these formulas and also with thq
standard formula, If you don't knowshow to find the center of a circle
that goes through three points, you may wantr to check out the _second
fornmla by fi rst drawing the circl e, and then drawing a triangle by
selecting three points on the circle., See if you can find some praktical

situations in.olving triangular shapes; make the measurements, and f’ind

- ek
D
-
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the area by the first of the two formulas,  If you have had enough alge-

‘bra and geometry, t;& to figure out where Heron's formulas came from;
\

that is, de}ive them using othex facts cf geomeiry and algebraic manipu-
lation,l Cbserve that the first formula 1ﬂvolves ‘multiplying together

e . four lengths and then taking the square *oct;@l\%pc~product, so in effect,
. our general rule that area involves "squaring" one length r multiplica- R

%%on of two lengths, is not violated. Comment on whether the second

formula fits this general picture of area as basically involving multi;

plication of two.lengths, . d
An interesting extensidn of Heron's formula to the case of'a QUadrllateral

inscribed 1n a c1rcle s given below: '

>
.

= /(8- J(S-E)(S c)(s-d) .

where S\=—(a + b+ ¢ +d)

Draw such a quadrilateral ¢n graph paper and verify that the Férmula will

work. ubserve that if a triangle were considered to be a "

quadrilateral"
w1tb one of the "four sides" of zcro length, then thlS formula would
exactly give you the formula in problem 3, . How else could you find the
area gqf a (convex) ouadrllateral that is not a rectan?le or a parallelo-
grém or a trapezoid. Would an appropriate Heron'§ formula" work for a

five-sided figuﬁe insprlbed in a circle?
2
3

: 5., It is very cunmjn to measure gquantities ' 1nd1rectly o hor example, temp-

erature is uf tcn measured by.measuring a length, namely, the heighh\of
mercury or some other liqu;d in an enclcsed tube. (ould you tell "dnrect-
ly" whether the outside temperature were 650 ¥ (fahrenheit) or 60° F," or
if your body temperature were 990 F instead of the "normal" body tempe;Q'
ature of 98.60 F? ®#ind and list as many cther measures as you can that
are determined not "directly" but by measuring & length, volume, deflec-
tion of a needle aacertain number of degrees, or by some other means, If
anybody you know has an automobile that still has a full scale instrument
panel~instead of the type that car buffs reler to as "idiot lights”
{lights which ¢lash on when some disaster is impending, such as "out of
oil,” but do not give continuous readings of such things as oil pressure
and temperature), see how many things on that panel are indirect measures
of something quite clf’erent from what is actually being read, If cars
interest you, try to find out what the mechan1sm is that converts vwhat is

going on'in the engine into a measure on 2 dial.

i
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6. We can often assess ther relaticnships among- variables in & formula by

. assigning constant" values to one or mere variables and then\ observing )
what happens as other varla‘Bles change in value. .For .example, in A = 4w .
(area of a rectangle), if the length (base) is assigned a constant value,
“then if is easy i;o see that the area gets larger as the width (or height)
increases anq gets. smaller as the width dec_reases. Investiglte the re-
lationships- an;ong_ the variables in the other forimlas above, then store
this infomation away as ~one way of coming to terms with ‘the formulas in

. the sections that will follow,

b2 Variables, Constanfs, Careful Substitutions in Formulas

. 'In using formulas it is very importiant to make sure.you know what each
let’cer (variable‘ in the formula means and what Jbe’ approprlate replacements

for it are. Hence, when a formula is given, eech of the variables should be

) clearly definéd and the units that go with the measur.ments that replace each .
variable should be speplfled Here are some problems 1lluLtr ing this point. .

Problem Set h 2a .,7 é.é a \

N

1. A method for flndlng the day oi the \veek for y date based on our cur-

rent calendar Iollows

B ) I ' o H e
Given:. d = the day of the month of the gJ.Ven date o
- . m = the nﬁmber of the month in the year, w1th January regarded‘
. as the thirteenth month and February the fourteenth month

. {
of the previous year (for &xample, 2-}3-1972 = 14-13-1971)

Sy

\

y = the year
Cotpute: W =d+ 2m+ [5""*1’1 sy + (4~ [1001 + [pks) + 2

» .

{Eack expresslon' in“brackets means the integer part of the quotlent for
- example, (3] = 3.)

_Then the remgmder, when W is divided by 7, is the day‘ of the week of any |
'g}.ven date, with Sunday the first day of the wéek, and Saturday the ‘
“seventh or zero day, (since 7 = 0, mod 7). ( From A Source Book of
Am‘ lications, page 103.) Flg:ure out the day of the week you were born
' on, and the day of the week jour birthday will be on three years from
now. There are many places to go astray in this formula, but if you
' work it out caref‘ully, exactly according to th& definitions of the vari-
ables, you will find that it always works. for dates. glven by our current
" calendar. The occurence of leap years affects which day of the week a
given date wil_l fall on; can you see Wwhat in 'the formula takes care of

~ 2
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that? Try-to figure out what is the contributibn_of each of the various

parts of this ‘formula to the problem at hand.

= ~ v =
i ~

H
3

2. Here 1 {s part-of a simple e;onometrlc model af the Unlted States based

. on data from before World War II and dereloped by Professor L. R. Klein:

a, C =16.8 + oep+ .23P) +'8(w +n)‘

This equation relates consumptlon (1n'b11110ns of dollars) w1th prof-

PR gy
s \
«

its this year (P) and the year before (P ) and with wages in the

<o ted ok

pr1vate economy (W } and weges paid by the government (wxaw\\‘\\\*“

o

b, T=17.8 + .23 + .55P, - .15K 4 N

This equatiocn relates 1nvestment with profit this year and the year

.
2 1ol

»

- before and with the stock of capital at the end of the previocus year
(K Y. T

< . .

~
-

]
s
Loy

°
R A AU R TATERS

e. W, =l 6+ 52X + 16x £ ,13(% - 1931)

This equation relates mages paid by private employers with nnoductlon

N

-

this year (X), production the previous year (xl), and the actual year ;

I3

E stated numerically (t).

. . -

d. X=C+I+G . s

This equation states that the production of a given year is divided i

% betueen -consumption, investment, an?,the nortlon,used by_government.

(Harry Schwartz, "America the Mathematized," New York ?1mes, Nov. 7, h

- N 1§
S 1969.) - . : _ . \
i : ) - ! . ’ < v
z . . \ . ‘:‘

) Commerts and questions on the above nodel: HNotice that the formulas are

; not indgpendent; that is, some of the varlables that appear in, the first
formula also appean_lr the second and succé}dlng formulas. All the vari-
ebles except "t" apparently have billions of dollars as the appropriaie
: unit_{g; renlacement’ Notice that many of the variables have a "coeffic-: »
ient" precedlng them; fer example, in the flrét one the zoefficiert of ) 'E
"P” is .02, the coefficient of "P I' is .23 and se on. The coeff1c1ent
. ) glves a sort of "delghtlng" bo each of the, variables ard gives you some,

VA idea of their relative importance. “otice that many ot the foymulas - &

begin with a constant figure‘iot attached to any variables. This suggests
" that even if the varlables in the formula had the value of zero, there
o would still be somethlng going on in the economy. ,The coeffiecient of

. . ' "(t - 1931)" in formuld C suggests that there has been a 13% increase in Ui

wages for every year since 1931, Try to intverpret some of the other com-
o ' ponents of the formulas above, It may be a little hard to manage, but

; - you migr+ try to get appropriate information for a recent year on profits,'

ERIC . | 10, .




Na"hematics in Everyda;[ ThingLs tells,us that, for psychological reasotis,
it has‘becane popular for merchants to inflate list prices in order to be

i - - able tp o(ferj;ge "discounts."” Suppose that: N @ S
’ . ’ the fraction of the at:tual sellmg price which . R (
. ' the dealer Will keep as profit .« ' -
’ ? d the fraction of fhe list price which the - - . ‘\%,
=3 ©. .dealer ‘will deduct as the discount’ S : '

/ ~ C = the wholesa}e cost to the dealer . o~
“ . : . SR
) S = thtg{actual selling price . t . W
. » : A
< L'= th% list price to, yield S ‘after discount a | “ \\ -

1

The merchant then uses a double-markup procedure. . His first markup is

computed on the basis of the gross profit on achtual selling price. He
.first*adds the profit he w:.shes te make to the wholesale cost C to get ~

the actual sel’ ng price S, Since p was defined above ag the fraction
of S which WiVl be profit, the amount, of profit will be p x S, There-’
,.fore , we have the formula pS + C = S, wha.ch— can“be changed to the form -

S = p = by s1mp1e algebraic manipulations. . L
¢ LT :

f') The merchant then calculates the list price L so that when the dis- .
count ~is made,. 1t w1ll leave the aetual selling price S that was calculat-

-

ed as in the prebeeding paragraph Since 4 is the fraction,of L vhich

’ will be discounted, dL is the amount of the discount. Therefore, we he.ve

the formula L - = §, which can be changed to L= —%; combining thi& = f':-fj‘» >..}

A

rpsult with tne first formula we get L = (1_-p)'(1_‘7 ’l'his looks com- .-

,plicated but it is easy to apply Figure out vhat price tag you*would y
put on a transistor radio costing you $5 wholesale on which you waht to a,._'

—— Y “w

make & profit of 30% on actual selling price and that you want to adver-
tise as being scld at "ho% DISCOUNT!" It is.reported that.some manufac-

St

turers print nany different / suggested retail” price tags for the same L

article, thus enabling %&he retailer to muse the one most in line with hi# *

=

-own discount policy. st

- . %

) In the econometric problem above we observed that the "coefficient"”
att'acheq to-a variable often indicates the importance of that variable in the’
- model Another way of Judging the influence of the given variable in a form- *

' ula model is to observe where 1t comes in the structure of the formula and
. . ;hence how much influence chagging its value has. For example, in the formula

|
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P= 21 versus, the sfornula P = 12, replacement of i by 10 yields a value for P
bf 20 in*P = 21*\but of 100 in P =
fluence in the formula P=wi than in the formula P = 2 + 1.' The next prob em

2, Similarly, i has more important in-

set g&ves some more subtle 1nstances of how the structure of a formula can

détérmlne the 1nfluence of a glven vardeble:

.
L.

& T
. . . Problem Set 4.2b .
o - / P ‘ - '

1. Einstein's relativity theories have some r8 er curious and paradoxical

P

I TP PR e

-consequances, One of them is the speculatiOu that if‘'a man were to take

selu

a spacesh1p travellng at near the speed of light (about 186,000
miles per second) he would travel for many years in space, and oh return
, to earth, h

Le

friends would hawve grown old by earth time, but he could

R R T

‘o

T o ekt e s Y <

appear to have aged very l1ttle. The clbser he could come to travellng

&

at the speed of llght,,the less He would appear to have aged, It we take‘

~

t as elapsed time relative to such a spaceship, T as earth time, ¢ as

speéd ‘of light (about 186, 000 miles per second), and v as the speed

N -

-»veloclty) at whlch the spaceship travels, then the relatlonshlphhetyeen

the spaceshlp time experlenced by the space traveler and.earth time is

\\

R

gpproximately given hﬂ the follow;ng formula: (We are ignoring the

%
-
T LA

. periods of acceleration to spéed v and deceleration in slowing down to

e g g

R
N

lgnd\') . A " P . : ?'
» &

e e ®@ T
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S
K
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a. In the structgre of th1s fo*mula 1t is clearly the ratio of the .

Tl

L2REEL

velocity you are/traﬁeiang at to the speed of light that is the

;///Egportaﬁ thing. You must be sure that the two speeds are ih theL . %

- same unifs; for example, both in terms of miles per second, 1fow . :
many miles per second would ordinary automobile speeds of 60 miles

per hodr be‘ Tf that value were substltuted into the formula, would

it make t dlfferent from T in any but a very small amount?

b, The speed of a space capsule such- ds we use 1n travellng to the moon
reaches about 18 ,000 miles per hour, How many miles per second is
that? Does such a gpeed have much effect in the formula; that is, ‘

IR IO e A

e

«, do our moon . ,ronadts come back from_their trips much,&oungep than '
if. they had stayed on earth? _" . v

. N

SR

I3

v
¢, Any ratio such as < can be expressed as a decimal or as a percent

»

for example, we could express it as the percent of the speed of

light,. Suppose we could travel at 1% (.Ol) of the speed of light-- T
A4 \

P DT Tg CySe )
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s a mere 1,860 miles every second.zl Then the formula would e . !

s ~
t=T/1-( 01)2 Wou'ld trave[ ing a% thls speed through'gpace let e 2

. you stay much younger than pecfple whg stayed on earth? P X r

d. The closest star (other than the san) 1s Proxima Centauri, which is
about U4 llght yeers, away. .(}Iow far is a light year?) Suppose of 2
newborn babies, onefas put on ja spaceship headed for Proxima

i Centauri at 99% of the speed ofL light. If the spaceship headed back

R immediately after arrival }at the star, the.round trip would take )

about 8 years, since it is t'rawlze}.ing nearly at the speed of light
", and Proxima Centauri is h light yeass away. Usi'ng T as 8 and-‘-c’-
" as 99, we need the value of t; In other words, what would be the

apparent age of the spacesh1p 'baby" Are you convinced by now that

given the structure of this mathematical model of time relationships ¢ A

in relativity theory, the variable v has little effect unless it is

very large" . .

(Problems above vere suggested by "On the Clock Paradox in the
Relativity Theoly.") ‘
) : < : N ;‘//« e T .

o B3 The Many Uses of Formulag,with Same Stracture: A = BC g .

>

Consider the formulas A = 1w for the area of a rectangle and D = rt for
the distance traveled by something travela.ng at a given rate for a certain

length of time; for example, 50 miles per hour for 2 hours will take you 100

miles. From these exw?les it is clear that formulas cen be mathematical
_models for very diffierent things and yet be essentially alike in all respects .
except possibly the letters used in writing them down, (A technlcal term for

"essentially ali};e in structure! is the word ' 1somorph1c. ') All of the form- T
ulas givgn\i\n the next ,proﬁem :se)t v:.'éll be 1somorphic to each other and to . )
the above two formulas, Another fact we wish you to observe in the following

problem set is that there is a sort" cf "algebra of units" that can be used on . '
meaéurement units as they appear in' formilas. ‘\For example, in the fom.ula

A =8w, if £ and w are both in feet then the ansver is in square feet, which ~

could‘be regarded, just as in algebra, as beJng feet X feet, Similarly, since

miles per hour is a ratlo, nules/hour, then in %he formula D = rt, one gould-

~ . .
- oF

\

i

write (m:.les/thur) X hours. The hours will "cancel," since one is in the i
der}ominator and the other a multiplier, and we will be left with s:i.mply miles, ; 1
which is a proper unit ,for distan e, Such an algebra of words is frequently ’ 1
.a ropriate either for determining the correct.unlt for an ahswer or for check- i
|

|

|

ing up on yourself to see if you jare doing the rlght thing, If the algebra of
IN
103
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A

.yords gives a ridiculous unit, then you are propably multiplying or dividing
by the wrong thing. On the other hand, some of| the measures used in science
{especially electricity) are defined in ways thit make it difficult to sort
out this algebra of words, although if one were to trace the words back to
thel r basic definitions, the algebra always works out. In the work that
follows you should keep trying to do this wanipulative algebra of.units to
see where i4 does and doesn't give nice results; being good at such a word .
algebra is frequently very useful. '

Problem Set 4.%a

. . «

1., D = vt Is the formula for distance given the velocity {speed) and time,

" " (You often see this in algebra books as D = rt, where r means "rate.")

a. Problems in this area are very numerous, If you know even a little
bit.of algebra, you tan find any one*of distance, velocity, or time
if you-know what the other 2 aré, Make up a few plausible problems

~

which can be solved using the above formula. .V

Log e )

b. In this mathematical model some simplifying assumptions have obviously

been made, For example, we speak of .an automobile traveling at 50
miles per hour for 2 miles, but it is extremely unlikely that the

rate 1s exectly 50 miles per. hour all of the time, sQ we mst be . ‘*;5

. ~

3

speaking,ef’an average velocity, Are there other simplifying assump-~ ’f

tions %Eat are made in applying such a formula? , ; . - -%

¢c. The formula D =‘yt giveé; for example, theedistance in miles traveled
from the starting place in t hours,at v miles per hour., We might

\r‘tart " that’is, where

we are already a certain distance do from a given place and want the

want to consider a case where we have a "head

‘total distance. In that case the formila D\" %t +d might be more
appropriate. Does this make sen e to you? For example, if one were

on a cross country automobile trip west from Chicago and starting

Y N
out on the second day from Omaha, what would be the appropriate d
to, use for keeping track of distance from gh cago at a gigen miles
ya “per hour for a given time during the second day? -

¢ 3
. -

2. V =at Eives.the velocity after a certain 1ap§e of time t and at a given;‘t
) acceleration &, ‘For example, automobile specifications and results for ;
certain kinds of speed contests are sometimes given in the time Lg takes, )

to reach a certaln speed, Here are some acceleration times from the ’

-

handbook on the Mercedes Benz model 180A: - ¥




X
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-

) . , 0 - 30 mph - .. 5.6 sec. ,
- ir -
,___,\ e : 0 - 60 mph 18.1 sec. )
' - ) ) ' X s
£ . 0 -~ 70 mph
i : ) 40 - 60 mph

a. For each of the above find the averege acceleration. Clearly this

3

£ S DR 8

RS

depends upon changé in velocity over a given périod of time, ﬁ‘he
units that result might be __&le‘s__’ vhich can be read as "miles .
\ hour second

per hour peﬁ second.” Does that make sense to you?) If you are in-

terest;d in automobiles, find out if this represents pretty good

acceleration or if it is relatively slow as automobiles go., —What .
would a r élly»dmpres,sive acceleration from O to 30 miles per hour “3

Ju

be? :From 0 o 60 miles per hour? . o

b. @;f the foz?nula were taken literally, a car that was not accelereting
but simply going along at a steady speed,. would have no veldcity, fo
the acceleration would be O and 0 times anything would be O, ‘a&nce, A

the more useful formula would be of the form v = vy + at, ~where v,

is the velocity at which the car is already traveling. Here there”

may be._::eon;plications in the ;neasnre units because velocity is giveﬁ

in miles per hour, but acceleration usually takes place over seconds
or minutes in an automobile, Suppose someone were cruising along at !
40 milés per hour ahd accelerated at the rate of 50 miles per hour

per minute for a period of 30 seconds. How fast wouldvhé then be

$ going? . ’ q :
InW ='rt we might be talking about the wages of & man for t hours at r ‘
doll?rs per hour, What might a formula such as W = rtl + l.5rt2 mean? o’ :

. Il
C = np could be total cost of a certain number of articles at a priée P
per article. Think up a few problems like this and work them out., The . s
formula (L Jenp might reflect the cost during a s;ale-or at a certa dis- \

count; for examdle, if there is a 10% reduction n the price of every-

thing in & gtore, \then one would expect that 9np would apply to |

whatever one bough
» ulas of the type C =.np and of the type C = knp. .{

. Make up a few problems that appropriately use form-

s

= ir is ‘the so-called "Ohm's Law" and is much used ‘in electrical cir-
cuits, Here e is the electryt:’Tpressure given in volts, i is the cur-
rent given in e.mperes_ (abbreviated as "amps"), and r is the resistance

given in ohms, to the flow of electricity. A useful analogy in thinking
R

LR} « -

.
N | . -
' 115 o

» 0 ) *




L aoout what is going on in electriéﬁl circuits is to’think of water in a

hosé, with e corresponding to the water pressure, i corresponding to the \ﬂ
- amount of water actuslly flowing, and r to the friction and other resis® K
e ) ‘ ténce to* flow, Think about how that would work¥and see if the interrela- %
tionship between the variables seeme to fit the analogy. For example, 5%
-suppose that for a constgnt flow ef water the size of the hose is re- ’ 'i

T o~ o duced ané hence the resistance to the flow increased; this would increase Aé

the water pressure or the force with wh1ch water is eJected from the hose.
. Similarly, if the amounq of water flowing through a hose were increased :
» Without the size or anything else sgbout the hose changlng, this would

very 1ikely increase the pressure or €ne force w1th which the water is o

¥ A <l
R e

‘n‘ . ejected from the hose, (In these problems ®n electr1c1ty, a word algebra 3-
with the traditional units (volts, amperes, ohms) will not work out.. All "
N these units, can be expressed in more ba31c units so a word algebra could i :é
work, bup we won't do so here. ) v
. & Standard house current is usually betueen 110 and 120\§olus' let us i%
- ‘ ) take ;t as 120 4volts for convenience. Fuses or 01rcu1t breakers are i%
. put into house wiring c1rcu1ts to keep the w1res from becoming over- ° i
' loaded* What is theeminimum resistance (in the form of é;ons, toast- .E
ers, etc.) that could be handled by a circuit with a 20 amp fuse be~ i

- =_\\ ) " fore the fuse would blow out and 1nterrupt the«flow of electricity?

N . b. Most modern automobiles have 12 volt batteries and generators (or ’
' r alternators) that can supply up to 30 orAhO amperes of turrent, How

little resistance can such a automobile electrical systéﬁ handle?

- ’ ¢ . .
¢. Do you see why "short circuits” (near zero resistance) can 'cause ..
. trouble in houses and cars? - « . .
‘ "
The amount of current that an electrical wire can safely carry with-

e

[o7)

. out overheating and possibly causing a fire is pretty much'a function
of its size, From an electrician (or perhaps from & shop teacher in
your school) get some information apout how ruch currént common_eizes
s:of house wiring will\safely’carry.(two common sizes are number 12 .
wire a‘dA number 14 .ire) and aee what this has %o do with' the sizes . ,i

. - of‘fuses or circuit breakers that are put into electrical circuits

in yaur house., If is, of course, unsafe to put in such a large fuse

i i DI 5 e Y4 LG T £y 8 e e TR

\that it is possible to overload the size of W1re that is in 4that

Y

S ke
e e
-

particular electrical circuit. -- \

. . { . )
I 6. Most uses of electricity depend upon the ‘amount of power delivered, and
2 - 7 - '
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fcir that you use the formula P = ei), wnere power is in watts, e is again /

~ '»’

the pressure in volts, and i is gga,in."‘he current in smperes.

a, Considering again, hat most house wiring supplies 120 volts and that
.8 frequent circt}itybreaker s1ze J.n 2 house is 15 amps, vhat is the

" acceleration of it., This just reflects your ordinary experience with,

_-some force against the seat or decelerating (ne&ative acceleration), where

- smashers', work--very tiny masses are involved and enormous velocities

"4 rfizatts wh1ch that circuit would carry™ Most

appliances €hab prod egsheat, such as toasters and irons, have power
ratings of 190'0,3;0, 1500 watts; most lights 100 to 200 watts. ,Can you

, see why it ’1s usually recormnended to have one or more separate cir-

-
-

2

R
Lo raegen b s w R

cuibs just for the outlets in the kitchen" Compare J:he power dgmands,
of the appllanr'es your parents ha\&e 1n\the kitchen with what mé:t
have been the case, say, 30 years ago. You might ask jour parents

r
3

; L
P I T U o e 10

to make this comparison, . .

b. Look at the name plates on several appliances and find out what théir
power requu‘ements are, Then have a look at the fuse box or circuit
breaker panel for your house and see how many amperes cy' current are
allowed for -the various c1rcu1ts.. Make some estimate of what appli-

ances can bé hooked up in the various circuits withoyt blowing the

fuses or the eircuit breakers. Appliances are the real problem; how .

Sk A, g

Y4
many lOO watt bulbs would have to be burning at once in order to draw
the same power as does your toastér or waffle iron? . P
&
F = ma says that forde is the produ?t of the mass of an obgect and l(:he
A«

for example, an automobile that is accelerdting and pushing you back with

you are pitched forward as if there were, spme force pushing you. Simil-
arly, when an elevator starts or stops, you feel pressed against the\
floor or _almost lifted off the' floor, but when it ‘is traveling at-a

@

steady speed, you i‘eel esscn.gially nothing. - i N

a. According to the fornrula, a constant acceleration but an 1ncrease .
in mass gives an increase in force. Intérpret that in terms of your

experiénce.

¥ /
. - . L‘
b. Similarly, for the same mass, increased acceleration would give in-
/
creased force, Can you from your experience think of situations
vherea very small object, hence, a small mass, exerts considerable

£ . .
force because of rapid acceleration or deceleration?

c. ?Jith respect to the last question, look into the way.that "atom

AL/ .

s PN ' -
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resulting in enormous deceleratlon when they hit their targets.

Interpret the differences in the following two events. An automobile
traveling at 40 miles per hourj hitting somethlng!solld like tHe
foundation of a bridge, experiences considerable fbrte*‘tu_suy’the
least, An sautomobile travelling at 40 mph Qlt ing the gear of an-
pther automobile, the brakes of which are not on (30 that the stop-
ring is extended over a longer distance and hence a longer perlog of

time) experiences cons1derabky less force.-

wi.
. Automobile safety experts have sald that there would be cons1derao]y

less damfige in automobiae accidents if shock-absorbing bumpers were

inStalled on all cars; these essential;y allow the bumper to move a

e

4 %

b e iy Y 21

R
ey et

certain distance while travel of.the sutomobile is arrested. What
does this have to QO with the forces that will be inflicted on the

automobile? .

S e

ot e it By

f. As far as the forces involved are conecerned, is there any difference.
E -

between acceleration and decceleration? W
* v

TP ALY ”
FEy e

e remarked- earlier in this booklet thaé'the weight of people or OE&
objects is dlfferent on earth than on the moon and even different e
d1f§erent Places on earth; for example, one wéighs slightly less on the
top of a very high mountain than at sea level.” Yet, as we have cbserved
\\‘\\_earller, there is somethlng about people and objects that does not change
o no matter where they zre located. That somethlng is called mass, Weight

e t 5 NS
I Y S R Y T X LT CY LI

is a force, and the relatlonshlp between weight and mass is a spec:al

“case of the formula Just given, namely F =ma. In this case the formula

L3

Jis ¥ = ng, where W is the weight and g is acceleratidn given any object

ol ™Y

by forces of gravity. An average value for the acceleration of” gravity

on the surfﬁce of the earth is about 32 feet per second every second {or

u.

e

in tenms of a word algebra,é52 ft./se&.ES. But in ordinary everyday life
we nearly always report masses as if they were weights. In the systan
of units we us'e (feet the unit for length, seconds the unit for time,

pounds the unit of weight or force), the con&ect unit of mass is called

ot e N o e Frna et

the "slug." Vrom the formula W = mg, we see that one slug of mass weighs

about 32 poands on the earth's surface. .

a. How much dd you weigh? ﬁsing g as 32 ft/secg, what’is.your mass in
slugs? ) . '

3

The force of gravity on the surface of the moon is about % as great

1

as on the earth, and hence, the acéeleratipn of graVity‘ g, is also
N ..




about 3 Given ‘the figure you just pbtained for your- mass, and uslng
3 of 32 ft/sec2 for the acceleration of gravity, hqw much would ydu #

3 -"‘

n"we‘igh" on the moon? . .

-

The acceleration of gravity, g, on Mars is about Jd2,5 ft/seb2, “how

-

=mucb would you weigh on Mars? *
T

The d:{fferences in weight of the previous couple of problems would
only be observed if you were weighing yourself on an ordinary Sspring
resistance scale such as most bathroom scales ‘are. it you were
weighing yoursélf on a balance Scale such as is used in most doctors' «
'yoffices, where g weight .is moved along a bar and compared with your ‘
weight » your results would be the same gn the moon as _on the earth.

« Why‘ ‘ .-

'I'he m in the formulagF = ma méans mass. Suppose a hOOO Dound auto-
mobile were 1nvolved in a collls1on that reduced its velocity from
Lo miles per hour to O miles per hour in 5 seconds. Flgure ‘the mass
of the automobile and the deceleration involved and then find out

.

how much force is 1nvolved in the CO]J.lSlOn.

Frequently in using fomrulas it is useful to change from one form of the

formula to another, {or example, with e = ir, the equivalent version that@

gives the cufrent d}.‘rectly from the voltage and resistance is i = :. If you .

haven‘t had enough ellgebra to see why these two formulas are Just two dif.\e&ent

Vérsidns of the seme’ thing, then _sklp the next problem set, Otherwise, contin-
L

1,

N / N Problem Set 1& 3b,

i H
-

For each of !the formulas of the form A = BC in Problem Set 4.kha, imagine

‘a si;t\uation,ywhere you would want some alternate form with another vari-
/i

able isolat'ed. For example, in D = vt you may want to concentrate on

velocity in’stead of.,on distance,' and so you would want the form v = .Itl

One frequently combines two formulas into a single formila, For example,
the ‘powel/‘ formrala in problem 6 in Problem Set L4.3a above is P = ei; e is
given by proolem 5 1n that same problem set as e = ir; hence, this sub-
stitutio/ could be made: P = = (ir)(i) =1 r. This gives power in
terms olzhcurrent and resistance to current. 1In a radio circuit, if the-
curren is .003 amps (3 milliamps) through a 30,000 ohm resister, what

'oower s involved? {Such calculations are important in electronics. )

3

It ought to be possible in a similar way to combine the formulas d = vt

1Y g aAe adh BRed o an s yie

Aruitoxt provided by Eic:
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and v.= at, but the situation is more compllcated The v in v = eg/rep- # .0
resents how fast you are going at the very end of the acce;eﬁgbaﬁh; you
oo . .. certainly haven't been going that fast all along. It ggnl make more

sense to ;ay that the disitance you have gone is the sume as if you‘d

. *been traveling at the average veloc1ty for that time period Since the

; ) ve10ﬂ1€§ihas increased steadily, the average s obtair adding your

initial velocity {0 in this case% to your final velocity (at), then

N dividing by 2. That 1s, v _9_1;2&1 lat. Then the distance you
A - avg 2 2
oo *  gone is gwen by d = Vavgt = (—at) t = -]2=at2 For agfreely falling

bedy, acceleratlon is ;he acceleration of gravxty, which near the surfa

A get the famillar “rormula d = (52) 2 < 16 t°. How far would a falrly
heavy obje. 3, (i e., not subgect to air resistance and other things 1g-

Gt e nored by. this mbdel) fall in 5 seconds if dropped from a’sufflcient

height? Haow fast would 1t be going at the end of the 5 seconds° How
Tar would the same obJect fall in 5 seconds if acted upon by m001 s

. gravity? How fast wculd_lt'be going?

L

'" »*L.4 A Potpouri of Formulas .7 .
% ¢ . R “
o~ . Formulas often have the useful property of enabling us to see relation-

.

've

ce

v % «cf the earth 1s about 32 ft/seca, hence fon such a freely falllng body we

» ships that, in the veal situation, arge obséured by too many'distractions For

example, a formuls may tell us whether the relatlonship between two varlable
is.a f:rear one, \the dlstance one goes in an automobile at 50 miles per hou
is llnearly dependent on time: d = )Ot) or a quadratic one (the distance in
feet something falils in 5 seconds is approximately given by: = l6t2) Th

formula model may also reveql 1nvexse relatlonshlps, that is, relationships

S

r

e

* such that if ®ne of two measures increases the other mist decrease. One such

case is whenithe product of two variap‘es is a constent, as in vt = 100 an-
_~' othg; is when a variable is insa denominator, as in v = E%Q' {Both formula

give the relationship between time and velocity in goxng 100 miles. )

Atnumber of formulas are listed below, mainly to indicate how widesprea

is the usefulness of such models. The ones listed here are representative o

- thousands of such mathematical models in dozens of fields. Yeﬁ are not ex-

s

d
f

‘. . pected to understand how the formulas were arrivediat. However, for a number
_of fonnulas of your own choice or ass1gned by your teacher you should respond
" to each of the following: : .
. . 3
A, Vhat is related %o what,ﬂend how? (linear,, quadratic, cubic, inverse,
T ‘ S ' . oo
v inverse sqiaré, square root, etc.)" S
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What measurements are necessary to supply numerical replacements for

[SY

each of the variables"

A

Wherever possible, cheék out the “word algebra" of the units of

“oa

o v
Ty

measure in the formula. . *". . i .
Many of the formulas have a“"!( factor" which adjusts the fo ‘L‘
model to particular situations. When such a "cpnstant" is in a

. formila,” consider what "adjustments” it may be intended to make, ;
(For example, in a formula for radioactive decw, k would be different )
for m‘anium theps for carbon; in the fomula for~amount of expansion
‘of something when heated, k wuld be: differé‘nt for copper than for

iron.) . . -

~T . E, What would be some reasonab,l_e inputs? Some reasonable outputs" Make
) at least one substitution where you replace all but one of the vari,/-
\ ables with numbers and get an output for the. remaining one,

- > -

f F., What experimce, experiments, ete., might have led to the formlation

Ees .

of this model? ) . .

v .. . v - ;
G. What are some of the simplifying assumptibns inherent in the‘ model?

That is, what things about, the actual situation are being ignored?

Unaer what circumstances,' if any, would thefsimplifyiné assumpi:ions

v ‘ not be valid? ’ (For exdmple the "falling body formula" S = 16t:2 <

ignores air resistance and many other things, yet in most cases tells

very accurately how far something in free fall will travel in a given
time. But if air resistance were truly unimportan , sky-diving with
parachutes would not be a very popular ‘sport.)

I s g T g

Problem Set 4.k

TS

-

1. One big problem that engineers face in building bridges, roads, sky-

PIT)

7 . scrapers, and other structures is that most materials‘_e’xpand with an

increase of temperature and contract with a decrease in tem‘perature, SO

T structures must be made expandable or flexible to keep from breaking when
J that happens. (Many thermostats, thermozneters, and other control devzces
make good use of the expansion of metals with heat.) ¢« For this reason,

oA in building highways it is necessary tc provide for expansion joints
f. every once in d while or the highway will expand and buckle and break on
] a. ve‘z:ﬁr hot’ day. According to one sourte, here is a_formula such as

engineers might use in figuring*out how much expansion to allow for: .

= ki(T - t)

15
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¢ where I is *he expansion (given in the same units as 1) At temperature )
T (degrees Fahrenheit=-F ), t the temperature at which the highway was
built (F ), and £ is the length of highway being/élsidered According ;E

.

Q " ‘ to one source, k = .000012 is a reasonable V 143 for some (2 lane) high- ° -
.. ways. How mich would one mile of roadv%pand at T& 1200 F if ¢ ®.
§ - vere 700 F2 ‘ T - '
" ’ . 2. Snppose a 5,000 foot lonE/rail‘road rail. is solidly anchored at both ends
. (with no expansion,.;}oints) and expands in length by'2 feet on a very hot
PR ?~ ) day, buckl‘ing up as shown: \

i - - 5002 - Y : l,‘d
- DT /2500 b o
- 5000 - AR
5’ B .., . d o . ’ * £ ’ ;
¢ . o Tirst, guess how high the distance h in the diagram ?tould be. Next, .
. . . consider the picture below as a rough model' se thg Eythagorean theorem '

T

q to find h, and compare the result with your guess-

S ' o T
» «x:/‘:h 25012 = n2 + 2500° .

, . . Would you expect this approximation fér‘h to be more or less than the
L. } "true" value? ('"On the Teaching of iathematics so as to be Useful" by
\ N M'.~Klp.mkin says that this result is within 10% of the more correct an-
=9 . N .,

swer obtained with much more complicated mathematical models such as
elliptic functions or circular arcs and ‘trigonometry. Ii‘ you model this
: situation as an arc of a circle, can you find a way to find h, given the
P "arc length” of 5002 and "chord length" of 5000?)

. 3 Thg averdge population density in Black Africa is only about 25 per square
.8 mile of total area, but 750 per square mile in cultivated areas, Much

‘\ . of the agriculture in that area takes the form of clearing a2 piece of

o land, farming it for 1, 2, or 3 years, then abandoning it and letting it
lie fallow to build up the soil again while ishifting to another piece of

et ground for *he next several crops. In looki'r’xg into the question of how

* 9 many more people the land could support without changing the traditional .
. . me(tfhg.ﬂ .of i@rming, one. geographer formulated the following model: D = .A_C_ T
Sy

¥ Tl

'"‘“‘ ) where D is tp&ﬂensity per acre, A is the proportion of cultivatable land' e
$ ) . . ¥

EMC ".' o~ ; | ~ - * _ .
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e

'B tile 'iength of rotation (per‘iod of cultivation plus fallow period); C c.
the number of inhabitants per acre o;ﬁ‘land cleared each year.- ’For exam-
ple, if A = .8 (80%), B =8 (perhaps 2 years harvest and 6 yegars "rest"
for the land), and C = b, khat is the potentlal density per acre? At
61&0 acres to the squaz’e mile, what is the potential population dens:Lty
per square mile of total area, assuming these are reasonable numbers to
use" {"Models of Agricultural Act:wity. ") -This author concludes that °
. population in some parts of Afrlca could increase by a factor of fen

iy without c’hanging traditional fethods, of farming.) g‘t

»

14 ‘I.f one takes the populatlons of all c1ties 1n a g:wen arga and ranks them

iix decreasmg order of population, s*17e, one source says tnat the size of

each of the cities is related to the .largest by this "rank size" rule:
s P - .
=7 Where P is the pépulation of the largest city in the area,

.r
and P the. populatlon of the rth ranked city. That is, the 4th ranked

eity has about T the population of the largest city, \Check t ut™-
with ¢ities in your own area and see 1f it _works Sat., ("Models of Urban

P

. given another exponent: “Pr = --31;, with n any positive number, For ’
. - r
example, if r2 were used, the 1, 2, 3 ranked cities would have popula-

which might fit some situation® better,)

1
.9
1ir you have ever filled a can full of water and then punched holes up

tions related as 1, -]ﬁ,

along the side of the can, you observe that the water shoots out further
near the bottom of the can than at the top; that is, the velocity of &he
" water. appears to gepend upon how deep the water is, as we would expect.

Here is a formula that s said to be a model for this phenomena: -
14 . - s .

. v = kh . .:-‘

e G e e e

.
2

+ where v is the velocity of water at depth h coming through a sharp edged
- *
frictionless hole, What are some of the things that might determine the

e g grtone:
7R T

size of the‘eonstant k in this formula? What sort of simple experiments
might you devise tc test out whethere this formula really works or not?

a}:(.ée Ir you have ever had the experience of either standing still while a

' ﬁikh-gpeed car comes by you blowing its horn or being'in another car as
one comes towards you blowing its horn, you notice that the pitch of the
sound seems higher coming towards you than going away from you., The
phenomenon was first expla:med in 1842 vy Christian Doppler. Here is the
formila for the "Doppler Effect":

ot 8

- ‘

4 - .

e SRS g
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(+ V and - Y 1f source is approaching observer, - V and + J if source
is rer;ding from observer.) Where f is the apparen or observed frequency
(cycles per second--cps); F the actual frequency (cps)' 5, the velocity
of observer (ft/sec); Vg the velocity of sound source (‘ft/sec) and C the

\

.maximum veloc:.ty of waves (about 2o ft/sec for sound waves)

-

Suppose you were in an automobile going at 30 miles per hour and a
man in a car‘was coming toward you going 60 miles per hour blowing his
horn, which has a 600 cps sound, Figure cat how many cps the apparent
sound wi\]_'!. have as you approach and then what the apparent cps will be

o

as you are going away from each other after passing, If you know, or

. R , . v’ o
. VL . .
o ot bt ki e Sy ad s % e e s oo

can f1nd out, anything about musical sounds, comment on what the net

eﬁect of "this would be as far as rmusical pitches of the sounds go.

The Doppler Effect is thought also to account for the so-called

.
$
by
z

"red shift" observed by astronomers; excepl that here we are dea’ ng

with frequencies ¢f various colors and with the speed of light., From

i
rx 0L

observing a shift in color from some nebulae, astronomers have speculat-
ed that somé nebulae beyond our own galaxy are moving away from us at

speeds approaching the speed of light ! (Adapted I om Mathematlcs in

o
ity e s § P

*

Everyday Thlngs, pages 16, 17, and 110.)

.

Weather and Health tells us that a body loses heat partly by radlatlon
(about L2%), partly by convection (26“3), partly by evaporation of per-
spiration \18%), and partly through breathing (about 14%). Most.of the

heat loss from breathing is through evaporation of water from our breath,
which in turn depends upon the temperature and humidity, Here is a

;ormula that expresses tnis partlcular type of heat loss:

» - L - w . . P
E, = 5. (62 ea) here E, is heat loss per minute by- evaporation

through breathing {calories) and e, is the prevailing "vapor "
1

» pressure” of the air (millibars),

! - The same source tells us that t a temperature of about 500 F and relative

, R
o ; humidity of 50%, the vapor pressure is about 6,14 millibars. Under those

. . conditiochs, what is thé heat loss in calories per minute by evaporation )
B, \ through breathing; In that case, how many mimuites breathing would amount -

Ry

to a kilocalorie tieat loss: ' (Remember that kilocalories are the "calories"
in diet books and popular literature,) How much heat loss from this
source per hour? Fer day: (Considering the average calorie consumption :

z
1
P
]
L4
)
{
7
{
£~

. 11k . . :
;
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of an\average man (discussed in diet books and earlier in this. booklet),'
W wﬁat part -of our calor:!.e intake each day is dissipated through this pare *
tlct.la.r sourceé of heat loss? : N }

i

8. ‘Figu.ri:ng out how many expressways to put in a city as well as othe.

8 aspects of transportation policies is a very complicated businéss. It
S costs ‘less to drive your car a mile on an expressway than on a crowderi
city street and the time saved is also worth something., On the other ’
hand, expressways are very expens1ve to Build. The Chicago Area Trans-
portation Study (volume 3, 1962 p. 42) gives the following as a mathe- .-

matical model for expressway spacing within a city, (that is, miles
between expressways), which tries to take a number of factors into °

account:

g
¢
z
)
B
3
kY
4
-
I3
i

c
Z =2,24 DKP (W _~W)
s ''a e

where Z is the bes? expressway spacin.g in miles; C is* the average ) 1
annual‘capital cost per mile of expresswa-'; D is the "trip density"
of the region. for which the exp,ressways_are prOposed (in vehicle ;
equivalent trip destinations per square mile); K is a con'stant‘ for

ccnvert1ng travel cost differences between expressways and arter1al
streets to an annual dollar value, P is the proportion of all '
trips in that region that would use an expressway for part of their

o .
o omaden

+ journey; W and w are the average cost-per m:Lle of travel on

arterial streets and expressways. (Arterial streets are the city

&
R aihh 1t

<
streets that carry the };ea*riest trafficy)

~
-

« To make it easier for the readers of.the repors to figure out what is
going on here, the report represents-this information in a graph, with .
- - the assumptions that expressways cost about $8 million per mile to builds

arterial streets ar&-spaced about every half mile (as they are in Cricago),

IR

and an average of 20,000 daily trip destinations per square mile in the ' 2

. N

area: - ) .

BTy
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" Cost
(mil1ions ofv_dolla.rs)

A
\-; hvel Gost

f “j Construction Cqst o
19 \}4 \ - -

5 10 15 20 25 .

S«
i %n

G0

: Expressway. spacing (miles) -
The curves on this graph flodel show that travel costs are relatively low

ooa
L%t ta 4w,

!

o but construction costs are very high 1f expressways are spaced very close )

o e

together, whereas, if expressways are very far dpart, their construction
cost is small but the total travel costs for motorists are relat::.vely
high. The total cost curve is found by adding the two curves, for :exams

) ple, add constructmn costs for freeway spacing of 5 miles to trayel
costs at that spacing to get total cost at that spacing !
4 -

a. According to the assumptions of these planners as shewn in the graph,
what is about the best expressway spacing for Chicage?

< » .
T e e

b What different assumptions might be made that would change the re-

sults? * ‘ .

- - 1
R Are there stumptmns -that the planners have not mat{e that they
. ) .

perhaps should make? . -~

s e, N e it NS n

- 9. Clocks are somet1mes governed by pen'dulums,' and it is well known by pow

@ that the time g pendulum takes to make a full swing depends W¥nly on the
« length of the arm and not on the weight attached to the arm. an
l Jexperiment to verify’ t’n’ls_.) Here is a formula that is the model' for

.

this phendmenon:

P e * N

R

1
N v = t +
- ? [ g
where 1 is the length (in feet, meters, etc. ); r is the accelera~
‘tion from gravity (32 2 ft/séc or about’ 10 meters/sec.2 on earth);i
. i and T is the perlod for ofie swing of the pendulum (seconds)

-

‘ a. How long a pendulum should you have in order for the penod to be

eXactly one second? : . o

-~ N -
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B S P T e D o
. AR Ay




10,

% gt VR r e

4

Ty R S T X
) v v

A

“:‘El{l

PR A i text Provided by ERIC

PRI SRy wEoump e e Te % L% oeoa A e P

For a child's swing hung from a fraine-or from a tree limb about 15
’feet long, what will be the period of the swing? -

c. Verify that the period for a given swing will be, the same whether

\

the swings go in short arcs or long arcs.

d. Because the acceleration, of gravity is in the formula, you would
expect things to behave different]y on the moon than on the earth;
how long should:a pendulum arm b° for it to have a period of one .
second on the mbon" How would you adjust a pendulum clack to keep

correct"' Lime on the moon? ) .

Mcst cook bGoks say that time for cooking a roast is propottional to the

weight of the roast, Some make corrections for smaller roasts, According

to one mathematician .the time is proportional %o the %power of the
weight; that is- . ¢ . -

-

! t = ltwg/f3 where t is time, w is weight. ’

-]

(What this notation means, in case you haven't studied it yet, is that
' w square,' the weight and then take the cube root of this squared

value., W to the -2— power (w3 .2) would mean cube the number and take the .,

squ_are root of the result.) The time can be in minutes or hours depend-
ing on how you ‘fix the constant,gk Also, k might be different for
different kindd o meat and for,meat cooked to "rare," "medium," or
well done, I have the impression that if you want the time in hours,
the range of k would be from abou%& to .73 look up commended’
cooking times in a cookbook ‘and ch k this out. (From "0n Cooking a

Roast., T st .

A

Formulas very often p. .ay a role in skilled trades rand in manufacturing

operations., Here are a few examples:

a. Grinding wheels,' pulleys, et:c. aré often attached to motors, and it

‘s importé.nt *o know Yow fast the‘z{ﬂire trave‘Iing at their rim, This
obviousl'y,depends on how. fast the moter is turning and how big the

;_,,' ° pulley or other disc is that is attached to the motor. The formula

is: , N »

‘ ‘ K

= nDR where S is the surface speed in feet per minute (that
is, the ‘speed of a point at the rim); D is the*diameter in feet;
and R is the revolutions per minute that the motor is turning

the disc (rpm). 3 o .

A conlzmon speed for an electric motor is 1750 rbm; what is the surface
i ;

!' ) 117 .
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speed of a grinding wheel with radius 8 inches?

imilarly, the speed
at which the blade of a bandsaw moves* depends on the rim speed driv-
ing‘pu;le 3

suppose an 18 inch diameter pulley is being ‘turned at
. Y . )
800 rpm; ho

.
’ .

ast is the band saw blade going?

If one peeds to find the length of the belt that goes around two
pulleys, it's not so bad if the pulleys are the same size because
the length is just the half circumference of each pllley plus twice

the distance between them. (Draw a diagram and verify this,) If o
the pulleys are different sizes, things are a little more complicated é
because the belt touches more or less than half the rim of each pul- i
ley. Here is the formula that appliesg - .

-

L=ac+-g-(D.+d)

where L is the total .length of belt required; C is the distance . -:

bftween the centers of the 2 pulleys; and D and d are the di-
(Ly C, D, and d must be in the same

amesers of the 2 pulleys,
units,)

”

o

Make up a problem and answer it using this formula.

Gear arrangements are often used in machinery either to conérol\speed

L et e e

or to control the amount of power delivered. 'If one gear has 30
teeth and a smaller gear has 15, every turn of the la*ger gear will

turn the shaller one twice, More generally:

= tr where T and t are the number of teeth; R and r are the

TR
number of revolutions for the larger and smaller gears respec- L
4 tively. v ‘

/ H
Try to find some simple machines with the.gears visible and verify
thls for yourself; for example, a hand operated drill, watch gears

or clock gears, lawnmower gears, etc.

v

'Screws and bolts are obviously used in a great many things., The
number of threads per inch (n) and the so-called pitch of the thread "t
(g) are related by the following formula:

3

Pitch is the distance beiween peaks on 2 threads; verify to your own
.satisfaction that this formula makes sense. There are a numbér of
different kinds of threads, as you may have found out if you have

ever tried to put an ordinary machine threaded nut on a "Stove bolt";r
, ,




- it jhst doesn't work even if the bolt diameters are the same.‘ Recent

moves have been made “t5 standardize the fairly confusing situation
with' respect to threads of nutc and bolts, If you are”interestéﬁ
look up some of this information, perhaps in Applied Mathematics,
which is the source of the formylas in this problem. (Similar forme

<5
. alas appear in a great many tyade manuals and books on mathematics

. for various vocatéonal dourses. )
. J

We have said before that things that seem very different are freqnently
described mathematically by eéuations, formulas, or what have you that
The 5 formulas that follow are examples of this,

L]

look very much alike.
since some very different things are described by "isomorphf@‘ expres-
sionis, As usual, you are not expected to understand all of the ing and
outs of évery one of the formulas below, but you should try to come to
terms with as many of them as you can, verifying that they at least make
sense and substituting some values for variables and working out results,
For example, we use the first formula to find the total resistance to
electricity flowing through a pair of resistors wired as:shown. We know
that the total resistance should be less than that of each of the regis-
tors because there are mosre paths for the electricity to takej if you
check'out some values in the fonnula you will find that this is indeed

the case,

] .
a. Total resistance (ohms) in a parallel circuif:

' . 1 . 5
_.}]%r__l_.{..ri * . - N
. . r, > . :
b. Lens: f is the focal length of a lens; d is the distanceof object .

from lens; t is the distance of image from lens,

1l _ 1,1 |
’ , T3 . o
¢, e is the radius of surface of intersection of two soap bubbles with

‘radii A, B, .

1.:,1 .
A B e -

; ’ / )
It o " /
\ us,, ‘
e »*




& ‘

d.. S 2 S&nod'ic period of a planets i.e:,. the ‘rumber of days-it takes.a -
Jplanet to gain (lose) a‘whole. lap around the sun w‘ith respect to the
searth, P = Sideral period of planet (days to complete a cIrcuit about
the sun), E = Sideral period of the earth.

°

o

. PR Yo
There are certain numbers that appear again and again in the iﬂve‘&}igaw ——

'
- = -

v
=i
sy
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-

tions of science; n is one of these and the constant e is another, where

ey

TN

e- is -an. irrational (endless, non-repeating) number which begins e =
-2, 171828. . o (If you know how to deal with "factorial" notation, you
_may find it interesting to know that e can be approximated to any desi d

X

¥
#7 i
L

A e T 0

oW

number of decimal‘*‘places by the following expression: / g
) , e=1+ 1 = 1 = + + - o 3

) 5. ‘E— o« o . J t, ;4::’;

) \wheréé£=2xl,5£=3x2xl,5£=5xhx5x2xl,etc.). 3
' .

2

Again, you are not expected to know enough to uderstand+fully each of '

these formulas, but try to come to terms with as many as you can and
‘follow up in detail on a few that especially interést you. Remember
that the "k-factors" adjust the formulas for specific materials or sit-

RS
L a w i

+

G o e 1R

- uations. .

a, N = Noe-kt. o '

Radioactive decay where NO is the initial number of atoms; N'is the
mmber of atoms afterft hours. (A similar formula would apply in

k3
radioactive carbon decay measures used to date very old archeological

L, ety

[ T T

v
“ern %

¢ remains.) ) . , d

b N =Nt " - -
Population Growth of bacteria with ample food arld space; NO is the :
initial population; t is the time; N is the population after time t.’ P

c:T-T +(T a)ek'c @ . :

(,'ooling of heated object, where T, is the temperature of air; T -

is the temperature of object when. 1t starts to cool; T is the re-

sulting temperature in t hinutes.

d. I-= Ioe-kd * ‘

£

Intensity I of light passing through d centimeters of liquid, where

Y A

. Lo - &

T

R .

3




‘»eo& Every aspect of vision appears to be altered under water, fi‘hese
,lgod;lf‘ié itions in the appearance of the scene have a physical b’asis’,
‘ for ¥adiant energy is profoundly changed when it travels through ‘

‘water rather than air. The fundemental equation describing the .

transmission of er;ergyvis the same for air and vater:

7/

. .
- p ! >

s

. where P is the radiaut power reaching the distance 4 without
) loss, .P is the radiant power'.at the initial point, e is the
base .of the natura.i. logarithmic system, and k is- the "extinc-

tion" ar "attenuation“ coeffieient, and d is the distance,

The m.xmerical value of k, howeyer, is generally larger by a fa’ctor

4+ of 1000 or more for water than for air. “"Th'e“ relatively large size

"  of k means a rapid diminishing of light wifh increasing water depth.
For examPle, if 90 percent of the initial light energy is transmitted

_ through 1 meter of water, 81 percent will be transmitted through 2 \ j.k

meters and only 37 percent through 10 meters. (Suggested by "Under- e

water Vision. ’) !

: }{4. )r’dgﬁt of you will sometime in your life have tied somebhing fairly heavy
to\the end of ?‘ str.ing and swung it above your head and observed that it
develops quite a pull on the string. If you try it now, you‘ll observe
that if you maintain a constant rate of turning that the pull %n the -

‘;string will increase as you let the string get longer. This is because
in order to maintain the same rate of turning the object has to travel
further in a larger circle than}p a smaller circle,.and hence, its
velocity at the rim is higher, This force, called centripetal force if

you are talking about the outward pull, is given by this formula

5 e * 7 F=m_V2_ ’~"
r v

.t
T

where F is the centripetal force, m is the majs‘(not weight) of

kN

k c 7
. the moving object, v is the velocity at the rim, and r is the s
radius of the circle.

i (Remember that if you are dealing with an 8 ounce weight you must first
_ -convert that, to mass by using the relati&nship W= mg, if you aré doing
the calculation on earth, g is about 32 ft/sec ) Make up some problems
and solve them using this formula. You could rega‘rd yourself as such a

v

. / weightobe.ing spun in a circle as the earth rotates. What would your
% ' ‘>

2

m:’;- ?1.43 'i ' ., - . . :
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it§ be if you were

.surface velo
-trifugal, ferce acting on you at

string? The next problem deals

~

objects 1ncreases.

universal gravitation:

.

where g 6.67 X 10 -8

about the earth,

N e 5
2

f the moon on the earth.

0

O & 372 SR e e,

you don't fly off into space, as a rock wo

at the equatox?
the equator?

with this,

with metric units (grams, meters); F

(including you) on earth and the earth dtself is quite strong.
fore, we don't fly off into space from the centrifugal force of the éiin

the distance between the center of the earth and you at the rim,

122

132

What:would be the cen-

Have you ever wondered why

d if you let go of the

-

’6ne of the genuine milestones in human discovery was Newton's discovery
that a foice of gravitational attraction eiists~betwéeﬁ4§EX two obje%ts
no matter what their size is, anngere in our universeé,
cre&ses w1th 1ncreasing mass, but decreases as distance between the tw

Here is the formula that states Newton's law of

S

]

is the -

gravitational attractlon, mi and m, are the masses (not welgh%s)

of two ohjects; 4 is &he distance between their centers,

v

Since the mass of the earth is enormous, the attraction between anything

There-

of the earth, nor do we fall off when the earth turns "ypside down."

This law also accounts for the moon's orbit

% L (Besides, our attraction to the earth defines "dowg.") Newton dpplied
gﬁ—; ' this great insight to far more than just the attraction of tﬁings te the
?i ‘ earth; for example, he made it acéount for orbits about the s%ﬁ of plan-
é;; ets in our solar system (these 0. >its had already been described, but

¢ ‘ not explained, by Kepler)

Planets orbit about tﬁe sun because the sun has rass
. ’ enormously greater than any of the planets, so the planetary otbits are
determined by the centripetal force of their splnnlng“around the sun
balanced off against their grav1tat10nal attraction to the sun, The
earth "captures” the moon in a 31m11ar way, but the pull is mutual, as
evifienced by the fact that tides on earth are caused in part by the pull
You might look up some information on vhat

You

earth, Make up some probiems such as this and work them out,

This force in-

e

the mass of the earth is and calculate what the gravitational attraction
between you and the earth.isj in this case the distance is effectively,
might also imagine yourselves orbiting the eatrth 1000 miles out in space

and see to what extent this lessens your gravitational attraction to the\

Y
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’16 A numoer of models in geography that deal with interact:.ons between

ped

:" {human population centers }\ave the form: . .

. N ‘ o ’ h .
Ve, ‘ N\ K PPy :
I —= )
Vgl .

A WA ek

" \
where P and P_ are the size\s of the two populations, T is an .

— 2 A .

N index .of the interactions bet'keen bbem, and d is the distanM ° :
between }he%. ) ° ¢ .

o : \' :

.’Ehe Jexponent q is frequently taken as \é a\ in the gravity model above, N

Py

..

but Verres-depending on the amount of "fric\:.:Lon" distance puts on the
interactidhy For example, for two cities s parated by a range ofa-moun- .

o . -
tains, or an ocean, “the effect of distance on certain interactions is |

different than for two cities with no geographlcal obstructiond between

them. Examples would be the number of telephone calls, banking trans-
actions, and frej ht traffic between the two population Thiik of some
' other interactigh situations where guch a model might apply ( "Mogels

of Spatial Patterns of Human Geography.' N : C, .\\ :

' . o M

17. Suppose that *Absence makes tne heart grow fonder." Construct a formula ’ :
expressing this, perhaps with ,'jabsence"' measured in time: perhaps' in N \
dist’ance. If you don't believe this proverb, make up anotner'_sort of T 4
model- that you think gives a velation between "fondness" and "absence,"
You mlght glso want ta include the- intensity of the feelings of the

i3~ ‘\ y
- W
v people involved, . : T - N \ §
- " , - . § o~ 2 *
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Chapter V ) - _— .

R 4 v N L =,

. THREE -EXAMPLES OF PROBLEM ,COLLECTION -THEMES “ . “ >
i i . e ~“ .: . ‘ ;': B - . ..

N 5 1 Biological Consequences of Linear, Square,.Cubic Re lationships .

Every thematics teacher kndws that no mat%er what he does., some stud-
ents. will sometimes commit- standard "freshman errors.’ 'I"bey xnay cancel willy
nilly, even vhen inappropriate { for example#—- -t), evEn though &simple
trial substitution would show. this to be a'o‘surd ( for example, if thex in - .

é: ’;is replaced by 10 the value is =, and if x is replaced, by 1°°’ e
value is ']'_(%')' Another comnon "freshman error" is to tréat 2x, x ’ and 23‘5. o

‘as if they were all,the sa.me, or Bx} and x° as if they were the same. But one :‘
only has to replace X by some numbers to see that ax,. x2, and 2 are very dif- »
ferent _things; for example, if x issréplaced by 109 2x 1s 203 x° is 1003 and ’
2 is 1021& Similarly, if x i3 replaced by lO 3% is 30+but x3 is 1,000,  In
mathematics, functions of the “form » ~2x and x - 3x are said to be’ "linear H
functions of the form x. -»xa are said to be quadratic"p ﬁmctions of the- ‘ -
Torm x --»x3 are called "cubic"; and functions’ of the form x -»2 (or -»10 R i
or x e --where e = 2.718 ..) are called exponential." As you may already
have seen, such mnctlons very often serve as mathematical modelp of real- L a

worl. 1appenings, for example, Jqaadratic relationships characterize area; .

cubic relationshi ips characterize volume. LN t.

, . Problém Set 5.1a
1, .n the following page is a partly completed table with headings corres-

,a ‘ ‘.4
nonding to linear, quadratic, cubic,’exponential, inverse, and inverse

square relationships, Finish filling in the table, in this book if‘ you .4;
‘ swn it, or on another sheet of paper ruled and labelled as on the’ facing "?

page. (Some of the values of 2 are filled in for you; see if you.cany ¢ M
£ill in others from the ones given.) As you fill in the table watch LS
where "order of magmtude" (factor of ten) dirferences develop. (He ) o

have observed several times in this book that such tenfold differences ‘:;
frequently make a fundemental difference in how we look at ‘things; for
example, walking speeds versus automobile speeds vs. jet airplane spe'éas, ,
or $100 versus $10;000.) To help in this, express gnsWers beyond 100 s

. in "sclentific notdtion"; for exsiple, 2' = 102k = 1,024 X 10°, ,
A - ) ) ‘g

: ' " 124 : >
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2. Ay function of the form F-\ x = kx is "linear." Even if the constant
k gets relatively large (as 100x i .. table), the linear relationships

®

are eventually 'swamped" by the quadratic, cubic, and exponentlal rela-
., tionships. This would be true no matter how big k is (k stays the same
throughout any d1scuss1on, cf courSe, you don't suddenly decide to make
it bigger). For example, suppose k is 1,000,0003 so F: x =-1,000,008x.
Beyond what ;dlue of x is the autput of q: x -axg greater than for F: N
y‘ x = 1,000, ’Odk” Beyond what value af x is the output of c¢: x -;x3
blgger than for F: x - 1,000, 000x9 . ’

'
3. simllarly, no matter what the value of ¥ is in a quadratic function Q:
X —)kxz, the cubic relatlonshap will eventually swamp it, as will the
exponentlal relatlonshlp. Verify this by showing that even for Q:
,\,—;lOO OOx2 there are values of x beyond which the outputs of c:
X -ax3 are bigger, and s;milarly for P:. x - 2%,

%, Notice that in a linear relationship, numbers grow at a steady rate, but
in quadratic, cubic, and exponential relationships, the rate of growth
accelerates, - For which of quadratlc, cubic, or exponentlal functions
fdoes the rate of growth, accelerate the fastest? For which do.the order
qxnmagnltude Jumps beceme the greatest in the table you are working with?

e Look’at the positive parts of the graphs' does the increasing accelera—

tlon show up on thke graphs? How do the graphs refdect what you see goir g
on in the table? N °
o. nLotice that in thehgragns for expoMential and inverse models, there are

no zero‘outputs3 i.e., there is no replacement for % that éives a Zero

output for these functions. Why? °‘That is, think about this.

. Inverse relationships are common in formulating mathematical models. For
example, if one were to make a table of time.versus yelocity (speed) for
travelling lUC miles, faster speeds would mean less time; slower® speeds
more time. [hink of some other inverse relationshiﬁs. (Hote: Inverse

functions are not the only functions where "less" results in "more.")

5. 1In some otfier mathematical models that reweal 1nverse relationships, one
of th e variables has especially powerful effectss tbese often turn out

to be "inverse square" function models. TFor example, sound decreases as
the square- of the distance from the source; so does éravitational attrac-
tion .see Newton'$ law df un{versal gravitation {n\a-previous section
:éry to find other situations where something decrease he square ‘of

distance; or as the square of something else. .
¢
126 >
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pointing out, for example, that the glants of fairy tales are a biological
impossibility. The reason is that strength of legs and other tones depe'xds
on, the cross sectional atea of bones, uhile weight of the body, depends on .
. volume. Since mathematical models for area are characteristically quadratic ' -
srelationships, and for volume cubic relationsnips, glants would soon become
so heavy that they couldn't walk without breaking their leés. That is, cubic
relationships eventually s¥%amp quadratic ones., The problems that follow talk .
about some more such biological consequences of linear growth, growth in area,
and growth in volume, They are suggested by two fine articles: "On Being the
R:Ifglft Size," by J. B. S. Kaldane and "On Magnitude," by D. W. Thompson. Both .
these articles are in Voiume II of The World of Mathematics, which is almost
certainly in your schoc;l libyary. You may want to read these articles either
. l;efor‘e. or after going tﬁ%ough «this problem set,

self, if you are not already convinced, that linear changes in the length or
height of people, animals, etc., do take place; that whenever they do, changes .
of surface or of cross sectional area will depend cn quadratic functions (may-
be with K factors for adjustments); and that volumes will depend on cubic funce
tions of the length. You mist also believe that no matter what the particular
form of thef‘unction or what constants are involved, cubic changes sw-amp quad- K

ratic ones and quadratic changes swamp linear ones in the long run.

Dees the ta‘ble‘ you jusg filled in convince you that "inverse squared
niodels’ attemuate (d sh) much faster than does the or,her inverse ﬁmc-
'tion’:ﬁu worked with" Once again, this property can be temporarily con-
cealed by multiplying by a constant, (k). . However, no matter how we

choose the constant k (as*long as k is a positive number), —E- will even-

~ X

tually get smaller than'-klx- as x is ‘replaced by largér numbers. erriﬁr
1 1 \

this for I: x = 7000% versus s: X -)-x_é’ ‘.

.

A number cf biolog‘lsts have written articles for "the inteiligent layman"

. »
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In order to make sense of these problems you must somehow convince your- -

Problem Set 5.2

.

FrRim & AHw @t v

Here is a quotation from Gulliver's Travels: , "'His Majesty's Ministers
finding that GulliveYr's stature exceeded theirs 12 to-l, concluded from
tha similarity of their bodies that his must contain st least 1728 of
theirs and must needs be rationed accordingly." If Gulliver was about 6
feet tall then how tall ~were the Lilliputians? Since 125 igs 1728 the
Lilliputians were apparently aware that volume ratios depend on the cube :

of iinear dimensions. Hence they pruvided Gulliver with a dguble hogs-

8
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" gallons and e double hogshead is L barrels, is this about the ,right pro-

43.

L.

5.

¢ and birth length see if the same K fits that data. If you have any pets

Yiead for his daily half pint of ale, Given tﬁat a British barrel-is 27.

portion? That is, how many half pints in a double hogsheéd? Figure out
" some ofher equivalents in Gul%iver's ra;ions; for example, how would

Lilliputian pumpkins oy cattle look to_him on his plate?
’ - ¥
Heldane speaks of an illustrated Pilgrim's Progress é%at showed the gianté}

Pige, Pagan, and Despair about I0 times as high as Pilgrim. He also ‘says
that boneS'wiii'break under about 10 times normal stress. How much more
volume would the giants have t!gB Pilgrim, according to'the relationships
we are using? If everything were strictly similar, by what factor would

5
Vé
=

3
3
Pt
-y
=X
4
%

sl
1
;
-$

the cross-sectional drea of bones increase? _How many times more has
volume (and hence weight) increased than has the cross-secjional bone
area° Is it likely that these giants could move around very well?

Thompson has this vo say' Understanding the correlgtion hetween weigﬁt

aqd length in any particular species of animal, in other words a deyermln-

ation of X in W= KI;3 enables us,,.to weigh the anlmal with a“measuring

poe by S el g

rod. Considering your own weight and height figure out what this K .
should be., Compare your value of K with others in the class, 1If you

oy died e

remember or have some record of your weight and height at some other time

in your iife4 ske if this same K éives approximately correct results foyr

k1
L]

"thése other periods, If your parents kept a record of your birth weight

DR

whose weignt and length you can measure, compute the K and try to figure
out some way to verify whether the model works well for that animal,

The effects of the disparity between growth in volume and grqhth in area
means that larger an%gals require larger and heavier bones out qf pro-
portion to their increase in length. Thompson tells us that the bones,
of a mouse or wren are about 8 percent of their total weight; oé a, goose
or a dqg about 14 percent; of a man about 18 percent. On the other hand,
whales and porpoises (which are also mammals) have about  the same propor-
tion of bone weight even though a wrale is much lar@?r than a porpoise,
presumably because they are floating in water and the effects of gravity

* on their bodies are irrelevant (he}ce bone structure need not be different).

If Thompson's figure is correct, about how much do your bones weiéh?

Dogs, of course, come in many diffprent sizes; do you observe that the

bone structure apparently changes ‘in larger breeds? Does a large dog

(say, a St. Bernard) weigh about as much as a comparably sized human?

Our theory says that for a man about three times as long as a dog the

128 ¥



main structural bones should be about three times gs long and have about
nine times the cross-sectional area, If possible, check this out; per- -
haps_your biology teacher can help you., The upper leg bone wouiu be a

. good one to make some comparisons on.

o .ﬁ. The gazelle, the hippopotamus, and:the girefft‘all belong to the same
; order of animals, yet are constructed very differently Consider these
aifferences by linking them with what we are talking about here.

T. Just as important as the cross-section area Qf bones is the surface area
of‘animals. Surface area is likewise a function of the square of the
1ength while yolume remains a-function ‘of the cube of the length. A
mouse is about 4 inches 1ong (without the tail), while a mon is about
68 inches high (a factor of l?) Therefore the man's surface area will
N be bigger by about a factor® of 300 (since 17 = 289), but his volume and
weight by a factor of about 5000 (wnat is 173?). Since air resistance of

ALY e
L

7

a fdalling body is proportional to the surface area (this is why vara-
chutes work), a mouse can safely drop much further in free-f&ll through

& 2o v
DN

air than can a man. Now consider some insects and their relative weight
versus their surface area; can you see why gravity has so little effeet

) on them? ' Haldane claims that a mouse can Pe dropped down a’thousand .
foot mine shaft and walk eway; that a rat can do the-same falling about
a hundred feet or so, .Explain this in terms of the relative size cf mice
and rats. What isithe maximum fall that a man car walk away from unfiurt p
and what might this depend on? Make some estimate of how far an elephant,
horse, or cat could fall safeiy. Justify your.estimate.

"

8. Grauity is less of a problem for a mouse than a man and no problem at

all to'an insect, but the effects of being wetted are something eise

sgain. Since man is large in relation to his surface area, when he steps .
out of a shower or. a bathtub only enough water clings to him to make him

1% heavier. For your own weight, what welght of water Qould this be and

vhat volune? According to our calculation above, a man is about ﬁive
thousand times as heavy as a mouse, so how much does a mouse weigh? (Try

to verify that this is about right.) 7Haldane says a wet mouse would have

[T S r R Gy ST

"

about its own weight of water clinging to it. Does that seem cofrect to

Oy gt

you? For insects, relatively unaffected by gravity, getting wet is a

&

? disaster, as you may realize if you've ever seen a fly try to get out pf j
?(. a pool of water. What are some of the adaptations in insects to get ;
?. drinks from pools of water without being caught in the water's "surface T N
; tension"? ("Surfece tension! lets you fill a glass of water slightly 'i
o 19 o :
.ERIC 4 ' :
2 ;
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12,

.area about 17 , for volume about 173)9

’ v
.above the top or the glass without spilling; the molecular attraations®
act almost like a film on the surface.) .

Thompson says that for aﬁimals as small as a bacillus “Brownian movement"
takes precedence over gravity, surface tension, and other factors. fry
to find out what Brownian movement is and explain what f%~has to do with
a bacillus. Some bacillii are as small as 1 micron in length, that is,
one millionth of a meter. Since a man is about 1.75 meters-this means
that man's length is about l% millian times that of a bacillus,, ?y what
factor, then, might man's volPTe (and hence his weight) exceeoltﬁﬁt of

such & bacillus? ! : e

Another consequence of increased surface area relative to volume is heat
loss at the surface. You may recall that earlier we stated that Weather .
and Health tells us that about &8 percent of man's body heat is lost in «§
convection and radiation at the surface; with another 18% by persbiration -
from the surface and 14% by breathing. Therefore, the hea* that the body
disperses, and hence the fooc needed as fuel, \13 proportional to the sur-. ’
face area c¢f the skin. Thompson says that man consumes about one-fiftieth
(-—) of his own weight in food daily, vhile a mouse eats about half its o
own weight in a day. About how much food is this for each and does it

fit wlth the man—mouse ratios given earlier (for length about 17, for

Here, from Shompson, are some other figures of weighé versus calorie L
consumption; try to fit this information into the linear, area, volume
theory that we have been talking about and see if you can account for ’
any marked éepartures from what you expect (e,g., whales may not fit the

model very well--why?), .

Weight /Xilo) Calories per Kilo
Guinea pig 0.7 - 223% \ \\-
\
Rabbit 2 58
\ Man 0 33
- — N .
Horse 200 22
Elephant 1,000 : .13 ' o
YWhale - 150,000 about 1.7

Thompson suggests that the furious rate at which a mouse has to gather

and‘consume food reflects itself in a generally faster pace of living;
., N4 .

-
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‘that is, 1t breeds faster and dies muach sooner. Check this out against
what you know ahgut the 1ife expectancy and gestation period {time it
jﬁkes from conception to birth of the young animals) of animals both

lagge and small, There are very few warim blooded animals smaller than a
m;use; is it possible that (plume versus surface area consideratlons put
absolute limiﬁs on_how small an animal can be? It would seem, that this
terrific need for food to overcome heat l&sses_would make it dlfflqylb
for small animals to live.in very cold climates; check this out and sée
if any small warm blooded- animals live.year Wund in Arctic regions.
Are there small birds and i1sects living in Arctic regions during winter

[
seasons?

o m—

“Other consequences of surfape area come from the fact that wa absorb
oxygen directly from the air and the fact that absorption from intestine
walls is:the main way of supplying food to the body. A simple worm ab-
sorbs oxygen directly through the skin and food,from its straight gut.
But a factor of ten increases in length of an animal means, as we have
seen, a thousand-fold increase in food and oxygen needs while absorption
areas will have only 1ncreased by a factor of 100 unless there are some
special adaptatxons. Find out from somewhere what man's lung surface
area is and length-of hig small ‘intestine. From the latter make several
approxxmations to the surface area ol the small'intestine., Ifr bioloéy
interests you at all, delve into a little bit of comparative anatomy of
small simple animals versus larger, more complica%ed, ones and see what
adaptations are made in veriocus surface areas as animals get larger and

larger.

Y
1)

According to Thompson, engineers are well aware of “the fact that having
ouilt a bridge across a river it is not saie to use the same design in
bu.ldlng a geometrically similar bridge twice as long. Given the discus-<

sidn gbove, vhat would be some of the reagons for this?

The human eye has about 500,000 rods and cones as receptors for light

and is in ebery way a very remarkable instrument. Each rod or cone is
about 1 micron in diameter; they can't be much smaller than hhis hecause
the range of wave lengths for visible light is from about .l microns to ’

.7 microns, Hence, smBller eyes simply have fewer rods and cones and.

hence, less visual acuity égd color perception. With that information
think abouf_the following problems., Very small animals, such as mice,
necessarily have eyes smaller than human eyes; what does this likely

mean for the sort of vision they have? What does this mean for their
3

A
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‘eye 8ize in relationship to their total bedy size compared to huwmnans?
The human eye is already pretty good; is it likely that mach larger
animals would also need much larger eyes? Check this out for elephant's

eyes versus man's eyes.

mThere is not really very much aifference in how high a flea, a man, and

a grasshopper can jump. Why shomld this be?

Some time ago I saw an advertisement for a telephone company, supposedly
illustrating that the number of their subscribers had doubled in a given
time’ périod In fact, if you measure “the phones in the picture, the v
larger one is just twice as high (and twice as wide) as the smaller one;
yet the picture still gives.a very misleading impression, Why is this?
Have you seen picture 3rpphs that mislead in thYZ vay? In geperal; what
do you expect the area relationships to be between two objects that are
ééeometricall§ similar (same shape, different size)? What about volume

relationships?

It is not unusual to find articles that speak about the conseguences of
volume versus area in biology and then by analogy argue that in some non-

biological situations similar "scale effects” apply. For example, in
» his clesing, Haldane has this to say: "Po the bfélogist the problem of
socialism appears largely as a problem of size...vwhile nationalizatign

of certain industries is*an obvious possibility in the largest of states,

.. I find it no easier to picturé a completely socialized...United States

than an elephant turni;;—s;hersaults or a hippopotams jumping a hedge."
In a similiar vein, an article entitled "Weight-Watching at the Univers-
ity: fhe Consequences of Growth"” outlines the "scale effects" in biology
that we have been talking about above, then goes on to argue by analogy
that univgxs1t1es can easily becom: too big. For such an analogy to be
plausible 1t should be shown that there are linear versus quadratic,
quadratic versus cubic, or linear versus cubic effects in the way some
impertant variables fit together. Think sbout Haldane's statément of
soc1alism, the probable content of the article on universities, or some
other problem that you think such arguments might be applied to, and

see if you can think of relationships-between things 1n these situations

that would be similar to,those in the biological situations.

19, Animagl Facts and Fallacles tells us that an ostrich egg measuring 6 to7

“ .
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iriches in length and % to 6 inches in diameter is equivalent in volume
to 12 to 18 hen's eggs. Find the length or the diemeter ‘of a hen's egg
and see if this 12 to 18 is a plausible figure for the volume proportion.
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This same source says that the eggs of the extinct "elephant bird" meas-

ured 13 inches in length and 9- inches in diameter. How muoh more than
an ostrich egg and how much more than a hen! s egg should this egg hold"

(Animal Facts and Fallacies says 6 times and 150 times respectibvely.)

20, Weather and Health tells us that there appears to be a linear relation-

ship betweerfoutside Ytemperature and calorie requirements Qf people.
From data gathered during World War II, it seems that every“ time the out-
sjde temperature géfés down orle degree Celsius (or about 2° ¥), people use
30 (diet) calories (actually kilocalories) more per day. At normal tem~
peratu}es of about 210 C (about 68° F) a working man might use 3000
' calori:es. Draw a graph using this information starting at a 21° C, 3000
~ calorieés point, and eéxtending to -20° €. (According to this source, part
‘«_{ of the increased calorie mtake goes to produce a fat layer; one centi-

_meter thickness of fat is said to be about equlvalent to the insulation

. _given by an ordinary suit.)

5.2 Gravity and Other Forces

When children learn_that they live on a globe that rotates, t:,hey fre-

quently wonder wiy people don't fall off as the world turns upside down, ‘They

don't because the huge mass of the earth acting on our mass exerts an attrac-

1.068 x 10 -9 in the English system and

This attraction also defines "down"

tion given by F =
G = 6,67 x 107
for us. . . " . .

fiaving had the experience of swinging a rock on a st':ri-ng around their

Gm, 2/d , where G =

in the metric system.

P

head and having it fly away when they let' go, ‘some children wonder why people
don't fly off this spinning world. The centripetal force that makes the rock
mvz/r, with m the mass of the rock, r

But we

fljr off when released is given by F =
the radius of the circle it spins in, and v the rock's velocity.
+don't fly off and we-don't fall off, because ¢f gravitational attraction to

. the earth. ,

It used to be said that whetever goes ux5 mast come down, gut this seems
today to be a rather old fashioned notion. We regularly put things up (say
to the moon) which d.. t come down unless we put a lot of effort into bring-
ing ‘them down., We also ‘put things in’ orbit so they go peither up nor down
nor do they stay in the same place. Centripetal force certainly plays a role

here, balancing tge pull of gravity.

Even when you learn that you exert some tangible force against the earth

A ypgboa o
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_ a3 you sta.nd on it or on & chair when you sit, you still must observe that
. the force varies under certain, conditions. For example, if you get in a fast

elevator going up you seem pressed more heavily towards the floor as it begins
and almost rise off the floor as it stops. Similayly, in:a car or airplane as
you acdblerate you are pressed back against the seat and as you decelerate you
are t}lrown forward from the seat. The force acting here is given by the basic
forzmla F = ma, ),gheré 'F is the force, m is the mass and\ﬁa the acceleration,
'fh:}s formula simply confirms your experience that such foxces increase both
.with acceleration and with increasing mass.

. It is.said to be the case that‘a man weighs less on ‘the Moon than on the

éarth, and/in space on his way to the moon "weightlessness" becomes a problem,

Yet his /actual substance has not changed. The basic unchanging measure of this
substance is mass. Weight is related to mass by taking account of the accel-

eration gravity gives a mass (on earth, this is 32 feet per second per second, )
\5

Weight' is a 1“orce, and as a force F = ma applies in the form W = mg (or the
equivalént m= E) where W is the weight, m the mass, g the acceleration due
to gravity. The mhsizersus weight distinction must be reckoned with whenever

physics formulas call\for mass, as they ugually do. ’ \
AN \
Two uniform fairl}g heavy objects drdpped n&r the earth will fall the

sa.me distance in a given time no matter how much they weighj or in other words,
no matter what their mass, '(Tha.s is said to be true of any two objects in a
vacuum and it's pretty much tr-ue o“ any in’ open air except for objects 50
light that air resistance and wind tn\u'rents becomes a problem.) The obgects
obviously "accelerate" as they fall because at the instant they are dropped
they have a zero rate of speed but when they hit the ground they have acquired

some speed, mrthermore, they go further ‘during the second second than the_
)

. first second, still furiher-during the third second, and sp on. Here e see

in action, the force of gravity and' the acceleration it gives to falliv{g/ cb-
jects. The general formula is S = %"’aﬁe , and on earth a = g and g is about
32,2 feet per second per second or sbout 9:8 metérs/secz.

The above phenoma are all related to one another and all piay important
roles in our lives. They Hlso have much to do’with why planetg, travel in the
orbits they do, why the mbon has the relation it aoes to the earth, and the *
science and otechnolog;;( that goes into space flight. The appropriate mathemat-
ical models are quite simple. In this section we will deal with some of these
models and their consequences, The basic things operating in most of these
problems are variation on the forces spoken of above, From these basic form-
ulas,‘ many other relationqs,hips can be derived, When some special varjant on
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. ré&iistic NASA datg. Appropriate formulas are often given in parenthesis

one of these formulas is needed, or if a new formula is required, it will be
supplied along with the problem, ‘More important than formlas, however, i$

your own use of commor. sense and intuitlon to get a feeling for what is going

on,

- ~ Problem Set 5.2

»

'iproblems marked with asterisks are adapted or taken directly (vy

permi ) n) from M. H. Ahrendt, The Mathematics of Space Exploratién (copyright

1965 by Holt, Rinehart and Winston). This is a beautiful and highly recommend-

ed book with much information and many nice pfoblems, some of them based on

-

after a problem, but if you can work the problem without using the given for-

»

mulas, that is fine too. -

1.% An automobile traVeling 45 miles pepvhour comes to a complete stop 10
secconds after the brakes are appliéa.a Find the average deceleration in .
feet per second per second. Find the distance required for stopping.

(s = !=at2 , & = acceleration = change in ve1001ty/change in time).

A person weighing 160 pounds stands on a spring scale in an elevator,
When the elevator starts up, the scale momentarily reads 182 pounds,
and when the’elevator slows to & stop, the scale for an instant reads

130 pounds. Find the acceleration and the deceleration of the elevator.

- weight _ W - . LY . - -
(mass . =335 F = ma; so F 8)

If the élevator above were to descend with an acceleration of 32 feet
per second per second, what would the scale read during the period of

<

acceleration?

’

A Boeing intercontinental jet airplane Qas a take-off weight of 295,000
pounds and féwb furbojet engines with a thrust force of 18,000 pounds
each, Neglecting friction and flight con}rols, what would be its max-
imum possible take-off acceleration? (How wenlé you get a = -5 from
f =mas= gfa)° The weight is w; the thrust torce is f.) "

Ranger 7, a spaceprobe to the Moon, was orbited by JASA on July 28, 196k,
It was degigned to crash land on the Moon and to take and trgnsmit to
farth pictures of the lunar surface during the liost 17 minutes of its
flight. It was found after launch that it was flying a 1itt1e too fast

and would pass in front.of the Moon unless slowed down. Therefore, when

Ranger was 101, chh miles(‘ut.in égace, a course correction was applied

by radio signal to slow Epe 806 pound craft through the firing of a 50

- pound thrust retrorocket. This reverse thrust slowed Ranger's speed by

- 135




67 miles per hour to 3927 miles per hour. What actual firing time in
seconds wa? needed to decrease the vélocity 67 miles per honr? (Ranger
1. took 4,316 pictires of the lunar surface, the beést ones showing a )
resoluti&n 2000 times as good as had been possible with Earth-based
telescopes. Ranger hit the Mooh within 10 miles of the selected aim
"point.) | .

- ~

? f6~* A string has a breaking strength of two pounds. It is attached to an

nl object weighing F pound (% oz.), which a boy is whirling atya constant
angular velocity of two revolutions per second, while gradually létting-
the string out to increase the radius, _At what radius will lhe string
break? (The centripetal force formula given in the introduction depends’
on the velocity of the object at the end of the string as well as its )
mass--which you can get from the g*ven weight., If the angular velocity,
or rate of turning, remains the same, the velocity will increase with
increasing radius. Part of your problem here is to figure out what the
radius has to do with the velocity at the rim, given a constant rate of

two revolutions per second. You then need to find the radius at which

_the velocity will give a centripetal force exceeding the strength of

W

LTI
O

‘the string, )

7.% Some automobile mamufacturers rate cars in terms of the number of sec-

oS o

’ onds required to begin at a standing start and get the automobile %o a
speed of 60 miles per hour. If the automobile’/an reach 60 miles per

X e

hour in 10 seconds, it experiences an average gain in velocity (an

~ average acceleration) of six miles per hour during each second. Find
thquainwin velocity in feet per second per second, What fraction of a
"gﬁ is this acceleration? (As often happens in mathematics, here we’
have snother use of the letter "g". A "one g-force" is a force that

would produce an acceleration of about 32 feet per second per second;

AT Oh RS 2 3he 050 £ g
ey ¢ B
N

. that is, the same acceleration earth's gravity force produces. A pull

of one g gives the mass of a podyaits normal earth weight; a two g force,

TR At Tt

doubles that weight, and so on.)

8.* During the flight of John H. Glenn, Jr. in Friendship 7, a Mercéury
spacecraft, the "g‘%orce" built up from one g at the#beginning of launch
to 6.7 g's when the, booster engine in the first stage cut off at the
end. of 2 minutes 10 seconds of powered flight. If Glenn normally weighs
160 pounds, what would ni's weight be at 6.7 g's? At what rate in feet

per second per second was the spacecraft accelerating at cut-off in

G Wt TSP AT AT n DUy £ R BB <O NIy,
LV : VAT
RIS \ \ LT

;H"‘vﬁ?‘

stage one° During the burning of the second stage, %asting 2 minutes

e
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52 seconds, the i'g force" went from 1.4 g's to 7.7 g's.

. \
acceleration at cut-off in stage two?

What was -the

It is convenient in solving many problems to be able quickly to convert
feet per second to miles per houry and vice versa. If you multiply n
feet per second by 3600 (the number of seconds in an hour), you will
obtain the number of feet per hour. If you then divide by 5280 (the
number of feet in a mile), you will obtain miles per hour. Simplify

"the resulting ratio to obtain a convenient multiplier for quickly. chang-

ing feet per second to miles per hour. What would the multiplier be for

changing miles per hour to feet per second? ’

(*\ —
If the atmdsphere exerts & pressure on earth {at sea level) of about

14,7 pounds per square inch, what is the air pressure {weight of the

air) in tons upon one sﬁuére foot of Eartb's surface at sea level?

x oo

Here are come interesting data from The Mathematics of Space Exploration,

Ask some interesting questions and answer them using this data; such

questions as theée; for example: % -

a. In August 1971, Mars will be about 350 000,000 miles from the earth. "
Locate the neutral gravity poxnt between them at that distance,
ignoring the effects of other planets,

b, What percent of the total mass of our Solar System is concentrated
in thé Sun? )
théh rlanet most closely resembles Earth in diameter, mass, density,

C.
, N

; ~ period of revolution, surface gravity, dnd escape velocity?

Lad * . . N ®

d. Rnék”fhe planets first by distance from the Sun and next by period

?é.

'/5? revolution. Are there differences in the rankings.and, if so,
can you account for them?

(N4




Diameter ‘Relative Mass* Density Period of Surface Gravity
\ (miles) '_(Earth = 1) (watersl) Revolution _(Earth = 1)

. 7,920 Tl 5.52 365 days | 1 v 4

t g : ‘Jugii:er 7 88,%&0.—_, 3‘17 1.34 ] 11.9 years . 2,64
?:;:Z:’: ’ | .,ifars . _ b,200 ! ! ‘ .?l 3.96 1.88 years .39
. “ :--,ﬂérmy: ‘ 3,00 © ° .0b 3.8 88 days .26 _
" Noom " 2,260 ol2 333 . 273 days o -
Neptune-. 31,000 17.2 1.58 165 years  1.12
: Pluto . ? .8 ? 248 years 2

] ,Sgt";u-x’n ' 14,500 95 .71 29.5 years 1.07
’sun 864,000 330,000 1M mmmmenae .28 :
ft:;!,\ Uranus ' 32,000 1’7 1.27 8L years 01 L !
= Vemus - 7,700 .81 4,86 255 days’ .86
S - *The mass o7 the.Earth, in metric units, is about 6 X 1030 grams, . o
" . Average Distance ' ’ *  Strface Escape s
: . from Sun Eccentricity * Velocity i -
oy Body (millions of miles) of Orbit {miles per second)
{ U % Zarth 93 T Lo 6.9
: ) ‘ Jupiter h83‘ <7v .08 . 37 -
ﬁ* Mars ‘ 1:;1.? : o093 3.2
i ' Mercury 36 i} oo 206 2.2 ’
Moon ——— ' L0354 1.5 C T '
Neptune 2,793 : .009 14
* ' plixto_ 3,670 .28 T 2 "\
Saturn 886 . .056 22 Y
" sun 0 - . 381 .
) Uranus 1,782 i 047 13 \' H
P Vemus 61 007 6.4 :
L .
138 : )
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12,* JIf one were to take one unit of mass (for example, one slug) and use it
with Newton s law of universal gravitation, the force exerted by ‘earth's

s mass, M, would be as follows: (radius of the.earth = 3960 mile§) S

"

g P
. p S GxMx1 : .

- . [ . 39®2 , i .

Since the mass M of the earth is considered as concentrated at iéﬁ
ceqter, the distance petd&en the unit mass and M is the radius of the
earth. The moon has .012 times the mass of the earth. Hence a caicu-
lation of the force of gravity on the unit mass on the moon would be:

p o G .0124)(1)
= —2-—
n 1080

.

since the radius of the moon is 1080 miles. The ratio of the forces’

F PRy .
would be =B = & 012M) . (3980)” ien, if you do the caltulations,

Te (1080) GM .
tells you that moon's gravity pull is about 3 5f that on earth. How

much would ou weigh on a spring scale on the moon? (If you used a

.

balance se¢ale,there would be no difference--why?) ‘

13.* By computation similar to that done above for the Moon, show that the

~ surfacce gravity Mars is about .39 times the surface gravity on Earth ~

and %.at the accelerati produced by gravity at the, surface of Mars

is about 12.6 feet per secqnd per second.

14.* If man carried a load weighing\lOO pounds on Earth up a flight of stai.s
through a vertical distance of 20 feet, he would do 100 X 20 or 2,000
foot-pounds of work. How much would he do in carrying the same object

up similar stairs on the Moon? On Mars? On Saturn? On Venus?

15.*% On Ocpober 24, 1970, Christos Papaniééxggu set a wérld pole vault rec-
ord of 18 feet %‘inche§. How high shoul \he be able to pole vault on
the Moon? Cn Jupiter?, (Remember that his center of gravity is already
at about b feet®™ so he is iifping his weight "only" about 1k feet.)

el (&

16.* The table above gives the distance to the Sun as 93,000,000 miles, while
the mass of the Sun is abodt 330,000 times.the mass of the Earth., Use
this data to find the locatiin of the nethal gravitational point betwe -
en the Earth and Sunj; ignoring other plane%s.

17.* Some of the matter in distant galaxies is said to be so dense that on
Earth it would weigh LO tons per cubic inch. Suppose that a man were

&Ble to obtain epough of this material so that a stone for the engage-
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* ment ring of his fiance could be cut from it. Let us make the setting

a cube which measures ga inch on one edge. Would she be able to wéar

s
S 0 e e ety

the ring? What would the setting weigh?

18.* Weightlessness is a nuisance in space and this would be especially the

s 8 i
Jd N o s

case in a space station where people were living and working. One plan

JiL ver

. to overcome this is to make a space‘station’roughly in the shape of a

sy oo

. Qheel, then by having it rotate like a wheel create a centripetal (or

s

»entrifugal) force that would act as an artif1cia1 gravxty. "Down

would be toward the outer edge of the wheel. From the earlier discus--

' N
2t wer by s

sion and for such centripetal ;orce (introduction and problem 6 above)
* - try and figure out what rate of spin would be needed for a space sté¥fion
with radius BOO;feet ‘n order to create an artificial gravity about half
that of earth's gravi%y. The Mathematics of Space Exploration gives a

et il e e 1

., formula for this: N = é% /ﬁg-where N is number_of revolutions per sec- -
T e ‘ ond, a is the desired acceleration of artificial gravity, and r is the ’
?; - .‘distance in feet from the center of rotation (hub) of the station to
éx some point. in the station, Check your calculation with this formula and ?
gﬂ* . .. try to figure out how it was derived from the formula for findlng cen- %
§-f* tripetal for?e. . ) i

19.* Faqr extended peériods of space travel, one might be limited by the amount
of fuel that could be carrled on board the space craft. Nuclear energy . -
would extend the range, and other solutions have also, é;én proposed. .

For example, The Muthematics of Space Exploration tells us that an ex-

: perimental solar enéine has been described which uses mirrors to gather
‘. heat from the Sun-which is used to expand hydrogen gas. The heated gas d
will emerge as a jet giving a thrust of about 2 pounds, If the solar ’
? o engine begins to work after a spacecraft welghlng 40 tons has been )
* placed in a parabolic escape orbit beg1nn1ng 500 S above the sur-
face of the Zarth, what is the total velocity (v)- attained and distance
covered after 80 hours? After QQ days? (anve;t 40 tons to a mass,
then use f = ma and v = at,) This same source tells of a Solar sail
which produces an acceleration of 0.0lg, Vhat velocity can it give*the ,

{ above craft in 80 hours? In 80 days? (Ho& would a Solar sail operate?)

5.5 Mathematical Thinking in Everyday Situations .

* In recent years mathematics has been applied to a very vide range of -~

LRV AP

problems, often with considerable success. Once you know something about the

. mathematicel models process, it is not difficult to imagine how mathematical
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methods couid, at least in theory, be epplied to various real world situat?on§.
The following exercises are illustrative of the possibilities. Consider each
. of them and then answer the following questions: '(Problems #2, 3, 5, and 6

below are suggested in "Problems of Teaching Applications of Mathematics.")

A. What simplifying assumptions.might be helpful in making the problem

manageable? 4 .

N

B. What data would need .to be gathered, and how, before a beginning

1

could be made on the problem?

€. Suggest ways inrwhich the probleh might be investigated and what

rart mathematics might play in the investigation,

D, If you can, suggest angther problem or two in the general area refer-
red_té by the eXercisé, the investigation of which might also be

v

.,
»

AT

aided by matheméﬁics. s N

-

Problem Set

RS
»

L 4
1. There ig mmuch concern these days about our environment. One of the

By
. H

things that most clutters up our environment is the Wiisposal of.waste
products., Take for example the'rood ard other wastes in an average
household. Cne choice is to deposit the éarbgge in a garbage ¢an, but
théh the air is polluted by the garbage truck, arl also by the city in-
cinerator. _Another choice is for the housewife to wash waste food into
the sewage.;&skem by way of ; garbage disposal that grinds up the fcod,
“but this uses a lot of water in washiné down the ground up garbage as
; well as putting an additional burden on the sewage purification facil-
ities, Assuming these are the only tﬁo chcicgs, wh. ch should be p&efer-
red if our criterion is least damage to the environment? ‘ihat other
choices might be gonsidered, and how evaluated? Suppose~the main cri-
terion is minimam .:st, including both direct and indirect actual costs

of disposal. Hiow would this change the consideration of the problem?

4 2. What is the largest rigid cbject that you can get throuéh a door or

; around a corner? Consider first a flat object, like a piece of plywcod,
: then consider three dimensional objects, {According tc one source, no
general solution to the corner probleﬁ exists, but you still should be

H able to attack, say, the protlem cf getting a couch up to an apartment.)
% 3, In meving cars thr~ugh a long tunnel, how fast should you have tHe cers-

mové?~ ;f they;go very slowly it is safe to have ham follow each other

ol

closely, whichk wastes very little space, but few cars get *through in a
- 1K1 .
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given meg .On the other hand if they go ve;y fast thelspécing batween

. . )
must he large for safety so there is a lot of' waste space.

L, Lowg lines to the check out counter of a grocery stbre are a nuisance
for i1l concerned but keepiﬂg too many clerks on duty can keep t%elstore

from making a profif. If lines are consistently teo long, however, the

store is likely to lose customers and hence profits, Formilate some

problems in this cica and suggest some ways of going about their solutior.

5, For maximum parallel parking\ggpacity, should streets be marke -with
parking spaces or left unmarked?  If they are marked there is the pos-
¢ sibiiit& that large spaces séill too small for a car will be-left. w“ .

6. A restaurant wa;ts to qave an adequate supﬁly of clean cloth napkins
available ;ach day. It can send napkins to a regular laundry which daqi\-
the work cheap but takes a week to get them back. It can send the nap-
kins to an express layndry which only takes one day but charges mere. It
can just buy and discard nhapkins and not bother to launder them, How can
the restaurant assure itself of an adequate supply of napkins at minimum

cost?

7. 'Wnat are the actual costs of owning a car? (Don't forget depreciation,
interest co#ts on borrowed money, and the fact that any roney that you
have inveSted ir such as a car could be earning interest in a bank or as

an investment.’

13 . - .
: 8. ‘Wnat are the actual costs of owning a home? low do they compare with

rental ¢f comparable space and amenities? Given a desire to mintmizei

s Va

expenses, shcula one rent or buy a residence. What criteria. and assuwp-

+ions might operate in making the choice?

9 Suppose the flow of people ¢> and {rom downtown area has increased to the
R
point where both highways and public transportation are overstrained.

fizw should tre planner decide what to do about tne situation?

1.. An important national election is coming up and the televigion networks
went Lo report results and predict tue eventual outcome as quickly as
possible. i w should they proceed’

. 11. 1s it bet“er for a ousiness to bulld its own office space or to leuse
facilities.
. 12, duppose that in a given t..n, it is claimed that the school system is

"doing a lousy Jj.b. Heow should a paxel convened to evaluate the system

go sbout its job; i.e., what would throw some light on the question? |

1L2

\ 1

ut
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Some have complained that welfare costs, public housing, attempts to .

train unskillea workers, etc., are too great a drain on the taxpayer.
Others claim that the eventual actual dollar cost of nct attendiag to

these matters is more in the long run, to say nothing of social osts.

~What could be done to separate facts fror fancies in this area?

Formulate and deal with a question similar to number thirteen above with

respect to public school expenditures. \ )

N .

Because of the peculiarities of our electoral college system, it is pos-

Ible for a President of the United States to be elected with less than a
majority of the popular vote even if there are 6nly two candidates. What
is the minimum percentage of the total popular vote that could elect a
President? With certain reasonable simplifying essqutions, such as aqnly
two candidates, and information on the population and@ number of clectors
in each state, this problem can be worked out with onlylarighmetic and .
simple algebra. The answer is a surprisingly small perceht. Wovlid you ,
suppose that tte minimum would be obtained by considering the voters from
a collection of the least populous states, the most populous, or some
combination? {Seée "The Minimum Fraction of the Popular Vote That Can
Elect a President of the U.S.,") *

How many elementary arithmetic operations are performed in nmultipiying .

932 by L7. Suppose a test had ten problems, each requiring four elem-
entary cperations and suppose a student does elementary operations with
an error rate of 1J%. If each of theeten problems,counts ten points, .
with no partial credit, what is the range of possible scores for this
student on this test? (Suggestions for further problems: a) Do a
simlllr analysls >f expected scores given the number of single operations‘
and error ratea in algebraic manipulations of various sorts. b) Is the
increase in number of single operations in & given calculation a linear
function of the mumber of digits in the numbers, or does it escalate
faster than the sizé of numbers involved? c) A question similar to b)
for glgebraic manipulatiohs.) {Read: ." he Importance of Elementary
Operations.”) kY

Some years ago a rash of articles appeared with titles similar to "One
Hundred Eminent Mathematicians." How would one go about ranking the
eminenck, importance, or influence of people in a given field over a

given time span?

-3

The number r, being irrational, is.an irfipnite non-repeating decimal.
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_ The 1902 Sears~-Roebuck catalog has recently been reprinted (New York,

_catalog and a current catalog to assess changes in, for example, somi

P

R

Years -ago, someone Spent a lifetime computing it to about 700 decimal .
places, but made an error, Recently this feat was duplicated in a mat-
ter of minutes, with no errors, using a computer. Why should anyone

want n computed to so many decimal places? =

The history of science is in part a history of improved instruments, .

especially as regards measuring and observation devices, Are there;qﬂy
gmall

IS

limits other than technological ones on accuracy of measure or how

a thing can be observed? .

Our society is a pretty complicated one, How does one get accurate

iq@ices of: N\

a. The cost of living
b. Inflation : 2

c. Recesslons

.
'y

Ry
et .

d. Unemployment

2
LG

e, Population growth rate .

f. Shifts in population

g. Distribution of incomes

h. Availability of services (medicalh legal, ‘etc.)

»

.
~

i, Crime rates

Wwhat are the relationships between "inflation" and "the cost of living?"

Are they just two names for the relative purchasing power of the dollar?"

.~

Crown Publishers, Inc., 1969). Perhaps your library has it. Devise a

scheme, and carry it out, if possible, for using just the data from this

aspect of the "cost of living" since the beginmming of the century, then

check your conclusions with some standard index of cost of living,
. |
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